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> A. KIEN THUC VA Ki NANG CAN NAM VONG

1. BIEN DOI BIEU THUC NGUYEN
1. Céc hdng ddng thiic dang nhé
e A’-B’=(A+B)}A-B)
e (A+B) =A’+2AB+B’
e (A-B)Y’=A"-2AB+B’
e« A*+B =(A+B)A?’-AB+B?)
e A'-B'=(A-B)A’+AB+B’)
e (A+B)' =A’+3A’B+3AB” + B’
s (A-B)'=A*-3A°B+3AB° -B’ ;
e (A+B+C)y =A’+B’+C’ +2AB+2BC+2CA

n-2

o x"—y" =(x—y)(x“" + X"y Xy +y"“'), vdi n nguyén duong.

5

o X7~y = (x+ y)(xz”"i =Xy L xy? Tyt ) , vdi n nguyén duong.

2+t _ O 2nsl 2n-i 2n-1 02

.x y —(x+y)(x2“—x y+x""ly ...—xyz""‘+y2“),v(iinnguyénd1rdng.

2. Phan tich da thic thanh nhan t&

- bét nhdn t¥ chung.

- Nhém cdce hang tf thinh mét nhém thich hgp 1am xudt hién dang diing
thfc hodc xudt hién nhin t& chung mdi.

- Tdch mot hang tf thinh nhiéu hang tit, thém v bdt ciing mot hang tif.

- DB&i bién d€ dua da thie bic cao vé da thite bic thap hon, khi dé dé&
dang nhan thiy cdch phin tich thanh nhan tf hon.

- St dung phudng phdp hé sd bdt dinh.
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I1. BIEN POl BIEU THUC HOU 1

Ta ¢6 the bién d6i mot biéu thie hitu f phite tap thanh mot biéu thic don
gidn biing cdch dp dung cdc quy tc ciia cdc phép todn ¢dng, trir, nhin,
chia cdc phin thic.

5 ¥R
> B. BAI TAP

Bai 1. Phan tich cdc da thitc sau thinh nhin ud:
a) A=a’+b' +¢* - 3ahe
b) B=2(3x-5y)’ - 21x+35y+6
) C=(x+1)(x+3)(x +5)(x+7)+15
d) D=x'y* +2500

Huéng dan giai
a) A=a’+b'+c'~3abc = (a+b)’ +c' ~3ab(a+b)-3abe
:(a+b+c)[(a+b)2—(a+b)c+c2]~3ab(a+b+c)
=(a+b+c)(a® +2ab+ b ~ac—be+c” - 3ab)
:(a+h+c)(a2+b3“ab~bc—ca>
b) B=2(3x - 5y)’ ~21x +35y +6 = 2(3x - 5y)’ - 7(3x - 5y) + 6
Pitt=3x - 5y
Thi B=2t"~7t+6=(2t-3)(t-2)
Hay B:[2(3x—5y)—-3:’[(3x—5y‘)—2:{=(6x~]0y-3)(3x——5y——2) '
©) C=(x+1)(x+3)(x+5)(x+7)+15:(x2+8x+7)(x2+8x+15)+15
Diatt=x>+8x+7
Thi C=t(t+8)+15=1" +8t+15=(t+3)(t+5)
Hay C=(x"+8x+10)(x” +8x+12) = (x> +8x +10)(x +2)(x +6)
d) D =x** +2500 = x*y* +100x%y? + 2500 — 160x2y2
= (x** +50)’ ~(10xy)" = (x’y* = 10xy + 50)(x*y* +10xy + 50)

6

| @4+ijﬂﬁ+gj(§+qjm(ﬂ4+lw
Bai 2. Rit gon phan thic: P = 4 41/

ey

Huéng dan giai
Nhin mdi thira s clia tif vd miu s6 ctia phin thire vdi 2%, ta dudc:
(2 +4)(6" +4)(10* +4)..(22 +4)
(4 a)(8 ) (12? +4)..(24% +4)
(F+1)3 +1)(8 +1)(7 +1)(9 +1)(107 +1)... (217 +1) (232 1)
- (F+0)(s7+1)(7+ N +1)(1r? +1)(13° +1)...(23? +1)(25° +1)

a1
25741 313
L. ; s L 11 1 1 .
Bai 3. Chirng minh rling n€u —+ = 4+~ = thi
Xy 7 X+y+z
1 1 1 1
XZ()(B yl()():i + ZZ()(B = XZ()(B +y2()”3 +ZZ()()3
Hudng din giai
1 Z+ X2+ 1
Tacé:«l—a-—l—wtl: o YITXETXY
Xy 7 X+ty+z Xyz X+y+z

@ (yz+xz+xy)(x+y+z)=xyz

& XYL+ X2 XY + Y2 xyz+ X0y +y 2+ X274+ xyz = XYz
c»z(x+y)2+xy(x+y)+zz(x+y)=0
C$(x-+y)(xx-&yz-}xy-+zz):()

= (x+y)[x(y+2)+z(y+2z)]=0

S (x+y)(x+z)(y+2)=0

x+y=0
x+z2=0
y+2=0
o .o 2003 2003 ..
Vix+y=0thix=-y =x™ =-y7, tacé:
1 1 1 "1 1 N 1
XZ()(B y2{)£)3 Z2()()3 - _yZ()(B 2003 ZZ{)()3 - ,‘JZ(HH
7
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1 ~ 1 1

2003 2003 L2003 T 2003 2003 -, 200 = 2003
+y*" 4z —y 207 OB 208y

va

X

1 1 1 1

Vay XZ()()S + y2()()'3 + ZZ()(B = XZ()()S +y2()()3 +sz,,3 (dpcm)

Tuong ty x +z =0 hodc y + z =0, ta ciing ¢6 diéu phidi chitng minh.

B b o S
BAii 4. Cho —*— +——+—<_ =1 Chitng minh rling —>—+-2 1+ < __¢
b+¢c c¢+a a+b b+c¢c c¢+a a+b

Huéng din giai
a b ©

+ + =
b+c¢c c¢c+a a+b

<:>(a+b+c)[ a_, b ¢ =(a+b+c)
, ) b+c c¢+a a+b

a’+a(b+c) b +blc+a) c*(a+b
L 2ra(bre) Brblera) ¢ (ath)
b+c¢ c+a a+b
a* b* ¢?
+a+ +b+
b+c c+a a+b
a’ b? c?
+

b+c c¢+a a+b

=a+b+c

+c=a+b+c

=0 (dpcm)

{xus (x-1)(x*+1) +1_2(x+6)} (2x+1)’

x3+1'(x7-—3)(x2+1) x*+1 | (x+3)(4-x)

{ x—1 “2(x+6)+1} (2x+1)’

X+ x7+1 (x+3)(4-x)
_x—1-2x-124x7+1 (2x+1)°
x*+1 (x+3)(4-x)

'_:"(x+3)(x—4)(2x+1) _—(2x+1)
(X +1)(x+3)(4-x)  x'+1

2
Viy Az__(._z.’ii)__

x* +1
g \ XX-25 _ x*-25
B&i6.Chox>5va y= 0x+25° 4~ 15x +25
‘ - , X4 PR T A
X x=5

ly—x|+}y+f<_g+y+x+g

Rit gon biéu thic: A = 21 [
Xy Xy ¢ Xy 7z

Bdi 5. Cho biéu thiic:

( . x,_3‘J (x3—2x2‘+2x—])(x+1) 2(x+6) 4x? +4x +1
A= X" —x+— . T 5 e .
x*+1 x’+x"-3x* -3 x*+1 | (x+3)(4-x)

a) Tim diéu kién cta x &€ A xdc dinh.
by Riit gon A.

Huéng dan giai

a) Ta ¢6: x*+1=(x +1)(x* =x+1)
x”+x7—3x? —3=x7(x2+1)w3(x2+1)=(x2+1)(x7—3)

Viy diéu kién d€ A xdc dinh la: x# -1, x #3,x # -3, x # 4.

3 2 ,
b)A= (x“‘—x+ X:3).(X —fx J;2x—11)(x+1)+1“2()2(+6) . 4 +ax+1
X' +1 x+x'=3x" -3 x*+1 | (x+3)(4-x)

Hudng din giai

2 ) - ~
Tacé: y= X -25 7x -25 :x(x 3)(xj+5)=x(x 5)
x4 10XF25 X7 +10x+25 (x+5) X+5
X X
_ x'-25 “(x~5)2(x+5)_(x_5)2(x+5)“(st)z
X+1§Xf,25 X2+]()X+25 - (X+5)2 - X+5
X-5 )
Do dé: Xy:ﬂx——_S) Ly _x=210x ;x+y:2x;
X+5 X+5 X+5

Vix>5nén

A:ZIY‘X1+IY+X__2_+Y+X 2
Xy Xy 4] Xy Z
20 20 4x

569 G (s

_20(x=5)+20+4x> _4(x*+10x-25)
X(X—S)2 x(x~5)2

9
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BGi7.Cho x#0,y#0,220 vix +y+2=0.

C‘hl’l’ngminhxﬁng(Xﬁy+y-2+7‘“x} SR S S PP
¢ X Y AX=y y-z z-x

Bai 9. Phan tich da thitc thanh nhan tf A = x" + x° +1

(Trich dé thi vao lép 10 Chuyén Todn, Lé Héng Phong, TP. HCM ndm
hoc 2002 - 2003)

Hudng din giai
bit a:x—y’b:y—x’czx—x
7 X y

Ta ¢6: (a+h+c)(l+i+l):3+b+C+C+a+a+b
a b ¢ a b ¢

. ) 2 a2 i}
Mt khae: 27¢ [ 7 )(y CYRIXE X ]=i(—x~y+z)
a  Ax-y Xy X

=£(—x~y~z+21)=2; Vix+y+z=0)
X Xy

a+c  2x° a+b 2y
Tuong ty: —— =2~ =2

yZz ¢ X7

27 +y 42 .
Viy (a+b+c)(l+l+i):3+ ( ¥ ):3+2.3xy/,:9
a b oc Xyz Xyz

Hay(x~y+y»z+z—x)( L X 3 ):9(61)cm)
z X y X—-y y—z z-X -

Hudng dan giai
A=x"+x"+1
=X A ek o T T R o X K x4 KC
3 2 2
— X+ X =X +xT+Xx+]
_=x"(x2+x+l)—x7(x2+x+1)+x5(x2+x+l)—x4(x2+x+1)+
+x3(x2+x+1)—x(x2+x+1)+l(x2+x+1)

:(x2+x+1)(x“—x7+x5—x4+x3—x2+l)

BGi 10. Phén tich thanh nhan t¥ A =(x - y)’ +(y -z)5 +(z-x)

(Trich dé thi vao Idp 10 Chuyén Todn, Trdn Pai Nghia, TP, HCM'
ndm hoc 2003 - 2004)

Bdi 8. Phén tich da thic thanh nhan t P =x* +x* +2(m — Dx*+mx +m?’

(Trich dé thi vao lép 10 Chuyén Todn, PH Khoa hoc Hué, ndm hoc
2003 — 2004)

Huéng dan giai
A=(x~—y)5+(y—z)5+(z~x)5
bita=x-y;b=y-zSuyra:z-x=-(a+b)

Do dé: A=a’+b’~(a+b)’ =(a+b)(a* ~a’b+a’d’ —ab® +b*)
| =(a+b)(~5a" ~ 52’6 - 5ab’) = ~5(a + b)(a’b +a’b® +ab’)

Vay A=(x-y)(y ——z)(z—x)(x2 +y? —xy»yz—zx)

Huéng din giai

P=m?+m2x*+x)+x* +x>=2x2

2 2
:m2+2m(x2+§-J+ X't X X 2%
2 2 4 4

2 2
=(m+x2+—gj ~(}2§~J =.(m+x2+2x)(m+x2—x)

Viy P=(m+x2+2x)(m+x2——x)

Bai 11. Cho a, b, ¢ 1a ba s& phén biét khic 0, thda min diéu kién a+b+c=0.
Don gian biéu thitc:

a b ¢ )(b~c c—a a—b)
P= + + + +
b-¢c c¢-a a-b a b c
(Trich dé thi vao ldp 10 THPT Chuyén, DHSP Ha N§i ndm hoc 2006
- 2007)

Huéng din giai

¢ Cc—a
-+

c—a a-b a-b b-c b—
;B= + ; C=
b c C a a b

11




_ )=y (e x)(xe sy )
(x+y)(1+x)(1-y)

=X+Xy—~Yy

22KhiP=x+xy-y=2 &x+xy-y-l=la(x-1)(y+1)=1

V‘ X, y nguyén nén ta tim dugc (x ; y) ng,uyen théa man 1a: (2, 0) ;
- 2).

Bai 13. Cho x > 0 thdéa x° +L1 =7. Tinh x° +—l;.
X X’

(Trich dé thi vao lop 10 THPT Chuvén Lé Héng Phong, TP.HCM
nam hoc 2004 — 2005)

T P=3+—2 A+ B+—S_C \
b-c ¢—a a-b .
Mait khic: :

a 5 _a(b~c)[a—(b+c)]:gﬁi
b—cA (b- L)b [(db ac)- ( ¢ )]_ (b—c)bc abc
26’ ¢ 2¢’

- y ach: B= C==0
Tuong ty, ta ¢o a oo ash abe
2(a +b3+c [ (-b- c) +b3+g]
Do d6: P=3+
’ abc abc
21 —=3bc :
N [ c(h+c)]:
abc
Bdi 12. Cho bifu thife:
XZ yZ >X2y2

Txry)(i-y) (x+y)(I+x) (1+x)(1-y)
1. Tim diéu kién x, y dé P xdc dinh. Rt gon P.
2. Tim x, y nguyén thdéa min phuong trinh P = 2.
(Trich dé thi vao ldp 10 THPT Ndng Khiéu Trdn Phi, Hdi Phong

nam hoc 2005 — 2006)
’ Huéng dan gidi
1. Piéukién: x# -y, x = -1, y=1
B X B y* _xy
C(x+y)(I-y) (x+y)(r+x) (1+x)(1-y)
_ X (1+x) =y (I-y)-x"y* (x+y)
(x+y)(1+x)(1-y)
X2 =y +x +yt =Xy (x+y)
T (x+y)(1+x)(1-y)
(x+y)(x——y+x2——xy+yz—x2y2)

(x+y)(1+x)(1-y) —
]

(x+y)(1+x)(1-y)

Huéng din gidi

: ( ])( 4 I | 5 l 1 3
Taco: | x+— | x +—IJ:X I
X X x' X

st 1 [ 1\‘( 4 l} (1 _sj
= X +~?: X+— 1 X -i——4 - _T+X
X X ) X X

X ~ . e pd
Dé dang tinh dudge cde tong sau:

(x+—1-} — X 2 lw S T42=9 s x b= 3
N X b

W3

( s+l =x +3x2~]-+3x—-1;‘+~1—.-=x3+L+3x(x+—l—j
\ X) X X® X X

1 1y 1
:>x"+—§:(x+-) -3(x+—]: 18
X X X

1
Tudng ty: x* +— =47
X

Viy x-‘+li._—.3.47—18=123
<

Bai 14. Rdt gon bicu thife: R =

3a’ ~2ab-b’ 3a’-dab+b’
2a° +ab-b* 3a’+2ab-b’

(Trich dé thi vao ldp 40 Ban CD, PINK, DPHOG TP. HCM ndm hoc
2004 — 2005)

Huéng din gidi

13




_ 34’ —2ab-b> 3a° —4ab+b°

R 2 2o 2 )
22" +ab-b"  3a” +2ab-b?

_32’-3ab+ab-b’ 3a’-3ab-ab+b’

22’ ~ab+2ab—b’ 3a’ —ab+3ab_b?

_(a=b)(3a+b) (a=b)(3a-b) _3a+b
~(2a-b)(a+b) (3a-b)(a+b) 2a-b

4a’ L 10a+2 L 2a+20
(a+1)(a+2) (a+1)(a+3) (a+2)(a+3)
1. Tim di€u kién clia a d&€ bidu thige A ¢ nghia.
2. Rit gon biéu thic A,

Bai 15. Cho biéuy thie: A =

(Trich dé thi vao 16p 10 THPT Chuyén Lam Son, Thanh Héa ndm
hoc 2006 ~ 2007)

Vi x+y+z#0 nén ax+by+cz#0

Cong hai v€ clia cdc ding thite «én 1An gt cho ax, by, cz ta dudc:

(a+1)x=ax+by+cz ; (b+1)y=ax+by+cz; (c+1)z=ax+by+cz

Suyra: L. LI X + y . z
I+a 1+b 1+c ax+by+cz ax+by+cz ax+by+cz
X+y+z

ax+by+cz

‘ Huéng dan giai
1. D& A c6 nghia thi: a# -1, a%-2 vi a%-3 .

Ao 4 L 10a+2  2a+20
~(;;1‘+1)(a+2) (a+1)(a+3) (a+2)(a+3)
_42’ (a+3)+(10a+2)(a +2)+(2a+20)(a + 1)
- (a+1)(a+2)(a+3)

_4a’+12a% +10a® + 220 +4+2a% + 322+ 20
- (a+1)(a+2)(a+3)

4(a3+6a2+llé+6) _4@ath(@+2)(a+3)

T (ar))(a+2)(a+3) (a+1)(a+2)(a+3)
Viy A =4,

BGi17.Chox>0>yvax +y=l

2

2 2
. y—x y 2x°y X
a)Ritgon A=>—>u:| L +
) £0 vxy (x—y)z (xz_yz)z yz_xz
b) Chitng minh riing A < — 4.
(Trich dé thi vao lop 10 THPT Chuyén , PHSP, Ha N6t ndm hoc 2005 - 2006) |

Bdi 16. Cho cdc s6a,b,c,x,y,zthda: x= by+cz, y =ax +‘cz, Z = ax + by, .
" 1 1

+ + =
I+a 1+b l+c

X +y + z # 0. Chitng minh:

(Trich dé thi vao l()"p 10 Chuyén Todn, Trin Dai Nghia, TP. HCM
ndm hoc 2004 — 2005)

Huéng din giai

Cong v& vdi v& clia cdc ding thife ta duge: x + y+2z=2(ax +by +cz)

14

Huéng dan giai

2 2 2
y—X y 2x°%y X
a) A= : - +
) Xy (X ‘y)z (x2 _yz)z yz —x2
y-x y2 szy ' x2
= . 2 3 7+ - +)
xy ((x~y)" (x=y)(x+y)" (y—-x)(y+x
_y-x | ¥ _2x%y x?

Xy : (x—y)2 (x~y)2+(y—~X)] (vVix+y=1)

_y-x, y2—2x2yr~x2(X~Y))

Xy (x-y)’
_y-x yz—xz(HX)J-(y-X)z
Xy (x-y)° Xy

2
+X
b) Ta c6: A+4=~(y——-——)—=~1—<0::>A<—4(dpcm).
Xy Xy

Bai 18. Chiing minh ring néu a, b, ¢ théa min a + b + c = 2007 va
l+l~n--1— =~—1—- thi mét trong ba s6 d6 phai c6 mot s& biing 2007.
a b ¢ 2007 .

(Trich dé thi vao lop 10 Chuyén Todn, PH Khoa hoc HUE nam hoc 2007 - 2008)

15




Huéng d?m gidi Thay vao (1), ta duge: x* +y* =3

11 ,
Ta ¢6 %%'{'Z: o0 =5 abc —2007(ab + be +ca) +2007° ~ 2007 =0 Do dé: A=x+xy +y? =(x* +y*)(x* +y* —x‘y*)+x’y?
! Mai 4 + b+ ¢ =2007 nén ‘ : :(x”—}-y“)[(x +y4)2—3x4y4]+x2y2:3(9—~3)+1=]9
‘: abc — 2007 (ab + be +ca) +2007%a + 2007 b +2007%¢ ~ 2007° =0
& (a=2007)(b—2007)(c - 2007) =0 Vay A=19.

Vay trong ba s6 a, b, ¢ phdi c6 mdt sd biing 2007.

Bai 19. Céc s thuc a, b, ¢, d thda min ddng thdi cdc diéu kién:
iyac—a—c=b’-2b
ii) bd-b-d=c*-2¢
iii) b= l,c=1

Ching minh ding thite: ad+b+c=bc+a+d A. KIEN THUC VA KT NANG CAN NAM VUNG

(Trich dé thi vao 16p 10 THPT Chuyén , DHSP, Ha Noi nim hoc 2008 — 2009) 1. Cdc cHng thire bién ddi can bdc hai
Huéng dan gidi o JA? =|A|
T cdc di€u kién, ta ¢co: : . \/_A—szfx.\[ﬁ(v(ji A>0:B20)
ac—a-c+l=b'-2b+1 (a-1)(c-1)=(b=1)" (D)

‘ A_YA (6ias0:B20

o bd~-b-d+1=c¢ ~2c+1 (b-—l)(d—l):(c~l)2 2) VB~ -—(v01 )
Nhin v€ theo v& ctia (1) va (2), ta duge: (a—1)(d-1)=(b-1)(c-1) : o \/Xz_ézlAl\/ﬁ(v(ﬁ BZO)‘

Suyra ad+b+c=bc+a+d

Ba&i 20. Cédc 50 x, y thda min cic ding thic:

AVB =JAB (v6i A>0;B20)
*
AVB = —JA?B (v6i A <0 :B>0)

Xy vyt =4 xP e xty 4yt =8

, . ” A 1 . :
Hay tinh gi tri ctia biéu thite: A =x" +x’y* +y"? ‘ . \/% =E\/AB (v6i AB20;B=0)

(Trich dé thi vao lop 10 THPT Chuyén, DHSP, Ha NI ndm hoc 2007 — 2008)
| e A AJ_
' ‘ Hudng dan gidi . :/? (véi B>0)
Tacé: x* +x2y2 +y* =4 (1); x*+x'y* +y* =8 (2)

. 1 JA +JB
T (1), suy ra: x* +y4 =4 -x"y"

.\/X*r\/’ﬁ: B (v6iA20;B20;A=B)

2. Cdc cong thlc bién déi can bac ba
<Pyt 2xtyt =16 -85y +x*y? (3) e A<Bo YA <YB

T (2) va (3), suy ra: 8+ x*y* =16-8x’y? +x'y* @ x*y? =1 = x‘y* =1 o YAB=YAYB

l :>(x +y ) =16-8x"y* +x'y*
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3. SU dung héng dcmg thiic va cac phucng phdap phéan tich
thanh nhan 14,

4. Nhén vé&i cac biéu thie lién hop.

X
> B. BAI TAP

Bai 1. Riit gon cdc biéu thie sau:

1 I
W \/5*\/§+\/§+\/§
by 3V2-243
\/5—\/3 3\/§+2ﬁ

Vx +1 o1
VX +x+Vx x?—x

'C)

(1) i) S (s1)(svi-) e (95 ]

© (\/;)(le- x+1): \/;(XJr\/;-H) B X+\(;+1
= Vx+1)(Vx ~1)=x-1

o2y ()
Py ey ey R )
(-) 2

(Vx+ W)V V)

xRy xy-y 2y xefxy -y +y-2y _X-y

X=y X=y X-y X—=y X—y

Huéng din gidi
ﬁ+f o £ 25

oo L [Eah 1 [
RIS N PN oo \/6(\/§+J§)
1 (V3-v2)

\/’2-—\/5 ( ’;+J§)

(ﬁ~ﬁ)(ﬁ+ﬁ)~ L V-
J (Va+v2)  V2-B 32

— (\/§~\/§):—1 (Vi V3-1250)

'Q,

18

Bai 2. Rt gon céc bidu thic sau:

a) va’ +2Vat 4142

: / 1 / 1 N
‘ a+—+ Ja+— vlia>-—-=
b) \/a+ a > 7 ) ]

(Va+vb) —4b a+9b+6\/_—

1

(& b)[f f) NG

o) véia, b2 0

Hudng dan gidi
vy 2
a) \/a2+2\/aT+1+2=\/(a2+1)+2 a®+1+1= (lf\/'azﬂ)
='1+\/a2+1}=1+\/a2+1

l L + a+~l- +2—1—fa+—l—+l
b) a+‘a+—2-+=a+z-— a 7 3 272
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: (Va+vb )2 ‘H_gbm\/”‘ BGi 4. Tinh gid tri cc biéu thiic sau:
C 1 e
(a-b): (\/— f] N f | a)A:\/6+2J§.\/3—\/J§+J§+\/18—J@
() a0 e 3Vb) () 234 e + (3B el 2 2
(a"‘b):‘/Zlg }Ei;'*'@ 4 X “2w
I Hudng dan giai
_(\/£+\/6)3_4b~(\/5+3\/5) Jaedp a) A=\/6+2\/5.\/3—\/\/§+\/1_2'+\/18—x/_1~2—8
(a-b):ab (Va+3db) Jab =\/6+2J§.,/3~ (V3+1)

(o) —ab) (G beadh)(vasvB-2b) _Jor a5

1 b (Ja N 4 . ~ab :
(Va = /b ).ab.(Va +3b) db(\/;—\/E)(a+3\/B) ab s (\/5_1)2
Bdi 3. Tinh gid tri biéu thic ’
2\/;+3\/‘ 6 \/— . . ' = 6+2.(\/§—1)= (\/’54-1) =3+1
vdi x = 2007 va
f'zf 30y -6 Jxy+2Jx+3Jy +6 | 2 V2. 2 [5 1
y = 2009 - R R I R TN
Huéng din giai ' g —
3-42
N A 2 3 2 (B2
Jxy —2dx =3y -6 Jxy +2:Jx +3Jy +6 | 33T 2
2 2 3-2 2\/§+\/5+\/§—\/§~
2\/;+3\/§ 6~\/E » : =73~+—§—+ 3 = 3 =3

:(»\/;—3).(-;/;+f2)~(\/§+3)(\/§+2) A SR :
(2\/—);—%3\/‘)( x+3) (6_\/;)7)(\/;_3) ‘ Bdi 5. a) Cho a = 0. Chiing minh riing: o — 4 tva +a+1=(\/;—1)

- - a+1 a —\/:;+1
(Vx-3)(y +2)(Vx+3) (Vx3)(y +2)(Vx-3)
_2x+6Vx +3/xy +9fy -6Jx +18+xJy -3 /xy
(x-9)(Vy +2)
_2x+9 y+x\/— (x+9)(\/§+2) X+9
S (x-9)(y+2)  (x-9)(Yy+2) x-9

X+9 126
x-9 125

Véix=2007 vay=2009thi A=

20

+,.__,._

1 e
b) Chitng minh ddng thu’c \[——
I+~~~ 1-, fl ——

Huéng din giai

2’ —a I(af )

a) Ta c¢o: x/z;(\/g—l):a~x/5 ’

2
a“++a+l1 a’+Ja+1

21




a’ +va \/Z(a a+1) ,
Do do: a’—va a’++/a

- R N 2
a’+va+l a’—<a+l +a+l=a 2\/z;+1—(\/—a——1) (dpcm)

V3
2 . 2+\3 2-3

HF \/ B 24varods 2aals

__2+\3 L 2= \/— _2+Y3 2-43
2+\/ ‘§+1 2 \/ 3+f 3-43
_ 4423 4-23

2(33) 2(3-3)

(B (B Fa
2\/5(\5+1) 2\/-3;(\/5_1)— NMENG =1(dpcm)

Do d6: S:(l+l—l)+(l+l.—l)+m+(1+i__]m
23 3 4 99 100

Bai 8 Cho a, b, ¢ 1a cdc s8 dudng thda min ab + be +ca= 1.
Tinh gid tri ctia biéu thic:

S:a\[(l+lwz)(l+c2)+h\/(l+cz)(1+az)+aJ(l+az)(l+h2)

I+a’ 1+b? 1+¢”

Bdi 6. Chiing minh riing: {/5\/5«% 7- {/5@—»7 =2

Huéng dan gidi
Piat u :{/5\/54-7 ; v:{/S\/E—7 vVix=u-v

Viu'—vi =14 va uv = \/(5\/§+7)(5\/' 7)=3/50- 9=

Do dé: x* :(u~v)3:(u3~v3)~3uv(u——v)=l4-3x

<:>x3+3x—14:O<:>(x~2)(x2+2x+7)=();::>x:2‘(dpcm)

Bai 7. Tinh gid trj clia bi€u thitc:

T T T 11 1 1
S= /~—+——+—-+\/ t— ot | !
Ve TR N TR 7+ 597 * Too2

Huéng dan gidi
Vi ab+be+ca=1nén:
2’ +1=2a +ab+bc+ca=(a+b)(a+c)
b’ +1=b>+ab+bc+ca=(b+a)(b+c)
¢?+1=¢*+ab+be+ea=(c+a)(c+b)

(1+07)(1+¢%) :a\/(b+¢)(b+a)(c+a)(c+b)

1+a° (a+b)(a+c)

=u\/a;:c_)7=a(b+c)

Suy ra: a

Tu’dflg tu, ta c6: b —(—I—T—%%—(%T—) =b(c+a);

W:c(ankb)

Viy S=a(b+c)+b(c+a)+c{a+b)=2(ab+bc+ca)=2

[

Hu6ng din gial
Nhin xét riing:

1 1 1 1 1 l 1 1
Sttt = = D
\/12 e (1 +k)2 \/1_ ) (-k—1)2 1 k — vGimoi k e N*

22

B&ii 9. Thu gon cic biéu thifc sau:
a) A=\7-4V3-7+43

Jx+1  Jx-1 XVX + 2%~ 4/x — 8
b) B= - X
x—4 x+4Jx+4 Jx

(Trich dé thi vao I6p 10 THPT, TP.HCM ndm hoc 2008 — 2009)

(x>0;x#-4)

Huéng dan giai

23




1) biéu kién x > 0.

) A=\T-4V3 —\7+43 = J2-3)* —J2+3)? - taee po| Ly % ) VX [Axslex )1 xedxals
- 3|-2+V5) . ' o Ixa) xadx (Wx@xen ) Yxer s Vx
=2-V3-2-3=-23 2 Khix =4 i po 4t 17
s N Sl Y s A Ja 2
X +1 x—1 XVX +2X~-4x -8
b) B= -
) [x—4 x+4\/>?+4jx Jx 3)Tac6:P=13§©5i\7-.’ﬁ~1=1—31@3x-10\/§+3=0
X
DX+ D -2) 6vx o 1
- Jx - N X =6 = xe{%’—-}@xe{%—«}.
Bdi 10. Cho biéu thitc P:(ﬁ‘f"}4@: IJEB\F Bai 12. Cho bidu thite: p o X TY9x =3 _Vx+1 _Nx-2
- a++/b a b~b‘u : ’ x+Ux =2 Jx+2 Jx-1
a) Xdc dinh a, b d€ bi€u thitc ¢6 nghia vi hay rit gon P. 1) Réit gon bidu thic P.
b) Tim gid tri cha P khi a= 1566 + 331246 ; b=+/24 2) Tinh gid tri ciia P khi x = 34242 .
(Trich dé thi vao [6p 10 THPT, Qudng Ngdi, ndm hoc 2008 - 2009) (Trich dé thi vao 16p 10 THPT Chuyén Phan B3i Chdu, Nghé An
Huéng dan gidi ‘ ndm hoc 2008 — 2009)
a) Piéu kién: a,b>0;a#b. Huéng din giai
b (Ja- \/")L+4\/— Jab (\/5_._\[6)2. Jab ~ I)ybiéukién: x20,x#1.
Jatvb  Tadb-bda T Va+db Vaba-vb) 3x+3vx =3 - (Vx ~1)(Vx -1) - (Vx +2)(Vx -2)
- P ,
=a+b: (f_f)—a—h | (\/{—1)(\/@2)
+1)(Vx +2
S b) Ta c6: a=15-616 +y33-126 =J(3-v6)* +(3-2V6)’ __ x+3x+2 2(& )(x )=*/;+1
' (Vx-1)(vx=2) (Vx-1){vx+2) Jx -1
=3-J6+2J6-3=6 | ,
Vay P=a-b=V6-24=6-26 -6 2) Khi x =3+ 22 thi poYx+l_V3r22+1 . 5
RN Vi-1 31242-1
1 Bdi 11. Cho biéu thie: P= (\/. N l]:——%: : T T
5' XHL) xENX Bai 13. Riit gon biéu thic Az\/ hi 5-\/ -
1) Rit gon P. 2 2
2) Tim gid tri cta P khi x = 4 , (Trich dé thi vao l6p 10 THPT Chuyén PH Vinh ndm hoc 2005 — 2006)
, Hudng din giai
3) Tim x dé P=12. : paang
3 A_\/16+2\/T§_ 16-2415 _Ji5+1_i5-1_
(Trich dé thi vao lép 10 THPT, Ha N§i, ndm hoc 2008 — 2009) o - 4 4 Co2 2

Huéng din gidi




Bai 14. Vi mbi s6 ty nhién k 21, chitng minh rling
IR N
(k+ vk +kvk+1 Vi k]

Ap dung dé€ tinh gid tri biéu thie sau:

- I I
+ +o+ e
W+ 1W2  32+243 100499 + 99100

(Trich dé thi vao I6p 10 Chuyén Todn PHSP TP.HCM néiim hoc 2006 — 2007)

Huéng dan gidi
1 1

(k+DVK +kJk+1 Jf:f(ﬁ+f)
\/i-:—f L1

Ta cé:

Ap dung cong thic trén véik = 1, 2, .., 99
1 1

1
zﬁ+1J’§:TfI’E

Vdik=1thi

Vdik =2 thi

1
32+1V2 2 f

1 1 1

100499 + 99100 499 100

Cong cdc ding thic trén v€ theo vE, ta dudc:

Véi k =99 thi

9

1 1
+ =1- =
100+/99 + 994100 J100 10

1 1
+ +
2J1+1M2 342 +243

A(24+62 )(\/“\/')

_.a

Jio )}(r J2) = (43525 (15 -3)

(V) (0 -2) 2 (V5 1) Vo - 2)
:(r+f)(r V2)-8

2
B a+1 (1~ 2 )
a+l Ja - a+1]

=[a—2\[€:+1+a+2\/5+1)(a~1)2 _ 2(a+l)k(a_1)2 _ 2(a~1)
a+l

a—1 a-1 \a+1 a+1

Bai 16. Thu gon cdc biéu thic sau:

a b c . .
= + (a, b, ¢ khdc nhau
VS = ) a0)  (b-0)(v-a)  (c-a)(c_D)

doi mor)
\/x+2\/ 1+\/x— 2X — ( 22)
\/x+\/2x~l +\/x- J2x-1

(Trich dé thi vao I6p 10 THPT Chuyén, TP. HCM ndm hoc 2008 — 2009)

b) P=

Bai 15. Thu gon cdc biéu thifc sau:

:(2\/@53? Jio-2)

' 2
_(Ya-1 Va+1}(| 2 ) vdi a>0,a%1
Ja+rl Ja-1 a+1

(Trich dé thi vao lop 10 THPT Chuyén, TP. HCM ncim hoc 2006 — 2007)

Huéng dan gidi

26

Hudng dan giai
b

5= (a—b;(a——c) -0 ®-a) (c-a)(c-b)

_a(c-b)+b(a—c)+c(b-a) ac-—ab‘+ba——bc+cb—ca
- (a-b)(b-c)(c—a) (a-b)(b-c)(c—a)
Viy S =0. ‘

\&+2\/;——1,+\/x—\}2x~1
.\[x+\/2x—1‘+\/x—\/2xv—l

2| [T ) (-]
T axt2vanol —ax-242n 1

=0

b) P=
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PVx=T 1+ Nx=1-1]]
JaTa) - Ve

V2[Nx=T+1)+ ‘\/_———"1” V2[Vx=T+1+4x-1-1]
}\/'2'§<-—1+1]—\/5>7“1-1| Vax—1+1-(V2x-1-1)

:ﬁ\/x—l (vi Xx22 nén Jx-122vaJ2x-121)

Baii 17. Riit gon bidu thitc A =33b—1+bv8b—3 +3b—1-b\/8b—3 véi bz—é—.

(Trich dé thi vao lop 10 Chuyen Nguyén Trdi, Hdi Duong ndm hoc
2()08 2009)

Huéng din giai

Vi b=2 i A \/33_1+.3. /8.%_“{/3.3._1_3 k23
8 8 8 8 8 8
V8 8

- V6i b>§,th‘1 A=3Y3b-1+bv8b-3 +33b—1-b/8b-3

<A’ =6b—2+3~\‘/(3b—~1)2—b2(8b—3)=6b—2+3A(1~2b)
=A’-3(1-2b)A-(6b-2)=0

N (GO

2
< (A-1)=0(vi (A+%) +6(b—%)>0)
< A=]
ViyA=1.

B&i 18. 1. Tinh: P= y\/;+ x+x\/§+\[—( >0,y>0)
Jxy +1

2. Tinh Q=<2 + 2442 -1 +y2 -2J¥2 -1

(Trich dé thi vao ldp 10 THPT Chuyén Luong Thé Vinh, Déng Nai
ndm hoc 2008 — 2009)

Huéng dan gidi

| i P:y\/;+\/;+x\/§+\/§:\/;§(\[’z+\/§>+\/;+\/§

\/@Jr] \/;)74—1
'(\/;+\/§).(\[;§+1)
- \/;;H Sy

(szr:wf FT)

) \/5—1+\5~2\/\/§—1+2\/2—4(\/§~1)
=22 #2642 =22 +2 (2—-\/5)2

=2\/§+2]2-\/2't=2\/5+4—-2\/§=4 (Vi 2>+2)
Vay Q=2 (viQ>0). ‘

Jx (16 -vx
Bai 19. Riit gon biéu thitc: A = ( ) 3+2f 2-3Jx
. x—4 2-Jx  Jx+2

(Trich dé thi vao ldp 10 THPT Chuyen, DHSP TP.HCM ndm hoc
2007 ~ 2008)

Hudéng dan giai

_x(16-Vx) 3000k 2-3dk

T x-4 2-Jx  x+2

Vx.(16-Vx) - (3+ 2% )(Vx +2) - (2-3Vx )(Vx - 2)
(\/§+fz)(\/§—2)

_16Vx —x=3Vx —6-2x—4v/x —2Jx +4 +3x —6x
(Vx+2)(vx-2)

k-2

(\/;+2)(\/-;—2)-\/;+2

. NN
Bai 20. Cho biéu thite: P =—270 ;(“”’- b_, = )_ ( )
\f;+\/6 a—-b b—\/;lg Jz:g+a 2

via>0,b>0vaa=b.
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ayPidukién x20 v x =1
1. Rt gon biéu thie P, x+Vx 1 [ 2Jx
. , Tacé: M= =+ : - —
2.Tima va bsaocho b=(a+1)’ va P=-1. R R D e L
(Trich dé thi vao lép 10 THPT Chuyén, PHSP Ha N&i ndam hoc X+ 24/ +1 . x=2vx +1
2008 - 2009) ‘ (x+])( x+1) ( x~—1)(x+1)
Hudng dan giai " 2
b b G (Vx+1)  (en)(Vx 1) xa
1.Tacé: P=—27 (‘” a_ | y\wva-~ ~ x+1)(Vx +1 _ CJx-1
Va+vb la=b b- F Jab +a 2 L W) G
__atb 2(a+b) I\f \/—I h)Ta-Cé:X:\/7+4\/§+\/7_4\/§:\/4+4\/§+3+\/4#4\/§+3
\/E:?/E 2(aa+bb) ]\/5'2'\/‘;] | | viy MoYArL_Yarl_
‘ : T R T Ao
Ja-b _|[Ya-hb| | :
I — Bai 22. Cho biéu thite: P = f ‘/- Verdy |y 2y
NE | N NI
-Néua>bthiP=0
» . ‘ : Chitng minh ring P ludn nhin gid tri nguyén v4i moi x, y thdéa min
fNeua<btth=\/5—\/5 didukién: x>0,y >0va x#y. -
. 2 . . : .
2.Khib=(a+1) vaP=-1,tacéa<b ; (Trich dé thi vao I6p 10 THPT Chuyén Ngogi ngit, PH Ha N§i ndm hoc | .
) 2008 — 2009
Dod6 P=va-vb=va-,(a+1) =va-a-1 ‘ ) Huéng dan gidi
. ng
©-l=+a-a-1 f
Va(1-va | ~ pof oWy, Vxrdy )Xy 2y
& a(l— a):O ) X y+y\/; x\/§~y\/; 'x+y X-y
<ra=] ’ |
Suyrab=4 ‘ = \/;—\/— X+I X\/E” 2
. 7 . TR B) -] 2oy 3o
Bai21.Chobiéumﬁc:M=[ xrvx 1 M L2k .
WX +X+VX+1 x+1 Jx -1 x\/;—x+\/;~—1 (\/;~\/§)2+(\/;+\f)7) x\/)‘& 2y
Vo x20vax=1. ' = \/E(X‘Y) 'x+y—x—-y
a) Riit gon bi€u thitc M. 2( ) '
. . ] =¥ _
b)TmhglatncuaMkhxx~\/7+4 3447~ 43, | - X-y =2
(Trich dé thi vao ldp 10 THPT Ha Tdy nam hoc 2008 - 2009) . Vay P lu6bn nhén gid tri nguyén v6imoi x>0, y>0vax=y.
Huéng din gidi ‘ 31
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Bdi 23. Riit gon biéu thifc sau:
1

1 1 1
= + + s ———
1+J5 V5+49 Jo+413 J2001 + /2005

(Trich dé thi vao I6p 10 THPT Chuyén Todn — Tin, PH Vinh ndm hoc
2004 — 2005)

Hudng dan gidi
1 1 1 1

= + = + ot

1445 J5+49 Jo+/13 J2001 ++/2005
_5-1 V95 /2005 -2001

5-1  9-5 2005 - 2001

(\/— 1439 =5 +...++/2005 - /2001 ) = —-——-———-—“203
Viy P= \/2025 -1

Bai 24. a) Chiing minh déng thic sau: \/53 +12410 -\/47—6\/@_ =32
b) Cho A =+45++2009 va B=+/45-+2009 .

Chitng minh riing: A+B =98 .

‘ (Trich dé thi vao l6p 10 THPT Chuyén, PHSP TP.HCM ndm hoc
2008 — 2009)

Huéng din giai
a) V53412410 —47- 6410
= 454235242 +8 —\45- 23542 +2
~J(35+242) - (3542 =35 +242 35 -3
=35 +24/2 =35 + /2 =342 (vi 3J5 > V2) (dpem)

b) Ta c6: (A +B)’ = A’ +2AB+B?

=45+ 2009 + 2v45% — 2009 + 452009
=90+ 2/2025-2009 = 90 + 2+/16 = 98-(dpcm)

Bai 25. Ba s8 duong a, b, ¢ théa min: b¢c,\/§+\/g¢\/€ via+b=

a+(Va-e) o
(\/_ \/_ f) Chitng minh d‘mg thite: ( )2 = \/Z \[E .

b+ (\/E - \/Z) Jb —e
(Trich dé thi vao Iop 10 THPT Chuyén Todn - Tin, DHSP Ha Noi, ndm hoc :

2008 - 2009)

Huéng din giai
Tac6: a+b=(Va+vb-c)
Suy ra: ¢ +2+/ab - 2ac - 2be =0
a+(Va-ve) a+(va-ve) +e+2vab-2vac -2vbe
b+(Vb-ve)  b(vo-ve) +c+2vab - 2vac ~2v/be
_2(f~ﬁ)2+2\/6(\/7—ﬁ)
2(\/5—\5)3+2\/£(\/€—ﬁ)

(Va—ve)[2va- 242+2f] Ja-
(Vo-ve)[2db-2Jc+24a] Vb~

Do dé:

(dpcm)

NA
Je

| B&i26.Choa>2. Chitng minh diing thirc:

a*—3a~(a—1)va®-4+2 \/E?_ 1-a
S =

a2+3a~(a+l)\/a2—4+2. a-2 l+a

(Trich dé thi vao lép 10 THPT Chuyén, PHSP Ha Néi, ndm hoc
2007 - 2008)

Hudng din giai

. 32—321—-(21—1)\/212 -4+42 [a+2
Ta ¢6: 3

a’ +3a~(a+l)\/az~4+2‘ a

_(a-1)(a-2)- (a~l)\[a—i— a+2
(a+1)(a+2)—(a+1)Va’> -4 Va~

(d—l)\/d 2(\/d -2- \/a+2) __.(d ) 1-a .
“(a+i)Var2(Jar2—va-2 )Ja 2 a+l '1_+a (Gporm)
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A. KIEN THUC VA KT NANG CAN NAM ving

e

1 CAC TiNH CHAT €O BAN CUA BAT PANG THUC
sa>b<sa~-b>0

a>b
® = a>c¢
b>c¢

*sa>b<at+e>b+c

®sa>bc>d=a+c>b+d

-jac>bec nfuc>0
e a>be .
ac<be néuc<O

= ac>bd

a>b>0
®
c>d>0

-'a>b>0—:.>—l—<l
a b

a>b>0thi%>

+x
vBi x>0
X

v8i x>0

.a a+x
b>a>0thi =<
b+x

a>b>0thi\/§>\/E,Q/§>Q/B,a“>b“ vineN"

ll. CAC BAT BANG THUC THUONG GAP
1. A%20 v8imoi A, |A|=0 vd:mouA
2. Bét dang thilc C6-si

* Bat déng thitc Co-si cho hai s6 khong am:

NEu-a>0,b>0 thi a+b>2\/— b hodc ab < a;b

Dau “=~ Xay ra khi vi Chl khia=b

a>b>0thi Ya > b, 204/ > 24ffp g20¢1 o, p2ae véineN'

° Bdt diing thitc Co-si cho ba s§ khong am:

Néuaz0,b20,¢>0 th a+b+c23%fabe hoic Yabe SH:H

Dau “=" x4y ra khi va chikhia =b = ¢
e Bdt diing thitc Co-si cho n s§ khéng 4m
Néu a,20,a,20,..,a, 20 thi a+a,+..+a, 2nyaa,.a_
hodc yjapa,..a, SM
n
Dau “=" x4y ra khi va chi khi a4 =a,=.=a
3. B&it ddng thic Bu-nhi-a-c&p-ski
B4t ding thite Bu-nhi-a-c8p-ski cho hai bo s6'(a ; b) va (c;d):
(ac+bd)’ < (a” +b?)(c? +d?)
Ay 9 2 PR 7 .a b
Déu “=” xdy ra khi va chi khi = =2
c
" Bt ding thitc Bu-nhi-a-c8p-ski cho ba bosG(asb;c)va(d;e;f):
(ad +be+cf)’ < (a? + b2 +¢?)(d? +e’ +1%)
b ¢ ’

&y 66 3 2 . N M . a
Déu “=” x4y ra khi va chi khi ——=~=?
' e

4. BGit dding thiic chia déiu gia i tuyét dai
la]+|b] = [a + b
Ili. MOT SO PHUONG PHAP CHUNG MINH BAT PANG THUC
1. Dung dinh nghia | .
bBé chifng minh bat ding thirc A zB, ta xét hieu A-B, rdi chitng mmh
A-B=20.
2. Phudng phép bi€n déi tuong dudng
Dung phép bién di tuong duong d€ dua bat dang thitc cdn chitng minh
vé bat diing thic da khéng dinh Ia ding. :
3. Phuo‘ng phdp- v@n dung cac tinh chét co ban cla bdt|
dang thdc va cdac bat dong thuc thuéng ggp

T cdc tinh chidt ¢o bdn ciia bat ding thitc va cdc bat déng thu’c thudng |
gap ta c6 thé suy ra dugc bat ddng thitc cAn chitng minh.
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Ngoai cdc bt diing thife thuting gdp § trén cdn ¢6 cdc bat ding thic sau:

%+.?. >2 (diu “=" xdy ra khi vi chi khi a = b)
a

Néu a,b>0 thi—]—+—l—2
a b a+

(ddu “=" x4y ra khi va chi khi a = b)

4. Phuong phdp phdn ching

P& ching minh A < B, ta gid s A > B rdi suy ra diéu vo li, tir d6 suy ra

diéu gid st 1a sai. Do d6 diéu cidn chitng minh 13 ddng.

5. Phuong phdp quy nap % )

Ta ding phudng phdp quy nap d€ chitng minh mot ba't déing thic ding véi

mei s& o nhién n2n,, ta lam nhv sau:

- Chitng minh bit ding thitc ding vdi moi 6 tf nhién n = no.

- Gi4 st bit ding thitc ding véi n=k >n,, ta chitng minh bat déng thic
ding véi n=k+1.

- Khi d6 bat ding thite di cho ding vdi moi s8 oy nhién n2n,.

Y ~ I o~ 72 ped ’ ar
iv. TiM GIA TRI LGN NHAT VA NHO NHAT CUA BIEU THUC PAI SO

- P& tim gid tri I6n nhat chia biéu thie P, xdc dinh trén tdp D, ta cin tim
mét s6 m sao cho A <m (meR)vSi moi gid tri clia bi€n thude D, rdi
chitng t6 A = m tai mot gid tri ndo d6 chia bi€n thudc D. Do d6 A dat gid
tri I6n nha't bing m.

- D& tim gid tri nhé nhdt cda bi€u thie P, xdc dinh trén tip D, ta cin tim
mot s8 m sao cho A=m (m e R)vdi moi gid tri cdia bién thude D, rdi
ching t A = m tai mot gid tri ndo d6 cla bi€n thudc D. Do d6 A dat gid
tri nhé nhat bing m.

a+c (a-b)c
b+c  b(b+c)

i
a) Xét hiéu —~

NEu A <l thia-beom B0 g
b b(b+c)
Viy a_are
b b+c

b) Xét hiéu !

2a” +2b7 +2¢° —2ab—2bh¢ —2ca
)

(2% +b? +c3)-(ab+hc+cu):

_(@=b) +(b-c) +(c-a)
2

(Vi (a=b)’ 20;(b—c)’ 20:(c—ua) 20)

>0

Viy a®+b’ +¢’ 2ab+be+ca.

Bdi 2. Cho hai s8 x, y thda didu kién: x +y = 2.

Ching minh ring: x* +y*22.

5 KR

> B. BAI TAP

Huéng dan gidi
Ta cé: (x2~y2)220c>x4+y422x3yi¢:>2(x*+y4)2(x3+y3)2(!)
Va (xwy)2 Z()<:>x2+y222)(y<::>2(x2+y3)2(x+y)2 =d (Vix+y=2)
exT+y 22 (2)
T (1) va (2), suy ra: ')(4%)/4 >2

D&au “=" x4y ra khi vd chi khi x =y = 1.

Bai 1. Cho cic s0 duong a, b, ¢. Chitng minh cdc bat ding thirc sau:

a+cC

a) New2aim e .
b b b+c

b) a’+b” +¢’ Zab+bc+ca.

~ | Bdi 3. Chitng minh cdc bat ddng thic sau:

a) (x+y+7,)2 23(xy +yz+xz).

b) xz(H-y)z+y2(l+z)2+zl(]+x)Z > OXy7.

Hudng dan gidi

36

Huéng dan giai
a) (x+y+2) 23(xy +yz+xz)

S X+Y+7+2XY +2y2+ 27X = 3xy - 3yz—-3x2.2 0

I s , .
<:>—2—[(x -y) +(y-z) +(z—x)“}2 0 (dung)
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Viy (x+y+7,)2 2 3{xy +yz+xz)

<:>(x+y+z)( LI - ]22

Dau “=" x4y ra khi vd chi khix =y = z. y+¥z X4z x+y) 2
b) Ta ¢6: x2+y22222xyz (hH ®X+y+2+x+y+z+x+y+zzg
R +2 x+z X+ 2
o @wxzzv > 2xyz (2) ’ Y
g O X y z 9
O v , = +1+ +1+ +12=
z°+x%y" 22xyz (3) ’ y+z X+z X+Yy 2
~ A . W2 2 2 . 2 2 Z 2z
Cong (1), (2) va (3), ta dugc: x°(1+y) +y2(1+z) +z°(1+x)" 26xyz & ©y17+xi7+xiy2—; (dpcm)
Bai 4. Chitng minh cédc bt ding thirc sau: \ : o - - :
1 1 1 ) - Badi 5. Chitng minh riing: 1< . <2 v6ia, b, cla cic 6 duong.
a) (a+b+c)(—+g+—]_>_9 viia,b,c>0 i a+b b+c a+c
, a b ¢ : =
4 ; Huéng dan giai
X V4 £ ' ' L
b) y+z+xiz+x+y >‘2‘ vOix,y,z>0 i Ta chitng minh hai bat diing thic sau:
i a b € ol (va SRy b c ‘2 5
(ZZX;h c;eoot:)z vao ldp 10 THPT Ndng khicu Hdi Phong, ndm hoc a+b+b+c+a+c> (hva a+b+b+c+a+c< ( )
5n oid " Taéé' a . & b > b_.¢ >
H‘m“gda"g'a' g “a+b a+b+c b+c bic+a at+c a+c+b
a) Ta cé: (a+b+c)( +;+1)~1+2+a+b+1+b+ +549 _C@ngbabﬁ’td:ﬁﬁgthﬁctréntadu’QCbé'tdzzmgthﬁ‘c(l)dﬁng.
c .
c © 2 Lai ¢6:
~34(2,. D), a, el (b,c j “a b ¢ (a+b)-b (b+c)-c (a+c)-a
b a c a ¢ b 1 + + = + —+
~ 1 a+b b+c a+c at+b b+c a+c

_13)_ a’+b’-2ab _(a-b)
a

Mit kha a
Mait khéc: | —
( b ab ab

'%(2 i

20 (via,b>0)

=3—( b + ¢ + a ]<2
a+b a+c a+c
. b ¢ a 3 i o g L
Vi + + < 2, chitng minh twong ty bat ding thic (1))
a+b a+c a+c

Tuong ty: (3—+Ej.>_2, [E+3)22
¢ a . \¢c b )

Do d6: (a+b+c)(—1~+—é—+—l—]23+2+2+2 =9 (dpcm)
a C

Bai 6. Choa,b,c >@v:1 abc = 1. Chﬁ"ng minh rling:
ab  be ca

5 + <1
a’+b’+ab b+c +bc ¢’ +a +ca

Huéng dan g|a|
Ta c6: (a—b)’ (2 +ab+b2)(a+b)=(a -b’)(a® -b’)20

b)Tu’batdangthu’ccaua)tathaya-x+y b=x+2z; (;-x+}:',u
ta dudgc:

2(x+y+z)( | ! +‘ 1)29

.- 5>"2 2
vtz xtz X+y Suy ra: a’ +b’ 2a’b’ (a+b)

Mit khéac abe = 1, nén ta dugc:
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ab < ab _ 1
a’+b +ab ah (a+h)+ab uh(a+b)+l

B abhc a C
ab(a+b)+abc a+b+c

bc a
Tuong ty, ta duge: ——— < (2):
b’ +¢"+bc  a+b+c
ca < b

b +a’+ca a+b+c
ab N be N ca
A eb’ab b +c’+be d+a’+ea

Cong (1), (2) va (3), suy ra:

Dau =" xidyrakhivachikhia=b=c=1,

<1

Bdi7.Chox,y,z>0vax’ +y +2°=1.Ching mmhrang

2 ’ 2
Z

+ +
\/1‘-xZ \/l—y2 J1-

eal+b et +d +2\/(a3 +b7)( +d?) 20’ +¢ £ 2ac + b + 07+ 2bd

& J(@+67)(¢ +d*) zac+ba 2)

Néu ac + bd <0 thi (2) ding.

Néu ac+bd 20 thitr(2), taco: (a’ +b)+(c’ +d*) 2 a’c’ +bld’ +2abed
oa'c? +a’d” +b'c’ +bd? za’c? + b’d’ + 2abed

< a’d® +b%c? - 2abed 2 0 & (ad —be)’ 20 (diing)

Do d6 (2) diing nén (1) ding. )

DAu “=" xdy ra khi va chi khi at
b d

B@i 9. Cho a, b > 0. Chimg minh cdc bat ding thic sau:

Huéng din gidi

Viay.z>0vax’+y'+2'=1nén0<x.y,z<1

Ta ¢6- (\/1- )>0<:~1 o xt =2 (\/1~x2)xlzo

e l-xt+xt =2 (\/l~)(3)x2 >0 (vi0<x <1nénx*>x%

— ~

3 . 1 X 3
<:>2x\j(\/lax“)x"<l<::>———-—->2x<:>\/_._..>2x‘ (1)
2 l_x2

1o
]

>7y (2) va ——;l'u~7>213 3)
\]'“ -z

Tuong ty, ta ¢o:

Cong (1), (2), (3) v k€t hgp X' +y 4+ 28 =1, suyra:

: +\/l—y3 +\/1—7.2

X

> 2 (dpcm)

a) d+b>—ﬂ—-
1+ab I

b) \[-t«;r ~—>\/Z+f

Bdi 8. Chitng minh bt diing thitc: \/(a+c)2 +(h+d)2 <a?+b? +\/c2 +d*

Huéng dan giai

\/(u+c)2+(h+d)2 <Ja?+p e+ d? M

40

Huéng dan gidi
a) Ap dung bat ding thite Co-si, ta durge: a+b 2 2/ab (nH
l+ab>2Jab  (2)
T (1) vd (2) suy ra: (a+b)(1+ab)=4ab

dab
I+ab

Vil+ab>0nén a+bz

Ddu =" xdy ra khi vd chikhia=b= 1.
b) Ap dung bat ding thite Co-si, ta dugc:

J' h>7\/\/—i\f®\/~+v/:22 (3)

Tudng ty. ta dugce: \/TY {+)
T (3) v (4), suy rar  |— +\/1:+ —_ \/4 >2Ja +24b




e
a

Dau “=” xdy ra khiva chi khia=b =1,

Bai 10. Chox.y, 2> 0va x*+y’ + 2" = 1. Chiing minh riing:
I 1 4

Huéng din giai

a) Ap dung bat ding thitc Cé-si,' ta dudc: l+-1~ =2 i-l— =72 28 ¢
X \ Xy
X+y 22Xy 2)

N N 1 1 1
T (1) va (2), suy ra: [~—+—-] X+y}24 |—.Jxy =4
yra:| T4 (x+y) o JXy

Do dé: —]~+—I—Z
X ¥y X+y

vix,y>0

Dau “=" xdy ra khi va chi khix = y.
b) Ap dung bt ddng thic Co-si, ta dugc:

_+ - Ls3, /ll}_.?),/%
Xy z Xyz

x+y+z>3\/xy

N 1 /
Tir (3) va (4), suy ra: ( +] + - )(x+y+1)>3 .33xyZ=9
Xy

Dods: L4 lpls 2 Vix,y,z>0
Xy Z X+y+z

Ddu “=" xdy ra khiva chikhix=y =z

Bai11. Chobasokhongdm XEY#£L vax+y+7—3

Ching minh ring: \/2(x +y) +\/2(y+z) +\/2(z +X) <6

Huéng din giii

42

Ap dung bit ding thitc Bu-nhi-a-c6p-ski cho hai bd s&

(\/5.’\5_"\/5) i J(x+y) sy +7) 5 (2 +%)

Ta dudc: ,
[\[Z(X+y)-+J2{y+z)+\/2(z+x)]2 :(ﬁMFﬁm-&ﬂm)z
S(2+2+2)(x+y+y+z+z+x)=12(x+y+2)=36

Vi Ji.ﬁmﬁ\/ﬁ%ﬁmm nén

BTy e a7 ETTR =33

. s L xty=y+Z=24X .
DAu “=" xay ra khi va chi khi ox=y=z=1(v6 i
X+y+z=3 |

Vi X#y#2)

Vay J2(x+y) +2(y+2) +2(z+x) <6.

B&i 12.Chox,y,z>0.
‘ . 2 . 2 2 y
. . +z
Chitng minh ring: —— 442 > XFTYF? }
; ' y+z X+zZ X+Yy 2 .

Huéng din giai
Ap dung bat diing thitc Bu-nhi-a-c8p-ski, ta dudc:

2

2 2
(y+x+x+z+xfy)(yx+z+Xy+z+xl+y)2(x+y+z)2

2 y2 Z"
@ 2{x+y+z + + X+y+z
(x+y )(y+z X+2Z x+y) (x+y )
A 2 2 2
z +y+z
Vix+y+z>0 nén LS/ AP
y+2z X+Z X+y 2

D4u “=" x3y ra khi va chikhix =y =z

Bai 13. Cho neN;n24. Ching minh ring: 2" > 2(n+1)

Huéng dan giai
Véin = 4, bat diing thitc dd cho ding.
Gid st bat ding thitc da cho ding véin =k (k>4):2>2(k+1)
Ta phai ching minh bt ding thic da cho ding v6in =k + 1, hay can
chitng minh 25" > 2(k+1+1) = 2% > 2(k +2)
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Tir (1), (2) va (3), ta dugc:

K Taco: 28 > 2(k+1)

[

Mitkhic 28 >2 (vi k> 4) ~ Qe t o1

: B s - - x3+y3+1 y3+7,3+1 722+ %% +1 _
Cong v& theo vé& hai bat ding thite trén, ta duge: 2.2 > 2(k +1)+2 i i 1

; < N N
: e 2 s 2(k +2) xy(x+y+7z) yz(x+y+z) zx(x+y+z)
Viy 2" > 2(n+1) ding vdimoi neN;n24. : R (e R

Xyz(x+y+7)

Bai 14. Tum gid tri ldn nhdt cda biéu thie sau: . L .
Viy gid tri 16n nhdt cla Q 1a 1, datdugc khix=y=2z= 1.

< .
¢ 7 e T 31X ( - S e .2 . k)
o (x +2004) Vx>0 Bai 15. Cho bi€u thitc A = —x" —y> +xy +2x+2y

| i Tim cip s6 (x ; y) d& bi€u thifc A dat gid tri 16n nhdt va im gid tri
by Q =-— + vOix,y,z>0vaxyz=1 1dn nhit.

: T +
eyttt oyiaster x4

Huéng dan gidi Hudng dan giai
Tac6 —A =x"+y? —xy-2x -2y =x" —(y+2)x+y’ -2y

a) Vix >0 nén P:( X ) >0 2
X+ 2004 2 2
+2 :
[ o
Taeg: Lo (x+2004)  x*+2x.2004 +2004°
e X - X A 7, )
: 3 2
s o = x_-):ig +=(y-2) -42-4
_4.2004x + (x - 2004) S 2 4
X ; = A<4
= 42004 4 (_f__‘_f—)ﬁ%)“ > 49004 : Viy g¢id tri 16n nhit cda A 12 4, dat duge khix =y =2,
;‘ . Bdi16.Choa,b,c>0via+b+c=1.
Av oot 1 nhe Aot — 14 y : iy i . R 25 B
Viy gid tri nho nhit cda b 120 4.2004. dat dugc khi x =2004 o Tim gid tri %h(} nhat ctia bi€u thitc P=a+b+vVb+c+c+a.

Huéng dan giai

dat dugce khi x = 2004,

Suy ra gid trj 16n nhdt cta P1a , . ,
: 004 i Ap dung bit dang thic Co-si, ta dugc:

by Tacé: x"+y' 2xy(x+y) vi xyz=1 a+b+—2 h+c+2 c+a+2
3 3 3

- 2 2 2
Suy ra: x4yt 2xy(x+y+z)::> 7 11 < ! (1) = \/(d+h)§+J(h+L)§+\/(L+a)g . 2 " 2 " 2
‘ Xy 1T xy(x+y+2)

i o @\[%(\/;Hb+\/b+c+\/c+a)£a+h+c+l

x4l x(x+y+7)

Tuong . ta duge: —; 11 < . (2)
Y+ w1 yr(x+y+2z)
| | Via+b+c=1nén Jatb+Jbrc+Jeta<V6
= (3) e . C 2 1
Diu "= xayrakh:vachlkhla+b=h+c=c+a=——::>a=b=c=;

3
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Bai 17. Cho bén s8 thic a, b, ¢, d thda min aZvaCZG >0,
cdc bat ding thic sau:

1. a> —b% +¢? z(a—b+c)2.
2.2’ -b"+c? ~d’ 2 (a~b+c~-d)

(Trich dé thi vao ldp 10 THPT Nang khicu, Hii Phone nd
g khiéu, Hdi Ph h
2003 - 2004) ong ndm hoc

Chitng minh |

Hudng dan giai
T x +y=2,tacé:

xy(x> +y?) = xy(4 - 2xy) = 4xy - 2x%y* = —2(xy ~1)> +2 <2

Huéng din gidi

La’-b*+c® 2 (a~b+c) e b*—ab—bc+ca<0
< (a-b)(c-b)<0 dingvia2bzc>d>0
Dau “=” x4y ra khi va ch} khia=bhoiicb=c.

2. Ap dung bit ding thic trén va theo dé bai, ta ¢6:
az——b2+c2—d22(a~b+c)2—d2
=(a—b+c~~d)(a—b+c+(‘i)Z(a—b+c-—d)2
D&u “=” x3y ra khi va chikhia = b,d=0holicb=c,d=0.

2 + 2]
X"+ Xy ¥y +Xxy

B4&i 20. Chox >0,y > 0 vad x+y <1. Chiing minh

¥

4.

(Trich dé thi vao I6p 10 Chuyén Lé Héng Phong TP. HCM ndm hoc
2003 - 2004) :

Huéng dan gidi

>
(x+y)

Tacé:x>0,y>0va x+y<l=

Ap dung bat ding thirc 1 + % >
a

4 (ban doc ty-chitng minh), ta dudc:
a+b

1 1 4 4
+ 2= 7 =
x2+xy y2+xy X' +xXy+y +xy (x+y)

>z 4 (dpcm)

Bai 18. Chiing minh riing: x* —x* +x% —=x +1>0 véi moi xeR

(Trich & thi vao lop 10 THPT Chuyén Lé Quy Pén, Binh Bink
ndm hoc 2005 — 2006) | .

Bdi 21. Cho x, y, z 1a cdc s8 thyc duong. Chitng minh ring

' 4(xy+yz+zx)s\/(x+y)(y+z)(z+x)(\/x+y +\/y+z)+\/z+x)

(Trich dé thi vao 16p 10 THPT Chuyén Vinh Phiic ndm hoc 2008 -
2009)

Huéng din giai

Ta cé: xg—x5+x2~x+1=(x3..x5+_1_x’2)+(3 2_,, 1), 2
2x2 x4t 2
a” ) &" TR

moi x € R (dpem)

Bai 19. Cho x, y 1a cdc s8 thyc théa man didu kiénx +y=2
Ching minh ring: xy(x* +y?)<2

(Trich dé thi vao Iop 10 Chuyén Todn — Tin PTNK, DHQG TP. HCM
ndm hoc 2006 — 2007)

46

Huéng dan giai

Nhin xét riing vdi cdc s§ du’dng a, b, c,tacé:

(a+b)(a+é) =a’+a(b+c)+bc>a’ +2a\/t;+bc =(a+\/gg)2

Dau "=" xdyrakhi vd chikhib=c.

Dit A 1a vé phai clia bat ding thic da cho.

Ap dung k&t qua trén, ta dugc:

A=(x+y){(y+z)(z+x) +(y%z)‘/(z+x)(x+y) +{z+x)J(x+y)(y+2)
>(x+ y)(\/;§+z)+(y +z)(\/ﬁ +x) +‘(z+x)(x/—z_; + y)
=ﬁ;(x+y)+\/y_z(y+z)+\/£(z+x)+2(xy+yz+zx)

2 \/;;2\/;& +\/§E.2\/§E+\/ﬁ.2\/z~x +2(Xy +yZ +2X) = 4(Xy + yZ +2X)
D4iu "="xdyrakhivachikhix=y=1z,
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Bai 22. Cho a, b 1a hai s8 thyc duong théa min a+b :Z- .

” . i 4 1 2 .
Ching minh rang — +Z—6 2 5. Pang thdc x4y ra khi nao?
a

(Trich dé thi vao Idp 10 THPT Bdc Giang ndm hoc 2008 — 2009)

Huéng dan gidi

4 1 4 1
+——+d4a+4b~-5=| —+4a |+| —+4b |-5 (1
4b (a aJ (4b ) M

Tac<’):i+—-1-=—~
a 4b a

Ap dung bat ding thitc Co-si cho hai s& dudng, ta dudc:

ft——1~42122 ,i.4a =8 (2)
a a
—1—+4b>2/—l-4b-2 (3)
4b T Vab

T (1), (2) va (3) suy ra: i+—£—28+2—-5=5
a 4b

Dau “=" x4y ra khi va chi khi (a; b)=(1 ,_}4.)

D&u “=" xdyrakhi vd chikhi X=Y=Zhaya=b=c=1.
2) Ap dung bat ddng thitc & phdn 1) vi bat ding thitc C6-si, ta dudgc:

A=( a4 b T )+(—b-+fa~}+(-c—+b]>3+2+2+2_15
b+c c¢+a a+b a b a c) 2 2

N S , 15 .
Vay gid tri nhé nhit clia bi€u thic A la PR datdugckhia=b=c=1.

Bdi 24. a) Choa > ¢, b > ¢, ¢ > 0. Chitng minh: \Jc(a —c) ++Je(b~c¢) < Jab

ff'r

(Trich dé thi vao lop 10 THPT Chuyén Lé Hong Phong TP.HCM
ndm hoc 2005 — 2006)

b) Cho a > 0, b > 0. Chitng minh:

Bai 23. Cho a, b, ¢ 1a cdc s6 duong

1) Chitng minh ring —— + b , ¢ 3
b+c c+a a+b 2

2) Tim gi4 tri nhG nhd't cia biéu thie:
a b c b+c¢ c¢+a a+h
= + + + + +
b+c c+a a+b a b c

(Trich dé thi vao lop 10 Chuyén Todn, PH Khoa hoc Hué ndm hoc

2007 - 2008)

Huéng dan gidi
HbPitb+c=X,c+a=Y,a+b=2
Ap dung bt ding thite Co-si, ta dugc:
a b L —X+Y+Z X- Y+Z X+Y~Z
b+c c+a a+b 2X 2Y 27

Huéng dan gidi
a) Ap dung ba't ding thitc C6-si cho hai s¢ duong, ta dudc:

\/c(a—c) \/c(b»—c) c(a~c) c(b—c)
+ = |- + =
ab ab b\ a a\ b
l(c a—c) ](c b~c) :
2\ b a 2\a b
:>\/c(a—c)+\/c(b—c) < \ab (dpem)
b) Ap dung bat ding thitc Co-si cho hai s§ dudng, ta dugc:

2T <+ f = 2\ 2 o (s )
\/W(dpcm)

\/Z+\[‘~

| Bai 25. Cho cdc 5§ dudng x, y, z thba man: x +y +z = 1

Chitng minh ring:
\/2x2 +xy+2y° +\/2y2 +yz+22% 44222 +ax+2x2 245

(Trich dé thi vao lép 10 THPT Thdi Binh ndm hoc 2005 — 2006)

Huéng dan gidi
Nhédn xét ring: 4(2)(Z +xy+2y2)= 5(x+y)’ +3(x—y) 25(x+y)’




Vix,y >0, suy ra: vm2y2 Zﬁ(xﬁy) (1)
2

Tuong ty, ta ¢6: \/2y2+yz+“2~272-—2\/§—(y+z) (2)
V22 4 7x + 2x2 2{5(“;()

Céng (1), (2) Vfi_ (3), ta dugc:

V2x7 4+ xy+2y% + \[2y? +YZ+ 22" +427% 1 7x 4+ 2x2 > J5(x +y+2)

Dox+y+z:1,néntadtr(_5c:'

V2x% +xy +2y? +\[2y? +y2+22% +N228 1 7x 1 2x2 > V5 (dpem)

3)

X +223X o (X-1)(X-2)20 (3)
Néu X22 thi X-120 va X-220 nén bt ding thitc (3) ding
Néu X <-2 thi X~1<0 va X~2<0 nén bat déng thitc (1) ddng

P . P S a b
Viay véi moi s6 thire a, b khdc 0 ta ludn ¢6: b~2+~—2—+423 —
a a

Bai 26. a) Chitng minh véi moi s& thyc x, y,

‘ ' x2+y2+zz¥t22k(y+z+t)
Ding thic x4y ra khi nao?

b) Ching minh vdi moi sd thye a, b khic

2 2
thitc sau: ~a7+%+423 -El+-EZ
b a a

0 ta lubn c6 bat ding

(Trich dé thi vao i6p 10 THPT Chuyén, TP. HCM nam hoc 2007 - 2008)

Bai 27. Gid sit x, y, z 1a cdc s thyc théa min didu kién:
X+y+2Z+Xy+9yz+2zx=6
Ching minh ring: x* +y*+22>3

(Trich dé thi vao ldp 10 THPT Chuyén DHKHTN DHQG Ha Néi
ndm hoc 2003 — 2004)

z ta ludn c6 bat ddng thitc sau: ‘I '’

Huéng din giai
a) x2+y2+22+t22x(y+z+t) (1)
<:>4x2+4y2+4zz+4t224x(y+z+t)
c:>(x?-4xy+4y2)+(x2—4xz+4zz)+(x2-4zt+4t2)+x2zo
¢:>(x—2}y)2+(x——22)2+(x—2t)2+x2ZO 2)
Bat déng thie (1) ding v8i moi x, y, z va t.
Béng thitc x3y ra khi va chi khi X-2y=x-2z=
SX=y=z=t=0

X=2t=x=0

b)Pat Xx=2,b
b a
a b

Ta c6: [X|= .6+_
a
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Huéng din giai
Tacé: x> +122x;y2 +122y ;22 +1> 22
z(x2 +y? +zz)z 2(xy +yz+zx)
Cong cédc bit ding thitc trén v& theo v€, ta dugc:
3(x2 +y? +zz)+322(x+y+z+xy+yz+zx)
@ 3(x*+y* +2°)+3226
<::~(x2 +y* +zz)_>_3‘

Ddu “="xdyrakhivachikhix=y=z=1.

Bai 28. a) Chitng minh 2(a* +b*) 2 ab® +a’b +2a? vdi moi a, b.

b) Chitng minh va? —b? ++/2ab-b*> >a véia>b > 0.

(Trich dé thi vao lép 10 THPT Chuyén Todn Lé Héng Phong,
TP.HCM ndm hoc 2005 - 2006)

A Huéng din giai |
a) Ta cé: 2(a’ +b*)2ab’ +a’b+2a%h?
& 4(a* +b*) 2 2ab" + 22’ + 22’
& (b* —2ab’+a’b )+ (a* ~2a°b+a%b? ) + (3a* + 3b* — 62?b?) 2 0
& (b? —ab)’ +(a? ~ab)’ +3(a> ~b) > 0 (diing)

- Véy 2(34 + b4) > ab’ +a’b+2a’b? ding.
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b) VGia>b>0thi Va> —b” +v2ab-b’ >a
| @(az—b2)+(2ab—b2)+2\/(a2~b2)(2ab—b2)>a2
& 2b(a—b)+2,/(a® -b?)(2ab—b*) > 0 (diing)

Viy VJal - b’ +y2ab—b’ >a ding.

Bai 29. Cho x. y thda midn 16x° —9y* > 144
Ching minh riing 2x -y +1|2 245-1.

(Trich dé thi vao I6p 10 THPT Chuyén Todn, Nguyén Trai, Hai Duong ndm
hoc 2008 — 2009)

Do dé: P=2x*+2y° —2> =2(x> +y*)—2° 2 (x +y)* -7
=(3-22)"-32-3

Dau "=" xdyra khi vachikhiz=2.

Viy gid tri nhd nhdtcta Pbing ~3 khi x=y =~—2- viz=2

Bai 31. Tim gi4 tri nhé nhat cda biu thific T =(x+y)(x+2) trong d6 x,y, 7
1a ba s6 duong thay ddi ludn théa man diéu kién (x+y+z)xyz=1

(Trich dé thi vao ldp 10 THPT Chuvén PHSP, Ha N§i ndm hoc
2006 — 2007)

Huéng din giai
Ta chitng minh bat ding thitc: (ax——by)2 > (a2 —bz)(x2 —yz) (1
(1) & —2axby > a’x? +b’y? < (ax —by)’ 2 0 (ding)
Dau “=" x4y ra khi va chi khi ax = by

Ap dung bat ding thite (1), ta dugc:

2
(2x-y)’ =(%.4x—%.3y} 2%(16){2 ~9y°)220 (vi 16x* - 9y* 2144)

2x-y+122/5+1 >
Suyra:{ Y ::;lZX*yH{éZ\/g_—tl

2x—y+1£—2J§+1

(8x =9y
Diu “=” x4y ra khi va chi khi {2x—y =~2+/5

x= 2
CAs
8

2 2 o
16x° -9y =144 y NG

Hudng dan giai
Tacd: T=(X+y)X+2)=X(X+y+2)+yz2 2Yx(x+y+2)yz =2

(x+y+z)=1
- T=2¢<yz=1

X,y,2>0

+2)=1
ChOny=Z=lth‘1T=2<:>{x(xO) ex=42-1
X >

V4ay gid tri nhd nhat cda T1a 2.

Lo e (X +y")= (% +y7)
1 Bai 32. Tim gid tri nhd nhit cta biéu thic: P=

trong
(x-1)(y-1)

do x, y 12 nhitng 8 thye 1dn hon 1.

(Trich dé thi vao lép 10 THPT Chuyén Todn ~ Tin PHKHTN, BHQG

Ha Noi ndm hoc 2004 — 2005)

Bai 30. Cho cdc s thue X, y , z théa min didu kién x +y + 22 = 3. Tim gid
tri nhé nhit cda biéu thite P=2x" +2y* —7".

(Trich dé thi vao ldp 10 THPT Chuyén Lé Khiét, Qudang Ngdi niam
hoc 2008 — 2009)

Huéng dan gidi
Ta cé: 2(x* +y) 2 (x+Yy)° vdi moix, y.

Diu "=" xdy ra khiva chikhix =y.
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Huéng dan giai
Ap dung ba't ddng thitc C6-si cho cdc s§ dudng, ta dugc:
)2 9) Syl Ly
(x=-D(y-1) (x=1){y-1) y—=1 x-1

: Jix ‘2‘);25’ Qi) 22 (R—EHMY:EH) -

Vay gid tri nhd nhat clia P13 8, dat duge khix =y = 2.
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BGi 33. Gid s x, y, z 12 cdc 56 nguyén dudng va thda min didy kién:

Xy*z2l +x%z+y = 322

Z4

Hay tim gi4 trj 16n nh4' cia biéu thie P=— %
S 1+2° (x4 + y“)

(Trich dé thi vao Idp 10 THPT. Chuyéen PHKHTN, PHQG Ha Noi
ndm hoc 2005 — 2006) '

Huéng dan giai
2

1) Taco: (x+y)’ SZ(XZ —:—yz)
=x+y<2 (1)

.o 1
Dau “="xdy ra khi va chikhi x=y = 5

Hudng dan giai
Tir di€u kién: xy?z® +x%z+y =322
= xy* + 1y y~15 =3(z 1258 duong)
z "z

Biéu thitc P c6 dang: P = : 1
—+xt 4y
Z
Dit t=2 . Tac6: xy* +y +tx’ =3 va P=— 14 .
z X +y"+t

Ap dung bit ding thitc C6-si cho b&n s§ duong, ta c6:
' +y 4yt 412 4xy?
yOr et 412 4yt

*Hxt +xt 12 4ex2

:>3(x4+y4+t4)+324(xy2+yt2+tx2)=4.3=12
=xtryt 4t 23
1 1

=<
x4yttt T3

<

Vay gid tri I6n nhdt cia P 1a % datdugckhix=y=z=1,

Bai 34. Gid st x, y Ia nhitng s§ khéng 4m thay d8i thda man didu kién
2 2

X“+y =1,

1) Ching minh ring 1<x+y<+2.

2) Tim gi4 tri 16n nh4t va nhd nhat ctia bidu thic P =15 2x +f1+2y

(Trich dé thi vao Idp 10 THPT Chuyén Todn ~ Tin PHKHTN,
DHQG Ha Nji ndm hoc 2005 - 2006)
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Mit khdc (x+y)2 =X +2xy+yi =142xy 21 (VixZ 4y’ =1)

(2 _
D4u “=” x4y ra khi va chi khi x =0 hoicy=0

=x+y2>1

Tir (1) va (2), suy ra 1< x+y <2 (dpcm)
2) P=~/1+2x +/1+2y

= P? =2+2(x+y)+2\/1+2(x+y)+4xy

Vi x+y.<.\/§ va 4xy$2(x2+y2)=2

S P<y2+2V2+ 23+ 242

x:y::\/—z_

Mit khdc, vi x+y =21 va 4xy20 nén P 22+2+2v1+2+40

:>P2\/4+2x/§

Viy gid tri 16n nhat cda P la \/2+2«/§+2 3+24/2 , dat dugc khi

Vﬁy gid tri nho nhét cha P la Ja+243 dat dugc khi x =0 hodcy =0.

Bd&i 35. Cho a, b, ¢ > 1. Chitng minh riing:

a b C
. + + >12
Jo-1 Je-1 +a-1

Péng thifc x4y ra khi nao?

ndm hoc 2005 — 2006)

(Trich dé thi vao ldp 10 THPT Ndng Khiéu Trdn Phi, Hdi Phong

Huéng dan giai
Ap dung bt ddng thitc Co-si, ta dugc:
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a N b + c >3i/ a b c
Jo-1 Je-1 Ja-1 Nib-1Ve-1+a-1

N » . 2 X
Nhéin xét rdng: v8i moi x > 1, ta ¢6: (\/;——2) 20= =4

Jx -1

Ap dung nhan xét trén, ta dugc: 31/\%‘ b — " >3Y4.4.4 =12

b-1"e-1+a-

a b v C
Suy ra: + + 212 (dpcm
Yo e Jem1 dacio 0P )

Bdi 36. Ba s0 duong x, y, z thda mén hé thic: l+2+—3— =6
. X y z

Xétbi€uthic P=x+y>+2°
1) Ching minh ring P> x +2y+3z-3.
2) Tim gid tri nhé nhat cda P.

(Trich dé thi vao ldp 10 THPT Chuyén Todn — Tin Ha Néz Chu
van An va Ha N§i Amsterdam ndm hoc 2005 — 2006)

Hudng dan giai
1) Ap dung bét ding thitc Co-si, ta dugc:
P+3=x+(y" +1)+(2’ +1+1) 2 x+2y +32 =P2x+2y+32-3 (dpem)

2) Ap dung k&t qua phidn 1) va dp dung bit ding thitc Bu-nhi-a-c&p-

ski, ta dudc:
+\/—\/‘+\/_\f =36

6(P+3)= (x+2y+32)( +2+3j (
y
=P2=3

Viy gi4 tri nhé nhdt ctia P13 3, datdugc khix=y=2z= 1.

a b C
+ +
ab+a+1 bc+b+1 ca+c+l1
a ab abc
= + + =
ab+a+1 abc+ab+a a°bc+abc+ab

Ta c¢o:

a ab 1
= —+ + =
ab+a+1 ab+a+1 ab+a+l

Ap dung bat ding thic Bu-nhi-a-c8p-ski véia, b, ¢, x, y, z > 0, ta dugc:

(Hyu)z:[f SR f] <(a+b+c){§—+%+£}

C

2 2

7’ +y+z)
Xy 2 (xryz)
a b ¢ a+b+c

a b C

. + +
(ab+a+1)’ (bc+b+1)’ (ca+c+1)

2 2 2
(o) (] ()
_ ab+a+1 + bc+b+1 + ca+c+1

a b c
( a b ¢ }2
abra+l betbrl 1 1
_ ab+a+1 bc+b+1 ca+c+ - (dpem)
a+b+c a+b+c
. L oo (a+b) +b)
Bai 38. Cho hai s6 duong a, b. Chdng minh ring: > avb +bVa

Khi nao ding thitc x3y ra?

(Trich dé thi vao I6p 10 THPT Chuyén Nguyén Binh Khiém, Vinh Long
ndam hoc 2005 — 2006)

Bai 37. Vdi cdc s6 a, b, ¢ 1a cdc s6 thyc duong théa diéu kién abe = 1.
: 2 + & 5+ < N2 = :
(ab+a+1)" (bc+b+1)" (ca+c+l)” a+btc

(Trich dé thi vao l6p 10 THPT Chuyén PHKHTN, PHQG Ha N§i
ném hoc 2007 — 2008) )

Chitng minh ring:

Hudng dan giai
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Huéng dan giai
Ap dung ba't ding thitc C6-si cho hai s& duong, ta dugc:

) v
(d+2b) +a+b=a+b( il )>\/_(a+b+2)

4 2

Xét hiéu: \fcx_ﬁ(a+b+%j—(a b+b\/a)=\/a—1§(a+b+%—\/£~\/g)
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5 O /
=+/ab (\/a‘__l} +(\/g_l >0 -N&u x+y>0=[x|+]y|2 Xy
2 2 t 8 A 11+ xy
: X+y
::v/;t;(a+b+%)2a\/€+b\/5 ¥ ‘<:>x-y21+xy
At 2V b o ‘ < (x-y)(l+xy)zx+y
- QLE*)'*“E%ZE“/E*“E e x+x’y—y-xy’ 2x+y
a=b=0 <:>y(x2+xy~2)20
D&u “=’ : .
xdyra < ae :% @y[(xz-.l)dr(xy{rl)]ZO (ding do |x|<1=>—~(xy+1) <0,y <0)
BAi 39. Cho x, y la cdc 56 thyc théa man diéu kién [x| <1, ly|<1. Vay n€u |x|<1,|y|<1 thi x| +[y|> lx = ‘
‘ v ‘ +Xy
Chitng minh ring: |x|+|y|> |2y ® - EE !
8 f l ly] 1+xy Bdi 40. Cho x, y 12 hai s6 thyc khdc 0. Ching minh: 1(—2-+«—y—2—+423L§+X)
X y X

(Trich dé thi vao Idp 10 Chuyén Todn — Tin, PINK, PHQG TP. HCM

ndim hoc 2004 — 2005) (Trich dé thi vao Idp 10 THPT Chuyén Trdn Pai Nghia, TP.HCM
— ndm hoc 2004 - 2005) :
Huéng din giai Huéng din giai -

- Trudng hgp 1: xy 20 -

| st i=24 Y op =2 3] [x
Tacé:IXI+IYI2ijI+!y12———~X+y PaL =S =l
, I+xy |l+xy ‘ |
- Trudng hop 2: xy <0 Bt ding thitc Co-si: -’y5‘+ % >2

Khong mat tinh t6ng quat, gid sitx >0,y < 0

. Suy ra: |tl22:>tvs——2 hay t>2
+NEu x+y <0=xy|<1(dox|<L]y[<1)

B4t ddng thifc di cho tuong duong v6i: t* +2 23t

Bt déng thifc: [x|+]y|> |21y = (t-1)(t-2)2 0 (diing)
1+ b a2
. Y Viy bdt dang thifc da cho diing.
_X.~y .
S X—yz— .
rTye 1+xy B&i4l.a)Chox>»0,y>0va x+y<1.Ching minh 21 + 21 >4
: X +xy ¥y +xy

@(x—y)(1+xy)2;-x—y -

3
Sx+xly—y—xy’ 2 -x-y

2442x - x> +7

(Trich dé thi vao lop 10 THPT Chuyén Lé Héng Phong, TP.HCM
ndm hoc 2003 ~ 2004)

Hudng din giai

b) Tim gi4 tri nhd nhdt cia biéu thic A =

=x(2+xy-y*)20

<:>x[(1+xy)+(1-y2)]20 (ding doly|<1=1-y>>0, 14+ xy > 0)

58 59




a) Nhan xét riing vdi a, b 1a cdc s6 duong thi —1-+-]— > 4
a b a+b
T do ta c6: 21 + 71 2 -— 4 - = 4 .
axy yteay - (Caxy)(ytaxy) ()

It -

)

Vix>0,y>0va x+y<1 nén >4

(x +y)2

T (%), suy ra:

3 + 21 — 2 4 (dpcm)
X" +Xy yo+xy

b) bidu kién: —x> +2x+720
S 1-2J2<x<1+242
Tacé: —x*+2x+7=—(x-1)" +8<8

3 3(v2-1)

Dodo A= >
2+v2x-x+7 2

o 3(v2-1)
Viy gid tri nhd nhat cla A 1a —5 dat dugce khi x = 1.

Ba&i 43. Cho a la s6 thay d&i thda min ~1<a<1. Tim gi4 tri 16n nhdt cla b
sao cho ba't ding thitc sau ludn ding:

21-a* +(b-1)(Vi+a® ~Vi-a’ )+b-420

(Trich dé thi vao ldp 10 THPT Chuyén Ha NGi Chu -vdn An vd
Ha Néi Amsterdam ndm hgc 2008 — 2009)

Huéng dan giai
pat t=+1+a> —J1-a?,0<1<2
Bi't ding thic da cho trd thanh: —t* +(b-1)t+b-2<0

2 +t+2
Cb__....___._.

sb<:>A=t+1+~2~—12b
t—1 i t+1

Ap dung bat ding thic Co-si, ta cé: A2 242 —1
D&u “=" x4y ra khi va chi khi t222 -1
Suy ra Aszte{o ; \/i] khi va chi khi b<242 -1

Viy gi4 tri 16n nhat clia bla 242 -1.

Bai 42. Gid sl a, b, ¢ 12 cdc s thyc dudng thda didu kién b” +¢” <a’

Tim gid tri nhoé nhat cGa biéu thite: P = —%(‘b2 +cz)+a2 [J— + L)
a

2 2
b° ¢

(Trt’ch dé thi vao Idp 10 THPT Chuyén Todn — Tin DPHKHTN PHQG
Ha N§i ndm hoc 2007 — 2008)

33 .2 2 ~ z ~ ~ 2 N 2 ~ b 1 3
Bai 44, Gii sit a, b 13 cdc s6 nguyén duong thay doi va théa méan a ++b < 5
, , a
3.3
g1 T b +1
Hiy tim gid tri 16n nhit cia bi€u thitc P = ET‘“T
+b

(Trich dé thi vao lép 10 THPT Chuyén PHKHTN PHQG Ha Noi
ndm hoc 2008 2009)

Huéng dan giai

Ap dung bat ddng thic l+—1— >
Xy X+y

véix,y >0, tacé:

1 , 2 2 2
P= ﬁ(b2+c2)+a‘(—]—;+iz ZE——:;E—+ 42
a’ b ¢ a b +¢?
B S g a® 3a®
a’ b'+¢® b4

Viy gia tri nhé nhdt cda P 14 5, dat duge khi b* +¢? =a? vd b=c.
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Huéng dan giﬁi
Ta cdn chitng minh riing mot trong 2 s§ a va b, phdi ¢6 it nhat mot s6
nhé hon hodc bing 2.
That vdy, gid si nguge lai a=3 va b23.
Khong mét tinh t8ng quat, ta c6 thé gid st 3<a<b.
ab+1 S 3b+l 3b+1 3b_3
a+b a+b 26 2b

Gid st as2=ae{l; 2}

Ta c6: (vo 1f)
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3
V6ia=2, th p=302 1

b*+8
ab+1 _ 2b+1 3

Ma —— <==h
a+b b+2 2 <4

Dodé be{i;2;3}

- Véib=1, thi P‘:—gz']

- Véib=2,t p=38+1_65
8+8 16
- Véib=3, th p=5:27+1_31
2748 . 5

a=2

. 31
Vay P, =5 dat dugc khi {

A. KIEN THUT VA KT NANG CAN NAM ViING
1. Phuong trinh bdc nhét: ax+b=0

* Néu a#0, phuong trinh ¢6 nghiém duy nhit x = _b
; a
* Néu a=0, b0, phuong trinh v6 nghiém
* Néu a=0, b=0, phuong trinh c6 v6 s6 nghiém
2. Phuong trinh b@c hai: ax® + bx + ¢ = 0 (a = 0)
© Tinh A=b” —4ac (hoic A'=b" ~ac)

* Néu A<0(hodc A'<0), phuong trinh v6 nghiém.

* Néu A=0 (hodc A’ = 0), phuong trinh ¢6 nghiém kép x = b (hoidc
2a )

’
X=——).
a
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e Néu A >0 (hodc A'>0), phudng trinh ¢6 hai nghiém phin biét:

-btJA —b' A
=———— (hodc X, , = ———)
24 ) a

12
Binh i Vi-ét:

N€u k), X» 14 hai nghiém clia phuang trinh ax’ +bx+c =0 (a = 0) thi:
b
S= X, + Xy =
. a
c
P=x,x, =~
a

3. Mét s8 phuong trinh quy vé phuong trinh bac hai
o af?(x)+bf(x) +¢c =0
Dit t = f(x) thi phuong trinh di cho trd thanh: at® + bt + ¢ =0
e af>(x)+ b|f(x)] +c =0
Pt t = |f(x)| (t > 0) thi phuong trinh d4 cho trd thanh: a® + bt + ¢ = 0
» af(x)+by/f(x) +c =0 ‘
it t = JF(x)(t 2 0) thi phuong trinh di cho trd thanh: at® + bt + ¢ = 0
e ax* +bx’ +c =0
Pat x? =t (t 2 0) thi phudng trinh d4 cho trd thanh: at® + bt + ¢ =0
o ax’ +bx* +cx’ +bx+a=0(a=0)
D& thdy x = 0 khong phdi 1a nghiém cda phudng trinh

Xét x # 0. Chia hai v&€ clia phuong trinh cho x? va bi€n déi, ta dugc:

a[x2+—17]+b(x+—1~)+c=0,dét t=x+l(lt122):>x2+—12-=t2~2
X x) X X
Sau d6 bién d8i thanh phuong trinh bac hai theo 4n t.
e (x+a)x+b)x+c)x+d)—e=0 vfia+c=b+d=m
@[xz+(a+c)x+ac}[)§2+(b+d)x+bd]——‘e=0

<:>(x2+mx+ac)(x2+mx+bd)—-e=0

Pit t=x*+mx, bi€n d8i thanh phuong trinh bac hai theo &n t.
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o M A _k(kz0)

Huéng dan gidi
ax’ +px+c ax’+gx+c

a) x> -11x+38=0
Vé&ik =0thl x#0.Chia tff vi miu clia v€ trdi cho x, ta dugc:
m n

(o) ()
ax+ - {+p jax+-|+q
X X

bit = (ax +—C—j, bi€n d8i thanh phuong trinh bic hai theo int.

Tac6: A=(-11)" -4.38=-31<0

=k (k=0) Viy phudng trinh di cho v6 nghiérﬁ.

b) x> +5x~3=0

A=5-43=13>0

VAay phuong trinh di cho ¢6 hai nghiém phén biét:
-5+13 5413

2. 072
¢) x* —10x* +25x° ~36 =0

X

e (x+a) +(x+b) =c X, =
bat t:x+a+b

, bi€n d6i thanh phuong trinh bic hai theo an t.

o au’(x) + bu(x)v(x) +cvi(x) =0

Pat t= B—((—)—(—;- (v(x) = 0), bi€n d3i thanh phuong trinh bic hai theo 4n t.
v(x

o (x*-5x) ~36=0
<::>(xz—5x+6)(x2~5x——6)=0

X2 =5x+6=0 (1)
<
x> -5x-6=0 (2)

4. Phuong trinh chda @n dudi ddu cén

e Ning 1&n liy thira

. (1) ¢6 hai nghiém: x =3 ;x=2
e Pit in phuy

N . L e (2) ¢6 hai nghiém: x=-1;x=6
* Dua vé phuong trinh chita an trong ddu gid tri tuyét doi1

e St dung ba't ding thitc

Viy phuong trinh dd cho c6 bén nghiém: x =3 ;x=2;x=~1:x=6.

. .2 IR Ly s Gidi cdc phuong trinh sau:
5. Phuong trinh chda an trong déu gia tri tuyét doi ,
. . PN 4 =24
Khit d&u gid tri tuyét d5i biing cdch: @) (x+1)(x+4)(x*+5x+6)=2
Ty S . . AnéuA>0 b) x* +17x* +18=0
* Xét ddu cla bi€u thifc trong ddu gid tri tuy&t dsi: |A]= . : 1 27
: ~AnéuA<0 ¢) x2+—-2—+x+——’=—4—
e Binh phuong hai v€ cdia phudng trinh. * 2 X
2 9x
d =7
(x+3)
2 X R " e
N uéng dan gidi
> B. BAI TAP gdang
S a) (x+1)(x +4)(x* +5x+6) =24
Bai 1. Gidi cdc phuong trinh sau:
a) K -11x+38=0 (X7 +5x+4)(x* +5x+6)-24=0 (%)

b x*+5x-3=0

Pit t=x>+5x+5, (*) trd thanh: (1-1)(t+1)-24=0
©) x* —10x’ +25x* -36 =0

StP-25=0t=15




-V@it=35, th‘i'xz+5x+5=5<:>x2+5x=0<:>[ii05
S VGit=— 5 thi X? £5%x+5= -5 x’ 4 5x+10 20 (vd nghiém)
‘Vay phuong trinh da cho ¢6 hai nghiémla:x=0:x=-5,

b) x* +17x* +18=0
Patt=x"(t=0)

Phuong trinh da cho trd thanh:  + 17t + 18 = 0 (v0 nghiém)
Vay phudng trinh da cho v6 nghiém.

2 1 1 27
¢) X +5+Xt+—=—
. X

x 4
1 ) 1
bitt=x+—(jt|=2)=>t? = x>+ — 42
i i=xed (22) !
5
35 =5
Phuong trinh di cho trd thanh: t? +t T =0 7
f=—
2
X=2
o 5 . 1 5 5
-VGit== thi X+~==-=2x-5x+2=0 ¢ 1
2 x 2 X =—
2
) x-~7+\/§§
-V6i1=~—7—,th‘1x+l=—z<:>2x2_+7x+2=0® 4
x 2 L —T1-\33
4
Vay phudng trinh di cho ¢6 b&n nghiém:
1 7433 -7-33
X=2;X=—;X= X = .
2 4 4
2
d) x*+ ox S =
(x+3)

Diéu kién: x # -3

( 3x }2 x2
& X~ +2.3- =7
X+3 X+3
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2 \? 2
o2 +62——7=0
X+3 X+3

x? 2 t=1
bit t:——,—g (1), phuong trinh trd thanh: " +6t-7=0 <
) X+

=7
1+\/§
2 X= 5
X 2
-Véit=1,thi =l x -x-3=0
‘ x+3 BN
)

2

-Vé6i t=-7, thi 3=~7<:>x2+7x+21=0 (v6 nghiém)
X+3

A 1+413 . 1-13
Viy phuong trinh da cho ¢4 hai nghiém: x = 5 X = >

. ‘Gidi cdc phuong trinh sau:

a) \/Zxﬁ+\/x—3=4
b) V2x? —4x+1=x-1
c) \/;+2\/x—1+\/x—2\/x—1=x—l

Huéng din gidi

x2~l

a) Diéu kién: 2 x23
X223
V2x+1+4/x-3=4 .
& 2x+1+x-3+2/(2x +1)(x-3) =6
< 2J(2x +1)(x-3) =3(6-x)

6-x=20
< {4(2;8 ~5x-3)=9(36-12x+x°)

x=4 &x=84

xz26
x26 -
< ~x2—88x+336=0 L

=84

Vay phudng trinh da cho ¢6 nghiém: x = 84.
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byV2x* —4x+1=x-1

x—120
=N
2% —4x+1=x"=2x+1
x21

x=1
&> S x=0=x=2
x* =2x =0
X=2

Viay phuong trinh dd cho c6 nghiém: x=2.

¢) Pidu kién: x>1

\/x+2\/x—1+\/x—2\/x- =X~ 1

e J(x=1)+2Vx—1+1+J(x=1)-2J/x~1+1=x~1
@\/(\/x—1+1)2 +\/( x—1-1) =x-1

. x-1+1+]\/£——1—1]=x-1 )

-NEu x22,thi vx—121, (") trd thanh: Vx—-1+1+vx—-1-1=x~1
S 2Vx-1=x-1=2=Vx-1<x=5
-N&u 1£x <2, thi Vx-1<1,(")trdthanh: vx—1+1+1-Jx=1=x-1

< x =3 (loai)

Viy phuong trinh da cho ¢6 nghiém duy nhit: x=5.

Bai 4. Gidi cdc phuong trinh sau:

a) 2%+ 3K+ V2xF +3x+9 =33
b) Yx+45-x-16 =1

c) 8x2+\/1=—5—
x 2

Huéng din giai
a) 2x7 +3x +V2x2 +3x +9 =33 (%)

2
Ta ¢6: 2x2+3x+9:2(x2+3x+~9—)=2 [x+§) +—6—3 >0 véi moi x
2 2 4 16

it t=v2x*+3x+9>0, thi 2 =2x>+3x+9
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e e e

| -
b

(F) > 2x7 +3x+9+2v2x% +3x+9-42 =0
et —t-42=0
@(t-—6)(t+7)=0

t=6
<
t=-7 (loai)

V6it=6,thi 2x* +3x+9=36 < 2x2+3x - 27 =0 < 9

Vay phuong trinh d3 cho ¢6 hai nghiém: x=3;x:——~§:.
b) Vx+45-Yx-16=1 (%)
Piatu=3Yx+45;v=3Yx-16,thi 0’ ~v’  =x+45-x+16 =61

u———\/:l U"‘Vzl
*) tr& thanh: PN
()6 than w v =61 (u—v)(u2+uv+v2)=61

u-v=1 u—-v=1 u-vs=]
= = =

(u- v)[(u -vy +3uv] =61 3uv =60 u(-v)=-20

N s A 5 5 2 X=5
uva —v la nghiém cia phuong trinh: X* - 5X - 20=0 < X =4
Néuu=5,thi 5=x+45 = x+45=125<>x =80
Néuu=-4,thi 4=3Yx+45 <= x+45=-64 < x =-109 -

Vay phuong trinh di cho ¢6 hai nghiém: x =80 ; x = —108.

©) 8)<2+\/I=2
X 2

Piéu kién: x>0

Ap dung ba't ding thitc Co-si, ta dudc:
gxz+ﬁ=8xz+1\ﬁ+1ﬁ+1\/12§_
X 4Vx 4Vx 4\Vx 2

5y M 2 LY 2 . 2 1 1 1

Dau “=" x4y ra khi va chi khi: 8x* =~ |- < x = —

4Vx 4

Vay phuong trinh di cho ¢6 nghiém duy nhdt: x = —1—

4
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f . P -
Bai 5. Gidi cdc phuong trinh sau:
a) {2x~1}+{2x+1i=4

b) }x2~3x+31—]x~5]=13

Hubng dan gidi
a) [2x -1 +]2x +1|=4 (1)

- Néu xz% thi [2x ~1[=2x—1:[2x +1]= 2x +1.
(1) 3 thanh: 2X~142x+l1=d < dx=4 e x =1
- Néu —%<x<% thi [2x ~1) = 1-2x;[2x + 1| = 2x +1 .
(1) tr8 thanh: 1-2x+2x+1=42=4(vé nghiém)

- Né&u x S——]— thi
) 2

2x=1|=1-2x;[2x +1|=—2x ~ 1.

(1) tr& thanh: 1-2X-2Xx~1=4 & 4dx=4 < x=-]
Viy phuong trinh da cho ¢6 hai nghiém: x=1;x=-1.
b) [x* =3x+3|~[x~5|=13 (2)

2
Ta c6: x2—3x+3=x2—-2~3—x+2+-3.=[x2~.3_) +.3_>0
2 4 4 2 4

Do dé: ]x2 -3x+3}=x2 —3x+3

-Néu x25, thi [x-5|=x-5

(2) r$ thanh: x° =3x+3-(x-5)=13=x>-4x-5=0 |

@[x =—1 (loai)
x=5

-Néu x <5, thi [x-5/=5-x

(2) r§ thanh: x* -3x+3-(5-x) =13 x* ~2x~15=0

X =~3
<
x =5 (loai)

Viy phuong trinh d3 cho ¢6 hai nghiém: x=5;x=-3,
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Bai 6. Giai va bién ludn phudng trinh sau:

mx+2 1 mx? +m+4
- = (n

X1 x+1 x* 1

Hudéng dan giai
Piéu kién: x = +1
(D e (mx+2)(x+1)—~(x-1)=mx’+m+4
< mx’+mx+2x+2x+1=mx’ +m +4
<(m+1)x=m+1 (2)

, +1
NEu m#—1,tht x=271_1
m+1

Néu m =-1, thi 0.x = 0, phuong trinh ¢§ nghiém vdi moi x # %1,
Viy n€u m = -1, thi phuong trinh (1) v6 nghiém, néu m = —
nghiém 1a moi x = £1.

1 ¢o

Bdi 7. Cho phuong trinh: (m-1)x* -2(m-1)x+(m+2)=0 (1)

", a) Tim m d€ phuong trinh (1) ¢6 hai nghiém phan biét.

nghiém gdp 3 14n nghiém kia.

b) Chitng minh riing khi m=1-23 thi phuong trinh (1) ¢6 mot |

Huéng din giai

. #1
a) Phuong trinh (1) ¢6 hai nghiém phén biét {m,
A>0
m # 1 {m;ﬁl Jm¢l
A 2 <4 >
[~(m-1)] ~(m=1)(m+2)>0 ~ (m+3>0  [m>-3

b)Khi m=1 —2\/3_ , thi phudng trinh (1) tr§ thanh:
24/3x2 +4(1-J§)><+2J§—3=0
§'=[2(1-3)] ~243(23-3) =(V3 1)

3-43 3-43

Phuong trinh (1) ¢6 hai nghiém: x, = 3 PX, =

Vay x; = 3x,
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Bdi 8. Cho phudng trinh: x> ~2mx+4m-3=0 (1)

a) Tim m dé phudng trinh (1) ¢6 hai nghiém x,, X. Tim hé thic lién
hé gitta x,, X, khong phu thuéc vio m.

b) Tim m d€ x} +x; =6.

Huéng dan gidi
a) Phuong trinh (1) ¢6 hai nghiém & A'>0< m? ~4m+320
m<l
-1 -3}20<
= m-nm-2z0=| " 5]

. . o x +x,=2m
Theo dinh 1i Vi-ét, ta c6:
' XX, =4m -3
=2(x, +X,)-%X,X, =3=0
b) Tacé: x> +x2 =(x, +%,)’ =2x,x, =(2m)’ ~2(4m-3)
=4m’ ~8m +6
2, .2 2 m=0
Do dd: xj +x; =6 4m” -8m =0«
m=2

K&t hop véai diéu kién phudng trinh ¢6 hai nghiém, ta nhdn m = 0.

Bdi 9. Cho phuong tiinh: x* -2(m+1)x+2m+10=0 (1)

Tim m dé€ hai nghiém x;, X, cia phuong trinh (1) théa méan
P =10x,x, +x} +x5 dat gid tri nhd nhat va tim gié tri d6.

Huéng dan giai
Phuong trinh (1) ¢6 hai nghiém x,, x,
S AN20e(m+1) -2m-1020

m23

<mP-920 @[
m<-3

. P . x]+X2=2(m+1)
Theo dinh li Vi-ét, ta ¢6:
XX, =2m+10

Tac6: P=10x,x, + x> +x2 =(x, +x, )’ +8x,x,
=4(m+1)" +8(2m +10) = 4(m +3)’ + 48 > 48 v6i moi m
Viy gid tri nho nhat cia P 14 48, dat dugc khi va chi khim = - 3.

Bai 10. Gidi cdc phuong trinh sau:
a) 2x*+3x-5=0
b) x'-3x*-4=0
(Trich dé thi vao lép 10 THPT, TP.HCM ndim hoc 2008 — 2009)

Huéng din giai

a) D& thdy a + b+ ¢ =2 + 3 - 5 = 0 nén phudng trinh di cho ¢6 hai

R C 5

nghiém1a x, =1;x, ===-=.
a 2
b) bt X’ =t (t20) (1)
Phwong trinh d& cho ud thanh: t* -3t—4=0 (1)
Phudng trinh (2) ¢6 a — b + ¢ = 0 nén ¢6 hai nghiém t =—1 (loai) hodc
t=-S=4.
a -

Thay vao (1), ta dugc: x> =4 = x =42

Viy phuong trinh di cho ¢6 hai nghiém: x =2 ;x = - 2.

Bdi 11. Gidi phuong trinh: x? —x-—~1—+—12—~10 =0
X X

(Trich dé thi vao lép 10 THPT, Qua’ng Ngdi ndm hgc 2008 — 2009)

Huéng dan gidi
§ 1 )
Dat t=x+— (x #0)(4), suy ra: x2+—17:t“ ~2
X X

Phuong trinh dd cho trd thanh: ©* -t-12=0te{4; -3},

Ti (4), ta dugc: x e{2i\/§; "3i2"/§}.

Bai 12. Gidi phuong trinh — x -18

+ 3
X“+x+1 x"+2x+1 15

(Trich dé thi vao I6p 10 THPT Chuyén Lé Khiét, Qua;ﬁg Ngdi ndm hoc
2008 - 2009)

I,

Huéng dan giai
Piu kién: x = ~1

Dé thdy x = 0 khong phai la nghiém cla phudng trinh di cho.
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. ~ . 2 1
Vdi x = 0, phudng trinh da cho ¢ dang: : + -8 {h
x+-+l x4 42 19
X X
« 1 “ . PN 1 2 18
Pitt=x+— (Mz 2), phuong tiinh (1) od thinh: —— 4+ - =22 (2)
X t+1 t+2 15
Gidi phuong trinh (2), ta dudc: t=4va t = —%(10&) .
VOit=dthi xtt=d= x> —4x+1=0 .
X SO
=x=2+V3;x=2-/3 -

BGi 13. Tim 4t cd cdc gid tri cla x théa méan
2% 7x _
3% —x+2 3x7+5x+2

(Trich dé thi vao 16p 10 THPT Chuyén Vinh Phiic ndm hoc 2008 ~ 2009)

Huéng din giai
DPiéu kién: x;t—];x;&—% ()

Vix =0 khong théa man (1), nén phucng trinh di cho tuong duong vdi

- 2 2 =1 2)
3x—1+ 3x+5+
X X
, 2 N R 2 7
Dt t =3x+——~1, phuong trinh (2) trd thanh: = - ——— =1
X t t+6

=t=1t=-12

-VSit=1thi 3x+~2~—1=1:——>3x2-2x+220 (v0 nghiém)
X ,

-V6i t=-12 thi 3x+-2—-1=—-12:>3x2+11x+2=0

X
~11+97 ~11-97
> X = ;X::
6 6
2
BAi 14. Gidi phuong trinh x* + 2% _ =
(x+5)

(Trich dé thi vao I6p 10 THPT Chuyén Lé Hong Phong, TP.HCM ndim
hoc 2005 — 2006)
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Huéng dan giai

biéu kién: x =5

,  25%?
x? + s =
(x+5)

( 5x }2 10x?
elx- 20 2 g
X+5 X+5
2 \? 2
o 2] 1% 4,

X+5 X+5
XZ
Pit t= . (1), phuong trinh tr$ thanh: ¢ +10t-11=0
X+ _

=t =11, =-11

Thay cdc gid tri cla t vao (1), ta duge hai nghiém ctia phudg trinh 13
1+£421
S

Bai 15. Gidi cdc phwong trinh sau:

a) (6x+ 7 ’Bx+HE+1D) =6
b) 4(x +5)(x +6)(x +10)(x +12) = 3x>

(Trich dé thi vao lép 10 THPT Chuyén Todn Trdn Pai Nghia,
TP.HCM ndm hoc 2003 ~ 2004)

Huéng din giai
a) (6x+7Y Bx+4)(x+1)=6
< (36X +84x +49)(3x> + Tx +4) =6
=120 + 7+ 4)+1]3x> + Tx +4) =6

Pit t=3x” +7x +4 thi phuong trinh trd thanh: (12t+ Dt =6

S22 +t-6=0
/3 1

A g g - 3 73
Phuong trinh trén ¢6 hai nghiém t= I it ;~2—

ot

Véiit :—%: 3x° +7x+4 =,—%<:‘> 12x* +28x +19 = 0 (v6 nghiém)

Véi t=—§-::>3x2+7x+4=—§1 <92 +21x+10=0
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5
= X=X =
3 3
N . s n 5 2
Vay phuong trinh dd cho ¢6 hai nghi€ém x = «;; X = 3

b) 4(x + 5)(x + 6)(x +10)(x +12) = 3x"

& 4(x7 +17x +60)(x” +16x +60) = 3x’

Nhan xét ring x = 0 khong phdi la nghiém clia phuong trinh.
Chia hai v& clia phudng trinh cho x%, ta dugc:

@4(x+§9+17j(x+§9+16):3
X X

Dat t=x 4--6~Q + 16 thi phuong trinh trd thanh: 4(t+ Dt = 3
X
<417 +41-3=0
5 A s A 3 1
Phudng trinh trén cé hai nghiém t= -3 b= >

Véi tz—%:? 2x% +35x+120=0

_ -35-~256 X = -35++256

o> X
. 4 4

Véi t:—lz—::>2x2+31x+120=0

= x=-8;X= 15
2
Vay phuong trinh da cho ¢6 bén nghi¢m:
~35-+/256 -35++/256 15
= 7 P X = ) ;x=~8;x=~-§—

& (X +5x+4)(x7 +5x+6) =24

Pit t =x* +5x +4 thi phuong trinh trd thanh: t* +2t-24 =0
Phuong trinh trén ¢6 hai nghiém t=4;t=-6
Véit=4=x"+5x=0

=x=0;x=-5

Véi t=-6= x* +5x+10 = 0 (v nghiém)

Vay phuong trinh da cho.¢6 hai nghiém: x =0;x=-5.

Bdi 17. Gidi phuong trinh: +/x ++/3x +/4x =

23
J3-1

(Trich dé thi vao lop 10 THPT Chuyén Lam Son, Thanh Héa ndm hoc
2005 — 2006)

Huéng din gii

Piéu kién: x 20

oo i =23

J3-1
). 23
&> x(3+ﬁ)_\/_3.—1
I
R NC I TP
< x=1

Bdi 18. Gidi cdc phyong trinh: J2+x +¥5-x =1

(Trich dé thi vao Idp 10 THPT Chuyén Vinh Phic ndm hoc
2006 - 2007)

B&i 16. Gidi phuong trinh: (x2 +3x +2)(x2 +TX + 12) =24

(Trich dé thi vao ldp 10 THPT Chuyén PHSP, Ha N§i ndm hoc
2003 - 2004)

Huéng dan gidi
(x? +3x+2) (x> + Tx+12) = 24
& (x+1)(x+2)(x +3)(x +4) =24
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Hudng dan gidi
P2ax+Y5-x =1
<:>(2+x)+(5—x)+3i/2+x%/5-—x(%/2+x +i/5—x):l
& 7+33(2+x)(5-x) =1
@YX +3x+10=-2

@’ +3x+10=-8




o x2-3x-18=0

<X =6;x=3(thda)

Viy phudng trinh d3 cho ¢é hai nghiémla x=6;x = 3.

Bai 19. Gidi phuong trinh: x+4vx +3 +2v3 2% =11

(Trich dé thi vao Idp 10 THPT Chu

vén DHKHTN, DPHQG Ha N§i nam
hoc 2005 ~ 2006)

B&i 21. Gidi phuong trinh

3x \/—
S o T R |
V3x+10

(Trich dé thi vao l6p 10 THPT Chuyén Todn Lé Héng Phong,
TP.HCM ndm hoc 2004 ~ 2005)

Huéng din giai

Ay 3
bicu kién: x2-3:x<2.

X+4x+3+23-2x =11

S 1-x-4vx+3-2/3"2x =0

<:>(x+3*4\/;:§+4>+(3~2x-2m+1):0

@(m—2)2+(J§?2?~1)2 =0

Vx+3-2=0 .

Q{\/Eml:()@x:l(thoa)

Véy phuong trinh trén c¢6 nghiém duy nhatla x = 1.
B&i 20. Gidi phuong trinh: V2 —% +v32 4 x 4 V4 —x? < 2

(Trich dé thi vao Idp 10 THPT Chuyén Todn — Tin BDHKHTN, DHQG
Ha Néi ndm hoc 2005 - 2006)

Hudng dan giai
biéu kién: -2<x<?2

Pat t=v2-x+v/2+x (t20)

= V4-x% = -4

£
Phudng trinh di cho trd thanh: ¢ +2t—-8=0
=t=—-4(loai); t=2

Véit=2=V2—x+/2+x =2
=X=2;X=-2

Vay phuong trinh di cho c6 hai nghiém: x=2;x=-2
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Huéng dan giai
- 1
biéu kién: x 2 ——~3~

Phuong trinh da cho dugc viét dudi dang:

2
%(m +1 —1):(\/3x+1)‘ L
x=0
SIN3X+T 4]

N (M)
V3x+10 ®

(M) = V3x+1+1=3x+10
o V3x+l1=4x=5

Vay phuong trinh ¢6 hai nghiém la: x =0 ;x =35.

Bai 22. Gidi phuong trinh: 20 -+/3~2x =[2x - 3|

(Trich dé thi vao ldp 10 Ban CD, PTNK, PHQG TP. HCM ndm hoc
2004 — 2005)

Huéng din giai
S 2
Diéu kién: x £ 5
20-/3-2x =[2x 3|

& 20-3-2x =3-2x
S V3x-2 =17+2x

(.1
P P 13 .,
<::>{17+2x_.0 - X 5 <:>x=—~2~(th0a)
3x=2=(17+2x) |02 1 35x4143=0

A 1s 13
Vay phuong trinh da cho ¢6 nghiém la x = 5
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Bai 23. Giai phuong trinh: (\/x +5—VX+ 2)(1 K+ TR+ 10) =3

(Trich dé thi vao ldp 10 THPT Chuyén PHKHTN, PHQG Ha Ngi
ndm hoc 2003 — 2004)

Huéng dan gidi
x+520
Pidu kién: {x+220

x2+7x+1020

Sx=z-2

D& thdy x* + 7x+10=(x+5)(x +2)

Nhén hai v€ phudng trinh da cho véi \/(x+5)(x+2) >0, ta dugc:
14X+ 7x+10 =X+ 5 +Vx + 2

e (Vx+5-1)(Vxr2-1)=0

- Vx+5=1 <:)i:x——--—4(loai)
Vx+2 =1

Vay phuong trinh da cho ¢6 nghiém la: x =-1.

X=-1

Pit u=v4x? +5x+1, v=vxi —x+1

W —4vi=9x-3

Ta ¢6 hé phuong trinh:
u-2v=9x-3

u—-2v=0

2 2 _y— - —4)=
=u’-4v’ =u-2ve (u-2v)(u+2v-1) 0®{u+2v—1=0

Vi u—2v=0<>u=2v, thi Vx> +5x+1=2Vx>—x+1

<:>9x——~3¢:>x=~;-

V6i u+2v-1=0cu=1-2v thi v4x* +5x+1=1-2vx* —x+1
Mit khic 1-2vVx% ~x+1=1-2 (x—%}r%g-\/&o

va m >0 nén vo li.

o 1
Viy phudng trinh d cho ¢6 nghiém duy nhit x = 3

Bai 24. Gidi cdc phuong irinh sau:

D x?+x-2=x

2) Vax2 4 5% +1-2vx2 —x +1=9x -3

(Trich dé thi vao 16p 10 Chuyén Lé Quy Pén, Binh Birh ndm hoc
2007 — 2008) ’

Huéng dan giai
D x*+x=-2=)x (1)
- Néu x 20, thi phwong trinh (1) trd thanh: x> -2=0
@x:\/i,x=—\/27(loai vix20)
- N€u x < 0, thi phuong trinh (1) trd thanh: x* +2x~2=0
o x=-1+v2 (loai vix<0), x = ~1-+/2

‘Véy phudng trinh dd cho ¢6 nghiém 1A: x = V2 cx=-1-+2.

2) VAxT 4+ 5x+1-24x —x+1=9x-3 (2)
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Bai 25. Gidi phudng trinh:

a) tx2+i2x+1l~11=2—x"

b)) 2x+4-22-x _12x-8

VIx* +16

(Trich dé thi vao l6p 10 THPT Ban (AB) Chuyén Trdn Dai Nghia,
TP.HCM ndm hoc 2004 — 2005)

Huéng dan gidi

a) lx2+]2x+li—ll:2~x2

2-x*20 :
o +2x+]-1=2-x
x*+2x+1|-1=x* =2 {

2-x*20
X +R2x+1]-1=2-%°
2-x"20

x2+12x+11—1=x2»~2
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o f 8(32-9x%) - |
[x*<2 , - 1 @M( ) =9x” ~32
2%+ 1] = 3- 2x* , 2V8-2x% +x
i
<> - .
x* 22 . 9x* -32=0
fm s : <
|2% +1‘: —1(v6 nghiém) ‘ 2V8-2%x" +x=-8
3 x=-i\/—g‘~ (loai)
3-2x*20 xF <2 3
2 : 42
(F)e>4x* <2 o , =L
2x? 2% -2=0 | FIET
2x +1=3--2x? 2 A 2 '
2X° 2% ~4=0 24/8-2x° =-8—x (v0 nghiém vi -2<x<2)
2x+1=2x"=-3 ,
3
2 >
X = 2 Vay phudng trinh da cho ¢6 nghi€ém la: x =—i— ; %@
o125 [x=-] - —
ST S 143 Bai 26. Gidi phuong trinh: V2x> +5x +12 +v/2x2 +3x +2 = x +5
X =1 X= (Trich dé thi vao ldp 10 THPT Chuyén Todn, PHSP TP.HCM ndm hoc
2 .
X=2 2008 ~ 2009)

Huéng din giai

pbat U=A2x3 +5x+12 (U2 0); v=~/2x" +3x+2 (vZ0)

Viay phuong trinh di cho ¢6 nghiém la: x=-1:x -1 +\/§ .

N =

N 2 Tacé:u+v=x+5
b) biéu kién: -2<x<72. . 0
: u+v=
T a5 12x-8 Mt khdc: uz—vz=2(u+v)®(u+v)(,u—v~2)=0QLHV‘2=0
“Jox2 416 A :
6x—4 O 12x S -¥V@iu+v=0,th V252 +5x +12 +42x% +3x+2 =0
V2x+4+22-x 2 '
5 VoK +16 V2% +5x+12 =V2x7 +3x+2=0 (Viu20;v20)
- =3 : (O & 2x% +5x +12 =2x* +3x +2 =0 (v6 nghiém)

2(\/2x+4 +2\/2—x)=\/9x2 +16 (2

(2) = 4(2x+4)+16(2-x) +16v8-2x* =9x* +16

< 16V8-2x% —8x =9x*-32

@8(2 8— 2% —-x)=9x2 _3

Véiu+v—2=0,th V2x2 +5x+12 =252 +3x+2 =2 =0

V2 +5x+12 =27 +3x+2 42 (Viu20; v20)
2 +5x+12=2x> +3x+ 2 +4+4v2x3 +3x+2
V2% +3x+2 =-)2(—+%
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x2-3

X2 +6x+9

2% +3x+2 =

) (2m-2) -2(2m-2)m +2m* ~4m +4
m’ —4m+4

_2m’ —8m+8_2(m—2)2

= — = e =2 (m # 2)
(m-2) (m=-2)
) ( —2%,+2 ) xi-2 x7+2) o,
Viy bitu thirc . khodng phu thude vao gia tri coa m.
HE

Viy phuong trinh da cho ¢6 nghiém 1a: x=-1;x =%.

BGi 27. Cho phtfo’ng trinh x> —mx+2m-2=0 (1)

Bai 28. Gidi phuang trinh: \/~x2 +ax =2 +4/-2x2 +8x -5 =2 +/3
(Trich dé thi vao lép 10 THPT Chuyén, TP.HCM ndm hoc 2006 — 2007)

a) Chitng minh ring (1) khong thé ¢6 2 nghiém déu am.

b) Gia sl x,, X, 12 hai ngiém phén biét cdia (1). Chitng minh ring biéu
(x] —2x, + 2)()@ ~2x, +2)
X2 + x5
(Trich dé thi vao lop 10 Chuyén Todn - Tin, PINK, PHQG TP. HCM

ndm hoc 2008 — 2009)

thirc

khong phy thuéc vao gid tri m.

Huéng din gidi
Taco:
Jox® +4x~2 +~4-2%7 +8x =5 :\/—(x—~2)2 +2+\/—-(X~2)2 +

Dau “=" x4y ra khi vii chi khi x = 2.

3 S\/E-%\/-%

Vay phuong trinh di cho ¢6 nghiém duy nhat x = 2.

Huéng din gidi
a) Gia stt (1) ¢6 hai nghiém phan biét déu am.
A>0
S<0 <

m?-8m+8=0

m<0

m’-8m+8=0

Khi d4, ta ¢6: m<0 =

Bai 29. Gidi va bién luin theo tham s§ m phudng trinh sau:
x + 2006 x —2006
X+2006  x—2006+m
(Trich dé thi vao ldp 10 THPT Chuyén Todn, DHSP TP.HCM, ndm hoc
2006 — 2007}

P>0 Im>1

2m-2>0

om=»4
Vay (1) khong thé ¢6 2 nghiém déu am.
(xf -2x, +2)(x§ -2x, +2)

b) Ta ¢6: R
Xy + X3

-

,
XpX 2%,x2 +4x,X, ~4x, +2X]

2 2
X; +X5

- X3 — 2X(X, +2%] — —4x,+4

-2, %, (X, +x,) +2(x, +x2)2 +4(x,+x,)+4

- (XxXZ)Z

(%, +%,) =2x%,

Theo hé thite Vi-ét, ta cd: X+ Xo=m ; X1X2 = 2m —
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Huéng dan gidi

Pidu kién: x #-2006 ; X # 2006 —m

Phuong trinh di cho tuong dudng véi:

(x+ 2006)(x —2006 + m)= (xz - 2()()6)(x +2006)

< 2mx =0

V@i m =0 thi phuong trinh di cho ¢6 vo s6 nghiém khdc £2006

Vi m=0 vi m 22006 thi phuong trinh di cho ¢6 nhiém x =0
Bai 30. Gidi phuong tiinh: (2x+ 7)\/?2;(:7 =x*+9x+7

(Trich dé thi vao Idp 10 THPT Chuyén PHKHTN, PHQG HA NOI
ndam hoc 2008 — 2009)
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Huéng dan giai , X \
7 e Mit khdc x, +x, ={m-1) 20=x,20v2 x, 20
Piéu kién x > -3

-N&€um=0th x,x, =0=>x,=0,x, =1Thogc x, =1,%, =0
(2x+7)V2x+ 7 =x>+9x + 7

<:>(2x+7)~(2x+7)\/2x+7+x(x+7)=o
<:>(x/2x+7—x)(\/2x+7—x—-7):()
2x+7 =
R V2 e fox=1+242
V2Xx+7 =x+7 (VN)

Vay phuong trinh di cho ¢6 nghiém 13 x =1+2v2.

_N€um=1thi x,+x,=0=x,=%X,=0 vo li (x,x, =1) : |

-N&éu m=2 thitacd x,>0,%x,>0.

Mia x, €7, X, =Znénx, 20 vax, 21
Do dé: (x, -1)(x, =1) 20 < x,x, = (X, +x,)+120
Thay (1) vi (2) vio bt phudng trinh trén, ta duge: m —(m—-1) +120

m(3—m)20<:>0$m£3

. - Uy e >72 né =2hodcm=3
Bai 31. Cho phuong trinh x* ~2mx~1=0 (m la tham s&) Do m nguyén, m=2 nénm

3 ! (X, +%, =1 o
a) Chitng minh ring phudng trinh trén ludn ¢6 hai nghiém phan biét, +Vé§im=2,tacé: { Pt (v6 nghiém)

XX, =2
b) Goi x,, X, 1a hai nghiém cla phuong trinh trén. 4
X, +X, =
2 2 2 4r e 4
Timm dé x; +x; -x,x,=7. +V6im =3, ta co: {xx =3
12 b

(Trich dé thi vao ldp 10 THPT, TP.HCM ndm hoc 2008 — 2009)

E Hé trén c6 hai nghiém (X, ; X2) la(l:;3)va(3; 1.
Huéng dan gidi

Vay véi m =0, m = 3 thi phudng trinh d4 cho ¢6 hai nghiém déu duong.

a) Vi ac = —1 nén phudng trinh di cho ludn ¢6 hai nghiém phéin biét.

_

' ‘ x? + mx - 2m’
oIl inh S = 2m - Dx 4+ 6 (1)
b) T X} + X5~ XX, = 7= (X, +%,)* =3x,x, =7 (1) Bdi 33. Cho phudng trin i om ‘

Theo dinh Ii Vi-ét, ta c6: x; +X, =-2m; XX, =~1

a) Gidi phuong trinh (1) khi m = —-1.

At cA cdc gid tri cda m d€ phuong trinh (1) ¢6 nghi€ém.
Thay vao (1), ta duge: 4m”> +3=7=m =+ b) Tim (At cé céc gid tri

. 1 y (Trich dé thi vao ldp 10 Ban AB, PTNK, PHQG TP. HCM ndm hoc
BGi 32. Tim t4t cd cdc s6 nguyén m 20 sao cho phudng trinh: 2008 — 2009) _
x* —(m- 1)2 x+m=0 ¢6 cdc nghiém déu duong Augng dan giai
(Trich dé thi vao Idp 10 Chuyén Todn - Tin, PTNK, PHQG TP. HCM a) Khi m = -1 thi phuong trinh (1) & thanh: _{i_*__f_é’__z_ = 3% +6 )
ndm hoc 2004 — 2005)
Huéng dan giai vOi x # -2

. L s v (2) & x* —x-2=(-3x+6)(x~2)
Goi Xy va X, 12 hai nghiém clia phuong trinh: x ~(m ——1) Xx+m=0
e xt-x—2=-3x" +6x+6x-12

e . x,+x2=(m~1)2 1)) 2 =0
Theo dinh li Vi-ét, ta c6: o 4x°-13x+10 =

XX, =m 2) x =2 (loai)
Vim20nén x,x,20. < x—~5-
T4
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b) Piéu kién: x 2 —2m

x? +2mX — mx — 2m?

(1) = =2m-Dx+6
X+2m
- x(x+2m)-m(x+2m) —(2m-Dx+6
X+2m
@gﬂl(_{:_nl)_:(zm_l)x+6
X+2m

<2(1-m)x=m+6 (3)
{m¢1

(3) ¢6 nghiém @«l m+6

L A
2(m—1);rs o

m#1 m#1
L= L=
m’-5m-620 |(m-2)(4m+3)#0

Viy phudng trinh ¢6 nghiém khi v chi khi m ¢ {1; 2; —:3{} .

Bai 34. GiA st x,, x, 12 hai nghiém ctia phuong trinh mx” - (m +3)x + 2m + 1 =0

a) Tinh tdng S va tich P ciia hai nghiém theo m. Bi€t S — P = |, tinh
m, X, X,.

b) Tim hé thitc 1ién hé gita S va P ddc l4p vdi nhau.
(Trich dé thi vao Idp 10 Ban CD, PTNK, DHQG TP. HCM ndm hoc

Bdi 35. Cho phuong trinh béc hai: x* + px +q =0 (trong d6 p, q 1 cic tham s8 ) (1)
1) Gidi phuong trinh (1) véip=1,g=-2.
2) Tim p, q vd cdc nghiém cda (1), bi€l riing khi thém 1 vao mdi
nghiém ctia (1) thi ching td thanh nghiém clia phuong trinh
x> ~p’x+pg=0.

(Trich dé thi vao l6p 10 Chuvén Vinh Phiic, ndm hoc 2008 — 2009)

Huéng dan gidi
1) V6i p=1,q=-2 thi phuong trinh (1), c6 dang x* +x~-2=0
=x=lvax=2

2) Pidu kién d€ phuong trinh (1) ¢6 nghiém 12 p® 2 4q (2)

. . . . . U+vs=-p
Goi u, v 13 hai nghiém cta phuong trinh (1), ta ¢6: 3)
uv=q
. 2=p° +2=p’
Ta cé: asve p = urv p 4)
(u+D(v+D=q u+v+uv+1l=pq

=2

{p=1 3 {p—-
P=S hodc
g=q q=-1

-Vdip=1,q Szli thi phuong trinh (1) ¢6 hai nghiém: —1+/1-4q ;

-1-J1-4q

—p+2=p’
~p+q+1=pg
K&t hgp vdi diéu kién (2), ta ¢é:

Tir (2) va (3), ta dudc: {

2008 — 2009) - Vi p=2,q=-1 thi phudng trinh (1) ¢6 hai nghiém: 1++/2 ;1-+/2
Huédng dan giai Bdi 36. Cho phuong trinh dn x: x* —=2(2m +1)x* +4m’ =0 (1)
a)Tacé: §=2F3 . p_2m+1 1) Gidi phuong trinh (1) khi m = 2.
m m 2) Tim diéu kién ciia m d€ phuong trinh (1) ¢6 bon nghiém phén biét
=S pP="0%2 o X1, X2, X3, X thGa min X} +x2 +x2 +x2 =17.
m

V@i m = 1, phuong trinh di cho trd thanh: x* —4x+3=0
Khi d6: (x;3x,) € {(1;3) ; (3:1)}
b) Ta cé: —S—;=i=P—2=>S—3P+5=O

m

(Trich dé thi vao lép 10 Chuyén Nguyén Trdi, Hdi Duong ndm hoc
2008 — 2009)

s e e e

Huéng dan gidi
Dat t=x7 (t20), thi (1) ud thanh: & -2(2m+1)t+4m’> =0 (2)

1) V@i m = 2, phuong triinh (2) trd thanh: © —10t+16=0<1=2;t=8
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SVEit=2,thi X’ =2 x=%/2
-VGit=8,thi x> =8 e x =122
Viy vdim = 2, phudng trinh (1) ¢6 b6n nghiém: J2 =222 c-22

2) b€ phuong trinh (1) ¢6 bén nghiém phin biét thi phuong trinh (2)
A'>0

phii ¢6 hai nghiém phan biétt, L <550 <7773
a
b

e
a

m=0

Gid st x} =x3 =1, vd x} =xZ =1, , khi d6 ta c6:
17:xf+xj+x§+x2=2(tf+t§)=2[4(2m+])2—8m2]

m=- (loai)
<16m’ +32m-9=0< '
m==

4

A ik pei o Ao 1 1
Viygid trim can tim 1a m ::Z‘

Bdi 37. Cho phuong trinh: x* +(m2 +1)x+m =2 v8im la tham s&.

1. Ching minh ring v4i moi gid tri cda m, phuong trinh ¢6 hai
nghi€ém phén biét.

2. Goi X3, X; 14 cdc nghiém cla phuong trinh, tim tdt ¢d cdc gid trim

2%, -1 2x%,~1 55
——— e = XX,
X, X XX,

sao cho

(Trich dé thi vao lép 10 THPT Chuyéh DHSP Ha Né§i ndm hoc
2008 — 2009) :

; oy L IX +X =-m’ -1
2. Theo dinh li Vi-ét, tacé: < 72
XX, =m—2

Do dé: 271, 2% 01 XX, + 23
X, X, XX,

2 2

. 2 2 2,2
®2x, +2x5 —(x, +x2):x,x2+55

X)X, XX,

2
2(x1 +x2) —(x,+x,)-4x,x, _ x2x3 +55

XX, X, X5

2(m?+1) +m?+1-4(m-2) (m-2) +55
m-2 T m-2

<

m 2
A 2 2 2 2

2(m? +1) +m’ +1-4(m-2)-(m-2)" -55=0 (2)
)= m*+2m?-24=0
o m=2(oai);m=-2

Viygid trimcidntimla m =~ 2.

KR

A. KIEN THUC VA Ki NANG CAN NAM VUNG

Huéng din gidi

Ta ¢6: x2+(m2+1)x+m=2 (H

1. Ta cé6: A::(mﬁ—l)2 ~4m+8=2(m-~1)2 +m*+7>0Vm

Vay phuong trinh di cho c6 hai nghi€m phan biét véi moi m.
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1. Gidi hé phuong trinh bac nhdt hai @n s bdng phuong phap thé
- Tit mot phuong trinh ciia hé, ta bidu dién &n nay (chiing han x) theo 4n kia.
- Thay gid tri cla x vao phuong trinh cdn lai, ta tim dugce y.
- Thay gid tri y vao biéu thifc cla x ta tim dugc gid tri cda x.
2. Gidi hé phudng frinh bac nhét hai én s& bang phudng phap
cdng dai s&

- Nhin hai v& clia phudng trinh v6i mot s§ thich hgp (n€u cin) dé cho
cdc hé s8 ciia mdt 4n biing nhau hodc ddi nhau.
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- St dung quy tdc cOng dai s§ dé dugc hé phuong trinh m&i trong d6 ¢6
mot phudng trinh mdt 4n.

- Gidi hé phuong trinh vira thu dugc.

. Hé phuong trinh hai én gdm mot phuong trinh bdc nhét va

mdt phuong trinh bgc hai

- Tir phwong trinh bac nhdt, ta biéu dién y theo x rdi th€ vao phuong
trinh th hai.

- Gidi phuong trinh thit hai theo 4n x.

- Thay gid tri x vita im dugc vao biéu thitc clia y dé tim y.

. Hé phuong trinh gom hai phuong trinh bac hai hai dn, trong

d6 c6 mét phudng trinh dua dudc vé phudng trinh tich
- Bi€n ddi phuong trinh c6 thé dua vé phudng trinh tich.
- T4ch thanh hai hé vé& hé & phan 3) rdi gidi.

5. Hé phuong trinh d&i xiing loqi 1

Mot hé hai phudng trinh bic hai 4n x, y dugc goi la ddi xing loai 1,
néu mdi phudng trinh cia hé khong d6i khi thay x bdi y va y bdi x.

-Ditu=x+Yy;V=xy, ta dugc mot hé phuong trinh d8i véiu va v.

- Gi&i hé phuong trinh d&i vdiu va v.

- Suy ra x, y 1a nghiém cia phuong trinh (4n X): X* — uX + v =0, tir d6
tim dugc nghiém X, y ca hé.

. Hé phuong trinh d&i xdng loqi 2

M4t hé hai phwong trinh bic hai, hai 4n x, y dudc goi 12 461 xiing loai

2, néu thay thé ddng thdi x bdi y va y bdi x thi phuong triinh thit nhat

bi€n thanh phuong trinh thit hai va ngudc lai phuong trinh thit hai bién

thanh phuong trinh th nhat.

- Giit lai mdt phuong trinh, phudng trinh th hai ¢6 duge bing cdch trir
theo tirng v& hai phuong trinh d cho dé dugc phuong trinh tich.

- Gidi hé phuong trinh vita dugc nhu § phin 4.

Néu mdt hé phuong trinh dot xitng (logi 1 va logi 2) ¢ nghiém (xy ; yo)

thi ciing ¢d nghiém (yy ; xp).

. Hé phuong trinh c6 vé& tréi déng cdp d6i véi x, y va vé ai

khéng chiia x, y

Mot hé hai phuong trinh hai 4n x, y ma v& trdi 1a cdc biéu thic ding

cdp d6i vdi x, y va v€ phai khong chia x, y dude goi 1a hé phudng

trinh ding cip d8i vdix, y.

- Tim nghiém thda x = 0 (hodc y = 0).

-V x#0;y=#0,tadity=tx hodcx =ty

- Khit y* (hay x?) réi tinh y theo x (hodc x theo y) vi ti€p tuc thay vao
mdt trong hai phuong trinh ¢dn lai, ta im dudc t, rdi suy ra nghiém
ctia hé di cho.

Chii _)’{: Ngoai cdc dang hé phuong trinh miu myc 3 trén con c6 cic dang

khdc, ma ta linh hoat dit 4n phu d€ dua vé dang miu muc.

KR
> B. BAI TAP
Bai 1. Gidi cdc hé phuong trinh sau:
Xx-6y=17 lx+—l—y~2=0
Y sx+y=23 AT
y= 5x—y=11
4 1
0 x+2y x-2y
20 3 .
+ =1

X+2y x-2y

92

Hudng dan giai

{x~6y=17 x=17+6y - x=6y+17 [x=5
PEN > =N
5x+y=23 5(17+6y)+y=23 31y =-62 y=-2

Véay hé phuong trinh dd cho ¢6 nghiém (x ; y) 1a: (5; ~ 2).

11 1.1
by x+7y=2=0 -3—x+z(5x—11)=2®{19x=57 {x=3

3 4 <>
y=5x-11

Sx—y=11 y=4

y=5x-11
Viy hé phuong trinh dd cho ¢6 nghiém (x ; y) 1a: (3 ; 4).
1

X+2y x—2y

= v, hé phuong trinh da cho trd thanh:

93 -




2x—-y=1 y=2x-1 M
. I ‘ " 2 < 2 : / 2
du—v=1 v=4u-1 v=4u—-1 u=c X +2xy -y =7 X +2x(2x-1)-(2x -1} =7 (2)
{20u+3v=1 20u+3(1+4u)=1 20u+3(4u-1)=1 veo L (x> +4x° =2x —4x> +4x-1-7=0 |
' 2 &xP+2x-8=0 . !
1 1 BN
= = S(x+4x—-2)=0
x+2y 8 [x+2y=8 x=3 ( )( )
Suyra - = <= 5. x+4=0 X =4
1 ~X+2y=2 y== = ; =
o 2 x—2=0 x=2
X -2y 2

: 5 Véix=-4,thiy=2(-4)~-1=-9.
Vay hé phuong trinh da cho ¢é nghiém (x ; y) 1a: (3 ; ~—). -

Véix=2thiy=22-1=3

Béi 2. Gidi cdc hé phuong trinh sau:

3 +5y =3 b 6(x+y)=8+2x=3y
a
5x+2y =1 5(x-y)=5+3x+2y

'vay hé phudng trinh d& cho ¢6 nghiém (x; y)la: (= 4;-9);(2:3)

Bai 4. Gidi hé phuong trinh:
Xy-2x-y+2=90
X’ —5xy+y’ =15

Huéng din giai

. Huéng dan giai
{3x+5y=3 15x+25y =15 (19x=12 *="T9 {xy—ZX~y+2=0 M
a <> < <> 2 2
15x+2y =1 15x+6y=3 15x +6y =3 12 X°=5xy+y =15 (2)
19 M e x(y-2)-(y-2)=0
Viy hé phuong trinh di cho c6 nghiém (x ; y) la: (———1—1(5 ; %) o ((x-1)(y-2)=0
' v sy JE=D(y=2)=0
6(x+y)=8+2x-3y (4x+9y=8 8x +10y =16 Hé da cho trd thanh: { ;
b) > <> x*=Sxy+y =15
5(x~y)=5+3x+2y ~8x+3y=5 —Bx+3y=5
x—-1=0
! @0
2ly =21 <577 {xz—Snyry'z:lS
6(x+y)=8+2x-3y = y=1

<
Hy —2=0 an

1 x*-5xy+y* =15
Viy hé phuong trinh da cho ¢6 nghiém (x ; y) 1a: (w; ; 1).

X =
Bai 3. Gidi hé phuong trinh: 0o x =] {y =17 .
2x-y=1 y>—5y-14=0 {X=1
|x* +2xy~y* =7 ‘ y=-2

Hudéng dan giai Hé phuong trinh (I) ¢6 2 nghiém (x5 y)la: (15 7); (15— 2)
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{x=—1
(I« y2 =
x°~10x-11=0 x=11
y=2
Hé phuong trinh (II) c6 2 nghiém (x ; y) a:(-1:2);(11:2)
Vay hé phuong trinh da cho ¢6 bon nghiém (x;y)la: (1;7); (15— 2);
(-~ 1;2);(11:2).

_ |Baié. Giéi hé phuong trinh:

X +y' =152
X’ —xy+y? =19

BaGi 5. Gidi hé phuong trinh:
X+y+xy=7
X +y?+xy=13

Huéng din gidi
X+y+xy=7 (x+y)+xy=7
2 2 « 2
x2+y*+xy=13 (x+y) -xy=13

Pitu=x+y;Vv=xy, hé da cho tuong dudng vdi:

{u=4
v=T-u

ut+tv=7 v=7—-u v=3
<> S<iju=4 &
w-v=13 v +u-20=0 { u=-5
u=-5
v=12
x+y=4
{ ey
Xy =3
+y=-5
Y (I
xy =12

T (I), ta thdy x, y 12 nghiém cda phuong trinh: X?-4X+3=0

X=1
<
X =3

Hé (1) ¢6 hai nghiém (x; y)1a: (1;3);(3; D.

Tir (ID), ta thdy X, y 12 nghiém cia phuong trinh: X*+5X +12=0

(v6 nghiém)
Hé (II) vd nghiém
Viy hé phuong trinh da cho ¢6 hai nghiém (x ;y)1a: (1:3); (35 1).

Hudng din giai

1y* =152 2 2)=15
{x +y @{(X‘*‘y)(x Xy+y ) 2

xz_xy+y2:19 Xz—xy+y2:19

{19(x+y)=152
<>

(x+y)2 ~3xy =19
X+y=8§ X+y=8
<<
64 -3xy =19 xy =15
Ta thdy x, y 12 nghiém clia phuong trinh: X* - 8X + 15 =0

X=5
=
X=3

Vay hé phudng trinh da cho ¢6 hai nghiém (x ;y)1a: (5;3);(3:5).

| | Bai 7. Gidi hé phudng trinh:

2x° =3x=y? -2
2y’ -3y =x"-2

Huéng dan giai
2x*—3x=y?-2 |[2x*-3x=y'-2
A2 2 A 2 2) 22
2y —3y=x"-2 2(x -y )—3(x—y)=y —X

2 Z_“ — 2__
@{ X =3x=y> -2 )
(x=y)x+y-1)=0 (2)

{2x‘-3x=y2—2 x2-3x+2=0 x =1
X=y X=y y =1
2 2 2 4
2T =3x =y =2 X =x+1=0 . o x=2
(v6 nghi€m)
y=1-x y=1-x y=2

Viy hé phuong trinh dd cho ¢6 hai nghiém (x ; y)1a: (1 ;1) ;(1;2).
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Bai 8. Gidi hé phuong trinh:
{xz ~xy+y? =21

y3~2xy:——15

Hudng dan giai

Huéng din giai
DE thdy v&ix =0, y = 0 hé da cho déu vo nghiém

bit x =ty (t#0), hé da cho trd thanh:

{yz(l~t+12):21

y*(1-2t)=-15
2
Do t= i hé.trén vo nghiém, suy ra: 1__51 .
2 -2t -5

& =5(1-t+1*)=7(1-2t)

t=3
S50 -19t+12 =0 4
5

f =

Vi t =
-5y =-15cy =3

Phuong trinh trén ¢6 hai nghiém y, = V3 va y, = ~/3 . Khi do, ta cé:

X, =443 va X, =43 .

. 4
Véi t = 3 thi tr phuong trinh y'(1-2t)=-15 ud th
3 2 2
—gy =-15=y° =25

Phuong trinh trén ¢6 hai nghi€ém y, =5 va ¥, ==5. Khi dé, ta cé:
X, =4 vi x,=-4,
Vay hé phuong trinh di cho ¢6 bdn nghiém (x ; y) 1a:

(V3:3V3): (3:-343): (43 5): (4. 5)

3, thi wr phuong trinh y’(1-2t)==15 &3 thanh:

3x+2y =1 -9x -6y = -3 Ix:—ll
. <>
Sx+3y=-4" [10x+6y=-8§  |y=17
Viy hé phuong trinh d3 cho ¢6 nghiém (x ; y) 1A (=11, 7).
3.4_
. cn A N y
Bai 10. Gidi hé phuong trinh 5
—+==3
Xy
(Trich dé thi vao I6p 10 THPT Chuyén, TP.HCM ndm hoc 2006 — 2007)

Hubng dan giai
Diéu kién: x#0; y =0
3u~-4v=2

1 | I N _— % thanh:
bt u=_x~; v:—y—, hé phuong trinh da cho tr$ thanh: {4u+5v=3

{u:Z
=
v =1

Vdiu =2, thi

VSiv=1,thi y=1

L (1
Vay hé€ phuong trinh da cho ¢6 nghiém (x ; y) 1a: (—2~ ; 1).

a

anh: x+y=1

Bai 11. Gidi hé phuong trinh: {x3 ey mxay?
(Trich dé thi vao I6p 10 Chuyén Todn, PH Khoa h(_)é Hue nim hoc
2007 - 2008)

Huéng din giai

x+y=1 x+y=1
=X
x4yl =x2 +y? (x+y)3_3xy(x+y)=(x+y)2—2xy

3x+2y=1

B&i 9. Gidi hé phuong trinh ‘
5x +3y=-4

(Trich dé thi vao lop 10 THPT, TP.HCM nam hoc 2007 - 2008)

Xx+y=1
=
xy=0

Vay hé da cho ¢6 hai nghiém (x;y) 12 (1:;0);(0; 1).
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.. . X2 +yt +2x+2y =11
Bai 12. Cho hé phuong trinh |

xy(x+2)(y+2)=m

a) Gidi hé phudng trinh khi m = 24,
b) Tim m dé hé phuong trinh ¢6 nghiém. -
(Trich dé thi vao 16p 10 THPT Chuyén, TP.HCM nim hoc 2007 — 2008)

A20 o)
21

Huéng dan giai
a) Khi m = 24, hé phuong trinh dé cho trd thanh:

7 .

X*+y? +2x+2y=11 "=
{xy(x+2)(y+2)=24
Pat u=x>+2x=(x+1) =12 -1
v=y2+2y=(y+1)2—-12——1
u+v=11 u=3 u=28
= = v
uv =24 v=_§ v=3
(x+1) =4 [(x+1)'=9 [x=#2-1 [x=%3-1
<> ., v , o v Ci 1
(y+1)'=9 |(y+1)'=4 ly=83-1 [y=%2-
Viy khi m = 24 thi hé phuong trinh d& cho cé nghi€ém (x ; y) la:
(1;2);(1; =4)5(=3:2)5(=3;-4);(2:1);(2; =3)5(=4:Dsva
(~4;-3)
by Patu=x>+2x+1=(x+1)"20
v=y2+2y+1=(y+1)220

u+v=13

(u=1)(v-1)=m

U+V:13 u+V:13
< <>
rluv=(u+v)+l=m  |uv=m+12

Do d6 u, v 13 nhiém ctia phuong trinh x* ~13x+m+12=0 (¥)

Hé phuong trinh di cho trd thanh: {

Heé di cho ¢ nghiém khi va chi khi (*) ¢6 2 nghiém x,,x, 20

121-4m =z 0 <
{820 ME Mt e n2em <t
m+1220 4
P>0 m2-12
L 3 3
. 1w oA ~y =3{x~
.| Bai 13. Gidi hé phuong trinh oy (x-¥)
X+y=-1

(Trich dé thi vao lép 10 THPT Chuyén Todn Lé Hong Phong, TP.HCM
ndm hoc 2005 — 2006)

Huéng dan giai

{)(3~—y3 :3(x—y)®{(x——y)(x2+xy+y2-3):()

X+y=-1] X+y=-1

{(X"y) -0 M

Xx+y=-1

{xz +Xy+y’ =3=0 )

X+y=-1

Gidi hé (1), ta duge nghiém (x ;y) = (—% ; -%)

Xét hé (2), tir phuong trinh cudi x+y=-1=>y=-1-x
Thay vio phuong trinh du, ta duge x* +x —2 =0 =>hé (2) ¢6 hai nghiém:

x3y)=(01;-2),(-2;1)

Viy hé di cho ¢6 3 nghiém |

[y
TN
|
!
|
!
—
—
fo,
|
N
~—
;.\
|
[
=

Bai 14. Gidi hé phuong tinh >
(xz -H)(y2 + 1)+8xy =0
X y 1

X+l y 41 4

(Trich dé thi vao dp 10 THPT Chuvén Nguyén Trdi, Hdii Ditong
ndm hoc 2007 — 2008)

Hudéng dan giai
Vi (xz Jr'l)(y2 +1)>0 nén tir phuong trinh thit nhat cla hé, suy ra
xy#0 ‘
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(x +l)(yj +1)+8xy =0

N +— = ‘—T+ 1:.._.
X+l oyt 4] 4 x+l yi 1 4
ny
x 1 1
Ditu=x+—;v=y+= (1)
X M
uv = —§
Hé phuong trinh trd thanh: {1 1 Q) -
— e
u v 4

Gidi hé (2). ta dugce: (u; v)=(4; =2) va (u; v)=(-2; 4)

[x=0

o 1)/:]
(II)@{yIzXH@{y:'“XH 1 @Jyzzxu - [,\:wi
K ayi=1 e (2x 1) =1 |5k 4 4x =0 5

I ]

=5

Viy hé phuong trinh di cho ¢6 nghiém (x ; y) la:

XAfy +2yv/x =3x4/2x 1
yVx +2x\fy =3y.2Zy -1

Bai 16. Gidi hé phuong trinh: {

Thay cdc gid tri cia u va v vao (2), ta dugc bdn nghién ciia hé phuong (Trich dé thi vao I6p 10 Ban AB, PTNK, DHQG TP. HCM  nim hoc
winh 1a: (24435 ~1)i(2-43 ;- )i (=1:2443)5 (-1:2- f) 2007 - 2008)
< . | 6x° -3 =1- Hudng dan gidi
Bai 15. Gidi hé phuong trinh: X Xyrx=l-y & 8
X +yt =1 1 1

(Trich dé thi vao I6p 10 THPT Chuyén Ngoai ngit, PH Ha Noi ndm hoc
2004 — 2005)

Hudng din giai

3x~1=0 M
67 <3xy+x=1-y _ [(3x=1)(2x-y+1)=0 ||x4y?..]
3 el A <
X +y’ =1 X*+yt=1 2xX-y+1=0
: (In
X“+y =1
i 1
X==
3
22
1 y=—
X== 3
)< 3 ]‘
T o -1
Y X 3
W_ZVE
3
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biéukién: x> —;y>—
2 2

{ +2y\/>:-3xw/2x\ \/_(f+2\f) 3x/2x —
y\/¥+2x\/— 3y /2y - \/_—(\/?4—2\/‘) 3y 2y ~1
N€u x >y thi 3x+/2x -1 > 3y,2y -1 ,

\/“( x+2\/") f(ﬁuf)
eVx+2ysfy+2dx

Suyrax <y (vd li).

Vay khong xdy ra x > y.

Lam tuong ty cling khong xdy ra trudng hp x < y.
Dodéx =y.

Vay hé da cho ¢6 nghiém duy nh4t (x ; y)=(] ; ).

(x+y) +13=6x%y> +m

Bai 17. Cho hé phuong trinh ,
xy(x +y )= m
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1) Gidi hé phuong trinh khi m = —10.

2) Chitng minh ring khong t6n tai gid trj clla m dé hé cé nghiém
duy nhélt.

(Trich dé thi vao 16p 10 THPT Chuyén Todn - Tin Ha N6i Chu vdn An

va Ha Néi Amsterdam ndm hoc 2005 - 2006)

Huéng din giai
(x+y) +13=6x"y* +m
A‘ xy(x2 +yz)=m

i34t u:(‘x‘2 +y2), v =Xy

w+6vi+23=0 (1)

Vdim= — 10, hé di cho c6 dang )
uv-2ve =—-10  (2)

2
T2y tacd: u= ZV_J_Q
v

, thay vao (1) ta dugc: 2v* +17v2 =100=0 (3)

Tir 13), ta duge v==2
"), tathfy v<Onénchonv= -2

Vdiv=e —2thiu=1=x+y=1 hodc x+y=-1

Cfx+y=1  (x+y=-l 3 o .
Gidi cdc hé va , ta dudc cde nghiém la:

Xy =—2 Xy =—

(=1:2)5 Q25 =Dl =2yva(=2;1)

2) N€u (x ; y) la nghiém cla hé fhi (~x; —y)cling 1a nghiém.
Do d6 hé ¢6 nghiém duy nhatthix =y =0

Thay x = y.= 0 vao hé ta thi'y khong thda.

Viy khong 6 gid tri ndo cia m dé hé c6 nghiém duy nhit.

X+y+xy=3

5

Bai 18. Gidi hé phuong trinh: N
X +y =2

(Trich dé thi vao ldp 10 THPT Chuyén BPHKHTN, DHQG Ha Néi ndm
hoc 2005 ~ 2006)

Hudng dan gidi
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Patu=x+y;v=xy
. u+v=3 ()
H¢ di chocd dang §
u'-2v=2 (2)
Tir(l) =>v=3-u (3)
Thay (3) vao (2), ta dugc: w =23 -u)=2
<u' +2u-8=0
=u=2,u=-4
Viu=2=>v=]
Véiu=—4=>v=7T

o u=2
Hé trén c6 nghiém {

=> Khong tOn tai

B {u=~4
Vi
v="17

Viy hé phuong trinh da cho ¢ nghiém la (x; y)=(1: 1)

- ] frytoxyt =1
Bai 19. Gidi hé phudng trinh: {X yoou

4x* +yt =dx+y

(Trich dé thi vao lop 10 THPT Chuyén Todn — Tin DHKHTN, DHQG
Ha Noi ndm hoc 2005 — 2006)

Huéng dan giai
Jx"+y“—~xy3:1 (H
14){4 +yt=dx+y (2)
()<= 4xt+yt = (4x +y)(x“ +y’=xy")

= xy(?»y2 —4xy+x2)=()

x =0
<>ly=0

3y" —dxy+x7 =0 (%)
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VEix=0 =>y=1
Viiy=0 =x=1
Giai (*):

X
1
=t=1;t=—
3
Véit= $l=]®x:ythuy'vz‘lo(l),tat‘xmdu’qcx:y:1
X
o 1 1
th:——:;s!—=~¢::>x:3y thay vao (1), ta tim dude x = 3 ;y:~——1—-—
3 0x 3 V25 /25

Viy hé phuong trinh da cho ¢6 hai nghiém 13

~NEu xy-2=0 e xy=2

Ta c6: (x° ~—y3)2 =(x’ +yz)2 ~4x’y’ =(\x‘y3)2 4y =0 =y
Viy hé da cho ¢6 nghiém (x 3 y) 1a: (V2 ; V2): (V2 -2}

-Néu xy+1=0

Taco: (¥ =y ) =(x*+y*) —ax’y’ =3 (vo 1)

V&th di cho ¢é nghiém (x ; y) la: (\/5 \/5:) ; (—\5 : —\/§>

1
X+ = =2
Wy

=2

Bdi 21. Giai hé phudng trinh

YT‘\’/“;‘»

(Trich dé thi vao lop 10 THPT Chuyén Todn — Tin, PH Vinh ndm hoc
. 2005 - 2006)

—%—+i—=1

Bai 20. Gidi hé phuong trinh: 4X° ¥’
VX2 =144y’ =1 = xy+2

(Trich dé thi vao Idp 10 Chuvén Todn - Tin, PTNK, DHQG vTP. HCM
ndm hoc 2006 — 2007)

Huéng dan gidi

11

——2+"—2-=1 (l)

X’y
VX2 =14y’ =l=Jxy+2 (2)

Tir (1), ta ¢6: x* +y* =x7y? 3)

T (2),tacd: x* ~1+2 (xz—l)(y2~1)+(y2—l)=xy+2

(ibxz+y2+2\/x2y2—-(x2 +y2)+] -xy—-4=0 (4)
Tir (3) va (4), suy ra: x°y’ —xy-2=0
o (xy-2)(xy+1)=0
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Huéng dan giai
Pidukién:x>0,y>0
Dit a=+x (a>0),b=\Jy (b>0)
a’b+1=2b

=ab(a-b)=-2(a~b)

Hé di cho trd thanh:
ab” +1=2a

<a—-b=0(via,b>0)

a=b>0
Thay vao hé trén, ta dugc hé § |
a’-2a+1=0
. -1++/5
Gidiratadudc: a=b=1l,a=b= 2\/—

Vdia=b=1lthix=y=1
”’;*/5 thi x

Véia=b=

::y::

3-4/5
2

N xy(x+y)=2
Bai 22. Gidi hé phuong trinh: { 21( s )
xX*+y +x+y=4

(Trich dé thi vao Idp 10 THPT Chuyén DHKHTN, PHQG Ha Néi
ndm hoc 2007 — 2008)
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JxZ Yy +2xy =82
x4y =4

(Trich dé thi vao l¢p 10 Chuyén Todn — Tin Lam Son, Thanh Héa ndm
hoc 2005 — 2006)

Huéng dan giai

[xy(x+y)=2 6
lx"+y3+x+y:4 (2)

Ba&i 24. Gidi hé phuong trinh: {

() e (x+y) =3y (x+y)+x+y=4 ; Huéng dan giai
& (x+y) +(x+y)=10=0 | Didu kién: x20,y20.

Ditu=x+y < uw +u-10=0 Pit u=./xy 20

<:>(u-~2)(u2 +2u+5):0 Khi d6 ta ¢o,

. % 2 2 2 5
:j[(u~2):():>u:2 xl+y2:(x+y)2~2xy=[(\/;+ﬁ) *2\/61\ ~2xy =(16—2u) —2u”

2 42u45)=0 (v6 nghié
'(u u ) ghiém) =2u° — 64u + 256

= X +y" +2xy =207 —64u+256 +u2 =82

e Nut=32u+128 =8—u

§—uz=0
&> Su=4

. . o ix+y=2
K&t hgp vdi (1), ta ¢ hé | =x=y=1
Xy =

Viy hé da cho cd nghiém (x5 y)1a (1 1).

.. ; P44yt =5 _ A 2
Bai 23. Gidi hé phuong trinh: {z Y v =7 u-32u+128=64 -16u+u
+X+2y =
) Xyrxw ey Hé phudng trinh da cho tudng dudng vdi:
£ (Trich dé thi vao iép 10 THPT Chuyén Todn — Tin PHKHTN, DHQG

Hi NOi ndm hoce 2007 - 2008)
Huéng dan giai

Vx o+ f 4 x=4
{\/— 4 {y =4
Viy hé phuong trinh da cho ¢6 nghiém (x 1 y) la: “4;4).
Jxel+9-y =
Jy+1+9-x =m
1) Gidi hé phuong trinh khi m =245 .

2) Tim m dé hé trén cé nghiém duy nhat.

X* 44y’ =5 hH

(
1‘“)’ +x4+2y =T (2) Bai 25. Cho hé phuong trinh { vGi m 13 tham s&
La

'y (1) +(7) ta dudgc: (;+2y)3+(x+2y):12

R Jx%—Z} -—3

- Alx +2y =—4 ) N
(Trich dé thi vao 16p 10 Chuyén Nguyén Trdi, Hdi Duong ndm hoc

2008 — 2009)

Ta dudc hai hé phuong trinh sau:

Hudng dan giai
Piéu kién: ~1€x<9;-1<y <9,
Jx+1+J9-y=m Q)
Jy+1+49—-x=m (2)

L&y (1) - (2), ta duge: Vx+1+ 09—y =y +1+V9-x

L Jx+2y:3 X+2y=3 x=1 |*7
b (h < &> < ;
- [Axy+x+2y=7 Xy =1 y=1"ly=

to]— W

X+ 2y =-4 x+2y=-4
(m{ ? 2y

<> (vd nghiém)
Axy+x+2y=7  |4xy=1 g
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-NEux >y thi Vx+1>Jy+1 va Jo-vy>J9—x .

Dodé: Vx+1+o-y> fy+1>V9-x (vo i)

-Néux <y, wong t ta ¢6: M+\[‘)_:—; <y +1+/9-x (vo 1)
Viy x =y, thay vio (1) ta duge: Vx+1+/9—x = m (3)

1) Vi m=2J5 . thi (3) tré thanh: VX +1+V9 —x =25
©x+1+9~x+2m=20

S (x+1)(9-x)=5

S x -8x+16=0

<> Xx=4

Vay v6i m =25 thi hé phuong trinh da cho ¢6 nghiém (x : y)yia(d:4)

(x2+yz)(x2~y2):}44
\/x2+y2 -\/X2—y2 =y

(Trich dé thi vao l6p 10 Ban AB, PTNK, DHQG TP. HCM ndm hoc
2003 — 2004)

Bai 27. Gidi hé phudng trinh:

i+l+_1_:2

y =z
2.1,
Xy 77

Bai 26. Gidi hé phuong trinh

(Trich dé thi vao ldp 10 THPT Chuyén Lé Khiét, Qudng Ngdi ndm
hoc 2006 - 2007)

Hudng din gidi
Diéu kién: x#0,y#0,2%0.
patX=1 y=1z.1
X y 7
X+Y+z=2 |X*Y=2-Z

Hé phuong trinh di cho trd thanh: <= 2
{2)(\(-.22 =4 |XY= 4“"22

Do d6 X, Y 1a hai nghiém cta phuong tinh: t* — (2-t)t+

4+7°
=0 (1
3 (n

(1) ¢6 nghiém khi va chi khi;

=(2-2) -2(4+2°)20 = (2+2)' <0 Z =2

i X+Y=4 X=2
V6iZ =~ 2, ta dugc hé phuong trinh =
phtiong trin {XY=4 {Y=2

s

Vay hé phudng trinh di cho ¢6 nghiém (x ; y ; z) la: (; %— —%)
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Huéng dan giai
(x2+y2)(xzﬂy2):l44 (X2+y2)(x2—yz)=l44

=
\/x2+y2 —\/x2~y2 =y 2)(2~2\/(x2+y2)(x2—y2):y2
(x2+y2)(x2—y2)=144 ( )( _yz):144 D
Jx7+y? —\/xz—y2=2x2—y v =2x" -24 (2)

Thay (2) vao (1), ta dugc: (x +2x> -—24)(x —2x2 +24)—144

x* =20

2 2
& x* -32x" +256 =16 & (x* ~16) wmc{xz 1

Véi x2=20=y" =16

Véi x*=12=y" =0

Thi¥ lai ta nhdn cdc nghiém sau:

(2\/3;4');(—2\/5;4);(2\/5;*4);(4\/5;~4);(2J§;0);(—Zﬁ;0)

X y+y\[>2=12

xVx +yy =28

(Trich dé thi vao ldp 10 Chuyén Todn, Ndng khiéu Han Thuyén,
Bdc Ninh ndm hoc 2002 — 2003)

Bdi 28. Gidi hé phuong trinh: {

Huéng dan gidi
Piéu kién: x,y>0.
Pitu=Vx (u20);v=\ly (v20)
uv(u+v)=12

Hé phucng trinh da cho tudng dwong véi: § |
v =28

111




x=1
uv(u+v)=12 ’ u+v=4 {y=27
" < &
(u+v) =3uv{u+v)=28 uv =3 x =27
y=1
Vay hé phudng trinh dd cho ¢6 nghiém (x ; y) 1a: (1;27); (27 ; 1).

2 2
.. et . Xy  —-2y+3x° =0
Bai 29. Gidi hé phuung trinh: Y . yox
v +xly+2x=0

(Trich dé thi vao ldp 10 THPT Chuyén Lé Héng Phong, TP.HCM
ndm hoc 2002 — 2003)

Huéng dan gidi
-Vdix=0thiy =0, hé ¢é mdt nghiém (x ; y) 1a: (0; 0)

-Vdi x#0
. A X2 2 X2
xy” =2y +3x° =0 x[ 5 ] -—2[ 7 J+3x2:0
- 2 P X7 +2 X +2
y:x3+2 = X’
x'e2
X’ 2 X N N 3
: - +3=0 X ——2(x +2)+3(x +2) =0
X"+2 X' +2
<> R < 2
X y = X
YT X +2

3411k +8=0

(x3+1)+(3x3+8):0

< X2 <> Xz
y= 3 y= 3
X +2 X' +2
~{x=—1
X =]
y=1
8
X =3 —— 8
<> 3 &= X = — 3
N 3
K
y=— 6
T4+ 2 =
X Yy é/g
2

{x‘u—l:()
oA
- 3x"+8=90

5

3xy =2(x+y)
| Bai 30. Gidi h¢ phuong tinh: §5yz =6(y +2)
4zx =3(z+x)

Viy hé phuong trinh dd cho ¢6 nghiém (x ; y) 1a: (0 ; 0) ; (—1; 1)

[J_ﬁ.wgq
-l

(Trich dé thi vao ldp 10 Chuyén Lam Son, Thanh Hda ndm hoc

2007 — 2008)

: Bai 31. Gidi hé phuong trinh

Huéng dan gidi
N&u xyz = 0, thi tir hé phudng trinh suyrax =y=2=0
Véi xyz =0, thi tir hé d3 cho twong dudng vai:

x+y 3 (1,13
xy 2 Xy 2
yrr S 1,15 o
yz 6 y z 6
rex 4 1,14 5
x 3 z x 3

. . I 1 1
Cdong v€ theo v& cla (1), (2) va (3), ta dudc: ~—-1r—+l = —1-
Xy z 6

=x=lLy=2,72=3

Viy hé da cho ¢6 hai nghiém (x 1y ;2) 1a:(050;0): (1525 3)

X7z =X+4
2y = Txz-3x~14
X 427 =35-y"

(Trich dé thi vao l6p 10 THPT Chuvén PHSP, Ha N§i ndm hoc
2006 = 2007)

Huéng din giai

Xz=Xx+4 H
2yt =Txz-3x~14  (2)
x* 477 =35-y° (3)

The (1) vdo (2), ta duge: y* =2x+7 (4
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Thé (4) vao (3), ta duge: x* +77 =35-(2x -7)

K&t hgp véi (1), suy ra: x° +2> =36-2x7,

:>(x+z)2 =36 x+z=16

-Tradng hgpx +72=6,ta¢c6: 2 =6 - x (5)

Theé (5) vao (1), ta duge x> =5x+4=0cx=1:x =4
Vé‘i x = 1, thay vao (5) va (4), ta dude: 2z = 5 va y=%3
Véix =4, ta duge z =2 va y:i\/l—5

- Trugng hop x+z=-6,tacé: x(-6-x)=x+4

—T++/
¢:>x2+7x+4:()<::>x=—’z—‘5——-3~’§
. ~7~+/33 . .
V§i x = ——z——jz———— thay vao (4), ta thiy v0 nghiém
~7+:/33 -5-/33
Véi x =-——7—i2—— thay vao (1), ta duge: z =—§-—2——3:—- , thay z vd x vao

(3). ta duge y = +4/33
Viy hé phuong wrinh dd cho ¢6 6 nghiém (x ; y ; z): (1;3;5);

aley, [FTHN3E3 -5-433) (74433, 5-33
(1’—3’5)’("—5“’\[3_3’ 2 }( 2 "\/37”—2'—}
(4;5;2);(4;—5;2).

]

Cong (1), (2) va (3), ta dugc:

4x = 2Jdx 1 +4y =24y —~1+42-244z-1=0
o (Jax-1 —1)2+(J4y~1 —1)2 (Va1 4)2 =0

1

X=—

Vax—-1=1 2

1

@ Jdy-1=1e y:—z—
Vaz-1=1 1
Z—-.—

2

. {1 11
Viy hé phuong trinh di cho ¢6 nghiém (x;y; z) Ia (—2— o E)

x=y*+7’
Bai 33. Gidi hé phuong triinh: Jy=2" +x°
z=x>+y’
(Trich dé thi vao ldp 10 Chuyén Todn - Tin, PTNK, PHQG TP. HCM
néim hoc 2008 — 2009)

Bai 32. Gidi hé phuong trinh sau:

X+y=+vdz-1
y+z=+4x~1

24X =4y ~1

(Trich dé thi vao I6p 10 THPT Chuyén PHSP, Ha Noi ndm hoc 2002 — 2003 )

Huéng dan gidi
x+y=vazo1  [2(x+y)=2(az=1) O
y+z=dx-1612(y+z)=2(Vax-1) (2)
z+x=Jdy-1 2(z+x)=2( 4y—1) (3)
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Hudng dan giai

x=y>+z° (1)

y=2"+x> (2)

z=x"+y> (3)
Tacé: x=y*+22 20 ; y=22+x>20 ; z=x"+y 20
Vi vai trd x, y, z trong hé phudng trinh khi l}ofm vi vong.quanh khong
m4t tinh tdng qudt, nén ta gid st x 1a 16n nhat.
Tach: xz2y20;x2220
Va x>y, k&t hop vdi (1) va (2), ta duge: y* 2x* nén y 2x

Viyx =y, k&t ﬁqp vdi (1) va (3), ta dugc: 722 2x° nén z2x

Viyz=X.
Dodé:x=y=2
x=0
Tir (1), tacé: x=x>+x> & x-2x> =0 x(1-2x)=0 < le
2
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wong trinh dd cho ¢6 nghiém (x ; y ; 2) la: ;00 ;

4x* =2y* +y+1
Bdi 34. Gidi hé phuong tiinh: {4y’ =227 +z+1

A. KIEN THUC VA Ki NANG CAN NAM VONG

e Budc 1: Chon 4n (mot 4n hodc nhiéu 4n) va dat diéu kién cho ching,

47> = 2% +x +1

(27(“),.[6‘;2 [172(2()(121) vao 1dp 10 THPT Chuyén Todn - Tin, Ha Tay ndm hoc) | e Budc 2: Bi€u didn cdc dai lugng chua biét theo cde dn vira dat va cdc
08 — 200

dai lugng di biét,

Hudng dan giai ‘ s Budc 3: Lip phudng trinh (hé phuong trinh) dya vao cdc moi quan hé
4x* =2y* +y+1 (D gitra cdc dai lugng.

ay* =272 +72+1  (2) e BuGe 4: Gidi phuong trinh (hé phuong trinh) va ki€m tra diéu kién clia an.

477 =2x* +x+1  (3) ¢ Budge 5: Két ludn

Tacod 2y’ +y+1:(y+lj +y° +—3~>O Vy nén 4x’ >0=x'>0=x>0 |- > B. BAl TAP
2 4 Bai 1. Mot 6t chuyén dong déu vdi véan 8¢ di dinh d€ di hét quang dudng
120 km. Di duge nita dudng, xe nghi 3 phit, n€u d€ dén noi ding gid
Gidst xsysz 4) xe phdi chay ting ¢ thém 2km/h trén quing dudng cOn lai. Tinh thdi

Tuong ty, tacdy>0vaz>0

gian xe chay.

TU (1) va (3), suy ra: 4()(»7,)()(2 -1vxz+zz)=(y—x)(2y+2x+1) (5) o dan miai
. uGng dan giai
Nhin xét ring v& trdi (5) <0 nén (y-x)(2y+2x+1)<0 Goi x (knvh) 1a vin 16 dy dinh cda 8t6 (x > 0)
120 60 60 1
ot

Ta ¢6 phudng trinh: —— = —
T (4) va(6),suyrax =y X x x+2 20

M 2y +2x+1<0=y-x<0=y=<x (6)

Tuong ty, ta cd:y =7 e X +2x=2=0

Dodéx=y=z Gidi phuong trinh trén, ta duge: x = 48 ; x = — 50 (loai)

; 2 dude: 4x® —2x% —x—1= : o 120 : .
Thay vao (1), ta dugc: 4x” =2x" -x-1=0 Thai gian xe chay 1a: —E—%: 2 ¢its 27 phiit
. x-1=0 -

S (x=1)(4x7 +2x+1)=0 | | - . T : . T

4x>+2x+1=0(VN) Bai 2. Mat hinh ch® nhit ¢ chu vi 1a 24m. N&u ting chiéu rong thém 2m va
) ; oidm chidu dai di 2m thi di¢n tich hinh chit nhit d6 khdng thay doi.
iy hé 1 inh da cho ¢4 nghié ftlax=y=zv=1 e N A ’
Vay hé phuong trinh di cho ¢é nghiém duy nhitlax =y =z =1 Tinh dién tich hinh chif nhit do.

Huéng dan giai
OXRR : A . s e
Goi x (m) 1 chi¢u rOng cla hinh chit nhit (0 < x < 12).
Theo dé bai, ta ¢d phuong trinh: x(12-x) = (x +2)(10 - x)
# o -
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Gidi phudng trinh trén, ta duge: x = 5

Viy hinh chit nhit ¢6 chiéu rong 13 5m va chiéu dai 1a 7m.

Bai 3. Mot xe 66 chay tir thanh phd A dén thanh phé B cdch nhau 96km. 32
phit sau, mdt ngudi di xe dap tir thinh phd B hudng vé thanh phd A.

- .. 1 . .
Ngudi di xe dap di dugc 3 quing dudng AB thi gip 0t6. Bi€t vin 8¢

616 16n hon van t8c xe dap 1& 10km/h. Tinh vin t6¢c mbi xe.

Hudng dan gidi
Goi x (km/h) 12 vén t&c xe dap (x > 0)

Theo dé bai, ta ¢6 phuong trinh: 64 32 _8
x+10 x 15

<> x? ~50x+600 =0
Gidi phuong trinh trén, ta duge: x =30 ; x =20

Viay van td¢ clia xe dap 1a 30km/h va vin t8c 6t6 1a 40km/h hodic van
tdc clia xe dap la 20km/h va vin téc cda 6t6 13 30km/h.

Bai 4. Mot 8 cong nhan duge giao sin xuat 4000 sin phim v6i ndng suat
dinh trude. Trong 10 ngay dau, t8 sdn xuat ding ti€n do dinh trudce.
Thai gian sau, m3i ngay t& sdn xudt ting thém 50 sdn phdm, do d6 da
hoan thanh k€ hoach sdm hon hai ngay. Tinh ning suit dinh trudc cla
t6 cong nhan.

Huéng din gidi
Goi x (s&n phdm/ ngay) 1a niang sud't dinh trude (x > 0)
S& sén phdm trong 10 ngay diu 13 10x (s&n phdm)
S8 sdn phdm con lai 1a: 4000 — 10x (sdn phim)
o s S 7 2 N [T 4 - s
Thdi gian 1am s6 san pham con lai 1a: —9%)——5-100—)( (ngay)
+

Thdi gian 1am theo k& hoach la: 4000 (ngay)
X

Vi t8 cdng nhén di hoan thanh k& hoach sém hon hai ngay, nén ta c6
phuong trinh:

4000 4000 -10x
X x+ 50

+10+2 & x* +300x —100000 = 0

Gidi phuong trinh trén, ta dudc: x = 200 ; x =~ 500 (loai)

V4ay ning sut dinh trudc cla t§ cong nhan 12 200 sdn phim/ ngay.
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1 B&I 5. Ngudi ta dit mdt voi nude chdy vao mot bé nude va mdt vF)i chdy rla
& lung chirng bé. Khi bé can, néu m3 cd hai voi thi sau 2 gx(‘i\ 42 phiit
bé diy nude. Con néu déng voi chdy ra, md voi chdy vao thi sau 1,5
i ddy bé. Bi€t voi chdy vao manh gap 2 1an voi chdy ra.

a) Tinh thosi gian nude chdy vao ur lic b& can dén lic nudc ngang cho

dat voi chay ra. /

b) N&u chidu cao bé 1a 2m thi khodng cdch tir ch® dat voi chdy ra dén
B ddy bé bao nhiéu?

Huéng dan giai
Goi x (gidy) 1a thoi gian nude chdy vao ty lic b€ can d&€n hic mifc nude
ngang chd dit voi (x > 0).

1 2
Trong 1 gid vOi chdy vdo duge: —= ;he

>

2
hdy ra dud 31y
v1¢ o1 chs g o = —
Trong 1 gid¥ voi chay ra dug 573
NEu md ci hai vdi, hugng nuGce chdy vao bé trong 1 gid dudc:
Z-l:lbg
3 3 3

bé

W

Trong x gid diu lugng nude chdy vao bé la:

Trong 2 gid 42 phit - X gid con lai, lugng nude chdy vao bé la:
l(2,7—x)bé’
3

2 1
Theo dé bai, ta ¢6 phudng trinh: 3 + 5(2,7 -x)=1

Gii phuong trinh trén, ta dugc: x =0,3

Viy thdi gian nuGc chdy vao tr lic bé can dé€n lic mifc nudc ngang
chd dat voila 0,3 gio

b) Néu riéng voi chdy vao lam vigc trong 1,5 git thi myc nude cao hon 2m.

Vay néu riéng voi chdy vao lam vi€c trong 0,3 gid thi myc nude cao
2.0,3

B

hon 1a: =0,4m

Viy khodng céch tit chd dat voi dén day bé 1a 0,4m.
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Bdi 6. D& chuyén hét s6 hang trong mot kho, ngudi ta ¢ thé ding xe tdi chd
12 chuyén hodc sit dung ba gic chd 15 chuyén. Nhung do bin chuyén
hang cho ndi khic nita nén xe tai chi chd mot chuy€n roi di noi khic,
khong chd nita. Ngudi ta phdi ding ba gic chuyén hét s0 hang con lai.
Ngudi ta d€m dugc tdng s6 chuy&n clia xe tai va ba gdc da chuyén 1a 14
chuy&n. Hdi xe tii va ba gdc da chuyén may chuyé&n?

Huéng dan giai
Goi x (chuyé&n) & s& chuyén ma xe tai da chd hang (x 1a s§ nguyén duong)
y ( chuy€n) 12 s& chuy&n ma ba gic dd chd hang (y 1a s6 nguyén dudng
Tdng s5 chuy€n clia xe tdi va ba gdcchd la:x +y = 14
Bi¢t riing 12 chuy&n xe tdi chd hét s3 hang, nén mdi chuyén xe tdi chd

dugc: 4 s& hang
12

v ae 1o X ey
Do d6 x chuyén xe tai chd dudc ) $O hang trong kho.

Vi y chuyén xe ba gdc chd duge 1y—5 s6 hang trong kho.

x+y=14
Theo dé bai, ta ¢6 hé phuong trinh: ¢ x  y
Ly =
12 15
Gidi hé phugng trinh trén, ta dugc: x =4 ;y = 10

Viy xe tdi dd chd 4 chuyén va xe ba gdc chd 10 chuyén.

Bai 7. Hai td ¢ong nhin A va B theo k&€ hoach phdi may xong 110 chiéce
do dai. Do thi dua ting ning sudl t0 A vugt mic 14%, t8 B vuat
mtte 10% nén dd may duge 123 chi€e 4o dai. Hi theo k€ hoach
mdi t& phiii may bao nhiéu chi€c do dai.

Hudng dan giai
Goi x (chi€ce) 1 s chiée do dai mi 18 A may duge (x 1a s8 nguyén dudng

y (chi€c) 1a s chi€c 40 dai ma 8 B may dugc (y 12 s nguyén dudng)

A 14 .
Trong thyc t€, 10 A may dudce: x -t———Tx (chice)

Trong thuc t&, 8 B may dugc: y +~I}(%y (chiée)

120

(x+y=110
Theo dé bii, ta ¢6 hé phuong trinh: 1

x+-ﬁx+y+£y =123
100 100

Gidi hé phuong trinh trén, ta duge: x = 50 ; y = 60.

Viy theo k& hoach t8 A may duge 50 chi€e do dai, t6 B may duge 60
chi€c do dai.

Bai 8. Mot ngudi di 6t6 du dinh di tir thinh phd A d€n thanh phd B trong
mot thdi gian nhat dinh. Ngudi dé tinh ring néu di vdi van ¢
45km/h thi t§i thinh phd B s& chim mdt nra ¢ids, nhung di vdi vin
té¢ 60km/h thi s& tdi thanh phd B sdm hon 45 phit. Tinh quang
dudng AB va thdi gian dy dinh di.

Huéng din giai
Goi x (km) 1a dd dai quing dudng AB (x> 0)
y (gior) 1a thoi gian dy dinh di (y > 0)

Thai gian di véi vin (0c 45km/h 1a: Z)% gidy

Thti gian di v6i van toc 60km/h 1a: —— gid

60
X 1
—_— y e —
13 Wi PN o )45 2
Theo dé bii, ta ¢6 hé phuong trinh: 3
X :
0 4

Gidi hé phuong trinh trén, ta duge: x = 225 ;y =4,5.
Viy quing dudng AB 12 225km va thdi gian dy dinh di 3 4,5 gid.

Bai 9. Hai b sdéng A va B cdch nhau 40km. Mot cand xudi tr A dén B rdi
quay ngay vé A vdi vin téc riéng khdng ddi hét tdt ¢d 2 gidy 15 phit.
Khi cand khdi hiinh tir A thi cing ldc d6, mdt khiic gb cling trdi wr do
tir A theo dong nude va gip cand trén dudng trd vé tai mot diém cdch
A 12 8km. Tinh vin t0c¢ riéng clia cand va ddng nudc.

Huéng dan giai
Goi x (km/h) 12 vin tac riéng cia cand,
y (km/h) 13 vin té¢ riéng cda dong nude (x >y > 0).
Vin t6¢ cand khi xudi dong 1a x + y (km/h)

Vin td¢ cand khi nguge dong 1a x — y (km/h)
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Theo dé bai, ta ¢6 phuong trinh: 40 + 40 _9 (1
4

X+y X—y

Thdi gian cand xudi dong 40km vi nguge dong 32km la: 40 32

—

713
X+y X-y (&)

Thai gian khiic g8 troi la: i giy

Theo dé bai, ta co phuong trinh: 40 + 32

X+y X~y
40 40 9

Tir (1) va (2), ta 6 hé phuong trinh: {x+y = x—y 4

8
=S SX=W MY >0 Q)

X =0y
Gidi hé phuong trinh trén, ta duge: x =36y =4,

‘{ay vdn toc riéng clia cand 1a 36km/h ; van t6c ri€ng clia dong nude
la 4km/h.

Bai 11. Mt xe Ira di tr Hué ra HA NOi. Sau d6 1 gid 40 phiit, mt xe

Iita khdc di tt Ha Noi vaio Hué vdi vin 16c¢ 1dn hdn van 8¢ clia xe
Ia tht nhat 13 Skm/h. Hai xe gdp nhau tai mdt ga cdch Ha NG
300km. Tim vin t8c¢ clia mdi xe, gid thiét ring quing dudng sit
Hué€ — Ha Noi 1a 645km.

(Trich dé thi vao lép 10 THPT, TP.Hué& ndm hoc 2005 — 2006)

Bai 10. C6 hai hop dung bi, néu 18y tir hop thit nhat mot s6 bi bing sd bi

cé trong hép tht hai rdi b3 vao hop tht hai, rdi lai 18y tir hop tha hai
m(”)At 0 b’i bing s& bi con lai trong hép thit nhdt va bd vé;) hop thi
nf}a t, cudi cling 18y tir hdp thi nhd't mot s6 bi bing sd bi con lai trong
th thit hai va bd vao hop thit hai. Khi d6 s& bi trong mdi h(‘)p.déu 16
vién. Héi lic ddu mbi hdp ¢6 bao nhiéu vién bi? '

Huéng dan giai
Goi x (km/h) 12 van (8¢ cia xe 1tra thit nhat di tr Hu€ dén Ha Noi (x > 0)
x + 5 (km/h) 13 viin ¢ clia xe Iia thit hai di tir Ha ndi vao Hu&
300 5 345

+2
x+5 3 X

Theo dé bai, ta ¢6 phuong trinh:

Giai phuong trinh trén, ta duge: x =45
Vay van t0c xe Ita th nhdt 1a 45 kni/h va vén toe xe Iva thid hai 1a
50km/h.

Bdi 12. Cho minh dat hinh chit nhit ¢6 dién tich 360m” Né&u ting chiéu

' R s « o s 2 ~, ~ 2. s
rong 2m va gidm chi¢u dai 6m thi dién tich ménh dit khong doi. Tinh
chu vi manh dd't lic ban dau.

(Trich @é thi vao lép 10 THPT, TP. HCM ndm hoc 2006 — 2007}

Huéng din giai ,
Goi x (vién) 1a sG vién bi clia hop thit nhat lic diu (x > 0).
y (vién) 12 s6 vién bi ciia hop thit hai lic dau (y > 0).

Sau lan thit nhd’t, hop thit nhat ¢ (x - y) (vién) vd hop thit hai ¢6
2y (vién) ‘

Sau lin the hai, hOp thy nhé’t’ €O 2(x — y) (vién) va hép thit hai ¢6
2y — (x - y) (vién)

Sau l4n th ba, hop thif nhat ¢6 2x - y) - [2y — (x -

u ldn i )] (vién) va hd
thit hai c6 4y — 2(x - y) (vién) e

Theo dé bai, ta ¢6 hé phuong trinh: {2(X ~¥)=22y-(x-y)]=16
4y-2(x—-y)=16

Gidi hé phuong trinh trén, ta dudc: x = 22 3y =10,
Vay lic ddu hop thit nhat ¢é 22 vién bi va hép thit hai c6 10 vién bi.
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Hudng dan giai
Goi chiéu rong manh dat idc ddu fa: x (m) (x > 0)
360

Chiéu dai mdnh dat lde dau la: — (m)
X

Chiéu rong mdnh dat sau khi ting thém 2m 1a: x + 2 (m)
2 L, I C . 360
Chiéu dai manh dit sau khi gidm 6m la: ——-6 (m)
X

R 360
Theo dé bai, ta ¢é phuong rinh: (X + 2)(—»—— - 6) =360
X
Gi4i phuong trinh trén, ta duge x = 10.x = 12 (loai)
Viy chiéu rong clia ménh dit lic diu 13 10 (m) ; chidu dai clia mdnh dat

e ddu 1 %(%Q = 36 (m); chu vi manh dat ldc ddu Ja (36 + 10).2 =92m
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B&i 13. M{t 6t6 di quing dudng dai 80km trong thdi gian dd dinh. Ba phan
tr quing dudng diu 61O chay vdi vin t0c¢ nhanh hon dy dinh 1a
10km/h, quiing dudng con lai 616 chay chdm hon dy dinh 10km/h. Biét
ring 0t6 di hét quang dudng AB.

(Trich dé thi vao idp 10 THPT, Qudng Ngdi ndm hoc 2008 — 2009)

Hudng dan gidi
Goi vin t8c dy dinh ctia 6t6 12 x (km/h) (x > 15).
60 20 _80
x+10 x—15 x

Gidi phuong trinh trén |, ta duge: x = 40

Ta c6 phuong trinh:

Vay thdi gian 616 di hét quing duimg 1 2 gid.

Bai 14. M4t cand xudi dong trén mot khic séng tf bén A d€rbén B dai
80 km, sau dé lai nguge dong dén dia di€m C cdch bén B 72km,
thoi gian ca né xudi dong it hon thdi gian ngude dong 1a 15 phat
Tinh vdn t6¢ riéng cda cand, bi€t vin toc¢ clia dong nudce 1a 4km/h.

(Trich dé thi vao 16p 10 THPT, Ha Néi ndm hoc 2007 — 2008)

Hudng dan gidi
Goi vin t0c cand 13 x (km/h), x > 4
80 1
x—4 - X+4 - 4
Gidi phuong trinh trén, ta duge: x =36 ; x = —68 (loai)

Theo dé bii, ta ¢6 phuong trinh:

Viy van tdc riéng clia cand 1a 36km/h.

Bai 15. Mot ngudsi di xe dap tir A dén B cdch nhau 24 km. Khitir Btrd vé A
ngudi d6 ting viin tdc thém 4km/h so vdi lic di, vi vy thdi gian vE it
hon thai gian di 30 phut. Tinh vin tdc cda xe dap khi di tr A dén B,
(Trich dé thi vao 1op 10 THPT, Ha Néi ndm hoc 2006 — 2007)

Huéng din giai
Goi vin toc clia xe dap khi di tir A dén B 1a x (km/h), x > 0.

A . . 24 24 1
Theo dé bai, ta ¢ phuong trinh: — = ——+—
X x+4 2

Gidi phudng trinh trén, ta duge: x = 125 x = — 16 (loai)

Viy van 8¢ cia xe dap 1a 36km/h.
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. |Bai 16. Khodng cich gitta hai bén sdng A vi B 1 60km. MOt xudng mdy di

xudi dong tir bén A dén bén B. nghi 30 phit tai b&n B r6i quay td lai
ngude dong 25km dé dén bén C. Thai gian ké tir lic di dén lic quay

trd lai d€n bén C hét tat ¢ 1a § gio. Tinh vin t0c xudng mdy khi nude

yén ling, bi€t ring vin t6¢ nude chdy 1a 1km/h.

(Trich dé thi vao lop 10 THPT, TP.Hué ndm hoc 2007 — 2008)

Huéng dan giai

Goi x(km/h) 4 van toc clia xudng khi nudc yén ling (x >1)

N o - 60
Thoi gian xudng mdy di tif A dén B: -—?-l-h
X +
St Lt 2 4 N N A 25
Thai gian xudng nude nguge dong tf B ve C: -———-1-h
X —
N N 60 25 1
Theo dé bai, ta ¢é phudng trinh: Y a2 - =8

x+1 x-1 2
oA ]
Giai phuong trinh tén, taduge: x, = 11, %= 3

Vix>lnénchonx=11.

Viy vin t6c ctia xudng khi nude ding yén 1a 11km/h.

| Bai 17. Mot doi cong nhin cin quét voi véi hai mat twdng bao cla mot

khu trudng hinh chit nhdt, véi chidu cao cla tudng 12 2m vi chiéu
rong ngdn hon chidu dai 1a 100m. Gid c6ng quét voi la 1000dng/m?.
Bi€t c¢dng trudng ¢ chiéu rong 5m khong cin quét voi. Hay tim cdce
kich thudc clia khu trudng, bi€t tién ¢6ng ma nhd trudng cin trd 1a
5580000 ddng.

(Trich dé thi vao lop 10 THPT, Hoa Binh ndm hoc 2008 — 2009)

Huéng din gidi
Goi chiéu rong khu truting hinh chi nhit la x (m), x > 0.
Theo dé, ta ¢6 phudng triinh: 2.2(x +x +100 - 5). 1000 = 5580000
< x = 650 (thda didu kién)

Viy khu truding hinh chit nhit ¢6 chidu rong 12 650 (m), chiéu dai 1a
750 (m), dién tich 13 650.750 = 487 500(m>).




Bai 18. Mot cong ty may giao ¢ho t8 A may 16800 sin phdm, 18 B may :
16500 sén phdm va bit ddu thyc hién cong viée ciing mot lic. N&u sau |

6 ngay, t6 A dugce hd trg thém 10 cong nhan may thi ho hodn thanh
cOng viéc\cfmg ldc vai t6 B. NEu t8 A hd trg thém 10 cdng nhin may
ngay tit dau thi ho sé hoan thanh c¢Ong viéc sdm hdn t3 B mot ngay.
Hay xdc dinh s6 cOng nhdn ban ddu ciia mdi 3. Biét ring mbi cong
nhan mdi ngdy may dugc 20 sin phim. |

(Trich dé thi vao lép 10 Ban AB, PTNK, PHQG TP. HCM ndm hoc
2007 — 2008) '

Huéng dan giai

Goi x\l:fx s6 cong nhan ban ddu.cla t§ A (xeN") ;y Ia s§ cong nhan
ban dductatd§ B (yeN").
M3i ngay t6 A may dugc s san phdm 1a: 20x (sén phdm)
MObi ngdy 6 B may dudc s§ sin phdm 1a: 20y (sdn phim)
Sau 6 ngay sG sdn pham t5 A may dudc 1a: 20x.6 = 120x (sdn phdm)
SG cOng nhin cla t§ A sau khi ting thém 10 ngudila: x + 10 (ngusi)
Lic nay s6 sin pham mdi ngay t§ A may dugc 1a: 20(x + 10) (san phém)
Sdn phdm ma t§ A phdi may (sau khi d may dugc 6 ngay) la:

16800 — 120x (sdn phim)

Thdi gian d€ may s8 s&n phdm trén 1a: 16800-120x s
20(xr10) BV
Thdi gian t3 B may 1a: 16500 (ngay)
16800 -120x 16500

Theo dé, ta ¢6 phuong trinh: 6+

0(x+10) 20y

Thdi gian 16 A may, n€u dudc ting thém ngudi ngay tir ddu la:
16800 (ngdy)
w—ree—— ()
20(x+10) g4y

16800 16500
4 p o=
20(x +10) 20y
Gidi hé (1) va (2), ta dugc: x = 50, y = 55 (thda diéu kién)
Vay s cong nhin ban ddu clia t8 A 12 50 ngudi, t8 B 12 55 ngudi.

Theo dé, ta c6 phuong trinh: 2)
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Bai 19. Hai thanh phd A va B cdch nhau 48 km/h, gié thdi tir A dén B véi
van 8¢ khong ddi 6km/gid. Lic 8 gid, mot ngudi di mdtd wr A dén B,
nghi ngai 80 phiit rdi trd lai A, anh v& d&n A lic 10 gig 50 phit. Van
3¢ clia motd duge cong thém hodc trir bot vin e clia gio, thy theo
motd chay xudi chiu hode nguge chidu gié. Hay tinh t6¢ do riéng cla
moto (8¢ dd motd khi tde do gio bing 0).

(Trich d@é thi vao Iop 10 Ban CD, PTNK, PHQG TP. HCM ndm hoc
2004 — 2005)

Hudng dan gidi
Goi toc do riéng clia moto 1a x(km/h) (x > 6)
Vén t6c clia moto di tir A dén B la: x + 6.(km/gi¥)
Van toc chia motd di tr B vé A 13 x — 6 (km/gid)
- Thdi gian ngudi dé di tr A dén B, tir B vé A va nghi ngdi 18ng cong la:

. LT
10 gi 50 phiit — ( 8 gid + 30 phut) = 2 gi¢ 20 phut = 3 gid

. - Af .. 48 N
Thdi gian ngudi d6 di tir A dén B la: "3 (gi0)
X

. s oaq. 48
Thji gian ngudi d6 di tr B vé A la: 5 (gi0)
X__.

48
+
x+6 x-6

A 7
Theo dé bai, ta ¢6 phuong trinh: = 3

Giéi phuong trinh trén, ta duge: x = 42
Viy t6c do riéng clia motd 1a 42 (km/gid).

Bai 20. Giai bai toan sau bing céch ldp phuong trinh:
Théng thit nhat hai (8 san xudt duge 900 chi ti€t may. Théng tht hai t§
I vugt mitc 15% va 8 11 vugt miic 10% so vdi thang thi nhi't. Vi vay
hai t§ da sin xudt duge 1010 chi ti€t mdy. HOi thdng thi nhét mdi t8
san xuat dugc bao nhiéu chi ti€t may?

(Trich dé thi vao 16p 10 THPT, Ha NGi nam hoc 2008 — 2009)

Hudng dan giai
Goi s8 chi tit may 8 1 sén xudt duge trong thing thit nhat 1a x.

SG chi tiét mdy 8 I 1am dugc trong thing thif nhat 1a 900 - x
(xeN, 0<x<900). ’

127




|
i
i

Ta ¢6 phuong winh: L15x + L1900 -%x)=1010
Gidi phuong trinh trén, ta duge x = 400

Vay thang thi nhit 15 1 sdn xudt duge 400 chi ti€t mdy va 8 11 sdn
xud't duge 500 chi &t may.

Gidi phuong trinh trén, ta dugce: x = 80.

Viy nang suit dy dinh ciia t& sin xuat 12 80 sdn phim / ngay.

Bai 21. Mot sinh vién k&: “ Khi dang di trén cdy cdu sdt (st dung cho tau
hda) dai 120m thi 16i thd'y mot chi€e tau hda dang lao dén. Toi chay
ngude chiéu thu hda vdi vin t0c 18km/gid. Khi toi chay d€n cidu bén
niy thi 2 gidy sau thu hda mai d&€n nén 161 da kip trdnh sdng bén kia.
Khi hoan hdn lai, t6i tinh duge riing néu t6i chay ciing chiéu vdéi tau
hda tht ngay khi dén diu cdu bén kia t6i sé bi tau hdéa dung. May
that '”. Bi€l tau hda chay vdi vin tdc 72km/gid, hoi khi bit diu
chay, anh sinh vién dang & cdch ddu c¢fu bén nay bao nhiéu mét?
(Trich dé thi vao lop 10 Ban CD, PTNK, DHQG TP. HCM ndm hoc
2008 - 2009)

di 23. M6t nhém hoc sinh cin chia déu mot lugng keo thinh cdc phin qua.
Né&u mbi phin qua gidm 6 vién keo thi cdc em s& c6 thém 5 phin qua
nita, cdn n€u mdi phdn qua gidm 10 vién keo thi cdc em s& c¢6 thém 10
phin qua nita. H3i nhém hoc sinh trén ¢6 bao nhiéu vién keo?

(Trich dé thi vao lop 10 Ban AB, PTNK, PHQG TP. HCM ndm hoc
2008 — 2009)

Huéng dan gidi

Goi khodng cdch cdn Gm 12 x (km) (0 < x < 12).

R A2 012
Theo dé bii, ta ¢6 phuong trinh: R 2 + 0 = X
18 3600 72 18

Gidi phuong trinh rén, ta duge: x = 0,04

Hudng dan gidi
Goi s8 vién keo & mbi phin qua 12 x ; s6 phdn qua la y (x;y e N*)
S ~-6)y+5)=
Theo dé bai, ta c6 hé phuong trinh: { ~ O T =XY
(x~-10)(y +10)=xy
coe A =3
Giai hé phuong trinh trén, ta dugc: {x 28
y =

Viy tdng s6 vién keo 13 xy = 600 vién.

Bai 22. Mot 8 sin xudt theo k& hoach phdi lam duge 720 sdn phim, Néu
ting ning sudt 1&n 10 sin phdm mdi ngdy thi so v6i gidm ning sudt 20
sén phim mdi ngay thi thdi gian hoin thinh ngdn hon 4 ngdy. Tinh
ning sudt du dinh.

(Trich dé thi vao lép 10 THPT Tién Giang, ndm hoc 2008 — 2009)

Huéng dan gidi
Goi x (sin phdm / ngdly) 1a ning sudt dy dinh (x > 20)

Thdfi gian hodn thinh cong viée khi ting ning sudt 1én 10 sdn phim
I 720 R

Thai gian hoiin thanh ¢ong viéce khi gidm ning sudt di 20 sdn phim la:
720

X —20

ngay

C 720
Theo dé bai, ta ¢6 phudng trinh: 720, .. 720 =
x-20 x+10

Bai 24. Cing mdt thoi di€m, mot chi€c 6t6 X, xudt phét ti thanh phd A vé
hudng thanh phd B va mot chi€e xe khdc Xp xudt phét tir thanh phé B
hudng vé thanh phd A. Chiing chuyén dong véi vén t6c riéng khong
ddi va gap nhau 1dn diu tai mot diém cdch A 1a 20km. Ca hai chi€c
xe, sau khi dén B va A tuong ng, lap tic quay trd lai va ching gip
nhau l4n tht hai tai mot di€m C. Biét thdi gian xe X; di tir C dén B 1a
10 phiit va thdi gian gitta hai 1dn gdp nhau 1a 1gid, hiy tinh van 5c
clia tirng chiéc 6t0.

(Trich dé thi vao ldp 10 Ban AB, PTNK, PHQG TP. HCM ndm hoc
2004 — 2005)

Huéng dan giai
Goi M 1a chd gip nhau ldn ddu, vin t8c 6t6 di tr A 1a x (km/h), van
toc clia 616 di tir B 1a y (km/h)

Thdi gian xe X, di tir A dén M 1 20 h)
X

Thdi gian nay cling 14 thi gian xe Xp di tir B d€n M. Ta ¢6:

Khodng cdch BM la: -2—0.y = & (km)
X X
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20y

Quiang dudng AB 1a: 20+ (km)
X
2 . 10 10
Khodng cich CB la: —. LA
0¥ "0 "6 <™
Téng khodng cich MB va BC la: Z(—)—X+l (km)
x 6
Theo dé bai thi: 22 +Y = (1
X 6
Téng khodng cach MA va AC Ta: 20420+ 22 —Y _ 40+ 29 Y (my
X 6 X 6
A s 20y y
Theo dé bai thi: 40 +-— r =y (2)
X

T (1) va (2), ta ¢6 hé phuong trinh:

20y 2
20y .y y(l.ui .
X 6 x 6

20y vy 20 7
40+2 L o A P
< 67 y(x 6).. 40

Gidi hé phuong trinh trén, ta dugc x = 40, y = 60.

Viy vin t6c clia 610 X4 12 40km/h ; vin t8c 6t0 Xy 13 60km/h.

- N s N T T T \
Bai 26. Doi bong ban clia trudng A thi ddu véi doi béng ban cla tuting B,

Bai 25. Trong nim hoc 2005 - 2006, trudng chuyén Nguyén Binh Khiém |

tuyén’ 80 hoc sinh vao hai I6p 10 Todn va 10 Tin. Biét riing, néu
ct{myen 10 hoc sinh ctia 1dp 10 Todn sang 16p 10 Tin thi s8 hoc sinh
cda hai 1dp bing nhau. Tinh s6 hoc sinh ban dau cda mdi 1dp.

(Trich dé thi vao ldp 10 THPT Chuyén Nguyén Binh Khiém, Vinh
Long ndm hoc 2007 — 2008)

Huéng dan giai
Goi s6 hoc sinh ban dau ctia 16p 10 Todn va 10 Tin tuong tng la x va y
(x,yeN").

Theo dé€ bai, ta ¢6 hé phuong trinh:

{x+y=80 x+y=80 x+y =80 x=50
<> == =
x-10=y+10 Xx-y=20 2x =100 y =30

Viy 96 hoc sinh ban diu cta 16p 10 Todn 1a 50 hoc sinh, s& hoc sinh
ban diu cda 1dp 10 Tin 14 30 hoc sinh.
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mdi ddu thi cda tru’dng nay thi ddu v6i moi ddu thi cda trudng kia 1
tran. Bi€t rdn;: t8ng 0 ran ddu biing 4 lin tdng s& cdc cAu thd clia cd
hai doi va s8 cdu thil cda trudng B 1a 58 1&. Tim s8 ciu thi ctia mdi doi.
(Trich dé thi vao ldp 10 Chuyvén Lam Son, Thanh Hda ndm hoc
2007 — 2008)

Huéng dan gidi
Goi x vi y 1in lugt 12 s cdc cdu thi clia trudng A va rudng B (voi x
va y la cdc s6 nguyén dudng va y 1&).
Téng 0 trin ddu la: xy =4(x+y) & xy-4x -4y + 16 =16
o (x-4)(y-4)=16
Vay (x—y) va (y—4) la udc sb cla 16.
Vix,ynguyénduong va y 1 nénx -4 =16vay - 4=1
Suyrax=20vdy=35
Vay s& ciu thi cla trudng A 12 20, cla trudng B 1a 5.

BAi 27. Hai ngudsi di xe dap khdi hanh cling mot lgc tir hai dia diém A va B
trén cung mdt dudng thing. Ngudi nay di t6i diém xud't phdt cla ngudi
kia rdi trd vé diém xudt phdt cda minh. Lin gip nhau thit nhit cdch A
8km va ldn gap nhau thit hai cich B 5 km. Tinh quidng du‘dng AB, biét
vén t6c cla hai ngudi khong d8i trong sudt thdi gian di va vé.

(Trich dé thi vao lop 10 THPH Chuvén Luong Vdn Chdnh, Phit Yén
i ndam hoc 2005 — 2006)

Huéng dan gidi
Goi do dai quing dudng AB la x(km) (x > 8).

Lin ddu hai xe gdp nhau cdch A 8 km, khi 4y thdi gmn hai xe chay
nht nhav nén ti s& quing dudng biing ti s0 vén toc.
x—8

Do d6 ti s& van tOc chia xe di tr B va xe ditr Ala

Lén gip sau quing dudng xe di tr A di duge la: x — 8 + 5 =x — 3 (km)
Lin gap sau quing dudng xe di tf B di dugc la: x -8 +5 =X+ 3 (km)

Khi gip nhau lan sau thoi gian hai xe chay nhu nhau nén ta c6 ti sO
X+3

x-3

vin t6c ctia xe di tir B la:

131




x=8 Xx+3
x—3

Viy ta ¢6 phudng trinh:

x=0 (loai)

¢:§x2—11x+24=8x+24¢>X(x—19)=0©[ 19
X =

Viy quiang dudng AB dai 19km.

Bai 28. Hai bac nong dan dem trimg ra chg ban vdi tdng s tring cda hai
ngudi 12 100 qui. S8 tridng cla hai ngudi khong bing nhau, nhung hai
ngudi ban dudgc mot 6 tién bing nhau. Mot ngudi néi véi ngudi kia: “
Né&u sd triing cda toi biing s0 tritng clia anh thi t6i bdn dugc 90000
déng”. Ngudi kia néi: “ N&u sd tritng clia t6i biing 8 trifng cda chi thi
161 chi bdn dugc 40000 ddng thoi”. HOi mdi ngudi c¢6 bao nhiéu tring
va gid ban mbi qud triing cla mdi ngudi 12 bao nhiéu?

(Trich dé thi vao lop 10 THPT Chuyén Tin, Quéc Hoc Hué ndm hoc
2008 - 2009)

A. KIEN THUC VA Ki NANG CAN NAM V(NG

Hudng dan gidi
Goi x 1a 8 tritng ctia ngudi thit nhat (0 <x <100, x e N" va x #50)
S& tritng clia ngudi tht hai 1a: 100 - x
Goi a (ddng) va b (ddng) 1an lugt 13 gid ban mdi qué tring cla ngudi
thit nhdt va clia ngudi tht hai.
90000
100 -x

Theo dé bai, ta ¢6: (100—x)a=90000 = a =

va xb=40000=> b= 40000

X

Vi s6 tién bédn tritng biing nhau, nén:

90000x _ 40000(100~x)
100 - x x

x? +160x —800 =0

xa=(100-x)b &
Giai phuong trinh trén, ta dudge x = 40

Viy ngudi tht nhi't ¢6 40 qua tring va ngudi thit hai ¢6 60 qui tring.
Gid bdan mdi qui tritng clia ngudi thi nhat 12 1500 ddng va clia ngudi
thtt hai 1a 1000 ddng.

KR
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1. Ham s6 bac nhét: y=ax+b (a=0)
* Ham s6 ddng bi€n néu a > 0, nghich bi€n néu a < 0.
e Dudng thing c6 phuong trinh y=ax+b (a#0) ¢6 tung d6 gdc 1a b,

hoanh d6 géc 1a -2
a

e Hai duding thing song soﬁg ¢6 hé s6 géc bing nhau.

* Hai duding thdng vudng géc v6i nhau ¢6 tich hai hé s6 géc bing —1.

e Giao clia hai dudng thing y =a,x+b, vd y=a,x +b, 12 nghiém ctia hé
a,x+b, =a,x+b,

phuong trinh
y=aXx+b,

2. Ham s6 béc hai: y =ax? (a #0)

* D4 thi 13 parabol ¢6 dinh 12 (0 ; 0)

* DO thi ¢6 bé 16m quay 1én trén néu a > 0, bé 16m quay xudng dudi néu
a<O0.

* Pudng thing y = kx + b ti€p xiic vdi y=ax’ (a#0) néu phudng trinh
hoanh do giao diém: ax® — kx - b = 0 ¢6 nghiém kép.

* Giao clia hai d6 thi y = kx + b v3 y =ax® (a #0) 12 nghiém ctia phuong
trinh hoanh d6 giao diém: ax? - kx — b =0,

e Him s6 y=ax’néu a > 0: ham s§ ddng bi€n Vx>0, nghich bién
Vx<0.

e Ham s6 y=ax’néu a < 0: ham s& déng bi€n Vx <0, nghich bién
Vx>0.

3. Tinh khoding cdach gitia hai di€m, chu vi, dién tich da gidgc

Khodng céch gifta hai diém: T¥ hai di€m k& cdc dudng thing vudng goc

xudng hai truc toa d6 d€ tao ra cic tam gidc vudng, sau d6 dung dinh i
Pitago.




Chu vi da gidc biing tdng cdc do dai cda cac canh da gidc.

Dién tich da gidc: ta dua vé cdc hinh thudng giap (tam gidc, hinh ¢hir nhit,

hinh vudng, hinh thang,..d€ dp dung cOng thirc.

4. Tim tap hgp di€ém trong mat phéng toa do

- Tim toa 46 diém cin tim 13 M(x ; ¥).

- Tim hé thitc lién hé gita x, y va m.

- Khir m, ta tim duge hé thic lién hé giita x va y, hé thic nay chinh la
phuong trinh dudng thing chita tip hop diém.

- Gidi han tap hop diém.

5. Diém ¢ dinh clia ho dudng théng

Goi M(xy; yo) 12 di€m ¢& dinh ma ho éuﬁng‘th%g (D), y = f(x ; m) di qua.

Vi Me(D,)=y,=1(x,:m)ef(x,;m)-y, =0 véi moi m

<::)Ji(x” ;m)=0

3

{Yo=0

Tir do ta tim duge di€ém M.

Bai 2. Cho dudng thing: y = 4x (d)

a) Viét phuong trinh duding thing (d,) song song vdi duting thing (d)
va ¢ tung do gbe bing 10.

b) Vi€l phuong trinh dudng thing (d>) vudng goc vdi duding thing (d)
va ¢t true Ox tai di€ém ¢o hoanh do biing - 8.

¢) Vi€t phuong trinh dudng thing (dy) song song vdi dudng thing
(d) cdt truc Ox tai A, ciit truc Oy tai B vd dién tich tam gidc
AOB biing 8.

» B. BAI TAP

Bai 1. 1) Vi nhitng gid tri nao cia m thi ham s8: y = (4m +3)x —5 ddng bi€n?

b) Vdi nhitng gid tri ndo cla m thi ham s8: yz(m2 —2m—3)x—~5

nghich bién?

Huéng dan giai
a) Him s0 y = (4m+3)x -5 dong bién

<:>4m+3>()¢¢4m>—3<:>m>—%.

b) Ham 56 y =(m’ —2m —3)x - 5 nghich bién

& md —2m~3<()<:>(m-3)(m+1)_<0

m-3>0 m>3 R .

- o (v6 nghiém)
m+1<0 m< -
m-3<0 m<3 .

- = o -1l<m<3
m+1>0 m >~}

Vay v6i ~1<m <3 thi ham 8 y =(m’ -2m —3)x -5 nghich bién.
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Hudng dan giai
a) (d,) song song vdi (d), nén ¢d phuong trinh lacy = 4x + b
(d)) ¢6 tung dO gdc bing 10, nén b = 10
Viy phuong trinh dudng thing (d)) la: y = 4x + 10.

1
b) (d2) vudng gdc vdi (d), nén kk, =~ = k= 7

(d5) ¢t truc hoanh tai di€m ¢4 hoanh dd bing - 8, nén b = - 2.
. N |
Viy phuong trinh dudng thang (dy) la: y = —Zx -2

¢) (ds) song song véi (d), nén ¢6 phudng trinh la: y =4x +b

1
Tam gidc AOB vudng § O nén: S, = EOA.OB =

:t>h=i8

Viy ¢6 hai dudng thing (ds): y = 4x + 8 va (d)1y = 4x - 8.

Bai 3. Cho duding thing: y = (m + 3)x + n (m # 3) (d).
Tim m, n d& (d):
a) Bi qua hai diém A(1 ;- 3)va B (- 2:3).
h) Cdt truc tung tai diém ¢6 tung d()’bfmg 31, cdt truc hodnh tai
diém 6 hoanh do 3++/3 .

Huéng dan giai
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a) Duding thing: y = (m + 3)x + n di qua hai di€ém A(1 ;- 3) va B (- 2;3)
khi va chi khi
{(m+3).1+n=—3 {m—}—n:—é {m_—_——S
<>

=
(m+n)(-2)+n=3 -2m-n=9 n=-I

Ly
-
.

Vay v8i m=-5 va n=-1 thi (d) di qua hai di€ém A va B.
b) (d) di qua (0;\/5-1) khi va chi khi: n=~/3-1

(d) di qua (3++3 ;0) khi va chi khi: (m+3)(3+V3)+n=0
<:>(m+3)(\/§+3)+\/§—1=0

..1_\/5_3: 1-3 __32(1—\/—3—)2 -3
R PN R (WO RN ()

423, ~23(+/3+1)

23 3
23 (JE + 1)

Vay m=—-—3—'—-— vi n=+3-1.

(d):x~y+5=0
(da): (2k—3)x+k(y-—1)=0
(d3): (k+1)x—y+1=0

Tim cdc gid tri cia k dé€ ba dudng thing trén ddng quy.

Bdi 4. Trong mat phing toa 46 Oxy, xét ba dudng thing ¢6 phuong trinh 1a: -

Huéng dan gidi

. 1
quy khi va chi khi diém nay thudc (d,):0- 1+ 5k =0 =k =-§.

Nhin xét ring (dy) va (ds) ludn di qua (0 ; 1) nén ba dudng thg'mg déng

Béi 5. Cho (P): y =ax® va difém A(2 ;- 1).
a) Biét (P) di qua A, xdc dinh a.
b) Vi€t phuong trinh dudng thing (d) di qua B (0 ; 1) ¢6 hé s& géc k.
¢) X4c dinh k d& (d) ¢it (P) tai hai di€m phan biét.

Huéng dan giai
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) Vi(Pydiqua A(2;- 1), néntacod: —1=a.2>=a x»%

b) Phuong trinh dudng thiing (d) ¢6 hé s6 géc k 1a: y=kx+b
(d)ydiquaB(0;1),tacs:1=0x+b =b=1

Viy (d) ¢6 phuong trinh la: y = kx + |

¢) Phuong trinh hoanh do giao di€m cta (d) va (P):

~%x2 =kx+1x* +4kx+4=0 (*)

(d) cdt (P) tai hai diém phin biét khi va chi khi (*) ¢6 hai nghiém
phin biét:
k>1

A':(-—Qk)2—4>0<:>4k2~4>()©k3>1<:{k |
<_

| Bai 6. Cho (P y= x” va dudng thing (d) ¢6 phuong trinh y = mx + 1.

a) Ching minh ring vdi moi m thi (d) ludn cdt (P) tai hai di€m phan
biét A, B. '

b) Xdc dinh m d€ tam gidc OAB ¢6 dién tich bing 3.

Hudng din giai

a) Phuong trinh hodnh do giao diém cha (d) va (P):

X =mx+lex-mx-1=0 (%)

{(*)ycdac=-1=A>0= (*)cs hai nghiém trdi ddu vGdi moi m

Vay (d) luén cdt (P) tai hai diém phin biét A, B v8i xo <0 < x5

b) Goi [ 1a giao di€m ciia (d) va tryc Oy.

Vixa <0< x3nénlthude doan AB

XAl OT+[x| Ol +]xy] _xy=x, VA _Vm?+4

2 2 2 a I

Spon = Soai *S()m =
=vVm’ +4
Theo dé, ta ¢6: Siop =3=> Vml+d4=3eomi=5cm=1+J5

BAi 7. Tim m d€ (P): y = x* + 2mx — m + 2 ti€p xic véi duding thing (d):
y =X+ m. '

Huéng dan giai

Phudng trinh hodnh d6 gino diém clia (d)y va (P):
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N A2mMY - m 2 =X Em
x4 (2m-1)x-2m+2=0 (%)
() (& xtic vai (d) khi va chi khi (%) ¢6 nghiém kép:

~1+2\/§_

m=

A=4m” +4m-T=0 < 2
~1-242
m = =

2

Bai 8. Cho duting thing (d) ¢6 phudng trinh: y = (m —2)x+3m+1, (m #2)
) Tim gid tri ciia m d€ duding thiing (d) song song véi dudng thing
y = X - 5.
by Tim m aé dudng lh'f)mg (d) di qua dGi€m M (1; -2).

(Trich dé thi vao lip 10 THPT Chuyén Lé Quy Pén, Binh Pjnh ndm hoc
2005 - 2006)

Phugng trinh hodnh d§ giao v
diém cla (d) va (P) la: )
N S | +
2
Sx +6x+8=0 -4 =2 24

X=-2=>y=-2 X 1 X X
N . -1--

X =-4=y=-8 ' '
Viy toa d6 giao diém cila X < :
@va P la:(-2; -2y; Yeew-- gt DR
(-4, -8).

- Huéng dan giai

a) budng thing (d) song song v§i duding thingy=x ~ 5
om-2=lem=3

b) Buding thing (d) di qua M (1 ; -2)

4@»——2:m—2+3m+1«<:>m=—-l

Bdi 9. a) Vi€l phuong uinh dudng thdng (d) song song vdi duting thing
y=3x+1 va cdttryc tung tai di€m ¢6 tung do bing 4.

2

A e s ~ N X ~ N A N
b) V& d6 thi ham s6 y=3x+1 va y == trén cling mdt hé truc

toa d. Tim toa dd cdc giao diém cla hai dd thi &y bing phép tinh.
(Trich dé thi vao lép 10 THPT, TP.HCM ndm hoc 2006 — 2007)

Bai 10. Cho ham s8 y=(2m—3)x+n—4' (d)(m ¢%)

1. Tim gid tri cia m va n d€ dudng thing (d):

a) bi qua hai di€m A(1:2):B(3;4).

b) C4t truc tung tai diém c6 tung do y = 3J2 -1 va cit truc hoanh tai
diém 6 hoanh do x =1+2.

2. Cho n = 0, im m dé dudng thing (d) cit dudng thing (d') c6
phuong trinh: x—y+2=0 tai di€ém M(x ; y) sao cho bi€u thic
P =y? -2x’ dat gid tri 16n nhat.

(Trich dé thi vao lép 10 THPT, THAI BINH nam hoc 2005 — 2006)

Hudng dan giai
a) Phuong trinh (d) song song vdi dutng thing y=3x+1 nén ¢6
phudng trinh: y =3x+b
(d) cit truc tung tai di€m ¢6 tung do bing 4, suyra b = 4.
Viy (d): y=3x+4
b) bd thi:
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Huédng dan giai
1.a)(d) di qua A(1 ;2) va B(3; 4) khi va chi khi:

{2m—3+n——4=2 {2m+n:9 {mzz

~ .
3(2m=-3)+n-4=4 6m+n=17 n=5

Vay v6i m =2 van = 5 thi (d) di qua hai diém A va B.
b) (d) di qua (0-,3\/'2l1) khi va chi khi: n—4=3J2 -1 n=3+32

(d) di qua (1++/2 5 0) khi va chi khi: (2m=3)(1++2)+n-4=0

<:>2(1+\/§)m—3—3\/§+3+3\/§~4:o
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2

1+2 2=3a+b
Vay m=2v2-2 va n=3+3v2.
2.Vdin=0,tacé(d): y=(2m-3)-4

|
l
I -
3 S2-1)=242-2 21 he op J=ah
{ ; ¢:>m=-—-——~'"2( - )- - ‘ Giai hé phuong trinh
-
]

Vay phudng trinh dudng
thing BC la: y = —%x%—z

2
e o jy=(2m=3)x-4 . .

Toa do clia di€ém M thoa hé: 3. Phuong trinh dudng

x—y+2=0 thing song song véi

3 2m -1
IR et

BC la: y-—-»——;—x+b

mwz)(miZ)

. 2y 2m-1Y o3 _4m?-4m-17
Tacod: P=y —2X" = — )T T —am 4

Phuong trinh dudng thing
di qua A song song vdi

BC la: y:~~l~x—z
2 2

Puding thing di qua B song song v6i truc Oy ¢6 phucng trinhJa x =1

<:><mz~4m+4)P=4mz —4m 17

e (P-4)m’ —4(P-1)+4P+17=0 (1)
11 oA . y=——X-= X=-—1
V(31P=4:>m=—4— Gidi hé phuong trinh 277 2

Vdi P24, (1) c6 nghiém SAN=T2-9P20P<8

Vay D(-1; —3)la diém cin tim.

" .. -1z A 13 + rhg — 7
Vay P dat gid tr 16n nhd 13 8, dat duge khi m =5 [Bai 12. Tim céc gid tri cia m d& ham s6 y =(2m+1)x +3 nghich bién va

dd thi né di qua diém (1 ; 2).

(Trich dé thi vao 16p 10 THPT Chuyén Lé Khiét, Qua)ng Ngdi ndm hoc
2005 ~ 2006)

Bai 11. Trong mit phing toa dd Oxy cho 3 diém A(=5; —1), B(-1;4),
C(3; 2).'
1. V& tam gidc ABC.

2. Viét phuong trinh dudng thing BC. Hudng dan giai

3. Khéng ding dd thi, hily xdc dinh toa do diém D véi D 1a giao diém Ham s§ y=(2m +1)+3 nghich bi€n va dé thi n6 di qua di€m (1 ; 2)
ctia dudng thing qua A song song vdi BC va dudng thiing qua B

song song vdi Oy.

2m+1<0

=-1
2=(2m+1)+3®m

khi va chi khi: {

(Trich dé thi vao ldp 10 THPT, Ha Nam ndm hoc 2005 — 2006)

Hubng dan giai Bdi 13. V4i gid tri ndo clia m thi dudng thing (d): y= Ex +2m cdt parabol
. 3 Cy e .

1. Hinh vé. Pry= -sz tai hai di€m phin biét?
2. Phuong trinh dudng thing BC ¢6 dang:y =ax +b

Pidm B thudc dudng thing BC nén: 4 a+b (Trich dé thi vao lép 10 THPT Chuyén, TP.HCM ndm hoc 2006 — 2007)
iém ud s 4= —

Y N . Hu,(’ Y e
Piém C thudc dudng thing BC nén: 2=3a +b ng dan giai

Phuong trinh hoanh d6 giao di€m cia (d) va (P) la: l;:x +2m = —i—xz
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S 3xT+6x+8m =0 (%)

biéu kién dé (d) cdt (P) tai hai diém phan biét thi (*) ¢6 hai nghié
phin biét. |

<:>A':9—24m>0<:>m<§
8

Bai 14. Cho ham 0y =x” 6 db thi (P) va hai di€m A, B thude (P) ¢6 hoan
dé ldnluotla —1 va 2.

a) Vi€t phuong trinh dudng thing AB.

b) V& dd thi (P) va tim toa d6 diém M thudc cung AB ciia dé thi (P
sao cho tam gidc MAB c¢6 dién tich 16n nhat. .

(Trich dé thi vao lép 10 THPT Chuyén Lé Quy Pén, Binh Pinh ndm
hoc 2005 - 2006) '

Huéng dan giai
a) Do A, B thudc db thi ham s6y = x> nén A(=1; 1), B(2 ; 4).

Phuong trinh  dudng 4y
thing AB c¢6 dang: )
y =ax+b(*)
Thay toa do cia A va B ' B
vao (*), ta ¢4 hé :

l=-a+b a=1 A ,

P & J— }\ i
{4=2a+b~ {hzz AN
7 COl N D X

Viy phuong trinh duSng
thing AB la: y=x+2.

b) Goi m la hoanh d6 cta diém M .

Ta c6: M(m :m?) (m e[-1; 2])

Goi C, D-va N 14n lugt 1a hinh chi€u ctia A, B vi M trén truc Ox.
Taco:NC=m+1;NC=2-m;CD=3

Do dé: S

ams = Sapen ™ (SAMNC + SBDNM)

{(m2+1)(m+1)+(4+m2)(2+m) _-3m’+3m+6
' 2 2

1+4
)

=3
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L2
Vay dién tich tam gide MAB 16n nhit 1a

M(}—;
2

’ . . o 1
Diu “=" xdy ra khi va chi kh1 m == hay !

[Bai 15. Toa do giao didm A v B clia 40 thi hai him s0 y = 2x + 3 va

y = x*. Goi D, C 1dn lwgt 12 hinh chi€u vudng goc clia A, B 1én tryc

hoanh. Tinh dién tich uf gide ABCD.

(Trich dé thi vao l6p 10 THPT, Ha Noi ndm hoc 2006 — 2007)

Huéng dan giai
Phuong trinh hoanh dd giao diém:

(x:——l

1 =2x+3ex —2%-3=0
{x=3

ViyA (- 1:DHvaB@3.9)
Vi D. C Iz hinh chifu clia A, B nén
D-1:0)vaC3B:M

T¢ gide ABCD la hinh thang
vudng ¢6 dd dai hai canh ddy la:

AD= \kx,\ »—xn)z +(¥a ay‘,)z =1
BC = \qu —xe) +H(yamye) =Y

l_\,'
of--4m
;
XYL s i
/DO C pN

2 2
Va d6 dai dudng cao: CD:\/(XC~XD) +(ye—Vp) =4

Vay dién tich uf gidc ABCD la: S scp =

(1+9)4

=20 (dvdt)

Ba&i 16.Cho (P): y= —%xz va diém M(0; 2).

a) Tim k sao cho (D) va (P) ti€p xdc vdi

2008 — 2009)

Goi (D) 1a dudng thing di qua diém M va c¢6 hé so goc 1a k.

nhau.

b) Tim k sao cho (D) ¢dt (P) tai hai di€ém A, B phin biét théa min
AB = 12 va hoanh dd ciia A vd B 1a cdc s dudng.
(Trich dé thi vao ldp 10 THPT Chuyén, PHSP, TP.HCM ndm hoc
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i Hudng dan gidi S k*=3k?-40=0 = k> (k> ~8)+5(k* ~8) =0
‘ a) Vi (D) c6 hé s6 goc k, nén ¢6 phuong trinh 1a: y =kx + b "

(D) di qua diém M(0;2) ©2=k0+beob=2

Viy (D) cé phudng trinh la: y = kx + 2

Phuong trinh hoanh d6 giao di€m cta (D) va (P):

Vayk= -242 .

Bai 17. Trén mit phiing toa d6 cho dudng thing (d) ¢6 phudng trinh:
2kx +(k—~1)y =2 (k 1a tham s&)

i , 1. V6i gid tri ndo cla k thi dudng thing (d) song song vdi dudng thing
"’2”" =kx+2 & x" +2kx+4 =0 (%) y =x+/3 7 Khi d6 hiy tinh géc tao bdi (d) vdi tia Ox.
(D) ti€p xiic véi (P) khi va chi khi (*) ¢6 nghiém kép:
AN=k-4=0K=4ck=12
b) (D) cdt (P) tai hai diém phan biét A(X, ; y1) ; B (X2 5 ¥2).

2. Tim k d€ khodng c4ch tir gdc toa d d&€n dudng thing (d) 1a 16n nhat.

(Trich dé thi vao ldp 10 THPT Ha Noi Chu van An va Ha Néi
Amsterdam ndm hoc 2004 — 2005)

Hudng dan giai
1. V@i k = 1 thi phuong trinh dudng thing (d) 1a: x = 1, (d) khong song
song vdi dudng thing y = x+/3 .

Ta ¢6 x4, X, 12 hai nghiém cda (*).

Theo dé bai, tacé: x;>0; x>0 x, #Xx,
(*) ¢6 hai nghiém duong phén biét

Véi k #1 thi phuong trinh duding thiing (d) ¢6 dang: y = —lzgl‘l-x o

Diéu kién cin va dd d€ (d) song song v6i dudng thing y =x+/3 1a:

-I:—:k—l=\/§=>k=\/§(2-\/§)

’k>2 .2_1 (:!:)
A>0 k*-4>0 k<=2

48>0 =2<{-2k>0 <©<k<0 «k<-2
P>0 4>0 4>0

Khi d6 géc nhon o tao bdi (d) vé6i tia Ox ¢6 tana = 3 = o = 60"
2.V8ik=1. Khodng cdch tit O dén (d) 1a 1.

Vi k = 0. Phuong trinh dudng thing (d) ¢6 dang y = — 2

Khodng cdch tir O dé€n (d) 1a 2.

Vi AeD nény, =kx;+2
Vi BeD nény,;=kx; +2.

) {x, +x, =2k
Ta c6: -
X, =4

V3i k=0 va k=1.Goi A, B lan lugt 1a giao di€ém clia (d) vdi Ox, Oy

2 2
Ma AB:\/(XI _xz) +(Y| "Y2)2 '—“\/(X, —Xz) -i—(kxi ——kxz)2 l , 1
Thayy:ovao(*):xA:E:jOA:E‘

Jlx =0 (17) = [ o) =4 (147
= \/[(-—21()2 —16}(1 +k2) =2,/(k -4)(1+%?)

Theo dé bai, ta ¢6: AB = 12
=2(K -4)(1+K°) =12 (K -4)(1+k*) =36

fi

2

Thayx:Ové()(*):yB:——%—:>OB= -

k-1

R& rang (d) khong di qua g6c toa do vdimoi k=0 va k=1,

Trong tam gidc vudng AOB, ta c6: ! = ! , !

3 R,
OH° OA" OB

k=22 (loai)

k=-22

2

V5K -2k +1

@(kz-8)(k2+5)=0©k2—8=0@'{ = OH =




Ta cd: 5k7 =2k +1 :5(1&%)‘ +3>

=5

Do dé OH = 2

[4
\'s
Diu “=" x4y ra khi va chi khi k :-;—

Viy khodng cdch tir O d&€n duding thiing (d) 16n nhit 1a J5 khi k 1 .
5

rgdi 19. Trong mit phing toa dd Oxy cho parabol (P) ¢6 phudng trinh
X’ . N N 2 . C A WA

y=-=- Goi (d) 12 dudng thiing di qua 10 1= 2) vl ¢G h¢ 80 goc k.

a) Vi€t phuong trinh dudng thdng (d). Chiing minh ring dudng thing (d)
ludn cit parabol (P) tai hai diém phén biét A va B khi k thay déi.

b) Goi H va K theo thif ty 14 hinh chi€u vudng géc ctia A va B 1€n tryc
hoadnh. Chttng minh tam gide IHK vudng tai L. ‘

(Trich dé thi vao lép 10 THPT Chuyén Ngoai ngit, DH Ha Néi

ndm hoc 2006 — 2007)

Bai 18. Cho hai him s6 y =mx +m’ +—z viiy :(4m2 +1)x3.

Tim gid tri m d& dd thi hai him 6 tén cling di qua diém (- 1 ; 2). Vdi
gid tri m tim duge. xdc dinh toa dd giao di€m th hai cta hai dd thi do.
(Trich dé thi vao ldop 10 THPT Chuvén Nguvén Trdil, Héi Duong ndm
hoc 2005 - 2006)

Hudng dan giai
P4 thi ham s§ y =mx +m’ +-Z di qua di€m (- 1:2)
<> 2=-m+m’ 2
4

2 1 1
< m —m+2=()<:>m:—

D thi ham s§ y = (4m” +1)x di qua di€m (- 1;2)

<:>2=4m2+1<:>m=i%

Vi m-:E thi hoanh dd giao dieém cua do thi hai hdim s6 uén la nghiém

. = ]
. 119 ] R .1 5 X
cia phuong tinh —x+—+—=4.—+1 [x° I
p g 5 272 ( 4+ jx o 2x 2x 5 =

5
X ==
4

’

Suy ra giao diém thit hai cda hai d8 thi trén 12 (é ; zé)
8
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Hudng dan gidi
a) Phuong trinh dudng thing (d) c6 dang: y =kx +b
(d)diqual(0;—2)nén:b=- 2

(d:y=kx-2
Phuong trinh hoanh d6 giao di€m cta (P) va (d) 1a:
XZ

*—Z—:kx~2<:>x2+2kx—~4=() %))

(Hcé A'= K’ +4 > 0 Yk nén (1) ludn ¢4 hai nghiém phin bi€t xa, Xg.
Hay (P) va (d) luon cit nhau tai hai di€m phan biét.

b) Ta c6: HK? =(x, —x,) =(x, + X, ) —4X,X, =4k’ +16

HE + K12 = (x, +4) +(x,+4) =4k +16

Theo dinh li Pitago thi tam gidc IHK vudng tai L.

Bai 20. Cho Parabol (P) y=x* va dudng thing d di qua A(1:2) ¢S hé Sl
gbéc k. '
a) Chiéng minh riing vdi moi k dutng thdng (d) ludn cdt (P) tai hai
di€m phén biét.
b) Vi k = 2 chimg minh ring (d) ¢t (P) tai hai diém nhan A lam trung diém.
(Trich dé thi vao ldp 10 THPT Chuyén, Ha Téav ndm hoc 2007 - 2008)

Hudng dan giai

a) (d) di qua A(l ; 2) va c6 hé 50 goc k nén ¢o phuong trinh:
y=kx+2-K

Phuong trinh hoanh dd giao di€m cia (P) va (d) 1a:
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X=kx+2-kex —kx—2+k=0 (1)

(1) c6 A=k —4(k—-2)=(k+2)" +4>Vk nén (1) ludn c6 hai nghi¢m
phéan biét xc, Xp.

. — . ix,+x, =k
b) Theo dinh li Vi-et, ta c6:

X, X, =k~2
Khik =2, thi x, +X, =2 hay X, +x, =2X,
Va ye+y, =X +x2=(x,+%,) —2xx, =k = 2(k-2) =4 =2y,

Vay A la trung diém cta CD.

£ R R
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DPhian 1. SG HOC

. KIEN THUC VA KT NANG CAN NAM VUNG

1. Phép chia hé&t

Cho a, b 13 hai 56 nguyén (b#0). Ta néi a chia hét cho b va ki hiéu la
a‘b, n€u tdn tai m6t sO nguyén g sao choa =b.q.

Khi a chia hét cho b, ta néi b 12 wdc clia a hay b chia h&€t cho a va ki hiéu
b/a . Ngoai ra ta c6 thé néi a 1a bdi cla b.

Tinh chat:

-Né&u aib va'bic thi aic

-N&u a‘m va bim,thi(a+b)im

-Né&u aim va bin thi.abimn

2. Phép chia cé du

Cho a, b 12 hai s6 nguyén (b # 0). N&u a khong chia h&t cho b thi ludn ¢ cdc
caip s6 nguyén (q ; 1) v6i (0 < <|b]) sao choa =bq+r, r dugc goi 1a s0 du.
3. bong du thic

Cho a, b 12 cdc s6 nguyén va m la s nguyén duong. Ta ndi, a dong du
v6i b theo mddun m va ki hiéu 12 a =b (mod m) n€u a va b ¢6 cling s§ du
khi chia cho m.

Tinh chat:

-a=a(modm), VYa

- a=b(mod m) thi b=a(mod m)

- a=b(mod m), b=c(mod m) thi a=c{(mod m)

-a=b{modm)thi a+c=b+c(modm), VceZ

- a=b(mod m) thi ac = bc{mod m)

-ac=bc(modm) va (c,m)=1thi a=b(mod m)

- a=b(mod m) thi a* =b*(mod m), Vk =1

-{(a+b)" =b"(mod a) (a > 0)
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A

\1& B . b oI 248

> B. BAI TAP

*|Bai 1. a) Chiing minh riing s§ ¢6 dang 9" + 1 khdng chia hé1l cho 4 vdi m

s& t nhién n.

b) Chitng minh riing 2n* +3n” +n chia hét cho 6 v&i moi $6 nguyén n.

Huéng din giai
a) Ta'co: 9" +1=(3) +1=(3 +1=(2k+1) +1=41° +4k+4khonz,;,
chia hét cho 4 4/&(,{&@7 +4 2. ;

b) Ta ¢6: 2n° +3n” +n = 2n* —2n + 3n’ van e Ll nE4) 4 9'7(‘7*
= Z{n-47n

=2(n’ —n)+3n(n+1) 2n(n_1)(nH)Hn(nﬂaﬁ‘@j\ﬁ

Vi mdi s hang déu chia hét cho 6 nén 2n* +3n% +n chia hét cho 6 véi.
moi s& nguyén n.

Bai 2. a) Ching minh riing n’—5n’+4n chia hét cho 120 v6i moi 3
nguyén n.
b) Chu’ng minh riing n* +4n —4n®> ~16 chia hét cho 48 v§i moi

$0 n chin. ,

5 : =(n+1)(n~—1)(n+2)(n—2).%,_

Huéng dan giai
a) Ta ¢6: n® —5n° +4n=n(n —5n? +4)

(o =1)(1 1)

Da thitc trén 1a tich ctia 5 s§ nguyén lién ti€p. Trong 5 s8 nguyén lién
ti€p, it nhét hai boi clia 2 (trong d6 ¢6 mdt bdi ciia 4), mot boi cla 3,
mdt bdi cda 5.

Viy tich clia 5 s nguyén lién ti€p chia hét cho 8.3.5 = 120

—4n’ ~16=n’(n-3y-(n=3)=(n-3)(n~1)(n+1)

K

b) Ta c6: n* +4n’
Patn= ZM (viik nguyen) ta dirge:
(2k-2).2k(2k+2) < 8(k—DNk(k +1) ~

Do tich ctia 3 s8 nguyén lién ti€p chia hét cho 6 nén n* +4n*-4n*-16 .
chia hét cho 48

| B@i 3. Chiing minh riing 3%

+ 521 chia hét cho 13.

Huéng din gidi
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3 =~ n n n
\iﬁi 4. Chitng minh rdng A =35 (5 + 1)—6 (3 + 2) chia l

Ta ¢é: 3 +5 = (3‘)67“ +(.52 )MS” = (27(’7“ - l)+(25”m + l) chia »hé’l

cho 13

cho 91 v@i moi

$& nguyén n.

Hudng dan giai \ z?[),/ ﬁ{; 11[{,)»{}, Zc 2
Tac6:91=7.13 ' iy 47 A A
Do (7 : 13) = | nén ta chi ¢in chitng minh A chia hét cho 7 vii A chia
hét cho 13.

-A=(25 ~18") - (12" -5")

e N

Do (25"~ 18"):25-18=7 va (12" =5")i12=5=7 nén A7

-A:(ZS"—12")~(18”~5")
Do (25“42“)52542:13 Vi (18“ ) 18~5=13 nén A13

Viy A=5" (5" + 1)‘~6“ (}3” +2) chia hé1 cho 91 v3i moi s6 nguyen n.

inh i S4+2° 5 ¢hia hét cho tng clia n 0 ur
Fﬁi 5. Chtng minh ring T, =1 +2"+...+n chia hét « g ‘

ién diu tié =1+2 vdineN.nz3.
nhién ddu tién S, =1+2+...+n, vl

Hudng dan giai

Ta c6: 2S, =n{n+1)

Vi a" +b"i(a+b) vii Va.be N vi n1é, nén ta cd:
2T :(15+n5)+[25+(n-—1)5]+..‘+(n5+1)3(n+1)
:{15+(n—1)5]+[25+(n~2)5]+...+[(n—1)5+1]+2nsin

Mit khdc, ta c6: (n;n+ ) n(nﬂ) '
Do d6 tir (1) va (2), suy ra: 2T, i(n+1) =28, =T.:5,

’ 3 dng chia hét ¢ §in 1a s& nguyén.
\ Bai 6. Chitng minh ring n’ +3n‘+5 khong chia hét cho 121, v6i n la sO nguy

Hudng dan giai
Gid st n° +3n+5:121.
Khi d6 suy ra n® +3n+5:11 ¢ 4n® +12n+20:11
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Do d6 4n® +12n+9:11=> (2n+3)’i11=>2n+3i11
Vi 4(n2 +3n+5)=(2n~1~3)2 +11 khong chia hét cho 121 (v6 1)

Vay n® +3n+5 khong chia hét cho 121.

Bai 7. Ching minh riing 177 +2° + . +2002*" 11

Huéng dan giai
Ta ¢é: a'’ =a(mod 1) = a2’ =a(mod 11)
Suy ra: RE + 2202 + 200222 =142+ ...+ 2002
=1001.2003 =0 (mod 11) (dpcm)

Huéng din giai
Ta co: A=(1+ L )+(—1-+-_—1-—j++(__1“+_.1_“)
2004 2 2003 2003 2004

} =2005K

=ZOO( ] + ! +..+ !
2004  2.2003 1002.1003

Vi A =KB(vdi B =1.2.3.2004) ma KB Ia s& nguyén nén A chia hét
cho 2005.

BGii 8. Chiing minh ring 1924*™ 41920 chia hét cho 124, ne N

Bai 10. V3i a, b 1a cdc s8 nguyén dudng sao cho a + 1 va b + 2007 chia hét
~""cho 6. Chitng minh riing: 4" +a+b chia h&t cho 6.

(Trich dé thi vao lép 10 THPT Chuyén PHKHTN, PHOG Ha Néi
ndm hoc 2007 - 2008)

Huéng din gidi
Tacé: 124 =431
Pt P = 19242 11920
Vi 1924 =2 (mod 31) nén P= 22" _2 (mod 31) (1)
Do 2° =32 =1(mod 31) nén ta cin tim s0 dir ctia 2003’ khi chia cho 5.
That viy, ta c6: 2004"i4 = 2004" = 4k (k e N") = 2003*"" = 2003**
Vi 2003 =3(mod 5) nén 2003** =3* =81* =1(mod 5)
Vay 2003*" =1 (mod 5)
Suy ra: 2003*"*" =5m+1(meN")

Do d6: 22" =21 =2,(2°)" = 2(mod 31)

K&t hgp v6i (1), suy ra P =0 (mod 31).
Dé dang ching minh duge P chia hét cho 4.

Vay 192429 11920 chia hét cho 124.

Huéng din giai
Tac6: 4' +a+b=(4"+2)+(a+1)+(b+2007)-2010
442 =4 =1)+3=(4-1)+(4"" + . +4+1)+333
Mait khdc: 4° +2 13 s8 chdn, suy ra 4 +2:6

4" +a+b 12 t6ng cda cdc s6 hang déu chia hét cho 6 (dpem).

BGi 11. Cho p>5 1a s8 nguyén t§ sao cho 2p + | ciing 12 sG nguyén t3.
Chtng minh ring p + 1 chia hét cho 6 va 2p® + 1 khong phai 1a s
nguyén 4.

(Trich dé thi vao I6p 10 Chuyén Todn - Tin, PINK, PHOG TP. HCM
ndm hoc 2005 — 2006)

B@i 9. Chitng minh riing, s6 ty nhién

A =1.2.3..2003.2004 1+—1—+l+...+—1—+—~1——) chia hét cho 2005.
2 3 2003 2004

(Trich dé thi vao 1ép 10 THPT Chuyén Todn — Tin Ha Noi Chu van An va
Ha Ngi Amsterdam ndm hoc 2004 — 2005)
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Huéng dan giai
Vi p25, pla s nguyén 6 nénp 1é va khong chia hét cho 3
-plé = p+1chin=(p+1)i2
- p khéng chia hét cho 3 nén p chia hét cho 3 du 1 hoic 2.
Néu p chia hét cho 3 du 1 thi (2p+1)i3, ma 2p + 1 > 3 nén 2p + |

khong phdi 1a s6 nguyén t8 (trdi vdi dé bai). Do d6 p chia hét cho 3 du
2, nghia 12 (p+1):3.

Suy ra (p+1)i6

Pitp+ 1=6a (ac?Z), ta cé: 2p2+l=,2(6a——1)2+1=72a2~24a+3
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Ta thiy riing (2p3 + 1)53 va 2p° +1>3nén 2p* +1 khong phii la s&

nguyén o (dpem).

Bai 12. Cho P=(a+b)(b+c)(c+a)-abe vdi a, b, ¢ 1a cde s6 nguyén
néu a + b + ¢ chia h€t cho 4 thi P chia hét cho 4.
(Trich dé thi vao lop 10 THPT Chuyén Todn — Tin Ha Noi Chu van An
va Ha Nt Amsterdam ndm hoc 2005 — 2006)

Hudng dan gii
bitX=a+b+c
P=(a+b)(b+c)(c+a)-abc
@ P=(X-a)(X-b)(X-c)-abe
< P=X"~(a+b+c)X+(ab+bc+ca)X ~2abe (1)
Vi X chia hét cho 4 nén trong ba sd a, b, ¢ ¢6 it nhit 1 s& chin, suy ra
2abc chia hét cho 4 va X*, X?, X chia hét cho 4. Do d6 P chia hét cho 4.

Huéng dan gidi
Goi sO ty nhién can tim 1a n.

Theo d& bai, ta ¢6 n chia cho 2005 duge du 1a 23, n chia h&t cho 2007
duta 32.

Ditn=2005x + 23 ;n=2007y + 32 (xeN:yeN)

Ta ¢6: 2005x +23 =2007y + 32 < 2005x = 2005y +2y +9
Do dé: 2y +9:2005

Vin nhé nhit nén ta chon y nhd nhat,

Viy 2y +9 = 2005 & 2y = 1996 & y = 998

Khi d6: n = 2007.998 + 32 = 2003018

Bai 15. Tim s0 du trong phép chia A = 3% +3%+ 3% ¢ho 91

(Trich dé thi vao 16p 10 Chuyén Todn - Tin, PINK, PHQG TP. HCM
ndm hoc 2004 — 2005)

BGi 13. VGi mbi s6 ty nhién n, ta dit a, =3n° +6n+13
1) Chitng minh réing: N&u hai s8 a;, a, khdng chia hé&t cho 5 va chia cho
5 ¢6 s8 du khdc nhau thi (a; + ay) chia hé&t cho 5.
2) Tim s6 ty nhién n 1& d€ a, 13 s6 chinh phuong.

(Trich dé thi vao l6p 10 THPT Chuvén Ha Néi Chu Vin An va Ha Noi
Amsterdam ndm hoc 2008 - 2009)

Huéng dan giai
) Tacé: a, =3n’ +6n+13=3(n+1)" +10
Va 3(n’ +1) cotancling 120, 2,3, 5,7 hodic 8. Do d6 a, chia 5 du 0, 2 hodic 3.
Suy ra vdi a;, a, khong chia hé&t cho 5 ¢6 s6 du khdc nhau thi a,+a, 5.
2) V6in 1& thi a, =3(n>+1)+10 chia 4 dv 2. Mt khdc, vi a, Ia 50
chinh phuong nén a, chia 4 du 0 hoic 1.
Viy khong ton tai n d€ a,1a s6 chinh phuong.

B&i 14. Tim s& tir nhién bé nhét bi€t ring khi chia s6 d6 cho 2005 thi dugc
dwr 12 23 con khi chia s8 dé cho 2007 thi duge dula 32.

(Trich dé thi vao ldp 10 THPT Chuyén, PHSP, TP.HCM ndm hoc
2007 - 2008)
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Huéng din gidi
Ta ¢6: 3% —1=729~1=728 chia h&t cho 91
Dodé: A=3%+30430 = (3" —32)+(3“ ~1)+(33‘"“ - 1)+32 +1+1

—3 (3 1)+ (3¢ --1)+((3“)334 -1)+11

Viy A =3%+3%+3" chia cho 91 dw11.

BaGi 16. Cho a, b, ¢ 1a cdc s& nguyén, chitng minh riing (a’ +b’ +¢’) chia hét
cho 3 khi va ¢hi khi (a + b + ¢) chia hét cho 3.
(Trich dé thi vao lop 10 THPT Ha Tay ndm hoc 2005 - 2006)

Huéng dan gidi
Tac6: (' +b +c)—(@a+b+e)=(a’ —a)+(b = b)+(c’ —c)
=(a-1a(a+1)+(b-1)b(b+1)+(c-1)c(c+1)
Do a,b,ceZ nén (a~1a(a+1)i3,{b-1)b(b+1)i3, (c-1)c(c+1):3
Suy ra: (8’ +b*+c’)—(a+b+c)i3 nén
Né&u (a* +b*+¢’)i3 thi (a+b+c)i3
Va ngugc lai (a+b+c¢):3 thi (2’ +b'+¢%)3
Viy (a* +b* +¢?)i3 khi va chi khi (a+b+c)i3.
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Bai 17. Chitng minh riing n” +n+2 khdng chia hé&t cho 3.

(Trich dé thi vao 16p 10 THPT Chuyén, DH Vinh ndm hoc 2006 — 2007)

Huéng dan giai
bat n:3k+r(ke7/,,re{0,1,2})
Tacé:r=0thi n®> +n+2=9k*+3k+2 chia 3 du?2
r=1thi n* +n+2=9k’ +9k +4 chia 3du |
r=2thi n” +n+2=9k’+15k +8 chia 3 du 2.

400

=Y [(k+2)1-k!]=(31+ 41 +...+ 4021) — (1 +2! -+ ..+ 4001)
k=1

= (401! + 4021) - (11 +21) = (4011.4031) - 2005 + 2002
Vi 2005 = 5.401 nén 401!:2005
Vay s6 du clia phép chia Sag cho 2005 14 2002.

Bai 18. Tim s& nhd nhat trong cdc s0 nguyén dudng 13 boi ciia 2007 va ¢6

bdn chif s6 cudi ciing 13 2008.

(Trich dé thi vao ldp 10 THPT Chuyén Ha Néi Chu vin An va Ha Noi
Amsterdam ndm hoc 2007 — 2008)

Bai 20. Cho x, y, z 1a cdc sO nguyén théa min phuong trinh: x> + y2 = 72,

a) Chitng minh riing trong hai s8 x, y ¢6 it nhdt mot s6 chia hét cho 3.
b) Chitrng minh riing tich xy chia hét cho 12,

(Trich dé thi vao I6p 10 Chuyén Todn - Tin, PTNK, DHQOG TP. HCM
ndm hoc 2002 ~ 2003)

Huéng din giai
Goi s6 phdi tim 12 10000A + 2008 (v6i AeN).
Ta cé: (IOOOOA + 2008)52007 < 1972A +1:2007

< 1972A+1=2007k, ke N’

2007k —1 35k ~1
= =k+
1972 1972

Vi AeN nén35k~1=1972m, véi me N’
=1972m +1:35=12m +1:35

=>m =32 12 s nhd nh4t théa min. Suy ra A = 1835
Vi s6 cidn tim 12 nhd nhdt khi A nhd nhat, nén m 1a nhd nhit.

Viy s8 nhd nhat can tim 14 18352008.

Bai 19. Véin la s6 nguyén duong, dit S_ = Zk!(k2 +3k+ 1) , trong d6 -

k=1
k!=1.2.kvd D a, =a +a,+..+a,. Tim s6 du khi chia S cho 2005,
" ksl

(Trich dé thi vao l6p 10 THPT Nang khiéu Trdn Phi, Hai Phong ndm hoc
2002 ~ 2003)

Huéng dan giai
Nhén xét riing:
-VéiaeZ thi a’ =0(mod 3) hodc a’ =1 (mod 3)
- a> =0(mod 4) hoic a’ =1 (mod 4)
a) N&u c4 hai s6 x, y d&u khdng chia hét cho 3 thi x*, y? cho s6 du 12 1,
suy ra z> = x% + y2 chia cho 3 ¢6 s& du z (v6 1f).
Viy trong hai s6 x, y ¢6 it nhdt mot s& chia hét cho 3. ~7

b) Ta xét cdc trudng hgp sau:

\/’

“b

- X, y cing 1&: ta ¢6 x’=l(mod 4), 'y =1(mod 4), suy ra
7' =x* +y? =2 (mod 4) (v6 1) ’

- X, y cling chin: thi xy =1(mod 4), ma theo a) thi xy =0 (mod 3), suy
ra xy =0 (mod 2)

- X, y khéc tinh chdn 1é: khong m4t tinh tdng qudt, ta gid sit x chin, y
1é, do dé z 18.

Dity=2p+1,2=2q+1(p,qeZ).
Tacs: x* =2"—y* =(2q+1)° ~(2p+1)’ =[4q(q+1)-4p(p+1)]:8

Do d6: x chia hét cho 4. Theo a) thi xy chia hét cho 3 nén Xy cling chia
hét cho 12.

Huéng dan giai
400

Ta ¢6: Sy = p k(K> +3k+1) = %’k!’[(kﬂ‘)"(k +2)=1]
k=] kel
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Ba&i 21. 1. Chimg minh rling s6 n=18%"" ¢4 tinh chdt 12 tn tai hai s& nguyén

duong p va q thda mén diéu kién:
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O<p<g<n
(p+(+D+(p+2)+...+q)in

2.86 n=16"" ¢6 tinh chdt n6i trén hay khong?

(Trich dé thi vao ldp 10 THPT Chuvén DHSP, Hc}lN(ﬁi nam hoc
2004 - 2005) .

Huédng dan giai

Ta cé: S:p+(p+1)+(p+2)+._.+q:w

2
 n 0
Ta cdn tim s6 nguyén dudng p, q sao cho: {S.< p<g< n(;l)
n )
V6i n=18"" tr (2) ta c6: (g+1- p)(p-;.q);z.zﬁz"‘”'()(xl“‘”

Vig+1l-p<p+qva(q+1-p),(p+q) khdc tinh chdn, 1&, ddng thdi
26" <9 nénta chon p, g sao cho:

2L

922 4
g+l-p=22% - p=—
p + q - 9614)()3 q _ 9(,2()‘&3 ] 620(}4 _ 1

2

Hay 12 p, q thda man (1) va (2).
2. Gia s& ¢6 p, q nguyén duong thda man (1), (2) véi n=16°" .
Tir (2), suy ra: (q+1-p)(p+q)i2.16"

Vi hai s6 (q + | — p), (p + q) khdc tinh ch&n, 1€, nén chi xdy ra md
trong cdc trudng hgp sau: '
-N&u(g+ 1~ p), (p+q)chin:

Tt (2)¢6 (p+q)i2n=>q-p+122n=>q+p=2n

= p2n hodc g 2 n (trdi véi (1))

-N&u(g+ 1-p), (p+q)chén:

T (2)¢c6 (p-g+1)i2n=>q-p+122n=>q+p22n

= p 2 n hoidic q 2 n (trdi vdi (1))

o oA A - o 4x A
Viy sd n=16" khOng c6 tinh chit da néu.
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B&i 22. Tim s& tr nhién gdm bdn chif 56 thda min ddng thdi hai tinh chat:

(i) Khi chia s d6 cho 100 ta duge sG dula 6.
(i1) Khi chia s& d6 cho 51 ta duge s8 dula 17.

(Trich dé thi vao Idp 10 THPT Chuvén PHKHTN, PHQG HA NOI
ndm hoc 2006 — 2007)2

Huédng dan gidi
Goi a 1a $0 ty nhién cdn tim (ae N va 1000 <a<9999)
Tir didu kién dé bai, suyra:a = 100m + 6 =51k + 17 (m, ke N)
::>102m—2(m—3)=17(3k+1)
Suy ra: 2(m -3):17
Mi (2:17) = 1nén (m-3)17
Pitm-3=17n(neN) tacé:m=1Tn+3
Dodéa=1700n+306=51(33n+6)+ 17n
Maa:51du17nén 17n:51dul7
Vi 1000 € 2 <9999 nén 694 <1700n $9693=>0<n <5
Suyra:n=1hodcn=4
-V8in =1, thia = 2006
-Vdin=4,thia=7106

A. KIEN THUC VA KT NANG CAN NAM VONG

- Pua vé& phuong trinh tich: phan tich v& trdi ra cdc thira s, ddng thii

phan tich v& phéi ra cdc thita s twong Ung.

- Sit dung tinh chia hét, tinh chdt dong dw: dé€ tim ra di€m dic biét clia

céc bién s6 cling nhu cdc bi€u thifc chita trong phudng trinh, tir d6 dua
phuong trinh vé dang don gidn hon hodc da biét cdch gidi.

- Sit dung bat ding thitc: d& biét duge mién gid tri cla cdc bi€n, néu gid

tri cia cdc bién it thi ta ¢6 thé thit tryc ti€p.
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> B. BAI TAP

Bai 1. Tim nghiém nguyén cla phuong trinh: x+xy+y=9

Huéng din gidi
X+xy+y::9¢:>(x+l)(ym+1)=10 *)
Tir (*), suy ra (x+1) 12 u6¢ s8 ciia 10 hay x+le{tl;£2;+5; %10}

Do d6 nghiém ctia phuong trinh la:
(1:4);(451)5(-3:-6); (=65 -3)3(0;9);(9:0);(=2; -11); (115 -2)

Bdi 2. Tim nghiém nguyén ciia phuong tiinh: x* —4xy +5y* =169

Hudng dan giai
X2 —4xy +5y° =169 < (x—2y)2 +y* =169

Vi 169 = 0% + 13% = 5% + 12? nén x4y ra 4 trudng hgp sau:
x=2y=0 X =126

= < :
y==*13 y =213

—2yY =13 _2y=+13  [x==%13
(x—2y) =13 @{x y <:>{

()(—2y)2 =0

- Trudng hgp 1:
yZ - 132

- Trudng hc_ip 2: {

yz =0 y:O y_____o
- Trudng hgp 3: (x..zy)2 =5 o X~2y=i5® X =+29
=122 y=%£12 y=+12
- Trudng hop 3: J(X*ZY)Z =12° @{x——Zy =+12 @{x =422
LI 1}]2:52 y=i5 y:_+_5

Vay phuong trinh ¢6 8 nghi€ém nguyén (x ; y) la:
(26:13);(=26;-13);(13;0);(-13:0):;(29; 12)‘;(— 29:;-12):
(22:5);(-~22;-5).

Bdi 3. Ching minh riing phuong trinh: 4x? +4x =8y’ -2z’ +4 khong c6
nghiém nguyén. )

Huéng din gidi
4> +4x =8y’ -27° +4
< 4x® +4x+1=8y’ =227 +5

& (2x+1) =8y’ -27°+5 (1)
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Dé thdy v€ trdi cdia (1) 1a mdt s& chinh phuong 1é nén chia cho § du 1
V& phdiciia (1) ¢6: 8y*:8
2z* chia hét cho 8 né€u z chin, chia hét cho 8 dur 2 néu z 1&.

Vay v€ phdi clia (1) chia hét cho 8 du 5 hodc du 7. Do d6 phuong trinh
(1) khong c6 nghi€ém nguyén nén phuong trinh di cho khéng co6
nghi€ém nguyén.

Bdi 4. Tim nghiém nguyén duong cta phuong trinh: 5x+7y =112

Huéng dan giai

j -
5X+7y'=112:>)(=22__y+2( < y) (1)

Dé€ x 1a s6 nguyén thi 2(1-y)i5, ma (2;5)=1nén 1-y:5.
Do dé y tdn cling bdi 1 hodc 6 (2) '

Vix,y la s0 nguyén dudng nén 5x > 0, suy ra

0<7y<112 <= 0<y<16 (3)

T (2) va (3),suyra:y=1,y =6, hoacy = 16.

Thay gid triy vao (1), ta dudgc: x =21, x = 14 hodicx =7

Vay phuong trinh c6 3 nghiém nguyén dudng (x ; y) 1a: (21; 1) ;(14;6) ;
(7; 1.

| Baii 5. Tim nghiém nguyén duong clia phudng trinh: i+i =

1
Xy 2

Huéng din gidi
Do vai trd clia x va y trong phudng trinh da cho 14 nhu nhau, nén gia
s x2y. ‘ -

Vi x>0:—1—<—1—:>y>2 (H
y 2

Mait khéc x2y>0:>—l—sl:>l+—1-s—1—+l©lsg<:>y$4 (2)
X'y xy yy 2y .

T (1) v£1>(2), suyra: 2<y<4

Viyy=3hoicy=4

Thay gid tri y vao phudng trinh da cho, ta duqé: x=6hodcx=4

Viy phuong trinh ¢6 2 nghiém nguyén dudng (x ; y) 1a: (6:3);(4;4).




. i A . 7 X7 X
Bai 6. Tim nghiém nguyén cia phudng trinh: L+_i+,l =3
X 'y oz

1

Hudng din giai
biéu kién: x,y,z#0.
Ta ¢6: y°2" +x°2° +x%y? =3xyz = xyz > 0
Ap dung bt ding thitc Co-si, ta duge: y*z? +x%2% + x%y? = 33x*y s
3xyz 233x*y 2t = xyz <1
Suy ra phuong trinh ¢6 cdc nghiém nguyén (x ; y sz (1:1:1)
(1;-1;—1) : (—1;1;-1); (—];——l;l).

Bai 7. Tim nghiém nguyén clia phuong trinh:

x2+17y2+34xy+51(x+y)=1740

(Trich dé thi vao l6p 10 THPT Chuyén DHKHTN, PHQG Ha Noi nam
hoc 2005 — 2006)

Hu6ng dan gidi
Phuong trinh dd cho c6 dang: x* +17(y? +2xy + 3(x + y))=1740
Nhén xét riing vdi x nguyén, x cé thé€ c6 dang saﬁ:
x=1Tktrvdire{0,1,2,3,4,56,7,8) va ke Z
Suy ra: ’
x* {17k, 17k +1,17k +4,17k + 9,17k +16, 17k +2, 17k + 15, 17k +13}

Nhan thdy riing v& phai 1a 1740 khi chia cho 17 ¢6 8 du 1a 6, Trong khi .
d6 v€ trai khi chia cho 17 trong moi trudng hgp déu khéng ¢6 s6 du la 6.
Vay phuong trinh da cho khéng c6 nghiém nguyén.

Bdi 8. Tim cdc s6 nguyén a, b, ¢ thdéa man: a’ +b° +¢2 <ab + 3b+ 2c

(Trich dé thi vao lop 10 THPT Chuyén Todn — Tin, PH Vinh nam hoc |
2005 — 2006)

Huéng dan giai

Via, b, ¢ nguyén nén a2—~ab+b2~3.b+3+cz—20+1_§0
2 2
c»(a~9) +3(3~1] +(c~1)*<0
2 2
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Suyra: a=

oo

’B:]’C:]
2

Haya=1,bh=2,c=1

Bai 9. Tim nghi€ém nguyén duong x, y, #. t clia phuong trinh

1 ) b

- + -5 + ey + — = 1

Xy 7zt

(Trich dé thi vao lop 10 THPT Chuyén Nguyén Binh Khiém, Vinh Long

ndm hoc 2005 — 2006)

Huéng dan giai

Cdc s0 nguyén dudng X, y, #, t déu 16n hon 1 vi n€u mdt trong cédc s0

.11 11
dé khong 16n hon 1 thi —);—2—+-——+—+

—>1
yZ ZZ t2

Mit kh‘éc, céc s8 X, y, z, t déu nhd hon 3 vi néu mdt trong cdc s do
' . 11 1 111 11
khéng nhd hon 3 thi: —;+F+—2—+-—<—+ —
X

2 79 4 4 4
Viyx=y=z=t=2

Bai 10. Tim nghiém nguyén clia phuong trinh: 5x” +y* =17+ 2xy

(Trich dé thi vao lép 10 THPT Chuyén Todn — Tin PHKHTN, PHQG
Ha Ngi ndm hoc 2007 — 2008)

Huéng din giai
5x 4y’ =17+2xy < (x -y’ )+4x* =17

xzs{‘zﬁxze{o,l,@

xP=0=(x-y)' =17
o x? =1::>b(x~y)2 =13 (loai)
cxl=4=(x-y) =1

y=1
V6ix =2, tac: (2-y) =17:>L/=3

. 2 y=-1
Vdix=-2tacé: (-2-y) =1= =3
Vay phuong trinh ¢6 4 nghiém nguyén (x ;y) 12 (25 1);(2:3): (=25 =13
(=2; —3).
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y=1
VEix=2x=0,tr(2Qtacéd: 2y’ —y—-1=0< -1 .
y :-i— (loal viy nguyén)

Bai 11. Tim nghiém nguyén x, y cia phuong trinh: x? —Xy =6x—-5y—8
(Trich dé thi vao lop 10 THPT Chuyén, TP.HCM ndm hoc 2007 — 2008)
Hubdng dan giai

5 Viy cic sd nguyén (x ; y) thda min ddng thitc di cho 1a: (2; 1) va (0 ; 1).
X —xy=6x—-5y—-8

oxt—6x+8=y(x=5) (1) Bai 13. Cho phuong trinh x* —3y® +2xy -2x—10y+4 =0 (1)
X2 —6x +8 ‘ 1) Tim nghiém (x ; y) clia phuong trinh (1) théa mén x*+y*=10.
&y =—————— (vi x =5 khOng phdi 1a nghiém cia (1)) .
(x-5) 2) Tim nghiém nguyén clia phudng trinh (1).
oy=x _1+__§__ (Trich dé thi vao 16p 10 THPT Chuyén Ha Noi Chu van An va Ha N§i
x~5 ‘ Amsterdam ndm hoc 2007 — 2008)

Vix, ynguyénnén x—5e{-1;1;3;-3}hay xe{4;6;8;2} Huéng din gidi
1) Tacéd: x* +y* =10=>x? =10y’ thay vao phudng trinh (1), ta dudgc:

2y* +(5-x)y+(x=7)=0 (2)

-Khi x =-2 thiy =0 (thda)
- Khi x =4 thiy = 0 (thoa)
-Khi x=6 thiy = 8§ (thda)
- Khi x = 8 thi y = 8 (thda)

Viy cdc nghiém nguyén (x ; y) clia phuong trinh d& cho la: (25 0) ;
(4:0);(6;8)va(8;8)

x -7

Giai phudng trinh (2) theo 4n y, ta dugc: y=1;y =

-VSiy=1=x=10-y* =9 <> x =43

. - - Voi y =221 o 5x? _1ax49=0e x=1 x=2
Bdi 12. Tim cdc sO nguyén x, y thda min dang thirc: 2 5

Viy phuong trinh dd cho ¢6 bdn nghiém (x ; y ) 1a:
9 -13
(3;1);(—3;1);(1;—.3);(—;—-—)
5 5

2) (1) = (x+3y+1)(x-y-3)=-7

2y X+ x+y+1=x2+2y° +xy

(Trich dé thi vao 16p 10 THPT Chuyén PHKHTN, DHQG Ha Néi ndam
hoc 2003 — 2004)

Huéng dan giai
2y°x+x+y+1=x>+2y° +xy
<2y (x-1)=x(x=1)-y(x~1)+1=0 (1)

Nhén xét riing x = 1 khong phai 1 nghiém cda (1), chia hai v& cta (1) Do x,y€Z nén xdy ra cdc trudng hgp sau:

chox - 1, ta dudc: 2y2—x—y+~——l———=0 2) - Trudng hop 1: x+3y+l=1 _ Jx=-3
x~1 ' X—y=3=-7 y=1

Phuong trinh ¢6 nghiém x, y nguyén, suy ra L nguyén nén ta c6: X+3y+1=-1 x =7

x—1 - Trudng hop 2: <
= X—-y=-3=7 y=-3
X—le{l;—l}:b[ B

= Ay+1=7 =

x - Trudng hdp 3: XroyE x=3

X~y-3=-1 y=1
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N x+3y+1=-7 x=1
- Trudng hop 4: &>

x-y-3=1 y=~3

Viy cdc nghiém nguyén (x ; y) clia phudng trinh di choe 1a:

(=3:1)3(75-3):( 31);(1:-3)

2K R

A. KIEN THUC VA Ki NANG CAN NAM VNG
- Nguyén tdc Dirichlet duge phat bi€u nhu sau:

Né&u nhét n + 1 con thd vao n cdi 16ng (n 12 s8 nguyén duong) thi chic

chdn ¢6 mot cdi 16ng chita it nha't hai tho.

T8ng quat: Néu nh6t m con thd vao n cdi 1dng, véi m = nk + p (0 < p < n)

thi it nhat s& ¢6 mdt cdi 16ng nhdt it nhat k + 1 con thé.

- Mot s& dp dung:

e Trong o + 1 s6 ty nhién, bao gidf cling chon duge ra hai s6 ma hidu ciia
ching chia hétchon (neN").

* Cho kn + 1 dudng thing va k di€m sao cho mdi di€m déu thudc it nhat
mot trong cdc dudng thing d6. Khi d6 c6 it nhat n + 1 dudng thing
ddng quy.

» Cho kn + 1 s8 thyc thudc mot tip hdp gdm k phin t&. Khi d6 ¢6 it nhat
n + 1 s§ biing nhau.

e Né&u trong mdt hinh dién tich 1, dat mét s8 hinh ¢6 dng dién tich 16n
hon 1 thi ¢6 it nhdt hai trong s8 cdc d6 hinh d6 ¢6 phan chung.

> B. BAI TAP

Bai 1. Chitng minh riing ton tai mdt s& ty nhién gdm toan chit s& 6 va chia
hé&t cho 2003. '

Huéng dan giai
Xé1 2004 s6 dang: 6, 66, 666,...,666...6
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Theo nguyén tdc Dirichlet thi tdn tai hai $§ ¢6 ching s6 du chia khi chia
cho 2003. Gid s hai s6 d6 1a: P=66...6 vd Q=66...6 vdin>k
222 222
Ta ¢6: P-Q=66...6.10" chia hét cho 2003
k

6..
Pathuihihi
n-

6..
el
n-

Mait khéc, ta ¢6: (2()()3.10k ) =1 nén P-Q=66...6 chia h&t cho 2003
K

Bai 2. Bén trong mot hinh vudng ¢é canh bing 20 (dvd) va ¢6 &1 diém.
Chitng minh riing t4n tai m6t dudng trdn ¢6 ban kinh biing 4 chia it nhal
6 di€ém trong cdc di€m da cho.

: Hudng din giai

Ta chia hinh vudng ra thanh 16 hinh vudng nhd biing nhau c6 canh béng 5
(dvd). Khi d6 dudng chéo clia mbi hinh vudng 13 5V2.

Vi 81 = 16.5 + 1, nén theo nguyén tic Dirichlet thi ¢6 it nhat mdt hinh
vudng nhd chita S + 1 = 6 diém trd 1&n ¢6 ban kinh clia dudng tron ngoai

’ 2 N

ti€p hinh vudng la %2— Dudng tron nay ndam trén dudng tron cd bdn
kinh biing 4.

Viy tdn tai mot dudng tron c¢é ban kinh biing 4 chia it nhit 6 di€m trong
cic di€ém da cho.

Bdi 3. Trong mdt cude hdi thdo khoa hoc ¢6 100 ngudi tham dy. Gid siv mdi
ngudi déu quen biét it nha't 67 ngudi. Chitng minh riing ¢ thé tim duge mot
nhém 4 ngudi ma bat ki 2 ngudi trong nhém déu quen biét nhau.

Huéng din giai
D& thdy néu c6 hai ngudi 1 va ngudi 2 quen nhau, thi s& ngudi quen
chung cia ngudi 1 va ngudi 2 it nhat 1a 34 (= 67 + 67 — 100) ngudi.
Goi X 1a tdp hgp cdc ngudi qﬁen chung cta ngudi 1 va ngudi 2. Trong dé
X phaicé it nhit cip ngudi 3 va ngudi 4 quen nhau (vi néu trong X khong
¢6 hai ngudi nao quen nhau, thi m3i ngudi trong X chi quen nhiéu nhit la
100 ~ 34 = 66 < 67 ngudi, vo li).
Viy c6 it nhidt mot nhém trong 4 ngudi (1, 2, 3, 4) ma bat ki hai ngudi
trong nhém d6 déu quen biét nhau.

Bdi 4. Trén mit phing cho 25 di€m sao cho tir 3 di€m bat ky trong sd chiing
tim dudc 2 di€m cé khodng cdch chd hon 1. Chitng minh t6n tai mot hinh
tron ¢6 ban kinh biing 1 chita khong it hon 13 diém.

RN NI ST W
< -

=
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Huéng din giai
Xét di€m A trong hinh ’trbn (C)) ¢6 tAm A va bédn kinh bing 1.
N&u 14t cd 24 di€ém con lai déu niim trong (C)) thi ta ¢6 diéu phai
chiéng minh. ’
Xét trudng hgp diém B ndim ngoai dudng tron (C)).
Ta ¢6 AB > 1 xét hinh tron (Cz) tdim B va ban kinh biing 1.
Gia st C 1a mot diém bat kv khdc A va B. Ta cin chitng minh C thudc
mot trong hai hinh tron (C,) hodc (Cy).
That vy, gid st diéu ngude lai diém C khong thudc (C)) va (Cy). Do d6
AC>1va
BC > 1, ma AB > 1 suy ra c¢é ba diém A, B, C trong d6 khéng c6 bat
k¥ 2 di€m niao c6 khodng cdch gifta ching nhd hon 1 (v6 1i). Do d6 C
thudc vao (Cy) hodc C thudce vao (Cp). Vay c6 cd 25 diém thudc vao
(C)) va (Cy).
Theo nguyén li Dirichlet thi phi ¢6 it nhit mdt hinh trdn chifa khong it
hon 13 diém.

Ta c6: DG =CJ = 2(AG + B))
Hay (a — AG) + (a — BJ) = 2AG + 2BJ
Suy ra: AG=BIJ :%3 hay EM =§—

Do d6 M 1a diém c8 dinh. Lay N trén EF, cdc di€m c& dinh P, Q wén HK
sao cho

EM=MN=NF=HP=PQ=0QK =

W

Tuong ty nhu trén, ta thdy cdc dudng thing thda min diéu kién cta dé
bai la phdi di qua m6t trong bdn di€m ¢6 dinh M, N, P, Q.

Theo nguyén li Dirichlet tir 2005 dudng thing théa min diéu kién cda dé
bai c6 it nhdt 502 = [2005

}»1 dudng thing di qua mot trong bon diém

trén, tifc 12 502 dudng thdng d6 dong quy.

B&i 5. Cho hinh vudéng ABCD va 2005 dudng thing dong thoi théa min hai
diéu kién:
1. M&i dudng thing déu cdt hai canh ddi clia hinh vudng.
2. Mdi dudng thing déu chia hinh vudng thinh hai phan ¢6 ti s6 dién tich
Ja 0,5. Chitng minh riing trong 2005 dudng thing dé c6 it nhit 502
dudng ddng quy.

(Trich dé thi vao lop 10 THPT Chuyén Todn — Tin Ha Néi Chu védn An va
Ha Néi Amsterdam ndm hoc 2005 - 2006)

Bdi 6. Cho mdt ludi vudng kich thudc 5 x 5. Ngudi ta dién vho mdi 6 clia
lu6i mot trong cdcs6 —1;0; 1. Xét tc‘?ng clia cdc s8 dugc tinh theo tirng
cOt, theo titng hang va theo tirng dudng chéo. Chitng minh riing trong tat
cd cdc tdng d6 ludn tdn tai hai tdng 6 gid tri bing nhau.

(Trich dé thi vao 16p 10 THPT Chuyén Ha Nogi Chu vin An va Ha N§I
Amsterdam ndm hoc 2007 — 2008)

Huéng dan giai
Pit AB = AD =a. _4
, A E B
Goi EF va HK la hai tryc d6i xing

ctia hinh vudng ABCD (EF // AD, M —] I
HK //AB) GL—7 | Q

Gid si mot doan thing cdt cic H K
doan AD, BC, EF lan lugt tai G, J, N

M sao cho

Scrcs = 2Sanic. b F C
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Huéng din gidi
R& rang c6 tdt cd tdng (5 c6t, 5 hang, 2 dudng chéo).

Do chon di€én vao 6 cdc s6 ~1;0; 1 nén gid tri mdi tdng S 1 s nguyén
thda man ~5<S8<5.

Vay S ¢6 thé nhan 11 gid tri.

Theo nguyén i Dirichlet tén tai hai tdng ¢6 gi4 tri bing nhau.

Bdi 7. Ching minh riing ludn tdn tai mét s ¢ dang 20022002..2002, ma s8
chia hét cho 2003.

(Trich dé thi vao l6p 10 THPT Chuyén Todn — Tin, DH Vinh ndm hoc 2002
—2003)

Hudng dan gidi
Ta xét 2004 56 dang: a, = 20022002..2002, gém n s 2002 viét lién ti€p
bén nhau, v8i 1<n <2004 .
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Theo nguyén li Dirichlet, tdn tai hai $0 a,, a, ma hiéu a, — a, chia hét cho
2003, vGi 1 €<k <2004 .
Ta o ay — a, = 10%.a, _,

Ma 10" va 2003 1a s& nguyén t8 cling nhau nén nén a, , chia hét cho
2003 (dpem).

Bai 8. Cho X 12 mdt tdp hop gdm 700 s6 nguyén duong khdc nhau, mbi s&
khong 18n hon 2006, Chitng minh riing trong tip hdp X ludn tim ra dude
hai phdn tf X, y sao cho x — y thudc tip hdp E={3;6;9}.

(Trich dé thi vao ldp 10 THPT Chuyén Todn — Tin, PHSP, Ha Noi ndm
hoc¢ 2006 — 2007)

Xét A = {1, 2. 3,....20063“‘”}. Véimoi xe A thi 1<29x <2006

X€t 2006 tap hop [152)5(253);[3:4):..2[2005; 2006) : {2006} mi co
(61 2007 s& thude 2006 tap trén, theo nguyén 1i Dirichlet, thi tdn tai it
nhd't hai s§ thude ciing mot tip hgp. Goi hai s§ d6 1a x. y. khi dé ta
¢6: 0< 3“%/;—3”“\7/;‘<1 (dpcm)

Hudng dan giai
Gid str 700 8 nguyén duong théa min dé baild a; < a; <.< ane
Xét cac @p hop sau: A={a;. a,...,a,,]:B={a, +6,a,+6,...,a,,+6} va
C={a,+9 0, + 9,45 + 9}
Ta ¢ hgp cda ba tip hgp A, B, C gdm 2100 phin t&f, m&i phidn tif khong

vigt qud 2006 + 9 = 2015, Theo nguyén tdc Dirichlet thi ¢6 hai phan u¥
biing nhau.

Vi A, B, C 14 tdp hgp cdc phin t ddi mot khdc nhau nén ¢6 cdc trudng

hgp sau:

- Trudng hgp 1: hodc ¢6 hai phin tif cda A va B biing nhau do d6 tdn [dl
X, ydé x—y=6.

- Truding hgp 2: hodc ¢6 hai phan tf cia B va C biing nhau, do dé tdn tai
X, ydé x—y=3.

- Trudng hgp 3: hoidc ¢6 hai phin tif clia A va C biing nhau, do d6 tdn tai
X,ydé x-y=9.

BGi 10. Cho 33 di€m niim trong hinh vudng ¢6 do dai canh bling 4, trong dé

khong ¢6 ba di€m nao thing hang. Ngudi ta v& cdc dudng tron d6 ¢6 ban
kinh bing V2 va tim la cdc di€m da cho. Hdi ¢6 hay khong ba diém
trong cdc di€m di cho sao cho chiing déu thude phan chung cda ba hinh
tron ¢6 tdm ciing chinh 13 ba di€m d6? Vi sao?

(Trich dé thi vao ldp 10 THPT Chuvén Todn Phan Béi Chdu, Nghé An
ndm hoc 2008 - 2009)

Bai 9. Ching minh riing trong 2007 s6 kKhdc nhau thy ¥ 14y tif tip hop
A={1,2,3,.,2006""}, c6 it nhit hai s§ x, y thdéa man

0< ll()l)? X

2007, yl<1

(Trich dé thi vao {ép 10 THPT Chuyén Todn — Tin Ha NGi Chu vin An va

Ha Noi Amsterdam ndm hoc 2006 — 2007)

Huéng dan gidi
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Huéng dan giai
Chia hinh vu6ng di cho thanh 16 hinh vuéng don vi ¢6 cdc canh song
song vdi cdc canh hinh vudng di cho va ¢6 d6 dai bing 1.
Vi 33 > 16.2 nén theo nguyén li Dirichlet, thi t5n tai it nhat 3 di€m ndm
trong hodc trén canh cda mot hinh vudng don vi.
Gid st d6 12 ba di€m A, B, C & trong hodc nim trén canh cla hinh vudng
don vi MNPQ.
Khi d6 ta ¢6 MN =+/2 va vdi moi diém E thudc hinh vudng MNPQ thi
V2 =MP > AE. Do d6 hinh tron tim A, bdn kinh v2 phi toan b hinh
vudng MNPQ.

Twong ty, cdc hinh tron tim B, ban kinh +2 va derng tron tdm C, bdn
kinh /2 2 phti todn b6 hinh vuéng MNPQ.

~ Viy ba hinh tron ¢é tAm A, B, C va ¢6 cfmg ban kinh +/2 déu chdta hinh

vudng MNPQ nén ba diém A, B, C nim trong phin chung ciia ba hinh
tron trén.

Ok
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A. KIEN THUC VA Ki NANG CAN NAM VONG

Nguyén tic cuc han 1a nguyén tic st dung phén ti i6n nhat hay nhd nhat

cfia mot tap hop clia cdc 3 thyc d€ gidi todn.

M6t s6 dp dung:

- NEu ¢6 n s6 ¢6 téng biing S, thi ludn tn tai mot s6 18n hon hodc bing
S . ,

C L xS
Z va mdt s& nhd hon hodc bang —.
n n

- C6 n doan thing trén mit phing, khi d6 luén tdn tai mot doan 6 4o dai
16n nhéat va mot doan ¢6 d6 dai nhd nhat.

> B. BAI TAP

Bdi 1. Chitng minh riing 4 hinh trdn dudng kinh 1a 4 canh clia mdt tif gidc thi
phii kin mién uf gidc ABCD.

Hudng dan gidi
Goi M 12 mot di€m bat ki bén trong tf gidc ABCD.
Ta ¢6: AMB+BMC + CMD+DMA =360° Vi géc 16n nhélt trong 4 géc
trén khong nhd hon
90" nén khong mat
tinh tOng quét, gid s
g6¢ BMC 16n nhdlt.
Hay BMC < 90"
Suy ra M ndm trong
dudng tron  dudng
kinh BC.

B } t C

Vi s6 ngudi quen trong ddi béng 13 hitu han nén c6 thé tim dudc mot clu
thi A ¢6 s& ngudi quen nhiéu nhat.

Gid st A quen By, Bs, ..., By va B; quen n; ngudi.

Theo dé, thi hai cdu thii ¢ cling s6 lugng ngudi quen thi khéng c6 ngudi
guen chung nén ny, ny, ..., ng d6i mdt khdc nhau.

Céc s6 1y, Ny, ..., N d6i mot khéc nhau va chi nhdn gid ti trong khoédng tir
1 d&€n k nén tdn tai n; = 1. Do d6 trong ddi béng ¢6 cdu thi chi quen ding
mdt ngudi.

Bai 3. Cho dudng tron (O) ¢6 ban kinh bing 1. Gid st Ay, Az, .., Agla 8 diém
bat ki nim trong hinh tron (k€ c4 trén bién). Chitng minh riing trong cdc
diém da cho ludn tdn tai hai diém ma khodng cdch gitra chiing nhd hon 1.

Huéng din giai
Nhan xét ring ludn tdn tai 7 diém khéng triing tim, c6 thé gid sit 7 diém
déla Ay, A, ..., A
N&i diém O v6i cdc di€m trén, ta thdy ludn tdn tai hai diém A,, A; sao cho

. 0
AOA, <%

<60° (1<1,j<7,i#})

Xét tam gidc AjOA; c6 A,0A, <60 = A,A, nhd hon gid trj I6n nhil cla
AOva AOnén AA <I1.

Bai 4. Trén mit phiing ké 1992 dudng thing sao cho khéng c6 ba duding nao
déng quy. Tam gidc tao bdi ba duding thing trong s& cdc dudng thing da
cho goi 1a “tam gidc xanh” bdi néu né khdng bi dudng thing nio trong s&
cdc dudng thing con lai cit. -

a) Ching minh ring s6 tam gidc xanh khong it hon 664.

b) Chitng minh riing s tam gidc xanh khong it hon 1328.

Bai 2. Trong mot ddi béng dd mdi thanh 1dp co it nhé't hai cdu thi quen
nhau. Bi€t ring n€u hai cdu thd c6 cing mot s lugng ngudi quen thi
khong ¢6 ngudi quen chung. Chitng minh riing trong ddi béng cb cdu thd
chi quen ddng mot ngudi.

Huéng dan gidi
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Huéng dén giai
a) Liy dudng thing d
bat ki.
Xét cac giao diém cia
cdc dudng thing khac d.
Tn tai mot giao diém c6
khodng cach d&€n d nhd
nhit, d6 chinh & dinh
ctia mot tam gidc xanh,
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Do d6 tng v6i mbi dudng thdng ta c6 mdt tam gidc xanh va ttng véi 1992
dudng thing ta ¢6 1992 tam gidc xanh. M3i tam gidc xanh trong s& d6

dugc tinh nhiéu nh4t 3 ldn.

Suy ra ¢6 it nhat 1992

=664 tam gidc xanh khic nhau.

b) Tir cau a), ta c6 n&u vé hai phia cia d d&u ¢ cic giao diém cia cac dudng -
thiing khéc thi dng v4i d ¢6 it nhat hai tam gidc xanh v& hai phia. Ta cin
chitng minh ¢6 nhiéu nhét hai dudng théng ma tat ca céc giao diém cla cac

duding thing khdc niim vé cling mdt phia so véi dudng thiing d6.

That vay, gid st ¢6 d), ds, d; duding thing nhur thé. Goi My, M), M; 1a giao -
di€m cda dy v6i dy, dy va ds. Gid sit M, ndim & gitta M, va M;, khi d6 M, -

vd Mj niim & hai phia d; (v6 1)

Suy ra ng véi 1992 dudng thing d thi ¢6 it nhat 1990.2 + 2 = 3892 tam =

gidc xanh. M3i tam gidc xanh dugc tinh nhiéu nhat 3 14n.

Viy ¢ it nhat 3892

=1328 tam gidc xanh khdc nhau.

Bdi 5. Liy 4 diém & mién trong mot tf gidc d€ cing 4 dinh ta duge 8 diém,
trong d6 khdng c6 3 di€m nao thng hang. Bi€t dién tich cla t& gidc 13 1,
chitng minh riing ton tai mot tam gide ¢6 3 dinh 14y tir 8 di€m di cho ¢6

dién tich khong vugt qua Ilﬁ

T8ng quit héa bai todn cho n gidc 16i va n di€m & mién trong cta da gidce d6.
(Trich dé thi vao I6p 10 THPT Chuyén Todn — Tin Ha Néi Chu van An va
Ha Ngi Amsterdam ndm hoc 2003 — 2004)

Huéng din giai
N&i cdc di€ém tao thanh cdc tam gidc d6i mdt chi chung nhiu nhit mot
canh, phi kin t& gidc. Tdng cdc gbéc trong clia tam gidc bing tdng trong
clia ti gidc cong v6i 4 14n 360° nén bliing 360" + 4.360" = 10.180".

Vay ¢6 10 tam gidc ma tSng dién tich bing 1 nén tdn tai tam gidc ¢6 dién

tich khdng vugt qué -1—16

T6ng qudt:
@ mién trong da gidc 16i n — canh (n>3) ¢6 dién tich biing 1 14y n diém,
trong d6 khong ¢é 3 di€m nao thing hiang. Khi d6 t3n tai mot tam gidc ¢

3 dinh 18y tir 2n dinh di cho ¢6 dién tich khdng vugt qud

In-2'
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> BAI TAP

B&i 1. C6 10 ngudi dy hop. Mdi ngudi quen it nhit 12 5 ngudi khdc. Ching
td riing, n&u cin sdp xEp 4 ngudi vio mdt ban tron 4 chd ngdi thi ¢o the
sfp x&p sao cho ngudi ndo ciing ngdi gilta hai ngudi quen cla minh.

Huéng dan giai
Né&u ¢4 10 ngudi déu quen nhau thi sip x&€p nhu th€ ndo ciing phlt hgp véi
yéu cdu bai todn,
Gia sif c6 hai ngudi A va B khong quen nhau. Trong s& 8 ngudi con lai, A
quen it nhat 1a 5 ngudi va B quen it nhat 12 S ngudii, do d6 A va B phdi quen
chung vdi 2 ngudsi, ching han 1 C va D.

Khi d6 ta-cé cdch sdp x€p nhu sau:
- A va B ngdi d6i dién nhau.

- C va D ngbi d6i dién nhau.

Bai 2. Hai ngudi chdi ¢d, mdi van ngudi thing duge 2 di€m, ngudi thua duge
0 di€m va n&u hoa thi m3i ngudi duge 1 diém. Hdi sau mdt s6 vén c6 thé
x4y ra trudng hgp mot ngudi duge 10 di€m va mot ngudi duge 15 diém
dugc khong?

Huéng dan gidi
Goi S(n) 1a t8ng s diém ma cd hai dat dudc sau n védn.
Vi mdi vdn 8ng s6 diém ctia hai ngudi ludn bing 2 nén S(n) 1a mot 6
chin vdi moi n.
Do d6 khong thé xay ra trudng hop mot ngudi duge 10 di€m va ngudi con
lai dugc 15 diém.

Baii 3. C6 6 ddi bong thi diu vdi nhau (mdi ddi phai thi ddu 1 trdn v6i 5 ddi
khdc). Ching minh riing bt ¢ lic ndo cling ¢6 3 ddi trong d6 tirng cdp
da dau v6i nhau rdi hodc chua ddu véi nhau trdn ndo?

Huéng dan gidi
Gia st 6 dél 1a A], Az, A3, A4, A5 va A(,.
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Xét ddi A, theo nguyén tdc Dirichlet thi A, phéi ddu hodc khong dadu
v6i it nhat 3 d6i khdc. Khong m4t tinh tdng qudt, gid st A; ddu véi A,,
A3 va A4.

Né&u A,, As, A4 tiing cip chua ddu vdi nhau thi ta ¢ diéu phai chitng minh.
NEu A,, Az, Ag c6 hai ddi ddu v6i nhau, gid st A, va A thi 3 doi A, A,
As tirng cip di ddu vdi nhau.

Viy bat cf lic nao ciing c6 3 doi trong d6 titng cap da ddu véi nhau roi
hoic chua ddu véi nhau trin nao.

Bdi 4. Trén mit phing cho 6 di€m sao cho vdi ba diém bét ki trong chiing 1a
dinh ca mot tam gidc khong cin. Xét tdt cd cdc tam gidc c6 ba dinh 1a 3
diém trong 6 di€m nay. Ching minh ring tOn tai mét canh ma né 1a canh
bé nhat clia mot tam gidc ddng thdi lai 13 canh 16n nhat cla mot tam gidc
khdc trong s6 cdc tam gidc dang xét.

Hudng dan gidi
Gi3 st 6 di€m trén mit phing 1a: Ay, Ay, ..., As.
V6i mbi tam gidc AiA;Ax ta t6 mau dd canh nhd nhat clia tam gidc.
Ta cin chitng minh t3n tai mdt tam gidc ¢6 cd 3 canh déu 1a mau dé. Khi
dé canh 16n nhét cia tam gidc théa man y&u cdu bai todn.

Trong nim doan A1Ay, AzAs, .., AjAs néu cé 3 doan mau dd. Chfmg han
A A, AA;, AjA4 Khi do6 két hdp véi tam gidc AjA3A4 ¢6 canh mau do,
chang han AsA,, ta dugc tam gidc AjAzAx ¢4 3 canh mau do.

Né&u trong nim doan thdng trén khong c6 t6i 3 doan mau d6 suy ra c6 3
- doan chua dudc td mau, chang han AjA;, AzA,, AjAs.

Khi d6 tam gidc AsA3A4 ¢6 ¢d 3 canh mau do.

Sau khi gidi ddu k&t thic, s6 van ¢& da thi ddu gita 4 ky thii x&p cudi

cing la ;Lg- =6

Sau mdi vdn t8ng s di€m clia hai ky thi nhan dude 12 1. Goi S 1a tdng s&
di€m cia 4 k¥ thi cudi ciing 1a S, ta ¢6 S khong it hdn 6. N€u S26,5 thi
s diém cta ky thi x&p thit haila $26,5.

Do 8 ky thi dugc cdc s6 diém khadc nhau nén ky thd x&p thit nhit ¢ s
di€m khong it hon S+0,52 7.

Do ky thi x&p thit nhat ddu 7 trin nén di€u nay xdy ra khi S + 0,5 =7 hay
S =6.,5 va k¥ thi x&p thit nhat thing cd 7 vdn. Suy ra ky thi x€p thit hai
thing khong qué 6 vén va ¢ 6 diém (vo livi6 < S).

Vay S = 6. Khi d6 cdc k¥ thi x&p tif ndm dé&n tdm chi danh dugc diém khi
thi ddu vdi nhau, ngoai ra thua tdt ci cdc k¥ thé khdc. Do vay ky thi x€p

tht tr da thdng k¥ thi x&p thit nam trong tran ddi ddu tryc tiép.

Bdi 5. Trong mdt gidi c& vua ¢6 8 ky thii tham gia, thi ddu vong trdn mdt

s .2 N 1 -2 .2 RS
lugt, thing dugce 1 diém, hoa dugc > di€m, thua dugc O diém. Biét ring
sau khi tdt c& cdc trAn ddu k&t thic thi cd 8 ky thi nhin dudc s6 di€m
khéc nhau va k¥ thi ¢6 s6 di€m tht hai bing tdng s6 diém clia 4 k¥ thi
x€p cudi ciing. Héi vdn diu giita k¥ thit x&p thit tr va k¥ thi x€p thd nim
d4 két thiic va k&t qud nhu thé ndo?

(Trich dé thi vao lop 10 PTNK Ban AB, PHQG TPHCM nim hoc 2001 — 2002)

Bai 6. Trong mot gidi béng dd c6 N doi tham gia thi ddu theo thé thirc vong

tron mot lugt (hai doi déu gdp nhau ding mdt 1dn) . Sau mdi trdn ddu, doi
thing duoc 3 diém, ddi thua khong duge diém nao, con néu trin ddu c6
k€&t qua hoa thi m&i ddi ciing duge mot diém. Cdc ddi x€p hang dya theo
téng diém. Trong trudng hgp mot s& d6i c6 tdng di€m bing nhau thi cdc
doi nay duge x&p hang theo cdc chi s§ phu. K&t thic gidi ngudi ta nhan
thdy riing khong c6 trin ddu nao k&t thic véi ti s6 hda; cdc doi x€p thit
nhat, nhi, ba ¢6 t8ng diém 1dn lugt 1a 15, 12, 12 va it cd cdc doi x€p ti€p
theo ¢6 tdng di€ém ddi mot khdc nhau.

a) Chitng minh riing N2> 7.

b) Tim N va t8ng di€m clia mdi doi tham gia gidi.

(Trich dé thi vao ldp 10 PTNK Chuyén Todn — Tin, DPHQG TP.HCM
ndm hoc 2002 — 2003)

Huéng dan gidi
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Hudng dan giai
a) Poi x&p thit nhd't duge 15 di€m nén dau it nhat vdi 5 dbi khac.
Dodo N25+1<>N26

NE&u N = 6 thi doi thit nhd't dat 15 diém nén ddi ndy th‘mgj ddi con lal,
do1 x&p thit nhi dat 12 di€m nén thang9 4 doi trir doi thit nhat. D1 x&p thir
ba thua doi xép tht nhdt va nhi nén s6 diém t01 da 12 3.3 =9 (vO 19).

Vay N 27 (dpcm).
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b) Cdc ddi con lai ¢6 s6 diém khong 1n hon 12,
Vi khéng ¢6 trin nao nén s6 di€m con lai 1a bbi cha 3.
S& diém con lai cé thé 12: 0, 3,6,9. 12,

Dodé N<5+3, viN27nénN=7:N=8§,
- N€u N = 8: ¢6 8 doi thi ddu nén s& tran dau la: 87_ 28 tran
5 3

Téng s diém cia § doi dat duoce 1a 28.3. 13 s3 chin.
ConO+3+6+12+151as818 (v 1i)
Vay N=8.

7.6
—— =21 trén
2

Tdng s6 di€ém clia 8 doi dat dugc 1a 21.3 = 63 diém.

-Néu N =7:¢6 7 d6i thi ddu nén s& trdn dau 1a:

T(";ng 58 diém cdcdficonlaila 63~ (12+124159=24=0+3+9+ 12

Chi ¢6 duy nhat cdch bi€u dién 24 thanh t8ng 4 s6 1a bodi ciia 3 va khdc
nhau nhu trén.

TSng 3 diém cita m&i doi con lai datduoc 13 2:3:9: 12.

Bdi 8. Trong mdt gidi béng dd c6 k doi tham gia, thi ddu vong tron mot hugt
(2 doi bat ky thi d&u vdi nhau ding mot trdn). Poi thing duge 3 diém, doi
hoa duge 1 diém va d6i thua khong duge diém. K& thic gidi, ngudi ta
nhén thdy ring s& trin thing — thua gip do6i s& tran hoa va éng s& diém
cdc ddila 176, Hay tim k.

(Trich dé thi vao ldp 10 PTNK Chuyén Todn — Tin, PHQG TPHCM
ndm hoc 2004 — 2005)

Bai 7. Cho mudi s6 nguyén dudng 1, 2, ..., 10. Sip x&p mudi s6 d6 mdt cdch
ty ¥ thanh mdt hang. Cong mudi s§ thit ty cla né trong hing, ta dude
mudi tong. Chitng minh ring mudi tng d6 tn tai it nhat hai tdng c6 chit
s6 tn cling gidng nhau.

(Trich dé thi vao 16p 10 THPT Chuyén PHKHTN, leQG Ha Néi
ndm hoc 2007 — 2008)

Hudng din gidi
Gid sit mudi s¢ da cho vi€t thanh mot hang 1a: ay, as..... a0,
Xétmuditdng: a; + 1, ar + 2., a;0 + 10,
Khidé:S=(a;+ 1)+ (az+2) + ..+ (a;p + 10)
Ggié sfr,IO t6ng rén khong ¢6 hai tng nao c6 tin cling gidng nhau. Lic dé,
tong tat cd cdc chir s6 tdn cling cla ching 14: 0+ 1 + 2 + .. + 9 = 45,
Suy ra chit 6 tn cing cla tdng S=(a, + 1) + (a2 + 2) +... + (ap+10)1a 5
Mitkhdc S = (a;+az+..+a;0) + (1 +2+ .. +10) = 110 ¢6 tan cling biing 0.

Viy dieu gid sif trén 12 sai, do d6 mudi tdng d6 ton tai it nhat hai (Gng ¢6
chif s6 tn clng gidng nhau.
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Huéng dan giai
Ta c6 sau mbi tran diu tdng s6 di€m hai d6i ¢6 duge 1a 3 néu 1a trin
thing — thua va 1a 2 néu 1a trdn hoa.
Vi s6 tran thdng — thua gdp d6i s6 trin hda nén tng s di€m trin thing —
thua gdp 3 l4n tong s6 di€m trdn hoa.

» f e . . .. 176 N
Do d6, ta cé tong s6 diém trdn hoa la: 5—-1 =44 trin
+

S& tran hoa la: % =22 trin

Tong 6 tran di ddu [a: 22 + 44 = 66 tréin

Mbi ddi dau véi (k — 1) trdn, d0i con lai ¢6 (k — 1) trén

Vi mbi doi ¢6 k(k — 1) trdn, mdi trdn ddu dugc tinh hai 1An nén s§ trin

k(k-1)
2

ddu co trin.

Ta c6: 5(—1(-211-)—=66:>k=12

Bai 9. Xét 81 chif s6, trong d6 ¢6 9 chit s6 1; 9 chif 50 2; ..; 9 chi s3 9. HOY

¢6 thé x&p duge hay khong tat ¢ cdc chit s6 nay thanh mot ddy sao cho
véi moik = 1, 2, ..., 9 trong mdi khodng giifa hai chit s6 k lién ti€p & trén
ddy ¢6 diing k chit s0.

(Trich dé thi vao lép 10 PTNK Chuyén Todn — Tin, PHQG TPHCM
ndm hoc 2005 — 2006)

Huéng dan giai
Gia st x&p dugc s§ di cho thanh diy theo ding yéu cau bai todn.
Vi ¢6 9 chit s6 9 nén khodng cdch giita hai chif 56 9 lién ti€p 1a 8.
Tir yéu cdu bai todn, ta ¢6 s3 chif 56 § gifta hai chit s6 9 ddu tién va cudi
cling (k€ tir trdi sang phdila) 9.8 =72
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Vic6 81 chif s6 nén cdc chit s§ dd cho déu niim gifta hai chi s6 9 ndy.

& mdi khodng giita hai chit s6 9 lién ti€p c6 nhidu nhat 12 mot chit s3 8 vi
néu c6 tir hai chif s6 8 trd 1&n thi gid sit trén sai. Do d6 trén ddy nay ¢6
nhidu nhat 12 8 chit s6 (v6 1i). Vay diéu gid st trén 1a sai.

Viy khong thé x&p dudc cdc chit s& di cho thanh mdt day, sao cho vdi
moi k = 1, 2,.., 9 ma trong mbi khodng giita hai chif 56 k lién ti€p & trén,
ddy c6 ding k chif s6.

Bd&i 10. C6 bao nhiéu phin s& t5i gidn M 16n hon 1 (m, n 1a s6 nguyén
n
duong) théa man m.n = 13860.

(Trich dé thi vao lb"p 10 THPT Chuyén Todn — Tin DHKHTN, DPHQG
Ha Néi ndm hoc 2005 — 2006)

Huéng dan giai
Ta cé: 13860 = 2.2.3.3.5.7.11
Vim.n = 13680 nén m phai 1 udc s& clia 13680, tic 1a tich s clia mot s§
nhin ti trong 7 nhin tf trén, cdn n 12 tich s6 clia cdc nhdn ti con lai.
N&u m ¢6 chita nhin ti¥ 2 (hodc 3) thi n6 phdi chita 2% (hodc 3%) vi ngudc
lai thi i:- khéng t5i gidn.
Do d6, néu ta ki hidu: a; = 2%, aé =3% ay=5,a,=7,as= 11 thi m 13 tich

clia mot s6 nhin tf trong cdc s8 a;, ag, as, a4, a5 cOn n 12 tich cdc nhin
con lai. Ta ¢ cédc trudng hgp sau:

- C6 6 phén 1 13 58 1, (mlu s6 14 13860)

- C6 5 phin tif ¢6 1t 56 12 mot trong 5 G ay, ay, .., as (miu s6 1a tich clia
b6n nhin tf con lai).

- C6 10 phin s8 ¢6 tl s8 1 tich clia hai nhén tl trong nim s& a;, ay, ..., as
(miu s8 1a tich ¢lia ba nhin tf con lai).

- C6 10 phin s8 c6 tif s6 1a tich ciia ba nhin tif trong nim s& ay, a,, ..., as
(mAu s6 12 tich clia hai nhén tf con lai).

- C6 5 phin s6 ¢6 tif s 1a tich cla ba nhin t& trong nim s8 a,, ay, ..., as
(miu s8 1a tich clia ba nhén tif con lai).

- C6 1 phn s8 ¢6 t s8 12 tich cia c& nim s6 trén (miu s6 1a 1)
RS : - R
Viy ¢6 phin s0 t01 gidn — thda mdn m.n = 13860 la:
n

1+5+10+10+5+1=32
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Céc phin s6 trén dugc chia thanh tirng cip nghich ddo cla nhau va khic

I nénphinsd l6nhonla 1la %%zlfu

(Bdi 11. K&t thic giai doan 1 clia mot gidi bong dd EURO (nghia la sau khi

mdi doi déu di d4 vdi mdi doi khdc cling bdng mot trdn), ngudi ta ¢o

nhén xét vé k&t qui bang Y (c6-4 d6i tham gia) nhu sau:

a) Téng s& diém cha c4 4 doi trong bang Y 1a 16 (sau mdi tran, doi thing
dudc 3 diém, doi hoa duge 1 diém, doi thua khong duge diém nao).

b) Doi nha't bang 13 doi duy nht dude 6 diém.

Hobi két qué tran ddu (thdng, hoa, thua) gifta doi nhi bang va doi cudi

bing? Bi&t rling ngdi thit hai cla doi ¢6 s6 di€m bliing nhau dugc quyét

dinh theo hidu s ban thdng tri s6 ban thua. N€u hiéu s6 nay ciing bing

nhau thi theo s& ban thing va n€u vin khong xong thl boc thim.

(Trich dé thi vao i6p 10 THPT Chuyén Todn, Ha Tay ndm hoc 2004 — 2005)

Hudng dan gidi
Goi d6i nhit bang 12 A, 3 ddi con lai 1a nhém hai.
P6i A dau 3 trdn vSi 3 doi nhém hai. S§ di€ém ma doéi A thu dudc trong
mdt trin 12 mot trong cdc s6 05 1; 3. Téng s8 di€m cta ba trin ddu 12 d6
d6i A dugc 6 di€m. Do d6 chi ¢6 thé 1a 3 + 3 + 0 = 6. Vay doi A thing 2
trin va thua 1 trdn.
Goi B 1a doi thing do6i A. ‘
Tng s6 diém ma cdc ddi nhém hai 1a: 16 — 6 = 10. Doi B dugce 3 di€m tir
tran thing déi A. Do d6, trong cdc trin ddu vdi nhau, t8ng s8 diém nhém
hai'la 7 diém.
Do s8 diém trong m&i tran ddu chi 1a mot trong hai s8 1a 3 hodc 2. Mat
khdc 3 d5i nhom hai d&4u v6i nhau trdn nén s di€m cda 3 trén 1a ba s6 o
nhién x, y, z v&i
x +y+z=7.Dodé chicé thé c6 2 trin hoz, 1 trin thing.

P6i B khong thé thing, vi néu thing doi B sé ¢6 s diém 16n hon hodc
bing 6 (vo li vi s§ di€ém cla doi B nhd hon 6). Do dé do6i A la doi duy
nhat duge 6 diém va s6 di€m clia doi B nhd hon hodc bing s diém cla
4oi A.

Viy xdy ra hai trudong hgp sauw:




- Truong hgp 1: D61 B hoa hai trin vdi 2 doi nhém hai. Khi d6 déiB o S
di€m va hai doi con lai ¢6 & di€m 16n hon hodc bing 1. Ma ng s
di€m clia hai d6i d6 1a 5 nén khéng doi nao ¢6 s& di€m 13n hon 4, do d6

doi B nhi bdng. Vay tran dau gilta d0i nhi bang va ddi x&p cudi bdng co
két qui hoa.

- Truong hgp 2: D61 B hda mdt trdn va thua mét tridn, do d6 d6i B
dugce 4 di€m. Goi C 1a d6i thing doi B. Khi d6 hai trdn con laico két
qud hoa, do dé doi C dugce 4 diém. Doi con lai dugc’ 16 — 6 — 4 - 4 =

2 diém. Viy néu d6i C hoic doi B x€p nhi bdng va doi x€p cudi
bdng vdn c6 k&t qui hoa.

Bdi 13. Cho 2001 déng tién, mdi ddng tién dudc son mdt mat bing mau db

vi mit kia bing mau xanh. X&p 2001 déng tién d6 theo mot dudng trdn
sao cho it ¢4 cdc ddng tién déu ¢ mit xanh ngira 1&n phia twrén. Cho
phép mbi lin ddi mat ddng thdi 5 ddng tién lién Lié'g) canh nhuu.’ H(’?‘i V{ﬁ
cdch lam nhu thé, sau mdt s§ hitu han 14n ta ¢é thé 1am cho (41 cd cdc
ddng tién déu c6 mit dd nga 1én phia trén duge hay khéng? Tai sao?
(Trich dé thi vao lép 10 THPT Chuyén Todn — Tin PHKHTN, PHQG
Ha Néi ndm hoc 2001 - 2002)

Bai 12. Trén mit phing cho 6 di€m sao cho kh()ng ¢6 3 diém nao thang,
hang va khodng cdch gitta cdc cip di€m 1a cdc s6 khdc nhau. Ta ndi mbi
cdp diém bdi mot doan thing. Chitng minh ring trong cdc doan théng thu
duge c6 mot doan thing 13 canh bé nhit cia mdt tam gide ¢6 3 dinh 13 3
trong 6 diém da cho ddng thdi 1a canh I6n nhat cda mdt tam gidc khdc
cling ¢6 3 dinh 12 3 trong 56 6 diém da cho.

(Trich dé thi vao lép 10 THPT Chuyén Todn — Tin PHKHTN, PHQG
Ha Ni ndm hoc 2000 — 2001)

Hudng dan gidi
Trong 58 6 diém A, B, C, D, E, F. N6i mdi diém véi 5 diém con lai ta
dugc 5 doan thing. T6 mau cdc canh clia tam gidc bing hai mau xanh

va d6 trong d6 canh bé nhit 1a mau dd, hai mau con lai 1a mau xanh.
Nhw vdy bi't ki tam gidc nao ciing phdi ¢6 mot canh mau dé (*).

Xét A la mot diém bdt ki trong s6 6 diém. Cé 5 doan thing chung diu

miit A ma chi ¢6 hai mau nén it nhit ¢6 ba doan thdng ciing mau. C6 hai
trudng hop sau:

- Truong hgp I: C6 3 doan thing mau dd, chéng han AB, AC, AE mau
dé. Né&u ¢4 ba doan BC, BE, CE déu la miu xanh thi tam gidc BCE
c6 3 canh déu mau xanh, trdi v8i (¥). Do dé it nhat I trong 3 canh

BC, BE, CE phdi ¢6 mau d3. Vay phdi c¢6 it nhat mot tam gidc ¢S ba
canh mau d4.

- Truomg hgp 2: C6 3 doan thing mau xanh, ching han AB, AC, AE
mau xanh ¢6 mét canh mau dd ma AB, AC mau xanh nén BC miu

dé. Tuong ty BE, CE ¢6 mau déd. Viy tam gidc BCE c6 3 canh cling
mau dé.

Tém lai ludn tdn tai mot tam gidc ¢6 3 canh mau dd.
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Huéng dan giai

, 2001

- LAn 1: LAt tAl ¢4 cdc ddng tién c6 ki hidu tir 1 d&€n 2000, bdt lai dong
tién ¢6 ki hiéu 2001.

- LAn 2: Lat t4t ¢d cdc ddng tién c6 ki hidéu 2001, 1
ddng tién c6 ki higu 2000.

Ta l4n lugt ddnh s8 thit ty cdc ddng tién bdi cdc s6: 1, 2, ..

. 1999, bat lai

- LAn 3: LAt t4t ¢4 cdc ddng tién c6 ki hiéu 2000, 2001, 1, 2, .., 1998, bét
lai ddng tién c6 ki hiéu 1999.

- LAn 4: LAt t4t cd cdc ddng tién ¢6 ki hieu 1998, 2000, 2001, 1, 2, ..,
1997, bdt lai ddng tién ¢6 ki hiéu 1998.

-LAn 5: Lat tat cd cdc ddng tién c6 ki hidu 1998, 1999, 1, 2, ...,
lai déng tién c6 ki hidu 1997.

1996, bdt

Sau 5 14n 14t nhu thé, ta ¢6 bdng ddi mau cla cdc ddng tién nhu sau:

Lin | 1994 | 1995 | 1996 | 1997 | 1998 { 1999 | 2000 | 2001 | |2 [3 |4 gfc

i ong

. tién
khdc

Lin | D f)“ 5] b B b 5] 5] piDIDB|DIP

1

Lin | X X X X X X 5] b XXX | XX

2

Lin | B b b b X X X 5] Db BB |bB|D

3

Lian | X X X X b b b b XIX|X|X|X

4

Lin | b b b X X X X X b|P|b D. 2

5
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Nhu vidy mdi 14n 14t ding 2000 ddng tién 1ién nhau biing 400 lan 14t 5
ddng tién canh nhau. Sau 5 14n 14t trén, cdn lai 5 ddng tién lién ti€p canh
nhau c6 mau xanh, da mat 2000 I4n I4t.

~Trong ldn thit 2001 chi 13t xong 5 ddng tién mau xanh lién ti€p canh nhau
thi tit cd cdc ddng tién c6 mit dé ngita 1én phia trén.

Bdi 14. Tim s8 ty nhién nhd nhét bdt ddu tir chit s& 1 sao cho néu chuyén 1
xudng vi tri cudi cling thi s& di cho ting 1én ba 1an.

(Trich dé thi vao ldp 10 THPT Chuyén Todn, Tién Giang ndm hoc
2008 ~.2009)

Huéng dan giai
GoisScintimla A=laga,..a_
Pit B=aa,.a,

Tacé: A=1B
Theo dé bai, ta c6: 1B=3.1B

Suy ra: 10B+1=3(10" + B) =B =201

Thit véin = 5, ta duge B = 42857
Khi d6 s6 bé nhd't cAn tim 1a: A = 142857

- Né€u A thdng y trn, hdoa 1 trtdn va thua 8 — y trtdn v8iy = 1,2 3, .., 8
nén s diém A c6 thé dat dugc 1a 1,4, 7, ..., 22, 25.

- N€u A thing z trin, hda 2 trdin va thua 7 — z trdin v6iz =0, 1, 2, ... 7 thi
s6 diém A c6 thé datduge 12 2, 5, 8, ..., 20, 23.

b) Vi A xép thit nhi nén A khéng thé thing c 9 trin.

Viy s6 diém A 16 da 12 25 diém (thing tit ca cdc doi con lai va hoa doi
x€p thit nhal).

S6 diém cla A khong nhd hon s6 di€m ciia 8 ddi con lai.
N . ar x c o a2 9.8 - o
P61 A va 8 dbi con lai thi ddu ca thdy »2— =36 trin. S6 di€ém it nhit cia

9 ddi nay dat dugc 1a 2.36 = 72 diém

¢ 4: R . s ans . 12 o
S6 diém it nhat ma doi A dat dudc la o> =8 diém
Diéu nay xdy ra khi ddi x&p nhét bang thing ¢4 9 doi con lai déu hda nhau.
Vay s6 diém 161 da ma d6i A dat dudc 13 25 diém va s§ diém t8i thiéu
ma d6i A dat dugc 13 8 diém.

Bai 15. Trong mot gidi béng dd cé 10 doi bong thi ddu vong trdon mot lyot.
Trong mdi trin, doi thing dudc 3 di€m, ddi hoa dude 1 diém va do6i thua
khéng c6 di€m. Cdc ddi c6 cling s6 di€m sé duoe x&p hang theo cdc chi
& phu nio d6.

a) Goi A 12 mdt doi béng tham du gidi, hdi d6i béng A ¢ thé dat nhitng
diém s6 nao.

b) Gia st d6i béng A x&p thit nhi khi k&t thic gidi Tim s6 di€m t8i da va
s6 diém t81 thi€u ma ddi béng A c6 thé dat dudc.

(Trich dé thi vao ldp 10 PTNK Ban AB, PHQG. TPHCM ndm hoc
2000 - 2001)

Bdi 16. Trén mit ban c¢6 2005 ddng xu kich thudc bing nhau, mdi dong xu

¢6 hai mit: mot mit mau xanh, mot mit mau dd, tit cd cdc ddng xu déu
nglta mit xanh 1én trén. Thuc hién trd choi sau ddy: mdi lugt choi phéi
d6i miat bén ddng xu nao d6 trén mat ban. H3i sau 2006 lugt chdi ¢6 thé
nhin dugc tdt cd 2005 déng xu trén mit ban déu nglta mit dé 1én trén
hay khong? Giai thich tai sao?

(Trich dé thi vao l6p 10 THPT Chuyén Todn — Tin, DHSP Ha N§i ndm hoc
2005 - 2006) .

Hudng dan giai
a) Theo dé bai thi s6 di€m ctia doi béng A 1a mot s6 ty nhién.
Vidoi A ddu 9 tran:

-NEu A thing x trin vithua 9 — x trAn v8ix =0, 1, 2, .., 9 thi 6 diém A
cé thé datduge 12 0,3, 6,9, ..., 24, 27.
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Huéng dan giai v
LAn thit nhdt c6 4 déng xu mau xanh thanh d6. Do d6 sau 1dn thit nhit c6
2001 dong xu mau xanh va 4 ddng xu mau dd ngifta mit 1én trén.
Gid st trong 1an 14t th hai ¢6 x, ddng xu mau xanh thanh mau d3d, do d6
€ ¢6 (4 — x,) ddng xu mau dd thanh xanh (0 < x, <4).
S& ddng xu c6 mau xanh ngita 1én phia trén 1a:
(2000 — x1) + (4 - X;) = 2005 - 2x,
C4 nhv thé sau bao nhiéu 14n di nita thi s ddng xu c6 mit mau xanh
ngita 1&n phia trén ludn 1a s6 1&.

Viy sau 2006 1dn chdi khéng thé nhan duge 2005 ddng xu c¢6 mit mau dé
ngira 1&n phia trén.
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Bai 17. Mot 1dp hoc ¢6 N hoc sinh (N nguyén duong, khong ¢ hai hoc

sinh nao ¢6 cling chiéu cao) da duge sip x€p thainh mot hang doc ngiu
nhién. BE sip x&p lai hang, mdi 1in thdy gido chi ¢6 thé ddi chd cho
hai ban bat ki ditng sdt nhau. Khong gidi han s 14n ddi chd, hoi thiy
gido ¢6 thé sdp x€p tap thé 16p thinh mot hang doc 1in tudt Uir ngudi
th&p dé€n ngudsi cao nha't hay khéng? Giai thich?

(Trich dé thi vao ldp 10 THPT Chuyén Tin, Ha Tdy ndm hoc 2007 — 2008)

Bai 19. Ching minh riing tir 8 s§ nguyén dudng tiy ¥ khong 16n hon 2().‘

lu6n chon dude ba s6 x, y, z 1 dd dai ba canh cha mot tam gidc.

(Trich dé thi vao 16p 10 PTNK Ban AB, PHQG TPHCM ném hoc 2004 2005)

Hudng dan giai
Goi X, 14 ban hoc sinh cao nhdt 16p va X, § vi tri thit k (0<k <n)
- Néu k = 1 thi giif nguyén vi tri cia X,.
- N€u k > 1 thi d8i chd X, cho ban hoc sinh 8 vj tri k — 1, lai d8i chd ti&p
cho banthitk - 2, ..., cho d&n khi X, & vi tri thit 1, h&t k — 1 14n d8i ché.

Cit nhu th€ d6i v6i ban hoc sinh cao thit hai, thd ba, ..., thit n ciia 16p ta
duge cdch sip x€p theo yéu cdu clia bai todn.

Cau 18. Cho A 12 tip hdp gbm 6 phan ¥ bat ki cha tip hdp
{0:1;2;...;14}. Chiing minh riing t6n tai hai tdp hop con B, va B, clia
tdp hgp A (B,, B, khdc nhau va khac rdng) sao cho tdng tit ci cdc phin
tl céia tdp hgp B, biing tdng (41 cd cdc phin t& clia tip hop B,.

(Trich dé thi vao lop 10 THPT Chuyén Ha Noi Chu vin An va Ha Noi
Amsterdam ndm hoc 2008 - 2009)

Huéng din gidi
Xétcdc tdp con khong quéd 2 phin tf ciia A.

Gia st cdc t6ng clia cdc phin tif cia mdi tip con d6 déu khdc nhau. Do
d6 cdc phin tir ciia A déu khdc 0.

Gid s 6 phin tf 1a a; < a; < .< as. Khi d6 a, >1;a,#a, nén

a,22;a;#a ;a,#a, va a,#a,+a, nén a, 24,
Tudng to nhu trén, ta cé: a, 27,a,2 14,3, 222,
Volivia e{0;1;2;..;14}.

Vay trong cdc phin t dang xét, ¢6 it nhat hai tdp hgp c¢6 tdng cdc phin
t¥ biing nhau.
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Huéng dan gidi

Gid st 8 s8 nguyén duong thy y d& cho 1a a,, ax .. . ay vdl
1<a,<a,<..<a,<£20

Nhén xét ring vdi 3 s6 duong a, b, cthébamin azb>c vaib+c>athia,
b, ¢ 12 d6 dai ba canh clia mdt tam gidc. Do d6 n€u trong cdc sO ay, az, ..,
ag khong chon dugce 3 8 1a do dai 3 canh clia mt tam gidc thi:

a 2a,+a, 21+1=2

a. za,+a,22+1=3

w 6 7

a,za;+a,23+2=35

a,2a, +as25+3=8

a,2a,+a,28+5=13

a,za,+a; 213+8=21

Piéu trén trdi v4i gid thiét.

Viy didu gid si tén 1a sai. Do d6 trong 8 sG nguyén trén d& cho ludn
chon dugc ba sd x, y, z 12 3 canh cla mot tam gidc.

1722 I
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@sn IH. HINH HOC

A. KIEN THGUC VA Ki NANG CAN NAM VONG

1. Hé thiic lugng trong tam gidce vudng

‘Cho tam gidc vudng ABC nhu h‘mh vE. Ta ¢6 cdc hé thifc sau:
e b’ =ab’

o ¢’ =ac’

o h’ =b'¢’

e ha=bc

- 1 1 1

R a
Pinh 1i Pitago: a> =b” +¢’

2. Ti s6 lugng gidc clia géc nhon

. b

® sinal=—
a

c

® COSQL=—
a

b

e fano. =—
c

c

® cota=—
b

Tinh chat:
.2 2
sin“o+cos =1

tanol.cota =1

na
tano =
cosal
1
—=1+tan’a
cCOos

——=1+cot’a
sinal

Mot sd ti 6 lugng gidc thudng gip:

$in30° = cos60° = —
sin45" =cos45" =

c0s30" =5sin60" =

cot60° = tan30° =

e BN RS

tan45" =cot45’ =1
cot30° = tan60° = /3

> B. BAI TAP

Bai 1. Cho tam gidc vudng APN vudng tai A, ¢6 duding cao AD. Trén nifa
mit phiing by AD khong chifa P vé hinh vuéng ABCD. Canh AN cit BC
tai M. Chitng minh ring:

a) BM = PD.

b) AAPM cén tai A.

c) ! == ! + ! .
AD’> AN’ AM’

Huéng dan gidi
a) Ta co: PAD =BAM (ctng phu véi. DAM )
ADP = ABM = 90"

AD = BC A B
Do d6: AAPD = AAMB '
Suy ra: BM =PD (dpcm) M
b) Tir AAPD = AAMB,, ta c6: \
AP = AM -

Viy AAPM cintaiA. P D C N
¢) Vi tam gidc APN vudng tai A, vdi dudng cac AD, ta ¢6+




I 1 ]
= b s
AD' AN’ AP’

Vi AP = AM nén A] = l + ! (dpcm)

2 o AMZ

D° AN

a) K& OH vuéng géc vdi CD. Chitng minh OC* HD = OD” HC.

o

‘ A EA
b) Ké KH vudng géc véi AB. Chitng minh HAﬁ _K

HBT KB EB’

B&i 2. Cho tam gidc ABC vudng cin tai A, dudng trung tuyén BM. Goi D 1a
hinh chi€u cia C trén BM, H 1a hinh chi€u cda D trén AC. Chiéng minh
ring AH = 3HD.

Huéng dan giai
D& thi'y AHCD ~ AABM (g - g) B
Ma AH = 2AM nén HC = 2HD.
Pit HD = x, khi d6 HC = 2x
Ta ¢6: DH* = HM.HC hay x* = HM.2x
Suy ra: HM = 0,5x ; MC = 2.5x ; AM =2.5x ; 00 \ H

AH = 3x \T\E/

Vay AH = 3HD , D

Bai 3. Cho tam gidc ABC vudng tai A ¢6 dudng phdn gidc trong géc A la
AD v6i DA = 1 vd DB = 3. Hdi dudng cao AA' chia canh BC theo ti s8 1a
" bao nhiéu?

Huéng dan gidi
DB _AB 1

Ta c¢6: = (tinh A
DC AC 3

chdt dudng phin giic trong

tam gidc)

Ap dung hé thitc Iuong vao trong -
tam gidc vudng ABC, ta ¢6:

AB’=AB'BC; AC°=AC'BC B A D C
AB’ A'BBC AB _AB |

=— — e
AC? AC'BC AC'  AC 9

B&i 4. Cho doan thing AB. Trén ciing mot na mit phing b3 1a dudng
thing AB, vé& tia Ax vubng géc vdi AB, vé tia By vudng géc vdi AB. Goi
O 1a trung diém ciia doan thing AB va C 13 mot diém thudc tia Ax. V& tia
Cz sao cho OCz = OCA , tia Cz ¢4t By tai D (AC < BD). Hai dudng thing
AB va CD cdt nhau tai E.

Hudng dan gidi
a) D& thdy AAOC = AHOC

Do d6: OA = OH va A K O B
AOC = COH 3 5

Suy ra OC 1a phin gidc cia C

AOH (1) X H

Tuong ty, ta ¢6: OD la phén D
gidc cia BOH (2) va AOH . R
1a g6c k& ba vdi BOH (3). )

T (1), (2) va (3) suy ra
OCLOD

Ap dung hé thitc lugng vao tam gidc vudng OCD, ta c6:

0OC’ CHCD _CH

oD’ DHCD DH

= OC?.DH = OD? HC (dpcm)

b) Ta ¢6: OA = OH nén AOAH la tam gidc cdn

Suy ra OC L AH tai P (vi OC la phan gidc chia AOC) = OPH =90"

Té gidc OPHQ c6 OPQ =OPH = OQH = 90" nén OPQH 1a hinh chif nhét
— AHB =90"

Ap dung hé thic lugng vao tam gidc vudng HAB, ta c¢é:
HA’ AK.AB AK

== (4)
HB? KB.AB KB(

KA HC AC EA
ViCA //KH// DB nén — B "Hb_BD_ ©B 5)

. N HA? KA EA
Tir (4) va (5), suy ra: HBZ _I-(‘}?j =—é—§ (dpcm)

12a

Bdi 5. Cho tam gidc ABC vudng ciin tai A, duding cao AH :——5—~ BC = 5a.

Hay tinh hai canh géc vudng theo a.
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Huéng dan giai
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PitAB=x; AC=y

Ap dung hé thic lugng
vao trong tam gidc vudng
ABC, ta co:

AB.AC = AH.BC

Hay xy = %E.Sa =12a° (1)

Ap dung dinh li Pitago vao

trong tam gidc vudng

ABC, ta c6:

B(:2 = AB2 + AC2

Hay 25a2 = x2 + y2 (2)

Tir (1) va (2), suy ra:
(x+y) =x*+2xy+y’ =25a" +24a’ = 49a’ {My =7a

=

(x~y)2:xz_zxy+y2:2532__24a2:a2 X-y=a

- x =4a ha [x=3a
y=3a y1y=4a

Viy hai canh géc vudng cla tam gidc vudéng ABC c6 do daila 4a va 3a.

~

b) Ap dung ti s6 luong gidc trong tam gidc vudng ABC, ta cé:

Lo _AC 43 3 AB 4 1
sinB=——r=—r=s— ; cosB=—=—=~—
BC 8 2 BC 8§ 2
tanB:égr—ﬁ:\/g;cotB:éE:i—:_}:
AB 4 AC 43 3
¢) Ta c6: sinB:%”%zﬁ:ﬁ()”

Mit khde: B+C =90° = C =90° - 60° =30°

Bdi 7. Khong diing mdy tinh, hay tinh gid tri ctia cdc biéu thic sau:
a) sin®10° +sin 20° + sin® 45" + sin® 70° + sin’ 80"
b) sin28" —cos62° +cot 45°
¢) tan38".tan 52°.tan 60"

Bai 6. Cho tam gidc ABC vudng cdn tai A, AH 1a dudng cao.
Cho BH = 2cm, HC = 6cm.

a) Tinh AB, AC.

b) Tinh sinB, cosB, tanB va cotB.

¢) Tinh BvaC.

Huéng dan giai
a)Tac6: BC=BH+HC=2+6=8cm
Ap dung hé thitc Iugng vao A
trong tam gidc vudng ABC,
ta c6:
AB? = BH.BC = 2.8 = 16cm
= AB=4cm

' Huéng din giai
a) sin?10” +sin? 20" +sin® 45° +sin? 70° +sin® 80"
= (sin2 10° +sin” 80° ) + (sin2 20° +sin® 70" ) +sin? 45"

= (sin2 10° +cos® 10° ) + (sin2 20" + cos? 20" ) +sin?45°

3 2+([_2,]2=§
2

2
b) sin28" —cos62° +cotd5’ = cos (9o° 28" ) —c0s62° +cot45°

= c0s62° —c0s62° +cot45” =cot 45" =1
¢) tan38".tan52" tan 60" = tan 38" cot (90” —~52° ) tan 60°

=tan38".cot38".tan60° =1.4/3 = /3

Bai 8. Chitng minh riing:
l-coso  sina
sina 1+cosa

. 5 . .
b) sin®+cosa SZ véi o 1a gée nhon.

AC? = HC.BC = 6.8 = 48cm
= AC = 43cm
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Huéng din gidi
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I —cos L . .. o N N . N ~
cose__sma Bai 10. Cho tam gidc vudng ABC vudng § A ¢6 AB < AC va trung tuyén

AM. ACB =0, AMB =B . Chitng minh riing: (sinoc+c050.)3 =1+sinf

1) Ta ¢é:

= 1—cos s = cin’
o 1+u)5(x<:>( cosa)(l+cosa)=sin" o

2 22
S l=Ccos  o=sin" o

(Trich dé thi vao 16p 10 THPT Chuyén Ha Noi Chu vin An va Ha Néi

—win? el p
e l=sin" o +cos” o (ding) Amsterdam ndm hoc 2004 — 2005)

Viy 1—_6()“1 L (dpcm) Huéng dan gidi

sima I+cosa Ké AH LBC
b) Ta céd: O<sina <l Do AB < AC nén H thude A

Do d6: sin®™+cosa < sin® a+coso=1-cos’ a+cosa doan BC

= -—(COSEOL—COSOH-—I—)+—5—=— cosoc—l 2+~5~S-5~ (dpcm) faeo 1 .
4) 4 2 4 4. AHzAM.sinB:—z—BC.smB hH B a
B&Gi 9 . A ha ode A8 : s x N B H M C
Gi 9. Cho tam gidc ABC ¢0 ba géc déu nhon. Goi AH, BI, CK 1a cdc dudng Miit khdc:

, o e s Sk
cao cha tam gidc. Chitng minh ring: —2K =] —cos? A —cos’ B—cos’ C.
ABC

AH = AC.sina = BC.sina.cosa (2)

- T (1) v (2), suy ra: sinP = 2sino.coso i
Hudng dan giai ) ,
Viy (sino+cosa) = sin® oo +cos’ a+2sino.cosa = 1 +sinP (dpcm)

Ta co: SH!K = SABC - SAKI - SBKH - Scm

Bai 11. Cho tam gidc ABC c6 ba géc nhon. D 1a mot diém wén doan BC.
PitBC=a,CA=b,AD=d,DB=m,DC=n.

Suy ra: Sk =1— Saxi _ Suks _ Scui )

ABC S/\BC SABC SABC

1. Chitng minh: da’ = b’m +cn’ —amn.
2. Cho bi€t AD 1a phén gidc trong géc A. Chiing minh AD? < AB.AC.

(Trich dé thi vao ldp 10 THPT Chuyén Lé Héng Phong, TP.HCM *
ndm hoc 2001 — 2002) z

Tam gidc AKI va tam gidc ABC c6 géc A
chung nén:
Sua _ AKAL  AK Al

S.c ABAC AC AB

. . Huéng din gidi
Trong hai tam gidc vudng AKC va AIB, ta ¢6: 8 8!

co*A-f\}S - ,A_AI 1.Ké AH L BC
SATAC VAT RSB - Xét trudng hdp D nim trén doan HC
S o Sak 2 Ap dung dinh 1i Pitago trong
wr ABC =costA tam gidc vudng AHB, ta dugc:

o AH® + BH? = AB’
Tuong ty, ta dugc: DBHK _ 0042 B : Sem =cos’ C = AH? =¢’ -BH* (1)
ABC ABC ..
Tuong ty trong tam glac

vudng AHD, ta cé:
AH? =d*-DH? (2)
Tir (1) va (2), suy ra: ¢ —BH®

A S
Vay —HIK =1 cos’ A ~cos’ B—cos’C (dpcm).
ABC
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=d* =c* + DH’ - BH’

=d’ =¢’ + BD(DH - BH)

=d’n=c’n+mn(DH-BH)

Chitng minh tuong ty, ta ¢6: d’m = b’m + mn(-DH - CH)
Do d6: d’m +d’n =b’m +c’n+ mn(~DH ~CH + DH - BH)
= d*(m+n)=b’m+c’n+mn(-CH-BH)

= d’a=b’m+c’n-amn

- Xét trudng hdp D niim trén doan thing HB:

Chitng minh tuwong ty, ta ¢6: d’a =b’m +c’n—amn

2. Vi ADC > ABC , do d6 ké DE sao cho ADE = ABC
Tacé: AE<AC

Xét AABD va AADE c6:

BAD = DAE (vi AD 12 phén gidc) va ABD = ADE

Do d6: AABD~ AADE

Suy ra: AD _AB _ AD? = ABAE
AE  AD : |

Viy AD?> < AB.AC

Bai 13. Cho tam gidc ABC vudng tai A ¢6 AD 12 dudng phin gidc clia géc A.
Cho bi€t AB = ¢, AC = b va AD = d. Chtng minh: % = -é— L
C
(Trich dé thi vao lép 10 THPT Chuyén Lé Khiét, Qudng Ngdi ndm hoc
2005 — 2006)

Bai 12. Gid sit H 1a tryc tdm clia tam gidc nhon ABC. Trén doan HB va HC
18y hai di€m M, N sao cho cdc géc AMC va ANB déu vudng. Chifng
minh ring AN = AM.

(Trich dé thi vao.ldp 10 THPT Chuyén Todn — Tin PH Vinh, ndm hoc
2002 — 2003)

Hudng dan gidi
Ké DE L AC (véi E thudc doan AC).

Tam gidc AED vudng cdn tai Enén AD = AE2 (H
TaCé:Eg:J?ED—f}—g—:—A—Ew:éE:;,AE __1-+__1_ = 2)
C AB AC AB AB AC

Tix (1) va (2), suy ra i/_?_:_l_+_1_ hay N2 1.1
AD AB AC d b c

. KIEN THUC VA Ki NANG CAN NAM VONG

Huéng din giai
Vi tam gidc ANB vudng tai N, vdi
dudng cao NF, ta cé:
AN’ = AF.AB (1)
Vi tam gidc AMC vudng tai M, vdi
dudng cao ME, ta ¢c6: AM” = AE.AC (2)

D& thiy AAEB ~ AAFC (g - g) nén
AE AF

e (3)

AB  AC

Twr (1), (2) va (3) suy ra: AM = AN (dpcm)
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1. Pinh ii Ta - lét trong tam gidic

a) Dinh 1i thuan: N€u mot dudng thing song song véi mot canh cia tam
gidc va cit hai canh con lai thi né dinh ra trén hai canh d6 nhitng doan
thing twong Gng ti 1&. ]

b) Pinh li ddo: Néu mdt dudng thing cit hai canh clia mdt tam gidc va
dinh ra trén hai canh ndy nhitng doan thdng tudng dng ti 1& thi dudng
thing d6 song song vdi canh con lai clia tam gidc.

¢) Hé qud: N€u mot dudng thing cit hai canh clia mot tam gidc va song

. song v&i canh ¢on lai thi nd tao thanh mot tam gide mdi cé ba canh
twdng @ng ti 1€ vdi ba canh cia tam gidc di cho.

2. Tam gidc déng dang

AABC ~ AA'B'C’ néu:

21:/’%\’; ﬁ:ﬁ';é:&'; A'B :BC :CA
AB BC CA

=k (k12 ti s6 ddng dang)
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i
T = | . TN HP HQ
Ddu hiéu nhdn biét hai tam gide dong dang: ; ViCM = CB nén tir (5) va (6), suy ra: M ZEX => HP = HQ (dpcm)
Cho hai tam gidc ABC va A'B'C': | — . e —
. | |Bai 2. Cho doan thing AB vd mdt di€m nim gifta AB. Trén nia mit
. AB _BC CA : & g
- Néu Gy = BC = A thi AABC ~ AA'B'C'(c-c¢—-¢) phing b AR, ké tia Ax, By lin lugt vudng gbéc vdi AB tai C, D sao
cho AC.BD = AP.PB.
« AB CA s P . % inh 3
“Néu -So= o A=A th AABC ~ AAB'C (¢~ g - ©) 1| a)Chttng minh tling ACAP ~ APBD .
R b) Chitng minh riing CPD =90° .
-Néu A=A"; B=B" thi AABC ~ AA'B'C'(g—g) o
: . . N cx ” . . X —onY
Né&u mot dudng thing cit hai canh cia mot tam gidc va song song vdi ©) Goi M Ia hinh chi€u cia P trén CD. Ching minh ring AMB =907,

canh con lai s€ tao thinh mét tam gidc dong dang vdi tam gidc da cho. Huéng dan giai

Né€u hai tam gidc dong dang vGi nhau thi: a) Ta c6:

X A
ACBD=APBP = —— AC BP

AP BD D
Suy ra ACAP ~ APBD M

b) Theo cdu a), suy ra: 61’7\ = l;ISB C
Mt khéc, ta ¢6: PDB+DPB =90°

Suy ra:

CPA + DPB = 90° = CPD = 90°

c) Ta cé: M=M+§W>=ﬁ+ﬁ:ﬁ)+@=9o“

- Ti s6 dudng phin gidc, f s6 hai'duding cao, ti s§ hai dudng trung tuy&n,
ti s0 hai bdn kinh cla hai dudng trdon ngoai ti€p, ti s¢ hai chu vi twong
itng ciia hai tam gidc biing tf s6 déng dang.

- Ti s6 hai dién tich biing binh phudng i s§ ddng dang.

> B. BAI TAP

Bai 1. Cho tam gidc ABC ¢6 ba géc déu nhon. Céc duding cao AD, BE, CF
cdt nhau tai H. Goi M 1a trung diém cda BC. Pudng thing qua H vuong

A P B

g6c v8i MH cdtcanh AB tai P, cdt canh AC tai Q. Chitng minh:
a) AAHB ~ ACMH va AQHA ~ AHMB.
b) HP = HQ.

Bdi 3. Cho tam gidc ABC, trén cdc canh AB, BC, CA 14y twong ing cdc

diém M, N, Psao cho -—M-é-:—N—-g—_gB

MB NC PA
a) Chitng minh rling: Saue k >
SABC (k -+ 1)
b) Cho dién tich tam gidc ABC biing S. Hiy tinh dién tich S’ cda tam gidc
MNP theo k va S.

Huéng dan gidi
a)Tacé: PHLMH : AP L HC A

Suy ra XP\H = CTiTVI (1) (gbc ¢6 canh
tudng ng vudng gbc)

Tuong tu, ta c6: m = I:IEZ\M (2)
Tir (1) va (2), suy ra: AAHP~ ACMH

Huéng dan giai
a)Ké BB, L AC; MM, L AC

(g-2)(3) 1 > Suy ra MM, // BC = AM MM,
Tuong b, taco: AQHA ~ AHMB (g-g) B D M AB BB,
1
\ HP AH __HP MH LapmmM,
b)Y T (3), ta ¢6: —— =~ hay —— = — . _AP A
IVGLmed i =om ™ an"em © Do d6: Saur - 2 AC

ABC %AC.BB ~ AC'AB

T (4). ta cé QU _HA hay —Q—H—,—.ME (6)
"HM

MB HA MB
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aAM_ AM _ AMMB __ k
“"AB AM+AB (AM+MB)MB k+1
AP
JAP__ AP ap |
AC AP+PC (AP+PC) k+1
AP
Swe _ k1 k

Vi
S . k+lk+l (k+1)2

Bai 5. Cho hinh thang ABCD c¢6 ddy 16n 12 CD va E Ia trung diém ctia CD.
Goi M la giao di€m ctia AE va BD, N Ia giao diém ciia BE va AC. Ching
minh ring MN // AB. Cho AB = a, CD = b. Hay tinh MN.

Béi 4. Cho hinh vudéng ABCD. Goi E 12 m6t di€ém trén canh BC. Qua A ké
tia Ax vudng géc v6i AE, Ax cit CD tai F. Trung tuyén Al clia tam gidc
AEF ¢4t CD tai K. Qua E k& dudng thdng song song v6i AB, cidt Al tai G.
Ching minh:

a) AE = AF va t gidc EGKF la hinh thoi.

b) AAKF ~ ACAF va AF* = FK.FC.

¢) Khi E thay d8i trén BC, chitng minh EK = BE + DK va chu vi tam gidc
EKC khong déi.

Huéng din gidi
a) D& thdy AABE = AADF (g-c~ g)
Suy ra: AE = AF
Tam gidc AEF vudng cin tai A nén AI L AF
Laic6 AIEG=AIFK (g-c—g)
Suyra: 1IG=1K
T# gidc EGFK ¢6 hai-dudng chéo cit nhau tai trung di€m mdi dudng, va
ddng thai vudng gée vdi nhau nén 1a hinh thoi (dpem).
b) Ta c6: KAR = ACF = 45"
Nén AAKF ~ ACAF (g g)
Suyra: 2F _XE _ AF? —KF.CF
CF AF
¢) Vi tit gide EGFK 1a hinh thoi nén
KE =KF =KD + DF =KD + BE A
Nén chu vi cfia tam gidc EK 1a:

KC+CE+EK =KC +CE + KD + BE
= 2BC =const

B —k C

Huéng dan giai

Ta c6 AB // DE nén ME _ED A B
MA AB
MéED:ECnénﬁE:Eg D
MA AB
NE EC

“Mitkhac AB//ECnén —=— (2)
NB . AB

Twr (1) va (2), suy ra:

—M—E—z—N—E—mMN//AB
MA NB
Laicé MN // EC nér —Mg:éﬁ 3)
EC AC
VéAB//ECnén-A——N* AB:;> AN = AB
N EC AN+NC AB+EC

AN a 2a
e T e 4-
AC E 2a+b )

a-+
MC 2a
T (3) va (4), suy ra;: —— =
y EC 2a+b
Ma EC=2 nén MN=_2°
2 2a+b

Bai 6. Cho tam gidc ABC c6 cdc dudng phin gidc BE, CF cidt nhau tai O va

- BO ' CO

=— . Chit inh ri i4 0 1
BE CF 2 ng minh rdng tam gidc ABC vudng tai A.

Huéng din gidi
batBC=a; AC=b;AB=¢ A
Ap dung tinh chdt clia dudng phan gidc
ta c6: E
CE = ab BO a-+c .BO_ a+c
a+c OE b "BE a+btc




CO__axh_
CF a+b+c
M BO CO l

Mi o =2

BE CF 2

(a+c)( L)(d+b)

(a+b+c)y

s o
e T

Viy tam gidc ABC vudng tai A.

Bai 7. Cho tam gide ABC ¢6 BC =a, AC =b, AB = ¢, dudng phiin gidc AD.
a) Tinh dé dai BC,DC.
b) Tia phén gidc clia géc B cdt AD tai L. Tinh tf 6 %

AB+AC

¢)Cho BC= . Goi G 1a-trong tAm cla tam gidc ABC. Ching

minh riing 1G // BC.

Hudng dan giai
a) Vi AD 1a dudng phan gidc clia tam gléc

. . A
ABC nen B2 _AB_¢ :
DC AC b

Suy ra:

. . . IL\G

BD ¢ :>_B_..: ¢ _pp-= ac
BD+DC c+b a c+b c+b
B D M C

Do d6 DC—a——fl—L——: ab

c+b c+Db

b) Vi Bl 1a dudng phén gidc ciia tam gidc ABD nén

Al _AB __L_.C*b
ID BD _ac_ a
c+b
¢) Theo cdu b), ta c6: ﬂ_CH}
1D a

Néuw a=24C m Ao

a 1D
Laico -—Aig—=2 (M 12 trung di€m ctia BC) :)él::-[—\—g—zlc /I BC

1D ID GM

Bai 8. Gid st D 13 mdt di€m trong tam gidc nhon ABC sao che

ADB = ACB +90° va AC.BD = AD.BC. Chitng minh ring g(};g =2.
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Huéng dan giai

Vé phia ngodi ctia tam gide ABC dung A
tam gidc BCE vudng cin tai C.
Ta c6: ADB=ACB +90° = ACE
AD _AC _AC D
BD BC CE

. B = C
Do d6 AABD ~ AACF {(c—-g~¢)
Suy ra: AABE ~ AADC
= — AB _ AD = AB.CD = AD.BE

BE

Tam gidc vudng cdn ABE ¢6
BE =~/2BC E
Do d6 AB.CD =~/2AD.BC = V2ACBD

ABCD _

AC BD

Bai 9. Cho hinh vudéng ABCD, O 1a giao diém cda hai du’dng chéo. LAy
diém G thudc canh BC, diém H thude canh CD sao cho GOH =90". Goi
M la trung di€m cta AB. Chifng minh ring:

a) AHOD ~ AOGB.

b) MG // AH.

Huéng dan giai
a) Ta c6: HOD +BOG =135"; A M a B
OGB + BOG =135 ,
Suy ra: HOD = OGB O
Do d6 AHOD ~ AOGB (g - g) G
b) Theo cdu a), suy ra —Ig% =%—g~ 5] o C

DatBM:a,tacé:AD=2a;OB=OD:a\/i

Suy ra: HD.BG = OB.OD =av2.ay2 =2a.a = AD.BM
HD _BM
AD  BG
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Tam gidc AHD ddng dang vdi tam gidc GMB (c - g—¢)
Suy ra: AHD = GMB = AHB = GMB = MG // AH (dpcm)

B&i 10. Cho tam gidc ABC. Trén canh AB 14y cdc di€m 1 va K sao cho
Al = IK = KB, trén canh BC 14y cdc diém E va D sao cho BD = DE =
EC, trén canh AC 18y cdc di€m F va G sao cho AF = FG = GC. Goi M
1a giao diém cta AD va BF, N 1a giao di€m cta BG va CK, P la giao
diém clia AE va CL
a) Ching minh riing cdc canh clia tam gidc MNP song song v3i cdc canh

ctia tam gidc ABC.
b) Tinh dién tich tam gidc MNP theo dién tich tam gidc ABC.

Hudng dan gidi

a) Ta cé: é—IE-:—IA—\~—(—;’—:—2—“_~>KG//BC va
AB AC 3
KG=~2—BC
3

Do d6 NK =—23—NC = CN =%CK

Tuong ty, ta ¢6: NP/ IK v NB = %IK B

Tudng ty nhy rén, ta ¢6: MP // BC, MN // AC
Viy cdc canh clia tam gidc MNP song song véi cdc canh cha tam gidc ABC.

b) Ta c6: NP=21K =2 L AB=LAB
5 0 T3300Ts

1
"—SABC

Do doé: Sy = s

Bai 11. Cho mot di€m M & trong géc xOy. Mot dudng thdng d di qua M cit

hai canh ciia géc & A vd B. Chéng minh ring tSng + khéng

OMA OMB

phu thudc vao vi tri clia dudng thing d.

Huéng dan gidi
K& Mi // Oy
AB AO

Ta ¢6: —— = —— (dinh 1li Ta-let)
MB 10O _

Ap dung nhén xét v€ ti s& dién tich clia hai tam gidc ¢é chung dudng cao,
ta c6: Soss. _ Soma

OMB SOMI

Vi S, khong d6i = Soua-Sows khong doi
OAB
= Soan khong doi

SOMA‘ OMB

Soun * Sows g a6

OMA *~OMB
1 1 A 2
= -+ khong doi .
SOMA OMB }'

A. KIEN THUC VA I NANG CAN NAM VNG

1. Hinh thang
- Hinh thang 13 t¥ gidc ¢6 hai canh d6i song song véi nhau.
- Hai géc ké ctia mdt canh bén hinh thang thi bd nhau.

- Hinh thang cén 13 hinh thang c¢6 hai géc ké mot ddy biing nhau. Trong
hinh thang cén, hai canhbén th biing nhau.

- Hinh thang c6 hai dudng chéo bling nhau 1a hinh thang cén.

- Hinh thang vudng 1a hinh thang ¢6 mot géc vudng.

- Putng trung binh clia hinh thang 13 doan thing néi trung diém cta hai
canh bén clia hinh thang.

- Dién tich cta hinh thang ABCD (AB //CD) la: S= w

b (véihia
dd dai duding cao).
2. Hinh binh hdnh

.. Hinh binh hanh la t& gidc ¢6 hai cdp canh ddi song song vdi nhau.
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Ddu hiéu nhdn biét:

- Tt gide ¢6 hai cdp canh ddi song song 13 hinh binh hanh.
- Tt gidce ¢6 hai ciip canh d8i biing nhau 13 hinh binh hanh.
- T& gidc ¢6 hai gée ddi bling nhau 13 hinh binh hinh.

- Td gidce ¢6 hai dudng chéo cit nhau tai trung diém cia mdi dudng 1a
hinh binh hanh.

Dién tich hinh binh hanh biing ddy nhin vdi chiéu cao.

3. Hinh ch@ nhat

- Hinh ch nhat 12 of gidc ¢ bdn gbc vudng,

- Hinh chif nhat ¢6 hai dudng chéo’bi“mg nhau vi ciit nhau tai trung diém
ctia mbi dudng.

- Hinh chi¥ nhdt ¢6 tat ¢d cdc tinh chit nhy hinh binh hanh va hinh thang.

Ddu hiéu nhdn bist:

- Hinh thang c¢fin ¢& m6t g6e vudng 1d hinh chir nhit.

- Hinh binh hanh ¢6 m{t géc vudng 1a hinh chir nhit.

- Hinh binh hanh ¢6 hai dudng chéo biing nhau I3 hinh chit nhit.

Dién tich hinh chif nhét bing chiéu dai nhdn véi chiéu rong.

4. Hinh thoi

- Hinh thoi 1d td gide ¢6 bdn canh bling nhau.

- Hinh thoi ¢6 hai dudng chéo vudng goc vdi nhau va 1 cdc dudng phin |-

gidc clia cdc géc hinh thoi.
- Hinh thoi ¢6 tat ¢d cdc gdce clia hinh binh hanh.
Dd&u hiéu nhdn biét:
- Hinh binh hanh ¢6 hai canh k& biing nhau 1 hinh thoi.

- Hinh binh hanh ¢6 mdt dudng chéo 1a duding phiin gidc cda mdt goc
hinh thoi.

- Hinh binh hanh ¢6 hai dudng chéo vudng goc vdi nhau 1a hinh thoi.
Dién tich hinh thoi biing tich hai duting chéo hoiic ddy nhén vdéi chiéu cao.
5. Hinh vuéng

- Hinh vudng 1a tf gide ¢6 bdn gde vudng va bon canh biing nhau.

- Hinh vadng ¢6 tdt ¢d cde tinh chdt nhy hinh nhir nhit va hinh thoi.

Ddu hiéu nhdn biét:

_ Hinh chit nhét ¢6 hai canh k& bing nhau 14 hinh vuéng.

_ Hinh chit nhit ¢6 hai dudng chéo vudng gdée véi nhau 12 hinh vudng.

- Hinh chif nhat ¢6 dudng chéo 1a phan gide ciia mot gée 1a hinh vudng.

- Hinh thoi ¢6 mdt géc vudng 1a hinh vudng.

- Hinh thoi ¢6 hai dudng chéo bing nhau.

Dién tich hinh vudng bing canh nhidn vdi canh.

6. ba gidc

- Pa gidc 161 1a da gidc ludn niim trong moOt mifa mijt phing ma by 1a
duding thing chita bat ki canh nlo clia da gidc do.

- Pa gide déu 1a da gidc ¢6 tic cd cdc canh bing nhau va cdc goc bing nhau.

(n-2)1 80"

T

\ A _ n(n-3)180°
- 6 duding chéo cla da gidc 16i n canh la ——>.

- $& do mdi goe clia da gide déu n canh bang

n

> BAl TAP

Bai 1. Cho tam gidc cin ABC (AB = AC), ¢6 phan gidc BD va CE. Goi l
1a trung di€m cta BC, J 1a trung di€m cda ED va O la giao diém cla
BD va CE. Chitng minh:

a) T gide BEDC 1a hinh thang cin.
b) BE=ED = DC.
¢)B&n diém A, 1, J, O thing hang.
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Huéng dan giai
a)ViBD va CE la phan gidc cla goéc B

A
va C nén ABD DBC
va ACE =ECB. E
Tam gidc P:ES can tai A nén B=C. Do 5
ds ABD=ACE. B : C

Mit khdc: AB = AC (tam gidc ABC cén
tai A)
Suy ra AABD=AACE (g-c¢~ g)
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—— 180° _[’i
Do dé AE = AD nén tam gidc ADE cintai A = ABD = ——§9§—— (1)

Tam gidc ABC cAn § A nén ABC = —1-?—9%:{}- 2)
Tix (1) va (2) suy ra AED = ABC =ED // BC
Do d6 t& gisc BEDC I hinh thang.
Mit khdc, ta ¢6: B=C
Vay uf gidc BEDC 1a hinh thang cén.
b) Do ED // BC nén DBC = EDB
Ma @):D/B\C,suyra DBC = ABD
Tam gidc BED cén tai E nén BE = ED
Ma BE = DC (hai canh bén clia hinh thang cAn BEDC) nén BE = ED =DC
¢) Vil 1a trung di€m cda BC nén AIllé trung tuyén cla tam gidc cin
ABC, do d6 Al 1 tia phan gidc ctia géc A (1)
Tudng ty, ta ¢ AJ 1a tia phan gidc cia géc A (2)
Ta ¢6: OBC = OCB = ABOC cén tai O nén OB = OC
AAOB = AAOC (c — g — ¢) nén OAB=O0AC (3)
T (1), (2) va (3) suy ra Al, AJ, AO triing nhau.
Vay bon diém A, I, O, J thing hang.

Suy ra ABMD = ABCN = BM =BN (1)

Lai ¢é: ISIBT\H—I(I’B\C::éO” va MBD = NBC

Suy ra: MBN =60° (1) ‘

Tir (1) va (2), suy ra tam gidc BMN déu.

b)Ké MB L CD va PF LCD.

Vitam gidc NPC cAn nén MD =NC =CP (3)

Mit khdc: MDE = 180° — ADF = 60° va PCF =180" — NCP = 60"
Do d6 MDE = BCFE = 60" (4)
“Tir (3) va (4), suy ra AMED = APCF => ME = PF

Mait khdc ME // PF nén tit gidc MPEF la hinh binh hanh.
Do dé MP // CD (dpem)

B&i 3. Cho hinh thoi ABCD ¢6 géc BAD =40, O la giao di€m hai
dudng chéo. Goi H 13 hinh chi€u vudng géc clia O trén canh AB,
Trén tia d&i clia tia BC, tia d8i clia tia DC 14n lugt 14y cdc di€m M,
N sao cho HM // AN. Tinh s do cda g6c MON.

(Trich dé thi vao 16p 10 THPT Qudc Hoc Hué ndm hoc 2002 — 2003)

Bai 2. Cho hinh thoi ABCD c6 géc A =60°. Trén cdc canh AD va CD, 1y
cdc di€m M va N sao cho AM + CN = AD.
a) Ching minh ring tam gidc BMN déu.
b) Goi P 1a di€m xing cia N qua BC. Chitng minh MP song song vdi CD.

Huéng dan giai
ayTacé6: AM+CN=AD =AM+ MD
Suy ra CN = MD va AM = DN
Tam gidc ABD cén tai A va cé goc
A =60 nén la tam gidc déu.
Do d6, ta ¢6: BD = AB = BC va
ADB = 60"
Mit  khic: BD = BC;
BDM = BCN =60"; DM = CN
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Huéng dan giai
Ta c6 AMBH ~ AADN

MB BH
o = ——
AD DN
= MB.DN = BHAD (1)
AOHB ~AAOD
BH _ OB
DO AD

= DO.ON=BH.AD (2)

Tir (1) va (2), suy ra: MB.DN =DO.OB= MB = Do

OB DN

Mit khdc: MBO = 180" —CBD = ODN
Nén AMBO ~ AODN = OMB = NOD
Do d6: MON =180" -—(NTCTBH\I’O\D) =180" —(I\T&BJrO’I\a\B)
| =180° ~OBC =110°
Viy s6 do clia géc MON 1a 110°.
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B&i 4. Cho tam gidc ABC cén tai B. Cdc dudng cao AD va BE cit nhau
tai H. Dudng thing d di qua A vd vubéng géc véi AB cit tia BF tai F.

1) Chirng minh riing AF // CH.

2) Ta gidc AHCF la hinh gi?

(Trich dé thi vao ldp 10 THPT Bdc Giang ndm hoc 2008 — 2009)

Huéng dan gidi
1) Taco: AF L AB va CH L AB B

Suy ra: AF // CH.

2) Do AF // CH nén EAF = ECH b
Tam gide ABC c¢in tai B ¢6 BE L AC nén

AE = AC. N E

Do d6 AAEF = ACEH (g — ¢ — g) nén AF = CH, \F ©

Suy ra tf gidc AHCF 1a hinh binh hanh, va ¢o
hai duding chéo vudng géc nhau nén nd I hinh thoi.

Tt gidc AQCN 12 hinh binh hanh nén hai dudng chéo AC va NQ cit nhau
tai trung di€m O ca mdi duding.
Tt gidc MNPQ 12 hinh bink hinh nén hai dudng chéo MP va NQ ¢it nhau
tai trung di€m O cia mdi duding.

Tir cdc nhdn xét trén, suy ra O la giao difm ciia hai dudng chéo cta hinh
thoi ABCD va O ciing 12 giao di€m cfia hai dudng chéo hinh binh hanh
MNPQ. Do d6 O 12 tdm d6i xitng chung cda hai hinh nay.

¢) N&u tif gidc ABCD 12 hinh vudng thi A=B=C=D=90".
Suy ra: PDQ = OAM =90"

Khi d6 APDQ = AQAM (c—g - ¢)

Suy ra: QP = QM

Hinh binh hainh MNPQ ¢6 PQ = QM nén 12 hinh thoi.

Béii 5. Cho hinh thoi ABCD. Trén tia ddi ctia BA 18y di€ém M, trén tia doi
cta tia CB 18y di€m N. trén tia di cda tia DC 1dy diém P va tén tia doi
cta tia AD 1dy diém Q sao cho BM =CN =DP = AQ. "
a) Chirg minh t& gidc MNPQ 1a hinh binh hanh.

b) Chitng minh ring hinh binh hanh MNPQ va hinh thoi ABCD ¢6 chung

tAm doi xiing.

¢) N&u ABCD 13 hinh vudng thi t gidc MNPQ 14 hinh gi? Vi sao?

BGi 6. Cho hinh vudng EFGH. M4t géc vudng xEy quay quanh E, ¢6 canh

Ex cit cdc dudng thing FG vd GH tai M va N, canh Ey cdt hai dudng

thing trén lan lugt tai P va Q.

a) Chitng minh ring cdc tam gidc EMQ va ENP 12 cAc tam gidc vudng cin.

b) Puding thing QM cdt NP & R. Goil va K lan lugt trung diém cta BN
va QN. Tt gidc EKRI 1a hinh gi? Vi sao?

¢) Chitng minh bon diém F, H, K, I thing hang va dudng thing HK ¢0
dinh khi xEy quay quanh E.

Hu6ng dan giai
a) Dé thiy ABMN = ADPQ (¢ - g~ ¢)
Suy ra: MN = PQ
AAMQ =ACPN (¢—-g~-¢)
Suy ra: QM = NP
Do d6 tf gide MNPQ la hinh
binh hanh.

b) Tt gidc ABCD 14 hinh thoi nén
AC va BD cit nhau tai trung diém
O ciia mdi dudng.
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Huéng dan giai
1) Ta ¢c6 AEFM = AEHQ

ISR R N
Suy ra: EM = HQ va FEM =HEQ 1 —
— P M G
Do d6: MEQ = 90" F
Viy tam gidc EMQ vudng cén tai E. K

Tuong ty nhy trén, ta c6 tam gidc E H
ENP vudng cin tai E. \
b) Trong céc tam gidc can EMQ va . Q
ENP, ¢6 EK va EI la cdc dudng
trung tuyén nén -

EK L MQ,EI LNP.

Suyra 1=K=90"
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© Mt khdc M 1a tryc tAm cda tam gidc NPQ nén QR LNP = R =90"
T gisc EIRK c6 ba goc vudng nén 12 hinh chif nhat
¢) Ta ¢6: IG = 1IE ; KG = KE (tinh ch&t duding trung tuyén clia canh huyén
trong tam gidc vudng)
Do d6 IK 12 dudng trung tryc cia EG.
Mait khdc FH 13 dudng trung tryc cia
Viy bdn diédmI,FK H thing hang va IK ¢8 dinh.

BGi 7. Cho hinh vu6ng ABCD va diém P nim trong tam gidc ABC.
| Gi4 sit BPC =135". Chitng minh ring 2PB? + PC* = PA”.
2. Cac duding thing AP va CP cdt canh BC va BA twong dng tai cac diém M,
N. Goi Q 1 diém ddi xing v3i B qua trung diém ciia doan MN. Chiing minh
rang khi P thay déi trong tam gidc ABC, duting théng PQ ludn di qua D.
(Trich dé thi vao ldp 10 THPT Chuyén Todn — Tin BHKHTN, bDHOG
Ha NGi ndm hec 2005 — 2006)

IN IQ NC

= = == AMAI ~ ANIC

IM IP MA A S R D
DoM, I, N thezmg hang nén A, I, C
thing hang.

Trd vé bai todn, ta dé thdy tf gidc

NBMQ 12 hinh chit nhdt. Qua Pva Q@ N L 151
vé cdc duding thdng song song vdi cdc K P L T

-
canh céia hinh vudng. Do P thudc X\

dudng chéo AM cha hinh chi¥ nhét B Y C
ABMR nén SBLPK = Spms. P thu(f)c -8
du’Bng chéo CN ciia hinh chi¥ ﬂh?:lt NBCH nén SBLPK = Sp’er:.

Do do SBLPK = Sprur N€N SFQRT = SQ!TH
Theo chirng minh trén thi Q thudc dudng chéo PD ctia hinh chi nhat SPTD.
Vay PQ di qua diém D.

Hudng dan gidi
1. L4y diém P’ khdc phia v6i diém P d&i v6i A P
duong thing AB sao cho tam gidc BPP'
vudng cin tai B.
Tacd: ABPP' = ABP'A (c-g~-¢)
Suy ra BPC =135" P .
Vi BPP = 45" nén PP'A =90°
Ap dung dinh li Pitago, ta dugc:
PA%?= AP? + PP* =PC? +2PB’ (dpcm)
2. Nhin xét ring: Gid si I 12 mot diém
niim trong hinh chit nhat ABCD. Qua I v& A P B
cdc dudng thing MN, PQ twong Ung song Sy

song v&i AB, AD. Goi dién tich hinh chtt M N

nhat IODM 1a S,. Khi d6 S, = S, khi va chi
khi 1 thudc dudng chéo AC. That vy, gid S,
s T thudce dudng chéo AC. Vi dudng chéo
clia hinh chit nhat chia hinh ch@ nhit thanh

hai phin c6 dién tich bing nhau nén cdc
hinh ABCD, APIM, INCQ ta ¢6: S, = S,.
Nguge lai, gid st S; = S,. Suy ra IN.IP =IM.IQ
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Bai 8. Cho géc xAy vudng va hai diém B, C lan lugt rén cdc tia Ax, Ay.
Hinh vuéng MNPQ ¢4 cdc dinh M thudc canh AB, dinh N thudc canh AC
va cac dinh P, Q thudc canh BC.

a) Tinh canh hinh vuéng MNPQ theo canh BC = a va dudng cao AH =k
cda tam gidc ABC.

b) Cho B va C thay d8i 1an Iugt trén céc tia Ax, Ay sao cho tich AB.AC =k
(k khong d8i). Tinh gi4 tri 16n nhét cia hinh vudng MNPQ.

(Trich dé thi vao ldp 16 PTNK Chuyén Todn - Tin, PHQG TP.HCM

ndm hoc 2008 — 2 009)

Huéng dan giai
a) Pdt x 12 dO dai clia canh hinh vubng,.
ViMN // BC, suyra ———MN :————AM (H
BC AB y
Mit khdc AH L BC va MQ 1 BC C
MQ MB

= AH/MQ = —=—- (2

Q AH AB 2) £
T (1) va (2), ta ¢6:
MN . MQ AM +@
BC AH AB AB

ah A M B X
a+h

Suy ra: L
a h




. ; PRI 4
b) Ta €6 Sypo = X :( ah ) __wh = k ;
) a+h {a+h)  (a+h)

Ap dyng bit ddng thire CO-si, ta ¢6:

2 s 3 a4t s AB +AC’ 2
(a+h)':a‘+h“+2ah:'—9—+f—l~+h"+2k“=3(‘——-—)+ i-+h2 + 2K
4 4 4
3. . . a’ M: 5 9k* b) :
Z__.%_A.BlﬁgJVz‘fi_hL +2k~:ik_.+k2 .+2k~:9L
4 4 2 2

2 2
= Synrg < '9"k-

DAu “=" x4y ra khi vd chi khi AB=ACvd —=h

2
2
Hay AB=AC = k]|

2k?

Vay gid tri I6n nhdt cia dién tich hinh vudéng MNPQ 1a

3

2 4

<\/l(a+x+a+x+a+x+3z}——3xT \/1(}3\4“3\/5,3

3 4 J

Ddu “=" xdy ra khi v chi khi

a+x=23a-3x x:i — o . o
o o 2 = ABH = 60" < ABC =120
ACD =90 ACD = 90"

Do BCA =30" vi ACD =90", suy ra BCD =120"

33

Vay Sasch 16n nhat biing 4 a®, dat dugc khi ABC =BCD =120".

Bai 9. Trong uf gidc 16i ¢6 d6 dai ba canh bling nhau va bing a (a 1a s6
dudng cho trude), hiy tim tF gidc ¢6 dién tich 16n nhat.

(Trich dé thi vao Idp 10 THPT Chuvén Todn — Tin DPHKHTN, PHQG
Ha NGi ndm hoc 2007 — 2008)

Bai 10. Cho t1¥ gidc 161 ABCD ¢6 AB vudng géc v6i CD va AB = 2, BC = 13,
CD=8 DA =5.

a) Dudng thing BA cit dudng thing BC tai E. Hay tinh AE.
b) Tinh dién tich t gidc ABCD.

(Trich dé thi vao ldp 10 PTNK Ban AB, PHQG TPHCM ndm hoc
2001 - 2002)

Huéng dan giai
Gia sit 1 gidc 1601 ABCD ¢6: AB=BC=CD=a
Ké BH vudng géc véi AC, dat BH = x
O <x<a)
Khi d6, ta ¢6: AH = HC =+a’ —x°
Do d6: S,uc = BHAH =xva’ —x*

ACCD 3
=ava —X

SAACD -
Dau “= xdy ra khi va chi khi ACD =90"

Ta 61 Sypen =S ane +Saacn = (a + X)\/;z -x’ = (a+x)2 (uz ..Xz)
- (a+x)3(a-‘x)=\/§(3+X)3(3a”3x)
:\/—l—(a+x)(a+x)(a+x)(3a—3x)
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Huéng dan giai
a) Ta ¢6 AB va CD vudng gbc véi nhau tai E.
DiatAE=xva ED=y(x,y>0)
Ap dung dinh 1i Pitago, ta ¢6:
{AE2 +ED’ =ADT {xz +y’ =25
EB? +EC? = BC’ (x+2) +(y+8)" =13’ =169

X +y* =25 B
=S
x? +y? +4x +16y +68 =169
x' +y® =25 {x=4 A
= =
Xx+4y=19 y=3
Viy AE = 3. E ) c
b) Ta cé

1
S asen Sese = Saep = E(EB.EC - EA.ED)

- _;.[(3+2)(4+ 8)-3.4]=24
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Bai 11. Cho hinh vuéng ABCD tdm O. Mgt dudng thing d di dong qua
di€m O. Ching minh ring téng binh phudng cdc khodng cdch tir cdc
dinh hinh vudng dé€n dudng thing d biing mot hing s6.

(Trich dé thi vao 16p 10 THPT Chuyén, Phii Yén ndm hoc 2008 — 2009)

Huéng dan gidi
T céc dinh hinh vudng, ta ké cdc doan AA’, BB',CC/, DD’ vudng géc
vdid.

bt A D
T=AA"” + BB? + CC” + DD" ,
Ta ¢6: AOAA’ =AODD’ .

0/ C_ 4+
Suy ra: AA'=CC’ D
Tuong tu, ta c6: BB = DD/’ B K
Suyra: T= Z(AA'2 + BB’Q) (1) )
Mit khéc, ta c6: B C

A'AO =B'BO (hai géc nhon

¢6 canh tuong Ung vudng géc) va AO =BO nén AOAA'= AOBB’

Suy ra BB'=A'0(2)

Thay (2) vao (1) va dp dung dinh li Pitago vao trong tam gidc vudng

OAA', ta dugc:

AC*  AC?
4 2

T=2(AA” + A0’ )=2A0" =2 AB? = const (dpcm)

Suy ra t gidc NPIQ 12 hinh binh hanh nén NI di qua trung di€m cda PQ,
hay MN di qua trung diém ctia PQ.

+ Piéu kién di: ‘

N&u MN di qua trung diém cda PQ thi MN // CD

Goi O 12 giao di€m clia MN va PQ, ta ¢6: OP = OQ.

Goi U 1a trung diém cda BD. T¢ gidc PI'QN la hinh binh hanh, do d6 N,
O, I' thing hang. ‘

Vay I tring v6i I. Khi d6 trong tam gidc ABC, ta ¢6 IM // CD, hay

MN // CD. '

@

Bai 13. Cho da gidc déu c6 n canh va m canh, ¢6 ti s6 gilta hai géc trong

. + 5 o ; . L. .
clia chiing bdng 7 Tim s0 canh cha hai da gidc trén.

Bai 12..Cho ngii gidc 16i ABCDE. Goi M, N, P, Q 14n lugt 1a trung diém CB,
AE, BA, ED. Ching minh ring diéu kién cin va di daé MN // CD 1a
dudng thing MN di qua trung dié€m cla PQ.

Huéng dan gidi

+ Piéu kién cdn: M C

Né&u MN song song vdi CD thi MN

di qua trung diém clia PQ. rly

Goi I 1a giao diém ctia MN va CD,

ta ¢6 113 trung di€m cta BD. o D

Trong tam gidc ABD va ADE ta ¢6: P i e}
"PL//NQ va PI=NQ.

A N E
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Huéng dan giai

. . . X -2)180°
S8 do mbi géc clia da gide déu ncanh la ~(B——-)—————-
. . . -2)180"

S& do mbi géc ciia da gidc déu m canh la —(—m———zl——~
(n-2)180°

Theo dé bai, ta ¢6: ————-—Q——~————0-=-5— (n,m2=3;nmeZ)
(m-2)180" 7

m

< 7(n-2)m =5(m-2)n

em(n-7)+5(n-7)=-35

& (7-n)(m+5)=35

Vi m>3=>m+5>8. Do d6 35 chi phén tich thanh 1.35,tdc1la 7 - n =1
vam+5=35

Viyn=6va m=30.

Bai 14. Mot da gidc 18i 34 dinh, ¢6 dién tich S = 100. Lay 34 di€m bdt ki &
trong da gidc sao cho 34 diém nay va 34 dinh clia da gidc khong cé ba
diém nao thdng hang. Chi¥ng minh riing c6 it nhdt mot tam gidc vdi ba
dinh 12 ba trong s8 céc di€m di cho ¢6 dién tich khong nhd hon 1.

Huéng din gidi
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Chia da gidc thinh cdc tam gide khong ¢ di€m chung. Cédc tam gidc nay
¢6 it nhat mot dinh 1a 1 trong 34 diém & trong da gidc. Téng it cd cic
@b trong cia 18t cd cdc tam gide d6 ding biing tdng cdc géce trong clia da
gidc cdng vai 34.360".

Khi d6, ta c6: (34 — 2).180" + 34.360" = 100.180"

Do d6 53 tam gide ding bing 100. Mit khdc, tdng dién tich 100 tam gidc
nay 12 100. Viy ton tai mét tam gide ¢6 dién tich khong nhé hon 1.

A. KIEN THOC VA Ki NANG CAN NAM VNG

1. Sy xac dinh cia dudng tron - tinh chéit d6i xiing clia dudng tron

a) Tap hop cic diém cdch déu diém O ¢ dinh bing khodng R khong ddi
(R > 0) 1a dudng tron tim O ban kinh R,

b) Qua ba diém khong thing hang, ta xdc dinh duge mot dudng tron.

- Puong tron di qua ba dinh A, B, C cia tam gidc ABC 1a du¥ng tron
ngoai ti€p tam gidc ABC. Tim 13 giao di€m cdia ba dudng truhg tryc
clia tam gidc ABC.

- TAm clGia dudng tron 1a tdm d6i xdng ciia nd.

- Puding kinh clia dudng tron 1a truc d6i xitng cla nd.

2. budng kinh va déy cla dudng tron

Pudng kinh la ddy 1dn nhé't trong cdc ddy cda dudng tron.

DPudng kinh vudng goéc védi mot diy thi di qua trung diém clia diy do.

Hai day bz‘i\ng nhau thi cdch déu tim. Hai diy cdch déu tim thi biing nhau.
DAy nao gan tim hon thi 1dn hon.

3. Tiép tuyén cla dudng tron

- N&u mot dudng thing di qua mot diém cia dudng tron va vudng géc

vdi bdn kinh di qua diém d6 thi dudng thing &y 12 mot ti€p tuyén
cda dudng tron.
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- N&u khodng céch tir tim cla dudng tron d€n dudng thing biing bén kinh
ctta dudng tron thi dudng thing d6 12 G€p tuyén cla duding trdn.

- N&u mot dudng thing 13 t€p y€n cha mot dudng won thi nd vudng
g6¢ vai ban kinh di qua ti€p diém.

- N&u hai ti€p tuyén cha dudng tron cit nhau tai mot di€m thi:

e Diém d6 cdch déu hai ti€p diém.

« Tia ké tir diém d6 di qua tim 12 tia. phn gide clia goc tao bdi hai 1i€p tuyén.

o Tia ké tir tdm di qua hai diém d6 12 tia phén gidc cla géc o bdi hai
bén kinh di qua céc tiép diém.

4. Budng tron ndi 1i€p, ngoai tiép va bang ti€p tam giae

- DPuding tron ndi ti€p tam gidc 12 dudng tron ti€p xiic v6i ba canh cda tam

gidc. TAm cla dudng tron nay 1a giao diém cda céc dudng phén gidc
cda cdc gbc trong tam gidc.

- Pudng trdn ngoai tiép tam gidc 1a dudng tron di qua ba dinh cla tam

gidc. TAm clia dudng tron nay 12 giao diém cta ba duding trung tryc cta
ba canh tam gidc.

- Pudng tron bang ti€p tam gidc 12 dudng ron uep xiic v@i mdt canh cla
tam gidc va Gép xdc vdi phan kéo dai cia hai canh con lai. Tam cla

dudng tron nay 1a giao di€m ciia hai dudng phin gidc géc ngodi tai hai
dinh cta tam gidc.

5. Vi tri tuong déi ca hai dudng tron

Cho hai dudng tron (O;R) va (O';1) véi R > r, d I khodng cich giffa hai thm.
- Hai dudng tron cit nhau khi va chi khi R-r<d<R+r

- Hai dudng tron ti€p xdc ngoai v6i nhau khivachikhi d=R+r.

- Hai dudng tron ti€p xic trong v4i nhau khiva chikhi d=R-r>0.
- Hai dudng tron dyng nhau khi va chi khi IR —1|<d

6. Dién tich va chu vi dudng trén

Dién tich dudng tron: S = 7R

Chu vi dudng tron: P =27R

7. Goc v8i dudng tron

- Gée & tim 12 goc ¢6 dinh tring v6i tAm cla duSng tron.

_S& do ciia cung nhd biing s8 do clia géc & tdm chdn cung do.
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- §& do cda cung 16n bing 360" trir di s§ do cda cung nhd.

- Gé6c ndi ti€p 1a géc ¢6 dinh ndm trén dudng tron va hai canh chia hai day
cung clia dudng tron d6. Cic gée ndi ti€p (hodc géc tao bdi tia ti€p tuyén
va day cung) ciing chdn modt cung hoic hai cung biing nhau thi bing nhau.
Géc ndi tiép chin nita dudng tron 12 géc vudng. Géc ndi té€p (c6 s8 do
nhé han 90%) ¢6 s8 do biing nita s6 do clia géc & tdm cling chin mot cung.

- 86 do ctia gbc ¢6 dinh & bén trong dudng tron biing nita s6 do hai cung
bi chin. S& do ciia géc c6 dinh & bén ngoai duding tron bing nifa higu s
do hai cung bi chin.

- Tt gidc noi ti€p 12 mot ti gide ¢6 bon dinh ndm trén mot dudng tron.

- Trong mot tf gidc ndi ti€p, tdng s§ do hai géc ddi dién bing 180"
Nguoc lai, néu mot tf gide c6 t8ng s do hai gée ddi dién bing 180" thi
tf gidc ndi ti€p. ‘

> BAI TAP

| B&i 1. Cho tam gidc nhon ABC. Ké dudng cao BE va CF. Chitng minh:
a) Bon diém B, F, E, C cling nim trén mot dudng tron.
b)EF<BC.

Hudng dan gié’:i
a) Goi M va N lan lugt a
trung diém ctia OO’ va AB.

Hinh thang ABO'O c6
MN 14 dudng trung binh
nén MN 1L AB

Suy ra: MA = MB

Tuong ty, ta ¢6: MC =MD
Mit khdc MA = MC nén
MA = MB = MC =MD.
Suy ra bdn diém A, B, C, D ciing ndm trén ciing mot dudng tron ¢6 tim M.
b) Ké OH, O'K, MI ciung vudng gbéc vdi AD

V6i dudng ron tAm M, tacé: IA=1B ; IH=1K

Suy ra: HA = KD

Mit khdc: HA = HE ; KD = KF

Do d6: AE = DF

Hudng dan gidi
a) Goi I 1a trung diém cta BC, thi FI va A
EI 12 hai trung tuy&n cda cdc tam gidc
vudng BFC va CEB ng v6i canh huyén. E
Tacé:IB=IF=1E=1IC.
Céc diém B, F, E. C cdch déu I moi
doan khéng dSi nén ching nim trén g I
cling mOt dudng tron dudng kinh IB.
b) Pudng tron di qua bon diém B, F, E, C ¢6 dudng kinh BC nén FE la
mot diy.
Suy ra: EF < BC.

Bai 3. Tir mot di€m M trén dudng kinh AB clia dudng trdn tdm O, ké hai
day CD va EF tao véi dudng kinh AB hai g6c¢ bing nhau. Goi L, H theo
thit tv 12 giao diém clia AB v6i DE, CF.

a) Chitng minh riing I 12 trung diém ciéia DE ; H la trung di€m cta CF va
CD =EF.
b) Chitng minh DE // CF.

Bai 2. Cho hai dudng trdn (O) va (0'). Goi AB va CD la cdc tiép tuyén chung
ngoai trong d6 A, C thudc duding tron (O) va B, D thudc vao dudng tron (O').
Puding thiing AD cit dudng tron (O) va (O') tai E va F. Chitng minh riing:

a) B&n di€m A, B, C, D cling thudc mot dudng tron.
b) AE = AF.

Huédng din giai

a) Ta ¢c6 MB 1a tia phdn gidc cia

DME nén MD va ME d6i xtng nhau D
qua AB.

K&t hop vdi tinh chidt d&i xdng cla
dudng tron, ta c6 hai diém D va E d6i

xttng nhau qua AB. Suy ra :
DE LAB;ID=IE

Tuong ty, ta ¢6: FC L AB; HF =HC
Tam gidc MDE cédn nén MD = ME (1)
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Tam gide MFC ¢iin nén MF = MC (2)
Tu (1) va (2), suy ra: CD = FE

b) Tacd: DE LAB:FC 1L AB

Suy ra: DE // CF

B&i 4. Cho hai dudng tron bing nhau (O ;: R) va (O’ ; R) va hai ddy AB va

CD biing nhau theo tht v thude hai dudng tron dy sao cho B va C nim
gifta A va D va AB < 2R.

a) Chitng minh riing AD // OO’ .
b) Chitng minh riing AC = QO' =
¢) Goi I 1a rung di€m cda AD, chéng 6 ring di€m I niim trén mot dudng

tron ¢6 dinh khi cic ddy AB, CD thay ddi vi tri sao cho AB, CD luén
luon biing nhau va B, C lu6n luén nim gitta Ava D.

BGi 5. Cho nita dudng tron dudng kinh BC. Mot diém H thude BC. Ké Hy
vudng géc vai BC. Goi A 1a giao di€m cta Hz véi nia dudng tron. Trong
cung mot nfa mit phing vdi Hz. by 12 duding thing BC, k& cde Gi€p tuyén
Bx, Cy véi nifa dudng tron; CA cdt Bx tai E; BA ¢t Cy tai D vi AH cift
ED tai L.

a) Chitng minh AH = AL.

b) Chﬁ’ng mmh SABC = SAED~

¢) Goi P la trung diém cta BE va Q 1a trung diém ctia CD. Chitng minh
PQ 12 ti€p tuy€n cla nia dudng tron da cho tai diém A.

Hudng dan giai
a)Ké OH L AD; O'K L AD
Tacé HA = HB—f—\zE:(—:ZE-— KD va OH// O'K
Suy ra OH? = OA? - HA? = O'D? - HD? = O'K?
Vi AB khong di qua O nén H
khOng tring véi O, do d6 OH > 0.

Suy ra tif gidc OHO'K Ia hinh
chif nhat. O
Do d6 HK // OO’ hay AD // OO’

b) Ta ¢6: HK = OO’ (OHO'K la
hinh chi¥ nhat)

Do d6 n€u H niim giifa A va C, ta ¢6 AC = AH + HC = CK + HC = HK = 00O’

N&u H nim ngoal A, C thi C niim giita A, H (vi B, C niim gm’a A, D nén
C khong thé ndm ngoai A, D va ciing khong thé xdy ra A nim giita C, H).

Khi d6, ta ¢6: AC = AH - HC = CK ~ HC = HK = QO’

Tudng ty, ta ¢c6: BD = OO’

c)Tac6IH=1A- AH=ID- KD =1IK

Goi M 1a trung di€m ctta OO, ta ¢6 IM // OH

Hay IM Ia dudng trung tryc cta OO’ (c8 dinh)

Viy I nim trén dudng trung trye ¢§ dinh cdia OO’ .
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Hudng dan giai
a) Vi Bx 12 ti€p tuyén clia nita dudng tron dudng kinh BC nén Bx L BC
Twong ty, ta cé: Cy L BC
Mit khdc, ta ¢6: Hz L BC
SuyraBx //Hz//Cy
AL DA

Trong tam gidc DEB ¢6 AL // BE nén —B-E =B§ ()
AH _ DA CA
y ach — =—n a 3)
Tudng ty, ta ¢6 SE = ( )V DB CB (
Tt (1), (2) va (3) suy ra AL = AH (dpcm)

v

b) Ta ¢6:

SABC = %ABAC

va SAED= —lz—AEAD

AE _AB

a BE // CD né —
Ma BE // pen D

= AE.AD = AB.AC

Suy ra Sagc= Saep

BP DQ
.__..__1 -l
¢) Ta cé: QC
DQ B Hh O C
Suyra —=—>
PE QC
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Do BE // CD nén EE: bQ

PE QC
Suy ra ba duong thing BD, CE va PQ déng quy, hay PQ di qua diém A
Tam gidc AEB vudng tai A va P 1a trung diém ctia PE nén PA = PB

PB 1 ti€p tuyén ciia nita dudng trdon dudng kinh AB, suy ra PA 1a ti€p
tuy€n ctia nita dudng tron dudng kinh AB.

Ba@i 7. Cho tam gidc ABC vudng tai A, dudng cao AH. Goir, ry, rp 14n lugt 12
bdn kinh cdc dudng tron ndi ti€p cdc tam gidc ABC, AHB va AHC.
Chittng minh 1* =17 +17.

Bdi 6. Cho nita dudng tron dudng kinh BC. A 1a mdt diém trén nita dudng
tron d6 sao cho AB < AC. Trén nita mit phing b3 AC khong chifa B, vé
hinh vuéng ACDE. DPudng chéo AD cit nita dudng trdn tai mot diém thi
hai 12 M. Tia BM cit DE tai F. Ching minh ring:

a) Tam gidc MBC vudng can.
b) T gidc BEFC 12 tf gidc ndi ti€p.
¢) CF 1a ti€p tuyén clia nf¥a dudng tron (O).

Huéng dan giai
a) Ta ¢6: MAC = 45" = sdCM = 90°
Suy ra: CM = BM = CM = BM
Mit khic BMC = 90° E
Do d6 tam gidc MBC
vudng cdn
by Tg gidc FDCM c6
FDC+FMC =180° nén
ndi ti€p duge dudng tron : M
Suy ra: o
FMC = MDC = 45°
Do d6: BEC = BFC = 45°

Suy ra tt gidc BEFC 1a B 0 C
¢ gidc ndi ti€p.

c) Ta ¢cé: @*‘+}§&\F =180"

Suy ra BCF =90°

Do dé CF L BC

Vay CF la ti€p tuyén cia nita dudng tron (O).
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Huéng din giai
Dé thdy AABC ~ AHBA (g - g)

BC r
Suyra; — = —
BA 1
L r
)= (1
BA BC M
Tuong ty, ta co:
L T
2o (2
AC BC )
I, L I
T (1) va (2),suyra: —-=—2-=——
» suy BA AC BC
2 2 2
Dodé —tp=—_=t_
BA AC BC
5+ S S
Suyra —L—2—= =1l 2= i AB? + AC? = BC?
YR g aC BC G B )

A 2 2 2
Vay ri=1 +1,

Bdi 8. Cho tam giidc nhon ABC va mot diém M niim gita B va C. Qua M
ding dudng tron (O) ti€p xidc vdi AB tai B va dung dudng tron (O') ti€p
_xtic v6i AC tai C. Goi N 1 giao di€m thi hai clia ching.

a) Chitng minh ring ¢ gide ABNC noi ti€p dugc.

b) Chitng minh ring dudng thing MN ludn luén di qua mot diém c6 dinh
khi di€ém M di dong trén BC.,

c) Gid st dudng thing MN cit c4c tia AB, AC I4n lugt tai cdc diém Q, R.
Qua R ké dudng thing ti€p xic vdi (O) cit tia AB tai S. Qua Q ké
dudng thing ti€p xic véi (O') cdt tia AC tai T. Ching minh ring ti
gidc QSRT ngoai ti€p dugc.

Huéng din giai
a) Ta c6: mzATIB\C;BTI\I\(J:@

' _ Suy ra: BNC = MNB + MNC = ABC + ACB = 180° ~ BAC
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Do d6: BNC +BAC = 180"
Vay i gide ABNC noi ti€p duge
b) K& dudng tron (0)) ngoai tiép tam gidc ABC.

Tia MN cét (O)) tai di€m thi
hai la P, ta ¢o:

@:m:;m@

Suy ra: sd MC = 2MNC

= ZA/B\C: sd@ = const \

Ngoai ra, P niim trén nira mit
phing bd BC khong chia N
nén P ¢& dinh.

¢) Goi 1, K theo thit ty 1a 4ép
di€m ctia RS véi (0O) va QT
véi (O').

Ta ¢6: RI=VRMRN =RC ; OK =,/QN.QM = QB

‘Suyra: RS+ QT =SI+IR+ QK + KT =SB +RC+QB+CT=SQ+RT
Vay tit gide QSRT ngoai ti€p dudc.

Q

by Ké dudng kinh BK cda dudng tron (O).

Tac6: BK L BD

Mit khdc EF // CD

Suy ra BK L EF

ViBK la dudng kinh vudng géc v6i ddy EF nén KE =KF

Suy ra AK la tia phan gidc cla goc EAF

Ngoaira: CM = MD = AM 14 tia phan gidc ctia géc CAD

Lai c6 EAF va CAD d6i dinh v6i nhau nén K, A, M thing hing.
Do BAK =90° nén BAM =90° .

Bai 9. Cho hai dudng tron (O) va (O') ti€p xiic ngodi vi nhau tai A. Mot

ti€p tuyén ciia dudng tron (0) tai B cit dudng tron (O) aiCvaD(C|

nim gitta B va D). Cdc tia CA, DA c#t dudng tron (O) tai E va F.
a) Chiing minh ring EF // CD.

b) Goi M 14 diém chinh gitta cung CD (M va A khdc phia dsi vdi CD). |-

Tinh s6 do géc BAM.

Bai 10. Tir diém M niim bén ngoai dudng tron (O) vé cét tuyén MCD khong

di qua tim O va hai ti€p tuyén MA, MB dén dudng tron (O), § ddy A, B

13 céc ti€p di€m va C ndim giita M, D. '

a) Chitng minh MA? = MC.MD.

b) Goi I 1 trung diém ctia CD. Chitng minh riing 5 diém M, A, O, 1, B
nim trén mdt dudng tron.

¢) Goi H 12 giao diém cia AB va MO. Ching minh tf gidc CHOD noi
ti€p dugc dudng tron. Suy ra AB 13 dudng phin gidc ctia CHD.

d) Goi K 12 giao di€ém cia cdc ti€p tuyén tai C va D clia dudng tron (O).
‘Chitng minh A, B, K théng hang.

Huéng dan giai
a) Qua A ké tiéfp tuyé&n chung
xy clia hai dudng tron.
Ta c6: EFA = XAE (viciing
chdn cung KE) ; A/D\C-f);X\C
(i ciing chén cung AC)
Vi xAE =yAC nén EFA = ADC
Suy ra EF // CD

(Trich dé thi vao lép 10 THPT, TP. HCM ndm hoc 2008 - 2009)
v Huéng dan giai
a) ViMA 1a ti€p tuyén cla ' K
d@g 'Eb\n (O) nén
MAC = MDA
= AMAC ~ AMDA (g-g)
MA MC

Suy rai —— = ——
MD MA

— MA? = MC.MD

b) Vi MAO=MBO=MIO = 31
90° nén nam diém M, A, O, H|/O
I, B cing nim trén dudng :
tron dudng kinh MO.
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~ ¢) Vi AMAO vudng tai A vdi AH L MO nén MA? = MH.MO
Theo c4u a) thi MA? =MC.MD

MH _MC
T e

MD MO

— MHC = MDO

Viy ti gidc CHOD la tif gidc ndi ti€p dudng trdn.

Suy ra: OCD = ODC (do AOCD cén tai O) va ODC = MHC (chitng minh
trén) nén OHD = MHC

Do dé: 90° — OHD = 90° — MHC => AHD = AHC

Viay AB 1a dudng phén gidc clia géc CHD.

d) Vi KCO=KDO=90° nén tif gisc CHOD noi ti€p dudng tron dudng
kinh KO.

Suy ra KHO =90°, hay KH 1L MO.

Ma AB 1 MO tai Hnén K, A, B thing hang.

=> AMHC ~ AMDO (¢ - g - ¢)

'B&i 11. Cho tf gidc ABCD ¢6 hai dinh B va C § trén nifa dudng tron
dudng kinh AD, tim O. Hai dudng chéo BD va AC cdt nhau tai E. Goi
H 12 hinh chi€u vudng géc ctiia E xuéng AD va I1a trung diém cda DE.
Ching minh ring:

a) Céc tt gisdc ABEH, DCEH néi tiép dudgc.

b) E 12 tdm dudng tron ndi ti€p tam gidc BCH.

¢) Nam diém B, C, I, O, H ciing niim trén mot dudng tron.
(Trich dé thi vao Idp 10 THPT, TP.Hué ndm hoc 2005 — 2006)

Suy ra @\}I =EBC

Do d6 BE Ia tia phdn gidc cla goc HBC

Tuong tv, ta 6 ECH = BDA = BCE

Do d6 CE 1a tia phén gidc ciia géc BCH

Viy E 12 tAim dudng tron ndi ti€p tam gidc BCH
Suy ra EH 14 tia phén gidc cda géc BHC

c) Ta ¢6 112 tAm cida dudng trdn ngoai txep tam gidc vudng ECD, nén
BIC =2EDC (g6c ndi ti€p cling chidn cung EC ).

Ma EDC = EHC
Suy ra BIC = BHC
Trong dudng tron (0), ta ¢ BOC = 2BDC = BHC (géc ndi ti€p va goéc &

tim clng chin cung BC).

Suy ra H, O, I § trén cung chia goc BHC dung trén doan BC, hay ndm
diém B, C, H, O, I ciing nim trén mdt dudng tron.

Hudng dan gidi
a) Tit gidc ABEH c6: B=90°va H=90"°
Suy ra tif giic ABEH ndi tiép duge. C
Tuong tv, t& gidc DCEH c6 B 6
C =H =90° nén ndi ti€p duge. “ I

b) Ta c6: EBH=EAH (cing
chin cung EH) ‘

Trong du’dng tron (O), ta c6: A H O D
EAH = CAD = CBD (cting chdn :
cung CD)

Bdi 12. Cho diém A nim ngoai dudng trdn (O ; R). Tir A ké dudng thang d

khéng di qua tim O, cit dudng trdn (O, R) tai B va C (B niim giita A va C).
Céc ti€p tuyén vdi (O, R) tai C va B cit nhau tai D. Tir D ké DH vudng goc
v6i AO (H nim trén AO) cit cung nhd BC tai M. Goi E 1a giao di€ém cla
DO va BC.

1. Chitng minh DHOC 1a tf gidc noi ti€p.

2. Chiéng minh OH.OA = OE.OD.

3. Chung minh AM 13 tiép tuyén clia (O, R).

(Trich dé thi vao lép jO THPT, Ha Nam ndam hoc 2005 — 2006)

Huéng din giai

1. Vi DC 14 ti€p tuyé€n cia
dudng tron (O, R) nén
DCO =90°.

Mét khdc

AO 1 DH = DHO = 90°
Vay tif gisc DHOC ndi tiép
dudng tron dudng kinh DO.




2. Vi DB, DC 12 ii€p tuyén cia dudng tron (O, R) nén DB = DC.
Phén gidc DE trong tam gidc DBC ciing 14 dudng cao nén DE 1 BC

Hai tam gidc vudéng HDO vd EAO ¢6 chung géc nhon DOA nén
AHDO ~ AEAO

3. Trong tam gidc vudng COD ¢é CE L DO

Ap dung hé thitc lugng trong tam gide vudng, ta ¢6: OE.OD = OC? = R? (2)
Tir (1) va (2), suy ra: OH.OA = OC?

Vi OC = OM nén OH.OA = OM’

Tam gidc vubng AMO ¢6 MH LOA va OH.OA = OM? nén OM L AM .
Viy AM la ti€p tuy&n clia dudng tron (O, R).

¢) Vi Q ddi xting v&i N qua BD nén tf gide BQNK néi ti€p duding tron
dudng kinh BD.

Bai 13. Cho tf gidc ndi ti€p ABCD cé A<90"; AC vudng géc v6i BD tai
M; P Ia trung di€m ctia CD ; H 1a tryc tim AABD.

a) Hiy x4c dinh ti s§ -I—)—M—
DH
b) Goi N va K lan lugt 1a chén dudng cao ké tir B va D ciia tam gidc ABD;
Q 1a giao di€ém clia hai dudng thing KM va BC. Chitng minh riing
MN = MQ.
¢) Chitng minh riing t& gidc BQNK ndi tiép.

(Trich dé thi vao {6p 10 Ban AB, PTNK, DPHQG TP. HCM ndm hoc
2008 — 2009)

Bai 14. Cho hai duding trdn (O, ;R,), (O, 3 R,) vdi R, > Ry, ¢t nhau tai hai
di€m A va B sao cho s§ do cdc gbe 0,AO0; 16n hon 90", Tigp wyén cha
dudng tron (O, ; R)) tai A cdt dudng tron (O, ; R,) tai C khdc A, Ticp
tuy€n clia dudng ton (O, ;R,) tai A cit dudng ton (O, ; R,) tai D khic
A. Goi M 1a giao diém clia AB va CD.

. s B
1) Chitng minh rdng BA = BC = AC .
BD BA AD
2) Goi H, N l4n lugt 1a trung diém ciia AD, CD. Chitng minh riing tam
gidc AHN ddng dang v6i tam gidc ABC.

.~ M N

3) Tinh ti sO —S theo R, va R..
MD

4) Tir C k& ti&p tuy&n CE v6i dudng ron (O, ; R,) (1i€p diém E khic A).
Pudng thing CO, cit dudng ton (O, ; R,) tai F (O niim giita C va F).
Goi I 1a hinh chigu vudng goc clia A trén dudng thing EF va J 1a trung
diém Al Tia FJ cit dudng tron (O, ; R,) tai K. Chitng minh riing dudng
thing CO, 1a ti€p tuyén cla dudng tron ngoai ti€p tam gidc AKC.

(Trich dé thi vao lop 10 THPT Chuyén Lé Khiét, Quayng Ngdi ndm hoc

2008 - 2009)

Huéng din gidi

a) Ta ¢6: MDH =BAC =I\TD?Z
Do dé ADHC cintaiD.

MP MP 1
Suyra: — =~ =~

DH DC 2
b) Ta cé:
DMQ = DAB = DMN = QMB = NMB
Ma MBQ = MAN = MBN nén
AMBQ=AMBC (g-c-g)
Do d6 MN = MQ
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Huéng din giai
1) Ta cé6: ﬁ)zlﬁ
(cing chidn cung AB cia
(0,3R,))
ADB=BAC (cing chin
cung AB cla (O, ;R)))
Do d6: ABAD ~ ABCA

_BA_BC_AC
BD BA AD
(dpem) (1)

Vi DBA=ABC  (2) -
2) Ta ¢6: NH // AC
Do dé: 1\71{7&:@:/@31@:@
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AC BC
Tir (1), ta co: NH
HA AD BA

Viy AAHN ~ AABC

3) Ta c6: AAOD ~ AAO,C
AC R, BA _BC _R,
= =

=—2 (3)
AD R, BD BA R,

Tix (2), ta co: DBA = CBM hay BM 1a phén gidc cla DBC nén
MC BC '
MD BD

2
. . C BC BA (R
Ké&t hgp véi (3), suy ra ME = e e == (-R—?-)
i

MD BA BD
4) Goi P 1a giao diém cta AE va CO; thi APC =90° va PA =PE

Ta cé: PJ // EF nén KIP = KFE

Ma KFE = KAE = KJP = KAP _

Do d6 tit gidc AJPK ndi tié€p nén CPK = KAE = KEC

Vay tit gidc PKCE ndi tiép, t¥ d6 PCK = AEK =CAK hay s6 do goc

PCK bing nita s6 do cung CK clia dudng tron ngoai ti€p tam gidc AKC.
Viy FC 1a ti€p tuy€n ciia dudng tron ngoai ti€p tam gidc AKC.

Suy ra Al 1a phén gidc trong cta

tam gidc FAK do d6 III}z=£ )

Vi AB L Al nén AB la phén gidc
ngoai cfia tam gidc FAK

AK BK
IF BF
T (1) va (2), suyra;: — = ——
(2), suy ra: 1 =BK
3) Ta c6: AFB = AEB
=180° ~130° = 50"

Mit khdc AFB = ABD = ACB+ DBC = MAC + DAF = NAF
Do d6: ANB = ABF + NAF = 50° + 50° =100°

1 Bai 15. Cho tam gidc ABC vudng tai A. L4y diém D trén canh AC (sao cho
AC > 2DC) lam tim v& dudng tron ti€p xdc véi BC tai E. Tit B ké ti€p
tuyén tht hai BF, cdt AD tai I va cit AE tai K. Trung tuyén AM cilia tam
gidc ABC cit BFtaiN.
1) Chitng minh ring A, B, E, D, F ciing ndm trén mdt dudng tron.
IF _BF
IK BK’

3) Cho AEC =130, tinh ANB .
(Trich dé thi vao ldp 10 THPT Chuyén Vinh Phiic ndm hoc 2008 — 2009)

2) Ching mmh ring —-

Bdi 16. Cho hai dudng tron (O) va (O’) cdt nhau tai A vd B. Mot dudng
thing qua B cdt (O) va (O') theo thif tf tai C va D.

a) Chitng té géc CAD c6 s& do khong ddi.
b) Ti€p tuyén cda (O) tai C va (O') tai D cdt nbau tai E. Chiéing minh
ring bon diém A, C, D, E cling nim trén mot dudng tron.

(Trich dé thi vao I6p 10 THPT Chuyén Lé Quy Ddn, Binh Dinh ndm hoc
2006 - 2007)

Huéng din giai
1) Ta c6: BAD = BFD = BED = 90"
Do d6 nim diém A, B, D, E, F cling niim trén dudng tron dudng kinh BD.
2) Ta c6: DE = DF nén FAD = EAD
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Huéng dan giai
C6 hai trudng hgp x4y ra sau diy:

- Trudng hop 1: B nim uén
doan CD

a) Trong tam gidc ACD, ta ¢cé:

CAD =180° «(@—K]}T})

=180° —l(sd AxB +sd ﬁ)
> y

Viay goéc CAD ¢6 s6 do
khong ddi.

b) Ta ¢6: Eﬁ):ﬁ:;
EDC = BAD
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Suy ra: CED + CAD CED + BAC + BAD

= CED + ECD + EDC = 180"
Do d6 A, C, D, E niim trén ciing EFR
mot dudng tron.

- Trudng hop 2: B nim ngoai
doan CD

a) Tmng tam gxac ACD, ta ¢6:
CAD =BDA - BCA

:mstx\BwL—l—dey\B
2 2

Viy goc CAD ¢6 58 do khong ddi.
b) Ta cé:

CAD +BAD = BAC = BCd = CED
Suy ra: CAD+CED .

Do d6 A, C, D, E niim trén cling mdt dudng tron,

BGi 17. Cho di€m A di chuyén trén dudng tron tim O dudng kinh BC = 2R

(A khong tring v6i B va C). Trén tia AB 18y di€m M sao che B Ia trung

di€ém clia AM. Goi H 12 hinh chi€u vudng goc cia A 1én BC va I 1a trung

diém ctia HC.

1) Ching minh ring M chuy&n dong trén mot dudng tron & dinh.

2) Chitng minh ring AAHM ~ ACIA .

3) Chitng minh ring MH vuéng géc véi AL

4) MH cdt dudng tron (O) tai E va F, Al cit dudng tron (O) tai di€m thiy
hai G. Ching minh riing téng cdc binh phudng cdc canh cia tt gide
AEGF khéng d8i.

(Trich dé thi vao ldp 10 THPT Chuyén Ha N§i Chu vin An va Ha Noi
Amsterdam ndm hoc 2008 — 2009)

Huéng dan giai
1) L&y O’ d6i xttng vdi O qua B, thi
O’ ¢§ dinh. K&t hgp véi dé cho B 1a
trung di€m cia MA nén O'M = OA
= R. Do d6 M chuyén dong trén
duding tron (O'; R) ¢é dinh.
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2) Ta ¢6 tam gidc ABC vudng & A nén:

MAH = ACI (1

va AC_AB _ AC _AM
HC AH CI AH _

T (1) va (2), suy ra: AAHM ~ ACIA (¢ - g - C)

3) Goi N 1a giao diém cda HM véi Al

Ta c6: AAHM ~ ACIA (phén 2))

= AMH = CAI = AMN + NAM = CAl + NAM = 90°

Viy MH 1 Al

(2)

4) K& dudng kinh AK, ta ¢6: AGK =90". Ket hgp vdi phin 3), suy ra:
KG // EF.

Ta gidc EKGF la hinh thang ndi ti€p dudng tron (O) nén né 13 hinh
thang cén.

Do d6: GF = EK => AE® + GF? = AE? + EK? = AK = 4R’
Tudng t, ta duge: EG? + FA? =4R* A
Vay AE® + GF’ + EG® + FA” =8R? khong déi.

Bai 18. Cho dudng tron tdm O va hai diém A, B ¢& dinh thudc dudng tron

dé (AB khong phdi 1a dudng kinh). Goi M 14 trung di€m cda cung nhd

AB. Trén doan AB I8y hai diém C, D phan biét vd khong nim trén

dudng tron. Cc dudng thing MC, MD cit dudng tron di cho tuong dng

tai E, F khac M.

1. Chitng minh ring bon diém C, D, E, F nim trén mot dudng tron.

2. Goi Oy, O, tuong Ung 13 tAm cdc dudng tron ngoai ti€p tam gidc ACE
va BDF. Chdng minh riing khi C, D thay ddi trén doan AB cac dudng
thang AO; va BO; luén cét nhau tai mot diém cd dinh.,

(Trich dé thi vao lép 10 THPT Chuyen PHKHTN, DHQG Ha N6i ndm hgc
2007 - 2008)

Huéng din giai
1. Xét tf gidc CEFD ¢6:
- CEF chén cung MBF (1)

- CEF ¢6 dinh D nim trén dudng tron nén:

235




BDF = sd(AM + BF)

- lsd(l\//ITB+ 1\71\) - LaMBE (2)
2 2

Tir (1) va (2), suy ra: CEF = BDF

Do d6: CEF + CDF =180° =t gidc CEFD
ndi Gép

Viy bén diém C, D, E, F cing nim trén
mot dudng tron.

2. Vi MAB=AEM (chin hai cung bing
nhau) nén ta c6 MA ti€p xtc vdi dudng tron ngoai ti€p tam gidc ACE, suy
ra MA 1L AO,. Do dé6 néu kéo dii AO, cdt dudng tron (O) tai N thi MN la
dudng kinh ctia dudng tron (0). Do d6 M ¢& dinh, suy ra N ¢§ dinh.

Tuong ty MB ti€p xiic véi dudng tron ngoai ti€p tam gidc BDF nén BO;
phdi di qua N.

Viy khi C, D thay d6i trén doan AB céc dudng thing AO; va BO; ludn
cit nhau tai mot diém c& dinh.

Bai 19. Cho tam gidc ABC c6 ba géc nhon ndi ti€p trong dudng tron (O)
"~ (AB < AC). Cdc ti€p tuyén v6i (O) tai Bva C cdt nhau tai N. V& ddy
AM song song véi BC. Pudng thing MN cdt dudng tron (O) tai P.
a) Cho biét —-—1—5—+——l~7 = .—1—, tinh d6 dai doan BC.
OB NC° 16
CP

b) Chitng minh g e
AC AB

¢) Chitng minh BC, ON va AP ddng quy.
(Trich dé thi vao lop 10 THPT Chuyén, TP.HCM ndm hoc 2007 - 2008)

Huéng dan gidi v
a) Ta c6: NB = NC (tinh ch4't hai ti€p tuyén cidt nhau) va OB = OC =R
Do d6 ON Ia trung tryc ciia BC.
Goi K 1a giao di€ém ctia ON va BC, ta c6:
BK =KC
Tam gidc OBN vuodng tai B va ¢6 BK 1a dudng cao nén:
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S SRS W S -
OB’ NC®> OB’ NB*> BK’
] 1

+ =— (2
OB*> NC* 16 @

Tw (1) va (2), suy ra:
BK?=16=>BK =4 =BC=2BK =8
b) Ta c6: ANPB ~ ANBM (g — g)

Ma theo dé bai, ta ¢6:

PB NB
== — (1)
MB NM
PC NC
ANCP ~ ANMC (g-g) =—=— (2 N
(g-9 MC - NM 2
Va NB = NC ; 3)
N PC PC
T (D), (2) va (3), suy ra; —— = —ro 4
| VIRV
Mit khdc'’AM // BC nén tf gidc AMCB 1a hinh thang cin.
Do d6 MC = AB va MC = AC 5)

N N PB PC
T (4) va (5), suyra; — =— (d
yrai o m=0g (dpcm)

¢) Goi Q 1a giao diém ctia AP va BC.
Ta cdn chitng minh BC = QC.

. BQ PB

Ta c6: ABQP ~ AAQC (g-g) = —% =—0
6 Q (g-2) C (6)

BQ PB

ACQP ~ AAQB (g-g) = —S=—r
-2 AQ AC ™

Tt (6), (7) v k&t hop vdi két qua phén a), ta duoc: BQ_€Q = BQ=CQ
, AQ AQ

Do d6 Q 13 trung diém cta BC nén Q triing vdi K.
Vay BC, ON va AP déng quy tai K. :

Bai 20. Cho hai dudng thdng A, va A, vudng géc v6i nhau tai O, v& mot phia
A, V& hai dudng tron: (O)) ti€p xtic v6i A, vd A, tuong Gng tai A, B; dudng
tron (O,) i€p xdc v6i A, va A, tidng dng tai C, D, (O) nim vé hai phia cla
A, va OB < OD. '

1. Chitng minh ring B 13 tryc tim cda tam gidc DAC.
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2. Pudng thing AD cdt (O,) tai E khdc D; dudng thing BC ¢4t (O)) tai F
khdc B. Chitng minh ring ¢ gidc ACEF 13 hinh thang can.

(Trich dé thi vao ldp 10 THPT Chuyén Todn — Tin DPHKHTN, PHQOG
Ha Ngi ndm hoc 2007 — 2008)

Huéng dan giai
1. Kéo dai AB cdt CD tai H.
Ta c6: BAC = DCA =45° = AHC = 90°do d6 B I trc tim cfia tam gidc DAC.
2.Ta c6: AFC = AEC =45" hay E, F ciing nhin AC du6i mot goc 45°.
Suy ra td gidc ACEF ndi ti€p .
Goi T l1a giao diém cida
CB va AE.
Mit khdc vi B 12 truc tdm
cla tam gidc DAC nén
FTA =90° '

Do TFA =45

= TAF =45

Tit TAF = AEF = 45"
=AF // CE

Tu gidc ACEF ¢6 AF // CE nén 12 hinh thang cén.

Bdi 21. Cho tam gidc ABC ¢6 ba géc nhon (AB < AC), ¢é dudng cao AH.
Goi D, E, 14n lugt 1a trung diém cla AB, AC.

a) Chitng minh DE la ti€p tuyén chung ciia hai dudng tron ngoai ti€p tam
gidc DBH va ECH.

b) Goi F 1a giao diém thif nhi ctia hai dudng tron ngoai ti€p-hai tam gidc
DBH va ECH. '

Ching minh HF di qua trung di€m ctia DE.
¢) Chitng minh ring dudng tron ngoai ti€p tam gidc ADE di qha diém F.
(Trich dé thi vao I6p 10 THPT Chuyén, TP.HCM ndm hoc 2007 — 2008)

— BHD = DBH = HDE = DBH
Do d6 DE ti€p xdc dudng trdn ngodi ti€p tam gidc BDH i D.
Tuong tu, ta duge DE ti€p xdc
dudng tron ngoai ti€p tam gidc
ECH tai E.

Viy DE 12 ti€p tuy&n chung ciia
hai dudng tron ngoai G€p tam
gidc DBH va ECH.

b) Ta c¢6: IDE=IHD va
{FD = IDH (vi cling bing DBF) °

= AIDF ~ AJHD = — =-—-

=1D*=1FIH (1)
Tudng ty, ta c6: IE° =1F.IH (2)
T (1) va (2), suyralD = IF
Hay HF di qua trung di€m I cda DE.

¢) Vi tf gisc BDFH va CEFH ndi ti€p nén DFH + DBH =180" va
EFH + ECH = 180"
Mat khac: BAC +DBH + ECH =180" va DFH + EFH + DEE = 360°
Suy ra: BAC + DEF =180"
Vay dudng tron ngoai ti€p tam gidc ADE di qua F.

Hubng din gidi
a) Ta ¢6: DE // BC = HDE = BHD
Tam gidc vudng ABH ¢6 HD 1a trung tuy€n nén DH = DB,
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Bai 22. Cho tam gidc ABC ¢6 ba géc nhon noi ti€p trong dudng trdon (O ; IE),
56 do géc C biing 45°. Pudng tron dudng kinh AB cit canh’'AC va BC lin
lwgt tai M va N. :
a) Ching minh MN vudng géc véi OcC.

AB
¥ inh MN = —=.
b) Chiéng min NG

(Trich dé thi vao lop 10 Ban AB THPT Chuyén Lé Hong Phong, TPHCM
ndim hoc 2005 — 2006)

Huéng dan giai
a) Dung ti€p tuyén Cx vdi dudng tron (O) song song v6i AB, khi do
BAC = BCx (cung chin cung BmC).
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Mit khac BAC = MNC

(cting bll véi géc¢ Mﬁﬁ)

Suy ra MNC = BCx = MN // Cx

Mit khdc Cx L OC nén MN L OC

b) D& thiy ACMN ~ ACBA, suy ra

_“[_g_ - % - 71,2_ (vi ACAN cin tai A)
AB

=> MN=—
V2

Ba&i 23. Cho hinh binh hinh ABCD ¢6 géc A nhon, AB < AD. Tia phén gidc

clia géc BAD cdt BC tai N. Goi K 12 tim clia dudng tron ngoai ti€p tam
gidc MCN.

a) Chitng minh DN =BC va CK L MN.
b) Chitng minh ring BKCD 1a mot tf gidc ndi ti€p.

(Trich dé thi vao l6p 10 Chuyén Todn THPT Chuyén Lé Héng Phong,
TPHCM ndm hoc 2005 — 2006)

Bdi 24. Cho hai dudng tron (O), (O') ndm ngoai nhau ¢6 tdm twong dng 12
O va O'. Mot ti€p tuyén chung ngoai cia hai dudng tron ti€p xiic véi (O)
tai A va (OQ') tai B. Mot ti€p tuyén chung trong ctia hai duding tron cit AB
tai I, ti€p xdc véi (O) tai C va (O') tai D. Bi€t riing C ndim gitta I va D.

1. Hai dudng thing OC, O'B cit nhau tai M. Ching minh ring
OM>O'M.

2. Kihiéu (S) 12 dudng tron di qua A, B, C va (§8') 14 dudng tron di qua A,
D, B. Pudng thing CD cit (S) tai E khdc C va (S8) tai F khéc D.
Chdng minh riing AF vudng géc vdi BE.

(Trich dé thi vao l6p 10 THPT Chuyén PHKHIN, DHQG Ha N&i ndm hoc

2005 — 2006)

Huédng din gidi
~ayTaco BAN = DNA o N
Mit khic BAN = DAN
" Suyra DAN = DNA
= ADAN ‘Cﬁn taiD
= DN=AD=BC
Dé thdy AMAN can tai C nén
CM =CN

Lai c6 KM = KN
= CK L MN

A D

b) Xét tam gide KBC va tam gidc KDN, ta c6: BC = KN; KC = KN;
KCB = KDN (cling bing KMC)

Suy ra AKBC = AKDN = KBC = KDC

Viy it gidc BKCD 1a tif gidc ndi ti€p (dpem).
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Huéng dan giai
1. Tacé: OM // O'D (vi OM va O'O ciing vudng géc véi CD)
Suy ra: MOO' = 00D < I0D = I0'M < 00O'M
Viy OM>OM'

2. Ta ¢6 t¢ gidc ACBE
noi ti€p va IA = IC, nén
IB =1E.

Mait khiac IB = ID do dé
tam gidc BED vudng tai B
nén BD 1 BE (1)

Tt gidc ADBF ndi ti€p va
IB=ID,nénlA=1IF.
Suyra AF//BD (2)

Tuw() va(2)suyra AF L BE

Bdi 25. Cho hai dudng tron (O; ; R)) va (O, ; Ry) ¢6 Ry > Ry, ti€p xiic ngodi
v6i nhau tai A. Pudng thdng d di qua A cdt dudng tron (O, ; R)) tai M va
cdt dudng trdn (05 ; Ry) tai N (cdc diém M, N khdc A).

a) Xéc dinh vi trf clia dudng thdng d d€ d6 dai doan thing MN 16n nhat.

b) Tim tap hgp cdc trung diém I cia cdc doan thing MN khi dudng thing
d quay quanh di€m A.

(Trich dé thi vao {6p 10 THPT Chuvén, DH Vinh ndm hoc 2005 — 2006)
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Huéng din giai
Q) Kéo dai 0,0, cdt dudng
tron (O) va (03) tai hai diém
M()s N()-

Ta cé: ANN, = AMM, = 90" \
Suy ra MN<MN, \

= MN <2(R, +R,)

Viy do dai 16n nhat ctia doan thing MN 16n nhat 12 2(R; + R,) dat dudc
khi dudng thing d di qua O, va O,.

b) Goi I, 12 trung diém ctia MgN,,.

Do R, >R, = AM, > AN, nén I, nim trong doan AM,,

Vi AAMM, ~ AANN, nén AM > AN.

Suy ra I nim trong doan AM.

Do dé: Al _IN-AN IM AN AM AI AN AN _, Al AN
M AM  AM AM AM AM AM AM

:>2[ Al )_1-—-f-\ﬂ 4
AM AM

Tuong ty, ta c6: 2 Aly =1- AN, 2)
0 AM,
Tw (1) va (2), suy ra: _;/i = Al,
AM  AM,

Do dé H() 1/ MM() = AHO = 900

Vay tp hop diém I 1a dudng tron duding kinh Al
Pdo lai: Do M, N khéc A nénlkhic A.
Ldy di€ém I' trén dudng kinh Al tir diém A, dudng thing AI' cdt dudng
tron (O)) va (Oy) tai M/, N,
Khi d6, ta c6: I, L M'N' = II, // M,M'// N,N’
AI' AL, A Al

Suy ra: St =
AM'_AM, AN AN,

Do d6 1’ 1a trung diém cia M'N’.
Vay tip hop diém 112 dudng trdn dudng kinh Al trir diém A.
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Bai 26. Cho tam gidc ABC ¢c6 A=60", AC = b, AB = ¢ (vdi b > ¢). Pudng

kinh EF cta dudng tron ngoai ti€p tam gide ABC vudng goc vdi BC tai
M. Goi I va J 12 chin dudng vudng géc ha tr E xudng cdc dudng thing
AB va AC. Goi H vd K 1a chin dudng vudng géc ha tr F xudng cdc
dudng thing AB va AC.

1. Chitng minh cdc i gidc AIEJ va CMIE ndi tiép.
2. Chting minh I, J, M thing hang va 1J vudng géc vdi HK.

3. Tinh d6 dai canh BC va béin kinh dudng tron ngoai tiép tam gidc ABC
theo b, c.

4, Tinh IH + JK theo b, c.
(Trich dé thi vao lép 10 THPT Chuyén, BPH Vinh ndm hoc 2005 ~ 2006)

Huéng dan giai
1. Ta cé: AIE = AJE = 90°
Suy ra tif gidc AIEJ ndi ti€p dudng tron duding kinh AE.

Mit khic AIE = AJE =90° I .
Vay tf gidc CMIJE ndi ti&p dudng A
tron dudng kinh CE. _ T
2. Ta ¢6: IEM = AEC (vi cling bu v6i N
ABC)
. o)
Suy ra: AEI = CEM K SQ
Mat khic AEl=AJl (vicingchin Al) . A
va CEM = CJM (vi cing chin CM ) H/%(- M
Suy ra CIM = All S F

Ma I, M niim vé hai phia ciia dudng thing AC nén I, J, M thing hang.
Tudng ty, ta ¢ H, K, M thing hang.

Vi tf gidc CFMK ndi tiép = CFK = CMK

Vi t gidc CMJE néi tiép = JME = JCE

Ngoaira ECF =90 — CFK = JCE (vi cing bing 90° - ACF )

" Do d6 CMK = IME = JMK = EMC =90°

vay IJ LHK.
3.Ké BN L AC
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Vi 1?»1:60":@:30":/&1\4:%:%

2
Suy ra: BN? = AB? — AN? :%

2 2
Ta c6: BC? = BN? + CN? =§—§—+(b—%} =b? +c-be

— BC =+b* +c’ —bc

Trong tam gidc déu BCE, ta ¢6:
2BCA3 _1 [

R=CE=~2-EM:
3 3.2 3

(b2 +c? —'bc)

4. Goi S 1a giao diém ciia FH v6i dudng tron (O).

Ta c6 1 gidc SHIE 12 hinh chi¥ nhat nén HS = ES.

Miit khéc AB // ES nén AE=BS, ma BE =CE, do d6 EBS = AEC
—=ES=AC=b=1H=b

Goi Q 1a giao diém cta FK véi dudng tron (0), ta ¢6 tf gidc EJKQ la hinh
chit nhat nén JK = EQ.

Mt khac EQ / AC nén AE=CQ ma BE=CE. dod6 EQ=AB
—EQ=AB=c=JK=b ‘
VayIH+JK=b+c.

4

b) Ta cé: 1\’/?1’\36 = I\m ;
Ma MAO+MBO =90" nén ¥

ONM +MPO=90" C
Do d6 tam gidc NOP vudng tai O. N M
¢) D& thdiy ON L AM ; BD 1L AM P

' Do d6 ON // BD z

Vi O Ia trung diém ctia AB nén N la
trung diém «ua AD. A O B

Tudny W, ta cod P la trung diém ctta BC.

Bdii 28. Cho tam gidc ABC ndi ti€p dudng tron tam O ¢6 tryc tAm H. Phan

gidc trong clia géc A cit dudng tron (O) tai M. Ké dudng cao AK ctia tam
gidc ABC. Chifng minh ring:

a) buldng thing OM di qua trung diém N ciia BC.

b) Cédc gbéc KAM va MAO biing nhau.

¢) AH = 2NO.

(Trich dé thi vao lép 10 THPT Chuyén Lé Quy Don, Binh Pinh ndm hoc

Bai 27. Cho M Ia di€m bét ky trén nita dudng tron tdm O, dudng kinh

AB = 2R (M khong tring v8i A, B). V& céc 1i€p tuyén Ax, By, Mz cla
nita dudng tron d6. Pudng thing Mz cit Ax, By 1dn luot tai N va P.
Pudng thing BM cit Ax tai D. Chitng minh:

a) T gidc AOMN ndi ti€p trong mot dudng trdn.
b) Tam gidc NPO la tam gidc vudng.
¢) Céc diém N va P 14n lugt 1a trung diém ciia doan thing AD va BC.

(Trich dé thi vao 1dp 10 THPT Chuyén Lé Khiét, Qudng Ngdi ndm hoc
2005 - 2006)

Huéng dan gidi
a) Ta c6: OAN = OMN = 90°
Do d6 tf gidc AOMN ndi ti€p dudc trong mdt dudng trd.
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2005 — 2006)

' Huéng dan giai
a) Ta cd: BAM = CAM
Suy ra BM =CM do d6 OM vudng géc véi BC tai N 1a trung diém ctia BC.
b) Ta c6: AK // OM (vi cing vudng A
géc véi BC) ’
Suy ra KAM = AMO
Mat khdc AMO = MAO E
Suy ra: KAM = MAO H O
¢) Goi E 1a trung diém cla AC.

Khi d6 EN 1a dudng trung binh cia R K N C
tam gidc ABC, suy ra EN // AB va k\




Mit khdc AH // ON (vi cling vudng géc véi BC) va BH // OE (vi cling
vudng goc véi AC).

‘Do d6 AAHB ~ ANOE (g - g)

O NE |
Suyra: ——=—Z=_

AH AB 2
Viy AH = 2NO.

= AH(PB2 +R*)=2R"PB

2R’PB 2R’

< AH=— > =
PB° + R~ d

dZ ~R2

BGi 29. Tir diém P nim ngoai dutng tron O, bin kinh R, ké hai tiép tuyén
PA, PB. Goi H 1a chén duding vudng géc ha tir A dén duding kinh BC,
a) Ching minh ring PC ¢4t AH tai trung diém E cia AH. -
b) Gid st PO = d. Tinh AH theo R va d.

(Trich dé thi vao lop 10 THPT Chuyén Nguyén Binh Khiém, Vinh

Long
ndm hoc 2005 — 2006)

Huéng din giai
a) Ta c6: AH // PB (vi ciing vudng géc vdi BC)

Mit khdc PO // AC (vi ciing vudng goéc
v6i AB) nén POB = ACB. \
Suy ra tam gidc vuéng ACH dong dang
vGi tam gidc vubng PORB, ta ¢6:

AH CH

AH _CH , A
PE OB

T (1) Yé (2), k€t hdp vdi CB = 20B
= EH =20H = EA =EH
Viy E 1a trung diém cta AH. o H

b) Ap dung hé thic lugng trong tam
gidc vubng BAC, ta ¢6:

AH =BH.CH = (2R - CH).CH

K&t hgp véi (1)va AH = 2EH, ta dugc: AH? =(2R _AHCB .AH'CB
' 2PB 2PB

< 4PB”.AH’ = (4R.PB~ AH.2R).AH.2R
< PB’.AH = R*(2PB - AH)
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B&i 30. Cho dudng tron tdm O, bdn kinh R va AB 13 dudng kinh ¢& dinh ciia
dudng tron (O). Dudng thfing d 1a tié’p tuyén cﬁa dudng tron (O) tai B.
MN la dudng kinh thay ddi cia duding tron (O) sao cho MN khong vudng
géc véi AB va M= A ; M=B. Cic dudng thing AM va AN cit dudng
thiing d tuong tng tai C va D. Goi I 1a trung di€m cta doan thing CD, H
12 giao diém ctia Al va MN. Khi MN thay d8i, chitng minh riing:

a) Tich AM.AC khéng d8i.

b) Bon di€m C, M, N, D ciing thuéc mot dudng tron.

¢) Diém H ludn thudc mdt dudng tron ¢b dinh.

d) Tam J cda dudng tron ngoai i€p tam gide HIB ludn thude modt dudng
thiing ¢8 dinh.

(Trich dé thi vao 1dp 10 THPT Chuyén Ngoai ngit, PH Ha N§i ndm hoc

2006 - 2007) :

Huéng dan giai
a) Ta ¢6: A/M\B =90" nén MB L AC
Trong tam gidc vudng ABC, ta ¢6: MA.AC = 4R? = const
'b) Ta c6: AMB = 90" 4
ACD = OAN (ciing phu v6i ACB)
Ma OAN =ONA nén ACD = MNA

Do MNA +MND =180° nén
ACD +MND = 180"
Suy ra ttt gidc MNCD ndi ti€p dugc.

¢) Al 1a trung tuyé€n {tng vdi canh huyén cla
tam gidc vudng ACD nén ta ¢6:
IA=ID=IC |

Suy ra tam gidc AID cintail

Do d6 IAD = ADC-

Ma TAD+ACD =90°; ACD = ONA

>
C
A
\
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Nén IAD +ONA =90° = AHN =90° hay AH 1 ON

Suy ra H thuc dudng trdn dudng kinh OA ¢4 dinh.

d) Ta c6: OHI +OBI = 180°

Do d6 bon diém O, H, B, I ciing thudc dudng tron dudng kinh OI.

Suy ra tdim J dudng tron ngoai ti€p tam gidc HBI thudc dudng trung tryc
d’ ctia doan OB ¢& dinh.

Bai 31. Cho géc xOy vudng va hai diém A, B trén canh Ox (A nim gilta O
va B), diém M ba't ki trén canh Oy. DPudng tron (T) dudng kinh AB cdt tia
MA, MB 14n lugt tai diém thit hai 13 C, E. Tia OFE cét dudng tron (T) tai
diém thit hai 1a F.

1. Chtng minh 4 diém O, A, E,M nim trén mdt dudng tron, xdc dinh tdm
cuia dudng tron do.
2. Tt gidc OCFM Ia hinh gi? Tai sao?
3. Chitng minh hé thiic OE.OF + BE.BM = OB’.
4. X4c dinh vi tri cia diém M @& t¢ gidc OCFM 1a hinh binh hanh. Tim
mdi quan hé gitta OA va AB dé i gidc 1a hinh thoi.
_ (Trich dé thi vao Idp 10 THPT Chuyén Ha Noi Chu vdn An va Ha Noi
‘- Amsterdam ndm hoc 2004 — 2005)

AOBM ~ AEBA(g—~g—g)

BM

Suy ra: OB _ 55 = BEBM=BABO (2)

EB
Tir (1) va (2), suy ra: OE.OF + BEBM = OB?
4. Goil 12 giao diém ctia CM véi OE 1a I va H Ia giao diém ciia CF v6i OB.

Hinh thang OCFM Ia hinh binh hanh nén I 1a trung diém cda OF do d6 A
1a trong tAm ctia tam gidc OCF. Khi d6, ta c6: OA = 20H

Cdch dung:

- Dung diém H trén tia OA sao cho OA = 2AH

- Qua H dung duting thezmg vudng géc véi BC cit dudng tron (T) i F va C.

- N&i CA cdt Ox tai M, khi d6 M 1a di€m can dung.

Khi t& gidsc OCFM 1a hinh binh hanh, mudn né thanh hinh thoi thi
Cl1 LOF

Suy ra tam gidc.OCF déu va A 12 tdm clia né nén CAT =60°

Do dé OA=AC=AT=52§—

Huéng dan gidi
1. Tac6: AMO = AEM = 90°
Do d6 tf gidc OAEM néi 1i€p
dudng tron dudng kinh AM. M
2. Tt gidc OAEM nodi ti€p nén , E
OMA = OEA
Bon diém A, E, F, C cing
nim trén mdét dudng trdon (T)
nén OEA = Xa:
Dods OMA = ACF = FC//OM
Viy OCFM 12 hinh thang. C
3. Tac6: AOFA ~ AOBE(c—-g-c¢)
St OF OA
uy ra; — =
OB OE

= OE.OF =0A.0B (1)
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Bai 32. Cho dudng tron (O) tdm O, bdn kinh R va dudng tron (O) tam O,
bén kinh R, ti€p xtc ngoai tai A (R>R’). V& cdc dudng kinh AOB ciia
dudng tron (O) va AO'C ciia dudng tron (O). Ddy DE ciia dudng tron
(O) vudng géc véi BC tai trung diém K ciia BC.

1) Chitng minh tit gidc BDCE 12 hinh thoi.

2) Goi 1 1 giao di€m ciia EC véi dudng tron (O'). Chitng minh ba di€m
D, A, 1 thing hing. '

3) Chitng minh KI 13 ti€p tuyén cla dudng trdon (O').

(Trich dé thi vao l6p 10 THPT Chuyén Nguyén Binh Khiém, Vinh Long
ndm hoc 2007 — 2008)

Huéng din giai
1) Vi OKLDE nén K ia trung
" diém cda DE.
T gidc BDCE c6 hai dudng chéo g
vubng géc v6i nhau tai trung diém
cia mdi dudng nén né 13 hinh thoi.
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2) Ta c6: BDA = 90"

Mit khac BD // EC, nén AD L EC
Vi AIC =90" nén Al L EC.

Viy D, A, Tthdng hang.

3) ViIK 14 trung tuy€n tam gidc IDE vudng tai I nén
IK =KD = IKD = KDl

Do OA'=01=R nén OTA = O'Al = DAK
Do d6 KIO' = KID + O'TA = KDI + DAK = 90"
Vay KI 14 ti€p tuyén cda dudng tron (O').

Goi Oy, O, lin luot 1a tim cdc dudng trdon ngoai ti€p cdc tam gide ADM
va BDM.

Ké O]H LAB, O,K LAB. Khi d6 H va K 1an lugt 1a trung diém cia AM
va MB.

Suy ra: Ry = O,A va Ry = O,B.

: 1 1
Ké ON LCE, tacé: ON=HI=Al-AH =~2—(AB~AM)=§BM =KB

Viy AEON, = AO,KB = R, =0,B=0,E
Do dé R] -+ R: = AE = const

Bai 33. Cho hai diém A va B ¢6 dinh trén dudng tron (0). C 1a di€m chinh

gitta cung AB. M 1a di€m chuyén dong trén diy AB. Tia CM ciit duding

tron (O) tai di€m thi hai 1a D. Chiing minh riing:

1) AC* = CM.CD.

2) Tam dudng trdn ngoai Lép tam gidc ADM thubc mot duing thing
¢6 dinh.

3)Goi R, va R, lan hrdt 1a ban kinh dudng trdn ngoai ti€p tam gidc ADM
va BDM. Chiing minh R, + R, 13 hiing s8.

(Trich dé thi vao Idp 10 THPT Chuyén Lam Son, Thanh Héa ndm hoc
2007 - 2008)

Huéng dan giai

1) Ta c6: AACM ~ ADCA (g - g) E

. AC CM 5
nén —=——= AC* = DC.CM

DC cCA N

2) K& dudng kinh CE. 0, (
Vi CAM =CDA nén AC la tiép tuyén /
tai A clia dudng tron ngoai ti€p tam
gidc ADM. ' I
Do ACLAE nén tam dwong ton A M K /B
ngoai ti€p tam gidc ADM phdi nim \ )
trén dudng thing c& dinh AE.
3) Tuong ty¥ tAm dudng trOn ngoai C

ti€p tam gidc BDM thudc dudng thing BE.
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BaGii 34. Cho dudng tron (C) tAm O, dudng kinh AB. M la mot diém nim

trong doan OA; CD la ddy vudng géc vdi dudng kinh AB tai di€ém E.
Puding thing DM cit (C) tai N (khdc di€ém D). Pudng trdn (C)) tim O,
bén kinh r ti€p xic trong vdi (C) tai diém J thude cung nhd CN va t'iép
xiic véi cdc doan thing CM va MN tai cdc diém I va K tuong dng. Biét
AM=a, ME=b,EB =c.

. 1. Chitng minh riing tam gidc O,KM dbng dang vdi tam gidc MEC.

2. Tinh d6 dai cdc doan OOy, KM v OM theoa, b, ¢ var.

N 1 1 1
3. Chiéng minh ring —=—+—.
: r a b

(Trich dé thi vao lop 10 THPT Chuyén DHSP Ha N§i ndm hoc 2006 — 2007)

Hudng dan gidi
1. AMCD cén tai M, suy ra
MCD:l\TﬁC:-;-ﬁvTC

e ] e
Mitkhdc O,MKz—;KMC

Do d6 AO,KM ~ AMEC (dpcm)
2. Tacé

. b+‘
OA=a+b+L:>OO,=a+2 c_r

Vi AO,KM ~ AMEC va CE la du0ng cao clia tam gidc vudng cdn CAB nén

MK _CE OKCE rJEAEB _ry(a+b)e
% M

ez KM =
OK ME ME
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Ta ¢6: OM?> =0, K> + KM’ =

2
2+£—~(%-—Z—P)£:>O,M=%\/b2+ac+bc

3. Ap dung dinh Ii Pitago trong tam gidc vudng O MO, ta c6:
00! = OM? + O,M?

atb+c Y (atb+tc Y  , r’(ath)
— | =T R

2
< (a+b)er’ +b*(a+b+c)r—(a+b)ab’ =0
Xem bi€u thitc trén 12 PT bic hai vGidnr, ta ¢6:
A=b*(a+b+c)+4b’ac(a+b)(a+c)=b’ [b(a.+b+c)+2ac]2
-b?(a+b+c)+b[b(a+b+c)+2ac]  ab

=r= =
2¢(a+b) a+b
1 1 1
D=t
r a b

Ap dung dinh 1i Pitago, ta ¢6: 00”? =R?+R"? (3)
Mit khdac: OO0 =EF? +(OE - EF)? = EF? +(R-R)’ (4)
T (3) va (4), suy ra: EF = +2RR’

Bdi 36. Cho tam gidc ABC cén tai A v6i AB > BC. Pi€ém D di déng
trén canh AB, khéng tring vdi A vd B. Goi (O) 12 dudng tron ngoati
ti€p tam gidc BCD. Ti€p tuy€n clia dudng tron (O) tai C va D cit
nhau tai K.

1) Chitng minh riing t& gidc ADCK ndi tiép.
2) Tt gidc ABCK la hinh gi? Tai sao?
3) X4c dinh vi tri di€m D sao cho &t gidc ABCK 12 hinh binh hanh.

(Trich dé thi vao ldp 10 THPT Chuyén Phan B$i Chdu, Nghé An ndm
hoc 2006 — 2007)

’ Bai 35. Cho hai dudng trdon (O ; R) vd (O'; R’) cit nhau tai A va B. Goi EF
13 ti€p tuyén chung clia hai dudng tron (E thudc (O ; R) va F thude
(0';R")). Pudng thdng AB cit EF tai K. Goi I 1a diém d6i xing cta A

» qua K (A nim giita B va I)

1) €6 nhan xét gi vé tif gisc AEIF?
) Goi M Ia trung diém clia OO’. Cho biét MA MO’. Hay tinh d0 dai
EF theo R va R'.

(Trich dé thi vao lo’p 10 THPT Chuyén, BH Vinh ndm hoc 2006 — 2007)

Huéng dan gidi
1) Vi AKEA ~ AKBE (g — g) nén %=%

= KE’ =KAKB(1)

Tuong ty, ta c6: KF?> = KAKB (2)
T (1) va (2), suy ra KE = KF
Mit khdc KA = KI nén tit gidc
AEIF 1a hinh binh hanh.

2) Vi MA = MO =MO' nén tam
gidc OAO' vudng tai A.

Huéng dan giai
1) D& thdy tam giéc ABC cén tai A va tam gidc KDC cén tai K nén ta c6:
BAC =180° - 2ABC ;
DCK =180° - 2KDC do KDC = ABC
= BAC =DKC
Viy tf gidc ADCK ndi ti€p.
2) Ta glac ADCK ndi txep nén ta cé:
CAK CDK = ABC = ACB
Suy ra: AK / BC
Do d6 tit gidc ABCK 1a hinh thang.

3. Hinh thang ABCK tré thanh hinh
binh hanh khi AB // CK, khi d6
BAC=ACK (%)

Theo trén, ta cé:

KCD = KDC = ABC = ACB
= BCD = ACK

Ti¥ (*) ta thd'y BCD = BAC tir d6 suy ra cach dung diém D.




Bdi 37. Goi AD 1a dudng phén gidc trong gbc A clia tam gidc ABC (D thude
doan BC). Trén doan AD 14y hai diém M, N sao cho ABN =CBM. BM
cdt dudng tron ngoai tiép tam gidc ACM tai di€m thd hai E vd CN cit
dudng tron ngoai ti€p tam gidc ABN tai di€m thit hai F.

1) Chiing minh BCEF 1a t& gidc ndi tiép.
2) Ap dung cau 1) chirng minh ba di€m A, E, F thing hang.
3) Chitng minh riing BCF = ACM. Tir d6 suy ra ACN =BCM .

(Trich dé thi vao lop 10 THPT Chuyén Todn PHSP TPHCM néim hoc 2006 — 2007)
Huéng din gidi ‘

l)Tacéz}ﬁzm,@:m’ ‘
Ma BAN = CAN = BFC = BEC
Do d6 tir gidc BCEF ndi tiép.
2) Do tt’r/g\iéc BCEF ndi tiép nén
CFE = CBE ma CBE=ABN=NFA
= CFE = NFA
Do d6 hai tia FA va FE tring nhau,
hay ba di€ém A, E, F thing hang.
3) Ta ¢6: BCE = BEF

Do ACM = BEF = BCF = ACM => ACM = BCF = ACN = BCM

Vi MAH = BAM nén CMA =CAM
Suy ra tam gidc CAM cén tai C
Tudng ty nhu trén, ta ¢4 tam d. A d,

gidc BAN cédn tai B.
Gid s& phin gidc cla goc

ABC va ACB cit nhau tai L. I

Suy ra I 13 tdm dudng tron

ndi ti€p tam gide ABC. - b b ' "
Do tam gidc CAM va tam B M HK N C

gidc BAN déu cln nén suy ra cdc dudng phan gide cla goc
ABC va ACB chinh 1 trung truc cda AN vd AM. Do d6 I chinh la tdm
dudng trdn ngoai ti€p tam gidc AMN.

2) Ta ¢6: MAN = 45° = MIN = 90"

Do d6 tam gidc MIN vudng cin. Suy ra IK = KM = KN (do IK 1a dudng
cao ctia tam gidc vudng cin MIN).

Suy ra dudng tron ndi tiép tam gidc ABC ti€p xiic vid; va da.

Bai 38. Cho tam gidc ABC vudng tai A. Goi H 1a chdn dudng cao cia tam
gidc ABC ha tit A xuéng canh BC. Pudng phin gidc clia géc BAH cit BH
tai M. Pudng phén gidc clia géc CAH cit CH tai di€m N.

1) Chitng minh ring tim dudng tron ngoai ti€p tam gidc AMN triing vdi
tdm dudng tron ndi ti€p tam gidc ABC.

2) Ki hiéu d, va d, 14n lugt 14 cdc dudng thing vudng géc vdéi BC tai

diém M va N. Chitng mirh riing d, va d, ti€p xiic vdi dudng tron ndi
ti€p tam gidc ABC. A

(Trich dé thi vao 16p 10 THPT Chuyén PHKHTN, PHQG Ha N§i ndm hoc
2008 — 2009)

Bdi 39. Cho tam gidc ABC vudng tai C. Trén canh AB 14y diém M ty ¥

(M#A,M=B). Ki hiéu O, O, O; 14n lugt 13 tdm cba cdc dulng t’rbn\
ngoai ti€p cic tam gidc ABC, AMC, BMC.

1. Chitng minh 4 diém C. O, M, O, cling nm trén dudng tron (T).

2. Chirng minh diém O ciing niim trén du‘Bn.g tron (T).

3. Xdc dinh vi ri cda M d€ dudng tron (T) c¢6 ban kinh nhé nhit.

(Trich dé thi vao l6p 10 THPT Chuyén DHSP Ha Néi ndm hoc 2008 —2009)

1. Ta cé: m:%l\m;

Huéng dan giai
1) Ta c6: CMA + MAH =90°: CAM + BAM = 90°
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Hudng dan giai

M’is?::%@

. e M
(tinh chd't vé€ géc ndi ti€p
vd géc ¢ tdm clda mdt ;
dudng  tron cing chin c u! 5
mot cung)
O:
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Ma MAC + MBC = 90° = MO,C + MO,C =180°

Suy ra tf gidc CO;MO; la tf gidc ndi ti€p hay 4 diém O, O,, Oz, M ciing
nidm trén mot dudng tron.

2. D& thiy: @T@:-;-M’o,\czc’@ . GO0, =%@=@
Suy ra: CO,0, +C0,0, =CAB+CBA = 90"
= 0,CO, =90°

Goi I va J 14n lugt 1a giao di€m ciia 00, va 00, vdi AC va AB, ta ¢6:

1=7=90°
Tt gidc CIOJ 12 hinh chit nhat. Suy ra 0,00, =90°
= 0,CO, + 0,00, =180°

Suy ra tif gide CO,00, 12 uf gide ndi ti€p. Do 46 diém O ciing nim trén
dutng tron (T).
3. Pudng tron (T) ¢6 dudng kinh 0,0; = 2r ludn di qua hia di€ém ¢& dinh
CvaO.
Suy ra 0,0, =2r2CO.

. DA&u “=" x4y ra khi va chi khi OC 1a dudng kinh cta dudng trdn (T). Khi

d6 COM =90" = CM L AB, hay H la chin dudng vudng géc k& tit C
xudng AB.

1. Ta c6: ML = MN

Suy ra: (ﬁzlﬂz(ﬁ}:@_

Do d6 t gidc ABEF 1a tf gidc ndi tiép.
Suy ra FGB =FAB ()

Tudng ty, ta co: GED =FAB (2)

Tir (1) va (2), suy ra FGB = GED

Do d6 GF // DE 4

2. a) Td gidc DEFG 13 hinh binh hanh
nén M Ia trung diém cta EG.

Tam gidc AGE c¢6 AM vira 1a dudng
phén gidc vira 1a dudng trung tuy&n nén
tam gidc AGE cin tai A va AM vudng
gbc v6i GE.

Suy ra DF vudng goc vdi EG.

b) Ta c6: AM L EG => AMB = 90"
Do d6 ALB = ANB =90"

Suy ra PNC = 90"

Viy AALP ~ AANC

Bai 40. Cho tam gidc ABC. Mot dudng tron (T) di qua diém A va B cit cdc
canh CA, CB tai céc diém L va N twong ing (L#A,L#C,N= BN=C).
Goi M l1a trurig diém clia cung LN cta duong tron (T)y va M ném trong-
tam gidc ABC. Pudng thing AM cit cdc dudng théng BL va BN tai cdc
diém D va F tudng Ung, dudng thing BM ct cic dudng thing AN va AL
tai céc di€m D va F wwong tng. Goi P 1a giao di€ém ciia AN va BL.

1. Chitng minh DE // GF.

2. N&u tit gidc DEFG 12 hinh binh hanh, hidy chifng minh:
a) DF vudng géc vii EG.

b) Hai tam gidc ALP va ANC ddng dang v6i nhau.

(Trich dé thi vao ldp 10 THPT Chuyén Todn — Tin, DHSP Ha Ngi nam
hoc 2008 — 2009)

Bai 41. Cho tam gidc ABC ndi ti€p dudng trdn (0). Gid st cdc ti€p tuyén
v6i dudng tron (0) tai B va C cdt nhau tai P nim khdc phia véi A dsi véi
BC. Trén cung BC khong chita A ta 1dy diém K (K khdc B va C). Butng
thing PK cit dudng tron (O) lan thi hai tai Q khdc A~
1. Chitng minh cdc dudng phin gidc clia cdc goc K/B\Q va K/(EQ di qua

cing mot diém trén dudng thing PQ.
2. Gia s& dudng thing AK di qua trung diém M ctda canh BC. Ching
minh ring AQ // BC.

(Trich dé thi vao lop 10 THPT Chuyén Todn — Tin, PHKHTN, DHQG
Ha Néi ndm hoc 2008 — 2009)

Huéng dan giai
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Huéng dan gidi
1. Goi 1 1a giao diém cla phan gidc clia géc I{P\Q vdi PQ.

N&i IC, ta ching minh IC 13 phéan gidc clia goc KCQ




Ta ¢6: BIP=IBQ+IQB
Ma IBO =IBK vi IQB = KBP
Suy ra BIP = IBP

Do d6 tam gide PBI cdntai P.

Do PB = PC nén tam gidc PCI cdn tai P

Ta co: ﬁ=@+® ; PCI = KCI + KCP
Do tam gidc PCI ¢dn tai P nén PIC = PCI
Suy ra P/Q‘E}—x-(ja =KCI+KPC

Vi IT(_)E:I_(’C\P nén 661:1251‘

Do d6 Cl 1a phan gidc clia géc KQC

Vay cdc dudng phdn gidc cla cde goc KBQ

va KCQ di qua ciing mot diém trén dudng
thing PQ. '

_KIEN THUC VA Ki NANG CAN NAM VONG

b) Goi O la tdm dudng tron ngoai té€p tam
gidc ABC.

Ta c6: PC* = PM.PO ; PC? = PK.PO
Suy ra: PM.PO = PK.PQ
Do d6 i gidc KMOQ ndi ti€p
Suy ra: 1@ = Q/O\H

e ] PR—
Do AKQ= —2—QOA = QOH = AOH
Suy ra OH 1a dudng phin gidc clia tam gidc cdn OAQ. -
Do d6 OH L AQ = AQ// BC (vi cing vudng géc véi PH)

KR
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1. S& dung mdi quan hé gilta dudng xién va dudng vubéng goc

- Trong tam gidc vudng cé canh géc vudng AH, canh huyén AB thi
ABz AH. ‘

D4u “=" x4y ra khi va chi khi B tring véi H. ;

- Trong céc doan thing ndi t¥ mot di€m d€n mot dudng thing, doan
thing vudng gbe vdi dudng thing d6 thi c6 do dai nhd nhit.

- Trong cic doan thing ndi hai diém nim trén hai duding thing song song,
doan thdng vudng géc vGi hai dudng thing song song ¢4 do dai nhd nhal.

2. SU dung cac bét déng thuc tfrong tam gidc
Trong tam gidc ABC, ta ludn c6: |AB - AC|<BC < AB+AC
ABC = ACB < AC < AB
3. SU dung quy téc diém
Véi ba diém bat ki A, B, C, ta luén ¢c6: ABSAC+BC
Déu “=" x4y ra khi va chi khi C 12 mot diém thude doan thing AB.
4. S dung béit ddng thic trong dudng tron
- Puding kinh 13 ddy cung 16n nha't trong dudng tron.
- Trong dudng tron (O), AB va CD I hai cung. OH va OK 1an lugt 1a cdc
khodng cédch tir O d&€n AB, CD.
Khi d6, ta ¢6: OH > OK khi va chi khi AB<CD
AB<CD khi va chi khi AOB<COD
5. S dung cdc bét ddng thic dai s6

- x?>0.D4u “=" x4y ra khi va chi khi x = 0.

-Né&u x>0,y>0 thi X ¥ >2 D&u“="xdyrakhivachikhix=y.
y X

- N&u x20,y>0 véi x +y = const thi xy dat gid tri 16n nhat khi va chi
khix=y.
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-N€u x20,y>0 véix.y = const thi xy dat gid tri nho nhét khi va chi khi

X=Yy. |
_ B&l ding thic Co-sii N€u a20,b20 thi a+b>2Jab hodc
@sa;b

Dau “=" x4y ra khi va chi khia = b,

Suy ra: AB + AC = AH — HB + AH + HC = 2AH

Ap dung dinh li Pitago trong tam gidc vudéng OAH va tam gidc vudng
OAD, ta dugc: OA? = AH? + OH? va OD? + AD? = OA?

Suy ra: OH? + AH? = OD? + AD?*

Mi OH <R = AH> AD = AB+AC > 2AD

Viy AB + AC nhé nhdt khi dudng thing d ti€p xic véi dudng tron.

> B. BAI TAP

B@i 1. Cho hai di€ém A, B nim trong nifa mit phdng v6i by l1a dudng
thing d. Tim trén d di€m C sao cho tdng AC + BC nhd nhit.

Hudng dan giai
Goi B’ 1a diém doi x@ng cia B qua
" dudng thing d.
Ta ¢ ABCB' cintaiC
. Suyra: CB'=CB
Do d6: CA+CB=CA+CB 2 AB’ l/c d
Viy CA + CB nhd nhat khi A, C, B
. thing hang, hay C 1a giao di€ém cda B
" AB' va dudng thing d.

Bdi 3. Cho dudng tron (O ; R) va dudng thing xy ¢6 dinh ngoai dudng tron.
T diém M tily ¥ trén xy, vé cdc ti€p tuyé€n MA, MB dé€n dudng tron (O)
(A, B 1a cdc ti€p di€m). K& OH vuéng géc véi xy. Day AB cdt OH tai L.

5 R?
a) Chitng minh ring: 10 =—.
g g OH
b) Xdc dinh vi tri ctia diém M trén xy d€ cho AB c6 d6 dai nhd nhat.

¢) X4c dinh vi tri clia diém M trén xy va N trén dudng tron (O) sao cho

B@i 2. Cho di€m A ¢d dinh niim ngoai dudng trdn (O ; R). Mot dudng thing
~d di qua A. Goi B va C la giao diém cdia dudng thing d vd dudng tron
(0). X4c dinh vi tri clia dudng thing d d€ AB + AC nhé nhat

Hudng dan giai
V& dudng thing qua A ti€p xic véi
dudng tron tai D, ta ¢6 D ¢d dinh.

- Trudng hgp 1: N&u d tring véi AD
hoidc AD’

Khi d6 cde di€m B, C, D tring nhau,
suy ra: AB + AC = 2AD = 2 AD'

- Trudng hgp 2: N€u d khdng trung
véi AD hoic AD'

Ta v& OH L d v&i H thudc vio dudng thing d
Khi.d6 H 1a trung diém clia BC va OH <R
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MN c6 d6 dai nhd nhat.

‘ Huéng dan giai

a) Goi K 1a giao diém clia AB véi
OM, ta cé:

AHOM ~ AKOI
= OoH = oM = OLOH = OK.OM
OK O1

Mait khdc: OK.OM = OA? = R?
Suy ra: OH.OI = R?
Hay 10 = —li <R

OH
b) AB nhd nhat khi va chi khi OK~ & ul
16n nhat M H
Ma OK <01
OK 16n nhdt khi va chi khi K triing véi I, bay AB L OI, hay M triing véi H.
Vay AB nhd nhd't khi va chi khi M triing véi H.
¢) Goi C 1a giao di€m cda H v6i dudng tron (0).
Ta cé: MN 2 NO 2= OM = 0OH
= MN =2 OH-ON =0H -HC
= MN 2z HC

Vay MN nhé nhdt khi va chi khi M triing v6i H va N trang véi C.
261.
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Bai 4. Cho nita duding ron (O ; R) duding kinh AB. V& ti€p tuyén Bx tai B
cia (0). Goi M 1a di€m di dong thudc nira dudng tron (0) vad AM ciit Bx
tai N. Xdc dinh vi tri cia M d€ 2AM + AN nhé nhat.

b) Chitng minh ring tam gisc CBD la tam gidc déu.

¢) Xdc dinh vi tri ctia di€m M trén cung nhd BC sao cho MB + MC + MD
16n nhat. Tinh gid tri 16n nhit do.

Huédng din giai

Huéng dan giai
X a)Tacoé: OA LCD=HC=HD
‘ Mit khac HA = HO nén tf gidc ACOD la hinh thoi.
C E

Ta ¢6: AMB = 90"
Ap dung hé thifc lugng vao tam gidc
vudng ABN, ta dudgc:

b) Tam gidc AOC la tam gidc déu
AM.AN = AB® = 4R?

Suy ra: AOC = 60° = COD =120" -
= sdCAD =120°

Ap dung bat ding thitc Co-si, ta c6:
2AM + AN > 2J/2AM.AN =442R

Diu “=” x4y ra khi va chi khi 2AM = 5 P - o
AN, hay M 13 trung diém ciia cung AB, - o B = CBD =—COD =60

Tam gidc CBD Ia tam gidc cAn ¢é6 A

Viy 2AM + AN nhd nhit khi M 1a trung di€m cta cung AB.

‘ Viy tam gidc CBD 12 tam gidc déu.
Bai 5. Cho nifa dudng tron dudng kinh AB. Goi At va Bt'la cdc tiép tuyén| - ¢) Ké dudng kinh DE.
tai A va B. C 1a di€m bat ki trén nifa dudng tron sao cho tié€p tuyén tai d6
cit Atva Bt tuong dng tai D va E (khdc v6i A va B).

"D
Ta c6: sdEC =180° —120° =60°; sd EB = 180° —120° = 60"

a) Chitng minh riing AD + BE = DE. , Suy ra: EC=EB
o . : $n nhdt khi $n nhat va MD 16n nhat.
b) X4c dinh vi trf clia D, E sao cho 0 dai DE nhd nhdt, " (MB + MC + MD) 16n nhat khi (MB +MC) 16n nhat va ML 10n nhdt.
' Hubne din giii Vi ddy BC c6 dinh, di€ém M di dong trén cung BC nén (MB + MC) I6n
. Huéng dan gidi nhat khi M triing véi E.

a) Ta c6: DA = DC ; EC = EB (tinh ’ 3 . Va MD I6n nhat khi MD 13 dudng kinh, hay M triing véi E.
chét hai ti€p tuyén cit nhau)

i Viy (MB + MC + MD) 16n nha't khi M tring v6i E.
Suy ra: DE = DC + CE = DA + EB .
(dpem) ' Khi d6 (MB + MC + MD) 16n nhdt =R + R + 2R = 4R.

Bai 7. Cho dién tich tam gidc ABC 1a 1. Goi Ay, By, Cy l4n lugt 1a trung
di€m ctia BC, CA, AB. Trén cdc doan AB,, CA,, BC, lan lugt chon cédc
diém K, L, M. Tim gid tri nhé nhdt cda dién tich phin chung cda hai
tam gidc KLM va A B\C,.

b) Trong hinh thang vuéng ADEB, ta
¢6: DE 2 AB (khéng ddi) ‘

DE nhd nhat 1a bing AB khi vé chi khi

'DE // AB = DC = CE hay C 2 giao

o, . . A O B Huéng din giai
di€m cla dudng trung truc cda AB o N . N
v@i nita dudng tron dudng kinh AB. Ggi S 1a dién tich phan chung clia hai tam gidc KLM va A;B;C,.
B&i 6. Cho dudng tron (O) dudng kinh AB = 2R. Goi H I trung diém| = P COABTAB
cia OA. Ké CD di qua H va vudng géc v3i OA. - Suy ra: f—‘-‘ls EM S-?}—G———“ 1= AI<IH=S,p0, $Samn
. sy . o H MA A o
a) Chitng minh ring tf gidc ACOD 13 hinh thoi. - !
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Tuong tyf, ta €62 Syype < Sauec 5 Sace,n = Sacnr

Do dé: SAFA,; + SAHB,E + SAGC[N < SAFXH + SAGNF <S
’ 1
= SAAxB,C, -S=<8= Sz ESAA,B,C,

Ma Sy ¢, .-.%zsz%

D4u “=” x4y ra khi va chi khi (L
tring véi A;; K triing véi A) hodc
(K triing v6i By; M trung véi B) A .
hodc (M trang véi C, hoic L A L
tring v61 C)

Vay gid tri nhé nhat clia dién tich phan chung clia hai tam gidc KLM va
1
CABIC A —.
8

b) Ta c6 OM L DE

Ap dung hé thitc lugng vio tam gidc vudng ODE, ta dugc:
DM.EM = OM’ =R? (1)

Mat khdc: DM =DA va EM = EB (2)

Tir (1) va (2), ta c6: AD.BE =R?

¢) T gidc ADEB la hinh thang vudng nén dién tich ctia no ta:

Sone = —;—AB(DA +EB) =%2R(DM+EM) =R.DE

Dién tich t gidc ADEB nhé nhat khi DE nhd nhit.

Ma DE la dudng xién hay dudng vudng géc ké tir D d€n By, nén DE nhd
nbat khi DE = DH . Khi d6 DE // AB nén M la diém chinh giita cung AB.

Bdi 8. Cho nita dudng tron tim O cé dudng kinh AB = 2R. Ké hai ti€p
 tuyén Ax va By cla nifa dudng trdon (Ax, By va nita dudng tron ciing
thuéc mdt ni¥a mit phing bd AB). Goi M 1a di€m thy ¥ thudc nita
dudng tron (khdc A va B). Ti€p tuyén tai M cda nita dudng tron cit Ax
tai D va cdt By tai E.
a) Chitng minh ring: ADOE la tam gidc vudng.
* b) Ching minh ring: AD.BE = R~
.-¢) Xéc dinh vi trf clia di€ém M trén nita dudng tron (O) sao cho dién tich
cda tif gidc ADEB nhd nhit.
(Trich dé thi vaoidp 10 THPT, TP Hué’ ndam hgc 2007 — 2008)

Bdi 9. Cho C 13 mot diém nim trén doan thiing AB (C # A, C = B). Trén ciing
mdt nita mit phiing bo 1a dudng thing AB ké hai tia Ax, By cling vudng goc
v6i AB. Trén tia Ax 18y diém I khdc A, tia vudng goc véi Cl tai C cit tia By
tai K. Pudng tron dudng kinh IC cdt tia IK tai P.

1) Chitng minh:

a) Tit gidc CPKB ndi ti€p dlr(jc dudng tron. Xdc dinh tim va bédn kinh clia
dudng tron do.

b) ALBK = AC. BC.

¢) AAPB vudng.

2) Cho A, B, 1 ¢d dinh. Tim vi tr diém C dé dién tich tf gidc ABKI dat
gid tri 16n nhat.

(Trich dé\ thi vao l6p 10 THPT, Qua’ng Ngdi ndm hoc 2008 — 2009)

Huéng dan gidi
a) Ta ¢6 DA va DM 1a hai ti€p

tuyén cit nhau tai D, nén OD 12 ; v
tia phén gidc AOM . E
Tu’o’ngg, ta ¢6 OE la phin gidc

cia OMB. M

Ma AOM vi OMB la hai géc ké
bit nhau nén DOE = 90°

Viy ADOE vudng tai O.

Huéng dan giai
1) a) Vi CPK=CBK=90" nén ti
gidc CPKB ndi (i€p dudng tron
dudng kinh CK. Tdm dudng tron nay 1 P v
1a trung di€m ciia CK.
b) Vi ICK = 90" nén ICA+KCB=%"
Suy ra: ICA = CKB
Do d6: AICA ~ ACKB (g - g)

1A _CB AT ¢ B
Suy ra: — =—— => ALKB=CA.CB '
CA KB

X

265




¢) Vi CAP = CPI ;C/B\Pz(ﬁ(\P nén )@:IET(:%)“.
Viy AAPB vudbng.
2) Ta ¢6: 28,4, = AB(Al+BK)

Vi AB, Al khong d8i nén S 16n nhat < BK 16n nhat <> CA.CB 16n nhit
(vi ALLBK = CA.CB theo cdu 1b) = CA =CB (viCA + CB = AB: khong d(;i).

Viy Sapki 16n nhat khi C 13 trung diém AB.

Bai 10. Cho dudng tron tim O dudng kinh AB = 2R va E Ia diém bat ki trén

dudng ron  d6 (E khdc A va B). Pudng phin gidc géc AEB cidt doan

thing AB tai F va cit dudng tron (O) tai di€m tht hai K khic A.

1) Chitng minh ring AKAF ~ AKEA .

2) Goi I 1a giao diém cda dudng trung tryc doan EF vdi OE. Chitng minh,
ring dudng tron (I; IE) ti€p xic v4i dudng thing AB tai F.

3) Goi M va N 1idn lugt 1a giao diém tht hai cda AE, BE véi dudng tron
(I; IE). Chiéng minh ring MN // AB.

4) Goi P 1a giao di€ém cla NF va AK; Q 1a giao di€m ctia MF va BK. Tim
gid tri nhé nhdt cda chu vi AKPQ theo R khi E chuyén dong trén
dudng tron (O).

(Trich dé thi vao ldp 10 THPT, HA NOI ndam hoc 2008 — 2009)

Tuong ty NF // BK

Ma AKB =90 nén PKQF I2 hinh chit nhat

Suyra KQ =PF=PA

Do dé: KP+KQ+PQ =KP+PA +KF =AK +KF
=RV2+KF 2RJ/2+KO=R(H2 +1)

Viy chu vi APKQ nhd nhdt 13 R(v2 +1), dat dudc khi va chi khi F trang
v6i O, hay E la di€m giita ciia cung AB.

Bai 11. Cho dudng trdon (O ; R) va mdt diém P ¢6 dinh khdc O (OP < R). Hai
day AB via CD thay d6i sao cho AB vudng géc v6i CD tai P. Goi E, F 14n
luot 12 trung diém cia AC, AD. Céc dudng thing EP, FP cit BD, BC lin
lugt tai M, N. ,

1) Ching minh ring bdn diém M, N, B, P ciing thudc mdt duding tron.

2) Chitng minh riing BD = 2EO.

3) Tim gid tri 16n nh4t va nhd nhat cda dién tich ti gidc ACBD.

(Trich dé thi vao 16p 10 THPT Chuyén Nguyén Trdi, Hdi Duong ndm
hoc 2008 — 2009)

Hudng din giai
1) Vi KB = KA nén KAF = KEA suy ra AKAF ~ AKEA (g - g) (dpcm)
2) VIE, I, O thdng hang nén (I;
IE) ti€p xdc trong vdi (O) tai E.
Goi Ox 1a tia déi clia tia OE.
Ta ¢6: OIF = 20EF = xOK
Suy ra: 1IF // OK
Ma OK L AB nén IF L AB.

Viy (1; IE) ti€p xidc vSi AB
tai F (dpcm).

3) Tacé: ﬁzﬁil\ﬂ:(ﬁ
Suy ra: MN // AB (dpcm)
4) Ta cé: Eﬁi«:ﬁﬁa:@:iﬂ
Suy ra: MF // AK
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Huéng din gidi
1) Ta ¢6: EAP = EPA = MPB
Mat khdc: DCA =DBA nén PMB =90".
Tudng ty, ta c6: PNB = 90"
Viy bdn diém M, N, B, P cing nim
trén dudng kinh BP (dpcm). C
2) Vi OE LEA va OF LFA nén tt
gidc OFAE ndi ti€p.

P

Suy ra:
OFE = OAE = 90" —- AOE
=90" - PBC =BCD (1)

Tuong ty, ta ¢6: @ = B/Di 2)
Tir (1) va (2), suy ra:
AOEF ~ ABDC (g ~ g)
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. EO EF 1 , ‘.

S g =L =2~ (vi EF 12 dudng trung binh clia tam gidc ACD)
wy T 2 g Hang

= BD =2EO

3) Goi K va H 14n lugt 1a hinh chi€u vudng géc ciia O 1én CD va AB.
Ta ¢6: AB? = 4BH? = 4R? — 4HO? va CD? = 4DK? = 4R? - 4KO’

1
Do d6: S ey =5 AB.CD

=2JR* —R?2.PO? + HO? KO? (vi OH? + OK*= OP%) (2)

Tir d6, gid tri nhd nhat ctia Sacep 12 24R? —~PO? , dat dugc khi va chi khi
H tring v6i O hodc K tring v6i O <> AB hodc CD la dudng kinh cda
dudng tron (O ; R).

HO® +KO* PO’
2 2
K&t hop voi (2), ta duge S,egp < 2R = PO?

) Mét khidc, ta ¢6: HO.KO <

© Viy gid tri 16n nhat ciia Sacep 1 2R? ~ PO?, dat dugc khi va chi khi
HO = KO hay t gisc PHOK Ia hinh vudng.

Bai 12. Budng tron tim O c6 day cung AB ¢6 dinh va I 1a trung diém chinh
. gita cung 16n AB. L4y diém M b4t ki trén cung 16n AB, dung tia Ax
© vudng gée véi dudng thing MI tai H va ¢cit BM tai C.
+ a) Chitng minh cdc tam gidc AIB vd ACM la tam gidc cén.
__b) Khi diém M di dong wén cung 16n AB. Chitng minh ring diém C di
chuyén trén mét cung tron ¢b dinh.
¢) Xdc dinh vi tri diém M d€ chu vi tam gidc AMC dat gid tri 16n nhit.
(Trich dé thi vao lop 10 THPT Chuyén Ha N§i Chu vdn An va Ha NOi
Amsterdam ndm hoc 2005 — 2006)

T (1) va (2), suy ra tam gidc AMC cén tai M.
- Trudng hgp M thudc cung IB (khéng
chita A). Chiing minh tuong ty, ta ¢ tam
. gidc AMC cédn tai M.

b) Theo cdu a), ta ¢c6: IA = IC, ma [ khOng
*d81 nén C niim trén dudng trdn tAm I ban
kinh IA.

Khi M triing v&i A thi C triing v§i A, cdn khi
M wiing véi B va C tring v8i C, (v6i C, 1a o
giao diém clia dudng tron tim I ban kinh IA

v6i duding thing qua A vudng géc véi IB). Do

d6 khi M chuy&n dong trén cung 16n AB thi

diém C chuyén dong trén cung AC, (dpcm).

¢) Gia sir Cy 12 giao diém ctia Al vdi dudng tron tdm [ bdn kinh 1A, M, 1a
di€ém d6i xing cla A qua O.

Nhén xét r?mg khi tia Ax triing vdi tia Al thi M triing v8i My, lic d6 B,
M(), C() théng héng

Ta c6: AM < AM,,AC < AC,, (mdi lién hé gifta day cung va duding kinh)
Chu vi (AABC )< chu vi (AAM,C,)

Viy gid tri 16n nhat cda chu vi (AAMC)< chu vi (AAM,C, ), dat dugc
khi M 12 di€m xuyén tim d6i clia A d6i vdi dudng tron (O).

Hudng dan gidi
a) Vi1 1a di€m chinh gilta cung 16n AB
nén IA = IB hay tam gidc ABC cin tai L.
- Trudng hgp M thude éung IA (khong
chita B), ta ¢6: Cm = im (1)

Mit khic: AMH %(sdmﬂdﬁ) %safA

= %sdfﬁ =IMB (2
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Bdi 13. Cho dudng trdn (O ; R) va ddy BC cd dinh sao cho AABC ¢6 3
g6c nhon, s& do ctia cung BC biing 120°. A 1a m4t diém chuyén dong
trén cung 16n BC. Ké BE vuéng géc véi AC (E thudc AC), CF vudng
gbéc v6i AB (F thudc AB). Cdc dudng thing BE va CF cdt dudng tron
(0) l4n lugt tai M; N (M khéng tring vdi B, N khdng tring vdi C), BE
giao v8i CF tai H.

a) Ching minh ring MN song song v&i EF va AO vudng géc véi EF.
b) Goi S, l1a dién tich cla tam gidc AEF, S, 1a dién tich cda t gidc BFEC.

o e D
Tinh t s6 =,
2

¢) Tim vi tri clia di€ém A tén cung l6n BC dé dién tich tam gidc AEH 16n nhat.

(Trich dé thi vao 16p 10 THPT Chuyén Todn — Tin, HA TAY ndm hec
2008 - 2009)
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Huéng dan giai -
a) Do it gide BCEF 12 t& gidc ndi ti€p nén CBE =CFE .
Ma MNC = MBC (ciing chin cung MC)
Suy ra: MNC = EFC
Do dé MN // EF
b) Ta ¢6: ABC = AEF (cling bu véi ECF ) va A chung
Suy ra AAEF ~ AABC (g - g)

Do dé ti s6 k:égzcosA 1
AB 2

S g :l:> S e :_1_
Spc 4 Sy 3

fond

S
Ha
y s,

¢) Do AO cit dudng tron (O) tai A’
nén ABA'=90", = BA’ L AB

Mit khéc CH L AB= A'B// CH
Tuong tv, ta ¢6: A'C// BH ~ A
Do d6 t gidc BHCA' 1a hinh binh hanh.

Goi I 1a trung diém clia BC. Do d6 I 1a trung diém ciia A'H,

Suy ra Ol 1a dudng trung binh clia tam gidc A'AH.
Do d6 AH = 201
GoiJ 1a trung diém clia AH. Ké ED L AH, suy ra ED <EJ

Ma El= %AH = const nén Sagy 16n nha't khi va chi khi ED 16n nhat.
Khi d6 D triing v&i J, hay tam gidc AEH can tai E.
Suy ra ACB = 45"

Vay vi trf clia A trén cung BC tao thanh géc ACB =45" thi dién tich tam
gide AEH 16n nhat.

1. Chitng minh ring tf gidc ABPC ndi ti€p va hai tam gidc DEF, PCB
ddng dang véi nhau.

2. Goi S va § 1an lugt 13 dién tich hai tam gidc ABC va DEF.
2
Chéng minh -Sis( EF } .

2AD

(Trich dé thi vao lép 10 THPT Chuyén Todn — Tin Ha N6i Chu vin An va
Ha N§i Amsterdam ndm hoc 2005 ~ 2006)

Huéng din giai
DP DC

1. Ta c6: DADP=DBDC = — = 2= (]

DB DA
Mit khic: BDP = ADC (2) A
Tw (1) va (2) suy ra ABDP ~ AADC

= DPB = DCA
Do d6 ut gidc ABPC ndi tiép
Vi cdc t& gide AEDF va ABPC noi

ti€p nén DEF=DAF=BCP vi B D
DFE = DAE = CBP
Suy ra ADEF ~ APBC P

2
2. Vi ADEF ~ APBC nén S{%]sme (1)

s DP X , [ EF’) DP
Mitkhdc S,y = BX.S, thay vao (1) ta dugc: S' = (BCZ ].E—X.SAPBC (2)
Ta lai ¢6 — = ! =< 1 = 1. (3)

BC- (BD+DC)” 4BD.DC 4DADP
EF?  DP EF )
Te(2yva 3), suyra: S <—"—u = S=| .| § (dpcm)
(2)v2 (3). suy 4DA.DP DA [ZDA} (dpem)

Bai 14. Cho tam gidc ABC, 14y ba di€m D, E, F theo th ty trén cdc canh
BC, CA, AB sao cho AEDF la tif gidc noi ti€p. Trén tia AD 18y diém P
(D niim giita A va P) sao cho DA.DP = DB.DC. '

AN

Bai 15. Cho tam gidc ABC c6 ba géc nhon ndi ti€p duting trdn (O ; R). Piém M
di dong trén cung nhd BC. Tir M ké dudng thing MH, MK l4n lugt vudng
goc vdi AB, AC (H thudc duding thing AB, K thugc dudng thing AC).

a) Chitng minh hai tam gidc MBC va MHK ddng dang véi nhau.
b) Tim vj tri cda M d€ d6 dai doan HK Ién nhat.

(Trich dé thi vao ldp 10 Ban AB THPT Chuyén Lé Héng Phong, TPHCM
ndm hoc 2005 - 2006)
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Huéng dan giai
) Vi 4 diém A, H, M, K cing nim A
trén mot dl{gig tr&ﬂ\(iudpig’gnh AM
nén ta cé: MBC = MAC = MHK
vi MCB =MAB = MKH

- AMBC ~ AMHK O K
by T cdu a), suy ra —I?E*—M—E B
JHTeau ), S T T MH C
. . BC H
Mi MB> MH = — 21 < HK £ BC :
HK M

Diu “=" x4y ra khi va chi khi H tring v6i B, khi d6 ABM =90" va AM
Ja duding kinh ctia dudng won (O). Do d6 khi M 1a diém d6i xing cla A
qua O thi do dai HK 16n nhat.

Suy ra AO,O2 =A0O0, = tif gidc AO,;00; ndi ti€p dudng tron ngoai tiép
tam gidc AO,0, ludn di qua di€m O c& dinh khédc A.

b) Trong dudng tron tAm 1, ta ¢6: 2102 0A < 102 -1—OA =const

> :
Dé’u:_z_:xéy ra khi va chi khi OA 12 dudng kinh ctia dudng tron tam I, khi
dé6 OO,A =00,A=90", hay AB, BC lan lugt 1a dudng kinh clia dudng
trdon Oy va Oy, khi d6 D 1a chdn dudng vudng géc ké tir A 1én BC.
Viy khi D 14 hinh chi€u cta A 1én BC thi d dai IO nhd nhit.

Bai 16. Cho :um gidc nhon ABC. Piém D di dong trén canh BC. Goi Oy, 02
l4n lugt 11 Lim dudng tron ngoai ti€p tam gide ABD, ACD tuong tng.
a) Chitng minh riing dudng tron ngoai ti€p tam gidc AO,O; ludn di qua
mdét diém 6 dinh khidc A.
b) Goi O la tam dudng tron ngoal tiép tam gidc ABC va I la tam dudng
tron ngoai 1i€p tam gidc AO;O.. Hiy xdc dinh vi tri diém D trén BC
a0 cho 10 nhd nhat. '

(Trich dé thi vao lép 10 PTNK Chuyén Todn ~ Tin, PHQG TP.HCM

nam hoc 2005 — 2006)

Bai 17. Cho ntta dudng tron (O) dudng kinh AB = 2R. Trén nira mit phing
b3 AB chifa nita dudng tron, ké hai tia ti€p tuyén Ax va By. Qua diém M
thudc nira dudng tron (M khdc A v B) ké tiép tuy€n thit ba cdt Ax, By
theo thit ty 6 C, D.

1. Chirng minh:

a)CD = AC + BD.

b) AC.BD =R%.

2. Xéc dinh vi tri ca diém M d€ tt gidc ABCD ¢6 dién tich nhd nhat.

3. Cho biét R = 2cm, dién tich tif gide ABCD biing 32cm?. Tinh dién tich
tam gidc ABM. '

(Trich d@é thi vao lép 10 THPT, Thdi Binh ndm hoc 2005 — 2006)

. Huéng dan giai
a) Goi O 12 thm dudng oon
ngoai ti€p tam gidc ABC,
suy ra O ¢@ dinh.
Nhian xét ring 0,0, la
duding trung tyc cia AD
nén 0,0, L AD.
Suy ra 0,0, di qua trung
diém cGa cung AD cla
duding tron (Oy).
Ta ¢6: A’G,BQ =ABD va

ADO, =~12—A/O\C - ABC
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Huéng dan giai

1.a)Tac6:CD=CM +DM ;CM =CA ; DM =DB

Suy ra CD = AC +BD
b) Ta ¢6: COD = AMB = 90" (g6c ¢6 canh tudng dng vudng goc)
vVa OM 1 CD v
Suy ra AC.BD = CM.DM = OM? = R?
2. D& thi'y ABCD la hinh thang vuéng
nén: 2Sxscp = AB(AC + BD) = 2R.CD M
Suy ra Sagep = R.CD 2 RAB =2R? C
Viy tf gidec ABCD c¢é dién tich nhd

nhat 12 2R?, dat dugc khi va chi khi
AB = CD. A O B

3. Theo cdutrén, ta c6: CD = %2- =16m

< D
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Suy ra 2Sascp = OM.CD = 2.16 = 32m?
= Syepo = 16m”
o , . 2
Dé thily AABM ~ ACDO nén Sacoo _ AB”
SACDO CD2
AB’ 4? )

:SMBM = 16662—:1()?6-2_:1“1

Bai 18.‘Cho tam gidc ABC c6 ba géc nhon, ké dudng cao BE, CF.
1. Cho bi€t s6 do g6c BAC biing 60°, tinh d dai EF theo BC = a.
2. Trén nifa dudng tron dudng kinh BC khdng chita E, F 18y mot diém
M bdt ki. Goi H, 1, K 14n lugt 13 hinh chi€u vudng géc ciia M trén
BC CE EB
o e
MH MI MK’

(Trich dé thi vao ldp 10 THPT Chuyén Todn — Tin Ha NGi Chu vin An va
Ha Noi Amsterdam ndm hoc 2004 — 2005)

BC, CE, EB. Tim gid tri nhd nhat cia téng S = ——

BGi 19. Cho tam gidc ABC vudng tai A. Dyng hinh chT nhat MNPQ sao cho
M, N 1a céc di€m trén canh BC, con P, Q 1an lugt 1a cdc diém wrén canh
AC, AB. Goi R, R; va Rj theo thit ty 13 ban kinh dudng trdn ndi iép cdc
tam gidc BQM, CPN va AQP. Chitng minh riing:
1) Tam gidc AQP ddng dang vdi tam gidc MBQ va tam gidc MBQ déng
dang v6i tam gidc NPC; '
2) Dién tich uf gidc MNPQ 16n nhat khi va chi khi R? +R2 =R3.
(Trich dé thi vao lép 10 THPT Chuyén Lé Qui Pon, Binh Dinh nam hoc
2007 — 2008)

Huéng din giai
1. Goi O 1a trung diém ciia BC.
Do A =60" nén ACF = 30"
= EOF = 2ACF = 60"
Suy ra tam gidc EOF déu
= EF = %d

2. L4y diém P trén canh BC
sao cho BMP = EMC
Vi ACMF ~ APMB (g - g)
. BP EC
nen oeee——————
MH MI

AMEB ~ AMCB (g - g) nén
EB CB

MK MH

S BP+PC EC EB BC _EC EB 2BC
uy ra; ——l = T S i
MH MI MK MH Ml MK T MH

Vay khi M 1a di€m chinh gita cung BC thi MH dat cyc dai, ldc d6 S cuc
tiéu va gid tri nhd nhat cda S 1a 4.
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Huéng din giai
1) Ta ¢6: APO =MBQ ; APQ=NCP (déng vi)
~ Do d6: AAPQ ~ AMBQ ; AAPQ ~ ANCP
Suy ra; AMBQ ~ ANPC

2) K& AHLBC va ditMQ=x;PQ=y;AH=h;AB=a;BC=b;
AC =c. ' '

Ta cé6: SMNPQ =Xy

B
Mat khdc: AH // QM :%;E% (1)
y _AQ
PQ/BC =>=~=—= (2
Q ~ B 2)
ah (AQ+BQ
Tir (1) va (2), suy ra: xy—-——AQBQ< Lj_)" T ’*2’3C
Do d6 gid tri 16n nhdt cla B
Smnpo bing éSABC, dat duge M
khi vd chi khi Q 1a trung /. H
ié i . K&t hop véi '
dlekm cua A’B‘ ét hgp vé Q 4 N
phan 1), ta ¢é: N
AMPQ ~ AQPA
R, BQ __°c C
R, \/ +c?
R, PC

T e (4)

Ry
R, PQ \/ +¢?
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ACNP ~ AQPA =




Tir (3) va (4), suy ra: R? +R2 =R?
Ngugc lai, néu R? +R2 =R? thi tir (3) va (4), ta c6:

= R} +R2 _ BQ? +PC?
R: PQ?

&)

(5) chi xdy ra khi Q 12 trung diém clia AB.

Bai 20. Cho nita dudng tron dudng kinh AB = 2R. Goi C 12 diém tay ¥ trén
nita dudng tron, D 12 hinh chi€u vudng géc clia C trén AB. Tia phin gidc
géc ACD cdt dudng tron dudng kinh AC tai diém tht hai 1a E, cdt tia
phan gidc géc ABCtai H. '

a) Ching minh AE // BH.

b) Tia phan gidc géc CAB cidt dudng tron dudng tron dudng kinh AC tai
di€ém tht hai 14 F, cdt CE tai I. Tinh dién tich tam gidc FID trong
truong hop tam gidc do 1a tam gidc déu. :

“¢) Trén doan BH 14y di€m K sao cho HK = HD, goi J 1a giao diém clia AF
va BH. Xdc dinh vi tri clia C d€ t8ng khodng cdch tif cdc diém 1, J, K
' dén dudng thing AB dat gid tri 16n nhat.
(Trich dé thi vao l6p 10 THPT Chuyén Todn — Tin Ha Noi Chu vin An va
Ha Noi Amsterdam ndm hoc 2006 — 2007)

«

Huéng dan giai

+a) Ta c6: ACD =CBA (gbc c6 canh tuong tng vudng géc)

Mt khdc CE 1a phan gidc clia ACD va BH la phén gidc ciia CBA , nén
CAE =CBH

Ma CAE+ECB =90" = CBH + ECB = 90" = BH L CE (1)

Vi AEC =90" nén AE LCE (2)

T (1) va (2), suy ra AE // BH

b) Vi AF la tia phan gidc cla CAD nén FC=FD =FC=FD (3)

Va CTF - CAF + ACE - L (CAB+ ACD) = 45'

2

Ma AFC = 90" = ACFI vudng cidn tai F = Fl = FC (4)
T (3) va (4), suy ra FI = FD

Do d6 = AFID la tam gidc déu = AFD = 60°

= CAD =30" = CAF = 15"

B s s iR it i . T

R -

e

Khi d6 DF = FC = AC.sin15" = (AB.cos30%).sin15" = R+/3 sin15"

——~3\/§ R%sin?15" =R? ——-——6\5 -9
4 16

Vay Sgp =
¢) Goi M 1a giao diém clia
CE v6i AB. Tam gidc BMC
cin tai B (¢6 BH vira la
dudng phin gide vira la
dudng cao), nén H 1a trung
diém ctia CM. Do d6 DK la
trung tuy&n thudc canh huyén
clia tam gidc vubng CDM,
suy ra HD = HC. Ma HK =

B

HD nén HC = HK. Do d6 tam gidc CHK vuéng cin tai H nén HCK =45",
ma ACB=90° va ACE =ECD nén CK 12 phén gidc DBC. Suy ra K 1a
tam dudng tron ndi ti€p tam gidc vudng CDB.

Dé thdy I va J 12 tim dudng tron ngoai ti€p tam gidc vudng ADC, ABC.
. s o« . AB+CB-AB
B4n kinh dudng tron ndi ti€p tam gidc vudng ABC la: —
Goi d,, da, d3 14n lugt 1a khodng cdch tr I, J, K dé&n AB
AD+CD-AC N AC+CB-AB +CD+DB—BC _
2 2 2
Vi CD <CO =R (v6i R la trung diém ctia AB)

Vay d, +d, +d, 16n nhat khi va chi khi C 1a diém chinh giita céia cung AB.

Tacé: d, +d, +d; = CD

Bdi 21. Cho dudng tron (O ; R) va hai diém B, C ¢ dinh trén (O ; R) théa
—— . 2 1 . .
min BOC =120". Tim gid tri nhd nhét cda bi€u thitc Ll khiMai
MB MC
dong trén cung nhd BC clia dudng tron (O;R)md M#B va M#C.

(Trich dé thi vao 16p 10 THPT Chuyén Lé Quy Pén, Pa Ndng ndm hoc
2008 ~ 2009)

Huéng dan giai
Goi A 12 diém chinh giita cung 16n BC, khi d6 AABC 1a tam gidc déu.
Trén canh AM 14y diém I sao cho IM = 1B.
Vi BMI = BCA =60" nén ABMI la tam gidc déu.
Ta ¢6: MBC =IBA (viciing bing 60° ~CBI)
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Miit khdc: BM = BI vi BMC = BIA = 120°
Do d6: AABI=ACBM (g~c~g)
Suy ra MB + MC = MA

A
Ap dung bat ding thitc Co-si, ta dude:
Aty 2 o 4 4,42
MB MC JMBMC MB+MC MA 2R R o
D&u “=” xdy ra khi va chi khi M 1a diém 1

chinh gita cung nhé BC.

Viy <+ — dat gid tri nhd nhdt bling 2 BWC
5 1a irnn s —
Y ME  MC g 1 nho nhat bang R

; M
khi M la diém chinh giita cung nhé BC.

Bai 22. Cho tam gidc déu ABC noéi ti€p dudng tron tdim O, ban kinh R.
Piém M di dong trén cung nhd BC, M khdc B va C. Diy cung AM ciit
diy cung BC tai D. ‘

1. Chitng minh ring: AM = BM + CM.
2. Chitng minh riing tich AD.AM la m6t hiing s6.

3. Xdc dinh vi trf di€m M sao cho d6 dai doan DM ldn nhat. Tinh gid tri
16n nhat ndy theo R.

4. Tia CM cit tia AB tai K. Chitng minh réing BK 12 ti€p tuy€n ctia dudng
tron ngoai ti€p tam gidc BKM.

(Trich dé thi vao I6p 10 THPT Chuyén, DHSP. TPHCM ném hoc 2007 — 2008)

Hudng din giai
1. L4y diém E trén doan MA sao
cho ME = BM
Ta ¢6 AMBE 13 tam gidc déu,
suy ra MB = EB
Mit khic:
MBC +CBE = CBE + EBA = 60°
= MBC =EBA; AB = AC
Do d6: ABAE=ABCM (c-g-c¢)
Suy ra: AE = MC '
Viy AM = MB + MC

X

A

O

H
ic
F
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2.Tacé: AMB=ABD va BAM chung

Suy ra: AAMB ~ AABD (g - g)
AM _AB
‘AB AD

3. K& dudng kinh AF ctia dudng tron (O) cdt BC tai H.

Ta c6: AH L BC

Vi AM 1a diy cung clia dudng tron (O) nén AM < AF (1)

Mitkhic: AH LBC=AH<AD (2)

T (1) va (2), suy ra MD <HF

Suy ra MD 16n nha't bang HF khi va chi khi M triing véi F, khi d6 ta c6:
DM =HF =—

= AM.AD = AB’ khéng ddi

sdAC - sdBM _ sdBC —sdBM
2 2
Suy ra géc tao bdi tia BC v6i ddy cung BM clia dudng tron di qua 3 di€m

4.Tac():B’I’(Wl= :I\’/I’A\\Czl\fB\C

K, B, M biing s6 do ciia géc chidn cung BM clia dudng trdn do.

.

Viy BC 12 tiép tuy€n ctia dudng tron ngoai ti€p tam gide BKM.

Bai 23. Cho dudng tron tim O dudng kinh AB va mot diém M bat ki thude
dudng tron (M khdc A va B). Goi H 13 hinh chifu vudng gbc cha diém M
trén AB. Pudng tron dudng kinh HM cit cdc day cung MA va MB lan
hrgt tai P va Q.

a) Chiéng minh riing: PHQ =90° va MA.MB = MQ.MB.

b) Goi E, F 14n lugt 1a trung di€ém cta AH, BH. Tt gidc EPQF 1a hinh g17
¢) Xac dinh vi tri cla diém M dé ¢ gidc EPQF ¢6 dién tich 1dn nhat.
(Trich dé thi vao ldp 10 THPT Chuyén, Ha Tinh ndm hoc 2007 — 2008)

Huéng din gidi
a) Ta c¢6 tf gidc MPHQ «¢6
M=P=Q=90

Suy ra: PHQ = 90"
D& thiy AMPQ ~ AMBA (g - g)
Suy ra: MP.MA = MQ.MB

279




b) D& thdy EBQF 12 hinh thang vudng.
¢) Ta c6:

1
Serar = 5 PQ(PE + QF)

:lMH -1~AH +lBH)
2 2 2

= —1—MH‘AB
4

Vi AB khéng d8i nén dién tich t& gidc EPQF Idn nhdt khi MH 16n nhat,
hay M 13 diém chinh giita cung AB.

Bai 24. Biét ring mdt tf gidc 15i ¢ tdng hai canh d6i va mdt dudng chéo
khong 16n hon 2+4/2S (S 1a dién tich t gidc). Tinh d6 dai dudng chéo con
- lai theo S.

(Trich dé thi vao 16p 10 THPT Chuyén Phan B6i Chdu, Nghe An ndm hoc

2007 - 2008)
' Huéng dan giai
Gid st uf gidc 16i ABCD thdéa min AD + BC + BD <24/2S.

R 2
- #Tac6 2S<BD(AD+BC) s(w)

2

" = AD+BC+BD 2228
Dau “=” x4y ra khi va chi khi AD L BD, BC LBD va AD + BC =BD
Duyng hinh binh hanh CADE, ta ¢6 tam gidac BDE vudng cén tai B.

Suyra: AC=DE= BDV2 =2S
B

B C E
T

. s i, it

|

Bdi 25. Cho tam gidc ABC néi ti€p dudng tron. P 12 mot diém di dong trén

cung BC khong chita A. Ha AM, AN 1an lugt vudng géc v&i PB va PC.

1) Chitng minh ring dudng thing MN ludn di qua mét di€ém & dinh.

2) X4dc dinh vi trf ctia di€m P trén cung BC sao cho bi€u thitc AM.PB
+ AN.PC dat gi4 tri 16n nhat.

(Trich dé thi vao 16p 10 PTNK Chuyén Todn — Tin, DHQG TP.HCM
ndm hoc 2007 — 2008}

Huéng dan giai
1)Ké AH L BC (HeBQO).
Ta ¢6: MBA =BHA =90°
Do dé ut gi/éc\AMEg ndi
1i€p, suy ra AHM = ABM o
Mit khdc tf gidc ABPC n6i M
ti€p nén ABM = ACP K
Suy ra: AHM = ACP (1) BN\H C
Lai ¢6 AHC=ANC =90’ N
nén tf gidc AHNC ndi ti€p p
Suy ra: ACP + AHN =180" (2)
Tix (1) va (2), suy ra: AHM + AHN = 180"
Do d6 3 di€m M, H, N thing hang.
Vay MN ludn di qua diém c& dinh H.
2)Ké PK LBC tai K

.‘X

. PK.BC
Ta ¢6: AMPB+AN.PC =2(S,sy4p + Sapcp) = Z(SAABC + ~—-~)

Vi tam gidc ABC ¢6 dinh nén AM.PB + AN.PC 16n nh4t khi va chi khi PK
16n nhat, hay P 13 diém chinh giita cung BC khong chita A.

Bai 26. Cho tam gidc déu ABC ndi ti€p dudng trdn (0) va D 1a di€m ndim trén
cung BC khong chita diém A. Trén tia AD 1dy diém E sao cho AE = DC.
1. Chitng minh: AABE = ACBD .
2. Xdc dinh vi tri D sao cho t&ng DA + DB + DC 18n nhat.

(Trich dé thi vao Idp 10 THPT Chuyén Lé Héng Phong, Nam Dinh ndm hoc
2004 — 2005)
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Hué6ng dan giai
i.Tac6 AE=CD; AB = CB ; BAE = BCD (cung chdn cung BD)
Suy ra: AABE = ACBD (c - g - ¢) (dpcm)
2. Vi AABE = ACBD nén BE = BD A
Ma BDE =BDA = 60", suy ra tam
gidc BDE déu.
Do d6é BD = BE.
Ta ¢6: DA = DE + AE = DC + BD
Suy ra: DA + DB + DC = 2DA g
<4R (v6iR 12 ban kinh dudng trdon (O) B C
Diu “=" x4y ra khi va chi khi D Ta W

di€m chinh giita cung BC.

B&i 27. Cho tam gidc déu ABC canh biing a (a > 0) va mot diém M chuyén
dong trén dudng tron ngoai ti€p tam gidc ABC.
a) Chitng minh ring néu M thudc cung nhé BC thi: MA + MB = MC.
b) Tim gid tri I6n nh4t va nhd nhat cha bi€u thitc MA + MB + MC.

(Trich dé thi vao 1dp 10 PTNK Chuyén Todn ~ Tin, PH Vinh ndm hoc
2005 - 2006)

Huéng dan giai
a) Trén doan MC 14y di€m I sao cho Ml = MB
Vi BMC = BAC = 60" nén tam gisc BMI déu
Suy ra: BMI =60° va BI = BM N
Vi ABC =60" nén MBA =IBC (2)
Tu (1) va (2), suy ra:
AAMB = ACIB (c - g - ¢)
Suy ra: MA = MC
-Vay MA + MB =MI + IC = MC
b) Gid sit M thudc cung nhd AB.
Theo ciu a), ta ¢6: MA + MB + MC =2MC
Do MC <2R nén MA + MB + MC =4R

282

a3 4a\3

Ma R = nén MA + MB + MC dat gid tri I6n nh4t 12

khi va chi
khi M 12 diém chinh gifta cung nhd AB, BC hoic CA.
Khi M thugc cung nhé AB thi MAC 2 60" = AMC, do d6 MC 2 AC =a

Viy MA + MB + MC dat gid tri nhd nhat 12 2a khi va chi khi M tring vdi
mdt trong cdc dinh A, B hoiic C. ‘

:3% S

A. KIEN THUC VA Ki NANG CAN NAM VUNG

B

1. Binh nghia _ .
Mot hinh H dude goi 1a tip hdp cia nhﬁ"ng diém M théa min tinh chat T
khi n6 chita va chi chita nhitng di€m c6 tinh chat T . '-"
2. Phuong phép gidi
P& tim quy tich (tdp hgp diém) cla cdc di€ém M thda min tinh chat T 1a
mot hinh H nao d6, ta trinh bay:

- Phin thuin: Moi di€m c¢6 tinh chdt T déu thudc hinh H .
- Phdn ddo: Moi diém thudc hinh H déu c6 tinh chdt T . )
- K&t luan: Quy tich (tap hop di€m) cdc di€ém M c6 tinh chdt T 1 hinh H

3. Cdc quy tich (tap hdp diém) co bén thudng gap:

- Quy tich cdc diém cdch déu hai ddu cda mot doan thdng c& dinh la
duding trung tryc ctia doan thing do.

- Quy tich ¢dc di€ém cdch déu hai canh cia mot géc ¢ dinh 1a tia phan
gidc caa gée do. ‘

- Quy tich cdc di€ém cdch déu mot dudng thing 8 dinh mot khodng bing
a khong ddi 1a hai dudng thing song song véi dudng thing d6 va céch
duding thing d6 mdt khodng biing a.

- Quy tich cac diém & trén mot dudng thing d di qua diém c¢d dinh A va hop
v6i mot dudng thing d’ ¢8 dinh mot goe khong d8i 1a dudng thing d.
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- Quy tich cdc diém cdch déu mot di€ém O cd dinh mdt khodng R 1a dudng
tron (O ; R)

- Quy tich cdc diém nhin doan AB ¢ dinh dudi mdt géc o khong ddi 1a
hai cung chita géc o dung trén doan thing AB (hai cung nay d6i xing
v68i nhau qua AB)

Khi o =90" thi:

Quy tich cdc di€m nhin hai diém A, B dudi mot géc vudng 1a dudng tron

dudng kinh AB.

°5% Jc
B. BAI TAP

2
" Ta ¢6: OB.OC' = OA.0D = OA.~— = R?
OA

2
—oc=R _gr
OB

Viy C' thudc vao dudng trdon (0), do d6 C' tring véGi C, suy ra BC 1a
dudng kinh clia dudng tron (O).

K&t lugn:

Quy tich clia diém I 1 dudng trung tryc clia AD.

Bai 1. Cho dudng tron (O ; R) va mot di€m A c6 dinh khéng triing vdi O.

Mot duding kinh BC quay quanh O. V& dudng tron (I) ngoai ti€p tam gidc
ABC c4t dudng thing OA tai D. ‘

. a) Chitng minh ring D 12 mot diém c& dinh.

b) Tim quy tich ciia diém I.

Bai 2. Cho doan thing AB. Ldy di€ém M bat ki rén doan AB va cling phia
v6i AB. Dyng hai hinh vudéng AMCD vd MBEG. Goi O va O'lan lugt 1a
tdm cla hai hinh vudng AMCD va MBEG. Tim quy tich trung di€m I clia
OO’ khi M di d6ng trén AB.

a

Huéng dan gidi

+a) Ta ¢6: OA. OD = OB.OC = R?

2

+ Suyra: OD= BX = const

Diém D thudc tia ddi clia tia OA ¢§ dinh nén D 1a diém c6 dinh.
b) Phdn thugn:

Diém I cdch déu hai ddu doan thing
AD ¢§ dinh nén I nim trén dudng
trung trye d cia AD.

Phdn ddo:

L4y diém I bat ki trén dudng trung
trife cia AD. Vé dudng tron (1 ; [A)
cdt dudng tron (O) tai cde diém B
vd C. Ta c¢in chitng minh BC 1a
duding kinh ctia dudng tron (O).

That vay, ta ¢é D thudc dudng tdn (15 1A).
Goi C' la giao di€m thit hai cia BD vdi dudng tron (O ; 1A)

Huéng dan gidi
Phdn thudn:
Ké OF L AB;IH LAB; O'K L AB
D& thdy IH 14 dudng trung binh ctia hinh thang vudng OO'KF nén
IH:%KW+OK)

Mait khdc, ta c6: OF = VI;AM va O'K =~;—MB

Suy ra: IH-—-l ~1—AM«%»I—MB =1AB
2.2 2 4

Khodng cdch tir I dé€n AB khong ddi nén I chay irén dudng thing song

song va cdch AB mot khodng %AB.

Gidi hgn: Khi M triing vdi A thl O tring véi A. Hinh vuéng MBEG la
hinh vudng canh AB, tdm O’ 14 giao di€m clia AE va BG. Trung di€m I
cia OO’ la trung di€m I, cha O'A (khi d6 O tring v&i dinh S clia tam
~gidc vudng can SAB). Do d6 1 chuyén dong trén dudng trung binh 1,1}
clia tam gidc SAB.

Phan ddo:

Lay I' wén I I (1,1} 12 dudng trung binh clia tam gidc vudng cin SAB).
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Ké SI' cdt AB tai M'. V& cdc hinh vudng AM'C'D’ va BM'G'E' clng
phia d6i vdi dudng thing AB. Goi O, va O 1An lugt 1a tAm cda hai hinh
vudng nay. Ta cin chitng minh I' 12 trung di€m cda 0O .

That viy, vi SAB =SBA =45" nén O, va O nim trén SA, SB.

Tac6: M'O, L AS; M'O," L BS.

Khi d6 M'O,SO! 1a hinh g E
chit nhdt nén S'M va 0O] [N
cdt nhau tai I’ 13 wung D C o
di€m ctia m3i dudng. Do d6 L ; ?T..
I' 1a trung diém cda OO .
' ¢)
Két ludn: _ S //
Quy tich trung di€m I clia by : ,

OO0’ 1a dudng trung binh
LI, cia tam gidc vudng cdn SAB.

Bai 3. Cho tam gidc ABC ndi ti€p dudng tron (O). Pudng phan gidc cla géc
A cit dwdng tron (O) tai D. Mot dudng tron (L) thay d&i nhung ludn di
qua hai diém A va D, ct hai dudng thing AB va AC § giao di€m thif hai
12 M va N (c6 thé triing vdi A).

a) Chitng minh ring BM = CN.

b) Tim tip hop trung di€m K ctia MN.

¢) Xdc dinh vi tri clia dudng tron (L) sao cho doan thing MN ¢6 do dai
nhd nhat.

Huéng dan giai
a)Tac6: BC=BD;
MD = ND; BDM = CDN = BAC
Suy ra ABMD =ACND
Do d6 BM =CN
b) Goi I 1a trung diém ctia BC.
ViBC ¢d dinh nén I ¢& dinh.

Qua I ké cdc dudng thing d,
// AB va d, // AC, thid, va d,
¢d dinh.
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Phdn thudn: )

Trén d, idy M, sao cho IBMM; 12 hinh binh hanh
Suy ra MM, // Bl vi MM, = BI

Trén d; 14y Ny sao cho ICNN, 12 hinh binh hanh

Suy ra NN) 1/ MM} va MM} :NNl

Do d6 it gide MM, NN, 12 hinh binh hinh

Suy ra MN va MN, cdt nhau tai trung di€m K cta mSi dudng.
Tac6 AM,IN, cin tai I nén KM, = KN,

Do d6 IK 12 phén gidc cha géc M,IN, nén IK L AD

Suy ra K thude duﬁng thing qua I va vubng géc v6i AD c& dinh (d).
Phdn déo: ,

L4y K thudc d. Pudng thdng vudng géc véid cdtd; 8 M, va cdtd, § N,.
Suy IM, = IN, va K Ia trung di€m cda M|N,.

T M, ké du’Bngthﬁng song song véi BC va cit AB tai M.

Tir N, k& dudng thing song song v6i BC va ct AC tai N.

ViMM, // BC, NN, // BC nén MM, // NN,

Suy ra MM, // BC va Cl = NN,

Do d6 MM, = NN,

Suy ra tf gidc MM,;NN;, 1a hinh binh hanh

Do d6 MN va M|N, cdt nhau tai trung di€m K cda hai dudng.

Két ludn:

Quy tich clia K 12 dudng thing di qua trung di€m I ciia BC va vudng géc
vdi AD.

Bai 4. Cho nita dudng tron (O) dudng kinh AB ¢d dinh. Piém C di chuyén

trén nita dudng tron 4y. Trén tia CA 14y diém E sao cho CE = CB. Tim
quy tich cdc diém E.

(Trich dé thi vao Iép 10 THPT Chuyén, Phii Yén ndm hoc 2008 — 2009)

Hudng din gidi
a) Phdn thugn:
Goi I 13 di€m chinh giita cung AB.
- Xét diém C thudc cung BL.
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Tam gidc CEB ¢6 C=90" va CE = CB nén tam gidc CEB vudng cn.

Suy ra: CEB = 45" va AEB =135

piém E nhin AB du6i mot géc 135" nén

E chuyén dong trén cung chda gbc 135°

dung trén doan AB (cung ndy cing phia

véi 1 doi véi AB).

- Xét diém C' thudc cung AL

Tam gidc C'E'B la tam gidc vudng cén

nén CEB =45

Diém E nhin AB duéi mot géc 45°, nén E

chuyén dong trén cung chita géc 45"

dyng trén doan AB.

Khi C' tring v6i I thi E' tring v6i A. Khi C' ti€n dé€n A thi E' ti€n dén

K (AK L AB va AK = AB).

Pidém E' chuyén dong trén cung AK clia cung chita géc 45" dung trén
* doan AB (khéc phia véil dsi véi AB).

b) Phdn ddo:

- L4y diém E b4t k¥ thudc cung chita géc 135" dung trén AB, AE cit ntta
< dudng tron (O) tai C.

Ta ¢6 AEB =135", tam gidc vudng CEB c¢6 CEB=45" nén CE =CB
L4y diém E’ ba't ky thudc cung AK, E'A cdt nita dudng tron (0) tai C'.
Tacé AEB=45", tam gidc vudng C'E'B ¢6 CEB=45" nén C'E'=C'B
¢) Két lugn:

Quy tich di€m E 13 cung chita géc 135° dung trén AB (ciing phia véi 1 d6i voi
AB) va cung AK chifa goc 45° dung trén AB (khéc phia vdi | ddi vdi AB).
Hai cung trén hop thanh nita dudng tron dudng kinh BK (vi BAK =90").

¢) Trén tia d6i clia tia AB 14y diém M sao cho AM = AC. Tim tap hgp cdc
di€m M khi A di dOng trén cung 16n AB cia dudng tron (O).

(Trich dé thi vao lop 10 Chuyén Ngoai ngit, PH Ha Néi ndam hoc
2004 — 2005)

Bai 5. Cho dudng tron (O) va day cung BC ¢d dinh. Goi A Ia diém di dong trén
cung 16n BC clia dudng trdn (O) (A khéc B, C). Tia phin gidc ciia géc ACB
cit dudng tron (O) tai diém D khac diém C, 1dy diém I thudc doan CD sao
cho DI = DB. DPudng thing BI cit dudng tron (O) tai diém K khdc diém B.

a) Chitng minh tam gidc KAC cin.
b) Chitng minh duding thing Al ludn di qua mot di€m J ¢d dinh, tir d6 hay
xédc dinh vi tri ctia A d€ d6 dai doan AI 13 16n nhit.
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Huéng dan giai
. — 1 — — e —
Ta c6: sdDBK =5sd(DA+AK) ; sdDIB=%sd(BD+KC)

Ma sd BD =sd DA va tam gidc DBl ciantai D, suy ra sd AK =sdKC
Do d6 AK = CK

Viy tam gidc KAC cin
tai K (dpcm).

D

b) Theo cdu a), ta ¢6 I
1a tAm cha dudng tron
ndi ti€p tam gide ABC,
nén dudng thing Al

"
luén di qua trung diém B ¢
Y cta cung BC. ' 7

Ma JIC=JCI nén tam
gidc JIC cdntai J.

Do d6 1J = JC (kh6ng ddi), suy ra Al 16n nhat khi va chi khi AJ 1dn nhd,
AJ 16n nh4t khi AJ 12 dudng kinh ciia dudng tron (O), hay A 1a diém chinh
gilta cung AB.

¢) Phdn thudn:

Ta ¢6 tam gidc AMC céntai A,suyra BMC = }iﬁ?

Gia sit s§ do cla goc BAC la 20.(khéng ddi) thi A di ddng trén cung
16n BC, di€m M thudc cung chita géc o dyng trén doan BC vé phia
diém O.

Phédn ddo:

Ti€p tuyén Bx véi dudng tron (O) cdt cung chifa géc o dung trén doan
BC tai X. LAy di€m M bat ki trén cung CX 12 mdt phdn clia cung chita
géc X dung trén doan BC (M= X, M= C). N8i MB ciit dudng trdn (O)
tai A thi A thudc cung 16n BC. Khi dé, ta c¢6: BAC =2a, AMC = a nén
tam gidc ACM cén tai A. Suy ra AC = AM.

289




Két ludn:
Quy tich ctia di€m M 1a cung CX, 1a mdt phan cda cung chita goc o,
dyng trén doan BC vé phia diém O, khéng k€ hai diém X va C.

Bai 6. Cho tam gidc déu ABC vi mét di€m P ndm trong tam gidc. Ha PA,,

PB,, PC; vuéng géc véi BC, CA, AB tuong ng. Tim tdp hdp cdc diém P
sao cho tam gidc A,B,C_. 1a tam gidc cin

(Trich dé thi vao ldp 10 PTNK Chuyén Todn - Tin, DHQG TP.HCM
ndm hoc 2004 — 2005)

duGng tron dudng kinh BP.

Huéng dan giai
Gid st tam gidc A\B\C, can tai Ay, khi d6 ACi=AB, (1)
Tt gidc BCPA, 1a t gide noi ti€
Mat khdc, ta ¢6 C,BA, =60° nén
A(Cy 1a canh cla tam gidgc déu noi
ti€p dudng tron dudng kinh BP.,

NG

Suy ra: AC, =BP~2~ 2)

Tuong ty, ta ¢6: AB, :CP—2\/—§~ 3)

T (1), (2) va (3), suy ra: BP = CP ‘

ViBC c& dinh nén P niim trén dudng cao AA’ thi PB = PC. ’

Ké PA, vudng géc véi BC, PB, vudng géc véi AC, PC; vudbng géc véi AB.
Theo trén, ta ¢6: AC, =BP~\/;i va A B, :CP—?

Suy ra: A\B = ACinéntam gidc A\B,C, can tai A,.

Véy tap hop diém P sao cho tam gidc AB,C, cén 13 ba dudng cao clia
tam gidc ABC.

Bdi 7. Cho hai duding tron (O, ; R)) va (O, ; R2) ¢6 Ry > Ry, ti€p xiic ngoai
* véi nhau tai A. DPuding thing d di qua A ct dudng tron (O15R) tai M va

cit dudng tron (O, ; R,) tai N (cdc di€ém M, N khéc A).

a) Xdc dinh vi tri clia dudng thing d d& dd dai doan thing MN I6n nhat.

b) Tim tap hop céc trung diém I céa cic doan thing MN khi dudng thing

d quay quanh dié€m A. ,
(Trich dé thi vao lop 10 THPT Chuyén, PH Vinh nim hoc 2005 — 2006)
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Huéng dan giai
a) Kéo dai O;Oz cit du'(‘mg tron (O)) va (02 tai hai di€m My, Ng.
Tacé: ANN, = AMM, = 90°
Suy ra MN < M,N, = MN < 2(R, +R,)
Vé;l}’ dd dai 16n nhat cia doan
thiing MN 16n nht Ix 2(R, +Ry)
dat duge khi duding thing d di
qua O; va O,,
b) Phdn thudn: »
Goi Iy 1a trung di€m ciia MgN,.
Do R, > R, = AM, > AN,
nén Iy nim trong doan AM,,.
Vi AAMM,, ~ AANN, nén AM > AN,

Suy ra I nim trong doan AM.

Do dé: ﬂzwzﬂ_éﬁi@;&_ﬂzl_é}__ AN

AM  AM AM AM  aM  AM AM AM
:z(i)zl_éﬁm

AM AM
AM, AM,
' Al Al
T (1) va (2), suy ra: -2 = Ay
TAM T am,

Do 6 11 // MM, = ATI, = 90°

Vay tdp hgp diém I 13 dudng tron dudng kinh Al
Phén ddo:

Do M; N khdc A'nén I khdc A.

Lay di€m I trén dudng kinh Al tir diém A, dudng thing AI' cit dudng
tron (Oy) va (0,) tai M', N’ '

Khi d6, ta c6: I, L M'N' = 11, // M,M' /NN’

Suy ra: “A—Lz—%..;..él_,z AI()
~ AM'  AM, AN’ AN,

Do d6 I' 1a trung di€m ciia M'N’
Két lugn: Tip hop diém 112 dudng tron dudng kinh Al trir di€m A.
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