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BG sach Tai liéu chuyén Todn Trung hoc co sd gdm 8 cudn, tir
I6p 6 dén 16p 9, mbi 16p 2 tap (tap mot: Pai s6, tap hai: Hinh hoc),
dugc bién soan nham:

- Cung cép cho cac em hoc sinh mét tai liéu cé hé théng va kha
day d0 dé hoc tap chuyén sau vé mén Toan & cap Trung hoc ca sd.

- Tao nguén cho cac I6p chuyén Toan & Trung hoc phd théng va gidp
cac em hocsinh Idp 9 thivaoldp 10 chuyén Toan.

- Giup cac can bd chi dao mdn Toan, cac thdy cd gido day Toadn
c6 thém tai liéu dé chi dao va gidng day chuyén sau vé Toan tai cac
hoat ddng chuyén dé, ngoai khoa, cac cau lac bd Toan hoc nham boi
dudng cho hoc sinh vé kién thirc, ki nang, tu duy va nhimg pham chat
tét trong hoc tap, nghién cifu va sang tao, gop phan vao viéc dao tao
va bdi dudng nhan tai.

Nhém tac gia cha bd sach la nhing thay cb gido da va dang giang
day & cac I6p chuyén Toan cla cac trudng Dai hoc, cac trudng Trung
hoc ¢d sd ¢b uy tin, nhitng chuyén gia Toan cé kinh nghiém & Tap chi
Toan hoc & Tudi tré va Nha xuat ban Giao duc Viét Nam.

Cubn sach Tai liéu chuyén Todn THCS - Todn 9, tdp hai :
Hinh hoc gém 14 chuyén dé co ban va 3 chuyén dé nang cao.

O mbi chuyén dé co ban, cudn sach khdng |ap lai cac ndi dung da
¢6 trong Sach gido khoa ma chi tém tét cac kién thirc co ban, déng
thai b& sung thém mot sé kién thic can thiét. Do dé, khi gidng day
cac chuyén dé, cac thay cd gido nén sir dung két hop tai liéu nay véi
Sach gido khoa. Cac vi du minh hoa dudc chon loc nhdm gidp hoc
sinh biét cach giai va trinh bay mdt sé dang toan nang cao thudng
gap. Sau dé 1a cac bai tap cd hudng dan giai.
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Céac chuyén dé nang cao nham gilp ban doc hiéu sau va réng han
nhi¥rng ndi dung ¢ lién quan dén chuang trinh, ching dugc trinh bay
don giandé hoc sinh c6 thé tiép thu dugdc.

Chuing t6i hi vong cudn sach nay sé la mot tai liéu thiét thuc va bd
ich gitip cac em hiéu sau sic nhirng kién thitc Toan da hoc, gbép phan
vao viéc nang cao chat lugng dao tao va bdi dudng hoc sinh gidi
Toén & cép Trung hoc cd sd.

Mac du cac tac gia da lam viéc nhiét tinh, nghiém tac va co trach
nhiém véi ban doc, tuy nhién, cudn sach van khé tranh khdi nhiing
thiéu sét. Chung téi rdt mong nhan dugc y kién déng gép clia ban
doc. Cac gop y xin glri vé

Ban Toan - Tin, Céng ty CP Dich vu Xuét ban Gidao duc Ha Nbi,
Nha xudt ban Gigo duc Viét Nam, 187B Giang V6, Ha Noi.

Chu bién
vU HUU BINH
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CAC CHUYEN DE CO BAN

Chuong I |

HE THUC LUONG TRONG TAM GIAC VUONG

Chuyén dé 1. HE THUC VE CANH VA PUONG CAO

I. KIEN THUC CO RAN

Khi giai cdc bai todn lién quan dén canh va dudng cao trong tam gidc vuong,

ngoai viéc ndm vimg cdc kién thic vé dinh Ii Thales (Ta-let), vé cdc trudng hop
déng dang ctia tam gidc, cdn phai ndm vimg cdc kién thirc sau :

Tam gidc ABC vudng tai A, dudng cao AH (h.1-1), ta c6
1) a2 = b2 +c?
2) b2 =ab';c’ =ac' 4
3)h? =b'c'
4)ah=b.c

1 1

1
o JE e N
h? b2 2 Hinh 1-1

I1. Vi DU MINH HOA

Vi du 1. Cho tam gidc ABC vuong tai A, dudng cao AH. Bi€t AB: AC=3:4

va AB+ AC=2lcm.

a) Tinh cdc canh clia tam gidc ABC;

b) Tinh d6 dai cidc doan AH, BH, CH. A

Gidgi. (h.1-2)

a) Theo dé bai AB: AC=3:4,suyra

LUk il R
3 4 3+4 7 B H C

AB=33=9(cm); AC=34=12(cm). Hinh 1-2
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Tam gidac ABC vuong tai A, theo dinh li Pythagore (Py-ta-go) ta c6
BC? = AB? + AC? = 9% +12% = 225, suy ra BC = 15¢cm.
b) Tam gidac ABC vuéng tai A, tacé

2
AB.AC £ 9.12 =7.2(cm);
BC 15

AH? = BH.HC. PatBH=x (0 <x <9) thi HC= 15 - x, ta c6

AH.BC = AB.AC, suy ra AH =

(7.2 = x(15-x) < x> = 15x + 51,84 =0 < x(x - 5.4) = 9,6(x - 54) = 0
S (xX=54)X-9,6)=0< x =54 hoiac x =9,6cm (loai).
Vay BH = 54cm. Tird6 HC = BC - BH = 9,6 (cm).
Chii y. C6 thé tinh BH nhu sau :
AB?  9?

AB? = BH.BC suyraBH= _—= - 5,4(cm).
BC 15

R rang cdch tinh nay don gidn hon.

Vi du 2. Cho hinh thang ABCD ¢6 A =D = 90°, B =60°, CD = 30cm,
CA L CB. Tinh dién tich cta hinh thang.

Gidi. (h.1-3)

Ta ¢6 CAD = ABC = 60° (cing phu v6i

CAB), vi thé trong tam gidc vuong ACD ta c6 i
AC=2AD.
Theo dinh Ii Pythagore thi : o
2 _ ap2 2 .
AC* = AD-] + DC° A H B
hay (2AD)? = AD? + 30° Hinh 1-3

suy ra 3AD? =900 <> AD? =300 nén AD = 10J/3 (cm).

Ké CH L AB. T gidc AHCD la hinh chit nhat vi ¢6 A = D = H = 90°, suy
ra AH = CD = 30cm ; CH= AD = 10J/3 (cm).

Tam gidc ACB vuong tai C,taco:

)

2 2
CH? = HAHB, suy ra HB = L2150 =il-{h@- =39 _16' (cm), do:d8

HA 30 30
AB = AH + HB =30 + 10 = 40 (cm).
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SABCD = %CH.(AB +CD) = %.|0J§.(4o +30) = 3503 (cm?),

Vay dién tich hinh thang ABCD bing 35043 cm?.

Vidu 3. Cho tam gidc nhon ABC, dudng cao CK ; H la truc tam cua tam gidc.
Goi M 1a mot diém trén CK sao cho AMB = 90° S,S,,S, theo thit ty la dién
tich cdc tam gidc AMB, ABC va ABH. Chimg minh ring S = \/S,_Sg

Gidi. (h.1-4)

Tam gidc AMB vuong tai M, c6 MK L AB

nén MK? = AK.BK (1)

AAHK « ACBK vi ¢6 AKH = CKB = 90° ;

KAH = KCB (cung phu vai KETS).

AK HK
Suy ra = ;
. CK BK
do d6 AK.KB = CK.KH ) Hinh 14

Tir (1) va (2) suy ra MK? = CK.HK nén MK = J/JCK HK ;

= J‘I_AB.CK.lAB.HK = Sl.82.
2 2
Vay S= /5,.5,.

BAI TAP

1.1.  Cho tam gidc ABC vuong cin tai A va diém M nidm gittaBva C. Goi Dva E
lin lugt 1a hinh chi¢u cia diém M trén AB va AC. Chimng minh rang
MB? + MC? = 2MAZ.

1.2. Cho hinh chir nhat ABCD va diém O ndm trong hinh chir nhat dé. Chiing
minh ring OA% + OC? = OB? + CD?.



14.

1.5.

1.6.

1.7.

1.8.

1.9.

1.10.

1.12.

Cho hinh chir nhait ABCD ¢6 AD = 6¢cm, CD = 8cm. Dudng thang ké tir D
vuong goc véi AC tai E, cit canh AB tai F. Tinh dé dai cdc doan thing DE,
DF, AE, CE, AF, BF.

Cho tam gidc ABC ¢6 AB = 3cm, BC = 4em, AC = 5cm. Buong cao, dudng
phan gidc, dudng trung tuyén cua tam gidc ké tir dinh B chia tam gidc thanh
ban tam gidc khong cé diém trong chung. Tinh dién tich clia méi tam gidc dé.

Trong mot tam gidc vuong ti s6 gitta duong cao va dudng trung tuyén ké tir
dinh géc vuong bing 40 : 41. Tinh do dai cdc canh gdc vudng cua tam gidc

d6, bi€t canh huyén bing Jalem.

Cho tam giic ABC vuong tai A, duong cao AH. Ké HE L AB, HF L AC.
Goi O la giao diém clia AH va EF. Ching minh rang HB.HC = 40E.OF.

Cho tam gidc nhon ABC, hai dudng cao BD va CE cit nhau tai H. Goi M va
N l4n luot 1a diém thuoc HC va HB sao cho AMB = ANC = 90°

Tam gidc AMN la tam gidc gi ? Vi sao?

Cho hinh vuong ABCD, canh bang a.

a) M 1a mot di€m trén canh AD sao cho ABM  30°. Tinh AM, BM theo a.

b) Qua A ké dudng thiang vuong géc véi BM tai F, dudng thang nay cit CD
tai N. Tinh do dai cic doan thaing AF, MF, BF theo a.

Cho hinh vuéng ABCD va diém I thay d6i nim gilra A va B. Tia DI cat BC
tai E. Buong thang ké qua D vuong géc véi DE cit BC tai F. Chiing minh

; . 1 | vicoqiid
rang tong — + — khong phu thudc vao vi tri cha diem I.
glong D2 DEZ g phu : !
Cho tam gidc ABC, dudng cao BH. bat BC=2a, CA=b, AB=c¢, AH=C"
Chimg minh riang :
a) Néu A < 90° thi a® = b% + ¢ 2bc’.

b) Néu A > 90° thi a2 = b? + ¢2 + 2bc’.

. Cho tam gidc ABC, dudng cao AH. Bi¢t AB = 8cm, BC AC = 2cm,

BAH = 30° Tinh dién tich tam giic ABC.

Cho tam gidc ABC, cic dudng cao tng véi cic canh a, b, ¢ lin luot la
h,, hy, he.
z i s | 1 | ; :
Ching minh rang néu —  —- + — thi tam gidc ABC vuong tai A.
a b C



1.13.* Cho tam gidic ABC, hai dudng phan giic BD va CE cét nhau tai I thoda man
BD.CE = 2BI.CI. Tam gidc ABC la tam gidc gi ? Vi sao?

1.14.* Cho tam giic ABC, A 90°, BC = 2a, duong cao AH. K¢ HD L AC,
HE L AB. Tim gid tri 16n nhit cta :
a) Do dai doan thing DE ;
b) Dién tich ur giac ADHE.

1.15.% Cho tam gidc déu ABC c6 canh bang 60cm. Trén doan BC ldy diém D sao
cho BD = 20cm. Pudng trung truc cia AD cit AB tai E, cit AC tai F. Tinh
do dai cdc canh cua tam gidc DEF.

1.16.* Cho tam gidic ABC. Dudng trung tuyén AD, dudng cao BH, dudng phin
gidc CE déng quy. Ching minh ding thic

(BA +CA)BC? +CA2 AB?) 2BC.CAZ.

Chuyén dé 2. Ti SO LUONG GIAC CUA GOC NHON

I. KIEN THUC CO BAN

1. Cic ti s6 lugng gidc cua géc nhon a

(h.2 1) dugc dinh nghia nhu sau : g c”%b&
= J’t‘a
; ké g
sina — . cosa.  — ;
huyén huyén “
_ ] canh ké
ge B, corga S
£ T i doi Hinh 2-1

Neéu o la mot gée nhon thi 0 < sina< 1 ;0 <cosa < 1;tga>0; cotga > 0.
2. Véihaigécoa,Bmac+p 90°%tacd:
sina = cosf ; cosa = sinf} ; tga = cotgf ; cotga = tgf.
Néu hai géc nhon o va B ¢6 sina = sinf3 hodc cosa = cosf thi a = 3.

2

N 2
3. sin“a+cos“a | ;tga.cotga .



V6i mot s6 gée diac biét, ta cé :

sin30° = cos60° = -;-
B

2

cos30° = sin60° =

: sind45° = cos45° =

; cotg60° =1g30° =

m|§

1245° = cotg45° =1 ; cotg30° = 1g60° = /3.

IL. Vi DU MINH HOA

Vidu 1. Biét sina = % Tinh cosa, tga va cotga.

Giai. Ciach 1. Xét AABC vuong tai A (h.2-2). Bt B=a.

Tacéh:
) AC
singt = — =
BC

do d6 AC = 5k, BC = 13k.
AABC vudng tai A nén

3

Hinh 2-2

AB? = BC® AC? = (13k)? ~{5k)? = 144K, suy ra AB = 12k.

Vlve o
Wi COSE=BE =Tk 13
sk 5

tga = — = — = —

AB L2k 12
L O

B =aC Sk 5

2

Cach 2. Tacé sina = % suy ra sin“a =

5 i 2 , 2 i
ma sin“c+cos“a=1, do d6 cos“a=1-sin

12
cosa =—,
13

25
169’

2

25
a=1--—2
169

la4
169’

suy

ra



cosu_l3lﬁ=l3'l 12
cosa. 12 5 12 13 12
sina 13713 13°5  §°

Nhan xét : Trong cdch gidi thi nhat, ta biéu thi do dai cdc canh cla tam gidc
ABC theo dai lugng k réi sir dung dinh nghia ti s6 luong gidc cia géc nhon dé tinh
cosa, tga, cotgo.

cotga =

Trong cdch gidi thi hai, ta sir dung gia thi€l sino = i d¢ tinh sin® & r6i tinh
cosa tir sin® o+ cos? & = 1. Sau d6 ta tinh tga va cotga qua sina va cosa.

Vi du 2. Cho tam gidc nhon ABC, hai duong cao AD va BE cit nhau tai H.
Biét HD : HA = 1 : 2, chiing minh rang tgB.tgC = 3.

Gidi. (h.2-3)

A
Tacd:
AD AD
tgB=—; tgC=—,
T T E
2 H
Suy ratgB.1gC = 1
y ralgb.lg BD.CD (D a
HBD = CAD (cing phu véi ACB) B % e
I-TBE: AADC=90°. Hinh 2-3
Do d6 ABDH v\ AADC (g-g), suy ra 2 -l}-[—)- do d6 BD.DC = DH.AD (2)
DC AD
AD®* AD
Tir (1) va (2) suy ratgB.tgC = =—(3
) va (2) suy ra 1gB.tg DH.AD DH()
Theo a8 bai B s suyra'L . ay@ i.suyraAD=3HD.
AH 2 AH+HD 2+1 AD 3
Thay vao (3) ta duoc
th.thzwzl

DH

11



Vi du 3. Biét sina.cosa = % tinh sina, cosa.

.« P . g . 12 - ) . - 2 - . ave
Giai. Bi¢t sina.cosa = Th Dé tinh sina, cosa ta ¢in tinh sina + cosa roi giai

phuong trinh véi dn la sina hoac cosa.
Taco:

(sincx+cosa)2 = sin® a4 cos® o+ 25in . cosQL = l+2.5=§.

; 7 ; 7 i
Suy ra sina + cosa = s nén sina = s —cosa. Tirdotaco

6 12
cosQ| ——cCcosQL | = —
[5 ) 25

7 2
& —COSO—COS” 0L = —
5 25

& 25¢c0s® a—35cosa+12=0
&> Scosa(Scosa — 4) - 3(5cosa—-4) =0

&> (Scosa — 4)(S5cosa—3)=0

Suy ra cosa = — hodac cosa = 3
5 5

e Néu cosa 4 thi sin(x:lg:i-—-g.
5 2585 5

e NEu cosa=§lhi sina=£:é=i
5 255 5

; + ;
Vay sma:%. cosa =— hoic sina =%. cos o =§.

BAI TAP

2.1. a) Biétsina = 2 tinh A = 5sin® a +6c0s? o

2

5
4 .2
g. tinh B = 4sin“ o — 5cos” a.

b) Biét cosa =

12



2.2,

2.3.

24.

a)Bidk tgoy= |, tiih G SNO_COSG.
3 sina +cosa

b) Biét cotga = 4, tinh D = M.
3 sina—cosa
Cho tam gidc ABC, trung tuyén AM. Chimg minh rang néu cotgB = 3cotgC

thi AM = AC,

Cho tam gidc ABC ¢6 BC 2 AC 2 AB, dudng phan gidc AD, dudng cao CH.
Chimg minh ring CH > AD.

2.5. Cho tam gidc nhon ABC ¢6 BC = a, CA = b, AB = c. Chimg minh riing

2.6.

2.7

2.8.

2.9.

2 b e
sinA  sinB  sinC’
Cho tam gidc ABC, hai dudmg cao BD, CE. Ching minh ring :

a) S!\DE = SABC'C052 A.

b) Sgcpg = Sapc-sin® A.

Chimg minh rang dién tich cia mot tam gidc bang m¢ét nura tich cia hai

canh véi sin ctia goc nhon tao boi hai dudng thing chia hai canh ay.

Cho tam gidc nhon ABC, dudng phian giic AD. Biét AB=c, AC = b, tinh do

dai doan AD theob vac.

Cho tam gidc nhon ABC ¢6 BC = a, CA =b, AB=c vab + ¢ = 2a. Chimg

minh :

a) 2sinA = sinB + sinC.

2

b) ! + l , trong d6 hy, hy, h, 14n luot la chiéu cao cha tam gidc (ng
h:l. hb hc

vgi canh a, b, c.

2.10. Cho tam gidc nhon ABC va hai dudng trung tuyén BN va CM vuéng goc véi

2.11.

nhau. Chimg minh ring cotgB + cotgC 2 %

Cho tam gidc ABC vuong tai A, AB < AC va trung tuyén AM. Dat
ACB o, AMB B.

Chimg minh ring (sin o+ cosa)? 1 +sinp.



2.12.* Khong st dung cdc cong thic luong gidc, hdy ching minh rang

cos36°.cos72° = ; :

2.13.* Tim goc nhon o, biét sina.cosa =

V3
X

2.14. Cho tam gidc ABC vuong tai A, C=a (o <45°), trung tuyén AM, dudng
cao AH, BC=a.

Chimg minh cdc cong thic sau :
a) sin2a = 2sino.cosa |

b) I +cos2a = 2(:0520( ;

c) |l —cos2a = 2sin2a.
2.15.* Cho tam gidc ABC. Chimg minh ring :

oA s B €.
a) sin—.sin—.sin— < —,
2 2 2 8

b) sin-‘;i.sin g.sing ’ é khi va chi khi tam gidc ABC I tam gidc déu.

Chuyén dé 3. HE THUC VE CANH VA GOC
TRONG TAM GIAC VUONG

I. KIEN THUC CO BAN

1. Trong mot tam gidc vudng, mdi canh géc vudng bing :
a) Canh huyén nhan vdéi sin goc doi hay nhan véi cosin goc ké.
b) Canh gbc vuong kia nhan vdi tang ctia goc
d6i hay nhan véi cotang cia goc ké (h.3-1).
b = a.sinB = a.cosC
¢ = a.sinC = a.cosB ¢ b
b =c.tgB = c.cotgC
¢ =b.tgC= b.cotgC

A

2. Giai tam gidc vuong la tim tat ca cac canh va
cdc goéc chua biét clia tam gidc vuong db. Hinh 3-1

14



II. VI DU MINH HOA

Vi du 1. Tam gidc ABCc6 AB = 16, AC = 14 va B = 60°.
a) Tinh d0 dai canh BC ;

b) Tinh dién tich tam gidc ABC. A
Gidi. (h.3-2)

a) Ké dudng cao AH.

Xét tam gidc vuong ABH, ta c6

BH = AB.cosB = AB.cos60° = 16.

' ‘ Jg C H B

AH = AB.sinB= AB.sin60° =16.~ = 8V3. _——

Ap dung dinh If Pythagore vao tam gidc vuong AHC ta c6
HC? = AC? - AH? = 142 -(8V/3)> = 196 - 192 = 4;

Suy ra HC=2.

Vay BC=CH+HB=2+8=10.

b) Cdch 1. Sape =‘%BC.AH = -;_-.10.3\6 = 403 (dvdr).

V3
e

Vi du 2. Cho tam gidc nhon ABC ¢c6 A =75°, AB = 30cm, BC = 35cm. Hay
tinh cdc canh va cédc g6c con lai cia tam gidc (lam tron dén hang don vi).

Gidi. (h.3-3)

Vi tam gidc ABC la tam gidc nhon, nén theo bai 2.5 ta c6

Céch2. Sppe = -;—BC.BA.sinB = -% 10.16. 4043 (dvd).

a b: & & g A
g T — e SUY TR
sinA sinB  sinC Ay
, e 30
SC = c.sin A = 30.sin75 ~0.8275.
a 35
do dé C~56". B 3 ¢
Hinh 3-3



B~180° (75°+56°)=49° ;

_. i siee
o _a..me =_35.sm 49 w5 e,
sin A sin75°

Vay: AC=27cm, Bx49°; C = 56°.

Vi du 3.3. Khong ding mdy tinh va bang s&, hdy chimg minh ring

sin75° = J(_H\E
4

Gidi. (h.3-4)

Vé lam gidc ABC vudng tai A vdi B i
BC = 2a (a 1a mot do dai wy ¥), C=15°, ;
suy ra B=75°.

Goi I 12 trung diém cta BC, h

tac6IA=IB=IC=a. Hin 3-4

Vi AIB la géc ngoai tai dinh I ciia tam gidc can IAC nén AIB = 2C =30°.

Ké AH L BC thi IH = AlLcos30° = % AH = ALsin30° = %

X
CH=Cl+IH=a+ 22 "“r (':‘6).

Tam gidc AHC vuéng tai H, theo dinh Ii Pythagore, ta c6

243 a® _2’(4+4V3+43+D)_da’2+V3)
4 4 4

= a22+3), suy ra AC = ay2 + B

A_C_ a\/2+\/§ _ J2+J§ _ J4+2~f§
BC 2a N 2 N 2.2

m 3] f(ﬁﬂ) J6 +2
2\2 2L 222 4
V6 +42
—

AC? =CH? + AH? =

sin75%° = sinB=

Vay sin75° =



BAI TAP

3.1.  Cho hinh chir nhat ABCD c6 BAC =30°, AC = 10cm. Tinh chu vi va dién
tich cua hinh chir nhat dé.

3.2. Cho tam giic ABC vuong tai B, A=a, BO la trung tuyén ing voi
canh huyén AC. Tir B ké dudng thing vuong goc véi BO cit AC tai D. Dat
AC=a.

a(cos2a+1)

Chung minh raing AD =
2cosa

3.3. Cho tam giic ABC, dudmg cao AA', truc tam H. Cho biél % =K. Ching
minh ring tgBtgC=1 +Kk.

3.4. Cho hinh binh hanh ABCD ¢6 A =45°, AB=BD = 18cm.
a) Tinh do dai canh AD ;
b) Tinh dié¢n tich hinh binh hanh ABCD.

3.5. Cho tam gidc ABC c6 géc A nhon, hai duong cao BH, CK.
Chimg minh ring néu AB > AC thi BH > CK.

3.6. Cho tam gidc ABC, phan gidc AD. Biét AB=¢, AC=b, A =2a (o <45°).

2bccosa

b+c

3.7. Chotam gidc ABC vuong tai A, duong cao AH. Bat BC=a, CA=b, AB=c.
Ching minh rang :
AH = asinBcosB ; BH = acos’B ; CH = asin’B.

3.8. Chotam giic nhon ABC,BC=2a,CA=b,AB=c.

Chitng minh rang AD =

Chimg minh ring b> =a®+¢? 2accosB.
3.9. Cho tam gidc ABC can tai A, duding cao ting vi canh bén cé do dai bang h,
gbc & ddy cia tam gidc bing a.

2

h..

Chig minh ring Sppc = B it
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3.10. O do cao 920m, tir mot mdy bay truc thang ngudi ta nhin hai diém A va B
cta hai ddu mot chiéc ciu nhimg goc so véi phuong nam ngang lan luot Ia

a= 37° vaB = 3I°
Tinh chiéu dai AB cta chiéc ciu.
3.11. Cho tam gidc nhon ABC, ba dudng cao AH, BI, CK. Chiing minh ring
Sk =(1 cos® A—-cos® A cos’ C).Sspe-
3.12.* Ching minh ring tam gidc ABC can tai C khi va chi khi
M = i (colng +cothB).
sin“A+sin"B 2
3.13.* Cho tam giic ABC vuong tai A. Hai duong trung tuyén AE va BD vuong
goc voi nhau. Biét AB = 1 (don vi d dai). Tinh dién tich tam gidac ABC.

3.14.* Cho tam gidc ABC, biét AB = 8cm, AC = 7cm v ABC =30°. Tinh canh va
cdc goc con lai cua tam gidc.

3.15.*% a) Tinh tg15° (khong dung bang s6, may tinh).

b) Cho tam gidc ABC c6 ABC+ACB=105° va AB + ACV?2 =2BC. Tinh
50 do cic géc ABC va ACB.
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Chuong II

DUONG TRON

Chuyén dé 4. SU XAC PINH PUONG TRON
CAC TiNH CHAT VE BUONG KiNH, DAY

L. KIEN THUC CO BAN

1.

S v s

Dudng tron tam O, ban kinh R la hinh gém cdc diém cdch déu diém O mot
khodng bing R. Mot dudng tron duge xdc dinh khi biét tdm va ban kinh, hoic
khi biét mot doan thing 1a dudng kinh cla né.

Qua ba diém khong thing hang dung dugec mot va chi mot dudmg tron (tim
clia dudng tron 1a giao diém cdc dudng trung truc ciia cdc doan thing tao bdi
ba diém do).

Tam cta dudng tron 12 tdm doi ximg clia dudng tron do.
Bat ki dudng thing nao chita mot dudmg kinh ciing 12 truc doi ximg clia dudmg tron.
Trong cac day ctia duong tron, day I6n nhat la duong kinh.
Trong moét dudng tron :
Duding kinh vuong g6c v6i mot day thi di qua trung diém cua day 4y ;
Duong kinh di qua trung diém cia mot day (khong phai dudng kinh) thi
vudng goc voi day dy.

Tam gidc noi tiép dudng tron c6 mot canh 1a dudng kinh cia dudmg tron khi
va chi khi tam gidc d6 la tam gidc vuong.

Trong mot dudmg tron hay hai dudng tron bang nhau :

Hai d4y cung biing nhau khi va chi khi ching cdch déu tam;

Trong hai day cung khong bang nhau, day cung 16n hon khi va chi khi n6
g4n tam hon.
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I1. VI DU MINH HOA

Vi du 1. Cho dudng tron (0O), dudng kinh AB va
hai day AC, BD. Chitng minh ring AC song song vdi
BD khi va chi khi CD la duong kinh. A

Gidi. (h.4-1) Tac6 AC // BD < ABD BAC (1)
Hai tam gidc OBD va OAC Ia hal tam gmc c.’m
(OB= 0D, 0A =0C)nén OBD ODB., OAC OCA. Hinh 4-1

Khidé (1) < BOD AOC < C,0,D thing hang
<> CD la duong kinh cta dudng tron (O).

@

Vi du 2. Cho dudng tron (O), hai day AB, CD A B
song song v6i nhau. Goi E, F 1a trung diém clha AB va
CD. Chimg minh E, F, O thing hang. B A
Gidi. (h.4-2) N6i O véi E cit dudng thing CD tai F.
EA EB = OELAB,AB//CD= OF'LCD
Hinh 4-2

= F'C F'D = Frung F. Viy O, E, F thiing hang.

Vi du 3. Dung mot dudng tron nhan doan thing AB cho truéc lam day cung,
¢6 ban kinh r cho trudc.

Gidi. (h.4-3) Goi 1 la trung diém cta AB. Gia sir
dudng tron (O) da dung duge, AB cho trudc,
OA r. '

Tam giic AOI vuong c6 Al %AB. OA r

nén dung dugc. Suy ra cich dung dudng tron nhu sau : Hinh 4-3
Cdch dung : Dung dudng thing vuong goc véi ABtail;
Dung dudmg tron (A, r) cit dudmg thing trén tai O ; Dung dudng tron (O , OA).
Hién nhién dudng tron niy di qua A, B va ¢6 bédn kinh bing r.

Bién ludn : r>%AB : ¢6 hai nghiém hinh ; r %AB : ¢6 mot nghiém hinh;
AB | i
r< 5 vo nghiém.

Nhdn xét. Co thé dung tam gidc AOB biét do dai ba canh, sau dé dung
dudng tron.
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Vi du 4. Cho dudng tron (O, R) va day AB. Kéo dai AB vé phia B ldy diém C
sao cho BC =R . Chimg minh AOC =180° 3ACO.

Gidi. (h.4 4) Cic 1am giic OAB, OBC can A/\B

vai OBA la g6c ngoai tam gidic BCO nén
OAB =OBA = 2BCO:
AOB=180° 20BA =180° - 2.2BCO
=180° - 4BCO (1) Hinh 4-4
Do dé AOC = AOB+BOC
=180" 4BCO+BOC=180" 3BCO =180 ~3ACO.

Vi du 5. Cho tam ¢idc ABC. Tir trung diém cdc canh ké cdc dudng vuong aoc

]

vGi hai canh kia tao thanh mot luc gidc. Chimg minh rang dién tich tam giic ABC
24p hai ldn dién tich luc gidc. A

Gidi. (h.4-5) Goi trung diém cdc canh
tam gidc ABC 1a D, E, G, cdc dudng vuong goc .
tao thanh luc gidc DMENGP. Vé dudng N,
tron (O) ngoai ti€p tam gidc ABC, ta ¢6 Nﬂ
DM L BC, OE L BC, GN LBC suy ra 5 "
oM/ 10E/ . FoaN T 7

Tuong tu suy ra luc gidc DMENGP c6 cdc
cdp canh ddi song song vdi nhau, nén cdc ti gidc HishAy
ODME, OENG, OGPD la hinh binh hanh, do dé dién tich luc gidc DMENGP gép
hai lan dién tich tam gidc DEG. Mat khdc, D, E, G la trung diém cic canh = dié¢n
tich tam gidgc ABC gdp bon lan dién tich tam gidc DEG va do d6 gép hai lan di¢n
tich luc giic DMENGP.

Loi binh : Cdi hay cua 1oi giai 1a dua vao duodng tron ngoai 1iép tam gidic ABC
dé nhan biét cdc tinh chat.

Vi du 6. Cho dudmg tron (O), hai day AB, CD kéo dai cdt nhau tai diém M &
ngoai duong tron. Goi H, E 1a trung diém AB va CD (h.4-6).

Chimg minh ring AB < CD khi va chi khi MH < ME .



Gidi. Cach | : Tacé OH L AB, OE LCD:; T B
Ding dudng tron tim I, dudng k. ’
OM =5 H, E thuoc dudng tron (). "

Ké IKLMH IGLME 1 co M -.--
KM =KH, GM = GE suy ra OH =2IK, " b
OE=2IG, ma AB < CD nén OH > OE
< IK>IG & MH<ME. Hinh 4-6

Cdch 2 : Tam gidac OMH va OME la hai tam gidc vuong, theo dinh Ii Pytago
tacé OH’ +MH’ =OM’; OE’ + ME’ = OM?

= OH’+MH’ OE’+ME? khidé AB<CD ¢ OH >OE

< MH® <ME® < MH<ME.

Vi du 7. Cho dudmg tron (O) va diém A nidm trong dudng tron (A # O).

Tim trén dudng tron diém M sao cho goc OMA 16n nhat.
Giai, (h.4-7) Gia str M ndm trén dudmg tron, ndi M véi A céit dudmg tron tai N.

Goi D 1a trung diém cia MN = OD L MN. N’
Xét tam giic vuong OMD c6 OM M
khong ddi nén goc OMA 16n nhét ;v\‘. &

<> khoang cdch tr O dén dudng M
thing qua A 13 16n nhit. Suy ra cdch
dung nhu sau :

Qua A dung dudng thing vuong géc
v6i OA cit dudng tron tai M, N' Hinh 4-7

= OD £0A = OA I6n nhit = OM™A 16n nhit. Ta ¢6 M’ (hodac N') la diérr
théa man yéu cdu bai todn.

Vi du 8. Cho dudng tron (0), A, B, C la ba diém trén dudng tron sao ch,
AB = AC. Goi I }a trung diém ctia AC, G la trong tam clia tam glac ABL Chtrn
minh ring OG L BI.

Gidi. (h.4-8) Goi K 1a giao diém cia
BI va AO, vi G la trong tam tam gidc
ABI, K la trong tAm tam giic ABC nén
GK song song v6i AC ; I 1a trung diém
cia ACnén Ol L AC = Ol LGK.

=
™~
]

Hinh 4-8
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Tam gidc OGI c6 Ol L GK va OK L GI nén K la truc tam tam gidc OGI, suy
ra BI vudng géc v6i OG (dpecm).

~ A
Vi du 9. Dung tam giic ABC. Biet A @ <90°,

duong cao BH  h vatrung tuyén CM  m.

Giai, Phan tich : (h.4-9) Gia st tam gidc M
ABC dumg duge = tam gidc vuong ABH dung
dugc vi biét A o vi BH h= AB xic dinh
= trung diém M xdc dinh.

3 Hinh 4-9
Diém C la giao ctia dudng tron (M, m ) vai tia AH.

Cdach dung : Dumg goc vuong dinh H, 1ay trén canh géc vuong doanHB  h ;
Dung tam gidc vuéng ABH sao cho B 90°-a; Dung duong tron (M, m ) cit
tia AH kéo dai tai C. Ta ¢6 ABC la tam gidc cdn dung.

h
Bién ludn : Biitodn vé nghiém khi m < 5

Vi du 10. Cho tam gidac ABC nhon, ndi ti€p dudng tron (O,r), bi€t AB 3,
AC V2. Tinh cic géc cha tam gide ABC.
Gidi. (h.4-10) K¢ OH L AB

/3

— HA=HB=—=, OH’ =0A’ Ail’:lr’
2 4 B

A
l —— — C
= OH _r= OAll 30° GBH \/

= AOB 120'; Hinh 4-10
Tam gidc AOCc6 OA OC r, AC rvJ2; AC OA’+0C, theo dinh If
ddo Pytago ¢6 AOC  90"= OAC OCA 45"

= BOC 360°-(AOB+AOC) 150". Tam giic OBC can, OB OC r
= OBC OCB 15°=> A 75°,B 45°,C 60°.

Vi du 11. Cho doan thang BC ¢d dinh, I 1a trung diém BC, A la diém trén mit
phang sao choBA BC. Goi H 1a trung diém AC, duong thing Al cit dudng
thing BH tai M. Ching minh M niam trén mét dudng tron ¢ dinh khi A thay déi.
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Giai. (h.4-11) Tr BA BC, HA HC suyra BH L AC; A
Al BH la ciac dudng trung tuyén cta tam gidac ABC

nén M la trong tam, BM = 2MH. H
Tir M ké dudmg thing song song vé&i AC, cit BC tai N
2N BM o o BN 2N ¢ 5
NC MH NI
B, C ¢6 dinh = N c¢6 dinh ; MN//AC, BH L AC Hinh4-11

= BMN 90" = M nim trén dudng tron dudng kinh BN,

Vi du 12. Cho hinh chir nhat ABCD, k¢ BH L AC. Trén AC va CD lay
AM DN

b Ching minh bon diém M, B, C, N nam trén mot

diém M, N sao cho
dudng tron.

Gidi. (h.4-12) ABCD 1 hinh chir nhat nén BCN  90°, cin ching minh
BM L MN.

NGi Bv6i M, M véi N. Ké MK LBC,citBH B
M K
Wil sMKycp= ML BM . !
AB HA
AM DN i
Mait khde, tur suy ra ;

: aH pc ™ oW §

AH_AM DC DN _ MH NC @) T

AH DC AH DC

|
Tir (1) va (2) suy ra% % = MI NC. Talaicé MI// NCnén MICN la

hinh binh hanh
=> MN // CI, nhung I la truc tdm ctia tam gidc BCM nén CI L MB,

suy ra MN L MB = BMN 90" = M, B, C, N nam trén dudng tron dudng
kinh BN.

Vi du 13. Cho dudng tron (O, R) va day AB  2a (a<R). Tir O ké dudng
thing vuong géc v6i AB cét duong tron tai D. Tinh do dii AD theo R vaa.
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Gidi. (h4-13) Ha Ol L ABthi IA=IB=a. 2

Kéo dai DO cat duong tron tai E thi tam A B
gidc ADE vuong, theo hé thic trong tam gidc /
vuong ta ¢6 AP =IDIE. Dat ID=x ta ¢6

) b 3 O
a=x(2R x) < x° 2Rx+a =0
< x=R+yR? a*. e

Mt khic, trong tam gidc vuong ADE ta ¢ H:‘n!;-':-fj

AD’ =DEDI=2R(R YR —a’) = AD ={2R(R+VR’ -a’).
Chii ¥ : Dudng thing qua O vuéng gdc vdi AB cat dudng tron tai D va E, hoc
sinh dé bo qua tinh do dai AE.

Vi du 14. Cho dudng tron (O, R), duong kinh AB ; E 1a diém nim trong
dudng tron, AE cat duong tron tai C, BE cét dudng tron tai D.

Ching minh AE.AC + BE.BD khong phu thudc viao vi tri cia diém E.
Giai. (h.4-14) AB la duong kinh duong tron

C
= ACB=ADB=90". D
Ha EH L AB, tac6 AACB «» AAHE (g.g)
AC _AH p i
= an® Ap H O 8

= AE.AC =AH.AB (n
Tuong tu, ABDA «» ABHE
= BE.BD =BH.BA (2) Hinh 4-14
Cong hai vé ctia (1) va (2) ta duogc
AE.AC+BE.BD = AH.AB+ BH.BA = AB(AH + HB) = AB* = 4R".

Vi du 15. Cho uf gidc 16i ABCD. Ching minh ring bon hinh tron ¢é dutng
kinh AB, BC, CD, DA phu kin mién t gidc ABCD. 4 B

Gidi. (h.4-15) Gia str O 1a diém bat Ki trong i
gidc ABCD, tao thanh bén géc AOB, BOC,

COD, DOA o
e mameh medde T D C
= AOB + BOC + COD + DOA = 360° Hinh 4-15

Néu O nam ngodi ca 4 hinh tron thi cd 4 goc AOB, BOC, COD, DOA déu
nhon, vo li. Vay O phai thudc it nhat mot trong 4 hinh tron (dpem).



BAI TAP

4.1. Cho duong tron (O, R). Tinh do dai canh cua tam gidc déu, bat giic déu noi
tiép dudng tron di cho.

4.2. Cho dudmg tron (O) va diém P & trong dudng tron. Xdc dinh day 16n nhit va
day ngin nhat di qua diém P.

4.3. Cho duong tron (O), hai bin kinh OA, OB vudng géc véi nhau.
K¢ tia phan gidc cua goc AOB, cit dudmg tron & D ; M 1a diém chuyén dong
trén cung nho AB, tr M ké MH .L OB cidt OD 1ai K.
Chiing minh MH’ + KH? ¢6 gid tri khong phu thuoc vao vi tri diém M.

4.4. Ching minh rang bao gi& ciing chia dugec mot tam giac bt ki thanh 7 tam
gidc can, trong d6 ¢6 ba tam gidc bang nhau.

4.5. Cho dudmg trdon (0) va mot day cung EF ¢6 khoang céich tir tam O dén day la
d. Dung hai hinh vuong noi tiép trong méi phin dé, sao cho médi hinh vuong
¢6 hai dinh ndm trén duong tron, hai dinh con lai ndm trén day EF. Tinh hi¢u
cua hai canh hinh vuong dé theo d.

4.6. Cho hai dudng tron déng tam. Dung mot day cit hai dudng tron theo thir tu tai
A, B,C, Dsaocho AB=BC=CD.

4.7. Cho tam gidic ABC noi tiép duong tron (O, R), bict AB=R\}2—J§.
AC=Rv2+3. Tinhcic gdc cua tam gidc ABC.

4.8. Cho hinh thoi ABCD. Goi R, la bdn kinh dudng tron ngoai ti€p tam gidc
ABC, R, la ban kinh duong tron ngoai ti€p tam gidic ABD. Tinh canh cua
hinh thoi ABCD theo R ,R,.

4.9. Méi diém trén mat phang dugc 16 boi mot trong ba mau xanh, do, vang.
Ching minh ring t6n tai it nhét hai diém duoc 10 cing mot mau ma khoang
cich giira hai diém d6 bing 1.

4.10. Cho dudng tron (O, R) va diay AB ¢6 dinh. Tir diém C thay déi trén dudng
tron dung hinh binh hanh CABD. Chimg minh giao diém hai dudng chéo cla
hinh binh hanh CABD ndm trén mot dudng tron ¢6 dinh.
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Chuyén dé 5. V| TRi TUONG DO
CUA DUONG THANG VA DUONG TRON

I. KIEN THUC CO BAN

1.

Khi dudng thing a va dudmg tron (O) ¢6 hai i Ams
diém chung, ta néi dudng thing a va dudng tron o
(O) cdt nhau. Pudng thing a con goi 1a cdt 0

tuyén (h.5-1).

OH LAB = OH<R va HA=HB=+R? OH’. Hinh 5-1

Khi dudng thing a va dudng tron (O) chi c6 mot diém chung, ta néi dudng
thing a va dudng tron (O) riép xiic nhau (h.5-2a).

Puong thing a 14 tiép tuyén cia dudmg tron (O). Diém chung goi 1a riép diém.
Khi duong thing a 12 tiép tuyén ctia mot dudmg tron thi né vudng géc véi

bdn kinh di qua tiép diém.

Khi dudng thing a va dudng tron (O) khong c6 diém chung, ta n6i dudng
thing a va dudng trdn (O) khong giao nhau. Khi d6

OH >R (h.5-2b).
Néu mot dudng thang di qua mot tiép diém cia dudng tron va vuong géc véi
ban kinh di qua diém dé6 thi dudmg thiang 4y 12 tiép tuyén clia dudng tron.

Néu hai ti€p tuyén ctia mét dudng tron cit nhau tai mot diém thi :

Diém d6 cdch déu hai ti€p diém.

Tia ké tir diém d6 di qua tam 12 tia phan gidc ctia g6c tao bai hai ti€p tuyén.

Tia ké tir tam di qua diém d6 1a tia phan gidc cia géc tao bdi hai ban kinh di
qua cic tiép diém (h.5-2c¢).

A

a

P 1 B
) h) )
Hinh 5-2
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Pudmg tron ti€p xtc v6i ba canh cla tam gidc goi l1a duong tron néi tiép tam
gidc, con tam gidc goi la tam gidc ngoai tiép dudng tron. Tam cta dudng tron
ndi 1iép 1a giao diém cédc dudng phan gidc trong cua tam gidc (h.5-3).

Dudng tron tiép xtic véi mot canh tam gidc va iép xiic vdi cic phin kéo dai
cua hai canh kia duge goi 1a dicong 1ron bang 1iép tam gidc. V&i mot tam gidc
¢6 ba dudng tron bang tiép tng véi ba goc tam gidc. Tam cia dudng tron bang
tiép 1a giao diém ctia hai dudng phan gidc ngoai, hoic dudmg phan gidc trong
vi mot dudng phan gidc ngoai (h.5-4).

A

D
Hinh 5-3 Hinh 5-4

KIEN THUC BO SUNG

1.

28

Néu | 13 tam dudng tron noi tiép tam gidc ABC thi BIC 90“+%.

Néu I nam trong tam gidc ABC va BIC 90° +% . AIC 90° +§ thi I'1atam

duong tron néi tiep tam gidc ABC.
Néu J 1a tAm dudong won bang ti€p goc A ciha tam gidc ABC thi
BIC 90“-12\_.
Cho tam gidc ABC, dit BC a,CA b,AB ¢, a+b+c 2p; r la bdn
kinh duong tron ndi ti€p, S la dién tich tam gidc ABC thi
A B &

- = lg— = —b)tg — —'('—',S .
r=(p-a)ig—=(p-big= (P87 pr
Néu dudng tron ndi ti€p tam gide ABC ti€p xic vai AB, AC tai F, E thi
AB+AC-BC
—

Cdc kién thitc bé sung tic 1 5 coi nhue bai tdp, ban doc tie ching minh.

AE=AF=



II. Vi DU MINH HOA

Vi du 1. Cho géc vuong xOy , dudmg tron (I) tiép xic v6i hai canh Ox, Oy
tai A vd B. Mot tiép tuyén cua dudng tron (I) tai diém E cat Ox, Oy tai CvaD.

X

Chiing minh -;—(OA-+ 0OB)<CD< -;-(OA +0B).

Gidi. (h.5-5) Ta c6 CA = CE, DB = DE ) ;

nén CD=CA+DB; () o

Trong AOCD ¢6 CD < OC+OD (2). 5 ,
; ; ’ O p B

Tu(l)va(2)taco Hinh 5-5

2CD<CA+DB+0C+0D = 2CD<OA+OB (*).
AOCD la tam gidc vuong = OC<CD,OD<CD = OC+0D<2CD (3)

T (3Hva(l) suyra OC+OD+CA+DB<3CD= OA+0B<3CD. (**¥)
Vay %{0A+DB)<CD<%(OA+OB).

Vi du 2. Cho géc xOy, hai diém A, B thit tu chuyén dong trén Ox va Oy
sao cho chu vi tam gidc OAB khong déi. Ching minh AB ludn tiép xiic véi dudng
tron ¢6 dinh.

Giai. Dyng dudng tron bang tiép géc O cia tam =
giic OAB (h.5-6). Ta c60OM +ON =0A +OB+ AB
1a chu vi tam gidc OAB khong ddi nén OM +ON
khong doi. Mat khdac, OM =ON (bang nira chu vi
tam gidc OAB) = M, N ¢6 dinh = giao diém I clia 0

: : i - BN Y
dudng vuong géc véi Ox ké tr M vai duong phan
gidc goc xOy la 6 dinh. Vay AB luén tiép xiic véi Blaki3:6

dudng tron ¢ dinh tam I ban kinh IM.

Vi du 3. Cho hinh vuong ABCD, 14y diém E trén canh BC va diém F trén
canh CD sao cho AB = 3BE = 2DF. Chimg minh EF tiép xtic vdi cung tron tam A,
bdn kinh AB.
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E .
Gidi. (h.5-7) 3BE = 2DF = AB = BE=ATB. # :

DF = _'.\2—8 =CF = CE= % . Trong tam gidc vuong
fa
" § , 4AB’ AB’ 25AB’
5 EF*=CE "% CF = = ,
CERGOx E CE + 5 + 2 36

EF = '65' L. Céc tam gidc ABE, ADF, CEF la cdc tam

Hinh 5-7
gidc vuong
AB’ AB’ AB?
= SM!I-Z _6"" Sam‘ T ' Scu T
3 SAB?
= SMEF AB’ "S,\m{ _SM)F _-S('EF '_12_ ‘ (n
Ké AG LEF = SMF EF?G = SAEZAG : (2)

Tir (1) va(2)suyra AG AB

= EF ti€p xiic v6i cung tron tdm A, ban kinh AB.

Vi du 4. Cho dudmg tron (O,R ), va dudmg thing a cit dudng tron tai A, B.
Goi M la diém trén ava ndm ngoadi dudng tron, qua M ké cdc Li€p tuyén
MC, MD . Chitng minh ring khi M thay déi trén a, dudng thing CD luon di qua
mot diém c6 dinh,

Giai. (h.5-8) MC,MD la ti€p tuyén
= OC LMC, 0D LMD va MO Ia tia phan gidc

cia CMD ; AOCM la tam gidc vuong, OM L CH
= R* 0C* OHOM (N

Ké OI L AB cit CD kéo dai tai K. Ta c6

AOHK e» AOIM = %- = Q—H—
OM Ol
MOH R3 Hinh 5-8
= 0OK OM. (2). T (1) va (2) suyra OK = art maOI khong déi nén

OK khong ddi = K 1a diém ¢6 dinh. Vay CD lubn di qua diém cd dinh khi M
thay dé6i trén a.

Chii y : Ban doc hdy xét trudng hop dudng thing a khéng cit duong tron (O, R).
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Vi du 5. Cho tam gidc ABC, goi I la tim dudng tron néi ti€p tam gidc. Qua I
dung dudmg thing vuong géc v6i IA cit AB, AC tai M va N, Chimg minh ring :

BM BI’
a) ————
CN CI

b) BM.AC + CN.AB + AI° = AB.AC.

Giai. (h.5-9) a) I 1a tam dudmg tron noi tiép tam
gidc ABC = Al 1a phin gidc cua A; MN LAI

-~

= AMI=90° ;R=;(l§+&): A"ﬁl=1\71'1‘1‘3+;ts

— | ~

= MIB = > C
i Hinh 5-9
=5 ARMI A BBICES B e
Bl BC
= BI’ = BM.BC. (N
Tuong ty, CI' = CN.CB (2)
*) 2
Chia timg vé& (1) vd (2) cho nhau = E-. - BM A
ClI* CN

b) Tir chitng minh trén suy ra

ABMI wx» AINC = ﬂ=ﬂ=>BM.CN=MI.N1:
IN NC

AAMN 12 tam gidc can = IM = IN = BM.CN = IM?, AAIM vuong
- IM* =AM’ A’ BMCN =AM’ AL
=AM.AN AI’=(AB BM)(AC CN) Al’'=
=ABAC ABCN BMAC+BMCN Al

= BM.AC +CN.AB+ AI’ = ABAC.

Vi du 6. Cho tam gidc ABC, D, E, F thir tr 1a cdc tiép diém cta dudmg tron noi
tiép tam gidc AEC vdi cdc canh BC, CA, AB ; H la hinh chiéu cia D trén EF.
Chitng minh HD la tia phan gidc ctia géc BHC (h.5-10).
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Giai. Goi I, G la hinh chiéu cua B, C trén EF

thi HD//BI//CG: E. F la cic tié€p diém
= AF AE = AAFE Id tam gidc cin, suy ra
BFI CEG = BFI v» CEG (g.g)

Bl  BF BD HI

= G CE CD WG = ABHI «» ACHG i
(c.e.c) = BHI CHG = BHD CHD = HD R
tia phan gidc coa BHC .

Vidu 7. Goil la tam dudng tron ndi tiép tam giic ABC. D, E thit wr 1a giao
diém cia duomg thiang BI va CI v6i canh AC, AB. Chimg minh rang tam gidc ABC

vuong tai A khi va chi khi BLCI —;—BD.CF.

Giai. (h.5-11) 1 1a tam dudng tron noi tiép =
BD, CE la hai dudng phin gidc cia AABC

_, DA BA _ . ACBA

I

DC BC BC + BA (

I 12 tam dudmg tron noi ticp AABC = Al la Hinh 5-11

phin gidc cha goc A trong AABD

Ly IB AB i IB AB (2). Thay (1) vio (2) = IB BC+AB .

ID AD BD AB+AD BD AB+BC+CA
IC BC+ AC IB IC (BC+AB)BC+AC)
Tuong wr, —— — i

CE AB+BC+CA _ BD CE (AB+BC+CA)

BLCI -;-BD.CE <> 2(BC+AB)(BC+AC) (AB+BC+CA)’

¢ 2(BC? + BC.AC + AB.BC + AB.AC)
AB’ + BC* + CA? + 2(AB.BC + BC.CA + CA.AB)
< BC? AB'+AC & A 90°.
Vi du 8. Cho dudng tron (O,R) va diém M cich tam O mot khoang bing 3R .

Tir M ké hai dudng thing tiép xic véi duomg tron (O,R ) tai A va B, goi I va E 1a
trung diém ciia MA va MB. Tinh khoang cich tir O dén IE.
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Giai. (h.5-12) Tac6 OA L MA, OB L MB va AB L OM

= AOAM li tam gidc vuong, dudng cao AH A
2 i
= 0A® OHOM= on 22 R
OM 3
l 3 0 7 = M
= MH 3R--R =R;
3 3 E
I, E 1a trung diém cia MA, MB = IE la B
dudng trung binh cia AMAB Hinh 5-12
= HK lMH ﬁ:'.»OK OH+HK B—+ﬁ 25
2 3 3 3 3

Vi du 9. Cho tam gidc ABC can (AB AC). Goi O Ia trung diém cta BC,
dung dudng tron (O) ti€p xdc véi AB, AC tai D, E. M la diém chuyén dong trén
cung nho DE, tiép tuyén véi dudmg tron (O) tai M ciét cac canh AB, AC lan luot
tai Pva Q.

Chitng minh BC*  4BP.CQ. Tir d6 xdc dinh vi tri cia M dé dién tich AAPQ
dat gid tri I6n nhat.

Gidi. (h.5 13) Sypo =Spsc  Sgpge
Sasc khong d6inén S, 16n nhit <> Sy, nho nhat.
D, E, M la cdc ti€p diém

= OD L AB, OE L AC,OM L PQ,BD=CE;

OD=0E=0OM =R = Sy, %R(BP+PQ+QC)

%R(BD +CE +2DP +2EQ) = R(BD + DP + EQ)

R(BP+CQ-BD) (N Hinh 5-13

Mat khic, 5673 = % E= %
= — BE BO = BP.CQ BO.CO £ =5 BC? 4BP.CQ.
CcO CQ 4

(180°-A)=B C = ABPO v»» ACOQ (g.2)
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Tir (1) suy ra S,;M‘ZR(ZJBP.CQ BD) R(BC BD), didu bing xay ra
< BP CQ < PQ//BC <> M thudc dudng cao AO (diém chinh giita cung BC).

Kétlugn : S, ., 16n nhat < S nho nhit <> M thudc AO.

APQ BPQC

Chii y : Ban doc hdy chimg minh diéu nguoe lai :BC’ 4BP.CQ thi PQ la
tiép tuyén.

Vi du 10. Cho duding tron (0), M 1a diém & ngoai dudng tron. Qua M ké cét
tuyén cit dudng tron tai A va B (MA > MR), goi CD la dudng kinh vudng géc véi

AB, dudmg thing MC va MD cit dudng tron tai E va K, giao diém cia DE, CK 1a
H, I 1a trung diém MH. Chimg minh IE, IK la tiép tuyén clia dudng trdn (O).

Gidi. (h.5-14) CD la duong kinh = CE L DE, &

CKLDK = He AM;
AHEM Ia tam gidc vuong, IM  [H , &
— — /
= [EH EHI, IEM IME; (1) ; \H B

ACED va AHEM la hai tam gidc vuong

= CMH EDC; D
AODE can = ODE 6?]3 két hop (1) suy ra Hinh 5-14

[EM IME ODE: DEI+IEM 90° = OED+DEI 90°

=> IE 1a tiép tuyén cta dudng tron (O).

Hoan toan tuong ty, IK 1a ti€p tuyén cta duong tron (O).

Vi du 11. Cho tam gidc vuong ABC, duong cao AH. Goi AD, AE la duong
phan gidc cua cdc goc ETXH, CAH. Chimg minh tam dudng tron ndi ti€p tam gidc
ABC triing v6i tim dudng tron ngoai ti€p tam giic ADE.

Gidgi. (h.5-15) AAECc6 AEB C+CAE (‘:+%(90°-é) 45° + L ¢,

!
2
BAE = Pml+m=&+—;-(90°mé)=45“+%é

= BAE AEB = ABAE cin =BA BE,wongtr CA CD.
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Tir B ké dudng vuong géc véi AE, tir C ké y
dudmg vudng géc véi AD, ching cdt nhau tai I,

ta cé BI la phan gidc cha géc B.CI A phéan
gidc goéc C = I1a tam dudng tron noi tiép /

AABC. Ta lai ¢6 BI 1a dudng trung tnrc cia 2 : : €
AE, CI 1a trung truc ciia AD = I 12 tam dudng
tron ngoai ti€p AADE (dpcm).

Hinh 5-15

Vi du 12. Cho tam gidc ABC vuéng tai A. Goi I 1a tam dudng tron ndi ti€p
tam gidc ABC, céc ti€p diém trén BC, CA, AB ldn lugt 1a D, E, F. Goi M la trung
diém cla AC, dudng thing MI cit canh AB tai N, dudng thing DF cit dudng cao
AH cua AABC tai P.

Chimg minh riing tam gidc ANP la tam gidc can.

Giai. (h.5-16) 1 la tam dudng tron K
nodi tiép tam gidc va E 1a ti€p diém

nén IE LAC, ma A=90° suyra IE//AB  ©
AF
AN _AM
El EM 8 = c
AM.EI AC.El
= AN= EM = Z(AM —AE) - () Hinh 5-16
Tir gidc AEIF 1a hinh vuéng nén AE = EI;
D, E, F lacdc tiép diém
= AE+CD+BD=%(BC+CA+AB):> AE=£%E:-B£, thay vao (1)
——— AC.AE _ AC(AC+AB-BC)
AC-{AC+AB-BC) 2(BC—- AB)

BC —-AB’ + ACAB-AC.BC BC+AB-AC
2(BC - AB) 2

)
Tir A ké dudng thing song song v6i BC cit DF tai K;

D, F 12 tiép diém = BD = BF = AK = AF= AKF = 1’3‘13]::90"—%13;
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AAKP c6 AP = AKtgK = AKtg(90° -%ﬁ) = AK cotg 123 = AE cotg '23

= Ap=AC+AB-BC BD 4 o . ppBC+AB-AC . \n_AE
ID 2
— Ap o AC+AB-BC BC+AB-AC _BC+AB-AC s
2 AC+AB-BC 2

Tir (2) va (4) = AN = AP = tam gidc ANP can.

Vi du 13. Tinh géc A cta tam gidc ABC, biét ring dinh B cdch déu tam céic
dudng tron bang tiép cha gée A, B ciia tam gidc ABC.

Gidi. (h.5-17) Goi 1,, I la tam hai dudng 4
trdn bang tiép géc A, B = I,,1,, C thing
hang = ABI, Iy ¢6 BI, LBI (do tinh chat B c
dudmg phan gidc trong va ngoai).

Theo gia thiét, BI, =BlI,= ABI,I,
vuong can = BT:I; =45, CI1.LCI,

I

= BIC =360° —90° —90° — 45° =135°
Ia
Hinh 5-17

Vi du 14. Cho tam gidc ABC ¢6 AB=2AC va duong phan gidc AD. Goi
r, 1, r, 1dn luot la ban kinh dudng tron noi tiép cdc tam gidc ABC, ACD, ABD.

ma I§T€:=90°+%R = A =270°-180° =90°.

i} 2 ; ; .
Chimng minh rang AD = %—(l +—)—p, (p la nira chu vi tam giic ABC).
I

kL

_(AC+CD + AD)

Gidi. (h.5-18) S 5c =pr, Spoc = 5 . A4
r,(AB+BD + AD)
Saso = 2 :
AD 12 phan gidc clia A nénkhodng cichteD  ° D ¢
dén AB va AC bing nhau ; Hinh 5-18
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AB=2AC =5 S, =2S,,c = S,uc =3S.pc
pr_, AC+CD+AD _pr

=S, = 1
Aco =73 2 3 (1
S.ip= ismc = M:% (2), coOng (1) va (2) theo vé ta dugce
I

AC+CD+AD+AB+BD+AD pr 1 2
2 3 ‘r, ' r,
Vi du 15. Cho dudng tron (O) va diém A ¢6 dinh bén ngoai dudng tron. Ké

ti€p tuyén AB va cdt tuyén qua A cit dudmg tron tai C va D (AC < AD). Hoi trong
tam tam gidc BCD chay trén dudng nao khi cdt tuyén ACD thay déi ?

Gidi. (h.5-19)
AB 12 ti€p tuyén = ABO =90°.
Ké OH LCD = HC = HD

= 4 diém A, B, O, H ndm trén
dudng tron duong kinh AO, 1 1a
trung diém clia AO dbng thi la
tam duong tron qua A, B, O, H.

Goi G Ia trong tAm ABCD, tir
G ké dudong thing song song véi

y oAl =B el b yipl,
< e

HI cit Bl tai K ; Hinh 5-19
ABIHc6 RS _BG _BK 2 .. 0cSdinh= B,1c6dinh =K c6dinh;
H BH Bl 3
KG=214 =9A
3 3
oA

=> G nim trén dudng tron tam K, ban kinh R = ~

Gioi han :

C chi chay trén cung B.E nén G chi chay trén cung GG, nim trong dudng
tron (O).
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BAI TAP

5.1. Cho nira dudng tron dudmg kinh ~ *=2R. C 1a diém trén nira dudng tron,
khoang cich tr C dén AB la h. Tii  bdn kinh dudmg tron noi tiép tam gidc
ABC theo R va h.

5.2. Cho tam gidc ABC, D la diém trén BC. Dudmg tron ndi tiép tam gidc ABD tiép
xtc vdi canh BC tai E, duong tron ndi tiép tam gidc ADC tiép xic v6i canh BC
tai F, déng thoi hai dudng tron ndy cling tiép xic véi dudng thing d (khdc

BC), dudmg thing d céit AD tai I. Chimg minh ring Al = %-{AB+ AC BOQ).

5.3. Cho tam gidc ABC vuong tai A, dudmg cao AH. DBudmg tron duomg kinh BH
cét canh AB tai M, dudng tron dudmg kinh HC cit canh AC tai N. Chimg minh
ring MN 12 ti€p tuyén chung cua hai dudmg tron dudng kinh BH va HC.

5.4. Cho tam gidc can ABC (AB = AC), duong cao AK. Goi H 1A truc tAm tam
gidc ABC, dudng tron dudng kinh AH cét canh AB, AC tai D va E. Chimg
minh ring KD va KE Ia tiép tuyén cta dudng tron dudng kinh AH.

5.5. Cho dudmg tron (O) va diém M & ngoai dudng tron. Tt M ké tiép tuyén MA,
MB véi dudmg tron (A, B 12 tiép diém), tia OM cit dudmg tron tai C, tiép tuyén
tai C ciit ti€p tuyén MA, MB tai P va Q. Chimg minh ring di¢n tich tam gidc
MPQ 16n hon mdt nira dién tich tam gidc ABC.

5.6. Trong 4t ca cdc tam gidc ¢6 cung canh a, dudng cao ké tir dinh doi dién véi
canh a bing h, hily xdc dinh tam gidc c6 ban kinh dudng tron noi tiép 1ém nhat.

5.7. Cho tam gidc ABC, I 1a tdm dudng tron noi tiép tam gidc. Qua I ké duong
thing vuong géc vdi IA cit cdc canh AB, AC tai D va E. Ching minh

BD (IBY

&)

5.8. Cho ba diém A, B, C ¢6 dinh nim trén mot dudng thing va theo thit tr dé.
Pudmg tron (O) thay déi luon di qua B va C. Tir A ké céc tiép tuyén AM v*;
AN v6i dudng tron (O) (M, N 1a hai tiép diém). Euomg thing MN cit AO tai
H, goi E 1a trung diém cia BC. Chimg minh ring khi dudng tron (O) thay ddi,
tam cla dudng tron ngoai tiép tam gidc OHE ndm trén mot duomg thén ¢
¢6 dinh.
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5.9. Cho tam giic ABC, A =30va BC Ia canh nho nhat. Trén AB liy diém D,
trén AC ldy diém E sao cho BD=CE =BC. Goi O va I la tim duong tron
ngoai, ndi ti€p tam gidc ABC. Chimg minh ring Ol = DE va OI L DE.

5.10. Cho tam gidc ABC ngoai ti€p dudmg tron (1,r), ké cic tiép tuyén véi dudng
tron va song song cdc canh tam gidic ABC. Cic ti€p tuyén ndy tao vdi cic canh
cua tam gidc ABC thanh ba tam gidc nho, goi dién tich ba tam gidc nho 1a
S,.S,.S; va dién tich tam gidgc ABC 14 S. Tim gid tri nho nhat cua biéu thic
S, +S,+8S,

S
5.11. Cho tam gidc ABC, goi | 1a tam dudng tron noi tiép, I, 1d tam dudng tron

bang tiép goc A vaMla trung diém BC. Goi H va D 1a hinh chi¢u cua I, I,
trén canh BC. Chimg minh ring M 1a trung dié¢m cia HD, tir d6 suy ra dudng
thing MI di qua trung diém ciia AH.

5.12. Cho dudmg trdn (O,r) va diém A ¢6 dinh trén dudmg tron, Qua A dung tiép
tuyén d vdi duomg tron (O,r). M 1a diém chuyén dong trén d, tr M ké tiép
tuyén dén dudmg tron (O,r) ¢6 tiép diém 1a B (khdc A). TAm clia dudmg tron
ngoai tiép tam gidc AMB va true tdm tam gidc AMB chay trén dudng ndo ?

5.13. Cho nira dudmg tron dudmg kinh AB, tir diém M trén dudmg tron ké tiép tuy€n
d. Goi H va K 1a hinh chiéu cia A va Btrén d. Chimg minh AH + BK khong
di tir d6 suy ra dudmg tron dudng kinh HK luon tiép xiic véi AH, BK va AB.

5.14. Cho tam gidc ABC, M la diém trong tam gidc, goi H, D, E 1a hinh chi¢u cta
M thit tr trén BC, CA, AB. Xdc dinh vi tri cia M sao cho gid tri ctia biéu thic

BC CA AB

— +— +—_ dat gid tri nho nhat.
MH MD ME ’

5.15. Cho tam gidc ABC vuong tai A, Goi O va I 1a tam dudng tron ngoai va noi
liép tam gidac ABC. Bi¢t tam gidc BIO wvuong tai 1. Chimg minh
BC_CA_AB

5 4 3

39



Chuyén dé 6. V| TRi TUONG DOI CUA HAI PUGNG TRON

I. KIEN THUC CO BAN

1.

Ba vi tri twong doi ciia hai dudmg tron

- & Hai dudng tron ¢6 hai diém chung duge goi 1 hai dudng tron cdr nhau. Hai
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diém chung goi 1 hai giao diém. Doan thing n6i hai diém chung goi 1a day
chung.

e Hai dudng tron chi ¢6 mot diém chung duge goi 1a hai dudng tron riép xiic
nhau. Diém chung d6 goi la tiép diém.

* Hai dudmg tron khong c6 diém chung dugc goi 1a hai dudmg tron khong
giao nhau.

Tinh chat dudmg noi tam

o N¢u hai dudng tron cit nhau thi hai giao diém déi xing véi nhau qua dudng
ndi tAm,

o N¢u hai dudng tron tiép xic nhau thi tiép diém ndm trén dudng n6i tam.
H¢ thire gitra doan noi tAm va cac ban kinh
Cho hai dudng tron (O; R) va

A
(O;r)véi R>r; d=00". “‘\

a) Hai duong tron cit nhau thi ‘
R-=r<d<R +r (h.6-1). B
b) Hai dudng tron tiép xuc nhau thi :
s, i i Hinh 6-1
d =R +r (tiép xic ngodi, h.6-2a)
hoac d =R —r (tiép xiic trong, h.6-2b) ;
/
A
a) b)

Hinh 6-2



¢) Hai dudng tron khong giao nhau thi :

d >R +r (hai dudng tron & ngoai nhau, h.6-3a) ;
hoacd <R r (hai dudmg tron dung nhau, h.6-3b) ;
hoac d =0 (hai dudng tron déng tam, h.6-3c).

a) h) c)

Hinh 6-3

4. Tiép tuyén chung cua hai dudng tron
Tiép tuyén chung cua hai dudng tron 1a dicmg thang tiép xiic voi cd hai duong
tron.

Hai dudmg tron & ngoai nhau ¢é 2 tiép tuyén chung ngoai (h.6-4a) va 2 tiép
tuyén chung trong (h.6-4b).

Hinh 6-4

Hai dudmg tron cét nhau ¢6 2 ti€p tuyén chung (h.6-5).
Hai dudmg tron ti€p xiic ngoai ¢6 3 ti€p tuyén chung (h.6-6).

R

)
\/

i

Hinh 6-5 Hinh 6-6
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— Hai dudmg tron ti€ép xic trong ¢6 1 ti€p tuyén chung (h.6-7).
— Hai dudng tron dung nhau khong ¢6 ti€p tuyén chung (h.6-8).

Hinh 6-7 Hinh 6-8

Ban doc hay dung cdc tiép tuyén chung cua cdc truong hop trén nhic mot
bai tdp.

II. Vi DU MINH HOA

Vi du 1. Cho hai duong tron (O) va
(O') cit nhau tai A va B. Qua A ké cdt
tuyén CAD va EAF (C, E thuoc (O), D,

F thuoc (O')) sao cho AB la phan gidc
ctia géc CAF . Chimg minh CD  EF.

Gidi. (h.6-9) Tir O ké cdc dudng
thaing OH L CA, Ol LEA, 0Q//CD.

Hinh 6-9

Tir Oké OJ L AF, OK L AD, OP//EF;
ABL0OO = I00' BAF va KOO = BAC.

—

Theo gia thiét BAC = BAF nén 100 KOO.

APOO' va AQOO Ia hai tam gidc vuong c6 I00 = KOO

va 00’ chung = APOO'= AQO'O = OP 0Q;

OH L AC, OKLAD = CD 2HKva OHKQ la hinh chit nhat =
OQ HK,twongtu EF 2IJ vd PO’ =1J. TrOQ=PO'suyra CD EF.

Vi du 2. Cho hinh chir nhat ABCD va bon dutmg tron (A;R, ), (B;Ry),
(G;Re), (D;R,) sao cho R, +R. Ry +R, <AC. Goi d,, d,la hai ti€p tuyén
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chung ngodi ctia (A;R,) va (C;R.), d,, d, 1a hai tiép tuyén ngoai cua (B;R,)
va (D;R ). Chitng minh t6n tai mot dudmg tron tiép xic véi ca bon dudng thing
d,, d,.d,, d,.

Gidi. (h.6-10) Goi O la giao diém hai

, &
dudng chéo AC va BD. W
Ké OIlLd, = 01=-;—(RA+RC). dat A ! B
Ol=d,,,
| 0
= diog) =404, =E(R.\ +R¢): D C
1 dg
Tuong ty, dg 4, =dvg, = E(RB +Rp). d;
Hinh 6-10

Theo gid thiét, R, +R. =R, +R
= dpg)=dog, =dog,) =dog,= duong won thm O bin kinh

%(R& + R ) ludn ti€p xiic véi cdc dudmg thang d,, d,.d,, d,.

Vi du 3. Cho hai dudng tron (O) va (O') ngodi nhau, AB va CD la hai ti¢p
tuyén chung ngodi cha hai dudmg tron, duong thing AD cit dudmg tron (O) tai M,
cit dudmg tron (O ) tai N. Chiimg minh ring AM = DN,

Gidi. (h.6-11) Goi 1, J 1a trung diém cla
AB va OO0 = 1J 1a dudng trung binh cta
hinh thang ABO'O= IJ LAB= [A IB;

Do tinh chit B va D d6i ximg nhau qua
00 = IB ID=

IA IB ID= 1 la tam dudng tron
ngoai tiép tam gidc ABD.

Ké IE L AD = EA ED;:

Ké OH LAD,OK LAD,tac6 10 10 = EH EK

= EA-EH=ED-EK = AH=DK = AM=DN.

Hinh 6-11
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Vi du 4. Cho ba dudng tron (O,),
(0,), (0,) tiép xiic ngoai véi nhau timg

doi mot. Goi cdc ti€p diém cua (O,), A S P
(0,) 1a A ; cha (0O,), (0,) 12 B; cia ——

(0,), (0,) la C. AB va AC kéo dai cit \Y/ v
dudmg tron (O, ) tai P va Q. Chitng minh

ring P, O,, Q thing hang. \

Gidi. (h.6-12). Ta ¢6 O,AC, O,AB, a

O,BC la cdc tam gidc cin
Hinh 6-12

= AO,C 180°-20,AC ;
AO,B 180" -20,BA;
BO,C 180"-20,CB.

Mat khic, AO,C+AO,B+BO,C =180, cong ba ding thiic trén theo vé ta
duge O,AC+ O,BA + 0,CB=180°; O,BA = 0,BQ, 0,AC = 0,CP

= BO,Q 180°-20,PQ 180°-20,BA.

Tuong t, BO,C =180° —=20,CB, CO,P =180° - 20,AC

= BO,Q+BO,C+CO,P

180° - 20,BA +180° - 20,CB+180° - 20, AC 180"

= P, O,, Q thing hang.

Vi du 5. Cho hai dudmg tron (O;R)
va (O' ; R') ti€p xic ngoai, ti€p tuyén
chung ngoidi AB (A thudc (O), B thudc
(0") . DBuong tron (I ; r) tiép xiic véi AB
va hai dudmg tron (O) va (O").

Ching minh ring AB 2JRR | tir

| 1 |
d6 suy ra —= +
iVRR Hinh 6-13
Gidi. (h.6-13) Gia sirt R >R, tir O ké dudmg thdng song song véi AB cit OA
tai D = AODO' la tam gidc vuong = AB=0D, OD R-R'.
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Theo dinh Ii Pythagor, DO* =00* -0D' =(R+R')’ =(R-R')’ =4RR’

= DO =2VRR = AB=2J/RR .

Theo gid thiét, dudng tron (I;r) tiép xdc véi AB va hai dudng tron (0) va (O'),
goi C 12 tiép diém cha dudng tron (I;r) véi AB, tir chitng minh trén suy ra
AC =24/Rr va CB=2VrR'. Do AB=AC+CB

= YRR =yRr + VIR, chia ca hai v& cho VRIR" duoc L

Vi du 6. Cho ba dudng tron
(Asa), (B;b), (Cic) ti€p xiic vdi
nhau timg doi mot.

Tai ti€p diém D cla dudng tron
(Aa) va (B; b), ké tiép tuyén chung
clt dudmg tron (C;c ) tai M va N. Tinh
MN theo a,b,c.

Gidi. (h.6-14) Ké CH L AB,

CE LMN = MN=2ME,
ME? = CM? - CE? = ¢* - CE?
DECH Ia hinh chirnhat = CE =DH.

Theo dinh 1f Pythagor cho ACAH va ACBH, AC* AH’ = CB’ - BH’

= (a+c)’ =(a=DH)’ =(b+c)’ - (b+DH)’

Hinh 6-14

= (b+DH)’ -(a=DH)’ = (b+¢)’ -(a+c)’

- 2 _al\e 2
= DH e 8 1 T (b 32) _ 4 ab‘
a+b (a+b)’ (a+b)’
:ME:@: MN:4CJ:E_
a+b a+b

Vi du 7. Cho hai dudng tron (O) va (O') ¢6 bén kinh bing nhau, cit nhau tai A
va B. Trong nira mat phing by OO ¢6 chia diém B, ké cdc ban kinh OC//0D.

Ching minh rang B 1a truc tdm cta tam gidc ACD.



Gidi. (h.6-15) T& gidc OCDO' ¢6
OC=0D va OC/OD =s OCDO Ila
hinh binh hanh = CD//00’,

ma AB LOO nén ABACD (1)
Ké duong kinh DE. Goi I 1a giao
diém cha AB va OO' thi IA = IB,
10 = 10". Tit gidec OCO'E 12 hinh binh
hanh nén E, I, C thing hang va IE=IC.
T gidc AEBC cé hai dudng chéo AB va Hinh 6-15
CE cit nhau tai trung diém = r gidc
AEBC la hinh binh hanh
= EB//AC; DE la duong kinh = DB L BE = BD A AC (2). Tir (1) va (2) suy
ra B 14 true tam cha tam gidc ACD.

Vi du 8. Cho hai duong tron (O;R)
vd (O;R') tiép xic ngodi tai A, goc

vuong XAy thay déi luon di qua A, cit
dudng tron (O;R) va (O;R) tai Bva C.
Goi H 1a hinh chi¢u cia A trén BC. Xdc
dinh vi tri ciia B, C dé AH ¢6 d¢ dai 16n
nhdt,

Gidi. (h.6-16) Ké dudmg kinh BD =
BAD =90", theo gia thiét BAC = 90°

Hinh 6-16

= D, A, C thing hang = OAD =O'AC:
OAD =0ODA, OAC =0CA = ODA =0CA = BD//CO .

Th A ké AE // BD = JE_CA _OA _  ,p_BDOA _2RR
BD CD 0O 00 _R+R
2RR' 2RR ..

AHABC = AH<AE = AH< - => AH 16n nhit khi AH = -, dang
R +R R+R

thitc xay ra khi H=E < OB L BC, OC L BC < BC la tiép tuyén chung cta hai
dudng tron (O;R) va (O;R).
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Vi du 9. Cho hai dudng tron (O;R ) va (O;R') (R > R') cit nhau tai A va B.
Ké dudmg kinh AC va duong kinh AD. Tinh d¢ dai BC, BD bi¢t CD =a.

Gidi. (h.6-17) Budng tron (O;R ) va (O;R')

¢6 AC, AD la dudmg kinh

= ABC = ABD =90

= C, B, D thing hang

= CD=a=CB+BD. ‘“W“
Theo dinh Ii Pythagor

= AC?-BC? = AD’ -BD’?

= 4R? BC?=4R? (a-BC)

Hinh 6-17

2 L - 2
= 2aBC=4R? 4R7?+a! = BC:i—%RA
a

a’ 4R? +4R"
2a '

Vi du 10. Cho tam gidc ABC. Tim diém
M sao cho ba tam giic MAB, MAC, MBC
¢6 chu vi bing nhau,
Gidi. Dung ba dudng tron (Ajx),

(B; y), (C;z) ti€p xiic vGi nhau tung doi
mot (h.6-18).

Gid sir duomg tron (O, R) ti€p xidc véi
ba dudmg tron trén. Goi cdc tiép diém 1a D,
E.K.

= OA+x=0B+y=0C+z=R

= OA+0OB+(x+y)=2R

= OA+OB+AB=2R.

Tuongty, OA+OC+x+2z=0A+0C+AC 2R;
OB+0C+y+z=0B+0C+BC=2R;

OA +OB+ AB Ia chu vi tam gidic OAB, OA +OC +AC Ia chu vi tam gidc
OAC; OB+ OC+ BC lachu vi tam gidc OBC

= BD=a BC-=

Hinh 6-18
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=> chu vi ba tam gidc OAB, OAC, OBC bing nhau => diém O chinh la diém
M cin tim.

Vi du 11. Cho dudng tron tam (O) va day cung AB. M 12 diém trén AB. Dung
duong tron (O,) qua A, M va tiép xiic véi (O), dudng tron (O, ) qua M, B va tiép
xtc v6i (O), hai dudng tron ndy ciit nhau tai diém thi hai 1a N, Chimg minh ring
MNO = 90", '

Gidi. (h.6-15!) (0) tiép xtic v6i (O,) tai A

= 0,0,,A thing hang.

Tuong wr, O,0,, B thing hang

= OAB=OBA:
0,AM =0,MA = OBA = O,MA
= O,M//OB

Tuong tr, O,M//OA = OO,MO, la hinh binh hanh = 0,0, di qua trung
diém cia OM, MN L 0O,0, va cit nhau tai trung diém MN = 0,0,//ON
= MNO =90’

Vi du 12. Cho hai dudmg tron (O) va (O') ngodi nhau, ti€p tuyén chung trong
CD va tiép tuyén chung ngodi AB (A, C thudc (O), B, D thude (O ')). Chiing minh
ring AC, BD va OO déng quy.

Gidi. (h.6-20) AB cit CD tai E, OE cit AC tai I, EO cat BD tai K ; ta c6

EO 12 phan gidc goc AEC, EO' 1a phan gidc géc BED

= OE L EO, goi H la giao diém ctia
AC v6i 00" ; ACLOE = AH//EO

Hinh 6-19

BEO = EAH, EAH = AOE

= BEO =AOE = hai tam gidc
vuong ABEO va AAOE déng dang
Ol _EK
OE EO

Hinh 6-20

(2)
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0OJ KE

Gia st BD cit OO tai J , OE //BD nén — = —— (3)
00 OE
. OH 0J
Tur (1 : 2, 3 — I e— H=0] =],
()()():00 00=:~0 0] = H

Vay AC, BD, OO' déng quy.

Vi du 13. Dung hai dudng tron tiép xtc ngodi véi nhau ¢6 tam 12 hai diém A,
B cho trudc, sao cho mot trong hai tiép tuyén chung ngoai di qua diém M cho trude.

Gidi. Phan tich (h.6-21)

Gia s\ di dung duge hai dudng tron c6
tam 1a A, B, ti€p xiic v6i nhau tai E va tiép
tuyén chung ngodi di qua M ¢6 cdc ti€p diém
C, D.

Goi O 1a trung diém ctia AB va I 1a trung
diém ctia CD, ¢6 AC LMx, BD LMx =
AC//BD = OI la dutmg trung binh ctia
AC+BD

hinh thang ACDB = Ol =

Hinh 6-21

(A ) va(B)tiép xiic nhau = AC+BD=AB = 0]=%AB va Ol L Mx.
Cach dyng : Dung dudng tron ( 0;-;-}\8) ;

Dung dudmg thing Mx qua M va tiép xic dudng tron (0;% AB)tail;
Dung cdc dudmg thing qua A, B vuong géc véi Mx, cit Mx tai Cva D ;
Dung dudng tron (A;AC ) va (B;BD).

Chirng minh: AC L Mx, BD L Mx = AC//BD;

OA =0B; AC, OI, BD song song vGi nhau = OI=AC{2-—BD. mat khic

AB =201 = AB=AC+BD = (A;AC) va (B;BD) ti€p xiic nhau tai E vi ti€p
tuyén chung CD di qua M.

49
4A- TL. CHUYEN TOAN THCS 92



Bién luan: Néu M nim ngoai dudng tron (O;%AB) : Tir M ké dugc hai ti€p
tuyén véi dudmg tron = bai todn c6 hai nghié¢m.
Néu M ndm trén dudng tron (O;%AB ), bai todn ¢6 mot nghiém.

Néu M ndm trong dudmg tron (O;% AB), bai todn v6 nghiém,

BAI TAP

6.1. Cho dudmg tron (O;R ) ngoai ti€p tam gide déu ABC. Dudng tron (O') tiép
xtic v6i hai canh AB, AC va dudng tron (O;R ). Tinh khodng cich tr O dén B
theo R,

6.2. Cho nilra dudng tron dudmg kinh AB, C 1a diém trén nira dudng trdn sao cho
CA < CB, H 12 hinh chi¢u cta C trén AB. Goi I 1a trung diém cta CH, dudng

Al

tron (I;E';;] ) ciit nira dudng tron tai D va cit cdc canh CA, CB thi ty tai M va

N, dudmg thing CD cét AB tai E. Chimg minh ring CMHN 14 hinh chir nhat,
tir d6 suy ra E, I, M, N thing hang.

6.3. Cho ba duong tron tam O,,0,,0, c¢6 cung bdn kinh R cit nhau tai diém O
cho trude. A, B, C 1a cdc giao diém con lai ctia ba dudmg tron, Chimg minh
dudmg tron ngoai ti€p tam gidc ABC ¢6 ban kinh R .

6.4. Ba dudng tron c6 béan kinh bing nhau cing di qua diém O, timg d0i cit nhau
tai diém thit hai 1a A, B, C. Chimg minh rang O 12 truc tdm tam gidc ABC.

6.5. Cho hai dudng tron (O,) va (O,) cit nhau tai A va B, ké day AM cua dudng
tron (O,) tiép xic vdi dudng tron (O,) tai A, ké day AN cia (O,) tiép xic véi
dudng tron (O)) tai A. Trén dudng thing AB 14y diém D sao cho BD = AB.
Chimg minh bén diém A, M, N, D nim trén mot dudng tron.

6.6. Cho dudng tron (O;R ), mot diém A trén dudng tron va dudng thing d khong
di qua A. Dung dudng tron tiép xic v6i (O;R ) tai A va tiép xiic v6i duong
thing d.
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6.7. Cho hai dudmg tron (O) va (O') ¢6 ciing ban kinh R sao cho tam ctia dudng
tron ndy ndm trén dudng tron kia, ching cat nhau tai A, B. Tinh bin kinh
cta dudng tron tam I ti€p xic véi hai cung nhod KE),RB‘ déng thoi tiép xic
véi 00,

6.8. Cho dudmg tron (O) va day AB c6 dinh, diém M ty ¥ thay déi trén doan
thing AB. Qua A, M dung dudng tron tam I tiép xiic véi dudng tron (O) tai
A. Qua B va M dung dudng tron tam J ti€p xic véi (O) tai B. Hai dudmg tron

tam I va tam J cit nhau tai diém thi hai N. Chimg minh ring MN luon di qua
mot diém c6 dinh.

6.9. Cho doan thang AB ¢6 do dai bing a cho tru6e va hai tia Ax,By vuong géc

v6i AB, nim vé cling mot phia d6i véi AB. Goi (O) va (O') 1a cdc dudng tron
thay déi thda man déng thoi

a) (0) tiép xic v6i (0') .
b) Pudng tron (O ) tiép xic véi Ax va AB;
¢) Pudng tron (O') tiép xiic véi By va tiép xiic véi BA.
Tinh gi4 tri 16n nhdt cta dién tich hinh thang HOO E, trong d6 H, E 1a hinh
chiéu ctia O va O'trén AB.

6.10. Cho hai dudng tron (O,;R,) va (O,;R,) ti€p xiic ngoai tai A. MOt dudng
tron (O ) thay déi ti€p xiic ngoai véi hai dudng tron (O;R,) va (O,;R,).

Gia sit MN 1a dudng kinh clia dudmg tron (O) sao cho MN//OO'. Goi H 1a
giao diém cia MO, va NO,. Chimg minh ring diém H thuéc mot dudng
thing cd dinh.
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|Chuong 111 |

GOC VOI DUONG TRON

Chuyén dé 7. LIEN HE GIUA CUNG VA DAY CUNG.
GOC NOI TIEP

L. KIEN THUC CO BAN

1.

Goc ¢ tam

Gée ¢6 dinh tring voi tam duong tron duge goi la géc o tam.

Hai canh clia géc & tam cit dudmg tron tai hai di€ém chia dudng tron thanh hai
cung. Véi géc & tam o (0 < a < 180°) : Cung nam trong géc o dugc goi la

cung nhd AmB, cung ndm bén ngoai géc o duoc goi 1A cung 16n ﬂfﬁ (h.7-1a).

A__Mm
W
a) b)
Hinh 7-1
Véi géc o = 180° ta c6 2 cung nira duong tron (h.7-1b).

Sé do cung
— S8 do cha cung nho bing s6 do ctia géc & tam chén cung dé6 :
sdAmB = sd AOB.
- S6 do ctia cung 16n bang hiéu gita 360° va s6 do clia cung nho :
sd AnB = 360° — sd AmB.
- 86 do clia cung nira dudng tron bang 180°.
So sianh hai cung
— Hai cung dugc goi 1a bang nhau néu chiing ¢6 s6 do bang nhau.
— Trong hai cung, cung nao c6 s6 do 16n hon duge goi 1a cung 16n hon.




4. Cong so do cung
Néu C 12 diém nim trén cung AB thi sd AB=sdAC +sdCB.
5. Lién hé giira cung va day cung
e Vi hai cung nho trong mot dudmg tron hay hai dudng tron bing nhau:
a) AB=CD < AB=CD (h.7-2a);

b) AB<CD <> AB<CD (h.7-2b)
A

A
—— B B
YAy N
'V
CD C D
”, ST

b) c)
Hinh 7-2
e Trong mot dudng tron, hai cung bi chin giita hai day song song thi bang
nhau (h.7-2c¢).
¢ Trong mét dudng tron ;
a) Dudng kinh di qua diém chinh giita cia mét cung thi di qua trung diém ctia day
cang cung iy. _
b) Dudng kinh di qua diém chinh gilta cia mot cung thi vudng géc véi day cang
cung dy va nguoc lai.
6. Goc noi tiép
Gdc néi tiép la géc c6 dinh & trén dudmg tron va hai canh chita hai ddy cung
cua duomg tron dé. Cung ndm bén trong géc goi la cung bi chan.
Pinh li: Trong mot dudng tron, s6 do clia goéc noi tiép bing nira s6 do cua
e g 1
cung bi chan: BAC = 5 sdBC.

Hé qua: Trong mot dudng tron

a) Cac goc noi ti€p bing nhau chin céc cung bang nhau.

b) Cdc géc noi ti€p cung chin mot cung hoic cdc cung bing nhau thi
bang nhau.

¢) Géc noi tiép (nhd hon hodc bing 90°) c6 s6 do bing nira s6 do cia goc &
tam cung chan mdt cung.

d) Géc noi ti€p chan nira dudng tron 1a géc vuong.
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Kién thirc bd sung

B B
Hé thiee trong dicomg tron : &
Néu hai diy (hoac hai cat A . »
tuyén) AB va CD cit nhau tai diém o c a
M thi MA.MB = MC.MD (h.7-3).
Hinh 7-3

I1. Vi DU MINH HOA

Vi du 1. Cho tam gidc ABC khong can, tir dinh A ké duong cao AH, phan giic
AD, trung tuyén AM.

a) Chimg minh ring diém D ndm giira H va M.

b) Gia sir tam gidc ABC nhon, ching minh ring MAD < DAH .

" Gidi. (h.7-4) a) Khong mdt tinh tdng quat gia sir
AC > AB, duodng tron ngoai ti€p tam gidic ABC cat

A

dudng phan gidGc AD tai I = BI = lC
= BI = IC. Tam gidc ABC khong can = H, D, M l1a
ba diém phéan biét = D nam giita A va I , AM 1a

trung tuyén = IM L BC ; AHladudng caoké tr A B ™ v

= AH L BC = D ndm giita H va M. W
b) Tam gidc ABC nhon = BAC < 90" = BC |

nho hon nira dudng tron = M ndm giita O va | Hinh 74

= AM nam giira hai tia Al va AO
= MAD < OAI, OA = OI => OAI = OIA ; AH//IM = OIA = IAH
= MAD < DAH .

Vi du 2. Cho tam giic déu ABC. Trén nlra mat phing bd BC khong chita A
dung ntra dudng tron (O) dudng kinh BC. Trén nira dudng tron 14y cdc diém D, E

sao cho BD = DE = EC. Cic dudng thing AD, AE cit doan BC tai M va N.
Ching minhBM = MN = NC. A

Gidi. (h.7-5) Tt BD = DE = EC = BD = DE = EC
= BOD = 60° => AOBD la tam gidc déu
= AAMC va ADMB déng dang :E = ﬁ

DB _ MB B &
Mat khc, AC = 2BD \m
E

=MC 2MB, BC = BM + MC=BC = 3BM.
Tuong ty, BC = 3CN. Vay BM = MN = NC. e
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Vi du 3. Cho tam gidc déu ABC noi tiép duomg tron (O), M la diém trén cung
nho BC, MA cit canh BCtai D.
1 1 1

Ching minh ring MA° MB+MC va  — +—.
MD MB MC

Gidi. (h.7-6) Tir C ké dudng thing song song v&i

et e A
MB cit MA tai E, ta c6 AMB ACB (cung chin
cungf,{_l‘\})
=AMB  60°; 50

CE//MB=CEM AMB 60",

e ) mie B ) G
AMC ABC 60’ W

= AMEC la tam gidc déu =>MC ME. M
Hinh 7-6

ACE 60° ECB BCM = ACAE =ACBM (c.g.c)
- MB AE =>MA ME+EA MC + MB.
MD ED ME MD

ADMB déng dang ADEC ===
ng dang ®8)= 15 = B¢ -7

MC _MD _MD

MC MC

| 1 1
= - —t—
MD MB MC

Vi du 4. Cho tam gidc ABC noi 1iép dudng tron (O). Goi I 1a tam dudng tron
noi ti€p tam gidc, dudng thing Al cit dudng tron (O) tai D. Chiing minh ring

DI DB DC. A

Gidi. (h.7-7) I 1 tam dudmg tron ndi tiép tam gidc JARN
- BAD CAD = BD CD “
=BD DC; B‘ L &
Xét ADBI ¢6 BID  IAB + IBA ‘7
lR+‘1§ YA +B) ):
2 D

z
IBD IBC + CBD : '3+ DAC ;(é +A) Q) Hinh 7-7

Tir (1) va (2) suy ra ADBI can tai D =DB DI. Ta lai ¢6 DB = DC nén
DI =DB =DC.
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Vi du 5. Budng cao, dudng phan gidc, trung tuyén cing xudt phat tr mot dinh
clia mOt tam gidc chia géc & dinh dé thanh b6n phdn bang nhau. Tinh cic géc cua
tam gidc da cho.

Gidi. (h.7-8) Goi AH, AD, AM la dudng cao,
phan gidc, trung tuyén cling xudt phdt tir dinh A cta
tam gidc ABC, theo Vidu I, cdc diém dugc sip thi plb\p | ¢
tu H, D, M ; AD kéo dai cit dudng tron ngoai tiép I M
tam gidc ABCtai | = Bl IC = Bl IC =
IM L BC = IM//AH :

= I?I-XI Kﬁﬁ (sole). Tacod Hinh 7-8

M ndm trén dudng trung truc cha BC. Miat khéc, theo gid thiét,
HAI [AM= MIA IAM = MA MI = M nim trén dudng trung tryc cla
Al Ta c6 BC va AC la hai day cung cua dudng tron ngoai ti€p AABC = M la tam
ciia dudng tron ngoai tiép tam gidc ABC = BAC  90°

—— U - -~
= BAH % 22°30' > C 22°30'=> B 90° 22°30" 67°30'.

Vi du 6. Cho dudng tron (O,R ), M 1a diém ndm trong dudmg tron. Qua M ké

hai day AB va CD. Chimg minh ring MAMB MCMD R*? -d?, (trong d6
d MO).

D

G:at (h 7- 9) Xét hai tam glﬁc AMAD va AMCB, ¢c6 /
ADC ABC, AMD CMB nén ching dong dang | (A

MA MC P Q
:_ —_—

T N/

=>MAMB MCMD, khéng phu thudc vao vi tri b e
B

céc day AB va CD.
Qua M ké dudng kinh PQ, theo chimg minh trén Hinh 7-9

= MAMB MPMQ (OP MO)(MO +0Q)
(R d)R+d) R*-d*
=>MAMB MCMD R? d°.
(Ban doc tu chitng minh két qua trong trudmg hop M ndm ngoai dudng tron).

AP

Vi du 7. Ching minh rang trong moi tam gidc :

a) Truc tam H, trong tam G va tam dudng tron ngoai ti€p O thing hang, hon
nita HG  2GO (Dwong thdng Euler). _

b) d> R? 2Rr (Hé thiee Euler) 1, R 1a ban kinh duong tron ndi ti€p, ngoai
ti€p tam gidc va d la khodng cich giira hai tAm dudng tron.
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Gidi.
a) (h.7-10) K¢ duong kinh AD = ACD = ABD = 90°;
H la truc tdm tam gidc ABC =

BH 1L AC, CH 1 AB= uf gidc BDCH Ia hinh binh

hanh = BC va HD cit nhau tai trung diém E cla
méi duong = AE la trung tuyén cta tam giic ABC,
AE céit HO tai G = G la trong tam tam gidc AHD

= HG = 2GO va AG = 2GE = G Ia trong tam Rirh 7-10
cua tam gidac ABC. .

b) (h.7-11) Theo Vidu 6 = TIAIM = R?* d? (1)

AM 1a phan gidc géc A =MB = MC = MI. K¢
dudng kinh MN, ta c6 I

N

d
NCM=9D”:>MNC=MAC=%R. B c
AIAK va AMNC la hai tam gidc vudng cé goc
M
: : I IK
hon ba hau nén dong dang =»> =~ —= = inh 7-
nhon bang nhau nén dong dang MN ~ MC Hinh 7-11

IAMC = MN.IK = IA.IM = 2Rur.

Tir (1) suyra R* =d? = 2Rr = d*> = R? - 2Rr.

Tir k€t qua trén suy ra trong moi tam gidc ¢6 R 2 2r, ddu béng xay ra khi va
chi khi tam gidc dé 1a tam giac déu.

Vi du 8. Cho hai dudng tron (O; R) va (O; r)tiép xiic trong tai A (R > r).
Ti€p tuyén tai M clia dudng tron (O'; r) cdt dudng tron (O; R) tai B va C. Chiing
minh ring AM la tia phan gidc clia goc BAC.

Gidi. (h.7-12) Dudng tron (O; R) va (O 1) tiép
Xuc trong tai A

= A, O, O thing hang ; AM cét dudng tron
(O; R) tai N = AOAM va AOAN Ia hai tam gidc

—_— —

can, c¢6 goc OAN chung = AMO = ANO
=OM//ON;

Hinh 7-12
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BC tiép xtic v&i dudng tron (O 1) tai M

= OM L BC = ON L BC = NB=NC = BAN = NAC= AN la tia
phan gidc cta géc BAC.

Vi du 9. Cho tam gidc ABC ndi ti€p duong tron
(0). Goi D, E, F ldn lugt 1a cic diém chinh gifta cta
cdc cung nho BC, CA, AB, dudng thing DF cit AB tai
M , dudng thing DE cit AC tai N. Chimg minh ring
MN song song véi BC va di qua tam dudng tron nodi
ti€p tam gidac ABC.

Gidi. (h.7-13) BF = FAnén DF Ia phan gidc ctia
ADB = iy (n

MB DB
AN A

Tuong ty, 2N = AD 5y theo gia thiet DB = DG =DB = DC.
NC DC
AN

Tir (1) va (2) suy ra —w = ——; theo dinh I Thales dio, MN // BC.
MB NC

Goi I va J 1a giao diém chia AD v6i MN va BC, MN//BC =

D
Hinh 7-13

AM Al
MB 1]
Xét hai tam gidc ABDJ va AADB c6 ADB chung, BAD = CBD nén chiing

2 AD AB AB Al ;
dong dang = = —_. Tir (3) va (1) suy ra — = — => Bl 12 phan giic cua
g dang BD - BJ (3) va (1) suy B T P gl

(3

ABJ = I 12 tam dudng tron noi tiép tam gidc ABC.

Vi du 10. Cho tam giac ABC noi tiép dudng tron (O), cdc dudong phan gidc
cua géc A, B, C cit dudmg tron ngoai ti€p 14n luot tai D, E, F. Chimg minh ring
AD+BE + CF > AB+ BC + CA.

Gidi. (h.7-14) Goi giao diém cdc dudng phan gidc 1a 1.
Theo Vidu 4 tac6 DI = DB=DC, nén
2(AD + BE + CF)

= Al + Bl + Bl + CI + CI + Al + 2(ID + IE + IF)
= (Al + BI) + (Bl + CI) + (CI + Al)

+ (DB + DC + EC + EA + FA + FB)
> AB+ BC + CA + BC+ CA + AB = 2(BC + CA + AB)

=AD+BE+CF>AB+BC+CA.

Hinh 7-14
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Vi du 11. Cho hai dudng tron (O) va (O') cit nhau tai A va B. Tam cla dudng
tron (O) ndm trén dudng tron (O'), day OC cia (O') cit (O) tai D. Chimg minh
ring D 12 tdm cta dudng tron ndi tiép tam gidc ABC.

Gidi. Ta ¢c6 BOC =BAC (chdn cung EE?) :
é’ﬂb:%ﬁab (g6c noi tidp va gbc & tam)

= I§RB=%§K?:=|5K(: = AD la tia phan gidc

ctia BAC (1)
0O LAB = OA=0B = ACO=0CB =

CO 1a tia phan gidc cua KE‘B (2). T (1) va (2) suy Hinh 7-15
ra D 1a tam dudng tron ndi tiép tam gidic ABC.

Vi du 12. Cho tam gidc ABC ndi tiép dudmg tron (O) va I 1a tam dudng tron
noi ti€p. M 1a diém thy ¥ trén dudmg tron, Chimg minh ring cdc dudmg thing doi

ximg cta AM, BM, CM qua cdc dudng phan gidc cia A,B,C song song véi nhau.
Gidi. (h.7-16) Gia sit M trén cung AB, AD

la dudmg thang d6i ximg cia AM qua dudng phan
gidc Al

= MAB = DAC, MAB = MCB (cung chin
cung MB ). Tuong tu, MBA = MCA suy ra

DAB + ABE = A + CAD + B + CBE
=A+MCB+B+ACM =A +B+C = 180°
=AD//BE.

Céc trudng hop con lai chitng minh tuong tu.

Hinh 7-16

Vi du 13. Cho dudng tron (O), dudmg kinh AB c6 dinh, M 1a diém trén dudng
tron, qua M dung dudng tron (1) ti€p xic v6i dudng tron (O) tai M, va tiép xiic
vGi AB tai N, dudng tron (1) cit MA tai C va MB tai D. MN cit dudng tron (O)
tai E , CN cit BE tai P va DN cit AE tai Q. X4c dinh vi trf ciia dudng tron (1) sao
cho chu vi cua tam gidc EPQ dat gid tri nho nhit,
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Giai. (h.7-17) AB la duong kinh =
AMB = 90" => CD la dudng kinh dudng tron (1) =
I ndm trén CD va M, I, O thing hang = CD // AB,

INLAB=> NC=ND = CMN=NMD =
AE = BE = E c6 dinh va OE L AB.

ANCD la tam gidc vuong cin =>NQ L AE.

Tuwong ty, NP L BE= 1wt gidc EPNQ Ia hinh
chir nhat = AEPQ Ila tam gidc vuong, NE = PQ;
EQ = NP = PB. Hinh 7-17

Chu vi AEPQ=EQ + EP + PQ = PB + EP + EN = EB + EN..
Ta c¢6 EB+ EN 2 OEV2 + EO = -;-AB{I ++2)= Chu vi AEPQ ¢6 gi tri

nho nhat béng-;- AB(1 +?2), dat duge khiN = O <> M =K <> I 1a trung diém OK.

Vi du 14. Cho dudng tron (O) va day AB c¢6 dinh. M 12 diém bat ki trén
dudmg tron, Piém I chia d6i dudng gép khic AMB, Chimg minh ring I thudc mot
dudmg tron ¢6 dinh,

Gidi. (h.7-18) Kéo dai AM 1y diém C sao
choMB = MC. Ta ¢6 zﬁ:%AMB -

—

lA B.
2

- -
Goi D l1a di¢ém chinh gitra clia cung AB, ta c6
DA = DB = DC = AADC can, I 1A trung diém AC
= DI L AC; A, D c6 dinh = I'ndm trén dudng trdn
dudng kinh AD.

Vi du 15. Cho dudng tron (O), day AB. M Ia Hinh 7-18
trung diém AB, qua M dung hai day CD va PQ, CQ
va PD cit AB ¢ E va F, Chimg minh ME = MF (Bai
todn Con buom).

Gidi. (h.7-19) Ha OH L CQ,OK LPD =
HC = HQ, KP = KD;

AMPD va AMCQ c¢6 QCD = QPD (chén cung
QD) va géc M d6i dinh => hai tam gidc déng dang
= CHM = PKM (); Hinh 7-19
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M la trung diém AB = OM L AB => b6n diém O, M, E, H nim trén dudng

tron dudng kinh OE = EHM = EOM (chén cung EM ) @
Tuo'ng tu, bn diém O, M, F, K nim trén dudng trdn dudng kinh OF
= MKF MOF (chén cung MF) (3)

Tir (1), (2), (3) suy ra EOM FOM OM L AB = tam giic OEF la tam
gidc can > ME = MF.

Vi du 16. Cho tt gide ABCD ¢6 BAC = 20°, 8

BCA = 35°, BDC = 40°, BDA = 70°. Tinh géc tao S
bdi hai dudng chéo clia 1 giic. ‘
Gidi. (h.7-20) Dung dudng tron ngoai tiép tam &
gidc ABC, dudmg thing BD kéo dai cit dubng ron
tai E.
Xét tam gidc DEC, ¢6 BEC = BAC = 20° (chén E
cungé?: ) Hinh 7-20
Géc ngoai BDC = DEC + DCE => 40° = 20° + DCE = DCE =20° =
DE = DC. Tuong tu, xét tam gidc ADE ta c6 DE = DA do dé
D la tam dudng tron ngoai ti€p tam gidc ABC = AEB = ACB = 35°
= ADE=180" 70° =110° = ACE = 55" = ACD =35’ = CAD
=AID =180° BDA CAD=180° 70° 35° =75°.

BAI TAP

7.1. Chiing minh rang trong moi tam gidc tac6 S = %bEC- (S la dién tich tam gidc ;

a, b, ¢ 1a do dai ba canh, R 12 bdn kinh dudng tron ngoai ti€p tam gidc).

7.2. Cho bén diém A, B, C, D theo thit ty ndm trén dudng tron (O ; R). Chimg
AC _ AB.AD + CB.CD

BD BABC+DADC’
7.3. Tinh d¢ dai duong phan gidc AD ciia tam gidc ABC khi bi€t ba canh la a, b, c.
7.4. Cho hai dudng tron (O) va (O ) cit nhau tai A va B. Qua A ké cdt tuyén cit

dudng tron (O) tai C, cét dudng tron (O) tai D sao cho CD vudng géc véi
AB, dudng thing CB cét dudng tron (O) tai M, dudng thing DB cit dudng

tron (O ) tai N. Chitng minh AB la tia phan gidc cia MAN .

minh ding thic:
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7.5. Cho hai dudng tron (O) va (') cit nhau tai A va B. Qua A ké cét tuyén cit
dudng trdn (O) tai C, cit dudmg tron (O ) tai D. Chiing minh réing tam gidc
ACD c¢6 s6 do cic géc khong déi, tir d6 xac dinh vi trf clia cét tuyén CD ¢6 do
dai 16n nhat,

7.6. Cho tam gidc ABC noi ti€p dudng tron (O), cdc dudng phan gidc clia cdc goc

A, B, C cit dudmg trdn (O) l4n luot tai D, E, F. Chimg minh dudmg thing EF
vudng géc véi AD.

7.7. Cho tam gidc ABC noi ti€p dudng tron (O ). Diém I trong tam gidc, M la diém
trén dudmg tron. Goi D, H, E 12 cdc diém d6i xuing ctia M qua Al, BI, CL

Ching minh I 1a tam dudng tron noi ti€p tam gidc ABC khi va chi khi AD,
BH, CE song song,.

7.8. Cho doan thing AB va diém C trén doan AB, qua C ké dudng thing d vuong
g6c véi AB. M 1a diém trén d, goi D va E 1a cdc diém d6i xing ciia C qua MA
va MB, duong thing DE cit MA va MB tai P va Q. Tam clia dudng tron noi
ti€p tam gidc CPQ chay trén dudmg ndo khi M chuyén dong trén d ?

7.9.Cho tit gidc ABCD c6 BAC = 40°, BDA = 70°,BCA = 20°, BDC = 35°. Tinh
g6c tao boi hai dudng chéo.

7.19. Cho tam gidc nhon ABC ndi ti€p dudmg tron (O), dudng phan gidc AD bing
canh AC va vuong goc véi OH (H la trnye tam cua tam gidc ABC). Tinh cdc
gbc cha tam gidc ABC.

Chuyén dé 8. GOC TAO BOI HAI CAT TUYEN
HOAC TIEP TUYEN CUA DUONG TRON

L. KIEN THUC CO BAN

Dinh nghia: Néu xy la ti€p tuyén véi dudng tron i
(O) tai diém A thi diém A chia duong thing xy
thanh hai tia ti€p tuyén Ax vaAy. Do d6 ti€p
tuyén tai A tao vdi day AB hai goc :

- Géc giira tia ti€p tuyén Ax vdi ddy AB chéan A B

_—
cung AmB ;
- G6c giira tia ti€p tuyén Ay vdi diy AB chin X

_—
cung AnB. Hinh 8-1
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Dinh li: S6 do cla cung tao badi tia ti€p tuyén va day cung bing nira s6 do clia
cung bi chan.

— I

— — l ]
BAx = EsdAmB. BAy = EsdAnB.

* Néu géc BAx ¢6 s6 do biang nira s0 do clia cung ;L‘lé cang day do va cung
nay nim bén trong géc dé thi canh Ax 1a mot tia tiép tuyén clia dudng tron.

* Hé qua: Trong mot dudng tron, géce tao bdi tia tiép tuyén va day cung va géc
ndi ti€p cung chin mot cung thi bang nhau.

*Dinh li:

S6 do clia géc c6 dinh bén trong dudng tron bing nira tdng s6 do hai cung bi chin

S0 do cia goc co dinh bén ngoai dudng tron bing nira hiéu s6 do hai cung
bi chin.

Kién thirc bd sung B
Hé thire lugng trong dicdng tron : A

Néu MAB la cit tuyén va MC 1a ti€p
tuyén ké tr M dén mot dudng tron thi M C
MC! = MA.MB (h.8-2). Hinh 8_2

I1. Vi DU MINH HOA

Vi du 1. Cho hai dudng tron (O) va
(O') tiép xiic ngoai tai A, day BC clia
duong tron (O) dong thoi 1a tiép tuyén cla
dudng tron (O) tai D. Dudng thing BA

cat dudng tron (O ') tai E. Chiing minh ring Hinh 8-3
CAD = DAE.

Gidi. (h. 8-3) Dung tiép tuyén chung Ax = ABC = CAx
(chin cung@ ) va DAx = ADC (chin cungfﬁ), do d6
DAE = ABD + ADB = CAx + DAx = CAD (dpcm).
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Vi du 2. Cho dudng tron (O) va diém M & ngoai dudong tron. Ké hai tiép
tuyén MA, MB véi dudmg tron (O). Tir A ké dudng thing song song v6i MB ciit
dudmg tron tai C, dudng thing MC cdt dudmg tron tai D. Chimg minh dudng thing
AD di qua trung diém ctia MB.

A

Gidi. (h. 8-4) AC // MB =
ACD = CMB (so0 le), ma ACD = MAD s
(chéin cung AD ) nén CMB = MAD M

=> AMED déng dang v6i AAEM (g.g) E

ME ED g

= E = EM =ME" = AEED €))] HM}E&J

MB I tiép tuyén = DBE = DAB (chn cung BD)

= ABED va AAEB déng dang = E—E— = PE—IE% = BE’ = AE.ED (2)

Tir (1) va (2) suy ra ME = BE.

Vi du 3. Cho tam gidc ABC noi ti€p duong tron (O), A la 1a diém c6 dinh ; B,
C thay déi. Ké dudng cao BH va CK. Chimg minh ring HK luén song song véi
mot dudng thing c6 dinh.
Gidi. (h. 8-5) Bai nay c6 nhiéu céch gii, xin gi6i thiéu hai cich sir dung kién
thiic trong chuyén dé, ban doc hay tim 19i gidi khic.
Cdch 1: Qu:ii\jl.mgﬂf? tuyén Ax véi %3
duong tron = ACB = BAX (chén cung N\
AB).Tacé BH L AC, CK L AB = B, }K
K, H, C ndm trén duong tron dudng kinh 8 , C
- BC = HKC = HBC (chén cung HC), \_/
HBC + C =90°, AKH + HKC = 90°
e Wl EeRiet | Ao Hinh 8-5
=AKH=C = AKH = KAx =>KH // Ax.

C6 OA c6 dinh, OA L Ax=> Ax c6 dinh = KH luén song song véi duong thing
¢0 dinh,
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Cdch 2: (h.8-6) Dudng thing HK cit
dudng tron ngoai ti€p tai M, N, ta ¢6

AKN %sd{f&ﬂﬁﬁ)(l)

CK L AB,BH L AC =B, K,H, C

nim trén dudmg tron dudng kinh BC v

— o — — _ 0 T
—BKH = BKC + CKH = 90° + HBC. Hinh 8.6

Tacé AKN 180" - BKN

=180“-90”-1?36:90”-{3@6:6:%sd(@+ﬁ) )

Tir (1) va (2) suy ra ﬁ_r\?i = /’\_ﬁ = OA L HK = KH luon song song véi tiép
tuyén tai A ctia dudng tron (O).

Vi du 4. Cho hai dudng tron (O) va
(O ) cit nhau tai A va B, tiép tuyén tai A
v6i dudmg tron (O) cét dudmg tron (O)
tai D, ti€p tuyén tai B v6i dudng tron (O)
cit dudong tron (O) tai C. Ching minh
ring AC.AD*> BD.BC’.

Gidgi. (h. 8-7) Ta c6 ACB = DAB
(chan cung AB cita duong tron (0)) ; Hinh 8-7

ADB = K.I-S_(-f(chén cung AB ctia dudng tron (O'))

=> ACAB déng dang AABD = e , AR Q
AB AD BD AD

Nhan timng v€ hai ding thic trén ta duoc
AC.AD* BD.BC’.
Vi du 5. Cho tam giéc nhon ABC, dudng cao BH va CK. Trén BH lay diém D
va trén CK 14y diém E sao cho ADC = AEB = 90°. Chimg minh ring AD = AE.
(Dé thi Olympic New York 1976)
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Gidi. (h. 8-8) Theo gia thiét, C = AKH =
AAKH va AACB dong dang
AK _ AH
AC  AB
AD 1 DC=AD’ = AH.AC.
Tuong tu, AE* = AK.AB=> AE = AD.
Vi du 6. Chimg minh rang trong mdt tam
gidc, dudng tron ngoai tiép di qua trung diém
ctia doan thing ndi tam dudng tron noi tiép va

A
tam dudng tron bang tiép tam gidc. J
Giai. Goi I, J tht tu 1a tam duong tron noi E
tiép va tam dudng tron bang tiép géc C |

= AK.AB = AH.AC,

Hinh 8-8

= I, J ndm trén dudng phan gidc cua géca :

Goi E la giao diém clia CJ v6i dudng tron ‘
ngoai ti€p tam gidc ABC, ta cé Hinh 8-9

AIE =%(K+E). EAI = EAB + BAI =%((E+R):>AEAIcamaiE
=EA = EI, J latam dufmé tron bang tiép cua géc C= Al L Al
= AAIJ vuong tai A. Tudé suy ra El = EJ.

Vi du 7. Chimg minh ring ti€p tuyén ciia dudng tron ngoai tiép tam giic tai mot
dinh ctia tam gidc chia ngoai canh d6i dién theo ti s6 binh phuong cta hai canh ké.

Gidi. (h. 8-10) Gia sir ti€p tuy€n tai A cit canh BC kéo dai tai D.
DAB = ACB = ADAB va ADCA ddng

A
DA DB AB
dang = — = — = —
DC DA CA
2 2 -
= DA? = DB.DC (l)va [-@] = (-"i\-[i]

DB’ AB* ¢?
=== {2)

DA? CA? Hinh 8-10
2 2
Nhan timg vé& (1) v6i (2) duge DB? = DBDC. S =28 - &,
b2 DC b
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Nhan xét. Ta c6 thé tinh doan thing DA theo do dai cdc canh clia tam gidc:

DC DB _DC-DB BC a sk
— === = & (gidstrtb>c)

b? ¢’ b? -¢* b - B-¢
bZ 2 2
SDC=—2 . DB=—2 . T DA? = DBDC = DA® = —29) __
b* -c b* -c? (b° -¢’)
:>D26L=—.\abc2
i

Vi du 8. Cho tam gidc ABC. Tim diém M trong tam gidc sao cho
MAB = MBC = MCA.

Gidi. (h. 8-11) Phan tich:

Gia st diém M dung duge thda min

MAB = MBC = M nim trén dudng tron
(0,) qua A, B va ti€p xic véi BC tai B,
MAB = MCA => M nim trén dudng tron (O,)
di qua A va Cddéng thoi tiép xiic v6i ABtai A =
M la giao diém clia hai dudmg tron (O,), (0,). Hinh 8-11

Cdch dyung:

Cdch 1: Dung trung truc clia AB ;

: /—\ E
Dung dudng thang vuéng géc vé6i BC tai B, 0;
ta xdc dinh dugc tim dudng tron (O,).
Tuong tu, dung duong tron (O,).
B ——

Giao diém (khdc A) cla hai dudng tron (O,)
va (0,) 1a diém M cén dung. Hink 8-12

Chiimg minh: Theo cich dung c6 MAB = MBC, MCA = MAB
=MAB = MBC = MCA.
Cdch 2: Dyng dudng tron (O,); Qua A ké dudng thing song song vé&i BC cilt
dudng tron (O,) tai E. N6i E véi B cit dudng tron (O,) tai M (ban doc tr chimg minh).
Bién lugn : C6 hai diém M tén tai trong tam gidc d6 suy ra tir cdch dung.
Diém M c6 tén la diém Broca va goc ¢ goi 1a géc Broca,

¢ = MAB = MBC = MCA.
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Vidu 9. Cho tam gidc nhon ABC, M la diém trong tam gidc théa min
¢ = MAB = MBC = MCA. Chitt.  1inh cotg¢ = cotg A + cotg B + cotgC.

Gidi. (h. 8-13) Véi cdch dung 2 c. Vi du 8,
goi H vaK la hinh chiu chaEva A trén .

—— ' A E
tacé EBH = ¢, suyra
HB _ HC+CK + KB M
“ECTHETT HE
wBe, O, o BR_HC . or@tatB, B . B
HE HE HE HE
Hinh 8-13

Géc ECH = CEA (so le), CEA = m(ch:in cung/A_(E)
= cotg@ = cotg A + cotg B + cotg C.

Vi du 10. Cho gécxOy, trén Ox 14y hai diém A, B, trén Oy Idy diém C sao

choOA.OB = OC?. Chimg minh ring dudmg tron di qua ba diém A, B, C nhan OC
1a ti€p tuyén.

Gidgi. Cdch 1 (h. 8-14). OA.OB = 0C* = i
OA _0OC
OC OB
= AOAC déng dang v6i AOCB (c.g.c) A
= ACO = ABC.
Goi 113 tam dudng trén ngoai tip ABC = c 4
ACO = m=%sd;&_ Hinh 8-14

Theo céch nhén biét, OC 1a ti€p tuyén cha dudmg tron qua ba diém A, B, C.

Cach 2. Dung dudng tron qua ba diém A, B, C, tir O ké ti€p tuyén véi dudng
tron cing phia véi C d6i v6i AB. Goi ti€p diém la D, dé dang suy ra
OD’ = OA.0B =0D = OC. Vi C va D ciing nim trén dudng tron nén C = D.

Vidu 11. Cho duong tron (O), dudng kinh AB, day CD song song v&i AB. Tix
C ké cit tuyén song song véi AD cdt dudmg tron (O) tai E, dudng thing BE cit
CD & F, qua F ké dudng thang song song v4i AD céit AB tai M. Chitng minh ring
MC la ti€p tuyén cuia duong tron (Q).

(Du tuyén IMO - 1995).
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Gidi. Truong hop 1 (h. 8-15) Xét tam gidc
MAC va tam gidc FDB, c6

N TN ——

CD // AB=>AC = BD, MAC = FDB,

MF // AD = tir gidc MADF la hinh binh
hanh = MA =FD

= AMAC = AFDB=> MCA = FBD (1)
CE// AD = AC = ED

0
o

Hinh 8-15

= CDA = EAD, EAD = EBD (chin cung ED) 2)

Tu (1) va (2) suy ra MCA = CDA = MC
1a tiép tuyén cia duong tron (O).

Truong hop 2. (h. 8-16) Vi tri ciia CD thay
ddi din téi hinh vé khéc so véi trudmg hop 1, i
vay yéu cdu khi lam bai phai xét ca hai trudng
hop 1 va 2, cdch chimg minh hoan toan tuong tu
(ban doc tu chiing minh).

=

e
Y

BM

W

C

Hinh 8-16

Vi du 12. Cho hai diém A, B va dudmg thing d khéng tring véi dudng thing AB.
Dung dudmng tron di qua A, B va tiép xic véi duomg thing d.

Gidi. Gia sir dudng tron (O) dung dugce di
qua A, B va tiép xic v6i dudng thing d.

Xét trudng hop d cét AB (h. 8-17).

Kéo diai AB cit d tai D, ta cé
DC? = DA.DB, tir d6 suy ra cdch dung.

Cdch digng: Tim giao diém D cia AB va d.

Dung diém Ctren d théamin DC? = DA.DB

(C6 rat nhiéu cich dung diém C, ban doc
tu tim).

Dung dudng tron ngoai tiép tam giic ABC.

Chitmg minh: Danh cho ban doc. -

B
@
D C d

Hinh 8-17

Aea
c

Hinh 8-18
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Bién ludn: Néu D = A hoic D = B, bai todn c6 mot nghiém hinh ;

Néu D & ngoai doan thing AB, bai todn c6 hai nghiém ;

Néu D & trong doan thing AB, bai todn v6 nghiém.

Néu AB // d, C lagiao diém cta dudng trung truc cia AB v6i d (h. 8-18).

Vi du 13. Cho dudmg tron (O), tr diém M & ngoai dudng tron ké hai tiép
tuyén MA, MB. Duong tron di qua M va tiép xiic véi AB tai B cit duong tron (O)
tai C. Chimg minh ring dudng thiang AC di qua trung diém clia MB.

Gidgi. Goi D la giao diém cta AC v6i
duong tron di qua M va tiép xiic véi AB tai B
(h. 8-19).

Ta c6 CDB = ABC (chdn cung EE ), MA
1a tié€p tuyén nén ABC = MAC
= CDB = MAC =BD//AM (1)
MB la tiép tuyén dudng tron (O)
= CAB = MBC ;

MBC = MDC (chin cung MC) Hinh 8-19

= MDC = CAB => AB//MD (2). Tir (1) va (2) suy ra t& gidc ABDM Ia
hinh binh hanh = AC di qua trung diém I cia MB. .
Vi du 14, Cho hai dudng tron (O,), va (O,) tiép xic ngoai tai I, ké dudng
kinh AO,D, tir D ké tiép tuyén v6i dudng tron (O,), goi ti€p diém la E. Ching
minh ring tam gidc DAE la tam giéc can.
Gidi. (h.8-20) Ké tiép tuyén chung AB
= AD//BO,=> DO,I = BO,I ;

A

O,DI, O,BIla cédc tam gidc can

= 0,ID = 0,IB

= D, I, B thing hang ; AD la dudng
kinh = Al L DI.

Tam gidc ADB la tam gidc vuong tai A

Hinh 8-20
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= AD? = DL.DB (1); DE la ti€p tuyén = DE’ = DI.DB (2)
Tir (1) va (2) suy ra DE’ = AD? = DE = DA = ADAE la tam gidc can.

Vi du 15. Cho tam gidc ABC noi ti€p dudmg tron ( O ), dudng phén gidc géc B

va C cit duong tron (O) tai D, E. Dung dudng tron tam D tiép xii¢ véi canh AC,
dudmg tron tam E ti€p xic canh AB. Chimg minh ring tam cla dudng tron noi ti€p
tam gidac ABC nidm trén ti€p tuyén chung cua hai dudmg tron (D) va (E).

Giai. (h. 8-21) Goi I la tam dudng tron noi tié€p tam gidc ABC. Tu I ké tiép
tuyén IH véi dudmg tron (E) va tiép tuyén IK véi dudmg tron (D). Theo gia thiét B,
I, D thing hang ; C, I, E thing hang. Goi G la tiép diém cua (E) véi AB. Ta ¢c6

BIE = IBC + ICB = IBA + ICA
= DBA + ABE = DBE

= tam gidac EBI cAin = EB = EI.

Xét AEGB va AEHI la hai tam gidc
vuong, c¢6 EH = EGva EB = Elnén

ching bing nhau = EIH = EBG
= ECA = ECB = IH//BC.

Hoan toan tuong tu chitng minh
dugc IK //BC. Vay H, |, K thang hang.

Hinh 8-21

BAI TAP

8.1. Cho tam gidc can ABC (AB = AC), dudng vuodng géc véi AB tai A cat BC tai
D. Goi I 12 trung diém cua BC, dudng thing AC cit dudng tron ngoai tiép tam
gidc AIC tai E. Chimg minh Al = IE.

8.2. Cho dudng tron (0), M la diém nidm ngoai dudng tron, qua M ké cdc tiép
tuyén MA, MB, goi E la diém tuy ¥ trén trén dudng tron tim M bén kinh MA,
dudng thing EA va EB cit dudng tron (O) 1dn luot tai C va D. Chimg minh
ring CD la dudng kinh cia dudng tron (O).

8.3. Cho dudmg tron (O), tir diém M nim ngoai dudng tron ké hai tiép tuyén MA,
MB, D Ia diém trén cung 16n AB, duong thing AD cit MB kéo dai tai E sao
cho D 1a trung diém clia AE. Pudng thing MD cét dudng tron (O) tai I. Chimg
minh ring BI song song v&i AD.
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8.4. Cho hai dudng tron (O) va (O') cit nhau tai A va B. Tir A ké cdt tuyén cit hai
duong tron tai C va D, qua C va D dung hai ti€p tuyén véi hai dudng tron.
Chimg minh riing hai ti€p tuyén 4y cit nhau theo mot géc khong déi.

8.5. Cho dudng tron (O) ngoai ti€p tam gidc ABC, tir diém M trén cung BC khong
chia A, ha cic dudmg vuong géc dén cac canh BC, CA, AB lin luot tai D, H,
K. Chiing minh BC = CA + e g

MD MH MK

8.6. Cho hai dudng tron (O) va (O') cit nhau tai A va B, Tiép tuyén chung ctia hai
dudng tron gén B ¢6 céac ti€p diém laCva D (Ce (O)va D e (0)). QuaA
ké dudng thing song song véi CD cit dudng tron (O) tai M va cit dudng tron
(O) tai N, duomg thing BC, BD cit dudng thing MN tai P va Q, dudng thing
CM va DN cit nhau tai E, Chimg minh ring AE vuodng géc véi CD va tam
gidc EPQ la tam gidc can (V6 dich Nga - 2003).

8.7. Cho hai dudng tron (O) va (O ) cét nhau tai A va B. Diém M trén (0), qua
M ké tiép tuyén MD véi dudmg tron (O ) (D 1a tiép diém).

-

MB

8.8. Cho hai dudng tron (0) va (O ) tiép xiic trong tai M, tam O' ndm trong dudng
tron (0), N 1a diém trén dudng tron (0), qua N ké tiép tuyén véi dudng tron
(O) cat dudng tron (O') tai A va B, MN cat dudng tron (O') tai E. Tir E ké tiép
tuyén v&i dudng tron (O) tai I va cit dudng tron (O') tai C. Chimg minh ring I
1a tim dudng tron ndi ti€p tam gidc ABC.

89. Tim ditm M trong tam gidc vuéng ABC (A =90°) sao cho
MAR = MBC = MCA (Vé dich Hungary- 1985).

8.10. Cho tam gidc nhon ABC ndi ti€p dudng tron (O). Tir cic diém A, B, C dung
cdc tiép tuyén véi dudmg tron (O), tiép tuyén tai A cit hai tiép tuyén kia tai M,
N. Ha dudng cao AH cit cia tam gidc ABC. Chiing minh HA Ia tia phan gidc
cia MHN.

8.11. Tir diém M & ngoai dudng tron (O), ké hai ti€p tuyén MA, MB. Goi C Ia
diém iy ¥ trén dudng tron (O), qua C ké tiép tuyén véi dudng tron (O) cit
MA vi MB lin luot tai E va F. Pudng thing AB cit OE, OF lan luot tai P, Q.

PQ

Chimg minh rang ti s6 = khong phu thuoc vao vi tri ciia C.

Chimg minh gi4 tri biéu thitc khong phu thudc vio diém M.

8.12. Cho cic diém A, B, C, D nim trén moét dudng lhﬁng theo thit ty d6. Mot
dudmg tron (O) di qua B va C sao cho cdc dudng thing AM, AN, DK, DE tiép
xtic véi (0). Goi P, Q thif tu 12 giao diém cia MN, KE véi BC. Chimg minh vi
tri cdc diém P va Q khong phu thude vao dudong tron (O).

72



Chuyén dé 9. CUNG CHUA GOC VA BAI TOAN QUY TiCH

I. KIEN THUC CO BAN

1. Quy tich cung chira géc
Bai todn: Cho doan thing AB va goc a (0 < a < 180") Tim quy tich (tap
hop) cdc diém M théa man AMB = .

a) b)
Hinh 9
a) V6i doan thing AB va géc a (0° < a < 180°) cho truéc thi quy tich cdc diém
M théaman AMB = o I hai cung chifa géc o dung trén doan AB (h.9a).

—_—

b) Khi a=90° thi hai cung AmB va AmB la hai nira dudmg tron dudmg kinh
AB. Quy tich cdc diém nhin doan thang AB cho trudc dudi mét géc vuéng la
duomg tron duomg kinh AB.

c) Cung AmB la cung chita géc a thi cung ZZEE 1a cung chita g6c180° - o
(h.9b).
2. Cach giai bai toan quy tich

Muén chimg minh quy tich (1ap hgp) cdc diém M théa mién tinh chat T Ja
hinh H nao d6, ta phai chimg minb hai phan:

Phdn thudn: Moj diém c6 tinh chat T déu thuoc hinh H.
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Phdn ddo: Moi diém thuoc hinh H déu c6 tinh chit T.
Két lugn: Quy tich (hay tap hop) cdc diém M ¢6 tinh chdt T 12 hinh H.

Chut y: Thong thudng véi bai todn “Tim quy tich...” ta nén du dodn hinh H
trude khi chimg minh.

II. Vi DU MINH HOA

Vi du 1. Cho tam gidc can ABC (AB = AC), M la diém trén canh ddy BC. Qua
M ké cdc dudng song song véi hai canh bén cit hai canh d6 tai D va E. Goi N 1a
diém dé6i xing ciia M qua DE. Chimg minh ring bén diém A, B, C, N nim trén
mat dudng tron.

: oy
Giai. (h. 9-1) MD // AC, ME // AB = :
BDM = A = MEC = DB = DM, EC = EM .
M, N doi xiing nhau qua DE = DN = DM,
EM = EN
=> D la tam dudng tron ngoai tiép tam gisc BMN B v C

= BN BDM = L A,
2 2

Hinh 9-1
Tuong ty, E la tam dudng tron ngoai tiép tam giac CMN

— e

= BNC = BNM + MNC = A. Ta thdy N v A & ciing phia cita BC va ciing
nhin doan BC dugi mdt géc bing nhau nén B, C, N, A ndm trén mot dudng tron.

Vi du 2. Cho tam gidc ABC n6i ti€p dudng tron
(0) c6 AB < AC. Dudng phan gidc AD cit dudng
tron (O) & E, goi M 12 giao diém ciia AB va CE.
Tiép tuyén tai C cla duong tron (O) cit AD tai N,
ti€p tuyén tai E cit CN tai F. Chimg minh ring

BC//MN //EF, tl‘:désuyrai= . - . ?
. CF CN CD
Gidi. (h. 9-2) AD Ia phan gisc A = BE = EC,
CAE = BCE, CEF = CAE (chin cung Eé). Suy ra
CEF = BCE = BC // EF.

Hinh 9-2
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FC 1a ti€p tuyén = ECF = CAN = NAM. Ta thdy C va A nhin MN (vé mét
phia cia MN) duéi cling mot goc = M, A, C, N nanr trén mot cung tron =
CMN = CAN = CMN = CEF = EF//MN.

BC//MN // EF = E = E E = -EE- ; cong tmg v€& hai ddng thic
CD NC MN CN

.-:>E.F(—l—+ l )=NF+FC=I:L=L+L.1’alqic6EF.CFlh
CD MN CN EF MN CD
ti€p tuyén va EF // MN nén EF = CF, MN = CN :L = L + —1—
CF CN CD

Vi du 3. Cho tam gidc ABC noi ti€p dudng tron (O;R ), goi H 1a trye tam, I va
O la tam dudng tron noi ti€p va ngoai tiép tam gidc ABC, déng thdi AH bing ban
kinh dudmg tron ngoai ti€p tam giac ABC. Chiing minh ring nam diém B, C, O, [,
H nim trén mot dudng tron.,

Gidi. (h. 9-3) Goi D 1A trung diém cia BC
= 0D L BC, trong moi tam gidc ta c6 AH = 20D
(ban doc tuy ching minh).

Theo gia thiet AH=R =R = OB = 20D.

AOBD la tam gidc vuong ¢6 OB =20D =
OBD = 30’

Hinh 9-3

= BOC = 120° =BAC = 60°.

H 12 truc tam cla tam gidc ABC = CH 1 AB, BH L AC =BHC = 120",
BIC = 90" + %R =120°. Ta thdy BOC = BHC = BIC = 120° nén ba diém
O, H, I ndm trén cung tron nhin vé mot phia cia BC duéi goc 120°. Vay nam diém
B, C, O, I, H ndm trén mot dudng tron.

Vi du 4. Cho hinh binh hanh ABCD, hai dudng chéo cét nhau tai I. Tir A ké
céc dudng vuong géc véi BC, CD, DB thi tu tai H, E, K. Chiimg minh ring bén
diém H, E, I, K ndm trén mot dudng tron.

Gidi. (h. 9-4) AH L BC, AE L CD= bén diém A, H, C, E ndm trén dudng
tron dudng kinh AC, I 1a trung diém AC = I la tam dudng tron dudng kinh AC
—HIE = 2HAE = 2(180° — BCD);
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AH L BC, AK L BD,AE L CD  nén

mdi tt gidc AKED, AKHB déu ¢é bon dinh
cung thudc dudng tron

= EKD = EAD va BKH = BAH

= HKE = 180" - EKD - BKH H
= 180" - EAD - BAH

= 2(180° - BCD) Hinh -4

=> K va I ciing nhin doan HE duéi mot géc 2(180° — BCD)

= K, I, E, H nm trén mot dudmg tron.
Vi du 5. Goi I 1a tam dudmg trdon noi ti€p tam gidic ABC, D va E la hinh chiéu
ctia I trén AB va AC, giao diém ctia DE vd6i Bl va CI thif tr 1a N va M. Chimg minh
rang bon diém B, C, M, N ndm trén mot dudng tron.
Gidi. (h. 9-5) Goi giao diém ctia AB va CM
12 P, giao diém cta BN va AC1a Q.
I 1a tam dudng tron ndi ti€p = BN va CM
12 phan gidc cha goc B,C;
ID L AB,IE L AC= AD = AE

= MDB = ADE = 90° - %K ; Hinh 9-5

MIB =

l" plnd I 0 - 0 l“‘
MIB=—=(B+C)==(180"-A)=90" -—-A
> ) 2( ) 5

Suy ra MDB = MIB = B, M, D, I nim trén mot cung tron, ID L BD=>
BM L MI = BMC = 90°. Hoan toan tuong tu c6 BNC = 90°. Vay bon diém B,
M, N, C ndm trén mot dudng tron.

Vi du 6. Cho tam gidc ABC, goi I 1a tam dudmg tron ndi tiép tam giic, P la
mot diém trong tam giic thod man PBA + PCA = PBC + PCB. Chimg minh
ring AP > AI, ding thitcc xay ra khi va chi khi P trdng véi I (IMO - 2006).
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Gidi. (h. 9-6) Theo gia thi¢t PBA + PCA = PBC + PCB
:Fﬁ?\+ﬁ+ﬁﬁa+lﬁ=ﬁ+a :2(%+Pﬁ)=ﬁ+€‘
= 2(180° - BPC) = B + C = (180° - A)

= ﬁ?”E=90"+—;-R.

Mt khdc, BIC = 90° + =A => P va I luon nhin

| —-

: 1~
doan BC vé mot phia duéi cing mot géc 90° + -2-—A

= B, P, ], C cling nim trén mt cung tron.

Kéo dai Al cét dudng tron ngoai tiép tam gidc
ABCtaiD = DB = DC = DI,

= D Ia 1a tam dudmg tron qua bon diém B, I, P, C Hinh 9-6

= DI = DP
= AP+ PD 2 AD = Al +ID = Al + DP = AP 2 Al.

DAau bing xay ra khi AP + PD = AD <> P =1 < P 1a tam dudng tron ndi tiép
tam gidic ABC.

Vi du 7. Cho hinh binh hanh ABCD ¢6 mot goc ¢ dinh bing o, cdc canh AB,
BC, CD, DA luodn di cdc diém c6 dinh thit tv M, N, H, K. Chiing minh ring giao
diém cia hai dudng chéo AC va BD nim
trén mot cung tron cd dinh.

Gidi. (h. 9-7) Goi giao diém cua hai
dudng chéo 1a O, trung diém MH, NK
1dn luot 1a P, Q. Theo dinh Ii Thales ta ¢6
OP // AB // CD va OQ // BC /[l AD =

POQ = a(hoac180° — ot ). Cic diém M,
N, H, K c6 dinh = P, Q ¢6 dinh.

Hinh 9-7

Goc PFB?) = o (hoic180” — o) suy ra O luon nhin doan PQ duéi mét géc
khong ddi. Vay cac diém O nim trén cung chita géc o (hoac180° — o) dumg trén
doan PQ.

Vi du 8. Cho tam gidc can ABC (AB = AC), qua A ké dudmg thing d wy y
khong cit BC. Tim trén d diém M sao cho chu vi tam gidc MBC nhoé nhat. Chimg
minh ring khi d thay déi, M nim trén mot cung tron cé dinh.

77



Gidi. (h. 9-8) Gia st M' 1a diém trén d, A
goi D 12 diém d6i xing cia C qua d =
M'C = M'D = chu vi AM'BC biing

M'B+BC+M'C=M'B+ BC+ M’'D, ma D
BC khong déi = chu vi AM’BC nhé nhat khi
M'B + M'D nho nhit. Taluonc6 MB+MD>BD, B C d

d4u bang xay ra khi B, M, D thang hang hay M
1a giao diém ctia BD véi d.

AB AC AD =ABD ADB.ADM ACM

Hinh 9-8

= ABM ACM = A, B, C, M niim trén mot dudng tron = BMC A=
M ném trén cung chita goc ¢6 do 16n bing A dung trén canh BC.
Vidu 9. Cho doan thing AB  a, k 12 s6 duong cho truée, M 1a diém chuyén

dong sao cho%% k . Tim quy tich cdc diém M. (Dudng tron Apolonius).

Gidi. (h. 9-9) Dung MD, ME la phan gidc

—_— M
trong va ngodi cua goc AMB=>MD L ME.
K
Phdn thuan: e e k
’ DB EB MB
A E
DA k B
= —
DA+DB k+1
ak
Riwe— 10 Hinh 9-9

Tuong tr, AE ka_kl 2)
= D, E c6dinh, DME  90°= M thudc dudng tron dudng kinh DE.
Phdn ddo: Lay M trén dudng tron dudng kinh DE, qua B ké dudng vuong géc
v6i DM céit MD, MA 1ai H va K = BK // ME
5E'.K AB k l‘BH DB:DE AE AD ak_ak %ak‘
EM AE k EM DE k 1 k+1 k™ -1
a BH DB _a k*-1_k-I ,BH _ BK

T A = o B Bl s
k+1 EM DE k+1 2ak 2k EM EM
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= BK = 2BH = HB = HK = AMBK la tam giic c4n = MD la phan gidc cua

AMB va ME la phan gidc ngoai chaAMB . Vay VA gg

Két lugn : Quy tich cdc diém M la dudng tron dudng kinh DE.

Vi du 10. Cho tam gidc nhon ABC, dung ra phia ngoai tam gidc hai nira duong
tron dudmg kinh AB va AC. Dudng thing d thay déi qua A cit hai nira dudng tron
tai M va N. Tim quy tich trung diém ctia MN.

Gidi. (h. 9-10)

Phan thudn : BMA = CNA = 90°

= BM L MN,CN L MN

= BM//CN. Goi I la trung diém clia BC, E
12 trung diém cia MN

= Icodinhva IE//BM = IE L MN. Hinh 9-10

Di€m E nhin Al ¢6 dinh duéi géc vuéng nén E ndm trén dudng tron dudng
kinh Al

Gidi han: Khi M = A, MN tr¢ thanh ti€p tuyé€n ciia nira dudng tron dudng kinh
AB=N=K(AK L AB).

Khi N = A = MN ur¢d thanh ti€p tuyén -aa nia dudmg tron dudmg kinh AC

= M =H (AH L AC) = E chuyén dong trén cung l’;;(i) ctia duong tron dudng
kinh AI (P va Q thit ti 12 trung diém clia AH va AK).

Phdn ddo: Ldy E'e I”::C) duong thing AE' cit hai nira. dudng tron tai
M',N' = ur gidc BM'N'C la hinh thang vuong = IE' // BM' // CN' =
EM =EN.

Két ludn : Quy tich cdc diém E 1a cung PAQ clia dudng tron dudng kinh Al
BAI TAP
9.1. Cho AABC c6 BC ¢6 dinh, A thay d8i sao cho BAC = a. Tim quy tich trong

tam G, tryc tam H, tdm dudng tron noi tiép I cia tam gidc ABC.

9.2. Cho tam gidc nhon ABC. Tim lap hop (quy uch) cédc dlém M thudc mién trong
tam gidc thoa man diéu kién BAM = BCM CAM = CBM.
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9.3.

94.

9&5.

Cho dudng tron tam (O), dudng kinh AB. Trén AB ldy hai diém P, Q d6i
xiing nhau qua O, trén dudng tron 14y diém M sao cho MA < MB. Céc dudrg
thang MP, MQ, MO cit dudng tron thi tu tai C, D, E, dudng thing CD cit AB
tai tai F. Qua D ké dudng thing song song véi AB cit ME tai I, cit MC tai N.
Chimg minh rang EF la ti€p tuyén cta dudng tron (0).

Cho goc vuOng@. trén Ox 14y diém A, trén Oy ldy diém B sao cho
OA = OB, M Ia diém ty ¥ trén AB. Qua M dung dudng tron (O,) tiép xic
v6i OA tai A. Dung duong tron (O,) qua M va ti€p xiic v6i OB tai B, hai
dudmg trdn nay cét nhau tai diém thit hai 12 N. Chimg minh N ndm trén mot
dudng tron ¢6 dinh. X4c dinh vi tri cia M dé 0,0, nho nhat.

Cho hinh thang ABCD n¢i tiép dudng tron (AB // CD, AB < CD), ti€p tuyén

tai A va C cit nhau tai M, céc dudng thdng AD va BC cit nhau tai N. Chimg
minh MN song song véi AB.

9.6. Cho hinh binh hanh ABCD, dudng phéan gidc ctia goc BAD cét BC va CD tai

M va N. Goi O la tam dudng tron ngoai ti€p tam gidc CMN.

a) Chimg minh bon diém O, B, C, D nim trén mot dudmg tron.

b) Goi E 1a giao diém clia hai dudng tron ngoai ti€p tam gidc CMN va tam
gidc BCD. Ching minh AEC = 90°.

9.7. Cho ba dudng tron (C,), (C,), (C;) cung di qua hai diém A va B. Tir A ké
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Chuyén dé 10. DPUONG TRON NGOAI TIEP,
PUGNG TRON NOI TIEP DA GIAC

I. KIEN THUC CO BAN

Pinh nghia: Mot ut gidc ¢é bon dinh ndm trén mot dudng tron duge goi la nr
gidc ndi tiép dudng tron (goi tat 1a uf gidc ndi tiép).

Binh li: Trong mot 1f gidc nodi tiép, tdng s6 do hai goc doi dién bing 180"
Dinh li ddo: Néu mot tf gidc c6 téng sé do hai géc doi dién bang 180° thi
gidc d6 noi tiép mot dudmg tron.

Dinh nghia: — Pudng tron di qua tdt ca cdc dinh cia mot da gidc duge goi la
diiong tron ngoai tiép da gidc, va da gidc d6 duoc goi la da gide néi tiép dudng tron.
— Pudng tron tiép xic vai tdt ca cdc canh cia mot da gidac duoe goi la dudng
tron ndi ti€p da gidc va da gidc duge goi 1a da gidc ngoai ti€p dudmg tron.

Dinh li: Bit ki da gidc déu ndo ciing ¢6 mot va chi mot dudng tron ngoai ti€p,
c6 mot va chi mot dudng tron noi tiép.

Trong da gidc déu, tdm cta dudng tron ngoai ti€p trung véi tam cua dudng
tron noi tiép, duge goi.la tam cua da gidc déu.

Kién thirc b8 sung

Tiéu chuén dé ut gidc ABCD ndi tié€p dugc.

Tiéu chuan 1. T gidc ABCD noi ti€p dugc khi va chi khi
A+C=B+D=180°

Tiéu chuén 2. Tir gidc ABCD noi tiép khi va chi khi ADB = ACB.

Tiéu chuan 3. Piéu kién cdn: Cho dudng tron (O) va diém M khong thudc
dudmg tron d6. Td M ké hai cdt tuyén tdly ¥ MAB vi MCD. Ta ¢6
MA.MB =MCMD.,

Diéu kién dii: Cho hai dudng thing d, va d, cit nhau tai diém M. Trén d,
ldy hai diém A, B va tén d, ldy hai difm C, D théa man:

MA.MB = MC.MD; déng thdi diém M nim ngoai ca hai doan AB va CD,
hoac diém M ndm trong cé hai doan AB va CD.

Khi d6 bon diém A, B, C, D ciing thuoc mot dudng tron.

Cdc tiéu chudn néu trén coi nhu bai tap, ban doc ty ching minh méi khi
dp dung.
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II. VI DU MINH HOA

Vi du 1. Cho uf gidc ABCD, AB va CD cit nhau tai E, AD va BC cit nhau tai
F. Chung minh ring t gidc ABCD noi ti€p khi va chi khi cdc phan gidc cla goc

A}:.D va CFD vuong goc vdi nhau.
Gidi. (h.10-1a) Goi I Ia giao diém hai dudng phan gidc ciia goc AEDva CFD,

|ﬁ+1ﬁ=;6ﬁ>+<ﬁ+%@+@

=-;—(CFD+AED)+(CFE+AEI~)—--(CI“D+AED)+]80° B
F

= 180°—C=D+180°-A D)+180°-B

2 A

=360°—§—6—;(6+K) :

W o & C .

ot _2( )_2( ) Hinh 10-1a

T gidgc ABCD noitiép <> A +C=180° < .%.(}i«»(":) =90°

& [FE+IEF=90° & FIE =90°.

Chit y: Vidu | c6 tinh qhﬁ't dac biét. Pudng phan gidc EI cit BC tai P va AD
tai M, duong phan giac FI cat canh AB tai N va CD tai Q. Ta c6 tt gidc MNPQ la
hinh thoi.

Véi chitng minh nay Vidu 1 ¢6 1&i gidi khéc :

FME =D + MED, BPM = PBE + BEP .

Ti gidc ABCD noi tiép <> D = CBE,

ME la phan gidc géc AED < MED = MEA

& FMP = FPM < FM=FP;

FQ 12 phan gidc goc CFD < FQ L EM

& IM=INe NM=NP, QM =QP Hinh 10-1b

<> MNPQ la hinh thoi.
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Vi du 2. Cho tam gidc ABC va dudmg cao AH, goi M, N l4n luot 1a trung diém
clia AB va AC. Dudng tron ngoai tiép tam gidc BMH cit dudng tron ngoai tiép
tam gidc CNH tai E. Chimg minh riing uf gidc AMEN 1a ur gidc noi ti€p va HE di
qua trung diém clia MN.

Gidi. (h.10-2) T gisc MBHE va HENC noi
tiép = MEH =180° - B, HEN =180°-C

= MEN =360° - MEH - HEN = M i
=360°-180°+B-180°+C = MEN =B +C

A

= MEN+A=B+C+A=180° = t& gidc B T
AMEN noi tiép. \K/\—/

HE cit MN tai I, ha MK L BC, theo gia thiét
AH L BC, MA=MB= MB=MH Hinh 10-2

= KB=KH, MK L MN = MN Ila ti€p tuyén cua dudng tron ngoai tiép
AMBH, IM? = IEIH . Tuong ty, IN> =IEIH = IM =IN.

Vi du 3. Cho tam gidc can ABC (AB = AC), P 13 diém trén canh diy BC. Ké
cdc dudng thing song song véi cdc canh bén, cdc giao diém d61a D va E (D e AB,
E e AC), goi Q la diém d6i xiing ctia P qua DE. Chitng minh Q ndm trén dudng
tron ngoai ti€p tam giac ABC. (V6 dich Hungari 1949).

Giai. (h.10-3) PD//AC, PE//AB = ADPE la
hinh binh hanh

= PD=AE, AD=EP, Q va P d6i xing qua DE
= DP=DQ, EQ=EP

= AE=DQ két hop EQ =DA = ADEQ Ila hinh
thang can = AQ //DE B

AABC can = EP=EC = EQ=EC = EQC =ECQ. Hinh 10-3

Kéo dai DE cit CQ tai H = EPH = EQH = EPH = ECH =5 EPCH noj ti€p,

PEH = BAG = BAQ + BCQ =180°= Q thudc dudng tron qua (A, B, C).

Vi du 4. Cho tam giéc nhon ABC noi ti€p dudmg tron (O), D 1a diém trén canh
BC. Goi O,la tam dudng tron ngoai ti€p tam gidc ABD, O,la tdm dudng tron
ngoai ti€p tam gidgc ADC. Chimg minh bon diém A,0,0,,0, nim trén mot dudng

C

tron. Gia str AD 1a phan gidc cia cia géc A, chimg minh tam gidic 00,0, latam
gidc can.
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Gidi. (h.10-4) Goi M, N, E thit tr 12 trung diém ctia AB, AD, AC
= cédc diém (M, N, E) : (0,0,,M) (O, N, O,) va O,E, O, thing hang

= 00, L AB, 00, LAC, 0,0, L AD

= cdc ti gisc AMO|N, ANEO,, AMOE
noi tiép ;

I\m = M’ﬁ'é, (chédn cung QB; ),

MNO, = O,NE (d6i dinh) ;

O,NE =0,AE = MAO, = EAO,

= MAE = 0,A0, ; MAE + MOE =180°

= 0,A0, +0,00, =180° Hinh 10-4

= tir gidc AO,00, ndi tiép.

Gia st AD la phan gidc géc A, do tinh chat dudng phan giic =
__ABBC
AC+AB
Ta c6 B=A00,, ADB=A0M = A0,0=> AABD va AAOO, déng dang
) 00, _AO BD.AO BC.AO .
AC+AB
Tuong tu, 00, =£é(—)—
AC+AB
Vi du 5. Cho tam gidc ABC noi ti€p dudmg tron (O ) va duong kinh AD. Qua
D ké ti€p tuyén v6i dudmg tron cit canh BC tai P, dudng thing PO cit canh AB,
AC tai N va M. Chitng minhON = OM..

= tam gidc 00,0, la tam gidc cén.

Gidi. Tt C ké duong thing song song véi
PO cit AB kéo dai tai Q, CQ cit AD tai E.

Goi I 1a trung diém BC = OI L BC

—OIP = 90°,

PD la tiép tuyén = AD L PD

=ODP = 90°.

Hinh 10-5
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I va D cung nhin doan OP duGi géc vuong = O, I, D, P nim trén mot dudng
tron = OPI = ODI (cting chin cunga); PO/ CQ=> OPI = fE@ (so le)

= [CE =ODI = ICE = EDI = b6n diém E, I, C, D ndm trén cing mot
dudng tron

= EIC =180° - EDC = 180° - ADC = 180° - ABC = QBC

=IE//BQ, ma IB = IC = EQ = EC=OM = ON.

Vi du 6. Cho tam gidc ABC n6i ti€p dudmg tron (O ). Budng tron tam (1) luén
di qua B va C cat AB, AC lédn lugt tai M, N. Duodng tron tam (J) ngoai ti€p tam
gidc AMN cit dudmg tron (O) tai K. Ching minh KI//0J.

Gidi. (h.10-6) Trong dudng tron (I) ta c¢é
MIC = 2MBC.

Trong dudng tron (O) ta c6 AKC = ABC (1)
MKC = MKA - CKA =180° - ANM - CKA
CKA = ABC = MBC ;

BMNC ndi ti€p duong tron (1)

= Eﬁﬁi:ﬁﬁ?‘:,mm:

MKC =180° = 2MBC = 180° - MIC Hinh 10-6
= MKC +MIC =180° = t& gifc MKCI ndi ti€p

= IKC =IMC . Trong tam gidc IMC:

— 180" —-MIC _180° —2MBC

IMC = - =90° - MBC

= IMC+MBC=90° = [KC+AKC=90° = IK 1 AK .

Dudng tron tam (J) va dudng tron (O) cit nhau tai A, K = OJ LAK =
QJ//IK.
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Vi du 7. Cho tir gidc ABCD, dudmng chéo BD khong phai la phan gidc cdc goc
ABC, ADC. M Ia diém trong tif gidc thda man ABD = MBC va ADB = MDC.
Ching minh ring 1 gidc ABCD noi tiép <> MA = MC.

B
Gidi. (h.10-7a) Kéo dai BM cit AC tai N, DM ciit T
AC tai E. y 4
Gia sir tir gidc ABCD noi ti€p = BCN = ADB, (’/4\
theo gid thiét ABD = MBC A A .
=> ABCN déng dang ABDA = b (1. v
BC BD
Tuong tr, ADAE va ADBC déng dang Hinh 10-7a
N L )
BD BC

Tir (1) va (2) suy ra %:g—g = CN=AE. Talai c6 M=@+.KEE,

— — — e e

MEC = ACD + MDC = ABD + ADB = NBC + ACB => MEN = MNE
= MN=ME = MA=MC.
Nguoc lai: Gia sit MA = MC. Goi giao diém ctia CD va DM véi dudng tron
ngoai ti€p tam gidc BMCla P va Q, tacé
MBC = MQC , theo gia thiét ABD = MBC, ADB =MDC
= AADB va AMDP déng dang (g.g)

DB_ DP i .
AD MD
ADB = MDC = ADM = BDP -
= AADM va ABDP dong dang
AM _ AD D 4
BP DP
Tir(1) va (2) suy ra AM _ MD 3) Hinh 10-7b
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. PQ DP
ADMC va ADPQ dong dang = —~=—— (4). Tir (3) va (4) suy ra
Q g dang MCDM() 3) (4) suy

PP 2O i i dhiet WAL = MC =S BP = PQ = DCB =BPQ = QMB
AM MC' O E ) )
= MDP + MPD = ADB+ABD =180° -DAB= DCB+DAB=180° = ABCD
noi tiép.

Vi du 8. Cho tam gidc ABC, A >B>C noi tiép dudng tron (0), I 1a tam

duong tron noéi tiép tam gidc, duong phan gidc goc A cit duong tron (O) tai M,
goi E 12 trung diém chia BC, K 1a diém d6i xing ctia I qua E. Dudng thing MK cit

dudng tron (O) tai diém P. Chimg minh P thudc cung nho AC va BP = AP+CP.
Gidi. (h.10-8) El = EK,EB=EC v [EB = KEC
= AEIB = AEKC (c.g.c)
= @:ﬁ:%h%ﬁ:acm,
B>C= E, Cnam vé mot phia déi véi
AM = K va C nam vé mot phia v6i AM = K
nam trong goc AMC = P thudc cung nho BC.
Lay diém Q thuéc BP sao cho PA =PQ = Hinh 10-8

— — 1 — -~ -~ -~
PAQ = AQP =~2—(180° —APB):%(ISO“ C)=%(A+B)

— — | ~

:;-6Ki+m’“é+&“i)=%(ﬁ+ﬁ) = 1AQ+PAC=EB=1§6+FEC
ma PAC = PBC = IAQ = IBQ => tt gidc ABQI noi tiép

B %R=§KI=@’=§FM =1Q// PM . Goi H 1a giao diém QE véi PM
=> QIHK Ila hinh binh hanh = BQCH la hinh binh hanh = BQ//CH
- f)'ﬁ(“::ﬁ'éb:%ﬁ = tam gidc CPH can = CP = CH = BQ

= BP=BQ+QP=CH+PA=PC+PA.

Vi du 9. Cho hai duong tron (O, ) va (O, ) cét nhau tai A va B. Kéo dai AB vé
phia B lay diém M, tir M ké hai tiép tuyén ME, MF véi dudng tron (O,), (E, F 1a
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cdc tiép diém, F cung phia (O,) d6i v6i AB). Pudng thing BE va BF cit dudng
tron (0, ) tai P va Q, goi I 1a giao diém ctia PQ va EF. Chiing minh ring QI = IP.
Gidi. (h.10-9) Kéo dai EF cit PQ
tai L.
MF la tiép tuyén = MFB = FAB
(chdn cung BF)

P
= AMFB va AMAF déng dang
MF FB
= —=—,
MA FA
Tuong tr, AMEB va AMAE déng
g o o, i MBS E i
MA  EA Hinh 10-9
FB EB

(1) ; AFE = ABE (chin cung AE ), ABPQ Ia it gidc noi tiép

FA EA

— ABE=AQP= AFE=AQP= t¥ giic AFIQ la t& gidc ndi tilp =
AFQ = AIQ

— AFB = AIP, mit khéc ABF =;-5‘L'I_’h(-j => AFBA va AIPA ddng dang

:,B_F=ﬂ(2)
AF Al

Tuong tu, AABE «» AAQI
QI BE y Ql PI

= —=—(3). T (1), (2), (3 —_—=— [=1P.
1A AE() u()()()‘r:-IA IA=>Q

Vi du 10. Chirng minh ring trong mdt tam
gidc ba trung diém cha cdc canh, ba chan dudmng
cao clia tam gidc va ba trung diém cdc doan thdng
n6i dinh dén truc tdm cha tam gidc d6 cung nam
trén mot duong tron (goi la duwong tron Euler hay
duwong tron chin diém).

Gidi. (h.10-10) Xin gidi thiéu hai cich dé ban
doc tham khdo.

——

Cdch 1: BHg LAC => IHgB =90°, NA=NB,
BH=BB = NB'//AH = INB =90°.

Hinh 10-10
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= bon diém I, N, B, H, nm trén dudng tron dudmg kinh 1B’

Tuong tu chiing minh duge cdc diém con lai thude dudmg tron dudmg kinh IB.

Cdch 2: f?uirng tron ngoai tiép tam gidc ABC ¢6 bin kinh R, J 12 giao diém
cilaHOva IB = Ol LAC=O0OI//BH;

OI = BH = IOB'H 12 hinh binh hanh => JH = JO

= A'HMO 14 hinh binh hanh = JA = JM.

Xét A AHO c6 JA' 1a dudng trung binh = JA' =-;—OA =%R. Chitng minh

1i€p dugce cic diém cdn lai cach J mot khodng bang % Ta xdc dinh dugc tam, ban

kinh clia dudng tron 9 diém.

Vi du 11. Ching minh ring trong mot tam
gidc, duong tron Euler ti€p xic trong véi dudng
tron ndi tiép tam gidc do.

Giai. (h.10-11) Goi SQ la duong kinh duong
tron (0), ké AP L SQ,

J 1a trung diém OH = J 1a tAm dudng tron
Euler, ha JE L BC.

I 12 tAm dudng tron néi tiép tam giic ABC,

ha IN L BC = A, I, S thing hang.

Trong moi tam gidc tacé AH=20M. Hinh 10-11

Tir gidc HOMK 1a hinh thang = JE la dudng trung binh = HK +OM =2JE,
PO=PM OM=AK OM=AH+HK OM

=20M+HK OM=0OM+HK=2JE.

Goi D 1a giao diém ctia AS va BC = IDN = AQP

; P AP
= AAPQ va AIND Ia hai tam gidc vudng dong dang = D—]Q\I = N

= PQ.IN AP.DN =MK.DN (AP=MK), (1)

ASDC va ASCA c¢6 ASC chung, SAC =SCD nén ching dong dang
SD SC

= = =""SC?>=SDSA.
SC  SA
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[ 12 tim dudng tron noi tiép = SB=SC=SI = SI* =SDSA.
Hinh chi€u cta A, [, D, S trén canh BC trong img 1a K, N, D, M
= MN?=MD.MK =MNMK MN?=MNMK MDMK
= MN(MK MN)=MK(MN MD)

= MNNK = MK.DN. Kéthgp (1) => MNNK = IN.PQ.
Theo dinh Ii Pythagore ta ¢6 12 = (IN JE)? +(MN ME)?

12 =(IN 1P0)2+(MN %MK)Z
= J?=IN? INPO+— (P02+MK2) MN.MK + MN?

=—0A? IN? INPO MN.NK

R? +r2 IN(QP+PO)=%R2+1’2 R.r=(% r)?

R|T = &)=

= = r. Vay dudng tron Euler ti€p xic trong v&i dudng tron ndi tiép.

Ban doc hay van dung cdch gidi twong tu d¢ chimg minh két qué : Dwong tron
Euler tiép xiic ngoai voi duong tron bang tiép.
Vi du 12. Cho t gidc ABCD. Chiing minh ring AB.CD+ BC.AD 2 ACBD ;
Dau bing xay ra khi va chi khi ti gidc ABCD noi ti€p (hdt ddng thitc Ptolémé).
Gidi. (h.10-12) Lay diém M trong tf gidc B
sao cho MDC = ADB va MCD = ABD, ta c6 A
AABD va AMCD déng dang (g.g)
AB _BD BD AD*
= — VA —=—
MC CD CD MD
= ABCD=BD.MC (1)

D e

Hinh 10-12
V6i cich dng tacé ADM = BDC, %[D; - AD

MD
= AADM va ABDC déng dang

AD _AM

= —= = AD.BC = AM.BD (2
BD BC

90



Cong timg v& (1) va (2) duge AB.CD + AD.BC = BD(MC + MA) = BD.AC

= AB.CD+BC.AD 2 AC.BD. Dau bing xiy ra khi va chi khi M trén canh
AC <> A, M, C thing hang < uf gidc ABCD noi tiép.

Khi d6 ding thic duge goi 1a Dinh li Ptolémé (xem Chuyén dé 17).

A
Vi du 13. Cho tam gidc can ABC ’ D

(AB = AC). Goi P 1a diém trong tam gidc
thoa man PBC=PCA, goi I Ia trung diém
ctia BC, chimg minh ring BPI + APC =180°.

I
B C
Gidi. (h.10-13) Qua A ké dudng thing \V
song song véi BC cit BP tai D o

= PBC=PDA (so le).

Theo gia thiét, I;Eé = PCA = PCA =PDA Hinh 10-13

= tit gidc ADCP noi tiép = APC +ADC =180° (1) va DAC = DPC.
Kéo dai PI = IQ suy ra BPCQ Ia hinh binh hanh = CBQ = BCP .

Két hop gia thiét = PBQ = BCA, AD // BC = BCA = CAD

= 15_56= DAC = APBC va AADB ddng dang (g.g)

o KB B0 PB 00 . T8 A i R0 <R
PC AB _PC AC _ BQ AC

= APBQ va ADAC déng dang = gﬁ-Q=r[)C thay vao (1) duoc
BPI+APC =180°.

Vi du 14. Cho tam gidc nhon ABC khong can, dudng phan gidc géc A cit
canh BC tai D va cét dudng tron ngoai ti€p tam gidc tai I. T D ha DK, DH vuéng
g6c vdi canh AB va AC. Chimg minh rang dién tich tir gidc AKIH béang dién tich
tam gidc ABC (IMO 19587).
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Gidi. DK LAB,DHLAC= 1w giic
AKDH noi tiép, goi E 1a giao diém thi hai cla
duong won (AKDH) véi canh BC =
BCl = BAI = HAD HED=> HE // CI

= HEIC la hinh thang, Sy =Sgec =

Semr = SI[MC ’

Tuong tu, KE // Bl = Sg\; =Sypk
= Saxi = Saknmu + Sner + Sewm Hinh 10-14

= Sakmnn +Snek + Smuc = Sasc -

Vi du 15. Cho tam gidc nhon ABC (AB < AC), hai dudng cao BD va CE cit
nhau tai H, goi I 12 trung diém ctta BC. Hai dudng tron ngoai ti€p tam gidc BEI va
CDI cit nhau ¢ K, DE cit BC tai M. Chiing minh M, H, K théng hang, tir d6 suy ra
tr gidc BKDM noi tiép.

Gidi. (h.10-15) A +B+C+ EKD + EKI + [KD = 540°.

Theo gid thiét B+EKI=IKD+C 180° = A+EKD=180° = uf gidc
AEKD noi ti€p = ADE AKE.

BD L AC, CE L AB = ur gidc
BEDC noi tiép = ADE = B.

K&t hop véi ADE = AKE

duoc B = AKE

= EKI+ AKE = EKI+ B =180°

= A, K, I thing hang. Hink 10-15

ABDC 12 tam gidc vuong, IB=IC= IKC = IDC =ICD, IKC = KAC +ACK,
[CD=ICK+KCD = KAC=ICK, KAD=DEK (chin cung DK) =
ICK = DEK

= wr gidc MEKC ngi tiép = MEC = MKC. Theo két qua trén suy ra
I[KC = AED = MEB, MEC = MEB+90°, MKC MKI+IKC = MKI =90°
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= MK LKI = A, E, H, D, K nim trén dudng tron dudng kinh AH =
HK L Al = M, H, K thing hang.

T& gide DEHK noi tiép = HEK =HDK, & gidc MEKC noi tiép =
KEC = KMC = KMC = ADK = KMB = BDK = tit gidc BKDM noi tiép.

Vi du 16. Cho tam gidc can ABC (AB = AC), M la diém trén BC. Qua M dung
dudng tron tam (0O,) tiép xic vai AB tai B, qua M dung dudng tron tam (O,) tiép

xtc v6i AC tai C, goi N 1a giao diém ctia hai dudng tron (O,) va (O,). Chimg minh
ring A, M, N thing hang va tim quy tich trung diém ctia 0,0, khi M thay déi

Gidi. (h.10 16) BNM = ABM va MNC = ACB A
= BAC+BNC =180 = ABNC Ia i gidc

noi ti€p = BNA = ACB = ABC = BNM = N,
M, A thing hang.

BO, cit CO, kéo dai tai D = AD la dudng
kinh ctia dudng tron ngoai tiép tam giic ABC
= D c¢06 dinh, AO,BM va ABDC la cic tam
gidc can = OM J/ CD.

Tuong tu, O,M // DB, do d6 O,MO,D Ia Hinh 10-16
hinh binh hanh.

Phdn thugn: 1 1a trung diém clia O,0,, halJ L BC

= U= ;(O|H+03K)=% = I ndm trén dudng thing song song véi BC

cach BC mot khoang %ED.

Gidi han: M trén BC = I nam trén dudng trung binh cta tam gidc DBC.

Phdn ddo: (Danh cho ban doc).
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Vi du 17. Cho tam gidc nhon ABC, D la diém trong tam gidc sao cho

ADB=ACB+90° vda ACBD = ADBC.

AB.CD
ACBD’

a) Tinh gid trj cua
b) Chimg minh ring cdc tiép tuyén tai C cua cdc dudng tron ngoai tiép tam
gidc ACD va BCD vudng géc vé6i nhau (IMO - 1993).
Gidi. (h.10-17) a) Theo gia thi€t ADB=ACB+90°, wr D ké DE LBD,
DB =DE
=ADE = C vd ACBD = AD.BC
AD BD IE
AC BC BC
= AADE va AACB déng dang (c.g.c)

_ AB_AC - _DAE
AE AD

= CAD=BAE= ACAD va ABAE déng

ABCD ACBDV2 i
= = =2.
ACBD AC.BD Hinh 10-17

b) Tu C ké ti€p tuyén Cx véi dudng tron ngoai ti€p A ADC, va ti€p tuyén Cy
v@i dudng tron ngoai tiép ABDC.

Tac6 DAC = DCx (chin cung DC),
DBC= 6—6} (chdn cung fJ_é) 3
ADE + DAB + DBA = 90°

= C+A-CAD+B-DBC=90° = CAD+DBC=90° = Cx LCy.
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Vi du 18. Cho hinh binh hanh ABCD, mot dudng tron ty ¥ di qua A cidt AB,
AD va AC ldn luot tai M, N, E. Ching minh AM.AB + AN.AD = AE.AC.
Gidi. (h.10-18) Tir dinh B dung géc ABK = AEM

= AABK va AAEM dong dang = i—ﬁ- ... = AK = Gl (1.

AE .AE
T ABK = AEM suy ra BME = BKC,
ma BME = ANE nén BKC = ANE,

ABCD 12 hinh binh hanh = CAD = ACB
= AKCB va ANAE déng dang (g.g)

58 KC CB = KC=CB'NA ~ AD.NA ©)

NA AE AE AE

Hinh 10-18

AB.AM 4 AD.NA LA

Tir (1) va (2) ¢ AK+KC=
(1) va (2) suyra +KC AE AE

= AM.AB+AN.AD = AE.AC.

Vi du 19. Cho tir gidc ABCD noi ti€p mot
dudng tron va ngoai ti€p trong mot dudng tron
khac. Goi cic ti€p diém v6i dudng tron noi tiép
lan lugt 1a M, P, N, Q. Chimg minh ring MN
vuong géc véi PQ.

Giai. Cach I. (h.10-19) MPNQ 14 ti gidc

noi tiép = AMP = MQP (ciing chn cung MP),

NQC = NMQ (chén cung QN ), AM = AP = Hinh 10-19
tam gidc AMP can

= Aﬁ'h%“-%ﬁ = ®P=90°—;R.

Tuong ty, NMQ = 90° -%6
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= MQP + NMQ = 90° %Rwo" -12-6

=180° %(R+E:).ABCD 1a 1t gide noi tiep = A +C =180°

= MQP + NMQ =90° = MKQ =90°= MN vuéng géc véi PQ.
Cdch 2. Xét tong cdc gdc cha hai tir gide AMKP va CQKN, suy ra
2QKN =180° = QKN =90°.

Ban doc hay chimg minh bai toan: Cho ut gidc MPNQ ngi tiép. Qua M, N, P,
Q dung cdc tiép tuyén tao thanh uit giac ABCD. Chitng minh rdng MN vudng géc
vai PQ khi va chi khi tir gidec ABCD noi tiép.

Vi du 20. Cho tam gidc ABC néi ti€p duong tron (O). Dung dudng tron qua B
va tiép xic vGi canh AC tai A, dung dudmg tron qua C va tiép xic v6i AB tai A,
hai dudmg nay tron cét nhau tai D. Ching minh ADO =90° (V6 dich Nga - 1999).

Gidgi. (h.10-20) ABD =CAD (chin
cung ;ﬂ.\-ﬁ)‘

ACD = EI\T)( chén cung ;X_la)

=> ABDA va AADC dong dang.

Goi M 1a trung diém cha AB, N Ia
trung diém cua AC, ta c6 DMA = DNC

= DMA + DNA =180" e

= AMDN noi tiép. Mit khic, OM L AB,ON L AC= M, D, O, N nim trén
mot dudng tron

=> nam diém A, M, D, O, N nim trén dudmg tron dudng kinh OA

= ADO=90°.

Vi du 21. Cho tam gidc ABC. Pudng tron (O) di qua A va C cit AB, AC theo
thit ty tai K va N, Budng tron ngoai tiép tam gidc ABC va KBN cit nhau tai B va

M. Chimng minh géc OMB vuong (IMO - 1985).
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Gidi. (h.10-21) Goi I 12 tam duong tron ngoai ti€p AABC, J 13 tam dudmg

tron ngoai ti€p ABKN, dung ti€p tuyén Bx véi
dudng tron (J)

——

KBx = BNK , AKNC noi tiép = A = BNK
= MKx=A = Bx// AC.

OI 1a trung true cia AC nén dé dang chimg
minh duoc BJ // Ol

Tir B ké 1i€p tuy€n By véi dudng tron ngoai

tiep AABC, chimg minh tuong tv ¢é BI//0J

= Wt gidc BIOJ la hinh binh hanh.

Goi Q la giao diém BO va JI = QO =QB,

JI'la trung truce BM = QM =QB = QM =QB =Q0 = ABMO la tam giac
vuong = OMB =90°,

Hinh 10-21

Vi du 22. Cho ti gidc ABCD thoa man CAB =30°, DBC = 60°, ACD = 40°,
BDA =50° va ADC+ ABC >180°. Tinh cic géc ciia it gide ABCD.

Gidi. (h.10-22) Qua A, B, C dung dudng tron (0), cac dudng thing BD, AD,
CD cat dudng tron (O) 14n luot tai E, M, N.

ADC +ABC > 180° = ADC > 180° ABC = AEC

= D néim trong dudmg tron (O)

BAC =30° = sd BC = 60°, CBD = CBE = 60° B

= sdCME = 120° m
— — A — A (‘

= BE = BC+BME =180°

= BE la duong kinh ctha duong tron (O)
— sd BAE = 180° = sdBA + sdAN +sdNE

=BA+EM EM+2ACN+ NE ol
- 2ADB-EM +80° + NE Hinh 10-22

=100° +80° EM+NE
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= EM NE = BEI truc doi xing cua AC =

ABD 60°,BCA 30°,BDC 50°,CAD 40°

= A 70°.B 120°C 70°D 100°.

Vi du 23. Cho tam gidc vuong ABC (A 90°) va B <C, ti€p tuyén véi dudng
tron ngoai tiép tam gidc ABC tai A cit canh BC kéo dai tai D, goi E la diém déi
ximg ctia cua A qua BC, H 1a hinh chiéu ciia A trén BE. Goi I 1a trung diém cta
AH, dudng thing BI cit dudng tron ngoai tiép tam gidic ABC tai K. Chiing minh
ring BD la tiép tuyén cua dudng tron ngoai tiép tam gidc ADK.

Giai. (h.10 23) E la diém déi xiing A
cia A qua BC = DE la ti€p tuyén cia
dudng tron ngoai ti€p AABC I

= AELBCva MA ME. B Ml Tc D
Theo gia thiét A TH nén V

IM//BE =>KIM KBE =KAE L

= A, I, M, K nim trén mot dudng
e Hinh 10-23

tron = IAM KM ;

BAH BAE HAE BKE IKM MKE (1

Mat khic, ABE EAD (chdn cung AE ):

BAH 90° ABH 90° EAD ADM EDM Q)

Tur (1) va (2) suy ra MKE 613"1?4 = bon diém M, K, D, E nim trén mot dudng
won = KDM KEM KEA KAD = BD la tiép tuyén_ciia dudng tron ngoai
ti€p tam giac ADK.

Vi du 24. Cho A, B, C, D la bon diém phén biét nim trén mot dudng tron sao
cho cdc doan thing AC va BD cit nhau tai E. Trén doan CE ldy diém M khdc C va
E. Tiép tuyén tai E cia duong tron qua D, E, M cit BC va AB 14n luot tai F va G.

Tinh ti s6 °C theot M MO 1990).
EF AC
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Giai. (h.10-24) GE la tiép tuyén ctia dudng tron ngoai ti€p ADEM
= BEF = DEG = EMD (char cung DE);

CBD = CAD (chin cung CD) = ABEF v» AAMD
BE EF

= —— =—— = BEMD=AMEF (N
AM MD

Mat khic ABD = ACD, BGE = BEF - ABE = EMD - MCD = MDC
=> ABGE va ACDM déng dang
GE BE

DM M

= GE.CM = BE.DM (2)
Tu (1) va (2) suy ra

GE.CM = AMEF

= EF CM 1-t Hinh 10-24

Vi du 25. Cho tam gidc ABC noi ti€p dudng tron (O), dudng phan gidc AD va
BE cit nhau tai I, H 1a truc tam tam gidc, dudng thing OH cat AC va BC l4n luot
tai P va Q. Gia sir tit giéc CEID noi tiép, chimg minh PQ = AP+ BQ . (CMO  2005).

Gidi. T gigc CEID noi tiép = C+ EID =180°
= C= 180”-%:%(3&):%(130“—&)
= a=60°.

H I truc tam AABC = tt gidc CMHN noi ti€p
= AHB=180" -C =120°; C = 60°

= AOB=125"
= AHOB noi tiép = PHA =OBA, Hinh 10-25
OA = OB = OBA =30", mat khic C=60° = PAH =30° = AAPH can

= PH = PA. Tuong w, AQHB can nén QH = QB, do d¢6
PQ=PH+HQ=AP+BQ.
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Vi du 26. Tinh dudng chéo cha ngii gidc déu c6

A
canh binga. T d6 suy ra cich dung ngu gidc déu co ﬁ\
‘ i

canh cho trude. k »
Gidi. (h.10-26a) ABCDE la ngi gidc déu nén
— C
né ndi ti€p mot dudng trdon. Ta c6 EAB =108, B

AEB = EAD = ABE = 36°, iAB = AIB = 72° Hinh 10-26a
=JA = IE, BA = BI;

AABE v» AIAE = o - A = AB’ = BEAI = BE(BE AB)
BE AE

= AB? = BE? - BE.AB; chia ca hai v& cho AB” va dat _EL_EE; =X taco

_I+J§
T

=% X = X X 1=0=x

BE 1+5 1+45

= — = BE =
B 2 2
Cdch dimg doan : +2J§ a (h.10-26b) :
B
Dung tam gidc ABC vubéng tai A sao N
choAB = a, AC = 2a = BC = a+/5 ; trén tia Al €
D
d6i cta tia CB dit CD =a =BD = (1 + V/5)a. \
Hinh 10-26b
2 T & 1+ \/5
Ldy I 1a trung di€ém cua BD thi Bl = 2 a.

T d6 suy ra cich dung dudng chéo cla ngi gidc déu va dung ti€p ngi

gidc déu.
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Vi du 27. Cho da gidc déu A|A,A;A AsAGA, . Chitng minh ring:
1) AJAJ+AA, A A, =AAZ (1)
2) AA2+AAA A=A AL (D)
3) 8cos® a—4cos’a—4cosa+1=0, trongdé a= m )
Giai. (h.10-26¢) A|A,A A ;A AGA, 1A da gidc
déu nén nd ndi ti€p mot dudng tron A,
= AA, =AA=AA =L Aa
AAy =AA 5 AjA; = AjAs. M
Ap dung dinh li Ptolémeé vaéi cdc uf gidc i As
AJALA A, VA tiE gidc A A,A LA =
= AAT+AAAA, =A AL Hinh 10-26¢
A,Ag +AALAA = A,Ai Pa= A‘;\-‘:Ks =cosa = ANy .
2AA,
T (1) = AA, _AAT-AA]
AA,

AlA;
2A,A,

Thay vao (2) va biéu thi cosa =
ta dugc 8cos® a—4cos® a—4cosa+1=0.

BAI TAP

10.1. Cho dudng tron (O), dudng kinh AB, tir A ké hai cdt tuyén cit tiép tuyén tai
B & M, N va ciit dudmg tron (O) tai C va D. Chimg mirh ring b6n diém D, C,
M, N ndm trén mot dudng tron.

10.2. Cho hai dudng tron cit nhau tai M va N. Qua diém I trén doan MN ké day
AB ctia dudng trdn (O) va day CD ctia dudng tron (O'). Chimg minh bon diém
A, B, C, D nim trén mot dudmg tron.

10.3. Cho tir gide ABCD ndi ti€p dudng tron (O). Dung bén dudng tron ban kinh tuy
y, mbi dudmg tron di qua hai dinh lién tiép cia tf gidc, cic dudng tron d6 cit
nhau tao thanh mét tir gidc. Chimg minh tir gidc tao thanh Ia t gidc noi ti€p.
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10.4. Cho tam gidc ABC, M va N la hai diém trén phan gidic AD thoa min
ABN = (TE_}-IQ . Pudmg thing CN cit dudng tron ngoai tiép tam gidc ABN tai
diém P, dudng thing BM cit dudng tron ngoai ti€p tam gidc ACM tai Q.
Chimg minh P, A, Q thing hang va AC {=BCM.

10.5. Cho tam gidic ABC, goi P vd Q 1 hai diém & trong tam giic sao cho
PAB =QAC va PBA =QBC . Tinh gid tri ciia biéu thic

PA.QA % PB.QB " PC.QC .
ABAC AB.BC BCAC

10.6. Cho tam gidc ABC (AB < AC). Goi H la truc tam, [ va O la tam dudng tron
ndi ti€p, ngoai ti€p tam gidc ABC, déng thoi AH bang ban kinh dudng tron
ngoai tiép tam gidc ABC. So sdnh gécz@ va AHI.

10.7. Cho hai duong tron (O,) va (O, ) ti€p xiic trong tai M (dudng tron (0O,) nim
trong). Hai diém P va Q thugc dudng tron (0,), qua P keé ti€p tuyén véi (0,)
cat (0,) tai B va D, qua Q ké ti€p tuyén véi (O,) cat (O;) tai A va C. Chimg
minh rdng tdm dudng tron noi tiép cédc tam gidc ACD, BCD ndm trén PQ.

10.8. Cho dudmg tron tam (O) dudng kinh AB. Trén dudmg thiang AB lay diém C
¢6 dinh nam ngoai doan AB. Tur C ké hai ii€p tuyén CE va CF véGi dudng tron.
Goi I 12 giao diém cia AB va EF. Qua C ké cdt tuyén cat dudng tron tai M, N.
Ching minh AIM = BIN .

10.9. Cho tam gidc nhon ABC, M la diém tiy ¥ trén canh BC. Ké trung tryc cla

céc doan BM, CM cit canh AB, AC lén luot tai E va F. Ching minh ring
dudmg thing qua M va vuong géc véi EF di qua mot diém c6 dinh.

10.10. Cho tir gidc ABCD néi tiép trong mét dudmg tron . Cdc dudng thing AB va
CD cit nhau tai M, AD va BC ciét nhau tai N. Dudng phan gidc cia géc

AMD cit BC tai E va cit AD tai K. Dudmg phan gidc géc ANB cit CD tai P
va canh AB tai Q. Chimg minh rang uf giac EPKQ 1a hinh thoi.

10.11. Cho hai duong tron (O,) va (O,) cdt nhau tai A va B. Dudng lhéng 0,A
cit dudng tron (O, ) tai D, dudng thing O,A cit dudng tron (O,) tai C. Qua
A ké dudng thing song song v6i CD ciit dudng tron (O,) tai M va dudng tron
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(0,) tai N. Chimg minh nam diém B, C, D, O,, O, nam trén mot dudng tron,
tirdé suyra BC+BD MN.

10.12, Cho dudng tron tam & trén canh AB cia mot ti giac ABCD va tiép xtic véi
ba canh con lai. Ching minh ring néu tr gidc ABCD noi ti€p thi
AD+BC AB (IMO 1955).

10.13. Cho ut gidc ABCD, dudng chéo AC va BD vuodng géc véi nhau, AB va CD
khong song song, dudmg trung truc ciia AB va CD cit nhau tai P (P nim trong
it gidac ABCD). Chiing minh raing ABCD noi ti€p khi va chi khi cdc tam giac
ABP va CDP c6 dién tich bang nhau (/MO 1998).

10.14. Cho tam gidc nhon ABC, I la diém trong tam gidc, Bl cit AC tai M, CI cit
AB tai N va ur gidc AMIN noi tiép. Ching minh ring BN.BA + CM.CA
khong phu thude vio diém 1. Xdc dinh diém I sao cho i gidc BNMC noi tiép.

10.15. Cho uf gidc ABCD ngoai ti€p dudng tron (O). Ching minh rang

AOB+COD =180°

10.16. Chimg minh ring trong mot t& giac ngoai ti€p dudng tron, hai doan thing
nGi hai ti€p diém cta hai canh d6i bing nhau khi va chi khi tr gide ¢6 mot cép
g6c doi biang nhau.

10.17. Cho tir gidc ABCD ngoai ti€p duge dugng tron. Chimg minh tam duong tron
noi ti€p ur gidc ABCD va trung diém hai dudmg chéo clia ur gidc thing hing
(Puong thang nay ¢é tén la duong thang Newton).

10.18. Cho doan thing AB, M 1a diém trong mat phing sao cho tam gidc MAB la
tam gidc nhon. Goi H la tryc tam ca tam gidc MAB, I 1a trung diém AB va D
12 hinh chiéu cta H trén ML
Chimg minh rang tich MI.DI khong phu thudc vao vi tri ctia M.

10.19. Cho duding thing d va dudng tron (O;R ), dudng thingd khong cit dudng
tron, trén d 1dy diém M, tir M ké hai ti€p tuyén MA, MB. Goi H 12 hinh chiéu
ciia O trén d ; D, E 1a hinh chi¢u ctia H ldn lugt trén MA, MB. Chimg minh
dudng thing DE di qua diém ¢d dinh,

10.20. Cho ngii gidc ABCDE noi tiép mot dudng tron bédn kinh béng 1 va céic goc
bing nhau. Ching minh ring ABCDE la ngi gidc déu, tir d6 suy ra
ABAC /5 (Vo dich Hungary nam 1900 va 1905).
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Chuyén dé 11. DO DAI DUONG TRON. DIEN TiCH HINH TRON

I. KIEN THUC CO BAN

1. Do dai duong tron
a) Bo dai Cciia mét dudng tron binkinh R 1a: C  2nR.
b) Do dai cung tron: Mot cung n” cliia mot dudmng tron ban kinh R ¢6 do dai
L
180
2. Dién tich hinh tron

a) Dién tich hinh tron ¢é ban kinh R : S=nR’.
i aR’n /R
b) Dién tich hinh quat tron ban kinh R véi géc &tam n’: S= T?;GOH = o
3. Hinh vién phan : 12 hinh gidi han bai mot cung va day cing cung dy.

Dién tich hinh vién phan gi6i han bdi cung AB va day AB bing hi¢u giira
dién tich hinh quat OAB vi dién tich tam gidc OAB :

hRB Squ\l! = Saoas -

4. Hinh vanh khan : 12 phin hinh trdn nim giita hai dudng tron déng tam bén
kinhRvar(R>r). '
Sus =(R*=r%).

Kién thirc bd sung

Néu a, R var 1a canh va bin kinh duong tron ngoai va noi ti€p da giic déu n
canh thi

a a r 180°
180°° T 1800 R
2sin 2tg

n n

I1. VI DU MINH HOA
Vidu 1. Cho dudng tron tam (O ; R). A la diém trén dudng tron, dung dudng

tron tam O' dudng kinh OA. Goi M la diém nim trén (O'"), tia OM cit dudng tron
(O;R)tai N.
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a) Chimg minh ring do dai cung AM va AN ciia hai dudng tron bing nhau.

b) Chimg minh ring di¢n tich quat tron OAN gap hai lin dién tich quat tron
O AM.

Gidi. a) Hai duomg tron (O) va (O) tiép xtic nhau tai A,

AOOM ¢c6 0O0=0M=A00Mcan, OA = 1 R. f
27 N

biat AOM =n’ thi AOM =2n°

m R 2n
180 180 180 Hinh 11-]
= AM=AN.
nR’n nR*2n  aR’n
D) Sow =50+ S =360 =720 oo = Pouw-

Vi du 2. Cho A, B, C, D la bon dinh ctia hinh vudng
¢6 canh 12 a. Tinh chu vi P va dién tich S hinh hoa 4 cdnh
gi6i han bdi cdc dudong cong ¢6 ban kinh bing a. tam 1a
cdc dinh cta hinh vuong (hinh vé).

Gidi. Do dai cung AE =22 =12
12 6
o P g8, 318
s Tl T Hinh 11-2
e 2
AEDC Ia tam gidc déu, goc ADE  30°=> Sy a_‘.;/_i
a’n30 a’n , ma? a3

=~ = Sies =Saaco 2Spae Sgep =27 -

S =
WA 8600 12

a’(12 2n 3\3
= Sf\ﬂf: = 12 )

a’(12 2x 3J§)=az(2n+3sf3— 9)

= S=a’ 4§,  =a’
ABE 3 3
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Vi du 3. Cho tam gidc déu ABC tam O c¢6 canh bang a. Dung ba dudng tron
ngoai ti€p cdc tam gidc OAB, OBC, OCA, ching doi mot cit nhau tao thanh hinh |
hoa thi 3 canh. Tinh dién tich hinh hoa thi (h.11-3). ‘

Gidi. Goi I 12 tam duong tron ngoai tiép AOAB =

|
|
A |
AIAO 1a tam gidc déu cé canh a_;fi hinh hoa thi |
l \
: S 5 > na’ ‘
g0m 6 hinh vién phan bang nhau. Taco S, = 13" |
C
g BV _ o fm 23] a’@2r-3V3)
o ™ " 19 TELqE 8 ) 6 : Hinh 11-3

Vi du 4. Cho A, B, C la ba dinh ctia tam gidc déu canh a. Dung ba cung tron
tam l1a A, B, C, bin kinh a. Tinh dién tich hinh gigi han bdi ba cung tron (h.11-4).

Gidi. Dién tich gidi han boi ba dudng cong la dién A
tich ba hinh vién phan va dién tich AABC déu.

a’n a’\3 a’(2n-33)
—_— SABC =~ = = — P
6 4 12

S:_az(2n—3\/§) b a’\3 _a’(n-43)
12 : 4 2 ' Hinh 114

S\r‘l‘

SquC

B C

Vi du 5. Cho hai dudng tron bang nhau (O;R ) va (O;R), tam dudng tron ndy
ndm trén dudng tron Kia. Tinh dién tich S phédn giao cha hai hinh tron (h.11 5).

Giai.
AAOO 1a tam gidc déu canh R
) _Rm . _R}Q2r-3V3) 2
q0A0" 5 - S\r = 12
2 2 . ;
:>5=M+R V32 M 5 &
12 4
_R(4n 33)
6 Hinh 11-5

Vi du 6. Cho luc gidc déu canh a. Tinh dién tich hinh vanh khan gi6i han bai
cdc dudng tron ndi ti€p va ngoai ti€p luc gidc d6 va tinh dién tich S cia hinh gici
han bai luc gidc déu va dudng tron ndi tiép luc gidc (h.11-6).
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Gidi. Luc giac déu c6 canh bang a = OA=a=

B
AOAB la tam gidc déu, OI la dudng cao = Ol = %
3 2 2 2 2 A
Sv.‘hzn(az— L =E-.Sm=6.a\Eza?"'/5
4’ 4 4 2
S = a23\/§ 3a’n 32(6\/5"311:]
= 5= > - 2 = 4 : Hinh 11-6

Vidu 7. Cho tam gidc ABC. Goi §,,S,,8, la dién tich cdc nira hinh tron thir tr
c6 duong kinh 1a BC, CA, AB. Chimg minh ring tam gidc ABC la tam gidc vuong
khi va chi khi (S} +8; -8})* - 4S]S;.

Gidi. (S} +S3 -8?)? =4S}S2 & (S +82 -82 -25,S,)(S? +S2 -S2 +25,S,) =0

& (8, =S, =S,)(S, =S, +S,)(S, +S, =S,)(S, +S, +S,) =0

(S, -S,-S,), -8, +8,)(S, +S, -S,) = 0. Xay ramét trong ba truong hop

a) S,-S,-S,=0& S, =sz+siaa;" =b_;3‘.+‘%“532 =b’+c? & AABC
vuong tai A.

b) S, =S, +S, < b =a’ +¢’ < AABC vuong tai B.

¢) S,=8,+S, & ¢’ =a’+b’ < AABC vuong tai C.

Vi du 8. Cho tam gidc ABC noi ti€p nira dudng tron duong kinh AB. Dung ra
phia ngoai cac nira duong tron duong kinh AC va BC tao thanh hai “hinh trang
khuyét "(Hypocrat). Chimng minh ring téng dién tich S clia hai hinh tring khuyét
bang dién tich tam gidc ABC (h.11-8).

Gidi. AABC vubng = S5 = %AC.BC . AB* = AC*+BC?,

Spac +S,8c =_2'-_4—__'2'AC-BC , , \
2 2 2
S=IIACn+llBCn (l AB‘n %AC.BC)—

2 4 2 4 2 4

n 2 2 331 1 Hinh 11-8
= 8 (AC" +BC - AB )+EAC'BC - EAC'BC =S,
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Vi du 9. Cho hinh vién phan c6 chu vi la p, s6 do cung 1a 120°. Tinh ban kinh
clia dudng tron tao thanh hinh vién phan va tinh dién tich hinh vién phan dé6.

Gidi. (h.11-9) Goi bin kinh dutmg tron la R,
AOB =120’ m
A\‘/ B
0]

= AB=R\3, cung AB ¢6 do dai 2“—3-'{

2aR 3p
= p=RV3+ = R=———— ;
p 3 2+ 3 ;3 Hinh 11-9
3np’ N S 3p(4n—343)

Sqwu = AB

» Soxs = = 2
Qn+3V3) 4(2n+33) 4(2m +343)}

Vi du 10. Tinh dién tich hinh hoa thi 6 c4nh tao bdi 6
cung tron ¢6 ban kinh R, tam la cdc dinh cia luc gidc déu
nodi ti€p dudng tron bén kinh R (h.11-10).

Gidi. Dién tich mot cénh hoa thi:

b E{Rzn AR’ﬁ'}: R:2r 3v3)

6 4 6

Hinh 11-10

=> dién tich hoa thi 6 cdnh la R’(2n 3\/5).

Vi du 11. Cho nira dudng tron dudng kinh AB=2R, C la diém trén nira
dudng tron sao cho cung AC =60", dudng tron (I) noi tiép tam gidc ABC. Tinh
dién tich hinh giéi han boi nira dudng tron dudng kinh AB va phdn ngoai dudng
tron (1).

Gidi. AC=60° = CBA=30°= AC=R, BC=Rv3. Goi bin kinh cia
(Mlar

AC.BC RV3
r= —
AC+BC+AB 3+3 I
A B

R’r  3Rn  Rn(3-1)
= S= - - = :
2 (3+f3) 2 Hinh 11-11

Vi du 12. Cho tam giic vuéong ABC c¢6 canh huyén BC c6 dinh. Goi
S,,Sg,Sc lan luot 1a dién tich cdc nira hinh tron dutmg kinh BC, CA, AB. Chimg

minh rdng 2(S; +S;) 2 S} . Xdc dinh vi tri cha A d€ ¢6 ddu bang.
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4

Gidi. DAt AB=c,BC=a, CA=b; §, =%,
SB=E|SC=L
8 8 \ a A

2(S; +S¢) 28, < 2(b* +c¢')2a' = (b +¢*)’
& b'+c'22b%? & (b’ =¢?)? 20. Dau bing xay
rakhi b = c <> AABC vudng can tai A. Hinh 11-12

Vi du 13. Cho 19 diém trong d6 khong c¢6 ba di€ém nao thing hang nim trong
mot luc gidc déu ¢6 canh bang |. Chimg minh ring luon 16n tai mot tam gidc tao
bdi 3 trong 19 diém da cho, c6 it nhat mot géc khong 16n hon 45° va nam trong

dudng tron ¢é ban kinh nhé hon ’

Gidi. Chia luc gidc déu thanh 6 tam gidc déu c6 canh bang 1, ¢6 19 diém nam
trong luc gidc déu, theo nguyén Ii Dirichlet, c6 it nhat mot tam gidc chira 4 trong
19 diém da cho.

a) Gia sir 4 diém do6 1a A, B, C, D sip x&p thanh mot wr gidc 16i =
A+B+C+D=360" = c6 it nhat mot goc < 90°.

Gia sir géc d6 1a A = BAC + CAD <90° = trong 2 géc BAC, CAD c6 it nhit
mot géc < 45°,

A
A

C
a) b) )
Hinh 11-13

Gia st BAC< 45° = tam gidc ABC thoa min c6 goc khong Ién
hon 45°.

b) Gid sir 4 diém tao thanh nhu trén hinh 11 13b, c.

Truomg hop 1: BDC 290° = CBD + BCD <90° = ¢6 it nhdt mot trong hai
g6c CBD, BCD < 45° ching han BCD <45° = ABCD la tam gidc ¢6 géc khong
16m hon 45°.
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Triomg hop 2: BCD < 90° => BAD <90° = trong 2 géc BAC, CAD c6 mot
g6c khong 16n hon 45°.
Gia sit BAC <45" = tam gidc ABC c6 mot géc khong 16n hon 45°.

X ceos N33
Tam gidc déu c6 canh bing I, ban kinh dudng tron ngoai ti€p la % <§.

Vay luon tdn tai mot tam gidc ¢6 3 dinh 12 3 trong 19 diém da cho, ¢6 it nhét
mot gée khong 16n hon 45°, ndim trong dudng tron béan kinh nho hon % ;

Vi du 14. Cho hai n-gidc déu noi tiép va ngoz_if ti€p cling mot cuong tron ¢é do
dai la P va dién tich 1a S. Goi p,,s, 1a do dai va dién tich dudng tron nbi ti€p, goi
P,, S, la d0 dai va dién tich dudmg tron ngoai tiép. Chimg minh ring P> =p,p, va

tmss, .
Gidi. Goi AB 1a canh da gidc déu noi tiép,

MN la canh da gidc déu ngoai ti€p dudng tron (O) N
= OB.LMN, OM L AB,

B

0 (]

AOB=360 = MOB= =a,0B=r,
n n M
HO=rcosa; OM = OB - X
cosa  coso
) A O
= P=2rx, p, =2nrrcosa, p, = 2
. ) cosa Hinh 11-14
= pp, =4nr" =P",
2
& =R 6, 55 s dB S

(:CDS2 o

= 5,5, = Ar’cos’a

=1’r* =(nr?)’ =S,
cos’ a

BAI TAP

11.1. Cho hinh vudng cé canh bing a. Dung b6n dudmg tron ¢6 tdm la cic dinh
hinh vudng, ¢6 bin kinh % Tinh dién tich phdn hinh vuéng nim ngoai cic

dudng tron dé.
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11.2. Goi AB la canh da gidc déu n canh noi tiép
dudng tron tam O bdn kinh R. Tinh dién tich
hinh quat OAB va hinh vién phan dinh boi day
cung nho AB trong cic truong hop n=3,4,6.

11.3. Tinh dién tich hinh hoa thi b6n cdnh (nhu hinh
11.15), canh hinh vuong bing a.

11.4. Cho hinh chir nhat ABCD, AB=a, BC = a3 .

Dung trong hinh chir nhat hai nira duong tron
duong kinh AD va CD. Tinh dién tich phén
chung cua hai nira hinh tron.

11.5. Cho duong tron (O;R ), va day AB =a. Ké dudng kinh CD vudng géc véi
AB. Tinh AC, AD theo R, a. Tir dé tinh canh bdt gidc déu va thap nhi giic
déu noi tiép theo R.

Hinh 11-15

11.6. Cho hai dudng tron (O;R,) va (0,;R,) ti€p xic ngoai, ti€p tuyén chung
ngoai AB trong dé A thudc (O,;R, ), B thudc (O,;R,) . Tinh dién tich hinh
tron tiép xic v6i AB déng thoi tiép xiic ngodi véi hai duong tron trén.

11.7. Cho hinh vuéng OABC canh a. Trén AB ldy diém D sao cho AB=3AD, E

1a trung diém cla BC, dung dudng tron tdm O ban kinh a. Tinh dién tich hinh
gidi han boi hinh vuéng, dudng tron va cdc doan thing AD, DE, EC.
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(Chuong 1V
HINH TRU. HINH NON. HiNH CAU

Chuyén dé 12. HINH TRU

I. KIEN THUC CO BAN

1. Khi quay hinh chir nhait ABCD moét vong quanh canh
CD ¢6 dinh, ta dugc mot hinh tru (h.12 1).

2. Vi hinh tru ¢6 ban kinh ddy r va chiéu cao h, tacé :
Di¢n tich xung quanh bing S, = 2xrh.
Di¢n tich toan phdn bing S, = 2nrh + 2nr’.
Thé tich bing V = nr’h.

Hinh 12-1

II. VI DU MINH HOA

Vi du 1. M6t hinh tru ¢6 chiéu cao bing h, dién tich xung quanh bing tdng
dién tich hai ddy. Tinh dién tich xung quanh va thé tich ctia hinh tru.

Giai
Goi bén kinh ddy bing r. Ta ¢6

Sxq = 2nrh.
Theo dé bai, dién tich xung quanh bing 16ng dién tich hai ddy nén

2arh = 27, Suyrar=h.

Dién tich xung quanh bang

2nrh = 2nth?,
Thé tich bing

nr’h = h'.
Vi du 2. Hai ban Hoang va Khoa c6 hai miéng bia hinh chir nhat ¢é chiéu dai

a, chiéu rong b trong dé a > b. Ban Hoang cudn tim bia theo chiéu dai cho hai
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mép sdt nhau réi ding bang dinh ddn lai dugc mot hinh tru khong cé ddy (khi do
chiéu rong cia tdm bia 1a chiéu cao cha hinh try). Ban Khoa cudn tdm bia theo
chiéu rong theo cdch tuong tu nhu trén. Hinh tru ctia ban nao ¢6 thé tich 16n hon ?

Giai
Hinh tru ctia ban Hoang c6 chu vi ddy bing a, chiéu cao bing b nén né c6 thé
tich bang

Hinh tru clia ban Khoa cé chu vi ddy bang b, chiéu cao bing a nén né cé thé

tich bang
2 .2
V'; = TI[ b J '—"'b—a.
2n 4n

Ta thay V,: v,..‘;—b ':—“_%:»l.
n n

Vay hinh tru cia ban Hoang c6 thé tich 16n hon.

Vi du 3. Day cia mot hinh tru ¢6 > sl W

bin kinh OA OB 3%1:;11. s6 do
cung AB bing 120° (h.12-2). D

Trén mat xung quanh cta hinh tru cé
cdc diém C va D sao cho CA, DB vuong i
gbc voi ddy va CA = 9cm, DB = 3cm 4 )

Tinh chiéu dai ngén nhat ma mét con o T

kién phai bo trén mat xung quanh cha

2 Hinh 12-2
hinh tru tir C dén D (ldy = T)'

Gidi

Cit mat xung quanh cta hinh tru
theo dutmg thing AC réi trdi phing, ta
duoc hinh 12-3.

AB 2239

T >
o0
U"“'w

N o

1
— =8 (cm).
i3 Hinh 12-3
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Ké DH L AC,tac6é DH = AB=8cm,

CH=AC AH=9 3=6(cm).
Ap dung dinh 1f Pythagore trong tam gidc vuong CHD ta dugc

CD? = CH? + DH?
nén CD = 10cm.

= 6% +8% =100

Chiéu dai ngin nhit ma con kién phai bo tir C dén D 1a 10cm.

BAI TAP

12.1. Ban Ngoc ding mét bang vai mau

dai 1m d€ budc mot géi qua cé
dang hinh tru nhu & hinh "12-4.
Hinh tru c6 bdn kinh ddy S5cm va
chiéu cao 12cm. Biét ring céin
10cm bang vai dé thit no. Bang vai
trén c6 du dai dé budc gbi qua hay
khong ?

12.2. Mot chiéc mdng ¢6 dang nira hinh

12.3.

124,

12.5.

114

tru (h.12-5), hai ddy & hai bén 12 hai
nira hinh tron ¢é dudng kinh 20cm.
Chiéu dai cia mdng (tic 1a chiéu cao
cua ntra hinh tru) 1a 3m. Tinh dién
tich ton dé lam mang (khong ké cdc
chd nai, 1y = 3,14).

Hinh 12-4

Hinh 12-5

Mot hinh tru ¢6 bdn kinh ddy bing chiéu cao, thi€t dién di qua truc

bing 72cm?. Tinh dién tich xung quanh, dién tich toan phén va thé tich cta

hinh tru.

Nguoi ta tha mot hon dd ngap vao trong nudc ciia mot chi€c 1o thuy tinh hinh

tru ¢6 bdn kinh ddy 1,2dm lam cho muc nudc trong lo dang cao thém 0,8dm.
Tinh thé tich cia hon d4 (1am tron dén 0,1dm>).

Cho hinh chir nhat ABCD ¢6 AB = 4cm, BC = 3cm. Khi quay hinh chir nha

dé moét vong quanh canh BC, ta dugc mot hinh tru ¢6 dién tich xung quanh

bang S, va thé tich bang V,. Khi quay hinh chir nhat d6 mot vong quanh
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canh AB, ta dugc mot hinh tru c6 dién tich xung quanh bing S, va thé tich
bang V,.

a) Tinh S; va V.

b) Tinh S, va V,.

12.6. Mot hop thude hinh tru duge dat khit trong mot

hop gidy hinh hop chir nhat. Thé tich ctia hinh CB
tru bing bao nhiéu phéin tram thé tich ctia hinh
hop chir nhat ? (1am tron dén 0,1%).

12.7. Mot con kién bo & mat ngoai cia mot cdi cdc

hinh tru tir A dé€n B nhu & hinh 12-6. Chiéu cao A
cia c6c bing 16cm, chu vi ddy clia c6c bing
24cm. Con kién bo tir A dé€n B mdt it nhat may

b . inh 12-
gidy, bi€t rang van téc cta nd 1a Scm/s ? Higrias

Chuyén dé 13. HINH NON

I. KIEN THUC CO BAN

) 5

Khi quay tam gidic AOC vuong tai O mot vong
quanh canh OA c¢@ dinh, ta dugc mot hinh nén
(h.13-1).
Véi hinh nén ¢6 ban kinh ddy r, duong sinh /,
chiéu caoh, tacé:

Dién tich xung quanh bang S, = nrl.

Dién tich toan phén bang S, = nr/ + nr?

Thé tich bing V = -;-nrzh.

Hinh 13-1

Khi cat hinh nén bdi mot mat phing song song véi ddy thi phdn hinh nén nim
gilta mat cdt ~a mat ddy 1a mot hinh nén cut. D€ tinh dién tich xung quanh
(hoac thé tich) ctia hinh nén cut, ta c6 thé tinh hiéu cic dién tich xung quanh
(hoic thé tich) cha hai hinh nén.

Ciing c6 thé dung cong thiic sau véi r; va r, 1 cdc béan kinh ddy, / 12 dudng
sinh, h 1a chiéu cao ctia hinh nén cut :

Syq =7 +1)l 5 \' =-:];1ch(r|2 + r—‘? +nn).
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II. Vi DU MINH HOA

Vi du 1. Cho tam gidc ABC vuong tai A c6 AC < AB. Khi quay tam gidc ABC
mot vong quanh canh AB, ta duge mot hinh nén c6 dién tich toan phan 1a §,.
Khi quay tam giic ABC mot
vong quanh canh AC, ta dugc
moOt hinh nén ¢é dién tich toan

phidn 12 S,. Ching minh ring
5, <8S,.

Gidi. (h.13.2)

Khi quay tam giac ABC
moét vong quanh canh AB, ta
dugc hinh nén thi nhdt
(h.13.2a). Khi quay tam gidc
ABC mot vong quanh canh AC,
ta duoc hinh nén tht hai
(h.13.2b).

Pat AB=c¢, AC=b (b<c).
Tacé  S;= nb.BC+nb’ 2) b)
S, = nc. BC + mc” Hinh 13-2
Dob<cnén S, <S,.
Vi du 2. Mot hinh nén c6 ban kinh ddy bing 5 cm, s6 do dién tich xung quanh
(tinh bing cmz) bing s6 do thé tich (tinh bing cm3). Tinh chiéu cao ctia hinh nén.
Gidi. (h.13.3)

Goi h la chiéu cao cua hinh
nén. Puong sinh cia hinh nén

bing JSz he

Dién tich xung quanh cua
hinh nén béng

S =n.5.25+ hZ.

B

A

Hinh 13-3

Thé tich ctia hinh nén bing V = %—rc.sz.h = ?nh.

Ta c6 5my25+h? =§m
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nén 325+ h? = 5h e 9(25 + h?) = 25h°
¢ 225 + 9h% = 25h? & 225 = 16h°
<> h=3,75 (cm).

Chiéu cao cta hinh n6n bing 3,75 cm.

Vi du 3. M6t hinh tru vd mot hinh nén cing ¢6 chiéu cao bing 4 dm. Biét
ring dién tich toan phén cia hai hinh bing nhau va thé tich cla chiing cling biing
nhau. Tinh bédn kinh ddy ctia méi hinh.

Gidi. (h.13.4)

Goi ban kinh ddy ciahinh try ()
la x, ban kinh ddy cia hinh non  |[~~—"]
lay.

Thé tich cha hai hinh bing

nhau nén nx?.4 = %'n:yz.df

suy ra y2 =3x2, (€ )) N

Dién tich toan phdn cta hai N X
hinh bing nhau nén -

2nx . 4 + anz = ny\}yz +42 4 T:y2 Hinh 13-4

o 8x +2x% = y\Jy? +16 + y. 2)

Thay y2 = 3x% vio (2) duge

8x +2x° = x\/g.\ﬁxz +16 + 3x?
& 8x — x> = x9x% + 48
¢:>8-x=\f9x2 + 48,

Binh phuong hai vé& (v6i diéu kién x < 8) ta duge
64— 16x +x* = 9x* +48 &> x* +2x =2 =0.

Nghiém duong ctia phuong trinh trén la x = B 1
Khi d6 y=x\/§=3—J§.
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Vay bén kinh ddy ctia hinh tru bing 3 -12073 (dm), bén kinh ddy cia

hinh nén béng
3-+/3 =127 (dm).

Vi du 4. Cho mdt hinh nén dinh A c6 dudng kinh ddy BC = 2 dm, dudng sinh
AC=3dm.

a) Tinh s6 do cung ctia hinh quat khi khai trién mit xung quanh ctia hinh nén.

b) Mot con kién bo trén mat xung quanh cua hinh nén tir C gap duong sinh AB
r6i di tiép tré vé C. Tinh do dai ngin nhat ma con kién phai bo.

Gidi. (h.13-5)

a) Khi khai trién mat xung quanh
ctua hinh nén, ta duge hinh quat tron cé
tam A, ban kinh AC = 3dm, d¢ dai cung
cia hinh quat bing do dai dudng tron

A
ddy tic 12 bang 2.1 = 21 (dm). B
Do dai cua ca dudmg tron tam A bdn ’
kinh 3 dm béng 27.3 = 67 (dm).
S0 do cung CC' clia hinh quat bing B h e

360° % = 120°.

s Hinh 13-5

b) Cit mat xung quanh ctia hinh nén theo duomg sinh AC réi trai phing, ta
dugc hinh quat tron ACC' (h.13.5), cung CC' ¢6 s6 do 120° (theo cau a), diém B di
chuyén dén diém B' & chinh giita cung CC'.

Quing dudng ngén nhat phai tim 12 do dai doan thing CC'.

Goi M 1a giao diém ctia CC' va AB'. Ta c6 tam gidc ACB' déu, AMC =90°,

J3

CM = AGsin 60° 3. ? = 2,6 (dm). Suy ra CC' =2 CM = 5,2 dm.

Do dai ngidn nhat ma con kién phadi bo 12 5,2 dm.
Vidus.
a) Chimg minh cong thiic tinh dién tich xung quanh ctia hinh nén cut

Sgq=m(ry + )l
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b) Ching minh.céng thirc tinh thé tich cha hinh nén cut :
V= %rth(r[2 + .r-_,2 + 1h).

Giai. (h.13-6)

a) Di¢n tich xung quanh cua hinh
nén cut la hi¢u giita dién tich xung
quanh cua hinh nén 16n (bang nary/,) va
dién tich xung quanh cta hinh nén nho
(bang nryl,). Do.d6

qu =nryly = 1ryl)

= T[[fz(l + !'])'— T[Uz —n")]

=K(T21+T2f|—r1f2+r|!). (I)

n |
Matkhictacé ' =-L nénnyl, =rl. (2)
n I Hinh 13-6

Tu (1) va (2) suy ra qu = 7(ryl +1)l) = (ry + rp)l.
b) Thé tich cta hinh nén cut 1a hiéu giira thé tich ctia hinh nén 16n (bing

%nrzzhz ) va thé tich ctia hinh nén nho (béng -_i:nr,zhl ).

Do d6
1.2 2 | . 2 2
V= En(rzhz -1 hy) =§-n[r3(h + hy) =y (hy = h)]
= %n(ré"h + r«_,zh, - r,zh2 + 7h). (n

n _h
Mat khdc,tacé - = ' nénrh; =rh,, suyra
n h

rzzhz = rlrzhz Va r]rzh] = r12h2| do dé

zh, - ri’h, =nry(hy—h)) = r;5h. (2)

Tu(l)va(2)suyra 'V = %nh(r]2 + "2?' +n5n).
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Vi du 6. Mot hinh nén ¢é bdn kinh ddy 6 cm, dudng sinh 10 cm. Mgt mat
phing song song véi ddy cit mat xung quanh clia hinh nén theo mot dudng tron va
chia mat xung quanh cta hinh nén thanh hai phdn c¢6 dién tich bing nhau. Tinh
bdn kinh ctia dudng tron do.

Gidi. (h.13-7)

Goi A 12 dinh cia hinh nén. Bén
kinh ciia dudng tron phai tim 1a O'B.

PatO'B' =1, AB' = 1.

Dién tich xung quanh cta hinh nén ~ £---=""4 RS i
nhé bang S’ = arl.

mmmeee D>

,,,,,,

Dién tich xung quanh ctia hinh nén
16m bang

Hinh 13-7

§S=mn.6.10=60m.
Thcodébf:i§= : nenr—[= ].Suyra!=3—q. n
S 2 60 2 r
Trong mat phing AOB, ta c6 O'B' // OB nén
_.()_B=é§¢:>£=i <:::>l':2 (2)
OB AB 6 10 3
5r 30 2
Ttr(l)vii(?.)suyra;:—:r=18=>r=3\/5.
r r

Bién kinh ctia duong tron (O’) bang 3J2 ~ 4,24 (cm).

BAI TAP

13.1. Mot déng cdt hinh nén c6 ban kinh ddy 2 m, dudng sinh 2,5 m. Tinh thé tich
cha dong cat.

13.2. Mot hinh nén c6 dudng sinh bang 3 cm, d4y 12 hinh tron ngoai tiép tam gidc
déu canh 3 cm. Tinh dién tich xung quanh va thé tich ctia hinh nén.

13.3. Mot hinh nén c¢6 thiét dién di qua truc 1a mot tam gidc déu, dién tich xung
quanh bang 6 cm’.
a) Tinh dién tich ddy.
b) Tinh chiéu cao ctia hinh nén.
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13.4. Khi cu6n mot tdm bia hinh quat c¢6 ban kinh 8 cm, s6 do cung 1a 90° cho hai

mép st nhau, ta duge mot hinh nén. Tinh thé tich cta hinh nén.

13.5. Cho tam gidc ABC vuong tai A, AB= 15 cm, AC = 20 cm. Tinh thé tich hinh

tao thanh khi quay tam gidic ABC mot vong quanh canh BC.

13.6. Cho tam giac ABC vuong tai A. Khi quay tam gidc ABC moét vong quanh

canh BC, ta dugc mot hinh ¢6 dién tich toan phén bing S,. Khi quay tam
gidc ABC mot vong quanh canh AC, ta duge mdt hinh ¢6 dién tich toan phén
bing S,. Chimg minh ring S, < S,.

13.7. Tinh dién tich xung quanh va thé tich ciia mot hinh nén cut ¢6 céc béan kinh

ddy 10 cm va 18 cm, chiéu cao 15 cm.

13.8. Cho hinh thang vuéng ABCD (A = D =90°) ¢6 AB = AD = a, CD = 2a.

Tinh dién tich toan phén va thé tich clia hinh tao thanh khi quay hinh thang
d6 mot vong quanh canh AD.

13.9. Mot hinh nén ¢6 ban kinh ddy 6 cm, dudng sinh 10 cm. Mot mat phing song

song vGi ddy cit mat xung quanh cia hinh nén theo mot dudng tron va chia
hinh nén thanh hai phan c6 thé tich bing nhau. Tinh ban kinh cia dudng
tron do.

Chuyén dé 14. HINH CAU

I. KIEN THUC CO BAN

1.

Khi quay nira hinh tron tam O bdn kinh R mot
vong quanh dudng kinh AB c6 dinh, ta dugc mot
hinh cdu (h.14-1).

Cong thirc tinh dién tich mat cdu

S = 4nR%.
Cong thirc tinh thé tich hinh cdu S %
v=2.R :
=3 Hinh 14-1
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IL. Vi DU MINH HOA

Vi du 1. Mot qua béng hinh cdu c¢6 ban kinh 26 cm. Khi dat qua borg
trén mat nudce, phin qua béng nho Ién trén mat nuée cao 36 cm. Giao cia mit
xung quanh cta qua béng va mat nude 12 mot duong tron. Tinh ban kinh cha
dudng tron dé.

Giai. (h.14-2)

Ki hiéu nhu trén hinh 14.2. Bin kinh cta
duong tron phai tim 1a HC.

Tacé AB=52cm, HA=36cm,

HB =52 -36= 16 (cm).

Tam gidc ABC vuong tai C

nen  HC®=HAHB = 36.16.

Suyra HC=6.4 =24 (cm). | Hinh 14-2

Bén kinh dudng tron (H) bang 24 cm.

>

1
1
I
]
L}
L}
]
L]
]
1
I

Vi du 2. Cho mot hinh tru, mot hinh n6n, mot hinh cdu. Duong kinh diy va
chiéu cao ctia hinh tru va hinh nén déu bing a. Dudng kinh clia hinh cdu ciing
-bfmg a. Goi V,, V,, V; theo thi tu la thé tich cia hinh tru, hinh nén, hinh cdu.
Tinh V,:V,:V;.

Giai. (h.14-3)

3 12 12
3
4 (a L.3
V, gn(i) gﬂﬂ . Hinh 14-3
Vl:vz:v:j:l:i:l:i:L:l:
4 12 6 12 12 12

Vi du 3. Cho tam gidc déu ABC. Goi (O ; R) 12 dudng tron ngoai ti€p va
(O ; r) la dudng tron ndi ti€p tam gidc d6. Khi quay tam gidac ABC cung v6i hai
dudng tron trén mot vong quanh OA thi tam gidic ABC, dudng tron (O ; R), dudng
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tron (O ; r) tao thanh cic hinh cé dién tich toan phin theo thir tr 12 S, S, S;. Tinh
Sl : Sz ’ S3.
Gidi. (h.14-4)

S, 1a dién tich toan phdn cta hinh nén c6
dinh A va bin kinh ddy HC. '

RV3

Tacé6 HC = OCsin60° = = nén

s =a2B R34 [ ‘/_Jz = 2nR2

Hinh 14-4

S, la di¢n tich mat cdu ¢6 ban kinh R nén S, = 4nR%,

Sy 1 di¢n tich mat cdu ¢6 bén kinh r = Rsin30° = % nén

2
Sy = 4::[5) = nR?.
2
9

DodéS,:Sz:S3=E:4:l =9:16:4.

Vi du 4. Cho mot hinh cdu va hinh tru ngoai ti€p n6 (dudmg kinh day va chiéu
cao ciia hinh try bang dudng kinh cta hinh cau). Tinh ti s0 gitra :

a) Dién tich mat cdu va dién tich xung quanh ctia hinh tru ;

b) Thé tich hinh cdu va thé tich hinh tru.

Giai, (h.14-5)

Goi R 1a bin kinh cia hinh cdu.

a) Sy = 4nR? R

Seq tru = 27R 2R = 4R
Scau : qu tru= 1.
Vi = tR%.2R = 27R>.

4 2 Hinh 14-5
Vew: Vig = 532 = 3. e
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Vi du 5. Mot hinh cdu ¢6 ban kinh 3 cm. Mot hinh nén ciing ¢6 ban kinh ddy
bing 3 cm va ¢6 dién tich toan phin bing dién tich mat cdu. Tinh chiéu cao cta
hinh nén.

Gidi. (h.14-6)
Goi h la chiéu cao, / 1a dudng sinh ctia hinh nén.

Tacs I Jh2+3  h? +9.

Sip = ®.3.yh% + 9 + 0.3 e ;
=3n(3 + th + 9).
Sy = 4137 = 36m, -

Tac6 3n(3 + h® +9) = 36% Hinh 14-6

o (h?+9 9 e h+9=8l
oh=72eh 672
Chiéu cao cua hinh n6n bing 62 cm.

BAI TAP

14.1. Bon qud bong ban ¢6 dudmg kinh & _ _
4 cm x€p vio mot hop nhu trén i
hinh 14-7. Tinh di¢n tich toan phdn
vi thé tich ctia hop. Hinh 14-7

14.2. Mot hinh clu c6 s6 do thé tich (tinh bing cm’) gdp bon 14n s6 do dién tich
mat cdu (tinh bing cm?). Tinh bén kinh ciia hinh céu.

14.3. Cho mot hinh cdu va mot hinh tru, Chiéu cao va bdn kinh ddy cta hinh tru
déu bing bén kinh ctia hinh cdu. So sdnh

a) Dién tich toan phédn cia hai hinh ;
b) Thé tich ctia hai hinh.

14.4. Ban kinh cta Trdi Dat bing 6370 km. Dién tich luc dia va bang chi€m 29,2%
dién tich bé mat Trai Dat. Tinh dién tich luc dia va bang (lam tron dén

1 triéu krnz).
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14.5. Trén Trdi DA, vi tuyén ndo c6 d¢ dai bang nira do dai dudng Xich dao ?

14.6.

Cho mot hinh cdu ¢6 ban kinh R. Mot hinh tru va mot hinh nén ciing ¢6 ban
kinh ddy bing R va ciing ¢6 thé tich bing thé tich hinh cdu. Tinh chiéu cao
cua hinh try va hinh nén.

14.7. Cho m6t hinh cdu va mot hinh 1ap phuong ngoai tiép né. Tinh ti s6 phin tram

14.8.

14.9.

gilra :
a) Dién tich mat cdu va dién tich xung quanh cta hinh lap phuong
b) Thé tich hinh cdu va thé tich cla hinh 1ap phuong.

Cho mot hinh 1ap phuong ¢6 canh bing 2 dm. M6t hinh cdu ngoai tiép hinh
1ap phuong d6 (8 dinh cua hinh 1ap phuong thudc mat cdu). Tinh bén kinh
cua hinh cau.

Cho tam gidc déu ABC. Goi (O ; R) la duong tron ngoai tiép va (O ; r) la
dudng tron noi ti€p tam gidc d6. Khi quay ca ba hinh trén mot vong quanh
OA thi tam gidc ABC, dudng tron (O ; R), dudng tron (O ; r) tao thanh cac
hinh ¢6 thé tich theo thi tw 1a V, V,, Vi,

Tinh V] . V2 ' V3
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MOT SO CHUYEN DE NANG CAO

Chuyén dé 15. PUONG THANG SIMSON

Robert Simson la mdt nha toan hoc ngutoi Scotland, gigo s todan hoc cua dai
hoc Glasgow. Ong sinh ngay 14 thang 10 nam 1687 tai West Kilbride va mat
ngay 1 thang 10 nam 1768 tai Glasgow.

I. PUONG THANG SIMSON

Bai toan 1: Cho tam gidc ABC noi ti€p dudng tron (O). M 1a diém ty § trén
(0), goi D, E, H ldn luot 1a hinh chi€u vuong géc cia M trén BC, CA, AB. Chiing
minh ring D, E, H thing hang.

Giai. (h.15-1) Khong mat tinh téng qudt, gia st M
thudc cung BC khong chira A.
MD 1 BC, ME 1L AC = tit gidc MDEC noi tiép

= EMC = EDC (1) “" c

MH L AB, MD L BC => uf gidc MHBD noi ti¢p M
= HMB=HDB (2) Hinh 15-1

ABMC noi tip = MBH=MCA, ma MBH + HMB = MCA + EMC = 90°
= EMC HMB (3)

Tir (1), (2), (3) = HDB=EDC =5 H, D, E thiing hang,

Pudng thing qua D, H, E ¢6 tén 12 diong thang Simson ctia tam gidc ABC img
v6i diém M (hay ducmg thang Wallace, dé khoi tring v6i nha todn hoc ngudi Anh
Thomas Simpson 1710-1761).

Bai toan 2: Cho tam gidc ABC, M la diém trong mat phing chia tam gidc
ABC. Goi D, E, H 12 hinh chi€u cia M ldn luot trén cdc canh BC, CA, ABva D, E,
H thang hang. Chimg minh M ném trén dudng trdn ngoai tiép tam gidc ABC.
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_ Gidi. (h.15-2)

Theo gia thiét, MD L BC,ME L CA,MH L AB va
D, H, E thing hang = t gis%c MDBH noi ti€p =
HMB = Iﬁ(chﬁn cung fiT3), HDB = EDC (doi
dinh), EDC = EMC (chan cung fi_é) — HMB = EMC

Ciing cong véi BME dugc EMH=BMC. (1) +

Tit gise AEMH noi ti€p = A+ EMH =180° (2) Hink 15-2

Tir (1) va (2) suy ra A+BMC=180° = uf gidc ABMC 1a uf gidc noi tiép =
M ndm trén dudng tron ngoai tiép AABC.

Tur hai bai todn trén ta c6 két qua :

"Cho tam gidc ABC, M la diém trong mdt phdng chita tam gidc va khong tring
vdi cdc dinh, goi D, E, H la hinh chiéu cua M trén ba canh cua tam gidc ABC.
Diéu kién cdn va dii dé diém M ndm trén duomg tron ngoai tiép tam gidc ABC la
D, E, H thdng hang".

Nhu vay, véi mbi diém M c¢6 mot dudng thing Simson d6i v6i tam gide ABC
cho trudc.

IL. VI DU MINH HOA

Vi du 1. Chiing minh ring : a) Pudng thing Simson
clia dinh A cta tam gidc ABC 1a dudng cao ha tir dinh dé6.

b) Pudong thing Simson clia diém D déi ximg véi
dinh A qua tdm O la canh BC cua tam gidc.

Gidi. (h.15-3) a) D6i v6i dinh A, dudng thang Simson
trung véi dudmg cao AH (hién nhién). Hinh 15-3

b) D 1a diém d6i ximg cia A qua tam O = AD la dudng kinh = DB L AB,
DC L AC => dudng thing Simson chinh la dudng thing BC.

Vi du 2. Cho tam gidc ABC ngi ti€p dudng tron (O), M va N la cic diém
thudc (0). Chitng minh ring géc giita hai duong thang Simson ctia M va N déi véi
tam gidc ABC biing nira s6 do cung MN. Pac biét, néu M va N déi xing nhau qua
tam O, thi cdc duomg thing Simson clia chiing vuong géc véi nhau tai mot diém
trén dudng tron Euler.
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Gidi. (h.15 4) AEMH noi tiép
= AEH = AMH =90° -MAC (1)
BFNK noi tiép = BFK = BNK

=90°-CBN (2)
Cong theo v& (1) va (2)

:@+ﬁ(=1800—m~(ﬁ Hinh 15-4

= MAC+CBN =180° - (AEH + BFK) = EPF
(P 1a giao diém cuia ED va FI).

= dudng thing ED va dudng thing FI tao véi nhau géc c6 s6 do bing nira s6
do cung MN. (Trudng hop dac biét ban doc tu ching minh).

Vi du 3. Cho dudng tron (O) dudng kinh AB, C 1a diém trén dudng tron.
Pudng phan gidc cta ACB cit dudng tron (O) tai M, goi H va K 1a hinh chiéu ctla
M trén BC va CA. Ching minh ring O, K, H thing hang.

Giai. (h.15-5) CM la phan gidc géc ACB
= MA=MB = MO AAB. Theo gia thiét
MH L BC,MK L CA. Theo Bai todn 1 ta cé K&

H, O, K thing hang (dudng thing Simson
cua diém M déi véi tam gidgc ABC).

Hinh 15-5

Vi du 4. Cho tam gidc ABC, M 12 diém thay ddi trén dudng tron ngoai tiép
tam gidc ABC. Goi K, P, Q 1dn lugt 1a cdc diém d6i xing cia M qua BC, CA, AB.
Chimg minh riang P, K, Q nim trén mot duong thing va dudng lhang nay luon di
qua mot diém c6 dinh.

(Vé dich Nhdt Ban- 1996).

Giai. (h.15 6) Goi D, E, F lan luot 12 giao
diém cia MK, MP, MQ véi BC, CA, AB =
MD LBC,MEL1AC, MFLAB = D, E, F
thing hang. Mat khiac, MD = DK, ME = EP, o
MF = FQ = ED la dudng trung binh cta
AMKP, DF li dudng trung binh cha tam gidc M
MKQ = Q, K, P thing hang va EF // PQ.

l'
‘%\l‘\'d

-

Hinh 15-6
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Goi H 1a truc tam AABC va 1, J 1a diém doi xing cia H qua ACva AB = 1,
thudc dudng tron ngoai ti€p AABC = MHIP, MHJQ la hinh thang can =
®=Mm=m. Tuong tu, iﬁ=MlH=m-B = (Tlﬂ+ﬁ+ﬁﬁ =
MAC + MAB+THJ = A +I1HJ =180° = P, Q. H thing hang = dudng thing PQ
luon di qua true tam H cia AABC, dudmg thang ndy ¢6 tén la duonmg thang Steiner.

Vi du 5. Cho tam gidc ABC, M la diém thudc cung BC khong chira dinh A,
Goi D, E, H 1a hinh chiéu cia M ldn lugt trén cac canh BC, CA, AB.

Ching minh ring ae CA B (Vo dich Mt 1979)
MD ME MH

Giai. (h.15-7) Theo Bai todn 1 ta ¢6 H, D, E thing hang. Cic ut gidc MHBD,
MDEC néi tiép = MEH = MCB, MBC = MHE = AMEH «» AMCB.

K'::I'VIIAHE=:'£=E (D
MD MI

MHD = MBC = MAC, MDH = MBH = MCA

=5 AMHID &5 AMACS, A5 . BD 2)
ME MI
Tuong tu, AMED vx» AMAB = AR L= (3) Hinh 15-7
MH MI
Cong theo v€ (2) va (3) dugc é£+£3 m HE , két hop vai (1)
ME MH MI MI
BC CA AB
suy ra — =
MD ME MH’
Lue y. Dic biét, néu AABC déu ta ¢6 —l— - l — L (Olympic Viét Nam).
ME MH MD

Vi du 6. Cho tam gidc nhon ABC, M la diém thudc cung BC khong chia
dinh A. Goi D, H la hinh chiéu cia M ldn luot trén cdc canh AC, AB. Xdc dinh vi
tri cia M dé do dai DH lén nhat.
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Gidi. (h.15-8) Ha HE L BC=> D, E, H thiing hang.
T& gidkc MHBE noi tiép =

CBM DHM, tt gidc MCDE noi tiép =

BCM HDM = AHDM v» ABCM

i HM,MHSMB::»MHSI = @Sl

=
BC BM MB BC Hinh 15-8

=>HD < BC. Do dé HD l6n nhit khi va chi khi HD = BC <> MH = MB <
MB L AB < AM la duong kinh <> M déi xiing véi A qua tam O.

Vi du 7. Cho géc xOy, ldy diém A ¢6 dinh thugc phan gide xOy. Dung
dudng tron (I) thay déi qua O va A cét Ox, Oy tai B va C, dung hinh binh hanh
OBMC. Chiing minh raing M thugc mot dudng
thing ¢6 dinh.

Gidi. (h.15-9) Vi A trén phan gidc ctia goc

xOy= AC=AB=> IA LBC, ké AH LOx,

AK 1 Oy.

= K, H ¢6 dinh va K, E, H thing hang =
dudng thing Simson cta A d6i v6i tam gidc ik 7%
OBC ¢6 dinh.

Hinh binh hanh OBMC ¢c6 OM  20E => M thudc dudng thing d song song
vGi dudng thing Simson va cdch O mot khoing khong déi, bing 2 lin khoang
cich tir O dén HK.

Vi du 8. Cho ba diém A, B, C thuoc mot dudng thing va M khong thudc
dudng thing d6. Chitng minh ring tam dudng tron ngoai ti€p cdc tam gidc MAB,
MBC, MCA va diém M clng thudc mot dudng tron.
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Gidi. (h.15-10) Goi 0,,0,,0, lin luot 12

M

tam dudng tron ngoai tiép cic tam gidc MBC,
MAC, MAB va D, E, F lan luot 1a hinh chiéu

cia M trén cdc canh cia tam gidc 0,0,0,, ta
¢6 D, E, F la trung diém cua MA, MB, MC,
suy ra D, E, F thing hang. Theo Bii todn 2 ta Hinh 15-10
¢6 0,,0,,0,,M nam trén mot dlr(‘mg‘ tron.

Vi du 9. Cho tam gidc ABC ndi tiép duong tron (O) va duong phan giic AD.
Goi P, Q lan luot 1a hinh chiéu cta D trén AB, AC ; tir D ké dudng thing vuéng
g6c véi BC cit PQ tai M. Chimg minh ring M thudc trung tuyén ké tir A clia tam
gidc ABC.

Gidi. (h.15-11) Goi I la giao diém cua-dudng
phan gidc AD véi dudng tron ngoai tiép AABC.

TuIké IK LAB, IH L AC, n6i I v6i O cét BC

tai E= EB=EC va IE L BC. Theo Bai todn 1 ta c6

K, E, H thing hang. I
Mat khdc, DP //IK vaDQ //IH = —=— Hinh 15-11

va &:E:ﬁ:ﬁ:PQ")\'KH.
AH Al AK AH

MD 1 BC, IE L BC = DM // IE. Goi M' 1a giao diém cla AE va PQ, dé dang
chimng minh duge M'D // IE = M tring M".

Vay M thudce trung tuyén AE.
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Vi du 10. Cho tir gidac ABCD ndi ti€p dudng
tron (0), d,,d,,d.,d, 12 cdc dudng thiang Simson
cia A, B, C, D twong umg d6i v6i cdc tam gidc
BCD, CDA, DAB, ABC. Chimg minh ring
d,,d,,d.,d, dong quy.

Gidi. (h.15-12) Goi H,,H,,H;,H, 14n luot la
truc tam cua cdc tam gidc BCD, CDA, DAB, ABC
= dudng thang Steiner cua cic diém A, B, C, D
d6i v6i cdc tam gidc BCD, CDA, DAB, ABC lin luot di qua H,,H,,H,H,

Hinh 15-12

= d,,dg,d.,d, di quatrung diém cia AH,,BH,,CH,,DH,.

Goi M la trung diém ctia AB= CH, =20M;

DH, =20M = CDH,H, la hinh binh hanh = DH,,CH, cit nhau tai trung
diém cia méi dudng. Tuong tu, AH,,BH,,CH,,DH, cit nhau tai trung diém ctua
mdi duong = d,,d,,d.,d,déng quy.

Vidu 11. Cho tit gidc ABCD noi ti€p trong duong tron. Goi H, K la hinh chiéu

cta B trén AC va CD, M, N 12 trung diém AD va HK. Chimg minh ring tam gidc
BMN la tam gidc vuodng.

Giai. (h. 15-13) Tir B ké BE L AD, theo Bai
toan 1 ta c6 E, H, K thing hang. T\ gidc BEDK noi

tiép = EDB =EKB, t gidc BHKC noi tiép =
— —, n 0 - — — - 0
BHK +BCD=180°; mat khc, BAD +BCD =180 e T

= BAD = BHK = ABHK ¢» ABAD, MA = MD va NH = NK = AABM «» AHBN

= AMB=BNE = t& gisc BEMN noi ti€p, ma BE L AD = BN L MN. va%
BMN la tam gidc vudng.
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Vi du 12. Cho tam gidc ABC, BE, CK la ciac dudmg cao cua tam gidic ABC.
Goi P, Q 1a hinh chiéu cta E trén BC va CK. Chimg minh rang PQ di qua trung
diém cha KE.

Gidi. (h. 15-14) Tir E ha EH L AB, theo gia
thiét EP L BC,EQ L CK, uf gidc BKEC noi tiép

nén theo E
Bai todn 1 ta ¢6 P, Q, H thing hang. K
Tit gidc KHEQ ¢6: EHK = HKQ = KQE = 90° .
= KHEQ la hinh chit nhat, KE va HQ la dudng . f

chéo, ching cét nhau tai trung diém cta méi dudng Hinh 15-14

= PQ di qua trung diém ctia KE.

Vi du 13. Cho tf gidc ABCD néi tiép dudng tron. Goi P, Q, R 1a hinh chiéu
cha D trén BC, CA, AB. Chimg minh ring PQ=QR khi va chi khi céc dudng -

phan gidc cua ABC va ADC cét nhau trén AC.
Gidai. (h. 15-15) Theo gia thiét ta c6 P, Q, R
thing hang. DPCQ la ur gidc noi -tiep =
DCA =DPR , twong ty DAC = DRP =
ADCA va ADPR déng dang. Ciing vdy, ADAB
va ADQP, ADBC va ADRQ dong dang

QR

pa_DR_PPhe QR BA

DC DP Lz PQ PQ'BC’ Hinh 15-15
BA

PQ=QR khi va chi khi g—’é:—g% & duomg phan gidc ABC va ADCcit

nhau trén AC.

Vi du 14. Cho tam gidc nhon ABC ndi tiép dudng tron (O) ¢6 truc tam la H, D
la diém trén cung nhé BC, dung hinh binh hanh ADCE, K la truc tim clia tam gidc
ACE. Goi P, Q la hinh chi€u cta cia K trén BC va AB. Chimg minh ring PQ di
qua trung diém cua HK. (Olympic Vietnam 2004)
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Gidi. (h.15-16) Theo gia thiét ta c6 ADC = AEC,
K la truc tim AAEC = EK L AC;

AKC+AEC=180° = AKC+ADC=180°= ti
gidc ADCK noi tiép = K € (0), EK cdt ACtai | =
P, Q, I thing hang (dudmg thing Simson).

Gia sitr AH cat (O) tai M va cit PQ tai N =
MN//KP, KQ L AB, KP L BC = BQKP la tif gidc ndi
ligp = QBK = AMK =QPK = MPKN tif gidc noi
ti¢p = MPKN Ila hinh thang cin = KN = PM, mat Hinh 15-16
khic PH = PM = PH = KN = HPKN I2 hinh binh hanh = NP cat HK tai trung
diém méi doan = PQ di qua trung diém cta HK.

Vi du 15. Cho hai dudng tron (O,), (O,) cat nhau tai A va B. Mot dudng
thang d thay déi qua A cat (O,), (0,) ldn lugt tai C, D (A ném giita C va D). Tiép
tuyén tai C cha (O,) va tai D cia (O,) cét nhau tai M. Goi P, Q ldn lugt 1a hinh
chiéu vuong géc cia B xudng hai tiép tuyén. Chimg minh ring PQ ti€p xiic véi
mot dudng tron cé dinh.

Gie‘.ff; (h. 15-17) MC, MD Ila tiép tuyén cua
(0,),(0,) =

ABC = MCA , ABD = MDA =

CBD = MCD + MDC =180° -CMD =
CBD +CMD = 180° =» tit gidc MCBD noi tiép.

Ha BH 1L CD, dp dung dinh li Simson cho
diém B do6i v6i tam gidc MCD ta ¢6 P, H, Q
thang hang ; A, B ¢6 dinh = H nam trén dudng

tron dudng kinh AB = PQ luon tiép xiic véi Hinh 15-17
dudng trdn dudmg kinh AB. i

BAI TAP
15.1. Cho dudng tron (O) va ba day cung tuy ¥ AB, AC, AD. Cic dudng tron

dudng kinh AB, AC, AD cit nhau timg doi mot tai M, N, E. Ching minh M,
N, E thang hang.
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15.2.

15.3.

15.4.

15.5.

15.6.

15.7.

15.8.

15.9.

Néu hai tam gidc cling noi ti€p dudmg tron (O), thi gée giita hai dudong thing
Simson ctia diém M trén (O) déi véi hai tam gidc d6 khong phu thude vao vi
tri ctta M trén (O).

Cho tam gidc ABC noi ti€p dudng tron (O;R ). Goi D 1a diém d6i ximg cua
A qua BC, E 1a diém d6i xing cliia B qua AC, F 1a diém d6i xing cta C qua
AB. Gia st H 1a truc tam tam gidc ABC. Ching minh ring D, E, F thing
hang khi va chi khi OH =2R . (Dé thi Anh  1990)

Cho dudmg tron (O) va dudng thing d khéong cit (O). Diém M thay déi trén
d. Tir M ke hai ti€p tuyén MA, MB véi (0). Goi H la hinh chi¢u cia O trén
d va E, F ldn luot 1a hinh chi¢u cia H trén MA, MB. Ching minh ring AB
luon di qua mot diém c6 dinh tir d6 suy ra EF ciing di qua diém c6 dinh.

Cho tam gidc ABC not ti€p duong tron (O). P va Q thudc duong tron (O) sao
cho CP, CQ déi ximg v6i nhau qua phan gidc cua goc BCA . Ching minh
rang CQ vuong goc véi v6i dudmg thing Simson ctia P doi véi tam gidc ABC.
Cho g6c¢ nhon @ va tia phan gidge Oz, diém M ¢6 dinh trén Oz (M khdc
0). Dung dudng tron (S) di qua O va M ciat Ox,Oy tai A va B. Goi I 1a
trung diém ctia AB, dung hinh vuong OCID. Tim quy tich diém C khi dudng
tron (S) thay déi.

Cho tam gidc ABC khong déu, P 1a hinh chiéu cia A trén BC. Goi D, E, F
lan lugt 12 trung diém BC, CA, AB. Goi /, 1a dudng thing di qua chan hai
dudmg cao ha tr P xuéng DE, DF. Tuong tu cho /;, /.. Chimg minh rang /,,
l,, 1. déng quy. '

Cho tit gidc ABCD noi tiép duong tron (0), M la 4iém trén dudng tron dé.
Goi a,b,c,d 1a céc dudng thing Simson clia M d6i véi cdce tam gidc BCD,
CDA, DAB va ABC, goiA,,B,,C,,D, la hinh chiéu ciia M trén cdc dudng
thing a,b,c,d. Chimg minh A,,B,,C,,D, thing hang.

Cho tam gidc ABC noi 1i€p dudng tron (O). MN Ia day cung chuyén dong
trén dudng tron cé do dai khong déi, Chimg minh rang dudng thing Simson
ciia M va N d6i véi tam gidc ABC hop véi nhau mot goc khong déi.

15.10. Cho ur gidac ABCD, AB cit CD tai E, BC cat AD tai F. Ching minh céc truc

tam cha cdc tam gidgc ABF, CDF, ADE, BCE thing hang.
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Chuyén dé 16. BAT DANG THUC ERDOS - MORDELL
VA MOT VAI AP DUNG

I. BAT PANG THUC ERDOS - MORDELL.

Cho tam gidc ABC va M la mét diém bat ki ndm trong tam gidc dé. Goi R, ,
R,, R, theo thit we la khodng cach te M dén cdc dinh A, B, C. Cond, , d,, , d. ldn
ot la khodng cdch tic M dén cdc canh BC, CA, AB. Khi dé ta ¢6 bdt ddng thitc
R,+R,+R. 2 2(d,+d,+d).

Ddng thitc xdy ra khi va chi khi tam gidc ABC déu va M la tam ctia tam gidc
déu do.

Bat déng thic Erdos — Mordell (E M) 1a mot bat ding thic kha ndi tiéng
trong tam gidc, duoc nha todn hoc ndi tiéng ngudi Hungari P. Erdos dé xudt vao
nam 1935, khi nghién ciru cdc tinh chét cia tam gidc. Bi 16i cudn bai tinh gian di
cua bai todn, P. Erdos lao vao chimg minh, song vinh du giai dugc bai toin dé6
khong thude vé ong, ma thudc vé nha hinh hoc néi tiéng ngudi Anh tén 1a Louis
Mordell. L. Mordell di chimg minh bit dang thitc (E M) bang phuong phap lugng
gidc (str dung dinh Ii sin va dinh Ii cosin). Mai dén nam 1945, nha todn hoc nguti
Nga Cadarinép méi dé xudt duge mot 1di giai thudn tuy hinh hoc ¢6 thé chap nhan
duoc. Tiép theo dé nhiéu nha todn hoc trén thé gigi da néu duoc nhimg 101 giai
ngén gon cho bdt ding thic (E- M). Ching han chimg minh bing cdch sir dung
dinh li Ptolemy clia André Avez; stt dung kién thitc tam gidc dong dang cta Leon
Bankoff, sit dung bat ding thirc vé dién tich ctia V. Komornik; st dung luong gidc
cha Barrow...

Sau day la mot 1¢i giai thudn tuy hinh hoc phit hop véi trinh dé cdc ban hoc
sinh 16p 9. A

Chimmg minh bat dﬁng thire (E = M). (h.16-1)

bitBC=a;CA=b; AB=c.

Ldy diém M, d6i ximg véi diém M
qua dudng phan gidc trong ciia géc BAC.
Dung BH L AM, va CK L AM,. Gia sit
AM, cit BC tai D. Khi d6 BD> BH ;

DC > CK. Ding thitc xdy ra khi va chi khi RS *
AD L BChay AM,; L BC. Tudb tacod Hinh 16-1

a 2 BH+CK ¢ aR, 2 28,y +2S,cy, (chil § ring AM, = AM =R,).
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hay aR, > cd, +bd,. Tudé R, > <d, + “d. (1)
a a

Tuong tu ta cling ¢6 R, 2 Ed‘ + Ed" (2)
R aely »
c c

Cong theo v& cdc bat ding thitc (1), (2) va (3) ta thu dugc
R,+R,+R, > d, (-E‘- +-§J + db[%+§) +d, (%+E) >2(d, +d, +d_)
(slr dung bat ding thitc Cauchy cho cic biéu thirc trong ngoic).
Ding thic xdy ra khi va chi khi a = b = ¢ déng thdi M, 1a truc tam cla tam
gidc ABC. Néi cich khic, M, (va do d6 ca M) la tam ctia tam gidc déu ABC.
Tir cdch chimg minh trén chiing ta con ¢6 mot s két qua sau:
Hé qua 1. (Bat dang thic Erdos  Mordell dang tich).

Cho tam gidc ABC va M la mét diém bat ki ndm trong tam gidc do. Goi R, ,
R,. R thir we la khodng cdach i M dén cdc dinh A, B, C. Con d,, , d,, , d, ldn lugt
la khodng cdch tie M dén cdc canh BC, CA, AB. Khi dé ta ¢6 bdt ddng thite
R,R,R 2 8d,dd, .

Chirng minh. Tir cich chiing minh bat dang thic (E M) tacé

Rz By 0 P )
a a
a C
R, 2 —d_+—d 2
b b 3 b a ()
a b
R.> —d +—d 3
C c b ¢ a ()

Nhan theo v€ ba bit ding thirc trén ta duge

Ru‘Rb'Rl: 2 [Edb + Edc)[idc ‘+ Eda)[gdb + Edn]
a a b b c c

> 2\/5db .Edc.z\/idc .Ed,.zJidh 24, =84,0,0. dpem).
a a b b ¢ c
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Hé qua 1. (Bat ding thic Erdos — Mordell dang cin thic).
Cho tam gidc ABC va M la m¢t diém badt ki ndm trong tam gidc dé. Gui
R, R, R.thit e la khodng cdach ue M dén cdc dinh A, B, C. Con d, , d, . 4,

lan  luor la  khodng cdach wte M dén cdc canh BC, CA, AB.
Khi dé ta ¢6 bat dang thit JR_”+ \/R_,, "'\[R_. 2 \/E(Jd_a +Jd_ﬁ+ \/I)

Chimg minh. Tir cic bt ding thirc (1), (2) va (3) theo bat dang thic Cauchy

/c /b
: ¢ b ;"\’db + ;.qfdc
tacé JR, 2,/=d, +—d, = /) 4)
a a

Tuong tu ta cling ¢é

JE.Jd +JE Jd
!a c b c b a
\’Rh 2 Edc +Ed‘ p-d .Ji (S)
a b
J—.,fd +1‘—.,(d‘
JR, 2 1/%(1,, Jr%da o -l (6)

V2

Cong theo vé cédc bit dang thic (4), (5) va (6) ta thu duge

B
> V2(JA, +yay +)

(Ap dung bat ding thitc Cauchy cho cic biéu thic trong ngodc clia bét ding
thic trén). Ta c6 diéu cin ching minh.

IL. MOT VAI AP DUNG CUA BAT PANG THUC ERDOS - MORDELL

Chiing ta xét vai dp dung clia Bit dang thiic Erdos — Mordell (E — M) va cic
Hé qua I, Hé qua 2 thong qua mot s§ bai todn sau:

Vi du 1. Goi I 1a tam, r 12 ban kinh dudng tron noi ti€p tam gisc ABC. Ching
minh rang diéu kién cdn vi di dé tam gidc ABC déu 1a IA + IB +IC = 6r.
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Giai. (h.16 2)

Ké IH, IJ, IK theo thir tu vuéng géc véi
cic canh BC,CA, AB.Tac6IH=1U=IK =r.
Ap dung bat ding thitc Erdos - Mordell cho J
diém I trong tam gidc ABC, ta thiy IA + IB
+IC > 2(IH + IJ +IK) = 6r. Ding thitc xdy ra
khi va chi khi tam gidc ABC déu. Néi céch
khéc, diéu kién cdn v du dé tam gidc ABC

déu A 1A + IB+IC = 6r (dpem). H
3 i Hinh 16-2

Ta xét mot két qua manh hon,

Vi du 2. Gia sit M 12 mot diém bat ki nam
trong tam gidc ABC. Goi r 1a ban kinh dudng
tron néi ti€p tam gidc. Ching minh raing MA +
MB + MC 2 6r. Dang thic xay ra khi nao ?

Giai. (h.16-3)

Goi x, y, z l4n luot 1a khoang cédch tir M
dén cdc canh BC, CA, AB. Ké AH vuong géc
véi BC, MA, vuéng goc voi BC. Khi dé ta co

AM + MA, 2 AH. Tir d6 AM 2%—:{.

Hinh 16-3

Tuong tu, BM 2 E(S,‘Af -y:CM 2 % ~z. Cong theo v€ ba bét ding nay

ta thu dugc

MA + MB + MC zzs,\w[L+L+L) —(x+y +2)

BC CA AB
1 1 1
=r(BC+CA+ AB)| —+—+—| - (x + 1
r(BC+ CA + )(BC+CA+AB] (X +y +2) (D
Ap dung bat dang thitc Cauchy ta dugc
1 1 1
BC+CA+AB)| —+—+—| 29 2
(BE+CA }(BC+CA+ABJ )

Ap dung bit ding thicc Erdos — Mordell cho diém M déi v6i tam gidc ABC tacé

MA + MB+MC2 2(x +y +2) 3)



MA +MB + MC\ b
—“"_).
MA + MB + MC 2 6r. Dang thic xdy ra khi va chi khi tam gidc ABC

déu (dpcm).

Tu (1), (2) va (3) suyra MA + MB + MC2= 9r-(

Vi du 3. Chimg minh rang véi moi tam gidc nhon ABC ta c6 cdc bét ding thic

a) cosA + cosB + cosC < % .

b) cosA.cosB.cosC < % Diéng thirc xdy ra khi nao?

Gidi. a) (h.16-4)

Goi O, R theo thir tr 1a tam, bin kinh
dudmg tron ngoai ti€p tam gidc ABC; H, I, K
thit tu 12 hinh chiéu vuong goc ké tir O dén cic
canh BC, CA, AB. Tu gia thiét tam giac ABC

nhon, ta nhan thay BAC = ;E;FC-)-(‘:J (gbc noi ch
ti€p bing nira géc O tam cling chidn mot cung)

hay EK(: = I"I-E)E . Tuong tu c6 ti_B*E=g-6'l 3 Hinh 16-4

ACB =BOK . Tir do

cosA + cosB + cosC = cos lﬁé +C0S A'61 +cos BOK =%+ﬂ+%
OC OA OB
OH+0I+0K
B e N
R
Nhung theo bat dang thic Erdos — Mordell cho diém O nam trong tam gidc
ABCtac6 OH +OI+OK < w 2)

Tir (1) va (2) suy ra cosA + cosB + cosC < % Ding thitc xay ra khi va chi khi

tam gidc ABC déu.
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b) (h.16-5) A

Dwmg AA; 1 BC ; BB, L AC ; B,
CC, LAB. Goi H la truc tam tam gidc
ABC. Do tt gidc BC,HA, noéi tiép nén C
ABC=A HC. Tw gidc CA,HB, noi tiép nén

B 1 A
A €

ACB=B, HA. T gidc AC,HB, noi tiép nén
o, Hinh 16-5
BAC=C,HB. Do dé

HA,.HB, .HC,

cosA.cosB.cosC = cos A HC .cos B HA .cosC_HB =
HA HBHC

(3)
Str dung bat dang thic Erdos - Mordell dang tich ta c6
HA . HB.HC > 8HA  HB,.HC,. Tir (3) suy ra cosA.cosB.cosC < % Ping thitc

xay ra khi va chi khi tam gidc ABC déu.

Vi du 4. Cho tam gidc nhon ABC, goi I, I,I,, I, theo thit tu 1a tam dudng tron
ndi tiép, tam cdc dudng tron bang ti€p tuong g véi cic dinh A, B, C clia tam gidc
dé; r 12 ban kinh ctia dudng trdn (I). Chimg minh ring

a) IA.IB.IC 28r°.
b) 11, + II, +1I, > 12r.

o) I, . 11, .II, >64r°.

d) JE+JE+JE26J;.

Gidi. a) (h.16-6). Goi H, J, K l4n luot 12 ti€p diém cta dudng tron (I) véi cic
canh BC, CA, AB. Sir dung bat ding thitc Erdos — Mordell dang tich ta c6

IA.IB.IC >8IH.IJIK, hay IA.IB.IC >8r’(dpcm). Dang thitc xay ra khi va chi
khi tam gidc ABC déu.

Luu y. Bit ding thic & ciu a) cling ding cho tam gidc ABC bat ki.
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b) (h.16-8) I,

Nhén xét ring diém I 1a truc tdm cla
tam gidc LII.. Ap dung bat ding thic B
Erdos  Mordell cho diém I d6i véi tam

gidc [ I;1. ta nhan duoc C

I, + 11, + I > 2(IA + IB +IC) > 12r
(Theo két qué ciia Vi du 1). Déng thuc xay
ra khi va chi khi tam gidc ABC déu. Hinh 16-6

¢) Ap dung bat ding thic Erdos — Mordell dang tich cho diém I d6i véi tam
gidgc LI I ta nhan duge 11, . II, .II. = BIA.IBIC >64r’(Theo két qua cau a)).
Diing thiic xay ra khi va chi khi tam gidc ABC déu.

d) Ap dung bit ding thiic Erdos — Mordell dang can thic cho diém I trong

tam gide LI, taco II, + I, + JII, > V2 (V1A +VIB+VIC) (1)

Tiép tuc Ap dung bat ding thic Erdos — Mordell dang can thitc cho diém I d6i véi
tam gidc ABCta dugc

VIA + V1B + JIC > V2 (VIH + T +VIK ) =342 .4 )

Tir (1) va (2) suy ra /11, +JII, +JI_I; > 6Jr (dpcm). Ding thic xay ra khi va
chi khi tam gidc ABC déu.

Vi du 5. Cho tam gidc ABC véi BC = a, CA = b, AB = c. Goi r 1a bdn kinh
dudng tron ndi tiép tam gidc d6. Chimg minh bat ding thic abc 2243 1. Ding
thitc xay ra khi niao?

Gigi. Goi p la nlra chu vi tam gidc ABC. Tir cong thic Heron
Sisc =p(p a)(p b)(p ¢) VA Sypc=p.r suyra

- (p a)(Ppb)(P—C) (1)

Goi I 1a tdm dudng tron ndi ti€p tam gidc ABC. Theo dinh li Pythagore va tx
(1)taco

IAZIBLICY = (r* +(p-a)’)(r* +(p-b)*)(r* +(p—-0)?)

N ((p a)bc)((p ‘b)ac]((p -c)ab] @)
P P p

4

r
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Ap dung bt ding thic Cauchy ta c6

(p-a)+(p-b)+(p-c
3

3

hay (p a)p b)(p c)S%(3).Tt‘r(2)vh(3)tasuyra

§= ) > fp-a)p-)p-0).

.22
AZIB2IC? < 3% o jaIBIC < S )
27 3v3

Ap dung bat ding thitc Erdos — Mordell dang tich ta c6 IA.IB.IC 281" (5)
Tir (4) va (5) ta suy ra abc 224 Br (dpem). Déng thirc xdy ra khi va chi khi
tam gidc ABC déu.

Chui y. Cac ban hoc sinh 16p 9 néu da lam quen véi dinh 1i sin trong tam gidc
ABC thi thiy a = 2RsinA ; b = 2Rsin B ; ¢ = 2RsinC (R la ban kinh duong tron

ngoai tiép tam gidc ABC). Khi d6 tir bit ddng thic abe >24 /3 r’ ta nhan duoc
bat ding thirc

3
8R’sin A.sin B.sinC > 24\/§r’ ¢&>sinA.sinB.sinC2 Sﬁ[-l%J ;
Heé qua : Vdi moi tam gide ABC ta c6 bat dang thite

k)
sinA.sinB.sinC = 3\5(%] ;
J

Ddng thitc xdy ra khi va chi khi tam gidc ABC déu.
Vi du 6. Gia sir duong tron tam I ban kinh r noi ti€p tam gidc ABC ti€p xic
v6i cdc canh BC, CA, AB theo thit ty tai A,, B,, C,. Chitng minh bat ding thirc
AB.BC.CA = 8 A,B,.B,C,.C/A,. Ding thitc xay ra khi ndo?
Gidi. (h.16-7) A
bat BC=a, AC=b, AB=c vap la nlra
chu vi tam gidc ABC. Sir dung dinh Ii Ptolemy
cho cdc ur gidc noi ti€p IC,AB, ; IC,BA, ; . B,
IA,CB; ta thay :
IA.B,C, = IB,.AC, + IC,.AB, hay
IA.B,C, = 2r(p - a) (1)
Tuong tr, IB.A|C, =2r(p-b); (2)

A
Hinh 16-7
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IC.A\B, =2r(p—c) (3). Nhan cdc dang thitc (1), (2), (3) theo v& ta dugc

8r’(p—a)(p-b)(p—c)

IAIB.IC =
B,C,C,A,A,B,

“)

Sir dung bat ding thiic Cauchy cho hai s6 duong ta c6

[ -a)+(p-b)) _¢ [ P-D+(p-9) &

p-b)p-c¢)

-a)p-b) £ < ]

(p—-cp-2a) s (_(p;c);M) = 94— . Nhan ba bat ding thifc theo v€ ta thu
abc

duge (p-a)p-b)(p-c) £ iy (5)

Ap dung bat ding thic Erdos — Mordell dang tich ta c6 IA.IB.IC =8’ (6)

Tir (4), (5), (6) suy ra AB.BC.CA 28 A,B,.B,C,.C,A,(dpcm). Déng thic xay ra
khi va chi khi tam gidc ABC déu.

Vi du 7. (IMO 1991). Cho tam gidc ABC va P 1a mot diém bat ki ndm trong
tam gidc. Ching minh ring ¢6 it nhat mot trong ba géc PAB, PBC, PCA nhé
hon hoic bang 30°.

Giai. (Phdn chimg). Gia st khong cé géc nao trong ba géc FTKE, FTEC,
PCA nho hon hoac bing 30°. Khi d6, néu c6 mot géc 16n hon hoac bing 150° thi
hai géc con lai nho hon hodc bing 30°. Gia sir ca ba goc déu 16n hon 30°va nho
hon 150°. Goi d, , dy, , d. 14n lugt la khodng cédch tir P dén cdc canh BC, CA, AB.
Khidétaco

2d, = 2PB.sin PBC > 2sin 30°.PB = PB (1)

Tuong tu ciing ¢6 2dy, > PC (2) ; 2d, > PA (3). Tir (1), (2), (3) ta suy ra

PA + PB + PC < 2(d, + dy, + d.). Diéu ndy mau thudn véi bat ding thic Erdos
Mordell. Tir day ta c6 diéu cdn ching minh.

Vi du 8. Gia str H la truc tdm cua tam gidc nhon ABC. Goi D, E, F lan luot la
trung diém cia BC, CA, AB; R 1a ban kinh dudng tron ngoai tiép tam gidc ABC.
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Chimg minh bat ding thic HD + HE + HF Z%R. Ding thic xdy ra
khi ndo?

Gidi. (h.16-8)

Goi O 1a tdm dudng tron rigoai tiép tam gidc ABC. Con @ la tam dudng tron
Euler ctia tam gidc ABC. Ta c6 cic két qua sau

+) @ 12 trung diém cta OH.

+) Bén kinh dudng tron Euler cla tam gidc

ABC bing nira ban kinh dudng tron ngoai tiép

tam gidc do. F
(Ban doc tu chirng minh hai két qua trén)

Sir dung hai két qua trén ta ¢6

HD+0OD 22wD=R; B
HE+OE 220wE=R;HF+O0OF 22wF=R. Hinh 16-8
Cong theo v€& ba bat ding thic trén ta duge
HD + HE + HF = 3R - (OD + OE + OF) (1)

Ap dung bdt ddng thicc Erdos — Mordell cho diém O nim trong tam giic ABC
tacd

OA+0B+0OC _3R
2 2

OD + OE + OF < (2)

Tir (1) va (2) suy ra HD + HE + HF Z%R (dpcm). Dfing thirc xay ra khi va

chi khi tam gidc ABC déu.

Vi du 9. Cho tam gidc nhon ABC noi ti€p dudng tron tam O ban kinh R. Céc
dudng cao AA,, BB, CC, déng quy tai H. Ké OO, vuong géc véi BC, OO, vudng
gbc véi AC, O0; vudng géc véi AB. Chimg minh ring

HA, + HB, + HC, <00, +00, +00, < %
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Giai. (h.16-9)

Nhan xét rang HA = 200, ; HB =
200, ;  HC = 2005. (c6 thé chimg
minh cdc ding thic ndy bing cich ké
cdc duong kinh cuia duong tron (O) qua

A, B, C r6i sir dung tinh chat dudng

trung binhtrong tam gidc).

+) Ap dung bit ding thic Erdos -

Mordell cho diém H trong tam gidc ABC Hinh 16-9
tacod
HA, + HB, + HC, s@fﬂf—*m = 00, +00, +00,.

+) Ap dung bat ddng thitcc Erdos — Mordell cho diém O trong tam giic ABC

tacéd

00, +00, +00, sM:% (dpem).

Chit y. Tong hop céc két qua ctia Vi du 8 va Vi du 9 ta c6 diy bit ding thic
HA, + HB, + HC, < 00, +00, +00, < % < HO, +HO, + HO;.
Vi du 10. Cho tam gidc ABC va M la mot diém b4t ki ndm trong tam gidc dé.

Goi R, R, , R, theo thit tu la khodng cdch tit M dén cédc dinh A, B, C. Con d, , d, , d,
lin luot 1a khoang céch tir M dén cdc canh BC, CA, AB.

Ching minh bét ding thiic d, + d, +d, 22[ 929495 , ddh |
R, R, R

c
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Gidi. (h.16-10)

Goi A,, B,, C, theo thit tr Ia chan cédc A
dudmg vuong géc ké tir M 1én cdc canh BC,
CA, AB. Ta ¢6 B|C, = MA:sinA = R_.sinA;

C/A, = MBsinB = RysinB; AB, = c Ar _\B,
MC.sinC = R_.sinC.
Ké MA, vuong géc véi B/C, ; MB, G
vuong goc véi CA, ; MC, vudng goc vai
A.B,. Khi d6 MA, = MB,sinMBA, B Al &
= MB,.sin MAC, = MB, MC, N d,d, @) Hinh 16-10
MA R,
e —— g d,.d
MB, = MC,.sinMC,B, = MC,.sihnMBA, = MA NG l.{ < ()
b
———— ———— d
MC, = A, SAFIATC, = MA: 5ik NGB, » MMy ded, A3)

Ap dung bat déng thic Erdos - Mordell cho diém M trong tam gidc A|B|C,
ta co

MA, + MB, + MC, > 2(MA, + MB, + MC,) (4)
Tir (39), (40), (41), (42) ta suy ra

dd dd dd
d,+d,+d. 22| —=—<4—2 420 |(dpcm).
‘ E : [Ra ‘Rh R J(pc

¢

I1I. PHAN POC THEM

Nha todn hoc Barrow trong khi chiing minh bat ding thic (E - M) di thu
dugc két qua sar :nanh hon bit ding thitc Erdos — Mordell dang téng.

(Bdt ddng thitc Barrow). Cho tam gidc ABC va M la m¢ét diém bdt ki ndm
trong tam gidc do. Goi R, , R, , R theo thit tu la khodng cach e M dén cac dinh A,
B,C.Cond, ,d,,d. ldn lugt la dp dai cdc duémg phéan gidc trong cia cdc géc
BMC,CMA, AMB cua cdc tam gidgc BMC, CMA, AMB.

Khi dé6 ta c6 bat ddng thitc R, + R, + R. > 2(d, + d, + d).
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tam gidc BMC, CMA, AMB ta thiy

148

Chimg minh, Ta cdn c6 mot B8 dé.
BO dé. Vdimoi x, y,z va a,B,y sao cho o.+B+y =7 thi

X’ +y? +2° 2 2(yzcosa + zxcos B + xycosy ).
Chirng minh. (h.16-11)
Tacé x’+y’ +2z’ —2yz.cosa — 2zx.cosf} — 2xycosy
= (sin’ B+cos’ B)x? +(sin’ ot +cos’ @)y’
+27° —2yzcos o+ 2Xy cos(a + ) — 2zx cos B
= (z2 +(xcosP)? +(ycosa) —2z(x cosP)—2z(ycos o)+ 2(x cosBj(ycosa))

+ ((x sinB)’ —2(xsinp)ysino) +(ysina)2)

=(z—xcosB—ycosa)z+(3sinB—ysina)220
B4 dé dugce chimg minh. Trd lai véi bat ding thic Barrow.

bat BMC = 2a ;61?11:213; M=27 thirérﬁrig oa+p+y=m.
Theo cong thitc dudng phan gidc cho céc

A

(R, + R)d, =2R,R..cosa ;
(R, +R)d, =2R,R..cosB ;
(R, + R)d. =2R,R,.cosy.
Tir d6 suy ra

2cosa =d, _1_.,..1_ )
R, R

[

2cosP =d, _1_+L ; 2cosy =d, A .,._1_ :
BR. R R

C a a

Str dung B6 dé trén ta co

d‘ L+_I._ yz + db L+L ZX + dc _I_.{,._l._ x}'=
R‘b Rc Rc Rn Rn Rb

=2(yzcos o +zxcosPB+xycosy) € x* +y’ +7°.



Chon x = JR—‘; y=\/ﬁ;z=\/R_clanhanduqc

o o) () (D

> 2(d, + dy + d,).

[ 4

Bit dang thitc duge chimg minh.

BAI TAP

16.1.

16.2.

16.3.

16.4.

Cho tam gidc nhon ABC noi ti€p duong tron tam O bén kinh R. Goi R}, R,,
R theo thit tu 12 bin kinh cdc dudng tron ngoai ti€p cic tam gidc BOC,
COA, AOB. Chimg minh bat ding thicc R, + R, + R; 2 3R. Ding thiic xdy
ra khi nao?

Cho tam giéc nhon ABC. Goi m,, m,, m_ l4n luot 12 do dai cdc dudng trung
tuy&n ké tir cdc dinh A, B, C va R 1a bén kinh dudng tron ngoai ti€p tam giac

d6. Chimg minh ring m, + m, + m_ < 9TR . Dang thitc xdy ra khi n2o?

Chimg minh ring v6i moi tam gidc ABC ta c6 bét ding thitc

T
J l A | J - B | J . C

s51In— sin sin
2 2 2

Cho tam gi4c nhon ABC ndi ti€p dudng tron (O ; R) va ngoai ti€p dudmg tron
(I'; r). Cdc dudng cao AA,, BB,, CC, déng quy tai H. Chimg minh cdc h¢
thic sau:

a)HA+ HB+ HC=2(R +1). b) HA, + HB, + HC, S R +r.

> 342 . Ding thic x4y ra khi nao?

c) cosA +cosB+cosC =1+ é d)R = 2r.
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Chuyén dé 17. DINH LY PTOLEME VA DAC TRUNG
cUA TU GIAC NOI TIEP

Binh li Ptolémé la mot trong nhitng dinh li dep nhdt cua Hinh hoc so cdp. Pep
trucc hét vi tinh 1 nhién va s don gidn trong cdch phdt biéu dinh li d6, nhung
chinh yéu hon la do cdc img dung phong phii cia né. Cé Ié Dinh li Ptolémé la
mot trong nhitmg ddc trung sdu sdc nhdt vé ti gidc noi tiép duomg tron.

I. PINH Li PTOLEME

Dinh If Ptélémé duge phat biéu nhu sau : Trong mét ur gidc néi tiép, tich hai
duong chéo bdng 16ng cdc tich cdc cdp canh déi dién.
Sau day 1a mot phuong phdp chimg minh dinh If nay.

Gia sir tr gidc ABCD ndi ti€p dudng tron
(0). Trén BD liy difm E sao cho

BAE = CAD (xem hinh 17-1). Vi y
ABD = ACD nén hai tam gidc ABE va A
ACD déng dang. Suy ra O E Do
AC CD
d6 AB.CD = AC.BE (n. D
Tuong tu, BAC = EAD, ACB = ADB nén Hinh 17-1
hai tam gidc AED va ABC déng dang.
Tir dé u
AC BC
Suy ra AD.BC= AC.ED 2)

Cong timg v€ (1) va (2) ta dugc AB.CD + AD.BC = AC(BE + ED) hay
AB.CD + AD.BC = AC.BD.

1I. MOT SO UNG DUNG CUA PINH Li PTOLEME

Dinh If Ptolémé thudmg dugc sir dung dé chimg minh c4c hé thifc trong tam gidc.

Vi du 1. Cho tam gidc ABC vuong tai A c6 AB + AC =4 cm. V& tam gidc
BCE vuong can tai E (E va A nim Khéc phia d6i véi BC). Tinh do dai AE.
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Giai. (h.17-2)
bat BE=CE =a.
Ap dung dinh I Ptolémé vao nr gidc noj
ti€p ABEC, ta c6 B
AE.BC= AB.CE + AC.BE

= AE.an =AB.a+ AC.a

E
= AEV2 = AB + AC

4 Hinh 17-2
= AE =— = 2\5 (cm).

V2

Vi du 2. Cho hinh binh hinh ABCD. M6t dudng tron di qua A cat cdc doan
thing AB, AC, AD theo thit tr ¢ K, E, F. Chiing minh riing

AK.AB + AF.AD = AE AC.
Giai. (h.17-3)

Ap dung dinh Ii Ptolémé vao i gidc noi tiép AKEF, ta ¢6

AK.EF + AFEK = AEKF. (1) T B
Mat khdc A KFE v» A ACD (g.g)
nén E = u =k. 2)

CD AD AC
Tir (1) va (2) suy ra

AK.kAB + AF.kAD = AEKAC, do d6
AK.AB + AF.AD = AE.AC.

Hinh 17-3

Vi du 3. Cho tam gidc ABC c6 ba géc nhon ndi tié» dudng tron tam O, bin
kinh R. Goi, x, y, z 1a cdc khoang tir O dén BC, CA, AB va r la ban kinh clia duomg
tron ndi tiép tam gidc ABC.

a) Chimg minh hé thic x +y +z=R +r.

b) Két qua thé nao néu géc A tu ?

Gidi. (h.17-4a)

a) Goi H, I, K 1a chan cdc dudng vuong gbéc
ha tir O xuéng BC, CA, AB. Khi d6 H, I, K la
trung diém clia BC, CA, AB (xem hinh 17-4a).

Hinh 17-4a
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Vi KI la dudng trung binh ctia tam gidc ABC-nén KI = %BC = ;

Ap dung Dinh Ii Ptolémé cho ti gidc noi ti€p AKOI c6 OA.KI = OLAK +

a c b
OK.Alhay R = +z .
YR Tg T2

Tir d6 Ra = yc + zb.
Tuong tu, Rb = ya + xb, Rc = xc + za.

1
Mat khéc, Sype = Sope + Soca + Soas = %ax + lzby + Ecz.

Suyra(a+b+c)r=ax + by +cz.
Tir d6
(R+r)(a+b+c)=Ra+Rb+Rc+r(a+b+c)
=yc+zb+ya+xb+xa+zc+ax +by+cz
=(x+y+z)a+b+c).
Suyrax+y+z=R+r.

b) Khi goc A ti, tam O cua dudng tron
ngoai ti€p tam gidc ABC ndm ngoai tam gidc
d6 (h.17-4b). Trong trudng hogp ndy cac hé
thitc tuong ung sé€ 12

Ra = yc + zb, Rb = za — xc, Rc = ya - bx,

rla+b+c)=yb+zc—ax

Cong timg vé& cic ding thic trén, ¢6

Hinh 17-4b

(R+r)(a+b+c)=(y+z—x)a+b+c).

Tedéy+z—x=R +r.

Luu y. Két qua y + z— x = R + r khong 4n tugng 1dm. Tuy nhién ta s& c6 két
qua dep hon & vi du duéi day.

Vi du 4. Cho tam gidc ABC c6 goc A 1 ndi ti€p dudng tron tam O bin kinh
R. Goi r, 1a bdn kinh cta dudng tron bang ti€p goc A, goi X, ¥y, z la cic khoang
cdch tir O dén BC, CA, AB. Chimg minh h¢ thitc x+y +z=r, = R.
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Giai. (h.17-5)
S=Soac + Soas — Sosc
by + cz—-lax. (n

Goi J la tam cua dudng tron bang
ti€p géc A, tacéd

S=Sjac + Sjag — Sipe

1 1 1
=,bn +2cr,_, %

%(b +c—ar,. (2)

Tir (1) va(2)suyra (b +c—aj)r, =by +cz-ax.
Ta lai ¢6 Rb = za — xc, Re = ya - bx, Ra = yc + zb.

Tudé (r,-R)b+c—a)=(x+y+z)(b+c—a).Suyra x+y+z=r,—R.

e Tru6e khi vao Vidu S, ban doc hdy chimg minh bé dé sau.

B6 dé. Cho tam giic ABC c6 BC =a, CA=b, AB=c va géc A bang 60°. Khi
d6a’=b2+c’—bc.

That vy, ké CH vuong géc v6i AB. Khi d6 trong tam gidc vuong ACH c6
A =60° nén ACH = 30° (xem hinh 17-6).

DodéAH=E,HC=E{§-. A
2 2 /N
Trong tam gidc vuong BHC c6
BC? = BH? + HC? o/ N
: 2
2 ( bT by3
hay a =|c——| +|—]| . o o
2 2 B a C
Hinh 17-6

Tir dé a® = b* + ¢ — be.
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Vi du 5. Cho tam gidc déu ABC canh bang a ndi ti€p dudng tron tam O va mot
diém M trén cung nho BC. Pat MA =x, MB=y, MC = z.

Chimg minh rang :

AX=y+2z;

b)x2+y2+z.2=2a2:

c) x* + yd +2° = 2a%.

Giai.

a) Ap dung Dinh i Ptolémé cho ti gidc noi
tie¢p ABMC ¢6 MA.BC = MB.AC + MC.AB.
Dodé xa=ya+za(h.17-7). Tudéx =y + z.

b) Chii y ring AMB = ACB = 60°,

AMC = ABC = 60°.

Ap dung Bg dé trén cho cdc tam gidc MAB

vi MAC c6 :

R ) iy T
A" =x"+y —xyvaa“ =x"+7z -xz

Hinh 17-7

Do do 2a2=2x2+y2+zz—x(y+z)

2

= 2x +y2+22—x2(v‘|x=y+z)

=x'+ y2 + 2.
¢) Ap dung hiing ding thic (a + b + c)2 =a’ + b* + c* + 2ab + 2ac + 2bc
nhan dugc
at=(x2+ y2 - :cy)2 =x'+ y4 + 3x2y2 - 2x3y - 2xy3 vi
2_x2)? =x*+ 2+ 3PP - -2

Tirdé 2a* = 2x* + y4 i 3x2(y2 + 22) - 2x3(y +2z)— 2x(y3 + 23) (1)

4 2
a=(x"+z

Chid y riing X =y + znén 2x3(y +2)=2x"va
f&:(‘."()r2 +2%) = 2x(y3 + 23)
= 3x2(y2 + 22) - 2x(y + z)(y2 g yz)
= 3x%(y’ + ) = 22y + 22 — y2)
= xz(y2 +Zt + 2yz)

= xz(y + 2)2 =x".

Dodé tir (1) suy ra2a’ =x* +y* + 2°.
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Vi du 6. Cho tam gidc ABC ndi ti€p dudng tron (O) va mot diém M trén cung
nho BC. Goi H, I, K 1a chan dudng vuong géc ha tir M xuéng BC, CA, AB. Chimg
el it e A0, 4B

MH MI MK

Giai.

Vi MCH = MAK (ciing chin cung MB) nén
hai tam gidc MHC va MKA déng dang.

Do d6 .ME = E Suy ra MC = .MH'MA.
MK MA MK
Tuong tu, MBH = MAIl nén hai tam gidc
MHB va MIA déng dang. Do dé ﬂ = ﬁ
MI  MA
MH.MA Hinh 17-8

SuyraMB=__"___ (xemh.17 8
y M ( )

Ap dung Dinh If Ptolémeé cho tir gidc noi ti€p ABMC c6
MA.BC = MB.AC + MC.AB.

T d6 MA.BC = MILTA AGs MENR e s st v ding thic cudi
BC AC AB

cing cho MH.MA, ¢c6 — = + :
MH MI MK

Vidu 7. Cho tam gidc ABC c6 A =2B. Chimg minh hé thic a’—b’=be.

Gidi. (h.17 9) “

Phan gidc goc A cit dudng tron ngoai tiép
tam gidc ABC tai D (h.17 9).

Khi d6 DBC = DAC = ABC A a

vi DCB = DAB = ABC nénCD=AC=b

vaBD=AC=b.
Hinh 17-9
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Tuong tu, ABD = 2ABC = BAC nén AD = BC = a. Ap dung Dinh If Ptolémé
cho tif gidc ni tiép ABCD cé AD.BC = DC.AB + DB.AC hay a” = bc + b’

Tir d6 a> = b” = bc.

Vi du 8. Cho tam gidc ABC c6 A = 2B = 4C. Chimg minh he thifc

T |
—_t —=—,
a b c
Gidi.
~ N A
Tu gia thict A =2B va B=2C, theo
Vl‘du?céaz—b2= be, b® —c% = ac.
Tird6 a*> - ¢’ = c(a + b). B C
Trén cung 16n BC liy diém E sao cho
EAC = ACB.
— — E
Khi d6 CE = AB = c va ACE = BAC nén
AE = BC = a (h.17-10).
Hinh 17-10

Mit khéc, ABE = 3ACB = BCE nén BE = AE = a.

Ap dung Dinh I{ Ptélémeé cho tir gidc noi ti€p ABEC c6
BC.AE = ABEC + AC.BE

hay a’=c” +ba. Tirdé a* — ¢’ = ab.

Theo ching minh trén, a2t 02 =c(a + b) nén ab=c(a + b).

Chia hai v& diang thitc cu6i ciing cho abc, duge . = ~tl; + J (dpcm).
Cc a
I1II. PINH Li PTOLEME VA HAM SO LUGNG GIAC CUA GOC NHON

Trong phin nay ta s¢ sir dung Dinh Ii Ptolémé dé tinh ham s6 lugng gidc cla
mot s6 géc nhon.

Vi du 9. Tinh sin18° va cos 36° (khong diing bing s va mdy tinh).
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Gidi. |

e Dung tam gidc can ABC ¢c6 ABC = ACB = 72°,
BAC = 36° (h.17-11).

batBC=a, AB=AC=b.

Khi 46 ABC = 2BAC nén theo Vi du 7 ¢6
b*—a’=ab (luuy AB=c =b).

2
Tird6 a> + ab — b* = 0 hay (%J +%-1=o.

Gidi phuong trinh bac hai ? +t—1=0 B 37 c

vai:=:>0nhanduqcz'="";‘j§. IRz

* K& AH L BC. Khi d6 BH:HC:%thEii:ls".

Td6 sin1s® sinBAH=PH= 2 -¥3-1

AB 2b 4

Ké BK L AC. Khi d6 AK = AB.cosBAK = b.cos36° va
KC = BC.sinKBC = asin18° = ng_ l b‘/§4‘ 3

Vi AK + KC = AC nén .bC(;S35° + _(_J_g?—_l_)ib =b.

Tirdé cos36° = 1 — (JES_ 1y’ ‘64* 3

Vi du 10. Cho a, B-la cac gbc nhon sao cho o + B 1a géc nhon.
Chitng minh cong thitc sin(a + 3) = sinacosP + sinficosa.
Gidi.

Tru6ce hét ta chimg minh bé dé sau.

B6 dé. Cho tam gidc ABC c6 géc A nhon noi ti€p dudng trdn tam O, béan kinh
R. Khi d6 a = 2Rsin A (Pinh Ii ham s0 sin).
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That vay, vé dudmg kinh BD. A
Khi d6 BCD = 90° (g6c noi ti€p chidn nira dudng

tron) va BDC = BAC (h.17-12). 0
— B D
Trong tam gidc vuéng BDC ¢6 BC = BD.sinBDC .
hay a = 2Rsin A. B6 dé duoc chimg minh. (o)
Trén dudng tron tam O, dm‘mg kinh AC = 2R =1
ldy cdc diém B, D sao cho BAC = o, CAD = B. Hinh 1712

Khi d6 ABC = ADC =90° nén ACB = 90° - a,
ACD =90° - B (h.17-13).
Ap dung BS dé c6 AB = 2Rsin(90° — «) = cosa.
Tuong tu, AD = cosp3.
Hon nita AC = 2R = |, BD = 2Rsin(a + )
= sin(a + f3) ;
BC = 2Rsina = sina, CD = 2Rsinf} = sinf.

Ap dung Dinh ii Ptolémé cho i gidc noi tiép
ABCD cé6 Hinh 17-13

AC.BD = BC.AD + CD.AB hay sin(a + ) = sinacosp + sinfcosa.

Luu y. a) Néu ban doc biét thém ring sin90° = 1 va B 1a géc 1 thi
sinf = sin(180° — PB), ban s& thdy Dinh If ham s& sin vin diing d&i véi tam gidc
ABC tuy ¥ (khong cdn gia thiét cdc géc cia tam gidc ABC nhon).

b) Cong thitc sin(a + B) = sinocosf + sinfcosa duge goi 1a cong thirc cong
cung. Thuc ra cong thitrc nay ding véi a, B la cdc goc tuy ¥.
Ap dung céc hé thic
cos’a = | — sin’a, coszﬁ =]- sinZB. cosz(a +B)=1- sinz(o. + ) nhin duoc
cos(a + B) = cosacosP — sinasinf.
Khi a = f, ta nhan dugc cdc cong thitc nhan doi

sin2a = 2sinocosa, cos2o = cos’a — sin’a.

IV. BAT PANG THUC PTOLEME

Bt déng thic Ptoléemeé duge phét biéu nhu sau: Trong mot uf gidc 16i ABCD,
taco

AB.CD + AD.BC2= AC.BD.
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That vay, ldy diém E trong it gidc ABCD A
sao cho EBA = 51_3?:‘ EAB = BDC (h.17-14).
Khi d6 hai tam gidc ABE va DBC déng
AB AE
BD CD B D
Suy ra AB.CD = BD.AE.

Ta lai c6 hai tam gidc EBC va ABD déng
dang nén BE = E C
BD AD
Suy ra AD.BC = BD.EC.
Tir d6 AB.CD + AD.BC = BD(AE + EC).
Suy ra AB.CD + AD.BC > AC.BD.
Ding thic xdy ra khi va chi khi E ndm trén doan AC, nghia la khi va chi khi

CAB = CDB hay ABCD Ia t gidc noi tiép.

dang nén

Hinh 17-14

V.PAC TRUNG CUA TU GIAC NOI TIEP PUONG TRON

Tir Bt déng thic Ptolémé ta suy ra : Piéu kién cin va di dé ut gidc ABCD noi
ti€p duoc dudng tron 1a AB.CD + BC.AD = AC.BD.

Nhu vay AB.CD + BC.AD = AC.BD la mot dic trung cua tr giac ndi ti€p
ABCD.

Thuc ra, ta c6 thé tim thdy nhiéu dac trung khdc cla i gidc ndi ti€p. Ching
dugc cho bdi bai todn sau.

D6i véi tir gide ABCD cho truée, céc khing dinh sau 1 tuong duong :
1. T gidc ABCD la t gidc noi tiép.

2. A+C=B+D =180°

3. ABD = ACD.

4. AC.BD = AB.CD + AD.BC (Pinh li Ptéléme).

5. MA.MC = MB.MD, trong d6 M la giao diém ctia AC va BD.

6. H, I, K thing hang, trong d6 H, I, K 14n luot 12 chan dudmg vuong géc ha tir
D xuéng AB, BC, CA (Pudng thiang Simsan).
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7. R Ry = R.Ry, trong d6 R, Ry, R, Ry 1a bin kinh céc dudng tron ngoai tiép

cac tam gidc ABD, ABC, BCD, CDA tuong ung.

8. Tir gidc 0,0,040, la hinh chir nhat, trong d6 O,, O,, O3, O, la tam cic

dudng tron noi ti€p cdc tam gidc ABD, ABC, BCD, CDA tuong img.

9. T gidc G;G,G3G, 1a 1t gide noi ti€p, trong dé Gy, G,, G, G, 1a trong tm

cic tam gidc ABD, ABC, BCD, CDA tuong ung.

10. Hai duong phan gidc cta cic géc (AB, CD) va (AD, BC) vudng géc vGi

nhau. .
CA AB BC

IS = —

DK DH DI

12. S=J(p —a)p - b)(p - c)p - d), trong d6 a = AB, b = BC, ¢ = CA,

a+b+c+d

d=DAvap= :

Vi du 11. Hiy chimg minh s tuong duong giita céc khang dinh (1) va (11)

cuia bai todn trén.

Gidi.

Ta biét (1) suy ra
(11) theo Vidu 17.6.

Pé chimg minh (11) suy ra (1),
goi D' 1a giao diém BD vdi dudng
tron ngoai tiép tam gidc ABC. Khi
dé tr gidc ABCD' 1a wr gidc ndi
tiép nén ik + L {*),
trong d6 H', I', K’ ldn luot 14 cic
chan dudng vuong goc ha tir D' dén
AB, BC, CA (h.17-15).

Mt B 2D DE e i o D DR

DH DB DI

Thay (**) vao (*) ta c6 AB + BC o~ w
- DH DI DB.DK'
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-va DT =

D'B.DI
DB

3 (**)



maAB+EC-=CA DB _DK' _DM
DH DI DK DB DK DM
trong d6 M 1a giao diém ctia DB v6i AC. Theo tinh chat ti 1é thiic, ta c6
IDB - D'B| _ |IDM - D'M| & DD' _ DD’
DB DM DB DM’
ma DB > DM nén DD' =0, tic 1a D' = D.

(gt) nén

Do d6 ABCD 1a tir gidc ndi tiép.

Luu y. Ban doc tr chimg minh su tuong duong ciia cdc cap ménh dé con lai
trong 12 ménh dé néu trén.

VI. VAI NET VE LICH SU

Ptolémé la nha todn hoc Hy Lap s6ng vao th&€ ky thir hai sau cong nguyén, tén
ddy du cta ong 1a Claudius Ptolememy. T4c phdm chinh cia o6ng "Syntaus
Mathematica" viét vao khoang nam 150 sau Cong nguyén chu y&€u viét vé Thién
van hoc. Quyén I 12 bang cdc day cung cuing mot giai thich ngin gon vé viéc né
duge ra doi tir mot ménh dé hinh hoc ma ngay nay ta goi 1a Pinh li Ptélémé. Sau
day 12 mot s6 hé qua dugc it ra tir Dinh If Ptolémé trong tic phdm ay.

1. Néu a, b 14 hai diy cung cé ban kinh don vi thi s:%\/"l—bz +§\l4—a2 la -

day cta téng hai cung dé.

; b
2. Néu a, b 1a haiday cung c6 ban kinh don vi véi a > b thi s=% J4 ~b? —E\/tiuaz

la day cua hiéu hai cung dé.

3. Néu t 1a day cung ctia mot dudng tron ban kinh don vi thi p=4/2—y4 -1
1a day cung cua nira cung dé. .

Nam tram nam sau, nha to4n hoc An Do Bramagupta trd lai nghién ctu vén dé
nay. Sau day la mot két qua rit trong téc phdm “Brahama — Sphuta — Siddhamata”
cua ong.
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Cho it gidc ABCD.noi ti€p dudng tron ban kinh R, c6 AB=a, BC=b,CD =,
DA =a, AC=m, BD =n. Khi d6

1ym2 =@ tbdi@bted) o  (ac+bd)(ad + be)
ad + be : ab +cd

2ymn=ac+bd;

(ad + be)(ab + cd)
ac + bd '

Ban doc tr chimg minh cdc két qua trén.

3) 4R? =

BAI TAP

17.1. Cho tit gidc noi ti€p ABCD c6 hai dudng chéo vuong géc. Goi a, b, c, d 1a do
dai bon canh lién ti€p cua uf gidc. Tinh dién tich cla tf gidc.

17.2. Cho hinh vuéng ABCD ndi ti€p dudng tron (O), M 1a diém bat ki thudc cung
nmcucmmmmpmmeA+Mc=MmE

17.3. Cho tam giic nhon ABC, cidc duong trung tuyén AM, BN, CP. Goi R var

theo thit tr 12 ban kinh ctia dudmg trdn ngoai ti€p va noi ti€p tam gidc ABC.
Chitng minh h¢ thiic

AM+BN+CP< 4R +r.
Huomg ddn : Sit dung két qué chia Vi du 3.

17.4. Cho dudmg tron (O), day BC ¢ dinh khdc dudng kinh. Hay xdc dinh diém A
thudc cung 1én BC sao cho tdng AB + AC c¢6 gi4 tri 16n nhat.

17.5. Cho tam gidc ABC c¢6 R, r 1a bdn kinh clia cdc dudng tron ngoai tiép, ndi ti€p
tam gidc. Chimg minh riing R 2 2r.

(Sir dung két qua ctia Vi du 3 va bt ding thitc Erdos 2(x + y + z) < 3R).

17.6. Gia sit M 1a mot diém trén dudng tron nodi tiép luc gide déu A;A,A3A AsA,.
Chimng minh

a) MA? + MA2 + MAZ = MAZ + MAZ + MA? ;

4 4 R | 4 5
b) MA} + MA] + MAS = MAj + MA] + MA?.
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17.7. Cho tam gidc déu ABC noi ti€p dudng tron (O) va mot diém M trén cung nho
BC. Goi H, I, K 1a chan dudmg vuéng géc ha tir M xudng BC, CA, AB.
Chimg minh cédc hé thirc

1 1 1

8) —— = — + ——

b) MH? + MI> + MK? = h?, trong d6 h 1a dudng cao cia tam gidc ABC.
17.8. Ching minh céc ding thic

a) c0s36° cos72° =% :

b) co0s20° cos40° cos80° = % !

17.9. Sit dung cong thitc tinh khodng céch giita hai diém M(x,, y,), N(X5, y,) trong
mat phing toa do cho bdi cong thitc

MN? = (x) = xp)’ + (y; = y2)°
dé chiing minh bt ding thic Ptoléme.
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1.2,

1.3.
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HUGNG DAN GIAI - DAP SO

Chuyén dé 1. HE THUC VE CANH VA BUONG CAO
TRONG TAM GIAC VUONG

(h.1-5)

Ap dung dinh Ii Pythagore vao céc
tam gidc vudng can DMB va EMC,
tach:

MB? = BD? + DM? = 2MD?

MC? = CE? + ME? = 2ME2

Suy ra MB? + MC? = 2(MD? + ME?)
=2DE? =2AM? (vi MA = DE).

Xem hinh 1-6.

Tacé: OAZ=a2+b? ; OC? =c? +d2

Suy ra OA%2+0C?=a2+b% +c? +d? (1)

OB? =a’+d? ; OD? =b? +¢?

Suyra OB +OD? =a? +b% +c% +d? (2)

T (1) va (2) ta cé6 OA? +OC? = OB? +OD?

(h.1-7)
Tam gidc ACD vuéng tai D, tacé :

AC=JAD2+DC? 62 +8% 10(cm)
AD.CD = DE.AC

ADDC _68_, ¢ (cm);

= DE = =
AC 10

APt AEAC =S AB=2D =8 =5 ¢ (cm).

A E C
Hinh I-5

A F
Hinh 1-7



SuyraEC=AC AE=10 3,6=64 (cm).
Tam gidc ADF vuong tai A, tacé:

2
AD?=DEDF=DF=2D"_9 _75em)

2
DE 4,8
SuyraEF=FD ED=75 48=27(cm);
AF? =FEFD =2,7.7,5 = 20,25 = AF = 4,5 (cm).
SuyraBF=AB AF=8 4,5=3,5(cm).

1.4. (h.1-8)
Dé dang chimg minh dugc AABC vuodng tai B. B
3
AB? = AH.AC suyra AH = Ab 2
AC 5
BD la phan gidc clia géc B nén
E_E_C'_z Hinh 1-8
DA 3 3 15 1 5
suyra —=—, dodd DA= -=AC=—; MA=—AC=—.
LT TR (s 22
i 12 5
Vay AH< AD < AM, suyra HD = TR DM = T

Sy %AB.BC=6 (cm?).
Da‘ SA!I‘ =S: SABH =S] 3 SSHD=52 4 SBMD =53 * SBMC =S4. Taco:

S ﬂ=2, suyra S, =23=1.6=;—:(cm2).

fad .
S AC 25 25 25

Tuong g, S, =%-‘;m2 y Sy =%cm2 : Sq =3cm?.
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Xét tam gidc ABC vudng tai A,
dudng cao AH, trung tuyén AM
(h.1-9)

AH: AM=40:41,suyra

AH _AM _
40 41
= AH =40k, AM =41k.

k

M

Hinh 1-9

MH? = AM? - AH? = (41k)? - (40k)? =81k* = MH = 9k,

do d6 CH = CM + MH = MA + MH = 50k

AB_AC _AB® AC? AB*+AC? _

S TR

16 25 41

Tir d6 tim dugc AB=4cm ; AC= 5cm.
(h.1-10)

T gidc AEHF 1a hinh chir nhat nén
AH = EF; OE = OF suy ra EF = 20E.
Ta ¢6 OE.OF = OE?;

EF? = AH? = 40E? = 40E.OF
Tam gidc ABC vudng tai A, AH L BCnén

AH? = BH.HC, suy ra BH.HC = 40E.OF

(h.1-11)
Tam gidc AMB vudng tai M, ta ¢6

AM’ = AE.AB ()
Tam gidc ANC vudng tai N, ta ¢6
AN’ = AD.AC 2)

AABD v AACE (g—g), ta c6
AD.AC= AE.AB (3)

E

A

Hinh 1-10

A

Hinh 1-11

(o}



1.8.

1.9.

1.10.

Tir (1), (2) va (3) suy ra AM?  AN?, do d6 AM = AN. Vay AAMN Ia tam

gidc can tai A D N c
(h.1-12)
a) Tam gidc AMB vuong tai A, c6 ABM  30°
nén BM = 2AM. M F
(2AM)* -AM?>  AB?
= 3AM? a2, suyra AM = # N M
— —_— — Hinh 1-12
b) MAF=ABF 30° (cing phu v6i FAB). Tudétacé
AE=2B 2. ypo AM f‘_’/_g__
2 2 2" 6

AF? 226 a3
MF 4aJ3 2~

AF?> FMFB = FB=

(h.1-13) E
AAID = ACFD (c.g.c) suy ra DI = DF.
Tam gidc EDF vuéng tai D, ¢c6 DC L EF,
suy ra A I

1 1 1 = B

T R
DE® DF® " DC
| 1 1
ma DF = DI nén + khon
DI DEY DC* ¢
)
d6i, do dé L,, i , khong phu thuoe ¥ &
DI° DE

vao vi tri ctia diém L .
a) Truémg hUp A <90° (h 1- 14). Hinh 1-13

Néu C <90° thi HC=b - AH (h.1-14a) ;
Néu C >90° thi HC = AH - b (h.1-14b).
B

Hinh 1-14
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Ci hai trudmg hop, ta déu c6 :
HC? = (b— AH)2. Do dé
BC? = BH? + CH?
= AB? - AH? +(b- AH)?
= AB? - AH? +b? -2AH.b+ AH?
= AB? +b? -2AH.b
a?=b%+c?-2bc'.
b) Truong hop A >90° (h.1-15)
Tacéd:
a’ = BH? + HC?

(¢ -HA?)+(b+ AH)?

A

= c2-c?+(b+c")?

=c2 ¢?4b2+c242be’

Hinh 1-15

= b? +c? +2bc'.
Licu y. Tir bai tap ndy, ta nit ra nhan xét sau trong tam gidc :
a) Binh phuong clia canh d6i dién véi géc nhon bing téng cdc binh phuong
cta hai canh kia trir di hai lan tich ciia mot trong hai canh dy v6i hinh chiéu
cua canh kia trén né. ‘
b) Binh phuong clia canh d6i dién véi goc th bing téng cdc binh phuong cua
hai canh kia cOng véi hai ldn tich ciia mot trong hai canh dy v6i hinh chiéu
cua canh kia trén no.

(h.1-16) ¥
BAH =30° nén BH= ' AB= 4 (cm):
2 S
ABC = 60°. Do d6 theo bai 1.10a), ta c6
AC? = AB? +BC? -2BC.BH
2 2 2 B H C
AC? =82 + BC? —8BC (1) o g

DoBC-AC=2nén BC=AC+2.



Thay vao (1) duoc

AC? =64 + (AC+2)’ —8(AC+2).

bat AC=x,tacod:

*

< x% = 64+x% +4x +4-8x-16
S4x-52=0=x=13.

do dé AC = 13cm, BC= 15cm.

Tam gidc AHB vuong tai H: AH =
Shie =%AH.BC =%.4J§.15=30J§ (em?).

1.12. Goi S la dién tich tam gidc ABC, ta c6

1

$ =64+(x+2)2—$(x+2)

JAB? - BH?

S=Ea.h =>a=2—S-:>a

Tuong b2 4S“ . c2 =482,

b

Suy ra b® +c? =482 (—12- ——J
b c

Tir (1) va (2) suy ra a® =b? +c? < AABC vuong tai A.

1.13.% (h.1-17)
Theo dé bai BD.CE = 2BI.CI, suy ra
Bl CI 1
—.=== (1)
BD'CE 2

batBC=a,CA=b,AB=c.
Theo tinh chat dudng phan gidc :

IB AB_ Bl ___AB
ID AD ID+IB AD+AB
Bl _ AB '
BD AB+ AD

hay

(1

= V82 -4% =43 (cm);

Hinh 1-17

*
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AD AB AD AB AD ¢ be

Talaicd —=— = —=——— => —=—— = AD= —.
DC BC AC BC+AB b a+c a+c
Thay vao (*) duge 2 = cbc = lb O . 1))
BD o fi a+b+c
a+c c+a
Toorigti, = —2ra 3)
CE a+b+c

Tir (1), (2), (3) suy ra azl =b2 +c2. Vay tam giac ABC vudng tai A.

1.14.% (h.1-18) x
a) Goi O 1a trung diém cta BC. Ta c6 5
DE = AH< AO. Do d6 . o
maxDE = a <> AABC vudng can tai A.
B H O &
b) Cdch } SAE}ID = AEAD
2
Tac6 AH? = AE.AB = AE = A Hinh 1-18
AB
2
Tuong tu, AD = ili—-
AC
4 a 3 i A 2
Do d6 Syeng = AR __AH' _AH oA o8 a?
ABAC AHBC BC BC 2a 2

170

2
Vay maxSpgyp = 52— <> AABC vudng cén tai A.

Cach 2. SAEHD = ZSAHE' Do d6 SAEHD 16n nhit < SAHE 16n nhat.

AH
BC

AH lén nhdt < H = O < AABC vuong can tai A.

Ta ¢c6 AAHE «» ACBA (g—g) nén ___?\HE = [

2
J , suy ra Spyg 16n nhat <
CBA



1.15.% (h.1-19)
Dat EA = ED = x. K¢ DH L AB.
ABDH vuong tai H c6 B=60° ; BD = 20cm,
suy ra BH = 10cm ; DH = 1043 cm. Do d6
AH = 50cm ; EH = 50 - x (cm).

AEHD vuong tai H, ta ¢6 ED? = HE? + HD?
suy ra x? =(50-x)? +(10~./§)2 = x =28 (cm). Hinh 1-19

Vay DE = 28cm.

Tuwong tu tim duge DF = 35cm.

Ké EI L AC(I € AC).

AAEI vuong tai I c6 A=60° ; AE = 28cm ; suy ra Al = 14cm ;
El = 143 cm.

Do d6 IF = AF = Al = DF = Al = 21cm.

AEIF vuong tai I nén EF? =IE? +IF2, Tirdé tinh duoc EF = 7y/21 cm.

1.16. (h.1-20) Tam gidc vuéng BHC cé: B
CH? = BC? -BH? .
— BC? —(AB? - AH?) A
=BC? - AB? + AH? A H—f>c
=BC? - AB? +(CA-CH)? Hinh 1-20

BC? +CA? - AB?

= BC2+CA2-AB?=2CACH = CH=
2CA

CA?+ AB? -BC?
2CA
CH _BC?+CA’-AB?
AH CA?+AB?-BC?

Tuong tu, AH=

(1)
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OD CD BC 2)

Trong tam gidc ADC, CO la phan gidc nén —=
OA CA 2CA

Tir D ké DK vuong géc véi CA, ta c6 BH // DK va HK = EZE

0D _HE. . CH (3). T (1), (2) va(3)suyra

= =
OA HA 2HA

BC?+CA’-AB’ BC _ BC’+CA’-AB’ _ BC
CA*+AB*-BC* CA 2CA? BC+CA

Tir d6 suy ra hé thitc cdn ching minh.

Chuyén dé 2. Ti SO LUONG GIAC CUA GOC NHON

21.a) A= Ssin® o +6(l—sin2 o)

2
=6—sin2a=6-[§) =6_i=ﬂ.
5 25 25
b)B= 4(1—(:032 CI)—SCOSZ a
4)? 144 -44
=4-9cos’a=4-9.|=| =4-——="",
5 25 25
sina 1 2
-1 -1 £
22. a)C=Sose 3 __3___
sino 1 4 2’
+1 —+1 =
cosa 3 3
cosa 4 7
1+, 1+ a8
b)D = sina P I 7
l_cosa l—i _l
sina 3
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2.3.

24,

2.5,

(h.2-4) A
Vé dudng cao AH, ta c6
cotgB = = ;cotgC = E
AH AH
B M H C
Néu cotgB = 3cotgC thi
Hinh 2-4
BH =3CH ¢ BC=4CH
& MC=2CH & MH=HC
< AAMCcan tai A & AM = AC.
(h.2-5) A
H
Tacd — S 21 nén CD 2 BD,
BD AB M
suy ra BC 2 2BD.
. B D C
K¢ DM L ABtaco
Hinh 2-5
CH —E =22,suyraCH =2MD (1)
MD BD
Trong tam gidc ABC, gbéc A 16n nhit nén A 260°, suy ra MAD 230°, do
do sinMAD?‘.l :@21, taco 2MD = AD )
2 AD 2
Tir (1) va (2) suy ra CH 2 AD.
A
(h.2-6)
VECH L AB,tacé: H b
c
sinA=—; sinB= CH
B a C
sinA_BC a a b
do dé =——=—, suyra =— inh 2-
sinB AC b ¥ sinA  sinB High2:0

c

Chitng minh tuong tu, ta dugc L —.
sinB sinC

a _ b ¢

va = = ;
" sinA sinB sinC
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2.6.

2.7.

2.8.
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(h.2-7)
a) TacO: cosA =—A£ : cosA=A—E.
AB AC

dods 28 L0k

AB AC
Viy AADE v\ AABC (c—g—c), do dé

2
EADJ:‘.. = [ﬁE) = cos? A, Hinh 2-7
SaBc

suy ra Sypg.= S,,.‘l_;,c.cos2 A.

b) Spcpe =Sasc ~Sapk = Sapc ~Sasc-cos” A
=Spc(1—-cos? A) = S,pesin’ A.

(h.2-8) B

B

i

i

i
x K.
A H C H A C

a) b)
Hinh 2-8

Goi o 12 géc nhon tao bdi hai dudng thing chita hai canh AB.\'& AC cua tam
gidc ABC. Ké BH L AC,tacé:

sina = -El:l- suy ra BH = AB.sina, suy ra
AB

S\ic = %.AC.BH =—;-AC.AB.sin a.

(h.2-9) i
Theo bai 2.7, ta c6 b

1 st " .
SaABD = 5 AB.AD.sin BAD = E.AB.AD. sin =
Sacp = 1 AD.ACsinCAD=LADACsin®. B > -
; % 2 Hinh 2-9

Vay Sape = %AD.sin%(AB+ AC) = %.AD.sin ‘;(b+ ¢)



Mat khic Sppe = %.AB.AC.sinA = % bc.sinA | suy ra

lADsinﬁ(h +c)=lbcsin A, dod6 AD = _besinA_ )
2 2 2 A
(b+c).sin—
2
9. (h.2-10)
a) Theo bai 2.5,taco
a b
ML o n T e suy I
sinA sinB  sinC
a b+c 2a

sinA  sinB+sinC & sinB+sinC

do d6 2asinA = a(sinB + sinC), suy ra
2sinA = sinB + sinC.

b) Trén hinh 2-10, ta ¢

hy 1 sinC= hy :sihB‘= E‘—
a a

SinA =

Do dé tir két qua cau a) suy ra
2h, hy+h,

=t ™
[ a

Mat khac 2.S5gc =a.h, =b.hy =c.h, nénc= al;h" . Thay vao (*), dugc :
C
2.hy.h, _ hy +h, gy 2 " hy, +h. =&L+L_
ah, a h, hyh. h, h

A
.10. (h.2-11)
Goi G 1a giao diém ctia BN va CM. Tia AG cit
BC tai D thi D l1a trung diém cta BC, ta cé
BC = 2GD va AD = 3GD.

Trong cac tam gidc vudng AHB va AHC, ta lai c6
cotgB = L ; cotgC= g Do dé6
AH AH

BH+CH _ BC
AH  AH

cotgB + cotgT =

2£=
AD

Hinh 2-11



2.11. (h.2-12)

Ké AH L BC thi H ndm gitta BvaM. Tacé :

(sina + cos a)z = sin® o +cos? o+ 2sina cosa
= | + 2sinacosa = | + 2, AB.E
BC BC
S142ABAC |, AEC i
BC BC
=1+ Zﬂ - ]+Ei}:l_= 1+ Ali:l’i'siﬂﬁ.
BC 2A AM

Vay (sina +cosa)® = 1+sin B.

2.12.* (h.2-13)

2.13.* Cdch 1. Tuong tu vi du 3 ta duoc sina +cosa =

176

Dung tam gidic ABC c6 AB = AC = b,
BC = a va BAC=36". Khi d6
ABC = ACB=172°. Ké phan gidc clha géc
ABC cit AC tai M, ta c6 ABM = 36°, do d6
AMAB can tai M, Ké MK L AB suy ra
KA=KB;§.

Lai cé BMC = MAB+MBA =72° = MCB, do
dé AMBC can tai B, suyra MA=MB=BC=a.
Ké AH L BC, tacé HB = HC.

Xét AAKM c6 cosA = cos36° = AK = b

AM 2a

Xét AABH c¢6 cosB = cos72° = P-l-{- = i.

AB 2b

Suy ra cos36°.cos72° = L

1
2a'2b 4

”

Tir d6 c6 phuong trinh sin® a -[

J§+1].
sSimnaoa

p

3

0.

H M
Hinh 2-12

H
Hinh 2-13

\G-i-l
T



bt sina=1(1>0) talaicod:

e (&

2

]t+§=0 < 4t 2(J§+l)t+\}3=0

& 2t-1)2t-43)=0

1
< t=— hoidct= Ji
2 2

: Lo 1
eNéut= = thi sma=5.suyraa=30°.

eNéut= 73 thi sina=f.suyra o = 60°.

Cdch 2. (h.2-14) A
Xét tam gidc ABC vubng tai A, dudng
cao AH, trung tuyén AM. Néu B=a
hoic C=a tadéucé

ABAC AH.BC _AH

sina.cosa = v = BC2 = qE-S-C— Hinh 2-14
AH 3 . .. AH 3

Suyra— =—dod6 —=—.
2A 4 AM 2

V3

Vi sin AMH = .

o]

H M C

nén AMH =60°. Khi d6 ACB =30°, ABC =60°.

N&u H nim giita M va C thi AMC = 60° nén ABC =30°, ACB = 60°.
Do vay a =30° hoidc a =60°

2.14. (h.2-15)
a)Tacé: A
sina=sinC=AH=E; b
AC b h
cosa=cosC=AC=E' 22 =
ol B H M C
]i 2.h Hinh 2-15

sin 2o = sin AMB = i ;
AM a

177
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=" =sin2a.,
a

Suy ra 2sina.cosa = 2. 2ol
a

ol

Viy sin2a = 2sinocosa.

2
b) Taco: 2c0s’ o =2(—C-Ii)

_2CH? |
AC '

AC?
HC AC

AHAC vxh AABC (g—g) nén = , suy ra AC? = HC.BC.
AC BC

2CH? 2CH
BCCH a '
HM 2HM a+2HM
I +cos2a = 1+ =]+ =
AM a a
_ (CM+HM)+(CM +HM) _ 2CH
a a

Do dé 2cos? o = (1)

()

Tu (1) va (2) suy ra | +cos2a = 2cos’ .

2o vao 1+cos2a = 2cos> o, tachd

| +cos2a = 2—2sin> a, suyra | —cos2a = 2sin? o

¢) Thay cos® o bdi 1 —sin

2.15.% (h.2 16) A

178

batBC=a,CA=b,AB=c.
V& phan gidc cua géc BAC cit BC tai D. Ké
BM 1L AD,CN L AD. Tacé:

sin MAB =sin a = y. suyra BM =c.sin _. M
2 AB

Hinh 2-16

S N . S

sinNAC =sin P cN , suy ra CN =b.sin
2 AC

Do dé BM +CN = sin%(b+c). Ma BM + CN <BD + CD = BC = a, vi thé

sin%(bﬂ:)ﬁa (1)

I 1
Nhung b + ¢ 2 24be nén — < 2
g R )
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3.1.

3.2

a
Tir (1) va (2) suy ra sm—s —,_.

Diu "="xayra<>b=c.
Ching minh tuong tutacod:

sinB< b diu"="xdyras>a=c
2 " 2Jac’

. o [

sin—<——, dfu"="xayra<>a=b.
2 2Jab’ "

Do vay sin%.sin?.singgé. Didu "="xdy ra<> a=b =c <> AABC l1a

tam giac déu.

Chuyén dé 3. HE THUC VE CANH VA GOC
TRONG TAM GIAC VUONG

(h.3-5)

BC = AC.sinBAC = AC.sin30° s <
=10.0,5 =5 (cm);

AB = AC.cos BAC = AC.cos30°

= lo.g =53 (cm).

* Chu vi hinh chir nhat bing : 10(1 ++/3)cm. Hinh 3-5

Dién tich hinh chit nhat bang : 253 cm?.
(h.3-6)

TacéOB=0A=OC=%. B

BOD =2BAC=2a ;suyra
cos2a =cosBOD = _O_B < o
OD i & : 3
OB a
dod6OD = = . o
cos2o 2cos2a Hinh 3-6
a _a(cos2a+l)

2cos2a 2cos2a

AD=OA+OD=%+
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3.3.

34,

180

(h.3-7)
Taco:

AA' AA'
tgB= —— ; tgC=—
ER= AT TR e
Suy ra tgB.tgC = AA*

YTIVERRES pEne

Hinh 3-7

vi 25k nen AH=KAH;
A'H

AA'=AH + A'H=kA'H + AH = AH(k + 1) (1), suy ra
AAZ = A'H3(k+ D)2

A'H2(k +1)%

Do d6 tgB.tgC =
PEFIERIE ABA'C

(2)

AA'HB L AA'CA (g—g),tacd A'B.A'C=A'H.AA'". Thay vio (2) dugc

A'H (k+1)?  A'H(k+1)

tgB.tgC= Thay AA' bdi (1) ta cé
g='8 A'H.AA’ AA' Y )

A' 2
1gB.tgC = oL =1+

A'Hk+1D

B C
(h.3-8)
Ké BH L AD, tacé AD = 2AH.
BH = ABsinA = 18.sin45° 45° 4
A H D
= 18.-—?— =9J5 (cm). Hinh 3-8

AAHB vuong can tai H nén AH = BH = 9V2 (cm).

AD = 2.AH = 18v2 (cm).
b) Taco
Sapcp = AD.BH = 18v2.94/2 =324 (cm?).



3.5.

3.6.

3.7,

(h.3-9) A
TacHd: K H
BH = AB.sinA ; CK = AC.sinA.

BH ABsinA AB
Suyra — = > 1

oK ACEnA -AC: - B C
(vi sinA > 0, AB > AC), do d6 BH > CK. Hinh 3-9
(h.3-10)
SABD = % AD.ABsinA, = % AD.csina ; A
112
- %AD.AC sinA, = % AD.bsina. c b
Suy ra
Sasc =Sasp *+Sacp B D Cc
Hinh 3-10

= %AD.sina(b+c) ()

Mit khéc, Sype = % AB.AC.sinBAC = % besin2a  (2)

Tir (1) va(2)suyra:

besin2a be.2sinacosa _ 2bccosa

AD = = (vi sin2a = 2sinacosa
(b+c)sina (b+c)sina b+c
theo bai 2.14).
(h.3-11) >
Tacd:
AH = ABsinB ; BH = ABcosB.
AB = BCcosB =acosB; AC=BCsinB=asinB B H a C
Suy ra AH = asinBcosB ; Hinh 3-11
BH = acos’ B ;

2
CH= i= asin B,
BH
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3.8.

3.9.

182

(h.3-12)
Cdch 1. Tam gidc AHC vudng tai H, ta c6

AC? = AH? + HC?
= AH? +(BC - HB)?
(AH? + HB?)+ BC? - 2BC.HB

AB? + BC? —2BC.AB.cosB

a? +c? -2accosB.

Cdch2.Taco:

1}

H a
Hinh 3-12

AH = ABsinB = csinB ; HB = ABcosB = ccosB.

suy ra HC = BC- HB=a - ccosB.
AC? = AH? + HC?
= (c.sin B)2 +(a—ccos B)2

2

= ¢ sin? B+a2 +c2coszB—2accosB

= a% +¢?(sin® B+ cos® B)—2accos B

= a% +¢? -2accosB

Vay b% = a? + ¢ - 2accosB.

(h.3-13)
Tam giic BCE vuéng tai E, ta cé
. : BE h
sina=sinC= — =—,
BC BC
suyraBC= —.
sina
Ké AH L BC, tac6 HB=HC= lBC= h p
2 2sina

Tam gidc AHC vuong tai H, nén
P (o o LI L

h h

2sina cosa  2coso

B

Vay S,pc = -;—BC.AH -

2sina 2cosa  4sinacoso

b
H
Hinh 3-13

C



3.10.

Cic dir kién da cho trong
dé bai duoc biéu dién trén
hinh 3-14.

Tacéd:

AH = MHcotga = 920.cotg37°
= 920.1,327 = 1221 (m)

HB = MH.cotgp Hink 3-14
=920.cotg31°
= 920.1,664 = 1531 (m).

Vay AB=HB - HA = 1531 — 1221 = 310 (m).

3.11. (h.3-15)

KéKK, L AC,tacé:

!
Siiie  BoDEAL KR CRT  AK. Al

Sunc % siig Bl AC AB AC

= él(—£= cos A.cos A = cos® A.
AC AB
Vay Sak - cos? A. Hinh 3-15
ABC
S
Tuong tu, SBKH _ 052 B . =CH _ cos® C, suy ra
ABC SaBc

Sk _;_Sax _Sekn _ ScH _ | _c06? A-cos? B—cos? C.
Sasc Sasc Sasc Sasc
Viy Sy = (1-cos® A —cos® B-cos’ C).Sapc
3.12.* Ta phai chimg minh :
a) Néu tam gidc ABC can tai C thi
cos? A +cos> B

| 5 2
— 7 =—(cotg” A +cotg” B) (*)
sin® A +sin’ B 2
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That vay, néu AABC can tai C thi A =B neén sinA = sinB ; cosA = cosB,
cotgA = eotgB. Do d6 ca hai v& clia (*) déu biing colng.

2 2
by Neu S5 A+C0s'B _ 1 g2 A+cotg? B) (*) thi AABC can tai C.

sin® A +sin’ B

2 e 2
That vy, taco | + mlg2 o = 1+c0s2 L o a+zcos 2= - , Suy ra
sin“ o sin“ o sin“ o
cotg? @ =— '2 1. Khi d6, tir (*) suy ra
sin” o
I sin>A+1 sin’B 1( 1 1 ]
= t—, =2
sin? A +sin’ B 2\sin? A sin’B
2) sin® A+sin’B
suy ra

sin A+sin*B  2.sin’ Asin’B
= 4sin® A.sin’ B = (sin2 A +sin’ B)2
= (sin2 A sin? B)2 =0

= sin? A =sin’> B = sinA =sinB= A =B = AABC can tai C.

3.13.*% (h.3-16)

184

Pat BE=x >0, ABC = o thi EC = EA = x
va EAB = AED = DEC = a.
Goi giao diém cia AEvaBD Ia F.

Theo tinh chit trong tdm tam gidc

suy ra E= : ,dodéEF=lEA=x.
EA 3 3 3
ED F Hfﬂh}'[ﬁ

Laicé — = Ll =Cosq, Suy ra ED? =EC.EF,
EC ED

2 2 2
suyra(l] =x.i<:>(-l-J - nénx:ﬁ, suyraBC=2x=J§
2 3 2 :/3 2

va AC?=BC? AB?=(3)? 1=2, suyra AC= 2.

gz

Vay Sppc = % AB.AC = ?2 (dvd).



3.14.% A
Dung dudng cao AH ciia tam gidc ABC.

e Néu C 90° thi AABC vuong tai C. Khi dé

sin30° sinB=':(B:=%, vo li. H C B

o Néu C>90° thi H thudc tia d6i cita tia CB (h3-17a) 317

Xét tam gidc AHB, tacé :

AH = AB.sinB = 8.5in30° = 4 (cm) ;

BH = AB.cosB = 8.cos30° = 6,928 (cm).
Xét tam gidc vuong AHC, tac6 :

gACH o L 0,571, suy ra ACH = 35°.
AC 7

Do d6 CH = AC.cosACH 7.cos35° = 5,374 (cm).
Tird6taco:

ACB 180° ~ACH =~ 145° ,

BAC 180° -ABC-ACB=~S5°.
BC = 6,928 - 5,374 = 1,554 (cm).
e Néu C <90° thi H nim gitta C va B (h.3-17b) A
Tinh nhur trén ta duoc :

AH=4cm ; BH = 6,928cm ;

H B
Hinh 3-17b

ACB= 35° ; CH = 5,374cm.
Tirdétaco:
BAC 180° ABC ACB=115°;
BC = BH + CH = 6,928 + 5,374
= 12,302 (cm).
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3.15.%

186

a) Trudc hét, ta chimg minh 1g15° = 2-v3. 2

That vay, xét tam gidc ABC vuong tai A, = T
C=15° (h.3-18). DAt BC=2a. Goi1la BH I C
trung diém cta BC thi IA=IB=1C=a Hinh 3-18

va AIB 2.ACB=30°.
Ké AH L BC. tacé AH = %M:'

IH = Al.cos30° = ﬁ suy raCH = Cl + IH = @

-

| =

AH
CH

22+3)__ 1 __, &

Vay tgl5°=1gC= L
e 2" 2 2443

Trd lai bai todn.
b) Ké BH L AC. Dat HB = x, HC = y. Tir gia thiét suy ra A =75°,do d6
ABH = 15° Xét hai trudmg hop :

e Trucmg hop 1 : Diém H nidm gitra hai diém A
va C (h.3-19)

Tacéo

AH = BH.1ig15° = x(2-/3) ;

AB? = AH? +BH? A
= Kz(z_\ﬁ)z +x% = 4x2(2—\6)

suy ra AB = x(V6 -v2) ; BC=x? +y*.

Theo gia thiét AB + ACY/2 = 2BC nén

x(ﬁ—ﬁhﬁ[x(?—ﬁny]:hhz +3,.v2
IS \E(x+y)=2\.‘x2 +y2

= (x—y)2 =0 x=y.

Hinh 3-19



Te d6 tam gidc BHC wudng can tai H, suy ra ACB=45° ;
ABC = 45° +15° = 60°.

Truwomg hop 2 : Diém H ndm ngoai hai diém A va C,

Lap luan tuong tu ta thay khong xay ra truong hop nay.

Tom lai B=60° ; C =45°.

Chuyén dé 4. SU XAC DINH DUONG TRON.
CAC TINH CHAT VE DUONG KINH, DAY

(H.4-16) Ké dudng kinh AD, cit canh BC

tail = IC=1IB ;

AD la duong kinh => ABD =90° = AABD
la tam gidc vuong, Bl la dudng cao ;

Bl = -;-AB. theco dinh 1f  Pytago

2 2
AlI’ =AB’-BI’ = AB’ - AB_ _3AB

4 Hinh 4-16
AB\3
2

= Al =

: theo he thirc lugng trong tam gidc vudng

= AB? =ALAD = AB;‘E IR = A =R,

¢ (H4-17) Tam giic AOC vudng cin =

AC=R\2 =. Ol= AI—RJ_ =
R2 2) R(J'
BI=OB OI: — u
2 JE g
AC LOB = AB’=AP + B
2 R:

=T+T(‘E ) =R*Q2 V2)

inh 4-
— AB=R\2 \/5 Hinh 4-17

187



4.2,

4.3.

4.4,

188

(H.4-18) Day 16n nhat 12 dudng kinh qua P. B

Day ngin nhit : Qua P ké day AB bat ki, ké ”

OH L AB ; Q
Ta ¢6 OH =OP = OH nhd nhat khi day

AB vuong géc v6i OP. 4
Tr K ha KELOA; OA OB va
OA L OB, OD la phan gidc cia AOB =
DOA = 45° B

Hinh 4-18

= tam gidc OKE la tam gidc vudng cin

= HK KE HO

= HK’+HM’ HO?+HM? OM? (khong ddi).
Gia str BC 1a canh 16n nhat (H.4-20).

Dung dudng tron tam B bdn kinh BA cit

canh BCtai D ; Hinh 4-19
Dung dudng tron tam C bdn kinh CD cit

canh CAtaiE=>CD=CE; A

Dung dudng tron tdam A bédn kinh AE cit

canh ABtai G = AE = AG;

Dung dudng tron tam B bin kinh BG cit 1 E
canh BC tai H = BH = BG. G
Qua A dung dudmg thing vuong géc véi EG;  B= ) C

Qua C dung dudng thing vuong géc DE
hai dudng ndy cit nhau tai I = [ 1a giao
diém ctia ba dudng phan gidc

= ID: GIE;IE 1G,1G=1H.

Tam gidc AEI va tam gidc AGI c¢6 Al chung, AE = AG, IE 1G = hai tam
gidcbangnhau= ID IE IG IH.

Mat khdc, BD BA va BH BG = DAGH Ia hinh thang cin
= AG DH,malG IH=1A ID

= AIHD AIEA AIAG la ba tam gidc can bang nhau ; ngoai ra bon tam
gidc ACDE,AIED,AIGH,ABGH 1a cdc tam gidc can.

Hinh 4-20



4.5. (H.4-21) N6i A v6i P cit day tai trung diém 1, goi

4.6.

4.7.

canh cua hai hinh vuong la x va y, ta c6 A B
X y HI
— —=k = x y=k(Al PI).
Al Pl Ol Y=k ) \_©
Tam gidc vuong ADI c6 AD’ + DI? = Al M N
ADZ D ! [ &
= AD’+ Al
4 o =
= —ARE- =i — =i Hinh 4-21
AP 5 5

Mat khic, OH vudng géc véi AP=> HA = HP = HI = %(AI 3))

= Al PI=2HI = x y=k(Al PI) 2HIk =2k201=%d=l,6d.

(H.4-22) Gia sir day AB cit hai dudng tron déng

tam thir tu tai A, B, C, D /\
thba min AB=BC=CD, K¢ OHLlAD= A i 000 S

HA =HD, HB=HC
K
= AB=2BH. Ké BK song song véi OH, ta cé o
BK L AB, AK =2KO.
Cdch dumg : Trén OA ldy dim K sao cho

2R
AK = ""3-'- . Hinh 4-22

Dung dudng tron dudng kinh AK cit dudng tron nho tai B, n6i A véi B cit
hai duong tron tai C, D.

Phén chiimg minh danh cho ban doc.

(H4-23) AB=Ry2 V3, AC=R\2+3

= AB?+AC?=R2(2-3+2+3) =4R2.

Theo dinh If ddo Pytago ta c6 BAC =90°;

Tir A ké AH L BC, kéo dai cit dudng tron tai D.
Tam gidc vuong ABH ¢6 AC* = CH.CB

= R(2++3) 2CH Hinh 4-23
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4.8.

R2+3) 8+43 7 43 R
m———— 1% ) —

4 4

= CH AH?=AC? CH’=R2

£8 AH:%R — AOH=30"= ACB=15" = ABC="75°.

(H.4-24) Goi E 12 trung diém clia AB, tir E ké B
dudmg vubng géc véi AB, cit AC tai J va BD E
tai I ; ABCD la hinh thoi = IA=IB=1C=1 0 -
12 tam dudng tron ngoai ti€p tam giic ABC ; . N
JA=JB=JD = J 1a tam dudng tron ngoai
ti€p tam gidc ABD. Ta c6 AABO «» AIBE (g.g) D
2

:}A—B=@=> BO:AB " Hfflh4'24

IB BE 2R,
Tuong tu, AAEJ c» AAOB = -M—E=-“ﬁ = A0=é—§;.

Al AB 2R,

Tam gidc OAB vuéng = OA’ + OB’ = AB’

4 4 2 Ip2
= AR GO G s ABR L by g e SRR
4R] 4R; 4 'Ry Rj R} +R;

= AB= 258,

JRI+RZ

4. 9. (H.4-25) Gia sir khong t6n tai hai diém nio cling

190

. diém OA = OI =-E-=> OBC la tam gidc déu

mau ma khoang cdch gitta ching bing 1. Dung
dudng tron (0,3 ), A 12 diém thuoc dudng tron 5 < . ;
(0,3). c |
Dung hinh thoi OBAC c6 canh bang 1, I 1a trung

V3

Hinh 4-25

c6 canh bing 1 = O, B, C c6 khodng cich giita hai diém bang 1, va céc
diém nay khong ciing mau.



4.10.

5.1.

Gia sir O mau do. Khi d6 A mau do = moi diém trén dudng tron (0,V3) Ia
do. Ta ludn tim duge hai diém trén dudng tron théa man ciing mau (do) va
c6 khoang cdch béng 1 (vo Ii).

(H.4-26) Goi I 1 trung diém clha OB, .

D
CABD 12 hinh binh hanh nén M Ia trung '
diém ctia BC = IM Ia dudng trung binh «v
AL

ctia tam gidc BOC

| 1
= IM =50C=5R; Hinh 4-26

Vay M nim trén dudng tron thm [ ban kinh -%-

Chuyén dé 5. VI TRi TUONG DSl CUA DUONG THANG
VA DUONG TRON

Goi I 14 tam dudng tron noi ti€p tam gidc
ABC, D va E ]a céc tiép diém véi canh
BCvaCA ;
C ndm trén ntra dudmg tron nén tam giac
ABC vudng tai C. Dat CA=b,CB=a, ta
c6 ab=2R.h, a? +b* = AB? =4R?;
CA+CB-AB _a+b-2R
2

Hinh 5-21

r=CD=CE =

= 2r=a+b—2R=4/(a+b)? —2R =va? +b* +2ab-2R

J4R? +4Rh 2R =2JR(R+h) -2R = r=/R(R+h) -R.
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5.2,

S

192

(H.5-22) Goi cdc tiép diém
cua dudng tron ndi tiép
AABD 1a E, M va P, ciic ti€p
diém cha dudng tron noi
tiép AADC 1a F, Q va N,
ti€p tuyén d véi hai dudng

ron cit canh BC tai S. 4

i E DF c
bat SI+ID+DS=2p. Dé Hinh §-22
ching minh SK =SE =p
= DE=DP=SE SD=p SD (1).

Vi IN=1Q, IQ+DF+FS=p
nén IQ=p SD(2). Tu(l)va(2)suyra DP=1Q va IP=DQ=DF.
Tacé AI=AP IP va AI=AQ IQ nén 2AI=AP+AQ IP IQ

~AP+AQ IP DP=AP+AQ DI
=AP+AQ EF

= 2AI=AM+AN EF =AB BE+AC CF EF=AB+AC BC
=>AI=-;-(AB+AC BC).

(H.5-23) Goi I, J 1a trung diém cia BH va
HC = I, J la tdm dudng tron dudong kinh

BH va CH = ur gidc AMHN Ila hinh chir
nhat.

Goi giao diém cia AH va MN la E, ta ¢6
EM=EH; Hinh 5-23

AH L BC = AH la tiép tuyén cta dudng tron (I) va (J).
Xét AIEM va AIEH ¢6 EM =EH, IM =IH, EI chung

=> hai tam gidc bang nhau = IME =90, tuong tu INE =90°.
Vay MN la ti€p tuyén cua hai duong tron (I) va (J).



5.4. (H.5-24) Goi O la trung diém AH = O la tam

5.5

5.6.

dudng tron dudng kinh AH

— ADH=90°, CHLAD = C, H, D thiing
hang

= KD=KB=KC

— KDH=KCD=HBK , OA=0D=0H=
ODA=67\B;
AB=AC= OAD=HBK = ODA =KDH; Hinh 5-24

— — —

ODK = ODH + KDH = ODH + ODA =90° = OD L KD, do d6 KD Ia tiép
tuyén cua duong tron duong kinh AH. Tuong tu, KE ciing 1a ti€p tuyén cla
duong tron dudng kinh AH.

(H.5-25) Goi giao diém cia MO va AB1a ], tacé MO L AB

= 2CP=CP+PA >AC> Al = CP>%'A1;

PQ la ti€p tuyén cia dudng tron (O)

= PQ// AB

:ME=£F:>I.AI=I=>MC>]MI
MI TA 21A 2 2

= 2MC>MI=MC +CI Hinh 5-25

= MESCL, Sysg = MC.CP:»CI.%AI =%sm.

(H.5-26) Gia str tam gidc ABC c¢6 BC=a, E
AH=h; S, ;- =;-a.h. Theo gia thiét a, h
khong déi = S, khong déi.

A

Goi r 1a bdn kinh dudng tron noi ti€p tam 4 ./
gidc ABC, tacéd
Ssc =-I-(AB+BC+CA).r *1

2 i

1 By G

= (AB+CA+a).r
2 - Hinh 5-26
193
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5.7

5.8.

194

_ a.h
~ AB+AC+a
AB+ AC+a nhonhat<> AB+ AC nho nhét. K& qua A dudng thing d // BC.

Goi E la diém doi ximg clia C qua d = AE = AC. Goi D 1a giao diém cla
BE vid => AB+AC=AB+AE2EB = AB+AC nho nhdt khi A=D.
Vay tam gidc c6 ban kinh dudng tron ndi ti€p 1én nhat la tam gidc can cé
diy a.

= ah=(AB+AC+a)r = r , do d6 r 16n nhat khi

(H.5-27) I 1a tam dudng tron noi ti€p nén Al la tia phan gidc clia A va tam
gidc ADE can

= BDI =90° + %R (g6c ngoai tam gidc).

Mt khic, BIC = 90° + -;- A, BI 12 tia phan gidc cia B

= ADBI déng dang v6i tam gidc AIBC E

BD BI :
= —=—.
IB_ BC

Tuwong tu, AECI déng dang véi AICB Hinh S-27
CE IC BD (IBY

D —=— = —=— .
IC BC CE \IC

(H.5-28) AM va AN la tiép tuyén &

7\
A B c

EB=EC = OE LBC = b6n diém D, ~—X

E, O, H nim trén dudng tron dudng kinh v’

OD. Goi I la tam dudng tron ngoai N

1i€p AOHE = I 1a trung diém cia OD

—~ ID=IE. Hinh 5-28

Xét hai tam gidc vuong AAHD va AAEO, ¢6 géc nhon chung nén déng dang
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5.9.

5.10.

AD AH AH.AO AM? ABAC

— I — AD = = =

AO AE AE AE AE
trén dudng trung truc ciia DE ¢6 dinh.

(H.5-29)Ké IP LAB, ON L AC, OM LAB va IHAAC

= D ¢6 dinh = I ndm

Tacé CH=%(BC+CA AB). CN=-L];AC

— HN =CN CH=%(AC BC CA+AB)
1 1

=LAB-BO) = 1AD ;
2 2
BP:%(AB+BC—AC),BM=—;~AB

= PM =BM BP_=%(AB AB BC+ACQ)

= %(AC -BC) = %AE : Hinh 5-29

Kéo dai MO cét AC va IH tai Q vaK = OKI=A =30°
MP

sin30°

= KI=

=2MP = AE,

ON//HK n-%:-rﬂ :—CB:E
QK QH OK NH

_NH.0Q

= OK =2NH=AD

= AIKO = AEAD = Ol =DE, Mat khic, OK L AD, IK L AE nén
Ol LDE.

(H.5-30) DE l1a ti€p tuyén ctia dudng tron va song song véi BC
= AADE déng dang v6i AABC, goi h, 1a dudng cao ciia tam gidc ADE ké tir A
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khéc, § =22 = et
h, p
S 2
i _l=(|_£] Sl 2 Hinh 5-30
p S p

Hoan toan tuong tu ta cé

J§=._2. \[5_11_5
S p Vs p
:M+JS—T=3 aDHE i Khids:
s Vs Vs D
2
1= Mﬂ]ﬁ <3 5—+§2—+§1):>_-_.__.—.S‘+52+S3 Zl,
s Vs Vs S 's's S 3

dfa bing xAy rakhi vi chikhi 1-2 =1-2=1-
P P P
<> a=b=c <> tam gidc ABC déu.
5.11. (H.5-31) N&i D v6i A ciit duong tron (1) A
tai N; ké IJ L AC; N
I, 12 tam dudng trdn bang tiép = A, I, , ‘P
I, thing hang, ha I,K L AC; “4\‘\\
U Al N 5 LN
U/I1,K =

LK Al, LD
= 1,D//IN= H, I, N thing hang.

Ta c6 BH =%(AB+ BC AQ),

mat khic CK =CD = %(AB+ BC ACQ) L
= BH = CD = MH = MD. Lai ¢6 Hinh 5-31
IN =IH = IM // AD = MI di qua trung

diém cha AH.
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S.12.

(H.5-32) OA LMA, OBLMB = bon

B
diém A, O, B, M nim trén dudng tron
dudng kinh MO = tam dudng tron ngoai
ti€p tam gidc ABM la trung diém MO
= IA=I0 = I ndm trén trung truc M A
cia OA. Hinh 5-32

Goi H la truc tim tam gidic ABM = f gidc AOBH la hinh binh hanh ;
OA = OB = AOBH Ia hinh thoi = AH = OA = H ndm trén dudng
tron (A,r).

5.13. (H.5-33) T\t gidc ABKH la hinh thang vuodng ,

5.14.

= 28 \5c = (ax +by +cz)

OM//AH,OA = OB H

= OM la dudng trung binh = MH = MK K
= AH+BK =20M=AB

(phdn con lai ban doc tu ching minh). 2 og °
(H.5-34) Goi ba canh AABC la a,b,c va Hinh 5-33

MH=xMD=yME=2z

= S.ae =%(ax +by +cz)

= ZSM{(E+E+E) =(E-+P-+E)(ax+by+cz)
X X1y 2

y 2

Hinh 5-34

=a? +b2 +c? +abE+L)+beE + L) +caE+2) 2
y X zy x 2

b ¢
>a2 +b? +c? +2ab+2bc+2ca=(a+b+c) = 24—+
Xy 2

+b+c)?
. (a )
28 ;8¢

2
= GTNNcha 24248 1 BHDHCY  4¢ duve khi MH = MD = ME , tic

X,y z 28 \5c
M la tAm dudng tron nodi tiép tam gidc ABC.
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5.15. (H.5-35) Goi ba canh BC=a,CA=b,AB=c, I[E=r;
Xét trudng hop b2 ¢ (con lai tuong tu).

A
a -C

BE=p-b = OE=—-(p-b)=—mn

P > (p-b) >
va r=p-a; Trong AIEO :

b-
OI =IE? +EO? = (p—-ay + &= 8 .
4 E O
= i(sz +2¢% +a% —2ab-2ac); Hinh 5-35

Trong ABIE : BI* = BE> +IE? =(p-b)? +(p—a)* =a’ —ab ; ABIO vuodng
tai I: BO* =BI* +10? =a? -ab,+%(2b2 +2¢® +a%® -2ab-2ac) = %az

b__¢ pymd cnia
=>3a-3b+c bit —=x,—=y = . Giai phuong trinh tim duge
a a x2+y?=1
4 3 AC 4 AB 3 BC CA AB
x=—|y=—=')—=—‘——=—:)-—=—=—_
5 5 BC 5 BC 5 5 4 3

Chuyén dé 6. VI TRI TUONG BOI CUA HAI BUONG TRON

6.1. (H.6-22) Goi D 1a tiép diém ciia (O) va
(0", H la giao diém ciua AD va BC. Qua D A
dung dudng thdng vuong gbéc v6i AD, cét
AB, ACkéodaitaiMvaN

= dudmng tron (O') 1a dudng 1ron noi ti€p

AAMN ; AABD 1a tam gidc vuong = . 9 .
R 2R RV3 L
=>HD=—' 0.D=— BH» M N
2 3 2 D
= OH =0'D-HD=_[6£ ) Hinh 6.22
2 2 2
= O'B’ = BH?+0' H‘—& -R_-_as___R__ BO:RJ_
4 36 36
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6.2. (H.6-23) CH Ia dudng kinh cia dudng

6.3.

6.4.

tron (I; Q;J = CMH CNH 90°

= tir gidc CMHN la hinh chir nhat. Goi
O la trung diém clia AB, ta c6

A H O B

— — — —— Hf‘ﬂh 6'.?3
OCB CBO ACH MNH

= CO LMN. Dé thdy OI LCD. Theo gia thiét CH L AB = I 1a tryc tam
tam gidc CEO = EI L OC = E, M, I, N thing hang.

(H.6-24) Goi giao diém cta (O,)
va (0,) 1a A, ctia (0,) va (O,) Ia
B,(0,)va(0,) 1a C, tacé

0,0, LAO, theo gia thiét
00, 00,

= OA la trung truc cia 0,0, .

Tuong ty, OB la trung truc cia

0,0,, OC la trung truc 0,0, Hinh 624

= (O;R) la dudng tron ngoai ti€p tam gidc 0,0,0,.

Goi M 12 giao diém cha 0,0, vé6i AO, N 14 giao dilm cia 0,0, véi OB va
E 1a giao diém ciia 0,0, v6i OC

=> MN, NE, EM la dudng trung binh cta tam gidc 0,0,0,.

Dé dang nhan thdy AB 2MN, BC 2NE, AC 2ME

= A0,0,0, = ABCA = dudng tron qua A, B, C c6 bin kinh R.

Giai twong tu bai 6.3,
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6!5‘

6.6.

200

Qua O, dung dudmg vudng goc vai
AM va qua O, dung dudng vudng
géc véi AN, hai dudng ndy cat
nhau tai O ; goi E 14 giao diém clia
0,0, vA OA ; 0,ALAM =
0,A//0,0, wong r O,A//0,0
= AO,00, 1a hinh binh hanh = M
E 1a trung diém AO.

D
Hinh 6-25

I 12 trung diém AB = EI 12 dudng trung binh ctia tam gidc AOB

= OB LAD, ma AB = BD = OB la dudng trung truc cia AD. Do
0OA =0D=0M =ON nén A, M, N, D ndm trén mot dudng tron.

Phdan tich: Gia sir da dung duge duong tron (O,) ti€p xic véi dudng tron
(O;R) tai A va tiép xic véi d tai diém
B (H.6-26)

= O, nim trén OA, ti€p tuyén tai A v6i
dudng tron (O;R) cit d tai C = O,
ndm trén dudng phan gidc cla ACd.
Cdch dung: Dung ti€p tuyén véi (O;R)
tai diém A, cit d tai C. Hinh 6-26

Dung dudng phdn gidc cia ACd cit OA tai O,. Dung dudng tron
(0,;0,A).

Chitng minh: Duong tron (O;R) tiép xic véi dudng tron (0,;0,A) tai A,
O, ndm trén dudmg phan gidc ACd = dudng tron (0,;0,A ) ti€p xiic véi d.
Bién ludn: Néu ti€p tuyén tai A cit dudong thing d, dung duoc hai phan gidc
=> ton tai hai duong tron tam O,, O,.

Néu tiép tuyén tai A song song vdi d: bai toin cé mot nghiém ;

(ban doc tu v€ hinh).



6.7. (H.6-27) Dudng tron tam I ti€p xic véi

6.8.

6.9.

cung OA, E.OO'
= 0, I, D thing hang.
bat lH=r, r>0= ID=r = Ol=R -r;

00 =R = OH= %R. Ap dung dinh Ii

Pythagor ta c6
» R?
O =OH’+1H?’ = (R-r)’ =-4—+r2

= 2rR=3R‘ = r=§5.
4 8

Goi y: Trugc hét chimg minh wr gidc OIMIJ
Ia hinh binh hanh va ON L NM, dudng thing
qua O va vuong goéc voi AB kéo dai cit MN

tai D. Ban doc tr chimg minh MN ludn di qua D D
c6 dinh. Hinh 6-28
(H.6-29) HE = AB-R -R’,
dit R+R =x;
1 ; ;
Bl =-£(R +R')AB-R-R)
Al 2

=-l—x(AB— )S_l_'(x+AB X) =AB _ .

2 2 4 8 Hinh 6-29

2

. ; 1
Nhu vay, S . SAB . Xay ra ddu bing < x=AB—x<‘:>x=EAB =

HOOE

R+R = %AB. Vay dién tich hinh thang HOOE 16n nhét khi né tr& thanh

hinh chir nhat c6 kich thudc ATB, ATB
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6.10. (H.6-30) Goi B, C 1 tiép diém cila
cdc cap duong tron (O) véi (O,) va

(0) véi (0,). M — N
Tacé 0,0, //MN ¢
= Ozc =&=0;A Ol = (‘)2
CO R ON
= N, A, C thing hang va
NC_ON R
CA O0,A R, Hinh 6-30
Tuong tu, M, B, A thing hang {.-a i = S R . Pudmg thing AH cit
BM OM R
MN tai E = EM_OA_R, M:&_&_f‘.:;, Theo
EN OA R, EN BM CA R, R R,

dinh Ii Ceva ta c6 MC, NB, AE dong quy.

MN la dudng kinh = MC L AN, NBLAM= AELMN = AE 10,0,
= AE Ia tiép tuyén chung cua hai duong tron (O;R,) va (O,;R,) =
H ndm trén dudng thing ¢6 dinh.

Chuyén dé 7. LIEN HE GIJA CUNG VA DAY CUNG. GOC NOI TIEP

7.1. (h.7-21) NGi A v6i O cit dudng tron ngoai tiép tai D,
ta c6 ACD=90°. K& AH L BC. Xét hai tam gidc
vuong AAHB va AACD, ¢o ABC = ADC (cung chén
cung E) nén hai tam gidc nay déng dang B ¢

i‘g - :g = ABAC=AHAD = bc=2Rh, . i
Hinh 7-21

Tiu h, =E.thay vao cong thiic S= : ah, dugc S=%.
2R 2 4R
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dt(ABD)+dt(CBD)

7.2. Taluédn co =1, theo két qua Bai 1, D
_ dt(DAB) + dt(BAC) A r
AD.AB.BD CD.CB.BD
di(ABD)+d((CBD) ~ 4r 4R A
d(BAC) + di(DAB)  BABCAC DADCAC . "
4R 4R N
_ BD(AD.AB +CD.CB) .

" AC(BA.BC +DA.DC)

BD(AD.AB +CD.CB) s AC _ ABAD+CB.CD
AC(BA.BC+ DA.DC) BD BA.BC+DADC’

7.3. (h.7-23) Goi cédc canh tam gidc 1a a, b, c. Dung
dudng tron ngoai tiép tam gidc ABC

buong phan gidc AD cit dudng tron ngoai ti€p tai E.
= BAE = BCE (chan cung E_E), ABD = CEA

A
= N
(chan cung AC) \DM
3

C

BD AD
AABD déng d Gi ACED (g. il ok
= ng dang v (g.8)=> ED - CD

= BD.CD=AD.ED Hinh 7-23
= AD(AE-AD) = AD’ = ADAE-BD.CD; )]

AABD va AAEC c6 BAE = EAC va ABD = CEA (chin cung AC)

nén chiing déng dang = G, = AB.AC = AD.AE, thay vao (1)
AE AC
dugc AD? = AB.AC -BDCD; (2)
AD la phan gidc = -@-=§E = il = il
DC AC DC+BD AC+AB
= BD =LBC = ac_‘ DC =ﬁ = ab_‘ thay vao (2) dugc
AC+AB b+c AC+AB b+c
2 —
AD? = bo——2 bc 7 bc(a+b+c)(b2+c a)-
(b+c)’ (b+c)
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74.

7.5.

7.6.

7.7‘

204

AB L CD = CAB=DAB =90
= C, O, B thing hang va
D, O, B thing hang

= NCB=NAB (chdn cung ﬁ-ﬁ):(l)

MDB = MAB (chin cung BM) (2

ACNB va ADMB la hai tam gidc vudng
rm—m— Hinh 7-24
c¢6 CBN = DMN (déi dinh)

= NCB=MDB (3). Tir (1), (2), (3) suy ra NAB = MAB.

Vay tia AB la phan gidc clia MAN.

Ta c6 XEB—ZAOB va ADB =

(h.7-25). Vi AOB, AO'B khong déi,

tam gidc CBD lu6n déng dang véi
tam gidc OAO'

= ol —E <2, ddu bing xdy ra

O'A 0A

A
<> BD va BC la duong kinh << B, O, C s
thing hang va D, O, B thing hang g
= é-;\hé = ]S-KE = 900 B C
< CD L AB
D

HD. A"ﬁs:%ﬁ. EKB:%(KJ,E)

Hinh 7-25

Hinh 7-26
suy ra AD L FE (h.7-26).

Tuong tw Vidu 12 .



7.8.

7.9.
7.10.

(h.7-27) C, D d6i ximg nhau qua MA = MD =MC; C, E déi ximg nhau qua MB

— ME = MC =MD = ME =MDE = MED ; MDP = MCP, MEQ = MCQ
= MCP=MCQ = CM la phan gidc
ciia PCQ, MC LAB = AB Ia dudng

phan giic géc ké bu v6i goc PCQ =
BP A MA, AQ L MB = P, Q niim trén

dudng tron dudmg kinh AB = truc tam H
clia tam gidc MAB ndm trén dudng thing

d = truc tam H ciing 14 tim dudng tron
Hinh 7-27

ndi ti€p tam giac CPQ.
Giéi han: H nam trén doan M, M, (ban doc tu chimg minh).
Giai tuong tu Vi du 16. Két qua : 75°
Huéng ddn : AC= AD, AK L BC

= CAK =KAD

= CAK = KAD = DAO = OAB

Tir d6 dé dang tinh duoc A =60°, B =45,

6 =75°. Hinh 7-28
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8.1.

8.2.

2006

Chuyén dé 8. GOC TAO BOI HAI CAT TUYEN
HOAC TIEP TUYEN CUA DUONG TRON

Trudng hgp A <90°, tam gidc ABC can, IB=IC = Al L BC (h.8-22)

= dudmg tron ngoai ti€p tam gidc AID nhan AD la duong kinh, AB L AD
=> AB la tiép tuyé&n dudng tron ngoai tiép tam gidc AID = BAI = ADI (chdn
cung Al), BAl = IAC = IDE = IAE = [EA = tam gidc AIE can = IA = [E.

A
Bf——s . D F
N\ s ==
E
Hinh8-22 Hinh 8-23

Trudng hop A 290° (h.8-23).
Hinh vé thay déi (ban doc tu chimg minh).

(h.8-24) MA, MB Ila ti€p tuyén ctia dudng tron (0) > OA LMA=> OA la

. ti€p tuyén ciia dudng tron (M) = AME =2ABE=AOD (1)

Mat khic, AOC =180° - 20AC
=2(90°-0AC) =2MAE  (2)
Tir (1) va (2) suy ra AOC+AOD

=2MAE+AME=180° = CD la
dudng kinh cia (O).

Hinh 8-24



8.3.

8.4.

8.5.

(h.8-25) MA Ia tiép tuyén = MAI = ADI =
AMAI déng dang AMDA
=5 AL =ﬂ. MB 1a tiép tuyén =
AD MA
MBI =BDI = AMBI «» AMDB. D
B
Tuong tu, —Iﬂ:ﬂ Do MA=MB nén
BD MB
AD BD DE
M A

= AAIB déng dang v6i AEDB =
IAB = BED = MBI =BED = BI// AD. Hinh 8-25
(h.8-26) Ti€p tuyén tai C va D cit nhau
tai M = MCA =CBA (chén cung A_é) va
MDA = DBA (chidn cung AD ).

Mat khdc, AOO = ACB, AOO = ADB nén

—

OAO =CBD
= CMD =180° - MCA —- MDA
=180° CBD=180" OAO

= CMD khong phu thudc vao vi tri cla
CvaD. Hinh 8-26 .
Tir A ké dudng thing song song véi BC cit dudmg tron tai N (h. 8-27)
= AB=NC= BMN=AMC. Goi E la
giao diém cta BC va MN ; CBM =CAM,
BEM = -lisd(ﬁﬁ +CN)

; sd(BM+AB) ACM

= ABME déng dang véi AAMC , MH va
MD 1a hai dudng cao tuong ing =
AC BE

MH MD

(1. Hinh 8-27
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8.6.

8.7.

208

MCB=MAB va CMN=AMB (NC=AB) = ACME déng dang véi
(2)

AAMB ; MD, MK Ia hai dudng cao tuong ung =

Tir (1) va (2) suy ra

CE _AB
MD MK

AC AB BE CE BC

(h.8-28) CD // MN = EDC = ENA,
CDA = DNA (chin cung AD)

Suy ra.E!T(E:(-fBK =» DC Ia phan
gidc ¢ua EDA .

Tuong tu, CD 12 phan gide ECA =
E va A d6i xing nhau qua CD =
EALCD. Goi | 1a giao diém
cta AB va CD ; CD Ia tiép tuyén clia
hai duong tron (0) va (0) =
IC’=IBJA va ID°=IBIA =
ID IC

+ = + = .
MH MK MD MD MD

Hinh 8-28

IC=ID;CD//MN= —= ,malC=IDnén AQ=AP, EALPQ=

AQ AP
tam gidc EPQ la tam gidc can.
(h.8-29) Goi C la giao diém cua MA
v6i (O, ta c6 MD? = MAMC.
Chia hai v& cho MAMB ta dugc

MD’ MAMC _MC
MAMB MAMB MB'
Dé thdy AMBC luon déng dang véi
MC_ 00’

AOBO = = . Thay vao
MB OB
ding thitc trén dugc
MD* =0—0. tic gid tri biéu
MAMB OB '

thitc khong phu thudc vao vi tri cia M.

Hinh 8-29



8.8. (h.8-30) Qua M ké ké ti€p tuyén véi dudng tron (O) cit AB kéo dai tai D, ta

8.9.

8.10.

¢c6 DM=DN = DMN=DNM (1):
DME = DMA + AME

=;sd(i'/l_£+§_é) Q) :
DNM = ; sd(AM + EB) Q3).

Tir (1), (2), (3) suyra EA=EB

= CI la phan gidc cna goc ACB. Hinh 8-30

Xét hai tam gidc AMAE va AANE, c6 BAE = AME nén déng dang
ME _AE
AE NE
= EI’ =ME.NE = EA =El = EAI = AIE. Mat khic, CAI = AIE - ACE
-[EA-EAB=IAB = Al Ia phan gidc géc CAB. Vay I la tam dudng tron
noi tiép tam giac ABC.

(h.8-31) Pay la trudng hop dac biét cia

Vidu9. 2 5

Céch dung don gian:

- Dung duong tron qua A, C, ti€p xiic vdi

ABtai A ; B C
\_/

- Tir A ké dudng thiing song song véi BC

ciit dudng tron tai D. Pudng thing BD cit Hinh 8-31
dudmg tron tai M, M 1a diém cdn xdc dinh

(ban doc tu ching minh). .

(h.8-32) Ha MP L BC, NQ L BC = MP, A
AH, NQ song v&i nhau N
= NCQ=yCH=A=MBP = AMPB
PB MB
Y

= AE’=MENE. Tuong tu, AENI va AEIM déng dang

va ANQC déng dang =» —=—— (1).
NQ g dang co - NC (1)
HP _ MA

Theo dinh 1i Thales -}-{-6— AN ma Hinh 8-32
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8.11.

8.12.

210

MA MB, NA NC nén HP MB (2).
HQ NC

HP MB BP MB HP-BP HB

Tir (1) va (2) suy rz e b
whva@suyr oo—NC CO0 ~ NC HQ-CQ HC

MBC NCB => AMBH va ANCH déng dang = MHB NHC. Ta lai ¢6
AH L BC

= MHA NHA = HA la dudng phan giic cia MHN .
(h.8 33) Xét C trén cung nhd AB, tir gid thiét suy ra AB L OM ;

AEO CEO 90"-%1\71?:‘7-*,

MAB MBA 900_%,5:@;

AAPE c6 APE 180° — MAB - AEO

— APE %(rﬁ'éh;\'ﬁh)

% EFB  OFE Hinh 8-33
= OPQ OFE = AO a AOFE dong dang = — -

Q PQ va Ongdang = == oc
M ¢6 dinh = A, B ¢6 dinh = OH khéng déi, OC la ban kinh dudng iron

o A khong déi = ti s6 9 khong déi.
ocC EF

Truée hét ta chiing minh cong thic
Stewart trong tam giac :

Cho D la diém trén canh AC ctia tam
giac ABC. Khidotacod:

AB’DC + BC’AD - BD’AC

AD.CD.CA.
5 N
Ké dudng cao AH, gia sir H nam giita C .
va D (trudng hop con lai chimg minh Hinh 8-34
trong ).
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Ap dung dinh If Pytago véi c4c tam gidc HAB, HCB, HDB :

BC? =BD? + DC? - 2DCDH ;

AB’ = BD? + AD’ + 2AD.DH = BC’AD +AB’.CD
=BD?(AD+DC)+DC’AD + AD’DC
=BD’AC+AD.DC.CA.

Ap dung vao bai : (h.8-34)

AP’MN = AM’NP + AN’MP - MP.PNNM, AM = AN

= AP’MN = (AM? - MP.PN)MN

= AP? = AM? - MPPN = ABAC-PBPC

= AP? = ABAC- (AP - AB)(AC-AP) = 2AB.AC- AP(AB + AC) + AP’

2AB.AC 2DB.DC
= AP=——— | Tuong tu, DQ =————— => P va Q khong phu thudc
AB+ AC gt DQ=p5pThe = P va Qkhong phy thug

vao duong tron (O).

Chuyén dé 9. CUNG CHUA GOC VA BAI TOAN QUY TiCH

9.1. - Quy tich trong tam G (h. 9-15) A
Phdn thudn : M 1a trung diém cia BC, qua G
ké GE // OA
1 1 -
= ME =0M = E c6 dinh va EG =OA a

= G thudc dudng tron ( E,lR ).
3 Hinh 9-15

Gidi han: Vi A thudc cung chifa goc o = G chi thudc cung B'C', nim ciing
phia véi A do? véi BC,
Phdn ddo: L&y G’ thudc thudc cung B'C clia (E,%R ), trén tia MG’ 14y diém
A’ sao cho MA'=3MG'

MA' MO

—_— == GE//OA'vAOA=3EG =R = A'e (O, R).
MG ME 7 RO Q)
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9.2

— Quy tich truc tam H (h. 9-16)

Phan thuan : D& chimg minh AH = 20M, goi
K 1a diém doi ximg ctia O qua BC = AH = OK
= AHKO Ila hinh binh hanh = KH = OA =R
=> H ndm trén dudng tron (K, R).

—

Gidi han: H nam trén cung BBC', BB L BC,
CC LEC.

Phdn ddo: Ldy H'e B'BC’, qua O ké dudng N
thing song song véi KH' cit (O) tai A' = Hinh 9-16

A'H'KO Ia hinh binh hanh = A'H'=20M.

Goi A'D la dudng kinh ctia (O) = H'BDC la hinh binh hanh = H' la truc
tam cua tam giac A'BC.

— Quy tich tam dudng tron noi tiép :ﬁ= +—R.vay nam trén
Q ich dudng tro i tiép I : BIC 90°; I

cung chita géc 90° +%R dung trén canh BC (Bai todn co ban, ban doc tu
giai tiép).
Goi D, E 1a giao di€ém ctia AM, CM véi BC va AB.

Theo gia thiét, BAM = BCM = A, E, D, Cndm
trén mét dudng tron (h.9-17)

= DEM = MAC. Tuong tu, B, E, D, M nim trén
mot dudng trdn, MCA = MDE = MBE = MBA

= ADC = AEC = 90"

= M la truc tdm tam gidc ABC. M

9.3. (h.9-18) ND // AB, OP =0Q

212

= IN=ID.
Ké OH LCD = HC=HD

= [H//MC = CME =HIE,
ma CME = CDE
(chin cung EI‘::.)

Hinh 9-18



9.4.

9.5.

9.6.

nén HIE = HDE = H, I, D, E nim trén mot dudmg tron
= Iﬁz@i,lacé IDH = OFH (déng vi)

= HEO = HFO = H, O, F, E nim : N1)
trén moét dudmg tron .

= OEF = OHF =90° = EF la tiép
tuyén cua duong tron (O).

Huéng dan: N nim trén dudmg tron
dudng kinh AB. Dung hinh vuong
OADB.

Ta luon c6 0,0,=DM= 00,

nho nhat khi MD nho nhét. Khi dé
M la trung diém ctia AB (h. 9-19).

(h.9-20)C6 AB // CD
= AD=BC;

NAM = xAD (d6i dinh):

XAD = ACD (chin AD);
ﬁ = l-?:X(:.‘ (sole);
BAC = NCM (chiin BC ). Hinh 9-20

Viy NAM = NCM = A, N, M, C nim trén mot dudng trdn

= NMA =NCA = MAB = MN// AB.

(h.9-21) Goi O 1 tam dudmg tron ngoai ti€p tam gidc CMN, AM la phan
gidc goc BAD = BAM = MAD, BMA = MAD so le = BAM =BMA =
BA=BM=CD

= CM=CN = MN.OC.

OCD = OCB + BCD = 90° + 4

2
BMO = 180" — OMC = 180° ~OCM
=90°+~;—§I\TJ

BAD;

Hinh 9-21
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9.7.

10.1.

214

= ABMO = ADCO (c.g.c) = OBC = ODC
= bon diém O, C, D, B nim trén mot dudng tron.

Tir chimg minh trénsuyra OB=0D, OC=0E = EB=CD = EC//BD.
Mat khic, BA = BE, ABD = DBE, do d6 A va E d6i ximg nhau qua BD
= AE L BD. Vay AE LEC.

(h.9-22) Ta ¢é

AMB = ADB => BMN =BDH. Mat khic, ANB=AHB

=> AMNB va ADHB déng dang (g.g)

MN NB
. Bieen (1)
DH HB
Tuong tu, ANEB d6ng dang véi AHKB
_, NE_NB 5
HK HB
T 8 G e NE Hinh 9-22
DH HK

Chuyén dé 10. DUONG TRON NGOAI TIEP,
DUONG TRON NOI TIEP DA GIAC

Bai nay yéu cau phai xét c hai truong hop.
Trudng hop AC, AD cung vé mot phia cia AB:
ACDB ngi tiép = MCD K.I.E!_f)

BM la ti€p tuyén = AABN la tam gidc vuong,
AB la duong kinh = BD L AN,

ABD=ANB = MCD ANB

= it gidc MCDN noi ti€p

Trudng hgp AC, AD nam vé hai phia cia AB ching minh tuong .

Hinh 10-27



10.2.

10.3.

10.4.

M, N, A, B nam trén mgt dudng tron

= IMIN=IAIB (1
M, N, C, D nam trén mot dudmg tron
= IM.IN=ICID (2)

Tir (1) va (2) suy ra IAIB=IC.ID

= bon diém A, B, C, D nim trén mot
duong tron (h. 10 28).

(h.10-29) Tir gidc ABNM Ia tit gidc noi tiép
= XMN = ABN , luong tu ¢6

SRR e
Hinh 10-28

MQ=ADQ, yPQ=CDQ, yPN =CBN,

— —

M+P= xMN+xMQ+yPQ+yPN

— —

= ABN + ADQ + CDQ + CBN

=ABC+ADC=1&?:¢ABCDnmna1 Hinh 10-29
(h.10-30) AMCQ la ur gidc noi
liép = MAC=MQC, APBN
noi ti€p = BPN = BAN. Vi
AD la phan gidc
= BAD=CAD
= BPN = MQC

Hinh 10-41

= BPC =BQC
= PQCB ndi tiép

= QPC=QBC, APN = ABN. Hinh 10-30

Theo gid thi€t CBM =ABN= CBQ=CPA., CPQ=CBQ = P, A. Q
thing hang. Cic ut gidc AQCM, PQCB noi tiép = ACM =A6M =PCB
= ACN=BCM.
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10.5. P ndm trong tam gidc = APB > ACB. A

Dung géc ACx = APB, kéo dai AQ cit Cx
tai E = E nim phia ngoai tam gidc ABC
= ACAE déng dang véi APAB i oo

CA CE_ AE [-’—;I-B QAC
PA PB AB’

= BAQ=PAC

= AABE déng dang véi AAPC E

AB_AE BE — o~
=22 == AEC=PBA. Hinh 10-31

T PBA = QBC = AEC = QBC = QBEC ndi ti€p. Theo dinh Ii Ptolémé
= BC.QE = QB.CE + QC.BE => BC(AE - QA) = QB.CE + QC.BE
= BCAE =BC.QA +QB.CE+QCBE (¥

ACPB BE= AB.PC AE= AC.AB
PA PA

Tir cac ddng thie trén = CE =

PA QA PB. QB PCQC _

Thay vao (*) =
ABAC ABBC BCAC

10.6. Huong dan : (h.10-32) Trudc hét chiing minh tam gidc ¢6 géc A=60° .
Kéo dai AH cit canh BC tai E
va dudng tron ngoai ti€p tam
gidc ABC tai K = HE = EK.
Qua I ké dudng vubng géc voi

_ BCkéo dai cit dudng tron ngoai
1i€p tai M, uf gidc ABMC noi
ti€p = BMC =120° = M doi
ximg cta I qua BC, do K, H d6i

xiing nhau qua BC Hinh 10-32
= THK = MKH , AHI =180° - [HK
=180° - MKH = ACM (1)

Vi I 1a tam dudng tron ndi ti€p tam gidc va M, I d6i xiing nhau qua BC nén

ACI=ICB = MCB (2). Tir (1) va (2) suy ra AHI =%5IE‘B.
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10.7.

10.8.

10.9.

(h.10-33) Qua M ké tiép tuyén chung Mx = DPM m;(, DBM DMx
—PMD PMB

= MP la phan gidc géc DMB, goi E la giao
diém MP véi (O,) = CE 1a phan gisc BCD.
Goi I 1a giao diém CE va PQ

- [CM %(sdsﬁﬂdsﬁ)

% (sdﬁﬁﬂdfﬁﬁ) DPM @71

Hinh 10-33
= IQCM noi tiép => AEIM déng dang v6i AEPI Loy

= EI> EPEM; ADEP va AMDE déng dang = ED? EPEM=
ED El EB

— EDI EID => I Ia tam dudng tron ndi tiép
ABCD

Tuong ty, tim ctia dudng tron noi ti€p AACD "
ndm trén PQ.

HD (h.10-34) : Chitng minh tt gidc MNOI
noi ti€p = AIN OMN , AOMN can

= AIN ONM BIM = AIM BIN.

Huong ddan: Ké AK L BC, HB HM = AK //EH. E
Dung N d6i xiing cia M qua EF, MN cit AK tai [
= E la tam dudng tron ngoai ti€p ABMN

= 1 gidc ABIN noi tiép. Tuong tu F 1a

tam duong tron ngoai ti€p AMNC =

nam diém A, B, C, I, N nim trén dudng

tron = | ndm trén dudng tron (0), I 1a

giao diém AK véi (O) => I ¢6 dinh. Hinh 10-35
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10.10. Hiong din: MQN=A+QNA va
CPQ = PCN + CNP (h.10-36).
Tit gidgc ABCD noi tiép = A = PCN,
QNA=CNP = MQP=MPQ =
AMQP can = MK LPQ = MK I

trung truc cia  PQ =
EQ=EP, KP =KQ.

Tuong ty, NQ la trung truc EK = Hiph'10:36

PE = PK = QEPK Ia hinh thoi.
10.11. Huong ddn : (h.10-37)

Ching minh cac ur gidic BO,CO, va
BO,DO, noi tiép, suy ra nam diém B, C,

D, 0,,0, nam trén mot dudng tron.

Ta ¢6 MAC=ACD = DCO, =0,CB Hinh 10-37
= MC = AB = AC // MB = AM=BC, wong v BD=AN =
BC+BD =MN.

10. 12. L4y trén AD diém I sao cho KI=CE.
= AOKI = AOEC, A =180°-C,

AOK =90° - A =90° - (180° - C)

="-90° + %6 +90° - COE Hinh 10-38

= A’Gfuféﬁ:%é:(ﬁi — AOAI cin = AO=Al=> AK+CE OA.

Twong tu, BE+ DK=0B = AD+BC=AB.
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10.13. (h.10-39) E Ia giao diém AC va BD, tir Pha PM L AC, PN ABD. Tac6
2dt(ABP) = 2dt(ABE) - 2dt(PAE) - 2dt(PBE)
=(AM +PN)(BN +PM)—(AM + PN)PM —(BN + PM)PN

=AM.BN-PM.PN . A
Tuong tu, 2dt(CDP) = CM.DN - PM.PN

= 2[dt(ABP)-dt(CDP)]= AMBN -CM.DN (*) p
M
Gia sir ABCD noi ti€p = P la tam dudng =D
N -
tron ngoai ti€p = AM =CM,BN =DN /
= dt(ABP) = dt(CDP). C
Nguoc lai, gia sit dt(ABP)=di(CDP), Hiiei50

theo (*) = AM.BN=CM.DN.
Néu PA #PC = PA>PC = AM>CM,BN >DN = AM.BN >CM.DN

mau thuin = PA =PC = P cdch déu A, B, C, D = ABCD noi tiép.
10.14. Goi K 1a giao diém ctia dudng tron ngoai tiép ABIN véi canh BC.

= CM.CA=CICN, CICN=CK.CB A

= CM.CA = CK.CB = AMKB ndi tiép,

= CMIK ndi tiép

= CM.CA = CK.BC =. BN.BA = BK.BC

= CM.CA +BN.BA

B L of
— BC(CK + BK) = BC? \/\—/

= BN.BA+CM.CA khé“g déi. Hinh 10-40

Gia st AMIN va BNMC noi ti¢p = AMI=CNB, BMC=CNB =
BMC=AMB mi BMC+AMB=180" = BMC=AMB=90° =
CNB =90°

= [ 1a true tdm cia tam gidc ABC.
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10.15. Huwéng ddn (h.10-11). Chirg minh

10.16. Gia sir B=D, M, N, P, Q 1a tiép

10.17. a) Néu AD // BC,

220

AOB+COD = AOD +BOC,

B
ma AOB +BOC +COD + DOA = 360" F
= AOB+COD =180°.
D C

H

Hinh 10-41

diém = MOQ + B = NOP + D = 180°

- MOQ = NOP

= MON=POQ=> AOMN = AOPQ =
MN = PQ.

Nguogc lai: MN = PQ = AOMN = AOPQ =

MON =POQ = MOQ=NOP = B=D.

truong hop nay don
gian cdc ban c6 thé
try ching  minh.
b) Gia sir AD va BC
céit nhau tai H. Goi I
12 tdm dudng tron
ndi ti€ép wr gidc
ABCD, E, F la trung
diém ctia BD va AC’
= I cdch déu céc canh cia ur gidc. Ly diém P trén BH sao cho PH=BC,
Q trén AH sao cho QH=AD, ABCD ngoai ti€p duong tron =

AB+CD=BC+DA ;

Hinh 10-43

1
Seas +Sgcp = Sgse +Sgap = 9 SaBcD
1
Skas +Spcp = Sesc +Skap = Esaaco )

|
Sias +Sicp =Spe +Siap = ESABCD = Sipy +Sign = Sepu + SEQH
I, E, F thing hang.



10.18. (h.10-44) H la truc tAm AAMB =
AE 1 MB, BF L MA.

Theo gia thi€t HD L MI nén

M, F, H, D, E nim trén mot dudng tron
dutmg kinh MH = MFE = MHE = MDE .
Tit gidc AFEB Ia t gidc noi tiép

= MFE = EBA = MDE = EBA
Hinh 10-44

= ut gidc IDEB la ut gidc néi ti€p

= IDB =IEB, AAEB la tam gidc vuong, I Ia trung diém AB = [EB = EBI

= IDB = EBI = AIBM déng dang véi AIDB

2
I_B=_M_l — MIDI=1B> :i.
DI B 4

10.19. (h.10-45) Goi I 1a giao diém ctia MO véi
AB, K 1a giao diém clia AB vé6i DE, Pva Q
12 giao diém cla OH véi AB va DE,
HD L MA,HE L MB,

OM L AB, AOIP va AOHM déng dang
= OP.OH = OL.OM .

AMOA la tam gidc vuodng

Hinh 10-45

= OLOM OA?=R? = OP.OH=R?

R2
= OP =—— = P cd dinh.
OH

Nam diém A, M, H, B, O nim trén dudng tron dudng kinh MO = i gidc
MABH ni tiép = D, E, K thing hang.
C6 HK // MO = OHK = HOM , HKBE noi ti€p = EBH = EKH,

MOBH noi tiép = EBH=HOM = EKH=OHK, AHKP la tam gidc

vudng => Q la trung diém clia HP.

=)
r
—



10.20. Xét AAEB va AAED: AED=EAB, EAD=EBA= EAB=AEB, AE
chung = AB = DE. Tuong tu d6i véi cdc canh con lai (Cich chimg minh
nay chi ding véi n gidc déu véi s6 1¢é canh, khong ding vdi n chdn).

Kéo dai BO cit ED tai H, ha OK L BD=> KB=KD (h.10-47)
B

A
Eﬂ]\ B K
ORKA\F
C
D & H D
Hinh 10-46 Hinh 10-47
C6 HBD=18% = BD=2BK =2co0s18°, DE =4cos18°sin18°.

Ké phan gidc EF, ABDE va AEDF dong dang = E—D—= PE: -
ED DF BD-DE

( 2 =

= DEJ L R E=J_—=>stBH_sin18°

\BD, BD BD

=25=£-_1:coszlgu=ﬂ£ﬂ
2BD 4

=8cos?18°sin18° = 8\/_(~/'f;+l)(~/_*l) =35

8.4

= ABAC=BD.DE

Chuyén dé 11. O DAI PUONG TRON. DIEN TICH HINH TRON

11.1. Dién tich phén con lai trong hinh vuong:
2 _az'n: o a’(4-n)
4 4
2 = 2
11203 S5 =00 5. <15 135/5)3_'

2 L 2
s g g D

7R? % (2rn 3J3)R?
quat — ~ 2~ 6 Vph__-_—]_z—' Hinh 11-16
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11.3. Cich tinh nhu bai 11.2: S= -;-a’(:t-?.). =€

11.4. (h.11-17) AB=a, AD =aJ3 = CAD =30° !

— EOD =60 => tinh dugc dién tich hinh A - D
quat OED = dién tich hinh vién phan 16n.

“EID =120 = tinh duge dién tich hinh quat Hinh 11-17
IED va hinh vién phan nho. A
Dién tich S 12 tdng dién tich cla hai hinh vién
g - 6v3)R?
24 . C D

1 1 1
ILS. (h.11-18) Sird s T
( : l'mgAH2 AC?  AD? B
a, =Ry2-v2 , a,=Ry2-43. Hinh 11-18

Ban doc ¢6 thé tinh canh ctia da gidc déu 2n canh theo canh da gidc déu n canh.
11.6. (h.11-19) Goi ban kinh dudmg tron cdn tinh 1a x , dp dung cong thitc (chuyén
dé Vi tri wong doi cua hai duong tron)
11 I R, +yR, RR,

> =t =, —==————— =

x JR: <Ry X RR, (JRy+4JRy P

phan =

Hinh 11-19 Hinh 11-20
11.7. HD. (h.11-20) Chitng minh DE ti€p xtic v6i dudng tron (O,a)

(bai todn trong Vi du 3, chuyén dé Tiép tuyén voi duomg tron)
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Chuyén dé 12. HINH TRU
12.1. Cin ding 98 cm bang vai dé budc géi qua, do d6 bang vai dai 1 m di dung
dé buoc.
12.2. Pdp s6°: 3100 ~ 9734 (cm?).
12.3. (h.12-7).
Goi bdn kinh ddy lar, chiéu cao la h.
Tacér=hva2rh=72.
Suyrar=h=6cm.

Ddp s6: Dién tich xung quanh béng 72n (cmz).

Dién tich toan phin bang 144n (cm?). Hinh 12-7
Thé tich bing 216n (cm?).
12.4. Ddp s6: 1, 152n = 3,6 dm”.
12.5. a) (h.12-8a) S, = 247 cm?,
V,=48n cm’.
b) (h.12-8b) S, = 247 cm?,

V, = 36m cm’,

12.6. (h.12-9). Goi r la bdn kinh
ddy, h 1a chiéu cao, V, 1a thé

tich cta hinh tru.

Hinh 12-8

Tac6V,= ar’h.

Goi V, la thé tich cta hinh
hop chir nhat. Ta c6

V, =2r2r.h = 4r’h.
v
Do d6 T/L = -} ~ 78,5 %. Hinh 12-9
2
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12.7. Cit mat xung quanh ctia hinh C 12 B
tru theo dudng thing AC réi
trdi phing, ta dugc hinh
12.10.

16
Ta tinh dugc BC = 12 cm,
AC=16cm, AB=20cm.
Con kién bo tir A dén B mat
it nhit: 20 : 5 =4 (gidy). A

Hinh 12-10

Chuyén dé 13. HINH NON

13.1. Ddp s6: V = 2n = 6,28 (m°).
13.2. Ki hiéu nhu trén hinh 13-8

3J—

DM = BDsin 60°

DH =-§-DM=\/§.
AH’=AD?-DH?=32-3=§,

AH = V6.

Dién tich xung quanh : Hinh 13-8 .
Seq = THD.AD = my3.3 = 33 (cm?).
Thé tich hinh nén :

Vo ;n.HDz.AH - ;n.B.JE = 72J6 (cm’).
13.3. (h.13-9)

a) Sty = 11" )
S =narlmil= 2r nén S =2nr.
DoS -6nen21tr =6. (2)

Tir ( l) va (2) suyra Sd;i)r =3cm?.

b) Tir (2) suyrar = JE
T

3
h=rtg60° = r3 =—— = 1,69 (cm).
& :}R

Hinh 13-9
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13.4. (h.13-10)

Do dai cung BC cia hinh quat bang
21:.8.-1- = 4m.
4
Chu vi ddy cha hinh n6n bang 47 nén

OB = 4_n; =2 (cm).
2n

AO = \JAB? - OB? = \/8? - 22 = 2JT5 (cm)

Thé tich cha hinh nén bing

V= %1:.22.2\/6 E @ (crn3).

13.5. (h.13-11) Khi quay tam gidc ABC mot

vong quanh canh BC, hinh tao thanh g6m
hai hinh n6n dinh B va dinh C, ddy la
hinh tron (H ; HA) véi AH 1a dudng cao
cia A ABC.

Ta tinh dugc AH=12cm, HB=9 cm,
HC =16 cm.

V= %n.lz"-(g +16) = 12001 (cm>).

13.6. (h.13-12). Ké AH L BC.

226

batBC=a, AC=b,AB=c.

S, badng téng cdc dién tich xung quanh
cua hai hinh nén dinh B va dinh C, bdn
kinh ddy 1a AH nén

S, =m.AH.b + t.AH.c = 1.AH(b + ¢)

= n.E(b +‘c).
a

Hinh 13-10

Hinh 13-11

B C

D

Hinh 13-12

S, 1a dién tich toan phén ctia hinh nén dinh C, ban kinh ddy 1a AB nén

S, =mca+ :rtc:2 =mnc(a+c).
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Talhé\'yS,<Szc:>E(b+c)<c(a+c)
a

csb(b+c)<a+c
d

& b’ +be <a’ +ac.
Bit ding thitc trén ding vib < a. Vay S, < S,.
13.7. Dudng sinh cla hinh nén cut bing 17 cm.
Suq = 11y + 1)l = (10 + 18).17 = 4767 (cm?).

Vi= %ﬂh(q2 + rzz +1nn) = ?:-:rt.lﬁ(lo2 +18% +10.18) = 30207 (cm’).

13.8. Hinh tao thanh 1a mdt hinh nén cut (h.13-13)
qu = m(a + 2a).av2 = 3\Enaz.

Sp = 32 na? + Sma’

= (5 + 3v2)mal.

V= %na(a2 +4a% +22%) = %rca3. Hinh 13-13

13.9. (h.13-14).
Goi A la dinh cba hinh nén. Bin
kinh cha duong tron phdi tim la
O'B.
Dit O'B'=r, AO'=h.
AO% = AB?- OB’ =107 - 6% = §*
nén AO =8 cm.
Thé tich cta hinh nén nho bing Hinh 13-14

Thé tich ctia hinh n6n 16n bing

L
3 3
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L] 2
Theo dé bai % N

2 288 2
syrh ' (1)
r
Trong mat phing AOB, ta ¢c6 O'B' // OB nén
OB AO 6 38 3

i

: >r =108 =>r 334,

Tir (1) va(2) suyra 124

2
r

Bén kinh cta dudng tron (O') bing 3Y4 ~ 4,76 (cm).

Chuyén dé 14. HINH CAU

14.1. Hop gébm mot hinh tru va hai nira hinh céu.
Dién tich toan phén ctia hop bing téng ctia dién tich xung quanh cta hinh
tru va dién tich mat cdu nén biang
21.2.12 + 41.2% = 647 (cm®).

Thé tich cla hop bing tdng cua thé tich hinh tru va thé tich hinh cdu
nén bang

n.2%.12 + :n.23 78%7{ (cma).

14.2. Tir %RRB 4.47R? ta duoe R = 12 (cm).

14.3. (h.14-8)
a) Goi R 12 bédn kinh cua hinh ciu.
Dién tich toan phdn cta hinh tru va
dién tich mat cdu déu bing 4nR>.

b) Thé tich hinh cdu bing g thé

Hinh 14-8

tich hinh tru.

14.4. Ddp s6': Dién tich luc dia va bang 1a 149 triéu km’.
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14.5. (h.14-9).

EETEERN
Goi R 1a bdn kinh cta Trai DP4t, r 12 ban kinh i
cua vi tuyén phai tim.
S
Theo dé bai 2—m-=l nén —r—=l. suy ra
2R 2 R 2
BOH = 30°, do d6 AOB = 60°.
Vay vi tuyén 60° (Bic hoic Nam) c6 do dai Hinh 14-9

bing nira 46 dai dudng Xich dao.

14.6. Goi h, la chiéu cao ctia hinh try, h, la chiéu cao ctia hinh nén.
Tir nR%h, = -g-nR3 ta duge h, =-43:R.
1 o2 4 53
T —3—ItR h, = -é-nR ta dugc h, =4R.

14.7. (h.14-10)

Goi R 1a bdn kinh cta hinh cdu thi canh cta i Ny
hinh 12p phuong bing 2R. [ DU By
[ . B

Ti s6 gia dién tich mat cdu va dién tich xung ¥ i
quanh cta hinh l4p phuong bang N .

47R? ¢

=2 =78,5%.
4R*.4 4 Hinh 13-10

Ti s6 giiia thé tich hinh cdu va thé tich cla hinh 1ap phuong bing
4 3 3 T
—nR":(2R)" === 52 %.
Tk e

14.8. (h.14-11)

Pudng chéo chia hinh 1ap phuong chinh la
dudng kinh cla hinh c4u.

Dudng chéo cua hinh 14ap phuong A'C bing

,/22+22+22 =12 =2.3.

Bén kinh cuia hinh cdu bing 3 cm.

Hinh 14-11
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14.9. (h.14-1 2)

15.1.

HC OCsin6 ¢ Rf nén

1 (RVZA) 3R 3
V, —a|——|.=— Z=nR},

3 2 2 8
V, %TtR3,

y Hinh 14-12

V3=irt(-5) -———l-nR3

3 12 6
Do d6

Vl V2V3 é.il i 2—21=93 24
8 3 6 24 24 24

Chuyén dé 15. DUONG THANG SIMSON

Huéng ddn : (H.15-1 8AB, AC, AD Ia dudng

kinh , E 12 giao diém ctia dudng tron kinh AB va B
dudng tron dudmg kinh AC = AEB AEC 90°

= E, B, C thing hang = AE L BC. Tuong ty, C, 4

D, N thing hang ; B, D, M thing hiang = E, M, N

thudc dudng thing Simson cha A d6i véi ABCD.

15.2. Tuong tu Vidu 2. N
15.3. (Ban doc tr vé hinh) D, E, F 12 cdc diém d6i ximg Hinh 15-18

23 0

cua A, B, C l4n luot qua BC, CA, AB.

Goi H, G la truc tam, trong tam AABC, qua A, B, C dung cdc dudng thing
song song véi BC, CA, AB, chiing cit nhau tai M, N, P = A, B, C la trung
diém cta NP, PM, MN = G, H 12 trong tam, tam dudng tron ngoai ti€p
AMNP. Goi I, K, R 12 hinh chiéu ctia O trén PM, MN, NP, AABC déng dang
AMNP = [, R, K thiing hang <> O thudc dudng tron ngoai tiép AMNP <>
OH 2R



15.4. (H.15-19)

15.5.

OA AMA, OBLMB, OH.LMH = nam
diém O, A, M, H, B nim trén dudng
tron dudng kinh MO. Gia sit AB cit OH
taiI, OM A ABtaiJ, JA =JB = OILOH
=0JOM =R*

= I ¢6 dinh. Ké HK L AB = E, F, K nim
trén dudng thing Simson clia H d6i véi AAMB.

Hinh 15-19

AIKD la tam gidc can => D 12 trung diém ctia IH = D c6 dinh = EF di qua

diém c6 dinh.

(H.15-20)

Ké PD ABC,PEAAC, PHAAB = E,D,
H thing hang. CP, CQ d6i ximg nhau qua
phin gidc cla ACB= PB= A_@ =
BCP = ACQ, DE cit CQ tai K, PDEC Ia ti
gidc nodi ticp = CEK=CPD =
CEK + ACQ =90" = DE 1 CQ.

15.6. Phan thugn: (H.15-21)

Ké MH A OA,MK 1 OB, Oz la phan gidc
cua ;(—); nén MA=MB = MILAB =
K, I, H thing hang. Goi E 12 giao diém clia
OM va HK, c6 OM A HK
= 5 diém O, C, E, I, D nim trén dudng
tron dudng kinh OL, E ¢6 dinh, CEO = 45°
= C ndm trén dudng phan gidc géc OEH
(hoac OEK).

Phén gidi han va phin dao danh cho ban doc.

Hinh 15-20

Hinh 15-21

231



15.7. Cich giai nhu Vi du 10.

15.8. Tham khdo Vi du 10 vi Vi du 14.

15.9. (H.15-22) TdY M ké MP L AB,MQ L BC va tir N ké

15.10. (h.15-23) Goi M la giao diém cla
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NK L AC,NH L BC, PQ va HK cit nhau tai E ;
EQC=90' MQP=90° MBA =90°—%sdm
Tuong tu, EHB = 90° %sd@

= EQC+ EHB = 180° %(sdmﬂdm)

1 p— Hinh 15-22
=180° Esd MN

—

= Q H=%sdm.

dudng tron ngoai ti€p ABCE va
ACDF. Dé dang ching minh duoc
tir gidc ADEM ndi tiép = dudng
tron ngoai ti€p tam gidc ADE di
qua M.

Tuong tu, dudng tron ngoai ti€p
tam gidc ABF di qua M. Goi G, H,
I, K l1a hinh chiéu ctia M lin luot
trén AB, CD, BC, AD = G, H, [, K
thing hang. Goi H,,H,,H;,H, ldn Hinh 15-23

lugt 1a truc tam cla cdc tam gidc ADE, ABF, BCE, DCF. Theo Vi du 4 ta c6
cdc trung diém cia MH,,MH,,MH;,MH, nidm trén dudng thing Simson

qua G,H, I, K = H,H,,H,,H,thing hing.



Chuyén dé 16. BAT DPANG THUC ERDOS - MORDELL
VA MOT VAI AP DUNG

16.1. (H.16-12)

16.2.

Goi Oy, O,, O theo thit tr la
tam cdc dudng tron ngoai
ti€p tam gidc BOC, COA,
AOB. Khi d6 0,0;, 050,,
0,0, lin luot la cdc dudng
trung tryc ctia cdc doan thing
OA, OB, OC. Gia st M, N, P
theo tht tv 13 giao diém
clia cdc cap dudng thing
(0,05 ; OA), (050,; OB),
(0,0, ; 0C).

Sir dung bét dang thitc Erdos

— Mordell cho diém O trong Hinh 16-12
tam gidc 0,0,0; ta cé
00, + 00, + 00, 2 2(OM + ON + OP) (1)

Luwu ¢ ring 00, = R, ; 00, =R, ; 00, = R, v 0M=0N=0P=%nen

tir (1) suy ra R, + R, + R; 2 3R. Dang thic xay ra khi va chi khi tam gidc
0,0,0; déu. Liic d6 dé thiy BOC COA AOB 120°. Nghia I3 tam gidc

ABC déu.
(H.16-13)

Goi M, N, P theo thit tv 12 trung diém
cua BC, CA, AB va O la tam dudng tron
ngoai ti€p tam gidc ABC. Khi dé6 ta c6
AM <OA + OM, hay m, £ R + OM (1).

Tuong tu,

m, < R+ON (2) ;m; < R+0OP (3)
Cong theo v€ cdc bat dang thic (1), (2),

(3) ta duoc

A

Hinh 16-13

m, + m, +m, < 3R + (OM + ON + OP) (€3]
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16.3.

16.4.
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St dung bit ding thitic' Erdos — Mordell cho diém O trong tam gidc ABC
taco

0M+ON+OPSW=%& (5)

Tu (4) va (S)suy ram, +my, +m_ < 2;— Ding thitc xdy ra khi va chi khi

tam gidc ABC déu.

Goi I, r thit tu 1a tam, ban kinh dudng tron néi ti€p tam gide ABC. Con H, J,
K lin luot l1a ti€p diém cia dudng tron (I) véi cdc canh BC, CA, AB
(H.16-2).

Ap dung bat ddng thicc Erdos = Mordell dang cdn thitc ta c6

m+\fﬁ+m2\/§(\/ﬁ+\/ﬁ+ﬁ)ha_\;

IA + VIB + VIC 2 3J2.4r (1)
Dé yring IA = rA ;IB= rB TE= .Nén tir (1) ta suy ra
sin sin sin
2 2 2
1 1 1 i oy ¢ wuemes
+ - >3J2 (dpcm). DBang thitc xay ra khi va chi khi

Jsiné JsinE Jsinc
2 2 2
tam gidc ABC déu.

Chuing ta xét mot Bé dé.

Dinh Ii Carnot. Cho tam gidc nhon ABC noi tiép dieong tron (O ; R) va
ngoai tiép dwong tron (I ; r). Goi x, y, z lan luot la khoang cach tx O dén cdc
canh BC, CA,AB. Khidétacé hé thic x +y+z=R+r.

Chimg minh. (H.16-14) Ké OO, vudng géc véi BC, OO, vudbng géc véi AC,
005 vudng géc vai AB.



bDiait BC=a, AC=b, AB=c,conp la
nira chu vi tam gidc ABC. Sir dung dinh
li Prolemy cho cdc td gidc noéi tiép
00;A0, ; 00;BO, ; 00,CO, tathdy

OA. 0203 = 002.03A + 003. OzA ’ hay

a c b
R . +Z 1
2 YT, M
Tuong tu ciing c6 R b X . +2 8 )
) 2 2"
a b Hinh 16-14
R. =V +x 3
g Z¥p¥xy O

Cong (1), (2), (3) theo v€ ta dugc

pR= [E:E)x + (wa + [3+—b]z. Din dén
7 2 2

ax +by+cz
2

pPR=p(x+y+2)

= p(x+y+2z) Sppc
=p(x+y+2z) pr

Chia cd hai v€choptaduge X +y +z
=R +r. B6 dé dugc chimg minh.

Tré lai bai todn (H. 16-15)

a) TuHA =2x; HB=2y ; HC=2z.
St dung B4 dé trén ta thiy ngay

HA + HB+HC= 2(R +1). Hinh 16-15

b) Ap dung bét ding thitc Erdos — Mordell cho diém H trong tam gidc ABC
ta co

HA, + HB, + HC, < l{ﬂfﬁ—ﬂc.TB két qua cau a) taco

HA, + HB, + HC, <R + r. Ding thic xay ra khi va chi khi tam gidc
ABC déu.
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c) Ap dung bdt ddng thitc Erdos — Mordell cho difm O trong tam gidc ABC

taco
x+y+z _ R+r

cosA + cosB + cosC = R = R = l+é (Theo dinh Ii Carnot)

(dpcm).
d) Ap dung két qua bai toan 3, ta thdy cosA + cosB + cosC < -;— . Tircduc) ta

c6R = 2r (dpcm).
Ding thitc x4y ra khi va chi khi tam gidc ABC déu.

Chuyén dé 17. DINH LY PTOLEME VA BDAC TRUNG
CUA TU GIAC NOI TIEP

17.1. (h.17-16)

17.2.
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Ta c6 S=%AC.BD (1)

Theo dinh li Ptoléme :
AC.BD = ac + bd. )
Tir (1) va (2) suyra

S= %(ac + bd).

Hinh 17-16

(h.17-17)

Goi a 1 canh cita hinh vuong ABCD. Al N\

Ap dung dinh Ii Ptoléeme vao uf gidc noi

tiep ABCM, tacéd

AB.CM + AM.BC = ACMB .

= aMC +aMA =av2.MB <\ —>°¢
M

= MA + MC = MBV2. i



17.3. (h.17-18)

Tac6 AM S OA + OM =R + OM,
BN <R +ON: '
CP<R + OP.

B M c
Suy ra AM + BN + CP \_/

s 3R + (OM + ON + OP). 1)

Theo Vidu 3,tacé

Hinh 17-18

OM+ON+OP=R +r. (2)
T (1) va (2) suyra

AM +BN +CP<4R +r.

17.4. (h.17-19)

17.5.

Goi M la diém chinh giita ciia cung nhé BC.
Pat BC = a, MB=MC =m.
Theo dinh Ii Ptélémeé, ta cé

ABMC + ACMB =MA.BC

= AB.m+ ACm=MA.a

= AB + AC = MA. =
m

Do d6 AB + AC Ién nhat <> MA Idn Hinh 17-19
nhit <> MA 1A dudng kinh cia (O)
<> A la diém chinh giita ctia cung l6n BC.

Dé thay ring néu A géc vuong hay tu thi R > 2r. Khi tam gidc ABC ¢6 ba
géc nhon thi theo két qua Vidu 3, cé x +y + z=R + r. Két hogp bat ding
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thic Erdos dp dung cho diém O trong tam gidc ABC c6 2(x + y + z) < 3R.
Tir d6 c6 diéu phai chimg minh.
17.6. Hicong ddn. Ap dung Vi du 5 cho cdc tam gidc déu AjAzAs va AyA A
17.7. Sirdung Vidu 6 vGichii y AB=BC=CA =a.

z L - i 2{1
17.8. Hiwedong dan. Ap dung cong thitc cosa = f-l—rl—-—
2sinot

17.9. Hiong dan. Skt dung Bit dang thitc Bunhiacopxki :
(@ +a2)(b? +b3) 2 (a,b, +ayb,)?

dé chimg minh Bét ddng thirc MincopxKki :

Jaf + a3 + be +b3 2 \/(ai +b,) + (ay + by)*.

Ap dung bat ding thiic nay dé chimg minh Bt dang thic Ptolémé bing céch
dat bién phu thich hop.
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