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LOI NOI PAU

D¢ dap ng nhu cau hoc tap cua hoc sinh, tai liéu tham khao cho giao

vién, ching t6i xin gidi thi¢u cuon sach
Boi duiong hoc sinh gioi Toan
HINH HOC 9
Trong quyén sach nay, tac gia da phan chia thanh 7 chuyén dé co ban
sau, bao gom:
Chuyén dé 1: Cac bai toan tinh toan hinh hoc
Chuyén dé 2: Cdc bai todn chitng minh vé da gidc.
Chuyén dé 3. Cdc bai toan chirng minh vé dwong tron.
Chuyén dé 4. Cdc bai todn dung hinh. quy tich.
Chuyén dé 5: Cdc bai todn hinh hoc khéng gian.
Chuyén dé 6: Bai tdp tong hop.
Chuyén dé 7. Mot sé dé thi hoc sinh gioi va dé thi e luyén

Trong mdi phan, sach duoc cau triic gom 4 noi dung chinh nhu sau:

1. Phwong phdp chung.
2. Cdc vi du minh hoa.
3. Bai tap van dung.

4. Hwong din va ddp so.

Cac bai tap duoc liraychon tir, dé dén khé, bam sat theo chuén kién
thuc ky nang cua chuong trinh SGK Toan 9 va nhiéu bai tap duoc tac gia
dwa ra nhiéu phuong phap khac nhau dé|ban-doc tham khao thém. Véi moi
dang bai tap co ban déu c6 phucmg phap giai cu thé va vi du minh hoa.
Ngoai ra, cac bai tap déu c6 hudéng dan glal chi tiét, d& hiéu. Nhiéu vi du co
lon nhan xét dé giup hoc sinh tranh céc sai lam co ban. Mic du da hét sirc ¢6
ging, song loi giai cac bai toan trong quyen sach nay c6 khi chua phal la
phlrong an glal hay nhét va ciing c¢é thé con thiéu sét. Tuy vay, tac gia hy
vong rang quyeén sach nay sé giap ich cho ban doc trong qua trinh hoc tap va
giang day, dac bi€t la qua trinh tu hoc. Chiic cac em hoc sinh va cac thay co
g1ao quan tam dén quyén sach nay thanh cong trén moi linh vuc. R4t mong
nhan duoc su gop y chan thanh ciia cic em hoc sinh va céc thay c6 gido, tac
gia xin chan thanh cam on trudc.

Moi y kién dong gop xin lién hé:
- Trung tam Sdch gido duc Anpha .
225C Nguyén Tri Phuong, P.9, Q.5, Tp. HCM.
- Cong ti Sdch - thiét bi gido duc Anpha
50 Nguyén Van Sing, Quan Tan Phi, TP.HCM
DT: 08.62676463, 38547464.
Email: alphabookcenter@yahoo.com
Xin tran trong cam on!
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1. C4c bai toan tinh toan hinh hoc

Mot so kién thire co ban
1. . Mot s6 hé thirc vé canh va dwong cao trong tam gidc vuong

Cho tam gigc ABC vudng tai A, dwong cao AH (hinh vé). Ta co:

1. b =ab’; ¢* =ac'. A

2. b° +c* =a® (dinh li Py-ta-go).

3. hz - br(‘r‘ Y h b

4 ah =bc.

T 1 1 B c' H b C

TR « z >
2. Ti s6 luwong gidc ciia géc nhon

Cdc ti s6 lwong gide cua géc nhon o 3

Canh huyén

(hinh vé) diroc dinh nghia nhie sau:
sin o = canh doi / canh huyén;

10p yue)

b 3 a
cosa =canh ké / canh huyén,

tan o = canh déi / canh ké; Canh ké

cota. = canh ké / canh d@ji;

Véi hai géc o va B phu nhau, ta cé:, sina =cosfl, cosa =sinp,
tana =cot f,; cota =tan 3.

Véi mot so goc ddc biét)taeo:

sin 30" = cos60" = \ sin45 = cos4b -—*-—2——;

2!
£ : -

cot60 =tan30" =—,;
J3

tan45 =cot45 :1 : cot30° =tan 60’ = /3.

3. Mjt 56 hé thirc vé canh va géc trong tam gidc vuang

Trong mét tam gidc vudng, moi canh goc vuong bang canh huyen nhan

véi sin goc doi hodc nhdn voi cdsin goc ké; méi canh géc vuong bing

canh goc vuong kia nhan tang goc doi hodic nhan véi cotang goc ke.

4. D¢ dai dwong tron con duoc goi la chu vi hinh tron va dugc ki hiéu la C.

Goi ban kinh cua duong tron la R, ta co C =2nR.

Trén duong tron ban kinh R, do dai | cua mot cung n duoc tinh theo cong
nRn

thuc | = ——.
180

Dién tich S cia hinh tron ban kinh R duoc tinh theo cong thuc S = 7R?,

c0s30 =s1n60" =
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Cac dang bai tap co ban
1. Tinh do dai cdc doan thing
2. Tinh s6 do cdc géc
3. Tinh dj dai cung tron
4. Tinh dén tich cdc hinh
Cac vi du minh hoa
1. Tinh dj dai cdc doan thing
Vi du 1: Hinh thang cdn ABCD ¢6 day 16n CD = 10cm, day nho bang durong
cao, duomg chéo vudng goc vai canh bén. Tinh dudmg cao ciia hinh tiamg.
Giai
Goi AH, BK la dudng cao cua hinh thang. I
bit AB=AH=BK =x.

D& dang chimg minh dugc DH = CK = ‘02‘ X \\

1
disids: H ot X D H I
Xét tam giac ADC vuong tai Aitacé AH? = HD.HC.
10-x 10+x 100-x? 10J_

Do do: x° = 4 = UTu do
2 2 2

1043
3

Pudng cao cua hinh thang bing cm.

Vi du 2: Tinh canh didy BC cua tam giac can ABC biét dudng cao ing Voi
canh day bang 15,6cm 'Va'dudng cdo g Vi 'canh bén bang 12cm.
Gidi
Goi AH, BK la cac duong cao ciia A ABC.
BC.AH BC.15,6

Taco: AC = = — =1,3BC. bat BC = x thi AC = 1,3:. Theo
BK 12

dinh li Pytago: AH? + HC? = AC%nén 15,6° + (g)2 =(1,3x)?

Ta tinh dugc x = 13. Vay BC = 13cm.
Vi du 3: Cho tam gidc ABC vudng tai A, dudng phén giac AD, dutng. cao
AH. Biét BD = 7,5 cm va DC = 10em. Tinh céc do dai AH, BH, HD.

Giai
Ta co AB_DB_175 =2— nén tinh dugc AB = 10,5 cm va AC = licim.

AC DC 10
Nho cong thirc ah = be ta tinh duoc AH = 8,4 cm.
Nho cong thirc ¢® = a.c'ta tinh dugc BH = 6,3cm nén HD = 1,2cm
Vidu 4: Cho tam giac ABC vudng tai A, duong cao AH, AB = 20cm.
HC = 9cm. Tinh d6 dai AH.
" a' o L
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A

B H D ¢ Gigi P X H C
bat BH = x, tacd AB? = BC.BHnén 20° = (x + 9).x.
(iiai phuong trinh trén, ta duoc (x —16)(x + 25) =0 nén x = 16 (thich hop).
Tudo AH = 12cm. |

Vidu 5: a. Cho tam giac ABC co A =120°, AB = 3cm, AC = 6cm. Tinh do
dai duong phéan giac AD.

b. Cho tam giac ABC véi duong phén giac AD thoa man Lo i o
AD AB AC
Tinh $6 do goc BAC.
. Giai
a. Ké DE // AB, AADE déu. bat AD =DE =EA =x.
. ., DE CE x 6-x
lTach—=—>2>—= .
AB CA 3 6 A
Tudox=2. Vav AD=2cm. i) o)
b. K€ DE // AB. Dat DE = EA = x. Ta=¢¢: ¢
JE__JCE X =AC—x:1_ X B v C
AB CA AB AC AC
X X 1 1
b SPE . R | o L 1
“ABAC T ABAGTx 1)
Theo dé bai —- + \= =Ty 12 AD =%, AADE d#u, ABC =120".
AB  AC  AD

Vi du 6 : Cho tam giac BC ¢4 AB = 6cm, AC = 8cm, cac dudng trung tuyén

BD va CE vudng goc véi nhau. Tinh d6 dai BC.
' Gidi:

Goi G la giao diem cua BD va CE. Pat GD = x, GE =y thi GB = 2x,
GC = 2y. Ap dung dinh ly Pi ta go cho cac tam giac vuong BGE, CGD
Tacd EG?+BG2=EB*>=9=5x?=9,DG? +CG? =DB? =16 = 5y* =16
suy ra x° +y? = 5. Ap dung dinh ly Pi ta go cho tam giac vuéng BCG ta
co4(x* +y*)=20=> BC= 5.

Vi du 7: Cho tam giac ABC c¢6 B=60°,BC = 8cm, AB + AC = 12cm.
Tinh cac d6 dai AB, AC.
Gidi
2

Pat AB = x.Ta ¢ AH? + HC? = AC*nén 2+ (8- 2)* =(12-x)". Gidi
phucmg trinh rén ta duoc x = 5. Pap s6: AB = Scm, AC Tem.
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Vi du 8: Trong mot tam gidc vudng. Pudng cao u'ng vl canh huyén chia
tam gic thanh hai phan c6 dién tich bing 54cm’ va 96¢cm’ Tinh de dai

canh huyén. A
A Gidi
X h
60°
B H ¢ B ey v €
Tacohe’ =542, hb’ =962, ma h®* =b'.c' nén h* =12* suyrah = 1.
Do d6: BC = w — 25(cm).

Vi du 9: Mot hinh thoi c6 dién tich bang mot nira dién tich hinh vuons ¢6
canh bépg canh cua hinh thoi. Tinh ti sb cua duong chéo dai va diong
chéo ngan cua hinh thoi .

Giai
Goi 2m va 2n la d¢ dai cac duong chéo cua hinh thoi canh a.
2
Tacé m? +n? =a*va 2mn =&

aV3

Tir d6 ta tinh duoc m+n=—,m—n=—a-.
' /2 J2
S _a(/3+1) _a(Jﬁ-l)
3\z DoV GTSIEAYTD
m v3+1 (s,/-E_wl)2
Suyra —= =2+ \/_
AN o

Vi du 10: Cho hinh vudéng ABCD cé canh 1dm. Tinh canh ctia tam giacdéu
AEF c6 E thudc canh CD va F thudc canh BC.

Gidi A B
biét DE = x thiCE =1 -x thi:
CF=CE=1-x, AE* =x? +1. AF
Pua vé phuong trinh: /
x’-4x+4=3(x-2)*=3 o x=2+/3.
Do x < 1 nén ta chon x =2 —+/3. Dﬁ“ e C

EF = (1-x)V2 = (3 -1)V2 = /6 - /2(dm).

Vi du 11: Tam giac ABC vudng tai A, duong phan giac BD. Tiar phangiac
cia goc A cét BD ¢ I. Biét IB =10v6cm,ID =5v5cm, tinh dién tichtam
gidc ABC.
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Giai

The tinh chat duong phan giac:
AR IB _10V5  BC _BA
AD ID 5J5 CD AD
PatAD = x, DC =y. Tacé AB = 2x,

. ) %2 + (2x)* = (15¢5) (1)
BC =2y nén < ) x _ oy C

@x) +(x+y)=@QyY(2) B

Tur 1) ta duoc x = 15. Thay vao (2) va rat gon duoc
y? 10y —=375=0 o (y -25)(y +15) =0

Tir 16y =25. Dap s6 600cm”.
Vi du ,2: Tam giac ABC vudng tai A, goi I la giao diém cua cac duong phan
glac.
a Fiét AB = 5¢m. IC = 6¢m. Tinh do dai BC.
b Fiét IB = J5em, IC = V10em. Tinh.cac do dai AB, AC.
Gidi D
a. Kée "THLBI,CHcatBAtaiD. |
AFCD can nén CH= HD. bat BC @x[thi AD =x-5. A

A CHI vudng can co: | H
— IC 6 12
CH=4'2CH=—=—>DC=—. |
BoiBadsachma . C

Xé AACD vuong co:
AD? + AC? = DC? = Prw Byt $amHay 25y 5378
Ra gon duoc x* —5x —3B=0 S (X=NxF4)=0.
Da s6 BC = 9¢m.
b. KéCH LBI. Tacé ACIH vudng can nénCH = -I—% = _ﬁ@ = J5(cm).
Su’ ra BH = 25cm. Xét ABHC vuéng: BC? = BH? + CH? =20+5=25
néi1 BC = Scm.
Tacé ABCD can tai B = BC = BD = 5em; CD = 2CH =2/5cm

2Sscp = BH.CD=AC.BD = AC= Bl-];[():[) _ B];-((::D

24JS5.2 > >
Al:=-—€£:4cm :>AB:\/BC'—AC‘ :\/55—16 =3cm

Vi dul3: Cho tam giac ABC vudng tai A. Goi I la giao diém cua cac duong
phin gidc, M la trung diém cua BC.
a.3iét AB = 6cm, AC = 8cm. Tinh BIM.
b Biét BIM = 90°. Ba canh cua tam gidc ABC ti 1& vi ba s6 nao?
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Gidi
Bl cédt AC tai D.

a. Dé dang tinh dugc: BC = 10cm, DA = 3cm, DC = 5cm.

Do DC=MC =5cmnén AIMC= AIDC (c.g.c)
Suy ra L=I =B, +C, = 45° Viy BIM = 90".

b. PitBC=a, AC=b, AB =c.

V"

Ta s& biéu thi a va ¢ theo b.

Truéce hét c6 a’ —c? = b? (1)

Do BIM =90°, 1, =45° nén I, =45°. M C
Ta c6ADIC = AMIC (g.c.g) nén DC = MC.

Do d6 a = 2DC, ¢ = 2AD (tinh chit duong phan giac).

Suy ra a+c¢=2(DC + AD) =2AC = 2b. (2)

Tacéd a® —c® =b%,a +c¢ =2b. Gia sur b > ¢, ta duoc azﬁ,c:i—b.
Do do a:b:c=—5-:1:§:5:4:3.
4 4

dy 14: Cho tam giac ABC vuéng tai A. BC = 3V5cm. Hinh vudng
ADEF canh 2cm ¢6 D thuoe AB, E thuc BC, F thudc AC. Tinh cac do
dai AC, AB.

Gidi
biatBD =x,FC=y.
Cac tam giac BDE va EFC df‘mg dang nén g = -2-, suyraxy =4 (1)

y

Talai c6 AB* + AC* =BC’nén (x+2)* + (y + 2)* =45. (2)
Tir (2) suy ra x* + y* +4(x + y) = 37.

Dit x +y = a, két hop véi (1) ta duoc: }]3

a’-8+4a=37<(a-5)a+9)=0 néna=>5. : E
Suy ra y =5-x.Thay y boi 5 -x vao (1) duoc: "
X’ -5x+4=0& (x-1)(x-4)=0. o

Véix=1thiy=4,khidé AB=3cm,AC=6cm. A > F Y C
Véix=4thiy =1, khi dé AB = 6cm, AC = 3cm.

Vidy 15: Tam gidc ABC cén tai A, goi I 1a giao diém cua cac duong phan

giac. Biét IA = 2./6cm, IB = 3cm. Tinh do dai AB.
Gidi
Duong vudng goc véi AB tai A cit BI ¢ K.
Ta co ﬁphu vol ﬁlm phu vai ﬁz,ﬁ; = ﬁz, nén K = AIK.
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A

Ké AH 1 BK. bat IH = HK = x.
Xét A ABK vuong co:
AK? - KH.HBhay (245)* = x(2x + 3).
Rt gon phuong trinh:
2x* + 8x =20 =0 (2x-b)(x +4) =0.
Nghiém duong x = 2,5 thich hop. .
Suy ra KB = 8cm. Tirdo AB=2J11em. B ¢
Vidu 16: Tam giac ABC can tai A, duong cao AD, truc tam H. Tinh do dai
AD, bi¢t AH= 14cm. BH = HC = 30cm.
Gidi
Goi E 1a diém ddi ximg vdi H qua BC. Ta ¢c6 BHCE la hinh thoi, AABE
vudng tai B nén BE® = ED.EA. bat DE = x. C6 2 truong hop:
a. BAC < 90° (h.a). Tacé x(2x +14) = 30°.
Rut gon phuong trinh x* +7x —450 =0 < (x - 18)(x +25) =0.
Nghiém duong x = 18 thich hop. Tir d6 AD = 32cm.
b. BAC >90° (h.b). Tacé
x(2x — 14) = 30°,
Rut gon phuong trinh
x*-T7x-450=0
&> (x-25)(x+18)=0.
Nghiém duong x = 25 thich’hop.
Tirdo AD=11cm.
Vi du 17: Tam giac ABC c6 BC = 40cm, duong phan gidc AD dai 45cm,
duong cao AH dai 36ecm. Tinh cac do dai BD, DC.
Gidi
bat BD =x, DC =y. Gia su x <y. Ta tinh duoc HD = 27c¢m. VE tia phan
giac cua goc ngoai tai A, cat BC 0 E.
Ta c6 AE L AD nén AD’ = DE.DH.
AD" =£=75(Cm). .
DH 27
Theo tinh chat dudng phén giac trong va ngoai

cixatamgiac:%:EB x_75—x’(1) E HB D C

DC E_03§_75+y

Mit khac x +y =40 (2). Thay y =40-x vao (1) va rit gon dugc
~ x?-115x+1500 =0 < (x - 15)(x - 100) = 0.

Do x <40 nén x = 15, tr do y = 25. Vay DB = 15¢cm, DC = 25cm.

Suyra DE =

11
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Vi du 18: Cho duong tron (O) tim O, ban kinh R, hai duong kinh AB vi CD

vudng goc vai nhau. Dudng tron (0)) noi tiép trong tam giac /CD.
DPudng tron (0,) tiép xtc vdi 2 canh OB va OD cua tam giac OB) va
tiép xuc trong voi duong tron (O). DPuong tron (O3) tiép xtic v4i 2 :anh
OB va OC cua tam giac OBC va tiép xdc trong voi _dudng tron (O).
Puong tron (04) tiép xuc voi 2 tia CA va CD va tiép xuc ngoa vai
dudng tron (O,). Tinh ban kinh cua céac dudng tron (Oy), (0,), (0:)..04)
theo R.
Gidi

+ Goi r la d§ dai ban kinh dudng tron (0)).
Tach: B ., =pr

o RYP= é(ZAC +CD)r

& R?2=R(W2 + Dr

R
1+42
Butmg tron (0,) tiép xtc v6i-©B-va OD nén tim O, & trén tia phan sidc
ctia géc BOD, (02) lai tiép xiic [rong voi (O) nén tiép diém T cua clung
& trén ducmg thang ndi 2 tam O va O,, chinh la giao diém cua tia jhan

giac BOD véi (0).

+ Bu'o'ng thang di quaT. vudng-goevoi-OT et 2itia OB va OD tai B’ va D’ la
tiép tuyén chung cua (O) va (0,). Do d6 (0,) la dudng tron ndi tiép A OPD'.
A OB’D’ ¢6 phan giac O'vira 1a dudng cao, nén no la tam giac vudng cé va
B'D'=20T =R,0B"=0D"=R?, suy ra: AB'OD'= A ACD.

or=

Vay: Ban kinh cia (Oy) ciing bing r = — % _.
)
Hai hinh quat OBC va OBD déi ximg v6i nhau qua AB nén (O5) ding
bing r =
. 1+ \/_

BPuong tron (O4) ¢6 hai truong hop.

a. Truong hop 1: (O4) & bén tri (O)):

12

Ké tiép tuyén chung cua (O4) va (O)) tai tiep diém K cit AC va AD ti E
va F. CO va CA con la 2 tiép tuyén cua (O3). nén chu vi cua VCEF bing
2CO, suy ra nira chu vi ciané la p=R.

Tacé: CO, =JR? 717 = BV4+2V2
1+\f_
RVv4+2J/2 R R(4+2J2-1)

CK=CO, -0K-= _ _
O 1+2 1++/2 1++2
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KF 0,0 (. oomsgr—_ 1 kF= R(J4 + 2,‘? 13
KC CO 1+42 (1+v2)
o e Bl 2 2fE 1)
. VOLR :(JI'\KP — =
(1+J2)

R(W4 + 32 =1)°
(1 & \/E):l

Suy ra ban kinh cta duong tron (Os) la: r, =

b. Tricong hop 2: (0’4) & bén phai (O)):
Khido: K la tiép giiém ctia 2 dudmg tron, tiép tuyén chung cat CA va CD
tai I va F', CD tiép xtic voi (O'y) tai H.
CK =CO, + O K’

R 4+2\/§+ R

1+J§ 1+\/§
:R(\}4+2\/§—1).
1+v2 /"’ H

F'F = K'F' = CK'tan 22°30'
_R(J4+2V2 - 1)
(1+2)
CK'_ CO _ p_ CK'CO " RO44 22 14+ 22
CF CO, CO SETVH S

R(\4 + 22 +1)\/4+2J§ . R(\4 + 22 +1)

(1++/2)* 1 +2)

CH=CF'+F'H=

_ R(V4 + 22 +1)?
1+v2)

Suy ra : ban kinh cua duong tron (0’4) la:

R(J4 + 2J2 +1)*
(1+2)

Vi du .9. Tam giac ABC c6 chu vi 80cm ngoai tiép duong tron (O). Tiép
tuy:n cua duong tron (O) song song voi BC cit AB, AC theo thir tu &
M,N.

a. Cho biét MN = 9,6cm. Tinh d¢ dai BC.
b. Cho biét AC - AB = 6cm. Tinh cac o dai AB, AC, BC de MN ¢6 gid
tgjdm nhat.

g 13

CH

r, =O,H=CHtan 22°30'=
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Giai
MN // BC nén tam giac AMN va tam giac ABC
MN _ chuviAMN- (1
BC chuviABC
Goi D, E, F theo thi tu 1a céc tiép diém cua
dudng tron (0) voi AB, AC, BC.
Taco AD = AE, BD = BF, CE = CF.

dong dang, do d6

Chu vi tam giac AMN béng:
AD + AE = AB + AC - BC. )
a. DitBC =x.
Tir (2) suy ra chu vi tam gidc AMN bing 80 — 2BC, hay 80 — 2x.
Tir (1) suy ra L 808;)2}{' Dua vé phuong trinh: x* — 40x + 384 =: 0
X
& (x—24)(x-16) =0 A
C6 hai dép sb: g 3
BC = 24cm, hodc BC = 16cm. 30" 15
b. PatBC =x. BH M 2 C

MN 80-2x

Tu (1) suy ra nén 40MN =x(40 —x) = (x — 20)* + 400 < 400.

max MN =10 < x =20.

Dé dang tinh duoc BC'=20cm, AB = 27¢m,'AC = 33cm.
2. Tinh s do cdc géc
Vidu I: Tinh tan15°ma khong dung bang s6, khong diung may tinh.

Gidi

Cich 1. Xét tam giac ABC c6 A =90°,B = 15°,

AC = 1(h.18). Pudng trung trirc ciia BC cit AB ¢ I

Tacé AIC=30°nén IC =2AC =2, 3
-%% = tan 30° =%,suy ra Al =+3.
Tacé: AB=Al+BI=Al+IC=+3 +2

AC 1
tan16% = ——~ = =2-/3,
AB 2+.3

Cich 2. Xét tam giac ABC c6 A =90°,B=30°, AC=1.

B

A C

- AC 1
Ta c6, B> 30° nén AB=2AC =2, =~ =tan30° = — nén AB = /3.
Bb AB J3
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Ké duong phan giac BD. q.
Theo tinh chat duong phén giac:
AD _DC _AD+DC 1

=2-4/3.
AB BC AB+BC 3+2 V3

Ta 6 tan15° :—=2-J§.
a a AB

Cdch 3. Xét tam giac ABC c¢6 A =90°, C=15°,BC = 4.
Ké duong trung tuyén AM, duomg cao AH.

Toch AR AM =2 nén Al =1, 2B o jantig? =L ntn HM=45.
HM J3

SuyraHC:HM+MC:J§+2.tanl5° AH J_+2 J3
+

Vi dw : : Tam gidc ABC vuéng tai A, C = 40", dlrcmg cao AH, diém I thudc

C
«— 11—

can1 AC sao cho Alzé-AC, diém K thudc tia dbi cua tia HA sao cho

HE = %AI—I. Tinh sé do goc BIK:

Gidi E
Ké E L AH. Ta c6 AE=%AH=HK {
Nér AH = EK. - /
Ta ¢o: K

BI’= BA? + AI” = (AH? + BH?) + (AE®) + (E[*)
=(AH? + EI?) + (BH? + AE?) = (EK* + EI’) + (BH? + HK?) = IK* + BK®
Suy ra BKI = 90°.
Tir ziac ABKI 1a tir giac néi tiép nén BIK = BAH = C = 40°

Vi du 3: Tam gidc ABC céan co A =100°. Piém D thudc nira mat phang
khong chira A c6 bo BC sao cho CBD =15°,BCD =35°. Tinh sb do goc
ADB.

M
Giai 7
Xét ABCD ta tinh dugc D=130".Ve
ducng tron (A; AB), lay M bat ki thudce
duréng tron d6 (M va A cung phia doi vai N
B.C.. Do BAC=100° nén BMC=50°. Do
dé MBDC la tir giac ndi tiép, trc 1a D B0 C
D

thu.m ., ong tron (A).
TARC €4n tai A nén ADB = ABD =40° +15° =55°.

15
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Vi du 4: Tam gidc ABC ¢6 A =B+2C va do dai ba canh la ba so tu nhién
lién tiép.
a. Tinh d§ dai cac canh cua tam giac. ' '
b. Dung bang lugng giac hoac may tinh bo thi dé tinh s6 do cua cac goc
AB C.

' ) Giai

a. Trén canh CB lay diém D sao cho CD = CA.
Tacé:E=A1+gz=f)1+gz=B+Az+ﬁz=ﬁ+2?\2 A
Theo dé bai, A=B+2C,suyra A, =C. ‘

AKHC ADBA fpg) =5 om = —as, ;
DB AB B D C
PitBC=a, AC=bAB=cvdia,b,c eN, taco Lbi‘ =c?=aa-b) (1).
a-— C

Do cac canh cua tam giac ABC la ba s6 tu nhién lién tiép va a > b nén
a-b=1 hodc a-b=2.

o=
c-1=1

< c=2. Khidéa=4,b=3.Bas62,3, va 4 thoa man bat ding thic tam
giac. Néu a-b=2 thi a—c=1Lkhido (1) @ c?=2(c+1) e c(c-2) =2

Néu a —b=1thi a-c=2, (1}:>02=c+2<:>c(c—1)=2<:>{

{c=2 {c=2 | A
o & Jloai!
c-2=1 c=3
Vay AB =2, AC = 3)BC=4, . :
b. Ké AH 1BC. |
Pat HC =x, HB =y. BV H X c

Tacé x* —-y? = (32 - AH?) - (2% - AH?) =5, nén x—y=g=1,25.
Tirdé x = 2,625;y = 1,375;cosC =-§- =0,875;C = 28°57";

cosB = % = 6,875;B = 46°34" A =104°29".

Vi du 5. Pudng tron (O) ndi tiép tam gidc ABC tiép xic véi canh AB tai D.
Tinh s6 do géc C biét ring AC.BC = 2AD.DB.
Gidi
Goi E, F 1a cac tiép diém ciia dudng tron (O) trén CB, CA. 4 ¢
Ta c6: AD = AF, BD = BE, CE = CF. / ‘}
Pat AD = AF =x, BD=BE =y. o
Theo gia thiét ab = 2xy (1) / X

ARy C - BC=(x+y)+(x+CF)-(CE+y)=2x A_% D__¥ B
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nén 2x=b+c—a. Tuongtu 2y =a+c-b
Suy ra 2x.2y = [(‘ —(a - l‘))][(- +(a- h)] ¢’ —(a-b)’ =c? —a’ +2ab-b*. (2).
T (') va (2) suy ra 2ab =c* —a* + 2ab - b*hay a’ + b* =c*. Theo dinh li
Pytago dao, ACB =90".

3. Tinh do dai cac cung
i du 1: Cho duong tron tim O, cung AB bang 120". Cac tiép tuyen cua
duo'rt_ tron tai A va tai B cat nhau o C. Goi (1) 1a duong tron tiép xuc voi
cac ¢oan thang CA. CB va cung AB noi trén. So sanh do dai cua duong
tron I) vai do dai cung AB cua duong tron (O).

Giai

Goi R, r theo thir tu 1a ban kinh cua duong tron (O), (). Goi tiép diém
cua duong tron (1) vdi cung AB va voi canh CA theo thir tu 1a M va H.
A OAC vudng tai A. AOC =60"nén OC = 20A = 2R.
Va (M =0C-0M=2R -R =R(})
A TEC vuodng tai H, HIC=60°nén IC = 2IH =2r.
Do ¢é6 MC = MI + IC A1 =2r = 3x:1( A

Tur(l)va(2)suyrar :g

DO cai cung AB cua (Q)bing -2—’;5.

D3 cai duong tron (I) bing 2nr= %

Viy do dai duong tron (I) bang do dai cung AB cua duong tron (O).

Vi du 2° Cho hai duong tron dong tim. Biét khoang cach ngan nhét giita hai
dién thude hai duong tron bang Im. Tinh hiéu cac do dai cua hai dudng
tron

Gidi
Goi A la diém bat ki thude duong
tron (O; r), B la diém bat ki thuoc Pl .

dug tron (O; R) voi R > 1.
Véimoi AviBtaco: AB2OB-OA=R-r
Viay minAB=R-r.
Dodo R-r=1
Hiéu cac do dai cua hai dudng tron bang 2na(r +1) - 2nr = 2n(m).
Vi dw 3: Cho hinh quat tron c6 cung BC bing 120°, tam A ban kinh R. Tinh

d® cai dudng tron ndi tiép hinh quat d6 (duong tron ndi tiép hinh quat la
duong tron tiép xic voi cung BC va vai cac ban kinh AB, AC).

DAl HO,C QUEC GIA HA NOI 17
TRUNG TAM THONG TIN THU VIEN

| 5o sb o]
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Gidi
Ke tiép tuyén chung tai tiép diém
H, cit AB, AC ¢ D, E. duong tron
(O) néi tiep hinh quat la duong tron
ndi tiep A ADE.
Ta tinh dugc AH = R, AD = 2R, DH =R3. Sau d6 tinh OH theo tinh
chit duong phan giac cia A ADH, dugc OH = R(2V3 - 3) .
Pap sb: 2(2v/3 -3)nR.
Vi du 4: Lay bon diém A, B, C, D theo thir tu trén dudmg tron (O) sao cho
sd AB =60°, sd BC =90°, sd CD =120°.
a. T giac ABCD la hinh gi?
b. Tinh do dai duong tron (O). Biét dién tich tir giac ABCD bang 100m? .
Gidi

a. ABCD la hinh thang céan.
b. Goi R la ban kinh cua (O), EF la duong cao di qua O cua hinh thang.

2.100 200
Ta co: EF = = ~ U
AB+CD R(J3 k1) i

EF=0E+0F=%(\/§+1). )

20
=10(v3 -1).
¢ oo (V3 -1)

Pap s6: D6 dai duong tron bing 20(:/3 —rm.

4.Tinh dién tich cdc hinh
Vi dul: Mot hinh thang cén c6 dudng chéo vudng goc voi canh bén. Tinh
dién tich hinh thang biét ring day nho dai 14cm, day 16n dai 50cm.
Giai A B
Ké AH L CD. Ta tinh dugc HD = 18cm,
HC =32cm, AH = 24cm, AD = 30cm.
Chu vi hinh thang bing 124cm, dién
tich hinh thang bang 768cm’.
Vi du 2. Tinh dién tich hinh thang ABCD c6 duong cao bang 12cm, hai
duong chéo AC va BD vudng goc voi nhau, BD = 15 cm.
Giadi
Qua B vé duong thing song song voi
AC, cat DC ¢ E. Goi BH la dudng cao
cua hinh thang.
Taco BE// AC, AC LBD nén BE L BD.

Tu(l)va(2)suyra R=

D H C

18
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Ap dung dinh li Py-ta-go vio tam Eiaic vuong BDH. ta co:
BH? + HD? = BD? =12% + HD? =15 = HD* =225 -144 =81 = HD = 9(cm).
Xét tam giac BDE vudng tai B
B =DEDH = 15° = DE.9 = DE =225:9 = 25(cm).
Ta c6 AB = CE nén AB + CD = DE = 25 (cm).
130 86 8y =26.12:2=150(cm").
Vidy 3: Tinh dién tich mot tam giac vudng co chu vi 72cm, hicu gitra duong

trung tuyén va dudmg cao tmg voi canh huyén bang 7cm.
Giai

Dit AM=x,tac6 BC=2x, AH=x-7.
Theo hé thire trong tam gidc vudng AB* + AC* = BC* = 4x° (1)

AB.AC = BC.AH =2x(x-17) (2) A
Tt (1) va (2) suy ra:
AB? + AC? + 2AB.AC = 4x” + 4x(x - 7). b,

= (AB+ AC)* =8x* -28x =10
o (72 - 2x)° = 8x* —28x

Dua vé phuong trinh x? +65x 41296 5 0 <> (x - 16)(x + 81) =0.
Nghiém duong cua phuong trinh-la=>= 16.

Tiur d6 BC =32cm, AH = 9cm.

1
B a6 = 5 :32.9 = 144(cm?).

B H M C

Vi du 4: Cho tam giac ABC noi ticp duong tron (O). Do dai cac cung AB,
BC, CA theo thir tr bang 37, 4w, 5. Tinh dién tich tam giac ABC.
Giai
Goi R 1a ban kinh cua dwong tron (O).
Taco 2nR =3n+4n+5n nén R =6.
Sé do cua cac goc AOB, BOC, COA
tilé¢ voi 3,4, 5 nén
AOB BOC COA _AOB+BOC+COA 360
3 4 5 3+4+5 T 18
Suy ra AOB =90",BOC = 120°, COA =150".

Tacéd: 8,,5 = %OA.OB = %.6.6 =18. Pé chimg minh: néu mgt tam giac

=30".

¢6 hai canh bing a, b va goc tao bai hai canh nay la goc tuo thi dién tich

tam gidc bang %ab sin(180° —a.).
D6 4628, = %Rz sin60° = %.Gz.g =943

19
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Seon :%R2 sin 30° =—;—.62.-;—=9.Vi_iy Sy =18+ 93 +9 =27+ 943,

Dién tich S cua hinh tron ban kinh R dugc tinh theo cong thirc S = nR”.

Vi du 5. Cho tam giac déu cé tdm O, canh 3cm. V& dudng tron tam O ban

kinh lcm. Tinh dién tich phan tam giac ndm ngoai hinh tron.

Giai
Goi AH la duong cao cua tam giac déu ABC, ta co:
AH=-?—’£ OH —%=§(cm).
Xét A OHD vuong tai H, ta co:

HDE <O ~ O el ot Bl
1 1 2

Suy ra CD = lecm. Tuong tu CE = lcm.
Twr giac ODCE 1a hinh thoi canh 1cm, DCE = 60°.
CDV3 ,_\3

Do d6: Sypce = 3

(cm ). Dién tich hinh quat ODE banf,

2
L =g(cm2). Dién tich “tam gi4ccong” CED (phin gach soc gi% han

6
V3

béi cac doan thiang CD, CE va cung DE) bing i E =— 3\/5 n)icm’)

Dién tich phai tim b’c"lng: -fl—i(Bs@ -n).3= %(3\/5 - n)(cmz).

Vi dy 6: Cho tam giac ABC déu co canh bing 1. Trén canh AC l4y céc diém

D, E sao cho ABD =CBE=20°. Goi M la trung diém cua BE va N la
diém trén canh BC sao BN = BM. Tinh tong dién tich hai tam giac BCE
va tam giac BEN.

Gidi
Ké BI L AC = I 1a trung diém AC.
Ta c6: ABD = CBE = 20°= DBE=20° (1); A ADB = A CEB (g——¢)
= BD =BE = A BDE can tai B
= I la trung diém DE

ma BM = BN va MBN = 20° o
= A BMN va A BDE déng dang. \
=> 2’:}:3 =(I;Ig)2 =i = SenE = 28BMN = Saie {) .
Vay Sgce + Sene = Sece + Ssie = Ssic \{
_lg, -3 o
) : 2 ABC 8 ) \ C
B N

20 °
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Vidu 7: Goi O la trung diém cua doan thang AB = 2R. V& vé mét phia cua
AB cac nua duong tron ¢o duong kinh theo thir tr la OA, OB, AB. Vé
duong tron tam | tiép xuc ba nra duomg tron trén.

4. I'inh ban kinh cua duong tron (I).
h. Tinh dién tich phan hinh tron lon nam ngoai hinh tron tam I va nam
ngoai hai nua hinh tron nho.

Giai

a. Goi M, N theo thur tu 1a trung diém cua OA, OB. Goi x la ban kinh cua (I).
Xét ATON vuong, ta co:
[0 + ON? = IN?

= (R-3)* + ()" = (5 + %)

:R(R—Bx)=0z>R=3x:>x=R

-

|
f
'

: B .
b. Bap so: — nR”.
36

Vi du 8: Cho hai duomg tron dong. tam; duong tron nho chia hinh tron lon
thanh hai phan c6 dién tich bang mhau. Chimg minh ring dién tich phan
hinh vanh khan gii han boi hai tiép tuyén song song ctia dudmg tron nho
bang dién tich hinh vuéng ndi tiép duong tron nho.
Gidi

Goi R, r theo thir tu Ia ban kinh cua hai duong tron (R > r).

Taco nR? = 2nr® =R =12 = AOHC vudng can.
2

Dién tich hinh vanh kiam bang E;{_

Dién tich phan gach soc cua hinh vanh
khan va dién tich hinh vuéng déu bang R’
(ban doc tu giai). _ \
Vidy 9: Cho da giac déu n canh d6 dai moi canh bang a. V& cac dudng tron
ngoai ti€p va ndi tiép da giac.
a. Tinh dién tich hinh vanh khén gioi han boi hai duong tron.
b. Tinh chiéu rong cua hinh vanh khan do.
~ Giai -
Goi AB la canh cua da giac déu. [
. 2 '
a. Dién tich hinh vanh khan bang “—j—. A o
b. Chiéu rong hinh vanh khan bang:
HI = AH.tan IAH. AN
0
Dip s&% L

n
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Vi du 10: Mot hinh quat ¢6 chu vi bang 28cm va dién tich bing 49cm (chu
vi hinh quat bang d¢ dai cung hinh quat cong véi hai lan ban kinh). Tinh
ban kinh cua hinh quat.

Giadi

B M N C

Gia sir hinh quat da cho c6 ban kinh R, d9 dai cung 1a m, dién tich S.
Taco %5=S=49 nén mR =98. (1)

Talai cO m +2R =28 nén m =28 - 2R.
Thay vao (1) dugc (28 -2R).R =98 =(R-7)’=0= R =7(cm).

Vi dy 11: Cho ba dudmg tron ciing ¢ ban kinh r va tiép xtic ngoai déi mot.

a. Tinh dién tich “tam gidc cong” ¢6 dinh la cac tiép diém cua hai trong ba
duodng tron do.

b. Ké ba duong thing, mdi dudong thing tiép xtc véi hai duong tron va
khong giao v&i duong tron thi ba. Tinh dién tich tam giac tao béi ba
duong thing do.

Giai
a. Dién tich tam gidc cong GHI'bang hiéu’cua 'S/ (bang r*/3 ) va dién tich

2
ba hinh quat ban kinh r, s6 do cung 60° (bang 3.-{%—»).

b. Tacé6 BM =NC = r/3;MN = 2rnén BC =2r(/3 +1)
Pap s6: S5 = 2r*(2V3 +3).

Vi du 12: Cho tam giac ABC vudng tai A. AB = 15, AC = 20, duong cao
AH. V& Duong tron tdm A ban kinh AH. K¢ céac tiép tuyén BD, CE Vi

duong tron (D, E la cac tiép diém). Tinh dién tich hinh gidi han boi cac
doan thing BD, BC, CE va cung DE khéng chira H cia dudng tron.

Giai
Dé thiy D, A, E thing hang, lan
luot tinh dugc BC = 25, BH = 9, E

HC=16, AH = 12. o ‘
Tl‘r do tinh duoc b
= 150, Sypgc = 300. Vs h o
ﬂ Bsé joo +72n.
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Vi du 13: Cho tam gidac déu AB co canh bang 2a. Goi (1) 1a duong tron noi
tl(p tam giac. Tinh di¢n tich phan chung cua hinh tron (I) va hinh tron
tam A ban kinh a.

Giai
Dién tich S phai tim (phan gach soc trén hinh bén) bang tong dién tich
cua hai hinh vién phdn (S=5, +5,).
Hinh vién phan ban kinh AD = AE = a, cung 60"c6 dién tich

a ‘
g, <
13

Hinh vién phan ban kinh

._ & e
ID - IE = —, cung 120" c6 dién tich:

Ji
0" o
! ::-36(411—,5\/3).

Dap sb: %(E’m - 6:/3).

Vi du 14: Cho hinh vuéng ABCD canh-4, v& duong tron (¢) duong kinh AB,
O la tam duong tron (c). Tu C vé tiepstuyén CT vai duong tron (c) khac
CB, goi T la tiép diém, goi E la giao diém cua AD va OT

a. Dat DE = x tinh theo a; X'¢ac'¢antt'cua'tam gidc-OAE, sau do tinh x theo a

b. Tinh theo a dién tich tam giac. OCE va duong cao EH xuat phét tir E cua
tam giac do.

Giai
Cho hinh vuéng ABCD canh a, v& dudng tron (¢) duong kinh AB, O la
tam duong tron (c). Tur C vé tiep tuyén CT voi duong tron (¢) khac CB,
goi T la ticp diém, goi E la giao diém cua AD va OT

a. Ddt DE = x tinh theo a, x céc canh cua tam giac OAE, sau d6 tinh x theo a
Ta co. ADCE = ATCE (EC chung,CT =CD = BC)

=ET=ED=x. £
=>0A=2;AE=a-x;0E=0T+TE=2+x

, 2 2 5

Ap dung dinh li Pi-ta-go trong tam giac

vuong AOE: OE* = OA” + AE’

&> (-‘3‘-“&)2 =(%)"a +(a —x)’ A E

2 2
a‘ g a 9 ' a
C>.—;_l—+x‘)‘+ax:7+a‘+x2—2axc>3ax=a‘1c>x=-3-(a¢0)

i %
"
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b. Tinh theo a dién tich tam giac OCE va duong cao EH xuat phat tir E cua

tam giac do.
a

s, _CTOE_%G*% a@+2x **73) s o0 a

MEET 8 2 4 4 2 3
Ap dung dinh li Pitago trong tam giac vuéng BOC:
0OC?=0B? + BC? =a;+a2 =5—22-@00=$
S, s = EHOC _ i 2Sioce _, 52° a5 _ \Jba

2 0C 12 2 3

S,00p = 2% s EH = Y8

AOCE 12 ’ 3 '

Bai tap van dung
1. Tam giac ABC c6 dudng trung tuyén AM bang canh AC. Tinh tanB : tanC.
2. Cho tano =~ Tinh S5 *SINC
2 cos o — SING
3. Cho hinh vuéng ABCD. Tinhcos MAN biét rang M, N theo thir tu la
trung diém cua BC, CD.
4. Cho tam giac ABC vudng tai A. Cac diém D, E thudc canh BC sao cho
BD = DE = EC. Biét AD 10cm, AE = 15cm. Tinh d6 dai BC.

5. Tam giac ABC ndi tiép-dudng tron(O; R)c6"AB = 8cni.

AC = 15cm, duomg cao AH = 5cm (diém H ndm trén canh BC). Tinh ban
kinh cua duong tron.

6. Cho duong tron (O) c6 duong kinh AB = 12cm. Mot duong thing di qua
A cit dudmg tron (O) 6 M va cat tiép tuyén cua duong tron tai B ¢ N. Goi
I 1a trung diém cua MN. Tinh do dai AM. Biét ring Al = 13 cm.

7. Cho duodng tron tam O ban kinh R, cac duong kinh AB va CD vudng géc
véi nhau. Goi I 12 trung diém cua OB. Tia CI cit duong tron O E, EA cét
CD ¢ K. Tinh d¢ dai DK.

8. Cac duong cao BH, CK cua tam giac ABC cit duong tron ngoai tiép theo
thit tw & D, E. Tinh s6 do goc A biét ring DE la dudng kinh cua duong
tron.

9. Tinh s do goc A cua tam giac ABC biét ring khoang cach tr A dén truc
tdm cua tam gidc bang ban kinh ciia duong tron ngoai tiép tam glac

10. Dung bang luong gidc hodc may tinh bo tai. Hay tinh:

a. Chi cao ung v6i canh 40cm cia mot tam giéc, biét goc ké vai canh
‘ ing 40° va 50° .
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b. Goc tao boi duong cao va duong trung tuvcn ke tir mot dinh cua tam
gidc. biét cac gde ¢ hai dinh kia bang 60" va 80",

11. Tam giac ABC co A=1 105", B = 45", BC = 4cm. Tinh cac do dai
AB. AC.

12. Tam giac ABC co A =60", AB =28cm, AC = 35cm. Tinh do dai BC.

13. Cho mot hinh vudng c¢6 canh 1dm. Nguoi ta cat di & mdi goc cua hinh
vuéng mot tam giac vudng can dé dugc mot bat giac déu. Tinh tong dién
tick cua bon tam gidc vudng can bi cat di.

14. Tam giac déu ABC c6 canh 60cm. Trén canh BC lay diém D sao cho
BD = 20cm. Puong trung truc cua AD cat cac canh AB, AC theo thir tu ¢
k. F. Tinh d9 dai cac canh cua tam giac DEF.

15. LPO tam gidc ABC c6 AB = ¢, AC = b. Duong phan giac AD, duong
trung tuym AM. Duong thang déi ximg vdi AM qua AD cat BC O N.
Tinh ti so BN : NC.

16. Tirh dién tich bat giac déu canh a.

17. Cho da giac déu 20 canh A A, ... A, noi tiép duong tron (O; R). Goi M la

md: diém bat ki thude duong tron: Tinh tong MA} + MAj + ...+ MAJ,.

18. Cto tam giac déu ABC va hink vuéng ADEG cung ndi tiép duong tron
(O:R). Tinh dién tich phan chung eua tam giac va hinh vudng.

19. Cho duong tron (O) , cung AB bang 60°. V& cung OB c6 tdm A ban kinh
R. V& cung OA c¢6 tdm/B|ban kinh/R e Chimg) minh rang dién tich hinh
gidi han cac cung OA, OB, AB nho hon di¢n tich hinh tron (O; R)

20. Cho truong tron (O;'R)I'Mot-duong tron (0" cat duong tron (0) & A va
B sa0 cho cung AB cua-dudng-tron-(O")-chia hinh tron (O) thanh hai phan
¢6 ién tich bang nhau. Chimg minh riang do dai cung AB ctia dudng tron
(O" 16n hon 2R.

21. Cho tam giac ABC c6 dién tich S. Goi S; 12 dién tich hinh tron ngoai tlcp
tam giac. S, la dién tich hinh tron noi tiép tam gidc. Chimg minh rang:
28< 8§, +83,

22. Ch} hinh vién phan BC ¢6 day BC = a, cung BC = 90°.

“inh dién tich hinh vién phan.
b Tinh dién tich hinh vuéng DEGH ndi tiép trong vién phan d6 (D va E
thuwe BC, G va H thudc cung BC).

23. Tnh ban kinh cua hinh vién phian BC c6 ddy BC = 6cm, canh cua hinh
wvuing MNPO ndi tiép vién phén ay bang 2cm (M va N thuc BC, P va Q
thioc cung BC).

24. Tt giac ABCD ngoai tiép dudng tron (O), dong thoi noi nep mdt duong
tror khac, AB = 14 cm, BC = 18 cm, CD =26 cm. Goi H la tiép diém cua
CD va duong tron (O). Tinh cac do dai HC, HD.
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25. Mot hinh thang can ndi tiép duong tron tdm O, canh bén duoc nhin tir O
dudi goc 120°. Tinh dién tich hinh thang, biét duong cao cia hinh thang
bang h.

26. Cho hinh thang ABCD (AB // CD), AB = a, CD = b, a < b. Mot duong
tron (O) di qua A va B, cit cac canh bén AD, BC theo thir tu ¢ M, N.
Tinh d6 dai MN thco a, b, biét ring cac tir giac ABNM va CDMN co
dién tich bang nhau.

27. Cho hai duong tron (O; 3cm), va (Oy; 6¢cm) tiép xic ngoai nhau tai A va
cung tiép xic v6i duong thing d tai B va C. Mot duong tron (0,) nhé
hon hai dudng tron trén tiép xic véi ca hai duong tron dy va tiép xac voi
duong thang d.

a. Tim ban kinh cua duong tron (O,).
b. Tim dién tich hinh gigi han boi ba duong tron (O), (O)), (0-) va
dudng thing d.

28. Cho mira duong tron tdm B duodng kinh AC = 4a. Dung nira duong tron
(O) duong kinh AB narn trén nira mit phang chia nira duong trorn noi
trén. Tir C ke day CD tiép xiic voi nira dudmg tron (O) tai E va it tiép
tuyén A cua nira duong tron (O)tai T
a. Chimg minh: AD song song [voi OE.

b. Chitng minh ring hai tam gidgc AIC va EOC déng dang. Tinh gié tri
cua tich AL EC.

¢. Ching minh rang hai tam giac; AEC va EBC dong dang va tirh ti sé
dong dang ciia chung

d. Tim dién tich cua hinh.gi¢i han béi-doan thang BC, cung EB va tiep
tuyen CE.

29. Cho duong tron (O; 5,0¢ém) va mdt diém A nam trén duong tron 4y. Trén
tia tiép tuyen Ax, lidy mot diém B sao cho AB = 5,0 cm. Duong tron
(B; 5,0cm) cit duong tron (O; 5,0cm) tai diém thu hai C.

a. Chung minh BC la tiép tuyén cua duong tron (O; 5 ,0cm).

b. Tir gidc OABC la hinh gi? Tai sao?

c. Tinh di¢n tich hinh gi¢i han boi hai cung lon AC cua hai durong
tron da cho.

d. Tu B keé cat tuyén bét ki cét duong tron (O; 5,0cm) tai E va F. Chiiing
minh: BE.BF khong ddi.

30. Cho tam gisc ABC, B _51’—3Q=% Dudmg tron (0) di qua AC sio cho

cung AC c6 s6 do bang 90° va O, B nim trén hai nira mat hang ddi mhau
bo AC. Dudng cao AH cua tam giac ABC cat duong tron tai diém hir hai
Q va cit ducmg théng chira duong kinh IC tai M.

a. Tam g;ac ABC la tam giac gi?

b? Tam giac AIC la tam gidc gi?

v "f“’ h' :}'9.'
y _.1(,_: ool
28 5
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¢. Chimg minh rang duomg phén gide cua goc BCI cling la duong phan
giac cua goe ACQ.

d. Duong thang BC cat duong tron tai diém tha hai E. Chang minh rang
hai tam giac AEC va MIA dong dang.

¢. Cho AC = b. Tinh dién tich hinh vién phan tao boi cung nho AC va
day AC.

31. Mot tam giac déu ABC ndi tiép duong tron (O) duong kinh AD = 6,0cm.
Goi 1 1a giao diém cua hai duong thzm;: BD va AC. Trén tia IC lay diém
N sao cho IN = IB; duong lhdng BN cit duomng tron tai diém thi hai M.

a. Tinh d0 dai canh cua tam giac déu ABC.

b. Cac tam giac BIN va BMD la tam giac gi?

¢. Ching minh h¢ thie: NC. NA = MN . NB.

d. Tinh tong dién tich ba hinh vién phan gioi han bdi dudng tron (O) va
tam giac déu ABC.

32. Cho mot hinh chir nhat ABCD, AB = b. BC = bJ2. Tir A ké duong
thang vuong goc voi BD cat BC va BD theo thir tu tai M va N.

a. Tinh d dai cac doan thang BD va BN,

b. Chirng minh rang, M la trung diém ciia BC.

¢. Ching minh rang tir giac DNMC Qi tiép duoc trong mot duong tron.
d. Tinh dién tich hinh tron ngoai uep ti giac DNMC.

33. Cho 5 diém thing hang sip xép theo thu tu A, B, C, D, E. va
AB = BC = CD = DE 3, Day MN, cia duong,tron (C; AC) vudng goc
vo1 AD tai D; AM cat duong tron (B: AB) tai K.

a. Chimg minh rang DK la tiéptuyén coa dwémg tron (B; AB).

b. Céc tam giac DKM va AMN la tam giac. gi? Tir do suy ra DK // AN.

¢. Chimg minh rang Tir giac KMDC ndi tiép dugc trong mot duong tron

d. Tim dién tich hinh gidi han béi ba duong tron (C; AC), (B; AB) va
duomg tron ngoai tiép tir gide KMDC.

34. Cho tam gidc vudng ABC, A =1vva AD la duomg cao thudc canh huyén.
Tia phan gidc ctia goc BAD cat BC tai M. V& duong tron duong kinh AM.

a. Tam giac ACM la tam gidac gi?

b. Ching minh ring dudng tron duong kinh AM cét canh AB tai diém
thir hai N va di qua D.

¢. Tu giac ACMN la hinh gi?

d. Cho AC~20,0cm; C ~ 30°.Tinh dién tich hinh tron duong kinh AM.

35. Cho hinh thang can ABCD, hai day la AB = Scm va CD = 7cm,

C = 60°, hai duong chéo BD va AC cit nhau tai O.

a. Chimg minh: Hai tam giac OAD va OBC béng nhau.

b. Tinh d6 dai cac canh AD, BC va cac duong chéo AC, BD.
c. Tinh dién tich hinh tron ngoai tiép hinh thang ABCD.
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36. Hai tiép tuyén MA va MB cua duong tron (O: R) tao thanh 1 goc
120° (A va B la cac tiép diém).

a. Tam giac MAB la tam giac gi? Tinh cac canh cua tam giac ay theo R.
b. Tinh dién tich phén hinh tron nam trong tam giac MAB.

c¢*. Tir mét diém N trén cung nho AB ké ND, NE, NF theo thir tu vuong
goc voi AB, MB, MA (DeAB, EeMB, Fe MA).

Chirng minh: ND? = NE.NF.

37. Cho dudng tron tdm O, ban kinh R = 5cm. V& mdt ddy AC cé do dai 6cm

va dudng kinh BD vudng goc vai day AC tai E.

a. Tinh d¢ dai cac doan BE va DE.

b. Tinh chu vi tir gidc ABCD.

c. Tinh d6 dai FG cua duong thing song song vdi AC ké tir O va cat AD
tai F, CD tai G.

38. Hai dudng tron (O) va (O') c6 cung ban kinh R, cit nhau tai A va B.
Doan n6i tim OO' cat cac duong tron (O) va (0') theo thir tw & C va D.
Tinh R biét ring AB = 24cm, CD = 12cm.

39. Hai dudng tron (O) va (O') ¢ cung ban kinh R. cit nhau tai A va B,
trong d6 OAO'=90". V& cit tuyén chung MAN, M thudc (0), N thudc
(0’). Tinh AM? + AN? theo R,

40. Cho ba dudng tron tam Oy, O3,03 cd cung ban kinh va cung di qua mot
diém I. Goi cac giao diém khac I cua hai trong ba duong tron do la A, B,
C. Chimg minh rang"

a. AABC = A0,0,0,. b. I 1a truc tdm cua tam giac ABC.

41. Cho diém A nim ngoai duong tron tam O. V& duong tron tdm A ban
kinh AO. Goi CD la tiép tuyen chung cuia hai dudng tron. Ce(O).
De(A) Doan ndi tim OA cai dudng tron (O) ¢ H. Chimg minh rang DH
1 tiép tuyén cua duodng tron (O).

42. Cho hai dudng tron (0) va (0) cit nhau tai A va B. V& hinh binh hanh
OBO'C. Chimg minh ring ACOO' la hinh thang céan.

43. Hai duong tron (O; R) va (O'; r) tiép xtc ngoai tai A. Ké tiep tuyén
chung ngoai BC, Be(0), Ce(0").

a. Cho R =3cm, r = lem. Tinh cac do dai AB, AC.
b. Cho AB =19,2cm, AC = 14,4cm. TinhRvar.

44. Cho ba dudng tron (O)), (02) (03) tiép xiic \voi hai canh cua mot géc
nhon va (O)) tlcp xuc ngodi véi (0,), (0) tiép xuc ngoai véi (03) Biét
ban kinh ctuia cac duong tron (O) va (O;) 1a a va b. Tinh ban kinh cua
duong tron (O,).

45. Cho hai duong tron (O) va (O') tiép xic ngoai tai A. Goi AB la dudng
kinh cua dudmg tron (O). AC la duong kinh cia duong tron (O'). DE la

t1ep t@chung cua hai dudmg tron. De(0), Ee (0", K la giao diém cua
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a. T giac ADKE la hinh gi? Vi sao?
b. CMR: AK la tle luyLn chung cua hai duong tron (O) va (O).
¢. Goi M la trung diém cua BC. C MR: MK vuong goc voi DE.

46. Hai duong tron (O; R) va (O'; 1) tiép xuic ngoai lai A. Goi BC, DE la cac
tlep tuyeén Lhun;: cta hai duong tron (B va D thudce duong tron tam O).

a. Chirng minh rang BDEC la hinh thang can.
b. Tinh dién tich hinh thang can do.

47. Hai duong tron (O; R) va (0" 1) tiép xtic ngoai nhau. Goi AB la tiép

tuyén chung cua hai duong tron. Ae(0), Be(0O').

a. Tinh d¢ dai AB.

b. Cho R = 36¢m, r = 9cm. Tinh ban kinh cua duong tron (I) tiép xuc véi
ducmg thang AB va tiép xuc ngoai voi hai duong tron (O) va (O7).

48. Trong mot hinh thang can c6 hai duong tron tiép xtc ngoai nhau, moi
dutmg tron tiép xtc véi hai canh bén va tlep xuc voi mot day cua hinh
thang. Biét ban kinh cua cac dudng tron do bang 2cm va 8cm. Tinh dién
tich hinh thang.

49. Cho tam giic déu ABC noi tiép duong tron (O; R). Goi (0') l1a duong
tron tiép xtc trong voi duong tron(Q). va tiép xlc v&i hai canh AB, AC
theo thir tu tai M, N.

a. Chimg minh ring ba diém M, O N-thang hang.
b. Tinh ban kinh cua ducmg tron (O') theo R.

50. Cho tam giac ABC vuong/car tai A moi tiép dudng tron (O; R). Goi (O7)
la dudng tron tiép xic trong véi duong tron (O) va tiép xdc v&i hai canh
AB, AC. Tinh ban kinh '¢tid' daong 'tron (O'ythed'R.

51. Cho duong tron (O) duong-kinh-AB—duong-tron (O') tiép xuc trong voi
dutng tron (O) tai A. Cac day BC, BD cua duong tron (O) tiép xuc voi
dudmg tron (O') theo thur tu tai E, F. Goi I la giao diém cua EF va AB.
Ching minh ring I la tdm cua duong tron ndi tiép tam giac BCD.

52. Cho ba dudng tron ban kinh r tiép xiic ngoai déi mot. Tinh ban kinh cua
dudng tron tiép xdc véi ca ba dudmg tron do.

§3. Cho duong tron tam O ban kinh R. Vé vé mot phia cua duong kinh AB
cac tia tncp tuyén Am, Bn. Goi (I). (K) la cac duong tron tiép xuc _ngoai
nhau va tiép xtc ngoai duong tron (O), trong d6 duong tron (I) tiép xtic
vol tia Am, duong tron (K) tiép xuc voi tia Bn. Goi x va y la ban kinh cua
cac dudmg tron (I) va (K). Chimg minh rang R =2/xy.

54. Cho nura duong tron tim O véi duong kinh AB. Goi OC la ban kinh
vudng goc vél AB, d 1a tiép tuyén véi nira duong tron tai C. Goi (I) 1a
dudmg tron tiép xuc trong véi nua duong tron tam O va tlep xuc voi
duong kinh AB. Chimg minh ring diém [ cach déu duong thang d va
diém O.
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55. Cho ntra dudng tron tam O vdi dudng kinh AB = 2R. Goi OE la ban kinh
vuong goc vl AB. Ve du’(mg, tron (C) c6 dudng kinh OE. Goi (D) la
duong tron tlep xuc ngoai voi duong tron (C), tlep xuc trong v¢i duong
tron (O) va tiép xuc voi doan thanb OB. Tinh ban kinh cua duong tron (D).

56. Cho diém C thudc doan thing AB, AC = 4cm, CB = 8cm. V& vé mot
phia cia AB cic nira duong tron c6 duong kinh theo thir tu la AC, AB.
Tmh ban kinh cua dudng tron (I) tiép xic véi cac nira duong tron trén va
tiép xiic v&i doan thing AB.

57. Cho tam giac ABC vudng tai A, AB = 6cm, BC = 10cm. Tinh ban kinh
cta dudng tron (0O") tiép xuc voi AB, AC va tiép xic trong vai duong
tron ngoai tiép tam giac ABC.

58. Cho hai duong tron lam O ban kinh 9cm va tim O ban kinh 3cm tiép
xuc ngoai nhau. Mot dudng thang bi hai duong tron do cat thanh ba doan
thang bang nhau. Tinh d6 dai ciia mot doan thang do.

59. Cho hal duong tron (O) va (O) o ngoal nhau, OO' = 65cm. Goi AB la
tiép tuyén chung ngoai. CD la tiép tuyén chung trong, A va C thuoc (0),
B va D thudc (O'). Tinh ban kinh cua cac dudng tron (O) va (O°). Biét
rang AB = 63cm, CD = 25cm,

60. Cho hai duong tron (O) va (0') '&'ngoai nhau. Ke tiép tuyén chung ngoai
AF va tiép tuyén chung trong EM(A, E€(0), B, De (O’ ):

a. Goi M la giao diém cua AB va EF. Chimg minh rang A AOM va
ABMO' dong dang.

b. Chimg minh rang AE vudng goc véi BF.

c*. Goi N 1a giao diém' ¢ia AE 'va BF. Chimg minh ring ba diém O, N, O'
thing hang.

61. Cho hai dudong tron (O) va (0") 0 ngoai nhau. Qua O, ke cac tia tiép
tuyén véi duong tron (O'), ching cat duong tron (O) tai A va B. Qua O',
ké cac tia tiép tuyen voi duong tron (O), chung cit duong tron (0°) ¢ C
vaD. Ching minh rang A, B, C, D la bon dinh cua mét hinh chir nhat.

62. Cho hai dudng tron dong tam O, c6 ban kinh R va r (R >r). Day BC cua
dudng tron 16n cat dudng tron nho tai D va E. Goi EA la duong kinh cua
dudmg tron nhé. Chimg minh ring DA? + DB? + DC? = 2(R? + r?)

63. Hai diy AB, CD song song véi nhau cua duong tron (O) la tiép tuyén
cia duong tron (O’), AB = 10cm, CD = 24cm. Biét duomg kinh cua
dudmg tron (O’) bang 7cm, tinh ban kinh cua duong tron (O).

64. Tinh ban kinh cua duong tron (O), biét rang day AB cua duong tron c6
do dai bang 2a va khoang céch tir diém chinh giira cia cung AB dén day
AB bing h.

65. Cho ntra duong tron duong kinh AB = 2cm, ddy CD song song vai AB
(C e AD) Tinh d6 dai cic canh cua hinh thang ABDC biét chu vi hinh
thang bang Scm.

3(’)
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66. Cho nura duong tron tam O duong kinh 20em. C la diém chinh giira «
nira dudmg tron. Diém H thude ban kinh OA sao cho OH = 6 ¢cm . Pudn
vuong goc voi OA tai H cat nira duong tron o D. V& day AE song sor
vii DC. Goi K 1a hinh chiéu cua E trén AB. Tinh dién tich tam giac
AEK.

67. Cho tam giac déu ABC ¢6 dién tich S, ni tiép duomg tron (0). Trén cac
cung AB. BC, CA, liy theo thir tur cac diém A'. B, C' sao cho cac cung

AA" BB',CC'déu ¢6 sé do bang 30". Tinh dién tich phan chung cua hai
tam giac ABC va A'B'C'.

Huong din va dap so

1. Vé duong cao AH. Do AM = AC nén CH =HM = %

tanB AH AH CH 1
tanC BH CH BH 3

COS + SInQ

Do do

2. Chia ca tir va mau cua

—L-cho}sina # 0, ta duoc:
COSO —SsIno

coso
E‘osa+sina_m+ cota +F—2+1 _
('oqawsinaﬁcosa “coto+1, 2-1
sina
3. Goi H la giao diém cuia NA va DM. A 2a B
Dé dang chimg minh dugc:
AAND = A ABM (c.g.c) nén A, = A,, ’

2a M
suy ra AH 1L DM, cos MAN = ﬂ
AM

2

Pit AB = AD =2a. Tatinhduogc AM=AN=aJ5. D ~ N ~ C
Tir AD® = AH.AN, ta tinh duoc AH =22 do d6

J5
o~ AH 4a
cocMAN_AM—J_(\/_) N

4. K¢ DH // AC, EK // AB.
Dt DH = x, EK =y thi AC = 3x, "
AK = 2x, AB = 3y, AH =2y. H
Xét AAHD vuong tai H: x* +4y’ =100. o 4 a
Xét AAEK vudng tai K: 4x° +y? =225.
Suy ra 5(x? +y?) = 325. Tirdé x* +y’ =65.
Chi y riing BH =y, ta tinh duoc BD =+/65.nén BC =365 cm.
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5. Ké duong kinh AD.
Tac6 ABC = ADC (hai géc ndi tiép clng
chf:m mot cung), ACD = 90° (goc noi tiép
chan nira dudng tron).
Vay AAHB ~ AACD (g.g)
:ﬁ:—@:}i:iﬂf{=12(cm)

AC AD 15 2R )

Ban kinh cua dudng tron (O) bang 12cm.
Chi y: Néu diém H nim ngoai canh BC, ta vin co R =12 cm

6. Dit AM=x, MI=IN=y (0<x,y <13).
Tux+y=13va x(x +2y) =12%, ta tinh dugc x = 18 (loai), x = 8.
Pap s6: AM = 8cm.

A B
E
D
7. AAEB c6 EI la duong phan giac nén L3 3.
EB . 1B
AROR ~AAERIg): 16 = =22 - 8 Ios 45 OK HE0A =2,
OK ' EB 3073

Viy DK = %R.

8. Néu BAC < 90° thi H thudc tia AC (hinh a,b)

ABH = ACK.

= AD=AE. Ta lai ¢6 sd AD +sd AE =180° nén sd AD =sd AE = 9)°, do
d6_ABH = 45°, BAH = 45".Ta c6 BAC = BAH = 45".
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Néu BAC > 90" thi I thudc tia doi cua tia AB (hinh ¢). Ban doc tu chimg
minh rang khi do sd AD =sd AE = 90", ABH =45", BAH =45".Do do

iAC = 180° - BAH = 135" A
9. Co hai dap so: A = 60" hodc B 1907
10. a. BH = h.cotB, CH = h.cotC A
=5 BC =BH + CH = h(cot B + cot C).
b - 040 0 h—-,
cot 420+ cot 55 - B T C B MHC
A ~ 21(cm) a) b)

11918+ 0.7002 1,892

b. Dit MAH = o . Ta c6 BH = heotB. CH = heotC. MH = htana.,
BH - CH = (BM + MH) - (CM - MH) = 2MH
=shcotB=hcotC=2htana

T—— ;C"tc —(0,5774-0,1763)+2=0,2006

>

=sigeae 11921°.
11. Ké AH LBC.
bat AH= BH = x.
Ta co:
HC = AH.tan 60" = xv/3

Do BH + HC = BC nén x+x\/§=4,suy mx=

4

\/5+1
Tirdé AB =x/2 = 2(J6—J2_)cm,AC = 2% =4(\/§—1)cm.

= 2(J3 - 1)em.

12. Kée BH LAC. Taco AH = 14cm, BH = AB.sin60° = 28.-—\{?—5- =1443.

HC =21, BC? = BH? + HC? = 588 + 441 =1029. Tird6 BC =721 cm.
13. Dat DK = IC = x thi KI=MK =xv2. Tir DK + KI + IC = DC suy ra
1
2+J§-
o L 1
6+4V2 3+2V2

x(2+/2) =1, do d6 x = Téng dién tich cuia bén tam gidc vudng

=3-2V2(dm?)

cdn bi cit di bang: 2x?* =

A E F B
N/ \G
M\ /H
DX KxJy21 X

C
33
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14. Pit DE = AE =x, DF = AF =y. Ké DI L AB, DK L AC. Ta tinh dugc
BI = 10, DI =103, tir d6 4p dung dinh li Py-ta-go vao A DIE vuéng ta
tinh dugc x = 28.

B%mg cach tuong tu, ta tinh dugc y = 35. Biét AE = 28, AF = 35 va
EAF =60°, ta tinh dugc EF =7./21.

15. Ta c6: DAN = DAM, NAB = MAC theo vi du 6 ta c6:

BN c.AN BM c.AM
MG e 5w =3 gyt (Vg = Sham B =3 g5+ &)
: . ... BN BM ¢ A
A ) A 1 r 2 : esciaiss i o = b0
Nhén timg ve (1) véi ( S
BN ¢ b
Do BM = MC nén— = —-. C
0 nen NC b2

16. Dap sb: 2a%(V/2 +1). |
17. Lan luot tinh: B NDM C

MA? + MA?, =4R? MA? + MA%, =4R?,..MA? + MA? = 4R’
Pap sé: 40R?
18. (hinh a). Goi H, I 1a giao diém cua OE, DE véi BC.

Tacé: OH = HE =%,il =1 =i

Nén IH=HE=%,BI=BH—IH=%\@——I§=%(\[§—I)

b)

Truéc hét tinh dién tich AKBI (hinh b).
Goi duong cao KK’ = h. Ta c6 BK'+ K'I =BI nén —b-+ h =%(\/§ -1).

J8
2
Tu d6 tinh duoc h= %\E(\/ﬁ = Y B R?(9 —5V3), cudi cung dién

) 2 2 2
Wim bing: S, 5. — 28, = 3R4‘/§ = 11 (9-548) = ~—(83 -9).
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19. Go1 S 1a dién tich hinh gidi han bai cac cung OA,
OB, AB. Dién tich nay bang hiéu cua ba lan dién

tich hinh quat 60"ban kinh R va hai lan dién tich
tam giac déu AOB. Ta tinh duoc S :%;(n - \@). &
2

Hay chimng minh nR —E(rr - \/5) >0,

20. Cung AB cua (0O") chla hinh tron (O) thanh hai phan c6 dién tich S;, S,

bang nhau nhu hinh vé. Ké duong kinh AOC. Ta
thay:
- Pudmg kinh AOC cit cung AB cua (O’) tai
mot dlem D khac A va B (vi néu duong kinh AC
chi cat cung AB d6 tai A hodc cit cung AB do6
tatAvaBthi S, #8,).

- Piém O thudc doan thing AD, vi néu tréi lai
thi qua O ¢6 thé ké dugc mot dudmg kinh khong
cit (0’) dan toi S, <85, . Ki hiéu /lard/dai cung, ta cé

IA‘B _1,\’3+ln‘n >.AO+OD+DB>AO+OB—2R.

21. Goi R, r theo th tu 1a ban kinh cia duong tron ngoai tiép, ndi tiép
AABC.Tacé: 2S=(a+b+c)r,ma'a+b+c<6R 'nén 2S <6Rr. (1).

Mat khac S, + S, > 2,88, c=2JnR?*nr> = 2aRr 5 6Rr, (2)
Tu (1) va(2) suyra 2S<S,; +8,.(2)
22. Goi A la tdm cua dudng chira cung BC.

- ™ -~ a
Tacé BC=anén AC=—

V2

Ta tinh dugc dién tich cua vién phan B

g 2
bing szf‘—(n—z). HKG

A
)
Al
\
\
'
]
\

Dl

b. Goi DEGH la hinh vuéng néi tiép vién phan, goi x la canh cua hinh
vudng. Ké AI L BC, cit GH ¢ K.Xét A AKG vudng ta co:
AK* + KG* = AG?

=>(—+t)2+( )2+(

a7

(chiy AG = AC)
a

Rut gon duge 5x* + 4ax—a® =0. Vay x = =

AB¢ "
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23.

24.

25.

26. Goi I 12 giao diém cua AD va BC.

a’ab’ 8 .. +5 _ (S =S) + (Sym +5) _ g Suyra x= ’a’ﬂ 4+ b |
. é ¥ 4 Sixm Sixm e
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Goi O la tdm cua dudng tron chira cung BC, MNPQ la hinh vuong ndi
tiép vién phan. Dé thiy BM = MN = NC = 2(cm). Do d6 A BMQ vuong
cén, B =45".

A QMC vuong nén QC? =QM* + MC? =4 +16 =20, suy ra

QC = 245.G6c ndi tiép B = 45°nén goc géc & tim COQ = 90"

A COQ vudng can nén OC == =2 = /10(cm).

Q g - A (cm)
Goi I, K, M 1a tiép diém cua duong tron (O) trén BC, AB, AD, r 1a ban
kinh cua duong tron (O).

Pst CH=CI=x, DH=DM =y, BI=BK = t, AK = AM = z Ta tinh

duoc AD =22cm.

ABCD 12 tir gidc ndi tiép nén B, + D, =90°, tir d6 B, = HOD.

Tacé AEBO~ AHOD (gg) ==X o1l =yt.
r—¥

Tuong tu r® = xz. Suy ra xz = yt.
Dods ettt K

y z 224y
Tir d6 ta dugc 11x = 9y. Ta lai co-x+y =26.
Tatinh dugc x = 11,7 vay = 14,3.
Pap s6 HC = 11,7cm, HD = 14,3cm.

AOD =120° = ACD =60"

AAHC ¢6 HC = hecot 60° =h—;/§

Do HC bng dudmg trung binh ciia hinh thang nén dién tich hinh thang
h?J/3

3 .

bing

Pat MN = x> 0. Ta ¢6 N, = D (cing bing TAB)

ATAB ~ ATNM(g.g) = Sus _ &y’
Spv X
SIDC b 2
AIDC ~ AINM(g.g) = ——=(-)
Spm X
Pt S la dién tich méi tr gidc ABNM, CDMN.
Taco:
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27. a. Goi r 1a ban kinh duong tron (05). E la tiép diém cua tiép luycn d voi

dung tron nay. Tir O, ké duomg thiang song song v&i d no cat OB va
(), theo tha tu tai B va C.

Viv EC=0,0"'= (6 +1)* - (6-1)! = 24r =26r,
KR =0,B' = (3+1)* -(3-1)* =/12r =23r
nér BC =B'C'=2(/6r +3r) = 2Jr(V6 +V3) (1)

¢ dang L]]LI’HL minh duorc
e f((w {] (h—— 3y - 79

Ve (1) vz (2) suy nis

¥ 2 b SV 7
\ ] — - <

+ \'.-;} \,'!H 1 \r'l';%
18

— = 1(cm)
(V6 NS

Dion tich hinh gid1 han bor3-dudmg tron-trén va duong thang d la hicu
giva dign tich cua tr grac BOO,C xai tong dien tich hai quat tron va dien

ticn duong tron (O3). Vi BOOE la hinh thang vudong (vi OB Ld.
OCLd= OB//O,CvaB=1¥) —

OB +0,C |

o S .BC:3;6.6\/§ )7\/_(cm ) = 38,2
. r.3°.108"30" . I 70“8) . 5
< .:_-—:—“m” — =8 H9(cm _);.‘wq“_”“.) T | =22 Hexnr™).

- - \ju
(D¢ dang tinh dugce sin O,

ﬂQl?f::»Ol —70"30' ma

0, +0 =180° < O =18@° - O, =180° —70°304109°30" )

5 — o g
bl(‘_l =7 23.1%

; ~ 3,14(cm?) ~ 3,1(cm?) .
3+2J2
Viy S=38,2-(8,59+22,1) + 3,14 =~ 4,2(cm?).
28. a. OE L CI vi CI la tiép tuyén cua duong tron (O), E la tiép diém

AD L CI (vi ADC =1v (gbc ndi tiép chin nira duomg tron), suy ra AD // OE

b. Ha tam giac vuong OEC va AIC c6 goc nhon C chung, vay A OEC ~AIAC,
EC

suv ra B =—— = ALEC =0OE.AC = a.4a = 4a’.
IA  AC

c. AAEC ~ AEBC (A =E, Cchung) ti sb ddng dang k = B o

EC = JOC? - OE? =+/9a% —a? =a+/8 nén k=af=\ig:2f:\f.
a

3
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"d. Dién tich hinh phai tim la hiéu dién tich giita tam giac vuong OEC va
dién tich quat tron OEB.

il et Gip a5

da 3 L b

= C=19°30' = EOB =70°30"
av8.a _a \/_

SAOEC = 2 2\/_

S _ma .70030' _4,7na’ >

q(OEB) 3600 24 ’ A O B C

4,7na® a’
S =8,0ec _Sq{OEB) =a’y2 - 04 = 52(24\/5 ~4,7n)

29. a. AAOB = ACBO (c.c.c) (AB = BC, AO = OC, OB chung), suy ra
A=C=1v hay BC LOC diém C nim trén duong tron.
Vay BC la tiép tuyén cua duong tron (O).

b. Taco OA =0C = AB = 5cm, va C=1v, vdy OABC la hinh vuéng (hinh
thoi cé 1 goc vuong)

c. Dién tich hinh gidi han béi hai ducmg tron (O) va (B) 1a tong dién tich hai
hinh tron di hai lan dlen tich hinh vién phan AEC.

S =T r’ ma S(0) = S(p) (vi ban kinhcua chung bing nhau) nén 8y =nr’
Dién tich hinh v1cn phan AEC la: ¥
S{AEC) =5 q(0AC) ~ Soac
nr?.90° nr? r
q(0AC) ~ 360° \ - AOAC = _5-
nar?

S = —_—

(AECQ) =4 T A
Vay dién tich hinh phai tim la: S= S(O) - 2S( AECQ)’

2 2 2 2 2 2

S = 2mr? -2(51'—-1"—)=2m-2 o 21 +%; S - 6’;" + o= en+2).

d. A BEC ABCF (B chung, F = ECB (86c ndi tiép va goc giira mot tia tiép
tuyén va mot didy di qua tiép diém cung chin cung EC)), suy ra

-g-g = % = BF = BC? = 5% = 25. Vay tich BE.BF khéng déi.
30.a. B= i s =y s . Ap dung tinh chét cua day ti sé bang

13 18 5 13 18
5B _5C 5A 5B+5C+5A 5(A+B+C) 5.180"
13 18 5+3+18 36 36
:Nq =§910°]§ =25° C =65°. Vay A ABC la tam gidc vudng tai A.

P = =y
i ‘1
ML
B8 7

- 25(]

nhau ta co:
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-

b. AAIC, A=1v (gbc ndi tiép chan

nira duong tron); 1=45" (goc ndi B
tiép chan cung AC).
=» A AIC tam giac vudng can
c. Ta co: BEQ + Q-E‘j\+ ACI = BCI;
BCQ + Caﬁ =1v,ACI + AIC = 1v.
Suy ra J{TC:C@;M‘J’TQ:EI. M
Gia str CZ 1a phan giac cua géc BCI, vady BCZ =ZCI ma BCQ = ACI,
trir vé voi vé cuia hai dang thirc nay ta cé:
BCZ - m =701 -ACK: QFZ = Z0A
Viy CZ ciing la phan gla cua goc ACQ
d. AACE va AMIA ¢6 E=1 (goc ndi tiép chin cing mot cung)
ACE =180° - 65° =115°
IAM =90° + CAH =90° + (80"—65") = 90%525" =115°

Suy ra ACE = IAM. Vay AACE= AMIA.
e. Goi dién tich hinh vién phan tao boi'cung nho AC va day AC 1a S, thi

rOG290Y) nOC* . b
S= Sq[OAC] — B ;Sq(OAC} = 360° = z " ma OC = “E
o _“(\/5)2 LA b boo 2o A BB
*~q(0AC) ‘"_4'_‘ 8 NOAC T ("\7——5'-7—*) ““;‘ "—é——?—?(ﬂ‘ )
31.a. AB=AC=BC=RJ3=3/3 "

b. IB =IN = A BIN la tam giac can.
- sdAC-sdDC , , ~ T .
I= 5 (goc I la goc co
dinh niam ngoai dudong tron) ma
sdAB =120°,sdDC=60° =1=30". g C

e o 0 _ano
Vay MBD=BNi =130 =30 _750

92 D
sdBD  60°

ABMD c6 M = = = 30",
2 2
MBD =75° = MDB = 75°, vdy BMD la tam giac cén.
c. ANAB ~ ANMC (B=C;A =M (géc néi tiép ciing chin mét cung))

o IND g R IR N,
“NM_NC "
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d. Dién tich ba hinh vién phan giéi han boi duong tron (O) va A ABC la
hiéu dién tich giita hinh tron (O) va dién tich A ABC.

2 2 . ~
S0 = TR? = 8,5 = (S‘f) Y3 i AABC déu c6 canh bing RVA va i

dang chimg minh dugc ducmg cao cuia né 1a RJ3(v/3: 4)

2 2
Do 86 S=nR? - 2B ‘/_ R (4:: 373) = 9(4n - 3/3)(cm?)

32.a. Tacod BD? = BC? +CD2 :(bJ_ +b%=3b%2 < BD =bJ3

Str dung hé thirc lrong trong tam giac vuong ta co:

AB2 Y b
AB? = BN.BD = BN =
"3 3

b. Hai tam giac vuong RNM va BCD ¢6 M=D (hai gde ¢6 cung mot phin

phu 1a MBN), suy ra ABNM ~ A BCD ’ i T,
_ BN _BM | '
~BC " BD N
Thay béng s ta c6: | \
b . N
5 , '

W2 b (R f 2
Ma BC =b+/2, diém M nim trén tia BC. Vay M la trung diém cuia BC.

¢c. N= lv,e = 1v = N + OL9%nén DNMC T4t g14a¢ noi tiép.

d. DM la dudng kinh cua duong tron ngoai tiep t giac DNMC. Dé dang
chimg minh dugc MA = MD.

2 2
Trong tam giac vuobng ABM: AM? = BM? + AB? =[~§_-2—] +b? = %.’-

AM =£é\£ MD =P—£ . Vay ban kinh cua duong tron la R =P{§.
Dién tich cua hinh tron ngoai tiép tir giac DNMC la:
2 2
S=nR?=S= n(i e e
16 8 ‘ ‘
33. a. Trong tam giac vui‘)ng MDC, CD =&, CM = Za (vi diém M nam trén
duong tron (C; CA) hay (C; 2a)) cosMCD~—2—- = 5 MCD = 60°
a

-~

A ACM la tam gidc can (CA=CM)=> A =M

0
6i=30”
2

w3 44
m‘f:"-‘;" it

s B & i3
o0 P e
£ gy @ U

40
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CA

Trong tam giac vudong AKC, A=30"=KC= hay KC = BC, ma

B = CD = a nén BKD la tam giac vuong tai K hay BK L DK nén DK la
ti{-p tuyén cua duong tron (B; AB).

b. AACM la tam giac can (chimg minh trén) ma CK LAM = KA = KM,
Trong tam giac vuong DAM, DK la trung tuyén =KD = KM va
M --60" (vi M+A=90") Vay DKM la tam giac déu.
Day cung MN L AE nén DM = DN =AM = AN ma A = 60" <> AMN Ia
tam gidac déu. KM = KA (chimg minh trén) va DM = DN = KD la duong
trtung binh cua AAMN > DK // AN.

¢. Hoc sinh tu ching minh.

d. Dién tich hinh phai tim la phan gach
soc trén hinh bang dién tich hinh tron
(C: 2a) ¢ong vai dién tich hai hinh
vién phan do hinh tron (B: a) va hinh
tron ngoai tiép ur giae KMDC gor la
duong tron (O; a) (hinh tron -pay
cing ¢o ban kinh la a) trir hal lan
dién tich hinh tron (B; a).

S, na’. Hinh viénphan do hai cung AC cua hai duong

= .-lna“;btm =

tron (B: O) va (O; a). Hai hinh digniphdnnay; dey, bang nhau (vi ban kinh
hai duong tron bang nhau va hai cung bang nhau).

na’.60 ‘ma’® Dol G Hayy a“ﬁ . . gl gl \/-i
Ska0 = "3gp =\ BBC=60): Syge =N Sy =g =T
2 2 2 2 9
Do do S=4ra® +2(%' 2 f)—‘z.na"’ =4na’ + n.; —51—2@ = %(141:—3\/5)

~ — —

34.a. Bva CAD cing 6 phan phula C nén B =CAD, AMC=B+BAM
(goc ngoai tai dinh M cua A ABM).
MAC = CAD + MAD ma BAM = MAD [giéthiét) suy ra AMC = MAC.
Viy A ACM la tam giac cén.

b Vi ADM =60° nén D nim trén (O). Vi AM la tia phén gidc nén né nam
gifra cac tia AB, AD.
Suy ra M nam giita B. D hay trén
duong thing MD, B ndm ngoai day
MD. Vay B nim ngoai (O) ma
BAM < 90°nén BA khéng tiép xuc
voi (0). Suy ra BA cit (O) tai diém
thir hai N.
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c. MNA =1v (goc ndi tiép chin nira duomg tron) hay MN L AB, BAC = 1v
hay AC L AB=MN // AC suy ra tir gidc ACMN la hinh thang vudng.
d. Goi O la tim dudong tron dudong kinh AM, A ACM la tam gidc cin dinh C,

g e 0
nén CO L AM va CO la duong phan giac cua C, viy ACO = 33

=15°

Trong tam giac vuéng AOC thi
OA = ACsin ACO, OA =12sin15°. Viy dién
tich hinh tron (O) la:

S(o) = mOA” = m.(125in15°)’ = 144nsin® 15°
~ 31,65(cm?) = 31,7(cm?).

35. a. Do hinh thang c6 truc d6i xung la dudng
thang IK (I, K lan luot 1a trung diém cua AB,
DC) ta ¢6 AC d6i xung v6i BD va giao di€m
O nam trén truc d6i xung IK.

Vay A OAD dbi ximg vi A OBC qua IK, va bang nhau.

b. T B ké BE // AD (E nam trén-canh DC). Ta c6 tir giac ABED la hinh
binh hanh nén AB = DE = 5cm,AD = AE ma AD = BC = BE = BC ma
C=60° = AEBC la tam gidc déu, nén EC =7 -5 = 2(cm).

Do d6 AD = BD = 2(¢m). K¢ 'dudng cao BH ¢ua''A EBC, HE = HC = lem
nén DH=15+1=6 (cm), BH = /3 (cm).

Ap dung dinh 1i Pitago..vao.ABDH: DB2 = DH? + BH?

= DB? =62 +(+/3)* =39,DB = /39 ~ 6,2(cm) nén AC = 6,25cm.

c. Tabiét D=60° = AC=120". Duong chéo AC truong cung 120°, viy
DAC la tam giac déu néi tiép dudng tron. Néu goi R 1a ban kinh dudng

tron ngoai tiép hinh thang ABCD la: S =122y ~ 40,8(cm?) ~ 41(cm?)

V3
36. a. MA = MB (dinh li) vdy A MAB la tam giac can.
Ta co OA LMA va OB L MB (dinh Ii)
Tir gidc MAOB c6:
A =90°B=90°,M =120° (gt)
= 0 (nho) =60°,ddy AB truong
cung bang 60° nén AB =R.

MO cicB tai H, HA=-A2—B=
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Vi MAH = 30° (trong tam giac vudng canh ddi dién véi goc 30" bang

) 2 2
nua canh huyén). Dat MA = x ta ¢6: x°* —(%)2 = (}21)2 = 3:— :%—
2 "
=% = RE 3a® :R?:x:RTﬁ.Véy MA:MBzRTJE.

b. Phin hinh tron nim trong A MAB chinh 1a hinh vién phan tao boi cung
AB va day cung AB.

. 7R%.60 nR*
S= Sq(U:\HI - SL\OAB;SQ[OAB] a 360 B 6
RJ3 . R? R2J/3 R?
S e :—-;‘C,nen = (O~ 84/8)

c. Hai tam gidc vudng AND va BNE c6 NAD = MBN nén A AND ~A BNE;

%I% =%§,A BND ~ A ANF (vi hai tam giac vuong co NBD = r@‘i«*)
AN NF ND NF
—=——_Tu (1) va(2 — =
suy ra BN - ND u(l) va(2)suyra NE - ND
= ND? = NE.NF A
37.a. bat BE = x thé thi DE = 2R -x / \
T A vuong BAD ta co:
ro?g vuong aco B ‘ D
AE? = x(2R - x) V
= 9=x(2R -x) \)
C

= x? -10x + 9 = 0!
Tir 46 duoc BE=1va ED = 9.
b. Trong A vudng ABD ta cé AB? =2R.BE =10 va AB=BC =10
AD? =2R.ED=10.9 va AD =CD = 310.
Nén chu vi ABCD = 2(+/10 +310) =810
FG R 65 .1

c. A ACD~ AFGDnén —=—>=>GF=—=3-cm.
AC ED 9 3

38. Goi H la giao diém ciia AB va CD. A OHB vuéng nén
OB* = OH? + HB? = R? = (R-6)? +12* = R = 15(cm).
39. Ké OH va O’K vuodng géc véi MN. Ta c6 AAOH = AO’AK (canh
huyén — goc nhon) nén OH = AK. Pap s6 AM? + AN? = 4R?.
A

43
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40. a. Cac tr giac O,BO,I,0,10,A la hinh thoi
= 0,B//10,,0,B=10,,10, // 0,A,
10, =0,A = 0,B//0,A,0,B=0,A
= O0,BAO, la hinh binh hanh
= AB=0,0,,AB//0,0,.
Chimg minh twong tur BC = 0,0,,CA =0,0,.
Viy A ABC = AO,0,0, (c.c.c).

b. Taco AIL0,0,ma 0,0,// BC nén Al L BC.
Ching minh tuong tu Bl L AC.
Vay I la truc tdm cua A ABC.

41. Ta c6 AOD = COD (cung bing ADO) nén AOHD = AOCD (c.g.c). Tu
do iﬁﬁ) =OCD = 90". Suy ra DH la tiép tuyén cua dudng tron (O).

42. OO’ cat AB, BC theo
tho tw o I, M. Ta ¢o
IM la duong trung
binh cua A ABC nén
IM //"AC. Ta lai ¢6
OA = O’C (cung bang
OB). Do d6 ACOO’
1a hinh thang céan.

43. a. Truéc hét tinh BC, duge 243 cm. Ké duomg kinh BOD thi C, A, D

1

thing hang. Tinh BA theo cong thirc ! == — ! —dugc BA = 3em.
pAx~—BD° //BC*

Tir 46 AC = V/3cm.
b. Dé dang tinh dugc BC = 24cm. Vé O’K L AC, ta c6:
QKC r 1,2

AO’KC ~ ACAB (2.0)~3 QRC r_12
s (B-8)- SuyTa = =5 " Tog =

I
O
£
3

Tuong tu R =16cm.

44. Goi x la ban kinh cua duong tron (O,). Ki hiéu nhu trén hinh vé. Tur cac
8 _B% 7% % ~Jab.

iz ik i X
tam gidedong dang ta co:
- £ X+a X+b
ﬁ /?-.'T’: i;;f-’
,"< - a
2
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M A B

45. a. Theo tinh chat goc ngoai cua
tam giac: 0, =2B,0" =2C, ma
0, + 0", =180° nén B+C =90,
suy ra K=90". Ta lai c6
D= E =90"nén tir giac ADKE la
hinh chir nhat.

b. Ay + Az =D, +D: =90° nén’ KA LBC.
Viy AK la tiép tuyén chung cua (O) va(O”).

¢. Ki + E; =C+ EKA = 90° nén MK LDE.

46. a. Do tinh déi ximg nén BD L 007, CE 1L 00’ =BD / CE =BDEC la
hinh thang. Do tinh déi ximg nén CBD = EDB, do d6 BDEC la hinh
thang can.

b. Ké tiép tuyén chung tai A catBC; DE
o M, N.

Ta ¢6 MN =2AM =BC=2JRr (dé
chimg minh, ching han xem vi du
20). K¢ dudng cao CH cua hinh
thang, CH cat OB tai K.

Xét ABKC vuong:

4Rr
+r
Chu ¥y ring MN la duong trung binh cua hinh thang BDEC nén

4Rr 8RryRr
S = MN.CH = 2JR.r. = .
s o . R+r R+r

47.a. AB = ZJﬁ;.
b. Goi H la tiép diém cua duong tron (I; x) véi AB.
Xét hai truong hop:
+ H thude doan AB. Theo cac tinh & cau a, HA = 2J/Rx,HB = 2Vrx.

BC! =KCHC =»>4Rr=(R+r)HC=HC=

|l | 4
e . g M 2
R o s
¥ o
g

45
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Ta co HA+HB=AB:>2\/.R_X+2\[I';=2\/R_I'.
Rr

(VR + )
Thay s6 x = 4. Vay IH = 4cm.
+ H thudc tia dbi cua tia BA (H &
vi tri H’ trén hinh vé&). Khi d6 ta co
H'A-H'B=AB. Ta tinh dugc
I’H’ = 36¢cm.

48. Goi ABCD 1a hinh thang can (AB // CD),
tiép dlem cua hai duong tron (0) va (0’) 1a AMB
E. Goi tiép dlem cua (O’) véi AB, AD la 3
M, H. Goi tlcp dlem cua (O) voi CD, AD
la N, K. Tiép tuyén chung tai E cit AD & 1.
Xét AO’Al vuong
O'H? =IH.HA = 4 =4HA = HA = 1cm.
Suy ra AM = Icm.
Tuong tu, DN = DK = 16cm.
Sascp = (AM + DN).MN = 340(cmi?).

49. a. Goi K 1a tiép diém cua hai duomg tron. Ta
c6 A, O, O, K thing hang. K¢ tiép 9tuyén
chungtachatAB AC ¢ .D,.E. Ta cod
A ADE déu, O’ 1a giao diém cua cac duong
phan gidc nén ciing 13 giao diém cua cac
ducmg trung tryc. Suy ra M, N 1a trung
diémciia AD, AE. Ta lai c6 O la trung diém
cia AK nén M, O, N thing hang.

b. 0'K = AK:?

50.VE tiép tuyén chung cua hai dudng tronO'K =0'M = (AD + AE-DE): 2
Pép sé: 2R(V2 -1).
51. Do tinh d6i xtimg nén CD L AB, EF L AB. Ta c6 CAE = EAB (ciing bang

O'EA EA) nén EC = EI Suy ra Cz=1Ii,1ai ¢6 Cy =Tinén C, =C,. Piém 1 1a
giao diém cua cac ducmg pahan glac cac goc B va C cua ABCD nén la
tdm ciia duong tron ndi tiép tam giac do.

Tir d6 ta tinh dugc x =
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52. Goi A, B, C la tam cua céc duong tron ban kinh R da cho, O la tam cua
dudmg tron tiép xuc voi ba duong tron trén. O la tam cua A ABC déu,

2r

J3

+ Ba duong tron da cho tiép xic trong vdi duong tron (O; Ry). Khi do

R, =0A +r

+ Ba duong tron di cho tiép xiic ngoai voi duong tron (O;R;). Khi do

OA =—. Xét hai truong hop:

: 2 2
R,=0A-r.Papso: R, =r(—=+1); R, =r(—=-1).
. p 1 3 2 NG

J3
53. K¢ IC L Am, KD LBn, DK cit Am tai E. Ké IH L AB, IH cat DE tai M.
[a co:IK? - MK? =IM?. (1) -
Talai c6 IK =x +y, :
MK =2R-x-y,IM=CE=AC-BD alh® 1
= 2JRx - 2/Ry ' ‘ ep—M 5y D
(cong thire tinh doan tiép tuyén chung).
=2JR(Vx - ). LY 5
Thay vao (1) dugc A H O B

(x+y)’ —-(2R-x-¥)* =4R(Jx - \/;)9‘ sir duong tron (1) tiép xuc vai (0)

tai K va tiép xuc véi AB tai H. Tiép tuyén

& 2R(2x + 2y - 2R) = 4R(x 140y 2 fxy) ]

<:::»x+y—R=x+‘y-—2ny <:>R=2J>E.
54. Gia tuyén cua dudmg tron (1) tai K ct KR i

OA & M, cit HI & E. Ta c6 MK = MH,

AMHE = AMKO (g.c.g) MA H o) B

=HE = KO = OC. Suy ra tir giac

HOCE 1la hinh chir nhat, CE L CO. Do

d6 duong thang CE trung véi dudmg E

thing d.

D& thdy IE = 10.V4y I cach déu d va O.
55. Goi x la ban kinh cua duong tron (D). D

Keé DH 1L OE. X

Ta c6 OD?* -OH? =CD? —CH? A O R B

nén (R -x)? =(£2:"-+1r:)2 —(%—x)2

)

Tie S T fin Ao x = %.

56. Goi K la trung diém ciia AC.

Ké IHg#AB. DE thiy OK = 4cm. [ 2N
1a/ban kinh cua (I). A K COH B
A 7
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Pit OH =y. Taco: IH? = OI* -OH? = x* = (6 - x)* -y*(1)

IH? = IK?® - KH2. Taco: KH=4+y (néu O thudc doan KH).

KH =4 -y (néu H nam giita K va O).

Do d6 x* =(x+2)*  -(4+y)’. (2)

T (1) va (2) ta ¢6: (6-x)-y*=(x+2)°-(42y)’. Tu do y=2x-6

hoac y =6-2x. Thay vao (1) va rit gon dugc 4x(x-3)=0. Suyrax =3

(vado doy=0).

Pap s6: 3 cm. ’
57. Tam O cua dudng tron ngoai tiep

A ABC la trung diém cua BC. Goi x la

ban kinh cua (O’), ta c6 O0'=5-x. Ké

OD, O’K vuéng goc voir AC; OE, O’]

vudng goc véi AB. Dé dang tinh dugc

OD = 3cm, OE = 4cm.OE céat O’K tai H.

Ta co:

OH=0E-EH=4-0'I=4-x;00H=0'K-HK=x-0OD=x-3.

Xét AOO’H vudng ¢6 (4 -x)*#(x +-3)* =(5-x)*. Suy ra x = 4.
58. Ta c6 BC = CD = DE. Ké OH,;-O’K

vudng goc vai BE, O’M vudng géc'vai

OH. bat CH = DK = x thi CD = 2x,

O’M = HK =4x,

OM=0OH-MH=0H-0'K

=V81-x* —J9-x2.

Tir OM? +0'M? = 00" ta cé:

(V81-x% —/9-x?)* + 16x? =144.

Rut gon ta dugc 7x% —27 =+/729-90x% + x*. Binh phuong hai vé (véi

gl 27—7) roi rat gon dugc 48x*(x?> —6)=0. Suy ra x = V6.

Pép s6: BC = CD = DE = 2/6cm.

59. Goi R va la ban kinh cuia cac dudmg tron (O) va (0’). Ke O'HLO’D. Ta
c6 R-r=0H,R +r=0’K. Tinh OH duogc 16cm, O’K = 60cm.
Tir d6 tinh dugc R = 38cm, r = 22cm.
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a.A AOM~A BMO’(g.g). Cht ¥ ring: AOM = BMO' (do ciing phu véi OMA).

Ta co MO L AE, MO’ 1L BF, ma MO L MO’ (tia phan giac cua hai goc ké

bu) nén AE 1. BF.

¢. Goi I la giao diém cua OM va AE. Trudc hét ta chimg minh rang hai tam

61.

62.

63.

giac OIN va OMO’ dong dang. That vay, hai tam gidc AOM va BMO®
dong dang (cau a) c6 Al va BK la cac duong cao tuong tng nén
Ol MK OI IN

——=——_ TalaicoMK=INnén —=——.
OM MO’ OM MO

Suy ra A OIN ~ AOMO’ (c.g.c). Do d6 ION = MOO".
Viy O, N, O’ thang hang.

Goi R, r lan luot la ban kinh cia
(0), (O). Do tinh dbi Xing nén
hinh qua duong ndi tim 0O’ ta
co AB va CD cung vuong goc voi
00’ nén AB // CD. Goi1 H, K
theo thur tu la giao diém cna AB,
CD vai OO?

Ta c6 AH = Rsin AOH, ma sin AOH'=sinEOO' = 6% nén AH = 0%-,.
Tuong tu CK = ~R—r.Suy ra AH = CK, do d6 AB = CD. Tir d6 dé dang

00’
chimg minh duoc ABDC la hinh chir nhat.
Ké Ol L AB, ON 1L DEyPat DA = a,.DB,=bsDC = c.

Taco r? =DI?> + DN? = (%)2 +(c;b)2
g 2 2 _(ay2 b+c,,
R* =ON*® + NC ~(2) +(—2 ) . c

] 2 2
Do d6 R? +r? =a—+b =
2 2
suy ra a’ + b +c? = 2(R? + r?).
Ké OH L AB, OK L CD.
Ta c6: OH? + HA? = OK? + KD? nén
OH? -OK? = KD? -HA? =12% -5% =1109.
Néu O nam giira H va K thi:
OH + OK =HK =7,
do d6 OH-0K =119:7=17,v0 li.
Viy O niam ngoai doan thang HK va OH-OK =HK =7.
SuyraOH+OK=119:7=17.
Tu OH + OK = 17 va OH - OK = 7. ta tinh duoc OK = Scm.
Bén kinh cua duong tron (O) bang 13cm.

]

49
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64. Goi C la diém chinh giita cia cung AB, H la giao diém cua OC va AB.
Ta c6 OC LAB. Pédt OB = x. Ap dung dinh li Py-ta-go vaoA OHB, ta
a® +h*
2h
65. Tac6 CD // AB = AC = BD = AC = BD.
Pit AC=BD =x thi CD =3-2x.
Ké DH, CK vudng gbc vai AB.

Ta cé HB=KA=AB;CD =2"2‘1.

tinh duogc x =

ADAB vuéng nén

DB? =AB.HB:>x2=2.%:>x2—2x+1:0:>x:1.

Vay AC =BD = lcm, do d6 CD = lcm.
AK.EK (10+OK)EK c
66. S, = T 5 (1) D e
DC // AE AD =CE = AOD = COE.
Talai c6 COE =OEK (do OC 7/ EK)
nén AOD =OEK. ‘
Suy ra A OEK = A DOH (canh"huyén va goc
nhon) nén EK = OH = 6¢cm, OK = DH = 8cm.
Thay vao (1) dugc S,z =5dem”. Al
67. AAOB =A A’OB’ (c:g:c): Do Ar=30%némAj = 30°.
Talai c6 AOA' = 30° ién A*B* 7/ A0 (1):
Tuong tuw OB’ // AB (2).
Tir (1) va (2) suy ra AIB’O la hinh binh

§ C
hanh (I 1a giao diém cua AB va A’B’). ‘
Do d6 Al = OB’ = OA. B
bit OA =R thi AB=RJ§,BH=RTJ§, Bl=AB-AI=RJV3-R=R(/3-1).
Goi K la giao diém cua A’B’ va BC.
B, [RW3-1| 4-23 23
Tach S 18 =(AB)2 =[ R{3 } o nenS.. : 8., S

Goi dién tich phin chung 1a S’, ta cé:

%=S;“;S.%=1—3(—2§-@=\/§—I.Véy S'=(3-1)S.
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2. Cac bai toan chimg minh

Dang 1: Chirng minh hé thice hinh hoc
Vi dy I: Cho hinh thoi ABCD ¢o A =120". Tia Ax tao v&i tia AB goc BAx

bang 15" va cit canh BC tai M, cit duong thang DC tai N.

" 1 _ 4
AM? AN? 3AB*
HSG lop 9, quan Cau Gidy Ha Ngi , 2005 — 2006
Giai
A B

(‘hirg minh:

M

& ,
D5 H ¢ e
Trén canh DC lay diém E sao cho DAE =15°, suy ra NAE =90°.
> ADAE = ABAM (g.c.g) = AE|5 AM. X¢ét tam giac EAN vuong tai A,
1 " 1 1 1 1
duong cao AH. ta co . ~ = —,suy ra + = |
. AEF AN AH? U AME | ANE AH2 b

Xét tam giac déu ADC, duong cao AH, ta c6 AH? = —AD" == ABQ Q).

Tu(l)va(2)suyra dieu phai chimng minh.

Vi du 2: Cho tam gidc ABC vuong can tai A. duong trung tuyén BM. Goi D
la hinh chiéu cua C trén BM, H 1a hinh chiéu cua D trén AC. Ching
minh rang AH = 3HD. B

Giai
AHCD ~ AABM (g.g) ma AB = 2AM
nén HC = 2HD.
Dat HD = x thi HC = 2x.
Tacé: DH?* =HM.HChay x* = HM.2x : H
> HM = 0,5x; MC = 2,5x; AM = 2,5x; AH = 3x A L P
Vay AH = 3HD. D

Vi dy 3: Cho tam giac ABC c6 do dai cac canh AB, BC, CA la ba s6 tur
nhién lién llep tang dan. Ké dudong cao AH, duong trung tuyén AM.
Ching' minh rang HM = 2.

£

Gidi
DatBC=athi AB=a-1,AC=a+1. bat HM = x.
Tathdy HB = MB - MH (néu B <90°, h.a),
51
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HB = MH - MB (néu B >90°, hb)

2
Nén HB* =(x—EJ :
2
Ta co: /[\
B -H M

AC? -HC® = AB? -HB?
(cung bing AH?) nén:

(a+1) _(“3)2 i —[x—%)z.

Giai phuong trinh trén, ta duoc x =2. Vay HM = 2.

Vi du 4: Chlmg minh rang tam giac ABC la tam giac vudng néu cac duong

phan giac BD, CE cit nhau tai | thoa man BD.CE = 2BI.CI.

Giai a
BI CI 1
Tur gia thiét suy ra; — . — ==
8 Y™ BD'CE 2 (D . D
Ta sé tinh cac ti sb —Bi ﬂ 1
D’CE B
theo cac canh cua AABC. " s

batBC =a, AC=b, AB =c.

Theo tinh chit dudng phan gia co L nén L

ID\nhAD BI+ID AB+AD’

Ta tinh dugc AD = be ,do do:
c+a
BI c 1 c+a
— = = . 2
BD - be N b a+b+c 2)
c+a c+a
Ul b+a
T tur — . 3
AR CE a+b+c )

Tu (1), (2), (3) ta suy ra dugc a® =b” +c*, do d6 A ABC vudng tai A.

Vi du 5: Cho tam gidc ABC c6 A = 120°, BC = a, AC = b, AB = ¢. Chimg

minh ring a® =b® +¢? + be.
Giai B
Ké BH 1L AC.
Ta co:
a’ =BH? + HC? *
= BH? + (AH + AC)?
=BH? + AH? + 2AH.AC + AC?

a? =c% +cb+b?.

20Y

T O
>
o o
A
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Vidu 6: Chimg minh rang trong mot tam giac:

a Binh phuong ctua canh doi dién vdi goc nhon bang tong cac binh
phuong cua hai canh kia trir di hai lan tich ctia mot trong hai canh ay voi
hinh chiéu cua canh kia trén no.
b. Binh phuong cua canh doi di¢n voi goc tu bang_, tong cac binh phuong
cua hai canh kia cong voi hai lan tich ciia mot trong hai canh a ay voi hinh
chiéu cua canh kia trén no.
Giai '

Xét AABC ¢o BC = a, AC = b, AB = c¢. Goi ¢’ la hinh chiéu cua canh
AB trén BC. Ta phai cht’mg: minh:
Néu B <90"thi b? =a® +c? — 2ac’;
Néu B>90thi b2 =a’ +c? + 2ac’.
Néu B<90° thi b*=AH?+HC’. Cha y ring néu C<90° thi
HC =a -HB (h.a), con néu C>90°thi HC=HB-a (h.b), ca hai truong
hop déu c6 HC? = (a-HB)’. Do dé b* =(c* - HB?) + (a - HB)’

¢’ ~HB? +a’ + HB* <2a.HB ;az +¢? — 2ac™,

b. Néu B > 90° thi

b? = AH? + HC? = (c* - HB?) + (al+ HB)’
=¢’ ~HB? +a’ + HB? + 22 HB =a’ + ¢ + 2ac'.

A A
3 :
¢ i | b
{ \
BL LA E
"_C‘——’ H ﬂ—cl- B a C

Vi du 7: Xét tam gidc ABC vuéng tai A, AB < AC, C=a<45°, dudng

trung tuyén AM. duong cao AH, MA = MB = MC = a. Chimg minh céac
cong thirc:

a. sin2a = 2sinacosa,;

b. 1+ cos2a =2cos’ a;

¢. 1-cos2a = 2sin’ a.

Giai A
Taco sma—A—H cosazgﬂ AMH = 2a,
AC AC’ a
HM HM . AH AH
Cos20 = —— = ——,8In 20 = —— = — 9 (")
a AM a

Py B
R 2
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AH CH 2AH.CH
AC AC ACH
2AH CH 2AH AH ;
= = sin 2a

BC.CH 2a a

CH] e’ _2CH CH
AC BCCH 2a a
Kéb 1 vaala =15 Bt CH .

a a a
Tur (1) va (2) suy ra 1+ cos2a = 2cos’ a.

c. Thay cos® a bdi 1-sin®a vao 1+ cos2a = 2cos? o, ta co:

1+cos2a=2-2sin’a nén 2sin®a =1 - cos2a.

a. 2sina.cosa = 2.

b. Xét 2cos’ o = 2[ . (1)

Vi du 8: Goi a, b, ¢ 1a do dai ba canh cuia mot tam gidc. Dt p = Ei%iﬁ
Chimg minh ring néu o et ol =E+E+gthitamgiéc
p-a_p-b-~p-c a b c
d6 1a tam giac déu.
Giai
Tir gia thiét suy ra . =b+c—-a>0; ; >0; 1 >0. Ap
p-a 2 p-b p-c¢
dung két qua ciu a tacor 1 + : > 3 e
p-a p-b 2p-(a+b) ¢
Tuong tu, suy ra ) + : 4 , 2g+g+g.
p—-a p-b p-c¢ a c
Déu “=" xay ra khi va chi khi
L 5
pIap'l_b c p—a=p—h
4—+——=i1-4:> p-b=p-c ©a=b=
p-b p-c a ecb_a
1 1 4 3 4
— e =
p-c p-a b

Viy ta c6 diéu phai chimg minh.
Vidu 9: Cho tam giac ABC c6 ba géc nhon va ¢ do dai 3 canh BC, AC,
AB lan lugt bing a, b, c. Chimg minh ring:

JaSinA +b.SinB + /c. SinC = ,/(a + b + c)(SinA + SinB + SinC)

Gidi
cao AH. Taco SinB= A, ;SinC= iH—— . _b .
HB’ HC ~ SinB SinC

Vé dugng
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a b ¢ _ a+b+ec

SinA  SinB  SinC  SinA + SinB + SinC

Viy VaSinA + JbSinB + v/cSinC =...= (SinA + SinB + SinC)J/k (1)

va (a+ b+ ¢)=(SinA + Sin B + SinC).k

Suy ra:

\/(_a +b+¢)(SinA +SinB+8SinC)

T (l)va(2)tacod.p.cm. ,
Vi du 10: Cho tam giac nhon ABC c6 BC =a, AC=b, AB=cva noi1 tiép

duong tron(O; R).

=k >0

Tuong tu, suy ra:

(SinA + SinB + SinC).Jk  (2)

1 . e b c
Chirng minh rang - = =2R.
s L ne sinA sinB sinC
Giai
K¢ duong kinh BD.
Taco: BC=BDsinD=2RsinA nén — =2R.
sin A
Chirng minh tuong tu —— = 2R[=——=¢2R.
sin B Sin

Vi du 11: Cho ntra dudng tron dudng kinh BC. Céc diém M, N thudc nira
duong tron sao cho BM = MN =NC. Céc diém D, E thudc duong kinh
BC sao cho BD = DE = EC, Goi A la giao diém ctia MD va NE. Chimg
minh ring tam giac ABC 1a tam giac déu. M N

Gidi
Goi O la tdm cta ntra duong tron. Dat OB = OC =a.
Dé thay MOCN la hinh thot canh a. .

DoDE//MNnénDE:MN=2§:a:§. BA\D\ /E

:>AD=§AM:>AD=2DM.

Ta lai ¢6 DC = 2DB nén AADC ~ AMDB. A
Suy ra AC = 2MB = 2a. Tuong tu AB = 2a. Vay AABC déu.

Vi du 12: Cho tam giac nhon ABC ndi tiép duomg tron (O), cac duong cao
AD, BE, CF cét duong tron (O) theo thir tw & M, N, K. Chimg minh rang
AM BN CK
—t——+——=4.

AD BE CF
Gidi
Goi H la truc tdm cia AABC. Ki hiéu S,;. =S.
Dé chirng minh DM = DH. Ta c6:
AM AD+DM DM DH _, S

=l+—=1+——

?D AD AD AD 8

Tron Bo SGK: https://bookgiaokhoa.com




Download Ebook Tai: https://downloadsachmienphi.com

BN - SAHC CK - SMIB
Tuong tu: -E-E—_1+ o TOT =14+ s
Cong timg vé ba dang thirc trén, ta duoc diéu phai chimg minh.
Vi du 13: Cho duong tron tam O. duong kinh AB c6 day CD vuéng goc voi
AB.Goi M 1a mot diém bat ki thudc dudng tron (MC khong song song
v6iAB), E 1a giao diém cua MD va AB. F la giao diém cua MC va

AB.Chimg minh ring%- = @-

EB FB M
Giai TR
Gia su M thuéc cung 16n CD. Ching
minh ring MB la duong phan giéc trong,

A L
0 E\|B [
do d6 MA la dudng phan gidc ngoai cua
AMEF. Ap dung tinh chat duong phan D

glac trong va ngoal cua tam giac.
Truong hop M thude cung nhé CD, chimg minh tuong tu.

Vidu 14: Qua diém A nam bén ngoai dudmng tron (O) vé cat tuyén ABC. Goi
E la dlem chinh giira cta cung BC. DE la duong kinh cua duorng tron.
AD cit duong tron tai L. IE cat BC tai K.

Chimng minh rang AC. BK = AB.'KC.
Gidi ! ‘
IK la duong phan giac trong cua AIBC nén ‘\
A

KB _IB |
KC IC’ BNK\ ' C
AB 1B E
IAlad ha AIB
a duong phan gidc ngoai cua Cne =C 1C’
KB AB
S —— =——,do d6 AC.BK = ABKC.
uy ra e odo A C

Vi du 15: Cho nira duong tron tdm O, dudng kinh AB. ban kinh OC = R.
Céc diém M, N theo thir tu thudc cac cung AC, CB. Goi E, G theo tha tu
1a hinhchiéu cia M, N trén AB. Goi F, H theo thir tyr 1a hinh chiéu cua M,
N trén OC. Chimg minh ring EF = GH.

Gidi
Khéng mat tinh téng quat, gia su
AOC<BOC. Cic diém O, E, M, F
thuc dudmg tron duong kinh OM = R.
Céc diém O, G, N, H thudc dudng tron
duong kinh ON = R. Trong hai duong
tron bang nhau d6, cac goc noi tiép EOF,
GNH bing nhau (ciing bu véi géc GOH)

nén FCGH , suy ra EF = GH.
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Vi du 16: Trong duong tron ngoai tiép tam giac ABC, vé cac diy AA™ // BC.
BE'// AC. CC'// AB. Trén cac cung AA', BB', CC, lay cac cung AD, BE,

. : : i &
CF theo thir tu bang a cac cung trén. Chimg minh ring tam giac DEF 1a

tamn giac déu.
Giai AD A
Giast A =2B2C.
DétsdB(Fm.sdﬁsh('}:n,sdﬁ%:p.
[aco m+n+p=360”,sdAi*=n—p, B C
sdBB'=m - p, sdCC'=m-n, E C'F
6ﬁ‘:ZSdAA +sdAC+deC B
2(n - -
_ (n p)+p+m n_m+n+p om0
3 3 >
sdDE - sdiA +sdﬁ+5dl§B :n;p+p+m;p:m+n+p:120”_

Suy ra DF = DE = EF.Vay ADEF déu/

Vi du 17: Cho tam giac nhon ABC ndi tiép duong tron (0). Goi H la truc
tam, I 1a tdm cua dudng tron nod tiép tam gidc.

a. Chung minh rang Al la tia phén giac cua goc OAH.
b. Cho BAC =30°. Chung minh rang 10 = TH.
Gidi
a. Goi K la giao diém cua Al va duong tron.

A

Tacé A = Az vi cung bang K. B I o
’ 1

b. Véi AABC ndi tiép duong tron (O), ta
chimg minh dugc AH gap doi khoang \x
cach OM tir O dén BC.

Ta lai c6 BAC = 60°nén KOC =60°, do do: OM=%OC=%0A. Suy ra

AH = AO, AAIH = AAIO(c.g.c)nén IH =10.
Vi dy 18: Cho tam gidc déu ABC ndi tiep dudmg tron tim O ban kinh R. Goi
M 1a mot diém bat ki thudc cung BC.
a. Chirng minh ring MA = MB + MC.
- “ 2 . ; , : . MD MD
b. Goi D la giao diém cua MA va BC. Chimg minh rang ——+—=1
P MB MC

Tinh tong MA” + MB* + MC” theo R.
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Giai
a. Trén MA lay I sao cho MI = MB. A
Tam giac MBI déu, suy ra IBM = 60°,do d6 B, = B..
AABI = ACBM(c.g.c) nén Al = MC.
Tird6 MA = MB + MC. ‘
b. AMCD ~AMAB (g.g) nén: B ‘“‘iw C
MD MC MD MB \ /
MB MA'MC MA. M

MD MD MC . MB MC+MB
MB MC MA MA  MA
c. bat MA = x, MB =y. Ta ¢é:

MA? + MB? + MC? =x2+y2+(x—y)2=2(x2+y2—xy) (1)

Do dé:

=1 (theo cau a).

2 2
Ké BH L AM. Do BMH =60"nén MH:%,BHQ . -[%} =-3§-.

2 2
Do do AB2=AH2+BH2=[X-%Z’-] +—BZ—=X2+y2-—xy. (2)

Tir (1) va (2) suy ra MA® + MB? + MC? = 2AB?
Ta lai c6 AB = Ry/3( Do d6:MA?+MB?# MC?%= 6R>.

Vi du 19: Cho tam giac ABC ndi tiép dudmg tron (O). Tiép tuyén tai A cit
BCaL.

B AB’

IC AC*

b. Tinh IA, IC, biét rang AB=20cm. AC =28 cm, BC =24 cm.
Gidi
a. Tacé: BAI=C, ABAI~ AACI (gg) > AB_IB_ AB" _1B*
AC 1A _AC? IA?
AB* IB* IB

Talai c6 IA® =IB.IC nén = =—. A
AC* IBIC IC.

b. PatIA=x,IC=y. . 0
Ta co: ABAI ~ AACI (g.g) I e

- 24

a. Ching minh ring —
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Dang 2: Cdc bai toan chirng minh dong quy, thang hang
Vidu 1: Cho hinh binh hanh ABCD. Qua mét diém S ¢ trong hinh binh hanh
ABCD k¢ duong thing song song vai AB lan luot cat AD. BC tai M. P
va cing qua S. Ké duong thang song song voi AD lan luot cat AB. CD
tar N, Q. Chtng minh ba duong thang AS. BQ. DP dong quy.
Giai
Goi I 1a giao diém cua DP va NQ. K 1a giao diém cua SA va BC.
KP PK SP SP IS

Tacd: —
PB AM SM QD IQ
Viy AL —El
BP 1Q
KP BP
Suyra — = — 1
ly ra S 1Q (1)
Goi O la giao diém SA va DP.
. OP KP
Tacé: —=— 2 K
AT 2
Goi O’ la giao diém BQ va DP. Ta ¢é; HO—I;=II?’—P (3)

T (1), (2) va (3) taco:
Viy O' trang O, tirc 1a SA, BQ va DP dong quy.

Vi du 2: Cho tam giac mhon ABC no1 tiép)trongduong tron tdim O va
ACB =45" . Ké cac duong cao AA’ va BB’. Goi H la truc tdm cta tam
gidc ABC, M va N tuong mg 14 trung diémctia’AB va CH.

1. Chirng minh rang A’MB*N-13 hinhvuong:
2. Ching minh ring A’B’, MN, OH ddng quy.
TS 10 Todn — Pai hoc Vinh nam 2009 -2010 (vong 2)
Giai
1. Sir dung tinh chit dudng trung tuyén ta co:
- MB' :%AB.(I);NA' = NB'=—CH.(2)

Tir gia thiét ta co: ACA’A va ABA’H vudng can.
Suyra ACA’H= AAA’B, vi vdy: CH = AB. (3)
me:r’@"ﬁ::@*:m':m. nén MA'N = AA'C =90° (4)
Tu (1), (2), (3) va (4) suy ra A’MB’N la hinh vudng.

2. Taco O va A’ cung thudc trung truc cua AC, nén OA’ L AC.
Suy ra OA’ // B'H. Tuong tu OB’ // A’H.
Vi viay B'OA’H la hinh binh hanh.
Do d6 OH cét A’B’ tai I la trung diém cua mdi duong. RG rang tir két
quay 1, MN ciing di qua I. Vay A’B’, MN, OH ddng quy.

m ?g
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Vidu 3: Cho tir gidc ABCD n5oa1 tiép mot dudmg tron. Ching minh rang

a.

b.

néu mot duong thang chia tir giac thanh hai phan cé dién tich bang nhau
va chu vi bang nhau thi duong thing do di qua tam cua duong tron do.
Gidi
Goi (O;r) la duomg tron néi tiép tir giac
ABCD, S la dién tich tam giac, p la nra
chu vi. Goi M, N la hai diém nim trén
canh cua tir gidc va chia tir gidc ra hai
phan c6 chu vi bang nhau.
Khong mat tinh tong quat, gia su M thudc canh AB, N thu¢c canh CD
(chu y khong nhét thiét M va N thudc hai canh doi cua tir giac), gia su O
nim trong tir giac hodic nim trén canh cua tir gidc BMINC. Ta c6:
r

P
Saxne = Suos + Spoc + Scon + Suon = (MB +BC+CN)+ 8,0y = 5 .

S

MON

pr
Savnp = Swuoa +Saop +Spox — Syon = 2 r(MA +AD + DN) ~Syon = 9 Byen

Do Sgyne = SauwpNén 1 (1) va (2) suy ra S,y =0. Vay duong thing
MN di qua O.

Chii y: '

Co thé khong chimg minh dang thirc(2) ma nhén xét rang cong thic S = pr
dung véi ti gidc ngoai tiép, do do —g- = %,nén tir (1) suy ra S;,, =0.

Bai toén trén van ding néu thay “tir giac ngoai tiép” boi “da giac ngoai
ti€p”.

Vidu 4: Cho hinh thang ABCD(AB 7/ CD) figoai tiép duong tron (O). Tiép

diém trén AB, CD theo tht tur 1a E, F. Chimg minh rang AC, BD, EF
dong quy.

Gidi
Goi H 1a tiép diém cua BC va duong tron
(O:r). Ta ¢6 BE = BH, CF = CH, BOC = 90°
nén BECF =BH.CH =1r?.
Tuong tu AE.DF = r?,

BE AE
S BE.CF = AE.DF, do do
s DF CF
) ; . ; BE IE AE IE
G Ill dA 5 BD \EF' --_.___— et ']1-
o1 ] la giao diém cua va Taco oF - IF" Suy CF 7 U

d6 AAIE ~ ACIF (c.g.c), dé dang chimg minh A, I, C thang hang.

Vidy 5: Chimg minh rang trong mot tir gidc ngoai tiép duomg tron, céc

duong th{mg ndi céc tiép diém trén cac canh dbi dong quy tai giao diém
ca&d chéo cua tir giac.
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Giai
Ki hiéu nhu trén hinh vé:
Goi I'1a giao di¢m cua AC va EG. Truoc
hét ta chimg minh F, I, H thang hang.
Qua A v& dudng thang song song voi CD,
cat G o K.
Taco EE;\ - AEK (cung béng EET)) nén
AE = AK.

tirc 1a 1 chia trong AC theo ti sb é—g Got I' la
giao diém cua AC va GH. Ching minh tuong tu, I’ chia trong AC theo ti
56 —/(E—I:— Nhung AE = AH, CG = CF nén I vaI" chia trong AC theo cung

mot ti s6, do do 1=1".Vay F. I, H thang hang, do d6 AC di qua giao
diém cua EG va FH.
Chimg minh twong tu. BD clng di-qua-giao diém trén.

Vi du 6: Cho tir gidgc ABCD ngoai |tiépjdtrong tron tam O. Goi I va K theo
thir tu 1a trung diém cia cac duong chéo BD va AC. Chiimg minh rang:
2.8, +Socp = _;-smm; b. Ba diém I, O. K thiing hang

Gidi

a. Goi r 1a ban kinh cuia dieomg trdn (0);/Stla diénitich tir giac ABCD.

Ta c6: Spp +Socp = %(AB +CD); Spap +Sppe = %(AD +BC)

Do AB + CD = AD + BC nén S5 + Socy =Soan +Sose = %S'

b. Gia st cac tia AB va CD cat nhau

tai E (truomg hop AB // CD, ban
doc tu chirng minh).
“Dén” cac doan thang AB va CD
vé phia E: liy G trén tia EA, lay
H trén tia ED sao cho EG = AB,
EH = CD.

Ta co: D
& .z o 1
Soec +Soen = Soas * Socp :ES nén Sy =§S Seua: 1)

Dé thiy cac diém I va k ciing c6 tinh chat S, +S,cp = ;S Skap + Skep = éS.

61
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Nén tuong tu nhu trén ta cling co:

1
SIHG =§S_SEHG' (2)

1
SKHG =§S_SEHG 3)
Tir (1), (2), (3) suy ra Sy =Sy = Skue do d6 badiém I, O, K thing hang.

Dang 3: Cac bai toan chirng minh khdc
Vidu I: Cho tam giac ABC cdn c6 AB = AC = 9cm, BC = 12cm, dudng
cao AH, I 1 hinh chiéu cua H trén AC.
a. Tinh d¢ dai CI.
b. Ké dudng cao BK cuia tam gidc ABC. Chimg minh rang diém K nim
giira hai diém C va A. A
Gidi
a. Trong A AHC vudng:
HC? =CLCA. E
T @6 tinh dugc CI = 4cm. I
b. CK =2CI =8 < CA. B T C
Do d6 K niam giita C va A.
Vi du 2: Cho tam gidc vuong ABC¢6 canh huyén BC = 2a. Go: AH la
duong cao cua tam giac, D va E la hinh chiéu cua H trén AC va AB. Tim
gia tri 16n nhit cua ¢

a. B¢ dai DE; b. Dién tich tir gidc ADHE.
Giadi
a. Goi O 1a trung diém cia BC. DE=AH<AO = a; N
max DE = a < A ABC vudng cin tai A. \
b. Cdch I: Ta c6 S,y = AE.AD. S
P AH? AH?
Talai c6 AH? = AE.AB nén AE-—A—E Tuong ty AD = R

S AH* AH* AH35A03_£_§__
ADHE " ABAC BCAH BC _ BC 2a 2

2
maxS,pug = a? <> A ABC vudng cén tai A.

Cdch 2: S,y = 2Syp,. Do d6 S,p,16n nhit & S, 16n nhat.

Ta thiy AHEA ~ ABAC (g.g) nén Shea = [AH
Sgac  \ BC

<> AH 16n nhat < H tring v6i O. Khi d6 A ABC vuéng can tii A. ta
nh 2
. d SADHE o a
e .\-‘—% A% P 2
& \t ’,"-;'r'

2
] . Do d6 S, 1/ nhat

s

Tron Bo SGK: https://bookgiaokhoa.com



Download Ebook Tai: https://downloadsachmienphi.com

Vi du 3: Cho tam giac ABC c6 BC =a, AC = b, AB = ¢. Chimg minh rang:
a. Néu b? <a® + c*thi B<90".
b. Néu b? >a® + c?thi B >90".
¢. Néu b? =a® +c* thi B=90".

Giai

a. Ching minh bang phan chimg. Gia su B >90° thi theo bai tap trén , ta co
b’ - a® +c?, trai v&i gia thiét. Gia sur B =90 thi theo dinh i Pytago ta ¢6
b —-a? +c?, trai voi gia thiét. Vay B < 90°

b. Chirng minh tuong tu cau a.

¢. Chirng minh tuong tu cau a.

Vidu 4: Cho tam giac ABC vudng tai A, duong cao AH. Goi D la diém doi
Ximg voi A qua B. Goi E la diém thudc tia dbi cua tia HA sao cho HE = 2HA.

Chirng minh rang DEC =90°. A
‘ Gidi
Goi I 1a trung diém cua HE. a
Pat AH =a, HB = b thi: a/Hh %
2 2
DI = 2b, EH = 2a, HC =21 - & 3
HB b b a
1anIED~DI—2b D L
1E a a
tanHﬁzﬂﬁzz—a—g‘E. N
HC \\a’ "™"d F
b
Suy ra IED = HCE do d6 IED + HEC = 90°
Vay DEC = 90°.

Vi du 5: Chimg minh rang trong mot tam giac, duong phén giac ung voi
canh 16m nhat nho hon hoac bang dudng cao tmg véi canh nho nht.
Giai A
Xét AABC c6 BC 2 AC = AB, duong

phan giac AD, dudong cao CH. Can

chimg minh CH2AD. H

Keé DM 1 AB. M

Taco: AC>AB

= DC=DB = BC=>2BD = CH = 2DM. (1). B D C
Mait khac do Ala géc 16n nhat cia A ABC nén A >60°

-5 MAD = 30° :sinmmzéa%z%:mrﬁzm, 2)

'I.‘.__i_x(l) va (2) suy ra CH > AD.
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Vi du 6: Ching minh ring dién tich ciia mot tam giac (khong vudng) bang
mot nira tich cua hai canh nhan véi sin ciia goc nhon tao boi cac duong
thang chira hai canh Ay.

g Gidi B

]

i :

: [

' :

a h D

A H G H A &
Goi a la goc nhon tao boi hai dudng thing AB, AC ctia A ABC. Vé dudng

cao BH, ta c6 BH = ABsina. Do d6 S,y =%AC.BH . % AC.ABsino.

Chii y: Sau nay nghién ctru ham s luong gidc ta c6 sin90° =1,
sina =sin(180° - a),do d6: Dién tich tam giac b‘éng mot nura tich cua
hai canh nhén véi sin cta géc tao béi hai canh ay.

Vidu 7: DG dai hai dudng chéo ciia mgt hinh binh hanh ti I¢ v6i do dai hai
canh lién tiép cia né. Chimg minh ring cac goc tao boi hai dudng chéo
bang cac goc cua hinh binh hanh:

Giai
Goi O la giao diém hai dudng chéo
cua hinh binh hanh"ABCD:
bait AO=0C=x,0B=0D =y,
AD =a, DC = b, theo.dé bai = =2,
y b
Gia su asb::»@l <31 :61 <90°

Do a<b nén xSy:>ﬁ1<3::>f)1<90°.

Theo vidu6, S,;, =%aysin 61,SOCD =%bx sinC; ma

Sapo = Socpsay = bx = sinD; =sinC, = D, =, = AOD = ADC.

Vi du 8: T gidc ABCD c6 cac duong chéo cit nhau & O va khong vudng
goc v&i nhau. Goi H va K 1an luot 1a truc tAm ctia cdc tam giac AOB va
COD. Goi G val lan luot la trong tam cua cac tam giac BOC va AOD.

a. Goi E la trong tdm ctia tam giac AOB, F la giao diém cua AH va DK.
Chirng minh rang céc tam giac IEG va HFK ddng dang.

b. Chiung minh ring IG vudng goc véi HK.

Giai

a. Goi COD =a <90°.

Ta chimg minh dugc IEG = DOC,HFK = DOC nén IEG = HFK (1).
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E,G :i\_(i 2) F
EI BD

(701 M 1a giao diém cua FK va AC, ta ¢6:
FK - FM + MK

=AM cota + MCcota = ACcot a.
Tuong tu FH = BDcot .

x .z == 0 — "
D¢ thay EG = :A(,,I*J[:%BI) nén

. FK AC
1 P—=—. (3
e FH BD (3)
Tu (1), (2), (3)suy ra AIEG~ AHFK (c.g.c). A D

b. Sudung cdua. vachuy rang IELHF.
Vidu 9: Cho tam giac nhon ABC, cac diém D, E, F theo thir tu thudc cac
canh AB, BC = CA. Ching minh riang trong ba tam giac ADF, BDE,

T A . - . r r = A ’ ] - - 1 * A v
CEF, ton tai mot tam giac co6 dién tich nho hon hoac bang 3 dién tich

tam giac ABC. Khi nao ca ba tam gidc d6 cing c6 dién tich bang dién
tich tam giac ABC ?
Giai
Ching minh br:?lng phan ching. Goi S-ladién tich AABC va ki hiéu nhu
1S, 1S5&234+4.8.S5,8 \

hinh vé. Gia sur i>»—,—>~»—,—>‘~— thi 2 2 >—. (1)
SIf4 S 4 S 4 S 64

Ap dung cong thic S, = %bcsina (V1 du 6) 12 co:

S, _z(b-y) 8§,
S be 'S
S,.S,.S, x(a—x)
S3
Ta co:
X(Z;X)Siaa224x(a—x)
<:>(a—2x)220

Tuong tu doi véi
Sl-82 .83 1 e x P . A 48 - .
Suy ra o A < = mau thuan véi (1). Suy ra diéu phai chimg minh.
.
” 1 g o ;
B =8, =8, =ZS < a=2x,b=2y,c=2z< D, E, F la trung diém cac

canh cua A ABC.

Chu y: Bai toan van dung néu A ABC c6 géc vudng hay goc tu.
57
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Vidu 10: a. Cho tir giac ABCD co AB = 10cm, BD = 12¢m va goc giva AC
va BD bing 30°. Tinh dién tich tam giac dé.

Giai
a. V¢ AH L BD, CK L BD (H, KeBD) B C
AHOA vuéng tai H c6 AOH = 30°
nén la nira tam giac déu 30°0
1 1
:>AH=-2-OA,tu0'ngt1_r CK=§OC A D

B =B 4 —;—AH.BD + %CK.BD . %BD(AH +CK)

=lBD(10A " loc) -1BDAC=112.10=30(cm?)
2|2 > 1 2

Vidu 11: Cho tam gidc ABC vudng tai A. Pudng tron ndi tiép tam gidc
ABC tiép xuc vai cac canh BC, CA, va AB lan luot tai D, E, va F. Dat
x=DB, y=DC, z= AE.

a. Tim h¢ thuc gitra X, y va z.
b. Chimg minh ring: AB.AC =2DB.DC.
Gidi

a. Tacé: BD = BF, CD = CE va AE = AF
(tinh chét cua hai tiép tuyén cat nhauy;
Do do:

BC=x+y,AC=y+z AB=x*%z
Theo dinh ly Pytago:
BC? = AB? + AC?

c:>(1c+y)2 =(x+z)2+(y+z)2

& 2xy =2z(x+y)+22° &> xy=z(x+y+z)(a)
b. Goi r 1a ban kinh, I la tim duong tron ndi tiép tam giac ABC.
Ta c6: Sy = -;—AB.AC :%BC.r R %CA.r +%AB.r —(x+y +2)r(b)
Tir gidc AEIF c6 3 gdc vudng, nén la hinh chir nhat.
Nhung AE = AF (chimg minh trén), nén AEIF 14 hinh vudng.
Do d6: z=EI =r (c). Tir (a), (b), (c) suy ra
AB.AC =2xy < AB.AC = 2DB.DC.
Vidu 12: Cho tam gidc ABC can tai A, BC = a. Hai diém M va N lan luot
trén AC va AB sao cho: AM =2MC,
AN =2NB va hai doan BM va CN vudng goc voi nhau. Tinh dién tich
@@3 :;"WABC theo a.
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Giai
Theo gia thiét AM = 2MC va AN = 2 NC suy ra:
/ T ‘ ) ¢
4 M el £
AC AB 3 BC AC 3

Goi E la giao diém ctia BM va CN. theo dinh ly
EM EN MN 2

EB EC BC 3 N
Goi BK la duong cao ha tir B cua tam giac ABC,

Talct, ta co:

1
~y 1 AC.[&K .|
ta co: —2BC - 2 = il 8 Sus{' - 381&(‘\1' &
s 1 CM . :
BCM = CM.BK
B BE 3 5 Ha* 5a’

8.
gﬁ:‘ “BM 5 = Syye = '?:Snr:c = 12 Vay S e = %
Vi du 13: Trong hinh bén, cho biét M 1a trung diém cua AC va cac duong
tharg AD, BM va CE dong quy tai K. Hai tam giac AKE va BKE c6 dién
tichla 10 va 20. Tinh dién tich tam giac/ABC.
Giai
Goi h la khoang céch tir K dén AB,taco: A

AEx 2

Sixe 2 | AEdowARady | EM
- h BE  BE 2 p

S\PKE BEX_.
2

Rz B C
rouyra: omee _beog _g () D
ABCE
S MA
+ Trong ty: —2AME 12 Sk = S
SACKM MB AAM AC

Dt % =8, = 8.1 18 €0
S a1t =Scay ©20+10+x=%x+8y,¢ = Spex =30

(1) > 20 + Spe :2(10+2x)<:>10+2x:25<:>x=%

Do 6: S, 50 =Saaxp + Sapck + Saaxc =10+ 20+ 30 + 2x = 75.
Vi du 14: Cho tam giac ABC c6 ba géc nhon. Phan giac AD, trung tuyén BE
va curdmg cao CF cét nhau tai mét diém. Chimg minh ring BAC > 45°.
Thi hoc sinh gioi lop 9 —TP Vinh,Ngh¢é An -2009
‘ Gidi
Chitng minh bang phan chiung
+ Gasi BAC < 45".
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Khi d6 ACF > 45°, BCF < 45°,CBF > 45"
vasuy ra BC <AC.
+ Nhu vay tia CP nam giira hai tia CA va
CF va cit trung tuyén BE tai G. Ta ky hiéu
O la diém cat ctia BE, AD, va CF.

PG 1 FO 1

Thé thi G nam giira O va E. IGC 2th 50~ 3" (O day tz dung

FOB <90° va suy ra FOG >90°). Béivi AO la phan giac trong tam giac
AFC, thi E—Q=£<l, tir diy suy ra ACF < 30°. Trai v6i ACF >45° &
OC AC 2

trén BAC > 45° .

A

Vi du 15: cho ABCD la hinh thoi c¢6 canh bing 1. Gia st ton tai dim M

thudc canh BC va N thugc canh CD sao cho tam giac CMN c¢6 chu vi
bing 2 va BAD = 2MAN . Tinh cac géc cta hinh thoi ABCD.
TS 10 chuyén Thanh phé HCM néim 2009 - 2010
Giai :
Trong mra mat phang b AD khong-chira diém B, iy diém E sao cho:

AE =AM va DAE = BAM = A ADE =/A ABM = DE = BM, ADE = ABM
Ma ABCD 12 hinh thoi = ADN = ABM => ADE = ADN (1)

—— mr—n e e, e,

Ta c6: BAD = 2MAN/=» MAN =:BAM & NAD = DAE + NAD = EAN

Xét hai tam gidc ANM va ANE c6: MAN = EAN,AM = AE i AN
chung = AANM = AANE= NE = NM.

Miit khic ta ¢6: 2= CM ¥ CN+MN=CM¥ CN + NE
Ma2=CB+CD=CM+MB +CN+ND=CM4% DE + CN +ND
=CM +CN + NE=CM + DE + N + ND

=>NE =ND + DE= D thudc doan NE (2) .

Tir (1) va (2)=> ADE = ADN =90°. Suy ra: Hinh thoi ABCD c6 ADC =90"
nén 1a hinh vudng. Vay cac géc cuia hinh thoi ABCD béng 90°.

Bai tap van dung o
Qua dinh A cua hinh vuéng ABCD canh a. V& mt duong thang cat canh BC

&M va céit duomg thing DC ¢ I. Chimg minh ring: e

AM? T AE &%

H u'é'ng dan va dap so
Vé duorng vudng goc véi AM tai A, cit CD & N. Trong A ANI vudng, ta
1 1

co E]jz AI .Sau dé chimg minh ring AN = AM.
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3. Céac bai toan ching minh vé duong tron

Ki l('n thire co ban

Sw xdc dinh dwong tron. Tinh chat doi xirng cua dwong tron
Pucng tron tam O bdn kinh R (véi R>0) la hinh gom cdc diém cdch
diém O mot khoang bang R

Khi OM =R ta ¢6 diém M nam trén dong tron.

Khi OM < R ta ¢6 diém M nam bén trong dieong tron.

Khi OM > R ta ¢6 diém M nam bén ngodi duong tron.

Qua ba diém khéng thang hang, bao gio ciing v& duge mét va chi mot
dwong tron.

Buwong tron ¢6 mot tam doi xung, do la tam cua dzr(mg tron. Puong tron
¢6 VO 56 truc doi xing, dd Ia bdr ki duwong kinh nao cua no.

2. Duwong kinh va day cua dwong tron. Lién hé giita diy va
khoang cach tir tam dén day

ﬁ;’nh li: Trong mér duong tron. daytén-nhat la duong kinh.
inh Ii:
a. Duong kinh vudng goc véi mot day thi di gua trung diém cua day dy.
h. Duong kinh di qua,frung diém, cua- mot ddy khong di qua tdim thi
vuong goc voi day ay.
inh li : Trong mot duong tron:
a. Hai ddy bang nhau khi va chi khi chiing cdch deu tam.
b. Trong hai ddy khong bang nhau, ddy lém hon khi va chi khi né gan tém
hon.

Dinh li: Trong mot duong tron:
- Hui cung bang nhau khi va chi khi hai ddy cing cung béng nhau;
- Cung lon hon khi va chi khi day cang cung lon hon.
Dinh Ii - Hai cung bi chan giita hai ddy song song thi bdng nhau;
- Duong kinh di qua diém chinh giita cua mot cung thi vudng goc véi ddy
cdng cung dy va chia ddy dy thanh hai phan bang nhau;

- Duong kinh di qua trung diém ciia mét day (khong phai la duong kinh)
thi chia cung cdng ddy dy thanh hai phan bang nhau.

Luu y: Khi noi cung AB ma khong chii thich gi thém, ta hiéu dé la cung
nho AB.

e
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Vi tri twong doi ctia dwong thang va dwong tron. Dau hiéu
nhdn biét tiép tuyén ciia duong tron

Duong thing va duong tron khong giao nhau khi va chi khi ching khéng
co diém chung

Duong thdng va dudng tron tiép xiic nhau khi va chi khi ching cé mol
diém chung .

Duong thdng va duong tron cdt nhau khr va chi khi ching c6 hai diém
chung .

Goi khoang cdch d tit tam dwdng tron dén duong th&"ng va ban kinh R
ctia duong tron, khi do ta co cdc lién hé: Duong thing va duong tron
khong giao nhau khi va chi khi d < R. Duong thang va d:r(mg (ron tiép

xiic nhau khi va chi khi d = R.. Puong thing va duong tron cdt nhau khi
va chi khid > R.

Dinh li:

1. Néu mét duong thing la u’ép ruyén ciia mot duong tron thi né vuong
goc voi ban kinh di qua tiep diém

2. Néu mét duong thang di qua mit diém cua ducmg tron va vuong goc

véi bdn kinh di qua diém do thi-dwomg thing dy la mét tiép tuyén cia
duong tron.

Tinh chat ciia hai tiép tuyén cit nhau

Néu hai tiép tuyén cia mgt duong tron cdt nhau tai mot diém thi:

- Diém d6 cdch déu'hai tiép diém:

- Tia ké tir diém dé di qua tam I fia phan gidc cia goc tao bai hai tiép tuyén.
- Tia ké tu tam di qua ‘dié'm do la tia phdn gidc cua goc tao boi hai bdn
kinh di qua cdc tiép diém.

S. Puong tron ngi tiép tam gidc

D::ong tron tzep xuc voi ba canh cua mot tam giac goi la duwong tron noi
tiép tam gidce, con.tam gidc goi la ngoai tiép dwomg tron. Tam cua dxm*ng
tron ndi tiép tam gidc la giao diém cia cde duong phén gigc cdc goc
trong tam giac.

6. Duong tron bdng tiép tam gidc

Puong tron tiép xiic véi mét canh cia mét tam gidc va tiép xiic véi phan
kéo dai cua hai canh kia goi la dudng (ron bang tiép tam giac. Tdm cia
méi duong tron bang tiép tam gidc la giao diém hai dwong phan gidc
ctia hai géc ngoai cuia tam gidc hodc giao diém cua tia phdn gidc cia
gdc trong va mét trong hai dwong phén gidc cua goc ngoai khéng ké véi
no.
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7. Vi tri tu ong déi ciia hai dwong tron
Hai duong tron khong giao nhau khiva chi khi chiing khong c6 diém chung
Hai dwcng tron iép xuc nhau khi va chi khi ching c6 mot diém chung
Hai dwong tron cat nhau khi va chi khi ching c6 hai dwm chung
Do iinh doi xXtng cud dweong tron, néu hai dwong (ron car nhau thi hai
giac diem doi xting voi nhau qua dicong noi tam, néu hai duong tron tiép
xtic thau thi !h p diem nam trén duong noi tam.

8. Goc noi tlep Goc noi tiép la goc ¢o dinh nam trén dwong (ron va hai
cani chiva hai Jday cung cud duong !ron do
- So do cua goc noi m’p bhang nia so do cua cung bi chan. Cdc goc noi
licp ciing chan mot cung hodc dmn cde cung hang nhau thi bang nhau.
- Si do cua goc tao bui tia tiép wvén va diy cung bang nua 50 do clia
cung bi chan.
- Ncu goc BAX ¢o w do bunfr niia s6 do cua cung BA nam trong géc do
thi /x 1 mot tia tiép uyén cua dwong tron chica cung AB.
- Neu MT la ticp aén va MAB L edt tuyén cua mot dudng tron thi ta ¢o
h¢é tuie MT* = MA.MB,
- Sodo cua goe ¢6 dinh o bén troig duigng tron bang mia r(mg so do hai
cung bi chan. So do cuu goc co dinted) hen ngoai duong tr on bang mia
/uu 56 do hai cung bi ¢ han. '

9. Cung chua goc: Cung chira gic o (0° <o < 180") dung trén doan Ihang

~1B a cung ma moi goc ACB ¢6 dinh'C'thude cung do déu ¢é sé do bcmg
ip dung cung chitq goc vao chirmg minh; Néu mot i gide ¢ hai dinh

ke vhau cung nhin canh chia hai dinh con lai dicdi mot goc o thi bon
dink cua te giac av thudc cung mot dweong tron.
Ap dung cung c hia goc vao cac bai toan quy tich va dung hinh

10. Tv gidc noi t!e"p Mt ik gide o bon dinh nam (rén mot dudng fron
dico: goi la ur g:uc noi lu’p dwang tron(goi tt la ik gide ndi tiép).
- Trong mét tir gidc néi tiép, hai goc doi bit nhau.
Dac lai, néu mét ur gide cé hai goc doi bit nhau thi tir gide do noi nep
dieg: duwong tron.
- Drong tron di qua tdt cd cdc dinh ciia mét da gige dwoce goi la duong
tronngoai tiép da gidc. khi do du gidc dwoc goi la da giac noi m,p duong tron.
- Drong tron tiép xuc voi tat ca cde canh cua mét da gidac duoc goi la
dwong tron néi tiép da giac. khi do da giac diege goi la da giac ngoai tiép
duong tron.
- Déu kién can va du dé mét tr gidc ngoai tiép dicong tron la 1ong cdc
cann doi b&ng nhau.
- Du gidc déu nao ciing c6 mot duong tron ngoai tiép, mot dwong tron
ngi ‘iép. Tam cua hai dwong ron nay tring nhau va duoce goi la tam ciua
du gide déu.
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Cac dang bai tip co ban
Dang I: Sw xdc dinh ciia mgt dwong tron
St dung dinh nghia: Duong tron tdm O bdn kinh R (véi R > O) la hinh
gom cdc diém cdch diém O mot khoang bang R.

Dang 2: Duong kinh va ddy cia dwong tron. Lién hé giita ddy va khoding
cdch tir taim dén day

Dang 3 ¥ tn twong doi ciia duong thing va dwong tron. Cic bai todn vé
t:ep ruyen

Dang 4: Vi tri twong d6i ciia hai dwong tron
Dang 5: Chiing minh géc nji tiép. Quy tich cung chira goc
Dang6 : Chirng minh tir gidc ngi tiép, ngoai tiép
Dang7: Cic bai todn tong hop
Cdc vi du minh hoa
Dang 1: Sw xdc dinh cua mgt dwong tron
Vi dy 1. Cho hinh thang cdn ABCD:-Chimg minh rang ton tai mot dudng
tron di qua ca bon dinh cua hinh thang.
Giai

Goi M, N theo thir tur 1a trung diém cua cac canh
day cua hinh thang|can; MN Ja truei ddi ximg cua A M B
hinh thang can nén MN la dudng trung truc cua
AB va cua CD. GoiO!da’ giao-diém caa MNvéi
duong trung truc cua BC. )
O thugc duong trung truc cua AB nén OA = OB. 0

O thudc duong trung truc cua BC nén OB = OC.
O thudc duong trung truc ctia CD nén OC = OD.
Viy OA = OB = OC = OD, do d6 duong tron (0;0A) di qua cac diém A,
B.C, 1),

Dang 2. Duong kinh va day cua duong tron. Lién hé giiva day
va khoang cdch tir tim dén day

Quan hé vé dj dai giita duong kinh va ddy diwgc thé hién ¢ dinh li: Trong
mot duong tron, ddy 16m nhdt la duong kinh.

Quan hé vuong goc giita duwong kinh va day diege thé hién ¢ cdc dinh li

- Duong kinh vuéng géc véi mot ddy thi di qua trung diém cua day dy.

- Durong kinh di qua trung diém cia mot day khéng di qua tam thi vuong
goc va ddy ay.

72

Tron Bo SGK: https://bookgiaokhoa.com



Download Ebook Tai: https://downloadsachmienphi.com
Dé so sanh do dai hai day cua mot duong tron dua vao cac dinh [i:
Trong mot diwong (ron
- [ai dav bang nhau khi va chi khi ching cach déu tam.
Trong hai diy khong bang nhau, day lom hon khi vea chi khi no gan tam hon
Vi'du 1: Cho tam giac ABC can tai A noi lif:p duong tron (0O). AC = 40cm.
BC = 48cm. Tinh khoang cach tir O dén BC. X
Giai
K¢ duong cao AH. Ta tinh duge AH = 32cm.
Do AH > HC nén tam O nam giita A va H.

Dat OH = x. Ké OM L AC. B : C
Taco: AAMO ~ AAHC (g.g) v
- AO _ AM = gh—% :@.Tirdéx = 7cm.

AC AH 40 32

Vi du 2: Cho tam giac ABC can tai A noi tiép duong tron (O): canh bén
bang b. duong cao AH = h. Tinlibankinh cua duong tron (O).

Giai
A | A
_ | / 3
B = C
o) 0
)
NI
D D
K¢ duomg kinh AD thi ACD = 90°.
2 2
Tacé: AC? = AD.AH nén AD=2C _ 2
AH h

Ban kinh ctia duong tron bang -g-l

Vi du 3: Cho tam gidc nhon ABC ndi tiép duong tron (O; R). Goi M la trung
diém BC. Gia sir O nam trong tam giac AMC hodc O nam gitta A va M.
Goi I 1a trung diém ciia AC. Chung minh rang:
a. Chu vi tam giac IMC 16n hon 2R.
b. Chu vi lam giac ABC 16n hon 4R.
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Giai
a. Taco: IC+IM =1IA +IM > AM nén:
IC+IM+MC > AM + MC (1)
Ta chirng minh duoc:
AM+MC>AO0O+0C=R+R=2R (2)
Tir (1) va (2) suy ra AIMC 16n hon 2R.
b. Chu vi AIMC bang nira chu vi AABC

(vi IC_% IMF%Ei MC_B—)nen tir cau a) suy ra chu vi AABC lgn

A

hon 4R.

Vi du 4: Cho tam giac ABC ndi tiép duong tron (O). Goi D, E. F theo thir tur
la trung diém ctia BC, AC, AB. Ké cac duong thang DD', EE', FF" sao
cho DD’// OA, EE' // OB. FF' // OC. Chimg minh rang cac duong thang

DD’, EE’, FF’ dong quy.

Gidi
Goi H 1a truc tdm cua AABC; 112
trung diém cua AH. Ta chung minh
duoc AH = 20D, DOAI 1a hinh

binh hanh, suy ra DD” di qua trung
diém Q cua OH.
Tuong t EE’, FF’ ciing di-qua.Q(diém-Q-la-tim-dudng tron O-le cia AABC),

Vi du 5: Cho ba diém A, B, C bat ki va duodng tron (O) ban kinh bing 1.
Chimg minh ring t6n tai mét diém M nim trén dudng tron ( O) o cho
MA + MB + MC 23,

Gidi
Goi DE 1a mot duong kinh cua
dudng tron (0), ta co:
DA+EA>DE=2;
DB+EB>DE=2, |
DC+EC2DE =2.
Suy ra (DA +DB+DC)+(EA +EB+EC)26.

Néu DA +DB+DC >3 thi diém M phai tim la D.Néu
DA +DB+DC <3 thi EA+EB+EC > 3, diém M phai tim 13 E.
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Vi du 6. Cho tam giac nhon ABC noi tiép duomng tron (0). M lflldién) bat ki
thuéc cung BC khong chita A. Goi D, E theo thir tur la cic di¢m doi ximg
v(i M qua AB, AC. Tim vi tri cuia M dé DE ¢6 do dai lon nhat.
Giai
AB la duong trung truc cua MD nén
AM = AD, AC la duong trung truc
cua ME nén AM = AE.
Suy ra AD = AE.
Ta co:
MAD + MAE = 2(MAB + MAC) = 2BAC.

Tam giac ADE can tai A c6 DAE = 9BAC khong ddi nén DE 1on nhat
¢5 AD 16n nhat < AM 1on nhat < AM la duong kinh cua duong
tror. (O).
Vi du 7: Cho duong tron tam O ban kinh

OA = 11cm. Diém M thude ban kinh OA va cach O 1a 7cm. Qua M ke

diy CD ¢6 do dai 18cm. Tinh cacdd dai MC, MD.
Giai
Giasir MC <MD. Ké OH L CD.
Ta o HC:HD:Q=}-§:9(cm)
2 4

Tam giac OHD vuong nén:

OH? = OD? - HD? = 1 1302} 3B =il O
Tam giac OHM vudng nén

MH’ =OM? - OH? =49-40=9 = MH =3cm D
Do d6 MD =MH + HD=3+9=12(cm),

M(C=HC-MH=9-3=6(cm).

Dang 3. Vi tri twong doi ciia duwong thang va duong tron. Diu
" - ally e A > N a

hicu nhan biét tiép tuyen cua dwong tron
Phrong phdp chirng minh tiép tuyén
Név mot duwong thc‘i'_ng di qua mot dié'ng cua duong tron va vuong goc vOi
bar. kinh di qua diém do thi duong thang dy la mét tiép tuyén cua duong
tror.

Vi du !: Cho tam gidc ABC can tai A, dudng trung truc cua AB c_z‘it BC o K.
Chimg minh rang AB 1a tiép tuyén cua duong tron ngoai ti€p tam giac
ACK.
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Giai
Cac tam giac can ABC, KBA ¢6 chung goc o
day B nén CAB = AKB tirc CAB = AKC.
Ta c6: CAB = ésdﬁ'é . tir d6 AB Ia tiép tuyén

cua duong tron. -
Vi du 2: Cho hinh thang ABCD (AB // CD) ¢6 BD’ = AB. CD. Chirng minh
rang dudng tron ngoai tiép tam giac ABD tiép xuic voi BC.
Gidi
BD CD
BD’ = ABCD = i
Taco: ADBC ~ ABAD (c.g.c)

:Iﬁ?j=ﬁrDaIS§E=—;—sdBmD.

Tir d6 BC la tiép tuyén cua duong tron.
Vi du 3: Cho hinh binh hanh ABCD, A< 90°. Puong tron ngoai tiép tam
giac BCD cit AC & E. Chimg minh rang BD la tiép tuyén cua duong tron

ngoai tiép tam giac AEB.
Giai

Goi I 1a giao diém hai dudng chéo B
ctia hinh binh hanh. \‘
1

Ta c6 IEIA = IEIC=IBID/=IB?
Tacé AIBE ~ AIAB (c.g.c) 3

nén IBE =IAB. A —D

Vi du 4: Cho hai duong tron (O) va (O) cat nhau & A va B. Ké tiép tuyén
chung CC' (Ce(0),C’€(0’), ké duong kinh COD. Goi E, F theo thir tu
la glao diém cia OO' véi C'D, CC’. Chimg minh rang :

a. EAF = 90°(A,C, C nim ciing phia déi v6i 00”)

b. FA la tiép tuyén cua dudng tron ngoai tiép tam giac CAC".

Giai
a. Goi R, R’ 1a béan kinh cua cac dudng tron (0), (O°). Diém E chia trong

O0’, diém F chia ngoai OO’ theo cing mot ti sb g— do do AE la dudng

phan gidc trong, AF la duong phan giac ngoai cia A AOO’.
Suy ra EAF =90°.
b. K¢ ban kinh O’K song song va

cung chiéu véi OA. Goi F’ 1a
giao diém cua AK véi 00’.
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B 5 gy g ; , 2B a ..
Chirnz minh 7 chia ngoai OO™ theo ti SUT‘F desuy ra F'=F.

Ta co COA=CO'Knén C'CA=C'AK.TUr d6 AF la tiép tuyén cua
duanz tron ngoai ticp tam giac CAC

V7 du §5: Cho tam giac ABC vuong lai A (AB < AC), duong cao AH. Goi k£
e diem doi ximg voi B qua H. Puong tron ¢6 duong kinh 1a EC cat AC o
K. CFing minh rang HK la tiép tuyén cua dudng tron.

Giai

Goi O la trung diém cua EC thi
OE = OC = OK nén EKC = 90",
Gor M la trung diém cua AK thi
HM 11 duong trung binh cua hinh
thang ABEK, do d6 HM L AK.
Tam 21ac AHK ¢6 duong cao HM
cling la duong trung tuyén nén la B H E o C

tam giac can, do do K. = A1
Tala. cod Ky =C, suy ra K, + Ko 4:A,+ G, =90°, tirc lAOKH = 90°. Viy
HK Iz tiép tuyén cua duong tron (0.

Vi du 6: Cho duong tron (O), duong kinlirAB. Goi C la trung diém cua ban
kinh OB va (S) la duong tron duomg kinh AC. Trén duong tron (O) lay
hai diém tiy y phan bieM] NKkhae A1V B1IGoi'P, Q lan luot la giao
diém thr hai cua AM va AN véi duong tron (S).

a. Chirng minh rang dudng thing MN song song véi ditong thiang PQ.

b. V& tiéy tuyén ME cua (S) voi E Ta tiép diem. Chimg minh: ME?=MA-MP.

¢. VE tiép tuyén NF cua (S) véi F 1a tiép diém. Chimg minh: St o
NF AN
Gidi
a. CPA - BMA =90° = CP//BM.
AP AC
o 8 e {1
aM-aB
, . AQ AC
Tuong tu: CQ//BN va —2 =2 (2
ong tu: CQ A AB()

T () va @) 22 _AQ g 46 PQIMN.
AM AN

b. Hai tam giac MEP va MAE ¢6 : EMP = AME va PEM = EAM .

Do & ching dong dang. Suy ra: L L. L ME? = MA - MP
MA ME
2
c. Tuong trta ciing cé: NF? =NA -NQ. Do d6: e MA-MP
NF NA-NQ
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MP MA . ... ME?* AM* ME AM
Nhung N—Q-m (Do PQ//MN). Tir do: T = e
Vi du 7: Cho tam gidc ABC vudng ¢ A, duong cao AH. V& duong tron tam
A ban kinh AH. Goi HD la dudng kinh cua duong tron (A; AH). Tiep
tuyén cua duong tron tia D cdt CA ¢ E.
1. Chimg minh tam giac BEC cén.
2. Goi I 12 hinh chiéu cta A trén BE. Chimg minh ring Al = AH.
3. Chitng minh ring BE la tiép tuyén cua duomg tron (A; AH)
4. Ching minh BE = BH + DE.

Giai £

1. AAHC = AADE (g.c.g)
=ED =HC (1) va AE=AC (2).
Vi AB L CE (gt), do d6 AB wvira la
duong cao vira 1a dudng trung
tuyén cia ABEC=BEC la tam
giac can = B: = By

2. Hai tam giac vuéng ABI va ABH c6 canh huyén AB chung, B = B;
= AHAB = AAIB = Al =AH.

3. Al = AH va BE L Al't2i1=3°BE1a tiép tiiyén cua (A; AH) taiI.

4. DE =1E va Bl = BH = BE =BI + IE = BH + ED.

Vi du 8. Cho mot hinh vuong 8 x 8 gdm 64 6 vudng nho. Diat mdt *4m bia
hinh tron c6 dudng kinh 8 sao cho tdm O cua hinh tron trung véri im cua
hinh vuoéng.

a. Chimg minh ring hinh tron tiép xuc véi cac canh cia hinh vudnz,
b. C6 bao nhiéu 6 vudng nho bj tim bia che l4p hoan toan ?
Gidi

a. Ban kinh ciia hinh tron béng khoang céch tir M
tim cua hinh tron dén mbi canh ciia hinh
vuong (cung bang 4) nén hinh tron tiép D
Xuc vai cac canh cuia hinh vudng. % 5

b. Xét hinh vuéng AOBN va cac diém C, D, E

nhu trén hinh vé&. Ta c6 OC = 0D = V13 <4 N %

nén C va D ndm trong dudng tron. —I’\L_,._»

OE = /18 > 4 nén E nim ngoai duong tron.

C6 806w

16ng nho bi che lap hoan toan.
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Vi du 9. Cho tam giac ABC cén tai A. I la giao diém ctia cac duomg phan gidc.
a. lay xac dinh vi tri tuong ddi cua duong thing AC véi duong tron (O)
ngoai tiép tam giac BIC.
b. Goi I la trung diém cua BC, IK la duong kinh cua duong tron (O).
Al HI
AK HK

Giai
a. Goi O 1a tam cua dudng tron ngoai tiép
ABIC. Cac diém I va O thudc duong
trung truc cua BC nén A, I, O théng
hang va AO L BC.
Ta c6: OCI=O0IC,ICA=ICB nén
OCI + I( A= OIC +ICB =90".
AC 1a tiép tuyén cua duong tron.
b. Xét ACAH, CI la duong phéan giac trong, CK la duong phan giac ngoai.
Theo tinh chat duong phan giac:
4 Ba (cuing bang C—) suy ra . Hl
[H KH AK  HK' ,
Vi du 10. Cho nua duong tron tam O co ducmg kinh AB, Ax la tiép tuyén
clia nira duong tron (Ax va nira duong tron nam cung phia doi voi AB),
C la mét diém thudc nira duong tron, H.la hinh chiéu cua C trén AB.
Puong th‘é’mg qua O va vuong goc voi AC cat Ax tai M. Goi I la giao
diém cua MB va CH. Chimg minh rang CI = IH.

Gidi
Goi N la giao diém cta BC va AM. Tam giac ABN c6 AO = OB. OM // BC
nén NM = MA.CH // AN = % = ﬁ (ciing bing BB—) ma NM = MA

nén CI = [H.

Vi du 11. Cho nira duong tron tim O cé duong kinh AB, C la mot diém
thudc nira duong tron, H 1a hinh chiéu cua C trén AB. Qua trung diém M
cua CH, ké dudong vudng goéc vai OC, cat nira duong tron tai D va E.
Ching minh rang AB la tiép tuyén cua dudmg tron (C; CD).

Giai

OC cit DE ¢ K va cit duong tron (0) ¢ 1. &
Ta c6 ACEI vudng nén:
CE? =CICK =2C0O.CK (1)
ACMK ~ ACOH (g.g)

CM L = CO.CK =CM.CH (2)

CO " CH
Do CH=2CM nén CH? =2CM.CH (3)
Ter (1} (2), (3) suy ra CE = CH. Tir d6 suy ra diéu phai chimg minh.

o | ‘_v‘-,t- :

p 7 79
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@
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Vidu 12: Cho ducmg tron tim O duodng kinh AB. Goi d va d’ la cic tiép

Cdch 1. Ké OHLCD, DO cit d tai K. g

Cdch 2. Ké OH_LCD, Goi M la trung

Vi

tuyén tai A va tai B cua dudng tron, C la mét diém bat ki thuoce d. Duong
vudng géc véi OC tai O cat d° o D. Chimg minh rang CD la tiép tuyén
cua duong tron (O).

Giai

Dé dang chimg minh CK = CD, do

d6 ACKD cén tai C, C, =C., suy ra

OH = OA. Vay H €(0). Vi CD C
vudng goc voi ban kinh OH tai H nén

CD la tiép tuyén cua dudmg tron (O).

diém cua CD. Hay dung tinh chét
duong trung binh cua hinh thang va
dudng trung tuyen Lrng vgi canh
huyén cta tam gidc vudng dé chu‘ng

minh C, =C, (cung bang GOM,).
Sau d6 giai tiép nhu & cach 1.

du 13: Cho nura dudng tron tam O c6 duong kinh AB. C la mot diém
thudc nira duong tron. Qua C ke tlep tuyén d véi nira duomg tron. Ké céc
tia Ax, By song song v6i nhau, cat d theo thir tu tai D, E. Chung minh
rang AB la tiép tuyén cila dudng tron duong kinh DE.

Giai
Goi M la trung diém cua DE. Ké MH L AB.
Ta s€ chimg minh MH = MD.

Ta c6 OM la duong trung binh cua hinh
thang ABED = OM // AD

K

= 8,y =By = %OA.MH . %OC.MD .

Do OA = OC nén MH = MD.
Tir d6 suy ra AB la tiép tuyén cua dudong tron (M; MD).

Vi du 14: Cho tam gidc ABC cén tai A ¢ ﬁ a, duong cao AH = h. Vé

duong tron tdm A ban kinh h. Mot tiép tuyén bat ki (khac BC) cua duong
tron (A) cit cac tia AB, AC theo tht tu tai B!, C'.

a. Chimg minh rang S,,. <S, s

b. Trong céc tam gidc ABC COA =o va duong cao AH = h, tam giac nao

co dquf tich nho nhat?

o

{ #
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Giai ‘
Khong mat tinh tong quat, gia su B’ thudc canh AB va C” thudc tia don
cua CA Diém H o bén trong AAB’C". Qua H ké duong thang song song
vin B'CT céat cac Lanh AB'va AC o B, va(C,.
DeAREY Bppp «Bupe (1)
ARBC <bw.: (2)
(That vay. ke CK // AB (K thude B,C,) thi S, = S0k < Syee, )

Tir (1) va(2) suy ra S, <Sypc

Talaicd S

b. Tir cau a) suy ra trong céac tam giac ABC ¢6 A =a va duong cao AH = h,

tam giac can tai A c¢o dién tich nho nhat.

Vi du 15: Cho doan thang AB. Trén ciing mot nura mat phang bo AB. vé nua

duong tron (O) duong kinh AB va cac tlep tuycn Ax, By. Qua diém M
thude nura dudmg tron nay. ké tiép tuyén cit Ax. By theo thir tu tai C va
D. Goi N la giao diém cua AD va BC. Ching minh rang MN vudng goc
vl AB.

Giai
Ta co Ax // By nén theo dinh li Ta- lel —I:I-—I-)* = ~D—B (D)

NA ~ AC D

Theo tinh chat hai tiép luyén cit Rhau DB = MD, * M
ND . MD

AC = MC. (2).Tu (1) vao@ repmiainh C
(2) U()\a()suyl‘ﬂNA MC.

Do d6 MN // AC (dintiiiTa=lét:dao); N

MN // AC, ma ACL ABménMNLTAB: A 0 B

Vidu 16: Cho duong tron tam O, diém K nam bén ngoai duong tron. Ké cac

Ta c6 AK // CE (cung vuong goc vai AC).

ticp tuyén KA, KB vo1 duong tron (A, B la cac tiép dlem) Ké duong
kinh AOC. Tiép tuyén cua duong tron (O) tai C cat AB O E. Chimg minh
rang;

a. Cic tam giac KBC va OBE dong dang.
b. CK vudng goc véi OE.
Gidi

= BEC = A, = BCE =K, =0KB KB OB
o BE DB =

= tan B( E =tanOKB = U5 U RE BE
BC KB

Ta lai ¢6 B, = f%g(cimg phu voi l§3) nén KBC = OBE . (2)
Tiur (1) va(2)suyra AKBC ~ AOBE (c.g.c).

(1).
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b. Tir cau a) suy ra BCK =BEO.

Goi I 1a giao diém cua BC va OE, H la giao diém cua CK va OE. X¢ét hai
tam giac IBE va IHC ta chiing minh dugc H =90°. Vay CK L OE.

Vidu 17: Cho diém C thudc doan thing AB sao cho AC = 10 cm, CB = 40

cm. V& vé mot phia cia AB cac nira duong tron ¢6 dudng kinh theo thu
tu 1a AB, AC, CB va c6 tam theo thu tu la O, I, K. Buong vuong goc voi
AB tai C cit nira dudng tron (O) tai E. Goi M, N theo thit tu la giao diém
cua EA, EB vai cac nua duong tron (1), (K).
I Chirng minh EC = MN.
2. Chirmg minh MN Ia tiép tuyén chung cua cac nira duong tron (1), (K).
3. Tinh MN.
4. Tinh dién tich hinh duoc gidi han boi ba nira dudng tron.

Giai

All 1T ¢ 0O K B

1. Ta c6: BNC =90° (ndi tiép chan nira duong tron tam K)

— ENC =90° (vi 1a hai goc ké bu) (1)

AMC = 90" (ndi tiép chin nira duong tron tam I)

= EMC =90 (vi lahai gockébu)  (2)

AEB =90 (ndi tiép chan nira duong tron tim O) hay MEN = 90" (3).
Tir (1), (2), (3)= tir giac CMEN 1a hinh chir nhat=>EC = MN (tinh chét
dudng chéo hinh chir nhat )

2. Theo gia thiét EC L AB tai C nén EC la tiép tuyén chung cua hai nira

82

dudng tron (1) va (K) = B, =C, (hai goc ndi tiép cing chin cung CN).
Tir giac CMEN la hinh chit nhat nén= C, =N; = Bi =Na.(4) Lai ¢6
KB = KN (ctung la ban kinh) = tam glac KBN cantai K= BN, (5)
Tu(4) va (5) = Ny, =N3 ma N, + N, = CNB =90°

= N3 + N2 = MNK = 90" (hay MN L KN tai N

— MN la tiép tuyén cua (K) tai N.

Chimg minh twong tu ta ciing ¢6 MN la tiép tuyén cua (I) tai M
Vay MN la liép tuyén chung cua cac nua duong tron (1), (K).
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3. Taco AEB =90 (ndi tiép chin nura duong tron tam O)
= A AEB vuong tai A ¢o EC L AB (gt)
%> EC? = AC.BC; EC* =10.40 =400 =% EC = 20 cm.
Theo trén :C =MN = MN = 20 cm.
4. Theo gia thi¢t AC = 10 ecm, BC = 40cm = AB = S0cm = OA = 25¢m.
mOA® = 125" =625mS ) = nlA® =n.5° = 25m;

Faco 5,

Sy = nKB* = m.20° = 400m. Ta c¢6 dién tich phan hinh dugc gigi han boi

bm ”&’(Kl)

; Lo g w . ds
ba nua duong tron la S = —(S y =
9 (0)

S = 7’)((3257: —-25n-400n) = %.2001‘[ =100n = 31=‘1(cmg)

Vidu 18: Cho tam giac nhon ABC ¢co B=45". Vé duong tron duong kinh
AC ¢6 tam O. duong tron nay ciat BA va BC tai D va E.

1 Chuang minh AE = EB.

2. Goi H 1a giao diém cua CD va AE. Ching minh rang duong trung truc cua
doan HE di qua trung diém I ciia BH.

3. Ching minh OD 1a tiép tuyén cua duofig tron ngoai tiép tam giac BDE.

Giai

1. AEC =90" (noi tiép chan nira duding tron). A
= AEB = 90" (vi la hai goc ké bu).
Theo gia thiét ABE = 45 '
= A AEB la tam giag yuongcan tai E
=5 EA = EB.

2. Goi K la trung diém cua HE (1); 1 la
trung diém cua HB = IK la duong B
trung binh cua tam giac HBE
— 1K // BE ma AEC =90° nén BE LHE tai E = 1K L HE tai K (2). Tur
(1) va (2) = IK la trung truc cua HE. Vay trung truc cua doan HE di qua
trung diém I cua BH.

3. Theo trén I thude trung truc cuia HE =1E = IH ma I la trung diém cua

BH = IE = IB. ADC = 90" (ndi tiép chin nira duong tron)
— BDH = 90" (ké buADC )= tam giac BDH vudng tai D ¢é DI la trung

tuy¢n (do 1 1a trung diém cua BH)= ID=% BH hay ID =IB

—IE=1IB=1D ,

=1 la tam duong tron ngoai tiép tam giac BDE ban kinh ID.
Taco AODC can tai O (vi OD va OC la ban kinh) = D1 = Ci(3)
AIBD cén tai I (vi ID va IB la ban kinh) = D, = B, (4)
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Theo trén ta ¢c6 CD va AE la hai duong cao cua tam giac ABC = H la
truc tdm cua tam giac ABC= BH cling la duong cao cua tam giac ABC

—BH L AC tai F = A AEB ¢6 AFB = 90°

Theo trén AADC ¢6 ADC =90° = B, = C, (cung phu BAC )(5).

T (3), (4), (5) = D, =D, ma D, + IDH = BDC = 90°

=D, +IDH=90"=IDO=O0D LID tai D =OD la tiép tuyén cua
duodng tron ngoai tiép tam giac BDE.

Vidu 19: Gia sir tir giac ABCD c6 duong tron duomg kinh AB tiép xic voi

duong thang CD. Chimg minh ring néu AD // CB thi dudng tron duong
kinh CD tiép xuc vdi duong thing AB. ‘ '

HSG lop 9, quan Cau Giay Ha Ngi, 2005 - 2006

Giai

Goi M, N lan luot la trung diém cia AB, CD. Ké MH, MK lan luot
vudng goc vl AB, CD. Néu AB // CD thi ABCD la hinh thang ¢6 MN la
duong trung binh, MN // AB // CD. B
Suy ra Sy,p = Syap; Suse = Swac

M
= Syas = Sasep ~ Snap — Swac r
= Sasep ~ Suap — Swsc = Syew A
= %AB.NH . %.CD.MK. ‘
Mat khac, duong tron’ dudng “kinh v N K b

AB tiép xtic v&i CD nén:
MA = MB = MK = %AB. Suy ra NH=%CD=ND=NC.

= H thudc duong tron duong kinh CD.Ta lai c6 NH vudng goc i AB
nén AB tiép xuc vdi duong tron duong kinh CD.

Dang 4. Vj tri twong doi cita hai dwong tron '
Vidu 1. Cho hai duong tron (O), (O’) ¢6 cung ban kinh, cit nhau tai A va B,

84

Ké cét tuyén chung DAE cua hai dudong tron. De(0), E(O"). Chimg
minh ring BD = BE.

Giai
Goi I 1a giao diém ctia AB va 00’.
Theo tinh chét cta hai duong tron
cat nhau, 00’ L AB va Al =IB.
Tam gidc BOO’ céan tai B, BI la
duong cao nén IO = 10°.
Ké OH, IM, O’K vuéng goc voi DE. Ta co OH / IM // O’K va Ol = 10’
nén theo tinh chit duong thing song song cach déu, ta co HM = ML
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Tam giac 1HK ¢6 duong cao M la duomg trung tuyén nén HI = IK. Ta lai
¢o HI [a duong trung binh cua tam giac ABD, IK la duong trung binh cua

. _ ) — i
tam giac ABE nén HI :%,IK = BF. Vay BD = BE.

Vi du 2. Cho hai duong tron tdm O va O cit nhau tai A va B. Day AB la
canh cta hinh vuong ABCD noi tiép duong tron O va la canh cua tam
giac déu ABE noi tiép duong tron tim O’. Biét ban kinh cua duong tron
nho la R. Chimg minh (O) la duong tron lon va tinh ban kinh (O).

OA cat BO" tai I. Tinh OL
Giai
Truong hop O, O o hai phia AB.
N6i OO’ cit AB tai H'= 00" 11 trung truc cua AB
AOB = 90" = AOO' = 45"; A0' B =120° = A0 'O = 60°
Do do OA > O’A. O’A =R (gt). AB la canh cua tam giac déu noi tiép
(0O; R) = AB=RV3. Goi ban kinh cua duong tron (O) 1a Ry, AB la
canh cta hinh vudng noi tiép duong tron (O: R,))

RJ6
—.

RV6
2

= AB=R,V2 = RV3 =R, V2 & §)+

;]

AB la canh hinh vudng ndi tiép (O;

RJS;.\/EzR\/ﬁ-

OH la trung doan = OH =
2 2 2

Do do 0'0=0H+0'H=R€+R=R(\/§+1)
V& IK L 00’ (Ke 00’), AKOI vuéng cén tai K= OK = KI,
OI=0K+2 . AO’KI la nira tam giac déu = 0'K =M

KIJ3

2
Tacd 00’ + O’K = KI :>KI——3—=OO' A
IK{I_\@J:R&@H) AR
3 2 4
Do d6 OI = R‘/g(z“/g), @
B

Truong hop O, O’ ¢ vé mét phia AB.

rond t, ta c6: OA > O"A; 0A=RT‘/6;01: R‘/g(';"‘/g)

b
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Dang 5: Chitng minh géc néi tiép. Quy tich cung chira géc
Vidu 1. Cho duong tron (O; r) va hai duong kinh AB va CD vudng goc vai
nhau.'E la diém bat ki trén cung nho BD (E# B; E# D) EC cit AB o M.,
EA cat CD ¢ N. '
a. Hai tam giac AMC va ANC cé quan hé vdi nhau nhur thé nao? Vi sao”
b. Chimg minh AM.CN = 2r’
c. Gia sit AM = 3MB. Tinh ti s6 %.
DTS 10 THPT Hai Phong nam 1995 — 1996
Gidi
a. ViAB L CD nén AD =BD=AC=CB
NAC - - (sdEB + saBC); AMC - -lz-(sdﬁ:'ﬁ + sdAC)

Suy ra W=M;m=%sdﬁ_ﬁ EsdBC MAC 1,

Do dé6 AAMC ~ACAN

b. AAMC ~ACAN en@J\C

AC CN
= AM.CN = AC’ A 0 B
Theo dinh ly Py-ta-go, co:
AC? = AO? + OC? hay WOH2 @i (
Do d6 AM.CN = 2r?

—
Lt

8. TacéAM+BM=2rnén4MB=2r::>MB=2 AM:%E ¢
Do d6 AM.CN = AC? =>§23'-.CN=21~2 :>CN=.?§
4r 2r . CN -

ViCN+ND =2rnén ND=2r-—=-—. Vay —
3 3 ND

Vi du 2: Cho duong tron tam O duong kinh AB va day cung CD (C, D
khong trung véi A,B). Goi M 1a giao diém cac tiép tuyén cua duong tron
tai C, D; N la g1a0 dlem cua cac day cung AC, BD. Duong thing di qua
N vudng goc vai NO cit DA, BC lan luot tai E, F. Chung minh:

a. MN vudng goc vdi AB. b. NE = NF.
Giadi

a. Goi P la giao diém cua AD va BC
= N la truc tdm cua tam giac PAB = PN L AB.
Goi giao diém cua tiép tuyén tai D vdi PN 1a M.

Do mr:m(:%sm)

¢ ¥
| W
R
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. PDM" = DPM' = AM'PD cin tai M.
- M'P= M'D
= M’ la trung diém doan PN,
Do do M tring M “
= MN 1 AB.
I't3n tia doi cua tia DB lay diém Q sao cho
DO =DB == QA/NO=QA LNE
= A la truc tam tam giac QEN.
~ NA | QE (tai H)
> AHNQ = ACNB = NH = NC
= AHNE = ACNF = NE = NF

Vi du 3: Tam giac ABC noi tiép duong tron tam O. Cac diém M. N, P la

dicm chinh gitra cua cac cung AB, BC, CA. Goi D la giao diém cua MN
va AB. E la giao diém cua PN va AC. Chirng minh rang DE song song
vor BC

Giai
Cich 1. BP cat CM tai I. Ta co A7, N'thang hang.
P1C = PCI(xét cung bi chin) nén PI=PC.
Tuong tu NI = NC.
Do do PN la duémg trung true cua 1C
=IE=CE =C, .
Talai c6 C, = C.nén I, =Cs, do d6 IE7/ BT
Chimng minh tuong tu, ID // BC.
Suy ra D, I, E thing hang va DE // BC.
Cich 2: (khong dung dén diém T)

AE AN

NE la duc han giac cia AANC = =—— (1
a duong phan giac cua > EC-NC (1)
b3 AD AN
D Ja duc han giac cua AANB = —=—— (2
ND la duong phan gidc cua > BR-NB (2)

Dé dang chimg minh dugc NB = NC (3)

AE AD :
T (1).(2). (3 — =——, dodo DE // BC.
u()()()suyraEC DB 0 do

Vi du 4: Cho tam giac ABC ndi tiép duong tron (O; R). Goi I la tam cua

duong tron nodi tiéP tam giac do: M, N, P theo thir tu la tam cua cac
duong tron bang ti€p trong cac goc A, B, C. Goi K 1a diém doi xing voi |
qua O. Chirng minh rang K la tam cua duong tron ngoai ti€p tam giac
MNP.
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Giai p

Goi D 1a giao diém cua AM véi
duong tron (O). Ching minh cac tam
giac DBI, DBM cén suy ra DI = DM.

Do d6 OD la duong trung binh cua
AMIK, suy ra KM = 20D = 2R.

Vay M thudc duong tron (K; 2R).
Tuong tu ddi véi cac diém N va P,

Vi du 5: Tir diém M & bén ngoai dudng tron tam O, ké cat tuyén MAB di

a.

b.

qua O va céc tiép tuyén MC, MD. Goi K la giao diém cua AC va BD.
Chimg minh rang:

a. Bén diém B, C, M, K thudc cung mdt duong tron.
b. MK vuéng goc vdi AB.

Gidi W
Dé dang chimg minh AB.LCD nén
AC = AD do !:16 ACM = ABD (goc tao
boi tia ti€p tuyen voi day va gic ndiltiep
chan hai cung bang nhau).
Tirc 1a KCM = KBM . Tir giac BEMK c6 céc diém B va C ciing nhin KM
dudi hai géc bang nhau néu bon diém B. C, M, K thudc cuing mot duong
tron.
Tir c4u a suy ra BMK = BCK = 90° . Vay KM .LLAB,

Vi du 6: Cho hinh binh hanh ABCD c¢6 A < 90”. Pudng tron tam A ban kinh

AB cit duong thing BC ¢ diém thir hai E. Puong tron tim C ban kinh

CB cat duong thing AB ¢ diém thir hai K. K
Chimg minh ring:
a. DE =DK;
b. Nam diém A, D, C, K, E thudc cung mét duong tron.
Gidi
Cac tam giac can ABE, CBK co6 E C

B,=B: nén A, =C,. Ta lai co
As =C; nén DAE = KCD.
ADAE = AKCD (c.g.c) nén
DE = DK.
ADAE = AKCD nén D, =K, ma D, =E, nén K, =E.. Suy ra D, E, K,
C thudc cung mot duong tron (1).
Mit khac C, = A, nén A, E, K, C thugc cung mdt duong tron. (2)
) #2) suy ra nam diém A, E, K, C, D cung thudc duong tron di qua

»
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Vi du 7: Cho tam gidc nhon ABC co duong cao AD. diém M nam gitra B va
¢ Duong trung truc cua BM cit AB o E, duong trung truc cua CM cat
AC ¢ F. Goi N la diém doi Xirng vai diém M qua EF, I 1a giao diém cua
NM va AD. Ching minh ring nam diém A, B. 1. C, N thudc cung mdt
dierng tron.,

Giai
Ta ¢co: FC = FM = FN nén duong tron
(I; FC) di qua C, M, N. Goc CNM la
goc noi tlep cua duong tron (F) nén
CNNI - l‘ /\L
Do do A, N, C, I thudc cuing mot duong B
tron. Vay nam diém A. B. 1. C, N thudc
cung mot duong tron.

Vi du 8: Cho hinh thang ABCD (AB // CD), O la giao diém cua hai duong
chéo. Trén tia OA lay diém M sao cho OM = OB. Trén tia OB lay diém
N sao cho ON = OA. Chung minh rang :

a. Bon diém D, M, N, C thudc cing mot duong tron;

b. ACN = BDM. N
Gidai
a. AOMN = AOBA (c.g.c) nén OMN=0BA. S
Ta lai co OBA = 0DC 5

Do d6 bdn diém D, M, N, C thudc cing mot
duong tron (dwa vao ocung chira goc).
b. Suy ra tir cau a. @ =
Vi du 9: Cho tam giac ABC (AC > AB). Dudng tron tam I noi tiép tam giac
do tiép xic voi AB, BC O D, E. Goi M, N theo thu tu la trung diém cua
AC, BC. Goi K la giao diém cia MN va Al. Chirng minh rang :
a. Bon diém 1, E, K, C thudc cling mét duong tron;
b. Ba diém D, E, K thing hang.

Gidi
a. MN//AB =K, =A = A; => KM =AM = MC
- AKC = 90°.

Ta c6 TEC = 90°. B
Suy ra |, E, K, C thudc duong tron cé duong kinh IC.
-~ A+C B

b. Tircﬁuasuyra(fﬁ?(=é§l=§z+cl= 5 =90°—E(1)

Mat khac ABED can=> BED = 90° —g — CED =90° + —. (2

"""""

T (1) vé (2) suy ra CEK + CED =180°,do d6 D, E, K thang hang.

"'*"f

dﬁ
» 89
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Vi du 10: Cho tam giac ABC duong cao AH, dudng trung tuyén AM (H. M

phan biét va thudc canh BC) thoa man BAH = MAC. Chimg minh ring
BAC =90°.
Gidi A
Goi E la trung diém cua AB.
Taco Hy = As = A, = M, nén bén diém E
A, M, H, E thudc cung mét duong tron.
Suy ra AEM = AHM = 90", B H M C
Do EM // AC nén BAC = 90",

Dang 6: Chirng minh tir giac noi tiép, ngoai tié"p
Vidu I. Cho AABC nhon ndi tiép duong tron (O) véi hai duong cao AD va

CE cit nhau tai truc tdm H. K¢ dudng kinh BM cua (0). Goi I la giao
diém cua BM va DE, K la giao diém ctia AC va HM.
a. Ching minh rﬁng: cac tir giac AEDC va CMID la cac tir giac noi tiép.
b. Chitng minh ring: OK L AC.

Giai
Theo gia thiét AEC = ADC =90°.
Tu gidc AEDC c6 hai dinh ké D va E
cang nhin doan AC_dugi mét goc 90"
nén ni tiép dudng.tron < BAC = BDE
(cung ba véi EDC)#a’ BAC Y BMC
(g6c ndi tiép chin ﬁ_@).
Vay BDE = BMC nén t gidc DIMC néi tiép duong tron.
BM la duong kinh cua (O) nén BAM =BCM =90° (chin nira duong
tron). Suy ra HC // AM (cung 1 AB) va HA // CM (cung 1 BC) nén
AMCH Ia hinh binh hanh = K la trung diém cua dudng chéo AC. Vay
OK L AC (quan hé duong kinh va day cung).

Vi du 2: Cho nira duong tron (O; R) duong kinh AB. Ké tiép tuyén Bx va

lay hai diém C va D thudc nira duomg tron. Cac tia AC va AD cét Bx lan
lugt G E, F (F & gitta B va E).
1 Ching minh AC. AE khong doi.
2. Ching minh ABD = DFB.
3. Chitng minh rang CEFD la ttr gidc ndi tiép.
Gidi

. C thude nira dudng tron nén ACB =90° ( ndi tiép chin nira duong tron)

—=BC L AE.
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ABE 90" (Bx la tiép tuyén)

= tam giac ABLE vuong tai B co BC la
dudimng cao

= AC.AE = AB” (hé thuc gitra canh va
duong cao), ma AB la duong kinh nén
Al -- 2R khong doi do do AC.AE khong
dor.

A 0 B
AADB ¢6 ADB = 90" (no1 liép chan nira duong tron).
— ABD + BAD = 90" (vi tong ba gdc ctia mot tam gidc bang 180") (1)
AABE ¢6 ABF =90 (BF la tiép tuyén).
— AFB + BAF = 90" (vi tong ba goc cia mot tam giac bang 180") (2)
Tir (1) va (2) = ABD = DFB (cim;: phu véi BAD)
T El ac ACDB néi tiép (0) = ABD + ACD =180".
ECD + ACD =180"(vi la hai goc ke bu)
— KCD = ABD(cun;, bu voi A(JJ)
Theo wén ABD = DFB = ECD#DFB. Ma EFD +DFB=180°(vi la

hai goc ké bu) nén suy ra ECD + EFD=180". mit khac ECD va EFD la
hai goc doi cua tir giac CDFE do do6 tir giac CEFD la tir giac noi tiép.
du 3: Cho duong tronam’Q dudmng kinh1AB .va diém M bat ki trén nua
duong tron sao cho AM < MB. Goi M' la diém doi ximg cua M qua AB
va S la giao diém cua'hai tia' BM, M'AY"Goi P'la’chan duong vudng goc
tr S dén AB.
|. Chirng minh bon diém A, M, S, P cing nam trén mot duong tron
. Goi SI la giao diém ctia MA va SP. Chimg minh rang tam giac PS'M cén
. Chirng minh PM la tiép tuyén cua dudmg tron.

Giai

Ta ¢6 SPLAB (gt)=> SPA =90°; AMB = 90" (ndi tiép chan nira duong
trt‘m) = AMS =90°. Nhu vay P va M cung nhin AS dudi mot goc b{fmg
90" nén cung nam trén dudng tron dudmg kinh AS.

Viy bon dlem A, M, S, P cing nam trén mét duong tron.

Vi M’ déi ximg M qua AB ma M nam S
trén duong tron nén M’ cling nam trén M
du(‘mg tron = hai cung A AM va AM' co
s6 do bing nhau - AMM'= AM'M
(Hai goc no1 tiép chan hai cung bang
nhau) (1). Ciing vi M’ d6i ximg M qua
AB nén MM' L AB tai H i M
:3 MM'// SS' (cung vudng goc véi AB) g

LJJ '[\.J

B
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= AMM' = :@E; AM'M = ASS' (Vi so le trong) (2).
= Tir (1) va (2) = AS'S = ASS'
Theo trén bon diém A. M, S, P cing nam trén mot duong tron
= ASP = AMP (néi tiép ciing chin AP)
= AS'P = AMP = tam giac PMS' can tai P.

3. Tam gidc SPB vudng tai P; tam gidc SMS' vuéng tai M= B, =S', (cing
phu véi S). (3) Tam gidc PMS' can tai P=> S, =M (4)
Tam giac OBM cén tai O (vic6 OM =0B =R) = B, = M, (5).
Ta(3), ®)va(5) = M, =M, => M, + M, =M, + M,
ma ﬁ3+ﬁ2 = AMB =90° nén suy ra f/fl +I\:’i‘2 = PMO =90° =PM 1 OM
tai M= PM la tiép tuyén cua duong tron lai M

Vi dy 4: Cho tam gidgc ABC (AB = AC). Canh AB, BC. CA tiép xiic voi
dudng tron (O) tai cdc diém D, E, F. BF cét (O) tai I. DI cét BC tai M.
Ching minh
1. Tam giac DEF ¢6 ba goc nhon: 2. DF // BC.

3. Tir gidc BDFC ndi tiép. 4, BD _BM
. CB CF
Gidi
1. (HD) Theo tich chit hai tiép tuyén citnhau tacé AD = AF
=>tam giac ADF céan tai A A

= ADF = AFD <90° = sd cung DF < 180"

= DEF <90° (vi géc DEF néi tiép chén cung DE).

Chirng minh tuong tu ta cé:

DFE < 90°; EDF < 90°.

Nhu vay tam giac DEF c6 ba géc nhon.
2. Taco AB = AC (gt); AD = AF (theo trén)

AD AF

= SR =95 > DF//BC. el
3. DF //BC= BDFC la hinh thang lai c6 B = C (vi tam giac ABC cin)

= BDFC la hinh thang cén do d6 BDFC ndi tiép diroc mot duong tron.
4. Xét hai tam gidc BDM va CBF. Ta c6 DBM = BCF (hai goc day cia tam

gidc can). BDM = BFD (ndi tiép ciing chén cung DI):
BD BM

<BFD = BDM = CBF. = ABDM = ACBF — >0 - BM
i ¢ CB CF

CBF
gﬁfa

D
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Vi du 5: Cho tam giac ABC vuong & A (AB > AC), duong cao AH. Trcn
ntra mat phang bo BC chira dién A.VE mira duong tron duong kinh BH
¢it AB tai E. Ntra duong tron duong kinh HC cat AC tai I
I Chirng minh AFHE la hinh chir nhit.

2. BLFC 1a tr giac ni tiép.

3. Chimg minh AE. AB = AF. AC.

4. Ching minh EF la tiép tuyén chung cua hai nira duong tron.
Giai

I Taco - BEH = 90" (ndi tiép chan nira duong tron) = AEH =90° (vi la hai

goc ké bu). (1) CFH = 90" (ni tiép chan nira dudng tron)

= AFH =90" (vi 1a hai goc ké& bu).(2) EAF =90°(Vi tam giac ABC
vuong tai A) (3).

Tu (1), (2), (3) = tir giac AFHE la hinh chir nhat (vi co ba goc vuong).

2. Tir giac AFHE la hinh chir nhat nén ndi
tiép dugc mot duong tron = F = H, (ndi
tiép chian cung AE) theo gia thiét
AH LBC nén AH la tiép tuyén/-chung
cua hai ntra duong tron (OQ)va

(02)= B, =H, (hai goc ndi tiép cimg K
chdn cung HE)
- B, =F = EBC + EFC = AFE + EFC ma" AFE + EFC =180 (vi la hai
gbc ké bu) => EBC + ERQ=180°
Mat khac EBC va EFC Ia hai goc @bi ctia tir gidc BEFC do d6 BEFC la
tr giac noi tiep.

3. Cich 1:Xét hai tam giac AEF va ACB ta c6 A =90° la géc chung;
AFE = ABC (theo chimg minh trén)

 AAEF~AACB o AE_AF | AEAB-AFAC
AC _ AB

Cich 2:Tam giac AHB vuéng tai H c6 HE L AB
= AH= AE.AB(*).Tam giac AHC vuodng tai H co HF L AC
= AH = AF.AC (**). Tir (*) va (**) = AE. AB = AF. AC
4. Ti giac AFHE la hinh chir nhat=IE = IH
= AIEH céan tai I= E, =H, ; AO,EH can tai O, (vi ¢6 OE va OH
cung la ban kinh)
- E,=H,=>E +E,=H, +H, ma H, + H, = AHB = 90"
= E?, + E_; = (ﬁi‘ =90° = O,E L EF. Chimg minh tuong tu ta ciing c6
O,F L EF. Vay EF la tiép tuyén chung cua hai nira duong tron.

0, 0,
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du 6: Cho tam giac can ABC (AB = AC, A <90"), mdt cung tron BC
nam bén trong tam giac ABC va tiép xtic voi AB, AC tai B va C. Trén
cung BC lay mot diém M roi ha cac dudong vudng géc MI. MH. MK
xudng cac canh tuong tmg BC, AB, CA. Goi P la giao diém cua MB, IK
va Q la giao C!lem cua MC, IH. '
Chimg minh rang cac tir giac BIMK, CIMH ndi tiép dugc.
Chung minh rang tia doi cua tia MI la phan giac goc HMK.
Ching minh rang t giac MPIQ néi tiép duoc. Suy ra PQ song song voi
BC.
Goi (O,) la duong tron qua M, P, K, (0O, ) la duong tron qua M. Q, H: N
la giao diém thir hai cua (0,),(0,) va D la trung diém cua BC. Chimg
minh rang M, N, D thiang hang.
DTS 10 THPT Ha N¢gi nam 1994 — 1995
Giai
MIB =90°, MKB = 90° (MI L BC, MK L AB). Do dé tir gisc BIMK noi
tiep dugc duong tron. Tuong tur ta ciling ¢6 tir giac MICH noéi tiép duoc
duong tron.
AB = AC (gt) = ABC = ACB
Goi tia doi cua tia MI 1a Mx, céc tir giac BIMK, MICH ndi tiép nén:
IMH =180° - ACB;IMK =180° - ABC A
Do d6: IMH = IMK
Suy ra KMx =180° - IMK = 180° — IMH = HMx
Vay Mx la tia phan giac cua goc HMK.
Theo két qua cua céu a. ta c6: KBM = KIM .

Ma KBM =BTJ"M[= -;-sdﬁij.

Suy ra KIM = BCM .

Chirng minh tuong ty ta ciing co:

HIM = CBM

AMBC c6: BCM + CBM + BMC = 180°

Do dé: KIM+HIM+PMQ=180° s - s
= PIQ + PMQ = 180" = tir gidc MPIQ ndi tiép
= MPQ = MIH = MPQ = MBC =PQ // BC.

Vé Py la tia tiép tuyén cua dudng tron (O,) (tia Py nam trén nira mat
phing b PM khong chira diém K).

Ta.ch: @leﬁf’@[:%sdf’ﬁ]mé KPM = MPQ
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Do do: ;'\Jﬁj_v = 1\-1?’(2 — Hai tia Py va PQ tring nhau=PQ la liép myén

cua (O,). Chimg minh twong tu. ¢o PQ la tiép tuyén cua (0,).
Gor I Ta glao diCm cua MN va PQ:AEPM ~ALPN (PEM chung va

EPM - PNE —sdPM) >I—E o > EP* = EM.EN

EP EN
Chung minh twong tu ta cung ¢6: EQ° -~ EMEN
Suy ra EP° =EQ* = EP =EQ = E la trung di¢m PQ.
Goi I 1a giao diém cua MP va PQ.Tam gidac MBD ¢6
P/ BD - PE' ME' s et o EQ ME'
BD MD ) CD
Suy ra PE'=E'Q = E" la trung diém PQ.
Viy: E=E". Do d6 P. E. M. N thang hang. Vay M., N, D thang hang.
Vi du 6: Cho tam giac AB (AC > AB; BAC >90"). I. K theo thu tu la cac
trung diém cta AB, AC. Cac duong tron dudng kinh AB, AC cét nhau

tm diém thtr hai D: tia BA cit doong won (K) tai diém thir hai E. tia CA
cat duong tron (1) tai di¢m thi hai F

a. Chimg minh ba diém B, C. D thang hang.

ma BD = CD (gt)

b. Ching minh tir giac BFEC néi tiép duoc.
¢. Chiing minh ba duong thang ADLSBI) @12 ddhg quy.
d. Goi H la giao diém th{ hai cua tia DF véi duong tron ngoai tiép tam giac
AEF. Hay so sanh d¢ dai cac doan thang DH. DE.
DTS 10 THPT Ha Ngi nam 1995 — 1996
Giai
a. BDA =90" (goc nol tiép chan ntra duomg tron tam I).
Tuong tu clng co:
ADC =90"; AD 1 BD (BDA =90"); AD LDC (ADC =90")
= B. D. C thiang hang.
b. Ta c6: BFC =90" (goc ni tiép chan nira
duong tron).
Tuong tu ciing ¢6: CEB = 90°
E va F ciing nhin BC dudi goc 90" nén
B. F. E, C cing nam trén mgt duong tron
(quy tich cung chura goc).
= Tu giac BFEC ndi ti¢p duoc.
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¢. AABC c6 AD, BF, CE la ba dudomg cao (vi AD L BC, BF L AC. CE L \B).

d.

Vi

=28

b. AAFC=ABEC=CE =CF nén AECF can o C.

Do d6 ba duong thang AD, BF, CE dong quy.
Gia sir AD, BF, CE dong quy tai Q.

ABF = ADF (hai goc ndi tiép cung chédn cung AF).

BDQ = BEQ = 90° = Tir gisc BQED néi tiép=> QBE = QDE

Tir giac AFQE ndi tiép (AFQ = AEQ = 90°) = O € AQ.

Do d6 MDO = NDO

Xét AMDO (DMO=90°) va ANDO (DNO=90°) cé: OD chung.
MDO = NDO. Do d6 AMDO =ANDO (canh huyén goc nhon)

=DM = DN, OM = ON;OM = ON

= HF = EP (P la giao diém cta DE véi (O) (P khong trung E)

HM =%HF (vi OM L HP), EN =%EP (vi ON L EP)

Suy ra: HM = EN.Do d6: DM + HM = DN + EN = DH = DE.
du 7: Cho nira dudng tron duong kinh AB = 2r. C la trung diém cua cung
AB. Trén cung AC liy diém F-batki. Trén day BF lay diém E :ao cho
BE = AF,
Hai tam giac AFC va BEC quan hé vGi nhau nhu thé nao? Tai sao?
Chimg minh EFC |a tam giéc vuong cén.
Goi D la giao diém ctia duong thing AC véi tiép tuyen tai B cia nua
duong tron. Chimg minh BECD la' mot ti giac n6i tip.
Gia st F chuyén dong trén cung AC. Ching minh rang khi d6 E chuyén
dong trén mdt cung tron. Hay xac dinh cung tron va ban kinh cua cung
tron do.

DTS 10 THPT Hai Phong nam 1995 - 1996

Gidi

AC =BC (vi C la trung diém cua cung AB) = AC = CB.
Xét AAFC va ABEC c6 AC = CB; FAC =EBC (hai géc noi ticp ciing
chin cung FC); AF = BE.Do d6 AAFC = ABEC(c.g.c) D

Vi CFE = 45° = CEF
= FCE = 180° - (CFE + CEF) = 180° — 90° = 90°
Do do6 tam giac ECF vudng can ¢ C.
BD la tlep tuyén nén BD 1L AB
= ABD = 90"

Vi DAB =45° (géc néi tiép chén
cung BC) nén tam gidac BAD
vuong can tai B.

/4
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=5 ADB = 45°;
FEC = 5" ( AECF vudng can).
i pide BECD ¢6 ADB = FEC(= 45"); ADB + CEB = 180" nén noi tiép duoc.
BD ¢6 dinh.E thude duomg tron duong kinh BD.
BD=AB=2rF=A=E=Bval=C= E=C
Do do suy ra rang E chuyén dong trén cung nho BC cua duong tron
duong kinh BD, tam la trung dicm BD ban kinh r.

Vi du 8: Cho hai duong tron (O,,R,)va (0,,R,)cat nhau tai hai diém I, P.

L D -

9

Cho biét R, <R,va 0,.0,khic phia doi voi duong thang IP. Ké hai
duong kinh IE, IF twong ng cua (O,.R,)va (O,,R,).

. Chung minh E, P, F thang hang. '
. Goi K la trung diém EF. Chimng minh O, PKO, la tir gidc ndi tiép.
- Tia IK cdt (0,.R,) tai diém thir hai la B. duong thing vuéng goc vai IK

tai I cat (O,,R,) tai diém thirhai la A. Chimg minh IA = BF.
IS lop 10 Todn —Bai-hoc Vinh nam 2009 -2010 (vong 1)
Giai
Vi IE la duong kinh cua (O,,R, Jnén IPE = 90°
Tuong tu IPE =90°. Tu gia thiét ta c6: E, F nam vé hai phia cua P. Suy
ra EPE =180° hay E,'PF'thiig hang
Ta ¢6: AO,10, = AO,PQ, (c.c.c) nén, 00, =0,PO, (1)
Mat khac, O, K,0,K la.cac.dudng. trung binh cua tam giac IEF nén
10,KO, la hinh binh hanh.Do d6 0,10, = 0,KO, (2)
Tir (1) va (2) suy ra O,PO, = 0,KO, , hay O,PKO, Ia tir giac ndi tiép.
IA cat (0,,R,)tai diém A’ (khac 1)
Ta c6 t&r giac IBFA” 1a hinh chir nhat, nén BF = A" (3).

Mat khac, IK // AE va A’F, K la trung diém. ctia EF nén I la trung diém
ctia AA". Hay 1a1A = IA". (4). Tir (3) va (4) suy ra IA = BF.

Dang 7: Cdc bai todn tong hop , ,
Viodiw 1: Cho hai dudong tron (O)) va (O,) cat 'nhau tai A va B. Tiép tuyén

chung }:fm B cua hai duorng tron lan luot tiép xuc voi (01) va (0;) tai C
va D. Qua A ké duong thang song song voi CD, lan luot cat (0)) va (Oy)
tai M va N. Cac duong thang BC, BD lan luot cat duong thing MN tai P
va Q: cac duong thang, CM va DN cit nhau tai E. Chimng minh rang:

1 I)Lr(m;: thang AE vuong goc véi duong thang CD;

. Tam giac EPQ la tam giac can.
Dé thi hoc sinh gioi lop 9, tinh Hai Duong, 2004 — 2005
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Gidi

I. Do MN // CD nén EDC = ENA, mat khdc CDA = DNA (ciing chin DA ),
suy ra EDC = CDA hay CD la phan giac cua EDA .
Tuong tu, CD ciing la phan giac cia ECA. Y
Suy ra A va E d6i ximg nhau qua CD (cac
ban tu chimg minh)
= AE 1 CD.

2. DoPQ//CDnén AELPQ. (*) AL
Goi I 1a giao diém cua AB va CD thi: E
AAID ~ ADIB (chung AIDva IAD =IDB do cing chin DB) suy ra
D_DBm-1alB.

IA ID

Tuong tu, IC* =IA.IB,suy ra IC? =ID?* = IC=1ID. Ta cé Al, CP, DQ
dong quy tai B, PQ / CD va I la trung diém cua CD, A thudc PC suy ra
A la trung diém cua PQ.Két hop vai (*)suy ra AE la trung truc :ua PQ
va EPQ la tam giac can tai E. ‘

Vi du 2: Cho nira dudng tron tam ;) duong kinh BC. Diém A thioc nira
dudng tron do. Dung hinh vudng ABED thudc nira mat phang >0 AB.
khong chira dinh C. Goi F la giao diém cia AE va nira dudng tron (O).
Goi K 1a giao diem cua CF va ED, :

a. Chirng minh rang 4 diem E:, B, Fz K nam trén mot duong tron.
b. Chimg minh rang BK 1a tiép tuyén cua (O)
c. Chung minh rang F 1a trung diém cua CK.

Giai

a. Tacoé KEB=90". Mt khac BFC =90° (géc ndi tiép chan giita duorg tron).
Do CF kéo dai cit ED tai D= BFK =90 =E, F thujc dutng tron
duong kinh BK hay 4 diém E, F, B, K thudc duong tron dudong kirh BK.

b. BCF= BAF. D
Ma BAF = BAE =45° = BFC =45
Tac6 BKF= BEF.

Ma BEF - BEA - 45° .

(EA la duong chéo cua hinh

vuong ABED)

— BKF=45°.

Vi BKC = BCK = 45°

= Tam giac BCK vuong can tai B.

= BKV,J@OB = BK la tiép tuyén cua (O).
c. B&‘f}: CK, tai F =F la trung diém. B 0

4%
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du 3: Cho duong tron (O) duong kinh AB. Tir mot diém C thudc duomg
tron (O) k¢ CH vuong goc vai AB (C khac A va B; H thuée AB). Duong
tron tam C ban kinh CH c¢it duong tron (O) tai D va E. Chang minh DE
di qua trung diém cua CH.
Giai

Goi K giao diém cua DE va CH
Ta ¢6: OC L DE (tinh chit duong ndi tam)
=» A CKJ va A COH ddng dang (g—g)
= CK.CH=CJC0 (1)

3 2CKLCH = €12C0 = ClCC' ma A
CEC" vudng tai E co EJ la duong cao
=» CJ.CC'= CE* = CH’
=5 2CK.CH = CH’
=6 3ICK=CH
=5 K la trung diém cua CH.
du 4: Cho duong tron (O: R) duong kinh AB. Ke tiép tuyen AX va lay
trén tiép tuyén do mot diém P sag-cho AP > R, tir P ké tiép tuyén tiép xuc
val (O) tat M
Chuing minh r:fing tir giac APMO noi tiep duoc mot dudmg tron.
Chung minh BM // OP.
Duong thang vuong goc, voi AB_&,0 cat tia BM tai N. Ching minh tu
giac OBNP la hinh binh hanh '
Biét AN cit OP tai K, PM cit ON tai I; PN.va OM kéo dai cat nhau tai J.
Chimg minh I, J, K thang hang.

Gidi
_(HS tur 1am) q N J
e A : e Tt ‘ P
Ta c0 ABM noi tiep chan cung AM; AOM la goc \
i M
& tam chin chung AM = AMB = ~A—2-B£ (1)
OP la tia phan giéc @nh chit hai tiep M1 41Ny
tuyén cit nhau) = AOP = % (2).

Tir (1) va (2) = ABM = AOP (3)

Ma ABM va AOP la hai géc ddng vi nén suy ra BM // OP. (4)

X¢ét hai tam gidc AOP va OBN ta c6: PAO =90° (vi PQ la tiép tuyén);
NOB =90° (gt NO L AB)

—5 PAO = NOB = 90°;0A = OB = R; AOP = OBN (theo (3))

= AAOP = AOBN = OP = BN (5). Tir (4) va (5) ‘

=5 OBNP la hinh binh hanh (vi ¢6 hai canh d6i song song va bang nhau).
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T giac OBNP la hinh binh hanh =PN // OB hay PJ // AB. ma

ONLAB=ONLPJ. Ta cting c6 PM L OJ (PM la tiép luyf'in). ma ON va
PM cat nhau tai I nén I la truc tam tam giac POJ (6). Dé thay tr giac
AONP la hinh chir nhat vi co PAO=AON - ONP =90' = K la trung
diem cua PO (tich chat duong chéo hinh chir nhat) (6). AONP la hinh
chit nhat = APO = NOP (so le) (7). Theo tich chat hai tiép tuyén cit
nhau, ta cé PO la tia phan gidc APM = APO = MPO (8). Tir (7) vi (8)
= AIPO céan tai I c6 IK la trung tuyén dong thoi la duong cao

= IK_LPO. (9)

Tir (6) va (9) = 1, J, K thang hang.

Vi du 5: Cho nira duong tron tdim O duong kinh AB va diém M bat ki trén

nira duong tron (M khéc A, B).Trén nura mat phang bo AB chua nura
dudng tron ke tiép tuyén Ax. Tia BM cit Ax tai I; tia phan gidc cua goc
IAM cit nira duong tron tai E; cit tia BM tai F, tia BE cit Ax tai H. cit
AM tai K.
l. Chimg minh ring: EFMK la ti giac noi tiép.
2. Chimg minh rang: AT = IM.IB..
3. Chung minh BAF la tam giac ¢an.
4. Ching minh rang : Tir gidc AKFH 14 hinh thoi.
5. Xéc dinh vi tri M dé tir giac AKFI ndi tiép duoc mot dudmg tron.

Giai

1. Tacé: AMB =90 (ndi tiép chin nira duomg tron)

2. Tac6IAB =90 (vi Al la tiép tuyén)

— KMF =90 (vi la hai goc ké bu). x
AEB =90 (ndi tiép chén nira duong tron)
= KEF =90 (vi 14 hai géc ké bu).

KMF + KEF =180°.

Ma KMF va KEF la hai goc dbi dién
cua tir gide EFMK do do EFMK la tir gidc
ndi tiép.

= A AIB vuong tai A c6 AM LIB (theo trén).
Ap dung hé thirc giira canh va duong cao
= AT*=IMIB.

3. Theo gla thiét AE la tia phan giac goc IAM

= TAE=MAE = AE=ME;ABE = = MBE (hai géc ndi tiép chan hai
cung bing nhau) = BE la tia phan giac goc ABF. (1).

Theo trén ta co BE la duong cao cua tam giac ABF (2). Tir (1) va (2)
:>B%£§’1é tam gidc can tai B.
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BAF 1a tam giac can. tai B ¢6 BE 1a duong cao nén dong thai la duong
Lung tuyén = E la trung diém cua AF. (3). Tu BE LAF = AF LHK
(-}). theo trén AE la tia phan giac goc 1AM hay ALE la tia phan giac
HAK (5). Tir (4) va (5) = HAK la tam giac can tai A c6 AE la duong
cao nén dong thoi la duong trung tuyén = FE la trung diém cua HK. (6).
T (3). (4) va (6) = AKFH la hinh thoi (vi ¢6 hai duong chéo vuong goc
v¢i nhau tai trung diém cua moi duéng).

Theo trén AKFH 1a hinh thoi = HA // FH hay 1A // FK = tir giac AKFI
la Finh thang. Dé tir giac AKFI noi tiép duoc mot duong tron thi AKF
phei 1a hinh thang cdn. AKFI la hinh thang can khi M la trung diém cua
curg AB.That vay: M la trung diém cua cung AB

-5 ABM = MAI = 45° (tich chat goc noi tiép) )

Tan gisc ABI vudng tai A c6 ABI =45" = AIB =45" (8).

Tir 7) va (8) = IAK = AIF = 45"

-5 AKFI Ia hinh thang can (hinh thang c6 hai goc day bang nhau). Vay
khi M 1a trung diém cua cung AB thi tir gidc AKFI noi tiép duoc mot
duong tron. -

Vi du 5: Cho tam giac ABC vudng 0'A.Trén canh AC ldy diém M. dung

_K}l

—_—

ducng tron (O) ¢6 duong Kinh -
MC. dudng thing BM cit duong tron (O) tai D. Puong thang AD cat
ducng tron (O) tai S. : .
Ching minh ABCD la tir giac ndi tiép.
Ching minh CA la tia phan giac'ctia' goc’'SCB.
Go E la giao diém cna BC v&i dudng tron (0). Ching minh ring cac
duong thang BA, EM, CD dong quy.
Ching minh DM la tia phan gidc cua géc ADE.
Chmg minh diém M la tim dudng tron ngi tiép tam gidc ADE.
Giai

. Ta & CAB =90 (vi tam giac ABC vuong tai A); MDC = 90° (géc ndi tiép

chén nira duong tron) = CDB =90 nhu viy D va A cung nhin BC dudi
mdt goc bang 90° nén A va D cung nam trén dudng tron duong kinh BC
= ABCD la tit giac ndi tiép. ¢

Treong hop 1:ABCD la tir gidc ni tiép
=D =Cs (ndi tiép cung chin cung AB).
ﬁlzéﬂ = SM =EM

=C, = Cy (hai goc noi tiép duong tron
(O' chan hai cung bang nhau)= CA la tia
phin giac cua goc SCB.
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Truong hop 2: ABC = CME (cing phu ACB); ABC =CDS (cung bu ADC
= CME =CDS = CE=CS =SM = EM = SCM = ECM = CA la tia phan
giac cua goc SCB.

. Xét ACMB ta c6 BA L CM; CD L BM: ME L BC nhu viay BA, EM, CD
la ba duong cao cua tam gidc CMB nén BI, EM, CD dong quy.

. Theo tréntacé SM=EM= D, =D,

—> DM la tia phan giac cua goc ADE.( 1)

. Ta ¢c6 MEC=90° (ndi tiép chin nua

dudng tron (0)) = MEB = 900.

Tir gidc AMEB c6 MAB = 90°; MEB = 90°
= MAB + MEB =180°ma day la hai goc
d6i nén tir glac AMEB néi tiép mét duong
tron = Az =B, . '

T giac ABCD 1a tir gide ndi tiép

= A, =B, (ndi tiép cung chan cung CD)
= A: =A, = AM la tia phan giac ciia goc DAE (2).

Tir (1) va (2) ta c6 M la tam duong-tron noi tlep tam giac ADE

Vidu 7: Cho tam giac ABC vudng o-A-va mot diém D nim gitra A va B.

Duong tron dudmng kinh BD cat BC tai E. Cac dudng thiang CD. AE lan

luot cit duong tron tai FiG 2Chiralg mitih);

1. Tam gidc ABC ddng dang véi tam giac EBD.

2. Tt giac ADEC vd’ AFBC ndi tiép.

3. AC// FG.

4. Cac duong thing AC, DE, FB ddng quy.
Giai

. Xét hai tam gidac ABC va EDB

Ta c6 BAC = 90°( vi tam gidc ABC
vudng tai A); DEB =90°( goc ndi tiép
chin nura dudng tron ). S A C
= DEB =BAC =90°; lai c6 ABC la géc chung=> ADEB ~ A CAB.

2. Theo trén DEB =90° = DEC = 90° (vi hai goc ki ké bi); E BAC =90°

(vi AABC vudng tai A) hay DAC = 90° = DEC + DAC = 180" ma day la
hai goc d6i nén ADEC 1a tr giac noi tiép.

* BAC =90°(vi tam giac ABC vudng tai A); DFB =90 (goc néi tiép

chin nira dudng tron ) hay BFC = 90° nhur vay F va A ciing nhin BC dugi
mot goc bang 90° nén A va F cung nam trén dudng tron duong kinh BC
= AFBC la tr gidc ndi tiép.
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3. Theo trén ADEC 1a tr giac ndi ticp = K =Cilai co Ei=Fi = F =C,.

ma day 1a hai goc so le trong nén suy ra AC // FG.

4. (D) D& thdy CA. DE. BF la ba dudong cao cua tam giac DBC nén CA.

DI, BF dong quy tai S.

Vi du 8: Cho tam giac déu ABC ¢6 duong cao la AH. Trén canh BC lay

—

I

diém M bat ki ( M khong trung B, C, H); tr M ké MP, MQ vuong goc
vyl cac canh AB. AC.

Chimng minh APMQ la ta giac nal tiép va hdy xac dinh tim O cua duong
tron ngoal ticp tor giac do.

Chung minh ring MP + MQ = AH.

A
Chuang minh OH L PQ.
Giai
1. Taco MP L AB (gt) b
-5 APM =90": MQ L AC (gt) p
- 2
= AQM = 90" nhu Q
Viy P \a Q cung nhin BC dugi-mét, goc
bang 90" nén P va Q cung nam trémduong B H M
tron duong kinh AM = APMQ latar \iac
noi tiép.

Vi AM la duong kinh cua duong tron ngoai txep tr giac IPMQ tam O cua
duong tron ngoal tiép t giac APMQ la trung diém cua AM.

2. Tam gidac ABC c6 AH la duong cao =S ;. :-2~BC.AH.

Tam gidc ABM c6 MP 1a duong cao = S, = -;-AB.MP.

Tam gidc ACM c6 MQ la dudng cao =5 Sy :—é—AC.MQ.

T B oy Bl =5 %AB.MP R éAC.MQ . % BC.AH

- AB.MP + ACMQ =BC.AH. Ma AB = BC = CA (vi tam giac ABC
déu) = MP + MQ = AH.

Tam Eific ABC c¢6 AH la duong cao nén ctung la duong phém ;-_,izic
— HAP = HAQ = HP = HQ (tinh chét goc ndi tlep ) =5 HOP = HOQ

(tinh chat goc & tim) = OH la tia phan giac goc POQ. Ma tam giac POQ
can tai O ( vi OP va OQ cung la ban kinh) nén suy ra OH ciing la duong
cao = UH . LPQ.
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Vidu 9: Cho duong tron (O) duong kinh AB. Trén doan thing OB lday di¢m
H bat ki (H khong trung O, B); trén duong thang vuong goc val OB tai
H, lay mét diém M & ngoal duong tron; MA va MB thir tu cat duong tron
(0) tai C va D. Goi I la giao diém cua AD va BC.

1. Chimg minh MCID la t&r gidc néi tiép. ‘

2. Chimg minh cic duong thang AD. BC, MH ddng quy tai I.

3. Goi K 1a tdm duong tron ngoai tiép tir giac MCID. Chirng minh KCOI]
1a tir giac ndi tiep. M

Giai

1. Tacé: ACB =90°(ndi tiép chén nira duong tron)
= MCI =90° (vi 1a hai goc ké bu).

ADB = 90° (ndi tiép chin nura dudng tron).
= MDI = 90° (vi l2 hai géc ké bu).

=> MCI + MDI = 180° ma ddy 14 hai

goc doi cua tir giac MCID nén MCID A
la tir giac néi tiép.

2. Theo trén Ta ¢c6 BC1LMA; AD_ | MB
nén BC va AD la hai duong €ag cua tam
giac MAB ma BC va AD cat nhau-tai |
nén I l1a truc tdm cua tam giac MAB.

Theo gia thiét thi MH L AB/nén MH cungclarduong cao cua tam giac
MAB = AD, BC, MH ddng quy tai I.

3. AOAC céntai O (vi OA'va OC 1a'ban kinh)' = A, =C,
AKCM can tai K (vi KC va KM la ban kinh) = M, =C,
Ma A + M, = 90° (do tam gidc AHM vudng tai H)
= C1+Ci =90 =Cs +Co= 90° (vi goc ACM 1a goc bet) hay OCK = 90"
Xét tr giéc KCOH
Ta c6OHK =90°; OCK = 90°

= OHK+OCK 180° ma OHK va OCK la hai géc déi nén KCOH 1a
tir gidc noi llep

Vidu 10: Cho duong tron (O) duong kinh AC. Trén ban kinh OC lay diém
B tuy y (B khéc O, C). Goi M la trung diém cua doan AB. Qua M ke day
cung DE vudng géc voi AB. Néi CD, ke BI vuéng goc vai CD.
1. Chimg minh tir gidc BMDI ni tiép.
2. Chimg minh tir giac ADBE 14 hinh thoi.
3. Chiung minh BI // AD.
4. Chimg minh I, B, E thing hang.
5. Chlmng minh MI la tiép tuyén cua (O").
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Gidi o

— BID 90" (v1 la hai goc ke bu):
DI L AB tai M = BMD = 90"

= BID + BMD =180"ma  day 1
hai goc doi cua tir giac MBID nen
MBID la tr giac noi ticp.

DIELAB tai M nén M cling la trung
diém cua DE (quan hé dudong kinh va
dayv cung) = Tu giac ADBE Ia hinh thoi
vi ¢6 hai dudong chéo vudng goc vai
nhau tai trung diém cua mdi duong.

.AT)('T:Q(}"(ntf)i tiép chin nura duong tron) = ADLDC: theo tr¢n

Bl L DC=BI// AD.

Theo gia thi¢t ADBE la hinh thoi= EB // AD (2).

Tu (1) va (2) =1, B, A& thang hang (vi qua B chi c6 mot duong thang
song song vi AD ma thoi.)

I, B, E thiang hang nén tam giac IDE vuong tai 1= 1M la trung tuy én

(vi M la trung diém cua DE) =MI = ME = AMIE cin tai M
— T, = f1: AO'IC canltai ©Hi-Q!C vacOJlcung 1a ban kinh) = I = Cy
ma C =E (cung phu voi goc EDC) >h=laoli+l=1+I. Ma
I, +1 =BIC=90° =1, + I, =90° = MIO 'hay MI L O tai 1 = MI la tiep
tuvm cua (O").

Vidu 11: Cho duong tron (O; R) va (O'; R) c6 R> R’ tiép xuc ngoai nhau

tai C. Goi AC va BC la hai duong kinh di qua diém C cua (O) va (0.

DE la day cung cua (O) vudng goc vai AB tai trung diém M cua AB. Goi

giao diém thir hai ctia DC vét (O) laF, BD cit (0') tai G. Chimg minh rang:
Tir giac MDGC ndi tiép.

2. Bén diém M, D, B, F cing nam trén mot duomg tron.

3. Tir gidc ADBE la hinh thoi.

4. B, E, F thing hang.

5. DF, EG, AB dong quy.

6

7

‘,_)-—n

MF=21DE.
2 I3 ’
. MF la tiép tuyeén cua (O').
Gidi
BGC = 90° (ndi tiép chan nira (dudng tron) = CGD =90°(vi 1a hai goc
ké bu). Theo gia thiét DE L AB tai M= CMD = 90°
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= CGD + CMD =180 ma day la hai goc déi cua ti gisc MCGD nén
MCGD la tir giac ndi tiép

2. BFC =90°(ndi tiép chan ntra duomg tron) D
— BFD=90°; BMD = 90°(vi 1
DE 1L AB tai M) nhu vay F va A
M cung nhin BD dud¢i mdt goc A 0 9 B
bang 90° nén F va M cung nam
trén duong tron duong kinh BD
=M, D, B, F cling ndm trén mot duong tron. E

3. Theo gia thiét M la trung diém ciia AB; DE L AB tai M nén M ciing la
trung diém cua DE (quan hé duong kinh va day cung) = Tu giac ADBE
la hinh thoi vi ¢6 hai duong chéo vudng géc véi nhau tai trung diém cua
moi duong.

(1

=

4. ADC = 90° (ndi tiép chin nira duong tron) => AD L DF; theo trén tir gic
ADBE 1a hinh thoi = BE // AD ma AD L DF nén suy ra BE L DF. Theo
trén BFC = 90° (ndi tiép chan nira duong tron) = BF L DF ma qua B chi
c6 mdt duong thang vudng géevsi DF do d6 B, E, F thang hang.

5. Theo trén DF L BE; BM L DE/maDF va BM cit nhau tai C nén C la true
tdm cua tam giac BDE = EC|¢iing la duong cao=> EC L BD:; theo trén
CG LBD= E,C,G thang hang. Vay DF, EG, AB dong quy.

6. Theo trén DF L BE = A/DEF vudng tai F'éd M la trung tuyén (vi M la

trung diém cua DE) suy ra MF :%DE (vi trong tam giac vuong trung
tuyén thudc canh huyén bang nira canh huyén).

7 Theo trén MF=%DE =MD = MF = AMDF cén tai M= D, = -

AO BF can tai O' (vi OB va OF cung la ban kinh) = F; =B, ma
Dl(Cung phu véi ]ﬁ) SF=F=F+F=F+F. Ma

F3 +F2 =BFC=90" = F, + F, =90° = MFO' hay MF L OF tai F = MF
la tlcp tuyén cua (O").

Vidu 12: Cho tam giac ABC vudng & A. Dung & mién ngoai tam giac ABC
cac hinh vuéng ABHK, ACDE.

1. Chung minh ba diém H, A, D théng hang.

2. Puodng thing HD cit duong tron ngoai tiép tam giac ABC tai F. chimg
minh FBC la tam giac vudng can.

3. Cho biét ABC > 45°, goi M la giao diém cua BF va ED. Chimg minh 3
diém B, K, E. M, C cung nam trén mot dudng tron.

4. Chimg minh MC la tiép tuyén cta duong tron ngoai tiép tam gidc ABC.
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Giai

I'heo gia thict ABHK 1a hinh vudng
— BAH =45°.
T giac AEDC la hinh vudng
— CAD = 45" tam giac ABC vudng ¢ A
= BAC =90"
— BAH + BAC + CAD = 45° +90° + 45" = 180" B 0 C
— ba diém H, A, D thang hang.
Ta ¢6 BFC =90" = (goc nodi tiép chan nira duong tron) nén tam gidc
BFC vuong tai F. (1). FBC = FAC (ndi tiép cling chin cung FC) ma theo

trcn CAD = 45° hay FAC = 45" (2).
Tu (1) va (2) suy ra FBC la tam giac vuong cén lai F.

Theo trén BFC = 90° = CFM = 90° (vi la hai goc ké& bu): CDM = 90° (tich

chat hinh vudng) — CFM +CDM = 180° ma day la hai goc doi nén tir
;:,i&c CDMF néi tiép mot dudng tron suy  ra CDF =CMF. ma
CDF = 45”(v1 AEDC 14 hinh vuéng) 25 CMF = 45" hay CMB = 45"

Ta cling ¢ CEB =/45° (vi AEDC-la-hinh vudng); BKC = 45° (vi ABHK
la hinh vuéng). Nhu vay K, E, M cung nhin BC dudi mot goc bang 45"
nén cung ndm trén cung ¢chira"goc 45" dimg'trén'BC = 5 diém B, K, E.
M. C ciing nam trén mgt dudng tron.

4. ACBM c6 B=45%M = 45”:>B”CTA 90" hay MC L BC tai C = MC la

tidp tuyén ciia duong tron ngoai tiép tam giac ABC.

Vi du 16: Cho duong tron (O). BC la day bat ki (BC < 2R). Ké cac tiép

tuytn vol duong tron (O) tai B va C ching cat nhau tai A. Trén cung nho
BC lay mot diém M r6i keé cac dmmg vudng goc MI, MH, MK Xuong cac
canh tuong tmg BC, AC, AB. Goi giao diém cua BM, IK la P; giao diém
cua CM, [H 1a Q.
1. Chirng minh tam giac ABC can.
2. Cac tr giac BIMK CIMH noi tiép.
3. Chuing minh MI* = MH.MK.
4. Chirng minh PQ L ML

Giai

1. Theo tinh chat hai tiép tuyén cit nhau ta c6 AB = AC = AABC can tai A.
2. Theo gia thiét MI L BC = MIB =90°; MK L AB

=» MKB = 90° MIB + MKB =180° ma day 1a hai gc doi
= tir gidc BIMK noi tiép.
* (Ching minh tr giac CIMH néi tiép twong tu tir giac BIMK)
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= KMI + KBI = 180° ; tir gidc CHMI néi tiép
— HMI + HCI = 180° ma KBI = HCI

(vi tam gidc ABC can tai A)

= KMI = HMI ().

Theo trén tir giac BIMK noi tiép

=B =1 ( noi tiép cung chin cung KM)
tir gidc CHMI noi tiép H; = C,
(ndi tiép cuing chin cung IM).

Ma B, =é;(=%sd§f\71) =1, =H,(2).

MI _ MK
- MI

= MI* = MH.MK.

Tu (I) va (2) = AMKI ~ AMIH =

Theo trén ta cé I, =C,.

Ciing chimg minh tuong tu-fta c§ I.=B.ma C, + B, + BMC = 180"
=1, +1, + BMC = 180° hay I?"I‘Q + m =180°ma day la hai zoc dbi
= tir gidc PMQI ndi tiép = Q, =Iima I, =C, = Q, =C, = PQ / BC (vi
c6 hai géc dong vi bang nhau),

Theo gia thiét MI L BC nén suy ra IM L PQ.

Bai tap van dung
Cho tam giac ABC vuéng tai A, AB = 15cm, AC = 20cm. Goi ] la tam

cua dudng tron ndi tiep tam giac. Tinh khoang cach tir I dén duong cao
AH cua tam giac ABC.

2. Tinh céc canh clia tam giac vudng ngoai tiép duong tron biét :

108

Tiép diém trén canh huyén chia canh d6 thanh hai doan thang Scm va [2cm.
M0t canh géc vudng bing 20cm, ban kinh cia duong tron noi tiép bang
6cm.

Tinh dién tich tam giac vudng biét mot canh goc vudng bing 12cn. Ti sé
gilta ban kinh cua cac duong tron ndi tiép va ngoai tiép tam giac ¢o ban;_,
2453,

Cho mét tam giac vuéng c6é canh huyen bing 10cm. dién tica banb
24cm. Tinh ban kinh cua dudng tron noi tiép.

Cho tam gidc ABC \uon;: tai A. AB = 5. Tinh cac do dai AC, BC biét
rang sb do chu vi tam giac ABC bang s6 do dién tich tam giac do.
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6. Cho tam giac ABC vuong tai A, duomg cao AH. Goi (O: r). (O 1p). (O2: 1)
theo thir tu 1a cac duong tron ndi ticp cac tam giac ABC, ABH., AHC
a. Chting minh rfmtI r+r +5=AH

b. Chimg minh ring v* = v/ + 1.

¢. I'mh do dai 0,0, biét AB = 3em, AC = 4em.

7. Dirong tron (O: 1) ndi ticp tam giac ABC. Cic tiép tuven voi1 duong tron
(O) song song voi cac canh cua tam giac ABC cat tir tam giac ABC
thinh ba tam gidc nho. Goi r,,r,,r, lan luot la ban kinh cua duong tron

nGi ticp cdc tam giac nho do. Chirg minh ring r, +T,+ 1, =r.

8. Duong tron mm [ nd1 lle tam gidc ABC tiép xiic vai BC. AB. AC theo
thir r o D, E. F. Qua E ke duong lhdm, song song vo1 BC cat AD va DF
theo thi tu o M va N. Chirng minh rang M la trung diém cua EN.

9. Tam giac ABC vuodng tai A ngoai tiép duong tron tam I ban kinh r. Goi
G la trong tam cua tam giac. Tinh cac canh cua tam giac ABC theor biét
rang IG song song véi AC.

10. Tam gidc ABC vudng tar A ¢c6 AB=9cm, AC = 12cm. Goi [ la tam cua
duong tron nodi tiép. G la trong tam cuatam giac. Tinh d¢ dai 1G.

11. Cho tam giac ABC ngoai tiép dutmg tron (O). Goi D, E, F theo thur tu la
ticp diém trén cac canh BC, AB,"A€-Goi H la chan duong vuéng goc ke
tir D dén EF. Chitng minh rént,lrﬁ-ﬁl - CHF,

12. Cho tam giac ABC co AB = AC = 40cm, BC = 48cm. Goi O va I theo
thir tu 1a tdm cua cac duong-tron ng,oaz tiép va noi tiép tam giac. Tinh :

a. Ban kinh cua duong tron.ndi ncp,
b. Ban kinh ctia dutng tron ngoai tiép;
c. Khoang cach OI.

13. Tinh cdc canh cua mot tam giac can biét ban kinh ctia dudng tron nd1 tiép
bing 6¢m, ban kinh cia duong tron ngoai tiép bang 12,5cm.

14. Ban kinh cua dudng tron noi tiép mot tam giéc bang 2cm, tiép diém trén
mot canh chia canh d6 thanh hai doan thang 4cm va 6¢cm. Tinh cac canh
con lai cua tam giac.

15. Tinh cac géc ciia mdt tam giac vudng biét ti s6 gitra cic ban kinh cua
duomg tron ngoai tiép va duong tron ndi tiép bang 8 41.

16. Cho tam giac ABC. Puong tron (O) ndi tiép tam giac ABC tiép xuc voi
BC tai D. Vé duong kinh DN cua duong tron (O). Tiép tuyén cua duong
tron (O) tai N cit AB, AC theo thir tu tai I, K.

NI DC

NK DB’

b. Goi F la giao diém cua AN va BC. Ching minh rang BD = CF.

a. Chung minh raing —
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Cho duong tron (O) néi tiép tam giac déu ABC. Mot lié‘p tuyén cua
duodng tron cit cac canh AB va AC theo thi tu & M va N.

a. Tinh dién tich tam giac AMN biét BC = 8cm va MN = 3cm.

b. Chimg minh ring MN? = AM? + AN? - AM.AN.

AM AN
Chy inh —+—=1.
¢. Chimg minh ring i NG

Cho tam giac ABC co6 BC=a, AC=b. AB= c. Goi (I) la duong tron noi
tiép tam gidc. DPuong vudng goc voi CI tai | cit AC, AB theo thitu 0 M,
N. Ching minh rang:
2 2 2
a. AM.BN = IM? = IN?, i I A
bc ca ab

Cho tam giac ABC ¢6 BC < AC < AB. Trén cac canh AB, AC liy cac
diém D, E sao cho BD = CE = BC. Goi O, I theo thir tur la tam cua cac
dudmg tron ngoai tiép, noi tiép tam giac ABC. Chimg minh rang tan kinh
ctia duong tron ngoai tiép tam giac ADE bing Ol.

Goi R va r theo thir tu 1a cic ban kinh cia cac duong tron ngoai tiép va
ndi tiép mot tam gidc vuong cd dién tich S.

Chirng minh ring R + r > /2S-.

Trong cac tam giac ABC c6 BC = a, chxeu cao tuong img bang h. Tam
giac nao cd ban kinh cua duong tron noi tiép 16n nhat?

Trong céc tam giac vuong ngoai tiép cung mét duong tron, tam gidc nao
c6 duong cao ung véi canh huyeén 1on nhat"

a. Cho dudng tron tAm I ban kinh r ndi tiép tam giac ABC. Chirrg minh
rangIA + IB + IC > 6r.

b. Cho tam gi4c nhon ABC ndi tiép dudng tron (O; R). Goi P, Q. N theo
thir tur 12 tim cua cdc dudng tron ngoai tiép cac tam giac BOC, COA,
AOB. Chlrng minh rang OP + OQ + ON >3R.

D9 dai cac dudmg cao cua tam giac ABC 1a cac s tu nhién, ban kinh cua
dudmg tron noi tiép bang 1. Chimg minh ring A ABC la tam giac déu va
tinh do dai cac duong cao cua tam giac do.

Goi h,,h,,h_la cac dudng cao ing véi cac canh a, b, ¢ ctia mot tam giac,

r 1a ban kinh cuia dudng tron ngi tiép. Chimng minh céc bat déng thic sau
a. h, +h,+h >9r;
b.h? + h} + h? >27r*. Khi nio thi xay ra dang thirc?

Goi r la ban kinh cta dudng tron ndi tiép mot tam gidc vudng va h 1a

dudng cao tng véi canh huyén. Chirng minh rang 2 < Lp 2.5,
r

Tir gisc ABCD c6 A =C = 90°.
a. Chung minh rang AC <BD.
h. Tréng truong hop nao thi AC=BD ?

i’lo
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Cho dudmg tron tim O duong kinh AB. cac day AC, AD. Goi E la diém
bit ki trén duong tron. H va K theo thir tr la hinh chiéu cua E trén AC.
AD. Chirng minh rang HK <AB.

Cho duong tron tam O, day AB = 24cm, day AC = 20cm ( BAC < 90"va
diém O nam trong goéc BAC). Goi M la trung diém cua AC. Khoang cich
tir M dén AB bang 8cm.

a. Chimg minh rang tam giac ABC cén tai C.

b. Tinh ban kinh cua dudng tron.

. Cho duong tron tam O ban kinh Sem, hai ddy AB va CD song song voi

nhau ¢6 do dai theo thir tu :8cm va 6em. Tinh khoang cach gitra hai day.
Cho duong tron tam O, duong kinh AB = 13cm. Day CD ¢o6 do dai 12cm
vuong goc vol AB tal H.

a. Tinh cac do dai HA, HB.

b. Goi M, N theo thi tu la hinh chiéu ctia H trén AC, BC. Tinh dién tich
tu giac CMHN.

Cho ntra duong tron tim O duong kinh AB, day CD. Goi H, K theo thir
tw 1a chin cic dudng vuong goc ke tir A, B dén CD.

a. Chirng minh rang CH = DK.

b. Chimg minh rang Sk = Sace|* Saps-

¢. Tinh dién tich 16n nhét cua tir gidc AHKB, biét AB = 30cm. CD = 18cm.

. Cho tam gidc ABC. cac duong cao AD, BE, CF. Duong tron di qua D, E,

F cit BC, CA, AB theo thu tw O M, N, P. Chlmg minh rang cac duong
thang ke tir M vudng goc voi BC, ke trN vudng goc voi AC, ke tu P
vudng goc véi AB dong quy.

Tam giac ABC cén tai A ndi tiép duong tron tam O. Goi D la trung diém
cua AB. E 1a trong tam cua tam giac ACD. Chiung minh rang OE vuéng
goc voi CD.

Cho nira duong duong tron tim O c6 duong kinh AB = 2R. V€ cac tiép
tuyLn Ax, By vé&i nira dudng tron va tia Oz vuong goc voi AB (cac tia
Ax, By, Oz cung phia vdi nua duang tron dm voi AB). Goi E la dlem bat
ki cua nra duong tron, qua E vé€ tiep tuyén voi nira duong tron cat Ax,
By, Oz theo thit tw G C, D, M. Chiing minh rang khi diém E thay doi vi
tri trén nira duong tron thi :

a. Tich AC. BD khong dbi.

b. Piém M chay trén mot tia.

c. T giac ACDB c6 dién tich nho nhat khi n6 la hinh chit nhét. Tinh
dién tich nho nhét do.

Cho doan thang AB. V& vé mot phia cia AB céc tia Ax, By song song
vdi nhau.

a. Dung dudng tron tim O tiép xic véi doan thang AB va tiép xuc voi
cac tia Ax, By
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b. Tinh AOB .

c. Goi cac tiép diém cua duong tron (O) voi Ax, By, AB theo thir tu 1a
M, N, H. Chimg minh rang MN la tiép tuyén cua duong tron c6 duong
kinh AB.

d. Céc tia Ax, By ¢ vi tri nhu thé nao thi HM = HN ?

Cho hinh thang vuéong ABCD (;‘1 =D =90 ), tia phan giac cua goc C di
qua trung diém I cua AD.

a. Chimg minh rang BC la tiép tuyén cua duong tron (I; IA).

b. Cho AD = 2a. Tinh tich cua AB va CD theo a.

c. Goi H la tiép diém cua BC véi duomg tron (I) néi trén, K la giao diém
ctia AC va BD. Chimg minh rang KH song song vé&i DC.

Cho duong tron tim O c6 dudng kinh AB, D la mét diém nam trén
duong tron. Cac tiep tuyén cua duong tron tai A va tai D cat nhau ¢ C.
Goi E 1a hinh chiéu cua D trén AB, goi I la giao diém cua BC va DE.
Chimg minh rang DI = IE.

Cho tam giac ABC cén tai A, O la trung dlem cua BC. V& duong tron
tam O tiep xuc vai AB, AC tai H, K. Mot tiép tuyén vai duong tron (O)
cit cac canh AB, AC & M, N.

a.ChoB=C=a. Tinh MON.

b. Chimg minh ring OM, ON-chid tir gidc BMNC thanh ba tam giac
dong dang. .

c. Cho BC = 2a. Tinh'tich BM.CN.

d. Tiép tuyén MN & vi tri nao thi tong BM + CN nhd nhét ?

Cho tam giac ABC vudng tai A, duong cao AH, HB = 20cm, HC =45cm. Vé
duong tron tdm A ban kinh AH. Ke cac tiép tuyén BM, CN véi duong
tron (M va N la cac tiép diém, khac diém H).

a. Tinh dién tich tir giac BMNC.

b. Goi K 1a giao diém ciia CN va HA. Tinh cac do dai AK. KN.

c. Goi I 1a giao diém cia AM va CB. Tinh cac do dai IM, IB.

Cho dudng tron tdm O bén kinh 6cm. Mot diém A ndm bén ngoai duong
tron sao cho cic tlep tuyén AB, AC véi dudmg tron vuong goc vdi nhau
(B, C la cac tiép diém). Trén hai canh AB, AC cua goc A. Lay cac dle
D, E sao cho AD = 4cm. AE = 3cm. Chimg minh ring DE la tiép tuyén
cua dudng tron (O).

Cho hinh vuéng ABCD c6 canh bing a. V&i tim B va ban kinh a, G
cung AC nam trong hinh vudng. Qua diém E thudc cung do, vé tiép
tuyén véi cung AC, cat DA va DC theo thir tu tai M va N.

a. Tinh chu vi tam giac DMN.

b. Tinh s6 do goc MBN.

P .‘: . b 2a
¢. Chimg minh rang = <MN <a.
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Cho hinh vuéng ABCD. Mot duong tron tam O tiép xtic véi cac duong
thang AB, AD va cat moi canh BC, CD thanh hai doan lhflng co do dai
2em va 23cm. Tinh ban kinh cua duong tron.

("ho hai duong tron (O; R) va (O r) tup xuc nhau ngoai tai A. Ké tu.p
tuvén chung ngoai BC, Be (0), Ce (O").

a Tinh BAC.

b Tinh BC.

¢ Goi D 1a giao diém cua CA véi duong tron O, (D# A). Chimg minh
rang ba diém B, O, D thang hang.

. Cho diém B nam giita A va C sao cho AB = 14cm, BC = 28cm. Vé vé

mot phia caa AC cac duong tron tam, K, O c6 duong kinh theo thir tu
AB. BC, AC. Tinh ban kinh cua duong tron tam M tiép xiic ngoai voi
cic nua duong tron (1), (K) va liép xuc voi nua duong tron (O).

Cho hai duong tron (O) va (0O’) & ngoai nhau. Ké cac tiép tuyén chung
ngoai AB va CD theo tha tu tai E va G thudc (O), F, H thuéc (O).
Chimg minh rang: a. AB = EF; b. EG = FH.

Tur diém M ¢ ngoai duong tron (O) ve cat tuy én MCD khong di qua tam
O va hai Iltp tuyén MA, MB dén:dudmg tron (O), o day A, B la cac tiép
diém va C nam gitta M., D.

a. Chung minh MA? = MC.MD.

b. Goi I 1a trung diém cua CD. Chimng minh rang 5 diém M. A. O. I, B
cing nam trén mot dudng tron.

¢. Goi H la giao diém cua AB va MO. Chimg minh tir giac CHOD noi
Ilep duge duong tron. [Suy ra,AB la phan giac,cua.goc CHD.

d. Goi K la giao diém cua cac tiép tuyén tai C va D cua duong tron (O).
Chirng minh A, B, K thing hang.

Cho hinh vuéng ABCD. Trong hinh vudng vé nira duong tron duong
kinh AD va vé cung AC ¢6 tam la D. Lay mot diém P trén cung AC, ndi
PD cit ntra duong tron tai K. Vé PI vudng goc voi AB va PE vudng goc
vai AD. Chirng minh:

a. AAPE = AAPK.
b. 5 diém A. L. P, K, E thudc cing mot duomg tron.
&.Pl=PK.

Cho doan thang AB c6 do dai 2a va O la trung diém cua AB. Tir O ké
duong vudng goc voi AB. trén d6 1dy OD = 2a. N6i A véi D, rdi tir B ha
duong vudng goc BC xudng AD.

a. Tinh AD, AC, BC.

b. Trén tia doi cua tia OD lay diém E sao cho OE = a. Chimg minh ring
bon diém A, C. B, E cung nam trén mot duong tron.

c. N6i E voi C. Chung minh riang CE 1a phan giac cua goc ACB.
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Cho hai dudng tron tim O ban kinh R va tim O’ ban kinh R" tép xic
ngoai tai A. Ké tiép tuyén chung ngoai BC.

a. Tinh BC.

b. Tinh dién tich ta giac OBCO".

¢, Khi R'= %,tinh dién tich giéi han boi BC v hai cung AB va AC.

Cho tam gidgc ABC c6 goc A 16n hon géc C la 90°.

a. Chimg minh ranb géc C nho hon 45°.

b. Chimg minh rang tiép tuyén BH véi duong tron ngoai tn.p tem giac
ABC dong thoi ciing la duong cao ciia tam gide do.

c. Chirng minh rang BH? = HA.HC.

d. Goi R 1a ban kinh duong tron ngoai tiép tam giac ABC, chirg minh
ring AB? + AC? = 4R%.

Cho duong tron duong kinh AB va duong tron tdm A ban kinh AB, vé
day BF cua dudng tron 1on, cit duong tron nho tai C, vé day CD cua
duong tron nho vuong goc voi AB.

a. Chimg minh rang CB = CF.

b. So sanh CBA véi ACD.

c. Goi M la trung diém cua AC.'Khi C chuyén dong trén tra duéng tron
duong kinh AB thi M chuyén dong trén dudng nao?

Nira dudng tron duong kinh AB. C la mot diém thudc nira dudng tron.
Trén AC kéo dai lay! AD' =2 ABATHn AB) 14y AE = AC; DE cét BC tai H;
AH cit nira duong tron tai K.

a. Ching minh DAH = BAH

b. Chimg minh OK vuong goc vo1 BC.

¢. Chirng minh tir gidc ACHE la tir giac ndi tiép.

d. Chimg minh B, K, D thing hang.

Cho 4 diém A, B, C, D theo thir tr trén mat duong thing sio cho:
AC DA
CB DB’
mot chum cac duong thang dong quy, OA, OC, OB, OD.

a. Tur diém B ké duong thang song song vai OA ciat OC va OD 1i E va
F. Ching minh rang B la trung diém cua EF.

b. Ké mot cat tuyén thir hai cit 4 duong thang dong quy tai A’, C".B’. D"

C'A' D'A’

¢'B" D'B'

Cho tam gidc ABC, cac duong phén gidc trong va ngoai ctia go: A cat
BC o D va phan kéo dai cua BC 0 E. Tiép tuyén tai A voi duong tron
ngoai tiép tam giac ABC cat BC kéo dai tai F.

. N&i 4 diém trén voi mét diém O ngoai duong tharg dugc

Chimg minh ring
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a. Ching minh rang tam giac AIFD can. suy ra gia tri cua ti sO

b. Chang minh rang tam giac AFB va AFC dong dang, suy ra gia tri ti s0
di¢n tich cua ching theo AB va AC.

-

; & ‘B : =
Xac dinh ti 50 -iT theo AB va AC.

. Cho tam gidc ABC vudng goc tai A ¢6 AB = ¢, AC = b. K¢ duong phan

giac trong AD cua goc vuong cit canh huyén tai D. roi ke duong song
song BE vai AD (E thude duong thang AC).

a. Chimg minh rang AE = AB. va tinh BE.

b. Tinh do dai duong phan giac AD.

¢. T'inh dién tich hinh thang ADBE va dién tich tam giac ADC.

. Cho tam gidc déu ABC. Tur B va C lan lugt ké dudng thang vudng géc

véi AB va AC chang cat nhau o D.

a. Chimg minh DC = DB, va goc BDC =120".

b. V& duomg tron tdm D ban kinh DC. Goi M la mét dicm bat ki trén
cung nho BC: BM cat AC'o E: MC cat AB ¢ F. Chimg minh duong tron
ngoai tiép tam giac EMF di quarmot diém c6 dinh.

¢. Chimg minh rang AE = BF.

. Hai duong tron O va O" ¢6 bankinh R va R* (R > R") tiép xiic ngoai tai

(. Goi AC va BC la hai duong Kinh di qua C cua duong tron (O) va (O7).
DE la day cung cua dudng tron O vudng goc voi AB tai trung diém M
cua AB: CD cat duong tron O" tai F.

a. Tr giac AEBD la hinh gi?

b. Chimg minh 3 diém B, E, F thang hang.

¢. Chung minh MDBF noi tiép dugc duong tron.

d. DB cat duong tron O’ tai G. Ching minh DF, EG va AB dong quy.

¢. Ching minh MF :-;—DE va MF la tiép tuyén cuia duong tron O’

. Cho tam giac ABC, ldy mot diém D bét ki trén canh BC. VE cac dudng

tron ngoai tiép tam gidc ADB va ADC. Goi O va O", R va R’ la tdm va
ban kinh cua hai duong tron do.

a. Chimg minh rang tam giac AOO’ va ABC dong dang.

b. Suy ra ti s6 {% khong phu thudc vao vi tri cua D trén BC.

¢. Tim gia tri nho nhat ¢é thé co ctia ban kinh R va R’. Khi d6 hay xét vi
tri cua D trén BC.

Cho duong tron O ¢6 hai duong kinh AB va CD vudng goéc voi nhau.

a. Chung minh rang tir giac ACBD la hinh vuéng.

b. Tinh canh hinh vudéng va khoang cach tir tam tdi canh theo ban kinh
R = 1,60 (m).
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c. Tir A ké tiép tuyén véi duong tron O cit BC kéo dai tai E. Tinh dién
tich gioi han badi cac doan CE va cung AC.
Cho tam giac ABC vudng goc tai A, cac canh goc vuéng AB = ¢, AC = b,
(c <b). Keé duong phan giac trong AD cia goc A va duong sorg song
v6i phan giac d6 di qua B. Puong thing nay cit CA kéo dai tai E.
a. Chimg minh rang AE = AB va tinh EB; AD.
b. Trén AC, tir A vé phai C, lay AK = AB. Tir A ké mot duong song
song véi BK cét BC tai D’. Chimng minh rang AD’ la phén giac ngoai cua
goc A cua AABC. Tinh BK, AD’.
Cho tam giac ABC vudng tai A, va c6 d0 dai hai canh gdc vudng
AB = 24mm, AC = 18mm. Tir trung diém M trén canh huyén BC ke
duong vudng goc vai canh huyén cat AC tai D va AB tai E.
a. Tinh d¢ dai MC.
b. Ching minh ring ADMC déng dang véi AABC va tinh do dai cac
canh cuia ADMC.
c. Tinh d6 dai BE.
d. Ching minh ring 4 diém E, A, M, C cung thuéc mdt duong 'ron va
tinh ban kinh dudng tron do.
Cho hinh vuéng OCID c¢6 canh1aa; kéo dai cac canh OC va OD c‘é duoc
2 tia Ox va Oy. Goi AB la mét-dudng thing bat ki di qua I va cit Ox tai
A, cit Oy tai B
a. Chimg minh| rang tich CA.DB ¢6 gia tri khong dbi.

AC''"0A*

DB OB?

2

. Biét dién tich tam gide-AOBa %'— TFinh-€A vi BD theo a.

b. Chimg minh ring —

Cho tam gidc ABC vudng goc tai A va cé AB = 28mm,. AC = 21mm.

a. Tinh dudng cao AH

b. Puong tron dudng kinh AH cit canh B tai D va AC tai E. Chimz minh
rang tir giac ADHE 1a hinh chit nhat va tinh dién tich cta hinh ctir nhat
do.

c. Tir D va E keé cac tiép tuyén voi dudng tron trén cét canh huyén tai M
va N. Chuing minh rang MN = %9

Cho ducmg tron (A; 5,0cm) va mot diém B cach A mét khoang AB = 8cm.
Tu B ke tlep tuyén BT va cét tuyén BNM (N nim giira B va M). Goi H 1a
hinh chiéu cua T trén AB. ‘

a. Chimng minh ring hai tam giac MBT va TBN dong dang.

b. Tam giac ABT la tam giéc gi? Suy ra hé thuc BTz = BH.BA.

¢. Chirng minh rang hai tam giac ABM va NHB dong dang, tir dosuy ra
tor giac AHMN ndi tiép duoc.
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Cho hai duong tron (O) va (O7) Lét nhau tai A va B. Cac cat tuyt'.n tar A
cna cac duong tron (O) va (O7) cit dLI(mg tron (O’) va (O) theo tha tu tai
C va D. Goi P va Q lan luot la trung diém cua cic day cung AD va AC.
Chirng minh: .

a. Hai tam giac ABD va ABC dong dang.

b BPD = AQB.

¢ T giac APBQ ndi ticp.

Cho duong tron (O R), duong kinh AB va mot diém M nam trén duong
tron sao cho MA > MB. Cac tl(.p tuyén cua duong tron tai M a B cat
nhau tai diém P. Cac duong thing AB, MP cat nhau tai diém Q: cac
duéng thang AM, OM cat duong thang BP lan luot tai cac diém R, S.

a. Chirng minh rang tr giac MAPO la hinh thang.

b. Chung minh rang BM // SQ.

¢ Goi Ry la diém doi xtimg véi R qua duong thing AB. Chimg minh rang
tir giac ASQR, ndi tiép duoc.

Cho tam giac ABC (A <90") noi tiép dudng tron (O; R). V& cac duong
cao BD, CE. Céc tia BD, CE lan lwot cit duong tron (O; R) tai cac diém
thir hai D, E’.

a. Chung minh r?mg bdn diém BL-E, D, C nam trén mot duong tron.

b. Chirng minh ring E’'D’ // ED.

¢. Chung minh rang OA. L ED.

d C ho diém A di dong trén cung 1on BC cua ducmg tron (O; R). Chung
minh ring ban kinh duong tron ngoai tiép:tam giac AED khong doi.

Cho hai duong tron (Q), (O’ ) cat nhau tai hai diém A, B. Cac duong
thing AO, AO’ cat duong tron (O) lan luot tai cac diém thir hai C, D va
cit dudmg tron (O’) lan luot tai cac diém thir hai E, F.

a. Chimg minh rang B, F, C thiang hang.

b. Chimg minh: tir gidc CDEF ndi tiép duoc.

¢. Ching minh rang A la tam duong tron noi tiép tam giac BDE.

d. Tim diéu kién dé DE la tiép tuyén chung cua dudng tron (O), (O°).
Cho tam giac ABC. Chirng minh rang céc tiép diém bén canh BC cua
duong tron bang tiép trong géc A va cua duong tron ndi tiép d6i ximg
v&i nhau qua trung diém cua BC.

Goi a, b, ¢ lan lugt la cac canh cua tam giac ABC; h ,h,,h la cac
duong cao tuong ung; R_,R,,R, la ban kinh cua cac duong tron bang
tiép twong g, r 1 ban kinh cta duong tron ndi tiép; p 1a nira chu vi tam
giac; S 1a dién tich tam giac. Chimg minh réang :

a. S = Ra(p—a) = Ry(p — b) = R(p — ¢c);

1 1 1 1 1 1 1 1
—_— I e— o —— _— —_———

I;R R, R.,. = R, h_h, h,
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72. Tinh canh huyén ctia mot tam giac vudng, biét r la ban kinh cue duong
tron ndi tiép va R 1a ban kinh cua duong tron bang tiép trong goc vudng.
73. Cho tam giac ABC. Goi (P), (Q), (R) theo thi tu la cac duong tron bang
tiép trong cac goc A, B, C.
a. Goi tiép diém cua (Q), (R) trén duong thing BC theo thir tu la E. F.
Chirng minh rang CE = BF. |
b. Goi H, I, K theo thur tu la tlép diém cua cac duong tron (P), (Q), (R)
véi cac canh BC, AC, AB. Néu AH = BI = CK thi ABC la tam gi¢c gi?

Hwong dan va dap so
1. Goir la ban kinh cua duong tron noi tiép A ABC.

Dé dang tinh dugc BC = 25¢m At 2; L =5(cm)..

Al =5v2cm, AH =12cm Ké IK L AH.
Ta tinh dugc AK = 7cm, IK = Icm.

2.a. Goi x la ban kinh cuia duong tron ndi tiép.
Phuong trinh (x +5)° +(x +12) #17%x = 3.
Pap s6: AB = 8cm, AC = 15¢cm, BC/= 17cm.

b. Gia sir AB =20cm.

Thé thi BD = BF = 20460= (14 (¢rit).
Pit CD =CE =x.
Phuong trinh 20% + (x+6)”;x =15.

3. Xét AABC vudng tai A. Gia sir AB = 12cm. Goi r la ban kinh ctiz duong
tron noi tiép thi BC =5r. Do d6 AC? = BC? — AB? = 25r% —144. (1)
Taco AB+ AC-BC=2r,nén AC=BC+2r-AB=7r-12.(2)

Tir (1) va (2) suy ra (7r - 12)2 = 25r° —144. A

Thu gon phuong trinh duoc:
r2—7r+12=0<:>(r-—3)(r—4)=0. “.XI
Vay r=3 hodacr=4. 8 6 L

Pép s6 S =54cm?hoidc S =96cm?
4. Goi b, c la cac canh gdéc vudng va gia st b>c. Tir bc = 48 va
bc = 48

b8 ¥ 57 . Ttr d6 tinh dugc b= 8, ¢ =5.

b? +¢% =100, ta c6 hé {

Bén kinh cia duomg tron noi tiép bing 29719 _o(em).

1--&;:5‘ -
rd W,
» fﬁ ‘Ji
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5. Gorrla ban kinh cua duong tron noi tiép.
Dat BC = a. AC = b, AB = ¢. $6 do dién tich tam gidc bang s6 do chu vi

nén (a+b+c).—=a+b+c. Toudor=2.Taco b+ec-a=2r

o | =

Dor=2vac=5néna-b=1. Tk a> -b* =25 va a-b =1,1ta tinh dugc
a=13,b=12,
6. a. D¢ chimg minh: duong Kinh cua duong

tron noi tiép tam giac vudng ban;: tong A
cic canh goc vudng trir di canh huyén.

Do do

or = AH + BH - AB
2r,=AH+CH-AC ) =
2r = AB+ AC - BC. R —%
Suyrar+r +r,=AH.

r rr L

BC AB AC

b. Cac tam giac vudong ABC, HBA,HAC dong dang nén:

] W [ 5 i ]

Do do r W /. I, - I’12+1‘; =rl‘a+r2“
BC* AB’ AC* AB*+AC’° BC’

9 9 9
Suyra r’ =1 +%j.

c. 0,0%=(r,-5)4%(n+r) = 2 + 12 ) =2r%
AB 4 AC —BE—-+4—5
2
Do d6 0,02 =2, suy ra 0,0, =2 (cm).
7. Gl P, B, F, lan luot 1a chu vi cta tam giac nho, P la chu vi cia A ABC.
n b, B P

Cac tam giac nho dong dang véi AABCnén L =-1 2--2 33 _"3
¥y Pr BPr P

Talaicod r= =160 }.

Dods Htth 5 +%+P3.Nhu*ng P, + P, + P, =P (dé dang chung

A .G X

r
minh)nén r, +x, +1; =r.
8. Ké Ax // BC, cat DF ¢ G.
Dé dang ching minh dugc AE = AF = AG.
Lan lugt chimg minh:
MN DM BE BD EM EM
AG DA BA BA EA AG’
Suy ra MN = EM. Vay M la trung diém cua EN.
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9. Ké GG’, II’ vudéng goc véi1 AC. Taco GG’ =1I" =r. g

10.

11.

12.

13,

H-J.-s'-fs;{i

bit BC=a, AC=b, AB =c.

Tacéd 2r=b+c—-a,mac=3GG" =3r

nén a—-b=r (1).

Ta lai c6 a% —b? =c? = 9r?nén két hop
vdi(l)suyraa+b=9r (2)

Tur (1) va (2) suy raa = 5r, b=4r, do d6 ¢ = 3r.
Goi D la tiép diém cua duong tron (1) vai AB.

Ta tinh dugc BC =15¢cm, B
AD=AB+1;C—BC:9+1§—15:3(Cm).

GI;_)IiNlIz;i Dgiao diém Ci]glgaGB[ va AC. Ta cé: D -

B BA=g_§_ﬁ_ IG // NM, IG-3NM B X \C

Lan luot tinh AN =4,5cm; AM = 6ecm.
Suy ra NM = 1,5c¢m; do d6 IG = Icm.

Ké BI, CK vuéng géc EF. Tam gic AEF can tai A nén BEI = CFK.
: BI. BE BD HI
ABEI ~ ACFK (g.g). LAn luot chimg minh — = — = —— =
(e2) ELede M S\ CF D HK "
suy ra ABHI ~ ACHK (c.g.c): Do dé. BHE = CHF. A

Hi

D

a. Ké duong cao AH. Ta tinh dugc AH = 32cm.

Ap dung tinh chit dudng phén gidc cia A AHC, tinh dugc  IH = 12cm.

b. Ké dudng kinh AD cua dudng tron (O).

Tir AC? = AH.AD, tinh dugc AD = 50cm. Do d6 OA = 25¢m.

c. Pap s6: Ol = Scm.

Goi (I) va (L) la cac duong tron ndi tiép va ngoai tiép AABC cat tai a.

Ké duong kinh AD. Dé chirng minh DI = DB Pit Al=x,ID = y

K¢IELAB.Tacé: x+y=AD=25(1); 2 - 12 IE_x 6 .,
AD BD ID 25 y

Tir (1) va (2) suy rax =15,y =10 hodc x = 10, y = 15.

Wﬁ op thu nhit cho AB = 5J_cm BC =4/21cm (h.a).
}.-.-4, s

g*f'y
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T'ruomg hop thir hai cho AB = 20cm, BC = 24¢m (h.b).

14. Tinh OB trong A ODB duoc OB = 2./5.
Ké CM LBO. Taco ABOD ~ ABCM (g.g).

_ BD BO _OD
“BM BC CM
4 25 2 :
“BM 10 CM | B D c

Suy ra CM = 25,BM = 4./5. Do d6-OM = 2./5.

Vay ACOM vuéng can, COM =45%. Do d6 A =90°. D& dang tinh dugc
AE = AF = OE =2cm,AB 5 6cm, AC = 8cm.
15. Goi a la canh huyén, b va ¢ 1a cac canh géc vudng (gia st b>c), Rvar
la cac ban kinh cua dutmg tronsngoai tiép va ndil tiép.

Taco: a=2R (1); E:Jﬁn (2);b* +c® =a® (3);b+c—a=2r. (4)
r

e : . . din D
Can tinh smB:E,smC=-c—, do do dat —=m,£=n.
a a a a

2 2
T (3) suy ra —2+C—2=1:>m2+n""=1.
a’ a

Te @), (1), @Qeo 2eCog-Z 2 r_ 1 _VB-1
a a

Suy ra m+n=1+\/§2_1 =1+2\/§. Tr m*>+n®=1,m+n= 1+2J§ voi
m>n, ta tinh dugc (m +n)?, 2mn, (m -n)*,m - n.
T8 ety
2 2
Pap s§7 B =60°,C =30°,A = 90°.
g 5 121
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16.a. Pait OD =ON =r. A
Tacé ANOI ~ ADBO
-0 _NO L NLDB=NODO=+. Y=
DO DB
Tuong tu NK.DC =r?. :
Sy NLDE=NKDC, o ds —— == 4
NS De B D F c
b. Do IK // BC nén theo dinh ly Ta-lét
NK AK IK 1
FC AC BC
_ NK NI NK+NI IK
Tu cau a. suy ra: = = = ; (2)
DB DC DB+DC BC
NK NK

Tu (1) va (2) tacd6 — =——,do do FC = DB.
FC DB

17. Goi r 1a ban kinh ctia duomg tron (O), D va E la tiép diém trén canh AB
vaAC.Dat AB=AC=BC=a, AM=x,AN=y, MN =z
43

a. Trudc hét tinh r, duoc r == A
. ' M
Lan luot tinh S, ¢, Syon VA chi-y-rang:
SAMN e SADOE I 2SMDN
b. Ké NH_L AB.
Tacé AH=Y NH% Y‘/_ HM 2y 02
2 9 B N C

2 2
Theo dinh ly Pitago: IVJI\T?=1\IH2+HMQ:[Y—2@] J{x_%) =x% +y% -xy.

c. Déthiyx+y+z=2AD=a. Hé thuc phai chimg minh — + — =1
y y P g MB T NC
tuong duong vai NP S PYONS SR AR
a-x a-y Vy+Z X+2

Déng thirc cudi da dugc chimg minh & cau b.

18. Ta c6 AMI=INB=AIB (cung bing 90° +%);

AAMI ~ AAIB (g.g), AAIB ~ AINB (g.g) nén
cac tam giac AMI va INB dong dang.
IM AM
Suyra —=—.
BN IN
Do d6 AM.BN =IM.IN = IM? = IN®.
T _‘§ P
Moie B

.
- »-

10>
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Dit AM =m. BN =n, IM =IN=x. Do AAMI va AAIB dong dang nén

f\\‘] —Al - A" = AMAB=m.c > -l-\— s (1)
Al AB he b
F'rong ll_r-IE: s, (2).

ca a

Xét AMIC vudng tai I, ta ¢6 1C* =CM* - IM*.
Do IM? = mn (cau a) va CM = CN n¢én
[C" =(b-m)(a—-n)-mn=ab-bn-am+mn-mn= ab —bn —am.

Do do ]-( ] s, (3). Tur (1), (2),(3) suy ra L5 + L. . a8 %=,
ab a b bc ca ab

Vé duong tron (I: 10), ta s€ chung

minh rang duong tron (I) ngoai tiép

mot tam giac bang tam giac ADE. Vé

cac day OM, ON cua duong tron (I)

theo thir tir song song vo1 AC. AB. Ta

sé ching minh AADE = AOMN.

Ke OO, II’ vuong goc voi AB. |

Ta co: ON =20'1'=2(AI'- AO)

= (AB+AC-BC)-AB = AC-BC=AE.

Tuong tu OM = AD.

AOMN = AADE (c.g.c). Do d6 cac ban kinh cua céac duorng tron ngoai

ticp hai tam giac do bang nhau; tire:1a ‘ban kinh eia dudng tron ngoai tiép

A ADE bang Ol

Goi b va c la cac canh goc vuong.

Ta co
2r=b+c-2R

= > Jbe = V28,

Goi S 1a dlen tich AABC thi S khong d6i, goi p 1a nira chu vi, r la ban
kinh ctia duong tron ndi tiép AABC, tacé S = pr. Do do6 r lon nhit < p
nho nhit <> AB + AC nho nhat.

Dé dang ching minh duge tam giac phai tim la tam gidc cén tai A.

::>R+r:-:b+
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22. Xét A ABC vuong tai A ngoai tiép duong tron (I; r). Ké AH., IK vudng
goc voi BC.
Ta c0 AH<AI+IK=r 2+r:r(\/§+1). maxAH=r(~/§+1)e:>céc
dudmg thing Al, AH tring nhau <> A ABC vudng can tai A.

23.a. bat BC =a, AC=b, AB =c. Ké BB’, CC’ vudng goc vdi Al
Tacécr=]1A.BB’, br=]A.CC’ nén
(b+c)r=IA.(BB'+CC')<IA.a gt IR

} a
Tuong tu E—z a+c’E2a+b.
g B ¥ e
Cdng tirng ve cac bat dang thirc trén ta dugc

IA+IB+IC2(E+EJ+[P_+E)+[3+E)26:>IA+IB+ICEGI‘.

Xay ra dang thitc <> a=b=c < AABC déu.

b. DE thay khoang cach tir O dén cac canh cua APQN bing %nén 0 la tim

cua duong tron ndi tiep tam giac d6. Theo cau a

0P+0Q+ON26.%—=3R.

24.Taco h, >2r=2=h, >3(vi h, e N). Suy ra 2§ =ah, >3a. (1)
Giasra2b2c,taco: 25S=(a+b+c)r=a+b+c<3a (2)
Tir (1) va (2) suy ra 2S = 3a. Xay ra dau bang & (2) khi va chi khi b = a,
c=a,tucla AABC déu. Khidé h, =h, =h_=3.

25. Trudce hét ban doc ty chimg minh bd dé sau:

Néua, b, ¢, duong # 0 thi (a+b+c)[-l—+%+lJ_>.9 (1)
a c

a. ha+hh+hc:§+§+?§=QS[}—+1+l =r(a+b+c)[1+—1—+-1-
a b ¢ a b c a b c

Xay radau biang <> a=b=c<> AABC déu.

A ]

[ i I §

L iﬁc& &
Eo oY

> Or.

2
e
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. 3 4 5 . 9 o a9 1 2 i
[twdre heét chimg minh h? + hi + h = —=(h, + h, + h_ )" .sau do ap dung

..
R

két qua cau a). Xay ra diu bing <> h, =h, =h via=b =c< AABC

déu.

Xét tam gidgc ABC vudng tai A, goi I 1a tim cua duong tron ndi tiép. Ke

AL ID vuong goc voi BC. Dat BC =a. AC=b. AB=c.

Tacoah =(a + b + ¢)r (cuing bang 2S).
a+b+c a+a Z2a

. h
NL‘I’] RS T = = =
r a a a

Ma AH < Al+ID hay h <rv2 +rdo dé
Eﬁ\/2_4-1<2.5.

r

[y

Tu(l)va(2)suyra 2< 2 < 2.5.
r

27.a. AC la day cua duong tron ¢o duong kinh la BD nén AC <BD.

28.

29.

b. AC = BD < ABCD la hinh chir nhat.

Cac diém A, H, E, K thudc duong tron ¢o duong kinh AE, ma HK la day
cua duong tron d6 nén HK < AE|-Trong duong tron (O), ta co AE<AB.
Do do HK <AB

A

VAN
Y

a. K¢ HM L AB. Tam giac vuéng AHM cé AM = 10cm, MH = 8cm nén

AH = 6¢cm.

Ké CK L AB. m
Ta ¢6: CK = 2MH = 16cm. A B
AK =2AH = 12cm. O

Do AK = %AB nén CK la duong

trung truc cua AB, do do CK di

qua O. Viy AABC can tai C. c

D¢ tinh OC, ta chi y dén cap tam giac dong dang OMC va AKC.

’ MC OC 10 OC

Suy ra: = = —=—.
KC AC 16 20

Ddp s6: OC = 12.5 cm.

Tron Bo SGK: https://bookgiaokhoa.com




Download Ebook Tai: https://downloadsachmienphi.com

30. Tinh khoang céch tir O dén AB, duoc 3cm. C =

Tinh khoang céch tir O dén CD duoc 4cm.

Pap s6: 7 cm hoac lem. r .
31. a. duong kinh AB vuédng goc véi diy CD Hf O

nén CH = L) =6cm (gia st HA < HB).

Ap dung dinh ly Py-ta-go ta tinh dugc OH = 2,5cm.

Do d6 HB =9cm, HA = 4cm.

" , CH* . 6.6.6 216 B, .

Cidch 2. ACHN va A ABC dong dang nén

2
B B (CH) (GJ DL m SABC:%.B.G:EQ(('.:}]:)

AB 13 169
36 108 == 216 8 o
Schn = 39— 169 13 ay S}CMHN =ﬁ=]6§(cm )
32. a. Goi I la trung diém cua CD:Hay ¢chimg minh IH = IK va IC = D.
b. Qua I ké duong thang song|song Vi 5 K

AB,cit AHvaBK ¢ EvaF. Lanlugt E /T;fﬂp

chimg minh: _ nohicdte 78 !
SAHKB = SAEFB;SAEF‘B = AB.IT' i_l I -

Se + S =RBLL (ke 11°, CC°, DY AC 'O D" B
vuong goc voi AB).
c. Ta tinh dugc 10 = 12¢m; S ;g = AB.II' < AB.1O = 30.12 = 360.
max S kg = 360cm® & 1'=0 o CD // AB. A
Khi d6 AHKB la hinh chit nhit. \ ~
E
{
O
.

33. K¢ MM’ L BC, NN’ L AC, MM’ cit NN’
tai [. Goi1 H la truc tam cua AABC, O la N
trung diém cua HI. Chimg minh ring O
thugc duong trung truc cua diy DM, O l \
thudc dudng trung truc cua day EN, do do
O la tdm cua duong tron di qua sau diém g ND M -
D, M, N, E, F, P; diém I dbi ximg vai H
qua O.

Chimg minh tuong tu, MM’ cat PP’ tai I’ thi I" d6i xtmg v6i H jua tim
duong tron nodi trén. Suy ra I=1". Vay PP’ ciing di qua .
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34. K¢ cae duong trung tuyén CM. DN
cua AACD, ching cat nhau o E.
Goi G 1a giao diém cua CD va AO.
G la trong tam cua AABC.

Tiveh:
U s @
B8 2 S EGHAB.

CM CD 3 '
Talaico OD L ABnén EGLOD. (1)
Taco GO L BC maBC // DN nén

OG L DN tie 1a OG L DE. (2)
T (1) va(2) suy ra G la truc tam cua
AODI . do do OF L DG, tuc la

QF LD,
35. a. ACOD vuong c¢6 OE la duong cao.
Ta ¢6 AC.BD = EC.ED = OE* =R®. X

b. OM la dudng trung binh cua hinh thang
ACDB nén OM // Ax 7/ By. Biém M o
chay trén tia Kz song song cach:déu. hai

tia Ax. B (K thudce nua duong tror“tam

0).
C- S,.\l'lll'- = ﬁ( ; Bl AB OMZRE OKQR = QRJ

min S, = 2R* & M = K. Khi dio ACDB la hinh chir nhat.
36. a. Tam O la giao diém clia cac tia phan giac cua cac goc A va B.
b. AOB =90". |
¢. Goi C la trung diém AB. Ta co OM va ON cung vudng goc vai OC.
d. HM = HN < HO 1L MO« MAH =90° <> Ax 1 AB,By L AB.
A B

37. a. Ké IH L BC. Chtmg minh rang He (I).
b. Hay chimg minh BIC = 90" dé suy ra AB.CD =HB.HC =IH?* =a®.
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c. Theo tinh chét cua tiép tuyén va dinh ly Ta-lét ta co: B = _fa = Eﬁ
HC DC KD
Suy ra KH // DC (dinh ly Ta-l1ét dao).
38. Goi F 14 giao diém ciia BD va AC. Ta c6 A2 = 1D (cing bing - ) ma
' AC CF BC

AC =CF =I1E=]ID
F

e ——— e 0 — A —— e -~ -~
39. a. Taco MON=%HOK:EO2—A—. Do d6 MON =B =C =«
b. ABMO ~ AOMN (g.g).; AOMN'="ACON (g.g).
c. ABMOva ACON dong dang = %D(/)I_ = % = BM.CN =BO.CO =a".
d. Tich BM.CN khong) d6i‘nén 16ng BN #.CN' nho nhat khi va chi khi
BM = CN. Khi d6 tiép tuyén MN song song véi BC. K
40. a. M, A, N thang hang

T gidc BMNC la hinhrthang; S;, e = 2Sasc- XI Y

Tinh AH duoc 30cm. Dap s6: Sgyne =1950cm?. N
b. Pat AK =x,KN =y. A
Taco AKNA ~ AKHC (g.g)
N AK KN AN X Yy
CK KH CH y+45 x + 30
Tir do suy ra x = 78cm, y = 72cm.
G Dap s6: IM = 48cm, IB = 52cm.

41. Dé dang tinh duoc DE = 5cm.
Ta co:

4
_3 o

Sove =Sasoc ~Sape — Sopp — Sock B @)
Sopg =36 -6-6-9=15(cm?). /
Ke¢ OH L DE, ta c6: O 4
OH =28, : DE=2.15:5=6(cm). H g
Tir d6 suy ra diéu phai chirng minh. A £ C
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42. 4. Chu vi ADMN bang 2a.
b. MBN - 45",
¢. 'inco MN < DM + DN
> MN + MN < DM + DN + MN = 2a (cau a)
» 2MN < 2a = MN < a.
Ta ¢6d MN > DM, MN > DN nén
2MN >~ DM + DN
5> 3MN > DM + DN + MN = 2a ( cdu a)

2a
- MN > —,
3

43. K¢ OH L BC. Goi ban kinh cua (O) laR
Taco OH=25-4 gnéu O thudc doan théng AC, h.a) hoac OH=R-25
(né¢u O thudc tia do1 cua tia CA; h.b). Goi I la giao diém cua (O) voi
canh BC.tac6 Ol =R, IH=R -2.

/
o)
R  R-25

! A B\ S~ dn
b - 1
I I
/ I 1
I :R 5 ]

’ |_// —_ : ———
A - i A o)

a) b)

Trong AOHI vudng: IH? + OH? = OI° nén (R-2) +(25-R)’ = RZ.
Dua vé phuong trinh R* ~54R+629=0«-(R-37)(R-17)=0
Vay R = 17c¢cm hoac R = 37cm.

44. a. Ke tiép tuyén chung trong tai A, cit BC ¢ 1. Ta c¢6 IB = IA = IC nén
BAC =90".

b. I0LIO’ (tia phdn giac cua
hai goc ké bu) nén
OI0' =90°. tam giac 100’
vuong, duong cao IA nén
1A’ =0A.0'A =Rr.

Do d6 BC =2IA =2JRr.

c. Taco BAC=90" nén BAD =90°. Tam gidc ABD vudng tai A noi tiép

dudng tron (O) nén BD 1a dudng kinh = 3 diém thing hang.
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45. Goi D la giao diém cua OM va dudng tron (O).

Ta co:
0A=0D:OC=f;C:14;28=

OIOA -1A =21-7=14(cm).

21(cm).

OK=0C-KC=21-14="17(cm),
IK=14+17=21(cm).

Goi ban kinh cia duong tron (M) lax. Taco IM=x+ 7. MK =x + 14,
MO =0D-MD =21-x.

Cdch 1. Ké MH L AC. Taco

HK? - HI? = MK? - MP = (x + 14)" - (x +7)" = 7(2x + 21)
Ta lai c6 HK + HI = IK = 21,suy ra HK—HI=%X+7. (1)

Ta cé HO® - HI® = MO? - MI® = (21 -x)* - (x - 7)* = 28(14 - 2x).
Ta lai c6 HO + HI = OI=14,suyra HO - HI =2(14 - 2x) (2).

Tur (1) va (2) ta co: HK—HO=§x+7—2(14-2x):7(§x~3}

Ta lgi c6 HK — HO = QK = 7.50.13 %x—3=1. Vay N=6.

Bén kinh dudmg tron (M) bang 6cm.
Cdch 2: Ké MH L AC. Goi thém HI =y. Ta ¢o:

HK? -HI’ =MK? -MI* & (21-y) -y = (x + 14)° —(x +7)’

< 21(21-2y)=7(2x +21).

Riut gon dugc x + 3y =21 (3)

Ta lai c6HO? - HI* =MO? - ME & (14-y)* - y? = (21 -x)" - (x-7)°

< 14(14 -2y) =28(14 - 2x).

Rut gon dugc 2x -y =17. (4)

Tir (3) va (4) suy rax =6, y = 5. Ban kinh duong tron (M) bing 6cm.
Cach 3. Ap dung cong thirc Hé-rong tinh dién tich tam giac

S=J5(p -a)(p-b)(p-c)vai do dai cac canh a, b, ¢ va nira chu vi p.

Chu vi tam giac MOI bang 14 + (21 - x) +(x +7) = 42(cm).

Chu vi tam giac MOK bang 7 + (21 -x) + (x + 14) = 42(cm).

Do T0=20K nén Syo; = 25,0, 106 18 S5 =450k -

Ta cé(ﬁm =21(21-14)[21-(21-x) ][ 21— (x+7) | = 21.7x(14 - x)
TP

'r
v I
"1. g f " - 4

Tron Bo SGK: https://bookgiaokhoa.com



Download Ebook Tai: https://downloadsachmienphi.com

Shox =21(21-7)[ 21 - (21 -x) |[21 - (x + 14) | = 21.14x (7 - x).
Do S5, =4S30x Nén 21.7x(14 —x) =4.21.14x(7 - x).
[r d6 x = 6. Ban kinh duong tron (M) bang 6¢m.
46. a. Ta co:
AB + CD =(AE + EB) + (CF + FD)=(AE + CF) + (EB + FD)
=(EG + GF) + (EH + HF) =EF + EF=2EF. (1)
Ta lai co AB = CD (d6i xirng nhau qua 00").
Nén AB + CD=2AB. (2).
T (1) va(2) suy ra AB = EF.
b. Ta ¢o:
EG + EH=EA + EB=AB
nén 2EG + GH=AB. (3).
Tuong tu 2FH + HG = CD. (4)
Vi AB = CD nén tir (3) va (4)
suy ra 2EG = 2FH.
Do dé EG = FH.
47. a. Xét hai tam giac MAC va MDA c6: K

M chung: MAC = MDA =—;—sd;€é.

Suy ra AMAC d@)ng dang vt AMDAY(go=g)

MD MA _
= MA’=MC.MD. M

b. * MA, MB la tiép tuyén cua (O)
nén MAO = MBO = 90°
* I 1a trung diém day CD nén MIO = 90°.
Do d6: MAO = MBO = MIO =90° = 5 diém M, A, O, I, B cung thuéc
duong tron dudng kinh MO.

¢. Ta cé MA = MB (tinh chét hai tiép tuyén cit nhau) va OA = OB =Ryq,.
Do d6 MO la trung truc cuia AB = MO L AB.

Trong AMAO vuéng tai A c6 AH la duong cao = MA? = MH.MO. Ma

MA? = MC.MD (do a)) = MC.MD = MH.MO = MH _MC ,

MD MO
Xét A MHC va AMDO cé: M chung, két hop véi (1) ta suy ra AMHC va
AMDO dong dang (c—g —)= MHC = MDO = Tt giac OHCD ni tiép.
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Ta c6: AOCD can tai O = ODC = MDO; OCD = OHD (do OHCD néi
tiép). Do d6 OHD = MDO ma MDO = MHC (cmt) = MHC = OHD

— 90° — MHC= 90° — OHD = CHA = DHA = HA la phan gidc cua
CHD hay AB la phan giac cua CHD.

d. Tir gidc OCKD nbi tiép (vi OCK = ODK =90 ) = OKC = ODC = MDO
ma MDO = MHC (chirng minh trén) — OKC = MHC = OKCH ndi tiép
= KHO=KCO=90 = KH L MO tai H ma AB L MO tai H = HK
tring AB = K, A, B thang hang.

48.a. AKD =1v (goc noi tiép chin nira duong tron). APAD can (DA = DP)
nén PAE = APK. Hai tam giac vuong PAE va APK cé:

Canh huyén PA chung; PAE = APK nén B C
APAE = AAPK. p
Suy ra PK = AE. (1) K

b. I=E=K =90°, ta ¢6 3 goc cling nhin
AD moét goc 90° = I, E, K, A; Plthudc

cung mgt duong tron. A }: D
c. Tu giac AIPE c6A =1=E =1v,suy ra AIPE la hinh chir nhat, do d¢
AE =PI ()

Tu (1) va (2) ta dugc PI = PK.
49.a. AD? =0OD? + OA?YAD? =5a*vay AD' a5 .

. ~ D

Hai tam giac vuéng ACB va AOD dong dang ( A chung) tac
AC AB AC  2a 2a/5

e N . Viy AC= ;
A0 AD ¥ a2 NG 'Y 5
AC BC AC BC 4a/5

=—h = .Vay BC=2AC = .
A0 DO ¥ a0 220 'Y E © @

b. ACB=1v nén C thudc duong tron dudng kinh
AB = 2a va co6 tam la O. Puong tron nay qua E
ViIOE=0A=0B=a. -

c. OE vudng géc voi dudmg kinh AB nén phai qua trung diém cia cung bi
chin AEB. Do d6 CE la phan giac cua géc vudng ACB.

50. a. Ké O’L // BC, O’C va OB song song nén O’L = BC.

Tacé O'L? =BC? =00?-01%; O'L? =BC*=(R+R")’-(R-R"*
BC? = 4RR'suy ra BC =2JRR'

B Bonam= R;R 2JRR' = (R +R')VRR'
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Di¢n tich gioi han boi BC va hai cung AB va AC bang dién tich tir gidc
OBCO™ trir cho dién tich hai quat tron AOB va AO™C.

* Khi R' = % thi Sgpeo = 4R™ V3
*Trong Avuong OLO™ ¢6: OO =4R";: OL = 2R". B
Nhu vay OO" = 20L suy ra AOB = 60"

vi AO'C =120"
1w do tinh duoc dién tich phai tim la:

- QHRQ T[Rn?. RF..’
S=4R'V3 - = 243 -11
. ( 8 B J g PR~

a. Theo gia thiét A=C+90". Tacé

-~

A+B+C=180"=C+90"+B+C=180"; C =45~—§w. Viy C < 45"

B=C (sb do 2 goc nay cing bang %sdrﬁ )

Do dé A +B=90"-C+C =90%:Suy ra H =90".
Hai tam giac vuéng CBH va BAH dong
dang (co goc nhonlcbang snhau), mémn co

?g s % hay BH? = AB.CH

Ta c6 OB // CH (vi cung vuong goc voi HB). Do dé B, =C mat khac
B =OBCnén ACB=0BC= AB=BC'=AB = BC". C’ la giao di¢m
cua tia CO vai duong tron (O) ngoai tiep A ABC.

Trong Avudng CBC’: BC*+BC*=CC"*=4R?

Hay AB® + AC® =4R*

—

.a. Ta cd ACB =1v vi vy goc ndi tiép chan nira duong tron duong kinh

AB. Vay AC L BF. Suy ra trong duong tron tam A, duong kinh AC chia

doi day BF. F
CB=CF.
Trong duong tron tam O, duong kinh AB
vudng goc véi diy CD nén AC = AD. ﬁk
- — - = B B
sd CBA =sd A(', sd ACD = sdﬂ. ‘w
2 2
Vay CBA = ACD.
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CM la duong trung binh cuia AABC
nén OM // BC, do d6 BCLAC thi

OM LAC suy ra M =1v. Vay M nhin
AO cb dinh dudi 1 goc vudng nén M
chuyén dong trén nira dudmg tron
duong kinh AO (nira duong tron nay
va nira duong tron ACB cung ¢ mdt
phia cua duong thing AB).

(AB = AD, AC = AE, A chung)

Suy ra ABC = ADE va ACB = AED

Mait khac: CD = AD-AC; BE = AB—AE nén CD = BE. Tu trén suy ra
ACDH = ABHE (g.c.g).Do d6 dugc: HC = HE.; AAHC = AAHE vi ¢

HC = HE, AH chung,AC = AE. Suy ra DAH = BAH

s¢d DAH =sd%g,sdm =sd%,mz‘1 DAH = BAH nén KC = KB: suy
ra OK L BC.

Ta ¢6 ACB =1vvi la géc ndi tiép-chén nira duong tron. Vi AED = ACB
nén AED =lv. Tt gidc ACHE ¢6 tong 2 géc déi: ACH + AEH =2v nén
1a tr giac ndi ti€p.

Ta c6 AKB =1v (géc ndi tiép chin nira duong tron) ADAK = AKAB vi

c6 AB chung, AD =/AB"DAK =KAB  Suy'ra’ AKD = AKB =1v.

Vay BKD = AKB + AKD = 2v nén B, K, D thing hang.

. : 5 OA CA
.—Hait ic OCA va ECB dong d hota: —=—
a ai tam giac va ‘ ong dang cho ta B - CB
- Hai tam giac AOD va BFD dong dang cho ta: 0
0A_DA
BF DB’
Theo gia thiét: £ 2R
CB DB
Nén O—A—-%ﬁEB=BF
EB BF

Qua B’ ké E'B’F’ song song v&i EBC. Ta dé dang chimg muinh dugc
B’E’ = B’F’. Hai tam giac OA’C’ va E’'B'C" dong dang, cho ta
C'A' OA'

. Hai tam giac OA’D’ va F’B’'D’ dong dang. cho ta

'B' E'B'

D'A FOA® OA' OA' o'A' DA
= . ViE’'B’ =B’F’ né = ) : =

DrBf BrFt 1 nen E'B' BIFI Suy ra C'BI DuBl
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sdAC + sdIB
2

ACI _ sdAC + sdCI . sdAC + sdIB
2 2

Vay D=A suy ra tam giac AFD can dinh I
Trong tam gidgc AFE: A = 90" - As; E=90" — Az (vi DAE = 90").

sd A =sd (1?3:61)

- T
Vay: Ai=Eva Al f}c‘bU} ra: Fﬁ_l &
b. Tam giac AFB va AFC dong dang vi co: 5

56. a. f\ﬁ: = !@ =45".

b.

C.

B=CAF= sdE va goc F chung.

S AFn - AB

Do do

Sipe AC* L
Hal tam giac AFB va AFC ¢6 chung dudng cao xuat phat tir A, do do ta
S &
cling co: A - d do: FB _ AB &

8 s FC FC G AC

Vay AE = AB va BE =cV/2

AD CA
Ta co: — =——=suya

BE CE
AD - CABE _ bev2 /D =
CE b+C Ht
Duong cao AH cua hinh thang bang E = %
VAY: Sapeg = M.Mh—@ﬂ CH'= bJé(AAH’Cvuéngcén).
2 2b+c)
ADCH' b’

Viy: S\cp = 2 B 2(b+c)

57.a. Avudng ABD va ACD c6 canh huyén chung AD va canh gic vudng

AB = AC nén bang nhau. Suy ra DB = DC.T&r giac ABCD c6
ABD + ACD=1v+1v =2v. Vay no ndi tiép duoc trong mot dudng tron,
— BCD =180" - A =180° -60° =120°

b. BDC=120"suy ra sdBMC=120" suy ra BMC:%dm‘mg tron nén

BMC - %240“ ~120°. Tir gise AEMF ¢6 EMF + A = BMC + A = 180"
nén 1a ur giac noi tiép.
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Vay duong tron ngoai tiép tam giac EMF di qua diém A co dinh khi M
chuyén dong trén canh nho BC cua dudng tron tam D.

c. AABE= ABCF (AB = AC, ABE = BCF,A = CBF =90")
Suy ra AE = BF.

58. a. DE L OC=ME = MD, tir giac AEBD la hinh thoi vi cé 2 duong chéo
vudng goc va cit nhau tai trung diém mdi duong.

b. ADC = Iv(géc ndi tiép chan nira
duong tron O) nén DC L AD ma
AD // BE suy ra BE 1L DC.
BFC=1v (g6c ndi tiép chan nira
duong tron O’) nén BF L DC. Vay
BF va BE cung qua B va cung
vuong goc voi DC nén phai trung
nhau nghia l1a B, F, E thang hang.

c. M vaF cung nhin BD dudi mét goc vuong nén tir giac BDMF la tir giic
noi tiép. ‘

d. BM va DF la dudng cao cua tam-giac BDE nén C la truc tam. do do
CE L BD ma CG L BD (CGB =1v)sty ra E, C, G théng hang.

Vay DF, EG, AB dong quy.
e. Tam giac vudng DFE ¢6 M la trung diém ctia canh huyén DE nén trung

tuyén MF =—;-DE. Titaenfad B Fole0pLics

Nén F, + F2 =D, + C9=190°;

Vay MFO' =1lv=>MP1la tiéptuyémeuaduong tron O’
59. a. BPuong thang OO" la trung truc cua day AD.

Do d6: ABD = AOO'

(s6 do béng sd%p-)

ciling thé: ACD=A0'0.
Vay AAOO' ~ AABC
b. AAOO” ~ AABC nén
OA AB R AB

O'A AC’'R' AC

T T e S »
Vay ti so o khong phu thudc vao vi tri cua D trén BC.

c. Trong tam giac ACB: OA+OB>AB=>2R>AB=R E%—B,

Vay gia tri nho nhit cua R 1a %

—
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* Chung minh trong tu. gia tri nho nhat E
i ) 1'.\[‘ Fy ot ' - . N . -
cua R la —=. Khi do tam O va O’, lan
2

luot 1a trung diém cua AB va AC. Duong
thang OO song song var BC va AD la
duong cao cua AABC.
60. a. Ta co ’\H OB =B1= DX,

A-B -D=1v (goc ndi ticp chan nira
du(ms__ tron). Viy ACBD Ila hinh vuong.

RV2

2

b. AC -RV2 =162 =22627(m):O0F = =1,1323(m) D

¢. Dicn tich hinh thang AOCE = éF%E)L.OA

A ALLB vuong can nén AE = AB =2R: 5,ct = %I-{—.R o

Di¢n tich quat tron AOC = % Dién tich gié1 han boi AE. CE va cung

AC 13: SR_TRT B o - bRk m?)
2 4 4
61.2a. Taco: Ay = E, (dfmg vi), A, =B, (so le lron;__)
Vi A = As suy ra EA £ ABLATFAB
vudng can nén c6 EB = ABV2 = cy/2.
Mat khac theo Talét;
AD _CA _ b bey/2
E.B CE b+c b+ec
b. Vi AD’ song song vo1 BK nén:
Bi=As (so le trong);
Rl = AG (dfmg Vi)
Vi B =K, nén As = Ay = AD’ la phan gidc ngoai ctia A.
AD' CA b bev2

BK = ABVS = cV2. Mit khi o PN AD' =
K = ABY2 = /2. Mat khic BK CK b-c g

62. a. Ta co: trong tam giac vuong ABC D
BC® = AB” + AC® = 24° +18% =900 A
Vay BC = 30mm = MC = 15mm.

b. Tam giac vudng DMC va BAC dong
dang vi co chung goc C.
.. DC_ DM MC
Taco

"BC AB AC M
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~ DC - BC.MC _30.15 _ 95mm: DM = AB.MC
AC 18 AC

c. Tam giac vudéng BEM va BCA dong dang.
BE BM BE - BC.BM

Tacd, —=—>
BC AB

d. EKC =EMC =1v. Suy ra A va M thugc duong tron duong kinh EC.
Diém E thudc trung truc cia BC nén: EC = BE = 18,75
=r=9_375mm.

63. a. Tam giac vudng IAC, BAO va BID dong dang, ta co:

AC 1D y

=20mm.

=18,75mm

= ACDB=ICID =4a*
IC DB
b. Mat khac ta cling co:
AC OA ID OA B
— (1) —=—— (2
ic ~o WY b5~ op @
Nhan vé véi vé cua (1) va (2):
ég_ = 0A’ 0] C A X
DB OB’
2 2 .
€. Soap =8% 4 0A QB =102 = (a+CA)(a+DB)= 16a
16& IOa

=% —a(CA+ DB)+CADB= 5

Tir CADB = a?: CA+DB=-lg—a-,tac6

CA=%;DB=3a. CA=3a;DB:%.

64. a. Trong Avuong ABC
BC? = AB? + AC® = 25° +21* =1225
BC = 1225 = 35(mm)

Tu: b.c=ahtaco: h =E= EE R

a 36

b. Ti gidac ADHE la hinh chit nhat vi ¢6 cc géc déu bang 1v (goc ndi tiép
chan nira duong tron).

=16,80(mm)

AAHE= AABC néncé: e _AH | pp_ ABAH

AB BC

=13,44(mn)
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Tuong

A G g St
ACC BC BC
T do duoc:

S -HE.AE =135,47(mm*)

=10,05(mm)

ADHE

¢. Tam gidc NEH can (HEN = EHN )
suv ra EN la trung tuyén cua A

vuong HEB. Vay NH = BZH
Tuong tu: HM Lol .Do d6 MN = B + LS
2 2 2 2
65. a. D¢ dang chimg minh dugc AMBT ~ TBN
MB BT
= BT* = BM.NB.
BT BN

b. AABT la tam giac vudng T=1vma THLAB = BT? = BH.BA (2)
Tir (1) va (2) suy ra BM.BN = BH:BA,.(*)
AB BM

A ABM ANHB ¢6 B ch tir he-th \— = —
c. va co B chung, tir he uc( ) suy ra NBE - BH

Viy AABM ~ ANHB (th.2) = HNB = MAB
Vay tir giac AHMN ndi tiép: |
66. a. Hai tam giac ABC va DBA c6 BAC = ADB va DAB = ACB.
Vay: AABC ~ ADBA =)
AD

b. ABDP va ABAQ c6 BAC = ADB (chtmg minh trén).
Tir hé thirc (*) ta co thé viét:
AC

B o By SH ST
AD " BD hay o e (vi P va Q lan

2
luot la trung diém cia AD va AC).

Vay ABDP ~ ABAQ => BPD = AQB.

c. APE+BPD =2v (hai géc ké bu nhau) ma
BPD = AQB = APB + AQB = 2v = Tit gidc APBQ ndi tiép duoc.

67.a. Ta co PM = PB (dinh ly); OM = R = OB nén OP la trung truc cia MB,

do d6 OP L MB. Ta lai c6 AMB =90" (néi tiép chin dudng kinh). Vay
AM // OP (vi cung L MB) va AMPO la hinh thang.
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Tacd ASOB = AQOM (g.c.g) va OS = 0Q.
M

Viy: %=1 = % suy ra SQ // MB

0oQ OB
(dinh ly Thales dao).
Vi R, dbi Mrng vol R qua AB nén A
R, AG AQ = RAQ Ta lai c6 AM // OP;
MB // SQ; OP L MB nén AM L SQ.
Do do: I@ = m (canh tuong ung vudng goc). P
Suy ra R,AQ = R,SQ va tir giac ASQR| ndi tiép duoc.
Goi giao diém cua tia OP va SQ la P’, ta ¢c6 P’S = P’Q (vi AOSQ cén:

PQ' PP’
SQ //MB; OP’ L MB). Do PP’ // MB’ —=——(1
Mat khac, do OMR’T la hinh binh hanh nén PR’ // MS: PP" // MR" va
APP'R’ ~ AMR’S (th.1). Suy ra - =~ (2)
MR"-R'S
QP' _PR' T e o s oo
3). Do@R =P'S=PR’+F'Sn

QR TR'S (3). Do Q én
thay vao (3) va nhan chéo, ta dugc: (PR’ + R’S) R’'S = (2P’R" + R’S)F'R".
Tur dé, R'S? =2P'R*hay R'S=P'R'V2 (viR’S, P’'R’ > ().

SM SR |
Va 2 hain SM = OM2 = R</2:08 = R(1 + V2
YoM~ RP'VFaY 2= RJ2 ey

a. Goi K la trung diém.cua, BC, ta c6, KE = KB = KD = KC (vi
BEC =90° = BDC), nén.B,.E, D, C cing nim trén durong tron (K:KB).

Két hop (2) véi (1), duoc

EDB=E'D'B do cung bing
E'CB (ndi tiép cung chin cung
E’B hodc cung EB), ching dong
vi v&i nhau nén E'D’ // ED.

ACE'= ABD' (canh tu'ong ung

vudbng goc) do d6 AE'=AD"
Ma OA 1la ban kinh nén
OA LE'D’. Do ED // E’D’, suy
ra OA LED.

d. ViK B =KC nén OK L BC. Goi giao diém cua BD v&i CE l1a H, ta c6 H

la truc tam cua AABC, do d6 AH = 20K va AO'= AZH = 0K = <hong

d6i. suy ra dpcm.
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a. Ta co: CBA =90" = FBA (nol liép chin nua duong tron), ncn
CBA + FBA = 180" va C, B, F thang hang.

Ta co: CDF =CEF =90" (ndi tiép chan nira duong tron). Suy ra i gidc

CDEF noi tiép duomg tron duong kinh CF.

¢. Do cice tir giac CDEF, BAEF noi tiép dugc nén DEA =BEA (vi cung

d.

70.

bing DFB). Vay tia EA la phéan giac cua goc DEB. Tuong tu. tia DA la
tia phan giac cua goc EDB. Suy ra A 1a tam duong tron ndi ticp tam giac
BDLE. _

Goi giao diem cua AB va1 OO la D
, ta co OO LAB; 1A = IB (vi /
00" la duong trung truc cua AB \“'

do OA = OB; O’A = O’B). Do

dé O°0 // CF (vi cung L AB) va O’

DO'O =DFC (ddng vi). Suy ra C

DO'O =DEO (vi cung bang K
DFC) va tir gise ODEO’ ni tiép

duorc.

Néu DE llep xuc voi (0), (O’ ) thi tronig tr gidc ODEO’ ¢6 D=E=90"M

va 0=0"=90° (vi bi, véi.E.D) hay, QEDOQ’ la hinh chir nhat. Vay
OD = O’E va OA = AE. Ma AB // EO’ (vicung L OO’) nén Al la duong

trung binh cia AOO’E va bang %; AB =2AI = EO’ = OD (1). bao

lai v&i (1), thi dé thdy rang DE tiép xtc (0), (0’). Vay diéu kién phai tim

la (1

(J(El ; la tdm cva duodng tron ndi tiép. O 1a tdm cua duong tron bang tiép

trong goc A, D la tiép diém cua (I) trén BC. Goi P, F, Q 1a tiép diém cua

(O) v6i cac duong thang AR, BC, AC. Bt BC =a. AC=h. AB=¢.

Theo tinh chét cac tiép tuyén cua duong tron (O):

CF=CO=AQ-AC((1);

AP + AQ =2AQ =chu vi ABC. (2)

Tu (1) va (2) suy ra

2CF =2QA -2AC
=(a+b+c)—2b=a+c-b.(3).

Theo tinh chat cac tiép tuyén cua

dudng tron (I) ta c6 2BD =a + ¢ - b.

(4). Tir (3) va (4) suy ra CF = BD.

Vay D va F d6i ximg véi nhau qua trung diém
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Goi O 1a tdm cua duong tron bang tiép trong goc A.
Ta c6: Soac +Soas — Sonc = Sapc = bR, +cR, —aR_ =28S. (1)

R”(b;c_a)=Ra (p-2). ().

Tuong tu: S=R, (p-b)=R,(p-c).

T (1)suyra: S=

Do bh, =ch, =ah, =28 nén tir (1) suy ra:
bR, . cR, aR 1 1 1 1

=l —+——-—= g
bh, ch, ah, h, h, h, R,
Goi H va P 1a cac tiép diém trén AC cia duong tron ndi tiép va dutng
tron bang tiép trong goc vudng A.

Taco 2AH = AB + AC-BC;2AP = AB + AC + BC.

Suy ra AP - AH =BC,tic la BC=R -r.

73. a. Ta ¢c6 BE = CF (cling bang nira chu vi A ABC).

Trir di BC, duoc CE = BF.

b. CE = BF ma CE = CI, BF = BK-nén CI = BK.

Ta lai c6 BI = CK (gia thiét) nén ABIC = ACKB (c.c.c), suy ra B=(
Tuong tu c=N Vay A'ABC la tam'giac déa.
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4. Cac bai toan dung hinh, quy tich

Mt sé kién thice co ban

1.Cdc budc giai mot bai todan dung hinh
Phén tich: Gia fh:er hinh doé da dung duwoc, trudc het vé phdc mjt hinh
gadn giong hinh can dung trén nhiing nét lon, néu can thiét phai vé thém
duong phu. Nghién cieu ti mi moi quan hé giga diéu kién da biét va diéu
kién chua biét trong hinh, tic d6 dwa ra cdch dung phit hop.
Cich dung: Trinh bay cdc bude dung dua trén két qua dwoc phén tich
Cdc budc dung phai la budce dung co ban da biét, hodc bai todn dung cof
ban, duoc trinh bay theo dung thi: tw da dugc phan tich.
Chirng minh: O ddy ching ta can chimg minh hinh vira dung la hinh
can dung,ticc la chirng minh hinh vita dung hoan toan phu hop vdi cdc
diéu kién da cho cua bai todn.
Bign Iudn: Chi ré khi nao thi bai todn khong cé nghiém, mgt nghiém, hai
nghiém, ..., vo 56 nghiém.

2.Cac bwoc giai mot bai todn quy fich
Phan thudn: Ching minh nhitng |diém ¢ trén hinh (H) phit hop vdi diéu
kién bai todn.
Phin ddo: Chitng minh nhitng diém phit hop véi diéu kién bai todn déu
thugc hinh (H).
Két ludn: Quj tich cdan tim la hinh. (H),

Dang 1: Ching minh-duorg thing—di-qua diém cé dinh,
dai lwong khong doi

Vi du 1: Cho xOy va hai diém A; B lin .vo: ndm frén hai tia Ox; Oy thoa
mian OA-OB=m(m la d§ dai cho truve). Ching minh rang duong
thing di qua trong tam G cua tam gidc ABO va vudng géc véi AB ludn
di qua mot diém c6 dinh.

Dé thi hoc sinh gioi lop 9 tinh Phu Tho, 2003 — 2004
Gidi

Lay diém C thudc doan OA sao cho OC = m (C ¢é dinh).
V& dudng tron ngoai tiép A ABO va trung truc cia AB, cit nhau tai M.
Pudng thing qua trong tim G cia AABO
vudng goc véi AB cat OM tai N. Ta co:
AMAC = AMBO (c. ) (c.g. c) suy ra MO = MC;

OMB = OMA = OMC BMA = AOB =«
khong dé6i=M cb dinh (la giao diém cua
duong trung truc cua OC va cung OC chira
2oc o).

e
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Goi I 1a trung diém cua AB. Xét AOMI. N N thuéc OM va G thuic OI. Vi
OG 2

G la trong tdm cua A ABO nén BT =5 ;NG // MI (vi cing viong goc
OM 0G 2
voi AB) suy ra ON-Ol 3 =N ¢b dinh. Viy duodng thing qua trong

tam G cua AABO vuong goc voi AB di qua diém N ¢ dinh.

Vi du 2: Tir diém A ném ngoai duong tron tim O ké hai tiép tuyén AB va
AC (B,C la cac tlep diém). Goi M la dlem bat ky trén cung nho BC cua
dudmg tron (O) (M khac B, C). Tiép tuyén qua cit AB va AC tai E va F.
Puong thing BC cit OE va OF ¢ P va Q.

a. Chimg minh tir gidac PQFE ndi tiép dugc trong mot duong tron.

b. Chimg minh ti sb F—Qkhﬁng ddi khi M di chuyén trén dudng tron (dudng

tron (O) va diém A da cho cb dinh).
DTS 10 Quéc Hoc — Hué 2002 - 2003
Gidi
a. Tu giac PQFE néi tiép duoc trong:mot dudmng tron.
EO cét duong tron (O) tai I, FO cat duong tron (O) tai G

Ta c6: EOQ = EOM + MOQ =%5dm+%sdm =-;-sdi§'c'i - E5Q

— Tir gidc EBOQ ndi tiép= QEO = QBO .
Chimg minh tuong tu ciing c6 PFO =PCO.
Ma QBO =PCO (vi OB = OC) A
Do d6 QEO = PFO = tit gidc PQFE néi tiép.

b. Ti sb FQ khong dbi khi M di chuyén trén dudng tron.

Ta c6: FQP + FEO =180° (tir giac EPQF ni tié p).

FQP + PQO =180° (hai géc ké bu). Suy ra PQU) = FEO

Hai tam giac FEO va PQO c¢o6 EOF géc chug; PQO = FEO (chimg
PQ _Olf

EF OM

Vi diém A va dudng tron (O; R) ¢6 dinh 1 én OH -a OM khong dhi.

minh trén). Cho nén AFEO ~ APQO =

Do d6 ti s6 —ﬁg khong dbi khi M di chuyén trén du dng tron.
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V7 du 3: Cho tam gidc can ABC (AB = AC), D 1a mét diém trén day BC.
Cace duong tron qua D lan [urot liép xtc voi AB tai B, vai AC tai C cat
nhau tai K. Chirng minh:

a. Ducng tron ngoai ticp tam giac ABC bang dudng tron ngoai tiép tam
miac KBC.

b. Tick AD.DK khong doi khi D chay trén day BC.

DTS 104 Chu Vin An — Ha Noi 1991 — 1992
Giai
a. Nbi kD. ta ¢6 sdABD = %sdBE‘D - sdBKD = ABD = BKD.

Tuoeng tur ta ¢o: ACD = CKD A
Vay: ABD + ACD = BKD + CKD = BKC
=» BKC + BAC = 180" (Vi ABD + ACD =180")
Do 16 ur giac ABKC ndi tiép. Suy ra duong
tron qua ba diem A, B, C ciing la duong tron
qua ba diéem K, B, C.

b. Thera. Taco: BKD = ABD _
CK)D = ACD =KD Ii tia phan giac/Gud BKC (1)
Ma ABD = ACD .Tir gidgc ABKC 1éitiép
— BKC = B—(.‘:A;CTKE - CBA

e, s A D
Ma BCA = ACB = BKA'Z'CKA: =
= KA la tia phan gidc,cuia BKC. (2) A .
Tir(1). (2) c6 K, D, A thang hang,
AB AD . -
T NMABD ~ AAKB (g.g) = T AD.AK = AB’ (khong d6i).

Vi du 4: Cho tam giac ABC ¢6 ba goc nhon ndi tiép trong duong tron tam O,
H i truc tdm cua tam gidc. Pudng phan gidc trong cua goc A cat duong
cao 3E tai M, duong cao CF tai N.

a. Tam giac HMN la tam giac gi?

b. Khi E, C ¢é dinh, A chay trén cung lén BC. Chimg minh % kb 45i

DTS 104 Chu Vin An — Ha Néi 1991 — 1992
Giai
HMN = BAM + ABM (HMN la goc ngoai
cua AMAB) r
a. Goi A’ latrung diém cung lon BC.
HNM = NAC + ACN(HNM la g0oc ngoal cua
ANAC)

Tron Bo SGK: https://bookgiaokhoa.com



Download Ebook Tai: https://downloadsachmienphi.com

Ma BAM = NAC (AM la tia phan giac BAC)
ABM = ACN (cap cac goc nhon co canh tuong trng vudng goc)
Do d6 HMN = HNM = A HMN cin tai H.
b. Goi A’ 1a trung diém cung lén BC.
Tac6 A’'B=A'C, BA'C=BAC, A’ cb dinh
Xét AHMN cén tai H va A A’BC can tai A’ c6 MHN = BA'C(= BAC).
HM MN MN BC " :
Do d6 AHMN ~ AA’BC = kh dsi.
age AB BC HM AB &%
Vi du 5: Cho duong tron (O) ban kinh R la mét day BC ¢ dinh. Goi A la
diém chinh giita cua cung nho BC. Lay diém M bat ky trén cung nho AC,
ké tia Bx vuong goc voi tia MA ¢ [ va cat tia CM tai D.
1. Chimg minh AMD = ABC va MA la tia phén gidc ciia goc BMD.
2. Chimg minh rang A la tim duong tron ngoai tiep ABCD va goc 3DC ¢6
dd 1on khong phu thude vao vi tri di€ém M.
3. Tia DA cat tia BC tai E va cat duomg tron (O) tai diém thu hai F Chung
minh AB la tiép tuyén cia duong tron ngoai tiép A BEF.
4. Chimg minh tich p = AE.AF khéng dbi khi M di dong. Tinh p theo ban
kinhr va ABC =a.

DTS 10 THPT Ha Ngi nam 1996 — 1997
Giai
1. T glac AMCD ndi tiép duong tron (O) AMD .= ABC
- AC = AMB = ABC-Do-d6-AMD-=-AMB
=5 MA la tia phan giac goc BMD.
2. ABMD c6 MI vira la duong cao vira la dudng phén giac nén A BMD cén
tai M, MI la trung truc cua BD.
Do d6 AD = AB:Ma AB = ACnén AB = AC.
Ta c6 AB = AC = AD do d6 A la tim duong tron ngoai tiép A DEC
Pudng tron ngoai tiép ADBC ¢é dinh vi diém A ¢ dinh va ¢6 ban kinh
AB khong déi, do d6 BDC c¢6 do 16n khong dbi, khong phu thud: vao vi
tri cua diém M trén cung nho AC.
3. V& tia Bm la tia tiép tuyén ciia duong tron ngoai tiép ABEF, tia Bm nam
trén nira mat phiang by BC c6 chira diém A.

Tac6 mBE - BFE| - 1 sdBE | ABC - BFB(AB - AC).

Do d6: mBE = ABE = Hai tia Bm va BA tring nhau.
Do d6 BA la tia tiép tuyén cua duong tron ngoai tiép A BEF.
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4 Xét AABE va AAFB c6 BAEchung, ABE = BFA
AR AR L ABAR = AP

AF  AB

Biét AB khong ddi nén AB*khong doi.

Vav p = AE.AF = AB” khong doi khi M di dong trén cung nho AC.

Do do AABE ~AAFB >

V& dudmg kinh AH cua (O). ABH (goc ndi tiép chan nira duong tron).
BHA - BCA (goc¢ nodi tiép chan AB). ABC=a=BCA.

Do d6 BHA =« : AABH vuong tai B

> AB = AHsin BHA = AB = 2Rsin

b= AB? = (2R) sin” a = 4R?sin® a.

Vi du 6: Cho Andi tiép (O) va mot diém M bat ky trén duong thang BC
(M#B va C). V& duong tron di qua M va tiép xuc voi AB tai B; vé
duomg tron di qua M va tiép xic voi AC tai C, hai duong tron nay cat
nhau tai di¢m thir hai la P.Ching minh rang: Pe (O) va duong tron PM

luon di qua mot diém c6 dinh khi M di'dong trén BC.
Giai

Ta can chimg minh P e (O) véi moi vi tri M, xét cac truong hop:

* Diém M thuéc canh BC: Do AB tiép xuc voi duong tron (BPM) nén
BPM = ABC (vi cung chin BM). Do AC tiép xuc v&i duong tron
(CPM) nén CPM = ACB (chédn CM ).

Suy ra BAC + BPC=A + B +C=180" nén ti gidac ABPC ndi tiép duong
tron. Qua ba diém A, B, C chi xac dinh dugc mdt duong tron (O) nén
Pe(0).
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* Diém M thuéc tia Bx 1a tia ddi cua tia BC (hodc M thudc tia Cv 1a tia
doi cua tia CB) Ch\img minh tucmg tu co PBA = PMC (chan FB) va
PCA =PMC (chan PC) nén PBA = PCA . Hai dinh ké B va C cua tur

giac ACBP cung nhin doan PA dudi nhirng goc bang nhau nén ndi tiép
duong tron. Suy ra P e (0). Goi N la giao diém cua duong thang PM véi

(O) thi trong ca hai lrucmg hop ta déu cé: ANP = ACP (chan AP) va
ACP = NMC = ANP = NMC, ching & vi tri so le nén AN // BC. D»

A ABC néi tiép duong tron (O) cho trugc va AN // BC voi Ne (D) nén
diém N ¢é dinh. Vay PM di qua diém N ¢ dinh.

Vi du 7: Cho dudng tron (O; R), duong kinh AB ¢6 dinh, duong kinh CD di

> B o

dong (hai dudng thang AB va CD khong trung nhau). Tiép tuyén cia (O)
tai B cit cac duong thang AC va AD lan luot tai E va F.
Chirmng minh BE . BF = 4R’
Chimng minh CEFD la tir giac ndi tiép.
Goi I la trung diém cua EF va K la giao diém cua Al va CD. Chimz minh
rang khi CD di dong thi K chay trén mét duomg cb dinh.

Gidi

. Ta c6: Tam giadc ACD vudng tai |A«noi tiép nira duong tron dudng kinh

CD), nén tam giac EAF vudng tai A”AB vuodng goc voi EF (vi EF la tiép
tuyén tai B). Theo hé thire lugng trong tam giac vudéng AEF:

AB? = BE . BF ¢VBE 2BR c4R?
Ta co: AFE = SA228008 . 220.280DR . 5080 (gde o dinh bén

—

ngoai duong tron). RCD = sdAD 01 tiép chin rD)

Suy ra: AFE = ACD . Nén tif gidc CEFD néi tiép.
Tacé AFE = ACD (chimg minh trén)

Al =-2—EF (trung tuyén ung voi canh huyén cua tam gidc vudng EAF),

nén tam giac AIF cén tai I. Suy ra: FAI = AFI = AFE

Ma ADC + ACD =90°. Suy ra ADC + FAI = ADK + DAK = 90°
Do d6 AKD = AKO = 90°

Vay khi CD di dong thi K chay trén duong tron duong kinh AO.

Vi du 8: Hai dudng tron (O) va (O') cat nhau O A va B. Cac diém M, N theo

thu tu di chuyen trén cac duong tron (O), (O’) sao cho chiéu tir A #n M
va tir A dén N trén céc dudng tron déu theo chiéu quay ctia kim dong ho
va cac cung AM, AN c6 so do bang nhau. Chimg minh ran!,_5 duong trung
truc cia MN ludn di qua mot diém cd dinh.
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Giai

a) b)
Ke cac duong kinh BOC; BO'D thi C, A, D thing hang. CAD la cat
tuyén chung ¢6 dinh.
]rucmL_ hup M thudc - cung BC khong chira A: ABN = ACM. ACM bu

ABN nén ABN bu ABM, do d6 M, B, Nlhang hang

Truong hop M thudc cung BC chita A ABN=ABM nén M, B, N thang
hang.

Trong ca hai truong hop, ta c6 CM _vaDN cung vuong goc voi MN. Do

do duong trung truc ciia MN di qualtrung diém I coa CD, d6 1a diém cé
dinh.

Dang 2: Cac bai todan dwng hinh
Vi du 1: Cho tam giac ABC'¢6°ABC'SB0°“BE L a"AB = ¢ (a, ¢ la hai dé dai

1o

—_—

cho truoc), Hinh chir nhat MNPQ c6 dinh M trén canh AB. N trén canh
AC.Pa Q ¢ trén canh BC duoc goi la hinh chir nhit ndi tiép trong tam
giac ABC.

Tim vi tri ciia M trén canh AB dé hinh chir nhat MNPQ ¢6 dién tich lén
nhat. Tinh dién tich 16n nhét do.

Dung hinh vuéng EFGH noi tiép trong tam giac ABC bang thudc ké va
com-pa. Tinh dién tich cua hinh vuong do.

A
Giai
.+ DitAM=x(0<x<c). M N
Ta c6: MN AM o MN = &%
BC AB c
—x)V3
MQ = BM. sin 60° =#.
Suy ra dién tich cia MNPQ la: » \
g Bl o,y °
2c 2¢
53 =i . a+b a+bY
+ Ta cg bat dang thirc 5 >Jab < ab < 5 (a>0,b>0)
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Ap dung, ta cé: a
s 2 2 M N /,—"'.

X(C—X)ﬁ[x - K] =C—_ e
Déu déng thirc xay ra khi:

c E 3
X=C-XSX=—,

2 " N

a3 ¢ acV3 R
Suy ra: S< —= . B H = : C
d 2c 4 8 © ¢

Viy: 5= acé/' khi x = % hay M la trung diém ctia canh AC.

2. Phan tich: Gia sir da dung dugc hinh vuong EFGH ndi ti¢p trorg tam
giac ABC. Noi BF, trén doan BF lay diém F’.
Dung hinh chir nhat: E’F°’G'H’ (E’€ AB;G’,H’ € BC).

E'F'-BE' BF' F'G'

EF BE BF FG

= E'F'=F'G',Do d6 E’F’G’H’ la-hinh vudng.

+ Cach dung va chimg minh: tréncanh AB lay diém E’ tuy Y, dung hinh

vuéng E’F’'G’H’ (G’, H’ thugc canh BC). Dung tia BF’ cit AC tai F,

dung hinh chir nhat EFGH noi tlcp tam giac' ABC. Chirng minh tuyng tu
trén, ta c6 EF = FG, suy ra EFGH la hinh vudng.

Ta co: E’F’//EF va F’G’ // FG nén:

H' j |
+ Ta ¢6: = cot 60 ===
J3

S W LS,

F'G' F'G! E'H' a3
Suy ra:'tia BF’ ¢b dinh khi E’ di dong trén AB, cit AC tai mot ¢iém F
duy nhat. Truong hgp hinh vuéng E’F’G’H’ ¢6 dinh F* & trén'carh Aq;
G’ va H’ ¢ trén canh BC, ly luan tuong tu ta ciing c6 tia CE’ ¢ diah, cat
AB tai E. Vay bai toan c6 mét nghiém hinh duy nhat.
+ Dat AE =x. Taco

~x)V/3
2 AN (c—x)sinB=-—-——-—(c x)ys
BC AB c 2
= 3 3 9
EFGH la hinh vuéng, nén EF =EH < 2X M@x:—-f—\i:
e 2 2a + /3
3a’c?

Suy ra dién tich hinh vuéng EFGH la: S = EF? =
yh‘i"* ﬁ?’m’. . (23 + C\/§)2

e & 8
Satiry e »
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Vidu 2: Cho duong tron (O: R) va duong thang d khong di qua O cat duong

12

tron (O) tai hai diém A va B. Tu mol dlun M tuy y trén duong Ihang d

va o ngoai duong tron (O) ve hai ticp tuyén MN va MP véi dudmg tron
(O) (M. N la hdl lu.p diém).
Chimg minh rang MN? = MP? = MA.MB.
Dung vi tri diém M trén duong thang d sao cho tor giac MNOP la hinh
vuong.
Ching minh rang tam cua dudng tron ndi tiép va tam cua duong tron
ngoai ticp tam giac MNP lan luot chay trén hai duong ¢6 dinh khi M di
dong trén duong thang d.

Giai

Ta ¢6: MN = MP (tinh chét cua 2 tiép tuyén cat nhau)
Chimg minh duoc 2 tam giac MAN va MNB dong dang.

MA _MN . MN® = MP* < MAMB.
MN MB

D¢ MNOP 1a hinh vuéng thi duong chéo OM = ONV2 = RV2
Dung diém M: ta dung hinh yudng
OACD, dung duong tron tam O di gua
diém D cat (d) tat M. Chuang minh: Fu
M vé 2 tiép tuyén MN va MP. Ta¢o

MN =/MO? - ON? = R.nén_tam giac
ONM vuéng can tai N. Tuong tu, tam
giac OPM ciing vudngrcan, tai P;

Do d6 MNOP la hinh vudéng. Bai toan luén cé hai nghiém hinh vi
OM=RV2 >R.

Suy ra

3.+ Ta co: MN va MP 1a 2 tiép tuyén cua (O), nén MNOP 1a tir giac noi tiép

duong tron duong kinh OM. Tam la trung diém H cua OM. Suy ra tam
gidc can MPQ noi tiép trong duong tron duong kinh OM, tam la H.

+ Ké OE L AB, thi E la trung diém cua AB (c dinh). Ké HL L (d) thi
HL // OE, nén HL la duong trung binh cua tam giac OEM, suy ra:

i loE (khong déi).

+ Do do khi M di dong trén (d) thi H ludn céch déu (d) mot doan khong
d6i, nén H chay trén duomng thang (d’) // (d) va (d’) di qua trung diém cua
doan OE.

t Ta co: OM la phan giac trong NMP (tinh chat hai tiép tuyén cit nhau).
Ke tia pha.n giac trong PNM cit duong tron (O) tai diém F, khi d6

NF I*P(u‘ng vai géc ndi tiép va goc tao bai tiép tuyén va day cung
bang nhau). Suy ra F & trén OM, do d6 F la tdm dudng tron ndi tiép tam
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giac MNP. Vay khi M di dong trén (d) thi tim duong tron néi tiép tam
giac MNP chay trén dudng tron (O).
Vi du 3: Cho dudng tron tam O ban kinh 15c¢m, diém M céach O la 9cm.
a. Dung day AB di qua M va c6 d¢ dai 26¢cm.
b. C6 bao nhiéu day di qua M va c6 do dai 1a mot sé nguyén xentimét?
Giai

a. Phan tich: Gia st da dung duoc day AB di qua M va AB = 26cm. Ké
OH L AB, d¢ dal OH = h. Xéac dinh (h la khoang cach tu O dén day A'B
bat ki dai 26cm)

Piém H thoa man hai diéu kién:

- Nim trén duong tron cé dudmg kinh OM ;
- Nam trén duong tron (O; h).

Cach dung. Ban doc tu giai.

Chung minh- Ban doc tu giai.

Bién ludn. Bai toan c6 hai nghiém hinh.

b. Day ngéan nhat di qua M 1a day EF c6 khoang cach tir tim dén day 16n
nhat bing 9cm, diy nay c6 do dai 2v15° =9 = 24cm. Day dai nhét di
qua M la duorng kinh CD c6 d¢ dai 30cm.

Ung véi méi d6 dai 25, 26, 27; 28, 29cm, ¢6 hai day di qua M. Do d6 ¢o
2 +5.2 =12 (day) di qua M vacd-dd dai 1a mdt s6 nguyén xentimét.
Vi du 4: Cho dudng tron ngoai tiép tir giac ABCD. Trén canh AB hay xac
dinh diém M dé cho' ADM 2BEM.
Giai
Gia sir tim dugc diém M trén canh AB dé ADM = BCM = q.
Tir gidc ABCD néi tiép nén A +C =180° hay A+DCM +a= 180°(1)
Trong AAMD ta cé: A + AMD +a =180° (2)

So sanh (1) va (2) suy ra AMD + o = DCM + o = AMD = DCM.
Viy M la tiép diém cua duong tron di qua hai diém D va C va tlep xuc
v6i canh AB. Dé dang chimg minh ASBD ~ ASCA (S la giao diém cua

céc dudong thing AB va DC (S chung, BAC =BDS )

SB _SD
= SB.SA =SC.SD

SC SA ARG
ASMC ~ ASDM (S chung, SDM = CMS) suy ra ’
SM _SC "

SD.(2 2 =SB.

SD - SM = SM* =SC.SD.(2) = SM? = SB.SA

SM SB SM-SA SB-SM
=3 = = —

SA SM SA SM

MA MA _SA

MB SB
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; . : MA SA .
bicm M chia doan thang AB thanh hai doan thing va —— = Neuol
Iem chia doan thang 0& g B~ SB g

. .- & . A - ot ¥ - SA
ta goi dicm M la di¢m chia doan thang AB theo ti s6 :

[N

Vi du 5: Cho duong tron tam (O) dug‘mg kinh AB. Tu mot diém M trén

) 2

[

d

durong tron (M khiac A, B) ta v€ ti¢p tuyén xy voi (O). Ke AD Lxy va
BC L xy.
Chimg minh MC = MD. Tir d6 suy ra AD + BC c¢ gia tri khong phu
thudc vao vi tri cua M.
Tinh ti s6 dién tich tam giac AMB va dién tich tr giac ABCD.
Gia thiét tia phan giac goc AMB cit AB tai I va di qua E cua dudng kinh
EF (EF L AB). Chimg minh — >l(__L LJ Néu cach dung tam
MI 2{MA MB

gidc AMB biét MI = m, AB = a.

Thi hoc sinh gioi lop 9 —TP Vinh, Nghé An -2008

Giai

Chimg minh dugoc OM la duong trung binh cua hinh thang vuodng
ABCD. nén MD = MC. Theo tinh ehat d6 dai duong trung binh cuia hinh
thang suy ra duoc: AD + BC = 20M= AB (khong doi).
+ Ké MH L AB, chirng minh duge: MC = MD = MH.

+ Chimg minh duoc: S,,v =S v S = Suce N
: F
suy ra: S =‘_l 1
Sapen 2 ' x
. a. Chung minh: ke AN //IM-cat.BM.-kéo-dai-tailN. /A HN 10 B
e T R
NA BN BN

Trong tam gidc AMN c¢6 AN < MA + MN =2.MA, tir (*) c6: ©
2.MA.MB 1 1 5 1
MI < = —>—| —+——|. dpcm.
MA +MB  MI~ 2(MA MB
Phan tich: - Gia st AMAB dung duoc. Ta co AB =a, Ml =m va dat EI = x.
Khi d6 ME = m + x. Vi AEOI ~ AEMF, nén

a . a’ m )’
x(x+m):§.ac>x +mx=—-2-—<::> kg e O

+ Nhu thé x + % la canh huyén ciia mot tam gidc vudng ma hai canh goc
" s av2 . m i
vudng bang Tva i Suy ra cach dung sau:

Cidch dyng: - Dung AEAG vuong 6 A c6 AG = %
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- Trén GE dung diém K sao cho GK = -I—;]—,ta duoc doan EK = x.

- Dung duong tron tim E ban kinh EK cat AB tai 1.
- Noi EI cét duong tron (O) tai M. AMAB la tam giac phai dung.
Chirng minh va bié¢n lu@n: Hoc sinh tu giai

Dang 3: Cadc bai todn quy tich ’ S
Vi dy 1: Cho dudng tron (O; R) duong kinh AB ¢6 dinh. P 1a mot ¢iém c6
dinh ndm giita B va O. M{t goc vuéng MPN quay xung quanh dinh P

(M, N thudc duong tron (O; R)). Goi I 1a trung diém cua MN.

a. Chimg minh: R? =107 +IP. ‘
b. Tim quy tich cua diém I. (thi sinh khong phai lam phan dao).

a.

Thi hoc sinh gioi lop 9 —TPVinh,Nghé An -2009

Giai
AMON c6 P =90°; 114 trung diém ctia MN = PI=% _IN.
I0 LMN = 10% +IN? =NO*. Vay 10*+IP? =ON? =R? (dpcm .
Goi K Ia trung di€ém cua PO; k¢ THL PO, ta ¢6: PI* =IH? + HP? (1) va
10? = IH? + HO? (2). Tir (1) vé (2)itd duoc:
PI’ + 10? = 2IH? + PH? + HO? = 2KI? + PK? + KO?

2
<:>R2=2K12+P§) . M

2 B
Tic la: R? = 2KI? +%’ KL =i-(2R2 8%

o KI= -;-\/2112 ZPO? (khong dbi)

ma K 6 dinh nén I thude duong tron tam K. bén kinh %Jsz _PC

Vi du 2: Cho dudng tron (O) va day BC cé dinh khéng qua tdm O, dién A di

chuyén trén cung 16n BC. Trén tia déi cua tia BA lay diém D s10 cho
AD = AC. Goi M la trung diém ctia CD. Hoi M di chuyén trén duong
nao? Néu céch dung dudng nay va gidi han cua né.

Giai
Ta c6: tam giac ACD cén tai A (gt) nén
BAC =2ADC (BACla goc ngoai cua A
tam gidc ACD).Goi I la trung diém cua M
BC, ta c6 MI // BD (dudng trung binh
cua tam giac BCD), nén: 0

—

ﬁf}==lfﬁé=1D00=%

- Ay . 3 8 B \I_/ C
*BOCkhong doi)
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. z % P p o & T
+ Do do: M chay trén cung tron nhin doan IC duon goc 2 khong doi.
v Dung tia Ol cat duomg tron (O) tai N, ta ¢o:
e I — " p— . e :
NB(C - BAC = BDC =1IMC.

+ Dung tia In"//BN. dung duong thang qua
I va vuong goc vai In’ cat trung truc doan
IC tai Oy. Duong tron tam Oy va di qua C
la duong can dung.

+ Khi A chay trén cung lon BC téi trung
vl A thi D trung véi Dy trén liép tuyén Bt
cua (0) va BD, =BC, khi d6 M trung voi
M, la trung diém cua CDy.

' Vay M chi di chuyén trén cung lon CM, cia duong tron (O5s).

Vi du 3: Cho nua duong tron duong kinh AB ¢d dinh. C 1a mot diém bat ki

d.

o

thuoe nura duong tron. O phia ngoai tam giac ABC vé cac hinh vuong
BCDE va ACFG. Goi AX. By la cic tiép tuyén cua nira duong tron.
Chimg minh rang khi C di chuyén trén hira dudmg tron da cho thi duong
thing ED luén di qua mot diém ¢6 dinh va duong thang FG ludn di qua
di¢m ¢6 dinh khac. )
Tim qui tich cac diém E va G khi C di chuyén trén nira duong tron da cho.
Tim qui tich cac diém D) V& F'Rhi € di thuyén tréhrira duong tron da cho.
Giai
Goi K la giao diém cua AXVva'GF.T1a giao diém cua By va ED. Ta co:
BEI = BCA = 90° ; EBI=CBA (gbc c6 cac canh tuong tng vudng goc)
BE = EC. Do d6: ABEI = ABCA = BI = BA ma By ¢6 dinh, suy ra diém I
¢6 dinh. Tuong tu, K c6 dinh
+ Viy khi C di chuyén trén duémg tron thi duong thang ED di qua diém
cb dinh va duomg thing GF di qua diém K c6 dinh

. Suy ra qui tich cua I la nira duong tron duong kinh BI (bén phai By,

C=A=>E=[C=B=E=B; qui tich cia K 1a ntra duong tron duong

kinh AK (bén trai Ax, C=A=>G=A,C=B=>G=K) = -

. Xét hai tam giac BEI va BDK, ta co:

BE Bl 1 = =5 =o= == 0
=—=—:/: EBI+IBD=KBD+IBD =45 P\

BD BK 2 A

— EBI = KBD. Al

Do dé: ABEI = ABDK = BDK = BEI = 90" >
+ Vay, qui tich cua D la nira duong tron duong kinh BK.
+ Tuong tu, qui tich cua F 1a nira duong tron duong kinh?
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Vi du 4: Tir hai diu doan thing AB, dung cic duong vudng goc Ax va By

AB‘E

voi doan thang d6 va lay AC va BD sao cho: AC.BD = ~

a. Chimg minh rang néu O la trung diém cta AB thi: CD? = OC? + OI?
b. Chimg minh ring tam giidc ODC dong dang véi cac tam giac AOC va BDO.
c. Tim quy tich hinh chiéu I cua diém O trén CD khi C va D chuy3n déng

b. AAOC ~ ABDOn

trén Ax va By.

Giai

2 . r
A8 _ 0A*. Do 86 hé thire diu bai viét
AC OA - AC OB
OA BD '~ OA BD
AOC va BDC dong dang, do d6: 0, = C;;0, = D2 = D,
Suy ra: ©3 =180° ~ (O, + O2) = 180° — (0, +D1)=90°
Tam giac COD vuéng, theo Py-ta-go CD? = OC? + OD?
~0C OA OC OB
hay =

0D BD OD BD
Suy ra hai tam gidc vuong BDO'va ODC dong dang. Vay tam giac ODC
dong dang véi cac tam giac AOC-va BDO.
Tir chimg minh trén, ta suy ra: D=0, rdi COI=D; =0, nén A COI = ACOA
(canh huyén chung va'mét'gée nhonbang hhaun), suy ra: [0 = O4 = OB.
Vay I thudc nira duong tron duong kinh AB.
Dao lai:

Néul la mot d:em bat ki trén nira dudng trom.
Tir I ké iiép tuyén véi dudng tron cét Ax tai

ACBD=0A%= —— dan dén hai tam gia: vuong

C va By tai D. Ta ¢6: IC = AC, ID = DB; E
I0? =IC.ID hay I0? = AC.DB "

2
Hay =AC.DB

Vay: Quy tich diém I 1a nira dudng tron duong kinh AB.

Vi du 5: Cho dudng tron tam O ban kinh R. Ké mét diay BC sao cho goc

BOC =90°. Tir B va C ké céc tiép tuyén vdi duong tron cit nhav tai M.

a. Chung minh ring trong tam giac MBC cdc duong phén giac cua goc B

va C cét nhau tai trung diém I ciia cung nho BC, va chirng minh ring ban
kinh dudmng tron noi tiép tam giac MBC la:r = 5(2 - \/_)

Chimg minh rang cac dudng phén giac ngoai cua goc B va C cét rthau tai
trung dlem I’ cua cung 16n BC, va chirng minh ring: I'K = ( - \/2)
(Klﬁ giad diém cia IOI’ véi BO).
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¢. Goi A la mdt diém bat ki trén cung lén BC. Chirng minh rang goc BAC
khong doi va duomg phan gide cua goe do luon luon di qua mot diém ¢o
dinh. |

d. Duomg cao BN va CP cua tam giagc ABC cat nhau tai H. Tim gid tri cua
poc BIHC .

Giai

a. (30 I la giao diém ctia phan giac trong BD
voi cung nho BC.
Ta co: DBM = DBC hay sd Bl =sdIC.
Suy ra I 1a trung diém cua cung BC.Ching
minh tuong tu dung CD’ qua I; I la tam
dudmg tron noi tiép tam giac MBC bén kinh 1a

K =10 =0K = R—EL@:E(Q-@)
2 2

b. Duong phan gidc ngoai cua goc B thi vudng goc vaoi Bl, do do phai di
qua 1" la di¢m dau cua duong kinh 101" suy ra [" la trung di¢m cua cung
Jon BC. Clng tuong te nhu vay doi voi phan giac ngoai cua goc C.
Taco: I'K=1'0+0K" =R+B_§_§:-§-(2+ J2)

¢. Taco: BAC :sd% ~, BAC = 45"

Puong phan giac cua goc nay Tuon di 'qua’diém"co dinh I 1a trung diém
cua cung nho BC.

d. Gbéc BHC va goc BAC ¢ cac canh vudng géc vai nhau ting doéi mot nén
BHC = BAC = 45°.

Vi du 6: Cho duong tron (O; R) va mot diém A c6 dinh nam trong duong
tron va khong trung vai tam O. Qua A vé mot day tuy y. Tim tap hop
giao diém N cua céc tiép tuyén vai dudng tron ma hai tiép diém la hai
dau cua day do.

Giai

Thudn: Gia si diy cung PQ di qua A. Hai tiép
tuyén qua P va Q cét nhau tai N, ON cat PQ
tai C. Tir N ké duong thiang n vudng goc voi
OA, cat duong thiang OA tai B.

Xét hai tam giac vudong AOC va NOB

(ON L PQ vi NP va NQ la hai tiép tuyén cua

duong tron (O; R).

Chung ¢c6 AOC chung. vdy AAOC ~ ANOB.
O0A OC — OB ON.OC

= ==
ON OB OA
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Trong AOPN (OP LPN ban kinh vudng goc véi tiép tuyén tai tiép
diém), ta c6: PO? = OC.ON.

. OP? R’ m T s
Do d6 OB = =——(1). OA co dinh, R khong doi nén O3 khéng
OA OA
d6i, diém B nim trén tia OA nén diém B ¢ dinh. Vay diém N 2im trén
duong thang n vuéng goc véi tia OA tai B.
Ddo: Lay mot diém N’ bat ki trén duong thiang n. Tir N* ké tisp tuyén
N’P’, N’Q’ véi dudmg tron (O; R) (P’ va Q’la tiép diém).
Ta phai chimg minh P’Q’ di qua A.That vay, gia sir P’Q’ ciat OV’ tai C°

. 2
va tia OA tai A’. Chimg minh tuong tw nhur phan thudn ta c6: O3 - E%
R2 R2
2). So sanh (1) va (2 == A V= OA
(2). So sa ()va()suyraOAl s

Vay trén tia OB, A’ triung vdi A, hay P’A’ di qua A. 1
Két lugn: Tap hop (hay quy tich) giao diém n 12 dudng thing n vudng

2

g6c véi tia OA tai B ma-OB = =,
OA

Vi du 7: Mot diém M nam trén mdt.nira duong tron cé duong kina AB ¢d

dinh. Trén tia d6i cuia tia MA lay-mét diém H sao cho MH = MB

Chimg minh ring goc MHB cé dé-16n khong dbi. Tim tap hop dism H.

Xac dinh diém M sao cho chu vi tam gidc MAB bang 2,25 AB.

c. Goi trung diém cuaBH da K Chimg 'minhring duong thing EM luén
luén di qua médt diém cb dinh.

d. Goil la diém déi xvrig v&i H qua M. Tint tap kop diém 1.

Gidi

a. Ta co: AMB=90° (ndi tiép chin duomg kinh), nén HMB =30"; ma
MH = MB nén AMBH vuéng can va AHB=45°. Do A, B ¢é dinh nén
H nim trén cung chira géc 45°. V& trén doan AB va nim trén nira mat
phing bo AB c6 chira M (goi 1a cung (a)). Dung dudng thing vuong
goc voi AB tai A cit (a) tai Hy, ta ¢ Aﬁ",‘B=45°;1§Eﬁl =9(°,do do
AAH,Bvuéng can, H,B = ABV2. Vi H AB=90°nén H B la duing kinh
cua cung (o ).
Déo lai lay mét diém H’ trén cung H,B, nbi H’A
cit cung AB tai M’ dugc AM'H’B vuong can (vi
H'M'B=180" - AM'B=90";AH'B=45"), do d6
M’H’ = M’B’ va H’ thudc tap hop diém H. Néu
lday H’ trén phan con lai cua cung (o) thi H’'A
khong cat cung AB va H’ khong thudc tap hop
diém H. Vay tap hop diém H 1a cung H,B.
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b. Tuaco: All = AM + MH = AM + MB = 2,25AB - AB =1,25AB. Vay H
nam trén duong tron (A 1.25AB). Duong tron nay cat cung H B tai hai
diém 1o, Hs (vi 1.25 AB < ABY2 = dudomg kinh cung H,B). Noi Ha. Hs
voi A cat cung AB trong Ung tai Ma, M5 ta duoc hai diém can tim.

¢. Xét giao diém P cua MK véi cung AB. Vi AMHB cin dinh M nén MK
vira Ia trung tuyén (Do KB = KH) va la phan giac. do do KMB = 15". Ta
¢ sdPB -~ 2KMB = 90", Vay P la trung diém cua cung AB va do do ¢o
dinh (P chinh la tdm cua cung () vi PH, = PB =PA).

d. Vil dbi ximg véi H qua M nén MIB = MHB = 45" va AMIB vudng can.
Do do R (N) (theo hinh trén) bién H thanh 1. Anh cua H; la diém I,
doi ximg vai Hy qua A. Vi H B 1a duong kinh cua cung () nén [,B la
duong kinh cua cung chira 1. Vay tap hop diém I 1a nra duong tron
duong kinh 1iB ¢6 chira diém A.

Vidw 8: Mot diém M nam trén nira duong tron tdm (O), duong kinh AB.
Goi cdc trung diém cua cae cung AM, MB lan luot 1a H. I va giao diém
cua cac day AM. HI la K.

a. Chung minh ring gé¢ HKM c¢6 dd lén khong doi.
b. V& duong cao IP cua tam giac [AM: Chu*ng minh ring duong thang IP

tidp xtc voi dudmg tron (()'%J ;

¢. Goi Q la trung diém cua day MB, dung hmh binh hanh APQR. Tim tap
hop diém R.
d. Trén nua mat phang bo_AB chua diém M, hdy dung mot dudmg tron co

dudng kinh bang ATB sao cho né khong c6 diém chung véi duong thang

HI véi moi vi tri cua diém M trén nira duong tron da cho.
Gidi
a. Vi AH=HM;IM=IB
nén ARH - %sd(ﬂl + MI) = —sa(AM + MB) - 1180“ 45",
Vay HKM = 180" - AKH = 135" (khong doi).
b. Néi OI cat MB tai Q ta ¢c6 OQ LMB (vi IM=1Ava O la tam duong

tron). Mat khac, PMB =180" - AMB =90° (vi AMB noi tlep chin ntra
duong tron). Ta ¢o hinh chir nhat PIQM (do P-M=Q=90"). Vay
PO = 90" . Ma I la diém dau cua ban kinh O, nén PI tiép xuc véi (O).

¢. Tacé: MIR = MT’Q (vi AMPQ = AQIM (c.g.c)).
Ma MPQ + PAR =180 (vi PQ // AR).
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Viy MIR + PAR =180° va MARI ndi tiép duoc, do dé nim trér duing
tron di qua A, M, I tirc 1a duong tron [O—AZ—BJ . Vi QR // PA. ma
PA L MB nén QR L MB, hon nita, QM = QB nén QR thudc duong kinh.
Dao lai, ldy R’ trén nira con lai cua duong tron [o;f‘z—B] , nbi duong kinh
R’OI’; ké day BM’ L OI' tai Q’, ta c6 AM’ // R’I’ (vi cing L EM’) va
M'T'=T'B. Ha I'P’ LAM'. Dung hinh binh hanh AP'Q'R, ¢ dung
chimg minh & phén thuan cho hinh binh hanh nay, dugc I'R, 13 dudng
kinh; R’ trung véi R; va thudc tap hop diém R. Vay tap hop dicm R 1a

nua dudng tron [0;%} (phan khéng chira diém M).

Ta cé: sdHI = sd(l-’I_ﬂ+ I\'TI) = %sd(m+ ﬁ) -90°. Do d6 HCI--90°

(gbc & tdm chin cung 90°, AOHI vuéng can. Ha OS L HI tai S, ta c6
OIV2\AB./2

ASOI, wvudng can nén 0OS=SI-= 7 \\1 ,va duonz tron

[O_ABJE
T4

]luén ludn tiép xuc véi HI tai S. Dung 00, L AB :ao cho

00, =—A6£ roi dung duong tron (O%) Chi cén (0,;%‘5) namn trong

(0_ AB2 AB
T4

}lﬁ du dé HI [0 ?)khong ¢5 diém chung. Qua vay

ABV2 AB (3J/2-2)AB (3,14-2)AB 2AB AB . (, BA

s L > 2 —=""-00, va [0; >
4 6 12 12 12

chinh la mot dudmg tron can dung.

Vi du 9: Cho tam giac can BCD néi tiép dudomg tron (O; R) biét BC = BD = a,

3

D =30°. Mot diém M di dong trén canh CD va duong thiang BM cit
dudng tron tai diém thir hai N.
Tim hé thirc lién hé giita a va R.
Ching minh rang BM. BN khong déi va tinh gia tri khong 0‘01 nay
Goi D’ la diém dbi ximg véi D qua BM. Tim tap hop cac diém D" khi M
di chuyén trén CD.

Giai

a. D=30° = BC = 60°.
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Vay BC la canh luc giac déu néi tiép duong tron (O: R). Do dé EC = R
ma BC=a=>a=R.
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b. ABMD ~ ABDN C
(N ; sdBD = C = B‘(“TI);E chung)

MB_23 L BMBN =BD
B BN
BM.BN = a® (khong doi).

¢. Do dbi ximg, ND = ND’, va
D'ND - 2BND = sdBD = 60".
Suy ra ADD'N déu (Acan co
goc 607).
Vay R} (T):N - D'. D¢ dang thiy ring O — B. Vi N chay trén cung
lon DC bang 240°nén D’ chay trén cung DCD, bang 240°trén duomg
tron (B: R). Cung do chinh la tap hop diém D",

Dang 4: Bai todn tim gid tri I6n nhat, gid tri nhé nhat

Vidu I: Cho tam giac vuong ABC A=tv). AC >AB. Mot diém P di dong
trén BC. Ké nira duong thang vudng goc vo1 BC tai P cat canh AC tai M,
cat duong thiang chira canh ABai Eva cat duong tron ngoai tiép tam
giac ABC tai N.
a. Ching minh PN* =/ PC.RB = PM,PE
b. Tim vi tri cua P dé tich PM.PE dat gia tri 16n nhat hoac nho nhat.

Gidi

a. Ap dung hé thuc luongtrong tam giac vuong vao ABNC, thi
PN* = PB.PC (1). Hai tam giac vuéng PMC va PBE ¢6 C=E (hai goc
¢6 cac canh tuong trng vudng goc), suy ra APMC ~ APCE

= Kl = P = PB.PC =PM.PE(2)

PB PE

So sanh (1) va (2) suy ra PN? = PB.PC = PM.PE

b. PM.PE dat gia tri lon nhét khi PB.PC dat gié tri 16n nhit ma PB + PC = BC
khong d6i, nén max PB.PC xay ra khi PB = PC. Vay P la trung diém
canh BC; min PB.PC xay ra va bang 0 khi P tring vai B hoac C.

Vidu 2: Cho tam giac c6 cac goc nhon ABC ndi tiép duong tron tam O. H
la truc tdm cua tam giac. D 1a mdt diém trén cung BC khong chira diém
A.

a. Xac dinh vi tri ctia diém D dé tir giac BHCD la hinh binh hanh.

b. Goi P va Q lan lugt la cac diém doi Xung cua diém D qua céac duong
thang AB.va AC. Chimg minh rang 3 diem P, H, Q thang hang.

c. Timvjtricua diém D dé PQ c6 d dai 1on nhét.
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Giai
Gia su da tim duoc diém D trén cung
BC sao cho tr giac BHCD la hinh binh
hanh. Khi do: BD // HC. CD // HB. Vi p
H la truc tam tam giac ABC nén
CH L AB va BH L AC=BD L AB va
CD L AC.
Do do: ABD=90" va ACD=90". Vay AD la duong kinh cua ludng
tron tam O. Nguoc lai néu D la dau duong kinh AD cua duong tren tam
O thi tir giac BHCD la hinh binh hanh.
Vi P déi xtng vdi D qua AB nén APB = ADB nhung ADB = ACI
Do d6: APB=ACB. Mat khic: AHB + ACB =180" = APB + AHB - 130"
Tir giac APBH ndi tiép duoc duamg tron nén PAB = PHB.
MaPAB = DAB do do HAB = DAB. Chimg minh tuong tur ta co: ( 'HQ - DAC
Viy PHQ = PHB + BHC + CHQ = BAC +BHC = 180"
Suy ra ba diém P, H. Q thang hang.
Ta thay tam giac APQ la tam gidccan dinh A.
Co AP=AQ=AD va PAQ£2 BAC khong doi nén canh day »Q dat
gia tri 16n nhat < AP va AQ lén nhit < AD la Ion nhat < Dla diu
duong kinh ké tir A doasdidmgstron tamQhi com

Vi du 3: Cho dudng tron (0), duong kinh AB ¢ dinh. Diém I nam sitra A

—

162

. Theo gia thiét MN L AB tai | = EIB =90";

va O sao cho Al = %AO. Ke day MN vuong goc yvéi AB tai 1. i C 1a

diém tuy y thudc cung I6n MN sao cho C khong trung var M. N va B.
Noi AC cat MN tai E.

. Ching minh tir giac IECB ndi tiép.

. Chung minh tam giac AME dong dang vdi tam gidc ACM.

. Chimg minh AM? = AE.AC.

. Chimng minh AE.AC - ALIB = AT*.

. Hay xac dinh vi tri cua C sao cho khoang cach tu N dén tam duong tron

ngoai tiép tam giac CME la nho nhat.
Giai

AACB ndi tiép chin nira duomg tron nén
ACB =90" hay ECB = 90". A
— EIB + ECB = 180° ma day la hai goc doi
cua tr gidc IECB nén tir giac IECB la tar
giac ndi tiép.

=
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| heo i thict NN LAB = N Lo trung dicm cua cung NN
AN ACM(hat goe nor tep chan har cung bane nham e
VM VM Lan thay CAM B goe chung cua har i ciae ANTE

VNIC do dotam grac AN dong dang vor tam girice ACNI

| hetr e AAME  AACM = AM- - AEAC(,

AMEB 90" (no1 ticp chan nua duong tron): MN L AB t | \AMDB
vaong tanr N1 ed M1 la duong cao == M7 = ALBI(he¢ thue cia canh v
dirony cao trong tam giac vuong).

Ap dime dinh I Py-ta-go trong tam giae AIN vuong tan 1 o)

AT AM- - MT -> AlY = AE.AC - ALBL

Lheo tien AMN - ACM =AM a tiép tuyén cua dudng tron ngom tep
\IECNE NG MB ta co AMB = 90" do do tam O cua duong tron neow
Hep A C'M phai nam trén BM. Ta thay NO; nho nhat khi NO, T1 Khoang
ciach tir N dén BM = NO, L BM.

Goi O 1a chan duong vuong gée-ke=tie-N_dén BM ta duoc O 17 tam
duong tron ngoai tép A LEM ¢o ban kinha-0M. Do do d¢ khoang
cach tr N dén tam duong-ron ngo@ tiepHam giac CMI: L1 nho nhat thi €
phar Ia giao diem cu’ duong tron i1@1 ban kinh OyM vor duong tron
() trong do O la hinh chicu vuoniilgde ¢ia N trén BM.

Vi du 4: Cho duong tron (O) duong kinh BC. Day AD vuong goc vor BC

A 4= L |2

[

H. Goi k. F theo thu lLHgM]l[B%(ﬁiéCﬂ'lm%ﬁh‘@%oc Ke tr "Tden AB.

AC. Gor (D). (K) theo thir tu i cde dudmg tron ngoai tuép tam giac B

HCE. Download Sach Hay |Doc Sach Online

Hay xac dinh vy tri wwong dorcua cac dirone tron (1) va (O): (Ky va (O)

(D va(K).

Tur grac AEHE la hinh gi? Vi sao?

Chirng minh AE. AB = AFCAC.

Chung minh EF 1a tiép tuyén chung cuahai-duong tron (1) va (K)

Xac dinh vi tri cua H dé EF ¢6 do dai 16n nhat.
Giai

(D) OI - OB - 1B = (I) tiép xuc (O)

OK = 0C - KC = (K) tiép xe (0O)

IK =1H + KH = (]) ticp xuc (K) B

Ta co: BEH =90" (nd1 tiep chan nua duong tron).

- AEH = 90" (vi 12 hai goc ké bu). (1)

CFH = 90" (ndi ticp chan nwra duong tron).

—» AFH = 90" (vi la hai goc ké bu). (2)

BAC = 90" (ndi tiép chin nura duong tron hay EAF = 90" (3)

T (1), (2), (3) = tr gide AFHE 1a hinh chir nhat (vi ¢6 3 goc vuong).
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Theo gia thiét AD 1 BC tai H nén AHAB vuéng tai H co HE L AB
(BEH =90°) = AH? = AE.AB (*). Tam gidgc AHC vuéng tai H ¢0

HF L AC (theo trén CFH =90°)= AH? = AF.AC (**)

Tir (*) va (**) = AEAB = AF.AC(= AH?).

Theo chimg minh trén tir giac AFHE 1a hinh chir nhat, goi G la ziao diém
cua hai duong chéo AH va EF ta c6 GF = GH (tinh chat duong :héo hinh
chir nhat) = A GFH cén tai G= F, =H, .

AKFH cén tai K (vi ¢c6 KF va KH cung la ban kinh)

Dﬁ‘z =ﬁ2 :>F1+ﬁ2 =ﬁ1 +ﬁ2

ma H, + H, = AHC =90° = F, + F; =KFE =90° = KF L EF

Chimg minh tuong tu ta ciing c6 IE_L EF. Vay EF la tiép tuyén chung
cua hai duong tron (I) va (K).

Bai'tap van dung

. Cho hai dudng tron (O) va (QY) ¢at nhau tai A va B.

Neéu cdch dyng cat tuyén chung CAD, Ce (0), De (O'), saocho A la
trung diém cua CD.

Tinh d6 dai CD néu & cau a biét rang OO' = 5cm. OA =4cm, O’A = 3cm,
Cho géc vudng xOy.Cacsdigm A v Bitheo thir fu di chuyén t3n cic tia
Ox va Oy sao cho OA-+-OB-=k-(k-la-hang-s0).

Vé cac duong tron (A; OB) va (B; OA).

Chimg minh ring hai duong tron (A) va (B) ludn cét nhau.

Goi M, N 1a céc giao diém cia hai duong tron (A) va (B). Chimg minh
ring duong thang MN ludn di qua mdt diém co dinh.

Cho duong t:on (O). duong kinh AB = 2R. Mot cat tuyén VIN quay
quanh trung diém H cua OB.

Ching minh khi MN di dong, trung diém I cia MN luén nam trén mot
duong tron co dinh.

Tir A ké Ax L MN. tia BI cat Ax tai C. Chimg minh tir giac CMBN la
hinh binh hanh.

Chirng minh C la truc tdm cua tam giac AMN.

Khi MN quay quanh H thi C di dong trén duong nao.

Cho AM.AN = 3R? AN = Ry/3.. Tinh dién tich phan hinh tron (O) nam

g‘hﬁgiéc AMN.
i3 “'w
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C('ho duong tron (O:R ) tir mot diém A trén (O) ke lle lu\(.n d vol (O).
Trén duong thang d lay dicm M bat ki (M khac A) ke ca ll.l\/l.l'l MNP va
o K la trung diém cua NP, ké tiép tuyén MB (B la tiép diém). Ke
AC | MB, BD L MA, goi H la giao diém ctia AC va BD, 1 la giao diém
cua OM va AB.

('hirng minh tr gidc AMBO ndi tiép.

Chimg minh rang nam diém O, K, A, M, B cung nam trén mot duong
tron.

Chimg minh OLOM = R*;OLIM = 1A”.

('hirng minh OAHB Ia hinh thoi.
Chimg minh ba diém O, H, M thang hang.
Tim quy tich cua diém H khi M di chuyén trén duong thang d.
(ho duong tron (O) ban kinh R ¢6 hai duong kinh AB va CD vudag goc
vOI1 nhau. Trén doan lhdng AB lav diém M (M khac O) CM cat (O) tai
N. Duong thang vudng goc va AB tai M cat tiép tuyen tai N ctia duong
tron o P. Chung minh:
Tu giac OMNP noi tiép.
T grac CMPO la hinh binh hanh|
(M. CN khong phu thudc vao vi tri ¢ia diém M.
Khi M di chuyén trén doan thang"AB-thi P chay trén doan thang c¢6 dinh
nao.
Cho duomg tron (O) duong kKinh™AB. Goi'l la trung diém cua OA. Vé
duong tron tam I di qua A, trén.(I) liy P bét ki, AP cat (O) tai Q.
Chung minh rang cac duong tron (I) va (O) tiép xic nhau tai A.
Chung minh IP // OQ.
Chung minh ring AP = PQ.
Xac dinh vi tri cua P dé tam giac AQB ¢6 dién tich 16n nhat.
Cho hinh vuong ABCD, diém E thudc canh BC. Qua B ké duong thang
vuong goc voi DE. Puong thing nay cat cac duong thang DE va DC
theo thu tu ¢ H va K.
Chimg minh BHCD la tir gidc ndi tiép.
Tinh goec CHK.
Ching minh KC. KD = KH.KB.
Khi E di chuyén trén canh BC thi H di chuyén trén duong nao?
Cho nua duong tron (O) duong kinh AB =2R. Goi C la diém di dong
trén ntra duong tron do va At la tia tiép tuyén cua (O) & trong nura mat
phmm bo AB chud (0). Vé duong tron tdm A, ban kinh banb BC cit tia
AC tai D. Tiép tuyén tai D ctia duong tron tdm A vira vé cat At tai E.
Tinh do dai doan AE theo R.
Tim quy tich diém D.
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Cho tam grae ABC noi ticp duomg tron (O). 1 la dum chinh gita cua BC
khong chira A. V@ duong tron (Oy) di qua I va ticp xue vl AB i B ve
duone tron (O;) di qua I va liép xue vor AC tai C. Goi K 1a giao ficm thua
hat cua cac duong tron (O). (O2).

Chimg minh rang ba diém B, K. C thing hang.

l.fl}.' dicm D bit ki thude canh AB, diém I thuoc tia doi cua tic CA sao
cho BD = CE. Chimg minh rang duomg tron ngoai liép tam gac ADE
luon di qua mot diém c0 dinh khac A.

Cho duomg tron tam O duong kinh AB, diém C ¢é dinh trén duyng kinh
dy (C khong trang 0). Diem M chuyén dong trén duomg tror. Dudng
vuong goe voi AB tai C ¢t MA, MB theo thor tu o E. F. Chung minh
rang duong tren ngoai tiép tam giac AEF luon di qua mot dien ¢O dinh
khac A

('ho goe vuong xAy, diCm B ¢6 dinh trén Ay, diém C di chuyentren Ax.
Duong tron lam | noi lle tam giac ABC tiép xuc vai AC, BC theo thir tw
o M. N. Ching minh rang duong thang MN luon di qua mot diém ¢d
dinh _

Cho rue duong tron tam ((Dr; dy 'ys: kinh AB. di¢m C thude »in kinh
OA. Duong \uung goc voi AB tai ¢ cat nua dudng tron o D. Duong tron
tam I ticp xu¢ voi nua duong tron va ticp xue voi cac doan thang CA.
CD ol la u:.p dltm trén, A( wq du;rnw ln.m (I).

Chung minh rang BD = BE. "

Suy ra cach dung dudmg teon (1) noi teén, (.

. Qua dicm M thude canh da«y BC cua ldmvz__ldL ¢an ABC. ke cec duong

thang song song voi cace canh bén, ching cit AB/AC theo thortvo DL E.
Goi I la diém doéi xung voi M qua DE. Chung: minh ring:

Diém I thude dudng tron ngoai tiép tam gidgc ABC:

Khi di¢cm M di chuyén trén canh BC thi duong thing IM di qua mot diém
¢O dinh

Cho tem gidgc ABC, M la diém bat ki thudc duong tron (O) nzoai ticp
tam giac ay. Goi D la diém ddi ximg voi M qua AB. E la diém 16i xtng
voi M qua BC. Chirng minh rang khi di¢m M di chuyén trén duvong tron
(0) thi DE ludn di qua mét diém c¢6 dinh.

. Cho dudng tron tam C duomg kinh BC. A 1a mot diém thude deong tron

[ 1a hinh chiéu cua A trén BC. V& duong tron (1) ¢é duong kiny AH cit
AB va AC theo tho tw o M va N,

Chimg minh rang OA vuéng goc vai MN.

V¢ duong kinh AOK cua duomg tron (0). Goi E la trung diém cua HK.
Chung minh rang E 1a tim cua duong tron ngoai tiép tir giac BMNC.

Cho BC ¢ dinh. Xac dinh vi tri cua diém A d¢ ban kinh cua dvomg tron
ngoai ticp ta giac BMNC Ién nhit.

Tron Bo SGK: https://bookgiaokhoa.com



I~

b.

OLl ¢O dmh nen khy MN di dnm alitting

Download Ebook Tai: https://downloadsachmienphi.com

Hicong dan va dap so

voCor Dl trung diém coa OO ke CD vaong goc vor TA tin A Ke OFL O

oyotone coc vor CDCDE chimg minh A AK nen AC - AD
oo OANO 90 0 O (cung bang Ay).
VIO AAOKY (pig)

\ AC) AH ] . g
s AH =2 dem = D =9.60m.

(O OO0 3 0
L Han duong ron (A) v (B) cat nhau vi JOA - OB} < AB < OA + OB
Gor C 1 giao digm cua duomg tron () va tia Ox. ¥ K
| | LU, )
(1" =CA ¢ AC =K +0B =Kk /; l__\__r,

(" ¢o dinh. \

Ke duong vuong goc vaonr AC tar C, ¢at M
NN o K. Hay chung minh rang CK = k “E— _, T

de cuv ra K Ja diém ¢o dinh (chi:
NKCva BAO cung bu voi BAC).

I 1a rung diecm cuaMN = Olj2!
cung) = > OIH = 90//

MN

@

1!;& [ (quan. h¢ duong kinh va dayv

AR RRN

di dong nlumU ltuén nhin OH ¢o dinh dut
mot goc 90") do do Hawabmadaeehauenghi.co
tron duong kinh OH. Vay khi MN di dong,
trung diém 1 cua MN VT i l‘i‘ﬂ?%\'?f
duong tron ¢6 dinh.
Theo gia thiét Ax 1 MN: theo trén
O L MN tai I = OI //Ax hay Ol / AC ma
O 1a trung diém cua AB

=1 14 trung diém cua BC. lai ¢6 T Tatrung diém cia MN (gt) = CMBN la
hinh binh hanh (Vi ¢ hai dudong chéo cit nhau tai trung diém cua moi
duong).

CMBN la hinh binh hanh = MC // BN ma BN L AN (vi ANB =90"do
la g6c ndi tiép chin nira dudng tron) = MC L AN: theo trén AC L MN
=5 la true tam cua tam giac AMN.

Ta ¢o I 1a trung diém cua OB: 1 1a trung diém cua BC =111 la duong
trung binh cua AOBC= IH // OC

Theo gia thi¢t Ax L MN hay IH L Ax=OC L Ax tai C

=5~ OCA =90" = C thudc dudng tron dudong kinh OA ¢é dinh. Vay khi
MN quay quanh H thi C di dong trén duong tron duong kinh OA cd
dinh.
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Ta ¢6 AM.AN =3R? AN = Ry/3 = AM = AN =Ry3 => AAMN :in tai
A. (). Xét AABN vuéng tai N ta c6 AB = 2R; AN=R{/3 =BN = R
— ABN =60°.
ABN = AMN (nd1 tiép cung chan cung AN) = AMN = 60 (2).

2
Tu (1) va (2) = AAMN la tam giac déu= S, ;0 =¥
3R’\3 R*(4n-33)
:)st(ol_s-.mMN =nR? - v - y
a. (HS tu lam).

Vi K la trung diém NP nén OK L NP
(quan hé duong kinh va day cung)
— OKM =90°. Theo tinh chét tiép
tuyén ta c6 OAM =90°;0OBM = 90°.
Nhu vay K, A, B, cung nhin OM
dudi mot goc 90° nén cling nam trén
duong tron duong kinh OM.
Vay nam diém O, K, A, M B cimgnam trén mot duong tron.

Ta c6 MA = MB (tinh chét hai tiép tuyén cit nhau); OA = OB = R.
= OM la trung truc cuia AB =OM 1 AB tai L.
Theo tinh cht tiép tuyén 1a c6. OAM = 90° nén tam giac OAM vuing tai
A c6 Al la duong cao. Ap dung hé thic giita canh va dudng cao

= OLOM = OA? hay OLOM =R?; vaOLIM = IA®. C

Ta c6 OB.LMB. (tinh_chit tiép tuyén); |
AC LMB (gt) OB // AC hay OB // AH;

OA LMA (tinh chat tiép tuyén); BD L MA " o

(gt) = OA // BD hay OA // BH =t giac A
OAHB la hinh binh hanh; Iai ¢c6 OA = 0B Y
(= R) = OAHB Ia hinh thoi.

Theo trén OAHB la hinh thoi

= OH L AB; ciing theo trén OM 1L AB A’ P D B

= 0, H, Mthing hang (vi qua O chi c6 mot duong thing vudng goc voi
AB).

(HD) theo trén OAHB la hinh thoi = AH = AO = R. Vay khi M d dong
trén d thi H ciig di dong nhung ludn cach A c¢6 dinh mot khoang ting R.
Do dé quy tich cua diém H khi M di chuyén trén duong thang dla nira
duong tron tam A ban kinh AH = R.

5.a. Ta co OMP =90°(Vi PM L AB); ONP =90° (Vi NP la tiép tuyér). Nhu

vay M va N cung nhin OP dudi mot goc bang 90° = M va N curg nam
trén duong tron duong kinh OP = Tir gidc OMNP noi tiép.
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b. Tir gine OMNP noi ticp = OPM = ONM (ndi tiép chan cung OM)
Tam giac ONC can tai O vico ON=0C =R
— ONC =0OCN = OPM = OCM.
K¢t hai tam giac OMC va MOP ta ¢6 MOC = OMP = 90"; OPM = OCM
— (‘MO = POM lai ¢c6 MO la canh chung
= AOMC = AMOP =0C =MP. (1)
Theo gia thiét Ta cé CD L AB: PMLAB= CO// PM (2).
[ (1) va (2) = Tir giac CMPO la hinh binh hanh.

¢. Xél hai tam gidc OMC va NDC ta ¢6 MOC=90"(vi CDLAB):
DNC = 90" (noi tiép chan nira duong tron) = MOC = DNC = 90" lai ¢
C 1 poc chung= AOMC = ANDC =M _£9 _eMm. eN=co.cD

B CD CN
ma CO = R: CD = 2R nén CO.CD = 2R khéng d6i = CM.CN = 2R’
khong doi hay tich CM. CN khong phu thude vao vi tri ctia diém M.

d. D& thiay AOMC = ADPO (cgc) = ODP =90 =P chay trén duong
thiing ¢6 dinh vuéng goc vai CD taiD-

Vi M chi chay trén doan thang AB!nén P chi chay trén doan thang A" B’
song song va bang AB. _

6.a. Ta co Ol = OA — IA ma OA va TA lan luot la cac ban kinh cua dudng
tron (O) va duong tron (I). Vay duong tron (O) va duong tron (I) tiép xuic
nhau tai A. : :

b. AOAQ can tai O (vi OA ya 0Q.cung la ban kinh)
s Ryl
ATAP can lai I (vi IA va IP cung la ban kinh)
= 1‘5\1 = 131
= P\ = Q, ma day la hai goc déng vi nén
suy ra [P // OQ.

c. APO =90’ (ndi tiép chan nura duong tron) = OP L AQ = OP la dudng
cao cua AOAQ ma AOAQ cén tai O nén OP la duong trung tuyén
= AP =PQ.

d. (HD) Ké QHLAB ta ¢6S,qp =%.AB.QH ma AB la duong kinh khong

ddi nén S, lon nhit khi QH lén nhat. QH lon nhét khi Q trung voi
trung diém cta cung AB. Dé Q trung véi trung diém cua cung AB thi P
phai la trung diém cuia cung AO.

That vay P la trung diém cta cung AO =PI L AO ma theo trén PI/QO
= Q0 L AB tai O0=Q la trung diém cua cung AB va khi d6 H trung va
0; OQ 16n nhit nén QH 16n nhat. H =0
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7.a. Theo gia thi¢t ABCD la hinh vuong A‘f;_'u_'_ il
nénBCD =90": BHLDE tai H nén / A
BHD = 90" = nhu vay H va C cung nhin Q-/ ] i
BD dudi mot goc bang 90 nén H va C pa ¥a
cung nam trén duong tron duong kinh 4 i
' DN C K

BD = BHCD la tr giac no1 tiép. s
b. BHCD la tr gide ndi tiép = BDC + BHC = 180" (1)

BHK la goc bet nén KHC + BHC = 180" (2).

Tir (1) va (2) = CHK =BDCma BDC = 45" (vi ABCD la hinh vuong)

— CHK =45".
c. Xét AKHC va AKDB tacé CHK =BDC =45":K 1a goc chung

s AR~ ARD B T = 50 o RORD = EHLER
KB KD

d. (HD) Ta lufm ¢6 BHD =90"va BD ¢ dinh nén khi E chuyén dong trén
canh BC ¢6 dinh thi H Lhuycn dong trén-cung BC (E=B thi H=3; E=C
thi H= (_) ( :

8.a. Ta co: ACB =90" (goc ni m.p mu lduong tron)

EDA =90° (DE la tle tuv:.n cua du(mn tron (A))

Xeét hai tam giac vuong ABC va Lz’\D co: AD: BC va ABC = EAD
(gdc ndi tiép cung Elan'bang ACY " L
Nén AABC = AEAD . Suy ra AE = AB = 2R . Do do E c¢o dinh.

b. Khi C di dong trén ntra dtrcmg tron (0).'diém D luén nhin doan AE ¢6
dinh dudi mot gée vudng, nén D nam trén nua duong tron duong kinh AL,
Dao lai, lay diém D’ bat ki trén nua duong tron duong kinh AL, ta ¢o
EDA =90°, vé tia AD’ cit (O) tai C'. Hai tam gidac vuong ~BC' va
EAD’ ¢6 cap canh huyén AE = AB va ABC' = EAD’ (g6¢ noi tép cling
chan cung AC). Nén chung bang nhau, suy ra AD=BC. Do d5 DI: I3
llep tuyen cua duong tron tam A va ban kinh bang BC.

Vay quy tich cua D la nira duong tron duong kinh AE. (Khi C trang vai
B, thi D trung véi A; Khi C trung voi A thi D trang vai E)

9.a. ABI+ ACI=180" = B, +C: =180° = K, + K» = 180"
= B, K, C thing hang.

b. AIBD = AICE (c.g.c) nén IDB IEC.

Tir giac ADIE la tir giac ndi tiép. Diém cd dinh 1a 1.

10. Goi K la giac diém cua duong tron di qua A,

E, F vdi AB. Ta sé chimg minh K la diém ¢
dinh: Ta co Fi =F; (cung bang A ), do do K
d6i ximg véi B qua C.
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)| oo diem ocua MN ovor ta Al co dinh. @
dicm T Ta ¢o& BNH O BIA (cung bang B

( i g : :
yoSuv s BIFIN o we giac nor tiep.

Chunge nunls BEIAT A suy ra Ha dicm co dinh.

120 NABD vuong nen BD - BC.BA (1)
Con KO1atiép digm cua () va (O). Ke TH L CD. cie tam gide can IKH va
OR13 ¢o dimh biang nhau nén IKH  OKB do do K. 1L B thang hang
31 1o tuép tuvén, BHK la cat wyen cua
duong tron (1) nén BE® - BH.BK. Nhung
BILBKR - BC.BA (do AKHC Ia tr gide no
nept nén BES = BC.BA. (2). Tir (1) va (2)
uy ta BD = BE

b. Suv ra wr ciu a.

13. 1 Dat BAC = «.ta co BD = DM =DI nén I &(D: DB). do dn e o ticp

KTM -+ BDM = &

Chunge minh twony tu, MIC =

Do do BIC = o/ Ta lai cd BAC =« ., suy ra 7
LAB.C ”1“0‘» Ll"%d@%‘l‘léé‘ﬂﬁ‘é{‘lﬁﬁﬁ‘ienphrcc}m L
b BIM - MIC nén IM di qua di¢m chinh gitra D»\R
H

cua cung H( (Khoil ””Lﬂl‘?ﬁﬁaﬂW&ﬁ%”vﬁfﬁh{f;‘”9 a i~

(ron ngoai lle AABC: </ \‘E‘\\‘\ 7:\
14. Goi N la lI'lI'L tam cua AABC. AN cit (O) K‘;E\ O,':* \
o . Gor H, I, K theo thir tu Ia chan cac e I \‘\J
duun;: vuong gm ké ne-M dén AB. AC. AN
BC. Taco,badiem H, LK thnng hang: P
[.an luot chimg minh: Ki=C,=F=N,=E e

D¢ suy ra NE // HK. Tuong tu ND // HK. Vay DE luon di qua truc tam N
cua A ABC.

15. a. AMN =A, =C=A.. Talai c0 AMN + ANM = 90"
nén A+ ANM=90". Viy OA L MN.

b D& thiy BMNC la tir gide noi tiép. El la duong
trung binh cia AKHA nén EI // KA. Ta lai ¢o
OA L MN (cau a) nén EIMN. Ta ¢6 EI la duomg trung
truc cua MN. EO la duong trung trirc cua BC nén b
la tim cua dudng tron ngoai tiép tr giac BMNC.

¢ Lin luot chimg minh: EB 16n nhit< EO Ién nhit< AH 16n nhat < 11
tring Q. Khi do BNMC.
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5. Cac bai toan hinh hoc khong gian

M@t 56 kién thiec co bin
W? h ling tru
Dinh nghi’a : Hinh ldng tru la hinh da dién c¢6 2 mdt song song goi la
ddy, va cdc canh khong thugc 2 ddy song song vdi nhau.
Tink chat : Trong hinh ldng tru:
- Cdc canh bén song song va bang nhau
- Cdc mdt bén, mat chéo la hinh binh hanh.
- Hai ddy c6 canh song song va bang nhau.
*Ldng tru dimg la lang tru c6 canh bén vuéng
goc voi day
*Lang tru deu la lang tru ditng c6 ddy la da gide déu.
Lang tru déu c6 cdc mdt bén 1a hinh chit nhdt bdng nhau.
*Ldng fru xién co canh bén khong vudng géc vdi ddy.
\Hinh hgp: la hinh ldng tru c6 day la hinh binh hé-" a
- Hinh hdp ¢6 cdc mar doi diéna hinh
binh hanh song song va hang nhai
- Cdc duong chéo hinh hop ctt_nhdu
tai trung diem.
- Hinh hop dung co| canh. bén-vuong
goc vai day.
- Hinh hgp xién co)canh bén khong
vuong goc voi day.
- Hinh hop chit nhat la hinh hop ding c6 day la hinh chit nhdt.
Hinh hép chit nhdt co cdc mat la hinh chir nhdt.
- Ba dj dai cdc canh xudt phdt tic dinh goi la kich thudc cia hirh hép
chit nhdt a, b, c.
Cdc duong chéo hinh hop chit nhdt bang nhau va ¢é d dai: d=va® +b +¢ .
Hinh ldp phuong la hinh hép co 6 mdt la hinh vuéng.
Cdc canh ctia hinh ldp phwong bang nhau sé do a.
Cdc duong chéo hinh ldp phwong ¢6 d6 dai: d =a3
Di¢n tich xung quanh va dién tich todn phin
S,, =pl
p la chu vi thiét dién thang, [ 1a dé dai canh bén duong sinh
Lang tru ding: S =ph
p la chu vi ddy,h la chiéu cao
- Hinh hdp chit nhdt: S, = 2(ab + bc + ca)
a, b, c la kich thudc cua hinh hdp chiv nhdt.
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- Thé tich ciia hinh hép chit nhat: V =abce, a, b, ¢ la kich thuoc

Thé tich hinh lap phwong: V = a*; u la canh

Thé tich ldng tru: V =B.h

B la dién tich day, h la chiéu cao

Hinh chop

Dinh nghia

Hinh chép la hinh da dién ¢6 1 mdt la da gidc, cde mdt khac la tam giac
co chung dinh.

Chiéu cao h la khoang cdch tic dinh tGi day.

Hinh chép déu la hinh chdp ¢o ddy la da

gidc déu va cdac canh bén bang nhau

Dinh ciia hinh chdp déu cé hinh chiéu la A

tam cua day. Hinh chop tam gidac con goi

la tie dién hinh tie dién. B
Hinh ik dién la hinh chop tam gidc c6 ddy la mdt nao ciing dwge, dinh la
diém nao ciing duogc.

Hinh tit dién déu la tir dién c6 cdc.canh bang nhau.

Dién tich xung quanh cia hinh|chdp|déu:

Seq = -%nad n: sé canh day; a:de daicanh day, d: do dai trung doan

Di¢n tich toan phan: S, =S, +B ;B la dién tich ddy

tp
Thé tich hinh chdp: V :—;;Bh

Hinh chop cut

Hinh chép cut 1a phan hinh chép nam giita day va thiét dién song song

voi day. S

Hinh chép cut tir hinh chép déu goi la hinh chdp cut déu.
S, =5,, +B+B'

Dién tich xung quanh ciia hinh chdp cut déu:

8= -%(na +na').d

P

n: s6é canh ddy; a, a’: canh ddy; d: dé dai trung A
doan, chiéu cao cua mdt bén. V=V, +V,

V: thé tich hinh chdp . B

. Y = A a7 3 a Vl. SH :
V, . thé tich chdp cut V, : thé tich hinh chdp trén—-=| —
N S HY

& %h(B +B'+ BB') : BB’ la dién tich ddy ; h la chiéu cao
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Hinh try Hinh tru la hinh sinh ra boi hinh chiv nhat O OMM* qua vy
quanh canh OO". Canh OM sinh ra hinh tron day. !
Canh MM sinh ra mat non tron xoay B e T ¥
MM’ goi la duong sinh OO " la truc cua hinh tru. M N 10 ] |
h = 00’ la chiéu cao; R = OM ban kinh day "

Di¢n tich xung quanh: S_ =2nRh

R: ban kinh day; h: chiéu cao N, S

V =nR*h M’ “\_ﬁof_ o
R: ban kinh day, h. chiéu cao

Hinh non [a hinh sinh ra boi tan gidc vuong OMS quay xung quanh canh
goc vuong OS. Canh OM sinh ra hinh tron day. N |
Canh SM sinh ra mat non tron xoay. !'
SM goi la dicong sinh SO la truc, dwong cao.
R = OM ban kinh dav; h = SO chiéu cao
Dién tich xung quanh hinh non: S_ = 1Rl

R: ban kinh day, |- do dai dicong sinh
Dién tich toan phdn: Su = 7RI £ r’rR"" ':'_.nR( 1+R) M o

Thé tich hinh non: V = = nR h K bwz kmh day, h: chiéu cao

Hinh non cut la phan hinh non giita a’u; va mot thiét dién vuong goc vai truc.
Hinh non cut sinh bot mgn linh thahgvadng OMM 'O quay quanh OO’
h =00’ chiéu cao; MM’ = | la duong sinh
Dién tich xung quanh: S})'=5(R*+ R

R, R’ la ban kinh day; I'la duong sinh

Di¢n tich toan phan: S, = (R + R")] + nR? + nR "

S

Thé tich hinh nén cyt: V = n(R* + R+ RR')h

R, R’ Ia bdn kinh ddy; h: chiéu cao
Hinh cau: Hinh cau tdm O, ban kinh R la tdp hop nhimg diém M tong
khong gian thoa man diéu kién OM < R

Mt cau tam O ban kinh R la tip hop
nhimg diém M trong khong gian thoa

man diéu kién OM = R

Thiét dién qua tam la hinh tron Ién tam O

bdn kinh R. Thiét dién cua hinh cdu voi

mot mdat phéng la hinh (ron ¢6 tam H la

hinh chiéu cua O trén madr phdang va ban
kinh: x, =JR? —=d* , R la bdn kinh hinh cau

d la khoang cdch ti tam (5i mat phang. d = OH
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Dice tich hunh cau S 1zl
ok oo B ; [ e
The vich hinl can ' 7R
Cac vi du punh hoa
Dang |- Hinh lang tru
Ve du 10 Cho Khon lap phuong ABCDATBC'D™. Gor O la tam cua

oo : ) i w2 B .
IO va the tich cua khot O7ABCD bang ;]-\---—, I'inh the tich cua
khoy | P I‘rhll'g'l'“f__l ABCH. AT C 1Y,
Giiai
I ; : "
Voo 800 S8 AT (V00T = AAY)
(I
" \ K hovbep phony
. e £ R e, . 3 [ :
\f"&i_\ \ Ko Liap phuene 3\ (1 A\ 5. .__‘-_)_-‘_. =2 \fi ( d\“)

VT du 2: Khoi hop chor phdt ABCD 1[)' c6 AN=aV2. AB = a va

'_'“Il*—‘!'.
=

A'C' = 3a. Tinh the 4h khoi hop |2 B b vy
V = AA Sascn = YA AB.AD. : By

Faco:AC = ABTEF Addwnloadsachmienphi& —f=—l....)
= 927 = a’ + ADI 20 B ¢

: Download Sach Hay |Doc Sach Onlipe,
= AD = ad6

Vay V =av2.a aJEN\2a V3 (dvit). A D

Vi du 3: Khoi hop chir nhit ABCD.A'B’C'D™ cd AB = a, dién tich cua
ABCD va ABCTD 1an Tuotda 20’ va a*J5 . Tinh thé tich cua khoi hop
chir nhat .

Giai

Vihéi hop chir nhit = AB.AD.AA’ B el
o S,\];(‘U = AB.AD = a.AD = Zuz < AD=2a ‘:’:
e Sancp = AB.AD™= a. AD’ | ’,' E D

= a’Jh o AD' = avh . A ‘:‘ jf} _______ i C
I'a co: Iy
AA" = JAD?= AD? - «J5a* = da® =2 ;

D

Vd\ thni_ hop chir nhiat — a.2aa =24 ’ (dvtt).

Vi du 4: Khoi lang tru tam gidc ABC.A'B'CT ¢6 A’A |, AB, BC vudng goc
nhau timg doi mot va A'A = 2a. AB = a, BC = a3 . Tinh thé tich cua
khéi lang tru ABC.ATBC .
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Giai
AA’, AB, BC vudng goc tirng doi mot A C'
AA' 1 (ABC) .
{Tam giac ABC vudng tai B B
= Vkhéilangru = AA’.SaaBc C
1 A.
= -AA"AB.BC= a’\/3 (dvtt). <

Vi du 5: Khéi lang tru dimg ABC.A'B’C’ ¢6 day la ABC vudng cin & A.
mat bén BB'C’C la hinh vudng c6 dién tich bang 2a”. Tinh thé tich cua
khoi lang tru ABC.A’B’C .

Gidi
BB’C’C la hinh vudng cé dién tich bang 2a’.
= BB’ =BC = a+/2
Tam gidc ABC vudng c¢an & A va c6 canh huyén BC = a2
= AB=AC=a.
33\/5 a3
2 J2

Vi du 6: Khoi lang tru tam gidc ABC.A’BIC’ ¢ day la tam giac déu canh
bing a, canh bén l?%ing av/3 va hinh chiéu (vudng goc) cua A’ 1én (ABC)
trung vdi trung diém cta BC. Tinhthé tich c¢iia khéi lang tru .

]

Vay Vinéitang vy = BB’ .Saapc = BB'-%-AB-AC =

‘ Gidi |
Tam gidc A’ AM vudng & M nén: o C
2
AM = JA'AZ - AM? = J(aJE)z . [92_3] = 323_‘ B
= Vknéi lang truy = A’M Saasc A 4 Ay
2 3 e
=a\/§.£=33\/§(dvﬁ). M
4 2 8
Cha y: Trong tam giac ABC la tam giac déu canh bing a nén:
AM = 2Y38
= 4 2
a’/3
SAABC = "4_

Vi du 7: Khi lang tru tir gidc déu ABCD.A’B’C’D’. AA’C’C la hinh vudng
va ed dién tich bang a’. Tinh thé tich cuia khéi lang tru:

& [
# 1 v

4
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Giai D C
AAC'C la hinh vudng va ¢6 di¢n tich bﬁng a’ E
=>AA’=AC=a A/
Hinh vuong ABCD c6 duong chéo AC = a — Bl
df /D /C
=> Canh AB = >

2\ f = .
i 2 1 dav ‘
Vi.'l}’ VKhﬁi lang tru — AAS \ARBCD — (—2“ ] a - ‘) Jdvtt.

Vi du 8: Khoi Izmgj tru luc giac déu ABCDEF A'B'C'D'E'F’ ¢co day noi tiép
duong tron c6 duong kinh bang 2R va ADIYA' ¢6 dién tich bang 3R’
Tinh thé tich cua khdi lang tru .

Giai
VI\'hﬁn lang tru = Sdﬁ}'-AA‘ . -
bay ABCDEF la luc giac déu ndi tiép

duong kinh bang 2R
R*J3 _ 3R:3
/&

3

—

ADD’A’ la hinh chir nhat nén c6|dién
tich bang AA’.AD = 3R’
3R

<> AA'2R = 3R & AlAT —7_

sR-K/_ BR: 9R‘\/—
2 9

(dvtt).

Vay Vknéi tang tru =

Vi du 9: Cho hinh lap phuong ABC D.A B'CD' canbigl/ . "
a. Chimg minh rang BDC' la tam giac déu. R P
b. Tim thé tich cua hinh lap phuong. ! R
Gidi )
a. ABDC’ ¢6 cac canh BD = BC" = DC (vi at® | JF
ching déu la dudong chéo cua hinh vuéng ’,"t::“}r"- £
canh a) nén ABDC’ la tam giac dcu. A = .. -

b. V=a?
Vi du 10: Cho hinh hop chir nhit ABCD.A'B'C"D’ biét rang hinh hép chir
nhat ¢6 thé tich 60dm”. dién tich toan phin Y4dm’ va AB + BC = 7dm.
Tinh d6 dai cac canh AB, BC. AA®
DTS 10 Quic hoc Hué 1998 — 1999
Giai
Goi AB = x(dm); BC = y(dm) va AA" = z(dm).
Diéukién: 0 <x < 7,0 <y <7 vaz>2 Dién tich toan phan cua hinh hop
2(xy +yz+2x)(dm’). Th¢ tich cua hinh hop: xyz (dm*).
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Theo dé ta c6 hé phuong trinh:

xyz = 60 xyz = 60
2(xy +yz+2x) =94 < {Xy + yz + 22X = 47
X+y="7 X+y=7
xyz = 60 xyz =60
o {xyz+yz’ +2’x =472 {60+ 2* (x +y) - 472 =0
X+y=7 X+y=7
(xy =12
(xyz =60 z=6 (*)
xyz = 60 z, =5 X+y="17
©1:72° 472+ 60 =0 & 12 ©| (xy =35
X+y="17 Z2:--7_ 12 ;..
| X +.y-=7 <ZQ=T( )
[ x+y =17
Giai hé phuong trinh (*).Do x|+ y-=7 va xy = 12 nén x, y la nghém cua
phuong trinh X? -SX+P=0&X* 27X +12=0¢ i’ji
, =

Tir 46 suy ra (x, = 3;yy,7 4)hodc (Xqi5/4¥: 59)
Vay hé phuong trinh (*) c6 hai nghiém (x, =3;y, =4;z, =f) hoac
(x, =4y, =3,2,=b).
Giai hé phuong trinh (**)
Do x +y =7 vaxy =35 nén x, y la nghiém cua phuong trinh
Y?-SY+P=0& Y*-7Y +35=0 (phuong trinh v6 nghiém)
Suy ra hé phuong trinh (**) v6 nghiém.
Do d6 AB = 3(dm); BC = 4(dm); AA’ = 5(dm).
Hodc AB =4 (dm); BC = 3(dm); AA" = 5(dm).
Dang 2: Hinh chop ‘
Vi du 1: Trong khong gian, cho hinh chép tir gide deu SABCD, A3CD la
hinh vudng canh 20, canh bén 24. Tinh thé tich cua khoi chop .
Giai
Tam giac ABC vuong can tai B :
AC? = AB?+ BC*= 800 = AC = 20V2 ;AO = A?C = 1042
Tam gidc SOA vudng tai O nén: SO* = SA%- AO? = 376 = SO =294

1 800 V94
3

Do do: V= EB.h = %.202.2\/9_ = (dvtt).
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Vi du 2: Trong khong gian. cho lang tru dimg tam gidc déu ABCAB'C
Biét AB = a. AA™ = 2a .Tinh thé tich khéi lang tru .
Giai
V& dudmg cao AT cua tam giac déu ABC.

AT = i B gt B = B0 ‘ﬁ.
1 1 9

1 a\@:ag\/ﬁ
1

Trong tam giac ABC ta ¢o:

lpeam= 2
7 Z 4

Vay thé tich khdi lang tru la:

(dvdt).

h.\.\lit'

=Bh=S,,5..AA'=

2a=2Y% (dvio).
9

Vi du 3: Cho tam giac déu ABC canh a, duong thang d vuong goc v mat
phanE ABC tai tim O cua tam giac ABC, trén d lay diém S sao cho SO = 2a.
a. Chirng minh SA = SB = SC,
b. Tinh tong dién tich cac mat cua tir dién. g
Giai
a. Tam giic ABC déu nén OA =|0OB = OC;
ASOA = ASOB = ASOC (ba tamgiac vudng
cO SO chung va OA = 0B = OC)

Do d6 SA =SB =SC. | c
b. Cac mat bén déu 1a nhimg, tam gidc can bang
nhau. Vay tong dién tich cic mat la: A“ H
a3 d
S =35spc *+ Saanc s Sape = 1
(dién tich tam gidc déu canh a). B

aV/3

Sysie : Goi H 1a trung diém cua BC, da biét AH === (dudmg cao cua
2

AH a\/_

déu canh a).OH = = . Trong tam giac vudéng SOH, theo dinh Iy

LS

2 2 2 =
Py-ta-go ta ¢6: SH? = SO® + OH® = da® + 9;36 _48a’+a’ 49a

12 12
S 9a2 J_ il Ta\[_ 7a2\/_
= H \Il(‘ 2 12
72 2 2
Do d6 S=3. "‘IQ‘F g ;/_ = 834f = 2a%/3

Vi du 4: Cho hinh chop ti giac déu, canh bén va canh day déu bang a. Tim
dién tich xung quanh va thé tich cua hinh chép.
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Giai
1 g
+8,,=5pd(P chu vi ABCD = 4a, d
a3

= dE————(ducmg cao cua A

déu canh a))
. a3

St '—Za———az 3 (dvdt)

+ Goi E 1a trung diém ctia BC, trong tam giac vuong SOE thi

2 2
SO? = SE? - OE?, SO? = {af] [a] -33""—-% 22 =80 ‘f;

2 4
V= %Bh (B 1a dién tich day B=a%*b= =50= ——£)
3
Viy V= ; o aJ— 2 f (dvdt)
Vi du 5: . Cho hmh chép tir giac d&wSIABCD c6 canh bang 20cm, canh bén
bang 24cm. S

a. Tinh duong cao SO va tir d6 tinh thé tich cta hinh chop;
b. Tinh dién tich toan phan, ctia hinh chop:
Gidi
Goi E la trung diém ¢tia’BCvay BE=10cm
SB = 24cm. Ap dung-dinh-ly-Py-ta-ge-vae
A SBEvuong ¢ E ta cé:
SE? = SB? - BE? Pra :
SE? =242 —10% =476 = SE =+/476 = 21,8 (cm)
Ciing ap dung dinh Iy Py-ta-go vao ASOE vuéng ¢ O ta c6:
—SE? - OE? =476 -100 =376 = SO = /376 ~19,4(cm).

Theo céng thitc tinh thé tich hinh chép V = %Bh .h=S0 = 19,4cm)
B = S,acp = 20.20 =400 (cm?)

Viy V =%400.19,4 - 2586,7(cm”)

Vi du 6: Cho hinh chop cut tir giac ABCD.A’B’C’D’ ¢6 canh day k a va 2a
duong cao ctiia mat bén bang a.
a. Tinh di¢n tich xung quanh.
b. Tinh canh bén va duong cao.
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Giai
a. (Cong thic tinh dién tich xung quanh caa hinh chép cut:
1 :
Sy :E(p +p')d

p: Chu vi tur giac ABCD;
p’: Chu vi tir gidc A’B’C’D’;
d: duong cao cia matbén (d=M'M)d=a

Viy S, = é(4.2a +4a).a =6a’
b. Tir B" k¢ B'E // M'M (Ee BC) nén
BE - BM - EM = BE :%; B'E=MM’ =a.

Ap dung dinh ly Py-ta-go vao tam giac vuong BB’E ta co
2

BI” - B'E’ + BE' = BB —a® + - -2 _% _ pp.2 2 \5.

Ta M ké M’L // OO (thuc hién trong mat phang 00 MM’ do duong
thang song song OM va O’M’). Nhuvdy M’ =00’, IM = %

Ap dung dinh ly Py-ta-go vao tanx gia¢c IMM’ ta co:

)
MT'=MM“?-IM*=>M'I*=a —%}—:3% NénM' I“a_\/ﬁ'

Vi du7: Cho tam giac ABC'vuong can tai'A.'Buong thang d vudng goc vai
mat phiang (ABC) tai A. Liy mot diém S trén duong thang d; ndi SA, SB,
SC. Goi O la trung diém cua BC.Tinh thé tich hinh chép S.ABC, cho biét
AB =a, SO =a\2.

DTS 10 Quéc Hoc Hué 2000 — 2001
Giai

AOQ la trung tuyén cia tam giac vuéng BAC nén AO= % :
Ap dung dinh ly Py-ta-go vao tam giac vudng ABC ta c6:
= AB? + AT? = BC = VAB? + AC? S
Tur d6 ta co:
AO - BC _ JAB? + AC? =\/.512+a2 =a\/§,_
, 2 2 2 2
Ap dung dinh ly vao tam giac vudng SAO ta co:
SO? =SA? + 0A’ Y L SO S C

2

2
=>SA” = so2 0A2=(aﬁ)2-[af] g

i d
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=5 B8A =

a6
e

Thé tich cua hinh chép S.ABC la:
ABAC 1 aJ6 a’ a""\/g

l o
V(S.J\B(' ?—5."3&. 5 3:0;. 9 .—2-= (dth)

Vidu8: C ho hinh vuong ABCD, O la giao dlem cua hai duong chéo AC va
BD. Mot duomg thang d vudng goc vai mp(ABCD) tai O. Lay mot diém
S trén duong thiang d. ndi SA., SB. SC, SD. Biét AB =a, SA =a+/5. Tinh

dién tich xung quanh cua hinh chop S.ABCD.
PTS 10 Quoc Hoc Hué 2001 - 2002

Giai

Dién tich xung quanh cua hinh chép S.ABCD. Hinh chép SABCD c6
day la hinh vudng va c6 chan duong cao trung voi tam cua hinh vuong
nén S.ABCD la hinh chép déu. Ke duong cao SE cua tam gidc SB( ta co

E la trung diém cua BC vi tam gidc SBC cén tai S cho nén BE = ,2_ Ap

dung dinh ly Py-ta-go vao tam giac/SBE ta co:
SB’? = SE? + BE* = SE* = SB} LBE*

E’ =(av5) [-—] —5a 2—3;=19‘4”"2=>SE=3“/ﬁ

Viay: S, =§-'*B—gg =2.a, a\/_ a?y/19 (dvdt)

Dang 3: Hinh tru

Vi du 1: Cho hinh lang tru dimg tam giac ABC.A'B'C’ c6 canh bén AA' = 2a,
day ABC la tam glac vudng canh huyén BC = 2aJ_ Tinh thé tich khéi
tru ngoai tiép khoi lang tru da cho.

Giai
Hinh tru ngoai tiép lang tru ABC.A’B’C’ co: :
8 o s o 1 il sl A

- Hai day la hai duong tron ngoai tiép cua R

hai AABC va AA’B'C’

Chiéu cao la canh bén AA’ B

Vay hinh tru noi trén c6 ban kinh day la:
BC

R=— 5 - a+/3 va chiéu caoh =2a A\7C
— Thé tich cua khi tru la:

V = nR’h = n(ay/3)*.2a = 6ma’ (dvtt).

Vi du 2: Cho hinh lang tru déu ABC.A'B'C’ ¢6 canh day bing a va mat bén
AA'B'B la hinh vudéng. Hinh tru ngoai tiép lang tru ABC.A’B'C". Tinh
dién tich toan phan cua hinh tru .
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Giai
Hinh tru ngoai tiép hinh ling tru ABC.A'B'C co:
Hai day la hai duong tron ngoai tiép cua hai tam giac ABC va tam glac
A'B’C . Chiéu cao l‘mm, canh bén. Vay hinh tru noi trén ¢6 ban kinh day

li: R=AO =2 AH - 2 fl£ “_/_. A
‘ 3 32 3
Chicucaoh= AA" =a

=> Di¢n tich toan phan cua hinh tru la: 0

S — S + 28:';1\' > QJTRh : ZHR
BN_H 7€

p xq

n

= B
3

T ad+ 4

Vi du 3: Cho hinh Ian;, tru dun‘g ABC.A'B'C’ ¢6 canh bén AA'= 3a, ddy
ABC la tam gidc vuong o A vdi AB = 3a, AC = 4a. Hinh try T noi tiép
ABC.A'B'C’ (T ¢6 hai day lan luot 1a hai hinh tron néi tiép tam giac
ABC va tam giac A’B’C"). Tinh thé tich cua khdi tru T .

Gidi

Hinh tru (néi & d¢ bai) co: Ban kinhy bing ban kinh duomg tron ndi tiép
tam gidc ABC. Chiéu cao h = canh bén AA’ = 3a

_ 2na’ (\/_+1)(dvdt)

Tinh r: Tam gidc ABC vudng ¢ A A 0 C
BC =VAB? + AC? = \/(33)2 +(4a): =+ ha ; -
B
1 2
¥ S.\ABC = EABAC =6a" .
Nura chu vi cua tam giacABC1a 8 e o e
‘ -__.‘0 D/‘
:AB+20+BC=683r=§=a \/
P B

Thé tich khéi tru 1a V = nr*h = na?.3a = 37a® (dvtt).

Vi dy 4: Cho hinh hép chir nhat ABCD.A’B’C’D’ ¢6 day ABCD la hinh
vudng canh bang a va AA'C’C cting 1a hinh vuéng. Hinh tru noi tiép
hinh hdp chir nhat da cho (hinh tru ¢6 hai d4y 1a hai hinh tron ndi tiép hai
day cua hinh lang tru ABCD.A’B’C’D’). Tinh dién tich xung quanh cua
hinh tru .

Giai
Hinh tru da cho c6: Béan kinh r bing ban kinh duomg tron noi tiép hinh
vuong ABCD nén R = 51 . Chiéucaoh=AA’ = AC = ay/2 . (Hinh vuong

AA’C’C c6 canh AC =a\2 ).
Dién tich xung quanh cua hinh tru la:

S,, = 2nRh = zn-f)la\/i = a2 (dvdt).
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Vi du 5: Cho hinh lap phlr(m[_ ¢6 canh bang a la hinh tru ngoai ticp hinh ldp

phuong da cho. Goi V, va V, lin luot la thé tich cua khoi 1ap phumg va
J

V,
khéi tru.Tinh ti s k = —V—

Gidi
Thé tich cuia khéi lap phuong V, =a®. Hinh tru ngoai tiép hinh lap
phuong nén hinh tru co: Ban kinh R = ban kinh duong tron ngeai tiép

hinh vudng canh bang :a = %@ Chiéucaoh=a D‘ S iy
= Thé tich khdi tru la: :
: H : '
_T[R2h T[[d\/_} . :%l_ "/}f) ------- pasicag O
£ Vv , 2 /!
Viykétqua k= —t =a’: — = =. A B
y 3 V, l 2 T

Vi du 6: Cho hinh hop chir nhat ABCD.A'B’C’ D’ c6 AB =a, AD =2a va
AA’C'C la hinh vuéng. Cho hinh_tro ngoai tlep ABCD.A’B’C’D’ (Hai
day cua hinh tru lan luot 1a duong-tron ngoai tlep ABCD va A'B'C’'D’) .
Tinh dién tich xung quanh cua hinh-tru .

Giai
Hinh try ngoai tiép hinh hop chixathat (theo dé bai) nén hinh try cC;
Ban kinh R bang ban kinh duong tron ngoai tiép ABCD
AC _1 avs
2 2 T
Chiéu cao h bang canh bén AA™ = av/5 (Vi hinh vuéng AA’C’C :6 canh
AC =a+/5). Vay dién tich xung quanh cua hinh tru la:

8. =Y7Rh =2n d—\/—: a5 = 5ma’ (dvdt).

Xy

Vi du7: Cho hinh lang tru luc giac deu ABCEF.AB,C|DEF; c6 cic canh
day bang a va mat bén AA'B'B la hinh chir nhét c6 di¢n tich bmg 2a’
Cho hinh tru ngoai tiép hinh lang tru néi trén. Tinh thé tich cuia khoi tru

Giai
ABCDEF la luc giac déu cé canh bang a
nén duong tron ngoai tiép ABCDEF c6
ban kinh bing a. AA’B'B c6 dién tich

2
bing AA’.AB =2a’ & AA‘:%:%

Hinh try ngoai tiép hinh ling tru (n6i & dé bai)

ﬁBi‘j
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Ta ¢o: Bin kinh R = a. Chiéu cao h = 2a.
— Thé tich cua khdi tru 1a: V = nR*h = na*.2a = 2ra’ (dvtt).

Vi du 8: Cho hinh ling tru dimg ABCD.A’B’C’D" ¢6 day ABCD la hinh
thoi canh bang a va AC = a. Cho hinh tru ndi tiép hinh lang tru da cho
hinh tru ¢ hai day la hai hinh tron ndi tlep ABCD va A'B'C’'D"). Tinh
ban kinh day cua hinh tru .

Giai
Hinh tru ndi tiép lang tru ABCD.A'B'C'D’.
Ta ¢6: Ban kinh R bang ban kinh
duong tron noi tiép hinh thoi ABCD.
Tam giac ABC la tam giac déu canh
bang a (vi AB = BC = AC =a).
Vé OH _ AB, H € AB (Ban kinh duong tron noi tiép hinh thoi ABCD la
OH). Tam giac OAB vudng ¢ O va c6 duong cao OH nén

a af
OH.AB = 0A.OB & OS> s a‘@.
AB a 4

Vay ban kinh day cta hinh tru 1aR = i;/—g .

Vi du 9: Mot hinh tru ¢6 dién tich xung quanh la S bang dién tich day, dién
tich day bang dién tichomdt mat cab ban kinh bang a.Tinh thé tich khéi
tru .

Giai
Ki hiéu ban kinh day va-chiéu-cao-hinh-try

d6 1an luge 1a R va h. Khi do: .
Sq =R’ = 4na’ ; Sy¢= S = 2nRh, |
Tir cac hé thirc tréntac6 R=2avah =—S—. \ E
4na ST T
Nhu vay thé tich khoi tru la: P o T O
w
V = nR%h = nda’ s Sa (dvtt). B

4na
Vi du 10: Mot hinh tru c6 dién tich xung quanh la S, dién tich day bang dién
tich mot mat ciu ban kinh bang a. Tinh dién tich thiét dién qua truc cua
hinh tru.
Giai
Thiét di¢n qua truc cia hinh tru la hinh chir nht cé céc kich thudce 1a 2R
va h. Vay dién tich thiét dién qua truc cua hinh tru la

b 9Rh = da.—— =5 (dvdt).
4 4ma T
] §8 B
§ = B
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Vidy 11: Cho hinh tru cé bén kinh ddy bang a va dudng sinh bang 2a. Tinh
dién tich xung quanh, dién tich toan phan va thé tich hinh tru.
Giai
S, =2nRh,R=a,h=2a
=8,, =2n.a.2a = 4na’

S, =S,, +25,;S, = nR* = na’

=8, =4na’ + 2na* =6a’
V =nR’h = V =na’.2a = 2na®
Vi du 12: Thiét dién qua truc cua mot hinh tru la hinh vuéng canh a. Tim
dién tich toan phén va thé tich cua hinh tru.
Gidi
Thiét dién qua truc cua hinh tru 1a hinh vuéng canh a nhu vay duong cao

cua hinh tru la a, Rt

2
S, = 2nRh + 2nR? =97R (h +R)=2n2[a+ 2|30
* 2\ 2 2

2 3
V=nR2h:>V=n[iJ a=—FL
2 1

Vi du 13: Mot mat phing, dil gua true, 0Q? ciia mét hinh tru, phan mit phing
d6 bi gi¢i han bai hinh try 1a mot hinh chit nhat ¢é dién tich 1a 72cm’.
Tinh dién tich xung‘quanh va thé tich hinh tru; biét ring duong kinh day
bang mot nira duong cae-

Dé TS 10 Quoc Hoc Hué 1996 — 1997
Giai
Goi d (cm) la do dai dudng kinh dudng tron mét day. h(cm) la d6 dai
duong cao hinh tru. Diéu kién: d > 0, h > 0.
Theo dé bai ta cé6 hé phuong trinh:
{d.h =72 {d.2d =72 {dz =36 {|d| =6
& o =S
2d=h 2d=h 2d=h 2d=h

g i

Nhungd>0vah>0Onéntacéd=6vah=12.

Dién tich xung quanh (Sxq) va thé tich hinh tru W
(V) dugc tinh nhu sau:

2
S,, =7d.h=7.6.12=72r(cm*);V = n[ﬂ] h=n3%12=1087(cn’)
2

Vi dy 14: Cho hinh try co ban kinh day bang a va d¢ dai duong sith bang
2ag Ll dién tich xung quanh; dién tich toan phén va thé tick hini tru.

g
i
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Gidi
a. S, =2nR.h =2na2a = 4na’ (dvdt)
h.3, =5, +28, = dna’ 4+ 2ma’ = 6ra” (dvdt)
¢. V=nR*h=mna’2a=2ra’'(dvdl)

Vi dy 15: Hai hinh chir nhat ABCD va EFGH c¢o6 canh AB = 3cm, BC = 4cm,
EF = 12cm, FG = 2em. Cho hinh chit nhat thir nhat quay quanh AB va
hinh chir nhat thir hai quay quanh EF. Ching minh rang hai hinh try
duoc tao thanh c6 dién tich toan phan bang nhau va thé tich bang nhau.

Gidi

a. S,,=2n4.3= 24m(em”) Cg
2S,, = 2m.4* = 32n(cm”): '
Slgrl

b. §,,=2r2.12= 187(em?) D
28,, = 2n.2° = 8xlem?®) ; S, = 56m(cm?) . Vay S, =S
V, = 1.4°.3 = 48(cm?®); V, = n.2ar2=%8n(cm’>)Vay V, =V,

Vi du 16: Mat phang di qua truc c6 hinh tru, phan mat ghéng do6 bi gidi han
bot hinh tru 1a mot hinh 'chf‘r nhat ¢6 dién tich 72cm”. Tinh ban kinh day
va dudng cao hinh tru biét rang duong kinh day biang mot nira duomg cao

- Gidi ‘
Hinh chir nhat gidi han boi hinh tru ¢6 mdt canh bang 2R va mot canh

bing h. Theo déBai: 1Ht :%

ﬂ\}\l

T
\

= H6m(cm?)

AN

=

i
-

\
L\
)
)

tp2

EE)

A’ B'

2
Do do %—=’7'2=h2 =144 < h=12(cm)
Viy {h =12(cm)
R =3(cm) .--- i
Dang 4: Hinh non v
Vi du 1: Cho hinh non biét dién tich xung quanh bing 400m cm?,dd dai
dudng sinh bang 25cm. S
a. Tinh ban kinh day. ‘
b. Tinh dién tich toan phan va thé tich.
Giai
a. 8, =nRl= R=""4 ygy g 2008 :
nl n25

e -

--—

R = 16(cm).
Trong tam giac vuong SOA:
S0? =SA? -0A* =25* -16°> = SO = 19,2 (cm);
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b. S, =S,, +S,; biét S, =400ncm’
Sy =nR? = S, = 1.16* = 256m, viy S, =400m + 2567 = 656r(crr?)
640071: 3
(cm?)

AV -_—%nth — i %n.162.25 &

Vi du 2: Cho hinh nén cut véi hai ban kinh day lan luot bang 6¢m va 10cm,
duong sinh bang 16cm.
a. Tinh dién tich xung quanh.
b. Tinh duong cao va thé tich hinh nén cut dé.

Gidi

a. S, =n/(R+R)
S,y =M.16(10 + 6) = 256m(cm?)

b. Tu Bké BC// 00’ (Ce OA)
Vay BC = 00’, O’'B = OC = 6= CA =4. Trong tam giac vuéng £ABC, ta
c6 BC? = AB? - AC? =16% - 4% =240 = BC =415

\ =%h(R2 +R™2+RR').m :%.4\/5(100 +36+60).7= 78:'“\[1_5@:113)

Vi du 3: Thiét dién qua truc ciia mof(hinh nén 1a tam giac déu canha. Tim
dién tich toan phan va thé tich ¢iia hinh nén.
Gidi -
Thiét dién qua truc ciia hinh,nén 13 tam giac déu canh

aV/3

a vay duong cao cua hinh non h =podTaR .

S,, = ®R¢ + 1R’ =nR(€+R)=ﬂ—3(a+g) 3" fa

2 3
v=1mRh= V=ln[i‘i) a8 _aVBr ¢
3 3 \2 2 24
Vi du 4: Tam giac vudng ABC (A =90°) quay chung quanh AB, tirth bén
kinh day va dudong cao hinh nén dugc tao thanh, tir d6 tinh thé ‘ich va
dién tich xung quanh cua nd, biét ring BC =a va ACB =60°
Giai

A ABC la nira tam giac déu, BC=a @AC—E=E
2 2
2
Va AB2=B02—AC2=a2—aT 32 Aﬁ-ﬁ. Viy ban kith day

hinh nén R = %. Chiéu cao hinh nén: h = ﬂ_g_.
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a a\/_ naq\/_

4

Do 16 thé tich hinh non: V = gnR B -; (dvdt)

* ién tich xung quanh hinh nén: S =n.R.( = n%.a — —2— (dvdt)
Vi du 5: MOt chi tiet may co dang nhu hinh ve:
a_Tinh dién tich mat ngoai cua chi tiét.
b. Tinh thé tich
Giai ‘
a. Dién tich xung quanh hinh tru c6 duong kinh day 0.2m:; chiéu cao 1m la:
2r 0,1)1=0,2n(m*)
Hirh non c6 duong kinh day 0,2m; chiéu cao 0,2m co:
- b) dai duong sinh: lcm

(0,2)* +(0,1) =0,0 .
IO,Qcm (E>
: ‘e

- Dzén tich xung quanh:
1,4cm

3
Y

‘-a--h
S §

(0,1 \/W—o 170,05 (m?)
I)un tich can tim sé 1a:
S-0,2n+0, Qn\/O_O 0,2n(1 + m)(cmz)
b. Thé tich hinh tru & cau a: 1.(0,1)*1=0;01n(m?)

: 2
Th? tich hinh non: 0—’—2—'-%91—1)—&1113)

Thi tich cAn tim s€ 1a°V'20.017 4

0,004n ct 0,034n (ms) '
3 - 3
Vi dy 5: Tinh thé tich mot cai thing dugc biéu dién nhir hinh vé
. Giai ‘
Thi tich hinh tru c¢6 duong kinh day 0,6m; chiéu cao 0,6m.
V,=(0,3)".0,6 = 0,054m(m")
Thé tich hinh non cut ¢6 cac dudng kinh
dav 0,6m va 0,5m; chiéu cao 0,4m.

V,= “(%’4) .(0,09+0,04+0,06) =

0,076 y
T (m")

T tich céi thing 1a: V = V, + V, = 22507 (m?)
Vi d'u 7: Mot cai x6 dang hinh nén cut c6 ban kinh hai day 1a 19cm va 9cm,
d6 dai duong sinh ¢ 1a 26cm. Trong x6 da chira sin luong nude co chiéu
ca) 18cm so vai day duai.
a. Tinh chiéu cao cua cai xd.
Ib. Hoi phai d6 thém bao nhiéu lit nudc dé day xo6?
Pé TS lop 10 THPTTP Hué 2007 -2008
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Giai
a. Cat hinh nén cut boi mat phiang qua truc OO’ ta dugc hinh thang cin
AA'BB’. Tir A ha AH vuong goc vai A'B’ tai H, ta co:
A'H=0'A'"-0A=10 (cm)
Suy ra: 00’ = AH = VAA” - A'H? =+/26% - 10% = 24 (cm)
b. Mit nudc véi mit phang cit c6 duong thang chung 1a1J, IJ cat AH tai K.
Theo gia thiét ta co: HK = AH-AK =24-18=6 (cm)
Ban kinh déy trén ctia khéi nudc trong x6 1a: r, =0 I=0 K +KI =9+ KI
LI g KI=76 = r, =16,5 (cm)
HA" AH
Thé tich khéi nudce can dé thém dé diy xo

\% =11r1:.h(r2 +¥r, + rf) 21.67[(192 +19.16,5+ 16,52)
3 3

DoKI/AH =

V % 5945,59 cm® =5,94559 dm? = 5, 9it.

Vi du 8: Dé lam mét cai phéu hinh nén khong nap bang bia ctirng ban kinh
r=12 cm, chiéu cao h =16 cm , ngudi ta cit tir mt tAm bia ra him Khai
trién ciia mat xung quanh cua hinh non, sau d6 cudn 1én. Trong hai tam
bia hinh chir nhat: Tam bia A cd-chiéu'dai 44 cm, chiéu rong 25 cm, tam
bia B ¢6 chiéu dai 42 cm, chiéu/réng 28 cm, c6 thé sur dung tam ba nao
dé lam ra cai phéu hinh nén néi trén ma khong phai chip ndi? Giai hich.

Giai

Puong sinh ciia hinh nén ¢6 chiéu dai:
¢ =vJr? + h? =20 (cm)
Hinh khai trién cia mat xung quanh 0
cua hinh nén 1a hinh quat cua hinh tron
ban kinh ¢, s6 do cua cung cua hinh
quat la:
o _360r _360.12

' 20
= OI=20c0s72° ~6,2 (cm). Do d6, dé cat duoc hinh quat noi trén thi
phai can tim bia hinh chir nhat c6 kich thuéc téi thidu: chiéu dai ¢0cm,
rong (20 +6,2)=26,2cm . Vay phai ding tim bia B méi cit dwoc hinh
khai trién cia mat xung quanh cua hinh nén ma khéng bi chip va.

Vi du 9: Cho nira duong tron duong kinh DE va tam giac ABC vuéng :ai A.
Biét AB=6 cm, AC=8 cmva DB=CE=1 cm Khi d6 toan bo hinh vé

(juay mdt vong quanh DE thi nira hinh tron tao thanh hinh (S,) vi tam
giac ABC tao thanh hinh (S,). Hay mé ta cac hinh (S,) va (S,). Tinh
thé tich phan cua (S,) nidm ngoai hinh (S,).

A [ B

~216": AOI=72° = %—cos AOI
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Giai

Ve duomg cao AH cua tam giac ABC. Khi quay toan bo hinh vé mot
vong quanh DE thi: Nua hinh tron tao thanh mdt hinh cau duomg kinh
DE = 2R Hai tam giac vuong AHB va AHC tao thanh 2 hinh non co
chung day la hinh tron tam H. ban kinh r = HA va2 dinh la B va C.
Trong tam giac vuéng ABC:
BC* = AB* + AC* =6 +8° =100
= BC =10cm
BC.AH = AB.AC

AB.AC

= r=AH-= =4 8cm
| BC
Thé tich hinh cau duong D C
kinh AB: B &
g 3
V, ::%RR" _210 _ 988n (em’) (904,32 cm®)
Tdng thé tich cua hai hinh non:
V, =~ nr’ HB + = mr* HC = - nrfBE=776,8x (cm?) (= 241,152 cm”)
8 3 3

Viy thé tich phan cta hinh (S,) nam bén ngoai hinh (S,) la:
V=V, -V, =2881-76,8t=211,2n(cm’) (~ 663,168cm"’).

Dang 5: Hinh ciu

Vidu l:
a. Tinh dién tich mat ngodiova thé tichthonbi thép eé duomg kinh 1cm.

b. Tinh dién tich da d¢ lam mot qua-bong.da.co.dudng kinh 20 cm (khong ké

da dung cho cac chd ghép uon).
Gidi K
Dién tich mat ngoai vién bi: S = 47R* = 4n(cm?)

* Thé tich hon bi thép: V = 2 7R’ = 2= (cm”)
. 3 3 0
Dién tich da can lam qua bong khong

can ké cic chd ghép ndi: C vB

S, = 4nR* = 4m(20)" = 16007 (cm®)

Vi du 2: Cho tam giac déu ABC c6 canh AB = 10cm va dudng cao AH. Tim

thé tich hai hinh cdu tao thanh khi quay nira hinh tron noi tiép va nira
hinh tron ngoai tiép tam giac mot vong quanh AH.
Giai
A HAB vuong tai H:
AH?® = AB’ - BH? =100 - 25 = 75 < AH = 53 (cm)
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Bén kinh hinh tron ngoai tiéptamgiéc:R=0A= SAH=C 2 g fi= 10‘f( n).
Ban kinh hinh tron noi tiép tam giac: r = OH = % = %_—(cm) :

\3
Do d6: thé tich hinh cau lén tao thanhV, —g- [103\/5 = il9022,;1‘/—5(cm"') .
J

\3
Thé tich hinh cau nho dugc tao thanh: V, = (5J_ _ 500my3 (em?).
gls8 )] o
Vi du 3: Trong dudng tron (O) tam O, ban kinh R, ndi tiép mot hinh vuéng
ABCD va mét tam gidc déu EFG sao cho dudng cao GG’ = h cua tam
giac song song vc'ri canh BC cua hinh vuéng. Cho hinh vé quay quanh GG’.
1. Chimg minh rang thé tich hinh tru gy ra boi hinh vudng la trung binh

nhan giira thé tich cua hinh cau va hinh nén gay ratheo thir tu boi (O) va
AABC.

2. Chimg to rang dién tich toan phan cua hinh tru ciing 13 trung binh nhan
gitra dién tich toan phan cua hinh'ean va hinh non.

Gidi G
: : 4 D C
1. Thé tich cua hinh caun V& g R’ (dvtt)
, 0
Thé tich cua hinh nén,dinh:G, duong cao
GG’ = h = 3R/2, ban kinh dudng tron day K GL P
RV3 F
GE=NC A B
2
]
V= %n.G'E”GG' . %n. o L gn.Ra (dvit).

Thé tich cta hinh tru gay ra bai hinh vuéng ABCD khi quay quanh GG’
2 2 3
la: V = n[f‘zﬁ] BC=nx 24R RVZ = “Rz‘/é (dvtt)

Taco V,.V, =2 nR*2aR’ =1 (zR?) = V2. Vay V* =V, ,
3" g 2

2. Dién tich ciia mit cau: S, = 4nR?
Dién tich toan phan cua hinh nén:

RJ_ {RIJ _9 po
TR,

S, =S

+S, =n

xq
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Dién tich toan phf’m cua hinh tru:
S=S_+8 [Rf]}z\/z@n

X d

::2

R;@J =3nR°

Taco: S,.8, = 4R’ —nH =(3nR?) =S*. Vay §* =8, 8,

Vi du 4: Mot thung sat dcn kin hinh lap phuong. Biét ranb trong thung chira

9 khdi ¢o dang hinh c.au cling ban kinh, lam bang chat liéu rat ran.
Ching minh riang néu canh cua thung hinh lap phuong la a thi duong
kinh cua cac khoi cau bén trong no nho hon hoac bzlmg (243 -3)a.
Dé TS lop 10 chuyén TPHCM 2006-2007
Gidi
Goi O la tam hinh lap phuong (L) dang xét. Dung hinh 1ap phuong (L,)

o cung tdm O. ¢ canh song song voi canh cua (L) va ¢6 do dat canh la
a~-2r, vair 1a ban kinh cta hinh edu. Chin tim cta 9 hinh ciu déu nim
trong (L, ) (hodc ¢ trén mat). Chia (L,) thanh 8 hinh lap phuong con béi

ba mat phang qua O va song song v&imat cua (L, ). Phai ¢c6 mot hinh
lap phuong con (L,) trong ching chia it nhat 2 tam hinh cau. Duong
chéo cua hinh lap phuong con (L,) la: é(a -2r)/3
Khoang cach hai tdm hinh cau 1én hon hodc bang 2r.

] 1 av3
Vivay —(a-2r)V3>2rhay 2r< =(2J3 -3)a
Y ‘( ) " 9 f ( )

+

Vi du 6: Cho hinh chop tir giac déu SABCD c¢6 canh day la a, chiéu cao

H

af

S50 =——

Tim tdm va ban kinh mat cau (S) qua cac diém S, A, B, C, D.

Mat phang (SAB) cat mat cdu (S) theo mot dudmg tron. Tinh ban kinh
cua duong tron nay.

Tinh thé tich hinh cau & ngoai hinh chép.

Gidi

Goi I la tdm va R 1a ban kinh mat cau (S).

O’ 1a hinh chiéu vuéng goc cuia I trén (ABCD).

Do IA =IB = IC = ID nén céc tam gidc vudng O’1A, O’IB, O’IC, O’ID
bang nhau.=>0’A =0’B=0'C =0’D

= O’ la tam cua hinh vuéng ABCD.= 0'= 0. Nhur vay: I thuoc duong
théng SO. Ngoai ra: IS = IA nén trong mit phing (SOA) I chinh la giao

dlem cﬁa duong trung truc cua doan SA va duong thang SO.
4 j‘*

iR s 193
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Néu J 1a trung diém cua doan SA thi: Trong A OSA vudng tai O, ta co:

2 2
SA? SO + OA? = 92 +2% = 3al =58k = aD,
sJ sl
N ST BAD pin: 2=
goai ra: i e
o a6

Vay, ban kinh mat cau (S): R =

2_3_‘@
2

3 81

b. Mat phang (SAB) cit (S) theo mét dudong tron c6 tdm la hinh chiéu
vudng goc cua I trén (SAB).Goi K la trung diém cua AB va IH la duong
cao cua AISK.

_4 po_ (a\/_J 24na’J6
3 3

A J'OK:M’&B_L(SOI*(I).—_:- AB L TH
AB 1 SO
SRS = IH 1 (SAB)
IH L AB
Vay: chan dudng cao [H cua A SIK la tim cua duong tron.
IH SI
ASIH ~ ASKO === 5=
KO''“SK
a aVé |
KOS\ 2" 3 av22
SK \/&Tz 6a: 11
—— .+ —
4 9
AHAI vudng tai H:
6a? 22a’ 16a* 4a
A’ -IH?’= - = = AH=—
o I =—g~To1 "33 J33
a R A ; 5 S i 4a+/33
Vay ban kinh cta duong tron nay r = 33

3
c. Thé tich hinh cau: V = %nR" = in.[a\/aJ = 8;?7{6 a’(dvtt)

3 3
3
Thé tich hinh chép: V, —% ' axzf_ . f
y ) 6(16n-9
The tich can tim: V, =V -V, :(81;7/6 ~—i§—Ja3 = Yo ( = )ss(dvtt)

4B
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Bai tap van dung
Mot hinh tru ¢6 ban kinh day la R, chiéu cao 2R. M6t doan thang AB ¢
2 dau thude hai duong tron day. goc gitra AB va truc hinh tru bang «
Tinh d6 dai doan AB trong truong hop o = 30"
Tim gia tri cua o dé do dai AB 16m nhat.
Mot hinh tru ¢ ban kinh day R. chiéu cao h. Goi (P) la mat phing chira
hai duong sinh bat ky cua hinh ling tru, phan cua (P) gidi han béi hinh
tru Ja mot hinh chit nhat. Tim (P) dé dién tich hinh chir nhat 16n nhat.
M5t hinh tru ¢6 ban kinh day R. chiéu cao h. Tinh:
Thé tich hinh lang tru tir gidc déu c6 day noi tiép day hinh tru.
Dién tich toan phan hinh lang tru tam giac déu ¢ day ngoai tiép day hinh tru.
Cho hinh tru ¢6 hai day la cac hinh tron tim O va O’ ban kinh R; chiéu
cao hinh tru 1a RV2.Goi A. B 1a 2 diém lan luot thude cac duong tron
(O) va (O’) sao cho OAO’B.
Chtmg minh tir dién OAO’B ¢6 cac mat déu la tam giac vudng. Tinh thé
tich va dién tich toan phan tir dién nay.
Goi (P) la mat phang vudng goc véi OO0’ tai trung diém [ cua 00’. (P)
cit cac mat cua tir dién OAO’B tap thanh hinh gi? Tinh di€n tich hinh d6.
. Tinh dién tich toan phan hinh non |biét duomg sinh c6 do dai bang /, phan
mat phang qua truc hinh non giéi-han bén trong hinh non la mét mién
tam giac déu.
Goi V., Vi, V, lan ludgt'1d 'thé“tich ¢4ac' hinh 'trdn’ Xoay tao ra boi tam giac
quay quanh canh huyén va cac canh goc vudng,
_ 1 i 1

Vi 'V,
Trong mot hinh nén, tim goc 16m nhat tao bai hai duong sinh cua no.
Cho hinh noén dinh S cé day 1a hinh tron tim O ban kinh R, chiéu cao
RV3
2

Chimg minh rang;

hinh nén la

. AB la mét day cua day sao cho khoang céch gitra O la

mit phang (SAB) lai Tinh d6 dai day AB.

Tinh thé tich hinh nén blet hinh chép tam giac déu ¢6 cing dinh véi hinh
non va day 1a tam giac déu ndi tiép day hinh nén c6 thé tich 1a V.

Cho hinh nén dinh S ban kinh day R, géc 1én nhét tao bdi hai dudng sinh
1a 60°; xét hinh chop déu SABC véi ABC la tam giac déu ngoai tiép day
hinh nén.

Tinh thé tich va dién tich toan phén hinh chop.

Mat phang (P) song song voi mp (ABC) chia hinh ch6p thanh 2 phan c6
thé tich Jbé’mg, nhau. Tinh dién tich hinh tron ndm trén (P) gi6i han bai

hlgh non

AL 195
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Cho hinh nén c6 dinh S, ban kinh day la R va duong cao bang h. Mat
phang (P) song song voi ddy hinh nén dl qua trung diém dudng cao chia
hinh nén 1am hai phan. Tinh thé tich m01 phan d6.

Cho hinh nén cut c6 ban kinh day 16n gap hai ban kinh diy nho phan mat
phing (P) chira hai dudng sinh va di qua truc hinh non cut gidi aan boi
hinh nén cut 12 mot hinh thang can c6 hai dudong chéo vudng goc.

Tinh thé tich va dién tich xung quanh hinh nén cut biét chiéu cao ki h.
Cho hinh nén cut c6 cac ban kinh la R va r(R > r). Mot mat phanb song
song voi day hinh non cut chia hinh nén cut ra hai phan c6 thé tich bang
nhau. Tinh béan kinh cua hinh tron la phan ctia mat phiang (P) gidi 1an boi
hinh nén cut

Cho mit ciu dudmg kinh SS’ = 2R. Goi H la diém trén doan SS’ sao cho
HS = 2HS’. Mit phang (P) qua H vudng goc SS’ cat mat cau tteo mot
duong tron (C). ABC la mot tam giac déu ndi tiép véi (C).

Chimg minh SABC la tir dién déu. Tinh thé tich V cua tr dién do.

Tinh dién tich xung quanh cua hinh nén dinh S’°, ddy la hinh tid5n (C).
Chimg minh cac duong sinh S’A, S’B, S’C cua hinh nén d6i mdt vudng goc.

. Trong mat phéng (P) cho dudng tron (C) tdm O duong kinh AB = 2R.

Goi S 1a diém dbi xtimg cta O|qua A, d 1a duong thiang qua S vuing goc
(P) va T la diém thudc d sao cho-ST= 2R.

Tim tdm I ciia mat cau (S) di qua T va chia (C).
Tinh dd dai doan OI va thé tich hinh céu (C).

Mot chai ¢6 phia dui'la hinh'truchira
mét luong nuéc cé chidu-cao—10cm
nhr & hinh bén. Nguoi ta 14t nguoc 8| Eii:
chai lai thi phin chia khong chita nuéc  ~+ &5
12 mét hinh tru c6 chiéu cao 8cm. Tinh
thé tich cua chai, biét ring dudng kinh
ciia d4y chai bang 10.

C6 ba vat hinh tru bing chi, bing st, béng nhém cd cung khoi luqmg
bing 2kg va cung c6 duong kinh day bang 10. Tinh chleu cao «ia moi
vat, blct rang khoi lu::mg riéng cua chi 1a 11,3 kg/dm’, khoi hrorrg riéng
cua sit 1a 7 Bkg/dm khoi luong riéng cia nhom 1a 2.7 kg/dm’.

Mot bing glay dai dugc cudn chit lai 60 vong lam thanh mot cuyn gidy

hinh tru rdng. Biét duomg kinh cua duorng tron trong cung barg 2cm,

duong kinh cua duong tron ngoai cung bang 6cm. Tinh chiéu dai cia

bang gidy (lam tron dén 0,1).

Ngudi ta can cua mét than cdy hinh tru c6 duong kinh day bang d dé
Ot uc go hinh hop chit nhat c6 thé tich 16n nhat. Tinh ¢ kich

thud® - g hinh hop chir nhét.

3)
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Nguoi ta cin cura mot than cay hinh tru co duong kinh day bang d dé
ducc mot khuc g:u hinh hop chit nhat ¢o thé tich 1én nhét. Tinh cac kich
thude cua khie g6 hinh hop chir nhat.

Cha kién va giot mat. Mot cha kién o vi tri A trén mat ngoai cua mot lo
thuy tinh hinh tru (khong ¢o nap), nhin thiy mot giot mat o thang trude
mat tai vi tri B. Biét A cach miéng lo Sem, B cach miéng lo 2cm va do
dai cua duong tron miéng lo biang 48cm. Tinh do dai ngan nhat dé cha
kién bo dugce tdi chd giot mat.

Chimg minh rang trong cac hinh tru ¢6 cing thé tich, hinh tru ¢6 duong
cao bang duomg kinh cua day 1a hinh c¢é dién tich toan phan nho nhit.
Cho tam gidc OBC vudng tai O. Néu quay tam giac do quanh canh OB
¢d dinh thi duoc mot hinh nén ¢6 thé tich 8007, con néu quay tam giac
dd quanh canh OC ¢6 dinh thi duoc mot hinh nén co thé tich 1920 7.
Tinh cac do dai OB. OC.

Ong An da uong ¢ mot coe ¢o dang hinh '

non. C hié¢u cao phan ruou con lai bang nua h
chi¢u cao ruou lae dau. Ong An di udng "I

bao nhiéu phin cdc ruou?

Mot hinh non dinh S ¢6 day 1a dugngitron

tim O, duong kinh AB. ASB = 60

Qua trung diém I cua SO, ké duong thang song song véi AB, cat mat
xung quanh cua hinh nén/é'@va D Tinh thé tichtiinh non biét CD = 6cm.
Mot hinh non c¢6 chiéu cao h. Hai duong sinh vudng goc voi nhau chia
mdt xung quanh cua Hinh"nén thanh"hai phin'¢o ti s6 dién tich 1a 1: 2.
T'inh thé tich hinh non.

Tam giac ABC ¢6 BC = a. chiéu cao twong tng bang h. Tinh thé tich
hinh tao thanh khi quay tam giac mot vong quanh canh BC.

Hinh thang vuéng ABCD ¢6 A = B =90° céc tia phan giac cta cac goc
C va D gap nhau tai trung diém cua AB. Biét AB = 8cm, dién tich hinh
thang bang 40cm’. Tinh dién tich mat xung quanh ctia hinh nén cut do
canh CD tao thanh khi quay hinh thang mt vong quanh truc AB.

Tinh sé do cua cung AB cua mét hinh quat tim O ban kinh R dé khi
cudn hinh quat lai, ta dugc mét hinh nén cé thé tich lén nhét.

(6 15 qua bi-a hinh cau dat nam
trén mat ban, sao cho ching dugec
don khit trong mot khung hinh
tam gidc déu co chu vi bang 858
mam. Tinh ban kinh cia mdi qua
bi-a.
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30. Mt qua bong hinh cau ban kinh 13cm, ndi trén mat ho, dinh cua qua
bong cao hon mat ho 18cm. Tinh d¢ dai cua dudng tron dugce tao thanh
boi qua bong va mat ho.

1. Mot qua bong hinh cau dat trén
mat dat coé bong cua ndé nhu hinh
vé. Trong d6 do dai l6n nhat cua

bong 1a BC = 1m. Biét mot cot cao
Im lic d6 co bong dai 2m. Tinh P
ban kinh cuia qua bong.

32. Hinh bén md ta mét hinh ciu ndi tiép mdt hinh tru (tirc 1a hinh cau dugc
dat khit vao trong hinh tru). Hay chon cau tra 101 dang:

a. Ti so giita dién tich miat cau va dién tich toan m

phan hinh tru bang: PR
Al BE ek Do
2. 3 T4 s
b. Ti s6 giira thé tich hinh cau va thé tich hinh tru
bang:
A. _1_; B. 2 ; C. E; D. 4 : .............................
2 3 4 5

33. Cho hinh hop chit nhit ABCD.A'B:C/D". Mo _ob?

a. Chung minh rfmg ton tai mot hinh cdu di qua tit ca cac dinh cia hinh hop
chit nhat.

b. Tinh thé tich ctia hinh cau d6 biét cac kich thudc cia hinh hop chir nhat
la 6cm, 8cm, 24cm.

Hudng din va ddp so
1. Goi BB’ 1a mét dudng sinh cua hinh tru.
Ta c6: 00’ // BB’ = (AB,00")=(AB,BB') = ABB'=«
a. Khi o =30° : AB’AB 1a mdt nira tam giac déu nén néu AB = x thi:
AB? = AB”+ B'B? AB = 2AB'

x? 4R s
oxl=—+4R’ = 3x’=16R’ o x=—. /B
4 J3
Viy AB= @. A,
b. Do AB? = AB”+B'B? < AB? = AB"”+ 4R’ A B

Nhu vdy: AB I6n nhit <> AB’ 16n nhat vi AB la mdt ddy cung cua
duong tron (O) nén lon nhat khi AB’= 2R.
Khi d6 AB’AB vuédng can tai B’. Nghia la: o = 45°.
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2. Hinh chir nhat ABB'A" ¢o 2 canh ia hai duong sinh va 2 canh con lai la

hai day curg cua hai day. ,/{El
Dién tich hinh chir nhat nay la: .

S = AA'.AB = h.AB. B
Do do: S 16n nhit < do dai AB 16n nhat A

< AB la mot duong kinh cua day.
Vay: (P) la mat phang chia mét duong sinh
va mot duong kinh cua day. J—

Khi do: gid tri 1on nhat cua S sé la: 2Rh. H B
3. a. Hinh lang tru tr giac déu ABCD.A’B’C’D’co: 3
- bay la hinh vuong noi tiép duong tron ban kinh R. D

- Canh bén 1a duong sinh hinh tru vabangh.

Nhu vay:

2AB? = AC? = 4R? = AB = RV2

Suy ra: thé tich hinh lang tru:

V = Bh = (RV2)%.h = 2R*h (dvtt) N>
b. Hinh lang tru tam giac déu ABC.A"B’C’ ¢6:

- Day la tam giac déu ngoai tiép duong tron ban kinh R.

- Canh bén bang duong sinh hinh'tru-va'bang h.

Nhur vay: CH = 30H = %.

R* 3R?

AH? = AO? - OHAL RBowmondso
ey
2 2 2
— AC? = AH? + cH2 = 3R +gf :124R

= AC=RV3
Suy ra: dién tich toan phan hinh lang tru:

S, =S, +25, =3AB.AA"'+ 2 Ll

T x

=3.RJ3.h+ RJE.% = 3J§R(h + %} (dvdt)

4. a. jAO S = AO L (OBO')
|AO 1L 00"
= Cac tam giac OAO’, OAB vuéng tai O
BO'1L AO
{BO'L(KT
= Cac tam giac O’'BO, O’BA vuong tai O’

= BO' L (OAO")
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* Coi tir dién OAO’B nhu la hinh chép c6 dinh A, day la tam giac OBO’
thi thé tich tr dién la:

1 1 B0.00" ,,_1 R’\/_
V =< S(ou0)A0 =5 ————AO= O==RRJ2R="TZ

* AOAO’ vudng tai O:

0'A?=0'0% + OA? =3R? = 0'A = R/3 @
AO’BO vuodng tai O’: ! ,::.'B

OB? =00%2+0'B? =3R?* = OB=R/3 A J:%!L
Dién tich toan phan hinh ti dién: ) ﬁ .
Sy = S{OAO’} ¥ S[OBA} L S(O‘BO] ® S{O'AH) é_ w

RWZ RWE RWZ R'B !
= + & +——=R? (\/§ + JE)
2 2 o -
Dé thay: DErLER) hira duong tron (O)). Nén (P)/(Q) (suy ra tir dinh
, y: OO'J_(Q)(C ua duong tron (O)). Nen ( (suy ra tu di

nghia duong :[hrfmg vuong goc mat phang). ‘

Goi I, K, L lan luot la giao diémioua (P), cac duong thang O’A, AB va
(P)/1(Q)

OB thi:{(P) ~(0'0A) = 1J = 1J //OA =1 la trung diém cua OA.
(Q)N(0'0A)=0A

Twong tu: K, L lan luet.la trung diém cua) AB, OB.Dé y rang: 1J, KL //

x L1/ OA
OA=1J//KL; IJ =KL =OT' Ngoaira: {IL/O'B =1J LIL
OA1O'B
Nhu vay: tir giac [IJKL la hinh vuéng.
R) R?
Dién tich hinh vuong nay sé€ la: S=1J.IL = [E} o

. Theo dé bai, tam giac SAB la tam gidc déu cé canh bang l.  §
Do do: ban kinh day hinh non: R = OA = % =§

Dién tich toan phan hinh non:

S, =S,, +S; =nR( +nR* =

n(® N nt?  3nl?
2 4 4

. Giastr AABC vuong tai A. Ké duong cao AH cua tam giac. Ta co:

* Thé tich hinh non sinh ra khi A ABC quay quanh truc AC:

v = %nABz.AC .
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Thé tich hinh non sinh ra khi A ABC quay quanh truc AB:V, = ;nAC"’AB.

The tich hinh sinh ra khiAABC quay quanh truc BC gom thé tich hai
hinh nén ¢6 ban kinh day bang AH; chiéu cao la BH, CH:
V- %nm-lf.lsl-l + LiAHCH :%mf\w.nc _

i | 9 9 9
Nhu vay: — = — e T ———————
° V' n°AH'BC- =n"AH°AH®*.BC* =*AH°AB°’AC?
i ] 9 9

VI VI TABAC  mAC'.AB’

B 9 ( 1 )_ 9
nAB:ACE AB*  AC® ) n’AH?.AB2AC?

(Do céc he thice trong tam giac vuong: AH.BC = AB.AC; - I — = -1-,, * = : ).
AH* ° AC
Vgt b
[ A A Ve

7. Xét AMAB ndi tiép duong tron-dgomg kinh
AB v6i AB la duong kinh day hinh'nan. Goi
[ 1a trung diém day cung MA. ATAO vudng
tai ::;}OA 20 |
Lay diém J trén doan OA de OI' = 0J.
Taco: AOIS = AOJS
= OSI=08J = 0SI < OSA
- MSA = BSA (cac tam giac SAB, SAM can tai S)
Nhu véy: goc 16n nhit tao boi hai duong sinh hinh nén 1a ASB trong d6
AB la duong kinh cua day.

M

8. Goi I la trung diém cua AB va OH la duong cao A OSI.
AB 1 01
AB 1 (SOI B L OH
{ABJ_SOj (SOI)=>AB 1O
OH 1 AB
= OH 1 (SAB).
OH L SI
Do dé: OH ZRTJE A
A 2 1 1 1
* AOSI vudng tai I: 5~ B 3 oF

1 1 1 16 4 4 R
S F—————— ——— = .
OI° OH?* O0S* 3R* 3R* R?®
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R* _3R* _ ., _R3
=

* JAO vuong tai O: 1A = AO® -OI* =R? -

Nhu vay: AB =RV/3.
9.Goi R, h 14n luo't‘ la ban kinh day, chiéu cao hinh pc’m, ala ganh day hih
chdp tam giac déu ABC. DPudng cao hinh chop déu ciing bang h.
* Trong tam giac vuong HAB:
AH =-§—AO =%;AB=2BH

2 2
Do dé: a? ="‘T+ 9K

< a? =3R?

Theo dé bai: thé tich hinh chép la V nén

1 1 aV3 a’hy/3
V= gS(ABc}-SO =g h= 5
Suy ra: thé tich hinh nén la:

12V 4nV
Vo Laihe L
3"t 3379 3

10. a. Ta co, goc cua 2 dudmg sinh hmh non 16n nhét khi mat phang chir 2

(dvtt)

duodng sinh di qua truc < 2R =7; h-—l—\/::Rxf_

AABC déu ngoai tlep hinh tron day hlnh nén nén cac tiép diém M, N P
lan lugt la trung diém AB, BC, CA.
AMOA vubng tai M, MO =R, OA = 2MO = 2R nén

AM =4R? —-R? = R/3 =>AB=2RJ§
SO= ;QR‘/—)Z J3.RJ3 = 3R’.

Do d6: thé tich hinh chép: V = 5 S

(ABC)*
Dién tich toan phan hinh chép:

2
S, =S, 8, = JABSM + v2 -2 2RVB.2

b. Néu mp (P) cit SA, SB, SC lan lugt tai A’, B’, C’ thi: AA’B’C’~AALC

R+@£3)2—‘@:9R2\/§

SA' SO
theo ti s6 dong d k= S
eo ti s6 dong dang: TRl |
Do do: ~exe) _Swwey SO'_ 5y
V(SABC] S(ABC} SO A' -_n C'
Nhu vay: -{13 =k S k= ng Bl ___________ N .......... 50
Goi r 12 ban kinh hinh tron can tim, ta co: M N B O ............. . 'N
r 1 1
— k N | P < = R3 L=
R 2 ' J; B
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1) _«R?
Di¢n tich hinh tron phai tim: S =nr” = n.{R* §J 1
11. Goi (Q) la mat phang chira day hinh nén va (SOA) la mat phang chira

duong cao va mot duong sinh: O la trung diém SO.
(P)7(Q)
(SOA)N(Q)=0A = OA//OA’

(SOA)n(P)=0'A" f
=>()"A’ la duong trung binh cua ASOA.

Mat phang (P) chia hinh nén Iém thanh 2 phn:

- Mot la hinh nén nho dinh S day la hinh /
oa ko Ko D

tron ¢6 ban kinh O'A'= T :‘2—, chiéu

cao 50'=22 2

2 2

(dvdt)

- Mot 1a hinh chop cut ¢6 cac ban kinh-ddy 1a R va g . chiéu cao %

Do do: thé tich hinh non nho:
RY h

V, ==—1*1::0’A'2 .SO':ln[—J —F
3 3 Uy gu.
Thé tich hinh nén cut:
2 2
v, =99 0a* + 01a® +om0ay=T gz B g3 7“R (dvit)
3 3 2 4 2

12. Goi AA’, BB’ la 2 duong sinh cua hinh ndn cut chira trong (P).
T gia ABB'A’ 1a hinh thang can c6 hai dudng chéo cat nhau va vudng
goc tai I. Dat AB = 2x.
AIAB vuong can tai I nén:

OL%‘E_XAI xy/2

AIA’B’ vuodng can tai [ nén:
01-AB _X 4 x2
2 3’ 2

Theo dé bai: x+3(2-—=h<:>x:-23—h ATAA’ vuong tai I:

AA'E:AI""+IA'2:[MJ (h\/_] 10h° ﬂ
' 3

W10 0 T,

2 AA'=———. T o
3
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Do dé: thé tich hinh noén cut:

nO0'

V= ( dvit).

2 2 2
(OA2 +O'A'2+OA.O'A‘) —.h flh— ) +2'—)-1'3 7ﬂh
3 9 9 9

Dién tich xung quanh hinh chop cut:

s, :ﬁomow)m*:::[%%}h? b ‘f_
13. Goi x la ban kinh dudng tron can tim. Xét hinh nén dinh S sini ra hinh
non cut. Li ludn nhu ¢ bai toan trén, ta co thé suy ra nhu sau:
Néu goi V la thé tich hinh nén day tam O, V, la thé tich hinh non day

tam O’, V; la thé tich hinh non day tim O’

(dvdt)

l 1 A2 ' S
\V —n.0'A°.SO 1'3 =3
Thi:<t =3 -
: -
v %n.OAZ.SO R
vV, x?
i L=
u'cmg L V R3
- s _ .3 3 _.3
Dod: A = ¢l 4B —F 5
V R R
= 3 [[.3 3 3
VVV2:RR3x :>V—V2=RR3x v

3
Theo dé bai: V - V—2(V V)QBT{*V 2

14. a. Pé y réng A nhin duong kinh SS’
cua mit cau nén A ASS’ vudng tai A.
Ngoai ra: SS” L (P) =SS’ L AH.

Trong A ASS’: HS-% HS = :?

2
Va SA? =SH.SS'=%.2R =% SA—ERSL

AABC d8u ndi tiép duimg tron dubng kinh 22

6 thi néu CK 12 duong
C

cao, ta co:
AK2 -~ A_Hz _ HK2 > AH2 _ AH2 s 8R2 _ 2R2 _ 6R2
4 9 9 9

Do dé: AK—RI AB:%@. A

i
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ZR\/—

Nhur vay: ¢6 thé thiy duge: SA =SB =8C=AB=BC=CA =
Suy ra: tr dién SABC déu.Thé tich tr dién nay:

L 1[2{«/{5}\& 1R _BR'J3
3

V= (dvtt)

ﬁ‘ { A |'L 3 ] H -.7

.
2R 1R 3S,A:2R\/§_

Ciing trong AASS™: S'A*=8'HS'C=

Do do: dién tich xung quanh hinh non dinh S
2RV2 2RV3 _ i7R” JE

S, =mAHS'A=m e (dvdt)

zR\/— _2RV6
3

thi

Trong tam giac SAB vdi: S'"A=S'B =

[y 1 0 2 ‘ 2
AB - :“_R _12R* 12R' o4, i
g 9 9
AS AB vudng can tai S’.
Hoan toan tuong tu: AS’BC, AS'CA vuodng can tai S. Suy ra: cac duong
sinh S"A, S’B, S'C cua hinh non diih/S’ doi mét vudng goc nhau.

a. Mit cau (S) chita duong tron {C) nén tam I cua (S) nam trén duong

thang Ot vuong goc voi (P).

JOt 1 (P) vad: ; d t

= d//Ot,0t c (BST) g
|d L(P) : |
Ngoai ra: IT = IA=> I nim trén trung truc doan Al.
Vay: trong mat phing (SBT), I 1a giao : =
diém cua cac duong trung truc cua AB ““(‘6“"3

va AT. Noi cach khac: I la trung tam
duong tron ngoai tiép ABAT.
Ké IH vudng goc d tai diém H.
Dit OI = x. Trong A OAI vuéng tai O: AI* = AO* + OI° =x* + R’
Trong hinh thang vuéng IOST va tam giac vuong HIT:
IT? = IH? + HT? = 0S? + HT? = 4R? + (2R - x)’ = x* - 4Rx + 8R?
Nhung IA, IT déu la ban kinh mét cau (S) nén:
TR

IA =T e 5% 4+ B =5 — 4Bz + B2 <:>4Rx:7R2<:>x=?.Véiy -7,

2 2
Theo trén: A’ =x* + R* = 49R +R?= 65R :A]:.[_{_‘/_G__é
16 16
3
Thé tichdiinh ciu (S) a: V =%nAI3 =%n{R‘f‘5] 65“R V65 (dvtt)
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16. Thé tich chai bing téng cac thé
tich cua khdéi nuéc hinh tru &
hinh a va phan chia khong chira
nudc & hinh b,

V =n.5%10 + n.5°.8
=251(10 + 8)

= 4501!(0!!13)
=1413(cm®).

17.Thé tich cta cac khéi chi, sit nhém theo thir tu bing:
2 . Noxy _ & 3
V =——(dm3),V2 —7’—8(dm )’V.'.! '—2—"';'(dm )

* 113

Chiéu cao clia cac khéi chi, sét, nhém theo thit tu bing

h, = -———2—7—0 23dm = 2, 3cm.
11,3.x.0,5

h, = —2—2 =0,33dm = 3,3cm.
7,8.1.0,5

h, =———2—2=0,94dm =9,4cm. —
2,7x0.8

18.Goi ¢1a chiéu dai cla bang gidy, chiéu dai d6 bing tdng d¢ dai cta 60
dudmg tron c6 ban kinh ity 4teds trong dé) ixp = 1em; I, = 3cm.
Ta co: € =2n(x, + 1, +ry+=rtrg)
Goi d 1a do day coa to gidy thi r, =v, +d, r,=x, +d,...,x, =1, +d.s
Dodé 1 +1g =1, + Iy =1, + 1y =...=1,, + ¥, =4cm
Viy ¢=2nr.30.4= 2401:(cm) 7,5m.

19. Hay chimg minh ring trong cac hinh chir nhat néi tlep cua duong tron
cho trudc, hinh vuéng cé dién tich lén nhat. Tir d6 neu day cua khuc go
la mt hinh vuéng cé dudmg chéo béng d thi khiic g c6 thé tich 16n nhit.

20. Gia thiét ring lo thuy tinh lam
“bing bia”, ta trai mat Xung
quanh cua lo thanh mét hinh chir
nhét cé chiéu dai bing d6 dai cua
duong tron miéng lo (48cm). Goi
AM , BN la cic duong vudng
goc ke tr A, B dén miéng lo thi
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Cha kién mudn toi B o phia trong lo phai vuot qua miéng lo, tirc la phai
di tir A toi MN, 16i toi B. Nhu vay, chi phai “giai” bia toan: “tim diém C
trén MN sao cho AC + CB ngan nhat.

é dang tinh duwoc AC + CB = AC +CB’ = AB’ =25cm.
(o1 S 1a dién tich toan phé’in, r la ban kinh cua day, h la duong cao cua
hinh tru. Ta c6: S =2nrh + 2nr® = Qn(rh +r’) S

S nho nhét khi va chi khi rh + r?nho nhat.
Goi V la thé tich cua hinh tru (V 1a hang s6).
taco V = nr’hnén

s N Vv 5

th+r’=—+r’=—+—+r
nr 2nr  2nr

Theo bat ding thiic Cosi, ba s6 duong

2
l’r__v_ ;r”co tich khong doi (bang—\{—)
2nr an

nén }ong ctia chiing nho nhat khi va ch: khx
ba s0 ay bang nhau, tirc la:

—y—_r“ @%—r < h=RE

2nr

%nOCz.OB ~800m . (1)

Thé tich hinh nén khi quay tam giac quanh OC:

%-nOBz 0C=1920n (2). C
C
A
‘V
Lay (1) chia cho (2) dugc % _ %

Thay ogg—goc vito (1) dugc -n002 —OC=8001:.

.
q

F

xi«:’i

ﬂ B 207
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Suy ra OC® =1000 nén OC = 10.

12
Do d6 OB =—=.10 = 24. 2
0d6 OB = i

23. Pap sb : %

24. Dap s6 7213 (cm?).

25. Goi SA, SB la hai dudng sinh vudng goc. Do SA, SB chia mét xung
quanh cta hinh nén thanh hai phén ¢ ti s6 dién tich la 1: 2 nér A, B,
chia duong tron (O) thanh hai phan c6 ti s6 dg dai la 1:2

Do d6 AB=120°. Dat OA=OB =r.
Xét AAOB, tacod AB =2rsin60° =rv3
Xét ASAB vudng can, ta cd6 AB = SAA2.

A

Tir d6 SA® =-g-r2
2

ASOA vuéng nén h? = SA? —* =f-2— suy ra r? = 2h?,

Tidé V= % xh (dvtt)

26. Gia sir B> C. Néu B.=90"thi hinh tao.thanh1a hinh nén c6 ban kinh day
bang h, chiéu cao bang a. (h. a)
Néu B <90° thi thé tich hinh tao thanh 1a téng thé tich hai hinh nér(h. b).
Néu B > 90° thi thé tich hinh tao thanh 14 hiéu thé tich hai hinh nén.

27. Pap s6: 100n(cm?).

28. Goi r 1a ban kinh ctia duomg tron day cua hinh nén, h 1a chiéu cio cua
hinh nén.
Taed T= % xhr?nén V 16n nhét khi va chi khi r*h 16n nhét.

Do h? = R? —r? nén ta bién débi:
V 16n nhit < r*h?1én nhat
& r*(R? - r?) 16n nhat

-P;ﬁfk =
a4(2R’.— 2r?) 16n nhit.
B

Tron Bo SGK: https://bookgiaokhoa.com



29,

30.

Download Ebook Tai: https://downloadsachmienphi.com

Theo bat dang thire Cési, ba sé duong r?,r?, 2R* — 2r?co tong khong doi
(hang 2R*) nén tich cua ching 1on nhat khi va chi khi ba s6 do bang
nhau. tire la:

9

2 B e 5 i ) 6
2R 2t i 2R e e nZ o £ 6
° 3 R 3
Do dai cung lon AB bang 2nr.
Do dai duong tron (O: R) bang 2nR.
Sé do cua cung lon AB bang: ‘an 380" = %.360“ =294°
m L

Goi r 1a ban kinh ctia mdi qua bi-a.

Canh cua tam giac déu ABC biang 858 : 3 =286 (mm).

Xét AOBH vudng tai H. ta cé : BH = OH tan 60° = ry/3

Ta co:

BC=BH +HK + KC=rJ3% 8r+rJ3 = 2(4 + \/g)r.

Do do: r= 280 2143(4_J§)=11(4—\/§)=25(mm)
2(4 +/3) 13

Bén kinh cuia mdi qua bi-a bang 25mm.

Goi r 1a ban kinh cua dudng tron duge tao thanh

boi qua bong va mat ho, ta tinh dugc r= 12 cm.

Dap s6: 24n(cm).

31.Goi R 1a ban kinh ciia qua béng. Trén hinh bén, tia sang tiép xiic voi

duong tron (O) tai E, A la giao diém cua BO va CE.
J5 A o

Ta tinh dugc: AB =0,5m;AC = ?m.

. 0OA OE i
AAEO ~ AABC (g.¢ ke N ]
(g.g) nén CA " BC

Tir do tinh duge R =5 —2(m)

32.a, b) Cau tra loi B la dung.
33.a) Chung minh ring bdn dudmg chéo cua hinh hop chir nhat cit nhau tai

b.

trung diém ctiia mdi duong chéo.

Sn(cm”).

bap s b
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6. Bai tap téng hop

. Cho duong tron (O) va mot dlem A & ngoai dudong tron. Cac tiép tuyén
vGi dudmg tron (O) ke tir A tiép xuc véi duong tron (O) lai B va €. Goi
M la diém tuy y trén duong tron (M khac B, C). Tir M ké MH L BC.
MK 1 CA, MI L AB. Chimg minh :

1. T giac ABOC ndi tiép.
2. BAO=BCO.
3. AMIH ~AMHK.

4. MI.MK = MH*.

. Cho tam giac ABC noi tiép (O). Goi H la truc tim cua tam giac ABC; E
la diém ddi ximg cia H qua BC; F la diém d6i ximg cua H que trung
diém I cua BC.

1. Chimg minh tir gidc BHCF la hinh binh hanh.

2. E, F nam trén duong tron (O).

3. Chung minh tir giac BCFE la hinh thang can.

4. Goi G la giao diém cua Al va-OH, Chirmg minh G 1a trong tdm cia tam
giac ABC.

. BC 1a mot day cung cua duong tron (O; R) (BC = 2R). Diém A di dong
trén cung 16n BC sao cho O luon, nam trong tam gidc ABC. Cac dudng
cao AD, BE. CF cua tam giac ABC dong'quy tai H.

1. Chimg minh tam giac, AEF dong dang v¢i tam giac ABC.

2. Goi A' 1a trung diém.cia BC. Chitng minh AH = 20A".

3. Goi Ai la trung diém cua EF. Chimg minh R.AA| = AA'. OA'.

4. chimg minh R(EF + FD + DE) = 2Sgc suy ra vi tri cua A & tong
EF + FD + DE dat gia tri Ién nhat.

. Cho tam giac ABC néi tiép (O; R), tia phan giac cua goc BAC cat(0) tai
M. Vé duong cao AH va ban kinh AO.

1. Chimg minh AM la phan giac cua goc OAH.

2. Giastt B>C, chimg minh OAH=B-C
3. Cho BAC =60°va OAH =20°. Tinh:

a. B vaC cua tam giac ABC.

b. Dién tich hinh vién phén gidi han bai diy BC va cung nho BC tleo R.
. Cho tam giac ABC, truc tdm H. Ké cac duong thang AA', BB, (C' sao
cho cac tia phdn gidc cua céc goc A'AH, B'BH, C'CH song soig voi
nhau. Ching minh rang cac duong thanb AA', BB', CC' gap nhau ai mdt
diém thudc duomg tron ngoai tiép tam giac ABC.
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6. Cho am giac ¢6 do dai cac canh bang a, b. ¢ thoa man diéu kién
A%+ bhY < e’ Goi p. r. he 1an luot la nira chu vi. do dai ban kinh duong
(ron 20i ticp. do dai dudong cao thude canh ¢ cta tam gidc. Chimg minh

r p4
mnu —
h 5

7. Cho tam giac ABC ndi tiép duong tron. Goi M 1a diém di dong trén cung
BC khong chira diém A. Xac dinh vi tri ctia diém M sao cho:
2008 MB + 2009 MC
dat gia tri 16n nhat.
8. Cho nira duong tron tim O, duong kinh AB = 2R, ban kinh OC vudng goc
voi AB, M 1a mot diém trén cung BC, AM cat OC ¢ N.

I. Chirng minh rang tir giac OBMN noi tiép duoc. Suy ra rang: AM.MN
khong phu thude vi tri cua diém M trén cung BC.
. Tinh goc MAB dé cho AMNB cén tai M.

. Trong truomg hgp MN = MB. tinh theo R céc doan ON, CN va thé tich
cua hinh nén gay ra boi AANEC-khi tam gidec nay quay quanh OA.

Cho biét tan22°30"=v2 - 1.
9. Cho :am giac ABC vuong tai A, duong cao AH. Ke céc tiép tuyén BD va
CE 101 duong tron (A) tam A, ban kinh AH.
|. Chirng minh DE la métiduong kinhota dudmg tron (A).

DE‘

\-.oJ ‘-J

2. Chirng minh rang: BD.CE

3. Cho BC =2ava ABC =60°, tinh theo a cac doan AB, AC, AH, BH va
CH.
4. Vi gia thiét ¢ cau (3), tinh thé tich cva hinh gy ra boi hinh thang
RCED quay quanh CE.
10. Cho nua duong tron (O) duong kinh AB = 2R, Ax va By la céc tiép

luve*n cua nua duong tron (O) tai A va B. Trén Ax lay mot diém M. Ké
uep uyén MP véi (0), gip By tai N.

I. Cairng minh rang MON va APB la hai tam giac dong dang.
. Crirng minh hé thirc: AM.BN =R?.

(B ]

(9]

.Ciwo BN = % tinh ti s dién tich cta hai tam giac MNO va APB.

4. Vi gia thiét cia cau (3), tinh thé tich cta hinh sinh ra boi phan hinh
ttang AMNB ndm ngoai (O) khi ta cho hinh v& quay quanh AB.
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11. Cho tam giac ABC ndi tiép déu duong tron tam O ban kint R. Ke
duong kinh ED song song véi BC, E nam trén cung AB, cit AB va AC
theo thir tu tai M va N.

1. Tinh theo R d0 dai doan thing MN va dién tich tam giac AON.

2. Tinh dién tich hinh vién phan ADC.

3. Pudng kinh ED chia hinh vién phian ADC ra lam hai phan. Tinh ti s6
dién tich cua phan 16n dbi v6i phan nho. Ti sé nay nam giirz hai sb
nguyén nao?

4. Tinh thé tich cua hinh gdy ra bdi “tam giac cong™ AND khi cao hinh
vé quay quanh ED.

12. Cho nira dudng tron tam O, duong kinh AB = 2R. K¢ hai ban kinh OC
va OD sao cho AOC =60° va BOD = 30°.

1. Tinh d§ dai cua day CD.

2. Céc tiép tuyén cuia nira duong tron (O)taiCvaD cit nhau & M. Tinh
dién tich S cta phan tir giac OCMD nam ngoai nira dudmg tron (O).

3. Cho hinh vé& quay quanh AB. Tinh thé tich V cua hinh gdy ra boi A OCD.

13. Cho nira duong tron tdm O duong kinh AB = 2R. Trén tia doi cua tia
AB, 13y doan BP = R. Ké tiép- tuyén PM véi nira duong tron (O) tai M.
Ha MH vudng goc vai OP.

1. Tinh PM, OH, MH theo R.

2. Tinh dién tich S phin tam gidc OMP ndm ngoai nira duong tron (O).

3. Cho hinh vé& quay quanh"OP-

a. Tinh thé tich V cua hinh gy ra bgi tam giac OMP.

b. Tinh thé tich V' cua hinh gay ra boi phan tam giac OMP nam ngoai

ntra duong tron (O).

14. Cho dudng tron (O). duong kinh AB = 2R. Vé day cung CD L AB ¢ H.
Goi M la diém chinh giita cua cung CB, I 12 giao diém ctia CB vaOM, K
la giao diém cia AM va CB. Chimng minh
| KC_Ac

KB AB

2. AM la tia phan glac cuaéﬁ).

3. Tu giac OHCI noi tiép.

4. Chimg minh dudng vudng goc ké tir M dén AC ciing la tiép tuyén cua
duong tron tai M.

15. Cho tam giac ABC c¢6 ba géc nhon ndi tiép (O; R). Biét BAC = 6)°.

1. Tinh s6 do goc BOC va d9 dai BC theo R.

2. V& duong kinh CD cua (O; R); goi H 1a giao diém cua ba duyng cao
cua tam gidc ABC. Chirng minh BD // AH va AD // BH.

3. Tinh AH theo R.
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(Cho tam giac ABC ndi tiép (O: R). tia phan giac cua goc BAC cat BC
tai I cat duomg tron tai M.

1 C’himg minh OM J_ BC.

('hirng minh MC* = MLMA.
K¢ duong kinh MN cic tia phan gidc cua goc B va C cat duomg thang
AN tai P va Q. Chimng minh bon diém P. C. B, Q cung thudc mo!
duong tron

Cho tam giac ABC can (AB = AC). BC = 6 cm. chiéu cao AH = 4 cm.
noi tiép duomg tron (O) dudomg kinh AA".

I. Tinh ban kinh cua duong tron (O).
- Ké duong kinh CC', tir giac CAC'A' 1a hinh gi? Tai sao?
. Ke AK L CC' tr giac AKHC la hinh gi? Tai sao?
Tinh dién tich phan hinh tron (O) nam ngoai tam giac ABC.
Cho tam giac déu ABC, O la trung diém cua BC. Trén céc canh AB. AC
lin luot lay cac diém D, E sao cho DOE = 60°.
1. Ching minh tich BD. CE khong doi.
2. Chimg minh hai tam giac BOD; OED dong dang. Tir d6 suy ra tia DO
la tia phan giac cua goc BDE;
3. V& duong tron tam O tiép xud v&i AB. Ching minh rang duong tron
ludn tiép xuc véi DE.

(Zho hinh thang can ABCD (AB // CD), c6 AB = 2a, CD = 4a, C=60°.
. Tinh d6 dai cac canh bén, chiéu cao:AH va dién tich hinh thang.
2 Tinh d6 dai cac dudng chéo AC va BD.
3. Cho hinh v& quay quanh €Dy Tinh.dién tich. xung quanh va thé tich
cua hinh gay ra boi tam giac OCD, O la giao diém cua AC va BD.
Cho duong tron (O: R) va hai duong kinh vuong géc AB, CD. Trén ba:

kinh AO, ldy doan AR @;dufmg thing CE/#4t (0) & M.

1. Tinh CE theo R.

2. Ching minh ring hai tam gidc MCD va OCE dong dang. Tinh cé
canh va duong cao MH cua tam giac MCD.

3. Chimg to tir giac MEOD ndi tiep dugc. Xac dinh tdm va ban kinl
dudmg tron ngoai tiép tir giac MEOD. Tinh dién tich t& gidc MEOD.

4. Tinh thé tich cua hinh gy ra khi tam gidc ECD quay quanh CD.

Cho tam giac ABC can tai A. C6 canh day nho hon canh bén, néi t1ep

dudng tron (0). Tiép tuyén tai B va C lan luot cat AC, AB tai D va E.

Chimg minh:

1. BD? = AD.CD.

2. T giac BCDE noi tiép.

3. BC song song vai DE.

Led b

Ll 12

o
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Cho du'cmg, tron (O) duong kinh AB. diém M thudc duomg tron . V& diém

N dbi ximg véi A qua M. BN cit (0) lai C. Goi E la giao diém cua AC

va BM. )

1. Chirng minh tir giac MNCE ndi ti€p .

2. Ching minh NE L AB.

3. Goi F la diém ddi xtmg voi E qua M. Chimg minh FA la tiép tuyén
cua (O).

4. Chimg minh FN la tiép tuyen cua duong tron (B; BA).

AB va AC la hai tiép tuyén cua duong tron tdm O ban kinh R (B. C la

tiép diém ). V& CH vudng goc AB tai H. cat (O) tai E va cit OA ti D.

1. Chung minh CO = CD.

2. Chirng minh tir giac OBCD la hinh thoi.

3. Goi M 1a trung diém cua CE. BM cit OH tai I. Chimg minh I |4 trung
diém cua OH.

4. Tiép tuyén tai E vé6i (O) cat AC tai K. Chimg minh ba diém 0, M, K
thing hang.

Cho tam giac can ABC ( AB = AC) ndi tiép duong tron (0). Goi D 1a
trung dlem cia AC; tiép tuyén ciia dudng tron (O) tai A cat tia BD tai E.
Tia CE cit (O) tai F.

1. Chung minh BC // AE.

2. Chirng minh ABCE la hinh-binhhanh.

3. Goi I 1a trung diém cua CF va G la giao diém ctia BC va OL. So sénh
BAC va BGO |

Cho duong tron tdm O duong kinh AB = 2R va day CD vubng goc voi

AB tai 1.

1. Tinh tdng IA? + IB? + IC? + ID?. C6 nhan xét gi?

2. CMR trung tuyén IM cua tam giac IAD vuéng géc véi BC.

3. Cho OI =%.Tinh:

a. Chu vi tir gidc ACBD.

b. Dién tich xung quanh va thé tich cia hinh giy ra do tam giic ABC

quay quanh AB.

Cho tam giac ABC vudng tai C, duong cao CH. Ké HM va HN theo thur

tur vuéng goc voi AC va BC.

1. Cho HA = a, HB = b, tinh CH, MN, AC va BC theoa va b.

2. Ching minh cac tam gidc: ABC, AHM, HBN, NMC dong dang. Lap ti
sb dién tich ctia 3 tam giac sau dbi véi dién tich AABC.

3. Chimng t6 dién tich NMC la trung binh nhén giira dién tich cuacac tam
giac AHM va HBN.

4. Cho hinh v& quay quanh AB, tinh thé tich V cua hinh gay ra boi 4 HMN
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Cho Joan thang AB = a. V& hai bén cua AB. dung tam giac déu ABC va
tam gidc can BAD (BA = BD) co ABD =30".
1. Tiah dién tich tor giac ACBD theo a.
2. Tt D. ké duomg song song vai AB gap CB kéo dai tai E.
'iah BE. CE va dién tich AACE theo a.

3. Tem gidc ACE va tr giac ACBD tuong duong nhau. C6 thé thay duoc
di3u do ma khong can phai tinh dién tich cua ching hay khong?

4. Cto hinh vé quay quanh AB. Tinh thé tich V cuia hinh gay ra boi A ABD.
Trorg duong tron tdm O ban kinh R noi tiép tam giac vuong ABC sao
cho AB = 2R va AC = R.

I. Tinh cic goc A va B cua AABC.

2. T:én tia dbi cua tia AB. lay doan AD = R. Chiing minh rang DC tiép
xic voi duong tron (O) tai C. Chung to OC vudng goc voi duong
paan giac AM cua goc BAC.

C10 hinh vé quay quanh AB. Tinh thé tich V cua hinh gy ra boi tam
gac BOC.

Cho tam giac déu ABC canh a. Nira-dudng tron (O) duong kinh BC cat

AR ai P va AC tai Q.

. T gia BPQC la hinh gi?

2. T:nh theo a, chu vi va dién tich cua tur giac BPQC.

3. Goi V va V' la thé tich theo thir tu cua cac hinh gay ra bai tir gidc BPQC

—

vi ntra hinh tron khi cho hinh vé quay quanh BC. Tinh ti sO % :

Cho duong tron (0), duong kinh AB = 2R. Trén tia d6i cua tia BA, lay
doar BC = 2R. Ké tiép tuyén CD voi dudong tron (O) va day DE vudng
goe voi AC tai H.

1. Tnh DH, CD, CH, OH theo R.
. a.Chimg té CA.CB = CH.CO.

b H? thirc nay c6 con dung hay khong trong truomg hop long quat: C la
diém tiy ¥ nim trén tia d6i cua tia BA?Chimg minh diéu khang dinh do.

3. Ca0 hinh vé quay quanh AC. Tinh:

a. D:én tich xung quanh cua hinh gay ra boi ACDH

b. Taé tich cua hinh gay ra boi ACDO.

Chc ntra duong tron (O) tam O duong kinh AB = 2R. Dung cac nira

duomg (0’), va (0O”) nam trong nua duong tron (O), duong kinh AO va
OTB Goi I 1a tAm dudng tron tiép xuc voi ca ba nira duong tron da cho.

l. Cuimg té Ol vudng goc voi AB.

2. Tinh ban kinh r cua (I) theo R.
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3. Tinh dién tich S ctia phdn mat phang (Z)gom nira dudng tron (0), cac
nira duong tron (O’), (0O”) va duong tron (1).
4. Cho hinh v& quay quanh AB. Tinh thé tich V cuia hinh gay rz boi mat
phing (X)da néi & cau (3).
Cho duong tron (O; R) va hai duong kinh vuong goc AB, CD, tép tuyén
tai diém M nam trén cung . AC, gap tia DC a1 E.

1. Chimg minh rang: MEO = 2.MBA.

2. Gia sir MBA =15".
a. Tinh ME, MH, HD v6i H 14 hinh chiéu cia M xubng CD, theo R.
b. Cho hinh v& quay quanh ED. Tinh dién tich bé mat va thé tich cua
hinh gay ra bai ta giac EMAD.

Cho duong tron, tim O ban kinh R va mot diy AB bét ky. Kéo dai AB
mot doan BC = R; CO cit dudng tron & E va D, E nam giira C vz O.

1. Chimg minh ring: AOD = 3ACD.

2. Trong truomg hop dic biét ta lay AB = R. Tinh géc AOD. Phin dao
dung hay khong? Hay chimgminh diéu khang dinh do.

3. Véi gia thiét AB = R. Chd hinh vé quay quanh CD. Tinh tté tich V
cua hinh gay ra boi AOAB.

Cho hinh thang ABCD, dutng cao AH, diy nho AB = AH = a,
C= 45”,]3 =60°. Tinh theo.a:

1. Céc canh bén va dién tich cua hinh thang.
2. Vé dudmg tron duong kinh ADb Tinhrdién tich S, ctia phin chung cua
hinh tron duong kinh-AD.va hinh.-thang.

3. Thé tich V ctia hinh sinh ra béi ADH khi cho hinh v& quay quanh AD.
Cho tam giac ABC vuong & A (AB > AC) ndi tlep duong tron (0). Trung
tuyen AM gap (O) 6 N; phan giac trong AD cua géc BAC gip (0) o P;
duong cao AH gép (0) 6 S. Nbi MP.

1. Chimng minh rang MP va AH song song.
2. So sanh cac géc MAP, MPA va PAS.

3. Suy ra rang AD ciing la phén giac cua goc hop boi dudong cay AH va
trung tuyén AM.

4. Cho BC = 2a, ABC =30°. Tinh thé tich cuia hinh gy ra bdi A ABH
khi cho hinh vé quay quanh BC.

Cho tam gidc ABC cén tai A, AB = 16, BC = 24, duong cao AE. Duong
tron tdm O noi tlep tam giac ABC tlep xuc vai AC tai F.

a. Chimg minh rang OECF la tir gidc ndi tiép va BF la tiép tuyén cua
duong tron ngoai tlép tur giac do.

b. Goi M la giao dlem cua BF voi duong tron (O). Chang mnh rang
BMOC lé tr giac noi tiép.

L3
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Cho dudng tron (O') tiép xuc trong voi duong tron (O) tai A. cac day
BC. BD cua duong tron (O) tién xuc voi duong tron (O') theo thu tu tai
E I. Goil la giao diém cua EF voi tia phan gide cua goc CAD. Chung
minh rang:

A DAF- 1DCB,
b DAF = IAE.
¢ I la tAm cua duong tron noi tiép tam giac BCD.

. Cho tam giac nhon ABC. cac duong cao AD, BE, CF. [ay diém M bat

ki thuoc DF. ké MN song song voi BC (N thudc DE) Iav diém | trén

durong thang DE sao cho MAI = BAC. Chimg minh rang:

a. Tam giac AMN la tam giac can

b AMNI la tir giac noi tiép

¢ MA la tia phén giac cua goc FML

Cho hai duong tron (O) va(QO') cat nhau & A va B. Ké tiép tuyen chung
CD (C € (0), D € (O )) Got H. K theo thir tu 1a hinh chiéu cua C. D

trén 00" Chimg minh rang OAO' = HAK.

Cho tam gidc nhon ABC , Ké cac duong cao AD, BE, CF. Goi H la truc
tam cua tam giac. Goi M, N, P,-Q lan luot la cac hinh chiéu vudng goc
cua D 1én AB, BE. CF, AC. Chimg minh :

1 Cac tir giac DMFP, DNEQ la hinh chir nhat.

2. Céc tir giac BMND}(DNHP;'DPQC 1ndi tiépc.

3. Hai tam giac HNP va HCB dong dang.

4. Bén diém M, N, P, O'thdig hang.

Cho hai duong tron (O)yva(0" tlcp xue-ngoaitai A. Ké tiép tuyen chung
ngoai BC, Be (0), Ce(0") . Tiép tuyén chung trong tai A cat tiép tuyén
chung ngoai BC ¢ L.

1. Ching minh céc tr gidgc OBIA, AICO' noi tiép.

2. Chung minh BAC =90°.

3. Tinh s6 do goc OIO".

4. Tinh do dai BC biét OA = 9cm. O A = 4cm.

Cho hai duong tron (O): (O) tlep Xuc ngoai tai A. BC la tiép tuyen chung
ngoai Be (0), Ce (O'). Tiép tuyén chung trong tai A co tlep tuyen
chung ngoai BC & M. Goi E la giao diém cua OM va AB. F la giao diém
cia O'M va AC. Chung minh :

1. Chimg minh céc tir giac OBMA, AMCO' ndi tiép .

2. Tir giac AEMF la hinh chit nhat.

3. ME.MO = MF.MO'.

4. 00" la tiép tuyén cua dudng tron duong kinh BC.

. BC la tiép tuyén cua dudng tron duong kinh OO'.

wh
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Cho hai hinh vuéng ABCD, AB'C'D' sao cho néu vé céc ducng tron
ngoai tiép cac hinh vuéng thi chiéu tir A 1an lugt qua B, C, D va -hiéu tir
A lan luot qua B’, C’, D* déu theo chiéu quay cua kim ddng hé. Goi I la
giao diém cua BB' va DD'. Chiing minh rang :

a. I thuoc duomng tron ngoai tiép moi hinh vuong.

b. CC cung di qua diém L.

Cho tir giac ABCD noi tiép duong tron tim O. Pudng vudng goc vai AD
tai A cat BC O E. Puong vudng goc véi AB tai A cat CD O F Chimg
minh ring ba diém E, O, F thing hang

Cho tam giac ABC. Dudng tron noi tlep tam giac ABC tiép xuic véi BC
AC, AB theo thir tw O D, E, F. Biét AABC ~ ADEF, chimg mnh ring
tam giac ABC la tam giac déu.

Cho hai duong tron (O) va (O’ ) & ngoai nhau. Ké cac tiép tuyér chung
ngoai AB va A'B', cac tiép tuyén chung trong CD va EF (A, A", C, E
thude (O) ; B, B', D, F thudc (0"). Goi M la giao diém cua AB v l F.N
la giao diém ctia A'B: va CD, H la giao diém cua MN va OO' Ching
minh rang

a. MN vudng géc voi 00

b. Nam diém O', B, M, H, F thudc cung mot duong tron.

c. Nam diém O, A, M, E, H thufc-cliing mot duong tron.

d. Badiém H, D, B thang hang:

e. Ba diém A, H, C thing hang.

Cho duong tron tamoQ,hai diémhA) v BIOcvitri dbi ximg véi mau qua
mot ban kinh cua dudng tron. V& ddy CD di qua A, day EF di que B. Cac
duong thang CE, DF'¢ét ‘dudiig thang ' AB théo thir tw & M, N. Chimng
minh rang AN = BM.

Cho ABCD la tir giac ndi tiép c6 cac canh ddi khong song song, F la
giao diém cua AB va CD, E la giao diém cia DA va CB. GoiH va G
theo thir tu 1a trung diém cia AC va BD. Ching minh ring :

a. Tia phan giac cua goc BED ciing la tia phan giac cua goc HEG.

b. Céc tia phan giac cua cac goc BED va BFD gip nhau tai mit diém
nim trén GH.

Cho tir gidc ABCD. V& bén duong tron, mbi duong tron di qua trung
diém céc canh cua mdt trong cic tam glac ABC, BCD. CDA DAB.
Chimg minh ring bén dudng tron d6 cling giao nhau tai mét diém

Cho tam giac ABC, duong cao AH. Ké ra ngoai tam giac ABC céc tia
AX, Ay theo thir tu tao véi AB, AC cac géc nhon bang nhau. Goi | la
hinh chiéu cua B trén Ax, goi K la hinh chiéu cua C trén Ay, M a trung
diém cua BC Chirng minh rang :

a. MI =

b. Bénniém I, H, M. K thudc cing mét dudng tron.

:s';_x-‘;?_

!‘
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Huéng dan va dap so

L. (7S ne giai)
Tt i ABOC noi tiép = BAO = BCO (ndi tiép cling chan cung BO).
Theo gia thict MH vuong goc vai BC 1

-5 MHC =90": MK L CA = MKC = 90" .
5> MHC+MKC=180" ma diy la ™ :
hai goc doi
=» tr grtac MHCK néi tiép
-5 HCM =HKM (ndi tiép cung
chin cung HM).Chimg minh tuong
tr ta c6 to giac MHBI noi ticp
- MHI = MBI (ndi tiép cling chan
cung IM). :
Ma HCM = MBI (= 1/2 sd BM) 4 >
= HKM = MHI (1) 0
Chirng minh tuong tu ta cling ¢ / A
KHM =HIM  (2). K

Tu (1) va (2) = AHIM~AKHM! 2

MI MH

4. Theo tréen AHIM~ AKHM = — =——= MILMK = MH?.

MH|, MK

2. 1. Theo gia thiét F la diém dbi ximg cta H qua trung diém [ cua BC=11a

trung diém BC va HEo=>\BHCF 1 tint binh hanh vi ¢6 hai duong chéo
cat nhau tai trung diém cua-mdi-dudng.

2. (HD) Tir giac AB'HC! ndi tiép

— BAC + B'HC'=180", ma BHC = B'HC'(dbi dinh) .
— BAC + BHC = 180°

Theo trén BHCF la hinh binh hanh
— BHC =BFC

— BFC + BAC =180°

— Tir giac ABFC ndi tiép

=F thudc (0). H va E ddi ximg nhau qua BC E F
— ABHC = ABEC (c.c.c) = BHC =BEC = BEC + BAC = 180"
= ABEC ndi tiép = E thudc (O).
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3. Tacé H va E dbi ximg nhau qua BC = BC L HE (1) va IH = IE ma 1 1a trung
diém cua HF = EI = -;—HE:Mam giac HEF vuong tai E hay FE L KE (2)Tur
(1)va (2) = EF // BC = BEFC la hinh thang. (3)
Theo trén E € (0) = CBE = CAE (ndi tiép cuing chén cung CE) (4).
Theo trén F € (O) va FEA =90° = AF la duong kinh cua (O)
— ACF =90° = BCF = CAE (vi cing phu ACB) (5).
Tu (4) va (5) = BCF =CBE (6).
Tur (3) va (6) = tir giac BEFC la hinh thang can.

4. Theo trén AF 1a dudng kinh cua () = O la trung diém cua AF; EHCF la
hinh binh hanh=1 la trung di€ém cia HF = OI la duong trung tinh cua
tam giac AHF = OI =—;—AH. Theo gia thiét I la trung diém cua

BC = 0I L BC (Quan hé dudng kinh va day cung) = OIG = FAG (vi

so le trong); lai c6 OGI = HGA (d6i dinh) = A OGI =AHGA

=5 % =% ma Ol = éAH = % =% ma Al 13 trung tuyén ctia im gidc

ABC (do I 1a trung diém cua BC) = G la trong tdm cua tam giac ABC.
3. 1 Twr giac BFEC noi tiép/ =% -AER &/ ACB)(curig bt v6i BFE)

AEF = ABC (ciing bt CEF)=> A AEF.~ A ABC.

2. V& duong kinh AK = KB./.CH
(cung vuéng géc AB); KC // BH
(cung vudng goc AC)
= BHKC 14 hinh binh hanh
= A'la trung diém cia HK
= OK la duong trung binh cia A AHK
= AH =20A'

3. Ap dung tinh chét: néu hai tam gidc dong dang thi ti 'sé giita hai frung
tuyen, ti so gika hai bdn kinh cdc duong tron ngoai tiép bang ti :6 dong
dang. Ta c6: AAEF ~ AABC :%=—§% (1) trong d6 R la ban kinh

1
dudng tron ngoai tiép A ABC; R’ la ban kinh dudng tror ngoai
tiep A AEF; AA’ 1a trung tuyén cia AABC; AA, la trung tuvén cua
A AEFF.

A M

A ;.‘;g‘:‘..?‘i o _-"
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Tir(1) => RAA, = AA'R'= AA AzH AA %2—0—
Viy R.AA, =AA'A'0. (2)

4. Goi B". C" lan luot 1a trung diém cua AC, AB, ta c6 OB’ LAC; OC’ LAB
(ban kinh di qua trung diém cua mot day khong qua tam)
=5 OA"'.OB',0OC' lan luot la cac duong cao cua cac tam giac OBC, OCA,

OAB.
B s S, B é(OA'.BC + OB'.AC + OC'.AB)

Al
98 e = OA'.BC + OB'.AC'+ OC'.AB(3).

Theo (2) OA'=R. A8y on B g g o gitra 2 trung tuyén cua hai tam
AA' AA'

_ ' AA, EF
viac dong dang AEF va ABC nén — = —.
giac dong dang va nén VOB TG
Tuong tu ta cé: OB'=R. Lot S = R.@ thay vao (3) ta duoc
AC’ AB
EF ED FD
idio *R[BC' AR AB+1—XE ACJ 28 e _R(EF+FD+DE)

R(EF + FD + DE) = 28 5
Do BC khong ddi nén Sapc I6n nhat khi AD 1o nht, ma AD 16n nhat
khi A la diém chinh giita cua cung lon BC.

4. 1. AM 1a phan gidc cua~BAC-=-BAM=CAM
> BM =CM = M la trung diém cua cung BC
— OM L BC; theo gia thiet AH L BC
5> OM// AH = HAM =OMA (so le). Ma D
OMA = OAM (vi tam gidc OAM cén tai O do /
¢6 OM = OA = R) = AHAM = AOAM = AM Q/
Ia tia phén giac cua goc OAH.

2. Vé ddy BD L OA = AB= AD = ABD = ACB M
Ta cé OAH = DBC (goc c6 canh tuong ng vuong goc cung nhon)
— OAH = ABC- ABD = OAH = ABC-ACB hay OAH=B-C

3. a. Theo gia thiét BAC =60° = B+ C =120°; theo trén

0 n _ A0
(5}_\-1“1:B—C:>B—A 250" = {B+C kele :{8_70

B-C=20" C =50°
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n.R*.120° 1 R
b. S\']) = SqBU(‘ _SBOC —W'_R ‘/_
2 2 2 _
=n.R R @:R.(in Bﬁ)(dvdt)
3 4 12

5. Gia sir ta ¢6 hinh v& nhu trén (cic truong hop khac chimg minh treng tu).
BB’ cit CC” & K. Do By // Cz nén dé dang ching minh dugc:

HBy + HCz = BHC (1)
B'By + C'Cz=BKC (2)
Tu (1) va (2) suy ra BHC = BKC.
Ta c6: BAC + BHC = 180"
Nén BAC + BKC =180°.
Vay K thudc duong tron ngoai tiép A ABC.
Chimg minh twong tu, BB’ cit AA’ thudc dudng tron ngoai tiép 4 ABC.
Do d6 K trung K’.

6. Goi S la dién tich tam giac. Hoe sinhjphai ching
minh S = p.r (p: nira chu vi cua|tam giac; r: ban
kinh dudng tron néi tiép tam gidc)

Mat khéc S=%c.hc,néni:_c_ o

hpad2p a+b+c:

o

a® +b% =c? = (a +h) 2<2(a? + b?) £.2¢?

<:>a+st§.c<:>a+b+cs(J§+1)c

_>_x/§—l >-2-
a+b+c 5

Viy ta c6 diéu phai chimg minh.

=

MC 2008
ME 2009
Khi d6 CME = BAC (vi cung bu véi BMC) = ACME c¢6 cec goc
khong do: Ta dtmg duong thing vudng géc véi BC tai C, cét duorg tron

ngoai tlep tam giac BCE tai F. Khi d6 BF la duong kinh cua duorg tron
ngoai tiép tam giac BCE= F la diém c dinh.

Goi M, la giao diém thir 2 cua BF va duong tron ngoai tiép tan giic
ABC. Suy ra M, la diém cb dinh

Ta ¢62008.MB + 2009.MC = 2008.MB + 2009.ME = 2008.BE < 20)8 BF
Dau bang xay ra khi va chi khiM =M_

7. Trén tia d6i cia MB 14y diém E sao cho
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1. Tir giac OBMN co 2 goc déi bu nhau (MNB = NOB = 90" ) nén noi ticp
dugce. Hai tam giac AMO va ABN co: A chung
AMO) - ABN (cting chin cung NO)

Nén dong dang AAMO ~ AABN

_ AM AO _ AM.AN = AB.AO =2R®
AR AN

Piéu nay chimg to tich s0 AM.AN khang A
phu thudc vi tri cua diém M trén cung BC.

C

.Dé cho AMNB can tai M, ta phai co:

MNB = 15" <> MOB = 45" < MAB =22°30". Vay MAB = 22"30"
. Trong tam giac vuéng OAN, ta co:

tanﬁ&:gimONz()A.tan;\:(\@—l)R - CN=0C—-ON=(2-J2)R

Khi quay quanh OA, AANC sinh ra mot hinh (X)co thé tich V bang
hi¢u cdc thé tich Vy va V, cua hai hinh non dinh A, duong cao AO va ¢o
ban kinh day theo thtr tur la OC va ON.

V, = %Tr,OC"’.AO: V, # %n.ONE.AO

5 = - :%n.Ao(oc‘ - ON) =%n.R(00+ ON).CN

1 ) i 2f ofi 6 al
=gn.R[R+R(\/§—1”.(2—\5)R=§(\ﬁ—-1)n.R3(d\-n)
Vaiy: thé tich cua hinhlgay ra boi A ANGE khi vayrquanh OA la:

\Y% =-§(J§—I)R.R3(dvtt)

9. 1. Vi AHLBC tai H nén duong tron (A) tam A ban kinh AH tiép xuc voi

BC tai H. Ta c6: BH = BD (tiép tuyén xuét phat tr B) = AB la phén giac
cua goc DAH . Tuong tu AC la phan giac cua goc HAE

= DAE = 2BAC =180° = D, A, E thang hang.

Ma D va E nam trén duong tron (A) nén DE la mét duong kinh cua (A).

BH.CH = AH?*;BH = BD;

CH=CE;AH =P-2E

= BD.CE =D—f;

Khi ABC = 60" thi tam giac vuéng ABC la nira tam giac déu canh BC = 2a,
duong cao AC. nira canh la AB.
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BCV3

2 -
AC:__Q__:aJE;AB:%E:a;AﬂzAB.ACza J§=a 5

BC 2a 2

BA® _a_""_g.CH_B_a

BH = =
BC 2a 2 2

4. Ké BI LCE. Vi BD < CE nén I nim giira C va E.

10.

BIED la mot hinh chit nhat ¢é:IE=BD=BH = g—;BI —DE=2AH =23 .

Khi quay quanh CE, hinh thang vuéng BCED gay ra mét hinh (H) gom
mot hinh nén va mét hinh tru tron xoay cé day chung, hinh nén chﬁng
lén hinh tru.

- Hinh nén cé dinh la C, duong cao CI=CE-IE =CH-BH =a, ban

kinh day 1 IB, c6 thé tich 1a: V, = %n.IB2CI - % n(av3) a.=ma’ (dvit
- Hinh try tron xoay duong cao IE, ban kinh day IB, co thé tich la:
V, = nIB2IE = n(aJﬁf 2 _Swe
N 2
3na’ 5na’
’ , - , ) . 2
1. Ta c6: MA = MP (tinh chat tiép tuyén xuat phat tir M)
= AMAO = AMPO = 0, = 0;. M
Tuong tu ta cé: W//”/J// .
63=64:>I\m:62+63=900. ' :
Mit khac, tir giac AOPM ¢o'2 'goc bu
nhau (A = P =90°) nén ndi tiep duoc ) B
Suy ra: Ay =M, (gdc ndi tiép cung chin cung OP). ‘
Cac tam giac vuéng MON va APB c6 mot géc nhon bang nhau
(A1 = M, ) nén déng dang AMON ~ AAPB. ,
AMON vudng tai O, ¢6 duong cao OP (ban kinh OP vudng goc véi tiép
tuyén MN tai ddu mut P cua ban kinh). Do dé ta ¢c6: MP.PN = OP2.
Nhung MP =AM; PN = BN. Do d6, ta c6: AM.BN = R,

(dvtt)

(dvtt)

Do d6 thé tich cua (H)1a: V =V, +Vj = m.a® +

S 2
3. Theo trén, ta c6: AMON ~ A APB. Suy ra: W) =(MN}
Tacé: AMBN=R*=>AM=-—_ -} _op
BN R
2
R 5R MN 5 S[MON} 25
—_— —_— —

=>MN=MP+PN=2R+—=2" —
2 2 AB 4 S, 16
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4. Khi cho hinh v& quay quanh AB: Hinh thang AMNB gay ra hinh non cut
duomg cao AB = 2R, bin kinh 3 ddy 1 AM = 2R vi BN =2 ¢4 thé tich
I )
V, =+ (AM? + BN? + AM.BN)2R

1

- -
[

Lol B g Blop THR (dvtt)

3 4 2 2
nua hinh tron (O) gay ra hinh cau duong kinh AB = 2R, co thé tich la:
v - 4. I{‘

(dvtt)

Do do the tich V cua hinh phai tim la:

3 3
V=V -V, = IR 4R 1--‘%-R—(d vit)

2 3

3
Viy V = 13n.R

(dvtt)

11. 1.Tac6: MN // BC = AAMN ~ AABC |
Suy ra AAMN déu. nhan AO =R [am duong cao,

AO = MI;If zMN:ﬁ.
o Rf R?I
Ta co: Siaon) = AO ON—-—R (dv dt)

2. Dién tich S cua hmh vién phan ADC bang hiéu sé cac dién tich S, va S,
cua hinh quat AOC va AAOC Nhung A ABC déu=s AOC =120"

R%/3
Do dé: S, -—-—?;nR S; 3 {AB(,) _T
2 2 2
= S[vién phén)zsl = Sg = mf: = = 4\/7 =58 = % _ff)R (dvdt).

3. Dién tich S’ cua “tam gidc cong” AND bing hiéu sb cac dién tich S; va S,
cua hinh quat AOD va AAON. Ta co:
s, -1 R%s _R*3 S,zn.Rz_R2\/§=(3n—2\/§).R2
4 6 12
Dién tich S§” cua “tam giac cong” CND bang hiéu sb cac dién tich S va S’
cua hinh vién phan ADC va tam giac cong AND.

2 2 9
§r-g_ g Un-3V) R’ @Br-2R’ _ . (x-VB)R
12 12 12
Dodotaco §—':&‘23/——§—~:>4-<£<5
" " n_\/g Sll

4o
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4. Khi quay quanh ED, tam gidc cong AND gdy ra mét hinh c6 thé tich V
bang hiéu cac thé tich V; va V; ctia nira hinh cau gay ra boi hinh quat

. , R®
AOD va hinh n6n gay ra boi AON. Ta co6: 'V, =%.§-n.R“ = 2“3 !
3
v, =1r0A2NO=1rR2. RV3 _nR°V3
27y 3 3 9
3 3 _ 3
oo, Vv, -y, 2R KR8 _ (@ ER
3 9 9
12. 1.Ta c6: COD = 180° — (AOC + BOD) = COD = 90° = CD = 90°

- CD = RJ2

2. Taco:OCLCM,OD LDM.
T gidc OCMD c¢6 3 goc vudng
(O =C=D=90") nén l2 hinh chir nhat, lai c6
2 canh lién tiép bang nhau (OC = OD = R)
nén la mot hinh vudng. Dién tich cua hinh
vuéng OCMD la: S, = R?. Dién tich hinh quat \

COD la: S, =£§i.
Suy ra dién tich S ciia phan tir gisc OCMD nim ngoai (O) la:
S=8,-S,=R?- “‘fg = (4":)R2
3 Dung CH, DK L AB; AOAC déu canh R= HC =R—;/§;OH =-2Fi

AKOD la ntra tam giac déu, canh OD, dudmg cao OK, nura canh la KD
ok =3B .kp R L uk-omsox=E, B3 _(B+1R

2 2 2 2 2
Khi quay quanh AB: Hinh thang vuéng CHKD gdy ra mdt hinh nén cut
duong cao HK, bén kinh 2 day l1a KC va KD, c6 the tich la:

2 2 2
I-1nHK.(HC? + KD? + HCKD) _1 (B+OR(3R’ R' R3
3 3 2 4 4 4
3 3

CER: 1)(42' : VamR® _(7+ 5£)"'R AOCH géy ra hinh nén dinh O,
dudng cao OH, ban kinh day HC, c6 thé tich la:

: AODK gdy ra hinh nén dinh O,

3 4 2 8
duﬁm&aao OK, ban kinh day K, c6 thé tich la:
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. Do d6 thé tich V cua hinh

ol 0 3 IS
V.= lakptok=1a B RV3 _R'J3
S &3 4 2 24

gay ra bon AOCD khi quay quanh AB la:
(7 + 5¢3)n.R’ _{' R’ n.R"\EJ _(3+DnR’

YR =t Vel =53 s 2 6

{y 3
2
13.1. Ta c6: OM L MP, OP = 2R. Ap dung
dinh ly Py-ta-go vao tam gidc vudng
MOP ta ¢o: A O H B P
PM* = OP* - OM® =3R* = PM = R3
Hodc: tam gidgc MOP vudng tai M ¢6 canh huyén OP = 2R gap 2 canh
goc vuong OM = R nén la nura tam giac déu, canh OP, duong cao PM.
= PM = 9%@ = R3 Suy ra: POM = 60";61?1:?[ =30"; AHOM vuéng
tai H, ¢o goc O =60°nén la nira tam;giac déu, canh OM, duong cao MH,
OM./3 = Ry3 ;0}{25;131-; =E.
2 2 2 2

OH la nra canh MH =

1
S(hqBoM) = € nR* = 8= FRwan L

6 6
3.a. Vay: thé tich phan AOMP:
2 3
N = l‘."[.HM?OH +*-]:-It.HM:.PH = 1 tHM? 0P = -1-n.§R—.2R = i .
3 3 3 3 4 2
Ril
V‘ s V :-__T.I._._
ay =
= 3
. Thé tich cua hinh gdy ra boi hinh quat BOM I3V, = %%m“ . 4":{

Suy ra thé tich V’ cua hinh gy ra boi phan AOMP nim ngoai (O) khi

3 3 3
quay quanh OP 1a: V' =V -V, = =2 _ 4":‘ - ":; .

n.R?
18
14. 1. Theo gia thiét M 1a trung diém ciia BC = MB = MC
= CAM =BAM (hai goc néi tiép chin hai cung bing nhau)

Vay: V'=

A+ X
o ;f. [
. §
- v ]
gl i
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= AK la tia phan giac cua goc CAB = ——=—..

(tinh chat tia phan giac cta tam giéc)
2. (HD) Theo gia thiét CD L AB

— A Ia trung diém cia CD=> CMA=DMA  A{E——4/ B
— MA la tia phén giac cua géc CMD.
3. (HD) Theo gia thiét M 1a trung diém cia BC

—OMLBCtail = OIC=90° ; CDLAB tai H D
— OHC= 90° = OIC+OHC =180° ma day la hai goc doi = tu giac
OHCI no1 tiep

4. Ké MJLAC ta c6 MJ // BC (vi cing vuong goc v6i AC). Theo trén
OML1BC
= OM L M] tai J suy ra MJ la tiép tuyén cia dudmg tron tai M

15. 1. Theo gia thiét BAC =60°
— sd BC =120° (tinh chat goc ndi tiép)
— BOC =120° (tinh chit gdc & .tdm)
* Theo trén sdBC=120" =BC
14 canh ciia mot tam giac deu no1
tiép (O; R) = BC=Ry3

2. CD la duomg kinh = DBC=90" hay
DB L BC; theo gia thiet AH la dudng
cao=>AH L BC = BD // AH. Chimg
minh twong tu ta ciing dugc AD // BH.

3. Theo trén DBC =90° = ADBC vuéng tai B ¢6 BC = R3; CD = 2R
— BD? = CD? - BC? = BD? =(2R)* - (RV3)* =4R* -3R* = kD =R.
Theo trén BD // AH; AD / BH=> BDAH la hinh binh hanh
—AH=BD = AH=R.

16. 1. AM la phan gidc cia BAC=>BAM=CAM =BM=CM=M Ila
trung diém cua cung BC =OM LBC.

2. Xét AMCI va AMAC c6 MCI = MAC (hai goc ndi tiép chax hai cung
bing nhau); M 1a géc chung.

 AMCI~AMAC = MC _ ML _ 1?2 = MIMA.

MA MC
3.(H %m =90° (ndi tiép chin nira dudng tron)
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P -90" Ky ma Ky la goce ngoai cua

. . - =~ =~ A B
tam gric AKB nén K, = A, + B, :E+_

2 Q
(tinh chat phan giac cua goc)
: (A B
-5 P -9(1“_|_4-— (1)
9 92

/

C'Q I tia phan giac cua goec ACB

<5 0 ..:.(;:__l('lso"-jhfs):sao“— o, (2).
2 2 2 2
Tu (Hva(2) =P =G hay Q?B:Qﬁi ma P va C nam cing vé mot

nua mat phang bo BQ nén cung nam trén cung chioa goc

. [A B . e —— : N
90" - = 5 dung trén BQ. Vay bon diem P, C, B, Q cung thudc mot

dudng tron.
17.1. Vi AABC can tai A nén duong kinh AA’ ctia duong tron ngoai tiép va
duong cao AH xuat phat tir dinh A tring nhau, tac la AA™ di qua H
=> AACA’ vudng tai €oo0)durong
BC
cao CH :_£:§:3(:m;
2 2
AH = 4cm = CH® = AH.AH'
sAH=2. 2 _Ngs
AH 4 4
=>AA'=AH +HA'=4+2,5=6,5(cm)

>R=AA":9=86:2 =3,25(cm)

9

. Vi AA’ va CC’ la hai duong kinh nén cat nhau tai trung diém O cua mdi
duong = ACA’C’ la hinh binh hanh. Lai c6 ACA'=90°(ndi tiép chén
nura dgt) nén suy ra tir giac ACA’C’ 1a hinh chir nhat.

. Theo gia thiét AH LBC: AK LCC’ =K va H cung nhin AC duéi mét
goc bang 90" nén cung nam trén duong tron duong kinh AC hay tir giac
ACHK noi tiép (1) = C: = H, (noi tiép cung chin cung AK); AAOC cén
tai O (vi OA = OC = R) =Cs = As = Ay =Hi = HK // AC (vi ¢6 hai
goc so le trong bang nhau) = tr giac ACHK 1a hinh thang (2). Tur (1) va
(2) suy ra tir giac ACHK la hinh thang cén.

D
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18. 1. Tam giac ABC déu A
— ABC = ACB = 60° (1%
DOE = 60° (gt) = DOB + EOC=120" (2).
ADBO c¢6 DBO=60" =BDO+BOD=12 (3).

Tir (2) va (3) = BDO = COE (4).
BD _BO 4

T (2) va (4)= ABOD ~ ACEO = o —_ 0
= BD.CE=BO.COmaOB=0C=R khong doi K,

— BD.CE =R? khong dbi.

BD BO OD
5 Theo trén => ABOD ~ ACEO = O =B = 2
R ~C0-CE OE ™ B() OE

gg (B)g (5). Lai c6 DBO = DOE = 60° (6).

Tir (5) va (6) = ADBO ~ ADOE = BDO = ODE = DO la tia phén giéc
goc BDE.

3. Theo trén DO la tia phan glac gée BDE = O céach déu DB va DE =0la
tam dudng tron tiép xtic véi'DB-va DE. Vay duong tron tam O uep Xuc
véi AB ludn tiép xic véi DE.

19. 1. Ké AH, BK L CD'=AH#BKva/AH =BK
AHKB la hinh chir nhat.

— HK=AB=2a. fr—2 Y

Hai tam gidc AHD va BKC vudng co 2

canh huyén bang nhau AD = BC va

canh goc vudng bang nhau: AH = BK

(hoac ¢6 1 goc nhon bdng nhau: _

D = C) nén béng nhau. ) . ' = .
e e

AAHD = ABKC =>DH=KC=a 4a
A AHD vudng tai H c6 D = 60° nén 1 nira tam giac déu canh AD,
Puodng cao AH, nira canh la HD = a; AD = 2HD =2a;AH = a3

Dién tich hinh thang ABCD 14 S = i‘%C—D AH = 323 (dvdt)

Viy: AD = BC =2a; AH=aV3; S(acp) = 3a\/3 (dvdt)

2. AAHC vuong tai H. Ta co:
C? = AH? + HC? = 3a? +9a’ =12a® = AC = 2aV/3
Vay AC=BD=2ay3
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3. Trong tam giac vuong AHC. ta co:
Carh huyén AC = 2AH, canh goc vuong nén AHC la nua tam giac déu

¢d canh CA, duong cao CH. Suy ra AC \CH = 30". Tuong tu: BDK = 30"

Ke Ol L CD = DI = CI = 2a ; OIC la nura tam giac déu, canh OC, dudng
ca0 CI. nua canh la 10:

- ()()\f OC_"ZCI;/_ cla:;/g;OI Za\/_

quenh CD, OCD gay ra mot mat (Z)gom 2 hmh non co6 day chung. ban

. Khi cho hinh vé quay

kina 10. ¢6 dinh la C va D, duomg cao CI va DI, duong sinh
('O va DO.Dién tich xung quanh cua (Z)la:

2aJ3 4a3 ~ 16na°
G

S = n.10.0D + n.01L.DO = 2n.10.0C = 2n. 3 -3

. Thé tich cua (Z):

V - l 10%.CI ﬁLil—grt.IO2 1= ‘ln,IOE‘CD o= %1{

2a/3 T 16ma’
3 g =

= © ) 9
i 8
Vir: V= 16ma
9
20. 1. 7a cé: AE—?f;—O ‘f{ Hohn.
Apdung dinh ly Py-ta-go vaotam glac vuong OCE, ta co:
CE® - 0C + OE: = R 10R oy BV10
9 9 3
2. Cac tam giac MCD va OCE vuong goc va co
goc C chung nén dong dang: Al _E B
AMCD ~ AOCE: 10
_MC_MD_CD_ MC_MD__ 2R _3J10
0C OE CE R R R@ 5 5
3 3
- MC = BR;/I— MD =_-R‘/_ KéMHLCD
— MH.CD = MC.MD= MH - M(é'gm . 35R Tir gidc MEOD c6 2 gbe

dé: M va O cung vudng, bu nhau (ﬁ =0 = 900') nén ndi tiép duoc trong
duong tron duong kinh DE, tam la trung diém I cua DE va c6 ban
wirh: g < DE _CE _ RV10

2 2 6
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Ta co:
3R* R* 18R’
S(MEOD] = S(AMCD) = S(OCE) = MC MD -— OC OE = 3-alae aes —u
; 13R?
Vay: Sygon) = 30

4. Khi quay quanh CD, AECD gy ra hinh gom 2 hinh nén dinh C va D ¢6
duong cao CO, va DO, c6 chung day ban kinh OE=> (Z) c6 thé tich
: 1 q 1 R 2aR® . 2nR®
:V==m. CD==—n.—.2R= . Vay: V= ;
la: v BnOE CD 3 5 57 ay 5
21. 1. Xét hai tam giac BCD va ABD ¢6 CBD = BAD (vi la goc ndi tiép va
gbc giira tiép tuyén véi mot diy cung chan mét cung), lai c6 D chung

5 ABOD ~ADCB = == = £2 < 8D - ADCD. A
AD _BD

2. Theo gia thiét tam gidc ABC cén tai A
= ABC = ACB = ERC=DCB ma
CBD =BCD (goc gitra tiép tuyén|vai
mot diay cung chin mot (Ucung)
— EBD = DCE = B va C nhin'DEdudi
cung mdt goc do d6 B va C cung nam
trén cung tron dung‘trén DE -1t giac
BCDE nai tiép.

3. Tir giac BCDE néi tiép = BCE = BDE (n6i tiép ciing chin cung BE) ma
BCE =CBD (theo trén) = CBD =BDE ma day Ia hai goc so le trong
nén suy ra BC // DE.

22.1- (HS tu lam)

2. (HD) Dé thay E 1a truc tim cua tam gidc NAB
= NE L AB.

3. Theo gia thiét A va N dbi ximg nhau qua M
nén M la trung diém ciia AN; F va E di ximng
nhau qua M nén M la trung diém cua EF
=> AENF la hinh binh hanh=> FA // NE ma
NELAB = FALAB tai A = FA la tiép
tuyén cua (O) tai A.

4. Theo trén tir gidc AENF la hinh binh hanh
= FN // AE hay FN//AC ma AC LBN=FN L BN tai N.

ABAN c6 BM la dudmg cao dong thoi 1a duong trung tuyén (do M la
trung diém ctia AN) nén BAN cén tai B=> BA = BN = BN la ban kinh
cua dudmg tron (B; BA) = FN la tiép tuyén tai N cua (B; BA).

232

Tron Bo SGK: https://bookgiaokhoa.com



23

(]

24.

2

Download Ebook Tai: https://downloadsachmienphi.com

I. Theo gia thiét AB va AC la hai tiép tuyén cua duong tron tam O
-> OA la tia phén giac cua goc BOC

> BOA=COA(l); OBLAB (AB la
tiép tyén): CH L AB (gt)

-50B / CH = BOA =CDO (2)

Tir (1) va(2) = CODcan tai C
=C0)=CD. (3)

Theo trén ta ¢cé CO = CD ma CO = BO (= R) = CD = BO (4) lai ¢
OB // CH hay OB // CD (5). Tir (4) va (5) =BOCD la hinh binh hanh
(6) . Tr (6) va (3) = BOCD la hinh thoi.

M la trung diém cua CE=OM L CE (quan hé duong kinh va day cung)
= OMH =90°, theo trén ta ciing c6 OBH =90°; BHM = 90° = tir giac
OBHM 12 hinh chit nhat = I la trung diém cua OH.

M la trung diém cua CE; KE va KC la hai tiép tuyén=>0, M, K thang

hang. A __E
1. (HS tu lam) A

X¢ét hai tam giac ADE va CDB ta-¢co

EAD = BCD (vi so le trong) K 0 X

AD = CD (gt); ADE = CDB (di dinh)
— AADE= ACDB = AE=CB (1).. \, !
Theo trén AE // CB (2). Tu (I) va (2) B H C 5
= AECB Ia hinh binhthanh.

I 1a trung diém cua CF =.01.LCF_(quan-hé. duong kinh va day cung).
Theo trén AECB 1a hinh binh hinh=AB // EC= Ol L AB tai K,

= ABKG vudng tai K. Ta ciing c6 ABHA vuéng tai H

- BGK = ml(cimg phu vc’ri/i-.BT{) ma BAH = BAC (do AABC can
nén AH 1a phan giac) = BAC = 2BGO.

. 1. Ap dung dinh ly Py-ta-go vao cdc tam gidc vuong IAD va IBC

Ta co: IA® + ID? = AD?; IB? + IC? = BC? C
= 1A® + IB? + IC? + ID? = AD? + BC?
Trong dudmg tron, duong kinh 1a truc ddi xung.

Do do: A
CD 1 AB =BC =BD !
- JA® + [B? + IC? + ID* = AD? + BD? = AB® :
— 1A? + [B2 + IC? + ID? = 4R?. D

Vay: khi cho duong kinh AB quay quanh O va day CD vuéng goc voi
AB tai mot diém I nao do, 1A% + IB? + IC* + ID* = 4R?: khong doi
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(8]

Goi H la giao diém cua BC va IM. Ta chimg minh BHI = 90"
ATAD vuong tai I, IM la trung diém = IM = MD = MA
= AMID cén tai M = D, = I;. Nhung: Dy =B\ (géc ndi tiép cing chén
cung AC) val, + I =90° = B, + I =90° = BHI = 90"
Vay: trung tuyén IM cua tam gidac IAD vuéng géc véi BC.
5, VOl g = Py, S8

3 3 3
a. AIOC vudng tail, ta co:

2 2

IC? =0C? O =R - 1; %:>10=M.
Do d6 ta co:

AC? =1A? +IC? = RV3

:AC=AD:~2—3——

4R® 8R’ _12R’
5=

2 2
BC? = 4R? - AC? = 4R? — l? " 249R — BC-pD<2RV6

(clirg c6 thé

tinh BC bing cach van dung dinh ly Py-ta-go vao tam giac vudag IBC).
Chu vi cua tir giac ACBD la;

2p=2(AC+BC)=2[2R3‘/§+2R3‘/EJ gp_“_fif_(f +1)

b. Khi quay quanh AB, AABC géy nén 2 hinh nén cé chung day sam kinh
IC va c6 dinh 1a A va B, duong cao Al va BI, duong sinh 1a AC va BC.
Hinh do ABC gay nén:

Co dién tich xung quanh la:
S =nIC.AC+nIC.BC =n.IC(AC+ BC)

. 2R~/§(2RJ§+2R\/§J: 4R2\/€(J§+1).n

3 2 3 9
Thé tich 1a:
2 3
v=lrictar+iriczBr-Lriczap =1 B8R op _ 167R
3 3 3 3 9 27
2 3
Véay: S= 4R ‘/6 (\/5+ 1);V = 16xR
9 27
26. 1. ACAB vuong tai C, duong cao CH. C
Do do ta co:
CH? =HAHB=ub =500 =Jab e Al LY
Tu giac HMCN c6 3 goc vudng nén la hinh N\N
chit nhat. Suy ra: MN = CH = Jab
A E I B
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AC* = AH.AB=a(a+b)= AC= Ja(a+b)

(‘ac tam giac ABC. AHM. HBN, NMC vudng ¢6 mdt géc nhon bang

. <P AH 2
nhau nén dong dang. Ta co: f'\”'\” :( ) S (1)
Siase) \AB (a+b)
SN HBY b* ‘ ‘S[.\INI'] NM Y’ ab
E“:[m] ) 72— =aB) ~ 7 (3)
Al Wy (a+ b) (ABC) (a + b)
S ; B
3 Tu(l)va(3)taco: o e, TH (3) va (2), ta co: il
S(xe) Shex) P
. Samy)  SNMC) a gia o . : i
Do d6 ta c6: ———— = ——— Vay: dién tich AMNC la trung binh nhan
(NMC) (BN

cua hinh gay ra boi hinh thang vuong EMNI, AHME va AHNI
4 Khi quay quanh AB. v&i E vatachan duong vuong goéc ha tr M va N

dén AB. Ta c6: Vy =< =EI(EM! EIN* + EMIN)

V, = %n.HE.EM2;V3, =%H-HI-IN2 = V=V, -(V,+V)

Hoc sinh tu giai tiép.
2.1. Ké DH L AB. Tam giac vuong HDB ¢6 B =30 nén la nira tam gidc
déu canh BD. duong cao BH, DH la ntra canh

BDV3 :a‘/g;[)H:_BE:E
2 2 2 2

a’\/3
4

BH =

[aco: S cpp =Sacn + Spap =

_a2ﬁ+z_1i_(\/§+l)a2 W3+Da? \ E
T4 4 4 s D
2 Taco: CBD = CBA = ABD =90": BDE = DBA = 30° (so le trong)

= ABDEla nira tam gidc déu canh DE, duong cao BD = a, BE la nua

+ZABDH A

. Vay: S cpp =

canh BD:BEJﬁ:BE: 333 :>CE:a+a‘3[§ :(3+;)/§)a
2
Tacd: Sycg :%CE-AA'=%(3 +f)a'a\2/§ = Sick =.(\[§;1)a
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Ta c6: S,z =S,cpp. Do d6 tam giac ACE va tr gidc ACBD twrong
duong nhau.Ta c6 thé nhan dugc diéu nay ma khong can tinh disn tich
cua tam giac ACE va tu giac ACBD.That vay, ta co:

Sace =Sacs +Seas’ Sacep =Saca + Spas
Nhung ta lai c6: S, =Spas = Sace =Sacap- (dpecm)

4. Khi quay quanh AB, A ABD géy ra hai hinh nén dinh A va B duong cao

28.

29.

AH va BH c¢6 chung day 1a duong tron ban kinh HD, c6 thé tich tteo thir
tr 1a: V, = %n.HDz AH; V, :%n.HDz.BH

2 A 3
1 a na’ n na

V=V, +V, :%n.HDQ.AB:§n.Ta -2 vay v-22

1. AC = R=> AC chén cung 60° = B = 30°

A ABC vuéng tai C (AB = 2R) = A = 60"
TacoCA=AD=A0=R= DO/2

ACDO c6 CA la trung tuyén bang nira
canh déi nén la tam gidc vuong tai C. Suy
ra. DCLOC. Do dé6 DC tiép xicl voi
dudng tron (O) tai C.

Taco Iﬁ=% sd@:lﬁ=30°; AM la phan giac cua goc A=CAM=9".

Do dé: CAM = DCA"."Hai goc’CAM va DCA biang nhau & vi tr so le
trong nén AM va DC song song. AM.// DC ma OC L DC=0C L /M
Khi quay quanh AB, cac tam giac vuéng HBC va OHC gay ra ca: hinh
non dinh B va dinh O, c6 chung day la hinh tron tam H, ban kinh HC,
dudng cao BH va OH, c6 thé tich theo thir tu 1a V; va V.

Thé tich V cta hinh gy ra bai BOC quay quanh AB.

V=l =¥, -_-%n.HCz.BH —%n.HCg.OH

- ~mHC* (BH - OH) - ~mHC"BO

3
o W R‘f R:ﬂ(d vit)
3| 2
1. Ta c6: BPC = BQC =90 (goc nodi tiép
chén nira duong tron) . Q
A ABC déu, CP L AB.
= P Ia trung diém ciia AB. \ o
Tuong ty: Q 13 trung diém ctia AB. B KoH ¥
Suy ra: PQ //BC = BP = CQ.
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Do do tr giac BPQC la mot hinh thang can.
.y ; 3 a
lach; BP=0UQ = >

“

(]

5%

(‘hu vi cua hinh thang BPQC la:2p=BC+PQ+BP+QC=a +% +a= :

i BC + PC
Dicn tich hinh thang BPQC la: S = BO+ T8 g

2
245 alf 323
av3 Ty 3 4°«3
Vi P[\usc\am\_m s L, SO 1. _da
7 4 2 4 16
Viige G Da S:.Sa“\fg.
s 16

a. Khi quay quanh BC, hinh thang can BPQC gay ra:
- Hinh tru tron xoay dLr(mg cao KH. Hai hinh non bang nhau dinh B va

C, duong cao BK =CH= 1 . Ban kinh day R = § Thé tich V phai tim la:

V = nPK?2 KH+2§nPK BK(= n[a{J [%33} “g

R\
Thé tich V* cua hinh cAu gay ra boinitra hinh tron (O), ban kinh OB = %

& Y gy vV 3
khi h BC 13 V'_—~ -] =—.Suyra: H=—.
i quay quan a: 2 . [2) = uy 3=
30. 1. Tam giac DOC vuong tai D. duong cao DH. Ta co:
CD? =0C? -OD? =9R? —-R? =8R* = CD =2RV2

BH O DODC SN = R.2RV2 2R\2

oC 3R~ 3
2 2
CH.CO=CD? > CH = 0D —SE—FR
CO 3R 3
OH =0C-CH = 3R~8_;{-=§._

5 Tacé: CACB = 4R.2R =8R?: CH.CO = 8? 3R = 8R?

Do d6 CA.CB = CH.CO. H¢ thirc nay khong thay doi khi ta lay diém C
tuy y trén tia doi cua tia BA.

Thitvay, taed: ACAD ~ACDE =53 -4

< CD?*=CD.CB (1)
~CD

Mit khéc, ta c6: CD* =CH.CO (2)
Tir (1) va (2), ta c6: CA.CB = CH.CO
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3. Khi cho hinh v& quay quanh AC, ta co6:
a. Tam giac CDH géy ra hinh nén dinh C, duong cao CH, ban kinh cuong
tron day la HD, duong sinh 1a CD.Do d6 dién tich xung quanh cuz hinh
2
non la:S,, =t HD.CD =x. 233‘/5 AR5 2
b. Tam giac CDO gay ra hai hinh non theo thir tu ¢6 dinh la C va O, ¢uong
cao CH va DH, ban kinh duong tron day chung 1a HD.
Do 46 ta co:

v=lHD?.CH+ xHD?OH =L rHD2.CO=1n QR Yo
3 3 3 3" 3 9

1 1 ( 2RV2 T 3R’

31. 1. Ta co: IO'=%+r=IO" = AI0’0” can tai I. Ma O la trung diém

00" =501 1L.O0"
Viy Ol L AB.
2. Puéng tron (1) tiép xuc vai (O) tai C.
Suyra OI=R -r ‘
AOIO’ vudng tai O, ta c6: O =I0"*+- 00"

P

2 2
2 (R R
< (R-1) =[E+r) _(EJ A0 0 0 B
2 2
<:>R2+r2—2Rr=5-—+Rr+r2—E~<:>r=—1-{—.
4 4 3
3. Dién tich cuia cac nira hinh tron (0), (0}).va (O7) la:
2 2 2
Sl=£I-{—;Sz=Sa=—1—n[E) =R~
2 2 12 8
2 2
Dién tich ciia hinh tron (1):3,:::(%) =%.
Suy ra dién tich cua hinh (Z)Ia:
R®* (nR?* nR?)| 5nR? 5nR*
S=8, —(S, +S; +8,) =——- = Viy S=
‘(2+3+“)2[4+9] 36 0 36

4. Khi quay quanh AE, cac nura hinh tron (O), (O’), (O) va hinh tron (I)
gdy ra cac hinh cau c6 theé tich theo thir tu la:
3 3 3 3
vV, =i1r'c.Rﬁ;V2 =V, =il-1t.-R— = ﬂ; . = inﬁ-— = gk
3 3 8 6 3 27 81
Do d6 thé tich ctia minh gdy ra bai () la:
77nR?
81

V_=VI=¢(V2 +V,+V,)=
o =

38"
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$2. 1 Ta co: MOA = 2MBA

Nhung MEO = MOA . Suy ra: MEO = 2MBA

Ké MH LED.Ta cé: MBA =15

— MEO = 30" Tam giac MEO vuong tai M (ME L MO) co E = 30"nén
la nira tam giac déu co canh la EO. duong cao EM, nua canh la MO = R.
Suy ra: ME= RV3,EO =2R. AHEM la nira tam giac déu, ¢6 canh la
EM = RV3, duong cao EH.

Ta 68 M=ok RI,hH:EM\E:m{
7 2 5 2

Khi cho hinh vé quay quanh ED, tir giac EMAD gay ra 3 hinh sau:
Hinh nén dinh E. duong cao EH. duong sinh EM, ban kinh day HM, co

2
dién tich xung quanh va thé tich la:S, = n.R—\{-Zg—RJI; = 3an
- 3
V = LrHM2EH =2n Rv3) 3R_3nR°.
3 2 2 2 8

Hinh non cut dudng cao HO, duong sinh MA, ban kinh day la HM va
OA, ¢6 dién tich xung quanh va thé-tich la:

S, :n(HM+OA).MA=n{RT\/§+R)_L6'§@ A
@+ V36 - VDR (J6 + V2R’ i i
1 i

v, :-};n.HO(HM‘z +OA? + HMOA)
1 R(sR2 " R?Jﬁ} _ (7+2V3)7R?
4 N :

== — +R" +

2 2 24
Hinh n6n dinh D, duong cao HDO, dudng sinh DA, ban kinh day OA, co
dién tich xung quanh va theé tich la:

3

S, =m.OADA = nRRV2 = nR*2;V, = —n OA%2DO= “5
Do d6 dién tich bé mat xung quanh va the tich cua hinh gdy ra boi tir giac
EMAD khi quay quanh ED la: S=8, +8S, + S,

5 3nR? +(v"€+\/§)nR2 TRV = S = (6 + V6 +52)nR?
4 4

~

2
V=V, + VL +V,
3 3 3 3
V= 3nR (7+2J')nR TR :V:(12+J§)nR
.8 24 3 12
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33. 1. AOD la goc ngoai cia AAOC. Taco: AOD = A, + ACD
Nhung R: = fia (AOAB can tai O)
Bila goc ngoai cua AOBC
= B, = BOC + BCO = 2ACD (A OBC can).
Do d6: AOD =3ACD ‘

2. Cdch 1: Néu AB = R thi AOAB déu.
— A; =B; =60° = C =30°
— AOD =90° = A la trung diém cung ED.

Cdch 2: AB=R=0B= % = AOAC vudng tai O = AOD = 90°

Pao lai: Néu AOD =90°thi AB =R.
Thét viy: AOD =90° = A OAC vudng tai O;
ABOC cén tai B (OB = BC=R)
=C=0,.Ta lai co:
é+.§1 =62 +61 =900 ‘—'>gl =61
= AOAB déu = AB =R.
3. KéBH.LCD.

Thr giac OABH quay quanh €D-ay ra hinh non cut tron xoay, duong cao
OH, day la cac dudng tron (O, OA) va (H, HB) c6 thé tich la:

V, = %nOH (0A* +HB* + OA HB)
2 D2 3
1 Rf[RMR R )___7nR v3

5™ +AOBH quay quanh CD gay ra
hinh nén dinh O, duong cao OH, day la duong tron (H, HB) c6 thé tich

2 3
4V, = Lrup?on <1y B RY3 7R3
2 3 ~—B 24

Thé tich V ctia hinh gay ra boi A OAB khi quay quanh CD la:

2 4 2 24

3 3 3 3
Vv, _y,-T& V3 =R°J3 1R ‘/E.vay v TR3
24 24 4 4
34. 1. Tam giac AHD vudng tai H, B, A
c6 D=60"nén la nira tam gidc
déu c6 canh la AD, dudng cao " E
AH va nira canh 1a HD. 7 2 ol %
Do dé: K -
AH-ADYS L ap_2AH 2a_2a3 . AD_a/3
8 V3 V3 38 2 3

: },Bigu CD = ABKC vudng cén tai K. Do d6: BC = BKV2 = ay2

i
grn (Phedd/
- 41
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l)’. -_ -
CK = BK =a. Vay: AD - H—d;g—fﬁ:ﬂ(f' - av2
' av. R
r]“ilt(-]: CD=CK + KH + HD a + a4 l?{-{ _ (6 + r;/g)a
= A
) a+(6+3)>
Dién tich cua hinh thang ABCD 1a:S - ﬁ%g,m e
A\a 2
VE}}" S = @:_\G/Si (dVd[)

2. Goi ] la trung diém ctia AD. Suy ra I la tim duong tron (I) duong kinh
. : " s AD aV3
AD. Puong tron (I) nay di qua H, ban kinh R = F R
Dién tich S cia phan chung cua hinh tron (I) va hinh thang ABCD gom
2 phan: Dién tich S, cua tam giac vuong AHD:
S, = L Anpp=Lta a8 2’3
2 2 3 6
Di¢n tich S; cua vién phan tao boiddy AH va cung AH:

S2 - Squc_lt IAH-T S_\IAH :

2 'y
mR%0? r.a?

360° 9
Tam gidc ATH la tam gide' can dinh 1) ¢6 diéh tich'bang hiéu dién tich cua
tam giic vuong AHD va tam giac déu HID.

. azﬁ_(a\féy 3 =a2\/§_agx/§ N a’J3

Sian = Sanp ~Syp = 6 9 4 6 12 12

na® a’J3 - (41— 3/3)a’
9 12 36 ‘
Do do dién tich S, phai tim la:
g - a®\3 : (4n—3\/§)a3 _(4n+ 3V3)a”
1 6 36 36

3. Thé tich V cua hinh sinh ra bai ADH khi cho hinh vé& quay quanh AD.
Khi ADH quay quanh AD , hinh taothanh la hai hinh nén chung day , co
ban kinh HE , hinh non thit nhat ¢6 duong cao AE va hinh non thir hai

¢6 duomg cao ED . Tacod HD = a_;/_g

Taco: AIH=2ADH=120° = S__ 1.y =

=8, =

Nén HE = HD.sin60 =iﬁ\/3:2.v£1 ED:a@l:a‘/ﬁ; TN s
_ 3 2 2 3 2 6 2
(5oi thé tich hinh non tha nhat 1a V, .
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2 3
Taco V, = %n.HEE.AE %R[%] a‘f - “a2f (dvtt).

Goi thé tich hinh nén thir hai 1a V».

2 3
Tacé V, = —lérc.HEz.DE =%n(%) "“‘f = “a7f (dvtt).
na’y/3
Suyra V=V, +V, = T (dvtt) .

1. Ta c6: BAP = PAC (AP la phan
giée cia goc BAC)<> BP = PC &P
la diém giira cua cung BC.

& MITLBC(M la tdm duong tron
(0)). Ma AH L BC. Do d6 MP // AH.

 Tacé: AMAP cintai M (MA = MP, ban kinh) <> MAP = MPA

Nhung MPA = PAS (so le trong). Do do: MAP = MPA = PAS
Theo trén, ta c6: MAP = PAS .Suy ra: AD la phan giac cua goc MAH,
goc hop bai dudng cao AH va trung tuyén AM xuat phat tir dinh goc vuong.
Khi quay quanh BC, ABH vuong-tai|H, gay ra hinh non tron xoay dinh
B, duong cao BH, day 1a hinh tron-ban kinh HA, c6 the tich la:

v =%nHA"".BH . AABC vudng tai A, c6 B=30", nén la nira tam gidc

déu canh BC = 2a, duong cao AB=2a\3. ABAS déu, duong cao

ABJ3 3a a3

BH = = —2-;HA — =>V-(hec-sinh-tu tinh).

a. Tacé: BE=EC=12.;AB=AC=16,CF=CE=12,
Do dé AF = AC —CF=16-12 = 4. D& thdy OECF la tir gidc ndi ticp. dé
chimg to BF la tiép tuyén cua duong tron ngoai tiép tir giac do, ta sé
chimg minh : BF? = BEBC. Ta cé: BEBC =12.24 =288. (1)
Pé tinh BF?, ta ké FH L BC nhim tao ra tam giac vuéng BFH.
Taco FH/ AE»>SH -CF _3 _cn-3cE-9.

CE CA 4 4
Suy ra BH=BC-HC=24-9=15.
Ta c6 BF? —BH? = FH? =CF? -CH? =BF®-15"=12"-9° = BF* =288,
(2) . T (1) va (2) suy ra BF? =BE.BC. Tir d6 chimg minh dugc BF 1a
tiép tuyén cua dudng tron ngoai tiép tam giac ECF, tirc la duong tron
ngoai tiép tir giac OECF.

b. Tir cAu a suy ra OFM = OCF = OCB,ma OFM = OMF nén OCB = OMF,

Suy ra BMOC la tir gidc ndi tiép.
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a. Goi N la giao diém cua AF véi duong tron (O). Ta ¢o ()T/\ — I:I nén
O°F // ON. Ban doc tu giai tiép.
PDat B=a. Taco: CAD =180" —« . TAD = TAC = 90" —g

Tam gidc BEF can nén E, = Fy = 90" —3— Do do TAD =1AC = E, = F,

Ta lai ¢c6 EAF=F,(cung co s0 do bang nua s6 do cung EF) nén

[AD - EAF. Ciing trir di IAF duoe DAF = [AE. o
. A i i & TN

Do [AC = E; nén TACE la tir giac noi tiép, suy X/
e e " N

ra IAEK =1CE. Két hop vai két qua cua cau a

phan giac cua goc DCB. Tuong tu DI la tia .
phan giac cua goc CDB. Vay | la tam cua

dwong tron noi ticp ABCD. N

va cau b suy ra ICE :%[_)HEB. do do CT Ia tia

. a. Dé chung minh D) = Dava DA EMN=mén AAMN tai A.

Ta ¢6 INM = IDB (do MN // BC);|IDB/ b BAE (do ABDE la tir gidc
noi tiép), BAE = MAI nén INM bii-MAL Vay AMNI la tir gidc ni tiép.
Goi Ix la tia déi cua tia ID. Do AMNI la tr gidc
ndi tiép nén T, = AMN. Do’ AVINT fi ti giad ndi
tiép va AMN can nén: Js.~ ANM = AMN. Suy
ra I =1; ADMI ¢6 DA-la-dudng-phan-gidc
trong, IA la duomg phan gidc ngoai nén MA la
duomg phan gidc ngoar, tiuc la MA la tia phan
giac cua goc FMI.

Truomg hop CD // OO, dé chirng minh
Gia st CD cat 00" tai I (hinh bén).
Goi E. F la giao diém cua IA vai (0), .
(0’). Taco: IAIE=IC*=I0IH. Ta
chimg minh dugec AEOH la tr giac ndi
tiép nén AHK =E = OAE. (1). Chimg
minh tuong tu AFKO’ la tir giac noi
tiép nén AKH = AFO'=0'AF  (2).

Ta lai c6 OAO' =180" — OAE - O' AF. (3)
HAK =180" - AHK - AKH. (4)

Tir (1), (2). (3). (4) suy ra OAO' = HAK.
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40. 1;2.(HS tu lam)
3. Theo chimg minh trén DNHP ndi tiép = N2 =Ds (ndi tiép cing chin
cung HP); AHDC c6 HDC=90"(do AH la duong cao), A HDP c¢
HPD =90° (do DP L HC) A
— G, = D4 (ciing phu véi DHC)
= Ci =Nz (1)
Chimg minh tuong tu ta co By = P1 (2).
Tir (1) va (2) = AHNP ~AHCB. ﬁ

4. Theo chimg minh trén DNMB ngi ticp B C
— N = D\ (ndi tiép cing chin cung BM).(3)

DM // CF (ciing vuéng géc véi AB) = C, = D1 (hai géc dong vi).(4)
Theo chimg minh trén G, = N2 (5). T (3), (4), (5) = N1 =N2 ma B, N,
H thing hang = M, N, P théang hang. (6)

Chimng minh tuong ty ta cting c6 N, P, Q thing hang . (7)

Tu (6), (7) = bdn diem M, N, P;-Q thang hiang

41. 1. (HS tw lam)

2. Theo tinh chét hai tiép tuyén cat nhau ta c6 IB = 1A, IA =IC. AABC ¢6
Al = BC. A ABC vudng tai A hay BAC =90°.

3. Theo tinh chét haitiép tuyén
cit nhau ta c6 1O la tia phan
giac BIA; IO’ 1a tia'phén giéc
géc CIA ma hai gée-BlA-va
CIA 1a hai goc ké bu
=10 110’ = 010" =90°

4. Theo trén ta c6 OIO' vudng
tai I ¢6 IA 1a dudng cao (do
Al la tiép tuyén chung nén
Al 1 00"
= IA?=A0.A0'=9.4=36 =>1A=6
=>BC=2.1A=2.6=12(cm)

42. 1. (hs tu lam)

2. Theo tinh chét hai tiép tuyén cat nhau ta c6 MA = MB
— AMARB cén tai M. Lai ¢6 ME la tia phan gidc=>ME L AB ()).
Chimg minh tuong tu ta ciing c6 MF L AC (2).
Theo tinh chat hai tlép tuyén cit nhau ta ciing ¢c6 MO va MO' h tia phén
giac cugg]gal goc ké bu BMA va CMA = MO L MO' (3).
Iu'{l)f ;) va (3) suy ra tir gid<c MEAF la hinh chit nhat
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. Theo gia thiét AM la tiép tuyén chung cta hai dudng tron

=>MA 1L OO0 = AMAO vuong tai A ¢c6 AE L MO (theo trén ME L AB)

>MA* = ME.MO (4).
Tuong tu ta ¢6 tam giac vudong MAQO' co:
AF 1 MO' = MA® = MF.MO' (5)

Tu (4) va (5) >MEMO = MF. MO'

4. Puong tron duong kinh BC ¢6 tam la M vi theo trén

43.

44.

45.

%?-;' ‘

MB == MC = MA, duong tron nay di qua A va ¢6 MA la ban kinh. Theo
trén OO' L MA tai A = OO' la tiép tuyén tai A cua dudng tron duong
kinh BC.

. Goi T 1a trung diém cua OO' ta ¢6 IM la dudmg trung binh cta hinh thang

BCO'O = IMIBC tai M (*) .Ta ciing chimg minh dugc OMO' vuong
nén M thudc duong tron duong kinh OO

= IM la béan kinh dufmg, tron duﬁmg kinh OO' (**)
Tl (*) va (**)=> BC la tiép tuyén etia-duong tron duong kinh 00",

a. AADD' =AABB’ (c. e ¢) nén-chimg B
minh duoc: DD’ BB’; BID =90% nén | A ™\
thudc duong tron ngoai tiép hinh vudng g
ABCD.

D' \

B'ID' =90"nén | thudc dudong tron *
ngoai tiép hinh vuong AB’C’D’. \
Suy ra tir cdu a.

Ta c6 EAF =ECF (cting bu véi BAD).
Cac dinh A va C lai ¢ hai phia cua EF. D€ B
“lat phai” nham su dung dicu ki¢n hai géc
bang nhau, ta vé K doi xing vadi A qua EF.
Ta ¢6 EKF =EAF (d6i ximg) suy ra
EKF = ECF =ECKF la tr giac néi tiép
= C, =E:. Ta lai c6 E =Ez(dbi ximg),
E2 =DAK, suy ra C; = DAK = ADKC la
tir gidc ndi tiép = K € (0).

Vay EF la duong trung truc cua diy AK, suy ra E, O, F thing hang.
Gia sir B> C. ké FH L BC. Goi K 1a diém dbi ximg véi B qua H thi:
BH < HD va FKB = B
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T gidc DEFK c6 FKB = DEF (bang B) nén
la tir gidc ndi tiép. Nhu vay duong tron (I) ndi
tiep A ABC c6 hai diém chung phén biét K, D
véi BC, vo ly.Vay, khong thé B > 6, tuong tu
khong thé B <C, do 46 B=C. Chimg minh
tuong tu B=A.Vay ABC la tam gidc déu.

46. a. Do tinh déi xtimg qua OO’ nén MNOO’

b. Niam diém cung thudc duong tron c6 duong kinh O’ M.

¢. Nam diém cung thuoc duong tron c6 dudong kinh OM.

d. Do tinh dbi ximg nén O'HD = O'HF. A
Do cau b tacé O'HB = O'HF.
Vay O'HD=0'HB.

Suy ra H, D, B thang hang.

e. Do tinh d6i ximg CHN = EHM.
Do cau ¢ ta co EHM = AHM.
Suy ra CHN = AHM.

Dé dang thing minh A, H. C thing hang.

47. Ké cac day CC’, DD}y ;song/songvoi AB,:
Do tinh d6i xting nén C’, B, D’ thang hang.
Tacé Ny =Dy =FC'D’
— NFBC’ 1a tir giac ndi tiép.
— N2 = BFC' (1). /
Talaicé BEC'=C'CE=M.  (2).
Tur (1), (2) suy ra Nz =M = CC'N =C'CM = C'N dbi ximg véi CM qua
duong trung truc cua CC’ = N doi ximg véi M qua dudng trung tryuc cua
CC’ = AN =BM.

48. a. AEBD ~ AEAC (g.g) nén ti so céc

dudng trung tuyén tuong {mg bing ti s6

EG BD .
dong d — == (1).
ong dang, suy ra TH - AC (1). Hai

tam giac trén dong dang con suy ra
HEC =GED,do d6 tia phan giac cua
goc BED ciing la tia phan giac cua goc
GEH. .-

.= L

%’h,‘?
Fy™
‘t 3""*
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S (). T (hva )

b. AGEH co duong phan gidac El chia GH theo ti s0.
: T .« BD .. : :
suy ra | chia doan thang GH theo ti s0 Tk Chirng minh tuong tu, tia

, ~ . 2 B . o
phin giac cua goc BED cung chia doan thang GH theo ti so AC tre la

ctng di qua diém I ‘
49. Goi E, F. G, H, M. N theo thu tur la trung diém cua AB, BC, CD, DA,

AC, BD. V& duong tron ngoai tiép cac tam giac EMF va MHG, ching

cat nhau o K.

Ta s¢ chung minh ring EHNK,

FGNK la cac tr giac noi tiép.

Ta co:

EKM = EFM = A,

MEKH = MGH = A,

Suyl‘ﬂ E!K-M+MTH=;\| +;‘;u:1&.

Tic la EKH = A. (1).
Ta lai ¢o ENH = A (2)

Tu (1) va (2) suy ra EKH = Eﬁﬁ do-do EHNK la tir giac no1 tiép. Viy
duong tron ngoai tiép A EHN di qua K.
50. a. Goi E, F theo thir tu la trung diem cua AB, AC.
Ta co:
IE :éAB - MF:EM =%AC —FK

[EM = MFK,

Nén AIEM ~ AMFK (c.g.c)suy ra MI = MK.
b. Ta sé& chimg minh [HK = IMK.

Pit BAI=CAK =a.

Ta ¢6 BHI=BAl=0,CHK =CAK =0 nén IHK =180° —2a (1). Xét

AIEM ¢6 E, =2anén 180° —2a =Bz + M, +1;. Ta lai ¢6 Eo =1\712(SO le

trong. AB // MF), I, = Ms..

(do AIEM = AMFK) nén 180° - 2a = Mz + M; + M3 = IMK (2).

Tir (1), (2) suy ra IHK = IMK. Do d6 I, H, M K thudc ciing mét duong
tron.
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7. Mot s6 dé thi hoc sinh giéi va dé tw luyén

Déso 1
Ky thi chon hoc sinh gidi tinh Thira Thién Hué 2004 — 2005
Bai I: 1. Giai phuong trinh: JVx +1-2¢x + JVx +9-6x =2
2. Chimg minh ring néu a, b ¢ la cac s khong am va b la sb trung binh
il 2

congcuaavacthltaco\/_ J_ = J—zﬁ:
c +Je++a

X +3x+5

Bai 2: 1. Tim gié tri 16n nhat va gia tri nho nhét cia y = — 1
x* +
2. Tim nghiém nguyén cua phuong trinh: x* + 2y* + 3xy —2x - 4y+3=0
Bai 3: Cho duong tron tim O, ban kinh R, hai dudng kinh AB va CJ vudng
goc voi nhau. E la diém bét ki trén cung AD. Noi EC cit OA tzi M, ndi
EB cit OD tai N.
1. Chimg minh s tich %.%E la mot-ing s. Suy ra gii tri nho

ON

DN

2. Goi GH la day cung c6 dinh ciia duomg tron tdm O ban kinh R dé cho
va GH khong phai la duong kinh. K la diém chuyén dong tén cung
16n GH. Xac dinhvi tri ctia K @& chu vi tam gidc GHK 16n nkit.

nhét cua tong %MM + — ;khi-d6 cho biét vi tri cuia diém E?

A_A
Dé so 2
Ky thi chon hoc sinh gidi lop 9- TP.HCM- 2007-2008

Bai 1: Cho phuong trinh: 2x* =(6m -3)x —3m +1 =0 (x 1 4n s6)

a. Pinh m dé phuong trinh trén c6 hai nghiém phan biét déu am. 1

b. Goi x, +x, la hai nghiém ciua phuong trinh trén. Xac dith m dé

A =x2 +x,? dat gia tri nho nhat.
Badi2:a. Choa, b, ¢, d 1a cac sb duong.

T . LI M -
a+b+c b+c+d c+d+a d+a+b

b.Cho a>1; b>1. Ching minh: avb-1+bva-1<ab.
Bai 3: Giai cac phuong trinh:
a.(x* -3x)* - 6(x* -3x)-7=0
b.V8+yx-3 +J5-vx-3=5
& +Vx-x2=x+1.

<2
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Bai 4: Chimg minh rang véi moi s6 tu nhién n thi n* + n+1 khong chia hét

cho 9.

Bai 5: (ho tam giac ABC co ba géc nhon ndi tiép trong duong tron (O) va

CG truc tam la H.

a. Xac dinh vi tri cua diém M thudc cung BC khong chira diém A sao
cho tr giac BHCM la mot hinh binh hanh.

b. Lay M la diém bét ky trén cung BC khéong chira A. Goi N va E lan
luot la cac diém do6i xing ciia M qua AB va AC. Chimg minh ba
diém N, H. E thang hang.

Bai 6: Cho tir giac ABCD ¢6 O la giao diém hai duong chéo va dién tich
tam giac AOB bang 4, dién tich tam giac COD bang 9. Tim gia tri nho
nhat cua dién tich tir giac ABCD.

Dé so 3
Thi tuyén sinh vao lop 10 chuyén toin THPT Quéc hoc Hué nam 2006
Bai 1.
a.Tim cac s6 thuc u,v biét: u® £y*< 7 va u-v==2.
b. Giai phuong trinh : (x2 ~ 1)(){ +3)(x+5)=9.
Bai 2:
Cho duong tron (O) cd duong kinh BD = 2R, didy AC cuia (O) vudng goc

voi BD tai H. Goi P, Q, R, S theo thir tu la chén céc duong vudng goc ke
tr H dén AB, AD, CD, CB.
a.Chimg t6 : HA?+ HB? + HC>+ HD? = 4R’ .
b.Chimg minh tir giac PQRS la tir gidc noi tiép .
¢.Chimg minh: PR + QS < AB+AD..
Bai 3.
P.q

a.Détﬁ=p;§"/§=q.Chﬁngtérﬁng:ﬁlﬁ—g}ﬁ=p+q+_+__+1_
- qQ P

b.Chimg t6 : x® +y3 + 2 -3xy2=(x+y+z)(x2 +y2+zz—xy-—yz—zx)

V(i moi sO thue x,y, z. Suy ra vdi a,b,c 1a cac s6 duong ta ludn co :
a+b+c>3%Yabe.

c.Phan chia chin s6 : 1,2, 3, 4, 5, 6, 7, 8, 9 thanh ba nhom tuy y, mdi
nhom co ba s6. Goi T} 1 tich cuia ba s cua nhém thir nhit, T, 1a tich cua
ba s0 ctia nhom thir hai va Ts la tich cua ba sd ctia nhom thir ba. Hoi tong
Ty + Ty + T; ¢6 gia tri nho nhat 1 bao nhiéu?
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Bai 4:
Mot thiing sat day kin hinh lap phuong. Biét rang trong thung chira 9 khoi
co dang hinh cau cung ban kinh, 1am bang chét liéu rat ran .
Chimng minh ring néu canh cua thing hinh lap phuong la a thi duong kinh

cuia cac khéi cau bén trong né nho hon hodc bang (2\[5 -3)a.

Déso 4
Ky thi tuyén sinh vao 1dp 10 chuyén Quéc hoc Hué 2008-2009
Bai I: ‘
a. Khong sir dung may tinh bo tui, hdy chimg minh dang thirc:
\/\/5—\/3—\/13—4\/5 =1
[x+1|+y =5

J(x% +2x + 1)y =36

b. Giai hé phuong trinh:

Bai 2: Cho phuong trinh: x* - 2mx* +2m -1=0. Tim gia tri m dé phuong

trinh ¢6 bén nghiém x,, x,, X,, X, $ao cho:
X, <%, <ff<x, vd x, - X, =3(x, —X,)

Bai 3: Cho dutmg tron,(0), dudng kinh AB. Goi C 1a trung diém cua ban
kinh OB va (S) la duong tron duong kinh AC. Trén duong tron (O) lay
hai diém tiy v phén:biét! M, N:khéc ‘A va B: Goi P, Q lan luot 1a giao
diém thi hai cua AM.va AN.véi-duomg.-tron(S).

a. Chirng mmh rang duong thing MN song song vdi dudng thiang PQ.
b. V& tiép tuyén ME cia (S) véi E la tiép diém.
Ching minh: ME® = MA . MP

ME =AM

NF AN’

Bai 4: Tim sb tu nhién c6 4 chit s6 (viét trong hé thap phan) sao cho hai diéu
kién sau dong thoi dugc thoa man:

a. M&i chit s6 ding sau Ién hon chir sé dimg lién truéc.

b. Tong p+q ldy gia tri nhod nhét, trong d6 p la ti sb coa chir sb hang
chuc va chir s6 hang don vi con q 1a ti sb cua chir sb hang nghin va chir
s0 hang tram.

Bai 5: Mot tAm bia dang tam gidc vudng c6 d¢ dai ba canh la céc s0 nguyén.
Ching minh ring co thé cit tam bia thanh sau phan c6 dién tich bing
nhau va dlcn tich m&i phan la s6 nguyén.

T

c.Vé tiép tuyén NF cua (S) véi F la tiép dlem Chung minh: —
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Déso 5

Dé thi hoc sinh gioi l6p 9 tinh Phi The, nam 2003 — 2004
Bai I:
a. Chirrg minh ring néu p la sé nguyén to 1n hon 3 thi (p-1)(p + 1) chia

hét cho 24.
b. Tim aghiém nguyén duong cua phuong trinh: xy -2x -3y +1=0.
Bai 2: Cho cic so a. b, ¢ khac 0 va doi mét khac nhau, thoa man diéu kién
b-¢c c-a a-b

a’- b’ +¢’ =3abe. Tinh:| - +— ](ba + b ... J

a b C -¢ c—-a a-b

Bai 3: 1. Tim a dé phuong trinh 3]x| + 2ax = 3a — 1 ¢6 nghiém duy nhét.
b. Cho tam thure bac hai f(x) =ax® + bx + ¢ théa man diéu kién |f(x)l &1
véimoi x e[-1;1]. Tim gid tri 16n nhat cua biéu thirc: 4a” + 3b°.
Bai 4: Cho tam giac nhon ABC. Goi h_,h,,h_1an lugt 1a cac dudng cao va
m, m,,m lan luot la duong trung tuyén cua cac canh BC, CA. AB: R va
r 141 luot 1a ban kinh cua cac dubng fron ngoai tiép va ndi tiép cua tam
mi—my om. R+r

giac ABC. Chimg minh ring — + — + —¢ <
h, h, h r

a ¢

Dé so 6
Ky thi tuyén sinh vio I6p 10 chuyén Quéc hoc Hué 26-6-2004
Bai I: Giai bt phuong trinh: \/4x -3+4vx-1> \[Qx +16-30Vx -1 +2
|x| +y=-1

Bai 2: Cho hé phuong trinh

bl

x“+y‘2:m

a. Giai hé phuong trinh khi m = 197_

b. Tim m dé hé phuong trinh c6 nghiém.

Bai 3: Tim m d¢é phuong trinh (x> + mx +1)* + m(x* + mx +1)+1-x=0 ¢d
nghiém.

Bai 4: Tir sau chir s6 0, 1, 2. 3, 4. 5 ta c6 thé 14p duoc bao nhiéu sé tu nhién
¢4 %0n chit s6 ma moi s6 gom céc chir s6 khac nhau? Tinh tong cua tat ca
cac sO tu nhién do.
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Bai 5: Cho ngt giac ABCDE ndi tiép duong tron (O) sao cho tia BA va tia
DE cit nhau tai M, tia AE va tia CD cat nhau tai N. Goi K la glaa diém
cua BC va tzep tuyen cua (O) tai E. Goi H la giao diém cua cac dudng
tron ngoai tiép cac tam giac AEM va CEK.
a.Chimg minh ba diém M, P, K thang hang.
b.Chirng minh tir giac APNC noi tiép.

c.Tinh goc MPN .

Déso 7
Ky thi tuyén sinh vao l6p 10 chuyén Lé Hong Phong 2004-2005
(38 6 __,
Bai I: Giai hé phuong trinh: - 2"1‘5’ X:Y 0
— =0
[2Xx-y X+Yy
1

Bai 2: Cho x>0 théa x® +— = 7. Tinh x° +—.
X X

e 3x
Bai 3: Giai phuong trinh: ———=4/8x+1 -1 1
P . Jv3x +10 1
Bai 4:
a. Tim gia tri nho nhat,cna B 52 # 9y r12xy+ 24x — 48y + 82

. L4 ; A bl -~ x + y + z - 3
b. Tim céac s6 nguyénx;y;z sthoahénqc 5ich Ogline,
X“+y +z° =3

Bai 5: Cho tam giac ABC c6 ba goc nhon ndi tiép trong dudng tron tam O
(AB <BC). V& duéng tron tam I qua hai diém A va C cét doan AB, BC
1an luot tai M, N. V& dudng tron tdm J qua ba diém B, M, N ct dudng
tron tAm (O) tai diém H (khac B).
a.Chimg minh OB vudng goéc véi MN.
b.Chimg minh IOBJ 14 hinh binh hanh.
¢.Chirng minh BH vudng goc vaéi IH.

A _A
Déso9
Dé thi hoc sinh gioi Iop 9 TP Hué nim hoc 2008-2009
Bai 1: Chimg minh rang v&i hai s6 thuc bat ki a, b ta ludn cé: (‘%@] > ab,
Déu diing thirc xay ra khi nao?

‘ o =
| A
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Bai 2: Cho ba s a, b, ¢ khong dm sao cho a+b+c=1.
(‘himg minh b + ¢ = 16abe. Déu ding thire xay ra khi nao?

Bai 3: Voi gia tri nao cua goc nhon o thi bi¢u thuc P =sin® « + cos’ a ¢o
gia tri bé nhat? Cho biét gid tri bé nhét do.

Bai 4: Mot tam bia hinh chir nhét ¢ kich thude 1 x 5. Hay cit tam bia thanh
¢dc manh dé rap lai thinh mot hinh vuong. Giai thich.

| Dé sé 10
Tuyén sinh lop 10 Chuyén Lé quy Don Binh Dinh nam hoc 2009-2010
Bai [: Cho a, b, ¢ la d0 dai 3 canh cua moét tam giac.
Chimg minh ring: 1 < 2 og D PR
b+c c+a a+b

Bai 2: Cho 3 s6 phan biét m, n, p.

Chimg minh ring phuong trinh : - + - =V ¢o6 hai nghiém
X=m_ X-Nn X-p

phan biét.
Bai 3: Vi sb tu nhién n, n > 3.
1 ),

1
“_3(1+\/§)+5(\/§+\/§)+"'+(2n+1)(\/E+Jn+1)

Ching minh rang S_ < %

Dat S

Bai 4: Cho tam giac ABC ndi tiép trong duong tron tim O c6 d6 dai cac
canh BC =a, AQ=UAB<E
E la diém nam trén cung BCkhong chira diém A sao cho cung EB bang
cung EC. N6i AE cit canh BC tai D.
a. Chirng minh: AD* = AB.AC-DB.DC
b. Tinh d6 dai doan AD theo a, b, c.
m 1
coict N ] 0
S Aoy

n

Bai 5. Chimg minh rang: voi moi s6 nguyén duong

I, n.

bé so 11
Tuyén sinh lép 10 Chuyén Ha Nam nam hoc 2009-2010
Vx(x +1)  (x -2)’ FBix ~%
1—X 1-Jx
a. Tim diéu kién xac dinh cua P.
b. Rut gon P
¢. Timx dP>0.

Bai 1: Cho biéu thic P =
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(1+\[§)x+y:\/§

1i 2. Giai hé rinh:

Bai 2. Giai hé phuong t .

Bai 3:

a. Tim toa do giao diém cua duong thiang y = x + 6 va parabol y = x*.

b. Tim m dé dd thi ham s y = (m +1)x + 2m + 3 cét truc Ox, Oy tai cic diém
A va B va AOAB can (don vi trén hai truc Ox va Oy bang nhau)

Bai 4. Cho A ABC vudng dinh A, duong cao AH, I 1a trung diém cua AH, K
la trung diém cua HC. Puong tron duomg kinh AH ky hiéu la (AH) cat
cac canh AB, AC lan luot tai M va N
a. Ching minh AABC va AAMN dong dang.

b. Chung minh KN la tiép tuyén cua duong tron (AH)
¢. Tim truc tdm cua tam giac ABK.
Bai 5. Cho x, y, z la cac s6 thuc duong thoa man x +y+z=1.Tim gia tri
| S

ok his ot Bibuilitie Pa ot s gt
5oy s ",

A (A
Délso 12
Dé thi hoc sinh gioi lop-9, Hdai Duong nam 2004 — 2005

Bai I:
1. Goi x,,x,1a nghiémCéld phirong trink1%*14+2004x +1=0 va x,.x, la

nghiém cua phuong trinh x> +2005% +1.= 0.

Tinh gia tri ctia biéu thic (x, + X, )(X, + %) (%, - %, ) (X, — X, )-
2. Cho a, b, c, d, 1a cac sb thuc va a® + b® <1. Chimg minh rflng: phuong

trinh (a® + b* -1)x* =2(ac + bd -1)x +c* + d* =1 =0 ludn c6 nghi¢m.

m+1 n+1
+

Bai 2: Cho hai s0 tu nhién m va n thoa man la s6 nguyén.

n m

Chimg minh ring: u6c chung I6n nhét cia m va n khéng I6n hon vm + n.
Bai 3. Cho hai duong tron (O)) va (O,) cat nhau tai A va B. Tiép tuyén

chung gan B cua hai dudng tron lan luot tlep xuc vai (Oy) va (02) tai C

va D. Qua A ké duong thang song song véi CD, lan luot cit (0,) va (0,)

tai M va N. Cac duong thing BC, BD lan luot cét duong thing MN tai P

va Q; cac dudng thing CM va DN cit nhau tai E. Chimg minh rang:

|. Puong thing AE vudng goc voi duong thing CD;

2. Tam giac EPQ la tam giac cén.

X+y=1
Bai 4: Giai hé phuong trmh{
X" +y° =11,
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Déso 13
TS lopl0 chuyén TP HCM nam 2009 — 2010
Bai I:
S o | o]
I. Gigr h¢ phuong trinh | 5
] Xy-xy =2
2. Cho phuong trinh x* —2mx-16+5m* =0 (x la an s0).
a. I'im m dé phuong trinh ¢o nghiem.
b. Goi x,,x, la cac nghi¢ém cua phuong trinh. Tim gia tri 1on nhat va gia
tri nho nhat cua biéu thuc:
A =x, (Bx, + 8%, = 17)+%, [Bx,+3%, ~17).
Bai 2:

V15 + 2742 + V45 -27V2 _\/3+\/§+\/3—\-@
5r3v2 —J5-302  J3+v2-\3-2

2. Cho x. y. z 1a ba s0 duong thoa diéu kién xyz = 2. Tinh gia tri cua biéu
X Y 2z
+

1. Thu gon biéu thire A =

thac: B =

_l_
Xy +X+2 yz+y+1 [Zx+2z+2
Bai 3:
1. Cho ba so thuc: a, b, ¢. Chiung minh:

2

(a-b)' (b-c) (c-a)

a’+b* +c¢* >ab + be Hea xpelih
26 6 2009
Sl vk B 8 .
2. Chimg minh—2> = + (Vénha > 0 va b <00).
a b 2a-b

Bai 4:

1. Tim a. b dé hé { c6 nghiém (x, y) vé1 x, y 1a cac sO nguyén

y =5(1
bx + ay =5(2)
duong. ‘ ‘ '
2. Chimg minh rang khdng 10n tai cdc so nguyén x, y, z thoa hé:
{xz - 3xy +3y® —2z° =31
x* + xy +82% =100
Bai 5: Cho tam giac ABC (AB < AC) c6 duong trung tuyén AM va duong
phan gidc trong AD (M, D thuoc BC). Puong tron ngoai tiép tam giac
ADM cit céc canh AB. AC lan luot tai1 E va F. CHimg minh BE = CF.
Bai 6: Cho ABCD la hinh thoi ¢6 canh bang 1. Gia sir ton tai diém M thudc
canh BC va N thudc canh CD sao cho tam gidc CMN c6 chu vi bang 2 va
BAD = 2MAN . Tinh céc géc cua hinh thoi ABCD.

Bai 7: Cho a, b 1a cac s duong thoa S L. 1. Chirng minh ab” < %,
l+a 1+b 8
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Dé so 14
Pé thi hoc sinh giéi I6p 9- TP Vinh- Nghé An ndm 2007 — 2008

Bai I1:
V2 [3J/2+243
J2 +3'\3J/2-2/3
Tinh gia tri biéu thirc: A = (x® - 2x + 2)%°
2. Tim céc s6 nguyén a, b, ¢ sao cho: a® +b? +¢% +4 <ab + 3b + 2c.
Bai 2:
1. Chimg minh: A =3® + 3% + 320'°A —11 chia hét cho 7 va 13.
2. Chimg minh ring trong biéu dién thdp phan cua sé (7 +4v3)® ding sau
dau phay c6 it nhét 3 chit sé 9.
Bai 3:
1. Xac dinh m dé phuong trinh sau c6 nghiém duy nhat

1.Cho x=

X+2 _x+l

x~m x=1
2. Tim nghiém nguyén duong cua phuong trinh: Vx + 23 = J; +z
Bai 4: Cho f(x)=(1+x+x*)*"" Chfmg minh réng tong cac hé sb g véi

liiy thira bac chiin cua x 12 mot s6 chin va tong cac hé sb tmg véi [y
thira bac 1é cua x 1a mot so lé.

A A
Déso'15
Dé thi hoc sinh gidi lop 9 TP Vinh- Nghé An nim 2009

Bai I.

a. Ching minh S=1° + 23 + 3° + ... + 50° chia hét cho 1275.

b. Tim x, y duong thoa mén: {: : 3”_:‘:"3’ =0

Bai 2 :Giai phuong trinh \/-2——%+m + %—é——- x-2 =42
Bai 3:

a. Tim nghiém nguyén cta phuong trinh:
x° —x'y —25x3y? + 26x%y? + 144xy? —144y® =77

b. Tim gia tri 16n nhét cua A = yVx - 52+ Xy =7
Xy

Bai 4 :Cho duong tron (O; R) duong kinh AB c6 dinh. P 1a mot diém ¢
dinh ndm giira B va O. Mot goc vudng MPN quay xung quanh dinh P
(M, N thu¢c duong tron (O; R)). Goi I 1a trung diém cia MN.

a. Ching minh: R* =10° +IP*. ‘
b. Tim quy tich cua diém I. (thi sinh khong phai lam phan dao).
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Bai 5:C'ho tam giac ABC ¢6 ba goc nhon. Phan giac AD, trung tuyén BE va

durorng cao CF cat nhau tai mot diém. chimg minh rang BAC > 45"

Hudng dan va ddp so
_ Déso 1
Ky thi chon hoc sinh gioi tinh Thira Thién Hué 2004 — 2005 (vong 2)
Bai I
L1V +1-28% + W +x-64% =2 J(¥x - 1)? + J(¥x - 3)* =2
c:>1i/§r]_’+|§/;+3| =2(1) |y -1 +|y-3[=2(y = i/izo;sz)(Q)

* 0<y<l:y-1<0,y-3<0,nén (2)e1-y+3-y=2cy=1 (thoa
diéu kién) < x =11a mot nghiém cua phuong trinh (1)
*1<y<3:y-1>0,y-3<0mién(2)Sy=1+3-y=2&0y=0

Do d6 phuong trinh (2) ¢6 vo 5_6 nghiém y thudc khoang (1 <y <3), suy
ra phuong trinh (1) ¢6 vo s6 nghiéfmxt Vay tap nghiém cua phuong trinh
(1)la: S=[1;81]

1.2 _1 + : e = 2—-
Ja +vb b+ $OWnyRadgg
1 L i i, i
SR < it = | W ¥ ig® gl i
Tacé: A=—adt N__1 _ Je-vb =
 Ja+vb Je+da (Ja+Vb)We+a)

. c-b
" (a +Vb)(We +Ya)Wb +e)

Theo gia thiét b:aTH~<:>a+c_=2b<:>b—a=c—b,nén:

b-a
A W o V)
___Ghevaydb-va) _ (fb-Va)
(Wa +Vb)(Wb +Ve)(Ve +va) (Vb +Ve)(We +Va)
A Gbtde)-(e+va) 1 1

A

—_—

(Ve ++/a) Je+Jva Vb+e
Pang thire (*) duoc nghiém ding.

e G3
RS
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Bai 2: .

2
Is y:%"l+5 (xac dinh vdi moi xe R) = (y-1)x* -3x+y-5=0(*)
x* +

: - 4
* y = |: phuong trinh (**) c6 nghi¢m x = ==
* y# 1: dé phuong trinh (**) c6 nghiém thi:
A=9-4(y-1)(y-5)=-4y* +24y-1120

25 2 5 5 5 1 11

2B _(y-dPs _gzla-Dep el gy (yal

e—={y=8) 2Dy S S5 Sy 852 2y2( )
. 1

Viy tap gid trj cia y la B-l?l] do d6 Maxy = %;Mmy -3

Ly’

2.x% +2y” +3xy -2x -4y +3=0 x* +(3y -2)x + 2y* -4y +3=0(***
Pé phuong trinh (***) c6 nghiém nguyén theo x, thi:
A =(3y -2)? —4(2y® —4y +3)=y> + 4y — 8 la s6 chinh phuong.
oy +4y-8=k?(KeZ) o (y+2) -k? =12
o (y+2-k)(y+2+k)=12(a)
Ta c6 tong: (y +2-k)+(y + 2+k)=2(k + 2)1a s6 chdn, nén
(v+2-k);(y+2+k)cing chin hodc cing 1¢. Ma 12 chi c6 té bing
tich 1.12 hodc 2.6 hoac 3.4, nén chi c6 cac hé phuong trinh sau:

y+2-k=2 |y +27k =6y +2mk=r6, )y +2-k=-2

{y+2+k=6’{y+2+k=2'{y+2+k=—2'{y+2+k=—6’
Giai cac hé phuong trinh trén ta c¢6 cac nghiém nguyén cua phuog
trinh (a): (y=2k=2),(y=2k=-2),(y=-6;k=2),(y =-6:k =-2)
Thay céc gia tri y = 2;y =6 vao phuong trinh (***) va giai phucng tinh
theo x ¢6 cac nghiém nguyén (x; y) la:
(x=-Ly=2),(x=-3y=2):(x=1Ly=-6);(x=9y =-6)

Bi 3.3.1 Ta c6: ACOM ~ACED vi: O = E =90°;C chung, suy ra:

OM CO ED.CO c
i ™ i OM=——(1
ED CE ce
Ta c6: AAMC ~ AEAC vi: \
Cchung, A=FE=45°. g
Suyra: AM_AC _\\ EAAC A B
EA EC CE
OM OCED ED
T‘ 1 3 2: = = 3 E
tr( ;;ﬂ( ' AM ~ACEA ~ VzEA ") /
nd ¥
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- 2 OB.EA
AONB ~AEAB(O =E =90"; Bchung = o =5 0ON =

o (1)
EA EB EB

ADNB ~AEDB

" DN DB DB.ED
( B chung; I) = F 1§ i e DN =

—_— =
D EB EB
ON OBEA  EA

(5)

Tir (4) va (5): o= = -
TVE ) BN DBED  VzED )
_OM ON 1
" AM DN 2

OM __ ON
Ddlx— P Y S——
AM” ~ DN

Ta co: x, y khong am va:

(R ) =xry-2f z0oxy22fy -2/t = 2

%=y
- ) e 1
Dau "=" xay ra khi: 1 ©X=y=——
=5 V2
i ® OM ON OM ED 1
Viy: tong | — +2— J2 khi < EA=ED
i (AM y DN]mm AM ~ J2EA V3

< E la trung diém cua day'cung: AD
3.2 AGKH c06 canh GH c¢06 dinh, nén
chu vi ctia né 16m nhatkhi (6g KG
+ KH 16n nhat. Trén tia doicua-tia
KG lay diém N sao cho KN = KH.
Khi d6 AHKN can tai K.

Suy ra: GNK = %@1
vi KG+ KH =KG + KN =GN
ma GKH = %é_ﬁ (g6c ndi tiép chin cung nho GH cé dinh), do d6 GNH

khong dbi. Vay N chay trén cung tron (O’) tip hop cac diém nhin doan
GH dudi goc o = i—Gﬁl khong d6i.GN la diy cung ciia cung tron (O’)
nén GN lén nhat khi GN la duong kinh cua cung tron, suy ra AGHK
vuong tai H, do d6 KGH =KHG (vi lan luot phu véi hai goc bing
nhau). Khi d9, K la trung diém cua cung 16n GH.

Vay: chu vi cia A GHK 16n nhét khi K 1a trung diém cua cung 1én GH .
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Dé so 2

_6m-3+6m |
BaiI:a.A=(6m -3)* —8(-3m + 1) =(6m - 1)* = x L e

4
=X, =3m-1va x, =-
1
3m-1<0 m<§
Pé hai nghiém phan biét déu am thi 1
3m—-1=#—— 1
m;tg

1

b.Taco A=x,’ +x,] =(3m~1)2+%2 A dat GTNN 1a © + khi m=

»::-In-—‘

a

Bai 2: Véia, b, ¢, d 1a cac sb duong, ta co: >
a+b+c a+b+c+d

b b e e ._d 1
b+c+d q.+l?+c+d'c+d+a atb+c+d’ d+a+b a+bre+d’
Cong bon bat dang thitc trén ta duoc:

a b B d
1< + + + \
a+b+c b+c+d c+Hd¥+a d+a+b
Ta lai c6:
e < e X o < = — c + = <l.va
a+b+c a+cVedddrdadletlad4bile c+d+a
b b d d b d

< . < =5 + <
b+c+d b+d d+a+b d+b b+c+d d+a+b
Tir 46 ta c6 dpem.

b. Tacé: va-1=4I.(a-1)< 1+3’1 =% (a, b21).
Suy ra: bva -1 s% —
Tuong tu: avb-1 <a—2b (2)
Cong (1) va (2) ta c6 dpem.
Bai 3: a.(x* -3x)? -6(x® -3x)-7=0.Datt =x* - 3x , ta ¢6 phuomgtrinh:

t=-1

t2—6t—7=0a[

Véi t =-1, x2—3x=—1<:>x2-—3x+1=0<:>x=3i2\[5—.

pB"

x-38x=7Tx>-3x-7=0&
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b. \,/H ).—n}+ __Jx_—%

Pit u - \ﬁi+\}x~'3c>u >0, ! =8+Jx-3

I)[[V—J—\E{—ffbv >, v =5- )\wd

u
u+v=>- v

T co hé phuong trinh: ¢ | &
ne =13 u
v

I

Il
W W o

Il
Do

Tu do ta tim duge nghiém x =4,
c. Vx+x* +Vx—x* =x+1 (Dicukién: 0<x<1)
Ta thay x =0 khong thoa nén ta chia hai vé cho Vx :

x x> [x-x* -1 1
— + :\/.:<+—<:>\/1+x+\fl—x=sf;+-—-~
\j X X Jx Js

Xét vé phai: Vx + \—[1_- > 2 virdhu “=" xay rakhix =1 .
X

Tacs: XA (iR -3

2
Suy ra vé trai: I+ x +V1-x <2 vadau“= "xay rakhix=0 .
Vay hai vé khong bang nhau. Phuong trmh da cho vo nghiém.
Bai 4:Gia sirn® +n + 1 chia hét cho 9 thi ta co:
n’+n+1=k9 (klehpenddn P1kig=04(1)
A=1-4(1-k9)=36k=3=3(12k=1)
Ta thay A chia hét cho 3 va khong chia hét cho 9 nén khéng 1a s6 chinh
phuong, do vay phuong trinh (1) trén khong thé ¢6 nghiém nguyén.
Vay n* +n + 1 khong chia hét cho 9 (dpem).
Bai 5:
a. Goi M, la diém déi xung cua A
qua tam O cua duong tron. Ta co
CM,// BH vicung 1 AC.
BM, // CH vi cung L AB. Vay E
tr gide BHCM, 1a mot hinh binh N
hanh. Diém M, chinh la vi tri cta

M ma ta can xéc dinh. B C
b. Ta co N va M doi n’mg qua AB
nén: NHB+ EHC = BAC: H Ia M

true tam tam giac ABC nén:
AHB+ ACB =180".
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Suy ra: ANB+AHB=180". Tur giac AHBN noi tiép dugc cho ta:
NHB = NAB. Ma NAB = MAB nén NHB= MAB (1)

Tuong tu ta cling co: EHC = MAC (2)

Cong (1) va (2) ta c6: NHB + EHC = BAC A

Ma ta lai c6: BAC + BHC =180°

Nén: NHB + E:ﬁ@+ BHC =180" B 0

Vay N, H, E thang hang. D

Bai 6: Pat Syoc =X, Spop =Y
SAOB = OB _ SBOC

Ta co = = .
SAOD OD SCOD

Suyra:£=5:>xy=36. C
v 9

Talai cd Sypep =4+9+x+y213+2/xy =13+2.6 =25
Déu “="xay rakhi x =y =6
Vay dién tich tir gidc ABCD dat gia tri nho nhat 1a 25.

Déso 3

Bail:aTacé: v’ +v¥=7vau® v’ =-8 ,suyrau’

va v’ la cac nghiém

h=-1 ¥
cua phuong trinh: x* —-7x-8=0 . Do do : {u3 4 hoac {u_} 5
v' = !
Vay: (u=-1;v=2) hoic (u=2;v=-1).
b. Viét lai : (x-1)(x+5)(x+1)(x+3)=9
o (x2+4x-5)(x*+4x+3)=9 Dit: t= x2 +4x, phuong trinh ¢
thanh: (t-5)(t+3)=9 hay: t* -2t -24=0. Gidira: t=6;t=-4
Véi t =6 < x° +4x=6,giaira: x=—-2r\/1_0 Voi
t=—4 o x’+4x=-4 gidira: x=-2
Bai 2 :
a. HA*+ HB? = AB’
HB?+ HC?> = BC?
HC*+ HD? = CD?
HD?*+ HA? = DA’
2(HA%+ HB2+ HC*+ HD? ) = AB*+ AD? + BC2+CD? ©
= 4R + 4R’
Vay : HA>+ HB*+ HC? + HD? = 4R?
b. Tu giac HPBS ndi tiép : HPS = HBS = DBC..
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HPAQ 1a hinh chir nhat 11PQ = HAQ = CAD = CBD.
Do do: Si;b = TIPS }-fﬁ(‘) - 2DBC. Tuong tu: SEE) - 2BDC .

Do DBC+BDC =90" nén SPQ +SRQ = 180"
Chu y: PQRS 1a hinh thang can

¢. Taco: PR<HP + HR. Goi I: 1a trung diém AB, ta c6: HP< HE =%AB.
. 2 1
Goi F la trung diém CD, taco HR< HF =§CD.

Do dé: PR< %AB +%CD. Tiromg tir: QS < éBC +-;—AD
Ma AB = BC; AD =CD.Dodé: PR+QS < AB+AD .

; % ; o 1
Bai 3. a.Can chimg 10 : ——=p+q+£+ﬂ+l.
P=q ¢ q-.P
Hay: l:(p—q)[p+(]+£ rﬂ+—+1J( ).
q P |9
V¢ phai cua (*) : p* +pq -+-£+q+£+p-qp—q2—p—q——l—q :
q q p
2 3 [')‘2 2 ) q2 i s
Do: p"=2;q 2. —:- = =q°; —=— nén (*) dung .
Qnlold Hoc B

Chii y : C6 thé truc can ¢ mau cua de chung toé dang thuc .

1
b. Khai trién vé phai: (x+ v +2z)(x* + y* +2° —xy - yz—2x) dugc Vé tréi

Ta eb; x'"'+y2+22~x_\'—_\'z“zx=%[(x—y]2+(y—z)2 (z—x)]>0

Pit:x=Ya, y=¥b.z- Ye:x+y+z>0via,b, cduong .

Tuwdo x* +y* +2° —3xyz>0 hay: a+b+c 23 ¥abe.

& Tach: T 4+14+7 234TTT .

T1T=1334567809 =721 71

Dodé: T.+L,+T, >213 ma:T,T,, T, nguyénnén :

T,+T,+T, 2 214.Ngoaira:214=72+72+70=18.9+3.4.6 +2.5.7,

nén gid tri nho nhat cua T, + T, + T, 1a 214.
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4. Goi O la tdm cua hinh lap phuong (L) dang xét. Dung hinh lap phuong
(Ly) c6 cung tamO, ¢6 canh song song vai canh cua (L) va co do ddl canh
la a-2r, voi r la ban kinh cua cac hinh cau. Chin tim cta 9 hinh cau déu
nim trong (L1) (hodc o trén mat). Chia (L,) thanh 8 hinh lap phuong con
boi ba mit phiang qua O va song song voi mat cua (L;). Phai c6 mot hinh
1ap phuong con (L,) trong ching chua it nhat hai tim hinh cau. Puong

chéo cua hinh lap phuong con (L) la :5 (a—2r) NED
Khoang céach hai tim hinh cau 16n hon hodc bing 2r.

Vi vay %(a—2r)\/§ > 2r hay : 2r < 23\5_ —(2\5 - 3)a.

Dé 5o 4

Bii I:
a, J\/ﬁ—\/s-\/ls-ct\/_:\/J;E—J3—\/13—4J§+1

- VB-\3-JeB o1 - (VA fAr]eVB -]

—VB-\3-243+1 = {3 - J({B—1F =\/J§—1J§-1}:N§~J§+{=-1
b. Diéu kién: y20.

Jx® +2x+1)y =36 & [x+1|\Jy =6
=y (uzO,sz),tacc’)hé{

Gidira: u=2, v=3aYoic u=3, v=2.
Truomg hgp u=2, v=38¢o: (x=1; y=9) hoa

u+N=>5
Pit u=

uv =6

¢ (x=

Truong hop u=3, v=2 co: (x=2;y= 4)hi (x=-4; y=4)
Hé da cho c6 4 nghiém (1,9), (-3;9), (2:4), (-4:4

Bai2: x*-2mx®*+2m-1=0 (1)
Pat t=x*,tacéd: t* —2mt +2m-1=0 (2) (t20)
A'=m?-2m+1=(m-1)°>0 véi moi m. Vay dé (1) c6 4 nghiém phan
biét thi (2) ludn c6 hai nghi¢m duong phan biét t,, t, . Tuong duong voi:
N>0,P22m—1>0,8=mn>0<3ln>%,m¢1(&

Véi diéu kién (3), phuong trinh (2) ¢6 hai nghiém duong O<t, <t, va
phucmg trinh (1) c6 4 nghi¢m phan biét:

X, ==ty <Xy =—t; <xg =\t <x, = Jt, .

24

Tron Bo SGK: https://bookgiaokhoa.com



Download Ebook Tai: https://downloadsachmienphi.com
Theo gia thiét:

X, X, =3(x, - %,) <> 2Jt, =6ft, & Jt, =3Jt, < t,=9t ()
Theo dinh 1i Vietta co: t, + t, =2m va t;t, =2m -1 (5)
T (4) va (S)taco: 10t, =2m va 9t,° =2m -1

& o _ 5
> 9m” -50m +25 -0 <> m, =—, m, =5,

Ca hai gia tri déu thoa man yéu cau bai toan. Viy dé phuong trinh (1) ¢6
- . e oo Bt B il e B o ., -
4 nghiém thoa man dicu ki¢n bai toan thi canvadu laim=— va m=5.

Bai 3:a. Ta co: CPA = BMA - 90" = CP//BM.
: ., AP AC
Dodt: —s =t
S AM AB .

Tuong tu: CQ// BN
i T
AN AB
AP AQ

. .
Ir (1) va (2): T &

Do do: PQ//MN..
b. Hai tam ‘L_,iéL MEP va MAE c¢o:

EMP = AME va PEM = Lf\M
Do d6 chiing dong dang.
ME MP

Suy ra; — = —3\ = ME"=MAMP
MA ME
" ME? MA.MP
j y tu ta cing ¢6: NF- = NQ.NA . Do do: ~
¢. Tuong tu ta cung co Q o do NFZ - NANQ
MP MA .+ ME* AM? ME AM
VA Do PQ/ MNY-Tirdo: = i L
Nhung Jq = na Qo PN I =28 = NF AN

Bai 4: Xét sO tuy ¥ ¢6 4 chir s6 abcd ma 1<a<b<c<d<9 (doa,b,c,dla

A A . gy 4 A, i c A
s6 nguyén).Ta tim gia tri nho nhat cua p+q = F + 5

: e o b+1 1

Dob,clasotunhiénnén: ¢c>b = c¢2b+1.Vivay p+q2 i +E

I >l+b l l 2 B_. Z
Pra2379 1 9 9b 9

s ; b 1
p+q=§ trong truong hop c=b+1,d=9, a=1, 5:-1—)-:>h=3
Vay sb thoa man cac diéu kién ctia bai toan la: 1349
| 265
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Bai 5: Goi a, b, ¢ 1a d6 dai ba canh tam gidc vudng ABC, ¢ la canh hayén.

Taco a® +b® =c*; a, b, ¢cc N, dién tich tam giac ABC la bﬂf)k

Trude hét ta chimg minh ab chia hét cho 12. Chimg minh ab chia hét cho
3. Néu ca a va b dong thoi khong chia hét cho 3 thi a? + b? chia 3 du 2.
Suy ra s chinh phwong c® chia 3 du 2, vé ly.

Chimg minh ab chia hét cho 4: Néu a, b chin thi ab chia hét cho 4

Néu trong hai s6 a, b c6 s6 e, ch.%mg han a le.

Liic d6 c 1é. Vi néu c chin thi ¢* chia hét cho 4. trong luc a? +b* khong
chiahétcho4. Pat a=2k+1, c=2h+1, k, heN.

Ta c6: b? =(2h+1) —(2k+1) =4(h-k)(h+k+1)
=4(h-k)(h-k+1)+8k(h-k)i4
Suy ra b:4

Néu ta chia canh AB (ching han) thanh 6 phan bang nhau, n01 cac diém
chia voi C thi tam gidc ABC dugce chia thanh 6 tam giac, mdi :am giac

nay c6 dién tich bang % la mét sd nguyén.

Déso 5
Bai 1: a.Vi p la so nguyén 10 16n hon 3 nén p la-so,lé, khong chia hétcho 3.
Dodo:*p=2k+1(keZ k>1)suyra
A=(p-1)(p+1)=2k(2k+2) 24k(kF 1) A :8;
*p=3hz1(heZ h>1suyraA37Vay A=(p-1)(p+1):24.
b. Vix =3 khong la nghiém cua phuong trinh da cho nén
2x -1 5
Noy= =9
ey x-3 * x-3
nhén cdc gia tri +1;+5. Tir d6 ta xac dinh duoc hai nghiém nguyén
duong (x; y) ctia phuong trinh di cho 1a (4; 7) va (8; 3)

Bai 2: Tacé:a® +b® +¢? =3abcm%(a+b+c)[(a—b)2 +(]L"—C)2 +(C’*"-)2]=0

. Viy 13 s6 nguyén nén 5i(x —3),suyrax -3

<a+b+c=0 (do a, b, c d5i mdt khac nhau).

Suy ra

a b _a(c-a)(a-b)+b(b-c)(a-b)+c(b-c)(c-a)

b-c c-a a-b (a-b)(b-c)(c-a)

(@ +Db* +c*)(a+b+c)-2(a’ +b® +¢*) - 3abe B —9abc

- (a—b)(b—c')(c—a) _(a—b)(b—c)(:wa)
266
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—-C it g~ be(b —c alc— ab(a-Db
Mat khac L PR . c(b-c)+ca(c—a)+ab(a-b)
a b 3 abc

| _h(“a -b)+(c —:1}_}:—(::1_(0 ~a)+ab(a-b) —(a-b)(b-c)(c-a)

abe abe

: b-c c-a a-b}) a b ¢
Vi_w( # L f ¥ =¥
. a b ¢ ''b-¢ c¢c-a a-b

Bai 3: a. 31x|+23x:33 - 1. (1)
*Néux>0thi()e3x+2ax=3a-1ox(2a+3)=3a-1 (2)

. 3 i ; -
Vai a = 5 ta cO (2) vo ngliiém.

s | v " . 3a-1 . i g - a : £
Vai a == . nghiém cua (2) 1 x, =-———va x,s€ 1a nghiém cua (1) neu
1) * 3
2 2a+3
3a -1
>0.
Z2a + 3

* Néux<0thi (1) & -3x + 2ax=38a=1lex(2a-3)=3a-1. (3)

. 3 , 4 -
Voir a= -—é—,ta ¢O (2) ¥o ngiiiém;)

v o :; Y ' 2 . s - a . A a
Vo a # g nghiém cua (2) la %= va X; sé la nghiém cua (1)
a_
: da-1
néu <0.

2a-3

: x, H0 x, <0
+ Nhur vay, (1) ¢6 nghiém cuy nhat Khi va chi khi { "7 " hoic { ’

x, >0 X, <0
2
- Ol - 3a-1
@xl.x‘,zoﬁga ]3—1— -1—20<:>(——)—20<:>a:-1- hoac a>§
. 2a +3 203 4a% -9 3

hoac a < —E.

b. Tur diéu kién | (x)| <1, voi moi xe [-1;1], ta co:
f(0)-f(1)|<2=(a+ b)" < 4|f (0) - f(—1)| <2=(a-b) <4.
Mait khac 4a® + 3b° = 2(a 4 h)2 +2(a- b)""’ -b* <2(a+ b)2 +2(a —b)z <16
Vay 4a” + 3b%dat gid tri 10 nhat bang 16 khi va chi khi (a;b;c) nhén gia
tri 1a (2;0;-1)hodc (-2:0;1).

Bai 4. Goi O 1a tam duong tion ngoai tiép AABC va A,,B,,C, lan luot la
trung diém cua cac canh B, CA, AB.
Tacd AA, =m_ <R+ OA, (dang thitc xay ra khi va chi khi AB = AC).
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BB, =m, <R+ OB, (dang thirc xay ra khi va chi khi AB = AC):
CC, =m,_ <R + OC, (dang thirc xay ra khi va chi khi AB = AC).

h.’l hll hc hﬂ hh h(' ha hh h.- /
Ta co: 2S=(a+b+c).r:>§:a+b+c52§+_2§+Eg
r h, h, h
:>i+i+—l-=l; (2)
h, h, h r

2S=2a.0A, +b.OB, +¢.0C, = 121—‘0’.0143l - i_s OB, + i_s (30}

a b e
_,q[0A, , OB,  0OC,
ha hh hc

_OA OB 0C _
h, h, h

a

1s (3)

C

Thay (2), (3) vao (1) va bién ddi ta duge: —= + b | T
ha h]l h r

Dang thirc xay ra khi va chi khi ABC la tam giac déu.

‘Déso6
Bai I: Giai bit phuong trinh: V4% —3 4 4vx —1,54/9% + 16 = 30Vx — 1 + 2
(1). Dat t = Vx =1 > 0-(l)trothanh:-{2t+1f>[3t - 5+ 2 (2)

5
5 O<t<—
O<st<— S
Ostsg—: (2) = 3 =N 3 > §<1g§
2t +1>(5=3t)+2 t>§ ° %
o 5
t>— —
t>=:(2) o 3 I t>3 o E<1;<:4
2t +1>(3t-5)+2 t<4

Két hop céac truong hop ta dugc: §<t<4. Do do: g—;<x<17
% i AV a5 3
Bai2:a. Vdi m iy khi do:
|x|+y=-1 x| +y=-1 (1)

17 < 4 (I)
(xl+y) -2hly=3 " [xly=-5 @
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B . . ‘A v 5 i) 1 F
N¢n |\| va y la hai nghiém cua phuong trinh: t= +t 5= 0 (3)
T 3 1 1
(3) co hat nghigm: —, —— .
3 3
; i . . . - 1 4 1 4 )
Viay h¢ phuong trinh ¢6 hai nghiém: | x = & ey B LA y= _GJ

b. H¢ phuong trinh
x| +y=-1
1-m (ID

:

2

]’|x|+y=—l .
[(x[+y) ~2y=m  |x

() <

1-m

Nén M >0 vay la hai nghiém cua phuong trinh: t* +t + =0 (3)

Nén (I) c6 nghiém khi va chi khi (3) ¢6 nghiém khong am.

Truong hop 1:(3) c6 nghiém t=0:khido m=1 va(3)co?2

nghi¢m 0, -1 (thoa)

Truong hop 2: (3) c¢6 1 nghiém am va 1 nghiém duong (vi S=-1<0).

ki fifs Pt

<fy o m>1..Véy m>1.

Bai3: (x* +mx+1) +mx* +mx £DF1-x=0 (1)
Cich1:(1) o x*+mx+1)° -x>+m(x* +mx+1)+1-x=0
1 (xg+mx+1—x)(x2+n1x+1.+x+m¥|-1):0

x*+(m-1)x+1=0 (2) '
L2+(m+1)x+m+2=0 3)
Do do: (1) ¢6 nghiém khi va chi khi (2) hodc (3) ¢6 nghiém.

A =(m-1)*-42>0

5 *)
Ay=(m+1) -4(m+2)20

Khivéchikhi:‘:

(m-1)°24

(m-1)*>8
& m<-1haym=>3

Cdch 2: Dat: y =x* +mx +1. Ta co:

y +my+1-x=0 - {x2—y2+m(x—y)+(x—y)=0

x> +mx+1-y=0

o (m-1)'24 & |m-1>2

(*)@[

(1) tr& thanh: {

x> +mx+1-y=0

. (xjy)(x+y+m+l)=0 (2)
ff?mx+l—y=0 (3)

-
P
A
)

s, %
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X = X+y+m+1-=0
N (*) hodc | . (**)
Xx*+mx+1-y=0 X“+mx+1-y=0

Giai (*): (*) c6 nghiém < x* +(m-1)x+1=0 c6 nghi¢ém

& (m—1)2—420 < m<-1 hoic m=>3 (4).

Giai (**): (**) c6 nghiém < x*+(m+1)x+m+2 - 0 ¢6 nghién

o (m+1)2—4(m+2)20 & (m- 1) >8 < m<1-2J2 hoic

m=>1+2J2 (5)

Tiur (4) va (5) duoc: (1) c6 nghiém khi va chi khi: m<-1 haym:=>3.
Bai 4: S6 ¢6 4 chit s6 x, —a.bcd. a:, bs, 6, d; £]0; 1; 2,8;4;5}, 3 0

=111

va a,, b, c;, d. d6i mot khac nhau. Do d6 ta co so cac sé do la:
5.5.4.3 =300 (s6). Tim témg cua 300 sb trén:

S= (al +.. +a3m) 10° +(b, +..ctbygs):10% +(c, +... + €300 )-10+(d, +.. 4+ dy,)
Vi s6 cac s6 14 binh ding trén timg hang don vi, hang chuc, ha:lg tram,
hang nghin nén ta ¢6: 300 s6 a; gom co 300:5=60 s6 cua mdi loai 1. 2.

3,4,5nén:a; +a, +...+ 8590 5 60(1+2+3+4 +5) =900
300 s6 b, (tuong tu c;, d.) gom co 300:6 =50 sb cia mdi loa 0. 1. 2.
3.4, 5 nén: b, + b, #euh bugsrs 012 #i3Hd+ 5) = 750
Tuong tr: ¢, 4165 +... +Cg990 =750, d, +d, +... +djy = 750.
Tong céc s6 la: 8 =900.10° + 750(10% +10 + 1) = 983250
Bai 5:a. Do cac tr giac AEPM, ECKP, ABCE la cac tir giac nd1 Iiép 1én:
MPE + EPK = BAE + ECB =2v.
Vay M, P, K thing hang.
Do céc tir giac AEPM, ECPK, ECPK néi
ti€p nén
APC = APE + EPC = AME + EKC

)

APC - %( d BnC +sd CmD - sd APE)
+=(sd ApE +sd AqB ~sd ErD -sd CmD)
2 M
APC - %(sd AqB + sd BnC - sd ErD) = ANC.

Vay tir gidc APNC néi tiép: MPA + APN = MEA +(180° - ACN
MPA + APN = MEA + AED =180°. Viy MPN =180".
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Déso7

1
u =
§. g x -2y =20 2% —
Bai 1: Déu kién : =7 pat Y this
x+y=0 1
=
X+y
3u-—-6v=-1 ] 2x -y =3 Xx=2
(I) «» & N=v=— £ ' &
u-v=0 3 X+y=3 y=1
.. = & Ly
Bai2: V: x"+—==7T = |x+—| =-2=7 = |x+—| =9
X" X X
|
=3 £+—=18 ({dox>0)
X
Nén *c'r’+—];:(x+lj(x"—x31+xgiq—xi,‘+ilJ
X X X X~ % x
s 1 g 1 T, LT .-
=3 X +——| X" +— |+1=3|| x_+—| -2=T+1|=3(49-8)=123
X X~ . Xk
Bai 3: BDX: 3x+120 & xz—l.
3
] £>0 ,
Pit t=V3x+1 < How 1_::1; # 9= B3x 10
= 3x +

Tacé: (1) o Gl \ et (t—-l)(t+1—\ft2+9)=0

t2%\9

=1 (2)
fomn
t+1-vt?+9 =0 (3)

(2) < Y3x+1=1 & 3x+1=1 & x=0

(3) = Jt249=t+1 & t2+9=t2+2t+1 < t=4

& V3x+1=4 < 3x+1=16 < x=5.Vay (1) & x=0vax=5.
Bai 4:a. Ta c6: P=(2x-3y+8)* +(x-4)’ +22>2. Dau “=" trong bt ding

2x -3y +8=0 ...
thircwénxéyrath{ 4y Y o Y7 3. VayMinP=2.
X =
x=4

b. Taco: x3+y3+z3=(x+y+z)3-8(x+y)(y+z)(z+x)
= 3=27—3(x+y)(y+z)(z+x) < 1=9-(x+y)(y +2z)(z+x)
o (s+y)(y+2)(z+x)=8 & (3-2)(3-y)(3-x)=8

271

Tron Bo SGK: https://bookgiaokhoa.com



Download Ebook Tai: https://downloadsachmienphi.com

Suyra 3-z, 3-y, 3-x lacac udc s6 cua 8.
Ma céc udc sé cua 8 1a +1, +2, +4, +8
Nhu vdy 3-2z, 3-y, 3-x nhidn mdt trong céc gia tri da néu

Lap bang:

-1 11-2{2[-4/4[-8|8
3-x i
3-y .
3-z *
Thir trén bang ta duoc:

x=4 [x=1 [x=4 ([(x=-5
y=-01¥ =1 1¥=4% ; 1y=4
z=4 |z=1 |z=-b z=4

Bai 5: a. Dung tiép tuyén Bx tai B cuia duomg tron ngoai tiép tam giac BAC
thi Bx L OB . Ta chimg minh Bx//MN
Ta cé: xBN = BAC (cung chin BC cua dudng tron (0)). BAC = BNM
(do tir giac AMNC noi tiép). Suy ra; xBN = BNM..
Suy ra: MN // Bx (dpcm)

b. Chimg minh twong tur nhu caua, ta co: BJ 1L AC
VilJ la duong noi tam cua (I) va (J) nén IJ L MN
Vi {OB 1 MN

Ui = OB/ Chifig mink tirong t tac6 O1/ /B (2).

Tir (1) va (2) suy ra [OBJ la hinh binh hanh.

¢. Goi F la giao diém hai-dudng chéocia hinhrbinh hanh IOBJ thi F 1a trung
diém BI va F e 0J .Vi BH la day chung va OJ la duong ndi tim cua (O)
va (J) nén OJ 1a trung truc cia BH = OJ cat BH tai trung diém E cua
BH = EF//BH.Vi EF la duong trung binh cua tam gidac BHI nén
EF//HI. Suy ra HI L BH (dpcm).

A_A
Déso 8
Bai I:a. A=(6m-3)* —-8(-3m +1) = (6m-1)* = x,, = 6m—3j6m =1
; 1

=X, =3m-1va x, =_§,
1
3 3m-1<0 me<—
Pé hai nghiém phan biét déu am thi | o 3
3dm-1#-— 1
2 m ;t-é
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b.Taco A = xlz +3122 =(3m-1)% + 2%

= | =

A dat gié tri nho nhét 12 :11- khim = -;-

Bai 2 a Voira. b, ¢, dlacac so duong, ta co:

a S a b N b
a+b+c a+b+c+d b+c+d a+b+c+d
C c d d

> X >
c~d+a a+b+c+d d+a+b a+b+c+d
Cong bon bat ding thirc trén ta dugc:

a b c d
1~ + + + .
a+b+c b+c+d c+d+a d+a+b
’ - a a c c a c
[a lai co: < , < =% + <l
at+tb+c a+c c+d+a a+c a+b+c c+d+a
b b d d b d

< . < = + <1
b+tc+d b+d d+a+b d+b b+c+d d+a+b

Tir do ta ¢ dpem.

1+a—1=_a-1 ta, Bixd)
2 2

Suy ra: bva -1 sb—; (1), Twong tu; avb-1 sa—; (2)

Cong (1) va (2) ta c6 dpcm.
Bai 3:Gia st n® +n +1 chia hét cho 9 thi ta co:
n +n+l=k9(keN)on*+n+1-k9=0 (1)
A=1-4(1-k.9)=36k-3=3(12k-1).
Ta thdy A chia hét cho 3 va khong chia hét cho 9 nén khéng la sé chinh
phuong, do vdy phuong trinh (1) trén khong thé c6 nghiém nguyén.
Viy n® + n +1khéng chia hét cho 9 (dpcm).
Bai 4:a. Goi M, 1a diém ddi ximg cuia A qua tdm O cua dudng tron.
Ta ¢c6 CM, // BH vi
cung  vudng goc voi A
AC;BM, // CH vi cliing
vudng goc voi AB.Vay y
tor giac BHCM, 1a mot
hinh binh hanh. Diém
M, chinh la vi tri cia M
ma ta c:an xac dinh.
b. Taco N va M déi ximg qua AB nén:
NHB + EHC = BAC M

b. Tacé: Ja-1=1{d-1) <
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H 14 truc tim tam giac ABC nén: AHB+ ACB = 180"

Suy ra: ANB + AHB =180°. Tir giac AHBN noi tiép duge cho ta
NHB = NAB. Ma NAB = MAB nén NHB=MAB (1)

Tuong tu ta cling co: EHC = MAC (2)

Cong (1) va (2) ta c6: NHB + EHC = BAC .

Ma ta lai c6: BAC + BHC = 180°

Nén: NHB + EHC +BHC =180°.

Viy N, H, E thing hang.
Bai 6: Dat Sy =X, Spop =V
S0 _ OB _ Sgoc 4
Siop  OD  Scop

Ta co

Suyra:i:E: xy =36.
y 9

Ta lai co

SAB(‘[‘)=4+9+x+y213+2\[1§=13+2.6:25.

Déau =" xay rakhi x=y =6/

Viy dién tich tir gidc ABCD dat gia tri nho nhat la 25. ¢

Déso-9
Bai 1. Ta co:
2 2 Y 9 2
(a+b} _apo@ +2ab+Db il a’ —23b+b (a 4b) 509 bk

2
Vay [a_;_b) >ab,Va,beR & (a - b)2 >4ab,va,beR.

Déu déng thirc xay ra khia=b.
Bai 2. T.'-.u.:o:'):(a+b+c)2 =[a+(b+c)2]24a(b+c)

Ma a+b+c=1(gia thiét). Nén: 1=4a(b+c)<>b+c>4a(b+ (Vi a,

b, ¢ khong 4am nén b + ¢ khong 4m). Nhung: (b + 0)2 > 4be (khing am).
Suy ra: b +c 2 16abc.
;o , =b
Dau ding thuc xay ra khi: A= b= c—l :l.
b=¢ 4 2
Bai 3. Tacé: P=sin’® a +cos® a = (sin a)® + (cos® a)’

2 o + cos’ a}

P = (sin® a + cos® on)[sinl‘i o — sin® o cos
s 9 9 . . 2
P =(sin® a + cos’ a)® — 3sin® acos’ o =1-3sin®acos®a.
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I co:
5 3 2 4 =1 2 & 2= A 2 TR L ]
(SIn" (et cos™ @)™ 248N~ weos” a ¢ 1> 48IN° (L cos” o <> SIN- o cos 54 a—l

min

; " 9 3 1 . Lows n i
Suyra: P=1-3sin"acos’a>1- " Sdodds P.. = -i-](hl va chi khi:

SIn o= cos” o <> sina = cosa (vi o la goc nhon)

SN 1)
o -——=]lS>tana=1cca=45".

(OS Q P
Bai 4. “am bia hinh chir nhdt 1 x 5 ¢6 dién
tich 1a 5(dvdt). Dé cét hinh chir nhét thanh
cac manh rap thanh hinh vudng, thi canh
cua hinh vuong biang 5. biang do dai
canl huyén cua tam glac vuong cé hai
canl goc vuong co kich thude 1a 1 va 2 ¢o ]
. : M N
di¢n tich bang 1
(dvd:). + Do doé néu cat hinh chir nhat 1 x 5 theo dudng chéo cua 2 hinh
chir nhat AEFD va GBCH, va caf theo,2 duong EF va GH xong rap lai
thi droc hinh vudng MNPQ nhu hinhibén.

Dé 56 10
Bati 1: Chimg minh [ 2+ > ovgia, b, dJa do dai ba canh
b+c c+a . . .a+b
cizuumgiélc).Tacc'):2<m+k,(véi0<m-<m.\?’k>0)(])
n n+k

That vay.
(l)c:>(}<;m(n+k)<n(m+k)<:>0<mk<nl{<.-:>0<m<:n(0<m.n,l-:)

/;&pd;lng: O<a<b+em—2 < =
b+c a+b+c

b 2b C 2c
O<k<c+a= < 0<e<ca+ b= < ‘
c+a a+b+c a+b a+b+c
Cong vé theo vé céc bat dang thire trén:
: 2(a+b+e¢
A, B B B ):2(2)

b+c¢c c+a a+b a+b+c

Ta chimg minh bat dang thirc phu(x+y+ z)(l N lj >9(x,y,z>0)
X y z

Ta cc: (x+y+z)(l+l+l)=3+(E+XJ+[2+E)+[E+E)29
X y 2z y % z y 3 %
Thay x=a+b,y=b+c,z=c+avao (2):

19
~1
n
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1 1 3
2(a+b+c)[a}-b+ bic +c+l-a]29 <:>(a+b+c)[——1—-— + o 4 >

o1+

+1+ +1+
a+b b+c a+b

e L zg—3=§>1(3).
a+b b+c a+b 2 2

Tu(2) (3)suyra: 1< Do B ot
+c c+a a+b
a2 Pl ik =gt (1)
X-m X-n X-p
Diéu kién xac dinh cua phuong trinh: x # m,n, p.
Bién d6i phuong trinh tuong duong:
(1) @ (x-n)(x-p)+(x-m)(x-p)+(x-m)(x-n)=0

¢ 3x* -2x(m+n+p)+mn+np+mp=0

9
-
2

=

<2

A':(m+n+p)2-—3(mn+np+mp)=m2+n2+p2—mn—np—mp

%[(m-n)z +(n —p)2 + (m—p)z] >0(vim # n # p)
Vay phuong trinh (1) luén c6 hainghiém phan biét.
Bai 3:Ta c6 bit ding thic: 2n+1>2 /n(n +1)
f::>(2n+1)2 >4n(n+1)< 4n® +4n+1>4n” + 4n:BDT ding

1 1
Do dé:
° % (2n+1)(\/;+\'n+1)<2(\/;+\/n+1)\/n(n+1)

RNl A

(n+1-n)n(n+1) ~2

Chon Iér} luot 14y cac gia tri tir 1 dén n, thay vao (1), roi cong vé theo vé
cac bat dang thirc tuong rng, ta dugc:

1 1 1
- SR . .
" 3(1+\/§)+5(\/§+\/§)+ +(2n+1)(\f1;+\/n+1)

<l(1-—1 + . —1 +...+ . - : ]=l(1- L )‘:—1-

2(V1 V2 J2 B Jn Vn+1) 20 n+1) 2

Bii 4: 2) Xét hai tam gidc ABD va AEC, ta c6: A; = Az (AD la phan giac
goc A); ABD = AEC (goc ndi tiép cling chén cung AC)

Do d6 AABD ~ AAEC(g.g). Suy ra —3% = % < AD.AE = AB.AC

Maf khéac AABD ~ ACED (g.g) nén
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A
BD _DA _ ppDC=DADE
DE  DC

Tir do:
AB.AC - BD.DC = AD.AE - DA.DE
= AD(AE - DE) = AD*

Viy AD” = ABAC-DB.DC (1) B D\ 2 C
b) Theo tinh chat duong phan giac cua tam giac, ta co:

Bai 5: Trudc hét, ta can chimg minh

K.

5 ‘c‘.;‘ ##’

£
%

_I}E:DCQDB DC DB+DC BC a E
AB AC c b c+b  c+b c+b

DB DC DBDC ( a
¢ b be _(
Thay (2) vao (1), ta co:

TIPS R R L
R =)

+c b+c b+c (h+c)2

Suy ra

2 2
] :DB.DC:( g J.bc )
b+c

b+c

AD? =bc—[

Viy AD = ch(b+c—a)(b+c+a)

b+c

1 1
= 2> ;
n \/->n2(s/§+\/§)

Vi ¥n e N* nén bét dang thirc (1) tuong duong véi:
(1) e ﬁ—-rf*\/— \/_()Dtt— —(0<t<1),taco:
n
(2) & (V3 -V2)t? + t -2 <O(¥E:0< t.<1)(3)
Bién ddi tuong duong:
(3) & (V3 - V2t - (NB-V2)t + W3 -V2)t + 142 <0
& (V8 -V2)t(t-1)+ (V3 =V2+1)t —2 20
& (V8 -V2)t(t-1)+ (VB -2+ Dt - (VB -2 + 1)+ JB =22 +1 <0
& (V3 -V2)t(t-1)+(V3-V2+1)(t-1)+3-2J2 +1<0
& f3-2J2+1<0 (vi0<t<lnén t(t-1)<0)

c:>\/—+1<2\/—c>4+2\/§<8¢:>2\/§<4¢:>\/§<2<:>3<4 Bit ding
thirc dung. Do d6 bét dang thirc (2) ding.

Vne N* (1).

Vi -—-—\@ 2—1-—\@1,VmeN*,nen——\/5 : —,Vm,ne N’
n n n n (\/§+J )

. 1 .

Vay r_n_J\@ S , VmneN
n (\/§+\/_)

Nhan xét: Dau “=" trong bét ding thirc khong x?y ra.

ey
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Pé so 11

1-x#0
Bai I: a.P xac dinh <41 - \/;;tOc::.{x;tl
x>0
x>0
b. Rut gon P:
I(J_+1) (Vx-2)? +3Jx -x _ﬁ_\/_(x/_+_1l__ X—4vx +4+ /X ~x
1-x 1=lx (1J_)(1+J') 1-Jx
x —Jx+4 4

1Y% 1-vx  a-v%)
T
(1-x) 1-vx >0

¢) P>0=<x#1 &dx#l & lsxz0
x 20 x>0

2J2)x = 2 -
Bai 2. Giai hé phuong trinh: {(1**\/_ x Hy =2 [(3+ J2)x =2

(Z'HF)X y=1 (1+\/§)x+y=\/§
> =
1 +V2)(V2 -1 eyEa/z y._.\/g_l

Bai 3: 1) Tim toa dd giao diém cua duong thiang y = x + 6 va parabol
y = x> la nghiém cua phuong trinh: x* =x +6hayx’ —x-6=0.
Giai phuong trinh ta c6x, =-2;x, =3 suy ra tung do giao dién tuong
ung la y, =4;y, =9 nén toa dd cac giao diém 1a: A(—2;4),B(3;9}

2) Db thi ham sby = (m + 1)x + 2m + 3 cit truc Oy tai cac diém B(0; 2m + 3)

va cit truc OX tai diém A[ sz'B;OJ voli m # —1.
m+1

Pé AOAB can thi

A
OA =OB ‘2‘“:3_2 +3 q
m
|2m - 3|
& =|2m + 3|
|m+1| M \
1)2m+3=0<:>m=—gkhid6 B H K C

A= B =0khdng ton tai AOAB

é G
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1
o]

‘m " Il

agm+l=lem=0
bym+l=-1m=-2.Vaym=0; m =-2 la gia tri ¢an tim

Bai 4. a) AH 1L BC(gt); HMA = HNA =90 (g6c nodi ticp chan nura duong
tron). Ap dung hé thic canh va duong cao trong tam gidc vuong. Trong
AAHB va AAHC c6 AH®* = AM.AB = AN.AC
Suy ra: %-(M = % lai c6 goc A chung nén AACB ~ AAMN (c.g.c)

b) I'la trung di“c"’:m cua AH nén I la tam cua duong trojn (AH)
= IM = 1H; AHNC vuong tai N ¢o K la trung diém cua HC

> KH = KC=KN. Lai ¢6 KI chung nén AKNI=AKHI(c.c.c)
— KNI = KHIma KHI =90"nén KNI=90”hay KN la tiép tuyén cua
duong tron (AH).

¢) Trong tam giac AHC c6 KI la duong trung binh nén KI / AC ma
AC L AB = KI L AB; mit khac AHKB nén I 1a truc tdm cua AKAB.

Bai 5: Theo bit dang thic Bu-nhi-a-cop-xki ta co :

P:t 1 1 . (x+y+z)
16x 4y 1z

[7:J (i) st

2
L ey T 1 11 ]2 49
VX t+t—— YV +—=Z | = —+—+1]| =—.
JV16x Y ) (4 2 16

=
A 49 1 1 1
Viy P, =—khidé ——=:Vx=—=:fy=—:Vz vax+y+2z=1
16 J16x Ay vy Jz i
Qx:l'y—g-z—i
77 91

A _£
Dé so 12
Bai 1. 1.Theo dinh ly Vi-ét ta co:
X, +X, =-2004;x; + x, = -2005;x,X, = X,x, =1, mat khac:

(x, + x;i)(xz +x3}(x, -x,)(x, ~%)
= (X,Xp + (X, + X, ) X3 + X2)(X, X, — (X, + X)X, +x2)
= (1-2004x, + x;)(1 +2004x, +x%)
= (%3 +2005x; +1-4009x,)(x} +2005%, +1-x,)
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= (~4009x, )(-x, ) = 4009x,x, =4009 (do x,,x, la nghiém cua phuong
trinh x* + 2005x +1=0).

2. Phuong trinh (a%+b? -1)x*> -2(ac+bd-1)x +c” + d?2-1=0 luén co
nghiém khi va chi khi
A'20<::>(ac+bd—1)2 —(@%+b*-1)(c*+d*-1)>0
& (ac+bd-1)" 2 (a® + b? ~1)(c* +d* - 1) (*)
Do a? +b? <1nén: néu ¢? +d? > 1thi (*) hién nhién dung.
Néuc? +d? <1,ditu=1-a?-b*vav=1-c*-d*(O<u<l vaO<v<l).
Ta c6:(*) =(1-ac- bd)2 >(1-a%>-b*)(1-c* -d?) = (2-2ac- 2bd)2 > fuy
o (a2 + b% +u) +(c? +d? + v) - 2ac - 2bd)* > 4uv
(doa’+b%+u=c?+d>+v=1) < ((a—c)’ +(b-d)" +u+v)’ = av.
La bat dfmg thirc ding vi ((a —c¢)* + (b - d)? +u+v)? 2(u+v)® 2¢uv voi
moi a, b, ¢, d va véi moi u, v duong. Vay (*) 1a bat dang thirc dung,
phuong trinh (*) luén c6 nghiém.

Bai 2. Goi d 1a UCLN(m, n) suy ra| m?,n?, mn cing chia hét cho d”

m+1 n+1 m’+n®+m+n ., A 2N\ 2 2 -
+ £ 12750 nguyén nén m* + n” + m+n cung

Do

n m mn
chia hét cho d°.
Suy ram+nchiahétcho > >m+n>d* =>+Vm+n 2d.
Bii 3: 1. Do MN // CD 'nén EDC - ENA, mat khiac CDA =DNA (cung
chin DA), suy ra EDC = CDA hay CD la phén giic cua EDA.
Tuong tu, CD ciing la phan giac cua ECA.
Suy ra A va E d6i ximg nhau
qua CD (cac ban tu chimg Q
minh) = AE L CD. (*)
2. Do PQ//CD nén AE L PQ.
Goi I l1a giao diém cua AB va CD
thi AAID ~ ADIB (chung AID va
IAD=IDB do cung chin DB),
ID IB
—=—=1ID?=IAIB.
suy ra A -ID =% E
Tuong tu, IC? = IA.IB, suy ra IC* =ID* = IC = ID.
Ta c6 Al, CP, DQ déng quy tai B, PQ / CD va I Ia trung diém ctu CD, A
thudc Esuy ra A la trung diém cua PQ. Két hop voi (*)suy n AE la

tB cua PQ va EPQ la tam giac cén tai E.
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N . x+y=1
Bai 4: GGiai h¢ phuong trinh: ¢ . ©
" sy =11,
Vix- y=1taco:x® +y° = (x* + x%y* + xX°y? + y") - (x*y" + x'y?)
= (x ryH)(x + ) = XY (x +y) = (x + Y)(XP - xy + ¥O)X + yP) - xTy”

= ((x ry)* =3xy)((x + y)2 - 2xy) - )c2y2 = 5(){){)2 -bxy+1=11.

& 2 2 xy = -1
Do do x” +y° =11 < 5(xy) -5xy-10=0<(xy) -xy-2=0c o
. I X+y=1. . [|x+y=1
Suy ra hé phuong trinh twong duong voi: # hoac “ hay x,
xy =-1 Xy =2

y la nghiém cua hai phuong trinh t* —t-1=0va t* -t +2=0.
Phuong trinh t? —t+2=0vé nghiém; phuong trinh t> ~t-1=0 co hai

nghiém la — 5. Vay hé phuong trinh ¢6 hai nghiém (x; y) la:
1+/6.1=5 | [1-V5-1+6
27" 2 TR T ONJ
Déso 13
X—-y-xy=-1 x(1-y)+1-y=0 (x+1)(1-y)=0
Bai l.1. ¢ . ) <4, ) 1, :
x’y —xy® =2 K ycaxyt =2 %’y —xy* =2

x=-1 y=1 x=-1
. T S ; hay {" 1 <3>3 hay
X'y —xy“ =2 Xy —Xxy-. =2 vy +y-2=0

y:]. x:—l y:l
. <> hay
X=X =0 y=lwvy=-2 x=-1vx#2.

Vay hé phuong trinh ¢6 3 nghiém la (-1;1),(-1;-2),(2;1)
2. Cho phuong trinh x? - 2mx -16+5m? =0 (1) (xlaansd ).
a. Tim m dé phuong trinh c6 nghiém. Tacé: A'=16 —4m®.

Phuong trinh (1) c6 nghiém < A'>016-4m* >0 -2<m<2.
b. Goi x,,x, la cac nghiém cua phuong trinh.

Ta co: X, +X, =2mVva XX, =5m* - 16.

Do do A =x, (5%, +3x, —17) + X, (5%, + 3x, —17)

=5(x; +X3) +6%,%, — 17(x, +X,) =5[(x1 +x.3)2 —2x1x2]+6x1x2 —-17(x, +x,)

=5(x, +%,) —4%,%, =17(X, +X,) =20m* —4(5m® —16)—17.2m = -34m + 64
Vi -2€m<2 nén -4< A <132.

. (".E- F; K 3‘ . iy 12
8 e
\' ..!-:-i;& F 2 8 1
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Khi m =2 thi A = —4 vakhi m= -2 thi A = 132.
Viy gia tri nho nhat cua A 1a — 4 va gia tri I6n nhat cta A 1a 132
Bai2 1. Thu gon biéu thuc

V45 +27V2 + V45-27V2 3+ V2 +V3-

V5+3V2 -\5-3V2  J3+v2-\3-2
Ta c6: V45 + 2742 + 45 - 272 = 3(J5 + 342 +\/5—3\/_)
3(W5+3V2 +V5-3V2) V3+V2+3-2

V5+342 —\5-342 JBTT—\/—
_3(/5+3V2+(5-3V2) (V3+v2+V3-V2) 10427 6+2/7 2 &

A=

Do d6;: A =——

62 212 22 2z 2
2. Cho x, y, z la ba s6 duong thoa diéu kién xyz = 2.
Taco: B= = + it + Sl
Xy+X+2 Xyz+Xy+X XyzZX+ 2Xyz+ 2Xy
_ X L Xy 2.2

Xy + X+ 2 2+xy+x+2x_+2.2+2xy

X o Xy " 2 =x+xy+2
Xy+X+2 2+Xxy+x X+2+Xy XxXy+x+2
Bai3 1. Cho baséthuc ab.ec Tach:
(@<hb)fienphiem (c—a)’
26 * 6 +2009

=1.

2
a’ +b® +c®>ab+bec+ca+

—0)2 2(c —a)z
+
5 200)

2
< 2a% + 2b% + 2¢? > 2ab + 2be + 2ca + (2 ;Sb) + (b

2 2 2
< 2a? + 2b? + 2¢% — 2ab—=2bc — 2ca > (a —b) + (b—c) + 2(c—a)
13 3 2009

2 2 9

(=B (oo +e-af s 0T (o 2o

12(a-b)’ . 2(b-c)’ ) 2007(c -a)’
13 3 2009

==

>0 (luon diang).
2. Taco:

LTV L PV BN . 8ﬁ20<:>-(b % o
a b 2a-b a b 2a-b ab 2a-b ab(2a b)

(ding vi tir luén &m va mau ciing luén am, doa > 0 va b < 0).
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ax+ by =5(1
Bai 4: 1. Cho h¢ phuong trinh J sl _]( )
| bx +ay = 5(2)

[ ;:1_\- (1)=(2)tadugc (a-b)(x-y)=0¢>x=y(doa #b)

; ; 5 D g i . :
I hav vao (1) ta duoc: x = 5 Do x la sb nguyén va a. b
: a+b a+b
nguy¢n duong nén a + b la udce nguyén duong 22 cua 5.
a=1 a=4 a=2 a=3
Suyra a+b=5& ha ha ha :
' { = y{b:l y{b::a y{b:z

9

Jx” —3xy + 3y® -22 =31(1)
lx: + Xy + 82° =100 (2)
thoa (*). Nhan hai vé cua (1) vdi 8 roi cong vao (2) ta duoc:
9x” - 23xy + 24y® = 348 o 5(2x* - 5xy + 5y%) = (x - y)* + 348 (3)
Tacd: * 5(2x* - 5x + 5y*) chia hét cho 5:
* (x —y)” chia cho 5 hodc du 0, hodc du 1 hoac du 4:348 chia 5 du 3.
Suy ra: * V¢ trai ciia (3) chia hét cho 5 (4)

*Vé phz’ii cua (3) chia hét cho-5 ¢6 du hoac la 3, hoac 1a 4 hoac la
2 (5). Tur (4) va (5) suy ra mau thuan.

Vay khong ton tai cac sd nguyén x.y-zthoa hé (*).
Bai 5 : Taco: ACFM ~ ACDA (g.g)

(*) .Gia su rang ton tai cac sO nguyén X. v. 7

i, B8 CF 9_]2 (1 _ .
CM CA A
ABED ~ ABMA (g.g)
BE BD
_:»Eﬁ =BX (2) .
AD la phan giac cua goc A
~ (‘D AC CD _BD
“BD AB AC AB = D M .

Do M la trung diém cua BC nén BM = CM.
K ét hop vai (1), (2) va (3) ta duoc: CF = BE. ' _
Bai 6: Trong nira mp bo AD khong chira diém B, lay diém E sao cho:

AE = AM va DAE = BAM E

= AADE = AABM

= DE = BM, ADE = ABM a 4

Ma ABCD la hinh thoi

=> ADN = ABM = ADE = ADN (1) [N

Ta c¢o: :

BAD = 2MAN e &
283
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= MAN = BAM + NAD = DAE + NAD = EAN
Xét hai tam giadc ANM va ANE cé: MAN = EAN,AM = A% va AN
chung.
= AANM = AANE = NE = NM.
Mait khac tac6: 2=CM + CN + MN = CM+ CN + NE
Ma2=CB+CD=CM+MB +CN +ND=CM + DE + CN + ND
=>CM+CN+NE=CM+DE +N +ND
=NE =ND + DE = D thudc doan NE (2)

Tir (1) va (2) = ADE = ADN =90°.
Suy ra: Hinh thoi ABCD c¢é ADC =90° nén la hinh vuéng.
Viy céc goc cua hinh thoi ABCD bang 90°.

Bl 7% Tach: 2y 20 e 2 _, & . 2 1
1+a 1+b l+b l+a 1+b 1+a
1+b 1-b
S ——=1+aa= !
2b 2b
e / 2
Do dé: ab? = 1=P p2 __(1_9)2;{_“_1) +1]£1.
2b 2 2 2) 4| 8
1
Vay ab® < =.
dy ab® <2
A A
Dé so 14
Bii l:1.Taco \/M= M*‘\@):\/‘E*ﬁ:\/@ﬁ
3v2-2V3 \V6(V3-v2) V/3-V2
=J§(J§+J§)=\/§
J3+2

Thé vao A c6 két qua A = 220%,
2. Vi hai s6 nguyén bat ki sai kém nhau it nhat mot don vi, ta cé

(I)e>a’+b?+c? +4<ab+3b+2c

2 2
Hay (az—ab+—%—) [%—3b+3} (02 —2c+1)s0

f

c-1=0
Y (b .Y b =
Q[a——) +3(-——1J +(c—1)250<:><———1=0<:> b=2
2) "2 2 .
- o a—g:O
!_ ggﬁi}‘ k

__ -éﬁ«a
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Bai 2: 1. Chuy: 3°—1=729-1=728chia hét cho 91 nén chia hét cho 7 va
13; MAA=B"-)+@ -D+B* " -1)+3+1+1
0P < 114 0% — 134 [(3“)""*"‘ —1)+ 11
Vay A —11chia hét cho 91. ‘
2. Nhin xét: (7+4J3)+(7-43)=14va (7T+4J3).(7T-4V3) =1
Nén S =(7+4v3)" + (7-4V3)* =2702 e Z. Mat khéc:

e lf) (7+4\/_T {111]:(%}3
:;Sw[llo-) (7+4J_)

<(7+ 4\/5)” <2702

¢52701,999 < (7 + 44/3") < 2702
Di¢u phai chimg minh.
Bai 3: 1. +diéukién xzmvax=1(*). Tacd phuong trinh da cho (1)
¢>(x+2)(x-1)=(x+1)(x-m) < mx =2-m(2)
Néum= 0 thi (2) c6 nghiém duy nhaf k= s
m
+ Dé (1) ¢6 nghiém duy nhit thi(2) phai c6 nghiém duy nhét thoa man

-m . 2-m -
s# mva #1 . Tur d6 suy ram# 0.
m m

m# 1 va m # -2 thi phuong trinh ¢6 nghiém, duy nhzit.

2. ViX, y, z nguyén duong va vai tro nhu nhau nén co thé giasuwt x 2y >z
Binh phuong hai vé cua phuong trinh da cho:
x + 243 =y+z+2\/ﬁ:>(x—y—z)2 +4J§(x—y—z)=4yz—12 %)
Vila V3 s6 vO ti nén tir (*) suy ra x=y—-z=0¢>4yz-12=0 hay
yz=3 hay y=3,z=1vax=4.
Phuong trinh c6 nghiém la: (4, 3, 1) va (4, 1,3).

Bai 4: Gia st f(x) =a, +a,x +a,x* +...+ x*""* . Khi do:

diéu kién (*), tirc 1a: mé 0.

f(1)=a,+a, +a,+...+8,,,

=(ag+a,+a, +...+8,,)+(a, +ay+a;+...+a,;)=m+n
Q__,_.—.-._.—._V ) " oy

v

m n

f(-1)=a,—a, +a,—a,+...+a,, |
=(a, +a, +a, +...+a,,)-(a, +a; +a; +..+a,,3)=m-n

Ma: f(1) =3%";f(-1) =1
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m+n = 32{)0.‘

Suy ra {

hét cho 4 vay m 1a s6 chin, n=m -1la so l¢.

N hay m = %(32””" +1);n= é(:}g””? ~1)mia m chia

Dé so 15
Bii I: a. Tacé: a® + b* =(a+b)(a’ —ab + b?) chia hét cho (a + b)
S=(1%+50")+ (2% + 49°) + (3* + 48%) +... + (25 + 26%) chia hét cho 51.
S=(1+49")+(2® +48%) + (3> + 47 + ... + (24° + 26”) + 50" chia hét cho
25. Vi 25 va 51 nguyén té ciing nhau, nén S chia hét cho 25.51 == 1275.
X + 9y —4xy < 0(1)
x+y-4=0 (2)
+Tu(2)co: y=4-x
+ Thé vao (1) va bién ddi ta dwoc: (x -3)2 <0< x =3
+Vayx=3,y=1.
Bai 2: 2. Diéu kién: 3272.

\/___+m+ ____r_— /2

o
ey

2 2
o J(x-2 +1) +\/(\/x—2—1)‘=2
—2+1+|\fx—2—1’='2<:>l1—x}}x—2|=1-\/;c"——2 (ap dung tinh

chat |A|=A<:>A20)<:>m-1_<_0<:>x—2£1<:>x53
Phuong trinh ¢6 nghiém: 2<x<3
Badi 3: . a. Phan tich A =x" - x‘y - 25x%y? + 25x%y® + 144xy” — 144y®
=(x-y)(x-3y)(x - 4y)(x + 4y) gom 5 thira s6 bac nhat.
+Néuy=0thi A=x"#77 véi Vx
+ Neu y#0; vi 77=(1)(-1)(7)(-11) = (1)(-1)(-7)(11) gom 4 thira s
d61 mot khac nhau va A gém 5 thira s& d6i mot khac nhau.
Vay A#77 vai V x.y. Nén phuong trinh khong ¢6 nghiém nguyén.

b. Piéukién: x>5y>7. A=— (\/x o \/Y 7}
2 X y

Theo bat dang thire Cauchy c6:

+\/5.wa— SM=XC:> X_Dg 1
2 : X 25

2
T+y-7 vy y-"17 1
Tyl gL " nd o <
¥ 2 2 y 2\5
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ﬁ_
g T

11 1 .
MaxA =—| — +— |khi x =10,y = 14.
- z( 5 J’?] d
Bai 4: .
MN

c

AMON ¢6 P =90";11a trung diém cua MN = PI = —— = IN.

10 L MN = 10° + IN? = NO? vay I0® + IP* =ON?* = R? (dpcm).

b. Goi K 1a trung diém cua PO: ké [H L PO, ta co: N
PI* =IH? + HP? (1) va 10? =IH? + HO’ (2).
Tu (1) va(2)ta duoc M

PI° + 10° =2IH* + PH* + HO®
= 2KI* + PK? + KO?

¢> R? = 2KI? + P(2)_ .

B\ P KHO

Tirc 1a: R® =2KI? + A%

= KI* =2(2R} - PO?)
4
oKl = %Jsz _ PO? dl (khéng @i) hma Kip¢d. dinh nén 1 thude duong

tron tam K ban kinh =V2R*°2PO*

1
2
Bai 5: + Gia st BAC <45°. Khi d6 ACF >45°, BCF < 45°,CBF > 45" va

suy ra BC < AC.

+ Nhu vy tia CP nam giita hai tia CA va CF va cat trung tuyén BE tai G.

Ta ky hiéu O la diém cat cia BE, AD, va CF. Thé thi G ndm giita O va

E.

+ Vi :gz—;thi % <%. (O day ta dung FOB <90° va suy ra FOG >90")
FO AF 1

+ Boi vi AO la phan giac t t iac AFC, thi —=—<—, tirda
ol a phan giac trong tam giac } = = 5 ur day

suy ra ACF <30". C
Trai vi ACF > 45” & trén. E

287

Tron Bo SGK: https://bookgiaokhoa.com



Download Ebook Tai: https://downloadsachmienphi.com

MUC LUC

1. Cac bai toan tinh toan hinh hoc........c.ooooeieeieeeeeieeeeeeeeeeeeeeeeee e, 5
2, Gl bal toai el Wlnh oo i S 51
3. Céc bai toan ching minh v Gudng WON ..sumsssissmsssmsmissss 69

4. Cac hai toln dyng BInh, quy Hoh...ccsmasmsssiamnsseao 08

5. Cac bai todn hinh hoc khong gian......cominmmimmsisnmmm i 172
. B D Y008 BOP.orn sl oo onsgipimusesgosnscomei NG sissssspiscsnsysamssmsscss sosssmonassy 210
7. Mot s6 dé€ thi hoc/sinh gidi va Be tr layén............hbecececececiniccnnencncanenne, 248

Tron Bo SGK: https://bookgiaokhoa.com



	LỜI NÓI ĐẦU
	1. Các bài toán tính toán hình học
	2. Các bài toán chứng minh
	3. Các bài toán chứng minh về đường tròn
	4. Các bài toán dựng hình, quỹ tích
	5. Các bài toán hình học không gian
	6. Bài tập tổng hợp
	7. Một số đề thi học sinh giỏi và đề tự luyện
	MỤC LỤC

