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L éi noi ddu

Céc em hoc sinh than mén !

Cdc em di hoc, ai cling mong mudén minh hoc gioi trong dé ¢6 mon
Todn. Mudn vay, cdc em cin nim vimg 1i thuy¢ét va bi¢t cich van
dung dé giai bai tap. Li thuyét thi nhiéu va rong nén cin biét chon
loc dau la van dé co ban, trong tam dé hoc cho K1 va ghi nhd.

Bai tap ¢6 nhiéu loai, vo cung phong phi va da dang nén cin phan
loai cdc dang va dua ra phuong phdp gidi cua timg dang ay. Ngoai ra
mot di¢u quan trong nira la phai biét ciach suy luan khi giai toan.
Cudn sich nay duge bién soan nhim ddp ng cic yéu ciu trén day
cua cdic em hoc sinh.

Sdch dugc viét theo sdt cdc chuong va bai cia sich gido khoa. Moi
bai gém ba phin :

A. Trong tam kién thirc

Phdn ndy tém tét cdc kién thic co ban, trong tdm cua bdi. Ngudi ta
thudong néi "Cé bot mai got nén hd", bot ¢ day la cic kién thiic co

ban, trong tAm cla bai. Cé6 nim vimg dugc thi mdi cé co sd dé giai
bai tap.

B. Cdc dang bai tap va phiwong phap giai

Qud trinh "got nén hé" chinh la qua trinh luyén tap.

Dua vao trong tam Ki¢n thitc di néu & trén, cdc tdc gia di dua ra cic
dang bai tp dé cic em luyén giai.

Trong méi dang ¢6 néu ngan gon phuong phédp giai va nhiéu vi du
minh hoa. Diéu dé gitip cic em kinh nghi¢m giai bai tap, dinh huéng
dugce cich giai, cic budc cin lam réi thuc hién theo cédc bude dé.

Cdc bai todn trong médi vi du duoc lua chon 1d nhimg bai tap tiéu
bi¢u, don gian nhung khong tdm thudng, chita dung nhiéu kién thic,
K1 nang va phuong phdp suy ludn ma chuong trinh doi hoi.
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C. Bai tap te luyén

Phdn ndy gom mét s6 bai tap, ¢é loai trung binh, ¢é loai kho, gitp
cdc em tur kiém tra, ddnh gid mic do thanh thao cia minh. Cic em
hdy ¢O ging tr giai. Néu gap khé khan ¢6 thé¢ xem 101 giai hodc
huéng din & cuéi bai. Cic tac gia mong rang cudn sich nay la mot
tai liéu cé ich gidp cdac em tu hoc, tur doc ¢d két qua.

Cuén sich ciing cung cdp cho cic thdy gido, co gido nhirng tur licu
tham Khado dé chon bai cho cdc tiét luyén tap, boi dudng hoc sinh.
Cédc bac phu huynh ciing ¢6 thé dung cuén siach nay dé huéng din
con em hoc tap.

Rat mong nhén dugce y kién déng gép cta ban doc cho cudn sich.
Cic ¥ kién déng gdp xin giri vé dia chi Cong ty CP Dich vu xudt ban
Gido duc Ha Noi - Nha xudt ban gido duc Viét Nam, 187B Giang Vo,
quan Dong Da, Ha Noi.

Xin chan thanh cam on.

CAC TAC GIA
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cuuong 111
HE PHUONG TRiNH BAC NHAT HAI AN

§1. PHUONG TRINH BAC NHAT HAI AN

A. TRONG TAM KIEN THUC

Phuong trinh bac nhét hai 4n x va y 12 hé thic dang ax + by = ¢ (1), trong do
a, b, ¢ la cdc s6 da biét (a = 0 hoac b # 0).

* Néu Xg : yo thoa mian (1) thi cap s6 (xg ; yo) dwoc goi la mot nghiém cua
phuong trinh (1).

Phuong trinh bic nhat hai 4n ax + by = ¢ luén ¢6 vo s6 nghiém.

Tap nghié¢m ctia n6 duge biéu dién bai dudng thing ax + by = ¢, ki hiéu 12 (d).
Néu a # 0 va b # 0 thi dudng thing (d) chinh 13 d6 thi ctia ham s6

a -
Y= —:.X + =
* Néu a # 0 va b = 0 thi phuong trinh trd thanh x = -C-, vd dudmg thing (d)
a
song song hodc trung vdi truc tung.
« Néu a =0 vd b # 0 thi phuong trinh tré thanh y = <, vi dudng thing (d)

=

song song hodac trung véi truc hoanh.
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B. CAC DANG BAI TAP VA PHUONG PHAP GIAI

Dang 1. XET CAC CAP SO (x,; y,) CO LA NGHIEM
CUA PHUONG TRINH ax + by = ¢ KHONG ?
Phuong phap giai

Thay x = X, ¥ = ¥y vao phuong trinh ax + by = c.

— Néu ax + byy = ¢ thi cap sO (xy ; yo) g0i la nghiém cta phuong trinh
ax + by =c.

- Néu axy + byy # ¢ thi ¢dp s0 (Xg 5 yo) khong 1a nghiém ctia phuong trinh
ax + by =c.

Vidu. Xem xét cap s6 (2 ; —1) ¢6 la nghiém ctta méi phuong trinh sau khong ?

3
a)2x+3y=1; b)2x -3y=1; c);x+4y=—l.

Giai.

a) Thay x = 2, y = =1 vao phuong trinh 2x + 3y = | ta dugc :

22+ 3.(=1)=4-3=1nén(2:-1)langhiém cta phuong trinh 2x + 3y = 1.
b) Thay x =2 ; y = -1 vao phuong trinh 2x = 3y = | ta duoc :
22-3.(-1)=4+3=7=1nén(2;-1) khong la nghi¢m cua phuong trinh
2x =3y = 1.

¢) Thay x = 2 ; y = =1 vao phuong trinh —.x +4y =-1 ta duogc

1 |

. ; e
2+4.(=1) = 3-4=-1 nén (2 ; —1) la nghiém cua phuong trinh =ik 4y = -1,

o | Lo

Dang 2. TIM NGHIEM TONG QUAT CUA PHUONG TRINH ax + by = ¢
VA VE DUONG THANG BIEU DIEN TAP NGHIEM CUA NO

Phuong phap giai

1. Tim nghiém tdng quét ctia phuong trinh ax + by = ¢

- C — b - ) - 0 - - »
*Néua#0thi x = Y va viét cong thitc nghiém tong quat la
a
c - by
X = )
a
y € R.



https://sachhoc.com

: G—aX . . : ; : ;
*Néub#0thiy= ™ va vi€t cong thitc nghiém tong quat la

x € R
Cc — ax
b

2. Vé dudmg thing ¢6 phuong trinh ax + by = c.

y-_‘

 Néu b # 0 thi vé dudng thang y = %.(c - ax).

« Néu b = 0 thi v& dudng thing x = = cung phuong véi truc tung.

[

Vi du 1. Cho phuong trinh 5x =3y =2 (1)
a) Tim cong thirc nghi¢m t6ng quét cua phuong trinh (1).
b) Tim nghi¢ém nguyén cia phuong trinh.
Giai.
a) Tatinhytheox : 5x -3y =2 3y =5x -2
O 5% -2
3

5x - 2 : .
x3 -_J vai x 1a mot sO thuc tuy y.

phuong trinh ¢6 vo sO nghiém [x :

xeR
Chii y : Ta ciing c6 thé viét nghiém ctia phuong trinh la 5x — 2
J = .

3

X -2 , l - x

b) Tacoé y = =
3

I_er.

Déy e Z thi

bDat 1-;3-}—(-=t (teZ)y=x=1-3,trdéy=2(1-3t)- 1 +thayy=1 -5t

Vay nghi¢ém nguyén tdng quét cia phuong trinh la { S : - 2[ tel
_ ¥l =t
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Vi du 2. Tim nghiém t6ng qudt cia méi phuong trinh sau va vé dudng thing
bi¢u dién tap nghiém ctia n6 : ¥t

aA)2x+3y=6; b) 3x + 0.y = 2.
) ) g 2
Giai.

1
N‘”
a)2x+3y=6c:>y=—%x+2. b

0"3\x

Nghi¢m tong qudt ctia phuong trinh 12 ;

" Hinh |
y=—=X+2 y 1
3 (h.1)
x&R. _2
=g
b) Nghiém téng qudt ctia phuong trinh 1a :
9 0 :_2_ ] X
X == 3
3 (h2)
y € R. Hinh 2

Dang 3. XAC DINH THAM SO m KHI BIET (x, ; yo) LA MOT NGHIEM
CUA PHUONG TRINH

Phuong phap giai

Thay x = Xy 1 y = y, vao phuong trinh da cho roi giai phuong trinh thu
dugc dé xdc dinh m.

Vidu 1. Néu cap s6 (1 ; =2) la mot nghiém cua phuong trinh x — y —m =0 thi
m ¢6 gid tri 1a bao nhiéu ?

Giai.

Cap s0 (1 ; =2) 1a mét nghiém cua phuong trinh, nén :

| -(-2)-m=0&< m=3.
Viy gid trim = 3,

Vi du 2. Bé (2m ; -3) la nghiém cua phuong trinh 3x + 7y — 9 = 0 thi gid tri
cua m la bao nhiéu ?
Giai.
(2m ; =3) la nghiém cua phuong trinh nén : 3.2m + 7.(=3) =9 =0
&S6m-30=0<m=5.



C. BAI TAP TU LUYEN

Cap s0 (1 ; -3) la nghiém cua phuong trinh nao trong cdc phuong trinh sau ?

a)3x -2y=-3; b)3x+y=0;

c)0x-3y=9; d)3x-y=2

Cho phuong trinh 3x + 2y =6 (1).

a) Hiy biéu dién tap nghiém cla phuong trinh (1) trén mat phing toa do (goi

la (d)).

b) Tinh dién tich tam gidc tao bai (d) véi truc Ox vi Oy.

Tim m biét (-1 ; —1) 1a mot nghiém cta phuong trinh :
m-I)x-2m-1)y=-1-m.

Tinh dién tich tr gidc tao bai (d)) : 0.x + 2y =4 ; (d,) : -3x + 0.y =3

(d3) : =x + y = =1 va truc Ox.

Cho phuong trinh 3x + 5y = 501. Hoi phuong trinh ¢6 bao nhiéu nghiém
nguyén duong ?

HUGNG DAN - PAP SO

Cap (1 ; =3) la nghiém cuta phuong trinh : y

b)3x+y=0; | \
i _ NA
c)0.x-3y=9. _
a) Tap nghi¢m cua phuong trinh 3x + 2y =6
duoc bi¢u dién nhu hinh 3. o ZB 2
b) S 1 OA.OB : 3.2 =3 (dvdy) #
=—0A.0B=-.3.2= ; x
2 2 *:l‘-_\
W

| g

= Y Hinh 3

S = 6 (don vi dién tich).
Phuong trinh ¢6 33 nghiém nguyén duong.
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§2. HE HAI PHUONG TRINH BAC NHAT HAI AN

A. TRONG TAM KIEN THUC

Cho h¢ hai phuong trinh bac nhat hai 4n

ax + by =¢
M4, , ;
ax +bx=c

« Néu hai phucmg trinh &y ¢6 nghiém chung (xq 5 yp) thi (Xg 5 ¥o) duoc goi la
maot nghiém cua hé (I).

» N¢u hai phuong trinh da cho khong ¢6 nghlém chung thi ta n6i hé (I) vo
nghiém.

Giai h¢ phuong trinh 14 tim tap nghiém cta né.

Tap nghiém cua hé phuong trinh (I) dugc biéu dién bdi tap hop cic diém
chung cua hai duong thang (d) : ax + by=cva(d'):a'x + by =¢".

Vay :

* Néu (d) cit (d') thi hé (I) ¢6 mot nghiém duy nhat,

» Néu (d) // (d") thi hé (I) vo nghiém.

» Néu (d) trung véi (d') thi hé (I) vo s6 nghiém.

Hai h¢ phuong trinh duoc goi la twong duong vGi nhau néu ching ¢6 clng
tip nghiém.

B. CAC DANG BAI TAP VA PHUONG PHAP GIAI

Dang 1. DOAN NHAN SO NGHIEM CUA HE PHUONG TRINH

Phuong phap giai

Cho h¢é phueng trinh {ax k4
ax+by=c
Goi (d) 1a dudng thing ¢6 phuong trinh ax + by =,
(d") 1a dudng thing c6 phuong trinh a'x + b'y =¢'.
Dua vao hé s6 géc va tung do goc dé biét s6 nghiém cua hé, véi a'b'c' # 0 :

 Néu (d) cit (d') thi hé c6 nghiém duy nhat (E- # -:;-]
a

10



* Néu (d) song song vai (d') thi hé¢ vo nghiém (i = 5 # E;J
a c

* Néu (d) trung véi (d') thi hé cé vo s6 nghiém [i = E = EJ.
a

Vi du. Khong cin vé hinh, hdy cho biét s6 nghi¢ém cia mdi hé phuong trinh

sau day va giai thich vi sao ?
=2x -1 3X+2y=5 X+y=2 2x =3
2) 17 b) d ey q.  * d) g
y=-x+1; X =2y =2; 3x + 3y =6 X + 5y = -4,

Giai.

a) Dudng thing y = 2x — | ¢6 hé s6 goc a = 2 con duong thing y = -x + 1 ¢6
hé s6 goc a' = -1 ; a # a' nén hai dudng thing niy cédt nhau tai mot diém, do vay hé
da cho ¢6 mdt nghiém.

r 3 5
y=——X+—
b) H¢ tuong duong véi < | ‘ -
==X=-=1,
\)’ 2

Vi = gL nén hai dudng thing y = -ix g y= LY -1 cdt nhau tai
Zz 2 2 2 2

mot diém, do vay hé di cho ¢6 mot nghiém.

Cy=-x+2
¢) Hé twong duong véi
y==x+2,
Vi-1=-1;2=2nén hai dé thi tring nhau. Vay h¢ di cho ¢6 vo s6 nghiém.
(2
Y=5x
d) H¢ tuvong duong véi < ’
X
TSy

2 . G ; s
Vi 3 # —% nén hai d6 thi cit nhau tai mot diém.

Do d6 hé da cho ¢6 mét nghiém.

11



Dang 2. XAC DINH NGHIEM CUA HE BANG PHUONG PHAP HINH HOC

Phuong phap giai

* V& cic duong thing biéu dién tap nghi¢m cia cdc phuong trinh trong he.
+ S6 nghi¢m cha hé 12 s6 giao diém cia cdc dudng thing trén.
+ Toa do clia diém chung 1a nghiém cia hé¢ phuong trinh,

Vi du. Xic dinh nghiém ctia h¢ phuong trinh sau biang phuong phap hinh hoc

) 2x =y=1, b) 3x+2y=35
X+y=2 X +2y=1.
Giai.

a)(h4)*Veéd):2x-y=1.
*Chox=0=y=-1tadugc A0; -1).

-Choy=0::»x=% ta duoc B[%;O].

DPudmg thing ABla dé thi 2x =y = 1.
*Veé(dy)) :x+y=2.

* Chox =0 =y =2 tadugc C0; 2).
*Choy=0= x=2tadugc D2 ;0).

Duong thing CD 1 d6 thi x + y = 2.

Ta duoc : (d;) cat (d,) tai E(1; 1).

Thir lai (1 ; 1) 12 nghiém cta hé phuong trinh.

Hinh 4

b) (h.5) Tuong tu, dudng thing 3x + 2y =5
di qua diém Ar’(] 5) B(5 0\
1 d di = _— .
. e v

Pudng thing x + 2y = 1 di qua diém
|
Cl0:—=1{:D(l;0).
(0:3)ipa:0

Hinh 5

Toa do giao diém ctia hai dudmg thing 12 E[Z : —%J

Thir lai (2 ! -%J la nghiém cua hé phuong trinh.



Dang 3. HAI HE PHUONG TRINH TUONG BDUGONG

Phuong phap giai

» Hai hé phuong trinh tuong duong khi chiing c6 cung tap hop nghiém.
« Hai hé phuong trinh vé nghiém ciing dugce coi la twrong duong.

Vi du. Xdc dinh m dé hai hé¢ phuong trinh sau twong duong :

=] =2
@ty aa {™ Y
2x -3y =2 33X + my = 3.

Gidi.
* Hé (I) ¢6 nghiém duy nhat (1 ; 0).

* D¢ hai h¢ da cho tuong duong nhau thi (1 ; 0) phai 12 nghiém duy nhit cta
hé (II).

1+0=2
Khidéd hay m = 2
3.1+m.0=3
2 =2
* Thir lai véi m =2 ta ¢6 (II) e cé nghiém (1 ; 0).
3x +2y=3

Vay m = 2 thi hai hé phuong trinh twong duong.

C. BAI TAP TU LUYEN

1. Khong vé do thi, hay dodn s6 nghiém clia mbi hé phuong trinh sau :

2 =4 " 5 0=4
i X+Yy b) X+Yy
IX-y=2; 3x-y=5;
X -2y =4 2x +y=1
c) 4 d) y |
2x =4y =35; X +==—,
. 2 2
: X+y=3
2, Choh(&phucmglrmh{ ’
2Xx +y=4,

a) Giai hé phuong trinh bing dé thi.
b) Nghiém ctia h¢ ¢6 phai 1a nghiém cta phuong trinh 3x — 2y = -1 hay khong ?

L3
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Tim a d¢ hai h¢ phuong trinh sau tuong duong :

f
2x —y=1 _lax+y=0
a) va

X=-y=0 12X —ay =3;

- - (¢ 2y = 4
b)lx y \’541x+ y

X +y =3 12x =y =3.

Xdc dinh a dé hé phuong trinh sau ¢6 nghiém :

X -y=1
-2x +ay =a
X=2y=-

o g fax -y =b

ACL NC uon mnn
EWERS Ia'x -y=b

a) Chimg minh h¢ da cho luon c6 nghiém vGi moi a, a', b.

b) H¢ da cho ¢6 thé vo s6 nghiém duge khong ?

HUGNG DAN - DPAP SO

a) C6 mot nghiém duy nhat. b) C6 mot nghiém duy nhat.
c) Vo nghiém. d) Vo s6 nghiém.

a) Ban doc tu vé do thi.
Hé ¢6 nghiém duy nhat (1 ; 2).

b) Nghi¢m cua hé c6 la nghiém ctua phuong trinh 3x — 2y = -1.

a)a=-1. b)a=1.

r
Yllﬂ ‘ . l'l I"I 'I' \ “ Fal "\ “1\!"’* . ‘I“Iﬂh J3x il y - I
FAY L™ l. i b il Lu II IJII{IUII& (A RIRIn

Ix -2y=-3

ta duge nghiém la (1 ; 2).

Thay vao phuong trinh =2x + ay = a, tim dugc a = 2

a) Hai d6 thi cia hai phuong trinh ludn cit nhau tai (0 ;

luén ¢6 nghiém.

b) Hé di cho c6 thé vo s6 nghiém khia =a'.

—b) nén hé di cho



§3. GIAI HE PHUONG TRINH BANG PHUONG PHAP THE

A. TRONG TAM KIEN THUC

1. Quy tiac thé
Quy tic th¢ dung dé bién d6i mot hé phuong trinh thanh hé phuong trinh
trong duong. Quy tic thé gébm hai budc sau :

Bue 1. Tt mot phuong trinh cia hé da cho (coi la phuong trinh thit nhét), ta
biu dién mot 4n theo an kia réi the vao phuong trinh thi hai dé duge mét
phuong trinh méi (chi con mot an).

Buwe 2. Dung phuong trinh méi dy dé thay thé cho phuong trinh thit hai trong
hé (phuong trinh thir nhat ciing thudmg duoc thay thé bdi hé¢ thic biéu dién
mot 4An theo 4n kia cé duogce & bude 1).

2. Tom tit ciach giai hé phuong trinh bang phuong phap thé

+ Dung quy tic thé bién déi hé phuong trinh di cho dé duge mot h¢ phuong
trinh mdi, trong dé ¢c6 mot phuong trinh mot 4n.

+ Giai phuong trinh mot an vira ¢6, roi suy ra nghiém cta hé da cho.

B. CAC DANG BAI TAP VA PHUONG PHAP GIAI

Dang 1. GIAI HE PHUONG TRINH BANG PHUONG PHAP THE

Phuong phéap giai

Cédc budce gidi : Xem phan trong tam kién thic.

Vi du 1. Giai cdc hé phuong trinh sau bang phuong phip thé

I #

-— = 2 =7
a) x-y=3 b) X + Y
3x -4y =4; -Xx + 4y = 10.
Gidi. '
x-y=3 (x =y +3 X=y+3
a) — =
3x -4y =4 13.(y+3)—4y=4 3y+9-4y=4

X=y+3 x=8
~ <
y=35 =5

15



Vay hé c6 nghiém duy nhat la (8 : 5).

2X +y=17 y=7-2x y=7=2x
b) i <>
-X + 4y = X +47-2x)=10 -x+28-8x=10

=2
3

Vay hé ¢6 nghi¢m duy nhat la (2 ; 3).

Vi du 2. Giai cic hé phuong trinh sau bang phuong phép thé

{5Kx/§+y-2sf_ b) {ﬁ.x—ﬁ.y:l
AJ_ y\E=2: x+\/§.y=\ﬁ.
Giai.

a) Tur phuong trinh thir nhdt ctahé tacé y = 2J2 - 5x43,

thay vao phuong trinh thir hai ta dugc :

xJE—(zJ:—sJE.x).JLz@x:%.

Tirdé: y=22 -5 */_J'_“/_
V6 -J’}

Vay hé c6 nghiém duy nhat la ( 6

=

b) Tir phuong trinh thit hai ctia hé ta cé x = v2 - 3.y,

thay vao phuong trinh thir nhit ta duoc :

\E.(\C—\E.y)—\@yﬂ Q}erE—-:-;E'

Tir do : x-J_ J_J(_)+\/_

: ]
Vay hé céo nehiem duy nhatla| | ; ————|.
RSSO [ £+£J

16



Dang 2. PHUONG PHAP DAT AN PHU

Phuong phap giai

- Dat diéu kién dé hé c6 nghia.

- Dt dn phu va di¢u kién cia 4n phu (néu c6).
~ Giai hé theo cdc 4n phu di dat.

- Trd lai 4n di cho dé tim nghiém cta hé.

Vi du. Giai cic h¢ phuong trinh

l+.l_=2 [ = -] 2 P
lx oy o |2x-y x+y x+1 y-=3
18 4 21 1 122 3

——==-1; - =0: . S,

(X Yy 12X -y X +Y x+1 y-3
Giai.

a) Didukiénx#0;y=0.
Datl=u;l=v.lacéh¢ i
X y 3u-4v=-1

v=2-u v=2-u u=1
Lo = Lo}
3u-42-u)=-1 u=1 visl.

1
'I‘rt'zrl::_li:imv:;yta-::é~:x -:::-{x:I

1 y =1,

& i

y

Vay hé ¢4 nghiém duy nhat (1 : 1)
' : [=] . 7 et A S B

b) biéu kién y # 2x ; y # —x.

3u-6v=-1

bt =1, l =v,tacéhé LR

2x -y X +y T lu=v=0.
(1
u=-—
Giii hé ta duoc 4 ?
V=,
| 3

2. TTKT-PPGT92 .. A



I
- 2x-y 3 _ [2x-y=
Trolaian x,ytacod: ¢ "= Q{k ;

X +y=3.

Giai hé ta dugc phuong trinh ¢6 nghiém duy nhdt (2 ; 1).

c) Diéukienx # -1 ; y # 3.
Su+v =27

pat —— = u; — =v.lac6h¢{

X + 1 y-3 2u - 3v =4,
=5
Giai hé ta duge {u
vEd,
x]=5 ( 5
. X + =
Tro lai 4n X, y ta ¢6 < & {x 4
}F
— =2 =06
=3 4

Vay h¢ c6 nghiém duy nhat [—% X 6].

Dang 3. XAC DINH TOA PO GIAO DIEM CUA HAI DUONG THANG

Phuong phap giai

Toa do giao diém chinh 1a nghiém cta hé¢ duoc tao bai hai phuong trinh
hai dudng thing da cho.

Vi du 1. Xdc dinh toa do giao diém cta hai dudng thing
a)(d):2x-y=3va(d):x+2y=4,;

1
b)(d):2x +y=2va (d):x +{;y=1.

Giai.
a) Toa do giao diém M cua (d) va (d') Ia nghi¢m cua hé :
2x —y=3
{x + 2y=4,.
Giai hé bang phuong phép thé€ duge nghiém la (2 ; 1).
Vay toa do giao diém laM(2 ; 1).
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2Xx +y =2 y =2 -2x

b) Xét hé | <> |
X+—-y=1 X+=(2-=-2x)=1
2 2
=2 - =2=2
- y=2 2xc> y X
0.x=0 x € R

hé da cho ¢6 vo sO nghiém.
Vay (d) tring (d'). Toa d0 giao diém N(x ; 2 - 2x), x € R.
Vi du 2. Tim m d¢ ba duong thing sau déng quy.
(d):2x-y=0;
(d)):x+y=3;
(dy) : 2x = 3y =m.
Giai.
» Toa do giao diém M ctia (d,) va (d,) 12 nghiém cla hé :
2x -y=0
{x +y=3.
Giai hé bang phuong phép thé¢ duge nghiém la (1 ; 2).
* (d}): (dy) va (d3) dong quy <= (d;) di qua (1 ; 2)
<21=-32=meSm=-4,

Vay vGi m = —4 thi ba dudng thing déng quy.
Dang 4. GIAI VA BIEN LUAN HE PHUONG TRINH

Phuong phap giai

» Tir mOt phuong trinh cua hé rit y theo x roi thay vao phuong trinh con
lai dé duoc phuong trinh ax = b.
 Bién ludn :
— Néu a # 0 thi x = —, thay vao bi¢u thitc dé tim y, hé ¢6 nghi¢ém duy nhat.
a
—Néua=0thitac60.x=b
+ Néu b = 0 thi hé ¢6 vo s6 nghiém.
+ Néu b # 0 thi h¢ vo nghiém,
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Vi du. Giai va bién luan hé phuong trinh sau :
{mx -y=2m ¢
X=my=m+ | (2)
Giai.
* T (1) tacéd y = mx — 2m thay vao phuong trinh (2) ta duoc :
X-m(mx-2m)=m+ |
< (1 =-m).(l+m)x=(1-m).(l +2m) (3)

(I1-m)(1+2m) 1+ 2m

eNéfum==1thi x = <
(1 = m)(1 + m) 1+ m

1+2m_2m -m

il =

1 +m l+m

Khidd v =m
ARl WALS Ly

J

=> hé ¢6 nghiém duy nhit l+2m: il :
l+m 1+m

* Néu m = -1 thi phuong trinh (3) c6 dang : 0.x = =2 = hé v0 nghiém.
* Néum = | thi phuong trinh (3) ¢6 dang : 0.x = 0 = hé ¢6 v0 s6 nghiém (x ; x — 2).
Viy : Vdéim = -1 thi hé vo nghiém.

Véi m =1 thi hé ¢6 vo s6 nghiém (x ; x - 2).

Véi m # £ | thi hé c6 nghiém duy nhat

1+ 2m
1+ m

-m
l+m

},’:

Dang 5. XAC DINH THAM SO m DE HE PHUONG TRINH THOA MAN
PIEU KIEN VE NGHIEM SO

Phuong phap giai

* Giai h¢ phuong trinh tim x, y theo tham sé m.
* Véi diéu kién vé nghiém s6 cua dé bai tim m.
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Vi du. Cho hé phuong trinh :
(a+1)x—ay=35 (N
{x+ay=az+4a (2)
Tim gid tri cia a € Z dé cho hé c¢6 nghiém (x ; y) v6ix, y € Z.
Giai.
Tir phuong trinh (2) tacd x = a’ +4a - ay.
Thay vao(1): (a+ l).(a2+4a—ay)—ay= >
<:>a(a+2)y=a3+532+4a—5 (3)
* Néu a = 0 hodc a = -2 thi phuong trinh (3) vo nghiém.
* Diéu kién dé hé c6 nghiém duy nhatlAa=#0; a = -2,
a® +5a° +4a-5

KBy = s

al +4a+ 5

Tu dé6 ta duoe x =
a+2

e Tru6c héttatimae Zdéx e Z

3
x=(a+2)+l=a+2+ .
a+2 a+ 2

PéxeZthia+2e U(l).
Suyraa+2=x!l=>a=-3;a=-1.

-Véia=—3:::>y=(3)+5'( 3)° +4.(-3) 5=-]-¢Z.
-3.(-3+2) 3

-Vé‘ia=—l{h‘|y=( D” + 5.(=1)+ 4.(-1) 5=5.
-1.(-1+2)

Vdy v6i a = ~1 thi hé cé nghiém nguyén la (2 ; 5).

C. BAI TAP TU LUYEN

Giai cdc hé phuong trinh sau bang phuong phdp thé

1 l
Vi — ¢ w7 e _y =2 =
2) X -y b) 3x+4y 2=0
3x +2y =14, o
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Giai cic hé phuong trinh

a){ﬁ(x+}f)=8+2x—3y b{(x—?)(y+l)=xy
Sy =x)=5+3x + 2y, (x + 8).(y = 2) = xy.

Giai cdc hé phuong trinh

7

3
+==2
) X+2 vy b) V3x =1 -2y +1=1
a) <
4 _1_5. 23x =1 + 32y + 1 =12,
(x+2 y 2

Xdc dinh toa do giao diém ciha hai dudng thing :
aA)(d):y=x-2va(d):y=2x+1.
b)(d):x+y+1=0va(d):x-2y+4=0.
c)(d):x=3y+5=0va(d):2x+y-18=0.
Cho ba dudng thang :
(dy):x-2y=-3;
(da_!):\ﬁ.x +y=ﬁ+2 va
d,):mx=(l=2m)y=5-m.
a) Xdc dinh m dé ba dudmg thing dong quy.
b) Chimg minh rang (d,,,) luon di qua mot diém ¢d dinh véi moi m.
Giai va bién luan hé phuong trinh {2:{ =2

ax + 2y =2a + 1.
mx + 4y =10 - m

Cho h¢ phuong trinh {
X+ my=4,

a) Xdc dinh cdc gid tri nguyén m dé hé c6 nghiém duy nhat (x ; y) sao cho

x>0,y>0.

b) Tim gid tri nguyén m dé hé ¢6 nghiém (x ; y) v6i x ; y 12 s6 nguyén duong.

HUGNG DAN - PAP SO

{x=4 {x:f‘l
a) b)
y=1; y=4



2,

4.

4x + 9y =8

a) H¢ phuong trinh tvong duong véi
8x - 3y = -3.

Gidi hé phuong trinh ta duge nghiém (—i- x I].

b) H¢ phuong trinh twrong duong véi {
X - 4y = =8,

Giai hé phuong trinh ta dugc nghiém (12 ; 5).

, Tu + 3v=2
a) Dat = u; — = v. Hé phuong trinh c6 dang 5
X + 2 J 4u-v=—,
2
(]
U=E
Giai hé ta dugc « l
V=-—,
[ 2
{x+2=2 {x=0

Suy ra -

=-2 =-2.
Viy nghiém cua hé phuong trinh 12 (0 ; -2).
byPat \3x -1 =u20; 2y +1=v20.

-v=]1 =3
Hé phuong trinh tré thanh s - !
2u+3v=12 v =2,
10

3x-1=3 [*T7F
Suy ra =X

2y +1=2 y=_§

© 2

fin 2\
Vay nghiém cua hé la L% : —;—J

Toa d0 giao diém M cliad vad' la:
a) M(=3; -5). b) M(=2; 1). c) M(7; 4).
a) Toa do giao diém cia«(d,) va (d,) la nghiém cta hé phuong trinh

X -2y=-3 {x=1
<
VZx+y=J2+2 |y=2
Vay toa do giao diém cta (d,) va (d,) 1a M(1 ; 2).
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Dé ba dudng thing dong quy thi M € (d,,).

<:>m—(1—2m).2=5—m@m=%.

Vay véi m = % thi ba dudmg thing déng quy.

b) Dat E(xg ; yo) 12 diém ma (d,,,) di qua véi moi m
< mxy = (1 = 2m)yy =5 = m ding véi moi m
< (Xg + 2y + 1)m =y + 5 ding véi moi m
Xg + 2y +1=0 =9
@7[ 0o *<Yo Q{xo
L}'G'.*'S:g L

Vay diém c¢6 dinh ma (d,)) luon di qua 1a E(9 ; -5).

xeR
» a =2 =>hé v0 s6 nghiém 5 - 2x
.2

*a=-2=>hé v0 nghiém.

; ; 2 1
-a:i’l::-ht}cénghlemduynhal(5+ 2 }

2+a 2+a

a) Diéu kién dé hé c6 nghiém duy nhat1a m # + 2.

Khidéhécénghiv@m[g_m; 2 )
24+ m 2+ m

(8 —m

>0
Ly uid 2+ m
* Dicukienx>0,y>0 < ¢ . <> -2<m<8.

>0

|2+ m

VéimeZ=>me {-1;0;1;2;...;7}.
bym={-1;3}.



§4. GIAI HE PHUONG TRINH BANG PHUONG PHAP CONG DAI SO
A. TRONG TAM KIEN THUC

1. Quy tic cong dai so
Quy tiac cong dai s6 dung dé bién déi mot hé phuong trinh thanh hé phuong
trinh twong duong. Quy tic cOng dai s6 gébm hai budc sau :
Buoe 1 : Cong hay trix timg v€ hai phuong trinh clia hé phuong trinh da cho dé
dugc moét phuong trinh maéi.
Buwoe 2 : Dung phuong trinh méi 4y thay thé cho moét trong hai phuong trinh
cua hé (va gilr nguyén phuong trinh kia).

2. Tom tdt cach giai hé phuong trinh bang phuong phap cong dai so6
» Nhan hai v€ ciia mdi phuong trinh vdi mot s6 thich hop (néu cén) sao
cho cdc hé s6 cia mot 4n nao d6 trong hai phuong trinh ctia hé bang nhau
hoac déi nhau.
« Ap dung quy tic cong dai s6 dé dugc hé phuong trinh méi, trong dé cé
moOt phuong trinh ma hé s6 cia moét trong hai 4n bing 0 (tic 12 phuong trinh
mot 4n).
» Gidi phuong trinh mot 4n vira thu duoc réi suy ra nghiém cta hé di cho.

B. CAC DANG BAI TAP VA PHUONG PHAP GIAI
Dang 1. GIAI HE PHUONG TRINH BANG PHUONG PHAP CONG

Phuong phap giai

Céc budc giai : Xem phdn trong tam kién thiic.

Vi du 1. Gidi cdc hé phuong trinh sau bang phuong phdp cong dai s6

-y=2 7x + 4y =74
2) X =y b) X + 4y
3Xx+y=2; 3x + 2y =32,

Giai.
a) Cong timg vé& hai phuong trinh ctia hé ta c6 :

X-y=2 4x =4 X =1
— &5
X+y=2 3x+y=2 y =-—1.

Vay hé c6 nghiém duy nhét 1a (1 ; -1).
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[7x + 4y = 74 {7.\(-{»4}':74 x =10 x =10

b - < =
13x+2y=32 |6x + 4y = 64 3x + 2y = 32 y =1

Vay hé c6 nghiém duy nhat 1a (10 ; 1).

Vi du 2. Giai cic hé¢ phuong trinh sau :

{(ﬁ+i)‘i+(xf—lb’ 3 b){x 3—}*J5=1

23.x =2y =33 + 1 xv2 + yJ3 = V3.
Giai.
{J§+I)x+(\/_—-l)y J_ (4+2\5)x+2y=3+\/§
2J_x—°y—3\f§+1 2J5.x—2y=3\/§+|
L J@raBn=4-443 lef
2 3x—‘?y=3\f§+l y=- 3;'.
Vay hé phuong trinh c6 nghiém duy nhit (l;—ﬁ+l}.
b) X 3—)'\/5:1 " 3x—y\/g=\f§
X 2+y~./§=\/5 2x+y\/€=afa
' _J§+J€
- 5x =3 + /6 s 5
X 2+y\/_—\f_ 3-42
y= 5
Vi}yh@cénghit;mduynha'tla‘l(\E+J_ 2= \/_]

Dang 2. XAC DINH a, b BE DO THI HAM SO y = ax + b DI QUA HAI DIEM
A, B DA CHO

Phudng phap giai

* Lan luot thay toa do cia A va B vao y = ax + b ta dugc hé phuong trinh
hai dn a va b.

+ Giai hé phuong trinh nay ta tim dugc cic hé¢ sG a ; b.




Vi du. Xdc dinh a, b ctia d6 thi ham s6 y = ax + b dé d6 thi cla né di qua :

aA)AR:DvaB(l:2); b) A(3: =6) va B(=2 ; 4).

Giai.

a) Hai div.’:"m A(2; 1) va B(l ; 2) thuoc dudmg thing y = ax + b nén ta c¢6 h¢
phuong trinh ana ;b

2a+b=1 a=-1 a=-l|
&> —
a+b=2 a+b=2 b =3.
Vayvbéia=-1;b=3thidéothiy=ax+bdiqua A(2:1); B(l:2).

a) Hai diém A(3 ; -6) va B(-2 ; 4) thudc dudng thing y = ax + b nén ta c6 h¢
phuong trinhdna; b

(3a+b=-6 [5a=-10 [a=-2
)
-2a+b=4 \-2a+b=4 b=0
Vay véia=-2;b=0thidothiy=ax+bdiqua A3:-6);B(-2;4).

Dang 3. XAC DINH THAM SO m DE HE PHUONG TRINH THOA MAN
PIEU KIEN VE NGHIEM SO

Phuong phap giai

* Trudce hét giai hé phuong trinh tim x, y theo m.
* Vi diéu kién vé nghiém s6 cia dé bai, tim m.

Vi du. Cho hé phuong trinh {x e
mx -2y =1.
a) Tim s6 nguyén m dé h¢ ¢6 nghiém duy nhat (x ; y) max >0, y <0.
b) Tim s6 nguyén m dé h¢ ¢6 nghiém duy nhat (x ; y) ma x, y 1a cdc s6 nguyén.
Giai.
a) » V&i m = 0 thi hé ¢6 nghiém [2 : -T)I-J thoa min dé bai.

[ 2m -1
2y =2 2 ow=2m-1 || mi+2
NG AR PSRy A g (M B el
mx -2y =1 mx =2y = | x=m+4
m? +2
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(2m - |

= <0
x>0 m- + 2 2m -1<0 |
Taco: =X < &S -4<m<—.
y<0 m + 4 m+4>0 2
: >0
| m° + 2

VimeZnénme {-3;-2;-1;0}.

Vay véim € {-3;-2; -1, 0] thi h¢ c6 nghiém duy nhat thoamin x>0 ; y <0.

b) » Theo cau a, m = 0 khong thoa man.

m+4 2m-|
m?+2 m>+2)

2

* m # (0 theo cdu a, hé c6 nghiém duy nhit [
Trugc héttimme Zdéx e Zthim+4:m”° + 2
2

B S . S R SN _ 2
111 <+ <11l . 11l T L = 9%

Ly I e |
—&. 11 T 4

U

:>4(m+4)—(4m—2)5m2+2 = 18:m? +2
mz‘imz+2>2nénm2+26 {13:6:9: lSI:»rnze {1:;4:;7;16}.
VimeZnétnme {£1;£2;+4).

Thir truc ti€p dé x € Z va y € Z thi chi ¢6 m = -1 thoa man.

C. BAI TAP TU LUYEN

Giai cdc hé phuong trinh sau bang phuong phéap cong

X=2y=-5 3x -2y =12
a) b)
X +2y=1;: 4x + 3y =-1.
Giai cdc hé phuong trinh sau
r
1
—(x +2)(y+3)==—xy + 50
{(x—l)(y—2)=(x+n(y—3) i
(x - 5)(y - 4) =(x - 4)()’ T 1); lfv — My — DY = lvu — 39
Giai cdc hé phuong trinh sau :
f [ 3x L2 4
) Jx -2 +\y-3=3 b) x+1 y+4
d) 4 <
2(x -2 -3y -3 =-4; 2Xx 3 _o.
x+1 y+4 ’

(22 = 2x) + Yy +1 =0
3(x* - 2x) = 2,[y +1 +7=0.




Xdc dinh a ; b ciia d6 thi ham s6 y = ax + b dé d6 thi ctia n6 di qua :
a) A(1;3)vaB(@3;2);

b) A(3;4) va B(-1; -2).

X=2y=3-m

Cho hé¢ phuong trinh
2X + ¥y =3(m + 2).

a) Giai h¢ phuong trinh khi m = -1.

b) Tim m dé hé ¢6 nghiém duy nhét (x ; y) sao cho S = x> + y* dat gié tri
nho nhat.
mx-y=3

Cho hé phuong trinh {
2Xx + my = 9.

a) Giai h¢ phuong trinh khim = 1.

b) Tim gid tri nguyén clia m dé hé ¢6 nghiém duy nhét (x ; y) sao cho biéu
thirc A = 3x — y nhan gid tri nguyén.

HUGNG DAN - PAP SO

Pép s0 :
= -1 =2
24" b)
y=2. y=-3
' JXx=2y==3
a) Hé phuong trinh twong duong véi o
X—-y=

Giai ra ta dugc nghiém cta hé 1a (?% . 6%]

3x + 2y =94
X +y=34.
x =26
y =8&.
a)Dalm=u20: y-3=v20.

+ = 3 = I
Hé phuong trinh c6 dang 2 [ ¢ thoa man.
2u-3v=-4 \

b) Hé phuong trinh tuong duong vaéi {

Giai h¢ phuong trinh ta dugce nghiém la {
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X -2 =1 {X=3
Suy ra <
Jy-3=2 y=7.

Vay nghi¢m cua h¢ [a (3 : 7).
X 1

b) bat =Uu,;
X+ 1 y + 4

= V.

3u+2v=4
H¢ phuong trinh ¢6 dang { ol s

u
R
Vv

2u-5v=9 = -]
X -2
X + 1 Xim—2
Suy ra s | = )
i — L}’==.J.
'y +4

Vay nghiém ciia hé la (-2 ; -5).
¢) bat (x - I)3=u20; \}y+ l=v20.

X 2u+v=2 u=0
H¢ phuong trinh c6 dang =
3u-2v=-4 v=2
x-1%=0 {x=!
Suy ra )
Jy+1=2 y=23
Vay nghiém cua hé la (1 ; 3).
a) a =-i:b=3l
2 2
b) azgzb;—i.
z 2
: x-2y=4
a) Khi m = =1 hé phuong trinh ¢6 dang
2Xx +y=3.

Giai h¢ phuong trinh ta duoc nghiém (2 ; =1).

_ X=m+3
b) « H¢ phuong trinh luén ¢6 nghiém {
y=m.



-TacénS=(m+3)2+m2

2

| o

9
E.

Vay S nho nhat la g khi m = "%'

e —

X -y =
6. a) Khi m =1 hé phuong trinh c6 dang { )

L8

Giai hé phuong trinh ta duge nghié¢m 1a (4 ; 1).

2x +y=09.

3m+ 9
e 2
s s - m- + 2
b) « V& moi m hé ludn c¢6 nghiém <
y = Om - 6
| m? +2
33
Xt A=3x-y=— .
m° + 2

DEAcZeom +2eUB3)mam +222:meZ.
Suyra:me {1;-1;3;-3}.

§5. §6. GIAI TOAN BANG CACH LAP HE PHUONG TRINH

A. TRONG TAM KIEN THUC

Céc bude giai todn bing cich lap hé phuong trinh :

Bicoe 1. Lap hé phuong trinh :

— Chon cdc 4n s6 va dat diéu kién thich hop cho céc 4n s6.

— Biéu dién cdc dai luong chua biét theo cdc 4n s6 va cdc dai luong da biét,
— Tir d6 1ap hé phuong trinh biéu thi su tuong quan giira cdc dai luong.
Bicoe 2. Giai h¢é phuong trinh.,

Buge 3. Kiém tra xem trong cdc nghiém cta hé phuong trinh, nghiém nao
thod man diéu kién ctia 4n, nghiém nao khong thod min, réi tra 1.
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B. CAC DANG BAI TAP VA PHUONG PHAP GIAI
Dang 1. TOAN VE QUAN HE GIUA CAC SO

Phuodng phap giai

+Téngctaavablamthitacéa+b=m.
«S6alémhonséblamthitacba-b=m,
+S6 abing k 1dn sO b thitacé a =k.b.

Vi du 1. Ti s6 ctia hai s6 1a 3 : 4. Néu giam s6 16n di 100 va tang s6 nho thém
200 thi ti s6 mdi la 5 : 3. Tim hai s6 do.

Giai.

* GoisO bé lax vaso lon lay (y > x).

x 3

Z== (1).
y 4

Néu giam s6 16n di 100 va tang s6 nho thém 200 thi ti s6 méi la 5 : 3, 1a ¢6
phuong trinh:

TisOcuahaisOlala3:4thitacod

p)
x + 200 _ 5 ).
y-100 3
Tur (1), (2) ta c6 hé phuong trinh :
x_3
y 4 4x -3y =0
. =
x+200 5 3x - 5y = -1100.
y-=100 3
= 300
Gidi he phuong trinh ta duoc { &
y =400
Vay hai s6 can tim la 300 va 400.

THJ LIk l

Vi du 2. Mot thira rudong hinh chir nhat, néu ting chiéu dai thém 2 m, chiéu
rong thém 3 m thi dién tich tang thém 100 m’. Néu giam chiéu dai va chiéu rong
di 2 m thi dién tich giam di 68 m?. Tinh dién tich cua thira ruong dé.

Giai.

Goi chiéu dai thira ruong 1a x (m, x > 0) va chiéu rong lay (m, y > 0).

Néu tang chiéu dai théem 2 m, chiéu rong thém 3 m thi dién tich tang thém 100 m”.

Ta c6 phuong trinh : (x + 2).(y + 3) = xy + 100 (1).



Néu giam chiéu dai va chiéu rong di 2 m thi dién tich giam di 68 m°.
Ta c6 phuong trinh : (x = 2).(y = 2) = xy — 68 (2).
Tu (1), (2) ta c6 hé phuong trinh :

{(x +2)y + 3)=xy + l(]'{}--r> {Sx + 2y =94

(x =2)(y - 2)=xy - 68 -2x = 2y = =72,
‘ X =22 oo e
Giai hé phuong trinh ta duoc : i (thoa man dicu kién).
y =

Vay dién tich thira ruong 1a 22.14 = 308 (m°).
Vi du 3. Théng thi nhit hai t6 san xudt dugc 900 chi ti€t mdy. Thang thit hai
t6 I vuot mirc 15% va 16 11 vuot mic 10% so véi thang thir nhat. Vi vy hai t6 da

san xudt dugc 1010 chi i€t mdy. Hoi thdng thir nhat méi 16 san xuit duoc bao
nhiéu chi tiét may ?

Gidi. Goi s6 chi tiét mdy cia 16 I san xudt duogc trong thiang thir nhat 12 x (chi
tiét, x € N). |

Goi s6 chi tiét mdy cua t6 II san xuit duge trong thiang thir nhat 1a y (chi tiét,
y € N).

Thang thit nhét hai 16 san xuat duoc 900 chi tiét may ta ¢6 phuong trinh :

X +y =900 (1).

Thang thit hai t6 I vuot mic 15% va 16 11 vuot mic 10% nén di san xuét duogc

1010 chi ti€t mdy, ta cé phuong trinh :

I15x+110y=1010 2).
100 100
Tur (1), (2) ta duge hé ik Giai ra ta cé = (thoa man
M f . 1dl ra (8] a
JC e lle+110}=]010 ¢ = 500
100 100

diéu kien).
Viy trong thang thit nhit t8 I san xudt dugc 400 chi tiét may, t8 II san xuit
dugce 500 chi tiét may.

Vi du 4. Hai kho chita 450 t4n hang. Néu chuyén 50 tdn tir kho I sang kho II
thi s6 hang kho II bing % s6 hang kho I. Tinh s6 hang trong méi kho.

Giai.

Goi s6 hang trong kho I 1a x (tidn, x > 0) ; s6 hang trong kho I 1a y (t4n, y > 0).

Hai kho chira 450 tdn hang nén ta ¢6 phuong trinh :
X +y=450 (1)
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Néu chuyén 50 tdn tir kho I sang kho II thi s6 hang kho II béng % sO hang

kho I ta ¢6 phuong trinh : y + 50 = -;l.(x - 50)

x +y=450

Tur (1), (2) ta c6 hé phuong trinh
(1), (2) Y gtr y+50=%(x-50).

s 0 . . Y
Giai hé phuong trinh ta dugc { 150 thoa man diéu kién.
y =

Vay trong kho I ¢6 300 tan hang, kho II ¢6 150 tan hang.
Dang 2. TOAN LIEN QUAN PEN CHU'SO

Phuong phéap giai

(2).

Vi€t s6 dudi dang thap phan ab=10a+b ;
abc = 100.a + 10.b + ¢

0<a<9;aeN;

0<b,c<£9:b,ceN.

Vi du 1. Tim s6 tu nhién c6 hai chit s6 biét ring t6ng cdc chir s6 ciia n6 bang
10 va néu viét s6 dé theo thir tu nguoc lai thi duge s6 mdi nho hon s6 ban diu 18

don vi.
Giai.
Goi chir s6 hang chuc la x, chir s6 hang don vilay :
O<x;y<9;x,yeN.
Theo dé bai ta ¢é hé phuong trinh :
x+y=10 x+y=10
. <
Xy = yx + 18 10x + y =10y + x + 18

=10 =6 ;
= Gk < ‘ thoa man diéu kién.
X=-y=2 y=4

Viy s6 cin tim |a 64.

\
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Vi du 2. Mot s6 tr nhién ¢6 hai chir s6. Ti s6 gitra chir s6 hang chuc va chir s0
9
hang don vi la é NéEu viét thém chir s6 1 xen vao giira thi duge s6 mai [6n hon s6

da cho 1a 370 don vi. Tim s6 da cho.
Giai.
Goi chir s6 hang chuc la x, chir s6 hang don vi la y :
0<x<9;0<y<9:;x,yeN.
Theo dé bai ta ¢6 hé phuong trinh :

x_2 3x =2
y 3 o
— s 100x + 10 + y = 10x + y + 370
xly = xy + 370
[x=4 . _ .
< thoa man diéu Kién.
ly=6
Vay s6 di cho 1a 46.

Dang 3. TOAN LAM CHUNG CONG VIEC

Phuong phéap giai

* Todn lam chung cong viéc c6 ba dai lugng tham gia la toan bd cong
viéc, phdn viéc trong mot don vi thoi gian ; thoi gian.

» Néu mot doi lam xong cong viée trong x ngay thi mot ngay doi dé 1am

1 :
dugc — cong viéc.
X

« Xem toan bd cong viéc la 1.

Vi du 1. Hai cong nhan cung lam mét cong viéc trong 18h thi xong. Néu
nnlf?'n ﬂ'nr nh‘-!h 14 Ah va nnlrrﬂ 'I'hlr hat 1am 127h thi ~hi hoan l!lunh ngu coOne vide

R el IR VWl b Ihd BUEEL JLAEEE B &S00 RERE %B00 BRVSRRLND B b Ih.-h-n
Hm néu lam riéng thi méi ngudi hoan thanh cong viéc dé trong bao 1au ?
Giai.
Goi thoi gian nguoi thir nhit lam mdt minh hoan thanh cong viée 1a x (gid, x > 0) ;
ngudi thit hai Iam mo6t minh hoan thanh cong viéc la y (gio, y > 0).

T PE—— | : TR, 1
Trong lh ngudi thit nhat [am duge — cong viée, nguoi thir hai lam duge —

X y
cong viéc.
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Hai ngudi lam chung 18h thi xong, ta ¢é phuong trinh :

it o
x y 18

Néu ngudi thit nhat 1am trong 6h va ngudi thir hai lam trong 12h thi hoan
thanh 50% cong viéc, ta ¢6 phuong trinh :

6 12

— + — =50% (2).
X y
Tir (1), (2) ta c6 hé phuong trinh :
| ] l
—_— . — = —
X y I8
12+ £ = 50%.
[x

Giai hé phuong trinh ta duge x = 36 ; y = 36 thoa man diéu kién.

Viy néu [am riéng thi ngudi thit nhat hoan thanh cong viéc trong 36h va ngudi
thir hat hoan thanh cong viéc trong 36h.

Vi du 2. Hai vdi nuéc chay cung vao mot bé khong ¢6 nude thi sau Th 30 phiit
s¢ ddy bé. Néu mo voi I chdy trong 15 phit rdi khéa lai va md voi thi 1T chay

trong 20 phuit thi duoc —; bé. Hoi néu mbi voi chay riéng thi bao lau ddy bé ?
Giai.
. ;3 o 1 oo
Ta c6 : 1h 30 phit = ;-)-h ; 15 phit = Zh » 20 phat = Eh'
Goi thoi gian voi I chay mot minh ddy bé la x (h ; x > 0) ;
Thoi gian voi II chay mot minh ddy bé lay (h; y > 0).

Hai voi cung chay thi sau 1h 30 phit ddy bé, ta ¢6 phuong trinh :

2
== (1).

1
+_
y 3

-
X
Voi [ chay trong 15 phit va voi II chay trong 20 phit thi duogc % bé ta c6

phuong trinh : —_—t — =
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Tir (1), (2) ta c6 hé phuong trinh :

. 15 -] § o
Giai h¢ phuong trinh, ta dugc : x = v VY = 5 thoa min diéu kién.

Vay néu chdy riéng thi vdi I chiay ddy bé trong %h. voi II chay ddy bé

5
trong —h.
& 2

Dang 4. TOAN CHUYEN DONG

Phuong phéap giai

» Todn chuyén dong ¢6 ba dai lugng tham gia :
vin toc (v), thoi gian (t), quang dudng (S).

Vi du 1. Mot ca n6 di tir A dén B véi van t6c va thoi gian du dinh. Néu ca no
ting van toc thém 3 km/h thi thoi gian rit ngén duge 2 gio. Néu ca né giam van
toc di 3 km/h thi thoi gian tang 3 gid. Tinh van téc va thoi gian du dinh cta ca no.

Giai.

Goi van toc du dinh cia ca n6 la x (km/h ; x > 3) va thoi gian du dinh di tir A

A ﬂnlhirf’q;}t‘o-u‘\n\
Ul L i ¥ \EIV ., ¥ ~ U).

NéEu ca nd tang van toc thém 3 km/h thi thoi glan rit ngin duoc 2 gid, ta ¢6

phuong trinh : (x + 3).(y - 2) = | (1).
Néu ca nd giam van toc di 3 km/h thi thoi gian tang thém 3 gio, ta c¢6 phuong
trinh : (x = 3).(y + 3) = xy (2).

(x +3).(y = 2) =xy

Tiur (1), (2) ta ¢6 hé phuong trinh :
P s {(x - 3).(y + 3) = xy.
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y=12

Vay van toc du dinh cta ca nd 1a 15 km/h.

Va thoi gian du dinh cia ca nd 1a 12 gio.

Vi du 2. Mot ca no chay trén song trong 8 gidr xuoi dong duoc 81 km va nguoge
dong 105 km. Mot lan khdc, ca n6 chay trén song trong 4 gir xudi dong 54 km
va ngugc dong 42 km. Tinh van téc riéng cua ca nd va vin toc dong nudc.

(Bi¢t viin toc riéng ctia ca nod ; van t6c dong nude khong doi).

Giai.

Goi van toc riéng ctiacand la x (km/h ; x > 0) ;

Van toc dong nude lay (km/h ; x >y > 0).

Suy ra van téc xudi dong cia ca n6d 1a : (x + y) (km/h) va van téc nguge dong
cua ca no la (x — y) (km/h).

Ca no6 chay trong 8 gid xuodi dong duogc 81 km va nguge dong duge 105 km,

ta ¢6 phuong trinh : x8+ly + KI?S}' =8 (1).

Ca n6 chay trong 4 gid xu6i dong duge 54 km va nguge dong dugc 42 km,

Giai h¢ phuong trinh, ta dugc : 1 thoa man diéu kién.

o)
ta ¢6 phuong trinh : i + e =4 (2).
X+y X-Y
Tir (1), (2) ta c6 hé phuong trinh :
81 " 105 -3
X+y Xx-Yy
£
')
54 g 42 _4
[ X+y X-¥%
1 1 ~ |8lu+105v =28
bat =u; =v,tacoh:
X+Yy X=y 54u + 42v = 4,
ru_l
T =27 =24 .
Giaihétacod: < 2?z:» il § = . thoa man diéu kién.
1 X-y=21 y=3
V=—
L 21

Vdiy van toc riéng cta ca nd 1a 24 km/h ; van t6c dong nude 1a 3 km/h.,

Vi du 3. M6t xe mdy di tir A dén B trong thai gian da dinh. Néu di véi van téc
45 km/h s€ 161 B chdm mat nira gio. Néu di véi van t6c 60 km/h s€ t6i B sém 45 phuit.
Tinh quiang dudng AB va thdi gian du dinh.
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Giai.
; - I
Ta céd: 45 phit = i giov.

Goi quing dudmg AB 1a x (km ; x > 0) va thoi giandu dinh ditr Adén Blay
(h, y > 0).
« Né€u di vé6i van t6¢ 45 km/h sé t6i B cham nira gid, ta c6 phuong trinh :

1
=45.|y + — 1).
X [Y 2] (1)
« Néu di v6i van t6c 60 km/h s€ t6i B s6m 45 phiit, ta ¢6 phuong trinh :
3
=60.|y-— 2);
X [)’ ‘J (2)

Tt (1), (2) ta c6 hé phuong trinh : <

. X =225 e ,
Giai hé phuong trinh ta dugc 45 (thoa man diéu kién).
y

Viy quing dudng AB dai 225 km va thdi gian du dinh di tr A dén B hét 4,5
gidy (= 4 gidy 30 phiit).

Dang 5. TOAN CO NOI DUNG LI, HOA

Phuong phéap giai

« Ndm vimg cdc cong thirc i, hda lién quan.

Vi du 1. C6 hai loai quang chita 75% sét va 50% sit. Tinh khéi lugng cia méi
loai quang dem tron dé dugce 25 tan quang chita 66% sit.

Gidi.

Goi kh6i luong loai quang chita 75% sét va 50% sit ldn luot 1A x, y (t4n ; x, y > 0),

Theo dé bai ta cé hé phuong trinh :
X+y=25
75x % S50y _ 66
100 100 100

29,
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Giai hé phuong trinh ta dugc : { 0 (thoa man diéu kién).
y =

Vay dem tron 16 tan loai quing chita 75% sit ; 9 tdn loai quang chita 50% sit.
Vi du 2. Ngudi ta cho thém | kg nude vao dung dich A thi duge dung dich B
c6 nong do axit 1a 20%. Sau d6 lai cho thém 1 kg axit vao dung dich B thi duoc

dung dich C ¢6é néng do axit Ia 33%%. Tinh noéng d6 axit trong dung dich A.

Giai.

Goi khoi lugng axit trong dung dich Alax (kg:; x>0);

Khoi lugng nudc trong dung dich A lay (kg ; y > 0).

Cho thém 1 kg nude vao dung dich A thi duoc dung dich B ¢6 ndng do axit 1a

20% ta ¢6 phuong trinh : ———— = 20% (1).
X+y+1

Cho thém 1 kg axit vao dung dich B thi dugc dung dich C ¢6 néng do axit la
X+ 1 1

331% ta c6 phuong trinh ;: ———— =33-% (2}
3 X +y+2 3
N |
. ) . X+y+1 5
Tur (1), (2) ta ¢6 hé phuong trinh : <
x+1 1
(X +y+2 3

= |
Giai hé ta duogc {x 3 (thoa man diéu kién).
y o
1

1
Vay nong do axit trong dung dich A la : : B z = 25%.
+

C. BAlI TAP TV LUYEN

1. Cho mot s6 gébm hai chit s6. Néu ddi chéd hai chir s6 cia né ta dugc s6 méi hon
s6 cii 14 45. Téng cua s6 di cho va mot s6 méi tao thanh 1a 77. Tim s6 da cho.

2. Tim hai s6 tu nhién biét tdng ctia ching 1a 100 va s6 16n hon s6 bé 1a 20.
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Hai ngudi thg cing lam mot cong viée trong 16 gid thi xong. Néu ngudi thu
nhdt [am moOt minh trong 15 gid réi ngudi thir hai lam ti€p 6 gid thi hoan thanh
duge 75% cong viéc. Hoi mdi ngudi lam cong viée d6 mot minh hoan thanh
trong bao lau ?

Theo k¢ hoach hai té san xuit 600 san phdm trong mot thoi gian nhat dinh. Do
dp dung ki thuat mdi nén 16 1 da vuot miec 18% va 16 11 da vuot mic 21%. Vi
vay trong thoi gian quy dinh ho da hoan thanh vuot mic 120 san phdm. Hoi s6
san phdm dugc giao cua mdi 16 theo ké hoach ?

D¢ hoan thanh mot cong viée, hai 16 phai lam chung trong 6 gid. Sau 2 gid
lAam chung thi 18 hai duoc diéu di 1am viéc khdc, 16 moét di hoan thanh cong
viéc con lai trong 10 gid. Hoi néu méi 16 1am riéng thi sau bao 14u s¢é lam xong
cong viéc d6 ?

Mot ca n6 xu6i dong 81 km va nguoc dong 42 km mat 5 gig. Mot 14n khéc, ca
nd xudi dong 9 km va ngugc dong 7 km thi mat 40 phit. Tinh van t6c riéng
ciia ca ndé va van toc dong nudce. (Biét van téc riéng cia ca nd ; van t6c cla
dong nude khong doi).

Mot 6 1o di tir Ha Noi va du dinh dén Hué Iic 20h 30 phit. Néu xe di véi van
toc 45 km/h thi sé dén Hué¢ cham hon so véi du dinh 1a 2 gio. Néu xe chay vai
van téc 60 km/h thi s€¢ dén Hu€ sdm hon 2 gi¢ so véi du dinh. Tinh d6 dai
quing dudomg Ha Noi — Hué¢ va thoi gian xe xudt phat tir Ha Noi.

MOt trudmg 6 chite cho hoc sinh di tham quan bing 6 16. Néu xép mébi xe 40
hoc sinh thi con thira 5 hoc sinh. Néu xé€p mbi xe 41 hoc sinh thi xe cudi cling
con thi€u 3 hoc sinh. Hoi ¢6 bao nhiéu hoc sinh di tham quan va ¢é bao nhiéu
6107

Cho mot hinh chir nhat. Néu ting do6 dai méi canh ctia né 1én 1 cm thi dién
tich cua hinh chir nhat s¢ tang thém 13 cm®. Néu giam chiéu dai di 2 cm,
chiéu rong di 1 cm thi dién tich ctia hinh chi nhat s& giam di 15 cm”. Tinh
chiéu dai va chiéu rong cua ctia hinh chir nhat da cho.

HUGNG DAN — DAP SO

Goi chir s6 hang chuc la x, chitsé hangdonvilay:0<x,y<9;x,y e N.

. 0y + x =10 45
Theo dé bai ta ¢6 hé phuong trinh : yrx e
10x +y + 10y + x = 77.
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X =1 B T
Giai h¢ phuong trinh ta dugc : { 6 (thoa man diéu kién).

y —
Vay s6 da cho la 16.
2. Goisolénx,sobélay(x;y e N).

X +y=100

Theo dé bai ta ¢ hé phuong trinh : {
x -y =20.

] 0 » . = -
Giai h¢ phuong trinh ta dugc {x . 40 (thoa man diéu kién).
}P =

Viy hai s6 tu nhién la 60 ; 40.

3. Goi thoi gian ngudi thir nhat lam mot, minh hoan thanh cong viéc 1a x (gid ;
X > 0) ; ngudi thir hai lam mot minh hoan thanh cong viéc la y (gio; y > 0).
1

1
T
Theo dé bai ta c6 hé phuong trinh : <
= 75%.

i

Xy
15 6
_+_
Lx Y

4 .
Giai h¢é phuong trinh ta dugc { 48 (thoa man diéu kién).
}-’ =

Vay néu lam riéng thi nguoi thir nhat hoan thanh cong viée trong 24 gid ;
nguoi thit hai hoan thanh cong viée trong 48 gio.

4. Goi s6 san phim t6 I duge giao Ia x (san phdm ; x € N) ;
sO san phiam t6 II duoc giao 12 y (san phdm ; y € N).

X +y =600
Theo dé bi ta c6 h¢ phuong trinh : < 18x 21y -
— + —==120.
100 100
. (x=200 . _ .
Giai hé phuong trinh ta dugc i 400 (thoa méan diéu kién).
y =

Vay s6 san phdm t6 I duoc giao 1a 200 san phdm ; t6 II dugc giao 1a 400
san pham.
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5. Goi thoi gian t6 I 1am mot minh hoan thianh cong viée la x (gid; x > 0) ;
t6 I 1Am mot minh hoan thanh cong viée 1a y (gidy; y > 0).
1 1 1
_— — = -
. X y 6
Theo dé bai ta c¢6 hé phuong trinh :
1 1 10
2| —+—|+—=1.
X Yy X

Giai hé phuong trinh ta dugc { 10 (thoa man diéu kién).
y =

Vay néu 1am riéng thi t6 I hoan thanh cong viéc trong 15 gidy ;
T6 II hoan thanh cong viéc trong 10 gid.
6. Goi vin toc riéng ctta cand la x (km/h ; x > 0) ;
Van t6c dong nudc lay (km/h; x >y > 0).
Theo dau bai ta ¢ hé phuong trinh :

81 42
+ =3
X+y X-y
*
9 7 2
+ = —,
X+y Xx-y 3
l , 8lu+42v =35
bat =u: =v,tacld: 9
X +Yy X=Yy 9u+?v=5.
i
"S5 [x+y=27 [x=24
Giai hé ta duoc : < — = (thoa man diéu kién).
| x —-y=2] y=3
V=—
| 21

Vay van t6c riéng clia ca nod la 24 km/h.
Van t6c dong nude 1a 3 km/h.

7. Goi quiang dudng Ha N6i — Hu€ la x (km ; x > 0 ) va thoi gian 6 t6 du dinh di
lay (giog;y>0).
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X =60.(y - 2)

Theo dé bai ta ¢6 hé phuong trinh :
X =45.(y + 2).

- 20 . e
Giai hé phuong trinh, ta duoc { 14 (thoa man diéu kién).
y =
Vay quing duong Ha Noi — Hué€ 1a 720 km.
Va thoi gian xe xudt phat tir Ha Noi 1a : 20h 30 phut — 14h = 6h 30 phut,
Goi s6 hoc sinh di tham quan la x (ngudi, x € N') va s6 0 16 12 y (610 ;
yeN).

x =40y + 5
Theo ddu bai ta ¢6 hé phuong trinh : :
x =4ly - 3.
3 x =325 o i
Giai hé phuong trinh, ta dugc 9 (thoa man di¢u kién).
y =

Vay s0 hoc sinh di tham quan la 325 em va s6 0 16 1a 8.
Goi chiéu dai hinh chit nhat 1a x (cm ; x > 0) va chiéurong lay (cm ; y > 0).
(x+ D(y+1)=xy+13

Theo dé bai ta c¢6 hé phuong trinh :
(x =2}y -1)=xy - 15.

[x =7 X
Giai h¢ phuong trinh, ta dugc { 5 (thoa man diéu kién).
}’ —

Vay chiéu dai cta hinh chir nhat 12 7 cm ; chiéu rong 1a 5 cm.

ON TAP CHUONG IlI
A. TRONG TAM KIEN THUC

Phuong trinh bic nhat hai 4n x va y ¢6 dang ax + by = ¢, trong d6 a, b, ¢ 1a céc
soOvaa#0hoiacb=0.

Phuong trinh bac nhét hai 4n ax + by = ¢ lu6n ¢6 vo s6 nghiém.

Trong mit phing toa do, tap nghiém cua né duoc biéu dién bdi dudng thing
ax + by =c.

C6 hai quy tic bién déi hé phuong trinh dé 1a quy tic thé va quy tic cOng nén
cé hai phuong phdp co ban giai hé phuong trinh : phuong phédp thé, phuong
phdp cong.



ax + by =¢
4. He phuong trinh : { i (a. b, c. 2’ b', ¢ # 0)

ax +by=c.

5 » b
* C6 vO 6 nghiém néu : -9;=-; = E—
a b ¢
y . & B &
e Vonghiémnéu: — = — # —;
a b ¢

* C6 mot nghiém duy nhdt néu : i # —E
d

5. Giai todn bang cach lap hé phuong trinh gébm ba budc :
* Buoe 1. Lap hé phuong trinh.
* Buoe 2. Giai hé phuong trinh vira 14p.
* Buge 3. Nhan xét, tra loi.

B. CAC DANG BAI TAP VA PHUONG PHAP GIAI
Dang 1. GIAI HE PHUONG TRINH

Phuong phap giai

« Phuong phip thé ;
» Phuong phip cong ;

« Phuong phdp dat an phu.

Vi du 1. Giai cdc hé phuong trinh sau :

L PR W, Y ) L
a){3 4 b){5 3 3 )92 3
|5x -y =11 [4x =Sy =10 =0. x+y-10=0
Giai.

P |

—+==-2=0 4x + 3y =24 4x +3(5x - 11) =24
o Tly=sx-11 Tly=sx-11

5x -y =11 AR St

=3 x=3 | , , )
= = 1a nghiém cua hé phuong trinh.

y=53-11 y=4
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5
X ¥ 1 X==
- == - 3x + 5y =-5 Tx =
B {57373 @{4“: 10@{; : 57 7
4x-5y-10=0 (X7 = = 3= & S =il
[ .8
X ==
=X ! 6 la nghiém cua hé phuong trinh.
Ly
.
-== 3x -2y =0 3x -2y =0
12 3 =t —}-rm {7 9y-90
x+y-10=0 *}¥Y*" i
(5x =20 (x =4
. { 1a nghiém ciia hé phuong trinh.
X+y=10 y=6
Vi du 2. Giai cdc h¢ phuong trinh sau :
7 4 5 (4 5 5
—— — — + —p—
a) JXx -7 Jy+6 3 by X+y-1 y=-2x-3 2
5 3 I 3 1 7
+ =2-—. - = —,
‘Jx—? Jy-+-6 6 Xx+y-1 y-2x-3 5
Giai.
a) Diéu kiénx > 7 ; y > -6.
bat : =u>0; 1 =v>(.

|
VX =7 y +6

Tu - 4v = E
Hé phuong trinh ¢6 dang : 3
l

Giai hé phuong trinh, ta duoc : <

(thoa man diéu kién).

vx-7=3 {x=16
Suy ra 1
Jy+6=6 y=30

Viay hé phuong trinh ¢ nghiém la (16 ; 30).



b) Pt : M N— u; ;3= v. Diéukienx+y—-1#0;y-2x-3=0).

x+y—l- y = 2X -
4ll+5\‘=§
H¢ phuong trinh ¢6 dang : 72
3u-v=-—,
!
-
u=—
Giai hé phuong trinh, ta dugc < 21
V=—,
y 10
. 10
+y—-1=2 X+y= )
Suy ra ki ot v =X 3 (thoa man diéu kién).
y-2x-3=10 -2x+y=13
¥ =0
( 3
: i ; ¢ 10 1
Vay hé phuong trinh c6 nghiém la -——3-;6-5 ;
Vi du 3. Giai cdc hé phuong trinh sau :
X+y+z=38 2X +y+2z2=23
a)3x-2y+z=1 b) {x+2y+z=20
4x +y + 22 =19. x+y+2z=17.
Giadi.
X+y+z=38 (1)
a)43x -2y +z=1 (2)
4x +y+2z=19 (3)

Tur phuong trinh (1), ta ¢6 : z= 8 — x — y thay vao phuong trinh (2), (3) ta dugc :

{3x—2y+8—x—y=l c}{2x—3y=—7
4x +y+2.(8-x-y)=19 2X —y =3,
Giai hé phuong trinh hai 4n, ta dugc {; i:
Suyra:z=8-4-5=-1.

Vay hé coOnghiémla(x;y;z)=(4;5;-1).
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2X +y+2z2=23 (D
b) ¢x +2y+2z=20 (2)
X+y+2z2=17 (3)
Tiur phuong trinh (1), (2), (3) cOng vé€ véi vé ta dugc :
4x +4y +4z2=60 => x +y+z=15 (4).
+TU(]),(4)=x+15=23=x=8,.
*TU(2), 4)=>y+15=20=>y=35,
cTu(3),d)=z+15=17=2=2.
Vay h¢ phuong trinh cé nghi¢m la(x;y;z)=(8:5;2).

A NC LT DLIT N, TDINLT
VUL IIE I NU I

DI
N

Phuong phap giai

* Giai h¢ phuong trinh theo tham s6.
+ K&t hop vai yéu cdu vé nghiém dé tim tham so.
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S
Vidul. Véigidtrim#0naothihe {7 7
3Xx+my=35
J

- e m
cé nghiém thoamian x +y =1 = —;
m-+3

?

Giai.

3Xx+my=>5 (2)

 Tu phuong trinh (1) = y = mx — 2 thay vao phuong trinh (2), tacé :

2m + 5

= )
m- + 3

{mx—y=2 (1)

3IX+m(mx-2)=5=x=

Sm-6
Suyra: y=— :
m- +3

m? 2m+5 Sm-6 m? 4
= < + =1- SSm=-——.

m- + 3 m2+3 m>+3 m?> +3 7

*Tacox+y=1-




. ) 3 . 2x+y=a+2
Vi du 2. Xdc dinh a dé hé phuong trinh
X-y=a

c6 nghiém (x ; y) thoa min x <.

Giai.
-.-l.l+?.-
X =
2x+y=a+2 3x =2a+2 3
< < 9
X—-y=a X—y=a V_2—-21
C 3
2a+2 2-a
Taco:x<y &< 3 < 3‘4:::»:1«:0.

Vay véi a < 0 thi hé ¢é nghiém (x : y) thod mdn x <.

Dang 3. TIM GIA TRI THAM SO PE HE CO NGHIEM DUY NHAT ;
HE VO NGHIEM ; HE CO VO SO NGHIEM

Phuong phap giai

Aax by =
Hé¢ phuong trinh ¢ {u LTS (a,b,c,a, b, c' #0).

ax +by=c¢

: . b
* C6 mot nghiém duy nhit < E # o :
d

* Vo nghiém c:>-a—-=-tl|i-{-:-:
a b

.. .. a b C
* C6 vO 0 nghiém < — = T,
r

a
is

Vi du 1. Xdc dinh m d¢ méi hé phuong trinh sau ¢6 nghi¢m duy nhat :
X+ my =] 4x +my =9
) d b) ;
mx —3my =2m + 3. 2mx + 18y = -27.
Giai.
X =1

a)* Vgim=0, hé¢ cé dang : Vo nghiém (loat).
0.x = 0y = 3.

4- TTKT-PPGT9/2 ... A
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« Xét m # 0, di¢u kién d¢ hé c6 nghiém duy nhat Ia : L # —0 >m=-3.

m -3m
Vay véim £ {3 ; 0} thi h¢ cé nghi¢m duy nhat.
4x =9
b) » V6i m =0, hé¢ cé dang : c6 nghiém duy nhat.
18y = =27

Suy ra m = 0 thoa man.

’a . g - oy m 5
« Xétm # 0. H¢ ¢6 nghiém duy nhat khi : - z— oO2m™#72<< m#16.
m

Vay véi m # 6 thi hé ¢6 nghiém duy nhat.

Vi du 2. Xdc dinh m dé méi hé phuong trinh sau ¢6 vo s6 nghiém :

Imx +y=m r{m=l}2.x+{m2 - Dy = (m + 1)°
a) i b) .,

X +my =1l @2m = Dx +(m + )y =m? - 1.
Giai.

" y=0 : oae 35
a)* Vagim=0, h¢ c6 dang : | la nghiém duy nhat (loat).
X =
« Xétm # 0. H¢ ¢6 v6 s6 nghié¢m khi 1;-1—=i =?c>m=il.
m

Vay vdi m =+ 1 thi hé c6 vo s6 nghiém.

s - ‘(4)" - 0 . . . X = 0
b) « Xét m = -1, hé¢ ¢6 dang : { hé c6 vO sO6 nghiém la
3 y € R

= m = -1 thoa man.

(1. 3 9
| Py, T
* Xét m = —, hé¢ cé dang : < =3 -
2 0 +3,__3 1
e V%
H¢ ¢6 nghiém duy nhit (loai).
e Xétmeg {—I %} hé ¢6 vo s6 nghiém khi :
m-1 m’-1_(m+1) 0
2Zm -1 m+1  m? -1 -

Vaym € {=1; 0} thi h¢ ¢6 vo s0 nghi¢m.
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Vi du 3. Tim m dé hé phuong trinh sau vo nghié¢m :
{2{m +DXx+(mMm+2)y=m-3

(m+ DX +my=3m+ 7.
Giadi.

==-4
* Vdi m = -1, h¢ phuong trinh ¢6 dang : {)’ 4
_v i

' : X € )
= hé ¢6 vO s6 nghi¢m { (loat).

y=-4
_ . ) 2x + 2y =-3 ,
* V&i m = 0, h¢ phuong trinh ¢6 dang : . h¢ ¢6 nghi¢ém duy
X =
nhat (loai).
(-8 1 16
7 EREEE)
* VGi m = ——, hé phuong trinh ¢6 dang : ¢
3 -4 7
—_X - —%-y =0

hé phuong trinh c6 nghiém duy nhat (loai).
+ Xétm g {—I 203 —%} ht}'phlrmg trinh vo nghi¢m khi :

2m+1) m+2 m-=3 v
( ) _ = m = 2 thoa min.

%
m + 1 m 3m + 7
Vay vi m = 2 thi h¢ da cho vo nghi¢m.

Dang 4. GIAI TOAN BANG CACH LAP HE PHUONG TRINH

Phuong phap giai

Xem phdn trong tam kién thic.

Vi du 1. Hai voi nudc cung chay thi sau Sh 50 phut sé ddy bé. Néu d¢ hai voi
cung chay trong 5 gidr roi khoa voi thir nhat lai thi voi thit hai phai chay trong 2 gid
nita méi ddy bé. Tinh xem néu dé mdi voi chay mot minh thi trong bao lau sé ddy bé ?

Gidi.
D4i 5 ity SO phiit = 5% gidy = 1—5 gidy.

Goi thoi gian voi mot chidy mot minh ddy bé hét x (giv; x > 0) ;
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Thoi gian voi hai chiay mot minh ddy bé hét y (gio; y > 0).
- % . . q. . - 35 . - L ) n
Hai voi chay thi sau 5 gio 50 phiit (: = gm) s¢ day be, ta c6 phuong trinh :

6
— 1).
35 (1)

Néu hai voi ciing chay trong 5 git réi khéa mot voi lai thi voi hai chay tiép
2 giy mdi day be, ta cé phuong trinh :

5.[l+lJ+3=| ).

I 1
— + p—
Xy

Xy :
Tt (1), (2), ta c6 hé phuong trinh :
L
e - —
x y 35
<
Y - g
5.(l+lj+:=].
L \X ¥ y
x =10 R
Giai h¢ phuong trinh, ta duge { 14 (thoa man diéu kién).
)-' =

Viy voi mot chay mot minh ddy bé trong 10 gid, voi hai chay ddy bé mot
minh trong 14 gid.

Vi du 2. Mot hop tdc van tdi c6 15 xe 6 td nho vi 10 xe 0 10 16n thi van chuyén
duoge 690 khich. Néu hop tic van tai nit bot 10 xe 0 16 nho va tang thém 4 xe 0 10
Ién thi s6 khiach chuyén duoc tang thém 20 nguoi. Hoi méi loai xe cho duge bao
nhiéu nguoi ?

Giai.
Goi s6 khach ma mot 6 16 nho cho duoc 1a x (khdch, x € N).
S6 khich ma mét 6 16 16n chd duge 1a y (khdach, y € N).
Theo dé bai ta c¢é hé¢ phuong trinh :
15x + 10y = 690
{Sx + 14y = 710.

\ x =16 o o s
Giai hé phuong trinh, ta duoc { 44 (thoa min di¢u kién).
¥ =i

Viy loai xe 6 16 nho cho duoc 16 khich.
Loai xe 6 16 Ién cho duogc 45 khich.



Vi du 3. Mot hinh chir nhat ¢6 chu vi 26 m. Néu tang chiéu dai thém 2 m va
tang chi¢u rong thém 3 m thi dién tich tang thém 40 m?. Tim kich thuéc ctia hinh
chir nhat,

Giai.

Goi chi¢u dai 1a hinh chit nhat la x (m, x > 0) :

Chicu rong hinh chit nhat la y (m, y > 0).

Chu vi hinh chir nhat & 26 m, ta ¢6 phuong trinh : (x +y).2 =26 (1).

Néu tf:}]ag chié¢u dai thém 2 m va tang chiéu rong thém 3 m thi dién tich tang
thé¢m 40 m~, ta ¢6 phuong trinh : (x + 2).(y + 3) = xy + 40 (2).

f

: 2 (x +y)2=26
Tu (1), (2) ta ¢6 hé phuong trinh : {

(X + 2).(y + 3) = xy + 40.

Giai h¢ phuong trinh, ta dugc { 5
=

Vay kich thudc hinh chit nhat [a 8 m; 5 m.

thoa man dicu kién.

C. BAI TAP TU LUYEN

1. Giai cdc h¢ phuong trinh sau

2x +3y -1 _12
b){ x -y +2 13

2) 2x+3)=3(y+1+4
3x -y +1)=2(x -2) + 3.

2x + 3y +2=0.
2. Giai cdc h¢ phuong trinh sau
r ?’
5"4+?“33_27 ~ - y]-—l
X + 2y - X + 2 +
D0 s s 5 .
) S & = -
(x+4 2y-3 x+2 y+1 3

3. Giai cdc h¢ phuong trinh sau

X+y+z=6
a){2x +2y - 3z=-8
3x —y + 2z = 46.

X+y-—z=2

b){y+z-x

!
=

Z+X—Y
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10.

54

Cho h¢ phuong trinh {(m + =y =t |

X+(m-1Dy=2,
a) Giai h¢ phuong trinh véim =2 ;
b) Giai va bién luan hé phuong trinh ;
c) Tim gid tri nguyén ciia m dé hé cé nghiém duy nhit (x ; y), vdi x, y ¢6 gid
tri nguyén ;
d) Tim m d¢é h¢ c6 nghiém duy nhat (x ; y) sao cho x + y dat gid tri nho nhat.
Hai truomg THCS ¢6 14t ca 300 hoc sinh du thi vio 16p 10 THPT. Bi¢t ring
trudng thit nhit ¢6 75% s6 hoc sinh dé, trudng thit hai ¢6 60% s6 hoc sinh do
nén ca hai truong ¢6 207 hoc sinh dé vao 16p 10. Hoi mdi trudng cé bao nhiéu
hoc sinh du thi.
Hai t6 san xudt, t6 I 1am trong 6 ngay, 16 II 1am trong 8 ngay dugc tat ca 620 san
phdm. Biét ring s6 san phim 16 I 1am trong 4 ngay ding bing s6 san phim 16 11
lam trong 5 ngay. Hoi méi ngay, méi t6 1am duge bao nhiéu san phim ?
Mot xe tai 16n chd 10 chuyén hang va mdt xe nho chd 5 chuyén hang thi dugc
60 tan. Bié€t ring 3 chuyén cua xe 16n cho nhi¢u hon 7 chuyén xe nho 1a 1 tan.
Hoi mébi xe chd duge bao nhiéu tan hang mot chuyén ?
Hai phin xudng cta nha mdy theo k& hoach phai lam 300 san phim. Nhung
phan xuong I di thuc hién 110% k& hoach, phan xuong I1 da thuc hién 120%
k¢ hoach, do d6 da san xuat duogc 340 san phdm. Tinh s& san phdm mbi phan
xuong phai lam theo ké hoach.
Hai nguoi thg cung lam chung mot cong viéc trong 7 gio 12 phut thi xong.
Né&u nguoi thit nhat lam trong 5 gidy va ngudi thir hai lam trong 6 gidr thi ca hai

chi lam duoc Z cong viéc. Hoi moéi ngudi lam mot minh trong thoi gian bao

lau hoan thanh cong viéc do ?

Hai dia diém A va B cich nhau 360 km. Cing lic d6 mot xe tai khai hanh tir A
chay vé B vi mot xe con chay tir B vé A. Sau khi gip nhau xe tai chay ti€p 5 gio
nita thi dén B va xe con chay tiép 3 gid 12 phiit thi 161 A. Tinh van téc méi xe.

HUOGNG DAN — DAP SO

X=3
a) { la nghiém ctia hé phuong trinh.

71
X =——

b) ¢ 20 Ia nghiém cua hé phuong trinh.




' ol o 3
2. a)ba: G = ) =v, ditukiénx#-4;,y # —.

X + 4 2y -3 2
. " 5 (Su + 2v = 27
Hé¢ phuong trinh ¢6 dang : 4
\12u = 6v =4,

=5
=il

Tir d6 suy ra nghi¢m cua hé phuong trinh 1 (=5 ; 3).

S fu
Giai hé ta duoce ]
\l’
L

3 i o 0
et il X " X+2 y+1
b) Bién doi hé phuong trinh duéi dang @ 4 . " 8
— = .+. i = —-—,
X+2 v+l 3
bat : I =u, l =v, didukiénx #-2;y=-1.
X+2 y + |
3u+v=_0
Hé¢ phuong trinh ¢ dang : 8
=2u + 2V = ==,
3
o)
Giai hé phuong trinh ta duge {3
v=-|,

Tir d6 suy ra nghiém cua h¢ phuong trinh 1a (1 ; =2).
3. a) T phuong trinh ddu suy ra z = 6 — x — y thay vao hai phuong trinh sau v
X+y=2 x =10
—
X —3y=34
Dodéz=6-10+8 =4,
Vay hé phuong trinh c6 nghi¢m la(x ;y:z)=(10:-8; 4).

thu gon, ta duoc : {
y =-8.

b) Cong v& véi vé ctia ba phuong trinh ta duge x + y + z = 12, sau dé két hop
voi timg phuong trinh, ta tim dugc nghiém ctua hé la

(X5 ¥y ) =43 45 5).

4. a) Véim =2, giai hé ta duge nghiém (% g %)

b) * V6i m = 0 = h¢ vO nghiém.
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2
m-+1 m+|
T T T
m m-

* V6i m # 0 = hé c6 nghiém duy nhat (

2
¢) * Vi m # 0 thi hé c6 nghiém duy nhit [m :- : - L t l].

.
m- + 1
3

-

« D¢ eZ =>m==1,

m

y
e | . m°+]l m+]
Thir lai v6i m = £ 1 thi —, =€ L.

m- m~

Vay voi m =% | thi h¢ ¢6 nghi¢m duy nhat (x ; y) véix,y € Z.

- .
d) « Vi m # 0 thi h¢ c6 nghiém duy nhit [m j I P t : ‘

m"~ m
2 2
R gD +T+2=1+(m+:’rj 21'
m- 8 8m~ 8

Vay vai m = —4 thi x + y dat gid tri nho nhdt la r3

Goi s6 hoc sinh cua truong thir nhat du thi la x (em ; x € N).

S6 hoc sinh cuta truong thithai duthilay (em ; y € N).

X +y =300
Theo dé bai, ta ¢6 hé phuong trinh :
tphuong trinh: 175x 60y _
100 100
g X80 oo e e
Giai hé phuong trinh ta duoc . (thoa man dicu Ki¢n).
LY== 120

Vay s0 hoc sinh cua truong thit nhit du thi 1a 180 em ;

S0 hoc sinh cta truong thi hai du thi [a 120 em.

Goi s0 san pham 16 I lam trong mot ngay 1a x (san phiam ; x € N).
S6 san pham 16 I 1am trong mot ngdy la v (san phdm ; y € N).

6x + 8y = 620

Theo dé bai, ta c6 hé phuong trinh {
4x = Jy.



y =40
Viy s6 san phdm lam trong mot ngay ctia t6 I 1a 50 san phim ;
t6 hai 12 40 san pham.

Giai hé phuong trinh ta dugc { (thoa man diéu kién).

Goi lugng hang xe 1on cho trong mot chuyén [ x (tin ; x € N) ;
Luong hang xe nho cho trong mot chuyén lay (tan ; y € N).

: 10x + Sy =60
Theo dé bai, ta ¢6 hé phuong trinh : d
3x -7y =1.
; x=35 : o i
Giai hé phuong trinh ta duoc { . (thoa man diéu kién).
y=24

“~

Avu v 1Am mat ~
ay AC U0 MUl C
1

t
Goi s6 san phdm phan xuong I 1am theo k& hoach 13 x (san phdm ; x > 0) ;

S6 san pham phan xuong 11 1am theo k€ hoach 1a y (san pham ; y > 0).

BiLFany
llll)\.-l iil,

#

X +y =300
Theo dé bai, ta c6 h¢ phuong trinh : < 110x 120y
100 100
[x =200

(thoda man diéu kién).

Giai hé phuong trinh ta dugc 1 i
y =

Vay phan xudng I 1am theo k& hoach 1a 200 san pham.
Phan xudng I1 lam theo k& hoach 1a 100 san pham.

Taco 7 gio 12 phiit = 3—; gid.

Goi thdi gian ngudi thit nhit lam mot minh hoan thanh céng viée hét x (gid; x € N) ;
Ngudi thit hai lam mot minh hoan thanh cong viéc hét y (givr; y € N).

f 1
+ —]

Theo dé bai ta ¢6 h¢ phuong trinh : <
+

“w |y |
A.Im g'bﬂl

1
X
2
k.

x =12 :
Giat hé phuong trinh ta dugc { 18 (thoa man diéu kién).

)? =
Vay nguoi thir nhat lam mét minh hoan thanh cong viéc hét 12 gio.
Ngudi thir hai lam mot minh hoan thanh cong viée hét 18 gio.
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10. Ta c6 3 giés 12 phit = % gid.

Goi van toc xe tai [a x (km/h : x> 0) ;

Van t6c xe con la y (km/h ; y > 0).

5x +%y=360

Theo dé bai, ta c6 hé phuong trinh : { 16

57
X y
: x =40 o L b
Giai h¢ phuong trinh, ta dugc - (thoa mdn dicu kién).
vV = JU

Vay van 16c xe tai la 40 km/h.
Van toc xe con 1a 50 km/h.
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cHuoNG 1V

HAM SOy = ax? (a = 0).
PHUONG TRINH Bi_m HAl M(]T AN

§1.HAM SOy = ax? (a# 0)
§2.D0 THI CUAHAM SO y = ax? (a # 0)

A. TRONG TAM KIEN THUC

Ham so y = ax’ (a #0)
e Haim s6 y = ax” (a # 0) xdc dinh véi moi gid tri x € R,
e Néu a > 0 thi ham s6 nghich bi¢n khi x < 0 va dong bi¢n khi x > 0.
e Néu a < 0 thi ham s6 déng bién khi x < 0 va nghich bién khi x > 0.
eNéua>0thiy>0véimoix # 0,

y = 0 khi x = 0. Gid tri nho nhit cia ham s6 lay = 0.
eNEua<Othiy<Ovéimoix # 0;

y = 0 khi x = 0. Gid tri 16n nhat cia him s6 lay = 0.
Do thi cia ham so y = ax’ (a #0)
e D6 thi hdm s0 y = ax® (a# 0) la mot dudng cong di qua géc toa do va nhan
Oy lam truc d6i ximg. Pudng cong d6 duge goi la mot Parabol véi dinh O,
e Néu a > 0 thi do thi ndm phia trén truc hoanh, O 1a diém thap nhat cla
duo il
e Néu a < 0 thi d6 thi nim phia dudi truc hoanh, O la diém cao nhit cta
do thi.

B. CAC DANG BAI TAP VA PHUONG PHAP GIAI

Dang 1. TINH GIA TRIHAM SO y = f(x) = ax* (a# 0) TAI x = x,

Phuong phap giai

Deé tinh f(x,) ta thay x = x, vao f(x).
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Vidu 1. Cho him s6 y = f(x) = 71)-:-:: . Dién vao ché trong trong img

B

X -3 -2 -1 0 | 2 3
}’—zx
Giai
X -3 -2 -1 1 0 I 2 3
y=-!-x _9_ p) l 0 l 2 2
2 p 2 2 2

Vi du 2. Dién tich S ciia mot hinh tron duoc tinh bai cong thite S =aR*, trong
dé R 1a bédn kinh.

a) Dung may tinh bo i, tinh cdc gid tri ctia S réi dién vio O trong trong bang
sau (biét = 3,14 ; lam tron két qua dén chir s6 thip phan thi hai).

R (cm) 0,52 126 | 2,65 3,65
S=nR’ (cm?)

b) Néu ban kinh tang gap 5 1dn thi dién tich ting hay giam may 1dn?

c¢) Tinh bdn kinh cua hinh tron, chinh xdc téi chir s6 thip phin thir hai, néu
biét dién tich ctia né bang 15,9 (cm?).

Giai.
a)
R (cm) 0,52 1,26 2,65 3,65
S= TCR.: (,;:mz) 0.85 4,99 22.05 41,83
b) Gia st R'= 5.R thi §' = aR”= n(5R)* = n25R’ =258,

Viy dién tich tang 25 lan.
c)S=nR?*=R? ——=>R ( b ~2,25(cm).

Vi du 3. Cho Parabol y -Z X°. Xdc dinh gid tri cha m dé cic diém sau day
thudc Parabol do :

a) A(ﬁ;m) : b) B(-— Z;m) : C) C(m;%}.
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Giai.

a) Diém A thuéc Parabol thitacé: m = %(\5)=%
. 1

b) bi¢m B thudc Parabol thitacé :m = :11—(—-\.5) =E .

Y l 3
¢) Biém C thuoc Parabol thi ta ¢o : % = E.m' &Sme {JE ;—\E}.

Nhdn xét : Phuong phdp dé giai dang todn ndy la : Nhimg diém thudc do thi
thi toa d6 thoa man phuong trinh hiim s6 va nguoc lai.

Vi du 4. Cho ham s6 y = 2x* ¢6 d6 thi 1a Parabol (P). Biét diém A ndm trén

# » - - ! - » T .
(P) ¢6 hoanh do6 bang = Hay tinh tung do cua diém A,

i

(TS 10, THPT Tinh Lam Pong, nam hoc 2009 - 2010)
Giai.

Diém A thuoc Parabol (P) va ¢é hoanh do bing —% thitaco:

1Y 1
22 | ==} ==,
y=2.(-3] =3

Viy di€ém A nam trén (P) ¢6 hoanh do biang -—% thi tung do cua diém A la 5

Dang 2. XAC DINH TINH DONG BIEN, NGHICH BIEN
CUA HAM SOy =ax’ (a # 0)

Phuong phap giai

Dua vao tinh chat cia y = ax’ (a # 0)
* a > 0 thi ham s6 nghich bién khi x < 0 va dong bién khi x > 0.

L

' . » L. 2
Vidu 1. Cho him s6 y =(3m-2)x"v6i m = —.

J
a) Tim diéu kién cia m dé ham s6 dong bién khi x >0 ;
b) Tim diéu kién ciia m d¢ ham s6 nghich bién khi x > 0.
Giai. a) y=(3m-2)x" dong bién khi x > 0 ¢6 diéu kién 1a 3m -2 > 0

~SMms>—,
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Vay v6i m >—§- thi y=(3m-2)x* déng bién khi x > 0.

2

b) y =(3m—-2)x’ nghich bi¢n khi x >0 c6é diéukién1a3m =2<0 <> m<
Viy vii m < 3 thi y=(3m-2)x" nghich bi¢n khi x > 0.

Vidu 2. Chohims6y = (dln+2—3)x3.

a) Tim diéu kién cia m dé ham s6 déng bién khi x >0 ;
b) Tim diéu ki¢n clia m d€ ham s6 nghich bién khi x > 0.
Giai.

a) y = (Vm+2 -3)x*ddng bi¢n khi x > 0 ¢6 diéu ki¢n Ia :

iy W sas ‘.;'

vm+2-3>0=Jm+2>3om>7.

b)ys= (\!m+ 2 —3):{2 nghich bién khi x > 0 ¢ di¢u kién la :

Jm+2-3<00<Vm+2<3e -2<m<7.
Vi du 3. Cho ham s6 y = (m® - 2m + 3)x*. Chimg minh rang khi x > 0 thi ham
sO dong bién.
Giai.
Tacém* =2m+3=(m - 1)’ +2>0 vdi moi m.
Suy ra ham s6 y = (m* = 2m + 3)x* khi x > 0 thi ham s6 déng bién.
Vi du 4. Cho ham s6 y = f(x) = 2x*. Tim gid tri 16n nhat, gid tri nho nhit coa
ham so khi :
ay0<x<3; b)-3<x<-1.
Giai.
a)a=2>0,nén him sé y = f(x) = 2x* dong bién khi x >0, do d6 véi 0 < x <3 thi
f(0) < f(x) < f(3) = 0 < f(x) < 18.
Vay gid tri 16n nhat cia ham s6 la 18 khi x = 3 ; gid tri nho nhat cta haim sé
[A0khix=0;
b) a =2 > 0, nén haim s6 y = f(x) = 2x* nghich bién khi x < 0, do d6 véi
-3Sx&€~-lthi:
f(-3) = f(x) = f(-1) = 18 > f(x) = 2.
Vay gid tri 16n nhat cia ham s6 12 18 khi x = — 3 ; gid tri nho nhat cia ham so
lAa2khix=-1.
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_ o
2-+3
Khong tinh gid tri hiy so sanh (~/99 +101)va £(20).

Giai.
1 1 —— - g
e Tach: s=y=f{x)= -X" dong bién khi x > 0.
3—3 ) ) =3 -
eTachH: l < V101=-10<10- \(—

MHO 0+\/_
@@+M<20:>f(@+ﬁ)<l‘(20).

Vidu 6. Choham s6 y = f(x) = (m? + m + 1)x’.
a) Chimg minh rang khi x < 0 thi ham s6 nghich bién ;
b) VGi m = = 2, tim cdc tri nguyén cta x dé f(x) < 100.
Giai.
a)Tacom’+m+1 = (m+-l—]- +E>0v6’i moi m.
2 4
Suy ra ham s6 y = f(x) = (m* + m + 1)x* khi x < 0 thi ham s6 nghich bién.
b) VGi m = = 2, ham s6 ¢6 dang y = f(x) = 3x™.
f(x) < 100 <> 3x’< 100, véix € Zthitacoé:x* e {0:1:4:9:16;25).
Vﬂvlaco % & {0kl rdditgiddetfy.

Dang 3. VE PO THI HAM SO y = ax? (a # 0)
Phuong phap giai

e Lap bz'mg gi‘i tri trong (ng gilta X va y. Cho x lan luogt cdc gid tri :

v =3:;-2:-1;0:1:2;3;...... r6i tim gid tri y tuong g bang cdch
lﬁp bang

e Biéu dién cdc diém tuong ting trén mit phing toa do.

Vi du 1. Cho him s0 y = %xz. Tinh cdc gid tri tvong tmg cua vy, dién vio 6

’ 2 ¢ s wmes tome = 1,
trong tuong img va vé do thi ham s6 y=—x"~
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Giai. (h.0)
Bang gid tri ctia ham s6 1a :

% -3 -2 -1 1 2
};:-l--xJ l
3 l
Y“

X -3=-2|-110 (1 ]2]3
I, l 1| 4
=it (| S|z 2|3

G 3|3 3|3
Vi du 2. V& d6 thi ham s6 y=%-x-ixi.
Giai. (h.7)

Véi x 20, thi vé d6 thi : y=%-x:.

r

Vé&i x <0, thi vé d6 thi : y=-%-x ;
. s | ;
Vay do thi y= > x|x= 1a hai
nhanh nhu hinh vé.

Dang 4. XAC DINH THAM SO
Phuong phap giai

g oo 3
Hinh 6
yll
i P
4':.2"__
24 1
f(x) =5 .x.]x|
11 s
2
X
Hinh 7

o y = f(x) ¢6 do6 thi 1a (P). Biém M(x,;v,)e(P) =y, =f(x,).

Vi du 1. Xdc dinh hé s6 a ctia him s6 y = ax®. Bi¢t ring d6 thi ham s6 di qua

diém A(10 ; 30).

Giai.

A(10; 30) thudc d6 thi ham s6 y = ax® < 30 =a. 10* <> a=0,3.

Viy v6i a = 0,3 thi y = ax’ ¢6 d6 thi qua diém A(10 ; 30).

Vi du 2. Cho ham s6 y = (k +2)x’ ¢6 d6 thi cat duong thing y-2x+3=0 tai

diém M(1 ; m). Hiy xdc dinh m va k.
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Giai.
e M(1 ; m) thuoc dé thi ham s6y = (k+2)x* & m=(k+2) & m=k+2 (1)
e M(1 ; m) thuoc dudng thing y-2x+3=0¢>m-2.143=0 &m=-1(2)

Tu (1), Rtacobm=-1;:k=-3,

Vi du 3. Cho haim s6 y = ax + b. Tim a, b biét rang d6 thi ham s6 da cho song

“song v6i dudmg thing y = — 3x + 5 va di qua diém A thudc Parabol (P) : y =%xz

¢6 hoanh do bing — 2.
(TS 10, THPT Tinh Thita Thién Hué, nam hoc 2009 - 2010)
Giai.

DA thi him e v L hcnn
isu T

-_— M0 —qv L § =g =_13
il owv - A SUIIE . P, T T e + | ot

Diém A e (P) c6 hoanh do bing -2, nén y =—(-2)" =2 = A(=2; 2).

1

7
Do thihams6y =ax + bdiquadiém Anén2=-3.(-2)+b=>b=-4.
Viya=-3,b=-4.

Dang 5. TOA DO GIAO DIEM PARABOL VA DUUNG THANG
Phuong phap giai

e Gia sir Parabol (P) 1a d6 thi ciia haim s6 y = ax’ (a # 0) va dudmg thing
(d) ¢6 phuong trinh y = mx + n.

e D& tim toa do giao diém cta (P) va (d) ta viét phuong trinh hoanh do
giao diém ciia (P) va (d) : ax* = mx +n. (1)

+ Néu (1) vo nghiém thi (d) khong cét (P).

+ Néu (1) ¢6 nghiém thi (d) c6 diém chung véi (P).

e Goi x, la hoanh d¢ giao diém thi tung do giao diém 12 y=ax’ hoic

LELLV S ) e L L ]

y=mx, +n.

Vi du 1. Bién luan theo m s6 nghiém cta phuong trinh : 2x* =1 =m .
Giai.
2x’-l=me 2x*=m+1.
® V& d6 thi (P) : y = 2x* va dudng thing y =m + 1.
Bang gia tri
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X -2|-11]-0,5 0 [O5( 1 | 2 g‘ y=2x2
y=2x* 8 |12 /05| 0 |05[2]8

Dua vao dé thi ta ¢6 két qua (h.8) 5]‘

e m < -1 phuong trinh v6 nghié¢m. z -

e m = -1 phuong trinh ¢6 mét nghiém. T y=m+]

e m > —1 phuong trinh ¢6 hai nghiém. .2

Vi du 2. Cho Parabol (P) : y = x* va
dudmg thing (d) 1y =—- x + 2. —t—t : ,

gthang (d) :y X 1 o I 2
a) V& (P) va (d) trén cung mat phang
Hinh 8

-
LETL L aRE L

b) Tim toa do giao diém A ; B clia (P) va (d) bing phép tinh.

¢) Tinh dién tich A AOB ( don vi trén hai truc 1a cm).
Giai.
a) Do thi (P) va (d) nhu hinh 9.

b) Hoanh d¢ cta giao diém (P) va (d) la nghiém cia phuong trinh : x* = = x + 2

SxX+x-2=0x-1D+2)=0
&S>xell;-2).
Véix=1=2y=1*=1=B(l; ).
Véix=-2=y=(-2)"=4

= A(-2;4)

¢) Goi C va D 1a hinh chiéu cia Ava B
trén truc hoanh.

Ta co : SABM= BD;AC.CDzﬂ3
2 2
=7,5 (cm’);
Soac = 2 ACCO= k 4.2 =4 (cm?).
2 2
- %.BD.DO = %'“ =0,5 (cm?).

= S‘U.r\ﬂ = SABDC_. SOBD = SO;\(' = 7,5 - ‘4 a 0.5 - 3 (sz)
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C. BAI TAP TU LUYEN

Choy=(2m-3)x*v6i 2m-3#0.

a) Tim m dé ham s6 déng bién khi x > 0.

b) Tim m dé ham s6 nghich bién x > 0.

Trong timg trudng hgp hiy xdc dinh hé s6 a cha ham y = ax®. Biét diém M
thudc d6 thi cha ham so d6

a)M(2;2); byM(-2:4); c)M(2;-4).

a) Xdc dinh a clia ham s6 y = ax? biét d6 thi cha né di qua diém A(l ; =2).
b) Vé d6 thi ciia ham s6 dé.

¢) Tim diém thuoc Parabol néi trén ¢6 tung do 1a —4 .

d) Tim toa do cdc diém thudc Parabol va cdch déu hai truc toa do.

Giai céc phuong trinh sau bang phuong phép do6 thi

a) x}=x-2=0, b) x* -2x+3=0.

_____

a) V& d6 thi (P) ciia ham s6 y—_-"? vi dudmg thing (d) : y = x + 4 trén cling

-mot hé truc toa do.
b) Tim toa do giao diém (P) va (d) bing phép tinh.
(TS 10, THPT Thanh phé Ho Chi Minh, nam hoc 2009 - 2010)

Trong mat phing toa d6 Oxy cho haim s6 y = ax’ ¢6 d6 thi (P).
a) Tim a, biét ring (P) cit dudmg thing (d) c¢6 phuong trinh y=-x —% tai

diém A c6 hoanh do biing 3. V& d6 thi (P) img véi a vira tim duoc.
b) Tim toa do giao diém thit hai B ( B khdc A) cta (P) va (d).
(TS 10, THPT Thanh phé Can Tho, nam hoc 2009 - 2010)
a) V& d6 thi ham s0 y = f(x) = x* vd y = g(x) = 2x trén cling mat phing toa do.
b) Nho& d6 thi, hay chi ra cdc gid tri cia x sao cho f(x) = g(x) ; f(x) > g(x) ;
f(x) < g(x) .
Cho ham s6y = (vYm -2 =5)x". Tim m dé
a) Ham s6 d6ng bién vai moix > 0.
b) D6 thi haim sé di qua diém A(=2;12).
Cho ham s6 y =(m’ +2m+5)x°.
a) Chimg to ham s6 nghich bién véi moix <0, dong bién véi moix >0,
b) Biét khix =-1thiy=8. Tim m. '

10. Tim toa d¢ giao diém ctia dudng thing y = x +6 va Paraboly = x*.

(TS 10, THPT chuyén Ha Nam, vong 1, nam hoc 2009 - 2010)

11. Cho Parabol (P) y=x’. Pudng thingy=mcit (P) tai A va B. Tim m dé

AAOB déu va tinh dién tich AAOB.
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HUGNG DAN - PAP SO

a)m:-g. b)m:i.
2 2

a)a=05. bla=]l. c)a=-1.
a)a=-2. b)Bandoc tu vé dé thi hAim s6 y = — 2x°.

) Diém thuge parabol ¢6 tung do - 4 14 A(=v2; -4), B(v2; -4).

d) Diém thuoc parabol va cich déu hai truc toa do la

0(0:0), M[_l _IJ,M'[l;i).
. 22

a) Nghiém ctia phuong trinh 12 hoanh dé cia giao diém hai d6 thi y = x* va
y =X + 2. Ban doc tuy vé do thi, tadugc x, == 1, x, = 2.
b) Nghiém clia phuong trinh 12 hoanh d¢ cla giao diém hai d6 thi y = X* va

y = 2x — 3. Ban doc tu vé dé thi, ta thdy hai dé thi khong cé diém chung.
Vay phuong trinh vo nghiém.

a) Ban doc tu vé do thi.

-

b) Hoanh do cua giao diém (P) va (d) 1a nghiém cua phuong trinh _x? =X+4

S -2x-8=0x"+2x-4x-8=0x-HEx+2)=0x € {4;-2}.
Véix=4=>y=8= A4, 8).
Véix==-2=>2>y=2=B(-2; 2).

. , l o
a)a= —% , ban doc tu vé d6 thi haim s0 y = ——,)—.x‘ : b) B(_l;?}

a) B;_m doc tu vé dé thi.
b) Nho d6 thi, ta ¢6 cdc gid tri cha X :
o f(x)=g(x)=>x € {0;2);
o f(x) <g(x) & 0<x<2.

i gl |
o f(x X) &

5 L“ <0,

a) Diéu kién dé ham s6 déng bién véi moi x>0 1A Ym—-2-5>0 hay
vJm-=2>5, suyra m> 27,
b) Dé thi ham s6 di qua diém A(=2;12) tic 1a 12 =(vm-2-5).(-2)° hay
vm-2-5=3,suyra m=66.
a) Ta com’® +2m+5=(m+1)’ +4 > 0v6i moi m nén ham s6 nghich bién véi
moi x < 0, dong bién véi moix >0.



b) khix=-1,y=8 ta ¢6 : 8=(m*+2m+5).(-1)' hay m*+2m-3=0,
(m=-1).(m+3)=0suyram=1 ;m=-3.

10. Hoanh do cta giao diém 12 nghié¢m cta phuong trinh

x’=x+6 hayx’-x-6=0 c>(x+2).(x—3)=0<:>[:i3_2

e Véix==-2,tacoy=(-2) =4.
eVGix=3tac6y=3"=9,
Vay toa do giao diém 1a A(-2; 49)vaB(3;9).

11. » Diéu kién dé y = m cit (P) 1a m > 0. Khi d6 hoanh do giao diém 1a nghi¢m
clia phuong trinh x* =m <> x = +yJm . it toa do A(—J-n—l;m) : B(ﬁ:m) :
e Do A va B d6i xig nhau qua Oy nén OA = OB.
Vay diéu kién dé AOAB déu 12 OA = AB, tic 1a : Vvm+m® =2Vm
hay m = 0 (loai), m = /3 (/m).

e Khi dé dién tich AAOB la: S= (dvdt).

AB;JZ’: _ 12;/5 S

§3. PHUONG TRINH BAC HAI MOT AN

A. TRONG TAM KIEN THUC

1. Dinh nghia

Phuong trinh bac hai mot dn (n6éi gon 1a phuong trinh bic hai) 1a phuong trinh
codang :ax’ +bx+c=0trong d6 x : 1adns6; a, b, c (a # 0) : 1a cdc hé s0.

2. Ta c6 thé giai phuong trinh bic hai bing cdch dua vé phuong trinh tich cta hai
nhan tr bic nhdt, roi giai cdc phuong trinh bac nhat twong (ng.

B AASA MALIS BAI TAR LA RIUIIFALIS MRILIAR SR
B. VAU DANG DAl TAF VA PRVUNU PRAF UlAl

Dang 1. XAC DINH CAC HE SO a, b, c CUA PHUONG TRINH BAC HAI
Phudng phap giai

e Khai trién réi dua cdc s6 hang vé vé trdi, vé€ phai bang 0.
e Xdc dinh cdc hé s6 a, b, ¢ cha phuong trinh béc hai ax® + bx + ¢ = 0.

e Néu bai todn biét nghiém, ta thay gid tri cua nghiém vao phuong trinh
rbi bién déi.
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Vi du 1. Dua cdc phuong trinh sau vé dang ax® + bx + ¢ = 0 va chi rd cdc hé

sO6a,b,c
a) 2x>=2Xx=5+X : b) x"+2x=mx+m,mlém¢thi’mgsd;
¢) 2x3 +V2(3x=1)=1+2.
Giai.

a) 2x* =2x =5+x <> 2x*-3x-5=0:a=2;b=-3;c=-5.
b) x*+2x=mx+me x’+(2-m)x-m=0:a=1;b=2-m;c=-m.
) 2x} +V203x-1)=1+V2 = 2x* +3/2.x-22-1=0 :

a=2;b=3v2;c=-2V2-1.
Vi du 2. Lap phuong trinh béc hai ¢é cdc hé s6 1a cédc s6 hiru ti ¢6 mot nghiém

12 v/2 +1. Xdc dinh cdc hé s6 ctia phuong trinh.

Giai.
Goi phuong trinh bac hai phai tim 12 ax® + bx + ¢ = 0 ¢6 nghiém x = J2 +1
<:>a(\5+l)'+b(\/§+l)+c=0«:¢(3a+b+c)+\5(23+b)=0.
3a+b+c=0 b=-2a
<>
2a+b=0

Thay vao phuong trinh ta duge : ax’ —2ax-a =0 x’ -2x-1=0.
Vayhés6 a=1;b=-2;c=-1.

Yia,b,¢ eQ;erl nen{

¢ =-—4d.

Dang 2. GIAI PHUONG TRINH BAC HAI

Phuong phap giai

C6 thé dua phuong trinh bic hai vé dang sau dé giai :

. A=0
e Dua vé dangtich: AB=0<
B=0
; [a=b
-Apdung:azzbzol
a=-b
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Vi du 1. Giai cdc phuong trinh sau

a) x’-5=0. b) x*-3x=0. c)2x*+3=0.
Giai.
3 x=\/§ .
2) x-—5=0@(x+~/§)(x—£)=0@{ J§=>x.=\/§;xz=—\/§.
X=-




0
b) x’—3x=0-::>x(x—3)=0-::>!x 3:>xl=0;x,=3.
X

c) 2x*+3=0

Tacéd: 2x* 20=2x*+3>0.

Vay phuong trinh v6 nghié¢m.

Vi du 2. Bién d6i v€ trdi thanh tich, rdi gidi cdc phuong trinh sau
a)2x*+5x +3=0; b)x*-x-12=0; c)x*=3(x-17>=0.
Giai.

A)2x*+5x+3=02x*+2x+3x+3=0

>
I
!

@(x+l)(2x+3)=0<:>[ 3

,_
-~
[
I
o |

Vay tp nghiém cia phuong trinh laS={-1; _% i

b)x}=x-12=0x*+3x-4x-12=0
X=-3

<:>(x+3)(x—4)=0c>[
X =4,

Vay tap nghiém cua phuong trinh 1a S= {- 3 ; 4}.
)x*=3x-1 =0=x*- [ﬁ(x—l)T:O

(1-43)+1=0
Q(x-ﬁ.x-l-l).(x-i- 3.x—l)=0¢?|::(l+\[§)i|=0,

1 1
V3-1"43+ 1}'
Vi du 3. Giai cdc phuong trinh sau bang cdch dua vé dang a.(x + m)*=n
aAx*+6x-16=0; b)2x*=6x+1=0.
Giai.

AX+6x-16=0=x*+6x=16x*+6x+9=16+9

Vdy tap nghiém cua phuong trinh 1a S = {

+3=5
= (x+3)’=25¢:::>[x
X+3=-5.

Vday tp nghiém cua phuong trinh 1A S= (- 8 ; 2}.
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b)2x2—6x+l=0<:>2x2—6:-;=-[.;_—_;»;;3—3;;:—-;-
3.7
¢>x—3x+2=2-lc¢(x—i} =l¢:> 2 2
4 4 2 2 4 T
AR
Vay tap nghi¢m ctia phuong trinh 1a S = {3 +2ﬁ 3 L -2 L }

C. BAI TAP TV LUYEN

1. Bua cdc phuong trinh sau vé dang vé dang ax® + bx + ¢ = 0 va r6i xdc dinh cdc

hé s6a, b, c
a)x*+4x=5; b) x*V2+x-2+xv2=0; ¢ (x—3).(x+ﬁ)=2.
Lap phuong trinh bac hai ¢é cdc hé s6 1a cic s6 hiru ti c6 mot nghiém la

2-/3 . Xdc dinh cdc hé s6 clia phuong trinh.

Cho phuong trinh (2x + 1)? = (x = 2)* = 0. Viét phuong trinh dudi dang
ax® + bx + ¢ = 0. Tinh gid tri a* + b* + ¢*.

Giai cdc phuong trinh sau

a) x>-11=0. b) 2x* +3x =0. c) X’ =-6x=72.
Bi¢n d6i vé& trdi thanh tich, réi gidi cdc phuong trinh sau
a)x*=-Tx+12=0; b) 7x*+ 12x +5=0;
c)x*-4x+3=0; d)x*=2x+1=-9(x*+2x+ 1)=0.

6. Giai cic phuong trinh sau bang cdch dua vé dang a.(x + m)* =n

9.

a)x*-4x-21=0;  b)3x*+6x+1=0; c) 2x*-2x-2=0.
Xdc dinh hé s6 m trong phuong trinh 3x* = mx — 9 = 0 sao cho phuong trinh
¢6 mot nghiém la 3. Giai phuong trinh dé.

Cho /3 1a mot nghiém cta phuong trinh ax* +bx +¢c=0(a#0;a,b,c € Q).
Tim nghiém con lai.

Biét riing x = 1 —+/2 12 mot nghiém ctia phuong trinh x> - 2x + 3 = a. Tinh a.

10. Biét ring phuong trinh 3x* — 4x + mx = 0 ¢6 nghiém nguyén duong bé hon 3.

12

Tim m.



HUGNG DAN - PAP SO

1. a)x’+4x-5=0:a=1;b=4;c=-5;

b) x’ﬁ+(1+ﬁ)x-2=o:a=J§;b=i+ﬁ;c=-2 ;
¢) x* + (JE-:a)x-sJE—z:o:a=1;b=£-3;c=-3J§—2.

2. Dips6:x*-4x+1=0:a=1;b=-4;c=1.

Thu gon phuong trinh, ta dugc : 3x* + 8x — 3 = 0.

Néena’+b*+c*=3"+8 +(-3)°=82.
4. Dipso6

a}x,=Jl_l ;x2=—\._/ﬁ. b)x,=0;:x,=~15. c)x,=12;x,==-6.
5. Dipso6

a)x|=3:}{2=4, b)xlz—l;:(z:__
C)xl= ;x2=3' d)x|=“0;51?{3=—2.
6. Dip s6
a)xl=_3;xz=?. b)x|=_3;Jg:x2=_3;Jg'

c)x,:ﬁ;xﬁ—g.
7. Péps6: m=6:x,=3;x%x,=-1.
8. Dépsd:x2—3=0;x1=\5:x3=—ﬁ.
9. Thayx=l—ﬁ vﬁuphmmgtr‘mh.laduqc:a=(l—-ﬁ)2—2(l—xﬁ.)+3=4.
[x=0
lﬂ.Tacé:x(Bx-4+m)=0<:>\\ A i1

X =—-»

3

DPé phuong trinh ¢6 nghiém nguyén duong bé hon 3 thi :
(4-m -

=] m =1
3 L—
[m=—2.

73



= 1 WA INVINITL O ATTIE TTA
15 1. AAL DJIINDTT OU NUNHIEVI LUA

§4. CONG THUC NGHIEM CUA PHUONG TRINH BAC HAL.
§5. CONG THUC NGHIEM THU GON

A. TRONG TAM KIEN THUC
Cong thirc nghiém cia phuong trinh bac hai

Xét phuong trinh ax® + bx + ¢ =0 (a # 0) va bi¢t thirc A =b* —4ac
e N¢u A> 0 thi phuong trinh ¢6 hai nghi¢ém phén biét :

X, =————-—-—_b+JE o =—_b_JE.
2a - 2a
e Néu A =0 thi phuong trinh ¢6 nghiém kép : x, =X, = ;—:.
e Néu A <0 thi phuong trinh vo nghiém.
Chit y : Néu phuong trinh ax’ + bx + ¢ =0 (a # 0) ¢6 a va ¢ trdi ddu tic 1a

ac < 0 thi A = b* - 4ac > 0. Khi d6 phuong trinh ¢6 hai nghiém phan biét.
Cong thire nghiém thu gon

D6i véi phuong trinh ax’ +bx +c=0(a # 0)vab=2b", A'=b"-ac
e Néu A'> 0 thi phuong trinh ¢6 hai nghiém phan biét :
~b'+/A' “p'=+fA"
X, = m— X, = —,
a a
. . : -b'
e N¢éu A’ =0 thi phuong trinh ¢c6 nghiém kép: X, =x, =—.
a

e Néu A' <0 thi phuong trinh v6 nghiém.

B. CAC DANG BAI TAP VA PHUONG PHAP GIAI

3

I ST
FTUAJING

» TOINLI DDA, TTAT
FINLINTL DA TTAL

Phuong phéap giai

e Xdc dinh a, b, ¢ ctia phuong trinh ax* +bx +¢ =0, (a # 0)

e Tinh biét thirc A =b? —4ac (hoic A'=b"-ac)

+ Néu A <0 (hoac A' <0) = phuong trinh vo nghiém.

+ Néu A =0 (hoac A' = 0) = phuong trinh ¢6 nghié¢m kép.

+ Néu A >0 (hoac A' > 0) = phuong trinh ¢6 hai nghiém phan biét.
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Vi du 1. Khong giai phuong trinh, hdy xdc dinh h¢ s6 a, b, ¢, tinh biét thic A
(hodc A') va xdc dinh s6 nghiém ctia méi phuong trinh sau

a) x2-23x+21=0; b)2x’-2V2x+1=0:  ¢) 2x?-5x+2=0.
Giai.

a) x2=23x+21=0:a=1:b=-3 ;c=21;

A'= (-\/3) —-1.21=-18 <0 = phuong trinh vé nghiém.

b) a=2,b=-2J2,b'=—V2,c=1;

A'= (-\E)- —2.1=0 = phuong trinh c6 nghi¢m kép.

gla=2 b==5 c=m2:

A =(—~S]: -4.2.2=9> 0 = phuong trinh c6 hai nghi¢m phan biét.
Vi du 2. Cho phuong trinh x* —=4x + m+1=0(m Ia tham s0) .
Tim diéu kién cia m dé phuong trinh ¢6 hai nghiém phan biét.
Gidi.

ea=lb'==2c=m+l;

e A'=(-2'-(m+1)=3-m.

Diéu kién d€ phuong trinh ¢6 hai nghiém phan bi¢t la: A' >0

&3-m>04m<3.
Vay vé1 m < 3 thi phuong trinh ¢6 hai nghiém phan biét.

Dang 2. GIAI PHUONG TRINH BAC HAI
Phuong phap giai

¢ Néu phuong trinh khuy€t b hoic ¢ thi ta phan tich thanh nhan tir réi giai.
e Néu phuong trinhdu b ; c:

- Xéc dinh hé s6 a, b, ¢ clia phuong trinh ax® + bx + ¢ = 0.

—Tinh A (hoac A').

— Ap dung cong thitc nghiém hoac c6ng thiic nghiém thu gon clia phuong
trinh bac hai.

Vi du 1. Giai cic phuong trinh sau
x*  2x 2x+7

a) x*-5x-12=0; b)x2+(\/3+ﬁ)x+~/€=0: c)-:,z—+
Giai.
a)a=l;b=-5;c=-12 ;
A=(-5)"-4.1.(-12)=>A=73=JA =73.
S4:/73 5-4)73

va X, 5

2 =

Phuong trinh ¢6 hai nghié¢m x, =
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b)a=Lb=V3+v2;c=+6:
A=(J§+J§)2-4.1.JE:A=(J§—J§)2=>JE=J§—J5.
—(ﬁ+ﬁ)+(ﬁ—ﬁ)=_ﬁ ;

2
(B+v3)-(B-vD)__ 5

Phuong trinh ¢6 hai nghi¢m : x, =

.’=

b2

x° 2x 2x+7
C) —+=—=

2 3 6
Tacba=3;b=2;b'=1l;c=-7;

A'=1P-3.(-7)=22=> /A" =22

Phuong trinh ¢6 hai nghiém x, = # va x, = -l-3\f22 '

S3P+Ax=2x+T o 3x*+2x-7=0.

Dang 3. GIAI VA BIEN LUAN PHUONG TRINH DANG ax* + bx + ¢ =0
Phuong phap giai

e V6i a = 0, phuong trinh tro thanh phuong trinh bac nhat bx +¢ =0
+ Néu b # 0 thi phuong trinh c6 nghiémx = —% :

+ Néu b=0;c # 0 thi phuong trinh vé nghiém.
+ Néu b=0;c =0 thi phuong trinh ¢6 vo s6 nghié¢m.
e VGi a=0, phuong trinh tr¢ thanh phuong trinh bac hai ¢6 biét thic
A =b’ -4ac (hoic A'=b"-ac)
+ Néu A <0 thi phuong trinh v6 nghiém.

’ : b
+ Néu A =0 thi phuong trinh c6 nghiém kép x, =x, = ~5a"

a

+ Néu A >0 thi phuong trinh cé hai nghiém phan biét

-b+JA -b-vA
X, = —— X

- .

: 2a i 2a

Vi du 1. Giai va bién luan phuong trinh :
X' —4x+m+1=0.
Giadi.
Xét A'=4-(m+1)=3-m
e Néu m >3 <> A'< 0= phuong trinh v6 nghié¢m.
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e Néu m =3 <> A'=0= phuong trinh c6 nghi¢m kép x, =x, = 2.

e Néu m<3 < A'>0= phuong trinh ¢6 hai nghiém phan biét
X,=2+yJ3-m; x,=2-y3-m.

Két ludn :

e m >3 = phuong trinh v6 nghi¢m.
e m=3=S={2}.

° m<:3::-S={2+\l3—m;2-—«j3—m}.
Vi du 2. Giai va bién luan phuong trinh : (m+1)x* =2(m+1)x+m-3=0.
Giai.
e Néu m = -] thi phuong trinh tr¢ thanh 0.x =4 =0 = phuong trinh v6 nghi¢m.
e Néu m#-1.Xét A'=(m+1)’ =(m+1)(m=-3)=4(m+1).
+ Néu m>-1=>A'>0=> phuong trinh c6 hai nghiém phan biét
m+l+2ym+l m+1-2Vm+1
i m + | S m + | '
Viy : + V6i m < -1 : phuong trinh v6 nghiém.
+ Vi m > —1 : phuong trinh ¢6 hai nghiém phén biét
o g 10 1+2vm+1
m + |

Dang 4. HE PHUONG TRINH HAI AN GOM MOT PHUONG TRINH
BAC NHAT VA MOT PHUONG TRINH BAC HAI

X

Phuong phép giai

e Tir phuong trinh bac nhat biéu thi 4n nay qua 4n kia.

e Thé vao phuong trinh bac hai cta hé, ta duoc phuong trinh bac hai mot an.
e Giai phuong trinh vira tim duge, sau d6 tim 4n con lai.

2x -y =3 (1)

-

X*=3xy+y +2x+3y-2=0(2)

Vi du 1. Giai hé phuong trinh {

Giai.

Tur (1) = y=2x-3, thay vao (2) ta duoc :
x*=3x(2x-3)+(2x-3)* +2x +3(2x-3)-2=0

5+17

2

> X -5x+2=0&x =
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h
+
S

V6i x==— tacd y=2+17 :
Vérix=5_\/ﬁlac6y=2—\/ﬁ.

.

Vay hé ¢6 hai nghiém Ia (S*jﬁ;zhfﬁ];[s“;ﬁ;z-\/ﬁ}

2Xx+y=m (3)

Vi du 2. Cho h¢ phuong trinh § :
X“=xy+y =7 (4)

Tim m d¢ hé ¢6 nghiém.

Gidi.
T (3) = y=m-2x, thayvflo(r-l)laducrc X’ =x(m-2x)+(m=-2x) =7
'w—v’?\ ""SIH\"I'IH "‘?—0 {5}

Tacé: A=25m’-4.7(m*-7)=196-3m?.
Hé ¢6 nghiém <> phuong trinh (5) c6 nghiém

14J-

<> A20< 196-3m’ 20 e |m|<

143
T

Vay h¢ phuong trinh ¢6 nghiém khi |m| <

Dang 5. DINH THAM SO DE HAI PHUGNG TRINH CO NGHIEM CHUNG

Phuong phap giai

e Gia sir x, la nghi¢m chung cta hai phuong trinh. Thay x = X, vao hai
phuong trinh ta dugc hé véi an la cic tham sé.

e Giai hé tim tham so.

o Thir lai, trude khi két luén.
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Vi du 1. Xdc dinh m d¢ hai phuong trinh sau ¢é nghiém chung
’—mx+2m+l =0 (1) vi mx’ =2m+1)x-1=0(2).
Giadi.
e Gia sur x, 1a nghi¢ém chung cua hai phuong trinh thi :
{xg -mx,+2m+1=0  (3)

mx, —(2m + Dx,=1=0 (4)

e D¢ thiy, tir (4) = x,# 0.
e Nhan x, vdi (3) rdi cong véi (4) v€vi vétacd 1 x, - 1 =0=>x,= 1.
Thay x,=1vao(3) =>m=-2.




e Vi m = — 2, phuong trinh (1) tr& thanh x* + 2x — 3 = 0 ¢6 nghiém x, = 1 ;
; 1
X, = — 2 ; phuong trinh (2) trd thanh — 2x* + 3x = 1 =0 c6 nghiém x, =1 ; x, = >
Vay v6i m = — 2 thi hai phuong trinh da cho ¢6 nghiém chung.
Vi du 2. Tim gid tri nguyén cta a dé hai phuong trinh sau c¢6 it nhat moét
nghiém chung 2x*+(3a—-1)x-3=0 (1) vd 6x*-(2a-3)x-1=0 (2).
Giai.
Gia sir x, 12 nghiém chung ctia hai phuong trinh thi :
2x; +(3a-1x,-3=0 (3)
6x: -(2a-3)x,~-1=0 (4)

Nhan (3) vGi 3, r6i trir v& véi vé ta duge (11a-6)x,-8=0.

ViaeZ,nén a# —l—b—l thi x, = thay vao phuong trinh (1) va rit gon ta

lla -

dugc 99a’ —164a-68=0 (5)

Giai phuong trinh (§) ta dugc a, =2; a, = -9—3:- (loai).

Véi a = 2, phuong trinh (1) tr& thanh 2x* + 5x - 3 = 0 c6
nghiémx, =-;-; X, ==3 ; phuong trinh (2) tr& thanh 6x* — x — | = 0 ¢6 nghiém
el o)

1 2‘-‘ 2 3 .

Viy a = 2 thoa man.

Dang 6. CHUNG MINH TON TAI PHUONG TRINH CO NGHIEM
Phuang phap giai

e Xdc dinh a, b, c.
e Xét cdc biét thic A (A).
e Tinh tdng cdc bié¢t thitc A. Chimg 16 tén tai mot A=0.

Vi du 1. Cho a, b, ¢ khdc 0. Ching t6 tén tai it nhit mot trong cdac phuong
trinh sau c6 nghiém :

ax’+2bx+c=0 (1)
bx® +2cx+a=0 (2)
cx’+2ax+b=0(3)
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Gidi.
e Xét bi¢t thic A' cua ba phuong trinh :
A, =b’-ac; A, =c’-ab; A, =a’-bc.

* Xét A, +A,+A, =a’+b’ +c’ —ab-bc—-ca
=%[(a-—b)2 +(b-c)* +(c-a)' | 20.

Vy ton tai it nhat mot r}.',- 20,(i=1,2,3)=> t6n tai it nhat mot phuong trinh ¢6 nghiém.
Vidu 2. Cho a + b + ¢ = 6. Chimg minh it nhat mot trong cdc phuong trinh sau ¢6
nghiém
x*+ax+1=0(1)
x'+bx+1=0(2)
X' +ex+1=0(3)
(TS10, chuyén Todn, PHSP Vinh, nam hoc 1998-1999)
Giai.
e Xét biét thirc A cua ba phuong trinh :
A =a’-4;A,=b"-4; A, =c"-4.
e Xét A +A,+A, =a’+b* +c* —12=a’+b* +c’ —4(a+b+c)+12
=(@-2)+(b-2)*+(c-2)’20.
Vay ton tai it nhat mot A, 2 0,(i=1,2,3) = t6n tai it nhat mot phuong trinh cé
nghiém.

Dang 7. PHUONG TRINH CO HAI AN SO
Phuong phap giai

Trong mot phuong trinh ¢6 hai 4n s6, ta Xem mot 4n 1a tham s6 r6i gidi

phurong trinh 4y theo 4n con lai.

Vi du 1. Giai phuong trinh :
X’y — 16xy’ + 68y’ —4xy + x*=0.
Giai.
Xem x 12 4n $0, y 12 tham s6. Tacé : (y* + 1)x* — 4(4y’ + y)x + 68y* = 0.
Xét: A' =4.(16y° + 8y* + y*) — (y* + 1).68y* = — 4y° + 32y* — 64y’
= A' = - 4y*(y’ = 4)* < 0, nén phuong trinh chi c6 nghiém khi A' =0
<ye{0;-2;2}.
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Voiy=0=>x=0;viiy=2=>x= —=4;viiy=-2=>x=-4.
a
Vay phuong trinh ¢é ba cip nghi¢ém 12 (0; 0), (2: 4), (=2 -4).
Vi du 2. V&i mdi cap (x : y) thoa min x* = x’y =y + 8x + 7 = 0. Hiy tim cip

nghi¢m ma y Ién nhat.

Giai.
Xem X 1 dn s6, y latham s6. Tacod: (1 = y)x*+ 8x + 7 -y =0.
X&: A'=16-(1=-Y)T7~-y)=(y+ I}9~-y)
Diéu kién dé phuong trinh ¢6 nghi¢cm la: A'20< (y+ DO -y) 20
o =-1<y<9.
-b'

Gid tri 1én nhit cua y 14 9, khi dé x = — =0.,5. Cap s6 do la (0.5 ; 9).
d

C. BAI TAP TU LUYEN

Giai cdc phuong trinh
AX-7x-5=0; bBx+3x-1=0; c)(lﬁﬁ)x'+2x+ﬁ=0.
Tim m dé méi phuong trinh sau ¢6 nghiém kép. Tim nghiém kép dé

X =3x+m=0; b)x*=2mx +2m-1=0.

Xdc dinh m dé moi phuong trinh sau vo nghiém

A3 =-2x+m=0: bmx*+2(m-Dx+m+2=0.
Xic dinh m dé méi phuong trinh sau ¢6 hai nghiém phan bict
aAx'-2x+2m-3=0; bymx*+2(m-Dx+m-2=0.

Cho phuong trinh x> = 2x + m =0
a) Vai gid tri ndo cua m, phuong trinh ¢6 mét nghiém i 3 ? Tim nghiém thir hai.
b) V@i gid tri ndo cua m, phuong trinh ¢6 nghi¢m kép? Tim nghi¢m kép do.
¢) V@i gid tri ndo cua m, phuong trinh ¢é hai nghiém phan biét?
Cho phuong trinh (m=4)x" =2mx +m+2=0
a) Giai phuong trinh vgi m = 5.
b) Tim m d¢ phuong trinh ¢6 hai nghi¢m phan biét.
¢) Tim m dé phuong trinh ¢6 nghi¢m duy nhat.
Tim gid tri nguyén ctia m d¢ hai phuong trinh sau ¢é it nhdt mot nghiém
chung 2x* +(Bm+1)x=9=0 vd 6x° +(7m-1)x-19=0.
Cho hai phuong trinh dn x
ax” +bx+c=0 va a(l -—x:)~:-c(l -Xx)=b=0 (a#0).
Chimg minh ring it nhit mot trong hai phuong trinh ¢6 nghiém.
(TS 10, THPT chuyén Lé khiét, Quang Nedai, nam hoc 2002 - 2003)
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_ o JXEYy=3
Giail hé phuong trinh ¢ . 7
X" =y +2x+1=8.

10. Cho phuong trinh (x = 1)(x* = 2mx + m® = 2m + 2) = 0. Tim di¢u kié¢n clia m

S.h

d¢ phuong trinh ¢6 ba nghiém phan biét.

HUGNG DAN - PAP SO

Bip so
7 =69 7-;-@ —3—JE -3-+-JH
a) X, = s X2 = ; b) X, = ———— | Xy =/,
2 2 2 2
=1=wj3='\l‘r£ f—-l+\i‘3=w5
C) X, = g A
| [=+/2 ' 1-42
Pip so
C
ii:lll]:l: x,=xﬁ=i. bm=1; x, =x,=l.
4 " 2 -
Pap so : u)m>-]- b}lm:,-l
ap s0 : 3 T
Dipsdo: a)m<2, b)ym # 0.

a) Phurong trinh ¢6 mot nghiém 1a 3, tac6: 3° =2.3+m=0 hay m = -3,
Phuong trinh la : x> =2x-3=0. Ta thdy a = b + ¢ = 0. phuong trinh c6
nghi¢m 1a x, =3;x, ==1. Do d6 c6 nghi¢m thit hai la -1.

b) Diéu kién dé phuong trinh ¢6 nghiém kép 1a A =0. Hay A =1-m=0 do
dé m = 1. Khi d6 nghi¢m kép la x = 1.

¢) Diéu kién dé phuong trinh c6 hai nghiém phan bi¢t 12 A >0 hay

A —1T_seva st A A& e -~ 1
L =1 120 LU UL b~ 1.

a) Véim =5, ta ¢6 phuong trinh
X' =10x+7=0=>x, =5—3\E:x3 =5+32.
4"a¢0

_ hay
1A >0 2

b) Diéu kién dé phuong trinh ¢6 hai nghi¢ém phan biét Ia

{1n—4¢0 {m:4
< .
m> -4

m’ —(m-4).(m+2)>0

.\
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m#4 —_ "
Viy véi { thi phuong trinh ¢6 hai nghi¢m phan biét.

m > -4
. - ¥ - - L - - (a I n
¢) Diéu kién d¢ phuong trinh ¢6 nghiém duy nhat i a = 0 hoic i!\_ 5

ea=0thim-4=0haym=4.
az0 [m=4

o ¢ . thiy
A=0 |m=-4

Viy vdi m = x4 thi phuong trinh ¢6 nghiém duy nhit,

7. Gia st x, la nghiém chung cta hai phuong trinh thi

4

2x,” +(Bm+1)x,-9=0 (1)
6x,” +(Tm=-Dx,-19=0 (2)
Nhan (1) vGi 3, roi trir v& vai vé ta duoc @ 2(m+2)x, -8 =0

e Vi m = =2 thi hai phuong trinh khong ¢6 nghi¢m chung.,

e VG m=#-2thi x, A =

5 , thay vio phuong trinh (1) va rit gon ta dugc

m+2
3Im'-8m+4=0.(3)

5
Giai phuong trinh (3) taduge m, =2:m, = 3 e 7. (loai).

9
LAl LY 3 ” . .
Vi m = 2, phuong trinh : 2x° +7x=9=0 ¢6 nghi¢m x, =Lix, = ~a

: ) 19
Phuong trinh : 6x° +13x-19=0 ¢6 nghi¢m x, =l:x, =——.

Vay m = 2 thoa man.
8. Hai phuong trinh viét gon la: ax” +bx +¢c=0 (h
ax’+cx+b-a-c=0 (2)
Xét biét thirc A cua hai phuong trinh :
A, =b’-dac ; A, =c’ -da(b-a-c).
Xét A, +A, =c"+b’—4dab+4a’ =¢’ +(b-2a)’ 0.

Vay ton tai it nhat A, 20, i =1,2 = tdn tai it nhat mot phuong trinh ¢é nghiém.
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9. Dipso(x:y)=(2:1).
X=1=0

5
=

10 (x = DX =2mx+m ' =2m+2)=0 < .
X" =2mx+m -2m+2=0.

Phuong trinh da cho ¢6 ba nghiém phan biét khi : x* = 2mx +m" = 2m +2 =0
L o A'>0 ‘m>1
¢6 hai nghi¢m phan biét khic 1 < < {

1-2m+m° =2m+2#0 m # 3

§6. HE THUC VI-ET VA UNG DUNG
A. TRONG TAM KIEN THUC

¥¥ =~ an_ #. nFe # 5
e fnuc vi-et

®

—
-

* N¢u X, : X, 12 hai nghiém cta phuong trinh ax* + bx +¢ =0 (a # 0) thi :
r -b

X, +X, =

d

e Né¢u phuong trinh ax® + bx + ¢ =0 (a # 0) ¢c6 a + b + ¢ = 0 thi phuong trinh
L - . a - o L] » C
cO6 moOt nghiém la x, = I, con nghiém kia la x, =—.
a
e Néu phuong trinh ax* + bx + ¢ =0 (a # 0) ¢é a — b + ¢ = 0 thi phuong trinh

c6 mOt nghi¢m la x, = = I, coOn nghiém kia la x, ==—.
a

2. Tim hai s0 biét tong va tich cua chiing

e Néu hai s6 d6 ¢6 tong bing S va rich bing P thi hai s6 d6 la hai nghiém cua
phuong trinh x* = Sx + P =0,
Dicukién dé co hais6 do 1a S -=4P>0(A>0).

B. CAC DANG BAI TAP VA PHUONG PHAP GIAI

Dang 1. NHAM NGHIEM HOAC RUT NGAN CAC BUOC GIAI
Phuong phap giai

Khi giai hay bién luan phuong trinh bac hai, ta ¢é thé lam ngan cic bude
giai dua vao :
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Phuong trinh béc hai ax* + bx +¢ =0 (a # 0)

. pkted , C
*Néua+b+c=0= cédhainghiémx, =1, x,=-—.
Toa

o G5 i c
*Néua-b+c=0= cbéhainghitmx,=-1; x,=-—.
a
( -b
) " \d . rl
*Néu A 20 ta c6 thé nham nghiém dua vao < ‘
C
XXy ==,
L S oa
Vi du 1. Tinh nhim nghiém cia méi phuong trinh sau
'.l\._d_vz.l..':t\'.:.lzn- h 'V:_L{].L-E\V.L-E=n' ~ v3_‘h.-_.|.|n=ﬂ
“y T LI T ) 1 o, wy N 'F\I"J.J)'f'\.i\‘.) L ¥ lu-) Y fF o T LW oe
Giai.

a) Tathdycodanga+b+c=-4+3+1=0

= phuong trinh ¢6 hai nghi¢m x, =1 x, = —l.
” 4

b) Tathdy c6danga-b +c = I-(1+J§)+\/§=O

= phuong trinh ¢6 hai nghiém x,=-1; x, = —\E.

X, +X,=7=2+35

¢) Tacoé A=9>0, theo hé thirc Vi-ét
X,-X, =10=2.5

= phuong trinh ¢6 hai nghiém x, =2 ; x, = 5.

Vi du 2. Giii va bién luan phuong trinh sau theo m
(1-2m)x*+(2m+Dx-2=0 (1)

Giai.

eNéul -2m=0 c>m=%

Ne=2x-2=0c< x=1.

e Néu I-2m¢0@m¢% ;

Phuong trinh (1) la phuong trinh bac hai.

Xét A=(2m+1)* =4(1-2m).(-2) =(2m-3)’20
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x1.=

+ Néu m = — thi phuong trinh (1) ¢é nghiém kép x, = x, = 1.

LIk | W

+ Néu m # Y thi phuong trinhcéa+b+c=1-2m+2m+1-2=0

: ot 3y . -2
=> phuong trinh ¢6 hai nghiém x, =1 ; x, =
T 1-2m

e K¢t luan

L. 8. . .
+ Néum e J,IE: 5 thi phuong trinh (1) ¢c6 mot nghiém x = 1.

L Z

] -] - ‘ AT .

+ Néu meg L;: ;} thi phuong trinh (1) ¢6 har nghi¢m phan biét x, = 1 ;
= 2)
-2
1-2m

Dang 2. TIM HAI SO KHI BIET TONG VA TiCH CUA CHUNG

Phuong phap giai

e N¢u hai s0 ¢ tong bang S va tich bing P thi hai s6 d6 1a nghiém cua
phuong trinh x* = Sx + P = (),
e Dicu kién dé co hai s6 d6 12 §° = 4P > 0.
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Vidu L. Tim hai s0 x va y biét

a)x +y=29vax.y=198. b)x+y=5vax.y=09.

Giai.

a)Tacé: S =4P=29"-4.198 =49 >0 nén x ; y 1a hai nghi¢m clia phuong trinh
X -29X 4198 =0.

Giairatacéo X, =11;:X.=18.

(x=11 [x=18
VaytacohaisO x;y la‘t{ - # y
\y=i8 |y=1lI
b) Tacd: S —4P=5"-4.9 =-11 < 0 nén khong ton tai hai s6 x ; y thoa min.
p - .2+ :=13
Vi du 2. Giai hé phuong trinh vy ;
Xy =0
Giai.
i X+y=3
.9 3 I3. 3 > l3 . _}5 {X_}" 6 (]}
X“+y = " =2xy= X =2 =
X" +y i (x+y) Xy i (X+Yy) -
Xy =6 xy=6 Xy =6 X+y==5
(2)
| (xy=6




. . ] Jx =2 Jx =3
e Giai h¢ phuong trinh (1), ta co i ;
ly=3"ly=2

{x = -

Ly =
L ‘ , 2 [x=-3

e Giai h¢ phuong trinh (2), tacé {L o i
= -3 y = =2

Viay h¢ phuong trinh di cho ¢6 bon nghi¢m

fx=2_<!r.\'=3 _ [x==2 [x==3
iy=3';y=2’iy=-f{

y=-2

Dang 3. THIET LAP PHUONG TRINH BAC HAI
Phuong phap giai

e VGi dang nay, ching ta van dung dinh i dao cua h¢ thic Vi-ét.
e Luon chi y diéu kién S* - 4P > 0,

Vidu 1. Goi x, ; x, 1a nghiém ctia phuong trinh 2x” = 5x + 1 = 0.

— . ko ; x K v  Xs
Hay thiét 1ap phuong trinh bic hai ¢6 hai nghi¢m 1a — I va —= i
Xy + X, +

Giai.
e Phuong trinh 2x" = 5x + 1 =0¢6 A=25-42.1=17>0.
Nén c6 hai nghiém phan biét x, ; x,. Theo hé thic Vi-ét, ta cé :

( 5
X, + X, ==
2
ek
XX, ==
2
eDat y, = 2 .. T
X.+1l 7 X%+l
Xt Sy gy ) X5 =x,(xt+l)+x2(x:+1)

X, +1 x,+I (x, +1)(x, +1)

_(x, +X,) =2X,X, +(X, +X,) _31 1)
X, X5+ (% + X))+ 16



%i. X X, Xs

Xét P = —= =l(2)
X+l X, +1 XX, +(x,+x,)+]1 8

e Thir didu Ki¢n SI-4P=[1!-1 —4.-]-=§-§—3->0.
16/ 8 256

5 X, . . v . b I. l
e Viy 2 Vil ulF la nghiém caa phuong trinh y* -3— y+=—=0,
X, +1 X, +1 16~ 8

Vi du 2. Cho phuong trinh x* = 4x = (m* + 3m) =0 (1)
a) Chimg 1o phuong trinh (1) luon ¢6 hai nghiém phin bi¢t véi moi m.
b) Lap phuong trinh bac hai an y ¢6 hai nghiém vy,, y, thoa min y, +y, = X, + X,
- Y ¥ #n - .. » . .
va 1 AT I — =3. V@Gi x,, X, la nghiém cia phuong trinh (1) vay,, y, #1.
=¥ A=

Giai.

: ; 3 7 S
a) Xét A'=4+m”+3m= (m+;} +Z >0 védimoit meR.
=> phuong trinh (1) luon ¢6 hai nghiém phén biét véi moi m.
b) Vi phuong trinh (1) luén ¢6 hai nghiém. Nén theo hé thire Vi-éttaco :
X, +x,=4
XXy = —(m2 +3m).
Dodoy +y,=x;+x, =y, +y,=4(2)

Y, Y
I_yz 1"Y|

=3y (-y)+y.(1-y,)=3(1-y)1-y,)

@ YNTY: +2}"|:7': _(y| + }’:): =3_3(5’1 + )’:)+ 3}'|)’2 =YY= -3 3)
Thir diéu kién > = 4P =16+ 12 =18 > 0.
Tir (2) va (3) tacd y,, y, 1a hai nghiém ctia phuong trinh y* = 4y - 3 = 0.
Dang 4. TIM HE THUC LIEN HE GIUA CAC NGHIEM
KHONG PHU THUQC THAM SO
Phuong phap giai

e Diéu kién dé phuong trinh ¢6 nghiém: A2 0.
e Sir dung hé thire Vi-¢t, tinh tong va tich hai nghiém theo tham so6.
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e Khir tham s6 bang mot trong cic cdch :
1) Phurong phip thé.

2) Phuong phip cOng dai so.

3) Phuong phdp rit tham so.

4) Phuong phdp bién doi.

Vi du 1. Cho phuong trinh x* = mx + 2m =4 = 0. Tim hé thic lién hé giira cdc
nghiém x,, x, khong phu thudc tham s6 m.
Giai.
¢ Xét A=m’-4(2m—-4)=(m-4)’ >20=> phuong trinh luon ¢cé nghiém.
L X, +X,=m (1)
Theo h¢ thitc Vi-ét : (*)
XX, =2m-4 (2)

o Cach kiurl :
Thé (1) vio (2), ta cé hé thitc cin tim x,.X, = 2(x, + X,) — 4.
o Cach ke 2 :

=> 2X, + 2X, — X,X, =4 1a h¢ thic cin tim.

o Cach kine 3 :

ms=x, +Xx,
g ; XX, +4
Me Ry 4 =P Xy M=t
m=—t=— 2
\ 2

Hay 2(x, + X,) = X,.X, + 4 14 h¢ thic cin tim.

Vi du 2. Cho phuong trinh x* = xcosa + sinat = 1 =0 (0° < <90°).

a) Chimg minh ring phuong trinh luon cé nghiém.

b) Tim hé thirc lién hé gitra cdc nghiém x,, X, khong phu thudc «.

Gidi.

a) Xét A = cos’ a—4(sina-1) = cos’ a+4(l-sinc)>0 vai moi 0° <o <90°.
Viy phuong trinh ludén ¢6 nghiém.

X, +X,=cosae  (I)

b) Theo hé thirc Vi-ét, tacé : ,
X, X, =sina-1 (2)

X, +X, =cosa : o
o ma cos a+sin“a=1.

X,X, +l=sina

Vay hé thic cdn tim 12 (x, +X,)" +(x,x, +1)" =1.
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Dang 5. TIM DIEU KIEN THAM SO DE BAI TOAN

THOA MAN DIEU KIEN CHO TRUGC
Phuang phap giai

e Tim diéu kién d¢ phuong trinh ¢6 nghiém : A >0.
e Sir dung h¢ thie Vi-ét doi vai x,, X, va dic¢u Kién dé bai, ding phuong
phdp th¢ dé tim tham s6 hoac nghiém,

e Kiém tra di¢u ki¢n clia tham s0.

Vi du 1. Cho phuong trinh 2x* + 2x + m = 0. Tim diéu ki¢n cta tham s6 m d¢
I

. A . o]
phuong trinh ¢6 hai nghiém x,, X, thoa mian —+—=3.

Xy Xa
Giai.
e Diéu ki¢n dé phuong trinh ¢6 nghicm la: A'20.

I
A'=l—2n120c:>1n£-;.

—

X, +X, =-1
e Theo hé thirc Vi-ét : m (1)
X, X, =?
e e 1 X, +X,
Theo di¢u kién d¢ bai —+—=3 < ==3 (2)
1 L - 2
Thay () vio (2)tacé: m=-—,
2

2 ¥ P o w . > -
Viy m = -E thoa man dic¢u Kién, la s6 can tim.

Vi du 2. Cho phuong trinh (m + 2)x* = 2m - )x =3+ m=0(1)
a) Chimg to phuong trinh c6 nghiém véi moi m.
b) Tim m dé phuong trinh ¢6 hai nghiém phin biét x,, x,. Khi d6 hay tim m d¢

nghi¢m nay giap doi nghiém kia.
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(TS 10, Todn = Tin - PHOG TPHCM, ndam hoc 1997-1998)
Giai.
a)sVéim==-2:(1)=5x-5=0=x=1langhi¢m.
eVéim#-2:Xét A=(2m-1) —=4(m+2)(m=-3)=25>0
= Phuong trinh ludn c6 hai nghiém phan biét.
b) « Diéu kién dé phuong trinh ¢6 hai nghiém phan biét : m # - 2.



* Theo hé thirc Vi-ét .

2m-1
X, +X,= =
m-23
XX, =
T o om+2

» Theo dé bai, phuong trinh ¢6 hai nghi¢m phan ma nghiém nay gap doi nghiém Kia
& (X, = 2%,)( X; = 2%,) = 0 & 9% X, = 2(x, + X,)* = 0.
Om-27 2(2m-1)’

Thay (2) vaotacé : — =
m+ 2 (m+2)
. ) m=28
Sm-m=-56=0 ,
m=-7

* Viym e {8 : -7} thoa min diéu kién, 1i s6 cin tim.

Dang 6. XET DAU CAC NGHIEM CUA PHUONG TRINH BAC HAI
Phuong phap giai

Dua vao dicu kién sau :

+ Phuong trinh ¢6 hai nghi¢m trdi diu <» a.c < 0.
A20

+ Phuong trinh c6 hai nghié¢m cuing didu < c

P=—=>0
a

A20

+ Phuong trinh c¢6 hai nghiém cung diu duong <><P = 50

+ Phuong trinh cé hai nghiém cung diu am <> P =

L
+ Phuong trinh c¢6 hai nghiém trdi ddu, ma nghi¢m am c6 gia tri tuyét doi
[ac <0
I6n hon nghi¢m duong << —b

[S=—<0'
L a
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Vi du 1. Cho phuong trinh x* =2(m = Dx +m =3 =0.
Xic dinh m dé phuong trinh ¢6 hai nghiém cung duong.
Giai.
-y . ) L ) e
e Xét A'=(m=1)"-(m=-3)=m"-3Im+4= m—E +Z> 0 véi moi m.

= phuong trinh ludn c6 hai nghi¢m phan biét.

e Theo hé thic Vi-ét ta co { G

bé phuong trinh ¢6 hai nghiém cung duong < im _sien — o T o
Viy véi m > 3 thi phuong trinh ¢6 hai nghiém duong.

Vi du 2. Bién luan diu cdc nghiém cta phuong trinh x* = 2mx + m + 6 =0.
Gidi,

Xét A'=m’-m=-6=(m+2)(m-3)

e Néu-2<m<3 = A'<0= phuong trinh vo nghi¢m.

e NCum<-2hoicm>3 =A'>0

(X, +x, =2m

+ Theo h¢ thirc Vi-ét : i (*)

XX, =m+6

— Néum < - 6 = phuong trinh ¢6 hai nghié¢m trdi dau.

— Néu - 6 <m < -2 = phuong trinh ¢6 hai nghi¢m am.
— Néu m = - 6 = phuong trinh ¢6 x, =0 X, <0.

— Néum > 3 = phuong trinh ¢6 hai nghi¢m duong.

e Néum = -2, tir (*) = phuong trinh c¢6 nghié¢m kép am.

e Néu m = 3, tir (*) = phuong trinh c6 nghiém kép duong.



Dang 7. GIAI VA BIEN LUAN HE PHUONG TRINH DOI XUNG HAI AN
Phuong phap giai

v e i , S=x+
Doi vai loai todn nay, ta thuomg diung phuong phip dat an phu {P 4 ‘
— :\'_y
Sau khi tim duge S : P thi x : y 1a nghiém cua phuong trinh X* = SX + P =0

véi didu kien S? —4P >0,

) X+y+xy=11]
Vi du 1. Giai h¢ phuong trinh ¢ | © | .
X" +y +xy=19

Giai.
o [S=x+y o (S+P=11 (N
rsal nc "ﬁlfﬁﬁg irinn co aan 5
1]”:,\;,}! P 8 15' -P=19 (2)
X ; S, =5
Tu(l);(2) >SS +S-30=0<
S, =-6
f ot
i Vi S P gl T T Y=Y
Xy=6

Nén x ; y 1a nghi¢m cta phuong trinh X> = 5X +6=0< X, =2: X, =3.

f

=2 -
V{;y{x ::{x 3

y:_‘) =2-
(X +y==6
e V6i S=-6=P=17T>
xy=17
Nén x ; y 12 nghiém cla phuong trinh X* + 6X +17=0¢6 ¥ -4P=-32<0
=> vO nghiém.

x=2 [x=3

Viy h¢ ¢6 hai nghi¢m { : ;

ly=3"ly=2

Vidu 2. Tim lién h¢ gilra a ; b d¢ hé phuong trinh sau ¢6 nghiém :
{xl +y'=a

Xy =b.
S=x+y .
bat , h¢ phuong trinh ¢6 dang
P=x.y

e

S2-2P=a [S*=a+2P [S*=a+2b
Lo :
P=b P=b
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Vi S 20 nén a=-2b (1)
Dicu ki¢n dé h¢ c6 nghiém §* =4P >0 <> a+2b>4b <> a>2b (2)
Kéthop (1) : (2) ta duge diéu ki¢n hé ¢6 nghi¢m 1a a = 2|b).

Dang 8. TINH GIA TRI BIEU THUC DOI XUNG GIUA CAC NGHIEM
Phuong phap giai

e Xdc dinh diéu ki¢n dé phuong trinh ¢6 nghi¢m : A 2 0.

S=x, +X, . oy ; 0 :
e Dat {P ' 77 sau d6 bién doi hop i bic¢u thic dé dua bidu thic vé
=X,.X,

dang tong va tich cdc nghiém, réi dung h¢é thie Vi-ét.

Vi du 1. Cho phuong trinh x* + 3x + | = 0. Khong giai phuong trinh, goi X,. X,
la hai nghi¢m cua phuong trinh. Hiy tinh gid tri cta bic¢u thirc

2 2
X 3R Xa t X3

43X, +4x3x,
Giai.
e Xét A=9-4.1.1 =5 > 0 = phuong trinh ¢6 hai nghi¢ém phin bict.
) . |S=x,+x,=-3
e Theo hé thirc Vi-ét . i
P=X.X,=1
I (x, +x,) +3x,x, __9+3.1 _ 1
4x,X, (X, +x,)  4.1.(=3)
Vi du 2. Cho phuong trinh x* = 2mx + m + 2 = (.
a) Xdc dinh m dé phuong trinh ¢6 hai nghi¢ém khong am x,, X,.
b) Tinh E =J;+ X, thcom,

inr

=0Ty
FiLdE.

a) Diéu kién dé phuong trinh ¢6 hai nghi¢m khong am

A'20 i
m-m-220 (m+1)(m=-2)20
C
P==20 &<{m+220 &S<imz2 -2 EmE2.
a
b k2:117120 m=0
S=—20
a

Vay diéu kién dé phuong trinh ¢6 hai nghiém khong am la m> 2.
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L X X, =2m
b) Theo hé thae Vi-ét
X, X, =m+2

E= \/— x,.du’:ul\an:'Oz:rI* =X, +X, +7,!\\,=7m+2d + 2,

Vi E20=E=v2m+2Jym+2 vdidiéukién m> 2,

C. BAI TAP TU LUYEN

Nham nghiém cta méi phuong trinh sau :
a) 7x°+6x-13=0: b) -0,4x" +0,3x +0,7=0 :

c) X*=7x+12=0: d) BGm-Dx’+6mx+3m+1=0 v6i m ;t-;;-.
Tim hai s x va y biét
AX+y=-33vixy=266. b)x+y=35vd x’+y’ =625,
Cho phuong trinh bic hai, x la an, tham s6 m
x?=2(m+Dx+2m=0.

a) Chimg minh phuong trinh luon ¢6 hai nghiém phan biét véi moi gid tri ciia m.
b) Goi x,;x, la hai nghi¢m cta phuong trinh. Chimg to
M =X, + X, = X,X, khong phu thudc vio gid tri m.

(TS 10, THPT chuyén Hung Vieemg, Binh Diemg, nam hoc 2009 - 2010)
Cho phuong trinh (dn x) : x° — 2(m +D)x+m*+2=0.
a) Giai phucmﬁ trinh Khim =

b) Tim gid
A5 A lho; man hé thic : x.* +x,” =10,

(TS 10, THPT Ha Noi, nam hoc 2009 - 2010)
Cho phuong trinh : x* =2(m+2)x+m+1=0.
a) Ching minh phuong trinh luon ¢6 hai nghi¢m phin biét.
b) Tim m d¢ phuong trinh ¢6 hai nghiém cling am.
¢) Tim m dé phuong trinh ¢6 hai nghiém trdi dau.
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Gia sir x,; X, 12 nghi¢m cta phuong trinh x* —=4x +1=0,
Tinh x,” +x,7;x," +x," vd x;” +x,’ (khong sir dung mdy tinh cim tay dé tinh).
(TS 10, THPT chuyén Tinh Gia Lai, nam hoc 2009 - 2010)
Cho phuong trinh X" -mx+m-1=0.
a) Chimg minh phuong trinh luon ¢é hai nghi¢m x,:x, védi moi m va tinh gid
2X,X, +3

tri ctia biéu thirc P = — - theco m.
X," +X," +2(X,X,+1)

b) Tim gid tri 16n nhit va gid tri nhd nhat cua biéu thire P.
(TS 10, THPT chuyén Tinh Vinh Phuc, nam hoc 2008 - 2009)

iems: s s 18 bl sncalacfone i salassoves o satcals WML L o= Fin T AP 11 e TS I Y 4 §
Jui c\l,a\: I THell IIEIIH:.IH C Ll l I II‘}._' LELTH ST EA —lZUd = 11 A =11 =\J,
.
. - S 3 2 X, =X, | 1 j
Mm gid tri nhé nhdtcia T==-(x,-x,) +2.| 4—+—-—1 .
2 2 X, X,)

HUGONG DAN - PAP SO

3m+ 1}
3m-1)

= 7
u)S={I;—}. b)S={-—l;-—}. C)S={3:4}. d)S={—l:—
7 4
Dap so
a) (x:y)={(—I4;—19);(—-]9;—14);‘. b) (x;y)= {{15:20):(20:15)}.
a) Xét A =m’ +2m+1-2m=m"’ +1> 0 v6i moi m suy ra phuong trinh c6 hai
nghiém phin biét véi moi gid tri cua m.
X, +X,=2(m+])

b) Theo hé thic Vi-ét :
X, X, =2m

Taco M =x,+x,-Xx,X, =2m+2-2m =2 khong phu thudc vao m.

a) Ban doc v giai.

b) — Diéu ki¢n dé phuong trinh ¢6 hai nghiém phan biét 14 A >0 hay
(m+1)Y=(m* +2)>0<m >—;.



E..M

oo X, +X,=2(m+])
— Theo hé thire Vi-ét : ,
X, X, =m" +2
Tacod x> +x,° =10 (x,+X,) =2x,x, =10 m’ +4m-5=0.
Giairatacé m, =1;m, = -5 (loai).

Vay v6i m = 1 thi phuong trinh ¢6 nghiém thoa min x,” +x,° = 10.
XA =m'+dm+4-m-1=m’ +3m+3=(m+%):+%>0 do d6 phuong

trinh ludn ¢6 hai nghiém phan biét.

—_ X, +X, =2(m+2)
b) Theo h¢ thire Vi-ét : - .
XX, =m+]1

¢

Phuong trinh ¢6 hai nghiém cung am u{

r

2(m+2)<0 m<-=2
=
m+1>0

do do
m > -1

khong tén tai m dé phuong trinh ¢6 hai nghiém cung am.
c¢) Phuong trinh ¢6 hai nghiém trdi ddu & m+1<0<¢> m< -1,
Xét A'=4-1=3>0, phuong trinh luén cé hai nghiém phan biét.
o et X,+X,=4
Theo hé thirc Vi-ét :
XX, =1
eTachd x,” +x,” =(x, +X,) =2x,x, =4 =2.1=14,
eTacod X' +x, =(x, +X,) =3x,X,(X, +X,)=4"-3.1.4 =52,

eTaco x.” +x, =(x,” +X,7 )X, + X, )= x,'x,7(x, +X,)=14.52-1.4 =724
-Xét A=m’-m+1=(m --15)2 +%> 0, phuong trinh ludn ¢6 hai nghiém.

o Jx, +X,=m
Theo hé thirc Vi-ét : - .
| XX, =m-1

_X&L P = 2X.X,+3  2m+l
(X, +X,)7+2 m’+2
b) - Ta c6 P=l—(m,_ll <1 do dé gid tri 16n nhit cia P1a 1 khim = 1.
m +Z2
2 1 1 e .
et Pt A L L goas et nnieiapm - Lo -2,
2(m~+2) 2 2 y.
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oy _20a-11
Theo hé thie Vi-ét: < ' "2~ 2011

Bién doi biéu thirc :

3 2 X, =X, X,=X 3 2 9 2
T=E-(x,-—x:) -+-2{ '2 e ‘) =5--(x,-xz) +2.Z.(x,~x3)

X, X

C:-T:f)-(xl "'x:)z =6-|:(x| +1'(3)1 “4X|xz]= 6{{22%:11 1} +4J2 24 .

Vay gid tri nho nhdt cba T la 24, khia = %

§7. PHUONG TRINH QUY VE PHUONG TRINH BAC HAI

A. TRONG TAM KIEN THUC

Phuong trinh trung phuong

e Phuong trinh trung phuong 1a phuong trinh ¢6 dang
ax*+bx*+c=0(az0) (1)

e D¢ giai phuong trinh trung phuong, ta dat 4n phu

Dat x* =t >0, dua vé phuong trinh at® + bt + ¢ =0 (2)

Phuong trinh chira an & mau thire

Khi gidi phuong trinh chira 4n & miu thiic, ta lam nhu sau :

Buge 1. Tim diéu kién xdc dinh cia phuong trinh ;

Buge 2. Quy dong mau thic hai vé r6i khir méu thiic ;

Buoe 3. Giai phuong trinh vira nhan duoc ;

Bueoe 4. Trong cdc gid tri tim duge cha 4n, loai cdc gid tri khong thoa man diéu
kién xdc dinh, cdc gid tri thod man di¢u kién xdc dinh la nghiém cua phuong
trinh da cho.

Phuong trinh tich
e Phan tich v€& trdi thanh nhan ur, vé€ phai bang 0.
¢ Giai phuong trinh tich.
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B. CAC DANG BAI TAP VA PHUONG PHAP GIAI

Dang 1. GIAI VA BIEN LUAN PHUONG TRINH TRUNG PHUONG
Phuong phap giai

bat x* =12 0, dua vé phuong trinh at* + bt + ¢ = 0.
Giai phuong trinh vira tim duoc, sau d6 tim nghiém ctia phuong trinh da cho.

Vi du 1. Giai cdc phuong trinh sau

4 )

B : 2 b -~
X“+4 X" +5

a) x*'=29x*+100=0 ; b)x*+5x*+4=0; c)

Giadi.

a) Dat x* =t >0, dua vé phuong trinh # =29t + 100 =0=>t, =4 ;, =25
(thoa man).

+Véit=4=x,=2;%x,=-2.

+Vait=25=>x,=5;x,=-35.

Vay phuong trinh da cho ¢6 tdp nghiém S = {-—5;—2; 2;5} g

b) Dat x* =t >0, dua vé phuong trinh ? + 5t +4=0=1t, == 1 ;t, = -4 déu
khong thoa man.

Vay phuong trinh da cho vo nghiém.

c) Quy déng mau va rit gon, ta duoc phuong trinh :
x=0

2x'+ 9 =0 < xX*(2x*+9)=0 < ,
2x° +9 =0 (v6 nghiém).

Vay phuong da cho trinh ¢6 mot nghiém x = 0.

Vi du 2. Tim céc gid tri cia m d€ phuong trinh dns6 x : x* = 6x*+m—-1=0
c6 4 nghiém.
Gidi,
Piatx*=t>0,tadugc ? -6t+m-1=0(1)
Pé phuong trinh da cho ¢6 4 nghiém, thi phuong trinh (1) phai ¢6 2 nghiém
duong phan biét
A'>0
9—(m~-1)>0
c
*—>0 <Sim-1>0 < 1<m<l0.
a
6>0
-b
—>0
[ a

Vay v6i 1 <m < 10 thi phuong trinh di cho c6 4 nghiém.
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Dang 2. PHUONG TRINH CHUA AN (3 MAU
Phuong phap giai

Khi giai phuong trinh chita 4n & miu thic, ta 1am nhu sau :

Buge 1. Tim diéu kién xdc dinh cla phuong trinh ;

Buoe 2. Quy déng méu thie hai vé€ réi khir miu thic ;

Bucoe 3. Giai phuong trinh vira nhan dugc ;

Bude 4. Trong cédce gid tri tim duge cua 4n, loai cdc gid tri khong thoda min
diéu kién xdc dinh, cdc gid tri thoa man diéu kién xdc dinh 1a nghiém cua
phuong trinh di cho.

Vi du 1. Giai cdc phuong trinh sau
8 5 8-x,

- x-1._2 12
Xx-4 3-x x+2'

X+2 x-—2=xz-—4'

a) 1- b)

Giai.

a) Dicukién: x#-2;x#3; x#4.

Quy dong méu thirc réi khir mau :

B-x)x-4)(x+2)-8B-x)(x+2)=5(x-4)(x +2) - (8 = x)(x =4)(3 -x)
& TxP-72x +128 = 0.

.
Giairatadugc x, =8 ;x, = 2—_; thoa man.

: ; 2
Vay phuong trinh ¢6 hai nghiém x, =8 ; x, = 2;.

b) Didukién: x#-2;x#2.
Quy déng méau thic réi khir miu :
=-2 (loai
X=Dx=2)+2(x+2)=12 & x*=-x=-6=0 @Ix . ( I)
Ix=3 (t/m).
Viy phuong trinh ¢c6 moét nghiém x = 3.

Dang 3. PHUONG TRINH DUA VE PHUONG TRINH TiCH
Phuong phap giai

AB=0&
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Vi du 1. Giai c4c phuong trinh

a) (2x* =5x +2)(x*+3x + 1)=0; b) (2x* +x)* -=(2x-1)* =0.
Gidi. |

2x% =5x+2=0 (1)

AR -5x+2)(xX*+3x+ 1)=0
|:x2+3x+l=0 (2)

OGi'&i(1):2x2-5x+2=0laduqcx,=% s Xy =2,

¢ Gidi (2): x*+3x + 1 =0taduge x, = _3;\5;14 = _3;J§
L \ [1 . -3-5 -3+5]
Vay tap nghiém cua phuong trinh S = 15;2; 5 : 5 i i

b) (2x>+x) -(2x-1Y’ =0 2x* +x-2x+D)R2x* +x+2x-1)=0

2x?=x+1=0 (1)

& 2x -x+D)2xT+3x-1)=0|
2x°+3x-1=0 (2)

eGidai(1): A=1-4.2.1 =-7 <0= phuong trinh vo6 nghiém.

-3-V17 -3+
i =

e Gidi (2) : 2x* +3x = 1 =0 ta duge x, = .

2

4 4
Vi du 2. Giai phuong trinh : x* + x* +4x - 3 =0.
Giai.

vi i wvliAdv 2 =N v 192 1 w2 dAdv_A=0D
e T M F T - WOy N T &= LI 1 A [ F LY

Vay phuong trinh ¢6 tap nghiém S= {

-3-\f1—7.—3+\/ﬁ}

x2=x+3=0 (1)

& (x*+1) - (x-2)° =Uﬁ(xz‘x+3)(xz+x—l)=0¢>|:xz+x—l=0 (2)

e Gidi(1):x*-=x+3=0c6 A=-11<0= v6 nghiém.

¢ Gidi 2): x*+x-1=0= x, =_I;J§;x2 =_l_2J§.
Vay tap nghiém cua phuong trinh S = {-l‘;\/g;_l ;Jg}

101



Dang 4. PHUONG PHAP DAT AN PHU
Phudng phap giai

e Dat diéu kién dé phuong trinh xdc dinh,
e Dat dn phu va giai phuong trinh theo 4n méi.
e Trd vé dn ban ddu va so sdnh véi diéu kién.

Vi du 1. Giai cdc phuong trinh sau
a) (x> +5x) =2(x*+5x)=24 ; b) (x?-6x)*-2(x-3)*=81;

z -—
c) i 5+ ~ X +4=0.
X X" +X-5

ias
Fiids.

y=-4

a)PDatx* +5x =y. Tadugc : y’ =2y =24 < y' -2y -24=0 c::»[ z
y:

b 2 » -
eViiy=-4 = x"+5x=-4 = x"+5x+4=0 @[
eViiy=6= x*+5x=6 = x*+5x-6=0 <::>[x_ 6

X =-0.
Vay tap nghiém cta phuong trinh S = {-1;-4;1;-6} .

b) (x*-6x)*-2(x-3)? =8l (x*-6x)* =2(x*-6x+9)-81=0.
PDatx’-6x=y.Tadugc:y* - 2(y+9)-81=0

: y=11
Sy -2y-9=0¢
y=-9
. i R [x=3+420
eVoiy=Ill=x"-6x=1ll @x-6x-11=0&
x =3-+/20.

eVhiy=—9 = x*-6x=-9 =x*-6x+9=0 <= x=3.
Vay tap nghiém S ={3++20;3-20;3}.
c) Didukienx#0;x*+x-5=0.

xz-i-x—S_
X

Pat
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3 '-_-’_1
Ta duoc y+1+4=0<=-y‘+4y+3=0¢_->|:} 5
}’ }rz_
oVl yelm B EETE e P x-S0 x,, m=124/5.
X
o Vil y=-3 b B IXTD s Rty B O K 1K, =5,
X

Viy tap nghiém ciia phuong trinh 1a S = {—I:r.JE; 1;-5).

Dang 5. PHUONG TRINH BAC 4 DANG (x + a)(x + b)(x + ¢)(x +d) =m
VOla+b=c+d

Phuong phap giai

e Phuong trinh dugc viét thanh [x2+(a+b)x +ab].[x2+(c+d)x +cd]=m :

e Dat t = x* + (a + b)x, ta dugc phuong trinh bac hai (t + ab)(t + cd) = m.
e Giai tim t, tir d6 tim x.
Vi du 1. Giai phuong trinh (x + 5)(x + 6)(x + 8)(x + 9) = 40,
Giai.
Taco: (X +5)(x+6)x+8)x+9) =40
&< (x4 14x +45)( x* + 14x + 48) = 40.

2 2 =5
eDitx"+14x+45=y,taco:y(y+3)=40 '::>1t,'°+33,*—40=0<::>|:y g
b Sk

X=-4

eVoiy=5= x*+14x+45=5 < x*+ l4x+40:0@|:x=—10.
eVoiy=-8 = x’+ 14x +45=—=8 < x*+ 14x + 53 = 0 : v0 nghi¢m.
Vay tap nghiém ctia phuong trinh S ={-4;-10}.
Vi du 2. Giai phuong trinh (x* + 3x + 2).(x* + 7x + 12) = 24,

(TS 10, chuyén Ngoai Ngit - DHQG, nadm hoc 2004 - 2005)
Giai.
TaviétduGidang : (x + D(x +2)(x+3)(x +4) =24

& (X + 5x +4)(x* + 5x + 6) = 24.
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3 a =4
Datx"+5x+4=y;tacoy +2y-24=0 ¢:>1:y 6
Y=
. . 5 o ){:0
0V6|y=4.laco:x‘+5x+4=4¢:x‘+5x=0<::o[ 5
X ==5,

eVGiy==6,1acé:x*+5x+4=-6 < x*+5x+ 10=0: vo nghiém.
Viy tap nghiém cua phuong trinh S= {0 ; =5}.

Dang 6. PHUONG TRINH DOl XUNG BAC BON, PHUONG TRINH HOI QUY

Phuong phap giai

1) Phuong trinh doi ximg bac bon ¢6 dang ax* + bx' +¢cx* + bx +a=0(a # 0).
e x = 0 khong phai 1a nghiém,
: - 1 e : l
e Chia hai vé cho x7, roi dat an phu X +—=y
X
e Giai phuong trinh 4n y, roi thay vao tim x.
2) Phuong trinh héi quy ¢é dang ax* + bx* + cx* + dx + ¢ = 0 (ae # 0)

-

¢ dy
trong do —=| —| .
. (b]

a

e x = () khong phai 1a nghiém.

: N d
e Chia hai vé& cho x?, ta dat x et
X

e Giai phuong trinh 4n y, réi tim X.
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Vidu 1. Giai phuong trinh 2x* + 3x* = 16x* + 3x + 2 = 0.
Giai.
e x = 0 khong phai la nghiém cta phuong trinh.

e x # 0, chia hai v& ctia phuong trinh cho x?, ta dugc :

2[:«2 +L,J+3(x +l)—16=0.

X" X )
bDat x+l=y«::>xz+i.,=y:—2.Tac6phucmgtﬁnh:2(f—2)+3y— 16=0
X X"
y=-4

<2y +3y-20=0<> 5
Y=5




; ==2-
eVoiy=-4 =>x+-1-=—4<:>x‘+4x+l=0<:> § J—
X x =-2+3.
1
S I 2 3 |—.:-
eVhl y=—2X+—=—2Xx"-5x+2=0& 2
2 X 2 =15

Vay tap nghiém cua phuong trinh S= {—2 ~3;-2+ ﬁ:é—;Z} :

Vi du 2. Giai phuong trinh 2x* = 21x* + 74x* = 105x + 50 = 0,
Giai.

e x = 0 khong phai 1a nghiém cta phuong trinh.

e x # 0, chia hai v€ clia phuong trinh cho x?, ta duoc :

2(x’+£)—2](x+2]+74=0.
x? X

Pat G : 25—y:-10.Tac6phu0ngtr‘mh:
x*

X

,V=

2y’ = 10) =21y +74=0 2y’ -2ly +54 =0
y:

o

—

2 =1
e VGiy=6 :>x+£=6<::>x‘-6x+5=0@|:x
X X

X

Il

2 roluw

o VGi y=%=>x+£=-g-~::>2x3—9x+10=~0¢>
X

X

Vay tap nghiém cua phuong trinh 1a S = {1;5;%; }

Dang 7. PHUONG TRINH DANG (x + a)' + (x + b)* = ¢
Phuong phap giai

+
¢ Dat L 2

=y, phuong trinh (r& thanh
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e Khai trién va it gon, giai phuong trinh 4n y.

e Cdch giai trén con dp dung cho phuong trinh bac 6.

Vi du 1. Giai phuong trinh (x + 4)* + (x + 2)* = 82.
Giai.
eDitx+3=y,tadugc:(y+ 1) +(y = )

< v+ 6y’ —40= Ocz{

ey=2=x=-1.

ey==2=x=-35,

Viy tap nghiém cua phuong trinh S={-1; = 5}.
Vi du 2. Giai phuong trinh (x = 2)°+ (x = 4)° =
Giai.

e Dit x - 3 =y, phuong trinh c6 dang : (y + 1)° + (y - 1)° = 64
Khai trién va rit gon ta dugc : y° + 15y* + 15y° =31 =0

y=1
y=-

S =Dy ' +16y+31)=0 <

eVoiy=1= x=4.

eVoiy=-1=x=2.

Vay tap nghiém cua phuong trinh S = {4 ; 2}.
Dang 8. PHUONG TRINH PHAN THUC HUU Ti

Phuong phap giai

e Trong phéin ndy, chiing ta xét mot s6 dang sau
mx nx

a) + =p

ax’ +bx+d ax’+cx+d
2 3

ax“+mx+c ax +px+c

B = Gt TORER o
ax" +nx+c ax +qx+c
ax’ +mx +c¢ X

C) — + 1p =d.

ax“+nx+c ax’ +qx+c
e Chia tir va mau cho x cia méi phén thiic, r6i dat 4n phu thich hop.
e Giai phuong trinh vira tim duoc.
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Vi du. Giai cic phuong trinh

2 . 9X - F, 4 X} =13x+15 x*=15x+15 _ |
x*4x+3 xP-S5x+3 2° x*-14x+15 x*-16x+15 12
o x*=10x +15 4x
x*=6x+15 x*=12x+15"
Gidi.

a) » x = 0 khoéng phai 1a nghiém cua phuong trinh.
* x # 0, chia tir vd miu cia mébi phéan thic cho x :

4 . 5 __3
:«:-i-1+g x-—5+—3~ 2
3 " 4 5 3
bit x+—-2 =y, phuong trinh c6 dang : + +—=0.DK y#+3.
X y+3 y-3 2

y=1

Quy déng, khir miu réi mit gontadugc : y* + 6y - 7=0 < [ ;
y==

e Véiy=1 =>x+1——2=1 < x*=3x +3=0:v6 nghiém.
X

e VGiy=-17 =>x+£—2=—?

X
[ —5-4i3
2
&x1+5x+3=0
_-S+\/_

Jrt—y

{ -5-13 —S+\/l JL

Vay tap nghiém cua phuong trinh 1a S =

b) * x = 0 khong phai 1a nghiém cta phuong trinh.
* x # 0, chia tir vd miu clia mbi phan thitc cho x :

xslii melifls |
% X, _

-1l xoseld 12
X _ X
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1
bat x-15 +—5 =y, phuong trinh c6 dang :
X

yte ¥ . 1 Bk pesd,
y+l y-=I 12
. » . ] =5
Quy dong, khu mau réi nit gon ta duqc:y'—25=0<:>[y s (tmdk)
Y
. =10-+/85
e VGiy=35 ::>x—-lS+E=S S x-20x+15=0c| J_
X x =10++/85
, =5-4/10
e VGiy=-35 =>x—15+-1—5=—5c>x“—10x+15=0c:>(x J:
X ' | x=5++10

Viay tap nghiém cua phuong trinh la S={10—Ji¥;10+\/ﬁ;5—m: 5+Jﬁ} .

- ¢) » x =0 khong phai 1a nghiém cua phuong trinh.
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e x # 0, chia tir vd mlu cia mdi phan thitc cho x :

15
x=10+—
x___ 4
:n:—6+lg x—12+l§
X X

bat x - 9’+E =y, phuong trinh ¢6 dang :
X

Vol B B s,
y+3 y-=3
Y ¥y 1,1 % z F S PSR NIRRT , o._. n s PP l-y=_1 Fa BTN
Yuy aong, Knu mau roi rut gon {a duoc © y —'éy-*‘:i=U<:>[—y_9 (iMmakK)
. 1 . [x=3
e VGiy=-1 :>x—9+—5=—1<:>x'-8x+15=0<:>t
X X =3,
x =9-+66

eVgiy=9 =042 =0 e k1= I8X +15 =0 &

X x=9+\/g.

Vay tap nghiém cua phuong trinh 1a S = {3;5;9 —-s/6_6;9+ \/Eg}



Dang 9. PHUONG TRINH VO TI
Phuong phéap giai

e Phuong trinh vo ti 12 phuong trinh chita dn trong ddu can. Ta thudng lam
nhu sau :

+ Dat diéu kién cho an.

+ Binh phuong hai v¢ khi hai v& déu duong.

+ Dit an phu, giai phuong trinh 4n méi.

+ Sau khi tim duge nghié¢m cén kiém tra lai diéu kién ctia nghiém.

Vi du 1. Giai cdc phuong trinh
a) V2x-1=8-x : b)V15-x +vJ3-x =6.

Giai.

a) Diéu kién : %Sx <8.

Binh phuong hai vé&, tadugc : 2x — 1 =64 — 16X + x> <> x* = 18x +65=0

[x =95
~ ;
X =13 (loai).
Vay tap nghiém S={5}.
b) Didukién: x <3.
Binh phuong hai vé, ta dugc :

18=2x+2\(15-x)(3-x) =36 <> J(15-x)(3-X) =9+X.
Diéu kién bd sung : x > -9.
Binh phuong hai vé&, ta dugce : (15 = x)(3 = x) =81 + 18x + x*

<> 36X = - 36 <> x = -1 (thoa man).

Vay tap nehiém S={-1}.
oF BRa e - b ot T |

Vi du 2. Giai cdc phuong trinh

a) x2-x+Vx*-x+24=18 ; b) V2-x +V2+x +V4—-x2 =2.
Giai.

a) DAt Vx  —-x+24=y20=>x*-x=y*-24.

Ta dugc phuong trinh : Y =24 +y= 18 & y* +y-42=0 c>[

y =-7 (loai)
y=6 '
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, , =4
Vfriy=6=>\(x“-x+24=6¢>x‘—x—l2=0<::~|:x

X ==3.
Vay tap nghiém S ={4;-3}.
b) Diéu kién -2<x <2,
Dat V2-Xx +v2+x =y20=2-x+2V4-x’ +2+x =y’

S £ Y . .

]

y -4 y=2

Ta c6 phuong trinh : y+

=2y +2y-8=0
d 4 [yz -4 (loai).

V6i y=2=2-x+/24+x=2.
: , =2
Binh phuong hai vé& : 4+ 2v4 - x’ =4¢4-x‘=0¢>[x 5
X =-2.

Vay tap nghiém S = {2 ; -2}.

C. BAI TAP TU LUYEN

Giai cdc phuong trinh sau

a) x*-8x?-9=0. b) x*-3x*+2=0.
7 -4 x'+ 1

x+1+2’;-2=:2151’x_ 9 41x=3x’+l'

Giai cdc phuong trinh sau

a) 3x*=2)-9(x-1)?=0. b)3x(2x-1)*-4x*+1=0. c) x*=8x+7.

Giai cic phuone trinh sau

GEtd sialananletoe ~

c)

: , . | 1
a) (x*+x+1)(x"+x+2)=12. b) X’ +—+5(x+—)-12=0.
X X

c) (x? +3x+2)(x* +Tx +12)=24.

Giai cdc phuong trinh sau

a) 3x-Vx+2=4. b) Vx-9-vx-18=1.
¢) X +3x+4Vx +3x-6=18.  d) Vx+3+/6-x —(x+3)(6-x) =3.




Giai cidc phuong trinh sau
a)(x+2)(x +3)(x = 7(x - 8) = 144, b) 6x* + 25x% + 12x3=25x + 6 = 0.
) x'+5x*=14x*=-20x + 16 =0.

Giai cdc phuong trinh sau

a)(x +4)' +(x+6)'=2; by(x =D+ (x=2)°=1;
et B U B

2x°=10x+2011 2x°+10x+2011
Bi¢t phuong trinh x* + ax® + bx* + cx +d = 0 ¢6 cdc nghiém 1A -3 ;-1;2; 4.

Tinhgidtria+b+c +d.

Cho phuong trinh x* = 2(m + 1)x> + m* = 0. Tim m dé phuong trinh c6 bon
nghiém phan biét.

HUGNG DAN - PAP SO

Dit x* =t 20 ta dugc phuong trinh t* =8t-9=0=t, =9;t, = -1 (loai).
Véi t=9=x, =3;x, =-3.

b)S={1;-1;2;:-J2}.

c) Diéu kién : x ¢ {-1;1}.

Quy déng méu thirc réi khir mau :
'?.2.(x—-l)+(x—4)(x+l)=2(x2+15x)c::-xz+19x+18=0¢>[:i::8(10@i)

Vay phuong trinh ¢c6 mot nghiém x =-18.

4 S={—1—J37 ;—1+J37}-
6 6

a) 3x*-2)"-9(x-1)’=0 < (3x* -3x+1).3x* +3x-5)=0

3x*=3x+1=0 (1)
c> b
3x*+3x=-5=0 (2)

- Giai (1) ta duge A =-3 <0, phuong trinh vo nghiém.
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- Giadi (2) taduge x, = i@;x, = :it—@
6 : 6
Vay tdp nghiém ctia phuong trinh la S= { . _6@ : = +6@} ;

b) 3x(2x -1’ -4x*+1=0
2x-1=0 (3)

& 2x=D(6x° =5x-1)=0¢>| .
6x*=5x-1=0 (4)

- Giai (3) taduoc x, = %

- Giai (4) ta duge x, =1;x, st

: i . 1 . -1
Viy tap nghiém cua phuong trinh la S = {-2—, 1;—6—}.
A

) X =8x+7< x*+2x*+1=2x"+8x+8
(X +1) -(2x+242) =0
&> (xF = V2x +1-22).(x* +2x +1+242) =0
» xI=2x+1-242=0 (5)

x> +V2x+1+242=0  (6)

2 =82 =2 J7 4 8\5—2_

- Giai (5) taduoc : x, = X, =

2 2
~ Gidi (6) tadugc A =-2-82 <0 phuong trinh vo nghiém.
. ; . . 2 -y8v2 -2 J2++8J2-2
Viy tap nghiém cua phuong trinh la S ={J_ 2\/— ;J_ ?J_ }

’ 2 =3
a) bat x” +x+1=y, tadugc y(y+l)=12<:>y‘+y—12=0¢:>{y N
==

-Véi y=-4=x*+x+1=-4 x* +x+5=0 (v0 nghiém).



X
-V6i y=3=x'+x+1=3x'+x-2= Gc:»[

X
Vay tap nghiém cua phuong trinh 1a S = {1;—2} .

y=2

1 i el ,
b)Pit x + —=y. tacd: y -2+5y-12=0cy +5y-14=0 [: o
}::.._

X

- Véi y=2:>x+l=2<:>x:—2x+l=0c>x=l.

X
"x_-?-JE
- Véi y=—?:x+l=—?<:»x’+7x+l:0¢:>

X " —?+J—

& —

i J_:s -'?ﬂ/_])

2
¢) (X2 +3x+2D(X*+Tx+12)=24 S (x+D(x+2)(x+3)(x+4)=24
S(X+D(X+D(x+3)(x+2)=24 < (X +5x+D(x +5x+6)=24.

Viy tap nghi¢m cla phuong trinh 128 = {1;

r =___5
PDatx’ +5x+5=y,tacH: (y=D(y+1)= 24¢::»y 255 Y 5 -
y:
L
-Véi y=-5=x"+5x+5=-5x7+5x+10=0 c6 A =-15<0, vo nghiém.
s x=1{)
- Véi y=5=>x‘+5x+5=5c>(x+5)x=0c>[ -
X =-5
Vay tap nghiém cua phuong trinh 14 S = {0: —-5} ;
4. a)3x-4=+x+2 co6diéukicn ng.
X=2
Binh phuong hai v¢, 7
=-é—(loa|).
L

Viy tap nghiém cua phuong trinh S = {2} .

b) Di¢u kién x = 18. Phuong trinh twong duong véi vx-9=vx-18+1.
Binh phuong hai vé&, tadugc : x -9 =x-18+2Jx =18 +1 <> Vx-18 =4,
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Binh phuong hai vé, thu gon ta dugc x =18 =16 <> x =34 (thoa min).
Vay tap nghiém cua phuong trinh S = {34} ;

¢) Datvx® +3x =6 =y > 0, phuong trinh ¢6 dang :

y =-06 (loai)

y=2

— V6o y=2=Jx +3x-6=2<x+3x-6=4

@x3+-3x—10=0<—?|:

y’ 4~4y-12=0@[

Xx=2
Xx=-5
Vay tap nghiém cua phuong trinh 1a S= {2; —5} :

d) biéu kién-3<x <6.

Piat Vx +3+J6-x =y20<::>x+3+4(x+3)(6-x)+

-

- X =V
o

)

-

:J{x+3)(6-x)=%—9.

y -9

’ y = -1 (loai)
Phuong trinh ¢6 dang : y-——2--=3<:>y‘—2y—3=0<:::~ ;

y=3

Véiy =3 tadugcyx+3+vJ6-x =3.
Binh phuong hai vé ta duge 9 + 2J{x +3)(6-x)=9

X=-3

¢:>J(x+3)(6—x)=0<:>[x=6

Vay tap nghiém ctia phuong trinh la S = {——3; 6}.

7. Vi=3;-1;2;4langhiém, nén phuong trinh c6 thé viét thanh :
Xrad+bx+ex+d=(x+3)X-Dx+ DX - =X -x-12)(x*-x=2).
Chonx=1thil+a+b+c+d=(-12)(-2)=24=>a+b+c+d=23.

8. Dat x* =12 0. Khi dé phuong trinh ¢é dang * = 2(m + D)t + m* =0 (1).

Phuong trinh di cho ¢6 bon nghiém phan bi¢t khi phuong trinh (1) c6 hai
nghié¢m duong phan biét, tic la :

(
A'>0
m#0
=>0 & |
a m>-—
_E}U
a
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§8. GIAI TOAN BANG CACH LAP PHUONG TRINH
A. TRONG TAM KIEN THUC

Bicoe 1. Lap phuong trinh

e Chon 4n s6 va dit diéu kién thich hop cia 4n.

¢ Bidu dién cdc dai luong chua biét theo 4n s6 va cdc dai luong da biét.
e Lip phuong trinh biéu thi m6i quan hé gitra cdc dai lugng.

Bicoce 2. Giai phuong trinh vira 1ap.

Buwoce 3. Tra 161 : Kiém tra xem trong cic nghiém cua phuong trinh, nghi¢m
nao thich hop véi bai todn va tra 1oi.

B. CAC DANG BAI TAP VA PHUONG PHAP GIAI

Dang 1. TOAN CHUYEN DONG
Phuong phap giai

e Sir dung cic cong thic :
Quing duong = Van téc x Thoi gian.
S=V.t.

Suyra V=

t=—,

\Y
* Néu chuyén dong trong dong chay thi :

S S
t

quoi dong = Vri»:tng o deng nudc
V \Y

nguoc dong = Yrieng T Vd&ng nude

Vi du 1. Hai 6 t6 cing khaoi hanh tir A dén B cich nhau 560 km. Vin t6c 6 16

(IT) hon van t6¢ 6 16 (I) 1a 10 km/h nén da dén B s6Gm hon 6 t6 (I) 1a 1 gid. Tinh
van toc moi xe.

Giai.
Goi van toc 6 10 (I) 1a x (km/h, x > 0).
Khi dé van toc 6 16 (II) 1a x + 10 (km/h).

: " w900 ..
Thoi gian 6 16 (I) di tr A dén B la — (gi0).
X
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560
X +1

Thaoi gian 6 10 (IT) di tir A dén B 1a (g 10).

Theo dé bai, xe 6 t6 (IT) dén B sém hon xe 6 t6 (I) 1a 1 gio nén ta c6 phuong trinh :

560 _ 56?0=1 &5 560(x + 10) = 560x = X(x + 10) < x* + 10x = 5600 =0 ;
X X+

A'=25+5600=5625=> VA’ =

Phuong trinh ¢6 nghiém : x, == 5 - 75 = - 80 (loai) ;
X, ==5+75="70 (chon).

Vay van 1oc 0 16 (I) 1a 70 (km/h).

Van toc 6 16 (II) 1a 70 + 10 = 80 (km/h).

Vi Adio ¥ ANAA M A A AL D A2
vi uu - J.‘V]UI IIbLIUl. Ui AC LI:‘I.}J LILI(.IIIE UI..IUIIb ll.l- AGii DG

A nguoi dé chon con duong khédc dai hon 6 km va di vai vin t6c 16n hon van toc
lic di 1a 3 km/h, nén thoi gian vé it hon thoi gian di 1a 20 phul Tinh van téc lic di.

Giai.
Goi van toc lic di 1a x (km/h, x > 0).
Suy ra thoi gian di quang duong tir A dén B dai 30 km hét 1a —3—0- (h).

Khi vé, nguoi d6 di quang dudng dai hon quang duong lic di 6 km va di véi

h .

X+

van toc 16n hon vin t6c lic di 1a 3 km/h, nén thoi gian hét la

Theo dau bai, vi thoi gian vé it hon thoi gian di la 20 phut (3 glﬂ] nén

phuong trinh la :

3030 L ey ome 070w,

X x+3
Giai ra, ta ¢6 : x, =9 (thoda man), x, = = 30 (khong thoa man).
Vay van toc lic di 1a 9 km/h.
Vi du 3. Mot tau thuy chay trén khic song dai 120 km. Ca di lidn vé mit
6 gio 45 phit. Tinh vn t6c tau thuy khi nuéc yén lang biét vin toc cua dong nudc
la 4 km/h.

(TS10 - THPT Hung Yén, nam hoc 2001 - 2002)
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Gidi.

Goi van t6c cua tau thuy khi nude yén lang 1a x (km/h, x > 4).
Suy ra : Van t0c cta tau thuy khi xu6i dong 1a x + 4 (km/h).
Van t6c cua tau thuy khi nguge dong 1a x = 4 (km/h).

Thoi gian tau thuy di xuoi dong 120 km la l(: (gid).
X+

Thai gian tau thuy di ngugc dong 120 km la L%
x J—

(gi0).
Theo dé bai, thai gian ca di 1dn vé mat 6 gio 45 phiit (= 6% gio).

Ta ¢6 phuong trinh L0 + 22 62

x+4 x-4 4

< 120(x —4) +120(x +4)=-2:}(x—4)(x+4) < 9x*=320x- 144 =0

A'=25600+1296 = 26896 => /A" =164.

memguhmcéngﬁ&nm:x1=lg%;gi=—%(kmnzx:

Vay van toc tau thuy khi nuée yén lang la 36 km/h.

Vi du 4. M0t ca n6 xu6i dong tir bén song A dén bén song B cich nhau 24 km ;
cling tir A vé B mot chiéc beé troi véi van tdc dong nudc 1a 4 km/h. Khi dén B ca no
quay lai ngay va gap be tai dia diém C cich A 1a 8 km. Tinh van t6c thuc ctia ca no.

Giai.
Goi van t6c thuc cua ca n6 la x (km/h, x > 4).
Suy ra : Van t6c cua ca n6 khi xuéi dong la x + 4 (km/h) ;

160+164
9

36.

Van t6c cua ca nd khi nguge dong la x — 4 (km/h).

Thai gian ca nd di xudi dong 24 km la G (giv).
X

+4

16 :
Thai gian ca n6 di nguge dong 16 km 1a o (gid).
x —
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Theo dé bai, thdi gian ca no di bang thoi gian be troi dén chd gip nhau ta ¢6
phuong trinh :

+
Xx+4 x-4
Giai ra ta ¢6 : x, = 20 (thoa man), x, = 0 (khong thod min).
Vay vin 16¢ thue ctua ca no la 20 km/h.

Vi du 5. MOt 010 du dinh di tir A dén B cach nhau 120 km trong mot thai gian da
dinh. Khi di duge nira quing dudng xe bi chidn bdi xe hoa mat 3 phit. Vi vay dé dén
B diing han xe phai tang 16¢ thém 2 km/h trén quiang dudmg con lai. Tinh vin t6c
du dinh.

Giai.

Goi van td¢ 0 10 du dinh di 1a x (km/h, x > 0).
"

Thoi gian du dinh di hét quang duong AB la 19 (h).
X

Thoi gian di hét nira quing dudng ddu 1a > (h).

X
s oy " . . 60
Thot gian di hét nua quang duong sau la > (h).
X +
Thaoi gian dimg lai 3 phit = "lO (h).
| 60 120

—_ g . 60
Theo dé bai, ta ¢6 phuong trinh : —+ — + =
x 20 x+2 X

< x*+2x - 2400 = 0.

Giai ra ta ¢é : x, = 48 (thoa min), x, = = 50 (khong thoa man).

Viy vin toc du dinh cta 6 16 1a 48 km/h.

Vi du 6. MOt be nira troi tu do (vai van t6c bang van téc cua dong nmiedc) va
mot ca no cung doi bén A dé xuoi dong song. Ca n6 xuoi dong duge 144 km thi
quay trd vé bén A ngay, ca di lin vé hét 21 gid. Trén dudng ca nd trd vé bén A,
khi con cdch bén A 1a 36 km thi gip bé nita néi trén. Tim van t6c riéng cua ca nd
va van t0c cta dong nudc.

Giadi.

Goi van téc riéng ciacand la x (km/h);

Goi van toc dong nude la y (km/ h, x > y > 0).
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Theo dé bai, ca n6 xudi dong 144 km va nguoc vé A ngay, thoi ca di 1an vé
: 144 144
hét 21 gio, ta ¢6 phuong trinh : & l =21 (1)
X+y X-¥

Ma trén dudng vé ca nod gap be nita cdch A 12 36 km, ta c6 phuong trinh :
144 144 36 36

== (2
Xty x- y X

Tu (1), (2) ta ¢6 hé phuong trinh :
o A WS 144 144 .
X+y X-y +——=21 [96x=7(x’-y’) (3)
1144 144-36 36 )7 7Y

+ =— 252xy =36x’ Il (4)
(X +y X-y y

Thay (4) vio (3), ta duge phuong trinh : 48y* — 96y = 0
Giairatacé:y, = 2 (thoa min), y, = 0 (khong thoa man).
VGaiy=2thix = 14.

Vay van t6c riéng cua cano la 14 km/h.

Vin t6c dong nude 1a 2 km/h.

Dang 2. TOAN CONG VIEC LIEN QUAN DEN NANG SUAT VA THOI GIAN
Phuong phéap giai

e Khoi lugng cong viée = Nang sudt x Thai gian.
e Nang sudt = Khoi luong cong viéc : Thai gian.
e Thoi gian = Khoi lugng cong viée : Nang suat.

Vi du 1. Mot cong nhan du dinh 1am 70 san pham trong thoi gian quy dinh.
Nhung do dp dung K1 thudt nén da tang nang sudt thém 5 san ph:’im mbi gib Do doé

Ll A oy b e Aahen thinh LA hhanaly teurln the lhha AN 1M ¢
I-\llUllb ||||una. IIU(.III Hh.'llll.l R nuacii u uocC lIIUl Ild.ll \uJ }JIIUI Il.h.l l..-UIl ‘FLIUI III.LIL v “H.l.ll

phdm. Tinh nang suat du dinh.
Giai.
Goi ning sudt du dinh 1a x (san phdm/ gidy, x € N ;
Thai gian du dinh 1am 70 san pham la 19 (g10) ;
Thai gian thuc 1€ 1am 80 san phdm vc;(i nang suidt X + 5 (san phim/ gid) 1a
80

— (g10).
X + S(gl)
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Theo dé bai, cong nhan hoan thianh trude ké hoach 40 phit (=§ 210).

o o 0. &0 32 3
Ta ¢6 phuong trinh — - == ¢>Xx"+20x=525=0.
X Xx+5 3
Giai ra, ta ¢6: X, = 15 (thoa man), x, = - 35 (khong thoa min).

Vay néang sudt du dinh la 15 san pham/gid.

Vi du 2. Mot cong nhan du dinh lam 72 san pham trong thdi gian quy dinh.
Nhung thue ¢ xi nghi¢p lai giao 80 san phdm. Vi vy mic di ngudi d6 da lam moi
gity thém | san phim, song thai gian hoan thanh cong vi¢e vin cham hon so véi du
dinh 12 phit. Tinh ning suat du kién, bi¢t ring méi gio nguoi d6é lam khong qud
20 san pham.

(TS 10 - THPT Ha Naoi, nam hoc 1997- 1998)
Giai.
Goi ning sudt du kién x (san pham/gio; x e N, 0 < x <20);
Vay nang sudt thuc t€ la x + 1 (san phdm/gid).

o e . . 2. .
Tho gian du dinh lam 72 san pham la — (gio).
X

o s : TR - | -
That gian thue t€ [am 80 san pham la priees (giv).
X +

Theo dé bai, thoi gian hoan thanh vin cham hon so vGi du dinh la 12 phiit

(= -é 210) ta ¢6 phuong trinh :
80 72 1 5
— e == S BOSX -T25(x+ D) =x(X + 1) &> X" = 39x +360=0;
w4+l x 5
A=39"-4360=81=>JA=9.

39+9 39-9

=24 (loai); x, = =15 (thoa man).

Phuong trinh ¢6 nghiém : x, =

Vay nang sudt du ki€n 1a 15 (san pham/gid).

Vi du 3. Mot 10 ¢6 k& hoach san xudt 350 san phAm theo nang sudt du dinh.
Néu tang nang sudt 1én 10 san phdm thi t6 d6 hoan thanh sém 2 ngay so véi giam
nang sudt 10 san phAm méi ngay. Tinh ning suat du kién.

Giai.

Goi nang suat du kién x (san phdm/ngay ; x € N).

Néu ting nang suiit 1én 10 san phdm thi s6 ngdy hoan thanh 350 sin phdm la

2350
X+10

(ngay) ;
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Néu gidm nang suit 10 san ph4dm thi s6 ngdy hoan thanh 350 sin phdm la

- ngay).
T (ngay)
Theo dé bai ta c6 phuong trinh
290 _ 999 9 esa¥a 9600
x=10 x+10

Giai ratacéd : x, = 60 (thoa man diéu kién) : x, = — 60 (loai).

Vay ning sudt du kién 12 60 (san phdm/ngay).

Vi du 4. Mot nhém thg phéi thuc hién k€ hoach san suit 3000 san phim,
Trong 8 ngay ddu ho thuc hién ding mirc dé ra, nhitng ngay con lai ho di vuot
muc mdi ngay 10 san pham, nén da hoan thanh sém hon dir dinh 2 ngay. Hoi theo
k& hoach mdi ngdy can sin suit bao nhi¢u san phdm ?

Giai.

Goi s6 san phdm theo k€ hoach mdi ngly cdn san sudt 1a x (sin phdm/ ngay,
X e ).

Suy ra s6 san phdm lam trong § ngay ddu 12 8x (sin phim) ;

Thoi gian 1am s6 san phdm con lai 12 5‘% (ngay).
X+

Thaoi gian lam theo k&€ hoach 1a 90 (ngay).
X
Theo dé bai, nhém tho dd hoan thanh sém 2 ngay so véi du dinh, ta ¢é phuong trinh :
3000 - 8x 3000
t—t 2=
x+10 X
Giai ra, ta dugce : x, = 100 (thoa mén diéu kién) ; x, = — 150 (loai).

Viy theo k¢ hoach mdi ngdy cén san suat 100 san phdm.

< x*+50x - 15000 =0.

8

Dang 3. TOAN CONG VIEC LIEN QUAN DEN LAM CHUNG, LAM RIENG

Phuang phap giai

Coi toan bd cong viée 1a 1.

Nang suat = 1 : Thdi gian.

TOng cdc nang sudt riéng = Nang sult chung.

Vi du 1. Hai cong nhan ciing lam mot cong viéc thi hoan thanh cong viéc dé
trong 6 git 40 phiit. Néu ho lam riéng thi cong nhan (I) hoan thanh cong viéc dé it
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hon cong nhan (II) 1a 3 gid. Hoi néu lam riéng thi moi cong nhan phai lam trong
bao lau xong coOng viéc?

Giai.

Goi thoi gian cong nhan (I) lam mot minh xong cong viée 1a x (gid, x > 6% ).

Vi thoi gian cong nhan (I) hoan thanh cong viée it hon thoi gian cong nhin (IT) la
3 g1 nén thoi gian cong nhan (I1) lam mot minh xong cong viée 1a x + 3 (gi0).

Mai gid cong nhan (I) 1am dugce la l(cOng viéc).
X

Mabi gidy cong nhan (II) 1am dugce 1a % (cOng viéc).
X +
Theo ddu bai, hai cong nhan cling 1am thi hoan thanh cong viéc trong 6 gitr 40
phut (= 6% £i0). Nén méi gitr ho ciing lam dugc | :6% = % (cOng viéce).

] 3

Ta c6 phuong trinh : —+
X Xx+3 20

S 20(x+3)+20x=3x(x+ 1) = 3x*-31x-60=0;
A=31-43.(-60)=1681= VA = 41.

31-41 31441

5
=—= (loai); x, =
3( ‘ b

Phuong trinh c6 nghi¢ém 1a: x, = =12 (thoa man).

Viy thoi gian cong nhan (I) lam mdt minh xong cong viée la 12 gid.

Thai gian cong nhan (II) 1am mot minh xong cong viée 1a 15 gio.

Vi du 2. Hai voi ciing chay viilo mot bé thi ddy sau 7 gid 12 phit. Néu méi voi
chdy riéng ma ddy bé thi tng thai gian 13 30 gid. Moi voi chdy riéng thi ddy bé
trano thoy oian 13 haa 1409
trong thoi gian 13 bao 1au?

Giai.

Goi thoi gian voi thit nhit chay riéng ddy bé 12 x gidr (0 < x < 30).

Thoi gian voi hai chdy riéng ddy bé 12 30 - x (gio).

Theo ddu bai, hai voi ciing chay ma ddy bé sau 7 gid 12 phiit (= 7% gig).

1 2
Ta c6 phuong trinh : 7-—.[l+ ] ]=1 < x =-30x +216=0.
oAx 30-x
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Giai phuong trinhtac6 :x, =12 ; x, =18 (thod man).

Vay néu vdi thit nhat chdy riéng ddy bé 12 12 (gid) ;
Vi hai chay riéng ddy bé 12 30 — 12 = 18 (gid) va nguoc lai.

Dang 4. TOAN VE QUAN HE GIUA CAC SO
Phuong phap giai

e Bi€udién: ab=10.a+b (a,beN,0<a<9,0<b<9)
abc=100.a+10b+c (a,b,ceN,0<a<9,0<b,c<9)

o Ti s6 clia hai s6 a va b (b # 0) Ia -‘;-.
e Tong hai s6 X ; y lA: x +y.
e Téng binh phuong hai s6 x ; y 13 : x* + y°,

e Téng nghich dio cliahais6 x ; v 1 : l»*r-l-

Xy
Vi du 1. Tim hai s6 biét ring t6ng cta hai s6 d6 bing 17 don vi. Néu s6 thir
nhit tang thém 3 don vi, s6 thit hai tang thém 2 don vi thi tich cta chiing bing 105
don vi.

(TS 10 - THPT Tinh Vinh Phiic, nam hoc 2003 - 2004)
Giai.
Goi s6 thir nhdt 1a x, sO thit hai lay.,
Theo dé bai, tdng ctia hai s6 d6 bing 17 don vi ta ¢é phuong trinh : x +y = 17 (1)
S6 thit nhit tang thém 3 don vi, s6 thi hai tang thém 2 don vi thi tich cua
chiing bang 105 don vi ta ¢6 phuong trinh (x + 3)(y + 2) = 105 (2)
Tur (1), (2) ta c6 hé phuong trinh :
x+y=17
((x+3)(y+2)=105
Rut y tir phuong trinh (1) thé vao phuong trinh (2) va thu gon tac6 :
x*—16x +48 =0.
Giai phuong trinh ta duoc x, = 12 (thoa man), x, = 4 (thoa min).
Vay néu s6 thit nhit 1a 12 thi s6 thit hai 1a 5 ; néu s6 thir nhat 12 4 thi s6 thi
hai la 13.

Vi du 2. Tim s6 tu nhién c6 hai chir s6, biét ring néu dem s6 dé chia cho tong
cdc chitr s6 cua n6 thi duge thuong 12 4 va du la 3. Con néu dem s6 d6 chia cho tich
cdc chir s6 cua né thi duge thuong 1a 3 vadu la 5.
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Giai.
Goi chir s6 hang chuc la x, chir s6 hang don vi lay (x,yeN, 0<x <9,
0<y<9).
Theo dé bai, dem s6 d6 chia cho téng cédc chir s6 thi duge thuong 1a 4 va du 3,
ta co phuong trinh : 10.x +y=4(x+y) + 3 (1)
Con dem s6 d6 chia cho tich cdc chir s6 ctia né thi duge thuong 1a 3 va du 5, ta
c6 phuong trinh : 10.x + y = 3.xy + 5 (2)
Tir (1), (2) ta c6 hé phuong trinh :
I0x+y=4(x+y)+3 2x-y=1 (3)
{10x+y=3xy+5 {I0x+y 3xy=35 (4)
Rut y tir (3) r6i thé vao (4) taduoc : 10x +2x -1 = 3x(2x - 1)=5

ﬁ‘?ﬁﬁﬁ—gx-i-E:ﬂ'£\=25—16-‘—'92‘Pvu23
" ; 5-3 1 5+3
Phuong trinh ¢6 nghi¢m : x, = = (loai) ; x, S 2 (thoa man).

Véi x = 2 thi y = 3 (thoa min).

Vay s6 cdn tim 1a 23.

Vi du 3. Ldy mot s6 tu nhién c¢é hai chir s6 chia cho s6 viét boi hai chir s6 c6
thir trr nguoc lai thi duge thuong 1a 4 va du 15, Néu lay s6 do6 trir di 9 thi duoc mot
s bing t6ng binh phuong cic chir s6 clia s6 d6. Tim s6 tr nhién dé.

Giai.

Goi chir s6 hang chuc 1a x, chir s6 hang don vi la y (x,yeN, 0<x<9,
0<y<9).

Theo dé bai, 14y mot s6 tr nhién ¢é hai chir s6 chia cho s6 vi€t boi hai chit s6
c6 thit tu nguoc lai thi duge thuong la 4 va du 15 ta ¢6 phuong trinh :

10x +y=(10y +x).4 + 15 (1)
Néu 14y s6 dé trir di 9 thi dugc moét s6 bing téng binh phuong cia méi chir s6
do6, ta c6 phuong trinh : 10x +y =9 =x>+y* (2)
Tir (1), (2) ta c6 hé phuong trinh :
{le +y=(10y + x)4 + 15 B (3)
2 2 St 2

Thay (3) vao (4) va thu gontacé : 173y’ — 134y — 39 =0,

Giai phuong trinh tacé : y, =1(thoa man) ; y, = % (khong thoa man).
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Véiy=1thix=9,

Viy s0 tu nhién dé 1a 91,

Vi du 4. Cho moOt s6 ¢6 hai chir s6. Tim s6 d6, biét riing tong hai chir s6 cla
né nho hon s6 d6 6 1dn. Néu thém 25 vao tich cia 2 chit s6 d6 sé duoc so viét theo
thit tu ngugc lai véi sé da cho.

Giai.

Goi chir s6 hang chuc la x, chir s6 hang don vi la y (x,yeN, 0<x<9,
0<y<9).

Theo dé bai, tong hai chir s6 clia n6 nho hon s6 d6 6 14n ta ¢6 phuong trinh :

6(x+y)=10x+y (1)
Néu thém 25 vao tich cua 2 chir s6 dé s€ dugc s6 viét theo th tw ngugc lai voi
s6 dé cho, ta ¢6 phuong trinh : Xy + 25 = 10y + x (2)
Tir (1), (2) ta ¢6 hé phuong trinh :

{6(x+y) = 10);4;}:‘(:::> xzéd}’- (3)
Xy +25 = 10y + x xy+25=10y+x (4)
Thay (3) vao (4) vathu gontacé: y* =9y +20 = 0.

Giai phuong trinhtacd :y, =5 ; y, =4.

Véi y, =5 thi x, = 6,25 (khong thoa man).

Véi y, =4 thi x, =5 (thoa man).

Viy s6 phai tim 1a 54.

Dang 5. DANG TOAN CO NOI DUNG HINH HOC
Phuong phéap giai

Ap dung céc cong thitc sau :

e Dinh I Py-ta-go : AABC vuong tai A < AB* + AC’ = BC’,

e Dién tich hinh chir nhat : S=a.b; véi a : chiéu dai, b : chiéu rong.

o Dién tich hinh thang : S = %- h hoic S = m.h.

Trong d6 : a, b : d6 dai hai ddy ; h : d dai duong cao ; m : do dai dudng
trung binh.
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Vi du 1. MOt hinh chir nhat ¢6 chiéu rong bing % chiéu dai, dién tich hinh

chir nhat 12 5400 cm®. Tinh chu vi hinh chir nhat.
Gidi.
Chiéu dai hinh chir nhat 1A X (cm, x>0) ;

Chiéu rong hinh chir nhat dé6 1a %.x (cm).

2
Theo diu bai, ta ¢6 phuong trinh : x.i.x =5400 <> x*=8100.

Giai ra, ta duoc : x, = 90 (thoa man diéu kién) ; X, = — 90 (loai).

Vay chiéu dai hinh chir nhat 1a 90 cm, chiéu rong hinh chir nhat 1a 60 cm. Do
d6 chu vi hinh chir nhat 14 : (90 + 60).2 = 300 cm..

Vi du 2. Mot thira rudéng hinh chir nhat ¢6 dién tich 1a 100 m*. Tinh d6 dai cdc
canh cta thita ruong. Biét ring néu tang chiéu rong cha thira rudng lén 2 m va
giam chiéu dai cta thira ruong di 5 m thi dién tich cda thira ruong tang thém 5 m’.

Giai.

Chiéu dai hinh chir nhat 1a x (m, x > 0), thi chiéu rong ctia hinh chir nhat 14
100
— (m).

X

Theo diu bai, néu tang chi¢u rong cta thira rudng 1én 2 m va giam chiéu dai cia

thira rudng di 5 m thi dién tich clia thira rudng tang thém 5 m’, ta ¢6 phuong trinh :

(x —S)-(m+ 2] =100+5 < 2x* = 15x = 500 = 0.
X
Giai ra, ta dugc : x, = 20 (thoa min diéu kién) ; x, = — 12,5 (loai).
Vay chiéu dai cia manh dat hinh chir nhit 1a 20 m va chiéu rong ciia manh dat
a5 m.

/i A, 2 AAAae L.l.. H T Q0 . P 1% e A 1A
vi uu Ja l.\"l\ll Kl \‘U.Ull IIIIIII L[I.U I.IIIf.lI LU Llll,l. \rl -.OU imn Suul {a iam Lo 101

rd

di xung quanh vuon thudc dat cua vuon rong 2 m, dién tic
trot 12 4256 m’°. Tinh cdc kich thude ciia vuon.

Giai.
Chiéu dai khu vudn hinh chir nhat 1a x (m, x > 70) ;
Thi chi¢u rong cta khu vuon hinh chir nhat 12 280 : 2 = x = 140 = x (m).

d at con lai dé trong

Nguoi ta lam mot 16i di xung quanh vudn thudc dat cia vuon rong 2 m thi
chi¢u dai phan dat con lai dé tréng trot 1a x — 4 (m), chiéu rong phan dat dé rong
trot la 140 = x -4 =136 — x (m).

126



Theo ddu bai, dién tich dit con lai d€ tréng trot 1 4256 m®, ta ¢6 phuong trinh :
(X —4).( 136 —x ) =4256 <> x> — 140x + 4800 = 0.

Giai ra, ta duoc : x, = 80 (thoa min diéu kién) : x, = 60 (loai).

Vay chiéu dai cia manh dat hinh chir nhat 12 80 m va chiéu rong cia manh dat

la 60 m.

Vi du 4. Trén mot miéng dat hinh thang cin chiéu cao 35 m, hai ddy lin luot

bang 30 m, 50 m nguoi ta 1am hai doan dudng ¢é ciing chi¢u rong. Cac tim duong
1an luot 12 dudmg trung binh cta hinh thang va doan thing néi hai trung diém cla
hai ddy. Tinh chiéu rong cic doan dudong dé biét rang dién tich lam dudng chiém
0,25 dién tich hinh thang.

Giai. (h.10)
™. a0 L% 1L o0 ___ _ 1% _
Dién tich hinh thang la : /

(30 + 50). 35 : 2 = 1400 (m?). : —
AEEEeTE. e Wk

b

Suy ra dién tich phdn lam dudng 1a : T

1400. 0,25 = 350 (m?) ; / : \
Pudng trung binh cta hinh thang 12 : .--}-:-u

(30 + 50) : 2 =40 (m). Hinh 10

Goi chiéu rong cdc doan dudmg 1 x (m, 0 < x < 30).

Theo dé bai, ta ¢6 phuong trinh :

40x + 35x - x* =350 < x* = 75x + 350 = 0.

Giai ra, ta dugc : x, = 5 (thoa min diéu kién) ; x, = 70 (loai).

Vay chiéu rong cdc doan dudng dé 1a 5 m.

Vi du 5. Mot manh dat hinh chir nhit ¢6 do dai duong chéo 1a 13 m va chiéu

dai 1on hon chiéu réng 7 m. Tinh chiéu dai va chi¢u rgng cua manh dat do.

(TS 10 -THPT Ha Néi, nam hoc 2010 - 2011)
Giai.
Goi chiéu rong manh dat 1a x (m, 0 < x < 13), thi chiéu dai manh dit 1a x + 7 (m).
Theo diu bai, hinh chir nhat ¢6 d¢ dai duong chéo la 13 m, dp dung dinh Ii

Py-ta-go ta c6 phuong trinh : x>+ (x +7)’ = 13’ x? + 7x = 60 = 0.

Giai ra, ta dugce : x, = 5 (thoa man diéu kién) ; x, = —12 (loai).
Vay chiéu rong ciia manh dat hinh chir nhat 1a 5 m va chiéu dai cia manh dat

la 12 m.
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C. BAI TAP TV LUYEN

1. Hai xe cung khai hanh tir A dén B cdch nhau 30 km. Xe (I) ¢é van toc 16n hon
van toc xe (II) 1a 3 km/h nén dén B sém hon xe (1) 1a 30 phit. Tinh van t6c
méi xe.

2. Mot nguoi di xe dap tir A dén B cdch nhau 24 km. Khi di tir B tro vé A nguoi
do tang van toc thém 4 km/h so vén hic di, nén thoi gian ve it hon thoi gian di
30 phit. Tinh van toc cua xe dap khi di tr A dén B.

(TS 10 - THPT Ha Néi, nam hoc 2007-2008)

3. M0t ca n6 xubi dong trén mot khic song tir bén A dén bén B dai 80 km, sau
d6 lai nguoc dong dén dia diém C céch B la 72 km, thoi gian xudi dong it hon
thoi gian nguoc dong la 15 phit. Tinh van toc riéng ciia ca no, biét van 16c
dong nude la 4 km/h,

(TS 10 - THPT Ha Ngi, nam hoc 2006-2007)

4. Mot ca nd di xuodi dong tir A dén B dai 28 km. Dén B ca nd dimg 40 phiit roi
quay trd vé A. Biét ring van t6c dong nudc chay la 5 km/h va thoi gian ca di
ldn vé 1a 3 gid. Tinh van toc riéng cua ca no.

5. Mot lam trudng du dinh trong 75 ha rimg trong mot s6 tudn 1é&. Do trong méi
tudn vuot mitc 5 ha so vai k¢ hoach nén da trong duoce 80 ha va hoan thinh
som 1 tudn. Hoi mdi wén du dinh tréng bao nhi¢u ha rung?

(TS 10 - THPT Amsterdam, ChuVéan An - Ha Noi, nam hoc 1996-1997)

6. Hai cong nhan cung lam mot cong viéc thi hodn thanh trong 4 ngay. Biét ring
néu lam mét minh xong cong viée thi ngudi thi nhat lam nhanh hon ngudi tha
hai 1a 6 ngay. Tinh thoi gian méi ngudi lam mot minh xong cong viée trén.

7. Hai voi cung chdy vao mot bé trong 4 gid thi dugc — bé. Néu chay riéng thi
3
voi mot chay diy bé nhanh hon voi hai 1a 5 gid. Vay voi hai chay mot minh
ddy bé hét thai gian 1a bao nhi¢u?
8. Hai vdi nudc cliing chay vao mot bé khong ¢6 nudce va diy bé sau 4 h 48 phuit.
Né€u chay riéng thi voi mét chay diay bé nhanh hon voi hai 1a 4 h. Hoi néu
chay mot minh thi méi voi chay ddy bé trong bao lau?

: - " s i B wwg — & .
9. M0t hinh chir nhat ¢6 chiéu rong bang — chic¢u dai. Néu b6t moi canh di 5 m
3

thi dién tich giam di 16%. Tinh di¢n tich cha hinh chir nhat hic dau.
(TS 10 - Tinh Béic Ninh, nam hoc 2003-2004)

10. Tim mot s6 ¢6 hai chir $9, chir s6 hing chuc kém chir s6 hing don vi 1a 4 don
vi ; tong cdc binh phuong hai chir s6 d6 bing 80.
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HUGNG DAN - PAP SO

Goi van tdc xe thir hai 1a x (km/h, x > 0), thi van toc xe thir nhat 1a x + 3 (km/h).
30

X+3

Ta c6 thoi gian xe (I) di 1a (gio) ;

Thai gian xe (1) di la g (giv). DO6i 30 phiit = —lj-gib.
X

Vi xe (I) dén sém hon xe (I1) 1a 30 phit nén ta ¢6 phuong trinh :
30 30 ]

X x+3_5'

Giai ra ta duge x, = 12 (loai) ; x, =10 (thoa man).

Vay van toc xe (I) 1a 10 km/ h, van t6c xe (I) 1a 13 km/ h.
Goi van tdc cha xe dap khi di tir A dén B 14 x (km/h, x > 0).
Khi dé van t6c¢ khi di tir B tra vé A 1a x + 4 (km/h).

o)
Thoi gian ngudi do di tir A dén B hét & (h).

X

24
x+4

Thoi gian ngudi do vé tir B dén A hét (h).

Theo dé bai thoi gian vé it hon thdi gian di 13 30 phit (= % h) ta ¢6 phuong trinh :

X X+4 2

Giai ra ta duoge x, = =16 (loai) ; x, =12 (thoda min).
Vay van t6c xe dap khi di tir A dén B la 12 km/h.
Goi van t6c riéng cta ca no la x (km/h, x > 0).
Suy ra van toc ca n6 khi xuéi dong la x + 4 (km/h) ;
Van toc ca nod khi nguoc dong la x — 4 (km/h).

80
X+4

72
x=-4

Thoi gian ca nd xudi dong 80 km la (h) ;

Thai gian ca nd nguge dong 72 km la (h).

9. TTKT-PPGTI2 ... A
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Theo dé bai, thdi gian xu6i dong it hon thdi gian nguoc dong 15 phiit (=Z h)
7280 1

x-4 x+4 4

Gidi ra ta duge x, = =68 (loai) ; x, =36(thoa mian).

ta c6 phuong trinh :

Vay van t6c¢ riéng cua ca nd 1a 36 km/h.
Van toc riéng ca no la x (km/h, x > 5).
Suy ra van toc ca nod xubi dong 1a x + 5 (km/h) : vin téc nguoe dong x = 5 (km/h).

28 oo g . 28
(gi0) ; thdi gian ngugc dong
X+5 X -5

IR 2 IR
e P =] e LI

+—+ =3.
X+5 3 x+5

(gi0).

Thoi gian xuo6i dong

Theo dé bai, ta ¢6 phuong trinh :

Giai ra ta duge x, = =1 (loai) : x, =25 (thod man).
Viy van toc riéng cua ca nd la 25 km/h.

Goi s6 ha mbi tuin du dinh trong la x (ha, x > 0).
Suy ra thuc ¢ moéi tudn trong duge x + S (ha).

: 75 .
Thon gian du dinh trong 75 ha rung la — (tudn).
X

80
X+5

Thai gian thuc t¢ trong 80 ha rimg 1a (tudn).

. , . . 75 80
Theo dé bai, thue t¢ hoan thanh sém | tudn ta c6 phuong trinh : — - 5
X X+

=1.

Giai ra ta duge : x, =-25 (loai) ; x, =15 (thod mén).

‘?’,"... .._..‘?'.: l-.,‘:-- o e L Bl
vay moi tuan au dinn trong

1& L.

10 I1ld.

Goi thoi gian nguoi thit nhat lam mét minh xong cong viée hét x (ngay, x > 4).
Suy ra thoi gian ngudi thit hai lam mét minh xong cong viéc hét x + 6 (ngay).

1 1

—_——

Theo dé bai, ta c6 phuong trinh :—]- + :
X x+6 4

Giai ra ta dugc x, = -4 (loai) ; x, =6 (thoa man).

Viy thoi gian ngudi thir nhat Iam mot minh xong cong viéc hét 6 ngay, thoi
gian nguoi thir hai lam mot minh xong cong viéc hét 12 ngay.

Y- TTKT-PPGT92 ... B



7. Goi thoi gian vdi hai chay mot minh ddy bé 1a x gir ( x > 5). Thoi gian voi
mot chiay ddy bé mot minh 1a x - 5 (gid).

2
Theo dau bai, hai voi cing chay trong 4 gi¢ thi dugc ? bé ta ¢6 phuong trinh :
\
4(-1- + I - | = -%
X X- ::J 3
Gidi phuong trinh tac6 @ X, =2 (loai), x, =15 (thoa min).
Viy thoi gian voi hai chay mot minh ddy bé 1a 15 gio.

8. Goi thai gian voi | chay mot minh ddy bé hét x (h, x >0).
Suy ra thdi gian voi 2 chdy ddy bé mot minh hét x + 4 (h).

1

x+4

(bé).

Méi gid voi | chay duoc L (bé) : médi gity voi 2 chay dugc
X

Theo dé bai, hai voi cling chiy chung va ddy bé sau 4 h 48 phiit (=4§ h) ta ¢
phuong trinh :

AN
5 x x+4

)=1.

-] : x
Giai ra ta duge : X, =—?g- (loai) ; x, =8 (thoa man).

Viy thoi gian voi | chay ddy bé mét minh hét 8 h, voi 2 chay ddy bé mot
minh hét8 +4 =12 h.
9. Goi chiéu dai hinh chitnhatlax (m, x> 5).

Suy ra chiéu rong hinh chir nhit la %.x (m).

Dién tich hinh chir nhat 1a : -i—.xz (m).

Theo dé bai, néu bét mdi canh di Sm thi dién tich giam di 16% ta c6 phuong

trinh :

(x=5)Ex-5)=
3

e B Ex? ey B o Vi)
3 5 3

L
L |

PR N —S » Ll
Giairatacé: x, =? (loai) ; x, =75 (thoa min).
Vay chiéu dai hinh chr nhat 1a 75 m, chiéu rong hinh chir nhat la

%.75 =50 (m).

Do d6 dién tich hinh chir nhat lic dau 1a 75.50 = 3750 (m®).
10. S6 can tim la 48.
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ON TAP CHUONG IV. ON TAP CUOI NAM

A. CAC DANG BAI TAP VA PHUONG PHAP GIAI

Dang 1. BIEU THUC CHUA CAN BAC HAI
Vidu 1. Rit gon

) A=v4-2J3+/4+243 ; b)B=\j~/§-\[3—\/29—12J§.
Gidi.

a) ;-ﬂ\=\f(\/5—1)2+\/(\/:?+1)2 =V3-1+V3+1=2./3.
b) B=\/J§—J3—J(2\/§—3): =y3/5 ~3f3= 275 +3

=\/J'_,/(J§-1): =JW5-5+1=1.

Nhan xét : Khi thuc hién nhimg bai todn ¢6 can ** chong chat”, ban nén pha
can bing cdch ding cong thic VA® =|A|.

2 2 5
Vi du 2. Thuc hién phép tinh + +—_ .
e R e 6.

Giai.

Taco

2(V6+2) 2(V6-2) s 56 _1746
=2 + oy + e =J6+2+J6-2+ e = z

Nhdn xét : Biéu thic chia can & miu, ban nén truc can thicc ¢ miu trude khi
1am tiép.

Y _2x+\/;+2(3*1)
X +v/x +1 Jx vx -1

a) Rut gon P. b) Tim gid tri nho nhat caa P.

Vi du 3. Cho biéu thic P =

¢) Tim x dé biéu thic Q = 2Tx nhan gi4 tri 1a s6 nguyén.

(TS 10 - THPT Chu'Van An, Amterdam, Ha Noi, nam hoc 2003 - 2004).



Gidi.
N P=J§(J§—Mx+ x+|)_&(2&+1)+z(ﬁ+1)(\/§-1)
X+vx +1 J; \/;—1
=J§(J§—1)—(2J§+1)+2(J§+1)=x-J§+1.

b) Tacé: P=x—-~/§+£-+§-=(wf;—l] +323.

2) 474
Vijlygi{ltrinh(')nha'lcﬁapl;‘i%khix=%.
902X oo

P X=vXx +1

Taco:x>0; x—\f;+l=(~/_—%] +%>0 nén Q > 0.

2x—2\/;+2-(2x-4~f;+2) 2(\/;—1)2

Tacé: Q= =2-———<2,

X=vX+1 x-vx +1
Dod60<Q<2,dé QeZ thiQ=1

SR - Y

X=vx +1
Giai phuong trinh ta dugc : x, = 7_§J§ L X, = 7+§\E.
Nhan xét :

e Khi rit gon biéu thitc, néu phén thirc ¢6 thé nit gon duge ban nén it gon
trudc, bai todn sé don gian hon.

e Ciu c, s€ 1a sai lam néu ban ngd nhin x 1a s6 nguyén.
Vi du 4. Rit gon cdc biéu thic :

i) =53+ 7-Y5:2—7 ; b) B=Y2+5+32-+5.

Gidi.

a)A={/2J§+6+3J§+1-—{/2\E—6+3\E—1z{{(ﬁﬂ)}—{/(ﬁ-—l)a
=V2+1-(V2-1)=2.
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b) Xét B’ =2+\/§+3.{[(2+J§)(2-J§).({/2+\/§+{/2-J’5’)+2—J§
&> B =4-3B= B’ +3B-4=0(B-1).(B*+B+4)=0.

Ma B +B+4= [B—l--l-\;

2]
Nhdn xét : Khi rit gon cin bac cao, ban ¢6 thé dua vé hiing ding thifc hoac
nang Ién luy thira.

+3 >0nétnB=1.
4

Vi du 5. Cho xy = +3/2 . Chimg minh biéu thitc sau khong phu thude x ; y

ol ["J_w Xy - f} 2xy Xy
x'y’ -4 21V+7\F1X\-’+w/— xv—iﬁ'

(TS 10, chuyén Todn DHSP Ha N¢i, ndm hoc 2009 - 2010)

Giai.

P=

232 xy xy -2 ] 2xy Xy
(xy - \/_)(\y+\/_) (xy-f-{/f)) xy+i@ xy—{/i
4\F~<y ('{}’ \‘f_) 2Xy Xy
2.(xy=32)(xy+42) xy+2 Cxy-i2

(xy+~lf—)- 2Xy XYy __ Xy B
2.(xy -2 )(xﬁ\/‘) Txy-2 xy-2 xy J"

Vay biéu thic cua P khong phu thude vao x ; .

=

Dang 2. HAM SO VA DO THI
Vidu l.Chohamséy=(m-2)x + m + 3.
a) Tim diéu kién cia m d€ ham s6 ludn nghich bién.
b) Tim m d¢ d6 thi him s6 cit truc hoanh tai diém c¢6 hanh do 1a 3.

¢) Timmdédéthicichimsdy=-x+2;y=2x-1lvay=m-2)X+m+3
dong quy.

Giai.
a) Diéu kién dé ham s6 nghich bién lAm-2<0 < m<2.
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b) D6 thi ham so cit truc hodnh tai diém cé hoanh dola3ticlax=3;y=0

thoamidn: 0=(m-2)3+m+3 <:>4m—3=0<::>m=%.

¢) Giao diém A ctia dé thi him s6y = — x + 2 vl y = 2x — | 1A nghié¢m cta hé

y=—x+2=, x =l
y=1

= Toa d0 giao diém 1a A(1 ; 1).

Dé baddthidong quy thix=1:y=1thoamin 1=(m=-2).1+m+3¢>m=0.

huong trinh
5 B {y:Zx-l

Vay véi m = 0 thi d6 thi ba ham s6 dong quy.

Vi du 2. Cho Parabol (P) : y = x> vl dudng thfmg (d) di qua diém A (1 ;2) co
hé s6 gbc k.

a) Chimg minh v6i moi k dudmg thing (d) luon cit (P) tai hai diém phan biét.

b) Véi k = 2. Chimg minh (d) cit (P) tai hai diém phan biét nhan A 1am trung diém.

Giai.

a) Phuong trinh dudng thing (d) 1a y=kx+2-k.

Xét phuong trinh : x* —kx+k-2=0.

Tacé A=k?-4k+8=(k-2) +4>0

= Phuong trinh ¢6 hai nghiém phan biét ; hay (d) luon cit (P) tai hai diém
phan biét.

b) k = 2, xét phuong trinh x* -2x+2-2=0¢ x=0;x=2,

V6i x=0 = y=0 = 0(0;0).
x=2=>y=4=B(2;4).
0+2=l:

= i

Nén A 12 trung diém cua OB.

0+4

Ma &

Dang 3. PHUONG TRINH, HE PHUONG TRINH
—y=2(1
Vi du 1. Cho hé phuong trinh Mx~§=a il
Xx+my=1 (2)

a) Giai hé phuong trinh theo tham s6 m.

b) Goi nghiém ctia hé phuong trinh 1a (x ; y). Tim cdc gid trichamdé x +y =— L.
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¢) Tim déng thic lién hé giira x v y khong phu thugc vio m.
(TS 10 - THPT Hai Dwong, nam hoc 1999 - 2000)
Giai.
a) Tur phuong trinh (1) ¢6 y = mx = 2, thay vao phuong trinh (2), ta dugc
2m+1

X+m.(mx-2)=1 <:>(I+m:')x=2m+l~::>x= -
m- +1

m’ +1

2m+l]_,}_ m -2
mi+l) ©

::-y:m[

2m+1
x"_‘

m? +1
m-2
m’ +1

Vay v6i moi m hé phuong trinh ludén ¢6 nghiém duy nhat <

V=
o’

2m+1 m-=2 m=0
+

m +1 m’+

b)x+y=-1 .
Ix+y < m=-3

=-1 c::»m3+3m=0<:::>{

Vay v6i m e {0;-3} thi h¢ c6 nghi¢m thod min x +y = - 1.

c)em=0,taco6x=1;y=-2nénx +y=-1khong phu thudéc m.
mxy -y’ =2

omxﬂ.lirh(}phucrnglrinhtacéz{ 13’ Y 4

X* +mxy = X

= X’ +y’ =x -2y la ding thic lién hé giita x va y khong phu thudc vao m.

Vi du 2. Giai phuong trinh sau :

X"+ -=12
(x+2)
Giai.
, : 4x? 4x° 4x°
X"+ gx - =]2¢& X7 - i g - a =12
(x+2) X+2 (x+2) x+2
(x- 2"]+4" sqpes| 2o | 22 =g
X+2 X + 2 X+ 2 X+2
bat = 5= phuong trinh ¢é dang y* + 4y = 12.
X +
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Gidgira,tacéy, =2,y,=-6.

e VGiy, =2, 1atim dugc x, =1++5 ; . =1-4/5.

e VGi y, = - 6, khong tim duoc x.

Viy phuong trinh di cho ¢6 hai nghiém x, =1++/5, x, =1-4/5.

Vi du 3. Cho phuong trinh bic hai, véi tham s6 m : 2x* = (m + 3)x +m =0 (1).
a) Giai phuong trinh (1) khi m = 2.

b) Tim cdc gid tri chia tham s6 m dé phuong trinh (1) ¢6 hai nghiém x,, X, thoa man :

]

¢) Goi X,, X, 12 hai nghiém cla phuong trinh (1). Tim gid tri nhé nhat cia biéu
thic P = [x, - x,|.
(TS 10 - THPT Nghé An, nam hoc 2009 - 2010)
Giai.
a) Vi m = 2, phuong trinh ¢6 dang : 2x* = 5x + 2 = 0.
Giai ra, ta duoc x, = 2, x, =0,5.

b) XétA=m’+6m +9 - 8m = (m - 1)* + 8 >0 v6i moi m. Nén phuong trinh
ludn ¢6 hai nghiém x,, x, phan biét. Theo hé thic Vi-ét ta c6 :

r

m+3

X +X, =
ﬁ

XX, =

2
m+23

Thcodéb&i:x]+xz=%xlxzc:>
) XétP* = (x,-x%,) =(x, +x,) - 4x,x,
m+3)’ 4 m_mz—2m+9_(m-l)2+8>
2 2 4 4

P >+/2. Vay gid tri nhé nhit cia P =2 khim = 1.

:>P3=(
\

Dang 4. GIAI TOAN BANG CACH LAP PHUONG TRINH

Vi du 1. S6 hoc sinh ctia mot trudng sau 2 nam tang tr 500 1én 720 hoc sinh.
Vay trung binh hang nam s6 hoc sinh cua trudng dé tang bao nhiéu phin tram?

Gidi.

— Goi x 12 s6 phin traim chi s6 hoc sinh tang trung binh hang nam (x > 0).
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- S6 hoc sinh tang nam ddu la 500.1—(%= 5x (hoc sinh).

2

— S6 hoc sinh tang nam thi hai 1a (500 + Sx).% = 5x +§6 (hoc sinh).

Sau hai ndm s0 hoc sinh tang la : 720 = 500 = 220 (hoc sinh).

Ta ¢6 phuong trinh 5x + 5x +—;5 =220 > x? +200x —4400 = 0.

Giai ratacé x, =-220(loai) ; x, =20 (thoda man).

Vay hang ndm trung binh sé hoc sinh tang 20%.

Vi du 2. Mot cong nhan du dinh 1am 36 san phdm trong thoi gian da dinh. Sau
khi lam duoc nira s6 lugng dugce giao, ngudi dé dimg lai nghi 30 phit. Vi viy mic
di 1am thém 2 san phdm mdi gid véi nira s6 san phdm con lai song vin hoan thanh
cong viéc cham hon du kién 12 phit. Tinh nidng sudt du kién.

Giai.

Goi nang xuat du kién 1a x (san phidm/gity; x € N).

Ta ¢6 phuong trinh.: E+l+ = = L

X 2 x+2 x 5
Giairatacod: x, ==12(loai) x, =10 ( thoa min).

Vay ning xudt du kién 12 10 san phdm/ gid.

Vi du 3. Mot phong hop ¢6 300 chd ngdi duge xép thanh cédc day, mdi day c6
s6 ghé nhu nhau. Nhung nguoi dén hop la 357 ngudi nén phai ké thém mot hang
gh¢ va méi hang ghé xé&p thém hai gh€ . Hoi lic diu cé bao nhiéu hang ghé¢ ?

Giai.

Goi s6 hang gh¢ lic ddu ¢6 x (hang, x € N).

300
X

Theo dé bai, ngudi dén hop 1a 357 ngudi nén phai ké thém mot hang ghé va
mdi hang gh¢ xép thém hai ghé, ta ¢é phuong trinh :

(x+1). [ﬂ+2) 357.

X

!

LAE" __.
w101 lsl

0""
t“

Gidiratacod: x, =§( loai) ; x, =20 (thoa min).

Vay lic dadu c6 20 hang ghé.
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Vi du 4. Mot doi xe cén phai chuyén chd 150 tdn hang. Hom lam viée ¢6 5 xe
dugc diéu di 1am nhiém vu khdc nén méi xe con lai phai chd thém 5 tdn. Hoi doi
xe ban diu ¢6 bao nhiéu chiéce ? (Biét raing mbi xe chd s6 hang nhu nhau).

(TS 10 - THPT Phut Yén, nam hoc 2009 - 2010)

Giai.

Goi s6 xe ban ddu c6 x (chidc, x € N, x > 5).

Luc ddu, méi xe du dinh cho 1a Ll (tdn hang).

X

150

Hom lam viéc méi xe phai trd 1a (t&n hang).

x —
Theo dé bai, mdi xe phai chd thém 5 tan hang, ta ¢6 phuong trinh :
150 150
- - = J.
X=2 X
Giairatacé: x, =-10(loai) ; x, =15 (thoa man).
Viy lic ddu c6 15 chiéc xe.

B. BAI TAP TU LUYEN

1. Ruit gon biéu thiic

a)B=\/?—4\/§—\/7+4\E T ) D:JS—J]3+4J§ +\/3+\/l3+4\{3-;.
2. Thuc hién phép tinh
_V7-5 6-2¥7 6 27

2 4 JT=2 447"

15 4 12
b) C=[—\/_—g+l+\/am2—3_\/g}(\fg+ll).

3. Riit gon biéu thic
a) C=1420+14v2 +320-1442. b) D=39+45 +39-445 .
Jx 3 3&-2\{«/@3 2&}

4. Cho biéu thiic B= | ———- — 4+ : +
[th 2-Jx  x-4 ) (Vx-2 2Jx-x

a) Riit gon B. b) Tinh gid tri ciia Bkhi x =9 — 4+/5.
¢) Tim x saocho B.( x = | )=3\f;.

a) A
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10.
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Cho biéu thirc
A =ﬂ_(g+£]+[{/;+_2£]£i
2+3x 2+3x Ix -2 {{w—;+ 23x
Véi x #8;x # =8;x # 0. Chimg minh gid tri cia A khong phu thudc vao x.
(TS 10, chuyén Ngoai Ngit Ha Noi, nam hoc 2009 - 2010)

mx-y=1
Cho h¢ phuong trinh
Rt %-% =334

a) Giai h¢ phuong trinh khim = 1.
b) Tim gid tri cia m dé hé phuong trinh v6 nghiém.

Cho ham sé y=02m = 1)x + m+ | véi m la tham s6 va m # -;— . Hiy xic dinh

m trong moi u"ufmg hop sau :
a) D6 thi ham s6 di qua diém M (=1 ; 1).
b) D6 thi ham s6 cit truc tung, truc hoanh lan luot tai A, B sao cho tam gidc
OAB can.

(TS 10 - THPT Quang Ninh, nam hoc 2009 - 2010)
mx-y=3 (1)

Cho h¢ phuong trinh
2x+my=9(2)

a) Giai hé phuong trinh khim =1,

b) Tim céc gid tri nguyén ctia m dé hé da cho c6 nghiém duy nhat (x ; y) sao

cho biéu thic A = 3x — y nhan gid tri nguyén.

Tim toa do giao diém A va B clia d6 thi hai him s6 y =2x +3vay =x". Goi D
va C lan luot la hinh chiéu vudng géc cia A va B trén truc hoanh. Tinh dién
tich ut giac ABCD.

(TS 10 - THPT Ha Néi, nam hoc 2006 - 2007)

Cho phuong trinh x* =2(m+2)x+m+1=0 (1)
a) Giai phuong trinh (1) khi m= —%.

b) Tim cdc gi4 tri m dé phuong trinh (1) ¢6 hai nghiém trdi dau.
¢) Goi X, ; x, la hai nghiém cta phuong trinh (1). Tim m dé

X, (1-2x,)+x,(1-2x,)=m".



11.

12,

13.

14.

15.

16.

-

Cho phuong trinh x* -2(m-1)x+m=-3=0 (1)

a) Giai phuong trinh (1) véi m = 0.

b) Chimg minh ring phuong trinh (1) luoén ¢6 hai nghi¢m x, ; x, vdi moi m.
¢) Tim hé thic lién h¢ gitra x, ; x, khong phu thudc viao m.

d) Xdc dinh gid tri cia m sao cho phuong trinh ¢6 hai nghiém béing nhau vé
gid tri tuyét déi va trdi diu nhau,

Giai cdc phuong trinh sau

. - & D Ty [P = - -4
a) x 2( 2 1)‘{ | ..'\/E 0. b) — — .

Giai cdc phuong trinh sau
Yy v 8L _1AL2 _Ane 14N
) A T IA I=TA VA TIV—\U,

b) V2x +3 + VX +1 =3x+2.42x* +5x +3 - 16.

Mot 6 16 du dinh di hét quang duong AB dai 150 km trong thoi gian da dinh.
Sau khi di duoc 2 gio, nguoi 1di xe quyét dinh tang vin t6c¢ thém 2 km/h trén
quang dudng con lai, do d6 dia dén B sém hon du dinh 30 phit. Tinh van t6c 6
t6 di doan dudng diu.

Hai voi nudc cung chay vao mot bé chita khong ¢6 nude thi sau 2 gidy 40 phat
ddy bé. Tinh xem néu dé timg voi chay thi mdi voi chay ddy bé cin bao lau,
biét raing dé chay mot minh ddy bé thi voi mot cin nhiéu thoi gian hon voi hai
1A 4 gid.

Mot manh vudn hinh chir nhat ¢6 dién tich 1a 720 m?®, néu ting chiéu dai thém
6 m va giam chiéu rong di 4 m thi dién tich manh vudon khong déi. Tinh kich
thuéc (chiéu dai va chiéu rong) cia manh vuon.

(TS 10 - THPT Quang Tri, nam hoc 2009 - 2010)
HUGNG DAN - DAP SO

Dips6: a)B=-2Y3;  b) D=23.
Dips6: a)A=12-7; b)C=-115.

Pips6: a)C=4; b) D =3.
Dip so
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10.

Jx +2

A TXD:x>0: x#4 . Kétqua: B=

x +1
b) vx =+/5 -2 . Thay vao ta dugc B = 5 _5+V5
-1 4
C)x=4+2\/§.
Dip s6 A = 2.
bip so

x =2002

a) V6i m = |, nghi¢m chia hé phuong trinh 1a ;
y = 2001

b) m =§ thi hé da cho vo nghiém.
Dips6:aym=1:b) me{l; 0}.
Dap so
. . ' . Ix =4
a) Véi m = |, nghiém cta h¢ phuong trinh 1a g
3m+9
X = —
b){ ™ *2 Janghiem cia h¢ phuong trinh.
_9Im-6
hy m’ +2
Xét A=3x-y= ?3 i
m +2

Pé AeZ=m’+2e U(33).
Tur d6 tim duoge m e {1;-1;3;-3}.
Dips6: A(-1:1);B(3:9).

S .sco = 20 ( don vi dién tich).
Dip so

1+/3 e -3

K-\ e

> S 2

a) x, =

b) Diéu kién dé phuong trinh ¢6 hai nghiém trdi ddu la ac <0 & m< 1.



c) me {0;-2}.

11. a) x, =1 ; X, =-3,

b) A'= (m —%J -E-% > 0 nén phuong trinh luén c6 hai nghiém phén biét.

¢) H¢ thic lien h¢ gira x, ; x, khong phu thuoc vao m la :

X, +X,-2x,Xx, =4.
dm=1.

12.2) x, =1; x, =1-22.
b) x, =-70 ; x, =80.

13.a) S={l+jﬁ;l_\/l_?;—3—\fﬁ:—3+\/ﬁ}.

2

b) Dat v2x +3 +Vx +1 =y >0, phuong trinh c6 dang : y =y’ - 20.

Giairatacé y=-4 (loai), y =5 ( thoa man).
V@i y =5, giai ra ta duge x, =3 (thoa man), x, =143 (loai).
14. Goi van t6c du dinh 1a x ( km/h ; x > 0).

Ta c¢6 phuong trinh : 2 + U o +]—= Lol

X+2 2 x|

Giairatacéd: x, =20( thod min) ; x, =-30 (loai).

Vay van t6c du dinh [a 20 km/h.

15. Goi thdi gian voi hai chay mot minh ddy bé hét x ( gio, x > 2%}
)
5 1 3
Ta c6 phuong trinh : +—=—,
x+4 x 8

Giadiratacé x, =4 (thoa man), x, = —% (loai).

16. Dép s6
Kich thuée hinh chir nhat 1a 30 m va 24 m.
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CHUONG III
GOC V01 DUONG TRON

144

§1. GOC O TAM. SO DO CUNG

- - ﬂ-- [ ¥ 3 | Y B T § § ¥

A. TRONG TAM KIEN THUC
Goc o tam 1a géc ¢6 dinh trung véi tam dudng tron.
Vidu: AOB la goc otam (h.11).

e Néu 0° < <180° thi cung ndm bén trong géc
dugc goi 1 cung nho va cung nam bén ngoai géc

duoc goi la cung lon. O

e Néu o =180” thi médi cung 1a mot nira dudng tron. \ B
e Cung ndm bén trong géc goi la cung bi chan.

S0 do cung Hinh 11

e S0 do cung nho bing s6 do géc & tam chin cung do.

e SO do cung 16n bing hiéu gita 360° va s6 do cung nho (cé chung hai dau
mut véi cung Ion).

e S6 do cua nira dudmg tron bang 180°.

0 _ .~

5. L. M . ETNSVRRNORE N WL RV Re. (N R i
O Udllg U vd Lung ca (HI’(JHS (ron Cu S0 u

o T T S 11 TR I S | B R
Lawy. Liig anong coOs00
So sanh hai cung
Trong mot dudng tron hay hai duong tron bang nhau :
e Hai cung dugc goi 1a bang nhau néu chiing ¢6 s6 do bing nhau.
e Trong hai cung, cung nao ¢6 s6 do 1én hon duoce goi la cung 16n hon.
2 5 = L P P
Khi nao thisd AB=sd AC +sdCB ?
Néu diém C la mot diém nam trén cung AB thi :
o, ) o
sd AB=sd AC +sdCB.



B. CAC DANG BAI TAP VA PHUONG PHAP GIAI
Dang 1. TINH SO DO GOC & TAM, SO DO CUA CUNG TRON

Phuong phap giai

e Ap dung dinh i tdng cdc gbc trong clia tam gidc, W gidc.
D¢ tinh s6 do clia cung nho, ta tinh s6 do gdéc ¢ tam tuong Ung.

D¢ tinh s6 do clia cung Ién ta 1dy 360° trir di s6 do ctia cung nho.

Vi du 1. Cho hinh vuong ABCD. Goi O 1a tam dudng tron di qua bon diém A,
B, C, D.

a) Tinh s6 do géc & tim AOB, BOC. A 2
b) Tinh s6 do cung nho AB, CD.
Giai. (h.12) (0]
a) Goi O giao diém AC va BD.

ABCD la hinh vuong = OA = OB = OC = OD.
Vay O 12 tam dudng tron di qua A, B, C, D. Hinh 12

ABCD Ia hinh vuong => AC L BD (tinh chit ) = AOB =90°, BOC = 90°.
b) AOB =90° = sd AB=90° ;
COD = 90° = sdCD = 90°.
Vi du 2. Cho diém S & ngoai dudmg tron (O ; R) ké tiép tuyén SA. Doan thing
SO cit dudmg tron tai B. Biét ring géc ASO bing 35°. Tinh s6 do cung AB.
Giai. (h.13)
SA 1a tiép tuyén = ASAQO vuong tai A
= ASO+ A0S = 90°

= AQS =55°

—_ —
= sd AmB = 55° ; sd AnB = 305°.

Vi du 3. Hai tiép tuyén cia duong tron (O)
tai A va B cit nhau tai S biét ASB = 60°. Hinh 13
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a) Tinh s6 do cung 16n AB.

b) Lay C bat ki thudc cung nho AB, vE tiép tuyén véi duomg tron tai C cit SA,
SB tai D, E ; OD, OE cat cung nho AB tai I, K. Chimg to sdﬂz khong phu thude
viio vi tri diém C.

Giai. (h.14)

a) SA ; SB 14 hai ti€p tuyén

= SAO =90° ; SBO =90°.

Xétur giac SAOB c6 :

SAO +SBO + ASB + AOB = 360°
= AOB: 1200
— o

—_—od AD .. 19
— 33U ADPnho — 1 &V

= sd ABjgn = 240° .

Hinh 14

b) DA ; DC Ia tiép tuyén = O, = %AOC.
EB : EC la tiép tuyén = O, = %m’”‘&.

= DOE = % AOB = 60° = sdIK = 60° khong phu thudc vio vi trf diém C.

Dang 2. SO SANH CUNG

Phuong phap giai

Dé so sdnh hai cung ciia mot dudmg tron (hoidc hai dudmg tron bing nhau)
ta thuong :

So sdnh hai géc ¢ taim tuong img : Cung nao tng vdi goc ¢ tam 16n hon thi
cung ay 16n hon. Hai cung tmg véi hai géc ¢ tAm bing nhau thi bang nhau.

Vi du 1. Cho hai dudng tron dong tam (O ; R) va (O ; r) véi R > r . Tiép tuyén
cua duong tron (O ; r) tai M cit duong tron (O ; R ) tai A ; B. Tia OM cit dudng

tron (O ; R) tai C. So sanh CA va CB.
Gidi. (h.15)

AB la tiép tuyén cia (O ;r)taiM = OM L AB.
Xt AAOBc6OA=0B =R ;
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OM 1 AB = OM la dudng cao
= OM Ila phan gidc.

= AOM = BOM = AC = CB.

Vi du 2. Cho t giic ABCD c¢6 bon dinh
A, B, C, D ciung thuéc (O ; R) bi¢t riang

ABC=ADC=90° : AB=R:AD = Rv2. So

sanh EE‘ va (’—:B Hinh 15
Giai. (h.16)
ABC=ADC=90° = A, B, C, D ciing B

thudc (O ; R) c6 duong kinh AC. /Q
AB=R = AB=BO=A0(=R)

= AAOBdéu = AOB=60° = BOC=120° (1). AV 5 NC

AO? + DO’ =R?*+R*=2R?
AD? = 2R? = AO® + DO? = AD?
= AAOD vudng = AOD =90° = COD =90° (2).

D

—_— _— Hinh 16
Tur (1) va (2) = BOC>COD = BC>CD.

Vi du 3. Cho day AB < 2R ctia dudng tron (O ; R). Trén AB ldy diém M, N
sao cho AM = MN = NB. Tia OM, ON ciit cung nho AB tai C, D.

a) Chimg minh cung AC bing cung BD.
b) So sinh cung AC va cung CD.
Giai. (h.17)

a) OA=0B:; AM=BN; OAM =0BN
nén AAOM = ABON suyra AOM = BON

L ) 0
hay AC=BD. W
b) Ké OI la phan gidc AON ,tacé: A M i—N B
Y

IN ON IN 1
—_——l s —<—,
IA  OA AN 2

a M—l\f =% nén I nam gitra M, N . Hinh 17

— m— . T

Suy ra NOI < NOM hay AOM < AOI < COD do d6 AC <CD.
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C. BAI TAP TU LUYEN

RV3

. Cho duong tron (O ;: R) va (O ; —‘)—3 ) dong tam. Tiép tuyén cua dudng tron nho

cat duong tron Ién tai A va B. Tinh s6 do cung nho AB ctia dudmg tron (O ; R).

Cho dudmg tron (O ; R) va mot day AB sao cho s6 do cung 16n AB gip doi s6
do cung nho AB. Tinh do dai day AB.

Cho tam gidc ABC déu. V& nira dudmg tron duong kinh BC cit canh AB va

AC tai D va E. Chimg minh ring BD = DE = EC.
Cho day AB cua (O ; R). Tinh s6 do cdc cung nho va cung 16n AB trong céc
truomg hop sau :

a)AB=R: b!AB=R~f2—.; c)AB=Rxﬁ.

Goi M, N, P, Q Ia b6n diém nam trén dudng tron (0). Cdc ti€p tuyén & bon
diém rén cat nhau tao thanh wr gidc ABCD. Ching minh rang

AOB + COD =180°".

HUGONG DAN - PAP SO

(h.18) AB tiép xuc vGi duong tron nho tai I, nén
AB L O, md AAOB can tai O suy ra

AOB = 2.]0B.

Ma cosﬁ =£=£
OB 2

Do viy AOB =60° =sd AB=60°.
AR R 0 Hinh 18
(h.19) sAAB 1. + sdAB .. = 360°. ink

, Suy ra [OB =30°.

A o o

L 4 a4 T ~ 4 & T - & 4 T 1 1\0‘
Ma sdAB 4, = 2.5dAB ;,; nén sdAB ,;, = 120".

, /-\
= AOB=120". A H B

Vé OH L AB, tacé6 AOH = HOB =60°

va AH=HB=%AB.

—

Tam giaic AOH ¢6 AHO =90° ;

AOH =60° nén OH = ;DI-AO = % R. Hinh 19



Ap dung dinh 1i Py-ta-go, tacé:

AH? = AO* -OH’ = 3R’ = AH =5£.
4 2

Vay AB=2.AH=RV3. A
(h.20) Tam gidc BOD ¢6 OB = OC ; OBD = 60°
nén tam gidgc BOD déu, suy ra BOD = 60°. 7 S
Tuong tu , ta ¢6 : tam gidgc COE déu nén COE = 60°.
Tir d6 ta c6 : DOE = 60°. B\ 0 /C
Do d6 BOD = DOE = EOC(=60°).

P . TR
Vay BD=DE =EC. Yk 20
Pap s6 :
a) 60° ; 300°.
b) 90° ; 270°,
¢) 120°; 240°.

(h.21) AM, AN Ia ti€p tuyén nén AON = E‘V[ON = -deN

Tuong tu , ta c6 ; BON:%NOP:-}sdﬁB :
COQ=%sdf>B ; DOQ=%saﬁ6.
Tacé: AOB+COD = AON + NOB+COQ + DOQ v

LA T N B 1T NN

(sd‘VIN +$dNP +sdPQ +deQ)
Hinh 21
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§2. LIEN HE GIUA CUNG VA DAY

A. TRONG TAM KIEN THUC

Pinh li 1 D

V@i hai cung nho trong mot dudng tron \
hay trong hai dudong tron bing nhau : .C

a) Hai cung bang nhau cang hai day bang nhau.

b) Hai day bang nhau cing hai cung bang nhau. B
Trong hinh 22 : AB=CD < AB = CD. /
A

Dinhli2 Hinh 22

V§i hai cung nho trong mot dudmg tron hay trong hai dudng tron bang nhau :
a) Cung 1on hon cing day Ién hon,
b) Dy 16n hon cang cung 1én hon.

Trong hinh 22 : AB>CD < AB > CD.

Pinh li bé sung

e (Bai 13 SGK). Trong mét dudng tron, hai cung bi chin giira hai day song

song thi bing nhau.

e (Bai 14 SGK). Trong mét dudng tron :
a) Pudng kinh di qua diém chinh giira ciia mot cung thi chia déi day cing
cung. Pudomg kinh di qua trung diém ctia mot day khong di qua tam thi
qua diém chinh gifta cung cang day doé.
b) Pudng kinh di qua diém chinh gita ciia mot cung thi vudng géc véi
ddy cang cung 4y va ngugc lai.

B. CAC DANG BAI TAP VA PHUONG PHAP GIAI

Dang 1. CHUNG MINH HAI CUNG BANG NHAU

Phuong phap giai

Van dung dinh If 1. Véi hai cung nho trong mot dudng tron hay trong hai
dudng tron bing nhau :

a) Hai cung bing nhau cang hai day bing nhau.

b) Hai day bang nhau cang hai cung bing nhau.
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Vi du 1. Cho hai dudng tron dong tam (O ; R)
va (O :r) (véi R > r). Diém M & ngoai dudng tron
(O ; R) ké tiép tuyén MI, MK véi duong tron (O ; 1)
cit (O ; R) tai A ; B va C, D. Chiing minh
AB=CD.

Gidi. (h.23)

Tac6:01 LAB;OK LCDmaOIl=0K

nén AB = CD. Vay AB=CD. Hinh 23
Vi du 2. Cho dudng tron (O) dudng kinh AB. Qua A va B vé hai day AC va
BD song song v&i nhau. So sdanh ;(3 va E[S e 5.
Giai. (h.24) M
VéOM L ACvaON L1 BD. B
A 0

Xét tam gidc AMO va tam gidac BNO c6
OMA =ONB =90° ;

MAOQO = NBO (so ie trong) ; OA = OB

nén AOAM = AONB suy ra OM = ON

D
Hinh 24

= AC = BD. Vay AC =BD.

Dang 2. CHUNG MINH HAI CUNG KHONG BANG NHAU

Phuong phap giai

¢ Ching minh hai day cang cung (cung nho) khong bing nhau, day nao
16n hon thi cang cung 16n hon.

¢ Hoic chimg minh hai géc ¢ tam tuong img khong bing nhau, géc nao
I6n hon thi ¢6 cung bi chin 16n hon.

Vi du 1. Cho AABC noi ti€p dudng trdn (O ; R). Goi M, N, P 1a trung diém
cdc canh AB, BC, CA. Bié¢t ring OM < ON < OP. So sinh cédc cung AB, BC, CA.
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CA

(0).

Giai. (h.25)

B
M, N, P la trung diém cdc canh AB, BC,
nén OM L AB, ON L BC, OP L AC.
MiOM <ON<OP = AB>BC> AC. 0
Vay: AB>BC > AC. ch

Vi du 2. Cho AABC noi tiép dudng tron
Bi¢t rang géc A bing 60°, géc B bang 70°. Hinh 25

So sinh cic géc AOB, BOC, COA.

Gidi. (h.26)
Tac6 A+B+C=180° nén C =50°.

Suy ra C<A <B dodé AB<BC < AC

—~ o~ o~ &
= AB<BC<AC. B
Vay AOB < BOC < COA .

Hinh 26

Dang 3. TINH PO DAI DAY CUNG

Phudng phap giai

D¢ tinh do dai day cung, ching ta dua vao :

e Duong kinh vuéng gbéc véi diy cung thi chia doi day cung ay.

e Hai cung bing nhau cang hai day bang nhau.

e Dinh Ii Py-ta-go, hé thic gitra canh va géc trong tam gidc vudng.

Vi du 1. Trén dudng tron (O ; R) 14y ba diém A, A

—~ o~ o~ I

B, C sao cho AB=BC =CA . Tinh d6 dai cic canh

cla
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tam giic ABC theo R,
Gidi. (h.27) 0
Tac6: AB=BC=CA = AB=BC=CA

B
= A ABC déu. \E/C

Mat khic AB=BC =CA = BC =120°.
Vé OH L BC. Hinh 27




Xét ABOC ¢c6 BO = CO (= R) = ABOC caAn = OH la dudng cao doéng thoi
la phan gidc = BOH =60°.

Xét ABOH ¢6 BHO =90° = HB = OB. sinBOH .

N

= HB = R.sin60° = R.—z-‘—- = BC=R.\f3.

Vay AB=BC=CA=R/3.

Vi du 2. Trén duong tron (O ; R) ldy hai diém A, B sao cho AB= Rﬁ . Goi
M la diém chinh gifra cung nho AB. Tinh d6 dai AM.

Gidi. (h.28)
Xét AOAB c6 OA? + OB? = R? + R? = 2R?

A
AB® = 2R? = OA’ + OB’ = AB’, viy AOAB M
vuong tai O. L (\
2\,

Goi giao diém OM va AB 1a H, ta ¢6 OH L AB,

HA=HB=HA=HB=HO= RTJE
= HM=R - R;/E = 2R _7R\E_ Hinh 28

Ap dung dinh 1i Py-ta-go cho tam gidc AHM ,tacé:

AM? ={RT‘EJ-+(?R"—R‘E-]".—.RZ(2-J§) = AM=R+2-42.

2

C. BAI TAP TU LUYEN

1. Trén dudng trén (O) c6 hai cung AB va CD sao cho Kﬁ =2.Ef). Chimg minh
AB < 2CD.

2. Cho duodng tron (O) c6 hai day AB, CD vudng gbc véi nhau. Goi M 1 trung
diém BC. Chimg minh OM = %AD.
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3. Cho dudng tron (O ; R) va day AB < 2R. Lay M, N thudc ddy AB sao cho
AM = MN = NB. Cic tia OM, ON cit dudng tron tai C va D.

a) Chimg minh AC = BD. b) So sinh AC va CD.

4. Trén dudng tron (O) 14y bon diém A, B, C, D theo thit ty d6 sao cho AB > CD
va tia BA va tia CD cit nhau tai M. V& dudng tron (O ; OM) cit tia MB, MC

P ~_
tai N, P. So sinh MN va MP cua (O ; OM).

HUONG DAN - PAP SO

1. (h.29) Goi I 1a diém chinh giita cia cung AB, DB\
3cﬁA!=ﬁ=a:)nenA!=BI=CDi ~

£

Xét tam gidc ABI c6 AB < Al + BI
(bt ding thitc tam gidc).

Vay AB < 2CD.
2. (h.30) Ké dudmg kinh CE, ta ¢6 CBE = CDE = 90°. Hink 29
C6 OM la duﬁmg trung binh cia A CBE C

suy ra OM=—BE.
2 A

5'B‘
Mait khdac AB // DE (L CD) nén AD BE. M

Hay AD = BE do d6 OM =%AD.

3. (h.31)a) AAOM = ABON (c.c.c) nén AOM BON
Hinh 30

Do dé AC = BD nén AC = BD. P Y
b) LAy E sao cho M la trung diém OE
thi AONE la hinh binh hanh

= AOE = OEN ; AO =EN A
ma AO > ON nén EN > ON = EON > OEN \ NN/
= EON > AOE. w
Hay @}E:AC‘:CD. E ?

Hinh 31
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4. (h.32) Vé Ol LAB; OK LCD.
Xét (0) c6 AB> CD nén Ol <« OK
Xét (O ; OM) ¢6 Ol < OK nén MN > MP,
do d6 MN > MP.

Hinh 32

§3. GOC NOI TIEP

A. TRONG TAM KIEN THUC

1. Pinh nghia. G6c noi tiép 1a géc ¢6 dinh nim

trén duomg tron va hai canh chia hai day cung

cua dudng tron do.

Cung nidm bén trong g6c duoc goi 1a cung bi chin.

Trong hinh 33 thi :

g‘& la g6c noi tiép ; \

BC la cung bi chin. &

2. Dinh li. Trong mét dudng tron, s6 do cha géc ‘
ndi ti€p bing nira s6 do clia cung bi chin. ftink 33
3. Hé qua. Trong mot dudmg tron :
a) Céc gbc noi ti€p bing nhau chin cic cung bing nhau.
b) Cic gbc ndi tiép cung chdn mot cung hodc chin cidc cung bang nhau thi
bing nhau.
c¢) Géc ndi ti€p (nho hon hoac bing 90°) c6 s6 do bing nira s6 do clia géc &
tam ciing chin mot cung.
d) Géc noi ti€p chidn nira dudng tron 12 géc vuodng.
4. Hé thirc luong trong dudmg tron
Bai 23 (SGK). Cho dudmg tron (O) vi mét diém M c6 dinh khong nidm trén
dudng tron. Qua M ké hai dudng thing. Dudng thing thi nhat cit (O) tai Ava B.
Pudng thang thit hai cit (O) tai C va D thi ta ¢6 hé thic MA.MB = MC.MD.
(Hé thitc diing cd hai triong hop diém M ndm bén trong va bén ngoadi
dicomg tron)
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B. CAC DANG BAI TAP VA PHUONG PHAP GIAI

Dang 1. CHUNG MINH HAI GOC BANG NHAU HOAC SO SANH CAC GOC

Phuong phap giai

Ta ¢6 thé dua vao :

e Dinh Ii va hé qua ctia goc nodi tiép.
e Hai gbc cung bang géc thir ba.

¢ Hai g6c cung phu véi mot goc.

Vi du 1. Cho AABC nhon noi ti€p dudng tron (O) c6 dudng cao AH. Ké
duomg kinh AD.

a) Tinh géc ACD.
b) Ching minh BAH = OAC. >
Gidi. (h.34)

a) AD 1a dudmg kinh cia (O) nén ACD = 90°
(g6¢ noi ti€p chan nira dudng tron).

b) ACD= 90° nén AACD vuong tai C do dé : B H €
DAC + ADC = 90° (1) \M
AH la dudng cao nén A ABH vuéng tai H do dé
BAH + ABH = 90° (2)
Mat khic ABH = ADC (g6c noi ti€p cling chin AC %
Tir (1) va (2) ta 6 : DAC = BAH.

Vi du 2. Cho duong tron (O) duong kinh AB va
mot day cung AP. Tia AP cit tiép tuyén tai B cia AT
dudmg tron ¢ T. Chimg minh : P

a) AOP =2.ATB. b) APO = PBT.
Giai. (h.35) 1
Tacé ATB = ﬁ; (cung phu véi ﬁ; ).

Hinh 34

] —

Ma B, = 5-AOP (hé qud).

——

Nén ATB =—=.AOP hay AOP =2.ATB. Hinh 35

1 Aor
3
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b) AO = PO nén AAOP can tai O suy ra:PAO = 65?&
Ma PAO = PBT (cung phu véi ﬁ: ) suy ra OPA = PBT .

Dang 2. TINH SO DO GOC

Phuong phap giai

Ban c6 thé ding hé qua cua géc noi tiép.

Vi du 1. Cho AABC noi tiép dudng tron (O). Cac cung nho AB, BC, AC cé
s6 do ldn luot 1a x + 10° x +20° x + 30°. Tinh s6 do cdc géc clia tam gidc ABC.

Gidi.

Ta ¢6 sd AB +sd BC +sd AC = 360°

nén x + 10°+ x +20° + x + 30° = 360°

= x = 100°

do d6 sd AB = 110°, sd BC = 120°, sd AC =130°.

Vay C=55°, A=60°, B=65°.

Vi du 2. Cho hinh 36, bi¢t BD 1a dudng kinh
clia (O), BAC = 40°. Tinh s6 do ctia gbc CBD. 0

Gidi. (h.36)

BAC = BDC (h¢ qua géc nodi tiép ) nén BDC = 40° :

BD la dudng kinh, nén BCD =90° nén A BCD vuong. Hinh 36

——

Do dé CBD + BDC =90°. Vay CBD = 50°. /A\

Vi du 3. ChoAABC nhon ¢6 BAC = 60°. Vé
dudmg tron dudong kinh BC tam O cit AB; ACtai D ;
E. Chimg minh ODE = 60°.

Gidi. (h.37)

BDC = 90° (g6¢ noi tiép chin nira dudng tron)
nén ADC =90° do d6 A ADC vuong tai D.
Tacé6 DAC+ACD=90° = ACD =30°. Hinh 37

157



Mat khdc DCE = -% DOE (h¢ qua géc ndi ti€p) nén DOE = 60°.
Ta ¢6 OD = OE (bin kinh ) do d6 A ODE déu.
Vay ODE =60°.

Dang 3. CHUNG MINH BA DIEM THANG HANG
Phuong phap giai

Dua vio : = G6c noi tiép bing 90° thi chin nira dudmg tron.
~ Hai ddu dudng kinh va tam dudng tron thing hang.

Vidu 1. ChoAABC nhon c¢6 BAC = 45° noi ti€p dudong tron (0). Cic dudng
cao BH, CK cat dudmg tron (O) tai D ; E. Chimg minh D, O, E !hfmg hang.

Giai. (h.38)

BH L ACnén AABH vuong tai H.

Ma BAH =45° nén ABH = 45°

Mt khic ABD = ACD (gbc noi tiép cling chin AD)

nén ACD =45°. (1)

CK 1L ABnén AACK vuodng tai K.

Ma CAK =45° nén ACK = 45° (2)

Tur (1) va (2) ta ¢6 : DCE =90° nén DE la dudng kinh. Hinh 38

Viy D, O, E thing hang.

Vi du 2. Hai dudng tron (O) va (O")
cit nhau tai A va B sao cho OAO'=90°,
lay diém C thuoc (O') va ¢ bén ngoai
dudmg tron (0). Ké cic tia CA, CB cilt
duong tron (O) tai D, E. Ching minh
ring D ; O ; E thing hang.

Giai. (h.39)

Xét (0), 1a c6 AEB = -;—AOB (1

—

Xét (O, 1aco: KEE = %AO B (2) Hinh 39
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Tir (1) va (2) ta c6 : Rﬁﬁmca—%(ma AO' B) 90° .

Nén EAC =90°, do d6 DAE =90°,
Vay D, O, E thing hang.

Dang 4. CHUNG MINH HAI DPUUNG THANG VUONG GOC

Phuong phap giai

— Sir dung dinh Ii va h¢ qua géc noi tiép.

- Sir dung tinh chat tam gidc vuong.

Vi du 1. Trong dudng tron (O) c¢6 day AC va BD vudng géc véi nhau tai I.

Goi M Ia trung diém BC. Chimg minh IM L AD.
Giai. (h.40)
Goi N 1a giao diém cua MI va AD ;
AC L BD taiInén ABCI vubng tai L.

Ma MB = MC = MI = MB (tinh chit dudng
trung tuyén cua tam gidc vuong) nén A MBI can.

Do dé MIB = MBI ma NID = BIM (d6i dinh)
do d6 MBI = NID.

Tacé : BDA = BCA (g6c noi tiép ciing chin AB).

Ma BCA + MBI =90° (ABCI vuong tai 1)

nén tr (1), (2) ta cé NID + BDA =90° hay
A IND vuodng tai N. Vay MN L AD.

Vi du 2. Cho tam gidc ABC ndi tiép dudng tron
(O). Tia phan gidc géc BAC cit dudmg tron (O) tai
D. Dudng tron tam D, bdn kinh DB cit dutmg thing
AB tai Q (khdc B), cit dudng thing AC tai P
(khdc C). Chimg minh AO L PQ.

Gidgi. (h.41)

Goi I va E 1a giao diém cia AO véi dudmg tron
tam O va PQ.

Ta c6 : QBC = CPQ suy ra ABC = APQ ma

B
A C
o)
D
(1) Hinh 40
(2)
A
0 P
W LXE N\

Hinh 41
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ABC = AIC nén APQ=KI?:.
Do AIC + EAC =90° nén AEP =90°.
Vay AO L PQ.

Dang 5. CHUNG MINH HAI POAN THANG BANG NHAU
HOAC MOT DOAN THANG BANG TONG HAI DOAN KHAC

Phuong phap giai

— Chimg minh hai doan thing dé la hai canh clta mot tam gidc can

— Chimg minh mot doan thing bing téng hai doan khdc : Ta chia doan
thing dé thanh hai phdn va chimg minh hai phdn nay lin lugt biang hai
doan thang di cho.

Vidu 1. Cho AABC nhon noi ti€p dudng tron (O). Buong cao AD, BE cla
A ABC cit nhau tai H. AD cét duomg tron tai I. Chimg minh DH = DI.

Giai. (h.42) %
[AC = CBI (g6c ndi tiép cung chén Cl);
[AC = EBC (phu véi goc C).

Do d6 IBC = EBC .

H *O
| B c
Xét AHBI ¢6 BD la duomg phan gidc ; \J
BD la dudng cao (AD L BC). I

Nén AHBI can tai B, do do6 BD la trung tuyén. Hinh 42

Viy DH = DI.

Vi du 2. ChoA ABC déu noi 1iép duong iron (O).
Liy M nam trén cung BC. Ching minh rang :
AM = BM + CM.

Giai. (h.43)
Trén ddy MA 1ay N sao cho MN = BM (1)

Ta c6 BMN = BCA (géc noi tiép chin AB)

nén BMN =60° (do BCA =60°).

Hinh 43
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ABMN c6 MN = BM ; BMN =60°.
Nén A BMN déu, do d6 BN = BM ; MBN = 60°.
Tacé B, +B, =60° (do AABC déu);
}_;'3_;+l§‘; =60° (do ABMN déu), nén B, =B, .
Xét AABN va ACBM ¢o:
NB = MB (chimg minh trén) ; (1)
E; = ﬁ: (ching minh trén) ;
AB = CB (A ABC déu) :
Nén AABN = ACBM (c.g.c) do dé AN = CM )

A ANA _TINA . NS
d AVI = DIVI + CULIVL.

-

Tir (1), (2) suy
Dang 6. CHUNG MINH BIEU THUC TiCH BANG NHAU

Phuong phap giai

e Chimg minh tam gidc dong dang, sau d6 sir dung tinh chdt tam gidc
dong dang.

e Sir dung hé thitc lugng tam gidc vuong, heé thic luong trong dudng tron.

Vi du 1. Cho hai dudng tron (O) ; (O') ciit nhau tai A, B. Trén doan AB lay
diém 1. Qua I ké day MN cuia dudng tron (0), ké day CD cia dudmg tron (O').
Chimg minh IM.IN = IC. ID.

Giai. (h.44)

AAIM va ANIBc6:

AMI = NBI (g6c noi tiép cing chin Kﬁ) ;
AIM = BIN (ddi dinh).

Do d6 A AIM dong dang vai ANIB (g.g).

Suy ra 2l do d6 AT .BI = MI . NL
NI BI

Chimg minh tuong tu, ta ¢6 : ALLBI = CL.DI.
Vay MILNI = CI.DL Hinh 44
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Nhan xét. Cich chimg minh trén la chimg minh hé¢ thic luong trong duong
tron. Nhi¢u bai todn chiing ta ¢6 thé nhin dudi géc do hé thirc luong trong dudng
tron dé phin dodn, tim huéng chimg minh.

Vidu 2. Cho AABC noi tiép dudng tron (O). Tia phan gidc goc A cat BC tai
F, cat duong tron tai E. Ching minh :

a) A BEC can. b) BEC = ABC + ACB.
¢) AB.AC = AE.AF. d) AF? = ABAC-BF.CF. A

Giai. (h.45)

a) BAE = CAE = BE = CE = BE = CE.
Do d6 ABEC cén tai E. .0

—— — e —

b) Tac6 : AEB=ACB ; AEC = ABC.

Nén : BEC = AEB + AEC = ACB+ ABC. N/
¢c)Tacod: AEB = ACB va BAE = FAC

E
. AE AB

1¢n A AEB dong dang véi AACF (g. a = — inh -
nér dong dang voi (g.g)suyr AC_ AF Hinh 45
hay AB.AC = AE.AF. (h
d) Taco: ;{_E-:.E: ACB va ﬁ=ﬁ
nén A AFC dong dang véi ABFE (g.g) suy ra:

an CF = BF.CF = AF.EF (2).

BF EF

Tir (1) va (2) ta c6 : AB.AC - BE.CF = AE.AF - AF.EF = AF.(AE-EF) = AF”.

Nhdn xét. Cau d chinh 12 mot tinh chét ctia duong phan gidc trong tam gidc.
Vi du 3. Cho ur gidc ABCD c¢6 bon dinh

; . A
thuoc duong tron (O). Ching minh rang : /f(\

AB.CD + AD.BC = AC. BD (Dinh Ii P1o-1¢-mé). .

Gidi. (h.46) 3
— ——————— D
Ldy diém I thuoc BD sao cho BAI = CAD.
- Tam giic ACD va tam gidc ABI ¢6
ABI = ACD;BAl =CAD.
Nén tam gidc ACD dong dang véi tam gidc C
AC CD
ABI suy ra IE = E = AB.CD=AC.BI (1) Hinh 46
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~ Tam gidc ADI va tam gidc ACB ¢6 ADI = ACB ; DAI = CAB.

Vay tam gidc ADI dong dang véi tam gidc ACB suy ra
A it B AT (2)
AC BC

Tu (1) va(2)tacodé: AB.CD + AD.BC = AC.BI + AC.DI

= AB.CD + AD.BC = AC.BD.

C. BAI TAP TU LUYEN

Cho tam gidc ABC noi ti€p dudmg tron (O ; R) ¢6 AB = 8cm, AC = 15¢cm
dudmg cao AH = 5cm va BAC >90°. Tinh bén kinh R.

Cho luc gidac ABCDEF c¢6 cdc dinh thudc dudtmg tron (O). Biét AB // DE, BC// EF.
Chimng to CD song song véi AF.

Cho A ABC. Budng tron (O) dudng kinh AB cit duong tron (O') duong kinh
AC tai giao diém thit hai 12 H. Mot dudng thing (d) quay quanh A cit dudng
tron (O) va (O) tai M ; N sao cho A ndm giira M va N,

a) Chimg minh H thu¢c canh BC va BCNM Ia hinh thang vuong.

b) Chimg minh ti s0 E:—M khong doi.

L

Cho tam giic ABC nhon néi tiép dudmg tron (O). Duong cao AH cit dudng
tron tai I. Goi AD la duong kinh cha dudng tron (O). Tia phan gidc goc BAC
cit dudng tron tai M. Ching minh ring :

- . . -
ien el A i R

S . L) Ia tia jJIIt'I.H EI&IL L= ¥ I EUL-

A TAT mn g ner
MYl 1 Ls. Ls L.

A AT
A C) i/ jy

Hai day AB va CD cit nhau tai G nim trong dudng tron (O). Pudng thing
chira tia phan gidc cha goc AGD cit AD tai M va BC tai N.
AM CN

Chimg minh ;| —— = —.
MD NB

Cho tam gidic ABC (AB # AC) ¢6 AM Ia dudng trung tuyén ; AD la dudng
phan gidc. V& duong tron ngoai tiép tam giaic ADM cit AB, AC tai E va F.
Chimg minh ring BE = CF.
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PHad. Mot chiée ho 1o hinh tron ¢6 bon diém A, B,
C, D (nhu hinh 47). Mot chiéce ca nd xudt phat r
A chay thiang dén B. Ddng thai cling ldc dé ¢6
mot chiée thuyén mdy chay thing tr D dén C.
Biét rang ca no va thuyén cung dén dich mot lic
vd ¢6 van t6¢c khong doi. Diéu gi xdy ra néu B
ca nO chay tir A dén C va thuyén chay tir D

A 2
dén B Hinh 47

HUGNG DAN - DAP SO

(h.48) K¢ duong kinh AD cua duong tron (O ; R).

—— —— A
Xét tam gidc AHB va ACD c¢6 AHB = ACD(=90°) ; /rR
ABH = ADC . ¢

B H
Viy AAHB vn AACD (g.g) nén A
AH_AB_ 5 8
AC AD 15 AD
= AD=2dcm =R =12cm. X
AB // DE nén BCD = AFE suy ra I?I;[S = ACE. Hinh 48

BC // EF nén Efgf:ﬁ?F suy ra BDF = EAC.

Do d6 ABFD v» AECA (g.2).

Viy DBF = AEC = DEF = ABC = ADC = DAF = CD // AF.
(h.49) a) Sir dung géc noi tiép chan

nira duong tron bing 90°, ta ¢6 :

e AHB=90° ; AHC =90°suy ra M

B. H, C thiing hang, hay H thugc BC.
e BMA =90°, CNA =90° suy ra B
BM // CN hay BMNC la hinh
thang vudng.

—

b) X¢ét (O) ¢6: ABH = AMH (g6c noi tiép).

Xét (0 ¢6: ACH = ANH (gdc noi tiép).

; ; H AB a;
Suy ra A ABC dong dang véi AHMN nén —M i khong doi.

Hinh 49



(h.50) Goi ¥

a) é?ﬁ = @ , suy ra diéu phai chimg minh,

b) ABC = ADC = BAH =DAC, suyra
diéu phai chimg minh.

¢) ID va BC cuing vudng géc vai Al

(h.51) Ap dung h¢ thirc luong trong dudng
tron, ta ¢c6 AG. GB = CG. GD nén
AG _GC

GD GB

Ap dung tinh chit dudng phan gidc cla

. s b Al

i311g|uu|u.u:
AM_AG CN_CG . AM_CN
MD GD NB GB “ MD NB'

(h.52) Ap dung hé thirc luong trong dudmg
tron, ta 6 :

BE.BA = BD.BM ; CF.CA = CD.CM.

BE BA BD
CF CA CD’
Ma AD la dudng phan gidc nén L = ﬁ.
CD AC

Do dé EI—E—=1 hay BE = CF.
CF

Sé va vao nhau.

Hinh 51

Hinh 52

§4. GOC TAO BOI TIA TIEP TUYEN VA DAY CUNG

A. TRONG TAM KIEN THUC

Dinh nghia : Géc tao bai tia tiép tuyén va day cung la gbc ¢6 dinh ndm trén
dudng trdn va mot canh 1a mot tia ti€p tuyén con canh kia chira day cung cua

dudng tron dé.
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—— — x
Theo hinh 53 BAx va BAy la
hai géc tao boi tia tiép tuyén

va day cung.

2. Binh li: S6 do cua gdc tao bai
tia ti€p tuyén va day cung bang
nira s6 do gbéc cua cung bi
chan. Hinh 53

3. Hé qua : Trong mot dudmg tron, géc tao baoi tia ti€p tuyén va day cung va goc
ndi tiép cung chian mdt cung thi bing nhau.

4. Dinh li dao
Bai 30 (SGK). Néu géc BAX (v6i dinh A nam trén dudmg tron, mot canh chira

day cung AB), cé s0 do bang nira s6 do ctia cung AB cang day dé va cung
nay nam bén trong géc d6 thi canh Ax 1a mot tia ti€p tuyén ciua dudmg tron
(hinh 53).

5. Heé thirc lugng trong duong tron
Bai 34 (SGK). Cho duong tron (O) va diém M ndm bén ngoai dudng tron d6. .

Qua diém M ké tiép tuyén MT va cit tuyén MAB, thi ta cé MT? = MA.MB.

B. CAC DANG BAI TAP VA PHUONG PHAP GIAI

Dang 1. CHUNG MINH HAI GOC BANG NHAU HOAC SO SANH CAC GOC

Phuong phap giai

Ta ¢6 thé dua vio :
e Dinh Ii va hé qua gdoc tao boi tia tiép tuyén va day cung.
¢ Hai gdc cung bing gdc thit ba.

e Hai g6c cung phu véi mot goéc.

Vi du. Cho nira duong tron duong kinh AB trén tia d6i cua tia AB ldy
diém M. Ké tiép tuyén MN véi nira dudmg tron (N 12 tiép diém). V& NH vuong géc

véi AB. Chilng minh MNA = ANH .
Giai. (h.54)

ANB= 90° (Géc néi tiép chan nira dudng tron).
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Nén A ANB vuong tai Ndodé:
NBA + NAB =907,

Tacé NH L ABnén ANH+NAH =90°. v H O B
Suy ra ANH = NBA (cung phu v6i NAH ). v
Mat khic : MNA = NBA (g6c tao boi tia i 54

ti€p tuyén va day cung).
Vay MNA = ANH.

Dang 2. TINH SO PO GOC

n nhan niai
Wiy MG Hyidh

Ta str dung :
Tinh chat va hé qua cla géc tao boi giira tia ti€p tuyén va day cung.

Vi du 1. Cho hinh 55 : PD Ia tiép tuyén,

AP, BC la duong kinh, khi d6 s6 do PDA 13
bao nhiéu?

Giai. (h.55)

PBC = CPD (g6c tao boi tia tiép tuyén C
va day cung), nén CPD = 25°.

PA 13 dudng kinh, nén ACP=90° P D
= DCP =90°. Vay PDA =65°. Hinh 55

Vi du 2. Cho hinh 56 c6 Ax, By la tiép tuyén. Tinh s6 do goc ACO.

Fa it
rrdal.

ACB = BAx (hé¢ qua) nén ACB =45°.

By 12 tiép tuyén , nén OBy =90°, do d6
OBC =90° - 60° =30°.
AOB iC. nélliOBC can tai O, do dé :
OCB=0BC = OCB=30°.

Vay ACO=ACB-OCB=15°. Hinh 56
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Dang 3. CHUNG MINH HAI DUSNG THANG SONG SONG

Phuong phap giai

Dua vao ddu hiéu nhan biét hai dudng thing song song : Hai dudng thing
tao v6i dudmg thiang thit ba

e Mot ciip g6c so le trong bing nhau thi hai dudng thing d6 song song
e Mot cdip géc déng vi bang nhau thi hai dudmg thing d6 song song.

Vi du. Cho hai dudng tron (O) ; (O') tiép xtc trong tai A. Qua A vé day AB ;

AC ctia duong tron (O) va chiing cét (O') theo thit ty tai D ; E. Chimg minh BC // DE.

tao bai tia ti€p tuyén va day cung).

déng vi. Vay BC// DE.

Giai. (h.57)
Fhsamm K owr W biaiilN s alcinae woainesa Yo e e ki
Jua A Ve Lcp tuyen chung Xy cua har auong tron.

Xét dudng tron (0) ¢6 :

22

ABC = EK} (g6c giira tiép tuyén va day cung).

Xét dudng tron (O') ¢6 : ADE = E::‘:;* (goc

Do d6 ABC = ADE, hai géc ndy & vi tri

C y
Hinh 57

Nhan xét.
e K&t ludn trén vin diing trong trudng hgp hai dudng tron ti€p xic ngoai.
e Néu bai todn ¢6 hai dudmg tron ti€p xic nhau thi viéc ké tiép tuyén chung la

diéu cdn thiét dé tao su lién két gitra cdc goc vai nhau.

Dang 4. CHUNG MINH MOT TIA LA TIEP TUYEN CUA DUONG TRON

Phuong phap giai

e Chimg minh tia ndy vudng géc véi ban kinh tai mit cua ban kinh.

e Dung phuong phdp phan chimg.

Vi du. Cho dudng tron (O ; R) va diay AB (AB < 2R). Goi P la diém chinh

gitta cung nho AB. Goi C la diém bat ki thuoc day AB. PC cét dudng tron tai D.
Chimg minh PA la ti€p tuyén ctia duong tron ngoai tiép A ACD.

168



Gidi. (h.58)

AP = BP nén ADP = BAP (hé qua gbc noi tiep) (1) AM\ B

Trén nira mat phing bd AB chira P vé tia Ax ia tiép
tuyén cia dudng tron ngoai ti€p A ACD

nén CAx =CDA (2) (h¢ qua gdbc tao bai tia tiép tuyén
va day).

Tir (1) va (2) ta c6 : CAx = CAP.

Do dé hai tia AP, Ax trung nhau.

Vay AP la ti€p tuyén cua dudng tron ngoai ti€p A ACD.

Nhdn xét.

Qua bai n:}: ban ¢6 thé nhin biét duoc mot tia 1 tién lnw‘*-n cua rhrP'rnn tron

Sor # Bl e wALA e e L]

thong qua bai sau : Cho tam gidgc ACD. Trén tia dGi cia tia CD lay diém P. Tla AP
1A ti€p tuyén chia dudng tron ngoai ti€p tam gidic ACD néu thoa man mot trong hai
diéu kién sau :

a) goc ADC béng géc PAC ; b) PA? = PC.PD.

Hinh 58

C. BAI TAP TV LUYEN

1. Cho dudng thing (d) khong cit dudng tron (O) vé dudng kinh CD vudng goc
véi (d) tai 1. Ké tiép tuyén IA vai duong tron (O). Duong thang CA cit (d) tai
B. Chimg minh IA = IB.

2. Cho hinh thoi ABCD ¢6 géc B=60°. Qua D vé mot dudng thing nim ngoai
hinh thoi nhung cit cdc dudmg thing AB va BC tai E va F. Goi K 1 giao diém
cia AF va CE. Chimg minh ring AD la ti€p tuyén cta dudng tron ngoai tiép
tam giic KDF.

3. Cho hai dm‘mg tron (O ; R) w‘.l (O'; r) 1ié'p xtic trong tai A. D y BC cua dm"mg

ng A

e L Gt R 3 ey
iron (O ; R) I.le xtc v6i (O'; ) tai M. Chimg minh rd A 1a tia phan gidc

cua géc BAC.

4. Cho ba diém A, B, C thiang hang. V& cdc dudmg tron dudmg kinh AB, AC. Goi
D 1a giao diém cua dudng tron dudng kinh AC véGi dudng vuong géc véi AC
tai B. Tir C ké ti€p tuyén CK véGi duong tron dudong kinh AB. Chimg minh
CD = CK.

5. Cho hai dudng tron (O) va (O') cét nhau tai C va D. Mt dudong thang tiép
xtc v6i (O) va (O) tai A va B. Budng thiang CD cit AB tai M. Chimg minh
MA = MB.
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HUGNG DAN - PAP SO

(h.59) Hudng din
Ta co ﬁ; = 6; (cung phu véi géc C).
Ma A, =D,. A, =A;ntn B, =A,.

Ta ¢6 diéu phai chimg minh,
(h.60) Tam gidic ADE dong dang véi
tam gidc CFD (g.g), suy ra
AD AE s AE AC
CP €0 AC CF

(1)

Mat khdc ACF = CAE = 120° (2)
Tu (1) va (2) ta c6 tam gidac ACE dong dang

vgi tam gidc CFA (c.g.c) = CFA = ACE. E

Xét tam gidc ACK va tam gidc AFC /ND
cém:chungvii CFA = ACK. y
Do d6 tam gidc ACK dong dang véi

tam gidc AFC. F
AK AC ? .

Suyra —=——= AC? = AK.AF.
AC AF Hinh 60

Hay AD” = AK.AF. Chimg t6 AD ti¢p xiic v6i dudng trdn ngoai tiép tam
giac KDF.
(h.61) K¢ tiép tuyén chung Ax cit

dudng thing BC tai F.

Ta c6 : FAC = ABC (hé qua gbéc tao
bai tia ti€p tuyén va day cung).

Ma FMA=A,+ABM (tinh chit
£0oc ngoai tam giac)

= FAM = K; + FAC. Hinh 61



(=
L ]

Mit khic FMA =FAM (vi tam gidc FAM cén tai F).
Nen A, = A, hay AM Ia tia phan gidc géc BAC.

(h.62) Hudng dan
Ap dung hé¢ thitc lugng trong dudmg tron ta ¢6 :
CK? = CB.CA (1 A C
Tam gidc ADC vuong tai D, ¢6 DB L AC.
Theo hé thire luong trong tam gidc vudng
taco:

CD’= CB.CA ) Hinh 62
Tlrfl\v’lf')‘lquv ra CK = CD.

(h.63) Huéng din A M B
Ap dung hé thic luogng trong dudmg tron, ta c6 :

MAZ = MCMD : ) =
MB? = MC.MD.

Nén MA = MB. Hinh 63

§5. GOC CO DiNH O BEN TRONG DUGNG TRON.
GOC €O DINH O BEN NGOAI DUONG TRON

A. TRONG TAM KIEN THUC

("‘.‘l... al A L AL denom . (). I .
uOC CO ain U ULII tr UIlE Uuullg wron

Trong hinh 64 thi :

BEC c6 dinh E nim bén trong dudng tron
(0), goi la géc c6 dinh ¢ bén trong dudng
tron.

Dinh li. S6 do gbéc cbé dinh ndim bén trong
dudng tron bing nira tdng s6 do hai cung
bi chén.

Hinh 64
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2. Goc c6 dinh ¢ bén ngoai dudng tron

a) b) c)
Hinh 65

Trong hinh 65 (a, b, ¢) thi :

BEC goi la g6c ¢6 dinh & bén ngodi dudng tron.

Dinh li . S6 do cua géc c6 dinh & bén ngoai dudng tron bing nira hiéu s6 do
hai cung bi chén,

B. CAC DANG BAI TAP VA PHUONG PHAP GIAI

Dang 1. TINH SO PO GOC, SO PO CUNG

Phuong phap giai

Biéu dién s6 do cdc géc theo s6 do clia cdc cung bi chin rdi tinh cédc s6 do
g6c hodc cung do.

Vi du 1. Cho hinh 66. Biét s6 do cung AC
1a 30°. Tim s6 do clia cung BD.

Giai.
AMC =60° (do CMR = 120°%)
4 Miv VAW A UYL LSV Ty
] ~
sdAC +sdBD
ma AMC =

nén sd:fé-i—sdfi?) =120°.
Do dé sdBD =90°. Hinh 66

Vi du 2. Cho hinh 67. Biét BC 1a dudmg kinh, va s6 do cung AC la 120°. Tinh
s0 do ciia AMC.
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Giai.
sd.ﬁ=l20°,nén sdAB = 60°. M
Ma AMC = sdAC -sdAB o B
‘ B 2
0 _£0°
_ 120" - 60 -30°.
2 Hinh 67

Dang 2. CHUNG MINH HAI GOC BANG NHAU HOAC MOT HE THUC
GIUA CAC GOC

Phuong phap giai

Tinh s do cdc géc theo s¢ do cia céc cung bi chdn réi so sdnh cdc s6

do dé.

Vidu 1. Tirdiém A & bén ngoai (O) ké tiép tuyén AB va cdt tuyén ACD. V&
ddy BM vuong géc vai tia phan gidc géc BAC tai H cat CD tai E. Ching minh
BM la duong phan giac goc CBD.

Giai. (h.68)

Tam gidac ABE c6 AH la duong phan
gidc, dong thoi 12 dudng cao, nén tam
gidc ABE can tai dinh A.

Do d6 ABE = AEB.

Ma .KEE: stM _ sdBC:stM :

dBC +sdMD
AEB =2 ;5 .

) e — —
Suy ra sdCM =sdMD. Vay CBM = MBD.

Vi du 2. Tu diém P ndm ngoai dudng tron (O), ké ti€p tuyén PA. Tir trung
diém B cia PA ké cit tuyén BCD. Céc duong thing PC, PD cit dudng tron theo

thtt v tai E ; F. Chimg minh DCE = DPE + CAF.
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Gidai. (h.69) D

DCE = ”"’?E (g6¢ noi 1i€p) (1) F .

— .‘ 1 —.“ E‘- . .

BPE = sdEDq sdFC (g6c ¢6 dinh ‘x
A ey P

ngoai duong tron) ; B A

e GACE ' Hinh 69
EAne 2L s anriien,

Do ds G + 57 - MED-IFCosaGE DR

r &

Tu (1) va (2) suy ra DCE = ISFE+ERF
Dang 3. CHUNG MINH HAI DOAN THANG BANG NHAU

Phuong phap giai

Chimg minh hai doan thang d6 1a hai canh clia tam gidc can.

Vi du. Cho dudng tron (O) va mot day AB. VE duong kinh CD 1 AB

(D € AB nho). Trén cung nhé BC 14y diém N. Céc duong thing CN, DN cit canh
AB tai E, F. Tiép tuyén cta duong tron (O) tai N cat canh AB tai I. Chimg minh
JF=IN=]E.

Gidi. (h.70)
Puong kinh CD L ABnén AD=DB, AC=BC : D

—  ¢dDN  sdDB+sdBN A I
szsd? =quB:qul\ et tao 0 ot \F \B E

tia tiép tuyén va day cung).

¥ —— N
—~ sdAD+sdBN  , .. .
BFN =2 :SdB (gbc c6 dinh 0 bén
trong duong tron). -
Ma AD = DB nén DNI = BFN, do d6 AINF cAn tai I

= IN = IF (1)

X

Hinh 70
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—  sdAC-sdBN sdBC—-sdBN sdCN

T = - 6 dinh ¢ bé ai
AEC > 5 > (g6c ¢6 dinh O bén ngoai
duong tron).
Ma CNx = Al (g6c tao boi tia ti€p tuyén va day cung)

nén CNx = AEC , do d6 INE = IEN = AINE can tai I.
Suy ra IE = IN (2)
Tu (1), (2) suyra IN =IE = IF.

Dang 4. CHUNG MINH HAI DUONG THANG VUONG GOC

Phuong phéap giai

Bi¢n ddi s6 do géc tao bdi gitta hai dudmg thing d6 theo s6 do cdc cung
bi chin,

Vidu. Tirdiém E ¢ bén ngoai dudmg tron (O) ké hai cdt tuyén EAB, EDC sao
cho AB < CD. Tia DA va CB cit nhau tai F. Tia phan gidc cua géc CEB va
CFD ciit nhau tai I. Chimg minh EI L IF.

Gidi. (h.71)

Goi giao diém cta tia phan gidc
ctia CEB véi dudng tron 1a M ; N.

Goi giao diém cua tia phan gidc
ctia DFC véi dudmg tron 1a P ; Q.

Ap dung dinh Ii géc c6 dinh & bén
ngoai dudmg tron, ta cé :

ET=E; nén : E

BN - AM =CN-DM (1)

DQ - AP =CQ -BP (2)
Cong timg v€ cua (1), (2) tacod :

— — — P e T e T )

BN+DQ-AM-AP= CN+CQ DM -BP.
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. T . T e T

Hay : BN+DQ+D\4+BP CN+CQ+AM+AP.

Lo T e T o T o ¥

Do d6 : PN +MQ = NQ + MP. gaysd(@+ﬁ:)=%.360"=lso".

—  sd(NQ+MP) 180°

Mait khiac : QIN = =90” do d6 EI L IF.

= =

C. BAI TAP TU LUYEN

Cho hinh 72. Tim s6 do cung CD.

Hinh 72 Hinh 73

Cho hinh 73. Biét s6 do cung BD 12 100°. Tim s6 do cung AC.

Cho dudng tron (O ; R) dudng kinh AB. Trén nia dudng tron duong kinh AB
lay day CD = R. Goi M la giao diém cia AC va BD, N 1a giao diém AD va

BC. Tinh AMB va ANB.

Cho duong tron (O) ; (O") tiép xiic
ngoai tai A (hinh 74). DPudng thing
OO’ cit dudng tron (O) ; (O) tai M
B. Ké mot tiép tuyén MC tdi dudng
tron (O"). MC cit dudng tron (O) tai
N. Ching minh :

sdBnﬂ_;E =sdm +sd£f1;§ ;
Cho A ABC noi tiép dudng tron (O). Goi M, N la diém chinh gilta cung AB,
cung BC; AN cit CM tai L.

a) Ching minh A BNI cén.

b) Goi NM cit AB tai K. Chimg minh IK // BC.

Hinh 74



6. Cho ur gidic ABCD ¢6 4 dinh thudc dudng tron (O). Goi P 1a diém chinh giira
cung AB (phdn khong chita C, D). Cic day AD, PC kéo dai cit nhau tai I, cic
day BC, PD kéo dai cat nhau tai K. Day AC cat PD tai M, day PC cat BD tai

N. Chimg minh : CID =CKD va CMD=CND.

7. Cho tam gidic ABC can tai A ndi tiép duong tron (O). Trén tia d6i cta tia CB
ta 14y diém D. Goi AD cit dudmg tron tai E. Chimg 16 ABE = ADC.

8. Trén dudmg tron (O) 14y cdc diém A, C, ; B; A, ; C: B, theo thit tr d6. Ching
minh rang néu AA, ; BB, ; CC, 1a dudng phan gidc cha cdc gdc trong tam gidc
ABC thi ching l1a dudng cao cua tam gidc A,B,C,.

9. Cho dudng tron (O) c6 ba day AB, AC, BD bang nhau sao cho hai day AC,
BD ciit nhau tai M tao thanh AMB =90°. Tinh 6 do cung nho AB.

HUGNG DAN - PAP SO

1. AOB=120°.nénsd AB=120°. Ma AMB = S4AB-sdCD

Neén sd AB—sdCD = 80°. do dé sd CD = 40°.

2. BMD:S"BD;S"AC nén sdBD-sdAC =60° .

Do d6 sdAC = 40°.
3. (h.75) Tac6 OC=OD = CD (= R) nén AOCD déu.

Suy ra COD = 60° = sdCD = 60° .
s—— sd@—sd(ﬁ

AMB = > =60°.
Kﬁ:sd@:sda:lzool

4. Xét(O)tacé: BMC = “"Bmﬁa;dm . Hinh 75
Xét(O)tacod: BMC = Sd;fl;ﬁ §

i

Suy ra sdBmC —sdm = :adf';’:;\T hay sdBmC = deGE + sdm ;



5. (h.76) a) AABC c6 AN, CM la duong
phan giic nén I [ tAim dudng tron ndi tiép
A ABC suy ra BI la dudong phan gidc géc
ABC. Goi BI cit duong tron tai E 1a ¢6

AE = EC.

T _
—~ sdBN +sdAE

Tacé: BIN =
s SdECN _ sdEC +sdCN . Hinh 76

2

e T e R T

Ma BN =CN,AE =CE suyra BIN = IBN hay ABNI can.

b) AM =MB= ANM =BNM hay NM Ia duimg phan gidc cia BNI ma
A BNI can tai N suy ra NM la duong trung truc cua BI. Mit khdac Ke MN nén
A KBI can tai K suy ra KIB = KBI.

AE = EC nén ABE = EBC do dé RE:(‘?E.VMKU/BC.
I

6. (h.77) Ap dung géc c6 dinh bén ngoai dudmg tron, ta ¢6 :

E?f) _ sdCD -sdAP

a'(-[-—) . sdCD -sdPB ‘

Ma AP =PB nén CID=CKD. D
r\p dung gbéc cd dinh bén trong dudng \_/
tron, taco :

Hinh 77

(:—':flhﬁ _ sdCD +sd AP ;

CND = sdCD +sdBP .

-

A~ _— —— —
Ma AP =BP nén CMD =CND.

1LY TIRT-PPGTYR .. B
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7. (h.78) AB= ACnén AB=AC.
AE

Tacd: ABE =sd—
2 E

" sd@ - sd(EE. '
2
o B
(gbc nodi ticp). \_‘/C 2

ADC = ‘;dAB;QdCE (géc cd dinh Hinh 78

nidm bén ngoai dudng tron).
ARE _ AN BT iy

Cuuv: wr T _ ATV
DU)’ Id ADL = AL .

8. (h.79) Goi giao diém AA, va B,C;1aM.Tacé ¢,

—— — —
AME, - S9AB, +sd1;3C, +sdBA,
_ sdAC+sdAB+sdBC _
y .

Al

Dodé AA, L B\C,. Hinh 79

Tuong twtacé: BB, L A,C, ; CC, L AB,.
Nhdn xét : Ta c¢6 thé chimg minh dugc bai todn dao sau : Néu AA, ; BB, ;

CC, 1a cdc dudng cao cla tam gidc ABC thi chiing la cdc dudong phan gidc cua
tam gl{lc AIBICI'

9. (h.80) AC = BD nén ADC = BCD = AD = BC

it siAD=sdBC=x ; sdCD=y.
" ~ —
Thitacdé: sdAB=sdAC=x+y.

Ma AMB=90° nén ——= =

= Xx+2y=180° ()

Hinh 80

Mait khic sdAB +sdBC +sdCD +sdAD = 360° .
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Nénx+y+x +y+x=360" (2

X +2y =180°
T (1) va (2) ta c6 hé phuong trinh : e
3x + 2y =360°,
[x =90°
Giairatacd i
y = 45°,

Nén sd;;«_}} =135",

§6. CUNG CHUA GOC

A. TRONG TAM KIEN THUC

Bai toin quy tich cung chira goc

Véi doan thing AB va géc o (0° <o <180°) cho trude thi quy tich cdc diém
M thod min AMB = ¢ i hai cung chira géc o dung trén doan AB.

Chiy :

e Hai cung chita géc a dung trén doan AB la hai cung tron déi ximg nhau
qua AB.

e Hai diém A. B dugc coi 12 thudc quy tich

e Khi a= 90" thi quy tich cdc diém nhin doan AB cho trudc dudi mot goc

vuong la duong tron duomg kinh AB.

Cach giai bai toan quy tich

Mud6n chimg minh quy tich (1ap hop) cdc diém M thod mén tinh chit © 1a mot
hinh H nao do, ta phai chitng minh hai phén :

Phan thudn : Moi diém c6 tinh chat t© déu thuoc hinh H.

Phan ddo : Moi diém thuoc hinh H déu ¢6 tinh chat <.

Két ludn : Quy tich (tap hop) cdc diém M ¢6 tinh chat t 1a hinh H.



B. CAC DANG BAI TAP VA PHUONG PHAP GIAI
Dang 1. QUY TICH LA CUNG CHUA GOC «

Phuong phap giai

¢ Tim doan thing c¢6 dinh trong hinh vé.

e N6i diém phai tim quy tich véi hai ddu cta doan thing ¢d dinh dé6, xdc
dinh géc a tao thanh.

e Khing dinh diém phai tim quy tich thudc cung chita géc o vé trén doan
thing c6 dinh.

Vi du. Cho nira dudmg tron (O) dudng kinh AB ¢6 dinh. Diém C chuyén dong
trén nira dudng tron. 0] phia ngoai A ABC vé A BCD vuong can tai C. Tim quy tich
diém D.

Gidi, (h.81)

Phan thuan :

ACB =90 (gbc noi ti€p chan nira dudng tron) ;

DCB = 90° (A BCD vuong can tai C)

nén ACB+DCB=180°.

Do d6 A, C, D thing hang.

Suy ra ADB = CDB = 45° (A BCD vuodng can).

Vi AB ¢6 dinh nén D niim trén cung chifa géc 45°
dung trén doan AB. Néu C=A thi D=1.
Phan dao :

Hinh 81

A Y=L T

Liy diém D' bat ki trén cung chira goc 45 dung irén doan AB (D' thudc cung
IB). N6i AD' cét nira dudng tron (O) tai C. Ta phai chimg minh ABCD' vuéng
cin tai C'.

Tacé AC'B=90° (géc ndi ti€p chan nira dudng tron)
nén BC'D'=90° (ké bu).
Ma C'D'B=45° do d6 ABC'D' vuong can tai C'.

Két lugn : Quy tich cia diém D Ia cung BI clia cung chita géc 45° dung trén
doan AB.
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Dang 2. CHUNG MINH NHIEU PIEM CUNG THUOC MOT DUING TRON

Phuong phap giai

Chimg minh c4c diém nay cliing thudéc mot nira mat phing bd AB va cling
nhin AB dudi mot géc bang nhau.

Vidu 1. Cho A ABC néi ti€p dudng tron (O). Mot day DE song song voi BC
cit AC & F. Tiép tuyén tai B cit DE & I. Chimg minh A, I, B, F cling thuéc mot
dudng tron.

Giai. (h.82)

iBA = ACB (h¢ qua goéc tao bai tia ti€p m
tuyén va day cung) ; I—5 F
AFI = ACB (d6ng vi) v

B

A
F LY \E
nén fl?fi = ﬁ v \—/C
Suy ra B ; F cing ndm trén mot cung chira
g6c dung trén doan Al Hinh 82
Vay A ; I; B; F cing thudéc mot dudng tron.

Vidu 2. Tirdiém S ¢ ngoai dudmg tron (O) ké tiép tuyén SA, SB va cdt tuyét
SCD véi duong tron. Goi I 14 trung diém CD. Chimg minh 5 diém A, I, O, B, S
cung thudc mot dudng tron.

Giai. (h.83)

SA ; SB Ia ti€p tuyén = SAO =SBO =90° . A
Do d6 A ; B cung thuéc dudng tron
duomg kinh SO (1)

T — ITY casss o a I | MM
L — 1L/ 5Uuy 1a i L

fef Al A ( O
s (tinn chat).
Hay OIS = 90° nén I thuoc dudng tron \y
dudmg kinh SO (2) -

Tu (1), (2) tac6 : A, B, I cing thudc dudng Hinh 83
tron duong kinh SO.

Do vay A, I, O, B, S cing thuéc mét duong tron.

182



Dang 3. DUNG TAM GIAC BIET MOT CANH, GOC o DOI DIEN VGI CANH
PO VA MOT YEU TO KHAC

Phuong phap giai

¢ Dung doan lhfmg c6 do dai bang canh da cho.
e Dimg cung chita géc a trén doan thang do.

e Dung tiép diéu kién con lai.

Vidu 1. Dung A ABC bi¢t BC = 3cm, BAC =50° va trung tuyén AM =2 5cm.

Gidi. (h.84)
Cich dimo

Tl N B B Nl WD
by =

— Dung doan thing BC = 3cm ;
— Dung cung chita géc 50° trén doan BC ;

— Dung M la trung diém cua doan BC ;

— V& cung tron (M ; 2,5¢m) cit cung chira géc tai A ;
- N6i AB, AC ta dugc A ABC phéi dung.

Hinh 84

Ban doc tu trinh bay phéan chiing minh va bién luan.

Vi du 2. Dung A ABC biét BC = 3cm, A =40°, dudng cao AH = 2,5 cm.
Gidi. (h.85)

Cich dung :

- Dung doan thing BC = 3cm. X y

- Dime cune chita a6c 40° trén doan RC - \
“‘-.- b vullb N A buy L™ A il u\.l'l:l.ll A N L]

- Dung dudng thing xy song song véi BC va
cich BCl1a 2,5 cm.

B+ I &
— Xy cdt cung chifa géc tai A.

- No6i AB, AC ta dugc A ABC phai dung.

Ban doc tu trinh bay phan chimg minh va bién luan.

Hinh 85

183



Dang 4. TIM GIA TRI LON NHAT

Phuong phap giai

* Xdc dinh hai diém c¢6 dinh, sau d6 tim tap hop diém con lai.

e Ding bat ding thitc trong dudmg tron.

Vi du. Cho tam gidc ABC c6 BC = 3cm, A =60°.
Tim do dai 16n nhat cua canh AC.
Gidi. (h.86)

BC = 3cm ; BAC =60°, nén A thudc cung chira /’7%
géc 60° dung trén BC. AC I6n nhat khi AC 12 dudng 60°
kinh cta cung chita géc. Khi d6 ABC =90°, nén ta "
C L B B
co: 51|1A=—C:>AC= - & :
AC sin A B P @
3 6
= = =7
AC sin60° B3 3 cm. Hinh 86

Dang 5. CHUNG MINH DIEM NAM BEN NGOAI, BEN TRONG
VA TREN CUNG CHUA GOC «a

Phuong phap giai

——————

e Néu AMB =« thi diém M nim trén cung chira goc o dung trén doan AB.
e Géc ngoai ciia tam gidc 16n hon géc trong khong ké véi né.

e Phuong phdp phan chimg.

Vi du 1. Goi mét cung chira géc 50° dung trén doan AB 1a AmB. Trén cing
nira mat phing bd AB chita AmB l4y hai diém M, N sao cho AMB > 50°,
ANB < 50°. Chitng minh ring

i

a) M nim bén trong dudng tron chita AmB ;

b) N nam bén ngoai dudng tron chita AmB.
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Giai. (h.87)
. . e
a) Pudng thang AM ciat AmB tai C.

5 - . e —— ~
Néu M nam bén ngodi AmB thi

AMB< ACB = AMB < 50° (loai) ;

Néu M = Cthi AMB = 50° (loai).

Y

Vay M ndm bén trong dudng tron chita AmB Hinh 87

o,

b) Chimg minh tuong tu ta ¢ N ndm bén ngoai dudng tron chira AmB.

Vi du 2. Cho 103 diém trong d6 khong cé ba diém nao thing hiang, khong c¢6
bon diém nao cing thuéc mot dudng tron. Chimg minh ring tdn tai mot dudng
tron di qua ba diém trong s6 cdc diém noéi trén chia ding 50 diém & bén trong no.

Giai. (h.88)
Xét hai diém A ; B trong 103 diém sao cho m
101 diém con lai ndm ciung phia ¢6 by la
dudmg thing AB.
Gia sir 101 diém con lai M;M,;.. M, y
thoa man: AM,B>AM,B>...>AM,B N
. \\ ” B
(khong ¢6 dau bang vi khong ¢6 bon diém TSeee- -
thudc cung mot dudmg tron). Hinh 88

V& dudng trdn ngoai ti€p AAMg B thi dudng tron ndy c6é ding 50 diém
M|:M,;...: Mg, ndm bén trong (theo vi du 1).
Nhan xét. Dua vao ki thudt cia vi du nay ban ¢é thé chimg t6 duoc :

e Tén tai mot duong tron di qua ba diém trong s6 cdc diém néi trén chia tat
diém cdc diém con lai.

e Té6n tai mot dudng tron di qua ba diém trong sd cdc diém néi trén khong
chita diém ndo trong céc diém con lai.

C. BAI TAP TU LUYEN
1. Trén dudng tron (O ; R) 14y hai diém B ; C ¢6 dinh sao cho s6 do cung BC 13 128°.

Lay A di dong trén cung 16n BC. Goi M la tam dudng tron bang tiép goc A
cia A ABC. Chimg minh ring M ndm trén mot cung trdn ¢6 dinh.
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Cho dudng tron(O ; R) ¢6 day BC < 2R. Cho A 1a diém chuyén dong trén cung
I6n BC. Xdc dinh vi tri diém A dé chu vi tam gidc ABC 16n nhat.

Cho tam gidc ABC ¢6 goc B, géc C nhon. AH 1a dudmg cao, AM la dudng
trung tuyén, biét ring BAH = MAC . Goi E 12 trung diém AB.

a) Chiimg minh A, M, H, E cung thudc mot dudng tron.

b) Chimg minh BAC =90°.

Cho hinh binh hanh ABCD ¢6 A <90°. Dudmg trdn (A ; AB) ciit dudng thing
BC tai E. Budmg tron (C ; CB ) ciit dudng thing AB tai K. Ching minh :

a) DE = DK.

b) A, D, C, K, E cung thudéc mot dudng tron,

—— e
Cho tam gidc nhon ABC noi ti€p duong tron (O ; R) c6 BAC =60, Goi H va
[1a tryc tam va tam dudmg tron noi tiép tam giic ABC. Ching minh rang nam
diem B, C, O, I, H cuing thugc mot dudmg tron.

HUGNG DAN - PAP SO

(h.89) S6 do cung BC 11 128°, nén BAC =64° do d6

ABC+BCA =116°.

Suy ra : xBC +yCB = 180° — ABC +180° ~ BCA
=244° B C

Mat khic W+Mﬁ=%.(:ﬁ+)ﬁ)=122°.

Do d6 : BMC = 180° - (MBC + MCB) = 58°.
Vi B, C ¢6 dinh nén quy tich diém M la cung
chita géc 58° dung trén doan BC. Hinh 89

M

Goi y.

Trén tia doi ctia tia AB l1ay diém D sao cho BD = AC.,

Ta c6 chu vi tam gidc ABC biang BC + AB + AC = BC + BD.

Chu vi tam gidc ABC lon nhét khi BD 16n nhat.

Ma géc BDC bing nira géc BAC khong déi, nén D thudc cung chira géc

%BAC dung trén doan BC.



Do d6 BD 16n nhat khi BD 1a dudng kinh clia cung chita géc hay A 1a diém
chinh giira cua duong tron.

(h.90) a) A ABC ¢c6 ME la duong trung binh nén
ME // ACsuy ra MAC = AME (1)
AAHBc6 A AHB=90°, AE = EB

nén AE = HE

Do d6 A AHE can, suy ra EER = gf;\-ﬁ (2)
Ma E’Eﬁ =EERE. tr (1) va (2) suy ra

AME = AHE do d6 H » M ; A E cung thudc mot dudng tron.
b) A, M, H, E cung thuéc mot dudng trobn nén AHM = AEM. Suy ra
AEM =90°, mat khic AC// EM nén AC L AB. Vay BAC = 90°.

(h.91) a) AABE céan tai A, ACBK can tai C.

B H ' M
Hinh 90

)

Tacé ABE =CBK nén EAB=KCB.

Mat khic DAB = DCB

suy ra DAE = KCD .

Tiurd6tacé ADAE = AKCD (c.g.c)

hay DE = DK.

b) Ta c6 DKA =KDC, ma KDC = AED
nén DKA =DEA.

Suy ra K, E, A, D cung thudc mot cung chira géc dung trén doan AD (1).

Hinh 91

Ta c6 EAK=ECK suy ra E, A, K, C cing thuéc mot cung chira géc dung
trén doan EK (2).

Tu (1) va(2)suyra A, D, C, K, E cuing thuéc mot duong tron di quaE ; K ; A.
Goi ¥.

Tinh duoc s6 do céc géc : BOC =120°, BIC =120°, BHC =120°.

Suy ra nam diém B, C, O, I, H cling thuéc mét dudng tron.
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§7. TU GIAC NOI TIEP

A. TRONG TAM KIEN THUC

Dinh nghia. Mot ut gidc ¢6 bén dinh nim
trén mot duong tron duge. goi la ur gide noi
tiép dudng tron (goi tat 1a ur gidc noi tiép).
Tir gidc ABCD Ila uf gidc ndi tiép (h.92).
Dinh li. Trong mot wr gidc noi ti€p, tong
sO do hai géc d6i dién bing 180°.

Dinh li dao. Néu mot ut gidc ¢6 16ng s6
do hai géc doi dién bing 180° thi tr gidc Hinh 92
d6 noi tiép dudng tron.

B. CAC DANG BAI TAP VA PHUONG PHAP GIAI

Dang 1. TINH SO DO GOC, CHUNG MINH HAI GOC BANG NHAU

Phuong phap giai

Vin dung tinh chit nr gidc noi ti€p : Téng hai goc déi ciua tir gidc noi tiép
bing 180°, mdi géc trong bing gdéc ngoai & dinh doi dién.

188

Vi du. Cho hinh bén. Bi¢t E = 28°, F = 44° Tinh BCD. .
Gidi. (h.93)
Pat BCD = x. 28°
Tt gidc ABCD noi tiép nén DAE = BAF =x.
Ap dung tinh chat géc ngoai tam gidc, ta c6 :
ADC =28°+x ;: ABC = 44° +x.
Tir gide ABCD ndi ti€p nén

ADC + ABC = 180°
= 28°+ x + 44° + x = 180°

_ o gt _ 4}
Hay x = 54" vay BCD = 54" Hinh 93




Dang 2. NHAN BIET TU GIAC NOI TIEP

Phuong phap giai

Dua vao cédc cdch sau :
e Ap dung dinh nghia mot tir gidc noi tiép ;
e Chimg minh téng hai géc d6i dién bing 180° ;

e Ding cung chira géc.

Vi du 1. Cho duong tron (O) va day AB. Goi P la diém chinh giira AB. Trén
day AB ldy hai diém E ; F. Cic dudong thing PE ; PF ciat dudong tron tai C ; D.
Chitng minh tr gidc EFDC noi tiép.

Gidi. (h.94)

_—— i
CEF = SdBDC: e (géc ¢6 dinh ¢ bén trong " m B

dudng tron) ;

—— sdﬁ+sdﬁ

CDF = 5 (g6c¢ nodi tiép). A
- CEF + CDE = sdBDC + sdAP: sdAP +sdAC Hinh 94

sdBDC + sdPB + sdAP +sdAC _ 360°
. .

=180°.

Vay ur gidc EFDC ndi tién.
v o g '

Vi du 2. Cho tam giic ABC vuong tai A (AB < AC), dudng cao AH. Trén nira
mdt phing bd BC chita A vé nira dudng tron tam O dudng kinh BH cit AB tai E va
nira duong tron tam O' dudng kinh CH ciat AC tai F. Chimg minh :

a) Tir gidc AEHF la hinh chir nhat.
b) EF 1a ti€p tuyén chung cua hai dudng tron (O) va (O).
¢) T giac BCFE noi tiép.
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Giai. (h.95)

a) Ta ¢6 : HEB=90°
HFC = 90° (g6c noi tiép chin nira
dudmg tron) suy ra HEA = 90° .

HFA =90° mi EAF=90° nén
AEHF la hinh chir nhat.

b) Goi I l1a giao diém AH va
EFthilE=IH =IF

do d6 AOEI = AOHI (c.c.c).

Suy ra [EO = [HO = IEO = 90°

nén EF la tiép tuyén duong tron (O).

Chimg minh tuong tu ta ¢6 EF Ia tiép tuyén cta duong tron (O').

¢) Ta c6 AFE = FEH (so le trong) ma EBH = FEH (hé qua géc tao bai tia tiép
tuyén va day cung) nén AFE = EBH.

Mat khic AFE + CFE = 180°

nén ABC +CFE = 180°.

Vay ur giac BCFE noi tiép.

Hinh 95

Vi du 3. Hai duong tron (O,)
va (O,) cit nhau tai M va P. Vé
ddy MA cia dudong tron (O,) la
ti€p tuyén cua duong tron (0,). Vé
day MB cua dudng tron (O,) 1a tiép

#rrasfies cvarey cliwlie o fetiee SN Y Tefoe #ia
tuycil Lud 'u.]l..“Jll;:JI L [Uz.l. LICII Lid
d6i cua tia PM 1dy diém H sao cho
PH = PM.

Chimg minh ring tf gidc MAHB noi tiép. Hinh 96

Giai. (h.96)

Dung hinh binh hanh OMO,0 suy ra 0,0 // MO, ; 0,0 // OM, ma
MB L MO, ;: MA L MO, nén 0,0 L MB va 0,0 L MA.

Do d6 OM = 0B ; OM = OA (1)
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Goi giao diém 0,0, véi MO ; MPIa I, K, ta ¢6 0,0, LMP vaIM =10 ;

KM = KP do dé IK la dudng trung binh cha tam gidc MOP suy ra IK // OP
= OP L MH ma MP = PH = OP la duong trung tnic cia MH = OM =0H  (2)

T (1) va(2) >OM=0A=0H=0B
= T gidc MAHB noi ti€p.

Dang 3. CHUNG MINH HAI DUONG THANG SONG SONG

Phuong phap giai

C6 thé chiing minh mot cap géc so le trong béiing nhau.

Vieln 1 Choa A ARC nhoan nAal tian chirem
L “‘.‘ e - ht i 1

BAWS LB J BRI BIRIWALE LIRS R 5

Giai. (h.97)

BEC = BDC =90° nén BCDE noi ti€p.

Suy ra EBC = ADE (cung bu véi EDC ).

Mat khdc EBC = yAC (hé qua géc tao b
tia tiép tuyén va ddy cung).

Do do6 ADE = W vay xy // DE

(vi c6 cap géc so le trong bang nhau). Hinh 97

Vi du 2. Cho hai dudng tron (O) ; (O') cét nhau tai A va B. Dudng thing (d)
qua A cit (0) ; (O') tai C, D (A nim giita C va D). Pudng thing d' qua B cit (0) ;
(O tai E ; F (B nim giira E va F).

Chimg minh : CE // DF.

Giai. (h.98)

T giac ACEB noi ti€p nén ACE = ABF.

T gidc ABFD noi ti€p nén

ABF + ADF = 180°

Do d6 ACE+ADF=180°., ma

ACE ; ADF 0 vi tri trong cing phia nén Hinh 98
CE // DF.
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Dang 3. CHUNG MINH TAM DUONG TRON NGOAI TIEP TAM GIAC
NAM TREN DUONG THANG €O DINH

Phuong phap giai

e Ly thém mot diém c6 dinh, sau d6 ching minh tr gidc ndi ti€p c6 hai
diém c¢6 dinh.

e Tam dudng tron ngoai tié€p luén ndm trén dudng trung truc cua hai diém
c6 dinh dé.

Vi du. Cho nira dudmg tron tam O dudng kinh AB = 2R. Goi C la trung diém
ctia doan thing AO, dudng thing Cx vuong géc véi AB, Cx cit nira dudmg tron tai

T K13 idey MAT LY nAdm agitra 1 Tia AW ~&t mara cdirdvma tran tai M Tia RM ~41

B 5y % Q3 UI\.-II.I LAl l.'\l 1icilill EIUII My A L led SRIN WAL JIUIQL ul.lUll&, LILFID Ladl Vi, BB AFIYVI kb
Cx tai D. Ching minh ring :

a) Bon diém A, C, M, D cuing thudc mot dudng tron.

b) Khi K di dong trén doan thang CI thi tam cta dudng tron ngoai ti€p tam
gidc AKD nam trén mot dudmg thiang c6 dinh.

Giai. (h.99)

X

a) AMB =90°nén AMD =90° ma ACD =90° D

= AMD =ACD =M va D I2 hai dinh
lién ti€p cung nhin AD dudi mot goéc bing ; M
nhau = ACMD la wr gidc noi tiép = Bon
diém A, C, M, D cung thudc mot dudng tron., <

b) Goi E la diém déi ximg v6i B qua C E . C" & B
= tam gidc DBE can tai D

— — — — Hinh 99

= EDC = BDC = EDC = MAC.
Mat khic MAC +MAE =180°

nén EDC + MAE =180” = f gidc AKDE noi ti€p.
Hay ta c6 dudng tron ngoai tiép tam gidc ADK di qua A va E.

Mt khdc A va E Ia hai diém cd dinh nén tam duong tron ngoai ti€p tam gidc
AKD luon ndm trén duong trung truc ctia AE ¢6 dinh.
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C. BAI TAP TU LUYEN

1. Cho dudng trron (Q), diém A ¢ bén ngodi dudng tron vé cdc ti€p tuyén AB,
AC va cit tuyén ADE. Goi H la trung diém cta DE.
a) Ching minh A, B, H, O, C cung thuéc mot duomg tron.
b) Ching minh HA Ia tia phan gidc BHC .
¢) Goi I 1a giao diém cta BC va DE. Chimg minh AB® = ALAH.
d) BH cit dudmng tron (O) tai K. Ching minh AE // CK.

2. Trén nira dudong tron dudng kinh BC lay diém A sao cho AB < AC. Vé
AH LBC (H e BC) goi D la diém thudc tia HC sao cho HD = HA. Qua D ké
dudmg thing vuong géc véi BC cit AC tai E.

a) Chimg minh tam giic ABE vudng cén.
b) Goi M Ia trung diém cta BE. Chimg minh tam gidic BMH déng dang vdi
tam gidc BCE.

3. Tu diém M bén ngoai duong tron (O) ké hai tiép tuyén MA, MB. Ké duong
kinh BC clia dudng tron (0O). Pudng trung truc ctiia BC cét duong thing AC tai
D. Ching minh nam diém A, O, B, M, D cling thuéc mot dudmg tron.

4. Cho ur gidgc ABCD noi ti¢p dudmg tron ¢6 AC vudng géc véi BD tai H. Goi M,
N la chan dudng vuéng goc ha tir H xudng dudng thing AB va BC ; Pva Q la
giao diém cita MH va NH véi cdce dudng thing CD va DA. Chimg minh :

a) PQ // AC.
b) M, N, P, Q nam trén ciing mot dudng tron.
(TS 10, TH PT chuyén, DHKHTN Ha Néi, nam hoc 2004 —2005)
5. Cho tam gidc ABC vuong tai C. Trén canh AB ldy diém M (M Kkhdc A va B).
Goi 0;0,;0, lan luot 1a tam cia cdc dudng tron ngoai ti€p cdc tam gidc ABC,
AMC va BMC.
a) Chimg minh bon diém C, O, M, O, ciing nim trén mot dudng tron (T).

b) Chimg minh rang dudng tron (T) di qua O.

¢) Xdc dinh vi tri cia M trén doan AB sao cho dudng tron (T) ¢6 bdn kinh
nho nhat.

(TS 10, chuyén Todn DHSP Ha Néi, nam hoc 2008 —2009)

6. Cho tam gidc ABC c6 AB > AC noi 1i€p dudmg tron (O) dudng kinh AD. Goi
E 1a hinh chiéu cua B trén AD, H la hinh chiéu cua A trén BC.

a) Chimg minh tr giac ABEH néi tiép.
b) Goi M la trung diém ctia BC. Ching minh tam gidc MEH can.
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HUGNG DAN - DAP SO

(h.100) a) Ta ¢6 : OHA = OBA = OCA = 90°. B

Nén A, B, H, O, C cung thuéc dudmg tron g H//\L_N\D A
dudng kinh OA.

b) Xét dudmg tron dudmg kinh OA, ta ¢6 : O

AB:ACnén.@:ﬁ. ¥
K\___/L

Hinh 100

Suy ra BHA = CHA hay HA 12 phan gidc BHC .
c) Dé thay OA L BCtai F nén AO.AF = AH.AL
Mait khic AB> = AO.AF suy ra AB*> = AH.AL
d) Xét duong tron (O) ta ¢o BKC = BCA , nén BKC = BHA .
Ma BKC;BHA & vi tri déng vi suy ra AE // CK.

————— ——— A
(h.101) a) BAE=90° ; BDE =90° nén t
gidc ABDE néi tiép = AEB = ADB.
Tam gidc AHD vuong can = ADB = 45°
= AEB = 45°. B H 0 D C
Viy tam giac ABE vuong can. Hinh 101

b) Tam gidc ABE vuong can nén AM L BE suy ra tt gidc ABHM néi tiép, do
dé6 BAH =BMH . Mat khic BAH =BCA nén BMH =BCA. Viy tam gidc
BMH doéng dang véi tam gidc BCE.

L &
(h.102) MA, MB Ia tiép tuyén nén MAO =90° ; / 2

WWIDAN = ‘JUU . / \\D

MAO +MBO =180° do dé t gidc MBOA

noi tiép (1)
BAC = 90° (g6¢ noi ti€p chin ctia dudng tron) B M
= BAD =90° (ké bu). Hinh 102

Xét ur gidc BOAD c6 BOD =90° ; BAD =90°.
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= BOD = BAD do dé O va A la hai dinh lién ti€p cung nhin BD dudi mot
gbc béng nhau.

= BOAD noi ti€p (2)

Tu (1) va (2), suy ra nam diém M, B, O, A, D cung thudéc mot dudng tron.
(h.103) a) Tam gidc BHC c6 A

HN L BC nén CBH = NHC = AHQ Q

ma wr gidc ABCD noi ti¢ép nén !
CBD = CAD hay CBH = HAQ . Do ¥ H e
46 AHQ=HAQ=AQ=HQ va N X
QHD = 90° - AHQ <
= HQ =QD. Vay AQ = QD. 5

Tuong twtacé : CP=PD = PQ// AC. Hinh 103

———— | —, | —,, e, e, e, e, e

b) Do PQ // AC nén NQP=QHA=HAQ=CAD=CBD=NBH=NMH=NMP
(BMHN la tir gidc noi tiép ). Suy ra ur gidc MNPQ noi ti€p hay N, M, P, Q
cing nam trén mét dudng tron.

(h.104) a) Sir dung tinh chat géc ¢ tAm
dudng tron,

tacé: COM=2.CAM ; CO,M =2.CBM.
Do tam giac ABC vudng nén

C

CAM +CBM =90°. A MO >
Suy ra COlM + COZM =180°. Hinh 104

Vay bon diém C, O,, M, O, cung thudc mot duong tron (T).
b) Do tam giic ABC vuong tai C nén O la trung diém cua AB. Gia sit M thudc

——

doan OA. Do tam gidc COB can tai O nén COM =2.CBO =CO,M.

Vay O thudc dudng tron (T).
¢) Goi R la ban kinh ctia duong tron (T). Do (T) di qua Cva O nén CO<2R

hay R 2 %CO . D4u bang dat dugc khi M 1a hinh chi€u ctua C trén AB.
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6. (h.105) a) AHB=AEB=90" nén H, E Ia hai dinh lién ti€p cing nhin AB
dudi mot gde bang nhau suy ra ABEH noi tiép. A
b) Ta ¢é OMB = OEB = 90° nén M, E Ia hai
dinh lién tiép cung nhin OB dudi mot géc
bing nhau suy ra OMEB néi ti€p
= BOE=BME. Mia ABEH noéi 1iép . A

— BAO = BHE . Mat khdc BOE = 2.BAO \ ~F C

nén BME =2BHE. Vay tam giaic MEH D
can tai M. Hinh 105

8. DUUNG TRON NGOAI TIEP. BUGUNG TRON NOI TIEP

A. TRONG TAM KIEN THUC

1. Dinh nghia

e Duong tron di qua tit ca cic dinh cua mot da gidc duge goi la dudng tron
ngoai ti€p da gidc va da gidc duge goi la da gidc noi ti€p duong tron.

e Duong tron tiép xtc véi tat ca cdc canh cita mot da gidc duge goi la duong
tron nodi tiép da gidc va da gidc duge goi la da gidc ngoai tiép dudng tron.

2. Dinh li. Bt ki da gidc déu nao cling ¢6 mot va chi mot dudng tron ngoai tiép,
c6 mot va chi mot dudng tron noi tiép.

B. CAC DANG BAI TAP VA PHUONG PHAP GIAI
Dang 1. TINH DO DAI CANH DA GIAC DEU

Phuong phap giai

e poptlaBie ) : . 180° 180°
'a c6 the dp dung cong thirc a = 2R.sin =2r.tan
n n
a : do dai canh da gidc déu ; R : bdn kinh dudng tron ngoai ti€p ;
n : s6 canh da gidc déu ; r : ban kinh dudng tron noi tiép.
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Vi du.

a) Mot hinh vuong néi tiép dudong tron (O ; R). Tinh méi canh hinh vuong
theo R.

b) Mot luc gide déu ngoai tiép duong tron (O ; r). Tinh méi canh luc gidc theor.
Giai.

. . . 180° 2
a) Canh cua hinh vuong la : a=2R.sin L =2R V2 J2.

¥ . . » 1
b) Canh ciia luc gidc déu la: a=2r.tan

- B &

Dang 2. TINH R, r THEO CANH CUA MOT DA GIAC DEU NGOAI TIEP,
NOI TIEP

Phuong phap giai

¢ a a
Ap dung cong thic R = ——— ;1= —— .
180°

0
2sin—— 2tan ——
n n
Vi du. Cho ngii gidc déu c6 canh bang a. Tinh bdn kinh dudng tron ndi tiép va
ban kinh dudmg tron ngoai tiép ngi gidc do.
Gidi.

Bén kinh dudng tron ngoai tiép ngi gidc déu 12 -

Re —— =—2 _«_—_2 __.085.
. 180°  2sin36° 2.0,5878
2sin——
Bdn kinh dudng tron noi tiép ngii gide déu la
= < = - = - = (,69a
180°  2tan36° 2.0,7265

2tan

Dang 3. TINH DO DAI DAY CANG CUNG

Phuong phap giai

e Ap dung dinh Ii Py-ta-go.

o Ap dung hé thirc giira canh va géc trong tam gidc vuong.
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Vi du. Cho dudmg tron (O ; R). Cho day BC =RV3. Lay A thuéc cung nho
BC sao cho BA = Rv2. V& AH L BC. Tinh AH : AC.
Gidi. (h.106)

A
I
VEOI_LBC,IacéBI=IC=R—2@. 8 I C
2 .
¢ R 2 2 2 » 3R~
Ap dung dinh li Py-ta-go : Ol =0B“ -BI* =R” — T
2
Hay oI =-}3-— => Ol =R—.
4 2 Hinh 106
Quany a M1 ...lnn ..n..?;::\_'}no
L.‘II.IJ' 1a Wil —EDU \'lily 1IAJ — JuU

Ta c6: BO?* +0A? =2R? = AB?
nén A OAB vuong , do d6 BOA =90°.
Ma OA = OB nén A OAB vuong can, do d6 OAB = ABO =45° ;

——

ABC = ABO - CBO = 45° —30° = 15°,
Xét A ABH, c¢6 AH = AB.sin ABC = R/2sin15°.

Ma ACB = %AOB (hé qua gbc noi ti€p )

=45° nén A AHC vuong can, do d6 AH = HC.
Xét A AHC, 4p dung dinh If Py-ta-go : AC® = AH? + HC?
= AC = AH.2 =R+/25in15°4/2 = 2R.sin 15°.

Dang 4. TINH SO CANH CUA DA GIAC DEU

Phuong phap giai

o \-
o Ap dung cong thirc sin L s ; tan =y w1
n 2R n 2r

e Suy ra n dé tim s6 canh.
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Vi du. Mot da gide déu noi tiép dudmg tron (O ; R). Biét do dai méi canh cua
n6 1a Rv/2 . Hoi da gidc d6 12 hinh gi ?

Giai.
; > 2,
Ap dung cOng thic : sin]80 == RV2 ={ =sin45°.

n 2R 2R

180°

n
Vay da gidc déu d6 la hinh vuong.

Nén =45° suyran=4,

Dang 5. TINH DIEN TICH DA GIAC
Phuong phap giai

S

khong ¢6 diém trong chung thi du_.n tich ctia n6 bing téng dli_:n tich cua
nhimg da giic nho.

Dira vao tinh chat - Nén mdt da n1r‘i.r‘- duge chia thianh nh:mc‘l da gl-‘u nho

Vi du. Tinh dién tich hinh bdt gidc déu ndi ti€p dudmg tron (O ; R)
Giai.
Ki hiéu nhu hinh 107.
Tac6: AOB == 45°. / \
8 N
RJ_
AOBH vuong can tai H nén BH = HO = ——
Goi dién tich badt gidc la S thi : b

R2

S=8.S,0p=8. —AO BH =4R. e Hinh 107

Viy S = ZR"'\/_.

C. BAI TAP TU LUYEN

1. Cho AABC can tai A cb A =120° ; BC = 6em. Tinh ban kinh dudng tron
ngoai ti€p A ABC.

2. Cho tam gidc ABC vuodng tai A ¢6 AB = 3cm, AC = 4cm. Goi R 14 bdn kinh
duong tron ngoai ti€p ; r 1a ban kinh dudng tron noi ti€p tam gidc ABC. Tinh

TS
t1 s6 —.
R
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Goi a, b, d 1an lugt lIa do dai canh, dudng chéo ngidn nhit va duong chéo dai
nhdt cua da gidc déu chin canh. Chimg minhd =a + b,

Cho t gidac ABCD ngoai ti¢p duong tron (O).

Chimg minh ring AB + CD = BC + AD.

Cho dudng tron tam O noi tiép trong hinh thang ABCD (AB // CD) ti€p xic
vai canh AB tai E vGi canh CD tai F.

a) Chimg minh L E
AE CF

b) Cho biét AB = a, CB = b (a < b), BE = 2.AE. Tinh dién tich hinh thang
ABCD.

(TS 10, THPT chuvén DPHKHTN Ha Néi, nam hoc 2000 = 2001 )
Thap gidc déu A A,....A | noi tiép dudmg tron (O). Chimg minh rang :

A A A A ™
f\la"\‘l "a‘\lﬂz =\ .

HUGNG DAN - PAP SO

(h.108) Ta c6 AABO = AACO (c.c.c) suy

ra BAO = CAO =60° va AO L BC

nén A ACO déu.

Goi AO cit BCtai H ta ¢6 BH = HC = 3cm.

A ACO déu, ma AO L CH nén HA = HO.

Theo dinh i Py-ta-go, taco : CH? +OH?* =0C”.

0C? 5
=0C". Hinh 108

JAY

\
=

Hay

Suy ra OC =2+3 cm.
Tam giic ABC vudng tai A, nén BC? = AB® + AC* (dinh If Py-ta-go)
= BC? =3%+4*=25=BC =5 (cm).

. , I 5
Do dé ban kinh dudng tron ngoai ti€p tam gidc ABCla R = = BC = 5 (cm).

Dién tich tam gidic ABCla S=

MI-—

Matkhdactacé: S=pr= %(AB+AC+ BC).r



::>6=-,1;.(3+4+5).r dodér=1 (cm).

» - r I
AV 6O —=—=0.4.
ay u s 5 0

- b

(h.109) Goi PQ, QS. PT la canh, dudng a \
chéo ngidn nhit, duong chéo dii nhit cua P T
da gidc déu 9 canh, PQ va ST ¢6 giao diém
laR.

0
360 ~40°.

MO6i canh cang mot cung ¢6 s6 do 12

Hinh 109

Tac6 QPT =STP = %.3.40“ = 60° nén ARPT déu.

Ma PT // QS do d6 tam gidc RQS déu.
Viyd=PT=PR=PQ+QR=a+b.

(h.110) Goi M, N, P, Q lan luot la tiép
diém cua canh AB, BC, CD, DA véi dudng
tron (O).

Theo tinh chat tiép tuyén ta co :
AM=AQ:;BM=BN;CP=CN;DP=DQ.
TacoAB+CD=AM+BM+CP+DP (1).
BC+ AD=BN +CN +DQ + AQ (2} Hinl 110
So sdnh vé& phai cua (1) va (2), tacé AB + CD = BC + AD.

Nhdn xét. Day 1a mot tinh chit co ban cua uf gidc ngoai tiép dudmg tron. Dao
lai bai todn vin ding : Néu mot uf gidc ¢6 tong cdc cip canh ddi bing nhau thi
tir gidc d6 ngoai tiép dudng tron.

(h.111) Gia sir dutmg tron (O) tiép xiic véi AD, BC tai P va Q va ¢6 ban kinh r.

a) Vi AB// CD nén DAB+ ADC =180° A E B
do d6 AOD =180° -(OAD + ODA)

DAB+ ADC

=1800— =9000

= tam gidc AOD vuong tai O.

Tuong tu tam giac BOC vuodng tai O.




Ap dung h¢ thirc luong tam gidc vuong ta c6 :
PA.PD = OP? = 0Q? = QB.QC
= PAPD=QBQC= BQ L2 hay E=E

AP QC AE CF

b) Ta cé S=;.r.(AB+BC+CD+ DA)
ma AB + CD = AD + BCnén S=r.(AB + CD).
Tach 2w BB udebral tpatn
CF AE 3
" 2 2a
maBQ=BE= —-AB=—,
3 3
Tirdatacrda RO =00 2 RO —\h_iﬁh¢£qﬁn=th=,..
Bl WELF Ll WU LN M\{Tu\{—U’UHS-LUT3 — N LS -l Ll
=> AB+CD=3b-a (1)
2a(3b-2a
Mait khic OQ *BQCQ—E - 2a:>r=J )
3 3 3
2a(3b-2a
V{lyS=J ( ).(3b—a).
6. Goiy.

Goi giao diém A|A; vd A,A, la P. Chimg minh dugc OPA,A; 14 hinh binh
hanh va tam gidc A;A,P cantai A,. Suy ra diéu phai ching minh.

§9. DO DAl DUONG TRON, CUNG TRON

A.TRONG TAM KIEN THUC

1. Cong thuc tinh dd dai duong tron

"D0 dai dudng tron” (con goi 1a "chu vi hinh
tron”) duoc ki hiéu la C.

Do dai C ctia mot dudng tron ¢6 bén kinh R 7
(hinh 112) duoc tinh theo cong thic : C =2xR. ’

Néu goi d l1a duong kinh duong tron (d = 2R)

thi C=nd.

Hinh 112
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2. Cong thirc tinh do dai cung tron B
Trén duong tron ban kinh R, do dai / ,-
ctia mot cung tron n° (hinh 113) dugce tinh A

theo cong thice [ = nR_n

180
Hinh 113

B. CAC DANG BAI TAP VA PHUONG PHAP GIlAI

Dang 1. TINH PO DAI DPUONG TRON, CUNG TRON
HOAC CAC DPAI LUONG LIEN QUAN

Phuong phéap giai

Dua vao céc cong thiic :

CoonR: (=TRD . o _C . 1800 180/
180 2]’[ mn JTR

Vidu 1. a) Tinh chu vi duong tron biét dudng kinh 1a Scm.
b) Tinh d6 dai cung 120° ctia dudng tron ban kinh d4cm.
Giai.
a) Chu vi dudng tron C = 2nR = 57t (cm).
b) Do dai cung 120° ciia duong tron béan kinh 4cm a
nRn _T 4.120 81r

[ = =— (cm
180 180 e

Vi du 2. Cho dudng tron (O ; R) do dai AB I % _Tinh sd AB.

Gidi.
Goi n 12 s6 do cung nho AB Taco [ = E{—IS%]—
nén AR mh:.a n= 45"

4 180°



Dang 2. SO SANH bO DAI HAI CUNG
Phuong phap giai

e Tinh d6 dai mdi cung theo R va s6 do do cua cung.
e So sdnh két qua.

Vi du. Cho nira dudng tron dudng kinh AB. Trong doan thing AB lay hai
diém M, N (M ndm gilta A va N). V& cdc nira dudmg tron dudng kinh AM, MN,
NB. Chimg minh t6ng d¢ dai cia ba nira duong tron duong kinh AM, MN, NB
bang do dai nira dudng tron dudng kinh AB.

Giai. (h.114)

Goi C,;,C,,C5,C lan luot la do dai cha nira dudng tron duong kinh AM, MN,
NB, AB.

1 1
Taco: C,= 5 n.AM, C,= —n.MN;

2

C;= - n.NB,C= - n.AB;
2 >

C1+C2+C3=%H.AM+%R.MN+%n.NB A M N B

Il Hinh 114
— ?2- n.(AM + MN + NB)

=1 AB

2
Vay C,+C, +C3=C.

C. BAI TAP TU LUYEN

1. Cho dudng tron (O ; R) va moét ddy cung AB.

a) Néu biét sdAB =90°. Tinh chu vi hinh vién phan gidi han boi day AB va
cung nho AB.

b) Néu do dai cung AB la E Tinh s6 do goc AOB.
2. Cho duong tron (O ; R). ¢

a) Tinh AOB biét do dai cung AB I %

b) Trén cung I6n AB ldy diém C sao cho A AOC vuéng cén tai O. Tinh do dai

AC ; BC lén.
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'...a

Cho dudng tron duong kinh AB. V¢
day CD vuong goc vai AB tai M. Gia
st AM = lcm,CD = 2y3cm.

a) Tinh d6 dai duéng tron.

b) Tinh do dai cung CAD.
Tinh chu vi hinh 115, bi¢t ring AO =4 cm. Hinh 115

Cho tam gidc ABC noi iép duong tron (O : R). Biét ring
sdBC _sdCA _ sdAB

| 2

. Goi a, b, c lan lugt 1a d6 dai cic dudong tron dudmg

kinh BC ; CA : AB. Chimg minh ring

—

£
1

|6

o
NE
Tam gidc ABC déu ndi tiép dudmg tron (O ; 6¢cm). VE bén ngoadi tam gidc

ABD vuong cén tai D. Cic dudng thing DA, DB ldn lugt cit dudng tron (O)
tai M, N.

Tinh d6 dai cung nho AM, BN, MN, va MC.

HUGNG DAN - PAP SO

badp s6

R(?_\Eﬂt) '

>

a) b) 150°,

nRn 7R
180 3
Tacé: n° =60° hay AOB=60°.
0
by Do dii cung ACTA ; o0 BB
180° 2
S6 do cung BC 16n 1a : 360° —60° —90° =210°.
7R210° 7nR

Do dai cung BC Ion 1a : =
180° 6

a) Theo cong thic / = sk nén
180




3.

L
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a) Ap dung hé thic luong cho A ABC vuéng :

CM? = AM.MB ta c6 : MB = 3cm => AB = 4cm.

Do dai duong tron la : 2 7R = 4.n(cm).

b) Ap dung dinh i Py-ta-go cho A ACM vuong :

AC® = AM? +CM? =4 = AC =2cm.

Do d6 A ACO déu hay COA =60° suy ra COD =120°.
nRn _ nR.120° _ 2R

Do dai cung CAD la:
180°  180° 3

Ddp 56 : 8n(cm).

Ta tinh duge sdBC = 60° ; sdCA =120° ; sdAB = 180°.
Nén tam gidgc ABC ¢c6 A =30° ; B=60° ; C=90°.
SuyraAB=2R ;CB=R;AC= RJ?_a

—a=2nR, b=nR3,c=2nR = dpcm.

Dadp s0 :
Do dai ciac cung AM, BN, MN, va MC tinh bing cm ldn luot la r, nt ; 3x, 57

§10. DIEN TICH HINH TRON, HINH QUAT TRON

A. TRONG TAM KIEN THUC

Cong thire tinh dién tich hinh tron

b e maia

dugc tinh theo cong thiic :

S= aR*.
Cach tinh dién tich hinh quat tron

Dién tich S cia mot hinh tron ban kinh R

Dién tich hinh quat tron ban kinh R, cung n° (hinh 116) 5. 116

il hay S = %

dugc tinh theo cong thitc S =




B. CAC DANG BAI TAP VA PHUONG PHAP GIAI

Dang 1. TINH DIEN TICH HINH TRON, HINH QUAT TRON
HOAC CAC DAI LUONG LIEN QUAN

Phuong phap giai

2
Dua vao cong thiic: S = tR* - —-— =.nR_n
M 360
R = 1 : R= 3
27 T
~ S{lmﬂjﬁﬂ
n= -
nR~

Vi du. a) Tinh dién tich hinh tron bdn kinh 5cm.

b) Tinh dién tich hinh quat trdn bdn kinh 6cm ¢6 s6 do cung 12 60°,
Giai,
a) Dién tich hinh tron ban kinh Sem 1a: S=nR*=2571 (cm?).

_aR’n 1660

=6 23,
1360 ~ 30 or{em?)

b) Dién tich hinh quat tronla: S

Dang 2. TINH DIEN TICH HINH VIEN PHAN, HINH VANH KHAN
VA NHUNG HINH KHAC CO LIEN QUAN DEN CUNG TRON

Phuong phap giai

Dua vao tinh chat : N¢u hinh H duge chia thanh hai hinh H, va H,

khong c6 diém chung thi :
Sk =Sy, +Sp,

hay Sn, =Sy ~Su, -

Vi du 1. Cho luc gidc déu ABCDEF noi tiép duong tron (O ; 2cm). Tinh dién
tich phdn hinh tron nim bén ngoai hinh luc gidc.



Giai. (h.117)

360°

S6 do cung AB Ia : =60°.

Dién tich hinh quat OAB la :
S = 7R”n _ 1.2%.60 _ 2n '
4 360 360 3
AAOB c6 OA = OB, AOB =60°
nén A AOB déu, do d6 AB=0OA =0B=R.

Vé AH L AB,tac6: OH=HB= %

‘ 7 ) ) 5 .2 R* 3R°
Ap dung dinh If Py-ta-gotacé : AH® = AB® - BH® = R” - g hay
AH _R—J—_- V3.
Viy dién tich AAOBla: S op = %.OB.AH = %... V3=43.
Do d6 ta c¢6 dién tich hinh vién phan cung AB la :
Svpam) ~ S4 ~SA0B ___\/_ 3 (em?).
Vay dién tich phdn hinh tron (ki hiéu S) ndm bén ngoai hinh luc gidc la:
2n
S=6S,, 5, 6.(T-J§ ).

Hay S =4n—6\f§ (cmz).

U'l .rhl 2 r‘hn 'hfn chirtmao tean dAano tAm (O - 20em) -
= iU alal GUUNE 0N GUNE walll (W, &Ly,
(O ":cm) Tinh dién tich mién t6 den trong hinh 118.

Giai. (h.118)

Goi S, : S, ; Sladién tich hinh tron (O ; 2cm),
(O : 3cm) va mién 16 den.

Thitac6é:S= S, - §,

s ] 2 2
=S=n.3 - n2 =35% (em”). Hinh 118



Vi du 3. Cho duong tron (O ; R) ndi tiép hinh vuong ABCD va ngoai tiép hinh
vuong MNPQ. Bi¢t ring BD = 12 cm. Tinh dién tich phén t6 den.

Gidi. (h.119) P .
D¢ tinh dién tich phén t6 den, ta chi cdn tinh M %" N
dién tich hinh vién phan giGi han bot cung MQ va
day MQ.
BD=12cmthi AB= 6v2cm. OE=3v2Z em. 4 17777 Q
Dién tich hinh quat OMEQO la : \
2 Q P
R A(WI) 0 op i Al
S, = = = (cm”).
360 360 2 Hinh 119

Dién tich tam gidc MOQ 1a: S, = ;I;OM.OQ =9 {cm:).

Do d6 dién tich hinh vién phan giéi han boi cung MQ va day MQ.

( 9 ]T—E 3
=585 =¥—9=~L_—l (cm?).

Vay dién tich phanto den laS=4. S; = 18(n - 2) (em?).

C. BAI TAP TU LUYEN

1. Cho hinh tron(O ; 3cm) va diém M nim
ngoai duong tron. Qua M ké tiép tuyén
MA, MB 1Gi dudng tron. Biét AMB =60°.
Tinh dién tich hinh giéi han boi MA, MB
va cung nho AB.

2. Cho hinh 120. Bi¢t ring AOB=90" :
OA = OB = 6¢cm,
Tinh dién tich phéan t6 den.

Hinh 120

3. Trén dudng tron (O ; R) ¢6 hai diém A, B sao cho sd;{ﬁ =60 ; Trén (O'; R")

¢6 hai diém C. D sao cho sdCD =45°. Biét ring hai cung nho AB va CD ¢6
do dai bang nhau. Tinh ti s6 dién tich cua hai hinh ron (O ; R) va (O'; R").

14- TTKT-PPGT92 ... A 209



4. MOt muc ticu bin sing hinh tron
gdém cdc vanh ¢6 bé rong Iem nhu
hinh 121. Bin kinh dudng tron trong
cung la lcm. Vay dién tich vong
ngoai cung Ién gdp mdy 1an dié¢n tich
hinh tron trong cling ?

Cho duong tron (O ; R). Ké hai
dudong kinh vuong géc véi nhau AB
va CD. Lay C lam 1am, vé cung AB ¢ Hinh 121
trong dudmg tron (O), cung ndy cit
CD ¢ E (hinh 122).

a) Tinh dién tich hinh luai liém ADBEA.

b) So sdnh dién tich hinh ADBEA va
dién tich A ABC.

6. Cho tam giic déu, hinh vuong va
hinh tron ¢é ciing chu vi. Hoi dién
tich hinh nao 16n nhat?

n

Hinh 122

HUGNG DAN — DAP SO

1. (h.123) AMB=60° nén AOB=120°.

— — | —m—— .
MA, MB la tiép tuyén ciia duong tron nén O, =0, ==AOB = 60°.

Taco: MA = AO.tan AOM = 3.\6 (cm).
Dién tich tr gidc MAOB la

S, =28\ = 2.4 MA.AO M<€ | 1\ 5
| “MALQD 2 e @)
=3.43.3=93 (cm?).
Dién tich hinh quat OAB la : Hinh 123
R? 9.12
qun e 0=3n(cm2).
360 360

Vay dién tich hinh gigi han boi MA, MB va cung nho AB la
S$=$,-8, =9V3-3n=3(3V3-xr) (cm).
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Dién tich hinh quat (OAB) la :
B 7R%n ~ 7.6%.90

S, = = =9n (cm‘?).
360° 360
Dién tich ntra hinh tron duong kinh OB la :
S, = -I-n.33 = ETI (cm?).
T 2 2
C
Vay dién tich phantodenla S, =S, = ‘)rl:n-;-rt = 4,57 (cm?).
. 45 '
Tir dé bai, tacé : ALY = oL & nén i = E—: bik = E
180 180 3 4 R" 4

2 C
Ta co : ;i= ﬂR, =(E) e ,
S" aR~ \R'/ 16

Di¢n tich hinh tron ngoai cung la: §, = 7.3% =97 (cm?).

Dién tich hinh tron thi hai la : S, = 122 =4rx (cm‘? ¥s

Do d6 dién tich vanh ngodi ciing 1a: S; =S, =S, =5=n (cm?).

Di¢n tich hinh tron trong ciing la: S, = 12=n |{cm3 ). Vaytacé S;=5.5,.

_mAC?.90° nR*
3600 2

a) Dién tich hinh quat ACBla: S

Diéntich AABCIla:S, = %AB.OC =R?.

)

R~

2

=

Di¢n tich nua duong tron duong kinh ABla: S, =
Do dé6 dién tich hinh luai liém ADBEA la;
S=8§,+S,-S, =R%.

b) Dién tich hinh ADBEA va dién tich A ABC bing nhau.
bat chu vi mébi hinh la c.

L . - - - C # " e rl L] - -
Do dai canh tam gidc déu la re Do dé dién tich tam gidc déu la :

NN

SI
4 36

. - - - c I L - A - ~
Do dai canh hinh vudng la il Do d6 dién tich hinh vuong la :



W

to
)

2

3 C
S'} =a- -_—
= 16
” " . 2 15 ¢ s .y ’ - :
Ban Kinh hinh ron la R = g Do d6 dién tich hinh tron la :
2w
2 2
2 c C
S=nR" = —5=—.
4n  4mn
3 ) 9
i i C‘.\ﬁ g 0
laco: € =<

36 16 4n
Vay hinh tron ¢6 dién tich 16n nhat.

ON TAP CHUONG Il
A. TRONG TAM KIEN THUC

Cac khai niém co ban : Goc o tam, cung tron, so do cung.
Mot s6 dinh li co ban

e Licn hé gitta cung va day cung.

e Dinh li va hé qua vé goc noi tiép.

o Dinh li va hé qua goc tao bdi tia tiép tiyén va day cung.
e Dinh li vé goc ¢o dinh o bén trong va bén ngoai dicomg tron.
o T'inh chat va daw hiéu nhan biét ur giac noi tiép.

e Cung chira goc.

o Cong thite tinh chu vi hinh tron va dé dai cung wron.

e Cong thire tinh dién tich hinh tron, hinh quat tron.

B0 sung hé thirc lwong trong dudmg tron

e Cho dudng tron (O) va mot diém M ¢6 dinh khong ndm trén dudng tron.
Qua M k¢ hai duong thing. Dudng thing thit nhit cit () tai Ava B. Dudng
thing thir hai cat (O) tai C va D thi ta ¢6 hé thic MAMB = MC.MD.

(H¢ thie ding ci hai trudng hop diém M nim bén trong va bén ngoai
duong tron).

e Cho duong tron (O) va diém M nim bén ngoai dudmg tron d6. Qua diém M
ké tiép tuyén MT va cdt tuyén MAB, thi ta ¢6 MT” = MA.MB.



B. CAC DANG BAI TAP VA PHUONG PHAP GIAI

Dang 1. TINH SO DO GOC
Phudng phap giai

Poi vGi nhimg bai lién quan dén gée va duomg tron, ban nén bi¢u dién gbc
dudi dang cung va ngugc lai.

Vi du. Cho hinh 124. Bi¢t BMD =23° ; CND = 130°. Tinh s6 do BOD?

Giai.

Hinh 124

Tacé CND =130° thi BND = 50°,
Ap dung tinh chilt goc ¢6 dinh ¢ bén trong va bén ngoai dudmg tron, ta ¢d :

VD B - S E s TlBD sdnC.

Hay 23° +50° = sdBD => sdBD = 73°.

Vay BOD =73°.
Nhan xét. Bai toan nay cho moi lién hé gitra géc va cung :

P e mm—

BMD + BND =sdBD, BND-BMD =sdAC.

Vi du 2. Cho hinh 125 biét E = 40° P

va cic day AB, BC, CD c¢6 ciung d¢ dai. A

Tinh s6 do BIC ? "EV E
Giai. ) 5
bat sdAD =x, sdAB=sdBC =sdCD=y. C ‘

JBy +x = 360° Hinh 125
ly —x =80°.

Taco:
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Giairatacoy=110"; x = 30°.

o 0 0
Viy BIC = lli;“‘fo— =70°.

—

Dang 2. BAI TOAN CO YEU TO TIEP TUYEN

Phuong phap giai

Bai todn lién quan dén tiép tuyén va cdt tuyén, ban luu y bii todn xudt
hién nhiéu géc vuong, nhiéu i gidc noi tiép do d6 van dung khd nhicu
kién thire vé tam gidc ddéng dang va hé thic luong trong tam gidc vuong.

Vi du. Cho dudng tron (O ; R) va diém S ¢ ngoai dudmg tron. Tir S vé hai tiép

= m \,-

tuyén SA, SB vai dmms. tron {A B 14 hai tiép du,m\ V¢é dLr(me thing a di qua S ciit
duong tron tai M, N, véi M nam giita hai diém S va N (dudng thing a khong di
qua idm Q).

a) Chung minh SO vuong géc véi AB.
b) Goi H la giao diém cia SO va AB. Goi I la trung diém clia MN. Hai dudng
thing OI vi AB cit nhau tai E. Chimg minh t gidc IHSE noi tiép.

¢) Chimg minh OL.OE = R*.
d) Cho biét SO = 2R va MN = RV/3 . Tinh dién tich AESM theo R.
Giai. (h.126)

a) Ban doc tu chirng minh.

b) Taco: SHE =90° : SIE = 90°
suy ra tr gidgc SHIE noi tiép.

E

¢) Ta chimg minh dugc :

L Y

OLOE = OH.OS (vi ur gidc SEIH
noi Lép).

OH.0S = OB’ (h¢ thire lugng trong
tam gidc vuong).

Suy ra OL.OE = OB®.
Hay OIL.OE = R,

Hinh 126



m|7d

d) Van dung dinh i Py-ta-go ta tinh dugc 101> + IN? =ON?nén Ol =

Mi OL.OE = R” suy ra OE = 2R = El = ?.

L

R\/_ R(Jl_‘-';-ﬁ)

2

—

SI® +0I° = 0S?* nén SI =

Viy dién tich tam gidc ESM la :

3R*(V15-3)
; .

S= -I—SM.EI =
2

Nhan xét.

* Dua vao cu ¢, ban ¢6 thé chimg minh dugc EM 12 tiép tuyén cia duong
tron.

* Néu dé bai c6 thém yéu 16 di dong, ta c6 thém cau hay va kho :
¢ Cho N, M, S ¢ dinh. Chimg minh riing khi dudng tron (O) thay déi AB fuon
di qua diém c6 dinh.

e Cho N, M, (O) ¢6 dinh. Chitng minh khi S di dong trén tia d6i cua tia MN thi
do 16n g6c MHN khong doi.

Dang 3. CHUNG MINH BA DIEM THANG HANG,
BA DUONG THANG PONG QUY

Phuong phap giai

e Mudn chimg minh ba diém thing hang, ban ¢6 thé chimg minh ba diém
dé6 tao thanh mot géc 180°,

e Mudn chimg minh ba dudng thing déng quy, ban ¢6 thé chimg minh
ching la ba dudng cao cia mdt tam gidc.

Vi du.Cho AABC (AC > AB, BAC >90°). Goi I, K thi tr 1a trung diém cta
AB, AC. Cic dudmg tron dudng kinh AB, AC cit nhau tai diém thit hai D ; tia BA
cdt dudng tron (K) tai diém thit hai E ; tia CA cit dudng tron (1) tai diém thi hai F.

a) Chimg minh B, C, D thiing hang.
b) Ching minh t& gidc BFEC ndi tiép.
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¢) Chitng minh ba dudng thing AD, BF, CE déng quy.
d) Goi H la giao diém thit hai cia tia DF véi duong tron ngoai tiép tam gidc

AEF. Hiy so sianh DH va DE.

Giai. (h.127)

a) Ap dung géc nodi tiép chin
nua duong tron, ta co :

ADB =90° ; ADC =90°

Nén ADB+ADC =180°.

Viy B, D, C thing hang.

b) Ap dung gbéc ndi tiép chin
nura dudng tron, ta ¢6 :

BFA =90° ; CEA =90°.

Nen BFC =BEC (=90°) suy
ra E ; F la hai dinh lién tiép clung
nhin BC dudi mot gée bing nhau,

Vay it giic BFEC noi tiép.

Hinh 127

¢) Xét tam gidc ABCc6 AD LBC; BF L AC; CF LAB, suy ra AD, BF, CE
1a ba dudmg cao. Vay chiing c¢it nhau (déng quy) tai mot diém S.

—— e —n e, e

d) Ta c6 AEHF noi ti¢p nén EHF = FAB mat khic FAB=FDB=EHF=FDB

= HE//BC = AD L HE (1)

Van dung géc noi tiép, tr gidc ndi ti€p ta c6 :

——— ——

FDA = FBA = FCE = ADE

= DA la dudng phan giic EDF (2)

Tur (1) va (2) suy ra DEH can tai D suy ra DE = DH.

C. BAI TAP TU LUYEN

I. Cho hinh 128. CD la dudng
kinh cua dudng tron tam O.

Bi¢t EOD =45° va AB = OD.
Tinh s6 do géc BAO.
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Cho dudmg tron (O ; R) ¢6 hai day AC va BD vudng géc véi nhau tai P khic O.

a) Tinh AP? + BP? + CP? + DP? theo R,

b) Tir A va B ké cdc dudng thing vuong gbc xudng CD, cit ciac day BD, AC
14n luot tai K, M. Chimg minh tr gidc AKMB la hinh thoi.

Cho A ABC nhon noi ti¢p dudmg tron (O). Budng cao AD, BE, CF cat nhau tai
A’Vl BN CP

D BE CF
Cho tam gidc ABC véi dudmg tron ngoai tiép tam O. Cho P 12 mot diém bat Ki
trén doan BC sao cho dudng tron ngoai tiép tam giic OBP cit doan AB tai N
khic B va dudng tron ngoai tiép tam gidc OCP cit doan AC tai M khic C.

a) Chimg minh ring OPM = OAC.
b) Chimg minh ring MPN = BAC va OBC +BAC =90°.
¢) Chimg minh O la truc tdm tam  giac PMN.

(TS 10, THPT chuyén Ngoai Ngit Ha Néi, nam hoc 2011 - 2012)
Trong hinh 129, dudng tron
(K) ¢6 duong tron dudng kinh
AB, duong tron (L) tiép xic
vai dudng tron (K) va tiép xiic
véi AB tai K ; dudng tron (M) K
tiép xic vai dudmg tron (K),
(L) va doan AB. Ti s0 dién tich
hinh tron (K) va hinh tron (M)
1a bao nhiéu?

H va cit dudmg tron tai M, N, P. Chitng minh

Hinh 129

Cho tam gidic ABM can tai M ndi tiép dudng tron tam O. Trén tia doi cua tia
MB ldy diém C sao cho MC = MB. No6i AC ciit dudng tron tai diém thit hai 1a
D. Goi E la diém d6i ximg cia D qua A.
a) Chimg minh ring : BEC = 2.ACB ;

B -
b) Chimg minh ring : CD.C C’

c¢) Cdc tia BE va MA cit nhau tai F. Chimg minh AE = EF va BF = AC.




d) Tam gidc ABM cin ¢6 thém diéu kién gi d€ ur gidc MDFE 1a hinh binh hanh ?

Cho gbc vuong xOy va hai diém A, B wrén canh Ox (A nam gitta O va B),
di¢ém M bit ki trén canh Oy. Dudng tron (T) dudng kinh AB cit tia MA, MB
1an Tuot tai diém thir hai l1a C, E. Tia OE cit duong tron (T) tai diém thi hai F.

a) Chimg minh riing bon diém O, A, E, M nim trén mdt dudng tron, xic dinh
tm cua duong tron do.

b) Tir giic OCFM la hinh gi? Tai sao?
¢) Ching minh h¢ thic : OE.OF + BE . BM = OB’

d) Xdc dinh vi trf cha diém M dé ut gidac OCFM la hinh binh hanh, tim méi
quan h¢ gitta OA va AB dé ur gidc 1a hinh thoi.

(TS 10, THPT ChuVan An va Ha Noi = Amsterdam, nam hoc 2004 - 2005)

HUGNG DAN - PAP SO

Pat BAO=x tacé EBO =BEO =2x.

Mi EAO+AEO=EOD = BAO=15".

(h.130) a) Ap dung dinh i Py-ta-go ta ¢6 : B

AP? +BP? = AB® ; /x

CP? +PD* =CD? ; / Op ¢
o)

- V¢ CE la dudng kinh cta dudng tron (O).

Tac6 CAE=90" = AE//BD = AB=ED.

Suy ra AB® + CD? =ED? + CD? =EC? =4R*. NS

D
Vay AP? +BP? + CP? + DP? = 4R?. Hinh 130

b) Taco AK LCD nén CAK = PDC (cung phu ACD) ;
BAC = PDC (g6¢ néi ti€p cung chiin BC)

= BAC = PAK suy ra tam giic ABK cintai A

= BP =PK (1)



— Tuong tu ta cé6 AP = PM (2)
Tu (1) va(2) vi AM L BK nén ABMK la hinh thoi.
(h.131) Ta chimg minh dugc HD = DM ;

FH =FP ; EH = EN.

Ap dung ti s6 di¢n tich hai tam gidc chung P
diay,tacé:

HD HE HF _Supc +Suac +Suas _ ]
AD BE CF S

Qv ra » AM.LBN.LCP—1.LD_.|.I.J.EN.L1.J.FP

"AD BE CF  AD BE CF’
HD HE HF

3+ + + =4,
AD BE CF

Hinh 131

(h.132) a) Xét duomg tron ngoai tiép tam giic OPC, ta c6 OPM = OCM.
Tam gidic OAC can, nén OAC = OCM
suy ra OAC=0PM.

b) Tuong tu cdu trén ta ¢ :

OAB = OPN.

———— ——

= MPN = OPM + OPN = OAC + OAB

hay MPN =BAC.

Tam gidc OBC ¢6 BOC +OBC +OCB = 180°.

Hinh 132

Hay 2.BAC +2.0BC = 180°.
= BAC + OBC = 90°.

¢) Tacé : ONP = OBP, NPM = BAC

— ONP + NPM = OBP + BAC = 90°.



[

Hay NO L PM (1)

Tuong trtach : OMP + MPN = 90° .

Hay MO L NP  (2)

Tir (1) va (2) suy ra O la truc tam cua tam gidac MNP.
bép s6: 16.

(h.133) a) MA = MB = MC nén tam gidc

ABC vuéng tai A = BD la dudng kinh cua

dudng tron (O).

D, E doi xing qua A ma AB L DE nén M
tam gidc BDE can tai B = BEA =BDA (). D
Mat khic BAE =90° ; MC = MB nén tam
gidgc BDCcan tai D = BDA=2.BCD  (2)

Tir (1) va (2) ta ¢6 BEC =2.ACB.

b) Ta ¢6 : tam gidc CAM déng dang véi
tam gidac CBD nén E

CD.CA = CM.CB = th : F

- Hinh 133
¢) Tam gidic MAC cin tai M nén MCA = MAC ; MAC = EAF

= BEC = 2EAF = tam gidc EAF cantai E = EA =EF.
Ta c¢6 : BD = BE nén CD = BE.

Ma EF = AE nén AD = EF.

Suy ra CD + AD = BE + EF . Vay AC = BF.

d) AE = AD.

MDEFE la hinh binh hanh < AM = AF < DM = DA
<> tam gidc ABM can tai B.

Vay tam gidc ABM déu thi MDFE la hinh binh hanh.



7. (h.134) a) Ban doc tr giai.
b) Tacé: ACF = AEO = AMO
suy ra CF //f MO. Yl
Viy ur giic OCFM I hinh thang. M
¢) Tacdé: OE.OF = OA.0B;
BE.BM = BA.BO.
Tir d6 suy ra dpem. = A t B X

d) Goi H la hinh chiéu ciua C trén
AB. Tt gidc OCFM la hinh binh
hanh khi va chi khi OM = 2.CH

T

<>0A =2.AH. Vi tri cua dicm H Hinh 134
hodan todn xdc dinh nén vi tri cua
diém M ciing hoan toan xdc dinh.

Pé OCFM la hinh thoi thi diéu kién cin va di 1 OA = 2AH va OC = 2.CH.
Tacéd:

OC =2 CH ¢ OH® =3CH?

<> OH’ =3.AH.HB

et AL = E.OA.[AB-LOA\
4 2 2 )

< AB=2.0A.
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HINH TRU. HINH

cHUuoNG [ V
NON. HiNH CAU

lo

)
2

§1. HINH TRY

Khi quay hinh chir nhat ABCD, mot vong quanh
canh CD c6 dinh, ta dugc mét hinh tru, CD goi
I truc cua hinh tru (h.135).

* Hai hinh tron (D) va (C) bang nhau goi la hai day.
* Canh AB quét nén mat xung quanh cua hinh
tru. Méi vi tri ciia AB goi 1a mot dudmg sinh,

* MGi dudng sinh déu vuong gbc véi hai min
phing ddy. D6 dai cia dudmg sinh 12 chiéu cao
cua hinh tru.

-

THL

A—D E

—
1
B C JF

B

Hinh 135

Khi cit hinh tru boi mot mat phing song song vai ddy thi mét cit 1a mot hinh

tron bing day.

Khi cat hinh tru bdi mét mat phing song song véi truc thi mét cit 1a mot hinh

chir nhit.
Dién tich xung quanh :
Syq = 2nRh;
9
Sip = 2nRh + 27R".
(R 14 bdn kinh ddy ; h 1a chiéu cao).

Thé tichhinhtru: V= S.h=zR*h.



B. CAC DANG BAI TAP VA PHUONG PHAP GIAI
Dang 1. NHAN BIET HINH TRU VA CAC YEU TO CUA NO

Phuong phap giai

Xem trong tam kién thire, phin cédch tao ra hinh tru.

Vi du 1. Cho hinh chir nhat ABCD, AB = a ; BC = b. Hiy cho biét hai ddy va
chiéu cao cua hinh tru khi cho hinh chir nhat nay quay moét vong quanh :

a) canh BC ¢6 dinh ; b) canh CD c@ dinh.

Giai. (h.136)

a) Khi hinh chir nhit ABCD, quay mdt A1 f B
vong quanh canh BC ¢6 dinh thi : b

— Hai day 1a hai hinh tron (B ; a) va (C; a). = c

— Chiéu cao ctia hinh tru la b.

b) Khi hinh chir nhit ABCD quay mot 6 - a
vong quanh canh CD c6 dinh thi : b

— Hai ‘(hiy la hai hinh tron (C ; b) va (D ; b). = 2 &

— Chiéu cao ctia hinh tru 1a a. Hinh 136

Vi du 2. Mot hinh tru ¢é bdn kinh ddy 1a 4 cm va chiéu cao 1a 10 cm. Néu ta
cit bo hai ddy di roi cit doc theo mot dudng sinh ciia mit xung quanh rdi trai
phang ra, khi d6 ta duoc mot hinh gi ? Cho biét kich thudce cua hinh dé ?

Giai.
Sau khi cit bo hai ddy va cit doc theo mot dudng sinh ctia mat xung quanh réi
trai phing ra, ta duoc mot hinh chit nhat ¢é kich thude 1a :
10 cm x 2n.4 cm hay 10 cm x 81 em.
Vi du 3. Hinh bén 1a mot chai dung nude dén lung chimg. Hoi :
a) Cdi chai ¢6 phai 1a mot vat thé hinh tru khong ? i S

b) Phan nudc ¢ trong chai ¢é dang hinh tru
khong trong trudmg hgp chai dé thing dimg va

trong truomg hop chai dé nghiéng ? ! H
Giai. (h.137)

a) Cdi chai khong phai 12 mot vat thé hinh tru. Hinh 137

[}
2
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b) Trong trudng hop chai dé thing dimg thi phdn nudc bén trong chai ¢6 dang
hinh tru.

Trong truong hop, chai dé nghiéng thi phdn nudc bén trong khong cé dang
hinh tru.

Dang 2. TINH BAN KINH, TINH CHIEU CAO CUA HINH TRU

Phuong phap giai

* Tur cong thie : S, = 2aRh suy ra :

nh nR%

Vi du 1. Mot thing dung nude hinh tru ¢ chu vi ddy 1a 94,2 cm va thé tich
biing 18 369 cm”. Tinh bdn kinh ddy va chiéu cao clia thing.
Giai.
Chu vi ddy cua thung duoc tinh theo cong thic :
C=2nRsuyra: R = < = 94,2 =15 (cm)
2n 23,14

Vay bin kinh ddy thing 1a 15 cm.

Tir cong thic : V = aRh.
V.., " ]836({ w2 i)
R 3,14.15°

Vay chiéu cao cta thiing 14 26 cm.

~ Vidu 2. Mot hop binh keo hinh tru ¢6 chiéu cao 6 cm va di¢n tich toan phin
bang 3 ldn dién tich xung quanh. Tinh bdn kinh ddy cia hop nay.

Giai.

Tacd: S, =3.5,,

< 2nR(h+R)=32aRh <> 6+R =36 R =12 (cm),
Vay bdn kinh cta hop nay 1a 12 cm.

Suyra: h=



Vi du 3. S6 do dién tich xung quanh cia mot hinh tru (tinh bing cmzj diing
bing s6 do thé tich ciia n6 (tinh bing cm®). Tinh bdn kinh cta hinh try nay.

Giai.

Theo dé bai ta ¢6 2xRh = 7R h.

Chia hai vé cho nRh ta duoc : R =2,
Viy bdn kinh ddy cta hinh tru 1a 2 cm.

Dang 3. TINH DIEN TICH XUNG QUANH, DIEN TiCH TOAN PHAN
VA THE TICH CUA HINH TRU

Phuong phap giai

Syq = 2nRh;
S,p = 27Rh + 27R%;
V = R’h.

Vi du 1. Mat cit qua truc cia mot hinh tru 12 mot hinh vuéng ¢é dién tich la
100 cm’. Hay tinh :
a) Dién tich xung quanh cua hinh tru ;
b) Thé tich cta hinh tru.
Giai.
a) Puong kinh ctia hinh tron ddy ciing la chiéu cao cta hinh tru a :
= 2R =100 = 10 (cm).
Binkinhddyla:R=10:2=5 (cm).
Dién tich xung quanh cua hinh tru 1 :
Syq = 27Rh = 2.1.5.10 = 100 (cm”).
b) Thé tich cta hinh tru la :
V = nR%h = 1.5%.10 = 250% (cm’).

2

Vi du 2. Mot hop sira bot ¢6 dang hinh tru, ban kinh ddy bing < chiéu cao.

Biét thé tich ctia hop sita 1a 540n cm’. Tinh dién tich vo hop (k€ ca ndp).

9
(£
Lh
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Giai.
2 5
ViR=—=hnén h =—-=R.
5 2

Tacé:V =nR?h < n.Rz.gR = 54071 <> 5R® = 1080 <> R* =216

<> R=6(cm).

Dién tich toan bo vo hop la :

Sip = 27R(h + R) = 2..6.(15 + 6) = 2527 (cm’).
Vi du 3. Mot cdy nén hinh tru cao 20 cm va ¢6 duong kinh ddy 24 mm. Hoi

cdy nén ndy ¢6 thé thap sang duoc bao 1au néu méi phiit chdy hét 3,0144 cm” nén ?
Giai.
24 mm=24cm.
Bin kinh ddy chacaynénla:24:2 =12 (cm).
Thé tich clia cay nén la :
V = nR%h = 3,14.(1,2)2.20 = 90,432 (cm’).
Thoi gian thip sidng cla ciy nén la :
90,432 : 3,0144 = 30 (phut).

Vi du 4. Mot hinh chir nhat ¢6 chu vi 50 ecm va dién tich 150 cm®. Cho hinh

chit nhat nay quay mot vong quanh moét canh ¢6 dinh. Tinh thé tich 16n nhat cha
hinh tru dugce tao thanh.

Giai.
Goi hai kich thuge cia hinh chir nhat nay 1a x va y (x 2 y, tinh bing cm).
Xx+y=350
Theo dé bai, ta c6 hé phuong trinh : 4
xy = 150.
Giairatadugc: x=15;y=10.
Néu cho hinh chir nhat nay quay mot vong quanh canh 15 cm thi dugce hinh tru
¢6 thé tich la :
V, = aR}h; = 1.10%.15 = 15007 (cm”).

Néu cho hinh chir nhat nay quay mot vong quanh canh 10 cm thi duge mot
hinh tru ¢6 thé tich 1a :

V, = 7R3h, = 115210 = 22507 (cm”).

Viy thé tich Ién nhat cia hinh tru duge tao thanh 1 2250x em”.



Dang 4. TINH THE TICH CUA NHUNG HINH HON HOP
TRONG PO €O MOT BO PHAN LA HINH TRU

Phuong phap giai

Téch hinh hén hop thanh cdc bo phan riéng biét, tinh thé tich ciia nhimg
bo phan ay réi cong hoac trir cic s6 do do.

Vi du 1. Mat vién than "t6 ong" hinh tru, ¢6 ban kinh ddy 1a 6 cm, chiéu cao
10 cm. Trén mdi mat ddy ¢6 12 16 "t6 ong" & vong ngoai, ¢6 6 16 "t6 ong" & vong
trong va mot 16 & chinh tdm cua ddy. Chiéu cao ciia mdi 16 ding bing chiéu cao cua
vién than, dudmg kinh méi 16 1a 1 em. Tinh thé tich nhién liéu cia méi vién than.

Giai.
Thé tich cua vién than (ké ca cdc "t6 ong”) Ia :
V, = aR?h = 1610 = 3607 (cm”).
Thé tich ciia 1916 "t6 ong" la :
V, = 19.2R%.h = 19.7.(0,5)%.10 = 47,57 (cm”).
Thé tich nhién liéu chia méi vién than Ia :
V = 360x - 47,57 = 312,5% (cm®) = 981 (cm”).

) Vi du 2. Trong x4y dung ngudi ta thudmg dung gach 16 dé xay tuomg cho nhe.
Moi viep gach dai 20_ cm, rong 10 cm va cao 5,5 cm. DQ(:‘ theo chiéq dai m6_i vién,
¢O hai 16 hinh tru, moi 16 ¢6 duomg kinh 3,6 cm. Tinh thé tich dat dé lam méi vién
gach (khong ké dén do co cua dat khi nung).

Giadi.
Thé tich cia méi vién gach la :
V, =20.10.5,5 = 1100 (cm”).
Thé tich cta hai 16 hinh tru la :
V, = 2.nR%h = 2.1.(1,8)%.20 = 407 (cm”).
Thé tich dat dé 1am méi vién gach la :
V = 1100 - 407 = 693 (cm”).

C. BAI TAP TV LUYEN

1. Mot hinh tru ¢6 dién tich xung quanh la 80x cm? va thé tich 1a 160 cm’. Tinh
ban kinh ddy va chiéu cao cua hinh tru nay.
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2. Mot hinh tru ¢6 chiéu cao 1a 15 cm, va dién tich toan phdn la 252n cm?. Tinh
bdn kinh ddy hinh tru.

3. Mot binh dung nudc hinh tru ¢é ban kinh ddy la 12 ¢m, chiéu cao cla cot
nude trong binh la 18 cm. Ngudi ta cho mét hon da vao trong binh va ngip
hoan toan trong nudc, chiéu cao cta cot nude bay gidy 1a 20 ecm. Tinh thé tich
hon da.

4. Mot chau hinh tru, chiéu cao 7 cm. Biét dién tich ddy cta chiu bing dién tich
xung quanh. Hoi chiu ndy ¢6 thé chira duge bao nhiéu lit nude ?

5.% Mot 1o thude hinh tru dat khit trong mot hop gidy hinh hop chir nhat ¢6 thé tich
12 200 em”. Tinh thé tich ctia lo thudc hinh try.

HUGONG DAN - PAP SO

I. S, =2aRh;V=naR’h.
Sw _2nRh _ 801 _ 2

V  xR%h 160t R
Tir d6 tinh dugc h = 10 cm.
2. 27Rh+27R*=252r = R+ ISR - 126 =0 = R, =6 ; R, = -21 (loai).
3. V=1Rh=n1272=288r =~ 904,32 (cm’).

= R =4 (cm).

4. nR>=2nRh =R =2.h = 14 (cm).
V = aR%h = 1.14%.7 = 4300 (cm’) = 4,3 (I7v).
5.* Goi ban kinh d4y hinh tru 1a R, chiéu cao Ia h.
Ta ¢6 Vi = R*h ; Vpyp = 2R)%h = 4R

Vin _nR*h =
Vh{.)p 4R2h 4

V ]
Do d6 : -2-(')% = E::‘ Vi = 507 (cm®) = 157 (em?).

[
I
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§2. HINH NON. HINH NON CUT.

DIEN TICH XUNG QUANH VA THE TiCH
CUA HINH NON, HINH NON CUT

A. TRONG TAM KIEN THUC

Khi quay tam gidc vuong AOC moét vong
quanh canh géc vuong OA ¢ dinh thi
duge mot hinh nén (h.138).

* Hinh tron (O) goi la day.

na

* Canh AC quét nén mait xung

hinh nén.
Mo6i vi tri cia AC goi 1a mot duong sinh.

* A goi la dinh, AO goi 1a duong cao cua
hinh nén.

Syq=TRI; S,y = 7RI+ 7R%; V =

-7
3

Hinh 138

Dién tich xung quanh. Thé tich cua hinh nén

R2h.

(R 1a ban kinh ddy ; / 1a duong sinh ; h 1a chiéu cao).

Khi cit hinh nén bdi mot mét phing song
song véi ddy thi phin mat phing ndm
trong hinh nén la mot hinh tron.

Phian hinh nén nim giita mat phing néi
trén va mat diy goi la mdt hinh nén cut
(h.139) :

qu = TL'(RI + Rz)l’ s

\'/ =§ﬂ:h(Rf - R% + R|R5)

(R, R, la cdc ban kinh ddy ; / 1a dudng sinh

15B- TTKT-PPGTY/2 ... A

Hinh noén cut. Dién tich xung quanh va thé tich

Hinh 139

. h 14 chiéu cao).



B. CAC DANG BAI TAP VA PHUONG PHAP GIAI

Dang 1. NHAN BIET HINH NON, HINH NON CUT
VA CAC YEU TO CUA NO
Phudng phéap giai

Xem trong tam Kkién thirc, phin cdch tao ra hinh nén, hinh nén cut.

Vi du 1. Tam gidc AOC vuong tai O, OA =2 cm ; OC = 3 cm. Hiy cho bi¢t
ddy, duong cao cua hinh nén tao thanh khi quay tam gidc nay mot vong quanh canh :

a) OA ; b) OC.

Giai. (h.140) A
a) Khi quay tam gidic AOC mot vong [
quanh canh OA, ta dugc mot hinh nén cé ddy 2
Ia hinh tron (O ; 3 cm), ¢6 dudng cao la AO.
b) Khi quay tam giic AOC mdt vong 0—] 3 C

quanh canh OC, ta duoc moét hinh nén ¢6 day

la hinh tron (O ; 2 cm), ¢6 dudng cao la CO. Hinh 140

Vi du 2. Hinh thang vuong ABCD (A = D = 90°) c6 AB=2cm; CD=5cm
va AD = 4 cm. Cho hinh thang vuéng nay quay mot vong quanh canh AD ¢6 dinh.
Hay cho biét :

a) Hinh tao thanh ¢6 dang nhu thé nao ?

b) Do dai ciia mot s6 yéu t6 cua hinh nay. A B

Gidi. (h.141) :

a) Hinh tao thanh la moét hinh nén cut. 4

b) Bdy nho 1a hinh tron (A ; 2cm), ddy lon
12 hinh tron (D ; Scm), chiéu cao 4cm.
Dung dinh 1i Py-ta-go ta tinh dugc duong sinh 3
BC = 5¢cm. Hinh 141

2

C
(@]

Vi du 3. Tir mot tam bia, mot ban cét ra mot hinh quat tron ¢6 ban kinh 50 cm
va cung hinh quat ¢6 do dai 20r cm. Ban d6 cudn tron hinh quat ndy theo géc 0
tam, roi dan hai mép cua hinh quat lai dé thanh mét chi¢e mia. Hay cho biét :

a) Hinh dang cua chiéc mii nay.

b) Do dai mot so yéu 16 cua chiée ma do.



Giai. (h.142) B

a) Chiéc mii nay 1a mit xung quanh
cua mdt hinh nén ; ‘%

b) Pudmg sinh cia hinh nén nay dai 2
50 cm, dudmg tron ddy c6 do dai 20w cm,
ban kinh 10 cm.

Dang dinh Ii Py-ta-go c¢é thé tinh
duoc chiéu cao cia mi gdn bing 49 cm. Hinh 142

0 50 cm A

Dang 2. TINH BAN KiNH, TINH CHIEU CAO, TINH DUONG SINH
CUA HINH NON

Phuong phap giai

* Tur cong thic S, = R/ suy ra :
R = S& " | = h
ml nR
* T dinh 1i Py-ta-go suy ra :

R=«.H2—h2;1=1/R2+h2;h= I* <R®,

*Tu coOng thiec V = %nth suyra:

e B s B
n.h nR~

Vi du 1. Mot hinh nén cé dién tich xung quanh la 80n cm’, dudng sinh 1a 10 cm.
Tinh bdn kinh ddy va chiéu cao cta hinh nén.,
Gidi. (h.143)

S
* Tir cong thitc S,, = 7R/, suyra R = ;;’
T

Do d6 R =§}-T£ =8 (cm).
n.10

Vay bdn kinh ddy cia hinh nén 1a 8 cm.




* Ap dung dinh Ii Py-ta-go, ta ¢6 :

h?= 2 -R?
= h?=10%*-8%=36
= h =6 (cm).

Vay chiéu cao ctia hinh nén 1a 6 cm.
Vi du 2. M6t hinh nén ¢6 do dai ctia vanh nén 1a 36 cm va thé tich 1a 2592n em’.

Tinh do dai dudng sinh va s6 do nira géc ¢ dinh cta hinh nén.

Gidi. (h.144)

*Tucong thuic C=2nR suyra R = Eie Jaz = 18 (cm).
2n '3'1:

Vay bén kinh ddy cfm hinh nén Ia 18 cm.
* T cong thie V = —rrR h suyra h= 2y

3 nRz

: 2
Chiéu caocua hinhnénla h = }__5____?’_‘ = 24 (cm). Hinh 144
n. 1

Do dai cua dudng sinh la :

{= \fhz + R2
= | = 1/243 +18% =30 (cm).

* Goi o la s6 do nira géc ¢ dinh ctia hinh nén. Ta ¢6 :

sing = B_18, 0,6 = sin 36°52".
[ 30

Do d6 a = 36°52'.

Vi du 3. Mat hinh nén ¢é chiéu cao la 33cm va dién tich xung quanh bing

hai 1an dién tich ddy. Tinh bdn kinh ddy va d6 dai dudng sinh cua hinh nén nay.

2
[§8

AN

Giai. (h.145)
Theo dé bai S, = 2Sd:i)
suy ra nR/ = 2nR?.
Do dé /= 2R.
Mat khdc I - R* = h?
(2R)? - R? = (3V3)’
= 3R? =27 = R =3 (cm).
Dod6/=2R =6 cm.

Hinh 145



Dang 3. TINH DIEN TiCH XUNG QUANH, DIEN TICH TOAN PHAN,
TINH THE TiCH CUA HINH NON VA HINH NON CUT

Phuang phap giai

*Hinh nén : S, =R/ S, = 7R/ + nR%; V = %nth.

* Hinh nén cut : S, = n(R; + Ryl ; V = %nh(Rf +R3 + R|R,).

Vi du 1. Cho tam gidc ABC vuong tai A, AB=15cm ; AC = 8 cm. Quay tam
gidc ndy mot vong quanh canh AB ¢6 dinh. Tinh dién tich toan phdn va thé tich

~
c11a hinh tan than
e LALL BRERAR 1 l‘_lu LEIRAR LR,

Gidi. (h.146)

Hinh tao thanh la mot hinh nén c¢é bdn kinh ddy R =8 cm ; 4

B
chiéu cao h = 15 cm va do dai dudng sinh la: [ = Jh* + R?

= 1=4/15% + 8% =17 (cm). b b

Di¢n tich toan phén cta hinh nén la :
S,p = 7RI + 7R’ Ar—g—C

=7.8.17 + 1.8° = 2007 (cm>).

Thé tich cta hinh nén 1a :

= %nth = %K.SE.IS = 3207 (cm>).

Hinh 146

Vi du 2. Mot dong cdt hinh nén ¢6 chu vi ddy 1a 10 m va chiéu cao la 1,5 m.
Tinh thé tich dong cat.

Giai.

Tircong thitc C=2nR suyra R = S = — = — (m).
2r 2

Vay ban kinh ddy dong cét 1a : im.
|
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Thé tich dong cét la :

1 (5Y

V = —nR?h = —n,(—] 1,5 =4 (m).

3 3 on

Vi du 3. Mot hinh nén ¢6 béan kinh ddy 1a 5 cm va thé tich 1a 100x cm’. Tinh

dién tich toan phdn cua hinh n6n nay.

Giai.
Tircong thic V = lTER?'h suyra h = 3\:, .
3 R~
Chiéu caoctia hinhnénla: h = 2100 =12 (cm).

9

o

D6 dai ciia dudng sinh 13 : [ = yh? + R? = /122 + 5% =13 (cm).

Dién tich toan phén cua hinh nén Ia :
Sip = TR/ + 7R” = .5.13 + 1.5% = 907 (cm?).

Vi du 4. Mot chiéc x6 hinh nén cut lam béing t6n ¢6 bdn kinh dudng tron
miéng x6 12 14 cm, bédn kinh ddy x6 12 9 cm va dudng sinh 12 25 cm.

a) Hoi x6 nay ¢6 thé chita duge 10 lit nudc khong ?
b) Tinh dién tich ton dé lam chiéc x0 nay.
Giai. (h.147)

Trong mat phing OABO' ta vé :

BH L OAtaduoc : OH=0B=9cm;
AH=14-9=5 (cm) va OO' = BH.

Ta ¢6 : BH? = AB? - AH? = 257 - 5% = 600.
= BH = 10V6 (cm). S

a) Thé tich cia x6 12 ;

O

- -

':-—-1-——-—-- - —

Hinh 147

\% =%1t.h(R12 + R% + RjR,)

= %moJE(Mz +9% +14.9)~ 10332 (cm’) = 10,332 (dm") = 10, 332 (/).
Vay x0 nay ¢6 thé chia duge 10 lit nudc.
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b) Dién tich xung quanh cta chiéc x0 la :
Seq = MR, + Ry).l = n(14 +9).25 = 5757 (cm®).
Dién tich ddy x0 1a :
Sasy = ©R3 = 1.9% = 8ln(em?).
Dién tich ton d¢ lam x0 la :
S = 5757 + 81n = 6567 (cm”) = 2060 (cm”).

Dang 4. TINH DIEN TICH, TINH THE TICH CUA NHONG HINH HON HOP
TRONG PO CO MOT BO PHAN LA HINH NON

o o [

& -

-
=

(=]
r

Téch hinh hén hop thanh cdc bo phan riéng biét, tinh dién tich hodc thé
tich ctia nhimg bo phan dy roi cong hoac trir cdc s6 do do.

Vi du 1. Mot khiic gé hinh tru ¢6 bdn kinh ddy 1a 15 cm, chiéu cao la 16 cm.
Tir khiic gb nay ngudi ta tién bo di mot hinh nén c6 ddy la ddy cua hinh tru va
dinh 12 trung diém cua truc hinh tru.

a) Tinh thé tich cta phin con lai ctia hinh tru ;

b) Tinh dién tich mat ngoai ctia phan con lai cta hinh tru.

Gidi. (h.148)

) - e Oy 15 A
a) Thé tich hinh tru 1a : g - : —
V, = 1R%h = 7.15%.16 = 3600x (cm"). "‘-..,‘1:’,,«—" 2
Thé tich hinh nén la : §

"""""" _'_""--'-—_.__'“
V, = -:-l);nR.zh = %}m_szis =600n(cm’). < §----ooooiB
Hinh 148

Thé tich phdn con lai la :
V=V, -V, =3600r - 600x = 3000x (cm").
b) Dién tich xung quanh cua hinh tru la :

S, = 2aR.h = 27.15.16 = 4807 (cm?).
Dién tich mét day cua hinh tru :

S, = °R* = 1.15° = 2257 (cm?).
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Dién tich xung quanh cua hinh nén :

S; = Rl = m.15{15% + 82 = 2557 (cm?).

Torg dién tich mat ngoai 1a :
S=S, +8S,~S; = 480n + 2257 + 2557 = 9607 (cm").

Vi du 2. Hinh thang can ABCD (AB // CD) ¢c6 AB=30cm ; CD = 54 cm va
duong cao AH = 9 cm. Cho hinh thang ndy quay mét vong quanh canh diy CD.
Hay tinh :

a) Thé tich clia hinh tao thanh.
b) Dién tich mat ngoai cua hinh tao thanh.
Giai. (h.149)

TN
S

p g
to

-
- -
i ST L
e am e =

Hinh 149
a) V& thém BK L CD ta tinh dugc HD=KC=12cm ;

AD = BC = 122 + 9% =15 (cm).

Khi quay hinh thang mot vong quanh canh CD thi hinh tao thanh gém mét
hinh tru, hai ddu la hai hinh nén cing ddy véi ddy hinh tru.

Thé tich phin hinh tru la :
V|, = ‘Itthl = 1.9%2.30 = 2430n (cm3).
Thé tich hai hinh nén & hai ddu 1a :

V, = 2.0 nR?
- 3
Thé tich cha hinh tao thanh la :
V=V, +V,=2430r + 6487 = 30787 (cm’).
b) Dién tich xung quanh ctia phan hinh tru la :

S, = 2nRh, = 2.1.9.30 = 540n (cm?).

aR%.h, = =7.9%12 = 648x (cm”).
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Dién tich xung quanh cua hai hinh nén la :
S, = 2.7R/ = 27.9.15 = 2707 (cm”).
Dién tich mat ngoai cua hinh tao thanh la :
S=S, +S, = 5407 + 2707 = 8107 (cm?).

C. BAI TAP TU LUYEN

1. Ngudi ta cudén mot tdm bia hinh quat ¢6 bdn kinh 24 ¢cm va s6 do cia cung

tron 12 270° duoc mot hinh nén réi ddn hai mép lai véi nhau. Tinh dién tich

xung quanh va thé tich cta hinh nén.
2.* Mot hinh nén ¢6 bén kinh ddy 12 40 cm. Cit hinh nén nay bing mot mat phing

song song vai ddy ta duge mot hinh nén cut ¢6 bian kinh ddy nho la 24 cm va
duong cao la 30 ecm. Hay tinh :

a) Do dai duong sinh cua hinh nén cut.
b) Dién tich xung quanh ctia hinh nén cut.
c¢) Thé tich cha hinh n6n nho bi cit ra.

3. Mot hinh nén ¢6 thé tich 1a 24 dm’. Cat hinh nén niy bing mot mat phing
song song véi ddy, di qua trung diém cia dudng cao. Tinh thé tich cla hinh
nén cut duge tao thanh.

4. Mot hinh nén ¢é s6 do nira géc & dinh 1a 30°. Chimg minh ring hinh nén nay
c6 dién tich xung quanh bang hai 1dn dién tich ddy.

HUGNG DAN - PAP SO

1. Dién tich xung quanh ctia hinh nén chinh la dién tich hinh quat :

- 2422
g = nR"n _ m.24°.270 - 4237 (cmz).
360 360

Do dai cung hinh quat hay chu vi ddy cta hinh nén la :
R. n.24.2

paltl B2tall e,
180 180

Ban kinh duong ron ddy l1a: R = 36% : 2= 18 (cm).
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Chiéu cao cua hinhnénla: h = \}242 -18% = 6ﬁ(cm).

Thé tich hinh nén tao thanh 1 :
1

T 3.117.182.6\/'_! = 648J7n (cm?) = 5383 (cm?).

2.* (h.150) a) Trong mat phing AOB vé CH L OB
tadugc : HB=40-24 =16 (cm) ;

CB = /CH? + HB? = /30 + 167 = 34 (cm).

Vay dudng sinh cua hinh nén cut 1a 34 cm.

b) Dién tich xung quanh cua hinh nén cut la :
S=aR +R)./
= 1(40 + 24).34 = 2176m (cm”).

¢) Goi x la chiéu cao ctia hinh n6n nho. Tacé :
s 24

x+30 40
Thé tich ctia hinh nén nho 1 ;
1

= — =X =45(cm).

Hinh 150

V= 5ﬂR'?h = %1':242.45 = 86401 (cm”).

3. Ban doc tu chimg minh

| —

I
R
l 2h

3rzr. 2

— L= — —_—

l1aR%22n 2R
3

L
4 8

[ g ]
| —

Vi
s

Tir d6 suy ra thé tich hinh nén cut dugce tao thanh la :

V, = V-V, =21 (dm?).

4. (h.151) Goi bdn kinh ddy 1a R suy ra do dai
duomg sinh la :

| = R = 2R.
sin30°
Ta ¢6 : Sygy =R (1).
S = TR/ = R.2R = 21R%. (2).

T (1) va (2) suy ra dpcm.
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3 (dm3).

: B

v

Hinh 151
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$3. HINH CAU.
DIEN TiCH MAT CAU VA THE TiCH HINH CAU

A. TRONG TAM KIEN THUC

1. Khi quay ntra hinh tron (O ; R) mot vong quanh
duong kinh AB c6 dinh thi duge mot hinh cdu (h.152). |y
* Ntra hinh tron khi quay quét nén mat céu.

* Diém O goi Ia tam, R 1a bdn kinh R
cua hinh cdu hay mat cau. 0
2. Khi cit hinh cau boi méot mat phing
thi mat cit 1a mot hinh tron.
3. Diéntichmatcau:S= 47R? hay S= nd’.
(R 1a ban kinh ; d la duomg kinh). Hinh 152

4. Thé tichhinhcdu: V = %RR?‘.

B. CAC DANG BAI TAP VA PHUONG PHAP GIAI

Dang 1. TINH BAN KiNH HINH CAU
Phuong phap giai

* Tir cong thiic S = 47R* = R = ,[43_

* Tir cong thie V = i'ﬂ:R3 =R = 13‘—3i.
3 4n

Vi du 1. Mdt "phao ¢o" hinh cdu tr dong déng nude chay vao bé khi bé ddy.
Biét dién tich bé mat cta phao la 804 cm”, tinh bén kinh ctia phao.
Giai.

Tucongthic: S = 47R* = R = J—f—
T

Bidn kinh cia phaola: R = J%{-)i ~ 8 (cm).
.7
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Vi du 2. Phan trén ciia mot chiée céc chan cao ¢ dang nira hinh cau. Biét coc
nay ¢6 thé chia duge 56,5 m/ nudc. Tinh dudng kinh ctia miéng cc.

Giai.

Vi dung tich clia c6c 13 56,5 m/ nén thé tich cta coc 1a 56,5 cm”.
: 4 3 g - 2 .3

Tacd V = ERR do d6 ¢6 thé tich cta nira hinh ciu 13 ENR .

Theo dé bai tacéd : ETER. =56,5 = R’ = 3;6’5 =~ 27 (cm3).

T

= R =327 = 3(cm).
Vay dudng kinh cia miéng coc la 3.2 = 6 (cm).

Dang 2. TINH DIEN TICH MAT CAU VA THE TiCH HINH CAU

Phuong phap giai

Vin dung cong thic :

S=4nR*; V = %an’.

Vi du 1. Mot trdi dua ¢6 dang hinh cdu. B6 doi trdi dua nay ra thi mat cat ¢
diéntichla 314 em?. Tinh thé tich cta trdi dua dé.

Giai.

Khi b6 doi trdi dua thi mat cét 1a mot hinh tron.

Tacé:S=nR* = R = \/_ #314 10 (cm).

I . 'I

Vay bdn Kinh cua trdi dua 1a 10 cm.
Thé tich cta trdi dua la :

4

V = EnRB . 57;_103 ~ 4187 (cm”).

. el
Vi du 2. Trdi dat ¢6 bdn kinh 6400 km. Dién tich bién va dai duong chiém 7

bé mat trdi dat. Hay tinh dién tich bién va dai duong cua trdi dat (lam tron dén
tri¢u l-:mzj.
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Gidi.

Dién tich bé mat trdi dat la : i
S = 47R? = 4.1.6400° = 514 457 600 (km®).

Dién tich bién va cdc dai duong 12 :

514457 60().% = 386000000(!{1‘:12).

Vi du 3. Cho dudng tron (O) dudng kinh AB, day CD L AB tai H. Cho biét
CD = 12 cm va AH =4 cm. Quay dudng tron nay mot vong quanh AB. Tinh dién

tich mit cdu va thé tich hinh ciu duoc tao thanh.,

Gidi. (h.153) 7
V& céic doan thing CA, CB ta duoc : ACB = 90°.
Y\IABJ.CD nén HC=HD =6 cm. o )
Ap dung h¢ thire lugng trong tam gidc vudng, H 0
tacé : CH? = HAHB.
CH® 6
Suyra:HB=E‘R—=—-&—=9(cm). D

Do d6 bén kinh cia dudng tron 1a: (4 +9): 2=6,5 (cm),  Hinh 153
bdn kinh ctia hinh cdu 12 6,5 cm.
Dién tich mat ciu 1a : S = 4nR* = 4.1.(6,5)* = 531 (cm?).

Thé tich hinh cdu la: V = %nR3 - %.n.(6.5)3 ~ 1150 (cm®).

Dang 3. TINH DIEN TiCH, TINH THE TiCH CUA NHUNG HINH HON HOP

TRONG DO CO MOT BO PHAN LA HINH CAU
Phuong phap giai

Tach hinh hén hgp thanh cidc bd phan riéng biét, tin

tich o11a nhimo ha nhian 4v rdl oHmno hoade irr cde ed dn
A% B e LAl llllullb UY l]l.l'.ll “J LI~ ‘-‘i‘llb IIUS'A'I- B W Wl WS F

dién tich hoac

o =

thé

Vi du 1. Hinh bén minh hoa bé phan
loc cia mét binh loc nuéc. Bd phan nay
gébm mot hinh tru va mot nlra hinh céu

I
véi kich thude ghi trén hinh. Hay tinh : \—i—/

a) Thé tich ctia bo phan d6 ; P

b) Dién tich mat ngoai ciia bo phan nay. '\_‘-j

Hinh 154

6cm
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Giai. (h.154)
a) Thé tich phén hinh tru 1a : V, = 7R%h = 1.5%.6 = 1507 (cm®).
Thé tich ntra hinh cdu :
V, = 2
= 23
Thé tich ctia bo phan loc 1a :

o
aR? = Zn5° =@n(cm3).
3 3
V=V, +V, =150n + %1—%11 (cm’ )~733(cm ¥

b) Dién tich xung quanh hinh tru la :

S, = 2aRh = 27.5.6 = 607 (cm”).
Dién tich day hinh tru la :

S, =n.R*=7.5" =257 (cm”).

Sy = ~.4n R? = 2.1.5% = 507 (cm?).

Dién tich mat ngoai cta bt.f) phan loc :
S=S,+S, +S; = 60r + 257 + 50m = 1351 (cm”) = 424 (cm®).
Vi du 2. Cho duong tron (O ; R) ngoai tiép tam gidc déu ABC. Quay dudng

tron nay moét vong quanh dudng kinh AOD ta dugc mot hinh cdu ngoai tiép mot
hinh nén. Tinh thé tich phdn bén trong hinh cdu va bén ngoai hinh nén.

242

Gidi. (h.155)
Do dai canh clia tam gidc déu la : AB = RV/3.

RJ'

Béan kinh ddy hinhnénla: r = —.

RJE.Jﬁ 3R
2

A

Chiéu caocua hinhnénla: h =

; R S
Thé tich hinh cdu la: V, = -3-m<3, )
Thé tich ctia hinh nén la : Hinh 155

2
v, =lnr2h=lm RV3 _ER =§nR3
= 3 3 2 2 8

Thé tich phén cdn tim 1a :
3

V=V1-—V2=i;-nR3-—§nR3 -

aR3.
24



C. BAl TAP TU LUYEN

1. Ban An ldy thudc day do vong theo dudmg xich dao ctiia qua dia cdu trong thu
vién dugc do dai 94,2 cm. Hay tinh :

a) Di¢n tich mat ngoai cua qua dia céu.
b) Thé tich cia qua dia cdu.

2. Qua béng ban c6 s6 do dién tich bé mat (tinh bing cm?) gdp 1,5 14n s6 do thé
tich ctia n6 (tinh bing cm®). Tinh bén kinh, dién tich vi thé tich cia qua béng ban.

3. Mot hinh cdu dat vira khit trong mot hinh tru ¢6 chiéu cao 1a 18 ¢cm. Tinh thé
tich phan khong gian nam trong hinh tru nhung nim ngoai hinh cau.

4.+ Mot trdi buoi hinh cdu, ¢6 dudng kinh 18 cm. Lép vo day 1 em. Tinh thé tich
cua i6p vo budi.

HUGNG DAN - DAP SO

1. Bién kinh cha dudng tron xich dao la :
C _ 94,2
2n 23,14

Pdp s6': 2) 900r cm”;  b) 45007 cm®.

= 15(cm).

2. 4nR? = 1,5.%:&3: R =2 (cm).

Pdap so': 16 cm” ; %n em?,

3. Vi hinh cau dat vira khit trong hinh tru nén chiéu cao ctia hinh tru bing dudmg
kinh ddy va bang dudng kinh cua hinh cdu.
Ban kinh hinh cdu 1a 9 cm.
Tinh thé tich hinh tru, hinh c4u réi tinh hiéu.
Ddp s6': 4867 em’® = 1526 cm’.

4.* Ban kinh trdi buoi la 9 cm. Ban kinh trdi budi sau khi got hétvo1a9 — 1 =8 cm.
Thé tich cia 16p vo budi 12

V= %;:(R-‘* -r)= %.n.(93 - 8%) % 909 (cm®).
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ON TAP CHUONG IV

A. TRONG TAM KIEN THUC

Dién tich

Thé tich
xung quanh

Hinh Hinh vé

Hinh tru h| Sy =27Rh V = nR*h

Hinh nn v S =nRI | V==aR%h

4
Hinh ciu a S = 47R?> ¥ 7 R

B. CAC DANG BAiI TAP VA PHUONG PHAP GiAi

Dang 1. TINH DO DAI MOT SO YEU TO CUA HINH TRU, HINH NON,
HINH CAU

Phuong phap giai

Tir cdc cong thire tinh S, tinh V cua cédc hinh suy ra do dai cin tim.
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Vi du 1. Hinh 156 minh hoa mot chi tiét mdy gébm mot hinh tru v mot hinh
n6n chung ddy. Cic kich thuéc duge ghi trong hinh. Bi€t dién tich xung quanh
phén hinh nén bang dién tich xung quanh phan hinh tru. Tinh bdn kinh ddy hinh tru.

Giai. (h.156)
Goi bdn kinh ddy hinh nén 1a R.
Do dai duong sinh ctua hinh nén 1a :

| = JRE + 100.

Dién tich xung quanh hinh nén la :

S, = mR/R? + 100,

Dién tich xung quanh hinh tru la :
S, =2nR.10 = 20=nR.

Vi§, =S5, nén
aRR? + 100 = 207R

= JR% + 100 = 20 = R* + 100 = 400

10 cm

Hinh 156

—=R*=300= R =10V3(cm).

Vay bén kinh d4y hinh tru 12 1033 cm.

Vi du 2. Budng sinh cia mot hinh tru va dudng sinh ciia mot hinh nén cing

c6 do dai 1a 632 cm. Pudng kinh ddy hinh tru bing chi¢u cao cta hinh nén. Biét
dién tich xung quanh cta hai hinh nay bing nhau. Tinh bidn kinh ddy va chiéu cao
hinh noén.

/-—-_-‘\
goi ban kinh ddy cia hinh nén la y.
Ta ¢6 chiéu cao cua hinh nén 1a 2x.

Dién tich xung quanh ctia hinh tru la :

S, = 2ax.6v2 = 1242xx.

Dién tich xung quanh cua hinh nén la Hinh 157
S, = n.yﬁﬁ = 6v/2ny.
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Vi§, =§; nén 12J2nx = 6ﬁny:> y = 2x.
Ap dung dinh If Py-ta-go ta co:
(2x)% + (2%)° = (6v2)’
::-8x2=72=>x3=9:>x=3(cm).
Viy bédn kinh ddy hinh nén 1a 6 cm.

Chiéu cao cua hinh nén 12 6 cm.

Vi du 3. Ba vat thé ¢6 dang hinh cdu, hinh try, hinh nén. Hinh tru, hinh nén
cling ¢6 ban kinh ddy 12 6 cm va bdn kinh hinh cdu ciing 12 6 cm. Biét ba vat thé
nay cé cung thé tich. Hiy tinh :

a) Chiéu cao cua hinh tru, chiéu cao ctua hinh nén ;
b) D6 dai dudng sinh clia hinh nén.
Giai.

a) Thé tich hinh cdu (ciing 12 thé tich cha hinh tru, hinh n6n) :

T %nR3 . %ﬂ.63 = 2887 (cm’).

* Xét hinh try ¢6 V = iR%y = hy = — = 2358 _ 8 (cm).
nR° .67
V.  3.288
* Xéthinhnénco V = lnthz => h, = = = = - f = 24 (cm).
3 R  n.6

b) Do dai dudng sinh ctia hinh nén 1a :

I =242 + 6% = 6J17 = 24,74 (cm).

Dang 2. TINH DIEN TiCH, TINH THE TiCH CUA HINH TRU,
HINH NON, HINH CAU

Phuong phap giai

Xidc dinh dang cua hinh réi van dung cdc cong thic tinh dién tich, tinh thé
tich ctia hinh dé.
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Vi du 1. Tir mot khéi gd hinh 1ap phuong, ngudi ta tién thanh mot hinh cdu
I6n nhat. Biét thé tich ctia hinh 1ap phuong 13 1728 cm”. Tinh thé tich phin gé bi
tién bo di.

Gidi.

Muon cho hinh cdu 16n nhdt thi dudng kinh ctiia né phai bang canh cta hinh
1ap phuong.

Do dai méi canh cua hinh lap phuong la: a = J1728 =12 (cm).
Bian kinh hinhcdula:R=12:2=6(cm).

Thé tich hinh cdula: V = %::.63 = 2887 (cm”).

Thé tich phdn g bi tién bo di 12 : 1728 — 288n (cm’) = 823 (cm?).

Vi du 2. Mot hinh cdu noéi ti€p trong mot hinh tru. Cho biét dién tich toan
phan cua hinh tru la 120 em?. Tinh :

a) Dién tich mat cdu ; b) Thé tich hinh tru.

Giai.

a) Goi ban kinh hinh cdu la R thi bidn kinh day hinh tru 12 R va chiéu cao hinh
tru la 2R,

Tac6é: 2xRh+27R* =120
= 47R* + 2nR% = 120 (vi h = 2R)
= 6R> = 120 = 7R? = 20 (cm?).

Do d6 dién tich mat cdu 13 : S = 47R* = 4.20 = 80 (cm”).
b) Tacé: tR*=20 = R = 1’2 (cm).
|8

Vay thé tich hinh tru 12 : V = 7R%h = 20.2..[22 = 101 (ecm?).
T

Vi du 3. Mot hinh tru néi ti€p trong mot hinh nén. Chiéu cao cta hinh tru

biang -;: chiéu cao cta hinh nén. Tinh ti s6 thé tich ctia hinh tru va hinh nén.
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sao

Giai. (h.158)

Hinh 158 v& mit cit di qua truc cta hinh nén. A
Goi h la chiéu cao cta hinh tru thi chiéu cao
hinh nén la 3h.
Tacé: ﬂ—AK::'-L-—-E. K
HC AH R 3 M &
Thé tich hinh tru 1a V, = rh
Thé tich hinh nén 13 : V, = ~7R2.3h = 7R>h. o H P ¢
3 Hinh 158
DQ‘O:VI_anh_r (\ 4

V, aR*h R? \3) 9'
Vi du 4. Cho nura dudng tron duong kinh AB = 15 cm. Vé cic ddy CA va CB
cho CA =9 cm. Quay nira dudmg tron ndy mot vong quanh canh BC ¢6 dinh ta

dugc mdt hinh ciu va hai hinh nén noi ti€p. Hay tinh :

a) Dién tich mit cdu, thé tich hinh cdu.

b) T6ng thé tich cua hai hinh nén.

c) Thé tich phdn khong gian bén trong hinh cdu va bén ngoai hai hinh nén.
Gidi. (h.159)

a) Binkinh hinhcduia:R=15:2=7,5 (cm). 7
Dién tich mat cdu la :
S=4nR* = 4.7.7,5% = 2257 (cm”). 5 B
Thé tich hinh cdu 1A : % )
Hinh 159

4
V, = —3—.—:1{3 - %.n.7,53 = 562,57 (cm”).

b) Vé CH L AB. Tam gidc CAB vuong tai C.

2 2
Tacé: AC*=AH.AB = AH —£=9—=5,4 (cm).
AB 15

Dodé BH=15-54=9,6 (cm).
CH? = AH.BH = 5.4.9.6 = 51,84.

CH =+/51,84 = 7,2 (cm).



Téng thé tich hai hinh nén la :

WV, & %nrz(AH + BH) = —:1;-::.7.23.15 = 259,27 (cm°).

Thé tich cin tim 12 :
V=V, -V, = 562,51 — 259,21 = 303,3n (cm”).

C. BAI TAP TU LUYEN

Mot hinh hop hinh tru chira vira khit 4 qua ten-nit. Biét dién tich toan phan cua
hép la 597 em?. Tinh dudng kinh va thé tich cha mdi qua ten-nit.

Mot cdi chai ¢6 kich thude bén trong

(tinh bing cm) nhu hinh 160. Hoi =T
chai ndy ¢6 thé chita duge bao nhicu =
lit chdt long.

Mot vat bing bé téng hinh nén cut
¢6 cdc ban kinh ddy 1a 15 cm va 24
cm, dudng sinh 41 cm. Doc theo truc
cua hinh nén cut ¢6 moét 16 hinh tru,
ban kinh 3 cm. Tinh thé tich bé tong.

Mot hinh nén cé dinh 1a tAam mot
hinh cdu va c¢é ddy 1a hinh tron tao

b&di mot mat phing cit hinh cdu. Biét 18cm
2

.
i)

dién tich ddy hinh nén la 1441 cm
va dién tich xung quanh cta néd la
1807 cm?. Tinh thé tich phin khong

gian bén trong hinh cdu va bén ngoai | _----<_
hinh nén. o S

Mot mat phiang song song véi ddy
cua mot hinh nén, chia mat xung
quanh cua hinh nén nay thanh hai
phan c¢6 dién tich biang nhau. Tinh ti Hinh 160
sO dién tich gira hai ddy cua hinh

ndén cut.
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HUGNG DAN — DAP SO

(h.161) Goi R la ban kinh méi qua ten-nit

thi ban kinh ddy hop la R, chiéu cao cua hop

la 8R.

Tacé:2nR(R + 8R) =597 = R = 3,25 (cm)
=325 (mm). Hinh 161

V =

w| &

R3 = %n.(sz,sf ~ 143720 (mm°) 144 cm”’,

V =13,2%18 + %ﬂ:&(lf +1.5% +3,2.1.5) + %n.9(l,52 +1% +1,5)

= 215,867 ~ 680 cm” = 0,68 (lit).
Trude hét tinh chiéu cao cua hinh nén cut duogc 40 cm.

Tinh thé tich cta hinh nén cut, trir di
thé tich ctia hinh tru duoc :

V ~ 47476 cm’.
(h.162) Tinh ban kinh ddy hinh nén lar =12 cm.
Tinh duodng sinh hinh nén 1a 15 cm.
Chiéu cao hinh nén 12 9 cm.
Tinh hi¢u thé tich giita hinh cdu va hinh nén dugc

3
V =4068n (cm”). Hinh 162

5.# (h.163) Goi ban kinh ddy nho, ban kinh ddy 1én cta hinh nén cut lan luot lar, R.

Goi do dai dudng sinh cuta cdc hinh nén nho va hinh nén 16n 1an luot la 7/, va /.

Ta.cé:i'l"=-l—=>1'—'=5 (1) ﬁ
nRI 2 | 2r |
7] r {l :
Mat khiac : — = — (2). I
R 1/ |
]
Tu(va@)= —=— =>R*=2r%, T dap
r
Tisé diéntich gitahaiddayla: /[ _cceedeea
e owm T Dl B
S, _ nr’ 1
S, mR?® g2t 2 Hinh 163



§1.
§2.
§3.
§4.
§5,

§1

§1.
&2,
§3.
§4.
§5.
§6.
§7.
§8.

§9.

MUC LUC

Loi néi déu

Chuong Ill. HE PHUONG TRINH BAC NHAT HAI AN

Phuang trinh bac nhat hai an

Hé hai phuong trinh bac nhat hai an

Giai hé phuong trinh bang phuang phap thé

Giai hé phuong trinh bang phuang phap cbng dai s6
6. Giai toan bang cach lap hé phuong trinh

On tap chuong il

Chuang IV. HAM SO y = ax? (a # 0). PHUONG TRINH BAC HAI MOT AN

.Ham séy = ax? (a # 0)
§3.
§4.
§5.
§6.
§7.
§8.

Phuong trinh bac hai mét an

Céng thirc nghiém cda phuong trinh bac hai
Cdng thirc nghiém thu gon

Hé thiec Vi-ét va ing dung

Phuong trinh quy vé phuong trinh bac hai
Giai toan bang cach lap phuong trinh

On tap chuong IV. On tap cudi nim

Chuong lll. GOC VOI BUONG TRON

Géc & tam. S6 do cung

Lién hé gilra cung va day

G6c ndi tiép

Goc tao bdi tia ti€p tuyén va day cung

Géc ¢bd dinh & bén trong dudng tron. Géc ¢b dinh & bén ngoai dudng tron
Cung chlra géc

Tir giac noi tiép

Pudng tron ngoai ti€p. Pudng tron ndi tiép

D6 dai duang tron, cung tron

§10. Dién tich hinh tron, hinh quat tron

§1.
§2.

§3.

On tap chuong Il
Chuong IV. HINH TRU. HINH NON. HINH CAU

Hinh tru

Hinh nén. Hinh nén cut.

Dién tich xung quanh va thé tich cGa hinh nén, hinh nén cut
Hinh c4u. Dién tich mat ciu va thé tich hinh cdu

On tap chuong IV

Trang

10
14
24
31
44

59

59
69
74
74

98
115
132

144

144
150
155
165
171
180
188
196
202
206
212

222
222

229
239
244

251



Chiu trach nhiém xuat ban ;

To chute ban thdao

va chiv each nliém nor dung

Bien tap nor dung va st ban in
Trinh bav bia :

Thiér ké sach :

Ché' ban :

Chi tich Hoi déng Thanh vién kiém Tong Gidm doc NGO TRAN Al
Tong bién tap kiem Pho Tong Gidm doc NGUYEN QUY THAO

Phé Tong bién tap PHAN XUAN THANH
Giim doe CTCP Dich vu xuat ban Gido due Ha Noi PHAN KE THAI

NGUYEN NGOC TU

LUONG QUOC HIEP

NGUYEN THANH THUY

PHONG CHE BAN CTCP DICH VU XUAT BAN GIAO DUC
HA NOI

Céng ty CP Dich vu xuat ban Giao duc Ha Noi -
Nha xuat ban Gido duc Viét Nam gilf quyén cong b tac pham.

TRONG TAM KIEN THUC VA PHUONG PHAP
GIAI BAI TAP TOAN 9 - TAP HAI

Ma s0 : T9T79h3 - NBE

S6 DKKH xudt ban: 11-2013/CXB/131-1947/GD
In 3.000 ban, (QD:01) khd 17x24cm.

In tai Nha in Bao Ha Nam. Binh Trang - Lam Ha -
TP. PhiLy - Ha Nam. S8 in: 37

In xong va ndp Iuu chiéu thang 01 nam 2013.



