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LGOI NOI PAU

Dé gép phan nang cao chét luong hoc tdp moén todn néi chung va phan
hinh hoc néi riéng, ciing nhu nhu cau luyén thi va tu hoc mén hinh cta hoc
sinh dé thi vao cdc trudng phd théng trung hoc hoic cic trudng chuyén clia
cdc tinh, thanh phd, trung vong. Chiing t6i cho xuét ban cu6n sich “Tuyén
chon mét s6 dang todn hinh hoc 9”. Noi dung cuén sidch bam sét cac noi
dung co ban cia mén hoc. Ngoai ra ¢c6 moét s6 van dé nang cao danh cho
nhitng hoc sinh gioi. Méi van dé dugc bat ddu bang viéc nhic lai mot s6 kién
thitc can cho wviéc giai toan. Ti€p theo 1a gi6i thiéu phuong phap giai, hé
thong cdc bai 'tap va sau clng 1a hudng din gidi hodc ddp s6 cdc bai tap dé.
Cuoi sach chiing toi ¢6 thém phan phu luc gidi thiéu céc dé thi vao cdc khoéi
chuyén cla truong dai hoc KHTN thuoc PHQG Ha Noi.

Tuy nhién, néi dung va hinh thifc trinh bay cta tai liéu ¢ thé chua tét.
Tac gia rat mong nhin dugc nhitg y ki€n déng gdp va su cam thong clia cac
bac phu huynh, cdc ban déng nghiép, cdc em hoc sinh dé 14n xuat ban ti€p
theo chat lugng cha tai liéu t6t hon. Nhimg gép ¥ ¢6 thé gl theo dia chi:
Khéi chuyén Toan - Tin, Khoa Todn - Co - Tin hoc, DPHKHTN - DHQG -
Ha Noéi, hoac theo s dién thoai (04) 6408014. |



Chuong I. HE THUC LUQGNG TRONG TAM GIAC VUONG -
TY SO LUONG GIAC CUA MOT GOC NHON
Hé thuc lugng trong mot tam giac vuong
A. Cdc kién thut can nhd
Cho AABC vuong tai A va H la chan dudng cao tam gidc trén BC . Ta

c6 mot sO két qua can nhd sau day.
a) BH.CH = AH*;

b) BH.BC = AB*: 5.
2 2 2 - SH

C) AB"+AC" =BC"; ; /\/\?\
d) AH.BC = AB.AC; | \

1 -1 1 !
e) 2 + 9 = ) :

AB?  AC?'  AHP A C

B. Bai tap H. 1

1. Cho AABC vuong tai 4,
bi€t do dai duong cao AH =3a va do dai trung tuyén AM =S5a. Tinh do
dai cdc canh tam gidc.

2. Cho AABC ¢6 AB= AC=4a,BC =6a.Goi H la trung diém canh
BC, K la chan duong vuong géc ha tit H xudéng AB. Tinh do dai
AH,KH .

3. Cac dudng chéo ctia mot hinh thoi bang 10¢m, 6¢m . Tinh canh hinh
thoi va khodng cdch tlr giao diém cdc dudng chéo hinh thoi dén mot canh
ctia nd.

4. Hinh vuéng ABCD c6 canh AB =a.Goi M 1a trung di€m cla canh
BC . Trén canh CD ta lay diém N sao cho khodng cdch tir d6 dén duong
thing AM bing do dai doan thing DN . Tinh do dai céc doan thing
AM,CN, MN .

5. Cho AABC wvuong tai dinh B ¢6 AB=3a,BC=4a. Ta dung
AACD vuédng can tai D sao cho D khdc phia véi B déi véi dudng thang
AC . Tinh d6 dai AD, BD .

6. Mot hinh chit nhit ABCD ¢6 ciac canh AB=a,BC =a\f3. Mot
dudng théng di qua B vuong géc véi AC cit AC tai H va AD tai K.
Tinh d6 dai CH, AK.CK .



7. Cho hinh thang ABCD(AB//ICD) c6 AC LBD va
AC =3a,BD = 4a . Tinh dudng cao hinh thang.

8. .Bén trong hinh vuéng ABCD ta ldy diém M sao cho
MA = MB = AB. Tinh d6 dai canh hinh vuéng, biét ring khoang cich tir M
dén dudng thang 4B bing a.

9. Goi H la giao diém cédc dudng chéo hinh vuong ABCD c¢6 canh
AB=1, M 1a trung diém clia canh AB. Pudng trung truc cha doan MH
cit dudng trung truc clia doan CH tai O. Tinh d¢ dai OH .

10. Cho tam gidc déu ABC c6 canh AB=a. Ta lay diém D sao cho
DB 1 BA,DC 1. CA.Tinhddé dai AD.

11. Ching minh ring néu t gidc ABCD c6 hai duong chéo vuong géc
v6i nhau, thi AB> +CD? = BC* + AD*. _

12. T gidc ABCD c6 cac goc tai dinh B,D vuoéng va AB= AD. Trén
canh BC taldy diém M va trén canh CD 14y diém N saocho AM 1 BN .
Goi H 1a giao diém clia hai dudng thing AM,BN va K la giao diém cla
AN,DM . Chimg minh rang AH.AM = AK.AN .

13. Cho ZxOy=90° va s6 a> 0. Ta xét hai di€m A, B 14n luot nim trén

1 1
+

04*> OB?
O dén dudng thing 4B khong phu thudc vao vi tri clia cac diém 4, B.

Ox, Oy thoa man diéu kién = g . Ching minh rang khoang cich tir

14. Cho A4BC vuoéng tai C. Goi H I chan dudng cao tam gidc trén
AB, D la giao diém cua tia phan gidc LACB v6i canh 4B . Ching minh
rang:

. ﬂzAcz
BH BC?
AH _AD?
BH BD*

15. Cho tam gidc ABC , biét ring t6n tai trén canh BC mot diém H thoa
min diéu kien 4H | BC va BH.BC = AB*. Chitng minh ring A4BC vuéng
tai 4.

16. Ax, By 12 hai tia cing vuéng géc véi dudng thing 4B va nim ciing '
mot phia véi dudng thing d6. Goi O 1 trung diém clia doan AB. Trén céc
tia Ax, By taldy cdc diém tuong iing C,D sao cho CD = AC +BD . Goi H
12 chin dudng vuéng géc ha tit O xuéng dudng thing CD. Ching minh

AB

rﬁng O. =7.

10



17. Cho AABC . Gia sit H la chan dudng cao tam gidc nam trén canh
BC . P,Q lan luot la chan cdc dudng vuong géc ha tir H xudng AB, AC
. : 1 1 1 1
tuong tng. Ching minh rang ——— = — ——x.,
PH’ QH' HB' HC
18. Cho AABC vuong tai 4. Chitng minh rang:
a) V2BC > AB+ AC .

b) \/ 1,12
AB*  AC* BC

C. Huong dan giai cdc bai tap va ddp s6

1) (\v10a,3+10a,10q),

2) AH=\/’7,HK=%

bl

3) 4,145—, 4) AMzaﬁ. Goi E la giao diém cia AM,CD, khi dé
2

AN la phan gidc cha ZDAE . Dung tinh chét duong phan gidc cia tam gidc

W o H-E_E g NE+ND=2a:>Nc=3@“—\/-§—),
AD ND 2
ay15-6+5
S

5) AD =%. Goi E la trung diém cla AC, H la chan dudng cao tam

gidc ké tir B.Kéodai BH ve phia [/ mot doan HK = ED ,khidé DK L BK .
Sir dung dinh Iy Pitago ta c6 BD* = BK* + HE® trong d6 BK:%“,HE:%‘
= BD =7—a.

V2

3a a 3
6) CH=— AK=—,CK = \[—
‘ 2 “W7

12
1) ==
)5

2a

8)—5,

11



9) Goi I,K lan luogt la trung di€m cua MH,CH,E la giao cia
OI,BH . Ta c6 AOEK vuéng cdn = EK =%:> OK = —1— Trong AOKH

V2
vuong ta cé6 OH* =OK2+KH2:>OH'-=\/§

10) AD =22 ; D A

NG
12. Trén doan AN ta ldy
diém K’ thod man diéu kién
DK’ L AN tai K'. Khi d¢6 ta

¢6  AD*=AKAN. Vi 0
AB=AD = AK'AN = AH.AM .
Viviy & AKM - AN S .
AK'M = AHN =90° = 3 di€ém C B
M, K’, D thang hang.

14a). Ta c6 H. 2

BC*= ABBH,AC* = ABAH =2 Ci -5

AC® AH .

14b). Theo tinh chit ctia duong phan giac ta co:

BC BD BC* BD’

AC 4D AC’ 4D*

St dung két qua phdn a ta suy ra diéu cdn ching minh.

15). T BH.BC = AB* = —i—g— = gg Cac AABH,ACBA déng dang, (o

d6 £LBHA= ZCAB. .
16. Goi E la giao difm cia By va OC. Hiém nhin
AAOC = ABOE = AC=BE = CD=ED. Vi ACED can tai dinh D, nin

-0H=OB=%§. — |

Céac ty s6 lugng giac ciia mot géc nhon

A. Cdc kién thuc cdn nhg

Cho AABC vuéngtai C c¢6 LBAC =« .

y BC AC
1) sinat =—,coso = —,
AB AB

12



BC AC
tand = —— ,cota = —— B

AC BC )
R sin « COos ¢, AN
Z) tan = —— cotog = ——. ; g

COS SIN (L |
2 2 ‘
A sin“o+cos o =1 tana.cota =1. 1

. ; | o

lrtan" o =——— . l+colla=—5—. —

cos” SIn” o e A
B. Bai tap

H. 3
1) Cho a =30". Tinh gi4 tri cac biéu
thic sing ,cosa ,tana ,cot .
2) Cho « = 45". Tinh gia tri cdc biéu thifc sina +cosa ,tana +cota .
3)/ Cho «a=60°. Tinh gid ti cdc bidu thic
2sinae+4cosa ,tana —3cota .

£) Cho AABC vuéng tai C ¢6 CA=3a,CB=4a. Ching minh ring

tané=l va sin— =—1-.
2 V5

) Cho AABC ¢6 £B=130°,2C =45°, BC = a . Tinh do dai duong cao
tam gdc ké tir 4 va cdc canh con lal.

€) Cho AABC ¢6 ZB=60",£C=45", AB+BC+CA=3++2+1.
Tinh 46 dai cac canh tam gidc.

7) Cho AABC ¢6 /B=60°,2C =45", BK =2, (BK la dudng cao tam
gidc). Tinh do dai cdc canh tam giac.

£ Mot hinh thoi ¢é géc nhon bang 30° va do diai mot dudng chéo bang
2a . Tinh d6 dai canh hinh thoi.

9 Cho hinh thang ABCD ¢é ZA= 2D =90°, LC=60°;AD=a,%=3.

Tinh ¢ dai cac canh con lai cua hinh thang.

10) Cho hinh thang can ABCD(AB//CD) ¢6 AB=a,CD=3a,
£C =30". Tinh d¢ dai cdc canh bén hinh thang.

11) Cho ZxOy=90°. T O ta dung céc tia Oz,Ot chia gbc vudng
thanh 3 phén bang nhau. (Oz nim giita hai tia Ox,0r). Trén Ox ta lay
diém A thod min diéu kién 04 = 243 Goi B la chan duong vuéng géc ha

13



tr 4 xuéng Oz, C la chan dudng vudng géc ha tr B xubng Or va D 1a
chan dudng vuéng géc ha tir C xubng Oy . Tinh d¢ dai OD, 4D .

12) Bén trong £xOy =120° ta 14y diém M saocho OM 10y, OM=a.
Trén tia Ox ta ldy diém N sao cho MN L1 Ox, trén dudng thing Oy lay
diém H saocho NH L Oy.Tinh do dai MH .

13) Dung géc a trong céc truong hop sau day:

a) sino=—. |

b) tano =

.

WlH WIN

C) tano =

d) cosa =

e) cota =

Slv &= &

14) Tinh s6 do £A4 cla tam gidc A4BC vuéng tai C trong cdc trudng
hop sau day:

a) sinA=cosA.

b) tanA=cotA.

C) sinA= J3cosA.

d) 3tanA=cotA.

e) sinA+cosA=2. _

f) tanA+cotA=2. |

15) Cho AABC vudng tai C. Tinh gia tri cua:

a) sinA, biét sin 4=2cosA.

b) tanA, biét tan A =cos 4.

c) cosA, biét 2cot A=sin 4.

16) Cho £xOy =90° va diém M nim trong géc d6 thoid man diéu kién
£ZMOx=30°,0M = a. Mot dudng thang di qua M cit Ox,Oy tuong tng

tai 4,B.Ching minh riang £+—L=~2—.
OA OB a

14



17) Cho géc nhon Zx(Oy. Trén hai canh géc ta lay cac diém 4, B . Goi

H 1a hinh chiéu cta 4 wen OB va K la hinh chiéu cia B trén OA.
. OK oI |
Chirng minh rang n¢u - c 3 . -, thl ZxOy - 45"
o4 OB 2
18) Cho géc nhon £xOy. Trén hai canh gdc ta lay cdc diem A, B . Goi
H la hinh chiéu caa A trén OB va K 1a hinh chi¢u cta B trén OA.
. . OK OH 1 .
Chtng minh rang néu —.—— =~ thi Zx0y = 60".
04 OB 4
19) Cho géc nhon ZxQOy . Trén hai canh gdc ta lay cac diem A4, B . Goi
H 1a hinh chiéu cua A trén OB va K la hinh chi¢u cua B trén OA, biét
. OK OH 3 ,
rang u—{\w-.-m— =2 Tim s6 do Zx0y.
04 OB 4
20) Cho AABC vuong tai C c6 CA=3 . CB=1.Trén canh AC ta lay
diém D saocho AD=1.Dat a = ZBAC .= ZBDC
a) Tinh gia tri cua tana,tan f.
b) Dung doan AE =2 va AE 1 AC.(¥,B clung phia v6i AC). Hay st
dung ABDE dé tinh tan(a + f3).
C. Hutng dan gidi cdc bai tdp va ddp sé
1) Dung AABC vuong tai C co:
: BC 1
/BAC=30°= AB=2BC =sin30° = — =—.
AB 2
Theo dinh 1y Pitago:
) 3
AC? = AB* — BC* =3BC* = AC =/3BC = c0s30° =%=§;

B
tan 30" = -—~—C—:~—}~-;cot300 =3 .

AC 3
2) Dung AABC vuodng tai C' co:
ZBAC =45° = AC = BC ,AB =\2AC = sina.+cosa =2 ;
tana+coto =2
3) \3+2;0.

4) Ké phan gidac AM cua £ZBAC . Theo tinh chét cua duong phan gidc
trong tam glac, ta ¢

15



MC— AL ——21:$MC——%C—I-::H?;n(é-)~A/I—(-j—-"l
BC AB+AC 8 2 2" AC 8’
AM:\/AC2+CM2:3G\/§:>sin£=—~1—.

2 2 5

5) Goi H la chan duong cao ké tir dinh 4. Vi hai géc ké véi canh BC
nhon, nén H nam trén canh BC, nghia 13 BC = BH + HC . Xét cdc tam
gidc vuong AABH, AACH => BH = AH .tan30°,

CH =AH = BC =a= AH(1+~3)= AH = :
' J3+1

AH
sin 30°

AC = AH\2 ,AB = =2AH .

6) Ha AH L BC . Vi céc géc ké véi BC nhon, nén H nim trén canh
BC = BC = BH + HC . Ta xét cac tam giac vuéng A4BH,AACH . Ta cé:

BH = AH .cot 60° =é1-{—,CH= AH = BC=AH(-\}—§~+1),AC=AH.\/5,

3
AR _2AH 4B+ BC+CA=AHM3 +42 +1)
sin60 \,/5
= AH=1=AC=+2,
_ 2 1+\3
V3T 3

7) BC=2,AB=2(\3-1),AC=3J2 -+/6.

AB =

AB

"4 ~ ’ Pl 2 Pl h Y ? 7 V4 a
g) —2 =, néu duong chéo d6 xudt phat tir dinh cua goc 30°; — =
cosl5 sinl5

néu dudng chéo xut phat tir dinh géc khac 30°.

a a3

,CD =——.

53 7
2a

10) AD=BC =22,
) NG

21

9) AB=BC =

O
»’j
(U]

11) OD==,AD =
4

12) MH =Y
4 .
13a) Dung tam giéc vuéng A4BC c¢6 LACB=90°,AC=2,4B=3.
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13b) Dung tam giac vuong AABC vaong tai dinh € ¢6
AC=3,CB=4.

13¢) Dung hinh vuong ¢ VBN c¢écanh ¢ 47 1. Dung tia Cx L AB va

trén Cx ta ldy diem 1 saocho Cof - 1= ZB4C Ta ¢dc phai dung.
13d) Dung hinh vuong ¢ V/BN ¢6 canh CAM 1. Trén tia Cx LCB ta

lay diém A thoa min diéu kicn AC 1= ZABC la gée can dung.
13e) Dung tam gidc deu AAMN - Liy trung diem C cua canh MN .
Liy diém B doi ximg vé6i dicm ¢ qua M = /B.1C 1a géc phai dung.

. BC AC
14a) Tacd sind=-——cos.d == BC = AC = LA=45";

14b) tan A = 5%60[ pefl 96 IG g = 28 =45P:

TR0 T ACT BC
14¢) Eg = \@:X—g = BC =J3AC = BC* =3AC*.
BA AB

= AB? = BC* + AC* =4AC”
AB=2AC = /B=30"= £A=60".

14d) 38C _AC 30t - AC? = AB? = AC® + BC? = 4BC?
AC B

Al

= AB=2BC = £A=30".

14e) i{‘—C;/:;Bw[?E:\/§:>AC+BC——'-\/_2_AB.

Mat khac ta ¢6
(AC + BC)* <2(AC? + BC?)=2AB’

¢
— AC + BC < AB\2 A }
Dau  bing xdy ra  Kkhi |\
AC = BC = AABC vuong can |
=> LA =45"; | \
: | M
148y ==t BC g P~
AC BC |
|
— (BC - ACY =0 30 /
= BC = AC=> /A=45" ~/ \
15a) sin® A =4(1 -sin” A) /
. Q B
:>5sin2A=4:>smA=% Q g
l DAL HC i! ) :MMMTUWT‘;\";\!@‘ 4
N THU VIEN
j 17
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-
15b) tanA = \/»Y_‘“ :

3
15¢) cosA= 42 -1,
16) Ké:

MP LOA,MQ | OB => MP=»§—,MQ=

Vi:
Mp//OBSA_/I_f::M,
AB
MQ//OA::MQ:MB:>MP+MQ=I
OA AB OB OA

NCEE
—=- =

OA OB a
17) bat
LxOy=a= OH = 0Asina,
OK = OBsina

OK OH .,

- —=sin"«

OA OB

. 2 1
=sin” o =—

2
:>sin0t=—1-—:>a=450
J2

19) £x0y=60".

IE
/
/
/
P O~
3 A
H.5

20) tana:%;tanﬁ:%.GQi F latrung diém cia AE, khi d6:

BF//AC = ZEBF =«
ZDBF =3
= o +B=ZDBE =45"



Chuomg 2. PUGNG TRON - VI TRi TUONG POI CUA
PUONG THANG VA PUGNG TRON - VI TRI
HAI DUONG TRON

Puang tron
A. Cdc Kién thuc can nhd vé duong tron
) Cho trudc dicm O vd s6 R>0. Tap hop diém M thoa min diéu

kién OM = R duoc goi la duong tron tam O ¢6 ban kinh R va dugce ky hiéu
(O;F). Piém O la tam cta dudng tron, s6 R 12 ban kinh dudng tron. Méi

doanthang noi diém O véi motdiem M thuoe duong tron dugc goi 1a doan
ban kinh.

H. 6

Cam phan biét hai khdi niém doan ban kinh vi ban kinh cta duong tron.
Ban kinh dudng tron 1a mot s6 duong, con doan bdn kinh 1a mot hinh. Néu
A ladién thuoc duong tron (O;R), thi ta thuomg néi dudng tron dé di qua
A. Tim O la tam doi xtng cua dudng tron.

Z) Doan thing noi hai diém thuoc dudng tron 1a day cung clia dudng
tron. Burdng trung truc cia diy cung di qua taim duong tron. Néu mot day
cunig clua dudng tron ¢6 do dai 2a, thi khoang cdch tir tAm dudng tron dén
duding thang chifa day dé bang VR* —a’ .

) Diy cung chita tim duong tron dugce goi 1a duong kinh coa duong
trom ¢6. Pudng thing di qua tam dudmg tron la truc doi xiing cta dudng tron.
Neéu 48 1a mot dudng kinh cta dudng tron va A/ 1a diém bat ky thudc
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duong tron, thi £ZAMB =90°. Nguoc lai néu diém M thod min dié1 ki¢n
ZAMB =90 thi M thuoc dudng tron dudng kinh 4B.

| 4) Té6n tai duy nhat mot dudng trdon di qua 3 diém cho trude khong

thing hang. Tam dudng tron 12 giao diém cdc dudng trung truc cua hai doan

thang néi cac diém dé.

B. Bai toan
Cho mot tap hgp diém thod man mot diéu kién X . Chitng mina réing
tap hop d6 nam trén cling mot dudng tron.

Phuong phap 1

a) Hay chon ra tir tap hop diém di cho 3 diém 4, B,C khong thing nang.

b) Tim tim O duong tron di qua {4, B,C} .

¢) Chuang minh rang cdc di€ém con lai cla tap hop cling nam trén fuiong
tron do.

C. Bai tap

1) Cho hinh vuong ABCD . Vé phia ngoai hinh vuéng ta dung cic tam
gidc déu ABM ,BCN ,CDP ,DAQ. '

a) Chiing minh rang céc diém M, N, P, O nim trén cing mot dudng t:om.

b) Chimg minh rang trong tdm cia 4 tam gidc déu nam trén clrg mot
dudng tron

c) Ching minh ring 8 trung diém clta 8 doan thang M4, IMB,
NB,NC,PC, PD,0D,QA nam trén cung mot dudng tron.

2) Cho hinh thoi ABCD.

a) Chitng minh ring cédc trung diém cta 4 canh hinh thoi nim ‘trén
cung mot dudng tron.

b) Chung minh rdng chan cdc dudng vuong géc ha tir giao dién cdc
dudng chéo xudng cdc canh clia né ndm trén ciing mot dudng tron.

3) Cho tam gidc déu ABC . VE phia ngoai tam gidc ta dung cd: lhinh
vuong ABMN,BCKH,ACPQ. Ching minh ring tidp hop cic dli€m
M,N,K,H,P,Q niam trén cung mot dudng tron.

4) Gia st BC la canh dai nhat cia AABC . Trén canh BC ta liy cic
diem M,N thod man diéu kién BM = BA,CN=CA. Trén cdc canh
AB,AC ta ldy cic diém tuong tng Q,P thoa min diéu Jkién
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CP=CM,BO= BN . Chimg minh rang tap hop cic diém A4, P,M,N,Q
nam trén cing mot dudmge from.

5) Cho hai AABC ALBC g nhau vivcung noi 1i€p dudng tron tdm
(). Ching minh rang chan cac duomg vudng goéc ha tr O xudng cac dudng
thing chita cde canh cla hai tam cide nam trén cing mot dudng tron,

6) Cho hinh thang can 15C/). Ching minh rang cdc dinh hinh thang
nam trén cung mot duong tron.

7) Cho hai hinh vuong ABCD:A'B'C'D'noi tiép duong tron tam O.
Ching minh rang chin cdc duong vuong géc ha tr O xudng cdc canh clia
hai hinh vuéng ndm trén cing mot dudng tron.

8) Cho hinh thoi ABCD . Trén cic canh 4B, BC ta lay cdc diém tuong
tng M, N saocho MN//4C .Goi P la hinh chi¢u cla N trén dudng thang
('D va Q la hinh chiéu ciia M trén dudng thing D . Ching minh ring 4
diém M, N,P,Q nam trén cing mot dudng tron.

D. Hudng dan gidi cdc bai tdp va ddp s6 ~

la) Goi O Ia giao diem cdc dudng chéo hinh vuong, ta thay
ZOBM = ZOBN = 45" +60" = AOBM = AOBN(c.g.c). Do d6 OM =ON .

1b) Theo chiing minh & phan trén ta thdy rang OM di qua trong tam /
cua AABM . Tuong tu ON di qua trong tam K cua ABCN . Rd rang

3] = BK ,Z0BI = ZOBK =45 +30" = AOBI = AOBK(c.g.c).

Ic) Goi A4 ,4,,B,B, lin lugt la trung di€m cdc canh
MA MB,NB,NC. Ta thily AOAA = AOBB/(c.g.c) va
AOBB, = AOBB, (c.g.c),do do O4, = 0B, = OB,.

2a) Trung diém 4 canh hinh thoi 12 4 dinh cta mot hinh chit nhat.
Giao di€m cdc dudng chéo cua hinh chir nhat [a tam dudng tron di qua 4
dinh cla no.

2b) Ky hiéu 2a.,2b 1a do dai cic duong chéo cta hinh thoi. Khoang
cich tir chan dudng vuong géc H ha tir diem O (la giao diém hai dudng
ché€o hinh thoi) dén O bing »]7+~[117

a- b

3) Goi O la trong tam ctia AABC, khi d6 OC la dudng trung truc cua
canh AB. Vi ABMN la hinh vuong, nén OC ciing la dudng trung truc cla
MN = OM =ON |

Ta thdy ZOAN = 2040 =30" +90" = AOAN = AOAQ = ON = 0Q.
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4) Goi O la giao diém cdc dudng trung truc clia cdc doan thing
ON ,PM . Vicic ABNQ ,ABAM can tai cung dinh B, do d6 OB la duong
trung truc ca AM . Do dé6 OQ=0ON,04=0M . Tuong tu ta b
OP = OM ,04=0ON . Tit céc két qua trén ta suy ra O céach déu cdc di¢m
{A,P M ,N,Q} :

6) Gia sit AB va CD la hai ddy hinh thang. Goi d 1a dudng trung triuc
cia AB va CD(d t6n tai). Dung dudng trung truc cta canh AD . Duomg
trung truc d6 cat d tai Ola tam dudng tron.

8) Cic diém {M ,N,P,Q} la dinh clia mét hinh thang can hoic miot
hinh chir nhat.

Phuong phdp 2

a) Hay chi ra mot doan thing MN va mot diém A4 thuoc tap hgp diém
da cho c6 tinh chat ZMAN =90°.

b) Hay chimg t6 rang moi diém B cla tip hop cling thod md@n
ZMBN =90°,

E. Bai tap

1) Cho AABC . Goi M, N la chin cdc dudng cao ha tir B,C xudng ciac
dudng thing 4B, AC.

a) Chitng minh ring 4 diém B,C, M, N nim trén cing mot dudng tonl.

b) Dung hinh vuéng BCPQ nam khéc phia v6i dinh 4 dé&i vé6i duding
thang BC. Goi H la giao diém céac dudong chéo hinh vuéng. Ching mimnh
rang tap hop diém M, N, B, H,C nam trén cing mot dudng trdn .

2) Cho hinh vuéng ABCDcé 4 dinh nidm trén dudng tron tam ©.
Trén cung nhd AB taldy diém M . Day cung MC cét doan thang BD tai
diém N . Chitng minh ring tap hop diém A4,M,N,O cung nim trén mot
dudng tron.

3) Cho hinh vuéng ABCD. Trén cic canh AB,BC,CD,DA ta 14y Liin
lugt céc diém M, N, P,Q sao cho MN//POIIAC va ZAMQ =30°.Goi 4' la
diém doi xing clia A qua dudng thang MQ, C'la diém d6i xing cla C
qua dudng thaing NP, F la giao diém cla dudng thang QA véi doan tading
NP, E la giao diém cha dudng thang PC' véi doan thing MQ . Chiing
minh ring cic diém E,F,P,D,Q nam trén cing mot dudng tron.

4) Cho hinh vuéng ABCD . Trén dudng chéo BD ta liy diém M . Gioi
K,H lan luot 1a hinh chi€u cha M trén cic dudng thing BC,CD. P la
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giao di€m cla hai duong thang AN B v O la giao diém cha hai dudng
thang A H,DK . Ching minh rang tip hop di¢m K. /., P nam trén cing
mot dudmg tron.

5) AC,BD 1a hai duong kinh vuong géc cta duong tron tam O.
Trén cumg nho AR ta lay dicm V. Duong thang .14/ cit duong thing
BD tai diém P . Puong thang vuong géc voi BD tai [ cat dudng thing
DM tai Q. Ching minh rang tip hop di¢m M. B.P.Q clng nam trén
mot duoing tron.

6) Cho dudng tron tam O v dicm 3/ ndm trong dudng tron va khong
trung voi tam O. Goi AB.CD, E[la cic day cung cua dudng tron cing di
qua M . Cdc trung dicm cua cde diy cung d6 1a P,Q, K . Ching minh ring
tap hop diém M, P.QO K cung nam trén mot dudng tron.

7) Cho tt gidc ABCD ¢6 hai duong chéo vuong goéc véi nhau. Ching
minh rang trung diém cia 4 canh 0 gidc cling ndm trén mot dudng tron.

8) Goi H la truc tam tam gidc ABC . Ching minh rang chan 3 dudng
cao, trunig diém cla cdc doan thang /1. BH,CH va trung diém cla 3 canh
tam gidc nam trén cing mot duong tron (dudng tron Ole).

9) Cho A4BC. Ta dung cdc hinh vuong ABPQ vi ACMN nam phia
ngoai tam gidc. Goi K, F lan lugt a trung diém cdc doan thang BC,NQ.
Duodng thing AH cit BC 1ai E. Dudng thing AK cit NQ tai F . Ching
minh rimg 4 diém £, K, /[, [ nam trén cing mot dudng tron.

10) Cho hinh vuong MNPQ va tam giic déu ABC ¢6 cac dinh A4 nim
tren canth MN, B nam trén canh N7’ va C nam trén canh MQ . Goi H 13
trung di€m cua canh BC. Ching minh rang 4, N, B, // nim trén cling mot

dtrf)'llg tron.

C. iIHuBng dan giai cdc bai tip va ddp sd
1) Cic AMBC,ANBC vuong tai M va N. Do dé M ,N,B,C nam
trén dudmg tron dudng kinh BC .
2) Cac AAMN AAON vuong tai () vi M . Do dé {A4,0,M ,N} nim
trén dudmg tron dudng kinh AN.

3 Ta ching minh duge MA'//NP. Vi A’ doi ximg v6i A qua dudng
thing MO, nén LMA'Q=LMAQ = MA' LOA =04 L NP tai F.
Tuong tw PC' L MO i E. Cic AEPQO,AFPQ ,ADPQ vudng cé chung
canh huyén PQ.

6) Ciac AOMP.AOMQ ,AOMK vuong tai cic dinh P .0, K.
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7) Goi A',B',C' la chan 3 dudng cao M ,N,E la trung dién cla
BC ,CA,AB, I,J latrung diém cua AH ,BH . Ta c6:
MN/JIAB ,INJ/CC" ,MEJ/AC ,El//BB" | 1I/[ABMJ//CC'
=INLIMJIE1MEMJ]LI=>{M,N,l E,A,J
nim trén cing mot dudng tron dudng kinh M/ . Céc diém con lai duoc lap
ludn tuong tu.
9) Goi G 1a diém doi xiing véi 4 qua
K=CG=AB=AQ = AAQN = AACG = LCAG = ZANQ.
Vi
ZCAN =90° = ZCAG + ZNAF =90’
= Z/NAF + ZANF =90° = KF L HF

Tuong tutacé HE 1 KE .

Tinh ban kinh dudng trén ngoai tiép tam giac, tir giac
Tam gidc (t@ gidc) cé tit ca cdc dinh nim trén cung mot dudng tiron
duoc goi la tam gidc (¢ gidc) noi ti€p duong tron hoac dudng tron ngosi ti€p
tam gidc (to gic).
-~ A. Phuong phap
a) Dung tam duong tron ngoai ti€p tam gidc (tir gidc).
b) Chon ra mot tam gidc ma mot canh ¢6 do dai bang ban kinh dudng trdn.

¢) Stt dung tam gidc déng dang hodc dinh 1y Pitago hodc cic ty sO lugng
gidc clia géc nhon trong mot tam gidc vuéng dé tinh canh do.

B. Bai tap

1) Tinh ban kinh dudng trdn ngoai ti€p mot tam gidc déu c6 canh bang @ .

2) Tinh bédn kinh dudng tron ngoai ti€p mot tam gidc cdn ma canh dldy
biang 6a va mot canh bén bing 5a.

3) Cho hinh vuéng ABCD c6 canh AB=a.Goi M latrung diémcanh
AB va H 1a giao diém hai duong chéo hinh vuong. Tinh ban kinh dutng
trondiqua M,H,C .

4) Cho AABC vuong tai A c6 AB=3a,AC =4a. Phan giic cua
ZBAC ciat canh BC tai D.Goi P,Q Ia chan dudng vuéng géc ha &t D
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xuong cdac duong thing AB,AC. Tinh bin kinh duong tron di qua
1A.P.D.O).

5) Tinh bidn kinh duong tron ngoai ti€p hinh thang can, biét hai day hinh
thang bang «,3¢ va duong cao hinh thang bang 2a.

() Cho hinh ch&r nhat ABCD c¢6 cdc canh AB =3a,AD = 4a. Dudng
thang di qua A vudng géc véi BD cat BD tai H va BC tai K. Tinh ban
kinh duong tron di qua 4 diém {C,D,H.K}.

7) Cho AABC vuobng tai 4 ¢6 cac canh AB=3a,AC =4a. Got M la
trung di¢m cta canh BC . Tinh bén kinh dudng tron ngoai tiép cdc tam gidc
AABM AACM .

&) Mot hinh thang can ABCD c¢é hai ddy AB=a,CD =3a, ZBCD =45".
Tinh bdn kinh duong tron ngoai tiép t gidc da cho.

9) Cho dudng thing ¢ va hai diém A, B . Tinh bin kinh dudng tron di
qua A,B cdtamtrén d trong cdc truong hop sau déy:

4) AB=2a,AB//d va khodng cich tir dudng thing AB dén dudng thang
Jd bang 7.

b) AB=2a,/(AB,d)=45" va khoang cich tir giao diém clia AB véi d
dén A bang b trong d6 4 nam trén doan thang ndi B véi giao diém do.

C. Hudng dan gidi cdc bai tap va dap sé

a
1) —\/——5— '
2) Goi H la trung diém canh BC = AH la dudng trung truc ctia canh
BC . Dung dudng trung truc cta canh AB . Giao diém O cla né véi AH la
tim dudng tron ngoai ti€p AABC . Goi K la trung diém cla AB. Hai tam
oldc AABH ,AAOK dong dang, nén ta cé e —4—]£:> AO = AB” _ 2% .
AB  AH 2AH 8
3) Goi E,F tuong tng la trung diém cic doan thaing MH,HC. O la
giao diém cdc duong trung truc cla hai doan thang MH,HC = O la tam
dudng tron di qua 3 diém {M, H,C}. Bén kinh can tinh 1a do dai doan OFH .
Goi K la giao diém cha OE,BH. Trong AOHE vuéng tai E ta cd

OH*=OFE* + EH*, HE:%E=%,KE=%. AOKF vudng can tai

K::>0K=KF=52i — OH = JOE* + EH? =a\/§.
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4) Puong thing AD chia AABC thanh hai AABD,AACD c¢6 dién tich

; i 12 )
tuong ng bang 187a ,24%70 = DP= DQM-I—:-;—EI— Aj)ﬁ_._c_’_‘/; R= .i‘_

)
5)R=a\/§.
2

6) DK la dudng kinh cltia dudng tron. Dé tinh DK ta tién hanh tinh
AH,AK . T AABK = AB* = AH.AK . Tt AABD ta cé:

12= 12+ 12:>AH=2

AH® AB° AD 5

15a \/3_1

Ak =22 pr =JaD? —AK? > R=1pK =L
4 2 8

]

7) Goi N la trung diém cta AB . Dudng vuong goc tai A v6i AM cit
MN tai K = KM la dudng kinh cua duong tron di qua {4,B,M}. Ta ¢d

AN? Qa 25a 25a

NKNM—— NK=—=>MK=—+=R=——. Tuong tu ta ¢6
2 8 16 32
R = 25a
12

8) Xem lai cach giai bai tap 5.
9) VA +d ,\/(a+b)2 +a’.

Tap hop diém 13 mét dudng tron hodc mét cung trén
Bai todn
Cho diém M thoa min diéu kién X . Tim tap hop M .

A. Phuong phadp

a) T X ta chi ra mot diém O ¢6 dinh va s6 R> 0 khong ddi sao cho
moi diém M thudc tap hop cdich O mot khoang R .

b) Tir X ta chi ra mot doan 4B sao cho moi diém M thoa man di¢u
kien ZAMB=90°.

c) Khi dé tap hop M thudc dudng tron xac dinh. Xét pham vi bién déi cla
diém M tir X dé tim gi6i han. Cu6i cuing phai ching minh rang véi M bat ky
thuéc phin dudng tron da dugc gidi han, diém M thoa man diéu kién X .

B. Bai tap
1) Cho dudng tron (O;5a). Tim tap hop trung diém céc day cung
AB =8a cha duong tron da cho.
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2) Cho duong tron ¢/ Ry va dicin A ¢O dinh trong duong tron. Xét

dav cung AB bat ky di qua VT tap hap trune di¢m coa day cung 4B,
khi no quay quanh dicin v/

3) Cho duong tron () Ry v dicvy A co dinh ngoai duong tron. Xét
dav cung AB batky di qua A/ Tan tap hop trung diém cua day cung 4B,
khy ré quay quanh dicin A/ .

1) Cho ZxOy 90" vivdicm 1 co dinh uen tia Ox . Ta xét tia Oz nam
trong géc da cho. Goi B la hinh chicu cua A wen Oz . Tim tap hop B, khi
(Jz quay quanh O wrvi tri Ov dén trung véi Oy

C. Hudng dan giai cdc bai tap va ddp sé

1) Goi M la trung di¢n cta diy 4B = OM =3a. Ching to6 M thudc
dudng tron thm O ¢6 ban kinh R =3a. Ci duong tron la tip M can tim. That
vay vai diem M bit ky thuoe duong tron (O3a) . Ta dung dudng thang
d LOM tai M v tén d6 chon cde diem 1. B phan biét thod man diéu kién
MA=MB=4a=>0A4=0B=5a. Ching to A, thuoc duodng tron (0,5a).
Vay thi luon tim dugc day 1B cua dudng tron nhan A 14 trung diém.

2) Goi [ la trung di¢m clha AB, ta ¢6 O L AB. Vi doan thing OM
¢6 dinh va ZOIM =90°, nén [ thuoc dudng tron duong kinh OM . Ca
dudrg tron 1a tap can tim. That vay lay /= M bit ky trén dudng tron d6 va
noi [ véi M . Chon cic dicm A, B tr¢n duong thang JM thod min diéu
kien 14 =IB=+R*—OI" , khi d6 O-= OB=R. Doan thing AB la day
cung thoa man diéu kién bai todn.

3) Xem cdch giai bai 3.

4) Tap hop cdc diém B 1 nla duong tron dudng kinh OA4 nam trong
Zx(’y. Ldy diem B bat kv wén nia duong tron do, khi dé tia OB nam
trong Z(xOy), vi Z(xOB)<90" = /(xOy) . Neu lay B 1a O, thi OB chinh
la Oy . Puong nhi¢n A8 1L OB.

Cuc trj vé dd dai cua mét doan thang ma mét trong hai dau muat
? - ~ \ ‘
cua né thuoc dudng tron
Bai todn
Cho dudng won (O). Xét doan thang 4B ¢6 mot ddu mat thudc

duorg tron dé va thoa min dicu kiécn V. Tin do dar nho nhat hoac 16n nhat
cla doan 4B .
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A. Phuong phap

a) Tir diéu kién X hay chi ra mot hang s6 & > 0 sao cho AB c6 do dai
khong 16n hon k£ hoac khong nho hon k. Muon chi ra s6 £ nhu vay ta cé
thé sir dung mot trong cac két qua sau

Néu 4,B,C la 3 diém bat ky, thi AB+ BC = AC . Dau bing khi va chi
khi 4, B,C thing hang vd B nam giita 4,C .

Néu AB 1 BC, thi AC > AB . D4u bang xay ra khi B,C trung nhau.

b) Chi ra dau bang trong bat ding thitc. Khi d6 k 1a gia tri cuc tri cla
do dai doan AB.

B. Bai tap
1) Cho duodng trdon (O, R) va diém M # O c6 dinh nam trong dudng

tron. V6i méi diém N thuoc dudng tron O ta xdc dinh mot do dai MN .
Tim gia tri nhé nhat va 16n nhat clia doan thang MN .

2) Cho dudng tron (O, R) va diém M c6 dinh nim ngoai dudng tron.
V6i mbi diém N thude dudng tron O ta xac dinh mot do dai MN . Tim gia
tri nho nhat va 16n nhat clia doan thing MN .

3) Cho dudng tron (O, R) va day cung AB =a <2R c6 dinh clha dudng
tron. Véi méi diém M thudc dudng tron O ta ké MH 1 AB. Tim gi4 tri
nho nhat va 16n nhat cha doan thang MH . |

4) Cho £xOy =90° ¢6 dinh va diém 4 c6 dinh nam trong géc d6 thoa
man diéu kién O4=1. Trén hai canh cua géé di cho ta 1dy hai diém
B ,C sao cho dudng tron (S) di qua 4 diém O, 4, B,C . Tim ban kinh nho
nhat cta (S).

5) Cho ZxQy va diém A ¢6 dinh ndm trong géc d6. Trén cdc canh cla
gbc da cho ta lay céc diém B,C sao cho O,4,B,C nim trén cing mot
dudng tron. Tim vi tri cdc diém B,C dé béan kinh dudng tron bé nhit.

6) Cho hinh vuéng ABCD c¢6 canh AB=2. V&i mbi diém M trén
canh CD ta xdc dinh dudng tron ngoai ti€p AABM . Tim vi tri cia M dé
ban kinh dudng tron dé nho nhat.

C. Huvng dan gidi cdc bai tap va ddp sé
1) Goi A,B la céc giao diém clia (O,R) véi dudng thing OM va coi

MA<MB Véi diem N bit ky thuoc dudng tron dia cho ta ¢é
MN 2 ON -OM =0A-0M = MA= min MN = MA,khi N trung véi 4.
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Ta lat c6 MNSOM+ON = OM 1 OB =

trung voi B

2) Xem lai cach giai bii tap 1.

3) Ky hiéu P la trunz dicim cua
day AB va O la giao di¢m ctia tia
'O voi duong tron da cho.

Ta co:

MIT <MP<MO+O0OP=00+0P=PQ
=> max MI{ = PQ, khi M tung vai
Q.

4) R6 rang do dai doan thing BC
bang dudng kinh cta duong tron, con
O4=1 la mét day cung cia dudng

trondo. Taco 1 =04 < BC = R = l— khi OB=0C =

5) Ta thdy rang OA c¢6 thé la day
cung hoac la duong kinh cua duong tron,
Vivay ban kinh R cua dudng tron bat ky

OA

di qua (),4 khong nho hon = Bin

o

“kinh nho nhat khi O4 1a duong kinh cua

dudng tron, do d6 AB L Ox, AC L Oy .

6) Goi /,J lan luot la trung diém cdc
canh AB,CD . Vi IJ la duong trung truc
clia doan thang 4B, nén tam O cua dudng
tron ngoai ti€p AABM nam trén dudng

thing 1J. R6 rang cic géc A. B cla
AMAB nhon. Vi: '
MI>1J] = AB
= MI > A—B
2

= LAMB < 90"
Ta bit rang tam gidc ¢6 3 gdéc nhon,
thi tam O cla duong tron ngoai 1iép
no nam trong tam gidc dé. Vi vay O
nam trén doan thang /. Ta thay ring
ban kinh duong tron bang 0.4, nén

MB

“>max MN=MDB, khi N

51

H.9
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OA nho nhdat khi O nhdé nhat. Trong AOAI vudng tai I ta c6
04’ =0I* +1, trong AOMJ vuong tai J ta ¢cé6 OM®>=Q2-0I)} + MJ*

N

= O0I*+1=Q2-0IV +MJ* =40l =3+MJ’ 2320[2%$ min Of = N

khi M trung vé1 J.
Vi tri tuong déi cia dudng thang va dudng tron

A. Cdc kién thuc can nho

Cho dudng trdon (O, R) va dudng thang d . Ky hiéu / 1a khodng céch tir
tam O dén d . Ta c6 cdc két qua sau day:

a) i > R, khi d6 dudng thing vi dudng tron khéng 6 diém chung.

b) 2= R, khi dé dudng thing va dudng tron cé mot diém chung duy nhat.
Trudng hop nay ta néi 4 ti€p xiic véi duong tron hoac dudng tron ti€p xic véi
d hodc d 1 tiép tuyén ctia dudng tron. Diém chung duy nhat duoc goi 1a ti€p
diém. Doan thang noi tam dudng tron va tiép diém vuong géc véi d .

c) h < R, khi d6 dudng thang va dudng tron ¢ hai diém chung phan biét.

B. Bai tap

1) Cho hinh chit nhit ABCD c6 AB=3,BC =4. Xét vi tri tuong d6i
clia dudng tron va dudng thang trong céc trudng hop sau diy a) (4,3) va
CD; b) (1,2) va AD, trong d6 I la trung diém cta canh BC .

2) Cho hinh thang ABCD(AB//CD) c6 AB=1,CD=3,AD 1 BC,
ZADC =60". Xét vi tri tuong d6i cha dudng thing va dudng tron trong céc

truong hgp sau day a) (1,%) va CD, v6i [ 1a trung diém cta canh AB;

b) (J, %) va AB, v6i J la trung diém cla canh CD; c¢) Duodng tron tim

A c¢6 béankinh AD va dudng thing BC .

3) Cho dudng thing d va hai diém 4, B nim khéc phia v6i d . Chiing
minh ring dudng tron (O, R) di qua hai di€ém da cho luén cit d .

4) Cho £xQy. Trén tia phan gidc cia géc ta lay diém = O va xét
duong tron tdm /.

a) Chiing minh ring néu dudng tron tim [ cé diém chung vé6i duding
thang Ox , thi né ciing ¢6 diém chung vé6i dudng thang Oy .
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b) Gia st dudng tron tiny / ticp xie vor Ov G 1. Ching minh riang
duong tron d6 U€p xtc vai ()t A vo khong o6 dicm chung véi duong
trung binh cta AOAB ¢6 phiong wone one vii duong thing AB .

5) Cho hinh thang can (500 418/CDy . Goi M.N lan lugt 1a trung
diém cla hai canh ddy AB. 1) Goi () 1 trune dicm cha doan thing MN

N . . - . -'\I-A‘ | ' 3 .
va X¢ét duong tron tam Oco ban kinh £ = . Ching minh rang dudng

tron do GUEp xic vai hai dav hinh thane va néu no ¢o diem chung véi canh
AP, thiné ciing ¢6 diém chung véi canh BC .

6) Cho hinh binh hanh 43¢ . Goi O la giao dicm cac dudng chéo cla
hinh binh hanh. Ta xét duong tron tam .

a) Chitng minh rang néu duong tron tam O tiép xdc voi dudng thang
AB , thi né cling tiép xdc vai dutng thing CD.

b) Ching minh riang néu dudng tron tam O tiép xtc dong thoi véi cdc
duong thing AB.BC . thi Oti¢p xiic vdi 4 canh cta hinh binh hanh (nghia
[a cdc ti€p diém cla dudng tron () vGi cde dutng thang chita cdc canh hinh
binh hanh nam trén chinh cdc canh do).

7) Cho dudng thang « o dinh. Ta xét tat cac cac dudng tron (O, R) cit
d tai hai diem A4, B sao cho do dai 4B 1a mot s6 khong déi. Ching minh
rang tap hop tam O 13 mot trong hai duong thing d"//d va cach d mot
khodng khong déi.

8) Cho duong thing ¢ co dinh. Ta x{t tat cdc cde dudng tron (O, R)
tiép xiic véi . Ching minh rang tap hop tam O la mot trong hai dudng
thing d'/d va cich d mot khoang khong dai.

9) Cho hai dudng thang d,.d, ¢o dinh va ching song song véi nhau.
Ta xét tat ca cdc duong tron tam (J tiep xuc dong thoi véi hai duong
thang di cho. Ching minh ring tip hop tam O la mot dudng thing d7/d
va cich déu hai duong thing do.

10) Cho hai dudng thang ., co dinh vi ching song song vdi nhau.
Ta xét tat ca cdc dudng tron 1am O 1iép xic véi duong thang d, va cit dudng
thing d, tai hai diém 4,B sao cho do dai doan thing AB khong déi.
Chiing minh ring tap hgp tam O la mot dudng thang d'//d .

11) Cho hai dudng thang d,,d, ¢6 dinh cdt nhau. Ta xét tdt ca céc
dudng tron tam O cat dong thoi hai duong thang da cho thanh hai day cung
c6 do dai bang nhau. Ching minh riang tap hop tam ¢ 12 mot trong hai

dudng phin gidc cua cdc goc tao bai hai duong thang da.
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12) Cho dudng tron (O,R). Mot dudng thang d thay déi ludn cit
dudng tron da cho tai hai diém A, B sao cho d¢ dai 4B khong déi. Chimg
minh rang d ludn ti€p xic véi mot dudng tron ¢ dinh hoac di qua mot
diém c6 dinh.

13) Cho duodng tron (O) va diém M ndm trong né. Ching minh ring
moi dudng thang di qua M cat dudng tron.

14) Cho duong trdn (O) va diém M nam trén dudng tron dé. Ching
minh ring néu dudng thiang d c¢b diém chung duy nhit M véi duong tron,
thi d 1a ti€p tuyén cta dudng tron.

15) Chitng minh rang néu M 12 mot diém nidm ngoai dudng trdon (O, R),
thi c6 diing hai dudng thing di qua M va tiép xuc véi dudng tron dé.

16) Ching minh rdng néu M 1a diém nam trong dudng tron (O, R). thi
khong thé dung dugc bat ky dudng thang nio di qua M va tiép xiic véi dudng
tron do.

C. Hudng dan gidi cdc bai tap va ddp s6

1a) Pudng thang va dudng tron khong cé diém chung. ) Pudng théng
va dudng tron khong cé diém chung.

2a) Dudng thang va dudng tron khong cé diém chung. b) Dudng thang
cat dudng tron. ¢) Pudng thang cat dudng tron.

3) Goi M la giao diém clia AB va d; h 1a khodng cdch tir tim dudng
tron dén dudng thing 4B . Hién nhién h<OM <R.

4a) Vi tAm dudng tron nam trén tia phan gidc cta gdc, do d6 tia phan
gidc cua géc la truc doi xiing chung cua dudng tron va hai canh goéc. Néu 4
12 diém chung clia dudng tron va dudng thang Ox, A’ déi xing v6i 4 qua
tia phan gidc, thi 4’ vira thudc dudng tron vira thudc dudng thing Oy .

4b) Khoang céch tir tam / dén hai canh cla géc bang nhau, nén dudng
tron tam / ti€p xic véi Ox , thi nd ciling ti€p xdc véi Oy . Goi P,Q l4n luot la
trung diém clia cdc canh OA4,0B, H,K lan luot 1A giao diém clia O] véi cic
duong thing PQ, AB . Tacé '

2 2 2 2 2
0K=OA ::>HK=0A ,1K=R—:>1H=1K+KH=M.
ol 201 ol 201

Ta xét bt déng thic .
IH>R < OA” +2R* > 2ROI & OA* +40A’R* +4R* > 4RO
< OA* +40A’R* +4R* > 4R*(OA* + R?).
Bit dang thic nay luén ding. Vivay IH > R.
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5) MN vira la truc doi xung cha dudmg tron vira 1 true déi xing cia hai
duong thang AD, BC' .

6a) Vi O vua la tam doi xdng cua duong tron viaa la thm doi xdng cha
hai duong thang AB,CD .

6b) Duong tron (O) mi ticp xic dong thoi voi cdc dudng thing
AB, BC, thi né ti¢p xtc véi cac duong thang (D, DA . Khi d6 cic duong
chco cua hinh binh hanh la cdic phan gidc cia cic goc hinh binh hanh. Vi
vay ABCD la mot hinh thoi. Ticp di¢m cua dutng tron trén dudng thing
AB la chan dudng cao cua AOAB vuong tai O. Vi thé né phai nam trén
doan thing AB.

7)Tadat AB=2a=h=~R & 12 mot s6 khong déi, trong d6 # 1a

khoang cdch tir tam O dén . C6 hai duong thang //d d6i xing véi nhau
qua d

8) Lép luan nhu bai 7).

9) Chd y rang tdm dudng tron luon ndm trong mot nira mit phiang cé bd
I 1iép tuyén cla dudng tron. Boi vay tap hop tam O la mot dudng thang
pam trong dai mit phang duoc giGi han bdi hai duong thiang da cho.

10) Vi duong tron (O) tiép xic voi o, va cat d,, nén tam O ndm trong
plta mat phang chira d, c6 bo la d,. Ky hiéu A,« lan luot 1a khoang cdch tir
() dén d, va d, dén d,. Néu O nam trong dai mat phang gi6i han béi hai
dudng thang da cho, thi ban kinh R =a~/ 1a s6 khong déi. Tap hop O la
mot duong thang d//d, nam trong dai mat phang do. Néu O ndm ngoai dai
mat phang, thi tap hop O la dudng thang d//d, nam cing phia véi d, déi
VOl d, .

12) Néu 4B la duong kinh cla duong tron, thi d di qua tam dudng
tron. Néu AB bé hon dudng kinh cta duong tron, thi d tiép xic véi dudng

e

tron tam O, 7, trong dé r = \/Rz et e,

13) Khoang cdch tir tam dudng tron dén duong thang khong 16n hon
khodng cach tir dé6 dén A/ . Vi viy khoang cdch tir tim dudng tron dén
dudng thang bé hon bdn kinh ctia duong tron dé.

14) K& OH Ld va goi M' d6i xing v6i M qua H, khi d6
OM = OM'= R = M" thuoc duong tron. Vi M la diém duy nhat, nén M’
tung véi M kéo theo cdc di¢m M., H,M' trung nhau.

15) Ta dung duong thang di qua A v tiép xic vdi dudng tron nhu sau:

a) Dung duong kinh PQ L OM .

b) Dung dudng thing MP .
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c) Lay diém N trén dudng thing OM sao cho PN L PM , khi dé N
khac phia v6i M do6i véi tam O.

d) Liy diém H tréntia OM thoa man diéu kién OH = ON .

e) Dung dudng thing A L OM tai H. Goi A la giao diém clia A Véi
duong tron.

f) Dung dudng thing AM . D6 1a ti€p tuyén can dung. That vay ta
c6 OM.ON=0MOH=0P>=04"=AOMA vuéng tai A. Tu

2

OMOH=R = O0H= &
oM

<R=A cét dudng tron tai hai diém 4, B

phan biét. Vi vay c6 hai ti€p tuyén di qua M .
16) Theo bai todn 15) tasuyra OH > R.

Mot sd bai toan lién quan dén tiép tuyén cua dudng tron

A. Cdc kién thuc can nho

Cho duong tron (O)
va hai ti€p tuyén cua
duong tron tai A,B cit
nhau tai M, khi d6 ta ¢
mot s6 két qua sau:

a) MA = MB;

b) Tia MO la phan
gidc cua ZAMB va
ZLAOB;

c) AB LOM :

d) Moi diém thudc
dudng tron nam trong £AMB .

H. 10

B. Bai tép

1) Cho hinh vuéng ABCD. Trén cic canh BC,CD ta lay cdc diém
tuong tng M, N sao cho dudng thing MN ti€p xiic véi dudng tron tam 4,
ban kinh bang AB. Ching minh rang CM+CN+MN =2AB va
ZMAN = 45°,

2) Tt gidc ABCD néi ti€p dudng tron tam O. Gia sir cic tiép tuyén cla
duong tron (O) tai cdc dinh 4, B,C, D cit nhau tai cic diém M,N,P,Q.

a) Ching minh ring téng do dai hai canh d6i dién cla td gidc
MNPQ bang nhau.
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1) Ky hiéu / la giao diém cia AB vdi MO, K la giao diém cta BC
vai VO, H 1a giao diém cta CD vé6i PO, L la giao di¢m cla AD véi
(0O . Ching minh rang t& giac /K//L 1a mot hinh binh hanh.,

3) Cho duong tron tam O va hai diém B,C ndm trén dudng tron. Cac
ti€p wuyén tai B,C cha dudng tron cit nhau tai 4. Xét cac diém M, N,
tuong ung teén cic doan 4B, AC sao cho dudng thang MN ti€p xic véi
duonz tron dé. Ching minh rang chu vi A4AMN khong déi, khi cdc diém
M.} thay déi.

+) Cho ZxOy va dudng tron tam / tiép xuc voi cdc tiaOx,Oy tuong
tng i cdc diém A, B. Mot duong thing qua B va song song v6i Ox cit
duonz tron (/) lan thi hai tai C.

¢) Cating minh raing AB = AC .

) Pudng thing OC cit day cung 4B tai E. Ching minh ring
OF > AF |

9 Goi F la diém doi xing cia O qua A. Ching minh ring dudng
thang CF ti€p xdc voi duong tron (/).

7)) Cro A4ABC ¢6 3 géc nhon. BE,CF la cac dudng cao cua tam gidc.
M 1 tung diém cta canh BC. Ching minh ring cic dudng thing
ME,MF tiép xidc voi dudng tron di qua 3 diém {4, E, F}.

¢) Cro AABC ¢6 AB= AC,ZBAC =« . Goi O la trung diém cla canh
BC . Dung dudng tron tam O ti€p xuc véi cac canh AB, AC lan luot tai
P,Q Taxét cic diem M,N tuong tng trén cdc doan thang AP, AQ sao
cho drdng thing MN ti€p xic v6i dudng tron tam O .

¢) Chitng minh ring ZMON ¢6 s6 do khong doi, khi M, N thay déi.

t) Chitng minh ring BM.CN = OB”.

o) Goi A" 1a diém ddi xing cla A qua dudng thang BC . Chimg minh
ring cdc Judng thing A'B, A'C tiép xidc véi dudng tron tam O tuong ting
tai cd: didm P',Q'. Ta xét cdc diém M',N' tuong ting trén cdc doan thing
A'P' A0 sao cho MN' tiép xdc véi duong tron (O). Ching minh ring
MMY/NN'. |

7) Cho hinh thang ABCD(AB//CD). Chiing minh ring néu dudng trdn
duong kith 4D ti€p xiic véi dudng thing BC, thi dudng tron dudng kinh
BC t&p xiic véi dudng thang AD .

8 Mot ti gide 16i ABCD c6 tinh chét 1a duong tron dudng kinh AD
tiép xic \6i dudng thing BC va dudng tron dudng kinh BC tiép xic véi
dudng thiang AD . Chiing minh ring ABCD 1a mot hinh thang.
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9) Cho hinh thang ABCD, biét rang t6n tai mot dudng trdn tam O tiép
xdc véi 4 canh hinh thang.

a) Chitng minh rdng 4B+ CD = AD+ BC .

b) Trén dudng thang CD ta lay diém E sao cho BE//AC . Chimng
minh rang mot trong hai géc ké v6i canh DE clia ABDE c¢6 s6 do khong
16n hon 45°. .

10) Cho AABC c6 AB= AC. (O) la mét duong tron ti€p xic véi hai
canh tam gidc tai cic dinh B,C. Goi P,0Q,H lan luot 1a trung diém cdc
canh AB,AC,BC . Trén dudng thing PQ ta ldy diém M . Trén dudng tron
(0) lay diém N sao cho dudng thing MN tiép xdc véi dudng tron. Chiding
minh raing MH = MN . |

11) Cho doan thdng 4B va hai tia Ax, By cung vuong géc véi dutdng
thing 4B, nim cing phia v6i dudng thing d6. Ta xét cac diém C,D lén
lwot nam trén cdc tia By, Ax.

a) Chiing minh ring néu cic diém C,D thay d6i thoa man diéu kién
AD+ BC = CD, thi dudng thing CD ti€p xiic véi mot dudng tron cd dimh.

b) Goi O 1a trung diém clia doan thing 4B . Chiing minh ring néu cic
diém C, D thay ddi thoa min diéu kien £COD =90°, thi dudng thing CD
ti€p xtc véi mot dudng tron ¢d dinh. .

12) Cho hinh vuéng ABCD . Ta xét cdc diém M, N l4n luot ndm trém cac
canh BC,CD thoa man diéu kién CM +CN + MN =2A4B . Chimg minh rang
khi cdc diém M, N thay déi, thi dudng thing MN tiép xiic véi mot dudng tron
¢6 dinh.

C. Hudng dan giai cdc bai tdp va ddp sé

1) Vi MN tiép xuic véi dudng tron tai H, BC ti€p xic véi duong tron
tai B= LAMN <90°. Tuong tu ZANH <90° = AAMN c6 hai géc k& véi
MN nhon. Vi vay H nam trén doan thing MN. Ta cé
MH = MB,NH = ND, LHAM = £BAM,ZHAN = £ZDAN . Tu cic két qua
dé ta suy ra diéu can chiing minh.

3) Hiy chitng minh rang chu vi AAMN bang 2A4B.

4a) Ta c6 1A L OA,OA//BC = [A 1 BC =14 la trung truc cla
BC = AB = AC.

4b) Tacé £LBCE = LZAOE,ZCBE = LEAOQO.

Vi £BCE < ZCBE = LZFEAO > EOA.

4c) Vi O,F va B,C d6i ximg véi nhau qua /A= OB=IFC
= A0 = AICF(eee)=s IC L FC.
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5) Goi H la giao dicm cua B ) khi do [/ thuoce dudng tron ngoai
tiep AAEF . Goi [ la trung diem cua /. khy d6 [ la thm duong tron
ngoai  ti€p  AAELF.  Trong  AdII vuong  tal F ta c6
AIFH = ZIHF, ZIHH + ZHCB =907,

ZHCB = ZMEFC = LIFH + ZMEC =90" = 11" L MF .

(f

6b) AOBM ,AONC ddng
dang.

6¢) Vi BC la truc doi
x Ung cua duong tron va AB o
diém chung duy nhdt vai
dudng tron, thi A'B clng c6
diém chung duy nhat véi
duong ron, nghia la A'B la
ti€p tuyén dudng tron. Theo két
qua clua 6b) ta suy ra
BM'CN'=0B* = ABMM',

ACNN' dong dang, do dé
LBMM'= ZCN'N . Vi

BMI/CN'= MM/NN'.

7) Goi [.J lan luot 1a trung
diém cta AD,BC, Cic diém dé
la tam duodng tron duong kinh
AD ,BC . Vi

JIAB= S, =S, -

Ké [H1BC, JK1AD, ta
cO IH.BJ = JK.AI . Theo gia thiél
duong tron tam /7 ti€p xuc Vi
BC=1IH=14. Tu cidc két qua
trén ta suy ra BJ =JK

H.12

8) Van st dung cdc ky hiéu cla bai tap 7) tir gia thiét cua bai todn ta
suyra = S,,, =S,, = AB/lJ.

9 Ké BH L CD, BH bang duong kinh cta au(fxlg tron (O). Mat khac
tacé 4D+ BC= AB+CD = DE . AD+ BC >2BI{ = DE >2BH . Trong hai
doan  thing HD  HE ton tai  mot  doan  ching  han
HE >BH = /BEH < ZHBE = /BEH <45".
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10) Goi / 1a giao diém caa PO A1 Taco:
MH? =MI* +IH* = MO* -OI" = 111" = MO~ (0" = 111%)
=MO* —(OI + IOl = 111)= MO~ OADI
=MO* -0OB’ =MO* - ON" = MN".
11a) Goi O la trung di¢m ctia doan thang A5 . Kéo dai DO cit cudng
thing By tai E.Hay chimg minh ACDE can tai dinh C .
12) Trén tia d6i cta tia DC ta lay diem E sao cho DE= BM Hay
ching minh ring AAMN = AAEN . Vi vay ta ¢6 khoang cich tir 4 dén MN
bing AD khong doi.

Dung dudng tron

Dung dudng tron 1a chi ra tam va bin kinh ca dudng tron. D€ tin tam
dudng tron ta stir dung cdc quy tich sau day:

A. Mdt s6 quy tich co ban dupc ding dé tim tam dubng tron

a) Tap hop diém M cdch mot dudng thang 4 cho trude mot khodng
bang 4 cho trudc 1 mot trong hai dudng thing song song vdi no.

b) Tap hop diém M cich diém O cho trudc mot khoang bang ¢ cho
trudce la duong tron (O, a).

c) Tap hop diém -M céch déu hai canh clia mot géc cho trude 1a duong
phéan giac cua géc dé.

d) Tap hop diém M c6 hinh chiéu ¢6 dinh tréen mot dudng thang 4 cho
trude 13 mot dudng thang vuong gée véi d tai diém dé.

e) Tap hop diém M cdch déu hai dicm 4, B 1a dudng trung tric cla
doan thang A4B.

B. Phuong phap

Giai bai toan dung duong tron duoc 1ién hanh 4 bude:

a) Phan tich. N¢i dung phan nay 1a ta phai chi ra dugc tam duony tron
cdn dung thudc vao nhitng quy tich co bian nio. Khi trinh bay phan phén tich
ta luon coi dudng tron thoa min diéu kién bai todn dang xét la ton tai, /i vay
thanh ngtt "Gia st duong tron thoa man dicu kién bai todn da dung dugc”
duge st dung mot cach thudng xuyén.

b) Dung hinh. Noi dung phan nay la trinh bay lai trinh tu cic budc dung
co ban ma ta da thu duge trong phan phan tich.

¢) Ching minh. Noi dung phan ndy la kiém tra lai két qua dung c¢ duing
véi yéu cdu bai toan dat ra hay khong.
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d) Bién luan. Noi dung phan nay la tim hicu bai todn dang xét ¢6 bao
nhi¢u loi giai, khi no bai toan khong giai dudgc.

C. Bai tap

[) Cho duong thang « , diem A thudc ¢ va s6 R>0. Dung dudng
tron (O, R) tiép xuc véi d tai 4.

2) Cho duong thang , diém A khong thuoc d va s6 R>0. Dung
duong tron (O, R) tiép xtc vé1 d vadiqua A.

3) Cho hai duong thang d,,d, song song vdi nhau. A4,B la hai diém
cho truéc nam trén d,. Dung dudng tron di qua hai di€ém da cho va tiép xiic
Vol d,.

4) Cho ZxOy va diém A thuoc tia Ox . Dung dudng tron tiép xic véi
Ox tai A vatiép xuc voi tia Oy .

5) Cho «xOy va diém A T

thuoc tia phan gidc cla goc dé. // \

Dung dudng tron di qua 4 va tiép / \ '

Xuc v6i hai canh cta goc. A O d
6) Cho ZxOy va s6 R>0. \

Dung dudng tron c¢6 tam thudc tia \\ q"

Ox, ban kinh R va uép xic vdi ~_ |

- H. 13

7y Cho £xOy va s6 R>0.
Dung dudng tron ¢é ban kinh R va ti€p xiic véi hai canh cua goc da cho.
8) Cho £xOy vadiém A nidm trong géc. Dung dudng tron di qua A4 va

ti¢p xtic voi hai canh cua goc. g’

d

D. Huong dan gidi cdc bai tap /
va ddp s6 4

1) Gia sir duong tron (0O) da /
dung dugc, khi dé tam O nam trén
dudong thdng d' L d tai 4. Mat khéc \
O céch d mot khoang R. Vi viy O \
thuoc dudmg thing d'//d va cach d \\ -
mot khoang R. TamO 1a giao diém
cha hai dudng thang d',d" .

H. 14
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2) Gia st duong tron (O) da dung duoc, khi d6 tim O nam trén dudng
tron (A4; R). Mat khdc (O) tiép xic v6i d, nén O nim trén dudng thang
d'//d cach d mot khoang R va cing phia v6i 4. Tam O la giao diém cua
d' va duong tron (4; R).

3) Gia su duong tron (O) da dung duoc ti€p xic véi d, tai C, khi dé
OC la dudng trung tryc cta doan AB. Vi vay C la giao diém cla d, v6i
dudng trung truc cia 4B . Mat khdc O nam trén dudng trung truc cia doan
thing AC .

4) Gia st duong tron (O) da d,
dung dugc, khi d6 tim O ndm trén
dudong thing d L Ox tai A. Mat A
khac né ti€p xic véi hai canh cua :
géc, nén tim O nam trén tia phan \
gidc Oz cha £xOy. Tam O I 1
giao diém cla d va Oz.

5) Gia sir duong tron (O) da
dung dugc, khi d6 tam O nam / 2
trén tia phan gidc cua £xOy. Mat

khic O\nﬁm trén dudng thfmfc; s
d//Ox , nam cung phia vé1 Oy doi
vGi Ox va cich Ox mot khoang R.

- 8) Hay xét hai trudng hgp A nam trén tia phin gidc cla géc va A4
khong nam trén tia do.

Ta xét A khong thudc
tia phan gidc Oz. Hay vé
dudng tron tam O’ tiép xiic
vdi hai canh cua géc, khi dé
tia OA4 cit né tai hai diém
" ma trong d6 c6 mot diém B
thoA man diéu kién
O'B//OA. Nhu viay O la
giao diém cha Oz vdi H. 16

dudng thing qua 4 va song
song véi duong thing O'B.

Trudng hop con lai hoc sinh tu giai.
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Dung tiép tuyén va cat tuyén cua dudng trén

A. Bai tap

1) Cho dudng tron(()) . duong thang ¢ va géc nhon «. Dung dudng
thing d' tiép xdc véi duong tron di cho va hop véi « mot gée bang « .

2) Cho duong tron(()), dicm M thuoc duong tron va sé duong h.
Dung dudng thing d ticp xic vai dudng tron da cho va cich M mot
khoang /.

3) Cho duong tron(0) va mot duong thing d . Dung dudng thang d’
ti€p xidc vai duong tron da cho va d7/d (hoac d' L d).

4) Cho dudng tron (0) . duong thing d va mot do dai a. Dung dudng
thang d7/d(d' L d) va cat duong tron da cho tai hai diém A4,B sao cho
AB=2a.

5) Cho dudng tron (O, R) va duong thiang ¢ . Dung dudng thang d' tiép
xtc véi dudng tron di cho, hop véi d mot géc bang 60° va cit dudng tron
d6 tai hai diém A, B sao cho AB=RA/3 .

6) Cho dudng tron (O) va diém M nam trong dudng tron. Dung dudng
thﬁng d diqua M vacit dudng tron da cho tai hai diém A4, B thoa man mot
trong cdc diéu kién sau day:

a) MA = MB.

b) MA = 3MB.

B. Huodng dan gidi cdc bai tap va ddp s6

1) Gia st d' 13 duong thing di dung. Ké qua tim O dudng thing
d"/ld", khi d6 d" hop véi d
mot géc nhon a va cach d'
mot khodang R (la ban kinh
duong tron (0))

2) Gia st d ti€p xic vdi
duong tron tai 4. Ké
MH 1 d = MH//OA. Ky hiéu
R la bdn kinh dudng tron va gia £\
st ring A>R. Ha OK L M1, ~—
khi d6 MK =h-R. Dudng tron | ;
tam M c¢6 ban kinh »=h-R H. 17
ti€p xic véi OK tai K. Ta c6
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cach dung sau: Dung dudng tron (M; /- R). Dung ti€p tuyén OK cha dudng
tron d6. Dung dudng thang d//OK cdch OK mot khoang R va nadm khéc phia
véi M doivéi OK .

3) Néu d'//d va tiép xic véi
dudng tron tai 4, thi dudng thang
OA Ld. Tiép diém A dugc xéc
dinh.

4) Néu d’ cit dudng tron (O)

) A 0
tai hai diém A4,B sao cho
AB =2a, thi khoang cdch tir tam
duc‘mg won (0) dén AB I Tk Mt e
S
VR?-a® . Duong thang 4’ la tiép
tuyén cua duong tron "H.18
(O;VR*-a*) c¢6 phuong song
song voi d .
5) Gia sir d' thoa man di€u kién bai toin. Ké d"//d" va di qua tam

duong tron, khi d6 d” xéac dinh. Khoang cach tir tam O dén d' bang g,

nén d' ti€p xic véi dudng
. R
tron (O;E).

6a) d L OM .

6b) Pat OM =a. Goi
H la trung diém cha day
AB. Tu gia thiét ta suy ra

2
MH = MB:>0H—,/4" : -2
Dudng thing AB ti€p xic véi dudng trdn (O, 1’ )

Pudng trén ndi tiép tam giac, tr giac

A. Cdc kién thurc can nho

Cho AABC. Goi I 1a giao diém cdc dudng phéin gidc trong cla tam
gidc d6, r 1 khodng cich tr / dén dudng thing AB. Dudng tron (I,r)

dugc goi 1a dudng tron ndi tiép cia A4BC hay tam gidc ngoai ti€p dudng
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tron. Cic goéc ké véi cac canh

BC,CA.AB cha cdc tam giic 1///
IBC.ICA.IAB nhon, nén chan - ]
duong vuong gbéc ha tr / ~ o H\\\
xuong cdc  dudong thang 4 A
BC,CA, AB nam trén cdc canh | | 1
tvong tng. Nghia la cic uép B | WY7\\ "
diém cha (/,r) vdi cic dudng SN /
thang BC,CA,AB nam ngay \/ )\
trén cdc canh tam gidc. § \\

Puong tron ¢é tAm nam &\
trong tif gidc va tiép xuc voi 4 C
canh t& gidc dé duoc goi la H. 20

duong tron ndi tiép tr gidc
hodc tir gidc ngoai tiép dudng tron (goi tat [a ti gide ngoai tiép).

B. Bai tap

1) PBudng tron noi ti€p A4ABC tiép xlic voi cdc canh BC,CA, AB tuong
ing tai cdc diém A',B',C’. Ta dat a=BC, b=AC,c=AB,2p=a+b+c.
Chiing minh rang AB'=AC'=p-a, BA=BC'=p-b, CA'=CB' =p-c.

2) Puodng tron ndi tiep AABC ti€p xtc véi cdc canh BC,CA, AB tuong
Ung tai cdc diém A', B',C". Chimg minh rang néu AC > 4B, thi CC'> BB'.

3) Dudng tron tam / ndi ti€p A4BC khong can ti€p xdc véi cdc canh
BC,CA, AB tuong tmg tai cic diém
A, B ,C". Ky hitu A4 la di¢m doi D
Xing v6i A' qua dudng thing A7,
B, la diém doi xing véi B qua
duong thang B/ . Ching minh rang
A B/IAB.

4) Ky hiéu S Ia dién tich AABC .

a) Chitng minh rang S = p.r.

b) Ky hiéu A~ h la cic
dudng cao tam gidc ké tu cic dinh
A, B,C tuong tmg. Chimg minh ring

1 1 1 1 H. 21

—_— — =

ho b hor

d
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5) Duong trung tuyén AM cua AABC chia nd thanh hai tam giic
AABM ,AACM . Chimg minh rang néu ban kinh cdc dudng trdn noi ti€p clia

hai tam gidc d6 bang nhau, thi AB = AC .

6) Gia sir duong cao AH cia AABC chia né thanh hai tam gidc
AABH ,AACH . Ching minh ring néu ban kinh cdc dudng tron noi tiép cua
hai tam gidc d6 bang nhau, thi 4B = AC .

7) Dudng phan gidc AD cua AABC chia nd thanh hai tam gidc
AABD,AACD . Chiing minh rang néu ban kinh cdc dudng tron noi tiép clia

hai tam gidc d6 bang nhau, thi 4B = AC.
8) Ching minh ring néu A4BC vuong tai dinh A4, thi » = p—a. Pao lai
néu AABC thoa man diéu kién r = p—a, thi tam gidc d6 vudng tai dinh A .

9) Ching minh rang néu AABC dong dang v6i AA'B'C’, thi \[—,—“-
”

trong dé S,r la dién tich va ban kinh dudng tron noi ti€p cua A4BC . S, r'
1a dién tich va ban kinh dudng tron noi ti€p cia A4'B'C'.

10) Dudng cao AH cua AABC vuong tai dinh 4 chia né thanh hai
tam gidc AdBH,AACH . Ky hiéu r,,r,,r lan luot 1a ban kinh dudng tron ndi
ti€p AABH,AACH ,AABC . Ching minh ring r> =r> +r).

11) Duong tron noi tiép A4ABC ti€p xic véi cdc canh BC,CA, AB
tuong ng tai cidc diém A4',B’,C'. Ky hiéu x,y lan luogt 1a khoang cich tir

xAB+yAC

C',B’ dén dudng thang BC . Chitng minh rang S = , S la dién

tich cha A4ABC.

12) Pudng tron (O,r) ndi tiép trong tir gidc ABCD tiép xic véi
AB,BC,CD, DA lan luot tai cdc diém 4',B',C',D'.

a) Ching minh ring AB+CD = AD + BC .

b) Goi M,N,P,Q lin luot l1a giao diém cha OB véi A'B', OC véi
B'C’, OD v6i C'D', OA v6i D'A’. Ching minh ring t& gidc MNPQ la
hinh binh hanh.

13) Chdng minh ring néu hinh binh hanh ¢6 dudng trdn noi ti€p, thi né
[a hinh thoi. '

14) Hinh thang ABCD(AB//CD) ngoai ti€p duong tron (/,r). Ching
minh rang AD+ BC >4.r.
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15) Hinh thang ABCD AB//C 1) ngoal tép ducsng tron (4,#) ¢d hai ddy
AB.7D ti€p xtic véi duorg tron do wong g tai .. Ching minh ring
PAOD = PBOC .

16) T gidc ABCD rngoai ticp duong tron (/.r) thoa man diéu kién
ZAiD =90, Chitng minh ring A48/(D .

17) Ching minh rang n€u mot 1 gidc ¢d dutng tron noi tiép, thi céc
doar thing n6i cdc cap ticp di¢m thuoe cac cap canh d6i dién cit nhau trén
ciufirg chio tr gidc.

C. Hudng dan giai cdc bai tap va ddp s6

2) Goi [ latam dudng tron noi tiép. Lay diem D déi xing véi B qua
dudrg thing A7, khi d6 D nam tren canh AC vd BB'= DC'. Vi AABD
cdnal A4, nén ZADB <90 = ZADC' < 90" = 2CDC'>90° = CC'> DC' .

3) Cdc diém 4, , B, thuoc duong tron tam /. Vi céc diém B',C’ va
A", 4, deixing qua Al = A'B'= 4. Tuong tuta c6 A'B'=C'B,.

5) St dung két qua cua bai 4a).

6) Goi [,K la tam cdc dudng tron ndi tiép hai tam gidc, khi dé
IK/BC = IK L AH . Goi M Ia giao diém cua AH .IK . Chinh M la ti€p
dién cha AH v6i hai duong tron tam / va K. Vi MI = MK = AAIK can
tai 4. Tvdosuyra AH la phan gidc clia ZBAC .

9) Ta biét rang néu hai tam gidc dong dang, thi ty s6 dién tich cla hai tam

gidc d6 dang binh phuong ty so6 dong dang. Ta cé ‘fgS; :wPT. Mat khac
P
AS Py

10) Diing két qua bai tap 9).
11) R6 rang khoang cich wr 4" dén AB,AC ciing bang x,y
:>3=%jAB.x+AC.y).

14) Su dung két qua bai tap 12).

16) Goi M la tiép diém thuoc AB va N la tiép diém thuoc CD. Khi
d6 JAIM + /DIN =90° = ZMIN =180° . ‘
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Pudng tron bang tiép tam giac

A. Cdc kién thuc can nho

Cho AABC . Ta biét rang hai dudng phan gidc ngoai tai c4c dinh B,C
va phan gidc trong tai dinh 4 cua tam gidc d6 cit nhau tai diém O, . Ta ky
hiéu 7, 1a khoang cich tr O, dén mot trong 3 dudng thing chita canh tam
gidc. Ta goi duong tron (O, ,r,) 1a dudng tron bang tiép cia AABC thudc
ZBAC . Vi AO,BC c6 hai géc ke véi canh BC ciing nhon, nén chén dudng
vuong géc ha tr O, xudng dudng thing BC nim trén canh BC. Goi / la
tam dudng tron noi tiép AABC, khi d6 IBLO,B=>ZABQ >9(°. Vi vay
chin dudng vudng goc
ha tr O, xudng dudng
thing 4B nam trén tia
déi cha tia B4 . Tuong tu

chan dudng vudng goc
ha tr O, xubng dudng

thang AC nim trén tia H. 22

d6i cha tia CA. Ta biét

ring chan cdc dudong vudng géc d6 la tiép diém cta dudng tron (O, ,r,)
v6i cdc dudng thing chita cac canh tam gidc. Tém lai dudng tron bing
ti€p clia tam gidc ti€p xiic v4i mot canh tam gidc va phin kéo dai cla hai
canh con lai. |

Mot tam gidc c6 3 dudng tron bang ti€p.

B. Bai tap
1) Chimg minh rang tdm cta 3 dudng tron bang ti€p AABC la dinh

clia mot tam gidc ma chan 3 dudng cao 1a cic diém 4,B,C .

2) Duding tron bang tiép clia A4BC tiép xtc v6i canh BC tai A'.
Chimg minh ring B4A'= p—¢,CA'=p~-b, trong d6 p 1a nla chu vi tam
giac,c = ABva b = AC.

3) Pudng tron noi ti€p va bang ti€p cia A4ABC ti€p xic véi canh BC
tuong Ung tai ciac diém P,Q. Ching minh rang P déi ximg véi Q qua
trung diém clia canh BC .

*
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- ) bang ti€p cua

4) buong tron (/,r) noi tcp va duong twon (O, r,
AABC tiép xdc v6i canh B¢ tuong tng tai cic dicm M va P . Poan thang
AP catduong tron (I,r) tai dicm N

a) Ching minh rang doan thang MV 1a duong kinh clia dudng tron (1, 7) .

b) Goi Q la trung diém ctia canh BC . Dudng thang IQ cit dudng cao
AH tai K. Ching minh rang AK = r.

5) Ching minh rang r, = ptan ‘)1

6) Tam gidc ABC ¢6 BC > AC . Ching minh ring r, >7,.
7) Cho AABC wvuoéng tai dinh C. Ta ky hi¢u r,,7, 1an lugt a ban kinh
ciac duong tron bang ti€p A4BC thuoc cac goc £LBAC, ZABC . Chitng minh

rang 7, +r, = AB.

8) Hay chi ra mot tam gidc ma ban kinh dudng tron ngoai ti€p bang ban
kinh cia mot dudng tron bang ticp.

C. Hutng dén giai cdc bai tap va ddp sé

3) Hay tinh cdc do dai BP ,CQ qua 3 canh tam giéc.

4a) Goi N’ 1a giao diém cla AP va IM . Vi I nim trén AO,, nén ta
IN'

#

r t * A rt ~ ~ N At LA -
co =—=IN"=r.Diem N’ thudc duong tron noi ti€p. 4b) O ciing

r

a a

la trung diém cua doan thing MP = QK//AP. Tit gidc ANIK 13 moét hinh
binh hanh.

6) St dung két qua bai 5).

7) Sit dung bai 2).

Vi tri twong ddi cua hai dudng tron

A. Cdc kién thuc cdn nho

Cho hai dudng tron (O, R) ;(O', R'). Ta néi hai dudng trdon dé ndm ngoai
nhau, néu moi diém thudc duding tron thir nhat nim ngoai dudng tron thit hai va
moi diém thudc dudng tron thit hai nim ngoai duong tron thi nhat.

Ta néi dudng tron thd nhat dung dudng tron thi hai, néu moi diém cula
dudng tron thit hai ndm trong dudng tron thi nhat.
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@ — (b)

H. 23
Ta néi hai dudng tron ti€p xic véi nhau tai di€m M, néu hai dudng
tron d6 ¢6 diém chung duy nhat 1a A . Diém chung M cia hai dudng tron
1a ti€p diém. Néu mot trong hai dudng tron dung dudng tron con lai (trir
M ), thi hai dudng tron tiép xiic trong. Néu hai dudng trdn nim ngoai nhau
(trir M ), thi chiing tiép xic ngoai véi nhau. Pudng thing 00’ diqua M .

o

(a) (b)

H. 24
Néu hai dudng tron c6 hai M BN
diém chung M, M’ phan biét,
thi ta néi hai dudng tron cét .
nhau. Poan thing MM’ la day 0o o
cung chung cua ching. Duong
thing OO" L MM . M
H. 25
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bicu kién dé hai dudng tron ndm ngoai nhau 12 OO’ > R+ R'; Pung
nhau la OO'<R—-R', R> R"; Tiép xic ngoai v4i nhau OO" =R+ R"; Tiép
xtc trong vdi nhau OO'=R—R' R > R'. Cat nhau tai hai diém phéan biét
R-R <OO'<R+R, R>R.

B. Bai tap

1) Xdc dinh vi tri tuong déi cua hai duong tron (O, R) va (O',R’) trong
cac truong hop sau day:

a) 00'=12,R=7,R' =5:

b) 00 =4V3,R=2,R' = 24/3;

S =2 p-2.
3’

¢c) 00'=—,R=—,R' :
k! 9

d) 00" == R=\T.R' =6 .

J2
2) Cho AABC ¢6 AB=3,BC=4,AC =5. Ta dung cac dudng tron tam
A,B,C do6i mot ti€p xuc ngoai v6i nhau. Tinh ban kinh cdc dudng tron dé.
3) Hai duong tron (0,4) va (0',3) cit nhau tai hai diém A4, B thoa min

; 24 N “ s
di¢u kién AB = = Tinh khoang cich tdm ciia hai dudng tron dé.

4) Cho duong tron (O,R) va hai diém A4,B thod min diéu kién
OA < R < OB . Ching minh rang moi dudng tron di qua hai diém A4,B cit
duong tron da cho.

5) Cho hai duong tron (O,R) va (O,R") v6i R> R'. Mot dudng tron
thit ba cat dudng tron (O, R) tai hai diém A4, B va cit dudng tron (O, R') tai
hai diém C,D. Ching minh ring AB//CD va giao diém cla cdc dudng
thang AC, BD (n€u c6) nam trén dudng thang néi tam O véi tam clia dudng
tron thit ba.

6) Cho hai duong tron (O,R) va (O',R"),(R> R') tiép xuc trong vdi
nhau tai 4. Ta ké day cung BC cuta dudng tron (O, R) tiép xic véi dudong
tron (O',R') tai diém M. Tia AM cit (O,R) tai diém N. Chiing minh
rang ON 1L BC .

Hay giai bai toan trong truong hop hai duong tron ti€p xiic ngoai vdi nhau.

7) Cho hai duong tron (O, R) va (O', R") tiép xidc ngoai véi nhau tai A4
va d 1a mot dudng thang ti€p xic véi (O,R) tai B. Dudng thing AB cit
lan thit hai duong tron (O, R') tai C. Ching minh raing O'C L d .
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8) Cho 3 duong tron tam A, B,C ¢6 béan kinh bang nhau va cing di qua
mot diém [ do6i mot cit nhau tai cdc diém M,NP. Chimg minh rang
AABC = AMNP .

9) Cho 3 dudng tron (4;a),(B;b),(C;c) c6 tam thing hang (B nim
gifta hai diém {4,C}) va thoa man diéu kién AB>a+b, BC > b +c¢. Chimg
minh ring néu ton tai mot dudng tron O tiép xiic ngoai déng thoi véi ca 3
duong tron d6, thi hoic @ > b hoidc ¢>b.

10) Hai dudng tron (O) va (O') cét nhau tai hai diém 4,B.

a) Mot dudng théng di qua A cit lan thd hai hai dudng tron tai céc
diém P ,Q nim khéc phia nhau d6i véi dudng thang 4B . Ching minh ring
PO<200'. )

b) Pudng thang di qua B va vuong géc véi dudng thing 4B cét l4n
thit hai hai dudng tron tai cdc diém M, N . Ching minh ring duong trung
truc clia doan thang PQ di qua trung diém clia doan thing MN .

c) Cac két luan ctia cac cau trén con ding khong trong truong hop P,Q
cing phia véi dudng thang 4B ? |

11) Chitng minh ring néu hai dudng tron nim trong hai nlra mat phéng
khéc nhau duoc x4dc dinh béi mot dudng thing d va khong c6 diém chung
véi d , thi hai dudng tron d6 nam ngoai nhau.

12) Cho hai dudng trdon (O;R),(O'; R') nam ngoai nhau. Tir tam O cla
dudng tron thit nhat ta ké nlra dudng thang ti€p xiic véi dudng tron thit hai.
Goi A4 la giao diém cta nira duong thang dé v6i dudng tron (O; R) . Tir tim
O’ clia dudng tron thit hai ta ké nlta dudng thang ti€p xidc v6i dudng tron thi
nhat. Goi B la giao diém clia nita duong thing dé véi dudng tron (O; R').
Ching minh ring khoang cich tir cic diém A,B dén dudng thang OO’
bang nhau.

13) Cho hai dudng tron (O;R),(O'; R') cit nhau tai hai diém 4, B . Trén
dudng thing AB ta lay diém M sao cho tir d6 ta ké t6i dudong tron (O; R)
mot tiép tuyén MT(T 1a ti€p diém). Chiing minh ring dudng tron tim M
c6 ban kinh biang d¢ dai MT khong c6 diém chung véi dudng thang OO’ .
Keét luan ctia bai toan th€ nao khi hai duong tron dé ti€p xic ngoai véi nhau
tai H va diém M nam trén ti€p tuyén chung cta hai dudng tron tai H ?

14) Cho hai duong tron (O; R),(O;R") c6 tam khdc nhau. Mot dudng
tron thit ba cit dudng tron (O;R) tai hai diém A,B va cat (O';R') tai hai
diém C,D. Chimg minh ring néu A4B//CD, thi tam cta ca 3 dudng tron
thang hang.
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15) Goi (1,r) la duong tron udi tuép AABC, J la diém déi xing véi 1
qua trung diém canh BC, () .r) Ta dudng tron bang ti€p cta tam gidc
thuoc £BAC . Ching minh rang duong tron (J/,r) tiép xic véi dudng tron
(O,.1.).

C. Hudng dan gidi cdc bai tap va ddp so
2)1,2,3.
7
3)5,—.
) 5

4) Ky hiéu S la dudng tron di qua A, B va gia su S khong cdt dudng
tron (O; R), khi d6 hodc S khong cé di¢m chung véi (O; R) hoic ¢é mot
diéin chung duy nhat la M khic cdc diém A4,8. Néu S khong c6 diém
chung véi (O; R), thi hoic S bi chida trong duong tron d6, kéo theo B nam
trong (O;R) Diéu dé khong th¢ xay ra vi OB> R hodc S nam ngoai
(O;R), kéo theo A ndm ngoai duong tron dé. Diéu d6 khong thé xdy ra vi
(OA <R hodc S chiia trong né duong tron (O; R), kéo theo 4 ndm ngoai
(O;R) . Trudng hop S c6 diém chung duy nhat véi (O; R) lap luan tuong tu.

5) Goi I la tam dudng tron tha 3, khi dé6 4B L Ol va CD L OI. T
gidc ABCD hodc la mot hinh chir nhat hodc 1a mot hinh thang cén. Vi vay
OI 1a truc déi xing cua it gidc do.

8) Goi K la giao diém cua/M vi AB, H 1i giao diém clta IN va
BC . Trong AIMN doan thing KH la dudng trung binh. Trong AABC doan
thang KH 1a dudng trung binh. Vivay AN = AC .

9) Chi y ring hoac OB <A hoic OB<OC. Néu OB<OA
=>b+R<a+R=b<a, R labinkinh duong tron ().

10a) Goi K,H lan luot la trung diém cua cdc diy AP ,AQ, ta c6
OH L AP ,O'K 1 AQ = KH 1a hinh chi€u cta doan thang OO’ trén dudng

) )
thing PQ=> 00'2 KH ,KH = 2 100) Ta¢6 AM ,AN la dudng kinh
cha hai dudng tron (0) va (0'). do d6 MP L PO ,NQ L PO = MP/INQ .
Ding dinh 1y Ta 1ét cho 3 dudng thing song song vdi hai cdt tuyén la
MN ,PQ . 10c¢) van ding.

12) Ta ky hiéu M 1a ti€p diém cla nlra dudng thang ké tir diém
O va N la tié€p diém cla nla duong thang ké tir diém O'. Ké
AH 1L OO ,BK L OO'. Tu su dong dang clua hai tam gidc AOAH va
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AOO'M = Al _ = AH = —W— Tu su dong dang cia AO'BK
oM 00 o0’

O'B.ON
" o0
13) Goi H la giao diém cta 4B va OO', khi d6 OH <R. Ta c6
MH = JMO* —OH> ,MT = MO* — R* => MT < MH . Dudng tron tam M
¢ ban kinh bang MT tiép xiic véi dudng thang OO0’ .

va AO'ON = BK

Tiép tuyén chung cta hai dudng tron
A. Cdc kién thut can nho

Cho hai dudng tron cé tdim khong tring nhau. Dudng thing d tiép xiic
déng thoi véi hai dudng tron d6 dugce goi la tiép tuyén chung cua hai dudng
tron. Néu ca hai dudong tron nam vé mot phia véi 4, thi ta néi d 1a ti€p
tuyén chung ngoai cia ching. Néu hai dudng tron nam vé hai phia khac
nhau doi vdi tiép tuyén d , thi tandi d 1a ti€p tuyén chung trong cua ching.

e

B. Bai tap
1) Cho hai duong tron (O;R),(O';R') nam ngoai nhau. Mot dudng
thang d ti€p xiic ngoai véi hai dudng tron tai cic diém A4, B. Mot dudng

H. 26

thing d’ khdc d ti€p xiic ngoai véi hai dudng tron tai cic diém C,D.
a) Chitng minh ring hoic c4c dudng thing AB vad CD song song hoic
chiing cét nhau trén dudng thing 00’ .
'b) Chitng minh ring 4B =CD.
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2) Cho hai dudng tron (R (0 ") nam agoai nhau. Mot duong
thang o tiép xtc trong voi hai ducne (o i cic diém A, B. Mot dudng
thang ' khdc ¢ Gi€p xiic tong vdi hai ducng tron i cde diém D

a) Ching minh rang (£ ().

b) Ching minh rang cic duone thang 1/.C'D cai nhau trén dudng thang
00" .

3) Cho hai dudng tron () .(O") ¢ tam tuong tng 1a ciac diem O ,0' nam
ngoal nhau. Mot tiép tuyén chung ngoai ctia hai dudng tron tiép xic voi (0) tai
A va (0') tal B. Mot tiép tuycn chung trong cta hai dudng tron cat dudng
thang AB tai I, tiép xtc v6i (O) tai ¢ va (O') tai D, biét ring C nim gita
haidiém /,D.

a) Hai duong thing OC,0'B cit nhau tai M . Ching minh ring
OM > O'M .

b) Ky hieu S la duong tron di qua 3 diém {4,C,B} va S’ la dudng
tron di qua 3 dieém {4, D, B}. Dudng thing CD cit S tai £ khdc C va cét
S' tal £ khac D. Ching minh rang A/ L BE .

4) Cho 3 diém A4, B,C thing hang theo ding tha tr dé. Ta dung céc
hinh vuéng ABMN,BCP(Q nam vé mot phia véi dudng thang AB. Goi
S va S’ 1an luot 1a cdc dudng tron ngoai iép hinh vuong ABMN va BCPQ.

a) Chimg minh rdng néu dudng thang AP 1a tiép tuyén chung cta hai
dudng tron S vaS’, thi dudng thang PO di qua tam hinh vuéng ABMN

b) Chiing minh rang néu tiép tuyén chung ctia S vaS’ song song véi
AB, thi B 1a trung diém cta AC .

5) Cho hai dudng tron (O; R),(O"; k'), wong do6(0'; R") di qua tim cla
duong tron (O; R). Mot dudng thing tiep xic vai duong tron (O;R) tai 4
va (OG5 R') tai A" Mot duong thang khdc ticp xic vl (O;R) tai B va
(O, R") tai B'. Ching minh ring dudng thang A'B’ tiép xidc véi dudng tron
(O:R).

6) Cho hinh cha nhat A4BCD. Ta xét 4 dudng trdn
(Ad;a),(B:b) ,(C;c),(D;d)  thoi man dong thdi cdc  diéu  kién:

AC>a+c,BD>b+d,a+c=b+d. Goi v.x' la cip tiép tuyén chung
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ngoai cla hai dudng tron (4;a),(C;c); v,y la cap ti€p tuyén chung ngoai
cta hai dudng tron (B;b),(D;d). Cac cap ti€p tuyén dé cit nhau tai cdc
diém M ,N,P,Q. Ching minh ring giao diém cdc dudong chéo cta hinh
chit nhat ABCD la tam dudng tron ndi ti€p t& gidc MNPQ.

7) Cho AABC.

a) Ching minh rang ton tai 3 duong tron c6 tam la céc dinh tam gidc va
do6i mot tiép xdc ngoai véi nhau.

b) Chitng minh ring céc tiép tuyén chung trong ctia timg cdp dudng tron
cat nhau tai mot diém.

8) Cho hai duong tron (0;2) ,(0';1) ti€p xtic ngoai véi nhau. Ta ky hiéu
AB 12 mot tiép tuyén chung ngoi chia hai dudng tron tiép xic véi (O;2) tai
A va (0';1) tai B. Mot ti€p chung ngoai thit hai CD cua hai dudng tron
ti€p xtic véi (0;2) tai D va (0';1) tai C. Tinh dién tich t& gide ABCD.

9) Cho hai dudng tron (0),(0') nam ngoai nhau. Hai tiép tuyén chung
ngoai clia hai dudng trdn tao v6i nhau mot géc 60° va hai ti€p tuyén chung

trong vudng goc véi nhau. Tinh ty s6 ban kinh hai duong tron dé.

C. Hudng dan gidi cdc bai tap va ddp sé

la) Néu R=R'= AB//CD. Gia st R>R'. Goi M ,M’ 14 giao diém
cta dudng thing AB,CD véi dudng thang OO'. Hdy ching minh ring
M ,M' tring nhau. |

1b) Cac AMAD ,AMBC céantai M .

3a) Ké OHJ.O'M,O’K 1OM, khi d6 OH=AB,0K=CD. Vi
AB>CD = OH > O'K . Trong AMOO' tacé OH.O'M = O'K.OM .
| 4a) R6 rang AM la duong kinh cha S va BP 1a duong kinh ctia S’ do
dé tit giAc BSMP la hinh chit nhat (S 1a tdm hinh vuéng ABMN )va ta ¢é

AB2

SM =BP = = BCY2 = AB=2BC = BM =2BQ; 4b) Tt diéu

kién bai toan ta suy ra

AB(\2-1)  BC(H2-1)

2 2

5) Goi C la giao diém cta tia OO' véi dudng tron (O;R). Vi
OA//O'B = LAOB = Z0OBO'. AO'OB can tai O'= Z0'OB=0B0". Tu
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cdc k&t qua trén suy ra 2108 SO'OB = AOAB = AOCB = OC 1 BC .
Tuong tu OC L B'C'.

1632

B} ———,
) 3

9 ky hieu R.R" lan fuot la ban kinh cha (0),(0") va coi

R .
Rz[e'm'ﬁ""(ﬁﬂ)z

Dung dudng tron

A. Bai tap

1) Cho dudng tron (O:R). diém A va s6 R'>0. Dung dudng tron ¢
ban kinh R" di qua 4 va ti¢p xlc véi duong tron da cho.

2) Cho dudng tron (O; R), dudng thing d va diém A thudc d . Dung
dudng tron ti€p xdc vai ¢ tai 4 va tiép xuc véi dudng tron da cho.

3) Cho dudng tron (O;R), dudng thing ¢ khéng cé diém chung voi
dudng tron da cho va s6 a > 0. Dung dudng tron ¢ ban kinh bing a tiép
xtuc déng thoi v6i dudng tron va dudng thang da cho.

4) Cho hai dudng tron (O; R),(Q'; R") nam ngoai nhau va s a > 0. Dung
dudng tron ¢6 ban kinh a tiép xdc dong thoi véi ca hai dudng trdn da cho.

5) Cho duong tron (O;R), diém A thuoc dudng tron va dudng thang
d . Dung dudng tron ti€p xic dong thai véi d va dudng tron di cho tai 4.

6) Cho dudng tron (O; R), duong thang o vacac s6 a>b>0,(b<R).
Dung dudng tron ¢6 bdn kinh @ vi cat dudng tron di cho tai hai diém 4, B
thod man dong thai cdc dicu kién AB =2h, AB//d .

7) Cho dudng tron (O; R),dudng thang  va cic s6 a>b>0,(b<R).
Dung duong tron ¢6 bdn kinh a va cit dudng tron di cho tai hai diém 4, B
thod méan dong thoi cdc diéu kien AB =2b,AB L d .

8) Cho hai duong tron (O;R),(O';r) nam ngoai nhau va s6 a > 0. Hay
deng duong tron sao cho né cat (O; R) tai hai diém 4,B va (O';r) tai hai
difm C, D thoa min diéu kién AB = CD = 2a, AB//CD.
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B. Huting déan gidi cdc bai tdp va ddp s6

1) Trudng hop 4 ndm ngoai dudng tron da cho.

Néu O’ la tAm dudng tron cén dung ti€p xdc ngoai véi dudng tron da
cho, thi O’ 1a giao diém cua hai dudng tron (4;R") va (O;R+R’). Néu né
tiép xdc trong v6i dudng tron di cho, thi O’ 1a giao diém ciia hai dudng tron
(4;R") va (O;R-R"),(R>R').

(b) (a)

H. 27

Truong hop A nim trong dudng tron. Tam O'la giao diém clia hai
duong tron (4;R"),(O; R - R"). Bai toan chi dung dugc khi R’ <R . Trudng
hop 4 nam trén dudng tron. Tam O’ ndm trén dudng thing OA4 va cich 4
mot khoang R'.

2) Ké OH 1d. Goi M la giao diém cla OH véi (O;R). Dudng
‘thing AM cét dudng tron (O;R) tai B khdc M.Ké Ax Ld va dudng
trung truc cla doan thing AB. Giao diém hai dudng thing dé 1a tam
dudng tron can dung. .

3) K& dudng thang d'/d ndm clng phia véi dudng tron (O; R) va cich
d mot khoang a. Dung dudng tron (O; R +a) hoic (O;a—R). Giao diém

cua dudng tron d6 véi d' 1a tAm dudng tron can dung.

56



4) Goi [ la tam duong tron can dung. Truong hgp dudng tron (/;a)
1i¢p xuc ngoai dong thoi vai hai dudng tron da cho. Trong trudng hop nay [/
Ja giao di€ém cha hai duong tron (O;R+a) va (O';R'+a). Trudng hop
duong tron (/;a) tiép xic trong dong thoi voi hai duong tron da cho. Trong
truong hop nay 7 1a giao diém cta hai duong tron (O;a~R) va (O0';a—R").
Bai todn ¢6 nghiém khi ¢ > R va « > R". Truong hop (/;a) tiép xic ngoai
vOi (O;R) va tiép xdc trong véi (O'; R"). Khi dé / 1a giao diém cla hai
duong tron (O; R+a) va (O;a-R').

5)Ké OH Ld. Goi M la giao diém cta OH véi (O;R). Goi B la
giao diém cia AM v6i d. Dung Bx L d . Giao diém ciia AM va Bx la
1am duong tron can dung.

6) Ké OH Ld . Tam dudng tron cian dung ndm trén dudng thing OH
vi cich diém O mot khoing R -5 +a*-b>  hoic

N )

7) Ké Ox//d. Tam
duong tron cdn dung nim
rén dudng thing Ox vi
cdch diém O mot khoang
\/Rz—bz+\[a2—b2 hoac

VR =b? —+a? b7

8) Trén dudng thang
00" ta lay diém cic diém
M, M, sao cho

OM,=0M, =~/ R*a* . Ciing trén dudng thing d6 ta lay cdc diém N, ,N,

H. 29
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sao cho O'N, = O'N, =/r* —a’ . Trung diém cta mot trong céc doan thing
M N, ,M,N, ,M,N, ,M,N, la tam dudng tron cin dung. Chédng han, tz dat
M N, =2b, dudng tron tam [ 12 trung di€m cta doan M,N, va bén kinh

p=+a*+b* la dudng tron cin dung.

A

H. 30

Chuong 3. GOC NOI TIEP - GOC CO DINH NAM TRONG HOAC NGOA|
DUONG TRON

Géc & tam

A. Cdc kién thic can nhd

Cho dudng tron (O;R) va hai diém
A, B nim trén dudng trdn sao cho doan
thang AB khong la dudng kinh clia dudng -
tron. Ta n6i LAOB la géc & tam dudng
tron. Cung AB nam trong géc dugc goi la
cung bi chin bdi géc. Poan thing 4B
duge goi la diy truong cung AB. S6 do
cua cung AB las6 docua ZAOB. S6 do
clia ca dudng tron bing 360° H. 31

Néu AB la duong kinh cla dudng
tron, thi cung 4B 1a nita dudng tron va s6 do clia cung bing 180°.

Cho hai cung 4B va CD trén cing mét dudng tron (O; R) bi chan bai
cdc goc AOB,COD .

Néu hai cung dé c6 s6 do biang nhau, thi ta néi hai cung bang nhau. Néu
s& do ctia cung 4B 16n hon s6 do cung CD, thi ta néi cung AB 16n hen
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cung CD. Né&u hai cung 15 via (D bang nhau, thi AB=CD . NEu cung
AB 16n hon cung C'D thi A8 > D

Cic két qua trén van ding néu cdc cung A8 va CD nam trén hai
dudng tron bang nhau.

B. Bai tap

1) Hai cung A8 va ('D nam trén cung mot dudng tron cé s6 do tuong
P ot ~ K ’ Ao ” , ’ AB
mg bang 45°,60°. Tinh ty s6 do dai cdc day truong cdc cung dé D

2) Cho dudng tron (O;R) vi cic day cung AB=R,CD=R\2,
PO = k3 . Tinh s6 do cdc cung truong béi cic day do.

3) Cho duong tron () va mot da gidc M noi ti€p chita tim dudng
tron. Ky hiéu a la géc ¢ tdm ung véi canh 16n nhat cua M, £ 1a géc & tam
g véi canh nho nhét cta M va n 14 s6 canh cua M . Chimg minh ring
360" 360°
- n :

4) Hai da gidc M|, M, cung noi tiép dudng tron (O) va cung chia tam
duong tron dé. Gia str canh 16n nhit cua A7, bé hon canh nhoé nhét cia M, .
Chimg minh rang s6 canh ctia M, 16n hon s6 canh cua M, .

5) Cho 3 dudng tron tam O, ,0, ,O, ¢6 ban kinh bang nhau va cling di
qua mot diém M . Ky hiéu 4, B,C lan luot 1a giao diém thit hai cla céc cap
duong tron {(0,),(0,)};{(0,),(05)}:4(0;) .(0))} . Ta ky hiéu x 1a s6 do
cung AM thuoc dudng tron (O,) nam trong dudng tron (O,), y 1a s6 do
cung BM thuoc dudng tron (O,) nam trong dudng tron (Q,), z la s6 do
cung CM thuoc dudng tron () nam trong dudong tron (O,). Tinh tong
X+y+2.

6) Cho hai dudng tron (0:2r),(0;r). Mot dudng thdng ti€p xdc véi
dudng tron (O;r)cat dudng tron (O ;2r) tai hai diém A, B. Tinh s6 do cung
AB bi chan boi LA0B .

C. Hutng dén gidi cdc bai tap va ddp s6

) \2-v2.

2) 60",90" ,120".
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3) Ky hi¢u ¢, ,a, ,a, ,...,a, la s6 do cic géc cd dinh & tam dudng tron
truong cdc day cung la cdc canh ctia M . Ta cé:

360°

a
0

noZo o, o, to, =360° = >

nB<a +o,+o,+..+o, =360" = n<

4) Str dung lai bai tap 3).

5) 180°.

6) 120°.

Géc ndi tiép

A. Cdc kién thuc can nho

Cho duong tron (O;R) va cdc diém phan A
biét 4,B,C nim trén dudng tron d6. Ta goi
ZBAC 1a géc noi tiép. Cung BC ndm trong
géc d6 duge goi 1a cung bi chin bai géc hoic
géc ZBAC chan cung BC .

S6 do cta ZBAC béang nlra s6 do cula
cung bi chan.

Trong cung moét dudng tron cdc goc ndi H. 32
ti€p cung chan mot cung c6 s6 do bang nhau.

Gd6c noi ti€p chan nira dudng tron 1a géc vuong.

Cho doan thing AB va mot géc « . Néu diém M thod man diéu kién
ZAMB=q, thi ta n6i M nhin doan 4B dudi mot géc bang o . Tap hop
diém M nim cing mot phia véi dudng thang AB vanhin 4B du6i cung
mot géc bang @ thudc mot dudng tron di qua 4, B.

Mot tit gidc 16i noi ti€p dudng tron cé tdng hai géc doi dién bing 180°.
Ddo lai n€u mot tt gidc 16i ¢6 téng hai géc doi dién bang 180°, thi ti gidc
dé noi ti€p duong tron. '

B. Bai tép

1) Cho A4ABC noi ti€p dudng tron (Q) . Pudng phan gidc cia LBAC
cit duong tron (O) tai diém D khdc 4.

a) Ching minh ring DB = DC..
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b) Goi FE l1a giao dicm cua BC va AD. Ching minh ring
ADAE=ABAC

¢y Trén duong tron (O) ta lay dicm /7 sao cho DF//AB . Ching minh
rang AD = BF ,AC = DF .

. c s AB+ AC
d) Ching minh rang AD > )i L

2) Cho duong ton () v diem A/ khong thuoce dudng tron dé. Mot
duong thang di qua M cit dutmy ton tai hai diem A, 3. Mot dudng thang
khdac di qua M cit dudng tron tai hai dicm C,D. Ching minh rang
MAMB=MC.MD .

3) Cho AABC noi tiép dutmg tron (O) . Ky hiéu AH ,AD , AE lan luot
la duong cao, duong phan gidc cua tam gidac va dudng kinh cua dudng tron
(0) . Ching minh rang AD la phan gidc cua ZHAE

4) Cac duong phan giac trong cua A4BC cat dudng tron ngoai tiép né
tai cdc diém A',B',C’' khdc (A.B.C). Chimg minh ring giao diém cdc
dudng phan gidc 1a truc tam ctia A4 B'C’.

~5) Hinh vuéng ABCD noi ticp dudng tron. Trén cung nho 4B ta lay
diém M . Goi P,Q lan luot la giao diém cla ciac dudng thing MC ,MD
vOl AB , AC .

a) Chiing minh ring 4 diém {4,M ,P,Q} nam trén cling mot dudng
{ron.

b) Ching minh ring 4 diém {BPQC} nam trén cing mot dudng tron.

6) Goi / la tam dudng tron ndi tiép A4BC. Cic dudng thang BI,CI
ciit cac canh doi dién tai cac dicm M, N .

a) Chitng minh ring néu £BAC = 60°, thi IM = IN .

b) Chitng minh ring néu 4 dicm {A.M,/,N} nam trén cling mot
dudng tron, thi £BAC = 60°.

N Gol H latruc tam AABC, K lia diem doi ximg véi H qua duong
thang BC . Chitng minh raing K nam trén dudng tron ngoai ti€p A4BC.

8) AC ,BD 1la hai day cung vuong goc cua mét dudng tron. Goi H la
di€m d6i ximg clia 4 qua BD . Ching minh raing BH L CD .

9) ABCDEF 1a mot luc gidc noi tiép.

a) Chimg minh rang £A+ZC+ /E=/B+/D+ ZF.

b) Ching minh ring néu AB/DE vi BC/EF ,thi CD//FA.

10) Cho AABC. Trén cic canh AB,AC va vé phia ngoai tam gidc ta
dung cdc nlra dudng tron duong kinh li cdc canh dé. Goi P la diém nam
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trén nira duong tron duong kinh 48 va H la hinh chi€u cia P trén dudng
kinh 4B . Goi Q la diém nam trén nita dudng tron dudng kinh AC va K Ia
hinh chi€u ctia Q trén duong kinh AC . Ching minh rang néu AP = AQ, thi
4 diém {B,C,K ,H} nidm trén cing mot dudng tron.

11) Gia st 4, ,B, ,C, lan lugt 1a chan cdc dudng vuong géc ha tir diém
M nam trong AABC xuéng cac canh BC ,CA,AB thoa man diéu kicn
LAMB—- £C = ZAMC - £ZB . Chimg minh rang A4,B, = 4C,.

12) Gia st BC la canh ngéan nhét cia AABC. Trén canh 4B ta ldy
~diém M sao cho ZBCM = /ZA. Trén canh ACta ldy diém N sao cho
ZCBN = £A . Céc dudng thang CM, BN cat nhau tai D.

a) Ching minh rang dudng tron ngoai ti€p ADMN di qua tam dudng
tron ngoai ti€p AAMN .

b) Ching minh rang dudng trung truc clia canh BC di qua tim dudng
tron ngoai ti€p AAMN .

13) Cho hinh chit nhat ABCD cé-cdc canh AB =+/3,4D =1. Trén cic
canh BC,CD ta lay lan luot cdc diém M ,N sao cho ZMAN =60°. Cic
- doan thang AM , AN cét dudng chéo BD tuong ing tai cdc diém P,Q.

a) Goi H la giao diém cia NP va MQ . Ching minh ring AH L MN .

b) Chitng minh ring tap hop diém {P,Q,N ,C,M} nim trén cling mot
dudng tron.

14) Cho doan thing PQ va hai tia Px,Qy vuéng géc v6i PQ va nim
vé cling mot phia v6i dudng thing PQ. Ta xét mot AABC can tai dinh 4
c6 céc dinh A nim trén doan thing PQ, B,C nim tuong tng trén cic tia
- Px,Qy . Chiing minh ring khi c4c dinh tam gidc thay déi sao cho ZBAC ¢6
s6 do khong déi , thi trung diém clia canh BC 1a diém c6 dinh.

15) AC ,BD la hai dudng kinh vudéng géc clia mot dudng tron. Trén
cung nhd 4B taldy diém M. Goi N la giao diém cla dudng thing AM
va dudng thing BD. Dudng thing vuodng géc véi BD tai N cét dudng
thing DM tai P . Ching minh ring tip hop diém {P,M ,B,N} nim trén
cing mot dudng tron va dudng tron dé tiép xic véi mot dudng thing c6 dinh
khi M thay d6i trén cung nhd 4B .

16) Cho ZxOy=60°. Trén tia Ox ta ldy hai diém A, B (B nim trén
doan thing O4). Trén tia Oy ta ldy hai diém C, D (C nam trén doan théing
OD) saocho AB=BC=CD. |

a) Ching minh ring giao diém cla hai duong thing AC , BD nam trén
dudng tron ngoai ti€p AOBC
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b) Chiing minh rang gizo dici thit hai cua hai duong tron ngoai t€p cac
tam gidac AOAC, AOBD nian irén ?Lumfi thang A1,

[7) Cho duong tron () va duone thang « khong ¢é diém chung véi
dudng tron. Trén dudng tron (()) 1 tay diém 4 co dinh, trén dudng thang
o 1@y diem B co dinh. Voi dicin ¢ bat kv thuoe «/ va khde B ta vé dudng
tron (O') diqua {4,B8.C}. buong (ron dé cat lan tha hai dudng tron (O)

tai D . Ching minh rang duong thang C'D di qua mot diém cé dinh, khi C
thay déi trén d .

18) Cho 3 diém A, B.C' thang hang theo ding tha tu d6. Ta dung cic
hinh vuéng ABMN, BCPQ nam vé mot phia véi dudng thang 4B . Goi
S,8" lan luot 1a cac duong tron ngoai tiep hinh vuong ABMN va BCPQ .
1214 giao diém cua S va S khac 5

a) Chiing minh rang duong thing MC di qua £

b) Chitng minh rdng duong thing 4L diqua Q.

C. Hutng dan gidi cdc bai tip va ddp sd’
1d) Xét hinh thang ABDF tacd
AD+BF > AB+DF = AB+ AC = 24D > AB+ AC
3) Hay xét hai truong hop: Duong cao 4/ va duong kinh AE clng
nim trong ZBAC. Pudng cao AH va dudng kinh AE clng nim ngoai
ZBAC.
4) Goi H la giao cdc phin gidc. Ta cd:
LHA'B'= ZCA'B',£HB'A'= ZCB' A’
= AHA'B'=ACA'B' = A'C=A"l = AA'CH
can taidinh 4" ma A'B" lai la phin grac nen A'B" LCH = A'B' L C'H .
5a) Ta ¢6 ZPAQ=/PM(Q) =45" 35h). Theo cau trén ta suy ra
PQ L AC . T gidc BCQP cé hai g6e doi dién bang nhau va bing 90°.
6a) Tu gia thiét ta suy ra LMIN = £ZBIC =120" = & gidc AMIN noi
tiép. Vi A4/ la phan gidc cua JAMAN = IM =N 6h) néu AMIN noi tiép,
thi £BIC + £ZBAC =180°. Mat khic:

s 1 ) r
431c=90’+--7- LBAC = = ZBAC = 90" = ZBAC = 60°

tJ (U]

10) Ta ¢6 AP* = AH.AB 40" = AK AC = AAPQ vi AACB déng
dang, dod6 £APQ = /ACB .



11) Can ching minh:
ZABC, = ZAC,B,
< LMAC + LMBC = ZMAB+ ZMCB
< LMAC+ 4B - £LMBA = ZMAB + ZC — ZMCA
& £180° - ZAMB + £C |
12) Goi O 1a tam dudng tron ngoai ti€p AAMN = LMON=2/4
Trong ADBC ta cé ZBDC =180° —2/4=> ZMDN =180° -2/4. Tt giac
16i OMDN c6 tong hai géc tai cac dinh O, D bing 180°. Pudng trung truc
cia canh BC 1a dudng phan gidc cia £BDC. Pudng thang OD 1a phan
gidc cia ZMDN . Ta biét rang céc tia phan gidc cta hai géc d6i dinh nim
trén cling mot dudng thang.
13) Tir gia thiét ta suy ra £ZQBM =60",2ZPDN =60°. Tir cdc ti gidc
noi ti€p ABMQ ,;ADNP ta suy ra NP ,MQ la cac dudng cao clia AAMN .
14) Goi H la trung diém cla canh BC, khi d6 AH 1 BC. Ta dit
a=/BAC, cic tt gidc APBH ,AQCH ndi ti€p ta suy ra
ZAPH = ZAQH =« .
15) Ta gidec PMBN ¢6 hai géc tai cdc dinh M ;N vuong. Puong kinh
cua dudng tron ngoai ti€p ti gidc PMBN 1a PB L AB tai B.
16a) AABC cantai B—= Z0OBC =2/BCA. Tuong tu
| ZOCB=2/CBD = £PCB+ZPBC =60° = ZBPC =120"
17) Goi E la giao diém thi hai cia CD véi dudng tron (O). Ta cé
ZEDA=/ZCBA, ma £ZCBA c6 s6 do khong déi. Vi vay cung 4E thudc
dudng tron (O) c6 s6 do khong déi.
18a) Ta c6 ZMEB =135" , ZBEC = 45° = /MEC =180,
18b) Ta c6 ZBEQ =45 ,/BEA=45°. Cic tia EQ, EA nim ciing phia
v6i dudng thang BE .

Goéc tao bai mot tia tiép tuyén va mot day cung

A. Cdc kién thuc can nhd

1) Cho dudng tron (O; R) va dudng thiang d ti€p xtic véi dudng tron tai
A . Ta xét nlta dudng thing Ax trén 4. Gid st B 1a diém trén dudng tron

khdc 4. Ta goi £BAx la géc tao boi day cung AB va tia ti€p tuyén Ax.
Cung AB nam trong ZBAx duoc goi 1a cung bi chan hoac gdc chidn cung.
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(a) (

g

H. 33.
2) S6 do cia Z/BAx bing nita s6 do cta cung ma né chin.
3) Gia st AB la mot day cung cua duong tron chia duong tron thanh
hai cung ma mot trong hai cung do ¢ so do « viAx la tia hop v6i AB mot
gdc co s6 do bang «, khi d6 Ax 1ati€p tuyen dudng tron tai 4.

B. Bai tap

1) Cho dudng tron (O; R) va diém M nam ngoai dudng tron. T M ta
ké 161 dudng tron d6 cdt tuyén MAB va tiép tuyén MT (T 1A ti€p diém).
Ching minh ring MT? = MA.MB .

2) Trén hai canh clia ZxMy talay cdc diém 7' thudc canh Mx va 4, B
thuoc canh My thoi min diéu kicn M7° = MAMB. Chimg minh ring
dudng tron di qua 3 diém {4, B, T} tiép xtc v6i dudong thing MT .

3) Cho dudng tron (O;R) va hai tiép tuyén cha dudng trdn tai cdc diém
A,B cit nhau tai M . Trén dudng tron ta ldy dicm C sao cho AC/MB.
Puodng thang MC cit dudng tron lin thit hai tai D.

a) Ching minh rang dudng tron ngoai ticp AADM tiép xic véi
dudng thang MB

b) Chiing minh rang duong thang 40 di qua trung diém cla doan
thing MB.

4) Hai duong tron (0),(O’) cit nhau tai hai diecm P,Q. Mot dudng
thing di qua Q cét lan thit hai duong tron (O) tai 4 va dudng tron (O') tai
B . Cic dudng thang tié€p xtic tai 4 va B cua hai duong tron ct nhau tai C.

a) Ching minh ring tap hop diém {A4,B,C .’} ndm trén cing mot

dudng tron.
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b) Goi M Ia giao diém clia AB va CP. Ching minh ring tié€p tuvén
clia dudng trdon ngoai ti€p AAPM tai M song song véi duong thing BC .

5) Cho hinh binh hanh ABCD c6 AC > BD. Dudng tron ngoai 1i€p
ABCD cat dudng chéo AC tai M . Ching minh ring dudng thing BD la
ti€p tuyén chung clha cic duong tron ngoai ti€p cac tam gidc
AABM ,AADM .

6) Hai dudong tron (0O),(0") cét nhau tai hai diém A, B. Tié€p tuyén taj
A cta hai dudng tron cat ching lan thit hai tai cac diém C, D.

AC? _BC
AD* BD

b) Gia sit C,B,D khong thiang hang. Goi S 13 dudng tron di qua 3
diém {C,B,D}. Ching minh ring dudng thaing 4B di qua trung diém clia
cung CD thuéc S khong chia B.

7) Hai dudng tron (Q),(0') cat nhau tai hai diém A4, B. Tiép tuyén
chung ctia hai duong tron tiép xuc véi (0) tai C va véi (O') tai D (khoing
cach tir B dén CD nho hon khoang cich tir 4 dén dudng thang d6). Goi §
la dudng tron di qua 3 diém {C,B,D} va E la giao diém th& hai cla

a) Chimg minh rang

- dudng thang AB v6i S.

a) Chimg minh rang tit gidc ACED 1a hinh binh hanh.

b) Ching minh raing ZOAO'=2/CBD.

8) Cho A4BC cén tai dinh 4 va dudng tron (0) tiép xic voi hai canh
AB , AC tai céc diém B,C. Trén duong tron (O) va bén trong tam giac ta
lay di€ém M . :

a) Goi P,Q,H lan lugt 1a hinh chi€u cha M trén BC ,CA,AB.
Ching minh rang MH* = MP.MQ .

b) Ti€p tuyén tai M cla dudng tron cit 4B ,AC tuong ing tai céc
diém K,L. Goi / la tam dudng tron noi ti€p AAKL. Ching minh ring
AIKL déng dang v6i AMBC . |

9) Cho hinh thang ABCD(AB//CD). Gia st dudng tron ngoai ti€p
AABD cat dudng chéo AC tai M . Ching minh rang dudng thing BD la
ti€p tuyén cta duong tron ngoai ti€p ACDM .

10) Cho dudng tron (O) va hai ti€p tuyén tai cdc diém B,C cta dudng
tron cat nhau tai 4. V& dudng tron (O') ti€p xdc véi dudng thang BC tai C
vidiqua 4. Goi M 1a giao diém thit hai ctia (O) va(Q"). Ching minh réng
duong thing BM di qua trung diém ctia doan thing AC .
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11) Cho AABC va dicm A7 nam trong tam gide thoa mén diéu kién
ZBMC =90 + 24 . Goi (O) () lan luot I tam cdc dudng tron ngoai tiép
cic tam giac AABM A 1CV

a) Ching minh ring ticp tuven i A7 cta () di qua taim cua (0O').

b) Ching minh ring cAc ticp tuyin cua har duong tron tai 4 vuong géc
vSi nhau.

. 12) T gigc ABCDH noi ticp duong tron{0)cd AB = BD . Tiép tuyén
cua duong tron tai A4 cat duong thang BC wi M. Cic dudng thang
AB,CD catnhau tai N . Ching minh rang MN/AD.

C. Hudng dan gidi cdc bai tap va dap so
2) Tu diéu kién bai wdn ta suy ra AMAI déng dang vdi
AMTB = LMTA= ZABT = ZMT4 ¢6 s6 do bang s6 do cha cung AT
khong chita diém B . Vi vay duong thang A7 ¢6 diém chung 7 duy nhat
vOl duong tron di qua {4, B.T} .
3a) Ta co6 LMAD = £ACD = ZDMB. Theo két qua bai tip 2) ta suy ra
MB iép xtc tai M véi dudng tron di qua {M, 4. D} .
3b) Goi E la giao diém cla cdc duong thing MB,AD. Ta c6
ME? = MA.MD ,MB* = MAMD .
6a) AABC dong dang Vi :
AC 4B BC _AC* 4B BC _B
AARB = A A de g 48 061G,
AD  BD AB  AD° BD AB BD
6b) Goi £ la giao di¢m thit hai cua dudng thing 4B véi dudng tron
S . Hay ching minh rang £CBE = ./DBE .

8b) Ta thiy ring  Z4KM  la  géc  ngoai  cuha
ABKM = ZIKM = ZKBM = /BCM .
10) Goi N la giao diém cta AC vi BM . T gid thi€t ta suy ra

NC?= NM .NB .Tacé /NAM = ZMCB= ZABN == ANAM déng dang véi

NA NM )
ANBA = ——=——=> NA- = NM.NB.
NB  NA

1) Hay ké cdc tia Mx,My nam trong ZBMC va ti€p xtc véi hai
dudng tron tai M . Ta ¢6:
LBAM = £BMx , LCAM = ZCMy = £A= ZBMx+ ZCMy = LxMy =90° .
Dicu dé ching to rang Mx di qua tam cua dudng tron (O').
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12) Ta ¢6 LMAN = £BAD = ZMCN = {4,C ,M ,N} nam trén cing
mot dudng tron, do d6 LMNA= L MCA= LMAB = ZNAD = ZMNA.

Géc c6 dinh ndm trong hodc ngoai dudng tron

A. Cdc kién thuc cdn nho

1) Cho dudng tron (O) va hai day cung AB,CD cat nhau tai A . Ta
goi LAMC 1a gbc ¢6 dinh nam trong dudng tron. Cac cung AC , B.D nam
trong ZAMC va £ZBMD déi dinh véi né duge goi 1a céc cung bi chin boi
goc LZAMC . S6 do cia ZAMC bing nira téng s do cdc cung ma né chan.

2) Cho dudng trdon (O) va diém M ndm ngoai nd. Hai tia Mx, My c6
diém chung véi dudng tron (O) tuong tng tai cic diém A, B, C, D (A, B ¢6 thé
tring nhau hodc C,D c6 thé tring nhau), trong d6 A thudc doan thang MB
va C thuoc doan thing MD . Ta goi ZAMC 1a géc c6 dinh ndm ngoaii dudng
tron. Céc cung tron AC , BD nam trong géc dé duoc goi 1a cdc cung bi chin
bdi géc hodc géc chin cac cung. S6 do cia ZAMC bang tri s6 tuyét do6i cla

nira hiéu s6 do hai cung.

T
\.\
i
| -
4 \
D /"J <‘ \‘}. M
P e
D \\__,///
(a) (b)
H. 34
B. Bai tap

1) Cho hinh thang ABCD(AB//CD) néi tiép duong tron tam . Goi
M 1a giao diém céc dudng chéo hinh thang. Gia sit N 12 giao diém cidc tiép
tuyén cha dudng tron tai A,D. Ching minh ring tip hop diém
{A,0,M ,D,N} nidm trén cung mot dudng tron.

2) Cho dudng tron (O) va hai diém 4, B cé dinh thuoc (O). Ta xét
hai day cung 4C ,BD cta dudng tron cat nhau tai M thoa man di€u kién
ZAMB = a(a 1a mot gée cho trude). Ching minh ring khi cdc day cung dé
thay déi, thi do dai CD khong dai.
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Hiy giai bai todn tuong tr trong truong hop cic day cung AC , BD kéo
dai cat nhau tai M .

3) Cho duong won (0% i ot ogiae ABCD noi tiép co
AB =R CD=R3 . Tinh eOe tao bot hai duong chéo AC,BD va goc tao
bdi hai dudng thang A0 . BC

4) Cho AABC ndi ti¢p duong tron va dicm / nam trong tam gidc. Goi
A" B ,C" lan lugt la giao dicm thi hai cla cac duong thang A1, Bl ,CI véi
duong tron ngoai tiép. Day cung B'C" cit cic canh B, AC tuong {mg tai cac
diem M N . Day cung (4" cii cic canh BA.BC tuong tng tai E,F . Day
cung A'B’ cat cac canh C'B . (A4 wong lng tai cdc diem P, Q. Chiing minh ring
néu AM = AN ,BE = BF (P = (' xay ra dong thoi, thi / 13 thm dudng tron
noi tiép AABC .

5) Cho AABC néi tiep duong tron. Gia su tiép tuyén tai 4 cua dudng
tron cat dudng thang BC tai dicm 1/ . Duong phan gidc cha ZBAC cit
BC tai D.Ching minh rang AMA =MD

6) Ti gidc ABCD noi tiép dudng tron thoa min dicu kién 1a cdc dudng
phén gidc cla £ZBAD,ZBCD cat nhau trén duong chéo BDva cic tiép
tuyén cta dudng tron ngoal tiép tir gidc tai A,C cat nhau tai A . Ching
minh ring dudng thing BD diqua M .

7) Duong tron tam / ndi tigp i gidc ABCD 1i€p xic véi cdc canh
AB ,BC ,CD ,DA tuong (ng tai cic dicm M ,N,P,Q. Cic doan thing
JA,IB,IC ,ID cit céc cung clia dudng tron (/) tuong vng tai cdc diém
A VB',C',D'. Ching minh rang A'C" L B'D'.

8) Cho AABC vuong tai 4. Goi A" Ia giao diém thit hai ctia hai dudng
tron (B; BA) va (C;CA) . Trén cung AA' cla dudng tron (B; BA) va vé phia
trong dudng tron (C:CA) ta ldy dicin A/ . Tia AM cit dudng tron (C;CA)
tai P. Tia A'M cat dudng tron dé tai 0. Ching minh rang dudng thing
PQ diqua C.

C. Hudng dan giai cdc bai tap va ddp sé
1) ZAMD chan hai cung 4D ,BC ¢é s6 do bang nhau, do dé
LAMD = sd //'\—B = ZAOD . Tt gidc AODN néi tiép.

2) Theo dicu kién bai todn £A4MB ¢6 dinh nam trong dudng tron va cé
s3 do khong déi, nén tdng s6 do hai cung AB vi CD khong déi. Vi s6 do
cung AB khong déi, nén s6 do cung CD khong doi, nghia 1a do dai clia day
('D khoéng déi.
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3) AC L AB ; Z(AD,BC)=30°.

4) Tir AM = AN = /NMN = ZANM = sd(AB' + BC") = sd(AB'+CB").
Tuong tu ta ¢o sd([@+z@) = sd(lfi’E\%Cf';\\'), sd(lfi—;l\' +C’Tf‘) -
sd(AB'+CA"). Tir cdc dang thic do6 ta suy ra diéu can chitng minh.

5) Goi E la giao diém clatia 4D véi dudng tron ngoai tiép AABC. Ta
c6 £LMDA =% sd(AB +CE), ZMAD =% sd (AB + BE).

6) Sir dung lai két qua bai 95).

Cung chira goc

A. Cdc kién thuc can nho

1) Cho doan thang 4B va géc a #0. Ta néi diém M nhin doan thing
AB dudi mot goc a, néu LAMB=« . Trudong hgp M trung v6i 4 hoac
B, thi £ZBAx=«a hoic LABy =«a .

2) Cho doan thang 4B va géca # 0. Tap hop diém M nam ciing phia

véi dudng thdng 4B va nhin doan 4B dudi mot géc bang a 1a mot cung
tron néi hai diém 4, B ké ca hai ddu miit ctia cung. Ta goi cung tron dé la

cung chifa géc « .

3) Tap hop diém M nhin doan 4B dudi mot géc bing a 1a mot trong
hai cung tron n6i hai diém A4, B ké ca hai ddu miut cta cung. Hai cung dé

do6i xing véi nhau qua dudng thiang AB .
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B. Mét s6 dang toan ma cdch giai co surdung cung chia goc

1. Chitng minh tap hop diéem ndam trén cung mot duong tron

A. Bai tap

1) Cho it gidac 161 ABCD ¢6 A~ BC - CD . Goi O la giao diém hai
duong chéo t gidc. [ la giao dicm cic duong phan gidc cua hai goc
£BAD, ZCDA. Ching minh ring tap hop diém {4,0,7,D} ndm trén cling
mot duong tron.

2) Cho tam gidc AABC c¢6 £BAC =60" va tam dudng tron ngoai tiép
tam gidc nam trong tam gidc dé. Chung minh rang tam cdc dudng tron ngoai
1i€p, noOi 1i€p tam gidc va cdc dinh B,C nam tén cing mot dudng tron.

3) Cho tam gidc A4BC c¢6 ZBAC =60" va truc tam niam trong tam
gidc d6. Ching minh rang tam duong tron ngoai tiép, tryc tim tam gidc va
cdc dinh B,C ndm trén cing mot dudng tron.

4) Cho AABC . Gia s céac di¢cm A'.B",C" lan luot nam trén cdc canh
BC ,CA4,AB sao cho cdc dudng thing AA'.BB',CC’ catnhau tai H va cdc
10 gidc BCB'C', ACA'C’ néi tiép. Ching minh rang tit gidc ABA'B' noi tiép
vi H 1 truc tam AABC |

5) Cho hinh binh hinh ABCD . Gia sir duong phan gidc cha £BAD cit
canh CD tai diém M va phin kéo dai ctia canh BC tai diém N . Goi O la
tam dudng tron di qua 3 diém {C, M ,N}.

a) Chitng minh ring tap hop cac di¢cm {C,B,D,0} nam trén cling mot
duong tron.

b) Goi I 1a giao diém cac dudng chéo clia hinh binh hanh, E la diém

di xing véi C qua dudng thing O/. Chiing minh ring tap hgp di€ém
{C',D,E,0} nam trén cung mot duong tron.

¢) Cho dudng thing ¢ va hai dicm A,B nam vé mot phia véi d . Gia
st duong trung truc cia doan thang A3 cat d tai diém N . Trén d ta ldy
diém M sao cho MA+ MB ¢6 gid tri nho nhat. Chitng minh rdng tip hop
diém {4,B,M ,N} niam trén cling mot dudng tron.

7) Cho hai dudng tron (O;R) . (O';R')(R < R') nam ngoai nhau. Mot
11€p tuy€n chung ngoai cua hai dudng tron ti€p xic véi(0) tai 4 va (0") tai
B . Mot ti€p tuyén chung trong cia hai duong tron tiép xic véi (0) tai C va
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(0" tai D, biét ring AB L CD . Dudng thang BC cat (O) lan thi hai tai
diém P . PDuong thang AD cit (O') lan thit hai tai Q. Ching minh réng tap
hop diém {4, B, P ,Q} nim trén cing mot dudng tron.

'B. Hudng dan gidi cac bai tap va dap s6

1) Pat @ = ZCBD, f= ZBCA= ZAOD =180° —(a + f3) . Ta cé:

LA+ 2D =360" - (£LB+ £C)=360° — (180" = 2B +180° —2ct) = 2(aL + )
= ZIAD + ZIDA = o+ = ZAID = 180° — (at + )

Tir cac két qua trén ta suy ra £LAID = ZA0D.

2) Goi O, la tam cdc dudng tron ngoai ti€p va noi ti€p tuong tng, thi
ta c6 ZBOC=2/4=120°,4BIC =90° +§= 90°+30° =120°. Cic két
qua trén ching t6 O,/ nam trén cing mot cung chira géc ting véi day BC .

4) Ta c6: ZBB'C=4£BC'C,ZAA'C = LAC'C

= /AC'H=ZAB'H ,Z/BC'H = ZBA'H

Mat khdc ta lai c6 £C'BB'= ZC'CB'= LC'A’'A= BC'HA' noi ti€p .

Vivay ZBC'H + Z/BA'H =180° = ZBC'H = Z/BA'H =90°.

5a) Hay ching minh rang AOMD = AOCB = £0DC = LOBC .

5b) Tir cdu trén ta ¢6 OB =0D = OI 1. BD = dudng thing OI di qua
tam dudng tron {B,C ,0,D}. Dudng thang OI 1a truc déi xing cla dudng

tron, do d6 £ ciing thudc duodng tron do.
6) Goi B' la diém dé6i xing cia B qua d . Giao diém cla d véi dudng
thing AB' 1a diém M Ta c6 NBM =/NB'M(do tinh d6i ximg),

ZNAM = ZNB'M (ANAB' can tai N ). Tir d6 ta suy ra ZNAM = ZNBM
va cdc diém A4, B nim trén cing mot cung chia géc dung trén day MN .

7) Hiy chiing minh rang £APB= ZAQB =45°.

2. Chitng minh mét so tinh chdt hinh hoc

A. Bai tép

1) Cho AABC va diém I nim trong tam gidc thod man diéu kién

ZBIC =90° +§ va ZAIC =90° +§. Ching minh rang 7 1a tam dudng

tron noi ti€p A4ABC .
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2) Trén dudng tron ngoai Ucp tam gidc déu AABC ta ldy diém
K (khong trung v6i cdc dinh tam giic). Ta dung duong thang Kx//BC va ky
hicu M 1a giao diém cha Av véi duonge thang AC . Ta dung duong thang
Ky//AC vaky hieu N la giao dicm cia Ky vdi dudng thing 48 . Ta dung
duong thang Kz//AB va ky hicu £ la giao diém cta Kz vdi dudng thing
BC . Chting minh ring cdc dicm [ N, [ thang hang.

3) Gia st cic diém /A, , B, ,C, lan luot thude cic canh BC ,CA, AB cua
AABC thoa man diéu kien £AA4,C = /BB A = ZCC,B . Cic doan thang BB, va
C'C, catnhautai 4,, A4, via CC, catnhautai B,, BB, va A4, catnhautai C,.

a) Ching minh rang duong tron ngoai tiép cdc tam gidc
AA,BC ,AB,AC ,AC,AB cung di qua truc tam // cua A4ABC .

b) Chimg minh rang / 1a tim duong tron ngoai tiép A4, B,C, .

4) Cho duong tron (O) va day cung AB co6 dinh khac duong kinh. Véi
mdi diém C trén cung 16n AB ta x¢t cdc dudng tron (0,) di qua A va tiép
xiic véi dudng thang BC tai C. Dudng tron (0,) di qua B va tiép xic véi
dudng thing AC tai C.Goi M 1a giao di¢m thy hai clia hai dudng tron dé.

a) Chitng minh ring khi C thay déi trén cung d6, thi M chay trén mot
duong tron co dinh.

b) Ching minh ring dudng thang CM di qua moét diém c6 dinh.

5) Tinh s6 do ZBAC cua A4BC, biét rang truc tam va tim dudng tron
ndi tiép ndm trén ciing mot cung chita géc dung trén day BC .

6) Tinh s6 do ZBAC cla AABC, bict rang tim céc dudng tron noi,
ngoai tiép tam gidc nam trén cing mot cung chita géc dung trén day BC .

B. Huéng dan giai cac bai tap va dap sé

1) Goi /' 1a tam dudng trdn noi ticp A4BC, ta ¢ ZBI'C =90° +§,

4A1’C=9O°+—§: W gidgc BCH', ACI' noi tiép. Diéu d6 ching to I
thudc dong thoi hai dudng tron khac nhau cung di qua 7,C .

5) 60°.
6) 60°.

3. Dung hinh

Ta quy udc mot cung chira goc hoan toan dung dugce, néu ta biét mot
doan thing cho truée 1a day cung va sé do géc.
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A. Bai tap

1) Dung AABC, biét AB=c,AC =5 va géc nhon tao bdi BC véi
trung tuyén AM bing « .

2) Dung AABC, biét BC=a,ZA=a vadudng cao AH =h.

3) Dung AABC, biét BC =a,ZA4A =« vatrung tuyén AM =m.

4) Dung AABC, bi€t BC=a,ZA=a va ban kinh dudng tron noi
ti€p r.

5) Dung AABC, bi€t AB=c,ZA4~-£B=«a vadudng cao CH = h.

6) Dung hinh thang ABCD, biét hai diy AB=a,CD=b, canh bén
BC = ¢ va géc tao bai hai dudng chéo bang « . -

B. Huéng dan gidi cac bai tap va dap sé
1) Gia sut A4BC da dung ¢c6 AB=c,AC=b,ZAMB = .Khi d6 M
thudc cung chita géc @ dung trén day 4B . Goi I 1a trung diém clha 4B ta

¢ IM = % = M thudc dudng tron (7, —2—). Vay M 1a diém chung clia cung

chita géc va dudng tron (1,-121) .Diém C déi ximg v6i B qua M .

5) Ké qua C dudng thdng d//AB va goi B’ doi xing véi B qua 4. Ta
chiing minh dugc ZACB' =180° —«. Nhu viy C 1a giao diém cila cung
chita géc 180° — dung trén day AB’' va dudng thang d .

4. Tdp hop diém la mot cung tron

A. Béi tap ._

1) Cho tam gidc A4ABC ndi ti€p dudng tron ¢6 canh BC c¢6 diinh. Tim
tap hop tam dudng tron ndi ti€p tam gidc khi 4 bién thién trén dudng tron.

2) Cho dudng tron (O) va day cung 4B c& dinh. V6i méi di€ém C trén
cung 16n 4B ta dung diém M nim trén tia d6i chia tia CA v thod min
diéu kién CM =CB. Timtaphop M .

3) Cho AABC cén tai dinh 4. Véi mdi diém M nim trong tann giic ta
xdc dinh H ,P,Q tuong ting la chin cidc dudng vudng géc ha tit AL xubng
cac canh BC,CA4,4AB. Tim tap hop diém M thod mian diéu kién
MH?* = MP.MQ .

4) Cho hai dudng tron (0),(0") cét nhau tai hai diém A4, B. M&t dudng
thang di qua A4 cat cdc dudng tron l4n thit hai tai cdc diém C,D. Tim tap
hop trung diém cta doan CD, khi dudng thing CD quay quanh 4.
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B. Huéng dan giai cac bai tap va dap sé
) Néu ZBAC ., Wi ZBIC 9" k%‘_ Néu «£BAC=p, thi
.

LBIC = 90" +7. Iap hop /7 la mot vong hai cung chita goc duge dung trén
day BC .

2) bat LACB =2« véi « la mot so khong doi, khi d6 LAMB =« .
Tap hop M la mot cung chia goc « dung wén day 48

3) Ta chitng minh duoc ring so do cia ZBMC khong déi.

4) Ta ching minh duoc
ABCD  dong dang  vGi R
ABOQ' . Goi M la trung diém
cia CD, H la chan duong ’ o
vuong géc hata B xuong CD, ¢~ 4
M' 1a trung diém cla doan - =
thang 00" va H' la giao diem L
clia AB véi dudng thang OO’ \
khi d6 £BMH = £ZBM'H'. Vi N R
ZBM'H' ¢6 s6 do khong doi, S —
nén ZBMH c¢é s6 do khong H. 37
déi. Piém M ludn nhin doan
thang AB dudi mot géc khong déi bang £ZBM'H' .

Pudng thing bi&n thién di qua mét diém c& dinh

Bai todn
Cho dudng thiang d thay doi thod man diéu kiéen X, Tim diém ¢6 dinh M
ma d di qua.

Phuong phdp

Ta cén xéc dinh diém M. C6 thé tim M bing mot trong céc céch sau:

- Podn nhan diém M dua vao mot s6 diém dac biét ¢6 trong gia thiét
cua bai todn. Nhitng diém do khong phu thuée vao vi tri cta d.

- Podn nhan diém M bing cdch xét cdc vi tri dic biét cha d.

- Str dung lai mdt s6 bai todn c6 lién quan t6i tim M da gap trude dé.

- Phuong phép toa do.

Bai tip
1. Cho nlta dudng tron dudng kinh AB. Véi méi diém C thudc nira
duong tron ta 1y diém /{1 trén dudng kinh AB sao cho AB vuodng géc véi CH.
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Xét duong tron (0) ti€p xuc véi nura dudng tron tai M, véi CH tai N va véi
doan thing BH. Ching minh rang khi C thay déi, thi dudng thing MN di qua
mot diém c6 dinh.

2. Cho géc xOy va diém A c6 dinh trén tia Ox. V6i méi diém B thuoc tia
Oy ta dung dudng tron noi ti€p tam gidc OAB, tiép xic véi canh OB tai N va
canh AB tai M. Ching minh rang khi B thay déi trén tia Oy, thi dudng thang
MN di qua mot diém c6 dinh.

3. Cho géc xOy va diém A c6 dinh trén tia Ox. V6i méi diém B thuoc tia
Oy ta dung dudng tron bang ti€p tam gidc OAB, tiép xic véi canh OB tai N
va dudng théang AB tai M. Chimg minh ring khi B thay déi trén tia Oy, thi
dudng thang MN di qua mot diém c6 dinh.

4. Cho géc xQOy va cac do dai a, b. Trén hai canh cta goc ta ldy cdc

b

di€m A, B thod man diéu kién —— +-——=1. Ching minh ring khi c4c
04 OB

diém A, B thay déi, thi dudng thing AB di qua mét diém c6 dinh
5. Cho goc xOy va cic do dai a, b. Trén hai canh clia goc ta lay céic
b

diém A, B thod man diéu kién —— — — =1. Ching minh ring khi c4c
04 OB

diém A, B thay déi, thi dudng thang AB di qua mot diém c6 dinh

6. Cho géc xOy va do dai a. Trén hai canh clia géc ta 14y cic diém A, B
thod man diéu kién OA+OB = a. Ching minh ring khi céc diém A, B thay
déi, thi dudng trung truc cia doan thang AB di qua mét diém c6 dinh

7. Cho géc xOy va do dai a. Trén hai canh cia géc ta 14y céc diém A, B
thod man diéu kién OA — OB = a. Chitng minh rang khi cac di€ém A, B thay
déi, thi dudng trung truc cta doan thang AB di qua mot diém c6 dinh

8. Cho tit gidc ABCD noi ti€p duong tron (0) cé dudng chéo BD ¢6 dinh
va khéc dudng kinh. Cic dinh A, C thay déi sao cho AB > BC, AD > CD va
cdc dudng phan gidc cia cic géc ABC, ADC cat nhau trén dudng chéo AC.
Chitng minh ring dudng thing AC di qua mot diém c6 dinh.

9. Cho hai dudng tron (O) va (O’) cit nhau tai hai diém A, B. Mot
dudng thing di qua A cét hai dudng tron ldn thit hai tai cic diém M, N.
Ching minh ring dudng trung truc clia doan thing MN di qua mét diém c6
dinh, khi dudng thang MN thay déi.

10. Cho tam gidc ABC khong vuong ndi ti€p duong tron (O) c6 canh BC
c6 dinh, dinh A thay déi trén cung 16n BC. Goi S, 1a dudng tron di qua B tiép
xic véi AC tai A. S, 1a duong tron di qua C v tiép xiic véi AB tai A. Hai
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duong tron S, va S, cat nhau lan thir hai tai D. Ching minh rang dudng
thing AD di qua mot diém co dinh.

11. Cho duong thang d vii dutmg tron (0) khong ¢6 diém chung véi d.
trén d ta lay diém A c6 dinh. Trén ducng tron (0) ta lay diém B ¢6 dinh. V6i
mo6i diém M trén d (khong triing véi A) ta dung duding tron di qua 3 diém
{M, A, B}. Budng tron dé6 cit (0) tai diém N khac B. Chdng minh ring khi
M thay.ddi trén d, thi dudng thiang MN di qua mét diém c6 dinh.

12. Cho tam gidc ABC ndi tiép duong tron (). Trén cung BC khong
chia dinh A ta lay diém M. Goi M,, M, la cdc diém doi xing véi M qua cic
dudng thang AB, AC. Ching minh ring khi M thay déi trén cung dé, thi
dudng thang M, M, di qua mot diém c6 dinh.

13. Cho tam gidc ABC c6 3 géc nhon ndi ti€p dudng tron (0). Goi H la
truc tAm tam giac. Cdc diém P, Q 1a giao diém clia cic dudng thang BH, CH
v6i dudng tron (0). Trén cung BC khong chita A ta lay diém M. Puong
thang MP cét AC tai K, duong thang MQ cat AB tai L. Chimg minh ring
dudng thang KL di qua mot diém c6 dinh, khi M thay ddi trén cung dé.

14, Cho dudng tron (0) va day cung AB ¢6 dinh. Véi méi diém C thudc
dudng tron (khac A, B) ta dung dudng thang d di qua C va vudng géc véi AB.
Goi d’ 1a dudng thang d6i xung v6i d qua phan gidc clia géc ACB. Chiing
minh ring d’ di qua mot diém cd dinh khi C thay déi trén dudng tron va
khic A, B.

15. Cho dudng thang d va dudng tron (O) khong cé diém chung véi d.
Véi mdi diém M trén d ta dung cic tiép tuyén MA, MB t6i dudng tron (O)
(A, B 1a céc tiép diém). Ching minh ring khi M thay déi trén d, thi duong
thang AB di qua mot diém c& dinh.

16. Cho dudng thang d va dudng tron (0) khong cé diém chung véi d.
Goi H 1a hinh chiéu ctia tam duong tron trén d. Vi méi diém M trén d khdc
1, ta dung cdc ti€p tuyén MA, MB 16i dudng tron (O) (A, B 1a céc ti€p diém).
Goi P, Q la hinh chi€u clia H trén cdc dudng thing MA, MB. Ching minh
rang khi M thay d6i trén d, thi duong thing PQ di qua mot diém c6 dinh.

Huting dan gidi cdc bai tip va dap sé

1) Goi O’ 1a trung diém cla doan thang AB, theo gia thiét dudng thang
OM di qua O’ va ON // AB. Vi viy M va O’ nim khéc pha v6i ditong thing
ON, nghia 12 dudng thang MN nim trong ZONC . Goi A’ 1a giao diém cla
MN véi AB, khi d6 A’ nam trén tia O’A. Tir sy dong dang cua hai tam gidc
AOMN, AO'MA";tasuyraO'M =0'A’= O'A = Atring véi A’.
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2) Trén tia Oy ta 14y diém C thoa man diéu kién OA = OC. Goi H 1a
trung diém cla doan AC. RS rang khi B tring véi C, thi M tring véi H.
Trudng hop ndy dudng thing MN di qua H. V&i B khac C, goi [ la tam
dudng tron noi ti€p AOAB, ta thdy rang ti gidc AIMH néi ti€p, do do
ZAMH =ZAIH. Vi ZAIH 1a goéc ngoai cla AAQI, nén

ZAIH = %(LOAB +ZAOB).

Xét ZBMN =90° 4023./\ = %(AOAB + ZAOB)= ZAMH . Cic diém _

M, N nidm khic phia d6i v6i dudng thing AB, nén dudng thing MN di qua
H. Vi H ¢6 dinh, nén ta suy ra diéu can ching minh.

3) Goi J la tdm dudng tron bang ti€p AOAB thuoc LOAB,P la giao
diém ctia JO va MN. Fa chimg minh P 1a diém c¢& dinh. Ta cé:

£ZPNO=/BNM =T , ZPON =/POA+ ZAON = % (£LOAB+ £ZABO)+ ZAOB

= ZOPN =180° —(LPON + ZPNO) = %AOAB =ZJAM . Diéu d6 chimg

to tir gidc APJM ndi ti€p duong tron cé dudng kinh 1a AJ. Vi vay AP L OJ.
4) Ta nhéc lai mot bai todn sau day. "Trén canh AB clia AOAB ta 14y

diém M. Trén cdc canh OA, OB ta ldy diém P, Q sao cho MP // OB, MQ' //
OA, khi d6 ~O—P+—g% =1". Can cit vio két qua d6 bai toan dang xét duioc
giai ﬁhu’ sau:

Trén hai tia Ox, Oy ta chon céc diém P, Q thoa man diéu kién OP = aq,
OQ = b. Dung hinh binh hanh OPMQ. Ta chiing minh duoc ring AB di qua /.

5) Ta nhéic lai mot bai todn sau day: "Trén phdn kéo dai cia canh AB vé
phia A clia AOAB ta ldy di€ém M. Trén tia OA ta 14y diém P sao cho MP'//

OB va trén tia d6i cha tia OB ta 14y diém Q sao cho MQ // OA, khi dé

%‘ %% =1". Can cit vao két qua do bai toan dang xét dugc giai nhu sau::

Trén hai tia Ox ta chon céc diém P thoa man diéu kién OP = a. Trén tia
d6i cha tia Oy ta chon diém Q thod min di€u kién OQ = b. Dung hinh 5imh
hanh OPMQ. Ta chimg minh dugc ring AB di qua M.
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6) Trén cdc tia Ox, Oy ta chon cdc diém A,, B, thoa min diéu kién

7 . e s e )
04, = OB, = —. buong phan giic cua £xOy 1a duong trung truc cua A,B,.
5 . -

Ta chon trén Oy diém B, thoa min di¢u kién OB, = «. Goi [ 1a giao
diem cua hai dudng trung truc cua hai doan thing A,B, va OB,. Gia st
diém A nam trén doan OA,, khi d6 diém B nam trén doan B,B,. Rd
rang AIOA = AIB,B(c.gc) = 1A = IB.

7) Ta chon trén Ox hai di¢ém A,, A, sao cho OA, = a, OA, = 2a. Trén
Oy chon di€ém B, sao cho OB, = a. Goi I 1a giao diém cdc dudng trung truc
cla hai doan thing OA, va A,B,. Ta chitng minh dudng trung truc ctia doan
AB diqual. That vy twr OA - OB = a = 0OA > a, mitkhaic OA - OB =a =
OA, +AA - OB =a < AA = OB. Ta c6 AIAA, - AIOB. NEw A € AA, =
AIA A, = AIOB = [A = IB. Truong hgp A nam ngoai doan A,A, két qua
van dung.

8) Goi K la giao di€ém cua phan gidc AABC véi dudng chéo AC, P
la giao diém ctia AC va tiép tuyén duong tron ngoai ti€p tir giac tai B.
Ta da biet PK = PB. Tuong tu ta chiing minh dugc PD 1a tiép tuyén
cua dudng tron.

9) Ta chung minh duoc ZBDC = ZBAC, vi vay D nhin BC duéi mot
géc khong d6i va D chay trén mot dudng tron ¢6 dinh di qua B, C. Goi E
la giao diém ctia dudng tron d6 véi AD khidc D. Ta ching minh duoc ring -
EB = EC. Diém E 1a c6 dinh.

10) Goi D la giao diém thit hai cia MN vG6i dudng tron (0). Ta c6
ZMAB = ZMNB (cing chian mét cung). Vi ZMAB khong dé6i, nén ZMNB
khong déi. Do d6 s6 do BD thuoc dudng tron O khéng déi. Diém D c6 dinh.

11) Ta ching minh rang MM, di qua truc tam H cia AABC. That vay,
taco LAM B = LAMB = ZACB = ZAHB' (B’ la chan dudng cao ha tir B), do
d6 tr gidc AM\BH ndi tiep va ZBHM, = ZBAM, = ZBAM . Tuong tu
ZCHM, = LCAM = M HB+ ZBHC + ZCHM, = 180°.

13) D& dang thdy ring APKH, AQLH 13 can tai K, L
= LPHK = ZMPB = Z/MAB,
LIHQ = ZMQC = ZMAC = ZPHK + ZLHQ + ZQHL =180°
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14) Hay ching minh rang d’ di qua tam duong tron (O).

15) Goi H la chan dudng vuong géc ha tir tam duong tron xuéng d, [ la
‘giao diém clia AB va OH, K 1a giao diém ctia OM va AB. Tt gidc OKM H noi
ti€p, nén OK.OM = OI.0OH, OK.OM = R* (R 1a ban kinh dudng tron).

Chuong 4. DIEN TiCH DA GIAC
Dién tich tam giac va médt s6 hé qua

A. Cong thuc tinh dién tich tam gidc

Ta dat a=BC ,b= AC,c= AB 1a d6 dai cdc canh A4ABC; ky hiéu
h, ,h, b, la d6 dai cic dudng cao ke tir 4,B,C; S ladién tich AABC . Ta
co S =la.ha . lb.hb =lc.hc.

2 2 2

B. Bai tap

1) Tinh dién tich A4BC, biét BC=1,/B=145" ,2C =60°.

2) Tinh dién tich A4BC, biét £B=45",£C=60° va dudng cao
AH =1. _ .

3) Tinh dién tich AABC, biet £B=45°,£ZC=60° va dudng cao
BK =1. .

4) Tinh dién tich tam gidc déu, biét do dai canh béng a.

5) Tinh dién tich tam gidc can ABC, biét AB= AC =5a,BC =6a.

6) Trén nita duong tron dudng kinh AB =2R ta ldy diém C. Dung qua
A mot duong thing d L AB va trén dé6 ta ldy diém H sao cho CH 14,
biét CH = h. Tinh dién tich AACH theo A,R. ‘

- 7) Cho nlra dudng tron dudng kinh AB=2R va mot tam gidc déu
AMPQ c6 dinh M nim trén nlta dudng trdn, céc dinh con lai ndm trén
duong kinh AB, biét ring AMPQ c6 dién tich 16n nhat. Tinh dién tich dé
theo R.

8) Cho hinh chit nhat ABCD c6 AB=1,BC =243 . Trén cic canh
BC,CD vé phia ngoai hinh chit nhat ta dung cic tam gidc déu
ABCM ,ACDN . Tinh dién tich AAMN .
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C. Hubng dén gidi cdc bai tap va ddp sé

1)Ké AH L BC . Vihai géc ké vai canh BC cung nhon, nén H nam
trén canh do. Ta c¢o BC=p/-C/. Vi AAHC vudbng cin tai
H = AH = CH . Trong AABH tacé:

BH AH 1
t60" = = BH = — = Al{l(1+ ]
cO AH ﬁ \/.3.)
VP CES
1+3 2+2J3
Q)Szﬁi}.;
23
2
) 5= ;
3+\/§
2
g \/'3';
4
5} §=12a%;
6) Ke

CK L AB=CK = AH =JAK.BK = Jh.QR-h)

e I (2R - h) ;

AACH
2

i s VN *
7)Ke MN L AB,khido S, = i—\—Eﬂ Goi O la trung diém cla AB,

ta co:
2

7

MN <OM = R=> S,y <

Hé qud 1

A. Ménh dé

Trén hai canh cla ZxOy ta
ldy céc cdp diém A, A" thudc H. 38
Ox va B,B' thuoc Oy.Khidé Ssom . 04 . L :

Swpy OA OB
Néu 4 va A' trung nhau, thi Ssons OB,.
SAOA'B' OB
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Néu AOAB déng dang véi AOA'B', thi ig—é‘ﬂ=k2, trong do hoac
: AOA'B’

_ 04 OB

k hoic k =

' r’

B. Bai tap
1) Cho A4BC c6 dién tich bang S . Trén canh 4B taldy diém M sao
AM 1 ez BN 1 .

cho ——=—. Trén canh BC lay diém N sao cho — =—. Trén canh C4
AB 2 BC 3 '

lay diém P sao cho% = % Tinh theo S dién tich AMNP .

2) Cho hinh vuéng ABCD ¢6 canh AB=a. Trén canh BC ta ldy diém
M sao cho %=1.Tréncz}nh CD ldy diém N sao cho —QN-=1.GQi P.,QO
BC 3 CD 2
Ia giao diém cia céc doan thing AM, AN v6i dudng chéo BD . Tinh dién tich
AAPQ . |
3) Trén cac canh AC , AB cia A4ABC taldy céc diém E,F.Goi M 1

giao diém cha hai doan thing BE,CF, biét dién tich cidc tam gidc
AMBF,AMBC,AMCE tuong (g bang 3,5 ,4. Tinh di¢n tich A4BC.

4) Goi G la trong tam A4BC. Mot dudng thang di qua G cit c4c canh
. ; 2 e s AM ... o AN
AB ,AC lan luot tai cic diem M ,N . Biét rang E—= p . Tinh ty sO 1/41«—5

theo p.

5) Cho AABC va céc diém M ,N 14n luot nim trén cdc canh 4B, AC
thod man diéu kién —&+%: 1. Chitng minh ring khi c4c diém M ,N

thay déi, thi dudong thing MN cit dudng trung tuyén clia tam gidc ké tir
dinh 4 tai mot diém c6 dinh.

6) Trén cdc canh BC ,CA,AB cta AABC c6 dién tich bing 1 ta 14y 14n
lugt céc diém A4',B',C'. Goi S,,S,,S, lan lugt 1a dién tich cdc tam gidc

AAB'C',ABA'C',ACB'A’ . Chiing minh ring /S, +4/S, +4/S, s%.

7) Cho AABC c6 dién tich S va ty so % =k . Dudng phan giic cla
£BAC catcanh BC tai D. Tinh dién tich cdc tam gidc AABD,AACD .
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8) Trén canh BC ,CA.AB cha AABC ta ldy cic diém tuong ing
M.P.Q sao  cho MPIIAB  MQ/AC .  Ching  minh  rang
Saanc-Saarg = Saamn S avsc -

9) Béh trong ZxOy cho diém <6 dinh M . Hiy dung mot dudng thang
di qua M cit géc da cho thanh mot tam gidc ¢6 dién tich nho nhét.

C. Huong dan gidi cac bai tap va dap sé

, 7
1}Sywe = QS )
54°
2) Saare =54

3) Ta ky hiéu x,y tubng Ung la dién tich céc tam gidc AMAF,AMAE .
Ta co: ‘
MB _ Sype -5 MB _ Syp _3+x
ME  Syxc 4" ME S w4 y .

Tu d6 ta suy ra:

+ 5
SR _ 2B =10,
y 4
Tuong tu ta cé:
9% 108
Sx-3y=12x=— y=—o
S ST ANET
204 204

=S =x+y=—228, . =—+12
AEMpF — X 1Y 03 ase =3

4) Goi E 1a giao diém ctia AG vA BC.Tacé Sowe _AM 2_2p
Sz AB 33

Tuong tu:
Savg _ AN 2 _2gq AN

S.. AC3 3%

— S sanmc + SpanG ___ZSAAMN _ 2Ap+q)

Saase  Sance Spase 3
S
A4BC 3 3p-1
5) Xem cdch giai bai tap 4) ;

6) bat
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BA' CB' AC’ cA' AB’ BC'
X = sy = Z=——=]-x=—,l-y=—1-z=—
BC CA AB BC CA AB
1+2—
Tacé—Sl*—“z(l—y): §'~=1/z(l—y <2 Y
S S 2
L l+x-z |S; 1+y-x
Tuong tu TS'_=‘\,x(1—Z)S 7 5 ——S—=4/y(1—x < 3
k.S S
T Sppp =—— =—
) Saano 1+ 4P 1+k

8) Tacd Saavs _ Saus AB.
Samp  Sarg  AQ
Same _ AC — Saav Saamc _ AB AC _ Sy pc
Suwrg AP Spupg Saarg  AQ AP S,

9) Gia sir dudng thing di qua M cét cdc canh clia géc tai hai diém
A,B. Trén OA,0B ta lay cic diém tuong ing P,Q sao cho
MP//OB ,MQ//O4, khi d6 AOPQ cé dién tich s khong déi. Ta cé

s _OPOQ

Tuong tu

Syus 04 OB
V‘12+%=1:> = sl:SAOABZM. |
OA QB S ou

D4u bang x4y ra trong bat ding thic khi _g% = —g—g—_: M la trung di€m

ciadoan 4B.
Hé qud 2
A. Ménh dé

Gia sit M 1a mot diém ndm trong hodc trén canh hoic tring véi dinh
AABC c6 khoang ciach dén BC ,CA,AB tuong ting bidng x,y,z. Khi d6

i+l+i=]_

h, h h

Néu M trung véi diém dac biét clia tam giéc, thi ta dugc két qua thu vi.
B. Bai tap
1) Bén trong AABC cé dién tich S ta ldy diém M . Cic dudng

thing song song v&i cdc canh tam gidc va di qua M cit né thanh 6
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phin, trong d6é 3 phan la cdc tam gidc ¢é dién tich bang S,,S,,S,. Ching

minh rang ﬁ%— \/S“Jr\fS- = S .

2) Cho AABC vuong tai €. Duong phin gidic £ZACB cat canh AB tai
J2 1

D . Ching minh raing —— = — 4 - —
CD C4 (B’

3) Cho AABC ¢6 £BAC =60". Dudng phan gidc cha ZBAC cat canh
1 1 _43
AB AC AD

4) Cho AABC c¢6 Z/BAC =120°. Dudng phén gidc cia £BAC cit canh

BC tai D. Ching minh ring ——1— L

AB  AC  AD\3

5) Cho AABC déu va diém M nam trong tam gidc. Goi H ,P,Q la
chin cac dudng vudng goc ha tr M xudng cic canh BC ,CA,AB. Ching
minh rang AP +CH + BQ ¢4 gia tri khong phu thudc vao M .

BC tai D. Ching minh ring

6) Gia sir tam O duodng tron ngoai ti€p A4BC nam trong tam gidc, R

-

la ban kinh cla dudng tron d6. Ching minh rang
A B
COS— COS— COS—
7 1
— + =—.
h h, h R

a (4

*7) Cic dudng phan gidc cta hai géc B,C cit cac canh AC,AB tai
E,F . Trén doan thang EF ta ldy diém M va ky hiéu khoang cdch tir d6
dén BC ,CA,AB tuong img la x,y,z. Ching minh ring x=y+z.

C. Hudng dén gidi cac bai tép va dap sé
1) Ky hiéu x,y,z lan luot 12 khodng cdch tr M dén cic dudng thang
BC,CA,4AB. Tu su dong dang clha cac tam gidc, ta suy ra

== ‘/i ,lz J—S—z— ,—z—=1/§i . Sir dung két qua 221t suy ra
ha S hb S hC S h(] hb hC

diéu cén ching minh.
2) Ky hiéu x,y l4n luot la khoang céch tit D dén cdc dudng thang

BC ,AC ,khidétacd x= y—ﬁp—

V2
R rang h, = AC ,h, —BC::>———~+J——1:> : . s I —l—ﬁ
AC BC AC BC x AD’
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3) Ky hiéu y,z lan lugt 1a khodng cdch tr D dén céc duong thing

AC ,AB,khid6tacéd y = z= ADsin30° =%12. Mat khéc:

V3 V3

hb = ABSiI’lGOO = AB—-Z"—,hc = AC?

y z 1 | J3

D>D—+—=1 + =
ok AB  AC AD

5) Qua céc dinh 4,B,C ta ké céc dudng thang tuong tmg vuodng géc

v6i cdc canh AC,AB,BC . Cic dudng thing dé cit nhau tai cdc diém

A, ,B, ,C, 1adinh ciia mot tam gidc déu ma diém M vin nim trong no.

D¢ dai canh cta tam gidc d6 c6 gid tri khong phu thudc vao vi trii clia
M . Taky hiéu x,y,z la khoang cach tr M dén cic canh A4 B,C, vatacé
x+y+z=h, trong d6 h 1a dudng cao cia A4BC,. Hién mnhien
x=AP,y=CH ,z=BQ= AP+CH +BQ=h.
6) Vi O nam trong AABC
= ZLBOC =2/A,
LCOA=2/B,
LAOB=2/C

- Ta ké OH L BC va xét
AOBC can tai O, ta cb
OH =0B.cos A= R.cosA.
Tuong tu ké P
OK 1L AC=> OK =R.cosB,
Ol L AB= Ol =RcosC

St dung cong thic B, A | G
OH OK OI

+ +—=1 ta suy ra
h, h, h H. 39

diéu c4n ching minh.

7) Ta ky hiéu A, ,h, 1an luot 12 do dai cdc dudng cao cia A4EF ke tir
cic dinh E,F tuong tdng. Ta ké EE'1 BC ,FF'1l BC khi d6 ta c6
EE'=h, ,FF'=h,. Také MN L BC va goi K 1a giao di€m cla MN véi
E'F . Trong AAEF tacé y  EM _EK KN = y=KN.

h, EF FE' FF

Tuongtutacd z=MK = y+z=MK+KN =x.
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Hé quad 3

A. Ménh dé

Né&u hai tam gidc ¢6 day chung va hai dinh dé6i dién cung ndm trén
mét dudng thang song song vii day chung dé, thi dién tich cua hai tam
gidc bang nhau.

B. Bai tap
1) Cho hinh thang ABCD (AB//CD) va cic diem M ,N nam tuong ung

trén cdc canh 4D, BC sao cho MN//AB . Ching minh rang S0 = S -

2) Cho t gidc 16i ABCD. Hay dung mot dudng thang d di qua mot
dinh tf gidc va cit né tharh hai phan ¢é dién tich bang nhau. |

3) Cho luc gidc 161 ABCDEF thoa man diéu kién AB // CF,
CD//BE ,EF{/DA . Ching minh ring S, =S, -

4) Cho hinh binh hanh ABCD c6 dién tich S. Xét AMNP ¢é cac dinh

nam trén cdc canh cta hinh binh hanh. Chdang minh rang S, < =

-

5) Cho hai doan thing 48 ,CD nam trén hai dudng thang khac nhau.
Ching minh rang tap hgp diém M sao cho S,,,,, =S, Ndm trén mot
dudng thang cd dinh.

6) Cho tit gidc 161 ABCD. Hay tim bén trong ti gidc diém M sao cho
Samar = Savme = Samcn = Samps -

7) Tinh dién tich tam gidc AABC, biét AB=3,4C =5 va trung tuyén
AM =2.

8) Tinh dién tich tam gidc, bi¢t d¢ dai 3 trung tuyén bing 3 ,4,5.

C. Hudng dén gidi cac bai tap va dap so
)RS rangtacod S, =S »Saoam = Sany - COng cdc ket qua dé ta
suy ra diéu phai ching minh.

2) Gia st dién tich AABD khéng I16n hon dién tich ABCD. Ké qua
dinh 4 mot dudng thing d/BD . Puong thing ¢ cit dudng thing BC tai
diém E. Hién nhién dién tich tit giic ABCD bang dién tich ACDE . Goi F
1a trung di€ém cla doan thang CE. Khi d6 DF chia doi tam gidc ACDE
thanh hai phén co dién tich bang nhau. Vi
Suisp = Suzsp € Sugep = BC>CE = F nam trén canh BC. Dudng théng
DF la dudng thing cin dung.
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3) Ky hiéu S la dién tich cua luc giac, ta cé:
Saace =S = Suasc ~Sacor ~Sarra »Saspr =S = Sasco ~Saper = Saras -
Dé dang nghiém lai Sy = Syrus >Sacos = Sasco

4) Truong hop APMN ¢6 hai dinh ndm trén cling mot canh cta hinh
binh hanh, thi ta cé ngay diéu cin ching minh. By gio ta xét P thuéc 45,
M thuéc BC va N thuoc 4D . Ta ké dudng thing di qua P va song song
véi MN . Dudng thing d6 cit canh BC tai Q vatacd S,y = Sy, trong

dé M ,Q cung thuéc mot canh BC.

5) Néu hai doan thing nim trén hai dudng thing song song, thi M nim
trén mot dudng thing song song véi hai dudng thiang dé va di qua mot diém
N sao cho ty sé khoang cdch tt N dén dudng thing chita doan AB va

dudng thing chita CD bing i—f;— Ta xét trudng hop cdc dudng thing chia
hai doan thang cat nhau tai O. Ta dung dudng thing x//AB va cdch né mot
khoang bang CD. Dung dudng thing y//CD va cich né mot khoing bing
BA . Giaodiémcha x va y 14 N.Taphop M néim trén dudng thang ON .

6) Str dung lai két qua bai 5).

7) Goi D 1a diém dé6i xing véi 4 qua M ,khid6 S,,., =S, . Trong
AACD tacécéccanh AC=5,CD=3,4D=4=S§,,.,=6.

8) Ky hieu AM ,BN ,CE la céc dudng trung tuyén cta tam gidc, G la
trong tam, K doi xing v6i G qua M, H ndm trén tia BK va thod min
diéu kien NH//GK . Khi d6 ABNH ¢6 3 canh bang 3,4,5. Ta thdy ring

Ssok = %SMBC ,ABGK va ABNH déng dang.

Dién tich hinh chir nhat va hinh vuéng

A. Céng thuc tinh dién tich hinh chir nhat va hinh vuéng
Mot hinh chif nhat c6 d6 dai hai canh lién ti€p bang a,b, thidién tich
§ = ab . Hinh vuéng la trudng hop riéng cla hinh chit nhat, khi a=5.

B. Bai tap

1) Trén dudng chéo BD cua hinh vuéng ABCD ta ldy diém M . Céc
duong thing di qua M song song vé6i hai canh 4B ,BC cét hinh vuéng
thanh 4 phdn, trong d6 hai phin 1a cdc hinh vuéng cé dién tich bing a va
b . Tinh dién tich hinh vuéng ABCD.
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2) Cho AABC c¢6 canh BC =a, dudng cao AH =h. Gia st MNPQ 1la
mot hinh vuéng ¢6 cdc dinh M . N, nam trén canh BC'. Céac dinh con lai
nam trén hai canh 4B, AC . Tinh théo « ,h dién tich hinh vuong.

3) Cho AABC c¢6 canh BC =a, duong cao AH = h. Gia st MNPQ la
mot hinh chit nhat ¢6 cdc dinh M | N nam trén canh BC . Céac dinh con lai
nam trén hai canh AB, AC, biét ring ty so hai canh lién ti€p cta hinh chit
nhat bang k. Tinh theo a,/,k dién tich hinh chit nhat.

4) Cho nura dudng tron duong kinh PQ=2R. Ta xét hinh vudng
ABCD c6 hai dinh 4, B nim trén duong kinh PQ, hai dinh con lai ndm
trén nira dudng tron. Tinh theo R dién tich hinh vuong. |

5) Cho nlra dudng tron dudng kinh PQ =2R. Ta xét hinh chi nhat
ABCD cé hai dinh 4, B nam trén dudng kinh PQ, hai dinh con lai nim
trén nita dudng tron, biét ty s6 hai canh lién ti€p bang k. Tinh theo R,k
dién tich hinh vuéng.

6) Cho duong tron (O;R). Ta xét mot hinh chit nhat noi ti€p dudng
tron, biét ring ty s6 hai canh lién tiép cua hinh chit nhat bang k. Tinh theo
k ,R dién tich hinh chit nhat. Véi gid tri nao ctiak dién tich d6 16n nhat ?

C. Hudng dan gidi cdc bai tap va ddp s6

h k(ah)’
1) Na+b) ; 2) (=) ; 3) s
) Ja+Jb) ey ) Uhray
4R? 4kR?
4 : 3 ;
'3 reye
koo, . k1 U
6)———R*. Vi ——<—, do d6 dién tich hinh chit nhat 16n nhat khi
k*+1 k“+1 2

N ., . pe sf ) . ~ R2
k =1 va gia tri 16n nhat cta dién tich la =

Dién tich hinh thang

A. Cdng thuc tinh dién tich hinh thang

Néu hai ddy cta mot hinh thang bang a,b va dudng cao cua nd bang

h, i dien tich S = +2b ik
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B. Bai tap

1) Mot hinh thang can ABCD cé cac canh ddy AB=a,CD =3a va
géc nhon bing 45° . Tinh dién tich hinh thang theo a.

2) Cho hinh thang ABCD(AB//CD) c6 hai géc ké véi canh CD bang
45° ,60°, dudng cao bing #,canh 4B = a. Tinh dién tich hinh thang theo a , 4.

3) Cho nira dudng tron duong kinh 4B = 2R . Xét hinh thang ABCD ¢
hai dinh C,D nadm trén ntta dudng tron d6 va thoa min diéu kién

AB=3CD. Tinh dién tich hinh thang theo R .

4) Cho hinh thoi ABCD c6 canh AB=a,/4=60" ngoai tiép dudng
tron (0) . Goi M , N 1a céc tiép diém clia (O) v6i cdc canh 4B ,AD . Trén
cac canh CB,CD ta ldy ldn luot cdc diém Q,P sao cho PQ//BD va PQ
ti€p xic v4i (O) . Tinh dién tich hinh thang MNPQ theo a.
| 5) Mot hinh thang ABCD néi tiép dudng tron (O;R) ¢6 tim O nim

trong hinh thang, biét ring diém O nhin hai ddy hinh thang duéi nhiing géc
c6 s6 do bing 90° ,60°. Tinh theo R dién tich hinh thang ABCD.

6) Cho hinh vuéng ABCD cé canh AB =1. Xét céc diém M ,N,P,Q
nam tuwong Ung trén cdc canh AB,BC,CD,DA sao cho
MQ//INP//BD, ZBMN = 30° . Tinh dién tich hinh thang MNPQ .

7) Hai dudng tron (O;2r),(0;r) ti€p xiic ngoai véi nhau. Ta dung cac
ti€p tuyén chung ngoai cua hai dudng tron. Tinh dién tich hinh thang c6 dinh
1a 4 ti€p diém. |

8) Tinh dién tich hinh thang, bi€t d¢ dai hai dudng chéo bang 3,5 va
khodng cich giita trung diém hai ddy ctia hinh thang bing 2.

C. Hudng dén gidi cdc bai tdp va ddp sé

2
b 24t 2k (1+\/§)+2ah\/—3_; . 8R2~/5;
243 9
2
4) 1524\/5; 5) (1+~/5)(4\/5+\/§)R2; 8) 6.

Dién tich hinh thoi

A. Céng thut tinh dién tich hinh thoi

Dién tich mot hinh thoi bang mot nira tich s6 hai dudng chéo.
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B. Bai tap
1) Géc nhon clia mot hinh thoi bang 2¢ va mot dudng chéo bang 2a.
Tinh dién tich hinh thoi.

2) Ban kinh duong tron noi tuép hinh thot bang », géc nhon hinh thoi
bang 2a Tinh dién tich hinh thoi.

3) Tinh dién tich cia mot hinh thoi ABCD, biét do dai AC =2a va ban
kinh dudng tron di qua 3 diém {1, 5.C} bing R .

4) Tinh dién tich ctia mot hinh thoi ABCD, biét d6 dai canh AB=a va
ban kinh dudng tron di qua 3 diém {4, B,C} bing R.

5) Cho hinh vuéng ABCD c¢6 canh AB=a. Cac dudng tron
(A;a),(C;a) cat dudng chéo AC tuong ung tai cdc diem P,Q. Tinh dién
tich t gidc BPDQ .

6) Ban kinh dudng tron noi tiép hinh thoi bang » va canh hinh thoi
bang a. Tinh dién tich hinh thoi.

7) Tinh dién tich hinh thoi ABCD, biét ban kinh dudng tron di qua 3
diém {4,B,C} bang a va ban kinh dudng tron di qua 3 diém {4,B, D}

bang b .
C. Hudng dan giai cdc bai tap va ddp s6
e

1) 24° tana, 2a° cota ; ) —=— .
sin . cos o

3) 2a(R+\/R2—a ). 2a(R R & )
4) ZE_ NAR? - a* ; 5) @' (2 -1);

(2ab)’

6) 2ar : 7 ——.
e )(a2+b2)2

Diing cac k&t qua dién tich da giac dé giai mét sé bai toan khac
A. Phuong phap

Ta ¢6 thé sir dung cong thic tinh dién tich cta timg hinh hoac ph6i hgp
cdc cong thitc dé dé giai mot s6 bai todn tudng chimg nhu khong lién quan
gi déndién tich.
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B. Bai tap
1) Chiing minh rang néu céc dudng chéo ciia mot tir gidc 16i chia i gidc
thanh 4 tam gidc c6 dién tich bing nhau, thi t& gidc d6 13 mot hinh binh hanh.
2) Dudng phan gidc 4D chia AABC thanh hai tam giac
AABD,AACD . Ky hiéu x,y lan lugt la cac khoang cich ttr B,C dén
x BA+BD

dudng thang 4D . Ching minh ring — = ——————
¢ & s . y CA+CD’

3) Cho ttt gidc 16i ABCD. Goi M la trung di€ém cua canh 4B . Chiing
minh rang néu dién tich AMCD khéng nho hon dién tich cdc tam giac
AACD vaABCD, thi tit gidc d6 1a moét hinh thang.

4) AH,BK la cédc dudng cao cua AABC thoa man diéu kién
AH + BC = BK + AC . Chilng minh ring AABC hoic vuéng hodc can.

5) Cho A4BC va diém M nam trong tam gidc d6. Cc dudng thing
AM ,BM ,CM cit cic canh d6i dién tai cic di€ém 4',B’,C’'. Ching
minh rang

MA' N MB' MC '
AA' BB' ccC’
6) Ban kinh dudng tron ndi ti€p clia mot tam gidc bang 1. Cdc dudng

cao ctia nd 1a cdc s6 nguyén duong. Chitng minh ring tam gidc dé 1a déu.

7) Pudng thing di qua dinh 4 clia A4BC cit canh BC tai D va thoa
Saapp _ BA+BD
Sucy CA+CD

'man diéu kién . Ching minh rang 4D 1a phan gidc cua

£LBAC.
8) Chimg minh ring néu G 1a diém nim trong AABC thoa man diéu
kién S,;5 = Sacsc = Saces » thl G la trong tam cha tam gidc d6.

9) Ching minh rang n€u / 1a diém ndm trong A4BC thod man diéu
kién Sams _ AB A Spuc _ AC
SA]BC BC SAIBC

AABC.

10) Ching minh ring néu cdc goc cia AABC nhon, thi

acoséA+bcos£B+ccoséC __r_, trong d6 a,b,c,R,r lan luot 12 do
a+b+c R

dai cac canh va ban kinh cdc duong tron ngoai ti€p, noi ti€p tam giic.

, thi 7 1a tim dudng tron noi ti€p tam gidc
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1) Cho A4ABC ndi tiep duong tron ¢ truc tam // ndm trong tam giac
do. Coi 4',B",C" lan luot Ia giao dicm cua A 2H ,CH v6i dudng tron
ngoai tiep A4ABC. Ky hiéu S* Ta dicn tich luc gidc AB'CA'BC’. Ching
minhrang §' =25, ,,..

'2) Cho AABC ndi ticp duong tron ¢6 truc tam // nam trong tam gidc
do. Coi 4, B',C" lan lugt la giao dicm cic dudong phan gidc trong cua cac
goc 1,B.C véi dudng tron ngoai ticp A4BC. Ky hiéu S’ 1a dién tich luc
gidc AB'CA'BC’. Ching minh rang S'> 28, .

-3) Cho mét luc gidc 16i. Ching minh rang ton tai mot dudng chéo cit
luc géc thanh mot tam gidc ¢6 dién tich khong 16n hon mdt phan sau dién
tich lic gidc dé.

Chuong 5. CAC BAI TOAN HINH HOC KHONG MAU MUC

Chiing ta biét rang viéc gidi cdc bai todn ¢ cdc chuong trudc déu dua
vao cic dinh nghia va tinh chat cla ting vin dé da dugc trinh bay trong phin
ly thuyét. Noi dung nhitng bai todn la khai thac cac khia canh khédc nhau cta
chint vian dé dang xét. Cdc budc gidi cua méi bai toan thudng ngan gon. Cac
suy 114n trong qud trinh gidi moi bai todn rat tu nhién va tir dé dén khé. Ta
col cic bai todn d6 la nhimg bai todn mau muc. Bén canh nhitng bai todn
mau muc ¢ mot s6 bai todn ma khi doc xong ndi dung, ta chua nhan ra
dugené thudc vao dang todn quen thugc nao. Tham chi khi xem 181 giai cdc
bai tedn ¢6, ta c6 thé chang hiéu tai sao ngudi ta lai suy luan theo kiéu ma
trong chuong trinh co ban chua thay xuat hién, nghia 14 ngudi ta sir dung
mot vai k3t luan rat hién nhién ma ching ta chua biét dén. Nhing bai toin
d6 droc coi 1a khong mau muc. Tionig chivong nay ta s€ xét mot s6 dang
t0dn 1inh hoc khong mau muc bao gém cAch giai khong mau muc va cach
phdt si€u khong quen thudc. D6 1a nhiing bai todn ma trong qua trinh giai cé
si ding mot s6 nguyén 1y toan hoc, nhu nguyén ly Piricle, nguyén 1y cuc
han. Dudiday 1a ndi dung céc nguyén Iy dé va ing dung vao hinh hoc.

Nguyén ly Biricle
Nguyén ly d6 duge ding kha pho bién trong s6 hoc, dai s6 va hinh hoc
va dvgc padt biéu theo ngon ngit "thd" va "long".
Nguci ta nhét # con thd vao m cdi 16ng, véi # > m, khi d6 ton tai mot
'6ngchifa it nhat hai tho.
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A. Phuong phdp

Dé giai mot bai todn bang nguyén 1y trén ta cdn thuc hién cac budc sau:

a) Cdc yé€u to trong gia thi€t clia bai toan phai lién quan dén céc so
nguyén duong.

b) Tién hanh phan chia cdc yéu to trong gia thi€t cla bai todn thanh
hai tap hgp cédc doi tugng {4},{B}. Day la budc quan trong nhat cua tién
trinh giai toan. Viéc phan chia nhu vy thuong dua trén tinh chat cta timg
loai yéu to.

c) S6 lugng cic doi tugng cua tdp hop nao trong hai tap {4},{B} 16n
~ hon duogc chon 1am "thd", tap hop kia la "16ng". |

Vi vay néu trong bai todn dang xét ta di chi ra dugc hai tp hop cac doi
tuong 1a "thd" va "16ng", thi c6 thé xem nhu bai todn di dugc gidi xong.

B. Vidu

Vidu 1. Trén moét to gidy ké 6 vuong cé 7 dudng ké ngang va 9 dudng
ké doc. Giao diém ctia mot dudng ké ngang véi mot dudng ké doc duge goi
1a nut. Ngu&i ta td cdc nit trén td gidy dé bang hai mau xanh va d6. Ching
minh rang ¢4 it nhat hai nit cing mau.

Loi gidi. S6 luong c4c niit trén to gidy 12 63. S6 mau ding dé to 1a 2.
Céc yéu t6 trong gia thiét ctia bai todn duogc phéan chia thanh hai tap hop. Tap
{4} gom 63 nut va tap {B} gom hai mau xanh va do. Ta coi tap {4} la tho,
tap {B} 1a 16ng. Theo nguyén 1y Diricle tén tai mdt 16ng chita khong it hon
hai tho. Diéu d6 ¢6 nghia la ¢6 khong it hon hai niit cing mau.

Vi du 2. Cho AABC déu c6 canh 4B =1. Bén trong tam gidc ta d4anh
ddu 5 diém phan biét. Chiing minh ring tén tai hai trong 5 diém dénh ddu
céach nhau mot khoang bé hon 0,5.

Loi gidi. Trude hét ta ching minh ring khoéng céch giita hai diém bét
ky ndm trong tam gidc déu khong 16n hon canh tam gidc. Ta ky hiéu hai
diém K ,Lnim trong A4BC déu, khi dé ta cé £ZKAL < 60°. Mét trong hai
géc con lai cha AA4KL khéng nhdé hon 60°, chiang han
ZALK > 60° = AK > KL . Goi E la giao diém clia 4K véi canh BC, ta cé
AE > AK . Trong AABE,/AEB>60°(né la géc ngodi ctia A4EC), nén
AB > AE . Két hop cdc két qua trén ta suy ra diéu can chiing minh.

Nhin xét d6 cung véi s6 0,5 da goi cho ta tim mot tap hop cic doi tugng
hinh hoc khdc tdp hop 5 diém ddnh dau. Ta ky hiéu M ,N , P l4n luot 1a trung
diém cdc canh cla AABC. C4c doan thing MN ,MP ,NP chia tam gidc ban
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diu thanh 4 tam giac déu {AAMN ,ABMP . ACNP, AMNP} c6 canh bing
0,5. Tacoi tp {4} gébm 5 di€m la tho, tip {B} gom 4 tam gidc déu da liét ké
& trén la long. Theo nguyén tac Diricle ton
tai mot 16ng chifa it nhat hai tho. bicu do ¢6
nghia 12 ton tai it nhat hai diém dugc dinh
dau nam bén trong hoac trén canh cla mot
trong4 tam gidc déu da liét ké. Ta ky hi¢u
K , 1 12 hai diém ddnh dau va xét cic truong L

A

hop sau:
a) K,L nam trong AAMN. Theo /\60 60
nhin xét da néu o trén KL < MN =0,5. B E

b) K ,L nam trén doan thing MN , vi H. 40
cdc diém dé khong thé trung vdi cdc diém
M ,N,doddé KL<MN.

C. Bai tap

1) Trén mot o gidy ke 6 vudng c6 7 duong ke ngang va 9 duong ké doc.
Giao diém cla mot dudng ké ngang véi mot dudng ké doc duge goi 1a niit.
Ngudi ta to cdc nit bang 31 mau khdc nhau. Chitng minh réng c6 it nhat hai
ndt cung mau. '

2) Cho mot hinh vuéng cé canh bang 10. Bén trong hinh vuéng ta ddnh
dau 201 diém. Ching minh ring luon tim dugc mot tam gidc ma cdc dinh 1A

diém duoc ddnh ddu c6 dién tich khong 16n hon %(né’u 3 diém dénh ddu

thang hang, thi ta coi tam
gidc véi dinh 1a cic diém dé A
c6 dién tich bang 0).

3) Bén trong mot hinh chir
nhét kich thuéc 3 x 4 ta danh )
dav 6 diém. Ching minh rang / AN
luoa tim duoc hai diém d4nh /

K/L\\

N

ddu cidch nhau mot khoang

khéng 16n hon /5. B 5 T
4) Bén trong modt hinh

vuéng c6 canh bang 1 ta ddnh H. 41

div 51 diém phén biét.

95



Chitng minh rang luon tim dugc moét dudng tion cé ban kinh bang % chita

trong né 3 diém danh dau.

5) Trong mit phang cho tap hop M gém 25 diém cé tinh chat 1 v6i 3
diém bat ky thuoc M t6n tai hai diém cach nhau mot khoang bé hon 1.
Chiing minh ring luén tim dugc mot dudng tron ¢ ban kinh 1 chia trong né
khong it hon 13 diém thuoe M.

6) Bén trong dudng tron (O, R) ta ddnh ddu 7 diém, khéng c¢6 diém nao
tring véi tim clia dudng tron. Chimg minh rang lu6n tim dugc hai diém
danh d4u cach nhau mét khoang nho hon R.

7) Cho mét tap hgp gém 6 di€ém ndm trong mat phing c6 tinh chat Ia 3
diém bat ky thudc tap hop d6 1a dinh clia mét tam gidc véi cdc canh ¢ do
dai khac nhau. Ching minh rang canh nhé nhét cia mot tam gi4c 13 canh 16n
nhat cia mot tam gidc khac.

8) Cho mot tap hop gom 9 dudng thang ma méi dudng cit hinh vudng
thanh hai t&r gidc cé ty s6 dién tich bang —i— Ching minh rang c6 it nhat 3

trong 9 dudng thang d6 dong quy.

9) Bén trong mot da gidc 161 2n-canh ta 14y diém P. Qua méi dinh clia
da giéé va P ta ké mot dudng thiang. Chitng minh ring t6n tai mot canh da
gidc khong c6 diém chung véi cdc dudng thing vira ké.

D. Hutng dén giai cdc bai tap va ddp sé’

1) Xem lai cich gii ctia vi du 1.

2) Tho 1a tap hop 201 diém, 16ng dugc xdc dinh nhu sau. Ta chia hinh
vuong ban ddu thanh 100 hinh vuéng nhd bang cdc dudng thing song song
v6i hai canh lién ti€p cia hinh
vuong d6. Méi hinh vudng nho c6
canh bang 1. Vi cdc diém dugc
dinh ddu nim trong hinh vuéng

ban ddu, nén cdc diém d6 phai

thudoc vao mot trong cidc hinh
-vuong nho. Ta coi 100 hinh vuong
nhé 12 16ng. C6 201 thd duge nhot
vao 100 16ng, suy ra c6 mot long H. 42
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duoc nh6t khong it hon 3 tho. Gia st A, B, C la 3 diém thuoc hinh vuong

MNPQ c6 canh MN = [. Ta chimg minh dugc rang S, - < 5

3) Ta chia hinh chii nhat theo hinh 42 va coi tip hop 4 mién da giac la
u] éngu.

5) Gia st A la diém thuoc M va dung dudng tron (A;1). Néu moi diém
con Jai cua M nam trong duong tron do, thi ta ¢6 ngay diéu can chiing minh.
Gia stt B la diém thuoéc A niam ngoai dudng tron dé. Ta xét mot diém C bat
ky thuéc M khiac A4,B. Theo gia thiét ta cd hoac AC <1 hoac BC <1. Ta
coi tap hop 23 di€ém thuoc M 1a tho, tap hop hai dudng tron (4;1),(B;1) 1a
long. Nhu vay 23 tho dugc nhét vao hai 1ong, theo nguyén ly Diricle ton tai
mot 1ong chira 12 tho. Nghia la ton tai mot dudng tron (A;1) hoac (B;1) chia
trong né 13 diém thuoc M .

6) Chia duong tron thanh 6 hinh quat ¢6 géc ¢ tam bang nhau. Coi tap
7 diém la tho, tap hop 6 hinh quat 14 16ng.

7) Ta ky hiéu {4, ,4, ,..,4,} 1a tap hop diém di cho. Ta xét mot tam
gidc bat ky cé dinh tai cic diém dé. Vi do dai cdc canh clia cing mot tam
gidc khdc nhau, nén ta s€ son canh c¢6 do dai nho nhat bang mau do. Hai
canh con lai ta son xanh. Véi cach lam nhu vay tap hop cdc doan thang
A, 4 néi hai diém batky {4, ,4,} thudc tap hop diém da cho hodc c6 mau
do hodc ¢ mau xanh. Ta can chitng minh rang ton tai mot tam gidc c6 ca 3
canh mau do. That vay ta xét cdc doan thang c¢6 chung dau mit 12 4, . Tap

n?

hop cdc doan thang d6é duoc coi 1a thd. Tap hop cic mau diing dé son céc
doan la 16ng. C6 5 thd dugc nhét vao hai 16ng, khi d6 t6n tai mot 16ng chida
it nhat 3 tho. Diéu d6 c6 nghia 1a c6 it nhat 3 doan chung ddu mit 4, duoc
son cing mau. Gia s ¢6 it nhat 3 doan thang 4,4, , 4,4, , 4.4, dugc son
do, khi d6 A4, 4,4, phai c6 mot canh mau do, ching han A4, 4,. Vay ton tai
mot tam gidc ¢ 3 canh do. Néu c6 it nhat 3 doan mau xanh cing ddu mut
1a 44, ,44, ,44,,thi Ad,4,4, phai c6 3 canh mau d6. Néu A4,4,4, cb
3 canh d0 va gia sir 4,4, 1a canh dai nhit cta nd, thi né chinh 1a canh nho
nhat cia mot tam glac khic.

8) Ky hiéu ABCD 1a hinh vuong da cho, d ,n=1,2,3...,9 1a cac duong
théng cét hinh vuong. MN va PQ la cdc dudng trung binh cia hinh vudng.
Tir didu kién bai todn ta suy ra mdi dudng thang d, cait MN hodc PQ tai
mot trong cac diém 7 ,J ,K , L khéic nhau (xem hinh duéi day):
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] 0 &
Q L P
[J
D N C
H. 43

Coi tap hop cdc dudng thang d, 14 tho, tap hop diém {7,/ ,K , L} 1aléng.
9) Néu P thudc viao mot dudng chéo cha da giac, chiang han la 4B, thi
PA, PB 1a cic dudng thang tring nhau khong cat dugc canh da gidc. Ta xét
P khong nam trén bat ky dudng chéo nao. Ta dénh s6 céc dinh cia da gidc
AA,...A,, vaxétdudng chéo A A,,, citda gidc thanh hai phan. Tacoi P 1a

diém  trong cia da  gidc = A44,..4,,. Cic  dudng
thing PA,,, ,PA, ., ,..,PA4,, ,P4 ~ khong thé cit cdc  canh
A A A A A A .. A, 4. SO cic duong thing con lai la

PA, , P4, ,...PA, c6 thé cét cdc canh d6. Ta coi 16ng 1a tap hop cic dudng
thang PA, ,P4, ,..PA,, va c6 ca thay n—1 1ong. Tho la tap hop cic canh
A A .o A A A A ... A, 4 . C6cathay n+] thd. Diéu d6 c6 nghia

n+l“n+2 2 n+2  n+3 * Tn+3 T n+4 0"
12 ton tai hai canh cing bi cit bdi mot dudng thang. Diéu nay khong thé xdy
ra, vi da gidc la 16i.

Nguyén ly cuc han

- Nguyén Iy cuc han ciing dugc st dung trong s6 hoc, dai s6 va hinh hoc
va duoc phét biéu nhu sau:

Cho mot tdp hop M gbém n d6i tuong. Vi méi d6i tugng thudc M ta
cho tuong tng mot s6 thuc duy nhét, nghia 13 hai s6 thuc khdc nhau phai ing
véi hai d6i tugng khéc nhau, khi d6 trong tip M c6 mot d6i tugng tUng véi
s thuc 16n nhat va mot d6i tuogng tng véi mot s6 thuc nho nhét. Nhitng déi
tuong iing véi s6 thuc 16n nhat hodc nhd nhat duge goi 1a d6i tugng cuc han,

Vidu I.Chotap hop M gémn doan thing khong bang nhau. Méi doan
thing c6 mot d6 dai xdc dinh. Nhu vay do dai clia mbi doan thang 1a mot s§
thuc Ung vé6i doan thang d6. Doan thing dai nhat hoic ngin nhit 1a cdc déi
tuong cuc han cta M . |
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Vi du 2. Cho tap hop M gém n diém va mot dudng thang d . Véi
mdi d:ém thuoc M ta xét khoang cach tir d6 dén dudng thing d, khi dé
mbi ¢iém thudoc M tuong ing véi mot s6 thuc. Piém thuoc M cé
khoang ciach dén d 16n nhat (hoac nho nhat) la yéu té6 cuc han cua tap
M . Trong vi du nay sé déi tuong cuc han cé thé nhiéu hon mét. Tuy
nhiénkhi giai todn ta chi can sit dung mot déi tugng cuc han.

A. Phuong phdp

€ giai bai todn bang nguyén 1y trén ta tién hianh cdc budc sau:

a Chi ra cic y€u to clia bai toan lién quan dén s6 nguyén duong.

b Thi€t 1ap duoc mot tuong Ung gilta cac y€u to cua bai toan vGi sO
thuc vi xac dinh yé&u t6 cuc han.

¢ Sir dung yéu to cuc han dé gidi toan.

E. Vidu

Vi du 1. Ching minh rdng néu d¢ dai cdc canh clia mot tam gidc nhd

NG

hon 1 thi dién tich tam gidc dé nho hon i

Lyi gidi: Gia st AB 1a canh dai nhét cia A4BC, khi d6 ZACB >60°.
Ta ding AABD déu ¢6 dinh D ciing phia véi C d6i v6i dudng thing 4B.
RG raag C phai nim trong hodc trén dudng tron ngoai ti€p A4BD, bdi vi
LAC3 2 ZADB. Goi M la trung diém clia canh 4B, ta thdy ring dudng
cio tan gidc A4BC ké tir C khong 16n

J34B °
hon CM. CM <DM ===
2 C
SMCSCA/;ABSJng S\/f

Vi du 2. O mot quéc gia c6 30 san
bay ma khoang cach giita hai san bay bat
ky khic nhau. Tir méi sin bay cé mot AN B
mdy lay bay dén mot san bay gidn nhit.

Chimg minh rang khéng c6 mot san bay
mo ccnhiéu hon 5 mdy bay bay dén. H.44

Di gidi. Ta ky hiéu 4,B,C 1a cic san bay ma cic mdy bay bay tir 4
vi B dén C, khi d6 AC < AB,BC < AB=> ZACB>60°. Ta ky hiéu
4,4,.,4 12 n sdn bay ma cdc may bay bay tir d6 t6i san bay C. Ta dat
ACL =a, ,Z4,CA, = a, ,ZA,CA, = a, ,...,£A,CA = «,. Theo nhin xét
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trén ta c6 a, > 60° v6i moi m=1,2,...,n. Gia sit @, 1a géc nhod nhét. Tix

360° _360°
< <
Q, 60

o, +a, +a, +..+a, =360° = na, <360° = n =6=>n<5.

C. Bai tdp

1) Cho mot tit gidc 16i ABCD . Trén cic canh cla tif gidc ta dung céc
nira dudng tron c¢é dudng kinh bang do dai cdc canh dé va vé phia trong ti
gidc. Chiing minh réng ton tai mot nira dudng tron vira dung chita bén trong
hodc trén né giao diém cdc dudng chéo tf gidc.

2) Trong mit phang cho »n diém ma 3 diém bat ky 1ap thanh dinh cla
mot tam gidc c6 dién tich khong 16n hon 1. Chimg minh rang ton tai mot
tam giac c6 dién tich bing 4 chita trong hoic trén canh » diém da cho.

3) Cho A4BC ¢6 3 géc nhon va diém M nidm trong tam gidc. Ky hiéu
x 12 khoang cdch 16n nhit tit M dén cdc dinh tam gidc, y la khoang cich
nhd nhét tt M dén cdc dudng thing chia 3 canh tam gidc. Chimg minh
ring x>2y.

4) Trén cic canh BC,CA,AB cla A4BCta 1dy lin luot céc diém
A, ,B,,C,. Chitng minh ring néu do dai cdc doan thang A4, ,BB, ,CC,
| Ly
ok

5) Trong mit phang cho n diém (n>3) khong c6 3 diém ndo thing
hang. Chitng minh rang luén luén dung dugc mot dudng tron di qua 3 trong
n diém da cho va khong chita bén trong bat ky diém nao trong s6 cdc diém
con lai .

khong 16n hon 1, thi S, 5 <

6) Trong mit phéng cho tip hop M gbém » di€ém ma khoang cdch giita
hai diém b4t ky thuéc M 1a khdc nhau. Ta tién hanh n6i méi diém thuéc M
v6i diém gdn né nhit bing mot doan thing. Bing cich dé c6 thé nhan dugce
mot dudng gép khuc khép kin hay khéng ?

7) Ching minh ring trong mot ngii gidc 16i luén tim dugc 3 dudng
chéo lap thanh 3 canh cua mét tam giac.

8) Trong mat phing cho 4 diém khong thing hang. Ching minh réng
- t6n tai mot tam gidc c6 dinh 14 cdc diém da cho va moét trong 3 gbc clia tam
giac d6 vudng hoac tu.

9) Cho mot tt gidc 16i va diém M nadm trong t& gidc d6. Ta ky hiéu
a,b 1a t8ng do dii cic cap canh déi dién cha ti gidc. x,y l4n lugt 12 téng
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khodng cdch tir M t6i trung diém cta cac cap canh d6i d6. Ta 1ap céc ty s6
»X‘ v . e Py . Y s 2 9 A

- ,% . Chitng minh rang luén tén tai diem M sao cho cé it nhit mot trong
a

. 1
2 ty 50 khong 16n hon 7
10) Cho mot luc giac 16i va diém M nidm trong luc gidc dé. Ta Ky hiéu
a,b,c 1aténg do dai cdc cip canh d6i dién cua luc gidc. x,y,z 14n luot la

tong khoang cach tir M t6i trung diém cua cdc cdp canh d6i d6. Ta lap céc

? . X z . . = ~ A . [Py 2 7 A7
ty s0 — ,% ,—. Chimg minh rang luén ton tai diem M sao cho c6 it nhat

a c
V3

mot trong 3 ty s6 khong 16n hon o

D. Hudng dan gidi cdc bai tdp va ddp sé

1) Goi O 1a giao diém hai dudng chéo. Ta xét tdp hop cdc goc
1ZAOB, /BOC, ZCOD, 2DOA} va chon ra géc cé s6 do 1én nhit, chang
han ZAOB khi d6 ZAOB=>90°. Bat ding thic d6 ching t6 O nam trong
hodc trén nira duong tron dudng kinh AB.

2) Trong s6 céc tam gidc ¢6 3 dinh thudc cic diém di cho ta chon ra
mot tam gidc c6 dién tich 16n nhat, ching han A4BC. Qua cdc dinh cla
AABC ta ké cdc dudng thing song song vdi cdc canh clia tam gidc. Ky hiéu
A',B',C' 1a céc giao diém clia cdc dudng thing dé. Ta thdy ring moi diém
‘hudc »n diém di cho nidm trong A4'B'C’, cdn AA'B'C’ c6 dién tich bang 4
'an dién tich AABC .

3) Céc doan théng MA,MB,MC chia cic géc clia tam gidc AABC
thanh 6 go6c nho. Trong 6 goéc d6 ta chon ra mot géc cé s6 do bé nhit,
chang han Z/MAB, khi d6 ZMAB<30°. Také MN L 4B, trong tam gidc
vuong AAMN ta c6 2MN < AM . Vi MN 2y ,x> AM , ta suy ra diéu cdn
ching minh.

4) Gia str:

ZBAC 290° = AB<BB, <1,AC<CC, <1
= Sy s%(BB,.CCl)s%<—1—

V3

Ta xét trudng hop céc géc cla tam gidc cing nhon va coi £4 ¢6 s6 do
16n nhat, khi d6 £4260°.Ké BH L AC,CK 1 AB
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_BHAC BB.AC AC_ CK _ CC, __ 1

S — it e, | —
AABC 2 2 2 2sinA 2sinA 2sinA

Ta chimg minh rang sin 4> -33— Ta 14y trén tia KC diém C' sao cho

ZKAC' = 60°, khi d6 tia AC' niim trong ZKAC hodic tring véi tia AC . Ta cé

KC' _ 5 KC

tan60° = = 3STA—E=tanA

= tan’ A>3 =>sin’ A>3cos’ A
= sin® A > 3(1—sin® A)
= 4sin’ A23=2sinA >3

5) Ky hiéu 4, B 12 hai diém thuoc tap hgp diém da cho cdch nhau mot
khoang nho¢ nhat, khi d6 dudng tron dudng kinh 4B khong chifa bén trong
né céc diém con lai cua tap hop. Ta xét tat ca cdc diém cia tap hop nhin
doan thing 4B vi chon ra diém C c6 géc nhin 16n nhat, khi d6 dudng tron
di qua 4,B,C khong thé chia trong né cdc diém cdn lai cha tap hop.

6) Khong. Gia sit AB la canh 16n nhdt va AC , BD la cédc canh ké, khi
d6 AB> AC,AB>BD. Viy thi C 1a diém gin 4 hon B va D gin B
hon A . Diéu v6 1y d6 chimng to dudng gip khic khong thé kin.

8) Ta ky hiéu 4,B,C,D la 4 diém da cho. Ta ching minh ring hoac
ching 14p thanh dinh ctia mét tir gidc 16i hodc ton tai mot tam gidc ¢ dinh
tring véi cac diém di cho va chifa trong hoic trén canh diém con lai.

9) Ta ky hieu ABCD 1la tt gidc 16i. Goi M 1a giao c4c dudng chéo ti
gifc va gid st AB+CD=a, ZAMB<90". Khi d6 khodng cich tx M t6i

trung diém clla AB khong 16n hon % .Tudétasuyra x< —;i ;

10) Ky hieu ABCDEF 1a luc gidc 16i, M la giao diém cic dudng chéo
AD va CF, N la giao diém céc dudng chéo BE va CF, P la giao diém céc
dudng chéo AD va BE.Gia st M, N, P la dinh cia mét tam gidc vdi géc tai
M 16n nhat, khi 46 ZAMF = ZCMD > 60° = khoing céch tit M t6i trung
AFN3 . CD\3
2

diém cdc canh AF va CD twong ing khong 16n hon 5

Hinh hoc t6 hop

Céc bai todn hinh hoc ma n6i dung lién quan dén viéc tinh hoac dé€m cac
yéu t6 hinh hoc két hgp véi nhau theo mét quy tac xdc dinh duge goi 1a hinh
hoc t6 hop.
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A. Phuong phap

a) S dung dinh nghia hoac tinh chat ctia cdc hinh hinh hoc.

b) St dung cic quy tic dém sau day.

1) Cho mot tap hop M gém n doi tugng. Ta tién hanh sap xép cdc d6i
tugng cua M theo mat thir ty xdc dinh. Méi cich sap x€p d6 duge goi la
mot hodn vicua M . S6 hodn vicua M la n(n-1)(n-2)..2.1.

2) Cho mot tap hgp M gom » doi tuong. Ta lléiy ratt M mot nhém
nn=-1)n-2)...n-k+1)

1.2.3..k '

gbém k doitugng (k < n). S6 cdch lay nhu vay la

B. Vidu

Vi du 1. Trong mat phing cho 7 diém phan biét, trong d6 khong cé 3
diém nao thang hang. Tinh s6 tam gidc ¢4 3 dinh la cdc diém di cho.

Lo giai: Ta ky hiéu M 1a tap hop chita n =7 diém. D€ 1ap ra mot tam
gidc ¢6 3 dinh 1a cdc diém thuoc M ta can lay ra tt M mot nhém & =3
di€ém. Theo quy tic dém ta c6 s6 tam gidc cin tinh bing s6 nhém dugc lap ra

tit M . S6 nhém dé bing Zg; =35,

Vi du 2. Trong mat phang cho mot tap hgp 10 diém phan biét, trong d6
khong ¢6 3 diém ndo thang hang.

a) Ta xét 5 diém bat ky {4,B,C,D,E} dugc chon ra tir 10 diém di
cho. Ching minh rang luén tim dugc mot ti gidc 16i ¢d cdc dinh 1a nhitng
diém dé.

b) Ching minh ring cé thé 1ap duoc it nhat 42 ut gidc 16i c6 4 dinh
thudc tap hop 10 diém da cho.

H. 45
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Loi giai

a) Gia st AABC 1a tam gidc ma bén trong né chia nhiéu nhat s6 di€m
con lai. Néu {D,E} ndm trong tam gidc d6, thi dudng thang DE phai cit
hai canh tam gidc( DE khong di qua dinh tam gidc, vi khong cé 3 di€m nao
thang hang). Gia st DE cit AB,AC tai P,Q. Tt gidc BCDE la i gidc
16i. Néu E nidm trong tam gidc con D nam ngoai tam gidc, thi D khong thé
thuoc vao cdc mién géc ddi dinh véi cac géc cia AABC . Gia st D thuode
mién géc ZBAC , khi d6 ABDC la moét ti gidc 16i.

b) Tir tap hop 10 diém ta chon ra mot nhém gém 5 di€ém dé thanh lap
mot tf gidc 16i ¢ dinh 12 nhitng diém da chon. Theo quy tic dém cé tit ca
10.9.8.7.6

1.2.34.5
duoc lap ra tir 5 di€m, thi s6 nhém chifa 5 di€ém khdc nhau cé ciing tit gidc
d6 1a 6. Diéu do c6 nghia 1a tt gidc ABCD da dugec dém 6 ldn. Vi vay s6

céc tt gidc 161 duge 1ap ra khong it hon :2%3 =42.

=252 nhém nhu vay. Ta lai thdy ring néu ABCD 1a tit gi4c 16i

C. Bai tap

1) Cho mot da giac 16i n- canh (n>4) cé tinh chdt 1a 3 duong chéo
bat ky khong déng quy. Tinh s6 giao diém cdc dudng chéo clia da gidc.

2) Cho mot da gidc 16i n- canh (n>4) c6 tinh chat 1a 3 dudng chéo
bat ky khong dong quy chia da giac thanh cac phén. Tinh s6 phén dé.

3) Trong mit phiang cho 10 diém, khong cé6 3 diém nao thing hang.
Xét tat ca cdc tam gidc c6 3 dinh 1a cdc diém da cho. Ching minh ring

trong sO céc tam gidc do, s6 tam gidc nhon chi€ém khong qua 0 (tam glac

cé ca 3 gbc nhon dugc goi la tam giac nhon).

4) Trén dudng tron cho 10 diém phan biét. Ta xét cac dudong gdp khic
khé4c nhau c6 dinh 1a cdc diém di cho khong tu cit, khong kin va c¢6 9 canh.
Tinh s6 cac duong gap khic dé.

5) Cho 5 dudng tron nim trong mot mit phang cé tinh chét 1a 4 dudng
tron bat ky di qua mot diém. Ching minh rdng ton tai mot diém ma ca 5
duong tron cung di qua.

6) Chitng minh rang khong ton tai qua n dudng chéo cia moét da gidc
16i n canh sao cho hai dudng chéo bat ky trong chiing c6 diém chung.
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") Cho moét da giac déu n canh A4 A4,...4,. C6 bao nhiéu tam gidc tu
A.4,4, ma 3 dinh trung vdi cdc dinh cla da gidc trong cic truong hop
sau cay:

¢) n=207?

b) » =197 (tam gidc ¢ mot géc th duoc goi la tam gidc tu).

§) Trong mit phang cho n dudng thing déi moét cit nhau va khong ¢6

3 dwng thang nao dong quy chia mat phang thanh cdc mién. Ching minh

: " . ) 2(n—1
rang ;06 mién tam giac khong it hon (n3 ).

D. Hudng dan gidi cdc bai tap va ddp sé .
) S6 giao diém cdc dudng chéo bang s6 cdch lap nhém goém 4 dinh
n(n—=1)n-2)(n-3)
24 '
n(n=3) n(n-1)n-2)n-3)
2 24

') Hay chimg minh réng ¢t 5 diém dugc 1ay ra tir tap hop 10 diém da
cho &b khong it hon 3 tam gidc khong nhon (tam gidc cé mét géc vuong
hoic ti dugc goi 1a tam gidc khong nhon). Tir tip 10 diém ta lap duge
10.98.7.6

12145
khon nhon dugc 1ap ra it nhat 14 756 . Ta biét raing néu A4ABC 1a mot tam

cla & gidc. S6 nhém dé 1a

2

=252 nhém ma méi nhém chda 5 diém. Do d6 s6 tam gidc

gidc <hong nhon, thi tir tam gidc d6 ta cé thé l1ap ra duoc —72—6 =21 nhém

khdcnhau, chung nhau 3 dinh {4,B,C} va méi nhém chita 5 diém. Diéu
d6 cénghia 14 trong céch tinh trén ddy mdi AABC dugc dém 21 l4n. Vi vay

sO tan gidc khong nhon it nhat 1a —% =36 . Téng s6 cac tam gidc dugc 1ap

tir cd: diém da cho 1a 1098 120. S6 lugng t6i da cac tam gidc nhon la
120-36 = 84 va chi€m t6i da LI l
120 10
) 1280;
‘a) 720; 7b) 684 .

1) Néu AABC 1a moét trong cic mién duoc tao ra tir cdc dudng thang di
cho, ni dudng thing bat ky trong s6 n—3 dudng thing con lai khong thé cit nd
thant hai phan khdc nhau. Méi dudng thing déu tuong ting véi it nhat hai tam
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gidc nhu vdy, nén s6 cdc mién tam gidc c6 mot canh trén méi dudng thang it
nhat 1a 2n. Véi cach dém d6, mbi A4BC dugc dém 3 ldn. D€ ¥ ring s6 cic
giao diém cla cdc cap dudng thing la hitu han, nén cdc diém dé phai thuoe
mién trong clia mot géc tao bdi hai trong n dudng thing da cho. Mién tam gidc
c6 canh nim trén mdi dudng thing chia canh clia géc dé chi ¢ mot. Vay sé

5 e s s 2—2
mién tam gidc cod it nhat la 3

Phu luc

GICI THIEU CAC PE THI MON TOAN HOC
VAO CAC KHOI CHUYEN CUA TRUGNG DHKHTN
THUQC PHQG HN TU NAM 1993

Pé thi vao khoi chuyén Toan - Tin, ndm 1993

Cdu I.

i) Ching minh rang néu a,b,c la cdc s6 duong thod man diéu kién
a+b+c=1,thi 6(ab+bc+ca)+ab-c)* +b(c—a)’ +c(a-b)> <2.

ii) Tinh tdng x + y, biét ring x° —=3x +5x+ > -3y +5y =6.

Cdull.

Cho 1993 s6 nguyén duong, mdi s6 déu nhé hon hodc bang 1993 va
khong phai tat ca cic s6 da cho bing nhau. Biét ring tdng clia ching la
3986. Chitng minh rang tir 1993 céac s6 di cho, ta luén chon ra dugce k s6
(k> 1) d€ tong cua k s6 nay bang 1993.

Cau lll.

Ngudi ta du dinh 14t nén moét can phong hinh chit nhat bang cac vién
gach men c6 dang hinh thang cén véi kich thudc: ddy nho 7cm, ddy 16n
21cm, canh bén 7+/2 cm. S6 luong gach dung dé 14t khong han ché. Hoi
c6 thé 14t kin dugc hay khéng? Vi sao? (Khong dugc dap v ting vién
hay lat chom vién nay lén vién kia).

CaulV.

Cho hinh binh hanh ABCD. Trén cac canh AB va AD ta ldy tuong Ung
cic diém M va N. Qua M va N ta ké cic dudng thing tuong ing song song
v6i AD va AB. Goi S 1a giao diém céc dudng thing d6. Ching minh ring céc
dudng thing MD, NB, SC déng quy.
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Cau'V.

Trong mot giai béng dd c6 tdm doi tham gia thi ddu vong tron, moi doi
da mdt tran vdi tat ca cdc doi con lai, va giai dugc chia thanh hai dot. Tim s6
tran Jau nhiéu nhat cé thé cé & dot dau sao cho vdi 3 doi bat ky déu cé it
nhat hai doi chua thi dau véi nhau trong dot dau.

Hudng dan va dap so
Jau l.
Jién nhien0<a,b,c<1.Tacd
6(ab+ bc +ca)+a(b—c) +b(c—a)’ +cla—-b)*
<6{(ab+bc+ca)+(b-c) +(c—a) +(a-b)
=2d*+b*+c*+2ab + 2ac + 2bc)=2(a+ b+ ) =2.

e : . 1
Jdau “="xayrakhia=b=c= 3

Cdu I11. Tra 161 khong lat kin duoc. Ta ky hiéu ABCD 1a san hinh chit
nhdt /a gia sir ta c6 thé lat kin san bang cdc vién gach cé dang hinh thang
can nad géc nhon & ddy bing 45°. Ta biét ring ranh gi6i gilta hai hang gach
12 dusng chi. C6 hai loai dudng chi va méi dudng chi loai nay cat dudng chi
loai ka tai mot di€ém ma ta goi 1a di€ém nit. Tai méi nit 13 noi ti€p gidp cla
nhiéuvién gach. R rang néu A la nit nim trong hinh chit nhat, thi s6 luong
cdc gic nhon khong it hon s6 lugng cdc géc th tai d6. Néu A 1a ndt nim trén
canh :ua ABCD khéc dinh, thi s6 lugng cdc géc nhon ciing khéng it hon s6
lugng cac géc th tai d6. Riéng tai 4 dinh hinh chir nhat khong thé ¢é géc til.
Boi viy s6 lugng géc nhon nhiéu hon s6 luong géc th t6i thi€u 1a 4. Thé
nhung vi nén nha duge 14t kin, do d6 s6 lugng cdc vién gach 1a s6 nguyén
dwong ma méi vién gach c6 ding hai géc th va hai géc nhon. Diéu dé chiing
to rarg s6 lugng cic gbc ti va géc nhon phai bang nhau. Hai cdch tinh d6
mau tidn véi nhau. Vi vay khong thé 14t duge.

Cdu IV. Goi I 1a giao cua SC véi NB, J la giao ciia SM véi NB va K 1a

giao dia IM véi BC. Ta c6 -8B _4D () & SN _AM . 1w (1)
JM BK BK ' IM BM BM
. AD  AM
va (2)tasuyra —=——.
BK  BM

Fai tam gidc ADM va BKM déng dang, nén ZAMD = ZBMK. Vi D va
K nén khdc phia véi AB, do d6 K, M, D thang hang. Diéu dé ching to /
thudécVID.
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Pé thi vao cac khdi chuyén, nim 1996
Cdu I. Tim gi4 tri nho nhat cua biéu thitc
1 1
(x‘+'?—)6 —(x6 +—6—)_2
pP=—2 1 x véi x >0
(x+) +x°+
X X

Cdu I1. Giai h¢ phuong trinh
(1 [ 1
—_—t,[2-—=2,
J; y
J‘ 2 —l 5,
Cdu III. Chimg minh ring v6i moi n nguyén duong s6 n’ +5n chia hét
cho 6.
Cdu IVv. Ching minh ridng néu a,b,c>0, thi
a v

—+—+—2ab+bc+ca.
b ¢ a

Cdu V. Cho hinh vuéng ABCD c¢6 canh AB = a. Goi M, N, P, Q la cic
di€m b4t ky 14n luot nam trén cdc canh AB, BC, CD, DA.

i) Chitng minh ring 2a*> < MN? + NP> + PQ* + QM * < 4a*.

ii) Gia sit M c& dinh trén canh AB. Tim vi trf cdc diém N, P, Q trén céc
canh BC, CD, DA dé tit gidc MNPQ 1a hinh vuong.

Huéng dan va dap s6

Cdul. :
. 1, 1 o, 1Y
. (x+l)6_(x6+ 6) 2) (x+~;) {(X'i‘;) —(x +;—2-—1) }
(x+—) +x +J:; (x+l){(x+l)2+(x2+—-l~5—l)]
X % X X
(x+l)l:(x2+—1—2+2] —(x%%—l] }
x x x

2(x* + )+1

108



3(x + 1)[2[,\—2 n 12]+ 1}
X X

206 + )+ ] o
X

Gia tri bé nhdt cia P =6 khi x = 1.
Cdu Il. Néu x, y la nghiém cua hé, thi x, y >0. Gia stt x > y, khi d6

11 1 I
RN BTN
gy Vx y x

1 1 1 1 1 1 .
Tr 2——=-= 2—~—S\/2——-=2——,ta suy ra —— <—. Két hgp
Jx \/ y x oy v Vx

cidckétquatréntadugc x=y. bS: x=1,y=1.

Cdu . Ta dat M = n’ — n va chitng minh M chia hét cho 6 véi moi n
nguyén. That vay tt M = n(n — 1)(n + 1) ta suy rarang néu n = 6k + 1, M 1a
boi cia 6. Néu n = 6k + 2, thi n + 1 = 6k + 3 chia hét cho 3, n(n — 1) chia hét
cho2. Néun=6k+3,thin+1=06k+4,

Tuong tu nhu vay véi n = 6k + 4, 6k + 5.

3
CaulV. Tu %+ab >2a’, ta suy ra:

3 3 3
a—+9—~+c—+ab+bc+ca2 2(a® +b% +c?).
c a
Ta lai c6 @* + b* + c*> ab + bc + ca.
Cdu V. i) Ta ky hiéu /, K l4n luot 12 trung diém cdc doan MN va PQ, ta
c6 2Bl = MN, 2DK = PQ, 2IK < NP + MQ. Vay thi 4MN* + NP* + PQ* +
OM? > (MN + NP + PQ + QMY > (2BI + 2IK + 2KD)* > 4BD? = 8*. Ta c6
MN?* + NP* + PQ* + OM* = (BM* + AM®) + (BN* + CN* + (CP* + DP?) +
(DQ* + AQ*) =4a*> - 2(BM. AM + BN.CN + CP. DP + DQ. DA) <44
ii) Néu MNPQ la hinh vuong, thi cic tam giac BMN, CNP, DPQ,
AQM béang nhau. Do d6 BM = CN = DP = QA.

pé thi vao cac khoi chuyén, ndm 1997

Y10+ 64333 -1)
J6+2J5 -5

Tinh gi4 tri ctia biéu thitc P = (x* —4x+1)"".

Caul. Cho x =
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Cau ll.
Giai phuong trinh vx+3 +Vx+8 =5vx .

Cdu Ill.

Giai hé phuong trinh
2xy=x+y+1,
2yz=y+z+7,
22% = 7+ X2,

' CaulV.

Tim t4t ca cdc s6 te nhién n dé 2" +15 1a s6 chinh phuong.

CauV.

Cho tam gidc déu ABC c6 canh bang 1. Bén trong tam giac ta dat hai
dudng tron (O; R ) va (O’; R') ti€p xiic ngoai vdi nhau, sao cho mdt trong hai
duong tron tié€p xic véi cac canh BC va BA, duong tron kia ti€p xic vdi cac
canh BC va CA. |

i) Ching minh ring R + R'> ‘/52'1 .

~ ii) C4c ban kinh R vd R' bing bao nhiéu dé téng dién tich cdc hinh tron
(O; R) va (O’; R") nho nhat va tinh gid tri nho nhat dé.

Hudng dan va dap s

Ciul. Tact 410+ 643 =3 +1,4/6+245 = /5 +1.Dodéx=2vaP=1.

Cdu II. Vi x = 0 khong 12 nghiém phuong trinh, bing céch chia ca hai
vé& cho /x , ta duge phuong trinh tuong duong '

J1+3y +1+8y =5,y=l.:5—J1+3y=ﬁ+8y
X

Binh phuong hai v€ ta dugc y=5-214+3y =214+3y =5-y, v6i
O<y<s.

bS:y=1,21.
% 2 y+1 |
Caulll. Tt 2xy=x+y+ 1:>x=2 l(y;zbi),2xz=z+x+2:>
y.—
2.2}“}‘11 —z4+2 1 +2 = 3z="5y-1 (*). Thay (*) vao phuong trinh con
Y- )



laitrong h¢tadugc yy— y— 2=0=>y=2,x=1,z=3;y= - 1,x=0,z= - 2.
Hién nhién y =% kho6ng tim dugc x, z thich hgp.

CduV.Goi M, N la tiép diém cua dudng tron O va O’ véi BC.
Ta cé MN =1—-(BM + CN)
BM = R[3,CN = R'3,
do d6 MN = 1 — (R+ R')+/3 . Mit khic 0O’ = R + R’ MN, tix c4c két qua
dé ta suy ra diéu can ching minh.

ii) Tong dién tich hai hinh tron la

7[\/_1

S=(R*+R*?)> %(R FR) > (--__-)

J_ 1,

Dau bang xay ra khi 00’//BC va § = —75(———)

pé thi vao khdi chuyén Toan - Tin, ndm 1997

Cdu l.
Giai hé phuong trinh
Yy +y'x+3x-6y=0,
{xz' +xy=3
Caull.

C6 hay khong cdc s6 nguyén x,y thoa man di€u kién
1992 +19933'% =1995

Cau lll. _

S5 1997 viét duogc duéi dang téng n hgp s6, nhung khong viét dugc dudi
dang 16ngcha n + 1 hop s6. Hoi n bing bao nhiéu?

Caul/.

Xét cic tam gidc ABC ngoai ti€p dudng tron ¢6 ban kinh 1. Ta ky hiéu
F.ohy b, 1A 40 dai dudng cao tuong ing ké tir A, B, C. Tim gid tri nhé nhat
cia bidu thic "

] 1 1
= + +
h,+2h, h,+2h. h +2h,
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CauV.

Trén dudng tron cho 16 diém va diing 3 mau xanh, do, vang dé t6 céc
diém nay (mbi diém dugc t6 bing mot mau). Méi cap diém dugc néi bing
m6t doan thang dugc t6 bing mau tim hoic nau.

Ching minh ring véi moi cdch t6 mau cac diém (chi ding 3 mau xanh,
- dd, vang) va moi cich t6 mau cdc doan néi hai diém (chi dung hai mau tim
hodc nau) ta déu tim dugc trén hinh v& mot tam gidc ¢6 dinh 13 cac diém da
cho ma cdc dinh dugc t6 bang cling mot mau va cédc canh ciing dugc t6 bing
cung mdt mau.

- Dé thi vao cac khdi chuyén, ndm 1998
Cdul.
i) Giai phuong trinh v2 - x? ++/x* +8 = 4.
ii) Giai he phuong trinh
X +xy+y' =1,
{x“ +x°y +y* =21.

Cdu IlI.

Céic s6 a,b 1a nghiém ctia hé phuong trinh
a’ -3ab* =19,
{b3 ~3a’b=98.

Tinh gi tri cha P =a® +b>.

Cau Ill. '

Ching minh ring néu 0<x,y,z<1,thi x+y* +2’ —xy—yz—zx <1.

Cau lv.

Cho duong tron (O;R) va day AB c6 dinh cua dudng tron khdc dudng
kinh. Gia st M 1a diém nidm trén cung 16n AB ctia dudng tron.

i) Ké tir B dudng thang vudng géc v6i AM, dudng thang d6 cit AM tai I
va cat dudng tron (O;R) tai N. Goi J 12 trung diém cta MN. Ching minh
rang khi M thay d6i trén cung 16n, thi méi diém I, J ndm trén mot dudng
tron cd dinh.

i1) Tim vi tri diém M dé chu vi tam gidc MAB 16n nhét.

CauV.

i) Tim céc s6 nguyén duong » sao cho n+26 va n—11 duogc viét dudi
dang lap phuong ciia mét s6 nguyén duong.
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ii) Tim gia tri 16n nhat cua
P:xy+yz+zx+-;—[x2(y—~z)2 erz(zmx)2 +22(x—y)2],
biét rang x° +y° +z° =1.
Hudng dan va dap so

Caul. i) Dat u =42 —-x*,v=+/x* +8 tacé hé phuong trinh

u +v=4,
W +v? =10,
u20,v>0.

Gidihé tréntadugcu=1,v=3.DS: x==% 1.
ii) Pat u = X* + y*, v = xy, hé phuong trinh trén tuong duong véi hé

u+ v=71,
uw—vi =21,
uz2v

Hé tréenchotau=5vav=2. Xéthé
{Jc2+y2 =i - {x+y=i3,
xy=2 xy=2
Hé trén chotanghiémx=1,y=2;x=2,y=1,x= -l,y= -2;x= -2,
y= -1
Cdu II. Tir hé da cho ta suy ra (@’ —3ab*)* =19%,(b* —3a’b)* =98%
Cong céc ding thitc dé ta duogc
a® + b® +3a’b*(a® + b*) = 197 + 982
= (@ + b)) "19* + 987 = P =1/9965 .
Cdu I1l. Xuat phat tir (1 —x)(1 —y)(1 -2)=0
>A-x-y-2)+(xy+yz+zx) + xyz20
Dl —xyz2x+y+ z-xy—-yz—xz2x+y +2° - xy—yz —zx.
Cdu V. 1) Ta ky hiéu q, b 1a cac s6 nguyén duong thoa man dong thdi
cacdiéukién n+26=a’, n—11="0".
Trir hai phuong trinh cho nhau ta dugc
a-b=37T<(@-b)a*+ab+b*)=1.37.
Vi a-b<a +ab+ b,
nén a-b=1vad*+ab+b*=37T=>b=-4,3.=>n=738.
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i) Tru6c hét ta thdy rang v6i moi s6 thuc x, y va 0< 1< 1, thi (x - y)(1 -1 2 0
& x* + y* = 2xy + t. (x — y)*. St dung két qua d6 nhiéu 14n véi 1 = 22, y?,
x* ta duoc

| 1 , )
xX+y? 4zt .>_xy+yz+zx+§[x2(y-z)2 +y*(z-x)* +zz(x—-y)2]

. g e ar gy 1
=>P<1lvadau“="khix=y=z= el
Cdu IV. i) Diém I thuéc dudng tron dudong kinh AB. Vi ZAIB c¢6 dinh
ndm trong hodc ngoai dudng tron, do d6 téng hodc hiéu s6 do hai cung AB
va MN la moét s6 khong déi. Cung AB khong ddi, nén cung MN khong déi.
Viay d6 dai MN khong déi. J thuoc dudng tron tim O c6 ban kinh

r=vR’-a’2a=MN.

ii) Goi C 1a diém thudc tia d6i cla tia MB sao cho MC = MA. Ta thdy
MA + MB = MB + MC = BC, ZACB ¢6's6 do khong ddi , C thudc cung chita
géc a dung trén AB. Vi vay BC dai nhat, khi BC la dudng kinh clia dudng
tron chita o. Khi d6 M 13 trung diém clia cung 16n AB thudc dudng tron O.

Pé thi vao cac khoi chuyén, nim 1999
Céu L.
- Céc s6 thuc a, b, ¢ thoa man dong thdi cic diéu kién
a+b+c=0,
{az +b+c =14
Tinh gid tri cla biéu thitc P=1+a* +b* +c*.
Cdau ll.
1. Gidi phuong trinh  Vx+3 -v7-x =+/2x-8.
2. Giai hé phuong trinh
( 1. 1.9

+y+—t—==,
Jx Y x y 2

Bl
2

1
Xy =
S

Cdu Ill.

Tim t4t ca cdc s6 nguyén dwong » sao cho n’ +9n—2 chia hét cho
n+l11. |
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CdaulV.

Cho dudng tron (O) va diém I nam trong dudng tron. Dung qua I hai day
cung MIN va EIF. Goi M’, N’, E’, F’ 1an luot 1a trung diém cac doan thang IM,
IN, IE._ IF. .

1. Ching minh rang t& gidc M’N’E’F’ noi tiép.

2. Gia sir diém [ thay déi va cdc day cung MIN, EIF thay déi. Chimg
minh ring dudng tron ngoai tiép ti gidc M’ N’E’F’ ¢4 béan kinh khong déi.

2. Gia sir I c6 dinh va cdc day cung MIN, EIF thay d6i nhung vuong
gdc vai nhau. Tim vi tri cdc day cung d6 dé ti gidc M’N’E’F’ ¢6 dién tich
16n nhat.

CauV.

Cic s6 duong x va y thay d6i thoa man diéu kién x + y = 1. Tim gid tri

nho nhit cta biéu thic P=(x* + ;15—)(512 + ;17)

Pé thi vao khdi chuyén Toan - Tin, nim 1999

Cdu .

1. Giai phuong trinh ”Z +8=2x> +2x—1.
X+

Cdu II. Cic s0 a,,a,,a,,...dugc xdc dinh boi cong thic

3n2+3n+1 s . s o g . L] J
= - ;— Vo1 mot n = 1, 2, ... Tinh gia tri cua tong
(n” +n)
P=l+a, +a,+..+a,.
Caéu Ill.

Ching minh ring t6n tai mot s6 chia hét cho 1999 va téng cdc chit s6
cla s6 dé bang 1999.

CaulV. ,

Cho dudng tron tdm O c6 ban kinh R. Gia sit A va B 14 hai diém c6 dinh
tén dudng tron véi AB=R+/3.

1. Gia st M 13 diém trén cung 16n AB cia dudng tron tim O sao cho M
khong tring véi cdc diém A va B. Dudng tron ndi ti€p tam gidc MAB ti€p xiic
\di canh MA tai E va canh MB tai F. Chitng minh ring dudng thiang EF luén
t&p xtic v4i mot dudng tron cb dinh, khi M thay déi sao cho M khong triing véi
dc diém A va B.
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2. Tim tap hop diém P sao cho dudng thing A vuéng géc véi dudng
thdng OP tai P cit doan thang AB.

CauV.

Cho-dudng tron (0) c6 ban kinh R = 1. Ta xét 8 di€ém A,, A,, ..., A, bat
k¥ niam trong hoic trén dudng tron (O). Ching minh rang trong 8 diém dé
ludn tim duoc hai diém ma khoang cach giita chiing nho hon 1.

Pé thi vao cac khoi chuyén, nam 2000

Cdu l.

1. Tinh téng S = 1 + : + ! +...+;.
1.2 23 3.4 1999.2000

2. Giai hé phuong trinh
(xz + i2 +1=3
y

x+}-+£= 3.

7 &

Cdu ll.
Gidi phuong trinh x—1-4/x* +x2+x+1 =1+4x" -1 .

2. Tim t4t ca cdc gid tri clia s6 thuc a dé phuong trinh

2% —(4a+-1—21)x+ 4a* +7=0

¢6 it nhat mot nghiém nguyén.
Cdu Ill.
Cho hinh thang ABCD (AB//CD) ngoai ti€p dudng tron (O) c6 cdc canh
AB va CD tiép xiic véi (O) 14n lugt tai cdc diém E va F.
i) Chitng minh rang BE =2£.
AE CF
ii) Cho biét AB=a,BC=b(b>a),BE=2AE. Tinh dién tich hinh
thang.
Caulv.
Cho x va y 12 hai s6 thuc bat ky khac khong. Chitng minh ring
4x% 2 x? 2
2 yZ 2 + 2 + >
(x"+y)" ¥y x
D4u bing x4y ra khi nao?
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Huéng dan va dap sé

Caul.
1. Vict lai tong
1 11 11 1 1 1999
S=(1-=)+(=—)+(=-—)+...+ - = 8=—.
( 2) (2 3) (3 4) (1999 2000) 2000
2.bapsé:x=1,y=1.
Caull.

1. biéu kién x 2 1. Phuong trinh da cho duoc viét lai dudi dang sau
Vi—T+Vxd + x84 x+1 =14 4J(x =D’ +x% +x+1)

———
x_

o Wr-1-DW +xl +x+1-D=0=>x=2.

L 3.1

bap so: a—l,a—aiuj_g.

Cau lll.

i) Hay chiing minh ring cdc tam gidc OBC va OAD vuong tai O. T d6
ta suy ra BQ. CQ = DP. AP (Q va P la diém ti€p xic cla (O) véi BC va AD).
Mat khéac ta ¢6 BQ = BE, CQ = CF, DF = DP, AE = AP. Tl cic két qua do,
ta suy ra di€u can ching minh.
 J2a(3b-2a)(3b-a)

: :
Cdu [V. Bat dang thic duoc viét lai dudi dang

ii) Dap s6 S=

4xy2 x4+y4
M= 3 e o >3.
(x"+y°) x“y

Hién nhién ta ¢6

42 2 2 2\2 2 252
M= 2x y2 2+(x +2y2) +(x tyz) >2+1=3.
(x“+y°) 4x°y 4x°y

Peé thi vao khoi chuyén Toan -Tin, nim 2000

Caiu [.
1. Tim tat ca cdc cap s6 nguyén (x, y) thodA min dang
thitc y(x =1 = x> +2.

2. Cho cdc s6 thuc x va y thoa min doéng thoi cdc dicu kién
—1<x+y<l, —1<xy+x+ y<1.Ching minh ring }x|_<_1,|yis2.
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Cdu ll.
1. Giai phuong trinh

1 / 1 f 5
—+.fx——=x+,/2x——.
X % x

2. Cho biéu thitc f(x)=ax’ +bx+c cé tinh chit1a £(1), £(4), £ (9) 1a
céc s6 hitu ti. Chimg minh rang a, b, ¢ 1a cdc s6 hitu ti.

Cau lll. ,

1. Cho tit gidc 161 ABCD. Chitng minh riang néu cdc géc B va D cua i
gidc khong nhon, thi AC > BD.

2. Cho doan thing AC c6 dinh. Hiy tim t4p hop diém B dé€ tam
gidc ABC la tam giac khong cé géc tu va géc ZBAC la goéc nhd nhat
clia tam gidc.

CaulV.

Trén mat phing cho 6 diém sao cho khong c6 3 diém nao thang hang va
khoang cdch giita cdc cip diém khdc nhau. Ta n6i méi cap diém thudc 6
diém da cho bing mot doan thing. Ching minh ring trong s6 cic doan
thing nhan dugc ¢ mot doan thing 13 canh nhod nhét clia mot tam gidc c6 3
dinh 12 3 trong 6 diém da cho déng thdi 13 canh 16n nhét cia mot tam gidc
khéc c6 3 dinh 1a 3 trong 6 diém da cho.

Pé thi vao cac khdi chuyén, nim 2001
Cdul
Tim céc gi4 tri nguyén x, y thoa min dang thic (y +2)x” +1=y°.
Caull. |
i) Giai phuong trinh yx(3x +1) — /x(x—1) = 2/x” .

ii) Giai hé phuong trinh
X’ +xy+2=3x+y,
{xz +y' =2.
Cdu 111

Cho nira duong tron dudng kinh AB = 2a. Trén doan AB ta ldy diém M.
Trong nita mit phing b AB chita nita dudng tron, ta ké hai tia Mx va My sao
cho ZAMx = ZBMy = 30°. Hai tia Mx va My cét nlta dudng tron tuong dng
tai £ va F. Goi E’, F’ 1a chan cdc dudng vuéng géc ha tir E va F xuéng AB.
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1 Cho bict AN = Tinlc dien tich hinh thang vuong E£E7F7F theo «.

i Ching minh rang duong thiang £/ t¢p xic véi mot dudng tron ¢d
dinh, thi A7 di dong trén AB.

Caw V'

Cho cice s6 thue v, v, 2 khic khong 1a nghiém cua hé phuong trinh

1o ] 4
[vw-— b= ) (=) = 2,
¢ kB = I Xy
1.\‘; v =1
" o e , b
Tim glatricuatong P=—+—+—
x y =z,

Cue V.

V3, v, 2 1a cdc s6 duong, tim gid tri 16n nhat cua biéu thic
Xyz

(x+ )y +2)z+x)

M =

Hudny dan va dap s6

: P SR . .
Cit [Tl v ===y -2 +-—— vi —— |2 $0 nguyén, tasuy ra y +
' y+2 p+2 ¥4 2
2=t L x=0y=]1vax=0,v= -1,

Ciull.H)x=0;x=1.
my=Il,y=1;x=1y= -1

=
J 2
a .

LW

Ciue [{I. 1) Dién tich hinh thang vuong la : >

)

.. ~ gy~ L P P ~ ~ ‘A ’ ’ (
1) B tiép xdce vai duong tron tam O bdn kinh P

-~

Cin IV Nhan hai v& cta (1) véi xyz va tién hanh bién thanh tich ta duoc

1 1

(+y)y+2)(z+x)=0. b

—=1,
X y z

Ca V.
Xyz 1

TicoM < =—,
2 xy2\yz24zx 8
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Ppeé thi vao khoi chuyén Toan - Tin, ndm 2001

Caul.

i) Cho f(x)=ax" +bx+c co tinh chat 1a f(x) nhan gia tri nguyén, khi
x la s6 nguyén. Hoi cic hé s6 a.b.c ¢6 nhat thiét 1a cdc s6 nguven hay
khong? Tat sao?

ii) Tim cdc s6 nguyén khong am x,y thoa min dicu kién

.2 o) f
XT=yT o,y

Cau ll.
Giai phuong trinh 4/x +1 =x" —=5x +14.
Cau 11

Cho cdc s6 thuc «,b.x.y thoa man hé diéu ki¢n
ax+by =3,

ax® + by’ =5,

ax + 1)_\'3 =g

\ax‘l +by' =17,

2001 12001

Tinh gid tri cdc bicu thic A = ax’ +by’, B= ax™"' + by

CaulV.

Cho doan thing AB c¢6 trung diém la O. Goi d,, d, 1a cdc dudng thidng
vuong goc vl AB tuong dng tar A va B. Mot goc vuong dinh O ¢6 mé! canh
cit d, & M, con canh kia cit d, & N. Ké OH vuong géc xudng MN. Dudng
tron ngoai tiép tam gidc MHB cit d, ¢ diem thi hai E khic M. MB cat NA &
I, duong thang HI cit EB ¢ K. Chimg minh rang K nim trén mot dudng ttron
cd dinh khi géc vuong quay xung quanh dinh O.

Cau'V.

Cho 2001 dong tién, mbi dong tién dugc son mot mit bang mau dod va
mat kia mau xanh. Xép 2001 déng tién d6 theo mot vong tron sao cho tait ca
cdc dong tién déu ¢6 mat xanh nglra 1én phia trén. Cho phép moi lan doi mat
déng thoi 5 dong tién lién iép canh nhau. Hoi vai cich lam nhu the, sau mot
s6 hitu han lan ta ¢6 thé lam cho tit ca cdc déng tién déu c6 mit do nglra len

phia trén dugc hay khong? Tai sao?
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Hudéng dan va dap soé
Can l.

I N S . N(x+1) xX° X
1) Chi can ¢ nguycn, vi ta ¢6 the chon f(v) = o=t ot
1 N [N ) N N . 252

Néu v, v la nghiém cua phuong trinh, thi v > v va (v = v7) =y + |
Patv=v+mm>11acox

V=2my+nor = 2v+ 1 Dodo (V= v > Qv+ 1)
TUugia thicttaco v+ 12 2v+ 1Y & h’ +3v<0e v=0viy=1.
Cau ll.

[

Phuong trinh da cho tuong duong vai (‘\/.\' +1-2)" +(x-3)"=0.x=3.

Cdu [11. Xuat phdt tir hing dang thiic

ax" by = (ax™ by (v + 1) = (ax + by )y
L suy ra

ax’ + by’ =5 +y)-3xv=9

vl A+ by =9+ y) -5y =17. =y =2vixv+y=3
A=ax + by = (ax' + by x + v) - (ax + by)xy = 33.
Bang phuong phidp quy nap ta tinh duoc B=1 + 2™,
Cau IV,

. > - : 4 OM )
Hai tam gidc AOM va BNO dong dang, nén O4_0OM _ 0B

= = . Tam

_ NB  ON NB
gldc OMN dong dang vér BON, do d6 ZMNO = £ ONB va NH = NB.
Tuong  tu

ta co MH = MA. Vi
l_f}[ _‘IA HA/ B I

——— = s
NB O IN

'

MA//BN, nén

ZHKB. Vi tr gidc
MEBH noi tiép, do dé6 LMEB = ZNHDB. Buong tron dudng kinh AB tiép
xic vo1 MN tai H, nén LHAB = ZNHB. Tu cic két qua trén ta suy ra
cHAB = ZHKB. Tt giac AKBIT ndi tiép hay K thude dudng tron duong kinh AB.

— = IH//MA= £ MLEB
HN IN

Can V. Buge. Ta dinh s6 cdc dong tien «,. @, d;.... dyy, vV 1ap luge do
doi mit S dong tién

a, d, d; dy ds.
a, d, d, ds dg,.
a, a, ds d, d,.
d 499 apon oy Ay dy.
Dy Qo dy dy ds.
oo Ay dy A5 Ay,



Can ¢ vao luoc do tren ta thaly moi dong tien duge doi mat 3 lan. do do
ching déu la do.

Pé thi vao khoi chuyén Toan - Tin, nam 2002

Cau l.

i) Giai phuong trinh Vx* =3x+2 +/x+3 = Jx—2+4x+2x-3

i) Tim nghiém nguyén cua phuong trinh x+xy+1=9.

Cau ll.

Giai hé phuong trinh

2 2
X +y +xy=1.
Xy = x+3y.

Cau lll.

Cho mudi s6 nguyén duong 1, 2, ..., 10. Sap xép muoi s6 d6 mot cdch
tuy ¥ thainh mot hang. Céng méi $6 véi s6 thit tu cta nd trong hang, ta dwoc
mudi téng. Chimg minh rang trong mudi téng dé ton tai it nhat hai tong ¢6
chir s6 tan cung giong nhau.

Cau lv.,
Tim gi4 tri nho nhat cha biéu thic
4a 9b l6¢
+

P= + ,
b+c—a a+c-b a+b-c

trong dé «,b,c la do dai ba canh clia mot tam gidc.

CdauV.

Puong tron (C) tam I ndi ti€p tam gidc ABC ti€p xuc voi ciac canh IBC,
CA, AB tuong iing tai cic diém A*, B’, C".

i) Goi cdc giao diém cia dudng tron (C) véi cdc doan IA, IB, IC lan luot
la M, N, P. Chiing minh ring cic dudng thaing A’M, B’N, C’P dong quy.

11) Kéo dai doan Al cat dudng tron ngoai tiép tam gidc ABC tai D (khic A).

. . IBIC . v & N
Ching minh rang —ﬁjji = 2r , trong do r la ban kinh cua duong tron (C).

Hudng dan va dap sé
Cau l.

1) Phuong trinh da cho twvong duong v61 phuong trinh
(Wrx=1-DHx=2-Jx+3)=0




Nghiém phuong trinh la v =2

i1) Phuong trinh di cho twong duong véi (x + 1)(y + 1) = 10. BS: (0;9),
(9;0), (=2; -11), (=11; =2), (1;4), (4;1), (-=3; = 6), (-6; -3).

Caull. PS:x=%1,y=0.

Cau 11, Gia st 10 duge x€p thanh mét hang la «,, a,, a;, ..., a,,. Mudi
tong dé la

a+1,a,+2,a,+3,...,a,+ 10.
R3 rang tong cua 10 s6 nay 1a
(a,+a,+a;+..ay)+ (1+2+3...+ 10)=110.

Tan clng cta téng 1a s6 0. Gia st 10 téng trén c6 céc s6 tan cing khac
nhau, khi d6 tong cdc chir s6 tan cung clia ching 1a0 + 1 + 2 + ... + 9 = 45,
V1 vay chil s6 tan cling cha tong dé 1a 5. Hai két qua nhan dugc khdc nhau.
Mau thuin d6 ching minh két luan bai todn.

Cau IV, Dat
2x=b+c—-a,2y=c+a-b,2z=a+b-c,
khi d6 x>0,y>0,z>0.
Ta co
(y+4) 9(2':/( 16(r+y
4 9. 16 16'
=+ fE =

Z

Su dung bat ding thic m+n 2 2@ ,tasuyra2P >52= P>26. Dau
bang xay ra khi 2y = 3x va z = 2x. |

Cdu V. 1) Theo tinh chdt cla hai ti€p tuyén ké tir mot diém A t61 dudng
tron (C), ta suy ra M 1a trung diém ctia cung B’C’. Tuong tu N la trung diém
cua cung A’C’ va P —cung A’B’. Tam giac A’B’C’ ¢6 A’M, B’N, C’P la cac
duong phan gidc cua 3 géc tam gidc.

ii) Tam gidc IBD can tai D ¢6 ZIDB = ZC. Goi E 1a trung diém cta /B,
hai tam gidc IDE va ICA’ dong dang, nén

ID _IE 2IE IB __ IBIC

- — = = =2 [d'= 2
IC 14" 214" 214 ID

Pé thi vao cac khoi chuyén, nim 2002
Cau l.
i) Giai phuong trinh y/8+/x +4/5—vx =5
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ii) Giai hé phuong trinh
(x+1)(y+1)=8,
x(x+D+y(y+D+xy=17.
Caull.
Cho cdc s0 a, b, ¢ la do dai ba canh cua mot tam gidc. Chiing minh
rang phuong trinh x* + (a+ b+ ¢)x +ab + bc + ca = 0 vo nghiém.
Cau lll.
Tim tat ca cdc s6 nguyén » sao cho n° + 2002 12 mét s6 chinh phuing.
Cdu IV. Tim gia tri nho nhat cha biéu thic
1 1 1

P= + +—,
l+xy l4+yz zx

trong dé x, y, z 1a cidc s6 duong thay doi thod man diu kién
x*+y*+27 <3,

CdauV.

Cho hinh vuéng ABCD. M 1a diém thay déi trén canh BC (khic By va N
12 diém thay déi trén canh CD (khic D) sao cho MAN = MAB + NAD.

i) Goi P va Q lan luot 1a giao diém clia BD v6i AN va AM. Ching minh
rang tap hop céc diém P, Q, M, C, N nam trén cling mot dudng tron.

ii) Chitng minh rang dudng thang MN luén tiép xtic v6i mot dudng tron
c6 dinh, khi M va N thay déi.

iii) Ky hiéu S, va S, lan luot la dién tich tam gidc APQ va MNPQ.
Chitng minh ring ty s6 %— khong d6i khi M va N thay doi.
Huéng dan va dap sé

Cau l.

1) bat t = Jx, phuong trinh dia cho tuong duong véi phuong trinh
N40-3t—t* =6;t=1=x=1.

i) Hé da cho tuong duong véi hé

X+y+ xy=7,
x+y)P+x+y) —xy=17.

batS§=x+y, P=xy=>85=4vaP=3=x=1y=31x=3,y=1
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Cau ll.

A=(a+b+c)22—4(ab+bc+ca)=d + b*+ ¢ —2ab - 2bc - 2ca.

Vi a+b>c=cla+b)>suyra

2ab+bc+ca)>a*+ b+ 2= A<0.

Caulll.

Néu n® + 2002 = m* v6i m 1a s6 nguyén, thi (m — n)(m + n) = 2004. Vay
nt , n cung chan hoac cing 1é, nghia la m — n va m + n chia hét cho 2 va
(m — n)(m + n) chia hét cho 4. Diéu nay khong thé xdy ra vi 2002 khong chia
hét cho 4.

CaulV.

St dung bat dang thic sau day: Néu a, b, ¢ > 0, thi

(a+b+c)(i +,-l— +l)29.

a b ¢
Ta xem
a=1+xy,b=1+yz,c=1+ xz,
ta duoc P> 0 > ,92 223.
3+xy+yz+zx 3+x+y +x° 2

Gia tri nho nhat cﬁaP:%,khix:yzz: 1.
CauV.
1) Tlr gia thiét ta suy ra cdc tit gidc ADNQ va ABMP néi ti€p, do dé cic
di€ém P, Q nhin doan MN duéi mot géc vudng.
i1) Trén tia d6i cia tia BC ta 14y diém K sao cho BK = ND. Hai tam
gidc AMN va AMK bang nhau, do d6 khoang céch tir A dén MN béng AB.
i11) C4c tam gidc APM va AQN vuong can tai P va Q, do d6
AQ 4P 1
AN AM 2

Pé thi vao cac khoi chuyén, nim 2003
Cdu l.
Gidi phuong trinh (v% +.5 —x £ 2)(1 + %2 + 7x +10) = 3.
Cdu Il. Giai hé phuong trinh
20> +3x7y =5,
{y3 +6xy> =7.
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Cdu 11l

Cho ntra duong tron (O) dudng kinh AB = 2R (R la mot do dai cho
trugc). M, N 1a hai diém trén nira dudng tron (Q) sao cho M thudc cung AN
va téng cac khoang cdch tir A, B dén dudng théng MN bing R+/3 .

1) Tinh do dai doan MN theo R.

ii) Goi giao diém cua hai day AN va BM 1a [, giao diém clia cdc dudng
thdng AM va BN 1a K. Chimg minh ring bon diém M, N, I, K cing nim trén
mot duong tron. Tinh ban kinh dudng tron do theo R.

ii1) Tim gié tri 16n nhat cua dién tich tam gidc KAB theo R khi M, N
thay déi nhung van thod man gia thiét clia bai todn. |

Ciau V. x,y,z la cac s0 thuc thoa man diéu kién

X+y+z+xy+yz+zx=06. Ching minhrang x* +y” +2z° >3.
be thi vao khoi chuyén Toan - Tin, nam 2003

Cdaul.

Cho phuong trinh x* +2mx* +4=0. Tim gi4 tri cta tham s6 m dé
phuong trinh ¢6 4 nghiém phan biét x, x,, x,, xr, thoa man dicu kién

X!+ x5+ x5 +x, =32.
Cdu I1. Giai hé phuong trinh
2x* +xy—y =5x+y+2=0,
X +y +x+y-4=0.
Cau lll.
Tim cdc s6 nguyén x, y thoa man dang thitc x* +xy + y* =x?y’.
CaulV.
Dudng tron tam O ndi ti€p tam gidc ABC tiép xuc vdi cac canh BC, CA,
AB tuong g tai ciac diém D, E, . Pudng tron tam O’ bang tiép trong géc
BAC cua tam giac ABC tiép xic vdi canh BC va phan kéo dai clia cdc canh
AB, AC tuong ting tai cdc diém P, M, N.
i) Chting minh ring BP = CD.
ii) Trén dudng thing MN ta lay cic diém I va K sao cho CK//AB,
BI//AC. Chimg minh rang cdc tt gidc BICE va BKCF la cdc hinh binh hanh.
ii1) Goi (§) 1a dudng tron di qua 3 diém /, K, P. Chiing minh rang (8)
ti€p xvc vdi cdc duong thang BC, BI, CK.
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Cau V.
So thue x thay déi vi thoa min diéu kién x> +(3—x)* = 5. Tim gia tri

hl

, » B .o . - . 2
riho nhat cta bicu thie P = x'+(3=x)' +6x°(3—x)

Pé thi vao cac khoi chuyén, nim 2004
Cau I

1) Giai phuong trinh ’x+ 1'+ Ix—]l =1+

x? - IJ

ii) Tim nghiém nguyén cua hé phuong trinh
j2_\'2 —x'—xy+2y-2x=7,
[.x‘3 +y +x—y=8.

Caull.
Cho cic s6 duong «, b thoa man diéu kién
CIIOG +bIOU :al(}i +b10] :a102 +bl02.

Tinh gid tri cta P =™ +p*,

Cau Il

Cho tam gidac ABC c6 AB = 3 cm, BC = 4cm, AC = 5cm. Pudng cao,
dudng phin gidc, duong trung tuyén cua tam gidc ké tir B chia tam gidc d6
thanh 4 phan. Tinh dién tich méi phan.

Cdau lV.

Cho 1t gidc ABCD noi tiép trong dudng tron cd hai duong chéo AC va
BD vuong géc v6i nhau tai H (H khong tring véi tam dudng tron). Goi M va
N lan luot [a chan cdc dudng vuong géc ha tir / xudng cdc dudng thing AB
vi AC; P v Q lan luot 1a giao diém cta dudng thang MH va NH véi cic
dudng thang CD va DA. Ching minh rang dudng thang PQ // AC va 4 diém
M, N. P,  nam trén cung mot dudng tron.

Cau'V.

Tim gid tri nho nhat clia bicu thitc

10 10

0= 1+ L2 + )~ (4 x2y?
2y 4

2
X

Hudng dan va dap so6

Ciid. DHYDS: =0, 1 2.



11) Hé da cho tuong duong véi hé
(x+2y+2)(x-y)=-17,
X +y +x-y=8.

Ta xét cic truong hop

xX+2y+2=7, X4+2y42=-1, _
=>x=1l,y=2.; = vO nghiém.
x—y=-1 X—y=
xX+2y+2=-1, . . x+2y+2=1, .
= v6 nghiém ; => vO nghiém.
x—=y=17 x—y=-7

Cdu II. Hay sit dung lai hing dang thiic clia cach gidi cau I dé thi nam 2001.
DS:P=2
54 72 3

Cdu III. Dién tich cdc tam gidc 1A — cm?, — cm?, = cm?, 3cm?
25 175 7
CauV.
10 10
l(f-;+y, +1+1)>2x%y?,
2y x°

:11—(x16 +y+1+D)2xy' =0+ %2 (1 + x*y?)%
Gi tri nhd nhat cia Q = — %

Pé thi vao khéi chuyén Toan - Tin, ndm 2004

Cdul.
Giai phuong trinh vx+3 +/x-1=2
Cau ll.
Giai hé phuong trinh
{(.H W +y*) =15,
(x=y)x*-y*)=3
Cdu I11.

Tim gi4 tri nhé nhat cita biéu thitc |
p_(F+Y)-(x*+y%)
(x=1)(y-1)
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VOl x. v la cac so thue [6n hon 1.

Cau lV.

Cho hinh vuong ABCD va dicm M nam trong hinh vuéng.

i) Tim tat ca cdc vi tri cua M sao cho ZMAB = AMBC = A MCD = £ MDA.

i) X¢t diém M nam trén duong chéo AC. Goi N 1a chan dudng vuong
g6c ha tu dicm M xuéng canh AB va O la trung diém cua doan AM.
Chang minh ring v so —((—){3)— c6é gid tri khong déi khi M di chuyén trén
duong chéo AC.

Véi gia thi€t M ndm trén duong chéo AC, xét cdc dudng tron (S,)va
(S,) ¢6 dudng kinh tuong tng la AM va CN. Hai ti€p tuyén chung cla (S,)
va (S,) tiép xic véi (S,) tai P va Q. Chiing minh ring dudng thing PQ tiép
xuc véi (8)).

CauV.

Vi s0 thuc «, ta dinh nghia phian nguyén cua a la s6 nguyén 1én nhat
khong vuot qua a va dugce ky hiéu [«¢]. Day cac so xg, X, X5, X3 ,..., X,,... dUQC

D

5 s 5 , | n+1 n . ,
xdc dinh boi cong thuc [ }—{ } . Hoi trong 200 s0 x;, x|, X5, X3 4.5 X;99 CO

V21 V2

bao nhicu s6 khdc 07 (biét 1,41 < 2 < 1, 42).

Hudng dan va dap so6

Cdu 1.
Pip s6: x=1.
Caull.
Dipsox=1,y=2;x=2,y=1.
Cau lll.
P duogc viet lai dudi dang
X y- Xy x y
y-1 +x—1 22\/(x—1)(y—1) 22x—1+1 y—-1+1 =8.
2 2

Cau lV.

i) M trung véi tAm hinh vuong.

i) Got H la chian duong vuéng géc ha tr M xudng BC. Ta c6 MH = NB.
Cic tam giic AMN va MCH vubéng can tai cic dinh N va H, nén
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ON MH 1

Cic tam gidc ONB va MNC doéng dang, do dé6

MN MC 42
OB _ON _ 1
NC MN 2~

iii) S, di qua tam O ctia S,. Vi vay S, cét S,. Goi P’ 1a ti€p diém thuoc S,
va T 1a giao diém clia doan OO’ véi S,, trong d6 O’ 1a trung diém clia NC.
Ta c6 LO’OP = LO’PO. Do O’P//OP, nén £P’OP = ZO’PO. T cac k&t
qua trén ta suy ra ZPOP’ = ZPOT. Hai tam gidc POP’ va POT bang nhau,
nén ZPP’0 = ZPTO = 900. '

Pé thi vao cac khdi chuyén, nam 2005

Cdu I. Giai hé phuong trinh

xX+y+xy=3,
{x2 +y'=2
Cdu Il
Giai phuong trinh x + 4y/x+3+23-2x =11.
Cau I1l. '

Tim nghiém nguyén cta phuong trinh
X+ 17y + 34xy + 51(x + y) = 1740

Cdulv.

Cho hai duong tron (O) va (O’) nam ngoai nhau ¢é tdm tuong ung la
cac diém O va O’. Mot ti€p tuyén chung ngoai ctia hai dudng tron ti€p xtc
véi (0) tai A va (O’) tai B. Mot tiép tuyén chung trong cua hai duong tron
cat AB tai I, ti€p xdc véi (O) tai C va véi (0’) tai D. Biét rang C nam giita [
vaD.

1) Hai dudng thang OC, O’B cét nhau tai M. Ching minh ring
OM > O’M.

2) Ky hiéu (S) 1a dudng trdn di qua 3 di€ém A, C, B va (S’) 1a dudng tron
di qua 3 diém A, D, B. Pudng thang CD cit (S) tai E khéc C va cit (§°) tai F
khidc D. Ching minh ring AF vuéng géc véi BE.

CauV. |

Gia sir x, y, z 1a cdc s6 duong thay d6i thod man diéu kién xy’z + X’z + y = 32,
Tim gi4 tri 16n nhat va nho nhat cta biéu thic

4
Z

- 1+z4(x4 +y4) '
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Hudng dan va dap sé
Canl. Dav+v=81vw=7P,
He da cho co dang :
[S+P=
5t =2P=2
HE trén ¢o cac nghiém la
J.S':2:>_\':_\_.':I
|P=1.
S = —4 = khongton tai x, y.

1/’

Vv nghicm cua he la (1. 1).
Caunll
Phuong trinh da cho twong duong véi:
I1- v—dyx+3 - 243-2x =0
&+ 3 -4 v’{x+3 +d)+(3-2v~-2+43-2x +1)=0

e (Vr+3 =27 +(J3-2x = 1)’ =0

SVIHI-2=0=>x=1

V3-2x-1=0
Caulll

PT di cho ¢6 dang ¥ + 17y + 2xy + 3(v+y)] = 174() chd y ring véi s6
xguyén, v 6 thé ¢6 dang sau: x = 17k+ rvéire{0,1,2,.3,4,5,6,7, 8] va
koZ Tuddsuy raxe {17k 17k + 1, 17k + 4, 17k + 9, ]7A +8, 17k + 16, 17k
+2, 17k + 15, 17k + 13}. Nhan thay riang vé& phai la 1740 khi chia cho 17 ¢6 s6
dvla 6. Trong khi do v& trdi khi chia cho 17 trong moi truong hop déu khong ¢6
sC du la 6 vay phuong trinh da cho khong ¢6 nghiém nguyén.

Cau IV

Ta co OM/I O’D (OM va O’D cung vuéng goc voit CDY= ZMOQ’ =
200D < ZI0°D = ZIOM<Z0OO0’M=0M>0"M. Tt giic ACBE ndi
ticp va IA = IC, nén IB = IE. Mit khic, IB = ID, do d6 tam gidc BED vuong
ta B hay BD vuong goc voi BE. Tt gidc ADBF noi tiép va IB = ID, nén IA = IF
sty ra AF // BD. = AF vudng goéc véi BE.

Can'V

1

Picu kién di cho c6 thé vict lai 1a xy* + X + y— =3
- z



Bi¢u thic P c6 dang

bat — =1 ta thu dugc bai toan sau vai x, y, 1 1a cac s6 duong thha

z
man xy* + yr° + 1 = 3. Tim gid tri 16n nhat cha biéu thic
1
p=
x*+pt ot

Theo BDT Cauchy cho bon so duong, ta cé:
Yy eyt 1240’
Yrt et 412 4yr
et 2400
=30+ Y )+ 32407 0 41 =12
) 1

=3 +y +rf23 > ———
X +y +t

]
<—.
3

Vay Pmin

]
= — khix=v=z 1.
3 y

Deé thi vao khoi chuyén Toan - Tin, nam 2005
Caul. _
Giai phuong trinh v2 - x +vV2+x +4-x% =2
Cadu I1. Giai hé phuong trinh

Oy —xyt =1
4x* +yt =dx+y.

Cau Il
Gid sir x, y 1a nhimg s6 khong 4m thay déi thod man diéu kién x° + y* = 1.
1) Ching minh ring 1 <x+ v <4/2.
2) Tim gia tri 16n nhat va nho nhat cta biéu thic
P=1+2x+1+2y.
Cdu IV. Cho hinh vuéng ABCD va di€ém P nam trong tam gidc ABC.
1) Gia sir £ PBC = 135". Chimg minh ring 2PB° + PC* = PA’.




2) Cic dudng thang AP, (' cat ciae canh BC. BA twong tmg tai cic dicm
M. N.Goi Q la diém doi xumg vai I qua trung dicin cua doan MA. Ching minh
rang khi P thay d6i trong tam gidc ABC. thi dudmg thing PQ luon di qua mot
di¢m ¢é dinh.

Can'V.

1) Cho mot da gidc déu (/1) ¢6 14 dinh. Ching minh rang trong 6 dinh
bat ky cua (/1) luon tim duge 4 dinh 1 cdc dinh cua mot hinh thang can.

. . N . .
2) C6 bao nhi¢u phan so t61 gian — > | (m, 1 la cdc s6 nguyén duong)
n

thoa man dicu ki¢n ni. n = 13860.

Hudng dan va dap so
Cau
Piéu kién: —2< v <2,

Pitr=V2-x + V2+x (120) = J4-x° = L_'):i

Pl dichocdang F +21-8=0 = 1, = —4 (loai), ,=2 = J2-x +
\ém{—_\_ ediyxs 4 2.
Thu lai ta thay v = = 2 va v = 2 1a hai nghiém cua PT da cho.
Caull
Do.x' + y'—=xy* =1 nén PT thi hai ctia hé c6 dang
At + ¥y = dr+ ) +y -y
= w3y —dy+x)=0
y=0 = y=1= hécdnghiém (0, ).
v=0= x=1= hécdnghiém (1, 0).
f‘l,v2 —dyy + ¥ =0 (¥

Vi x # 0 chia ca hai v& ctia PT (*) cho % ta nhan dugc 3(1) - 4(2J

X X
+1=0
st & 2 1
bat = =rtaco3r-4 +1=0=1n=1,1,= -.
X 3
*Véilzlta tim duoc x=v = 1.
x
. 1 . 1
*Véliz—latlmduqc.r: : p= :
x 3 25 V25



. . s 3 [
Vay hé ¢o6 cac nghiem (x, y) la (0, 1):(1, 0):(1, 1); (ﬁ }\/25 ).
Cau lll
Tir(x+y): <202 +y)=2suyrax+y <+2.
Ding thuc xdy ra khi x =y = %
Mat khdc (x + y)’ = x° + ¥’ +2xy=1+2xy21suy rax + y2 I. Ping
thae xay ra khi x = 0 hoac y = 0.

Taco PP =2+ 2(x +y) + 2 /1+2(x + ) + 4y

Dox + y< V2 va dxy<2(2* +y) =2 suy ra
PP <2422 4241424242
P2 +22 4234242

Viy P = 2+ 242 + 24/3 + 2+/2 , dat duoc khi x = y =

1
2
Mait khac,do  x+y2>1vadxy>0

nén P22 424214240 = P>+/4+243 .

Vay P, = /4 +2+/3 dat dugc khi x = 0 hodc y = 0.

CaulV

Ldy diém P’ khdc phia véi diém P d6i véi duong thing AB sao cho
A BPP’ vuong cén (tai B).

Tacé ABPC = ABP’A(c.g.c) ZBP’A=135°. Do £ZBP'P = 45" nén
ZPPA=90". |

Theo dinh 1i Pythagore , ta c6 PA* = AP* + P’P* = PC** 2PB",

Trude hét ta ching minh nhan xét sau

Nhdn xét : Gia st [ 1a diém niam trong hinh chit nhat ABCD. Qua [ ké
cdc duong thang MN, PQ tuong tng song song véi AB, AD. Goi dién tich
hinh chir nhat I/PBN 1a S,, dién tich hinh chit nhat /JQDM 14 S,. Tacd S, = §,
khi va chi khi / thudc duong chéo AC.

That vay: Gia st I thuoc dudng chéo AC. Vi duong chéo cia hinh chit
nhat chia hinh chir nhit thanh hai phan ¢6 dién tich bang nhau nén §, = S,

IN _ 10 _NC . MAl= ZNIC. Do M. 1
IM iP MA

N thang hang nén A, I, C thiang hang.

suyra INIP=IMIQ =
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Trd lai bai todn

Dé thay ¢ gidgc NBMQ la hinh chit nhat. Qua P va Q ké cac duong
thing song song vGi cdc canh cla hinh vudng. Do P thudc dudng chéo AM
cta hinh chit nhat ABMR nén Sy, o = Spirs P thuoc duong chéo CN ctia hinh
cht nhat NBCH nén Sy = Spryyp-VaY Spirs = Sprir = Segrs = Sorm- Theo
nhin x¢t rén, suy ra Q thudc dudng chéo PD cua hinh chit nhat SPTD, tic
PQ di qua di¢m D.

CauV

Cic dinh cla (H) chia dudng trdon ngoai ti€p né thanh 14 cung bang

x e ” A N -7T , ~ At . 2 ) e ,
nhau, moi cung cé s6 do la a = =" Cac day noéi hai dinh cua () chan cédc

cung nho cé s6 do 1a «, 2a, 3a, ..., Ta. Do vay do dai cac day d6 chi nhin 7
gia tri khdc nhau. Lay 6 dinh cta (H) thi s6 day néi hai dinh trong 6 dinh d6
1a (6.5): 2 =15. Vi 15 day nay c6 cac do dai nhian khong qua 7 gia tri khac
nhau nén phai cé ba day cung do dai. Trong ba day dé ludn co6 hai day
khdng chung diu miit (vi néu hai day bat ki trong ba day d6 déu chung dau
mut thi ba diy bang nhau d6 tao thanh mot tam gidc déu, do dé s6 dinh cua
(H) chia hét cho 3, trdi véi gia thiét). Dé thdy hai day bang nhau ctia mot
dudng tron khong chung dau mut thi 4 dau miit cua chiing 1a 4 dinh ctia mot-
~ hirh thang (can). Tlr d6 suy ra trong 6 dinh bat ki ctia (/) ludn c6 4 dinh la
cac dinh cha mot hinh thang.

Phan tich 13860 = 2.2.3.3.5.7.11 vi m.n = 13860 nén m phai la udc s
cuz 13860 tirc la tich cia mdt s6 nhan tir trong 7 nhan ti trén, con n 1a tich
cu: cdc nhan tir con lai.

Néu m c6 chita nhan tir 2 (hodc 3) thi né phai chita 2* (hoic 3°) vi ngugc
lai thi 13 khong t6i gian.

Do d6, néu ki hieu a, = 2%, a,=3%,a,=5,a,= 17, a; = 11 thi m 1a tich cla
mo. s§ nhin tir trong céc sO a,, a,, a,, a,, as con n 1a tich cac nhan tir con lai.

Vi vay, chi ¢é céc truong hop sau:

C6 1 phan s6 co tlr s6 1a 1 (mau s6 1a 13860).

C6 5 phéan s6 cé tlr s6 1a 1 trong S nhén ti ¢, a,, ..., a5, (miu tich cla 4
nhén tr con lai).

C6 10 phan s6 ¢6 tir s6 la tich cua hai nhan tlr trong s6 a,, a,, ..., as,
(m:u tich ctia 3 nhén tlr con lai).

C6 10 phan s6 ¢ tir s6 1a tich cha ba nhan tir (miu tich cta hai nhan tir
conlai).
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C6 5 phén s6 ¢6 tir 86 1a tich cua bon nhan tir con mau la nhan tir con lai.
C6 1 phén s6 ¢6 tir s6 1a tich ctia ca 5 nhén tir (mau s6 12 1).

Vay s6 phan s6 t6i gian —— thod man m.n=138601a 1 +5+ 10 +5+ 1 = 32.
Céc phan s6 trén dugc chia thanh ting cap nghich ddo clia nhau va khéc 1

nén sO phin s6 16n hon 1 13 %2— = 16,

et
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