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L_éf noi dau )

B& sach Tai liéu chuyén Toan Trung hoc co so gom 8 cudn, ti
I6p 6 dén Igp 9, moi Idp 2 tap (tap mot: Pai so, tap hai: Hinh hoc),
duac bién soan nham :

- Cung cdp cho cac em hoc sinh mét tai liéu co hé thdng va kha
day du dé hoc tap chuyén sau vé mén Toan & cap Trung hoc cd sd.

- Tao ngudn cho cac I6p chuyén Toan & Trung hoc phd théng va gitp
cac em hoc sinh I&p 9 thi vac I6p 10 chuyén Toan.

- Giup cac can bd chi dao mon Toan, cac thdy co giao day Toan
cb thém tai liéu dé chi dao va gidng day chuyén sau vé Toan tai cac
hoat déng chuyén dé, ngoai khoa. cac cau lac bé Toan hoc nham béi
dudng cho hoc sinh vé kién thifc, ki nang, tu duy va nhitng pham chat
tot trong hoc tap, nghién clu va sang tao, gop phan vao viéc dao tao
va boi dudng nhan tai.

Nhém tac giad cla bd sach la nhig thay cb giao da va dang giang
day 0 cac Igp chuyén Toan cua cac trugng Pai hoc, cac truong Trung
hoc co sd c6 uy tin, nhitng chuyén gia Toan c6 kinh nghiém & Tap chi
Toan hoc & tudi tré va Nha xuat ban Giao duc Viét Nam.

Cudn sach Tai liéu chuyén todn THCS Toan 9, tap mot : Dai so
gom 17 chuyén dé cd ban va 3 chuyén dé nang cao.

O méi chuyén dé co ban, cudn sach khong 1p lai cac néi dung da
c6 trong Sach giao khoa ma chi tdm tat cac kién thirc co ban, dong
thdi bd sung thém mét sé kién thic can thiét. Do do, khi giang day
cac chuyén dé, cac thay cd giao nén s dung két hop tai liéu nay vdi
Sach giao khoa. Cac vi du minh hoa dugc chon loc nham giup hoc
sinh biét cach giai va trinh bay moét s6 dang toan nang cao thudng
gap. Sau d6 la cac bai tap co hudng dan giai.

‘ud
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Céac chuyén dé nang cao nham giup ban doc hiéu sau va réng han
nhirng ndi dung c6 lién quan dén chuang trinh, ching dugc trinh bay
dé hoc sinh c6 thé tiép thu dugc.

Chung t6i hi vong cudn sach nay sé la mot tai liéu thiét thuc va bd
ich giup cac em hiéu sau sc nhimg kién thirc Toan da hoc, gép phan
vao viéc nang cao chét lugng dao tao va bdi dudng hoc sinh gidi
Toan & cdp Trung hoc cd sd.

Mac du cac tac gid da lam viéc nhiét tinh, nghiém tuc va cé trach
nhiém véi ban doc, tuy nhién, cudn sach van khé tranh khoi nhimg
thiu sét. Chung téi rdt mong nhan duoc y kién déng gbp cla ban
doc. Cac gbp y xin gifi vé :

Ban Toén - Tin, Céng ty CP Dich vu Xuét ban Giao duc Ha Nbi,
- Nha xuét ban Giao duc Viét Nam, 187B Giang V6, Ha Noi.

Chui bién
vU HUU BINH
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| Chuong I

CAC CHUYEN DE CO BAN

CAN THUC

Chuyén ¢ 1. CAN BAC HAI

I. KIEN THUC CO BAN

1)
2)

3)

4)
5)
6)

7)

V6i s6 a2 0, s6 b duge goi la can hic hai cha s6 a néu b =a.
S6 a < 0 khong c6 can bic hai. S6 a = 0 chi ¢c6 mot can bac hai las6 0. S6a >0
¢6 ding hai can bac hai la s6 b vi s0 ~b trong dé b dugc chon la s6 duong, ki

hieu bi Va, va duge goi 1A cdn bac hai s6 hoc cla a.
V6i biéu thite dai s6 A, biéu thie dai s6 B khong am duge goi 1a cdn bdc hai
cia A, ki hicu B= A, néu B® = A,
A dugc goi 12 biéu thite dwdi ddu cdn bac hai.
Diéu kién dé A c6 can bic hai 1a A 20.
V6i biéu thic dai s6 A ta luon c6 VA? =|A|.
Vi cdc biéu thire dai s6 A vd B khong am ta luon ¢6
JAB = VA VB: JC?B =|c|VB.
Vi biu thirc dai s6 A, B thoi min B # 0, AB 2 0 luon ¢6
JZ _JAlL [A_J/AB
B Jp'VB B[

I1. Vi DU MINH HOA

Vi du 1.1. Riit gon biéu thiic (7 + 43 )a-1)? .

Gidi.
Taco \(7+4v3)a-1)2 =7+4B.Ja-1)2.
Hién nhien 7+4+3 = (2+3). Vay J(? +43)a-1)? =(2+J§).|a-1|.
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Vi du 1.2. Riit gon bicu thie T=va+2va-1 +va-2va-1 vii l<a<2.
Gidi. _

Véi 2>a>1 v T=va+2Va-1 +ya=-2Va-1 taco

T=J(Va-1+1? +y(Va-1-1 =Ja-T+1+1-Va-1=2.

Vidu 1.3, Don gidn bicu thite T = (Y5 + 2J7 +2\s- zﬁ](JEE +1).

Giai.

v YT 1] [T (V7 1) = (V12 1)) (7 1)

=(3V7-1)(3J7 +1)=62.

o 1 | |
Vidu L4, Tinhtong T = . .
| SR PN A O Y O
Giai
rad2-Vl V3-2 VI-V3 .
2-1 3-2 4-3 -

) o J7- "’Jlll('h"\f_l )(74-22710)
Vidu LS5, Chimg minh rang T = JH 3050+ 5flT ={.
Giai.
-5
T JIs- 4J_n+5~f_:+f
(V3 VR)(V5 +V2) (74-22410) (Y54 2)(74-2
S sY5-20V2 41045+ 242 15V5 - li'

(ﬁ“/_)('“ J_) _30VE-36V2
V5 -612 sJ5-62




Vidu 1.6. Cho a = \ﬁ+\jﬁ+’ 3+J:\/i+'!

Chimg minh ring a®-2a-2=0,
Giai.

0 =345+ 2/3 4354243 +2,[9-(5+2V3) =6+ 2/4-2/3

=(;+:J(J§-|]: =6+2(V3-1)=4+2/3=(1+43) .

Doa>0nen a=+3+1.Dodo (a=1)" =3 hay a”—-2a-2=0.

Vi du L.7. Cho a:\/4+\jl()+2\/§ +J-l~\)|{l+2\/§. Tinh gii 11 cua

bicu thire

at —da¥ +a’ #6044

T-=

2l
a-=2a+12

Gidi.

a- =8+2Jlﬁ—(l(l+ 2J§ =H+2\I()—2\/._ =8+ 3\“\/34):

=8+2(V5-1)=6+2J5. Via>0nena=5+1.
Do do (a- l): =5 haya® -2a=4.

(u: -2;1)2 -3(;1: —2;1)+4 B 42 %444 B

Bicu diénT = ] =1,
a--2a+12 4412 2
- ++ Ji=x . 3 N —
Vi i 1.8 Cho Fixymat VI ¥E L IVloX a=[—.Hﬁyllnhglalr! f(a).
x+1 x—1 2
Giai.
2 24J44+4x  2+/4-4x
Vi f(x)= . nén
Ax+2 2x -2
24 —3\5




2+1l l+J_ 2+!!( 3+J' 1403

342 - B2 -2

Viyf(a)=-2-44/3.
Vidu 1.9. Gia thiét x, y, z > 0 v xy + yz + zx = a. Chimg minh ring

xJ(wz)(mz)WJ(;.H,:)(;.HZ) +ZJ(a+x2)(a+y=)

a+x? a+y’ a+2z°

=2a.

Giai.
Tuc6a+x2=x:+xy+yz+zx=(x+y)(x+z).

Tuong tur, tac6a+y2=(y+x)(y+z) ; a+zz=(z+x)(z+y}. Tirdé tacod

) (a+y2)(a+zz) i (x+y)(y+z)(z+x)(z+y) =x(y+2).
a+x’ (x+y)(x+2)
£|.+? a"‘x ﬂ+x2) a+y
Tuong ty y —)'(ZH) z =2 Y)
a'l"z

Vay VT=x(y+z)+y(z+x)+z(x+y)=2(xy+yz+zx)=2a.

BAI TAP

1.1. Hay biéu dién "3 *2‘5 thanh a+by5 véia, b e Q.

1.2. Don gidn biéu thic T = 3v2 + 23 — 18 +4/28- 1613 .
1.3. Chimg minh ring10+2v24 —y10-2v24 =4.

14. TinhT =J2+J§.J2+J2+J§.\}2-J2+J§ .




J2+J-\’3+ Fgf2

1.5. Ch .
J3+\/6+ N \/3—\/6+J7+J1_’
Hay tinh tich ab.
1.6. Chimg minh ring 3 19 -5
o J5-1 f 2 B3
. 2 3 3 5 1
1.7. Chu h : ———,
e [JE—I+J€—2+J€—3]9JE+4 2
V5 x5
1.8. Cho f(x) = — + . Tinh £(3).
J;+Jx+\/_ \/_—\/x—
19, Cho fox)m Rt rVATL b e Tah ikt o),
VX +1-+x- J:’T_'_I
B
Chuyén d¢ 2. CAN BAC BA VA CAN BAC n
I. KIEN THUC CO BAN

1
2)

3)

4)

5)

Cho s6 a. S6 b dugc goi la cdn bdc®ba ctia s6 a néu b’ =a.

Véi biéu thic dai s6 A, biéu thic dai s6 B duge goi la cdn bdc ba cia A ki
hieu B=A, néu B* =

Chu y ring, néu YA =YB thiA=B. Vay can bac ba ctia A 1a duy nhit.

Vé6i cée biéu thire dai s6 A,B va C#0 taludn cé

Ya? =a, Ya’B =B,
{LF

Cho n 1a s6 nguyén duong 16n hon 3. Véi bléu thirc dai s6 A khong am, biéu
thic dai s6 B dugc goi la cdn bdc n cua A, ki hiéu B=YA néuB"=A;
A duoc goi 12 biéu thite dwéi ddu cdn bdc n.

Khi n 12 s6 nguyén duong chin thi diéu kién dé A c6 can bac n1a A20

va YA >0.

A’B® = ABva




6) Vi bicu thie dai 50 A 2 0 ta luon ¢6 dong nhat thic

Chimg minh : PatB={YA >0. Khi do

ITn =IE* 8% = Bra¥a = \UB° = VB =,
viy VA =YA-=¥A.

IL VI DU MINH HOA

i 5 1 K
\’.1 b’ .1h

Vi du 2.1. Chang minh ring Khi ab = 0 ta ¢6 —pe=—
Ja'b Jab?®

Giai.
£ 7
J J Ju'b’ a'b )
Taco T = = = Jl ;l—_— =ab” —ab”® =0,
- dh- H) h .lh—

Ja'v'e?

Vi du 2.2, Chimg minh ring Khi abe 2 0 ta¢od -i "'- =abc” .
ab-e

Giai.

M 4,87
- a'bc a'b )
Tacod Jt - {jl—,—" »\/a"h"c" =abc”.
] a2
five ab”
12

R 2)
Vidu23. Vdgiaz 2+42 v:‘nu=‘[a+ J - - ——-—+1{.|+— (=13
. a

a° a)

sy 4 2)

v= J[a‘ +-—-,—)-8(:| +-)+ 20 . Chimg minh rangu = v =3,
T | a

Giai.

N
Viaz 2442 nén (a-2)" 22 hay a+=24,
a

Viy U-V=§[[u+§—l]j —J(u%-d]: :a-u-%—l—(;ui—xl):




Vi du 2.4. Bon giiin biéu thie T = \*fs(? +5V2) + dl!(w(? -5V2) +aV2-7.

Giai.

T2 (1 43) + {6 (1-4E) #4437
=2(1+V2)46(1-V2)+ 42 -7 =1,
Vi du 2.5. Chimg minh ring Pred5+Y2-5 =1,
Giai.
Pt T=424V5 + 4215
=>:'.'r=\‘/|h+xJ§+{lm—xJ§=§[(|+J§)"+;[(|-J§)‘

=14+V5+1-S=2. T d6 T= 1,
Vidu 2.6. Chimg minh. néu a = \‘}\E +2 - \I" \E -2 thia'+3=4.
Giai.

Taco ' =(J§ + 2)-(\/._ —2)-—3.;;.@‘ \ﬁ . 3\‘[\7?-"5

Viy al=4-3 SUy ra 2t +3a=4.

s
Vi du 2.7. Chimg minh ring e = 5e2-Y5-2,

3+ Y108

Giai.

Taca j{f:§i= ( \}_ ( ) 3_"{_ '*\F—J_(J_ J-)
Tidé VT =: mﬂ.
3+ 108

Dat VP=YV5+2 -YV5-2 =x



=x’ =J§+2-J§+2—3xd(\,§+2](\f§—2).hayx3 =4-3x.

T x* +3x -4 =(x-1)(x +x+4)=0=>x =1.

Vay VT =1 = VP.

Vi du 2.8. Chimg minh ring, néu {l(znl)2 4-{!:12 -1 +{/{a—l)2 =1 thi
Ya+l1-Ya-1=2.

Giadi.

Néu Ya+1=a-1 thi 2=0: mau thulin. Tr dé suy ra Ya+1-Ja—1#0.

Vi Ya+1)? + a2 =1+ Y@a-1)? =1 nen

yn+I—Ua—l=[§/n+l—§/a—l]|:{l(a+l}z+'yaz-l+§/(a—1)3].

Viay Ya+1-Ya-1=@+H-a-1=2.

Vidu 2.9. Don gian biéu thic T =

X+1

23}\5—\5?}5+2Jf; +x+:

vai x 20 ; x#-1.
Giai.

Tacs 54246 = (V3 +v2) =¥B+v2
=2\3-V2¢5+2V6 =2V3-V2 5+ V2 =23 -V2)(V3+42) =2.

x+1  x(x+1)  x

24x 4+ _(?Hl)2 Cx+l
X

Vi du 2.10. Cho a=J§+\/?-€}61+4aJ§ +1.

a) Chimg minh ring a* - 142> + 9 = 0.
b) Gid sir f(x) = x> + 2x* — 14x> - 28x> + 9x + 19. Tinh f(a).

VayT =




Gidi.
a) Vid61+ 4645 =</(:+:z\/§)3 =1+25;

Tirdé a=v2 +7-1-2J5 +1=2 445
. B
::.;E:(qu-.fs-) =a~-7=2Jﬁ=a"—:4a2+9=0.
b) Do f(x)=(x* —14x% +9)(x +2)+1 va a* —14a% +9 = Onén 1a duoc f(a) = 1.
Vidu 2.11. Cho a, b, ¢ > 0. Gia sir m, n, p la nhimg s6 nguyén duong 16n hon 1

sa0 cho be="a,ca=b va ab=1{. Chimg minh ring trong ba s6 a, b, ¢ phai
¢6 it nhat mot s6 bang 1.

Gidi.

Theo gid thi€t ¢ a=b"c™, b=c"a", c =aPbP. Gid sir cd ba s6 a, b, ¢ di cho
déu khdc 1. Bién d6i nhu sau:

a=b"c™ = (cnan )™ (aPbP)™ = M+ MPRMPMN _ MA+Mp Ny R YMP PP MmN
vd suy ra a=am™""™P(c"a")™P(aPbP)™" = oMM MPLIMIPMIPLMAP  hay 1a ¢
biéu dién
am amn'mpdmnp(bmcm )np = amnonp-mpq-lmnp'

ViO<a#1 vAm,n,planhimg s& nguyén duong I6n hon 1 nén khong thé cé
mn +np+mp+2mnp = 1. Do vly diéu gia sir 12 sai hay trong ba s6 a, b, ¢ phdi ¢6
it nhat mot s6 biang 1, chdng han a=1.

3}7+5\E
Vidu 2.12.Cho a= ’
J4+2~/§ -3

a) Xdc dinh da thiic v6i hé s6 nguyén bac duong nho nhét nhan so a lam nghiém.
b) Gia sir da thire f(x) = 3x® —4x® = 7x* +6x* + 6x? + x =532 Tinh f(a).
Gidi.

Ya+v2y 1+v2
a)Tac6a= = =I+J§.

Ja+v372 =3 14343

Vay (a-1)* =(v2)? hay a*-2a-1=0.

Pa thic x? —=2x —1 la da thic véi hé s6 nguyén bic duong nho nhat nhin s6 a
lam nghiém.

13



b) Chia da thirc f(x) cho da thitc x* =2x -1 ¢6 bicu dién duéi day:
fix) = (3x* +2x% +8x +22)(x? =2x - 1)+ 53x + 22 - 53V/2.

Thay a=1+ V2 1 nhin duge f(a)=75.

Vidu 2.13. Cho ;.:.—?'—NL-‘J‘ 26+153 .
Y26-15{3

a) Xic dinh da thire vai hé s6 nguyén bic duong nho nhit nhan s6 a lam nghiém.
x4 x

-7 . Tinh f(a).
4()[x +4x‘—|44)

b) Gia su da thue f(x) =

Giai.
2-3 . 3
a) Vi uz(—)‘—3(2+\6)- =2—ﬁ—2—\/§ nén a=-2v3.
{o-)
Viy a’ = 12= 0. Pa thirc x* - 12 la da thic véi hé $6 nguyén bic duong nho
nhit nhin s6 a lam nghi¢m.
a®+a' +4a° 12 +12% +4.12

b) Do o> = 12 nén f(a)= - = - ==
40(;1"+4;r—|44) 40[|2-+4.12-12-

hay f(a) = 1.
Vidu 2.14. Cho a = Y38 +17J5 + 381745 .

2012
Gia surta 6 da thie [(x) = (x" +3x + I%S) . Hay tinh f(a).
Giai.

Vi a® =38+17V5 + 38175+ 30338+ 177538 - 1745

2002

=a'=76-3n=0a'+30=76 = f(a)=(76+1935)" - =2011°""%.

BAI TAP

2.1. Hay bicu dién ¥2+/5 thanh a+by5 véi a.beQ.

22. Choa= \‘/\E +2+ Q/I -Ji . Chimg minh rang a”-6a®+282a =8.

14



]
v

cho a=(Y1+276 -45+46 )¥2J6 -1 +1.

a) Xic dinh da thite vai hé so nguyén bac duong nho nhat nhin a Kun nghiem.

012
b) Gid str f(x) = Y kx* +2012 Tinh fa).
h=1

2.4, Chimg minh rang. néu a.b >0 thi ta luon ¢o

T-———:::JJ—T“:FT 2Vb = (Ya + Py’

Chimg minh rang, néu ab # 0 vi a2 b thi ta luon ¢o

Y 2] Al ]
a’b® +b* -b%” - b’
2.6. Cho a,b>0. Hay don gian bicu thie

JI. +2°h + J: + 207 - \/_‘,_.1
g P T

ST S T | S ~ . ¢
27, Gidsiru” =v viu,v e Q' Hiy xde dinh u, v d¢

(]
n

u\ 4\[_ y "
_‘v\[\ R oWy +lv=l.

Chuyén ¢ 3. BAT DPANG THUC

L KIEN THUC CO BAN

1) Cho hai sO thue a va b
a duoc goi 1a lom hom b, Ki hidu a > b, néu hic¢u a = bl mot s6 duong.
Tuong tr nhu trén doi v a<b.azb.a<h.
2) Vi ciie 0 thue a. b, ¢ virso e nhien n luon ¢6 tinh chat:
a>bkhivichikhia=b>0:
a>hkhivichikhia+ce>b+c:



3)

4)

5)

6)

a>bkhivachikhia® ' >p™*!;
|a|>|b| khivachikhia®>b™,n21;
=b

a2 b khi va chi khi [a
a>b;

VéGic >0, a>bkhivachi khiac>bc;
VéGic <0, a>bkhivachi khiac<bc;
Végia>b,b>cthia>c;
a0
|a| <a khi vhchikhi{
-afasa
Véi cic s6 thuc a va b ta ludn c6 tinh chat:
a) Néua>Db thi s‘fa_:»%.

b) Néu a>b >0 thi va > vb.
BDT Cauchy (Co-si) : Vi cdc s6 a, b khong 4m, ta ludn cé _q_;_b > Jab.

BDT Bu-nhia-k6p-xki : Vi cdc s6a, b, ¢, X, y, z#0tacd cic két qua sau

a) (a2 +b? )(:lt2 - yz )2 (ax + by)z.

b) (a2 +b? +::2)(x2 +y2 +z2)2 (ax +by+cz)2.

Chimg minh.

a) Do (a® + bA(x* + yz) = (ax + by)2 + (ay - bx)’ 2 (ax + by)2 nén

(a® +b?)(x* +y?) 2 (ax + by)’.

Déu "=" xdy ra khi va chi khi ay = bx.

b) Do (a® + b> + ¢H)(x* + y2 +7°)

= (ax + by + '::z)2 + (ay — bx)2 + (bz - -'.:y)2 +(cx = az}z 2 (ax + by + cz)2 nén
(a2 +b2 +c2)(x2 +y2 +zz)2 (ax +by+cz)2.

DA4u "=" xay ra khi va chi khi ay = bx, bz = cy, az=cx.

a) |a+bl <lal+[b]. Dau "=" xay ra khi ab > 0.

b) flal-Ibl| < [a +bl. Dau "=" xay ra khi ab < 0.



IL Vi DU MINH HOA

1. Mot vai b4t ding thirc thuong duoc sirdung

Vi du 3.1. Chimg minh ring véi a, b, ¢, X, y, z > 0 luén c6 cic bit ding
thirc sau:

a) a+b+c > 3abe.
b) Q/(a +x)(b+y)(c+z) 2 Jabc + {}xyz.
Giai.

a) Vi a+b+c+3abe = 2v/ab +2y/cabe 24"Jabc3/abc nén
a+b+c+iabe 2 4\"’13}(abc)4 = 4%/abc hay a+b+c > 3/abc.

b) Néu mot trong ba s6 a + x, b + y, ¢ + z bing 0, ching han a + x = 0 thi
a = x = 0 va b4t ding thic hién nhién diing. Xéta+x,b+y,c+z #0.

a b c abc
a+x+b+ +c+223 (a+x)(b+y)c+z)
Theo a) ta c6 Y :

X y .. 2 23J Xyz

+

a+x b+y c+z \(@+x)(b+y)c+z)

Yiestn

Ya+x)b+y)c+z)

Cong vé theo vé&, ta duge 323
ol

Tir day ta suy ra b).
Vi du 3.2. Cho ba s6 thuc a, b, ¢ > 0. Chimg minh c4c bat ding thitc:
a) l.,+ 122 < khi ab=>1.
l+a° 1+b- l+ab

1 . 1 . 1

1+a> 1+b2 1+c2  l+abc
<) ].,+ 112 I :
(1+a)® (1+b)~ [I+ab
| o | S
(1+a)* (l+b)- I1+ab

b) khi a,b,c21.

d) khi ab<1.

24 TLCT THES TOAN 91 DI 30
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[ i, [ o 1 i
(1+a)® (1+b)~ (l+c)° I+abec
g) l - + : _}2 = =

Vi+a?  Ji+b? J (“h\-

I#]—

2

e) kht a,b,c <1.

Giai.

a) BAt ding thitc tuong duong véi bat ding thitc (ab—1)(a-b)> 20.

Viy ——=+——2—>— khi ab21.
I+a® 1+4b~ 1l+ab
3 1 ‘,
I‘_'_ l’2 2 , 2
l+a~ 1+b- l+ab l+abc
1 1 2 2
b) Vi a,b,c 21 nén tir ¢ =+ — 2 2
I+b* 1+¢® I1+bc l+abc
1 | 2 2
=+ 5 2
(14¢~ l+a- Il+ca l+abc

| 1 3
T =+ 2 :
1+a® 1+b* 1+c¢* l+abe
¢) Bat ding thic twong duong véi bit ddng thite (ab - 1)% +ab(a - b)* >0,
Vay : = : -2 : .
(1+a)* (1+b)~ l+ab
d) Quy déng méu thic ¢ hai v€ ta ¢6 két qua.

la suy ra

| | ) 7 )

- -

s+ =5 <
(1+a)" (1+b)= l+ab Il+abc

3 )
¢) Vi a,b,c<1 nén tir 1 >+ : > S—— S —
(1+b)* (14¢)* l+bc l+abe
| | 2 2 ’

- -

i 3 s =
(I+c)” (1+a)” l+ca I+abc
I 1 3

ta suy ra =+ ~+ ~< ‘
(1+a)” (1+b)" (l+¢)- l+abc

£) Quy déng mdu thitc hai vé& ¢6 ngay bat ding thiic.
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Chua y. Khi ab > sé& khong co d). That viy,

7 '
khia=2b=1coab=2>1va —+ I ‘:-I-+.!.{:= I
’ (1+a)* (1+b) 9 4 3 Il+ab
" ; . . 1 1 AN 2
conkhi a=9b=1céab=9>1 va T+ S ———=
(14+a)~ (l+b)= 100 4 10 Il+ab

2. Mot vai phuong phap chimg minh don gian

Pé chimg minh A = B ta ¢6 thé xét hiéu A-B vachira A-B20.

Vi du 3.3. Vi ba s6 thuc a, b, ¢ luon ¢6 a® +b? +¢* 2 ab+ be +ca. Tir d6 suy
ra k¢t qua: Néu a’+b>+c” =1 va ab+bc+ca>1 thia=b=c. Hon nira ta con

cba=b=c= 1L.

V3
Gidi.

Vi a’ +b? +c2—ab—bc—ca=-!-[(a—b): +(b—c):+(c~—alz]20 nén

~

a’ +b>+¢” 2ab+be+ca.
Khi 1=a% +b%+c> 2ab+bc+ca > I"thi aZ +b% +¢® =ab+bc +ca.
Tir day suy m(aﬂh): +(b—c)2 +(c—a}2 =0 hay a=b=c.

Vi du 3.4. Gia sir a, b, ¢ la do dai ba canh mot tam gidc. Khi d6 ta co bit
ding thic

a®> +b® +¢” <2(ab+bc +ca).
Giai.
Via’ >(b—~c)3.b3 >(c—a): va ¢ >(a—b)3 nén
a +b% +c? >(a-b)’ +(b-c)* +(c-a) hay a’ +b’ +¢” <2(ab+bc+ca).
Vi du 3.5. Gia sir a, b, ¢ 1a d0 dai ba canh mdt tam gidc vudng vé

a? =b%+c2. Chimg minh rang, néu hai s6 thue x va y thoa min bx + cy = a thi
x2 + y2 21.

Giai.
Vi (b% +c%)(x? +y2)—(bx +cy)2 =(hy—cx)3 >0 nén a’(x° +_\r:)—a3 20.

Via#0 nén x3+y32I.



Vi du 3.6. Chimg minh ring vGi ba s6 thuc a,b,ce[-2;3] thoi min
a+b+c=0 luon c6 bat ding thic a® +b* +¢” <18.
Giai.
Via, b,ce[-2;3] nén (a+2)(a-3)<0,(b+2)(b-3)<0 va (c+2)(c-3)<0.
Tir day suy ra a’-a<6.b>-b<6 va 2 -c<6.
Do bai a+b+c =0 nén sau khi cong ba bit diing thic nay. v& theo v¢, ta dugc
aZ+b2+c? <I8.
Vidu 3.7. Véi a, b, ¢ >0 va abc = |, hday chimg minh bat dang thitc sau:
(1+a)(l+b)l+c)=8.
Giai.
Vil+a22Ja,l+b22Vb va 1+c22Jc neén
(1+a)(1+b)(1+¢) 2 2va.2v/b.2Ve =8v/abc = 8.
Diau"="xayrakhi a=b=c=1.
Vi du 3.8. Chimg minh ring v6i hai s6 thue a,b e[1;2] luon c6
(a+h)(l+l]$2.
a by 2
Giai.

Viabe[l;2] nén(a-1)(a-2)<0; (b=-1)(b-2)<0.

) > 2 2
Tirday suy ra a” +2<3a; b°+2<3b haya+—<3; b+E£3.
a

n 2.2 2. 2° 1 9
Do boi 62(a+b}+[—+—]22 (a+b)(-—+—] nén(a+b)(-—+—-]$-—.
a b a b a b) 2

Vi du 3.9. Vi hai 50 thue a va b thoa man a+b 20, hiy chimg minh cic
bit ding thiic

O 3
4 a’+b )(d+b):

72 \ 9

FA -

b) a’+b*+222ab+a+b.



Gidi.

a)Hieu T =

3 3 3
L 4D —(?] =%(a+b)(a-b)220.

b) Tir a) va 2ab < %(a - b)2 suy ra hiéu

ad+b’+2-2ab-a-b> %(awb):"«%(a-#b)2 —(a+b)+2=T. Dat x =a+b.

(x=2)%(x+2)

Khi d6 T=%(x3—2x2—4x+8}= hay T=%(a+b+2){a+b—2)" >0.

Vay a’+b’+222ab+a+b.
Dau "="xay rakhi a=b20.
Vi du 3.10. Véi céc s6 thuc a,b,c >0 ta luon ¢6 bat ding thirc dudi day:
a+b’ +¢ +3abc 2 a’b+b%a+ bic+c?b+ca+a’c.
Giai.
a’2a’ -(b-c)* =(a+b-c)a-b+c)
Hién nhién ta cé {b*> 2b> —(c-a)’ =(a+b-c)(-a+b+c)
¢ 2c?-(a-b)* =(-a+b+c)a=-b+c).
eNéu a+b-c<Othia-b+c>0,-a+b+c>0. Nhuvdy
(@a+b-c)a-b+c)(-a+b+c)<0<abe.
Tuong ty xét céc trudmg hop khdc.
eNéua+b-c20thia-b+c20.,-a+b+c20vadodo
a’b’c’ > (a+b-c)2(a—b+c)2(—a+b+c)3.

Tirday suy raabc 2 (a+b—c)(@a—b+c)(—a+b+c). Day la diéu cdn chimg minh.

3. B4t ding thirc chim can thic

Vi dy 3.11. Chimg minh rang, véi cdc s6 a, b thod man |a|< 1, |b[< 1 ta c6 bat

ding thic
Ji-22 +41-b? sgﬁ-(#) .
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Giai.

2
Vi hai v¢ déu duong nén Vi-a? +y1-b? <2 l—(a—;b-J tuong duong bat

ding thiic \(1-a2)(1-b?) < 1—ab. Bt ding thic cudi cing ndy trong duong véi

(1-

22

a*)(1-b*) < (1-ab)* hay (a-b)* 20.

-
- ) e & bY 2 .

Vay bat ding thite V1-a? +y1-b> <2 |-[": ] la dung.

\ £

Vi du 3.12. Chimg minh ring, néu a” + b® =1 thi ta c6 bit déng thiic
av1+b +bJl+a sy2+2.
Giai.
Theo bt dang thitc Bu-nhia-kép-xki ta ¢6
a+b<y2al+b?) =2
via avl +b +byl+a s\/(a2 +b*)(14b+1+a) =2 +a+b.

Viy avl+b+byl+a S\}2+J:_'.

Vi du 3.13. Chimg minh bt ding thitc sau day:

T =4/2012y2011y2010 <2012.

Giai.

Tacé T<y20124201242012 = 20127, Vay T<2012.
Vidu 3.14. Véi a €[2010;2012], hdy chimg minh bat ding thitc sau day:
V2 <J2012-a +4/2-2010 < 2.

Gidi.
Dat T=+2012-2a +Ja-2010. Tacé T> =2+242012-a/a-2010 >2.
Do T>0 nén T2+2.




Dau "=" xay ra khi a=2010 hoidc a=2012.
Theo bat ding thic Cauchy :

2J(2012—a){a—2010) <2012-a+a-2010=2=>T><4. SuyraT<2.
Dau "=" xdy rakhi 2012 —a=a - 2010 urc la a=2011.

e ]
Vi du 3.15. Chimg minh ring, n€u a,b >0 thi J% +,’b— > (a + b)Vab.
a

Giai.

b al+b? (a+b)(a —dh+b‘)
Ta cod J:+J7
Jab
Vi a® —ab+b? 2 ab nén J:+J7 (d+h}db-—(a+h)\/ﬁ.

Vi du 3.16. Chimg minh rdng, n€ua, b > 0 va ¢ =a+b thi ta ludn ¢6

AT

Giai.

a)Vic=a+b nén il-+-l-)-=l. Khi d6 0<E.9<l.
c c cc

dOROIOROREHESS B OF

4
Tuong tu ta ciing c6 2< "[E) :
c c

Vay Jg+@>%+%=l.
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o (3 - w2
——r D]
va,r+§[—< o,

Vi du 3.17. Chimg minh rdng, v6i s6 nguyen n2>2 taluodncéd

2vJn - "<T T T+ +T<2J— 1.
1 1
Do d6 sO0 nguyén I6n nhdt m thoa min m<€—+—+---+—— |2
o NN/ J10000
sO 198.
Gidi.

1 1 1 1
Pt T=—F4+—4—=+—=+-+—.
Y Y N - N =
2

Vi%=mnen %>T+’TZWF=Z(JRT_JE)' Do d6 ta c6
T>2[(\/— \/_) (J_ J_)+ +(JnT \/_)] [ l)

2 t 0 - < : = -Jk-
Viy T>2Jn-2. Lai '5J‘ PP N e 2(Vk-Vk-1).

Do d6 ta c6
T<1+2[(J:7—J1')+(J5—JE)+---+[J_-JnTl)]=|+2JF—2.

Vay T<2Vn-1.

1 1 1

Véi n=10000 taco 198 < —+ +eee <199.
NN RN T

Vay s6 cdn tim 1a m =198,
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3.1.

3.2.

33

[ 3.4.
3.5.

3.6.

3.7.

3.8.

3.9.

3.10.

3.11.

3.12.

BAI TAP

Chitg minh véi s6 thuc a < | ludn ¢6 bat ding thic

T=(l+a}{I+a2)(l+a4)...(l+a“)£%.
-a

Gia sir céc s6 a, b, c, d thod min a® +b* =1 va ¢? +d* =1. Chimg minh
rang [ac +bd|<'1.
Gia sir a,b,c €[0;4] thoa mdn a+b+c=6. Khi d6 ta c6 a> +b> +c* <20.
Khi nao dau bang xay ra.
Chimg minh rdng vdi a2 b 2 ¢ ludn c6 at+b 4?2’ + b+ a
Véi a,b>0, hdy chimg minh bt ding thic sau:

(a+b)(1+ab) > 4ab.
Véibas6 a,b,c20 va a+b+c =1 ludn 6 bit ding thitc b+c > 16abc.

2 )
Chimg minh ring el S )

val+a+l
a2 [
Chimg minh ring, néu a,b >0 thi -F+ — >Ja++b.
a

Chimg minh ring, néu a va b 1a do dai hai canh cia mot tam gidc vuong véi
do dai canh huyén 1a ¢ thi a+b <cv/2.
Véi a,b,c e[1;2], hdy chimg minh bat ding thic sau:
(a+b+c:)(-l—+l +-!-] <10.
a b c
Chimg minh rang, v6i moi s6 nguyén duong n ta luon cé b4t ding thic
Joos 31 o 1 1
—t—t— < —,
6 12 20 n+3n+2 2
Cho a,b,c 2 1. Chimg minh rang
1 1 1 3
+ + 2 g
a(b+1) b(c+1) c(a+1) Il+abc

[Se]
h



3.13. Cho a,b,c,d €[0;1). Chimg minh ring
a b c d a 3 1

4

be+cd+db+l cd+da+ac+] da+ab+bd+l ab+bc+ca+l 4 dabed’

3.14. Gia sir a, b > 0 vd ¢ = a + b. Chimg minh ring Va+vb>Vc va

3.15. Chimg minh rang, néu a.b >0 thi Va2 +b% > Yad + b3
3.16. Véi a,b,c 20 va khong ¢é hai $6 nio bing nhau. Chimg minh ring

a3 S i " P
.l,(h \.)+hzlc d)+t.‘(.l b) 23m_
a“(b—-c)+b°(c—a)+c (a—-b)

Chuyén @2 4. GIA TRI LON NHAT, NHO NHAT
CUA BIEU THUC CHUA CAN THUC

I. KIEN THUC CO BAN

Gia st ¢6 biéu thiic dai s6 A = A(X. y, ..., z) phu thudc vio cdc chir x. y. ..., z
(tham s0), vl s6 M sao cho ta luon cOA <M. Néucdgidtrix =a. y=b, ...,
z = ¢ sao cho A(a. b, ..., ¢) = M thi M dugc goi la gid tri lom nhdt cua biéu
thire dai s6 A.

Giasucosomsaochotalubnc6Azm. Néucodgidtrix=a.y=b,...,z=c¢
dé A(a. b, ....c)=m thi m duoc goi 1a gid tri nho nhdt cia biéu thirc dai s6 A.
Chu ¥ rdng, tru6e khi xédc dinh gid tri 16n nhat hay nho nhét cia A ta nén don
gidn biéu thirc dai s6 A. Sir dung céc bat ding thirc d€ danh gid bicu thic dai
50 A.

IL. Vi DU MINH HOA

Vidu 4.1. Gid thiét 2 <a <4 . Xdc dinh gi4 tri I6n nhét va nho nhat cta biéu thirc

T=Ja-2+J4-a.
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Giai.

Tacé T?=2+2Va-2.J4-a. Theo bat ding thic Cauchy. ta c6
T*<2+a-2+4-a=4.

DoT>0nénT<2. Diau"="xayrakhia-2=4-a ticlaa=3.

Viy gid tri 16n nhat cia T bing 2.

Lai 6T =2+2Va-2./4-2>2.Dod6T22.

Diu "=" xday rakhia=2 hoic a =4.

Vay gid tri nho nhat cua T bang V2.

Vi du 4.2, Gia thi¢t a > 4, b > 9. Xdc dinh gid tri 16n nhat va nho nhit cia

bicu thitc
bva-4 +avb-9

ab

T=

Giai.
Hién nhién T > 0. Ddu "=" xdy rakhia=4,b=09.
Vay gid tri nho nhdt cua T biang 0.

Tuch T=X222 4 .h[—‘J . theo bt ding thitc Cauchy ¢6
a )
a=a—4+422\/4{a—4)=4\{a—4=> 3_42%_
a

Diau "="xayrakhia—4=4 haya=8.

Tuong tr s%. Dau "=" xayrakhib—-9=9 hay b= 18,

V{:yT£%+%=%. Do d6 gia tri I6n nhat cia T bang % khia=8,b=18.

Vi du 4.3. Gii thi€t a > 6. X4c dinh gi4 tri nho nhét clia biéu thic

T at IBN=0 4~ Ju=0J3a =0

Gidi.
Tacé T> =a+2v3a-9 +a-2v3a-9 +2,/a> ~4(3a-9)
=2a+2{(a-6)> =2a+2(a-6)=4a—12.
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Doa26=T>212.DoT>0nenT223.

Vay gid tri nho nhat ciia T bing 2/3 khi a =6.
Vi du 4.4.°Gia thiét —~1<a<1. Xdc dinh gi4 tri 16n nhat va nho nhat cta

bidu thife
o 1+v1-a2 (Ja+ay —\1-2)°)
2 +41-a?
Gidi.

Patu= Vi+a,v =+/1-a.

Khi d6 ta ¢6 u® +v? =2 va bién déi

RPN 249
T= l-:uv.(zu v)= l+uv,(u-v)= “+'uv.(u—v).
u”+v-+uv 2
Thay 2 =u® +v? dugc T=(u+v){u—v)=u " =a2
V2 V2

Do vy, gid tri I6n nhit cua biéu thic T bing V2 khia=1va gid tri nho nhat
ctia biéu thite T bing —v2 khia=- 1.
Vidu 4.5. Gia thi¢t 0 <a < 1. Xdc dinh gid tri nho nhat cia biéu thire

2a° J(a+ D¥1-a 4|VI-a2
Tugt_, .1’ .
(a+1)° a ZaJ:I
Gidi.

Tm”:i[ ' @+)(-a) 1-a* _.fi-a

@+1* 423 a

Do O<a<1 nén T 20. Vay gid tri nho nhat cta biéu thie T bang 0 khia= 1.
Khi a ti¢n dén dén 0 thi T ti€n din dén +o0. Vay T khong c6 gid tri 16n nhat.
Vidu 4.6.Cho f(x)=vx—1+vXx -2 va g(x)=2vx—-3 véi x = 3. Khi d6 hay
a) Xdc dinh gid tri nho nhét cua f(x).

b) Chimg minh f(x) > g(x) v6i moi x 2 3. Do d6 khong c6 x =3 dé f(x) = g(x).
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Gidi.
a) Vi x23 nén x-122 wong duong véi Vx-12+3-1 =2 va x-221

tuong duong véi vx -2 2y3-2=1.
Tir day suy ra f(x) 2ﬁ+l. Diu "=" xay ra khi x = 3.

Vay gid tri nho nhét ciia f(x) bang ¥2 +1 khi x =3.

b) Vix—=I1>x-3vax-2>x-3nén Jx=1>Vx=3 va Jx-2>Vx-3.
Vay f(x)> g(x) vdi moi x 23. Do d6 khong ¢6 x =3 dé f(x) = g(x).

Vi du 4.7. Cho f(x)=vV6x—1+9x* —1 v6i x> -;: Hay xdc dinh gid tri nho

nhét cta f(x) va chi ra nhimg gid tri cia x thod mian f(x)=1.
Gidi.

Vi xa% nén 6x—1>0 va 9x*> -120.

Do 36 bidly thie. £(x)=J6x~T+30x2~1 holri tolfi e dinki véi 2%.
Do f(x)zJﬁx_—HO va mz\/{‘?=l véix?.%.

Viy gid tri nho nhét cha f(x) bing | tai x =%.

Tir d6 suy ra chi c6 duy nhat mot gid tri x = % thod man f(x) =1.

Vidu 4.8. Cho T=J:v;2 +2x+-i-:-+Jx2 +2x+%+Jx2+3x +-3-. Khi dé hay

a) Xdc dinh gia tri nho nhat cia T khi x 2 —%.

b) Xac dinh gid tri cla x biét 2T =2x> +5x% +5x +3.



=
3 ] 3] . 3

] =|x+— vi X 2 —— nén cé
) )

2 3 4 3
x"+2x+§+1#x‘+3x+2:x‘+2x+—+ x+§-=x2+3x+2.
4 4 4 2 4
- 2 9 3 s s - 3 g g ;
Do d6 T=,[x +3x+z=x+;2{). Vay gid tri nho nhat cua T bang 0 tai
3

X=—-—.
2

b) Ta cé 2T=(x2 +X+D(2x +3).

3
ViT=0 va x3+x+l=(x+7:-)z+%>{l nén 2x+320 hayx?«-;.

Tr d6é suy ra 2x+3=[x2+x+lj(‘_’x+3) vi suy ra x=-= hoic
x> +x+1=1.

Do d6 x =—%— hodc x = -1 hodc x =0 [ cdc gid tri ¢iin tim,

-

BAI TAP
4.1. Xic dinh gid tri 16n nhit cua dién tich mot hinh chir nhat biét chu vi cua n6
bang p >0 khong déi.

4.2. Xic dinh hinh ¢6 thé tich 16n nhat nim trong s6 cdc hinh hop chir nhit ¢6
cung 1ong ba kich thudc.

4.3. Cho manh t6n hinh vuong véi do dai canh 1a Im. Ngudi ta cat bon gdéc bon
hinh vuong bang nhau va uén phén con lai thanh mot chi¢e thung hinh hop
khong nap. Xdc dinh thé tich 16n nhit ¢6 thé ¢6 clia chiée thiing do.

44. Giasur x> % Hay xdc dinh gid tri nho nhat cua haim 6
f(x)=Vax—1+v4ax> - 1.
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4.5. Giasir a, b, ¢ = 1. Xdc dinh gid tri I6n nhat cia bicu thire
T=a+b+c+ab+bc+ca-3abe.
4.6. Giasir a, b, ¢ 2 1. Hay tim gid tri Ién nhit cha

| 1 ]
= - - ;
ab+a+1 bc+b+] ca+c+l

4.7. Giasira, b, ¢ 20 vd a+b+c<3. Hay xdc dinh gid tri 16n nhit caa bicu thie

a+b b+c¢ C+i
T = ] 3 L) 3 b b 3 ‘
a"+b"+2 b +¢c"+2 ¢ +a"+2
4.8. Giasir a,b,c€[1;2]). Hiy chimg minh bat ding thitc sau day
| | | 3
- + 2
d+a-ab d44+b-bc 4d+c-ca 3I+abe
| | |
+ - " :
4+4a-ab 4+b-bc 4+c-ca

va tim gid tri nho nhat va Ién nhat caa T =

Chuyén @ 5. PHUONG TRINH VO Ti PON GIAN

I. KIEN THUC CO BAN

Phuong trinh ¢6 hang tir chira dn s6 trong bicu thire dai s6 dudi dau can duge
goi 1a plucong trinh vo t. Trong chuyén dé nay. ta chi xét cic dang phuong
trinh vo ti don giin.

IL. VI DU MINH HOA

Vi du 5.1. Giai va bi¢n ludn phuong trinh V5x+ 1 =c¢.
Giai.
Néu ¢ < 0 thi phuong trinh vo nghi¢m,

-

; ; el
Néu ¢ 2 0 thi phuong trinh c6 nghi¢m x = '-“--q—.
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Vi du 5.2. Gii phuong trinh V25x +1 = /13x - 11.

Giai.

Diéukién 25x + 1 2 0va 13x =11 > 0.

Tir phuong trinh V25x+1=v/13x-11 suy ra 25x+1=13x-11 hay 12x =-12.

Gidi ra dugc x=-1. Vi 25(-1)+1=-24<0 nén nghiém ndy khong thoa
man ddu bai. Vay phuong trinh da cho vo nghiém.

Vi du 5.3. Giai phuong trinh /3x +2 = /10x - 12.

Giadi.

Didukién3x+220val0x-12 2 0.

Tir phuong trinh v/3x +2 = /10x - 12 suy ra 7x =14 hay x = 2.

Vi 3.24+2=8>0 va10.2 - 12 = 8 > 0 nén nghiém nay thoa min diu bai.

Viy phuong trinh da cho c6 mot nghiém x =2.

Vi du 5.4. Giai phuong trinh V2x + 1 +v7-2x =4x> - 12x +13.

Giai.

Didukién2x+120va7-2x > 0.

Theo bat ding thirc Bu-nhia-kdp-xki ta c6

V2x+14+47-2x < J(1+D@2x +14+7-2x) = 4.

Vay v2x+1++7-2x <4. Diu "=" xdy ra khi x =%.

Lai c6 4x% —12x +13=(2x —3)* +4 2 4. Diu "=" xay rakhi x =

| w

Vay phuong trinh da cho c6 mét nghiém x =

| w

Vi du 5.5. Giai phuong trinh avx2 —b? +bvx? —a® =a® +b> véi a,b >0,
Gidi.

Pidu kién x% 22’ va x> > b2

Theo bat ding thic Bu-nhia-kép-xki ta c6

a’ +b? =a\fx2 ~b* +l'.~\/x2 i \/(a2 +b%)(x2 a2 +x2-b?).



Vay (a® +b%)? <(a® +b?)(2x% —a® - b?).
Tir day suy ra 2% <a? = b 2%+ hay x2 >a +b2.
Do x*>2a +b? nén
a’+b? =:|\(x2 -b? +b\/:(2—112 2;1\/;1_2+be_2=:11 +b%.

Tir ddy suy ra x> =a® + b> hay x =+va’ + b,

BAI TAP

5.1. Giai phuong trinh v3x -5 = J7x —1.

5.2. Giai va bién luan phuong trinh V5x -7 =m .

5.3. Giii phuong trinh Vx -3 +/13-x =245 .

5.4. Giaiphuong trinh Vx -2 +V4—x =x> -6x+11.
5.5. Giai phuong trinh Yx-7 +Yx -3 =6§(x-3)(x-7).
5.6. Giai phuong trinh Yx+1+3x—1=35x.

5.7. Giai phuong trinh Ix+5+Ix+6=Y2x+11.

5.8. Giai phuong trinh J(x —2)% +Y(x +7)? =Y2-x)(x +7) =3.

5.9. Giii phuong trinh J X +1/2""=2.
2x -1 X
5.10. Giai phuong trinh (Jx+5-Jx+2)(1+Jx2+?x+10)=3.

5.11. Cho a, b, ¢ > 0. Hay giai phuong trinh

9 r ) 9 2
a\/)&z—bz—c2 +b\/x2—c‘—a2 +r:\1x2-a:z—b2 =a~+b” +c”.
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Chuong I1

HAM SO BAC NHAT

Chuyén @2 6. KHAI NIEM HAM SO VA PO THI

I. KIEN THUC CO BAN

)

2)

3)

4)

5)

34

Cho A va B 1a hai tap hop cic s6 déu khéc réng.

Mot ham s6'f tir A dén B ki hiéu f : A — B, 1a mot quy tic gan mdi phin ur
cua A cho ding mot phin tir cua B.

Néu y thudc B la phin tr duge gén cho phidn tir x thuc A qua ham s6 f thi ta
viét y = f(x). S6 f(x) dugc goi la gid i ciia ham s6 f tai x, x duge goi 1a bién
s6'hay doi s6' ctiaham s6 f. Vaigidtrix =a € Atacé gidtriy = f(a)e B.

Néu f 1a mot ham s6 tir A dén B thi tap A duoc goi la tdp xdc dinh cua fva B
dugc goi 1a mién gid tri cua f. Néu y = f(x) thi y duoc goi la anh cua x va x
duoc goi la tao anh cha y.

Gia sir A va B 1a hai tap con cua R va f 1a ham s6 tir A dén B. Khi do tap tat ca
cdc diém (a; f(a)) trong mat phang toa d6 Oxy véi moi a€ A dugce goi 1a d6 thi
cua ham s6 y = f(x) vdi 1ap xdc dinh A.

Ngudi ta thuong sir dung mot trong ba cach sau dé€ cho mot ham so:

a) Cho ham s6 bai bang cdc gid tri twong tmg (bi¢u do).

b) Cho ham s6 bai cong thie. Cha ¥ ring, ¢6 nhimg ham so duge cho bai

nhi¢u cong thirc khdc nhau trén nhimg tap xdc dinh khdc nhau. Chang han
x-12 khix<-1

hodc f(x)={x*-2x khi-l<x<2

3x+7 khix<2
f(x)=
x* -3x% khix>2.

x*+5 khix>2;

¢) Cho hiim s6 bai mot dé thi.

Cho ham s6 y = f(x) xdc dinh trén tap I (I 12 mot khodng, mot doan hay nira
khoang). Ta néi

a) Ham s0 y = f(x) dugc goi 12 ham hdng trén 1 néu ¢6 s6 M dé f(x) = M véi
moi xe I,
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6)

b) Ham s6 y = f(x) dugc goi la ddng bién hoac don di¢u tang trén 1 néu véi
moi Xy, X, € I thod man x; < x, thi f(x;) < f(x,).

Ham s0 y = f(x) dugc goi 1a nghich bién hoac dom diéu giam wrén 1 néu voi
moi X|, X, € Ithoda man x; < x, thi f(x;) > f(x,).

¢) Ham s6 y = f(x) goi la khong tang trén | néu véi moi x|, X5 € | thoa man
Xy < X3 thi f(x)) 2 f(x,). Him s6 y = f(x) goi 1a khong gidm trén 1 néu véi moi
X). X3 € I'thod mén x; < x; thi f(x;) < f(x,). Khi xét ham s6 y = f(x), ngudi ta

thudng quan tdm t6i tinh tang, giam, khong tang hoac khong giam cia né trén
mot tp I nao d6. Khi d6 ta thuomg néi : Xét swe bién thién cua 'y = f(x) trén L

Tap DR duoc goi la tp déi ximg qua 0 néu xeD thi —xeD.

Ham s6 y = f(x) véi tap xdc dinh D duge goi 12 ham sé chan néu D la tap xac
dinh d6i ximg qua 0 va f(-x) = f(x) v6i moi xeD.

Ham s6 y = f(x) v6i tap xdc dinh D duoc goi 1a ham sé' Ieé néu D la tap xdc
dinh doi ximg qua 0 va f(—x) = —f(x) véi moi xeD.

Kién thirc bd sung
Cho A(x; 5 yy), B(x5 5 ya).

Toa do trung diém cta AB la (.’-‘l—:x—zﬁ%ﬁ_)

DO dai AB bing /(x, -x) +(y, -2 )’ -

I1. Vi DU MINH HOA

Vi du 6.1. Xét su bién thién cia ham s6 f(x)=vx—1 trén tap xdc dinh cua

ham s0.

Gidi.

Ham 56 f(x) xdc dinh khi x > 1. Vi moi x| va x5 thoa miin | € x;< X5, ta ¢6 hié¢u

f(x2)=F(x)) = yxa =1 =fx; = =Jx XT:\}L ]>0.
27 1~

Nhu vay, ham s6 f(x)=+vx -1 la déng bién trén 1ap xdc dinh cta no.




Vi du 6.2. Cho ham s6 f(x) = x* + 2x* + m. Khi d6

a) Chimg minh ring ham s6 déng bién khi x 2 0.

b) Chimg minh ring ham s6 nghich bi¢n khi x S 0.

¢) Xdc dinh m dé€ f(x) > 0 v6i moi x € R. V6i nhimg gi4 tri da tim duoc cia m

hay chimg minh x*+4x> + 14x2 + 28x +m >—%. x € R.

Giadi.

a) V6i moi x, va x, thod man 0 < x, < x, ta ¢ hiéu

f(x,)- f(x,)=(x; +2x§ +m)=(x] +2x} +m)
=(X5 =X )(Xx; +x.I)(x'_‘-;' +x12 +2)>0.

Nhu vay, ham s6 f(x) = x* + 2x* + m 1a déng bi¢n trén[0;+00).

b) V6i moi x; va x, thod min x, < x, <0 tacé hiéu

f(xy)—f(x,)=(x3 +2x§ +m)-(x; +2:r.,2 +m)
=(x2-x,){x2+x,)(x§+xf’+2)<0

vi(x, —x[)(x§ +x;"' +2)>0; X, +X, <0.

Nhu vy, ta thdy ham s6 f(x) = x* + 2x*> + m nghich bién trén (—oc; 0].

¢) Néu f(x) > 0 véi moi gia tri ciia x thi f(0) > 0. Khi d6 m > 0.
Véi m > 0 hién nhién f(x) >0 véi moi xe R. Ta cé

x"-|-4x3+14x2+28x-i-m+§=(x4+4::c3-Hixz)+10(x2+2.:}r-x+ﬁ +m
5 =
2 3 7Y
=(x +2x} +!0(x+§J +m>0.

Vay x*+axd + I4x2+28x+m>—25§.xe R.

Vidu 6.3. Him s6 f(x)=v1-x +J1+x véi tap xdc dinh D=[—l;l] 1a mot
ham s6 chédn vi D 1a tap xdc dinh d6i ximg qua 0 va f(~x) = f(x) véi moi x € D.
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Vidu 64. Himsoy = x> + 3x Vi tap xdc dinh R 12 mot ham s6 1€ vi R la tap
xdc dinh d6i xitng qua 0 va f(~x) = —f(x) véi moi xeR.

x* +3x
pe=1|
s6 chin ciing khong la ham s6 1é vi D khong 1a tp xdc dinh d6i ximg qua 0

(do-1eD,nhung 1 ¢ D).

Vi du 6.5. Ham s6 f(x) = vGi t1ap xédc dinh D = R\{l} khong 12 ham

BAI TAP
6.1. Tim tp xdc dinh ciia ham s6 y = Vx> -9+ ¥x3 -1.

6.2. Tim tdp xdc dinh cda ham s6 y=Jx2 —4x+3 +ﬂl—x4 X

5
6.3. Xdc dinh gid tri cha a dé 1ap xdc dinh cia haim s6 y = '_’ +v7a+1-2x

X=a
chira doan [-1; 1].
6.4. Tim tap xdc dinh cia cdc him s0 sau :
2

X“+1
- H by = .
a)y o )y w2
'1-.
Qy=> 15+JI+3; dy=vx+Vx-2.
x-
6.5. Cho ham s6 f(x)=vx? +1. Hay xdc dinh
a)y = f(f(1)); b) y = f(f(f...(f(x)...))) v6i n ki hi¢u f.

6.6. Cho ham s0 y = Jx ++/x . Hiy tim t4p xdc dinh cta n6. Tim tat ca nhimg
cép s6 nguyén (a : b) thudc d6 thi cia ham s6 nay.

6.7. Chimg minh ring him s6 y = X 4+3x3+ 1 déng bién trén R.

6.8. Chimg minh ring ham s6y = x" + 4x* = 5 nghich bién khi x 2 0.

6.9. ChohamsOy=f(x)= ;
x(x+1).

a) Tim t4p xdc dinh D ctiia ham s6.

b) Chimg minh ring f(x)=l—% trén D. Tur d6 chimg minh bat
X X+

ding thite
IR ) !

ot ———«<1.,
1.2 23 34 2011.2012
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6.10.

6.11.

0.12.

Cho him sy = f(X) = ————
X(x+1(x+2)

a) Tim tip xdc dinh D cua ham so.

b) X4c dinh a, b, ¢ biét ring f(x) =2+ ——+—S_ trén D. Tir d6 hay tinh
X x+1 x+2

tong sau vdi s6 nguyén duong n :
1 1 1 |
+ + it A
1.23 234 345 nn+1)(n+2)

Cho him so y = f(x) = ax® + bx’ + cx.
Hay xdc dinh a, b, ¢ biét '
f(x + I}—-f{x)zx2
thoa man véi moi gid tri cua x thuoc R. Tir d6 hay tinh 1éng
G S TR
vai sO nguyénn = 1.
Xic dinh tinh chdn I¢ caa mbi hiim s6

a)y =[2x-3[+|2x +3[;

. X — 4| +|x +4|
T
6.13. Gid sir ham s6 y = f(x) xdc dinh trén tap R. Chimg minh ring c6 thé biéu

dién y = f(x) thanh t8ng clia mot ham s6 chin va mot ham s6 1é. Hon nita
hdy chimg minh su biéu dién 4y 13 duy nhat.

6.14. Gia sir f(x) = (1 + ax)(1 +a%x) ...(1 +a"x).

Chimg minh ring (1 + ax)f(ax) = (1 + a" * 'x)f(x). Tir d6 hay x4c dinh A,
theo a, n, i biét ring f(x) = 1+ A,x + Azx2 L, SO A,xi +..+ A"

6.15. Xdc dinh ham s6 g(f(x)), f(g(x)) biét f(x) = x> + 5 va g(x) = x° + 2x> + 1.

6.16. Xdc dinh ham s6 g(f(x)), f(g(x)) biét f(2x - 5) = x>+ 3x - 1 va
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Chuyén 42 7. HAM SO y = ax + b VA DO THI

I. KIEN THUC CO BAN

b}

Ham s0 y = ax + b xdc dinh trén tap R v6Gi a va b 1a nhimg s6 cho trude va
a#0 dugc goi 1a ham s6 bac nhat. Hé s6 a duge goi la hé s goc.

2) Cho ham s6 bac nhdt bic nhat y = f(x) = ax + b xdc dinh trén R. Khi d6
a) Néua>0thi y=ax+ b la ham déng bi¢n trén R.
b) Néua <0thi y=ax + bla ham nghich bién trén R.
3) DG thi (d) cia ham s6 bac nhdt y = ax + b trén 1dp R 1a mot dudng thdng.
: : ' \ ;
Pudmg thang d6 di qua diém E[ -E:OJ thuoc true Ox va diém F(0 : b) thudc
a
ik e g [bl
truc Oy. Khodng cdch h tir O dén d thod minh = -
a“+1
4) Ta v& d6 thi (d) cia ham s6 bac nhat y = ax + b nhu sau: Lay hai diém phan
bi¢t F(0; b) vd A(x, ; ax, + b). x; # 0. Dudng thing (d) 12 dudng thing (AF).
Taséldy A=Ekhi b#0.
5) Khia=0tacé ham hing y = b. D6 thi ham y = b la duong thing di qua hai
diém F(0 ; b) va A(x, : b). N6 song song véi Ox hodc triung truc Ox khib=0.
6) Gia sir dudmg thing (d) 12 d6 thi cha hamy =ax + btrén tap R véiava b 12
nhimg s6 cho truéc. Khi d6 y = ax + b duoc goi la phuong trinh xdc dinh
dudmg thiang (d). Doi khi ta ciing néi : (d) duge xdc dinh bdi phuong trinh
y=ax+btréntdpR vaviét(d):y=ax +b.
Kién thirc b6 sung
Cho A(x; 1 y)). B(X5: y5). Néu x; #X,, y, # y, thi phuong trinh dudng thing
AB Ia

=% .. YN
.S i T 4 e
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II. VI DU MINH HOA

Vidu 7.1. Cho ham s6 b4c nhit y = ax + b.

a) V& d6 thi (d) ctia ham s6 khi a = b = 3. Gia sir (d) di qua diém E thuoe Ox
va F thudc Oy. Tinh dién tich tam gidc vuong OEF.

b) Gia sir b = 2a. Chimg minh ring, v6i mdi gid tri a # 0 dudng thing (d,) xdc
dinh bdi phuong trinh y = ax + 2a ludn luén di qua mot diém ¢4 dinh.

Gidi.

a)Khia=b=3tac6hims6y=3x +3.

Dudng thing (d) xdc dinh bdi phuong trinh y = 3x + 3
di qua diém E(=1; 0) thudc truc Ox va F(0; 3) thudc truc
Oy (h.1).

Dién tich tam gidac OEF bing S = l 13= 3 (dvdt).
2 2 Hinh |

b) Khi b =2atac6 haimy = a(x + 2). Budng thflng (d,) xdc dinh boi y = a(x + 2)
luon ludn di qua diém c6 dinh (<2 ; 0).
Vidu 7.2. Cho ham s6y = f(x) =[x ~ 1| +|x 6.
a) V& d6 thi cia ham s0.
b) Xdc dinh gid tri 16n nhat ciia m d€ f(x) 2 m v6i moi gid tri cia x.
Gidi.
7-2x khix <1
a)Taco y=f(x)={5 khi 1sx<6 _}

2x -7 khi x 6. &1) """""""""""" .

-+ l '

Vdy d6 thi ctia ham s6 gém ba phén : | /

Hai nira dudng thdng (d,) : y = 7 = 2x :

khix<1; (d)):y=2x=T7khix>6va
doany =5 khi 1 £x <6 (h.2).

b) D& dang thdy y > 5 v6i moi x € R.

Dau "=" xdy ra khi chdng han x = 1. :

Viy dé f(x)2m véi moi gid tri clia o 1 2 3 4 5 6

N S —
-
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Vidu 7.3. Cho ham s6y = f(x) =|x - 2| +|x - 5| - [3x + 6.

a) V& d6 thi ctia ham s6. :

b) Xéc dinh gid tri nho nhat cia m d€ f(x)<m ()
véi moi gid tri cua x.

Gidi.

x+13 khi x<=-2
—-5x+1khi =2<x<2 '

a)Tacé y=f(x)= 3 : ]
d -3x-3khi25x<5 =9 s

—x=13 khi x 25.

Vay d6 thi ciia ham s6 gém 4 phén : Hai nira

dudng thing (d)) : y = x + 13 khi x < - 2 ; -
—9f---

(dy) :y=—x-13khix>5vahaidoan (/;): y==5x+1 :
| khi =2<x<2;(l):y=-3x-3khi2<x <5 (h3). G}
b) Dé dang thay y < 11 v6i moi x € R. §
Dau "=" xay rakhi x = - 2. i E
Vay dé f(x) < m v6i moi gid tri ciia x thi gid tri 2
nho nhét ciia m bing 11.
Hinh 3
BAI TAP
~1 khi x<-1
7.1. Chimg minh ring ham s6 ham s6 y={x khi =1 <x <1 1a ham s6 Ié va vé
(1 khix21
dé thi cua no.
(—x khi x < -1
7.2. Chimg minh ring ham s6 him s6 y=4{1 khi —1<x <1 12 ham s6 chin va
(X khix21

vé d6 thi cla né.

7.3. V&d6 thj cia ham s6 y = 2[3x - 5| +|x 2|+ 4x.
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7.4. Chohamso6 y=f(x)=2[x=7|+3|x=1|-4|x|.

a) V& d6 thi cua ham so.

b) Giai va bién luan phuong trinh f(x) = m.
7.5. Chohams6 y = f(x)=|x—1|+|x —2[+|x +1].

a) V& do thi va tim gid tri nho nhit cia ham so.

b) Giai va bién luan phuong trinh f(x) = m.

¢) Tim m dé phuong trinh f(x) = m ¢6 vo s6 nghi¢m.
[x=3|xes] _

7.6. Giii va bién luan phuong trinh —————=m.
|x—5|-|x+5]

7.7. Lap phuong trinh duomg thing di qua hai diém A(x, ; y,) va B(x5 : y»).

7.8. Gia sir dudng thing (d) : y = ax + 5. Xdc dinh a biét dudmg thing (d) di qua
diém A(S: 5). Tinh khoang cdch tir O(0 : 0) dén duimg thang (d).

7.9. Xdc dinh cdc gid tri cia m dé phuong trinh |x - 3| |5x + 7|+ 8
nhiéu hon mot nghiém.

x+2|=m co

7.10. Xdc dinh cdc gid tri ciia m d€ phuong trinh |x = 3| +|x + 7| =m ¢6 v0 s6 nghiém.

Chuyén d¢ 8. VI TRI TUONG POI
GIUA HAI PUONG THANG

I. KIEN THUC CO BAN

1) Hai dudng thing tring nhau:

Diéu kién cdn va di dé hai dudmg thing (d,) : y=ax +bva(d,):y=ax +b'
tring nhau laa=a'vab=">b'"
2) Hai dudng thing cét nhau:

Diéu kién c4n va di d€ hai dudmg thing (d)) :y=ax +bva(dy):y=ax+b

b'-b
Xg==—
cit nhau tai diing mot diém 1a a # a'. Toa do giao diém Ia ab‘,a N
ab —-a
Yo= T
d—a
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3)

4)

5)

Hai duong thing song song:
Diéu kién c4n va du d€ hai duong thing (d)):y=ax+bva(dy):y=ax+b
songsong laa=a'vab#b'.
Hai dudng thing vuong goc:

Diéu kién cén va di dé hai dudng thing (d,):y=ax+bva(dy) :y=ax +b
trong d6 aa' # 0 vuodng géc véi nhau laaa'= - 1.

Chirng minh. Pudng thing (d,) va (d,) vuéng géc véi nhau thi ching phai
cit nhau. Do d6 a # a'. Gia sir chiing cét nhau tai A(X : yg)-
Tacéaxg+b=ys=axy+b'.

L4y diém B(x, ; y, = ax, + b) thudc (d,) va diém C(x, ; y, = a'x, + b) thudc
(d,) vGi X, X5 # X,

Hién nhién (d,) L (d,) khi va chi khi BC? = AB® + AC” hay

2

(x2 =% )2 +(y2-n )2 =(x2-%p )2 +(y ‘)’0)2 +(xy ‘xn)z +(y1-¥o)"-
(Xem Kién thitc bo sung & chuyén dé 6)
Khai trién va rit gon dugc X,X, + yay; = XaXo + ¥a¥o + X1X0 + ¥1¥0 = Xo- = Yo -
Do axg+ b =y, =a'xy+ b' vy, = ax; + b: y, = a'x, + b' nén bién ddi
0 = (x3 = Xg)(x} = Xo) + (y2 = Yo)(y; = Yo)

= (X3 = Xp)(X; = Xg) + (a'Xy + b' —a'xy — b')(ax, + b —ax, —b)

= (X5 = Xg)(X; = Xg) + a'a(xy — X)X = Xq)

= (a'a + 1)(xy = xp)(x; = Xg).
Tém lai (d;) L (dy) khi va chi khi aa' = = 1 vi (x5 = xg)(X; = Xg) # 0.
Khoang cdch tir mot diém dén mot dudmg thing :

Gia sir M(xg ; yo) va dudmg thing (d): y = ax + b v6i a # 0. Khi d6 khodng

—yo+b
cdch t M dén (d) bingh = X0 Yo+

a“+1
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I1. Vi DU MINH HOA

Vi du 8.1. X4c dinh gi4 tri cia m dé ba dudmg thing

(d):y=2x+1:(dy) :y=4x~=1 va (d3) : y =2mx - 3 dbng quy.

Gidi.

Gia sir hai dudmg thing (d;) : y =2x + 1; (d) : y =4x — | cit nhau tai A(X, ; y;).

Vay2x;+ 1 =y, =4x, - 1. Gidiradugc x;=1,y,=3. Vay(d)) :y=2x+ I
(dy) : y =4x - 1 cit nhau tai A(1 ; 3).

Dudng thing (d;) : y = 2mx - 3 di qua diém A khi va chi khi 3 =2m.1 = 3
hay m=3.

Tém lai, dé ba dudng thing (d)) : y =2x + 1; (dy) : y =4x — | va
(d3) : y =2mx — 3 dbng quy cin vadi lam = 3.

Vi du 8.2. Cho hai dudmg thing dugc xéc dinh bai

d):y=3x+5m+2va(d):y=7x-3m-6.
a) Xdc dinh toa d¢ giao diém A cua (d,) va (d,).

b) Chimg minh ring khi m thay déi giao diém A luon luén chay trén mot
dudmg thang c6 dinh.

Gidi.

a) Gia sir hai dudng thing (d,) :y=3x+5m +2va(dy) : y=7x - 3m - 6 cilt
nhau tai A(x, ; y;). Vay3x, +5m+2=y,=7x, -3m-6.

Giairadugc x; =2m +2,y, = 11m + 8.

Viy (d)) :y=3x + 5m+2 va(d,) : y = 7x — 3m — 6 cét nhau tai diém

ACm+2; 11m+8).

3

=2m+2 e Ve

b)Tirhe{x'_l:“+8 suyrahe {™~ 2
yp=tim* y; =11m+8.

Vay y, =ll.1|2_—2+8=-lal—xl—3.

Tir day suy ra diém A chay trén dudng thing c6 dinh xdc dinh bdi phuong trinh
11

=—x-3.
y=x



Vi du 8.3. Xdc dinh gid tri cha m d€ hai dudmg thing (d)) : y = %x o
(dy) : y = 2mx — 3 vuong gbc vdi nhau va tim toa do giao diém.
Giai.

Hai dudng thing (d)) : y = éx - 5:(dy) : y = 2mx = 3 vubng goc véi nhau khi

va chi khi %.2m=—1 haym=-1.Khidé(d)):y= %X-S: (dy)):y=-2x-3.

Gia sir (d,) va (d,) cit nhau tai A(x, : y,). Khi d6 :_I!-x, -5=y, ==2x,-3.

2
Giai ra x, —i vay, =-—§ . Ta c6 giao dlémA(% —%)
Vi du 8.4. Gia sir dudng thing (d,,)) :y=2(m+ I)x +m - 1.

a) Chimg minh ring v6i moi gid tri cia m dudmg thing (d,,,) luon luén di qua
mot diém c6 dinh A.

b) Xdc dinh gid tri ciia m dé dudmg thing (d,,) vudng géc véi dudng thing (d) :
y = 3x + 18. Tir d6 tinh khodng céch tir A dén (d).

Gidi.
a) Gia sir dudng thing (d,;)) : y = 2(m + 1)x + m — 1 di qua diém A(xq ; yo)-

Khi d6 ¢6 dong nhat thifc y, = 2(m + 1)xg + m — 1 hay (2xy + I)m =y = 2xy + 1
thoda man véi moi gid tri cia m.

Néu 2x( + 1 # 0 thi phuong trinh (2xy + 1)m = yy — 2xp + 1 ¢6 mot nghiém m
duy nhat: mau thun.

Vay 2xy+ 1=0 hayx{,:—'-i- vayg=2xp—-1=-2.

-

Vay dudmg thing (d,,,) luén luon di qua mot diém ¢6 dinh A(—%:—Z].

b) Dudmg thing (d,) : y = 2(m + 1)x + m — | vudng géc v6i dudng thing
(d:y=3x+18khivachikhi2(m+1)3=-1 haym——%
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Dal my 3“%. Xét giﬂo die.m B(X| : }’1)
1 13

gitra hai dudmg thing (d,,) : y= s Vi

(d) :y=3x+18. Khi dé-%x[ —-16—3=3xl +18.

3

Vhyl = e——

Gidira x; =-— T

20
Ta ¢6 giao diém B(—E.—i] (h.4).
20 20

Khoang cach tir A dén (d) bang do dai

2 2
AB= (—l+l—21) +[—2+—3-] ;
220 20
Juigsr?r 3w
20 NN

Hinh 4

Vi du 8.5. Cho céc dudng thing (d,) : y = 2x + m — 1. Tim gid tri cia m dé
khoang cdch tir mdi dudng thing (img véi gid tri Ay cha m) an diém A(-1: 1)

bing 2.
Giadi.

Xét dudmg thing (d) c6 dang y = ax + b vuong goc véi (dy) 1y =2x + (m = 1)

vadi qua A(=1; 1).

(d)J.(dm)C>2a=~I¢:a=—%.

Khi dé (d) 1a y=—%x+b:

(d) di qua A(=1: 1)nénl = —%(—l)+b.dcd6h=

Viy (d) la y=——2|-x+7’l—.

Giao diém B(x, ; y,) cta (d) va (d,,) thoa min «-%x, +

—
Tir d6 x1=§-§-—nl }’1 m:I
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Khoang cich tr A(=1; 1) dén (d,,) la do dai AB va bang

J(fi—s?.m 4 ']:*'(m;] —I\Jz 3 |mJ—§4]

m—4
AB=2& =2em=4+25.
Js

_ Luu y. Nguoi ta chimg minh duoc khodng cdch tir diém A(xg ; yg) dén duong
thang ax + by + ¢ = 0 bing
laxg + byy +¢|
vaZ+b?
V6i cong thic trén, khoang cdch tir diém A(-1 ; 1) dén dudng thing y =2x +m - |
hay 2x —y + (m — 1) = 0 biing
RCD-1L1+m~1| |m-4|

V22 +(-IP Js

BAI TAP

8.1. Hai duomg thing duoc cho béi

m+l_  m-I 1 m-2

X+ va (hy,): y=-—x- vdi m # 0.
2 m

(dy): y= e

a) Xdc dinh gid tri cia m dé (d,,) // (hy,).
b) Xdc dinh gid tri ciam dé (d,,,) =(h,,).

8.2. Xic dinh gid tri ciam dé hai dudmg thing (d) : y=mx -5va(d):y=x+m
cat nhau tai mot diém thudc :
a) Truc tung.
b) Truc hoanh.

8.3. Xdc dinh tdt ca cdc gid tri cia m dé hai dudomg thing d):y=(m+2)x+3
va (d,) : y = 2mx = 3m song song vdi nhau.

8.4. Trong mat phang toa do Oxy cho hai dudmg thang (d,,,) : y = (1 —=m)x + 2 va
(hy):y=(m+ 1)x = 3.
a) Bién luan theo m vi tri tuong doi gitra hai duong thing (d,) va (h,,).

b) Xdc dinh nhimg gid tri cia m d¢ hai duong thing (d,,) va (h,,) vuong goc
vai nhau.
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8.5.

8.6.

8.7.

8.8.

Cho dudmg thang (d) : y = x = 5.
a) Xidc dinh nhimg diém M thuoc truc Ox sao cho khoang céch tir M dén (d)
bang 2.
b) Xdc dinh nhimg diém N thuoc truc Oy sao cho khoang cdch tir N dén (d)
bang 2.
Xdc dinh nhimg gid tri ciia m sao cho khodng cédch tr diém A(-1 ; 1) dén
dudmg thing (d) : y = x + m bing 1.

2
m°-1_ 2m+l]

X+

2m m
khoang cdch tir A dén (d,,) va chi ra ring v6i moi gid tri m # 0 cdc dudmg
thing (d,,) uén tiép xiic véi mot dudmg tron 6 dinh.

Cho hai diém B(1 ; 0) va C(5 ; 2). X4c dinh diém A(x ; 6) dé ABC la tam
gidc déu.

Cho dutmg thing (d,) : y = ,m #0va diém A(l ; 2). Tinh

Chuyen @2 9. HE SO GOC CUA PUONG THANG
(d):y=ax+b,a#0

I. KIEN THUC CO BAN

1) Trong mat phing toa d6 Oxy ta vé dé thi (d) : y = ax + b véi a # 0. Gia sir

2)
3)

48

dudng thing nay cit truc Ox tai E[—E;OJ "
a

Ly M(x, ; y; = ax, + b) véi y, > 0. Vi tia Ex xét g60a=ﬁ-é;.

Géc a duge dinh nghia 1a gdc giita dudmg thang (d) va tia Ox.

Hé 56" gbe clia dudng thing y = ax + b (v6ia #0) laa.

Véi a = 0 d6 thi (d) cia ham hdng y = b song song hoéc tring v6i dudmg Ox.
Ta quy udc goc gitra (d) va tia Ox 12 0° hoac 180°.

Ki€n thirc b8 sung

Cho A(Xy 5 y)), B(X5: yp) V6i x5 > x,. HE 56 g6c clia dudmg thing AB bang

Ya— Y

X2 X



IL. Vi DU MINH HOA

Vi du 9.1. Cho dudmg thing (d) : y = ax + b, a # 0. Gia sir dudng thing niy cit

truc Ox tai E(—-E—:OJ. Lay M(x, : y; = ax, + b) véi y, > 0 vadata =MEx.. Chimg
minh ring

a) Goc a khong phu thudc vao hé so b.

b) Néu a > 0 thi o la géc nhon; con néu a < 0 thi a la géc th.

Giai.

a) Néu (d') : y=ax + b", b' # b, thi (d') // (d) va gbc giira (d') v6i truc Ox ciing
bing a . Nhur vy, géc a khong phu thudc vao hé s6 b.

b) Gid thiét a > 0. Tir y, = ax, + b= a(xl +3J>0 vaa> 0 suy rax, >——.
a a

Ha MF L Ox v6i F thuoc dudng thing Ox. Khi d6 a = MEF 1a géc nhon.

Gidthi€ta<0.Tiry, =ax; +b= a(x, +-t—’J>0' vaa<0suyrax, <—E.
a a

Ha MF L Ox v6i F' thuoc dudmg thing Ox. Khi d6 MEF" < 90°.

Vi a = MEx =180° —~MEF" > 90° nén « la géc t.

Luu y. Véi a = 0 d6 thi (d) cha ham hing y = b song song hoac tring véi
dudmg thing Ox. Ta quy uéc goc gitra (d) va truc Ox 1a 0° hoac 180°.

Vi du 9.2. Trong mat phing toa do Oxy lay bon diém A(6 ; 0), B8 ; 0), C(0 ; 4)
va D(0 ; 12). Goi M la trung diém doan AC.

a) Xéc dinh heé s6 géc cua dudng thing OM.

b) Chimg minh ring OM vuodng gé6c véi BD.

Giadi.

a) Toa do diém M(3;2) vahé s6 goc OM 12 a= %

b)leunglﬁnh(BD):y:—%xHZ.W— =—1 nén OM wvuodng géc véi BD.

o w
W
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2 0). Giu# i%. bat AB=c, AC =b, AO = m. Chimg minh ring

o3

Vi du 9.3. Trong mat phing toa do Oxy ldy ba diém A(u ; v), B(—-:—: 0] va

a)a® +4m’> =2(b> +¢c?).
b) Viét phuong trinh dudng thing AB va AC.
Gidi,
2

2
a) Taco b2=AC2=[u—%) +v2: 2=ABZ=(u+%J +v2 vi;m2=u:+v2.

Vay 2(b% + ¢?) = 4u” + 4v’ + 2> = 4m’ + a”.

b) Phuong trinh AB:y =

X+ 3 ; :
2u+a 2u+a 2u-a 2u+a

BAI TAP

9.1. Gia sir dudng thing (d) xdc dinh boi phuong trinh y = x. Xdc dinh géc giira

9.2.

9.3.

94.

(d) va tia Ox.

Xdc dinh géc giira dudng [hﬁng (d') v6i tia Ox biét (d') di qua diém A(1 ; 1)
va vuodng goéc voi dudmg thang (d) : y = x.

Trong mat phing Oxy cho 4 diém A(1 ; 0), B(0; 1), C(~1; 0) va D(0 ; —1).
a) Chimg minh rang t& giac ABCD la mot hinh vuong.

b) Tim phuong trinh xdc dinh cdc canh AB, BC, CD, DA.

¢) Tim phuong trinh xdc dinh dudng thing di qua trung diém canh AB va
trung diém canh CD.

Xéc dinh gid tri cua a dé dudmg thing (d) : y = ax + b 18p véi tia Ox mot
g6c 60°.

9.5. Trong mat phing Oxy cho 4 diém A(2 ; 0). B(0 ; 3), C(10 ; 0) va D(0 ; m).

9.6.

9.7.

50

Hiy xdc dinh m dé dudmg thing OH vuong géc véi AB di qua trung diém
doan CD.

Cho tam gidc ABC vai do dai ba canh a, b, c. Goi do dai cic dudng trung
tuyén 1a m,, m,, m;. Chimg minh ring

3(a? +b2 +<:3)=4(m|2 +m§ +m§).
Cho hai diém A(x, ; y,) va B(x, ; y,). Lap phuong trinh dudng thing AB va
tinh hé s6 géc cha dudng thing ay.
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Chuong IIT

HE HAI PHUONG TRINH BAC NHAT HAI AN

Chuyén d¢ 10. PHUONG TRINH BAC NHAT HAI AN

L. KIEN THUC CO BAN

1)

2)

3)

Cho ba s6 a, b, ¢ thod min a> + b #0

Phuong trinh ax + by = ¢ dugc goi 1a phuong trinh bdc nhdt hai 4n x va y. Cc
s6 a, b, ¢ dugc goi la cdc Ahé 56 cua phuong trinh. Cap s6 (X ; ¥o) duogc goi la
mot nghiém cia phuong trinh ax + by = ¢ néu axy + by, = c.

Gidi phuong trinh ax + by = ¢ la tim tat ca cdc nghi¢ém cua n6. Ki hi¢u

d ={(xg:Yp)|axy + byy =c} va d dugc goi la rdp nghiém cia phuong trinh da
cho. Tap nghiém d 1a mot dudmg théing.

Néub=0thia#0vatacéax=c. Vay x =—, con y duge 14y tiy § va ta c6
a
c
d=I(x=;.y)|yeRI.

Néub #0thi y =—%x+%. V6i x = t, nghiém cta phuong trinh ax + by =c¢

duoc viét

{x =t.y=—%l+%.leR}.

Nghiém [l:-%l +%) duge goi 1a nghiém t6ng quét cua phuong trinh
ax+by=c.

: ; . ; . a c
Khi muon c6 mot nghiém cu thé ta thay t = Xy dé ¢6 nghiém [xo:—Exo + E)
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4) Choa,b,ceZ via +b #0. Phuong trinh ax + by = ¢ véi x va y nhan gii
tri trong tap Z duoc goi 1 phuong trinh Diophante bdc nhat hai an. Cic s6
a va b dugc goi la hé 56 ciia dn, s6 ¢ duge goi 1a 5o hang ti do. Phuwong trinh
Diophante dugc goi la gidi dugc hoan toan néu ta cé nghiém 16ng qudt
clia no.

II. Vi DU MINH HOA

Vi du 10.1. Giai va bién luan phuong trinh (m — 1)x + my =m + 3.
Giadi.
Tacomy=(1 —m)x+m+ 3.
Néu m =0 ta ¢6 phuong trinh —x = 3 va nghiémcianélax=-3 vay=t la
sO tuy y thudc R.
Néu m #0, phuong trinh (m—-1)x +my =m+3 c6 nghiém téng quat la
I-m_ m+3

L+
m m

,teR,

x=1,y=

Vi du 10.2. Tim t4t ca cic nghiém cua phuong trinh x-y+1=0 thoi min
ding thic

y? —yJx —2x =0.

Gidi.

Nghiém tdng quét ctia phuong trinh x =y +1=0 1A x =t,y=t+1.

D¢ nghiém nay thoi man ding thitc y> —yx —2x=0 cén va dii ]a 120 va
(t+1)2 =t + 1DVt =2t =0 hay (t+1+VJO)(t+1-2v1)=0.

Do t20 nén t+1-2t =0 hay (Vi-1) =0. Vay t=1.

Do dé (1 ; 2) la nghi¢m duy nhdt cia phuong trinh x-y+1=0 thoia min
déng thic

yz—yw./;—zx =0.

Vi du 10.3. Xét phuong trinh ax + by = c véia, b, c € Z vd a® + b” # 0. Dat
d = UCLN(a,b). Chimg minh ring
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a) Phuong trinh ax + by = c c6 nghiém nguyén x, y khi va chi khi c chia hét
cho d.

b) Néu biét mot nghiém nguyén (X ; ¥o) thi phuong trinh ax + by = ¢ gidi

| dugc hoan toan.

Gidi.

a) Gia sir phuong trinh ax + by = ¢ ¢6 nghiém nguyén (X : yg).

Khi d6 axg + by = ¢ nén ¢ chia hét cho d, vi a va b chia hét cho d.

Nguoc lai, gid sir ¢ chia hét cho d. Bat ¢ = dc, véi ¢, € Z.

Véi thut todn Euclide (O-clit) dé xdc dinh u6c s6 chung lon nhat, ta ¢6
X1,y € Z dé ax, +by, =d. Tirddy suy ra a(c)x;)+b(c,y;) =¢,d =c.

Vay cap s6 nguyén xg =¢,X,¥o = ¢;y; 12 nghiém cla ax + by =c.

b) Khong mat tinh tdng qudt, ta c6 thé gia thiét b # 0 va chi cén xét phuong
trinh ax + by = ¢ vdi UCLN(a,b) =1,

Gia sir cap sO nguyén (xq:y) 12 mot nghiém cua phuong trinh. Khi do ta ¢6
ax + by = ¢ =ax, +by,. Vay a(x -xy) ==b(y-y).

Vi x,X(,Y, Yo, & b€Z va hai s6 a, b nguyén t6 cing nhau nén x - x;, chia hét
cho b.

bat x =x, =bt,t € Z. Khi d6 abt = ~b(y - y,).

Vib#0nén y-y, = -at.

Ta c6 nghiém t6ng qudt x = x, +bt,y =y, —at véi teZ.

Phuong trinh ax + by = ¢ da giai dugc hoan toan.

Vi du 10.4. Giai phuong trinh 11x + 7y = 5 trong Z.

Gidi.

Theo clu b) cia Vi du 10.3, néu phuong trinh ax + by = ¢ ¢6 (a, b) = 1 va
(Xg s Yo) 12 mOt nghiém thi nghiém téng quat 1a

X=Xg+bl,y=y,—at

Vi UCLN(11,7) = 1 va 11.10+7.(=15) = 5 nén nghiém téng quit ctia phuong

trinh 11x+7y=5 la x=10+7t,y==15-11t vGi teZ.
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Luuy.

a) Néu phdt hién (3 ; —4) 1a mot nghiém cua phuong trinh 11x + 7y = S thita
¢6 nghiém téng quit clia phuong trinh 1a

B+7t;-4-11)v6iteZ.
b) C6 thé giai truc ti€p Vi du 10.4 khong dua vao Vi du 10.3 nhusau :

5-11x =|_2x+3x—2.
7 7

Tacé llx+7y=5nény=

x-2 Tk +2 k-1

Ta phai c6 =k(keZ)=>x= =2k+l+T.

Taphiicok—1=3t(teZ)nénk=3t+ 1. Tirdé
x=23t+1)+1+t=3+Tt;
y=1=-23+70+3t+1=-4-11I1

Vi du 10.5. Xdc dinh s6 bo ba s6 nguyén khong am (x : y : z) thod min
phuong trinh

X+y+z=2012.
Gidi.
V6i x=0 ta c6 2013 cap (k;2012-k) vai k=0,1,2,...,2012 thod min
0+y+2z=2012.
V6i x=1 ta c6 2012 cap (k:2011-k) v6i k=0,1,2,...,2011 thod min
l+y+z=2012.

Tiép tuc nhu vay, va v6i x=2012 ta ¢6 ding | cdp (0 ; 0) thoa man
2012+y+2=2012.

Vay s6 bo ba s6 nguyén khong 4m (x;y;z) thoa madn phuong trinh
X+y+z=2012 la

T=1+2+3+“'+2013=M=2027WL
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BAI TAP
10.1. Giai phuong trinh 5x - 7y = 1.
10.2. Giai va bién luan phuong trinh mx + (3m - 2)y =2m + 1.
10.3. Tim t4t ca cdc nghiém clia phuong trinh x — y + | = 0 thod mén déng thic
(y-1?*+2(y-1)Wx -3x =0.
10.4. Giai phuong trinh 123x — 5y =9 trong Z.
10.5. Cho phuong trinh 3x + my =m + 2.
a) Xdc dinh m dé phuong trinh nhan cap (3 : 5) lam mot nghiém.

b) Xdc dinh m dé phuong trinh nhan cip (%;0] lam nghiém.
10.6. Xdc dinh s6 cdp s nguyén (x ; y) v6i x 212, y 217 thoa méan phuong trinh
x+y=100.
10.7. Xdc dinh s6 b0 ba s6 nguyén (x,y,z) v6i x=1,y27 va z20 thoa man
phuong trinh x +y+2z=2012.

10.8. Chimg minh ring t6ng s6 cdc nghiém nguyén khong am cta cdc phuong
trinh:x+2y=n,2x+3y=n-1, ..., nx+(n+Dy=1, (n+D)x+(n+2)y=0
diing bang n+1 v6i mdi s6 nguyén duong n.

10.9. Chimg minh rdng tdng s6 cdc nghiém nguyén khong am cua cic phuong
trinh: x+4y=3n-1,

4x +9y =5n-4,
9x +16y =Tn-9,

n’x +(n+ l)zy =n(n+1)

diing bing n véi mdi s6 nguyén duong n.
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Chuyén & 11. HE HAI PHUONG TRINH
BAC NHAT HAI AN

I. KIEN THUC CO BAN

56

Chocdcs6a b, c.a. b, c' € R thoi min (a° + b*)@a” + b‘z) # 0. Hé¢ phuong
trinh dang

ax+by=c
{I){ W S
ax+by=c

duge goi 1a h¢ phuong trinh bac nhét hai 4n x va y.
ax+by=c

Gidi va bién luin h¢ phuong trinh :{ s S
a'x+b'y=c'.

. Phuong phap th&. Khong mdt tinh tdng quédt c6 thé cho b#0. Rit y tir

y=-%x+%
phuong trinh ddu va the vao phuong trinh duéi:

A%+ b (~— X + =) =c,
b b
(ab'=a'b)x =cb'=c'b
Vay ta c6 h¢ a c
y=—-—=X+—,
b b
Giai va bi¢n luan:
a) Néu ab’'~a'b # 0 thi h¢ phuong trinh (I) c6 diing mot nghiém
_¢cb'~c'b
ab’-ad
= ac'—a'c
Y b —ab’
b) Néu ab’~a'b=0 va cb’~c'b# 0 thi h¢ phuong trinh (I) vo nghi¢m.
¢) Néu ab’-ab=cb'~c'b =0 thi h¢ phuong trinh () ¢6 vo s6 nghiém (xy:y,)
thod min ax + by, =c.

Chi ¢ rdng, diéu kién ab’~ab=0 va cb’'~c'b#0 tuwong duong véi diéu kién
ab’—a’b=0 vaca'-ca=0.




6.2 (néu

Diéu kién ab'—a'b=cb’'~c’b=0 thudng dugc viét thanh i_ = %’; =
a e

ab'c'# 0)‘. Ta thdy ngay ac’'—a'c =0.
Phuong phap cdng dai sé
Vi b'(ax +by)-b(a’x +b'y) =cb'-c'b va a'(ax+by)- a(a’x+b'y)=ca’'-ca
nén (ab’'—a’b)x =cb’'~c’b va (ab’—a'b)y =ac’-a'c.
Vay ta ¢6 h¢ phuong trinh
(ab’'—a’b)x =cb'-c’b

|(ab'—a'b)y =ac’'-a'c.

(Viéc giai va bién luan hé nhu g 1).

Phuong phap dinh thirc
Ta ki hi¢u
b b g
R a’ '=ab’—a'b;[)!=c’ |=cb’=c'b;D, = a' |=ac'-a’c
c" b a

va goi chiing la nhimg dinh thitc cdp hai cta cc he s6 cua hé (I).

.. |xD=Dy
Khi dé
yD = Dz.

Giai va bién luan:
x=2L

a) Néu D #0 thi hé phuong trinh (I) c6 diing mot nghiém b

. 2

™D

b) Néu D=0 va D, #0 hoac D, #0 thi h¢ phuong trinh (I) vo nghiém.

¢) Néu D =D, =D, =0 thi h¢ phuong trinh () c6 vo s6 nghiém (X(:yo) thod
man ax, + by, =c.

Phuong phap hinh hoc

Xét hai dudmg thing (d):ax+by=c va (d'):a'’x+b'y=c" Bién luan s6
nghiém cua he (I):
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a) Néu (d) va (d') cit nhau thi h¢ phuong trinh (I) ¢6 ding mot nghiém.
b) Néu (d) va (d") song song véi nhau thi h¢ phwong trinh (I) vo nghiém.

¢) Néu (d) va (d') trung nhau thi hé phuong trinh (I) ¢ vo s6 nghiém. D6 1a
tap nghiém d ciia phuong trinh ax + by = ¢.

IL. Vi DU MINH HOA

Vidu 11.1. Giai h¢ phuong trinh sau :
4 5
X+y-1 2x-y+3
3 1
+
x+y-1 2x-y+3

]

wmi= |wn

Giai.
Diukién x+y—1+0 va 2x-y+320.
I

Ditu= va v =———. Khi d6 ta c6 hé phuong trinh sau :
x+y-1I 2x—y+3
41!-5\»*:-—--§
2
<3u-|-v=—3
5
u,v=0.
Gidiracé u I ymis va suy ra h¢ phuong trinh py ==l
=—-—V=— S
T T A e | TR

Hé c6 nghiém x =2,y =-3.
Vidu 11.2. Giai h¢ phuong trinh sau :

x+y+ x—y=]4
\J 2 V 3

x+y_ x_—_l_3
\’ 8 Vlz '
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e

Giai.
Piéukietnx +y>20vax -y>0.

bat u= L A v=1‘%. Khi dé ta c6 hé phuong trinh sau :

8
2u+2v=14
u-v=3
u,vz0,
=200
Gidiratacéu=35, v =2 va suy ra h¢ phuong u*lnh{x o 48 8
x—y=48.

H¢ c6 nghié¢m x = 124, y = 76.
'=2m-1
Vi dy 11.3. Cho hé phuong trinh { ™ > = <™
2m+)x+7y=m+3.
a) Giai va bién luan h¢ phuong trinh theo tham s6 m.

b) Khi h¢ ¢6 nghi¢m (X : yp) xdc dinh hé thic lién h¢ gilta x, va y, khong

chira m,

Gidi.
a) Taco
y=-mx+2m-I| — y=-mx+2m-|
Cm+Dx+7(-mx+2m-1)=m+3 (Sm-=Dx=13m-10.
L. %
| y=-§x+g-l
¢ Néu m =~ thi h¢ tr¢ thanh Hé vo nghiém.
- 13
0.x =—~10.
J
_13m-10
1 : Sm-1
* Néu m # — thi hé ¢c6 mot nghiém 2
5 _-3m 7 +3m+1
Sm-1

b) Gia sir hé c6 nghiém (Xq ; yo). Khi dé tacé he
mxg + Yo =2m-1
(2m+1)xg +7yg =m+3.
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2-xg)=yp+1
{m( 0)=Y¥o va suy ra hé thic

m(1-2xq) =xq + 7y, -3
m(2-Xq)(xqg + Tyo=3)=m(l- 2x0)(yo +1).
e Khi m # 0 ta c6 hé thic (2-x9)(xg +7yg=3)=(l =2x9)(yo + 1)
e Khi m=0 tacéd
{yﬂﬂ =0

Xo+7yp=3=0.

Gidi h¢ dugce xg = 10, yo = —1 va hé thic
(2=x9)(xg +7yp=3) = (1-2x()(yy +1) vin diing.

Tém lai, h¢ thie cdn tim 12 (2-x4)(xg +7yg —3) = (1=2x)(y +1).

=2
Vi du 11.4. Cho hé phuong trinh {mx s
=3mx+my=m-3.
a) Giai va bién luan hé phuong trinh theo tham s6 m.
b) Xdc dinh m d€ h¢ phuong trinh 6 nghiém x va y déu nguyén.

Gidi.

a) Ta tinh
D=l m l‘=m2+3m=m(m+3)va
-3m m
2 1
D, = =m+3, D, = . =m(m + 3).
m-3 m -3m m-3
=D =
Khi d6 | " m(m+3)x=m+3
yD=D, m(m +3)y = m(m +3).

Ta giai va bién luan hé
eNéu m#0 va m=#-3 thi h¢ phuong trinh ¢6 ding mot nghiém

=l.y=l,
m

o Néu m =0 ta c6 he {g":

Hé¢ phuong trinh v6 nghiém.
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e Néu m=-3 thi h¢ phuong trinh tr¢ thanh -3x+y=2. Hé c6 vO sO
nghiém dang
x=teR
y=3t+2.

|
b) NE€u m#0 vd m -3 thi hé c6 nghiém {©  m

y=1L
D¢ hai s6 x va y déu nguyén thi m = | hode m = -1,
Khi m = 0 thi hé vo nghiém.

X=

R
Khim = =3 hé ¢6 vo 56 nghi¢m{ * 5 V@i tnguyén ta ¢ x, y nguyén.

y=3t+
Vay hé c¢6 nghi¢m nguyeén khi va chi khi m = =1 hodc m = -3,

X+my=2

Vidu 11.5. Cho h¢ phuong trinh
mx —3my = 3m + 3.

Xdc dinh gid tri cha m d€ h¢ ¢6 ding mot nghiém (x ; y) thoa min y = 8x°.
Giai.
Xx=2-my

Dé dang c6
m(m+3)y =-m-3,

¢ Néu m = 0 thi hé vo nghi¢m.

x=2+3y

Oy =0.

Khi d6 h¢ ¢6 vo s6 nghi¢ém dang (x=2+3a;y=a)vdia € R.
¢ Néu m # 0 va m # =3 thi h¢ phuong trinh ¢6 diing mot nghiém

e

Dé nghiém (x =3y= —L] thod miin y = 8x* cfin va dii 1 —L=8.32 =72
m m

e Néu m=-3 thi {

|
hay m=-—.
y 7
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2y =1
Vi du 11.6. Cho hé phuong trinh { e
2x-my =4.
a) Xdc dinh m dé heé phuong trinh c6 nghié¢m.

b) Xic dinh gi4 tri nhé nhat ciia biéu thic
T=(x+2y~-1)% +(2x -my -4)? v6i m # -4 va v6i m = —4.

Gidi.
=1-2 [x=1-2
a)Taco s Y hay h¢ i d
2(1-2y)-my=4 1(m+4)y=—2.
e Néu m = - 4 thi hé¢ vo nghiém.
_m+8
o Néu m # 4 thi hé c6 mot nghiem{ M*+4
Y m+a
Vay hé c6 nghiém khi va chi khi m # -4,
x_m+8
2y-1=0 -
b)e Néu m = —4 thihe { " * =) c6nghiem{ ™*4
2x-my-4=0 _ =2
m+4

Khi d6 T, = (x +2y - 1)> + (2x —my -4)% = 0.
e Néu m=—4 tacé T=(x+2y-1)> +(2x +4y—4)>.

Dat t=x+2y-1. Khi dé T=t2+(2:-2)2=512-s:+4=5[1-i\ et

5788

T =% khi ching han x;%,y=0.

Vidu 11.7. C6 50 con ga va ch6. Tinh s6 ga va ché dé c6 140 chan.
Giai.

Gia sirc6é x con ga va y con ch6 dé c¢6 140 chan.

x+y=50

Khi d6 x, y nguyén, khong am, thoa min hé phuong trinh
2x +4y = 140.

Dé dang tim duge x = 30 con ga, y = 20 con ché.



Vi du 11.8. Tit ca c6 120 b6 co dé 1am thitc an cho 30 con gém trau va bo
trong mot tudn. Biét ring trong mot tudn méi con trau an hét 5 bé cd, con mbi con
bo an hét 3 b6 co. Hoi ¢6 bao nhiéu con trau va bao nhiéu con bo ?

Gidi.
Goi sO trau l1a x va s6 bo la y.
Khi d6 x, y nguyén, khong am, thoa mén hé phuong trinh

x+y=30
5x + 3y =120,

Dé& dang tim duge x = 15, y = 15. Ta c6 15 con tru va 15 con bd.
| BAI TAP

11.1. Gidi va bién ludn h¢ phuong trinh {m" +y=2m
X+my=m+l.

= T
11.2. Gidi va bién lugn h¢ phwong trinh {w‘ +by=a’+b

bx+ay=az—b2.

2- =—
11.3. Chio hé phuong tinh { > * G~y ==l
(m=D)x-my=2.
a) Xdc dinh m dé h¢ phuong trinh ¢6 nghié¢m.

b) Gid sir (x ; y) 1a mot nghiém cia h¢. Tim mot hé thirc ctia x va y khong
chira m.

3x+2y=-1
11.4. Cho hé phuong trinh { >+ =Y
12X -my =2.
a) Xdc dinh m dé h¢ phuong trinh ¢6 nghié¢m.
b) Xdc dinh gid tri nho nhét cha biéu thuc
T=3x+2y+1)* +(12x -my-2)%.

by=a+b
11.5. Giai va bién luan hé phuong trinh { * * %
bx —ay = —2ab.
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ax+by=c
11.6. Gia sir ¢6 x, y thoa min h¢ {bx+cy=a
cx+ay=b.

Chimg minh ring a’+ b’ + ¢ = 3abe.

X+y+z=06
11.7. Giai hé¢ phuong trinh {2x +3y+4z =18
X-y+z=2,

X+y+z=3
11.8. Giai vabién ludn h¢ <ax +by+4z=a+b
ax-by+6z=a-b.

11.9. 18 chi€c xe tai ¢6 106 bianh gém ba loai : Loai 4 banh chd 5 tin, loai 6 binh
chd 6 tdn va loai 8 banh chd 6 tdn. Hoi mbi loai c6 bao nhi¢u xe bi¢t chiing
chd duge 101 tan,

11.10. C6 100 tru gém tru dimg, trdu ndm, trau gia va ching an hét 100 b6 co.

Tim s6 trau mdi loai, biét ring mdi con trau dimg an 5 b6 co, méi con trau
ndm an 3 b6 ¢6 va ba con triu gid méi an hét mot bo co.



|Chuong IV)
| HAM SO y = ax’.
| PHUONG TRINH BAC HAI MOT AN

" Chuyén d¢ 12. HAM SOy = ax2 VA PO TH] PARABOL

| L. KIEN THUC CO BAN

Xét ham s6 y = ax” véi a # 0.

1) Hams6y = f(x) = ax" c6 tap xdc dinh D = R.

| 2) D6 thicia ham y = ax® 1a mét dudmg parabol véi dinh O(0 ; 0) va truc doi
xung 1a truc tung.

3) Véia>0hamsoy= ax’ nghich bién khi x < 0 va déng bié¢n khi x > 0. Gid tri
nho nhit cha f(x) bing 0 khi x = 0.

4) Véia<Ohamséy= ax’ déng bién khi x < 0 va nghich bién khi x > 0. Gid tri
I6n nhat cta f(x) bang 0 khi x = 0.

II. Vi DU MINH HOA

Vi cdc két qua da dat duge O trén, ta tap trung khai thac mot vai tinh chat cua
parabol (P):y = ax’.

Vi du 12.1. Trong mat phing toa do (Oxy) cho dudng thing (d) : y = -1 va
diém F(0 ; 1). Tim tap hop t4t ca nhimg diém I sao cho khoang cach tir I dén (d)
bang IF.

Giai.

Gia sur diém I(x : y). Khi d6 khodng cdch tir I dén (d) biang |y+l| vi

IF = x2 +(y-1)?2.

Nhu vay (y+1)% =x2 +(y-1)%.
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Tir day ta cé y=%x2. Suy ra y

tap hop tat ca nhimg diém I sao ! A(x:y)
cho khoang cich tir I dén (d) bing
IF 12 dudng parabol (P,):y =%x2

(h.5).
Vi du 12.2. Xéc dinh diém M

thudc parabol (P): y = x2 sao cho

do6 dai doan IM la nho nhit, trong ymorl -1
s Hink 5
Giai.

Gia sit diém M(m ; m?) thuoc parabol (P): y = x°.
2
Khi d6 IM2 = m2 + (m?= 1)2=m* - m +1_(m2_l] .i:

V2

+35
4
Vay IM nho nhat bing ﬁ khi m = +T ha M{i— —]

Vi du 12.3. Trong mat phing (Oxy), gid sir diém A chay trén parabol
(Pry= x>. Tim tap hop trung diém I ctia doan thing OA.
Gidi.

Gia sir diém A(a ; 2%) thuoe (P). Goi I(x, : y,) 1a trung diém cia OA.

Suy ra tap hop cdc trung diém I clia doan OA la parabol y = 2x%

Vi du 12.4. Trong mat phing (Oxy), gia sir hai diém A va B chay trén parabol
P):y= x? sao cho A, B#0(0:;0) va OA LOB. Gia st I trung diém cta doan
thing AB.

a) Chimg minh ring toa do cia diém I thoi min phuong trinh y = 2x° + 1.

b) Chimg minh ring dudmg thing (AB) luon di qua mot diém ¢6 dinh.

¢) Xdc dinh toa d6 cua céc diém A va B sao cho do dai AB nho nhat.
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Gidi.

a) Gid sir A(a ; a%) va B(b ; b’) 12 hai diém thuoc (P).

DE A, B#0(0; 0) va OA L OB cdn va dit ab # 0 va OA” + OB® = AB’
hay ab#0va a’+a* +b> +b* = (a-b)’ + (a* - b)*.

Gidi ra dwgc ab = ~1. Goi I(x, : y,) 1a trung diém AB. Khi d6

a+b a’+b’ (a+b)’-2ab (a+b)’+2 (a+b)’
T T T

Vay toa do ciia diém I thoa man phuong trinh y = 2%+ 1.

+1=2x,% +1.

X|=

2
b) Phuong trinh dudmg thing di qua A va B Ia (AB): ;—“=—§;-3—,—(xem
-2 (e 1

Kién thitc bo sung & Chuyén dé 7) hay (AB): y=(a+b)x —ab=(a+b)x + 1.

Tir day suy ra dudng thing (AB): y = (a + b)x + 1 ludn luon di qua diém c6
dinh (0 : 1).
¢) Vi OA LOB nénab=-1,

AB? = (a-b)? +(a® -b%)* =a% +b? —2ab+a* + b* —2a%b?
=a’+b? +a* +b* 22Jab|+ 226> =2+2=4.
Vay AB ngén nhat bang 2 khi ching han A(=1; 1) vaB(1; 1).

Vidu 12.5. 'I‘ren'parabol (P:y= X’ ta 14y hai diém A(-1; 1) va B(3: 9). Xac
dinh diém C thudc cung nhé AB cta (P) sao cho dién tich tam gidc ABC 16n nhit.

Gidi. (h.6) ¥
Gia sir C(c ; ) thude (P) véi -1 <c < 3. 7 M 1B

Dién tich tam gidc
SABC = SAA'B'B _SAA'C'C _SBB'C'C
1+9 l+1:2 9+c2
=—4- (c+1)- .(3-c
> 5 ( 3 ( )
=6-2¢” +4c
=8-2(c-1)% <8. X

Vay dién tich tam gidc ABC 16n nhit bing
8 (dvdt) khi C(1 ; 1).
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Vi du 12.6. Trén parabol (P): y = x” ta ldy 6 diém phan biét A, A,, A, A,
As va Ag. Chimg minh ring, n€u A A//A;As va ArAs//AsAg thi AsA//AGA,.
Gidi.
Gia sir Al(a;;af ) v6ii=1,2, ..., 6.
ag —aj

2 2
Ta thy, diéu kién A,A,//A4As tuong duong véi diéu kien 2220 =
=3  ag-ay

(xem Kién thitc b6 sung & Chuyén dé 9) hay a, + a, = a, + as.
Vay, tir gid thi€t suy ra a, + a; = a, + a5 v as + a5 = a, + a3. Do vy
ay +a) + a5 +a5= a4 + a5+ ay + 3.
Tirday suy ra a; + ag = a4 + a; hay A;A//AGA,.
Vi du 12.7. Trén parabol (P): y = x° ta ldy 6 diém phan biét A(a;;a’) v6i
1=1,2,..,6. Gia st AA;LA A5 vd AjA3LAgA¢. Chimg minh ring, A;A, va
AgA; khong thé vuong géc véi nhau néu

(ay +a,)(a; +a;3)(a3 +a4)(a, +ag)(as +ag)(ag +a,)#-1.

Gidi.
a3 -a’
He s6 géc cua dudng thing A, A, bang : al =a, +a,.
279
: aZ -a’
He s6 géc clia dudmg thing A,Ag bing as -a4 =ag+a,.
s a4

Diéu kién A| A, LA A tuong duong véi diéu kién
(a; +ap)(a; +as)=~1.
Tuong tu c6 (a; + a3)(ag + as) = — 1.
Néu AjA LAGA, thi (a3 + a4)(ag +a;) = - 1.
Khi d6(a; +a;)(a; +a3)(az +ay)(ay +ag)(as+ag)(ag+a;)=—1.
Nhu vay, néu (a;+a;)(a; +a3)(a;+ay)(ay +as)(as+ag)(ag+a,)#—1 thi

A3A, va AgA| khong thé vudng géc vé6i nhau.
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Vi du 12.8. Trén parabol (P) : y = x* ta ldy ba diém phan biét A(a ; az).
B(b ; b®) va C(c ; ¢?) thod mdn a” — b= b* - ¢ = ¢* - a. Hay tinh tich sau
T=(@a+b+Db+c+1)(c+a+1).

Giai.
Via’-b’=b-c nén a+b=b—c.suyraa+b+l.=£'-_-‘i+l=a_c.
a-b a-b a-b
Tuong v, c6 b+c+l=b_:l va c+a+l=ﬂ.
-c c-a
v@yT=a—c.b—a.c—b=_]‘
a-b b-c c-a
BAI TAP

12.1. Cho parabol (P): y = x%. Tinh khodng cdch gitra hai diém A va B nam trén
parabol c6 hoanh do theo thit tu bing —1 va 2.

12.2. Trong mat phing (Oxy) cho dudng thing (d) : y = kx + 1 va parabol
(Pry= X2, Chimg minh ring
a) Dudng thing (d) ludn cit parabol (P) tai hai diém phan biét A va B.
b) C6 diing mot diém M thudc dudng thing (d') : y =—1 dé MA L MB va
dudng thing MA ti€p xic véi (P).

12.3. Trong mat phing (Oxy) cho dudng thing (d) : y=kx +%vﬁ parabol

(P:y= %xz. Gia sir dudng thdng (d) cit parabol (P) tai hai diém phan biét A
va B. Chimg minh ring toa d¢ trung diém ciia doan thing AB thod man
phuong trinhy = x2 +~;— ’

12.4. Trong mat phing (Oxy) cho parabol (P): y = x> va hai diém 1(0; 1), J(1 ; 0).
Xéc dinh cédc diém M, N thudc (P) sao cho IM, JN ngén nhat.

12.5. Trong mat phing (Oxy) cho parabol (P): y = x%. C6 thé tim dugc hay khong
ba diém A, B, C thudc (P) sao cho tam gidc ABC 12 tam gidc déu ?
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12.6. Trong mat phing (Oxy) cho parabol (P): y = x%. C6 thé tim dugce hay khoéng
bon diém A, B, C, D thugc (P) sao cho tif gidc ABCD la mot hinh vuong?

12.7. Trén parabol (P): y = x*1a 18y 4 diém phan biét A(a ; az). B(b; bz). C(c ; ¢?)
va D(d ; d%) thod man a’ - b=b’ - ¢ = ¢* - d = d’ - a. Chimg minh ring
(@a-c)*(b-d)’

(a-b)(b-c)c~d)(d-a)

(a+b+1)(b+c+)(c+d+1)(d+a+])=

Chupén d 13. PHUONG TRINH BAC HAI MOT AN

L. KIEN THUC CO BAN

1) Phuong trinh ax> +bx +c= 0, a # 0, duoc goi 1a phuong trinh bdc hai mot dn
vGi céc he s0 a, b, c. Doi khi a con duge goi la hé s6 cao nhat.

b® - 4ac
—

4a°

2) Phuong trinh ax’ +bx +c=0 tuong duong vaGi [x + %] -

2
pat A=b* -4ac. Tac6 [x +£] =i,.
2a 4a

Giai va bién luan phuong trinh ax’ +bx+c=0,v6ia#0:
e Néu A <O thi phuong trinh ax” + bx + ¢ = 0 v6 nghiém.
* Néu A =0 thi phuong trinh ax>+bx+c=0 c6 moOt nghiém kép x = —2%.
o Néu A >0 thi phuong trinh ax® + bx + ¢ = 0 6 hai nghié¢m phan biét
-b+VA -b-vA
X = Xy = 2
2a 2a
3) Trong trudng hop phuong trinh ax> + bx + ¢ = 0 (a # 0) ¢6 nghiém X, X ta c6 :
— Phan tich da thitc thanh nhan tr
ax’+bx+c= a(x = x)(x = x,).

— Hé thiic Viete (Vi-cl){‘) X +Xy = —E, X1.Xy = E.
a a

(*) Francois Vite (Vi-ét, 1540 - 1603), nha Todn hoc Phip. Xem anh bia 1.
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4) Néu hai s6 x,, x5 thoda man x; + X5 = p, X;.X» = q thi X,, X, 12 hai nghi¢m cua
2
phuong trinh x" - px + g =0.
Kién thirc b sung
Dudmg thing y = mx + n goi |2 tiép xiic véi parabol y = ax” néu phuong trinh

ax> =mx +n c6 nghiém kép.

I1. Vi DU MINH HOA

Vi du 13.1. Cho phuong trinh mx* = 2(m +2)x +9=0. (1)
Tim gid tri cia m dé phuong trinh ¢6 nghiém kép. Tim nghiém kép dé.
Gidi.

Diéu kién dé phuong trinh (1) c6 nghiém kép la

{I‘l‘l#k(] m=0 m#0 [m:l
g L— : =3 , P
A'=0 (m+2)"-9m =0 m--5m+4=0 m=4,

Nghidin kép i e,
m

Véi m = | thi nghiém kép la x = 3.
V&i m = 4 thi nghiém kép la x =g- ;

Vi du 13.2. Gia sir x,, X, la hai nghi¢m cua phuong trinh x> +ax+b=0.
a) Lap phuong trinh bic hai nhan xf,x% lam nghiém.

b) Lap phuong trinh bac hai nhan X ova 22 pm nghiém khi b#0.
X2 X|

Giai.
a) TU X| + X = —a VA X;.X, = b suy ra x? +x3 = (X +X;)> =2x;x, =a> =2b
va xf.x% =b?. Vay phuong trinh x* - (a% —2b)x +b* =0 ¢6 hai nghiém 12 xf.x%.

s, S A
b)Tacs —L+22-X171%2 2 2b 2% % 1.
X2 X XXy b Xa: %
2
Vay phuong trinh x2 —%x +1=0 c6 hai nghiém la kR
X2 %
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x+y=4
Vi du 13.3. Cho hé phuong trinh { =~ Y~ "1 2
3x-4y=-5+7a.

a) Xdc dinh a dé hé ¢6 mot nghiém (x ; y) thoa mén X+ yz = 185.
b) Xéc dinh a d€ hé c6 nghiém (x ; y) véi T = xy 16n nhat.

Gidi.

a) He di cho tuong dwong v6i he {" SR

x=a+l.

Vay hé da cho c6 nghiém (a+ 1 ; 2 - a).
Déx’+y’=185cinvadilaa+ 1) +(a-2)7°= 185, hay a°> —a — 90 = 0.
Giairataduogca=10vaa=-9,

2
b)TacoT=xy=(a+ l)(2-—a)=2+a-32=2—[——a] S:(':-.

+

Vay T = g khi a=%.

Vi du 13.4. Chimg minh ring céc phuong trinh sau c6 vo6 s6 nghiém trong Q :
a)x2+xy+y2= 1
b)x4+y"+z“=2.
Gidi.
a)baty=1-xt.Tacé
Cax(l=xt)+(1-x02 =13 -t+ 1) =x@t- ).
V6ix#0thi x =1 y=1-xt= 2"‘2 .
t°—t+1 " =1+l

Phuong trinh da cho ¢6 nhiéu v6 han nghiém hitu ti

( 2l 1ol ]véiteQ.

t2—t+1' 2 —t+1

b) Xét trudmg hop dac biét z = x +y. Khi d6

2=x4+y4+z4=x4+y4+(x+y)“=2(x2+xy+y2)2.



_ 2t-1
B =t
el
Nhuvay x>+ xy +y* = 1. Daty = 1 - xt. Khi d6 {y = —— - Vi €Q.
" =t+

o) —t?
2 —t+1

S5 - "
VthmfhleQlaf:(fmmﬁlnghn&mhm.m[.,l Lo Aot ot

Cotl P =l F=t$l)
Tir d6 suy ra phuong trinh ¢6 nhiéu vo han nghiém hiru ti.
Vi du 13.5. Chimg minh ring phuong trinh x* + I6y4 +7'=2c6 Vo s6
nghiém trong Q.
Giai.
Xét trudmg hop dac bi¢t z = x + 2y. Khi d6 ta ¢6
2=x* +16y* + (x +2y)* =2(x? + 2xy +4y?)>.

ol

=t
t2-2t+4
Nhuvayx2+2xy+4y2=l.£)atx=l-yl.Khid6<y L véit €Q.
t2-2t+4

4l—l

t2 -2t +4

Tir d6 suy ra phuong trinh c6 vo s6 nghiém hiru ti.
Vi du 13.6. Trong mat phing (Oxy) cho parabol (P):y:%xz. Gia sir hai

dudmg thing di qua I(0 ; 1) cdt (P) & A,, B, va A,, B, tuong img. Chimg minh ring
| 1 1 1

8) ——=——t——=

IA, 1B, IA, IB,

b) l + L <
JIALIA, |IB.IB,
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Giai.
a) Dudng thing (d) di qua (0 ; 1) va cit (P) tai hai diém c6dang y = kx + 1.

Gia sir (d) cit (P) tai A, B (h.7). Khi Y1
d6 toa do cua hai diém A, B 12 nghi¢m 1 Y=TI1"‘2
, ¥Rl y=kx+l 1
cua hé I 2 €9,
y=—X x“ =4y
4
{yzkxﬂ X0 X
2 =
X“=4kx-4=0. Hinh 7

Goi X;, X, 12 hai nghiém ctia x* — 4kx — 4 = 0 VA A(x, ; kx; + 1), B(X ; kxy + 1).
Ta c6 thé gia thiét x; <0 < x,. Ta c6 x, + X, = 4k Vi XX, = —4. Bién doi
LIS S
2 2.2 2 2.2
IA IB Jxl+k Xj Jx2+k X3

1 1 X1 =X\

n—x,\/1+k X1Jl+]\”——xlx1'Jl+}\ —x,szsz

= %=X _J("z*"l):““z"l _\116k'+16

a1+ a1+k? a1+
bodgelow b1 o 1oy
1A, 1B, 1A, IB,

b) Tir cau a) suy ra
bl B o . T IA|+IA2+IB|+13222JIAIIA2+2.JIB|IBZ
IA, IB, 1A, IB, IA.IA, BB, 1A IA, IA.IA,
1 1
+ .
JIALIA, /IB.IB,

Vi du 13.7. Trong mat phing (Oxy) cho parabol (P): y = x%. Gia sir gbc vudng

=1,

Dodé 12

ulv thay ddi, nhung hai canh clia n6 luon ludn tiép xic v6i (P). Chimg minh ring
dinh I chay trén mot dudmg thing c6 dinh.
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Giai. (h.8)

Gia sur goc vuong ulv véi dinh I(a:b)va
phuong trinh hai canh géc vuong

(u): y=k(x =a) +b,

(vI):y=Kk'(x—a)+btrong dé k.k'=-1.

Vi hai canh géc vuong nay ti€p xic (P)
nén céc phuong trinh

x’—kx+ka-b=0vax’-kx +kKa-b=0
déu c6 nghiém kép.

Vay A, =k?-4ka+4b=0 va A, =kZ-4k'a+4b=0.

Tir day suy ra k va k' 1a hai nghiém cua phuong trinh > —4ta+4b=0.

V‘nk.k'=—|nen4b=—lhayb=—%. o

Diéu nay chi ra dinh géc vuong 1 [a;—%] chay trén duomg thing c6 (iinh

d:y=——.
(d): y y
Vi du 13.8. Trong mat phing (Oxy) cho diém A(0 ; 1). Gia sir diém B(2b: -1)
thay déi.
a) Viét phuong trinh dudmg trung truc (d) cia doan AB.

b) Chimg minh ring dudmg thing (d) ti€p xic véi parabol (P):y = %xz :

Gidi. (h.9)

a) Gia sir diém M(x ; y) thudc
mat phing. Diém M thudc dudmg
thing trung truc (d) cia doan AB
khi va chi khi MA = MB hay
MA? = MB,

He thirc nay chinh la

2 2 2 2

X"+ (y-D"=(x=-2b)y"+(y+1)".

Hinh 9
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Tir day suy ra —2y = — 4bx + 4b> + 2y hay phuong trinh dudng thing
(d):y=bx-b".

b) Phuong trinh %xz =bx—b? tuong duong véi (x — 2b)* = 0 c6 nghiém kép
x = 2b.

Vay dudng thdng (d) luon ludn ti€p xic véi parabol (P):y =%::c2 tai diém
C(2b; b?).

Vi du 13.9. Trong mat phing (Oxy) cho dudng thing (d): y=kx+—;-vé

parabol (P):y = %-xz. Chimg minh rng :

a) Dudmg thing (d):y = kx +% di qua mot diém ¢6 dinh va (d) cét parabol
(P): y= %x’ tai hai diém phan biét A va B.
b) C6 diing mot diém M thuoc dudng thing (d'): y = —% dé MA L MB.

Gidi. (h.10)

a) Dudng lhél’lg (d):y =kx +%
di qua diém [0:—;—) c6 dinh ;

(d) cét parabol (P): y = %xz

khi va chi khi hé phuong trinh

y=kx+ i
c6 nghiém.
2
-—X Hinh 10
g 2
Vi phuong trinh x?=2kx—1=0c6 A'=k*+1>0neén h¢ phuong trinh trén
¢6 hai nghiém phan biét.

M(rn - --;-}
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Goi X;, X, 12 hai nghiém ciia phuong trinh x* = 2kx — 1 = 0.
Vay (d) cét (P) tai A[x,;kx{ +%) va B(;’(::kx2 +%J

-

b) Gia sir diém M(m:—%} thudc dudmg thing (d').

Khi d6 MA L MB khi va chi khi MA” + MB® = AB? hay
(rn-x])2 +(kx, +l)2+(m—::c2)2 +(kx, +l)2 =(X, —x,)2 +(kx, —kx,)z.
Tir day suy ra 2m’ =2m(X; + X))+ 2k(X; +X5)+2 = -2X,X, —2k2x|x2.
Do X; +X; =2k VA X)X, =—1 nén m® =2mk +2k? +1=1+k? hay
(m-k)* =0.

Vay ta c6 diing mot diém M {k;—é) dé MA L MB.

Vi du 13.10. Trong mat phing (Oxy) cho dudng thing (d): y = x + 8 va
parabol (P): y = x%. Xdc dinh d¢ dai canh hinh vuéng ABCD biét hai dinh A va B
thudc dudng lhfing (d) con hai dinh C va D thudc parabol (P).

Gidi. (h.11)

Vi BCL (d) va (d) tao v6i Ox géc
45° = CDB nén BD L Ox hoac BD // Ox.
Khéng mit tinh téng quit, gia sit BD L Ox
(vi néu BD // Ox thi chi cdn déi vi tri clia A
va Bsé ¢c6 BD L Ox).
bat A(a:a+ 8), B(x ; x + 8), C(c ; cz).

D(x ; x°), trong d6a + 8 = ¢ va x=-a:—c.

Goi I 12 giao diém cua AC va BD. Ta c6
IDLOx va ICLOy nén ID=|x2-c2| va

IC=|x-¢|.
DoID=ICnénx2—cz=x—choac

7
x2~C‘=c—x.

* Xét xz—c2=x..c,
Vix#cnénx+c=1. Hinh 11
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Bién ddi 2x =c +a=c +c* - 8
=|—x+(|-x)2-8
=x*=3x-6.

Ta nhan dugc vt

x>=5x-6=0. -+ — D

Phuong trinh nay
c6 hai nghi¢m x, = -1 §

v X, =6,

- Véix=-1taco o s Lt A
c=2, a=-4
Khi d6 A(~4 ; 4), i 4
D(=1 ; 1) va do dai

canh AB=3V2 (h.11). ’ |
- V6i x = 6 ta ¢
c=-5a=17 §

Khi d6 A(17 ; 25), =
B(6 : 14), C(-5 ; 25), § :
D(6 ; 36) va do dai canh VAR 6 17X
AB= 1142 (h.12).

Hinh 12
eXétx’-ct=c—-x.
Khidéx+c=-lva2x=c+a=c+(c =8)=(-1-x)+(1 +x)* -8
=x*+x-8
nén x° = x + 8. (Loai vi khi d6 B = D).

Vi du 13.11. Trong mat phing (Oxy) cho parabol (P): y = x* va hai diém
M(=1; 1) va N(1 : 1) thuoc (P). Gia sir hai day cung bat ky AB va CD déu khiic
MN, di qua trung diém I cia MN. Goi giao diém cua AC va BD v6i MN 1a P va Q
tuong img. Chimg minh rang IP = IQ.

78



Gidi. (h.13) y
. pl A
DmA(x,:x,z].B(xz;xi).C(x;;xg).D(xd;xj).
Trung diém I cia MN chinh 1a diém 1(0 ; 1).
Pudmg thing di qua I va cit (P) tai hai
diém c6 dang y = kx + 1. Giao diém cta n6 véi M) d
(P) ¢6 hoanh d¢ la nghiém cua phuong trinh
x2=kx+lhayx3-kx—l=0. “ 8 !
Theo hé thic Vi-et x;x5 = =1; x3x4 = -1. Hinh 13
Phuong trinh clia dudmg thing AC Ia
X=X x? ~x7
L ); '2 EX-X = | (do x; # x3).
X3 =Xy X3 —X| X3+X,
X=X = Yoy
Toa do cua P 12 nghiém ctia hé phuong trinh : X3+ X,
y=1.
2 2 2
Tuds x=x, + 1=x} _X +X)X3+1-X] =x3x,+l-
X3 +X, X3 +X, X3 +X
+1 1
Dodé xp=-3-"— Tuongty xq=-24—.
X3 +X, Xy +Xy
Xét xp+x0=x,x3+l+x3x4+l
Xy +X3  Xy+Xy
o XIKEX3 +XIX3X_; “f‘x: +x4 +x'xe‘ +xl +x:x:;x_1_ +X3
(x)+x3)(x3+x4)
Do X X5 = X3X4=—1 nén

—x:;—xl +x2 +X4 - X4 +x’ —x2+:(3 -

0.
(x) +x3)(x2 +x4)

Xp +Xo=

Vay IP = IQ.



BAI TAP

13.1. Gii phuong trinh (8x — 7)° = (3x + 1)* = 0.
13.2. Giai phuong trinh (x + 1)(x +2)(x + 3) = x" = 1.
13.3. Giai va bién luan phuong trinh 2ax> — 5x + 3 = 0.
13.4. Xdc dinh 14t ca c4c gia tri cia m dé phuong trinh
x2+(3m—7)x +m=0
c6 hai nghiém x,, x, sao cho x, =3x,.
13.5. X4c dinh tdt ca céc gid tri cha m dé phuong trinh x* —5|x|+m =0 c6 diing
mot nghiém.
13.6. Giai va bién luan phuong trinh ax’-2(3a+ x+a-2=0.
13.7. Tim hai cdch khdc nhau dé tinh

a=y52+1443 +52-1443 .

13.8. Gia st x,, X, |2 hai nghiém cia phuong trinh x* - ax + b = 0. Lap phuong

trinh bac hai nhan 3x, + 2x, va 3x, + 2x; lam nghiém.

13.9. Cho x,, X, la hai nghiém cta x>+ax+1=0. Tim gid tri nho nhit cua

T=x! +x3.

13.10. Gia sir x, x5 la hai nghiém ctia phuong trinh X>+ax+1=0va X3, X4 12 hai
nghiém cua phuong trinh x> +bx + 1 =0. Tinh
T=(X]+ X2)( Xa+ X3)( X3+ Xg)(X4+ X;) va
S= (xl + X3)(X2+ X3) + (X| + X4){x:;'+ x").

13.11. Cho bon s6 a, b, ¢, d thoa mdn ab + 2(b + ¢ + d) = c(a + b). Chimg minh
rdng trong ba phuong trinh sau day c6 it nhdt mot phuong trinh ¢6 nghiém:

xz—ax+b=0.x2-bx+c=0.x2—cx+d=0.
13.12. Cho 4 phuong trinh véi 4n x duéi day:
x2-2ax +4=0;

X%+ 2x +4a2=0;
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x3+4ax+l=():
Y )
X" =4x+a"=0.

Chimg minh ring, v6i moi gid tri cia a thudc R it nhét ¢6 hai phuong trinh
c6 nghiém,

13.13. Gia sir x,, X, 12 hai nghiém ctia phuong trinh ax + 6x — 8 = 0. Chimg minh

rdng luon 1ap duge mot he thie giira x,, x, khong phu thude vao a.

Chuyén ¢ 14. PHUONG TRINH
QUY VE PHUONG TRINH BAC HAI

I. KIEN THUC CO BAN

)

2)

3)

4)

5)

Phuong trinh a(f(x))2 +bf(x)+c=0,a#0 duge dua vé phuong trinh bac hai
mot 4n bing cdch dat t = f(x).

Phuong trinh bx(bx + a)(bx + 2a)(bx + 3a) = ¢, b # 0 dugc dua vé phuong
trinh bac hai mot 4n bing cdch dat t = (bx)? + 3abx.

Phuong trinh x* + ax® + bx* +ax + 1 =0. Vix = 0 khong la nghi¢m nén x # 0.
2

Chia hai vé& cho x* ta c6 [x-r-]-] +a(x +1J+b-—2=0. duge dua vé phuong
X X

trinh bac hai mot 4n bing cdch dat t=x +1 véi t|22.
X
Phuong trinh x* + ax® + bx? + akx + k* = 0, k # 0. Vi x = 0 khong 12 nghiém

2
nén x # 0. Chia hai v€ cho x° ta ¢6 [x+£) +a(x +§]+b—2k =0, dua vé
X

phuong trinh bac hai mot 4n bing cdch dat 1 = x + {—

Phuong trinh (x + a)'1 +(x + b)4 = ¢ dua vé phuong trinh bac hai bing cich dat

x=z-%.xhid6
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4 4
c=(x+a)* +(x+b)* =[:+?J +[(—ﬂ]

2
2 4
=24 +12(ﬂ] 2 +2[ﬂJ .
2 2

2 a
Pat y=1220.Tacé 2y2+|2(%) y+2[¥) —¢c=0.

6) Phuong trinh a(a + x)(a + 2x)(a + 3x) = b(b + x)(b + 2x)(b + 3x) dugc dua vé
phuong trinh bic hai nhu sau: Patu = a® + 3ax, v = b® + 3bx.
Khi d6 u(u + 2x%) = v(v + 2x%) hay (u - v)(u + v + 2x%) = 0.
Phuong trinh di cho dugc dua vé hai phuong trinh sau:
e 2’ + 3ax = b’ + 3bx.
o2x’ +3(a+b)x +a’+b° =0,

7) Phuong trinh vo ty quy vé phuong trinh bac hai bing cdch binh phuong hai vé
hoic dat 4n phu.

IL. Vi DU MINH HOA

Vi du 14.1. Gidi phuong trinh x'-4xd-1=0.
Gidi.

Vi x"—-4x3—-l=(x2—2:&—1)"’—2(x+l)2 nén phuong trinh di cho tuong

duomg [ x* ~(2:+42)x - (142) ][ ~(2-+2)x~(1-¥2) ] 0.

82

Dé dang suy ra nghiém x =

242 £410+8V2
- :

Vi du 14.2. Xic dinh nhimg gid tri ciia m dé€ phuong trinh
< xX'-2m+ DX +2m+1=0
c6 4 nghiém phan biét x;, X,, X3, X4 thod man x; = X; = X3 = X3 = X4 — X3 > 0.
Gidi.
Phuong trinh da cho c6 dang (x2 - l)(x2 -2m-1)=0.
Vay x2=1 hoac x2=2m+ 1.

8. TLCT THCS TOAM 841: DA 38



D¢ phuong trinh da cho ¢6 4 nghiém phan biét cdn va di 1a 2m + 1 > 0 va
[ 2m+1#1. Nhuv&_ym#(}.m>—%.

Khi d6 4 nghiém phuong trinh la £ 1 va +2m+1.
Gia sur phwong trinh da cho ¢6 4 nghiém Xx,, X5, X3, X4 thod mén ddu bai.

eNéum>0 thi x;==v2m+1,x,==1,X;=1vax, =V2m+1.
Déx;=x;=X3=X3=X4—X3vam>0cinvadi v2m+1-1=2 haym =4,
e Néu -%<m<0 thi x; = -1, x2=-J2m+l , x3=\/2m+l vixg=1.

D€ x5 = X; = X3 = X3 = X4 = X3 Vi -%<m<0 cén va di 1=3V2m+1 hay

4
m=-—,

9
Vi du 14.3. Gidi phuong trinh x* + 3x* = 2x* - 6x + 4 = 0.
Gidi.
Ta thay x = 0 khong 12 nghi¢m cta phuong trinh.

2
Chia hai v€ cho x* ta cé(x—g] +3(x-3]+2=0.
X X
bat t=x-2-.Tac612+31+2=0vhnhanduqct=-l.t=-2.
X

Giai phuong trinh x - ] =-] v X s = =2 dugc 4 nghiém
X X

Xp==2,%=1,Xy4 =-1%3.
Vi du 14.4. Chimg minh ring, néu phuong trinh x* + ax’ +bx*+ax +1=0
c6 nghiém thyc thi a® +b* > % va 2a% + b2 %
Gidi.
Vi x = 0 khong 1a nghiém nén x # 0.

Chia hai vé& cho x° ta c6 (x +1J +a[x +l]+b-2=o. dua vé phuong trinh
X X

bac hai mot dn bing cdch dat t =x + vai [t| >2.
X

83



diing thitc Bu-nhia-kop-xki. Vay 2a® +b? >

84

Tac6®+at+b-2=0v6it*>4.
Gia thiét phuong trinh da cho c6 nghiém.
Khi d6 1 + at + b — 2 = 0 c6 nghiém ( v6i ©* > 4.
Theo bt ding thirc Bu-nhia-kép-xki ta c6

(@2 +b2) 2 +1)2 (at+b)? = (2-1%)%.
t*-412 +4

s

tY-d1*+4 4

3 2 — tuong duong (? - 4)(5C - 4) > 0: ding.
t“+1 S

Viay a?+b%2
Bit ding thirc
Vay a’ +b>2 % .

Ta lai ¢6 (a2 +b® +a%)(x® +x* +x2)2 (ax’ + bx? +ax)? = (-1-x*)? theo bat
x®+2x% +1

K6+X4+X2 -

x3+2xt+1_ 4

xX¢+xt+x? 3

Kiém tra

Biit ding thic nay tuong duong véi (x> — 1)°(3x* + 2x* + 3) > 0 (diing).

Viy 2a° +b22%.

Vi du 14.5. Gidi phuong trinhv2x? +15x —17 = x +3.

Gidi.

Diéu kien 2x> + 15x - 17 2 0.

Tir phuong trinh tasuyrax +3 2 O hay x 2 -3,

Binh phuong hai v& duge 2x% + 15x — 17 = x> + 6x + 9 hay x* + 9x — 26 = 0.

9+
Ta c6 hai nghiém x = % ;
So sdnh véi diéu kién ta nhan dugc ding mot nghiém x = :-?ii—lgi ‘



Vi du 14.6. Giéi phuong trinhV3x? —2x +15 +y3x? —2x +8 = 7.

. B

Giai.

2
Tacéd 3x2-2x+8=[ﬁx—LJ +-2—;’->0.

V3
Patt=3x’-2x + 8. Khidétacoi+7 +J1 =7.
Binh phuong hai v& ¢6 \/t(t+7) =211, diéu kién b6 sung 1 < 21.
Binh phuong hai v€, rit ra t = 9 (thod mén diéu kién).

Vay 3x* - 2x + 8 =9, hay 3x* = 2x - 1 =0,

Gidi phwong trinh nay duge x = 1, x =-%.

Vi du 14.7. Gidi phuong trinhx* + x> + 6x> +4x + Vx> +2x +17 = 3.
Gidi.
Cdch 1. Phuong trinh di cho viét thanh
(x2+2x+ )2 +Vx? +2x +17 =4,
Dat 1=vx2 +2x+1724.Tac6 x*+2x + 1 =12 = 16 va phuong trinh di cho
dugc viét thanh
(lz-16)2+t-4=0c::(t—4)[(l-4)(t+4)2+l]=0.

Phuong trinh t - 4 = 0 c6 nghiém t =4, hay x’+2x+ 1 =0 x = - [;

Phuong trinh (t-4)(t+4)? +1=0 vo nghitmdo t 2 4.
Tém lai phuong trinh c6 mot nghiém x = - 1.
Cdch 2. Phuong trinh da cho viét thinh

4=(x2+2x+ 12 +Vx2 +2x+17 =(x+l)"+\,(x+l)2+l624.

Vay phuong trinh ¢6 diing mot nghiém x =~ 1.
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Vi du 14.8. Gidi phuong trinh 3x - 2|x ~2| = 3y3x + 18 - 2|J3x +18-2].

t+4 nfut=2

Gidi. Datf(l)=3‘—2["2l={5t 4 nfut<2
-4n .

Dé dang kiém tra f(1) 12 ham don diéu tang.

Phuong trinh d cho viét thanh f(x) = f(Jsx +18).

Tir day suy ra x =+/3x +18 hay x = 6.

Vi du 14.9. Giai phuong trinh ,3/25;:(2;:2 +9) = R
X

Giai. Diéu kién x # 0. Vi hai v€ ctia phuong trinh déu 13 nhitng ham s6 1, nén