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LO1 NOI PAU
Bcdap umg nhu cau hoc tap cua hoc sinh, tai li¢u tham khao cho gido
vién, tc gia da manh dan viét quyén sach:
Boi dmmg hoc sinh gidi Todn Pai sé 8.
Tronxz quycn sach nay, tac gia da phan chia thanh 10 chu dé& co ban sau,
bao gm:
1. Chia da thitc
Q. Phan tich da thikc thanh nhan tie
3. Phan thirc hivu ti
¢. Phuong trinh dang ax+b=0.
5. Giai bai todn bang cdch ldp phwong trinh
6. Bat phwong trinh bdc nhat .
7. Cdc bai toan vé s6 hoc
8. Bat ding thitc
9. Cdc bai todn tong hop

40. Mot s0'phwong phdp giai phu’cmg trinh nghtem nguyén
Ton g moi phan, sach dugc cau triic gom 4 ndi dung chinh nhu sau:
1Kién thirc co bidn. 2. Cdc vi du minh hpa

3Bai mp vdn dung 4. Htro‘ng din va dap s0.

V¢ méi dang bai tdp ¢d' ban deu ¢6 phuong phap glal cu the va vi du
minh oa. Ngoal ra, cac bai lap déu c6 huong din giai chi tiét, dé hiéu.
Nhiéuvi du c6 101 nhan xét dé gitip hoc ‘sinh tranh cac sai lAm co ban. Cac
bai ta; dugc Ira chon tir dc dénkho;-conhimg-bai tac gia da dua ra nhiéu
phuorn phap khac nhau dé ban doc lham khao. Ngoai ra tac gia da dua thém
phén: ac bai todn tong hop va mjt sé dé thi hoc sinh gidi cia cdc tinh,
rhanlmho trén toan quoc dé ban doc tham khao thém. Mic du da hét sirc
cd gén, song 101 giai cac bai toan trong quycn sach nay c6 khi chua phal la
phuon &n giai hay nhat va cung c6 thé con thiéu sét. Tuy vay, tac gia hy
vong g quyén sach nay s€ giup ich cho cac ban trong qua trinh hoc tap va
giang ay, dac bi¢t la qua trinh ty hoc.

Chc cac em hoc sinh va cac thay c6 gido quan tim dén quyén sach nay
thanh omg trén moi linh vuc. Réat mong nhén dugc su gop v chan thanh cua
céc enhoc sinh va cac thay cb gido, tac gia xin chan thanh cam on trudc.

M y kién dong gop xin lién hé:

Trung tam Sach giao duc Anpha

225C Nguyén Tri Phuong, P.9, Q.5, Tp. HCM.
-Zong ti Sach - thiét bi gido duc Anpha

0 Nguyeén Van Siang, Q. Tan Phu, Tp. HCM.
)T 08. 62676463, 38547464 .

‘mail: alphabookcenter@yahoo com

Xiichan thanh cam on! Téc gid
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§1. CHIA DA THUC

Mt sé kién thirc co bin

1. Pa rhirc la mét téng dai s6 nhiéu don thitc. Gid tri cua da thicc P(x) voi
x = a dugc ky hiéu la P(a). Hai da thirc cé ciing s6 tri véi moi gid tri ciia
cdc chit trong da thirc goi 1a hai da thirc dong nhadt. Hai da thitc ciing
bdc ctia x dong nhat khi va chi khi hé s6 cdc hang tir dong dang béng
nhau. Mot da thirc dong nhdt bang 0 khi va chi khi tdt ca cdc hé sé bang 0.

2. Da tthiec A(x) goi la chia hét cho da thirc B(x) néu tén tai da thirc Q(x)
sao cho A(x)=B(x).Q(x). Vdi moi cap da thic A(x) va B(x), ton tai
cdp da thirc Q(x) va R(x) sao cho A(x)=B(x).Q(x)+R(x) trong do

“'bdc cua R(x) nho hon bdc cua B(x). Khi do Q(x) la thuong va R(x) la du
cua phép chia A(x) cho B(x).
Ta ciing nhdc lai & ddy rang néu hai da thire goi la bang nhau néu chiing
¢é cing gid tri véi moi gid tri cua-bién. Do d6 néu hai da thirc (@ugc viét
dudi dang thu gon) ¢é cdc hé s6 twong vmg cia cdc don thirc dong dang
chiza trong hai da thirc d6 bang nhau thi hai da thicc doé bang nhau.

e

Cdc vi du minh hoa
Vi du 1. Xéc dinh hé s6 a dé da thirc (x® —3x +a) chia hét cho (x -1)*.
Gidi
Cdch 1: Thuc hién phép chia: Ta c6:
(x’ -3x+a)=(x*-2x+1).(x+2)+(a-2)
Mudn phép chia khong con du, taphaicé a—2=0 < a=2.
Vay dé da thirc (x® —3x +a) chia hétcho (x—1)’thi a=2.
Cdch 2= Phuong phap hé s6 bat dinh
Gia sir da thirc bac ba x’ —=3x +a chia hét cho da thirc bac hai x* -2x+1,
ta dugc thwong la nhi thirc bic nhit, c6 sé hang bic cao nhat la
x': x’ =x, sb hang bac thipnhitla a:1=a.
Nhur vdy x’-3x+a ddng nhit véi (x® —2x +1)(x +a), tirc 1a X’ —3x+a
dong nhat véi: x* +(a—2)x*+(1-2a)x +a.

Do 6 hé sb cac sb hang ddng dang phai bang nhau, tirc la:
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Cdch 3: Phuong phap tri sb riéng
Goi thuong cua phép chia 1a Q(x) ta c6 x* -3x+a=(x-1)".Q(x) vai
moi x. V&i x =1 thi I'-3.1+a=0.Q(x) hay -2+a=0 < a=2.

Vay, véi a =2 thi x’ —3x+a chia hét cho (x —])2 .
Vi du 2: Xac dinh cac hing s6 a va b sao cho:
a.x* +ax’ +b chia hétcho x? =x +1.
b.ax> + bx? +5x—50 chia hét cho x* +3x-10.
Gidi
a. Cdch 1: Dit tinh chia ta dugc thuong bang x> +x +a, du (a-1)x+(lb-a).
Mubn chia hét thi da thirc du phai ddng nhét bing 0, do d6 a=1, b=a.
Viy a=b=1.
Cdch 2: Thuong c6 dang x* +cx+b. Nhin n6 véi x> —x+1 rdi dong
nhit véi x* +ax®+b, ta dugc ¢-1=0, b-c+1=a, c-b=0. Suy ra
a=b=c=1.
b. Cdch I: Dit tinh chia.
Cdch 2: Pong nhat (x*+3x-10)(ax+5) véi da thic bi chia, duoc
3a+5=b,15-10a=5.Suyraa=1, b=8.
Cdch 3: Xét ax®#bx?+5%-50=(x+5)x-2).Q(x). Lan lugt cho
—125a + 25b =75 {-—5a+b=3 {a =1
o =
8a +4b =40 2a+b=10 b =8

Vi du 3: Tim cac hang sé a va b sao cho x’ +ax +b chia cho x+1 thi du 7,
chia cho x -3 thidu -5.

X =-5, x=2,taduqc:{

Gidi
x*+ax+b=(x+1).P(x)+7 nénvéi x =-1 thi -1-a+b=7, tirc la:
a-b=-8 (1)
x® +ax+b=(x-3).Q(x)-5 nén vdi x =3 thi 27+3a+b=-5 tic lia:
3a+b=-32 (2)
Tu(l)va(2)suyraa=-10, b=-2.
Vidu 4: Tim cac h?mg s6 a, b, ¢ sao cho ax® + bx? +¢ chia hét cho x:+ 2,
chia cho x® -1 thidu x+5.
Gidi
Trong h?mg ding thirc ax® + bx* + ¢ =(x + 2).P(x), cho x =-2, ta dugc
-8a+4b+c=0 (1)
Trong hing ding thirc ax® +bx® +c=(x+1)(x-1).Q(x)+x+5, lan luot
cho xgé Xx=-1,dugc a+b+c=6, -a+b+c=4 (2)

A’lﬁ 2)suyraa=1,b=1,c=4.

-BDHS(STS-
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Vi duS: Da thie P(x) chia cho (x —1) dugc sé du bang 4, chia cho (x-3)

dwe s6 du bang 14. Tim s6 du cua phép chia P(x) chia (x —1)(x-3).
Giai

Cdch !: Goi thuong cua phép chia da thirc P(x) cho (x — 1) va cho (x — 3).
theo thir tu 1a A(x), B(x) va du theo thir tu la 4 va 14. Nhu vay:
P(x)=(x-1).A(x)+4 voi moi x (1)
P(x)=(x-3).B(x)+14 voi moi x (2)
Gri thuong cua phép chia P(x) cho da thirc bac hai (x —1)(x -3) 1a C(x)
vedu la R(x). Vi bac cua R(x) nho hon bac 2 nén R(x) ¢6 dang ax+b.
Tico: P(x)=(x-1)(x-3).C(x)+(ax+b) voimoix. (3)
Tlay x =1 vao (1) va(3)tacé: P(1)=4; P(1)=a+b.
Tlay x =3 vao (2) va(3) tacé: P(3)=14; P(3)=3a+b.
& {Za++bb::414 y/ {i z i1
Viy, du cua phép chia P(x) cho-(x —1)(x-3) la 5x-1.
Cidch?2: P(x)=(x~1).A(x)+4 nén
(x - 3)P(x) = (x - 1)(x - 3).A(x) + 4(x - 3) (1)
P(x)=(x-3)B(X)+14 nén:
(x-1)P(x)=(x-1)(x-3).B(x)+14(x-1) (2)
L& (2) trir (1) vé theo vé, ta c6:
[(=1)=(x-3)]P(x) =(x=1)(x-3).[B(x) - A(x) + 14(x — 1) - 4(x - 3)]
< 2P(x)=(x-1)(x-3)[B(x) - A(x)]+10x -2

B(x) - A(x)

Dv do: P(x)=(x-1)(x-3) 5

+(5x - 1) trong d6 bac cua 5x — 1
nio hon bac cua (x -1)(x-3).
Viy du ctia phép chia P(x) cho (x -1)(x-3) la 5x - 1.
Vi du6: Chia cac da thic
a.(3x* -8x* -10x® +8x-5): (3x? -2x +1)
b.(2x° - 9%* +19x - 15) : (x* - 3x + 5)

c (6x —3x y +2x%y* + 4x®y? - Bxy? + 2y°) : (3x® - 2xy? + y°)

1
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Gidi
a. Cach I: Chia thong thuong
Ix' —8x’—10x> +8x -5 | 3x’-2x+1
3x* —2x" +x’ | x’=2x-5

—6x* =11x* +8x -5
-6x° +4x* - 2x
~15x* +10x-5
-15x* +10x-5
0
Cdch 2: Dung phuong phap hé sé bt dinh:
— Ta nhan thﬁy r?mg, hé sb cua hang tir ¢6 bac cao nhat cua da thrc bi
chia va cua da thirc chia la bang nhau (bang 3). Vay hé s6 cua hang tir c6
bac cao nhat cua thuong phai 1a 1. Tuong tu nhu véy, hang tir khémg do6i
cua thuong phai la -5(-5.1) ==5. Mat khac, da thic bi chia c6 bac: 1a 4,
da thirc chia co bac la 2. Vay da thue thuong c6 bac la 2. Do vay da thuc
thuong phai c6 dang : x> +ax =5
Taco: 3x* -8x° -10x®> +8x-5=(3x% -2x +1)(x% +ax - 5)
Khai trién vé phai bang phépnhan cde da'thire)ita co:
3x* -8x® -10x® +8x -5
=3x* +(3a-2)x® +(-15-2a+1)x* + (a+10)x -5 . Hé sb cua cac hang
3a-2=-8
tir ciing bac & hai vé phai bing nhau, ta suy ra: {-15-2a+1=-10
a+10=8
Ca ba déng thic déu cho a =-2. Viy da thirc thuong la x* —2x -5
b. Cdch I: Cach thong thudng (cac ban ty giai) ' '
Cg’ch 2: Su dung phuong phap dong nhat cac hé so (phucmg'phép Ihé sO
bat dinh). Ta thay ngay thuong phai la m¢t nhi thic bac nhat ma thé so
ctia x 1a 2, hang tir khong doi 1a -3.
D6 1a 2x —3. Kiém tra lai, ta thiy ding la:
(2x® - 9x® +19x - 15) = (x* - 3x + 5)(2x - 3)
c. Cdch I: Tanhan thiy: Da thirc bi chia bac 5, da thic chia bac 3. Vidy da
thirc thuong phai la bac 2.
— Hé s6 cua hang tir ¢6 bac cao nhit cua x trong da thic bi chia la 6,
da thuc chia la 3. Vay hé s6 cua hang tir ¢ bac cao nhat cua x
8hg thuong 1a 2.

-BDHS(GTS-
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Turng tr, hé s6 cua hang tir ¢6 béc cao nhat ctia y trong thuong la 2.
Viv thuong phai ¢6 dang: 2x* + axy + 2y*. Ta co:
(6:° —3x'y + 2x%y? + 4x®y® —5xy* + 2y°)
= (3x° - 2xy? + y*)(2x® + axy + 2y°)

Déng nhét cac hé sb cua cac hang tir cing bac & hai vé sau khi khai trién,
ta:6: a=—1. Vay thuong la 2x’ —xy +2y°.
Cach 2: Chia thong thuong

62° —3x'y +2x’y? +4x’y’ - Sxy' +2y° | 3} —2xy’ +y’

6 —4x’y? +2x’y’ I 2x’ —xy +2y’
-3x'y +6x°y? +2x%y* = 5xy’ + 2y’

4

-3x'y +2x’y’  —xy

6x’y? —4xy* +2y°
6x’y’ ~4xy' +2y’

Cu y.

—Phuong phdp hé s6 bat dinh'chi nén sit dung trong phép chia khi biét
crdc theong la mot nhi fh:rc bdc nhat hodc la tam thicc bdc hai ma ta da
bit mot vai hé sé, chi can xac dinh mot, hai he s6 nita; chi trong truong
hep ncy thi viéc lam-maoi don gian va co loi.

Pwcorg phap p}zén tich thanh nhan tic ciing chi nén dung khi viéc phan
tich la twong doi don gian.

Vi du 7. Chimg minh dinh 1i “S6 du trong phép chia da thirc f(x) cho nhi
thrc (x—a) bang gi4 tri ciia da thic dy tai x =a”.
Giai

Cha de thirc f(x) cho nhi thitc (x —a), ta dugc thuong la Q(x) va du la
haig so r. Ta c¢6 f(x)=(x-2a)Q(x)+r véi moi x, do d6 x=a thi
f(a)=r.

Cla_y: Dinh li trén dugc goi 1a dinh li Bé—du mang tén' nha toan hoc
Phip Bézout (1730 — 1783). Dinh li Bé—du gitp ta tinh s6 du cia phép
cha da thirc f(x) cho nhi thirc (x —a) ma khong can thuc hién phép chia
dathic
Tt dinh li Bé—du, ta thiy da thirc f(x) chia hét cho (x —a) khi va chi khi
ah nghf&h cua da thiec.

. m}
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Vi du 8. Cho da thic f(x)=a,x* +a x* +a,x* + a,x +a,. Chimg minh ang:

b)

a) Da thirc f(x) chia hét cho (x —1) néu tong cac hé s6 bang 0.
b) Pa thirc f(x) chia hét cho (x +1) néu tong cac hé sd cua hang tr bac
chin bing téng cac hé so ctia hang tir bac le.
' Gidi
Theo dinh li Bé—du, so du r cua phép chia f(x) cho (x-1) la:
r=f(1)=a,+a, +a, +a; +a,
Néu a,+a, +a,+a,+a, =0 thi r=0.
Theo dinh i Bé—du, sb du r ctia phép chia f(x) cho (x+1) la:
r=f(-1)=a,-a, +a,-a, +a,
Néu a, +a, +a, =a, +a, thi r=0.
Chit y: Chimg minh trén khong chi ding d6i vai da thire f(x) c6 bac bon
ma con diang vaoi da thire f(x) co bac bat ki.

Vi du 9. Tim céc gia tri nguyén Cia n dé gia tri cua biéu thirc 2n° +3n +3

chia hét cho gia tri cuia biéu thirc 2n /1.
Giai: bat phép chia:

2n’ -3n+3 2n-1

—  2nt=n n+2
4n'+3
- 4n-2
5

Pa thirc 2n” +3n + 3 khong chia hét cho da thirc 2n -1, nhung c6 mhimg
gia tri nguyén cua n dé gid tri cia 2n’ +3n+3 chia hét cho gia tiri cua
2n-1.

Mubdn vdy 2n -1 phai la uéc cua 5, tic la +1; +5.

Véi 2n-1=1 = n=1

Véi 2n-1=-1 = n=0

Véi 2n-1=5 = n=3

Vé6i 2n-1=-5 = n=-2

Vay v6i n bang 1; 0; 3; —2 thi gia tri cua biéu thirc 2n”> +3n+3' chia
aét cho.gié tri cia biéu thic 2n—1.

E26s

o ¥
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Bai tap van dung

1. Ru gon cac biéu thiec:

1‘ }_ 45 | 2_ In; 2 125”,,,.2”1,[, :
4 16 5751 48
1 q] - 5
3.—9:—_; 4. (15,3"+4.27“):9*; ¢ BmEapy
Bl a3 2x +4y

2. Xa dinh hé s6 a dé da thuc (x* +ax® +1) chia hét cho (x* +2x +1).
3. Xacdinh hé s6 a dé phép chia (3}{2 +ax+27) chia cho (x+5) co sO du
barg 2.

4. Tinhé sdavab dé dathic (x* +ax’ +b) chia hétcho (x* +x+1).

5. Tin hé sb a va b sao cho (ax3 + bx-—24) chia hét cho (x +1)(x+3).

6. Tin hé s6 a va b sao cho (x* £x¥<3x? + ax+b) chia cho (x*-x-2)
duc dula (2x-3).

7. Dathtc (2x° +ax + b)'¢hia’eho C(x41)Pdu‘06] da thic dy chia cho
(x-2) du 21. Xac dinhgac hé soavab.

8. Chmg minh ring khong ton tai so tw nhien nao dé gia tri cua biéu thic
2n - 3n? + n + 3 chia hét cho gia tri cia biéu thitc n’ —n.

9. Khag lam phép chia da thirc, hay xdc dinh xem da thirc 4x* - Tx* -x -2
¢6 hia hét cho cac da thirc sau hay khong:
a) i—~2; b) x+2.

10. Chi da thuc P(x)=a,x’ +a,x" +a,x’ +a,x’ +a,x +a,. Chimg minh:
a) }(x) chia hét cho (x ~1) néu tong cac hé s6 bang 0.
b) (x) chia hét cho (x+1) néu tong cac hé sé cua lity thira bac 1é ddi
vGix bang tong cac hé sd cua liy thira bac chin dbi véi x.

11. X4 dinh du cia phép chia da thie (x + x* + x* + x*” +x*') cho:
a) :—1; b) x2-1.

12. Chmg minh rang (x* + x —=1)'° + (x> —=x +1)'° -2 chia hét cho (x-1).

8 ¥
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13. Tim cac gid tri nguyén cia x dé sb tri biéu thirc (2x” +x—7) chhia hét
cho s tri biéu thirc (x-2).

14. Tim céc gia tri nguyén cua x dé so trj biéu thirc (10x? —7x —5) cihia hét
cho s6 tri biéu thirc (2x-3).

15. Xac dinh sb tu nhién n dé s trj biéu thirc (25n° -97n +11) chia hét cho
sd tri biéu thirc (n—4).

16. Tim da thic P(x) biét ring P(x) chia cho (x+3) thi du 1, chia cho
(x—4) thi du 8, chia cho (x +3)(x—4) duoc thuong la 3x va con du.

17. Xac dinh hing sb a sao cho:
a.4x> —6x+a chia hét cho x-3.

b. 2x? +x+a chia hét cho x+3.

c. x’ +ax’ —4 chia hét cho x’[+4x+4.
18. Xac dinh hing s6 a sao cho:

a. 10x* —7x +a chia hét cho 2x-3.
b. 2x? +ax+1 chia cho x =3 du 4.
c. ax’ +5x* =9 chiahétcho x'=1/;
19. Xac dinh cac hiang s6a va'b a6 cho
a. x* +ax+b chia hét cho x> —4.
b. x* +ax’ + bx—1 chia hét cho x> -1.

c. X’ +ax+b chia hét cho x> +2x-2.
20. Xac dinh cic hing s a va b sao cho

a. ax* +bx’ +1 chia hét cho (x -1)2.

b. x* +4 chia hétcho x> +ax+b.
21. Rit gon céc biéu thirc:
25 50
a) 49'%:7¢; b) (ﬁ) [E) :
16 4

22. Xac dinh céc sb a sao cho:

a) 27:a chia hét cho 3x +2;
)y > +1 chia hét cho x* +2x +1;

o
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Huong din va ddp so

. i 3-45 3 20 3 25
1. !.Doi thanh liy thira cung co so: {-&-J [ZJ :(Z) ,

125100 2160 53(}(] 21‘50

5298 480 = 5298 160 =5"=25.

2. Péi thanh lity thira cliing co s6:

r

I |
.Pan s6: —.
P 15

. Dép s: 1.

¢ 5 5
5 8(x -_+_52y) =8(x+2y) =4(x+2y)4.
2x + 4y 2(x + 2y)

(S ]

.

Dap s6: a=-2.
Goi thuong cua phép chia la Q(x) thi (3x* +ax +27)=(x +5).Q(x) + 2

vo1 mol X. Sau d6 cho x =-5, tadugc a =20.

4. Cdch 1: Lam phép chia, ta dugc thuong bfing x’ -x+a,du (1-a)x+(b-a).

b-a=0 |b=1

Cdch 2: Nhan xét thirong la'da thir¢’bac hai 'c6 sb hang bac cao nhét 1a

Mubn chia hét thi da thireidw pHai:dong inhdt 'bang 0, tic 1 {1""‘:0 c:{a=1

x*:x? = x”, sb hang béc thap nhat 1a b:1="b. Goi thuong 12 x? +cx+b
rdi dong nhat (x2 + x + 1)(x® +cx + b) véi (x* +ax? + b), ta dugc

c+1=0; b+c+l=a; BRe=0 = c=>K¥F=1. a=1.

S. Cdch 1:

Thuc hién phép chia, dugc thuong la ax —4a, du (13a+b)x+(12a-24).
Cdch 2: Dong nhit da thitc (ax® + bx —24) véi (x® + 4x + 3)(ax - 8), suy
ra4a-8=0; 3a-32=5bH.

Cdch 3: V&i moi x, ta cé (ax® + bx —24) = (x + 1)(x + 3).Q(x), lan lugt
cho x=-1; x=-3. Pap s6: a=2; b=-26.

. Papsb: a=3; b=-1.

. Voéimoix,taco: (2x’ +ax+b)=(x+1).P(x)-6 (D

PG (2x® +ax + b) =(x - 2).Q(x) + 21 2)
A GTS- 11
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Véi x=-1thi -2—-a+b=-6
Véi x=2 thi 16+2a+b=21.Dodé: a=3; b=-1.
8. Ta phai c6 (n® —n) 1a uéc cta 3. Diéu nay khong xay ra vi (n? —n) 1a s6 chin.
9.a. 4x® -7x* —=x-2=(x-2).P(x) 4+ r v&i moi x.
Véi x=2thi 42°-72*-2-2=r < r=0.
Viy, 4x° - 7x® -x -2 chia hét cho x-2.
b. S6 du ciia phép chia bang — 60.
10. a) a,x° +a,x* +a,x% +a,x* +a,x+a, =(x -1).Q(x) + r vdi moi x.
Véi x =1 thi a; +a,+a,+a,+a,+a, =r.
Néu ag+a,+a,+a, +a, +a, =0 thi r=0,tﬁc]fiP(x)chiahétcho xi—1.
b. Tuong tu nhu trén, ta c6: —a, +a,—a, +a,—a, +a,=r.
Néu a, +a, +a, =a, +2a, +a, thi r=0, titc 1a P(x) chia hét cho x + 1.
11. a. Du trong phép chia cho x — I/1ahang sd.
Goi thuong cua phép chia 1a Q{x) vadu lar, ta cé vdi moi x:
x+x*+x° +x7 +x¥)=(x-1).Qx) +r
Vi x=1thil+1+1+1+1=5 & r=5.
Viy, s du cua phép chia la:5.
b. Du trong phép chia cho-x*=1-cé-béccaonhit la bic nhat.
Goi thuong cua phép chia 1a Q(x) va du la ax + b, véi moi X ta ¢o:
(x+x +x? +x*7 +x®) = (x? -1).Q(x) + (ax+D).
Véi x=1thi S5=a+b.
Véi x=-1thi -5=-a+b.
Turdé a=35; b=0. Du cua phép chia la 5x.
12. Pat (x* +x-1)"" + (x> - x+1)'° -2 =(x-1).Q(x) + r v6i moi X, rdi cho
x=1,tadugc r=0.
13. Dit phép chia (2x* + x—7) cho x — 2, ta dugc thuong 1a 2x+5, sb du la
3. Nhu vay da thirc (2x? +x-7) khong chia hét cho x — 2. Nhumg c¢6
nhitng gia tri cua x lam cho s0 tri cua (2x + x —7) chia hét cho sb trri cua
x — 2. D6 la nhimg gia tri ciia x ma 2 chia hét cho x — 2. Udc sb cua 3 1a

gt;tanluqtchox Zbﬁngl -1;3;-3,taduoc x=3;1; 5; —-1.

1 -BDHS(GTS-
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14. P4y so: 2; 1;-2; 5.
15. n — 4 phai la udc s6 cua 23. Pap s6: 5; 3; 27; - 19.
16. Du :ua phép chiala x+4.
P(»=3x(x+3)(x-4)+x+4=3x>-3x" -35x + 4.
17.a. :=-18 b.a=-15 c.a=3.
18.a. a=-12 b.a=-5 ¢c. a=4
19. a. (5 thé giai bang 3 cach: dat tinh chia, hé s6 bat dinh, xét gia tri riéng.
Pajsé: a=0, b=-16.
b. C6 tié giai bang 3 cachnhucaua. Papsd: a+b=0 (trclaatiyy, b=-a)
c. C6 ¢ giai bang hai cach: dat tinh chia, hé s6 bat dinh. Pap s6: a=-6, b=4.
20.a. Gai bang hai cach: Papsé a=3, b=—4.
b. than tich x* + 4 thanh nhan ti, dugc (x* +2x + 2)(x* - 2x +2)..
Visa=%2, b=2. |
21. a) Poi thanh lity thira cung co s
Cah 1: 492 : 7Y ()2 .74 =724 . 74 =720
Cach 2: 492 ;7% = 491%  (72)? = 49'% : (49)? = 49°°
b) Dap s6: 1.
. 2 (3Y
¢) Dap so: (Z]
22.2) 1=-12
b)1=-2
c) 50i thuong cua phép chia la Q(x) thi 3x* +ax +27 = (x +5).Q(x) + 2

vOimoi X.
Sai1 d6 cho x =-5 ta dugc a=20.

” .
AH@TS’- 13
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§2. Phan tich da thuc thanh nhan ta

MQ so kten th trc co' ban
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Dang 7 Sir dung phdn tich thanh nhén tic dé gidi cdc bai todn khdc
Dang 8 S dung dinh ly Bezout vao phan tich da thirc thanh nhadn ti.
Cac vi du minh hoa
Dang 1: Phin tich da thirc thanh nhén tie bang phuong phap dat
nhin tir chung
Vi du .: Dua cac nhan tir chung ra ngoai dau ngoic:
g 7% g, b. —-5x™y +15x"y
Gidi
a. a™%-a" =a®a’-a™ =a"(@*-1) =a"(a-1)(a+1)
b. Phar biét hai truomg hop: '

*

n2n:-5x"y+15x"y = -5x".x" "y + 15x"y = -5x"y(x™ " - 3)
*m<n: -5x™y +15x"y = -5x"y + 15x™ .x" "™y = -5x"y(1 - 3x"™™).
Dang 2: Phin tich da thirc thanh nhan tir bang phuong phdp nhom
nhéu hang tw
Phro‘ng phap chung: Ta su dung cdc hdng dang thuc dang nho theo

chitu bién doi tir vé nay la mét da thirc sang vé kia la mét tich cua cdc
nhen tw, hodc lity thira cua mét da thicc dom gian hon.

Vi du i: Phan tich cac da thire sau thanh nhan tu:

a %74 x2yz — x%z% - xyz?; b. p™*2q — p™'q® - p?q”*! + pq™*?
Giai
Cénhiéu cach giai, thy theo cach ta nhém cac sé hang
a. Caci I

P =x’z + x’yz - x?2* —xyz? = (x’z-x%2%)+ (x’yz - xyz?)
= (2 —2)(x’z + xyz) = x2(X - z)(X + y)
Cdch 2: P =(x’z+ x’yz) - (x’2” + xyz?)
=x’z(x +y) -x2}(x + ¥) = x2(X + y)(X — 2)
b. Cddh I'
Q=p"*q-p""'q’ ~p’q"" +pq"’ =p™'a(p-q*) - pq"" (p - q*)
=(-q*)(p""'qa-pa"") =pa(p-q*)(p™ - q")
Cdch 2: Q=(p™"q +pq™’)-(p™'q" +p’q""")

=pi(p™" +q™*)-pa(p™q +pq“)=pq[(p“”’—qu“’)+(q“*2—pq“)]
-pl[D "p-q “)+q"(@® -p)l=pa(p-a*)(p" -q").
g 1‘ 7
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Vi du 2: Phan tich thanh nhén tir:

a. x> —(a + b)xy + aby? b. ab(x? + y*) + xy(a® + b?)
c. (xy+ab)’ +(ay—bx)’; d. a’(b-c)+b’(c—a)+c’(a-b).
Giai

a. x’-axy-bxy+aby’ = (x* - axy) - (bxy -- aby?)
=x(x—ay)-by(x—ay)=(x—ay)(x-by).

b. (abx? + xya?)+ (aby? + xyb?) = ax(bx +ay) + by(ay + bx)
=(bx + ay)(ax + by).

c. x’y?+a’b? +a’y? +b’x? =(x’y? +a’y?) + (a’b® + b’x?)
=y?(x? +a?) + b?(x? +a?) = (x* +a?)(y® + b?)

d. (a’b-a%c+b’c-b%a)+ci(a-b)= [(agb ~b%a) - (a’c- bzc)] +c?(a—b)
=|:ab(a -b)-c(a’ —b2)] +c’(a-b)=(a-b)ab-ca-cb)+c*(a-b)
=(a-b)(ab-ca-cb+c?)=(a= b)[(ab—-cb) +(c® - ca)]
=(a-b)(a-c)(b-c)

Dang 3: Phén tich da thiec thank nhdn ti bdng phwong phdp ding
hdng ding thirc *

Phuong phdp chung: Ta sir dung cac hang dang thuc ddang nhor theo
chiéu bien doi tir vé nay la mgt da thicc sang vé kia la mét tich cua cdc
nhadn tu, hodc lily thira cua mét da thicc don gian hon.

Vi du I: Phan tich cic da thirc sau ddy thanh nhan tir:

a. 25x* -10x%y + y*
b. —-16a*b® - 24a°b° — 9a°b*;
c. 8m® + 36m?n + 54mn? + 27n°.
Gidi
a. 25x* —10x%y + y* =(5x%)* - 2(6x%)y + y* = (6x* - y)?
b. —16a‘b® — 24a°b® — 9a®b* = —-a*b*(16b? + 24ab + 9a®)
=-a'b*[(4b)’ + 2(4b)(3a) + (3a)* | = -a‘b*(4b + 3a)*
c. 8m® + 36m”n + 54mn?® + 27n®
=(2m)® + 3.(2m)%.3n + 3.2m(3n)* + (3n)® = (2m + 3n)*

Vi dy 2: Phan tich thanh nhén tir:
a. 4b%c?® - (b? + ¢ —a?)%; ; (ax+by) (ay+bx) .
B ﬁ 5): —4(ab+2)%  d. (4x? - 3x —18) — (4x? + 3x)".
A -BDHS'GTS-
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Giai
a. (Qbi+b?+¢?-a?)(2be-b® —c? +a?)
. [(1 +c) - az][a"’ —(b—c)z]
=(l+c+a)(b+c-a)(a+b-c)(a-b+c)
b. (ax-by +ay+bx)(ax + by —ay — bx)
=(«+b)(x+y)(a-b)(x-y)
c. (a®-b?*-5+2ab+4)@a®+b*-5-2ab-4)
=[t+b)*-1][@a-b)*-9]=(a+b+1)a+b-1)(a-b+3)(a-b-3)
d. (4x -3x -18+ 4x® + 3x)(4x® - 3x —18 — 4x* - 3x)
= (& -18)(-6x - 18) =[ 2(4x" - 9) |[-6(x + 3)] =-12(2x + 3) (2x - 3) (x + 3)
Vi du 3 Phan tich thanh nhan tir:
[4aacd +(a? + b?)(c® +d? )]2 = 4[Cd(32 +b*)+ab(c® +d? )]2
(Dé thi vo dich todn vong II, Belarussia, 1958)
Giai
Bié thirc ¢6 dang: A? - B?, trong do
A =4abcd + (a® + b?)(¢® + d?); B = 2¢d(a’ + b?) + 2ab(c? + d?)
Tao: A’ -B?=(A+B)(A-B)
A 4B =(a® +b?)(c® +d*)+ 2cd(a® + b*) + 4abed + 2ab(c?® + d?)
= (£ +b*)(c? +d? + 2cd) + 2ab(2cd +c? +d?)
=(c+ d)*(a? + b? + 2ab) = (c + d)?(a + b)*
Tuag tu nhu vay, ta phan tich dugc: A - B =(c —d)*(a - b)?
Cué cung taco: A* -B* =(a + b)2 (a- b)2 (c+ d)2 (c- d)2
Dang < Phan tich da thirc thanh nhén tir bing phuong phdp thém
bota tich cdc hang tir
a. Phuarg phap tach mgt hang ti:
Vi du 1 Phan tich thanh nhéan tir: x* —6x + 8
o Gidi
Ta 6 thé c6 nhiéu cach khac nhau dé tach cac hang tir:
Cdo 1:
x2-6x+8=(x"-2x)-4x+8=x(x-2)-4(x-2)=(x-2)(x - 4)
Cda 2:x’ -6x +8=(x*-6x+9)-1=(x-3)" -1
#1)(x-3-1)=(x-2)(x -4 _

[ 5a1 HOC QUOC GIA HA NOI
| TRUNG TAM THONG TIN THU VIEN 17
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Cidch 3: x* —-6x+8=(x*-4)-6x+12=(x-2)(x+2)-6(x -2)
=x-2)(x+2-6)=(x-2)(x—-4)
Cdch 4:x* —6x +8 =(x* —16) - 6x + 24 =(x - 4)(x +4) - 6(x - 4)
=(x-4)(x+4-6)=(x-4)(x-2)
Cdch 5: x> -6x+8=(x2-4x+4)-2x+4=(x-2)> -2(x-2)
—(Xx-2)(x-2-2) = (x—2)(x - 4)

Vi du 2: Phan tich thanh nhan tu:
a. x> -7xy +10y?; b. a®-5a-14.

Giai

a. x°-Txy+10y* = x* - 2xy - 5xy + 10y*

= X(x - 2y) - 5y(x 2y) =(x - 2y)(x - 5y)
b. a’-5a-14=a’+2a-Ta-14=a(a+2)-T(a+2)=(a+2)(a-"7)
Vi du 3: Phan tich thanh nhén tir:

a. 2m? +10m + 8; b. 4p* - 36p +56;
x® -5x? -14x; d. x’yz + 5xyz —14yz.
Gidi:

a. 2m?+10m + 8 = 2(m? + 5m +4)
=2[(m® +2m +1)+(3m+3)]=2[(m+1)2 +3(m+1)]
=2m+1D)(mM+1+3)=2(m +1)(m + 4)

b. 4p®-36p+56=4(p*-9p+14)
=4[(p*-4p+4)-(5p-10)|=4[(p-2)’ -5(p-2)]
=4(p-2)(p-2-5)=4(p-2)(p-17)

c. x°-5x?-14x=x(x?=5x-14)
= 1~:|:(x2 +4x+4)-(9x + 18)] = x[(x +2 -O(x + 2)]
=x(X+2)(x+2-9)=x(x+2)(x-17)

d. x’yz+5xyz-14yz = yz(x* + 5x — 14)
= yz[(x2 —4x+4)+ (9% - 18)] = yz[(x -2)* +9(x - 2)}
=yz(x-2)x-2+9)=yz(x-2)x +7)

Vi du 4: Phén tich thanh nhén tir: x* +3x* -4

Gidi:

Ta tach cac hang tir cua da thic trén bing phuong phap tim nghié:m cua
da thirc. Ta nhic lai a 12 nghiém cia da thirc f(x) néu f(a) = 0. Nhwr vay

néu da t

AP

f(x) chira nhan tir (x — a) thi a phai la nghiém cua da thurc. Ta
g néu da thirc trén c6 mdt nhan tir la (x — a) thi nhén 1t con

-BDHSGTS-
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lai 1a x* +bx +c, suy ra —ac=—4, tic la a phai la uéc cua —4. Tong
quat, trong da thirc voi hé s6 nguyén, nghiém nguyén (néu c6) phai la
udce cua hang tir khong déi. Ude cia —4 1a +1; +2; +4 . Kiém tra thay |
la nghiém cua da thuc. Nhu vay, da thiac chira nhan tr (x — 1), do do ta
tach cac hang tir cua da thie lam xuat hién nhan tir chung (x — 1).

Cichl: x’+3x*-4=x"-x?+4x?-4=x"(x-1)+4(x*-1)
=x'(x-D+4(x-DE+1D)=x-1)(x*+4x+4) = (x - 1)(x + 2)*

Cich2: x> +3x>-4=x"-1+3x*-3=(x-1)(x®> +x+1)+3(x* -1)

=(x-Dx*+x+D+3x-Dx+1)=(x-1)(x*+x+1+3x+3)
=(x-1(x*+4x+4)=(x-1)(x+2)*
Tacungchuy réng néu da thirc ¢o tong cac hé s6 bang 0 thi da thirc chira
nhan tir (x — 1), néu da thirc ¢6 téng cac hé sb cua hang tir bac chin bang
tong, cac hé so cua hang tir bac lé thi da thirc chira nhan tir (x + 1).

Vi du 5: Phan tich thanh nhan tir: 2x* —5x* +8x - 3.

Gidi:
Cdch 1: Céac sb +1; +3 khong la nghiém cua da thac, nhu vay da thic
khong co nghiém nguyén. Nhung da-thirc c6 thé c6 nghiém hiru ti. Trong

da thitc véi hé sd nguyén, nghiém hiru ti c6 dang A trong d6 p la udce
q

cua hé sb tu do, q la‘uée’ duong-cud he 56 'cao mhét (ban doc tu chirng
minh). Nhu vay nghiém hiru ti (néu cd) cua da thirc chi c6 thé 1a +I;

i%; +3; hotic i-%. Sau-khi-kidm tra-thiyx =% a/mot nghiém nén da

thirc chira nhén tir (x —-;-) hay (2x —1). Do @6 tim cach tach cac hang tir

ctia da thire dé xuat hién nhan tr chung (2x - 1).
2x° —-5x% +8x-3=2x3-x*> —4x® +2x + 6x - 3
=x’(2x-1)-2x(2x -1) +3(2x - 1) = (2x - 1)(x%® - 2x + 3)
Cdch 2: C6 thé giai bai tap trén bing phuong phap hé sé bat dinh: Néu
da thirc trén phan tich dugc thanh nhan tir thi phai c6 dang:
(ax + b)(cx® + dx + m).
Phep nhin nay cho két qua: acx® +(ad + bc)x? + (am + bd)x + bm .

(ac =2

Pdng nhat da thirc nay vdi 2x’ —5x? +8x -3, ta dugc: | i :
am+bd =8
|bm =-3

28¢ 19
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Cé thé gia thiét ring a > 0 (vi néu a <0 thi ta d6i dau ca hai nhan twr), do
6 [a 2
a=1
Xéta=2 = c=1,tac6 2d+b=-5; 2m+bd =8; bm =-3 :{E ii;
Xét b=-1 = m=3; d =-2 théa man cac diéu kién trén.
Viy a=2;c=1; b=-1;d=-2; m=3.
Ta c6: 2x® -5x* +8x -3 =(2x-1)(x*> - 2x + 3).
b. Phwong phdp thém bot ciung mjt hang tir:
Vi du 1: Phan tich thanh nhén tir:
a. a' +64; b. a* + 4b%.
Giai
a. a'+64=(a%)?+8%+2.8a%-2.8a% =(a’ +8)? —(4a)*
=(a’+8+4a)(a’+8-4a)=(a’+4a+8)(a’-4a+8)
b. a‘+4b* =(a?)? +(2b%)* + 2(a2)(2b?) — 2(a%)(2b?)
=(a? + 2b?) - (2ab)? = (a® + 2b% £ 2ab)(a® + 2b* — 2ab)
Vi du 2: Phan tich thanh nhan t:
a. x+x'+1 b. x*+x+1 c. . x*+x" +1
Gidi:
a X+x*+1=( +x'+x*)-(x*-1)
=x°(x? +x+ 1) - (XUNEP ¥ D) XL X4 DX -x +1)
b A=x*4+x+1=(x*-F)FE*FTXF =X -D+x*+x+1)
Tacéd: x® -1=(x*+1)(x*-1) = (x3 +1)(x -1)(x* +x+ 1)
Thay vao A, duge: A =x*(x* +1)(x-1D)* +x+1)+(x* +x+1)
= (x? +x+1)|:x2(x3 +1)(x-1)+ 1:|=(1v:2 +x+1)(x®-x® +x* -x*+1)
c. X+x +1=(x*-x)+(x" -x)+(x*+x+1)
=(xX2+x)(xX -1+ (X2 +x+1)
=X +x)C+DE-DE*+x+1)+(x* +x+1)
=(x' +:|:+1)[(:||:2 +x)(x° +1)(x—1)+1] =(x*+x+1)(x° -x* +x* —x + 1),
Chu y: Nguoi ta chimg minh dugc rdng két qua trong cdc phan tic:h trén
dady la nhitmg da thirc khong thé phdn tich thanh tich cua nhitng da thicc
c6 bdc nho hon nita. Néi riéng, tam thic bdc hai ax’+bx+c khong
phdn tich dugc thanh nhdn tir (1a nhj thicc bdc nhdt) néu A =b* —dac la
s6 dm v khong phai la sé chinh phuong.

A ‘ -BDHSGTS-
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Vi du 3 Phan tich cac biéu thire sau thanh nhan tu:
a.r’—6m?®+1lm-6:;
b.y +6x° +7x* -6x+1; c. n® +nt+1.
Giai:
a. m*-3m’-3m’+9m +2m -6
=n'(m-3)-3m(m-3)+2(m-3)=(m -1)(m - 2)(m - 3)
b. x* 3x® +3x° +9x* -x* -x* -3x-3x+1 ‘
Nhm céc hang tir thich hop dé co két qua: (x* + 3x —1)?
c. Then va bdt n'vao biéu thirc va nhom cac hang tir thich hop:
Kéqua:(n’ -n+1)(n* +n+1)(n‘ -n? +1)
c. Phurng phdp ddt bién phu:
Vi dyu : Phan tich thanh nhan tir: (x* + x)* + 4x* + 4x - 12.
Giai:
A (X*+x) +4x® +4x-12 = (x> +x)* + 4(x* +x)-12
PDiy=x"+xtadugc: A=y’ 4312 =y’ +4y+4-16
=(+2) -4 =(y+2+4)(y +2=4) = (y +6)(y - 2)
= +x+6)(x*+x-2)=(x? +x+6)(x-1)(x +2).
Vi du : Phan tich da thirc thanh nhan tr:  x(x + 4)(x + 6)(x + 10) + 128
Gidi:
X(X + 4)(x + 6)(x + 10)+ 128 =(x*+10x)(x* + 10x + 24) + 128
bz x* +10x +12 =y, da thirc d cho ¢6 dang;:
(y-12)(y +12)+128 = y* =16 = (y + 4)(y - 4)
(x? +10x+16)(x* +10x + 8) = (x + 2)(x + 8)(x® + 10x + 8)
Nhdn :ée: Trong vi du trén, nho phuong phdp'dé’i bién, ta da dwa da thirc
tic bon doi vai x thanh da thiec bdc hai doi vai y.
Vi dy : Phan tich da thitc thanh nhéan tir: A = x* +6x° + 7x* -6x +1
' Giai:
Gi sur x # 0. Ta viét da thire dudi dang:

A:xz(xz+6x+7-§+i2)=x2[(x3+—1§—]+6(x—l)+7i|
X X X X

b: x—l=y thi x2+-1—2=y2+2.DOd6
X X

?€+ 2+6y+7)=x'(y+3)" =(xy +3x)’ |
:A GTS- 21
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=Hx _i}f 3x:|2 (s Bn-1f

Dang phan tich nay ciing ding vé1 x=0.
Chii p: C6 thé trinh bay 10i giai ciia vi du trén nhur sau:
A=x'+6x"-2x"+9x’-6x+1
=x'+2x’(3x-1)+(3x -1)* = (x* + 3x - 1)*
Vi du 4. Phan tich thanh nhén tir: x* —2xy +y’ +3x-3y-10.
Gidi:
Viét da thirc thanh x® —2xy +y® +3x -3y -10= (x-y)* +3(x-y) - 10.
bat x—y=u.Tacé:
u?+3u-10=u*-4+3u-6
=(u-2)(u+2)+3(u-2)=(u-2)(u+5)
Suyra x’ -2xy+y’ +3x=3y-10=(x-y+5)(x -y -2).
Dang 5: Phan tich da thiurc thanh nhan tir bang cdch phé‘i hop mhiéu
phuwong phdp
Vi du 1: Phan tich thanh nhan tir:
a. a® -a* +2aff+ 2a2 b. (a+b)® —(a-b);
c. X’ -3x+3x -1+ %
Gidi
a. a®-a'+2a’+2a%'L3%@* rat¥24%2)
=a’(a+ 1)|:a2 (a-1)+2} =a’(a+1)@° -a‘ +2).

b. (a+b)’-(a-b)’=[(a +h)—(a—b)][(a+b)2 +(a+b)(a-b)+(a—'b)2]

=2b(a® + 2ab + b? +a® - b® +a® — 2ab + b?) = 2b(3a + b?)
c. x¥*-3x*+3x-1-yY"=(x*-3x*+3x-1)-y* =(x-1)° -y°
=(x—1—y)|:(x—1)z+(x—1)y+y’]
=(x-1-y)x*-2x+1+xy-y+y?)
Vi dy 2: Phan tich thanh nhan ti:
a. 2x*(a+b+c)-4xy(a+b+c)+2y*(a+b+c)
b x™* +x"¥ —x-1.
Giai
a. 2x*(a+b+c)-4xy(a+b+c)+2y*(a+b+c)
=2(a +® c)(x* -2xy +y*) =2(a + b+ c)(x - y)°

bAﬂ a_x_1=(xm+4_x)+(xm+3_1)

Tron Bo SGK: https://bookgiaokhoa.com

-BDHS(GTS-



Download Ebook Tai: https://downloadsachmienphi.com

- x xnnﬂ . 1) ™ (x:n+3 o 1) s (X + 1)(xrn+3 _ 1) )
=G+ DE-1DE™2 +x"" +...+1).
Vi du 3: Phan tich thanh nhan tr: (x +y +2)* -x° -y’ - 2°
(Dé thi vé dich todn lop 8, vong 1, Belarussia, 1952).
Giai
(x-y+2) -x*-y*-2° =[(x+y+z)3 —x"]~-(y3 +2°)
Apdung cac hang dang thic:
=(I+y+z-—x)[(x+y+z)2 +(x+y+z)x+x2]—(y+z)(y2—yz+zz)
:(‘7+Z)|:x2 +y? + 22 +2Xy + 2XZ+ 2YZ + Xy + XZ+ X* + X° — y? +yz—22]
=(7+2)(3x* + 3xy + 3xz + 3yz) =3(y + z)[x(x +y)+z(x+ y)]
=3x+y)y+2)(x+2)
Chii y:C6 the bién dbi nhu sau (x +y + 2)3 =’ -y’ -2
= [(x +y)+ z:l3 —(x+ y)3 —23} E3x%yH+ 3xy®
= [i(x +y)z(x+y+ z)] +3xy (X4 y)
=3x+y)(xz+zy+2° +xy)=3(x+y)y +2)(z +X)
Vi du 4: Phan tich thanh nhan 'te" x* 4 y* +2° X 3xyz
(Dé thi vao lop 10 CT, Lé Hang Phong, Tp HCM, 1988)
Giai
Cadch 1: Ap dung cac hang ding thic:
(a-b)® =a® + b® +3ab(a + b);a® +b® =(a + b)(a’> —ab + b?)
Tatugc: M = x* +y® +2z* = 3xyz

=z +y)3 +2° - 3xyz - 3x%y - 3xy*
=(:+y+z)[(x+y)2 —(x+y)z+z2]—3xy(x+y+z)

=(z+y+2)(x* +y® +2 —xy -yz-2zx)
Cdch 2:

(:a;-y+z)3 =x’ +y’ +2° +3xy(x +y+2)+3xz(x + y +2) + 3yz(x +y +2) - 3xyz
Tiurday taco: x° +y® +2° - 3xyz

=(t+y+2) —(x+y+2)(3xy + 3yz + 3xz)

=(:+6'L)(:\i:2 +y? +22 —xy - yz - x2)
Aém- 23
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Vi du 5: Phan tich thanh nhan tir: (x +y)°* - x° -y°.
Giai
Khai trién: (x + y)’ theo nhij thirc Newton, ta c6:
A.=(x +y) -x"-y°
=5x'y +10x’y? + 10x%y® + 5xy* =5xy(x® + 2x%y + 2xy® + y*)
Ma x® +y® =(x + y)(x% --xy + y?); 2x%y + 2xy” = 2xy(x + y)
Do d6: A =5xy(x + y)(x* + xy + y?)

Vi du 6: Phan tich thanh nhan tir: A = (x* + y*)® + (2° - x*)’ - (y* + 2*)’.

(Dé thi vé dich todn lop 8, vong I, Belarussia, 1957)
Gidi:

Cich I: Bién d6i (x*+y?)® +(z> -x*)’theo coéng thirc téng cua hai lap
phuong, ta dugc: (y2 + zz)[(x2 +y? )2 —(x"+ yz)(z2 -x*)+ (2" - % )?“]
Thay vao A, ta cé: A = (y* + z%).B, Trong dé:

B=[(x* +y") - (x* +y")(@* X)) [(2° -x*) - (3" +2°)]
=[(x2 +y’)(23|{2 +y? -z”)]+|:(2.z2 kot +y2)(—-x-2 —yﬂ)] =(x2 +y2)(3x2 -3z2)
Viay: A =3(y* + 2°)(x? + y)(x* = 2%)

Cdch 2: Chuy ring: y*¥z2°=(*Fy>)+(Z*=%x%). Ta co thé giai dom gian

nhu sau: Thay (y* +2)° = [(x"’ +y)+(2® -x? )]3 vao A, ta co:

2

A=—3(1-:2 § y2)2 (z2 —xz)-—i?»(:!:2 +y”‘)(z2 —xz)
=3(:~:2 +yz)(x2 —zz)(zr.2 +y? +2? -—xz) =3(x2 +y2)(x2 —zz)(y2 + 22 )
Vi du 7: Phan tich thanh nhan tir:
A =3abc+a’(a-b-c)+b*(b-a-c)+c*(c-a-b)-c(b-c)(a-c)
Gidi

Trudce hét, ta bién dbi:
B=3abc+a’(a-b-c)+b*(b-a-c)+c’(c-a-b)

=3abc +a® +b® +¢* —a’b -b%a-a’c-b’c-c’a-c’b

=a’(#®b) + b*(b—a) + ¢(2ab—a® - b?) + ¢(c* — bc —ac + ab)

G(a2 ~b?)-c(a-b)?* +c(c-a)(c—b)

A -BDHS'GTS-
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= :i—b)z(a+ b-c)+c(b-c)(a-c)
A:B-c(b-c)(a-c)=(a —b)z(a +b-c)
Vi du': Phan tich da thirc sau thanh nhan tir: a'® + a®b® + b'
(Dé thi hoc sinh gioi cap II mién Bic, 1967)
Giai
P-a' +a’h® +b' = (a®)? +2a°b® + (b°) —a’D’
=a® +b%)? —(a'b*)? =(a® + b® + a'b*)(a® + b* —-a‘b*)
Tip tuc phan tich nhan tr (a® +b® +a'b*) theo cich thém bt trén ta
duc: a® +b® +a'b* =(a* +b* +a’b*)(a* + b* —a’b?)
Le phantich a* +b* +a’b’ thanh nhén tir theo cach trén ta co:
a‘+ b* +a’b’ =(a’ + b? + ab)(a® + b® - ab) . Két qua:
P (atl +b® —a‘b")(a‘ +b* —azbz)(a2 +b? —zalb)(a2 +b° + ab)
Vidu): Phan tich thanh nhan ti: P =ab(a~b)+bc(b-c)+ca(c-a)
| (- Gidi;
Cdch ': Khai trién hai hang tir cudi:
P-ab(a - b) + be(b —¢) + ca(c +a)= ab(a—b)+bzc +cla—ca’-bc’
ab(a-b)+c¢’(a-b)-c(a+b)(a-Db)

(a-b)[a(b-c)-c(b-c)]=(a-b)(b-c)(a—c)
Cdch’: Tach (b—c) thanh —[(a-b)+(c-a)]
P-ab(a-b)+bc(b-c)+ca(c-a)
=b(a—-b) —bc[(a -b)+(c- a)] +ca(c-a)
= (ma-b)(a-c)+c(c-a)(a-b)=(a=b)(a-c)(b-c)
Dang6: Sir dung phin tich thanh nhan tir dé gidi phwong trinh bic cao
Vi du Giai phuong trinh: 2x® + 7x* + 7x+2=0
‘ Giai:
B:in doi phuong trinh thanh: (x +1)(x +2)(2x+1)=0.
Phromg trinh c6 ba nghiém: x, =-1; x, =-2; x, = ——%.
Dang7: Sit dung phan tich thanh nhén tir dé gidi cdc bai todn khdc
Vidyl: Phan tich thanh thira s6: A =2a’b* +2b%c* + 2a%* —a* -b* —c*.
nh rang néu a, b, ¢ 1a ba canh cua tam giac thi A > 0.
(Dé thi vio chuyén todn mién Bdc, 1979)
AR
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Giai:
Thém bat cac hang tir thich hop va nhoém cac hang tir:
A =4a’? —(a* + 2a’b? + b*) + (2b%c? + 2a’c?) - ¢!

(2ab [(a + 'Y <20 (a? +b2)+c:| (2ab [(a +b?)~ c:l

=(2ab +a’ + b? —c?)(2ab-a’ -b® +c?)
=(a+b+c)(a+b-c)(c-a+b)(c+a-b)
Néu a, b, ¢ la cac canh ciia tam giac thi a> 0, b> 0, ¢ > 0 va cac nhén tr cua
_ biéu thitc déu duong ( theo cac bét déng thirc vé cac canh trong tam gidc)) nén
A>0.
Vi du 2: Chimg minh ring véi moi s6 duong a, b, ¢ ta c6:
a’(b+c-a)+b%(a+c-b)+c*(a+b-c)<3abe
(Dé thi vé dich todn Uc, 1971)
Gidi
Vi vai trd ciia a, b, ¢ 12 nhu nhau, nén c6 thé gia thiét: a>b>c¢>0.
C6 thé thay riang phai chimg minh: B> 0, véi
B =3abc +a® +b® + c® —a’b - b%a=a’c —b’c -c’a—c’b
=a’(a-b)+b*(b—a)+c(2ab-a® -~ b?) +c(c® - bc —ac + ab)
=(a-b)(@*-b*)-c(a-b)® +c(c-a)(c-b)
- =(a-b)’(a+b-c)¥c(b-e)a-e)
Viy B=(a-b)*(a+b-c)+c(b~-c)(a—-c)
Do gia thiét a >b > c¢,c > 0, tir 46 suy ra diéu phai chimg minh.
Vi du 3: a) Phan tich ra thira s: A =a* —6a° + 27a® ~54a + 32
b) Tir két qua cdu trén suy ra ring biéu thirc:n* —6n® + 27n® —54n + 32
ludn ludn 1a sé chin véi moi sb nguyén n.
(Dé thi vio Iop chuyén todn mién Bic, 1975)
Giai:
a) Tacé:a=1=>A=0=>A:(a-1)
a=2=>A=0=>Ai(a-2).Vay Ai(a-1)(a-2)
Thuc hién phép chia A cho (a -1)(a-2) tacd két qua:
A=a'-6a’+27a’ -54a+3a=(a-1)(a-2)(a’-3a+16)
Chii y: C6 thé phan tich theo phuong phap nhém s6 hang va sir dung cc
hang dang thirc.
b) Thco két qua phén a), ta co:
-6n° +27n% =54n + 32 = (n - 2)(n —1)(n® - 3n + 16)
n—£2 ﬂ 1 la hai sé nguyén lién tiép, chic chin phai c6 mét s «hia

zhél chga”

AR
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Vidud: Cho biét a+b+c =0, chimg minh rang:
(8" +b* +¢*) =2(a* + b* +¢*)
Giai
arb+c=0>a=—(b+c)=a%-b%-c?=2bc
—a'+b* +c* =2(a’b? + a’c? + b%c?)
Cing a* +b* +c¢* vao hai vé cuia ddng thirc cudi nay ta duoc dpem.
V7 du 5: Chimg minh rang néu a+b+c=0 (1) thi a’ +b* +¢’ =3abc. (2)
P10 lai. néu c6 (2) thi ¢6 (1) khong?
Giai
Trong bai trén, ta da chimg minh rang:
a +b®+c®-3abc=(a+b+c)@®+b? +c* —ab-—ac-bc)
Dy d6. néu ¢6 (1) thi a® +b® +¢® —3abc =0, tirc (2). Dao lai, khi c6 (2)

th tacéd: a+b+c=0 (1)hodc a*+b*+c*—ab-ac-bc=0 (3). Tir (3)
tacoa=b=c (4). Viy néu cod(2) thisuyra a+b+c=0hoica=b=c,

« 15, | (2)>@)
la:
nghia la {(2):(4)
Vidub:

a. Chimg minh ring tir dang thirc:
(:.—y)2 +(y—z)2 +(z—x)2 =(x+ y--Zz)2 +(y+z-2x)2 +(z+x—2y)2ta
swrax=y=z.
b.Chung minh ring néu:a’ +b%> +c’ =ab+bc+ac thia=b =c.
Gidi
a. Ay dung hiang ding thirc vé binh phuong da thirc, ta dua vé phai vé:
3.(x —y) +(y-2) +(z- x)z] . Tr day suy ra:

(3-y)* +(y-2)" + (z-x)" =0. Diéu nay xay ra khi va chi khi:
x—y=j¢—z=z-x=0 ticx=y =2z
b. Tleo gia thiét: a? + b*> +c¢* =ab + bc +ac
Ticé: a® +b? +c? —ab-ac-bc =0
Sty ra: (a® —2ab + b?) + (b* - 2bc +c?) + (a®? - 2ac+c?) =0
(e-bY¥ +(b-c)’+(a-c)?=0.
Eﬁqﬁ%ayrakhivﬁchikhi a-b=b-c=a-c=0,ticla a=b=c.

Gt
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Vidu 7: a. x, y, z lién hé véi nhau bai cac dang thic:
x? —y=a;y’ -z =b;z? -x =c. Tinh gia tri cia biéu thirc:
P=x3(z-y»)+y (x-2?)+2%(y - x*) + xyz(xyz - 1)
b.Cho x +y=a,x’ +y? =b,x* + y* =c . Chimg minh ring a’ -3ab+ 2= 0
Giai
a. Phan tich P thanh nhan tr:
P=x‘"(z—y2)+y:’(x-z”)-c—za(y—:pcz)ﬂr.z},r’z2 - Xyz.
=y’Z* (x* -y)-2*(x* - y) - xy? (x* -y)+xz(x* -y)
= (x2 - y)(y2z2 -2} -xy® + xz) = (x2 - y)[y2 (32 - x) - 2(32 - x)]
=(x*- y)(z2 -x)(y2 ~z)=abc
b. Taco:A=a’-3ab+2c=(x+y)’ -3(x+ y)(x* +y*)+2(x* +y*)
/\p dung cac hing dang thitc dang nhd, dat nhan tir chung va rit gon ta
dua biéu thirc vé dang: A =(x+y).0=0
Vi du 8: Chimg minh ring néu a, b, ¢'12 ba s6 thoa man hé thirc:

1,12 A thihai trong ba sé 46 phai 1a hai sb di nhau.
a b ¢ a+b+c
Gidi
1.1 l; 1 :>bc+ica+ab: 1
a b ¢ a+b+c abe a+b+c

= (bc +ca+ab)(a+b+c)=abc=>(bc+ca+ab)(a+b+c)-abc=0
=(a+b)(b+c)(c+a)=0
=>a+b=0(a=-b) hodc b+c=0(b=-c) hoic c+a=0(c=-a)
Vi du 9: a. Xac dinh céc gié tri ciia a, b va ¢ dé da thirc
P(x)=x‘+ax’ +bx+c chia hét cho (x—3)3.
b. Xac dinh cac gia trj a, b sao cho da thuc:
Q(x)=6x" —7x’ +ax’ +3x+2 chia hét cho da thitctM(x) =x* —x +b
c. Xac dinha, bdé P(x)=x® +5x* —8x +a chia hét choM(x)=x*+x +b.
Giai
a. Chia P(x)cho (x—3) ta dugc thuong 1a x +9 vadu la
R(x)=(a+54)x* +(b-216)x+243+c.
P(x): x=3)’ =R (x)=0. Cho ta:

f..‘a-’-f54;§,=_6:>a=—54;b—216=0:>b=216; c+243=0>c=-243.

£5 Eov
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b. Cha Q(x) cho M(x) ta duoc:

Thoong 6x> —=x +(a—-6b—1); Du (a —5b+2)x + (-ab + 6b° + b+ 2)

Tirtiéu kién Q(x): M(x) suy ra:a—5b+2=0 (1)

—a+6b’+b+2=0 (2). Tinh atir (1) theo b, thay vao (2)

b? 3b+2=0=>(b+1)(b+2)=0chotab=-1=>a=-7

b2 =a==12. ' 1 ‘
Vi du 0: Hay xac dinh céac s0 a, b, ¢ dé c6 dang thurc:

x’-ax’ +bx—c=(x-a)(x-b)(x-c)

o . Giai
Ha khai trién vé phai va dong nhat hé s6 cua cac hang tir cung bac.
a+c=a (1); ab+bc+ac=b (2); abc =c (3)
=0
(1}:>b+c:0¢:>b=—c;(3)<:>c(ab—l):0<:>i:cb :
ab=

TH: Véic=0,tacob=0vaacéthéldy tyy.
TR: Vai ab = 1, thay vao (2) dong thoi thay ¢ = -b ta co:
ab~b2-ab:b<:>b(b+1):0<:>|:::=;1

a. "6i b= 0 ta tro vé truong hopl.

b.6ib=-1tacoc=1vaa=-1.
Vidu 1: Tabiét rang: (1)a° +b° =(a+ b)a —3ab(a+b)

Chng minh rang (1)=(2)=>(3)= (4)

V¢

()a*+b*+c® =(a+b+c)’ -3(@a+b)b+c)(c+a)

(3)Néu a+b+c =0 thi a’ +b’ +c’ = 3abc.

(4)Néu a+b+c+d =0thi: a’+b’ +c’ +d* =3(ab-cd)(c +d)

Gidi

Chng minh (1) = (2):

Ta:6 trong (1) thay b bai b + c:

a’-(b+c)’ =(a+b+c) -3a(b+c)a+b+c)

Thy (b+c)3 theo (1)
ad-b®+c? =(.':1+b+c)3 -3(b+c)[bc+a(a+b+c)]

(aobﬁua}

Chng minh (2) = (3): Thaya+b+c=0,
a-b=-c,b+c=-a,c+a=-b vao vé phai cua (2), ta c6 (3)

Chng fiinh (3) = (4): Thay ¢ béi ¢ +d vao (3)

AL,
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a’+b’ +(c+d)3 =3ab(c+d)
a’ +b? +c® +d® =3ab(c+d)-3cd(c+d) =3(ab—cd)(c+d)

Vi du 12: Cho a, b, c 14 ba s6 phan biét; chimg minh ring:
a*(b-c)+b*(c—-a)+c'(a-b)=0.

Giai:

S=a'(b-c)+b*(c-a)+c'(a-b) =a'b-a‘c+b'c-b'a+c'(a-b)
= (:a—b)l:a3 (b-c)+a’b(b-c)+ab’(b-c)-c(b’ -cs)]
=(a-b)(h-c)[a3 ~c® +b(a’ —c2)+b2 (a~c)]
=—(a—b)‘(b—c)(c—a)(a2 +b* +c® +ab+bc+ca)

=%(a ~b)(b-c)(a~c)[(a+b)" +(b+c) +(c+a)]

Do a, b, ¢ 1a ba sb phan biét: a# b, b=c, c#a, nén S0, dpcm.
Dang 8: Sir dung dinh ly Bezout vao phan tich da thirc thanh nham tir
Vi du 1: Phén tich thanh nhan tir da thitc sau: f(x)=x"-x’ -14x +24

Giai

Ta thu van dung dinh ly Bezout

Budrc 1: Thirx = 2 ta thiy;

f(2) =2°-22-28+24=0. Vay 2 1a m6t nghiém cua f(x). Theo hé qua

cua dinh ly Bezout thi f(x) chid hét cho'x - 2.

f(x)=(x-2)p(x).

Buorc 2: Thyuc hién phép chia f(x) cho x — 2.

x’ —x*-14x+24

x’ —2x’ l i
- x?+x-12
x’ -14x+24
x? -2x
-12x+24
-12x+24
0

Vay f(x)=(x - 2)(x* + x ~12)
Buoc 3: p(x)=x* +x-12 ¢6 p(3) = 0 tirc 1a x = 3 12 nghiém cua p(x)).
Viay p(whia hét cho x - 3.

AB@J
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x* +x=12 x—3
X' - 3x X+4
4x -12
4x -12
0

p() = (x=3)(x +4). Vay f(x)=(x-2)(x-3)(x + 4)
Vi du » Phan tich thanh nhan tir: f(x) = x® +4x® + 4x + 3.
Giai

Hag tir doc lap c6 cac ude sé 1,43 . Ta chi thir trong bon s6 1,43 ma

the. f(+1) =12, f(-1) =2, f(3) =178, f(-3) =0.
V4 f(x) chia hét cho x + 3. Chia f(x) cho x + 3.
(x+4x* +4x+3):(x+3)=x>+x+1
Va: x* +4x® +4x+3=(x+3) (x> +x+1)
Vi dy : Phan tich thanh nhan tir
a ’-7x-6; b. x*-19x - 30;
c. ' ~6a* +11af6.
Giai
a. Cdc. 1:
x-Tx-6=x"-x-6x=-6=x>—x—-6(x+1)
=3x* - 1)-6(x +1) = (x + 1)[x(x - 1) - 6]
={:+1)|:x2 —:c—6:|=(1|c+1)|:(x2 +2x—3x—6):|
=(+1D)[x(x+2)-3(x +2)] = (x + D(x +2)(x + 3)
Cdch : Ap dung dinh ly Bezout:

Pi f(x) = x’ - 7x - 6, ta thiy f(—1) = 0 nén — 1 la mdt uéc cua f(x).

V3 f(x) chia hét cho (x + 1). Tacé: f(x)=(x +1)(x* -x —6)

Tahdy x =-21a nghiém cia x* - x —6 ta suy ra duoc:

x’-x-6=(x+2)(x-3). Kétqua: f(x)=(x+1)(x+2)(x-3)
b. Cdc 1:

x%-19x - 30 = (x* - 9x) - (10x + 30) =x(x*-9)-10(x +3)
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Bai tap van dung
1. Chimg minh ring tir ding thirc:
(y-—z)2 -|-(z~-:|:)2 +(x—-y)2 =(3,r+1>:—2x)2 +(z+x-2y)2+ (x+y-22)" (1)
Tasuyra: x=y=1z
2. Tinh tong:(S-2b)(S-2c) +(S-2c)(S-2a)+(S-2a)(S-2b) tromg do
S=a+b+c
Phén tich thanh nhan tir: (xy +1)" —(x +y)’.
Phén tich thanh nhan tir: (a+b+c)’ +(a+b-c)’ —4c?.
Phan tich thanh nhan tir: a(b® —c?)-b(a® -c?) +c(a? - b?).
Phén tich thanh nhén tir: ab(a—b)+bc(b—c)+ac(c—-a).
Phan tich thanh nhén tir: ab(a+b)+bc(b+c)+ac(a+c)+2abc.
Phan tich thanh nhan tir: a(b® —¢®*)+b(c® —a®) + c(a® - b?).
Phan tich thanh nhén tir; a®(b? =c?)+ b3(c? —a?) + c*(a? - b?).
10. Phén tich thanh nhan tr: a® + b* ¢’ = 3abc.
11. Phan tich thanh nhan tir: (a + b+c¢)® —a® - b® -¢3.
12. Phan tich thanh nhan tir: x* -2x-35.
13. Phéan tich thanh nhan tir;19%% 4 6x 218 |
14. Phan tich thanh nhan tr; 4x* -3x —1.
15. Phan tich thanh nhan tir: 6x* -11x? +3.
16. Phan tich thanh nhén tir: x* — 7xy +12y?.
17. Phén tich thanh nhan tir: x> —2xy+y>+3x-3y~-10.
18. Phan tich thanh nhén tir: 2x* —12x* +17x -2
19. Phan tich thanh nhén tir: x° -3x+2.
20. Phan tich thanh nhan tir: x* +3x* +6x +4.
21. Phan tich thanh nhan tir: x* +9x? +26x + 24 .
22. Phén tich thanh nhan tir: 2x* —5x* +8x -3.
23. Phan tich thanh nhan tir: 3x® —14x? +4x + 3.
24. Phén tich thanh nhan ti: a*+a+1.
25. Phan tich thanh nhan tir: a’ +a%+1.
26. Phan tich thanh nhan tir: (1 +x?)? —4x(1 - x?).
27. Phan tl'ch thanh nhan tir: x* +6x® +11x* +6x +1.
28. Tim so yen a sao cho da thl'rc (x+a)(x-5)+2 phan tich dugc tthanh

I B +¢) véi b, ¢ 1a cac sb nguyén.
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29. Tm s6 nguyén m sao cho (x + m)(x + 5) + 3 phan tich dugc thanh
(:+a)(x + b) vai a, b 1a cac s6 nguyén.

30. Phn tich da thuc thanh nhan tir: 3x* -8x +4.

31. Phn tich da thic thanh nhan tir: 3x® - 7x* +17x -5

32. Phn tich da thirc thanh nhan tir: 4x* + 81

33. Phn tich da thirc thanh nhan tur: 64x* + y*

34. Phn tich da thic thanh nhan tir: x° +x -1

35. Phn tich da thic thanh nhan ti; x” + x* -1

36. Phn tich da thuic thanh nhan tir; x* - 6x® +12x* —14x + 3

37.Ch a+b+c=0.Rut gon biéu thirc: M =a® +b® +c(a’ + b?) —abc

38. Phn tich da thirc sau thanh nhan tr: (x -y)* + (y —2)° + (z - x)°

39. Phn tich cac da thuc sau thanh nhan tu:
8t+y+2) —(x+y) —(y+2)’ —(z+x)

40. Phn tich da thirc sau thanh nhan t: P = x*(y -2z) + y*(z - x) + 2’ (x - y)

41. Phn tich thanh nhan tir:
@a.ib(a + b)—be(b +¢) + ac(a-q)
b.1(b% + ¢?) + b(c* + a®) + c(a® +bH+Rabc
c.a+b)a’-b))+(b+c)b®-c?)+(c+a)c-a?)
d.2®(b-c)+b’(c-a)+c’(a-b)
€.1°(c — b?) + b(a - ) ¥ (b ca*)+abefabe 1)

42. Cimg minh ring néu a®*+b*+¢*=3abc Va4, b, ¢ la cac s6 duong thi
a:b=c,

43. Cing minh rang néu a' +b* +c* +d* =4abed va a, b, ¢, d la cac s6
dong thi a=b=c=d.

44. Cimg minh ring néu m =a+b+c thi:
(an + be)(bm + ac)(cm + ab) = (a + b)* (b + ¢)* + (c + a)?

45.Cb a*+b*=1, ¢* +d® =1, ac+ bd =0. Chimg minh ring ab+cd =0.

e

46. Rt gon phan so: ;5 ;’5 véi n chir s6 9 & tir va n chir s6 9 & méu (n 1a

:sdur nhién)
47. ‘Tih sb tri cua phan thirc sau bing cach nhanh nhat:
?-4a’ -a+4
a—"7a’+14a -8
- 1981-1980 1981° -1980° ,

48. 'S(nao lan hon: ha /
‘ é;n 1981+1980 Y 19817 + 19807

AB: )
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107" +1 10M% +1

49. SO nao 16m hon: l—m Y m !

néu 2a’+2b>=5ab va b>a>0.

o mwaa o BED
50. Tim gia tri cua
a—

51. Chimg minh ring néu: c®+2(ab-ac-bc)=0; bzc;a+b=c thi
a’+(a-c) _a-c
b’+(b-c)) b-c

(x* +a)(1+a)+a’x? +1
(x?-a)1-a)+a’x?+1
thirc trén khong phu thugc vao x, c¢6 nghia vdi moi x va a.
53. Chimg minh ring néu: x =by +cz (1); y=ax+cz (2); z=ax +by (3)
1 1 3

§2. Rut gon phén thirc sau: . Chimg minh ring phan

va x+y+z#0 thi + + =2
. l1+a 1+b 1+c
54. Thyuc hién phép tinh:
1 1 1

(b—c)(a® +ac—b* ~bc) +(c—a)(b2 Fab-c? —ac) » (a—b)(c® +bc—a’-ab)’

Huéng din va dip so
1. (1) [(y+z-2x)" S(yL2) 4z ¥ ¥ L2y) 0z - x)"]

+H(x#y -22)° - (x-y)*1=0(2).
Hang tir thit nhét: (y ¥z=2x)" =(y=2)" =4(y - x)(z - x)
Ta nhan thiy néu hoan vi vong y = z— x -y thi tir hang tir thi nhét
ta c6 hang tir thir hai, va tir hang tir thr hai, ta c6 hang tir thir ba.
Do d6: (z+x-2y)" -(z-x)" =4(z~y)(x-y)
(x+y-22)° —(x-y)’ =4(x-2z)(y - z). B&i véy:
(2)=4(y-x)(z-x)+4(z-y)(x-y)+4(x-2z)(y-2)
& 2x? + 2y? + 222 - 2xy - 2yz-2xz =0

0

@(x—y)2+(x—z)2+(y-—z)2=0=>x—y=x—z=y—z=0:>x=y=z
2.(S-2b)(S-2c)=(a-b+c)(a+b-c)=a’ —(b-c)’ =a’ =b? —c* +2bc(l).
Hoén vi vong b—>c—>a > b, ta dugc:
(S-2c)(S-2a)=b*-c* —a® +2ca(2)
(S-2a)(S-2b)=c®-a® - b* +2ab(3).
), (3) ta suy ra két qua: —a> —b> —c? + 2ab+ 2bc + 2ca

A -BDHSGTS-
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3. (xy+1)2—(x+y)2 =(xy+1+x+y)(xy+1-x-y)

=(x+1)(y+1)(x-1)(y-1)

4. Cdchl: (a+b+c) +(a+b-c)* -4c?
=(a+b) +2c(a+b)+c?+(a+b)’ —2c(a+b)+c? -4c?
=2(a+b)?-2c*=2a+b+c)a+b-c)

Cdch 2: (a+b+c)® +(a+b—-c)® —4c?
=(a+b+c)’+(a+b-c+2c)(a+b-c-2c)
=(a+b+c)+(a+b+c)a+b-3c)
=(a+b+c)(a+b+c+a+b-3c)=2(a+b+c)la+b-c)

§5. Cdch I: Khai trién hai sé hang cubi:
a(b® -c*)-b(a® =c?)+c(a® <bh)
=a(b® -c?)-a’b+bec®> +a’c-b%*c =a(b®-c?)-a%(b-c)-be(b-c)
=(bZc)(ab +ac —a® —be) = (b-o)ie(a — b)—a(a—b)]
=(b-c)(a—-b)(c-a)

Cdch 2: Nhan xét (a’ —c?) c6 thé tach thanh (b® —c?)+(a? - b*) nén:
a(b? —c?)—b(a? — )W e(a*Lp?)
=a(b? - ¢?) - b[ (b? me?) (@’ + b?) P o(al =:b%)
=(b? -c*)(a-b)~(a’=b*)(b-c)=(b-c)@a-b)l(b+c)-(a+b)]
=(b-c)(a-b)(c-2a).

6. Viét (b—c) dudi dang 4{(a-b)+(c—a)).
bap sO: ab(a-b)+be(b-c)+ac(c-a)=(a-b)(a-c)(b-c).
7. ab(a +b)+be(b+c)+ac(a +c)+ 2abc
=ab(a + b) + b%c + be? + a’c + ac’® + 2abc
=ab(a + b) + c*(a + b) + c(a’ + b? + 2ab)
=(a+b)@ab+c*+ca+cb)=(a+b)b+c)(c+a)
8. Chuy: ¢® -a®={(b®-c®)+(a® -b?)].
Pap so:
a(b® -c’) +b(c®* -a’)+c(a® -b*)=(a-b)(b-c)(c-a)(a+b+c)
9. Pap so:

?25) +b¥(c? —a%)+c*(a? = b?) = (a - b)(b - c)(a - c)(ab + be + ca)
A SGTS- 37
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10. Viét a’ + b’ dudi dang (a + b)® — 3a’b —3ab? . Do do:
a® +b® +¢® - 3abc = (a + b)? +c® -3a’b - 3ab* —3abc
=(a +b+c)[(a +b)’ —c(a+b)+ cz]-3ab(a +b+c)
=(a+b+c)[a’+b*+c? —ab-bc-ca

11. Ap dung hing dang thic (x +y)* =x® +y® +3xy(x +y), ta c6:
(a+b+c)’-a’-b*-¢’
=(a+b)® +c* +3c(a+b)(a+b+c)-a’-b*-¢?
=a’+b*+3ab(a+b)+c®+3c(a+b)a+b+c)-a®-b*-¢’
=3(a+b)(ab+ac+bc+c?)=3(a+b)(b+c)(a+c).

12. Ba s6 hang cua da thirc khong c6 thira s6 chung ciing khong lap thanh
binh phuong mét nhi thirc. Do d6 ta nghi dén viéc tich mot sb hang
thanh hai dé tao thanh da thirc c6 4 s6 hang. C6 nhiéu cach tich s6 hang
trong d6 hai cach sau la thong/dung nhat:

Cdch I: Tach s6 hang cudi dé cing véi 2 s6 hang dau tao thanh binh phwong
mdt nhi thirc, roi dwa vé dang hiéuhai binh phuong:
x’-2x-35=x-2x+1-36=(x-1)* -6
=(x-1+6)(x-1-6)=(x+5)(x-17)

Cdch 2: Tach sé hang' gitra’thanh hai 6 hang r6i"ding phuong phap mhém
céc sb hang va dit thira sé chung 1am xudt hién thira sé chung méi:
x2-2x-35=x+5x-Tx-35=x(x+5)-7(x+5)=(x+5)(x-17)

13. Cdch 1: 9x*> +6x -8 =(3x)? +2.3x+1-9=(3x +1)? - 3*

=(Bx+1-3)Bx+1+3)=(3x-2)(3x+4)
Cdch 2: 9x* +6x -8 =9x* —-6x+12x - 8
=3x(3x-2)+4(3x-2)=(3x-2)(3x + 4)

Chit y: Cdch tdch sé hang giita thanh hai sé6 hang chinh la dua vao hing
ddng thirc: mpx?® + (nq + np)x + nq = (mx + n)(px +q)

Nhu vdy trong tam thirc ax’ +bx+c, hé 56 b dugc tdch thanh b +h,
sao cho b,b, =ac. Trong thuc hanh, ta lam nhu sau:

1. Tim tich ac.
. Phdngich ac ra tich 2 thira sé (nguyén) bang moi cdch.
4& thita s& mé tng bing b

2
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Vi lu trong da thirc 9x* +6x—8 thi a=9; b=6; c=-8.
Buwc 1: Tich ac =9.(-8)=-72.
Busc 2: Phdn tich —72 ra tich 2 thira s6 (nguyén) trong do thira s6
durng 6 gid tri tuyét doi lom (dé tong banyg 6) duorc:
(-)-72=(-2).36 =(-3).24 =(-4).18 =(-6).12=(-8).9
Bidc 3: Chon hai thira s6 ma tong bang 6. D6 la -6 va 12.
Nei lam theo cdch 2 trong truong hop tam thite ax’ +bx +c ¢é b la s6
1é 10dc a khong la binh phwong cia mét sé nguyén.
14. 4x -3x-1=4x* -4x+x-1=4x(x-1)+(x-1)=(x-1)(4x +1)
Cig y: Ciing c6 thé nhan xét da thuc co tong cic hé sd biang
4-3-1=0 nén chira thira sé (x — 1). Do d6 tach sb hang lam xuat hién
thra s chung (x — 1).
15. Ba so: (3x% -1)(2x* - 3).
16. P4 sb: (x —3y)(x —4y).
17. Vit da thic thanh (x-y)* +3(x-y)-10. Piat x—y=u, phan tich
u+3u-10 ra (u+5)(u-2). Paps6! (x -y +5)(x-y-2).
18. 2x -12x* +17x -2 =2x* - 4x*=8x*+16x + x - 2
=2x3(x-2)-8%x(x-2) + (X - 2) = (x - 2)(2x? —8x + 1)
Chut y.Tam thicc (2x* —8x + 1) khong phan tich ra thita 6 duoc nita.
Kk phdn tich theo cach 1 sau' khi dita ‘tam'thitc ax’ +bx +¢ vé dang
a(? —k), néu k cé dang m’ (voi m hieu 1i) thi tam thiec phan tich tiép
dhrce ra rh:::a 56, néu khong co dang trén thi khong phan tich duoc (trong
phm vi s6 hitu ti). Khi phdn tich theo cdch 2, sau khi tinh tich ac va
phn n’;h ac ra tich hai thira s6 (nguyén) bang moi cdch, néu khong co 2
t:ha so6 nao ma téng bang b thi khong phan tich tiép duoc.
V6 tam thic trén, ta co:

2x2 —8x+1=2[x2—4x+4—%]=2[(x—2)2 —%:l

Wi% khing 1a binh phuong ciia sé hitu ti ndo nén khong phdn tich dugc

ttar thizc ra thira s6. Con néu tinh tich ac, ta dugc 2. Phan tich thanh tich
2 nira $6 cing dm, ta co: (-1) (-2). Khong c¢ 2 thira 56 nao o tong
lbag —8. Nhur vdy, khéng phdn tich tiép tam thirc trén ra thira s0 dwoc. Lam
ithamao dé tdch cdc s6 hang cua da thite (2x* —12x* +17x - 2) nhu trén?

2B 39
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Trudc hét, ta kiém tra xem da thirc cé chita thita s6 x—a khong, tic la
tim s6 du khi chia da thicc cho x—a. Theo bai 13, s6 du d6 bang s6 tri
ciia da thirc khi x = a. Nhu vdy néu thay x bang a ma sé tri da thicc bdng
0 thi khi phdn tich ra thira s6 dd c6 mét thira s6 la x—a. Do do ta sé
tach cdc sé hang cua da thicc lam xudt hién thica s chung x—a. Gia tri
x =a do con goi la nghiém cua da thicc (nghiém cua da thic P(x) la gia
tri cua x lam cho sé tri da thzi'c bang 0).

Trong mét da thitc voi hé 56 nguyén, nghiém nguyén (néu c0) phai la woc
s6 cua s6 hang tw do. Do d6 chi cdn xel a la wéc s6 cuia s6 hang tu do. Vi
du ddi véi (2x° —12x2 +1Tx —2), 56 hang tu do la -2, cdc wdc cia mé la

+1; +2. Vdi x=2 thi s tri da thic bﬁng 0. do dé ta tach cdc sé hang
cua da thirc @6 xudt hién thita sé chung x —2.
19. Cdch I: Vi tdng cac hé s6 bing 0 nén da thirc chira thira sé x—1 . Do do:
x*-3x+2=x-1-3x+3
=(x-1DE*+x+1)-3(x-1)=(x-1)(x* +x-2).
Tiép tuc phan tich (x> +x -2)= (x=1)(x +2).
Két qua: x° —3x+2=(x-1)*(x+2).

Cdch 2: Nhan xét véi x = -2 thi sb trj da thirc bang 0 nén da thic chira
thira s6 x+2. Do d6:

x*-3x+2=x"+8-3x-6=(x+2)(x - 2x+4)-3(x +2)
= (X + 2)(¥2=2x-+1)=(x-+2)x—1)> .

20. Cdch 1: Vi tdng céc hé sb cua liiy thira bac 1é dbi véi x bing tdng cic hé
) cﬁalﬁyﬂn‘rabécchﬁndéivc?ix (1+6=3+4). Do dé:
X +3x* +6x+4=x*+1+3x*+6x+3
=(x+1)(x*-x+1)+3(x* +2x+1)=(x+1)(x* -x+1) + 3(x +1)*
=(x+1)(x*-x+1+3x+3)=(x+1)(x* +2x + 4).
Cdch 2: x* +3x* +6x+4=x*-8+3x? +6x+12
=(x-2)(x* +2x+4) +3(x> +2x +4) = (x* + 2x + 4)(x + 1)

21. Bién ddi da thirc x° +9x? +26x +24 =x* + 9x® +27x +27-x-3 hay
(x+3) —(x+3).

Pap s6: x° +9x% +26x + 24 =(x + 3)(x + 4)(x + 2) .
22. 2x° -5%x% +8x-3=2x -x*-4x®> +2x +6x -3

g(v 1)-2x(2x-1)+3(2x-1) = (2x - 1)(x* - 2x + 3)

-BDHS(GTS-
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Chit y: Cdc s6 *+1; +3 khéng phai la nghiém cua da thuc. Nhu vdy da
thitc khong c6 nghiém nguyén. Nhung da thicc c6 thé cé nghiém hitu ti.
Ta chitng minh dwoc trong mét da thicc voi hé so nguyén, nghiém hitu ti

(néu c6) phai ¢ dang 4 trong do p la wéc s6 cua sé hang tw do, q la
q

woc dwong cua hé so so hang bdc cao nhat. Nhu vay, nghiém hiru ti (néu

co) cua da thuc trén la *1; i%; +3 i-g-. Sau khi kiém tra, ta thd'y

X =% la mét nghiém. Nhu vdy da thire chita thita sé [x - %] hay (2x —1).

Do d6 ta tim cdch tach cdc sé hang cua da thuc dé xudt hién thita sé
chung (2x - 1).

23. Chi y x= —% la mdt nghiém cua da thic nén da thiac chua thira sO

(x+-%) hay (3x+1).

Dap s6: 3x® -14x? +4x +3 = (3x ¥1)(x% -5x + 3).
24. Cich 1: Pé “nbi” tira’ dén a, ta thém bot cac sé hang a’, a’, a>. Nhu vay:
a®+a+l=a’+a*-a'+a’-a’+a’-a’+a+l
=a’+a*+a’-a'-a’-a’+a‘+a+1
= a’@rasyrat@+vaynE@ +a+1)
=(@’+af@a -a’+1)
Cich 2: Thém bét a* dé 1am xuét hién thira s chung (a® +a +1). Ta cé:
a’+a+l=a’-a’+a’+a+l1=a’@’ -1+’ +a+1)
=a’(a-1)@*+a+1)+@+a+1)=(a2+a+1)@*-a*+1)
25. Thém bot a. Dap sb: (a’+a +1)(@® <a* +a* <a+1)

Jk+2

Chu y: Cdc da thic dang a®** +a+1 (nhu a° +a+1, a® +a+1, ...) va
3k+1 Im+2

a®" +a’™? +1 (nhuw a’ +a’ +1, a’ +a’ +1, ..) déu phan tich duoc ra
thira s6 .
26. (1+x%)* —4x(1 -x?)=(1-x%)? + 4x% - 4x(1 - x?)
=[1-x*)-2xF = (x* + 2x -1)*.
27. x* +6x° +11x" +6x+1=x* +2x*(3x + 1) + (9x%Z +6x + 1)
=x* +2x2(3x + 1)+ (3x +1)* = (x® + 3x + 1)%.
28. Véimoi x,tacd (x+a)(x-5)+2=(x+b)(x+c) (1)

Bﬁ thi 2=(5+b)(5 +c). |
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Vi b va ¢ nguyén nén (5 +b)(5 +c) la tich cac sb nguyén. S6 2 chi viét

duoc dudi dang tich hai s6 nguyén bang hai cach 1a 1.2 va (-1).(=2). Do
d6 vai tro ctia b va ¢ nhu nhau nén chi can xét 2 truong hop:

{5 +b=1 {b =—4

L, =

5+c=2 c=-3

Thay vao (1), tacod: (x+a)(x-5)+2=(x-4)(x-3) vdi moi x.

Véi x=4 thi (4+a)+2=0 suyraa=-2.

DPa thuc dugc phan tich thanh (x -2)(x-5)+2=(x-4)(x-3).

{5 +b=-1 {b =—6

2. —

5+c=-2 c=-T7

Thay vao (1),tacé: (x+a)(x-5)+2=(x—-6)(x—"7) v&i moi x.

Véi x=6 thi (6+a)+2=0suyraa=-8.

DPa thitc dugc phan tich thanh (x -8)(x -5)+2=(x-6)(x-7).

29. Giai tuong tu bai 28, tadugc m=9, m=1.

bap s: (x+ 9)(x+5)+3=(x+8)(x+6)
(x+1)(x+5)+3=(x+2)(x+4).

30. Pa thirc trén khong chira nhan tir chung, khong c6 dang mét hang dﬁng
thire dang nhé nao, cling khong thé nhém céc hang tir. Ta bién ddi da
thirc 4y thanh da thire'c6 rihiéu’hang tir hon!

Cdch 1: (Tach hang tir thir hai)

3x -8x+4=3x2-6x-2x+4=3x(x-2)-2(x-2)=(8x - 2)(x - 2).
Cdch 2: (Tach hang tir thir nhat).

3x? -8x+4=4x"-8x+4-x*=(2x-2)*-x*
=(2x-2-x)2x-2+x)=3x-2)(x-2)

Nhén xét: Trong cach 1, hang tir —8x dugc tich thanh hai hang tir —6x
va -2x. Trong da thirc 3x* -6x-2x+4, hé sb cua cac hang tir 1a 3,
-6,-2,4. Céc hé s6 thu hai va thir tr déu gap -2 1an hé sd lién truoc,
nho d6 ma xuét hién nhan tir chung x —2.

31. Cac sd *1, +5 khéng la nghiém cua da thirc. Nhu vay, da thirc khéng
c6 nghi¢ém nguyén. Tuy vy, da thic cé thé c6 nghi¢ém hiru ti khac. Ta
chimg minh dugc ring trong da thirc c6 cac hé so nguyén, nghiém hitu ti

(néu c6) phai c6 dang B trong d6 p la uéc cua hé sé tu do, q 1a udc
q
duong cua hé sé cao nhat (*).

Xét c ié ta thiy l la nghiém cua da thirc, do d6 da thirc

'A E s6 3x -1. Ta tach cac hang tir nhu sau:

Tron Bo SGK: https://bookgiaokhoa.com
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3x2 —Tx?> +17x -5 =3x> —x* -6x* +2x +16x -5
=x%(3x-1)-2x(3x -1)+5(3x = 1) = (3x — 1)(x* — 2x + 5)

32. Thén va bot 36x?%:
4x*+ 81 = 4x* +36x° + 81 —36x% =(2x* +9)® - (6x)” =(2x> + 9+ 6x)(2x* + 9—6X)

33. Thén va bot 16x°y?:

64 +y* =64x* +16x%y* +y* —16x%y* = (8x + y*)* — (4xy)*
=Bx% + y? + 4xy)(8x”* + y* —4xy)

3.Cih I: x" +x-1=x"-x*+x +x* - x*+x* - x*+x-1
=3x?-x+D+x(x*-x+1)-(x* -x+1) =(x* - x+1)(x® + x* -1)
Cah 2: Thém va bat x*:
*+rx-l=x*+x?-x?+x-1=x3( +1)-(x* -x+1)
= -x+ DX x+1D)-1]=x*-x+1D)(E*+x*-1)

35. Thenvabot x: x" +x2-1=x"—x+x2+x-1
=X +DEP-D+XP+x+D) =xG +D)E-DE*+x+ D)+ (x> +x+1)
=k +x+ 1D —xY¥x-x+1)

Chiy: Cac da thitc dang x*™*' +%*™21 nhu x" +x* -1, x" +x° -1,...
déi chira nhan tr x> +x+1, x> +x=1, x® + x + 1, ... déu chira nhan tir
xXrx+1

36. Cacso +1, +3 khéng la nghiém cua da thirc, da thirc khong c6 nghiém

ngwén, cling khong c6 nghiém hirii-til Nhir vy, néu da thirc trén phan tich
duc thanh nhén tir thi cé-dang-(x*<+ax+b)(x*+ cx + d). Phép nhin nay
chokét qua x* + (a +¢)x® + (ac + b+ d)x? + (ad + be)x + bd . Pong nhét da

(a+c=-6

ac+b+d=12

ad + bc = -14

bd =3

thir nay véi da thirc da cho, ta dugc hé diéu kién: <

Xéitbd=3 véi b, deZ,be{+1, £3}.
a+c=-6
Vb =3 thi d=1, hé diéu kién trén tré thanh: {ac =8
a+3c=-14
Suyra 2c =-14-(-6)=-8. Do d6: c=-4, a=-2.
V& da thirc da cho phéan tich thanh (x? - 2x + 3)(x* —4x + 1)
Ch: y: Ta trinh bay 161 giai cua vi du trén nhu sau:
+12x* -14x+3 =x* —-4x® + x? - 2x* +8x? - 2x + 3x?* -12x + 3

4
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=x’(x? - 4x+1)-2x(x* -4x+ 1)+ 3(x* —4x +1)
=(x?-2x+3)(x% -4x+1)

37. M =a® + b® + a’c + b’c —abc = (a® + a’c) + (b® + b%c) — abe

=a’(a+c)+b%*(b+c)-abc=a®*(-b)+b?*(-a)—abc =-ab(a+b+¢c)=0

38. bat x-y=a,y—-z=b,z—x=c thia+b+c=0.

Do d6 theo bai 10 tacé a® +b® +c® —3abc =0 = a® +b® +¢® =3abc
= (x-y)’+(-2)° +@2-x)’ =3x-y)y-2)(z-x)

39.Ddt x+y=a, y+z=b, x+z=c thi a+b+c=2(x+y+2z). Pa thuc di
cho c6 dp dung (a+b+c)® —a® -b® -¢°.

Ap dung két qua trén, da thirc da cho bang:
3(a+b)(b+c)(c+a)=3(x+2y+z)(y+2z+x)(z+2x+Yy)

40. Cdch I: Khai trién hai hang tir cudi rdi nhém cac hang tir lam xuét hién
nhan tir chung y—-z.
P=x’(y-z)+y’z-xy’ +x2’ -yz’ =x’(y-2) + yz(y - 2) - x(y* - 2*)
— (- D + y2—xy - x2) = (3 ~2)k (x - ¥) - 2(x - y)]
=(y-z)x-y)(x-2)

Cdch 2: Tach z—x thanh {(y-2z)+(x-y)], tacé:
P=x’(y-z)-y'[(y“z) ¥ (xLy)]+2*(xy)

=(y -2’ - y°) < (xmy)y’ +25)

=(y - 2)(x + y)(X ~ y)=(X=y)(y-+2)(y-~2)
=(y-2)(x-y)(x+y-y-2) =(y-2z)(x +y)(x-2)

41.a. (a+b)(b+c)(a-c)

b. ab®+ac? + be? + ba® + (ca® + cb? + 2abc)
=ab(a + b) +c%(a + b) + c(a + b)?
=(a+b)@b+c?+ac+bc)=(a+b)b+c)c+a)

c. Viét b? —c? dudi dang: {(a% - b*) + (c* —a?)]

Pép s6: (a-b)(b-c)(a—-c).

d. Tach c—a thanh {(b-c)+(a-b)];
a’b-c)-b[(b-c)+(a-b)l+c3(a-b)
=a’(b-c)-b*(b-c)-b*(@a-b)+c*(a-b)
=(b-c)@® -b’)-(a-b)®* -c?).

bap G b)@a-c)(b-c)(a+b+c)

CA ﬂ —c)(c* -a)

-BDHSGTS-
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42. Theo bai 10, ta co:
a’+b’ +c¢? -3abc=(a+b+c)@® +b*+c®*—ab-bc—ca)
Dc d6 néu a® + b® +¢® =3abe vaa, b, ¢ >0 thi:
> g —ab’-—bc—-ca=0.
Ap dung, dé giai tiép.
43. a*+b* +¢* +d* = 4abcd
= a' - 2a’b% +b* +c* —2¢%d? + d* + 2a’b® - 4abed + 2¢2d® =0
= (@ -b?)? +(* -d%)? +2@@b-cd)* =0
Bax doc tu chimg minh a=b=c=d.
44. an +bc=a(a+b+c)+bc=a(a+b)+ac+bc=(a+b)a+c)

Tumg tu,bm+ca=(b+c)(b+a), cm+ab=(c+a)ic+b). Suy ra diéu

phzi chirng minh.,
45.Doa?+b* =1, c2+d*=1 nén
ab+cd =ab.1+cd.1=ab(c* +d?) +cd(a® + b?)
Phin tich da thic nay thanh nhan tirdirge (be + ad)(ac + bd) béng 0.
46. Cdch 1: Néu lay mau chia cho tit thi dugc dung 5 lan:
. 19.9 1
¥ 9.9 B
Cach 2: 19=20-1=2.10-1
199 =200 £1v=/2:10%c+1

19..9=2.10" -1
95=100-5=10""' -5
995 =1000-5=10*! -5

9..95=10""" -5

a1
y 1929 2[10 _E)
© 99..95 10(10“-%)
47. Trr6c hét phan tich tir va mAu thanh nhan tir:
a’-4a’-a+4=a’-a-4a’+4=a@’-1)-4(a*-1)
=@’-1)(a-4)=(@+1)a-1)a-4)
33—731421—-8:&3—8—732+14a=a3-—23—7a2+14a

L
2
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a’-4a’-a+4 (a+1l)(a-1)(a-4) a+1
a’-7a’+14a-8 (a-2)(a-1)(a-4) a-2
’ (.. a+1 102+1 103
Ll T T T
48. Theo tinh chit co ban cua phan thirc, ta cé:
1981-1980 1981-1980 1981+1980 1981* —1980°
1981+1980 1981+1380 1980+1981 (1981 +1980)>
~ 1981% —1980?
19812 + 2.1981.1980 + 1980°
Viy: 1981-1980 _ 1981% —19802 < 1981% —19802 ‘
"7 1981+1980 1981% +2.1981.1980 +1980° 1981% +1980°
49 10°7+1 (1077 +01)+0,9_(10""+0,)+09 _1 = 09
101950 41 10980 41 1010 +0,1) 10 10" 41
Con 1077 +1_10""+0,1+0,9_(10""+0,H+09_1 09
10'%1 +1  10'®! +0,1/10 10(10°R0,1) 10 10'9% +1

Viy:

Bing céch so sanh 2 phén s ¢6 cling tir s ta c6: 1012;{?+ ; > 1012;?+ :
Tue bai todn trén ra co thé ra bai todn tong quat:
10" +1 - (et |
10™*! +1 10™*2 +1
50. 2a® + 2b® =5ab , suy ra 2a® —5ab + 2b® =0 suy ra (2a - b)(a-2b) =0.
Vi b>a>0 nén a +2b. Dé théaman (1) thi b=2a.
Vav: a+b _a+2a \ 3a - _3
ay: :
a-b a-2a -a
51, Cong hai vé cia c? + 2(ab —ac - be) =0 14n lugt vai a’; b ta co:
a® =c® +2ab-2ac-2bc+a’=(a-c)’ +2b(a-c) (1)
b? =c? + 2ab - 2ac - 2bc + b? = (b—-c)® +2a(b-c) (2)
Tir (1) va (2), suy ra vé trai ctia ding thirc phai chimg minh c6 dang:
a’+(a-c)’ (a-c)+2b(a-c)+(a-c)® 2(a—c)’+2b(a-c)
b?+(b-c)® (b-c)®+2a(b-c)+(b-c)® 2(b-c)*+2a(b—c)
_2(a-c)(a-c+b) a-c
" 2(b-c)(b-c+a) b-c’
Nhu vay, ding thirc dugc chimg minh.
52 (x*+a)(1+a)+a’x*+1 x*+x’a+a+a’+a’x’+1

(x? —vahazx’ +1 B -zla-~-a+a’ +a’+1
A‘ -BDHSGTS-
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L_:""(a2+a +1)+(:12+a+1)_(a2+a+1)(x2+1)_az+a+1
2@2-a+1)+(a’-a+1) (a®-a+1)(x*+1) a’-a+l

dox*+1=#0.

Diw d6 chimg t6 rang phan thirc di cho khdng phu thudc vao x.

| g 2
) -~ -~ L 1

%E min of ~aslela-e +3 cho nén phan thirc ____a2+a+ hay
2 4 a“—a+1

(x +a)(1+a)+a’x* +1

= ¢6 nghia véi moi X va a.
(x —a)(1-a)+a"x" +1

5§3. Coig cac vé tuong tmg cua (1), (2). (3) duoc:
X+y+z=by+cz+ax+cz+ax+by=2(ax + by +cz)
Thy ax + by = z vao vé phai cua ding thirc trén dugc:

X+y+z=2(z+cz)=22(1+c)

1 2z 5 ‘
Swra = voi x+y+z#0.
l+c x+y+z

Twng tu nhu vy, ta dugc: 1 - 2x : 1 \ 2y
l+a x+y+z 1+b x+y+z

Céng cac vé tuong (mg cia ba dang thirc trén dugc:
1 I 1 o 1y | pocRéXIoONthae)
l+a..l+b _l+c X+ty+2z

54. Phin tich thanh nhan tir:
a’+ac-b?-bc=a(a+c)-b(b+c)=a(a+b+c)-b(a+b+c)
=a—-b)a+b+c).
b’+ab-c? —ac=b(b+a)-c(c+a)=ba+b+c)—c(a+b+c)

=b-c)(a+b+c).

2

c’tbc-a’-ab=c(c+b)-a(a+b)=c(a+b+c)-a(a+b+c)
=(c—-a)(a+b+c).

Piu kién: a+b+c#0; a#zb#c#a. Quy dong cac phan thirc trén ta

c—-a N a-b . b-c 3
MSC MSC MSC
A0

g
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§3. Phan thuc hiru ti

Cac dang bai tap co ban

éc bién trong cdc phan thirc hitu ti
f gfd tri mﬂlén I&m cho mdu |

e i e
b - Bitu dzgn phén thu'c véL dan g B :

12, ¥ i?m cdc bar todn vé tinh gid fr; cua
fdwac mét breu thirc dom gian !‘5! mai

ek iy ki Lt
Bude 1. rgm cdc gid tri. rm’c?' ) cila b
‘Bube _-,;'Qui ddng cdc mdu thiee. *
Buric 3: Phdn tich tir thirc thanh nhan fzr PR ot i
de'c 4 Ube lugc cdc nhdn ti chung SR
Bﬁﬁ%‘ - Bzén doi vé phu'c rqp ve vé dcm glan han o
Budc 6: Két lugn. |

zl -BIDHSGTS-
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Dang 6. Tim cdc gid tri nguyén cua x dé phdn thitc sau cé gid tri la $0 nguyén.
Dang 7 Cdc bai todn tong hop.

Cdc vi du minh hoa
Dang : Tim cdc gid tri thich hgp cua cdc bién trong cdc phén thirc

hive ti ’
Vi du : Cho cac phan thuc dai so:
9 - 4x’ x’ -1
b B
by” -25 X“+2x+1

I. Tim cac gia tr1 thich hop cua cac bién. .
2. Tim cac gia tri cua bién x dé phan thic trén bang 0.
' Giai
a. Nhing gia tri thich hgp cua bién l1a nhimng gia tri cua y lam cho:
36:* -2520 < (6y-5)(6y +5)#0 <y = i%
Nhing gié tri ctia bién x dé phan thirc bang 0 la nghiém ctia phuong trinh
9-1x’ =0 = (3-2x)(3+2x)=0.Vay|x = ig

b. x*+2x+120 (x+1)? 20 o x= =1
Cacgia tri thich hop cua bién la x = =1.
2
=1 _0 khi valehi khi:
X*r2%+1
x2-1=0 va x#-1 ;% nd=0c x5l
x =—1 bi loai, chi ¢6 x =113 gia trj ctia bién dé phan thirc nhan gia tri 0.
Dang 2: Phén tich phén thicc hitu ti thanh tong cia hai phin thicc
mamdu thiee la cdc nhj thicc bic nhat
2x -1
x —5x +6 )
thaih tong cuia hai phan thitc ma mu thirc 14 cac nhi thirc bic nhat.
Gidi
Mai thitc cua phan thic trén ddy cé thé phan tich thanh nhan tir:
x? - 5% + 6 = (x —2)(x - 3). Ta tim hai biéu thirc A va B dé cé:
x-1 __ 2x-1 - A N B
x*-5x+6 (x-2)(x-3) x-3 x-2
2x-1 _ A(x-2)+B(x-3)
x’-5x+6  (x-2)(x-3)
Nhr vﬁy ta phai co: 2x-1=A(x- 2)+B(x 3) (*)
e (*) la mét nhi thirc bac nhét, vay A, B phai 1a nhimg hang s6.
h dé tim A, B

GTS- 49

Vi du i: Phan tich phan thuc sau day:

A x [ » ‘ [ v
Qu’ dong mau thire ¢ vé phai, ta c6:

Tron Bo SGK: https://bookgiaokhoa.com




Download Ebook Tai: https://downloadsachmienphi.com

Cdch I: (*) cho ta: 2""1=(A+B)x——2A—3B
Pong nhét h¢ s6 cua céc hang tir ciing bic & hai ve ta dugc: kil
2A+3B =1

ot Al Bal Vip2t-0 . 1. 2
x -6x+6 x-3 x-2

Cdch 2: Trong (*), cho x =2 thi A(x-2)=0,do d6 tinh dugc B; cho x =3
thi B(x - 3)=0va tinh dugc A:
x=2=4-1=A0+B(2-3)=>B=-3
x=3:>6—1=A(3-—2)+B.0:>A=5

1 ax+b c

(x +1)x 1) x+1 x-—l
' Giai:

Thyc hién phép cOng & vé phai cia (1):
(ax+b)(x—-1)+c(x2 +1) _ax’—ax+bx-bh+cx’ +c

(x2 +1)(x-—1) - (x2 +1)(x-1)
_(a+c)x*+(b-a)x+(c-b)
- (x2+1)(x—1)
Pong nhét phan thirc trén vé1 phan thirc . , ta dugc:

(x* +1)(x~1)

Vi du 2: Xac dinh cac sb a, b, ¢ sao cho: (1)

a+c=0
b {c+b=0 T 1
-a=0 = :)c:—-;b:-——
N lc=b=1 2 2
1.1 1
! e ol

" 1 a

Do d6 a = 2.Nhuvay (x2+1)(x—1)* x® +1 x-1
Dang 3: Tinh so trj ctia phén thirc hitu ti
Vidy I: Cho 4a® +b? =5ab véi2a>b> 0.

ab
4a’ - b?

Gidi
Tir 4a® + b? = 5ab, tacé 4a’ —4ab-ab +b? =
Hay (a b )(4a-b)=0(*).Vi2a>b>0nén 4a-b=#0

Vay tir (*) tasuy ra a— b 0.Tucla a=b.
vao P ta dugc: P = ab___ & — (doa=#0)
A]B 4a’ -b? 4a’-a® 3

-BDHSGTS-
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Vi du .: Tinh gia tri biéu thirc:
a2 -2)*(2a + 2a%)

- 1
. - VOl a=——
(a+1)(4a -a°)

2
b. ),:_xyfy-y VoI :I(=—§-;y=l
=3y +3y-1 4 2
Gidi
(a-2)"(2a+2a®)  2a(a-2)°(a+1) 2(a-2)

(a-1)(4a-a’) _—a(a+1)(a-—2)(a+2) T a+2
Vo a:—% phan thirc co gia tri la —15(-]-

b X-Xy+y-y’ _X(l—Y)+Y(1'Y)_(x*y)(l“y)__ Ry

"y -3y*+3y-1 (y-1)° T (-1 (y-1)*

V6 x :~§,y:l phan thirc c6 gi tri 1a 1.

Nh@n :ét: Thong thuomg, véi cdc bai todn vé tinh g:a tri cua biéu thiic,
trurc her ta rit gon dé duoc mét biéu thicc don gian réi méi thay chit
baig s6 da cho.

Vi du .: Rit gon biéu thirc rdi tinh gia tri:

2 e — -
. X (a—x)-a’x(x-a) - a:-];;x=—3
3a? — 3x? 2
b+b
b, (ab + c+cd+da)abcd i lfs SBpO=iReh = Li:d = 3

c+d)(a+b)+(b-c)(a- d)

x +12a)(x’ - 4ax + 4a®)
(x + 5a)2 —49a’
(8x’ —y’)(4x® - y*)

” 1
vola=-—;x=5
2

" 2x - y)(4x% - 4xy + y?) e
Giai
. & 1x?(a—x)-a’x(x-a) ) ax(a-x)(a+x) _ax
' 3a® - 3x’ 3(a-x)(a+x) 3

Thy a=—;x=-3taco6 A= —1.
2 2

(ab+bc+cd+da)abed  [(ab+ad)+(bc+cd)]abed
c+d)(a+b)+(b-c)(a-d) ca+cb+da+db+ba—bd—ca+cd

[1 (b+d +c(b+d)]abcd _(b+d)(a+c)abcd
da+cb+cd ~ (b+d)(a+c)

30 2:b=-4;,d=3 taco B=72.
A ST8 51
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o P (x +12a)(x - 2a)’ _(x+12a)(x-2a)(x -2a)

(x+5a)2 _(73)2 (x +5a +7a)(x + 5a —7a)

=x-2a

Thay a=—%;x=5 taco C=6.
1 D- (Sxa—ya)(4x2—y2)
(2x + y)(4x2 —4xy+y2)

_(2x-y)(4x’+2xy+y2)(2x-y)(2x+y)_ P
- (2x+y)(2x-y)(2x-y) SAx Xy Ly

Thay x=2;y=—% tacoD= 14%.

Vi du 4: Tinh gia trj cua biéu thirc sau, biétring a+b+c=0:

A=[a-b+b—c+c—a)( e—=a_, b J
c a b a-b b-c¢c c-a

Gidi:
GQiM:a_b+b_c+c—a,tac6:
c a b
2 2
M-S _1.Le (b~c+c—a)=1 c .b —~bc+ac-a
a-b a-b\ a b a-b ab
¢ (a-b)(c-a-b) " 2¢ Zc’
=1+ ; =l ——
a-b ab +ab abc
3 3
Tuong ty: M.i=1+2a , M. b =1+&.
b-c abc c—a abc
X 2(a® +b° +¢°) ‘ . -
Viy A=3+ = =9 (vi a® +b® + ¢’ =3abc, xem bai Q)
abc
ViduS:Cho [x* -1 |:[x2+ 1 |=
uo: ox—x—g.x+?—a.
Tinhgiétricﬁabiéuﬂlfrc:M=(x‘ ——]i-):[X"Fi‘) theo a.
X X
Gidi:
Truéc hét, tinh x* theo a. Ta cé:
4—
x‘ 1=azx‘—1=ax‘+a=>x‘-ax‘=a+1:> x‘=fl—f-l (doa #1).
x'+1 -a

2a
a rat d M=
'IBG\‘lvam gon dugc e
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Vi du 6: Cho céc s6 a, b, ¢ khac nhau doi mot va 8 e oy . Tinh

c a
gia tri ctia biéu thirc: M = [1 - %J(l + E][l - -Ci).

C a

Gidi:
Ta e a+b:b+c=c+a=a+b+b+c+c+a=2(a+b+c)
c a b a+b+c a+b+c
Néu a+b+c=0 thitisd trén bing 2. Suy ra a+b=2¢, b+c=2a, do
d6 a-c=2(c-a) nén c=a, trai véi dé bai.

Vi a4 B se=0. Thah m=212 BHE 80a -0 4N .,
c a b c a
Vidu 7: Cho a’+b® +¢®=3abc va a+b+c=0. Tinh gia tri cua cac biéu
thﬁc:N:M
(a+b+c)’

Giai:
Taco a® +b° +c3—3abc=(a+l:)+c)(a2 +b2+cz—ab—bc—ac)
Do a®*+b*+c®=3abcvia+b+c#0 nén a2 +b?>+c®>-ab-bc-ac=0

-
D& dang suy ra a =h /¢ Yy N /138 01

(3a)° 3
Dang 4: Rut gon cdc phdn thicc hitu ti
Vi du 1: Rt gon céac phén thic:

. (a+h)2—c2 b a’ +b?-c?+2ab
" a+b+c “a’-b%+c? +2ac
Giai
(a+b)2—c2_(a+b+c)(a+b—c)_
a a+b+c a+b+c il

b a’+b?-c’+2ab a’+2ab+b’-c?
"a’-b2+c’+2ac a’+2ac+c?-b?
_(a+b)2—-c2_(a+b+c)(a+b-c)_a+b—c
(a+c)’-b? (a+c+b)(a+c-b) a-b+c
Vi du 2: Thyuc hi¢n phép tinh: .
4 1 & 1
(b-—ct+ac—b2—bc) (c—a)(b* +ab—c* —ac) (a-b)(c’ +bc—a’ —ab)

AASGT 8- 53
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Giai

a’+ac-b?-bc=(@?>-b’)+c(a-b)=(a-b)(a+b+c)

Véy mau thirc ctia phén thirc thi nhat 1a: (b-c)(a-b)(a +b+c)

Chi ¥ ring, néu trong miu thirc ciia phan thirc thir nhat, ta thay b bdi c,

thay c bdi a va thay a béi b thi ta dugc mAu thirc ciia phén thire thir hai.

Do vdy: Mau thirc cia phéan thirc thir hai bang:(c-a)(b-c)(a +b+c).

M3u thirc ciia phan thic thir ba bing: (a -b)(b-c)(c-a)(a+b+c)

Pap s6: 0
Vi dy 3: Cho a, b, ¢ khic nhau d6i mét va +%+ 1_0. Rt gon cac biéu

a c

thirc:

aM=— . +— : +— .
a“+2bc b"+2ac c°+2ab

be ac ab

+ +

a®+2bc b®+2ac c’+2ab

a’ b? c?

+ + .
a’+2bc b*+2ac c?+2db
Giai:

Tir gia thiét suy ra ab + bc +ac =0 nén
a’ + 2bc =a’ + be +(~ab/-ac)=al(a+b)+¢(a=b)=(a-b)(a-c)
Tuong ty: b? +2ac=(b-a)(b-c); ¢* +2ab=(c-a)(c-b)

b.N=

c.P=

a M= 1 \ 1 - 1 b-c+c—-a+a-b _
M) E-0 B-a)E-9 c-a)e D) @B)b-da—c)
N = be M ca N ab _1

@-b)@a-9) (b-a)b-9) (c-a)c D)
a’ b? c?

P= =
(a-b)(a-c) (b-a)(b-c) (c-a)(c-b)
) b-c)3+(c—a)3+(a-—b)3
Vidu 4: Rut hén thic: A = (
g & T gon pidn e a’(b-c)+b*(c-a)+c’(a-b)
Giai:
Phan tich mau thirc thanh nhén tir:
a“’(b—c)+b:’(c-—a)-+-(:2(a—b)=:elz(b—-'::)+bzct:—'aJ:Jz+ac2—bc2
=a’*(b-c)+be(b-c)-a(b? -c?)=(b-c)(a® + bc —ab —ac)

=(b-c¢) [a(a—b - ( - )]—(b—c)(a—c)(a-b).
(c=a) +(a-b)"

BG (a- b(b ¢)(c-a)
A
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Ta :6 nhan xét: Néu x +y+2z =0 thi x* +y® +2° = 3xyz.
Pib-c=x,c-a=y,a-b=zthi x+y+2z=0.

xX*+y*+2° 3xyz

Tho nhan xét trén: A = -3.

-Xyz —-XyZ
Vi du :: Cho biét ax + by +cz=0.
be(y - 2)2 +ca(z- x)2 +ab(x-y)
ax® + by? + cz*
Giai:
Tacod szc(y-z)2 +ca(z—x)2 +ab(x—y)2

=ley? + bez? + caz® + cax® + abx® + aby® — 2(beyz + acxz + abxy) (1)

2

Ra gon: A =

Turgia thiét suy ra: a®x? + b%y® + ¢z + 2 (beyz + acxz + abxy) =0 (2)
Tul) va (2) suy ra:
B:ax®(b+c)+by®(a+c)+cz’(a+b)+a’x® + b’y? + c*2*
=a’ (a+b+c)+by’(a+b+c)+cz’(a+b+c)=(a+b+c)(ax’ + by* +cz’)
Dodo: A=— B2 =zaltbic.
ax” + by’ +cz
Dangs: Ching minh dang thicc.
V{ du : Chimg minh cac dang thirc sau:

) 3 3: 1l ..
a. l:ﬂ(X#O) b. et P a§x+y) voia #0,x # -y.
4 8x 3aSich9af(x +y)
Giadi

a. VAax=0thi2x=0.
Tho tinh chat ciia phan thirc, ta co: 9y Syaxy Oxy
4 42x 8x

b. Vda#0va x=-y thitacé 3a(x+y)=0.

Vi x+y_(x +y).3a(x+y)__3a(x+y)2
" 3  3a3a(x+y) 9a’ (x +y)

. X L. s X-y x*-y?
Vidy : Cho x >y > 0. Chirng minh ring : <=
X+y X +y

Giai

Dcx>y>0nén x+y=0.

Tho tinh chét co ban ciia phan thirc ta cé:
x*yz(x—Y)(XJrY): x’ -y’ (1)
x+y’£+y)(x+y) x* 4 Oxyayt VT
,_";gydox,y>0nén X’ +2xy+y > %y

GT8§- 33
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2

2 i _a
A - XN K —¥
Va 8 3 &2 -y 2). Tur (1) va (2) ta suy ra: <— .
o X2 +2xy+y> x*+y? A Tl y x+y X+y

. o N e
Vi du 3: Chitng minh dang thirc: oL
' Gidi
Cdch 1: Xuét phat tir vé phai va quy dong mau thirc, ta cé:

1 1 n+l-n_ 1

n_n+1_n(n+1) “n(n+1)

Cdch 2: Xuét phat tir vé trai va ap dung phuong phéap hé sb bét dinh, ta
1A,

n(n+1) " n n+1

Vi du 4: Chiing minh r%’mg néu:

duoc:

hay 1=A(n+1)+Bn, chotaA=1,B=-1

2 IRY: ~
¢’ +2(ab—ac-bc)=0,b=c,a+b=c thi o il c)z i
. b’ +(b-c)" b-c
(Dé thi chon hoc sink gidi todn Iép 8 nim I982)
Gidi

Vi ¢? +2(ab-ac—-bc) =0 nén

a’+(a-c)’ a’ +(a-c)’ + (¢ + 2ab - 2ac - 2bc)

b? +(b-c)’ b®+(bLe) #(e*+'2ab"L 24 “2bc)

_2a® +2c” —4ac + 2ab=2be (arc) #b(asc)
2b* +2¢* - 4be + 2ab—2ac—(b=c)*+a(b=c)

_(a-c)(a-c+b)

“(b-c)(b-c+a) b ~c

. b? +c? -a*—e*+a’*-b* a’+b’-c?
Vi du 5: Cho déng thirc: =1 {1
¢ s L ‘ = %bc. 2ac * 2ab ‘( )
Ching minh ring ba phan thirc vé trai thi c6 hai phan thirc bing + 1, va
mdt phan thic biang 1.

 (b#c,a+b=0)

Giai:
Pt b% +c? -a? _A c? +a’-b? _B a’ +b’ ¢’ _
2bc * 2ac ' 2ab

'meogiathiét- A+B+C=1.Suyra: S=(A-1)+(B-1)+(C+1)=10
A 1_(b c-a)(b- c+a)B (a—c—b)(a-—c+b)

pBC =

b+c)(a+b c)

-BDHS(GTS-
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Sra+buc[c(a+b+c)+b(a—-c—b)+a(b—c—a)]

2abc
S:0=>(a+b-c)(b+c-a)(c+a-b)=0
Ccba kha nang:
a.t+b-c=0=>A-1=B-1=C+1=0 (dpcm)
b.r+c-a=0. Taxét: A+1=B-1=C-1=0 (dpcm).
c.c+a-b=0. Ta xét: S=(A-1)+(B+1)+(C-1)=0, va suy ra
A-1=B+1=C-1=0 (dpcm)
a-b b-c c-a

Y= ;& =
a+b b+c c+a

Vi du : Gia su x =

Ching minh rang (1+x)(1+y)(1+2)=(1-x)(1-y)(1-2)(1)
Giai

(L+x)(1+y)(1+2)

002  ©

a-b 1+x . l1#x a

Thy x = vao , ta duoc:
y a+b 1-x L_1+x b

(1e

1+y

Han vi vong x >y —>z—>xva a—>b—-c—a, dugc: |
Hy

o|lo

14z _c
1-z a
Thy véo (2) suy ra diéu phai chimg minh.
Vi du’: Chimg minh rang:
b+c+d : c+d¥a
(COC-2)[d-a)-a) c-D)(E-5)a-E)x-D)
d+a+b . a+b+c
(d-c)(a-c)(b-c)(x~c), (a-d)(b-d)(c-d)(x-d)
_ x—-a-b-c-d
(x—a)(x-b)(x-c)(x-d)
Gidi: :
b+c+d =(a+b+c+d—x)+(x-—a)
(t-a)(c-a)(d-a)(x-a) (b-a)(c-a)(d—a)(x-a)
_ (a+b+c+d-x) : 1
b-a)(c-a)(d-a)(x-a) (b-a)(c-a)(d-a)

Ay dung hoéan vi vong b—>c —d —a—>bvao vé trai roi don gian, ta
b d-
c iy [(a “b)(a- c)(a d)(a-x) |
APTS- ] 57
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1 1
"b-a)(b-c)(b—d)(b-x)  (c-a)(c-b)(c—d)(c-x)
1

"{d-a)(d-b)(d-c)(d-x)

thirc trong [ ] ta dugc:

. Quy ddng mau thic va tinh toan biéu

(x-a)(x-b)(x-c)(x-d)

Tir day suy ra dpecm.
ofe. X 1 1 I 1.1
Vidu 8: Cho blct:‘;+g+z= 2 va F+-b—2+::—é—= 2
Chimg minh ring a + b + c = abc.
Giai:

1 1 1 1 1 1
T (1 A —+—+—+2 —+—+— =4
(L) suy's a2+b2 o (ab be ac)

C

a+b+c

D0(2)néni+i+l=1,suyra =1].

ab bc ac abc
Dodé a+b+c=abe

Vi du 9: Cho (a+b+c)’ =a® +b%+c’ vaa, b, c khac 0. Chimg minh réng:

1,1.1ffs
a® b® ¢ abel
Gidi
Tir gia thiét suy ra:"ab'¥'be+dc 20"
Dods B2 CNE o thcla Z4r+1=0
abc a b c

Sau d6 chimg minh ring néu x +y +z=0 thi:x3 +vy° +2° =3xyz

Vidu 10: Cho =4 b+£=h+ g Chimg minh rang trong ba s a, b, ¢
b e & &« ¢ b
ton tai hai s6 gidng nhau.
| Gidi:
Tir gia thiét suy ra:

a’c +ab’ +be’ =b’c +a’b+ac’ = a’(c-b)-a(c’ -b*)+be(c-b)=0
= (c-b)(a’-ac-ab+bc)=0 = (c-b)(a-b)(a-c)=0

Ton tai mét trong céc thira s6 c—b, a-b, a-c bing 0. Do d6 trong ba
sO a,b, ¢ ton tai hai s6 gidng nhau.
D ang 6: Tim cdc gid trj nguyén cia x dé phén thirc sau cé gid trj la

SO nﬁ
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Vi dy : Tim cac gia tri nguyén cua x dé gia tri tuong \mg cua cac biéu thic
sauday cling la so nguyén:
8 wn® ¢ b x® -2x% +4
x-1 x-2
Gidi
a. Chi. tir thitc cho mau thirc, duoc thuong 1a x* va dula 2.

X-—-X +2 2
()_ x-1 1‘{+1l(-1

. Khi cho x mot gia tri nguyén thi x*1a

mé s6 nguyén, do d6 P(x) nhan gia tri nguyén khi va chi khi nhin

x~-1
giatri nguyén, hay x -1 1a mjt uéc s6 cua 2, nghia la x—1=+1;+2. Ta
cdx~1=~-1=x=0=3P(0)=-2 x-1=1=x=2=3P(2)=
x-1=-2=3x=-1=3P(-1)=0; x-1=2=>x=3=P(3)=10
b. x=-2;0,1;3;4;6.
Dang’: Cdc bai todn tong hgp
Vi du : Chimg minh ring néu (a2 -~ bc)(b —abc) = (b —ac)(a —abc) va cac

b b.o, a=b Wle Dl Lo Ehtals i bas.
a b c

| Gidi
Tugia thiét suy ra:
a’b —a’bc — b’c +ab’c’ =ab’ - ab’c —a’c +a’bc?
=>ab(a~b)+c(a’ -b2)=abc’(a=b)+abc(a’ - b*)
= (a—b)(ab+bc+ac)=abc(a-b)(a+b+c)
Cha hai vé cho abc(a—b) #0,ta c6 diéu phai chimg minh.
T 1
123 234 = n(n+1)(n+2)

Vidw : Tinh tong:S =

s | 1 13 171 1 1 1 A | 1 1
b:_(1+H+.._+_} _(_ 1 +__-+_)_[_+_+...+-+m
2 2 n+l n+2 2 3 n n+l

R N T i oty B L S
=-1+- =] —— —_——— | =t =t —
s 2 2\n+1 n+2 2 n+l1 \3 4 n

L1l n(n+3)

— e ——

2&?&2 2n+1 2[ n+1)n+2)}_4(n+1)(n+2)

{h,ﬁ
A \GTS- 59
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2 1 ;|
Cdch 2: = -
e a(m+1)(n+2) n(m+1) (n+1)(n+2)
28 = 2 - - S :
123 234 n(n+1)(n+2)
1 1 1 1 - 1 1 1
IR TN OO . S TN . SO N O { -
1.2 23 2383 34 34 45 n(n+1) (n+1)(n+2)
:l_ 1 _ n(n+3) —— n(n+3)
2 (n+1)(n+2) 2(n+1)(n+2) 4(n+1)(n+2)
1 | L 1
Vi du 3: Tinh tong:S =
o oS =13735 5.7 " (2n-1)(2n +1)
Gidi
a 1 1( 1 1 )
Ta co: == -
(2n-1)(2n+1) 2(2n-1 2n+1

1 Al ¥ = L[ I~ N
Taduge: —=—| =-=|; —==| === ___-__(_____)
1.3 2\173) 35213 5)°87 2\6 7

1 1 3 1 n 1 1 n
=— - Viay S==1- =
(2n-1)(2n+1) 2(2n-1 2n+1 2 2n+1) 2n+1

Vidu 4: Cho cac s6 a,b,c khac 0 va ddi mot khac nhau, thoa méan diéu kién
a® +b® +¢® =3abc .Tinh :[b-c Jiaenp a—b)( : | P )
a b c b-¢c c-a a-b
Dé thi HSG lop 9 tink Phii Tho ndm 2003-2004
Gidi:
Tacé a® +b® +c® =3abec & %(a+b+c)[(a—b)2 +(b-c)’ +(c-—a)2] =0

< a+b+c=0 (do a,b,c d6i mot khac nhau). Suy ra

a b ¢ :a(C—a)(a—b)+b(b-c)(a—b)+c(b—-c)(c—a)

b-c c-a a-b (a-b)(b-c)(c-a)

(a2+b2+c2)(a+b+c)—2(a3+b3+c3)= —9abe
(a-b)(b-c)(c-a) (a-b)(b-c)(c-a)

b—c+c-a+a-—b_bc(b—c)+ca(c—a)+ab(a—b)

S s a b c abc
_ —bc[(a—b)+(c—a)]+ca(c—a)+ab(a——b) ) ~(a-b)(b-c)(c-a)

abc abc
Vay b-c+c-a+a-b)[ a_ b L )=9
) E: b c b-c c¢c-a a-b )
A -BDHSGTS-
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- Baitap van dung
1. Tim gia tri cua x dé phan thuc sau bang 0.
2x® +10x +12 g S, ., |

a. =3 ’ b 3
« X° —4x X" +2x-5
a'-3a’+1
a'-a*-%a-1

a’(b-c)+b*(c—a)+c’(a-b)

a‘(bz—»c2)+b‘(cz—a"’)+c“(a2—b2).

. |x—l|+|x|+x

2. Rut gon phan thirc sau:

3. Rut gon phan thire sau:

vol x<0.

4. Rut gon phan thirc sau

3x?2 -4x +1
: . 16a% — 40ab a 10
5. Rut gon phan thuc sau: VOl ==
BEn P 8a’ - 24ab b 3
1 1 2a 4a’ 8a’

6. Rut gon phan thirc sau: - + + 4 :
gon p a—-b~aTb o=~ a‘'+b* a+bt

2xF+10x + 12
3

7. Tim gid tri cua x dé phan thic bang 0.

X1=24x
8.Rut gon phan thirc sau:
M:a+2;i+b—2a*b+ 24a i b= a '
2-b 2 +bowibo=z4: arl

9. Rut gon phan thire sau:

1-(a*+x*
N::(l+ . ]:(1—— : ).1— ( ) Vo = ,
a+x a+x 2ax a-1

10. Cho 3a? + 3b? =10ab vitb>a > 0. Tim s trizbiu thirc: P = a‘:
a+
11. Cho 4a® + b®> =5ab va 2a>b >0. Tim sb tri biéu thirc: M:Z—zab“b_z-
a =
12. Cho =+ X + 1 _0. Tinh s6 trj biéu thirc: N =2, €2, 80
a b c a‘* b° ¢
13. Cho a® +b® +¢® =3abc vdia, b,c #0.
Tinh s tri biéu thuc: P = (1 - E)(1 + E)[l + E}.
b c a
2
14. Tim cac s6 a va b sao cho phan thuc —; - viét dugc thanh
X —oX-—

a_ b
p@+1)2.
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10x -4

x? —4x

tu bing x, x + 2, x—-2,trsd la cac hing s0.

15. Viét phan thic duéi dang téng ba phén thirc ma mau sb theo thir

1
(:l(-—l)()i;2 —x+1)

16. Xac dinh cac sb a, b, ¢ sao cho: dfing nhat véi

a bx +c¢

+ .
x-1 x*=%x+1
1 1 1 1 : " , Z " . X
17.Cho —+—+~-= . Chitng minh ring trong ba s a, b, ¢ ¢é hai so6
a b ¢ a+b+c
ddi nhau.
18. Cho a4 e +b2+cz—-9.2 +c2+aL2~--b2 4
) 2ab 2bc 2ac '

a.Chimg minh ring trong ba sb a, b, ¢ c6 mét s6 bing téng hai sb kia.
b.Chimg minh ring trong ba phén thirc da cho, c6 mdt phin thirc bing
—1, hai phan thirc con lai bang 1.

19. Chimg minh hing ding thirc:
(x2 —x+1)(x‘ -x? + 1)(1{3 -x* + 1)(1!{'6 -x® + 1)(1{32 - x'® +1)
CxM*+x%+1
T oxtex+1|]
20. Cho = =¥ =25 0. Rit gon biéu thirc: O s gple 8 b d)
a b c i (ax + by +cz)’

21.Cho a+b+c=1 (1); a® +b* +c?*=1 (2);35:%:—3- (3).
a c

Chimg minh ring: xy +yz +zx=0.

Cho 2y+2z——x=2z+2x—y =2:1.:+2y—z
a b c

2c +2a-b, 2a +2b-c#0. Chimg minh ring:

x _y z
2b+2c-a 2c+2a-b 2a+2b-c’

23. Chimg minh ring néu ta cé déng thirc:
a(b-c)x* +b(c-a)xy +c(a-b)y’ =d(x-y)’ trong d6 a,b,c =0, dung

0 . : « 1.1 2
voimoixvay thi: —+-=—.

556

22, ,trongdé a, b, c, 2b+2c-a,
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24. Rit zon biéu thircvéi n 1a s6 tu nhién 1on hon hoic bé’mg 2
2°-1 3°-1 4*-1 n®’-1

)

9 3T T 42 7 p?
25. Rt zon biéu thire véi n la sb tu nhién:

(1) (1) (1),

26. Rut z0n bicu thirc véi n 1a s6 tu nhién:

(30202 o)

27. Ching minh héng ding thirc sau véi n 13 sd tu nhién:
1 ! | 1 n-1
- + +...+ =
12 2.3 34 (n-1)n n

(n>2)

28. Ching minh hing dang thirc sau véi n 14 sd tu nhién:
1 1 1 1 n
F + 2 S, = .
1.3 385 6.7 (2n-1)(2n# 1) |2n+1

29. Ching minh hing déng thirc sau véinla sb tu nhién:
LA NP | Havh L =(n—1)(n+2) (n22).
1.23 2.34 3|45 (n=Dn(n+1)""4n(n+1)

30. Rutzon biéu thirc:
1 1 1 1 1
+

2 F 2 & 2 2 * 2
a‘-a a“"+3a+2 a“+5a+6 a“+7a+12 a“+9a+20

' =20 48

n-—2

31. Timso tu nhién n dé phan thirc: c6 sb tri 1a s6 nguyén.

x* +y* +2°

32. Ruton —, biétrang x +y+2=0.

(y-2)" +(z-x) +(x~y)
33. Tinl gié trj cua biéu thie A =2 bitx? - 2y* =xy(y #0; x +y #0)
X+y
3x — 2y
3x + 2y

34. Tin gia tri cua phan thitc A = , biét ring 9x? + 4y? =20xy va

2y -3x<0.
35.Clhc3x-y =3z va 2x+y="7z.

63
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36. Tim s6 nguyén x dé phén thirc sau c6 gia trj 1a sé nguyén:

3 5 T |
b P OO | B
a) 2x -1 ).x2+1 ©) P -x41
x? =59 x+2°
d ' e
) Xx+8 )x2+4

. 37. Tim s hitu ti x 4 phan thu'c

38.Choa+b+c=0vaa,b,c dcukhéc 0. Ruat gon biéu thl.rc
X e ab be " ca
a'+b?-¢? b ict-a’ c+al-p*’
39. Cho a, b, ¢ 1a c4c s6 nguyén khac nhau d6i mot. Chimg minh ring biéu
thirc sau c6 gia tri 1a mot s6 nguyén:

cé gia tri nguyén.

a® b? c?
P'—_— 4 +
(a-b)(a-c) (b-a)(b-c) (c-a)(c-b)
40. Cho 8y —x =6, Tipl/a trj ciia biky thirc Mg —=— + 2X =Y
X-% .%x—0
2 2 2 2 2 2
41.Timx,y, zbiét ring: =+ X3 2 JX *Y 72
2 3“—4 5
42. Tim x, y biét ring: xg+y2+-l-§-+-1-f=4
X Yy
43. Tim céc gié tri nguyén ctia:x dé phan thirc sau co gia tri la sb nguyén:
3 _ 2 - 'I_ 3 2 "
a.A=2x 6x° +x -8 N - g 2::2 3x° +8x -1
x-3 _ Xx"=-2x+1
x*+3x® +2x* +6x-2 '
e.C= 5
X +2 -
44. Chimg minh rang véi moi so tr nhién n>1:
LI R |
2" 4 6 7 (2n)" 2
b.i+1 . . .

—+—=+ . +——<—.
3¢ 5 7 (2n+1)" 4
45. Chimg minh ring véi moi sé tu nhién n>2:
1 1 1 1 2 '
A=—2+ +==t <=
2 34 n* -3

46. Chimg minh ring véi sé tu nhiénn > 3 : B_§1-+~4-1-+—1—+ L

ABC
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Hwong dan va dap so .

1. a) Phan thic bang 0 khi tir s6 bing 0 va mau so khac 0. Tir s6 bang
2x” +10x + 12 =2(x’ +5x + 6) =2(x + 2)(x + 3) bing 0 khi x =-2 hoc
x=-3.Vdi x=-2 thimiusd x* —-4x=-8+8=0.

Véi x = -3 thi mauso x* -4x=-27+12#0.

Vay phan thic bang 0 khi va chi khi x =-3.

Chii y: Cling c6 thé phan tich mau s6 ra thira s6 x(x +2)(x - 2) roi nhin
Xét vai x = -2 thi mau s6 bing 0, véi x = -3 thi mau s khac 0.

b) Pap s6: x =+1.

2. Tu so6 a"—2a2+1—a2:(az—1)2—a2=(a2—1+a)(a2—1—a). Mau sb
a —(32 +2a+1)=a" ~(a+1)’ =(::12 +a+1)(a2 —a—l).

a’+a-1

T TR |

3. Phén tich ra thira s, tir s6 bing (a-b)(b-c)(a-c), miu sé bang
(a® -b?)(b* -c*)(a®-¢?).

Phan thirc bang véi diéu kién a® —a—-1#0.

1
(a+b)(b+c)(c+a)

4. Can nhd lai dinh nghia gia fri tuyét d6i ciia mot so:

|x|- X, X220
_ -X,.x.<0

Phan tich rit gon thanh voi a, b, ¢ khac nhau.

Nhu vy khi bo ddu gia trj tuyét doi cia mot da thirc, ta thay da thuc
bang chinh ndé hodc bang da thirc d6i cua n6. Pa thirc d6i cua a-b la
—a+b (hay b-a), dathirc d6ictia a + b 14 =a—b (dimg nhidm la a—b).
Véi x <0 thi x-1<0 nén |x-1|=1-x; |x|=—x.

x-1+|x|+x  1-x-x+x 1

3x? -4x+1 (x+1)(3x-1) 1-3x

16a’ —40ab 8a(2a-5b) 2a-5b

Do d6

- 3 =
8a’-24ab 8a(a-3b) a-3b
, , 22 5 2305
Chia tir s0 va mau s6 cho b =0 ta dugc P =5,
a 10
28 ~—-8
b 3
Chii y: Ciing c6 thé thay a=-IEOb vao phan thirc 28‘-:;.
a-—-
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6. Khong nén quy, dong mau sé tat ca cac phén thirc. Nén cdng hai phan thirc
dau, roi lay két qua cong tiép véi phan thirc thir ba. Cudi cing ta dugc

16a'®

7. Phén thirc bang 0 khi tir bang 0 va méu khac 0.

Vi tir bing 2x* +10x + 12 = 2(x* + 5% + 6) = 2(x + 2)(x + 3) nén tir bing 0
X=-2
x=-3
V6i x =-2 thi mau: x* - 4x =(-2)* - 4.(-2) = -8 +8 =0 (loai)
Véi x =-3 thi mau: x* —4x=(-3)-4.(-3)=-27+12=-1520
Vay phan thirc bang 0 khi va chi khi x=-3.
Chii y: ciing c6 thé phan tich mau thanh nhan tir x(x +2)(x —2) r5i nhan
xét voi x = -2 thi miu bing 0, v&i x =-3 thi miu khac 0.
4ab +4b-4a _4b(a+1)-4a

ai |

8. Cong ba phan thirc sau, ta dugc:

- \\ 4-b?
Thay b=—2— o, ta dugc 12X -0,
a+1l 4 =1’
Viy M =a véi diéu kién b # +2; a = -1
2
z & +1 " « X
9. Rut gon biéu thirc N, ta dugc -(-E—f——)— roi thay x = vao <€t qua
2ax a-1 _
3 .
trén. Dap sb: > (a - v6i didu kién a =0; a =1 (khi d6 cac ditu kién
a -

x#0; a+x#0; a+x#1 dugc thda mén).

10. Cdch I: Céin bién dbi biéu thirc P dé st dung duoc dicu kién
3a® + 3b% =10ab.

(a-b)’ _a’+b’-2ab

Do d6 ta xét biéu thie: P? = ;
o = asby 2 +b+2ab

Tir diéu kién 3a® + 3b® =10ab, tasuy ra a® + b? = 1—3qab .

l-c—)-ab--2a.b iab

Do d6 P?=-3 -3 2t b0},
ab+2ab —2ab *
3 3
Do b> 0néna—-b<0;a+b>0,suyra P<0. Vay P=———%.
(g r 3a’ +3b%? =10ab, suy ra: 3a® -9ab—ab +3b* =0
-BDHSGTS-
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< 3a(a-3b)-b(a-3b)=0 < (a-3b)(3a-b)=0
Trrong hop a-3b=0 < a=3b khong xayravi 0<a<b<3b.
Trrong hop 3a-~b=0 < b=23a, thay vao P, ta co:
! _ =
a b=a Ja: 2a _ 1 (do a#0)
a-b a+3a da 2

11. Xd¢ M?, ta dugc M? —5 ma M >0 nén M_E Giai tuong tu nhu bai

tréu.
12. Ch’l)’zré'mg néu x+y+z=0 thi x> +vy*+2° =3xyz.
Thlt\’éy X+y+z=0.-=% z:—(x-}-y)_
Dcdé: x’ +y* +2° =x* +y* —(x +y)’ =-3x’y - 3xy’ = -3xy(x + y) = 3xyz
(Nidn xét nay ciing c6 thé suy ra ngay tir két qua cua bai trén)
x'+y’ +2° -3xyz=(x+y+2z)(x’ +y* +2° - Xy - Xz - yz)

Ajdung nhén xét trén, ta ¢o:

d 4 1 1 1 |3 1
Né = +—+==0 thi —+—-+-—-=3.——.
a b ¢ a® b | a

1 1 i o 3 e
=abc(?+p—+——3—J=abc.;EE=3vma,b,c;tO.

c
13. A} dung hing dang thirc
.a3+b3+03—Sabc=(a+b+c)(32+b2+(:2-ab-bc—ac)
Dc a® + b’ +¢® =3abc nén (a+b+c)(a’ +b?+c* —ab-bc—ac)=0. Do
b =)

85 a+b+c

a’+b*+c®—ab-bc-ac=0
- Néu a+b+c=0thido a, b, c#0, taco:

a+b h+c a+c -c -a -b

IP- : " =——— =]
b c a b ¢ a

@ Néu a® +b? +c?* —ab—be—ac =0 thi ta suy ra:
'2¢ + 2b® + 2¢* —2ab-2bc-2ac=0 < (a—b)2+(b—c)2+(a-—c)2=0
IDiu nay chi xay ra khi a-b=0; b-c=0; a-c=0 © a=b=c. Khi
déP=(1+1)(1+1)(1+1)=8.

=—1 hoac P=8.
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14. Cdch 1: (phuong phap hé sb bat dinh)

a b a(x+1) +b(x-2) ax’+(2a+b)x+(a-2b)
+ =
x -2 (x+1) (x- 2)(x+1) x® —3x -2
x*+5 . = a=1
Dongnhatvélphanthuc————tacoz 2a+b=0 =
x® —3x -2 b=-
a-2b=5
2
Viy: x+6 1 2

' x3—3x—2-x-—2-(x+1)2'
Cidch 2: (phuong phép tri s6 riéng)
a_, b a(x+1) +b(x- 2)
x-2 (x+1) (x-2)(x+1)"
e i X 4D o
Pong nhét véi phén thirc T—,taco vé1 moi X:
x’ -3x-

a(x+1)2+b(x—2)=x2+5 (D
Véi x=-1 thi -3b=6 = b=-2.
Véi x=2thi9a=9 = a=1|
Cha y: Mic du véi x =-1; x=2 phén thirc khong c6 nghia nhung do
(1) ding véi moi x nén dé xac dinh a va b & (1) ta c6 thé cho x=-1;
x=2.

x10x413 2
-+

15. DPap so =0 ]
x? —4x X X+2 x-2
16. Dép sb: : X
) '(x-l)(x —x+1) x-1 x*-x+1
1 1 1 1 bec +ac + ab 1
17. Th =+=+-"= B = , do d¢
" a+b+c a+b+c s abc a+b+c 0

(a+b+c)(ab+bc+ac)-abc=0 (1). Dé chimg minh trong 3 séa,b,c
c6 hai so d6i nhau, ta s& chimg minh (a+b)(b+c)(a+c)=0. Hay phan

tich vé trai cua (1) ra thira sd. ‘
18. a. Dé chimg to trong 3 s6 a, b, ¢ c6 mét s6 bing tdng hai sb kia, ta s&
chimg minh (a+b-c)(a+c-b)(b+c-a)=0.Tir gia thiét, ta co:

(a"2 +b? —c’)c +(b2 +c? —az)a+(c2 +a’ -bz)b= 2abc .

Thém bat 2abc, ta co:

(a® +b” —c? +2ab)c + (b +c* —a® - 2bc)a +(c* +a® —-b* —2ac)b=0

< (agic)(a+b-c)c+(b-c+a)(b-c-a)a+(c-a+b)(c-—a-b)b=0
A — ¢) 1am thira s chung & vé trai:
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(a+b—c)(c2—a2+2ab—c2)=0<:> (a+b-c)(c+a-b)(c-a+b)=0

Néua+b-c=0thic=a+bh.
Néuc+a-b=0 thi b=a+c.
Néu c-a+b=0thia=b+c.
b. Truomg hgp c=a+ b, ta co:
a’+b?-c® a’+b’-a’-2ab-b* -2ab

- = =)

2ab 2ab 2ab
b?> +c*-a®> b’+a’+2ab+b*-a’ “2b(3+b)
2bc 2b(a +b) 2b(a+b)
c*+a’-b* a’+2ab+b’+a’-b® 2a(a+b)
2ac 2a(a+b)  92a (a+ b)

Tuong tu véi 2 truomg hop con lai.

1 (1Y 3 1)’ 3 :
19. Do x2+x+1=x2+2.x.—+(-— +—:[x+—) +—#0, ta nhan vé trai
2 2 4 2 4
ctia hing déng thirc voi x° + x + 1, vachil y ring:
(x2+x+1)(x2—x+1)~=(x2+1)2——x2=x‘+x2+1.

20.Dat =Y _2_y 0 thix=ak; y=bk; z=ck.
a b c

(x? +y? +2)@*¥Yb¥4c?y

Do do:
(ax + by + cz)* .
(&121{2 +b’k? + c’k’)(a® + b* +¢?)  k’(a’ + b* + %)’
(a’k + b’k + c’k)’ TK@ b )
21.Pat =X -Z_x thi x=ak; y=bk; z=ck .
a b c -

Khi d6 xy +yz +zx = abk® + ack® + bck” =k® (ab+ac+bc) (4)
Tu (1) tacé: (a+b+c)’ =1 hay a® +b? +c? + 2ab+ 2ac+2bc=1.
Do (2) nén 2ab + 2ac + 2bc =0 tirc 1a ab +ac +bc =

Thay vao (4) dugc xy +yz+2x=0. ’
22. Dt 2y +2z-Xx =22+2x’—y =2x+2y—-z ok
a b c
Theo tinh chét ddy ti s6 bang nhau: ‘
k_42+4x—2y__4x+4y—2z_—2y—22+x_ Ox
2b 2¢c —-a 2a+2c-a
y A 9z

Tuong tu (do hon vi véng quanh)k =— —; k=— 2
ucmg {dleodn ) g e e e e 2238 oe
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= y » Z
2b+2-a 2+2a-b 2a+2b-c
23. Vi ding thic ding véi moi X, y nén lan lugt cho x=1; y=0 va

X= 0 y= lvéodangthu'c
-] 3-14-1 n’-1 132435 (n-1)(n+1)

Viy:

24, 2 Pl 42 e
_ 1.2.3...(11—1) 3.4.5.. n(n+1) 1 n+l n+1
"234.(n-1)n° 234.n n 2  2n

2 2

25. Xét 1+ 21 _n +2n+1 (n+1)

n2+2n n’+2n nn+2)
: 2 1
Pap sb (1+—1-].[1+1).(1+—1—-)...[1+ = - ]: Lo )
3 8 15 n°+2n n+2

2  n’+3n+2 (a+1)n+2)

n’+3n n’+3n  n(n+3)

3 1
Pép s6: [1+E].(1+-2—).(1+~g—]."(1+ - z ): (a4 )
' 4 10 18 n® +3n n+3

27. Khong thé quy dong miu s cac phan s6 & vé trai. Can tach mdi phén sb

26. Xét 1+

thanhhlcuthanso Nhan xet: hiienghi cont
n-1 n (n-1)n
Do do: - + X - = + et 1
1.2 243\ 3.4 (n-1)n
Ll LN, o b L g LZE
1 2 2 3 3 4 n-1 n n n
1 i 2
28. Nhan xét B = ;
2n-1 2n+1 (2n-1)(2n+1)

1 1 1 =3 n
bit = =
18t 35757" +(2n—1)(2n+1) 2n+1
Trudc hét, tinh 2S dugc .Tirdésuyra S=

2n+ 2n+1

29. Can tich mdi phan sé & vé trai thanh hiéu 2 phan s6 dé xuét hién trong
biéu thirc nhimg s6 hang d6i nhau. Nhung d6 la hiéu 2 phan s nao?
3. % 3.

1.2 23’ 23 84’ "

T 6 11
AB (n=1)n n(n_+1)
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Goi vé trai cuia dang thire can chimg minh 1a S.

Do : - g = : nén
(n-1)n n(n+1) (n-1)n(n+1)
2S:—?-—-+ 5 + . 4o+ 4
123 234 345 (n=1)n(1 +1)
1 1 1 1 1 1 1 i
= + -~ + - +ot -
12 23 23 34 34 45 (n-1)n n(n+1)
11 n*+n-2 (n-1)(n+2)
2 n(n+1)_2n(n+1) 2n(n +1)
Viy: S=(n-1)(n+2).
' 4n(n+1)

30. Phan: tich cdc miu s6 ra thira s6 lan lugt dugc a(a+1); (a+1)(a+2);
(a+2)(a+3); (a+3)(a+4); (a+4)(a+5). Tach mdi phén thirc thanh
hiéu hai phan thirc. |

1 1 )

Pap sb: — - = ;
a a+b a(a+hH)

n“—2n:"+5=n:’(na2)+5=n$+ 5
n-2 n-2 n-2

Mubin biéu thirc ¢6 s6 tri nguyén thi n -2 phai la wéc sé cua 5.

bzp sé: 1;3; 7.

32. Dép sé: -3

31. Bién doi:

33. x2-xv-2y* =0 & xZ+xy=2xy+2y*=0

< x(x+y)-2y(x+y)=0 < (x+y)(x-2y)=0
-y ¥ .
2y+y 3y
9x? + 4y* —12xy _20xy-12xy _8xy _1
o9x’ + 4y +12xy 20xy +12xy 32xy 4

Dc x+y#0 nén x=2y.Do ddé: A=

k
-

34.A%=

D¢ 2y<3x<0 = 3x-2y>0, 3x+2y<0 = A<0.Vay A:—%.

35. Tiahi x va y theo z, dugc x =2z, y =3z. Thay cac gia tri cua x va y vao

thieu ttEM va rut gon dugc M = —1%
Aé@ﬁ- 71
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36.a) xe{-1; 0; 1; 2} - b) xe{-2; 0; 2}
c) xe{-2; 0; 1; 3}
d) bap s6: xe{-13; -9 -7, -8}.
e) (x+2):i(x*+4) =>(x+2)(x-2)i(x* +4) = (x*+4-8)i(x*+4)
= 8:(x*+4)
Xét x* + 4 bing 4, bing 8 rdi thir lai, ta duoc x-——2 thoa man bai toan.
10 —k

37. bat =keZ,tacéd kx’* +k=10 nén x* =——
x*+1 k
. . 10-k i iR _
Ta phai c6 20 nén 0<k<10. Ta c6 bang sau:
| k 1 [2 |3 4 516 17 |8 9 [10
x3_10—k 9 |4 |1 3 112 13]1 110
k 3 2 3[7] 4 9
xeQ +3 | £2 $] i% 41 0

38. Tu a+‘b+c=0 suyraa+b=-.

Binh phuong hai vé, ta dugc a® +b? 4 2ab =c? nén a® + b? —c? = -2ab.

Tuong tu, b® +¢? —a® =-2bc va¢*+a’ -b? =—2ac.

ST W [ PN S N TS I

-2ab -2bc -2ca 2 2 2 2

a’(b-c)+b’(c—a)+c’(a-h)

(a-b)(b-c)(a=c)
Phén tich tir thanh nhéan tir dugc (a -b)(b-c)(a-c)(a+b+c).
Viy P=a+b+c
3y-6+2x—(x+6)
y—2 x-6

2 2 2 . 2 2 2 2 2 2 2
41. T L+Y_+Z_=M suy ra L. i ﬁ_i 3§ E___z_ =0
2 3 4 5 2 5

39.P=

40. A = =3+1=4

Nén ix +£y +— 22 =0.Do d6 x=y=z=0,
10 15 20

42.(x2+;12-]+[y2+i2]=4 = (x2+—%—2)+[y2+i2—2]=0
. y X y

A -BDHSGTS-
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C6 bon dap so:
X 1 1 -1 ~1
y 1 -1 1 -1
43.a) A=2x"+1- 57 X€ {-2, 2, 4, 8}
W= .
b) x € {0, 2} |
c) x {0}
1 1 1 1 1({1 1 1 1
4 aAA=+—+—+ ... t——=—|—=+—+—+ ... —
) 22 42 62 (21])2 4 ( 12 22 32 n2 ]
1[ 1 1 1( 1 1) 1
—[1+—+— == ——— <=
4 1.2 23 (n-1)n) 4 1 n
b) B=—1—2+—12-+ o+ 1 - < 21 - 21 + ..+ : 5
3 (2n+1)° 9 =1 o (2n+1)" -1
1 1 1
=—t——t ... F———
24 4.6 2n(2n +2)
1{1 1 1 j} 1 1 {1 1 1
=—| ==~ + ===+ (OWLal Efial Peiel <=
2\2 4 4 6 2n ‘2n+2) 2\2 2n+2) 4
45. Nhan xét: — <—— =z( e ]
n° 4n°-1 2n-1 2n+l1
Dodé:A<2[-1—-l+l-—1-+ . T J=2[1—— - J<Z
3 5 57 2n-1 2n+1 3 2n+1 3
46. Ta thiy: L < 1 1 _ 4 (m+)=(n=1)

n’ n3—n=(n—-1)n(n+1)_2' (n-Dn(n+1)

Do d6

B 1] 1 1 1 | 1 1 | I . |
L > * = ¥ o - o 5
2123 34 34 45 (n-1)n n(n+1)| 26 12

B .,3
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Cdc co ban

héttanhol
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5 Iﬂa gidi motphuomg trinh fa <6 the fheian B RN T
-"Chuyen mot hang tir tie ve n&y sang ve k:a v& d'c‘)'i ddu hang tw do .
“iNhan (hodc chia) cd hai vé voi cung mot §6 khde 0. 1w
Khx dé phuong trinh mdi tung duomg vi phiong trmh dachor: v 14
L “* Ta thdy rang viéc giai phwcmg trinh (fim tdt ca cdc nghiém cia no)
phu thugc vao viéc qui dinh dn Iay cdc gui tri trén  1dp hop nao. Trong
pham vi lop 8, khi khong cd ghi chi gi, thi ta hiéu ring ta dang gu’u
phuong trinh trén tdp Q'cde sg hﬁ'u . Tr rong trieong hop khdc, ta sé noi
0, thi du: tim ngh:ém nguyén cuq phmg trinh YG:&: phmmg rrmh trén
StdphopZ). " €)1 e
. Phirong trinh b(ic nhar mét 5}1 la phum:g-'mnh cé-'dgng ax + b 0 trang
2 :doxlaa’n avabldcdcsédicho, a®0. . ifht
J(h: giai phuong trinh c6 hé 35 chir. trong muc ndy ta cﬂng xét (:dc
phuong trinh c6 dqmg ax+b= Otrégng d'é a j'-f I Rt

Cadc dang bat tap co ban
Dgng 1: Giai phuong trinh.
Dang 2: thmg trinh chira 5:: s0 é‘ mau thuc
Cdch gidi: SHe RS,
Buice 1: Dt dxeu Iaen d hutmg trmh cé nghfa SR '
. ‘Budc 2: Qui dong mdu sf bién doi dua vé phmg rrinh bac haz
_ ch 3: Giai phyong i Irinh bdc hai trén.. BT i
-;’,g-ch 4: So sanh véz diéu iaen va két Iuﬁn ngh:q o
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Cac vi du minh hoa
Dang I: Gidi phwong trinh
Vi du I: Giai cac phuong trinh:

2% 58 53x 7% _x23 '
. = L—-—-x+1 1
: 15 5 - (1)
X 3+x 9 _10-T7x
et % o 38 _(x-1 5
3 2 2 (x ) ( )
3 5+7x 1 12,5x + 4,5
. —(1,2-x)- =—(9x+0,2) + —M— 3
% gplie—) 5(9x+0,2)+ =2 ©)
Giai
a. (1)‘:}10x—(4—3x)=14x—-(x—3)_x+1
5.156 . 2.5
13x-4 13x+3 13x-4 13x+3-10x+10
< = -X+1& =
75 10 75 10
\ 203
@2(13x—.4)=15(3x+13)<=.x=——1—9—
b. (2)¢8x—2xf-3+x=13x—10_(x_
8 6
X3 Tt o a(ax 8y =A(Tr=dyeox =2
&= (3)@7,2—6x-5(5+7x)=9x+0,2_4(12,5x+4,5)
: 20 20 20
& —-41x-17,8=-41x-178 = 0x=0.
Phuong trinh ¢6 nghiém x tiy y. -

1 x+3 x+5 x+7
Vi dyu 2: Giai phuong trinh: > -
¢ Ll B i R

Gidi
Nhén xét ring: trong cac phan thirc trén néu cong tir thitc véi miu sb thi
céc tir thirc déu trd thanh x +66, cho nén ta cong 1 vao ca bdn phan

s (x+1+1)+[x+3+1)_(x+5 1] [x+7+1)
65 63 61 59
x+66 x+66 x+66 BT 66)[_ L__L__l_)
59 65 63 61 59

————— :Oncnx+66 0= x =-66.
I 3 61 59
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Vi du 3: (Giai cac phuong trinh:
x-H x-4 x—-3*x—100+x—101+x—102_

a. + + = . y
100 101 102 5 4 3
29-x 27-x 256-x 23-x 21-x

b. — + . + + =-5.

21 23 25 27 29
Giai

a. Trir 1 vao moi phan thuc, ta duogc:
x-105 x—105+x—105_ 3{—105+x—1'05Jr x-105

-+. —
100 101 102 5 4 3
<:>(x—105) 1 i . + & =0 x=105.
100 101 102 5 4 3

b. Cong 1 vao mdi phan thirc & ve trai, cong S vao vé phai, ta dugc:

(50—-x)(—1—+ s oo ) 0. Vay x = 50.
21 23 25 27 29
Dang 2: Phuong trinh chira én so ¢ mdu thirc
Cdch giai:
Buoc 1: Dat dreu kién dé phuang trinh co nghia.
Budc 2: Qui dong mdu so, bién doi'dua vé phuong trinh bdc hai
Buoc 3: Giai phuong trinh bdc hai trén.
Budc 4: So sanh vdi dieu kién va két ludn nghiém.

Vidyu I: Giai phuong tifi!L0X Enphicom 2Xl|
2x-3)  2Ax+1) (x+1)(x-3)
Gidi

1. Diéu kién dé cac miu thirckhic0rx=8+0=x 2 3x+120=>x#-1
2. Mau thuc chung: 2(x +1)(x-3)
Quy dong mau thirc va it gon ta dua vé phuong trinh: 2x(x —3) =0 (2)
Phuong trinh (2) ¢6 2 nghi¢m x, =0,x, =3
So v6i dieu kién dé cac' mAu thirc khac 0 thi nghiém x, =3 bi loai.
~ Vay phuong trinh (1) c6 nghi¢m x = 0. '
Vidu 2: Vai gia tri nao cua cac bién thi cac biéu thirc sau day v6 nghia:
3x% -1 (1)
5 4 1
x-2 x-3 x
Giai:
a. DEé biéu thic v6 nghia, ta phai c6:x -2 =0;x -3 =0; hodc x = 0.
x(x-2)(x-3)(3x* -1)
-2x -6
ém diéu kién -2x -6=0=>x =-3
i ctia bién lam cho biéu thirc v6 nghia 1a: -3;0;2;3

Rut gon biéu thirc (1) ve dang
Phai cg

¥
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x+4 i Xx+1 N 2x+5
2% —Bx+2 2%°-Tx+3 2x*-Tx4+3
Gidi
Thuyc hién cac phép bién déi tuong duong, ta dua (1) vé dang:

Vi du 3: Giai phuong trinh: (1

Xx+4 x+4 1 | §
2 T og? =0 & (x+4)| . T 9w _ " .
2x“ -bx+2 2x°-Tx+3 2x° -bx+2 2x*-Tx+3

o (x+8)(1-2
(2x* -5x +2)(2x" - 7x+3)

Thir vao mau thire:

=0 <>(x+4)(1-2x)=0<>x=—4 hoic x=é.

Vdixz%thi 9x? —5x+2=0

Véi x =-4 thi (2x* -5x+2)(2x* -7Tx+3) 20
Két luan: phuong trinh (1) d3 cho c6 nghiém duy nhét 1a x = —4

o -1-x+3 2
Vi du 4: Giai ph trinh: = = 1
{l 1a1p U'O'ﬂg 1 x“2+x-4 ‘(x—2)(4—x) ()
Gidi

Piéu kién xac dinh cua phuong trinh 13 x # 2,x # 4.

Bién ddi phuong trinh (1): (x -1)(x-4) +(x + 3)(x - 2) = -2.

Thu gon phuong trinh, ta' duge 2x (x'£2) =0

Nghiém cua (2) 1a x;.=0;%x5=2.

x, =0 théa man diéu kién-xac-dinh Xg-=-2-khéng thoa mén diéu kién xac

dinh.
Két luan: S = {0}.
Vi du 5: Giai phuong trinh:
1 1 1 3

* + =
x?+5x+4 x?+11x+28 x*+17x+70 4x-2
Giai:

Piéu kién x ¢ {—10; ——7;-4;-—1;%}

Vi diéu kién trén thi phuong trinh di cho twong duong véi
1 3 1 & 1 _ 3
(x+1)(x+4) (x+4)(x+7) (x+7)(x+10) 4x-2

1-+ll_l+11_4_3
x+4) 3\x+4 x+7) 3\x+7 x+10) 4x-2

-
ABG -
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l( 1 1 ) 3
c>—_ — _—
3lx+1 x+10) 4x-2

& x*+7x+12=0¢x=-3 hoic x=-4. So sanh véi dieu kién ta c6
phuong trinh da cho c6 nghiém duy nhat x =-3.

. 1 1 1
viidii 6 Gisd hdong ik _ _ _
au 0: Al PO A 1 T 9009x + 2 2010x + 4 2011x +5
Gidi
Pitu kifn xe{-— ;-2 ;2 . O
| 2008° 2009’ 2010° 2011

Véi diéu kién trén, phuong trinh da cho tuong duong véi

1 1 1 1
= +
2008x +1  2011x+5 2009x+2  2010x + 4
- 4019x + 6 _ 4019x +6 - 4019x + 6 = 0
(2008x + 1)(2011x +5) (2009x+2)(2010x+ 4)
Hoic: - .

(2008x +1)(2011x + 5) (-(2009x + 2)(2010x + 4)

<> 4019x + 6 =0 hoic
(2008x +1)(2011x + 5) - (2009%x+2)(2010x + 4) =0

comb |
4019
<> 4019x + 6 = 0 hodto2x% 5% 4131 0S|k Gl
3
X=-—
d 2
a . >, . - 6 3
Két lugn: phuong trinh da cho c6 ba nghiém: x = — T X=-1;x= 3

2x 13x
2 5 =
Ix*-5x+2 3x°+x+2
Giai:

Vi du 7:: Giai phuong trinh:

Diéu kién xe{l;%}. Véi diéu kién trén phuong trinh da cho tuong

duong vai 2x(3x” + x +2) +13x(3x* — 5x + 2) = 6(3x* —5x + 2)(3x” + x +2)
—54x! —117x* +105x® - 78x +24 =0 < (2x - 1)(3x — 4)(9x* - 3x4.6) =0

Két luan: phuong trinh da cho c6 hai nghiém: x = %vé XK= g
2 13 6
Vidu8:. hu trinh: ,, =—
"o gp e 3% —dx+]1 ST +2x+1 X
GT8- 79
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Giai:
Diéukién x #0,x #1 va x;t%.
£ ads 2 13
Bién d0i phuong trinh da cho thanh: + = 6.

31:—4+l 3x+2+—
X X

Dt 3x + - —4 = t, phuong trinh trén trd thanh
X

E+-—13—-=6<|::>21;”+71:—4=0@1;___l hodc t =—4.
t t+6 9
+
*Véi t=-;—,tac6 31:-&-1—4=é4:>6x2 ——9x+2=0ax=9—12“33
X

* V&i t =—4,ta co: 3x+l-4=—4<::>3x2 +1=0
X
Phuong trinh nay khong cé nghiém thuyc.

Két luan: phuong trinh c6 hai nghiém x = % vVa x =%.

Vi du 9. Giéi phuong trinh; —o—=—2 __ 56X
1-4x 4x+1 16x°-1
Giai:

Pidu kién x4c dinh ciia phuong trinh 1a x # i-i— .
Véi diéu kién d6, phuong trinh fiwong duong véi:
3(4x+1)=2(1-4x)+(8+6x) & 14x=7 & x =% . Gia tri nay thoa

mén diéu kién. Vay phuong trinh ¢ duy nhit nghiém x =% .

3 . 2 _ 4
5x-1 3-5x (1-5x)(6x-3)
Gidi:

Vi du 10. Giai phuong trinh:

Didu kién xic dinh 1a x %; x -g Véi didu kién d6, ta c6 phuong trinh
tuong duong: 3(3-5x)+2(5x-1)=4 < 9-15x+10x-2-4=0

c:>—5x+3=0<:>x=g. Gié tri x=g khéng thoa man diéu kién cia

phuong gginh. Do d6, phuong trinh da cho vo nghiém.

A ‘ | -BDHSGTS-
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Dang 3 Phuong trinh cd chira ddu gid trj tuyét doi
Iguyén tdc dé xét phuong trinh, bat phwong trinh loai nay la phai
hir duoc dau gid tri tuyét doi.
Cach gii:
Bué 1: Par diéu kién @é phuong trinh cé nghia.
Bué 2: Khir ddu gid tri tuyét doi, bién doi dea vé phuomg trinh bdc nhat
hodpturong trinh bdc hai .
Buc 3 : Giai phicong trinh bdc nhdt hodc phwong trinh bdc hai trén.
Bué 4': So sanh véi diéu kién va két ludn nghiém
O dw cdc ban can lwu y cdc phép bién doi co ban:

b2>0
B Db {a:ib 2 al=[H & a=tb
Vi du 1.Chimg minh ring cac phuong trinh sau diy c6 v6 sé nghiém sb:
a.3x—1)-2x=x-3 b. |x|=x

Gidi
a. Tabén doi dong nhat vé trai cuia phuong trinh dugc:
3(x-1)-2x=3x+342x=x-3
Hai ¢ cua phuong trinh 13 hai biéu thirc bing nhau véi moi gia trj cua x
(cun; la x - 3), phuong trinh dugc nghiém véi moi gia tri cua x.
: >0
b. The:dinh nghia ciia gia tri tuyét dbi: [x| = {"' ¥
-x,x<0
Phumg trinh |x| = x duoc nghiém véi moi gid tri x > 0.
* Ha phuong trinh trén day déu c6 vo s nghiém, nhung tip hop nghiém
khacnhau. Ta noi:
Phumg trinh 3(x —1)-2x =x — 3 ¢6 nghiém la x tiy y (moi x)
Phumg trinh |x| = xc6 nghiém 1a x tuy y >0 (moi x> 0)

Vi du 2: Giai phwong trinh: 2|x|-|x +1|=2

Giai
>0 1(x2-1

Tac: [x|= x(x0) va |x+1|= K13 )

-x(x <0) -x-1(x<-1)
Ta 1p bang sau:
X —© -1 0 +00
2|x -2x -2x 2x
|x +1] -(x+1) x+1 X+ 1

-2x +(x +1) -2x —(x+1) 2x —(x+1)

pEY
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-2x+x+1(x<-1)
Do d6, ta viét duge: 2|x|-|x +1|=[-2x-x-1(-1<x <0)
2x -x-1(x20)
Ta phai giai cac phuong trinh trong timg khoang nhu sau:
1.Voi x<-1: -2x+x+1=2x=-1 (loai)
2.Vl -1<x<0: -2x-x-1=2ox=-1
3.VGi x20: 2x-x-1=2ex=3
Véy phuong trinh da cho ¢6 hai nghiém la -1 va 3.
Vi du 3: Giai phuong trinh: |x + 1|+ 3|x - 1| =x + 2 +|x| + 2|x - 2|
(Dé thi chon hoc sinh gidi cdp II — Toan quoc — 1979)
Gidi
Céac nhj thirc trong déu gia trj tuyét di c6 nghiém 1a —1,1,0,2. Do d6 ta xét
phuong trinh trong cic khodng: x <-1;-1<x<0;0<x<1;1<x<2;x22
V6i x < -1 thit|x+1| ==(x +1);jx =1 = =(x - 1);|x| = —x;|x = 2| = = (x - 2)
Va ta ¢ phuong trinh—(x + 1) -3(Xx -1) =x+2-x-2(x - 2) <> x = -2
Véi -1<x <0, c6 phuong trinh:
(x+1)-3(x~1)=x+2-x-2(x-2) & 0x =2 (vd nghié¢m)
V6i0<x<1,céphuong trinh: x + 1 =3(x - 1) =x+2+x-2(x—-2)
< x=-1 (loai). '
Véi 1 < x <2, c6 phuong-trinh:-x+1+3(x+ 1) =x+2 +x - 2(x - 2)
& x =2 (loai).
Véix 22, co phuong trinh: x + 1 +3(x—1)=x+2 + x + 2(x — 2)
< 0x=0
Pap s6: x =-2 hodic x> 2.

2
Vi dy 4: Giai phuong trinh: x + _a'ﬂ = a?
Gidi
Phuong trinh d cho twong dwong véi x* +2a|x +a|—a® =0 véix #0.

|x+a|={x+a (x=-a)
—(x+a) (x<-a)

1. Véi x<-a: x*-2a(x+a)-a’=0 vdi x=0.

Ayﬂﬁx-aa%o o (x+a)(x~3a)=0 véix #0.

-BDHSGTS-

Tron Bo SGK: https://bookgiaokhoa.com



Download Ebook Tai: https://downloadsachmienphi.com

x:3a<-aox=3a vdia<O0.
2. 76ix2—a:x +2a(x+a)-a’=0vdix #0 > x> +2ax+a* =0
o x+a)2:'-0<:$x=—a
Ton lai: a = 0: V6 nghiém
a >0: mét nghiém x = —a.
a <0: hai nghiém x, =-a va x, =3a.
Vi du § Giai phuong trinh: |x —3|+|x+2| =7
Giai:
a) Troig khoang x < -2, phuong trinh c6 dang:3-x-x-2=7 < x=-3
(thuwe khoang dang xét).
b) Troig khoang -2 < x < 3, phuong trinh c6 dang:3-x+x+2=7<0x -2
(v61ghiém).
¢) Troig khoang x >3, phuong trinhcé dang: x-3+x+2=7 < x=4
(thwc khoang dang xét).
Vay phuong trinh c¢6 nghiém x, =-3; %, =4.
Vi du 6 Giai phuong trinh: |x - 4| +|x -9/ =5
Giai:
Cdch 1.a) Trong khoang x4, phuong|trinh cd/dang: 4-x+9-x=5ox=4,
khdig thudc khoang dang xét.
b) Tronz khoang 4 < x < 9y phuong trinh| cé-dang:/x~4+9-x=5e0x =0,
nghém ding vdi moi x thuge-khoang-dang-xét-tirc 1a 4 <x <9.
¢) Trorg khoang x>9, phuong trinh c6 dang: x-4+x-9=5&x=9,
khoig thudc khoang dang xét.
Viynghiém cua phuong trinh 1a 4<x<9.
Cich 2. Viét phuong trinh dudi dang [x —4]+|9 - x|=5.
Chuy ring |A|>A nén [x-4][+|9-x|2x-4+9-x=5.
Xayra dang thirc khi va chikhi x-4>0 va 9-x2>0,ticla 4<x<9.
Vaynghiém cua phuong trinh dd cho la 4 <x<9.
Dang 4: Phuong trinh co chira tham :sé '
Vi du 1. Giai phuong trinh sau, véi a 1a hang (ta con goi a 1a tham s0):
a(ax+1)=x(a+2)+2.
Gidi:
Biér d6i phuong trinh di cho thanh: a’x-ax-2x=2-a
oia’l-a-2)=2-ac(a+1)(a-2)x=2-a (1).
Ki '"Gé tap nghiém cua phuong trinh da cho, ta co:

G'8- 83
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Néu a # -1,a = 2 thi Sz{— : }

a+l
Néu a =-1thi (1) c6 dang 0x = 3, v nghiém, S=2 .
Néu a = 2 thi (1) c¢6 dang Ox = 0, phwong trinh nghiém ding v&i moi x,

S=R.
Vi du 2: Giai phuong trinh v6i a 1a tham s: ——— = = +5
' Gidi:
Diéu kién x4c dinh ctia phuong trinh: a # 0.
Bién ddi phuong trinh: (1) < a(x —-a) = 3(x + 3) - 6a
oax-a’=38x+9-6a>ax-3x=a"-6a+9 o (a-3)x=(a-3)°. (2).
Néu a # 3, phuong trinh c6 nghiém x =a - 3.
Néu a = 3 thi (2) c6 dang: 0x = 0, moi x déu la nghiém.
Két lugn:
Néua #0 vaa# 3 thi (1) c6 mt nghiém: x=a - 3.
Néu a = 3 thi (1) nghiém ding v&i moi x.
Néu a =0 thi (1) v6 nghiém.
Vi du 3: Chimg minh ring ton tai ¢a¢ hing sb a, b, ¢ dé phuong trinh sau c6
x—-ab x-ac¢ —x—bc
+ + =a+b+c (1)
a+b a+c b+ec
Gidiy '
Piéu kién xac dinh ctia phuong trinh: a +b#0;a+¢#0;b+c #0.

x —ab X —ac X —bc
(I)Q(awb ﬁc)-'-[ a+c _b)+[b+c —-a)=0
x—ab—ac—bc+x—ac-ab—bc+x-bc—ab—ac=
a+b a+c b+c
1 1 1
@(x-abebc—ca)(a+b+a+c+b+c)-0
> . 1 1 1
(1) o6 v s6 nghiém < + + =0. (2)

‘ a+b a+c b+c
Ching han ta chon a=1, b= 1. P& (2) xdy ra ta chon ¢ sao cho:
1 1 5 2 1
—Ff—t—=0>—=-=—c=-5.

2 1+c 1l+c l+c

Nhur véy (1) c6 v6 sé nghiém, chinghankhia=1,b=1,¢c=-5.
Vi dy 4: Gidi phuong trinh: X=2 4 X=0 _ 20 (a va b4 hing).
Gidi:
Piéu txéc dinh cua phuong trinh: a # +b.

A ‘ _BDFISGTS-
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Bién d6i phuong trinh: (x —a)(a-b)+(x - b)(a + b) = —2ab

< ax - bx —a’ +ab+ax+bx—-ab-b?=-2ab

c:>2ax=a2+b2—2ab<:>2ax=(a——b)2 (1)
2

Néua#0thi x = (a;b) .

a
Néu a = 0 thi (1) c6 dang Ox = b%. Do a # b nén b # 0, phuong trinh vo
nghiém.

A - A - (a_b)2
Két lugn: Néu a#0,a# +tbthi S= o
a

Conlai, S=¢d.
Vidy 5: Giai va bién ludn phuong trinh: (m* —9)x =m? +3m (m la tham sd)
Gidi

1. Véi m* -9 #0 titc m # +3: phuong trinh ¢6 nghiém duy nhat:
_m’+#3m}, m
" m?f-9 | m-3

2.a. Voim = 3, phuong trinh c¢6 dang 0.x = 18 (vd nghiém)

b. V&1 m = -3 phuong trinh ¢6 dang: 0.x = 0 (théa mén véi moi x).

Vi du 6: Gidi va bién ludrBhiéng thnh! m"z‘s L%G%*), m 1a tham sb.
X—4aIm
Gidi

. mx-8=0 (1)
()Q{x—ilm:to (2)
a. m#0thi(1)cho x =N
m
4-m?
m

#0om #1412

Thay vao (2): £;-—2m;r:(34»
m

Vay phuong trinh (*) 44 cho c6 nghiém x ==, khi m # 0, m # £2
m
b. m =0 hodc m = +2 phuong trinh vé nghiém.
., 6b+7a 3ax ax

Vi du 7: Giai phuong trinh: - =1-

g pEARE 6b  2b'  bl-ab
V6i nhimg diéu kién nao thi phuong trinh c6 nghiém s6?

(Dé thi chon hoc sinh giéi cdp 2 — mién Bic — 1966)
Gidi

- Piéu kiE"n c6 nghia cua phuong trinh b#0,a = b

- ¢ chung: 6b*(b-a)
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- Pua phuong trinh vé dang: 3a(3a - b)x = 7ab(a - b)
Tb(a - bl
3(3a - b)

Véi didu kién a0 va a = % thi phuong trinh c6 nghiém: x =
_ 2
Vi dy 8: Giai va bién luan phuong trinh; 2X=1, b __a(x +1)
x-1 x+1 x‘ -1
Giai
Diéu kién x # +1. Pua phuong trinh vé dang: (a+b-1)x=a+b+1
a. Vdia + b =1 phuong trinh v6 nghiém.

b.Véia+bel: x=33B+1 oo ctnh véi didu kién x = +1
a+b-1
il lubn #1via+b+1#a+b-1
a+b-1 '
aHHI:;t-l41»:51+b+1:ft—(a+b—1)4::»a+b:an
a+b-1
Két qua cudi cung:
-Néua+b#1via a+b=0 thiphuong trinh ¢6 nghiém x=a+:+i
a+b-

-Néua + b =1 hoac a + b = 0-thi-phuong trinh v nghiém.

" ; 3 x*

Vi du 9: Giai phuong tnnh:x—-a2x-ﬂ+a= =
(DE thi hoc'sinh gidi mién Bic - 1975)

Gidi
Piéu kién x #+b. Tién hanh cac phép bién ddi dwa phuong tinh vé
dang: (x* —b"')[(l—a)—(l—az)x]=0 (1). Véi x # b thi:

(1)e(1-a)(1+a)x=1-a
* Néua =1 thi 0.x = 0. Phuong trinh c¢6 nghiém la moi x # +b.
* Néu a =-1 thi 0.x = 2: phuong trinh vd nghiém.

* Néu a # +1: phuong trinh c6 nghiém x = - v6i diéu kién # b,
l+a l+a
Vi du 10: Giai va bién luin phuong trinh; —<+1  —_ X~1
X+2+m x+2-m
Gidi
Piéu kién: x # +m — 2. Phuong trinh c6 dang: (m-1)x=2
* Véim#1: thi x=—2—.
m-1
Phﬂisod?.nhgiétri < véi m-2 va -m -2
m-1
A -BLHSGTS-
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¢ =0
Gi1 sir 2 :rn—2c30n—2)0n—1)=2¢3nﬁ—3nr+2:2¢3 -
m-1 m=3a
) 3 m=0
=-m-2&(-m-2)(m-1)=2-m°-m+2=2c
m-1 m=-1
* n =1 thi phuong trinh v nghiém.
Ké lugn:

-\¢im #0,m #— 1 vam # 3 thi phuong trinh ¢6 nghiém x:—l
m_.

-\61 m = 0 hodc m = — 1 hodc m = 3 thi phuong trinh v nghiém.
Vi du : Giai phuong trinh voi cac tham so a, b, ¢
:-a X-b x-c
+ + = J;

")+c c+a a+b
‘a+b+c-3x a+2b+¢c-3x a+b+2c-3x 9x
b. + + =6 - ——
b c a+b+c

a
Giai
a. Trir vao mdi phan thitc & vé trail trir 3jvao veé phai:
x-a-b-¢ x-b-c-a x-e¢-a—b
— 4 + ____0
a+c a+b

¢:>x—a~b—-c)( ] & ) 'Y ! )=0.
b+c’''a¥e" a4'b

b+c

; : } #0, phuong trinh ¢6'mét nghiém x =a + b +c.

Net A=——+———+
+c a+c a+t

Néi A = 0, phuong trinh ¢6 tap nghiém la R.
'b. Trir  vao mdi phan thirc & vé trai, trir 3 vao vé phai rdi rit gon duoc:
m+b+c—3x+a+b+c—3x +a+b+c—3x E3(3.+b-i'<3)'-9x
a b e a+b+c

¢:>ﬂ+b+c—31()(~;—+%+%—;ﬁj=0.

1 X 2 £ :
- S f‘:—lﬁg,neuA=0th|

B e =k by A 2 T B
a b ¢ a+b+ec

pihwong trinh c¢6 v s6 nghiém.

Vidw 2: Giai phuong trinh véi cac tham s6 a, b: kgt A
a b x a+b+x

Gidi:
biéa kién c6 nghia cua phuong trinh: a # 0;b #0;x # 0;x # —a - b.

Biiér zhucmg trinh
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1 1 a+b a+b _a+b

(1) =

a+b+x x ab c:;‘-—Jir(a+b+1n:)- ab ’
Néu a + b= 0 thi (1) c6 vd s6 nghiém: x bét ki khéc 0.
Néua+b#0thi:-x(a+b+x)=abo ab+ax+bx+x* =0
X=-a
x=-b
Pé —a thoa mén diéu kién c6 nghia ciia phuong trinh, ta phai c6:
{'“0 w{a¢0.Cécdiéukjénnéydﬁc6.

-az-a-b b=0
Dé —b thda min diéu kién c6 nghia ciia phuong trinh, trong tu ta rhai cé:
a#0,b=0.
Két lugn:
Néu a#0,b#0;a+b=0thi(1)cé vd sé nghiém: x bat ki khac 0
Néu a#0,b=0;a+b#0thi(l)conghiém x=-ava x =-b.

Vidy 13: Giai phuong trinh: X2 +2=3 _ 9 (a1a hing).
x+3 X —a

Gidi:
Piéu kién c6 nghia cia phuong trinfi la x # -3, x #a. (1)
Bién doi phuong trinh: (x +a)(x ~a) + (x ~3)(x +3) = 2(x + 3)(x-a).

Thu gon phuong trinh, ta dugc: 2(a -3)x =(a - 3)2 . (2)

<:>(x+a)(x+b)=0<:>|:

a Néuaz3th px 2= Gi4 tri nay 1a nghiém ciia phuong trinh d& cho

néu: 2 '2'3 +-3 (3)va a;3 +a (4) . Gidi didu kién (3), ta dugc a < —3.
Giai diéu kién (4), ta ciing dugc a = -3.
Viy néu a=+3 thi x= 3 la nghiém cua phuong trinh dé cho.

b. Néu a =3 thi (2) c6 dang 0x = 0, nghiém diing v&i moi x théa min diéu
kién (1), tirc 1a x # -3va x#a (do a =3 nén diéu kién nay la x #})..
Két lugn:

Néu a =43 thi S= {a23}-

Néua=3 thi S={x|x = +3}.
Néu a=-3 thi S=0.

,4\50
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Dang5: Phuong trinh bdc cao
D.giai cac phwong trinh bdc cao, thong thuong nguoi ta sé sw dung mot
treaag cdc phuong phdp sau
1. Phuong phdp dua vé dang tich. Pé s dung duoc phuong phdp nay,
“cd ban can luyén lai phuong phdp phan tich da thicc thanh tich cua cdc
tha s6. Nhiéu tricomg hop doi héi cdc ban phdi biét cdch thém, bét cdc
séhang can thiét dé dat dwoc muc dich.
2. >huong phap dat dn s6 phu.
1. Phrong phdp dwa vé dang tich.
Vidu!: Giai phuong trinh: (x* —x*)-4x* +8x-4=0.
Gidi
x-x*-4x*+8x-4=0

cxz(x~1)—4(x—1)2=0<:>(x—1)(x2—4x+4):0

c(x—l)(x—2)2=0¢:~[§

Vi du?: Giai phuong trinh:

a.x(2x-7)-(4x-14)=0; b. 2x® +3x? +2x+3=0.
Gidi
a. x(x~7)~(4x-14)=0
x=2
<x(2x-7)-2(2x-7)=0(2x-7)(x-2)=0<¢ -
2

b.2x°+3x” +2x +3=0 & x” (22 +3)+(2x+3) =0 & (2x + 3)(x* +1) =0

¢:2x+3=0¢>x=—g

Vi dy3: Giai phuong trinh: x* -4x* +12x-9=0.
Gidi:
Vit phuong trinh duéi dang: x* - (2x-3)" =0
x?+2x-3=0 [x=1
, =N

x*-2x+3=0
Vidy4: Giai phuong trinh: (2x +1)(x-3)(x+7)=0

< [x2+2x—3][x2—2xf3]=0a [ i

T8- 89
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Giai

5?.x+1=0<:>x=—l
2

(2x+1)(x-3)(x+7)=0<=|x-3=0cx=3
x+7=0x=-7

Vay phuong trinh di cho c6 cac nghiém: x = -% ,x=3,x=-7

Vidu 5: Giai phuong trinh: x> -4x+3=0
Gidi
xz—-4::+3=0c:::»(J:—l)(zr.--3)=0<::>|:X_1=0c:}x:1
x-3=0x=3
Vay phuong trinh da cho ¢6 cédc nghiém: x=1,x=3.
Vi du 6: Giai phuong trinh: x* + 2x® +5x® +4x-12=0
Gidi
Phan tich thanh nhan tir, ta duoc:
x*+2x° +5x* +4x-12=0 (x+2(x-1D(x*+x+6)=0
c:-[x’ =_2; :4:2+x+6=(1|:+1)2 +5§‘¢0 v4i moi X.
x, =1 2 4 _
Vay phuong trinh d3 cho-cé-cécnghiém:x;=-2;x, =1
2. Phurong phdp djt dn so phu
Vi du I: Giai phuong trinh: x* —4x® +8x-5=0
Gidi:
x‘—4x"+8x-5=0@(x‘—4x3+4x2)—4x2+8x—5=0.

<:>(x" —21{)2 —4(1{2 -2x)-5=0. Dt x*-2x =t . Phuong trinh d& cho

tro thanh: t* —4t-5=0. Giai phuong trinh ndy tacé t; = —1;t, =5,
Khitj=-1,taco x’-2x=-1x-2x+1=0x=1.
Khit;=5,tacé x> -2x=5ex*-2x-5=0x,,=1+ 6.

Viy phuong trinh d4 cho c6 nghiém x,, =1+6,x=1.
Vi du 2: Giai phuong trinh: 2x* -5x® + 6x* -5x+2=0.

Gidi:
Dﬁé!?a ong trinh dang: ax* + bx® +cx’ +bx+a =0 (a #0)
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Tathdy: x =0 khong phai la nghiém nén chia hai vé cho x’ ta ¢ phuong

trith tuong duong: 2x* —5x + 6 — 5.l + 2.% =Y
X X
g 1 1)
&5 %* e | =8 x+~J+6:O.DatX:x+——(dleuqun. X| 2 2).
X X X

Taco phuong trinh tuong duong:

bO | = B

X
2({*-2)-5X+6=0 o 2X*-5X+2=0 & "

1l

Dc |X| 2 2 nén chi liy giatri X=2 < x+—-=2 & x=1.
X

Clit y: Phicong trinh trén ciing c6 thé dwa vé dang tich.
Vi du3: Giai phuong trinh: (x +3)" +(x +5)' = 2.
Giai:
Dt x + 4 =y, phuong trinh tré thanh: (y +1)° +(y-1)' = 2.
Sa khi bién déi, ta dugc: y? [y2 +6) =0,do d6 y=0. Vay: x=-4 la
ngiém cua phuong trinh.
Vi dut: Giai phuong trinh: x* -3x® +4x* -3x+1=0.
Giai:
Phrong trinh trén 1 phuong trinh d6i ximg (cht y cac hé s6 c6 tinh doi
xing). Trong phuong trinh d6i ximg, néu a la nghiém thi 2 cling la
a
ngiém.
Pluong trinh d6i ximg bac 1¢ bao gid cling c6 mot trong cac nghiém la
x=—1. Phuong trinh ddi xirg béac chan 2n dua dugc vé phuong trinh

bfznbéngcéchdéténphu y=x+l.
X

Cichl: Pua phuong trinh vé dang (x - 1)2 (:.:2 -X+ 1) =0. Phuong trinh co
11ghiém x=1.
Cdch?: Chia hai vé cua phuong trinh cho x? (vi x #0) ta dugc:

[x2+—!2—}-—3[x+-1—J+4=0
5 X X

bt y:x+—1— thi x2+—1-2=y2—2,phucmgtrinh da cho tro thanh:
X X

y=1

y:-3y+2=0 & [
”
Aéé- 91
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Véi y=1,tacéd x* —x+1=0 (phuong trinh nay v nghi¢ém).
Véi y=2,tacd: x*-2x+1=0 & x=1.
Dang 6: Cdc bai todn khdc
Vidu 1: Tim gia tri t & phuong trinh sau diy c6 nghiém dwong: 4 -t =
Gidi
Pidu kién x#-1.V4i t=4 thi x =—E%‘-?-. Nghiém nay ludn luon thoa

X +1

min diéu kién x=-1. Vi phuong trinh %—— 10t=-2 (vo

nghiém). Mubn x > 0 thi ﬁ>05uy ra2<t<4.

Vi du 2: Chimg minh ring nghiém cua phuong trinh sau day la mot sb
nguyén:
x29x27x25x23x21x19

1970 1972 1974 1976 1978 1980
_x-1970 . x-1972 & x-1974 - x+~1976 N x-1978 " x - 1980

29 27 25 23 21 19
(Dé thi chon hoc sinh gidi lop 8 toan quoc 1978)
Gidi
Cdch 1: Van dung nhan/xét va cach giai bai/ toari trén, ta di dén két qua

11il1 +i_,.1__1_...__1_}=
29 27 19 1970 1972 1980
x =1999
Cdch 2: Thir thay x = 1999, ta thay hai vé cia phuong trinh bang nhau,
vdy x = 1999 la mdt nghiém cua phuong trinh. Ta chimg minh réng
ngoai ra, phuong trinh khong cén nghiém nguyén nao khac. That vay, gia
sir phuong trinh con 1 nghiém nguyén khac x'=1999 +y,y € Z. Thay x’
vao phuong trinh da cho, ta cé:
1970+y+1792+y - 1980 +y _ 29 +y " 2'i'+y+m+ 19+y
1970 1972 1980 29 27 19
1 1 1 1 1
Saukhl don gian, tadl#pc 1970 T T A T
R4 rang déng thirc néy sai. Tir 46 suy ra ring x = 1999 1a nghiém duy
nhét ciia phuong trinh.
Vidyu 3: Vi gia tri ndo cua k thi phuong trinh sau day c6 nghiém am:
k(x+2)-3(k-1)

x+1

ABC S
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Gidi
Pitukién x # —1. Dua phuong trinh vé dang: (k-1)x =k - 2.

Ve k# 1 vak=# 1,5 thi phuong trinh c¢6 nghiém: x = t_z.

k-2

Mi6n x < 0 thi giai bat phuong trinh =i

Kt qua: 1 <k <2 véik=#1,5.

Bai tap van dung
1. Gia phuong trinh:

x+2 3 3 x+6 x-5 2x*+23x+61
" + S +1; b. + = 7 :

x+1 x-2 x*-x-2 Xx-5 x+6 x°+x-30
" 6 +:~:+2= 18 e x—4+x+4=2;

-5 x-8 (x-5)(@8-x) x—-1 x+1
e B3 1 9 _ x*-x x* 7x*-3x
i+l x-2 (¥A1)@2-Xx)' i) x+3 x-3 9 - x?

x+2 1 2

2. Gia phuong trinh: = .
x-2 x x(x-2)

315—x+313—x+3‘11—x+309—x
101 103 105 107
4. Gia phuong trinh: 4x -2.=a(ax~1)-

3. Gia phuong trinh: +4=0.

5. Gid phuong trinh: a?x + b =a(x +b).

6. Gii phuong trinh: 2=23i=x _2x-1_2a(x-1)
) "a-1 ITre—l=a3 al =1
7. Gid phuong trinh: "“b“"+"‘;‘a+"'a‘b=3.
a [ 4

ax-b bx+a a’+b?
+ = :

a+b a-b a’-b’

9. Gia phuong trinh: |[x-3|-x=7.

10. Gia phuong trinh: |x|-[2x +3|=x-1.

11. Gid phuong trinh: x —|x +1|+2|x-1|=0.

8. Gia phuong trinh:

d phuong trinh: x* -3x +2+|x-1|=0.

||+l -x|=x+|x-3| véi 1<x<3.

93
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x-3 b6x-2 _1

14. Giai phuong trinh: x—2+x2-—4 =1,

e Xx+1 x-1 3
15. Giai phuong trinh: + = .
@ p - X+x+1 x2-x+1 x(x*+x*+1)
5-x 1 x—1 1

16. Giai phuong trinh:

—_——= + i
4x* -8x 8x 2x(x-2) 8x-16
a +a—b=a+h_ b
2a+2b 2bx 4b ax+bx

x+a+1+x+11_ 10
x+a  x+10 (x+a)(x+10)

17. Giai phuong trinh:

18. Giai phuong trinh:

x+a+x+3_
x—-3 X-a

19. Giai phuong trinh: 2.

20. Vi gia tri ndo cua a, phuong trinh sau c6 mdt nghiém duy nhat:
Xx-a’x - +a= x’ :
| =X Xt 1
21. Gisi phuong trinh: 3x? + 7x - 2020/,
22. Giai phuong trinh: x® - 5x* + 8x=4'=0.
23. Giai phuong trinh: (x 1) +x2 #(x #1) 1= (x.+:2) .
24. Giai phuong trinh: (x +2)(x—2)(x* -10)="72.
25. Chimg t6 ring phuong trinh: x® + x5 +x* +x% 4+ x* + x +1=0 vb nghiém.
26. Giai cac phuong trinh:
a. 9ax® —18x? —4ax +8 =0 (ala tham sb)
b. x*+x*+4=0.
27. Giai'cac phuong trinh bac bon:
a) (x* +x)* +4(x* +x)=12; b) x(x-1)(x +1)(x +2)=24;
¢) (x=T)(x-5)(x-4)(x-2)=72; d) (x-1)(x-3)(x+5)(x+7)=297;
e) (6x+T7)(3x+4)(x+1)=6.
28. Giai cac phuong trinh:
a) (x* -4 =8x+1; b) (x* -4x)? + 2(x -2)? =43;
c) (x-2)* +(x-6)* =82; e) 2x* +x*-6x? +x+2=0.
29. Cho phuong trinh x* -(m* -m + 7)x-3(m* -m -2)=0.

a) Ti gia tri ciia m dé mdt trong cac nghiém ctia phuong trinh bing 1.
nb agphuong trinh Ung vadi cac gia tri do cua m.

-BDHSGTS-

Tron Bo SGK: https://bookgiaokhoa.com



Download Ebook Tai: https://downloadsachmienphi.com

30. Gii phuong trinh:
\2 2 - 2
8[:+-1—J +4[x2+—£,—) —4(x2+l2)(x+—1—) =(x+4;)‘3
X % X X

Hudng dan va ddp so
1. ba an:

a. :=%; b. x=0; c. x =0: thoa man, x = 5: loai.

d. "6 nghiém; e. VO nghiém; g. Moix # +3.
2. Dbia kién xac dinh cua phuong trinh x # 0, x#2
Qiy ddng khir mau ta duoc: x(x +2) — (x —2) =2
SxP+2Xx=x+2=2
Sx+x=0
SX(xF1)=0
&Sx=0hoacx+1=0
1)x =0 ( khong thoa mian d iéukién xac dinh nén loai)
2)<+1 =0 ¢ x=-] ( thoa man diéu kién xac dinh )
V& phuong trinh c6 mdt nghiém x = -1
3. Vit phuong trinh dudi'dang:

315 -x 313 -x 311-x 309 - x
+1|+] +1 |+ +1 |+ +1|=0
101 103 105 107

Pa s6: x =416.
4. 4x-2=a(ax-1) & 4x-a‘x=2-a & (4—-a2)x=2—a (1)

Né a # +2 thi phuong trinh d4 cho c6 1 nghiém duy nhat x = 5
a+

Né a =2 thi (1) c6 dang 0x = 0. Phuong trinh nghiém ding véi moi x.
Né a =-2 thi (1) c6 dang Ox = 4. Phuong trinh v6 nghiém.

5. Né a#1; a =0 phuong trinh c6 mdt nghiém duy nhat x = E
a

Né a =1, phuong trinh nghiém diing véi moi x.
Né a =0; b =0, phuong trinh nghiém diing v&i moi x.
Né a ﬁ b # 0, phuong trinh v6 nghiém.

8- 95

Tron Bo SGK: https://bookgiaokhoa.com



Download Ebook Tai: https://downloadsachmienphi.com

6. x=—.
4

7. Diéu kién dé phuong trinh c6 nghia a#0; b#0; c#0. Trir 1 vao moi
phan thic & vé trai va trir 3 vao vé phai, ta duoc:

x-b-c-a x-c-a-b x-a-b-c
+ + =

0
a b C
: I T |
s i i s i | 22 )
o (x a c)[a > c)

Néu l+%+l;v&0,phucmgtrinhcc') mdt nghiém duy nhat x=a+b +c.
a c

Néu 2 + % .- 0, phuong trinh nghiém ding véi moi x.
a c

8. Phuong trinh c6 mot nghiém duy nhit x=0.

9. Neu x-320 (1) thi [x-8[=x+3, phuong trinh da cho try thanh
x—-3-x="7 hay Ox =10 nénphwong trinh nay vé nghiém.
Néu x-3<0 hay x<3 (2) thi [x-3/=3-x, phuong trinh da cho tro
thAinh 3-x-x=T0¢H(3=2x=T 1 42x=4 & x=-2, thoa min
diéu kién x <3 . Vay, phuong trinh c6 nghiém duy nhit x = -2

10. Céc biéu thic trong dau gia tri tuyét doi lan lugt bang 0 khi x=0 va

3

X=——.
2

a) Néu x<—:—;- (1) thi x <0 Vi-2x+3<0, phuong trinh da cho ti& thanh
-x-(-2x-3)=x-1 & 0x=-4, phuong trinh v nghiém.

b) Néu —gs“o (2) thi x<0 va 2x+330, phuong trinh try thanh

-x-(2x+3)=x-1 & x=—l, théa man diéu kién (2).
2

c) Néu x>0 (3) thi x>0 va 2x+3>0, phuong trinh tro thanh
x-(2x+3)=x-1 ¢ x=-1 (khéng théa man diéu kién (3))

Vay, phuong trinh d4 cho c6 nghiém duy nhét x = —% ;
A ‘ -BOHSGTS-

Tron Bo SGK: https://bookgiaokhoa.com



11.

12.

13.
14.

15.

16.
17.

18.

19.

a)

Download Ebook Tai: https://downloadsachmienphi.com

Xét :ac truong hgp x<-1; -1<x<1; x2>1.

Pap s6: Phuong trinh ¢6 2 nghiém x, = =5

Giai phuong trinh x* —3x + 2+|x—1| =0 (1) .Xét cac truong hop

+ Néu x21:(1) <:::>(1\:-—1)2 =0 x=1 (Thoéa man diéu kén x21).
+ Néu x <1:

(1) x> -4x+3=0x*-x-3(x-1)=0o(x-1)(x-3)=0
&=l x=3

Vay phuong trinh c6 nghiém duy nhat x =1.

Vi 1 < x <3, phuong trinh ¢6 nghiém duy nhat x =2.
Phueng trinh da cho:

(x-3)(x+2)+(5x-2) (x* -4
o (x-3)(x+2)+(3x-2) (x'-4)

x? -4 x 1+ 4
Khimausdtacd (x—3)(x +2)+(5x~2) = x* — 4
Giaiphuong trinh ta duge x = 1.
Chiy: Khi giai phuong trinh-chira 4n & méu s6,trudc hét can dat diéu
kién cho nghiém s6 dé miu sd khac 0. Gia tri tim dugc cua an sb thoa
mandiéu kién da dat sé 1a nghiém cua phuong trinh.
Nghém cia phuong trinh (néu cd) phai thoa man diéu kién x =0 (do
x? +x+1>0; X2 -x+}>0; x* +x2 +1>0).

Chuy ring (x* +x+1)(x* =x+ 1) =x*+x2 +1.
Sau <hi bién doi, ta duge 2x* =3 < x =—g la nghi¢ém cua phuong trinh.

Phuemng trinh nghiém ding véi moi gia tri cia x, trir x =0 va x =2.
x=¢ véididukién b#0; a+b=0.

Néua =0, phuong trinh nghiém diing véi moi x, trir x =0 va x =-10.
Néua # 0, phuong trinh v6 nghiém.

Piét kién cua nghiém sb (néu cb) 1a x #a; x#3. Sau khi bién dbi ta
dwoc 2(a+3)x=(a+3)* (1).
Néua = -3 thi x = s

G15- 97

Tron Bo SGK: https://bookgiaokhoa.com



Download Ebook Tai: https://downloadsachmienphi.com

a+3

Gi4 tri nay 1a nghiém néu:

b) Néu a =-3, phuong trinh (1) c6 dang 0x = 0. Phuong trinh nghiém dung
voi moi x khac -3 va 3.
Két ludn:

a) Néu a = +3, phuong trinh c6 nghiém duy nhit x = 3 ; e :

b) Néu a =3, phuong trinh v6 nghiém.
c) Néu a =-3, phuong trinh nghiém diing véi moi x tnr x = +3 .
20. Diéu kién cia nghiém sé (néu c6) 1a x = +1. Viét phuong trinh dudi

x? 1

=1 x*-1

e Véi x #+1, phuong trinh, tirong duong voi

dang: x-a’x +a =

x-a’x+a=1 (1-a’)x=1-a

o Voiazdl thix=—1_.
l+a
: ol az0
Gi trj nay 13 nghiém néu_{1*2
1 a#-2
. "
l+a

e Véia=1,(1)cédang 0x =0, nghiém ding véi moi x = +1.

e Véia=-1,(1)codang Ox =2, v nghiém.

Véy mudn phuong trinh c6 1 nghiém duy nhat thi a = +1; a#0; a # -2
21. Pua phuong trinh vé dang vé trdi 1a mdt tich, vé phai bang 0 (phuong

trinh tich) 3x* +12x -5x-20=0 < (x+4)(3x-5)=0

Phuong trinh c6 2 nghiém x, = —4; x, =~g—.

22. Pua vé phuong trinh tich. Chu y tdng cac hé sé & vé trai bang 0 nén vé
trai chira thira s§ (x — 1). Phuong trinh c6 céc nghiém: Xx,=1 x,,=2
(nghiém kép)

23. Bién ddiduoc x* -3x>-3x-4=0 o x*-1-3x*-3x-3=0

dx’ +x+1)-3x*+x+1)=0 & (x-4)*+x+1)=0

Ay -BDHSGTS-

Tron Bo SGK: https://bookgiaokhoa.com



24.

28.

26.

27,

b)

Download Ebook Tai: https://downloadsachmienphi.com

Do «* + x +1 # 0 nén phuong trinh c6 1 nghiém x =4.

Ta cd (x* -4)(x*-10)=72. Pat x* -4 =y, phuong trinh trd thanh
y(y-6)=72 o y?-6y+9=81 & (y-3)% =(29)

Xéty-3=9 < y=12 & x°-4=12 & x*=16 © x=14.

Xét y-3=-9 @ y=-6 < x’-4=-6 < x*=-2, phuong trinh vo
nghém. Vay x=14.

Nhén hai vé cua phuong trinh véi (x — 1) duoc:

x-DEP+x* +x* +x* +x* +x+1)=0

a5k =l=l o5 ¥ =1 & x=1.

Vi rhan hai vé cua phuong trinh véi cling mét da thic chira an so c6 thé
xué’ hién thém nghiém ngoai lai nén phai thir lai.

Giatri x =1 khong théa médn phuong trinh da cho.

Vay, phuong trinh da cho v6 nghiém.

a. Néu a # 0, phuong trinh c6 nghiém —2-; + %
a

Név a =0, phuong trinh ¢6 nghiém: i%

x*+x*+4=0=(x+2)(x* =x+2)=0. Mot nghiém x =-2.

a) Dat an phu y = x*xta duoc y* 44y 21220 nén phuong trinh ¢
nghém: y, =-6; y, =2~

Vdiy=-6 = x*+x+6=0, phuong trinh v6 nghiém.

Véiy=2 = x*+x-2=0, phuong trinh ¢6 2 nghiém: x, =-2; x, =1.
Nér nhin céc da thic & vé trai mot cach hop ly lam xut hién nhimg biéu
thirc chira an nhu nhau, tir 46 ma déat an phu.

Bién dbi phuong trinh thanh: (x* + x)(x* + x — 2) = 24.

batx*+x-1=y tadugc (y+1)(y-1)=24.Dod6 y=15.

Véoiy=5 = x*+x-1=5 = x, =-3; x,=2

Voiy=-5 = x*+x-1=-5 & x*+x+4=0 (vo nghiém)
(x-TN(x-5)(x-4)(x-2)=T72

< (x? -9x+14)(x* -9x + 20) =72

D'a.l%z{ngr”:y 2y gl s g =%, =8,
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d) 4va-8
e) Nhan hai vé ciia phuong trinh véi 12 ta dugc (6x +7)° (6x +8)(6x + 6= 72
Dat y=6x+7 = y=413.

Nghiém cua phurong trinh: *g; —g.

28. a) Thém 16x? vao hai vé ta duoc:
(x> +4) =(4Ux+1)’ o xX*+4+4x+1)(x* +4-4x-1)=0
Phuong trinh ¢6 2 nghiém la x=1; x=3.
b) (x*-4x)* +2(x* -4x+4)=43
it x> -4x+4=y (y20), dugc y, =9; y, =-3 (loai).
Do d6 x, =5; x, =-1

c)Sva3l.

1
1;-2; ——.
e) 5

29. a) Thay x=1 vao phuong trinh ta dugc -4m’+4m =0, toc la
m’ - m =0 nén m'=0hodc/ m=11

b) Thay m?-m =0 vao phuong trinh ban dau, ta dugc x*-7x +6=0.
Phuong trinh c6 nghiém: 1; 2; 3.

30. Giai phuong trinh

2 2 2
S(X +l) +4[x2 +i2) —4(:{2 +—%—)(x+l)
X X X X

Piéu kién phuong trinh c6 nghiém: x # 0
2 2
Q) < 8(3{ + l) + 4(:1||:2 +—15)[(x2 +—12—J—[x + l) ]: (x +4)°
X P b £

2
<:>8[x+l) —8(:»(2 +—12—)=(x+4)2 o (x+4)" =16
X X

(x- 4)2 (2)

<> x =0 hay x=-8

Vay phuong trinh da cho ¢6 mgt nghiém x =-8.

AB¢
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§5. Giai bai toan bang cach lap phuong trinh

Phweng phap chung

Dé giai bai todn bang cdch Idp phuong trinh, hé phuong trinh ta tién
harh cdac budc nhu sau

1. Lgpphwong trinh :
Chon én sé va xdc dinh diéu kién cia dn s6: An s6 thuong la dai luong
chra biét trong bai toan, viéc chon mjt é'n s6 hay hai dn 56 tuy thugc vao
56 dai luong chuea biét cua bai todn .
b. Biéu dién méi twong quan giita dai lwomg da biét va dai lwong chua biét.
¢. 1dp phuong trinh .

2. Gidgiphwong trinh

3. Nhin dinh két qud va trd loi .

Cac dang bai tap co ban

Dang !: Cdc bai todn vé chuyén djng
Phrong phap giai:
Dua vao quan hé cua ba dai luvgng S: qudng dwong, t: thai gian,
v: dn toc cua chuyén dgng déu trong cong thirc S=v.t
Dua vao nguyén li céng vintde: vi dudhi \giai bai todn thuyén trén séng
taco: v, =v, +Vy; \r2 =V, v, trong dé v, la vdn téc cua thuyén khi
xuii dong, v, la vdn toc cua rhuyen k}u ngugc dong; v, la vdn toc riéng
ctia thuyén; v, lavdn toc dong chay.
Chi y: dé thuyén ngupc dong dugc thi phdi cé v, > v,

Dang 2: Cdc bai todn vé ndng suit lao dong

Phrong phdp giai:
Dua vao quan hé cua ba dai luong: N: nang sudt lao dong (khoi luong

‘corg viéc hoan thanh trong mét dom vj thoi gian), t: thoi gian dé hodn
thenh mot cong viéc, s lu'(mg céng wec da lam, céng thwc biéu dién méi

qmnhela N_E

Dgng 3: Cdc bai todn v@ lam chung - lam néng, voi nu'd'c chdy chung-
chay riéng...
Piuong phdp giai: Dwa vao cdc két qua sau:
Néu x gio (hodic ngay) lam xong mét cong viéc thi méi gio (hodc ngay)

Lan dge L cong viée d6.
X
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Cac vt' dy mmh hga

Dang 1: Cdc bai todn vé chuyén dgng
Phuong pluip gidi:
Dya vao ) quan hé cua ba dai lugng S: quang duong, t: thoi gian,
v: vdn tdc ctia chuyén dong d'eu trong cong thic S =v.t
Duwea vao nguyén li cong vian téc: vi | du khi giai bai toan thuyen frén song
tacé: v,=v,+v,; v,=v, =V, trong dé v, la vdn toc cua !huyen khi

XUGi dang v, la vdn toc ctia thuyén khi nguoc dong; v, la vdn téc riéng

CB v, la vdn toc dong chay.
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Chu y: 1é thuvén nguoc dong dwoc thi phai co v, > v,

Vi du 1 Duong song tir thanh phé A dén thanh phé B ngin hon duomng bo
10kn. Néu di tir A dén B bang ca nd thi mat 3 gio 20 phut, con di bang o
to thi chi mat 2 gio. Tinh véan tc cta ca nd, biét raing mdi gior 6 to di
nhath hon ca n6 17km.

Gidis
Déidon vi: 3h20' = %O-h. Goi x (km/h) 14 vén tbe clia ca nd (didu kién

x >)). Ta co: Van toc cua 6t6 la: x+17 (km/h). Quing dudng ca nd da
di: gx(km) .Quéng duong 6 t6 da di: 2(x +17)(km)
Vi arong b dai hon duomg séng 10km nén ta c6 phuong trinh:

2(x+17)~%9x:10 & 2x +34—?x=10

&5 —%x = -24 < x =18 (thda didukién x >0 nén nhan)

Vayvén toc ctia cand la 18 km/h:

Vi du = Mot 6 t6 du dinh di tir A'dénB trong mét khoang thoi gian nhit
dinl voi van toc dinh trude. Néu 6 t6 di vdi van tde 35 km/h thi s& dén
chan 2h. Néu di véivan t6¢?50 km/h' thi’dén $6m hon 1h. Tinh quing
duing AB va thoi gian du dinh di lac dau.

Gidi:
Gioix (km) la chiéu dai quang duong AB (diéu kién x > 0), ta co:

- Niu 6 16 di v6i véan tde 35 km/h thi thoi gian phai di la: fg (h)
Nié: thoi gian du dinh di lic dau la: 3—’; -2 (h)
- N & 16 di v6i van toc 50 km/h thi thoi gian phai di la: —5-"6 (h)

Nié1 thoi gian du dinh di lac dau la: 5_"0.+1 (h). Do dé6 ta ¢6 phuong

trim: i—2=—x—+1 P . T =g & —§——x=3 < x=3b0
50 35 50 350
(tth@a man diéu kién x >0 nén nhan)
V’a: Quang duong AB dai 350 (km)
350

Tha gru dinh la: —35——2 8 (gio)
| &7
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Vi du 3: Mot ngudi di mot nira quang dwong AB véi van toc 20km/h, va di
phén con lai v6i van téc 30 knv/h. Tinh van téc trung binh cuia ngudi d6
trén toan by quang duong.

Gidi: _
Goi van téc trung binh tim 1a x (km/h), (x > 0). Ta c6 biéu thi mdt nira
quing dudng AB la a km (a > 0). Thoi gian ngudi d6 di nira dau cua

quang duong la ;—0 gio, thoi gian di mira sau cua quang duong la Ead gio.

Phuong trinh: LIS 81
20 30 x

Giai phuong trinh trén, ta duoc: —2-%+3—1() = —)2; <X = 24. Van toc trung

binh 12 24 km/h.

Chii y: ‘

a. Néu vén tdc trén nira dau cua quang dudng la a kmvh, van tdc trén nira sau la

b kanvh thi vén téc trung binh trén ca quing domg bing — 2 _kmh. Pai
—_— —
a b

lwong nay goi la trung binh diéu hoa cua a va b. ‘
b. Trung binh diéu hoa cua hai s6 duong a va b nho hon hodc bang trung

binh cong clia hai $6'4y. Thatvay: ! 21 hiftin athy, 4ab<(a+b)’.
L1 a+b 2

arch

Vi du 4: C6 ba 6t6 chay-trén-duomg-AB..Cling-mdt lic 6t6 thir nhat chay tir
A, 6td thir hai chay tir B, khi 6t6 thir nhit chay t4i B, thi tir B 6t6 thi ba
bat diu di vé A va cling t6i A voi 6t thir hai. Tai giita quang duong
AB, mét ngudi thiy rang sau khi 6t thir nhat di qua 10 phut thi 6t6 thu
hai di qua va sau d6 20 phut nira thi 6t6 thir ba di qua. Véan tbc cua 6to
thir ba 1a 120km/h. Hoi vén toc xe 6to thir nhat, xe 6t6 thir hai va quang
dudng AB.

(Dé‘ thi.chon hoc sinh gioi toan quéc - 1 980).
Giai ’ ‘
Goi x l1a quang dudng AB va v la van toc ciia xe thir nhat.

Thoi gian xe thir nhét di tir A dén B 1a =.
\'4
Pi nira quing duong ma xe thir nhat da mét it hon xe thir hai %h, vay di

ca quvuc‘mg thi xe thi hai di mit: = + % :
v

AP
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Kti xe thir nhat dén B thi xe thit ba m&i bat dau di, cho nén néu tinh tir
xe thir hai di tir B dén lac ca xe thir hai va xe thir ba cung dén B thi thoi

gizn do la: e
v 120
Tacéphuangtrinh—+—1~:-)E+—§—:>~35—-=—1-:>x=40krn.
v 3 v 120 120 3
20 1
Xe thir ba di doan duomg BC mat: —6:gh

Viy xe thir nhat di doan BC mét: %* i —( )

(Vi sau khi xe thir nhat di qua C: 10 + 20 = 30 (phuit)
th: xe thir ba mai di qua C. Vay toc do O to thir nhat la: 20:%=60

(km/h). Thoi gian xe thir nhat di hét doan duong la -g—(h). Vay xe thir hai

dihét c4 doan duong mat % . % =1 (h). Vn te ctia xe thit hai 12 40km/h.

Dang 2: Cdc bai todn vé ndng suittao dong
Phwong phap giai:
Dua vao quan hé cua ba dai luong: N: nang sudt lao dong (khéi luong
cong viéc hoan thanh trong mot don vi thoi gian), t: thoi gian dé hoan
thénh mot céng viée, s: lwong cong viec da lam, cong thicc biéu dién moi

quan hé la: N =%

Vi du I: Mot doi tho mo theo ké hoach phai khai thac mét luong than. Ho du
dirh mdi ngay khai thac 50 tin. Nhung trén thuc té ddi da tang ning suat
nén mdi ngay khai thac dugc 57 tdn. Do dé khong nhimg ho di hoan
thénh truc thoi gian du dinh 1 ngay ma con vuot chi tiéu 13 tin. Tinh sb
than ma do6i phai khai thac theo ké hoach.

Giai:
Goi x (tan) 1a sé than ma doi phai khai thac theo ké hoach (diéu kién
x>0). Ta c6: Thoi gian doi du dinh khai thac lic dau la: % (ngay).

Thyi gian thyc té dbi da khai théc 1a: 212 (ngdy). (do khai théc vugt

ch: tiéu 13 tin). Vi thoi gian khai thac theo thuc té it hon thbi gian khai

théc theo ké hoach la mot ngay nén ta c6 phuong trinh: E_ - ;713 =
< 7x-650=2850 < x=500 (thoa man diéu kién x>0 nén nhan).

!ke hoach ddi phai khai thac 500 tén than.
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Vi du 2: Nhan ngay 1 thang 6, mot phan doi thiéu nién duoc ting mot sb
keo. Sé keo nay duogc chia het va chia déu cho moi doi vién trong phan
doi. Pé dam bao nguyen tic chia a ay, phédn dgi truong da dé xuat cach
nhan phan keo ctia mdi nguoi nhu sau:

- Ban thir nhét nhan 1 céi keo va duoc Iy thém -1% sé keo con lai. Sau
khi ban thir nhit da liy phan keo clia minh, ban thit hai nhan 2 cai keo
va duoc 1dy thém Ilf s6 keo con lai. Cir tiép tuc nhu thé dén ban cudi

cung thir n, nhan n keo va dugc la‘ly thém -111— s6 keo con lai.
Hoéi phan d6i thiéu nién c6 bao nhiéu ddi vién va mdi doi vién nhan bao
nhiéu cai keo.
(Dé thi hoc sinh gidi, cap II mién Bic — 1972)
Gidi
Ban thi n lé'iy n cai keo va —11—1 s6 keo con lai thi vira hét. Vay Ili s6 keo

con lai thir n phai bing 0 hay ban thir n chi nhan dugc n céi keo. Co n
ban, mdi ban nhin n cai keo (vi s6 keo ciia mdi ngudi déu bing nhau),
n"\\ 1

nén sb keo 1a n%. SO keo ban thir nhat 1dy la 1 +

2
1=n<:>n2—11n+10=0

Ta c6 phuong trinh 1 + n

& (n-1)(n-10)=0. Vin> I nén ta lay nghiém n = 10.
Két qua: c¢6 10 ban va 100 cai keo.
Dang 3: Cdc bai todn vé lam chung- lam riéng, voi nwdc chay
chung- chay rieng...
Phwong phdp gidi: Dya vao cdc két qua sau:
Néu x gio (hodc ngay) lam xong mot céng viéc thi méi gio (hodc ngay)

lam duogc 2 cdng viéc do.
X
Néu trong 1 gio: déi twong A lam dugc - cong viéc; doi tuong B lam
X
duoc = cong viéc thi luong cong viéc ma ca hai lam dwoc trong 1 gio la
: 4
l + . cong viéc
X y e

: :'- ) b 1 - . A b (] b a -~ . A
Neéu moigio lam dwoc — cong viéc thi trong a gio lam dugc — cong viéc.
X

A -BDHSGTS-
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Dangt: Cdc bai todn sdp xép, chia déu san pham (hang hoa...)

Vi dy : Mot doi xe du dinh cho mot s6 luong hang, vai du tinh mdi xe cho
S tn. Nhung dén khi thuc hién d6i duoc tang cuong thém 2 xe, vi vay
lacnay moi xe chi phai cho 4 }én va tong s6 hang cho duoc nhiéu hon ké
hoch ban dau la 1 tan. Tinh s xe tham gia cho hang.

Gidi:
* Ge x la s xe tham gia cho hang sau khi dugc tang cuong.
(diukién x e N, x >2). Ta co: S tan hang ddi xe da cho la 4x .
Séxe du d'ml:. luc dau la: x-2. Sb t;fmJ hémg du dinh cho luc dé}l la
5( —2). Vi s0 hang chd dugc theo thuc té nhiéu hon ké hoach ban dau 1
t1 nén ta co phuong trinh: 4x —5(x—-2)=1 < x=9 (thoa diéu kién
né. nhan). Vay sb xe cho hang theo thuc té 14 9 xe.

Dang5: Cdc bai todn cé nji dung lién quan dén cdu tao thip phin

cia so.
Puwong phdp gidi:
Lra vao moi lién hé giita cdc harig trong mét so.
Cii y: ab=10a +b; abc =100a+10b + ¢

Vidy': Tim sb tu nhién c6 bon chit s, biét rang néu viét thém mét chir s6 1
va dang trude va mot chir s6 Tvao dang sau s6 do thi s6 do tang gap 21
la.

Gidi:
Gd sb phai tim 12 abed, 0<a,b,c,d <9;a #0;a,b,c,d e N. Theo bai ra
ta:0 labedl = 21.abed. Pit abed =x .
Tid6 ta ¢6 phuong trinh: 100001 +10x = 21x < x =9091.
Vy sb can tim 12 9091.

Vi dy’: Tim mot sd tu nhién c6 sau chir s, biét ring chir s6 tan cung cta né
baig 4 va néu chuyén chir s6 4 d6 1én vi tri chir so dau tién thi s6 phai
tin ting gap bon 1an.

Giadi:
Gd sb phai tim la abcded, 0<a,b,c,d,e <9;a #0;a,b,c,d,e e N. Theo
bara ta co abeded.4 = 4abede . Dat abede = x, ta ¢6 phuong trinh:
(10x + 4).4 =400000 + x <> x =10256 .
Vy s6 can tim 1a 10256.

Vi dy3: Tingmdt s6 c6 ba chir s6 sao cho chia n6 cho 11 thi dugc thuong
cac chit so cua sb bi chia.
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Giai:
Goi sé phai tim 14 xyz (x,y,2€Z; 1<x<9; 0<y,z<9)
Ta co: x_yz=11(x+y+z) < 100x+10y+z=11x+11y +11z
< 89x=10z+y < 89x=zy.
Nhu vay sb6 89x la sb khong qua hai chir s6, do 46 x=1; z_g; =89 suy ra
y=9; z=8. Thirlai : 198 = 11(l+9+8)

Vi d'p 4: Tim mot sb co bon chir s6 sao cho chir s6 ha.ng nghin va hang trim
glong nhau, chir sé hang chuc va hang don vi glong nhau ) phai tim ¢
thé v1§t dugc thanh mdt tich cua ba thira s8, mdi thira s6 déu 1a s6 cé hai
chit so6 va chia hét cho 11.

Gidi:
Goi sb phai tim 12 xxyy
Ta c6: xxyy =aa.bbcc = 1100x + 11y =11a.11b.11c
= 100x +y =12labc => x0y =121.abc

Nhu vay x0y chia hét cho 121 Cac bdi cua 121 ¢6 ba chir sé 1a 121;
242; 363; 484; 605; 726; 847; 968 trong d6 chi c6 sd 605 c6 chir sé hang
chuc bang 0. Vay m-f 605 => x=6;y=15. Suy ra abc =5, do do trong
ba sd a, b, c c6 mot sb bﬁng 5, hai b kia bﬁng 1.
Thr lai: 6655=11.11.55.

Dang 6: Cdc bai todn co'nji dung lién quan dén ti so %.
Phuwong phdp giai: Chuy-cdckét-quasau:

m% cua A nghia la: — K
100

4 ) F A lll m
S0 A ba % 50 B nghiala — =—— hay A=——B.
ng m7o SO B nghia ia B=100 ay 200

Sé A sau khi tang lén m% thi duoc s6 méi cé giatrila: A+ l—gl()-.A
Vidul : C6 hai loai dung dich mubi I va II. Ngudi ta hoa 200 gam dung
dlch mudi I vm 300 gam dung dich mum II thi duqc mot dung dich c¢6
nong do muox 1a 33%. Tinh ndng d6 mudi trong mdi _dung dich I vall,
biét ring néng do mudi trong dung dich I 16n hon ndng d6 mudi trong
dung dich II 1a 20%.

Gidi:
Goi ndng d6 mubi trong dung dich I 14 x(%).Theo bai ra ta c6
phuong tginh: 200.—— +300.X=20 _ 500,33 & x = 5.

100 100 100

l B udi trong cac dung dich I va II 12 45% va 25%.
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Vi du 2: Co hai loai quing sit, quang loai I va loai II, téng khéi luong 1a 10
tin. Khoi sat nguyén chat trong quéang loai I'la 0,8 tan; trong quing loai
II 1a 0,6 tan. Biét ti 1é sit nguyén chat trong quang loai I hon ti 1é sit
nguyén chit trong quang loai II 1a 10%. Tinh khéi lugng mdi loai quang.

Giai:

Goi x (tz?in) la khbi lrong quang loai I (diéu kién 0 <x <10).
Ta co:
Khdi luong quing sat loai IT 1a: 10 —x (tdn)

Ti ¢ sat nguyén chat trong quing loai I la: 50
X

0,6

10-x

Vi ti 1¢ st trong quéang loai I hon ti 1é sit trong quéng loai II 1a 10% nén
0,8 0,6 10

ta co phuong trinh: —
x 10-x 100

Ti 1€ sat nguyén chat trong quang loai II la

8 6

x 10-x
Phuong trinh trén c6 2 nghiém: % =4 (théa man diéu kién nén nhan)

=1 < x*-24x/480=0 < (x-4)(x-20)=0.

x, = 20 (khong thoa man diéu kién nén loai)
Vay khdi luong quing sat loai I 14 4 tén, loai II 1a 6 t4n.

Dang 7: Cdc bai todn co ngi dung hinh hoc
Phuwong phap gidi:
Chii y dén cdc hé thire lwong trong tam gidc, cac cong thiec tinh chu vi,
dién tich,... cua cdc hinh.

Vi du I: Mot khu vuon hinh chir nhat ¢é chiéu dai 16n hon chiéu rong 8m,
dién tich bang 240m®. Tinh chu vi khu vuon dé.

Gidi:

Goi x (m) la chiéu rong khu vuom (x >0). Suy ra chiéu dai khu vuon la:
x +8 (m). Lap phuong trinh: x(x +8)=240 < x*+8x-240=0

=12 ¢ . z :
<> (x -12)(x+20)=0« |:x 120 . Bd1 chiéu diéu kién, ta cd: chiéu
, B
rong khu vuom la: 12 (m)
Suy ra chu vi khu vuom 1a: 2(x +x +8) =64 (m).
Vi du 2: M@ hinh chi nhat c6 chu vi bang 320m. Néu ting chiéu dai 10m,
R Riép rong 20m thi dién tich ting 2700m’. Tinh m&i chiéu.
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Gidi:

Goi chiéu dai 1a x (m). Theo bai ra ta c6 phuong trinh:
(x +10)(180 - x) - x (160 — x) = 2700 & x = 90.
Vay chiéu dai 12 90m, chiéu rong 1a 70m.

Dang 8: Cdc bai todn khdc

Vidu I: Vao thé ky thi III trudc cong nguyén, vua xir Xi-ra-cit giao cho
Ac-si-mét kidm tra xem chiéc mii bﬁng vang cua minh cé pha thém bac
hay khong. Chiéc mil ¢4 trong lugng 5 niuton (theo don vj hién nay). Khi
nhiing ngép trong nudc thi trong lurgng giam di 0,3 niuton.

Biét ring khi can trong nudc, vang giam -2% trong luong, bac giam %

trong lugng. Hoi chiéc mii chita bao nhiéu gam bac? (vét c6 khoi lugng
100 gam thi trong lugng bing 1 newton).

Giai:
Goi trong lugng bac trong mii la x (Newton) (0 < x < 5). Trong lugng
vang trong mi 1d 5—-x (Newton). Khi nhiing ngédp trong nudc, trong

lugng bac giam % (Newton), trong lugng vang giam 2—0x (Newton).
Phuong trinh:/ X +2=X _0,3. Vayx = 1.
10 , 20

Trong lugng bac trong mii 1a T newton. Chiéc mii chira 100 gam bac.

Vi du 2: Mot tAim bia_dang tam giic vudng c6.d6 dai ba canh la cac sb
nguyén. Chimg minh ring c6 thé cat tim bia thanh sau phan c6 dién tich
bing nhau va dién tich mdi phan 13 s nguyén.

Giai:
Goi a, b, ¢ 1a do dai 3 canh tam giac vudng ABC, c la canh huyén.
Ta cé: a* + b? =c?;a,b,c e N', dién tich tam gidc ABC la: S= -%b
Trudc hét ta chimg minh ab chia hét cho 12.
+ Chimg minh ab:3
Néu ca a va b ddng thoi khong chia hét cho 3 thi a® + b? chia 3 du 2.
Suy ra sb chinh phuong c?chia 3 du 2, v6 li.
+ Chimg minh ab:4 : Néu a, b chin thi ab’4
- Néu trong hai s6 a, b c6 sb 1&, ching han a lé.
Liic d6 ¢ 1é. Vi néu ¢ chin thi ¢?:4,trong lic a® + b? khong thé chia hét
cho4.Pat a=2k+1,c=2h+1,k,heN. Taco:
b?=(2h+1)?* -2k +1)? =4(h-k)(h+k+1)

BG =4(h-k)(h-k+1)+8k(h-k)i4

-BDHSGTS-
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Su'ra b:4.Néu chia canh AB (ching han) thanh 6 phin bing nhau, nm
ca diém chia véi C thi tam gldc ABC duoc chia thanh 6 tam gidc, moi

tan giac nay co dién tich bang E la mot sd nguyén.

Vi du ’: Xac dinh hinh vudng ¢6 do dai canh la sb nguyén va dién tich ciing
la & nguyén gdbm 4 chir sb, trong d6 cac chir s6 hang don vi hang chuc
valang traim giong nhau.

Thi hoc sinh giéi tinh Thita Thién Hué Lop 9, 2004-2005

Gidi:

Theo gia thiét dién tich hinh vudng c6 dang S =abbb =k? (k >0,k € Z)
1000 < k? 9999 <> 33 <k <99, nén k chi g(:')m ¢6 2 chir sb:
k:-xy=10x+y; k* =100x* + 20xy + y*(3<x<9;0<y <9)
Na vy lé:y =1;3;5;7;9 = y* =1;9;25;49;81 = b =1;5;9. Khi do "xy co
chr s6 tan cung la s chdn, nén chir s6 hang chuc cua k* phai la s6 chin
khc 1; 5; 9. do d6 S chi ¢6 thé 1a abbb. Néu y chdn: y = 0; 2; 4; 6; 8
—y? =10;4;16;36;64 = b = 0;4;6--V4i y = 0; k* chi ¢6 thé 1a 1600;
2510; 3600; 4900; 6400; 8100 khomg thoa diéu kién bai toan.
Véy = 2: k? =100x* + 40x + 4. Khi d6 x chi c6 thé 1a 6 thi chir sé hang
chic ctia k? mai 1a 4, suy ra k> = 3600 + 244 = 3844 # abbb
Véy = 4; 6 = y* = 16;36.khi d6 20xy c6chitsd hing chuc la s chn,
né: chir s§ hang chuc cua k’ phai 1a s6 1¢, do d6 khong thé bang 4 hodc
6, 1ghia la k* # abbb"Vi§i'y =§; y2= 64:'k*£100x* + 160x + 64 , khi do
X @i c6 thé 1a 3 hodc 8-thichirsé-hang-chuc-cua k* méi bing 4 suy ra
k- 38%= 1444 hoéac k?=88%= 7744 (khong thoa dleu kién bai toan).
V#, bai toan c6 mot loi gia duy nhét: hinh vuong cén xéac dinh c6 canh
k =38 vadién tich S = 1444.

Vidu!: A. B,C la mot nhdm ba ngudi than thudc. Cha cua A thugc nhom
do6.cung vay con gai cua B va nguoi song sinh cua C ciing ¢ trong nhom
d@6.Biét rang C va nguoi song sinh cuia C 1 hai ngudi khéc gioi tinh va C
khng phai la con cua B. Hoi trong ba nguoi A, B, C ai la ngudi khac
gid tinh véi hai nguoi kia?

Ki thi hoc sinh giéi tinh Thira Thién Hué,Lép 9, 2004-2005
Giai:
Tho gia thiét, cha ctia A c6 thé 1a B hoic C:
+ Mu B la cha cua A thi C khong thé song sinh vai A, vi néu nhu thé thi
C | con cua B, trai gia thiét, do d6 C va B la song sinh va khéc gidi tinh
(gt, nén C la phai nir. Mat khac, con gai ciia B khong thé l1a C nén phai
la ;, 40 A phai la phai nir. Vay B khéc gidgi tinh véi hai nguoi con lai
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+ Néu C 1a cha ctia A thi C chi c6 thé la song sinh véi B, theo gia thiét B
phai la nir. Mit khéc, con gai cia B khong thé 1a C(gt) nén phai la A. suy
ra C va B 1a vg chdng chir khong phai song sinh, d4n dén mau thuin

Vay chi c6 duy nhat truong hop B la cha cua A va B khac gigi tinh véi
hai nguoi con lai 1a A va C (cung la phai niY).

Chii y: Khi gidi todn bang cdch ldp phwong trinh, ngodi dn da chon, déi khi
nguoi ta con biéu thi nhitng dai luong chua biét ba"ng chir. Diéu li thi la
cdc chit do tuy tham gia vao quad trinh giai todn nhung chung lai khong
c6 mdt trong ddp so cua bai todn.

Bai tap van dung
1. Hai khach qua dudmg, cho hay Di-6-phiang tho bao nhiéu tudi ?

Biét thoi tho 4u cua dng chiém % cudc doi, %2 cudc doi tiép theo la thoi
thanh nién s6i ndi. Dén khi 1p gia dinh thi lai thém % cude dosi.

5 ndm ni¥a tréi qua, va mét cau contrai da dugc sinh ra. Nhung s6 ménh
budc con chi séng bing nira dvi-cha. Ong da tir trin 4 nam sau khi con
mat. Di O phing tho bao nhiéu, hay tinh cho ra ?

Bai todn bédng tho ghi trén m¢ cta Di-6 phdng, nha todn hoc c6 Hi Lap
thé ki I - 11

2. Tinh tudi cia hai me con hién nay; biét rﬁng cach diy 4 nam thi tudi me
gap 5 lan tudi con, sau-diy-2-nim-thi-tudi-me gap 3 lan tudi con.

3. Mot ca nd tuan tra di xuéi khiic séng tir A dén B hét 1 giy 10 phut va di
ngugc dong tir B vé A hét 1 gio 30 phat. Tinh vén tdc riéng cia ca no,
biét ring vén tbc dong nuée 1a 2 km/h.

4. Mot nguoi di tir A dén B véi van toc 24 km/h rdi di tiép tir B dén C voi
vén téc 32 km/h. Tinh quang dudng AB va BC, biét ring quing duong
AB dai hon quang dudng BC 1a 6km va vin tdc trung binh ciia ngudi dé
trén ca quang duong AC la 27 km/h.

5. Quang dudng tir A dén B gdm doan 1én déc AC, doan nim ngang CD,
doan xudng doc DB, tong cdng dai 30km. Mjt ngudi di tir A d¢én B rdi tir
B vé A hét tat ca 4 gio 25 phut. Tinh quang dudng ndm ngang, biét ring
van toc 1én dbc (ca luc di 1dn luc vé) 1a 10 km/h, véan téc xubng ddc (ca
lc di 14n lic vé) 1a 20 km/h, van tdc trén duong nim ngang la 15 kmvh.

6. Luc 8 gi, An roi nha minh dé dén nha Bich véi van téc 4 km/h. Luc 8
gir 20 pHEt, Bich ciling roi nha minh dé dén nha An véi van tée 3 km/h.

A ch trén duong, rdi ca hai cung di vé& nha Bich. Khi tré vé dén
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nha minh, An tinh ra ring quang duong minh da di dai gap bon lan
quing duong Bich da di. Tinh khoang céch tir nha An dén nha Bich.
Mot nguoi di xe dap, mét nguoi di xe may va mot nguoi di 6 to cung di
tir A dén B, khai hanh 1an luot lic 7 gio, 8 gid, 9 gid voi vén tdc theo thir
tu bang 10 km/h, 30 km/h, 50 km/h. Pén may gio thi 6 t6 & vi tri cach
déu xe dap va xe may ?
Nguoi ta pha 3 kg nudc néng & 90°C véi 2 kg nudce lanh & 20°C. Tinh
nh:ét do sau cung cua nudc (bo qua su mat nhiét).
Trén quang duomg AB ciia mot thanh phé, cir 6 phiit lai c6 mot xe buyt
di theo chiéu tir A dén B, va ciing cir 6 phut lai c6 mét xe buyt di theo
ch:éu nguoc lai. Cac xe nay chuyén dong déu voi cung vén toc nhu nhau.
Mot khéach du lich di bg tir A dén B nhan thy cir 5 phuit lai gap mét xe di
tir B vé phia minh. Hoi cir bao nhiéu phut lai c6 mot xe di tir A vuot qua
ngroi do?
Hei doi cong nhéan cung lam mot cong viéc thi hoan thanh cong viéc d6
trong 24 gio. Néu doi thir nhat lam 10 gio, doi thir hai lam 15 gi¢s thi ca
ha: dgi lam dugc mot nira cong viec! Tinh thoi gian méi doi lam mot
minh dé xong cong viéc.
Trong mot budi hop mat gitta hai 16p 8A va 8B, cé tit ca 50 hoc sinh
them gia. Céc ban 16p 8B tinh s6 nguoi quen ¢ 16p 8A va thiy ring ban
Arh quen 11 ban, ban Bic quen 12 ban; ban Chau quen 13 ban,... va cr
nhr viy dén ban cubi cung la ban Yén quen tat ca cac ban cua lép 8A.
Tinh sb hoc sinh mdi 16p tham gia hop mit.

Mjt nong dan mang cam ra chg, ban cho ngudi khach thir nhét 2 sé cam
vathém | qua, ban cho ngudi khach thit hai 2 s6 cam con lai va thém 2
qui, ban cho ngudi khach thir ba 2 s6 cam con lai va thém 2 qua... Ctr
tiép tuc nhu vdy cho dén khi ngudi khach thir sau mua xong thi s cam
vin hét. Tinh tdng s6 cam ciia ngudi nong dan dem ban.

Co ba canh dong c6 nhu nhau, ¢o ciing luén moc déu nhu nhau trén toan

bo mdi canh dong. Biét ring 9 con bo an hét s6 co c6 sin va sb co moc

thém cua canh dong I trong 2 tudn, 6 con bo 4n hét s co c6 sin va sb co

moc thém cua canh d&ng Il trong 4 tuan.

a. Tinh xem trén mdi canh ddng, sb c6 moc thém trong mot tun bing
mdy phén ciia s ¢ c6 sin lic dau ?

b. Bao nhiéu con bo 3n hét sé co c6 sin va sb co6 moc thém cua canh

df"}qg’ﬂl trong 6 tuan ?
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14. Bai todn ctia Niu-ton. Mot canh dong co6 moc day nhur nhau, ¢6 luén moc
déu nhu nhau trén toan bd canh dong. Biét ring 12 con bo 4n heét co trén

? acro trong 4 tuan, 21 con bo #n hét co trén 10 acro trong 9 tuan. Hoi

bao nhiéu con bé &n hét co trén 24 acro trong 18 tudn (1 acro = 4047m”).

15. Mot khach du lich di tir A dén B nhan thay cir 15 phut lai gép mdt xe
buyt di cung chiéu vugt qua, cir 10 phit lai gip mot xe buyt chay nguoc
lai. Biét ring cac xe buyt d2u chay véi ciing mot van tc, khoi hanh sau
nhirng khoang thdi gian bang nhau va khong dimg lai trén duong (trén
chiéu tir A dén B cling nhu trén chiéu nguoc lai). Hoi cir sau bao mhiéu
phut thi cac xe buyt lai 14n lugt rdi bén ?

16. Mot ngudi di xe may tir A dén B, vén téc 40km/h. Di dugc 15 phit,
ngudi d6 gip mot 6t6 tir B dén, véan téc S0km/h. Oté dén A nghi 15 phut
roi tré vé B va giip ngudi di xe may cach B 20km. Tinh quing duomg AB.

17. Nguoi ta dat mot voi nirde chay vao mot bé nudc va mot voi chay ra
lung chimg bé. Khi bé can, nfu moica hai voi thi sau 2 gio 42 phuit bé
diy nudc. Con néu dong voi chay-ra, mé voi chay vao thi sau 1 gior rudi
day bé. Biét vdi chay vao manh gap2 14n voi chay ra.

a) Tinh thoi gian nudce chay vao luc bé can dén luc nudc ngang chd dat
vo1 chay ra.

b) Néu chiéu cao bé la 2m thi khoang cach tir chd dat voi chay ra dén
day bé 1a bao nhiéu?

18. Mot cong trudong giao cong viéc sua mdt doan dudng cho cac ddi lao

dong nhu sau: Ddi 1 nhan 10m va 116 phﬁn con lai.

P6i 2 nhén 20m va % phan con lai. Pdi 3 nhan 30m va le' pham con

lai. Ctr chia nhu véy cho dén déi cudi cing thi phan dudomg cua mdi déi

déu bang nhau. Tinh s6 doi tham gia sira duomg va chiéu dai toain bo

doan dudmg phai sura.

~ 19. Téng cuiia bdn sb bing 45. Néu lay s6 thir nhét cong thém 2, s6 thir hai trir
di 2, s6 thir ba nhéan véi 2, s6 thir tu chia cho 2 thi bon két qua d6 bing
nhau. Tim bén s ban dau.

20. Cho mot sb tu nhién c6 nim chir s6. Néu viét thém chir sé 1 vao siau sb
d6 thi ta dugc sb A c6 sau chir s6. Néu viét thém chir sé 1 vao trudc sb

d6 ta dygg sd B c6 sau chit sd. Viét ring A =3B . Tim s6 ¢6 nam cthir s

bagl]

A
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21. M 6t phai di quang duong AB 60km trong mét thoi gian nhat dinh. O
td d nira dau quing dudmg vai van toc 1om hon du dinh 10km/h va di nira
sat quang duong vai van toc kém hon du dinh 6km/h. Biét 6 t6 dén B
diug thon gian da dinh. Tinh thot gian 6 t6 du dinh di quang duong AB.

22. Ha voi nude chay vao bé thi bé sé day trong 3 gio 20 phut. Nguai ta cho
voithir nhat chay trong 3 gio, voi thir hai chay trong 2 gid thi ca hai voi
chiy duoc -f— bé. Tinh thoi gian mdi voi chay mot minh day bé.

5]

23. Mt cira hang ban trimg trong mét so ngay. Ngay thir nhat cura hang ban

T ; i T & coie AN O : ;
1 50 qua va - sO con lai, ngay thir hai ban 200 qua va . sO con lai, ngay

thi ba ban 250 qua va é s con lai, ...

Ciban nhu vy cho dén hét thi s6 trimg mdi ngay ban bang nhau. Hoi sé
tring co tit ca bao nhiéu?
r ‘z‘ N r ‘
Hudng danva dap so
1. Go x la tudi tho cua Pi-6-phang. Ta c6 phuong trinh:
-:-1-: rtxs -1-x +5 +lx +4=x;X = 84. Di-6-phang tho 84 tudi.
6 12 7 2
2. Go tudi con hién nay la x, phuong trinh:
B(:+2)-5(x-4)=6 = x=10.
Twi con hién nay la 10, tudi me hién nay la 34.
3. Go van tdc riéng cua ca nd la x (km/h). Phuong trinh:

ll%(x+2)= 1%(:(—2)'::9 x =16.

4. Go quang duong AB la x(km). Phuong trinh:
k. 6 _ 2x-6
24 32 27

5. Go quang dudmg CD la x(km). Quing duong AC + DB = 30 — x. Ké ca
lGedi va lic vé thi quang duong nim ngang dai 2x, quang dudng 1én déc
dai30 - x, quing duong xudng déc dai 30 — x.

_2x _30-x 30-x_ 5

<> x =30. Suy ra AB dai 30km, BC dai 24km.

115
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6. Goi quing dudong tir nha An dén nha Bich la x(km). Quang duong An da
di 1a 2x, quang dudong Bich da di la 2x: 4 -—2-. Goi C 1a chd hai nguoi

gdp nhau thi BC—%- —. Thoi gian An di doan AC la: T s = ?g
Thoi gian Bich di doan BC la: X.3=%.
4 12
Phuong trinh: ———i—-l- x = 3,2. Déap s6: 3,2 km.
16 12 3

7. Luc 9 gio, ngudi di xe dap cach A 20km, nguoi di xe may cach A 30km.
Goi x 12 sb gitr 4 6 t6 & vi tri cach déu hai ngudi kia (ké tir lic 9 gio).

Phuong trinh: 50x — (20 + 10x) = (30 + 30x) —50x & x = -2—

Pap s6 9 gitr 50 phut.

8. Nhiét d§ sau cung cua nudc la 62°C.

9. Goi thoi gian phai tim 1a x (phiit). Biéu thi thoi gian nguéi du lich di tir A
dén B 1a a phut. Phwong trinh; 2%=4§- i—c:x OS5,

10. D6i thir nhat cin 40 gid, ddi thir hai can 60 gio dé 1am mdt minh xong
cong viéc.

11. Goi s6 hoc sinh cua 16p 8B la x.
Ban thir nhit ciia 16p 8B(ban Anh) quen 10+1 ban ciia 16p 8A.
Ban thit hai cua lép 8B (ban Bic) quen 10 + 2 ban cua lop 8A.
Ban thir ba cua 16p 8B (ban Chau) quen 10 + 3 ban cua l6p 8A. ...
Ban thir x cuia 16p 8B (ban Yén) quen 10 + x ban cua 16p 8A, d6 la tat ca
s6 hoc sinh 8A. Phuong trinh: x + (10 +x) =50 & x = 20.
Lép 8B c¢6 20 hoc sinh, 16p 8A ¢6 30 hoc sinh du hop miit.

12. Pép sb: 63 qua.

13. a. Goi s6 co c6 sin trén mdi canh dong 1a 1 (phan dién tich), s6 co moc
thém trong m&i tudn trén mdi canh ddng bing y 14n sb ¢ c6 sin.
S6 c6 9 con bd 4n trong 2 tudn & canh dong I bing 1 + 2y lan s6 ¢d cb

sin, do d6 mdi con bo tron g mdt tuan an: 1; zy

lan s6 co co sin. (1)

Sb ¢6 6 con bod an trong 4 tudn & canh dong II bing 1 + 4y lan sb c6 ¢6

?ﬂ mdi con bd trong mét tuan an: k. AT
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1+ 2y

) ; 144y . 4. 1
Tu (1) va (2) suy ra = trdoé y=—
u (1) va (2) suy 22 y p

. . . B o8 1 & ., A
So ¢6 moc thém trong mot tuan bang 1-1-50 co ban dau.

: . - , 1+4y 1+6
b. Goi s6 bo phai tim la x. Lap luédn tuong tu ta co Lt : it Thay

6x
| : 5 5 By b o
vz —({vao phuong trinh, ta dugc x = 5. Vay 5 con bo an hét s6 ¢6 co san

va s co moc thém cuia canh dong III trong 6 tuan.

Dap s6: 36 con bo.

Goi thoi gian phai tim la x (phut). Ta goi thot gian ngudi du lich di tir A
dén B 1a a phut. Xét cac xe buyt di theo chiéu tir B dén A: trong a phut di

tir A dén B ngudi do gap f—o xe nguoc chiéu chay lai, trong a phut di tir
A dén B nguoi do gap TaS_ xe cung chiéu vuot qua (di tir B dén A).

Nhur vay trong 2a phut co % - % xe di qua A theo chiéu tir B dén A.

Phuong trinh: 2—a=i+¥m—«:>zr-i+i<:>x:12.

x HWIE x LITHICIYY
Cir 12 phut cac xe buyt lai lan luot risi bén.,
Chi y: Giai bing phuong trinh s6 hoc: Gia sir ngudi du lich di tir A dén B
trong 30 phuit roi di tir B vé A trong 30 phut nira thi ngudi dé gap 30 : 10 =3
xe di nguoc chiéu (di tir B dén A) va 30 : 15 = 2 xe di cung chiéu (di tr B
dén A).
Vay cir 60 phiit ¢6 3 + 2 =5 xe di tir B dén A qua dia diém A. Do d6 cir
60 : 5 = 12 phut lai 6 hai xe cung chiéu roi bén.

Goi C va D la noi 6 t6 gap nguoi di xe may lan thir nhat va lan thu hai.
Goi quing duong CD la x (km).
Quiing duong AC di: 40 km x % = 10 km.

Thoi gian nguoi i xe may di tir C dén D la 4—’;. (gid)

Trong thoi gian d6, 6 t6 di doan CA, AD va nghi 15 phut.
Ta c6 phuong trinh: LW o o ;
40 50 4

S 7 130. Quang duong AB dai: 10+ 130 + 20 =160 (km).

GTS- 1117
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17. a) Goi thoi gian nude chay vao tir lic bé can dén lic muc nuoc rgang

b)

chd dat voi chay ra la x gid.

Trong 1 gid, voi chay vao duge 1—15- . g (bé)
i o e 2 1 i
Trong 1 gio, voi chay ra dugc: 7 2= 3 (bé)
Néu mé ca hai voi, lugng nudc chay vao bé trong 1 gior 1 :—2- --;: = % (bé).

Trong x gi® dau, chi c6 voi chay vao lam viéc, nén lugng nude chay vao
bé I3 %.X (b).
Trong 2 gio 42 phit — x gi¢ (tic 2,7 gid — x gio) con lai, ca hai voi lam

viéc nén lugng nudc chay vao bé la %(2,7 -x) (bé)

Ta c6 phuong trinh: -g-x+-%-(2,7—x)=1.Do dé x =0,3 (gio).

Viy thoi gian nude chay vao tir lic bé can dén lic muc nudce ngang chd
dat voi chay ra la 0,3 gio hay 18 phut.

Theo dé bai, néu riéng voi chay vio lam viéc trong 1,5 gior thi mirc nudce

cao 2m. Vay néu riéng voi chay vao lam viéc trong 0,3 gi¢ thi mirc nuae

2m x 0,3

0 —

1,56
Do d6 khoang cach tir ch dit voi chay ra dén day 14 40cm.

=0,4m.

18. Goi chiéu dai toan bd doan dudng phai sira 1a x (m).

Avﬁi

Doan dudng d6i 1 nhén dai 10+0,1(x-10) (m) tic 1a 0,1x+9 (m).
Phén con lai sau khi dgi 1 nhan la x - (0,1x + 9) (m) tirc 1a 0,9x -9 (m).
Poan duong d6i 2 nhin dai 20+0,1(0,9x-9-20) (m) tic la
0,09x +17,1 (m). Vi chiéu dai doan duong hai doi lam b?zng nhau nén
0,1x+9=0,09x +17,1.
Do d6 x=810. Poan duong dai 810m, mdi doi phai lam
0,1.810 +9 = 90m . S6 d9i tham gia stra dudomg 1a 810:90 =9 (d6i).
Chi y: Néu dé bai cho thém “doan dudmg dugc chia vira hét” thi con ¢
thé giai nhu sau:
Goi so d6i tham gia sira duong 1a x. Do doan duong dugc chia vira hét
nén ddi cubi ciing nhan 10x (m), chiéu dai toan bd quing dudmg la 10x* (m).
2 —

Chidu d3idoan dudmg d5i 1 nhén 1a: 10+ 10"1—010 —10+x* -1

uiai doan duong mdi d6i nhan bang nhau nén:

-BDHSGTS-
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1(+x*-1=10x & x*-1=10(x-1) & (x-1)(x-9)=0
Dix#1nén x=9.
Viy c6 9 doi tham gia stra duong.
C: quang duong dai: 10.9° =810 (m).
19. Gii x 1a két qua cua mdi s6 sau khi da thay doi.
T co phuong trinh: (x —2) +(x + 2)+§+ 2x=45 = x=10.

Viy, bén sb ban dau la 8; 12; 5; 20.
20. Gii s6 phai tim la abede = x. Ta cé:
alcdel = 3.1abcde <> 10x+1=3.(100000 + x) < x=42857
21. Gii van td¢ du dinh di AB la x (km/h).
30 30 60

‘T: c6 phuong trinh: + =— = x=30
s x+10 x-6 x

Tioi gian 6 t6 du dinh di AB la: % ~ 2 (gid).

22. 5 i va 10 gio.
23. 24)0 qua.

M@t 50 bai todn tuw gidi

1. IMbt ca n6 xudi khuc song daj 40km ro1 nguoc khic séng ay hét 4 gio
mwi. Biét thoi gianicamd xudilSkmobangthoi gian ca ndé ngugc 4km.

“Tih vén toc dong nude:

2. 'Tidi hai anh em cong lai bang 12. Tudi anh hién nay gap d6i tudi em.

"Tih tudi mdi ngudi hién nay.

3. 1D« chd mét sb vat liéu dén cong tnromg, phai diéu dong 30 xe loai nho
llan 8 gio va 9 xe loai 1on lam 6 gio. Néu diéu 30 xe loai nho lam 6 gio
wa9 xe loai 1ém lam 8 gi¢ thi mdi chd duge 13/15 so vat liéu. Hoi 30 xe

llod nho chd hét sé vat lidu trong bao 1au?

4. 'Ting hai canh cua hai khdi lap phuong bang 15cm, tong cac dién tich
tton phan cuia chiing bing 750cm®. Tinh thé tich mdi khdi 14p phuong.

5. (Cc ba thung dung nudc. Lan thir nhét, ngudi ta d6 & thung 1 sang hai
tthing kia mot sb nudc bang sb nuéc & mdi thiung cé lic d6. Lan thir hai,
merdi ta dé & thing 2 sang hai thing kia mot s6 nuéc gap d6i sé nude &
rmu thilng c6 lac do. Lf;in thir ba, nguéri ta d6 & thung 3 sang hai th\‘mg
ki: mot_s6 nudc bang s6 nuéc & mdi thung c6 luc do. Cudi cing mdi

tt d‘f‘:lﬁl c6 24 lit nude. Tinh s6 nude & mdi thung luc dau.
& Hhd

8-
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6. Mot canh dong co day nhu nhau, moc cao déu nhu nhau trén toan bd
canh ddng va trong sut thoi gian bo an co trén canh dong ay.

Biét ring 9 con bod 4n hét co cuia canh ddng trong 2 tuan, 6 con bo in hét
c6 cua canh dong trong 4 tuan. Hoi bao nhiéu con bo an hét co cua canh
dong trong 6 tuan.

7. Batod cong nhan phai lam mdt ) dung cu nhu nhau theo dinh mirc. Do
lam vurgt mirc quy dinh nén t6 1 dugc thudng 904, to 2 duoc thuong
1204, t6 3 duoc thuong 330d. T6 3 lam duge 75 dung cu, bang tong sb
dung cu hai td kia da lam. Tinh xem s6 dung cu mdi t& phai 1am theo
dinh mirc va tién thuémg cho mot dung cu vugt dinh mirc 1a bao nhiéu?

8. Tim mdt sb c6 4 chir s6 thoa man tat ca cac diéu kién sau:

a) Chir s6 hang nghin va hang tram giéng nhau.

b) Chit sé hang chuc va hang don vi giéng nhau.

c) S6 d6 c6 thé viét dugc thanh mét tich cua 3 thira s6, mdi thira s déu la
s6 ¢6 2 chir s va chia hét cho 11

9. Tim mot sé chinh phuong c6 4/ chir s6, biét ring néu mdi chir sé giam di
mét don vi (mdi chir sé cua s6 chinh phuong nay déu 16n hon 0), thi
dugc mot sé méi ciing lalsb chinh phaong.

Néu thém 3 vao mdi chir s6 ciia mdt sé chinh phuong c6 4 chit sé (mdi
chir s6 ctia s chinh phuong nay déu nhé hon 7) thi lai duge mét sé chinh
phuong. Tim hai s4 chinh phuong d6.

10. Tim mdt sb c6 hai chir sd, biét ring binh phwong cua sd do trir di binh
phuong cua s6 gdm chinh 2 chit sé d6 viét theo thir ty nguoc lai 1a mot
s6 chinh phuong.

11. Mét phép chia c6 thuong la 12 va sé du la 185. C6 thé thém vao sb bi
chia va s6 chia cling mét s6 tu nhién nao dé thwong cua phép chia van
khong thay ddi.

12. Tim s6 cua hai chir sb sao cho ti sé giita sé d6 véi tdng céc chir sé cua né
cO gia tri:

a) Nho nht. b) Lén nhat.

13. Ngudi ta chia mot doan thing dai 12cm thanh ba phin va dung ba hinh

vuo anh 13 ba doan 4y. Tim gia tri nho nhét cta téng cac dién tich

b 6ng dung dugc.
A -BDHSGTS-
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§6. Bat phuong trinh bac nhat

Mt s6 kién thiec co ban

1. Bdt phuomg trinh bdc nhdt mét dn la bat phuong trinh c6 dang ax + b > 0
(hodc ax + b < 0, ax + b <0), trong dé x la dn, av&bl&ca'sé‘dﬁcho a#0.
2. Hai bdt phwong trmh dwac gpl la nra'ng duong néu chung co cung mot
tdp nghlem L it
3. Khi giai mot bat phuang rrinh ta cé the
- Chuyén mét hang ti tir vé m}y sang ve f kia va doi ddu hqmg fr do.
- Nhan (hodc chia) cd hai vé véi ciing mot 56 dwang _
- Nhdn (hodc chia) ca hai vé' vd': cung mpt so am vd do: ch:éu ciia badt
| phuongirinh,
Iu nho quan trpng"'_ 3 g iR ; o o
Trong khi giai cdc bat phmmg trinh cé ﬁn d' mau thuc khang dwp‘c khu
 mdu thite. T a lam nhu sau: :
¢ -Z_ Chuyen tdt cd cdé b:éu thm: _' 6 vé

v

b
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Cdc dang bai tgp co ban
o Ve
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f(x)<-g(x)
f(x)>g(x)

Trwenghop 3:|f (x)| > |2 (x)| = [:f(::c)]2 > [g(x)]z.

Dany 4 Gidi bt phuwong trinh cé chira dn & miu so
Irog khi giai cdc bdt phwong trinh c6 dn & mdu thirc, khéng duoc khic
na: thuee. Ta lam nhu sau:
-Cruyén 1t ca cdc biéu thirc vé vé trdi (vé phdi la 0).
-Qy dc‘:ng mau thicc trong vé trdi.
- Lp bang xét ddu.

Dang ¢ Gidi bit phuong trinh tich

Dang ¢ Gidi bt phuwong trinh dang khdc
Conhiéu truong hop dé giai phuong trinh fix, y...) = 0, ta lai chimg
mit bat phicong trinh f (x,y...)20hodc f(x,y...)<0va chira diéu kién
carva di dé xay ra dang thize.

Cac v du minh hoa

Dang : Gidi bat phuwong trinh

b (x)>g(x)e

3x—-2 X

Vi du : Tim s6 nguyén x thoa min ca hai bat phwong trinh: >

+0,8
. 2x-5 3-x
va - > :

Gidi

+0,8=x>12va

1- > 1 & x<l13vaxeZnénx =12,

Vi du 2 Tim s6 nguyén x thoa man ca hai bt phuong trinh:
2(3x-4) <3(4x-3)+16va 4(1+x)<3x +5.
Giadi
Ta 6 2(3x-—4)<3(4x~—3)16<:>x>—g, va
4(1+ xX) <3x +5 <> x<1vaxeZ nén x e {-2;-1;0}.

Xx+2 x+5 x+8 x+11
+ > + .
86 83 80

" Gidi
Ar 60 mdi phan thirc rdi dat nhan tir chung:

T8- 123

Vi du : Giai bat phuong trinh:
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(x+91) —1—+ ————— }>0<:>x<—91.
8 86 83 80

Dang 2: Gidi bat phwong trinh cé chira tham 50
Vi du 1: Giai bat phuong trinh: ax +4 > 2x +a”.
Giai
ax+4>2x+a’; (a-2)x>a’-4 (1)

a’-4

Néu a>2 thi x> & x>a+2

a-2
Néu a =2 thi (1) tro thanh 0x > 0 (v6 nghiém)
Néu a<2 thi x<a+2.

Vi du 2: Giai bt phuong trinh: = +a>x+1 véi a>1.
a

Gidi
Do a>1 nén ta nhén hai vé ctia bt phuong trinh véi sé duong a, ta dugc
bat phuong trinh tuwong duong:
x+a’>ax+a; x-ax>a-a’; ([+a)x>a(l-a)
Via>1l © 1-a<0 nén x <a-
Vay, v6i a > 1, bat phuong trinh da cho ¢6 nghiém x <a.
ax-1 1 .. {a>-—2

>— VOI
a a az0

Vi du 3: Giai bat phuong trinh: (a +1)x +
Gidi
O bai nay khong nén nhan hai vé cuia bt phuong trinh véi miu s6 chung
1a a, vi phai xét truémg hop a >0 va a <0. Nén viét bat phuong trinh da
cho tr¢ thanh: (a+l)x+x——1~>l o (a+2)x 2

a a a
Via+2>0 nén x> . Véy, vii a>-2 va khac 0, nghiém cua
a(a+2)
bat phuong trinh l1a \
P g . a(a+2)
Vi du 4: Giai bit phuong trinh v6i m 14 hing s6: mx + 12 m? + x.
Gidi :

Bién d6i trong duong:
mx+l2m’+x o mx-x2m’ -1 (m-1)x2m?-1. (1)
Néu m g thi nghiém ctia bat phuong trinh 1a: x >m +1.
Ng thi nghiém cua bat phuong trinh la: x <m +1.

-BDHSGTS-
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Néum == 1 thi (1) ¢ dang Ox >0:nghiém cuia bat phuong trinh la moi
gia 1 x.
Vi du 5 : Giai bat phuong trinh véi a 1a hang s6 : R FNIEN. .5 . 2x
a a
Giai:
Diéu kién xac dinh cua bat phuong trinh 1a a # 0. Bién d6i bat phuong
T =T e L <:>ax+2x>g—lc:>(a+2)x>—1—.
a a a a a a a
Nét a > —2,a =0 thi nghiém cta bit phuong trinh 13 x> —— .
a(a+2)
¢ ; g ) 2 : y 1
Néu a < -2 thi nghiém cua bat phuong trinh 1a x < ;
a(a+2)

Néu a = -2 thi (1) ¢6 dang Ox > —% nghiém dung vdi moi X.
Vi du 6: Giai va bién ludn: (m -2)x>(2m -1)x -3 (m la tham sd).
Gidi

(m-2)x>(2m-1)x-3< (m +1)x<3

a. m-+1#0:m>-1 (M+1>0)'%x'< de
m +1

3

m-<-1(m+1<0):x2
m+1

b m+1=0
(m=-1) bat phuong trinh c6 dang: 0.x <3, dugc nghiém vdi moi x.

m(x—2)+x—m X+1

Vi dw 7 : Giai va bién luan bat phuong trinh: —>—— (m
la tham s0)
Giai
m(x~2)+2(x-m)>3(x+1)¢< mx-2m+2x-2m > 3x +3
< m-1)x>4m+3
a. m—'.>0(m>1):x>4m+3
m-1
b. m-l<0(m<1):x<4m+3
i m-1
B0 (m =1): 0x> 7, v6 nghiém.
125
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I 4 L A 3 _'1 1 e 5 A - .
Vi du 8. Giai bat phuong trinh: x+ >~ i —(a-2)x véi ala so di bict.
a a
Giai:
Khong nén nhan hai v€ cia bat phuong trinh véi a, vi nhu véy phai xét
hai truong hgp a >0 va a <0. Chuyén ve, ta duogc:

Bl 3 o e {1
a a a

(a-2)x+x<

Néu a >1 thi x< la nghiém cuia bat phuong trinh.

a(a-1)

la nghiém ctia bat phuong trinh.

Néua<1; a=0 thi x> 2
a(a-1)
Néu a =1 thi (1) c6 dang Ox < 2, nghiém dung v&i moi x.
Vidy 9. Giai bt phuong trinh: x+ X% <**1_(a_2)x véiala s6 di biét,
a a
Gidi:
Khong nén nhén hai vé ciia bt phuong trinh véi a, vi nhur vy phai xét
hai truong hop a >0 va a <0/- Chuyén ve, ta dugc:
x+1 x-1 2

(a-2)x+x< i (a-l)x<;~ (1)

2
al(a+1)

Néu a<l;a#0 thi x>

Néu a>1 thi x< 1a nghiém cuia bat phwong trinh.

1a nghiém cua bat phuong trinh.
a(a-1)

Néu a =1 thi (1) c6 dang Ox < 2, nghiém d#ng v&i moi x.
Dang 3: Gidi bit phuwong trinh cé chira ddu gid tri tuyét doi
Vi dy 1: Giai phuong trinh:|x - 5| +|x + 3| =3x -1. (1)

Gidi:
Lap bang xét dau cac nhij thirc x -5va x + 3:
X -3 5
) St - - 0 ¥
x+3 - 0 + +

Xét ba khoang gia trj cua bién x:
a x < -3: phuong trinh (1) c6 dang:(5-x)-(x+3)=3x-1,tin dugc

vi gia tri nay khong thudc khoang dang xét.

3 .
X=— c
A -BIHSGTS-
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b. -3<x <5 :phuong trinh (1) ¢6 dang:(5-x)+(x+3)=3x-1<>-3x=-9,
tim dugc x = 3, thugc khoang dang xét.
c. x25:phuong trinh (1) cé dang:(x-5)+(x+3)=3x-1¢ —x=1,tim
dugc x = -1, khong thudc khoang dang xét.
Két luan: S = {3}.
Vi du 2: Giai phuong trinh: |2x - 1|+ |2x - 5| = 4.
Gidi

Cich 1. a. Xét khoang x <%, (1) c6 dang:
1-2x +5-2x =4, tim dugc x = —;— khong thudc khoang dang xét.

b. Xét khoang %sxs—g—, (1)codang:2x-1+5-2x=4 <= 0x =0.

Phuong trinh nghiém ding véi moi x thudc khoang dang xét, tirc la:

lsxsé.
2 2

c. Xétkhoang x >g, (1) c6 dang:

2x -1+ 2x - 5 = 4, tint'dwgo x= —?; khong thude khoang dang xét.
L

Két luan: S:{xl-}ls::s—ﬁ-}

) 2
Cdch 2. Ap dung hai lan bat dang thic |A|> A (xay ra déng thirc khi va
chi khi A>0),taco: [2x-1|+|5-2x|>(2x -1)+ (5 -2x) = 4.

Theo dé bai, phai xay ra déng thirc, do d6:

1
2x-120 XZE 1 5
<2 oS> —<X<—.
5-2x20 5 2 2
XS—
2
Vi du 3. Gjai phuong trinh: ||x|-3|=x+1. (1)
Gidi

a. Xétkhoang x>0, (1) cé dang: |[x-3|=x+1. (2
Lai xét hai truong hop :Véi x > 3,(2) cd dang x - 3 =x + 1, v0 nghiém.
Vi 0 g 3, (2) codang 3-x =x+1 < x =1, thudc khoang dang xét.
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b. Xét khoang x <0, (1) c6 dang |-x - 3| =x +1tic la:|x + 3| =x + 1. (3)
Lai xét hai truomg hop:
Voi -3<x<0, (3)codang x +3 =x+ 1, v6 nghiém.
Véi x < -3, (3) c6 dang —x-3=x+1¢ x=-2,khéng thujc khoang
dang xét.
Két luan: S = {1}.
Vi dy 4. Giai bt phuong trinh:|x| - x + 2 < 2|x - 4].

Gidi:
Lap bang xét diu céc biéu thirc x va x —4:
X 0 4
X - 0 + +
x—-4 |- - 0 +

a. Xét khoang x <0, (1) cé dang: ~x —x+2<2(4-x) < 0x <6,
Nghiém cuia bat phuong trinh (1) thudc khoang dang xét 1a x <0
b. Xétkhoang 0 <x<4,(1)cédang x -x+2<2(4-x)
x<3.
Nghiém cua bat phwong trinh (1) thuc khoang dang xét 1a: 0 <x< 3
c. Xétkhoang x>4, (1)codang: x-x+2<2x-8c>x25
Thoa man diéu kién % >'4.
Két luan: nghiém cua bat phwong trinh di cho 1a x < 3;x > 5.
Vi du 5: Giai bat phuong trinh: 3|2x—1|<2x +1 (1)

Gidi

Cdch 1 (theo phuong phap chung):

a. Xét khoang x <%, (1) cé dang:
3(1—2x)<2x+1¢>3—6x<2x+1<:>—8x<—2<:>x>i.
Nghiém ctia bat phurong trinh thudc khoang nay 1a % < X< -21—

b. Xét khoing x z%, (1) ¢6 dang:

| 33&2x+1c>6x—3<2x+1<:>4x<4<:>x<1.

-BLHSGTS-
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Nghiém cta bat phuong trinh thudc khoang nay la % £x<1,

{ - Y - N 1
Keét luan: nghiém cua bat phuong trinh da cho la i <x<l.

Cdch 2: (Bién dbi thanh bat phuong trinh tuong duong theo dang 1b):
3(2x-1)>—-(2x+1) {ﬁx_3>_2x_1
<

3|2x—1|<2x+1<:>
3(2x-1)<2x+1 6x-3<2x+1

1
8x > 2 X >— 1
et o d es—gxxl.
4x < 4
x<]

Vi du 6. Giai bat phuong trinh 2|x - 1| <x+1.
Gidi:
Bat phuong trinh da cho tuong duong voi:

{*X—l*fiQ(X—l) {—x—1<2x—2 {—3x<—1 1
< o= = §<x<3.

2(x-1)<x+1 2x -2 < k1 x<3
Dang 4: Gidi bit phwong trinh cé chiva-dn & miu sé
Vi du 1: Giai bat phuong trinh: s 51x -5
X =
. Gidi:
Piéu kién xac dinh: x #1.
1-—5x.21¢:>1—5x_120c>1—-5x—-x+120a2—6x20¢>1—3x20.
x-1 £~1 x-1 x~1 x-1
Lap bang xét dau:
X 1 {
- 3
| l=3x + 0 - -
x=-1 - -~ 0 -+
| (1-3x) (x=1) - + ¥
Nghiém cta bat phuong trinh la %Sx<1.
Vi du 2: Giai bat phuong trinh: B <0
(x-7)(3-4x)
Gidi

x+5 conghiém x=-5; x-7 c6 nghiém x =7

3 6nghiém . =§.

GT8- 129
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Ta c6 bang xét dau:

2 -5 E 7

4
Xx+5 - 0 + + +
" " - = 0 +
3 —-4x + + 0 - -
Thwong + o - I + I " -

Két qua: —5<x<% hodc x>17
3

-5 4 7

Chii y: Déu || chi ring tai cic gi tri %; 7 thi thuong khéng xic dnh.

1 1
>
3—-6x 2x+3
Giai

Vi du 3: Giai bat phuong trinh:

(1)

1 J 1
3-56x 2x+3
(2x+3)*—(3-5x)> as Tx >0

(3-5x)(2x+3) (3=5%)(2x +8)
Lap bang:
X

(1) e > 0. Quy dong mau thic, ta co:

7x -

3-5x +

2x+3 -

]+ ¥+ 4

Thuong + |
Kétqué: x<—g hoic 0<x<g

3
0 5

TwW

Dang 5: Gidi bat phuwong trinh tich
Vi du bat phuong trinh: x> —2x+1<9.

A
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Giai
Cich 1. x* —2x +1<9& (x-1)’ <9< |x-1<3
¢>-3<’x~.1<3<:>—?:<x<4.
Cdch 2 Bien do1 thanh bat phuong trinh dang tich:
x*-2x-8<0e(x+2)(x-4)<0.
Lapbang xét diu cac nhithrcx +2va x-4:

K -2 4
w2 - 0 + #
: x—4 — - 0 +
(x+2)(x—-4) + 0 - 0 4+

Ngiiém cua bat phuong trinh la -2 < x < 4.
Vi du Z: Giai bat phuong trinh: (2x + 1)(3-2x)(1-x)>0
Giai

Ta dp bang xét ddu: 2x +1 ¢6 nghiém x = _%

3 -2x co nghiém ng; 1-xcanghiém x = 1

* /1 1 g

2 2
2x +1 -J1 0 il % +
3 - 2x + 4 S 0 -
1-X ¥ + 0 a8 _
Tich s - \\O0 + 0 = 0 +

V4 tap hop nghiém cua bt phuong trinh 13 hai khoang: -% — >g .'

Bié dién trén truc sd:
!
P |

| W

Vi du > Giai bat phuong trinh: x —.5x+6<0 (1)
Giai
x?-5x+6=(x-2)(x-3). Vay (1) & (x-2)(x-3)<0
Ta:0 bang:

: 2 3

(=2 - 0 + +

<=3 - - +
+ 0 ~ 0 +
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Két qua: nghiém cia (1) 1a: 2 <x<3
2 3

Dang 6: Giai bat phwong trinh dang khdc
Vidu 1 : Giai phuong trinh: x* + y* +2* =x(y + z).
Giai:
Trudc hét chimg minh rang: x? + y? + 2’ > xy + xz (1)
Bit ding thirc (1) tuong duong véi:
2x? + 2y® + 22° - 2xy -2x22>0 «a:'»(x—y)2 +(x—z)2 +y*+2220 (2)
Xay ra ding thic (2), tirc 1a & (1), khi va chi khix =y =2z =0. D6 Ia
nghiém cua phuong trinh.
Vi du 2 : Ki hiéu [a] (phdn nguyén cua a) la s6 nguyén lén nhét khong vuot
3x — 5J

qua a. Tim x biét ring: [
Gidi:

Theo dé bai, x 14 s6 nguyén 1dn nhit khong vuot qua El%_—é

= 0<
Do d6 {31‘7 5]=x@
xeZ (2)

Giai bat phuong trinh (1):
-4x -5

3x-5

-x<1(1)

0<

<1¢:>0$-—4x—5<7<:>5$-—4x<12<:>—-§2x>—3.
Theo (2), xeZ do 46 x =-2.
Vidu 3 : Cho biéu thic: A =[

1 2 5—x) 1-2x
+ - 5 i
i=% Xx+1 1=x"j] ¥ =1

a. Rit gon biéu thirc A. b. Tim x d& A > 0.
Giai

a. A=

voli x:il;x;r:l.
1-2x 2

b.A>0khix¢—1<%.

2
V:’dyl:Chobiéuth*jc:B=[%+ 3 ][ . S )

+
eyl 37-9%" x43

a. Ri t vbiéu thirc B. b. Timx dé B <-1.

-BDHSGTS-
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Giai

a. B=-

vl x#0,x # £3.

X

-—x+3<—l -§<U x>0
b. B--1& X &<x et 5
x20;x #+3 X %43 E

Vi du 5 : Tim gia tri cuia m dé nghiém cua phuong trinh sau la s duong:

n+1:15m_

Y =
4.

Gidi
Piéu kién xéac dinh: x = 1. Pua phuong trinh vé dang (1-m)x=2.
Néu m = 1, phuong trinh vé nghiém.

Néu m #1thi x = . Giai diéukién 1+m #0 dugc m # -1

1-m

Nghiém cua phuong trinh 14 x = voim # t1.

l1-m
mc<1

Phuong trinh ¢6 nghiém 1a sb duofigles {
m# -1

Bai tap van-dung
ax +1 ;3% 1

1. Giai bat phuong trinh: véiia sl

a-1 a+1l

2. Giai phuong trinh:
a. |x|-2[x-2|+3|x-3|=4; b. |x|-2|x +1] +3|x + 2| =0;
c. |x|—-2|x—1|+3|x—2|=4; d. |x+1|+|x+2|+|x+3|=4x.
3. Giai phuong trinh:

a. x]:qr+3|—':«:2 +x+1l=1;
b. |x" - 3|x|+2=0.
4. Rit gon biéu thirc roi tim gia tri cuia bién dé biéu thic:
x?-4x+4

% =25 =dx s 8

X x*-8 x*-2x+4 4 s g
b)B:(x+2_x3+8' = ] cO gia tri am.

x+2
§. Giai bat phuong trinh: ax-b>bx +a
6. Tim cac giad tri cua x thoa man ca hai bat phuong trinh:

a) 2% S x+4 va x+3<3x-5
bf %&%x+3 va 4x+1<6x-9
i
he, .
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7. Ky hiéu [a] la s6 nguyén 16n nhét khong vuot qua a (nhu vdy néu [a] =n

thi n 1a s6 nguyén 0 <a-n<1)
Giai cac phuong trinh:

b [3:{1;-7]=x; b) [4x9—1]=x; 0 |:3x5+1]=2x_1.

Hudng din va ddp so
1. Nhén hai vé ciia bat phuong trinh véi (a-1)(a+1)>0.

Pap s6: x >-1.

2. a. gvé 2; b. -2:¢c. x=4:0<x<1.
4 2

d. Khéng nén may méc xét cac khoang gia tri ctia x. Chi y ring vé trai cua
phuong trinh khéng 4m nén vé phai khong am, do d6 x>0. Phuong
trinh tré thanh x +1+x+2+x+3=4x. Tudé x =6.

3. a.Chiyring x> +x+1>0. Papséx=1.

b. bat y =|x|>0. Pap sOx==1.

4.a) A= Vol x # 2

X+2

A>0 & >0vax#22 & x>-2vax=#2!

X+

b) B=- vol x#2. B<0 © x>-2; x#2.

X+2
5. Néua>b thi x>

a+b

a_

Néu a <b thi x<a+b

a_
Néu a=b thi Ox >2b, nghiém ding véi moi x néu b<0, vé nghiém
néu b>0.
6.a) 3<x<4;b) x>5.

7. a) Giai bt phuong trinh 0<2X+"

-x<1 véi x 1a sb nguyén, ta dugc

—g<xs-;—;vé xeZ,dodé x=0.

b) x=-1.

¢) Giai bét phuong trinh: 0 < 3X*+1

—-(2x-1)<1 (1)véi 2x-1€Z (2)

Nghiém ciia (1) 12 L <x <8 . Tir ds —g<2x-ls%.

1 7
DB& 2x-1=0. Vay xzé.

Tron Bo SGK: https://bookgiaokhoa.com

-BDHSGTS-



Download Ebook Tai: https://downloadsachmienphi.com

§7. Cac bai toan vé sé hoc

Cdc iién thirc co ban

Tinh hia hét
B;nh rghla Cho ha: s6 nguyén ava b trong (6 b #0. Ta noi a chm hét cho
b ru fhuo'ng cua phép chia a cho b bing mét so nguyén k. Nor cdch
khe, s6 nguyén a chia hét cho s6 nguyén b =0 néu tim dugc 50 nguyén
k sio cho a=bk.
Cdc tith chdt vé chia hét:
L So’) chia hét cho moi s6 b #0.
24 l\;é: a chia her cho b, b chia hét cho ¢ thi a chia hét cho c (tinh chat bdc
cay. o
3 Néiavab cng chia hét cho m thi a+b chia hét cho m, a-b chia het
" chcm. '
4._ Nét mot trong hai s6 a va b chia hét cho m, s6 kia khéng chia hét cho m
~ tihia+b khong chia hét cho m, a—b-khong chia het cho m.
5 Ne: tong hai sé chia hét cho m vampt trong hai sé do chia hét cho m thi
.ﬁo 'on lai cung chia hét cho m.
6. 'Nét a chia hét cho m, b chia hét cho n thi a. b chia hét cho m. Moo
,ngua. Néu a chza hétcho b thia" chiahétchob™ ' . -
I éu mt thira 56 cua tich chia hét cho m thi tich ch:a het cho m.
"2 féu a chia hét choom v n thi a'chia hét cho BSCNN cila m van.
\ Ching minh: a chia hét-cho-mvannénala boz .96 chung cua m va n. Do
' dléa chia hét cho BSCNN ciiam van.
-ngua: Néu a chia hét cho hai s6 nguyén to cung nhau mvan rh: a chra
héicho mn.
Wé: ab ch:a hét cho m, trong dé b va m nguyen té ci'mg nhau thi a chia
't_}heacho m:
Ching mmh Phan tichm ra thua sd nguyén to m a:' .s.t=I ,,.a"- (I )

Wiib chra hét cho m nén ab chita rd'r cd céc thira 56 1 nguyén 16 ay, as, ..
@i 56 mil lom hon hodc bdng 50 mii cua cdc thira 56 nguyen to trong
(c1) Nhung b vam nguyen to cung nhau nén khong chira thira so nguyen
16 1ao trong cdc thu'a s0 ay, ay, .. , an Do dé a chiza tdt cd cdc thita s6
@14z, ..., Gn VO s6 mii Iém hom hodc bang s0 mil cua. cdc thu'a s0 nguyén
16 16 trong (1), tiec la a chia her cho b i TR
: 'Elgqua Néu a" chia hét cho so nguyén 16 pthia chia het cha Py
2 ch: nhén xet sau ciing d‘uac dung trong nhﬂ'ng chu'ng mmh vé chta hét:

R/ & rong k 56 nguyén lién tiép, c6 mét bot s6 cia k.
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‘1;\-" PR

: so du
ﬁ’gng Efc bai toin khic
Cic vi du minh hoa
Dang 1: Cdc bai todn chia hét
Vi dul : Chimg minh ring v6i moi ne Z: A(n) =n(n* +1)(n? + 4):5
Giai

Xét moi truomg hop khi chiane Z cho 5, ta c6 sb du la r=0,+1,+2.

i r=0=n:b

b.r=+1=>n=5k+1 =>n®>=26k*+10k+1 =>n?+1:5

c. r=+2=>n=5k+2=>n=25k* +20k +4=>n* +4:5

A(n) la tich cia ba thira sb, trong moi truomg hop déu c6 mét thira sb

chia hég®ho 5. Vay A(n):5, véi moi ne Z (dpcm).

-BDHSGTS-
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Vi du 2 : Chimg minh rang:
a. Trong hai s6 nguyén lién tiép, c6 mot va chi mot s6 chia hét cho 2 .
b. Trong ba sé nguyén lién tiép, c6 mét va chi mot s6 chia hét cho 3
c. Trong k sb nguyén lién tiép, c6 mot va chi mot so chia hét cho k.

Gidi

a. Hais0 nguyén lién tiép lanvan + 1.
Néu n chia hét cho 2 thi n + 1 khong chia hét cho 2.
Néu n khéng chia hét cho 2 thi n + 1 chia hét cho 2.

b. Ba 6 nguyén lién tiép lan,n+ 1, n +2.
Néun:3 thin+ 1 van+ 2 khong chia hét cho 3.
Néu n khong chia hét cho 3, thi chia n cho 3, ta ¢6 s6 du la 1 hoac 2:
n=3q+1=n+2=(3q+3):3. Luc d6 n +1 khong chia hét cho 3.
n=3q+2=>n+1=(3q+3):3. Lic d6 n + 2 khong chia hét cho 3.
Nhr vay: trong day ba s nguyén lién tiép, bao gid ciing c6 mdt va chi
md: s6 chia hét cho 3 (dpem).

c. k 1asd nguyén lién tiép c6 dang:min+ I,n+2, ..., n+k—-1 (1)
Ta :hing minh hai phan:
1. Trong day (1), bao gidr ciing cé-mét s chia hét cho k.
Thit vay, sb n co thé yiét:
n=kq+r voi 0<r<k (rlasédukhichian cho k).
—~Néur = 0 thi n chiahétchok!
~Neur#0, ta xét s6: m=n+{k=r)Vi@<r<k,nén 0<k-r<k-1,
Do dé n’ 1a mét s6 thudc day (1).
n'=n+(k-r)=(kq+r)+k-r=k(q+1):k.
Ngaia la néur# 0 thi n'=n +(k—r)chia hét cho k.
2. Trong day (1) chi c6 mét s6 chia hét cho k.
Ta chimg minh diéu nay bing phan chimg.
Gic sur trong day (1) co6 hai s m va p cung chia hét cho k, va gia sirm > q.
The thi hiéu cia m —p ciing chia hét cho k. Trong diy (1), hiéu giira sb
I&n nhét va s6 nho nhit: 0 <m-p<k-1.Va s m-p nay khong thé
chia hét cho k. Mau thuin d6 (m - p chia hét cho k, ddng thi lai khong
chia hét cho k) chimg té trong diy (1) c6 nhiéu nhat 1a mot sé chia hét
che k.Tir hai phén a) va b) ta két luan duoc:
Treng k s6 nguyén lién tiép, c6 mot va chi mot sb chia hét cho k (dpcm).

! ;. Ging minh ring:
1 fia ba s nguyén lién tiép chia hét cho 6.
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b. Tich ctia 4 s6 nguyén lién tiép chia hét cho bao nhiéu?
Giadi

a. Goi ba sd nguyén lién tiép la n, n + 1 va n + 2. Tich cua chung la:
A(n)=n(n+1)(n+2). Tacéd 6 =2.3 (2 va 3 la s nguyén to).

Trong hai s6 nguyén lién tiép n va n + 1, bao gi¢r ciing c6 mdt sd chin,
do d6 A(n):2. Trong ba sb nguyén lién tiép n, n + 1 va n + 2 bao gis
ciing c6 mot sb chia hét cho 3, nén tich cua chung ludn chia hét cho 3:
A(n):3

A(n):2va A(n)i3,ma(2,3)=1nén A(n):2.3=6 (dpcm).

Chi y ring: ba s6 nguyén lién tiép c6 thé 1a n-1,nvan + 1, nhu vy ta
cé: (n-1)n(n+1)= n(n2 - 1) =n® —n chia hét cho 6.

b. A(n)=n(n+1)(n+2)(n+3) ,
Trude hét, ta thdy ring trong bbn s nguyén lién tiép:n,n+ 1, n+2, n+3,
bao gitr ciing c6 mot s6 chia hét cho 2 va mot sb khac chia hét cho 4.
That vay: Néu:n=2k thi n+2=2k+2=2(k +1)

Do d6: Khi k chin thi ni4 con n+2:2. Khik1éthi n+2:4con n:2
Tuong tu nhu vy, néu xét n + 1= 2k thi trong haisén+ 1 van+ 3 ¢
moét s6 chia hét cho 4, s6 kia chia hét cho 2.
Dodé A(n)=n(n+1)(n+2)(n+3)i2.4=8
Theo a) thi n(n +1)(n'+2):3.M& (3,8)=1"nén A(n):3.8 =24.
Vi du 4 : Chimg minh ring tich ctia hai s6 chin [ién tiép chia hét cho 8.
' Giai
Goi s6 chin thir nhit 14 2n, s6 chin tiép theo 1a 2n + 2
Tich cua ching 13 A(n)=2n(2n+2).Tac6: 8 =4.2
Do d6 ta viét: A(n)=4.n(n+1). A(n) la tich cua hai thira s6: mot thira
s0 1a 4, chia hét cho 4 va mot thira s6 1a n(n + 1) chia hét cho 2.
Vividy A(n)=4.n(n+1)i4.2=8 (dpcm).

Vidu 5 : Ching minh ring lap phuong ciia mét sé nguyén n bat ki (n> 1)

trir di 13 1an s6 nguyén d6 thi luén chia hét cho 6.
(Dé thi hoc sinh giéi cdp II toan quéc, 1970)
Gidi
Ta phai chimg minh: A(n):=n’-13n:6
Chu y ring: 13n =12n +n,ma 12n': 6, ta biét dbi A(n) thanh:

(n, ?;—g - n)—12n.
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Tacé: n’ —n “n(n —1) (n-1)n(n+1)

D4’ la tich cua ba s6 nguyén lién tiép, tich nay ludn chia hét cho 6. A(n)

la 1iéu cua hai hang tir: n’ —n va 12n, mdi hang tir chia hét cho 6, nén
A(1) : 6(dpcm).

Vi du » : Chimg minh rang tong lap phuong ctia ba s nguyén lién tiép chia
héicho 9.

Giai
Baso nguyén lién tiép lan, n + 1, n + 2, ta phai chimg minh:
A:n’ +(n+1) +(n+2) chiahétcho9.
Tacé: A=n’ +(n+1)3 +(n+2)3 =3n’ +9n* +15n+9
=in’-3n+18n+9n* +9=3n(n-1)(n+1)+18n+9+9n’
n,1—-1,n+11a ba sé nguyén lién tiép, trong d6 mot s6 chia hét cho 3
Viy: B=3n(n-1)(n+1):9;C=18n+9n* +9:9
A=B+CmaB:9, CEQnér}AE‘).

Chii y-Dé chirng minh mot tong khéng chia hét cho m, ta chimg minh mot
haig tir nao dé khong chia hét chb'm, con tdt ca cdc hang tir khdac déu
cha hét cho m.

Vi du ": Chimg minh rang: n® + 4n +5 khong chia hét cho 8 v&i moi sé n lé.

Giai
Pi n =2k +1,tacéd: n? +4n+5=(2k+1)2 +4(2k+1)+5
= (tk* + 4k + 1)+(81~:+4,)+5=(41»:2 +4k)+(8k+8)+2
=k(k+1)+8(k+1)+2. Pay la tong ctia ba hang tir, hang tr dau
4k(k + 1) chia hét cho 8 , hang tir thir hai 8(k +1) ciing chia hét cho 8,
riéig hang tir thit ba la 2 khong chia hét cho 8. Vay tong da cho khong
cha hét cho 8. |

Vi du ! : Chimg minh ring néu p 1a s6 nguyén t6 Iém hon 3 thi (p =1)(p + 1)
cha hét cho 24.

Dé thi HSG lop 9 tinh Phii The ndm 2003-2004

Gidi :
Vip la s6 nguyén t 16m hon 3 nén p la s6 1¢ , khong chia hét cho 3. Do d6
p=2k+ l(keZ k>DsuyraA=(p-1Dp+1)=2k 2k +2)=4k (k+ 1)
su'ra A chia hét cho 8. : ’
p=3h = 1(heZ, h> 1) suy ra A chia hét cho 3.

Vi 07 1)(p + 1) chia hét cho 24.
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Vi du 9: Chimg minh ring sb: n® —n® +n -1 chia hét cho (n-1)*, véi moi

s6 nguyénn> 1.
(Dé thi vé dich New York, 1975)

Giadi
Véin=2thi...n" -n?+n-1=1 chiahétcho (n-1)*=(2-1)" =1
Véin>2,tacé: A=n"-n’+n-1
=(n“’2—l)nz+(n—1)=(n—1)(n“'3+...+1)n2+(n—1)

=(n --1)(n"‘1 +..+n%+ 1) ,
Xét té"mg B=n"'+..+n’+1;Bco n-1 sb hang, ta c6 thé viét:
B=(n’IH —1)+(n"‘2 —1)+...+(n2 -1)+(1—1)+(n—1)
M3i hiéu trong diu ngodic déu chia hét cho (n-1) do d6 B chia hét cho
n-1.Viviy: A=(n-1)B chia hét cho (n-1)*,dpcm.

Vi du 10 : Chimg minh ring cac sd-cddang: n* —4n® - 4n® +16n véi n chin

va l6m hon 4 thi chia hét cho 384.
(Dé thi hoc sinh giéi cdp II mién Bic, 1971).
Giai

Ta phan tich biéu thirc da.cho ra nhan tir;

A=n'-4n’-4n? + 16n

=(n*-4n°)-(4n” -16n)=n’(n-4)-4n(n-4)

=n(n -t%I,)(n2 —4) =n(n-2)(n+2)(n-4)

Vi n chin va 16n hon 4 nén ta d3t n=2k +2 (k> 1) va biéu dién theo k,
taco: A =(2k+2)(2k)(2k +4)(2k-2)

=16k(k-1)(k +1)(k+2)=16(k -1)(k)(k+1)(k+2). Ta nhan thdy

(k-1)(k)(k +1)(k + 2)la tich ciia bén s nguyén duong lién tiép, tich

nay chia hét cho 2.3.4 =24 .
Viy tich A di cho chia hét cho: 16.2.3.4 =384 (dpcm).

Vi du 11: Chimg minh: 2*" —1 chia hét cho 15.
# - Gidi

*={2f - 1)[(2‘ )"'l ook 1] =15.M

2 —1=(2*) -1
vaé gcx :15.
A -BDHSGTS-
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Vi du 12: Chimg minh ring tong: A =7"+7 +7° + 7' + ..+ T'k
(trong do k 1a sé tu nhién chia hét cho 400).
Gidi
Has nhom cac hang tir ctia tong di cho theo cach:
A= (7 + 4P +7“)+(75 +7 &7 +78)+... +(7‘""3 TR +7'”‘)
=(C+ TP HT)+ T (T+ T+ T T )+ T (T+ T +T° 4+ 7Y
=("+ T* 47 +74)(1 $T4 T +...+7“‘"')
=7(1 +7+49+343)QA+ 7" +7° +...+ T"*) =7.400.M
Vay A:400.
Vi du 13: Chimg minh biéu thirc: A = 75(4°" + 4™ + ..+ 42 +5) + 25 chia
hétchio 4"
(Dé thi vao chuyén todn Ha Ngi 1976 — vong 1)
Gidi:
A=253(4"" +4"" 4+ 4% +4+1) 425
=25.(4- 1)(41975 441%™ 4 +413 44 1) +25

Ap dung hing ding thic , ta co: A = 25(4*7 —1) + 25 = 25.4'°™
Vﬁ)' A 41976
Vi du 14: Tim s6 nguyén n dé gia tri cua biéu thirc A chia hét cho gia tri cia
biéuthic B:A=n’+2n2-3n+2__B=n’-n
Gidi:
Dt plhép chia: (n® + 2n? —3n +2):(n* - n)
n’+2n®-3n+2=(n’-n)(n+3)+2

Mudm chia hét, ta phai ¢6 2 chia hét cho n(n-1), do d6 2 chia hét cho n.

Taco:
n 1 -1 2 -2
a n-1 0 -2 1 -3
a(n-1) 0 2 2 6
loai loai
Lﬁfs-ap;g n=-1, n=2.
Chu y:

a) Khing thé néi da thirc A chia hét cho da thirc B. O ddy chi ton tai nhimg
gia rr_:wén cua n dé gia tri cua biéu thiec A chia hét cho gid tri cua
b I ;

~
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b) Cé thé thay viéc ddt phép chia bang cdch bién doi:
n®+2n*-3n+2= n(n2 -—11)+3(n2 —n)+2
Vidu 15: Tim s nguyén duong n dé n® +1 chia hétcho n® +1.
Gidi:
Bién déi: n® +1 i n’+1 < n?(n®+1)-(n*-1) i n®+1
< (n+1)(n-1) : (n+1)(n2 —n+1) o n-1:nf-n+1(vin+120).
Néu n =1 thi ta dugc 0 chia hét cho 1. ‘
Néu n>1 thi n-1<n(n-1)+1=n’-n+1, do d6 n-1 khong thé
chia hét cho n? —n+1. C6 hai truong hop:
a. n-n+1=1 < n(n-1)=0 & n=0; n=1. Cac gia tri nay thoa
mén dé bai. 5
b.n’-n+1=-1 < n’-n+2=0 .V nghiém. .
Vay n=0, n=1 la hai so phai tim.
Chi y: Tir n-1:n*-n+1 suy ra n(n-1) in’-n+1 la phep kéo
theo chir khong la phép bién diitweng dwong. Do dé sau khi tim duoc
n=0,n=1 rh: phai thu lai.
Vi du 16: Tim sb ty nhién n sao cho 2" ~1 chia hét cho 7.
Gidi:
Néu n =3k (keN)thi 2" -1=2%~1=8* -1 chia hét cho 7.
,Néun=3k+1 (keN) thi 2*-1=2""-1=2(2%-1)+1=BS 7+1
Néun=3k+2 (keN) thi 2" ~1=2""-1=4(2"-1)+3=BS 7+3
Vay 2" -1 chiahét vho 7 & n=3k (keN).
Dang 2: Nguyén tdc Dirichlet
Vi dy 1: Mot ba gla chiéu con, ngay nao ciing cho con it nhit mot chlec keo.
bé han ché, tuan ba cho khong qua 12 chiéc kf;o Chu'ng mmh rang trong
mot s6 ngay lién tiép nao d6 ba me da cho con tdng s6 20 chiéce keo.
Giai:
Cdch I: Xét 11 tuén lién tiép. Goi S(n) la tong s6 keo ma ba me di cho con
tinh dén ngay thirn (1<n <77). Xét 154 s6 sau:
S(1), 8(2), ... S(77); S(1) + 20, S(2)+20, ... S(77)+20
Vi mdi ngdy ba me cho con it nhat 1 chiéc keo nén
S(k) >1, k=1, 2,... 77 va mdi tuan ba me cho con khéng qua 12 chiéc
keo nén: S(k)<11.12=132, Vk=1, 2,.., 77
DE thay S(k)#S(m), V k#m. Mt khic, c6 154 s6 chi nhan gia tri
3 152 gia tri nén ton tai hai sb bing nhau. Vay ton tai k, m sao
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cho S(k)=8(m)+20 hay S(k)-S(m)=20. Vay ke tir ngay thir m +1
dénngay thir k ba me da cho con dung 20 chiéc keo.

Cich 2 Xét 21 ngay lién tiép ké tir ngay nao d6. Goi S(n) la tong so keo
ma >a me da cho con tinh dén ngay thir n (1sn<21).

Ta6: S(m)#S(n), Vm#n(l<m, n<21) va 1<S(n)<3.12=36
Vi 21 tong nén 3 m>n(? <m, n < 21) sao cho:
3(m)=S(n)(mod20) = S(m)-S(n) : 20
= S(m)-S(n)=20 (vi 0<S(m)-S(n)<36)
Nhr vay, ké tir ngay thir n+1 dén ngay thir m, ba me d3 cho con diing
20 chiéc keo.

Vi du > Trong mdt tam giac déu canh bang 1 (ké ca trén cac canh), ta dat 17
dién. Ching minh rang ton tai hai diém ma khoang céach giita chiing nho
hor hoac bang i

Giai:
Chi: tam giac da cho thanh 16 tam giac déu nhé, canh c6 d6 dai bang i.
The nguyén tic Dirichlet thi ton tai it nhat hai diém nim trong ciing mot
hini tam gic nho, Hai diém nay c6 khoang céch bé hon hoc bing i

Vi du !: Trong mdt cudc giao-lwu,-mdi-nguodi-déu bit tay véi it nhit mot

ngwi khac. Chimg minh rang cé it nhat hai nguoi c6 cuing s6 lan bit tay.
Giai:

Gia sir trong cudc giao lvu d6 c6 n ngudi. Vi sb lan bit tay cua mdi

ngwi nidm trong khoang tir I dén n -1 nén co it nhat hai ngudi c6 so lan

bét ay bang nhau.

Vi du ¢ Chimg minh ring ton tai mdt s6 tu nhién gdm toan chir sé 6 va chia
hét :ho 2003.

Giai:
X¢ét2004 sb c6 dang: 6, 66, 666, ..., 666..6. Theo nguyén tic Dirichlet
thi on tai hai s0 co cung sb du khi chia cho 2003. Gia st hai s6 d6 1a:
A=66..6 vi B=66...6 vdi k<n
—_— —_—

n k
Khidd, A-B=66...6.10° chia hét cho 2003.
n-k
Vi @(g?‘ 10*)=1 nén C = 66...6 chia hét cho 2003.
@ &7 T
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Vi du 5: Chimg minh ring trong 52 sb nguyén duong bit ki ta luén tim duoc

hai sb sao cho téng hoic hiéu cua hai s6 d6 chia hét cho 100.
' ~ Giai: '

Cich 1: Néu c6 hai s6 c6 cling s6 du khi chia hét cho 100 thi bai toan dugc
giai. Gia sir khong c6 hai sé nao cung s6 du khi chia cho 100. Khi dé, c6
it nhat 51 s6 khi chia cho 100 c¢6 s du khac 50 1a a,, a,, ..., a,, .Dat
b, =-a,(1<i<51). Xét 102 sb: a, va b,. Theo nguyén tic Dirichlet thi
ton tai i # j sao cho a, =b,(mod100). Suy ra a, +a, chia hét cho 100.

Cich 2: Ciing nhu & cach 1, néu c6 hai s cing chia hét cho 100 thi ta c6
diéu phai chimg minh. Gia sir c6 it nhit 51 s6 khong chia hét cho 100.
Xét cac cap: (1, 99), (2, 98), ..., (49, 51), (50, 50). Suy ra c6 hai sb
ma sé du cua ching khi chia cho 100 cung roi vao mot cap va ta c6 diéu
phai chimg minh.

Vi du 6 : Chimg minh ring:

a. Trong 11 s nguyén bat ki thé nao ciing c6 hai sé c6 cung chir sb tan
cung gidng nhau.
b. Trong m + 1 s nguyén bét ki thé nao ciing c6 hai sb co hiéu chia hét cho
m.
Gidi

a. Mot s nguyén chi ¢o thé tan cung b&ng 1 trong 10 chit s6: 0, 1, >, .\ §
Lay 11 sb nguyén, theo nguyén tic Dirichlet, phai c¢6 hai sb c¢6 cling chit
s tin ciing gidng nhau.

b. Chia mét sé cho m thi ta c6 s6 du la mdt trong m $6:0,1,2,..., m-1.
Do d6 theo nguyén tic Dirichlet chia m + 1 s6 cho m thi phai c6 it nhat
hai s6 cho ciing s6 du. Hiéu cua hai s6 nay chia hét cho m (dpcm).

Chu y rang: cdu a) 1a truong hop déc biét cia cau b) khi cho m = 10 (chit
s6 tan cung cua mdi sé biéu dién sé du khi chia sé d6 cho 10).

Vi du 7: a. Chimg minh ring trong m s6 nguyén bat ki, bao gi ciing c6 mot

s6 chia hét cho m hoc it nhit hai sé c6 tong chia hét cho m.
b. C6 hay khong c6 mét sé cé dang: 19911991...1991000000 chia hét
cho 1990?
Gidi.
a. Goi msé nguyéndichola a,,a,,....a,. Ta lap m tong:
S, =a;;S,=a, +a,;S, =a, +a, +a,;
S, =a,+a,+a;+...+a
Cé tat ca hai truong hop:
- Mot rg cac tong trén chia hét cho m. D6 1a diéu phai chimg minh.

4 [
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— Khong c6 mdt tdng nao trong céac tdng trén chia hét cho m; nhu vay sb
du khi chia mdi téng trén cho m la mét sb tir 1 dén m -1 (co tat ca
m - 150 du). Ta ¢6 m tong, do d6 theo nguyén tic Dirichlet, phai c6 hai
tong co cung so du (#0) khi chia cho m. Hiéu cua hai tong nay (la tong
ctia mot sb cac sb da cho) chia hét cho m (dpem).

b. Ta lip 1990 s6 c6 dang:
1901
19¢1 1991
191 1991 1991

19¢1 1991 ... 1991
(bén chirsé 1,9, 9, 1 duoc lap lai 1990 lan)
Ch:a cac s trén day cho 1990, ta c6 1989 sé du khéc 0. Theo nguyén taic
Dirichlet, phai c6 it nhét hai s cho cung mét sé du, hiéu hai s6 nay (la
m¢: sO ¢O dang 1991 1991 ... 0000) chia hét cho 1990 (dpcm).

Vi du $8: Chung minh rang trong cac so tu nhién thé nao cling c6 so k sao
che 1983 —1chia hét cho 10°.

(Dé thi hoc sinh gidi todn cap II toan quéc, 1983)
Gidi

Cho k lin luot ldy 10° +1 gia tri lién tiép, tir 1 tro di, ta dugc 10° +1 gia
tri khac nhau cia 1983 1. Chia 10° +1 's6 nay cho 10°, ta chi c6
nhidu nhat 1a 10°sb du; vi vay theo nguyén tic Dirichlet, phai c6 it nhét
hai sé cho ciing s6 du.khi-chia-cho-10>.-Gia-sir s6 d6 1a 1983™ -1 va
1933" — 1 (m > n). Thé thi hiéu cta hai sb nay phai chia hét cho 10°:
(1¢83™ —1)-(1983" 1) chia hét cho 10°.

Mz (1983" —1)- (1983 ~1) = 1983" —1983" =1983" (1983"™ -1)

Nhmg c6 10°va 1983" nguyén té cung nhau, do d6 phai c6 1983™™ -1
chia hét cho 10°. Nhu viy 1a c6 s6 k'=m —n sao cho 1983% —1chia hét
che 10° (dpcm).
Dang 3: Tim s6 du va chir so tin cing
Vi dw i: Chimg minh r?mg tdn tai mot bodi sb cua 2003 co dang:
20042004...2004

k
Gidi:
X¢é:2004 s6: a, =2004; a, =20042004 ...
8,5, = 20042004....2004 (nhém 2004 c6 mat 2004 lan)
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Theo nguyén li Dirichlet, tbn tai hai s6 c6 ciing sé du khi thyc hién phép
chia cho 2003. |

Goi hai s6 d6 1a a_, va a, (1<n<m<2004) thi a, —a, : 2003.

Tacé: a, —a, = 2004...20040000...0000 = 3004 .. 2004 . 10"

Do 10* va 2003 nguyén td cung nhau nén 2004 ... 2004 chia hét cho

m-=n

2003.
Vi dy 2: Tim sb du khi chia 2':
a.Cho 9; b. Cho 25; c. Cho 125

Gidi:
a. Liy thira cua 2 sat véi mét boi sdcna9la 2 =8=9-1
Tac 2% =2(2°)" =2(9-1)" =2(BS 9-1)=BS 9-2=BS 9+7
S6 du khi chia 2'*° cho91a7.
b. Liiy thira ciia 2 sat véi mét boi so clia 25 1a 2'° =1024 = BS 25-1.
Tacé 2 =(2°)" =(BS 25-1)" = BS 25+1

86 du khi chia 2'*cho 25 1a 1
c¢. Dung cong thire Niu- ton:

2% = (5-1)" =52'L5pH03 ] 57-505+1

50149
T2
Khéng ké phin hé s& ¢uia khai'trién Niu-ton'thi 48 s6 hang dau da chia
lily thira ctia 5 véi sé mirtémhomhodc-bing 3 nén chia hét cho 125. Hai
sé hang tiép theo ciing chia hét cho 125, s6 hang cudi cung 1a 1. Vay

2'° =BS 125+1.

S& du khi chia 2'% cho 25141

Chii y: Téng quat hom, ta chimg minh dwoc rdang néu mét s tw nhién khong
chia hét cho 5 thi chia n'® cho 125 ta dugc sé du la 1.
That v@y, n co dang 5k +1 hodc 5k +2. Ta co:

(k1) = (5k)™ + ... +19992 (5k)* £100.5k +1=BS 125+1

(5k)* 2% +100.5k.2% + 2'*

=BS 125+2'%
Talgi cé: 2'° =BS 125+1. Do dé (5k+2)"” =BS 125 +1.

AB¢
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Vidu ! : Tim ba chir s tan cing ctia 2'® khi viét trong hé thap phan
Gidi:
Tin ba chit s6 tan cung cua 2' la tim s6 du khi chia 2" cho 1000.
Trede hét tim sd du khi chia 2'™ cho 125. Theo vi du 2 ta c6
2" =BS 125+ 1, ma 2" 1a s6 chdn, nén ba chit sb tan cung ca no chi
c6 hé 1a 126, 376, 626 hoac 876.
Hien nhién 2" chia hét cho 8 nén ba chir 50 tin cing cia n6 phai chia
héicho 8. Trong bon so trén chi ¢6 376 chia het cho 8.
Vi ba chir s6 tan cung cua 2'” 1a 376.
Cha y Ban doc tu chimg minh r&ng néu n la sé chdn khong chia hét cho 5
thiba chit s6 tdn ciing ctia n'® la 376.
Vi du /: Tim bon chit s tan cing ctia 5" khi viét trong hé thap phan.
Gidi:
Cich : 5' =625. Ta thiy sb tin cing bang 0625 nang lén lily thira nguyén
dueg bét ki van tan cling bang 0625 (chi kiém tra:...0626x...0625 =...0625)
Dodo: 5 =52 = 25(5)" =25(0625)" = 25(...0625) = ...5625.

Cdch .: Tim s6 du khi chia 5" cho10000 = 2¢.5*
Nhin xét: 5** —1 chia hét cho 5¢-1 =(52 —1)(52 e 1) nén chia hét cho
16 Ta c6: 5'9% = 58 (5‘935 - 1) +5%,

Do 5° chia hét cho 5*,-con-5'%8 —1 chia-hét-cho 16 (theo nhan xét trén)
mér 5°(5'"* ~1) chia hét cho 10000. Tinh 5°, ta dugc 15625. Vay bén

chi sd tan cing cua 5" 1a 5625.
Chii y:Néu 5 =5° (5" —1)+5% thita c6 5'* =1 chia hét cho 16, nhung

52 khong chia hét cho 5°. Nhu vdy trong bai todn nay, ta can viét 5'°**
dleci dang 5" (5" - 1) +5" sao cho n > 4va 1994 —n chia hét cho 4.
Vi dw :: Tim ba chir sb tn cing cua 3'.
Gidi:

50 49 1

=(10_1)5° =10% = 0% -50.10+1

=15 1000 +... BS500-500+1=BS 1000 +1.

\'£Y 3'°° <6 tén cung 1a 001.
Chiy: g qudt, ta chumg minh dwoc rang néu n la sé lé khong chia hét
a chiz 56 tdn ciing cia n'® la 001.
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Trudc hét, ta thdy mét s6 n khong chia hét cho 5 thi chia cho 125 ¢6 sé

dw bang 1. Piéu nay da dugc chimg minh ¢ chi y cua vi du 2. O ddy, do

c6 thém diéu kién n la s6 1é nén con cé thé chimg minh bang cdch sau:

ntdn cimg bang 1, 3, 7, 9 = n* tdn cing bang 1.

= n'“= (n‘ )25 =(10k + 1)”

25.24
2

Ta cé n'™ =(n*)" la 6 chinh phiong Ié (vi n Ié) nén chia cho 8 dur 1 (2)

= BS 1000 + (10k)” +25.10k +1=BS 125+1 (1)

Tir (1)va (2) suy ra n'™ —1 chia hét cho 1000, tirc la tdn cing bang 001,
Tir két qua nay, ta con suy ra: Néu n la s6 1é khéng chia hét cho 5 thi

) L4 o~ ‘ - hJ
n'"" va n cé ba chit so tdn ciing nhu nhau.

Vi du 6: Cho ab = 455" . Tim s du trong phép chia a + b cho 4.
Gidi:
Cdch I: Ta thiy 455" =(BS 4-1)12 =BS 4+1. Do d6, a va b chia cho 4
cung du 1 hodc cung du 3. Trong ¢a 2 truong hop trén, a +b chia cho 4
du 2.
Cdch 2: Xét biéu thic ab+a+b+1=a(b+1)+(b+1)=(b+1)(a+1)
Do avab lénén (ba1)(a+1)chia hét'cho. 4 tirc 1a:
(ab+1) +(a + b) chia hét cho 4 (1)
Ta thiy: ab = 455" = (BS-4—1)"=BS-4+1-= ab+1=BS 4+2 (2)
Toe(l)va(2)suyraa+b=BS4+2.
Vi du 7: Tim hai chir s6 tin cung cua:
a) 3% b) 77
Gidi:
a) 3% =3.3% =3(10-1)" =3(10*° - ...+ 499.10 - 1)
=3(BS 100 + 4989) =...67
b) Xét sb mii 7 =(8-1)' =BS 8-1=4k + 3. Ta cé:
7" =7 =7, (7*)" = 343.(...01)" =(...43)(..01) =...43

Dang 4 : Cdc bai todn khdc
Vi du I: Chimg minh ring sb: 19.8" +17 1a hop sb véi moi sé tu nhién n.
(Dé thi vé dich todn Anh, 1976)

Gidi
ong hgp:n=2k,n=4k +1 van =4k + 3.
A -BDHSGTS-
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a. n=2k: A=19.8"%+17=18.8"%+8% +(18-1)
Ma 8% =64" = (63 + 1)*,63=3.21 nén 8 chia3dul.SuyraA i3
b. n=4dk+1; A=19.8"*"+17
- 13.8"1 1 6.8.64%% +17 =13.8""! +39.64* + 9(1-65)" + (13 +4)
Chi y ring: 65 =135.(1-65)" chia cho 3 du 1, ta c6: A1 13.
c. n=4k +3 ,tacé A=19.8"" +17 =15.8""* + 4.8°.64%* +17
=15.8'% 4+ 4.510.64% + 4.2(1-65)"" +(25-8).Suy ra A:8.
Vi du 2 : Xac dinh gia tri k dé da thirc:
f(x)=x"-9x" +21x* + x + k chia hét cho da thirc: g(x)=x* -x-2
, s s
Cdch 1: Lay f(x) chia cho g(x) dé tim s0 du va dat s6 du bang 0 dé tim k.
Ta co: x* - 9x® + 21x? +x+k=(1h:2 —x—2)(x2 —8x+15)+k+30
f(x) chia hét cho g(x) thi can va du la:r(x) =k + 30 =0 = k =30
Cdch 2: Taco: x* -x-2=(x-2)(x+1)
Nhu vdy néu f(x) chia hét ‘cho x®-x-2 thi ciing chia hét cho
(x-2)(x+1). Ap dung dinh ly Bezout va dinh nghia phép chia hét, ta
thay x =-1vao f(x):.f(-—l)=1+9+21—1+k=0:>k=—30-
Vi du 3 : Tim tit ca cac s6 tu nhién k dé cho da thirc: f(k)=k*+2k*+15
chia hét cho nhi thirc: g(k)=k +3.
Gidi
Cdch 1: X' +2k* +15 = (k + 3)(k? —k + 3) + 6. Dé f(k) chia hét cho k + 3 thi
can va di 1a 6 chia hét cho k+ 3. Néu k 14 56 tur nhién thi k + 3> 3 vi thé 6
chia hét cho k + 3 khi va chi khi k = 0 hodc k = 3.
Cdch 2: Ap dung dinh ly Bezout, chia f(k) cho g(k)=k-(-3)ta tim dugc
s du: f(-3)=-27+18 +15 = 6. S6 du nay phai chia hét cho k +3.
Vi du 4 : Chimg minh réng véi p 1a s6 nguyén t6 16n hon 2 thi gia tri m trong
phinsé: = =1+= Sk, +—L(meN;neN),chiahétchop.
n 2 3 p-1
Giai:
Do p 1a 56 nguyén té nén p — 1 12 s6 chin, suy ra

1+~+ + .

gC
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1 1 1 1 1 1 1 1
=1 =4 =4 #=% ol W
1 p-1 2 p-2 3 p-3 p=1l p+l

P P P p

“L(p-1) 2.(p-2) 3.(p-93) m+(p;l)(p;1)

=p I S E—_ .

1.(p-1) 2.(p-2) 3.(p-3) [p—l)(p+1)

L 2 2 -
Tacé 1.(p-1).2.(p-2)... 21 s —(p 1)! suy ra — c6 dang
-n—l—p————::’m(p—l)!znpq zm(p-l)!chiahét cho pma (p-1)!

n (p-1)!
khong chia hét cho p , nén m chia hét.cho p.
Vidy 5: V6i8s6:0,1,2,3,4,5,6,7)Hoi c6 thé 13p dugc bao nhiéu so tu
nhién c6 6 chir s6 khac nhau, trong d6 nhit thiét phai c6 mat chir s6 3.
Gidi :

Ky hiéu sé tu nhién thoa débai la1 ajaja a,aja, .Céc so a,, a,,..., a,

khéc nhau l4y ti 8 s d4 cho, a, 20
a, =3, khi dé a,.c6.7 cich chon,saudé a, c6 6 cach chon,...
Do d6 truong hop nay cé: 7.6.5.4.3 =2520 (s0).

e a, #3 khidéc6 6 cachchon a, (vi a, #0, a, #3), chon s0 3 thay
vao 1 trong 5 sb a,,..., a5, sau d6 con lai 4 chir sd va 1an luogt chon 4 sb
khac nhau ldy tir 8 s6 d4 cho vakhéc a,, a, .

Do d6 truong hop nay cé: 6.5.6.5.4.3 = 10800 (sb).
o Pap sb: 13320 s6.
Vi du 6: Cho 2" =10a + b. Chimg minh ring néu n > 3 thi tich s a, b chia
hét cho 6. O day a, b, n Ja cac s6 nguyén duong va b < 10.
(Dé thi hoc sinh giéi toan quoc 1984)
Giai
Cdch I: - T céac gia thiét ta suy ra b chi c6 thé nhan cac gia tri 2, 4, 6, 8.
Véib=2

Bzﬁ : a 12 s nguyén nén n phai c6 dang n =4k +1
A -BDHSGTS-
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Vi1 > 3 nén n chi c6 thé lay céac gia tri tir 5 tro 1én.

2-1k+1 _2

Ta lugc:«a = .Néu a.b:6 ma b = 2 thi a phai chia hét cho 3 va

(2**' - 2) phai chia hét cho 30.
Chvng minh (2% -2):30 bing phuong phap qui nap.
— Cic truong hop b =4, b = 8 ciing tuong tu.
— T-uomg hop b = 6 thi ménh dé trén hién nhién ding.
Cdch 2:Hay xét hai truomg hop:
a. Truog hop n la sé chin, n =2k (k=>2)
2" =10a+b e 2%* =10a+b
* S1y ra b 1a s6 chin.
" (e (2“)2 la s6 chinh phuong chin nén né phai tan cung bang so
chi, b chi c6 thé 1a 4 hoac 6. :
— V&i b = 6: ménh d¢ hién nhién dung.
- Voib=4=2"=10a+4 > 4}:10d+4
Vit =(3+1) =3M +1 nén 4F chiacho 3 con du 1. Vay (4* -4):3

suyra 10a:3 hay a: 3.

b. Truing hop b la s6 1&: d=2ri4al{r22) 125 12 =10a+ b <> 22 =10a + b
2% chi tan cung bang 4 hodc 6 nén 222 chi c¢6 thé tin cung bang 8
hoz 2 hay b chi nhan gia tri 2 hoac 8.

— Vi b =2 thi 2" chiacho 3 du I; 27T chia cho 3 du 2.
Viar (22! -2):3 nén 10a:3 hay a!3.

— Vo1 b = 8 ciing chimg minh tuong tu.
Cdch 3:Vin> 3, cho nén ta chi can xét cac truong hop n = 4k,
n=4k+1, n=4k+2,n=4k+3 vdikeNvak=>1.
— Wi n = 4k, ta chirng minh dugc b=4. Viy a.b: 6
— Vin =4k + 1, ta suy ra b =2 va chirng minh dugc a: 3
— Vi n =4k + 2, ta suy ra b = 4 va chimg minh dugc a: 3
— \in =4k + 3, ta suy ra b= 8 va chimg minh dugc a: 3
Nihin xét: trong ca ba cach chimg minh trén day, ta déu nham di dén két
lwér 1a b chi nhan mot trong cac gia tri 2, 4, 6, 8 va chi can ching minh
ran: trong cac truong hop iy thia:3.
Vi du 7 Cho biét da thirc 3x® - 7x* + 4x —4 chia hét cho nhij thirc x-2.
Tugdathuc thuong.
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Gidi
Goi da thirc bj chia la f(x), da thitc chia la g(x). O day f(x) la da thirc bac
ba, con g(x) la da thic bac nhat. Vi viy thuong phai la da thirc bac hai,
nghia 1a thuong c6 dang: h(x)=ax’+bx+c.
Ta céd: 3x® -7x* +4x -4
=(x -2)(9.::2 +bx + c) =ax’ +(b-2a)x* +(c-2b)x - 2c.

Péng nhét hé sb & cac hang tir ciing bac & hai vé, ta duoc:

T;’ I ek
T s Bt
c-2b=4

c=2
-2c=-4

Pa thirc phai tim 12 h(x) =3x* - x +2

Chii y: Ta c6 thé nhan xét vé& hé sé cao nhéit va hang tir khong déi cua f(x),
g(x) va h(x) dé c6 ngay: a =3;(~2c)=—-4, Dodbc=2.

Vi du 8: Vi gia tri nao cua a va b thi da thirc: x> +ax®+2x+b chia hét
cho da thirc: x* + x +1? Hay giai bai toan bang hai cach khac nhau.

(Dé thi hoc sinh giéi cip II toan quéc, 1976)
Gigi

Cich 1: Chia f(x) cho x* +x +1
Ta duoc du la: (2-a)x+(b+1-a)=r(x). Ta c6 phép chia hét khi va
ik r =0, g~ =0  assfb=1,

b+l1-a=0

Cdch 2: Cha y ring f(x) béc 3, con da thirc chia 1a bac 2, nén thuong phai la

mét nhj thitc béc nhit, c6 dang x + k. Tir d6:

(x+k)(x2+x+1)=x3+ax2+2x+b

<:>x3+ax2+21'+b=x"‘+(k+1)x2+(k+1)x+k.Hésﬁcﬁacéchangt1‘r
ciing bic phai bing nhau, suy ra:
a=k+1;2=k+1;b=k Tudiaytacé:k=1,a=2,b=1.
Vi du 9: Chimg minh ring da thirc:P(x)=x’ —3x* +6x* -3x* +9x - 6
khong thé c6 nghiém 1a s6 nguyén.
(Theo dé thi vé dich toin Hungari 1963)
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Gidi
Vol ae Z, ta co: P(a) =a’-3a'+6a’-3a”+9a-6
Néu a chia hét cho 3 thi tat ca cac so hang trong P(a) déu chia hét cho 9,
trir so hang 6, do d6 P(a) khong chia hét cho 9, nghia la P(a) # 0.
Néu a khong chia hét cho 3 thi a’khéong chia hét cho 3 trong khi tat ca
cac sO hang khéc trong P(a) déu chia hét cho 3, do d6 P(a) khong chia
hét cho 3, nghia la P(a)# 0. Vay P(a)#0 véimoia € Z.
Vi du 10: Chimg minh rang n® + 2n chia hét cho 3 v&i moi ne N.
Giai
Cdch I: Ta xét hai kha nang:
a. Néu n'3 thi r rang (n® +2n):3
b. Néu n khong chia hét cho 3 thi n c6 dang: n =3k +1 hodc n =3k + 2
vai ke N.
*V6in=3k+1: (n®+2n)=(3k+1) +2(3k+1)
=27k® + 27k + 9k +1+ 6k + 2/=3(9k’ + 9k* +5k +1) 3
*Véi n=3k+2// n’ +2n=(3k+2)3 +2(3k +2)
=27k° +54k” + 36k + 8 + 6k + 4 = 3(9k® + 18k” + 14k + 4) ;3
Ménh dé dugc chimg Minh
Cdch 2: Chimg minh bing quy nap toan hoc:
l.n=1=n%+2n=1+2.1=3 viy ménh dé ding véin= 1.
2. Gia st ménh dé dung v6i k, nghia la ta c6: (k* + 2k):3
Ta chirmg minh ménh dé ciing duing véi k + 1, nghia la phai chimg minh:
[(k+ 1) +2(k+ 1)]53. Ta cé:
(k+1)" +2(k+1)=k*+3k? + 3k +1+ 2k + 2
=(k*+2k)+3(k* +k+1),keN
Nhung (k3 +2Kk):3 (theo gia thiét quy nap); 3(];:2 +k+1):3
Vay |:(k + 1)3 +2(k+ 1)]53 .\Viy ménh dé trén ding v&i moi ne N.
Vi dy 11 : Chimg minh rang: 16" —15n-1:225
Gidi
1. Ménh & phai chimg minh ding véin =1

_ 16' -15.1-1=0:225
2 ggménh dé phai chimg minh la ding véin =k
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16* —15.k —1:225 . Ta chimg minh ring ménh dé ciing ding véin =k + |
Thuc vay: 16" -15(k +1)-1=16.16" —-15k -15-1

=(16* -15k 1) +15.16* - 15 vi 16.16* =(15+1)16* = 16* +15.16"
Theo gia thiét quy nap thi: 16* —15.k -1:225 .

Con 15.16* -15=15(16" -1), Ma 16* -1:(16-1)

Nén 15(16* ~1):15.15 =225 Vi véy: 16" —15(k +1) ~1:225 (dpcm)
Vi du 12 : Tim s6 nguyén duong n dé biéu thirc sau la s6 chinh phuong:
a)yn’-n+2 b) n*-n+2
Gidi:
a) Véi n=1 thi n®>-n+2=2 khong 14 s6 chinh phuong.
Véi n =2 thi n? —n +2=4 14 sd chinh phuong.
Véi n>2 thi n? —n+2 khéng la s chinh phuong vi:
(n—l)2 <n’~(n-2)<n’
b) Vé&i n>2 thi (n2 -1)2 <n* —(n—2)<(n"’)2 nén n*-n+2 khong la sb
chinh phuong. Xét n=1 va n=2. Papsd: n=2.
Vidu 13 : Tim sd nguyén t6 p € 4p+1 1a s6 chinh phuong.
' Gidi;
4p +1 la sb 1é va 1a s6 chinh phuong nén
4p +1=(2k + 1)L 4k? ¥ 4k 41 (k'nguyén)
= 4p=4k(k+1) = p=k(k+1)
Do p lasdnguyénté nén ke1.Khidé p=2va 4p+1=9=32.

Bai tip vin dung
1. Giai phuong trinh nghiém 14 s6 ty nhién cia phuong trinh sau :
2(x* -y*)=1978.
2. Tim sb ¢6 sau chit sé d6i mot khac nhau abedef sao cho
abcdef = a(lOOO;:-E2 —cc). _
3. Giai phuong trinh nghiém nguyén: x* -y* +z* + 2x?2® +3x> +42° +1=0.
3 8 15 n’ -1

4. Chimg minh ring: véi moi s6 ty nhién n > 2 thi S=Z+-9-+E+...+-—~5—
n

khong thé 1a mot s6 nguyén
5. Tim tit c3 cdc tam gidc vudng c6 ba canh la sd nguyén va c6 dién tich
ba i.
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6. Tim o tu nhién nho nhét bit dau tir chir sé 1 sao cho néu chuyén 1 xudng
vi tr cudi cung thi sé da cho tang 1én ba lan.

7. Hay tim céc chir s a, b, ¢, d: biét rﬁng a, cd, ';a, abed 1a cac sd chinh
phurng.

8. Tronz mot hoi nghi qudc t& c6 6 dai biéu & cling mot khach san. Néu bat
clr - ngudi nao gap nhau thi trong ho cé it nhat 2 ngudi co thé tro chuyén
voi ahau duge. Chimg minh rang ¢6 ba nguoi timg doi néi chuyén voi
nhai duoec.

9. Xac linh s6 n, biét rﬁng, trong hé dém co sd 7 thi n duoc viét n =EE.

tronz hé dém co s6 11 thi n6 duge viét n = zxy .

10. Tin cac s6 nguyén a, b, ¢ sao cho da thirc: (x +a)(x —4)-7 phan tich
tharh thira s6 dugc: (x +b)(x +c).

11. Tinm X, y nguyén duong thoa man phuong trinh: 3x* + 10xy + 8y’ = 96

12. Ching minh ring tich cua 4 sé nguyén duong lién tiép khong thé la sb
chirh phuong. ’

13. Tiinr cac s6 nguyén x; y thoa man-x?y? = x? — 8y? = 2xy

14. C'hc hai s6 duong x, y. Biét tdng cua ching bing 6 lan trung binh nhén

., . . . A X
ctia:hung. Tinh ty so —.
) ¢

15.Chc A=1"" 4+ 2 + 30 4 __ 4™
B =1+2+3+..+n voi ne N*. Ching minh A:B

16.Timso tu nhién c6 5 chir so, biét rang s6 d6 bang lap phuong cua sb tao
bai hix s6 hang van va chir s6 hang nghin cta sé di cho (theo thir tr d6).

17. Tiinr s ¢6 ba chir sé sao cho ti sb giira sé d6 va tdng cac chir s6 ctia no la
bé rhat. -

18. Tiimn ne Zdé n* +2n° +2n* +n+7 lasd chinh phuong

19. Tiirx; y; z; t thoa man x* +y* +2* +t’ =x(y +z + t)

20. Tiirr cac s6 nguyén duong x, y thoa % +§ "

21. Tiin céc s6 nguyén a, b, ¢ thoa man ca hai phuong trinh 2a +3b=6 va
3a-4c=1

22.Chiing minh ring biéu thirc: A =n® +20n
Clhit hét chd 48 v&i moi sb nguyén, chin.

23. Clhing minh ring véi n 12 sé tu nhién chin thi biéu thic:
A\ =20" 16" —3" —1 chia hét cho 323.

4.V
(R ﬁ o
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24.a. Phan tich biéu thirc ra nhan tir: A = x* (x* - 7)" - 36x.

b. Dua vao két qua cdu trén hdy chimg minh biéu thirc: n® (n2 - 'i')"2 -36n
ludn luén chia hét cho 7 véi moi s6 nguyén n
(Dé thi vao lop chuyén todn mién Bic, 1972)
25. Chimg minh ring: 5.7%**") 4+ 23" chia hét cho 41 véi n 1a s6 nguyén duong.
26. Gia st x, y, z la cac s nguyén duong, d6i mot khac nhau, ching
minh ring: Biéu thic A =(x —y)5 +(y- z)5 +(z -x)’ chia hét cho
B=5(x-y)(y-2)(z-x%)
27. Chimg minh ring biéu thuc: A =k* +2k® —16k? -2k + 15 chia hét cho
16 véi moi gia tri nguyén va 1é cua k.
28. Chimg minh ring:
a. Néu m la mot s6 nguyén thi (2m +1)” — 1 chia hét cho 8.
b. Hiéu céc binh phwong cua hai s6 chin lién tiép chia hét cho 4.
c. Hiéu binh phuong cua hai's6 Ié lién tiép chia hét cho 8.

29. Cho hai sé thuc x, y sao cho x4y, x> + y2, x'+ y‘1 1a cac sb nguyén.
Chimg minh x> + y° ciing 1a s& nguyén.

30. Mot tAm bia dang tam gi4c vuéng cé do dai ba canh la cac sé nguyén.
Chimg minh ring c6 thé cit tim bia thanh sau phin c6 dién tich bing
nhau va dién tich m&i phan‘1a'sé nguyén.

31. Chimg minh ring véi-moi-sé-nguyénn;ta-cé:
a.n® +3n? + 2n chia hét cho 6.

b. (n2 +n- 1)2 —1 chia hét cho 24.

32.Chimg minh ring:
a.n® +6n® +8n chia hét cho 48 v&i moi s chin n.

b.n* —10n? +9 chia hét cho 384 véi moi s6 1¢ n.

33. a. Cho a la sd nguyén t6 16n hon 3. Chimg minh a® —1 chia hét cho 24.
b. Chimg minh ring néu a va b 1a cac s6 nguyén t6 16n hon 3 thi a® - b?
chia hét cho 24.

c. Tim diéu kién cua s6 tu nhién a 4é a* —1 chia hét cho 240

34. Chimg minh ring néu n+1 va 2n+1 (neN) deéu la sé chinh phwong
thi n chia hét cho 24.

35. Chimg minh ring néu 2n+1va 3n+1 (neN) déu la s6 chinh phuong

thchvét cho 40.

-BDHSGTS-
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Tim s6 tu nhién n dé gia tri cua biéu thire 1a s6 nguyén to:
n’+3n
4

a.12n’-5n-25 b. 8n*+10n+3 C.

Tim s6 nguyén n sao cho:

a.n’ +2n -4 chia hét cho 11.

b.2n®> + n® + 7Tn + 1 chia hét cho 2n -1

c.n’ -2 chia hét cho n-2.

d.n®-3n® -3n-1 chiahétcho n® +n+1.
e.n* —2n’ + 2n? —2n + 1 chia hét cho n* - 1.
f n® —n®+2n+7 chia hét cho n® +1.

38.Chimg minh v&i moi s6 nguyén n:

39.

40.
41.

42.

43.
44.
45.
46.

47.
48.

49.

50.

S1.

a.n’ —n chia hét cho 3.

b. n® —n chia hét cho 5.

c. n” —=n chia hét cho 7.

Chimg minh rang 2n® +3n® +n chia hét cho 6 vé&i moi sé nguyén n.
Chimng minh ring a’b - ab® chia hétcho 6 véi moi a, b nguyén.

Chimg minh rang téng cac lap phuong cua hai sé nguyén chia hét cho 6
khi va chi khi tong hai s6 nguyén d6 chia hét cho 6.

Chirng minh ring tong cac lap phuong ba sé nguyén lién tiép thi chia hét
cho 9.

Chirng minh ring n® £5n?e+4n-chia hét cho120-vdi moi s nguyén n.
Ching minh rang n® — 3n*=n+8-chia-hét-cho48 véi moi s 1é n.
Chimg minh n* +4n® - 4n? —16n chia hét cho 384 v&i moi s6 chin n.
Chimg minh rang véi moi sb nguyén n, sé n? +11n + 39 khong chia hét
cho 49.

Chimg minh rang véi moi s6 nguyén n, n® + n +1 khong chia hét cho 9.
Chimg minh ring ldy tich bon sb nguyén lién tiép cong véi 1, ta duoc
mét s6 chinh phuong (s6 chinh phuong la binh phuong cua mot sb
nguyén).

Chimg minh rang v&i moi sb tu nhién n > 1:

a. Sb n* +4 lahop sb.

b. S6 n* + 4k* 1a hop sb (k tu nhién).

a. Tinh s0 trj biéu thirc (1+ab-b*)a‘ +1 véi a=2"; b=5.

b. S6 2% +1 c6 1a sé nguyén té khong?

Chimg minh rang s6 11 ... 122 ... 2 gdm n chir sé 1 va n chir sb 2 la tich
hajssh g”yen lién tiép v&i moi sb tu nhién n.
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52. Chimg minh ring s6 11 ... 1 =22 ... 2 gdm 2n chir s6 1 va n chit 6 2 1a
mdt s& chinh phuong véi moi s6 tu nhién n.

53 C6 t6n tai hay khong mét sb tu nhién tin cing 1a 2002 va chia hét cho
2003. '

54. Chimg minh rang c6 hai liiy thira ctia 2001 c6 bon chir sb tan ciing bing
nhau.

55. Chimg minh ring ton tai mot liy thira ciia 3 ma bdn chir s tan cung cua
no 1a 0001.

56. Cho 2001 sé tuy y. Chimg minh ring c6 thé chon dugc mot sé hoic mét
s6 s6 nao d6 ma tdng cua chiing chia hét cho 2001.

57. Chimg minh ring trong tim s tu nhién, mdi s& c6 ba chit sd, bao gid
cling c6 thé chon duoc hai sb ma khi viét lién nhau ta thu dugc mét s6 ¢6
séu chit s6 va chia hét cho 7.

58. Chimg minh trong 27 s6 nguyén khac nhau tuy y nho hon 100 c6 thé
chon dugc hai sb c6 uéce sb chung 16m nhét khac 1.

Hudng dan va dép so

1. Ta c6, tir phuong trinh da cho suy ra

2(x* -y?) =1978 & x* —y* 2989 & (x—y)(x + y) = 23.43

Do x, y 12 s6 t nhién nén xdy ra cac trudng hop sau
o = - -_ = = 95
a-xy23c>x33 b.xyl szl
X+y=43 y=10 X+y=23.43 y £494
2. Ta c6 abedef = a(1000ce ——ce)-<>-abedef-=121000ac? — 11ac..
Do a,b,c,d,e,f e N,1<a<9,0<b,c,d,e,f <9, suyrallac <1100,
0 <abecdef <10°, nénxayraa=1,c=2hodca=2,c=1,viakhiacc
* Khia=2,c=1tac abcdef =121000.2 - 22 = 241978.
* Khia=1,c=2tacod abcdef =121000.4 — 22 = 483978.
3.Tacé x* -y* +2z* +2x%22 +3x2 +422 +1=0

= (xz +2° +2)2 —-(x2 +3) =y*(1) hoic

c:>(x2+z2+1)2+x2+2z2=y"(2)

Nhung ta cé x*+22z* >0va x*+3>0;(vx,zeZ). T (1) va (2), ta c6
(x* +2° +1)2 sy'<(x*+7° +2)2 >y =(x"+2"+ 1)2. Két hop véi phuong
trinh (2) tacé x®> +22° =0=>x=2z=0 nén y=1+1. Vay phuong trinh c

;lghiéEuyén 1a (x;y;2) =(0;1;0);(0;-1;0).
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2.1 3.1 4~—1 ;o |
. L

dlleact

2° .y 4’ n’
(g )

- 1 1 1 < Va < 1 %1
S=n-1- 52-+32+;—2+ +=7|<n-1.Véy: S<n-1(1)
* Ta chimg minh: S>n -2

- 1 1 . o 1 1 1 1 1
Thitviy: o+ +7+e+—5< 1_2+2_l3+3.4+'"+01_—1)7
(1) (32 (3D e[ - 2

D Y e Ry A (n-1) n n

Do do: S>n—l—[1—l) =n—2+l>n—2.

n n
Vay: S>n-2().Tu(l)va)tasuyra: n—2<S<n-1 voi moi so
nguyén dwong n 22.Man-2van— lahai so nguyén duong lién tiép.
nén S khong la s6 nguyén.
5. Goi X, y, z la cac canh cuia tam giac vudng 1<x<y<z
2 2 By
Taco: { Y dolid ,
Xy =2(x+y+z)(**)
. Tir (*) taco: 27 = (X¥Y)PLxy= (x+ )y L d(x +y + 2)
=(x+y) -4(x+y)=4z
— zﬁ+4z+4:(x+y)2—4(x+y)+4 & (2+2) =(x+y-2)
S X+y-2=z+2 (Vxty 22) ‘
. Thay z=x +y — 4 vao (**) ta dugc:

x—-4=1 X—-4=
—4)y-4)= iy 2
x-4)(y-4)=8 {y—4=8 hoac {y 4 (viy 2 x)

& B hoac =
y=12 y=

Vay dé dai cac canh tam gidc vudng can tim 1a: 5,12,13 hoﬁc 6,8,10.
6. Goi s6 can tim 1a: A = 1a BB
PitB=aa,.a_ . Taco: A= 1B
. Theo dé bai ta cé: B1=3. 1B

610B+1=3(10“+B)® p= 310 -1

o o
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. Bing phép thir véi n = § thi B = 42857
. Khi d6 sb bé nhat can tim la A = 142857.

7. Do a chinh phuong nén a bang 1, 4 hoic 9. Do d6 ad b?mg 16 hay 49. Suy
ra cd bang 16, 36 hay 49. Tir nhimg diéu nay ta c6 a =1 hodc a = 4.
Viy abed c6 dang: 1b16, 1b36, 1b49, 4b16, 4b36, 4b49 trong nay chi
c6 1936 l1a s6 chinh phuong.

8. Xét nguodi A. Trong 5 ngudi con lai phai c6 ba ngudi cung ndi chuyén
dugc hodc cung khong néi chuyén duge vai A, ta goi ba nguoi nay la B,
C,D.GiasucaB,C,D cung n6i chuyén dugc vai A. Theo gia thiét, c6 it
nhat hai trong ba ngu‘m iy néi chuyén duqc v&i nhau, cung véi A, ho lap
thanh mét b ba can tim.

C.na sit B, C, D cung khong néi chuyén dugc véi A. Theo gia thiét, suy ra
rang nhém (B, C, A) c¢6 B, C néi chuyén véi nhau; nhéom (B, D, A) ¢6 B,
D néi chuyén véi nhau; nhém (C, D, A) c¢6 D, C ndi chuyén véi nhau.
Vay luc nay (B, C, D) l1a bg ba phai tim.

9. Taphdaicé 0<x,y,z<6. Tir gia thiét:
49x +Ty+z=121z+11x+y -= 19x =60z - 3y
Do d6 x chia hét cho 3, tirc 1a x =3 hodc x =6.
* x=3 thi y=20z2719,suy.ra z5 Ly 5il-
* x=6 thi y =30z-38(loai).

Viy, s6 phai tim 1a 155, viét trong co s6 7 la 311 va trong co s 11 1a
131.

10. V&i moi x ta c6: (x+a)(x-4)-7=(x+b)(x+c)
Nén véix =4 thi -7=(4+b)(4+c¢)

4+b=1 4+b=
C6 2 trudmg hop: { : hoéc{4:c=jl

Truong hqp thit nhét cho b =-3;c=-11;a =-10.
Tacé: (x-10)(x-4)-7=(x-3)(x-11)
Trudémg hgp thit hai cho b =3;¢c = -5;a =2
Tacé(x+2)(x-4)-7=(x+3)(x-5)
11. 3x* + 10xy + 8y* =96
& 3x? +4xy + 6xy + 8y’ =96 & (3:~:2 +6xy) + (4xy+ 8y2) =

& 3x(x +2y) + 4y (x + 2y) =96 < (x +2y)(3x + 4y) =96. Do x, y nguyén
dur X +2y;3x + 4y nguyén duong va 3x+4y>x+2y>3. Ma
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96 =2°3 c6 cac udc la 1; 2: 3; 4; 6; 8; 12; 24; 32; 48: 96 duoc biéu dién
thanh tich 2 thira sb khong nho hon 3 1a: 96 =3.32=4.24=6.16 =8.12
Laicd x+2y va 3x +4y c6 tich 1a 96 (s6 chin) co tdng 4x + 6y la sb chin
Xx+2y=4

3x +4y =24

Hé ohuong trinh nay v6 nghiém.

+2y =6 =
Hoic e —" X
3x +4y =16 y=1

do dé{

X+2y=8

3x +4y =12
Vay céc s6 x, y nguyén duong cantimla (x,y)=(4, 1)

12. Go bdn sb nguyén duong lién tiép 1a x;x +1;x + 2;x + 3vdi X nguyén
ducng. Gia sir x(x+1)(x+2)(x+3) =k’ & (x2 + Bx)(x2 +3x + 2) =)

Hoic { . Hé phuong trinh v6 nghiém.

& (x* +3x +1)2 —-1=k*. Trong d6 (x2 +3x+1)2 va k? 1a hai s6 chinh phuong

hon kém nhau 1 don vi nén (x* +3x+1) =1 va K¥=0 = x=0;x=-3 tréi
véi gia thiét. Vay tich ciia bon s6 nguyén duong lién tiép khong thé 1a sb
chich phuong.
b) Chimg minh riang v&i s6 nguyén duong a chia cho 4 du 2 thi biéu thic
P =3" + an + 3 chia liét.cho 4°'vdi' s nguyén dwong n bat ky.
b) P =3" +an + 3 vdi n nguyénrduong
Véoia=4m+2(meN*) thi P=3"+(4m+2)n+3
*n=1thi P=3+4m+2+3=8+4m:4
*Gasu P=3"+(4m+2)n+3:4véin=Kk, tuc la:
P, =3 +(4n+2)k +3:4
*Taco: B, =3"" +(4m +2)(k+1)+3
=3.(2+1)+(4m +2)k +4m+2+3=3“2+3" + (4m +2)k + 4m + 2+ 3
=P, +3*2+4m+2=P, +4m+2(3" +1)54. Viy P:4dvéi a=4m +2

13. x’y’ —x* -8y? =2xy (1). Tacé x =y = 0 1a moét nghiém cua phuong
trina. Xét x;y = 0. Tir (1) & y?(x* = 7) =(x +y)’

= 1* —71a 56 chinh phuong= x* -7=a? = (x-a)(x +a) =7

K ét t.vx;y) =(0;0);(4;-1);(4:2);(-4:1);(-4;,-2)
A’gf;ﬂ ' 161
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14. Taco x+y=6J§.Chiacéhai vé cho y ta dugc: E+1=6J::j
y

bit t=J£>0;tac6 phuong trinh: t? -6t +1=0
y
Giai phuong trinh ta dugc hai nghiém: t, =3+ 22 vat, =3-2J2
Viy X =t? =17+12/2.
y
15. B=1+2+3+...+n=>2B=n(n+1); A =1%% 4+ 2% 4+ 3200 4 4 n***®
=2A = (12005 + nz‘m) +[22"°5 +(n —1)2005:| +
[(n 1)™" + 22005] (n”""5 + lms)
Céc biéu thirc trong ngoac déu chia hét cho n + 1 nén: 2A (n+ 1) (1)
Lai co:
2A=(lm +(n—1)2°°5)+[22°°5 +(n——2)m]+...+[(n -1)™ +12°°5J +2n*®
Céc biéu thirc trong d4u ngoic déu chia hét cho n nén 2A:n (2)
Vinvan + 1 12 hai’'sé nguyén 6 'ctng 'nHat nén tir (1) va (2) suy ra
2A'n(n+1)=2B.Vay A:B.
16. Goi sb can tim |2 abcde; tacé: abcde=ab-
Dit x = ab;y = cde(0 <y <1000). Ta ¢6:1000x + y = x° (1)

=1000x < x* = 1000 < x* = 32 < x(2). Viy <1000 nén tir
(1)=>1000x + 1000 > x* = x(x* ~1000) < 1000

= x <33 (3). Tir (2) va (3) suy ra x = 32.Vay sd can tim 1a 32° = 32768.
17. Goi s6 c6 ba chit s6 cin tim 1a abc (a;b;ce N;0<a<9;0<b;c <9).

. abc  100a+10b+c 99a + 9b
Tacé: k= =14+ —--
a+b+c a+b+c a+b+c

Véi a,b x4c dinh thi k bé nhit khi ¢ 16n nhat = c=9
99a + 9b _1+9(a+b+9)+90a—81

a+b+9 a+b+9
90a -81 _ 90a -81

+.._—_._-_-
ﬂCaw +9 a+b+9
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Voi a xéc dinh thi k bé nhat khi b 16n nhdt = b=9

. - 10(a+18)-189
k=10+208-81_,; 51028 ., o10(a+18)
a+18 a+18 a+18
105902189 _ 1902199 1 b8t khi abé nhit =a=1
a+18 a+18

Viy sb phai tim 12 199 va k = %3

18. n +2n’ + 2n* + n+7 la sé chinh phuong

<::cl(n‘+21r13+2r1"*+r1+7)=k2(kEZ)<:::»fln“+8n3H?E-r12+4n+28=k2

c(2n*+2n+1) +27=K o k* - (2n* +2n +1) =27
& (k+2n’+2n+1)(k-2n*-2n-1)=27
Xc¢t cac truong hop xay ra tim dugc n =2 hoé‘c n=-3
19. x'+y® +z* +t> = x(y + z + t). Nhén ca hai ve clia phuong trinh véi 4:
4% + 4y° + 4z2° + 4t* =4xy + 4xz + 4xt
< x* + x% —4xy + 4y® + x* —4axz+4zfl + x® - 4xt + 4t* =0
< x? +(x—2y)"2 +(x—23)2 +(x—2t)2 =0
Syrax=y=z=t=0. ‘
20. Ccch 1: Vai tro cuaxovaymhir nhaunénta cocthe gia si: x>y .

Teco: -1~+l=-1—;x>0:>—1—<—1-:>y>2
X y 2 y 2
| U S y
x2y>0=>—-<—2>—=—+—<— =>y<4.Dodé:y=3 hayy=4.
X YN\N\N2 X y Y

Wi y =3 thix = 6. Do tinh d6i ximg ta ciing c6: x =3 va y=6.
Va y=4 thix=4.
1

Ca:h2:-1-+—=%<:2(x+y)=xy<:>2x—xy+2y=0
X Yy

<x(2-y)-2(2-y)=-4
(2-x)2~-y)=4=14= 4.1= (-1)(-4)= (-4)(-1)= 2.2 =(-2)(-2).
Wix, y>0 nén2-x<2, 2-y<2. Do d6 ta co cac truong hop:

* 2-x=1 va 2-y=4ox=1va y=-2 (loal).

* 2-x=-1lva2-y=-4&x=3 vaiy=6 (nhén).

* 2-x=—-4va2-y=-1x=6 va y=23 (nhan).

* 2Bdx=-2va2-y=-26x=4 va y =4 (nhan).
H‘ i
L&V

Y
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21. Dé khtr a, ta bién ddi cac phuong trinh da cho thanh 6a+9b =18va
ob-16 =b_2+§

6a+8c=2.Suyra 9b-8c=16.Do dé c=

b, a, ¢ la cac s6 nguyén khi va chi khi glﬁ s0 nguyén.
Patb=8k (keZ)thi c=8k-2+k=9k-2.
Thay vao 3a+4c=1dugc 3a=1-4(9k-2)=-36k +9,do d6
a =-12k + 3. Cac s nguyén a, b, c phai tim cé dang:
a=-12k +3,b=8k,c =9k -2 vdi keZ.
22. Vi n la s6 nguyén chin, ta dit n = 2k, va cé:
A =n®+20n =(2k)’ +20(2k) =8k’ + 40k = 8(k® + 5k)
Ta thiy ngay A:8 (1). Bay gio ta s& chimg minh: (k’ +5k):6 . Ta co:
k® + 5k =k* —k + 6k = (k® —k)+ 6k . Trong bai trén ta da chimg minh
(k* —k):6 vard rang 6k:6 nén (k° +5k):6 (2)
Tir (1) va (2) suy ra: A:48.
23. Chuy rang 323 = 17.19 va (17,19)='1 nén ta s& chimg minh:
Ai17vaA i19. Taviét: A =20 +16" - 3" -1=(20" -3") + (16" -1).
Ta c6: B=20" - 3":(20+8)=17:va Ci=16" =1i(16 +1) =17 (do n chin)
Do d6 A =B + C chia hét cho 17 (1). Tuong ty, ta lai viét;
A=20"+16" -3" -1=(20" -1) + (16" - 3")
Taco: D=20"-1:(20-1)=19; E=16" -3":(16+3) =19 (do n chin)
Do d6: A =D + E chia hét cho 19. Tr (1) va (2), ta suy raA’17.19, tirc
A:i323.
24.a. Cich 1: A=x*(x* -7*)" -36x

=X Ixz (x"' -—'i')2 —36] =:.:(:!:6 —~14x* + 49x? —36)

=X f(x“ - 9x* ) - (5x" —45x? ) + (41':2 ~ 36)]

=x:x‘ (:p:2 —9)-~5x2 (x2 —~9)+ 4(:»4:2 —9)] = J;:(x2 —9)(x‘ -5x% + 4)

= x(x2 —9)(1{2 —1)(x2 —4) =x(x-3)(x+3)(x-1)(x+1)(x-2)(x+2).

Cich 2: Xét: B=x*(x* -7)' -36. DE thy ring: B = 0 voi x = +1,2,+3
Do do6 la da thirc bac 6 cua x, ta co:
(x=2)(x-1)(x+1)(x+2)(x+3)
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= A=(x-3)(x-2)(x-1)x(x+1)(x+2)(x+3)

b. Theo két qua trén, ta co:

n®in? - 7)2 -36n=n(n-3)(n+3)(n-1)(n+1)(n-2)(n+2)
Ta viét lai dudi dang: (n-3)(n-2)(n-1)n(n +1)(n+2)(n +3).

Dav la tich cua 7 sb nguyén lién tiép, trong 7 sé nguyén lién tiép bao gio
curg c¢6 mot sO chia hét cho 7, nén tich chia hét cho 7(dpcm).

n+l

25. A =571 4 2" = 549" +8" =5(41+8)"" +8"
Ap dung cong thire nhi thirc Newton | ta cé:

n+ 1

(41+8)"" =41"" +(n+1).41".8 + n(n2+ )41"“.82 +..+(n+1)41.8" + 8"
Viy:A=5[41"" +(n+1)41°8+...+(n+1)41.8" + 8" |+ 8"

=5[41"" +(n+1)41"8+ ...+ (n+1)41.8" | +5.8" + 8"
Dit B=5[41"" +(n+1)41".8+...+(n +1)41.8" |
Tz thay B:41 (vi cic hang tir trorigingoac [] déu chia hét cho 41)
Biy gio ta can chimg minh: C =5.8"* + 8" chia hét cho 41.
Tec6:C=5.8"" +8" =8"(5.8+1)=8"41. Vay C:41.
Tamlai A=B +C maB:41,C:41. Vay A:41.

26. D3 x-y=a,y-z=bz+Xx=so
Tz nhén thiy a +b + c=0+A=a’+bi+ci+B = 5abc.

Ptan tich A thanh nhan tir, véi diéu kién a+b+c=0tic 1a —(a+b)=c
A=a®+b +c® =a’ +b°—(a+b)

=-5ab(a+b)(a’ +ab+b*) =5abc(a’ +ab+b*) (do a+b=—c).

Viy A:B. -

27. Phin tich A thanh (k-1)(k +1){k-3)(k +5) khi k nguyén va I¢ thi ca
bén nhan tir trén déu chin, do vy déu chia hét cho 2. Vay ca tich phai
chia hét cho 16

Nhdr zét: c6 the viet: A =(k-3)(k-1)(k+1)(k+5) ta thdy k-3, k-1va

k+1 12 ba s6 chin lién tiép (do k 1&) va c6 thé chimg minh dugc a chia
hét cho 96

28.m.Ta22m+1)2—1=(2m+1+1)(2m+1-1) =4m(m +1)
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m va m + 1 1a hai s6 nguyén lién tiép, nén chic chin phai c6 mot so 1a
chin. Do viy tich m(m + 1) chia hét cho 2.
Vay 4m(m + 1) phai chia hét cho 8.
b. LAy mot sd chin 12 2n thi s chin lién sau né 1a 2n + 2.
Hiéu: (2n + 2)2 - (2n)2 =4(2n +1),chia hét cho 4.
c. Liy motsd 1& 12 2n + 1 thi sb 1€ lién truéc né 12 2n —1. Ta xét hiéu:
(2n+1)° —(2n-1)" =[(2n +1)+(2n-1)][(2n +1) - (2n -1)]
= 8n chia hét cho 8.
29.Tacé (x +Y)(2 +y)=x>+y’ + xy(x +y) (1)
X' +y'=(x+y)’ - 2xy () ; x* +y* = + ¥’y - 2xy 3)
Vix+y, x>+ y2 la s6 nguyén nén tir (2) = 2xy la s6 nguyén.
Vi x2+ yz, x* + y'1 la sb nguyén nén tir (3) = 2)(2y2 = -;—(2xy)2 la sb

nguyén => (2xy)’ chia hét cho 2 => 2xy chia hét cho 2 (do 2 1 nguyén td)
=> xy la s6 nguyén.Do d6 tir (1).suy ra x’ + y” 1a sé nguyén.
30. Goi a, b, ¢ 1a 46 dai 3 canh tam gidc vuéng ABC, ¢ 1a canh huyén.

Tacé a® +b? =¢?; 3, b, ¢ € N'; diéntich tam gidc ABC I3 s=32‘3

Trudc hét ta chimg minhidb chia hétichoi 12
+ Chimg minh ab:3 : Néu ca a va b ddng thi khéng chia hét cho 3 thi
a’ + b?chia 3 di 2. ‘Suy ra's6 chinh phuong ¢?'chia 3 du 2, v6 ly.
+ Chimg minh abi4 —Néua, b chin thi ab:4 .
— Néu trong hai sb a, b c6 sb 1¢, ching han a lé.
Liic d6 c 1é. Vi néu c chin thi ¢?:4, trong lic a® + b? khong thé chia hét
cho4.Pata=2k+1, c=2h+1,k,heN.
Tacé: b? =(2h+1)" —(2k +1)’= 4(h-k)(h+k +1)
= 4(h-k)(h-k+1)+8k(h-k):8.

Suy ra bi4. Néu ta chia canh AB (ching han) thanh 6 phin bing nhau,
noi cac diém chia véi C thi tam gidc ABC duoc chia thanh 6 tam giac,
mdi tam giac nay c6 dién tich bing % 1a mot s6 nguyén.

31. a) Bién d6i: n® +3n® + 2n = n(n+1)(n+2) dé 1a tich 3 s6 nguyén lién tiép.
b) Bién ddi: (n-1)n(n +1)(n +2) d6 la tich 4 s6 nguyén lién tiép.

32.a) Bién di: n(n+2)(n +4) rdi thay n =2k, duoc 8k(k +1)(k +2).

h n* —10n? + 9 thanh nhan tir r6i thay n=2k +1.

-BDHSGTS-
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a) Ta cé a* la sé chinh phuong 1é nén chia cho 8 du 1, a® la s6 chinh
phueng khong chia hét cho 3 nén chia cho 3 du 1. Suy ra a? -1 chia hét
cho 3, chia hét cho 3, do d6 chia hét cho 24.

b) A dung két qua cua cau a).

c) 240=2'.3.5; A=a'-1=(a’-1)(a* +1)=(a-1)(a+1)(a® +1)

Néua lé thi (a—1)(a+1) la tich cua hai s6 chin lién tiép nén chia hét
cho 3, con a® +1 chia hét cho 2, do d6 A chia hét cho 16. Con néu a
chér thi A khong chia hét cho 2.

Néua=3k+1 (keN) thi a® -1 chia hét cho 3, do d6 A chia hét cho 3.
Connéu a =3k (ke N) thi A chia cho 3 du 2.

Néua=5k+1 (ke N) thi a? -1 chia hét cho 5, néu a =5k +2 (ke N)
thi a’+1 chia hét cho 5, do d6 A chia hét cho 5. Con néu
a =3k (keN) thi A chia cho 5-du-4. Vay diéu kién dé a* -1 chia hét
cho 240 la a Ié, khong chia hét cho 3, khong chia hét cho 5.

Chuiy: Tir két qua trén, ta c6 bai toan: Néu a la sb nguyén t 16n hon 5
thi <* —1chia hét cho 240,

Ching minh n chia hét.cho.3: Néu n =3k +1thi,n +1 =3k + 2, khong la
s6 ciinh phuong, loai. Néu-n—=-3k+2-thi-2n+1 = 3(2k +1)+2, khong
la s¢ chinh phuong, loai. Vay n chia hét cho 3.

Ching minh n chia hét cho 8: Ta ¢6 2n+1 1a s§ chinh phuong 1é nén
chiiacho 8 du 1 (1), do d6 2n chia hét cho 8, n chia hét cho 4, n+1 1a sb
chiim phuong 1€ nén chia cho 8 du 1, do d6 n chia hét cho 8.

2m -1 1a s6 chinh phuong 1é nén chiacho 8 du 1 = nchin = 3n+1 la

s6: ciinh phuong 1€, s6 nay chia cho 8 du 1 nén 3n chia hét cho 8, do d6 n
chiiahét cho 8 (1).

Cdach 1.3n+1 tancung 1,5,9 = 3ntancung 0,4, 8 = n tin cung 0, 8, 6.

Loa truomg hop n tin cung bing 8 (vi 2n +1 tan cung bang 7, khong la
so ciinh phuong), loai truomg hop n tan cung bing 6 (vi khi d6 2n +1
tam «ing bang 3, khong la s chinh phuong). Vay n tin cing bang 0. (2)

Tir (1) aa suy ra n chia hét cho 40.
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Cdch 2: 2n+1, 3n+1 la cac s chinh phuong 1€ nén tan cung bang 1, 5, 9
do d6 chia cho 5 du 1, 0, 4. Tong cua ching 13 Sn+2 nén mdi s6
2n+1, 3n+1 déu chia cho 5 dur 1, do d6 2n va 3n déu chia hét cho 5, vy
n chia hétcho 5. (3)

Tir (1) va (3) suy ra n chia hét cho 40.
36. a) Phan tich thanh nhan tir:
12n? —-5n -25=12n* + 15n - 20n - 25
=3n(4n+5)-5(4n+5)=(4n+5)(3n-5)
Do 12n® -5n—-25 1 sd nguyén t6 va 4n+5>0 nén 3n-5>0. Ta lai
c6 3n-5<4n+5 (vi n>0) nén d& 12n® -5n-25 1a sb nguyén to thi
thira s6 nhé phai bang 1. Giai diéu kién 3n-5=1, dugc n=2.
Khi d6, 12n? -5n - 25=13 . 1=13 1a s6 nguyén td.
Vay véi n =2 thi gia tri biéu thirc 12n? —5n — 25 14 s6 nguyén td 13.
b) Bién déi: 8n”+10n +3=(2n+1)(4n +3)
Péap s6: n=0, khi d6 8n? +10n +3=3.
n’+3n

c) A= . Do A la sb tu nhién nén n(n+3) : 4. Hai sd nva n+3

khong thé cung chin. Vay hodc n, hodc n + 3 chia hét cho 4.
Néu n =0 thi A =0,khong 1 s nguyén té.
Néu n=4 thi A =7, la s nguyén td.
Néu n =4k (keZ,'k'’>T) thi' A'='k(4k +'8) 1a tich cta hai thira s6 16n
hon 1 nén A 1a hop sb.
Néu n+3=4 thi A =1, khong la s6 nguyén td.
Néu n+3=4k (keZ k>1) thi A=k(4k-3) la tich cua hai thira sb
16n hon 1, nén A 1a hop sb.
Viy n=4 khidé A=7.
37. a) n’+2n-4=(n-3)(n+5)+11 chia hét cho 11.Vdy n=BS 11+3
hoic n=BS 11-5.
b) Pap s6: 1,0, 3, -2.
c¢) n® -8+ 6 chia hét cho n -2 nén 6 chia hét cho n-2.
Pap sb:3;1;4;0;5; 8; -1; —4
d) Phai c6 n’ +n+1 la wéc cia 3. Chi ¥ ring n? +n +1>0 nén chi xét
n+n+1=3 hodc n*+n+1=1.

Pap sé:co; ~2; ~1.
A 5 | -BDHSGTS-

Tron Bo SGK: https://bookgiaokhoa.com



Download Ebook Tai: https://downloadsachmienphi.com

e) A=n"'-2n° +2n2—211+1=(nl—1)2(n2 +1)
B=n* -J1=(n'2 +1)(n+1)(n-—l)
Don#+1nén n-1 chiahétcho n+1 = 2 chiahétcho n+1.
Par s6: 0; —2; -3 (chuy n=1 loai)
f) Chian®-n*+2n+7 chon®+1,dugc n-1,du n+8.
n+8:n*+1 = (n+8)(n-8)=n’-64 :n’+1
= n’+1-65:n’+1 = 65 :n’*+1
Lar luot cho n?+1 bang 1; 5; 13; 65 duoc n bang 0; +2; +8. Thi lai
cacgiatri n=2;n=0; n=-8 théa man.
38. a) n®~n=n(n’-1)=(n-1)n(n+1).Trong 3 s& nguyén lién tiép, co
md1 bdi s6 ciia 3. VAy n® —n chia hét cho 3.
b) Cdch 1: Phan tich thinh mot tong trong d6 mét so hang la tich 5 so
nguyén li€n tiép, sd hang kia chia hét cho 5.
n’ —n:n(‘nz—l)(n2 +1)=n(n2—1)(n2 —4+5)
=n(n*-1)(n +2)(n-2)+5n(n* 1)
=(n-2)(n-1)n(n+1)(n+ 2)+5n(n2 ~ 1)
Sé hang dau la tich S s6 nguyén lién tiép nén chia hét cho 5. S6 hang sau
cting chia hét cho 5. Do.dé n®* ~nchia hétcho 5.
Ciirg c6 thé dién dat duéi-hinh-thire-xét-hiéu-giira n® —n va tich 5 sb
nguyén lién tiép.
(n5 -n)—(n—2)(n ~1)n(n+1)(n+2) =(n5 —n)—(n5 -5n° +4n)
=52 -5n.
Cdch 2: Xét sb du ciia n trong phép chia cho 5.
A=n’ —n——-n(n‘ —1)=n(n2 +1)(n2 —-1)
Néu n =5k (k nguyén) thi n chia hét cho 5.
Néu n =5k +1 thi n? =1 chia hét cho 5.
Néu n =5k +2 thi n? +1 chia hét cho 5.
Trudomg hop nao ciing c6 thé c6 mot thira sd ciia A chia hét cho 5.
c) Cack 1: Xét hiéu
(nT -n)-(n-3)(n-2)(n-1)n(n+1)(n+2)(n+3)

= ﬁn‘ —7n?® +5).
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Cdch 2: Phén tich n” —n thanh n(n®+1)(n®-1) roi xét cac truong hop
n=Tk: n=Tk+1: n=Tk+2; n=Tk+3.
Chii y: n® —n khéng chia hét cho 9 véi moi sé6 nguyén n (vi du
2° ~2 =510 khéng chia hét cho 9). Cdc bai 50a, b, c la truomg hop ddc
biét cua dinh ly Fec-ma: Néu p la s6 nguyén t6 thi n® —n chia hét cho p
véi moi s6 nguyén n.

39. 2n® +3n”* +n=2n-2n+3n’ +3n=2(n’ -n)+ 3n(n +1)
M3i sé hang déu chia hét cho 6 nén tdng chia hét cho 6.

40. a’b-ab® =a’b-ab-ab® +ab=b(a’ -a)-a(b’ - b)

Cac s6 a’ —a; b’ —b déu chia hét cho 6.

41. Goi céc sb nguyén d6 1a a va b. Xét hiéu:
(a3 +b*)-(a+b)= (a" - a) +(b* - b) V& phai cia ding thirc trén chia
hét cho 6 nén (a’ +b*) - (a + b), chiahét cho 6.

Do d6, néu a +b chia hét cho 6 thi'a® + b® chia hét cho 6, néu a® + b’
chia hét cho 6 thi a + b chia hét cho 6.

42. Cdch I: Goi 3 s6 nguyén|lién tiép1a n=1;in;n+1. Ta co:
(n-1)+n*+(n+1)’ =3n* +6n =30’ -3n + 6n + 3n = 3(n’ -n)+9n
Téng trén chia hét cho9:
Cdch 2: Ciing bién dbi nhu trén dugc 3n® +6n =3n(n® +2) roi xét cac
truong hop n=3k; n=3k +1.
Cich 3: Trong 3 s6 nguyén lién tiég, c6 mot sd chia hét cho 3, mot s6
chia hét cho 3 du 1, m¢t sO chia hét cho 3 du 2. Do d6 tong cac lap
phuong cua ching c6 dang (Ba)3 +(3b+ 1)3 +(3c+ 2)3 . Khai trién, ta
thdy tong trén chia hét cho 9.

43. n° -5n® +4n = n(n‘ —-b6n? + 4)

=n(n’-1)(n’*-4)=n(n+1)(n-1)(n+2)(n-2). Ddy la tich cia 5 s6

nguyén lién tiép. Trong 5 s6 nguyén lién tiép, co it nhit 2 bji sé cua 2
(trong d6 c6 mot boi 56 ciia 4), mdt bdi s6 ciia 3, mot bdi sb cia 5. Do do
tich 5 s6 nguyén lién tiép chia hét cho 8, cho 3,cho 5. Cacs68,3vas
gc ﬁcung nhau d6i mgt nén tich 5 s6 nguyén lién tiép chia hét cho

J’ﬁ | -BDHSGTS-
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44.n° -3n* -n+3=n*(n-3)-(n-3)=(n-3)(n-1)(n+1).

45.

46.

47.

48.

49.

Thay n=2k+1 (k nguyén) ta dugc (2k-2).2k.(2k +2) hay 8(k-1)k(k+1).
Tich 3 s6 nguyén lién tiép chia hét cho 6 nén tich trén chia hét cho 48.

Ptan tich thanh n(n+4)(n-2)(n+2) réi thay n =2k dugc
165 (k +2)(k —1)(k +1). Chu y tich 4 s6 nguyén lién tiép chia hét cho 24.
Viét biéu thie dudi dang
n*+11ln +39=n+1In+18+21=(n+9)(n+2)+21=A.

Tathdy n+9 va n+2 c6 hiéu bang 7 nén ching hodc cung chia hét cho
7. 10ic cung khong chia hét cho 7. Néu n +9 va n+2 cung chia hét cho
7 tii (n+9).(n+2) chia hét cho 49, nhung 21 khong chia hét cho 49
nér A khong chia hét cho 49.

Né1 n+9 va n+2 cung khéng chia hét cho 7 (7 la sé nguyér td) thi

(n+9).(n+2) khong chia hét cho 7, nén ciling khong chia hét cho 49.
Vv, voi moi s6 nguyén n thi n® +31n/+ 39 khong chia hét cho 49.

Chi y: Trong bién doi trén, ta dwa biéu thirc n®+11n+39 vé dang

(n+a)(n+b)+c, trong do (n+a)=(n+b)=7, a+b=11. Nhw vdy chi
car chon a va b sao cho a-b=7 va a+b=11. Do dé chon
a=-9b=2.

1.2.3...(n-1) 34.5..n(n+1)

. roi 1y ludn nhu
2.34..(n-1)n 2.34..n

Wit n?+n+1 thanh =

tréx ta co dpcm.

Ga 4 ) nguyén lién tiép lan n+l, n+2 n+3, taco:

m n+1)(n+2)(n+3)+1=(n’+3n)(n’ +3n+2)+1

=n’+3n)+2(n* +3n)+1=(n’ +3n+1)2

aa)Dé chimg minh n*+4 léhqpsé,tachirng to : ——l=-—-l———
n-1 n (n-1)n

phin tich dugec ra tich hai thira s6 16n hon 1 (véi n >1). Thém bét 4n?
was biéu thirc rdi phan tich ra thira s6 dugc (n?+2n+ 2)[(n ~1)° + 1].

Wq

6 ca hai thira s6 déu 16n hon 1.
iTS- 171
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b) n +4k* =(n2 +2nk + 21|£2)(r*12 -2nk + 21{2) rdi chimg minh mdi thira sb
déu 16m hon 1.

50.a) 2* +1.

b) Dya vao cau a), roi chirng minh (1+ab—b")a‘ +1 chia hét cho 1+ab.
Do d6 2% +1 chia hét cho 1+27.5=641.

51.D3t 11...1=k thi 9k+1=99..9+1=10"

Taco A=11...122...2=11...1.10" +2.11;..1 =k.10" + 2k

=k(10" +2) =k(9k +1+2) =3k (3k +1).

Vay A la tich 2 s0 nguyén lién tiép 33...3 va 33...34.

n n-1

52. Ciing dat 11...1=k, tacd

2
k10" + k- 2k =k.10" - k = k(10 /1) = k.9k = (3k)* = (33..3]

53. Pap s6: Ton tai.
X¢ét 2004 sb c6 dang 2002, 20022002, ..., 20022002...2002.

54. Ta cin chimg minh tn tai hai liiy thira ciia. 2001 ma hiéu chia hét cho
10*. Xét 10* sé: 2001, 20012, ..., 2001'"'

55. Ta can chimg minh ton tai ne N" sao cho 3" -1 : 10*
Xét 10 sb 3!, 32, ..., 3",

56. Goi 2001 s6 dacho [a a,, a,, ..., 8y, . Xét 2001 tong sau:
S, =a,; S, =a, +a, ...
Seos =8, + 8, +...+ 8y,

57. Trong 8 s6 d4 cho ton tai hai s6 A va B sao cho A = B(mod 7)dé.
Khi 86, s6 C= AB =1000A + B=1001A + (B - A) chia hét cho 7.

58. Tir 1 dén 100 co tat ca 26 s nguyén t6. Khi phan tich 27 sé da cho ra
thira s6 nguyén t6 c6 it nhét hai s6 cing chira mot thira s6 mguyén t6 nao

do. i #® nay c6 udc chung 16n nhit khac 1.
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Cdcb 2: Sir dung phmmg phdp bién doi twomg duong
Tire la b:en doi firong duong bar ddng thirc phdi chimg mmh de di dén
 mgt bat ding thizc ma ta da biét la ding (hodc dé dang ch;mg minh la
dung).
Cidch 3: Sir dung phuong phdp phan chimg
Cdch 4: Co thé sit dung phwong phdp déi bién phu
Cdch 5: Sir dung cdc bat ddng thicc quen thuac
Cdch 6: Véi cdc bdt ddng thirc ma cdc bién c6 vai tré nhu nhau ta cé the
sdp thir tu cdc bién.
Cdch 7: Khi ch:mg minh bdt ddng thire, trong nhiéu truong hap ta cdn xét
timg khoang gid trj cua bién.

Dang 2: Tim gid trj Ién nhat, gid trj nhé nhat

Dé t:m gva tri lon nhat, gid tri nhé nhadt cia mét biéu thire, ta cdn chu y
mét 56 van d@é sau :

1. Cho biéu thirc fix, y...) Ta noi M la gia tri lon nhat (GTLN) cua bleu thirc
fix, y...) ki hiéu max f= M, néu hai-diéu kién sau dwoc théa man:
Voi moi x, y... dé fx, y...) xdc dinh thi: f(x,y...)<M (M la hﬁng so)(])
ton tai X0, Yo... 5ao cho £(x,,y,...)=M(2)
2. Cho biéu thic fix, yl)Tacndi m_ldn\gid tri nho nhdt (GTM\D ciia biéu
thic f(x, y...), ki hiéu min f = m, néu hai diéu kién sau duoc théa man:
Véi moi x, y... dé fix, y...) xdc dinh thi: f(x Y- )zm(m Id hdngsé) (I)

-'w‘u"'

_ ton 1qi xo, yp... sao cho f(xp,¥,--)=m (2)

Tié iéng latinh: m:mmum la nho nhdt, maximum Ié lén nhat. Fredyh
Chii y rdng néu chi cé diéu ki¢n (1) hay (1°) thi chua thé ndl gi 've cmc lrt |
ctia mot biéu thiec: Chdng han, xét biéu thirc: A = (x~1)" + (i:-3) |

Mdc dutaco Az0 nhu'ng chua thé két lugn dmp'c mmA k?; vi khdrgg:,
ton tai gid trindo ciaxdé A =0. S

Cdch 1: Khi tim gid tri I6m nhdt, gid tri nhd nhdt cia biéu rhué ta cé thé
bién déi nhu sau: f(x)=g(x)' +C hodc f(x)=C-g(x)".

Cdch 2 Khi tim gia trj lom nhat, gza trj nho nhat cua biéu thirc, ta cé Ih_é.dé'i bién.

Cdch 3: Khi tim gid rr; lon nhat, gla tri nho nhdt cua biéu thirc, nhiéu khi ta

thay diéu ki¢n @ biéu thirc nay dat cwec tri boi diéu kién twong duong la
biéu thuc khac co gia tri lom nhat, gui trj nho nhat.

Chdng han: — A lom nhadt <> A nho nhdt,

AW

% Iém nhdt <> B nho nhdt véi B > 0,

-BDHSGT8- 175
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Cadc vi du minh hoa
Dang I: Chirng minh bat ding thirc

Cdchl: Dung djnh nghia

Vidy 1: Chimg minh ring: (x-1)(x - 2)(x-3)(x-4)2-1.

Gidi:

Xét hiéu:
(x-1)(x-2)(x-3)(x-4) - (-1) =(x* —5x + 4)(x* - 5x + 6) + 1.
Dit x* -5x +5 = y. Biéu thirc trén bing (y-1)(y+1)+1=y*>0.
Viy (x;,_;}.)(x -2)(x-3)(x-4)=>-1.

Ci hpp@; cdc phép bién dbi twong duwong

-BDHSGTS-
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Vi du 2: Cho cac sb duong a va b thoa man diéu kién a + b = 1. Ching minh

réng [1 +l)(1 +l)29.
a b

Gidi:
Tos (1+l)[1+l)29. (1)
a b

a+1 bh+1 :
o - >9¢>ab+a+b+129ab(viab>0)

a
<>1+b+128abe2>8ab (via+tb=1)
124abe> (a+b) 24ab (via+b=1) & (a-b) 0. )

B;‘n ding thire (2) dung, ma cac phép biér} déi trén twong duong, vay bat
dang thirc (1) dugce chimg minh. Xay ra dang thic khi va chi khia = b.
Cdch gidi khdc:

)L i)

The hién phép nkan va chu ¥ rifg %J >2doadN, b>0.
a

Chii y: Khi sir dung phép bién déi twong dwong, can lwu y cdc bién doi
tuong dwong co diéu 'kien, chang han-'a* 5b*'<'a>bvdia, b > 0,
m >n & a™ >a"voi m, nnguyén duong, a > 1.
Car chi rd cdc diéu kién dy khi bién @i tuong duong
Vidu 2: Cho a+b> 1. Chimg minh ring a‘ +b* > -;—
Gidi:
Taco:a+b>1>0(1)
Bin phuong hai vé: (a+b)’ >1=>a% +2ab+b?*>1. (2)

M khac: (a - b)’ 20 = a® —2ab + b’ 20. (3)
Corg timg vé cia (2) va (3):2(a” +b?) >1=> a? + b? >-é- )
Bim phuong hai vé cua (4):a* + 2a%b® + b* >% (5)
M khac (a® —b?) 20 =>a' -2a’b® + b* 20 (6)

Ciong ?vé (5) va (6):2(a* + b*) >%=> a4 >%.
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2 2
Vi du 3: Chimg minh bat ding thirc: a_+£_+£2_2£ L

b* ¢ b R ©

Giai
Ap dung bat ding thirc x? + y? > 2xy (xay ra ding thirc khi x = y), ta ¢6:
a® b’ ab a b* ¢° b ¢ a? c
—+—=22.—.—=2.—. Tuongtu: —+—22.—;, —+—22.—
TR b e c skl B a’ a® b2 b

Cong timg vé ba bat dfmg thuc trén:
2 s 2 2 2 2
2(E—+b—+c—J22[3+2+;J:>~a— b—+%—23+k+%.
c

b? ¢* a?® c a b? ¢ a a
Vi du 4: Chimg minh cac bat ding thirc véi a, b, ¢ 1a cac sb duong:
a. (a+b+c)(—l—+%+l]29;b. 2 b e LB,
a

c b+c c+a a+b
Giai
1 1 i

a.Tacé:A=(a+b+c)(-]l+E+—)=1 E —+E+1+b+5—+-+1
a c a c a

=) () (5)

Taco -’-‘—+-¥—
y X
Dodb A>23+2+2+2=9.

Viy A >9. Xay ra ding thic khi vachikhia=b=c.

2 2 vdi X, y duong .

b. Ap dung bt ding thic & cau a: (x+y+z)(l+—1—+l)29
X y z

trong d6 x,y,z>0. Véi x=b+c,y=a+c,z=a+ btaduogc:

2(a+b+c)( 1 + 1 % lb)29'
+C a+c a+

1 1 1
b
o +c)(lwchzH-c+a+hJ24’5

a+b+c+a+b+c+a+b+c

>4,5
b+c a+c a+b
= +1+ L - +124,6> S L ft >1,5. Xay
+cC a+c a+b b+c a+c a+b

ra déngﬁ,;l_!frc khi vachikhia=b=c.
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Vidu5: Cho a, b, c 1a d6 dai ba canh cia mt tam giac. Chimg minh rang:

1 1 1 1 1 1

— + 22—+ —+—.

a+b-c b+c-a c+a-b a b ¢
Giai

1

+ va chi ¥ ring cac mau déu duong, ap dung bét
atb-c b+c-a

Xét

: . B A 4 ) 1 1 4 2
dang thuc -~ + - >—— vai x,y >0, ta dugc: -+ - P
- X y X+Yy Y " a+b-c¢c b+c-a 2b b
1 1 > 1 il 2 . ; z
trong tu + > — - >—. Cong tung vé

~  b+c-a c+a-b ¢ c+a-b a+b-c a

ba bat dang thurc trén r6i chia cho 2, ta dugc diéu phai chimg minh.
Xay ra dang thirc khi va chikhia=b=c.

Vidu6: Cho x>0,y>0,2>0.
Ching minh rang: (x +y)(y + z)(z + x) > 8xyz. (1)

| | Giii
Hai vé cua (1) déu khong am nén dé chimg minh (1), ta s€ chimg minh
raing: (x +y) (v +2) (z+x)° > 64x%y%5>.
Tacod (x+ y)2 > 4xy, (y+ z)2 >4yz;(z + x)2 > 4zx.
Hai vé cua ba bat ddng thirc trén déu khong am, nhan timg vé ta duogc:
2 2 2 e

(x+y) (v+2) (z+x) =264x’y’2".
=% [(x +y)(y+2z)(z+ :lc)]2 >[8xyz]'. 'Cac' biéu thic trong dau ngoic
vudng déu khong am nén (x+y)(y+2z)(z+x)28xyz.
Xay ra dang thirc khi va chi khix =y =z. _;

Vi du 7: Chimg minh rang voi moi gia tri cia bién x, cac da thirc sau day
nhan gia tri duong:
a. x> -6x+10 b. x*+x+1 c. (x-3)(x-5)+4

_ Gidi : '
Goi y: Hay viét cac da thic trén dudi dang tong ciia mot sd duong véi
mot binh phuong cia mét biéu thirc x.
a. Taco: x> -6x+10=x*-2.3x+3%+1 =(x—3)2 +1
Véi moi x thi : (x -3)° 20;do d6 x* -6x+1021
2
b. x* +x+1=(x+l) sln S
2 4 4

c. (x-3)(x-5)+4=(x-4+1)(x-4-1)+4

= 1+4 :(x—4)2+323 vd1 moi X.
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2
Vi du 8: Chimg minh ring véi moi x>0,y 20: (%) > Xy
Gidgi
2 2 _ 2
(x+y] nyca(ﬂ] —xy20¢:>—(-u)—20
2 2 4
Bit ding thirc cudi ciing 1a diing, do d6 bat ding thirc da cho 1a dung.
(x-y)* =0 khi va chi khi x =y. Do d6 trong bt ding thirc:

2
Vidy 9: Choa>b> 0, c>d > 0.Chimg minh ring ac > bd.
Gidi

2
[x+y] > Xy , ta c6 ddu = khi va chi khix =y.

a>bvac>0= ac>bc (1)

c>dvab>0 =bc>bd (2). Tir (1) va (2) theo tinh chét bic cau cua
“>” suy ra: ac > bd (dpcm).

Vi du 10: Chimg minh ring: -212-+-31?+..,+i2<1 véineN,n> 1.

n
Gidi
Ta xét mgt hang ti:
11 1 1 11
—= vi‘k'> k-1, Ma = e
K kk k(k-1)_ k(k-1) k-1 k
Do d6 — <——~2 Thay vao ta cé:

k* k-1 k
1 1 1. 1 N1 1= 1

2°2-1 2 3°3-1 370 n-1 n
Cong vé theo vé, suy ra diéu phai chimg minh.
Vi dy 11: Chimg minh ring véi moi sb t ta déu cé: t* —'c+-51—3 >0

(Thi vé dich todn l6p 9, Lién X6 1990)
Gidi

2

. R U ; 1)3 [ 1)
—t+—= St t? +=—t|=|t?—= t——
t l',+2 (t +4 )+( +4 ) [ 5 + 2

Biéu t?n&y luén duong vi t? -—-21‘; va t——é— khdng ddng thoi bang 0.
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Vidul2: Choa,b,c,dlacacsd nguyénthbaa<b<c<dvaa+d=b+c.

b)

Chimg minh ring:
a)a’ + b+ ¢? +d * 1a téng cua ba s6 chinh phuong.
b) bc > ad.

Gidi:
Cho a, b, ¢, d 1a cac sd nguyénthoaa<b<c<dvaa+d=b+c.
Via<b<c<dnéntacothé dita=b-kvad=c+h(h,k e N)
Khidédoa+d=b+ceb+ec+h-k=b+ceh=k.
Viya=b-kvad=c+k.
Dcdé: a’ +b* +c2+d?>=(b-k)> + b2+ c* + (c + k)?
= 2b% + 2¢2 + 2k? — 2bk + 2ck
= b?+ 2bc + ¢? + b2 + ¢? + k? = 2bc — 2bk + 2ck + Kk’
=b+c)+(b-c-k?+Kk la tong cua ba s6 chinh phuong
(dob +c, b—c—k vakla sd nguyén)
Tacé ad = (b — k)(c + k) = be + bk — ck — k* = be + k(b - ¢) — k* < be (vi
k € Nvab<c). Vay ad < be ( dieuphai chimg minh).

Vidui3: Cho a, b 12 hai s6 thuc théa a’ +b’ = 2.

Chimgminh0<a+b<2.

Gidi:
Cho a, b 1 hai s6 thyc sao cho 2’ + b’ =2. Chimg minh 0 <a + b <2.
Tacd: 2’ +b°> 0 =@ 5 > LWas b Sa+b5>0 (1)

(a-b@a+b)>0=> (@ -b)a-b)>0=>a’+b’—abla+b)>0
= a’+b’>ab(a+ b) = 3(a’ + b’) > 3ab(a + b)
= 4@ +b)>(a+byl=>8>@+b’=>a+tb<2 (2)
Tu(l)va(2)=>0<a+b<2.

Vidu I14: Ching minh véi moi sé thuc x, y, z ludn cé:

[k+y—z+|y+z—x|+|z+x-y]+|x+y+222(]x|+|y|+|2) (*)
Giadi:
Pi:a=x+y-z b=y+z-x,c=z+x-y. Trong ba s6 a, b, ¢ bao gio
ciiag co it nhét hai s6 cing dAu, ching han: a-b>0.
Lic nay :|x+y-z +|y+x—-2|=|a| +|b| =|a + b|=2|y]|
Taco: x+y+z=a+b+c; 2x=a+c,; 2z=b+c. Do d6 dé chimg minh
(*) ding, chi can chimg t6 : |c|+|a+b+c| 2 |a+c|+[b+c| (**) ding

L4

\f -60 . Ta co:
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(**) <|c-[a+b+c|+ab2|a+c|:|[b+(| '

(***)
Pat: ca+cb+c®=A,; ab=B, tacé B=|B| (do a.b>0) ta co: (***)
& |A|+|B| 2|A +B| < |A||B|.> AB< |AB| > AB.
DAau déng thirc xay ra trong truong hop cac sé: a, b, ¢, a+ b+ ¢ chia lam
2 cap cing dau. Vidy: ab>0 va c(a+b+c)20.

Chu y: Cé'thé' chia ra cdc truomg hop tity theo ddu cua a, b, c (cé 8 trwong
hop) dé chung minh(*).

Vi du 15: Cho a, b, ¢ > 0. Chimg minh ring :
a’+b* b +c® cP+al

+ +
2ab 2bc 2ca

Qlca+cb+c2|+ab2|(ca+cb+c2)+ab

2a+b+c

Giai:
Tacé: a>0;b>0:(a+b)a=b)* 20 (a+b)[(a’—ab+b*)-ab]>0
< (a+b)a?-ab+b*)-ablasb)z0oa’®+b*-ab(a+b)20
a® + b’
2ab
3 3 3 3
i 2(b+c).c e 2(c+a).C6ngtﬁngvébabﬁtdﬁng thirc trén ta

L]

2bc 2 2ca 2
a’+b® b*+c® +a® a+b b+c c+a
. + # > + +
2ab 2bc 2ca 2 2 2
a® +b? ; b +¢? +c“ + &
2ab 2be 2ca
Viy bét déng thirc 4 dugc chimg minh.

< a’+b’>aba+b)e 2(a;h).Tuongtutac6:

>a+b+c

Vi dy 16: Chimg minh ring: * + —+..+—— > <%
5 13 " 2002% +2003% " 2
Gidi:
1 1 | 1
— ..t <=
5 13 20027 +2003° 2
e Ta co: - == — : < - =1[—1—-—-l-—)
n?+(n+1)° 2n"+2n+1 2n(n+1) 2{(n n+1

Véin=1:2—1-?=l<l[1-—l),v&i n=2:— 1 S _—__1_<l[_1..._1_)
2°+1° 5 2 2 3+2° 13 2\2 3

. | § 1 1 1 1
eDod +—+...+ 5 €= l——e < —.
13 2002° + 2003 2 2003 2
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2 2

x_+y_+423(5+1J

Vi du 17 : Chimg minh rang véi moix, y # 0, ta co: =+ =
y X y X
Gidi:
) 2 2
Bi¢n do1 tuong duong: l{? +y—2 +42> B[E 4 _51]
y X y X

; —(x2 +y2)xy+ 2x2y? —-2:icy(x2 & y2)20

y)ZE}(x—y)z >0

c;»(xz s yz)
o (x2+y2_xy)(x2+y2_2){)-’)20¢> [{X—E 4

Vi du 18 : Chimg minh bét dang thirc:a® + b® >a’b +ab® véia>0,b> 0
Gidi
a’+b®>a’b+ab® & a®+b’-a’b-ab? >0
<::»(a+b)(a2 —ab+b2)—ab(a+b)20
<::>(a+b)(a2 —ab+b2—-ab)20-
< (a+b)(a-b)’ >0 (Bat dang thirc nay luon ding)

Vay a® +b® > a’b + ab?la bat déng thic dung.
Vidu 19: Chirng minh rﬁng a, b, ¢ 1a cac s6 duong bat ki, ta co:

a b ¢ 3

+ + 2 —

b+e¢ c¢c+a -a+b 2
Giai:

C6 thé gia thiét a > b DONKhi d6: 2 + L4
b+c c+a a+b

3
e
2

1 b 1 1
a Cc >0

b+e 2 c+a 2 a+b—§
a-b+a-¢c b-c+b-a c-a+c-b
— + + 20

b+c c+a a+b
1 1 1 1 1 1
-b - b - - - - >0
= (a )[b+c c+a)+( c)[c+a a+b)+(c a)(a-n-b b+c)

Bit ding thic sau cung hién nhién theo gia thiét ban dau.
Vi du 20: Chimg minh ring ta c6: T 22(~1—+1+—1—] vai
p-a p-b p-c a b c
canh va p la nira chu vi ciia mét tam giac.

Aﬁ?
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Giai
Ta co: 1 + L + . >2 l+l+l]
p-a p-b p-c a b c
1 1 1 1 1 1
= - - -=20
b+c-a a a+c-b b a+b-c c
2(a -b)’ 2(c-a)’
. _ 2(a-b) 2(b-c) (=2 .

(b+c-a)(a+c-b) (a+c b)(a+b-c) (a+b—c)(b+c—a)
Bét ding thirc cudi cing hién nhién ding do cac bit ding thirc cua ba

canh trong mét tam giéc.
3 3 3

Vidu 21: Cho a, b, c>0.Chl.'mgminhr§ing %+P—+—c—2ab+bc+ca.
c a
Giai:
Dé dang chimg minh véia,b>0:

3
a’+b’2ab(a+b) o %+b22a(a+b) (1)

3 3
Hoan toan tuong tu: i +c? 2b(b+e) (2); N+a?2 c(c+a) (3)
c a
Cong (1), (2), (3) ta duoc diéu phii chimg minh.
Vi du 22: Ching minh céic bat diang thiic sau:
a.a’+b’>+c’*>2ab+bc+cavdimoia, b, c

8,38, .8
b. a—+£-tc—21+%+l(a>0,b>0,c>0)
c

a’b®c? a
2 2 2 2 2 L s
c.a’+b’+c’+d’ +e’2a(b+c+d+e)viimoia, b, c,d,e.
Giadi:

a.a’+b?+c?2ab+bc+ca
<a’+b?+c?-ab-bc-ca20
> 2a’ + 2b% + 2¢? —2ab -2bc —2ca >0
@(a2+b2-2ab)+(b2+c2—2hc)+(cz+a2—2ca)20
& (a=b)’ +(b-c)’ +(c-a)” >0. Bit ding thirc ndy diing.
Do d6: a? +b? +c? >ab + bc + ca 1a b4t ding thirc diing.
b. Ap dung ciu a) ta cé:
a® +b® +c® >a‘b* +b'ct +c'at = (aat"‘b’)2 + (l:)’c"’)2 + (czaz)2

> (a’b2) (b’c’) + (b”c"')(czag) + (a’h’)(c”az) = a’b%c? (a2 +b*+ c2)
>a’b’c* (ab + be + ca)
+b° +¢® a'blc’(abrbevca) a®+biec’ 1 1 1

Bg TR R e T X R
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C. au+)2+c2+d2+e22a(b+c+d+e)
c:>12+b2+r:2+d2+ez-a(b+c+d+e)20

St sbi 4+’ +d* +e?—-ab-ac-ad-ae>0

2 2 2 2
o2 ib?-ab|+|E it -ac|+|E +d2-ad|+| 2 +e*—ae |20
1 4 4 4

2 2 2 2
& E—b) pl| S| 4| S| ¥l 2mn] 2D Bat dang thirc nay dung.
2 2 2 2
Do16: a? +b? +c? +d? + e >a(b+c+d +e) la bat ding thirc ding.

Vi du 3: Cho céc sb duong a, b, ¢, chimg minh rang:

o I b + 2 22
a+b b+c c+a
Gidi:
A ol a a a+c 1

a a+b+c<b+a<a+b+c()

b < b p b+a 2); c < c . c+b 3)
a+b+¢c b+c a+b+c afb+c c+a a+b+ec
Célgtimgvé(l),(z),(B):1< (Rach R Yo o

a+b b+c c+a
; A \ . 1 1 2
Vidu A4: Ching minhrang: véi a>b2>1: > .y,
- g & 4 1+:=12+1+b2 1+ab()
Gidi:
1 i § 1 1
i B~ - - >0
) 1+az+1+b2 l+ab 1+ab
ab-a’® ab-b?®
< + 20
(1+az)(1+ab) (1+b2)(1+ab)
a(zb—-a) . b(:!—b) o b—a[ az_ b,_,)ZO
(1+a )(1+ab) (l+b )(1+ab) 1+abl1+a%? 1+b

b-a{a+ab’-b—ba’] o _ (b-a)’@-1n

b (1+a’)(1+b’) (1+ab)(1+az)(l+b3)

Viazb21= ab21¢ ab-120.
Cdch 3 Sicgdyng phwong phdp phdin chimg

Vi taa’+b252.Chﬁngnﬁnhr§ng a+bs<2.
3TS- 185
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Giai
Gia sira + b > 2, binh phuong hai vé (hai vé déu duong), ta duoc:
a’ +2ab + b* > 4(1). Mat khac ta co:
2ab<a’ + b’ =>a’ +b” +2ab<2(a’ +b*). Ma 2(a’ + b?) <4 (gia thiet),
do d6 a® + 2ab + b <4 (2). Mau thuan véi (1). Vay phai cé a +b< 2.
Cidch gidi khdc. Ta c6: a® +b* <2(1).
Mit khac 2ab <a? + b*nén2ab<a® +b? <2 (2).
Cong (1) va (2):a’ +2ab+b? <4 > (a+b)’ <4 =>-2<a+b<2.
Cdch 4: C6 thé sir dung phuong phdp dbi bién phu
Vidu I: Choa+b+c=1.Chimg minh ring:a® + b?® + ¢’ 2%

Gidi:

bat a=%+x,b=%+y,c=%+z. Doa+b+c=1nénx+y+z=0.

1 2 1 2 1 2
Ta cé: az+b2+c2=[—+x] +(—+yJ +(——+z)
3 3 3
=[1+2x+x2]+(l+gy+y’)+[l+—2—z+z’)
9 3 9 3 9 3

1 2 2 2 2 1 2 2 2 1
=—+—(x+y+2)+x*+yi+2°=—+x*+ I~
> 3( y +2) y 5 xX’+y’+z 5

Xay ra ding thirc <:>x=y=z=0<:a=b=c=%.

Vi du 2: Chimg minh bit ding thirc:
abc2(b+c-a)(a+c-b)(a+b-c)védia,b,cladsdaiba canh cia mjt
tam giac.

Gidgi

Cdch 1. D3t b+c-a=x,a+c-b=y,a+b-c=zthi x,y, z> 0. Theo bat
ding thirc (x+y)(y +2)(z+x) 2 8xyz, ta co:
2a.2b.2c>8(b+c-a)(a+c-b)(a+b-c)
=abc2(b+c-a)(a+c-b)(a+b-c)

Xéyradang thirc khi va chikhia=b =c.
CachB (b+c-a)(b+a-c)=b —(c—a)zsb2

} -BDFS(GTS-
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(c+a-b)(c+b-a)=c’ f(a—b)z <ct
(a+b-c)(a+c-b)=a’ —(b—lc)2 <a?
Nhan timg vé ba bat dang thirc trén, ta duoc:
[(b +c-a)(a+c-b)(a+ b—c)T g[abc]Z. Cac biéu thirc trong d4u ngoac
vuong déu duong nén (b+c-a)(a+c-b)(a+b-c)<abe.
Xay ra dang thirc khi va chi khia= b=c.
Vi du 3: Chimg minh rang: ¥ +y* +7' —3xyz=(x+y+z)(x2 +V + 2 —Xy-yz—2X
vol moi s6 thue x,v, z. Suy ra voi a,b,c 1a cac s6 duong ta luén co:

a+b+c?.3m.

Giai:
Khai trién vé phai: (x+y+ z)(x2 EVE b= yE zx) duoc vé trai
Ta c6 : x* +y2+zg—xyvyz—zx=%[(x-y)2+(y—z)2+(z—x)2}20.
Pat:x = {a, y=%/g, z=%;x+y+z>0via,b,cd1r0'ng.
Tu do x3+y3+23—3xy220hay:a+b+c23m.

Vidu 4: Choa,b,c>0. _
Chimg minh rang: (a—1)(a-3)(a-4)(a-6)+10>0;Va e

Gidi:
Taco: (a-1)(a-3)(a-4)(a-6)+10=[(a-1)(a-6)|[(a-3)(a-4)]+10
=(a®-7a Hf:‘.)(a2 ~7a+12)+10; Patt=a’—~7a+9

=(t—3)(t+3)+10:(t2 —9)+10=t2 +1>0;Vt. Bit déng thic da duoc

chimg minh.
Vidu 5: Cho x, y la hai sb thuc khac 0. Chirng minh:
2 2
i,,—-+%+423[£+z]
y X
Gidi:
Patt=—+L = [t|=£+-£=‘£+Z ma || +|2{> 2 (do bat déng thirc
y X y x| |y| [x y| |x
x2 y2
C051):> |t|>2 = t<-2hayt>2.Khidé: t’ =—+2-+2
y X
I,ggHS‘GTS— 187
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Bt diang thic
(1) © t?+223t o t°-3t+220 & (t-1)(t-2)20 (2)
(2) 12 hién nhién ding do t <-2 hay t>2.
Cdch 5: Sir dung cdc bdt ding thirc quen thujc
Vidu I: Chimg minh véi moi sb thuc x, y, z, t ta ludn c6 bat déng thirc sau:
x® +y? +2° +t* 2 x(y +z + t). Déng thirc xay ra khi nao?
Gidi:
Taco: x> +y* +2* +t* 2x(y+z+t) (1)
o 4x’ +4y’ +42° + 4t° 2 4x(y +z + t)
= (x"’ —4xy + 4y*) +(x* —4xz + 42" ) + (x* —4xt + 4t%) + x> 20

& (x- Zy)z +(x - 22)2 +(x - 21:)2 +x%20(2) . Ta c6 (2) ludn ludn ding

v6i moi X, y, z, t. Viy (1) dugc chimg minh. Ping thic xay ra
& X-2y=x-22=x-2t=%X=0 & X=y=2z=t=0

Vi dy 2: Chimg minh r%mg::'112*'1:32%2 2(a+§+c]2.
Giai:
Tacé: 3(a® +b® +c?)=a® + b? + ¢ + 2(a® + b? + ¢?)
>a’+b’*4c’+2(@b+bc+ca)=(a+b+c)
a'® +b? + &} 2(a+l:>+¢)2
3 8

Vidu 3 :Cho x>0;y >0;x +y <1. Chimg minh 21 + 21 24
X" +Xy Yy +Xy

( Dé TS lop 10 chuyén Lé Hong Phong ~-TPHCM 2003-2004)
Gidi:

Ap dung bét déng thirc C6 si cho hai sé duong a, b ta c6 2

1 1 ) e | ’
o W 0, 1 oM R 3 = Jab2.l=.=
a+b2 - =(a +b)[a+b)22 b.2 ey , Suy ra

(a+b)(l+%)z4=>l+%2 4b . Ap dung vao bai todn ta c6
a a a+

1 1 4 4

>— 5 = ~24(Dox+y<1)
x? +xy vi+xy xP+xy+y®+xy (x+y)

B¢

P> Jab

-BDHSGTS-
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(a +d)2

Vidu 4: Cho 0 <a<b<c<d.Ching minh (b+c)(%+l]< -
c a

Giai:

d2 2 2
(b—c)[-i-+l]<(a+ ) <:>(b+c) _(a+d) s
b ¢ ad be ad

b _2 o # 9
= +()adb E;Hd) bc<0c:>(b+c)"ad—(a+d)2bc<0
abc

(v a, h. ¢, d duong) < b’ad +c*ad —a’bc ~d*bc <0
«>)d(ab-cd) +ac(cd -ab) <0 < (ab-cd)(bd —ac)<0

MalO<a<dvaO<b<c,nén ab<ecd @ ab-cd<0

d>c>0vab>a>0,nén bd>ac< bd-ac>0

Suy ra (ab —cd)(bd —ac)<0 (dpcm).

(x+ y)2 |

Vi dw & a. Chimg minh rang : x* + y% > 5

(x+y) ,,
8

Gidi:

b. Chimg minh rang :(xVyas

a. Caicl 1:

.yt X +y’ e xt ey :(x2+y2+2xy)+(x2+y2—2xy)
2 2

2 2 2
_(s+y) ;(x_y) Z(x;y) A (x=y' 20

X+
Cdh 2: x* +y® 2( 2y) <::>2(x2+y2)2(x+y)2
=ix}+2y 2x*+2xy+y o x’ +y - 2xy 20
2
’ 4 A + L)
— x—y)2 >0 (bat dang thic ding). Do d6 x* +y® z(x—z)llé dang

thic dung ding.
o8 4 2

%”ua)taco x'+y* =(x ) +(y2)2 e
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(x+y)

Theo a) ta ¢c6: x*+y? 2 -

2 72
=% (x2 + y2)2 > {(x%)_} (binh phuong

4

hai vé khong am). Vay (x* +y?)’ > (—"_;i )

(x+y)
8

Cidch 6: Véi cdc bat dtfng thirc ma cdc bién cé vai tro nhw nhau, ta co thé
sdp thir tw cdc bién

Vi du I : Chimg minh bét déng thirc dugc néu & trén:
abc2(b+c—a)(a+c-b)(a+b-c)(1). Trong d6 dicu kién a, b, c la do
dai ba canh cia mgt tam giac dugc thay bai a, b, ¢ la cac sb duong.

Gidi

Cdch 1. Do vai tro cua a, b, ¢ nhu nhau, ta gia su rfing a>b>c. Xét hai
truong hop:

a. b+c<a. Khi d6 vé trai cua (1) la-sé duong, con vé phai khong duong.
Bat déng thirc duge chimg minh.

Tir (1) va(2)cé: x* +y* >

Cdch 2. Trong ba sb b+c—-a,a+c—ba+b-c, khong c6 qua mét s6 am.
That véy, ching han néu b+c-a<0,a+c-b<0thi 2c <0, trai voi gia
thiét. Néu c6 diing mét 'sd am 'thi vé phai'ctia (1) 1a sb am, bat dang thirc
(1) hién nhién ding. Néu-khéng-cé-sé-nao-am thi vé phai cua (1) 1a sb

-
-----

Cdch 7: Khi chirng minh bat dting thire, trong nhiéu truong hop ta can xét
tirng khodng gid tri cua bién.
Vidu I: Chimg minh rang: x® -x" +x° ~x+1>0.
Gidi
Goi A 1a vé trai ctia bt ding thirc.
Cich 1. Néu x >1thi ta viét A dudi dang x” (x -1)+x(x-1)+1.
Do x>1nén A > 0.
Néu x < 1 thi ta viét A duéi dang x* +x2(1—x5)+(1—-x). Do x <1 nén
1-x°>0,doddo A>0.
Cich 2. A=x"(x-1)-(x-1)+x* =(x—1)(x7 —l)+x2.
“éu lethl x' 21,do d6 (x —1)(:(T —1)20,(:(')11 x> >0 nén A > 0.

N’:":lf'ﬁg-fthi x' <1,dodo (x- 1)(,:;T _ 1) >0,con x>0 nén A > 0.
’.‘ '._,,:__:-'.:- i
fg | -BDHSGTS-
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Dang 2: Tim gid tri lon nhdt, gid tri nhé nhat ]
Cdch .: Khi tim gid tri lon nhit, gid tri nhé nhat cia biéu thirc, ta cé thé

bié1 doi nhur sau : f(x)=g(x) +C hodc f(x)=C-g(x)’
Vidu .: a. Tim gia tri nho nhét ciia A =2x° —8x +1.

b. 7im gia tri 1on nhat cua B = -5x* —4x + 1.

c. Cho tam thirc bac hai P = ax® + bx +c.

Tin gia tri nho nhg'it cua P ng':u a>{.

Tin gia tri 16n nhat cua P néu a <0.

Gidi

a. A=)x"-8x+1=2(x"-4x+4)-7=2(x-2)' -72-T7.

mit A = -7 khi va chi khi x = 2.

2
b. B=—5x2—4x+1=—5(x2 +ix+—4-)+?—=—5 1|:+g +gsg
5 25 5 5

D =—§-khi ookl 6 s ‘%‘

2 2
C. P=1x2+bx+c=a(x2+Ex)+c=a(x+—!-):j +c-—l)—.
a 2a 4a

b? b\’
Piic-—=k. Do [x+—] >0 nén:
4a 2&/

2
—~Nua>0thi a(x+—2P—] >0,dodo P>k:
a

Mi1 P = k khi va chi khi x=_;;
a

, 2
—Néua <0 thi a(x+-2—b—) <0,do d6 P<k;
a

Nollwe P e o vk el 2 ‘Eb"
a

Vi du 2: Tim gia tri nho nhét cua biéu thirc:

‘a. (1-1)(x+2)(x +3)(x +6) b. x> ~4x+y* -8y +6

Gidi :
a. (x-)(x+2)(x+3)(x+6)=(x-1)(x+6)(x+2)(x+3)
=(}2+5x—6)(x2+5x+6)=(x2+5x)2—36.

Pha tirc dat gia tri nho nhat 1a -36 khi x* + 5x =0 tirc 1a x = 0 hodc x = -5.
b. x* —ix+y’ -8y +6=(x-2) +(y-4)’ —14. Pa thirc dat gia trj nho nhat
i x-2=0vay-4=0,tcx=2vay=4.

191
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Vidu 3 : a. Phan tich da thitc P(x) thanh nhéan tir: P(x) = 3x* - 27x + 54
Véi gia tri nao cua x thi P(x) nhén gia tri khéng am?
b. Tim m va p sao cho biéu thirc: A = m? — 4mp + 5p® + 10m - 22p +28
dat gia tri nho nhét. Tinh gia trj Ay.
Gidi
a. P(x)=38x" -27x +54 = 3(x* - 9x +18) = 3(x* - 3x - 6x + 18)
= 3[(11:2 - 3x)—(6x —18)] =3[x(x-3)-6(x-3)].Suyra:
P(x)=3(x-3)(x-6)

{x-SEO

x-620 x>6

P(x)20(x-3)(x-6)20

(1) 20 e (x-3)(x~6) 20 &> x_gsoa[m
_x-GSO

Viy P(x)20 < x<3 hodc x>6
b. Ta bién ddi A vé dang: A =m?*—4mp +5p® + 10m — 22p + 28
=m’ -4mp +4p® +10m - 20p +p* - 2p +1 + 27
=(m-2p)’ +10(m - 2p)+(p-1)° +25+2
=(m—2p)2 +10(m—2p)+52+(p—1)2 ¥2
A =(m-2p+5)ha(p=1)'+222
p-1=0

Sp=1.va m=-3.
m-2p+50 " F

Adatgiatrinhanhétbﬁngzm{

Vi du 4: Tim gia tri nho nhit ciia ham sé: y =2x* -x+5

Gidi
2
5r=21ﬁ‘—x+5=2[x2 -i+i—i)+5=2(x—l) +§gz—3—9
216 16 i) "8°8
véi moi gié trj cua x. Ham sé cé gia trj nho nhit: Miny:%s- & x.}

Vidu 5 : Cho x, y 12 hai sé thyc thoa man (x+y)2+7(x+y)+y2+10=0.
Tim gié tri 16n nhat va gia trj nho nhét cia biéu thic P=x +y + 1.
Gidi:
Tir gia thiét ta suy ra (x+y)2+7(x+y)+y2+10=0

ﬁyg s 2.%(1: + y)+(%)2 —(%)2 +10=-y*<0

-BDHSCTS-
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3
s

| x '+7 3—9<0<:> X + +ZJ2<E¢>
) R ¥*8) ~1

—
g

¢$~ﬁ§x+y+15§¢:-45x+y+13~—1.
-, 2 2

Vay gia tri nho nhat cua P 1a —4, gia tri 1on nhat cua P la -1 .
Vidu 6 : Cho a’+b’=2. Tim gia tri lom nhat cia biéuthtc A=a+b
Giai:
bata=1+x (1)
Tacé: b*=2-(1+x)*=1-3x-3x>-x*<1-3x+3x*> -x* = (1 -x)°
Viy: b <(1-x)* o b<l-x (2).Tu(l)va(2)suyra:a+b <2
Dau“="xayrakhix=0haya=b=1
Vay: A dat gia tri 16n nhat bing 2 khia=b = 1.
Vi du 7: Cho biéu thitc: M =x? —5x+y? + xy — 4y + 2014. Vi gia tri ndo
cua x, y thi M dat gia tri nho nhat? Tim gia tri nho nhat do.
Giai:
Taco M:(:-:2 —4x+4)+(y2 —2y+1)+(xy—x—2y+2)+2007

M=(J¢:-—2)2 +(x—2)(y—-1)+(y—1)2 +2007

=M=

_(x -2) +~:12-(y ~ 1)}2 +i—(y -1)° +2007

2
Do (y - 1)2 20vé[(x -2)+%(y-1)j| >0,Vx,y

=>M2>2007=>M,, =2007=x=2y=1.

Cdch 2: Khi im gid tri Ioén nhdt, gié tri nhé nhdt cia biéu thirc, ta cé thé
doi bién

Viduw I: Tim gia tri nho nhit cia A =x* +y® + xy biétringx +y=1.

Gidi:

Svr dung diéu kién da cho dé rit gon biéu thirc A:
A =:(x+y)(x2 -Xy + y2)+xy=:|:2 - xy +y? + xy =x* + y°.
Pén day c6 nhiéu cach giai:

Cdch 1. Biéu thj y theo x rdi dua vé tam thirc bac hai dbi véi x: Thay
y =1-x vao biéu thuc A:

—2 x —x)+1 2(){-—-1—] +1al.
2

Aﬂ ﬁ | | 193

Tron Bo SGK: https://bookgiaokhoa.com



Download Ebook Tai: https://downloadsachmienphi.com

L ey
2 2V "3

Cdch 2: Sir dung dicu kién da cho lam xuit hién mét bidu thiremdi c6
chira A
Taco: x+y=1=x*+2xy+y* =1 (1).

Mit khac (x—y)2 >0=>x*-2xy+y? 20(2).
Cong (1) v6i (2): 2(x? +y?) 21 = x* + y* 2%.

Véiy min A =-21; khi va chikhi x=y =%.
Cdch 3. St dung diéu kién da cho d& dua vao mot bién méi:
bat x =% +athi y= % —a. Biéu thj x? + y* theo a, ta dugc:

1 Y (1 _X=I 1
x? + ’=(—+ ] ——a| =—+2a*2—.
Y22 *la7?) T2
~ . 1 1
Vay mmA=§<:>a=0<:>x=y=-§.

Vidy 2: Tim gia trj nho nhat ctia bieu thirc: A =(x-1)" +(x-3)" .
- Gigi:
Ta co: A=x2—2x+1+x2—6x+9=2(x2—4x+5)
=2(x-2)"+222.; A=2cx-2=-0x=2.
Vay min A = 2 khi va chi khi x = 2.
Chd'nghan,frvi du trén tacé thé x -2 =y, khi d6
A=(y+1)2+(y—1)2=y2+2y+1+y2-—2y+1=2y2+222.
mnA=2&y=0cx=2.
Vidy 3: Tim gié tri nho nhét cia: A = x(x - 3)(x - 4)(x - 7).
Gidi:
A=(x’—7x)(x2-—7x+12).
bit x’ -7x+6=y thiA=(y-6)(y+6)=y’ -36>-36.
minA=-36x’-7x+6=0o x, =1;x, =6.
Vidu4:Chox+y+z=3,
a. Tim gié trj nho nhit ciia A =x* +y? +22.
b. Tim gia trj 16n nhat cua B = xy + yz + zx.

cg.gui nhé nhit cia A + B.
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Gidi:
Binh phuong hai vé ciia dang thirc x +y + z = 3, ta duoc:
x> +y* +2° +2(xy +yz+2x)=9(1). Tic la A + 2B = 9.
Dé dang ching minh duoc: A > B (2)
Xay ra dang thirc khi vachikhix =y =z
a. Tu(l)va(2)suyra 3A=>2A+2B=9,nén A 23.
Do do min A=3 khivachikhix=y=2=1.
Chii y: c6 thé gidi cdu a bang cdch doi bién: datx =1 +a, y =1 + b,
z=1+ créixét x*+y* +7z°
b. Tur (1) va(2) suyra 3BB<A+2B=9,nén B<3. Do d6 max B =3 khi va
chikhix=y=2z=1.
Chui y: C6 thé giai cdu b diwa vao cdua: vi A + 2B = 9 nén B lon nhat A

nhé nhat.
c. TacoA+2B=9ma B<3 (caub)nén A+Bz=6.
Dodomin(A+B)=6khivachikhix=y=2z=1, .

Cdch 3: Khi tim gid tri l6n nhat, gid trinhé nhat ciia biéu thirc, nhiéu khi
ta thay diéu kign dé biéu thirc nay dat cuc tri boi diéu kién twong
duwong la biéu thirc khac'co” gid tri 16h'kar, gid tri nhé nhdt .

C hd:ng han: — A lénnhdt. <> A nho nhé'f,

L 16m nhdt = B RV ESTD

C 16n nhdt < C?lém nhdt véi C > 0.

Vi du I: Tim gia tri nho nhét clia A=——2
6x —5-9x
Giai
9x* -6x +5 (3x—1)2+4.
Ta thdy (3x-1)"20 nén (3x-1)’ +4>4. Do d6 1 > g (theo
(3x-1)"+4 4
y £ " W T ; g £ -2 -2
tinh chat a>b thi —<—védi a va b cung dau = - >—
a b (8x-1)"+4 4
:)AZ—a- Vay mmA-—%c:»Bx T PYUS. )
%g
.B TS- 195
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g , 3x* -8x +6

Vi § T 4 tri nho nhat cua: A = ;

{du 2 : Tim gia tri nho nhat cua = gy
Giai:

Cdch 1. Dat x-1=y thi x=y+1. Taco:

3(y+1)' -8(y+1)+6 3y2-2y+1 2 1
2 = 2 =3——t—

y y y vy
Laidﬁtlzzthl: A=3-—2z+z2=(z—1)2+222.
)

A=

mnA=2z2=1y=1x-1=1&x=2
Cdch 2. Viét A dudi dang tong ctia 2 véi mot biéu thirc khong am:
2x% —4x+2)+(x* -4x+4 -9y’
(25" —ax+2) o ) 5, (=2,
X -2x+1 (x—l)

minA = 2 khi va chi khi x = 2.

S pmecos o § oy ok xX°+x+1 o
Vi dy 3 : Tim gia tri cua x d€ biéu thitc; P=————— (x = -1) da gia tri

_ X“+2x+1

nho nhat.
Gidi
3 1 X
Céch 1: 23T 2
x? +2x +1 (x+1)2

1 1 1 ) | 1 3
=1- + i % B
x+1 (x+1) L x+1 (x+1)} 4

2
=(l_ : ] + 23 Pdatgiétrinhénhﬁtlé%khix=l.

2 x+1) 4 4~
Cidch 2: Ta xét biéu thirc:
2
p_1=’§_+3£+_1-_ R . 11
X" +2x+1 X" +2x+1 0
X
P -1 dat gié trj nho nht khi x+~+2 dat gi4 tri nho nhat, hay x + -
X X
dat gia tri nho nhat. Xét tich A khong ddi. Vay i g gia tri
X X

nhé nhitkhi L =x cho ta x =+1.(logi giA trj x=-1). Tém lai P—1 ¢&
X

giétrignhz‘ltlé -% khi x = 1. Khi &y P—1=i hay P=§.

AP

-BDESGTS-
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T RTR T 3-4
Vidu 4: Tim gia tri 16n nhat, gia tri nho nhéat cua: A = —; )lc .
x* %

Giai:
Pé 1m gia tri nho nhét ta viét A dudi dang:
B e ol e gt ] _(x—2)2
x? +1 x*+1
khi ¢ = 2. Dé tim gi4 tri 1on nhét, viét A dudi dang:
4x® +4-4x*-dx-1_, (2x +1)’
x? +1 x? +1

A ~1>-1. Viy minA =-1 khi va chi

A= <4.

Mila: A = 4 khi va chi khi x=-—%.
x'+1

Vidw 5 Tim gia tri lén nhat, gia tri nho nhat cua A = "

(1)

Giai:

Clhu ¥ ring A > 0 nén A 16n nhit e —;-nh() nhét

: 2 VL. i 3
A mo nhat & —16n nhat. Ta co:

2

Tin gid tri 1n nhat cta A: Ta ¢6 2x* 20,x* +1>0nén — ->0. Suy
=z +

- §21+0=1.; min%=1khivachikhix=o.DodomaxA=1khiwa

chi <hi x = 0.
Tiin gia tri nho nhat cua A: Tacod 2x% <x* +1 (dé chirng minh, dau "="
2

xayra khi va chi khi x> =1) ma x* +1>0 nén %x 1sl.Suyra
x' +

i—:l+1=2;maxA=2khivz‘lchi khi x? =1.Do d6 minA=-;:khivachi
ktix = +1.
Cha yp:
1. (Cch khéc tim gia tri 16n nhit cta A:
(x2 + 1)2 ~ 2x* Ox? . s s
Al - e =1-————<1. Max A =1 khi va chi khi x = 0.

(an + 1)2 (x2 + 1)

1S3TS- 197
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2. Céch khac tim gié trj nho nhat cua A:

Cich 1. Djt ——=y.
x“+1

2 2 2
‘ x? +1) +(x?-1 x’ -1 1
Cich 2. A=—2% *22=( ) +( 2 ) =l+_(__)_f 1
2(1(2 +1) 2(1:2 +1) 2 2(1:2 +l) 2
minA:%khi va chi khi x = 1.
2 —
Vidu 6: Tim gié tri nho nhét cia bidu thire B =X =22 +2000 5 v )
X
Giii:
x? — 2x + 2006
B= = (x=0)
2 5 2
Tacé: B = X“ - 2x:— 2006 B 2006x° —2.2006x + 2006
X 2006x
(x—2006)° +2006x* (x —2006)" +2005 2005
< B= S BR= 3
X’ 2006x’ 2006
Vi (x- 2006)2 >0 véi moi X; x> >0vdi moi x khac 0
2
-, (= 2008) |, o dow sl 20%chmimanutisgren?O00ni x - 2006,
2006x 2006 2006
Vi du 7: Tim gia trj 16rinhét cia ham sb:
1
Ly=-2%?+x-1 B. V= = ;
. ke V=P —xVAox+4
Gidi:

2 2
a y=-2x*+x-1=-2 xSttt 15 (L] - }—) -1
2 4 4 4

2
=_2[x_l) T v
1) "8 8

Ham sb dat gi trj nho nhét biing —g- khi x-—%=0 & x=-}.

b, x+1 N x+1 _ 1
' x' —x¥ +9x+4 (x2—2x+4)(x+1) x2-2x+4
= 12 sl, Vx #-1
(x-1)"+3

Hémst&giétrilénnhﬁtbﬁng% khi x=1.

‘(A B -BDHSGTS-
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Vi du 8: Tim gia tri nho nhét ctia ham s6:

a ---x—2—+x 1 b 3 3042
- Y= ¥ T ki owid
Giai:
2
X Li g Lé o
A y=—+X~-1=—(x"+4x)-1=—(x"+4x+4-4)-1
T S TR | )

=%(x+-2)2-22—2, vx.

Ham s c6 gia tri nho nhat Miny = -2 khi x =-2.

i __x2+2x+2_q(xz+2x_+3l‘“1_* . 1
Pl e x?+2x+3 x*+2x+3 (x+1)2+2
Ham s c6 gia tri nho nkat khi — - c6 gia tri 16n nhét, tirc la khi

(x+1) +2

(x+ 1)2 +2 nho nhét. Piéu nay xay ra khi x =-1.
Viy ham sé da cho/66 gia tri nhé: hf@ Miny :1_%=% khi x = -1.

2
Vi du 9: Tim gia tri nho nhit ctia ham sé; y = >~ *2X~1
2x° +4x+9
Gidi
11
- = P ,E(ZK +4x+9)-——2—
2x* +4x+9 2x’ +4x +9 2 4x?+8x+18
1 . B o e ey owos z : N
s : - . 'Ham s0 c6 gia tri nho nhat khi 112 co
2 4(x+1) +14 4(x+1) +14
gia tri 16m nhét, hay khi 4(x +1)"+14 c6 gia tri nho nhat, dat duoc khi
1 11

2 ;
=-1. Vay: Miny = = - — = -— dat dugc khi x =-1.
% ay: Miny = Z at dugc khi x

Vi du 10 : Tim gia tri 1on nhét ciia P =

1 11

x2

1+x*
Giai

Viét P dudi dang

P dat gi trj 16n nhét khi — +x* dat gié tri

1
— +x° X
X

nho nhét, Tich —-x* =1 (khong ddi). Vdy tdng — +x*nho nhét khi
X X

1 G»x“=1:>x=i1. Luc d6 P=—;—.
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Tron Bo SGK: https://bookgiaokhoa.com



Download Ebook Tai: https://downloadsachmienphi.com

2
Vidu 11: Tim gia tri 16n nhét va gi4 tri nho nhét cuia biéu thirc P = _i_*—l-;
X —-X+
Gidi:
x2 + l _ 3(){2 + 1]

2
Tacé xz—x+1=(x—l) +§>0,Vx,P= - -
2) 4 x% -x+1 3(x2~x+1)
2(x2—x+1)+x2+2x+1 9 (x+1)2
==+
3(x2-x+1) 3 3(x2—x+1)

o
3
Diu b.";ing xay ra khi va chi khi x = - 1 .VAy gia tri nho nhét cua biéu

thirc P=§,khjx=—l.Mé_’1tkhéctac6:

2

2
po x? +1 __21\:2—2:||:+2-—x2-1—2){-—1_2(x "‘*1)‘("“1)
x?-x+1 x> -x+1 x2—-x+1

2
= i .. 3 e g
=2——(2x——li-s2.Dﬁubﬁngxéyrakhivéchikhix=l.Vayglamldn
X —-x+

nhatciaPla2 khix =1.
Vidu 12 : Cho x >0, hay'tim gié tri nhomht cua biéu thirc:

6
(x+lJ —(x6+—}g)——2
P X X

(3) @
X+—| + X+
X X

6
(x+l) —(x5+—1§]—2 1\ i
Taco: P= z = —(x+—) -—(x3+—)

(oo V0
X+=| +X +—

X

=3(x+l)26 (x>0). Vay P, =6 dat dugc khi x=1.
X

Cdch 4: Khi tim gid trj lon nhdét, gid tri nho nhat cia mét biéu thirc, nhiéu
khi ta can xét timg khodng gid tri cia bién, sau dé so sinh cdc gid tri
ctia biéu thirc trong cdc khodng dy dé tim gid tri lon nhat, gid i nhé
nhat ciiazbiéu thirc do.

B £
Vild

£

,2%65:'» o
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Vi du I: Tim gia tri nho nhét cua A = (3x-1)" -4[3x ~1|+5

Gidi:
bat |3x ~1| = y thi
A=|3x-1|2—4|3){—1|+5=y2—4y+5:().*—2)2 +121.
minA::1<::>y=2<:::>|3)c—1|::21:::>xl =1;x2=—-;—.
Vi du 2: Tim gia tri nho nhat cua B=|x—2|+]x—~3|
Gidi
Cdch 1. a. Xét khoang x <2 thi B=2-x+3-x=5-2x.
Dox <2nén -2x>-4,dodé B> 1 (1)
b. Xét khoang 2<x<3thi B=x-2+3-x=1 (2)
c. Xétkhoang x>3thi B=x-2+%x-3=2x-5.
Dox>3nén2x>6,dodoB>1 (3)

So sanh (1), (2), (3) ta dugc min B =1 khi va chi khi 2<x <3.
Cdch 2. Do gia tri tuyét dbi ciia mot s6-1ém hon hodc bang s6 do nén
B=|x-2|+|x-3=|x-2/+[3-x}=(x-2)+(3-x)=1

Do d6 minB=1c>{x“220<:>2sx53.

3-x20

Vidu 3: Tim gia tri nho nhat cia A =[x -1 +[x - 7| +|x - 9|
'  Gidi N/

Do gia tri tuyét d6i cua mat s6 16n hon hodc bang s6 d6 nén
[x-1]+[x =9 =[x -1|+|9=x|2x-1+9-x=8 (1)
Talai c6 |x-7|20(2). Tir (1) va (2) suy ra A2 8.

x-120
Dod0 minA=8{9-x20x="7.

xe=7

Vi dy 4: Tim gi tr nho nhét ciia ham sby =[x + 3|~ 4
Giai
Vi [x+3|20 véi moi gié tri ciia x nén y =—;-|x+3|—4 > -4 véi moi gia
tri cua x. }}am s6 ¢6 gia tri nho nhat: Min)-v =—4 dat duoc khi x=-3.
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Cdch 5: Khi tim gid trj Ion nhdt, gid trj nhd nhdt ciia mpt biéu thicc, nguoi
ta thuomng sir dung cdc bdt ddng thirc da biét.

Vidy 1: Chimg minh: (ab+cd)’ <(a? +c?)(b® +d?) bat déng thirc
Bu-nhi-a-cp-xki.
Ap dung: Cho x + 4y = 5. Tim gi4 trj nhé nhét cia biéu thic: M = 4x” + 4y?
Gidi
Tacé: (ab+cd)’ <(a® +c?)(b* +d?)
< a’b? + 2abed + c?d? <a’b® + a’d? +c?b? +c?d®
& 0 <a’d? —2abed + ¢?b? < 0 < (ad - be)’ (dpem)
Diu “=" xay ra khi ad = bc. Ap dung hing ding thirc trén ta cé:
52 = (x + 4y)’ =(x+4y)s(x*+y")(1+16)=> x> +y’ 5ot

17
= 4x? + 4y® 2-‘-1“—2-{-)-:>4:|:2+4‘:y2 RO
17 17
Dau “=" xay ra khi x = —é-,y =
17 i B
Vidy 2: Cho x* +y* <52/ Tim gi4 tri'161 nhat'¢ua A = 2x + 3y.
Gidi

Ta nhan thdy 2x + 3y va x* + y?1a cac thanh phén ciia bt dang thirc
Bu-nhi-a-cdp-xki (ax + by)’ < (a2 + bz)(x2 + yz) voia=2,b=3.
Theo bat ding thirc trén:

(2x +3y)’ (2 +3%).52 = (2x +3y)’ <13.13.4

|

po |

= |2x + 3y| <26 = 2x + 3y <26. Viy max A =26 <

[ ]
o W

x+3y=>0

Thay y= 3—;véo x? +y? =52 ta dugc x* + 2‘;1_ =52. Giai phuong trinh
nay dugc: x=14. Vi x = 4 thi y = 6, thoa man (2). Véi x =-4thi
y =—6,khong thoa man (2).
Cich 6. Trong cdc hing bdt ding thirc, cdn chii y dén hai mégnh @ sau,
cho ta gid trj Ion nhat ciia tich, gid trj nhé nhat ciia tong:
— Néu haj 56 cé tong khong déi thi tich cia ching Ién nhdt khi va chi
k "Rags do bcfng nhau.
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~ Neu hai sé dwong cé tich khéng déi thi téng ciia chiing nhé nhat khi
va chi khi hai so dé bang nhau.
Dé :hitng minh hai ménh dé trén, ta ding bdt dang thicc (a + b)2 > 4ab:

~ Mu hai s6 ava b cé a + b = k (hdng s) thi tir (a+b)’ > 4abta cé
2 2
ab < mkz-,do dé max (ab) = !El-khi va chi khi a = b.

~ Méu hai s6 diong a va b ¢é ab = p (hdng s6) thi a + b nho nhat
<> a +b)’ nho nhdt, do d6 min(a +b)’ = dp khi va chi khia = b.
Vi du i: Tim gia tri lon nhat cua A = (x2 ~3x + 1)(21 +3x — x2)
Gidi:
Cac biéu thirc x* -3x +1va 21 + 3x — x2c6 tong khong dbi (bang 22) nén
tict cua chiing 16n nhat khi va chi khi
x?-3x +1=21+3x -x? ©&x*=3x=10=0
o x-5)(x+2)=0ex, =5x,=—2.Khido A=11.11=121.
Var max A = 121 khi va chi khi X 5 ho3c x =-2.

16x%2 +4x+1 .
v

Vi dy . :Tim gia tri nho nhit cua biéuthic B = Gix > 0.

2x
Giai
Vid B duéi dang 8x+ 2+-2-1;. Hai, s8,8x: va 51; Ia hai sé duong, c6 tich
khing d6i (bing 4) nén téng ctia chiing nhé nhat khi va chi khi
8x=~21—x o 16xi =16 x:i—(chl’l y ring x > 0).

Var minB=1+1+1

= 6 khi va chi khi x=%.

2
Vi du .: Tim gia tri Ién nhat clia A = ab + bc + cd, biét ring a, b, ¢, d 1a cac
4 - - s LA d
s0 thong am c6 tong bang 1.
Giai
Cdch i Giasta>b>c>d>0. Tacd
A:-ab+bc+cd<ab+ac+ad=a(b+c+d)

2
=g(l-a)=a-a’ =-—[a——é—) +:11-s-i-.(Kh6ng can tim diéu kién can va

1 [ LY A : [ 4 » v . " A
cz,tu'c 1a khong can giai tit ca cac diéu kién bc = ac, cd = ad,
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a=%, b+c+d=%véb, ¢, d>0. Ta chi can chi ra A=ikhi. chénghan,

o ok 1
a=b=%,c=d=0. Vay maxA=:11—kh1, chang han, a=b=§,c=d=0.)
Cdch 2.A=ab+bc+cd<ab+ad+bc+cd=(a+c)(b+d)

2
Ap dung bét déng thirc xys(%—zj ta co:
a+c—l
2
a+c+b+d) 1 1 1
= b+d)< =—=A=-&ib+d=-
A=(a+c)(b+d) [ 5 ) 4::> Fad 5
ad=0
la,b,c,d >0
Vay maxA=—}IH1i,ch§nghan,a=b=%,c=d=0.
Vi du 4: Tim gia tri 16n nhat cua biéu thoc A = —Y—véi x, y Iz cac sb
5—(x+y)
tu nhién.
Giai:
Tacd x+y=5. Xét x+y<4:
~Néuy=0thi A=0.
~Néu1<y<3thi A=— <3
5—(x+y)
-Néuy=4thix=0vaA=4.
Xét x+y>6 thi A=———_<0. So sanh cac gia tri trén cia A, ta
5-(x+y)

thidy max A = 4 khi va chi khix=0,y =4.
Vi du 5: Tim gia tri nho nhat va gia tri 16n nhit cua tich xy, biét ring x va y
1a cac s6 nguyén dwong thoéa min x + y = 2005.
Gidi:
Ta cé: 4xy%(x + y)z —(x- y)2 =2005% - (x - y)2
Gia sir x > y (khong thé xay ra x = y). Ta cé:
xy 16n nhit & x - y nho nhét; xy nhé nhit < x - y 16n nhit.
Do 1<y<x<2004nén 1<x-y<2003.
Tact :ﬁ(x —y) = 1khi va chi khi x = 1003, 1002.

-BDESGTS-
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max (x —y) = 2003 khi va chi khi x =2004, y = 1.

Do do: max (xy) = 1005 006 khi va chi khi x = 1003, y = 1002.

Min (xy) = 2004 khi va chi khi x =2004,y = 1.
Vidu6: Tim gia tri nho nhat cta biéu thuc

A= |1 1" - 5“! véim, n la cac sd nguyén duong.

Giai: Ta the’iy 11" tan cung bi‘mg 1, con 5" tan cung bﬁng 5. Néu

11™ > 5" thi A tan cung bing 6, néu 11™ <5" thi tan cung biang 4.
Ta chi ra mét truong hop A=4: véim=2,n=3 thi A =[121-125|=4.

Nhu vay min A = 4 khi, chfmg han, m=2,n=3.

Trong cdc vi du trén, ta chi ra tat ca cdc gid tri cua bién dé xay ra dang
thiee. Tuy nhién, yéu cau cua bai toan tim GTNN, GTLN khong doi hoi
nhuw vay, chi cdn chung to rang ton tai gia tri cua bién dé xay ra dang

thiee.

Bai tap van dung
2

1. Ching minh bat ding thuc: %- +b? +cf >ab-ac + 2bc.
2. Chimg minh bat dang thirc: a® +b* +1>ab+a+b.

3. Chimng minh bt ding thirc: x° + y* +2° > 2xy - 2zx + 2yz..
4. Chimg minh bat ddng/thiré: % * # Y4 /ZY 15 A (xy? - x +2 +1).
5.Chimg minh ring : Néu a+b>1 thi a® + b® 2%'.
6. Cho a, b, ¢, thoamian a* +b* +c* =3.

Chimg minh ring ab+bc+ca+a+b+c<6
7. Cho a,b>0. Chitng minh bat ding thic:
R S L
a?+b?> b’+c? a’+c® 2la b c)
8. Cho a; b; ¢ > 0 va a + b + ¢ <1. Chimg minh rang:
1 1 1

- + 29
a’+2bc b*+2ac c?+2ab
i . 4 X xz y2 1
9. Ching minh bat dang thitc: T+ <=, Vx,yeR
1+16x" 1+16y° 4

10. Cho a, b, c 1a s6 do d9 dai 3 canh cta 1 tam giac. Chimg minh bét ding

thuc;

5
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a.ab+bc+ca<a?+b?+c?<2(ab+bc+ca).

b. abc2(a+b-c)(a+c-b)(b+c-a).

c. 2a’b? + 2b%c? + 2c?a’ -a*-b* -c* >0.
11. Cho a, b, ¢ >0, chimg minh bat déng thirc:

1 1 3 1
< )
a’ +b? +abc+b3 +c+abc c®+a’+abc  abc
£ a+b) a?+b?
12. Chimg minh bat dang th.c: ( : ) < 5

13. Chimg minh bat déng thitc: (a' + b*)(a” + b*) 2 (a® + b*)(a* + b*).

" 2
14. Chimg minh bit ding thie: 2 *2*1 ¢
a"-a+1l
15. Cho hai s6 a va b cing dau. Chimg minh ring néu a <b thi I %
a

16. Chimg minh bat ding thic: a’ +b? +c? +3>2(a+b+c).
17 a) Cho a +b=1. Chimg minh b3{@islg thirc a? +'b2 z%.
b) Cho a, +a, +a, +...+a_ =1. Chimg minh bat ding thirc:

1
al +al+al+..+al >2—.
n

¢) Cho a, +a, +a, +...+a, = k. Chimg minh bat déng thirc:
2

2 2 2 7
al +8.2 +a3 +.--+a. 2—1:1_-

18. Cho a + b > 2. Chimg minh bét ding thirc 2’ + b® > 2.
19. Cho a >2, b>2. Chimg minh bét dang thirc ab>a +b.

20. Chimg minh bét dng thirc: (x - 1) (x -3)(x - 4)(x-6)+920.

21. Chimg minh bat ding thirc: 4a(a + b)(a +1)(a+b+1)+b? 0.

22. Chimg minh bt ding thirc: 4a’b? > (a? + b* —c?)’ véi a, b, ¢ 1a ta canh
cua m@t tam giac.

23. Chimg minh bat dang thirc: a(b-c)’ +b(c-a)’ +c(a+b)’ >a® +b® +¢°

véi a, b, ¢ 1a ba canh cua mgt tam giac.

24. Cho ba s duong a, b, ¢ c6 tich bang 1 va a+h+c>l+-1-+l.

3}156- (a-1)(b-1)(c-1)>0. "
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b) Chimg minh trong ba sd a, b, ¢ c6 mdt s6 1om hon 1, hai s6 nho hon 1.

: £ o = b g
25. Chimg minh bat dang thuc:% +—2>2 vol ab>0.
a

26. Chimg minh bat dang thirc: (a + b 4-0)(l + % +l] >9 vbi a,b,c>0.
a c

27. Tim gia tri nho nhat cua: x> —2x+y? +4y +5.

= 2 2
X - X - oy

y( . y, volr x>y >0.
X+y X +Yy°

29. Chung minh bét dang thirc:zl,,- + 512- +-?41—2 +...+ Lz <1 v&i moi s6 tu nhién
2" n

28. Ching minh bat dang thirc:

2.

: ; z : 5 1 1 1 1
30. Chimng minh bat dang thuc: — + — + — + ... + :
g n g 22 42 + 62 (2[1)2

| i 2
<-2- vO1 moO1 SO tu

nhién n2>2.

31. Tim gia tri 1on nhéat cva:

4x? —Ax|+5

32. Tim gia tri nho nhit cia: — 1—2-——.
2% -x" -4
3x® +6x + 10

X% +2x 4¢3

Ax*-9x +1

x2

2x+1

x” 8

33. Tim gia trj 16n nhét ca:

34. Tim gia trj nho nhat cua:

35. Tim gia tri 1on nhét cua:

4x +3
x?+1
x'+2x* +8x+16
x!-2x° +8x* -8x+16
38. a) Chimng minh ring néu hai s6 duong c6 tich khong dbi thi tong cua
chung nho nhét khi va chi khi hai s6 4y bang nhau.

36. Tim gia tri nho nhat va lon nhét cua:

37. Tim gia tri nho nhét cia:

b) Tim gia tri nho nhét cua: 8x + - vol x>0.
X
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’ A x ’ A
Huwong dan va dap so
2
1 a?+b2 +c® >ab —ac + 2bc

2 2
@%—a(b——c)+b2+c2—2bc20¢:>[%—(b—c)) >0.
2. a’+b*+12ab+a+b¢e 2a%+2b*+2-2ab-2a-2b>0
o a’-2ab+b?+a’-2a+1+b2-2b+120
e (a-b)+@-1+(-1)"=20.
3. x’+y? +2 >22xy - 2zx + 2yz

oxP+y +22 -2xy +2xz2-2yz>0 < (x -y +2)? >0,

4. x*+y* +Z2 +122x(xy? -x +2+1)
o xt +yt +22 +1 -2y 2% = 2%z =2x >0
& (X2 -y +(x<2) + (x D=1
S.a+b21=b21-a=b*>(1=a)=1-3a+3a*-a’
=>a3+b323[a-1)2+lzl,BPCM.
2 4 4
6. Ta c6: a® + b® = 2ab;b? + ¢ > 2bc;c® +a* > 2ac
:>2(a2+bz+cz)22(ab+bc+ca)=>ab+bc+ca53(1)
Tuong tr: a? +12>2a;b?+1>2b;c? +12>2c
=a’+b*+c’+322(a+b+c)=>a+b+c<3(2)

T (l)va(2)suyra ab+bc+ca+a+b+c<6.
’ 1 b b 1 c c 1
T THED e G i, < =—, e
a’+b? 2ab 2b’ b*+c® 2bc 2¢ a’+c® 2ac 2a
a b c 1{(1 1 1
Viy: - + S=|=+—+—-|.
A R B R Z[a b+c]
8. Piat X =a® +2bc; Y =b® +2ac;Z =c” + 2ab, ta co:
X+Y+Z=(a+b+c) <1. Ap dung bat ding thirc

i1 3 3 1 | 1
X+Y+Z)| —+—+—=129, taco: + >
( )[X Y Z) 2 +0he Dadas e 2ab
2 2 2
9. Ta co: s - = x 5 < s 2=l
6x' 1+(4x*)* 24x* 8
A1 e
20 -BDHSGTS-

Tron Bo SGK: https://bookgiaokhoa.com



Download Ebook Tai: https://downloadsachmienphi.com
yz ) y’:‘. . y2 1 X 2 . y2 1
1-16y* 1+(4y?)*  24y° 8 1+16x' 1+16y* 4

10.a. Teco: ab+bec+ca<a’+b*+c? e (a-b)Y+(a-c)? +(b-c)* =20

vaa>|b-c|,b>la-c|,c>|a-Db]
= 3% > b* = 2be+c?, b >a’ ~Zac+¢®, ® sa? - 2ab+ b?
=" +b’ +c? <2ab+bc+ca).
b.Tacc: a2 >a’-(b-c)) =>a’>(a+c-b)(a+b-c)
b’ >b’-(a-c))=>b*>(b+c-a)a+b-c)
c2>ct—(a-b*=>c*>(b+c-a)a+c—b)
= a’b’*c* >(a+b-c)’(a+c-b)’(b+c-a)
< abec>(@a+b-c)(a+c=b)(b+c-2a).
c. 2a’b’ + 2b%? + 2c’a’ -a' -b' -c¢' >0
< ta’b? + 2¢3(b? +a?) -at=b*=2a’h*=¢*. 0
< 4a’b? + 2c%(b? + a¥y=(a? + b’¥=r'> 0
<:>l‘23b)2-[(a2+b2)—c2]2 >0 c:-[cﬂ-(a—b)z][(a+b)2~c2]>0
<>ec-a+b)(c+a-b)a+b-c)a+b+c)>0, dung .
vi a b, ¢ la canh cua tam giac - |.
=>c(-a+b>0,¢c+a-b>0,a+b-c>0,a+b+c>0.
11. Tad: a’ +b® = (a +b)@?< ab4b?)=(a+b)ab
=&’ + b’ + abc > (a + b)ab+abc=aba+b+70)

Tuong tu: b® +¢®* +abc > (b +c)be+abc =be(a+b+c)
¢’ +a’ +abe > (c+a)ca+abc=cala+b+c)
’ 1 ) 1 " 1 _ 1 (a+b+c]
ab(a+b+c) bc(a+b+c) ca(a+b+c) a+b+cl abe

12. Xéthiéu:

a?+b? (a+b) ~ 2(3.2 +b2)—(a2 +2ab+b2)
_( 2 )_ 4
1 1
=Z(32 —2ab+b2) =Z(a-—b)2

. g . 33 2
Do a-b)’ >0 nén %(a—b)zzo,tfrc la 2 ’;b -(a;b] >0.

2 2 2
a+b] A +b o '

Vay (

0
P e

el 94 4
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13. Xét hiéu: (a“’ + l:p“:')(a2 + bz) —(a’ + b")(a4 + b‘)
Phan tich ra thira s ta dugc a’b? (a2 - bz)(a" - bﬁ)
hay a’b?(a’ - b )2 (a* +a’® +b*). RS rang biéu thirc khong am.
Viy (am + b"’)(a2 + bz) > (a” + b”)(a + b‘)

14. Tu s0 1a s6 duong vi:

_ 2 2
& vasl=n® ¢ 2 l) +?’-=(a+—1-) a2
: 2 \2 4 4 4

M3u s6 ciing la sé duong vi:
2 2
a’—a+1=a2—2.a.l+ * +§= a-l) +§2§>0
2 \2 4 2 4 4

2
Do dé: -aa—%‘—+—i- >0 (dpcm).

a*-a+
15. Xéthigu 1 -1 =P=3260 4 < b nén bS0. Do a v b ciing déu nén
a b ab
b-a 1
ab>0. Vay >0, tucla~—-—>0 Do do: —>—
ab a_b a b

16. Cdch 1 (Xét hiéu hai vé)
a’+b’+c’ +3-2(atbe)=a’ m2anrl+ b m2b+1+c* -2c+1
=(a-1)" +(b-1)" +(c-1)’. Biéu thirc trén 1 tong cta ba s khong 4m
nén khong am. Vay a’ +b’ +c> +3>2(a+b+c).
Déu “=" xay ra khi va chi khi a=b=c=1.
Cich 2 (Bién doi tuong duong)
Bat ding thirc phai chimg minh tuong duong vaéi
a’+b*+c’+3-2(a+b+c)20
oa’-2a+1+b?-2b+1+c?-2c+120
c:(a-l)2+(b—1)2+(c—1)220
Bét ding thirc cudi dung vi vé tréi 1a tdng ba sé khong am.
Véay a’ +b? +c* +322(a+b+c) (dpcm).
Cdch 3 (Xuét phat tir mot bat dang thirc da biét)
Taco: (a-1)"20 = a’-2a+120 = a’+1>2a (l)

(b-1)"20 = b?-2b+120 = b?+122b (2)

(c—1)2>0 = c?-2+120 = ¢?+122c (3)

on vé ctia (1), (2), (3) taduge: a® +b? +c? +3>2(a+b+c)
é ayrakhivachikhia=1;b=1;c=1.
A -BDHSGTS-
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“d:h 4: (St dung phuong phap phan chirng)
Gicstr a’> +b* +c*+3<2(a+b+c)
= a’+b*+c*+3-2(a+b+c)<0
= a’-2a+1+b*-2b+1+c®*-2c+1<0
= (a-1)"+(b-1)"+(c-1)' <0
Ba: ding thirc cudi khong ding.
Dodo phai co a® + b* +c¢* +3>2(a+b+c) (dpcm).
17.a) Cdch I: Tir a+b =1 suyra (a+b)’ =1 hay a’ +2ab+b*=1 (1)
Tu(a-b)" >0 suyra a’? —-2ab+b*20 (2)

Cdag (1) voi (2) ta co: 2(a2+b2)21 = a’+b? 2%.
Dai1 “=" xay rakhi vachikhi a=b.

1 1 1
Cah2:Dita=—+x thi b=l=a=1-|=4+x|=—-Xx.
" aa=y . [2 ) 2
1.7V (1) 1\
Kh do a2+b2=[~+x +(-—--—x) =HPxZ + — > =0
2 2 2" 2
Dé1 “=" xay ra khi va chi khi x=0 < a=b=%.

b) Data=%+x; b=%+y; c=é—+z.Do a+b+c=1nén x+y+z=0.

R (M e
Xé a’ +b*+c? =| =+ xTF=FyF=7z
3 3 3

=+ —X+X +—+—Y+yY +—+—2+2
s 3 9 3 9 3

=7‘+-§-(x+y+z)+x2+y2+z2=—:li+x2+y2+zz2%

Dé: “=" xay ra khi va chi khi x=y=2=0 a=b--c=%.
1
c) bt al=-1~+xl; Ay =—F X435 rovs an=l+xn.
n n n

Dca, +a,+a;+...+a, =1 nén x, +x, +x; +...+x, =0.

Giii tuong tu cdu b), ta c6 dpem.
d) T'umg tu ciu c).
18. Bish phuong hai vé ctia a + b > 2 (vi hai vé khong 4m) ta duoc

@?+2ab+b? >4 (1). Matkhac (a-b)* 20 nén a?—2ab+b?>0 (2)

Céﬁ véi (2) ta suy ra diéu phai chimg minh.
A
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19. Cdch I: Nhan hai vé cia a >2 véib (b>0) taduoc ab>2b (1).
Nhan hai vé cia b>2 véia (a>0) tadugc ab>2a (2)
Cong (1) véi (2) ta cé diéu phai chimg minh .

Cdch 2: Do a>2 va hai vé ciing ddu nén l<% (1).Do b> 2 va hai vé
a

a+b

cing diu nén %<-;- (2) . Cong (1) va (2) ta co: -1—+%<1 hay CA |
a

ab
(3). Nhan hai vé ciia (3) véi ab> 0, ta dugc a+b<ab.

Cdch 3: Do vaitro ava b la nhu nhau, néntagiasira>b.
Nhan hai vé clia b>2 véia (a>0) ta dugc ab>2a (1)

Ma2a=a+a>a+b (2).Tu(l)va(2)suyraab>a+b.
Cdch4:Pita=2+x; b=2+y.Via>2;,b>2 nén x, y>0.

Xéthiéu ab—(a+b)=(2+x)(2+y)-(2+x+2+y)=x+y+Xxy
Vix,y>0 nén xy>0.Dodb6 x+y+xy>0,tucla ab>a+b.

20. (x-—l)(x—3)(x—4)(x—6)+9=(x2—7x+6)(x2—7x+12)+9=A
Dt x* -7x+9=y thi A=(y=38){y#3)+9=(y"-9)+9=y"20.

21. Tacé: da(a+b)(a+1)(a+b+1)+b*=4[a(a+b+1)|[(a+b)(a+1)]+Db’
=4(a2+:.=nb+a)(:e12+ab+a:1+b)+b2
D3t a? +ab +a = m 1di bién d6i biéu thirc'thanh binh phuong mét da thirc.

22. a, b, ¢ 1a 3 canh mdt tam gidc goi cho ta cac bat ding thic
a+b>c;c+a>b; c+b>a. Xét hiéu 4a2b2—(a2+b2—cz)2, phan tich
ra thira s6 va sir dung cac bat dang thirc trén, ta c6 dpcm.

23. Xét hiéu a(b-—c)2 +b(c—zal)2 +c(aal+b)2 -(a" +b? +c3)

=[a(b—c)2 --a3:|+[b(c-—::1)2 —b3j|+[c(a+ b)* -ca}
Rdi phén tich ra thira sé.

24.a) T a+b+c>l+—ll;+l voia, b,c>0,taco abc(a+b+c)>bc+ac+ab.
a C

Do abc=1 nén a+b+c¢>bc+ac+ab (1)
Xét (a-1)(b-1)(c-1)=abc-ab-bc-ac+a+b+c-1
=(a+b+c)—(ab+bc+ac)>0 do (1)

b) Tich (a-1)(b-1)(c—1) duong nén s thira s6 4m chn, tic la trong cac
s6 (a-1); (b-1); (c-1) c6 mét s6 duong hoic ba s6 duong.
Truong hop (a-1); (b-1); (c—1) déuduong thi a>1; b>1; ¢>1 nén

abc > véi véi gia thiét abc =1).
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Viy trong cac so (a-1); (b-1); (c—1) chi c6 mot s duong, con hai
sO am, tire la trong ba s6 a, b, ¢ c6 mot sd 16m hon 1, hai s6 nho hon 1.

~b)?
:(a ) >0 viab>0

; 3, 3
. Xét aiéu [i+3]_2=a +b” - 2ab
) a ab ab
Dau *=" xay rakhi vachikhi a=b.
Xeét a+b+c)(l+l+l] 1+5+3+E+1+E+£+£+1
a b c c a c a

[ b) (a c) (b c]

=3-|—t—=|+|—+—|+|—+—

b a c a c b

Thec bai trén, do a,b,c >0 nén -?—+-1322; B¢ +—E-
a c

Do 6 (a+b+c)[l+%+£]29. Dau “=" xay ra khi va chi khi dong
a c

22 >2.

P e
o |lo

thoi6 a=b; b=c; c=a haya=b=e-
x2—2x+y2+4y+5=(x—1)2+(y+2)220
: : - A s | XEUEP =1

Dau “=" xay ra khi va chi khi = o &
yE2=0 y=-2

=1

Gia 1i nho nhét cia biéu thirc bang 0 khi va chi khi {"

]

X-y

Nhan hai vé cua V| x 4y 01,
x+y
Cdce 1: Dit 2i2+-312-+212—+...+—15=A.
n

pé chimg minh A <1, ta s& xét mot biéu thirc trung gian, goi la B, sao
cho A <B <1 va biéu thirc B ¢6 thé it gon dé dang.

1 1 | 1 1 1 1 1
Ta.ttay =<} =< =< . 5 <
gt 12 a 23 4°% 34 n* (n-1)n
Do & —12-+ 1 +—1§—+...+-1?< g + 1 + : +...+—1—
i n* 12 23 34 (n-1)n

Thec bai trén, vé phai ctia bit déng thirc trén bing —— L <1.Tirdé suy

n

ra ditu phai chimg minh.
Ciich 2: Chon biéu thirc trung gian la

thi A<B

+ .ot
32—1 42—1 n®-1

4EC
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Bl Bron sy Sl

13 24 35 " (n-1)(n+1)
1 1.3 1.1 & 1 |
==ll-—=4———+—==+..+ -
2( 3 2 4 3 b5 n-1 n+1)
1 1 1 1 1 1 3} 1
=—|l+=4+—4+ . 4———————=
2 2 3 n-1 3 4 5 n+l1
=.:..I.'.[]_.|..];....];_ ! )<l§=E VAYA<B<——<1
2 2 n n+l1) 2 2 4

thi riit gon biéu thirc trung gian rat kho.
e e e
F=1 4£-1 6€-1  (2n)'-1

Cdch 1: Chon biéu thic trung gian la: B=

DatA=—1?+-}§-+-1—2+...+ 2.Déthéy A<B

2! 4 /6 (2n)

’

cnB=—L+ s Ly 1 . .

1.3 3.5 @& (20 m1)(200# 1) 2n +1

1

Viy A < —— < =Dowlo:
e 2n+l<2n<2
Cdch 2:
PO 1 1 1 1 1

e — = + +...+ ——
% 4% 62 (gnf 92 9292 _~9f 3l 2t n®

11.. 1 1 1 1 1 1 1
=—L1+—'—*r—,;+...+—- == 1+—2—'r—2+...+—§'
2 :

2* 2! & n’) 4 3 D
sox zia 1 1 1 ¢ 1 1
Theo bai trénthi — + —+..+—<1,dodé A<—(1+1)==.
2° 3 n 4 2

31. Viét mAu sd cia phan thic dudi dang
4x? —4x +5=4x" —4x+1+4=(2x-1) +4
Binh phuong mdt s6 thi khong 4m nén (2x —1)2 >0 (DAu =" xdy ra khi
vachikhi 2x-1=0 & x=1)

2
ACB&? hai vé, ta dugc (21{—1)2 +424.
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- . - - A \ » A - , A . X A A
Tkeo quy tac so sanh hai phan s6 cung tir s6 ma tur sO va mau so déu

3 g Phan thirc di cho c6 gia tri 16n nhat bang

duong, ta co: .
a (2x-1)"+4 4

: khi va chi khi x=l.

4 2

Cha y: khong nén may moc ap dung quy tic so sanh phdn so cho phdn
thire dai s6 dé néi rang phan thirc da cho c¢o tir s6 khong doi nén cé gia
tri I16m nhat khi mau sé nho nhat. Lap luan nhu trén co thé dan dén sai
lan. Vi du dp dung ldp ludn phdn thicc ¢6 gid tri lon nhat khi x* =3 nho

1 . 1
: bang —— (1
3 /4 3()

nkdt, tiec la khi x =0, suy ra gid tri lon nhdt cua

. Chdng han voi

D¢ thdy _%- khing phii la gid tri Ion nhdt ciia ——

bing 1, 16m hon —-%.

x =2 thi gid tri cia —;
X

Niu vy, tic -3 <1 khéng thé suyra —% > % Tir a<b chi suy ra duoc

1.1 ki ava Pfa hai sé ciméa
a
1 1

32. Viét biéu thirc da cho dudi dang: — =~ O
2x-x"-4 x"-2x+4 (x—l) +3

Do (x-1)" 20 nén (x—1)+3>3-Dua-vae-quy tic o sanh hai phan s6
cing tir sé ma tir s6 va mau sd déu duong (hodc nghich dao va dbi chiéu

bé ding thire c6 hai vé cing dau), ta c6: — <=
(x-1)" +3 3
Nin hai vé ciia bét ding thire v6i —1 va déi chidu: — = > L
(x-1)"+3 3

Viy bidu thirc da cho c6 gi tri nho nhét bing --;: khi va chi khi x=1.
33. V£t biéu thirc da cho thanh:

3:2+6x+10_3("2+2"+3)+1,3+ 1 -3+ 1
2 1 9%+3 x°+2x+3 x* + 2%+ 3 (x+1)2+2

G tr Iém nhélt cia biéu thite bing - khi va chi khi x=-1.

2BC
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34. Viét biéu thirc di cho dudi dang:
2 - _1)?
p_4x -;?x+1=3x +X 2 2x+1=3+(x 1) -
X X X
Gia tri nho nhét cua P bang 3 khi va chi khi x =1.
2x+1_x2+2-x2+2x-1 (x 1)
x+2 x?+2 x? +2
Gia trj 16n nhét ciia Q bang 1 khi va chi khi x =1.
4x +3
Xx“+1

35.Q=

36. Dé tim gia tri nho nhat, ta viét

dudi dang:

4x+3_xz+4x+4—x”'—1_(K+2)2

- = -12-1
 +1 x*+1 x* +1

2 T £ .z, 4x+
Dé tim gia tri 16n nhat, ta viét —; f
X° +

dudi dang:

4x+3 _4x’ +4-4x +4x-1 4(x +1)- (4"2"4’”1)_4__(21(—1)2
x2+1 x:+1 41 s |
(1~:+2)2
S el
Gia tri nho nhét cua biéu thirc bing 0 khi va chi khi x =-2.
38. a) Cho a,b>0 c6 ab=k (k la hing s6). Ta sé chimg minh a+b nhé
nhit khi va chi khi a=b.
Tacé (a+b)’ =a?+2ab+b? =(a-b)’ +4ab=(a-b)" +4k 2 4k;
(a-b)’ dat gia tri nhé nhét khi va chi khi a=b.
Vi a+b>0 nén (a+b)’ nho nhit khi va chi khi (a +b) nhé nhit. Do d6
(a+b) nho nhat khi va chi khi a=b. Vay hai s6 duong c6 tich khéng
d6i thi tdng cuia chiing nhé nhét khi va chi khi hai s6 4y bang nhau.

37. Rut gon biéu thirc da cho thanh

b) Véi x>0 thi 8x va = Ia hai sé duong. Tich ciia ching bing
X

8x.2 =16 (khéng d3i). Do d6 tdng ciia chiing nhé nhét khi va chi khi
X

8x=2~ c:»x”:l <t:::>1t=l (do x>0).
el 4
1

Khldoglamnhonhatcua 8x+- bing 8.— +

AB oy .

=8.

N)Ir—ilm
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§9. Cac bai toan tong hop

17 du I: Chimg minh rang khong thé ¢6 cac sé nguyén a, b, ¢. d ndo théa man cic
darg thirc: abed —a =1961; abed —b = 961;abed —c¢ = 61; abed —d = 1
(Dé thi vé dich toan lop 7 Mdtxcova, vong 11, 1961)
Giai
Go.y chimg minh bang phan chirng.
Gie st ¢0 cac sO nguyén a, b, ¢, d thoa man cac dang thic da cho.
Phén tich vé trai cua cac dang thic da cho thanh nhén ti, ta ¢6:
a(bed -1)=1961 (1)
blacd -1)=961 (2)
c(abd -1)=61 (3)
d(abc-1)=1 (4)
Vé ohai cua (1) 1a s6 1¢, do d6 vé trai cua (1) pha1 la tich cua hai so lé, suy ra
a lasé lé. Tuong tu nhu vay, tr (2), (3), (4), tacd b, c,d déu la so le.
Bén sb a, b c, d 1&, nén tich abed 1asb 1é, va abed —a (hiéu cua hai sb
lé) a mot 50 chin, mau thuan Vol dang thie (1) da cho.
Vi du Z: Tim tat ca cac nghiém s6 cla phirong trinh: (x +7)(2x+1)=0
Trong cac truong hop sau:
a. /n x chi lay gla tri.trén tap.hop N cac so tu nhién,;
b. An x chi lay gia tri trén tap hop Z cac sé nguyén;
c. An x ly gia tri trén tap hop.Q cac s6 hitu ti.
Gidi
(x - 7)(2x +1)1a mét tich cua hai nhan tir, tich nay bang 0 khi va chi khi
it naat mot nhan tir bing 0.
a. Vai moi xeN thi x+7>0 va 2x+1>0. Tich cua hai s6 duong khong
thé bang 0, vay phuong trinh da cho 13 vé nghiém trén tap hop N.
b. V&ireZ thi: x+7=0 c6 nghiém x=-7, 2x+1=0 v6 nghiém
Vay phuong trinh da cho ¢6 mét nghiém la -7 trén tap hop Z.
c. VoizeQthi x+7=0 cé nghiém la x =-7

2x-1=0cénghiémla x = —-;—

V &y phuong trinh da cho ¢6 hai nghiém la -7 va —% trén tap hop Q.

Vidu 3 Chimg minh rang néu tich cua ba sb b{mg 1 va tong cua chung lén
hontdng cac sé nghich dao cua ching thi c6 mot trong ba s6 46 16n hon 1.
(Dé thi vo dich Nam Tu, 1976)
Giai
g g B . _ 1 1 1
Elacac sodotaco:abc=1;a+b+c>—+—+~.

a b c
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Hay xét tich: (a—1)(b-1)(c-1). Khai trién va sir dung cac gia hiét, ta
dira vé: (a-1)(b-1)(c~1)=(a+b+c)- (1 +l+1)>o

a b c
Tuc la (a-1)(b-1)(c-1)>0. Khong thé c6 truong hop ca ba sb
a-1,b-1,c-1 déu duong ma chi c6 mdt trong ba s6 d6 duong (hai sb
kia 4m).
Vidyu 4: Cho da thic: P(x)=ax? + bx +c. Chimg minh ring néu P(») c6 ba
nghiém s6 phén biét «,B,ythi a=b=c=0 tic la P(x) = 0 v&i moi x.
Gidi
Theo gia thiét:
aa’+ba+c=0 (1);ap> +bB+c=0 (2);ay°+by+c=0 (3)
Tur (1) va (2), trir vé véi vé hai ding thirc, ta duoc:
a(a? -B*)+ba-B)=0< (a-PB)la(ex+P)+bl=0
Ma o-B#0 (theo gia thiét) do d6:a(a+B)+b=0 (4)
Tuong tu nhu vay, tir (1) va(3) tacé:a(a+y)+b =0 (5)
Tr(4)va(S)tacé:a(a+pB-a=yp=0<aPB-y)=0
Ma B-y =0 (theo gia thiét), tal dugc:a =0
Tir do, suy radcdangb"'c—()

P(x) co tat ca cac hé s6 bang 0, nén P(x) = 0 véi moi x.
Vidu 5: Tim sb du trorig'phép chia cuia biéu thire

(x +2)(x + 4)(x + 6)(x + 8) + 2008 cho da thic x +10x + 21
Gidi
Taco: P(x)=(x+2)(x+4)(x+6)(x+8)+2008
= (x? +10x + 16)(x? + 10x + 24) + 2008
Pat t =x+10x+21 (t#-3; t #-7), khidétacé:
P(t) = (t - 5)(t + 3) + 2008 = t* — 2t + 1993
Do d6 khi chia t* =2t +1993 cho t ta c6 so du la 1993
Vi dy 6: Chimg minh ring véi moi s6 n nguyén duong:
a) (n+1)(n +2)(n + 3)...(2n) chia hét cho 2".
b) (n +1)(n +2)(n + 3)...(2n) chia hét cho 3.
Gidi
a) Ta can viét tich (n+1)(n +2)(n +3)...(2n) thanh mét tich trong 16 c6 n
thira s 2. Viét tich trén thanh:

1.2.3...(2n) 2.4.6...(2n)
—_— =] 1. -1)|.——————=
1.2.3...n [ i ( )] 1.2.3..n
2.4.6..12 1.2.3..0].2"
T L) Ll
1.23.n 1.2.3..n
iyf(n + 1)(n + 2)(n + 3)...(2n) chia hét cho 2".
A .BDASGTS-

Tron Bo SGK: https://bookgiaokhoa.com



Download Ebook Tai: https://downloadsachmienphi.com

Chii y: Con c6 thé noi rang tich tén chira ding n thira so 2 vi biéu thirc
trong dAu méc 1a tich cua cac sd lé nén khong chira thira s6 2 nao.

b) Viét tich (n + 1)(n + 2)(n + 3)...(3n) dudi dang:

12.3.. (-}n) 1 3.6.9...(3n)
S 1.4.7...(3n +1)1.[2.5.8...(3n + 2) ], 22200
i (3n+1)] e T
Vidu 7. Cho 3a* +3b* =10ab va b>a >0.
Tinh gid i coa bide thi P=2-2,
a+b
Giii:

Can bién ddi biéu thirc P dé sir dung dugc diéu kién 3a® +3b” = 10ab.
Do d6 ta xét biéu thic
pz_(a—b)’ a’+b®-2ab 3a’+3b° —6ab
(a+b)? a?+b®+2ab 3a’+3b%+6ab
_10ab-6ab 4ab 1
" 10ab+6ab 16ab 4~
Dob>a>0néna-b<0;a+b>0 = P<0.

Vay: P———l—
2

§10. Mot so phuong phap giai phuong trinh
nghiém nguyén

Trong chuyén dé trudc ching ta da dé cap dén mét s6 phuong trinh
nghiém nguyén ddc biét. Trang chuyén dé nay chiing ta s& néu ra mot sé
phwong phdp thong dung dé gidi cdc phuong trinh nghiém nguyén.
1. Phwong trinh st dung bat ddng thirc

Trong khi g:a; cdc phutmg trinh nghzem nguyen rdt cdn ddnh gid mién
gia tri cua cdc bién, néu sé gid.tri ma bién 50 ¢ thé nhgn khong nhiéu
thi co rhe s dung phua'ng phap thir truc tiép dé kiém tra. Dé ddnh gid
du(rc mién gid tri cua bién sé can van dung linh hoat cdc tinh chdt chia
hét, dong du, bat ding thiec...

Vi du I: Giai phuong trinh sau trén tap s6 nguyén:
x? —6xy +13y* =100
Gidi:
Viét phuong trinh da cho dudi dang: (x - 3y)? =4(25 - y?) (1)
Tir (1) tasuy ra y? <25 va 25-y? la sé chinh phuong. Do do:
y2 €{0,9,16,25} hay ye {0, +3, +4, +5)
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Tir d6 ta ¢6 cac nghiém:
(10, 0); (-10, 0); (17, 3); (1, 3); (-17, =3)
(-1, -3); (6, 4); (18, 4); (18, —4); (-6, —4); (15, 5); (-15, —5)

Vi du 2: Tim nghiém nguyén cua phuong trinh: LY

X y z
‘ Giai
Piéu kién: x, y, z - 0. T phuong trinh da cho ta co:
yz? +22x* +x \? =3xyz. Suy ra xyz>0. Ap dung bét didng thirc
Co-si, ta co: y?z? +z°x? + x%y*? > 3Yx‘y‘z*
Tir d6 ta c6 3xyz > 3yx‘y*z* hay xyz<1.Do xyz>0 nén xyz=1.
Tu d6 ta c6 cac nghiém
i 1@ =% =1 =k =L L; (=L =1)
Vi du 3: Tim nghiém nguyén cua phuong trinh: y* =1+ x + x* + x* + x*
Giai:
Véi x=0 thi y=+1. Xét x # 0. Tir phuong trinh da cho ra co:
4y® = (2x* + x)* + 3x® + 4x #4353 (2x* + x)?
Hon nita: 4y? = (2x® + x + 2)%55x* K (2x* + x + 2)°
Suy ra: (2x* + x)* < 4y® < (2x* +x + 2)*. Do dé ta co:
4y® = (2x* + x +1)Phay 4@ +x e 3’ +x4) = (2x* + x +1)?
Giai phuong trinh nay, ta dugc x = -1 hodc x=3.
Tiur d6 ta dugc cac nghiém cua phuong trinh la:
(0,1); (0,-1)\(-1;1); (-1,-1); (3,11); (3,-11)
Vi du 4: Giai phuong trinh sau trong tap cac s6 nguyén
Prx+xl+xP =y (1)
Gidi:
Tir phuong trinh d3 cho ta c6: x® <y® <(x +2)°
Suyray*=(x+1)° hay 1+x+x%+x’ =(x+1)°
Tir 6 ta ¢c6 x=0 hay x=-1. Thay vao (1), ta dugc cac nghiém cua
phuong trinh (1) 1a (0,1); (-1,0). '
Vi du 5: Tim nghi¢ém nguyén duong cua phuong trinh sau:
5(x+y+z+t)+10=2xyzt
Gidi: '
Vi vai tro cua x, y, z, t nhu nhau nén ta c6 gia thiét: x>y>z=t >0
Khi d6: 2xyzt =5(x +y +z +.t) +10 <20x +10
55’?%?515 = t*<15 = t<2
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Vo t=1taco 2xyz=5(x+y+2)+15<15x+15
= 292230 = 277230 = 243
Néu z=1 thi 2xy =5(x + y) + 20 hay 4xy =10(x +y) + 40 hay
(2x = 5)(2y - 5) = 65
Dé thiy rang phuong trinh nay cé nghiém la: (35, 3); (9, 5)
Gial twong tu cho cac truong hop con lai va truong hop t =2 . Cudi cung
ta tm duge nghiém nguyén duong cua phuong trinh da f:ho la:
(x;v;z;t) =(35;3;1;1); (9;5;1;1) va cac hoan vi cua bd sO nay.

2. Phuong phdp dwa vé phuong trinh tich
Trong khi giai phuong trinh nghiém nguyén, mot phuong phdp thuong
ducc su dung la dea phuong trinh da cho vé dang phuong trinh tich nhu
sau
0% o2, J 00 B X, Yl X, ) =8
Trong d6 f(x,,X,,..X,), g(X;X,,--X,), h(X,,X,,..x,) ld cdc biéu thirc
chia bién va a la hang 6.

Vi du 6: Tim nghiém nguyén cua phuong trinh: x +xy +y =9
(Thi vao lop 10 chuyén DHKHTN- DHQGHN ndm 2002)
Giai:
Phrong trinh di cho ¢0 thé dua vé dang: (x + 1)(y.+1) = 10 (1)
Tu i)tasuyra (x+1) laudccua 10 hay x +1e{+1, +2, +5, +10}
Tir 36 ta tim duoc cac¢ nighiém cua phuong trinh'la:
(1,4); (4.1); (-3,AR); (=G=83(8;55(5:0¢2,-1)) (-11,-2)
Vi du 7: Tim nghiém nguyén cua phuong trinh sau: y* = x(x + 1)(x + 7)(x + 8)
Giai:
Phuong trinh da cho tuong duong véi: y* = (x* + 8x)(x? + 8x +7)
Dit z = x* + 8x tacd y* =z* + 7z hay 4y’ =(2z+7)2-—49 hay
(2z-2y +7)(2z + 2y + 7) =49 .Chi ¢6 thé xay ra cac truong hop sau:
2z-2y+T7=1 y=12
2z+2y+7=49 < {z=9
2z-2y+7=49 y=-12
2z+2y+7=1 {z=9

Truong hop 1: {

Truong hop 2: {

i=1

Troag ca hai truéng hop tréntacod: z=9 o x*+8x=9 < [ "
g=—

] 2 = 2 7 = —1 — —12
Truong hop 3: e wy ¥
= & 2z +2y +7=-49 z=-16
il
AL
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2z — 2y + T =—-49 {y=12
o

2z +2y+7=-1 z=-16

Truong hop 4: {
Trong ca hai truong hop trén ta co:

z=-16 & x*+8x=-16 & (x+4)2 =0 & x=-14
Truong hop 5: 22 -2y +7=22+2y+7=7 < y=2=0
Khidétaco x* +8x=0 < [x=0

x=-8

Truwong hop 6: 22 -2y +7=22+2y+7=-7 & y=0vaz=-7

Vay, phuong trinh d3 cho c6 céc nghi¢m nguyén (x,y) sau:

(1;12); (-9;12); (1;-12); (-9;-12); (0;0); (-8;0)

(-1:0%; (~5;0) —412); (~4~12).
Vi du 8: Xac dinh tat ca cac cap sb nguyén duong (x;n) théa man phuong

trinh sau: x* + 3367 = 2"

Gidi:

Pé sir dung dugc hing déng thirc-a® - b® = (a - b)(a’ +ab+ b*)ta

chimg minh n chia hét cho!3:)Tir phuong trinh di cho ta suy ra

x* =2" (mod 7). Néun khong chia hét cho 3 thi 2" chia cho 7 chi ¢ 5 thé

c6 s6 du 1a 2 ho#c 4, trong d6 x° khi chia cho 7 chi c6 thé cho sédv 14 0,

1 ho#c 6 nén khong thé ¢o dé‘mg duthire) x* = 2" (mod 7).

Viy n=3m v6i m 1a mdt sb nguyén dwong nao d6. Thay vao phwong

trinh da cho ta dugc: x* + 3367 = (2*)*

(2™ - x)((2™ - x)® + 3x.2™) = 3367 (1)

Tir (1) ta suy ra 2™ —x la udc cua 3367.

Hon nira, (2™ -x)’ <2°" - x° =3367 nén 2" -x € {1;7;13}

Xét 2™ —x =1, thay vao (1) tasuyra 2°(2" -1)=2 x 561, v nghiém.

Xét 2™ —x =13, thay vao (1) ta dugc 2™(2™ -13) =2 x 15, v0 nghiém.

Xét 2™ —x =7, thay vao (1) ta duge 2™(2™ -7) =2* x 3%,

Tedotacom=4, n=3m=12 va x=9.

Viy (x;n) =(9;12).

3 Phu'o’ng phdp si dung tinh chdt chia hét, tinh chéfddag du. .
Ngoai cdc phuong phdp trén, khi g:az cdc phu‘tmg trinh nghiém nguyén
can vin dung linh hoat céc tinh chat vé chta hét, dong du, tinh ckin, lé...
dé tim ra diém ddc biét cua cdc bién sé ciing nhu cac b:é'u thec chita
trong phmrmg trinh, tu' dé dwa phuong trinh vé cdc dang ma ta da biét

| ? dch g:at hodc dua vé nhitng phiong trinh dom gidn hom' -
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Vi du 9: Tim nghiém nguyén cua phuong trinh sau: 19x* + 28y* = 729
Giai:
Cich 1: Viét phuong trinh da cho dudi dang:
(18x% + 27y*) + (x* + y*) =729 (1)
Tir (1) suy ra x* +y* chia hét cho 3, do dc x va y déu chia hét cho 3. Pat
x=3u; y=3v (u,veZ)
Thay vao phuong trinh da cho ta duoc: 19u® + 28v? =81 (2)
Tir (2), 1ap luan tuong tu nhu trén ta suy ra u =3s, v=3t (s,t e Z)
Tbay vao (2) ta cd 19s® + 28t* =9 (3). Tir (3) suy ra s, t khong déng thoi
bang 0, do d6: 19s® + 28t* 219> 9
Vay (3) vo nghiém va do d6 phuong trinh da cho ciing vo nghiém
Cdch 2: Gia su phuong trinh ¢6 nghiém.
Tu phuong trinh da cho ta suy ra x* = =1(mod4), diéu nay khong xay ra
véi moi sd nguyén x.
Vi du 10: Tim nghiém nguyén cta phueng trinh sau: 2x°® + y* - 2x’y = 320

Giai:
Viét phuong trinh di cho dudi dang: (x*)? + (x° - y)? = 320
Pat u =x°, v = x’ - y! taved phuromg) trinhiu? € 9%= 320 (1)

Tir (1) suy ra u, v cung tinh chin l¢. Néu u, v ciing 1€ thi
u? +v? =2(mod 4), do do dang thirc (1) khong xay ra.

Véy u, v cung chan. Bat u=2u,, v=2v, (u,v, €Z).
u’+v?=80 - (2)

Tir (2) lai 1ap ludn nhu trén ta suy ra u,, v, cing chin.
bat u, =2u,, v, =2v, (u,,v,eZ). Thay viao (2) ta dugc phuong
trinh: u,” + v, =20 (3). T (3) lai lap lun nhu trén ta suy ra u,,v,
cung chin. D3t u, =2u,, v, =2v, (u,,v, €Z).
Thay vao (3) ta c6 phuong trinh: u,? + v,2 =5 (4)
Tir (4) v6i lwu y rang u la lap phuong cia mét s nguyén nén u, ciing la
lap phuong ctia mot s6 nguyén, ta dugc cac cap (u,,v,) la:

(L2); (-1:2); (1-2); (-1;-2)

Tir d6 ta c6 cac nghiém (x;y) cua phuong trinh da cho la:

ﬁ@ (2:24); (-2:-24); (-2:8)
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Bai tigp van dung
1. Tim tit ca céc cap so nguyén (x;y) théaman:y(x -1)=x"+2
(Thi vao Iop 10 chuyén, PHKHTN- DHQGHN, nam 2000)
2. Tim x,y € Z théa min: 2x* - 2xy =5x -y —19
3. Tim nghiém nguyén duong cua phuong trinh: xy® + 2xy — 243y +x=0
(Trich dé thi hoc sinh giéi Todn toan quic- Lép 9, ndm 1976)
4. Tim nghiém nguyén cia cac phuong trinh:
a) xyz=4(x+y+z)
b) 5(x+y+z+t)+7=xyzt
c) 2(x+y+z)+7=23xyz
5. Tim tit ca cdc s nguyén x, y thoa man: x +y = xy
6. Tim tAt ca cac gia tri cua x, y sao cho: xy+1=x+y.
(Dé thi vé dich todn 7 Matxcova, 1985)
7. Tim céc sb thye u,v bidt: u® +v® =7 va wv=-2.
8. Tim nghiém nguyén x, y cua phurong trinh x* - xy = 6x -5y -8 (1)
9. Tim nghiém nguyén dueng cuia phirong trinh: xy —2x — 3y + 1=0.
Dé thi HSG lép 9 tinh Phii Tho ndm 2003-2004
10. Giai phuong trinh nghiém nguyén duong xy + yz + zx = xyz + 2.

11. Giai phuong trinh nghiém nguyén duong s % .
Xy
- \ . 1. 1/1 1
12. Giai phuong trinh nghiémnguyénduong —+ —=—+—.
X y 3 xy

13. Giai phuong trinh nghiém nguyén (x? + y)(x+ y”) =(x-y)’.
Dé thi TS lop 10 CT THPT Lam Son Thanh Hoa 2001-2002
14. Tim céc s ty nhién : 2<x <y <z <t<u théa min:
1 1 1 1 1
—+—=+—+—+—=1.
X v z t u
15. Tim cac s6 tu nhién m, n thoa man: 19m + 84n = 1984 .
16. Tim tat ca cac sb c6 hai chir s ma n6 chia hét cho tich cac chir s6
17. Tim tét ca céc sd c6 nam chir sd sao cho sb d6 bing 45 1an tich cac chir
s6 cua noé.
18. Giai phuong trinh nghiém nguyén
x* + X’y +xy? +y° =8(x2 + XY + y? +1).
19. Giai phuong trinh nghiém nguyén x(l +X+ xz) =4y(y+1).

20. Ching,fiiinh rang khong thé c6 cac s6 nguyén x, y thoa man phuong
£y®=1993

f:’
Y
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21. Cho mot s6 A gom bdn chir sé va A la mot s6 chinh phuong. Néu ta
thém vao mdi chir s6 cua A mot don vi thi ta dugc mot s6 B cling la mot
s6 chinh phuorng Hay tim céc so A va B.

22. Tim cap s tur nhién X, y sao cho tong cia mot trong hai s6 do voi 1 thi
chia hét cho so kia.

23. Tim cac s6 nguyén x, y thoa phuong trinh x* + xy + y* = x*y*.
24. Tim tat ca cac s nguyén dwong n sao cho: n‘+n®+1 la sd chinh
phuong.

25. Tim s6 nguyén c¢6 chin chit s6 A =a a,a,bb,b,a,a,a, trong d6 a, #0
va BTsz3 =2aa,a,, dong thoi A co thé viét duoc dudi dang
A = p?pi.pt.p? véi p,, s, Py, P, 12 bon s6 nguyén td khic nhau.

26. Tim necZdé n+26va n-11 déu la lap phuong cuia mot sd nguyén

duong.
Huong dan va dap so
2
1.Taco: y(x-1)=x*+2 = y:x +2=x+1+
X+ 1 x-1

Vi x, yeZ nén x-1 la uéc cual.
Dap s6: (x;y) = (4;6); (2;6); (-2;=2);(0;-2)
2. Tim X,y € Z thoa man; 2x* - 2xy = 5x —y,— 19
Pap sb: (x;y) =(0;-19), (1; 16), (9;8) ,(-8, —11)
3. Taco xy* + 2xy - 243y +'x £0°'& x(y +1)2 =243y (1)
Tur (1) vi chi ¥ rang (y +1;y)=1 tasuy ra (y +1)” la udc cua 243.
Pap sb: (x;y) =(54; 2), (24; 8)
4. a) Vi vai trd cua x, y, z la nhu nhau nén c6 thé gia sir x >y >z. Khi do,
Xyz=4(x+y+2z)<12x = yz<12
= 2 12 = 2ell; 46 = zell; 2,3}
Véi méi z thudc tap hop trén, thay vao phuong trinh ban dau va dua
phuong trinh vé dang tich, tir 46 tim duogc x, y.
Vi du truong hop z=1. Ta ¢é:
Xxy=4x+y+1) & (x-4)(y-4)=20
Cho x-4 vay-4 lacacudéccia20 voi x-42y-42-3
(do x>y 22z=1), ta dugc cac cap (x;y) la (24;5); (14;6); (9;8)
Chi y: Trong khi xét cac truémg hop cua z, can luu y céc diéu kién cia x,
y dé loai bot cac kha néng.
Pap s6: Phuong trinh da cho c6 céc nghiém la: (24;5;1); (14;6;1);
(9:81); @0;3,2); (6; 4;2) va hoan vi ciia cac bd sb nay.

£ ,:‘_‘_'L,:‘w
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5. x+y=xyox+y+l=xy+1
&S -x-y+l+xy=1a(xy-x)-(y-1)=1
ox(y-1)-(y-1)=1(x-1)(y-1)=1(1). Vix,yeZnén x-1€Z
{x_lzla(x=2;_}'=2)

~1=1
va y—1eZ. Trong Z, ta cé (1) khi va chi khi: |

x-1=-1
=0 =0
.{y—l=—1w(x v=4)

6. xy+1-x-y=0o(xy-x)+(1-y)=0
=0
<,:>x(y—l)+(1—y)=0@(x—1)(y—1)=0<:>[x 3
y:
Papsd:x=1,ytiyy,hoicy=1,xty¥y.
7. Tacé: wd+vi=7(1)vaulvi=-8 (2)
Tir u® +v® =7=>u®=7-v*, thé vao (2) tacé :
(7-v}).v¥=-8 vl -v® +8=0 . Dit vi=x tacd phuong trinh:
x2-—7x——8=0<:‘.>x2—1—7x-7=0@(x—1)(x+1)—7(x+1)=0
=-1
<:>(1':+1)(x-—8)=0c>|:x
_ . -
Do d6 : (u® =-1;v® =8) hoic (u®=8;v®=-1)
Viay: -(u =-1; v = 2) hodc (u= 2{wvi=-1)
x’ -6x+8

8. Ta c6: (1) © x*-6x+8=y(x-5)2) e (vi x=5
x—

khong la nghiém cua (2)) < y=x-1+ g
x —

Vix,ynguyén x-5 € {-1;1;3; -3] hay x € {4; 6; 8; 2}

e Khi x=2thiy=0

e Khix=4thi y=0

e Khi x=6 thi y=8

e Khi x=8 thi y=8

Vay cac nghiém nguyén (x; y) cua (1) la: (2; 0), (4; 0), (6; 8), (8; 8.
9. Tacoxy—-2x-3y+1=0 ©y(x-3)=2x-1(*)

Vi x = 3 khong 1a nghi¢m cua phuong trinh da cho nén

(*) e y=2x—1=2+ 5
Xx-3

ABY oo
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Vi v la s nguyén nén 5 chia hét cho (x — 3), suy ra x — 3 nhan céac gia
tri = 1; £ 5. Tu do ta xac dinh dugc hai nghiém nguyén duong (x;y) cua
phurng trinh da cho l1a (4; 7) va (8; 3). ' 1

10. Do vai tro cua X, y, z binh dang nén khong mat tinh tong quat, gia su
rding x2y2>z21,tirdo
=)y +yZ+zZX < Xy + Xy + Xy = 3xy = 3Xy 2 xyz + 2 hay
3xy > xyz = z < 3do z la mét s6 nguyén duong =>z=1,z=2.
e Chiz=1,tacOd Xxy+y+Xx=xy+2=>x+y=2.
Do 1, y 1a cac sd nguyén duong nénx=1;y = 1.
o Chiz=2taco xy+2y+2x=2xy+2=>xy-2x-2y+2=0.
=>xy-2)-2(y-2)-2=0=>(x-2)(y-2)=2. Do x2y=2z21, nén

Xx-2=2 XxX=4
o
y-2=1 y=3

Vay phuong trinh da cho c6 nghiémx=y=z=1;(x;y;2)=(4;3;2).
11. Ta l—l=l<::>x= 3y =3= 2 , do X, y nguyén duong nén x
x y 3 y+3 y+3
ngu'én duong khi va chi khi 9/chia hét cho y + 3, hay y + 3 nhén céac
udc ;ua 9 la +£1;+3; + 9 tir 46 suy ra phuong trinh c6 nghiém x =2,y =6.
12. Khéig mét tinh tong quat, ta gia sir x >y . Khi do, tir phuong trinh
1 1 1 1 1 1 1 1 2" 1 2x+4} 2% 2
—+—=—+—SUyra —=—+—=-—<-—— =22 " _Z2
X y 3 xy anlo Sadh HaX¥oc Yach M Xy Xy y
Tir ¢6 suy ra y= 6. Thir.truc tié;? cac.gia-tri-y-=.1, 2, 3, 4, 5 va do vai tro
cua 1, y binh dang nén cac cap so can tim la :
(x; 9 =(9;4),(6;5),(4,9),(5;6) .
13. Tacc n+26=2a® va n-11=b° véi
a>leN =a’-b?=37< (a? +ab+b?)(a-b)=37.
Tacrsé37lésénguyént6véd03>beN'nén(a2+ab+b2)>(a—b)vélé
cac © tur nhién
12 +ab+b% =37 a’-a-12=0
- o
i—-b=1 a-1=b
b =-4 bj loai). Thay vao ding thic n+26=a’hodc n-11=b* ta cb
n=1:#8.
14. Né1x>3tac63<x<y<z<t<u,tl‘xphmmgtrinhdﬁchosuyra
| [
—-+—+-1—+l+ls-]l+l+l+—1- l=z—4§<1.Véyx=3.
X r z t u 4 5 6 7 8 84
»

0
Tu vtal+l+l+~l—=z.Néuy 4, lap luan tuong ty, ta co:
y z t u 3
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] l+1+.—l-gl LI e ,suy ra'y = 4. Tiép tuc lap luan
yztu56788403

nhu trén ta ¢6 cac s ty nhiéncantimla x=3,y=4,z=5,t=6,
u = 20.
15. Ta c6 1984 =1900+84, nén dé thdy cgp gia tri m =100, n = 1 théa man.
Tir d6 ta suy ra dang tong quat cia m, n nhu sau
m=100-p; n=1+q=19p=84q, vi (84,19)=1 suyra
p=84k;q=19k, (ke Z).
Dodétaco m=100-84k;n=1+19k, (ke Z)
Tir d6 suy ra m va n la sd ty nhién khi va chi khik =0,k = 1.
Khik=0thim=100,n=1.Khik=1thim=16,n=20.
16. Goi s6 can tim 12 xy(xe N,y e N,1<x<9,0<y <9), theo dé rata co

10x + y chia hét cho xy, suy ra y chia hét cho x va 10x chia hét cho y.
Do d6 dit y = kx, nén 10x chia hét cho kx suy ra 10 chia hét cho k.

Vayk=1,2,5. Khik=l1tacox=y,suyra xy=11.
Khik=2tacéx=2y,suyra xy = 12; 24; 36 .

Khi k = 5taco x = Sy, suy ra xy=15.

Viy céc so can tim 1a 11, 12,1524, 36.

17. Goi s6 can tim la abcde (a,b,c,d,eeN,1<a<9,0<b,c,d,e<9), taco
M =abcde = 45.a.b.cd.e. Gid sir e la so chin, ma abede chia hét cho 5
nén e = 0, suy ra M =0 (vo:li)., Tir d6-suy ra e la so 1¢, nén e = 5. Do d6
M chia hét cho 25, suy.ra de_chia-hét.cho.25=d = 2;7. Néu d chin ,
suy ra v li. Vay d = 7. Mit khac M chia hét cho 9 nén (a + b + ¢ +12)
ch‘iahétcho‘). Viatb+c <27=>a+b+c=15.

Dong thai 45.35abe < 100000 = abe <63 => {a,b,c} = {1,7,7} hay {1,5,9} .
Tir d6 suy ra sb can tim 1a 77175. 3
18. Tir phuong trinh di cho, ta c6 x, y cung tinh chan 1é. Ta xét cac trudong
hop sau:
Truong hgp 1: Khi x =y, phuong trinh d3 cho trd thanh
4x® =8(3x* + 1) & 4x® = 24x* + 8 & x* —6x? -2 =0, suy ra phuong trinh
nay vO nghiém.
Truong hgp 2: Khi x # y,tacd
x-y|22=>(x-y)’24x+y’ 22xy +2).
Tir phuong trinh x® + x’y + xy® +y® =8(x* + xy + y* + 1), suy ra

x*+y )x+y) 8(x* +y?)+8xy+8

g‘ x+y—8)=8xy+8:>|x +y2||x+y—8|=4|2xy+2|
Ak
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=|x+y-8/<4=>4<x+y<12=>x+y=6,810.
Xét timg trurong hop ta ¢6 nghiém cua phuong trinh da cho la
(x,¥) = (2, 8); (8, 2).

19.Tacod x(A+x+x)=dy(y+ 1) > 1+x+x> + x> =dy* + 4y + 1
e (1+ %) +x%) =(2y + 1) (2). Vé phai cia phuong trinh (2) 12 mét so
lé suy ra (1+x);(1+x>)déu lasole. Gia s (1+x,1+x%)=d, suy ra d
ciing la s& 1é. Mat khac (1+ x) chia hét cho d nén 1-x’chia hét cho d.
Két hop véi 1+ x”chia hét cho d ta suy ra 2 chia het cho d, ma d 1a so lé
nénd= 1. Do (1+x).(1+x?)la sb chinh phuong ma (1+x,1+x*)=1,
nén (1 +x),(1 + xz] la cac so chinh phuong. Do d6 x%;1+x? 1 hai sO tu
nhién lién tiép ma déu 1a sé chinh phuong. Suy ra x =0 , tir d6 suy ra
y = 0 hodc y = —1. Vay phuong trinh c6 hai nghiém (0; 0) , (0; -1).

20. x* -y® =1993 = (x-y)(x* +xy +y*)=1993
Do x* +xy +y? >0 nén x -y, x7 +xy+ y> la cac uoc sb duong ctia 1993
Do 1993 la s6 nguyén td, nén ta ¢o hé phuong trinh:
{x; y=1 l hodic {Xz-y - 199;-"
X“+xy+y =1993 XThxnby =l
Cac hé phuong trinh trén khong c6 nghiém nguyén nén bai toan da cho
" dugc chimg minh.
21. Goi A =abcd = x*
Thi B=(a+1)(b+1)c+1)(d+1)=y*; x.yeNvax<y.

Tacé: B-A=y®>-x*=1111. Suyra (y—-x)(x+y)=1111.
A va B la cac s6 chi c6 4 chir s0, nén x, y chi co thé c6 hai chir s6.
Taviét: 1111=11.101 Hoac 1111 =1.1111
Viy+x>y—-x néntacéd: y+x=101 vay-x=11
Tur day suy ra x = 45,y = 56 nén A = 2025; B = 3136.
22. Gia sir cac s6 d6 la x, y véi x > 1,y > 1 va khong lam giam tinh tong
quat, ta c6 thé dit x<y. Theo bai ra thi (x+1)'y va (y +1):x

Do vay: [(x + 1)y + 1)Iixy: (xy+x+y+1)ixy = (x+y+1):xy
Hay x+y+1=pxy vdi peN. l+l+i=p. Vix21vay21 nén rd
X Xy

rang la: 0<l+l+—1—51+1+1=3.
s Xy Xy
~ V&¥'p'chi c6 thé nhan mét trong cac gia tri 1, 2, 3.
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a. Voip=3: l+—l-+i=3:> capsé(l, 1)
X y Xy
b. Véip =2: Aol ap = phuong trinh v6 nghiém
X y Xy
T T T
c.Voip=1l:—+—+—=1= cép (2,3)
X ¥y Xy

Tom lai co 3 cap s6 thoa man yéu cau: (1;1);(2:3);(3;2).

xX*+xy+y =x’y? = (2x+2y)’=(2xy+1)°-1

= (2xy+1+2x+2y)(2xy+1-2x-2y)=1

= 2xy+1+2x+2y=2xy+1-2x-2y = x+y=0. Thay vao phuong
trinh ban dauta cé:x =0, y=0 hodc x=1, y=-1 hodc x=-1, y =1
Gia sir n* +n® +1 1a sb chinh phuong. Vi n* +n® +1>n* =(n?)* nén ta
co:n* +n® +1=(n? +k)* =n* + 2kn® + k?, véi k 1a mot s6 nguyén duong
ndo d6. Suy ra: n’(n-2k)=k*-1>0. Dic biét, k*-1=0 thi
k=1 n’(n-2)=0, ta ¢c6 n=2.Th lai, 2*+2%+1=5%: thoa man.
Ngoai ra, khi k=1 thi: k*>k?~12>n*> = k>n = n-2k<0: miu
thuin véi diéu kién n®(n - 2k)=k?~120.

Viy, ta chi tim dugc n =2 thoa man bai toan.

A=aa,a b b,baaa] <aa,a,.10°4bb,bJ.10° +a,a,a,

=2a,a,8,.10° + 2.2,2,2.,10° + 28,8, = 8,8,8,.(10° + 2 +1)

= a,8,8,(1002001)-=aayay-7211%132
Viy aa,a, phai bing binh phuwong cia mét s6 nguyén té p khic véi 7,
11, 13. Do b,b,b, <1000 nén a,a,a, <500 = 10<p <23. Nhu vay, p
chi c6 thé 1a 17 hoac 19, do dé: a,a,a, = 289 hoic a,a,a, = 361.

Mt s bai tip tu gidi
Viét két qua cua cac sd 2'°% va 5%, sb no tiép theo sb kia. Hoi sb tao
thanh c6 bao nhiéu chir s6?
Tim ba s ty nhién c6 tdng cac sé nghich dao bing 2.
Tim ba s tyr nhién c6 tong céc nghich dao bing 1.
Cho (a-b)®+(b-c)?+(c-a)*=4(a®+b*+c®*—ab-bc-ac). Ching minh
a=b=c.
Goi h,, hy, h 1a ba dudng cao mdt tam giac var la ban kinh duong tron
ndi tiép tam gidc 4y. Chimg minh ring néu h, +h, + h_=9r thi tam giac

do la iac déu.
oo R o R R
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