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PHAN DAL SO

Chuong Ilf
THONG KE

§1. THU THAP SO LIEU THONG KE, TAN SO

.. KIN THUC CAN NHG

. Thu thap so liéu, bang <o lieu thong ke ban dau

Vieo fam cua nguor dicu tra Ta thu thap so heu ve van de. hién tuong
duoc quan tam tim hicu. Cac ~6 licu do duoe ghr vio mot bang, goi 1o
bang so liéu thong ké ban ddau.

2. Diu hiéu

o Vin A¢ hay hien trong duge nguot dieu tra quan tam tim hiéu goi i
dau hicu thuong duoe ki hicu 1a XY, (chir in hoa).

Khi ngudi dicu tra quan tam vé sy phat trien dan s0 cha cic thon trong
mot Xa thi moéi thon 1a mot don vi diéu tra.

o Ung vdi méoi don vi diéu tra ¢d mat so ligu thi so lieu dé goi 1a mot
et i cra ddn hién.

So cic gid tri (khong nhit thiét khdc nhau) coa dau hiéu ding bang so
2de don vi dicu tra (thuong duoc ki hicu 1a N,

3. Tian so cua moi gia tri |

Moi gid tri ¢6 the xuat hién nhicu lan trong ddy gii tri cha dau hicu. §6°
lan vuat hién cua mot gia tri trong ddy vid tri cia dau hiéu dicoc goi la
tdn 8O cuia gid tri do.

O cua dan hicu ki hicu 1a x, tan <o cta gid tri Ki hiéu lan,

Fat nhien can phan biet X va x, N van. g
Vo du 1. Gid thinh cda mot san pham (tinh theo 1000d) cha 20 co s sin

xuat an pham do duoce cho nhu sau:



15 25 30 25 20 25 30 25 30 15
20 35 20 35 30 15 25 25 20 25
Bang 1

a) Dau hiéu can t.m hiéu la g1

b) S6 cac gid tri cua ddu hiéu va 50 cdc gid tri khdc nhau cta dau hiéu;

¢) Cédc gia tri khac nhau cua dau hiéu va tan so cua ching.

Gidi.

a) Dau hi¢u 12 gid thanh ctia mot san pham nao dé ma ngudi diéu tra can
tim hiéu;

b) SO cdc gia tri cua dau hiéu 1a 20 va s6 cdc gid tri khac nhau la 5;

¢) Cac gid tri khdc nhau 1a 15, 20, 25, 30, 35 va tan so tuong tng-la: 3, 4,
7,4, 2.
Vidu 2:
Theo doi 20 chuyén xe khich chay tir Ha Noi dén Nam Dinh ta c6 thoi

gian chay cua xe (don vi phat) dugc ghi trong bang s6 liéu thong ké sau:

© 115 110 90 115 110 120 90 115 95 120

110 125 95 90 95 100 110 120 100 110
Bang 2

a) Ddu hiéu can tim hiéu 12 gi? s6 cdc gid tri cua dau hiéu d6 bang bao
nhiéu?

b) So cic gid tri khdc nhau cua dau hiéu;

c¢) Céc gia tri khiac nhau ctia'ddu hiéu va tan s6 cla ching.

Giui:

a) Dau hiéu la thoi gian chay cia moi chuyén xe khach tir Ha Noi dén
Nam Dinh. S6 céc gi4 tri cha dau hiéu la 20;

b) S6 cdc gid tri khac nhau cua dau hiéu la: 7; |

c) Cac gid tri khac nhau: 90 95 100 110 115 120 125

Tén s6 tuong ng: 3 3 2 5 3 3 !

Il. BAI TAF o
I. Do chiéu cao cho 50 hoc sinh cia truong PTCS Thai Son ta ¢é bang sau
(dom vi: cm)

Nam Nir
160 160 165 154 167 . 159 157 155 151 153
163 165 160 142 161 155 159 153 149 147
154 167 163 160 168 153 147 159 145 143
161 176 152 154 163 149 147 153 159 157
150 168 161 154 165 157 155 151 155 159
Bing3 Bang 4



Hay cho bict: =

@) Dahicu chung can tim hicu torea ha bing),

by Ciae gid i cda dan hicu va so cie gid tri khide nhau cta dau hicu (dor

Vol timg bang ).

¢y Cie gid tri khae nhau cua dau hicu va tan ~o cua chung (doi van timg

bang).

2. Can 50 qua xoar har trmot cay ta ¢o bang sau (don vi gam):

120 125 130 135 140 145 150 155 160 165

125 140 145 155 160 165 145 140 130 135

i3 40 150 165 170 145 155 145 125 140

| 60 170 140 170 150 140 135 145

P4 IS5 160 150 165 125 150 145 140 130
Bang 5

' h
N
——

N

a) DA Siéu can am hieu 1a gi?

b) SO cac gid i cua diau hicu v so cie giid tn khie nhau cua dau hiéu:

¢) Ciace gid tri khie nhau cua dau hicu va tan <o cua ching.

Sing nao ba An ciing di bo 3 km. Ba An ghi lai thai gian can thiét dé di

het quang duong do trong 10 ngay nhur sau:

o e gy L , s R S
Sothwwngay 1 (2 (3 4 516 7 P89 l()]:
i'lhm gian (phuat) | 60 i 61 i 60 | 65 | 60 | 6] ; 65 | 62 62 I 64 11

Hoi: a) Dau hiéu ma ba An quan tam la gi? vicdau hiéu do ¢ tat ca bao
nhiéu gid tn?
b) U6 bao nhi¢u gra tri khae nhau?

¢) Vict ciac gia tn khie nhau cua dau hicu v tim tan sé cua ching.

IIl. HUONG DAN GIAI

1.

a) Dau hicu can tm hicu (¢ ca hat hang) 1a chiéu cao cua HS truong
PTCS xa Thii Son.
b) Boi vai bang Nam so gia tri cua dau hicuw: 25

bang Nir: 25
Poi vai bang Nam <o @it Khae nhae cua dau hicus T dor var bang
Nir: Y



¢) o Do vdi bang Nam: 142 150 152 154 160 161 163 165 '47 168 176
Tan s6 tuong ing: e L L, 4 4 3. 3 3, 2. 2. 1
e Doi vai bang nir: 143 145 147 149 151 153 155 157 159
Tan s6 twong timg 1 i 3 2 2 4 4 3 5

2. a) Ddu hiéu can tim hiéu la khéi lugng qua xoai tir mot cay xoai;
b) S6 cac gid tri cua dau hiéu: 50, s6 cdc gid tri khac nhau: 11;
c) Cdc gia tr1 khac nhau:
120 125 130 135 140 145 150 155 160 165 170
Tan s6 tuong img:

9

1 4 3 4 8 9 6 5 4 4

3. a) Ddu hi¢u ba An quam tan 1a thai gian di bo, c6 10 gid tri;
b) C6 5 gid tri khidc nhau;
c)
[ Giari(X) | 60 61 62 64 J 65 |
Tan s6 (n) 3 2 2 1 | < N=10

§2. BANG "TAN SO" CAC GIA TRI CUA DAU HIEU

I. KIEN THUC CAN NHO
1. Lap bang tan so

V& mot khung hinh chir nhat gém 2 dong: O dong diu ghi lai cic gis

tri khdc nhau cua dau hiéu theo thit tu tang din, dong thir hai ghi cic

tan 8O tuong ung voi cic gia tri d6. Bang ndy goi 1a hang phdn phoi

thice nghienm ciia ddau hién goi tat 1a bang "ran s¢"'.

Tir bang o0 liéu thong ké ban dau cha vidu |, §1. Ta ¢é bang "tin s0” sau:
Gid tri (x) 15 20 25 30 35

Tan so (n) 3 E 4 7 4 2

e, R, SURCUUNESUISS SRS W) 1 S SISO URD WS — —_— e e

Bing 6



L Chuy
+ Co the chuven bing "tan o™ dang ngang sang dang doc (chuyén
long thanh cot)

| Giad tr (x) | Tan so (n)

1S o 3

() o g

- 7 N

| 3() 4

| 35 2 |
Bang 7

+Bung 6 hoac hanyg 7 gidp ching ta quan sat va nhan xét vé gid tri cta
lau hicu dé dang hon so vai bang 1. Nhu vay bang "tan s6" gitip ngud
ficu tra dé ¢o nhimg nhan xét chung vé phian phoi gid tri cta dau hicu
a tién loi trong viée tinh todn sau nay.
V du I: Can kiém tra ste khoé cia 30 hoe sinh 16p 7A truong C ta duge
bing » lizu thong ké sau. (don vi kg):
0 43 38 42 39 35 47 37 39 47
8 40 37 39 43 39 32 30 36 48
7 44 38 33 37 37 48 39 38 30
Bang 8
a)Diu hiéu cin tim hiéu & day 1a gi?
b)Lap bang "tan s0" va rit ra nhan xét (s6 cdc gia tr cta dau hiéu, s6
cac gi tri khiac nhau, gid tri nho nhat, gid tri 1dn nhat, gid tri ¢4 tan <6 ldn -
nhat, dc gid tri thuoc khoing nio la chu yéu).
Gui
a)Ddu hi¢u cin tim hicu & day 13 can nang cua hoc sinh 16p 7A.
b) Tt bang 56 hiéu thong ké ban dau, ta lap duge bang "tan s¢”

T — - T e -7 e g i ey
-

Giau |30 (32 [33 [35 [36 39 |40 |42 43“[l4”
-

(x)

| |
SIS SO 8 N TR BN T ! .
|

= NeSny T e RIS SRS U
Tam s | | I ] 1 l 5 2 Il 2 h 2 12
|

L (m) |

S NS S — ——

|

e (ic gid tri cta dau hiéu: 30
e 9 cde gia tri khac nhau: 14
» €14 111 nho nhat: 30 kg



e (d tr1 lon nhat: 48 kg

e G tri ¢6 tan s6 1dn nhat: 38 kg (tan so 1on nhat la 6)

e Cic gid tri tr 37 kg dén 39 kg la chu yéu.

Vi du 2. a) Tir hang 3 do chiéu cao cua 25 hoc sinh nam cla tndmg
PTCS Thai Son hay lap bang "tan s6";

b) Tir bang "tan s6" rit ra nhan xét vé s6 cic gia tri cua diu hiéu, & céic
gia tri khdc nhau, gid tri ndo ¢o tan s6 16n nhat; '

¢) S6 ban nam ¢6 chiéu cao 160 cm chiém bao nhiéu phan tram trcng s6
ciac ban nam duogc do chiéu cao?

Giai

a)
Giatri | 142 | 150 | 152 | 154 | 160 | 161 | 163 | 165 | 167 | 16& | 176
™|
Tinso | 1 | I 4 4 3 3 3
(n)

]
2 |

Bing 9
b) e SO cic gid tri cua dau hiéu: 25
e S cac gid tri khiac nhau: 11
o Gid tri c6 tdn s6 16n nhat: 154, 160 hai gid tri nay cling ¢ tam ¢ 16
nhat la 4.
4

— = 16% s0 hoc sl
35 16% hoe ssimh

¢) SO cac ban Nam cé chiéu cao 160 cm chiém

nam ducc do chiéu cao.

1. BAI TAP ,
1. Cho mdi hoc sinh 1dp 7B ném béng vao ré trong 4 phiit ta dugc 6 ldin
béng ném triing ré lan luot 1a: '
4 6 8 40 12 14 16 18 10 8
8 o 12 14 4 8 10 8 12 16
12 14 16 38 10 14 16 16 8 4
10 ¥ R 12 % 16 14 12 10 8
Bang 10
a) T bang thong ké ban dau, lap bang tan so;
b) Cho biét ¢id tri ¢6 tin s 16n nhat;

¢) So hoc sinh ném tring vio ro 10 qua chiém bao nhi¢u phin tram



2. Mot lan kiém tra toan gom 45 hoc sinh 16p 7A, thong ké diem <o
nhur sau:

| 2 3 4 9 6 7 p 0

10 8 ] 3 5 5 b | 10

8 3 2 4 3 5 5 8 9
5 8 5 4 5 5 S5

7 8 2 3 5 8 R 6 4

Bang 11
a) Dau hiéu diéu tra ka gi?
b) Hay vict cac gia tri khdc nhau trong bang 6 lic¢u thong k¢ ban dau tré:
¢) Hay lap bang tan so;
d) Tinh ti 1& phan tram s6 hoc sinh dat diém thap nhat va dicm cao nhat;

¢) Gii tri ndo ¢6 tan so lon nhat.

3. Thoi gian bic cong nhan Hod hoan thanh mot san pham (tinh theo phut)
trong ngay /9 duge ghi la1 nhu sau:

28 | 30 [ 29 | 28 '3'0{ 29 130 | 32
30 [ 29 | 31 j 30 |31 30 | 31 | 32
a) Dau hiéu o day 1a gi? So cédc gid tri 1 bao nhieu?
b) Lap bang 1an so.
Hl. HUONG DAN GIAI
1. a) Ta cé bang "tan so”
Gidtri(x)| 4 | 6| 8 IR
AR A B S ]
Tinsa (n) | 3 | ‘ 10 2

Bing 12

b) Gid tri ¢6 tan s6 lon nhat 1a 8 (tan so 10)

¢) Ti 1¢ s6 hoc sinh ném tring ro 10 qua la —- = 17.5%

40

a) Dau hicu dicéu tra I diém Kiem tra Todn cia 16p 7A:

!‘J

b) Co 10 eid tn Fhie nhau trong bang <o hea thong KE ban dau: 1. 20 3,
4,856, 7, %9 10,

¢) Ta ¢ bang tan ~o:

(@]



(7]

Giawiooft 2 |3 Ja s Je [7 [& Jo o
Tanssm|3 3 Jo 4 (12 ]2 |2 fo |2 |2
d) Diém thap nhat 1a 1, ¢6 3 hoc sinh dat diém 1 so véi 45 hoc sinh lap

r

TA chiemt lé — = 6%;
T45

Dié¢m cao nhat 1a 10, ¢6 2 hoc sinh dat diém 10 so véi 45 hoc sinh 1Gp

5
7A chiégm t ¢ 45 ° 4%,

e) Gid tri 5 ¢6 tan so cao nhat 1a 12. (s6 ngudsi dat diém 5 1a 12 ngudi).

a) Dau hi¢u Ia thoi gian (tinh bang phit) hoan thanh mot san pham. C6
16 gid tr1.

b) Bang tan so:

iL(iizi tri (X) 28 1 29 30 31 32
!l Tan so (n) i 3 6 3 2 N=16
Bing 14
§3. BIEU PO
I. KIEN THUC CAN NHO i
1. Biéu d6 doan thang 10 b mm oo A 4
Dung biéu dé doan thing theo o A,
cide budc: =3 A,
e Dung hé truc toa do, truc 61
x o ' .z o ’ s . N [l A]
hoanh biéu dién ciac gid tn x, 9 }---7
truc tung biéu dién tan so n (do 41
dai don vi trén hai truc cé thé 5
khic nhau).
» Xic dinh cic diem gom cap s6 — L1
L O . , H0 65 85 95 X
g1 tr1 va tan so cua no (x,, n;),
Hinh 1

10

chui v phai vit gid tri trude, tan
SO VIEL sau.

o Cic doan thang noi mdi diém do vai diém nam tén truc hoanh 6
cting hoanh do goi 1a bicu do doan thang.



2. Bieu do hinh chir nhat
Thay cic doan thang trong bicu do doan thang bang cic hinh chit nhit
(o cung chicu rong) ta duoe bicu do hinh chit nhat. Cang ¢6 khi cic
hinh chir nhat vé it nhau dé dé so sinh.
3. Bieu do hinh quat.
Do 1la mot hinh wron duoce chia thanh ¢iac hinh quat ma goc o tam t e
VO tan suat = N F1a tan suat N1 so cae gia e, n 1atan so cua moi
gid tri. Nguoi ta thuong bicu dien £ ¢ di dang tso phan tram),

Vi du 1. Dicm kiem tra thi Anh van cua 20 hoc sinh truong PTCS Thai

Som nhu sau (thang diem 100):

T T 1

CGidtr (0 (diémsa) 500 65 RS 98

Tan <o (n) 5 7 R 10
CTan suat () 170 23% | 260 | 344G

Bang 14
Hay lap bicu do doan thang, hinh ¢h nhat, bi¢u do hinh quat cia dau
hiéu trén.
Giai:
Trén hé truc a do true hoanh bicu dién giid tri x, truc tung bicu dién tan so n.
Ta xdc dinh duog cic diem A (50: 5), A5(65; 7). A (85; 8), Ay (95; 10)
Bicu dién cdc dicm A, A5, Ay, Ay trén mit phing toa do.

Ta ¢6 bi¢u do doan thang (hinh 1)
Vi

101

30 6D &§5 95
a)

Biéu dé hinh chi nhit Biéu dé hinh quat

Hinh 2

1



Vi du 2. Nghién cttu vé bénh hen, nguoi ta ghi lai tuai cia 40 bénh nhimn

nay theo bang so liéu sau:

Nhém Khoang tuoi S6 nguoi
l 1 -20 7
2 21 -30 9
3 31 -40 7
4 41 - 50 14
5 51 - 60 3

a) Lap bang tan s6 vi tan suw cua diu hiéu trén;
b) V& bi¢u d6 doan thing, hinh chir nhat va biéu dé tan suat hinh quat

cua dau hiéu trén.

Giai
a) Ta ¢ bang tan s6 va tan sudt sau:
| Gid tri (x) ! 2 3| 4 5
(Nhém) |
- Tan so (n) 79 T i 14 3
T e S SRS S -
- Tan sua % 1178 ¢ 22 75 35 |
(Tansvaty% | 175] 22 (175 35 | 8
Bang 15
b) Ta c6 cic biéu dé sau:
nj ng
4 e e e 141
] e 94
7 i e e e e e e i e Y 7" .
Nl e B Bl ————‘3 .‘_}"’
i 2 a ! 5ox ] 2 ; 5 X

Hinh 3



bicu do hinh quat chinh 4

Hinh 4

Il. BA TAP

1. tiem tong két Toin hoe ki I eta 1dp 74 cho o bang:

Gid tri (x) bicm  Diem  Piem | Diem |

yfnénsa) duot s Sva6  Tva® [9valo |

- —— e + 1 g — ’» e -~

Tan so (n) | [0 20 4 §) i
Bang 16

a Lap lai (hang 107 vordong tan suat cua cde gia ti (hang 17).
b Bicu dién dau hicu va tan so bang bi¢u do hinh chir nhat.
¢ Bicu dién tan suit bang bicu do hinh guat.
2. a Tirbang 7 thém mot cot tan sudt ¢ic gid tri (bang 18).
b Tir bang i 8 bicu dién dau hicu va tan so bang bicu d6 doan thang.
¢ Tir bang 18 bicu dicn tan sudt hing bicu do hinh quat.

3. Hicu tra 50 hoc sinh moi 16p cua mot truong ThCS, ta ¢o bang sau:
| Lp [ Sohoc  Lip  Sohoc  Ldp | Sohoe | Lop | Sohoc
DU L. WL T I S
N U 7 T T S B BT S L
6 | 41 | 7B E 42 i 8B | 40 | 9B | 40
6|42 b 7C ) 42 ) sC G T S L
0 40 7D 0 40 0 XD L 40 1 9D 39

a Tirbang trén, Lap bang tan so cice gid tri cua dau hiéu:
b Theo bang tan <o, vé hicu do doan thang:

¢ Tinh tan sudt coa cic gid ti cua dau hiew;

d Can i vio bang tan suat, vé bicu do hinh quat.

i3



1. HUGNG DAN GIAI

a) Ta dd biét ta

1.
[ Gid tri (x) |
(Diém s0)

ey

n

nsuat f=—-.
N

|

. Diém
dud 5

Tan so (n)

B

10

I
]

Tan suat (f)

200%

i
-

b)

ng

20

14

..................

---------

10

........

Piém | Diém
Svaé6

Vay ta co:

7val

20
40%
Bang 17

Piem
9va 10
6

12%

4

>

O

Piém
<5

a)

'S

PDiém bDiém
Sva6 7va8 9valo

Gid tri (x) |
15
0
o
30
35

|

S S

Vier lai bang

4

Tan so (n)

3

4
4
7

A

O ———

7

Gid ri (x)

-

biem

Hinh 5

Tan so (n)

(1) Diém duéi 5
(2) Diém 5 va 6
(3) Diem 7 va 8
(4) Diém 9 va 10

b

Tan sua: ()

4

15 ;

EREE

-
30
35

i i
e

E

15¢
209
209

4
-
4

: i

Dhang 18




[
ol

20 30)
]_.'_;
)
1 - 3 .| B
a) Pon vi cia cac cot I3 1000d b) Biéu dé hinh quat
Hinh 6
) Bang 1an sé:
S L . o
| (llll!l(X) 38 30 40 4 42 i
l.m SO (n) 2 { D | 6 3 1 1 N =
b) Bicu do:  ny
6
4
o 38 39 10 1 2 %
Hinh 7
C) B.mk 1.m suat:
(;m i (x) 38 9 40 a0 4
e - e i f +
Tin m(n) 2 2 ] 6 3 4 IN=16
" TR 5 CI—— - S 4 T *
ldn Sudt (ﬂ 2 2 | 6 | 2 L4 ;
_ J— 1 I ‘ S | -
16 I() i 16 J‘ |16 L6
(125%) | (12.5%) | (37.5%)  (12.5%) | (25%) |




d) Bi¢u dé hinh quat: [

39H/s AN

- S6 do gde ¢ tam cua ciac hinh

quat ti ¢ vai tan suat. 50 A0H/s

-

e C e s 38H/s
- S0 do gbéc o tam cua cic hinh

quat lan luot [a: 45%; 45%; 135"
45", 90"

Hinh 8 A1H/s

§4. SO TRUNG BINH CONG

I. KIEN THUC CAN NHO

1. Cong thire tinh so trung binh cong

N

Trong do x,, x,..., x; 1a k gid tri khdc nhau clia dau hiéu
ny, N,..., Ny la k tan s6 tuong g
Nlasocicgid tri(N=n; +... +n)
X la s6 trung binh cong
2. Y nghia cua so trune _,ua cong
S6 trung binh cong thuong dugc ding lam "dai dién” cho dau hiéu dac
biét la khi muén so sanh cac diau hiéu cung loai.
Clui y. Khi cac gid tri cua dau hiéu ¢6 su chénh léch I6n déi véi nhau
thi khong nén lay s6 trung binh cong lam "dai dién” cho dau hiéu do.
S6 trung binh cong ¢ thé khong thudc day gid tri cia dau hiéu.
3. Mot cua dau hiéu
Mot cua dau hiéu 1a gid i <6 tan s6 lom nhdt trong bang "tan s&" ki
hicu [a M,,.
V' U Diém bai kiém tra todn cua I6p 7B hoc ki I nim 2006 nhr sau:
Didm o ol 1]2]3]4]s 789 |10
51633

S SR e

. 314 Siaf”

s

[So hOL ;il‘lh { 0

16



A Cho b1t ¢o bac rhien hoc b b o

by Tt diemy trune binh babiees o ctoan oo 0 "B hoe ki I

<) b mot cua dr hiew

(ria1

a)SO hoc simh tham cra ket Tocn hoc b lop 78 la:
N=2+3+d 310« 1«35t =45 hoc sinh)

byDier trung binh cua hir bieny ora Toan 1o

o 24 2x 340 d S0 62T XK+ Yx 3+ [0x3

Woan o~~~ ’ ] o
15

=564
¢) a5 cotan ~o lon nhat fa 10 Viv M = ¢
Vidu 2
Klor lrong cua <0 con ngua diroe chon ngco o hien trong hai 1o thu
ng hién vidor ching cduoc Ly tron den Ky Juoc che han bang sau:
L¢ thiraghiem
30 128 120 40 A0 12
28 135 15 ANI2N 14
30 135 1Ay L [3% 130 12 135
Bang 20

»e

L dor chung

30 0 1200 135 O 128 133
280 123 120 135 1300 123
33120 120 J30 0 [23 2N 02y 133

Eang 21
a) 1dy ‘ap bang "tan” cua mor 10 (hane 20, hane 21
b) l'inh 6 tring binh cong trong mor lo, neu s nghta cua gid tri trung binh,

G
) 3ang "tan so” cua lo thunghiem Bang tan so cua lo dor chung
L X s \ Tinso (n) |
2 - A A | T _ A |
BTl L I L S
“ - 1
X,= 128 s & 3 R 123 n.=3 i
N <L | + - { - i - —— ~
| | -~ 4 |
“(1:]3{) I);L""(f \;:l_‘\ : ”;'—_4 i
i o= 13 ! -4 o= 1 U =5
| xy= 135 | ny =+ Coxy =130 ny =3 |
e 138 | Ne = 3 Ngies [35 e =3 i
- + f *
box, = 140 Ml & 2 Re = hAS | n, =2 ]
CoNe = 400 n, = | E
Bang 22 Bang 23
/



1) [Khot hugng trung binh cua mot con ngua,

Lo thu nghiem

P xXn +‘(wﬂ~; XN " XN +X~N>y+ .. +X-.1-
Y o= ol AR e ) N oot e T
N N
— 264¢ — 2580
—— - = R ) e = 126
X = 30 132 X 50 126

Nhur vay khéi Turong trung binh ¢ia 16 thir nghiém cao hon 16 doi chung.

Il. BAI TAP

T

[

1. bé n,ghi(*' cuiu nang svdt lia xuan ¢ mot huyén mién ndi ngudi ta
chon ngdu nhién 5 L0 (L g wuye ol lai trong (hang 24) dudi day
(nang sudt duge tinh theo ta/ha).

30 38 50 30 36 $2 35 34 34 34
39 4o 30 35 35 42 38 35 35 30
33 3 35 38 35 36 30 34 34 35
42 34 35 35 38 34 42 44 36 34
36 36 42 34 E 5 44 I3 36 BRI 44

a) Dau hiéu can tim hiéu la gi?

b) Lap bang tan s cua dau h:éu.

¢) Tinh nang sudt trung binh cua 50 thia rudng dé.
d) Tim mot cta dau hiéu.

Can thtr 20 cen lon chon ngadu nhién cua Hop tdc xa@ chan nuoi duge ghi
131 nhu sau (k€ hoach dé ra khéi luong méi con lon khong dudi 130 kg):

Co6 2 conning 121 kg Co6 4 con nang 135 kg
Cé 3 con ning 128 kg Co6 3 con nang 138 kg
C6 6 con nang 130 kg C6 2 con nang 140 kg

a) Dau hi¢u can tim hiéu 12 gi? s6 cdc gid tri cta dau hidu;
b) Tinh s& trung binh cong cia dau hiéu;
¢) Tinh mot cua dau hiéu:
d) Cé bao nhiéu rhan tram con lon dat duoc ké hoach dé ra vé khoi luong.
Theo dor viin toc cta 1 doan tau hoa (tinh ra km/gio), két qua duoc ghi
lar nhu sau:

55 S8 56 59 56 60 55 58 56 56



Hay cho biet

a) Daa hacu can by bae o Iy

by SO 1A ca cae ot o diss B e boo nbaen!?
¢) SO cie git by Khae nhoe cndia haea?

dr Lap bang tan socac v v o e e

¢) Tinh <o trung bieh cone g

4. Mot han gico mot con ve v 20 T Kot gt duoe ghi lan e
l 4 3 5 f % h 4 f
D 3 ! 3 ? } {y 4

a) Dau hicu Ta 2!

o LAh

by Lap bang tin <o
¢ Tinh s6 trung binh trong mot lan giee:
dy Cho nhdan xct.

Ill. HUONG DAN GIAI

1. o) Dau hicu can tim hien L nang suat cia mot thira ruong.

b) Ta ¢o bang "tan <0" cua diw hieu:

X Tan o 0y i
| |
|
Q ¥, = M) fiy =5 ,‘
; Xo = 34 noo= 10 I
I J;
1 o — |
| Ny o= A5 ny; =15 |
! o = '
j \\1 = b6 H; = J
| 1
§ Ny = 37 Ne = 5 |
! Xq =) g, 2 0 !
| Xy 2 il B3

— S5+ 34 TO 35154267375 425+443
¢) X=——mo- - . e

= 36 (ta/ha

d) Mot cia dav hicu M, = 25

19



3. a) Dau hi¢u: Khéi lsong (tinh bang kg) cha mot con lgn. so cdc gid tr: 20

b) ta ¢é (hang 25) cua dau hiéu

X Tan so (n) Czi:‘ifch (x.1m) _—
2] 2 1 121 x2=242
128 E! T o8 » 3 :{x~4m
130 ” rp— i
1135 4 135 x 4 = 540 -
EENEE 138 x 3 = 414 -
40 2 140 x 2 = 280 -
 N=20 Téng = 2640 < - I~32 _

c) Matcua dau hiéu: M, = 130 (ing vdi tan s6 16n nhat n = 6);

d)-C6 6 +4 +3 +2 =15 con lgn dat duogc khoi luong dé ra khong dud
130 kg.

Ti s6 con lon dat ké hoach dé ra vé khoi luong véai tong 20 s6 lon la 30
= 15%
'3, a) Dau hiéu can tim hiéu la van t6c cua tau;
b) S6 tat ca cic gia tri cira dau hjéu la: 10;
¢).S6 cdc gid tri khdc nhau cua dau hiéu la: 5;
d) Bang tan s0:
Gid tri (x) | 55 ] 56 58 | 59 60
Tan s6 (n) | 2 4 |2 1 1 N =0
¢) S6 trung binh cong: -
Van toc (x) Tan so (n) Cac tich (x.n)
S5 2 110
56 4 224
S& 2 116
59 l 59
60 b e .
N=10 Tong s6: 569 — 569
ong s XI“T(Z“‘)*:%‘-‘»




) Dau hicw: So cham saat hien o mes lan: 2ieo,

b)
Mat <o xuat hien iy | ‘ 4 5 6
; : ; ; ; f
CTan S0 () 3 | 3 3 3| 4
) Py 24 32 b Yoy b
g\ ‘( - 3\(\
)
d} -
]
o7 M ST
Fi) i
x
1 r ' }
|
| X
() ] 2 3 i D 6

Hinh 3
¢) So cham 2, 4.6 xuat hien nhu nhau vi cao nhat (4 lan).

SG cham 3 tan o xuat hien thap ahat (2 Lin

BAILTAP ON CHUONG I

n= 20

bicu tra tinh do hoc vim ¢ cong nhan mot xiremg i ta ¢d bang so licu

sa;
co 10 cong nhan hoc het top 8;
o

co 20 cong nhin hoc het lop 10,

co 20 cong nhan hoc hetlop T

co 50 cong nhan hoc het lop 12,
1) Dau hicu can tim e Ty @) w0 cde gra trir ceas daa hicu;
by Lap bang "tan ~o" cua daw hieu,

¢) Bicu dién tan <o cua dau hiew bang bicu do doan thang.

N



!v)

94 91 86 87
92 86 87 88
90 91 87 36

92
91
K8

&8
94

94

90
&Y
92

Can lan Tuot 30 qua cam (don vi gram) ta duge Két qua sau

91 89 92
90 93 94
91 93 92

a) Dau hiéu cdn tim hiéu la gi? s6 cdc gid tri cua dau hiéu;

b) Lap bang tan s6 va tan sudt cua dau hiéu;

e) Biéu dién 1an suat coa dau hiéu bang biéu dé hinh quat,

d) Tinh so0 trung binh cdng va mét cua diu hiéu.

S N ; 3 ; TR
3. Theo doi muic nude tiéu thu (tinh ra m™) trong 1 thing cua 13 gia dinh

duoc ghi lai nhu sau:
24(m’) 25 20
25 23 24 22

Hay cho biét:

a) S6 cdc don vi diéu tra;

b) Dau hiéu can tim hiéu;

c) S6 tat ca cic gia tri chia dau hiéu;

24
20

d) S6 cac gia tri khdc nhau cua dau hiéu,

e) Lap bang tan so cdc gid tri cha dau hiéu,

g) Tinh s6 trung binh céng cuia cdc gia tri.

ﬁ(\
M
s

25

M)

pespra)

24

Mot truong THCS c6 20 16p. So két hoc ki I, cé 4 16p dat tién tién xuat

sac, 7 16p tién tién, con lai la trung binh. Hay vé biéu d6 hinh quat biéu

dién két qua dé.

Co do (x)

6 |37

T

Sé 40 ban (n)

Haiy cho biét:

|
N Tl() {3()

a) DZu hiéu cin tim hiéu 1a gi?

b) S6 tat ca cac gid tri cia dau hiéu 1d bao nhiéu?

¢) SO cdc gid tri khdc nhau la bao nhiéu?

d) Dung biéu d6 doan thang;

¢) Tim mot.

ok}

—

3% (39 40

50 ]xo a0

Mot ctra hang bdn do so mi nam trong mot thing co cic ¢ nhu sau:

Frae 1} e ]
10 5 }




e

H:1dng dan gidi

o Dau hicu can timy hucu Eotnmh do hoe van cua mor cong nhan ¢ ia mot

NTone LSO cae grac e cua dan hieus 100

b 7 _ _
Gt lop x) 8 ‘ 1O B X | |2
[an o (1) 200 200 S0
) Ny
2 T S C S
2
1 SO — 1
1O f=------ |
i |
| Jﬂ
O S 10 11 12 x

Hinh 10

a) Dau hiéu can tim hiéu 13 khoi luong cua méi qua cam. S6 cdc gid tri

ctia diu hiéu la 30);

b)
Giawio [ 86 | 87 1 x%*w‘ 90 ;2:(51“ 02 93 i 94 |
Tan smn' i 3 3 E 3 2 # IS ) 23 1{
SRR b g wilous e e e s ,.__.___4
I‘m sll.ﬂ (f} 1O IIU( I lU( E(, ﬁf jIU‘ 17’ 7()‘( i\) 5( l() i

) Biéu do Linh quat

Hinh 11

12
>



"
L]

d) SO trung binh cong cta diu hiéu la:

X - BOX3+87x3+K88x3+89x2+90x3+9Ix5+92x6+93x2 494 x:
B 30 '
2706
= =902
0 90,2

Mot caa dau hiéu la: M, =92

a) 86 cdc don vi diéu tra: 15 gia dinh.

b) Dau hiéu cin tim hiéu: mitc nude tiéu thu trong | thing
¢) SO tat ca cdc gia tri cua dau hidu: 15

d) S6 cic gia tri khiac nhau cua dau hiéu: 5

¢) Bang tan s6

Gid tri (x) 20 22 2 24 25
Tan so6 (n) 3 2 5 4 N =
g) So trung binh cong cua cac gia tn
= 203+222+23.1+245+254
X = + + 1+ + <2313

1S
HS tv giai.

a) Dau hiéu cdn tim hiéu I& ¢d 4o s mi (nam) nio ban chay nhat.
b) S6 tit ca cic gid tri ctia ddu hiéu la:

10+30+50+80+40+ 10+ 5=225
c) SO tat ca cdc gid tri khdc nhau la 7.

d) (N4
B rimcmmmmmim i iimmmm i 8 m i m b i e

L T

g O des smsmurnmsnrasamn wases seasarsgesey SR

R B e

) 36 37 38 39 40 41 12 )
Hink 12




Chiong 1V
BIEU THUC DA! 50

§1 KHATNIEM VE BIEU THUC DATSO A TRICUA MOT
BIEU THEC DALSO

I. KIEN THUC CAN NHG

1. Rieu thuc dai so

o MOt bicu thire gom cac ~0 v cae Jdur edan dien cho cac so) va cic
phép todn (cong. air, nhan, chia nang fon o thiry rén cdc so v cic
chir do gor L hrca thice dai s

e Cic chir (dian dien cho cac ~o thuoe mot tep hon 5o nao do) got 1a
bicn vo. Cac cha bicu thy cho mot ~o vac dinh con La hang sé' (hang).
Ngtroi ta thuomg dang cac chirvove sz cde chobiens acb, .. dé chi hing.
Chang han trong bicu thae ax = b th x L bien,agc b L hang

o Bicu thire dar ~o khong chie bien o mau zot 1 bien tuic neuven,
Bicu thire ¢ chury bien oomiaw gor L beew thin pran,

o Chily

* Trong bicu thue duar ~o vi cha by dan dien cho <o nén khi thue hién
cic phép todn tren e chir tco the dp dune ninmg tinh chat, quy tac
phep todn nhir tren cac <o

Ching han a + b =b +acab = ba v = &

(a+b)y+c=a+(b+ ) tabjc =aho) .

.,

v dabxooo

# Cac bicu thue phan nhur chua xct o chuong niy.

\ Ak
2. (ria tri cua mot bieu thue dai so
o Khit thay cac bien cua mot bien thue din <o bang nhimg s6 dd cho o
thie hién cic phep toan da chi ratrong bien thire dy (néu ¢6 thé) ta
duac mot ket qua bang <o cor L e o cua breu thire dat <o tai nhimg
gra tri di cho cua cac bien
o Mot bicu tnee nguyén xace dinh i mon gt cda bicn
3. Biéu thtre bang nhau
Hat bicu thie dai so ¢o cong mot gra i van mol g i cua bicn fay
trén nhanyg tap hop <o sie dinh neo do gor Lachat bicu thite dai so bang
nhau trén tap hop ~o do

25



. BAI TAP

1.

%)

Hay viét bicu thie dai s6 dién dat cic noi dung sau:

a) Tich ctia hai s6 x vay cOng vai hiéu cta chiing:

b) Hiéu lup phuong cia hai s6 x vivy nban vai tong cic lap phuong cia 2
5O dé; .

¢) Lap phuonie cua tong hai s6 x vd v chia cho lap phuong cua hicu hai
sOdO (X #y).

Ba nguot di xe dap, xe may va 6 to. Van toc xe dap la 12 km/h, vin to¢
xe mdy gap 4 lin van toc xe dap, van 5. 0 10 bing 1ong van 16c¢ xe dap
Va xe may.

a) Hiy viét biéu thire chi quing duong ctia moéi xe di dugce sau 1 gid;

b) Hiy xdc dinh bién sé trong moi biéu thirc do.

Mot bé chita nude hinh hop chir nhat ma chiéu dai, chiéu rong, chiéu cao
co s0 do lan luot la a, b, c.

a) Hay viél biéu thife chi dién tich xung quanh, dién tich toan phan va
thé tich cua bé nudce do;

b) Hay xdc dinh btén s6 trong méi biéu thirc d6.

Chirng minh cidc dang thirc:

D ) 3
X“y—X .- X“-yT X-y .

u)---"————y-=xyvmx¢'l b) w¥——=—=voix# -y, x #(.
x—1 X~ + Xy X

Chirng minh rang cic biéu thiv sau khong biang nhau:
. 2.2
a) X —yvay - x; b)(x+1)yvax +1;
3o &
cl(x -y) va(y—-x).
Tinh gid tri chia biéu thire:
2x -3y X v
P=——== biét —=7- (y20)
dx+3y I8 G
Xét bicu thue:
Xy X+V
A == —-———)— + —_—
X+y X-y
a) Tmhgiatnmcua Abiet x +2y=0vay=0
b) Tai nhimg gid tr1 ndo cuaa bién thi tinh duoc gid tri caa A?



. X -~ 0
8. Notbhicuthue B -
N o+ 3

@) T nhimg gid tre ndo cua x thi tinh dvoc giid o cua B?

by Vo nhime grd i neuven nao cta X thy gid e cta B la <o nguven?

) T g trnguven Ton nhat va gia e nguyves nho nhat cua B.

= : v . . | i - 5 iy | 3 . . . P
9. Chimg minh riang néu a2 2 va (b > 2 thy @it cua han breu thae
aeb 2006 ‘ ’
A= — va B= - Khong bang nhau.
ab 2003

10. Chimg 10 ring ¥x,y € L thi gid tri cua bicu thie luon fa so duong

11. Tim cap s6 nguyén duong (X, y) dé bicu thic sau ¢6 gid tri 13 s6 ngayén

Lo

2x +2y -3

Xy

12. Tim GTLN cua biéu thuc:
’ L
X" +vVvT 4+
[’3 o _"*.‘_"—_:*‘—“"Q

3

X" +y"+2
13. Xic dinh a vivh biét rang:
A 3Ix=(a+b)x+2a-b; b)(x + axbx -1)= xz ~7X + 6.
14. Ching minh dang thire:
Jv(x+ 1) —6x -6 2y+3)+2xy+6x

g o (y # 2,y #-3).

I1l. HUONG DAN GIAI

I. a)xy=+(x - ynu
3 3 3 3
by (X" =y ) (X +y )i

3
C) (X + y)'l: (X —y) (X#Y).

2. a) Quang duong xe may di duge sau t gio la: 12t (km)
Quang duong xe miy di duoe sau t gio la: 41210 =481
Quing duong o 1o di dugc sau t gio la: (12 + 4 12) =601,

b) Bién sa trong mai bicéu thie trén lat.



3. a) - Dién tich xung quanh bé nudc:
S‘q =(a+b)2c=2a+b)c
~ Dién tich toan phan bé nudc:
,P«-_(a+b ¢ + 2ab=2[(a+ b).c + ab]
~ Theé tich cta bé chira nudc:
V = abc
b) Bién s6-trong mdi biéu thirc trén la a, b vac.

xzy-x_v 4£)~0-6

. 1‘Ch = = -
4. .a)Chox x—1 0=l
Xy = ()y.—-() _—
(mo\,4>‘y_xv 0-0_, } e
X =1 X — 1 ]
xy =x.0=0;\ -
o o xzyw-xy__él—?.*
Chox=2,y=1, - _2_1_2

xy=2.1=2;
Cho x, y bat Ki gid tri nao Sa0 LhO x # | thi ta duge gid tri cua bizu thic
¢ hai v¢ bang nhau. o

Vz)y%iy—zxyV'éix:tl.
b)Chox=1,y=1tacéd
x2~yz_l—l _
- axy 110
x;y:';]:u
Chox=1y=2
\z—y::l—4=_l
x*+xy 142
oy 1=
X I
Chox=2y=1
X" -y~ 4-1 |
\34“,,“4+._-§

2%



Cho X,y bat Ki gra i nao sao choow 2y o G droe giid i cua
bicu thire & hai v¢ bang nhau

? 8
y . ;\_. b \‘- \ \
Viy - =
X7+ Xy X '

n

. W) Chox =2y =1 1aco

Vayx -y #y —x:
b) Cho x = 1. ta co:

Ax+1lyr=l+1y =4

X+ l=1"+]=2
Vay (x + 1)° x4l -

c)Chox =1,y =2 taco:

X Yy ,
6. —== &>x=2N0
18 9
I B Rl 9] . i
Dx =3y 2 2v- v 4y SRy \ |
Pﬁ‘ . S 3 ﬁ’ 5] ”\w } —: B (= ())
2x +3y 0 2 2ve Sy dAve 3y Ty T
X—V X4V (X4 2v)i-3 (x4 2v)-y
7. 2) A=—=+- e § o

. ‘ (0
it e e ‘1 4 ,1 ]\ ,(\ 7 ()).

Py

) Tinh duoc grid trr cua A tar nhimg ¢1d tr caa cic bién thoa min:
[X 0y O Ix#oy
}L\ ¥ f“ -. :\.:.}'
Vay tinh duoc gid tri cea At nhimg gid 1 cua x vy thoa man diéu
Kién x # *v.

29



"x~6

8. B=——.
X+3
a) Tinh duoge gid tri cua B tai nhimg gid i cta x thoa min x + 3 = (0 <
X #—3.
‘ X—-6 (x+3)-9 x+3 9 9
h) B:”" = = — = | — ——
X+3 X +3 x+3 x+3 X+3

B ¢6 gia tri la s6 nguyén khi va chi khi —— la s6 nguyén. Khi do x +:
' X+3

laudccia9 mauwdccua9la £1, £3,.+9

PP

X+ 3 1 _3 Tv, - :9'"7 g
* —4 2 | 6 | 0 -12 | 6

X —6 110 R | 4 l _» 2 0
B= — |

X +3 B | o

Vay néu x ¢o gid tri —4; -2; —6; 0; =12: 6 thi B c6 gid tn la cac s¢
nguyén 10; -8; 4 -2; 2; 0.

¢) Gia tri nguyén 16n nhat cua B la 10 va gid tri nguyén nho nhat cha E
1a --8

9. lsl—si (vi lal 22) (1)

a” a2

Ll

Tf,r(l_) va (2) suy ru.—+~:;sé~+%~<::>a;b_<_l

Viy A= a:{-}h <lmaB= iggg > 1. Suyra A=zB.
10. M:3(,\'3+l)+x2y3+y2 -2

(X+)/)2 +5

30+ D4y D=2 x4y +3)-2

2 , 2
(X+)"+5 (X+y)"+5

3 »]
Ux.ye Jtacdh: x"+ 121y +32>3nén

(x* + 1)y +3) >3,

30



SUV (0T = Py ey

]

Vb (X +y)T - S
Tl va (2~ o N

l l. ;\\ e ol

Pe A co gra tr fa o nouven the o - v faoee cua A0 Ma Khae xov a

cac songuver dwoneo v oo b Dedoos - o= 80 Suy e

N N
= K oay
) E | y 5 l l
XTHVT4+S X VIl
12. B= —— - — . , e
A 4+¥ 22 %Tey® -1 xTay sl Ve yT a2
|
B lom nhat Khy va e kKb - For nhat
NT eV kL
Y ~ )

2 g - -
iy 22U ndnxT # v w0

dodox™+v7 + 2unhonhat hang -k =y =10

I l ,
\"J'} Bl{v‘n nhat = - 5 T ]w ki y= (

13. HS tr lam.

o Ayin+ 60 -6 i -6(x D)
l4. \Il - —_— - s g e :

RAYE ¢ Uy -2
x4+ Dy - 2) . -
= e LURE B A S I
My -2 '

s RNy Hoy iy PRIt R

2_‘,‘ 6 ﬂ)(\ 3)

RIS BTRURSR Y .

T =5+ |y s S 2
20y + 3}y

Tor (D va (2) sov ra
3-\‘(\t}n-ﬁ\ 6 :“<.\-,2~)~2\:\ AN

:'\ 6 2\ -6



§2. PON THUC

. KIEN THUC CAN NHO .

]

1. Don thire
Pon thie 1a bicu thire dai s6 chi gém mot s6. hoac mot bién hoic mot
tich cua cdc s6 va cac bién.

: . b 2 "N . )
Chang han: ©: 0: 3x7y; 2 x“y"... 1a don thic

2. Don thirc thye gon
Don thitc thu gon 1a don thire chi gom tich cia mét s6 vadi cic bisn ma
maéi bién da duge nang 1én luy thira véi s6 mi nguyén duong.

2 5 R . " 5L 33 s v i iy
Chang han, don thace Sx7y~ thi 5 1a hé 50, x "y~ 1a phan bién so.

3. Bac cua don thiic

¢ Bac cua don thirc doi véi mot bién 12 s6 mi cua bién dé trong dang
thu gon cua don thuc,

» Bic ctia don thite-co hé $6 khdc 0 14 tong s6 mil cha tat ca cic bién
do6 trong dang thu gon cta don thic dé.

e SO thuc khdc khong cé bac 0, s6 0 coi la don thirc khong ¢6 bac
Chéng han, don thitc 5x"y'z" ¢6 bac 1a 10(2 + 3 + 5 = 10)

4. Nhan hzi don thic S
D¢ nhan hai don thitc da nhan cdc hé s6 vdi nhau va nhan cdc bién
véi nhau.

Vi du 1. Thu gon cic don thire sau:

3xy:(x2y3): 4)\'4y2 L h-:]I xzyj x'zy2

Giai

2, 2 3 35
IXy(XTy )=3x"y

Vi du 2. Thu gon roi tinh bac ctia don thite san

231 o2
3x7y [Enyxy



(rrir Ay N v

B cua donthue o 10 b« 66— oy

Vidu 3. Thure hien phep nhan

vy b
W

L 3 PO ) ; 2 L
G 37y 2xv A v =03 T vy

= ?—l AN :\‘

i

Il. BAITAP

9

wn

Thi gon cic don thue, chira phan he so chire bae cua chiing

b 3
54 1 bl

)V ovx

- o

by Sx7y 0 S <Y

Thre hien cic phep nhan don thi

a) Ty 0.8xy 10N v

b) -0.5a"b.(-2ab ¢).8c7ha: Ch

Tin don thuc P biet:

a) 2= dxy = -5x )

Tin don thue Q hiet:
3

(1 2] o -

Tin cac o a. b, ¢ theayman cac dicu Kien sau:

\ | . ' I
iRk B DAl = VD o= =
0 20 ) S0)
Tin don thice P biet
kK ko ! .
a)l2 = VUV ik NUk > T

k 1k hobos .
by x" 'y P=x"v (ko Nk 1)

Thu gon cac don thae sau
R T . }
A)CXTY 2 N T
Ny n+l N

b) (i hl + C”)

kel on

k } .
(a hte ko e N

Tin cac so XL v 7 thoa man cae dicu kien sauw

4 Y !
B VA B e NATAE D w gy =

VO N TN =

<
4

P
F=X Y
3ty

hy -2y’ P=6xt"

I

3

NV - ISX v vx”T

“bY = 100ab )2 Bl

v (k € N)

o)

33



" 1Il. HUONG DAN GIAI

1. a) 7y"vx2 = 7v4\'3 co hc \'(‘)' 7, ¢O bac 6;
b) 5\ y (~3)y = -15x ) co hé so la 4; co bic 5;

c) Axy > (-15x" y)yx~ T=o3x° y ¢ hé so la —3; ¢6 bac 10,

2. a) szy.()ﬁxy%, 1()x‘zy = 40 x(’yﬁ

b) -0, Sdzb ( Mdhzc) XLzhzd = 8¢14bqul:
~0,32a%" (=100ab™).a*b" = 32a' ",
3 s 3 =5
3. y)Pd4xy=-5xy = —21—\( yT = 4x" y. Viy P=-

—2xy2.P=6xk+ y~ ’xy (=3xM). Vay P = ~3x" (ke N,

-F-—l N

]
I~
4. a) Q.(;x'y) =(2x3y)‘
> 1 25
b) (—9x3y4)“.(2xy) = (;x‘y') Q

81%°y" 2xy = L x*y*.Q

9
1 . l
”("5)(4)/4. 1458)(3)/5 = “§X4y4_0_ Vf_ly Q = ]458)(;)/S
5. eab= | I); ac l(” vibc= — (3)
- oab =g e =55 50
Tur (1) (2) (3) suy ra: '1h-1chc—mL:~]—:-»]-~wl_
=) ) SUY T aRACDE = 15:30°50 ~ 10000
9 ] l
abc)” = aabc= +——
<> (abc) (100) Suy ra abc = T
|
e Xét truomg hop abec = — (4
¢t trrong hop abc 100 (4)
l
J[“"“ ma |
T (1) va(4) ta co: =€ =15
‘dh
{ 1()

34



(

|

KT I
[ 2y ve (b tacor h=-—
- :
Al = -
; 20
(
* ]
gt 100 l
i (3) vis (4) ta co: ! = -
| ] 3
i‘jc =
{ S50
.. . ol
o Xct trrin g hop abe = — (5)
T 1 ()
' -1
dDC = T‘(ﬁ)a “i
Tir (1) v () taco: 4 =™ C=—
g | [0
| aby =
{ 10
;
; ~1
e =155
T (2) va (3) taco: < | = b=
ac = —-
20
i’ ~1
BRRNTIT |
T (3) var (D) ta o - I = a=-
be = — }
S50)
e Vay ta co:
NI B
d = "5 idw- 2
1 L
‘b=—-=va {b=-
S i 5
] | -
C=— {F g e
10 i 1)
: ] . = X B
) P.?_kk}'k b - " hyk | b) 3 ]§k_Pm xi\ykw
. r\ i l 0 ] 4] } . ] ;
P.Z,\kj«'k = 2x _\-k | X0 Iy p eyt l\“.:xy
Suy ra: P L S P :
rra P= ——x"y Suy ra: P=—=xy
y 3" yra 3 Y



23402 4 : .
7. O 2Xy 7= x'x"7) —4\\, \‘\/_4XI(J|41

h) (“nhm»lcn)k.(”khkck-r-l )n — nnkhnk% ‘.nk ’ini\.hknckln-n

Ink .".’nk+k 2nk+n 2ok KO2n+ly nQke+ |
b =a~ b C .

—_—

~

h) “ BJ 7 o)
8. Xyz=-2;xv'x=2vaxyz =-2nén XTyzxy zxyz = (-21.2.(-2)=8&

Vay x'?’y’xz‘1 =8 =>xyz=2

o

‘v 2
. ., Xyz -2
'a lai co: ¥z cone by I o= e |
xyz 2
xy-z 2 xyz© =2
*z“—- ;{23)21 —y“—“:“;““:i'?:“l
xyz 2 xyz 2

§3. PON THUC PONG DANG -
CONG TRUDON THUC PONG DANG

I. KIEN THUC CAN NHO

1. Pon thirc dong dang
o Hai don thirc dong dang la hai don thitc ¢é hé s6 khic 0 va ¢3 cung
phan bién.

; > 15 . s s
Chang han, 3x7yz: —5x7yz va 5x2y7, la ba don thuc dong dang.
e Cdc s0 0 dugce coi la nhimg don thirc dong dang.

2. Cong, trir cac don thie dong dang
Muon cong (hay trir) cac don thie dong dang ta cong (hay trir) cac hé
sO v¢1 nhau va gilt nguyén phan bién.

Vi du 1. Hay xép cdc don thic sau thanh hhém cdc don thie déng: cang:

3a’b: 5ab: 6a’b: Tab': 11a”b™: 6a“b: L b

Gi(;f
3;12h; 6&izh
1
Sah"; 7;‘1h‘; --;uh‘1

6112b2; ] ]a:h2
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Vidu 2.0 Timtene s dvy S
B o et cua Pbier v

i) P=(dxy + 30y ) 0oy

= TX) P2y = s
M Varx=Ilvay=-1thiP= 51 [

Il. BAI TAP

I~

h

6.

Pien cace don thae thich hop vao o trong

c 3 ‘ P2 - 3
Sy + [ ]=Tx v Sx o= —=3x
=i 2
ol]+[0-[0=x
Iim tong o1 tink gid i cuatong tr v v |
af ML 2 387% ~ 1KY - DX h Nay 7xv + 3xy - Iy

3
§

C)=dx y +3X Yy Xy Iy

Cong. trir don thuc:

] » 23 3 a1 s
; YA XY N O S U
l)2>\}14 y _}\ 3\‘\

Rl n+ 1 n HES 1 P | )
bh) Sa - 2a -da + 7a 4+ 0 OHu o= N,

Tim don thae M bict:

g I AU S BT ik
M- dabe = cahe +- uhe Ay
5

M (2ax7) +M=(3a x v SacxT) o+ foan
Cho cac don thire: Y = x"vva B =y
) Chmgtorang néu2x =y =1t 2A + B«
M Chimg tdrang ncux & 2oy« " vas b hetcho 11 thi A - 3B
: C ;
cung ¢i i hetcho T
Cho bieu thue:
N D e ~ Yo . ookl 1
P= 2o W+ Sa + 2 (n ¢« N)
Var grd tri nae cua a thi P>
Che bréu thie

Var ettt nao coa s kot Q <



8. Tim x biét:
X" - 2x™ sk _ax™! =0 (ne N.n=0)

9. M=3ax>+4b°x" = 2a°x" = 3b"x" + 19a £ 0, b = 0).
Tim GTNN cua M.

Il. HUSNG DAN GIAI

1. a)5xy’ +[]=7x"y nen[J=7x"y" - 5x'y? = 2x 'y
by[]- 5% = -3x" = []= S3x0 +5x0 = 2x
c) 2:(‘7')/2 + .”)('%y2 - 4)(3)/2 = )(3y2 (bai todn c6 nhiéu 1oi giai)

2. a)P= l()xzy + szy -(7+ 5)x2y =(15- lZ)xzy = 3x2y.

/ o)

0

1
2

-

Véi x== vay=-1 tac6P=3.[%) —l=——y

s

b) Q = 8xy — 7xy + Sxy - 2xy
\___vm....d
5xy - 2xy
Xy + 5xy — 2xy

6xy — 2xy = 4xy
I
Q=4z.(-1) =-2;

)R =4x"y + 3x’y + X'y - 2xy = 3y + Xy — (4x’y + 2x'y)
= 4X3y = 6X3y = —Zxxy
] ]

g(h=7

I 3
R = —-2.(5j (-1)=-2,

3. Cong, trir don thirc:

')lx?' +-:ix2 —zxz -~!~x2 —( +— == )xz

VR TRNYTRR Y T Ty T
= —X y,

1 +1

1 +1 1 1+ 1 n n+ n
b)Sa" - 24" —~4a"+ 74" —a"+a" —-6a" (ne N)
+1 +1 1+ n+!l. n n
=(7a" —6a"" 42" ~2a" )+ (5a" -4a" -a")

=(7T-6+1-a""+(5-4-1a"

=0.a""' +0a" =0,



i 3 Y 1 ] b 1 2 ) H
M dahe = —atbe + sahe a be
D 3 3
i } i ] 21 X 1
M = "B 28 | = es o e };1’hc
L2 3 3
A N BN
M -dahe = —a~be .
6
v I~
M=duabe + —a7bc
6
. , I~
Vay M =4—ahc:
6
. 2 2R A 3 02 e, 2 23 6
by (2a™x7) +M=(3ax )7 —=5a"x") +(-ux)
233} A T A O (
(2a™x") +M=9a'x - Sa X +ax
O ( - 6 (
Rax +M=(9-5+1)ax
- ( (- ( (\
M= Sa'x - 8a X
6o
M=(5-8)ax
’ A 6H o6
Vay M=-3ax

A= xz}/; B= ,\')f:

a)2A+ B= szy‘ s .\;y2 = Xy.(2x +y)=xy.l =xy

Vay 2A + B =xy

b)A -3B= xzy - 3B = xjy — 3xy: = (x — 3y)xy ma x — 3y chia hét cho 11,

nén (x — 3y)xy : 11

Vay A =3B : 11,

Y

P=2a"" 3™+ 57" - 707+ 3£l§;;+l
R I g)
= l();r"” ~10a™" = 10a"(ta = 1) (n € N).
Coa"20vsi YanenP>0khia-1>0. Vaya> 1.

h+2 k k2 K k2 . K
Q=5x"""+3x"+2x"""+4x" + X"+ X

= 8xk+3 + 8xk = Xxk.(x;3 + 1) (k € N).
Cox >0nenx-+1>1>0.
Suy ra Q < 0 khi " <0
mia x" < 0 khi x <0 vak la so tu nhién le.
Vay Q < 0 khi x <0 vak la s6 tu nhién Ie.



M s A" = 0me Nonz 0)

*6x"=0m e N.nz0)
x=0
*¥1-x=:0
x = 1.
Vay x =0, x = |
M = 3a’x” + 4b°x” = 2a™x" - 3b°x” + 19
—a’x" + b x" + 19
— (a2 + hz).x2 + 19
Via=(, b#Onéna’+b >0
Va x> 0 véi x
Suy ra (@ + hz)x2 >0; M= (2" +bx" + 192> 19.
Vay GTNN cua M =10 \hi x = 0.

§4. PA THUC

I. KIEN THUC CAN NHO

1. Pa thuc
Pa thirc 12 mot tong cia nhimg don thirc. M6i don thire tr1g thng goi
la mot hang tir cta da thate do.
' . s g2 - ,
Chang han, da thuc 3x™ - 2x + 1 thi 3x7, —2x, 1 goi la hang tur.

Nguon ta thuomg ki hiéu da thiee bang cdc chitrinhoa A, B.C. M, N. P, Q...

2. Thu gon da thuc

Mot da thie N ¢6 nhimg hang tir la nhimg don thite dong dang. Thue
hien phép cong, phép trlr cac don thie dong dang ta duge mét da thite
khong cor. hang tu ndo dong dang, ta gor da thare nay la dang thu gon
cua da thue N.

Chang Ean N = 3x

2 2 2 4.0

Vi SXTY = 2xyT - 3XTy -3+ 5
L 8] &

=Xy +2xy+2

Tai xyv™ + 237V + 2 [d dang tha gon cta da thue N



. Bac cua da thue
3av cua da there T bac cao nhat vong dang thu gon cua da thie do

Chang han da thite N ¢o bac 2

, r . A : ] L 4 !
Vidu L 'Tho gondathac: M =20y ax a0 a'x 4+ax +2a
. AR N ! ;
(M =2a"x  ax a4 a’x +=ax +2a
J 3 RN} 4 t 4 4
== [l X a’ X )+ (ax a1+ (2a ik}
2.3 3
=ax +ia.
Vidu 2. Bac cua da thae:
o 1 ~ I AN : l 4 9 3 6 7
M=3xy+5xv - sxy + VY 2Ky A Iy la
A4, B.6; C1x D.5
i 5 -~ O] l 3 } 67 3 - S
Gielk M= 3x v+ Sxy - 3xy' 4 TN - Xy + 3y = ox oy 5

Vv bic cta da thae M a6, nén dap .n B ding

Il. BAL AP

1. Gugaote la x (d/kg), gid gaonép Loy od/kg). gid ngo la 7 (d/kg).

a) lay vict bicu thire dat so bict thi so uén mua 10 kg gao te. 3 kg gao
nepva | kg ngo
h) hica thiee tim duoce o cau a) ¢6 phar L da thiee khong?

2. Har vier bicu thae dai sé dién dat nor dung sau: Hai 1an tong cac hinh
phtong cua hat s6 x va y trir di 2 lan hiéu cde binh phuong cua har so x
vir ' cong vor 4 lan tich hai so do
Bier thite vira tim duge ¢o phan 1o da thae khong? Hay thu 2on ova xie
dun bae cta no

3. Chida thue:

200005 2003 199015 103 100 103 RS
A=X7TTX - xTx 4+2x T -3 X T+ X - + 2
4) "hu gon da thue A;
b) Jac dinh bic coa A;
&5 © . . , w5 |
¢) “inh aid tri cua A biét xi =
4. Xdbicu ihie:
3 7 Al ]
P=3x7y {xXyz — (2xyz - X772y 4Tz 4+ 130y - dxyvs o Shzoo 3y
a) No pzoac rér thu gon:

by b mdwricoa Pl x:: iv=2iz=3



wn

Xeét da thuec:
P=2a"" 3" 555" 747 4 3;1““ (n € N)
a) Thu gon P.
b) V@i gia tri nao cua a thi P=07?
6. Vi gid tri ndo cua x thi:

+2 +2 n+2
Q=5x"""+3x"+2x""" +4x" + x

+x" =07 (n > N).

7. Cho mét da thire bac hai f(x) = ax- + bx + c; a, b, c nguyén. Gia sir f(x):3
khi x nguyén. Chimg minh rang a. b, ¢ déu chia hét cho 3.

lll. HUONG DAN GIAI

1. a) 10x + 3y + z;
b) A=10x + 3y + z la | da thuec.

2. A= 2(x +y)~—?x ~—y)+4xyldddthuc
A =2x" +2y - 3x7 +?y + 4xy
A=-x" +5y + 4xy
Bac cia da thL’rCA=—x2+5y2+4xy la bac 2.
3. A= 2000 S 200 3 5 1990 15 3 103,100 103 5 K S 5
a) A = 2005 203 5 2005 4203 135 13
A = 3x2005 | 45203 03 Lo,
b) Da thic A = 3x” 2003 ~ 4x™ - x" + 2 bac 2005;
c) x| =1, suyrax==1
eVoix=1thiA=31"" a1 1" 42=3-4-1+2=0
eVaix=-1thi A=3.(-1)"" - 41" - -)P+2=-3+441 +2=4
ViyA=4 Khix=-1vaA=0khix=1.

4. a)P= szy - {xyz — 2xYyz + X'z - 4x7z + 3x2y — 4xyz + 5x°Z + 3xyz)
P= 3x2y - XyZ + 2xyz — x°z + 4x’z - 3x2y +4xyz - 5x%z - 3xyz
P=-2x%z+ 2xyz
P=2(-1)"3+2(-1)23=-18.

5. wP=2a"" 3"+ 5" Z 7" +-3an+| (n € N)
=2+5+3" -3 +7a"

= 102" - 102"

=10a"a - 10a"

P=10a"a-1)



6.

M P=0cs 100" - 1y=0<sa" =0 hoac a

fa'=0Kkhia=0.van#0
P T kba = 1.
Vaiy P=0Kkhia=0(n#0)hoiaca=1

+2 +2 I

Q=5+ 3"+ 2x" 4 A+ X" e x
Q=(5+2+Dx""+(3+4+ "

Q = 8x".x7 + 8x"

Q=8:"(x"+ 1)

Ta c6 x° >O0Yx > X+ 12150y

-{)

EAL

il

Suy 1a Q =0 < x'=0o {! *
s,

Theo gia thiet f(0) : 3maf(0)=¢ = ¢ 3,

Vay f(x) — ¢ = ax™ + bx cung chia hét cho 3 (x nguyén)

f(hy=a+b+c

Taco = f(l)y+f(-1)=2a+2c

f(=l)=a—-b+c

Ma f(1) + f(—1) chia hét cho 3 suy ra (2a + 2¢) chia hét cho 3 ma 2c¢ chia

| =0

hét cho 3 = 2a chia hét cho 3 = a chia hét cho 3.

f(1)y - f(=1)=2b, ta co f(1) = f(=1) chia hét ch 3 nén 2b chia hét cho 2

=> b chia hét cho 3.

§5. CONG, TRU DA THUC

I. KIEN THUC CAN NHO

1. Cong hai da thuc

Muén cong hai da thic ta ¢6 thé lam nhur sau:

o Viét hién tiép cic s6 hang cua har da thire do cling véi dau cua ching
o Cong (hodc trir) cdc don thic dong dang (néu co). Trong qua trinh
thue hién cdc phép todn cong, trir ¢6 the sir dung tinh chat giao hodn,

ket hop.



2. Tru hai da thuc

Muon trir hai da thie ta ¢6 thé Tam nhu sau:

e Viét cic »d hang cua da thae thar nhat cung vor dau cua chang.

o Viét da thuc thit hai trong dau ngoac va dat dau " " trude dau ngoac.
e Bo dau ngoic sau do cong choac trir) cic don thie dong dang (neu
cd). Trong khi thirc hién phép tinh "+" hoac "= 1a ¢é the str dung tinh
chat grao hodn va két hop.

Vi du. Cho hai da thide M = 3x — 2y + b va N = =2y + b. Tim tong va
hieu hai da thue nay.
Giai M+ N=3x-2y+b-2y +b=3x -4y +2b
M- N=3x-2y+b-(-2y+b)=3x-2y+b+2y -b=13x

i. BAI TAP

1. Tinhtong va hi¢u hai da thire sau:
MDa+bvaa-b; bya—-bvia+b;
¢)-a—bvaa-b; dya-bvab-a
2. Tim M biét:
a) M + (5%~ - 2xy) = 6x” + Oxy - yz;
b) M — (4ab — 3b%) = a - Tub + 8b™;
Ot -1 +6)-M=0

. . 2 -y
3. Da thie nao cong vai da thiue 5x™ - 3x — 9 bang

a) 0; b) I8; c)2x — 3; d) x2 — 5x + 6.

4. Don gian bicu thice:
a) (;12 - 0453+ 1.2y + ((1,8;1: ~1.2a) - (1 6a- - %)
by (y* - 1,75y - 32) — (0.3y> + 4) - (2y - 7.2);

Bl B
ClOXy ~2x7 - Axy +4x "+ 1) - (- xy=2x" - 1)

dy - (2ab™ ab + by + 3ab” b (Sab - ab),

: . s ) ) 4 So e O - . .
5. Chimg minh rang hi¢u cua hay da thae 07x7 + 02x7 - 5 vir - 03 +

;
X & luon luon duong vor mor gid i cua x.



6. oo ~mb lop 7A Lam batap:
inh gt cua bren thue
Tat b Sab (S Tath+ 3abTy - 100 < ah+ Rab ) Vdia= 025"
Mot hoc smh phat bicu rang bar toan khong co lor g Pung hay sar?

) Al

7. Do thae nao Khi cong vor da thue x7 = v7 0 2xy + 1L de ket qua nhan
duroe da thue:
a) Khong chira bien x;

by Khong chua bien v,

8. Cho cac da thue.

e 21]- ~Sab+~bh" - Rh‘ Vol Q = 2;1_ + ab - 3}1 + .?.hh

Tinh- «(Q - P) {Q - [P (Q Pl

9. (Cho da thue:

. S 3 o B v 5 2 5 23 4

A=5y )y -0 =2y + 2y yT+ 3Ty -y

. ¢ 4 - 14 2 3 2 A -5
Vi B=dyy —y - 5vy +2yTy - 3yTy -3y

O Vo gidtnnao cua v thi A + B=0;

by Chimg to raing néu vy € Z thi A - B chia he¢t cho 5.

10. Tim ciac so x, y, z, t thoa man cic dicu kién sau:

X+yv+s7=0y+7+t=017+0+x=2Val+x+yv=3

IIl. HUONG DAN GIAI

I. a(a-b)y+(a-by=a+b+a-b=2u
(a+b)y-(a=b)y=a+b-a+b=2h
bia- by+(a+h)=(a+b)+(a-b)=2a
(a b)y-(a+b)=-{ta+b)-(a-b)=-2b;
cla-M+@-b)=(a-b)—(a+b)y==-2bh;
(~a—b)y—~(a—-b)y=—[(a+b)+(a-b)]=-2u
dita-by+(b - ay=10;
(a by (b-)y=(a—-hy+(a-b)y=2a-2h
2. a M=6x + Oxy - )': ~ (5K = 2Xy) = on + Oy - 5%+ 2Ky

3

= X7+ 1 Ixy:



406

b)M =a” - 3ab + 3b™:

OM=4c" —7¢ + 6

)9+ 3x - 5x7; - b) =5x” + 3x + 27;

¢) Goi da thie phar tim la M, thi ta ¢o:

M+5x -3x-9=2x-3=>M=2x-3-(5x" - 3x - 9)
M = —5x" + 5x + 6:

d) —4x” — 2x + 15.

a) a2 -045+ 12+ (),Xa2 - 1,2a - I,()a2 + 2a
=022 + 035+ 12
DS: b) 0,7y~ - 3.75y: ¢) 4xv + 4x’: d) 2ab” — 5ab — 5b.

0.7x  +02x =5 - (=03  +02x> - 8§) =x* + 3.

Do x4 >0 VX nén x4 +3>0V x
(Ta' = 6a°b + Sab”) + (5a" + 7a”b + 3ab”) — (104" + a-b + 8ab’)
= 7;13 - 6;12h + Suh2 + 5;1'g + 7azh + 3;11'33 - 1();&" ~ u:b - Rah" = Z,u'1

” | 3 ( 1]3 ( I ) 1
a=-—-— 25: e e - 2; = 2 —_— :2. —— e
Véia=-0, 2 nén 2a 1 “od 7

a) Ching han da thic M, = —x" + 2xy, M, = y2 —x7 2xy
M;:yz—x2+2xy+3...
b) Chang han da thiic N, = 2xy — yz, N, =2xy - y2 + 1
N;=x3+2xy—y2+3...
Tém lai ¢6 vo sd da thire M, da thiic N thoa man dé bai
P=2a" - Sab+b" - 3b"; Q=2a" +ab - 3b" + 2b”
-(Q-P)-{Q-[P-(Q-P)]}
=-Q+P-{Q-{P-Q+PJ}
= Q+P- [Q-P+Q-P
=-Q+P-20Q0+2P
=3P - 2Q
=3(P- Q) =23[(2a" - Sab+b” = 3b") = (22" +ab - 3b" + 2b%) |
= 3227 - Sab+ b” = 3b" = 24" —ab + 3b" - 2b°]
= 3.(-6ab - hz)
= -3 b(6ba + bh)
Vivi—-(Q-P) - {Q~P-(Q~P)]} =-3b(6a+b)



7 S 7 5 5 2 r 3 -
9. A =5y +y 6y -2y +2v v+ 3yv o-yy
" 7 < B ss

=5y +y 6y -y +2y +3y -y
75
= } -+ y

6 4 ! AR T4 g 8

B=dyy' yy Syy +2yy - dyly -5y
7 : 5

=dy' -y -5y 42y -3y - Sy
S 4y

5 / . ) 5 .
.'1),»*\+B:y7 +y -4y —dy =-3y -3y =-3y (yT+ 1)

ﬁ

Vi ,\'j > () nén y2 + 1> 1. Suvra A+ B=0Kh vachi khi __3'\& = (). do do
y=0.Viynéuy=0thi A+B=0
by A-B= (y7 + yt’} . (4_\’? 4_\‘§;

= y" + yS + 4}'7 + 4)‘§

:5W7+y%

. e S, ¥ &
Vi5:5nén 5.(y7 +y ) 5{ye )

Vaynéuy € Z thi(A-B): 5.

10, x+y+z =0 (1)
R y+z+t =1 (2)

X +72+t =2 (3)

X +y +t =3 (4)

| X +y+z+t)=6
X+y+z+t =2 (5)
\ ) [x-+y-+mz:()
Fir (1) va (5) ta co: ’
1x+y+z+l:2
Thay (2)yvao (S)tacorx + 1 =2 <> x =1
Thav (@) vao(S)taco: 7+ 3 =2 7=-1
Thav (3) vao (5) w. y+2=2¢y=10
X =]
y::()
ze -]

{=2

Viay ta ¢o 3




§6. DA THUC MOT BIEN

I. KIEN THUC CAN NHO

1. Da thirc mot bién
o Da thitc mot bién la da thue coa cung mét bién. Chang han, da thire
A =5x"+6x — 11 (hién x), B=3y - 2 (bién y)
« Mdi 6 coi nhu 14 mot da thirc .not bién
e Dé chi A 1a da thirc bién x thi ki hicu A(x) B 1a da thic bién y thi ki
hiéu B(y).
Gia tri cha da thic A(x) = 5x~ + 6x - 11 tai x = 1 ki hiéu [a
A =5.17+6.1-11=0
Vay A(0) = —11.
« Bic cia da thic mot bién (khac da thac 0, di thu gon) la s60 mi l6n
nhat cia bién trong da thire d6.
Chfmg han da thire A(x) & trén (0 bac 2, da thirc B(y) co bac | (.con goi
la bac nhat).
2. Say. xép mot da thire
Ngudi ta thuong sap x€p cac hang tlr cia da thitc mot bi€n theo luy
thira tang hoac giam cua bién.
Chfmg han, cho da thic P(x) = 4)(3 —12x +5x -3
* Khi sap xé&p P(x) theo 17 *"ira giam ctia bién ta c6:
P(x)=-12x" +4x +5x -3
* Khi sap xép P(x) theo luy thira ang cta bién, ta c6:
P(x) = =3 + 5x + 4x" — 12x*.
3. Hé so. Trong da thic P(x) da « ho & trén thi —12 1a hé s6 cta luy thira
bic 4 (bic cia da thirc) nén —12 got la hé s6 cao nhat
4. Hai da thuc bang nhauv: Hai da thirc f(x) va g(x) bang nihau <
chuing ¢6 luy thira ciing bic bang nhau.

il. BAI TAP
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1an bicu thirc thanh mét da thac va siap xép theo luy thira gi@am

cuia bién.
a) sz + (4,5 - xl) Z,SX" - 5.4x;
b) (7:1" - (m2 + 5a) + (5;1" + Haz +4a) - (l()a“ + a:' + 8a).



2,

a) [y

Che da thag:
Foxr = M0 a3 w2 4 2008
a) Thu con fix:
b) Xac dinh bac va he so cao nhat cua t(x)
) So~anh fobyvate 1y
d) Co hay Khong gii trr cua x de fex) =07

.

Cho da thuoe:

o 1 n 1 2.n n+ 3 i n_ 2 n+3
a(x) = 8% X+ 120N+ 2 3T 0T - Ak AT - T x

(vor n la so urnhien o)
a) Tho gon viowet da thie g(x) theo Tuy thua giam dan cua bién;
h) Xic dinh bac v hé o cao nhat cua g(x);
¢y Thah end tri cua gox)y bict [x =1
Cho cice da thue fix) = ax™ + bx + ¢ v 2(X) = X(x + 2) - (x + 2). Xdc
dinh acbocde fiv) = g(x).
J— : . 3 2 : . 3 2 2 3
Finh oL boencu dathie x +6x7 +ax + bbang da thie X + 3ex™ + 3¢™x + ¢
Cac ~o p. ¢ phai nhu the nio d¢:
2] v & .. . -
) Pa thue POx) = X7 + px + g co gid tin L so chan, vai moi x € 7
b) Da thite Q(x) = x + px 4+ <6 giad tr1 1a bt cua 3 voi mor x € 7
(Trich dé thi vo dich Rumani 1962)
Neua+b=7:b+c=9a+c¢==~8thiabc li

A. 60); B. 63: C. 64; D.27; E. 120.

Cho P(x) = X +ax + bx™ +cx + d trong do a, b, ¢, d la cic hang so.
P(12)+ P(-%)

10 '
(Trich dé thi HSG Todn o Mi)

Gia ~u Py = 10: P(2) = 20: P(3) = 30. Hiy tinh:

HMUONG DAN GIAI

b - A T 3 2
A)SX"+ 45 X725 ~54x=-25x +Tx  -54x+4.5;

x Al
by2a +a +a.
PO ’(m 107 9y 155 2
X7 +4x x +3x X+ 2x™ + 2005

200

f(x) =

"{i()()

+ 4% £ 357 4 257 + 2005

49



b) Bac cua f(x) 1a 2000, hé s6 cao nhat la I;
(= 17" 2 a 12 4312 £ 2,17 + 2005
=1+4+3+2+2005
f(1) = 2015 _
f=1) = (=12 4 4= 1™ 4 3.1 + 2(=1)" + 2005
=1+4.1+3.1+2.1+2005=2015.
Vay f(1) = f(=1) = 2015.

2000 200
d) f(x)=x + 4.x
2000

20

+ 3x™ + ?.x2 + 2005

Ta co x >0 véi VX
4.x™ 2 0 véi ¥x
+ 320 vei Vx
2x” 2 0 v6i ¥n
2005 = 2005
f(x) 2 2005 vo Vx
Vay khong c6 gid tri cta x dé f(x) =0

- ) 3 2 n n+3 3
x + 12x"x + 2x"x7 = 3x°x" + Oxx"" " - 3x K"

n_2 n+3 _ g ;
+4x ' x" — 10xx (vGi . la sé tu nhién le)
3 J 4 3 42 +4
a) g(x) = —8x" + 12575} 4 TP o BTt gt o 30 o AR TS L "
4 3 2
g(x) = —x"" = X" x™ 4 12x" - 8x™;

b) Bac cua g(x) la n + 4 va hé s6 cao nhat la (- 1);

3. g(x)=-8x"

c) |x| =l =k==t]
eg(l)=—1"* - 1™ £ ™24 12.1™ ~ 8.1" (n 1a 56 tu nhién 1&)
' =-1-1+1+12-8

g(l)=3
Vay véi x = 1 thi g(1) = 3.
0g(—l)=—(*l)n+4— (w])n+3 +(m])n+2+ }2(*].)n+l _ 8.(—!)”
VinlasStunhiénlénénn +4;n+ 2 1asé tunhiénlé, conn + 3;n + |
la so tu nhién chan.
g(-D=~C-D =1+ +12.1 -8 (-1)
g-)=1-1-1+12+8=19
Vay véh x =~ thi g(-1) = 19!

4. g(x)=x(x+3)—(x+2)=x2+2xrx-2=x2+x—2
f(x) = ax” + bx + .
Theo dé bai f(x) = g(x) nén ax> +bx +c=x"+x -2

Suyria=1l;b=1;c=-2
50
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. - . 3 0 3 2 2 3
[adabhi¢tx +6x " +ax+b=x +3cx +3¢"x+¢C <>

() e 3(:

ta= 3¢t suyrac=2a=12,b=8§
b= Cx
a) Ta co: P(0) = g ma P() chin = ¢ chin
Pihy=1+p+qgchan = ple

7

Vay vai p le va g chan thi P(x) 1a s6 chan véi moi x € 7.
b) Ta ¢o Q(0)) = ¢ ma QU0) Ia bot cua 3 = g la boi cua 3 ‘
Q=1+ p+glabdicuad magqglabotcuadnén I+ plabdicia 3
Vai cic dicu kién dé cha g va p thi Q(3x) va Q(3x £ 1) luon chia hét
cho 3 (moi sd nguyén déu viét duoc dudi dang 3x hoac 3x £ 1).

a+b=7 b+c=9 a+c=8=22(a+b+¢c)=24=>a+b+c=12
Viye=12-(a+b)=12-T7=5suyrab=4a=3
Do do abe =3.4.5 = 60. Dip an A dung.

bat Q(x) = P(x) - 10x. Khidé Q(l)=Q(2)=Q(3) = 0.
Vi vay Q(x) chia hét cho (x — )(x — 2)(x — 3). Q(x) la da thie bac 4 (do
P(x) Ia da thie bac 4), nén Q(x) = (x = 1)}(x = 2)(x = 3)x —r)va P(x) =
(x = D)(x - 2(x = 3)x -r)+ 10x.

P(12)+ P(-8)

Ta tinh - BT — vi nghi rang s€ nhan duoc mot biéu thite cua r,

nhung ta thay rang r bi triét tiéu. Két qua
P(12)=1211.109 + 120
P(-8) = (-N(-10)=11).(-8) = 80

P(12) + P(-8
vay L ___lli(;i_’_ = 1984,

-

§7. CONG, TRU PA THUC MOT BIEN

. KIEN THUC CAN NHG

1. Cong trir da thire mot bién nhu cong trir da thiec o §4.

2. Sip x¢&p cic da thire cting theo luy thita giam (hoac tang) cla bién va
dat cic don thae dong dang & cliing mot cot roi dat phép tinh nhu cong
va trir cice so.
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Il. BAI TAP

1. Cho ciic da thic: f(x) = x" = 237+ 3x = 5 v gix) = X'+ 2% + 39
Tinh: a) f(x) + g2 b) fix) - pe)c) g(x) = (x).

Cho c:ic da thuc:
100 oy ux > .
f(x)=x +X +X . +X +x-10va
) 07

9 ] Ys 3
gX)=x +X +X +..+X +X

(3 )

a) Tim gid tr1 nho nhat cua f(x) — g(x);
b) Tim gid tri 16n nhat cua g(x) — f(x).
3. Tim x bict:
;1)2(x3+3x—2)—— 2(x2-x + l)+3(2x3 -3x+ 1) - 2(3x2+x -1)=0;
by 3(5x" — 2x) + 5(~3x2 +x—1)+3@x" - 5%) - 43x - x+ =T

1 ; 3 2
4. Cho dathic: fix) = 8x™ + 2x™ = x"! 4 3x"

n+d 4o n+2 n+l
X — X + X

g(x)=-8 +2x" (x € N)

Vi gia tri nao cua x van thi fix) + g(x) = 5.

): [ ]
5. Chocicdathiuc M = x" +4x" -5x - 1; N = —w;x} S e ]

Tinh3IM - {M-[M-(M-N)]+3N}.
6. Cho cic da thuc:
2.3
f(X)=1+X+Xx"+x +...+

100 . 99 YK 2
gX)=X " +X +X +.+X

Tinh gid tri f(x) — g(x) tai x = -2

100
X

Il. HUONG DAN GIAI

L flo=x'-2x7+3x-5; g(x) = X +2x7+3x -9

a) f(x_)z-x“—2x2+3x -5
+ 3
g(x) = x3 +2x +3x -9

f(x) + g(x) = 23‘(3 + 0+ 6x - 14. Vay f(x) + g(x) = 2)('1 + 6x — 4:
b) f(x) — g(x) = f(x) + [-g(x)]
{f()()“xz 2% +3x =5
+

—-g(x) = —x =2x? 2349

\

f(x) —g(x) =0~ 4x" +0+4 Vay f(x) - g(x) = ~4x" + 4



= [y e = (4" +h=4x" 4

ftxr=48" - 4

) aix)

Vv g

' P Gy Ux 2
fex) = x + X

SN N A X A X N X
[ 114 L) uN ) 4
AR b X PN H X A FXOF X x - 10
Jd !
i 1Y) 47 1
ax) \ X X X
T K ~-~“\ Oty o ) - T

-~ Hoo U Ot -
X)) - gtx)=x  + X~ X o+

[ . .
E Ox  Dau =" xay rakhi v - 0
. ;
Y S " i 3
N\ (X Diau "=" xavrakhiv=0
LN TV Dau "=" xdv rakhiy =0
i
(N7 20 vy Pau"=" xdv rakhi v =0
l
L= 1= = )
fix) - gtxy > =10,
Wiy gia v nho nhat cia fix) - gix) = - 10 kb x = (0
. . , 100 0y .
) gtx)— fix) = -[f(x) = g(x)]==x" =% =.-x"+10
. 1098 96
iy - ) =~ X+ X+ T+ 10
. . N L R AT 2 o
hoocav o thi X7+ X +x 7 +. +x" 2 0. Dau

3 UK 96 )
[ X + N+ X+ +

Suv ra -
Do do giny

IDiw "=

3 100 0N U6 2
vy =[x+ X =X +  +x7|+10-<10
Xay ra khix =0,

Wov gt lon nhat coa gex) - fivy = 10 khr x = (0

Tinow:

‘:1)3(\?&‘\ ARTRRIE SR N RV V5 P 3\+l>1 ATRTSIPEN

SPRAL A SN R I, PO, RISV N | i, S (0% 2x ¢+ 2
REY ] &) \ A = ]

"=" xdy ra khi x = 0.



b) 3(5x> = 2X) + S(=3X" + X = 1) + 3(4x> = Sx) ~ 4(3x" = x 1)=7
= 15K —6X = 15X +5X =5+ 12> = 15x = 12x" +4x -4 =7
1

o -12%x-9=T > -12x=9+T < x = 16: («12) = -13

1
Vay x = -1 .
Y X 3

. f(x)=8x"" +2x"2 — x4 3"
. +

3 2 i
g(x)=-8x"" = 2x"T 4 x" 4+ 2x"

f(x) + g(x) =0+ 0+ 0 + 5x"
f(x) + g(x) =5x" (1)
ma f(x) + g(x) =5 (2)
Tir(1)va(2)suyraSx"=5<x" =1
*TH,: néun=0vax=0thi x"=x°= |
*THy: néun e N*vax=1thix"=1"=1

* TH;: né’un=2k,keN*vax=—l thix":(—l)2k=!

x#z0 [x=1 x=-1
Vay ; :
n=0 |neN* [n=2k,keN*

S. bat P=3M-{M-{M-(M -N)]+ 3N}

=3M - {M~[M~M +N] + 3N}

=3M - {M-N+3N|

=3M - {M + 2N}
=3M-M-2N=2M - 2N

2% + 8x% - 10x - 2

—x' - 2xP - 14x -2

P=3x"+10x" + 4x A

9% 100

L
+x7 +x
9

6 f(x)=l+x+x2+...+x

g(x)= x2 o B X

100

9
x-+-)( +X

f(x)-g(x)=1+x
Véix=-2=>f(x)-gx)=1-2=-1.
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8. NGHIEM CUA DA THUC MOT BIEN

I. KIEN THUC CAN NHO

1. Nghiem cua da thuc mot bién
Neéu tar x = a, da thae P(x) co gid tri bang O thi noi a (hodac x = a) la
nghiém cua da thie P(x).

2.Chuy

e Mot da thirc (khdc da thie 0) ¢6 thé ¢c6 mot nghiém, hai nghiém...
hoac vo nghiér .

e Ngudn ta dd chimg minh duoc rang so nghiém ctia mét da thie (khic
da thire khong) khong vugt qua s6 bac cua nd. Pa thie bac nhat chi ¢6
mot nghiém, da thirc bac ba co khong qua 3 nghiém.

Mo rong: DE tim nghiém mot da thic mot ciach dé-dang hon ta thira
nhan dinh 1i sau:

. n n n—2
bathic P (x) =a)x" +a;x" " +ax "+ +a, X +a,

vGi hé s6 nguyén cé nghiém hiu ti x = P thi diéu kién can va du la p
q
chia hét s6 hang tu do a, con g chia hét a;,.
” T A ’ ” ‘x 3 i, ol ’ -
Vi du. Tim nghiém cua da thic P(x) = 2x7 + x7 ~ 4x — 2. Gia s P(x) ¢o

nghiem hiu ti £ thi =2 i pva2ig

Nencothé p=—1;1;-2; 2vaqcéthé lal; 2.
Do d6 nghiém cia da thae P(x) co thé la: £ 1; + 2; t%
P 1)#0,P(£2)=0, P(—%) =0, P(%) # ()
Vay da thitc P(x) cé nghiém la x = __12,_
. BAI TAP
1. Ching to rang da thic:
) =x"+x T+ x e xT x+ 106 nghiém la x = -1.
g)glx)= x> o kP e x0T ek s nghiém la x = 1.

A
h



Cho ha* da thuc:
f(x):x*l#fxxm 3x2—x+2vag(x)=x4—5xj+4
Trong -ac s6 0 =1, [; =20 2; thi <6 nao la nghiém chung cuda hat {a thac
f(x) va g(x)?
Xac dink a, b, ¢ dé nghiém cua da thuc f(x) = x(x = 1)(x + 2) :omg 13
nghiém cua da thice g(x) = X' +ax” + bx +c.
Cho d" tinrc:
f(x)=x2+a'~ +b
Xdic dinh a va b biét rang .« thirc f(x) ¢6 hai nghiém 13

X, =2vax,=3.

Chung 1 rang:

2 » % « " < 5 I
a) f(x)=a(x = 5)” + b v nghtiém néu a; b cing dau va Khac ~¢ O

b) g(x)=2(x - 3)2 +5(x + 2)‘1 vo nghiem:
c)h(x)=(x+ l)4 + (X + 1 )2 + 3 vo nghiem.
Tim nghiém cua da thic sau:
aAP.O)= X7+ 3% + I;
2
b)P(x)- (x™=3x+2)(» +1).
Cho da thae P(x) = ux3 + hx2 +cx +d v P(O) vat P(1) 1o ¢ e, Chmimg
minh ranc P(x) khong thé ¢é nghiém la <6 nguyén.
(Trich dé thi Vo dich Toan Matscoa - 1980)

Il. HUONG DAN GIAI

1.

OO 75 50 25
X + X +Xx +x +x+ |

100 )

a) f(xy —
(- 1= 4 1) 2 =)™
=l-1+1-1-1+1=0.

Viay x = -1 la nghiém cia f(x).

+(~~|12‘q+(~l)+l

20 | 50) FOH} 50 1)

b) ¢(x) =x SX +x =X +x -
200 [0 1) S0 10

g(ly=1 - | + | -1+ 1 -

=l-1l+l-~1+1-1=0

Vay xo= 0 lnghndm cua gox,



1 1 o) )

fivgy = x + X Ixm - x + 2 Ta cooa = 0 Khong L nghicm vi ((0) = 2
4 v g ; ;
D= +(-1)y -3-1)y-(=h+2=1 1 3+1+2=0Va

v = Ll nghiem caa f(x).
‘ 1

& 2 ~y y . .
(=1 + 1 317 1 +2=1+1 3 -1+2=0 Vayx=1Ila
nelucem cua iy ).
= 27 +(=2) =302y +242=16 %-12+2+2=0

Voo xo= 2 Longhiém cba f(x).

(0)=2'+2"-32" 242=16+8-12-2+2=12
Viy x == 2 khong phar la nghicriv cua f(x).

Pathue ¢

P54
C

(x)co 3 nghiem la -1; 1. -2 (1)

A .
e 2(Xx)=x - 5x +4.

G 2 - N .. :
a-D=0C1 =S~y +4=1-5+4=0Viay x =1 langhi¢m caa gcxy.
. 4 &2, 5 ” \ : .
o(ly=x" - 5x"+4=1"-51 +4=u Vayx =1 langhicm cua gix).

4 : 2 A ) \ - ,
(- 2)=(2)Y -52y ~4=16-20+4=0 Vay x=- 2 langhicim cua g(x
Pa thire goxy co 3 nghigm la -1 12 -2(2)
T (1) va (2 suy ra nghiém chung cua har da thae f0x) va goxgo fa - 10

va 2.

X i ‘\:U
f(x)y=x{x - INx+2)=0< | x- i*i:cbi.\'::l
LX-i'z‘—“ 1»?( ----- )

f(x)co 3nghiem la O; 1, -2 Xéurdthuc g(x) =N axT + bx 4o

« x = 0 la nghiém cua g(x) khi va chi khi g(0) = 0 ma g(0) = «.
Vayc=0.(1)

e x = | linghiém cta g(x) kht viochi khigtl)=1+a+b+c =0
Viva+b=-12)

3 ]

e x — -2 kv nghiem cua g(x) kh' va chi khi ¢(-2) = (=2) +a( 2y +
-1+ =0 da-2b=8 20 -b=43)
. . fa+b -1
M) va() taco + |
1 Ja-b-4
3a= 3

¢>a=1 Thay vio (2)suy rab = 1
eVivncua=I:b==2:¢c=0th & e fix)y = xox - i« 2y v cac

ichim e anghiem coandathire gix) =< +ax™+ by s o= 0 < v N

h
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f(x)=x3+ax+h

Pa thic f(x) co nghiém x =2 nén f(2) = 0, tuc la:

2’ +2a+b=0c2a+b=-4 (1)
Pa thic f(x) c6 nghiém x =3 nén f(3) =0, ta cd:
3°4+3a+b=03a+b=-9 (2)
3a+b=-9
B {2&+b=—4
a=-5

Thay a=-5vao 2a+b=-4dugc -10+b=-4,b=6. Viya=-5va
b = 6 ta c6 da thuc:
f(x) = X™ — 5% + 6.

a)f(x)=a(x —S)° +b= a[(x—-S)z +§-] Ta cé (x — 5)% 2 0 Vx, d» dé:

. s e . b b
Néu a, b cuing ddu va khic s6 0 thi ~a->0, nén (X ,_5)2+ ;_>0.

Néu a > 0 thi f(x) = a[(x»S)2 + b]>0

a
” . » b
Néu a < 0 thi f(x) = a[(x —-5)- +5—]<0.

Nhu vay khéng c6 x dé f(x) = 0. Do d6 da thitc f(x) vé6 nghiém,;

b) gix) = 2(x - 3)> + 5(x + 2)°.

e Vi2(x - 3)2 >0 Vx vaS(x + 2)2 >0 Vx nén 2(x — 3)2+5(x+2): =0
khi va chi khi ca hai s6 hang déng thdi bang 0.
e2x-3) =0 x=3mavéi x =3 thi 5(x +2)" =53 +2)° =12520
S(x+2)° =0 x =2 ma véi x = -2 thi 2(x - 3" =2(-2 - 3)* =50 0
Vay khong ¢é gid tri ndo cia x dé g(x) = 0, do dé g(x) vo nghiém;
Ohx)=(x+ 1) +2(x + )" +3

Vi(x + I)4 >0 Vx: 2Ax + l)2 >0 Vxnénh(x)=(x + l)4+2(x+ 1)3%32 3.
Viy khong c6 gid tr cua x dé h(x) = 0. Do dé h(x) vo nghiém.



6.

'_..od

. . - . P . : : . .
a) Neu P>(x) co nghiem houo v P i pchiahet 1 > p=+1vigchia

y

]

hét 2nPng=+1 +2 Viy P =4 1. Py
Viav P-(x) co har nghiecm x = -1, x = - l
A\ :1 J (& E L - T 5]

| 1 1
P- (1) #0,Ps-1)=0, P(;) s {) P(—»;j =
b) Twong tu nhu a) Py(x) cd 3 nghiemx=1.x =2, x = -1.
Pih=dlasole,P(ly=a+b+c+dlasole
Gia sucd x, € Z ma P(x,) =0
X 12 50 chan = P(x;) - d =a>(fJ + bx(z, +cx,, chan
P(x,) - d = P(xy) — P(0) = —=P(0) chan
X, la so le = P(x) - P(l) = a(xf, - I)+h(x§, -1 +c(xy — 1) ctung la s6
chindo x;) = 1. x5 =1, x, = | 1286 chdn = P(1) chin trdi véi gia thiét.

Vay P(x) khong c6 nghiém la s6 nguyén.

BAI TAP ON CHUONG IV

Tinh gid tri cta biéu thirc:

2x -5y 4x+y .. x Yy
a) A= — biél —==;
) x -3y 8Bx-2y 37y
X-y 3y-x ... _
b) B:'2x+7+"y—-7 h;c()\—yz'] (xi~—.’~.5,y¢3,5)}.

Kiém tra rang:
2 . - * * A
a) Da thae f(x) = 3x™ - 9x + 6 ¢6 hai nghigm x = |, x = 2;
P 5 4 3 2 . .
b) Dathic g(x) = x" + x +5x" +5x™ + 2x + 2 ¢6 nghiém x = -1,
. ; L4 71 2 L4
Cho dathic f(x)=ax +bx " +cx+dcda+b+c+d=0hay -a+b-c+
d = 0. Chimg minh rang f(x) cé it nhat mot nghiém.
a) Tim c¢ic s6 x va y thoa man cic diéu kién:
R 2
Ny =8 vaxTy = —64;
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10.

by Xét cic don thire A = 3x7y: B = 2xy7 C = 5xy. Chimg to ranz nér
.+_

2v=5thiA+B- C=0.

. , ) 4 ! > . i !
Cho cic don thie: fix) = 557 + 3% + 2x7 + 2x - S:g(x) = 2x° -~ 2 -

2 . 4 3 J
AT -x+7vah(x)=3x +x +.  +x+|
a) Tinh A(x) = f(x) + a(x) - h(xy.

b) Trong cic s0 =10 =52 00 5 01 thi so nao Langhiém cua da thire Aex)

tD| =

Ching minh
5 3 = 5 3 " )
a) Da thuce fix)y =x" — x + 5 khong ¢o nghi¢m nguyén:
3 2 . : . _
by Pa thue P(x) = x* + 5%7 + 2x + 3 Khong ¢6 aghicm nguyen:

; N5 . ; i g
¢) Do thite Py(x) = -x + X" - x™ +x - | Khong co nghiém.
Ching minh rang da thire P(x) = x - | ¢6 mot nghiém duy nhat x =1,

Hay tim mot tap hop M gom 7 56 tr nhién lién ti¢p sao cho ¢o mat da
thire P(x) bac 5 thoa man cic dig';u Kien sau day:
a) Tat ca cic hé so cha Prx) déu 1a so nguyén;
b) Vai nam <0 k € M (ké ca s6 lon nhat va s6 nho nhat) ta déuco Pk = k.
¢) Comot so k € M sao.cho Piky=0...

(Trich deé thi ve dicl Anl - 1180,

SOt nhién a nhonhat [a bao nhiéu dé tam thide bac hai (f(x) = ax™ + bx+ ¢
v a, b, ¢ nguyénr ¢6 hai nghiém duong khic nhau nho hon don vi .

(Vo dich Todn Kiep — oY,

Chtng minh rang khong ton tai 0 nguyén a. b, ¢, d sao cho gd trcua
. : 2 . " C s .
da thtc ax” + bx™ +cx +d bang | voi x = 19 va biang 2 vai < = (2.

(N o dich Toan Matscova - 1462

. HUONG DAN GIAI
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RN ) A
"J S\ 4 l \
\ = \ "‘
REN . ke
i AR N Iy
< 4 -
N FO
) 4y 7
o l2y &y 2
4
58N 4 9 5
Oy, §) g 9
; i AN
. X .
Voavs A v O] viy o2 ()
1) & : }
g e 2oy, B hic
2 S T I RN
RA 2\
T {¥ - ¥h Iy =K
2x +7 iy S
g T 2y~
= ,,7*'"‘:**"*;7:1".?]
RN RAY ;
Vo
B=2vinx-¢=7,x%-
a) f(l) =
f12) =
) S J -
by g~ 1y=(-1) + (=1} +5.(-1)
=] +]—-S85+5-2~4
thire gox.
\’ﬂ/)‘[\ b

iy mor nghiény cua da thae fix),
thy (1)

clia da thae fix) = dpem.

X =

a3 Al
A Xy =8 () vaxTy=-64(2)
- Nhan (Dad (2) vé vorve ta co:
\'\"‘.\ky = 8.(=&87)
2 )3 3
(Xy) = -8 =(-8) <> xy

-y
.\.

S

\\ .
v ‘*N
. O\
hAY B
(¢ 2 0)
T (\ # - 3.5

N

vl x £ 3

5

2d

-

Svay £ 35)

Oovay x = | la mot nghiem cua da thue 1(x)

O.vay x = 2 cing la mot nghiem cua da thue f(x);

~1)+ 2

aa—

=1 la mot nghiem cua da

Lthifth=a+b+c+dmia+b+c¢+d=0(giathictinen x = |

a+b—-c+d=0(gathict)y > x = -1 1amot nghiem
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- Thay (3) vao (1) taco: By =8 <=y = -1
Thay (3) vio (2) tacod: -8x = -64 & x =8

Vay: [x )
Ty = -

b)A=3x2y; Bz?,xyz; C = Sxy

A +B-C=3x7y + 2xy - 5xy = xy(3x + 2y ~ 5) (1)
madx +2y=5nén3x+2y -5=0(2)
Thay (2) vao (1) tac6 A+ B-C=xy.0=0.

5. f(x) =sx 3 + 27 +2x = 5
g(x) = Tt =20 = I = Rt T
hix)=3x" +x" +4x~ + x + |
a) A(x) = f(x) + g(x) = h(x) = f(x) + g(x) + [-h(x)]

f(x):5x“1 +3x7'+2x3 +2x -5

: ] I
+ g(x)sz“«—?.x’ - 3X" -x+7

(o=

~h(x) = 3xt oxt o 4xt - x -1

Ax)=4x* +0-5x2+ 0+ 1
Vay A(x)=4x4—5x2+ 1;
by A(=1) =4~ = S(=1)’ +1=4-5+1=0

Vay: x = -1 la nghiém cha A(x);
4 9
I I 1y I I

A(g)-alg) () rreaggsge

15 1= 0

p— -‘4—-—‘I-+ f—

-
Vay: x = == langhiém cua.A(x);

'

A0)=50"-50°+1=1
Viy: x = 0 khong phai 1a nghiém clia A(x);

N

\ de - S \

4 2
(1 | 1 1



6.

Viay: x = 5 Ia nghiém cua A(x);
A =411 517+1=4-541=0
Vay: x = | la nghiem cta A(x):

; 4 2 . U |
Pa thie A(x) =4x" - 5x" + 1 codnghicm la +1; + .

-3 . o o , N i
a) Gia sirco xy € 72 linghiem cua f(x) thi x;; — x;+5=0
! . . , .
= 4 x” == XU = ‘"5 p— (XU — 1 )X”( X“ + ! ) = =23
Xy € Zonén (x4 — 1)x, (x, + 1) latich cua 3 5o tu nhién lien uép nén chia

hét cho 3 = -5 chia hét cho 3 (vo 1i) = dpem;

- r - 7 ~ o ’ -~ { 2 N 3
b) Gia str ¢6 x(, € 72 1a nghiém cua P(x). vay x;, + 5x; + 2x, +3 =0 =

xu(x(); + 5xy + 2) = -3,

e Néu x, lasd le thi x;; + 5x, + 2 laso chin = x(x; + 5x; + 2) laso chan.

e Néu x, 1a s6 chan thi x()(xf} + 5x;, + 2) la sO chan ma vé phai la so e
nén mau thuan. Vay P(x) khong ¢6 nghiém nguyén;

c) Py(x) = —)(5(3('z - 1) - X (x—=1)-1

e Néux 21 = Py(x) <0

eNéulD<x<Il = l’;(x) < ()

e Néux <0 = Py(x) <0

Vay Py(x) < 0 ¥x nén da thice Pg(x) vo nghiém.

Pa thic P(x) = x" - | cé motnghiemx =1 thiP(l)= 1"~ =1 ~1=0

Ta :himg minh P(x, 1 x> 1, x < Idéu vo nghiém

” - - e ~ s S - T

hatvayvai x> 1 thix > 1 = x -~ 1 >0, nén vdi x > |

P(x) vo nghiém. Vi x < 1, ciing chitng minh tuong tu P(x) < ¢ nén P(x)
vo nghiém. Vay da thie P(x) 6 nghiém duy nhat x = |

Tacotap M = {25; 26; 27; 28: 29; 30; 31} va da thir:

Q(x)=x+(x =25 (x = 27)x = 28) (x — 29)x ~ 31) thoa man dicu kién
bai toan
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10.

64

o RO rang da thie Q(x) ¢d cdc hé sa déu nguyén (thoa man dicu kicn a);
o (CO S50 2527 28; 29; 31 € M (s0 nho nhit fa 25 6 Ion nhat [a 31 ta
deucd Qo 3 =25+0=25 Q27)=270Q(28) = 28; Q(29) = 29; Q(31)
= 31. (thoa man dicu kién b);

e QUAH=30+5321 (-1 -30-30=0

Thoa min diéu kién ¢).

Gid ST f(x) = ax™ + bx + ¢ = a(x - XX - x,)odayO <~ <1,0<x, <
Vol i, b cnguyén a > 0.
Khi f(0) va f(1) la s6 nguyén duong nhu vay £(0). f(1) = 1 suy ra

n:xl(l = X X1 = x5) 2 ]

e P » d = l i - d v -
Bay g0 ta gia sir rang luon luon x(1 - x) S\z'—. Dang thire xay ra chi khi

. Hai 6 x, va x> khidc nhau con x| (1 — x;) va x5(1 - x5) duong thi

td| —

] o)
X=X x X3l = x3) <= =>a">16 > a>4

16

Véi a = 5 thi nhan duoc f(x) = 5x~ - 5x + I thi f(x) cé hai nghi¢m khic
nhau thuoc [0O; 1].
Gia st P(x) = ax" + bx” +cx +d. Hiéu

P(62) - P(19) = a(62" — 19") + b(62° — 197) + c(62 - 19)
Chia hét cho 43 va khoét, the bang 1.
O day can lwu y doi véi bat ki mot da thirc P(x) nao véi hé s6 nguyén thi
hiéu P(x|) - P(x5) v&i x; va x, & s6 nguyén khéc nhau thi chia hét cho

X — Xo.

~
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Chuong Ilf
QUAN HE GIUA CAC YEU TO TRONG TAM GIAC.
CAC DPUONG DONG QUY CUA TAM G!AC

§1. QUAN HE GIUA GOC VA CANH bOI DIEN
TRONG TAM GIAC

I. KIEN THUC CAN NHO
1. Binh It 1. Trong tam gidc goc do dién voi canh 16n hon 14 goc 1on
hon (h.13)
2. Dinh li 2. Trong tam giac canh A
dor di¢n vor goc lon hon la canh

Ion hor A ABC: B > ( - AC >

AB (h 13)

BC>AB > A > C ” .
3. Nhan xet. o Tir har dinh 1T trén
ta ¢O the viet. Hinh 13

BC>AB & A > C
o Trong tam giac ¢o mot goc i tht canh doi dién véi goc tu fa canh
lon nhat.
o Trong tam gidc vuong canh huyén 13 canh 1dn nhat,
Vi du 1. Cho tam gidc NMP, MN < MP. D li trung diém cia NP. Trén
1 doi coa tia DM lay diém F sao cho DF = DM,
Ching minh: a) FMP < MFP

h) FMP < NMF
65



Giai
a) AMDN = AFDP (c.g.c) & MN =FP
NMD - DEP Trong tam giaic MFP

cd FP < MP, IFP = MN, MN < MP = - AN
FVIP < T\XFP N L ()_) }}»
b) NMF = MF? ma PME < MFP 1 /
(chimg minh trén) => PMF < NMF /
Vidu 2
Cho tam gidgc ABC (AB < AC), AD K
Ia trung tuyén, E la diém bat ki trén AD. Hinh 14~

Chimg minh rang:
ADB < ADC: CE > BE.
Gidi
Xét 2 tam giic ADB va ADC ta ¢6 BD
= DC (gt), AD chung ma AB < AC (gt) =

ADB < ADC. Xét 2 tam gidc EDB va
EDC, ching ¢o DB = DC (gt). ED chung ma

EDC > EDB = EC > EB(h.15).

Il. BAI TAP

-

1. Cho tam giic ABC (AC > AB), M la trung diém cua canh BC. T'ren A3
va AC lay hai diém P va N sao cho BP = CN. Ching minh riang:
a) /{ITN > AEP: b) PM > MN suy ra lﬂ‘?\-/] > NI;M
2. Cho tam giic can ABC (AB = AC). Trén canh AC dungz tam gid: déu
' AECY Bi¢t chu vi cia tam gidc déu la 18¢m va 1on hon chu vi ¢ tam

gidc ABC 2cm. Tinh canh didy BC, suy ra A < 60",

|99

Nt i ’ ' ’, 4 = [ B - (8 -~ s 1
Biét mot goc o ddy cua mot tam gidc can bang 607, hay so samh cant
day va canh bén.

4. Chimg minh rang, trong mot tam gidc can, néu canh ddy Idn hon cant

bén thi goc ¢ diy bé hon 60°.
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5. Cho tam giac ABCUKe trung tuyén AM
. 1 o
@ Chimg mimb cang neu AM & BC tht BAC Ta goc nhon:
by Chirne mmh rang ncu AM < S BC thi BAC Ly goc 1
. o . ! Al 3 N Al ()
¢) Chuing minh rang neu AM = = BC thy BAC =907
6. Cho tam giac ABC.Ke trun2 tuyen AM. Chimg munh rang:
a) New AB < AC th BAM > CAM .
by Neu BAM > CAM thi AB < AC;
) Neu AB = AC thi BAM = CAM va dao la: néu BAM = CAM thi
AB=AC.
7. Cho tam giic ABC, ke trung tuyén AM va phan giic AD.
a) Chimg minh ring néu AB < AC thi diemi D nam gitra hai diém B va M
by Chimg minh ring néu diem D nam gita hai diem B va M thi AB < AC.
8. Cho doan thang not tr mot dinh dén maot dicm cta canh doi dién vdi
dinh d6. Chimg nunh ring do dai doan thang dé nho hon canh 16n trong
hatr canh con lai.
9. Trong tam giic ABC xidc dinh diem D sao cho AD = AB. Chimg minh
rang AC > AB.
10. Cho tam giic ABC ¢o canh AB > AC, AD 1 duong phan giic goc A.
Chimg minh:
a) ADB > ADC
by BD > CD.
II’HUONG DAN GIAI f:\
I. (h.16) ) P nam gitra hai diem A va B nén P (' ‘; ~ N
AB = AP + PB, N nam giua hin diém A va SO . o
C nen AC = AN + NC ma BP = CN (gia B/ FwET R C
thict); AC > AB (gid thi¢t) = AN > AP, M
Trong AAPN, AN > AP, suy ra APN > ANP: Hinh 16
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b) Xét hai tam giac CMN va BMP, chiing co6 MB = MC, BP = CN (g1),
mi AC > AB = B > C. Tir d6 suy ra PM > MN. Trong APMN,_ PM >

MN suy ra PMN > NPM. A

(h.17) AACE Ia tam giic déu nén “““““‘7}‘:
8

AE—:EC:AC:%—cmzﬁcmzb /

AB = 6cm.

Chu vi AABC nho hon chu vi AACE .

fa 2 ¢cm nén chu vi AABC bang 18 — (

2 =16 (cm). Viy AB+ AC + BC= Hinh 17

16 (cm).

12cm+BC=16cm=BC=16-12=4 (cm)

Hai tam gidc ABC va ACE ¢6 AB = AC = AE = 6 cm, canh BC = 4cm <
CE =6 cm. Nén A < CAE.

Suy ra A <60°vi CAE =60° (gdc chia tam gidc déu)

Biét mot géc & ddy tam. gidc can bang 60" ta suy ra géc con lai o day
ciing bang 60°. Nhu vy t6ng hai géc & ddy bang 120°, do d6 géc & dinh
ciing bang 60° (vi 180° — 120° = 60°). Ta suy ra canh ddy (dai dién véi
goc & dinh) bang canh bén.

Trong moét tam gidc can, néu canh day 16n hon canh bén thi goc o dinh
16n hon géc & diy. Gia sir géc & dinh 1a a° va géc ¢ ddy cua tam gidc can
1a b° thi ta ¢é: a° > b° va a° + 2b° = 180" tir d6 ta suy ra b’ + 2b° <
180°, tire 1a 3b” < 180° hay b” < 60°.

Vay géc & ddy tam gidc da cho bé hon 60°.

AM > %B(‘. (gia thiél) ma BM = a
] ,
MC = =BC (gia thiét) nén AM >
BM va AM > MC
A ABM ¢c6 AM > BM nén . . M N \)(‘

B > WB (1) (Quan hé giga goc va

o 3 Hinh 18
canh do1 dién trong tam gidc)



AAMC ¢ AM > MC nen C > MAC (25 Tir (1) vii (2) SuY T
VAR - MAC < B+ C, cong them BAC vao 2 ve ta co:

JBAC < B C o A = 180", Vay BAC <90,

by HS nr chimg minh

¢y Hoce smh wr ching minh.

6. ) Keo dai AM dé ¢ MD = AM. ma A0
MB = MC (gid thict); AMC = BMD
(do1 dinh) nén AAMC = ABMD /
{c.g.o) / \
=» AC = BD vi AB < AC nén AB < BD. I%\\;\ N L
A ABD ¢6 AB < BD nén D < BAD \
(quan h¢ gitta goc va canh doi dién \
trong tam giac). Vay BAM > MAC: D
b) HS tr chung minh; Hinh 19
¢) HS tr ching minh.
7. ) thco bar 2 ta co néu AB < AC thi A
B; M > MAC =
CAM + MAB < 2MAB
— N \
=> MAB > —-BAC = BAD B/ _ C
2 | D M '
Xét nira mat phang bd la duong Hiah 20
thing AB ¢é chua diem C, ta ¢o
BAM > BAD nén tia AD nam gita hai ia AM va AB. Vay D nam gita
B vi M:
b) Hoc sinh tir chimg minh.
8. Cho AABC vai AC > AB. Chiung A

minh AD < AC.
That vay. néu AABC co AC> AB =
B~ C (dinh 1)

4 L B// \\ C
X¢ét AADC dé ding co D> C
AD < AC (dinh 1)

Hinh 21
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9. Trong AABC gid sir tim duge diem
D, <ao cho AB = AD. dudmny lhfmg AN

AD et BCtai M ta cé AM > AB(do - \

= / = A 1)
AM=AD + DM =AB+DM>AB \\(
(vi DM > ()). Theo chimg minh © Mo
bai 8. AM < AC. Do dé AC > AB. Hinh 22

10. Trén canh AB lay diém B, sao cho
AB, = AC = AACD = AABD
(cgc) = CD =DB, = CBA == ﬁ|
ma ADB = 61 + IS: (63 > 0) =

| ADB > CDA.
Xét ABB,D: BBD = D + B,AD =

Hinh 23

5= 613?\ + BT;\\D =(1)

Ma CDA = B + DAB nén CDA > B (2)

Tir (1) va (2) suy ra BB,D > B = DB > DB, (dinh Ii). Dodé DB > CT
(do CD = DB, chitng minh trén).

§2. QUAN HE GIUA PUONG VUONG GOC VA PUONG XIEN,
PUONG XIEN VA HINH CHIEU

I. KIEN THUC CAN NHO

1. Puong vuong goc, duomg xién, hinh chiéu cua duomg xién

Tir A ngodi dudmg thang (d) ké AH L (d) A
o Doan thing AH goi 1a diwomyg vuong géc \
ke tr diém A dén duomg thang (d).
e Di¢m H 1i chan dudmg vuong goc ha ur \
A xuong () goi 1a finh chién cua diem ] 7 N
A tren duong thang (d)

Finh 2t

7()



o Doan thang AM (M 1d mot diem bat ki tren oy Khong utimg var T
gor Lo dirong vien,

e troan thang HM goi [a hinh chicu cua duong vien AN tren duong
thang (d)

2. Quanr hé giirta duong vuong go6c va duong xien

Ot L 1 Trong cic duong xien va duomg vuong goc ke trmot diem o
ngoal mot duomg thang dén duong thang do. duong vuong goc i
duong ngan nhat.

O hinh 24 AH < AM. do da doan thang AH goi la khoang cich tir A
den duemg thang (d)

3. Cac duong xien va hinh chieu cua chung

Dinh 11 2. Trong hai duong xién ke tr mot dicm nam ngoai duong
thang dén duomg thang do:

o Dudng xien ¢o hinh chiéu Ion hon-thi 1én hon.

e Durtig xi¢n nao lon hon thi ¢o hinh ckiéu lon hen.

e Neu hai duomg xién bang nhau thi ¢o hinh chiéu bang nhau va nguge

lai néu hai ' inh chi€u bang nhau thi hai duong xién bang nhau.

-~

Vidu L. Cho tam giic ABC, A = 1v.
) Cho diém E la diém bat ki trén canh AC. Chimg minh: BE < BC.
k) Cho diém D ndm tréh AB, chimg minh: DE < BC.
Girai(h.25) ay AE la hinh chiéu cua BE ‘K

trén AC va AC 1a hinh chiéu cua BC trén AC.

Vi E 1a diém nam tén canh AC nén E nam

gifta hai diém A va C nén AC = AE + EC, ma o
EC > 0. Do viy AE < AC = BE < BC. Khi E A 3 C
trang vai C thi BE = BC. Nén bao giy ta cling Hinh 25

co BE < BC (1)

b) Cho diem D nam trén AB ¢chimg minh tuong tr nhu cau a) ta ¢6 DE <
RE (2)

So sdanh (1) vii (2) ta ¢o: DE £ BC. (Dau bang xay ra khi E triing véi C va
D) tirung vor B).

Vidu 2. Cho tam gidc ABC, AB < AC Ke duong cao AH. Ching minh
vy HB < He

21



Giai

(h.26) HB va HC la hinh chiéu cua
canh AB va AC trén canh BC ma
AB < AC, vay HB < HC.

h .
B 7 C

Hinh 26

Il. BAI TAP

I. Cho di¢m A ngoai duong thang a.
a) Tir diém A hady dung hai duong xién AM, AN sao cho AM = AN vj
MAN = 60"
b) Cho dudng xién AM = 18c¢m. Tinh hinh chiéu cha hai duong xién.

2. Cho tam gidc cin MNP (MP = MN), ké duong cao MH. Lay mot diérn A
trén MH, nét A véi N va P. Chimg minh: AN = AP.

%)

Hai doan lhi"\ng AB vd CD cat nhau tai I, I 1a trung diém cua moi doen
thing. Cho AB = 6¢cm, CD = 8cm, AIC = 60°,

a) Tim do dai hinh chiéu clia doan thing AB trén dudng thing CD.

b) Tim do dai hinh chiéu cua doan théng CD trén duong thﬁng AB.

4. Cho mot diém A ngoai dudng thang xy:
a) Xic dinh trén dudng thing xy hai diém M va N sao cho hai dudrg
xién AM = AN;
b) Chimg minh rang diém D ndm trén xy, néu D nam trén doan thing MN
thi AD < AM, néu D khong nam trén doan thang MN thi AD > AM.

5. Cho A ABC. dudmg cao AH L BC, BH < HC. Xét diém M di dong itrén
canh BC, diém M & vi tri ndo thi:
a) AM ¢6 do dai nho nhat?
b) AM c¢6 dé dai 1on nhat’

6. Cho AABC ¢6 C < B. ké duang cao AD L BC.
a) Chimg minh DB < DC;
b) Lay diém E bat ki trén AD, ching minh ECB < EBC. Tir do suy "a



7. Cho tam gric vaong ABC co A = 907, AB < AC. Ke duong cao AL
phan grac AD vactrung miven AM.

2 Chumg manh BAH < BAD -~ BAM.
b So sinh do din cic doan thang AH, AD v AM

. HUONG DAN SlAI

A
ooy (h27 ) Dumg AH & a. dimg HAX =
307 tia Ax cat duong thang a tai M
(Ax khong the song song V&I aj
Trén tia dor cua tia HM xidc dinh \
dicm N sao cho HM = HN. Vav hai @« N H M
duong xien AM va AN 4 har duong Hinh 27

xien phat dung.
(Doc giu tu ching minh: AM = AN va MAN = 60").
by Tam gidc AMN 14 tam gide déu nén MN = AN = AN = [8cm).

I8
Viy HM = HN = — =9(cm).
2. (h.28) MH L NP nén HN v'i HP Ia hinh chiéu cia doan thang AN v
AP. HN = HP vi AMNP [i tam giic can. Vay AN = AP.
M A
( M
H I
’ K
t D
N B
Hinh 28 Hinh 29
3 (h29) T CvaDké CM L AB, DE L AB = CM // DE. Vay néu E thuoc

nira mat phing (I) bd 1a dudmg thang CD thi M nam trén nira mat (I1) 1a
nira mat phang doi cua nira mat phing (1) cho nén 1 nam gitra hai diém M
vd B vd ME i hinh chiéu cta doan thang CD trén AB. X¢ét tam gide vuong

= ) - 0 !
CIM, 1 =60"= C =30".vaiyIM= -CL, IM= =4 =2 (cm).

to| —



Cing chimg minh tvong wr IE = 2 em: I nam gitta har diem B via M nén
ME =Ml +1E =2+2=4(cm),
b) Hinh chi¢u cua doan thaing AB trén CD la HK. Clng chimg .minh
tuong ur ta tinh duoc HK = 3em.

(h.30) a) Ke AH L xy. Trén tia Hy xic dinh M va trén tia doi Hx xdc
dinh diém N sao cho HM = HN. Ta ¢6 duong xién AN = AM;

b) Néu D nam trén tiz Hy va D nam gitta H va M (D nam trén doan
thaing MN).

HD < HM = AD < AM.

Néu D nam trén tia Hx va D nam gitta HN cling chimg minh tuong nr ta
c6 AD < AM.

Néu D nam trén xy nhung khong nam trén doan thang NM. Gia si D’
nam trén tia Hy nhung nam ngoai doan HM. Ta ¢é6 HD' > HM suy ra
AD > AM.

A
B
T >H
60
0 \ e
N H DMP A G
Hinh 30 Hinh 31
« AH L BC (gid thiét) ma BH < HC -
(gc) nén AB < AC (quan hé gita
duong xién va hinh chiéu)
« AH < AB < AC (quan hé gitra B C
H M

duong vuong gdoc va duong xién) va
AH < AM. Hinh 32

¢ Néu M nim gitta B va H thi HM < HB nén AH < AM < AB < AC Néu
M nam gitta C va H thi MH < HC nén AH < AM < AC. (Quan hé giira
durdomg xién va hinh chicu).

Vave ) Néu M trung vor H thi AM co do dai nho nhat (AM = AH):

b) Néu M trung voi € i AM co do das fon nhat (AM = AC).



0.

7T

B A
D AABC co ACB < ABC nen /“\

AB - AC (quan he gura goe va canh /

dor dicn trong tam grac)y AD 1 BO //‘\\
‘ e | &L k('

(g thict ma AB < AC nén DB <
DC (quan he gnva hinh chicu va
Jduong xien): Hinh 33

v ED L BC (gia thict) ma DB < DC nén EB < EC (quan he gitta Eimh

chicu v duong xien).

N

A BCE ¢ EB < EC nén ECB < EBC (quan he gita goc v canh doi
dicn trong tam giac).

ABED ¢o D =90 nén B! D + EBD =90" (1)

ACED ¢co D =90 nén DEC + DCE = 90" (2

Tie (1) v (2) suy ra BED + EBD = DEC + DCE ma EBC > ECB. Vay
BED « DEC

| A
B A( ) =

j

a) BAD = DAC = -

l.)i e

45" (vi AD la phin gidc cua A) (1)

ol

e B +C =90 (Vi BA( = 90" H DM C
AB < AC (gia thiét) nén

B> C = B+B>C+B ="

- o . o Hinh 34
2B > 90 Viy B > 45 ABAL vuong K

B +.BAH = 90" ma B >45°. Vay BAH < 45°(2)

o Kéo dai AM dé ¢c6 ME = MA ma MB = MC (gia thi¢t) vi AMB =
EMC (doi dinh), viy AAMB = ACME (c.g.c), suy ra E = BAM va
EC = AB < AC. Mt khac, AACE ¢6 EC < AC nén CAE < E = BAM

— BAM + BAM > BAM + CAM = 90" = 2BAM > 90", Viy
BAM > .45° (3)

Fie (1) (2): (3) suy ra BAH < BAD < BAM:

by ¢ X{t nia mat phang bér I duong thang AB ¢ chuaa diem €. ¢
BAH < BAD nén tia AH nim citta 2 tia AB va ADL suy ra H nam gida
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B va D. Lai co BAH < B;M nén tia AH nam gitra 2 tia AB va AM_ suy
ra H nam gitra B va M. Tir cdc chimg minh trén suy ra D vi M cung phai
v6i H. Ta c6 BAD = BAH + HAD =45 < BAH + HAM = BAM =
HAD < HAM.

X¢ét nira mat phiing boy 1a duomg thang AH, tac6 HAD < HAM nén tia AD
nam gitra 2 tia AH va AM, suy ra D nam giita Ha va M, nén HD < HM.,

« AH L BC, AH 1a duong vudng géc, AD va AM la cic duong xién ¢
cic hinh chiéu la HD va HM ma HD < HM. Vay AH < AD < AM.

§3. QUAN HE GIUA BA CANH CUA MOT TAM GIAC -
BAT DANG THUC TAM GIAC

1. KIEN THUC CAN NHO
1. Bat dang thuc tam giac

Dinh li. Trong mot tam gidc, t6ng do A

dai hai canh bat ki bao gi¢ ciing lon

hon d6 dai canh con lai.

Tir (h.35) ta ¢6 cdc bat dang thirc

AB+ AC> BC B (
«nh 35

AB + BC > AC
AC+ BC> AB

2. Hé qua. Trong mot tam giac, hiéu do dai hai canh bat ki bao gi¢
cting nho hon d6 dai canh con lai.
AB > BC - AC; AC > BC - AB: BC > AC - AB (h.35)
3. Nhan xét. K&t hop dinh i vii hé qua ta ¢6 thé phat biéu nhu sau:
Trong moét tam gidc, do dai mot canh bae gid cting 1én hon hiéu va nho
hon tong cde do dai cia hai canh con lai.
Trong moi AABC. vai canh AB ta luon c¢o:

BC - AC< AB<BC+ AC
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Vidu 1. Cothe ¢o tam gide ndo ma ba canh ¢o do din nhu sau khong?
a1 Mot canh S emy, har canh khic bang 10 em.

) Mot canh bang 10cm har canh khae bang 5 cm.

(il

) Cotam giac can canh day bang 5 cm. har canh ben barg 10 em.

by Khong co tam giic ndo vi 5 + 5 = 10 (em). hoace 10 < 5 tridn var bat

Jdang thae tam g,

viac ABC. chimg minh

I Trong AEBC. BE < EC = BC (1). Trong
AMAE, MA < ME + EA (2). Cong v¢ B

Vidu 2. Cho diecmy M nam trong tam

A

AM + BM < BC + AC
Giar (h.36) Puomg thang BM cat AC o

VOLVE cla (1) vin (2) ta co: it &

BE + MA <EC+ ME +EA + BC (3

M 13 diem nam gida hai dicm B va E ta ¢6 BM + ME = BE. E la diem

nam trén canh AC.

Vay ur (3) ta ca:
MB + ME + MA < AC + BC + ME
= MB + MA < AC + BC.

Il. BAlI TAP

1. Cho BB’ la phan gidac tam giac ABC. Chimg minh rang BA > B'A, BC > BC.

2. Chimg minh rang duomg trung tuyén cua tam gidc nhe hon ma chu vi
cua tam gidc ay.

L Gor N 1a diem nam trong tam giiic ABC ¢6 chu vi bang 2p. Ching minh
ring: p<NA + NB + NC < 2p.

4. Chung nunh rang: a) Trong mot tam gidc duong cao thudce canh tha ba

rn

nho hon nua téng hai canh kia;
b) Tong ba dirdng cao ciia mot tam gide bao gio cing nho hon chu vi cua

Lam gi{iu.

Tim cde tam gidc ma ba canh déu 1a s6 nguyén xentimet, hi¢t hai canh Ia

7cm. 2 em.
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f
Cho tam giic ABC. Gor M [ trung diém cua canh AB. Chimg minh rang

. AC + BC
me < A0 B

Ba thanh phé A, B, C trén moét ban do la ba dinh ctia mot tam guic, trong
do AB = 30km, AC = 65km.

a) Néu diat o B mdy phat song ¢o bin kinh hoat dong ¢ 34km thi trong
hai thanh pho A va C thanh pho nao nhan dugc tin hige? Vi sao?

b) Ciing hoi nhur trén véi mdy phét song ¢6 bin kinh hoat déng 1a 110km.

Cho tam giic ABC ¢6 AC > AB, phan giic AD. Goi E [d mot diém nam
gitta A va D. Ching minh raing AC - AB > EC - EB.

Ching minh rang trong mot tam gidc, mot gée s€ la géc nhon, goc
vuong hay gdce i tuy theo canh déi dién véi géc 4y nho hon bang hay
161 hon hai lan trung tuyén ke t&i canh do.

(Thi vao 16p 9 chiuyén toan TP Ho Chi Minh 1983)

IIl. HUONG DAN GIAI

X¢ét tam giaic ABB', AB'B 1a goc
ngoai tai dinh B' cua tam gidc BB'('(‘

nén /(E;TB > é: ma f%: — lé[ (do

BB' 13 phan giic cua By =

AB'B>B, = BA > BA Cing B
chimg minh twong tu ta ¢6 BC > 8'C. Hinh 37
(h. 38) Tam gidc MAC: AM < AC + MC (1). A

Trong tam giic MAB: AM < AB + BM
(2). Cong v&é van vé cua (1) v (2) ta ¢
2AM < AB + AC + BC (vi M i diém nam
gita hai diecm B va C, nén BM + MC = BC). B N (o

: M
2JAM < chu vi AABC. Hinh 38

|
Do do AM <« % chu vi AABC.

-



3.

w

6.

g i

NA+NB < AC + OB
£ NA CNC < AB + BC
\H t .\( '\H ,»\ ’

\\+_\%+\( "(\H‘ r“(

> NA+ N3 - NC<2p
Mt Khoic ta ¢o:
NA + NB > AB
}- MA + NC > AC
~NB+ NC > BC
JINA+N3+NC)y> AB~ AC + BC
2NA+NB+NCy>2p
> NA+N3+NC>np.
Cudt cinz taco: p< NA + NB + NC < 2p.

) Ke duong cao AH cua tam giac ABC ta co AH < AB (canh goc vuong
nho hon canh huyen), twong trta ¢6: AH < AC. Vay

AB + AC
JAH< AB+ AC = AH < =200,

3

b) Gor 3 duong cao cua tam giic ABC la AH, BH', CH" ta co:

AH < AC ]

BH' < AB; => AH + BH'+ CH" < 2p

CH" < B(‘( '
(cling ¢ the chimg minh tr cau aj.
Goir do dai canh thir ba phai tim 13 4. Theo bat ding thite tam giac ta ¢o
7-2<a<T+2¢>5<a<9

&s>a=67:8

Vav ¢6 ba tam giic ma do N
dai 3 canh Jan luot la: 7em,

Jeme 6 em; 7 em, 2 em, 7
cm: 7em, 2cem, 8 em.

[inh 39

Trén ta dor caa ia MC lay diem
N sa0 cho MN = MC. ta ¢o: Hinh 39
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AMAN = AMBC (c.g.c). suy ra BC = AN.

Tronz tam gidc ANC, theo bat dang thirc tam gidc thi NC < AN + AC.

Ma NC = 2MC, con AN = BC, do dé 2MC < AC + BC, suy ra MC <
AC + B(C

2

Xét tam gidc ALC. theo bat ding thirc tam gidc ta co:

AT - AB<BC<AB+ AC

65 - 30 < BC < 65 + 30
hay 35 <BC <95,
a) Néu mdy phit song & B ¢é ban kinh hoat dong bang 34 km thi ¢ A
nhan dugc tin hi¢u (vi 34 km > 30km), con ¢ C khong nhan dugc tin
hiéu (Vi 34km < 35km < BC);
b) Néu mdy phdt séng & B ¢é bdn kinh hoat dong bang 110km thi ¢
ca A va C d¢u nhan duoc tin hiéu (vi 110km > 30km = AB; 110km >
95 km > BC).
Hinh 40
Trén canh AC ldy diém F sao cho
AF = AB, ta cé:
AAEB = AAEF (c.g.c)suy ra EB=EF (1)
Trong tam gidc EFC, theo bat dang
thirc tam gidc ta c6:
FC > EC - EF (2) Hinh 40
Tir (1) va (2), suy ra FC > EC - EB (3).
Vi AC > AB ma AF = AB nén trén canh AC thi diém F nam gnm A va
CtacoFC=AC- AF=AC-- AB 4).
Tir (3) va (4) ta duoc AC - AB> EC - EB.

Gia str c6 AABC, AM la trung tuyén. A
Ta phai chimg minh 3 truong hop sau:

1) Néu BM < AM thi A nhon:
2)Néu BM = AM thi A = Iv; . N
3)Néu BM > AM thi At

M

Hinh 41



Chimg minh truong hop 1

XEtAABM ¢6 BM < AM = BAM < B (dinh 1)

XEAACM ¢6 MC < AM = CAM < C (dinh 1),

Suy ra BAM + CAM < B« Chay A < B+ C

Neu At thi A+ B+ C o> 180 mau thuan voi dinh 1i tong cic goc
trong mot tam giic bang 180",

Viy goc A nhon:
Truomg hop 2:
NCUAM=BM =MC = A=B-Cmi A+B+C =180"= A =90"
Truong hop 3:

Chirng minh tuong te nhu truong hop 1.

§4. TINH CHAT BA DPUONG TRUNG TUYEN CUA TAM GIAC

I.KIEN THUC CAN NHO

1. Duong trung tuyeén cua tam giac

4'\
Poan thing noi dinh vaéi trung diém cua
canh doi dien got I duong trung tuyén
cla tam gidc.
O hinh 424 coan thang AM néi dinh A
voi dicem M La trung diem BC, AM a B M
1¢ " Y S . 1% ? .
mot trung tuvén cua tam giac ABC. Hinh 423

Nhur vay mot tam gide ¢d 3 trung tuyén.

2. Tinh chat ba duong trung tuyén cua tam giic
Dinh 1i. Ba duong trung tuyén cua
mot tam giic cuang di qua mot
Jicm. Biém dé cich moi dinh mot

-
vootre bang ] do dar duong

Tung tuyén di qua dinh ay.

Hinh 42b
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Ching han AABC ¢6 ba duong trung tuyén AM, BE va CN cung di qua
diecm G. biem G goi i trong tam cua AABC vi ta <o
GA GB GC
AM  BE ~CN = :

Vidu 1. Goi AM Ia trung tuyén cua tam giic ABC. A'™' La trung tuyén
cua tam giic A'B'C. Biét rang AM = A'M', AB = A'B", BC = B(C'. Chimg
minh hai tam gidc ABC va A'B'C' bang nhau.

Giai P

Taco BC=B'C, dodé BM =BM'. Ta dirgc AABM = AA'BM' (c.c.c).

Tir do6 suy ra B=B"

ViAB=AB, B = B’ va BC=IJC’. nén ta duge: AABC = AA'B'C (c.g.¢)

A A

B M ¢ B’ T e

Hinh 43

Vi du 2. Cho tam giac ABC. Trén canh BC lay diém M suo cho BM =

5 ,
3 BC. Trén tia d6i cua tia CA lay diém A’ sao cho CA' = CA.

Chimg minh AM cit BA' tai N vii N A
la trung diém cta BA',

R
Gidi M
i . % g : i . ~ \

Tia AM nim gira hai tia AB va AC 3 N S

(vi M nam gitra hai diém B va C), B nam
Hinh 44

trén tia AB, A" nam trén tia AC, nén doan
BA' phai cit tia AM tai N,

Xét tam gidc ABA', BC 1a trung tuyén (vi A' nam trén tia doi cua tia CA
)
ma AC = CA’"), BM = % BC nén M la trong tam cua tam giac ABA' vay AM

la trung tuyén cla tam gide nén N i trung diém cta BA' (vi AN di qua M),

N2



II. BAI TAP

19

LYV 1

Cho tam giiae ABC, cic trung tuyen AN BN CP cat nhau tan G Gor F la
truny diem cua BG.Nov AF cat CP o [

Py

_ | !

a)r Chung nmunh P = - PO
§ "

by Keodar AM de co ME = MG Chang ninh NE //AF v NE = AF
Cho tam grac ABC cie trung tuven AD, BE v CEF. Cheng minh:

: 4
AD + BE + CF < chuyvi AABC < (AD + BE + CF). )
A
Cho AABC. trung tuyven BO. Kéo dai BO dé ¢6 OM = OB
@) Chung nuinh AN/ BCva CM /7 AB;
b) Tren canh AC Tay cic diem E vaF sao cho AE = EF = FC. Ching minh
b BE di qua trung diem caa AM vitia BE di quactrung diem cua CM.

Cho tam grae ABCL ba trung tuven AM. BN, CI- dong quy tar G

-.\ ~
@) Chimg muinh ring AM + CF > = AC!

by Biet tam gric ABC vuong ta B co AB = Sem. BC = 12¢m. Chang
mtnh ring AM + BN + CF > 26em

Cho tam giic vuong ABC, A = 90" E [a trung diém cda AB, F [ trung
dicm cua doan AC. Trén canh BC lay cic diem 1., M, N sao cho L 1a
trung diem cua BC, M la trung diém cia BL, N 1 trung diém cia LC,
Cic doan EM va AL cat doan BF tat [ vie K. Tinh do dii ¢ha cde doan
LK.EN va M. Biét rang BC = 12cem.

Gor L., M. N Jan luot 1 trung diem cua cic canh AB, BC, CA cua tam
v ac ABC,

a Chimg minh rang trong tam G cua tam gric LMN ciing la trong tam

1~

cua tam gric ABC
b Tinh khoang cich gitra trong tam cua tam gidc LMN vi trong tam cua
tem giac ALN. Biét rang AM =12 cm.

Har canh cta mot tam giic khong bang nhau. Ching minh rang trung
teven xuat phat o dinh chung cta har canh nay tao vén canh nho mot

g Ian hon goc tao var canh lon,



Cho tam giac ABC la ba trung tuyén AA,, BB,, CC, cat nhau tai G- Trén
canh AB lay diém E, sao cho AE = —iAB. Tren canh AC lay diegrm P sao
cho AP = 3 AC. Go1 M la giao diem cua BP va CE. Ching minh:

a) M nam trén trung tuyén AA;

b) G cling la trong tam cuoa tam gige A, B,C,.

*1Il. HUONG DAN GIAI

l.‘ a) Ba duong trung tuyén cua AABC

84

_ ]
. cat nhau ta1 G nén PG = —g—PC (1) va

1 1 )
MG = ;;AG: GN = ;BG (tinh chat

3 duong trung tuyén cua 1 tam gidc).
Hai dudng trung tuyén AF va GP cta

AGAB cat nhau tai [ nén IP = %GP

I Hinh 45
(2). Tu(l)va(2)suyralP= 6PC:
. |
b) MG = ME (gia thiét) va MG = ;AG nén GE = AG (3)

2

I Do ,
GF =FB = 5 BG (gia thict) vi GN = =BG nén GN = GF (4)

J

AGF = EGN (d&i dinh) (5)
Tir (3), (4), (5) suy ra AGAF = AGEN (c.g.c), suy ra NE = AF va
GAF = GEN ma 2 géc so le trong vay NE // AF.

Kéo dai BE dé ¢d BE =EH (1)

Theo gia thiét ta c6 AE = EC (2)

vi AEB = CEH (2 goc dai dinh) (3)
Tu (1), (2); (3) suy ra:

AAEB = ACEH (c.g.c) = CH = AB

Hinh 46



4.

ABCH ¢o6 BC + CH > BH hay BC + AB > 2BI- (4)

Ching mmh twong trta co AB + AC = 2AD (5) va CA = CB > 2CTF (6,

Fu ho S o) tacoe

2BE + AD + CF) < 2(AB + BC + AC). Vay BEE + AD + CF nho hon

chuvi AABC,

e Als va BE: CF la 3 duong trung tuyen cua AABC cat nhau tan G neén
g )

!

OA = -AD: GC= —CF. BG = ; BE. AGBC ¢co GB + GC > BC. Tuong

DY U]

nta co GA + GC > AC, GA + GB > AB. Tur do suy ra 2(GA + GB +

2

P

GCy > BC+ AC+ AB: 2. - (AD + BE + CF) > chu vi AABC.
R
Viv AD + BE + CF <chuvi AABC < = (AD + BE + CT-).

i co. OA = OC (g
thici: OM = OB (gia
thich:  COB = AOM
(doi dinh). Vay AOAM =
AOCB  (c.g.c). Suy ra
OAM = OCB, ma 2 goc Hinh 47

so le trong nén AM //

BC. Ching minh tuong
wta cung ¢co CM // AB;

I o C e e I -y
by OA =0C = - AC (gia thict); AR = EF = FC = - AC (gia thiey) =
— ) \N '
l 2 2
AL =FF=FC= 5.2():\ —1-():\ = —0C.

I
AABM co AO 1a trung tuvén (vi OB = OM) va AE = ; AO n¢en E Ta

trong tam, do do BP di qua E thi BP la trung tuyén. Ching minh tuong e
trco Q L trung diém cua CM.

a) (h 48).
Trong tam giic AGC, theo biat dang thae tam giice, ta co:

GA +GC > AC

35
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Vi G la trong tam cua tam gidac ABC
2

2 = e
nén GA = ?AM' GC = 3"('['
Do d6:

2 2

3
Suy ra AM + CF > 5 AC (1) Hinh 48

b) Néu tam gidac ABC vudng ¢ B thi theo dinh Ii Pitago ta c6:
AC' = AB +BC =57+ 127 =25+ 144 = 169 = 13"
suy ra AC = 13 (cm).
BN la trung tuyén thuoc canh huyén AC cua tam gidc vuong ABC nén
I
theo vidu 4, t+ c6 BN= - AC (2)
Tiu (1) va (2) ta ¢c6:
3 I
AM + BN + CF > FAC +5AC =2AC=2.13 =26 (cm)
Vay AM + BN + CF > 26 cm.

(h.49) Vi L va F la trung diém
cua cac canh BC va AC nén AL
va BF la hai trung tuyén, va do dé
K la trong tam cua tam gidc da
cho. Nhu vay ta duoc:

. A ) , .
KL = —3£ (theo tinh chat cua cac

trung tuyén), .

AL ., . :
FN = —— (theo tinh chit cua duong trung binh),

s

KL 9 - 5 .
IM = e (theo tinh chat cua dudng trung binh).
Mat khac, noi LF, vi LF la duong trung binh cua tam gidc ABC nén LF
vuong goc v AC, do dé LF cing la duong trung truc cua canh AC; nhu

; 5 s BC .
viy ta cd LA = LC, tic ld AL = —. Thay BC = 12em, ta duce: AL = 6cmy;

—

KL =2cm: FN =3cm; IM = lcm.



6.

(1.5 ) Ke ba trung tuyen cua
WABC L AML BN v CL. Biet ring
Jtrung tuven do car nhau tar trong
tm Gocua AABC Gor H T giao
dem cua AM vor LN Vi LN a

C
drong trung binh cua tam gric ABC
n:n LN song song vor BC va LN = Hinh 50
FM = MC. Do do LH la duong trung
y \ BM P ors 4 s \ ;

bnh cua tam gii: ABM va LH = ——_ vi HN la duong trung binh cua

, e MO _ . ;
tm griac AMCyva HN = —— Tu do tasuy luan LH = HN (vi BM = MO),

te ta H la trung diém caa LN Nhu vay MH 14 trung tuyén dng voi canh
IN ciatam giic LMN,

Coi I la giao diem cda BN vai LM. Goi K 1a giao diém cua MN vai CL.
Trong tu nhu trén, ta chimng minh duoc raing NI va LK [d cdce trung tuyeén
cla tam giic LMN. RO ring G 1 giao diém cua ba trung tuyén cta tam
gac LLMN.

\ay trong tam cua hai tam giac ABC v LMN triing nhau tai mot diem G:
b X¢t har tam giac ALN vio MNL ta ¢6: AL = MN; LN = NL va
AN = ML: do dé hai tam gidc nay bang nhau (truomg hgp c.c.c). Tu dé
sty ra. AH = MH (trung tuyén twong tmg). Goi E [a trong tam cua

. , - AH . . . HM .
tm gide ALN ta co EH = R Facang co GH = »—m-;——. Do do ta duec:
, AH + HM
IH + GH = = wre la
: .
AM ‘
G = —— =4(cm).
\iy EG = 4em.
Cia str AABC ¢6 AB < AC va trung M .
nyén AM. Ta phar ching minh B ‘\‘ (
FAM > MAC. Thiy vay, trén tia d6i
cia na MA - lay diem D sao cho \
ND = MA. : \

[¢ dang chimg minh dugc AMAB =

MDC (cee) = BAM =D va

K7



AB = DC. Xét tam giic ACD ¢6 CD < AC (do AB = DC ma AB < AC
(gt)) = D > MK(

Do dé6 BAM > MAC (Vi BAM = D (chitng minh trén))
a) Goi E' Ia trung diém cua EB nén
AE' 1a duomg trung binh ctia ABCE
— AE'" // CE. Trong AAAE' dé
dang ¢6 E la trung diém cia AE' ma
AE'// CE (cmt) = M la trung diém
cua AA,. Cing ching minh tuong tu
AP cit AA| tai M la trung diém cua
AA, = CE cat BP tai M la trung
diém cua AA,.

b) Xem a) cua bai tap 6

Hinh 52

§5. TINH CHAT TIA PHAN GIAC CUA MOT GOC

I. KIEN THUC CAN NHO

1. Tia phan giac ctia mot goéc 1a tia nam yua hai canh ctia goc va tao
véi hai canh 4y hai géc bang nhau, X

2. Pinh li (dinh Ii thuan)

biem nam trén ta phian gide cua

mot goc thi cich déu hai canh
cua goc.

Hinh 53 Tia Om la tia phan giic ‘ Q
cua goc xOy, M € Om, MP 1 Ox,

MQ L Oy thi MP = MQ.

3. Dinh li 2. (dinh Ii dido)

Piém nam bén trong mot géc va cich déu hai canh cta goc thi nam

Hinh 53

trén tia phan gidc cua goc do.

4. Két hop hai dinh li. Tap hop (quy tich) cua cic diem nim trong

mot gée va cdach déu hai canh cua goc la duaong phan giice cua goe do.



Vi du 1. Cho tam giaic' ABC

ket Ax T
tia phan guic ciia BAC

CTar C k¢ duing thang
song song van tia Ax, né cat ta dor cua tia AB
tar D. Chimng mimh xAB = ACD -~ ADC.

(iiai GT: Cho AABC, Ax i tia phan guic
cua goc BAC, CD // Ax, D nam trén tia doi cia
tta AB.

KL: xAB = ACD - ADC.

Cluing minh

(h.54) Vi Ax la tia phin giic cua goc BAC,

Hinh 54
nén xAB = xAC (1)
Ax // CD bi cat bai duomg thing AC. hai goc xXAC vae ACD [ hai goc o
le trong nén:
xAC = ACD (2)
Hai ¢dc xAB va ADC li hai géc dong vi nén
xAB = ADC (3)

So sianh (1), (2) va (3) ta co:

xAB = ACD = ADC
Vi du 2

. Cho tam gidac ABC tia phan guic cua goc B va gac C it nhau
tai O. Tinh goc BOC néu A =

Griat .
N
GT: f\AB(,, A = = o, Bx Ia ta phin ¢ ! >/
gidc cua B Cy la ua phan giic cua ( )U<
O =Bx " Cy. 1 m
' . B ¢
KL: Tinh BOC Hinh 55
Clhung minh:

]
Bx 1a tia phan giic cha B nen By = = B.

E nrong ur( =

C. Trong tam
. « g~ ) ’ o B
eiic OBC thi BOC = 180"~ (By « () = 180

Trong tam gidc ABC: B+

= 1807 - A = 150"
o~ 1807 - :
BOC = 180" @

(£ Suy

o R

RO



(¥

|. BAI TAP

Cho hai tia doi nhau Ox, Ox". Trong cung mot nira mat phang ¢6 bo la
duomg thang xx' vé cic tia Oa, Ob, Oc sao cho xOa = 30", xOb = 60",
xOc =120".

a) Tia nao la tia phan gidc cua goc xOb?

-,

b) Tia Oc la tia phan gidc cha goc nao? o

Cho géc nhon xOy, ké tia phan gidc Oz cia xOy. Trén Oz lay diém P,
ke duong thing qua P vuong goc vdi Ox tai A va cat Oy tai C, ke duong
thing qua P vuéng géc vai Oy tai B va cit Ox tai D.

a) Chung minh PC = PD

b) Chimg minh tia Pz la tia phan gidc cua CPD.

Cho tam gidc can ABC (AB = AC). Trén canh AC lay diém E, trén canh
AB ldy diém F sao cho AE = AF. Néi BE va CF cat nhau tai O. Tia AO
cat canh BC tai M. Chding minh diém M cach déu hai canh AB va AC.

Cho géc xAy. Trén Ax ldy diém B va trén Ay 1dy diém C sao cho AB =
AC. Duong thang vudng géc vdi Ax tai B cit dudng thang vuong géc
véi Ay tai C & diém O.

a) Chimg minh O thudc tia phan gidc cua ;-A?/

b) Trén AC lay diém N (N nam gitra A va C), trén tia Bx lay diém M (B

nam giita A va M) sao cho BM = CN. N&i MN cit BC ¢ D. Chimg minh
OD la phan gidc ctia goc MON.

Ill. HUONG DAN GIAI

1.

90

a) Theo gia thiét xOa = 30° va xOb
= 60° nén tia Oa nam gitta hai tia Ox b c

Y Y T l gy -~ .
va Ob va x0a = v;xOh nén Oa la tia

e a
phan gidc cua goc xOb.
b) Tia Oc nam trong géc x'Ob dé
dang chung minh duoe bOc = cOx" X 0 =X

O 2 ~ ~ .. , .
= 60 = Oc la phin giic cua goc

Hinh 56
bOX'. ”
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-

) P othuoc tia phan gridc cua xOy

nen PA = PB ctinh chat cua tia phin

¥ . 0 )
grac cita Iogoc A =B o= 90 ()/ s l 7

=

APD = BPC (2 goc dor dinhy. T~

Vav APAD = APBC (g.c.g) = PC = PD. L =

by Xét AAOP v ABOP ¢6 A = B = 90" '
Hinh 57

canh huyén PO chung via PA = PB nén
AAOP = ABOP (canh huyen, canh goc vuong) Suy ra APO = BPO mi
APO - CP7z vii BPO = DP/. Do dé CP/ = DP7. Vay P/ Ii phian gidc
Clin CPD

Keé MP L ABvaMQ L AC

o X¢t AABE va AACE ¢ AE = AF,

AB = AC; BAC chung. vay AABE = o
AACE (c.ge). suv ra (t % B] mit Q
ABC - ACB (tinh chat tam gidc can) 31

nén. B> = Ca. AOBC ¢o Bz = C> nén
AOBC can, suy ra OB = OC. hin 9d

e X¢ét AOAB va AOAC ¢d OA chung, OB = OC; AB = AC nén AOAB =
AOAC (c.c.0), suy ra OAB = (KC Vay AO la phin gidc cua Ii?(f hay
AM li phan giidc cua BK( nén M cich déu AB va AC, tie MP = MQ.

a) Xét AOAB va AOAC ¢6 B = C =
90", OA chung, AB = AC (gia thiét).
Viy AOAB = AOAC (canh huyén,
canh  gdéc  wvuong).  Suy  ra

OAB - OAC. Viy AO i tia phan

£1C cua iAS/:

b) OB = OC do AOAB = AOAC);
OBM = OCN = 90° (gid thic). vinn 59
BM = CN (gia thiét) nén AOBM =

AOCN (c.g.¢) suy ra OM = ON,

91



o TUr M k¢ duong thing song song voi Ay cat CB tai F.

AABC can = ABC = ACB mi ABC = FBM  (d&i dinh) nen
FBM = ACB = MEC, suy ra AMBF can, do d6 MB = MF. Xét ADMF va
ADNC ¢6 MF = NC (ciing bing MB); MFC = NCF: DMF = DNC nen
ADMF = ADNC (g.c.g), do do DM = DN.

o Xét AODM va AODN c¢6 DM = DN; OM = ON: chung OD n¢én
AODM = AODN (c.c.c), suy ra MOD = NOD. Vay OD Ia phan gidc
clia MON.

§6. TINH CHAT BA DPUONG PHAN GIAC CUA TAM GIAC

. KIEN THUC CAN NHO

1. Puong phan giac cua tam giac B

o Tia phan gidc cua géc B cit canh
d6i dién AC tai N thi doan thing
BN goi 1a dirong phan gidc (xuat

phat tir dinh B) ctia AABC. A B S0

Hinh 60

o Nhu viy mdi tam gidic ¢d ba
duong phan gidc.

e Trong tam gidc can, duong phan gidc xuat phat tir dinh doi dién vai
canh didy cling Ia trung tuyén (ing vdi canh ddy.

2. Tinh chat ba duong phan giiac cua tam giac
Ba duong phan giic cang di qua |
mot dicm. Diém nay cich déu ba

canh cua tam gidc do. T Ia giao

[
diém ¢t cie duomg phin giic AA' S
BB. CC:IL =IP =1Q (h.61) /
e ‘

Y2



Vidu 1. Gor M a diem cach dea ba

canh cua tam giic ABCON 1o grao diem

cua hat tra phan grac cua cae goe ngoan
tn Bya € Chung muanh rang ba dicm AL
M. N thang hing
Crrar NTNT cieh deu ba canh cua AABC Hinh 62

nen M nam tren ta phan gide cla goe ALV

N nam tren ta phan giace cua goc CByonen N cach deu har tin By va BCUN
nam tren ta phan gric cua goc BOx nen N ciach deu har ta Oxovae By, T do
suy ot Mova N T ciae diem cach dea han s Axova By Nen M ova N onam rén
ta phan grdce cta goc AL suy ra AL M N thang hiang.

Vi du 2. Cho gdoc xOyv: Jav

dicm A ten ta Ox va diem B tren
tie Oy Hay xac dinh nhimg diem

-1
tren tia phan gric Ot cua goe xOv
sao cho dicm do cich déu Ox, Oy
v doan thang AB. .

Criar. Ta phar tm uen ta O
nhimg diem cich deu: AO va AB; Hinh 63
AX v AB.

Diem cich déu AO vt AB la dicm M. giao diém cua tia phin giic goc
OAB va OU Dicm cach déu Ax va AB la dién N, giao di¢m cua tia phan giiac
coc BAx va Ot

Vav MO N Lanhomg diem phar tim,
Il. BAI TAP

I. Cho tum gidc ABC. cic tia phan gide cua cic goc B ova C cat nhau ¢ L
3 oy =t ,oa -~ N N - _— . T o
BIC = 1357 K¢ IE L AB va IF 1 AC. Chimg minh AIEF 14 tam gidc

vuong can.

!\)

Cho tam giac ABC. Puong thang xy // BC cit 2 canh AB vii AC theo thi
e tai M va N sao cho BM + CN = MN. Chiing minh dudng thing xy di
qua giao diém cic duang phan gidc cha tam gidc ABC.

3. Cho tam gidc vuong ABC co A =907, B = 2C. K¢ tia Bx nam gitta hai
tia BA va BC sao cho ABx = 20", Bx ciat AC ¢ E. Ké tia Cv nam gitra

()“-,



hai tia CA va CB sao cho A(y = 10", Cy cat AB & F, hai tia By va Cy

cit nhau tai D. Ching minh tam gidac DEF la tam gide can.

4. Cho tam giic ABC. B =2C. K¢ duong phan giic BD. Tu D ke Db //
BC. Chung minh:
a) BD = DC; b) EB = ED: ¢) Bé ¢é DA = DC = BD thi tam giiac ABC la

tam gidc gi?

Ln

. Cho tam gidc can ABC. Tir A ke xx' song song vé BC. Ke duorg phan
giac cua B vii C, ching cat xx"tai E vai E' Noi E vai C. Chiang nnh:
a) Ax [ tia phan gide cua gdée ngodi tai A;
b) AL = AE";
¢) EC Ia duong phan gidc géc ngoda tai C;

d) Tam giac CEE' la tam gidc vuong.

ek

6. Cho tam gidic ABC, A = 100", B = 50°. Puong phan gidc cta g6: B G
duong phan gide ngoai cua goe Ctar O.
a) Tinh cic goc cua tam gidc BOC:
b) No1 OA ching minh OA la duong phan éi;ic ngoal cua goc Aosuy ra
sO do cua goc AOB.

7. Cho mot tam gidc ¢6 do dai cic canh la a, b, ¢, dong thdna -~ b=b - ¢.
M Ia giao diem cic dudng trung tuyén, P la giao diém cha cic dudng
phan gidc cta ¢ gdc trong cta tam gidc di cho. Chimg minh ring MP
song song vaéi canh ¢6 do dai 1 b,

(Trich de thi HSG todan cap 2, 1970 - 1977)

8. Cho tam giic ABC. Tur trung diém D cua canh BC ke dudng vuong goc
vai duong phan gidc ctia gée A cat AB va ACtai M va N.
a) Chimg minh ring BM = CN
by bat AB=c. AC=b. Tinh AM va BM thco b vac.
(Tricldé thi cdac lop chuyen cap 3,1973)

Ill. HUONG DAN GIAl

1. « AABC ¢6 BI va CI [ phian gide cua cic goc B va C nén Al T phin gric

cia A, vay A = Axo ()

04



)

=) hay 3(f =904 . J =

e Xét A IBC co: IBC+1CB =
180" BIC =180" - 135" = 45",
do  do6 ABC + ACB =
2IBC + ICB) = 245" = 90

Y ra BAC = 90" (2). Tir (1)

Hinh 16

vib(2ysuy ra Ap = Ay = o A
=45" Lai o E = F =90" do do EIA = 45% FIA =457 & EIF = 90" =
AIEEF vuong tar 1.

o Al I tia phian griac cua A nen [ each deu AB v AC = [ = 1F T cidc
chimng minh trén suy ra AIEF vuong cin.

Tren MNL lay diem O sao

cho OM = MB ta duoc /\\\\

e /
AMBQO can, suy ra MOB / \ \
3 mi MOB = [ x M

= B> ma MOB = By (do /\(‘)\\ \;\'\ Y
xv // BC \’i\.l 2 gkdc sole " 2 ]/ \\T%(
trong) ncn B> = By Vay _

’ Hinh 65

BO [a phan gide cta B. (

Theo gia thiet BM + CN = MN hay BM + CN = OM + ON ma MB =
MO nén CN = ON. Chimg minh trong tr trén ta ¢o CO Lo phan giac cua
(ﬁ' (’ Tir (1) va (2) suy ra O ta giao diem cic duong phan gidc caa B
vie (7; Theo tinh chat ba duong phian giic tht AO Ta phan giidc cua A

Vv xv di qua giao diem cidc duomg phan gidc caa tam gidae ABC.

CAABC o A =90° (gynen B+ C =90" ma B = 2C. dodé 20 + €

30°, va B = 60", lai ¢
ABx = 20 (gt) nén

DBC = 40°. ACy = 10"

(g") nén DCB = 20", BDF
la gde ngoar ADBC nen Hinh 66



U6

FDB = DBC + DCB = 40° + 20° = 60°. Chimg minh tuong tr 4 6
EDC =60". Vi EDC ké bu CDB nén CDB =120,
o K¢ cidc tia phan giidc cha cdc gde cia ADBC ching cat nhau tai M, ta

e — 0 Tars | &= l 0 ) Sy
co MDB = MDC =60, MBD = :;DBC = —2—.40 =20 = DBI' va

BCD =

MCD = 20° = 10° = DCE. AMBD va AFBD <6

1o —

)
FBD = MBD: BD chung; BDF = B * = 60°.
Viy AMBD = AFBD (g.c.g). suy ra DF = DM (1)
Chirng minh twong tu ta ¢c6 DE = DM (2).

Tur (1) va (2) suy ra DE = DF. Viay ADEF can.
(h.67) a) BD la tia phan giic cua goc
B nén BD phii cat canh AC (D nam
gita hai diem A va C). ABDC:
B

",;-

I§1 = ﬁ: ma B = 26 nén 6‘ =

Hinh 67

B:=-B =B:=C

-

b —

Do dé ABDC la tam gidc can dinh D nén BD = DC;
b) Pudng thing DE // BC - 7" =it canh AB. Vi DE // BC = EDB - iig
ma IS la gdc ngoai cua ADBC = f) = é: + 6 ma 6 > 0= f) > lfig

= D > EDB, vay tia ED nam giita tia DA va DB, E 1a diém nam gira
hai diém A v B hay DE cit canh AB.

Theo chimg minh trén EDB = By ma B> = By = AEDB can = EB = ED.

¢) Muon cé DA = DC khi d6 tam gidc BAC ¢6 BD vira la trung tuyén

vira la duong phan giidce. vay ABAC 1 tam gide can. DA = DC = BD) =
! . . , :

BD = - AC. Vay BAC li tam gidc vuong dinh B.

i Muon ¢é DA = DC = BD thi tam gidge BAC la tam giic vaong
can dinh B.



(.68 ) X' //BCnen Ay = C
(o e rong). B = A> (dong
vile. o ma o B =0C  suyv 1
A A tia Axonam giaa haa
ta AC va AD nén Ax la tia
rhan gric goe ngoar o dinh A,

By Giao diem cua ciae duong
phan giic la O nam trén duong

S
B ¥ 0 !

Hinh 68

cao AH, ma E'L // BC = AH L EE". Hai tam giac vuong AOE va AOE

tang nhau (HS te chimg minh) = AE = AE"

¢) E la giao diém cua har duong phan giac goc trong B va goc ngoai ¢
dimh A. Vay EC la duong phan gidc goc ngoai ¢ dinh C (ching minh

de dang):

d) C vie ACD" la har goc ké bu. vay hai tia phiin giic cia ching vuong

goc vol nhau nén AECE' vuong,

(h.69). @) C = 180" = (100° + 50°) = 30"

ACT = 150 mia OC 12 tia phan gidc,

. s IS““ O v _
vay ACO=-—— =75 Tia AC nam

gita  hai ta CB va CO nén
BCO=C+ACO = 30° + 75° = 105°
-5 BOC = 180° = (105" + 25") = 50

b) HS ty giai.

Gia st co tam gidie ABC da cho (h.70)
trong do BN la trung tuyén, M la giao
di¢m cua cac duong trung tuyén P la giao
diém cua cdc duong phan gidc trong. Ta
phai ching m:nh PM // AC. Tir P ke PD,
PE. Pl thco thit tu vuong goc vai canh AB,

AC, BC.

Do P la giao diém cia dudmg phan gidc
PD = PE = Pl = r (r la mot s6 nhit dinh. Dé

. Lo (a+b+0)r
dang cO Sy 40 = s

P

D

NM—TEKN C

Hinh 70
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: . . : . , l
Ke MK L AC, khong khé khan lam ta chimg minh duoc Sy ¢ = 3 S Ak

b.MK B l (a+b+c)ir
RN ) P Y|

Theo gia thi€t a — b=b - ¢ = 2b = 1
a+c=>MK=M=PE
Ta c6 PE = MK va PE // MK (vi cung

vudng goc véi EK) = 12| = [31 (so le &
— ~ . L

trong) = K2 = P2 (vi hai géc nay cung EO g

phu v3di hai géc bang nhau) = PM // EK Hinh 71

hay PM // AC (dpcm).

(Sau nay khi hoc 19p 8 dé dang chimg minh PMKE la hinh binh hinh v
suy ra PM // AC).

a) Goi K 1a giao diém ciia MN A

va duong phan gidc clia géc A

(h.72). Tir B ké dudng thing b
song song vdi MN né cat AC B -

tai. P. Dé dang chimg minh ML/""TK'D

AAMN la tam gidc can = A

M = AN. Tuong tuv AABP la Hinh 72
tam giac can = AB = AP =
BM =PN (1)

Trong ACBP, D i trung diém cta BC va DN // BP = N la trumg dién
cua PC=>PN=CN(2). Tu (1) va(2) > BM = CN;
b) Ta phai chiing minh hai truong hop: AB < AC; AB> AC

 Truong hop thir nhat: AB < AC (h.72)

Khidotaco PC=b~c=>BM=NC= 48 = b=k = AM=AB+ BM

2 9

b-c¢ b+c
=Cc+ 7 T

Ed L

e Truong hop tht hai: AB > AC. Ciing chilmg minh tuong tu ta

b+c c—b
AM:—2 , BM = 5



§7. TINH CHAT DPUONG TRUNG TRUC CUA MOT DOAN THANG

i. KIEN THUC CAN NHO ’
; : ; N
1. Duong trung truc cua mot doan \1
thang 12 duong thang di qua trung diém
cua doan thang va vuong goc voi doan \ - .h B
thang ddé.
G Jiin 73 d 1a duong trung true cua doan
thang AB.
Hinh 73

2. Tinh chat cua duong trung truc

o Pinh Ii thudn. HDiém nam trén duong trung true cua mot doan thang
thi cich déu hai nit cua doan thang do

M e (d) > MA = MB

o Dindi Ii dio. £iém cich déu hai dau mit clia doan thang thi nam trén
duong trung triee cua doan thang do

MA=MB =M € (d)

o T dinh 1i thuian va dao ta ¢o: Tap hop cdc diem ca.h déu hai mat cua
doan thing Ii dudmg trung true ctia doan thirg do

o Ung dung: €6 the vé dudng trung truc cua doan thang bang thudc
thang vit compa.

Vi du 1. Cho goc xOv (hhac goc x\.\
bey Bcoc diem A va B lan Tuot eén tia AN
Ox var Ov sao cho ON —~ OB Goi H la
trung dicm cta doan thang AB. Chung

minh rang OH T duong trung true cua O B

doan thang AB. Hinh'74

Cricrr o co OA = OB nén O nam trén duony e trre caa doan thing
AB. Ta lar co ITA = HB (vi H 1a ng diem cua doan thing). Vay Ol i
duong trung true cua doan thang AB

Vi du 2. Cho tam guic ABC vuong ¢ .~ cac duong trung true cua
ciac canh goc vuong cat nhau tar Do Chimg nminl cang ba diem B, €. D

thang hang
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Giai. Ha tam gidac DEB va DEA
bang nhau (vi EB = EA; ED dunw. cung
cd gde vuong o E); do 46 B -
Hai tam gidgc DFA va DFC hang C
nhau (vi FA = FC; FD chung; ciing co
A Hinh 75

goc vuong o F); do dé C - A
Tur tam grdac DAB ta co
Di = 180" = 2. Ay (\i A + B = 2A)).
Tir tam gidc DAC ta co
D2 = 180° - 2\> (vi A2 + C = 2A2).

Dodé Dy + D> =2 .80 - 2(A] + Aa) = 360° = 2.90° (vi A; + A~ =

90°, theo gia thiét) t. I BDC = 180°.
Vay ba diém B. D, C thang hang.

Il. BAI TAP

1. Cho hai diem A vi C & ngoai dudng thing xy (khoang cich tir A vi C
dén xy khéng bang nhau). Xdc dinh cdc diém B va D sao cho xy 1a trung

truc cla cdc doan thing AB va CD.
a) Chimg minh cic dudng thang AC, BD va xy déng quy;
b) Ching minh cdc dudng thing AD, BC va xy déng quy.

2. Cho AABC (AB # AC). Trén tia CA dit doan CE = AB. Hai duong trung
truc cia cic doan thang AC va BE cit nhau tai O. Chitng minh ring AO

la tia phan gmc chia géc BAC.

Chimg minh rang néu E thuoc tia doi cla tia CA va CE = AB thi AO la

tia phan gidc cia goc ké bu vdi géc BAC.

o

cho AB la trung truc cia HE v AC la trung tryre cua HE.
Chimg minh rang:
a) Neu A =90 thi ba diém E, A, F thang hang:

Cho tam gidc ABC, duong cao AH L BC. Xic dinh cic diém E va F sio

) Néu A = 90°, ciic goc B va C déu nhon, noi EF cat AB va AC o M va

N thi HA la tia phdn giidc cua goc MHN;
¢)Néu B i (hoic C ti1) thi HA 1a tia phan giic cua goc ndo? Vi sao?
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i 1

Cho har diem A va D nam tren duong trung true Al cua doan thang BC
D nam gita hai diem A vicl T diem nam tren BC

2 Chung mmh: AD [a tia phan gric cua goc BACT

by Chung minh: ABI) = ..»\r('rl).

Har dicm M vie Nonam trén duomg trung true cta doan thing AB. N i
trung diem cuia doan thang AB. Trén tia doi cia tia NM xdce dinh M’ sao
cho NM" = NM.

a) Chimg minh AB [ dudng trung true cha doan thaing MM’

by MA=MB=MB=MA,

Cho tam giiac ABC goc A tu, B > C. Dung trung true cua canh BC cat
AC tai D. DBuimg thang BD cat dudng cao AH cia ABC tai E. Chimg

minh ('XH — f\ED.

Il. HUONG DAN GIAI

a) Noit CP, DP, APQC va APQD ¢6
PQ chung, Pa( = PaD = 90", QC
= QD (gt) nén APQC = APQD

-

(c.p.c) suy ra PC = PD va P; = P> :

)

mi P+ Py=QPA= 90" =

e ] . i D
QPB = P> + Py, nén Pz = Py.
A CPA va ADPB c¢6 PC = PD: B

Pr = Py PA =PB (gt) nén A CPA = Hinh 76

ADPB (c.g.c). suy rae A = B.

Hai duomg thing AC va BD cat nhau tait M. Xét AMAB ¢é A = B nen

AMARB cian, do d6 MA = MB. Biem M cich deu A vie B nén M thuoc

trung true cia doan thang AB. maxy 1 trung true cua AB. Vay M thuoc

Ay, suy ra ba duong thing AC. B vii xy déng quy tai M:

b) Noi AD va BC cat nhau tai N. Theo ciau a) thi M thudc trung true cua

AB nén MA = MB, do d6 AMAB cin, suy ra MAB - MBA cung do M
tOT
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thuoc trung truc cua CD nén
MC = MD; AMAD va AMBC
céG MA MB; MD MC;

CMD chung nén AMAD
AMBC (c.g.c), suy ra /-A\l = é]
ma MAB = MBA
B> = A>. ANAB c6 A2 = B»

nén ANAB cin, do d6 NA =
NB, suy ra N thudc trung tryrc

nén

Hinh 77

cua AB. Vay N thudc xy, suy ra 3 dudmg thiang AD, BC, xy déng quy.

Do O thudc trung true cua AC
(gt) nén OA = OC, va O thudc
trung truc cua BE nén OB = OE,
theo gia thiét ta ¢c6 AB = EC. Suy
ra AOAB = AOCE (c.c.c), do do
ACO = OAB (1) OA = OC nén
AOAC can, suy ra ACO = CAO
(2). Tu (1) (2)
OAB = OAC. Viy AO la phan
gidc cua BAC.

Xét truong hop diém E thuoc
tia d6i cta tia CA:

Chimg minh tuong tu trén ta co
AOAB = AOCE, suy ra OAB

mr—

— Cﬁ ma 6XI§+OAZ
180° = OCE + OCA, do dé

va suy ra

OAz=OCA. Mat  khic
6_(7\:(7/;6 nén

OAz = OAC. Vay O thubc tia
phan gidc cua géc CAz ke bu
vai goe BAC. ‘

A

Hinh 79



3.

A A =907

AAPE vie AAPH co AP chung,
AP = APH = 90" PE = PH
nen AAPE = AAPH (¢ g.o). suy
/= Ao Chung minh tuong
(w tia co Ay = .f\.; ma A; F A
= l‘}\( = 90" nén ;‘;ﬂ + \_ +
Av Ay = 180" hay EAF la
goc bet Vay 3 diem E, AL F
than g hang:

by AMPE va AMPH co MP
chung. MPE = MPH =90, PE
= PH nén AMPE = AMPH (c.g.0)
Suy ra \ﬁ; = NA:. Keé tia Mz la

E

Hinh 81

tia doi cta tia MH ta ¢c6 M3 = My va My = M2, Do dé My = Mg, suy

ra MIA la tia phan gidc cia NMz. Theo tinh chat cta tia phan gidc thi A
cich deu hai tia Mz va MN hay A ciach déu Hz va MN. Chimg minh tuong
tuta ¢é A cdch déu tia Ht va MN. Tir cdc chimg minh trén suy ra A cdch

Jéu thai tia Hz va Ht. Vay A thuoc tia phan gidc cia MHN.

<) B I goc tu:

Chirmg minh tuong tu trén ta co

- A cich déu hai tia NF va NH,
hay .A cich déu hai tia MF va NH
-~ A cich déu hai ia MH va MN
hay .A cich déu 2 tia Hx va MF
Tl ciic chimg minh trén suy ra A
cdch déu hai tia Hx va HN. Vay

A thuoc tia phan gidc cia xHN
(tia Hx la tia doi cha tia HM).

Hoc sinh tir ching minh truong hop C Ia goc .

Hinh 82

103
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(h.83). GT: Al la dudmg trung truc cha doan thing BC. D ciing nam trén Al
KL: AD la tia phan gidc cua géc BAC:

ABD = ACD. A

Ching mirnh:

a) Xét har tam giac ABI va ACI ching ¢co L

Al chung.

AIC = AIB = 1v B ] C
1B =IC Hinh 83

(gia thi€t cho Al la duong trung truc cua

doan théng BC).

Vay AABI = AACI (c.g.c) = BAI = CAL Mat khdc I 1a trung diém clia
canh BC nén tia Al nam giita hai tia AB vd AC = AD la tia phan gidc
ctua géc BACG;

b) Xét hai tam gidc ABD va ACD chiing c6é canh AD chung, canh AB =
AC (vi Al la dudng trung truc clia doan thang BC) BAI = CAI (chung
minh trén), vdy AABD = AACD = ABD = ACD.

(h.84) GT — MN nam trén dudng trung truc M
ctia doan thang AB; N la trung diém cha AB / \
— M'nam trén tia d6i chatia NM vaNM'=NM. A N B
KL: AB la duong trung truc cua doan \/
thang MM’ ; M’

- AM'=MB =M'B = MA. Hinh 84

Chitng minh:

a) Ta c6 AB L MM' (vi MN la dudng trung truc ctia doan thiang AB nén
MN L AB). Mat khdc N 14 trung diém ciia MM’ (vi M' nam trén tia doi
cia tia NM va NM = NM’). Vay AB la dudng trung truc cua doan
thang MM

b) Theo gia thiét MM’ la dudng trung truc cta doan thang AB nén MA =
MB, M'A = M'B, ta lai ¢c6 AB la duong trung truc ctia doan thang MM’ nén
MA = M'Btirdé suy ra: MA = MB=MB=MA.



6.

DI L BC (vi DI la duong trung true cna
(;‘lllh BCy:

AH D BC ovie AH T duong cao cua ABO)
nen DE/AH cdimh 1D,

Vay CAH = CDJ (dong v,
ALD = BDI (so le trong)

mi BDI = CDI (vi DI 1 duong trung true cua BC).

Do do (.:KH = \}ﬁl)

l\
.

NTD

Hinh 85

§8. TINH CHAT CUA PUONG TRUNG TRUC CUA TAM GIAC

. KIEN THUC CAN NHS

1. Duong trung truc cua tam giac

o Trong mot tam grac duong trung trve
trung trie cua tam gidace do. _‘

« Moi tam gidc ¢é 3 duong trung truc ¢
hinh 86, d gor la duong trung truc ting
vat canh BC cua AABC.

o Trong mot tam gidc can dudng trung
trire cua canh day dong thoi la duong

trung tuyén tng var canh dav.

cia moi canh goi la dudng

B

2. Tinh chat ba duong trung truc cua tam giac

o Hinh li. Ba dudng trung truc ciaa mot
tam gidc cung di qua mot diém. Diem
nay cich déu ba dinh cta tam giic.

o Chu y. Goi O 1a giao diém cua ba
duong trung true cua tam gidc ABC thi O
cich deu ba dinh cua tam guic (OA = OB
= OC) nén ¢d mot duong tron tam O d;
qua 3 dinh A, B, C. Ta goi duong tron nay

[ duong tron ngoai tuép tam giac ABC.

d

Hinh 86

Hinh 87

10!



Vi du 1. Cho tam gidc ABC, vudng o A; cic duong trung truc cla cac
canh AB, AC cit nhau tai D. Chimg minh rang D [a trung dié¢m cua canh BC.

Gial
(h.88) Vi D Ia giao diém cla cic 2

duong trung truc cua cic canh AB va AC

nén hai tam gidc DAB va DAC 1a can va

cdc géc O ddy clha mdi tam gidc dé

bang nhau: | B D (
DBA = DAB va DAC = DCA. Hinh 88

Theo tinh chat géc ngoai cia tam gidc, ta co:

ADB = DAC + DCA

ADC = DAB + DBA.

©Oo d6 ADB + K&: e IS;;C + D/E;\ + DAB + DBA = 180" tir d6 suy
ra ba diém B, D, C thang hang. Hon nita, vi DB = DC nén D la trung diém
cua BC.

Vi du 2. Chimg minh ring mot tam gidc 1a déu thi diéu kién cin va da la
giao diém ctia cdc duong phan gidc trong va giao diém clta ba dudong trung
truc cua tam gidc d6 trung nhau.

Gidai ' A

Gia str cd AABC va H 1a giao diém ctlia ba
duong phan gidc. Ta phai chimg minh hai phan:

Phan thuan: AABC déu = H 1A giao diém
ctia 3 duong trung truc.

7 - .
; , . s (
Phan dio: H 13 giao diém cua 3 duong 2

trung truc = AABC déu. Hinh 69

o Phan thiiin: AABC déu thi duong phan gidc ciing 1a duong trung truc
nén H 1a giao diém cia 3 dudng phan gidc ciing 1a giao diém ciia 3 dudng
trung truc.

o Phdn ddo: H 1a giao diém cua 3 duong phan gidac. Tu H ké HE 1 BC,
HQ L AC, HP 1L AB = HE = HQ = HP (tinh chat ba duong phan giic cua

tam gidc).
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Neu Hocung fa grao diem 3 duong trung truc tht HA = HB = HC. Xét 2
tam guric vuong AHB, BHE. CHQ chung co: HA = HB = HC, HP = HE = HQ
(chime minh trén). Vay AAHB = ABHE = ACHQ = Ay = Bl - ).

Suyra A = B - C nén AABC dén,

Il. BAI TAP

1. Cho tam gidc ABC co canh BC ¢6 dinh. diecm A di dong trong mat phing
(sao cho 3 diém A. B, C khong thang hing). Puang trung truc cua hai
canh AB v AC cat nhau o diem E. Chimg minh rang E di dong trén mot
dudng thang ¢o dinh

2. Cho tam giic ABC. cic duong cao BE L AC va CF L AB. Chimg minh
rang cac duong trung true cua cde canh cta tam gidc BEC, cua tam gidc
BIFC v dudmg trung truc cua doan thang EF cung di qua 1 diém.

‘e

Cho tam gidc ABC. K¢ duong thing m “li qua A va song song vdi BC.
p

K¢ duong thang m, di qua B va song so.g vdéi AC, m| va m, cat nhau tai

F. Ké duong thing m, di aua C va song song v&i AB, my cat m; va m,

tar B va G.

Chimg minh rang giao diém cdc duong trung truc cta cac canh AEFG

cung 12 giao diém cdc dudng cao clia AABC.

4. Cho tam gidc ABC c6 A = 120". Dudmg trung truc cua canh AB va AC
cit nhau tai I va cat canh BC lan lugt D va E.
a) Chimg minh rang cdc tam gidc ABD va ACE la cdc tam gidc cén;
b) Tinh BIC. \

5. Cho tam gidc can ABC (AB = AC). Trén canh AB, AC lan luot 1dy diém M,
diém N sao cho AM = AN. 1 I3 giao diém ctia MC va BN. Chiing minh:
a) Tam gidc BIC la tam gidc can;
b) Al la duong trung truc cua canh BC.

6. Cho tam giic ABC, A =120", B-C =30" Pudong trung truc cia canh
BC cit canh AC tai D, cat tia doi cta tia AB tai E.
a) Tinh cac goc cua tam gidac ABC;
b) Ching minh EBD = ECD = ADB = 30°;
¢) So sdnh hai tam giic EDB va EDC.
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1. HUONG DAN GIAI

1.

7]
L]

E thuoc trung truc ciia ABnén EA =EB. E
thudc trung truc cta AC nén EA = EC. Suy
ra EB = EC hay E cich déu B va C ¢6 dinh.
Vay E thudc trung truc yx cua doan thang
BC ¢o6 dinh.

Hinh 90

Keé duong trung truc cha canh EC cat BC tai O. Theo tinh chat duong
trung true thi OE = OC nén AOEC can, suy ra OCE = OEC. Lai ¢6
OCE + OBE = 90° = OEC + (SEB nén OEB = OBE, do dé AOBE
cin, suy ra OB = OE ma OE = OC. Vay OE = OB = OC. Suy ra O la
giao diém 3 duong trung truc clia AEBC.

e Chung minh ur&ng tuta co OF = OB =
OC, suy ra O la giao diém 3 dudng trung
truc cua AFBC.

o Tir cic chimg minh suy ra OE = OF nén
O ciing thudc duong trung truc cua EF.

Vay cac dudng trung truc ctia cac canh cua Hinh 91
ABEC, cia ABFC va dudng trung truc cua
EF cung di qua trung diém O ctia canh BC.

Xét AEAC va ABCA ¢o6 F AR iy m,
chung canh AC; b
CAB (dom| // BC, my //

AB va la 2 ¢ip goc so le-

trong). Vay AEAC =

ABCA (g.c.g). Suy ra
AE=BC(1);CE=AB(2)

Tuong tr ta c6: AF = BC (3); BF = AC (4)
CG = AB (5): BG = AC (6)

Tu (1) va (3) suy ra AE = AF nén trung true cua EF di qua A. Mat Khic
m, // BC nén AH L m, thi AH L BC. : ‘




n

Chunge minh trong tr ta co Bl T trung true cua FGodong thot Ta duong
cao cua AABC va CK Lo trung true cua EG dong thar Ta duong cao caa
VABC

Vav O Lo giao diem cac duong trung true caa AEFG dong thot 1o grao

diem cac duong cao cua A ABC

)y Biem D nam uwen duong trung e cia AB nen DA = DB Tam gide
ADB can o D.

byiem Fonam tren duong trung true cua AC nen AE = 1C

Tam grac ARC can o k.

by Hrem Il giao diém coa har duong trung true cua AB v AC, nén:

[A = 1B tam giac AIB A

can o Isuy ra "
AIB = 1RO" - 21AB

IA = IC. tam giic AIC e

can o Losuy ra

ALC = 180" - 21AC
Vay

BIC - BIA + AIC - 360" - 2(BAL+ IAC)
= 3607 2BAC =2360" - 21200 = 120"
a) Xettam grac ANB va AMC co:

AB = AC (gt)

Chung goc A

AN =AM (gn)

Vav AANB = AAMC (c.g.o) Suy ra

By = (";

M; = '\x do do f\mlj = '\n Hinh 94

Lar co AB = AC va AM = AN nén MB = NC. Vi vay AIMB = AINC
(p.c.o) suy ra IB=1C, do do ABIC can o I

by Vi IB = iC nén diem I thude duong trung true ciia BC (1)

Mat Khic do AB = AC nén diem A clng thuoe dudmg trung true ctia BC (2),

T () va(2) suy ra AL trung true cua BC.



6. (h95) -
N 0 N fi 0 0 E/
a)Vi A =120 nén B+ C =180 - 120";

B+C =60 B-C =30"(a) b
I 0 o \\\_ -.
nén 2B =90, B =45 B C
Hinh 95

Vay C =45°- 30°= 15"

b) Diem D nam trén dudng trung true cua doan thiarg EC. nén
DBC = C vi tia BD nam gitra hai tia BC va tia BA. Cho nén

ABC = ABD + DBC = ABD = ABC - DBC, vy ABD = B- C = 4 _
15" =30"

#

Trong tam giic ABD ¢6: A = 120", ABD = 30" nén ADB = 80’ -
(120" + 30") = 30",

ABD = ADB = 30" (1)

E nam trén dudng trung trirc cua doan thing BC va nam trér duing
thang AB nén ECB = B,

Tia CD nam giita hai tia CB va CE nén:

ECD = ECB - C hay ECD = B - C =30°(2)

So sanh (1) va (2) ta ¢6:

ABD = ADB = ECD = 30",

¢) Hai tam guic EDB va EDC cé:

DB = DC; EB = EC (E. D nam trén dudmg trung true cda doan thamg BC).
EBD = [ECD = 3t (chimg minh ¢ ciu b)).

Vay AEDB = AEDC.

§9. TINH CHAT BA PUONG CAO CUA TAM GIAC

I - KIEN THOC CAN NHO

1. Duong cao cua tam giac
e Trong mot tam gide doan vuong goc ha tir mot dinh dén miod duing

thang chita canh do1 dién goi [a dirone cao cua tam giic do
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Boan thaing AE 1a duong cao cla A
VABC (hU6). Co Khi nguonr ta goi

duong thang AE 1a duong cao cua

AABC

e Trong mot tam giac ¢o 3 duong cao. B N ™
)

2. Tinh chat ba duong cao cua tam giac Hinh 96

Ba duong cao cua mot tam gidce cung di
qua mot diem, diem do goi la e rani

cua tam giic do.

3. Duong cao, duong trung tuyén, trung truc, phan giac cua tam
giac can

e Trong mot tam guic can duong trung true tng vanr canh day dong thaoi
la duomg phan gide, duong trung tuyeén la duong cao cliing xuadt phat tir
dinh doi dién vai canh day.

e D¢ ding chung minh duoc trong mot tam gidc néu hai trong 4 loai
duong: Trung tuyén, phian grac. duong cao, cing xuat phit tr mot dinh
va duong trung true tmg vai canh doi dien voi dinh nay triing nhau thi

tam gric do K mot tam grice can.

Vidu 1. Goi AH va BK I ciic duimg K
cay cra tam gidc ABC. Chimg minh rimng
(3K .~ CAH.

)

(ziai. Ta ohdn thay hai goc CBK va 13
CaH déu la gde nhon vir ¢6 cic canh
treng g vuong goe vai nhaw: Hinh 87

CB L AHvaBK 1L CA.

Viy (: EK (“:\7 .

Vi du 2. Cho tam giic can ABC (AB = AC): AH va BK i cic duong
cae. Chimg mimmh CBK = BAI.

Giai

Trong tam gidc cdn di cho thy duong cao AH ciing 1a duong phan gidc
cl goc AL

111



vi ¢6 cic canh twong img vuong goc, nén

CAH = CBK.

Mt khac CAH va CBK la hai goc nhon K

B H SEam ¢
< . Hinh 98

il. BAI TAP

1. Cho tam gidac can ABC (AB = AC) ké duong phan gidc AD cua A. ké
duong cao BK L AC, chung cat nhau tai H. Trén canh AB lay Al = AK.
a) Chimg minh AD, BK, CI cung di qua 1 diém;

b) Got M, N, P theo thu tur la trung diém cta AB, DK va CH. Chimg
minh 3 diém M, N, P thang hang.

2. Cho tam giac vuong ABC (%’i =90%) ¢6 AB = 5cm, BC = 13cm. Trén tia
BA lay BD = BC = 13cm (A nam gitta B va D). Tia phan gidc cua B cat
AC G E, DE cat BC o F.

a) Tinh do dai cua DF;
b) Xdc dinh truc tam cua cic tam gidc ABC va EBC.

3. Cho tam gidc déu ABC. Cic duong cao AH va BE cat rhau tai G.
Kéo dai AH dé ¢é6 HD = HG. Cic diém P va Q trén canh BC sao cho
BP = PQ = QC.

Ching minh cdc duong thang DP va DQ theo thit tu vuong géc véi BG
va GC.

4. Hai dudng cao AH va BK cuia tam giic nhon ABC cat nhau ta D.

a) Tinh géc HDK khi C = 50°
b) Chitng minh rang néu DA = DB thi tam giic ABC 1a tem g dc can.

5. Cho tam gidc can ABC (AB = AC). Goi D Ia mot diém bat ki trén day
BC. Chimg minh rang tong cic khoang ciich tir D (i cic carh bén bang
duong cao ung vl canh bén.

6. Ching minh rang: Trong mot tam gidc toéng cha ba dudng o nho hon

112

chu vi cua tam gidc do.



1. HUONG DAN GIAl

[ R
.

O ONARC can (AR = AC) phan
Qe AD coae N donge thor
dirone caon Net AABK v AN
c0 \.H - ACTAK = AL chung
coc BAC nen ZVABK = AA(C]
(L2 Chsuy 1 _\"l(“ _\Kli = G5
hay €T 0 AB

VABC o 3 duone cao AL

BK: CTear nhau tar 1 diem. ma Hinh 99
\D cat BK to Honen €T du qua
H.

Y

by Theo bar . trang Brem ocanh huyven coa tame grac vuong th
cach dew 3 dimh cua tam giae ay ova chimbe fa gao diem 3 duong true,
trire)” . Ap dung de gra ban todn nay el Pl trunge diem cua cant
huven HO cua har tam grae vuong KHC v DHC nen PK = PD = HP =
PC = P thuoc trung trie cua DK oy Tuong tr ta c6 M B trung dien
cua canh hoven AB cua har ton grde vuong KAB va DAB nen MK =
MD = MA = MB > M thuoc trung true cua KD 2y Theo gra thict th
NK = ND nen N othuoe trung true cua KD 3 Ta oy (20 3y suy ra M
NP ocomg thuoe trung e cua doan thang DK Viay 3 diem Mo N

thang hang.
[
1) Tia BE car €Dt M ’

ABCD ¢cin «BC = BD = 13 cm). tia phin

/
/
giac cua B odong thor e duong cao nen
BM L CDoma CA L BD suy ma B Ta A
true tamy cua ABCD. do do DEF L BC -
7

e AABC VA AFBD ¢6 A = I = 90" BD .A i

= B chung géc B Vay AABC = b I

\EBD (camh huven, goc nhon). suv ra e, A

DE = AC(]).

N ABT vuong tar AL theo dinh I Priago ta co ABS + ACT = BCC =

h) Al

ACT = BCT O AB =13 5T =169 - 25 = 144 Viy AC = [2em (2)

Tu by va 2y suy ra DE = 12em.

e
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b) AABC ¢co BA | ACva CA | ABnen A Lo true taim AABC AEBU Co
BA L EC:CM L EBnén D la true tam cua AEBC

e« AABC dcu nen cic duong cao AH.
BE dong thoi la trung tuyeén va truce
tam G dong thoi [ trong tam. suy ra

HB = HC va GH = J;.»\(i = HD =

GD =GA = - Al BD = -BE.

o]t
FSI

o AAHB va AALB c¢6 chung canh.
AB. F = H =90 BAE = ABH
60", AAHB AAEB

nen (canh

R Hinh 101

-
; AH = ?Bli hav DG = BG (1)

Mat khic, do ABGD ¢o duong cao BH dong thor la trung tuyen nén
ABGD can dinh B = BG = BD (2). Tue (1) va 2y cuyra BG = DG = BD.
Viy ABGD déu.

l

e BP =PQ = ‘QC = 3B(ﬁ‘ = — BH ma BH la trung tuyén cua ABGD. nén

SN IS

P l1a trong tam ABGD, do dé DP cat BG tai K thi DK i trung tuyén dong

thot la duong cao. Vay DK 1L BG. Chimg minh tuong tr ta cting ¢o

DQ 1 GC.
A
(h.102) &) Vi hai géc € va ADK K
déu nhon va ¢6 cic canh wong tng
vuong goc nén € = ADK. Nhung D
aoc HDK k& b vai gée ADK nén
hai géc C viv HDK 1a bt nhau. Nhue B I ‘
-~ Hinh 102

viy HDK = 180" - C = 130"
by Néu DA = DB thi DAB - DBA. do dé hai tam gide vuong HARB v
KBA bing nhau vi ¢é canh huyen bang nhau va ¢é mot goc nhon bang
nhau. T do suy ra KAB = HBA, hai géc nav cling k¢ vor diay AB cua

tam gric ABC nén ta suy ractam gric ABC canovor CA = CB.
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(ho 103y Ta chung numh rang DM + DN = A

BK Thire vay. ke DP viaong gée var BKL /\\

Taco DP/NKvaPK /DN nen DN - PK
v MBD - PDB (vi PDB - ACB) Do do
har tam grace vaong MBD v PDB bang
nhan, v ¢o canh huven bang nhau vi MG K
mot goc nhon bang nhau. tr do suy ra i fg/
DM = BP.

Nhuviy DM = DN = BP + PK = BK. B8 W

G su ABC Tatam giae da cho:s AL
BM v ON i cae duong cao cua tam
cidc do. Ta ching minh rang:

AL+ BM + CN < AB + BC ~ CAL
Thue vav, AL < AB. Twong ur:
BM < BO VoG ON < CAL Cong tung ve
cua ha bat dang thire nay ta duoe:
AL+ BM +« ON < AB + BC + CA. Hinh 104

Vay tong cua ba duong cao nho hon

chu vi tim giic,

BAI TAP ON CHUONG 111

Cho tam griic ABC. H Ly true tam cua tam guie. Xace dinh true tam ¢
cac tam gric ABH, BCH. ACH.

Cho tam giic can ABC, canh diav 1a BC va goc BAC nhon. D T tru
dicm caa canh BC, qua D vac o phia trong tam giic ABC dung mot duon
thang tao vai canh DC mot goc bang goc BAC, duong thang niy ¢
duong thang AB tai M vit AC tii N Chung minh:

w BC
ay DN = -——;

S

by Trong tm giic BDM. canh DM la canh Ton nhat.
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0.

116

Cho tam gric deu ABC. D Ta trung dicm caa BC Tren tia AB Ly dicin
M a0 cho B nam gitta A vis M, goi N T grao diem ctia MD vic AC

a) So sianh hai doan thang DM va BD, DN vi DC:

b) So sianh hai doan thang DM ya DN,

Cho tam giac ABC. AB > AC. D 1 trung diem canh BC. Tren canh AR

lay diem E. trén canh AC lay diém F sao cho BE = CF. Chung nmunb

DEF - DEE.

Cho gée xOy bang 607 Tia Om nam gita hai tia Ox. Oy v \Om = 20"
Trén ta Ox lay diem Ho ur H ke duong thang vuong goe voi Ox. no ca
Om tai B vivcat Oy tai AL Trén tia Bm lay dicm D sao cho BD = AD
Chung minh OA = AD.

BC. Tim cic goc A

: l
* 4 l - .} b ' o
Cho tam giic ABC ¢6 C = 30", Puong cao AH = =

va B.

Cho tam guic ABC (AB < AC). Trén cic canh AB va AC theo thur tu ay
hai diem D v E sao cho BD = CE.

a) So sinh hai goc BDEE va DEC

b) Chimg minh DC > CE:

¢) Goi M va N L trung diém cia DE v BC. Ké MF // BD v ME = BD,
ke MG // EC vil MG = EC. Chimg minh ba diem I, N, G thang hang;

d) Chung minh duong thang MN, song song vai tia phan giic Ax cla
goc BAC.

Cho tam giie ABC. Dicm G thudée mién trong cua AABC,

. l , :
i) Chimg minh GA + GB + GC > = chu vi AABC;

by Goi M v N theo thi e 1 trung diem cua BC vii AC. Noi GM vi kéo
dat de ¢ MP = MG. Noi GN vit Kéo dian dé ¢ NQ = NG. Noi AP va BQ
cat nhau tat O, Chitng minh OA = OP va OB = OQ:

¢) Chang minh ring khi G di dong thi GO {uon Tuon di qua mot diem

co dimh.
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Cho tam grae den VRO | C N\ theo thu e Tay o

e MNP saochio AN [ & nOAVABC

cChune oo ANIND?
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VAR = N f\ T F/

}
Sosarh ey va2ysus a0 N O v / /

VDNC T tam grdc cane a1 DN / /

T R
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2 , !’

T /
By ABDNT Co DRNT e oo B nhons Hinh 106
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B Chirne nonh NIN 13
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(h.107) AMBD ¢6 MBD = 120° (vi

ABC = 60°). Vay MBD I goc lon

nhat, suy ra DM > BD (1).

BMD + BDM = 60° = BDM <

60", ma Bl’)-M‘ = NDC (doi dinh)

suy ra NDC < 60° va DNC > 60"

vi C =60° = DNC > C suy ra DC

> DN md BD = DC

= BD > DN (2);

b) So sdnh (1) va (2) suy ra DM > DN.

(h.108) Hai tam gidac BED va FDC
_BE=CF!

(gtL)
|

C(

)

- BD=CD
B<C (vi trong tam gric ABC,
AB > AC). Vay DF > ED.

Trong tam giic DEF, DF > ED nén
DEF > DFE

(h.109) Trong tam gidc vuong BOH
¢6 BOH = 20°, H = lv (gid thiéy)
Suy ra OBH = 70".

OBH = ABD (di dinh).

Vay ABD =70".

AABD L tam gidc ¢an (AD = BD gia
thiét), suy ra BAD = ABD = 70".
Vay ADB = 180° - 2.70° = 40°(1);

Hinh 107

i A

B 5 ¢
Hink 108
v
A
5 13
D
/
0 i N

Hinh 109

Ta co: AOB = xOy - xOm = 60°— 20°= 40" (2)

Tu (D va (2) ta suy ra AOAD can tat A = OA = AD.

(h.110) Goi O 1a trung diem cia AC, HO Ia trung tuyén thuoe cank

huyen cua tam giie AHC nen HO = <

can, ta fai ¢o CAH = 60" (vi ACB =

I
AC = OA. Viy OAH Ta tam giac

30"), cho nén AOAH 1 tam eidc



] Al
lew AH = ON hay A= AC AH = e
b , ; 0
S BC ta taety suy ra AC = BC Do \\
: . - B i , HON ) ~
Jo i griae ABC Lactam grac can dinh € (" !
‘ ' I
v I8OY - 300
e — 75
oy A= b= > - Hink 110

i theo gra thict AB < AC hay AD +
DB < AE + EC ma BD = EC nén
AD < AL sy ia AED < ADE (1)

(quan he gita goc va canh dor dign

trong tam giac ADE). 1
Lai cé BDE & bt ADE si DEC
ke bt AED nén BDE + ADE =

Hinh 111

Tu )y v (2) suy ra BDE < DIC:

by AADE co AED < ADE nen AED I gde nhon (vi néu 1 géc vuon
hav tu th ADE i din dén tong 3 goc cua AADE lon hon 1807), INH
on nhat. suy ra canh DC lon nhat. Vay DC > DE;

¢) Nor FD. BF. AMDF via ABFD ¢o DE chung, MF = BD (gia thiet
MED = FDB (vi ME // BD v 1a 2 géc so le trong)

Viav AMDI = ABED (c.g.c). Suy ra: BEF = MD (3) va MDF = DFB ma
goc so le trong nén BEF // DM (4). Chung minh twong tu ta cung ¢
CG = ME (5) va CG // ME (6). Theo gia thiet thi MD = ME (7)

Tir (3), (5), (7) suy ra BF = CG: e (4) va (6) suy ra BF // CG. ABNE v
ACNG ¢6 CG = BF: ON = NB (gia thi¢t; GON ~ FBN (vi CG // BF v
2 gde so le trong). Vay ABNE = ACNG (c.g.c). Suy ra BNF = CNG m
BNE 4 FNC = 180" nen CNG + FNC = 180" do d6 GNF = [R0" =
goc bet Vay 3 diem BN G thang hang:

dy MEF = BD = CE = MG (gia thict nen AMEG cane NEF = NG (d
ABNE = AcIvG), do do MIN T trung tuven dong thor la phan giadce cu

Lo MG suvra My o= Mo

Ny



M - Q (do ME// AB va 2 goc dong vi): Mj =Py tdo MG //AC v 2
goc ~o e ngoan. Tu cac chimg mmh tren suy ra Q = P Vin ALPQ

can. ma BAC 1d gée ngoar nén BAC = Py + Q = 2Py hay 2A - [Py,

i &3 = Py ma 2 gdc so le trong, vay Ax // PQ hay Ax // M\
a) AGAB ¢6 GA + GB > AB (quan A
h¢ gitra 3 canh cua 1 tam guic) (1).
Tuong tu ti ciing ¢6 GA + GC > AC
(2)va GB + GC > BC (3)
Tu ) (2),(3) suy ra:
2A6A+GB+GO)y> AB+ AC+ BC

(}\
—_

-
[ ¢

Hinh 112

1
Viv: GA + GB + GC > - chu vi AABC:

b) AANQ v ACNG co NA = NC
FUTR NG = NOQ g2y =
\\Q CONG (dor dinhy Vi
VANQ = ACNG (¢ e.¢). Suy e

AQ = CG: AQN = NGC mi 2
goc o le trong nén AQ // CG.
Chirie minh trone e ta cting ©o

B \(‘
BP=CGyva BP//CG \A/'\l
])

Suy 1 BP = AQ «= CGiva BP //
AQ (CGH. Hinh 113

A AOQ vit ABOP ¢6 AQ = BP. QAP = APB: AQB = QBP (v AG //
BP vacla 2 goc so le rrone Viay A AOQ = A BOP (g.c.g). Suy n Q4 =
OP va OB = 0Q;

¢) A GAP ¢ hat trung tuy en GO vy AN cat nhau tai [nén T troag .

AM.

suy ra [A =

').J? 1]

YRS ]

AABC ¢o AM L trune tivene ma 1A =AM nen T Ha reag tin caa

VABC: T ¢co AABC codmh nen Ted dinh

VI kb Godr dong i GO Jeon Taon di gquac dicm Tea dinh.



9.

O NABC dentetynen A B O = / \
OO AB = BC = CA mia AM = BN - \I ' L1
A
| . %
CP - canh AABC suy 0 BM = / \ \
W A A
(N = AP —ocanh AABC Suy p \ //' ‘\\\
A ’/J" /
VAME = ABNM = ACPN 0 e o o 36— \t/—— —Hu—kl(.

JoMP = AN = PN Vay ANINO L

Lam grae deu:

Hinh 114

by Gor B ola trung dizm cua BND i BE = BV = ;.-’\B = BN = ABEN

cinco B o= 607 Viy ABEN deu. nen BNE = 60" = BEN: NE = BI =
EM. do do AEMN can ¢o oo ngow BEN = EMN = ENAM = 60°
JENAL =607 Vay ENM = 30

Tircac chung minh trén suy BMAT - BNE 4 ENM = 607 + 307 = 90"
Vay MN | BC

Chung mimh twong e ta e NP 7O va PN AR
¢ Vi AABC deu nen tre tan H

dong thor [ oo dicm 2 e trang
true vea 3 canh, do do Koo O in

o - : KK
bung diem 3 canhva K - F = G = =>7/\
90", H ciing dong thén v grao dicm 3 }
duong phan gric trong. do do Hocach /
den 3 canh tee T HK = HG = HE- I‘/
[ar co MK = AK A\
" AB :.,\[a (2 AB. Chime minh it 14

trong nrta co MK = GP = NI = :

canh AABC deu.
Tircac chime munh ten suy v AHKM = AHGE - AHEN cocr sy e
FING = 1IN = HP. do dé H ol grao dicnt 2 duono trome e coee S canh

AMNP. Mat khiae AMNE déa nen Hocng ianae tan coa AN P



BAI TAP ON CUOI NAM

PHAN SO HOC - PAI SO

11 .3 ( o 2)
— 4 —|]1.5-6-— =
ST (’319( .14)

S 1 1
4+ 12-5=
6

1. Thuc hién phép tinh:

9\ 3
(Trich dé thi HSGV lop 7 thi xa@ Ha Dong, Ha Tay, 2(/)2 - 20003
I N P 2 N 2 2
2. a) Tinh: 2003 2004 2005 2002 2003 2004
' 5 5 5 3 3 3

+ - + -
2003 1 2004 2005 2002 " 2003 2004
b)Bict 1" +2 4. +10°=3025. Tinh 2  +4* + 6" +... +:

'{ b} ]
X' = 3x" +0.25xy" - 4
c) A= 2

- . Tinh gid tri cua A bigt x = - -, y li
X~ +y ;
sO nguyén am 16n nhat.
(Trich dé thi HSG lop 7, TP. H6 Chi Minli, 2003 - 2004

7

Tim x biét:

' o I'h‘5 : 10=12;
d)X+4— ,)6x SX = |28

<) (lxi —l)(—l) = (—J—]?‘d) X & o b__ ¢
8/\ 8/ LU 8/)° " b4c c+a a+b’
(Trich dé thi gidi Litonig Theé'Vinh Qudan 9TP. Ho Chi Minh, 2002-2003 )

4. Tim x biét:

3 g 3 L PR 117

ab  (a+ lw)f.

(=

d Cd - (C + d)2 )

by Tim ~o co 3 char so chia hét cho 18 vaciic chirso u ¢ véi I 2 0

. a4 c L
5. a)Cho v chimg minh rang

5 [ i |
6. ) Ritgen bicvthue: A = Ix -1+ i 2l
‘ -

by Tim w1y de bicathiie B 2
» - \! s

TN

g1 tre rguyén

nho »hat.
(17 cfrde - HSG lop 7 thi va Ha Dong, Ha Tay, (2002 2:003)

122



Hav ol 1 27+ 3 4+ 198+ (9997

1 Y

- . _ |2 e T
' nen (10 + 25) (10 25y = 10

(Troch de the HSCE oM

Chune nunh rang var moi o te nhien o phin so san day T tor gan
AR TR
L4 3

(Trich de the Vo dich Toan quoc e, 1959)

0. Cho him <o xdc dinh vormor x thou an:
X+ 2) = (X7 - 9)f0x)
Churng mimh rang phuong trinh {(x) = 0 ¢6 it nhat ba nghiém
(Trich de thi vo dich Todn cua Diic
1. Har setrnhien-a va b nguyén to cung nhau. Ching minh rang ude chung
lGn Akat cuia (a+ b) v (a”
(Trich de thi X o dich Toan lap 8§ =Matscova, 1963)

\
+ b7) bang | hoac hing 2.

2. Cho cic so nguyen duong g, ay, s, dgo. 0. Gia surang 4 > a4, = 3a,
. - - . - Uy
- Jagy = 3ay - 200y = gy - Jigg Lhimg minh ridng ay, > 2

(Trich dé thi vo dich Toan lop & - Matscova, 1962)

HAN HiNH HOC

Cho tun gidc cin ABC {AB = AC), trén nira mat phang khong chira diém

C by duong thing AB dung tam gide déu ABE v trén nira mat phing

khongchira diem B b 1a canh AC dung tam gide déu ACD.

a) SO sinh hai tam giac BCD va BCE:

b) K ¢ lutmg cao AH ctia tam giac ABC Chiing minh cic doan thang EC,
D. AH deng quy (dong quy la cat nhau tai | diém).

Cho tan gidc ABC, ba goe déu nhon, B = 2C. Tia phan gide cua goc B
cat ¢lung cao AH va canh AC tai O va M. Tai O ké duong thing song
sors vk BConé cat AB vir AC tai D va E. Chimg mimh:

a) Citctom erie BDO.MOE, AOM la tam gidc can:

by Cihiing munt, Mk trung diém cia AE.

Cho tan giie MNP, géc nhon M bang han lan goc P Dune duomg ceo NI
Trén o dor cha tia MN xac dinh diem | sao cho M = MH_ o | va HL
nocat NP D

05 Chune minh ¢dc tam gidc MEH. NHD. HDP i ton gide cén;



th

6.

Y.

b So sanh cic goc cua tam gride NED v cac goc cua tam grace NMP:
¢y Trén doan thang MP Lay diem M sao cho HND = HM Chimg min
NM = MP suv ra NE = HP.

Cho tam gidic ABC, A = 1207, B - € = 30" Buomg trung true cta ca
BC cat canh AC 1ai D, cat tia doi cea tia AB tai E.

a)y Tinh cide goc cua tam giic ABC

b) Chimg minh EBD = ECD = 30";

¢) Chimg minh har tam gric EDB va EDC biang nhau.

Tinh cic goc cua tam guic AT 7 néu cac duong phan giae ngoar cua g
A va B bing canh AB (duong phin giic ngoin AM cua goe A cua t
gric ABC L doan thang ma diem dau [a A va diem cuédn Lo giao dicm
cua tia phan gric va [a dudmg thang chira canh BC).

Cho tam gric vuong can ABC (AB = AC), ta phin guic cua cic goc B
C cat AC viv AB lan ot tai E va D
a) Chung minh rang BE = CD vit AD = AL:
b) Goi I i giao dicim cua BE va CD, Al cit BC tai M. Ching minh r
MAB. MAC [a cac tam grac can:
¢) Tur Aovi D vEé ciae duong thang vuong goc vor Bl cac duorrg tha
nav cat BC lan luot ta K va H. Chung minh rang KH = KO,

(Trich de thi HSG lop 7.ty va Ha Dong, Ha Tay, 2002~ 201,

Cho tam giic nhon ABC. V& ve phia ngoai tam gric ABC cie tam gi
deu ABD vit ACE. Goi M la giao diem cua DC vir BE. Chimg minh rang
a) AABE = AADC
b) BMC = 120"

(Trich dé v HSG lop 7, thanh pho Ho Chi Minh, 2003~ 20()

Cho tam gide ABC vuong ¢an tai B, ¢é trung tuyen BM. Goi D i di¢
bat ki thuoc canh AC. Ke AH. CK vuong goc vair BD (H, K thuoe B
Chimg minh

a) BH = CK;

by Tam griic MHK vuong cian.

(Trich de thi Toan 7 ciar Lionge Theé N inli Quan 9. TP Ho Chi i)
N2 - 20003

Cho tam giie deu ABC v diem D reen canh BC Duong thang i qua
vasong song var AC cain AB e dicm B Duong thang d gua D ova so
song ver AB cat AC tn BoGor e vg diem caa BECQ Ly rung dhie
cta ko Chang mmh rane tiy o 0 PDOQ Tatam grie dén,

(Tricivde ibevac lop Y chven Toan TP Ho Che Mind 195



10, Tugome dicon Mocanh day AC coa tum ciac can ABC ke METvaong zoc

vor BC o o BOY Gor Pl trane diem doan thane M Chime nnnh
rine N vuong cocvor BP

cLerclde thevodic e Foan Topr TO Mg ona, 1902

HUONG DAN GIAL

PHAN SO HOC - DAI SO

1203 2 19 2
37 A 2 1Y |4
l |1 - ! B -
BAY) I n i1H W3
6 Hhtoo B
. 3l
{5 03 fy SR 93 R _ w649
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O Y. N
[ l 1 3 3 )
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W03 004 2005 200
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S22 3 e w10 = R3023 = 21200
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3 ; i | i's 3' 10 =12
d)\+1—— ‘)gf\*g,\ = |z
l I 2 ¢ 12+ 10
;o o . - e X = -+
! 3 6°  RY
] 9
-~ 1 — - — "
X ] ITe A
7D
. D
YT R
X = 48;
/ \ /7 3 7
o (w1 (1)
8 b b
M-t =(-1] (5]
8 8 48/
] ( Iy
N-g=1-3)
SRR
= (1)
I'\ ""‘63-
9
B e
- e
i) A b C - a+b+c :+b-c |
d)x= = = nén x = o e o
b+c ¢+ a+b b+c+c+a+a+b 20+bre)

(viia+b+c¢c#0)

4. 343 L o [ Tnen 3N +3+9)=117
33 =117 suyra3 =117: 13
=9

5
Pl ey =2,

a C a h d h db B
S aY s oz o oD B o =k nén —.— = — =Kk (1)
h ~ d ¢« ¢ d cd
5 )
v b L+ b (4 + b) 1+ b 2.
s IEy smeesiis T K JICHE T = | e =k (=)
¢ d €+« (¢ +d) ¢ +d

. ab o (a+ by
Fit 41 5 va € 25 sy fa == = sessenige
cd (o4 dy

1 26



6.

by Gioi o b L ba chir so tao nen <O phar tim ¢ ba chir ~o ca. b ¢ co the
Lo mot trong «00 1020 300 van chu v chir <o hang tram khae ). So pha

—_

3

i chie het cho IR nen chiachét cho 9 va 2 Vay a+ b+ ¢ 9 va chirso

hane don v phian Faso chia hét cho 20 Theo de bin va Khong Lam mat tinh

chat tong quiit, ta ¢o the vict:
i by ¢ a it b a+ b
| ? 3 I+ 2+ 3 6
da+b+¢ Ynena+b+c=9 1827
. , a b ¢ |8 ) . .
eVOILath+c=1I8 > - -~ =-—=3a=3.b=6,c=9

] 2 3 6

Viy co cie S0 sau thoa man dé bai 396, 936

o _at+tb+cec U v _
eViiatbh+c=9thi ———— = — = a = — bt lom)
) 6 6
e Vora+b+c=27thia=b=c=9(biloan vi 999 Khong chia het cho

2 nen khong chia hét cho 18 (chi chia het cho 9

WA= ek 2L Tacothe lap hang sau:

X l 2
P |- x % = g = |
Ix - 2| 2 X 2o x=2
A 3-2x |1 | 2x-3
Tir bang tren ta co:
eVaoirx < | thhA=3-2x
e VoIl “x<2thiA =1
e Vi x "2 thi A=2x- 3;
42 —y 27
h) R i R U
y -~ 15 y - IS
\
Muon B co gid tri nguyén nho nhat thy —— s cO gia tri ngrven nho
/ yoes 35 ' ‘ ;

nhat nén v — 15 Ta ude am caa 27 I6n nhat. Ta biét wde am 1an nhat cua
2700 Ineny o 15= 3=y =12 Dodovory = 12thi B= 1 +
27

T s T FO (=10 1a gid tri nguveén nho nhat cua B)
2 N ) -



7.

10.

1.

128

Gor tong phan tim fa A, vay ta co:
A= 19997 (9987 + 19977 — 19967+, + 37 - 27 + |
= (1999 + 1998) (1999 - 1998) + (1997 + 1996) (1997  1996) +...

b

+(3+ 253 2y 4|

i

1999 + 199K + [997 + [996 + 2 4+ 2 4 |

1999 2000

= T = 1999000

3y

12, mey 2 Ac2 {2 ohe aqnl2 agy 12 ~¢ N ]
(107 +25)7 = (107 =257 = [ (10~ +2% {07 -25) ) (107 1 25)-- 107 + 25
=2.10"" 50 = 10"

vay 10" = 10" s n =14

o . o 2+ . _

b¢ chimg minh phan so in a3 a tor gran var mot so tr nhien n ta
n+ .

chimg minh

(2In + 4) va (14n + 3) la nguyén 1o cang nhau.

Goi d «d > 1) 1d wde chung 1on nhat cia hai <0 trén, ta ¢é: 21n + 4 = md,

[4n + 3

2In+ 3 =3(m - h)

hd (m, h la so nguyen doonysuyran+ I =(m - hd =

Chonéntaco: 1 =2In+H - 2In+3)=md - 3(m - h)d
= 3hd - 2md
= (3h - 2m)d
Nhu vay | la tich cia he 2uyen 3h - 2m ova d. Dicu nay chi xav ra

khi 3h = 2m =d =1 (dpcm .

Cho x ba gid tri 0, 3, =3 T ding thae di cho ta ¢6

e VoI x =0 = 0.f(2) = -9.0(0) => {(0) = 0. Viay x = 0 la mot nghiém cua
phuong trinh f(x) = 0.

e Vi x =3 = {(5) = 0 nén x = 5 L mot nghiém cua phuong trinh f(x) =0

o Vo x = -3 => f(- 1) =0 nén x = ~1 cling la mot nghiem cua phuong
trinh f(x) = 0.

: > D . , ” . 4 2 RN :
Neu fa™ + b7) va (a + by chia het chod th (a + b)™ - (a” + b7) cung chia
o d = 2ab chia hét chod
o) h]
Vav 2a7 = 2aa + b) - 2ab vi 2b” = 2b(a + b) - 2ab cung chia hetcho d
1

b}
Nhung a, b nguyén to cung nhau thi a7, b™ cing nguyén 10 curg nhau,

2 A i ~ e
Nhu vay 2a” va 2b™ khong the chia hét cho d > 2 suy ra (dpem).
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PHAN HINH HOC

1. ) N¢ét har tam grae BCD va CBE,
chiung con BC chung. €D = BE (CD
= AC. Bl = AB. AB = AC). Tia BA
nam gira har tta BO v BE nen
EBC - FBA + ABC = 60"+ B (1),
T CA nam aira hae ta CB va CD
nen BCD =607+ C (2yma B~ C
= BCD = EBC nen ABCD = ACBE
(c.e.0) suy ra BCE = DBC.

Hinh 116

by B vi D nam trén hai mar phang dor b 1d dudng thing AC nén doan
BD cat canh AC. Trong tam giic AEC, BD cat canh AC. né khong the
cat canh AE vi hai doan thang BD vi AE nam trén hai ndra mat phang
dor, ba 1 dudng thaing AB. vay doan thang BD cat doan thang EC. Gia
s giao diem 1a O,

AOBC la tam gidc can {BFF - DBC) nén OB = OC, = O nam trén

duong cao AH (vi AH 1a duong trung true cia BO). Do do ba doan thang
BD. CE, AH cat nhau tai O.

2. (h.117) a) By = B> (g1). O - B \,\
(so le trong) = B: = Oy nén ABOD \
la tam gric can: = C (dong vi). J
0=01= B ma B = C(B=2C) . )

D - -
suy ra Q2 = B . J 30 \('
Vay AMOE can; . ,

Hinh 117
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Oz = Oy doi dinh

(A).i -+ B] = ]\1 ~ -

. ,\ = A1 = Oy > MA=MO(I])

Al +C = Iy .

.. => AOM la tam giac cén;
C =B

b) AMOE can = MO = ME (2). so sanh (1) va (2) suy ra MA = ME,
M nam gitta hai diem A va E, viy M la trung diém A va E.

a) AMEH (ME = MH) AMEH la tam gidc can.
lﬁ = IE + ?I; B
p—

M =2E = 2H;
ADHP: H-> = H; = N
M = 2H> ~ -
R A } s Hy = P \\
M = 2P
M 2 l;p
LYH M

= ADHP la tam giic can;
ANHD c6 N = NHD

(N +P =lv, NHD + Ha = Iv) Hinh 118
nén ANHD la tam gidc can;
b) ANED va ANMP® co: N chung, E=P=D-= I(;‘l

¢) HM = HM' nén ANMM' la tam gidc can.

o~ -~ ——

M=M ma M=2P=M =2P.M I goc ngoai ¢ dinh M" cla
AMNP, M'= P + N = 2P =

M'N =M'P.

M' Ia diém nam gita hai diém H, P, viy HM' + M'P = HP (1). M mum
gitra hai diem E va N nén

NM + ME = NE (2) ma HM = HM,

ME = HM = HM' = ME;

NM =NM"=MP.

So sinh (1) va (2) ta ¢6 HP = NL.

ro

{ =P = AM'NP Ila tam giic cn. vy



4.

un

htl9yam A = 120" = B+ C = 180" 120" = 60",
Wiy

B =60

OB = 00"
— o 90° " b
> B =~ =457, ’
- Hinh 119

~ (Y

C =457 30" = 157
by D nam tren dudmg trung true cta doan thang BC

nen B; = " wb liﬁl) - B - By —

O

— EBD =B -C =30°(1)

E=90"-45" = E = 45"
E nam trén dudmg trung truc cua doan BC nén B - B’(—_TE mi B > C nén
BCE > C, viy tia  AC nam gita hai tia CB va CE =
BCD + DCE = BCE = ECD = BCE -~ BCD =45" - 15" =30°(2).

¢) Hai tam gidc EBD va ECD ¢6: BED = DEC, EB = EC: ED chung.
vay AEBD = AECD (c.g¢).

Gior AM v BN 1a cic duong phin giic ngoai.

Truomg hopt (h.120): Hai diém M v N cling ndm trén nita mat phang
ber [ duong thing AB.

bat BAC = o (doc 1 phi). ta M N

¢é ANB = ¢ (vi AABN can,
AB = BN (thco gia thiét)).

— - — C

NB}/ = BAC + ANB = 2¢p =

CBy = 4. - n ; £ \
BMA =MBA = I80 - 4o Hinh 120

MAY = 20180" ) = CAC
=3 I80" = 4o)



mi XAy = 180° nén ¢ + 40180° — do) = 1807, 15¢ = 7207 180" =
5407, ¢ = 5407 15 = 36",

Vay CAB =36", CBA = 180" - 436" = 36" nén ACE = 180" - 72"= 108"
Truong hop 2: Hai diécm M va N nam trén hai nra mat phang doi, ba la
duomg thang AB (H.121).

Dat CAB = ¢. BAN = BNA = 180° - ¢. NBP = ABN =2¢ - I8(0"

RO -
AMC + CBA = JAx = 00— @

“ B
M C >
])
Hinh 121 Hinh 122
— . I80° -
nén AMB = CBA = ”*T”(E‘
= o 180° - .
CBP = 180" nén w-wszﬁ’ £202¢ - 180°) = 180
O I L)N()” O " :'— ) %)
< 1S =1980" => ¢ = = = 1327 nén CAB =132,
o Ic\!()“ - |32” 0 P Q ) 0 0 0
CBA - - = 12" BCA = 180" - (132° + 129) = 36",

a) X¢ét har tam giic vuong ABE va ACD ching ¢6 AB = AC,
ABE = ACD (do ABC la tam giic vuong can BE va CD la har duong
phan gidc (g1) => AABE = AACD (hai tam gidc cung ¢6 mot canh goc
vuong va mot goe nhon bang nhaw. Suy ra BE = CD va AE = AD:

by I I giao diém cua hai duong phan gidic BE vit CD == AM 1a duvong
phin grdc cua A ctng 1a dudng trung tven thuoe canh huyen cua tam

|
gric vuong can ABC = AM = - BC hay AM = MB = MC 2 AMAR,

ANMAC can:



O Gor Nl giao cua AK va €D De dang ching nanh o duog
3 AL - O o AN =ON = ND nen N la trung dicm cua CDLta la
o DHNK cdo DI v AK cung vuong goc vor BE) o K Lo trung diem
CH hay KH = K

FXC har tam giae ABE va ADC chuing co:

AL - DAC (vicung bang A~ 607

B = AD tharcanh cua tam gide déu ABD)

A= AC char canh cua A ACE deu)

> AABE = AADC (c.g.o)
L B 1) I
> Bl = DCvic AEB = ACD 2
N ~ MEC = 607 - AEB N
Fr Nét A OME 0 . %
B MCE = 6 " A L) ] //\\/
TEC + MCE = 1207 =5 CME = 60" N 1
i I L . Hint 123
Viv BMCO = 1800 - CME = 180" - 60 = 120"
a N¢t har tam giac vuong ABH va BCK, A
cung Co: \
AB = BO cat AABC vuong can tat B) ‘-\\
e L \ oM
FAH = KBC (hai goc cang phu var mot goe). \ K
oy 1 N
Sty ta AABI = ABCK 5{
(Fai tam giie vaong ¢ canh huyén v mot "l \Q\
woc nhon cia tam gide vuong nay hing I — 2

cinh huven va mot goc nhon cua tam gric Hinh 124

viong Ko the har tam grae bang nhau)

B = CK:

b XSt har tam gric AMED vae BMK chung co AHF = BK (em tren
AM = BM et MAL - MBK (cec). suy ra MI = MK (1) va
M- BKM

Tilaico AHM « MHK = 90" = BKM + MIK = 00"

Viv HMEK =907 (20 Tirchy v 2 suy ra (dpem,
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Dé dang chimg minh duoc

ABDF = AEDC (c.g.c)

e F] = (}|,

BF = CE.

Xét 2 tam gidc DFP va DCQ ching co:
Fi = C)

o Hinh 125
DF = DC (A DFC la tam gidc déu D = F = C; FP = CQ (FP = _-BF,

]
Q= ,-;CE ma BF = CE (CM trén)) suy ra ADFP = ADCQ = DP=DQ (1)

Dé dang chimg minh dugc ABPD = AEQD (c.c.c) = BDP - IBQ
Ta lai ¢6 BDP + PDE = 60° (do A BDE la tam giic déu vi
B=E=D =60°.

Suy ra ﬁ)bJrFﬁ =60° = ISBNQ (2)

Tur (1) va (2) suy ra (dpem).

Goi N la trung diém cia HC. Tu N B
ké NE // MC = NE di qua P trung
diém cua MH di qua P trung diém
cua MH (dinh 1i) = NE L BM (E €
BM). Trong tam gidac BMN, P la truc
tam = BP 1 MN ma MN Ila duong
trung binh cia A AHC = AH // MN
= AH 1 BP.

M
Hinh 126
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PHAN DAl O
Chuong Il
THONG KE

11 Thutap so lieu thong ké tan so

$2 Bang tan s0" cac gia ' cua dau hiéu
23 Bieu do

¥4 S0 tring binh cong

Baitar 6 chuong Il

Chuong IV
BIEU THUC B AISO

+1 Khai iém vé biéu thue dai s6
(314 tricla mot biéu thie dai s6
sZ2 Bon tue
$3 Bon hue dong dang - cong tru don thue déng dang
v4 ba thre
¥5 Coéing tru da thac
36 Ba thrc mot bién
37 Cong tru da thuc mot bign
38 Nghiém cla da thuc mot bién
Baitap &1 chuong IV

PHAN HINH HOC
Chuong Il

QUAN HE GIUA CAC YEU TO TRONG TAM GIAC
CAC DUONG DONG QUY CUA TAM GIAC

—_

Quanhé gira gbc va canh déi dien trong mot tam giac

Qu.anhé gitra duong vudng goc va duang xién, duong xién va hinh chiéu
Qu.anhé gitta ba canh clia mot tam giac Bat dang thuc tam giac

Tinh chat ba dudng trung tuyén clia tam giac

5 Tinh chat tia phan giac cia mot goc

Tinth chal ba duang phan giac cua tam giac

Tinh ¢hat ba duong trung truc cia mét doan thang

8 Tinh chat ba duang trung truc cia tam giac

9 Tinh ¢hat ba duang cao cua tam giac

aitap or chuong lli
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