BAT PANG THUC CAUCHY-SCHWARZ
1. Bt diang thirc Cauchy - Schwarz

Cho a,b,c,d €[] Cho a,b,c,m,n,p ell
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Toéng quat:

1.Cho 2n s6 (neZ,n>2): a,,a,,...,a,,b,,b,,....b, taco:

2 2 2 2 2 2 2
(a1 +a, +---+an)(b1 +b; +---+bn)2(a1b1 +a,b, +---+a b))
& _ % _ .
b b,

2. Hé qua: Cho a,,a,,...,a, la cac sb thuc bat ky, by,b,,...,b. 14 cac sé thuc dwong. Khi dé

=3 (quy w6c néu b =0 = a, =0)
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o BAI TAP REN LUYEN
Bai 1. Chirng minh cac bat dang thic sau

a/ Néu 2x+3y =4 thi 2x2+3y22%. b/ Néu 6x+y =5 thi 9x®+y?>5.
49

¢/ Néu 3x+4y=7 thi x* +y? ZE' d/ Néu 6x+12y =5 thi 4x*> +9y? >1.

e/ Néu 3x+4y =10 thi x*+y>>4. f/ Néu x+7y=10 thi x> +y*>2.

o/ Néu3a+4b=7 thi 3a>+4b2>7.  h/ Néu 2a—3b=7 thi 3a° +50° 2%.

i/ Néu 3a—5b=8 thi 7a2+11b22212674. i/ Néua+2b=2 thi a2+b22%.

k/ Néu 2a+3b=5 thi 2a® +3b? >5. I/ (x—2y+1)" +(2x -4y +5)’ 2%

Bai2. Chung minh c4c bat ding thic sau

a/ Néu x*+y? =1thi [3x+4y|<5. b/ Néu x* +2y? =8 thi |2x +3y| <217 .

V5
2
e/ Néu x° +y* =u® +v* =1 thi |x(u+v)+ y(u—v)‘éx/z.

f/ Néu 4(a—1)"+9(b—2)" =5 thi [2a +6b—20|<5.

Bai 3. Chang minh cac bat dang thuc sau

a/ Néu x e[L;3] thi A=6vx-1+8V3—x <102.

b/ Néu xe[L5] thi B=3yx—1+4/5-x<10.

¢/ Néu xe[-2,1] thi C=+v1-x++/2+x<6.

d/ Néu x €[4;13] thi D =2x—4+13—x <35.

e/ Néu x €[-5;20] thi E=3\x+5+2y/20-a <13.

f/ Néu xe[-9;20] thi F =5vx+9+2y20-x <29.

Bai4. Chung minh cac bat ding thuc sau

al Néu x,y,2>0 va x+y+z=1thi J1-x+1-y+/1-z<+6.
b/ Néu a,b,cell thi 3(a’ +b*+c*)>(a+b+c)’.

¢/ Néu a®+b?+c* =1 thi a+3b+5¢ <+/35.

d/ Néu a®+b”+c* =1 thi a+2b+2/5c <5.

e/ Néu a>c>0vab>c>0 thi Je(a—c)+,/c(b—c)<+/ab.

f/ Néu 4a+9b+16¢c =49 thi§+%+%z49.

g/ Néu a+b+c=1thi Ja+1l+vb+1+c+1<243.

h/ Néu a+b+c=12 thi Ja+3++b+2+/c+1<36.

i/ Néua+b+c=4thi Ja+b+vb+c+c+a<2'6.

ji Néu a,b,c la ba sb thuc thay d6i théa a+b+c =6 thi a’ +b?+c?>12.
Bai 5. Chung minh cac bat dang thire sau

¢/ Néu x*+4y> =1 thi [x—y|< d/ Néu 36x*>+16y* =9 thi |y—2x|£%.

a/ Néu a+b>1 thi a2+b22%. b/ Néu a+b>1 thi a3+b32%.



¢/ Néu a+b>1 thi a4+b42%. d/ Néua+b=2thi a*+b*>2.

e/ Néu a,b>c>0 thi (a+b)2 g(a3+b3)(l+%j.
a

fl Néu V1+x+1+y =2v1+7z thi x+y>2z.

g/ Néu a(a—l)+b(b—1)+c(c—1)s% thi a+b+c<4.

. 1XYy,z>0
h/ Néu{ Y122 thi \/x2+i2+\/y2+i2+\/22+i22x/§
y z

X+y+z<1 X

i/ Néu a,b,c>0 thi a®+b®+c®>a?Jbc +b%Jca +c2Jab.
i Néuxyz>0th —— Y 4 2 519
Y+2Z Z+2X X+2¥y
Bai6. Tim gia tri Ion nhat va gia tri nho nhit cua cac biéu thac sau
a/ A=+T-X++2+x,V6i 2<x<7. b/ B=6Jx-1+8V3-x Véi xe[L3].

2 2
¢/ C=y—2x+5v6i 36x2+16y2=9.d/ D=2x—y—2 Vi X?er?:l.
el E=+x-1++3-x. fl F=+3—X+Xx+5.
g/ G=2Jx—-4+/8-x. h/ H=5Jx+1+3J/6—xX.
i/ 1=4Jx+3+5J/4-x. jl J=1-2x+/x+8.

Bai7. Tim GTLN va GTNN cua biéu thic (néu co)

a/ Cho x,yell va x*+y?=5. Tim GTLN va GTNN cua biéu thic A=2x+Y.

b/ Cho x,y el va 2x*+3y?>=6. Tim GTLN va GTNN cua biéu thirc B =4x+2y.
¢/ Cho X,y ell va x*+4y?=10. Tim GTLN va GTNN cua biéu thirc C =3x+5y .
d/ Cho X,y,zel] va xy+yz+zx=1. Tim GTNN cua biéu thac D = x* + y* + z*.
e/ Cho x,yell va x*+y®=1.Tim GTLN cua biéu thic E = X\/1+y + y~1+X .

f/ Cho a>1. Tim GTLN cua biéu thic F =+/a+sinx ++a+sinx.

g/ Cho x,y>0 va x+y=1. Tim GTNN cua biéu thic G =£+4i.
X 4y
h/ Cho X,y,z>0va x+y+z=1.TimGTLN cia H =v1-x+1-y ++1-z.

i/ Cho xe[-2;2]. Tim GTLN va GTNN cua biéu thirc 1 = x+~/4—x’ (Dai hoc B — 2003).

. . 2 2 2 a+b+c
Bai 8. Cho ba s6 thuc duwong a,b,c > 0. Ching minh: a + b + ¢ > ( )
b+c c+a a+b 2
Bai9. Choa, b, ¢ la 3o dai cua ba canh AABC.
. a’ b? c?
Chung minh rang: + + >a+b+c.
b+c-a c+a-b a+b-c
N ) , . N a b c 3
Bai 10.Cho ba s6 a,b,c > 0. Chitng minh rang: + + > =,
b+c c+a a+b 2
3 3 3 2 2 2
Bai 11.Cho ba s thuc a, b, ¢ bat ky. Chang minh: N ¢ ,a+b+c

+ >
b+c c+a a+b 2



a b c 9
2+ 2+ 5 > .
(b+c)” (c+a) (a+b)” 4(a+b+c)
B3i 13.Cho a,b,c > 0 thoa diéu kién a+b+c=3.
a’ b? c?

Chtrng minh rang: + + >1,
9 g a+2b> b+2c® c+2a’

Bai 12.Cho ba s a,b,c > 0. Chang minh:

Bai 14.Cho X, Y,z >0 théa man X+ Y+ z > 3. Ching minh rang

X y’ . z° .3
x+yz y+dox o oz+xy 2
Loi giai:

(x+y+z)
X+\/_z y+J_ z+\/_ x+y+2+(fxy +yz +2x)
. (x+y+2)

X+ y+z+\/(12 +17+1°) (xy + yz + 2x)

(x+y+2) _X+y+z 3
> >—
2 12 21 2 2
X+y+z+, (1 +17+1 )§(x+y+z)
X,y,z2>0 .
Ba115Cho{ e . Chtrng minh 21 + 21 + 21 2§
xyz =1 X“+Xy Yy 4+yz z°+2X 2
HD: Pit x =2 y=9;z:E dua vé bai toan trén.
b C a
As . . a b C
Bai 16. Cho a,b,c > 0. Chitxng minh - - >1
b+2c c+2a a+2b
Loi giai
a b c a b’ c?

+ + = + +
b+2c c+2a a+2b a(b+2c) b(c+2a) c(a+2h)

2 2
N (a+b+c) Z(a+b+c)
3(ab+bc+ca) (a+b+c)

Déu “=" xay ra khi va chi khi a=b=c
Bai17. Cho X,y,z >0 thoaman x* + y? +z°> = 3. Tim gia tri nho nhat cua biéu thirc
1 1 1
+ +
Xy+2 yz+2 2x+2

P:

a’ b? c? >a+b+c
2

Bai 18.Cho a,b,c > 0. Chuing minh ring =+ — =+ — >
a“+ab+b” b +bc+c” c°+ca+a 3

Lai giai



at b? c? a’ b* c*

+ + - + +
a’+ab+b?> b?+bc+c® c?+ca+a’ a(a2+ab+b2) b(b2+bc+cz) c(cz+ca+a2)

2 2
(a® +b* +c?) (a® +b* +c?) 22 +b? + 2
a’+b®+c®+a’b+ab?+b’c+bc® +c?a+ca’ _(a2+b2+c2)(a+b+c)_ a+b+c

\%

>(a2+b2+c2)(a+b+c) (a2+b2+cz)(a+b+c) _a+b+c
- (a+b+c)’ TP+ +0)(a® +b%+c%) 3

Bai 19. Cho a, b, ¢ 1a cac sé dwong thoa : abc = 1. Ching minh rang:
1 1 1 3
>

3 + 3 + 3 -
a’(b+c) b’(c+a) c’(a+b) 2

Loi giai
1 1 1 (1 1 1j2
i = = +—+— 3
22 b . ¢ . \abc :(ab+bc+ca) ab+bc+ca 33
a(b+c) b(c+a) c(a+b) 2(ab+bc+ca) 2(ab+bc+ca) 2 2

Bai 20. Cho X,y,z >0 théa man x* + y* +z° > % Ching minh

3 3 3
X Z 1
y >_

2X+3y+4z 2y+32+4x 22+3x+4y 30

Bai 21. Cho a,b,c >0 théa man a® +b* +c* = 3abc . Chitng minh
a_ b L C 9

b’c® c’a® a’h® a+b+c

Lo giai
a b c a b ct N (a2 +b*+c? )2
0’2 | cfa? | afb?  abic? | bl | calb? (abc)’ (a+b+c)
(3abc)’ 9
(abc) (a+b+c) a+b+c

X,Y,2.0 . . |
Bai22.Cho<1 1 1 _,timGTLNcua P= + +
;+§+ES1 Lx+y+z x+V2y+z  x+y++2z
Loi giai
(‘/_Jrl2
Taco: £+1+1 ( ) ! < ! V2 l+1 . Xay dyng thém 2
J2x 2x+y+12 «/§x+y+z (4/§+1) J_x

bat dang thirc twong tu nira, cong lai theo vé ta duoc két qua.



Bai 23. Cho a,b,c >0 thoa mén abc =1. Chirng minh

a’ b* c* 3
2 + 2 + 2 z=
(a+b) (a+c) (b+c)(b+a) (c+a)(c+b) 8
Loi giai
a’ b* c*
a’ b ¢! _(a+b)® (b+c) (c+a)

(a+bf(a+c) (b+cf(b+a) (c+ay(c+b) a+c — bea = cib

a2 b? 2 V¥ [(a+b+c)
ot PYPURPRIAY
>[a+b b+c c+aJ S 2(a+b+c) _a+b+c_ 3Rabc _3

2(a+b+c) ~ 2(a+b+c) 8 8 8

2 2 2 2 2 2
Bai 24. Cho a,b,c > 0. Chirtng minh a’+b +b e +C +a >a+b+c
a+b b+c c+a

a’+b®> b*+c® c*+a®* a° b? c? b? c? a’
+ + - +

HD: = + + + +
a+b b+c c+a a+b b+c c+a a+b b+c c+a

Bai 25. Cho a,b,c > 0. Chitng minh

a)a+b+c>§

b+c c+a a+b 2

a’ b? c® _a+b+c
+ >

b) + >
b+c c+a a+b 2

a’ b3 ¢ _a’+b*+c?
+ + >
b+c c+a a+b 2

c)

Bai 26. Cho a,b,c >0 thoa mén a+b+c=3. Chitng minh

a b C 51 2a 2b 2C

+ + > b) + +
a+2bc b+2ca c+2ab 2a+bc 2b+ca 2c+ab
Loi giai

a)

<1

a b c a’ b? ¢ (atb+o)

= + + = + + >
a+2bc b+2ca c+2ab a(a+2bc) b(b+2ca) c(c+2ab) a®+b®+c”+6abc
Taco

3(ab+bc+ca)=(a+b+c)(ab+bc+ca)>9abc

= ab+bc + ca > 3abc = 2(ab+bc +ca) > 6abc = (a+b+c)’ > a? +b? +c? + 6abc
Vay P >1. Dau “=" xay ra khi va chi khi a=b=c=1.

b) Ta cb gang d6i chiéu bat dang thic !



2a 2b 2C < 2a+bc—bc 2b+ca-ca 20+ab—abSZ

+ + <l + +
2a+bc 2b+ca 2c+ab 2a +bc 2b+ca 2c+ab
bc ca ab

= + + >1
2a+bc 2b+ca 2c+ab
Taco
bc ca ab _ (bc)® . (ca)’ . (ab)’
2a+bc 2b+ca 2c+ab bc(2a+bc) ca(2b+ca) ab(2c+ab)
(ab+bc+ca)’ . (ab+bc+ca)’
~ 6abc+(ab)" +(bc)’ +(ca)® 2(a+b+c)abc+(ab)’ +(bc)” +(ca)’
_ (ab+bc+ca)’
(ab+bc+ca)’
Bai 27.Gi sir X va Y I hai s6 duong va x+y=1. Tim GTNN ciia P = —= +\/1y
2001)
Loi giai
P X y y _ ¢y (xry)
rN \/_ Xy Wy v
(x+y) 1 1 _
_\/x+y\/xy+xy \/2xy \/—(X+YJ
z , L 1
Dau “=" xay ra khi va chi khi x:y=§
. , . A, 22 , a b C
Bai 28. Cho a,b,c > 0. Ching minh bat dang thuc + + >1
JaZ+8oc b’ +8ca +/c?+8ab

Loi giai

a__ b L ¢ _ a’ . b? . c?
JaZ+8oc +b>+8ca +Jc2+8ab ava’+8bc byb?+8ca cyc? +8ab

a2 b2 c? (a+b+c)
\/_\/a +8abc \/_\/b3+80a \/_\/c +8cab \/a+b+ Ja® +b® +c® + 24abc

Nhu vay ta can ching minh

(a+b+c)

Ja+b+cyad+b?+ct +24abc

<:>(a+b+c)32a3+b3+c3+24abc<:>(a+b)(b+c)(c+a)28abc

>l (a+b+c)’ >a+b+cya® +b+c’+24abe

Bat dang thic cudi cung diing theo AM-GM. Két thic ching minh.

(PH



Bai 29. Cho a,b,c > 0. Chitng minh P = a_, b P ZE
a+3b b+3c c+3a 4
Loi gidi
__a e (a+b+c)’
~a(a+3b) b(b+3c) c(c+3a) a’+b”+c?+3ab+3bc+3ca
B (a+b+c)2
a2+b2+c2+§(ab+bc+ca)+:13(ab+bc+ca)
S (a+b+c)’
a2+b2+02+8(ab+bc+ca)+1(a2+b2+c2)
3 3
(a+b+c)2 _ (a+b+c)2 >3
_A'(az+b2+c2)+8(ab+bc+ca)_4(a+b+c)2_Z
3 3 3
Bai 30. Cho a,b,c>0. Ching minh rang
B a N b N C a+b+c
a’+ab+b? bP+bc+c® c?+ca+ra’ a’+bi+c?
Loi giai
P= & + b’ + ¢
a(a2+ab+b2) b(b2+bc+c2) c(cz+ca+a2)
S (a+b+c)’ ~ (a+b+c) _a+th+c

“a’+b’+c’+ab(a+b)+be(b+c)+ca(c+a) (a+b+c)(a®+b’+c?) a’+bi+c?

Bai 31. Cho a, b, ¢ 1a c4c sé dwong thoa : abc = 1.

Chting minhrang: P = — 1 + = 1 +— 1
a“(b + c) b’(c + a) c°(a + b)

N w

Lai giai

thix,y,z>0vaxyz=1

Ol

Cach 1: bat x = l,y: l,z:
a b

BDT can chimg minh tuong dwong: AT RS 3 ( BDT Nesbit)
y+z Z+X X+y 2

1 1 1 9
< (X+Yy+2) + + >—
y+z Z+X X+y) 2

<:>((y+z)+(z+x)+(x+ y))[y—lrz+241rx+xizj29



BDT BCStac6:9 = (1+1+1)2—[«/y+z +Jz2+X

T g

s((y+z)+(z+x)+(x+y))( ! + ! + ! ]

Yy+Z Z4+X X+Yy

Diu (=) xayra <x=y=z=1l<a=b=c=1

2
=Cach 2: Taco G+%+l) :(;\/b+c +;\/C+a +

2
1
Ja+b
c avb+c byJc+a cva+b j

< | = . - L, - L (b+c+c+a+ta+hb) = 2@+b+c)P
a‘(b+c) b°(c+a) c°(@a+bh)

2
SuyraP>1 1 1+1+1

2 a+b+c’ b ¢
>§ 1 (1 1 1) 3 1 atb+c

3 ,
> == =_—.Dau(=)xayra < a=b=c=1
2a+b+clab bc ca 2a+b+c abc 2 (%) xay

Bai 32.Cho a,b,c 1a cac s6 thuc duong. Ching minh
a b C 9
2 + 2 + 2 2
(b+c) (c+a)” (a+b) 4(a+b+c)

Lai giai

a b C a’ b? c? a b C

(a+b+c) =+ =+ = |= =+ =+ =+ + +

(b+c)” (c+a)” (a+b) ) (b+c)” (c+a) (a+b) b+c c+a a+b

erstaesss] o ()

_\b+c c+a a+b +§> 2 3 g

1+1+1 2 3 2 4
Bai 33. Cho a,b,c 14 cac s6 thuc duong théa man abc = 2. Chirng minh
a®+b®+c®>avb+c+bJc+a+cia+b
Loi giai
Ap dyng BCS ta c6

3(a+b*+¢?)2(a+b+c) va (atb+c)(a® +b*+c®)2(a? +b? +c?)
Nhan hai BDT trén theo vé ta duoc
et (a2 +b2+c3)(a+b+c) _ (a2+b2 +c3)((a+b)+(b+c)+(c+a))
3 6
(an+c +b\/c+a+c\/a+b)2
B 6

Mit khac avb+c +byc+a+cda+b> 3%/abc\/(a +b)(b+c)(c+a) =332+/8abc =6 suyra




(a«/b+c+b«/c+a+c\/a+b)2
6

_a b+c+b\/(;+a+C\/a+b.(a\/b+c+b\/c+a+c\/a+b)

> avb+e +b\/(;+a+c\/a+b 6=avb+c+bJc+a+cva+b
Bai 34.Cho a, b, ¢ & cac s6 duong thoa : abc = 1.
1 1 1
+ + >
a’(b+c) Db*(c+a) c’(a+h) 2

al+b+ci>

| w

Chung minh rang : P =

thix,y,z>0vaxyz=1

U|I—‘
OII—‘

=Cach 1: batx = é,y:

P A zg(BDTNesbit)

BBT can chiing minh twong duong:
Yy+Z Z+X X+Yy

1 1 1 9
<:>(x+y+z)( + + jz—
y+z Z+X X+y) 2

c>«y+z)+@+»0+(x+y»[ ! + L + ! )29

Y+Z Z+X X+Z

2
BDT BCS tacd 9= (1+14—D2—£Jy+ VF__;+JZ+ 7:_+«/x+ — J

Yy+Z Z+X X+Yy

s((y+z)+(z+x)+(x+y))( ! + ! + ! j

Diu (=) xayra <x=y=z=1l<oa=b=c=1

1 1. 1

2
1 1 1
sCach2: Tacé |=+=+=| = Jb+c + Je+a +
(a b cj [a\/b+c byc +a ca+b

< ( S 1. - LI : 1 j(b+c+c+a+a+b): 2@+b+c)P
a“(b+c) b°(c+ta) c°(a+h)

2
SuyraP>1 1 1+1+l
2a+b+cla b

3 1 1 1 1 3 1 a+b+c 3
> — —+ =+ = | == = =
2a+b+c 2 2

= Diu(=)xayra < a=b=c=1

Bai 35.Cho X, Y, z 12 cac s6 duong thay doi thoa dicu kién xyz = 1. Tim GTNN cua biéu thuc :



pe XU+ L VE+xn . Z(x+y)
y y+22\/z z z+2x\/_ X x+2y\/§
(TSPH - Khéi A - Nam 2007)

»Nhanxét Vvy,z>0: y+z >2 yz:i(vixyzzl)
Jx

2
= X’ (y+2) > 2xJx = Xy+*2) > 2xJx
Yy +224z oy + 224z

Xét hai bat dang thire twong tu nita, ta thu duoc

pog Xy 22
yy+22\/z zz+2x\/_ xx+2y\/§

=Dita=xvx ,b=y/y,c=z/z = a,b,c>0va abc=1.

Khido: P22[—2 +_ 2 L C }_5
b+2c <c¢c+2a a+2b

»Tacoh: a+b+c {,/a(b+2c\/i+1/b(c+2a\/i+,/c(a+2b \/7}

< [a(b+20)+b(C+2a)+C(a+2b)](bfZC ' c+b2a * a+C2bj

(a+b+c)2

< (@+b+c)?< 3(@b+bc+ca)S. Suyra S > 1. Dodo:P>2
3(ab + bc + ca)

\%

Diu (=) xayra < a=b=c=1 < x=y=z=1

"Vay: Pmin=2 khi x=y=z=1

Bai36.Choa,b,c>0vathéa: a+b+c+ «2abc > 10 . Ching minh réng :
2 2.2 2 21n2 2 2.2
\/8 9b ca +\/8+90+ab+§+9i+bc 26\/5

a2 2 4 \p2 2 4 N2 2 4

Loi giai
Ap dung bdt C - S, ta co

2 2,2
\/2+18+4.\/a§2+%+C:1 zJ_Z\/_ J_jti

2.9:ﬂ+9b+ca
2 a

2 2In2
«/ﬂ.\/£+9%+af >

b2

2 212
+9c+ab,\/ﬂ.\/§2+gi+Cb zﬂ+9a+bc
c 2 4 c

o

= Cong 3 bdt trén vé theo vé, suy ra: /24.(VT) > 4(l + % + lj +9(a+b+c)+ab+bc+ca
a C



> G+aj+(%+bj+G+cj+(2a+bc)+(2b+ca)+(Zc+ab)+6(a+b+c)

> 2\/ﬂ.a + 2\/g.b + 2\/ﬂ.c + 24/2abc + 2+/2abc + 2+/2abc +6(a+b +¢)
a c

=12+6(@a+b+c++2abc) > 12+6.10=72 = (VT) > %:6\/5

3X 4y o5z

Bai37.Cho x, y, z>0. Tim GTNN cua biéu thirc : P = + +
y+z z+X X+y

Loi gia

Tacé:P:(BX +3j+(4y +4j+[ 5z +5j-12
y+z zZ+Xx X+y

:(x+y+z)( 3 + 4 + S j-lZ
y+z Z+X X+y

-3+ ey ) (B ([ < (s |2

z%(ﬁ+ﬁ+£)2-12

z . . 1 y+z Z+X X+y
= Kétlugn : MinP= =(\3+2+5)°-12 < - -
2 B2 B

. Chang minh ring —————+-—+-—+-—2>30
a+b+c<l1 a“+b“+c® ab bc ca

o{a,b,c>0 1 1 1 1



( 1 1 1 1)( 7)
-+ —+—+— || 1+
a‘+b°+c® ab bc ca 3

1 1 1 1 2
2> m £+R+aj((a+b+(:) +7(ab+bc+ca))
1 1 1 1

ol o= £+E+a)(a2 +b* +c* +9(ab+bc +ca))

(e (] ()
(V757" + (3 + (avbe] +(avea) |
> (1+3+3+3)" =100

1 1 1 1

a2ttt 230
a‘+b°+c° ab bc ca

X,y,2>0 )
Bai 39. Cho{ V.22 . Chirng minh \/x2+%+\/y2+%+\/22+%282

U

X+y+z<1 z
x 1
1Y’ 1 1 ax
Dinh huéng (1.X+a—j §(12+oc2)(x2 j Déu “=" xay ra khi va chi khi 10‘ —a=9
X X N
3
Loi gial
2
(1.x+91) s(lz+92)[x2+i2j:> X + iz i( 9) Vay ta c6
X X 82
2 1 1 ,» 1 1 9 9 9
Xt + Y+, |+ 2= X+ Y+ I+ —+—+—
X y z 82 X y z
- feix+8ry+812+ 24242 go(xty+2) Zi(66813.93—80):\/8_2
82 X Yy z J82
Déu “=" xay ra khi va chi khi x=y =1z =%
a,b,C O ] . 2 2 2 2 2 2
Bai 40. Cho g . Chting minh rang \/b +2a +\/C +2b +\/a e >3
abc =ab+bc+ca ab bc

2 2 2 2 2
Dinh huong giai \/ b* + 2a” \/C +2 +\/a 2 =\/i2+£2+ iz+%+\/i2+%
ab bc ac a- b b ¢ c- a

bat x—1 y:1 =l , ta phai chitng minh
a b C

\/x2+2y +\/y2+222+\/22+2x22\/§ CX+y+z=1



Taco (Lx+Lly+1ly) <3(x*+2y?) = X* +2y° 2i(x+2y). Lap thém 3 bat ding thuc

J3

tuong tu ta c6 dpcm.
Céch khic (x+0x2y) < (1% +07)(x® +2y?). Déu =" xay ra khi va chi khi
X \/Ey

1 alja:\/i
X = = —
Y 3

Taco (1.x+«/§.\/§y)2 < (12 +(\/§)2)(x2 +2y%) = X% + 2y 2%(x+2y). Suy ra

\/x2+2y2 +\/y2+222 +Z2+ 2% 2%(x+y+z)=\/§. DAu “=" xay ra khi va chi khi
x:y:z:%aa:b:C:Z%

Bai 41.Cho a,b,c >0 chting minh bat dang thuc

a b + c <1

a+@rb)(arc) biy(bra)brc) c+y(ceb)cra)

Dinh hudng giai

. a Ja
Ta sé chirng minh < )
: a+\/(a+b)(a+c) Ja++b+4c
Ja oo a a a

Taco

Jaib e Jaaiab e arabiva arfaro)arn) o
thém 2 bat dang thirc trong tu nira, cong lai theo vé ta co dpem.

Bai42. Cho a,b,c>0 théa min a+b+c=1. Chiang minh rang

2(9+9 c)>l+a+1+b+l+c

b ¢ a) 1-a 1-b 1-c

Lai giai

Bat dang thtrc da cho tuong duong Vi

a b ¢ a+b+c+a a+b+c+b a+b+c+c
2|l —+—+—|2 + +
b+c c+a a+b

b ¢ a
<:>2(E+E+E)—2( a + b + ¢ j23
b ¢ a b+c c+a a+b
ac ab bc 3

b(b+c)+c(c+a) (a+b)

(ac) (ab) | (bc)z 3
abc(b+c) abc(c+a) abc(a+b) 2

R




Theo bét dang thirc C-S ta c6

(ac)’ s (ab)’ .\ (bc)’ >(ab+bc+ca)2
abc(b+c) abc(c+a) abc(a+b) 2abc(a+b+c)

~ (ab+bc+ca) . (ab+bc+ca)’ 3
~ 2(ab.bc + ca.ab+ab.bc) Zl(ab+bc+ca)2 2
Déu “=” xay ra khi va chi khi a=b = :%
Bai43. Cho a,b,c>0. Chang minh ran (a+b) + (b+c) + (c+a)
ai 43. b, . Chu a <
J S 0120 DA 22 Pral 42
Loi gidi
(a+b)’ .\ (b+c)’ .\ (c+a)’ Y b* 3
a+b?+2c2 b?+c?+2a® c*+a’+2b®  at+c? bi+c?
Bai 44. Cho a,b,c> 0. Chtng minh rang L ! t . 3

n + >
ava+b byb+c cdc+a +/2abc

HD: Ap dung: (x+y+ z)2 > %(xy+ yz + 2x) ta c6:

2
1 1 1 1 1 1
+ + >3 + +
(a\/a +b byvb+c cyc+ aj [ab\/a+ bvb+c cava+b+c+a beyc+aq/b +cj

3 c b a
= + +
abc\ Ja+byb+c +a+bc+a «/c+a\/b+cj
B 3 CZ . b2 . a2
abc| ci/a+byb+c bva+byc+a avc+avb+c
3 c’ b? a’
> + +
abc| _a+2b+c 2a+b+c 2c+a+b
C. b. a.
2 2 2
2 2
. 6 (a+b+c) _ 6 (a+b+c)

~abc 3(ab+bc+ca)+a’+b’+c¢’  abc (a+b+c) +(ab+bc+ca)

2
. 6 (a+b+c) 9

~ abc f(a+b+c)2 2abc
3

Déau “=" xay ra khi va chi khi a=b=c



