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LOI NOI PAU

Nham ddap tng nhu ciu vé cia gido vién todn THCS va hoc sinh vé cdc chuyén dé toin
THCS, Tt sdch luyén thi giéi thigu dén thiy co va cic em chuyén dé vé cdc bai todn veé bit ding
thic va cwc tri hinh hoc. Chiing téi dd kham khdo qua nhiéu tai ligu dé viét chuyén dé vé nay
nhiam ddp teng nhu ciu vé tai lidu hay va cdp nhit dwegc cdc dang todn mdi vé bit dﬁng thitc va cuec
tri hinh hoc thwong dwoc ra trong cdc ki thi gan day. Chuyén dé gom 4 phin:

o H¢ thong kién thirc cian nhé

e Cdc thi du minh hoa

e Bai tdp tw luyén

o Huéng dan gidi

Cdc vi phu huynh va cic thiy c6 day todn co thé diung c6 thé’dung chuyén dé nay dé givip
con em minh hoc tdp. Hy vongj@aﬂyﬂ@mgﬁqﬂ]t@ﬁ@mmﬁrz hinh hoc nay c6 thé’ givip ich
nhiéu cho hoc sinh phdt huy noi lyc gidi todn noi riéng va hoc todn noi chung.

W C \ (v 11 Hah 3 ! ,E’M— i ] | c ~ , 2 ~ A
Mic di di co sw dau twnlgnr%‘g 1%’55?222? ’gzr )gf,e sicgigé igh%]r?g thé tranh khoi nhirng han che,

sai s6t. Mong dwgc sw gop y cuia cac thiy, co gido va cdc em hoc!

Chiic cdc thiy, cd gido va cdc em hoc sinh thu dwoc két qua cao nhat tir chuyén dé nay!
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TUYEN CHON CAC BAI TOAN
VE BAT PANG THU'C VA CUC TRI HINH HOC

1. MOT SO KIEN THUC CAN NHO
1. Lién hé gitta canh va goc trong tam giac
Pinh li 1: Cho tam giac ABC. Néu ABC> ACB thi AC> AB va nguoc lai.
Dinh 1i 2: Cho hai tam gidc ABC va MNP c6 AB=MN va AC=MP. Khi d6 ta c6 bat dang
thirc
BAC>NMP < BC>NP

Dinh li 3: Trong tam gidc ABC ta c¢:

+Néu A =90° thi BC® = AB* + AC?

+Néu A >90° thi BC® > AB* + AC?

+Néu A <90° thi BC* < AB? + A

~AC|<BC<AB+AC
AC-BC|<AB<AC+BC

downloadsacBG =Bl AGHBC+AB
Hé qua: Chon diém A;A;A;..;A . Khidétaluoncd A A, +AA +..+A A 2A A

M own | 0d \." 5 ;\ cn H dy ] P 0C SacC h 0 ne

DAu béng xdy randiém A;A;A ;. A thérjg hang va s @) x€p theo thit tu do.

Dinh li 4: Vi moi tam gidc ABC ta ludn co:

Pinh 1i 5: Cho tam giac ABC va M la trung diém ctia BC. Khi d6 ta c6

+Néu A =90 thi AMzéBC

+Néu A >90° thi AM<%BC

+Néu A<90° thi AM>%BC
2. Quan hé giita dwong xién, dwdng vudng goc va hinh chiéu caa duwong xién.
Pinh li 1: Trong cac duong xién va duwong vuong goc ke tir mot diém & ngoai mot duong
thdng dén duong thang d6 thi duong vudng gdc 1a dudong ngan nhat.
Dinh 1i 2: Trong hai duwong xién ké tir mot diém nam ngoai mot duong thang dén duong
thang d6:
e Duong xién nao c6 hinh chiéu 16n hon thi 16n hon

e Duong xién nao 16n hon thi c6 hinh chiéu 16n hon
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o Né&u hai duong xién bang nhau thi hai hinh chiéu bang nhau, va nguoc lai, néu
hai hinh chiéu bang nhau thi hai duong xién bang nhau.
3. Cac bat dang thitc trong dwong tron.
Pinh li 1: Trong mot duong tron thi duwong kinh la day 16n nhat.
DPinh i 2: Trong mot dwong tron:
e Hai day bang nhau thi cach déu tam va nguoc lai.
e Day nao 16n hon thi day dé gan tam hon va nguoc lai.
Dinh 1i 3: Ban kinh ctia hai duong tron la R >, con khoang cach gitra tam cta chung la d.
Diéu kién can va du dé hai duong tron d6 cat nhaula R—r<d<R+r
Pinh li 4: Cho duong tron (O; R) va mot diém M bat ki nam trong duong tron. Khi d6 ta
co
R-d<MN<R+d
Vi N la diém bat ki trén duong tronva d la khoang cach tir M téi tam duong
tron.
Pinh 1i 5: Cho duong tron (O; R) va mot diém M bét ki ngoai duong tron. Khi d6 ta c6
d-R<MN<d+R
V6i N la diém bat ki trén'dueong tron' va dla‘’khodng cach tir M téi tam duong
tron.

4. Cac bat dang thitc vé dién tich.

Pinh 1i 1: V&i moi tam giac ABC taludén ¢6 S, < %AB.AC , ddu bang xdy ra khi va chi

ABC —
khi tam gidc ABC vudng tai A

Dinh 1i 2 : V6i moi it gidc ABC taludn c6 S, <

%AC.BD, d4u bang xay ra khi va chi
khi AC vudng goc vdi BD.

L ABBC+ AD.DC), dau béng xdy ra

ABCD < E(

Pinh 1i 3: V6i moi ti gidc ABCD ta luén c6 S

khi va chi khi B=D=90°.
5. Mot s6 bat dang thitc dai s6 thuong ding
e V6ix, y la cac s6 thuc duong, ta ludn cd

x> +y* = 2xy; 2(x2 +y2) > (x+y)2 , ddu bang xdy ra khi va chi khi x=y

e V6ix, y, z la cac s6 thuc duong , ta ludn c6
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l+12
X y X+y
l+l+12 9

X y Z X+y+Z

, ddu bang xdy ra khi va chi khi x=y

, d&u bang xay ra khi va chi khi x=y =z

e Bat dzfmg thiec Cauchy: Vi x, y, z la cac s6 thuc duwong, ta ludn cd

X+y
2
X+y+z

> \/;, d&u bang xay ra khi va chi khi x=y.

> ﬁxyz , d&u bang xay ra khi va chi khi x=y=z.

e Bat drfmg thirc Bunhiacopxki. Vdia, b, c va x, y, z la cac s6 thueg, ta ludn co

(a2 +b’ )(x2 + yz) > (ax+ by)2 , dau bing xay ra khi va chi khi = = b
Xy
(a2 +b*+c’ )(x2 +y*+27° ) > (ay +by + cz)z, d&u bang x4y ra khi va chi khi
a_b_c
X y z
II.CAC Vi DU MINH HOA

Vi du 1. Chitng minh rang tdng d6 dai ba duong trung tuyén ctia mot tam giac 16n hon %

chu vi va nhé hon chu vi ctia tam giac dy.

Phan tich tim loi giai

Trén co so hinh vé, ta can chiing minh
%(AB+BC+CA)<AD+BE+CF<AB+BC+CA.

Ldy diém M trén tia d6i cua tia DA sao cho DA=%AM, khi d6 theo ta dugc

2AD < AB+AC. Hoan toan tuong ty ta dugc AD+BE+CF<AB+BC+CA.
Ta can chiing minh dugc %(AB +BC+ CA) <AD+BE+CF. Cht y rang G la trong

tam tam gidc nén tt BG+GC > BC ta dwoc BE +CF > %BC. bén day ap dung tuong tu va

cong theo vé& cac bat dang thic ta duoc diéu phai chitng minh.

Loi giai
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Xét tam giac ABC c6 ba duong trung tuyén la AD, BE, A
CF.
Trudc hét ta chiing minh 2AD < AB+AC. That vay,

trén tia d6i cta tia DA 1ay diém M sao cho D 1a trung

[os)
Q
(@)

diém cua AM, khi d6 ta dwgc AC=BM va

AM=2AD. Trong tam giac ABM c6 AM <AB+BM

do d6 ta duwoc 2AD < AB+ AC M
Tuong tw ta dugc 2BE =BC+ AB; 2CF=CA +BC.

Cong theo vé& ba bat dang thitc trén ta dugc

2(AD+BE+CF)<2(AB+BC+CA)
Hay AD+BE+CF <AB+BC+CA

Trong tam gidac BGC c6 BG+GC >BCma BG= %BE va CG= %CF

Nén %BE+§CF >BC < BE+CF >%BC. Tuong tw CF+AD>%AC; AD+BE>%AB

Cong cac bat dang thitc vé theo vé ta c6

2(AD+BE+CF)>§(AB+BC+CA)<:>AD+BE+CE>§(AB+BC+CA).
2 4

K&t hop hai bat ding thic trén'ta diioc %(AB +BC+CA)<'AD+BE+CF < AB+BC+CA

Vi du 2. Cho tam gidc nhon ABC c¢6 cac duwong phan gidc AD, BE, CF cat nhau tai I. Chiting

minh rﬁmg cac doan théng ID, IE, IF la d6 dai ba canh ctia mot tam giac.

Phan tich tim loi giai

Dé chiing minh cac doan théng ID, IE, IF la d6 dai ba canh cua mot tam giac. Ta can
chiing minh dwoc cac bat déng thirc IE+FI > DI EI+ DI > FI; DI +FI > EI. Goi r 1a ban kinh
ctia duong tron noi tiép tam gidc ABC va vé IH vudng goc voi AC tai Hsuy ra IH=r.
Chu y 1a EIH < 45° nén trong tam gidc vudng géc EIH nho nhat nén EH<IH=r. Tt d6

suy ra r’ <IE? <2r”. Hoan toan twong tu thi ta dugc

DI’ < EI” + FI*; EI* < FI* + DI’; FI* < DI” + EI’ . Dén day ta duwoc cac bat dang thic nhu trén.

Loi giai
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Goi r 1a ban kinh ctia dwong tron ndi ti€p tam giac
ABC, vé IH vuong goc voi AC tai Hsuy ra IH=r.
Ta can chiing minh duoc ba bat dang thitc

IE+FI > DL EI+ DI > FI; DI+ FI > EI 7 D

That vay, trong tam giac vuong IEH co

EIH =90° —IEH < 90° —IEH + (90° - ECB)
=180° —ITEH-ECB = EBC < %.90O

Do d¢ trong tam gidc vudng IEH thi géc EIH nho

nhat. Khi d6 ta dwoc EH<IH=r.

Mit khdc theo dinh 1i Pitago ta c6 IE* =IH? + EH* ma lai c6 OH=r;HE <r nén suy ra
IE? < 2r?

Ttr d6 ta dwoc r* <IE® < 2r”. Chtétng minh twong tw ta duge r* <ID* < 2r%;1” <IF* <2r’
Ttr cac bat dang thitc trén ta thu dwoc DI« EI% +FI%; EI* < FI* + DI*; FI* < DI” + EI’

Do do6 IE+FI > DI EI + DI > FI; DI +FI > EE hay DI, EI, FI 1a d6 dai ba canh ctia mot tam

giac.

Vi du 3. Cho tam gidc ABC va diém M bat ki nam trong tam giac. Chiing minh rang:
MA.BC+MB.CA+MGC,AB g 2Max{AB.AG;BC.CA; CA.AB|

Phan tich tim loi giai

Goi A, lan lwot la giao di€ém ctia AM voi BC. Khi d6 ta thdy
AA, < AB=Max{AB;AC}. Do dé ta duoc
AA,.BC < BCMax{AB; AC} < Max{AB.BC; AC.BC; AB.AC}. Tir d6 suy ra duoc bét dang

thire MA.BC=%.AATBC<%.Max{AB.BC;AC.BC;AB.AC}. Ap dung hoan toan

1 1

MA MB MC

teong tie va cht ¥ dén mot dang thirc quen thuodc + +
AA, BB, CC,

=2 ta c6 diéu phai

chtrng minh.
Loi giai
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Goi A,;B,;C, lan luot 1a giao diém cua AM, BM, A
CM véi BC, CA, AB. Tia AM nam gitta hai tia AB
va ACnén A, ndm gitta hai diém B va C. Vé AH . B,
vuong goc voi BC tai H. Gid se AB> AC nén ta
dugc BC>CH. Goi B’ 1a diém d6i xting v6i B qua
B A, H C B

H, suy ra C thudc doan BB’. Ma A, thudc doan BB’
nén A H<BH. Tt d6 suy ra
AA, < AB=Max{AB; AC}

Suy ra AA,.BC < BCMax{AB; AC} =Max{AB.BC; AC.BC} < Max{AB.BC; AC.BC; AB.AC}

Pt x=Max{ABBC; ACBC; AB.AC}, kii 6 ta duge MABC = AA, BC <

1 1

X

Hoan toan tuong tw ta dwoc MB.CA < % xiMC.AB < % X

1. 1
+s  _s MA1+MBl+MC1:1
BB, CC

Mt khacta co S,,,; +S nén ta duoc

MBC MCA ABC

1 1 1

Tt d6 ta duwoc MA + NiB + [ =2.Do d6 ta duvgc MA.BC+MB.CA + MC.AB < 2x

AA, BB, CC,
Vay ta duoc MA.BC+MB.CA+MCAB<2Max{ABAC; BC.CA; CA.AB|.

Vi du 4. Cho t gidc ABCD va mot di€ém M thudc mién ¢ gidc. Chiing minh rang:
MB+MC < Max{AB+AC; DB+DC}

Phan tich tim loi giai

V6i diém M thudc mién ti gidac ABCD, khi d6 xay ra hai truong hop la M thudc
mot canh cua t& giac hodc M thudc mién trong cua t¢ giac. Véi diém M thudc mot canh
cla t& gidc, chang han diém M thudc doan AD, ta can ching minh MB+MC < DB+DC
hoidc MB+MC < AC+AC. Véi difm M ndm mién trong tam giac, 1ay diém N trén AD dé
duwgc MB+MC<NB+NC va quy bai toan vé chiing minh tuong tw nhu treong hop th
nhat.

Loi giai
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Trudc hét ta phat biéu va chitng minh bd dé: Cho tam

A
gidc ABC va mot diém M bat ki ndm trong tam giac,
khi d6 ta Tuén 4 '
MB+MC< AB+AC
That vay, goi giao di€m ctia BM véi AC la I khi d6 ta . ’

co

AB+AC=AB+AI+CI>BI+CI
=BM+IM+CIl>BM+CM

B6 dé duwoc chirng minh.

Tro lai bai toan: Véi diém M thudc mién t¢ giac ABCD, khi d6 xay ra hai truong hop la M
thudc moét canh cua tr giac hodc M thudc mién trong cua tit giac. Do d6 ta xét hai treong
hop sau:

+ Truong hop 1: Diém M thudc mot canh-eta-ti

B
gidc, khong mdt tinh tong quat ta gia sir|diém /M b
nam trén doan th:fmg AD. Goi B’ la difm doi
xtng véi di€ém B qua AD. Vi hai diém B, C nam
vé mot phia so véi AD nén B/ Chamvé hai phia

B c

so véi AD. Suy ra hai doan thang B'C va AD cat

nhau. Goi I la giao diém ctia B'C vdi AD.

Do M thudc doan AD nén I thudc tia MA hoac tia

MD.

Khi d6 theo bo dé trén ta dwoc MB+MC <DB+DC hoac MB+MC < AC+AC
Tir d6 ta dwoe MB+MC <Max{AB+AC; DB+DC}

+ Truong hop 2: Diém M thudc mién trong ca t&
giac. Khi d6 goi O la giao diém cua hai duong chéo
thi diém M thudc mot trong cac tam giac OAD, OBC,
OCD, ODA. Tuy theo vi tri cta diém M ma ta chon
diém N trén doan AD sao cho theo bo dé trén ta ludn
c6 MB+MC<NB+NC. Ma theo treong hop 1 thi ta
6 NB+NC <Max{AB+AC; DB+ DC}

Tir d6 ta dwoc MB+MC < Max{AB+AC; DB+DC}

Néu AB+AC>DB+DC thi ddu bang xay ra khi va chi khi hai diém A va M trting nhau
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Néu AB+AC<DB+DC thi dau bang xdy ra khi va chi khi hai ¢i€m D va M triing nhau

Vi du 5. Chiing minh rang tdng d6 dai cdc duong chéo ctia ngii giac 16i ABCDE 16n hon
chu vi nhung nhé hon hai lan chu vi ctia ngti giac ABCDE.

Loi giai
Goi p la chu vi cta ngii giac 161 ABCDE, khi d6 ta c6 B
p=AB+BC+CD+DE+EA
Ap dung bat dang thikc tam giac cho cac tam giac
ABE, ABC, BCD, DEC, EAD ta duoc

BE < AB+AE; AC< AB+BC E
BD <BC+DE;EC<CD+DE
AD < AE+DE

Tir d6 suy ra
BE+AC+BD+EC+DA <2(AB+BC+CD+DE+EA)

Hay ta duoc BE+ AC+BD+EC+DA <2p
Goi giao diém cua AC v6i BE, BG lan luotda F, G Goi giao diém cuia AD véi EB, EC Tan
leot 1a L, K. Hai dwong chéo EC va BD cit nhau tai H. Khi d6 ap dung bat déng thirc tam
giac cho cac tam gidc ABF, BCG)CDH; DEK, EALta dtroc

AB < AF+BF, BC<BG+GC;CD <CH+HD;, DE < DK+KE; EA <EL+LA

Do do ta duoc
AB+BC+CD+DE+EA <AF+BF+BG+GC+CH+HD +DK+KE+EL+LA
=(BF+EL)+(AF+CG)+(BG+HD)+(EK+HC)+(AL+DK)
<BE+AC+BD+EC+AD
Hay ta duwoc p<BE+AC+BD+EC+AD

Vay ta duoc p<BE+AC+BD+EC+AD<2p

Vi du 6. Cho hinh chi* nhat ABCD.

a) Chtrng minh rang néu diém I thudc doan AB thi IC+ID < AC+AD, dau bang xay
ra khi nao ?

b) Tim diém O nam bén trong hoac trén canh cta hinh chi* nhat ABCD théa man
diéu kién tong OA+OB+OC+OD c6 gid tri 1on nhat.

Loi giai
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Dat

E
AB=CD=a;AD=BC=b;AC=BD=d=+a’*+b’
a) Ta chttng minh IC+ID<d+b
Goi E la diém d6i xiing v6i D qua A, khi d6 t giac A I I ®
AEBC 13 hinh binh hanh, nén AB va CE cit nhau tai
trung diém K cua mdi doan. Lai c6 IE=TD. C6 hai

D c

treong hop xdy ra
+ Treong hop diém I thudc doan AK, khi d6 tam
giac AEC chtra tam giac IEC nén ta duoc

IC+ID=IC+IE<AC+AE=AC+AD
Tt d6 ta dugc IC+ID < AD+AC, dau bang xdy ra khi va chi khi hai diém I va A trung
nhau.
+ Truong hop diém I thudc doan KB, khi d6 ta giac BEC chira tam giac IEC nén ta duoc

IC+ID=IC+IE<BCHBE=AD+AC
Tt d6 ta duoc IC+ID < AD+ AC, d&du bang Xay ra khi va chi khi hai diém I va B triing
nhau.
Vay néu diém I thudc canh AB thi ta luon c6 IC+ID < AD+ AC, dau bang xay ra khi va
chi khi diém I trung véi A hodc B.
b) Néu diém O trung vdi mot'trong cacdinh ¢ua Hinh cht nhat ABCD thi ta duoc
OA+OB+OC+0OD=a+b+d
Néu diém O khong trung véi cac dinh ctia hinh ch nhat ABCD, khi d6 c6 hai treong hop
sau:
+ Truong hop diém O nam trén cac canh ctia hinh chit nhat ABCD, chang han O nam trén
canh AB va khong trung véi A, B. Khi d6 ta duoc
OA+OB+0OC+0OD=AB+0OC+0OD<AB+AC+AD=a+b+d
+ Truong hop diém O nam trong hinh chit nhat ABCD, khi d6 qua O ké duong thang song
song voi AB cit AD, BC Tan lwot tai M, N. Chtrng minh tuong tw ta dugc
OA +OB <MA +MB; OC+0OD <MB +MC
Tt d6 ta duwoc
OA +OB+0OC+0OD <MA +MB+MC+MD = AD+MB+MC
<AD+AB+AC=a+b+d

Vay OA+OB+0OC+OD dat gia tri 16n nhat bang a+b+d, ddu bang xay ra khi va chi khi
diém O trung véi mot trong cac dinh ctia hinh ch nhat ABCD.

Vi du 7. Cho tam gidc ABC va mot diém M thudc tam gidc. Chitng minh rang;
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MA.BC+MB.CA +MC.AB =4S

ABC

Phan tich tim 1oi giai

Do tam giac ABC bat ki nén ta can xét cac truong hop c6 thé xay ra cua tam giac
Syiap +Sype +5
minh dwoc bai todn ta can biéu dién duoc cac tich theo dién tich MA.BC;MB.CA; MC.AB

ABC. Véi tam gidc ABC nhon hodc vudng, chtiy1a S, =S,,,s +Sysc +Suca N€N d€ chitng

theo dién tich cac tam giac MAB, MBC, MCB. Keé BB, L AM,CC, L AM thi ta duoc

1 1

S ,em +Sacu = EAM(BB1 +CC1) < EAM.BC. bén day ap dung tuong tu ta dugc diéu phai

chting minh. Véi tam giac ABC tu, chang han tu tai A thi ta 1dy diém B’ thoa man
AB' L AC, AB'=AB va diém M nam trong tam gidc AB’C. Khi d6 ta can ching minh
duwoc MA.BC+MB.CA+MC.AB>MAB'C+MB'.CA+MC.AB'>4S, .. >4S

AB'C ABC*

Loi giai
Ta xét hai treong hop sau:
+ Treong hop 1: Tam gidc ABC khong tu A
Vé duong thang BB, 1. AM,CC, | AM. Khi d6 ta c6

1 1

St +Ssc =5 AMIBB, + -~ AM.CC,

ABM Al

_ % AM (BB, +CC,) < %AM.BC 5,

A M 2 . o \ 2 . C
Dau bang xay ra khi khi va chi khi AM_| BC B Cl\/
Hoan toan tuwong tw ta dwoc

1

<=
ABM = o

Spns +S BM.AC. D&u bing xdy ra khi

BCM

BM 1L AC

S

AACM —

et T Sancm < %CM.AB . D4u bang xay ra khi CM L AB

~

Cong ting ve cta cac bat dang thirc ta dwoc

+Spen ) S %(MA.BC+MB.AC+MC.AB)

BCM) =

2(SABM + SACM

Hay ta dwoc MA.BC+MB.AC+MC.AB >4S

ABC

Dau bﬁmg xay ra khi va chi khi AM L BC,MB L AC,MC L BC hay M la tryc tam cua tam
giac ABC
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+ Truwong hop 2: Tam gidc ABC la tam giac A
tu. Khong mat tinh tong quat ta gia sw

A>90° M
Khi d6 vé AB' L AC va AB'=AB nhu hinh

. N ———  ©
vé sao cho M nam trong tam gidc AB'C.

Ta c6 ABB'=AB'B nén MBB'<MB'B suy
ra MB >MB'

Ma ta c6 CB'B > CBB' nén ta duwoc CB > CB'
Ttr d6 ta dwoc MA.BC+MB.CA+MC.AB>MA.B'C+MB'.CA+MC.AB'
Twong tuir truong hop 1, trong tam gidc AB'C c6
MAB'C+MB'.CA+MC.AB'>4S,, . =2AB' AC=2AB.AC
Tt d6 ta duoc MA.BC+MB.CA +MC.AB>2AB.AC > 4S

ABC

Vay ta ludn c6 MA.BC+MB.CA + MC.AB24S,,. . Ddu bang xay ra khi va chi khi tam gidc
ABC khong tu va M la truc tam tam giac ABC.

Vi du 8. Cho tam giac ABC va D 1a mét diém nam trén canh BC. Trén canh AB va AC lay
Tan luwot cac diém N va M. Qua M va N ké cac duong thang song song véi AD cat BC tai P
va Q.

Chting minh rang Synpo SImax {S b -2 ACD}

Phan tich tim 10i giai

Do M va N nam trén BC nén ta c6 ﬂ:m<1; ﬂ:n<1.T1‘13c“I(’)
AC AB
S AN.AM PR N .
ST;CN = ABAC - Chayla S, =Sase =Savn ~ Sawr — Spno N€N dé chiing minh
duoc bai toan ta di biéu dién dién tich cdc tam gidc CMP, BNQ theo m, n. Dé thay
MC CP . BN BQ N , 2 \
A_C :C—D =1-m va E :ﬁ =1-nnén ta tinh du’OC SCMP =<1—m) SACD va
Spng = (1 —n)2 Sgap - Nhu vay ta duoc
Syiar :(2m—mn—m2)SCAD +(2n—mn—n2)SABD

Do d6 ta dugc Sy < [(Zm —mn-m’ ) +(2n —mn-n’ )].max{SCAD, S \p | - Nhu vy dé
két thuc chitng minh ta can chi ra dwoc (2m —mn—m2)+ (2n—mn—n2 ) <1.

Loi giai
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Do M va N ndm trén BC nén ta c6 A
AM AN
——=m<1, —=n«<l1
AC AB M
Ta co S pan = ANAM =m.n nén ta duoc N
Suc ABAC
S =MmnS -
) B Q D P c
Do MP//AD nén ta co6
MC CP AC-MC 1-m
AC CD AC
Tuong tw ta cé BN =@:1—n
AB BD
_ BN.BQ CM.CP

Do do ta dIIOC SBNQ = M'SBAD; SCMP = M‘SCAD

Nén ta duoc S, = (1—m)2 S,cp Va Spng = (1 —n)2 Sean

Tt do ta duge SMNQP = SABC _SAMN _SCMP _SBNQ B SACD +SBAD _SAMN _SCMP _SBNQ
Suy ra
2 | |
Synor = [(1_mn)_(1_m) }s +[(1—mn)—(1—n) ]s
:(Zm—mn—mz)SCAD +(2n—mn—n2)SABD
Do 2m-mn-m?; 2n—mn-n” 1a'cac s6 duong nén'ta duoc
Syinar < [(Zm —mn-m? ) +(2n —mn —n? )} .max{SCAD, SABD}
2
= [1—(m+n—1) }.max{SCAD, SABD} < max{SCAD, SABD}
Do Sy = max{SABD, SACD} nén ta duge S, =S, , va m+n=1
Suy ra ta dugc CD=BD va ﬂ+ﬂ:1.
AC AB
Vi du 9. Cho t giac ABCD. Chiing minh rang
2 pny?
AB? +BC?+CD? +DA? 2235, + ACTBD

Phan tich tim 1oi giai

Gia st trong t& giac ABCD ta ldy M va N lan luwot 1a trung diém cua AC va BD.
Khi d6 theo cong thirc vé duong trung tuyén cho cac tam giac ABC, ADC, MBD ta dugc
4BM’ =2(AB’ +BC*)-AC?, 4DM’ =2(AD? +DC? ) - AC? va
4MN® =2(BM’+DM’)-BD?.  Tir d6 ta  thu  dwoc  ding  thic
AB* +BC” +CD? + DA’ = AC* + BD* +4MN”. Nhu vay d€ chitng minh bat ding thitc ctia
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AC? -BD?

bai toan ta can chi ra dwoc AC?+BD?+4MN> 2435 . Cht y dén

ABCD +

1

ABCD SE

S ACBD va AC’>+BD’ +4MN” > AC* +BD’. Két hop hai bat dang thiic trén véi

danh gia sau
AC* 3BD* AC’-BD?
+ +
2 2 2

Pén day thi bai toan xem nhu duoc chitng minh.

AC? -BD?

AC? +BD? = > J3ACBD+

Loi giai
Gia st trong tie gidc ABCD ta lay M va N lan luot la B
trung diém ctia AC va BD. Khi d6 ap dung tinh chat
duong trung tuyén ta cd: Trong tam gidc ABC cd
BM la duong trung tuyén nén c
4BM?® = 2(AB2 +BC? ) — AC? va trong tam giac ADC
c6 DM la duong trung tuyén nén ) b
4DM’ =2(AD? +DC? )~ AC?
Do do ta duwoc

4BM” +4DM’ =2(AB’ +BC’ + AD’ + DC* | -2AC

& 2(BM? + DM’ ) = AB® + BC* + AD” + DC* - AC’
Trong tam gidc MBD c6 MN la dwong trung tuyén nén 4MN? = Z(BM2 +DM? ) -BD?
Do d6 ta duge 4MN’ =2(BM’ + DM’ )-BD? = AB* + BC? + AD” + DC* — AC* -BD’
Hay AB’+BC?+CD?+DA? = AC? + BD* +4MN”
Khi d6 ta dwgc AB”* +BC” +CD’* + DA? = AC* + BD* +4MN” > AC” + BD”

2 2 2 pR2 2 pN2

Ma ta c6 AC?+BD? =25 3B2D S . BD” . 3aceD+AC —BD
2 pnR2

Laicd S, < %AC.BD nén ta duoc AC?+BD? >24/3S, . + AC#BD

AC? -BD?

Tir 6 suy ra AB? +BC? +CD? + DA’ 22135 + ==
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M=N
D&u dang thitc x4y ra khi va chi khi < AC = J3BD & Tt giac ABCD la hinh thoi ¢
AC_1BD
A=C=60"
B=D=120°
Nhan xét:

+ Ta c6 thé st dung bt diing thitc 2MN =|AB-CD

; 2MN > |AD-B(|
Khi d6 ta c6 bt ding thitc manh hon I (AB+CD)’ +(AD+BC)’ 23435, + AC* ~BD?

+ Ngodi ra néis sie dung bit ding thirc trong tam gidc a>+b* +c* > 43S ciing cho ta két qué cin

chirng minh.

Vi du 10. Cho tam giac ABC c6 AB> AC. Dat AB=c;BC=a;CA=b. Goi p la nta chu vi

cua tam giac ABC va 1 ;m_ Ian Iwot 1a duong phan giac va duong trung tuyén ha tir dinh

A ctia tam gidc ABC. Chiing minh rang p=akl <m_ < %(b + c)

Loi giai

M/ D H/C D ~“C H

E E

Kéo dai AM 14y diém E sao cho ME=MA, khi &6 dé dang chiing minh duoc
AAMC = AEMB
Tt d6 ta dwoc AC=BE=2AM=AE

Theo bat dang thitc tam giac ta c6 AE < AB+BE=AB+AC=b+c nén ta duoc AM < %

Lai co6 AB<AD+BD va AC<AD+DC
Cong theo v& cac bat dang thiic trén ta dwoc AB+AC <2AD+BC = AB+AC-BC<2AD

AB+AC-BC b+c-a

Nén ta dwgc AD > 5

=p-ahayl >p-a.
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Ha AH vuong goc voi BC tai H. Do AB > AC nén ta dugc BH > CH suy ra BM < BH hay

diém M thudc doan BH. Lai ttt AB> AC ta dwoc ADB > ACD = ADB >90° nén diém D
thudc doan BH.

Trén canh AB 1ay diém K sao cho AK=AC, tir d6 ta dwoc AADC = AADK

Ttr d6 suy ra DC=DK va ACD=AKD.

+Néu ACB<90° thi ta duwgc AKD <90° nén BKD >90° > ACB > KBD

Ttr d6 suy ra BD>KD =CD = BM <BD=MH>DH nén AM>AD

+Néu ACB > 90° thi ta dwgc AKD >90° nén BKD = ACH > ADC > ABC

Tt d6 suy ra BD>KD =CD = BM <BD = MH <DH nén AM > AD
Vay taluén c6 AM>AD hay m_>1

Két hop cac két qua trén ta duoc p—a<l <m, < %(b+c).

Vi du 11. Cho tam gidc ABC ¢6 m_,1,,1_ va p;theo th tu la d§ dai duong trung tuyén ha
tke dinh A, d6 dai duong phan giac trong ha t& dinh B, C va ntta chu vi ctia tam gidc.
Chtng minh rang m_ +1, +1_< p\/?_>

Phan tich tim loi giai

Bat dang thirc lién quan dén m_;1;1 va p nén ta sé biéu dién m_; 1 ; 1_theo p.

/ b’ ’ b’
2cacos B B B
Theo cong thiic vé duwong phan-gidge-ta-ed-t= —2 ca cos— =17 <ac.cos’ b chay
2 12
a cos?D-1FC8B 0 eS0T Il < = C +a’-b p(p—b). Theo
2 2 2ca 2
cOng thirc duong trung tuyén cod

4m§=(b+c+ (p—b)(p—c))(b+c— (p- b )(p—c) [ a/p a—\p- )} Te d6
ta duoc \Ilp(p—b)+\/p(p—c)31}2 p’ —ma hay 1b+lcs,f2 p —ma .Dé'n day bat dang

thic sé duoc chiing minh néu ta chi ra dwgc m_ +, ,2(p2 —mi) < p\/g .

Loi giai

Trudc hét ta phat biéu va chitng minh bo dé: A
Véimoi 0<a <45° taludn co

) 1+cos2a
cos a=T

That vay, xét tam giac ABC vudng tai A c6

C =a va duong cao AH, duong trung tuyén
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AM. Trong tam giac AHM co

AHM =90°; AMH =2«a cos2a = @
AM
Do d6 14 cos2a =1+ HM _ AM+HM _ CM+HM _ HC
AM AM AM
, ) CHY 2CH* 2CH 2CH CH
Ta co 2cos” a = = = = =
AC BCCH BC 2AM AM
Tt d6 ta dwoc cos’a = 1%%205 , b6 dé duoc chimg minh.

Tro lai bai toan: Pat AB=c; BC=a; CA =b, khi d6 theo cong thiic vé duong phan giac ta
co

2cacos E

1, - 2. ca.cosE =1 <ac.cos’ B
c+a 2 2

2B 1+cosB

Ap dung bd dé trén ta c6 cos 5

, tir d6 ta dirgc 12 Sac(1+COSBj

®+a’—b?
2ca

Suy ra li S%(pr%]:p(p—b):lb s,/p(p—a). Tuwong twe ta co 1C < p(p—c)

Cling theo cong thirc vé duongtiung tuyénita cé

Ma theo cong thirc vé duong trung tuyén! ta ¢6,\cosB =

4m’ =2b’ +2¢% —a’ =(b+c)2 —[az —( —c)z}

=(b+c+ (p—b)(p—c))(b+c— (p—b)(p—c))
Mait khac ta lai co
b+c+2 (p—b)(p—c)sb+c+2p—b—c:2p

b+c-2 (p b)p c =2p- (\/_b+\/p_c)
Do d6 ta duoc 4m§£2p[2p—(\/;—\/ﬁ)} \/pp b) +\jp 1/ p m)

Suyral +1_< 2(p2—m2)

Do d6 ta dwoc m_+1, +1_ <m +\/2 p -m ) \/(1+2)(m§+p2—m:) =p\/§
D&u bang xdy ra khi va chi khi tam gidc ABC déu.

Vi du 12. Cho tam gidc nhon ABC c¢6 h_,h ,h_val,61 1 twong tng la cdc duong cao va
duong phan giac ha tir dinh A, B, C. Goi r va R Tan lugt 1a ban kinh dwong tron noi tiép va
duong  tron  ngoai  ti€p tam  gidc ABC. Chting minh  rang:

h . A)h, . Blh . C) r
—-sin— || ——SIn— || ——SIn— |<—
1 2\ 1, 2\ 1, 2 )7 4R
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Phan tich tim 10i giai

A? 7 . A, g 7 A LAY A 1o A A 2 h . A ) 7
Dé chitng minh bat dang thttc trén, ta di tim moi lién hé cta l—a —sin— vOi cac

canh ctia tam giac ABC. D€ y dén tam giac ABC ta duoc

1 1 A

1 A
SABczaa.ha; S.pa = bl sm2 S 2c1 smE Khi d6 ta duoc

ACA'
h h 2
1a.h :1(b+c)l .siné:—a:b-'_csiné Tr do ——smé= (p ) siné.fo do
2 2 ! 2 1 a 2 1 2 a 2
8(p-— -b)(p-

g—simé ﬁ—sinE &—sing < (p=2)(p=b)(p C).sinésinEsing.Délém
1 2 )1, 2 )1 2 abc 2 2 2

~, oA \ s 4 ~ /4 A 7 ab ~
xuat hién R va r ta chtt y dén cdc cong thirc S, ;. = —pr—\/p p b)(p ).Den

day ta quy bai toan vé chirng minh sin%sing sin% < %, day la mot bat dang thic quen

thudc va ta xem nhu mot bo dé.
Loi giai
1

Trudce hét ta chiing minh bé dé: Trong tam giac nhon ABC ta lu6n c¢6 sin%sing sin% < A

BD CD BD BD+CD  BC
AB AC AB) | AB+AC AB+AC’

Vé BI L BC=BI<BD. Tam giac-ABlL.c6 A

snA_BL_BD__ BC BC
2 AB AB  AB+AC 2«/AB AC

That vay, vé duong phan giac AD ta c6

Chitng minh tuong twe ta co \
AB ° ° °

B C
n —_—
2 2«/ AB. BC ~ 2JACBC

A B
Nhan vé& vdi v€& cua cac bat dang thirc trén ta duwoc smE smE .sin— 5 < g

si

Goi AA’ la duong phan giac ha tir dinh A, goip la A
ntta chu vi cua tam gidc ABC. Dat

AB=c; BC=a; CA=b

Ta cd S, ;. =S, 50 +S,ca Ma talai cd
SABC:Ea'ha; S,pa = bl sm2 5 Saca = 2c1 smE / . Y
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) h b+c A
b+c)l .sin—= 2= sin—
a
_ 2(p-
_1js é=b+C a é= (p a).sin—
a 2 a

h 2(p-b h 2(p-c
Hoan toan twong ty ta duoc —b—sinE: (pb ).sing;l—c—singz (p ) inS
C

b c

Do d6 ta duoc

(g—sinéj[%—sinEJ(ﬁ—singJ = 8(p—a)(p—b)(p—c) .sin%singsin%

1 2 b 201 2 abc

a C

Ma theo bd dé sin%singsin% < % va theo cac cong thitc vé dién tich la S, ;. = %

Va cong thitc Heron S, ;. = \[p(p—a)(p—b)(p—c) ta duwoc
8(p-a)(p-b)(p-c) . A B_. C_S _«

Sin—sin—sin—< ——=—

abc 2.2 2 4Rp 4R
Do d6 ta dwoc g—si1r1é ﬁ—si1r1E i—simE <L
1 2 I, 2 UL 2 )7 4R

Vi du 13. Cho tam gidc ABC c6 cac duong-phan gidc AD, BE, CF cat nhau tai I. Goi r 1a ban
kinh kinh duong tron néi tiép tam giac ABC. Chitng minh rang AK +BK+CK > 6r .

Phan tich tim loi giai
Theo tinh chat duong 'phén giacta'duwgc CD.c= b(BC—CD) =CD= ;;b .Ma Cl la
+c
dueong phan gidc ctia tam gidc ADC nén A_AC_ by . T do Al_btc nén
DI CD CD ID a

Al=ID.2*¢

. Cht y rang ID>IH=r nén ap dung twong tu ta quy bai todn vé ching

a+b b+c c+a
+ +

minh >6.

C a b
Loi giai
D4t BC=a;CA =b; AB=c. Ap dung tinh chit duong

AC CD b .

= = =—,do do ta

BD AB BC-CD c

dwoc E E

CD.c=b(BC-CD)=CD =22
b+c

phan gidc ta duoc

Mat khac ta c6 CI la deong phan giac cua tam giac
Al_AC_ b . . Al b+c
= = T = nen

ADCnén —=—=——_Twr do
DI CD CD

D a
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b+c
a

Goi H 1a hinh chiéu cua I trén BC khi d6 ta co
ID>IH=r

Al =1ID.

b+c b+c
a a

Do do ta dwoc AI=1D.

. Twong ti ta chitng minh duwoc

Tt d6 ta duwoc AI+BI+Cl>r

a+b b+c c+a
a b

\ 14 C
Ma ta co + + = —+—+—2>6
a

a+b b+c c+a a+b
C a b a

a b ¢
+—+—+—
C C

Do d6 ta duge AK+BK+CK > 6r, dau bang xay ra khi va chi khi tam gidc ABC déu

Vi du 14. Cho tam gidc ABC c6 cac duong phan gidc AD, BE, CF cat nhau tai I. Chting

minh rang:

>2
Lownload Lmlglal hi
downlodadsaciimienpni.com
Dit BC=a;CA =b; AB=c. Ap dung tinh tinh P A
duwong phan giac ta dwoec  Downloadsach Hay[Docsach Online
CD AC N CD —b
BD AB BC-CD
= CDc=b(BC-CD)=CD = 22
b+c
Mat khac ta c6 CI la duwong phan giac cua tam 5 I .
giac ADC nén Al_AC_b .Tte do Al _b+c
DI CD CD ID a
hay DI__a
Al b+c
Hoan toan tuong tu ta duoc E = L E =S
a+b

cvsame T

Tac‘éncht’rngminhduoc\/ 2 +\/ b +\/ C >2
b+c Vc+a Va+c
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Thét vay, vi a 1a d6 dai canh tam gidc nén a la s3 thuc duong, do d6 |—— = —2
b+c \/a (b + c)
Ap dung bét dang thizc Cauchy dang ,/ <X Y ta duoc 2 > 2

a(b+c) “a+b+c

Chttng minh twong tw ta dugc b > 2b ; € > 2
c+a a+b+c Va+b a+b+c

Cong theo vé& cac bat dang thitc trén ta dugc \/ 2 +\/ b +\/ € >
b+c a+b

Déng thttc xdy ra khi va chi khi a=b=c=0, diéu nay trai véi gia thiét a, b, c 1a cic canh

ctia tam giac. Do vay dang thiec khong xay ra.

Tﬁfclétaduqc\/ a +J b +J ¢ >2. Vay ta dugc ,EJF /EJr ’ﬂ>2
b+c c+a a+b Al BI CI

Vi du 15. Cho hinh vudéng ABCD c6 canhl a va hai diém M, N thay d6i [an luot trén BC,

CD sao cho goc MAN =45". Tim gid tri 16h-nhat'va nho nhat cua dién tich tam gidc AMN.

Loi giai
bDat BM=x; DN = y( Xy < ) K _y B X M c
Khidétacod S, = ( JeuntSagd Sat SCMN)
Hay ta duoc
SAMNzaz—%[ax+ay+(a—x)(a y)] 1(a —xy) N
Trén tia d6i cua tia BM 1dy diém K sao cho BK =y, \ Dy

khi do6 ta dwgc AABK=AADN. Ttr d6 AN =AK
va BAK=DAN.

Déyla BAM+DAN =45 nén ta dugc BAK+BAM =KAM =45’. Dé thay
AAKM = AAMN nén ta duoc MN = MK =x+y . Mat khéc tir tam gidc vuong CMN co

MN? :(a—x)2 +(a—y)2
T d6 suy ra (x+y)2 =a’—2ax+x’+a’ —2ay+y’ <xy=a’ —a(x+y)<a(x+y)=a’—xy

Do vay S, = %a (x+y)= %at v6i t =x+y.Dén day ta nhan thdy néu t 1én nhat thi dién

tich tam gidc AMN 16n nhat va nguoc lai. Nhu vay ta can tim gid tri 16n nhat va nho nhat

clat.
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D€y la ta dang c6 x+y=a va x.y =a’ —at. Khi d4 thaeo hé thicc Vi—etta co x, y la
nghiém ctia phuwong trinh bac hai X* —tX +a’ —at =0 . D& phuong trinh trén c6 hai nghiém
X, y ta can cd

A=t -4(a’-at)>0 (t+2a) ~8a" >0 < t+2a>2\2a < t>2a(V2-1)
Khi t=2a (\/E - 1) thi phirong trinh bac hai c6 nghiém kép

Xl:XZ:LZM:a(ﬁ_l)

2 2
biéu nay coé nghiala x=y = a(\/a—l) va Mint = Za(\/z—l).

Véy ta dwoc Min, = %a.Za(\E—l) =a’ («E—l)

Lai c6 xy=a’ —at<>at=a’—xy nénsuy ra at<a’=t<a

2
Diéu nay c6 nghia la Maxt =a, khi d¢6 Maxg = %a.a = a?

Trong treong hop nay ta duwoc x=a; y =0hoac x=0; y=a hay M=B;N=C hodc
M=CN=D

Vi du 16. Cho géc xOy va diém M nam trong goc d6. Duong thang d quaM cat cac tia Ox,
Oy Ian luot tai A, B. Tim vi tuf ctiajduong thihg d é;

a) Dién tich tam giac OAB dat gia tri nhé nhat.

b) Tong OA+OB dat gia tri nho nhat.

Loi giai
a) Do xOy khong d6i va X

S %OA.OB. sinxOy nén dién tich tam gidc A

OAB —
OAB dat gia tri nho nhat khi va chi khi tich
OA.OB dat gia tri nho nhat. Qua M ké cac
duong thang song song véi Oy, Ox cat Ox, Oy

lan lwot tai E va F.

Khi d6 cac diém E va F c6 dinh va OF + OF =1
OA OB

2
Tt d6 ta duwoc 1= %+@ 24@_@.
OA OB OA OB
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OA =20E
Suy ta OA.OB >4OE.OF khong d6i. D4u bang x4y ra khi OE_OF _1 - {OB _2OF =

OA OB 2
duong théng d di qua M va A thoa man diéu kién OA =20E; OB =20F. Vay khi duong
théng d di qua M va A thoa man diéu kién OA =20E; OB =2OF thi dién tich tam gidc
OAB dat gia tri nho nhat.

OF OF OE _ OF
b) Cing tir = + > 1 ta dugc OA +OB =(OA +OB > OE + OF + 2J/OE.OF
JCung oA Top ! e ( )[OA oj

2
Hay ta duoc OA+OB > OF +OF + 2y/OE.OF = (V/OE ++OF ) .

D&u bang x4y ra khi va chi khi OB OE = oA OF & OA _ JOE
OA OB OB \OF

o1y, OE  OF OF OA-OE OA OA-OE
béylate —+—=1 taduwoc —= = =
OA OB OA OB OF

OA [OE _OA-OE_ [OE
T¢ —:,/ ta duo _ OA = OE +OE.OF . Khi d¢
Y OB \OF OF OF = N rdo

OB =OF ++VOE.OF
Y 2 2
Vay tong OA+OB dat gia tri nho nhét bang (\/OE + \/OF) khi duong thang d di qua M

va A thoa man diéu kién OA = OE ++/OEIOE..

Vi du 17. Cho tam gidc nhon ABC va mot diém M nam trong tam giac. Tia AM, BM, CM

cat BC, CA, AB Ian luot tai D, E,'F!'Chirng tinh rang’s . < %S asch
Phan tich tim loi giai
bat x=%; y = be: E vOi X;y;2>0. Chu y la
EC DB’ " AF
Sper = Sasc —(Saer +Spor + Scpg ) N€N d€ ching minh S, < iS ape & :DEF < 1, trudc hét ta

ABC
di bi€u dién dién tich cdc tam giac AEF, BDF, CDE theo x, y, z. Ta co

Sear = X S = Y , Seor = z . Khi d6 ta duoc

S (x+1)(z+1)" S (y+1)(x+1)" Sy (z+1)(y+1)

Sar +Sycn Sy _ X(Y X ) +y (24 1)+ 20 1) 1 e o e quy tai M nén theo
S, 50 D) (y+1)(z+1) g &y %
dinh 1i Ceva nén xyz=1 va bat dang thiic (x+1)(y+1)(z+1)=8. Khi d6 bién d6i dong
S, gr +Sgcp +S

nhat biéu thic trén ta dwoc

3 A A ) N3 4
ECD " BDF 21. bén day thi bai toan xem nhu dwoc
ABC

S
chttng minh.
Loi giai
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1‘.).'§1tx:%;y:[)—c;z=E voi x;y;2>0 a
EC DB AF
Khi @6 ta duwoc
EA EA X EA X F E

—_—X = - =
EC EA+EC x+1 AC x+1

Do dé ta tinh duge —= —=1-EA L EC_ 1
AC CA CA x+1
Hoan toan tuwong tw ta cling co B D c
DC y DB 1 FB z FA 1

BC y+1 BC y+l AB z+1 AB z+1

Do AD, BE, CF dong quy tai M nén theo dinh li Ceva ta thu dugc %D—CE =1 ha
EC DB FA
xyz=1.
Tataco S,,. = %AB.AC. sinBAC va S,,; = %EA.FA. sinEAF
Do d6 suy ra SEAF:AF.AE= 1 A i
Suc ABAC z+1 x+1:|(X+1)(z+1)
A 2 /4 SCED _ y . SBDF — z A
Hoan toan tuwong ty ta co SABC = (y+1)(x+1), SABC = (z+1)(y+1) . Do d6 ta duoc
S per +Secp +Sppr _ X" ;+ y n z
S e (x+1)(z+1) (y+1)(x+1) (z+1)(y+1)
CxX(y+1)+y(z+1)+2z(x+1)
- (x+1)(y+1)(z+1)
béy dén xyz=1 ta c6 bién ddi nhu sau
x(y+1)+y(z+1)+z(x+1)_(x+1)(y+1)(z+1)—2_1 2
(x+1)(y+1)(z+1) N (x+1)(y+1)(z+l) - _(x+1)(y+1)(z+1)
Theo bat dang thizc Cauchy ta lai co (x+1)(y+1)(z+1)=8
Tt d6 ta duoc Saer * Seen * Syor =1- 2 21—2:é
S 5c (x+1)(y+1)(z+1) 8 4
M2 ta €6 Sy =S s —(Syer +Sucp + Sy ) = 22 =1 28 +§ECD + S

ABC ABC

Tt d6 suy ra S‘Diﬁl—ézi hay ta duoc S, SiSABC.

ABC

D&u bang xay ra khi va chi khi x=y =z=1 hay M la trong tdm tam giac ABC.
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Vi du 18. Cho t& giac 16i ABCD. Goi M, N lan luot la trung diém ctia AD, BC. Goi giao
dim ctia CM va DN la E, giao diém cta BM va AN la F. Chtng minh rang
AF BF CE DE

+ + + >4
NF MF ME NE

Loi giai

Do M, N Ian luwot la trung diém ctia AD, BC nén ta

duoc
1 . 1
Senp = ESBAD va Spp = ESBCD
. 1 A
Do d6 Sy +Syep = E(SBAD +S, ) Nén
1
Senoum = ESABCD
Hoan toan turong tu ta duwoc S, = %S ABCD
Tt do suy ra S, +Spnem = Sapcp NEN ta duroc
SMFNE + SANCD - (SABF + SDCE ) = SANCD = SMFNE = SABF + SDCE = SABN + SDCN = SMBC
Hoan toan tuwong tw ta cing duoc S, + S, = Syan
Vé AA' L MB; NN' L MB(A & MB;N'eMB), do d¢ AA’//NN’
' ' 2 2
Tt d6 ta duwoc A—Alzﬁ.Mé ta co AA'_ Sy _ D nén E:m.
NN' NF NNch Hgy o Bgn ! NE = S, ;¢
2 2 2
Chiing minh hoan toan twong tu ta duoc BE Dy, CE _25wpc, DE_ 2Sypc .Do d6

MF S, ME S., NE

MBC

tasuy ra

AF BF CE DE_25.,; 25, 25uc, 2Suc
NF MF ME NE S S

MBC MBC SNAD SMBC

— 2(SMAE+SMCD + SNA;+SNCD ] — 2(2NAD + SMBC ]2 4

MBC NAD MBC NAD

AF BF CE DE
+—t +

> 4. Dau bang xdy ra khi va chi khi S
NF MF ME NE

S

Hay ta duoc

MBC — °NAD *

Vi du 19. Cho hinh chit nhat ABCD c6 AB <BC. Vé ntta duong tron dwong kinh AB trén
ntta mat phang chita CD ¢6 bo 1a duong thang AB. Goi M 1a diém bat ki trén nira duong
trbn(M # A,B). Céac duong thang MA va MB cat CD Ian luot tai P va Q. Cac duong thing
MC, MD cat duong thang AB Ian luot tai E va F.

Xéac dinh vi tri cia M d€ PQ+EF ¢4 gia tri nho nhét. Tinh gid tri nho nhat d6.
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Phan tich tim loi giai
Pé€ tinh duoc gia tri nho nhdt caa PQ+EF ta di tinh PQ va EF theo cac canh caa

hinh chit nhat. V& MN vuéng géc véi BC, khi 6 ta tinh duoc PQ= b _aCN oy

BN BN
EF = CD.BN = a.BN do dé ta dwoc PQ+EF=a C—N+ﬁ . Nhu vay ta can tim dwoc gia
CN CN BN CN
A CN BN VR N AL N N
nho nhat ca S= BN +C—N. Chu y bai toan cho AB<BC va M thudc nita duong tron
\ ’ N BC BC / A ~? > A~ M 7
duong kinh AB nén BN < - ;CN > - do do ta khong thé st dung bat dang thtc
CN BN A . A 1N T iR
S= BN +a >2 dugc. Tt d6 mot suy nghi rat tu nhién do la biéu dién BN, CN theo AB,
BC. Dit AB=CD=a, BC=b(a<b). Khi d¢ ta duoc NBs%:%vsa cN>2272 1y o
2
2 CN-BN 2_ 2
biéthiS:CN+BN: b -2 nén 1- 4 =( > ) , suy ra Sz4b 4ab422a :
BN CN CN.BN S+2 b 2ab-a
2 2
Tt d6 ta dwoc EF +PQ > 4b thl)ab toa Dén-day bai toan duoc giai quyét xong.
-a
Loi giai
b4t AB=CD=a, BC=b(a<b).Ké A E B E
MN L BC(N e BC), khi d6 theo'dinh i Talet ta'c
PQ_QM_CNVgl EEn[EM 52BN N
AB BM BN CD_MC __CN
Suy ra PQ = ABCN _aCN va
BN BN
EF = CD.BN _ a.BN D Q C P
CN CN
Do do ta duwoc PQ+EF =a C—N+E
BN CN
bat S =C—N+E, khi d6
BN CN
o_CN BN _CN’+BN’ _(CN +BN) -2CNBN  p? ,
= —+ = = — —
BN CN CN.BN CN.BN CN.BN
2 2
CN+BN) -4CN.BN (CN-BN
Do d6 ta dwoc 1 =CN'PN nén ta dwoc 1- 4 =( ) =( )
S+2 b S+2 b b
N A \ . \ , A AB a 2b-a
Do M nam trén duwong tron dwong kinh AB nén ta duwoc NB < S =5 suy ra CN >
(b-a) 4 2ab-a’ 4b* — dab + 2a°
Do do ta duwoc 1— > = < —,néntacd S> 5 .
S+2 b S+2 b 2ab-a
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b” —4ab +2a’
2b-a
nam chinh gitta ntta duong tron duong kinh AB.
4b> —4ab +2a’
2b-a

Tir d6 ta suy ra EF+PQ> 4

, d4ng thiic xay ra khi va chi khi NB = % hay M

Vay gid tri nho nhat cia PQ+EF la , xdy ra khi M nam chinh gitta ntta

duwong tron duwong kinh AB.

Vi du 20. Trong cac tam giac ndi ti€p duong tron (O; R) cho trudc, tim tam gidc ¢d chu vi
16n nhat.

Phan tich tim 10i giai
Tt nhan do ta dung tam gidc MBC can tai M va ké duong kinh MN cta duwong tron
O). Khi do ta ching minh duoc P<p, va

2 2 2
p; :(MB+BH)2 SB(Mf + Mf +BH2J:3[M2B +BH2] véi p va p, lan luot 1a ntta chu

2

5 BH?. D& dang

vi ctia tam giac ABC va MBC. Bay gio ta can tim gid tri lén nhat cta
tinh dwoc MB* =MNMH=2Rh va BH?<MHMH=h(2R~h) véi MH=h.Khi d¢ ta

duoc

2 2 2
5 B =Rh+h(2R—h)=h(3R—h)£2(%J :%. D&u bing cua bat ding

thirc xdy ra khi tam giac MBC déul. Dén'day bail todn xemnhw duoc giai quyét xong.
Loi giai

Xét tam giac ABC ndi tiép duong tron (O; R). Gia st M

diém M la diém chinh gita cung BAC. Ké duong kinh

MN ctia dwong tron (O; R), khi d6 MN vudng gbc voi

BC tai trung diém H cua BC va MBN=90°. D4t 0

MH =h. Trong tam gidc vuong MBN c6 BH la duong

B H C
cao nén

MB? =MN.MH =2R.h va BH? =MH.MH=h(2R—h) N

Goi p va p, lan lugt la ntra chu vi cia tam giac ABC
va MBC, theo bai ra ta c6 p<p, va ddu bang xay ra

khi A va M trung nhau.

2 2 2 2
Ta c6 pf:(MB+BH)2:(%+%+BH) s:{Mf +Mf +BH2J:3[MZB +BH2J

D&u bang xdy ra khi va chi khi % =BH hay MB=BC
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2

_27R?
4

2
Theo nhu trén ta c6 3(MB +BH2J =3[Rh+h(2R-h)]=3h(3R-h)< 2[£J
2

Dau bang xdy ra khi va chikhi h=3R-h < h= %R

(2 <P g Wy e [MPERC )
Do d6 p; < IR hay p, < TR, dau bang xay ra khi va chi khi MH = 3 R hay tam giac
MBC déu.

Tt d6 ta duoc 2p < 3J3R, ddu bang xdy ra khi va chi khi A=M va tam gidc MBC déu hay
tam gidc ABC déu. Vay trong cac tam gidc noi ti€p duong tron (O; R) thi tam giac déu c6

chu vi 16n nhat va chu vi 16n nhat béng 3\/§R .

Vi du 21. Cho tam gidc ABC c6 R va r [an lwgt la ban kinh duong tron ngoai tiép va ndi

tiép ctia tam gidc ABC. Chitng minh rang R > 2r, dau bang xdy ra khi nao?

Loi gii

Goi O, I Tan luot 1a tam duong tron ngoail ti€p-va noi

7y

tiép tam giac ABC.

Goi giao diém ctia OI véi duong tron (O) 1a E, FI ndm

gitta E va O), Al cat duong tron\(Q)|tai Dkhde A, DO €
cat dwong tron (O) tai K khac D. Vé ITH vudng géc voi \/

B

=2
-

s

AC tai H. Xét hai tam gidc IEA va IFD c6 AIE = DIF va

S
N

W)

EAI=IFD = %sdDE

Do d6 AIAE < AIFD nén ta duoc

1A _IE _  AID-IEIF
IF ID

Ma ta ¢6 IEIF =(R-OI)(R+OI)=R*-OI*. Do d¢ ta dugc IAID=R*-OI’
Mt khéc ta lai 6 DIC=DAC+ICA, ma ta c6 ICB=ICA;IAC =BCD va ICD =ICB+BCD

Nén ta dugc DIC=ICD =ID=DC.

Hai tam giac vuong HAI va CKD c6 HAI = DKC nén AHAI < ACKD

Tt d6 ta duwoc IH = 1A = IH.DK =IA.DC =r.2R
DC DK

Két hop cac két qua lai ta duwgc R? —OI° =2r.R = OI’R (R —Zr)

Do O’ >0=R-2r>0= R >2r. Ddu bang xay ra khi va chi khi Ol =0 ttcla diém O val

trung nhau, diéu nay tuwong dwong véi tam gidc ABC déu.
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Vi du 22. Cho tam gidc ABC noi tiép duong tron (O; R), 14y diém P nam trong tam giac
ABC va OP =x. Chiing minh ring OA.OBOC <(R+x) (R-x).

Loi giai

Gia st xay ra cac bat dang thtc A

N
PBA +PCA <BAC; PAB+PCB < ABC; PAC+PBC < ACB ' \

Cong theo v& cac bat dang thikc trén ta duoc.

(ST
BAC+ABC+ACB <BAC+ABC+ACB »\‘/
Diéu nay 1a vo 1i, do d6 trong ba bt déng thiic trén ¢ it B\LP_/\

nhat mot bat dang thiic trén 1a sai. Khdng mat tinh tong
quét ta gia st trong cac bat dang thiec trén thi

PBA +PCA < BAC la bat dang thttc sai. Khi d6 ta duoc
PBA +PCA >BAC.

Kéo dai BP cat duong tron ngoai tiép tam giac-ABC tai D. Ta cé BDC = BAC; ACD = ABD
Suy ra PCD =PCA + ACD =PCA + ABD =IPCA + ABP > BAC=BDC =PDC

Hay ta dugc PCD >PDC=PD>PC.
Kéo dai OP cat duong tron (O) tai M va NIKhi dotd 66
PBPD=PN.PM =(R-x)(R+x)=R* -x

Do d6 ta dugc PB.PC < PB.PD =(R=ac)(R+x)

Lai c6 PA<PO+OA =R +x nén ta dugc OA.OB.OC< (R +x) (R—x)

D&u bang xay ra khi va chi khi ba diém O, P, A thang hang va PC =PD. Diéu nay xay ra
khi va chi khi hai diém P va O trung nhau.

Vi du 23. Cho t gidc ABCD ndi tiép duong tron. Chitng minh rang |AB —CD| > |AC —BD|.

Loi giai
Goi E, F Ian luot la trung diém cta AC, BD. Khi d6 ta B
c6 ap dung cong thirc vé duong trung tuyén cua tam
giac ta duoc

AB* + AD”* =2AFE” + %BD2

BC?> +CD* =2CE* + lBD2

2 AvD
EA? + EC? = 2EF? +%AC2
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Cong theo v& cac dang thiic trén ta duoc
AB?+BC’ +CD? + DA’ =2( AE” + EF* )+ BD?
=BD’ + AC* +4EF
Do tit gidc ABCD ndi tiép nén theo dinh li Ptoleme ta dwoc AC.BD = AB.CD+ AD.BC
Tut d6 ta duoc (AB-CD)’ +(AD-BC) =(AC-BD)’ +4EF?
Goi M la trung diém cua AB, khi do6 ta duwgc AD =2ME; BC =2MF
Tix d6 suy ra 2|ME—MEF|=|AD-BC]|.
Ma trong tam gi4c MEF ta c6 EF >|ME—~MEF| = 2EF 2|AD - BC| = 4EF* > (AD~BC)’
Do d6 két hop véi dang thiic trén ta duoc
(AB-CD)’ +(AD-BC)’ 2 (AC-BD) +(AD-BC)’
Suy ra (AB-CD)’ 2 (AC-BD) = |AB-CD|>|AC~BD
Dau bang xdy ra khi va chi khi EF = |ME —MF| < ba diém M, E, F thang hang, diéu nay

dan dén t gidc ABCD la hinh thang hod¢ hinhchi nhat.

Vi du 24. Cho ntta duong tron (O; R) ¢6 dwrong kinh BC. Diém A di dong trén nita duong
tron. Vé AH vuodng goc voi BC tai H. Goi (I;r), (I1 ;rl), (I2 1'1'2) lan luot la duwong tron nodi
ti€p cac tam gidc ABC, HAB, HAG: Tim vi trilciia diénmA dé

a) Tong r+r, +1, dat gid tri 16n nhat.

b) Do dai 11, dat gia tri/lénnhat:

Loi giai
a) Gia st duwong tron (I; r) tiép xtic voi AB, AC, CB lan luot tai E, F, G. Tt giac EAFI la
hinh chit nhat c6 IE =IF =r nén la hinh vuéng.
Do d6 AE+AF =2r, ma ta lai c6 BE =BG;CF =CG
nén
AB+AC-BC =(AE+BE)+(AF+CF)-(BG+CG)
= AE+AF=2r

Xét twong ty d6i voi tam giac HAB, HAC c6

HA +HB-AB=2r, va HA+HC-AC=2r,
Ma ta c6 BH+CH=BC, suy ra 2AH=2(r+1,+1,),

tir d6 ta dwoc AH=r+r1, +71,
Lai c6 AH<AO=R khong d6i nén ta dugc

r+r1, +1, <R.
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Do d6 tong r+r, +r, dat gia tri lon nhat1a R, dau b?mg xay ra kh va chi khi diém A nam
chinh gitra nita dwong tron.

b) Ta c6 BAD+DAC=90" va DAH+ADC=90" nén ta dwgc DAC=ADC hay tam tam
giac CAD can tai C, ma CK la duong phan giac cia nén dong thoi la dwong cao, suy ra
CK L AD. Chiing minh hoan toan twong ty ta dwoc BI L Al . Tt d6 suy ra I la trigec tam
tam giac AL, nén AI LLI,

Ta 6 KAL =KAH+HAIL = %(BAH + HAC) =45°. Do d6 tam gidc KAL, vudng can tai K,
ttr do suy ra AK=KI,.

Goi M la giao diém caa Al vdi nita duong tron (O) con lai.

Xét hai tam giac KAI va KL I, c6 AKI=IKI , KA =KI, va KAI=KLI nén AKAI=AKIL]I, .
Tir d6 ta dwoc AI=11,.

Ta c6 BIM =ABI+BAI va BAM =MAC=MBC |do d6 BIM =IBM nén suy ra MB =MI
Ta co 11, = Al = AM~IM =~ AM - MB < 2R+ MB = 2R ~Rv2 =R (2-+2

Hay ta dugc L1, < R(Z - xﬁ) . Vay LI, dat gia tri lon nhat la (2 —\/E)R , ddu bang xay ra

khi va chi khi A la diém chinh gitra ntra dirong tron (O).

Vi du 25. Goi I 1a tam dwong tron ngoai tiép tam gidc nhon ABC. Duong tron (I) tiép xuc

véi cac canh AB, BC, CA theo thie-tu-tai-F;E;-D-Puong-phan giac trong ctia géc BIC cat

BC tai M va AM cat EF tai P. Chting minh rang PD > %«/4DE.DE ~EF?

Loi giai
Trudc hét ta phat biéu va chitng minh bd dé: Cho tam A
giac ABCnhon c6 AB=c va AC=b.Khi dé taco .
b c b

sinB  sinC
That vay, vé cac duong cao BE va CF cua tam gidc
ABC, khi do ta luon co

BE _ CF L BEAC-BF.AB
AB_ AC

Tinh BE theo sinC va BF theo sinB ta duoc
BE = BC.sinC; BF = BC.sinB

AABE «» AACF =
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b C

Thay vao hé thic trén ta dugc ACsinC=AB.sinB hay — -
sinB sinC

. B6 dé duoc ching
minh.
Tro lai bai toan: Ap dung bs dé trén cho cac A

tam gidc APE va APF ta duoc

PE PA PE _ PA
sinPAE  sin AEF sinPAF  sin AFE
Do d6 ta duoc PE = sinPAE .
PF  sinPAF
Twong ty ap dung bo dé trén cho hai tam giac
AMC va AMB ta duoc

MC MA MB MA
sinMAC sinC’ sinMAB  sinB
5 MC _ sinMAC . sinB 4 sinPAE ' sinB
sinMAB sinC = gin PAF sinC

Tt d6 ta duogc theo tinh chat duwong phan giac trong ctia tam gidac BIC ta c6

Do d

IC _MC _sinPAE sinB N sinPAE IC.sinC
IB MB &inPAF-sinC. - 1.sirn PAF/.: IB.sin B
Dé thay BF = BD va BDF = DIB nén ap dung bd dé trén cho tam giac BDF ta duoc

DF BBownload2 =IB= DF=IB.sinB

sinB  sin DFB.__sinBID

IC.sinC _DE
IB.sinB  DF

Tuong tw ta dugc ta dugc DE=IC.sinC. Do d6 ta duoc

Ttr d6 ta dwoc PE_ % nén DP la duong phan giac ctia tam giac DEF.

Ap dung cong thiic vé duong phan giac ta cd

_ DE.DF(DE+DF +EF)(DE+DF-EF) DE.DF|(DE+DF)-EF’ ]

PZ
(DE+DF)’ (DE+DF)’
_pEpF-PEPEEF e pp EF
(DE+DE)’ 4

Hay ta dwoc PD > %\/ 4DE.DE -EF” . Dang thttc xay ra khi va chi khi DE=DF va do d6

AB = AC hay tam gidc ABC can tai A.

Vi du 26. Cho tam giac ABC vdi cac canh AB=c, BC=a, CA=b ngoai ti€p duong tron
tam I ban kinh r. Goi A, B,, C, lan luot 1a tiép diém cua duwong tron I véi cac canh BC,
CA, AB. Céic tia AI, Al, CI cit duwong tron tam I Tan luot tai A’, B/, C'. Dat

Téc gia: Nguyén Cong Loi TAI LIEU TOAN HQC

Download Ebook Tai: https://downloadsachmienphi.com



Tron Bo SGK: https://bookglaokhoa.com

, dau dang

. 3b2 3 6
AB, =c, B,C,=a, C,A, =b, véi i=1, 2. Chimg minh ring 22222 > 216r
ajbjc;  abc

thitc xdy ra khi nao?

Loi giai
Trudc hét ta phat biéu va chitng minh b dé: Trong tam gidc nhon ABC ta ludn c6

Cosé = —p(p—a)
2

bc
That vay, xét ta giadc nhon ABC c6 AD la duong phan gidc trong, khi d6 ta co

A
D 2bc.cosE _ 2 fbcp(p—a) . osé _ 2. }bcp(p—a) b+c _ p(p—a)

"~ b+c b+c ¢ 2 b+c bc bc

A+B S sin A +sinB
5 .

Ngoai ra ta chu y dén nhan xét: Trong tam gidac ABC thi sin 2

Goi A, B, C Ian lwgt 1a s6 do cac goc
BAGC; ABC; ACB, A,;B,;C,Ian lwot la s6 do goc

B,A,C;ABC;ACB

1717

A,;B,;C, lan luwot la s6 do goc
B,A,C,;A,B,C,;A,C,B,

22/ 222

Goi p va S lan luot la ntra chu vi va dién tich

tam gidc ABC. Dé dang tinh dwoe
A :B1+C1.]3 :C1+A1~C :A1+81 .
o2 T 2 2

Khi d6 4ap dung nhan xét trén ta duoc

C +A, sin A +B,
2 2

>’ (sin B, +sin Cl)(sin C, +sinA, )(sin A, +sin B1)
> 8r3.\l’sin B,.sinC, .\/'sin C,.sinA, .\/sin A, .sinB,

_ 3 . . . _
=8r’.sin A, .sinB,.sinC, =a b,c,

. . . .-B .
a,b,c, =8r’.sinA,.sinB,.sin C, =8r’.sin — .sin

absc
Tl d6 ta suy ra =—=—2>ab,c, =8r’.sin A, .sinB,.sinC,
a‘lblcl
Talaicé A, =2FC, g —SFA ¢ _ATD (4 46y 18 sinA, =sin P2 = cos 2
2 2
2b3¢; A B C 7
Nén ta dugc—5—— >a,b,c, =8r3.cosE.cosE.cosE. Ap dung bo dé trén ta dugc
al 171
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ajbic) | 8r3.\/19(19—61).\/p(p—b)_Jp(p—c) _8rpS_srp’

21,2 2
a;bic; bc

3

? 7 A 14 /4 a
béytaludnco p= 3x/3_>r, do do ta duoc ;
a1

Bat dang thitc duoc chitng minh. Dau dang thikc x4y ra khi va chi khi tam giac ABC déu

Vi du 27. Cho duong tron tam O ndi ti€p tam giac ABC. Cac tiép tuyén vdi (O) song song
véi ca canh ctia ram giac ABC véi sau diém M, N, P, Q R, S sao cho
M,Se AB; N,Pe AC; Q ReBC. Goi 1, 1,1, Tan luot la cac duong phan giac trong xudt
phat tir dinh A, B, C cta cac tam giac AMN, BSR, CPQ. Goi p la ntta chu vi cia tam giac
ABC. Chttng minh rang 12 + 12 + 12 > 8—1
| S

2 3 p

1

Phan tich tim 10i giai

Goi 1,1,, 1, theo thit tw la d6 dai cac duong phan giac trong xuat phat tir dinh A, B,

AB.AC.cosl; AM.AN.cos ?
Ccuaat iac ABCkhidétaco 1| =————%= val = .Goi p,, p,,
ctia tam gidc idotaco 1, A A va |, N1 AN 01 Py, Pys Ps
[ lwot 1a ntra chu vi cua tam giac AMN, BSR,.CPQ . Khi d¢6 ta duoc % b nén suy ra
P
AM.AN.cosé
1 = £ 2 == £ .11 B

a pl' AM+ AN P,

1 ¢ 12 .
Hoan toan twong tw ta thu duoc i—""+ LS +-<= p[i + = + ij . Ap dung bat dang thixc

v Lo L TP P P
2

Bunhiacopxki ta duoc LS (2412 +12) 12+12+12 Vachayla

11 12 3 11 12 13
12 = 4be —.p(p-a)<p(p-a). Dén day ta duoc 81° < p’ {112+112+12J va bat dang thic

(b + C) 1 2 3
trén dwgc chiing minh.
Loi giai
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Goi 1, 1,, 1 theo thit tir 1a d6 dai cac duwong phan
giac trong xuat phat tir dinh A, B, C cua tam giac
ABC. Ap dung cong thitc vé duong phan giac cho

cac tam gidc ABC va AMN ta co

AB.AC.cos é AM.AN.cos ?

1 = val =
AB+AC AM+ AN

Goi p,, p,, p;1a luot 1a ntra chu vi ctia tam giac

AMN, BSR, CPQ

AM AN MN AM+AN+MN p

Do NM//BC nén theo dinh li Talet ta co = = =
AB AC BC AB+AC+BC p

Suy ra AB=AM.£; Ac=aAN. £

P: P
o| P |am| P |ANcos 2 A
; . p— .COSE AM.AN.cos—
Do dé 1 =—1 : =5 AN =2
P (AM+AN) P i "

P
Hoan toan tuwong tu ta duoc 1 :L.lz; I LA SR 1—"‘+1—'°+1—C ¥ p(i+i+ij
2 P; L' 'L L "{p P, Ps
Ma theo tinh chat cac tiép tuyéi'cat rihati ta @ro¢ p=p, 4'p) 4+ p,
I 1

L +£>9,
12 13

Va lai c6 (pl+p2+p3)[i+l+iJ29,dodé L
Pr P, Ps L
2
. o 2l , . , 11 1 > ooy 11 1
Ap dung bat dang thirc Bunhiacopxki ta dwoc 1—a+—+—° S(la+lb+lc) —2+1—2+1—2
it 2 3 1 2 3

2be P(p-a)

b+c Jbe

Vé6i AB=c, BC=a, CA=Db, theo cong thitc vé duong phan giactacd 1, =
4bc
(b+c)2
Do d6 ta dugc 2 +17 +1> <p(p-a+p-b+p-c)=p

Dods I’ = p(p-a)<p(p-a). Tuong tur I, <p(p—b); ! <p(p—c)

2
I 1 1
Suy ra (1—a+1—b+1—°J sz( ! +lz+llz] nén ta duoc 81° £p2[12+l+1%}
3

1 2 3 lf 12 3 11 1;
Do d6 ta suy ra duoc l2+12+l2 28—1.
L L p
1 2 3
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Vi du 28. Cho tam gidc ABC c¢6 BC=a;CA=b; AB=c. Goi O va R [an luot 14 tdm va ban
kinh dwong tron ngoai ti€p tam gidc ABC. Goi I;I ;I Ian lwot la tam duong tron bang
ti€p cac goc 0 A, B, C. Goi r la ban kinh dwong tron noi ti€p tam gidc ABC. Chitng minh
rang

1 oL oI, oL 1

2R “(a+b)(atc) (brc)(arh) (cra)(brc) 4r

Loi giai
Goi AA;BB,;CC, la cac duong phan giac ctia tam giac ABC. Dung EI. L AB tai E,
FI, L AC taiF. OM LEI_ taiM, ON LFI tai N, OP L AB tai P. Khi d6 ta duoc
B,AC, =BAC=MON (1)

Dé thay E va F la cac tiép diém ctia duong tron bang tiép géc A véi AB va AC nén ta duoc

c a+b b a+c a+b+c
AE=AF=p,OM=PE=p-—= ;ON=p——=—— Vvii p=
P P72 Pmy = Y9I PTT
Khi d6 ta duge 2M —2+P o)
ON a+c
Theo tinh chat duong phan giac ta duoc AB; =£; AC, = be . Do do suy ra
c+a a+b
AB, =a+b 3)
AC, a+c
B AB
Tt (1), (2) va (3) ta dwoc AAB,C, ©> AOMN neén suy ra i =—>1= 2be
MN OM (a+b)(a+c)
Ny 2bc.MN 2bc.OI .sinMON  2bc.OI .sin BAC abcOI
Ttr d6 suy ra B,C, = = a = 2 = a
(a+b)(a+c) (a+b)(a+c) (a+b)(a+c) R.(a+b)(a+c)
R(a+b)(a+c)B,C
Do d6 OL = (a+b)(a+c)BC,
abc
R(b+c)(a+b)A C R(b+c)(c+a)A B
Hoan toan tuong ty OI, = ( )( ) ——; Ol_= ( )( ) Ll
abc abc
Ol Ol
Tt d6 ta duge Q= 2+ s, 9 R (AB,+B,C +AC))

(a+b)(a+c) (b+c)(a+b) (c+a)(b+c) abc
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+ Trudce hét ta ching minh Q > %

e Truwong hop 1: Tam giac ABC khong tu.
Goi giao diém cua OA va B,C, 1a D, khi d6 ta

duoc

R.B,C, =OAB,C, >25

OB,AC,

Hoan toan twong tw ta duoc

RCA, 225, ;. ; RAB 225,

Do d6 ta dugc R(AB, +B,C,+C,A )>2S, .

Ma lai c6 SABcz%.Tirdé ta duoc in.

e Truong hop 2: Tam gidc ABC tli, khdng mat tinh tong quat ta gia se BAC>90°.
Khi d6 goi C, va C, 1a cac diém ddi xting véi C, qua BC va AB.

Tedo AB,+B,C,+CA >CC,.

Dung AH L C,C,. Do ACB<90° va

C,CC, =2ACB nén suy ra

CC, =CC, =CC, >CA

downloadsachmienphi.com
Ttr d6 suy ra C,C, =2CC, sin ACB >2bsinC.

Download Sach Hay|Doc Sach Online ¢;

Do d6 A,B, +B,C,+C,A, >2bsinC.

Tuwong tw ta cling cd
A B +BC +CA, >2csinB.

2S
Nén tasuy ra A B, +B,C, +C,A, 2bsinC+csinB _be be, D

> . Ttr 6 ta duoc
2R 2R R

1

>—.
« 2R

Két hop ca hai treong hop ta duwoc Q 2 % .

+ Chting minh Q < 4l . Theo dinh 1i cosin ta duoc B,C; = AB? + AC; —2AB,.AC,.cos A.. Tt
r

do suy ra
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be Jz ( be J b%c? b*+c*-a’
+ -2
a+c

2 _
B _( a+b (a+b)(a+c)' 2bc

bzc( c b j bc2( b c j b*c?
= - + - +
c+alc+ta b+a) b+alb+a c+a (b+a)(c+a)
B a’bc _abc(a+b+c)(b—c)2
(a+b)(a+c)  (a+b) (a+c)

a’bc a’bc \/E.«/;;<l{\/£+\/;j2< 1 [2a+b+c}2

< < <
(a+b)(a+c) 4vabac 4 4| 2 36 2
Do dé suy ra B,.C, < 2&1+Tb+c . Hoan toan twong tw ta dwoc
C1A1 SM—CH;AlBl S2a+—b+C.
8 8
R
Tt dosuyra AB +BC +CA, < a+b+c =p. Do dé ta duoc QSTPZZ%_
abc 4r
@) @) Ol
Nhu vay ta duoc 1 < 2 b < 1

(a+b)(a+c) (b+a)farh) (c+a)(bic) 4r
Dau dang thitc xdy ra khi va chi khi tam giac ABC déu.

Vi du 29. Cho duong tron tam O ban kinh R va day cung BC(véi BC <R). Biém A di dong
trén cung 16n BC va diém D, di dong trén cung nho,BC. Xac dinh vi tri cia A va D d¢€

1 + 1 + 1 dat gid tri nho nhat.
DA DB DC

Loi giai

Véi A, D bat ki ta ludn ¢4 AD<2R. Vi mdi diém D F

trén cung nho BC ta ludn tim dwoc diém A trén cung

16n BC sao0 cho AD=2R d& —— = —— ¢4 gi4 tri bé nhAt.
AD 2R

Ké DH vuodng goc véi BC tai H. Ké dwong kinh EF K H

B ' c
vudng gbc voi BC tai K. Khi d6 cac diém E, F, K 1a cac K%
D

diém ¢ dinh. Do ABD =CHD =90" va DAB =DCB nén E
ta duwoc AABD ©© ACHD .Ttr d6 suy ra
BD _DbH = DB.DC = AD.DH = DB.DC =2R.DH
DA DC
Ta c6 HD+OK <OD =OE =EK+OK = DK <EK
1

Ap dung bat dang thitc Cauchy ta dwoc 1,1, 2\/
DB DC

1 1 2
=2 >
CB.CD \/2R.DH «/ZR.EK
1 + 1 + 1 >L+#—L+i
DA DB DC 2R \QPREK 2R BE

Tt d6 ta duwoc
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L1 1 datgid trinho nhat 1a — + =
DA DB DC 2R ' BE

Dau bang xdy ra khi va chi khi DA triing véi dwong kinh EF.

D& théy i ; 132_E 1 mot hing s5. Do d6

Nhén xét: C6 nhitu cich dé fim gid nhi nhd nhit cita T = —— +—— nhu:
BD ' CD

e Tacé DH<EK nén EH.BC<EK.BC<«S_, . <S_._, diéu nay din dén

DBC — “EBC’

DB.DC. sin(180° _ BDC) <EB.EC. sin(1800 _ BEC)

Ma ta ¢c6 BEC =BDC va EB=EC nén ta dioc BD.CD < BE?
e Kéo dai BD mét dogn DG =DC, ta duwge BD+DC =BD+DG<BE+EG=BE+EC=2EB
11 4 2
> =—
BD DC BD+CD BE
o Ap dung dinh li Ptoleme cho ti¢ gidc ngi tiép BECD ta duoc
BD.CF + CD.BF = BC.DF = (DB+CD)BF < BC.2R

Do do ta dwoc

.\ 1 4 _ 2BF
BD DC BD+CD R.BC!

Tir do suy ra

Vi du 30. Cho tam giac ABC c6 ba dwong trung tuyén AM, BN, CP. Goi R va r Ian luot la
ban kinh duong tron ngoai ti€p va noi tiép tam gidc ABC. Chiing minh rang

AM+BN+CP<4R +r.

Phan tich va loi giai
Trudc hét ta phat biéu va chitng minh bo dé: Cho tam gidc ABC nhon c6 O 1a tam duong
tron ngoai tiép. Goi M, N, P Ian luot la trung diém caa BC, CA, AB. Goi R va r lan luot 1a
ban kinh dwong tron ngoai ti€p va noi ti€p tam giac. Khi dé ta c6 OM+ON+OP=R+r.
That vay, dat BC=a =2PN;CA =b=2PM; AB=c=2MN
Ap dung dinh li Ptoleme cho cac tit giac noi tiép APON, BMOP, CNOM ta duoc

oN.SrorPooa?-rR2 0P2 oM P-0B PR OMPrON2-0C SR E
2 2 2 2 2 2 2 2 2 2 2 2
Miit khéc ta lai céOM.%+ON.g+OP.§:r.a+b+C . Tir d6 ta duwoc OM+ON+OP =R +r
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Tro lai bai toan: Ta xét cac treong hop sau

+ Truong hop 1: Xét treong hop tam gidc ABC nhon.
Vi cac ki hiéu nhw trén ta co

AM<AO+OM = AM<R+OM 5

Hoan toan twong tw ta dwoc BN <R+ON; CP <R +OP ‘

Khi @6 ta duwoc B\M/C
AM+BN+CP <3R+OM+ON+OP =4R +r

Dau dang thitc xdy ra khi va chi khi O thuoc dong thoi

AM, BN, CP hay O la trong tam cua tam giac ABC, diéu
nay xay ra khi va chi khi tam giac ABC déu.

+ Truong hop 2: Xét truong hop tam gidc ABC khong nhon, khong mat tinh tdng quat ta
gia st A>90°

Vi cac ki hiéu nhw trén ta co

AM<tpc-2
2 2

BP<NP+PB=2+%
20

CP<PN+CN=242
2" 2

Khi d6 ta duoc AM+BN+CP<2a+%(b+c—a)

Dé thdy 2a<4R.
Goi (I) 1a duwong tron noi tiép tam giac ABC va (I) tiép xtic voi AB tai T.

Vi A>90° nén ta cd TAI>45° = TIA <45° nén ta duoc TASTI:%(b+C—a)Sr

Tt d6 ta dwoc AM+BN+CP <4R+r

Vi du 31. Cho duong tron (O; R) va mot diém I ndm bén trong dwong tron. Goi AC va BD

1a hai day cung bat ki di qua L. Xéc dinh vi tri cita AC va BD dé 202D+ BCCD
AB.BC+DA.CD

dat gid tri

16n nhat, gia tri nho nhat.

Phan tich tim 1oi giai
Bai todn yéu cau xac dinh vi tri ciaAC va BD dé ABAD+BCCD
AB.BC+DA.CD
va nhé nhat nén trudc hét ta di biéu dién bidu thitc d6 theo ti s8 ctia day cung AC, BD.
ID IC CD . IA ID AD

Cha y dén AIDC > AIABva AIAD > AIBC ta dugc —=—=—— va —=—=——.
IA  IB AD IB IC BC

tim gid tri 16n nhat
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D_ EE _ADDC nén ta suy ra dwoc BD= ABBC+DACD IB. Va
B IA'IB  ABBC ABBC
AC=ABDAYBECD 4y oy hay1a 222D o thy duge SDADHBCEED _AC he
ABDA B BC ABBC+DACD BD

Xét hai tam giéc IDC va IAB c6 DIC = AIB va IDC =IAB
ID IC_ CD

nén ta dugc AIDC > AIAB. Ttr d6 ta dugc —=—=——
IA IB AD

day xét cac vi tri cia AC va BD dé€ c¢6 duoc gia tri 16n nhat va nhé nhat cua biéu thic trén.
Chiing minh twong tur ta dwoc AIAD @ AIBC nén
IA_ID_AD . .. ID_ID IA_ADDC

Loi giai
A
SO
—=—=——Ttdé —=—.—= .Suy rata
IB IC BC IB IA IB ABBC c
ID+IB AB.BC+DA.CD
duoc = hay D

1B AB.BC
_ ABBC+DA.CD B
AB.BC '
Mait khac ta lai co E = E : & = BC.CD
IA IB IB AB.DA

IC+IA AB.DA +BC.CD AB.DA +BC.CD
a = hay AC= Al
IA AB.DA AB.DA

AB.DA+BC.CD

AC ABDA Y
Ttr cac két qua trén ta duoc T RE B DAEH S

IB
ABBC

AB.AD+BCCD _ AC
ABBC+DA.CD BD

BD

Suy r

Chayla 1A_AD ta thu dugc . bén day ta duoc
IB BC

N AB.AD+BC.CD
ABBC+DA.CD

diéu nay tuwong duong véi AC di qua O va BD vuong goc véi Ol
N AB.AD+BC.CD

AB.BC+DA.CD
nhat, diéu nay twong duong v6i BD di qua O va AC vuong goc véi Ol

dat gia tri 16n nhat khi va chi khi AC 16n nhat dong thoi BD nho nhat,

dat gia tri nho nhat khi va chi khi AC nho nhat dong thoi BD 16n nhat

Vi du 32. Cho AB 1a mét day cung ¢6 dinh khac duwong kinh ctia duwong tron (O; R). Vé cac
tia Ax By la cac tia tiép tuyén cta duong tron (O). Mot diém do dong trén cung 16n AB. Vé
MC vuodng gbc véi Ax tai C, MD vudng goc voi By tai D. Xac dinh vi tri cia M d€
ACBD+MCMD dat gia tri 16n nhat.

Loi giai

TAI LIEU TOAN HOQC
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Vé ME vuong AB tai E va ON vudng goc voi AB
tai N.
Xét cac tam gidc MAC va MEB c6

MCA =MEB =90° va MAC = MBE = %sdAM

Do d6 AMCA ©» AMEB nén suy ra
MC AC MA

ME BE MB

Chttng minh hoan toan teong tw ta dwoc

AMAE @ AMBD suy ra ME _AE_MA
MD BD MB

Két hop hai két qua trén ta duoc MC.MD = ME® va AC.BD = AE.BE
Lai c6 ME<MN va MN <MO+ON do d6 MCMD = ME? <(OM+ON)’ =(R+ON)’

Theo bat déng thitc Cauchy ta duoc AE.BE <

AE+BEY _AB
4
AB?

Do d6 ta dugc ACBD+MCMD = AEBE £ ME® "+ (ON+R)’ khong ddi.

AE =BE
Dau bang xdy ra khi va chi khi <E=N < M nam chinh gitta cung 16n AB
MN =OM +ON

AB?

Do d6 gié trj 1on nh&t cia ACBDHMCMD 14 Z24(ON¥'R)’, dat duoc khi M 1a diém

chinh gitra cung 1én AB.

Vi du 33. Cho tam giac ABC nhon ndi ti€ép duong tron (O). Goi A’, B/, C’' 14 luot 1a diém
chinh gitta cac cung nhé BC; CA; AB cta duong tron (O). Goi E, Q lan luot la giao diém
cua B'C’ véi AB, AC; M, F lan luot la giao diém ctia A’C’ véi BC, AB; P, N Ian luot la giao

ABC = SMNPQEF

diém cta A’B’ véi AC, BC. Chitng minh rang %S

Phan tich va loi giai
+ Trude hét ta ching minh cac duong thang MQ, NE, PF dong quy tai mot diém.
GoiI1a tam duong tron ndi tiép tam gidc ABC. Khi d6 ba duong thang AA’, BB, CC’ dong
quy tai L.

That vay, st dung tinh chat géc noi tiép va goc cé dinh ndm bén trong duong tron ta co
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B'AIzlsdB'A':1sdB'C+lsdA'C
2 2 2
1 1 1 1 1
B IB:ESdB A+ESdA B

Ma talai c6 sdB'C=sdB'A; sdA'C=sdA'B.
Tir d6 ta dwoc B' Al =B'IA nén tam giac B'IA can

tai B’, suy ra B'I=B'A. Chitng minh tuong tu ta B M N c
duoc C'I=C'A. Tt d6 suy ra B'C’ la duong trung w

truec cua doan thzfmg Al A

Lap lai cdch chitng minh nhu trén ta dwoc C'A’ va

A’B’ Ian luot 1a duong trung triee ciia doan thang

IB, IC.

Theo tinh chit diém nam trén duwong trung truc ctia doan théng ta thu duwoc MB=MI va
FB =FI.

Tt d6 suy ra tam gidc BMI can tai M va tam gidc FBI can tai F. Do d¢ ta duoc

MBI = MIB; FBI =FIB.

Ma ta lai c6 MBI =FBI nén ta dugc FBI =MIB = MBI =FIB, suy ra IM//BF va IF//BM

Két hop véi MBI =FBI ta suy ra duwgctirgiac BMIF 1a hinhr'thoi. Chiing minh hoan toan

tuong tw ta dugc cac tix giac AQIE va, CNIP 1a hinh thoi. Ttr d6 ta dirgc IF//BC va IP//CN
nén IP//BC, suy ra FP di qua diém I. Chtirng minh twong tu ta dwgc QM, NE cling di qua

diém I. Vay MQ, NE, PF dong quy tai diém L

+ Chttng minh %SABC <S

MNPQEF *
Ttr cac két qua trén ta thu duoc PF//BC, NE//AC, MQ//AB. bat AB=c;BC=a;CA=b

Khidétaco L_AC_b_IP_PQ_ b
IF AB ¢ IF DPA bic

Swo _PLPQ__ 1’ Spr__

Tacé =——== — . Tuong tu ta cling ¢4 = -
Sar  TPF PA (b+C) Sarr (b+C)
1
Do dg Sam _q__ P’ _ ¢’ _ 2bC2.Suyra Sarg _ 2740 _ 1 2bc2 _be N
SAFP (b+C) (b+C) (b+C) SAFP SAFP 2 (b—l—C) (b-l—C)

Al AT AA

AB A'B AB+A'B

Cal AP AF FP Al AB C b+c

Twr d6 ta dugc —=—=—= = = = .
AC AB BC AA' AB+A'B o, < a+b+c

b+c

Mait khac ta lai co
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Sup AP AF _(FPY  (b+c)
Do dé ta thu dugc —2E = = (_j = (—

ABC AC AB BC a+b+c)2
, , Syo Samo S be  (b+c) be
K&t hop cac két qua trén ta dugc 222 = _AFQ ZAFP _ —. ~ = ;
ABC  Oarp Sapc (b-l—C) (a+b+c) (a+b+c)
S S
Lap lai cac chitng minh nhu trén ta dwgc 2™ = @ —; L= ab ~
ABC (a+b+c) S aBc (a+b+c)

S bt
)néntaduc_yc le_m

Taco S 2
ABC (a+b+c)

S ec —(Sapo * S +5

MNPQEF — “ABC CPN

Do (a+b+c)223(ab+bc+ca) nén ta co 1_ab+bc+c2azl_ ab +bc+ca =g
(a+b+c) 3(ab+bc+ca) 3

S . ,
Ttr d6 suy ra —r 2 > % hay %S asc = Syroer - PAu bang xdy ra khi va chi khi tam giac

ABC

ABC déu.

Vi du 34. Cho duong tron (O) va diém P ¢& dintynam trong duong tron (O)(P khong trung
v6i O). Hai day cung AC va BD thay déi caa dwrang tron (O) vudng goc voi nhau tai P.
Tim vi tri ctia cac day cung AC va BD sao che:

a) Dién tich tit giac ABCD 16n nhat, nho nhat.

b) Chu vi tit gidc ABCD 1on nhat, nhionhat.

Loi giai
a) Goi E, F, G, H theo tht: tu la trung.diém.AB,.AD, A
CD, CB. Khi d6 dé dang chiing minh duoc t giac
EFGH la hinh cht¢ nhat ¢6 tdm la trung diém cta
doan OP.
Ta can chitng minh AB’ +CD? = AD” + BC* =4R?
That vay do AC 1 BDnén dé dang suy ra

AOEA = ADGO, do d6 suy ra OG=EA = % . c

2 2
Ta c6 (%} J{CTD) =0G”*+DG? =R’ nén ta

dwoc AB? +CD? =4R?

Hoan toan twong ty ta cling chirng minh dwoc AD® +BC? =4R?.

Ha OK vudng géc véi AC va Ol vudng géc véi BD. Khi d6 ta ¢6 ID* =R* -OI°
Do d6 ta dugc BD? = 4(R2 —OIz) . Tuong tu ta cling c6 AC” = 4(R2 —OKZ)
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Tir d6 suy ra AC* +BD? =4R’ —4(OI* +OK® ) =8R* ~40P* khong déi
Tir day ta dugc EF? +FG? =EG> = EG? = i(ACZ +BD? ) khong di.

Suy ra hinh ch nhat EFGH la hinh chi* nhat thay déi trén mot dwong tron ¢d dinh ¢6 tam

la trung di€ém ctia OP.

D&y 1a S,y =%SABCD. Do d6
EFP+GH> 1/, » oo\ 1ion: )
S =EF.GH§T=§(AC +BD )=§(8R —40P?)

Dau bang xdy ra khi va chi khi t giac EFGH 1a hinh vudng nén AC=BD.

1

. 1 1
Lai ¢ Sy, = EFFG =E[EF2 +FG? —(EF—FG)Z} =~ (8R* ~4OP* ) (EF-FG)

bé S dat gia tri nho nhat thi |EF —FG| phai dat gia tri 16n nhat.

EFGH
Ma ta c6 AC<2R=FG<R va BD=MN véiMN di qua P.

Do d6 EFZ%MN nén |EF—FG| sR—@

Do do S
Vay S

ey dat gid tri nhr nhdt khi AC la dwong kinh ctia dueong tron (O)
ascp dat gia tri 16n nhat'khi/AC=BD vas dat’gidtri nho nhat khi AC=2R.
b) Dat m = AB+BC+CD+DA khi d6 ta duoc

m’® = AB? + BC* + CD* + AD” +2( AB.BC + BC.CD + CD.DA + DA AB + AB.BC+BC.AD)

ABCD

Ma ta c6 AB* +BC? +CD? + AD” ¢4 gi4 tri khong doi.
Ap dung dinh li Ptoleme cho ti giac noi tiép AEOF ta c6 AE.OF+OE.AF =R.EF

AB.BC N CD.DA R.BD AB.AD N CD.BC R.AC
4 2 4 4 2

Do d6 ta dugc 2R (BD+AC)=AB.BC+CD.DA +AB.AD+CD.BC

Hay ta duoc . Twong tu ta cting co

Nhu vay viéc tim gid tri 16n nhat va nho nhat cua m twong duong véi tim gia tri 1on nhat
va nho nhat cua biéu thire S= AB.CD+AD.BC+2R(AC+BD).

Cing theo dinh li Ptoleme thi trong t& gidc ABCD noi ti€p ta c6 AB.CD+AD.BC=AC.BD
Do d6 suy ra S=AC.BD+2R(AC+BD).

AC? +BD?

Tacé S=ACBD+2R(AC+BD)< = 2R.\/2(AC2 +BD?) khong d6i

D&u bang xay ra khi va chi khi AC=BD

Lai 6 8= AC? + BD? - (AC-BD)’ |+ 2R,[2(AC* + BD?)—(AC-BDY
2
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Ma ta c6 AC<2R; BD > MN =|AC-BD|<2R-MN

Suy ra §> %[ACZ +BD’~(2R-MN)’ |+2R [2(AC* + BD?)~(2R-MN)" khong déi

D&u bang xdy ra khi va chi khi AC=2R
Vay m=AB+BC+CD+DA dat gia tri I6n nhdt khi AC=BD va dat gia tri nho nhat khi
AC=2R.

Vi du 35. Cho tam giac ABC noi ti€p duong tron (O) va ngoai ti€p duong tron ¢ ban kinh
r. Goi O,,R,; O,,R,; O,,R, theo thit tir la tdm va ban kinh ctia duong tron tiép xtic ngoai
v6i duong tron (O) dong thoi tiép xuc véi AB, AC; BC, BA; CA, CB tuwong tng. Chiing

minh rang R, +R, +R, >12r

Loi giai
Gia str duwong tron (O,;R, ) tiép xtic ngoai véi
dwong tron (O;R) tai D va tiép xac voi hai-tia-AB,
AC Ian luot tai M, N. Tia AD cat duong tron
(O,;R,) tai diém thit hai la E.
Khi d6 ta c6 OO, =0OD+0O,D=R +R_, lai c6 OA
song song véi EO, va AM? = AN? = AD.AE
AD* AD OD

Tt do > = = hay ta.dwixoc
AM® AE OO,

AD* R

AM? R+R,

Chttng minh twong tw ta cting duoc
BD* CD? R

BM?> CN* R+R,

AD BD CD
AM BM CN
Ptoleme ta c6 AB.CD+AC.BD = AD.BC. Két hop vdi két qua trén ta thu duwoc
AB.CN+ACBM=BC.AM.

biat BC=a;CA=b;AB=c ta dwgc BM=AM-c; CN=AN-b=AM-b

2bc
b+c—a

Tt d6 ta thu dwoc

. Mat khac tt gidc ABDC ndi tiép nén theo dinh li

Khi d6 ttr hé thirc trén ta duvoc AM = AN =

Goi L 1a tiép diém ctia AB v6i duong tron (I) noi ti€p tam gidc ABC.
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Khl dé ta Cé OlM :A_M hay ta dl.l)OC & :A_M
IL AL r AL
R
Thay AL:P—azl(b+C—a) va AM= 2be ti 1€ thirc trén ta duoc _1:4—bC2'
2 +tc-a r (b+c—a)

R R
Chéing minh twong tu ta cling dwgc —2sz ; —3=&2
r (c+a—b) r (a+b—c)
R, +R,+R
T d6 taduge ¥R dbe | dac |, 4ab
r (b+c—a) (c+a—b) (a+b—c)
Theo bat dang thitc Cauchy ta c6
4bc 4ac 4ab a’b’c?
2t P 22123 2 2 2
(b+c—a) (c+a—b) (a+b—c) (b+c—a) (c+a—b) (a+b—c)
R1+R2+R32
r
Hay ta duoc R, +R, +R, >12r, ddu bang xdy ra khi vachikhi R, =R, =R, va a=b=c

Chuy la (a+b—c)(b+c—a)(c+a—b)Sabc, do do ta duoc 12

hay tam gidc ABC déu.

Vi du 36. Cho tam gidc ABC ¢c6 BAC<607. Goi P la di€m bat ki trong tam gidc. Goi H, K
la hinh chiéu caa P Ian lwot trén canh AB va canh AC. Gia st AC+AH=BC+BH va

AB+ AK =BC+CK .Chting minh fang BP@<120%.

Loi giai
Goi O la tam duong tron ngoai ti€p tam giac ABC. Goi A
M va N Ian luot 1a trung diém AB va AC. Khi d6 ta c6
OM 1 AB; ON L AC.
Goi I '1a tam duong tron noi tiép tam giac ABC va D, E
[an luot 1a cac ti€p diém cua duong tron noi ti€p voi

canh AB, AC. Khi d6 ta dwoc ID L AB; IE L AC. Theo

tinh chat hai tiép tuyén cat nhau ta c6

AD=AE= CAJ“A;B_BC.Tfr do suy ra

CA+AB-BC AB+BC-CA
2 2

BD=AB-AD=AB-

BC+CA-AB
2

Tt d6 ta dwoc BD=AH=MN =MD va tuong ty ta cling c6 NE=NK.

Hoan toan tuong tw ta cting c6 AB+AK=BC+CK= AK =

Do O la tam duwong tron ngoai ti€p tam giac ABC nén ta c6 BOC =2BAC.
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Do I la tdm dwong tron noi ti€p tam gidc ABC nén ta tinh dwoc BIC =90° +%A .

Theo gia thiét BAC<60° = 2A <90° + % BAC = BOC < BIC

Do d6 suy ra BPC < BOC=2A <120°. Vay ta c6 diéu phai chiing minh.

Vi du 37. Cho tam gidc ABC khong can. Goi O la tam duong tron ngoai ti€p va I la tam
duwong tron ndi ti€p tam giac ABC. Gia st giao diém th hai khac C cta phan giac ACB
v6i duong tron (O) nam trén duong trung truc cia doan IO. Chitng minh gbéc ACB 16n

thit hai trong tam giac ABC.

Phan tich tim loi giai
Yéu cau chting minh twong dudng véi Min(BAC; ABC) <ACB< Max(BAC; ABC) .

Muén vay ta can ching minh duwoc ACB =60, diéu nay sé duoc khéng dinh néu ta chi ra
duoc cac tam giac DOB, DOA déu.

Loi (giai
Goi D 1a giao diém th hai cta phan giac'géc-ACB
v6i (O)
PiAu tién ta chiing minh DI=DA =BD.
That vay, theo tinh chat goc ngoaijva tinh chat

dwong phan giac ta co

DIA =TAC+ICA = %(BAC + ACB)

Mt khac theo tinh chat t¢ giac ndi ti€p va tinh chat
duongphan gidc ta ¢

DAI = BAI+ DCB = %(BAC+ACB)

Két hop hai diéu trén ta duwgc DIA = DAI nén tam giac DAI can tai D, suy ra DA =DI.
Hoan toan twong tw ta cling c6 BD =DI.

Do thudc duong trung truc ctia doan thang OI nén ta c6 DO=DI. Tt d6 suy ra
DO=DA=DB.

Tt d6 ta dé dang cé duwgc cac tam giac DOB, DOA déu.

Diéu nay dan dén BOA =120" nén ta dwoc ACB = 60°

Ma ta lai c6 ABC+BAC+ACB=180" nén dé thdy
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Min(BAC; ABC) <60° = ACB < Max(BAC; ABC)

Do do6 goc ACB 16n thit hai trong tam giac ABC

Vi du 38. Cho tam gidc ABC khong can c6 AD va BE la duong phan giac. Chiing minh

A5
rang goc nhon tao boi hai duong thang AB va DE khong vuot qua S

Phan tich va loi giai
Khong mat tinh tong quat ta c6 thé gia st trong
tam giac ABC c6 A>B. Goi M la giao di€ém ctia
AB va DE, khi d6 goc nhon tao béi hai duong A
thang AB va DE chinh la géc BMD.

Ta can chitng minh duoc BMD < %(BAC = ABC)

B D Cc
That vay, ap dung dinh li Menelaus cho tam giac
ABC véiba diém M, D, E thang hang ta c6

DB.EC-MA :1:MA :DC.EA

DC EA MB MB DB EC
bé 'y la AD va BE la cac duong phan giac'cta tam gidc ABC nen ta duoc
DC AC EA BA
DB AB’ EC BC
MA AC AB CA
MB AB BC BC

Ttr d6 ta dwoc . Tt d6 suy ra CM chinh 1a deong phan gidc ngoai tai

dinh C ctia tam gidc ABC. Do d6 ta dwgc BMC =180° ~MCB-MBC = %(BAC - ABC)

Do d6 suy ra BMD+CMD = %(BAC - ABC) .

Gia sit BMD > %(BAC - ABC), khi d6 16 rang ta c6

CMD = %(BAC—ABC)—BMD < %(BAC—ABC) < %BMD
sin BMD S sin2CMD _ 2sin CMD.cosCMD
sinCMD sinCMD sin CMD
Mat khéc ap dung dinh 1i sin cho cac tam giac BMD va CMD ta duwoc

=2cosCMD.

Ttr d6 ta duoc
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BDsin ABC
sinBMD MD _ BDsin ABC
sinCMD CDsinMCD CDsinMCD
MD

, DB AB sinACB . sinBMD sin ACB sin ABC
= = nén ta duoc = =

ACB
CD AC &inABC sinCMD  sin ABC sinMCD

2sin

Lai c6

Tir d6 ta suy ra sin 2P > cos CMD = sin(900 —CMD)

ACB 1

Nén ta duoe 2P 5 90° _CcMD = CMD > 90° - E(BAC+ ABC), dieu nay vo Ii.

Do dé diéu ta gia sir 1a sai. Nén ta dugc BMD < %(BAC —ABC) .

-5
Vay géc nhon tao boi hai duong thang AB va DE khéng vuot qua 3

Vi du 39. Cho tam giac ABC va mét diém-K-béatki trén canh AC. Goi P tam la duong tron
ndi tiép tam gidc ABK va Q tam la duong tronbang ti€p goc K cua tam gidc ABK. Goi D 1a
tam duong tron noi ti€p tam gidc BCK va'Sla tam duong tron bang ti€p goc K cta tam

giac BCK. Chting minh rang KDP > DQP.

Loi giai

Truwdc hét ta nhan thay ba diém/K)/
P, Q thang hang va ba diém K, D;'S
thang hang.

Ta can chting minh t& gidc QSDP

noi tiép, diéu nay twong duong

vdi chitng minh hé thtkc
KD.KS =KP.KQ.

That vay, xét hai tam giac KPB va
KAQ c6 BKQ=AKQ.
Mt khac bién doi goc ta lai co

QAK =QAP +PAK =90’ +%BAK =90° + %(1800 - ABK - AKB)

=90° +[90° —%ABK—%AKBJ =180° —PAK - PKB = BPK

Do d6 hai tam gidc KPB va KAQ dong dang véi nhau.

Téc gia: Nguyén Cong Loi TAI LIEU TOAN HQC

Download Ebook Tai: https://downloadsachmienphi.com




Tron Bo SGK: https://bookglaokhoa.com

Tt d6 ta duwoc Kp = KB nén ta duoc KP.KQ=KA.KB
KA KQ

Ma ta c6 KA =KC nén suy ra KP.KQ=KB.KC.

Chttng minh hoan toan tuong tu ta dugc KD.KS = KB.KC

Do d6 ta duwgc KD.KS =KP.KQ. Diéu nay c6 nghia la tit gidc QSDP noi ti€p duong tron.
Do d6 suy ra DSP =DQP . Ma KDP la géc ngoai cia tam gidc DSP nén ta duoc

KDP > DSP

Ttr d6 ta duwge KDP > DQP. Bai toan dwoc chitng minh.

Vi du 40. a) Cho n diém phan biét A ;A ;A ;..;A_khong cung nam trén mot duong
thang. Chting minh rang ton tai khong qua mot diém M sao cho tdng khoang cach tir M
dén A;A; AL A cd gia tri bé nhat.

b) Cho n diém phan biét A ;A ;A ;..;A_cung nam trén mot duong théng. Tim

cac diém M sao cho tong khoang cach tie Mrdén-A ;A ;A ;..; A co gid tri bé nhat.

Loi giai

a) Gia st ton tai cac diém M ;M, théa man

MA +MA, +..+MA =MA +MA, +..+MA =Min(MA +MA, +..+MA )=m
Goi M, 1a trung diém ctia M,M,, khi d6 ta c6 M|A. +M,A. 22M A véii=12;..,n
Vi A;A,;A,;..; A, khong cing nam trén mot duong thang nén cé mot diém A, trong s&
cac diém trén khong nam trén duong thang MM, . Khi d6 ta dwoc M|A, +M,A, >M A,
Khidé MA, +MA, +..+MA +MA +MA, +..+M,A_ >MA +MA, +..+MA_
Do d6 suy ra 2(MyA, +MA, +...+MA_)<2m hay

MA, +MA, +..+MA <m=Min(MA +MA, +..+MA )

biéu nay la vo 1i.
Do d6 khong qua mot diém M sao cho tong khoang cach tt M dén A ;A; A .., A cod giad
tri bé nhat.
b) Gia stt n diém phan biét A ;A ;A,;..;A_ thang hang va sap xép theo thit tw d6. Ta xét
hai treong hop n chdn van 1é.

+ Truong hop 1: V&i n s8 chén, dit n =2k. Khi d6 véi moi diém M ta ludn c6

MA, +MA, 2AA,; MA,+MA,  2AA, ;.. MA +MA, S =2AA,
Dau bang xdy ra ¢ cac bat dang thiic trén Tan lwot 1a M thude A A, AA,, ;. A A,

Cong cac bat dang thitc trén ta dwoc
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MA, +MA, +..+MA,,  +MA, 2AA, +A A, +.+AA ,

2k —

Dit A A, +AA,  +..+A A, =m lahing sd

2kZm

Do do6 ta duoc MA, +MA, +...+MA,, , +MA

Dau bang xay ta khi M dong thoi thudc cdc doan thang A A, ;A A, ;... A A, hayM

2k’

thuoc doan thrfmg AA, .

Vay MA, +MA, +..+MA,,_, +MA,, dat gid tri nhé nhat bang m khi va chi khi M thudc

2k-1

doan thang A A

k+1°
+ Truong hop 2 Véin la so 1¢, dat n=2k+1. Thuc hiém twong tw nhu trén ta dugc

MA +MA,  >A A, ;MA,+MA, >AA,;.;MA +MA _,>A A _,

2k+1 — 2k —
DAau béng xay ra O cac bat déng thic trén Jan lwot la M thude A /A, ;AA, G A A,
Tir d6 ta dwoc MA, +MA, +..+MA, +MA, _ >A A  +AA +.+AA ,+MA _,

Ma ta lai c6 MA, , >0 nén ta duoc

MA, +MA, +..+MA, +MA, ~=2A A,  +AA, +..+AA

2k+1 k™ "k+2

Vay MA, +MA, +..+MA, +MA, , datgiatrinhonhatla A/A,,  +AA, +..+AA, ,

D4u bang xay ta khi M dong thoi thudc cac doan thang AA GAA, . AA  Va
MA, , =0 hay M trung vé6i di€m’ /A0

Vi du 41. Cho da giac c6 2015, dinh 1a, A ; A, ;.. A Gia st M ;M, la hai diém nam bén

11 001d

trong da gidc A A, ... A, . sao che-MMy=1(dvdd)-Ching minh rang:

2015

(M,A, +M,A, +.+ M A, )= (MLA, +MA, +..+M,A,, )| <2013

Loi giai
Trudc hét ta phat biéu va ciing minh bo dé: Cho tam A
giac ABC va diém M nam trong tam gidc, khi dé ta cé
MB+MC<AB+AC.
That vay, gia st tia BM cat AC tai D. Khi d6 ap dung
bat dang thitc tam gidc cho tam gidc ABD c6

BD <AB+AD B c
Do d6 ta duwgc MB+MD < AB+AD . Ma trong tam

giac MCD ta lai c6 MC<MD+DC.

Cong theo v& hai bat dang thiic trén ta duoc
MB+MD+MC<AB+AD+MD+DC=MB+MC<AB+AC

Vay bd dé duoc chtiing minh.
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Tro lai bai todn: Vi M, nam trong da gidc A A,...A . nén M, nam bén trong ctia mot

2015
trong cac tam giac

MA A, MAA; MAA,; .. MA, A

Khong mat tinh tong quat ta gia st M, thudc mién trong ctia tam giac M,A A, , khi do6

e v 24

theo bo dé trén ta dwoc M, A, + M,A, <M,A, +M,A, hay
(M,A, +M,A,)—(M,A, +M,A, ) <0.

M3t khac theo bat dang thiic tam giac ta c6

MA -M,A <MM,; MA,-M,A, <MM,;... MA, .—-M,A, . <MM,

Do d6 ta dugc (M,A, +M,A, +..+M,A, )—-(MA, +MA, +..+MA, ) <2013M M,

Tr d6 (M,A, +M,A, +..+ MA, )= (MA +MA, +..+MA, ) <2013M M, =2013

1 2015)
Do vai tro cia M, va M, nhw nhau nén ta cling c6

(M\A, +MA, +...+MA )<2013

M,A, +M, A, +...+M,A

2015 ) 2015

Nhu vay ta duoc [(M,A, +M,A, +..+M, E (M,A, +M,A, ..+ M,A,,, )| <2013
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