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LOT NOI DAU
Bcdap tng nhu cau hoc tdp cua hoc sinh, tai li¢u tham khao cho giao
vién, tc gia da manh dan viét quyén sach:
Boi dudng hoc sinh giéi Todn Pai sé 8.
Trorz quyén sach nay, tac gia da phan chia thanh 10 chi dé co ban sau,
bao gm:
1. Chia da thirc
Q. Phin tich da thirc thanh nhin tie
3. Phdn thirc hivu ti
&. Phuong trinh dang ax +b =10
5. Gidi bai todn bang cdch ldp phwong trinh
6. Bat phwong trinh bdc nhat .
7. Cac bai todan vé s6 hoc
8. Bdt ddng thitc
9. Cdc bai todn téng hop

20. Mt s6'phweong phdp gidi phu"(mg trinh nghiém nguyén

T:mg moi phan, sach duoc cau triic gom 4 ndi dung chinh nhu sau:

1Kién thikc co ban. 2. Cdc vi du minh hoa .
3Bai tap vdn dung 4. Hwong din va dap s0.

V¢ mbi dang bai tap co ban déu c6 phuong phap glal cu the va vi du
minh oa. Ngoai ra, cac bai tap déu co hudng dan giai chi tiét, d& hiéu.
Nhiéuvi du c6 1oi nhan xét de giup hoc sinh tranh céc sai 1dm co ban. Cac
bai ta; duoc lwa chon tir d& dén kho, c6 nhimg bai tac gia da dua ra nhiéu
phuorn p}hap khac nhau dé ban doc tham khao. Ngoai ra tac g1a da dua thém
phan: ac bai todan tong hop va mjt sé dé thi hoc sinh gidi cia cdc tinh,
thanhaho trén toan quoc dé ban doc tham khao thém. Mac du da hét sirc
cd gan, song 101 gidi céac bai toan trong, quyen sach nay co khi chura phal la
phuon an g:al hay nhat va cung ¢ thé con thiu sét. Tuy vy, tac gia hy
vong rng quyén sach nay sé giup ich cho cac ban trong qua trinh hoc tap va
giang ay, dic bi¢t 1a qua trinh tyr hoc.

Chc cac em hoc sinh va cac thay c6 gido quan tim dén quyén sach nay
thanh 6mg trén moi linh vuc. Rét mong nhén duoc su gop y chéan thanh cua
céc enhoc sinh va cac thdy cd gido, tac gia xin chan thanh cam on trudc.

Mu y kién déng gop xin lién hé:

Trung tam Sach gido duc Anpha

225C Nguyén Tri Phuong, P.9, Q.5, Tp. HCM.
_ong ti Sach - thiét bi gido duc Anpha

0 Nguyén Vin Sing, Q. Tan Phy, Tp. HCM.
DT 08. 62676463, 38547464 .

imail: alphabookcenter@yahoo com

Xirchan thanh cam on! Téc gid
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§1. CHIA DA THUC

Mot so kien thirc co ban

g

Da rhite la mot téng dai so nhiéu don thirc. Gid tri ciia da thitc P(x) voi
X = a dugc ky hiéu la P(a). Hai da thitc c6 cung s0 tri véi moi gid tri clia
cdc chit trong da thirc goi la hai da thizc dong nhat. Hai da thitc ciing
bdc cua x dong nhdt khi va chi khi hé s6 cdc hang tir dong dang bdng
nhau. Mét da thitc dong nhdt bang 0 khi va chi khi 1t ca cde hé s6 bang 0.

. Da thiec A(x) goi la chia hét cho da thitc B(x) néu ton tai da thuc Q(x)
sao cho A(x)=B(x).Q(x). Véi moi cdp da thirc A(x) va B(x), ton tai

cdp da thirc Q(x) va R(x) sao cho A(x)=B(x).Q(x)+R(x) trong di

“'bdc cuia R(x) nhé hon bdc cua B(x). Khi d6 Q(x) la thuong va R(x) la du

cua phép chia A(x) cho B(x).
Ta ciing nhdc lai ¢ ddy rang néu hai da thirc goi la bang nhau néu chiing
co cung gid tri voi moi gid tri cua bién. Do do néu hai da thuc (dugc viét

- duéi dang thu gon) ¢é cdc hé sé twong g cia cdc don thirc dong dang

chira trong hai da thirc d6 bang nhau thi hai da thicc d6 bing nhau.

Cdc vi du minh hoa
Vi du 1: Xac dinh hé s6 a dé da thitc (x® —3x +a) chia hét cho (x -1).

Giai

Cdch I1: Thuc hién phép chia: Ta co6:

(x} —-3x +a)=(x*-2x+ 1).(x+2)+(a—2)
Mudn phép chia khong con du, ta phaicé a-2=0 < a=2.
Viy dé da thirc (x® - 3x +a) chia hét cho (x—1)*thi a=2.

Cdch 2: Phuong phép hé sb bat dinh

Gia sir da thirc bac ba x® —3x +a chia hét cho da thic bic hai x* —2x+1,
ta duoc thuong 1a nhi thic bic nhit, c6 sd hang bic cao nhit la
x': x? =x,séhangbéc thépnhétlz‘l a:l=n.
Nhur vdy x’-3x+a dong nhit vdi (x> —2x +1)(x +a), tiuc la X’ —3x+a
dong nhét véi: x* +(a-2)x* +(1-2a)x +a.

Do d6 hé s cac sb hang dong dang phai bang nhau, tic 1a:




Cdch 3: Phuong phap tri sb riéng
Goi thuong cuia phép chia 1a Q(x) ta c6 x* -3x +a=(x-1)’ Q(x) vai
moi x. V&i x=1thi I’-3.14a=0.Q(x) hay —2+a=0 < a=2.

Viy, véi a =2 thi x’ —3x+a chia hét cho (x—l)z.
Vi du 2: Xac dinh cac hing s6 a va b sao cho:
a.x* +ax’ +b chia hétcho x* -x +1.
b.ax> + bx? + 5x — 50 chia hét cho x* +3x-10.
Gidi
a. Cdch I: Dit tinh chia ta dugc thuong bang x* +x+a, du (a—1)x+(b-a).
Mubn chia hét thi da thic du phai déng nhét bing 0, do d6 a=1, b=a.
Vay a=b=1.
Cdch 2: Thuong c6 dang x> +cx+b. Nhan n6 véi x> —x+1 r6i ddng
nhit véi x* +ax®+b, ta duoc ¢c-1=0, b—-c+1=a,c—-b=0. Swy ra
a=b=c=1.
b. Cdch 1: Dit tinh chia.
Cdch 2: Dong nhit (x*+3x-10)(ax+5) v6i da thic bi chia, duoc
3a+5=Db,15-10a=5.Suyraa=1, b=8.
Cich 3: Xét ax® + bx? +5x -50 = (x +5)(x - 2).Q(x). Lan lugt cho
—-125a + 25b =75 -5a+b=3 a=1
8a + 4b =40 It {2a+b=10 < {b=8

Vi du 3: Tim cac hing sb a va b sao cho x*> +ax+b chia cho x+1 thi du 7,
chia cho x -3 thidu -5.

X =5 x=2,tadugc:{

Gidi
x> +ax+b=(x+1).P(x)+7 nénvéi x=-1 thi -1-a+b=7, tic la:
a—-b=-8 (D)
x3+ax+b=(x~-3).Q(x)-5 nén véi x =3 thi 27+3a+b =-5 tic lia:
Ja+b=-32 (2
Tu(l)va(2)suyraa=-10,b=-2.
Vi du 4: Tim cac h%mg s6 a, b, ¢ sao cho ax® + bx? +¢ chia hét cho x:+2 ,
chia cho x* -1 thidu x+5.
Giai
Trong hing déng thirc ax® + bx? + ¢ = (x + 2).P(x), cho x =-2, ta duoc
~8a+4b+c=0 (1)
Trong hing ding thirc ax®+bx® +c=(x+1)(x-1).Q(x)+x+5, lan luot
cho x #®va x=-1,dugc a+b+c=6, —a+b+c=4 (2)

A’[Efg%;ﬁ) suyraa=1,b=1,c=4,
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Vi du5: Da thie P(x) chia cho (x —1) duoc s6 du bang 4, chia cho (x-3)
dwe s6 du bang 14. Tim s6 du cua phép chia P(x) chia (x —1)(x-3).
Giai
Cadch !: Goi thuong cua phép chia da thirc P(x) cho (x — 1) va cho (x - 3),
theo thir tu 1a A(x), B(x) va du theo tha tu 1a 4 va 14. Nhu vay:
P(x)=(x-1).A(x)+4 voi moi x tl
P(x)=(x-3).B(x}+14 voi moi x (2)
Gui thuong ctia phép chia P(x) cho da thire bac hai (x —1)(x -3) la C(x)
vedu 1a R(x). Vi bac cua R(x) nho hon bac 2 nén R(x) c6 dang ax +b.
Tico: P(x)=(x-1)(x—3).C(x)+(ax +b) véimoix. (3)
Tlay x =1 vao (1) va(3)tacé: P(1)=4; P(1)=a+b.
Tlay x =3 vao (2) va(3)taco: P(3)=14; P(3)=3a+b.
. [a+b=4 a=5
Tu =
{3a+b=14 {bz—l
Viy, du cua phép chia P(x) cho (x-1)(x-3) la 5x-1.

Cidch?2: P(x)=(x-1).A(x)+4 nén
(x=3)Px)=(x-1)(x-3).AX)+4(x-3) (D)
P(x)=(x-3).B(x)+14 nén:

(x-1)P(x) =(x-1)(x-3).B(x) +14(x -1) (2)
L4 (2) trir (1) vé theo vé, ta co:
[(¢=1)=(x-38)]P(x) =(x - 1)(x - 8).[B(x) - A(x) + 14(x ~ 1) - 4(x - 3)]
& 2P(x)=(x-1)(x—3)[B(x)—A(x):|+10x—2

B(x) - A(x) .

> (5x —1) trong d6 béc cua 5x - 1

D¢ do: P(x)=(x-1)(x-3)
nio hon béc cua (x -1)(x-3).
Viy du ctia phép chia P(x) cho (x-1)(x-3) la 5x - 1.

Vi du6: Chia cac da thic

a.(3x* -8x® -10x* +8x-5): (3x% -2x +1)

b.(2x® - 9x® +19x - 15) : (x* - 3x + 5)

‘c..(ﬁxé’__ -—3x4y +2x°y? + 4x%y® — Bxy* + 2y°) : (3x® - 2xy? + y°)

s
¢
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Gidi
a. Cdch I: Chia thong thuong
I —8x’—10x2+8x =5 | 3x’-2x+1
3x* —2x +x? | x’=2x-5
—6x" —11x* +8x -5
—-6x’ +4x’ -2x
—15x*+10x -5
-15x* +10x-5
0
Cich 2: Dung phuong phap hé sé bét dinh:
— Ta nhan théy réng, hé sb gﬁa hang tl:l" co bac cao nhat cua da tharc bi
chia va cua da thic chia la bang nhau (bang 3). Vay hé s6 cua hang tir co
bic cao nhat ciia thuong phai 1a 1. Tuong tu nhu vy, hang to khomg doi
cua thuong phai la -5(-5.1)=-5. Mt khac, da thirc bi chia c6 bac 1a 4,
da thirc chia co bac la 2. Vay da thuc thuong c6 bac la 2. Do vay da thirc
thuong phai cé dang : x* +ax—5
Taco: 3x* —8x® -10x® +8x-5=(3x>-2x +1)(x* +ax - 5)
Khai trién vé phai bang phép nhin céc da thifc, ta c6:
3x* -8x% -10x* +8x -5
=3x*+Ba-2)x* +(-15-2a+1)x* +(a+10)x -5. Hé sb cuia cac hang
3a-2=-8
tir cung béc & hai vé phai bing nhau, tasuy ra: {-15-2a+1=-10
a+10=8
Ca ba ding thirc déu cho a =—2. Viy da thirc thuong la x*> —2x -5
b. Cdch 1: Cach thong thuong (cac ban ty giai)
Cich 2: St dung phuong phap ddng nhit cac hé sé (phuong phap Ihé so
bét dinh). Ta thiy ngay thuong phai 12 mdt nhi thirc bac nhit ma thé sé
cua x la 2, hang tir khong d6i 1a '—3.
b6 1a 2x —3. Ki€m tra lai, ta thay dung la:
(2x3 - 9x% +19x - 15) = (x% - 3x + 5)(2x - 3)
c. Cach I: Tanhan théy: Pa thirc bi chia bac 5, da thirc chia bac 3. Vidy da
thic thuong phai la bac 2.
— Heé s cua hang tir cé bac cao nhit cua x trong da thic bi chia la 6,
trong Qa thic chia 1a 3. Vay hé s6 cua hang tir c6 bac cao nhat cla x
tré § thudng la 2.

-BDHS(GTS-



Turng tur, hé s cua hang tir ¢6 béc cao nhat cua y trong thuong la 2.
Vav thuong phai cé dang: 2x* + axy + 2y*. Ta co:
(6:° —ax'y + 2x°y? + 4x%y? —5xy* +2y°)
= (3x% - 2xy? + y*)(2x® + axy + 2y?)

Déng nhét cac hé sb cua cac hang tir cling bac ¢ hai vé sau khi khai trién,
ta:6: a=-1. Vay thuong la 2x° —xy +2y°.
Cach 2: Chia thong thuong

6:° —3x'y+2x’y? +4x’y’ = 5xy* +2y° | 3x’ = 2xyl +y’

60 —4x’y’ +2x°y’ | 2x* —xy + 2y’
3ty +6x7y? +2x7yT =5xyt +2y°

4

3¢y +2x’y’  —xy

6x’y’ —4xy’ +2y°
6x’y’ —4xy* +2y°

Cui y:
—thrng phdp hé sé bat dinh chi nén sir dung trong phép chia khi biét
cidc thiwong la mor nhi rhwc bdc nhdt hodc la tam thue bdc hai ma ta da
bit mot vai hé s6, chi can xdc dinh mét, hai hé s6 nita; chi frong truong
hep ncy thi viéc lam moi don gian va co loi.
Pwrong phdp phdn tich thanh nhdn tu ciing chi nén diing khi viéc phan
ti:h latwong doi don gian.
Vi du 7. Chimg minh dinh 1i “Sé du trong phép chia da thirc f(x) cho nhi
thrc (x—a) bang gia tri cia da thirc dy tai x =a ™.
Gidi
Cha de thirc f(x) cho nhi thie (x —a), ta duge thuong 1a Q(x) va du la
héig so r. Ta ¢6 f(x)=(x-a).Q(x)+r véi moi x, do d6 x=a thi
f(a)=r.
Chi_y: Dinh i trén dugc goi la dinh 1i Bé—du mang tén nha toan hoc
Phip Bézout (1730 — 1783). Dinh li Bé—du gitp ta tinh s6 du cua phép
cha da thirc f(x) cho nhi thirc (x —a) ma khong can thuc hién phép chia
dathic.
Tt dinh 1i Bé—du, ta thiy da thirc f(x) chia hét cho (x —a) khi va chi khi

a ll nghf@h cua da thuec.
\ sﬁﬁ
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Vi du 8. Cho da thirc f(x)=a,x* +a,x° +a,x* +a,x +a,. Chimg minh rrang;

b)

a) Da thirc f(x) chia hét cho (x —1) néu tong cac hé s6 bang 0.
b) Da thirc f(x) chia hét cho (x +1) néu tong cac hé s6 cua hang ttir bac
chin bang tong cac hé so cua hang tir bac 1é.
' Gidi
Theo dinh li Bé—du, so6 du r cua phép chia f(x) cho (x-1) la:
r=f(1)=a, +a, +a, +ay +a,
Néu a, +a, +a, +a;+a, =0 thi r=0.
Theo dinh 1i Bé—du, sb du r ciia phép chia f(x) cho (x +1) la:
r=f(-1)=a,—a, +a,-a,+a,
Néu a, +a, +a, =a, +a, thi r=0.
Chu y: Chung minh trén khong chi dﬁpg déi voi da thic f(x) ¢6 bawc bon
ma con ding vai da thire f(x) cé bac bat ki.

Vi du 9. Tim cac gia tri nguyén cia n dé gia trj cua biéu thirc 2n’ + 3n +3

chia hét cho gia tri ctia biéu thiuc 2n—1.
Giai: bat phép chia:

2n’ -3n+3 2n-1

—  2n%-=n n+2
4n+3
- 4n-2
5

Pa thirc 2n” +3n+3 khong chia hét cho da thitc 2n—1, nhung c6 mhiing
gia tri nguyén cua n dé gia trj cua 2n’ +3n+3 chia hét cho gia tri cua
2n-1.

Muén vdy 2n-1 phai 1a uéc cua 5, tirc 1a +1; 5.

Véi 2n—-1=1 = n=1

Véi 2n-1=-1 = n=0

Véi 2n-1=5 = n=3

Véi 2n-1=-5 = n=-2

Viy véi n bang 1; 0; 3; —2 thi gia tri cua biéu thitc 2n®> +3n+3' chia

aét cho.gid tri cua biéu thic 2n-1.

s X W
t? ,_“.
Figh

-BDHS'GTS-



Bai tap van dung

1. Ru gon cac biéu thuc:

45 a \'° 5100 5160
4) "\16 S g0
8 3 5
e 4. (153" +4.274):97; 5, Bx+2y)
e 2X + 4y

2. Xa dinh hé sb a dé da thie (x* +ax® +1) chia hét cho (x> +2x+1).
3. Xacdinh hé sb a dé phép chia (3x2 +ax + 27) chia cho (x+5) c6 s6 du
barg 2.

4. Tinhé sb ava b dé da thic (x4 +ax’ +b) chia hét cho (x2 + x+1) :
5. Tinhé sb a va b sao cho (ax3 +bx-—24) chia hét cho (x +1)(x+3).

6. Tin hé sb a va b sao cho (x* —x®-3x* +ax +b) chia cho (x* -x-2)
duc dula (2x-3).

7. Dathiic (2x° +ax+Db) chia cho (x+1) du -6, da thuc y chia cho
(x-2) du 21. X4c dinh cac hé sdavab.

8. Chmg minh ring khong ton tai s6 tu nhién nao dé gia tri cua biéu thirc
2n - 3n? + n + 3 chia hét cho gia trj cua biéu thirc n® —n.

9. Khang lér’n phép chia da thirc, hiy xac dinh xem da thic 4x’ —7x* —x -2
c6 +hia hét cho cac da thirc sau hay khong:
a) i—-2; b) x+2.

10. Chi da thirc P(x)=a,x’ +a,x* +a,x’ +a,x’ +ax +a,. Chimg minh:
a) }(x) chia hét cho (x —1) néu tdng cac hé s6 bang 0.
b) '(x) chia hét cho (x +I) néu tdng cac hé sd cua liiy thira bac lé dbi
vgix bang tdng cac hé sb cua liiy thira bac chin ddi véi x.

11. X4 dinh dur cua phép chia da thuce (x + x* + x° + x*" +x®') cho:
A=l b) x’-1.

12. Chmg minh rang (x* + x -1)'® + (x* —x +1)'° -2 chia hét cho (x -1).




13.

14.
15.
16.

17.
18.
19.

20.

21.

22.

a) 27)& chia hét cho 3x+2;
g bYx 2 +1 chia hét cho x> +2x+1;

Tim cac gia tri nguyén cua x dé sb tri biéu thuc (2){2 +X -7) chhia hét
cho sb tri biéu thirc (x -2).

Tim cac gia tri nguyén ciia x dé s6 trj biéu thirc (10x* - 7x —5) clhia hét
cho sé tri biéu thic (2x -3).

Xac dinh sb tu nhién n dé s trj biéu thirc (2502 -97n +11) chia lhét cho
sb trj biéu thic (n—4).

Tim da thic P(x) biét ring P(x) chia cho (x+3) thi du 1, chia cho
(x —4) thi du 8, chia cho (x +3)(x—4) duoc thuong la 3x va con du.
Xac dinh hang sb a sao cho:

a.4x’* —6x+a chia hét cho x-3.

b. 2x* +x +a chia hétcho x +3.

c. X’ +ax’ —4 chia hét cho x* +4x+4.

Xac dinh hing sb a sao cho:

a. 10x’ —7x +a chia hét cho 2x -3.

b. 2x* +ax+1 chia cho x -3 du 4.

c. ax’ +5x* —9 chia hét cho x-1.

Xac dinh cac héng sb a va b sao cho

a. x* +ax+b chia hét cho x* -4.

b. x* +ax’ +bx—1 chia hét cho x*-1.

c. x’ +ax +b chia hétcho x* +2x-2.

Xac dinh cac hing sé a va b sao cho

a. ax* + bx® +1 chia hét cho (x -1)*.

b. x* +4 chia hétcho x* +ax+b.

Rut gon cac biéu thirc:

a) 492 :7¢; b) (%)25 :(g]ﬁo;

Xac dinh cac so6 a sao cho:

o &
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Huong din va ddp so

_ . 3 45 3 20 3 25
1. 1. Dai thanh liy thira cung co so: (—) :(—) = [—) :
4 4 4
100 160 300 6160
2. D61 thanh liy thira cung co s6: 12298 '230 = 5298l2160 =5" =75,
SRt 0l
¥ 1
3. Dap s6: —.
LT
4. Pap sb: 1.
5 5
5 8(x +2y) _ 8(x + 2y) =4(x +2y)4.
2x +4y 2(x +2y)
Pap s6: a=-2.

3. Goi thuong cua phép chia la Q(x) thi (3x® +ax +27) =(x +5).Q(x) + 2
vol moi x. Sau d6 cho x =-5, ta dugc a =20.

4. Cich I: Lam phép chia, ta dugc thuong biang x’ -x+a,du (1-a)x+(b-a).

Muén chia hét thi da thirc du phai ddng nhét bing 0, tirc 14 {:::% @{Z :
Cdch 2: Nhan xét thuong la da thirc bac hai c6 sé hang bic cao nhét 1a
x* :x” =x?, s6 hang bac thdp nhit 1a b:1=b. Goi thuong 1a x> +cx+b
rdi ddng nhat (x2 + x + 1)(x2 +cx + b) voi (x* +ax? +b), ta dugc
c+1=0; b+c+l=a; b+c=0 = c=-1; b=1; a=1.

5. Cdch 1:

Thuc hién phép chia, dugc thuong 12 ax —4a, dur (13a+b)x +(12a-24).
Cdch 2: Pong nhit da thirc (ax® + bx —24) vdi (x° + 4x + 3)(ax — 8), suy
rad4a-8=0; 3a-32=D.
Cdch 3: Vi moi x, ta c6 (ax® + bx —24) = (x + 1)(x + 3).Q(x), lan luot
cho x=—1; x=-3. Papsd: a=2; b=-26.

6. Papsbd: a=3; b=-1.

7. Véimoix, taco: (2x® +ax+b)=(x+1).P(x)-6 (1)

g 0 (2x* +ax +b) = (x - 2).Q(x) + 21 2)
A GTS- 11



Véi x=-1thi -2-a+b=-6.
Véi x=2thi16+2a+b=21.Dod6é: a=3; b=-1.

8. Ta phai c6 (n? —n) 14 wéc cta 3. Diéu nay khong xay ra vi (n —n) la s6 chiin.

9.a. 4x* -7x? -x-2=(x-2).P(x)+ r vdi moi x.

10.

11.

12.

13.

Véi x=2thi 42°-72-2-2=r < r=0.
Viy, 4x° —7x® —x -2 chia hét cho x-2.
b. S5 du cuia phép chia bing — 60.
a) agx’ +a,x* +a,x* +a,x* +a,x+a, = (x-1).Q(x) + r vdi moi x.
Véi x =1 thi a,+a, +a,+a,+a,+a3,=r.
Néu a, +a, +a,+a,+a,+a,=0 thir=0, tirc la P(x) chia hét cho x—1.
Tuong tu nhu trén, ta c6: —a,+a, —a,+a,—a,+a, =r.
Néu a, +a, +a, =a, +a, +a, thi r=0, tirc la P(x) chia hét cho x + 1.
a. Du trong phép chia cho x — 1 12 hing sb.
Goi thuong cua phép chia la Q(x) va du lar, ta c6 véi moi x:
x+x*+x° +x7 +x¥)=(x-1).Qx) +r
Vi x=1thi1l+1+1+1+1=5 © r=5.
Viy, s6 du ciia phép chia 1a 5.
Du trong phép chia cho x* —1 c6 bac cao nhit la bac nhét.
Goi thuong cua phép chia la Q(x) va du la ax + b, vdi moi x ta co:
x+x2+x? +x7 +x¥) = (x? -1).Q(x) + (ax + b).
Véi x=1thi S=a+b.
Véi x=-1thi -5=-a+b.
Tirdé a=35; b=0. Du cua phép chia la 5x.
Pat x2 +x-1DY +(x*-x+1)'"°-2=(x-1).Q(x) +r v&i moi X, r&i cho
x=1,tadugc r=0.
Dit phép chia (2x? + x—7) cho x — 2, ta dugc thuong 1a 2x+5, sé du la
3. Nhu vdy da thirc (2x* + x—7) khong chia hét cho x — 2. Nhumg c6
nhimg gia tri cua x lam cho s6 tri cia (2x? + x -7) chia hét cho sb tri cua
x — 2. D6 1a nhitng gia tri ciia x ma 3 chia hét cho x — 2. Udc s cua 3 1a
+1,,:3 Lan lugt cho x — 2 bing 1;- 1;3; -3, taduge x =3 1; 5; -1.
fhas

s
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14. D3y s6:2:1:-2; 5.
15. n —} phai 1a udc sb cua 23. Pap s6: 5; 3; 27; - 19.
16. Du :ua phép chiala x+4.
P() =3x(x +3)(x—4)+x+4=3x" -3x* -35x + 4.
17.a. :=-18 b. a=-=13 c.a=3,
18.a. a=-12 b.a=-5 ¢ a=4
19. a. (5 thé giai bang 3 cach: dat tinh chia, hé s bét dinh, xét gia tri riéng.
Daysd: a=0, b=-16.
b. Cd ti¢ giai bang 3 cachnhucdua. Pépsd: a+b=0 (ficlaatlyy, b=-a)
c. C6 tI¢ giai bang hai cach: dat tinh chia, hé s6 bat dinh. Pap s6: a=-6, b=4.
20.a. Gai bang hai cach: Pap sé a=3, b=—4.
b. than tich x* + 4 thanh nhén tr, duoc (x* + 2x + 2)(x® - 2x + 2).
Nlbvg=22 h=2;
21. a) Poi thanh liy thira cling co s6:
Chdi 17 497 7 =(7° PPt i
Cah 2: 49" :7* = 49" : (7*)? = 49'? : (49)% = 49°
b) Dap sd: 1.

. a [BY
c) Dap so: (ZJ
22.a) 1=-12
b)y1=-2
c) 50i thuong cua phép chia 1a Q(x) thi 3x* +ax+27= (x +5).Q(x) + 2
véimoi X. ' '

Sa1 d6 cho x =5 ta duoc a=20.

88°
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§2. Phan tich da thiac thanh nhéan tua

Mt so kién thirc co bin
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Dang 7 Sir dung phdn tich thanh nhén tie & gidi cdc bai todn khdc
Dang 8 Sir dung dinh ly Bezout vao phdn tich da thirc thanh nhan tir.
Cdc vi du minh hoa
Dang I: Phan tich da thicc thanh nhin tir bang phuong phdp dit
nhin tir chung
Vi du .: Dua cac nhan tir chung ra ngoai dau ngodc:
G, g b. -5x"y +15x"y.
Gidi
a. a™’-a™ =a".a’-a" =a"(@a’-1)=a"(a-1)(a+1)
b. Phar biét hai truong hop: ]
*n2n:-5x"y+15x"y = -5x".x" "y + 156x"y = -5x"y(x™ ™" - 3)
*n<n: -5x"y+15x"y = -5x"y +15x™ x" "™y =-5x"y(1 -3x"™™).
Dang 2: Phan tich da thicc thanh nhén ti bdng phuwong phdp nhom
nhiéu hang tww
Plu'm:g Phdp chung: Ta su dung cac hang dang thuc dang nho theo

chizu bién doi tir vé nay la mét da thirc sang vé kia la mét tich cua cac
nhen tu, hodc lity thira cua mét da thirc dom gian hon.

Vi du i: Phéan tich cac da thic sau thanh nhéan tu:

a. 1’z + x’yz - x?z% — xyz?; b. p™?q-p™'q® - p*q"* + pq™*?
Gidi
Cénhiéu cach giai, tiy theo cach ta nhém cac sb hang
a. Cdaci I:

P =x%z + x’yz — x*2* - xyz? =(xz - x%2%) + (x%yz - xyz?)
=(1-2z)(x*z + xyz) = x2(x - Z)(x + y)
Cdch 2: P =(x"z + x’yz) — (x*2? + xyz?)
=x*z(x +y) - x22(x + y) = x2(x + y)(X — 2)
b. Cach I'
Q=p"*q-p""'q’ -p’q"" +pq"’ = p™'q(p - a*) - pa"" (p - q*)

=(3-a")0™'q-pq"") =pap-a*)(p™ -q")
Cd(h 2: Qz(pm+2q+pqn+3)_(pm+lq3 +p qn+1)

=pI™" +a™*) - pa®e™a® +pa™) =pa[ (p™" -a’p") + (a"* - pqa™) |

=pilp" (-9 +q"(q* -p)I=pa-a* )" -q").

i &

L
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Vi dy 2: Phan tich thanh nhan ti:

a. x? —(a + b)xy + aby® b. ab(x? + y?) + xy(a® + b?)
c. (xy+ab)2 +(ay—bx)2; d. a’(b—c)+b’(c—a)+c’(a-b).
Gidi

a. x’—axy-bxy +aby’ = (x* - axy) — (bxy -- aby?)
=x(x—ay)-by(x—ay)=(x-ay)(x-by).

b. (abx® + xya?) + (aby® + xyb?) = ax(bx +ay) + by(ay + bx)
=(bx + ay)(ax + by).

c. x’y’+a’b’+a’y’ +b’x’ =(x’y® +a’y?) + (a’b® + b’x?)
=y} (x® +a?) + b*(x* + a%) = (x> +a’)(y* + b?)

d. (a’b-a’+b’c—b%a)+c’(a-b)=[(a’h~b’a)-(a’c—b’c)|+c*(a—b)
=[ab(a -b)-c(a’® - bz)] +c?(a-b)=(a-b)ab-ca-cb)+c’(a-h)
=(a-b)@@ab-ca-cb+c?)=(a —b)[(ab—cb)+ (c? —ca):l
=(a-b)(a-c)(b-c)

Dang 3: Phan tich da thitc thanh nhéan tir bdng phwong phdp ding
hdng ding thirc ‘ ’

Plufa'ng ’pluip churfg: Ta sw dung cdc hang d{z’ng thiec ddng nhor theo
chiéu bien doi tir vé nay la mét da thiec sang vé kia la mét tich cua cdc
nhdn tw, hodc liiy thira cua mét da thirc don gian hon.

Vi du 1: Phan tich cac da thic sau ddy thanh nhan tir:

a. 25x* -10x%y + y?
b. —16a‘b® — 24a°b® — 9a°b*;
c. 8m® +36m®n + 54mn? + 27n’.
Gidi
a. 25x* —10x%y + y? =(5x?)? - 2(56x%)y + y? = (6x* - y)®
b. —-16a*b® — 24a°b® — 9a°b* = -a*b*(16b? + 24ab + 9a?)
=-a‘b*[(4b) +2(4b)(3a) + (3a)’ | = -a‘b*(4b + 3a)’
c. 8m? + 36m’n + 54mn? + 27n®
=(2m)* + 3.(2m)%.3n + 3.2m(3n)? + (3n)* = (2m + 3n)*

Vi du 2: Phan tich thanh nhén tir:

a. 4b%? —(b® + ¢ —a?)?%; .(ax+by) (ay+bx) .

5 6 5)2 -4(ab+2)%;  d. (4x® - 3x -18)% — (4x? + 3x)%.
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Giai
a. (2b+b? +c?-a%)(2bc-b? -c? +a?)
=[()+C)2 —asz:aZ —(b—c)z]
=(tl+c+a)(b+c-a)(a+b-c)(a-b+c)
b. (ax- by +ay + bx)(ax + by —ay — bx)
=(:+b)(x+y)(a-b)(x-y)

c. (a®-b*-5+2ab+4)(a’+b*-5-2ab-4)
=[t+b)’-1][(a-b)*-9]=(a+b+1)a+b-1)(a-b+3)(a-b-3)
d. (4x -3x-18 +4x? + 3x)(4x% - 3x - 18 —4x* - 3x)

= (& -18)(-6x —18) =[ 2(4x" - 9) |[-6(x + 3)] =-12(2x + 3)(2x - 3)(x + 3)
Vi du 3 Phan tich thanh nhan tur:
|:4a)Cd +(a® +b*)(c® + d2):|2 -4 [cd(a2 +b?) +ab(c? + dz)]2
(Bé thi vo dich todn vong II, Belarussia, 1958)
Gidi
Bié thirc ¢6 dang: A% - B?, trong d6
A =4abcd + (a® + b?)(c? + d?); B = 2cd(a® + b®) + 2ab(c? + d?)
Tao: A*~B*=(A +B)A-B)
A 4B =(a® +b?)(c? + d?) + 2cd(a® + b?) + 4abed + 2ab(c? + d?)
= (£ +b*)(c? +d? + 2cd) + 2ab(2cd + ¢? +d?)
= (+ d)*(a® + b* + 2ab) = (c + d)?(a + b)?
Twag tu nhu vay, ta phan tich dugc: A - B = (¢ —d)*(a - b)®
Cué cung taco: A* -B® =(a + b)2 (a- b)2 (c+ d)2 (c- d)2
Dang < Phén tich da thirc thanh nhéan tir bang phwong phdp thém
bota tich cdc hang tir
a. Phuag phdp tich mgt hang tie:
Vi du I Phan tich thanh nhin to: x* -6x +8
Giai
Ta 6 thé c6 nhiéu cach khac nhau dé tach cac hang tir:
Cda 1:
x2 6x+8=(x*-2x)-4x+8=x(x-2)-4(x-2)=(x-2)(x - 4)
Cda 2 ); —6x+8=(x*-6x+9)-1=(x-3)*-1

@)(-3-0)=(x-2)(x-9)

’ L nAl HOC ’)Hﬁ( f“tA HA NOI
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Cich 3: x> -6x+8=(x*-4)-6x+12=(x-2)(x+2)-6(x -2)
=x-2)(x+2-6)=(x-2)(x-4)
Cich 4:x* -6x+8 =(x>-16)—6x+24=(x-4)(x +4) - 6(x - 4)
=(x-4)(x+4-6)=(x-4)(x-2)
Cdch 5: x> -6x+8=(x>-4x+4)-2x+4=(x-2)* -2(x-2)
=(x-2)((x-2-2)=(x-2)(x-4)
Vi du 2: Phan tich thanh nhan tu:
a. x> —Txy +10y?%; b. a’®-5a-14.
Gidi
a. x°-T7xy+10y? =x? - 2xy — 5xy + 10y?
-X(x 2y)- 5y(x 2y) =(x-2y)(x - 5y)
b. a’-5a-14=a’+2a-Ta-14=a(a+2)-7(a+2)=(a+2)(a-"17)
Vi du 3: Phan tich thanh nhan ta:

a. 2m® +10m + 8; b. 4p® - 36p +56;
x® - 5x% - 14x; d. x’yz + 5xyz —14yz.
Gidi:

a. 2m?+10m +8 =2(m? +5m + 4)
= 2[(m2 +2m+1) +(3m + 3)] = 2[(m +1)% +3(m + 1)]
=2m+1)(m+1+3)=2(m +1)(m +4)

b. 4p®-36p+56=4(p®>-9p+14)
=4[(p*-4p+4)-(5p-10)|=4[(p-2)* -5(p-2)]
=4(p-2)(p-2-5)=4(p-2)(p-T7)

c. x°-5x?-14x=x(x*-5x-14)
= x[(x2 +4x+4)-(9x + 18)] = x[(x +2) -9(x + 2)]
=x(x+2)x+2-9)=x(x+2)(x-7)

d. x’yz+5xyz-14yz = yz(x* + 5x —14)
= yz[(x2 -4x +4) + (9x - 18)] =yz [(x -2)% +9(x - 2)]
=yz(x-2)(x-2+9)=yz(x-2)(x+7)

Vi du 4: Phan tich thanh nhéan tir: x* + 3x® -4

Gidi:
Ta tach cac hang tir cua da thuc trén bing phuong phap tim nghiém cua

da thuc. Ta nhic lai a 1a nghiém cua da thic f(x) néu f(a) = 0. Nl vay
néu da t c f(x) chira nhan tr (x — a) thi a phai la nghiém cua da thurc. Ta

l;'y ang néu da thirc trén c6 mdt nhan tir [a (x — a) thi nhén ttr con
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lai 14 x* +bx +c, suy ra —ac =—4, tirc 1a a phai la uéc cua —4. Tong
quat, trong da thirc voi hé sé nguyén, nghiém nguyén (néu c6) phai la
udc cua hang tir khong dbi. Ude cua —4 1a +1; +2; +4 . Kiém tra thay 1
la nghiém cua da thic. Nhu vay, da thic chira nhan tr (x — 1), do do6 ta
tach cac hang tir cua da thirc lam xuat hién nhan tir chung (x — 1).

Cichl: x*+3x"-4=x>-x"+4x"-4=x*(x-1)+4(x*-1)
=x'(x-D+4x-DE+D=x-D(x*+4x+4)=(x - 1)(x + 2)°

Cich2: x> +3x* -4=x"-1+3x*-3=(x-1DE*+x+1)+3(x*-1)
=(x-1DE+x+D+3x-DE+D)=(x-1Dx*+x+1+3x+3)
=(x-D(x*+4x+4)=(x-1)(x+2)*
Ta cling chu y réng néu da thirc ¢6 tdng céc hé s& bang 0 thi da thuc chira
nhan ti (X — 1), néu da thic c6 tong cac hé sb cua hang tir bac chin bing
tong cac hé sé cua hang tir bac 1é thi da thuc chita nhan tir (x + 1).

Vi du 5: Phan tich thanh nhan tir: 2x* -5x* +8x-3.

Giadi:

Cdch I: Cac s6 +1; +3 khong la nghiém cua da thirc, nhu vay da thirc
khong c6 nghiém nguyén. Nhung da thitc c6 thé ¢6 nghiém hitu ti. Trong

da thirc v6i hé s6 nguyén, nghiém hitu ti co dang E trong do6 p la udc
q

ctia hé sb tu do, q 1a uéc duong cua hé sb cao nhét (ban doc tu chimg
minh). Nhu vay nghiém hiru ti (n€u cd) cua da thic chi co thé 1a *1;

1 . 3 w3 £ T o~ -
5; 13; hodc +—. Sau khi kiém tra thay x =—;— l1a mot nghiém nén da

thirc chia nhén tir (x —%} hay (2x —1). Do d6 tim céch tach céc hang tir

s =

cta da thire dé xuét hién nhan tir chung (2x - 1).
2x% - 5x* +8x-3=2x3 - x? —-4x% + 2x + 6x -3
=x"(2x-1)-2x(2x -1) +3(2x -1) = (2x - 1)(x* - 2x + 3)
Cdch 2: C6 thé giai bai tap trén bing phuong phap hé sb bét dinh: Néu
da thurc trén phén tich dugc thanh nhan tir thi phai c6 dang:

(ax + b)(cx? + dx + m).
Phep nhin nay cho két qua: acx® +(ad + be)x® + (am + bd)x +bm.
(ac =2
ad+bc=-5
am+bd=8"
|bm =-3

2B 19
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C6 thé gia thiét ring a > 0 (vinéu a <0 thi ta d6i dau ca hai nhan tar), do

a6 {“:2
a=1

, b =+1

Xéta=2 = c=1,tac6 2d+b=-5; 2m +bd =8; bm =-3 :’[b e

Xét b=-1 = m=3; d =—2 théa man cac diéu kién trén.
Viay a=2;c=1;,b=-1;d=-2, m=3.
Ta c6: 2x° - 5x® + 8x - 3 =(2x - 1)(x* -2x + 3).
b. Phuwrong phdp thém bot ciung mjt hang tic:
Vi du 1: Phén tich thanh nhén tu:
a. a' +64; b. a! +4b2.
Giai
a. a'+64=(a%)®+8%+2.8a%-2.8a% =(a’ +8)* - (4a)’
=(a®+8+4a)(a’+8-4a)=(a®+4a+8)(a’-4a+8)
b. a*+4b* =(a?)? +(2b%)® +2(a®)(2b?) — 2(a®)(2b?)
=(a? + 2b%) - (2ab)? = (a® + 2b% + 2ab)(a® + 2b® — 2ab)
Vi du 2: Phan tich thanh nhén tr:
a. x°+x*+1 b. x®*+x+1 c. x*+x" +1
Gidi:
a X+x*+1=C +x* +x)-(x*-1)
=X +x+D)-E-DE*+x+D) =X +x+1)(x*-x+1)
b. A=x®*+x+1=(x®-xD)+(xX?+x+1)=x*x* -1+ (x*+x+1)
Taco: x°* —1=(x* +1)(x* -1) =(x* +1)(x - 1)(x* +x +1)
Thay vao A, duge: A=x*(x* +1)(x-1DE*+x+ 1)+ (x> +x+1)
= (x? +x+1)[x2(x3 +1)(x—1)+1] =(x2+x+DEE - +x*-x*+1)

c. X+x"+1=(x*-xH)+(x"-x)+(x*+x+1)
=(x>+x)(x*-1)+(x*+x+1)
=(xXZ+x)X +DE-DEE+x+1)+ (X2 +x+1)
=(x"+x+ 1)|:(1ic2 +x)(x° +1)(x—1)+1] = +x+1)(x° -x* +x° —x+1).
Chii y: Nguoi ta chumg minh dugc rang két quad trong cdc phan tic:h trén
dady la nhitng da thirc khéng thé phdn tich thanh tich cua nhitng da thirc
c6 bdc nhé hon nita. Néi riéng, tam thirc bdc hai ax’ +bx+c ikhéng
phdn tich dugc thanh nhan ti (1a nhj thicc bdc nhdt) néu A=b’ -4dac I
50 dm v khong phai la so chinh phuong.
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Vi du 3 Phan tich cac biéu thirc sau thanh nhén tir:
a. r’—6m’+11lm -6;
b. ¥ +6x* + 7x* —-6x +1; z. o #m® 1.
Giai:
a. m>-3m’-3m® +9m +2m -6
=n'(m -3)-3m(m - 3) +2(m - 3) =(m - 1)(m - 2)(m - 3)
b. x* 3x* +3x° +9x* —-x? - x* -3x-3x+1 ‘
Nhm cac hang tir thich hop dé c6 két qua: (x* + 3x - 1)’
¢. Then va bdt n’vao biéu thic va nhém cac hang tir thich hop:
Kéqua:(n? -n+1)(n? +n+1)(n* -n* +1)
¢. Phurng phdp dit bién phu:
Vi dyu : Phan tich thanh nhan tir: (x* + x)* + 4x” + 4x - 12.
Giai:
AX2+x)+4x +4x-12 =(x* +x)* +4(x* +x)-12
Diy=x'+xtadugc:A=y* +4y-12=y* +4y+4-16
=(+2) -4 =(y+2+4)(y+2-4)=(y+6)(y-2)
=2 +x+6)(xX*+x-2)=(x2 +x+6)(x-1)(x + 2).
Vi dy : Phan tich da thirc thanh nhan tir:  x(x + 4)(x + 6)(x + 10) + 128
Giai:
X(X + 4)(X +6)(x + 10) + 128 = (x* + 10x)(x* + 10x + 24) + 128
bz x* +10x +12 =y, da thirc di cho c6 dang:
(v —12)0(y +12)+128 = y> —16 = (y + 4)(y - 4)
(%% +10x +16)(x® + 10x + 8) = (x + 2)(x + 8)(x* + 10x + 8)
Nhin :ét: Trong vi du trén, nho phuong pha’p'dé'i bién, ta di dwa da thirc
tic bon doi voi x thanh da thuc bdc hai doéi voi y.
Vi dy : Phan tich da thirc thanh nhén tir: A = x* +6x° + 7x* -6x +1
' Giai:
Gi st x # 0. Ta viét da thirc dudi dang:

A=x2(x2+6x+7—g+—12—)=x2“x2+—}2—)+6(x—l)+7}
X X X X

1 < ,
b: x-—=y thi x2+—1—=y2+2.Dodo
X x?

Ajgzg+2+6y+7)—x”(y+3)2 = (xy + 3x)* '
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=[x[x -i)+3x]2 =(x*+3x-1)

Dang phan tich nay ciing dung véi x =0.
Cha y: C6 thé trinh bay 1i giai ctia vi du trén nhu sau:
A=x'+6x"-2x>+9x*-6x+1
=x* +2x2(8x-1)+ (3x -1)* = (x* + 3x - 1)
Vi du 4. Phan tich thanh nhan tir: x* —2xy +y’ +3x-3y-10.
Giai:
Viét da thic thanh x? -2xy +y? +3x -3y -10= (x-y)* +3(x-y) - 10.
bit x—y=u.Tacé:
u®+3u-10=u®-4+3u-6
=(u-2)(u+2)+3(u-2)=(u-2)(u+5)
Suyra x’ -2xy+y’ +3x-3y-10= (x-y+5)(x -y - 2).
Dang 5: Phén tich da thicc thanh nhén tir bing cdch phdi hop mhiéu
phwong phap
Vi du 1: Phan tich thanh nhan tir:
a. a® —a* +2a® + 2a? b. (a+b)® —(a -b)*
c. x*-3x*+3x-1-y
Gidi
a. a®-a*+2a®+2a’=a’(a*-a’+2a+2)
=a’(a+ 1)|:a2 (a-1)+ 2] =a’(a+1)(a® -a® +2).

b. (a+b)’-(a-b)’= [(:al+b)—-(a—b):|[(a+b)2 +(a+b)(a—b)+(a_~b)2]

=2b(a® + 2ab + b? + a® —b® + a® — 2ab + b®) = 2b(3a* + b?)
c. x°-3x2+3x-1-y’=(x*-3x?+3x-1)-y* =(x-1)* -y°
=(x—1—y)[(x—1)2+(x—1)y+y2]
=(x-1-y)(x*-2x+1+xy-y+y?)
Vi d 2: Phan tich thanh nhan tir:
a. 2x*(a+b+c)-dxy(a+b+c)+2y’(a+b+c)
b. x®* +x™* _x-1.
Gidi
a. 2x’(a+b+c)-4xy(a+b+c)+2y*(a+b+c)
= 2(at c)(x? —2xy + y*) =2(a + b+ c)(x - y)*
3

bA;ﬂ Cx—1=(x™ —x)+ (x™° - 1)
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=xx™ D+ (x™ -1 =(x+1)E""-1).
=CHD(x = D™ +x™ + .+ 1),
Vi du 3: Phan tich thanh nhan tr: (x+y +2)° -x* -y’ -2°
(Dé thi vé dich todn Iop 8, vong 1, Belarussia, 1952).
Giai

(x-y+z) -x*-y* -2° =[(x+y+z)3 —xﬂ—-(y3 +z%)

Apdung cac hing déang thic:

:(:+y+z—x)[(x+y+z)2 +(x+y+z)x+xﬂ—(y+z)(y2 —yz+2%)
:(;r+z)[x2 +y? +2% +2xy +2x2+2yZ + Xy + X2 + X° + x° — y* +yz—22]
= (7 +2z)(3x” + 3xy + 3xz + 3yz) =3(y + z)[x(x +y)+z(x+ y)]
=3x+y)Ny+2z)x+2)

Chii :Co thé bién déi nhu sau (x+y +2) —x* —y* - 2°

= {(x +y)+ z]a =43 - 23} +3x’y + 3xy”

=[5(x+y)z(x+ y+z)]+3xy(x+y)

=3x+y)(xz+2zy+2° +xy) =3(x+ y)(y + 2)(z + X)

Vi du 4: Phan tich thanh nhan ti: x° +y° + z° - 3xyz
(Dé thi vao lop 10 CT Lé Hang Phong, Tp HCM, 1988)
Giai
Cdch 1: Ap dung cac hing ding thirc:
(a-b)® =a® +b® +3ab(a + b);a® +b® =(a+b)(a? —ab + b?)

Tatuge: M =x® +y® +2° —3xyz

=(x+ y)3 +2° - 3xyz - 3x%y — 3xy?

=(:+y+z)[(x+y)2 —(x+y)z+z2]—3xy(x+y+z)

=(1+y+z)(x® +y® + 2% —xy - yz—2zx)

Cadch 2:

(x~y+z)3 =x’ +y® +2° +3xy(x +y +2) + 3xz(x +y +2) + 3yz(x + y + z) - 3xyz
Tuday ta co: x° +y° +2° - 3xyz

=@ +y+2z) —(x+y+2z)(3xy + 3yz + 3xz)

=(t+yaz)(x* +y® + 2> —xy - yz — xz)
ag°
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Vi du 5: Phin tich thanh nhan tir: (x +y)° - x°* -y°.
Giai
Khai trién: (x +y)° theo nhj thirc Newton, ta cé:
A=(x+yP -x° -y’
=5x'y + 10x3y? + 10x%y® + 5xy* = 5xy(x® + 2x%y + 2xy? + y*)
Ma x® +y® = (x + y)(x% --xy + y?); 2x%y + 2xy® = 2xy(x + y)
Do d6: A =5xy(x + y)(x? + xy + y?)

Vi du 6: Phin tich thanh nhén tir: A = (x* + y*)* +(2* - x*)° - (y* + 2*)".

(Dé thi vé dich todn Iop 8, vong I, Belarussia, 1957)
Gidi:

Cdch I: Bién d6i (x* +y?)® + (z* —x*)*theo cong thirc tdng cua hai lap
phuong, ta duoc: (y* + zz)[(x2 g )2 -(x* +y*)(2* -x*) + (2° - %° )?"}
Thay vao A, ta cé: A = (y* + z%).B . Trong d6:

B=[(x*+y") - (x" +y")(2* -x") |+ [ (2 - x*)* = (y* +2°)* ]
=[( +y*)(2¢ +y* =2) [+ (22 - X" +¥*) (=" =) | = (x* + *) (3% —32)
Viy: A =3(y? +z2%)(x* + y*)(x* - 2°)

Cdch 2: Chuy ring: y*+2z° =(x® + y?) + (z* —x?). Ta c6 thé giai dom gian

nhu sau: Thay (y* +«?)° = I:(x2 +y*) +(2° - ::2):|3 vao A, ta co:
A =—3(x2 + y2)2 (z2 —xz)-B(x2 + y2)(z2 —x"’)2
= 3(x2 + 3r2)(x2 —z"")(x2 +y? +2? —xz) = 3(x2 + yz)(x2 -—z"’)(y2 + zz‘)
Vi du 7: Phan tich thanh nhan tir:
A=3abc+a’(a-b-c)+b’(b-a-c)+c*(c-a-b)-c(b-c)(a-c)
Giai
Truéc hét, ta bién déi:
B=3abc+a’(a-b-c)+b’(b-a-c)+c*(c-a-b)
=3abc+a® +b® +c® —a’b-b%a-a’c-b%c-c’a-c’b
=ang)+ b%(b—a) +c(2ab—a% - b%) + c(c® — bc —ac + ab)
(a? -b*)-c(a-b)* +c(c-a)(c—b)

A -BDHSGTS-



=ﬂ—b)2(a+b—c) +c(b—c)(a—c)
A:B~c(b—c)(a-c)=(a—b)2(a+b—c)
Vi éu': Phan tich da thirc sau thanh nhan tir: a'® +a®°b® + b'®
(Dé thi hoc sinh gioi cdp IT mién Bic, 1967)
Gidi
P-a' +a®b® +b'® =(a®)® + 2a°b® + (b*)* —a°b®
=a® +b%)? —(a'b*)* =(a® + b® +a'b*)(a’® + b® —a'b?)
Tip tuc phan tich nhan tr (a® +b® +a‘b*) theo cach thém bot trén ta
duc: a® +b® +a'b* =(a* +b* +a’b?)(a’ + b* —a’b?)
Le phantich a* + b* +a’b’ thanh nhén tir theo cach trén ta co:
a‘+ b* +a’b’ =(a’ + b? +ab)(a® + b® —ab) . Két qua:
P:(a8 +b® —a“b“)(a" +b* —:12b2)(a2 +b? —ab)(a2 +b% + ab)
Vidu’): Phan tich thanh nhén ti: P =ab(a-b)+bc(b-c)+ca(c-a)
| - Gidi:

Cadch ': Khai trién hai hang tir cudi:

P-ab(a-b)+bc(b-c)+ca(c-a)=ab(a—b)+b’c +c’a—ca’-bc’
:ab(a-b)+c’(a-b)-c(a+b)(a-b)
:(a—b)[a(b-—c)—c(bmc)]=(a—b)(b—c)(a—c)

Cdch’: Tach (b—c) thanh —[(a-b)+(c-a)]
P-ab(a-b)+bc(b-c)+ca(c—-a)
=!.b'(a—b)—bc[(a—b)+(c—a)]+ca(c—a)
= (m-b)(a-c)+c(c-a)(a-b)=(a-b)(a-c)(b-c)

Dangs: Sie dung phin tich thanh nhan tir dé gidi phiong trinh bdc cao
Vi du Giai phuong trinh: 2x® +7x® + 7x+2=0

Gidi:
Bin ddi phuong trinh thanh: (x + 1)(x + 2)(2x +1)=0.
Phrong trinh c6 ba nghiém: x, =-1; x, =-2; x, = ——;— ;

Dang7: Sir dung phan tich thanh nhén tiv @é giai cdc bai todn khdc
Vi dyl: Phan tich thanh thira s6: A = 2a?b? + 2b%?® + 2a%?% —a* - b* —c*.
Ch nh ring néu a, b, ¢ 1a ba canh cua tam giac thi A > 0.
A ) @ (Dé thi vio chuyén todn mién Bdc, 1979)
GTS-
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Gidi:
Thém baét cac hang tir thich hgp va nhoém cac hang tur:
A =4a’b? —(a* + 2a’b? + b*) + (2b%c? + 2a%c?) - ¢*
E (2:;1[:))2 - I:(a2 +b?)? —2c%(a® +b?) + c‘] = (Zab)2 - [(a2 +b?)-c’ ]2
=(2ab + a? + b% —c?)(2ab-a’ - b® +c?)
=(a+b+c)a+b-c)(c-a+b)(c+a-b)
Néu a, b, ¢ 1a céc canh ctia tam giéc thi a>0,b>0, ¢ >0 va cic nhan tuf cla
. biéu thirc déu duong ( theo cac bat ding thirc vé cac canh trong tam giac) nén
A>0.
Vi du 2: Chimg minh ring véi moi s6 duong a, b, ¢ ta co:
a’(b+c-a)+b*(a+c-b)+c*(a+b-c)<3abc
(Pé thi vé dich todn Uc, 1971)
Gidi
Vi vai ub’cﬁg a, b, ¢ 1a nhu nhau, nén cé thé gia thiét: a>b=c¢>0.
Co the thay rang phai chimg minh: B 20, voi
B=3abc+a®+b®+c® -a’b-b’a-a’c-b’*-cla-c’b
=a’(a-b)+b%*(b-a)+c(2ab-a® - b?) +c(c* —bc —ac + ab)
=(a-b)@@® -b*)-c(a-b)’> +c(c-a)(c-b)
- =(a-b)’(@a+b-c)+c(b-c)a-c)
Viy B=(a-b)’(a+b-c)+c(b-c)(a-c)
Do gia thiét a>b>c,c >0, tir 46 suy ra diéu phai chimg minh.
Vi du 3: a) Phén tich ra thira s6: A =a* -6a’® + 27a® - 54a + 32
b) Tir két qua céu trép suy ra rﬁn'g biéu thirc:n* —6n® + 27n% —54n + 32
lu6n luon la so chdn véi moi sO nguyén n.
(Dé thi vao I6p chuyén todn mién Bic, 1975)
Giai:
a) Tacé:a=1=A=0=>A:(a-1)
a=2=>A=0=>Ai(a-2).Vay Ai(a-1)(a-2)
Thuc hién phép chia A cho (a -1)(a-2) ta cé két qua:
A=a'-6a’+27a®>-54a+3a=(a-1)(a-2)(a’>-3a+16)

Cha y: Co thé phén tich theo phuong phap nhém sé hang va st dung cac
hang d{mg thirc.
b) Theo két qua phén a), ta co:
-6n®+2™M?-54n+32=(n-2)(n -1)(n® - 3n +16)

\ﬁn 1 1a hai s nguyén lién tlep, chic chin phai c6 mot s «chia

h& c‘h&a

g
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V7 dud: Cho biét a+b+c =0, chimg minh rang;
(' +b* +c*)? =2@a* +b* +¢*)
Giai
a-b+c=0=>a=—-(b+c)=>a’-b?-c*=2bc
—=a'+b* +c! =2(a’b? + a%c? + b%c?)
Cing a' +b* +¢* vao hai vé cua dang thic cudi nay ta duoc dpem.
Vidu$§: Chimg minh ring néu a+b+c=0 (1) thi a’ +b* +¢’ =3abc. (2)
P10 lai, néu c6 (2) thi ¢6 (1) khong?
Gidi
Trong bai trén, ta da chimg minh ring:
a +b’+c’-3abc=(a+b+c)a’+b?+c?-ab-ac-bc)
Do d6, néu c6 (1) thi a® +b® +¢® —3abe =0, tirc (2). Pao lai, khi ¢6 (2)
th tacé: a+b+c=0 (1) hodc a’+b® +c* —ab-ac-bc=0 (3). Tu (3)
tacoa=b=c(4). Viynéucod (2) thisuyra a+b+c=0hodca=b=rc,

nghia la: (h=H(C)
(2) =>(4)

Vi du6:
a.Chimg minh ring tir ding thirc:
(}.—y)2 +(y—z)2 +(z—x)2 =(1n:+y—22)2 +(y+z—2x)2 +(z+x—2y)2ta
sSyrax=y=z.
b.Chimg minh ring néu:a’ +b? +c? =ab+bc+ac thia=b =c.
Gidi
a. Addung hang dang thic vé binh phuong da thirc, ta dua vé phai ve:
3:(x ~y) +(y-2) +(z —x)z} . Tir day suy ra:
(>- y)2 +(y-2)"+ (z—-x)2 =0. Diéu nay xay ra khi va chi khi:
X-y=y-z=z-x=0ticx=y =z
b. Tleo gia thiét: a? + b? +c? =ab + bc +ac
Tico: a® +b® +c® —ab—ac-bc=0
Sty ra: (a® —2ab+b?)+ (b? —2bc +c?)+(a® -2ac+c?) =0
(¢-b)’ +(b-c) +(a-c)*=0.
?ﬁiﬁéy rakhi vachikhi a-b=b-c=a-c=0,tiicla a=b=c.
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Vidu 7: a. x, y, z lién hé véi nhau bai cac dang thic:
x? —y=a;y? —z=b;2? —-x = c. Tinh gia trj ctia biéu thirc:
P=x*z-y)+yx-2)+2%(y - x%) + xyz(xyz — 1)
b.Cho x+y =a,x> +y? =b,x’ + y* =¢ . Chimg minh ring a’ -3ab+2c =0
Giai
a. Phan tich P thanh nhén tir:
P=x° (z—y2)+y3 (x—z2)+z3 (y—)|:2)+1r{2yzz2 - Xyz.
= y*2? (x2 - y) -z (x2 - y) - xy? (x2 - y) + xz(x2 - y)
= (x2 = y)(yzz2 -z —xy* + xz) = (x2 - y) [y2 (z2 -x)- z(z2 - x)]
= (x2 - y)(z2 - x)(y?‘ - z) = abc
b. Tacé:A=a>-3ab+2c =(x+y)3 —3(x+y)(x2 +y2)+2(x3 + y3)
Ap dung cac hing ding thirc dang nhé, dat nhan tir chung va rit gion ta
dua biéu thirc vé dang: A =(x+y).0=0
Vi du 8: Ching minh ring néu a, b, ¢ la ba s6 thoa man hé thirc:

l+l+l= - thi hai trong ba sé d6 phai la hai sé déi nhau.
a b ¢ a+b+c
Giai
1 1 1 1 bc +ca +ab 1
SeAle Pt Satp = =
a b ¢ a+b+c abc a+b+c

= (bc+ca+ab)(a+b+c)=abc=>(bc+ca+ab)(a+b+c)—abc=0

=(a+b)(b+c)(c+a)=0

=a+b=0(a=-b) hodc b+c=0(b=—c) hoic c+a=0(c=-a)
Vi du 9: a. Xac dinh céc gia trj ctia a, b va ¢ dé da thic

P(x)=x‘+ax’ +bx+c chia hét cho (x—3)3.
b. Xac dinh cac gia trj a, b sao cho da thuc:

Q(x)=6x*-7x’+ax” +3x+2 chia hét cho da thicM(x) =x* -x +b
c. Xac dinh a, b dé P(x)=x® + 5x* —8x +a chia hét choM(x)=x% +x +b.

Giadi
a. Chia P(x)cho (x—3)3ta dugc thuong 1a x +9 vadula
( )—(a+54)x2+(b—216)x+243+c.
l x#%3) :>R(x) 0. Cho ta:

é.ﬁaft54==ﬁ':>a=—54b 216=0=>b=216;c+243=0=>c =-243.
: :,.;ihr)
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b. Cha Q(x) cho M(x) ta duoc:
Thoong 6x*> —x+(a—6b—1); Du (a—5b+2)x + (-ab + 6b* + b + 2)
Tirtiéu kién Q(x):M(x) suy raza—5b+2 =0 (1)
~a+6b’> +b+2=0 (2). Tinh a tir (1) theo b, thay vao (2)
b? 3b+2=0=>(b+1)(b+2)=0 chota b=-1=a=-7
be—d e g ]2
Vi du 0: Hay xac dinh céc sb a, b, c dé co dfmg thuec:
x*-ax’ +bx—c=(x-a)(x-b)(x-c)
o . Giai
Ha khai trién ve phai va dong nhat hé so cua cac hang tir cung béc.
ath+c=a (1); ab+bc+ac=b (2);abc =c¢ (3)
c=0
ab=1
TH: Voic=0,tacob=0vaacé thé lay tiy y.
TR: Vaiab = 1, thay vao (2) dong thoi thay ¢ = -b ta co:
b=-1
b=0

(1):>b+c:O<:>b=—c;(3)<:>c(ab—1):0c{

ab-b2—ab:b<:>b(b+1)=0c>|:

a."¢ib =0 ta trd vé truong hop 1.
b.¢ib=-1tacoc=1vaa=-1.
Vidy 1: Tabiét ring: (1) a° +b° =(a+b)3 —3ab(a+b)
Chng minh rang (1) = (2) = (3) = (4)
V¢
(2)a*+b*+c* =(a+b+c) -3(@+b)b+c)c+a)
(3)Néu a+b+c =0 thi a*+b*+c* =3abc.
(4)Néu a+b+c+d=0thi: a’ +b’ +¢’ +d’ =3(ab—cd)(c +d)
Giai
Chng minh (1) = (2):
Ta:6 trong (1) thay b boi b + c:
a’-(b+c)’=(a+b+c)’ -3a(b+c)a+b+c)
Thy (b+c)’ theo (1)

a®-b® +c? :(a+b+c)3 -3(b+c)[bc+a(a+b+c)
‘ (a+b)(c+a) l
Chng minh (2) = (3): Thaya+b+c=0,
a-b=-c,b+c=-a,c+a=-b vao ve phai cua (2), taco (3)
Chmg sfitnh (3) = (4): Thay ¢ boi ¢ + d vao (3)
é
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a’ +b’ +(c+d)’ =3ab(c+d)
a®+b® +c® +d°* =3ab(c+d)-8cd(c+d) =3(ab—cd)(c+d)

Vidu 12: Choa,b,claba s6 phan biét; ching minh rﬁng:
a'(b-c)+b*(c-a)+c'(a-b)=0.

Giai:

S=a*(b-c)+b*(c-a)+c'(a-b) =a'b-a‘c+bc-b'a+c'(a-b)
=(a—b)|ia3 (b-c)+a’b(b-c)+ab (b—c)—c(b3 —ca)]
=(a—b)(b—c)[a3 —c®+b(a® -¢?)+ D’ (a—c)]
=—(a—b).(b—c)(c--a)(a2 +b* +c* +ab+bc +ca)

=%(a—b)(b —c)(a —c)[(a +b)" +(b+c) +(c+ a)z}

Doa,b,clabasb phan biét: a# b, b#c,c#a, nén S0, dpcm.
Dang 8: Sir dung dinh ly Bezout vao phin tich da thirc thanh nham tir
Vi du I: Phan tich thanh nhén tir da thic sau: f(x)=x’-x’-14x+24

Gidi

Ta thir van dung dinh l)'J'Bezout

Budc 1: Thir x = 2 ta thay: ,

f(2)=2’-2%-28+24=0. Vay 2 1a mjt nghiém cta f(x). Theo hé& qua

cta dinh ly Bezout thi f(x) chia hét cho x — 2.

f(x)=(x-2)p(x).

Buoc 2: Thyc hién phép chia f(x) cho x - 2.

X’ —x?-14x+24

x> —2x? =
- x*+x-12
x2 -14x + 24
x’-2x
-12x+24
-12x+24
0

Viy f(x)=(x-2)(x* +x-12)
Budc 3: p(x) =x* +x-12 ¢6 p(3) = 0 tirc 1a x = 3 12 nghiém cua p(x’).
Vay p(z%ghia hét cho x - 3.

i
%
Bl &
s
A
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xz+x—12 x—3
o x+4
4x -12
4x —12
0

p(=(x-3)(x+4). Vay f(x)=(x-2)(x-3)(x + 4)
Vi du : Phan tich thanh nhin tir: f(x) =x® +4x® + 4x+ 3.
Giai
Hag tir doc 1ap 6 céc ude sb +1,43 . Ta chi thu trong bon sé 1,43 ma
thé. f(+1)=12, f(-1)=2, f(3) =78, f(-3) =0.
V4 f(x) chia hét cho x + 3. Chia f(x) cho x + 3.
(x+4x° +4x+3):(x+3)=x>+x+1
Va: x®* +4x® +4x+3=(x+3)(x* +x+1)
V{ du : Phan tich thanh nhén tu:
a 3-7x-6; b. x* -19x - 30;
c. ’—6a®+11a-86.
Gidi
a. Cdc. I:
xX-Tx-6=x"-x-6x-6=x>-x-6(x+1)
=3x’ - 1)-6(x +1) =(x + 1)[x(x —1) - 6]
=(+1)[x*-x-6]=(x+ D[ (x’ +2x - 3x-6)]
=+ D[x(x +2) - 3(x +2)] = (x + 1)(x + 2)(x + 3)
Cdch > Ap dung dinh ly Bezout:
b3 f(x) = x* - 7x - 6, ta thiy f(—1) = 0 nén — 1 12 mot udc cua f(x).
V4 f(x) chia hét cho (x + 1). Tacé: f(x)=(x +1)(x% —x —6)
Tahdy x =-21a nghiém cua x> —x—6ta suy ra dugc:
x?-x—6=(x+2)(x-3). Két qua: f(x)=(x+1)(x+2)(x-3)
b. Cdc 1:
x*-19x - 30 = (x* - 9x) - (10x + 30) =x(x* -9)-10(x + 3)
2 -3x-10)=(x + 2)(x + 3)(x - 5).
ung dinh ly Bezout:
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‘Bai tgp vin dung
1. Chung minh ring tir dang thirc:
(y—z)2 +(z~-x)2 +(x-—y)2 =(y+z-—2x)2 +(z+x—2y)2+ (x+y-22)" (1)
Tasuyra: x=y=z
2. Tinh tong: (S -2b)(S-2c) +(S-2c)(S-2a)+(S-2a)(S-2b) trong d6
S=a+b+c
Phén tich thanh nhan tir: (xy +1)" =(x+y)’.
Phén tich thanh nhan tir: (a+b+c)’ +(a+b—c)’ -4c’.
Phan tich thanh nhan tor: a(b® —c?)-b(a? —c?) + c(a? - b?).
Phan tich thanh nhén tir: ab(a—b)+bc(b—c)+ac(c-a).
Phén tich thanh nhén tir: ab(a +b)+bc(b+c)+ac(a+c)+2abe.
Phan tich thanh nhan tir: a(b® —c®)+b(c® —a®)+c(a® -b®).
Phén tich thanh nhan tir: a®(b? —c?) + b3(c? —a?) + c¥(a? - b?).
10. Phan tich thanh nhan tir: a® + b? + ¢® — 3abe.
11. Phén tich thanh nhan tir: (a +b+¢)®* —a® —b® —¢?.
12. Phén tich thanh nhin tir: x* -2x-35.
13. Phén tich thanh nhin tr: 9x* +6x -8
14. Phan tich thanh nhan tir: 4x* -3x 1.
15. Phan tich thanh nhan tir: 6x* -11x%+3.
16. Phan tich thanh nhan tir: x* - 7xy +12y°.
17. Phan tich thanh nhan tir: x* -2xv+y?+3x-3y-10.
18. Phén tich thanh nhén tir: 2x® —12x? +17x-2.
19. Phin tich thanh nhén tir: x* —=3x+2.
20. Phan tich thanh rhan tir: x° +3x? +6x+4.
21. Phan tich thanh nhén tir: x* +9x? +26x +24.
22. Phén tich thanh nhan tir: 2x* —5x? +8x -3.
23. Phan tich thanh nhin tir: 3x° —14x> +4x + 3.
24. Phan tich thanh nhan tir: a’ +a+1.
25. Phén tich thanh nhan tir: a’ +a +1.
26. Phan tich thanh nhan tir: (1 + x?)? - 4x(1 - x?).
27. Phan n’bh thanh nhén tir: x* +6x’ +11x* +6x +1.
28. Tim so yen a sao cho da thirc (x +a)(x-5)+2 phén tich dugc tthanh

! ﬂ +¢) v6i b, ¢ 13 cac s6 nguyén.

g [ oA 0N g T8
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29. Tm s6 nguyén m sao cho (x + m)(x + 5) + 3 phan tich dugc thanh
(++ a)(x + b) vai a, b la cac s6 nguyén.

30. Phn tich da thirc thanh nhan tir; 3x? -8x +4 .

31.
32.
33.
34.
35.
36.

Phn tich da thac thanh nhan tu

Phn tich da thirc thanh nhan tur:
Phn tich da thic thanh nhan tu:
Phn tich da thirc thanh nhan tur:

Phn tich da thirec thanh nhan tu:
Phn tich da thic thanh nhan t:

3x* -7x*+17x -5
4x* + 81

64x* +y*

x*+x-1

X' +x’-1

:x' -6x° +12x% —14x+3

37.

38.
39.

Cb a+b+c=0.Rut gon biéu thirc: M =a® +b® +c(a® + b?) —abc

Phn tich da thirc sau thanh nhan tir; (x - y)® +(y -2z)® + (z - x)°

Phn tich cac da thuc sau thanh nhan tur:

8C+y+2)P° —(x+y)P —(y+2)P® -(z+x)°

Phn tich da thirc sau thanh nhan t: P =x*(y -2) + y*(z-x) + 2> (x - y)
Phn tich thanh nhéan tu:

a.ib(a+b)—-be(b +c)+ac(a-c)

b.a(b? +c?) +b(c? +a?) +c(a’ + b?) + 2abc

<. a+b)@®-b?)+(b+c)b?-c*)+(c+a)(c® -a?)
dA*(b-c¢)+b%(c-a)+c’(a-b)

€.1°(c-b?)+ b*(a-c?)+c*(b-a?)+abc(abc - 1)

Cimg minh ring néu a® +b® +¢® =3abc va a, b, ¢ la cac s6 duong thi
a:b=c.

Cimg minh réng néu a‘ +b* +c*+d* =4abed va a, b, ¢, d 12 cac sb
«dong thi a=b=c'=d.

(Cirng minh rdng néu m =a+b+c thi:

(an + bc)(bm + ac)(cm + ab) = (a + b)*(b +¢)? + (c + a)?

(Cb a®+b? =1, ¢ +d® =1, ac+bd =0. Chimg minh ring ab+cd=0.

40.
41.

42.
43.

44.

45.
46

see

5 v6i n chit s6 9 & tir va n chit s6 9 & mau (n 1a

. Rt gon phan s6:

:sdur nhién)

47. ‘Tih sb tri ciia phan thirc sau bing cach nhanh nhat:
3 _ 2 _
98 —ard ysia=102.
a—-7a" +14a-8
. 1981 -1980 1981° -1980°

. ay - =
1981 + 1980 1981° +1980

48. fS(néE hon
Aém-
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107 +1 10% +1 5

49. S6 nao 16n hon;: ————— ha
109% 11 Y oW 4

50. Tim gia tri ctia a+lb) néu 2a’+2b’=5ab va b>a>0.
a—
51. Chimg minh ri‘ing néu: ¢ +2(ab-ac-bc)=0; bzc, a+b=#c thi
a’+(a-c)® a-c

b2 +(b-c)® b-c

(x* +a)(1+a)+a’x? +1
(x> -a)(1-a)+a’x?+1
thirc trén khong phu thudc vao x, c6 nghia vdi moi x va a.
53. Chimg minh ring néu: x =by+cz (1); y=ax+cz (2); z=ax +by (3)
1 1 1

52. Rut gon phén thirc sau: . Chimg minh rang phén

va Xx+y+z#0 thi + + =2
. l1+a 1+b 1l+c
54. Thuc hién phép tinh:
1 1 1

-+ ac—H—be)  (c—a)(l? +ab—c*—a0) (a—b)i@ +bo—al—ah)

Hudng dén va dip so
1. (1)<:>[(y+'z-—2x)2—(y—z)2]+[(z+x—2y)2—(z—x)2]
+[(x+y—2z)2—(x—y)2]=0(2).
Hang tir thir nhét: (y+z-2x)2 —(y-z)2 =4(y-x)(z-x)
Ta nhin thdy néu hoan vj vong y &z — x — y thi tir hang tir thiy nhét
ta c6 hang tir thit hai, va tir hang tir thit hai, ta c6 hang tir thit ba.
Do d6: (z+x—2y)2—(z—x)2 =4(z-y)(x-y)
(x+y-—2z)2-(x—y)2=4(x—z)(y—z).B6’i vay:
(2)e=4(y-x)(z-x)+4(z-y)(x-y)+4(x-2z)(y-2)=0
o 2x® + 2y® + 22° —2xy - 2yz-2x2 =0
¢:>(x—y)2+(x—z)2+(y—z)2=0:>x-—y=x—z=y—z=0:>x=y=z
2.(S-2b)(S-2c)=(a-b+c)(a+b-c)=a’~(b—c)’ =a? —b? —c> +2bc(l).
Hoan vi vong b—>c—>a — b, ta duge:
(S 2c)(S-2a)=b* —c* —a® +2ca(2)

a)(S-2b)=c®-a’ - b® +2ab(3).
), (3) ta suy ra két qua: —a’ —b’> —c? + 2ab+2bc + 2ca
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3. (XY+1)2‘(X+Y)2 =(xy+1+x+y)(xy+1-x-y)

=(x+1)(y+1)(x-1)(y-1)

4. Cichl: (a+b+c)+(a+b-c) -4c?
=(a+b)2+2c(a+b)+cz+(a+b)2—2c(a+b)+c2—4c2
=2(a+b)?!-2c*=2a+b+c)a+b-c)

Cdch 2: (a+b+c)® +(a+b-c)®-4c?
=(a+b+c)’+(a+b-c+2c)(a+b-c-2c)
=(a+b+c)¥+(@a+b+c)a+b-3c)
=(a+b+c)(a+b+c+a+b-3c)=2(a+b+c)a+b-c)

5. Cdch 1: Khai trién hai s6 hang cudi:

a(b? —c?)-b(a® —c?) +c(a® - b?)

=a(b® -c?)-a’b+bec? +a’c—b%c =a(b?-c?)-a’(b-c)-be(b-c)
=(bZc)(ab+ac—-a’ —be) =(b—c)c(a—b)—a(a-b)]
=(b-c)(a-b)(c—a)

Cdch 2: Nhén xét (a’ —c?) c6 thé tach thanh (b® -c?)+(a® -b?) nén:
a(b? -c?)-b(a® —c?) +c(a® - b?)

=a(b’ —c’)-b[ (b’ -c*) + (@’ - b*) |+ c(a® - b*)

=(b? -c’)(a-b)-(a’ -b*)(b-c)=(b-c)(a-b)l(b+c)-(a+b)]
=(b-c)(a-b)(c-a).

6. Viét (b —c) dudi dang {(a —b) + (c - a)].
bap s6: ab(a-b) + be(b-c)+ac(c—a)=(a-b)a-c)(b-c).

7. ab(a +b)+be(b+c¢)+ac(a+c)+ 2abce
=ab(a + b) + b%c + be? + a’c + ac® + 2abc
=ab(a + b) +c(a + b) + c(a® + b® + 2ab)
=(a+b)(ab+c?+ca+cb)=(a+b)b+c)c+a)

8. Chuy: c®-a®={(@1*-c*) +(a®-b%)].

Pap sb:
a(b®> -c®) +b(c®* —a®)+c(a® -b*)=(a-b)(b-c)(c—a)(a+b+c)
9. Pap sb:

ﬁzﬁ) +b3(c? -a?)+c*(@’*-b?)=(a-b)(b-c)(a-c)(ab+bc+ca)
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10. Viét a’ +b® dudi dang (a +b)® — 3a’b —3ab?. Do dé:
a® +b® +¢* —3abc = (a + b)® + c® —3a’b — 3ab® — 3abc
=(a+b+c)[(a+b)2—c(a+b)+c2]—3ab(a+b+c)
=(a+b+c)[a2+b2+02—ab—bc—ca]

11. Ap dung hing ding thirc (x +y)°> =x* +y® + 3xy(x + y) , ta cé:
(a+b+c)®-a®-b*-¢?
=(a+b)®+c®+3c(a+b)a+b+c)-a’*-b*-¢*
=a®+b® +3ab(a+b)+c®+3c(a+b)a+b+c)-a’-b*-¢?
=3(a+b)(ab+ac+bc+c?)=3(a+b)(b+c)a+c).

12. Ba s6 hang cua da thirc khong c6 thira sé chung ciing khong lap thanh
binh phuong mdt nhj thic. Do d6 ta nghi dén viéc tich mot s§ hang
thanh hai dé tao thanh da thirc c6 4 s hang. Cé nhiéu cach tach s hang
trong d6 hai cach sau 1a thong dung nhét:

Cdch 1: Tach s hang cudi dé cing véi 2 sé hang déu tao thanh binh phwrong

mét nhi thirc, rdi dua vé dang hiéu hai binh phwong:

x’-2x-35=x"-2x+1-36=(x-1)’ -6
=(x-14+6)(x-1-6)=(x+5)(x-7)

Cich 2: Tich s hang gita thanh hai s6 hang rdi ding phuong phép mhém
céc s6 hang va dit thira sd chung 1am xuét hién thira sé chung méi:
x2-2x-35=x2+5x-Tx-35=x(x+5)-T(x+5)=(x +5)(x - 7)

13. Cdch I: 9x®> +6x-8=(3x)’+2.3x+1-9=(3x+1)* -3

=(Bx+1-3)Bx+1+3)=(38x-2)(3x +4)
Cdch 2: 9x* +6x -8 =9x® -6x+12x - 8
=3x(3x-2)+4(3x-2)=(3x-2)(3x + 4)

Chi y: Cdch tich sé hang giita thanh hai sé hang chinh la dwa vao /hdng

ddng thirc: mpx? + (Inq + np)X + nq = (mx + n)(px + q)
Nhu vdy trong tam thirc ax* +bx+c, hé s6 b dugc tdch thanh b, +b,
sao cho bb, = ac. Trong thuc hanh, ta lam nhu sau:
1. Tim tich ac.
2. Phdngich ac ra tich 2 thira sé (nguyén) bang moi cdch.
thita sé ma tong béng b.
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Vi lu trong da thirc 9x* +6x—8 thia=9;, b=6; c=-8.
Buwc I: Tich ac=9.(-8) =-72
Buwc 2: Phan tich ~72’ ra tich 2 !hz‘ta‘sé' (nguyén) trong dé thira sé
durng co gia tri tuyét doi lom (dé tong banz 6) duoc:
(-).72=(~2).36 = (-3).24 = (-4).18 = (-6).12 = (-8).9
Busc 3: Chon hai thira s6 ma tong bang 6. D6 la—6 va 12.
Net lam theo cdch 2 trong truong hop tam thite ax’ +bx +c ¢d b la sé
lé 10dc a khong la binh phuong cua mot $0 nguyén.
14. 4x -3x-1=4x*-4x+x-1=4x(x-1D+(x-1)=(x-1)(4x +1)
Citi y: Ciing c6 thé nhian xét da thuc c6 tdng cac hé sb bang
4-3-1=0 nén chira thira sb (x - 1). Do d6 tach s6 hang lam xuat hién
thra s chung (x - 1).
15. Da so: (3x* -1)(2x* - 3).
16. D4 sb: (x - 3y)(x - 4y).
17. Vit da thirc thanh (x-y)* +3(x-y)-10. Dat x-y=u, phan tich
u+3u-10ra (u+5)(u-2). Papsd: (x-y+5)(x-y-2).
18. 2x -12x* +17x-2=2x" - 4x* -8x* +16x + x - 2
=x3(x-2)-8x(x-2)+ (x-2)=(x-2)(2x* -8x + 1)
Chit y.Tam thirc (2x* —8x +1) khéng phdn tich ra thira sé duoc nita.
K# phan tich theo cdch 1, sau khi dwa tam thicc ax’ +bx +c vé dang
a(? —k), néu k cé dang m* (véi m hiru ti) thi tam thikc phdn tich tiép
dwec ra thz:ta $0, néu khong cé dang trén thi khéng phdn tich dwoc (trong
phm vi so hiru ti). Khi phdn ’n'ch theo cdgh 2, sau khi tt’r’zh tich ac va
phin n"ch ac ra tich ha‘i thiea so (nguyén) bang moi cdch, néu khéng co 2
thuaa s6 nao ma tong bang b thi khong phan tich tiép duoc.
V6 tam thuc trén, ta co:

2x* —8x+1=2(x2 —4x+4—%)=2[(x—2)2 —%:l

Wi% khong la binh phuong ctia sé hitu ti ndo nén khéng phdn tich duoc
ttar thirc ra thita s6. Con néu tinh tich ac, ta dwoc 2. Phdn tich thanh tich
2 nira s6 cing dm, ta c6: (~1) (=2). Khong cé 2 thira sé nao cd tong
tbag —8. Nhur vdy, khéng phdn tich tiép tam thirc trén ra thira sé dwoc. Lam
lthcnao dé tdch cdc s6 hang cva da thirc (2x° —12x* +17x — 2) nhu trén?
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Trucdc hét, ta kiém tra xem da thitc c6 chira thita s6 x—a khéng, tic la
tim s6 du khi chia da thirc cho x —a. Theo bai 13, s6 du d6 bdng 56 tri
ciia da thirc khi x = a. Nhu vdy néu thay x bang a ma so tri da thirc bang
0 thi khi phdn tich ra thita sé dd cé mot thira s6 la x—a. Do d6 ta sé
tach cdc sé hang cua da thirc 1am xudt hién thita s6 chung x —a. Gid tri
X =a dod con goi la nghiém cua da thirc (nghiém cua da thiuc P(x) la gid
tri ciia x lam cho s6 tri da thirc bang 0).

Trong mt da thirc vdi hé sé nguyén, nghiém nguyen (néu co) phdila woc
56 ciia s6 hang tw do. Do d6 chi can xet a la uéc 56 ctia s6 hang tu do. Vi
du déi véi (2x® -12x* +17x - 2), s6 hang tu do la -2, cdc uoc cua mo la

+1; +2. VGi x =2 thi s6 tri da thirc bang 0, do d6 ta tdch cdc sé hang
cua da thirc d6 xudt hién thira sé chung x—2.
19. Cdch 1: Vi tong céc hé sb bing 0 nén da thirc chira thira s x -1 . Do dé:
x*-3x+2=x*-1-3x+3
=(x-DE*+x+1)-3(x-1)=(x-1)(x*+x-2).
Tiép tuc phén tich (x* +x-2) =(x-1)(x + 2).
Két qua: x° —3x+2=(x-1)%(x+2).

Cdch 2: Nhan xét voi x =2 thi sb trj da thirc bang 0 nén da thic chira
thira s6 x +2. Do dé:

X -3x+2=x*+8-3x-6=(x+2)(x* -2x+4)-3(x+2)
=(x+2)(x*-2x+1)=(x+2)(x -1)%.

20. Cdch 1: Vi téng cac hé sb cua liy thira bac lé ddi véi x bing tong ciéc hé
s cta lily thira bac chin d6i véi x (1+6 =3 +4). Do dé:
x* +3x2+6x+4=x>+1+3x*+6x+3
=xX+DE*-x+1D)+3x*+2x+1D)=(x+1)(x* -x+ 1)+ 3(x + 1)
=(x+1D)(x®*-x+1+3x+3)=(x+1)(x* +2x + 4).
Cdch 2: x* +3x®> +6x+4=x>-8+3x+6x+12
=(x-2)(x* +2x+4)+3(x? +2x+4) = (x +2x + 4)(x + 1)

21. Bién ddi da thic x® +9x? +26x+24=x° +9x? +27x+27-x-3 hay
(x+3) -(x+3).

Pap s6: x° +9x% +26x+24 =(x + 3)(x + 4)(x + 2) .
22. 2x° -5x® +8x-3=2x-x?-4x* +2x+6x-3

?(c 1)-2x(2x -1)+ 3(2x - 1) = (2x - 1)(x® — 2x + 3)
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Chit y: Cdc s6 +1; +3 khong phai la nghiém cua da thicc. Nhu vay da
thicc khong c6 nghiém nguyén. Nhung da thitc c6 thé cé nghiém hitu ti
Ta chung minh duoc trong mét da thitc voi hé so nguyén, nghiém hitu t1

(néu c6) phai cé dang E trong do p la woc so cua so hang tw do, q la
q
woe dwong cia hé sé sé hang bdc cao nhat. Nhu vdy, nghiém hitu ti (néu

1; +3; i%. Sau khi kiém tra, ta thdy

co) cua da thuc trén la +1, 1-2-

X =% la mét nghiém. Nhu vdy da thire chira thita sé (x —%J hay (2x - 1).

Do dé ta tim cdch tdch cdc sé hang cia da thirc dé xudt hién thira s6
chung (2x — 1).

23. Chu y x= —% la mot nghiém cua da thic nén da thirc chira thura sd

[x+%) hay (3x+1).

Dap s6: 3x® —14x2 +4x +3=(8x + 1)(x% —-5x + 3).
24. Cdch 1: Dé “ndi” tir a°> dén a, ta thém bat cac sé hang a*, a°, a>. Nhu vay:
a®+a+l1=a’+a*-a*+a’-a*+a’-a’+a+1l
=a’+a*+a’-a*-a*-a’+a’+a+1
=a’(a®+a+1)-a’(@®+a+1)+@%*+a+1)
=(a®+a+1)a*-a’+1)
Cich 2: Thém bét a® dé 1am xuét hién thira s6 chung (a® +a +1). Ta cé:
a’ +z=1+1=.a5 ~a’+a’+a+l1=a’@-1D+@*+a+1)
—a’(a-1)@’+a+1)+(@%+a+1)=(a?+a+1)a*-a?+1)
25. Thém bot a. Pap sb: (a® +a+1)(a° —a* +a’—a+1)

3k+2

Chi y: Cdc da thirc dang a®™** +a+1 (nhu a° +a+1, a®+a+1, ...)va
3k+1 3m+2

a™" +a"™* +1 (nhu a’ +a’+1, a” +a’ +1, ...) déu phdn tich duoc ra
thira so .
26. (1+x%)* —4x(1-x*)=(1-x*)? + 4x% - 4x(1 - x?)
=[(1-x*)-2xF = (x* +2x - 1)°.
27. x* +6x° +11x* +6x+1=x* +2x2(3x + 1)+ (9xZ + 6x + 1)
=x' +2x2(Bx + 1)+ (3x +1)* = (x* + 3x + 1),
28. Voimoi x,taco (x+a)(x-5)+2=(x+b)(x+c) (1)

Vi @ thi 2=(5+b)(5 +c).
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Vi b va ¢ nguyén nén (5 +b)(5 +c) la tich cac s6 nguyén. S6 2 chi viét
dugc dudi dang tich hai sb nguyén bing hai cach 1a 1.2 va (=1).(=2). Do
d6 vai trd ciia b va ¢ nhu nhau nén chi can xét 2 truong hop:
{5 +b=1 {b =—4
1. =5
5+c=2 c=-3
Thay vao (1), tacé: (x+a)(x-5)+2=(x-4)(x-3) vdi moi Xx.
Véi x=4 thi (4+a)+2=0 suyraa=-2. |
Pa thirc dugc phan tich thanh (x -2)(x-5)+2=(x-4)(x-3).
{5 +b=-1 {b =—6
2, =5
S5+c=-2
Thay vao (1), tacéd: (x+a)(x-5)+2=(x-6)(x-"7) vdi moi x.
Véi x=6thi (6+a)+2=0 suyraa=-8.
Pa thirc dugc phén tich thanh (x -8)(x-5)+2=(x-6)(x-17).

29. Giai tuong tu bai 28, tadugc m =9, m=1.

Dap s6: (x+ 9)(x +5)+3 = (x + 8)(x + 6)
(x+1)(x+5)+3=(x+2)(x+4).

30. Da thirc trén khong chita nhin tir chung, khéng c¢6 dang mot hing ding
thirc dang nhé nao, ciing khong thé nhém céc hang tir. Ta bién dbi da
thirc ay thanh da thirc ¢6 nhiéu hang tir hon.

Cdch I: (Tach hang tir thir hai)

3x? -8x+4=3x-6x-2x+4=3x(x-2)-2(x-2)=(3x - 2)(x - 2).
Ciich 2: (Tach hang tir thi nhat).
3x2-8x+4=4x-8x+4-x?=(2x-2)* -x’
=(2x-2-x)2x-2+x)=(3x-2)(x-2)

Nhén xét: Trong cach 1, hang tr —8x dugc tach thanh hai hang tir —6x
va —2x. Trong da thic 3x® -6x-2x+4, hé s cua cac hang tir la 3,
—6,-2,4 . Céc hé sb thi hai va thir tr déu gip —2 1in hé sb lién truoc,
nhd d6 ma xuat hién nhan tir chung x -2.

31. Cac sd +1, +5 khong la nghiém cua da thirc. Nhu vdy, da thirc khéng
c6 nghiém nguyén. Tuy vay, da thic c6 thé ¢ nghi¢ém hiru ti khac. Ta
ching minh dugc ring trong da thirc c6 cac hé s6 nguyén, nghiém hiru ti

c=-7

(néu c4) phai c6 dang £ trong d6 p 1a uéc cua hé sb tur do, q 12 woc
q

duong ctia hé sb cao nhit (*).

i%, tg-, ta thiy % la nghiém cua da thirc, do d6 da thirc

s6 3x —1. Ta tach cac hang tir nhu sau:
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3x? —Tx? +17x -5 =3x" - x* -6x® +2x +15x -5
=x?(3x -1)-2x(8x - 1) +5(3x -1) = (3x - 1)(x* - 2x + 5)
32. Thén va bot 36x°:
4x*'+81 = 4x* +36x° + 81 —36x% =(2x* +9)* —(6x)* =(2x* + 9+ 6x)(2x* + 9-6X)
33. Thén va bat 16x%y*:
64 +y* =64x* +16x%y? + y! —16x%y* = (8% + y*)? — (4xy)*
=Bx? + y? + 4xy)(8x% + y* — 4xy)
34.Cddh I: xX° +x-1=x"-x*+x" +x' -x*+x* —-x*+x-1
=3P —x+D+x2xXP-x+D)-(xP-x+1D) =(x?-x+ 1)’ +x* -1)
Cah 2: Thém va bét x*:
rx-1=x"+x*-x*+x-1=2* +1)-(x* -x +1)
= —x+ DX*x+1)-1]1=x* -x+D(EE* +x* -1)
35. Thénvabot x: x" +x*-1=x"-x+x>+x-1
=X+ DEP-D+xXP+x+ D) =x(x* +DE-DEE*+x+ D)+ (x> +x+1)
=l +x+1)E -x'+x*-x+1)
Chiy: Céc da thitc dang x®"*' + x*™*2 -1 nhu x” +x* -1, x" +x* -1,...
déi chira nhan tr x2 +x+1, x* +x -1, x* +x+ 1, ... déu chira nhan tur
x4+ x+1
36. Cacsd *1, +3 khong 1a nghiém cua da thirc, da thirc khong cé nghiém
ngwén, cling khong c6 nghiém hitu ti. Nhu vay, néu da thic trén phén tich
duc thanh nhén tir thi c6 dang (x? + ax + b)(x* + cx + d). Phép nhan nay
chokét qua x* +(a +¢)x® + (ac + b+ d)x? + (ad + be)x + bd . Pong nhit da
(a+c=-6
ac+b+d=12
ad + bc=-14
bd =3

thir nay v&i da thire da cho, ta dugce hé diéu kién: {

Xéibd=3 voi b, deZ,be {1, +3}.
a+c=-6
Vb =3 thi d =1, hé diéu kién trén tro thanh: {ac=8
a+3c=-14
Suyra 2c =-14-(-6)=-8.Do d6: c=-4, a=-2.
V& da thirc da cho phén tich thanh (x* —2x + 3)(x* —-4x + 1)
Ch: y: Ta trinh bay 101 giai cua vi du trén nhu sau:
ﬂuzx? ~14x+3 =x"-4x +x*? - 2x* +8x* - 2x +3x* -12x + 3
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=x?(x?-4x+1)-2x(x* -4x+ 1) +3(x> -4x +1)
=(x?-2x+3)(x® -4x +1)
37. M =a® + b® + a%c + b%c —abc = (a® + a’c) + (b® + b%c) —abc
=a’(a+c)+b*(b+c)-abc=a%(-b)+b’*(-a)—abc =-ab(a+b+c)=0
38. bat x—-y=a,y-z=b, z—x=c thia+b+c=0.
Do d6 theo bai 10 tacé a® +b® +c® —3abc=0 = a® +b® +c® = 3abe
= (x-y)P’+(y-2)’+(@z-x)’ =3x-y)y-2)(z-x)
39.Dit x+y=a, y+z=b, x+z=c thi a+b+c=2(x+y+2z). Da thic di
cho cé apdung (a+b+c)® —a® -b* -¢’.
Ap dung két qua trén, da thic d3 cho bing:
3(a+b)(b+c)(c+a)=3(x+2y+z)(y+2z+x)(z+2x+y)
40. Cdch I: Khai trién hai hang tir cudi rdi nhém cac hang tir lam xuét hién
nhan tir chung y—z.
P=x*(y-z)+y’z—xy® +xz’ —-yz’ =x*(y - 2) + yz(y - z) - X(y* - 2*)
=(y-2z)(x* +yz-xy-xz) =(y-z)[x(x-y)-z(x-y)]
=(y-2z)(x-y)(x-2)
Cdch 2: Tach z—x thanh {(y-z)+(x-y)], ta cé:
P=x*(y-2z)-y’[(y-z)+(x-y)l+2*(x-y)
=y -2)& -y*)-&-y* -2°)
=(y-z)x+y)x-y)-(x-y)y+2z)(y-2)
=(y-2z)(x-y)(x+y-y-2) =(y-2z)(x +y)(x-2)
41.a. (a+b)(b+c)(a-c)
b. ab?+ac? +bc? + ba? +(ca? + cb? + 2abc)
=ab(a + b) + c®(a + b) + c(a + b)®
=(a+b)@b+c?+ac+bc)=(a+b)b+c)c+a)
c. Viét b’ —c? dudi dang: {(a® - b?)+(c* —a?)]
Piép sb: (a—b)(b-c)(a—c).
d. Tach c-—a thanh {(b-c)+(a-b)];
a’lb-c)-bi[(b-c)+(@-b)+c’(a-b)
=a3(b —¢)-b¥(b-c)-b*@a- b)+ca(a—b)
-c)@’ -b’)-(a-b)®* -
Dap 6 b)(a-c)(b- c)(a+b+c)

eA 9 —c)(c® - a)
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42. Theo bai 10, ta co:
a®+b’ +c®—3abc=(a+b+c)@®+b+c?-ab-bc-ca)
Dc dé néu a® +b® +¢® =3abc vaa, b, ¢ >0 thi:
’ gy b +’c2 ~ab-bc-ca=0.
Ap dung, dé giai tiép.
43. a' +b* +¢* +d* = 4abcd
= a' - 2a%b? +b* +c¢* —2c%d% + d* + 2a?b® — 4abed + 2¢%d® =0
= (@ -b?)? +(c®* -d®)* + 2(ab-cd)* =0
Bai doc tu chimg minh a=b=c=d.
44. an +bc=a(a+b+c)+bc=a(a+b)+ac+bc=(a+b)a+c)

Tumg tu,bm+ca=(b+c)b+a),cm+ab=(c+a)ic+b). Suy ra diéu

ph: chung minh.
45.Doa?+b? =1, c? +d? =1 nén
ab+cd =ab.1+cd.1=ab(c® +d?) +cd(a® + b?)
Phin tich da thirc nay thanh nhan tir duoc (be +ad)(ac + bd) béng 0.
46. Cdch 1: Néu ldy mau chia cho tir thi dugc dung 5 lan:
0199 1
¥ 99.095 5
Cich 2: 19=20-1=2.10-1
199 =200-1=2.10> -1

19.9=2.10" -1
95=100-5=10"" -5
995 =1000-5=10%*" -5

9..95=10""'-5

1
.
va. 199 ( 2) 1
¥ 9995 1) 5
A 10(10“——]
2
47. Trr6c hét phan tich tir v mAu thanh nhan tir:
a’-4a’-a+4=a>-a-4a’+4=a@*>-1)-4@a*-1)
=@?-1@-4)=(a+1)@a-1)@a-4)
a3—7azgl4a—-8=a3—8—7a2+14a=a3-—23—7a2+14a

24+2a+4)-Ta(a-2)=(a-2)(a’*-5a+4)=(a-2)(a-1)(a—4)
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a’-4a’-a+4 _(a+l)(a-1)(a-4) a+l

Vay: =
o a>-7a®+14a-8 (a-2)(a-1)(a-4) a-2
Tinh sb tri: a+1_102+1_103=103

a-2 102-2 100
48. Theo tinh chat co ban cua phan thirc, ta co:

1981-1980 1981-1980 1981+1980 1981* —1980°

1981+1980 1981+1)80 1980+ 1981 (1981 + 1980)?

~ 19812 —1980?

19812 + 2.1981.1980 + 1980

Vay: 19811980 _ 19812 —1980° . 1981% —1980°* |

77 1981+1980 1981% +2.1981.1980 + 1980 1981% +1980?

49 1007 +1_(10°"+0)+0,9_(10""+01)+0,9 _1 = 09
10980 1 10"%8 41 10(10*°"° +0,1) 10 109 4+1
Con 10 +1_10"+0,1+0,9 (10" +0,H+09 _1 09

1019 +1 108! +0,1.10 10(10'%%° +0,1) 10 10" +1
09 __ 09
101980 £1 101981 +1

Biing cach so sanh 2 phén sb c6 clng tir sb ta c6:

Tir bai todn trén ra cé thé ra bai todn téng quat:
10" +1 10" +1
10741 2 107241
50. 2a® + 2b® =5ab, suy ra 2a® —5ab + 2b? =0 suy ra (2a -b)(a-2b)=0.
Vi b>a>0 nén a <2b. Dé théa min (1) thi b=2a.
Viy: a+b =a+2a _ 3a Y
a-b a-2a -a
51, Cong hai vé cuia ¢ +2(ab-ac - bc) =0 14n lugt véi a*; b ta co:
a’=c?+2ab-2ac-2bc+a’=(a-c)*+2ba-c) (1)
b% =c? + 2ab-2ac-2bc+b? =(b-c)’* +2a(b-c) (2)
Tir (1) va (2), suy ra vé trai cuia diing thirc phai chimg minh cé dang:
a’?+(a-c) (a-c)’+2ba-c)+(a—-c)® 2(a-c)’ +2b(a-c)
b2 +(b-c)® (b-c)®+2a(b-c)+(b—c)® 2(b-c)®+2a(b-c)
_2(a-c)(a-c+b) a-c
“2(b-c)(b-c+a) b-c’
Nhu viy, ding thitc dugc chimg minh.
52 (x*+a)l+a)+a’x’+1 x*+x’a+a+a’+a’x’+1

(x? —v—a)ﬂazx2 +1 x*-x’a-a+a’+a’x®+1
A‘ -BDHSGTS-
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f@irarl)+@ira+l) (@ +a+l)(x’+1) a’+a+l
ila’ —g+-Ijwda’ =T (a*-a+1Dx*+1) a‘-a+1

dox*+1=0.

Diw d6 chimg to rang phan thire da cho khéng phu thude vao x.

< i A a ’ < 1
Xé miu a®~a+l={a-1] +2 cho nén phan thirc 3—22+— hay
2 4 a‘—-a+1

(x +a)1+a)+a’x® +1

e c6 nghia voi moi x va a.
(x —a)(1-a)+a“x" +1

53. Ciig cac vé tuong tmg cua (1), (2). (3) duoc:
X+y+z=by+cz+ax+cz+ax+by=2(ax+by+cz)
Thy ax + by =z vao vé phai cia dang thirc trén duoc:
X+y+z=2(z+cz)=2z(1+c)

1 2z s
Suw ra = Vol x+y+z#0.
l+4c X+y+2z

Twng tu nhu vay, ta dugc: 2t 3 L
l+a x+y+z 1+b x+y+z

Cing cac vé tuong (g cia ba ding thirc trén duoc:

1 & 1 P 1 2(x+y+z)
l1+a 1+b 1l+c x+y+z

54. Phin tich thanh nhan tu:
a’+ac-b’-bc=a(a+c)-b(b+c)=al(a+b+c)-b(a+b+c)

=a—-b)la+b+c).

2

b%+ab-c? -ac=b(b+a)-c(c+a)=b(a+b+c)—c(a+b+c)
=b-c)(a+b+c).
c*rbc-a?-ab=c(c+b)—a(a+b)=c(a+b+c)—a(a+b+c)
=(c—-a)(a+b+c).
Piu kién: a+b+c#0; azb#c=a. Quy déng cac phan thirc trén ta
c-a a-b b-c

duc: 3 § =0
MSC MSC MSC

AFD

A,
a

¥
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§3. Phan thuc hiru ti

Cac dqng bai tap co Qap

‘Dang 1 Tim cdc gid tri thich hop ctia cdc bién trong cdc ghan thiee hiru i,
e o d tr bie {'E nhﬂnﬁsgfdm cua ‘iné'n l&m cho mdu |

: Ihﬁng fhu'cmg vo'z cdc b&z tadn vé tinh g-na trz cua
a0 ﬁzéu thirc, trwac hét ta rut gon de duac mo‘t bzeu thu-c dcm gian roz mdi
" thay chit bdng s dd cho. £
“j'Bu'd'c 1:Tim cac gid tri thich. hgpcua cd’_' btén trong cdc phan thuc hu-u 4.
‘Budc 2: Qui dong cdcnﬁt@}ﬂl;”" Vi -

3t

' ,hfiiié”tfch o thz?”é tha

Phu'o’ng 'iuip chung =

Uac luge cde nhdn tiz chung ;
wdc ]_Bzén doi vé phu'c tap ve vé dcm gtan hrm
Budc 6: Kétlugn. = i+
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Dang 6. Tim cdc gid tri nguyén cua x dé phdn thitc sau c6 gid tri la s6 nguyén.
Dang 7. Cdc bai todn téng hop.

Cdc vi du minh hoa
Dang : Tim cdc gid tri thich hgp cua cdc bién trong cdc phén thirc

hive ti ’
Vi du : Cho cac phan thac dai so:
9 —4x* |
A e T ool L
oy —25 X“+2x+1

1. Tim cac gia tr1 thich hop cua cac bién. ‘
2. Tim cac gia tri cua bién x dé phan thic trén bang 0.
, Gidi
a. Nhing gia tri thich hop cua bién la nhitng gia tri cua y lam cho:
36:* =250 < (6y -5)(6y +5) =0 <:>y;ti%
Nhing gié tri cua bién x dé phan thirc bang 0 1a nghiém ctia phuong trinh
9-1x* =0 & (3-2x)(3+2x)=0.Vay x :ig-

b. x*+2x+1#0(x+1)? 20 & x = -1.
Cacgia tri thich hop cua bién 1a x = -1.
.2
— =1 _0 khi va chi khi:
x‘-2x+1
x2-1=0vaxz-1;x’-1=0x=¢1
x =—1 bi loai, chi cé x = 1 la gia tri cia bién dé phan thirc nhan gia tri 0.
Dgng 2: Phan tich phin thirc hitu ti thanh tong cia hai phén thicc
mamdau thirc la cdc nhj thiec bic nhat
Vi du i: Phan tich phan thuc sau day: __z_gx_—}_
X°-5x+6
thaih téng cua hai phan thitc ma miu thirc 1a cac nhj thirc bac nhit.
Gidi
Mai thitc cua phan thic trén day co thé phan tich thanh nhan tir:
x?-5x +6 = (x —2)(x—3). Ta tim hai biéu thic A va B dé cé:
x -1 2x-1 - A B

x’-5x+6 (x-2)(x-3) x-3 x-2
2x-1 _ A(x-2)+B(x-3)
x2-5x+6 (x-2)(x-3)
Nhr vay ta phai c6: 2x-1=A(x-2)+B(x-3) (*)
\ﬁﬁa (*) 1a mdt nhi thitc bac nhit, vay A, B phai 1a nhitng hing sd.

gc ch dé tim A, B

Qu’ dong mau thirc & vé phai, ta co:

Té:
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Cdch I: (*)chota: 2x-1=(A+B)x-2A-3B
Pdng nhat hé s cua cac hang tir cing bic & hai vé ta duoc: =
ong ¢ ang g s " |2A+3B =1

chotaA=5,B=-3. Viy x-t _ 5 3
x°-5x+6 x-3 x-2

Cdch 2: Trong (*), cho x =2 thi A(x-2)=0,do d6 tinh duoc B; cho x =3
thi B(x—3)=0va tinh dugc A:
x=2=>4-1=A0+B(2-3)=>B=-3
x=3=6-1=A(3-2)+B0>A=5

' 1 ax+b c
= +

(x2+1)(x—1) x2+1 x-1
, Gidi:

Thyc hién phép cong & vé phai cua (1):

(ax+b)(x—1)+c(x2 +1) _ ax’ —ax+bx-b+cx?*+c

(13:2 + 1)(x—1) (x"2 4 1)(x -1)
_ (a+c)x*+(b-a)x+(c-b)

(x2 + 1)(x -1)

Vi du 2: Xac dinh céc sb a, b, ¢ sao cho: (1)

Pong nhit phén thirc trén voi phén thirc = , ta dugc:
(x2+1)(x—1)
a+c=0
T — !c+b=0 = c=l;b=-—l
Foiyestl lc-b=1 2 2
. . L. 1
Do d6 a=—--§.Nhu'vay (x2+1)(x—1)= 32+1&+x%1

Dang 3: Tinh sé trj cia phdn thirc hitu ti
Vidu I: Cho 4a® +b? =5ab véi2a>b> 0.
ab
4a® - b®
Gidi
Tir 4a® + b2 =5ab, ta co: 4a® —4ab—-ab+b? =0
Hay (a-b)(4a-b)=0(*).Vi2a>b>0nén 4a-b =0

Viy tir (*)tasuyra a—-b=0.Tucla a=b.
ab a’

vao P ta duoc: P= =
A]B ' 4a? -b? 4a%-a

Tinh s trj ciia phén thirc: P =

2=%(doa¢0)
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Vi du :: Tinh gia tri biéu thirc:

a—2)%(2a.+ 25%) 1
a. voia=-=
(a+1)(4a-a®)
b XXy eyoyt o 31
PB4 8y —1 4" 2
Gidi
(a-2)'(2a+2a%)  2a(a-2)°(a+1) _ 2(a-2)

(a-1)(4a-a’) _—a(a+1)(a—2)(a+2)“ a+2
V6 a :—% phan thirc ¢6 gi tri 13 -139.

x-xy+y-y* _x(l-y)+y(l-y) (x+y)(1-y)  x+y
y' -3y’ +3y-1 (y-1)° (y-1)° (y-1)°

V6 x =—%,y =L phan thirc cé giatri 1a 1.

Nhin :ét: Thong thu'cmg Vdi cdc bai todn vé tinh gid tri cua biéu thic,
trurc het ta rit gon dé dwgc mét biéu thicc dom gian réi méi thay chir
baig sé da cho.

Vi du .: Rt gon biéu thuc rdi tinh gia tri:

2 =% a2 o
N x’(a—x)-a’x(x-a) v6i a=—1-;x=—3
3a’? - 3x2 i
b (ab + be + cd + da)abed Sa=—3cm2bedid=3

c+d)(a+b)+(b-c)(a- d)
x +12a)(x* - 4ax + 4a®)
()n:+5a)2—49a2

JUI EUST .
: de yZ( s y)z vol x=2;y=—l
2x —y)(4x° — 4xy + y°) 2

vai a:~l;x=5
2

Giai
. aix’ (a—x)-a’x(x-a) ) ax(a-x)(a+x) _ax
' 3a® - 3x* 3(a-x)(a+x) 3
Thy a=l x=-3taco A= —l
2’ 2
(ab+bc+cd+da)abed  [(ab+ad)+(bc+cd)]abed

b.B =

c+d)(a+b)+(b-c)(a-d) ca+cb+da+db+ba-bd—ca+cd
[1 (b+d +c(b+d)]abcd_(b+d)(a+c)abcd
da+cb+cd ~ (b+d)(a+c)

f ! 3.c=2b=-4,d=3 tacd B =72.
AX N

= abed



_ (x+12a)(x- 2a)” _(x+12a)(x -2a)(x - 2a)
(x+5a)2 .(73)2 (x+5a+7a)(x+5a-"Ta)

=x-2a

Thay a=—%;x=5 tacé C =6.
it (8x3—y3)(4x2—y2)
(2x +y)(4x* —4xy +y?)

_ (2x - y)(4x2 + 2xy + yz)(Zx -y)(2x+y)
) (
=2y

=4x” + 2xy + y?
2x+y)(2x-y)(2x-y)
Thay x=2y=-= tac6 D= 141
2 4

Vi du 4: Tinh gia trj ciia biéu thirc sau, biétring a +b+c=0:

[a—b b-c c—a)( c a b )
A= + + + +
c a b a-b b-c c-a

Gidi:
GQiM=a—b+b_c+c_a,tacé:
c a b
- = 2 _ o 2
M_C 14 C (b c, ¢ a)=1+ c 'b bc+ac-a
a-b a-bl a b a-b ab
— = = " 2
14_C .(a b)(c-a-b) 12 g, 2¢°
a-b ab “ab abe
3 3
Tuong tu: M.—E---=1+2al , M. b =1+-2—l-)——.
-c abc c—a abc
. 2(a® +b° +c°) ,
Viy A=3+ - =9 (vi a® +b® + ¢® = 3abc, xem bai 42))
abc
ViduS:Cho [x* -1 |:[x*+L )=
!‘ Y 0 x _? . X +F —a.
Tinhgiétricﬁabiéutht’rc:M=(x‘—}T):[xui‘J theo a.
X >
Giai:
Truéc hét, tinh x* theo a. Ta c6:
‘—-
= 1—a:>x -l=ax'+a=>x'*-ax*=a+1> x* 1 - (doa #1).
~a

A]BG\'( va rut gon dugc M =
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. i & : .. .. .a+b b+c c+a
Vidu 6: Cho céac so a, b, ¢ khac nhau d6i1 moét va = =

gia tri cua biéu thie: M = (1 + %J(l + E)[l + E).

C a

. Tinh

C a

Giai:

., a+b b+c c+a a+b+b+c+c+a 2(a+b+c)
Taco = = = —

@ a b a+b+c a+b+c
Néu a+b+c=0 thiti so trén bang 2. Suy ra a+b=2¢, b+c=2a, do
d6 a-c=2(c-a) nén c=a, trai véi dé bai.

Vaya+b+c=0.Tacod M=a+b_-‘b+c.c+a=:£.:3.:h=_1.
b ¢ a b ¢ a
Vidu 7: Cho a® +b® +c® =3abc va a+b+c=0. Tinh gia tri cua cac biéu
2 2 2
thire: N = 2 ¥ P +¢
(a+b+c)
Giai:

Taco a® +b® +¢° —3abc=(a+b+c)(a2 +b2+c2—ab—bc—ac)

Do a®+b®+c® =3abcvaa+b+c#0 nén a® +b?> +c  —ab-bc-ac=0
2
Didang suyra a=h=c.Viy N=—2__1,
(3a)” 3
Dang 4: Rut gon cdc phdn thirc hitu ti
Vi dy 1: Rt gon céc phén thic:

. (a+b)2—c"’ b a’? +b? ~c* + 2ab
" a+b+c " a?-b?+c? +2ac
Gidi
. (a+b)2—c2=(a+b+c)(a+b—c)=a+b_c
a+b+c a+b+c

a’+b?®—-c?>+2ab a’+2ab+b’-c?

a’-b? +c’+2ac a’+2ac+c? - b?
_(a+b)2 -c* (a+b+c)(a+b-c) a+b-c
“(a+c)’-b* (a+c+b)(a+c-b) a-b+c

Vi du 2: Thyc hién phép tinh: ,

1 1 1

(b—cB+ ac—b’ —bc) * (c—a)(b2 +ab-c? ——ac) ¥ (a—b)(c2 +bc-a’ —ab)
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Giai
a?+ac-b?-bc=(a’*-b?)+c(a-b)=(a-b)(a+b+c)

Viy mAu thitc ctia phéan thitc thi nhat 1a: (b-c)(a-b)(a +b+c)

Chu ¥ ring, néu trong miu thirc ciia phén thirc thir nhét, ta thay b bai c,
thay c béi a va thay a bdi b thi ta dugc mau thirc cia phén thac thir hai.
Do vdy: Mau thirc cia phén thirc thir hai bang:(c-a)(b-c)(a +b+c).
Mau thirc cia phén thirc thi ba bing: (a —b)(b-c)(c-a)(a+b+c)

Pap sb: 0
Vi dy 3: Cho a, b, ¢ khéc nhau d6i mét va l+%+l=o. Rit gon céc biéu
a c

thirc:
aM= z 1 +— 1 +— i

a‘+2bc b®+2ac c°+2ab
b N< 2bc N 2ac N 2ab

a‘+2bc b°+2ac c‘+2ab

a’ b? c?

c.P= % s fes :

a‘+2bc b*+2ac c“+2ab

Gidi:

Tir gia thiét suy ra ab + be + ac =0 nén

a’+2bc=a’ +bc+(-ab-ac)=a(a-b)-c(a-b)=(a-b)(a-c)

Tuong ty: b* +2ac=(b-a)(b-c); ¢c* +2ab=(c—a)(c-b)

" 1 " 1 £ 1 _b-c+c-a+ta-b _
M G- -9 2D @-bp-da—q
o bc N ca N ab _
S P ey i o s R e T e
e.P= a’ + b’ + ¢ =1
) Oyl e ey A ey
Vi du 4: Rut gon phén thic: A = az((ll))__i)) ++ é;:(; i)a)*;(i‘z}:)_ 5
Giai:
Phan tich mau thic thanh nhan tir:
a’(b-c)+b?(c-a)+c’(a-b)=a’(b-c)+b’c—ab® +ac’ - bc?
=a’(b-c) +be(b-c)-a(b? —c?)=(b-c)a’ +bc-ab-ac)
=(b—c)[a(a—b)—c(a-b):|=(b—c)(a—c)(a—b).
N =(b—c)3+(c—a)3+(a-—b)3
Dya —(a-b)(b-c)(c-a)
A -BDHSGTS-



Ta :6 nhan xét: Néu x +y +z =0 thi x° +y® +2° = 3xyz.
Pab-c=x,c-a=y,a-b=zthi x+y+2=0.

x*+y*+2° 3xyz _

Tho nhan xét trén: A = -3.

—XyZ —Xyz
Vi du : Cho biét ax + by +cz=0.
bc(y—z)2 + c:a(z—x)2 +ab(x —y)2
ax’ + by? +cz?
Giai:
Tecéd B =be(y —z)2 +ca(z —x)2 +ab(x - y)2

=ley® + bez” + caz® + cax® + abx® + aby® — 2(bcyz + acxz + abxy) (1)

Ru gon: A =

Tuzia thiét suy ra: a’x? + b%y? + c?z® + 2(bcyz + acxz + abxy) =0(2)
Tu(1l) va (2) suy ra:
B:ax’(b+c)+by®(a+c)+cz’(a+b)+a’x? +b’y* + c?2°
=a&’(a+b+c)+by’(a+b+c)+cz’(a+b+c) =(a+b+c)(ax2 +by? +czz)
Dodo: A=—; B2 -=a+b+c.
ax“ + by +cz
Dangs: Chirng minh dang thirc .
Vi du : Chimg minh cac ding thirc sau:

} § 3a(x+y) ..
a.1=9-)9—’(x¢0) by = ai y) voia #0,x # -y.
4 8x 3a  9a’(x+y)
Giai

a. Véx#0thi2x=#0.
; T ” ; ., 3y 3y.2x 6xy
Theo tinh chat cua phan thuc, ta c6: — = =
4 4.2x 8x

b. Véa#0va x#-y thitacé 3a(x+y)=0.

. ;H.y_(x+y).3al(x+y)_3:;1(}{4—y)2
" 8  3a3a(x+y) 9a® (x +y)

: .,y X-y x*-y?
Vidy ': Cho x >y > 0. Chimg minh rang : <=
X+y X +y

Giai

Dcx>y>0nén x+y=0.

Tho tinh chét co ban ctia phan thic ta c6:
x-yz(x—y)(x+y)= x* -y’ (1)
x-ry(#+y)(x+y) x2+2xy+y*

fkhioy do x ,y > 0 nén x* +2xy +y* > x* +y’
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2

2 2 = - .
Vay —~ ¥ X y(2)Tu(1)va(2)tasuyra Lt —

x? +2xy+y> x*+y? X+y x4+ y°
. 5 ; s 1 1
Vi du 3: Ching minh déng thic: =—-
n(n+l) n n+l
' Gidi
Cich 1: Xuét phat tir vé phai va quy ddng miu thic, ta cé:

1 1 m#l-m 1
n n+l n(n+1) n(n+1)
Cidch 2: Xuét phat tir vé trai va ap dung phuong phap hé s0 bét dinh, ta

L —A hay 1=A(n+1)+Bn, chotaA=1,B=-1
n(n+l) n n+1

Vi du 4: Chiing minh réng néu:

duoc:

a’ +(a—c)2 _a-c

b’ +(b-c) b-c

(Dé thi chon hoc sinh giéi todn Iép 8 nim 1982)
Gidi

¢’ +2(ab-ac-bc)=0,b=c,a+b=c thi

Vi ¢’ +2(ab-ac—bc) =0 nén

a’ +(a-c)’ "az +(a-c)’ +(c? + 2ab - 2ac - 2bc)
b? + (b --c)2 b? -i»(b--c)2 +(c2 + 2ab—2ac-—2bc)

_2a® +2c’ —dac+2ab-2bc _(a—c)’ +b(a—c)
2b? + 2c? — 4bc + 2ab - 2ac (b_c)2+a(b_c)
_(a-c)(a-c+b)
“(b-c)(b-c+a) b -c

® (bzc,a+b=0)

2

. ., b*+c?-a® c*+a’-b® a’+b’-c
Vidu 5: Cho dang thirc: T Sac + = 1(1)
Chimg minh ring ba phan thitc vé tri thi c6 hai phan thirc bing + 1, va
mét phin thirc bing —1.
Gidi:
Pt b? +c? —a? =A’c2 +a’ -b? =B’a2 +b? -¢? _C.
2bc 2ac 2ab

Theo gia thiét: A+B+C=1.Suyra: S=(A-1)+(B-1)+(C+1)=10
(b—‘c—a)(b—c+a)_B_ _(a—c—b)(a—c+b)

2bc ’ - 2ac
b+c (a+b )

A-1=

pBC -
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a+b-c
S - o [c(a+b+c)+b(a—c—b)+a(b—-c—a)]

S:0=>(a+b-c)(b+c-a)(c+a-b)=0

Ccba kha nang:

a.t+b-¢c=0=>A-1=B-1=C+1=0 (dpcm)

b.r+c-a=0 Taxét: A+1=B-1=C-1=0 (dpcm).

c.c+a-b=0. Ta xét: S=(A-1)+(B+1)+(C-1)=0, va suy ra
A-1=B+1=C-1=0 (dpcm)

Vi du 1: Gia su X:a—b;y:b—c;zzc—a
a+b b+c¢ c+a
Ching minh rang (1+x)(1+y)(1+2)=(1-x)(1-y)(1-2)(1)
Giai
1 1
(1<::>( +x)( +y)(1+z)=1 @
(1-x)(1-y)(1-2)
Thy x=2" bvao : x, ta duoc: Lt 8
a+b 1-x 1-x b
Hdn vi vong x 5y —>z—>xva a—>b—osc—a, dugc: 1—H—I=E;1—+E=E.
l1-y ¢ l1-z a
Thy vao (2) suy ra diéu phai chimg minh.
Vi duy’: Chimg minh rang:
b+c+d i c+d+a
(Fa)(c-a){@d-a)(x-2) " {c-b)(@-b)(a—b)(x-b)
N d+a+b " a+b+c
[@-o)(a-0)(b-9)x-9) | (a-d)(b-a)(c—a)(x )
_ Xx—-a—-b-c-d
(-a)(x-B)(x-0)(x-9)
Gidi: ;
b+c+d _(a+b+c+d-x)+(x-a)
(l-—a)(c—a)(d—a)(x—a)—(b—a)(c—a)(d—a)(x—-a)
~ (a+b+c+d-x) 1

“b-a)(c-a)(d-a)(x-a) (b-a)(c-a)(d-a)
A dung hoan vi vong b—>c—>d—a— bvao vé trai roi don gian,
' 1
d b d-
et S x)[(a—b)(a—c)(a—d)(a—x)

2B

ta
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1 1
"o-a)(b-c)(b-d)(b—-x) ' (c-a)(c-b)(c—d)(c-x)
1

*[@-a)([d-b)[d-0)({d-x)

thic trong [ ] ta dugc:

]. Quy ddng miu thirc va tinh toan biéu

-1

(x—a)(x-Db)(x-c)(x-d)

Tu day suy ra dpcm.
2,1 1 1 1 1 1
Vt’dy8:Chob1et:;—+b+z—2va;z-+-l;§-+c—2=2

Chimg minh ring a + b +c =abe.
Gidi:

Tu (1) suy ra: iz+312-+—1—+2(i+—1-+—1—J=4
a

c? ab be ac

=1.

Do(2)nén—1—+—1-+-1—=1,suyraa+b+c
ab bc ac abc

Do d6 a+b+c=abc
Vidu 9: Cho (a+b+c)’ =a? +b? +c? vaa, b, ¢ khac 0. Chimg minh réng:
1 1 | 3

L S T o i
a® b® ¢ abe

Gidi
Tir gia thiét suy ra: ab+bc+ac=0.
Do d6 ab+bc+ac=0,t1’1cla‘1l+l+-1-=0
abc a b c
Sau d6 chimg minh ring néu x+y+z=0 thi:x3 +y® +2° = 3xyz

Vi du 10: Cho 3+-13+£=£+3-3-+-(i Ching minh ring trong ba sd a, b, ¢
b ¢ a a ¢ b

ton tai hai sé giéng nhau.
A Giai:
Tir gia thiét suy ra:
a’c+ab® +bc? =b’c+a’b+ac? = a® (c—b)-—-a(c2 —b2)+ be(c-b)=0
= (c—b)(a2 —ac—ab+bc) =0 = (c-b)(a-b)(a-c)=0
Tén tai mdt trong céc thira s c—b, a—b, a—c bing 0. Do d6 trong ba
s6 a,b, ¢ tOn tai hai sé giéng nhau.
D(mg 6: Tim cdc gid tri nguyén cua x dé phan thirc sau co gid trj la

SO nggg
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Vi dy : Tim cac gia tri nguyén cua x dé gia tri tuong mg cua cac biéu thic
sauddy cling 1a s6 nguyén:
kg D b x°-2x%+4
x-—-1 X -2
Gidi
a. Chi. tir thitc cho mau thire, duogc thuong 1a x? va dula 2.

x'—x®+2
i

. Khi cho x mot gia tri nguyén thi x*la

mé s6 nguyén, do d6 P(x) nhn gia tri nguyén khi va chi khi

nhan
x-1

gidtri nguyén, hay x —1 12 mot uéc so cua 2, nghia la x -1=+1;+2. Ta
co0x-1=-1=x=0=>P(0)=-2 x-1=1=x=2=>P(2)=6
X-1=-2=x=-1=>P(-1)=0; x-1=2=>x=3=P(3)=10

b. x=-2;0,1;3;4;6.

Dang’: Cdc bdi todn tong hgp

Vi du : Chimg minh rang néu (a’ ~be)(b-abc) = (b* —ac)(a —abe) va cac

s, b, c, a—b khac 0 thi —1—+—1-+l=a+b+c.
a b c

' Gidi
Tuzia thiét suy ra:

a’b —a’bc — b’ + ab®c? =ab® - ab’c —a’c + a*bc?
=>ab(a~b)+c(a’ -b*)=abc? (a - b)+abc(a® - b?)
=> (a-b)(ab +bc+ac)=abc(a-b)(a+b+c)

Cha hai vé cho abc(a - b) # 0,ta c6 diéu phai chimg minh.
S T 1

123 234  n(n+1)(n+2)
Gidi
1 ) |

n+l 2 n+2

Vi dw : Tinh tong: S =

1 1
Cah 1: =—,
¢ n(n+1)(n+2) 2

L1 I LYy dfd 1 1 1 1 1 1 1

S—|l+=4.+— |+ =+t ——F—— |- =+ =+ + =+ —

2 2 n) 2\3 4 n+l n+2 2 3 n n+l
1

:[ 1)(11 )1(1 1)11(11 1)
=dl+=|+|=+=+.+ - |+ | —F+—— |- —— | =+ =+ .+ —
X 2J \3 ¢4 n/ 2\n+l n+2) 2 n+1 (3 4 n
1 1 1.1 41 1 | n(n+3)

2/2 2'n+1 2|2 (n+1)(n+2)| 4(n+1)(n+2)
%ﬁ

L
n
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2 1 1
n(n+1)(n+2)_n(n+1) (n+1)(n+2)
- e < T =
7123 234 7 n(n+1)(n+2)
1 1 1 1 1 1 1 1
T O - T . T = T "~ =
1.2 23 23 34 34 45 n(n+1) (n+1)(n+2)

Cach 2:

1 1 n(n+3) n(n+3)
=i = suyra S=
2 (n+1)(n+2) 2(n+1)(n+2) 4(n+1)(n+2)
2 1 1 1 1
Vidu 3: Tinh tong: S =
e M85 =13735 57 " (en-1)(2n+1)
Gidi
Ta co: 1 =l[ L )
"(2n-1)(2n+1) 2(2n-1 2n+1

1 4k 1Q 1 1{1 1 1 1/1 1
o L1}, L YL ) L 11 1
1.4 2t1 8 35 2Z\a 5 o.¢ 2%va T

1 1 1 1 R 1 1 n
=— - Viy S=—|1- =
(2n-1)(2n+1) 2{2n-1 2n+1 2 2n+1/) 2n+1
Vi du 4: Cho cac sb a,b,c khic 0 va d6i mot khac nhau, thoa man diéu kién

aa+b3+c3=3abc.Tinh:[b_c+c_a+a_bJ( = % b P )

a b c b-c c-a a-b
Dé thi HSG lop 9 tinh Phit Tho ndm 2003-2004
Gidi:

Tacéa3+b3+c3=3abc<:>%(a+b+c)[(a—b)2+(b—c)2+(c-—a)2]:0
< a+b+c=0 (do a,b,c 461 mdt khac nhau). Suy ra

a_, b L_C _a(c-—a)(a—b)+b(b—c)(a-b)+c(b—c)(c—a)
b-c c-a a-b (a-b)(b-c)(c-a)
(a2+b2+c2)(a+b+c)-2(a3+b3+c3) —9abe
(a-b)(b-c)(c-a) ~(a-b)(b-c)(c-a)
b—c+c—a+a-b_bc(b—c)+ca(c—a)+ab(a—b)

a b c ' abc
_ ~bc[(a-b)+(c-a)]+ca(c-a)+ab(a-b) —(a-b)(b-c)(c-a)

abc abc
Vay b—c+c—a+a—bJ( a_ | b LS ):9
) E b c b-c c-a a-b )
A -BDHSGTS-
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~ Bai tap van dung
1. Tim gia tr1 cua x dé phan thuc sau bang 0.
2x® +10x +12 b x*+x®-x-1
’ C X' +2x-5

. x? —dx
a'-3a’+1
a'-a’-2a-1"
a’(b-c)+b*(c—a)+c*(a-b)
a*(b2 -c2)+b"(c2 —az)H:4 (az—bz)'

. }x—1{+|x|+x

2. Rut gon phan thirc sau:

3. Rut gon phan thire sau:

4. Rut gon phan thurc sau: - vol x<0.
3x“ —4x +1
, N 16a® — 40ab a 10
5. Rut gon phan thuc sau: vl —=—.
ERVE 8a? — 24ab b 3
1 1 2a 4a’ 8a’

6. Rut gon phan thuc sau: + s £ 4 i
gonp a=b a+h a“s+h*® at*+h a +h
- VLI 2 " . 2 12 .z
7. Tim gia tri cua x dé phan thiec <% S lx 1 bang 0.

x° —4x

8.Rut gon phan thurc sau:

Mg iath Ba=h 243 voi b= :
2-b 2+b b°-4 a+1
9. Rut gon phan thic sau:

I—{a* +x*
N=:(1+ 1 ]:(1— - ] 1- ( ).Vdix= 1
a+Xx a+x 2ax a-1

10. Cho 3a® + 3b%> =10ab va b>a >0. Tim sb tri biéu thirc: P = a—E'
a-+
11. Cho 4a® + b® =5ab va 2a>b>0. Tim sb tri biéu thuc: M=%.
4a° -b
12.Cho L+ L+ 1 0. Tinh s5 trj bidu thize: N=2S, 2, 3D
a b ¢ a‘ b C

13.Cho a® +b® +c¢®* =3abc vdia, b,c 20.

Tinh s tri biéu thirc: P = (1 +E](1 +—}1J(1 +£).
b c a
. . A \ A . x°+5 ‘4 )
14. Tim céc s6 a va b sao cho phin thirc — T viét dugc thanh
X —o0X-—

a o D

é
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135.

16.

17.

18.

19.

20.

21,

22,

23.

10x -4

x® —4x

tt_rb?mgx, Xx+2 x-2,tirsd lécéchi’mg s0.

Viét phan thirc dudi dang téng ba phén thirc ma mau sé theo thu

1
(x—l)(x2 —x+1)

’ . ¢ A A A T
Xac dinh cic so a, b, ¢ sao cho: dong nhat vai

a bx +¢
x-1 x?-x+1"
1 1 1 1 . x : £ i Awes &
Cho —+—+== . Chitng minh rang trong ba so a, b, ¢ cé hai so
a b ¢ a+b+c
d6i nhau.
Cho a2+b2—c"'+b"’+c2—a2+c2+zalz—b2_1
2ab 2bc 2ac '

a.Chimg minh ring trong ba sb a, b, ¢ c6 mot sb bang tdng hai sb kia.
b.Chimg minh ring trong ba phan thic di cho, c6 mét phan thirc bing
—1, hai phan thirc con lai bang 1.

Chimg minh hing déng thirc:
(x2 -X+ 1)(x4 -x%+ 1)(}:8 -x'+ 1)(x16 -x®+ 1)(){32 —-x'® + 1)
_x¥*+x%+1
CoxP+x+1
Cho 2= =% 0. Rét gon bidu thiic: 24y +7) (e b e

a b c (ax+by+cz)2
Cho a+b+c=1 (1); a®+b*+c* =1 (2);-’5=%=E (3).
a c
Chimg minh ring: xy +yz+zx=0.
- 2y+2z—x_2z+2x—y_2x+2y—z
a b c
2¢ +2a-b, 2a + 2b-c # 0. Chimg minh ring:

Ch

,trongdd a,b,c, 2b+2c-a,

X _ y _ z
2b+2c-a 2c+2a-b 2a+2b-c’
Chimg minh ring néu ta c6 déng thirc:

a(b—c)x® +b(c-a)xy +c(a-b)y? =d(x-y)" trong d6 a,b,c =0, dung
1 2

r e At b1 . 1
véimoi x vay thi: —+—-=—.
a ¢
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24.

25.

26.

27.

28.

29,

30.

31.

32.

33.

34.

35.

Rat zon bic¢u thitcvéi n 1a sé tu nhién lon hon hodc bang 2:
2°-1 3*-1 4*-1 n’-1

s R
Rut zon biéu thirc voi n la s6 tu nhién:

(3202 o)

Rut ron bicu thirc vdi n la sé tu nhién:

2o o)

Ching minh hang déng thirc sau véi n 12 sb tu nhién:
1 1 1 1 n-1
P B +ot =
1.2 23 34 (n-1)n  n

(n=>2)

Ching minh hang dang thirc sau véi n 1a sé tu nhién:
1 1 1 1 n
F—+ +.. 4 = ;
1.3 3.5 5.7 (2n-1)(2n+1) 2n+1

Ching minh hang dang thirc sau véi n la sb tu nhién:

= LI o+ : =(n—1)(n+2) (n=2).
1.23 2.3.4 3.4.5 (n-Dn(n+1) 4n(n+1)

Rutzon biéu thire:
1 1 1 1 1
2 g 2 + 2 i 2 + 2
a‘-a a“+3a+2 a“+b5a+6 a“+7a+12 a“+9a+20
n‘-2n°+5

n-2

Tims6 tur nhién n dé phén thirc: c6 s0 tri la sO nguyén.

x* +y*+2°
(y—z)2+(z—x)2+(x-y)

Rutzon ~, biétrang x+y+z=0.

Tiinl gi4 trj coa bidu thire A =2 bidtx? — 2y? = xy(y#0;x+y=0)
X+y

3x — 2y

, biét ring 9x® + 4y® =20xy va
3x + 2y

Tini gia tri cua phan thuc A =
2wy -3x<0.

Cho3x-y=3z va 2x+y="7z.

2
-2
=£x2__+__;x§x (X¢O;y¢0).
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36. Tim s6 nguyén x dé phén thic sau c6 gia trl la s6 nguyén:

53 ' .
a b c) ——
)Zx 1 ).x”+1 )x?—x+1
-59 x+2-
d x* - e
) X+8 )x2+4

. 37. Tim s6 hiru ti x dé phan thuc 0 : co gia tri nguyén.
38.Choa+b+c=0 vaa,b, cdeuk.hac 0. Rutgonbleuthu'c
ab be ca
A= — ] =+ .
a?+b?-c? b?+c?-a’? c?+a’-b?
39. Cho a, b, ¢ 1a céc sb nguyen khac nhau d6i mét. Chimg minh réng biéu
thirc sau c6 gia tri 1a mot sb nguyen:
3 b3 c3

(a b)(a- c) (b—a)(b- c) (c—a)(c-b)

40. Cho 3y —x = 6. Tinh gi trj clia bidu thirc: A = —*— + 2X=3Y
y-2 x-6
2 2 2 2 2 2
41.Timx,y,zbiétr5ng:i—+-y—+z—=x—-1—+—z-
2 3 4 5
42. Tim x, y biét ring: x* +y® + =+~ =4
X Yy
43. Tim cic gia trj nguyén ctia x dé phan thirc sau c6 gia tri 1a sb nguyén:
3 _ a2 - 4 _ 093 _qu2 _
a.A=2x 6x“+x-8 bB=X 2x2 3x° +8x -1
x-3 _ X" -2x+1
x*+3x® +2x* +6x-2 '
c.C= 5
x°+2
44. Chimg minh ring véi moi sb t nhién n>1:
a—1—+—1- 1+ + e |
2’ 46 7 (2n) 2
b.—}-+—1—+l+ +—.—1—<l.
3 5 7 (2n+1)’z 4
45. Chimg minh ring véi moi s6 tyr nhién n>2:
A= —+1+l+ '+-1—<2 |
22 3 4 77 n® 3
y . : 5 - 1 1 1 i | 1
46. Chimg minh rang v&i s6 tr nhiénn23:B=—+—<+ o+ ... +S5< —
3 4 5 B 12
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Huwong dan va dap so .

1. a) Phan thirc bang 0 khi tir s6 bing 0 va mau s6 khac 0. Tir s6 bang
2x* +10x + 12 :2(x2 +5x+6)=2(x+ 2)(x +3) bang 0 khi x =-2 hoic
x=-3.Vdi x=-2 thimiusd x> -4x=-8+8=0.

Vi x=-3 thimiusd x*-4x=-27+1220.

Vay phan thirc bang 0 khi va chi khi x =-3.

Chii y: Ciing c6 thé phan tich mau s ra thira s6 x(x + 2)(x —2) rdi nhan
Xét vOi x = -2 thi mau s6 bang 0, véi x = -3 thi miu sb khac 0.

b) Dap s6: x =+1.

2. Tu sb a'-2a%+1-a’ :(32 --1)2 -a’ =(a2 —1+a)(a2 —-1~a). Miu sb
a' - (a’ +.‘2.al+1)=a4 ~(a+1)’ =(a’ +a+1)(a2 —a—-l).

a’+a-1

al+a+1

3. Phan tich ra thira sb, tir s bing (a-b)(b-c)(a-c), mau sé bang
(az—bz)(bz—c2)(a2—c2).

Phan thirc bing véi didu kién a® —a-120.

1
(a+b)(b+c)(c+a)

4. Can nh¢ lai dinh nghia gia trj tuyét dbi ciia mot sb:

X, x20
lxl: -X,x<0

Phan tich rt gon thanh vOi a, b, ¢ khac nhau.

Nhu vay khi bo dau gié tri tuyét déi cua mot da thuec, ta thay da thuc
bang chinh n6 ho#c bang da thirc 361 cua n6. Pa thirc doi cua a-b la
~a+b (hay b-a), dathirc déicia a +b la —a—b (dung nham la a—b).
Véi x<0 thi x-1<0 nén |x-1|=1-x; |x|=—x.

X—1+X|+X_ l1-x-x+x _ 1

3x?-4x+1 (x+1)(3x-1) 1-3x

16a’ —-40ab _8a(2a-5b) 2a-5b

Do do6

5. = =
8a®’-24ab 8a(a-3b) a-3b
, , 2.2 5 210 ;5
Chia tir s6 va mau so6 cho b0 ta dugc b .3 =5.
a 10
o N |
b 3
Chii y: Ciing c6 thé thay a =%b vao phan thac Za _351:).
a—
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6. Khong nen quy, ddng miu sb tat ca cac phén thirc. Nén cong hai phan thuc
dAu, roi 1y két qua cong tiép véi phan thirc thir ba. Cudi cling ta duge
16a'®
7. Phan thitc bing 0 khi tir bing 0 va méu khac 0.
Vit béng 2x% +10x +12 = 2(x* + 5x + 6) = 2(x + 2)(x + 3) nén tur bi’mg 0

khi [“"2

—

Véi x =-2 thi mau: x® -4x =(-2)° - 4.(-2) = -8 +8 =0 (loai)

Véi x =-3 thi mau: x° - 4x =(-3)° -4.(-3)=-27+12=-15%0

Viy phan thirc bang 0 khi va chi khi x =-3

Chii y: ciing c6 thé phan tich mAu thanh nhan tir x(x + 2)(x - 2) i nhan
xét v6i x =—2 thi mAu bing 0, véi x =-3 thi mAu khéc 0.

- 4b 1)-
8. Cong ba phén thirc sau, ta dugc: 4ab+4b-4a _4b(a+1)

4-b> = 4-Db?
Thay b = vao, ta dugc 4a—42a=
a+l 4-b
Viy M =avéi didukién b= +2;, a=-1
2
" : a+x+1 . - ,
9. Rut gon biéu thic N, ta duqc( > ) rdi thay x = 1 vao <€t qua
ax a- .

A » ‘ r’v -:\ * A . ’ ’ A . A
trén. Dap so: vai diéu ki€n a#0; a=1 (kbi d6 cac ditu kién

a3
2(a-1)
x#0; a+x#0; a+x#1 dugc thda min).
10. Cdch 1: Cén bién d6i biéu thuc P dé sir dung duoc dicu kién
3a® + 3b? =10ab.
(a-b)’ _a’+b’ -2ab

Do d6 ta xét biéu thirc: P? = — .
(a+b) "~ a’+b®+2ab

Tir diéu kién 3a® + 3b% =10ab, tasuy ra a® + b?® = lagab .

—lgab—Zab iab

Do d6 P*=-3 -3 =1 i ab=0).
ab+2b 2ab 4
3 3
Do b> 0néna—b<0;a+b>0,suyraP<0.V£1y P=—%.
(g r 3a? + 3b? =10ab, suy ra: 3a* -9ab —ab+3b? =0
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11.

12.

13.

¢ 3a(a-3b)-b(a-3b)=0 < (a-3b)(3a-b)=
Trrong hgp a-3b=0 < a=3b khong xayravi 0 <a<b<3b.
Trrong hgp 3a-b=0 < b=3a, thay vao P, ta co:

g _ _9
a b‘a Ja .,a:__é (doa#O)

a-b a+3a d4a
1 : 5 o

Xd¢ M?, ta dugc M? = ma M>0 nén M =%. Giai tuong tu nhu bai

ey

Chiy rang néu x +y+z=0 thi x> +y® +2°® = 3xyz.

Thtvay: x+y+2z=0-= z=—(x+y).

Dcdo: xX*+y' +22 =x* +y° —(x+y)3 =-3x"y - 3xy’ = -3xy(x +y) = 3xyz

(Nidn xét nay ciing c6 thé suy ra ngay tir két qua cua bai trén)

x3+y3+z3—3xyz=(x+y+z)(x2+y2+z2—xy—xz—yz)

Ajdung nhén xét trén, ta cé:

1 1 1 1 1 1 _111 3
Na-_+——+__0thl__"+ +—==3.——.—=—
a b c g b o abc abc
Dcdo: N_E+E+ﬂ=agc+alzc+al;c
a b C a b c

—abc(—1—+is+—}5-)—abc.—§——=3 vol a, b, cz0.
a° b" ¢ abc

Ajdung hing dang thirc

a’+b® +c’ -3abc=(a+b+c)(a’ +b* +c* —ab-bec-ac)

IDc a® +b* +¢® =3abe nén (a+b+c)(a2+b2+c2—ab—bc—ac)=0.Do
b =0
Py a+b+c
a?+b*+c®-ab-bc-ac=0

@ Néua+b+c=0thidoa, b, c#0, taco:

:P:a+b.b+c.a+c=:c_'—_a':}i _1

b c a b ¢ a
@ Néu a?+b® +c® —ab—bc—ac=0 thi ta suy ra:
:2¢ +2b* +2¢® —2ab-2bc-2ac=0 & (a—b)2+(b—c)2+(a—c)2=0
IPtu nay chi xdy ra khi a-b=0; b-c=0; a-c=0 < a=b=c. Khi
LdéP:(1+1)(1+1)(1+1)=8.
== hoac P=8.
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14. Cdch 1: (phuong phap hé sb bat dinh)

a b _a(x+1)2+b(x—2)_ax2+(2a+b)x+(a—2b)
x -2 (x+1)2 ();--2)(x+l)2 x’ -3x-2
a=1 _1
Dongnhatvmphanthuc—’i-—t—?—-—tacé: 2a+b=0 = {a—
x®-3x-2 b=-2
a-2b=5
2
Viy: x*+5 1 2

x3—3x—2_x—2_(x+1)"
Cich 2: (phuong phép tri s6 riéng)
a b a(x+1) +b(x- 2)
x-2 (x+1) (x- 2)(x+1)

DPdng nhét véi phan thirc __3x 3+5 , ta c6 vo1 moi x:
x° —3x—

a(x+1)2+b(x—2)=x’+5 D
Véi x=-1thi -3b=6 = b=-2. |
Vo x=2thi9a=9 = a=1.
Cha y: Mic du v6i x =-1; x =2 phan thirc khéng c6 nghia nhung do
(1) dting véi moi x nén dé xac dinh a va b & (1) ta ¢6 thé cho x=-~1;
x=2.

x10x413 2
+

15. Pap i .
x’-4x x x+2 x-2
2 1 1 X
16. Pép so: = - .
3 (x—l)(x”—x+1) x-1 x*-x+1
17. Tu l+l+~1—= A suy ra Lok Chal L 1 , do do
a b ¢ a+b+c abc a+b+c

(a+b+c)(ab+bc+ac)-abc=0 (1). Dé chimg minh trong 3 sda,b,c
c6 hai s6 ddi nhau, ta s& chimg minh (a +b)(b +c)(a +c)=0. Hay phan
tich vé trai ciia (1) ra thira sd.
18. a. D& chimg t6 trong 3 s a, b, c c6 mdt s6 bang téng hai sb kia, ta s&
chimg minh (a+b-c)(a+c-b)(b+c-a)=0.Tir gia thiét, ta co:
(aat2 +b? —c”)c+ (b2 +c? —a’)a + (c2 +a’ —bz)b = 2abc.
Thém bt 2abc, ta co:
(a2 +b? - c? +2zaub)c+(b2 +c*-a’ —2bc)a+(c2 +a’ - b? —2ac)b =0
o (a c)(a+b-c)c+(b—c+a)(b-c-a)a+(c—a+b)(c—a-b)b=0
A — ¢) 1am thira sb chung & vé trai:
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(a+b-c)(c’—a’ +2ab-c’)=0 & (a+b-c)(c+a-b)(c-a+b)=0

Néua+b-c=0thic=a+bh.

Néuc+a-b=0thi b=a+c.

Néuc-a+b=0thia=b+c.
b. Truomg hgp c=a +b, ta co:

a’+b®-c® a’+b’-a’-2ab-b? _—2ab__1
2ab 2ab 2ab

b? +c®*—-a® b®’+a’+2ab+b’-a’ _2b(a+b)
2bc 2b(a +b) 2b(a+ b)

c®+a’-b? a’+2ab+b*+a’-b* 2a(a+b)
2ac 2a(a+b) “2a(a+b)

Tuong tu vai 2 truong hop con lai.

2 2
19. Do x2+x+1=x2+2.x.-;:+[1) +-2-=[x+-;—) +%¢O, ta nhan vé trai

2

ctia hiang déng thitc v&i x® +x +1, va chii ¥ rang:

(x2 +x+1)(1i{2 —x+1)=(x2 +1)2

—x?=x*+x*+1.

20.Dét§~=2=5=k¢0 thi x =ak; y=bk; z=ck.
a

b ¢

Do dé: (x* +y?+2z%)(a? +b® +c?)
(ax + by + cz)?

(%K + Bk + k) (a? + b + c?)

_K*(@®+b*+c?)

(a’k + b%k + c*k)?

T K%(a’+ b+t

21.Pat =Y _Z_x thi x=ak; y=bk; z=ck

a b c

Khi d6 xy + yz + zx = abk? + ack? + bck?

=k?(ab+ac+bc) (4)

Tu (1) tacé: (a+b+c)’ =1 hay a? +b® +c? +2ab+2ac+2bc =1
Do (2) nén 2ab +2ac + 2bc =0 tirc la ab+ac+bc=0.

Thay vao (4) dugc xy +yz+zx =0. f
22. Dit 2y+2z—x___22+2x‘—y=2x+2y—z=k.
a b c _
Theo tinh chét diy ti s6 bing nhau: .
k__4z+4x-—2y_4x+4y—2z_—2y—2z+x_ Ox
- 2b - 2c - -a " 2a+2-a

Tuong tu (do hoan vi vong quanh)k:--—gy—' —

i 2c+2a-b’ 2a +2b-c

pB¢
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- Y = Z
9b+2c-a 2c+2a-b 2a+2b-c’
23. Vi ding thuc ding véi moi x, y nén Ian lugt cho x=1; y=0 va

x=0,y= 1 vao ding thirc.
92_1 32-142-1 n’-1 13 24 35 (n-1)(n+1)

Viy:

24. TR e .
_128..(n-1) 345.n(n+1) 1 n+l n+l
" 234.(n-1)n’ 234.n n 2 2n

2 2

25. Xét 1+ 1 n°+2n+l1 (n+l)

nf+2n n’+2n nn+2)

‘ N 2 1
Dap s6 (1 +l).(1+1).(1+—}—)...(1+ > 1 ): (n+ )
3 8 15 n‘ +2n n+2

2  n’+3n+2 (n+1)@n+2)
n+3n n’+3n n(n+3)

: 3 1
Dap so: (1 +g).[1 +—2—).(1+£)...(1+ ; % ): Lk )
; 4 10 18 n° +3n n+3

A .1 :\ 4( 14 A »{ ] ﬁ'u [ &4 ;\ 4 £ A I"l
27. Khong thé quy dong miu sb cac phan s6 & vé trai. Can tach mdi phén s

thanh hiéu 2 phéan s6. Nhan xét: . N

n-1 n (n-n’

26. Xét 1+

Do do: - + . + . s 3 1
12 23 34 (n-1)n
11,1111 1 1,1 n-1
1 2 2 3 3 4 7 n-1 n n n
28. Nhin xét —— - — 1= 2 |
2n-1 2n+1 (2n-1)(2n+1)
Dit 1 1 1 1 n

+ + . SO = =
1.3 3.5 5.7 (2n—1)(2n+1) 2n +1

Trude hét, tinh 28 duge .Tud6suyra S=

2n +1 2n+1°

29. Can tach mdi phan sé & vé trai thanh hiéu 2 phan s6 dé xuét hién trong
biéu thirc nhimg s hang d6i nhau. Nhung d6 1a hiéu 2 phan sé nao?
1 1 1

2 2 3 2.3 3. 4

A Bg (n-1)n n(n +1)°

Hay xét cac hi€u:
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Goi vé trai cuia ding thirc can chimg minh 1a S.

Do : - 1 = 2 nén
(n-1)n n(n+1) (n-1)n(n+1)
2 2 o 2
= s 4 FEP ©
123 234 345 (n-1)n(1 +1)
] 1 1 1 1 1 1 1

= —- + = + = ¥ ux F -
12 23 23 34 34 45 (n-1)n n(n+1)

1 1 n’+n-2 (n-1)(n+2)
2 (n+1) 2n(n+1)r 2n(n+1)

i o_(n-1)(n+2)
R S an(n+1)

30. Phan tich cac mau sd ra thira sd 1an lugt duoc a(a +1); (a+1)(a+2);
(a+2)(a+3); (a+3)(a+4); (a+4)(a+5). Tach mdi phan thuc thanh
hiéu hai phan thirc.

Pap s S 0 :
a a+bd a(a +5)

—2n® +5 . n ‘n-2)+5 , 5
=n"+
n-2 n-2 n-2
Mudin biéu thire ¢6 s6 tri nguyén thi n -2 phai 1a udc so cua 5.
Pep sb: 1;3; 7.

32. Pép so:

31. Bién ddi: 2

1
3
33. x'-xv-2y" =0 o x*+xy-2xy+2y’ =0
< x(x+y)-2y(x+y)=0 < (x+y)(x-2y)=0

Dc x+y#0 nén x=2y.D0d6:A=2y—y=l=l.
2y+y 3y 3
34, A2= 9x® + 4y® —12xy 20xy 12xy 8xy 1
) 9x® + 4y® +12xy 20xy+12xy 32xy 4

Dc 2y<3x<0 = 3x-2y>0, 3x+2y<0 = A<0.Vay A=——

35. Tihhi x va y theo z, dugc x =2z, y =3z. Thay céc gia tri cua x va y vao

bicu tlv va rat gon dugc M = ==
Aé GITS- 7



36.a) xe{-1; 0; 1; 2} - b)xe{-2 0;2}
c) xe{-2; 0; 1; 3}
d) Pap sb: xe{-13; -9; -7; -3}.
e) (x+2):(x*+4) > (x+2)(x-2):(x* +4) = (x* +4-8)i(x* +4)
= 8:(x*+4) |
Xét x? + 4 bing 4, bing 8 rdi thir lai, ta dugc x = -2 thoa mén bai toan.

37. D8t 22 -keZ, tacs ke’ +k=10 nén x* = 12K
x‘+1 k
Ta phdi c6 ——— >0 nén 0 <k <10. Ta c6 bang sau:
| k 1 [2 |3 4 516 [7 |8 9110
2 _10-k |9 [4 |7 3 1[2]3][1 10
k 3 2 30713 9
xXeQ 13 | +2 t1 il il. 0
2|3

38. Tra+b+c-Osuyraa+b=—.
Binh phuong hai vé, ta dugc a? + b? + 2ab =c? nén a® + b? —c? =—2ab.
Tuong ty, b? +c? —a® =-2bc va ¢* +a’ —b? =-2ac.
Do dé: A = ab be ca 1 11 3

2ab  —2bc 2ca 2 2 2 2
a’(b-c)+b*(c-a)+c(a-b)

(a-bJ(b-c)a—c)
Phén tich tir thanh nhén tir dugc (a -b)(b-c)(a-c)(a+b+c).
Vidy P=a+b+c '
3y—6+2x—(x+6)
y—-2 Xx-6

N R . e e B ol R
T I AN e L S ra(%_l‘_)+(ﬁ_ﬁ)+(f_,i)=o

39.P =

40_A= =3+1=4

4 5 5 3 b 4 5

Nén ix2+ly‘“'+iz;2 =0.Dod6 x=y=2=0.
10 15 20

42.(x2+—15-)+(y2+—1;]=4 = (x2+-12—-2)+(y2+-1;—2J=0
X Y X y
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Cé bon dap s6:

1 1 1 1{1 1 1 1
44. a A— t—t—=t = =t =+ —=+ ... —
) 4 (12 92 "~ gt nz)
1( 1 1 1 1( 1 1)
<—[l+—+—+ ... + ==l1+=--—|<
4 1 "4 (n-1)n) 4 1 n/ 2
1 1 | 1 1
+ ...+ <t ——+ ..+ 5
(2n+1)° 3°-1 5°-1 (2n+1)" -1

1
6 2n(2n +2)

172 1 1 1 1 i1 1(1 1 1
= —m—t———4 ... +— === <—
202 4 4 6 2n - 2n+2 2 2n+2 4

45.Nhan xét: > <2 =2( 1 __1 )

| =

n? 4n?-1 2n-1 2n+1
Do dé6: A<2(l—l+l—l+ v + : 4 ):2(1— - )<g
3 b B8 7 2n-1 2n+1 3 2n+1 3

1 1 _1 (n+1)-(n-1)
n’-n (n 1)n(n+1) 2 (n-1n(n+1)

46. Ta thiy: — <
n

=Elz'[(n —ll)n ) n(n1+ 1)}'

Do d6:
11 1 1 1 1 1 1 11 1
B<= ——t———+ ... + - <—.—=—
223 34 34 4.5 (n—l)n n(n+1) 26 12
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§4. Phuong trinhdangax + b=0

Cdc kién thikc co bin

i f “ m;:—l ‘ L } :‘]‘3 ;" ] ¥

Jroy,
A 'p.‘;!t-

o
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| gidi mot phiromg trmh ta ¢ g flle‘ff' Ty
bt .;Chuyen mét hang tu' tu- ve n&y sang ve ha'v&"doz dau hqng tu do

;chu gz, thz ta htéu rdng ta dang gxdz
W ti. Trong tmang hop khdc, ta & noi
iémnsui’*‘.en .uthwé@rt.rin’ii’@di nhlf?'?&.friﬂ’! !tén

: 1, thz’ du:. tzm ngh

ety
~_.

6 Bhuang tr;nh. bdc nhat mpt anla ph:;o'n trink
doxladn avab ldcdcsodacho 'a #0

;'huang trinh cé dang ax+ b Otrong do a =

Cac dang bat tap co ban

Dgng] Giai phuong trinh. e T
Dgng 2: Phuong trmh chua an 50 df mau thuc B SR
Cdch giai:

Buac I Bur dzeu kten de phmmg trmh co nghi’a

uoc 4 Sa sdnh voi diéu kzen varke‘t‘ Iugn / ;ghze
J3: Phuang trinh c6 c gid 'tr; tuyet dcfi'

guyén tdc dé xét phuo




Cdc vi du minh hoa
Dang 1: Gidi phwong trinh
Vidu 1: Giai cac phuong trinh:

5 2 '
i = < __ _x+1 1
a 5 ( )

b.x-2 4 - 8 _(x-1) ©))

e gx+0,2)_.,£’5_x_t&5_ 3
0 5
Giadi
& (I)QIOX—(4—3x)___14x—(x—3)
5.16 ., 2.5
13x-4 13x+3 13x-4 13x+3-10x+10
=5 = -X =

+1& =
75 10 75 10

o 2(13x-4) = 15(3x+13)<:>x— 21(;3
b. (2)c>8x_2x_'t3+x=13X“10“(x-1)
8 6
7x+3 Tx-4
8
c. (3)C>7,2—6x——5(5+7x)=9x+0,2_4(12,5x+4,5)
' 20 20 20
< -41x-17,8=-41x-17,8=0x=0.
Phuong trinh c6 nghiém x tuy y.
1 x+3 X+5 x+7
Vidu 2: Giai phuong trinh: =+
¥ phuong trinh: —eo=+=a= ===+ 5

-x+1

@3(7x+3)=4(7x—4)~:>x=27E

- Gidi
Nhén xét ring: trong céc phan thirc trén néu cong tir thirc véi méu sb thi
cac tir thic déu try thanh x +66, cho nén ta cong 1 vao ca bdn phan

thirc: (5_4-_1+1)+(x+3+1)=[x+5+1)+(x+7+1)
65 63 61 59
X+66 x+66 x+66 x+66 1 | 1
— = + o (x+66)| — -———
65 63 61 59 65 63 61 5H9

F— = ———e #0 nén x+66 =0 x=-66.
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Vi du 3: (iai cac phuong trinh:
x-5 x-4 LX- 3 _x-100 x—101+x~—102_

. + ek ]
: 100 101 102 5 4 3
29—-x 27-x 2b-x 23-x 21-x
b. + - + + = =,
21 23 25 97 29
Gidi

a. Trir 1 vao mdi phan thire, ta dugc:
x-105 x-105 x-105 x-105 x-105 x-105
+ + = + +
100 - 101 102 5 4 3

<:>(xw105)( LI . -l-l—-l-) 0 < x =105,

100 10‘1 102 5 4 3
b. Cong 1 vao mdi phan thirc & vé trai, cong 5 vao vé phai, ta dugc:
1 s 1

(50 -x)| =— e .., ) 0. Vay x =50.
21 23 25 27 29

Dang 2: Phuong trinh chira dn sé & méu thirc
Cdch gidi:
Budrc 1: Pat diéu kién dé phu'ong trinh c6 nghia.
Buoc 2: Qui dong mdu so, bién déi diea vé phuong trinh bdc hai.
Buoc 3: Giai phuong trinh bdc hai trén.
Budrc 4: So sanh vdi diéu kién va két ludn nghiém.

Vidy I: Giaiphuong trinh:— X4+ % _—_ 2% (4
2x-3) 2(x+1) (x+1)(x-3)
Gidi

1. Diéu klendecac mau thitc khic 0:x-3#0=>x#3;x+1#0= x # -1
2. MAu thic chung: 2(x +1)(x — 3)
Quy ddng miu thuc va rit gon ta dua vé phuong trinh: 2x(x -3) =0 (2)
Phuong trinh (2) c6 2 nghiém x, =0,x, =3
So vai diéu kién dé cac miu thirc khac 0 thi nghiém x, =3 bi loai.
~ Vay phuong trinh (1) c6 nghi¢m x = 0. ‘
Vidy 2: Vi gia trj ndo cua cac bién thi cac biéu thirc sau ddy vo nghia:
3x% -1
5 4 1 M
x-2 x-3 x
o Gidi:
a. Dé biéu thirc vo nghia, ta phai c6:x-2=0;x -3 =0; hodc x =0.
x(x - 2)(x - 3)(3x% -1)
. -2x-6
ém dieu kién -2x-6=0=>x=-3
i cia bién 1am cho biéu thic v nghia la: -3;0;2;3

Rt gon biéu thirc (1) vé dang
Phai cg
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X +4 " x+1 _ 2x+5
x2-5x+2 2x*-7x+3 2x*-Tx+3
Gidi
Thue hién cac phép bién dbi tuong duong, ta dwa (1) vé dang:

Xx+4 X+4 1 1
2 T oo =0<:>(x+4) 9ol T 9wl _ 7 =i
2x° -bx+2 2x°-Tx+3 2x°-5x+2 2x*-7x+3

(x+4)(1-—2x)
2x* —5x +2)(2x* - 7x+3)
Thir vao mau thic:

Vai x=%thi 2x%2 —-5x+2=0

Vidu 3: Giai phuong trinh: = (1)

<:>( =0 &(x+4)(1-2x)=0<>x=—4 hoic x=—é.

Véi x =-4 thi (2x% -5x+2)(2x*-7x+3)#0

Két luan: phuong trinh (1) d4 cho c6 nghiém duy nhit 14 x = —4

x-1 . X+3 2 (1)

x-2 x-4  (x-2)(4-x)
Gidi

Piéu kién xac dinh ciia phuong trinh 13 x # 2,x # 4.

Bién d6i phuong trinh (1):(x - 1)(x-4)+(x+3)(x-2)=-2.

Thu gon phwong trinh, ta dugc 2x(x-2)=0

Nghiém cua (2) 1a x, =0;x, = 2.

x, =0 théa man diéu kién xac dinh X, =2 khong thoa mén diéu kién xac

dinh.

Két luan: S = {0}.

Vi du 4: Giai phuong trinh:

Vi du 5: Giai phuong trinh:
1 1 1 a8
2 t 3 e =
X‘+5x+4 x“+11x+28 x°+17x+70 4x-2

Gidi:
Piéu kién x ¢ {—10; =T7;—4;-1; %}

V6i diéu kién trén thi phuong trinh d3 cho twong duwong véi
1 N 1 . 1 _ 3
(x+1)(x+4) (x+4)(x+7) (x+7)(x+10) 4x-2

1-+}_1_1+_1_1_4_3
x+4) 3{x+4 x+7) 3\x+7 x+10/) 4x-2

1 [ 1
<:> - —
3 v
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If 1 1 } 3
(j-—— — —
3(x+1 x+10 4x - 2

4

oSx*+Tx+12=0=x=-3 hoidc x =4 So sanh vai diéu kién ta cé
phuong trinh da cho c6 nghi€ém duy nhat x =-3.
. 1 1 1 1
Vi du 6: Giai phuong trinh - = -
O PO e S 008x +1 2009x+2  2010x +4 2011x+5
Gidi
Piéu kién x &< - ,1 ;= o = 2 ;= > }
: 2008 2009 2010 2011
Vai diéu kién trén, phuong trinh d4 cho twong duong véi

1 1 il i
$ = +
2008x +1 2011x+5 2009x+2 2010x+4
- 4019x + 6 _ 4019x + 6  4019x + 6 =0
(2008x +1)(2011x +5) (2009x +2)(2010x + 4)
Hoic: . ;

(2008x +1)(2011x +5) (2009 + 2)(2010x + 4)
<> 4019x + 6 =0 hoac

(2008x +1)(2011x +5) - (2009x + 2)(2010x + 4) =0

e B
4019
< 4019x + 6 =0 hodc 2x* +5x+3=0<|x=-1
3
X=-=
i 2
Két Iugn: phuong trinh da cho c6 ba nghiém: x = - 40619 Xx=-1;x= .
Vi dy 7:: Giai phuong trinh: 2% + L1 S 6
3x? -5x+2 3xP+x+2

Giai:
Diéu kién xe {1; %} . Véi diéu kién trén phuong trinh di cho twong
duong vai 2x(3x* + x + 2) +13x(3x* - 5x + 2) = 6(3x* —5x + 2)(3x” + x +2)
<54x* -117x* +105x2 - 78x +24 =0 < (2x - 1)(3x - 4)(9x* - 3x4-6) =0

Két luan: phuong trinh d3 cho c¢6 hai nghiém: x = lvé\ %= :

3

2 .13 6
3%’ —dx+1 Bx +2x+1 ¥
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Giai:

T . 1
Pieukién x20,x#1 va x=—.

Bién a8 phuong trinh da cho thanh: — 2 +— 13 __g.
: h |

3x-4+— 3x+2+—

X X

bat 3x + L 4 = t, phuong trinh trén tré thanh
X
2 13

—+——=6 <:>2t2+7t—-4=0©t=-1- hodc t =-4.
t t+6 2

Vol t=%»tacé aerlogel o6t —ox 42200 x = 2233

X 2 12
* Vabi t =-4,ta co: 3x+l-—4=---4':::>3x2 +1=0
X
Phuong trinh nay khong c¢6 nghi€ém thuec.

Két lugn: phuong trinh 6 hai nghiém x =§ vix= -;-

Vidy 9. Gidi phuong trinh: —>— -2 __ 86X
1-4x 4x+1 16x°-1
Gidi:

Piéu kién xac dinh cua phuong trinh 1a x = :t%.
Véi diéu kién d6, phuong trinh trong duong véi:

3(4x+1)=2(1-4x)+(8+6x) < 14x=T7 < x=

| -

. Gia tri nay thoa

8

min didu kién. Viy phuong trinh ¢6 duy nhit nghiém x = -é. .

Vi dy 10. Giai phuong trinh: —>— +—2 = 1
5x—1. 3-5x  (1-5x)(6x-3)

Gidi:

Pidu kién xéc dinh 12 x = %; X g Véi didu kién d6, ta c6 phuong trinh
twong duong: 3(3-5x)+2(5x—1)=4 < 9-15x+10x-2-4=0

<:>—5x+3=0<:>x=%. Gia tri x=§ khong théa man diéu kién cua

phuong teinh. Do d6, phuong trinh d& cho v6 nghiém.
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Dang 3 Phuong trinh c6 chira ddu gid tri tuyét doi
Jguyén tdc ’dé, xét phuong trinh, bat phuong trinh loai nay la phdi
hwr duogc ddu gia tri tuyét doi.
Cdch gii:
Bud 1: Ddt diéu kién dé phuong trinh cé nghia.
Bué 2: Khir ddu gid tri tuyét doi, bién doi dua vé phueong trinh bdc nhat
hodphuong trinh bdc hai .
Bug 3 : Giai phuong trinh bdc nhdt hodc phuong trinh bdc hai trén.
Bué 4 So sdnh véi diéu kién va két ludn nghiém
O dw cdc ban can lwu y cdc phép bién doi co ban:

: _ b2>0
) = & {a=ib W=t & n=ab
Vi du 1:.Chimg minh ring cic phuong trinh sau day c6 v6 s6 nghiém so:
a. 3x-1)-2x=x-3 b. |x|=x

Gidi
a. Tabén d6i dong nhét vé trai cuia phuong trinh duoc:
3(x-1)-2x=3x-3-2x=x-3

Hai ¢ cua phuong trinh 14 hai biéu thirc bing nhau véi moi gia tri cua x

(cun; la x -3), phuong trinh duoc nghiém voi moi gia tri cua x.
b. The(dinh nghia cua gia tri tuyét dbi: |x| = {x,x =0

-x,x<0

Phumg trinh |x| = x duoc nghiém véi moi gid tri x 2 0.
* Ha phuong trinh trén day déu c6 vo sb nghiém, nhung tap hop nghiém
khacnhau. Ta noi:
Phumg trinh 3(x —1)-2x = x —3¢6 nghiém la x tiy y (moi x)
Phumg trinh |x| = x c6 nghiém 1a x tuy y >0 (moi x20)

Vi du 2: Giai phuong trinh: 2|x|-|x +1|=2

Gidi

>0 1(x=2-1

Tac: |x|= HE20) va |x+1|= L )
~-x(x<0) -x-1(x<-1)

Ta 1p bang sau:
X —0 -1 0 +00
2|x -2x -2x 2x
|x +1] —(x+1) x+1 x+1
2|x

—zﬂw -2x +(x +1) —2x —(x +1) 2x —(x +1)
y 4

e
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-2x+x+1(x<-1)
Do dé, ta viét dugc: 2|x|-|x +1| = 2x-x-1(-1<x <0)
2x -x-1(x20)
Ta phai giai cac phuong trinh trong tirng khoang nhu sau:
1.Voi x<-1: -2x+x+1=2x=-1 (loai)
2.V -1<x<0: -2x-x-1=2ox=-1
3.Voi x20: 2x-x-1=2&x=3
Vay phuong trinh d3 cho c6 hai nghiém la -1 va 3.
Vi du 3: Giai phuong trinh: |x + 1|+ 3|x - 1| =x + 2 +|x| + 2|x - 2|
(Dé thi chon hoc sinh giéi cdp II — Toan quoc — 1979)
Gidi
Cac nhj thirc trong déu gia trj tuyét ddi c6 nghiém l1a —1,1,0,2. Do d6 ta xét
phuong trinh trong cic khodng: x <-1;-1<x<0;0<x<1;1<x<2;x 22
Vi x <-1 thit|x+1| =—(x+1);jx -1 =—(x - 1);|x| = —=x;|x = 2| = - (x - 2)

Va ta c6 phuong trinh—(x +1)-3(x-1)=x+2-x-2(x-2) > x=-2

Véi -1<x <0, ¢ phuong trinh:
(x+1)-3(x-1)=x+2-x-2(x-2) © 0x =2 (v0 nghiém)
Véi0<x<1,cophuong trinh: x+ 1 -3(x-1)=x+2+x-2(x—-2)
&> x =-—1 (loai). '
Véil £x<2,céphuong trinh: x+1+3(x+1)=x+2 +x-2(x-2)
& x =2 (loai).
Véix 22, c6 phuong trinh: x + 1 +3(x—1)=x+2+x+2(x—-2)
<> 0x=0
Pap s6: x =-2 hodc x> 2.

2ajx +a| a?

Vidy 4: Giai phuong trinh: x + —— =
X

Gidi
Phuong trinh da cho tuong duong véi x* + 2a|x +a|—a® =0 vdix #0.
e x+a (x2-a)
—(x+a) (x<-a)

1. Véi x<-a:x*-2a(x+a)-a’=0 véi x=0.

Ap2aax-3a2 =0 < (x+a)(x-3a)=0 véix #0.
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x:-3a<-a<>x=3a viia<0.
2. "(ix2-a: x2+2a(x+a)—a2:0vc'rix 20 x’+2ax+a’=0
<:>x+a)2-—-=0<:>x=—a
Ton lai: a=0: V6 nghiém
a>0: mot nghiém x = -a.
a <0: hai nghiém x, = -a va x, =3a.
Vi du 5 Giai phuong trinh: |x -3|+|x + 2| =
Gidi:
a) Troig khoang x < -2, phuong trinh c6 dang:3-x-x-2=7 < x=-3
(thwc khoang dang xét).
b) Troig khoang -2 < x <3, phuong trinh c6 dang:3-x+x+2=7 < 0x -2
(vo1ghiém).
¢) Troig khoang x >3, phuong trinh c6 dang: x-3+x+2=7 & x=4
(thwc khoang dang xét).
Vay phuong trinh ¢6 nghiém x, =-3; x, =4.
Vi du 6 Giai phuong trinh: |x —4|+|x - 9| =
Giai:
Cdch 1.a) Trong khoang x <4, phuong trinh ¢6 dang: 4-x+9-x=5&x=4,
khoig thudc khoang dang xét.
b) Tronz khoang 4 <x <9, phuong trinh ¢é dang: x-4+9-x=50x=0,
nghém dung vdi moi x thuc khoang dang xét, tirc la 4 <x <9.
c) Trorg khoang x>9, phuong trinh c¢6 dang: x-4+x-9=5&x=9,
khoag thudc khoang dang xét.
Vaynghi€ém cua phuong trinh la 4<x<9.
Cdch 2. Viét phuong trinh dudi dang |x — 4| +]9 - x| =
Chuy ring |A|2A nén |x-4[+|9-x|2x-4+9-x=5.
Xayra dang thirc khi vachikhi x-42>0 va 9-x>0,ticla 4<x<9.
Vaynghiém cua phuong trinh dd cho la 4 <x <9.
Dang 4: Phuwong trinh co chira tham :s'b‘ ’
Vi du 1. Giai phuong trinh sau, véi a 1a hiing (ta con goi a 1a tham so):
a(ax+1)=x(a+2)+2.
Gidi:
Biér d6i phuong trinh di cho thanh: a’x-ax-2x=2-a
<:>}(a —a-2)=2-a<>(@+1)}(a-2)x=2-a(1).
a tap nghi¢m cua phueng trinh da cho, ta ¢o:
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Néu a #-1,a = 2thi S={— x }
a+1

Néu a =-1thi (1) c6 dang 0x = 3, vd nghiém, S=@ .
Néu a = 2 thi (1) c6 dang 0x = 0, phuong trinh nghiém ding v&i moi x,

S=R.
Vidy 2: Giai phuong trinh véi a la tham sé: 22> = X+ 9 (1)
' Giadi:
Piéu kién xac dinh cta phuong trinh: a # 0.
Bién dbi phuong trinh: (1) <> a(x —a) =3(x + 3) — 6a
oax-a’=3x+9-6a<>ax-3x=a’-6a+9 o (a-3)x=(a-3)°. (2).
Néu a # 3, phuong trinh c6 nghiém x =a - 3.
Néu a = 3 thi (2) c6 dang: 0x = 0, moi x déu la nghiém.
Két lugn:
Néua#0vaa#3 thi (1) c6 mot nghiém: x=a - 3.
Néu a = 3 thi (1) nghiém d\ing véi moi x.
Néu a = 0 thi (1) vé nghiém.
Vi du 3: Chimg minh ring ton tai cac hing sb a, b, ¢ dé phuong trinh sau c6
x—-ab x-ac x-hc
+ + =a+b+c (1)
a+b a+c b+c
Gidi:
Piéu kién xac dinh ctia phwong trinh: a +b#0;a +¢#0;b+c #0.

X —ab X —ac x —bc
1 - -b -a|=0
()Q(a+b c)+(a+c )+(b+c a)
x-ab—ac—bc+ x—ac—ab—bc+x—bc—ab—ac=
a+b a+c b+c

A A * A
v0 sO nghiém:

0

1 1 1
@(x—abe-bc—ca)(a+b+a+c+b+cJ=0

: 1 1 1
1) ¢6 v6 s6 nghiém < + =0. (2
()‘covosong B a+b a+c+b+c )
Chﬁngha.ntachona=1,b=1.Dé(2)xéyratachoncsaocho:
1 1 1 2 1
—f——t—=0>—=-=—c=-5.
2 1l+c 1l+c l+c 2

Nhu véy (1) ¢ vb sé nghiém, ching hankhia=1,b=1,c =-5.

- x-a x-b 2ab :
: Gid inh: = a b la |
Vi du 4: Giai phuong trinh a+b+a—b 3 (a va b la hang)
Gidi:
Picu vxéc dinh cia phuong trinh: a = +b.
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Bién ddi phuong trinh:(x —a)(a-b)+(x-b)(a+b)=-2ab

< ax-—bx-a®+ab+ax+bx—-ab-b%=-2ab

< 2ax =a’ +b*? - 2ab < 2ax =(a—b)2 (1)
2

Néua# 0Othi x = (a—b) '

2a
Néu a = 0 thi (1) c6 dang 0x =b%. Do a # b nén b # 0, phuong trinh vo
nghiém.

Lo ik . (a- b)2
Két lugn: Néu a #0,a# tbthi S= o,
a
Conlai, S=d.
Vi du 5: Giai va bién ludn phuong trinh: (m2 - 9)x =m? + 3m (m la tham s6)
Giai

1. V&i m* -9 # 0 titc m # +3: phuong trinh c6 nghiém duy nhat:
m’+3m _m
m?-9 m-3
2.a. Vo1 m = 3, phuong trinh ¢6 dang 0.x = 18 (v6 nghiém)
b. V&1 m = -3 phuong trinh c¢6 dang: 0.x = 0 (théa man v&i moi x).

Vi dy 6: Giai va bién luin phuong trinh: mx2_8=0(*),mlé tham sb.
X—sINn
| Gidi
. [mx-8=0 (1)
(=i,
x-2m=0 (2)
a. m#0thi(1)cho x=2.
m
4 —m?

20 m =12

Thay vao (2): §-—2m 20
m m

Vay phuong trinh (*) d3 cho ¢6 nghiém x = 2 ,khi m #0,m # +2
m
b. m =0 hodc m =+2 phuong trinh v6 nghiém.
., 6b+7a 3ax ax

Vi du 7: Giai phuong trinh: - =1-

LR (Tng 6b  2b’ b? —ab
Véi nhilmg diéu kién nao thi phuong trinh c6 nghiém s6?

(Dé thi chon hoc sinh giéi cdp 2 — mién Bdc — 1966)
Gidi

- Piéu kjEn c6 nghia cua phuong trinh b#0,a# b

- Méuffhyc chung: 6b*(b-a)
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- Dua phuong trinh vé dang: 3a(3a - b)x =7ab(a - b)
Tb(a - bz
3(3a - b)

Véi diéu kiéna= 0 va a :tg- thi phuong trinh ¢6 nghiém: x =

2
Vi dy 8: Gii va bién luan phuong trinh; 2 =1, b __a( +1)
x-1 x+1 x‘ -1
Gidi
Piéu kién x = +1. Pua phuong trinh vé dang: (a+b-1)x=a +b+1
a. Véi a + b = 1 phuong trinh v6 nghiém.

b. Véia+bel: x=232%1 S sinh véi didu kien x = £1
a+b-1
B bt lubn #1via+b+l#a+b-1
a+b-1
a+b+1;-ﬁ—l<::>a+b-1—1;;t—(a+b-1)<::>&1+b;e0
a+b-1
Keét qua cudi cung:
-Néua+b#1vaa+b=0 thi phwong trinh c6 nghiém x=a+:+i
a+b-
-Néua+b=1hoic a+ b =0 thi phuong trinh v nghiém.
2 2
Vi du 9: Giai phuong trinh:x—azx—l—)tx—z+a= xzx—bz
(Dé thi hoc sinh giéi mién Bic - 1975)
Gidi

Piéu kién x = +b. Tién hanh céc phép bién ddi dua phuong tinh vé
de_mg:(x2 —bz)[(l -a) —(1 -»az)x] =0 (1). Véi x # b thi:
(1)e(1-a)(1+a)x=1-a

*Néua=1thi0x=0. Phuong trinh c6 nghiém la moi x # tb.

* Néu a =-1 thi 0.x = 2: phuong trinh v6 nghiém.

* Néu a = +1: phuong trinh c6 nghiém x = . v6i diéu kién o
l+a l+a
Vi du 10: Gii va bién luin phuong trinh; —+1  —_ X~1
X+2+m x+2-m
Gidi
Piéu kién: x # +m — 2. Phuong trinh c6 dang: (m-1)x=2
*Véime1: thi x = ——.
m-1
Phéisodfnhgiétri 2 V6 =2 Vi i~
m-1
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G sur =m‘2®(m‘2)(m—l)=2©m2—3m+2:2<:>{m:0
iy = 1 m=3
3 ::“m_zc’('m—Q)(ﬂl—l)=2®—m2*m+2:2<:>[m20
m-1 m=-1

* n =1 thi phuong trinh v nghiém.
Ké luan:
-Vdim #0,m #£—1vam # 3 thi phuong trinh ¢6 nghiém x . :
m —_—
- 161 m = 0 hodac m =— 1 hodc m = 3 thi phuong trinh vo nghiém.
Vi du il: Giai phuong trinh vdi cac tham sé a, b, ¢
:-a X-b x-c
+ + =3;

")+c c+a a+b
ig+b+e-3x a+2b+e—-3%x a+b+Z2e-3x 9x
b. + + =6-————
a b C a+b+c
Giai
a. Trir  vao mdi phan thire & vé trai, trir 3 vao vé phai:

Xx-a-b-¢ x-b-c-a x-c-a-b
+ + =)

b+c a+c a+b
csx—a—b—d( . 4+ ) 5 . )zQ

b+c a+c a+b

Né A=—1—+—L—+—1— #0, phuong trinh ¢6 mot nghiém x=a +b+c.
b+c a+c a+b
Néi A = 0, phuong trinh c6 tap nghiém la R.
'b. Trir vao mdi phén thirc & vé trai, trir 3 vao vé phai rdi riit gon duoc:
a1b+c-3x +a+b+c—3x +a+b+c—3x :3(a+b+c)~—9x
a b c a+b+c

<:>a+b+c—-3x)(-}-+%+l—~—%——)=0.
a c a+b+c

B)é_’ul+l+l——§——=A, néu A # 0 thi x=Lb+c,néuA=Othi
a b c a+b+c 3
pihwong trinh c6 vo s6 nghiém.
Vidw 2: Giai phuong trinh véi cac tham sb a, e Y I S
a b x a+b+x

Gidi:
Dyié kién c6 nghia clia phuong trinh: a #0;b#0;x #0;x # —a - b.

Biia zhuong trinh
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1 1 a+b a+b a+b
—— L —
a+b+x x ab -x(a+b+x) ab
Néu a + b =0 thi (1) c6 vd s6 nghiém: x bat ki khac 0.

Néua+b;t0thi:—x(a+b+x)=ab~*:::>ab-*rax+bx+x2 =0

(1) =

’

X=-a
o (x+ +b)=0&
(x+a)(xeb)=0e| X778
Pé —a thoa min diéu kién c6 nghia ctia phurong trinh, ta phai cé:
-a#0 0 .z = .
e o2 e Cac di€u kién nay da co.
-a#-a-b b#0
Pé —b thoa man diéu kién c6 nghia ctia phuong trinh, tuong tur ta thai cé:
az0,b=0.
Két ludn: ’
Néu a#0,b=0;a+b=0thi(1)cé vé s6 nghiém: x bat ki khac 0

Néu a=0,b#0;a+b#0 thi (1) cé nghiém x =-a va x = -b.

Vidy 13: Giai phuong trinh: X2 + X=3 _ 9 (a 12 hing).
X+3 X-a

Gidi:
Diéu kién c6 nghia cia phuong trinh 1a x # -3, x #a. (1)
Bién doi phuong trinh: (x +a)(x —a) +(x-3)(x +3) =2(x + 3)(x-a).
Thu gon phuong trinh, ta dugc:2(a-3)x =(a- 3)2 . (2)
a-3

a. Neua#3thi x= . Gia trj nay la nghiém ctia phuong trinhd& cho

a-3 a-3

néu: T -3 (3)va #a (4) . Giai diéu kién (3), ta dugc a = —3.

Giai diéu kién (4), ta ciing dugc a # -3.
i 1a nghiém cua phuong trinh da cho.

Viy néu a =13 thi x=

b. Néua =3 thi (2) c6 dang Ox = 0, nghiém diing véi moi x théa min diéu
kién (1), tirc1a x 2 -3va x#a (do a=3 nén diéu kién nay 1a x #})..
Két lugn:

Néu a = +3 thi S={a;3}.

Néua=3 thi S={x|x¢i3}.
Néu a=-3 thi S=0.
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Dang5: Phuong trinh bac cao
D.giai cac phwong trinh bdc cao, théng thuong nguoi ta sé su dung moét
trag cac phuong phap sau
1. Phuong phdp dua vé dang tich. Dé sir dung dugc phuong phdp nay,
“cd ban can luyén lai phuwong phdp phdn tich da thitcc thanh tich ciia cdc
tha s6. Nhiéu trwong hop doi héi cdc ban phdi biét cdch thém, bét cdc

séhang can thiét dé dat dwoc muc dich.
2. huomg phdp ddt dn s phu.
1. Phrong phdp dwea vé dang tich.
Vi du!: Giai phuong trinh: (x® - x*)—4x* +8x-4=0.
Gidi
xX-x*-4x*+8x-4=0

ex®(x-1)-4(x-1)" =0 (x-1)(x* -4x +4) =0

=]
~1)(x=2)*=0e| "
c(x-1)(x-2f <0 |* 7]
Vi du?: Giai phuong trinh:
a.x(2x-7)-(4x -14) =0; b. 2x® +3x2+2x+3=0.
Giadi
a. x(x~-7)~(4x-14)=0
x=2
<x(2x-7)-2(2x-7)=0(2x-7)(x-2)=0& 7
X=—

2
b.2x%+3x” +2x+3=0 & x*(2x +3) +(2x +3) =0 & (2x + 3)(x* +1) =0

¢:2x+3=0<:>x=—g
Vi du3: Giai phuong trinh: x* -4x* +12x-9=0.
Gidi:
Vit phuong trinh duéi dang: x* —(2x -3)° =0
2 -3 = =
= [x2+2x—3][x2—2x+3]=0<:> X +2’,‘ =il o |:x 1
. x2-2x+3=0

Vidyu4: Giai phuong trinh: (2x +1)(x-3)(x+7)=0

T8-

89



Gidi

21r:+1=0<:$x=—l
2

(2x+1)(x-3)(x+7)=0c|x-3=0ex=3
Xx+7=0x=-7

Vay phuong trinh da cho c6 céac nghiém: x = —% ,Xx=3,x=-7

Vidu 5: Giai phuong trinh: x®> -4x+3=0
Gidi
-1=0 =1
x! —dx+3=0>(x-1)(x-3)=0c | =X
x-3=0&<x=3
Vay phuong trinh di cho c6 cac nghiém: x=1,x=3.
Vidu 6: Giai phuong trinh: x* + 2x® +5x* +4x-12=0
Gidi
Phan tich thanh nhan tir, ta duogc:
x'+2x* +56x% +4x-12=0= (x+2)(x-1)(x*+x+6)=0
=-2 4
o™ ;x2+x+6=(x+1) B i voi moi x.
X, =1 2 4 _
Vay phuong trinh d4 cho c6 cac nghiém: x, =-2;x, =1
2. Phurong phdp dit dn sé phu
Vi du 1: Giai phuong trinh: x* —4x® +8x~-5=0
Giai:
x‘—4x3+8x—5=0¢_->(x‘—4x3+4x2)—4x2+8x—5=0.
<::>(x2 —2x)2—4(x2—2x)—5=0. bat x* —2x =t . Phuong trinh di cho
trd thanh: t? —4t-5=0. Giai phuong trinh ndy tacé t;=—1; t, = 5.
Khitj=-1,tacé x*-2x=-1x?-2x+1=0<=x=1.
Khit=5,tacé x*-2x=5x2-2x-5=0x,,=1+ 6.
Viy phuong trinh d4 cho c6 nghiém x,, =16, x=1.

Vi du 2: Giai phuong trinh: 2x* —5x° + 6x* -5x+2=0.
Giai:

Déé !é ong trinh dang: ax* + bx® +cx’ +bx+a=0 (a=0)
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Tathdy: x =0 khong phai la nghiém nén chia hai vé cho x’ ta c6 phuong

trith tuong duong: 2x* -5x +6 - 5.l + 2.% —
X X
: 1 1) " R
& 2| x*+—|-5 x+——J+6=O.DatX=x+— (diéu kién: |X|=2).
X X X

Taco phuong trinh tuong duong:

o= B

X
2(*-2)-5X+6=0 < 2X*-5X+2=0 < <

I

Dc|X|= 2 nén chiliy gidtri X =2 > x+-=2 & x=1.
X

Citt y: Phuong trinh trén ciing c6 thé dwa vé dang tich.
Vi dy3: Giai phuong trinh: (x+3)" +(x +5)" =2.
Gidi:
bt x + 4 =y, phuong trinh tr¢ thanh: (y + 1‘)4 +(y - 1)4 =0
Sa khi bién ddi, ta duoc: y? (y2 +6) =0,do d6 y=0. Viy: x=-4 la
ngi€¢m cua phuong trinh.
Vidut: Giai phuong trinh: x* -3x% +4x*>-3x+1=0.
Gidi:
Phrong trinh trén la phuong trinh d6i ximg (chu y cac hé so cé tinh d6i
xing). Trong phuong trinh d6i ximg, néu a 1a nghiém thi 2 cling la
a
ngiém.
Plrong trinh ddi xing béc 1€ bao gid cling c6 mot trong cac nghiém 1a
x=—1. Phuong trinh d6i ximg béac chan 2n dua duoc ve phuong trinh

bénbﬁngcéchdétﬁnphu y=x+l.
X

Cdch!: Pua phuong trinh vé dang (x - 1)’ (x2 —x+1)=0. Phuong trinh c¢

11ghiém x=1.
Cdch?: Chia hai vé cia phuong trinh cho x* (vi x #0) ta duoc:

(xz +i2)—3(x+—1—)+4=0
X X
bt y=x +l thi x? +—17 =y? — 2, phuong trinh d3 cho tr¢ thanh:
X X

y=1

yi-3y+2=0 & [
y=2
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Véi y=1,tacé x* —x+1=0 (phuong trinh nay v nghiém).
Vi y=2,tacéd: x*-2x+1=0 < x=1.
Dang 6: Cdc bai todn khdc

Vidy 1: Tim gia tri t & phuong trinh sau dy c6 nghiém duong: 4 -t = <

X +1

Gidi
Piéu kién x=-1. Véi t=4 thi x —%-:Et. Nghiém nay ludn ludn thoa

min diéu kién x=-1. Vi phuong trinh %_—i=—1<:>0.t=w2 (vd

nghiém). Mudn x > 0 thi ﬂ>OsuyraZ<t<4.
4-t

Vi du 2: Chimg minh ring nghiém cia phuong trinh sau day la mot sd
nguyeén:
x29x27x25x23x21x19

1970 1972 1974 1976 1978 1980
_x—1970+x—1972+x—1974+x—1976+x—1978+x-—1980

29 27 25 23 21 19
(Pé thi chon hoc sinh giéi lop 8 toan quoc 1978)
Gidi
Cdch 1: Vin dung nhin xét va cach giai bai toan trén, ta di dén két qua

(x- 1999)(—+—1—+ Gt o . —...-___1__):
29 27 19 1970 1972 1980

x =1999
Cdch 2: Thir thay x = 1999, ta thdy hai vé ciia phuong trinh bang nhau,
viy x = 1999 13 mdt nghiém cua phuong trinh. Ta chimg minh ring
ngoai ra, phuong trinh khong con nghiém nguyén nao khac. That vay, gia
sir phuong trinh con 1 nghiém nguyén khic x'=1999+y,y € Z. Thay x’
vao phuong trinh di cho, ta cé:
1970+y+1792+y .4 1980+y _29+y N 27 +y - 19+y
1970 1972 1980 29 27 19
1 1 1 | 1

Sau khl don gian, taduiqc 1970 1972 b St Fratig

RS rang ding thirc nay sai. Tir 6 suy ra ring x = 1999 la nghiém duy

nhit ciia phuong trinh.
Vidu 3: Vi gia tri nao cua k thi phuong trinh sau day c6 nghiém am:

- k(x+2)-3(k-1)

x+1
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Gidi
Ditu kién x # —1. Pua phuong trinh vé dang: (k-1)x=k-2.

Vi 1 vk 1, thi phuons think o6 nphigm: s = i‘(‘ .

k—2<0

Mi6n x < 0 thi giai bat phuong trinh =

Kitqua: 1 <k <2véik#1,5.

Bai tap van dung

1. Gia phuong trinh:

8.

9.

x+2 3 3 x+6 x-5 2x%2+23x+61
Q. + = 2 +1, b + = - .

x+1 x-2 x*-x-2 Xx-5 x+6 x‘+x-30
6 6 +x+2: 18 a5 gl x—4+x+4=2;

-5 x-8 (x-5)(8-x) x-1 x+1
A 9 ' x*-x  x* 7x*-3x
i+l x-2 (x+1)(2-%x) e — 9-x%

x+2 1 2

Gia phuong trinh: —-—= :
x-2 x x(x-2)

] 315—x+313—x+311—x+309—x
© 101 103 105 107
Gia phuong trinh: 4x -2 =a(ax-1).

Gia phuong trinh +4=0,

'Gia phuong trinh: a?x + b =a(x + b).

x-—1+1—x_2x—1 __2a2(x-—1)

Gia phuong trinh: =
i 8 a=1 1+a 1-a* a‘-1

X-b-¢c x-c-a x-a-b
+ + =

3.
a b c

Gia phuong trinh:

ax-b bx+a a%+b?
¥ = .
a+b a-b a?-b?

Gia phuong trinh: |x -3|-x=17.

Gia phuong trinh:

10. Gia phuong trinh: |x|-[2x +3|=x-1.

11. Gia phuong trinh: x—|x+1|+2|x_1| =0.

phuong trinh: x* -3x+2+|x-1|=0.

: |x|+|1—x|=x+|x—3| véi 1<x<3.
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x-3 bHx-2
. _

14. Giai phuong trinh: =1.
P g x-2 x%-4
1 x-1 o
15. Giai phuong trinh: ———~ + = .
‘E B x2+x+1 x?-x+1 x(x'+x%+1)
5—-x 7 x—-1 1

16. Giai phuong trinh:

e il + i
4x* -8x 8x 2x(x-2) 8x-16
a +a—b‘_a+b_‘ b
2a+2b 2bx 4b ax+bx

x+a+1+x+11_ 10
x+a  x+10 (x+a)(x+10)

17. Giai phuong trinh:

18. Giai phuong trinh:

X+a X+3
+ —

19. Giai phuong trinh: 2.

x-3 x-a

20. V§i gié tri ndo cua a, phuong trinh sau c6 mdt nghiém duy nhét:
2
X

x—-a’x -

—— +a= :
1-x? x? -1

21. Giai phuong trinh: 3x* +7x-20=0.
22. Giai phuong trinh: x° -5x* +8x-4=0.
23. Giai phuong trinh: (x-1)° +x® +(x +1)° = (x +2)".
24. Giai phuong trinh: (x + 2)(x - 2)(x* -10)="72.
25. Chimg t6 ring phuong trinh: x° +x® +x* + x® +x? +x+1=0 v0 nghiém.
26. Giai cac phuong trinh:
a. 9ax® —18x%> —4ax +8=0 (alatham sb)
b. x*+x*+4=0.
27. Giai cac phuong trinh bac bon:
a) (x* +x)* +4(x* +x)=12; b) x(x-1)(x+1)(x+2)=24;
) (x=T)(x-5)(x-4)(x-2)=72; d) (x-1)(x-3)(x+5)(x+7)=297;
e) (6x+T)*(3x +4)(x +1) = 6.
28. Giai cée phuong trinh:
a) (x*-4)" =8x+1; b) (x* —4x)® + 2(x-2)* =43;
c) (x-2)" +(x-6)' =82; e) 2x* +x* -6x* +x+2=0.
9. Cho phuong trinh x* -(m? -m +7)x-3(m* -m-2)=0.
¢f® gia trj ciia m dé mot trong céc nghiém cuia phuong trinh bang 1.
dayphuong trinh ing véi cac gia tri 46 ciia m.
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30. Gii phuong trinh:

2 2 . 2
; 1 z
8(:+~1—) +4(x“+—1?) —4(x2+—12—)(x+—-) =(x+4)
X X X X

Hudéng dén va dip so

. ba an:

a. ::%; b. x =0; ¢. x = 0: thoéa man, x = 5: loai.

d. "6 nghiém; e. VO nghiém; g. Moix # 3.

. Dia kién xac dinh cua phuong trinh x = 0, x#2

Qiy dong khir miu ta dugce: x(x +2) — (x —2) =2
SxP+H2x—x+2=2
Sx+x=0
ox(xt1)=0
< x=0hodcx+1=0

1)< = 0 ( khong thoa mén d iéu kién xac dinh nén loai)

2)x+1 =0 < x=-1 ( thoa min diéu kién xéc dinh )

V& phuong trinh ¢6 mot nghiém x = -1

. Vit phuong trinh dudi dang:

(315~x+1)+ 313——x+1]+ 311—x+1 : 30‘9—x+1 =0
101 103 105 107

Pa s: x =416,
4x-2=a(ax-1) < 4x-a’x=2-a & (4—a2)x=2—a (1)

Néi a # +2 thi phuong trinh d4 cho c6 1 nghiém duy nhit x =

a+2

Né a =2 thi (1) ¢6 dang 0x =0. Phuong trinh nghiém ding véi moi x.

Né a =-2 thi (1) c6 dang Ox = 4. Phuong trinh v6 nghiém.
. Né a#1; a =0 phuong trinh c6 mot nghiém duy nhét x = B
a

Né a =1, phuong trinh nghiém ding véi moi x.
Né a =0; b=0, phuong trinh nghiém ding véi moi x.
Né a é b # 0, phuong trinh v6 nghiém.

as-
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6. x=—.
4

7. Diéu kién dé phuong trinh cé nghia a#0; b#0; c#0. Trir 1 vao mdi
phén thirc & vé trai va trir 3 vao vé phai, ta duoc:
x-b-c-a x-c-a-b x-a-b-c
+ + =
a b C

o (x—a—b—c)(§+%+l)=0

0

Cc

Néu l+%+l¢0,phu'cmgtrinhcc')mc}tnghi{:mduy nhit x=a+b+c.
a c

Néu E + % . 0, phuong trinh nghiém dung véi moi x.
a C

8. Phuong trinh c6 mét nghiém duy nhit x =0.

9. Néu x-320 (1) thi |x-3/=x-3, phuong trinh dd cho tr thanh
x -3-x="7 hay Ox =10 nén phuong trinh nay v6 nghiém.
Néu x-3<0 hay x<3 (2) thi |x-—3|=3—x, phuong trinh da cho tro
thinh 3-x-x=7 & 3-2x=7 & -2x=4 & x=-2, thoa min
didu kién x <3 . Vay, phuong trinh c¢6 nghiém duy nhit x = -2..

10. Cac biéu thirc trong déu gia trj tuyét ddi 1an luot bang 0 khi x =0 va

3

X=-—.
2

a) Néu x<—-2— (1) thi x<0 va 2x+3<0, phuong trinh d3 cho tr¢ thanh
-x—(-2x-3)=x-1 < 0x =-4, phuong trinh v6 nghiém.

b) Néu --g-s:(<0 (2) thi x<0 va 2x+320, phuong trinh try thanh

~x-(2x+3)=x-1 & x =-——1—, thoa man diéu kién (2).
2

c) Néu x20 (3) thi x20 va 2x+3>0, phuong trinh tro thanh
x—(2x+3)=x-1 < x=-1 (khong théa man diéu kién (3))

Viy, phuong trinh d4 cho cé nghiém duy nhét x = —% .

2B
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11.

12.

13.
14.

15,

16.
17,
18.

19,

a) Néua=-3 thi x=

Xét cac truong hop x<-1; -1<x<1; x2>1.

B . ; i 1
Pap so: Phuong trinh ¢6 2 nghiém x, = St

Giaiphuong trinh x* - 3x +2+|x - 1| =0 (1) .Xét cac truong hop
+Néu x 21: (1) & (x-1)" =0 & x =1 (Thoa man diéu kén x 21).
+ Néu x <1:

(1) ox* -4x+3=0 x> -x-3(x-1)=0<(x-1)(x-3)=0
Sx=lix=3

Vay phuong trinh c6 nghiém duy nhat x =1.

Vi 1 < x <3, phuong trinh ¢é nghiém duy nhat x = 2.
Phuimg trinh da cho:
(x-3)(x+2)+(5x-2) (X2—4)
& =
x? -4 x* -4

Khirmiu sé tacé (x—3)(x +2)+ (5x—2) = x* — 4

Giaiphuong trinh ta duge x = 1.

Chiy: Khi giai phuong trinh chita 4n & mau sé, trude hét can dat diéu
kiéncho nghiém s6 dé miu sb khac 0. Gia tri tim dugc cia an s thoa
mandieu kién da dat sé la nghiém cua phuong trinh.

Nghém cta phuong trinh (néu c6) phai théa man diéu kién x =0 (do
x* +x+1>0; x> -x+1>0; x* +x*+1>0).

Chuy ring (x® +x+1)(x> —x+1)=x* +x? +1.
Sau <hi bién déi, ta duoc 2x* =3 < x =% 1a nghiém cua phuong trinh.

Phuemng trinh nghiém ding véi moi gia tri cia x, trir x =0 va x =2.

x =¢ v&i didukién b#0; a+b=0.

Néua =0, phuong trinh nghiém diing véi moi x, trir x =0 va x =-10.
Néua # 0, phuong trinh vo nghiém.

Piét kién cua nghiém sb (néu c6) 1a x #a; x 3. Sau khi bién dbi ta
duoc 2(a+3)x=(a+3)* (1).

a+3
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a+3

£a
Gi4 tri nay 1a nghiém néu: { 2 & ax3
a+3
5 #3

b) Néu a = -3, phuong trinh (1) c6 dang Ox = 0. Phuong trinh nghiém duing
voi moi X khac -3 va 3.
Két lu@n:

a+3

a) Néu a = +3, phuong trinh c6 nghiém duy nhét x =

b) Néu a =3, phuong trinh v6 nghiém.
¢) Néu a =-3, phuong trinh nghiém ding véi moi x trir x = +3.
20. Didu kién cia nghiém s§ (néu c6) 13 x = +1. Viét phuong trinh dudi
x2 1
x?-1 x2-1

e Véi x #+1, phuong trinh tuong duong vai

dang: x-a’x+a=

x-a’x+a=1 o (1-a’)x=1-a

e Véia=tl thi x=

l+a
1 = a0
Gia trj nay la nghiém néu L4 =
1 a*-2
# -1
l+a

e Vdia=1,(1)cédang Ox =0, nghiém ding véi moi x = +1.
e Véia=-1,(1)codang Ox =2, v0 nghi¢m.
Vay mudn phuong trinh c6 1 nghiém duy nhit thi a = +1; a #0; a # -2
21. Pua phuong trinh vé dang vé trai 1a mdt tich, vé phai bing 0 (phuong
trinh tich) 3x* +12x-5x-20=0 < (x+4)(3x-5)=0
Phuong trinh ¢6 2 nghiém x, = —4; x, = g
22. Pua vé& phuong trinh tich. Chu ¥ tng cac hé sb & vé trai bang 0 nén vé
trai chira thira sb (x — 1). Phuong trinh c¢6 cic nghiém: X,=1 x,,=2
(nghi¢m kép)
23. Bién déguqc x*-3x?*-3x-4=0 o x*-1-3x*-3x-3=0

X +x+1)-3(x*+x+1)=0 & (x-4)(x*+x+1)=0
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Do «* + x +1 # 0 nén phuong trinh ¢ 1 nghiém x =4.
24. Tacd (x*-4)(x*-10)=72. Dat x* -4 =y, phuong trinh tro thanh
V(y-6)=72 & y*-6y+9=81 & (y-3)* =(29)
Xéty-3=9 o y=12 & x'-4=12 & x*=16 © x=14.
Xét v-3=-9 & y=-6 < x*~-4=-6 < x*=-2, phuong trinh v
nghém. Vay x = 4.
25. Nhén hai vé ctia phuong trinh véi (x - 1) duge:
(x-Dx*+x° +x* +x* +x* +x+1)=0
S ¥ -l=0 & ¥ =1 & 5=1.
Vi rhan hai vé ctia phuong trinh véi ciing mot da thitc chira an s6 c6 thé
xua: hién thém nghiém ngoai lai nén phai thur lai.
Giatri x =1 khong thoa mén phuong trinh da cho.
Vay, phuong trinh da cho vo nghiém.

26.a. Néua=0, phuong trinh c¢6 nghiém z; + %
a

Néu a =0, phuong trinh ¢6 nghiém: i—%

b. x*+x*+4=0=(x+2)(x* —x+2)=0. Mdt nghiém x =-2.
27. a) Pat 4n phu y =x? + x, ta dugc y® + 4y -12=0 nén phuong trinh c6
nghém: y, =-6; y, =2.
Véiy=-6 = x*+x+6=0, phuong trinh v6 nghiém.
Voiy=2 = x?+x-2=0, phuong trinh c6 2 nghiém: x, =-2; x, =1,
b) Nér nhan cic da thirc & vé trai mot cach hop ly lam xuét hién nhimg biéu
thirc chira an nhu nhau, tir 46 ma dat an phu.
Biéa d6i phuong trinh thanh: (x? + x)(x? + x —2) = 24.
biatx’+x-1=y tadugc (y+1)(y-1)=24.Dod6 y=45.
Voiy=5 = x*+x-1=5 = x,=-3; x,=2
Voiy=-5 = x*+x-1=-5 & x*+x+4=0 (v0 nghiém)
c) (x-T)(x-5)(x-4)(x-2)="T2
< (x%-9x +14)(x* - 9x +20) =72

2 4 . - .
D:?;*g§§x+17—y = y=19 = x, =1, x, =8.

kS 4 8 4
e~ '3 we
.
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d) 4va-8
e) Nhan hai vé ctia phuong trinh véi 12 ta duge (6x +7)" (6x +8)(6x+ 6)=72
bat y=6x+7 = y=13.

Nghiém cuia phuong trinh: —%; —%.

28. a) Thém 16x? vao hai vé ta dugc:
x*+4)  =(4x+1) o x*+4+4x+1)(x*+4-4x-1)=0
Phuong trinh ¢6 2 nghiém la x=1; x=3.
b) (x* -4x)* +2(x* -4x+4) =43
bit x* —4x+4=y (y20), dugc y, =9; y, = -3 (loai).
Do d6 x, =5; x, =-1
c)S5va3l.
e)l;-2; —%.
29. a) Thay x=1 vao phuong trinh ta dugc —-4m’+4m =0, trc la

m?’-m=0 nén m=0 hoic m=1.

b) Thay m?>-m=0 vao phuong trinh ban dau, ta dugc x*-7x+6=0.
Phuong trinh ¢6 nghiém: 1; 2; -3.
30. Giai phuong trinh

2 2 2
o(resf il ) i) e
X X X X

Piéu kién phuong trinh c6 nghiém: x # 0
2 2
Q) o 8[x +l) $ 4(){2 # —lf)li[ﬁ + -—13) —(x g lJ ] = (x+4)*
X X X X

2
<:>8(x+-1-] —S(x2 +i2)=(x+4)2 <:>(x+4)2 =16
X X

< x=0hay x=-8

Vay phuong trinh 33 cho ¢6 mo{t nghiém x =-8.

AB°
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§5. Gidi bai toan bang cach lap phuong trinh

Phuweng phdap chung

Dé giai bai todn bang cdch Idp phuong trinh, hé phuong trinh ta tién
harh cdc buéc nhu sau

1. Lgpphwong trinh :
Chon dn 56 va xdc dinh diéu kién cia dn so: An s6 thuomg la dai luong
chra biét trong bai todn, viéc chon mot d'n _.s'o" hay hai dén sé tuy thugc vao
56 3ai lwong chuea biét cua bai todn .
b. Biéu dién méi twong quan giita dai lwong da biét va dai lwong chua biét.
¢. 1dp phwong trinh .

2. Gidgiphwong trinh

3. Nhin dinh két qud va trd loi .

Cac dang bai tap co ban
Dang 1: Cdc bai todn vé chuyén djng
Pheong phap giai:
Dua vao quan hé cua ba dai lwgng S: qudng dwong, t: thai gian,
v: 9dn toc cila chuyén dong déu trong cong thirc S=v.t
Dua vao nguyén li céng vin téc: vi du khi gidi bai todn thuyén trén séng
1aco: v, =V, +vy, v2 =v, =V, trong dé v, la vdn téc cua thuyén khi
xuoz dong, v, la vdn toc cia thuyén khi nguwoe dong; vo la vdn toc riéng
cua thuyen v, la vdn téc dong chay.
Chi y: dé thuyén nguoc dong duoc thi phdi c6 v, > v,
Dang2: Cic bai todn vé ndng suit lao dpng
Phrong phdp giai:
Dua vao quan hé cua ba dai luong: N: ndng sudt Iao dong (khoi luwong

‘corg viéc hoan thanh trong mét don vi thoi gian), t. thoi | gian dé hoan
thenh mot cong vzec 5 Iu'p'ng cong wec da lam, cong thizc biéu dién moi

quzn hé la: N

Dgng 3: Cdc bat todn vé lom chung lam néng, voi nmi’c chdy chung-
chdy riéng...
' _Piuong phap giai: Dua vao cdc két qua sau:

Néu x gio (hodc ngay) lam xong mgt cong viéc thi méi gio (hodc ngay)

lan dugc 2 cong viéc do.
N st 1
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Cac vi dy mmh hpa

Dang 1: Cdc bai todn vé chuyén djpng
Phuwong phap gidi:

Duya vao ) quan hé cua ba dai lugng S: quang dwong, t: thoi gian,

v: vdn téc cua chuyén déng deu tfrong cong thuc S=v.t

Dua vao nguyén li céng vén téc: vi du khi gidi bai todn thuyen trén séng
1a co: v, =V, +V,; V,=V, -V, trong dé v, la vdn téc cua thuyen khi

xudi dong, v, la vdn téc ciia rhuyen khi nguoc dong; v, la van téc riéng
g v, la vdn téc dong chay.

cg
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Chu y: 1é thuvén nguoc dong duoc thi phai co v, > v,

Vi du I Duong song tir thanh phd A dén thanh phé B ngin hon ducmg bo
10kn. Néu di tir A dén B bang ca nd thi mat 3 glor 20 phut, con di bang 6
to th chi mat 2 gio. Tinh van tdc cua ca nod, biét rang mdi gior 6 to di
nhath hon ca né 17km.

Gidi:
DPéidon vi: 3h20' = 13911. Goi x (km/h) la van tdc cua ca nd (diéu kién

x >)). Ta c6: Van toc ctia 6t la: x+17 (km/h). Quing dudng ca nd da
di: '_—ng(km) .Quang duong 6 t6 da di: 2(x +17)(km)
Vi arong bo dai hon duong song 10km nén ta ¢6 phuong trinh:

2(x+17)~—1§(—)x:10 I 2x+34+%x=10

= —%x ~-24 < x=18(thda didu kién x>0 nén nhn)

Vayvan toc ciia ca n 1a 18 kmvh.

Vi du = Mot 6 t6 du dinh di tir A dén B trong mot khoang thdi gian nhét
dinl v&i van toc dinh trude. Néu 6 t6 di v6i van tde 35 km/h thi sé dén
chan 2h. Néu di véi van toc 50 km/h thi dén sém hon 1h. Tinh quing
dung AB va thoi gian du dinh di lic dau.

Gidi:
Gioix (km) 1a chiéu dai quéang duong AB (diéu kién x > 0), ta c6:
- N 6 t6 di v&i van téc 35 km/h thi thoi gian phai di la: 3—"5 (h)

Nié1 thai gian du dinh di lic du la: gxg -2 (h)
- N 6 5 di véi van tde 50 kmv/h thi thoi gian phai di la: -5% (h)

Nié1 thoi gian du dinh di luc dau la: 5—’i)+1 (h). Do d6 ta c6 phuong

11 T[S RP, (VA NP . S e i1.::3 < x=350
35 50 35 50 350

(th@ man dieu kién x >0 nén nhan)

V’a: Quing dudng AB dai 350 (km)

T'ha giantdu dinh la: 3—59—2 8 (gio)
g; 35
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Vi du 3: Mot nguoi di mot mira quing duong AB véi van toc 20km/h, va di
phin con lai véi vén téc 30 km/h. Tinh van toc trung binh cua ngudi d6
trén toan bd quang duong.

Giai:
Goi van téc trung binh tim 1a x (km/h), (x > 0). Ta c6 biéu thi mét nira
quang dudomg AB 1a a km (a > 0). Thoi gian nguoi d6 di nira dau cua

quang duong la 210 gio, thoi gian di nira sau cua quang duong la % gio.

Phuong trinh: — + =2—a—.
20 30 x
Giai phuong trinh trén, ta dugc: 5% +?3_16 o < x = 24. Van tdc trung
X
binh la 24 km/h.
Chu y:
a. Neéu vén toc trén nira dau cua quang duong la a km/h, van toc trén nira sau la

b km/h thi van tdc trung binh trén ca quing dudng bing e 2 ; km/h. Pai
s
a b

lwong nay goi 1a trung binh diéu hoa ciaa va b. ‘
b. Trung binh diéu hoa cua hai s6 duong a va b nhé hon hodc bang trung

binh cong ciia hai sé iy. That vay: 1 - e 2al; < a:;bvi 4ab <(a+ b)2 :

s a-+
a b

Vi du 4: C6 ba 6t6 chay trén duomg AB. Cing mdt lic 6t6 thir nhat chay tir
A, 6t6 thir hai chay tir B, khi 6t6 thir nhét chay t6i B, thi tir B 6t thit ba
bat dau di vé A va cling t6i A v6i 6td thir hai. Tai giira quéng duong
AB, mét ngudi thiy ring sau khi 6t6 thir nhit di qua 10 phut thi 66 thir
hai di qua va sau dé 20 phit nita thi 6td thir ba di qua. Van tdc cua 6td
thr ba 1a 120km/h. Hoi vén tdc xe 6t6 thir nhat, xe 6t6 thir hai va quang
duong AB.

(Dé thi.chon hoc sinh gidi toan quoc - 1980).
Gidi '
Goi x 1a quang dudong AB va v la vén toc cua xe thir nhat.

Thoi gian xe thir nhét di tir A ¢én B 1a =.
v

Pi nira quing dudmg ma xe thir nhét da mét it hon xe thit hai éh, vay di

ca qu;ﬁdm‘mg thi xe thir hai di mat: = + —;— )
\

£ 4
A
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Khi xe thir nhat dén B thi xe thir ba méi bat dau di, cho nén néu tinh tir
xe thir hai di tir B dén luc ca xe thr hai va xe tha ba cung dén B thi thoi

gian do la: £ +—X—
v 120
Te c6 phuong trinh —-+~1-=—)E+—)-(-—:>—X—=l = x =40 km.
v 3 v 120 120 3
20 1
Xc thir ba di doan duomg BC mat: — =—h
120 6

Viy xe thir nhét di doan BC mét: %- i —-( )

(Vi sau khi xe thir nhat di qua C: 10 + 20 = 30 (phiit)
th: xe tht ba méi di qua C. Viy tée do 6 t6 thir nhit la: 20:%=60

(km/h). Thot gian xe thir nhét di hét doan duong la %(h). Vay xe thir hai

dihét ca doan duong mat: % - % =1 (h). Vén toc ctia xe thir hai 1a 40km/h.

Dang 2: Cdc bai todn vé ning suit lao dpng
Phwong phap giai:
Dua vao quan hé cua ba dai luong: N: nang sudt lao dong (khéi lugng
cong viéc hoan thanh trong mét don vi thoi gian), t: thoi gian dé hoan
thénh mot cong viée, s: lwong cong viéc da lam, cong thirc biéu dién moi

quan hé la: N = %

Vidul: Mot d6i tho mo theo ké hoach phai khai thac mot lugng than. Ho du
dirh m01 ngay khai thac 50 tan. Nhung trén thuc té doi da ting ning suat
nén mdi ngay khai thic duoc 57 tdn. Do d6 khong nhimg ho di hoan
thanh trudc thoi gian dur dinh 1 ngay ma con vuot chi tiéu 13 tin. Tinh s6
then ma d6i phai khai thac theo ké hoach.

' Gidi:
Goi x (tan) la sé than ma doi phai khai thac theo ké hoach (diéu kién
x>0). Ta co: Thoi gian ddi du dinh khai thac lic dau la: gxa (ngay).

Thyi gian thuc té doi da khai thac la: X+l (ngay). (do khai thac vugt

ch: tidu 13 tin). Vi thoi gian khai thac theo thuc té it hon thoi gian khai

théc theo ké hoach la mdt ngay nén ta c6 phuong trinh: %— = g713 =
< Tx-650=2850 < x=500 (thoa man diéu kién x>0 nén nhan).

hég 'ke hoach ddi phai khai thac 500 tan than.
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Vi du 2: Nhan ngay 1 théang 6, mét phén ddi thiéu nién duoc ting mot sb
kc;o S6 keo nay duogc chia hét va chia déu cho moi ddi vién trong phan
doi. Pé dam bao nguyen tic chia iy, phan d6i truong da dé xuat cach
nhén phan keo ctia mdi nguoi nhur sau:

- Ban tha nhit nhén 1 cai keo va dugc ldy thém i}i- s6 keo con lai. Sau
khi ban thir nhit da liy phin keo ciia minh, ban thir hai nhén 2 cai keo

va duge ldy thém -1-11- s6 keo con lai. Cir tiép tuc nhu thé dén ban cuéi

. L A 1 ~ 1 ‘ b ] .
cling tht n, nhan n keo va dugc 1y thém T sO keo con lai.
Hoi phan ddi thiéu nién c6 bao nhiéu d6i vién va mdi ddi vién nhan bao
nhiéu cai keo.
(Dé thi hoc sinh gisi, cdp I mién Bic — 1972)
Gidi
o ak - 5 2 : T .
Ban thir n lay n céi keo va ~11—1 sO keo con lai thi vira hét. Vay T keo

con lai thu n phai bing 0 hay ban thir n chi nhan duoc n cai keo. Co n

ban, m&i ban nhan n cai keo (vi s§ keo ctia mdi ngudi déu bing nhau),
2 Pa—
nén sb keo la n2. S8 keo ban thir nhat lay la 1 e

2
Ta c6 phuong trinh P 1=nc>n2—11n+10=0

¢ (n-1)(n-10)=0. Vin> 1 nén ta lay nghiém n = 10,
Két qua: c6 10 ban va 100 cai keo.
Dang 3: Cdc bdi todn vé lam chung- lam riéng, voi nudc chay
chung- chay riéng...
Phuong phdp gidgi: Dya vao cdc két qua sau:
Néu x gio (hodc ngay) lam xong mét céng viéc thi moi gio (hodc ngay)

lam dugc 1 cong viéc do.
X
Néu trong 1 gio: doi twong A lam dwoc & cong viéc; doi tuong B lam
X
duoc L cong viéc thi luong céng viéc ma ca hai lam dwoc trong 1 gio la
y
1 1 | ”
— +— cong viéc.
XYy

B B o a 1 . ca g S— a . -
Néu méigio lam duwoc — céng viéc thi trong a gio lam duoc — cong viéc.
X X
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Dangi: Cac bai todn sdp xép, chia déu sin phiam (hang hoa...)

Vi du : Mot doi xe du dinh chd mot sb lugng hang, véi du tinh mdi xe ché
S tn. Nhung dén khi thuc hién d6i duoc tang cuong thém 2 xe, vi vay
lacnay moi xe chi phai cho 4 Fén va tdng s6 hang ché duoc nhiéu hon ké
hoch ban dau la 1 tan. Tinh s6 xe tham gia chd hang.

Gidi:
" Gc x 1a s6 xe tham gia chd hang sau khi duoc tang cuong.
(diukién x € N, x >2). Ta c6: Sb tin hang d6i xe di cho 1a 4x .
Séxe du dinb luc dau la: x-2. S tfm’ hz‘mg du din}l cho luc d?ly la
5( —2) . Vi s0 hang cho dugc theo thuc té nhiéu hon ké hoach ban dau 1
thr nén ta co phuong trinh: 4x-5(x-2)=1 < x=9 (thoa diéu kién
né. nhan). Vay sb xe cho hang theo thuc té 1a 9 xe.

Dang5: Cdc bai todn co npi dung lién quan dén cdu tao thip phén

cu so.
P.uwong phdp giai:
Lra vao moi lién hé giita cdc hang trong mét sé.
Cti y: ab=10a+b; abe =100a + 10b + ¢

Vidu': Tim sb tu nhién c6 bon 9hﬁ $0, bi‘ét ring néu viét thci‘:m mot chf{ s6 1
va dang trudc va moét chir s6 1 vao déng sau so6 do thi so do tang gap 21
la.

Giai:
Gd sb phai tim la abed, O0<a,b,c,d<9a=0;a,b,c,de N. Theo bai ra
ta:6 labcdl = 21.abed. Pit abed = x.
Tidé ta c6 phuong trinh: 100001 +10x = 21x < x = 9091.
Vy s6 can tim 12 9091.

Vi dy‘ 2 Tim mQt sb tu ghién co §éu chir sb, biét réng cl}ﬁ' §c"> tan cung cﬁa no
bag 4 va néu chuyen chir s6 4 d6 1én vi tri chir so dau tién thi so phai
tin ting gap bon lan.

Gidi:
Gd sb phai tim la abcded, 0 <a,b,c,d,e <9;a #0;a,b,c,d,e e N. Theo
barata co abcded.4 = 4abede . Pat abede = x, ta c6 phuong trinh:
(10x +4).4 =400000 + x <> x =102566 .
Vy sb can tim 1a 10256.
Vi dy3: Tingmot s6 co ba chir s6 sao cho chia né cho 11 thi dugc thuong
@ cac chir so cua so bi chia.
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Giai:
Goi s6 phai tim 14 xyz (x,y,ze€Z; 1<x<9; 0<y,z<9)
Ta c6: E=11(x+y+z) < 100x+10y+z=11x+11ly+11z
< 89x=10z+y & 89x=E.
Nhu vay sb 89x 1a sb khong qua hai chir s§, do 46 x =1; zy =89 suy ra
y=9; z=8. Thirlai: 198 =11(1+9+8).

Vi dy 4: Tim méot sb co bbn chit sb sao cho chir sb hang nghin va hang tram
glong nhau, chit sé hang chuc va hang don vi glong nhau, s6 phai tim ¢6
thé vxet dugc thanh mét tich cia ba thira s6, mdi thira s6 déu 1a sb co hai
chit s6 va chia hét cho 11.

Gidi:
Goi sb phai tim 13 xxyy
Ta c6: xxyy =aa.bb.cc = 1100x+11y=11a.11b.11c
= 100x+y=121abc = xOy 121.abc

Nhu vay xOy chia hét cho 121. Cac bdi ciia 121 c6 ba chir sb 1a 121;
242; 363; 484; 605; 726; 847; 968 trong d6 chi c6 s6 605 c6 chir sd hang
chuc bing 0. Vay x0y=605=x=6;y =5. Suy ra abc =5, do d6 trong
ba sb a, b, ¢ c6 mot sb bé‘mg 5, hai sb kia b%mg 1.
Thar lai: 6655=11.11.55.

Dang 6: Cdc bai todn co nji dung lién quan dén ti s6 %.
Phuwong phdp gidi: Chu y cdc két quad sau:

m% cua A nghia la: i
100

' ) 4 A m
S6 A ba % s6 Bnghiala = =-=" hay A== B.
0 A bang m% 50 B nghta la — T T

S6 A sau khi tdng lén m% thi duoc s6 médi ¢ gidtrila: A+ —0—0 A
Vi du 1 : Cé hai loai dung dich mudi I va II. Ngudi ta hoa 200 gam dung
dich mudi I véi 300 gam dung dich mubi II thi dugc mdt dung dich c6
nong @6 mudi 1a 33%. Tinh nong d6 mubi trong mbi dung dich I va II,
biét ring ndng d6 muédi trong dung dich I 16n hon ndng d6 mudi trong
dung dich II 1a 20%.

Gidi:
Goi nong 4% mudi trong dung dich I 14 x(%).Theo bai ra ta c6
phuong trinh: 200.— + 300. e LW =500. —3—3- =

100 100 100

l B ubi trong cac dung dich I va II 1 45% va 25%.
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Vi du 2: Co hai loai quang sat, quang loai I va loai I, tong khéi luong 1a 10
tin. Khoi sit nguyén chat trong quéng loai I la 0,8 tan; trong quing loai
Il 1a 0,6 tan. Biét ti 1é sit nguyén chat trong quang loai I hon ti & sat
nguyén chét trong quang loai II 1a 10%. Tinh khéi luong mdi loai quang.

Gidi:
Goi x (tan) 14 khéi luong quang loai I (diéu kién 0 <x <10).
Ta co:
Khéi lwong quing sat loai I 1a: 10 —x (tdn)
Ti 1é sat nguyén chét trong quéng loai I la: %-?
0,6
10-x
Vi ti 1é sét trong quéang loai I hon ti Ié sat trong quang loai II 1a 10% nén
0,8 0,6 10

ta c6 phuong trinh: — - =
x 10-x 100

Ti 1é sat nguyén chat trong quang loai I 1a

8 6

x 1l0-x%
Phuong trinh trén ¢6 2 nghi€ém: x, =4 (thoa man diéu kién nén nhén)

=1 & x°-24x+80=0c(x-4)(x-20)=0.

x, = 20 (khong thoa man diéu kién nén loai)
Vay khdi luong quing sét loai I 1a 4 tin, loai I 1a 6 t4n.

Dang 7: Cdc bai todn coé ndi dung hinh hoc
Phuong phap giai:
Chil y dén cdc hé thirc lugng trong tam gidc, cdc céng thiec tinh chu vi,
dién tich,... cua cdc hinh.

Vi du 1: Mot khu vuon hinh chir nhat cé chiéu dai 16n hon chiéu rong 8m,
dién tich bang 240m?. Tinh chu vi khu vuon d6.

Giai:

Goi x (m) la chiéu rong khu vuém (x >0). Suy ra chiéu dai khu vuon la:
X +8 (m). Lap phuong trinh: x(x +8)=240 < x*+8x-240=0

=12 g g 5 N
<> (x-12)(x+20)=0< [x 120 . boi chiéu diéu kién, ta c6: chiéu
it
rdng khu vuon la: 12 (m)
Suy ra chu vi khu vurom la: 2(x +x +8) =64 (m).
Vi du 2: hinh chit nhét c¢6 chu vi bing 320m. Néu tang chiéu dai 10m,
! rong 20m thi dién tich ting 2700m®. Tinh mdi chiéu.
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Gidi:

Goi chiéu dai la x (m). Theo bai ra ta ¢6 phuong trinh:
(x+10)(180 - x) - x(160 —x) = 2700 < x = 90.
Vay chiéu dai 12 90m, chiéu rong la 70m.

Dang 8: Cdc bai todn khdc

Vi du 1: Vao thé ky thir III truéc cong nguyén, vua xir Xi-ra-cut giao cho
Ac-si-mét kidm tra xem chiéc mii b?mg vang cua minh cé pha thém bac
hay khong. Chiéc mii ¢4 trong lugng 5 niuton (theo don vi hién nay). Khi
nhing ngép trong nudc thi trong luong giam di 0,3 niuton.

Biét ring khi can trong nudc, vang giam -2-16— trong luong, bac giam i%

trong lugng. Hoi chiéc mii chita bao nhiéu gam bac? (vit c6 khéi lugng
100 gam thi trong lugng bing 1 newton).

Giai:
Goi trong lugng bac trong mii 1a x (Newton) (0 < x < 5). Trong lugng
vang trong mii 18 5-x (Newton). Khi nhiing ngép trong nudc, trong

X
wton).
20 (Newton)

lugng bac giam %(Newton), trong lugng vang giam

5-x
20
Trong lugng bac trong mii 1a 1 newton. Chiéc mii chira 100 gam bac.

Vi du 2: Mot tAim bia dang tam giac vudng c6 dd dai ba canh la céc sé
nguyén. Chimg minh ring c6 thé cit tim bia thanh sau phén c6 dién tich
bing nhau va dién tich m&i phin 14 s§ nguyén.

Gidi:
Goi a, b, ¢ 1a 49 dai 3 canh tam giac vuéng ABC, c la canh huyén.

Tacé: a? +b? =c%a,b,ce N, dién tich tam gidc ABC la: S = 5‘2_'”

Phuong trinh: I%+ =0,3.Vayx=1.

Trudc hét ta chimg minh ab chia hét cho 12.

+ Ching minh ab:3

Néu ca a va b ddng thoi khong chia hét cho 3 thi a? + b?chia 3 du 2.

Suy ra s6 chinh phuong c?chia 3 du 2, vé li.

+ Chimg minh ab:4 : Néu a, b chin thi ab:4

- Néu trong hai sb a, b c6 sd 1¢, ching han a lé.

Lic d6 c 1&. Vi néu c chin thi ¢?:4, trong lic a® + b?khong thé chia hét
cho4.Pit a=2k+1,c=2h+1,k,h e N. Ta cé:

b’=(2h+1)* -2k +1)*  =4(h-k)(h+k+1)

BG =4(h-k)(h-k +1)+8k(h-k):4
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Su'ra b:4.Néu chia canh AB (ching han) thanh 6 phan bing nhau, nbi
cac diém chia vai C thi tam giac ABC dugc chia thanh 6 tam giac, moi

e . 5 EB fE 3 21 o O A
tan giac nay co6 dién tich bang iy la mot sd nguyén.

Vi du ?: Xac dinh hinh vudng c6 d6 dai canh la sb nguyén va dién tich cling
la 6 nguyén gom 4 chir so, trong do cac chir sé hang don vi hang chuc
vaiang tram giong nhau.

Thi hoc sinh gii tinh Thia Thién Hué Lop 9, 2004-2005

Gidi:

Theo gia thiét dién tich hinh vuéng c6 dang S = abbb =k* (k >0,k € Z)
1000 < k? <9999 &> 33 < k <99, nén k chi gém c6 2 chir s
k-xy=10x+y; k®=100x> + 20xy + y*(3<x<9,0< y<9)
Néy &y =1;3;5;7,9 = y* =1;9;25;49;81 = b =1;5;9. Khi d6 2xy co
chr s6 tan ciing 1a sb chin, nén chir sb hang chuc cua k* phai 1 s6 chin
khc 1:5: 9. do do S chi c6 thé 1a abbb. Néu y chin: y = 0; 2; 4; 6; 8
=y” =10;4;16;36;64 = b =0;4;6. V&i y = 0; k> chi c¢6 thé 1a 1600;
2510; 3600; 4900; 6400, 8100 khong thoa diéu kién bai toan.
Vdy =2: k?* =100x* + 40x + 4 . Khi d6 x chi c¢6 thé 1a 6 thi chir s6 hang
chic cuia k? mai 1a 4, suy ra k*= 3600 + 244 = 3844 # abbb
Vi y=4; 6 = y>=16; 36, khi d6 20xy cé chir sb hing chuc 1a s6 chin,
néi chir sé hang chuc cua k* phai 14 sé 1¢, do d6 khong thé bing 4 hoic
6,1ghia la k? = abbb. V&iy = 8; y* = 64; k® =100x? + 160x + 64 , khi d6
X @i co thé 1a 3 hoic 8 thi chir s6 hang chuc cia k* méi bing 4 suy ra
k’: 38% = 1444 hoac k* = 88% = 7744 (khdng thoa diéu kién bai toan).
V#, bai toan c6 mét 1oi gia duy nhét: hinh vuéng céan xac dinh ¢ canh
k =38 va dién tich S = 1444,

Vi dut: A, B,C 1a mét nhom ba nguodi than thugc. Cha cua A thugc nhom
do.cung vay con gai cua B va ngudi song sinh cua C ciing ¢ trong nhom
d6.Biét rang C va ngudi song sinh cua C 14 hai ngudi khéc gidi tinh va C
khmg phai la con cua B. Héi trong ba nguoi A, B, C ai la ngudi khac
gid tinh voi hai nguoi kia?

Ki thi hoc sinh giéi tinh Thira Thién Hué,Lop 9, 2004-2005
Gidi:
Tho gia thiét, cha ciia A c6 thé 1a B hoic C:
+ Mu B la cha ctia A thi C khong thé song sinh vai A, vi néu nhur thé thi
C ) con cua B, trai gia thiét, do d6 C va B la song sinh va khac gi6i tinh
(gt, nén C 1a phai nir. Mit khéc, con gai cia B khong thé la C nén phai
la ., de&') A phai 1a phai nir. Vay B khac gidi tinh véi hai nguoi con lai
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+ Néu C 14 cha cuia A thi C chi c6 thé 1a song sinh véi B, theo gia thiét B
phai 14 nir. Mit khéc, con géi ctia B khong thé 1a C(gt) nén phai 1 A. suy
ra C va B 1a vg chdng chir khong phai song sinh, din dén méu thuan

Viy chi c6 duy nhét truong hop B 1a cha cua A va B khac gigi tinh véi
hai nguoi con lai la A va C (cung la phai niY).

Chii y: Khi gidi todn bdng cdch ldp phwong trinh, ngoadi dn da chon, déi khi
nguoi ta con biéu thi nhitng dai luomg chua biét bang chir. Diéu li thi i
cdc chir do tuy tham gia vao qua trinh gidi todn nhung chung lai khong
cd mdt trong ddp s6 cia bai todn.

Bai tap vin dung
1. Hai khach qua duomg, cho hay Di-6-phang tho bao nhiéu tudi ?

s oa s B i & o U | NPT TR
Biét thoi tho au cua 6ng chiém é— cudc doi, T cudc doi tiep theo la thoi
thanh nién sbi ndi. Dén khi lap gia dinh thi lai thém % cube diri

5 ndm nira tréi qua, va mét cdu con trai da dugc sinh ra. Nhung s6 ménh
budc con chi sdng bing nira doi cha. Ong d4 tir trn 4 nam sau khi con
mét. i O phing tho bao nhiéu, hay tinh chora ?

Bai todn bdng tho ghi trén m¢ cua Di-6 phdng, nha todn hoc cé Hi Lap
thé ki II - III.

2. Tinh tubi cua hai me con hién nay, biét ring cach ddy 4 nam thi tudi me
gap 5 lan tudi con, sau ddy 2 nam thi tudi me gap 3 14n tudi con.

3. Mot ca nd tuan tra di xuéi khiic séng tir A dén B hét 1 gio 10 phit va di
ngugc dong tir B vé A hét 1 gior 30 phut. Tinh van tdc riéng ctia ca nd,
biét ring van téc dong nudc 1a 2 kmv/h.

4. Mot ngudi di tir A dén B v6i véan téc 24 km/h 1di di tiép tir B dén C véi
van téc 32 kmv/h. Tinh quing dudng AB va BC, biét ring quang duong
AB dai hon quang dudng BC la 6km va vén tdc trung binh cia ngudi do
trén ca quang dudng AC la 27 km/h.

5. Quang dudng tir A dén B gém doan 1én déc AC, doan nim ngang CD,
doan xudng déc DB, tong cong dai 30km. Mot nguoi di tir A dén B r6i tir
B vé A hét tit ca 4 gio 25 phut. Tinh quing duong nim ngang, biét ring
vén tdc 1én ddc (ca lic di 14n lic vé) 1a 10 kmvh, van téc xubng dbe (ca
lic di 1an lic vé) 1a 20 km/h, vén t6c trén dudng nim ngang la 15 kmvh.

6. Luc 8 gid, An rdi nha minh dé dén nha Bich véi vén téc 4 km/h. Lic 8

' pitt, Bich ciing roi nha minh dé dén nha An véi vén tdc 3 km/h.
fch trén duong, rdi ca hai cung di vé nha Bich. Khi tro vé dén
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10.

11.

12.

13.

nha minh, An tinh ra ring quing duong minh di di dai gip bbn lan
quing duong Bich da di.Tinh khoang cach tir nha An dén nha Bich.
Mot nguoi di xe dap, mot nguoi di xe may va mot nguoi di 6 t6 cung di
tir A dén B, khoi hanh 1an luot luc 7 gio, 8 gior, 9 gid vdi van te theo thur
tu bang 10 km/h, 30 km/h, 50 km/h. Dén mdy gior thi 6 t6 & vi tri cach
déu xe dap va xe may ?
Ngudi ta pha 3 kg nude nong & 90°C véi 2 kg nudce lanh ¢ 20°C. Tinh
nh:€ét d sau cung cua nudc (bo qua su mat nhiét).
Trén quang duomg AB ciia mot thanh phd, cir 6 phit lai c6 mot xe buyt
di theo chiéu tir A dén B, va ciing ctr 6 phut lai c6 mdt xe buyt di theo
chiéu nguoc lai. Cac xe nay chuyén dong déu véi cling van téc nhu nhau.
Mat khach du lich di bo tir A dén B nhén thdy ct 5 phut lai gip mot xe di
tir B vé phia minh. Hoi ¢t bao nhiéu phut lai c6 mot xe di tir A vugt qua
ngxoi do?
Hei ddi cong nhén cung lam mdt c6ng viéc thi hoan thanh cong viéc do6
trong 24 gio. Néu doi thir nhat lam 10 gid, doi thir hai 1am 15 gid thi ca
ha: d3i lam dugc mot nira cong viéc. Tinh thoi gian mdi dodi lam mot
miah dé xong cong viéc.
Trong mdt budi hop mit giita hai l6p 8A va 8B, c6 tit ca 50 hoc sinh
them gia. Céc ban lép 8B tinh s nguoi quen & 16p 8A va thdy rang ban
Arh quen 11 ban, ban Bic quen 12 ban, ban Chau quen 13 ban,... va cu
nhr vay dén ban cudi cing 1a ban Yén quen tt ca cac ban cua 16p 8A.
Tinh sb hoc sinh mdi 16p tham gia hop mit.

Mjt nong din mang cam ra chg, ban cho ngudi khach thir nhét 2 sé cam
vathém 1 qua, ban cho ngudi khach thi hai 2 s6 cam con lai va thém 2
qui, ban cho ngudi khach thir ba 2 sd cam con lai va thém 2 qua... Cir
tiép tuc nhu viy cho dén khi ngudi khach thir sdu mua xong thi s6 cam
vin hét. Tinh tong s cam ctia ngudi ndng dan dem ban.

Cé ba canh dong co nhur nhau, co ciing ludn moc déu nhu nhau trén toan
bo mdi canh ddng. Biét ring 9 con bd an hét sb co c6 sin va sé cé moc
thém ciia canh ddng I trong 2 tuan, 6 con bo an hét s6 co c6 sin va sb ¢o
moc thém ciia canh dong II trong 4 tudn.
a. Tinh xem trén mdi canh ddng, s6 cé moc thém trong mot tudn bing
mAy phan cta sb c6 ¢6 sin luc dau ?
b. Bao nhiéu con bo an hét s6 co ¢ sin va sd cé moc thém cua canh
ddngMI trong 6 tudn ?
IV
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14. Bai todn ctia Niu-ton. Mot canh ddng cé moc day nhu nhau, co luén moc
déu nhu nhau trén toan bd canh dong. Biét ring 12 con bo in hét co trén

? acro trong 4 tuan, 21 con bo #n hét c6 trén 10 acro trong 9 tuan. Hoi

bao nhiéu con bod an hét co trén 24 acro trong 18 tuan (1 acro = 4047m*).

15. Mét khach du lich di tir A dén B nhén thdy cir 15 phit lai gap mot xe
buyt di cing chiéu vugt qua, cir 10 phut lai gip mot xe buyt chay ngugc
lai. Biét ring c4c xe buyt déu chay v6i cing mét van téc, khoi hanh sau
nhitng khoang thoi gian bing nhau va khong dimg lai trén duong (trén
chiéu tir A dén B cling nhu trén chiéu nguoc lai). Héi cir sau bao mhiéu
phut thi cac xe buyt lai 14n luot roi bén ?

16. Mot nguoi di xe may tir A dén B, vén téc 40km/h. Di dugc 15 phat,
ngudi d6 gip mot 6td tir B dén, van téc S0km/h. Otd dén A nghi 15 phut
roi tré vé B va giip ngudi di xe may cach B 20km. Tinh quing duong AB.

17. Nguoi ta dit mot voi nude chay vao mot bé nudc va mot voi chay ra ¢
lung chimg bé. Khi bé can, néu m& ca hai voi thi sau 2 gio 42 phit bé
diy nudc. Con néu déng vodi chay ra, md voi chay vao thi sau 1 gio rudi
day bé. Biét voi chay vao manh gép 2 14n voi chay ra.

a) Tinh thoi gian nudc chay vao liic bé can dén lic nudc ngang chd dat
voi chay ra.

b) Néu chiéu cao bé la 2m thi khoang cach tir chd dit voi chay ra dén
déy bé 1a bao nhiéu?

18. Mot cong truong giao cong viéc sia mot doan dudng cho cic ddi lao

dong nhu sau: Ddi 1 nhan 10m va —1-16 phén con lai.

P6i 2 nhan 20m va 116 phan con lai. P6i 3 nhan 30m va Tlﬁ phim con

lai. Cir chia nhu vay cho dén doi cubi cung thi phin dudng cua m®i doi
déu bing nhau. Tinh s6 d6i tham gia stra dudmg va chiéu dai toan bo
doan dudng phai sira.

19. Téng cia bén sb biang 45. Néu ldy sb thir nhat cong thém 2, sé thi hai trir
di 2, sb thir ba nhéan véi 2, sd thir tir chia cho 2 thi bdn két qua d6 bing
nhau. Tim bbn s ban dau.

20. Cho mét sb tu nhién c6 nam chir s6. Néu viét thém chir sé 1 vao siau sb
d6 thi ta dugc s6 A c6 sau chit s6. Néu viét thém chix 50 1 vao truce sé
do ta ; sO B ¢6 sau chit s6. Viét ring A =3B . Tim s6 c6 nam clhir sb
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21.

s

23,

M 6 to phai di quang duong AB 60km trong mét thoi gian nhat dinh. O
td d nira dau quing duomg véi vén tde lén hon du dinh 10km/h va di nira
sat quiang duomg véi van tde kém hon du dinh 6km/h. Biét 6 t6 dén B
diug thon gian da dinh. Tinh thot gian 6 t6 du dinh di quang duong AB.

Ha voi nude chay vao bé thi bé sé day trong 3 gior 20 phut. Nguoi ta cho
voithir nhat chay trong 3 gio, voi thir hai chay trong 2 gio thi ca hai voi

4 A s Rl L . . - kK A \ ‘A :\
chiy duoc — bé. Tinh thoi gian mdi voi chay mot minh day bé.
B

Mt ctra hang ban trimg trong mot s6 ngay. Ngay thir nhat ctra hang ban

1 5 qua va é sd con lai, ngay thir hai ban 200 qua va % s6 con lai, ngay

tthi ba ban 250 qua va % s6 con lai, ...

Ciiban nhu vy cho dén hét thi sb trimg mdi ngay ban bing nhau. Hoi sb
tring c6 tét ca bao nhiéu?

r h) I 4 ‘
Huéng dan va dap so
Go x la tudi tho ctia Di-6-phang. Ta ¢6 phwong trinh:

1 1 1 1 - . 2.
—1+—X+—-x+5+=x+4=x;X = 84. Di-5-phing tho 84 tudi.
6 12 i 2

Go tudi con hién nay la x, phwong trinh:
3(:+2)-5(x-4)=6 <= x=10.
Twi con hién nay la 10, tudi me hién nay la 34.

Go vian tdc riéng ctia ca né la x (km/h). Phuong trinh:
ll%(x +2) = 1%(){—-2) < x=16.

(o quiang duong AB la x(km). Phuong trinh:

x+x—6_2x—6
D4 32 97

<> x=30. Suy ra AB dai 30km, BC dai 24km.

Go quang dudmg CD la x(km). Quéang duong AC + DB = 30 — x. K& ca
liiedi va hic vé thi quang dudng ndm ngang dai 2x, quang duomg 1én ddc
d14i30 - x, quang duong xudng dbc dai 30 — x.
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6. Goi quing duong tir nha An dén nha Bich 1a x(km). Quing duong An da
di la 2x, quang duong Bich da di l1a 2x: 4 =—)2£. Goi C 1a chd hai nguoi

gdp nhau thi BC—% =Z Thoi gian An di doan AC la: z— i = ?g
Thoi gian Bich di doan BC la: — T
4 12
Phuong trinh: ——-1=l<:>x 3,2. Pap sb: 3,2 km.
16 12 3

7. Lic 9 gid, nguoi di xe dap cach A 20km, nguoi di xe may cach A 30km,
Goi x 1a s0 git dé 6 t6 & vi tri cach déu hai nguoi kia (ke tir luc 9 gio).

Phuong trinh: 50x — (20 + 10x) = (30 + 30x) — 50x & x = %

Pap s6 9 gior 50 phut.
8. Nhiét do sau cing cua nudc la 62°C.
9. Goi thoi gian phai tim 1a x (phut). Biéu thi thoi gian nguéi du lich di tir A

dén B 14 a phut. Phuong trinh: % =%+E &5 %=17,0,
X

10. Doi thir nhét can 40 gio, doi thir hai can 60 gio dé 1am mdt minh xong
cong viéc.

11. Goi s6 hoc sinh cua 16p 8B la x.
Ban thir nhét cua 16p 8B(ban Anh) quen 10+1 ban ciia 16p 8A.
Ban thi hai cia 16p 8B (ban Bic) quen 10 + 2 ban cuia 16p 8A.
Ban thit ba cua 16p 8B (ban Chéu) quen 10 + 3 ban cua lop 8A. ...
Ban thir x ctia 16p 8B (ban Yén) quen 10 + x ban cua 16p 8A, d6 la tat ca
s hoc sinh 8A. Phuong trinh: x + (10 + x) = 50 < x = 20.
Lép 8B ¢6 20 hoc sinh, 16p 8A ¢6 30 hoc sinh dyr hop mit.

12. Dap sb: 63 qua.

13. a. Goi s6 c6 c6 sin trén mdi canh ddng 1a 1 (phin dién tich), s6 c6 moc
thém trong moi tudn trén mdi canh déng bi’mg y 14n s co c6 sin.
S6 co 9 con bo dn trong 2 tudn & canh dong I bing 1 + 2y lan s6 ¢b co
sin, do d6 mdi con bo tron g mot tudn an:l;—gllén s6 c6 ¢6 sin. (1)

S6 ¢6 6 con bo dn trong 4 tudn & canh déng I bing 1 + 4y lan sb ¢6 co

yﬂ mdi con bo trong mot tuén an: 16 :y 14n s6 ¢6 6 sin. (2)
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14.
. Goi thon gian phai tim la x (phut). Ta goi thot gian nguoi du lich di tr A

16.

1+ 2y

: 1+4y .. .. 1
T (1) va (2) suy ra = Jtrdo y=—
u (1) va (2) suy B y i

ydl i . . .z B | A
SO ¢6 moc thém trong mot tuan bang ZSO co ban dau.

o 5 A . = 4 , 1+4 1+6
b. Goi s0 bo phai tim la x. Lap ludn tuong tu ta co * 4y e VAN Thay

6x
§= —][I vao phuong trinh, ta duge x = 5. Vdy 5 con bo an hét sd co ¢o san

va sO ¢0 moc thém cua canh dong III trong 6 tuén.

Dap sb: 36 con bo.

dén B la a phat. Xét cac xe buyt di theo chiéu tir B dén A: trong a phut di

tr A dén B nguoi do gap %xe nguoc chiéu chay lai, trong a phut di tir
A dén B nguoi do gap —l—ag Xe cung chiéu vuot qua (di tir B dén A).

Nbhu vay trong 2a phut cd % + —1% xe di qua A theo chiéu tir B dén A.

Phuong trinh: ga—=i+ic:>gzi+i‘::>x:12.

x 15 10 x 15 10
Cir 12 phut cac xe buyt lai 1an luot réri bén.
Chii y: Giai bang phuong trinh sb hoc: Gia sir ngudi du lich di tir A dén B
trong 30 phit i di tir B vé A trong 30 phut nira thi ngudi d6 gap 30: 10 =3
xe di nguoc chiéu (di tir B dén A) va 30 : 15 = 2 xe di cung chiéu (di tr B
dén A).
Vay cir 60 phut ¢6 3 + 2 = 5 xe di tir B &én A qua dia diém A. Do d6 ctr
60 : 5 = 12 phiit lai c6 hai xe cung chiéu roi bén.

Goi C va D 1a noi 6 to gap ngudi di xe may lan thir nhét va lan thu hai.
Goi qudng duong CD la x (km).
Quiing duomg AC dai: 40 km x % = 10 km.

Théi gian ngudi di xe may di tir C dén D 1a Zxo" (gid)

Trong thoi gian d6, 6 t6 di doan CA, AD va nghi 15 phit.
Ta c6 phuong trinh: x et +l.
40 50 4

7130 . Quang duong AB dai: 10+130 + 20 =160 (km).
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17.

b)

18.

a) Goi thoi gian nudc chay vao tir lic bé can dén lic mirc nudc rgang
chd dit voi chay ra la x gid.

Trong 1 gid, voi chay vao dugce 1—15 = % (bé)
T 2 1 3
Trong 1 gio, voi chady ra dugc: 5: 2= 5 (bé)
z - T ) & 5 @l B TY
Néu mo ca hai voi, lugng nudc chay vao bé trong 1 gio la wea=n (bE).

Trong x gi®r d4u, chi c6 voi chay vao lam viéc, nén lugng nudc chay vao
bé Ia %.x (b).
Trong 2 gi¢ 42 phut — x gio (tiuc 2,7 gio — x gio) con lai, ca hai vot lam

viéc nén lugng nudc chay vao bé 1a %(2,7 ~x) (bé)

Ta c6 phuong trinh: §x+%(2,7—x)=1. Do d6 x =0,3 (gio).

Vay thoi gian nuéc chay vao tir luc bé can dén luc muc nudc ngang chd

dat voi chay ra la 0,3 gio hay 18 phut.

Theo dé bai, néu riéng voi chay vao lam viéc trong 1,5 gi¢r thi mirc nugce

cao 2m. Viy néu riéng voi chay vao 1am viéc trong 0,3 gi¢r thi mirc nuée

2m x 0,3
B
1,5

Do d6 khoang céch tir chd dat voi chay ra dén day 1a 40cm.

Goi chiéu dai toan bd doan dudng phai sira 1a x (m).

Doan duong d6i 1 nhén dai 10+0,1(x-10) (m) trc 1a 0,1x+9 (m).

Phén cdn lai sau khi ddi 1 nhan 1a x - (0,1x +9) (m) tirc 1a 0,9%~9 (m).

Poan duong d6i 2 nhan dai 20+0,1(0,9x-9-20) (m) tic la

0,09x +17,1 (m). Vi chiéu dai doan duong hai d6i lam bing nhau nén

0,1x+9=0,09x+17,1.

Do d6 x=810. Doan duong dai 810m, mdéi doi phai lam

0,1.810+ 9 =90m . S6 ddi tham gia sira dudng l1a 810:90 =9 (ddi).

Chii y: Néu dé bai cho thém “doan duong dugc chia vira hét” thi con co

thé giai nhu sau:

Goi sb ddi tham gia sira duong 1a x. Do doan dudng duogc chia vira hét

nén ddi cudi ciing nhan 10x (m), chiéu dai toan b quing dudmg 1a 10x* (m).

2 —
Chidu adoan duong doi 1 nhan 1a: 10+ 10—"161_0 S104x% -1

=0,4m.

A e o ) As A - A
ichifudai doan dudong moi doi nhén bang nhau nén:
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19.

20.

21

22.
23.

1+x?-1=10x & x'-1=10(x-1) & (x-1)(x-9)=0
Die x#1 nén x=9.

Viy ¢6 9 ddi tham gia stra duong.

C: quang dudng dai: 10.9° =810 (m).

G x 1a két qua cua mdi sb sau khi da thay doi.

T« c6 phuong trinh: (x—2)+(x+2)+-%+2x:45 =% x =10,

Viy, bon s6 ban dau la 8; 12; 5; 20.
Gui sé phai tim 12 abede = x. Ta co:
alcdel = 3.1abcde <> 10x+1=3.(100000 +x) <> x=42857
G van toc du dinh di AB la x (km/h).
30 30 60

T co phuong trinh: + =— = x=30
x+10 x-6 x

Tloi gian 6 t du dinh di AB la: g_g - 3 (gid).

540 va 10 gio.
24)0 qua.
Mot so bai todn tw giai
IMit ca nd xudi khic song daj 40km roi nguoc khic song dy hét 4 gio

muri. Biét thoi gian ca nd xudi Skm béing thoi gian ca nd nguoc 4km.
"Tih van toc dong nudc.

'TWi hai anh em cong lai bang 12. Tudi anh hién nay gip d6i tudi em.
"Tith tudi mdi ngudi hién nay.

D« chd mot sb vat liéu dén cong trudong, phai diéu dong 30 xe loai nho
llan 8 gio va 9 xe loai 16n lam 6 gio. Néu diéu 30 xe loai nho lam 6 gior
wa9 xe loai Ion lam 8 gio thi mai chd dugce 13/15 sb vat liéu. Hoi 30 xe
llod nho chd hét sb vat lidu trong bao 1au?

"Ting hai canh cua hai khdi 1ap phuong bang 15cm, tong cac dién tich
tton phan cia chung bang 750cm®. Tinh thé tich m&i khéi lap phuong.
(Cc ba thung dung nudc. Lan thir nhit, ngudi ta 46 o thung 1 sang hai
tthing kia mot sé nudc biang sé nudc & mdi thung cé lic d6. Lan thir hai,
mgroi ta d6 & thung 2 sang hai thung kia mot s6 nudc gap déi s6 nude &
i thing c6 lic d6. Lan thir ba, ngu’c’ri ta d6 & thung 3 sang hai thl‘mg
ki mot so nudc bang sé nudc or moi thung c6 lic do. Cubi cung mébi
g cfeu c6 24 lit nudc. Tinh sb nude & mdi thing luc dau.
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6. MOt canh déng co day nhu nhau, moc cao déu nhu nhau trén toan bd
canh ddng va trong sudt thoi gian bo an co trén canh dong ay.

Biét ring 9 con bo #n hét c6 cua canh dong trong 2 tudn, 6 con bo in hét
co cua canh dong trong 4 tudn. Hoi bao nhiéu con bo an hét co cua canh
ddng trong 6 tuan.

7. Ba td cong nhéan phai lam mét sé dung cu nhu nhau theo dinh mirc. Do
lam vuot mitc quy dinh nén té 1 dugc thudng 90d, t6 2 duoc thuong
1204, t6 3 duoc thuong 330d. T6 3 lam dugce 75 dung cu, bing tng sb
dung cu hai td kia d3 1am. Tinh xem sé dung cu mdi t§ phai lam theo
dinh mirc va tién thudng cho mét dung cu vurgt dinh mirc 1a bao nhiéu?

8. Tim mdt sb c6 4 chir sé thoa man tat ca cac diéu kién sau:

a) Chir s hang nghin va hang trim gidng nhau.

b) Chir s6 hang chuc va hang don vi giéng nhau.

c) S6 d6 c6 thé viét dugc thanh mét tich cia 3 thira s6, mdi thira s déu la
s6 ¢6 2 chir s6 va chia hét cho 11.

9. Tim mdt s6 chinh phuong c6 4 chir sé, biét ring néu mdi chir sé giam di
mdt don vi (mdi chir sé cua sé chinh phuong nay déu 16m hon 0), thi
dugc mot sé méi ciing 1a sé chinh phuong.

Néu thém 3 vao mdi chir s§ ciia mét sé chinh phuong c6 4 chir sé (mdi
chit s6 cuia s6 chinh phuong nay déu nho hon 7) thi lai dugc mét sé chinh
phuong. Tim hai sb chinh phuong dé.

10. Tim mjt s6 c6 hai chir s6, biét ring binh phuong cua s d6 trir di binh
phuong ciia sé gdm chinh 2 chit s§ d6 viét theo thir tu ngugc lai 14 mot
s6 chinh phuong.

11. Mot phép chia c6 thuong 1a 12 va s§ du 1a 185. C6 thé thém vao sd bj
chia va sb chia cing mét sé ti nhién ndo dé thuong cua phép chia vin
khong thay ddi.

12. Tim s6 cua hai chir sb sao cho ti sé giira sé d6 veéi tong cac chir s6 ctia n6
cO gia tri:

a) Nho nhat. b) L6n nhat.

13. Ngudi ta chia mot doan thing dai 12cm thanh ba phan va dyng ba hinh

vud anh 14 ba doan 4y. Tim gia tri nho nhit cia tong cac dién tich

b ong dung duoc.
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§6. Bat phuong trinh bac nhat

M0t s kién thire co ban
1. Bdt phuwomg trinh bdc nhat mét dn la b_ért phuong trinh c6 dang ax + b > 0
(hodcax+b <0, ax+ b<0) trongdoxladn avab I&cdsé da cho, a # 0.

2. Hai bdt phztarng trmh dugc goz la tu'a'ng dwong néu chimg c6 cung mot
‘ “tdp nghiem ok LA

3. - Khni gidgi mot bcft _phu'ang trmh ta cé the

- Chuyén mgt hang i ik ti vé nay sang vé { ki va déi ddu hang o 46,

- = Nhdn (hodic chia) cd hai vé vm ciing mpt 50 dwong il

- Nhin (hodc. chza) cd haz ve vm cung mot so am va dé‘v'i ch'é'u' cua bat
phuang trinh. BN

Glu nho quan trpng
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f(x)<-g(x)
f(x)>g(x)

Trucng hop 3:]f(x)| > |g(x)| = I:j"(:lc)]2 > [g(x)]z.
Dan; ¢ Gidi bit phuwong trinh cé chita dn & miu so
Irog khi giai cdc bdt phuong trinh ¢ dn & mdu thite, khong duoc khir
na: thirc. Ta lam nhu sau:
-Cuyién tdt ca cdc biéu thirc vé vé trdi (vé phdi la 0).
- Qy déng mdu thiic trong vé trdi.
- Lp bang xét ddu.
Dang 5 Gidi bit phuwong trinh tich
Dang ¢ Gidi bat phuwong trinh dang khdc
Co nhiéu truong hop dé gidi phuong trinh fix, y..) = 0, ta lai chu'ng
mit bdt phicong trinh f(x,y.. )20 hodic f(x,y...)<0va chi ra diéu kién
cdrvér du d@é xay ra ddng thite.

Cdc v du minh hoa
Dang : Gidi bit phwong trinh

b I(x)l >g(x) e

X2 X

Vi du : Tim sb nguyén x thoa mén ca hai bat phuong trinh: 5 25 +0,8

2x~5 3-x
> .
6 4

va -

Giai
3x-2_ x

>—+0,8=>x2>12va
3 2

ox — B -
1 x6 >34x<::> x<l3vaxeZnénx=12.

Vi du : Tim s6 nguyén x thoéa man ca hai bit phuong trinh:
2(3x—4)<3(4x-3)+16va 4(1+x)<3x+5.
Gidi
Tad 2(3x-4)<3(4x-3)16 < x>—g, va

Ta 0

4(1+ x) <3x+5 <> x<lvaxeZnén x e {-2;-1;0}.

x+2 x+5 x+8 x+11
+ > + :

Vi du > Giai bat phuong trinh:
86 83 80

Giai
g;ao mdi phén thirc rdi dit nhéan tir chung:
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(x+91)[——1—+—1———1-—ij>0<:>x<—91.
89 86 83 80

Dang 2: Gidi bt phwong trinh cé chira tham sé
Vi dyu I: Giai bat phuong trinh: ax +4 > 2x +a’.
Gidi
ax+4>2x+a’; (a-2)x>a’-4 (1)

2

,‘ . a —-—
Néua>2 thi x>
a-2

Néu a =2 thi (1) tr& thanh 0x > 0 (vd nghiém)
Néu a<2 thi x<a+2.

& x>a+2

Vi du 2: Giai bt phuong trinh: §+a>x+l véia>1.
Gidi
Do a>1 nén ta nhén hai vé cua bit phuong trinh véi sé duong a, ta duoc
bat phuong trinh tuong duong :
x+a’>ax+a; x-ax>a-a’; (1-a)x>a(l-a)
Via>1 & 1-a<0nén x<a.
Viy, v6i a > 1, bat phuong trinh d3 cho ¢6 nghiém x <a.
ax-1 1 .{a>-—2

> — VOl
ax0

Vi du 3: Giai bat phuong trinh: (a +1)x +
a a

Gidi
O bai ndy khong nén nhan hai vé ciia bat phuong trinh véi miu s6 chung
14 a, vi phai xét trudng hgp a >0 va a <0. Nén viét bat phuong trinh da

cho tr¢ thanh: (a+1)x+x——1->-1— = (a+2)x>-2—.
a a a

Vi a+2>0 nén x> . Viy, v&i a >-2 va khac 0, nghiém cua

a(a+2)
2
a(a+2)
Vi du 4: Giai bat phuong trinh véi m 12 hing s6: mx +12>m? + x.
Gidi :

bét phuong trinh 1 x >

Bién d6i twong duong:
mx+l12m’+xeomx-x2m’ -1 (m-1)x2m?-1. (1)
Néu m g} thi nghiém cua bat phuong trinh 1a: x >m +1.
N# thi nghiém cuia bat phuong trinh 1a: x <m +1.
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Néum == 1 thi (1) co dang Ox > 0:nghiém cua bat phuong trinh la moi

gia i1 x.
Vidu 5: Giai bat phuong trinh vdi a la hang sb bt FITER = 2x
a a
Giai:
Diéu kién xac dinh cua bat phuong trinh 1a a # 0. Bién d6i bat phuong
s 1 1
T LR . Y <:>ax+2x>g——<:>(a+2)x>—.
a a a a a a a
Néu a > —2,a = 0 thi nghiém cua bt phuong trinh la x > - :
a(a+2)

Néu a < -2 thi nghiém cua bét phuong trinh 1a x < ———— .
a(a+2)

Név a = -2 thi (1) ¢6 dang Ox > —% nghiém ding vdi moi x.

Vidu 6: Giaivabién ludn: (m -2)x >(2m-1)x -3 (m la tham s0).
Gidi

(m-2)x2~_(2m-—1)x—3<:>(m+1)x£3

a. m+1l#0:m>-1(m+1>0): x<

m+1
3
m+1

m<-1(m+1<0):x2
b m+1=0
(m=-1) bat phuong trinh c6 dang: 0.x <3, dugc nghiém véi moi x.

m(x - 2) x—m>x+1

Viduw 7 : Giai va bién luan bat phwong trinh: 5 + 5 :

(m
la tham sd)

Giai
m(x—2)+2(x-m)>3(x+1) < mx-2m+2x-2m > 3x + 3
< m-1)x>4m+3

4m + 3
m-1

b. m —l<0(m<1):x<4m+3
Sk m -1

it )(m =1): 0x > 7, v6 nghiém.
Bm=1) g

am-.>0(m>1):x>
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Vi du 8. Giai bt phuong trinh: x+*~* <**1_(a_2)x véiala sé di biét.
a a

Gidi:
Khéng nén nhén hai vé cuia bat phuong trinh véi a, vi nhu vy hai xét
hai truong hop a >0 va a <0. Chuyén ve, ta dugc:
£+1 x-1
a a

(a-2)x+x< o (a—l)x<-§— (D

Néu a >1 thi x< la nghiém cuia bit phuong trinh.

a(a-1)
2
a(a-1)
Néu a =1 thi (1) c6 dang 0x < 2, nghiém dung v4i moi x.

x-1 x+1

Vi du 9. Giai bat phuong trinh: x+>— <=~ —(a—2)x véi a 1a sb di biét.
a a

Giadi:
Khong nén nhan hai vé ctia bit phuong trinh véi a, vi nhu vay »hai xét
hai truong hop a >0 va a <0. Chuyén vé, ta duoc:

14 nghiém cua bat phuong trinh.

Néu a<l, a0 thi x>

x+1 x-1 2
_9 = Almas ]
(a-2)x+x< . — (a )x<a (1)

Néu a>1 thi x< la nghiém cua bt phuong trinh.

a(a-1)

Néua<1; a=0 thi x> 1a nghiém cuia bat phuong trinh.

a(a-1)

Néu a =1 thi (1) c6 dang 0x < 2, nghiém d¥ng véi moi x.

Dang 3: Gidi bdt phuwong trinh cé chiva ddu gid tri tuyét doi
Vi dy 1: Giai phuong trinh:|x - 5| +|x + 3| =3x - 1. (1)

Gidi:
Lap bang xét ddu cac nhij thirc x -5vax + 3:
X -3 5
X-5 - - 0 +
X+3 - 0 T +

X¢ét ba khoang gia trj cua bién x:
a x < -3: phuong trinh (1) c6 dang:(5-x)-(x+3)=3x-1,tin dugc

ogi vi gia tri nay khong thudc khoang dang xét.
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b. -3<x <5 :phuong trinh (1) ¢6 dang:(5-x)+(x+3)=3x-1e-3x=-9,
tim duoc x = 3, thuoc khoang dang xét.
c. xz5:phuong trinh (1) c6 dang:(x-5)+(x+3)=3x-1<> —x=1tim
duoc x = -1, khong thudc khoang dang xét.
Két luan: S = {3}.
Vi du 2: Giai phuong trinh: [2x - 1| +|2x - 5/ = 4.
Giai

Cdch 1. a. Xét khoang x <—;-, (1) c6 dang:
1-2x+5~2x=4,tim dugc x = % khong thudc khoang dang xét.

b. Xét khoang %sxsg, (1)codang:2x-1+5-2x =4 < 0x =0.

Phuong trinh nghiém ding véi moi x thudc khoang dang xét, tirc la:

Texs2,
2 2

c. Xétkhoang x >g, (1) c6 dang:
2x -1+ 2x-5=4,tim dugc x = —2 , khong thudc khoang dang xét.
&

Két luan: S={x|-1—5xs-5—}
2 2

Cdch 2. Ap dung hai lan bét ding thirc |A|= A (xdy ra déng thirc khi va

chikhi A>0),tacé: |[2x -1 +|5-2x|2(2x - 1) + (5 - 2x) = 4.

Theo dé bai, phai xay ra ding thuc, do d6:

1
2x-120 x22 5
=9 =R 1 AL
5-2x20 5 2 2
EE=—
2
Vi du 3. Gjai phuong trinh: ]|x|—3|=x+1. (1)

Giai
a. Xétkhoang x>0, (1) cé dang: [x-3|=x+1. (2)
Lai xét hai truong hop :Vai x > 3,(2) c6 dang x — 3 = x +1,v0 nghiém.
Vi 0 gm< 3, (2) co dang 3-x =x+1 < x =1, thudc khoang dang xét.
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b. Xét khoang x <0, (1) c6 dang |-x —3|=x +1tic la:[x + 3| =x+ 1. (3)
Lai xét hai truomg hop:
Véi -3<x<0, (3)codang x +3=x+ 1, vO nghiém.
Véi x < -3, (3) ¢6 dang -x-3=x+1 < x=-2,khong thujc khoang
dang xét.
Két ludn: S = {1}.
Vi dy 4. Giai bt phuong trinh:|x| - x + 2 < 2|x - 4].

Giai:
Lap bang xét ddu céac biéu thirc x va x -4
X 0 4
X - 0 + +*
x—4 - - 0 + g

a. Xétkhoang x <0, (1) c6 dang: -x -x+2<2(4-x) <> 0x <6,

Nghiém ctia bt phurong trinh (1) thudc khoang dang xét la x <0
b. Xétkhoang O0<x<4,(1)cédang x—-x+2<2(4-x)

x<3.

Nghiém cua bat phuong trinh (1) thudc khoang dang xét la: 0 <x<3
c. Xétkhoang x>4, (1)codang: x-x+2<2x-8x25

Théa min diéu kién x > 4.

Két luan: nghiém cua bt phuong trinh d cho 1a x <3;x > 5.
Vi du 5: Giai bat phuong trinh: 3[2x—1|<2x +1 (1)

Gidi

Cdch I (theo phuong phap chung):

a. Xét khoang x<%,(l)c6 dang:
3(1-2x)<2x+1<:>3—6x<2x+1<:>—8x<—2<:>x>:11—.
Nghiém ctia bit phuong trinh thudc khoang nay la %< X <—;—.

b. Xét khoang x > %, (1) c6 dang:

| 39&2x+1c>6x—3<2x+1<:>4x<4<:>x<1.
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Nghiém cuia bat phuong trinh thudc khoang nay la ?12 Sx],

< - T ’ & 1
Két ludn: nghiém cua bat phuong trinh da cho la — <x <1.

Cdch 2: (Bién dbi thanh bat phuong trinh tuong duong theo dang 1b):

3(2x—1)>-—(2x+1) 6x..~3>....2x_1
3|2x—1|<2x+1<:> PN
3(2x-—1)<2x+1 6x -3<2x+1
1
8x > 2 X>— 1
o 4 & —<x<l1.

4
4x < x <1

Vi du 6. Giai bat phuong trinh 2|x -1 <x+1.
’ Gidi:

Bat phuong trinh da cho tuong duong voi:

-x-1<2(x-1) -x-1<2x-2 —3x<—1 1

o Pt & —<x<3.

2(x-1)<x+1 2x -2<x+1 x<3 4

Dang 4: Gidi bit phwong trinh cé chira dn 6 mdu so

Vidu 1: Giai bit phuong trinh: 1=0% >1.

X—=1
. Giai:
Piéu kién xac dinh: x #1.
1-5x.21¢31—5x_120c>1—5x—x+120Q2—6x2091—3x20'
x-1 x’—l x-1 x—-1 x-1
Lap béng_xét dau:
X l 1
3
1 -3x + 0 - -
L x—1 - - 0 +
_(1—3x)(x-—]) - + +

Nghiém ciia bt phuong trinh 1 % .

Vi du 2: Giai bat phuong trinh: - %Z;_ =) <0

Giai
x+5 conghiém x=-5; x-7 c6é nghiém x =7

3 ﬁnghiém -
4
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Ta c6 bang xét dau:

% -5 g 7

4
X+5 - 0 4+ + +
x-17 - - - 0 +
3-4x + + 0 = =
Thuong s 0 - | + | -

Két qua: -5<x<% hodc x> 7

3

-5 'l 7

Chii y: Diu || chi ring tai cac gia trj %; 7 thi thuong khong xac dnh.

Ty 1 1
Vi du 3: Giai bat ph trinh: 1
B Ll o P 0k P T
Gidi
()= - 5x 2x1+ 5>0.Quy ddng mau thirc, ta cé:
(2x +3)-(3-5x) 7x
>0
(3-5x)(2x+3) (3- 5x)(2x+3)
Lap bang:
X _é 0 §
2 5
7x = I = 0o + | -
3-5x + | + | 4 0 =
2x+3 - 0 + 0 + | 4
Thuong + I = 0o + I _
Két qua: x<—-‘r2i hoic 0<x<g
3 3
i 0

Dang 5: Gidi bat phicong trinh tich
Vt'dB batphuo'ngtnnh x’-2x+1<9.
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Gidi
Cach 1 ){2«2x+1<9¢:>(x—1)2 <9< |x-1]<3
<:>»-3<,x-‘1<3<:>—?:<x<4.
Cdch 2 Bién d6i thanh bat phuong trinh dang tich:
x’-2x-8<0e (x+2)(x-4)<0.
Lapbang xét dau cac nhi thirc x +2 va x -4 :

X =2 4
x-+ 2 - 0 + o+
x-—4 - - 0 +
| (x+2)(x—-4) + 0 - 0 +

Ngliém ctia bat phwong trinh 12 -2 < x < 4.
Vi du Z: Giai bat phuong trinh: (2x+1)(3-2x)(1-x)>0
Gidi

Ta ap bang xét didu:2x +1 ¢o nghiém x = —%

3 -2x ¢O nghiém x:%; 1 -xconghiemx = 1

& — 1 3

2 2
2% + 1 - 0 + + +
3-2x + + + 0 -
1-x + + 0 == ==
Tich s¢ — ) + 0 — 0 +

V4 tap hop nghiém cua bat phuong trinh 13 hai khoang: —é <x< ];x>g .

Bié1 dién trén truc so:
]
~ 1

‘to]w

Vi du > Giai bat phuong trinh: x* -5x+6 <0 (1)
Gidi
x’-5x+6=(x-2)(x-3). Vay (1) & (x-2)(x-3)<0
Ta:o6 bang:

2 3
= 0 + +
- - +
+ 0 - 0 +
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Két qua: nghiém cuia (1) 1a: 2<x<3
2 3

Dang 6: Gidi bat phwong trinh dang khdc
Vidu 1 : Giai phuong trinh: x* + y* +2* =x(y + z).
Giai:
Truéc hét chimg minh rang: x? +y? + 2% > xy + xz (D
Bit dang thic (1) tuong duong véi:
2x? + 2y +2z° - 2xy-2xz20 & (x—y)2 +(x—z)2 +y2+22 20 (2)
Xay ra déng thic (2), tirc 1a & (1), khi vachikhix=y=2z=10. D6 la
nghi€ém cua phuong trinh.
Vi du 2 : Ki hiéu [a] (ph?m nguyén cua a) la ) nguyén lon nhét khong vuot
3x - 5:'

qua a. Tim x biét ring: [

Giai:
3x-5

Theo dé bai, x 1a s6 nguyén 16m nhit khong vuot qua

3x-5

- 0< - 1(1
Dodé[gx7—5]=x© > b ()

xeZ (2)

Giai bat phuong trinh (1):

OS—4x—5

<1©0$—4x—5<7<:>55-—4x<12@-%2x>-3.
Theo (2), xeZ do d6 x =-2.
Vi du 3 : Cho biéu thirc: A=(

1 2 5—x) 1-2x
+ - = |t =—.
l-x x+1 1-x") x"-1

a. Rut gon biéu thirc A. b. Tim x dé A > 0.
Gidi

a. A= véix#il;xa&%.

1-2x
b.A>0khix¢—1<%.

= 2
Vt'd{ll:Chobiéuth"xc:B=[%+ 2 )[ e 1 )

+
x2-3x) | 27-3x* x+3

a. RI’It ﬂ biéu thic B. b. Timx d&é B <-1.
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Giai

X4 .,
a B=- vol x#0,x # 3.
X

‘x+3<_1 —§<0 x>0
b. Be—125 X ey 5 &
X #3

x#20;x #43 X #+3
Vi du 5 : Tim gia tri cia m dé nghiém cua phuong trinh sau la sb duong:

1+ 1
ot =1-m.

Y -
4

Gidi
Piéu kién xac dinh: x # 1. Pua phuong trinh vé dang (1-m)x =2.
Néu m = 1, phuong trinh v6 nghiém.

Néu m #1thi x = . Giai diéukién 1+m =0 dugc m = -1

1-m
Nghiém cua phuong trinh 13 x = : vol m = £1.
-m
N I3 - A . A m < 1
Phuong trinh c6 nghiém la s6 duong < { 1
m # —

Bai tap van dung
1. Giai bat phuong trinh: ki A =2 voia>1.
a-1 a+l

2. Giai phuong trinh:

a. |x|-2[x-2|+3]x-3|=4; b. |x|-2|x +1|+3|x+2|=

c. |x|-2|x-1|+3|x-2|=4; d. |x+1]+|x +2|+|x + 3| = 4x.
3. Giai phuong trinh:

a. x|x+3|—’x2 +x+1,:1;

b. |x|3 -3|x|+2=0.
4. Rt gon biéu thirc réi tim gia tri cuia bién dé biéu thirc:

x!-4x+4

a) A= c6 gia tri duong;
) x> -2x>—4x +8 glath &

c6 gia tri am.

; 3 2 _
b) B = X _x3—8.x 22x+4: 4
X+2 x"+8 x"-4 X +2
5. Giai bat phuong trinh: ax-b>bx +a
6. Tim cac gia tri cua x thoa mén ca hai bat phuong trinh:
a) ASx+4vax+3<3x-5

bf§§11x+3 vad4x+1<6x-9
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7. Ky hiéu [a] 1a sb nguyén 16m nhit khong vuot qua a (nhu vay néu [a] =n

thi n 12 s nguyén 0 <a-n<1)
Giai cac phuong trinh:

2) [3}:1;7]=x; b) [4:{9—1}:){; dj [3x5+1}=2x_1.

1.4 : 1 |4 ‘
Huong dan va dap so
1. Nhan hai vé ctia bat phuong trinh v6i (a—1)(a+1)>0.
Pap sé: x>-1.

&8, gvz‘l 2; b. -2;c. x=4,0<x<1.
4 2

d. Khéng nén may moc xét cac khoang gia tri cia x. Cha ¥ ring vé trai cua
phuong trinh khong 4m nén vé phai khong am, do d6 x>0. Phuong
trinh tro thanh x +1+x+2+x+3=4x. Tu do x =6.

3. a.Chuyring x> +x+1>0. Papséx=1.

b. D4t y =|x|>0. Papsdx=%1.

4.2) A= Vol x # 2

X+ 2

A>0 >0vaxz22 © x>-2vax=z=2,

X+

b) B=- vii x#2. B<0 & x>-2, x#2.

X+ 2

& Nhuas bk gs2t0
a—-

a+b

Néu a<b thi x <

a—
N'é'u a=b thi Ox>2b, nghiém ding véi moi x néu b<0, vd nghiém
néu b>0.
6.a) 3<x<4;b) x>5.

7. a) Giai bat phuong trinh 0 < il

-x<1 vdi x 1a s0 nguyén, ta dugc

—-5—<xs1;va‘1 xeZ,dodo x=0.
9 9

b) x=-1.

¢) Gidi bt phuong trinh: 0 < 3% +1

—-(2x-1)<1 (1) véi2x-1€Z (2)

Nghiém ciia (1) 13 L <x <3 Trds -2<2x-1<2.
| 7<*%7 7 7

2x-1=0. Vay x=%.
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§7. Cac bai toan vé sé hoc

Cdc iién th ti'c co bdn

Tinh thia hét - |

D;nh tglua Cho hat s6 nguyén a va b trong ¢ 6 b#0. Ta noi a chta hét cho
b u thu'o'ng cua phép chia a cho b bing mot so nguyén k. Noi cdch
khe, s6 nguyén a chia hét cho so nguyén b =0 néu tim duarc 50 nguyén
k sio cho a=bk. -

Cdc tith chit vé chia het.

L. So’) chia het cho moi s6 b#0.

2 Ne: a chza het cho b, b chia hét cho c thi a chia hét cho c (tinh chdt béc
c-m) %

3;‘?}‘7Ne: avab cung chia hét cho m thi a+b chia hét chom, a—b chia het

' Chcm. ;

4 ‘;‘Ne: mot trong hai s6 a va b chia hét cho m, s6 kia khéng chza hét cho m
5 :_._‘tihia +b khong chia hét chom, a-b khéng chia het chom.
5. Nei téng hai s6 chia hét cho m va m¢t trong hai 50 do chia het cho m thi

" s0°on lai ciing chia hét cho m. L

6 Nel a chia hét cho m, b chia hét cho n thi a.b chia hét cho m. n. _
,;Hpqua. Néua chza hétcho b thi'a" chia hétcho b~ - = " =
I Véu mot thira s6 cua tich chia hét cho m thi tzch chza het cho m.
112 Jéu a chia hét cho m va n thi a chia hét cho BSCNN cua mva n
: iy Chmg minh: a chia hét cho m va n nén a Ia bot 50 chung cua m van. Do
" dloa chia hét cho BSCNN cua m van. S - '
- -ngua. Néu a chia hét cho hai s6 nguyén t6 cung nhau m van tht a chta
Téicho mn.
~ .INé ab chia hét cho m, trong do b va m nguyen ta ct‘mg nhau thi a chia
| Wéchom: -

- CHimg minh: Phén tichm ra thu'a 50 nguyen to m= a:' .a“' .a“" 4! )
Wi chla hét cho m nén ab chita td't ca cdc thira 56 nguyen 16 ay, az,
a,»0i 56 mii léom hon hodc bdng S0 mil cua cdc thira 56 nguyen to trong
(1) Nhung b va m nguyén t6 cing nhau nén khong chua thita s6 ng'uyen
14 1do trong cdc thu'a $6 ay, as, ... ) Gn Do do a chira tat cd cdc thiea s6
@paz ..., an véi s6 mii Iém hom hodc bdng so mu cua cac thu-a so nguyén
tto 6 trong (1 ), tc la a chia het chom. G R vy

o, Hqua: Néu a" chia hét cho s6 nguyén to p thi a chza’het cha P
;@a nhgn xet sau ciing du'ac dung trong nhzmg chu'ng mmh ve chza hét:
. rang k 56 nguyén lién tiép, c6 mt bot s6 cua k.- el
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Cac vz’ du mmh hga
Dang I: Cdc bai todn chia hét
Vi dul : Chimg minh ring v6i moi ne Z: A(n) =n(n? +1)(n? + 4) 5
Giai
Xét moi truong hop khi chiane Z cho 5, tacé s6 du la r=0,+1,+2.
ar=0=n:5
b.r=+1=>n=5k+1 =n’=25k*+10k+1=>n?+1:5
c. r=+2=>n=5k+2 =>n" =25k? +20k +4=>n® + 45
A(n) 1a tich ctia ba thira s, trong moi truomg hop déu c6 mét thira sb
chia hég@ho 5. Vay A (n):5, véi moi ne Z (dpcm).

-BDHSGTS-




Vi du 2 : Chung minh rang:
a. Trong hai s6 nguyén lién tiép, c6 mot va chi mdt sd chia hét cho 2 .
b. Trong ba sé nguyén lién tiép, c6 mot va chi mét sé chia hét cho 3
c. Trong k sb nguyén lién tiép, co mot va chi mot sé chia hét cho k.
Gidi
a. Haiso nguyén liéntiéplanvan+1.
Néu n chia hét cho 2 thi n + 1 khéng chia hét cho 2.
Néu n khong chia hét cho 2 thi n + 1 chia hét cho 2.
b. Ba b nguyén liéntiéplan, n+1,n+2.
Néun:3thin+ 1 van+ 2 khong chia hét cho 3.
Néu n khong chia hét cho 3, thi chia n cho 3, ta ¢6 sb du 1a 1 hoic 2:
n=3q+1=>n+2=(3q+3):3.Lic dén+1 khdng chia hét cho 3.
n=3q+2=n+1=(3q+3):3. Lic d6 n + 2 khong chia hét cho 3.
Nhr vay: trong day ba sb nguyén lién tiép, bao gitr ciing c6 mot va chi
md: s6 chia hét cho 3 (dpem).
c. k 1as6 nguyén lién tiép codangn,n+1,n+2, ..., n+k-1 (1)
Ta :hung minh hai phan:
1. Trong day (1), bao gio ciing c6 mdt sb chia hét cho k.
Thit vay, sb n cé thé viét:
n=kq+r véi 0<r<k (rla s du khi chia n cho k).
—~Néur = 0 thi n chia hét cho k.
—I\'éur;tO,taxét sb: n'=n+(k—r). Vio<r<k,nénO<k-r<k-1,
Dod6 n’ 1a mot sb thude day (1).
n'=n+(k-r)=(kq+r)+k-r=k(q+1)k.
Ngaia la néur# 0 thi n'=n + (k - r)chia hét cho k.
2. Trong day (1) chi c6 mot sé chia hét cho k.
Ta ching minh diéu nay bing phan chimg.
Gié str trong day (1) c6 hai sé m va p cling chia hét cho k, va gia sir m > q.
Thé thi hiéu cia m —p cling chia hét cho k. Trong day (1), hiéu giita s6
I6n nhét va sé nho nhit: 0<m-p<k-1.Va sé6 m-p nay khong thé
chia hét cho k. Mau thuin d6 (m - pchia hét cho k, d6ng thoi lai khong
chia hét cho k) ching to trong day (1) c6 nhiéu nhit 14 mot s chia hét
che k.Tir hai phén a) va b) ta két luan duoc:
Treng k s6 nguyén lién tiép, c6 mot va chi mét sb chia hét cho k (dpem).
>. Giftng minh rang:
affffch ¢fia ba s6 nguyén lién tiép chia hét cho 6.
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b. Tich ctia 4 s6 nguyén lién tiép chia hét cho bao nhiéu?
Gidi

a. Goi ba s6 nguyén lién tiép 1an, n+ 1 va n + 2. Tich cua ching la:
A(n)=n(n+1)(n+2). Tacé 6 =2.3 (2 va 3 la s6 nguyén t6).

Trong hai s6 nguyén lién tiép n va n + 1, bao gid ciing c6 mot sb chén,
do d6 A(n):2. Trong ba s6 nguyén lién tiép n, n + 1 va n + 2 bao gid
ciing c6 mdt sé chia hét cho 3 , nén tich cua chiing luén chia hét cho 3:
A(n):3

A(n):2va A(n):3,ma(2,3)=1nén A(n):2.3=6 (dpcm).

Chu y rang: ba sb nguyén lién tiép c6 thé 1a n~1,nvan + 1, nhu vy ta
c6: (n-1)n(n+1)= n(n2 - 1) =n® —n chia hét cho 6.

b. A(n)=n(n+1)(n+2)(n+3) :
Trude hét, ta thiy ring trong bbn sb nguyén lién tiép: n,n+ 1, n+2, n+3,
bao gi&r ciing c6 mot sd chia hét cho 2 va mot sb khac chia hét cho 4.
That vay: Néu:n=2k thi n+2=2k +2=2(k +1)

Do d6: Khi k chin thi ni4 con n+2:2. Khiklé thi n+2:4con n:2
Tuong tu nhu viy, néu xét n + 1= 2k thi trong hai sbn+ 1 van + 3 ¢6
mot sb chia hét cho 4, sb kia chia hét cho 2.
Dodé A(n)=n(n+1)(n+2)(n+3)i2.4=8
Theo a) thi n(n+1)(n+2):3.Ma(3,8)=1nén A(n):3.8=24.
Vi du 4 : Chimg minh ring tich ctia hai s chin lién tiép chia hét cho 8.
' Gidi
Goi sb chin thir nhat 1 2n, s chin tiép theo la 2n + 2
Tich clia chiing 1a A(n)=2n(2n+2).Taco: 8=4.2
Do d6 ta viét: A(n)=4n(n+1). A(n) la tich cua hai thira s&: mot thira
s6 12 4, chia hét cho 4 va mot thira s6 1a n(n + 1) chia hét cho 2.
Viviy A(n)=4.n(n+1):4.2=8 (dpcm).

Vidu 5 : Chimg minh ring 14p phuong ciia mét s nguyén n bat ki (n > 1)

trir di 13 1an s nguyén d6 thi ludn chia hét cho 6.
(Dé thi hoc sinh gidi cap II toan quoc, 1970)
Gidi
Ta phai chimg minh: A(n):=n®-13n:6
Chu ¥ ring: 13n =12n +n,ma 12n'} 6, ta biét di A(n) thanh:

F ‘if"- B
Oﬁaié}
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Tacd: n’—n= n(n2 —1) =(n-1)n(n+1)

D4’ 1a tich cua ba s6 nguyén lién tiép, tich nay ludn chia hét cho 6. A(n)
1 11éu cua hai hang tir: n® —n va 12n, moi hang tur chia hét cho 6, nén
- A1) : 6(dpcm). ‘ ’

Vi dur : Chimg minh rang tong lap phuong cua ba so nguyén lién tiép chia

héicho 9.

’ ’ Gidi
Baso nguyén lién tiép lan, n + 1, n + 2, ta phai chimg minh:
A:=n’+(n+1)"+ (n+ 2)’ chia hét cho 9.
Tacoé: A=n’ +(n+1)3 +(n+2)3 =3n’+9n*+15n+9
=n’-3n+18n+9n*+9=3n(n-1)(n+1)+18n+9 +9n’
n,1—1,n+11a ba sé nguyén lién tiép, trong d6 mot so chia hét cho 3
Viy: B=3n(n-1)(n+1):9;C=18n+9n* +9:9
A=B+CmaB:9,C:9nén A:9.

Chii y:Dé chitng minh mét tong khong chia hét cho m, ta chimg minh mét
haig tir nao do khéng chia hét cho m, con tdt ca cdc hang tir khdc déu
cha hét cho m.

Vi du ": Chimg minh ring: n® + 4n +5 khong chia hét cho 8 véi moi sb n lé.

Gidi
D3 n=2k+1,tacéd: n? +4n+5=(2k+1)2 +4(2k+1)+5
= (tk* + 4k + 1)+(8k+4)+5=(4k2 +4k)+(8k+8)+2
=k(k+1)+8(k+1)+2. Pay la tong clia ba hang tir, hang tir dau
4Kk + 1) chia hét cho 8 , hang tir thi hai 8(k +1) ciing chia hét cho 8,
riéig hang tir thi ba la 2 khong chia hét cho 8. Vay tong di cho khong
cha hét cho 8. ,

Vi dyu ? : Chimng minh ring néu p 1a s6 nguyén to 1én hon 3 thi (p —=1)(p + 1)
cha hét cho 24.

Dé thi HSG lop 9 tinh Phii Tho ndm 2003-2004

Gidi :
Vip la s6 nguyén t6 16n hon 3 nén p 1a s6 1¢ , khong chia hét cho 3. Do dé
p=2k+ l(keZ k>DsuyraA=(p-Dp+1)=2k@k+2)=4k (k+1)
sura A chia hét cho 8. ' ’
p=3h = 1(heZ, h> 1) suy ra A chia hét cho 3.

Vi Gp 1)(p + 1) chia hét cho 24.
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Vi du 9: Chimg minh ring s6: n" —n® +n -1 chia hét cho (n- 1)2, v&i moi

s nguyénn > 1.
(Dé thi vé dich New York, 1975)
Gidi
Véin=2thi..n"-n?+n-1=1 chiahétcho (n-1)" =(2-1)" =1

Véin>2,tacé: A=n"-n?+n-1
—(n"‘z—l)n"'+(n—1)=(n—1)(n“'3+...+1)n2 +(n-1)

=(n-1)(n"" +..+n’+1).

Xéttbng B=n""+...+n®+1; B co6 n-1 sb hang, ta cé thé viét:
B:(n"‘l —1)+(n"'2 —1)+...+(n2 -1)+(1-1)+(n-1)

M&i hiéu trong dau ngoic déu chia hét cho (n - 1) do d6 B chia hét cho
n-1.Viviy: A=(n-1)B chia hétcho (n-1)*,dpem.

Vi du 10 : Chimg minh ring cac sb c6 dang: n* —4n® —4n? + 16n véi n chin

va l6n hon 4 thi chia hét cho 384.
(Dé thi hoc sinh gidi cdp II mién Bic, 1971).

Giai
Ta phan tich biéu thirc d3 cho ra nhan tir:
A=n'-4n’-4n®+16n
= (n4 —4n3)—(4n2 —16n) =n’(n-4)-4n(n-4)
=n(n —4)(n2 = 4) =n(n-2)(n+2)(n-4)
Vi n chin va 16n hon 4 nén ta dit n =2k + 2 (k > 1) va biéu dién theo k,
taco: A =(2k +2)(2k)(2k + 4)(2k - 2)
=16k(k-1)(k+1)(k+2)=16(k -1)(k)(k+1)(k +2). Ta nhan thay
(k-1)(k)(k +1)(k + 2) 1a tich ciia bén s nguyén duong lién tiép, tich
nay chia hét cho 2.3.4=24 .
Vay tich A di cho chia hét cho: 16.2.3.4 =384 (dpcm).
Vi du 11: Chimg minh: 2* -1 chia hét cho 15.
= - Giai
-1" =(2* —1)[(2‘)”'1 +ot 1] =15.M

i (2‘)" 1
\?zcx ‘5.
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Vi du 12: Chimg minh rang tong: A=7" + 72 +7* + 7" + ..+ T'k
(trong do k 1a sb tu nhién chia hét cho 400).
Gidi
Ha\ nhom cac hang tir clia tong d3 cho theo céch:

A=(T+T+T+T )+ (T +T+T 47 ) 4+ (7570 4 T2 4 707 2 7

(
(

I

T AT AT )T (T T T AT )T (T TP T4 T
T +74)(1 +7+ 78 +...+7““4)
7(1 +7+49+343) A+ 7 +7° + ..+ 7**) =7.400.M
Vav A 400.
Vi du 13: Ching minh biéu thirc: A = 75(4"° + 4™ + __+ 4% + 5)+ 25 chia
hétcho 4"

]

Il

(Dé thi vao chuyén todn Ha Néi 1976 — vong 1)
Gidi:
A= 2.5.3(41975 449 4 AP ad 4 1) +25
=25.((4-1) (47" + 4" + 4+ 4" +441)+25

Apdung hing ding thic , ta c6: A = 25(4'°™ —1) + 25 = 25.41"
Vav A4
Vi du 14: Tim sb nguyén n dé gia trj cia biéu thirc A chia hét cho gia tri ciia
biéu thirc B:A=n®+2n’-3n+2, B=n?’-n
Giai:
Dit plhép chia: (n® + 2n? —-3n+2):(n* - n)
n® +2n? —3n+2=(n2 —n)(n+3)+2

Mudni chia hét, ta phai ¢6 2 chia hét cho n(n-1), do d6 2 chia hét cho n.

Taco:
n 1 -1 2 -2
n-1 0 2 I =
n(n-1) 0 2 2 6
loai loai
w§fi{s%7n=~l, n=2,
Chu y:

a) Khing thé néi da thicc A chia hét cho da thirc B. O ddy chi ton tai nhitmg
gid t'ﬁén cua n dé gia tri cua biéu thitec A chia hét cho gia tri cua
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b) C6 thé thay viéc dit phép chia bang cdch bién doi:
n® +2n’ -3n+2=n(n2 —n)+3(n2—n)+2
Vidu 15: Tim sé nguyén duong n dé n® +1 chia hét cho n® +1.
Gidi:
Biénddi: n®+1 i n*+1 & nz(n3+1)—(n2 —1) :n®+1
< (n+1)(n-1) : (n+1)(n2 —n+1) o n-1:n -n+1(vin+1£0).
Néu n =1 thi ta dugc 0 chia hét cho 1.
Néu n>1 thi n-1<n(n-1)+1=n’-n+1, do d6 n-1 khong thé
chia hét cho n? —n + 1. C6 hai trrong hop:
a. n-n+1=1 < n(n-1)=0 < n=0; n=1. Cic gia tri nay thoa
min dé bai. .
b.n’-n+1=-1 < n’-n+2=0 .V4 nghiém. .
Vay n=0, n=1 la hai s6 phai tim. .
Chii y: Tir n-1:n*-n+1 suy ra n(n-1) i n®*-n+1 la phép kéo
theo chir khéng la phép bién doi twong duomg. Do d6 sau khi tim duoc
n=0,n=1 tht phai thi lai.
Vi du 16: Tim sb ty nhién n sao cho 2" -1 chia hét cho 7.
Gidi:
Néu n=3k (keN) thi 2" -1=2% -1=8" -1 chia hétcho 7.
Néun=3k+1 (keN) thi 2* -1=2""-1=2(2% -1)+1=BS 7+1
Néun=3k+2 (keN) thi 2" -1=2"%2-1=4(2"*-1)+3=BS 7+3
Viy 2" -1 chiahétvho7 < n=3k (ke N).
Dang 2: Nguyen tdc Dirichlet
Vidu I: Mot ba gla chiéu con, ngay nao ciing cho con it nhat mét chlec keo.
pé han ché, tuan ba cho khdng qua 12 chiéc keo Ching minh rang trong
mot sd ngay lién tiép nao d6 ba me da cho con tdng sb 20 chiéc keo.
Gidi:
Cdch 1: Xét 11 tudn lién tiép. Goi S(n) la tong s6 keo ma ba me da cho con
tinh dén ngay thirn (1<n <77). Xét 154 s6 sau:
S(1), S(2), ... 8(77); S(1)+20, S(2)+20, ... 8(77)+20
Vi mbi ngay ba me cho con it nhit 1 chiéc keo nén
S(k) =1, vk=1, 2,... 77 va mdi tudn ba me cho con khong qua 12 chiéc
keo nén: S(k)<11.12=132, Vk=1, 2,..., 77
Dé thiy S(k)=S(m), ¥ k= m. Mit khic, c6 154 s6 chi nhan gid tri
3 3 152 gia tri nén ton tai hai s§ bing nhau. Vay tdn tai k, m sao
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cho S(k)=S(m)+20 hay S(k)-S(m)=20. Vay ké tir ngay thir m +1
dénngay thir k ba me da cho con dung 20 chiéc keo.

Cich 2 X¢ét 21 ngay lién tiép ké tir ngay ndo d6. Goi S(n) la téng sd keo
ma >a me da cho con tinh dén ngay thirn (1<n <21).

Ta: S(m)#S(n), Vm#n(l<m, n<21) va 1<S(n)<3.12=36
Vi 21 téng nén 3 m > n(] <m, n< 21) sao cho:
S(m)=S(n)(mod20) = S(m)-S(n) :20
= 5(m)-S(n)=20 (vi 0<S(m)-S(n)<36)
Nhrv vay, ké tir ngay ther n+1 dén ngay thtt m, ba me di cho con diing
20 chiéc keo.

Vi du z Trong mdt tam giac déu canh bang 1 (ké ca trén cdc canh), ta dat 17
dién. Chimg minh ring ton tai hai diém ma khoang céch giita chiing nho
hor hoac bing %

Giai:
Chi: tam giac da cho thanh 16 tam giac déu nho, canh c6 d6 dai bang i
The nguyén tic Dirichlet thi tdn tai it nhat hai diém nim trong cung mot
hin) tam gidc nho. Hai diém nay c6 khoang cach bé hon hodic bing i

Vi du :: Trong mdt cudc giao lwu, mdi ngudi déu bit tay voi it nhit mét

ngwi khac. Ching minh rang co6 it nhat hai nguoi c6 cluing so lan bat tay.
Giai:

Gia str trong cudc giao lwu d6 ¢é n ngudi. Vi sb lan bat tay cua mdi

ngwi nam trong khoang tir 1 dén n -1 nén co it nhat hai ngudi co sb lan

bét ay bang nhau.

Vi du 4 Chimg minh ring ton tai mot sb tu nhién gém toan chit sé 6 va chia
hét :ho 2003.

Gidi:
Xé12004 sb co dang: 6, 66, 666, ..., 666..6. Theo nguyén tic Dirichlet
thi on tai hai so6 c6 cung s6 du khi chia cho 2003. Gia sir hai so d6 la:
A=66..6 vi B=66...6 vi k<n
— N—— .

n k
Khido, A -B =66...6.10° chia hét cho 2003.
n-k
)=1 nén C =66...6 chia hét cho 2003.
n-k
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Vi du 5: Chimg minh ring trong 52 sb nguyén duong bét ki ta luén tim duoc
hai s6 sao cho tdng hoic hiéu cua hai s§ d6 chia hét cho 100.
Giai:
Cdch 1: Néu c6 hai sb c6 ciing s du khi chia hét cho 100 thi bai toan dugc
giai. Gia sir khong c6 hai sd nao cung sb du khi chia cho 100. Khi d6, c6
it nhit 51 sb khi chia cho 100 c6 s6 du khac 50 1a a,, a,, ..., a,, .Dat

b, =-a,(1<i<51). Xét 102 s6: a, va b,. Theo nguyén tic Dirichlet thi
tdn tai i # j sao cho a; =b,(mod100). Suy ra a, +a, chia hét cho 100.

Cdch 2: Ciing nhu & cach 1, néu c6 hai s cing chia hét cho 100 thi ta ¢
diéu phai chimg minh. Gia sir c6 it nhit 51 s6 khong chia hét cho 100.
Xét cac cap: (1, 99), (2, 98), ..., (49, 51), (50, 50). Suy ra c6 hai sb
ma sé du cua ching khi chia cho 100 ciing roi vao mdt cip va ta c6 diéu
phai chimg minh.

Vi du 6 : Chimng minh ring:

a. Trong 11 sb nguyén bt ki thé nao ciing c6 hai sb c6 cung chir sb tan
cung gidng nhau.
b. Trong m + 1 s6 nguyén bat ki thé nao ciing c6 hai sd c6 hiéu chia hét cho
m.
Gidi

a. Mot sb nguyén chi c6 thé tin cung bang 1 trong 10 chirs: 0, 1, 2, ....9.
Léy 11 sé nguyén, theo nguyén tic Dirichlet, phai c6 hai s6 c¢6 cling chir
56 tan cung gidng nhau.

b. Chlamgtsochomthltacosodulamottrongmso 0,1,2,..., m-1
Do d6 theo nguyén tic Dirichlet chia m + 1 s cho m thi pha1 c6 it nhat
hai s6 cho cuing s6 du. Hiéu cua hai sé nay chia hét cho m (dpcm).

Chii y rang: cdu a) 1a truong hop dac biét cuia cau b) khi cho m = 10 (chit
s tin ciing ciia m3i sé biéu dién s du khi chia sé d6 cho 10).

Vidu 7: a. Ching minh ré’mg trong m s nguyén bt ki, bao gio ciling c6 mot

s6 chia hét cho m hoc it nhét hai sé c6 tdng chia hét cho m.
b. C6 hay khong c6 mét sé c6 dang: 19911991...1991000000 chia hét
cho 1990?
Gidi.
a. Goi m sé nguyéndichola a,,a,,..,a_. Ta lap m tong:
S, =a,;;S,=a, +a,;S;, =a, +a, +a,;
.S, =a, +a,+a,+..+a,
C6 tat ca hai truémg hop:
— Mot fg cac tong trén chia hét cho m. P6 1a diéu phai chimg minh.
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— Khong c6 mdt tdng nao trong cac tong trén chia hét cho m; nhu vay sb
du khi chia mdi téng trén cho m 1a mét sb tir 1 dén m -1 (c6 tat ca
m - 156 du). Ta c6 m tong, do d6 theo nguyén tic Dirichlet, phai co hai
tdng ¢6 cung s du (= 0) khi chia cho m. Hiéu cua hai téng nay (la tong
ctia mdt sb cac sd da cho) chia hét cho m (dpcm).

b. Ta lip 1990 s c6 dang:
190]
1921 1991
19¢1 1991 1991

19¢1 1991 ... 1991
(bén chirsd 1,9, 9, 1 dugce lap lai 1990 lan)
Cha céc sb trén ddy cho 1990, ta c6 1989 sé du khac 0. Theo nguyén tic
Dinchlet, phai co it nhét hai s cho cung mot s6 du, hiéu hai sb nay (la
mo: sé ¢6 dang 1991 1991 ... 0000) chia hét cho 1990 (dpcm).

Vi du 3: Chimg minh rang trong cac sé tr nhién thé nao ciing c6 s6 k sao
chc 1983% —1chia hét cho 10°.

(Dé thi hoc sinh gidi todn cap II toan quéc, 1983)
Gidi

Cho k lan luot 1dy 10° +1 gia tri lién tiép, tir 1 tro di, ta dugc 10° +1 gia
tri khac nhau ciia 1983* —1. Chia 10° +1 s nay cho 10°, ta chi co
nhidu nhat 14 10°s6 du; vi vy theo nguyén tic Dirichlet, phai c6 it nhét
hai s cho ciing sé du khi chia cho 10°. Gia sir s6 d6 1a 1983™ -1 va
1933" —1 (m > n). Thé thi hiéu cua hai sb nay phai chia hét cho 10°:
(1¢83™ —1)-(1983" 1) chia hét cho 10°.

Ma (1983™ —1)-(1983" 1) =1983™ -1983" =1983" (1983"™ -1)

Nhmg c6 10°va 1983" nguyén t6 cling nhau, do d6 phai c6 1983™™ -1
chia hét cho 10°. Nhu vay 1a c¢6 sd k'=m —n sao cho 1983% —1chia hét
che 10° (dpem).
Dang 3: Tim so dir va chik sé tgn cing
Vi du i: Ching minh ring tdn tai mot bdi s6 cua 2003 c6 dang:
20042004...2004

k
Giai:
X¢é:2004 sb: a, =2004; a, = 20042004 ...
| @ a,,,, =20042004....2004 (nhoém 2004 c6 mit 2004 lan)
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Theo nguyén li Dirichlet, ton tai hai s6 c6 ciing s6 du khi thuc hién phép
chia cho 2003. '

Goihaisd d61a a, va a, (1<n<m<2004) thi a, —a, : 2003.

Tacé: a, —a, = 2004...20040000...0000 = 2004 ... 2004 . 10*"

Do 10" va 2003 nguyén té cung nhau nén 2004 ... 2004 chia hét cho

m—n

2003.
Vi dy 2: Tim sb du khi chia 2'°:
a. Cho 9; b. Cho 25; ¢. Cho 125

Gidi:
a. Lily thira ciia 2 sat voi mot boisé cia91a 2° =8=9-1
Tacé 2° =2(2°)" =2(9-1)* =2(BS 9-1)=BS 9-2=BS 9+7
S6 du khi chia 2'® cho91a7.
b. Lily thira ctia 2 sat voi mdt bdi sé ciia 25 1a 2'° =1024 =BS 25-1.
Tacé 2% =(2°)" =(BS 25-1)"" =BS 25+1

Sé du khi chia 2'® cho 25 1a 1
¢. Dung cong thic Niu- ton:

2% = (5-1)° = 5% ~50.5% + ... + 222

52 -50.5+1

Khong k& phin hé s6 cua khai trién Niu-ton thi 48 s hang d4u di chia
lily thira ciia 5 v6i s6 mii 1én hon hoic bing 3 nén chia hét cho 125. Hai
s6 hang tiép theo ciing chia hét cho 125, s6 hang cudi cung 1a 1. Vay
2!% —BS 125+1.

S6 du khi chia 2'°cho 25 14 1

Chii y: Téng qudt hom, ta chimg minh dugc rdng néu mot sé tw nhién khong
chia hét cho 5 thi chia n'® cho 125 ta dwgc sé du la 1.
Thdt vdy, n co dang 5k +1 hodc 5k +2. Ta co:

(5k+1)™ = (5k)"™ £ . 100 99 (5k)* £100.5k +1=BS 125 +1

(5k +2) = (5k)'° + . 100 99 (5k)" 2% +100.5k.2% + 2™

= BS 125 + 2!
Talai c6: 2'° =BS 125+1. Do d6 (5k+2)'™ =BS 125+1.
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Vi dy ! : Tim ba chir s tan ciing ctia 2" khi viét trong hé thap phan
Gidi:
Tin ba chir s tan cing cia 2'° 1a tim s6 du khi chia 2" cho 1000.
Trede hét tim s6 du khi chia 2'" cho 125. Theo vi du 2 ta co
2" =BS 125+1, ma 2'™ la sb chin, nén ba chir sé tan cung ca né chi
6 hé la 126, 376, 626 hoac 876.
Hin nhién 2" chia hét cho 8 nén ba chir s0 tan clng cua n6 phai chia
héicho 8. Trong bon so trén chi ¢6 376 chia hét cho 8.
V4’ ba chit sé tn cung cua 2"?0 la 376. o '
Chiu y Ban doc tw chirng minh rang néu n la so chan khong chia hét cho 5
thiba chit s6 tdn ciing cua n'™ la 376.
Vi du i: Tim bon chir s tan ciing cua 5 khi viét trong hé thap phan.
Gidi:
Cich : 5' =625, Ta thiy s tin cing bang 0625 ning 1én lily thira nguyén
dueng bat ki van tin cling bing 0625 (chi kiém tra:...0626x...0625 =...0625)
Dodo: 5 =5%2 = 25(5*)" =25(0625)" = 25(...0625) = ...5625.

Cdch :: Tim sé du khi chia 5" ¢ho 10000 = 2*.5*
Nhin xét: 5* —1 chia hét cho 5*-1= (52 - 1)(52 + 1) nén chia hét cho

16.Ta co: 5% =58 (5“’3'3 - 1) +5,

Do 5° chia hét cho 5%, con 5'* —1 chia hét cho 16 (theo nhan xét trén)
mér 5°(5'"* ~1) chia hét cho 10000. Tinh 5°, ta dugc 15625. Vay bén

chi s6 tan cling cua 5" 1a 5625.
Chii y.Néu 5 =5%(5'* 1) +5? thi ta c6 5" -1 chia hét cho 16, nhung

5% khong chia hét cho 5°. Nhu vdy trong bai todn nay, ta cdn viét 5"
dlwci dang 5" (5‘99“'“ —~ 1) +5" sao cho n >4 va 1994 —n chia hét cho 4.

Vi dw ’: Tim ba chir sd tan cung cua 3'”.
Gidi:

50 49 1

3° =(10-1)" =10 - 0? -50.10+1

=IS 1000 +... BS500-500+1=BS 1000 +1.
Wy 3'° cé tan cung la 001.
Chiy: g qudt, ta chimg minh duoc rang néu n 1 sé Ié khéng chia hét

ida chit s tdn cing cua n'” la 001.
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Trudc hét, ta thdy mét sé n khong chia hét cho 5 thi chia cho 125 ¢6 so

du bang 1. Diéu nay da dwgc chumg minh o chu y cua vi du 2. O dédy, do

co thém diéu kién n la so6 1é nén con co thé chung minh bang cdch sau:

ntincing bang I, 3, 7, 9 = n* tdn cing bang 1.

= n' =(n*)" = (10k + 1)"

25.24
2

Tacé n'® = (n5° )2 la 56 chinh phwong Ié (vi n 1é) nén chia cho 8 du 1 (2)

= BS 1000 + (10k)® +25.10k +1 = BS 125+1 (1)

Tir (1)va (2) suy ra n'® —1 chia hét cho 1000, ticc la tdn cimg bang 001.
Tir két qua ndy, ta con suy ra: Néu n la s6 1é khong chia hét cho 5 thi

101 2 ’ P N
n vanco ba chit so tdn cung nhu nhau.

Vi du 6: Cho ab = 455", Tim sb du trong phép chia a + b cho 4.
Gidi:
Cdch 1: Ta thdy 455" =(BS 4-1)" =BS 4+1. Do d6, a va b chia cho 4
cung du 1 hodc cung du 3. Trong ca 2 trwong hop trén, a+b chia cho 4
dur 2.
Cdch 2: Xét biéu thic ab+a+b+1=a(b+1)+(b+1)=(b+1)(a+1)
Doavablénén (b+1)(a+1) chiahét cho 4, tirc la:
(ab+1)+(a+b) chiahétchod4 (1)
Ta thiy: ab=455 =(BS 4-1)*=BS 4+1 = ab+1=BS 4+2 (2)
Tu(l)va(2)suyraa+b=BS 4+2.
Vi du 7: Tim hai chir s6 tin cing cua:
a) 3% b) 7"
Gidi:
a) 3% =3.3%° =3(10-1)"" =3(10*° -... + 499.10-1)
=3(BS 100 + 4989) = ...67
b) Xét sé mii 77 =(8-1)' =BS 8-1=4k + 3. Tacé:
7" = 7% = 7% (7*)" = 343.(..01)" =(...43)(..01) =...43
Dang 4 : Cac bai toan khdc
Vi du 1: Chimg minh ring sé: 19.8 +17 1a hop sé v&i moi sé tu nhién n.
(Dé thi vé dich todn Anh, 1976)

Gidi
ong hgp:n=2k,n=4k + 1 van=4k + 3.
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a. n=2k: A=19.8%+17=18.8"* +8% +(18-1)
Ma 82 =64 = (63 +1),63 =3.21 nén 8%*chia3 du 1. Suyra A 3
b. n=4k+1; A=19.8""+17
= 13.8" +6.8.647 +17=13.8'" +39.64%* + 9(1-65)" + (13 +4)
Chi y ring: 65 =135.(1-65)" chia cho 3 dur 1, ta c6: Ai13.
c. n=4k +3 taco A=19.8%3+17 =158 + 4.8%.64* +17
=15.8"* +4.510.64> +4.2(1-65)" +(25-8).Suy ra A:8.
Vi du 2 : Xac dinh gia tri k'@ da thic:
f(x)=x'-9x° +21x* +x + k chia hét cho da thic: g(x)=x> —x-2
, O L
Cdch 1: Lay f(x) chia cho g(x) dé tim s6 du va dat s6 du bang 0 d¢ tim k.
Ta co: x* - 9x® + 21x° +x+k=(x2 —):—2)(){2 —8x+15)+k+30
f(x) chia hét cho g(x) thi can va du la:r(x) =k + 30 = 0 = k = -30.
Cdch 2: Taco: x> -x-2=(x-2)(x+1)
Nhu vdy néu f(x) chia hét cho x*-x-2thi ciing chia hét cho
(x—2)(x +1). Ap dung dinh Iy Bezout va dinh nghia phép chia hét, ta
thay x =-1vao f(x):f(—l)=1+9+21—1+k=0:>k=—30-
Vi du 3 : Tim tit ca cac sb tu nhién k & cho da thirc: f(k)=k®+2k* +15
chia hét cho nhj thic: g(k) =k +3.
Giai
Cdch I: k° + 2k* +15 = (k + 8)(k* —k + 3) + 6. D& f(k) chia hét cho k + 3 thi
cin va du 1a 6 chia hét cho k + 3. Néu k 12 s6 tu nhién thi k+3>3vithé 6
chia hét cho k + 3 khi va chi khi k = 0 hoac k = 3.
Cdch 2: Ap dung dinh ly Bezout, chia f(k) cho g(k)=k - (-3)ta tim duogc

s du: f(-3)=-27+18+15 = 6. S6 du nay phai chia hét cho k +3.
Vi du 4 : Chimg minh réng véi p 13 s6 nguyén td 16n hon 2 thi gia tri m trong

phén s : ——1+1+1+ +—1—-(meN;neN),chiahétchop.
n 2 3 p-1
Giai:
Doplé sé nguyén tbnénp— 11as6 chin, suy ra

1+++ .

B -
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1 1 L 1 1 1 1 1
=|+——|+| =+ +|=+ +ont +
1 p-1 2 p-2 3 p-3 p=1 pe+l

- p p p p 2 2
_1.(p—1)+2.(p—2)+3.(p—3)+m+(p;1)(p;1)

_ - 1 1 1 —
“PIT(p-1)"2(-2) 3(-3) (p;l)[p;l)

p+1
2

Ta c6 1.(p-1).z.(p_z)...p_;l. ~(p-1)! suyra 2 ¢6 dang
n

% = -(;(_!—1-)—‘:» m (p-1)! = npq = m(p -1)!chia hét cho p ma (p -1)!
khong chia hét cho p , nén m chia hét cho p.
Vidu5: Vaéi 8 s6:0,1,2,3,4,5,6, 7. Hoi co thé lap dugc bao nhiéu 50 tu
nhién c6 6 chir sé khac nhau, trong d6 nhét thiét phai c6 mat chir sb 3.
Gidi :

Ky hiéu sb tu nhién thoa d¢ bai 1a: a,a,a,a,a,a,.Cic 0 a,, a,,..., a,
khéc nhau lay tir 8 s6 d4 cho, a, 20"

o a, =3, khido6 a, cé 7 cach chon, sau d6 a, c6 6 cach chon,...

Do d6 trudng hop nay cé: 7.6.5.4.3 = 2520 (s).
o a,#3 khi d6 c6 6 cach chon a, (i a, #0, a, #3), chon 50 3 thay

vao 1 trong 5 sb a,,..., a, sau d6 con lai 4 chir s6 va lan luot chon 4 sb
khac nhau l4y tir 8 s6 d4 cho va khac a, a,.
Do d6 trudmg hop nay cé: 6.5.6.5.4.3 = 10800 (sb).
e Pap sb: 13320 s6.
Vi du 6: Cho 2" =10a +b. Chimg minh ring néu n > 3 thi tich s a, b chia
hét cho 6. O day a, b, n Ja cac s6 nguyén duong va b < 10.
(Dé thi hoc sinh gidi toan quoc 1984)
Gidi
Cdch 1: — Tir cac gia thiét ta suy ra b chi c6 thé nhén céc gia trj 2, 4, 6, 8.
Véib=2

B%G - a la s6 nguyén nén n phai c6 dang n =4k +1
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Via > 3 nén n chi co thé lay cac gia tri tur S tro lén.

dk+l , . ; ) ,
= 4 . Néu a.b:6 ma b =2 thi a phai chia hét cho 3 va

Ta lugc:-a =
(2%*' —2) phai chia hét cho 30.
Ching minh (2’”‘” - 2)530 bing phuong phap qui nap.

— Cic truong hop b = 4, b = 8 ciing tuong tu.
— Tuong hop b = 6 thi ménh dé trén hién nhién duing.
Cach 2: Hay xét hai truong hop:
a. Trucmg hop n 1a sb chin , n =2k (k>2)
2" -10a+b < 2% =10a+b
* S1y ra b 1a sb chin.
*(2%)=(2" )2 la sb chinh phuong chin nén né phai tin cing bang so
chd, b chi co thé 1a 4 hoic 6.
— V&i b = 6: ménh dé hién nhién dung.
- Wib=4=2"=10a+4=>4"=10a+4
Vi 4 =(3+1)* =3M +1 nén 4° chia cho 3 con du 1. Viy (4 -4):3

suyra 10a:3 hay a: 3.

b. Trutnghopblasélé:n=2r+1(r>2) = 2°=10a+b <2 =10a+b
2%* chi tin cung bing 4 hodc 6 nén 22*'2 chi c6 thé tin cung bing 8
hoi 2 hay b chi nhan gia tri 2 hoac 8.

— Vi b =2 thi 2* chiacho 3 du 1; 2" chia cho 3 du 2.
Vi (2‘"’"l —2)53 nén 10a:3 hay a: 3.
— V01 b = 8 ciing chirng minh tuong tu.

Cich 3:Vin> 3, cho nén ta chi cin xét cac truong hop n = 4k,

n=4k+1, n=4k+2,n=4k+3vdikeNvak=>1.

— Vi n = 4k, ta chimg minh dugc b=4. Viy a.b: 6

— \in =4k + 1, tasuy ra b= 2 va chimg minh dugc a: 3

— Wi n =4k + 2, ta suy ra b = 4 va chimg minh dugc a: 3

— V0in =4k + 3, ta suy ra b= 8 va ching minh dugc a: 3

Nihin xét: trong ca ba cach chimg minh trén day, ta déu nham di dén két
lwéi 1a b chi nhan mot trong cac gia tri 2, 4, 6, 8 va chi cin chimg minh
riang trong cac truong hop iy thia:3.

151




Gidi
Goi da thirc bj chia la f(x), da thirc chia 1a g(x). O day f(x) la da thirc bac
ba, con g(x) 1a da thic bac nhéat. Vi vy thuong phai 1a da thirc béc hai,
nghia 1a thuong c6 dang: h(x)=ax*+bx+c.
Tacéd: 3x® -7x* +4x -4
= (}:—2)(ax2 +bx +c) =ax’ +(b-2a)x* +(c-2b)x - 2c.
Pong nhit hé sd & cac hang tir ciing bac & hai vé, ta dugc:

(a=3

b-2a=—7 [|27°
s =l e lb=-1
c—-2b=4

=2
|—2c =—4

Pa thic phai tim 12 h(x)=3x" -x +2

Chii y: Ta c6 thé nhan xét vé hé s cao nhat va hang tir khong ddi cua f(x),
g(x) va h(x) ¢ c6 ngay: a = 3,(—2c)=—4, Do d6 c = 2.

Vi du 8: Vi gia tri ndo cua a va b thi da thirc: x® +ax® +2x +b chia hét
cho da thirc: x® + x +1? Hay giai bai toan bing hai cach khac nhau.

(Dé thi hoc sinh giéi cdp II toan quoc, 1976)
Gidi

Cdch 1: Chia f(x) cho x® +x +1
Ta duoc du la: (2-a)x+(b+1-a)=r(x). Ta c6 phép chia hét khi va
ohi kb #)=0, e T 42270  ssmmovibei,

b+1-a=0

Cdch 2: Chii y ring f(x) bic 3, con da thirc chia 1 béc 2, nén thuong phai la

mdt nhj thirc bac nhét, c6 dang x + k. Tir d6:

(x+k)(x2+x+1)=x3+ax2+2x+b

ox’+ax’+2x+b=x*+(k+1)x’ +(k+1)x+ k. H¢ s6 ctia cac hang tir
ciing bac phai bing nhau, suy ra:
a=k+1;2=k+1;b=k Tudidytaco:k=1,a=2,b=1.
Vi du 9: Ching minh ring da thic:P(x)=x" -3x* +6x® - 3x* +9x - 6
khong thé c6 nghiém la sb nguyén.
(Theo &é thi vé dich todn Hungari 1963)
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Gidi
Vol ae Z, ta co: P(a) =a’-3a'+6a’>-3a*+9a-6
Néu a chia hét cho 3 thi tat ca cac sé hang trong P(a) déu chia hét cho 9,
trir s6 hang 6, do d6 P(a) khong chia hét cho 9, nghia la P(a)# 0.
Néu a khong chia hét cho 3 thi a®khong chia hét cho 3 trong khi tét ca
cac s6 hang khac trong P(a) déu chia hét cho 3, do d6 P(a) khong chia
hét cho 3, nghia la P(a)# 0. Vay P(a)# 0 véi moia € Z.
Vi du 10: Chung minh rang n® + 2n chia hét cho 3 véi moi neN.
Gidi
Cdch I: Ta xét hai kha nang:
a. Néu n: 3 thi ro rang (n3 +2n)53
b. Néu n khong chia hét cho 3 thi n c¢6 dang: n =3k +1 hodc n=3k +2
voi ke N.
*Voin=3k+1: (n3 +2n)=(3k+1)3 +2(3k +1)
=27k® +27k* + 9k + 1+ 6k + 2 =3(9Kk® + 9k* + 5k +1) - 3
*V6oi n=3k+2: n’ +2n=(3k+2)3 +2(3k +2)
= 27k® + 54k’ + 36k +8 + 6k + 4 =3(9k’ + 18k’ + 14k + 4) - 3
Ménh dé duoc chimg minh
Cdch 2: Chimg minh béng quy nap toan hoc:
l.n=1=>n®+2n=1+2.1=3, viy ménh dé ding véin=1.
2. Gia st ménh dé diing vi k, nghia Ia ta c6: (k° + 2k):3
Ta chirng minh ménh dé ciing diing véi k + 1, nghia la phai ching minh:
[(k +1) +2(k+ 1)]53 . Ta cé:
(k+1)3 +2(k+1)=k®+3k> +3k +1+2k + 2
=(k*+2k)+3(k* +k+1),keN
Nhung (k3 + 2k)53 (theo gia thiét quy nap); 3(11:2 +k+ 1)53
Vay [(k 4 1)3 +2(k + 1)]53 .Véy ménh dé trén dting v&i moi ne N.
Vi du 11 : Chimg minh ring: 16" —15n-1:225
Gidi
1. Ménh & phai chimg minh dtng véin = 1

| 16! —15.1-1=0:225
2 gménh d2 phai chimg minh 14 ding véin =k
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16* —15.k —1:225 . Ta chimg minh ring ménh & ciing dung véin =k + |
Thuc vay: 16*"' -15(k+1)-1=16.16* -15k-15-1

=(16* -15k —1) +15.16* —15 vi 16.16* =(15+1)16* = 16" +15.16"
Theo gia thiét quy nap thi: 16* —15.k —-1:225
Con 15.16* —~15=15(16" —1), Ma 16* -1:(16-1)
Nén 15(16" -1):15.15 =225 . Vi vay: 16*" -15(k +1)-1:225 (dpcm)
Vi du 12 : Tim sé nguyén duong n dé biéu thirc sau 14 sé chinh phuong:
a) n® -n+2 b) n* -n+2
Giai:
a) V&i n=1 thi n® —n +2=2 khong la s chinh phuong.
Véi n =2 thi n? —n+2 =4 1a s6 chinh phuong.
V6i n>2 thi n? —n+2 khong la sd chinh phuong vi:
(n—l)2 <n’-(n-2)<n?
b) Véi n>2 thi (n2 —1)2 <n* —(n—2)<(r12)2 nén n*-n+2 khong 1a sb
chinh phuong. Xét n=1 va n=2.f)éps6: n=2.
Vidu 13 : Tim s6 nguyén t6 p & 4p +1 1a s6 chinh phuong.
Gidi:
4p +1 1a sb 1& va 14 sb chinh phuong nén
4p +1=(2k + 1)2 =4k® +4k +1 (k nguyén)
= 4p=4k(k+1) = p=k(k+1)
Do p la sd nguyén té nén ke1.Khidé p=2 va 4p+1=9=32,

Bai tap van dung
1. Giai phuong trinh nghiém la s6 tu nhién cua phuong trinh sau :
2(x* -y*)=1978.
2. Tim sb c6 sau chit s6 d6i mot khac nhau abedef sao cho
abcdef = a(IOOOE(-:2 —cc). _
3. Giai phuong trinh nghiém nguyén: x* —y* +z* + 2x?2* + 3x*> +42° +1=0.
3 8 15 n’-1

4. Chimg minh r?mg: véi moi sb tunhiénn > 2thi S=S+24+ — 4.+ — =
4 9 16 n’

khong thé 1a mét s6 nguyén
5. Tim tat ci cac tam gidc vudng c6 ba canh 1a s6 nguyén va c6 dién tich
b3 i.
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6. Tim 6 tw nhién nho nhat bit dau tir chir s§ 1 sao cho néu chuyén 1 xuéng
vi tr cudi cang thi sé da cho tang 1én ba lan.

7. Hdy tim cac chir s6 a. b, c, d; biét réng a, cd, 'ﬁ, abed 1a cac so chinh
phumg.

8. Tronz mdt hoi nghi quéc té c6 6 dai biéu ¢ cung mot khach san. Néu bat
clr - ngudi nao gap nhau thi trong ho ¢6 it nhat 2 ngudi co thé tro chuyén
vdi rhau duge. Chimg minh ring c6 ba nguoi timg doi noi chuyén voi
nhai duoc.

9. Xac linh so n, biét rang, trong hé dém co s6 7 thi n dugc viét n = xyz,

tronz hé dém co sb 11 thi né dugc viét n = zxy .

10. Tin cac s6 nguyén a, b, ¢ sao cho da thirc: (x +a)(x —4)-7 phén tich
tharh thira s duoc: (x +b)(x +c).

11. Tin x, y ng,uyén duong thoa man phuong trinh: 3x* + 10xy + 8y* = 96

12. Ching minh rang tich cua 4 sb nguyén duong lién tiép khong the la sb
chirh phUO’ng

13. Timr cac s6 nguyén x; y thoa man x%y? - x* — 8y® = 2xy

14. Chc hai s6 duong x, y. Biét tdng cuia ching bang 6 lan trung binh nhan
ctia:hung. Tinh ty sb o

: 4

15. Clhc A =1%9 4 27005 . 3208 4 & n*®
B =1+2+3+...+n voi ne N*. Chimg minh A:B

16.Timso tw nhién ¢6 5 chir s, biét rang s6 d6 bang lap phuong cua s6 tao
bai htr sO hang van va chir s6 hang nghin cua sO da cho (theo thl'x tu do).

17. Tiin sd ¢6 ba chir s6 sao cho ti s0 gitra s6 d6 va tdng céc chir s6 cua noé la
bes that.

18. Tiin neZdé n* +2n° +2n® +n+7 lasd chinh phuong

19. Tiirx; y; z; t thoa man x* +y* + 2> +t? =x(y +z + t)

20. Tiir cac s6 nguyén duong x, y thoa L =?12-

XY

21. Tiin cdc sé nguyén a, b, ¢ thoa man ca hai phuong trinh 2a +3b=6 va
3a-4c=1

22.Chiing minh ring biéu thiuc: A =n® +20n
Clhi: hét chd 48 véi moi s6 nguyén, chin.

23. Clhing minh rang véi n 1a s6 tu nhién chin thi biéu thirc:
A\ =20" 416" -3" —1 chia hét cho 323.
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24.a. Phan tich biéu thirc ra nhan tir: A = x* (x* - 7)° - 36x.

b. Dua vao két qua cu trén hdy chimg minh biéu thirc: n? (n2 - 7)2 -36n
ludn ludn chia hét cho 7 véi moi s6 nguyén n
(Dé thi vao I6p chuyén todn mién Bic, 1972)
25. Chimg minh ring: 5.7°*) 4 2% chia hét cho 41 véi n 14 s6 nguyén duong.
26. Gia sir x, y, z la cac s6 nguyén duong, d6i mot khac nhau, chung
minh ring: Biéu thic A=(x-y)’ +(y-2) +(z-x)’ chia hét cho
B=5(x-y)(y-2)(z-x)
27. Chimg minh ring biéu thirc: A =k* +2k® —16k? — 2k + 15 chia hét cho
16 voi moi gia tri nguyén va lé cua k.
28. Chimg minh ring:
a. Néu m la mot sé nguyén thi (2m + 1)2 —1chia hét cho 8.
b. Hiéu céc binh phuong cua h’ai s6 chazm’ lién tiép,chia hét cho 4.
c. Hiéu binh phuong cua hai so 1€ lién tieép chia hét cho 8.
29. Cho hai sb thuc x, y sao cho x +y, x>+ y2 x* + y* 1a cac sb nguyén.
Chimg minh x’ +y° ciing la s§ nguyén.
30. M6t tim bia dang tam giac vudng c6 do dai ba canh la cac s0 nguyén.
Chimg minh ring co thé cit tém bia thanh sau phén c6 dién tich bing
nhau va dién tlch mdi phin la s6 nguyén.

31. Chung minh ring véi moi sé nguyén n, ta co:
a.n® +3n” + 2n chia hét cho 6.

b. (n2 +n-— 1)2 —1 chia hét cho 24.

32.Chitng minh ring:
a.n® +6n’ +8n chia hét cho 48 véi moi sé chin n.

b.n* —10n? +9 chia hét cho 384 véi moi sb 1& n.

33. a. Cho a la s nguyén t6 16n hon 3. Chimg minh a® -1 chia hét cho 24.
b. Chimg minh ring néu a va b 14 cic s6 nguyén t5 16n hon 3 thi a® - b?
chia hét cho 24.

c. Tim diéu kién ctia s6 tw nhién a dé a* -1 chia hét cho 240

34. Ching minh ring néu n+1 va 2n+1 (ne N) déu 1a sé chinh phuong
thi n chia hét cho 24.

35. Chimg minh ring néu 2n+1va 3n+1 (neN) déu la sé chinh phuong

thi g cv.ét cho 40.
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36

37

38

39.
40.
41.

42.

43.
44.
4S.
46.

47.
48.

49.

30

31

& s

. Tim sd tu nhién n dé gia tri cua biéu thirc 1a sé nguyén to:
2
; 3
a. 12n*-5n-25 b. 8n’+10n+3  c. = ; 2

. Tim s6 nguyén n sao cho:

a.n® + 2n - 4 chia hét cho 11.

b.2n° + n® + 7Tn + 1 chia hét cho 2n -1

c.n® =2 chiahét cho n-2.

d.n®-3n®-3n-1 chiahétcho n® +n+1.

e.n' —2n” +2n® —2n +1 chia hétcho n* - 1.

f n®-n®+2n+7 chia hét cho n? +1.
.Chimg minh v&i moi sé nguyén n:
a.n® —n chia hét cho 3.
b. n® ~n chia hét cho 5.
c. n’ —n chia hét cho 7.
Chung minh rang 2n® +3n? +n chia hét cho 6 v&i moi sb nguyén n.
Ching minh ring a®b —ab® chia hét cho 6 véi moi a, b nguyén.
Chimg minh ring tong cac lap phuong cua hai s nguyén chia hét cho 6
khi va chi khi tong hai s nguyén dé chia hét cho 6.
Chimg minh rang tdng cac lap phuong ba sé nguyén lién tiép thi chia hét
cho 9.
Chirng minh ring n® —5n® + 4n chia hét cho 120 v&i moi s6 nguyén n.
Chimg minh ring n® —3n? —n + 3 chia hét cho 48 véi moi s6 1é n.
Chung minh n* +4n® —4n? —16n chia hét cho 384 véi moi sb chin n.
Chimng minh ring v&i moi s6 nguyén n, sé n? +11n + 39 khong chia hét
cho 49.
Chimg minh rang véi moi sb nguyén n, n® + n + 1 khong chia hét cho 9.
Chimg minh ring ldy tich bén sb nguyén lién tiép cong vai 1, ta dugc
mot s& chinh phuong (sé chinh phuong la binh phuong cia mot sé
nguyén).
Ching minh rﬁng v&i moi sb tu nhién n > 1:
a. S6 n* +4 lahop sb.
b. S6 n* + 4k* 1a hop sb (k tu nhién).
. a. Tinh s trj biéu thirc (1 +ab—b“)a" +1vdia=2"; b=5.

b. S6 2% +1 c6 la sé nguyén té khong?
. Chimg mi rang s6 11 ... 122 ... 2 gdbm n chir s6 1 va n chir sb 2 la tich
s gx‘:n lién tiép véi moi s6 tu nhién n.
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52. Chitng minh rdng s6 11 ... 1-22 ... 2gém 2n chir sé 1 van chixs6 2 1a
mot s6 chinh phuong véi moi s6 tu nhién n.

53 C6 ton tai hay khong mot sb tu nhién tin cing 1a 2002 va chia hét cho
2003. '

54. Ching minh ring c6 hai lily thira cia 2001 c6 bon chir sb tin cling bang
nhau.

55. Chimg minh ring ton tai mot lily thira cia 3 ma bdn chit s6 tan cung cua
no 1a 0001.

56. Cho 2001 s§ tuy y. Ching minh rang c¢6 thé chon dugc mot sé hoic mét
s6 sb nao d6 ma tdng cua chiing chia hét cho 2001.

57. Chimg minh ring trong tam sb tu nhién, m&i s6 c6 ba chir sb, bao gid
ciing c6 thé chon duoc hai s ma khi viét lién nhau ta thu dugc mét s6 ¢co
sau chit sé va chia hét cho 7.

58. Chimg minh trong 27 sé nguyén khéc nhau tily ¥ nho hon 100 c6 thé
chon duoc hai sb c6 uéc sb chung 16n nhét khéc 1.

Huwdng dén va ddp sé

1. Ta cd, tir phuong trinh da cho suy ra

2(x? -y?)=1978 & x* - y* =989 & (x—y)(x +y) = 23.43

Do x, y 1a s tir nhién nén xdy ra céc trudmg hop sau

Xx-y=23 x=33 x-y=1 x =435
a. =S b. =
X+y=43 y=10 X+y=23.43 y £ 494

2. Ta c6 abcedef = a(lOOOEE2 —cc) <> abedef =121000ac? - 11ac.
Do a,b,c,d,e,f e N,1<a<9,0<b,c,d,e,f <9, suyrallac <1100,
0 <abedef <10°, nénxayraa=1,c=2hodca=2,c=1,viakhacc
* Khia=2,c=1tacd abcdef =121000.2 -22 =241978.
* Khia=1,c=2taco abcdef =121000.4 - 22 = 483978
3.Taco x* —y* +z* + 2x%2? +3x% + 422 +1=0
«:::>(x2 +2° + 2)2 —(x2 +3) =y*(1) hodc
c>(x2 +2? +1)2 +x% + 222 =y*(2)
Nhung ta cé x*+22* 20va x> +3>0;(Vvx,zeZ). Tu (1) va (2), ta co
(x"’ +7° +1)2 <y* <(x2 +7° +2)2 =4 =(x2 +2% + 1)2. Két hop véi phuong
trinh (2) ta cé x*+22’ =0=>x=2=0 nén y=+1. Vay phuong trinh c6
aghiém paguyén la (x;y;z) =(0;1;0);(0;-10).
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R 3 e +...+ =
_ 1 1 1 1
S—(l——z—J (1—?3—2—)+(1—?4—2J+ +(1——?)
s-—n—l-(12+12+l2 iz)<n-1 Vay: S<n-1 (1)
4 n
¢ Ta chimg minh: S>n-2
Thétvé'——+—l L 1+1+1++ 1
Yt T E T T T 12 23 34  (n-1)n
STE T PO (N PO
LZLQ 3, \3 4 (n-1) n n

n n
Vay: S>n-2(2).Tir(1)va(2Q) tasuyra: n—2<S <n-1 vdi moi sb
nguyén duong n >2. Man—2 van — 1 la hai s nguyén duong lién tiép.
nén S khong la s nguyén.

5. Goi X, y, z 1a cac canh cua tam gidc vudng 1<x<y<z

Do do: S>n—1—-(1—l) =n—2+l>n—2.

Ta co: {x2+y2=z2(*)
Xy =2(x+y+2z)(**)
« TE(*) tacé:zz=(x+y)2—2xy=(x+y)2—4(x+y+z)
=(x+y) —4(x+y)-4z
& zg+4z+4=(x+y)2—4(x+y)+4 <:>(z+2)2 =(x~+-y—2)2
> X+y=2=2+2 (Vix+y 22) '
. Thay z=x +y — 4 vao (**) ta duogc:

(x-4)y—-4)=8 «::>{x_4=1 hoéc{x A (viy 2 x)

Vay dé dai cac canh tam giac vudng can tim la: 5,12,13 hoac 6,8,10.
6. Goi s6 can tim 1a: A = la,a,..a_

batB = a,a,...a, . Taco: A= 1B
. Theo dé bai ta co6: Bl =3.1B

g1013+1=3(10°+13)® B=3'—10:—‘l
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. Bing phép thir véi n = 5 thi B = 42857
. Khi d6 sb bé nhat can tim 1a A = 142857.

7. Do a chinh phuong nén a bing 1, 4 hosic 9. Do d6 ad bang 16 hay 49. Suy
ra cd bing 16, 36 hay 49. Tir nhimg diéu nay tacé a =1 hodc a = 4.
Viy abed c6 dang: 1b16, 1b36, 1b49, 4b16, 4b36, 4b49 trong nay chi
c¢6 1936 la sé chinh phuong.

8. Xét nguoi A. Trong 5 ngudi con lai phai c6 ba nguoi cung ndi chuyén

duoc hodc cung khong néi chuyén duge vdi A, ta goi ba nguoi nélry la B,
C,D. GiaswcaB,C,D cung noi chuyén dugc vai A. Theo gia thiet, cg it
nhat hai trong ba nguoi dy néi chuyén dugc vdi nhau, cing vai A, ho 1ap
thanh mot bo ba can tim. ‘
Gia si B, C, D cung khong néi chuyén dugc véi A. Theo gia thiét, suy ra
rang nhom (B, C, A) ¢6 B, C ndi chuyén v4i nhau; nhom (B, D, A) ¢6 B,
D néi chuyén véi nhau; nhém (C, D, A) c6 D, C néi chuyén véi nhau.
Vay luc nay (B, C, D) la bg ba phai tim.

9. Ta phai c6 0<x,y,z<6. Tir gia thiét:
49x + Ty +z=121z+11x+y = 19x =60z — 3y
Do d6 x chia hét cho 3, titc 12 x = 3 hodc x = 6.

*x=3 thi y=20z-19,suyraz=1;, y=1.
* x =6 thi y =30z - 38 (loai).
Viy, s phai tim 13 155, viét trong co sb6 7 1a 311 va trong co sb 11 la
131.
10. Vé&imoi x taco: (x+a)(x—4)-7=(x+b)(x+c)
Nén véix=4thi -7=(4+b)(4+c)
4+b=1 _ _ {4+b=7
hodc

_ 4+c=-T7 4+c=-1

Truong hop tha nhét cho b=-3;c=-11;a =-10.
Tacé: (x-10)(x-4)-7=(x-3)(x-11)
Truong hop thir hai cho b=3;c =-5;a =2

Taco(x+2)(x-4)-7=(x+3)(x-5)

11. 3x* + 10xy + 8y? =96
& 3x? + 4xy + 6xy + 8y® =96 & (3x2 + 6xy) + (4xy + 8y2) =96

C6 2 truong hop: {

& 3x(x +2y) +4y(x +2y) =96 & (x +2y)(3x +4y) =96. Do x, y nguyén

dug& x +2y;3x + 4y nguyén duong va 3x+4y>x+2y>3. Ma
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12.

13.

96 =253 ¢ cac udc la 1;:2;3: 4; 6; 8: 12; 24: 32; 48; 96 duogc biéu dién
thanh tich 2 thira s6 khong nho hon 3 1a: 96 =3.32=4.24=6.16 =8.12
Laicé x+2y va 3x +4y c6 tich 1a 96 (s6 chin) co tong 4x + 6y la sb chin
Xx+2y=4

3x +4y =24

Hé ohuong trinh nay vé nghiém.

do dc'){

X+2y=6 =4
Hoic 4 o
3x +4y =16 y=1
X+2y=38 g 5 ”
Hoic Y . Hé phuong trinh v6 nghiém.
3x+4y =12

Vi céc s x, y nguyén duong can tim 1a (x, y) = (4, 1)
Go. bén sb nguyén duong lién tiép 1a x;x +1L;x + 2;x + 3véi X nguyén

ducng. Gia sir x(x +1)(x +2)(x+3) =k’ & (x2 + 3)()(}(2 +3x+2)= Kk’
(% +3x+1)2 —-1=k*. Trong d6 (x2 +3x+1)2ve‘1 k? 1a hai s6 chinh phuong
hon kém nhau 1 don vi nén (x2+3x+1)2=1 va k=0 = x=0;x =-3 trai
vé&igia thiét. Vay tich ctia bdn sé nguyén duong lién tiép khong thé 1a sb
chinh phuong.

b) Chimg minh rang véi s6 nguyén duong a chia cho 4 du 2 thi biéu thirc
P =3" + an +3 chia hét cho 4 véi s6 nguyén duong n bét ky.

b) P =3" + an + 3 vdi n nguyén duong

Véia=4m+2(meN*) thi P=3"+(4m+2)n +3

*n=1thi P=3+4m+2+3=8+4m:4

* G sir P=3" +(4m +2)n + 314 vdi n =k, tirc la:

P, =3 +(4n1+2)k + 34

*Taco: P, =3 +(4m +2)(k +1)+3
=3.(2+1)+(4m+2)k+4m+2+3=3"2+3"+(4m+2)k +4m +2+3
=P, +3“2+4m +2=P, +4m+2(3" +1):4. Viy Pi4véi a=4m+2
x’y’ —x* -8y? =2xy (1). Ta c6 x =y = 0 1a mdt nghiém cta phuong
trimd. Xét x;y = 0. Tu (1) t::>y2(x2—7)=(x+y)2

= 1* - 71a 56 chinh phuong = x* -7 =a%? = (x-a)(x+a) =7

tgud” T y) = (0,0);(4-1);(4:2);(-41) (-4 -2)
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14. Ta co x+y==6\[1§.Chiacéhaivéchoytaduqc: 54»1=6\/.£
X : §

bat t=\/g>0;tacc')phuong trinh: t> -6t+1=0
y

Giai phuong trinh ta duoc hai nghiém: t, =3+ 22 vat, =3-22
Viy ==t =1741242.
¥

15. B=1+2+3+..+n=>2B=n(n+1);A =17 + 2% 4 3209 4 4 n*®
=2A = (12005 + n2°°5) + [22""5 +(n- 1)2005] +...
+[(n - 1)2005 + 22°°5] + (n2°°5 + 12°°"’)
Céc biéu thirc trong ngoic déu chia hét cho n + 1 nén: 2A:(n+1) (1)
Lai co:
2A = (12005 +(n- 1)2005) Jr[22°°5 +(n- 2)2005] +.o.4+ [(n - 1)2005 + 12005] +2n*®
Céc biéu thirc trong d4u ngodc déu chia hét cho n nén 2A:n (2)
Vin van + 1 1a hai sd nguyén td cing nhau nén tir (1) va (2) suy ra
2Ain(n+1)=2B.Viy A:B.
16. Goi s cin tim Ia abcde, ta c6: abede =ab.
biat x =;l—);y =E§(O <y< 1000). Ta c6:1000x +y =x* (1)
=1000x < x* = 1000 < x*> = 32 <x(2). Viy <1000 nén tir
(1)=>1000x + 1000 > x* = x(x* ~1000) < 1€00
= x <33 (3). Tir (2) va (3) suy ra x = 32.Vay s6 can tim la 32° =32768.
17. Goi s0 ¢6 ba chit s6 cin tim 12 abc (a;b;ce N;0 <a <90 <b;c <9).

abc __100a+10b+c . 99a+9b
a+b+c a+b+c a+b+c

Vi a,b xac dinh thi k bé nhit khi ¢ 16n nhit = ¢ =9
99a+9b_1+9(a+b+9)+90a—-81

a+b+9 a+b+9

90a - 81 ~10+ 90a - 81

=1+ e
5ea+b+9 a+b+9
“! -BDHSGTS-

Taco: k=

k=1+




Vi a xac dinh thi k bé nhét khi b 1on nhit = b=9
90a - 81 10a -9 10(a+18)-189

k=10+————=10+9. =10+9.
a+18 a+18 a+18

S G D189 s bl i B kil =S a=]

=190 -
a+18 a+18

Viy s6 phai tim 13 199 va k = -11%9

18. n +2n® + 2n® + n +7 la s6 chinh phuong
<:4(n“’+2n:’+2n"*+n+7):11:2(]1{‘52)<t:.>4n"+8n“°‘+8n2+4n+28=k2
<:(2n2+2n+1)2+27=k2<:>k2—(2n2+2n+1)2:27
< (k+2n’+2n+1)(k-2n*-2n-1)=27
Xet cac truong hop xay ra tim dugc n =2 hodc n =-3

19. x'+y® +2z* +t> =x(y +z+t). Nhéan ca hai vé cua phuong trinh véi 4:
432 + 4y* + 47° + 4t = 4xy + 4xzZ + 4xt
ex?+x—4xy+4y* +x* —4xz+ 428 + x¥ —4xt + 4t* =0
< x? +(x—-2y)2+(x—2z)2+(x—2t)2=0

Swyrax=y=z=t=0. '
20. Ccch 1: Vai tro cua x va y nhu nhau nén ta cd thé giasir: x>y .

Teco: l+—1—=l;x>0:>l<l:y>2
X y 2 y 2
1.1 1.1 1_2 .
x2y>0=—-—<—=3-—=-+—-<— =>y<4.Dodé:y=3 hayy=4.

X ¥ 4 X ¥ ¥
Wei y =3 thix =6. Do tinh déi xtmg ta cling c6: X =3 va y=6.
Ve y=4 thix=4.
1 1

Ca«ch 2:—-+—~=-21—c>2(x+y)=xy<:>2x—xy+2y=0
N 4

<x(2-y)-22-y)=—4
(2-x)2~y)=4=14= 4.1= (-1)(-4)= (-49)(-1)= 2.2 =(-2)(-2).
Wix, y>0 nén2-x<2, 2-y<2. Do d6 ta cé6 cac truong hop:

* 2-x=1 va 2-y=4&x=1va y=-2 (loai).

* 2-x=-1va2-y=-4x=3 vay=6 (nhan).

* 2-x=-4va2-y=-1&x=6 va y=3 (nhan).

* 23x=-2va2-y=-2ox=4va y=4 (nhan).
a4 .

=Y
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21. Pé khir a, ta bién d6i cac phuong trinh di cho thanh 6a+9b =18va

9b-16_, , b

6a+8c=2.Suyra 9b-8c=16.Do d6 c =

b, a, ¢ 1a cac s6 nguyén khi va chi khi — L la s6 nguyén.
bitb=8k (keZ) thi c =8k - 2+k--9k 2
Thay vao 3a+4c =1dugc 3a =1-4(9k - 2) =-36k +9,do do
a = -12k + 3. Cac s nguyén a, b, ¢ phai tim c6 dang:
| a=-12k+3,b=8k,c=9k -2 vioi keZ.

22. Vi n 1a s6 nguyén chin, ta &4t n = 2k, va c6:
A =n® +20n = (2k)’ +20(2k) = 8k® + 40k = 8(k® + 5k)
Ta thiy ngay A:8 (1). Bay gi¢ ta s& chimg minh: (k3 + 5k)§6 . Ta co:
k® + 5k = k° —k+6k=(k3 —k)+ 6k . Trong bai trén ta di chimg minh
(k* - k):6 vard rang 6k:6 nén (k° +5k):6 (2)
Tir (1) va (2) suy ra: A:48.

23. Chu ¥ ring 323 = 17.19 va (17, 19) = 1 nén ta s& chimg minh:
Ai17va A 119. Taviét: A =20" +16" -3 — —(20u 3“) (16“ ——1).
Ta c6: B=20" -3"}(20-3)=17 va C=16" -1:(16+1) =17 (do n chdn)
Do d6 A = B + C chia hét cho 17 (1). Tuong ty, ta lai viét:
A=20" +16" —3" —1=(20" -1) + (16" -3")
Tacé: D=20" -1:(20-1)=19; E=16" -3";(16 + 3) =19 (do n chin)
Do d6: A =D + E chia hét cho 19. Tt (1) va (2), ta suy raA:17.19, tirc
A:323.

24.a. Cdch I: A=x*(x* - 7“’)2 —36x

= x| x* (x2 —7)2 —36] =x(x°® -14x* + 49x* -36)
=x|(x®-9x')- ( ‘—45x‘°‘)+(4x2—36)]
=x[x*(x? -9) - 5x" (x* - 9) + 4(x* -9) | = x(x* - 9) (x* -5 + 4)
=x(x* -9)(x* —1)(x* - 4) =x(x - 3) (x + 3) (x - 1) (x + 1) (x - 2)(x + 2).
Cdch 2: Xét : B=x? (m:2 —7)2 —36. D& thdy ring: B=0 v&i x = 1,42, +3;
Do d6 vid 1a da thic bac 6 cua x, ta ¢6:
(x-2)(x-1)(x+1)(x +2)(x+3)
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= A=(x-3)(x-2)(x-1)x(x+1)(x+2)(x +3)

b. Theo két qua trén, ta cé:

n®m?-7) -36n=n(n-3)(n+3)(n-1)(n+1)(n-2)(n+2)
Ta viét lai dudi dang: (n-3)(n-2)(n-1)n(n+1)(n+2)(n+3).

Dav la tich cua 7 sé nguyén lién tiép, trong 7 sé nguyén lién tiép bao gio
clrg ¢6 mot so chia hét cho 7, nén tich chia hét cho 7(dpcm).

25_ A = 5‘72(1141) e 2311 — 5.49n+1 4 8n = 5(41 4 8)n+l " 8"
Ay dung cong thirc nhi thirc Newton , ta co:

n+ 1

(41+8)™" =41™" +(n+1).41".8 + n(n2+ )41““.82 +..+(n+1)41.8" + 8"
Viy: A = 5[4 1" +(n+1)41".8+...+(n+1)41.8" + 8“”] +8"

= 5[41“+1 +(n+1)41".8+ ...+ (n+ 1)41.8“] +5.8"1 + 8"
Dit B=5[41"" +(n+1)41"8+...+(n+1)41.8" |
Tz thay B:41 (vi cac hang tir trong ngoic [] déu chia hét cho 41)
By gio ta can chimg minh: C = 5.8"*" + 8" chia hét cho 41.
Teco:C=5.8"" +8" =8"(5.8+1)=8"41. Vay C:41.
TcmlaiA=B+ C maB:41,C:41. Vay A:41.

26.Di x-y=a,y-z=b,z-x=c¢
Tenhanthiy a+b+c=0; A=a°+b® +c°; B =5abc.

Ptan tich A thanh nhan tir, véi diéukién a+b+c=0ticla —(a+b)=c
A=a®+b* +c®=a’+b° —(a+b)

=-5ab(a+b)(a’ +ab+b*) =5abc(a® +ab+b?) (do a+b=—c).

Viy A:B. -

27. Phin tich A thanh (k-1)(k +1){k-3)(k +5) khi k nguyén va lé thi ca
bén nhan tir trén déu chin, do vdy déu chia hét cho 2. Viy ca tich phai
chia hét cho 16

Nhdr zét: c6 thé viét: A =(k-3)(k-1)(k+1)(k+5) ta thly k-3,k-1va
k+1 laba s6 chén lién tiép (do k 1&) va c6 thé chimg minh duoc a chia
hét cho 96

28. a. 7a c6: (2m +1)2—1=(2m+1+1)(2m+1—1) =4m(m +1)
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m va m + 1 la hai sé nguyén lién tiép, nén chic chin phai c6 mét s la
chin. Do véy tich m(m + 1) chia hét cho 2.
Védy 4m (m + 1) phai chia hét cho 8.
b. Lay mot sd chin 1a 2n thi sé chin lién sau né 1a 2n + 2.
Higu: (2n + 2)2 ~ (2n)2 =4(2n+1),chia hét cho 4.
c. Liy motsd 1&1a 2n + 1 thi sb 1¢ lién trude né 14 2n —1. Ta xét hiéu:
(2n + 1)2 ~-(2n- 1)2 = [(2n +1)+(2n- 1)][(2n +1)-(2n- 1)]
= 8n chia hét cho 8.
29.Taco (x + (X +y) =x’+y +xy(x+y) (1)
X +y’=(x+y) - 2xy ) ;X +y = (¢ +y)) - 2xy 3)
Vix +y, x> + y* 1a s6 nguyén nén tir 2) = 2xy 1a sé nguyén
Vi x* + y ,x'+y*la sb nguyén nén tir (3) = 2x7y (2xy) la sb

nguyén => (2xy)’ chia hét cho 2 = 2xy chia hét cho 2 (do 2 la nguyén td)
= xy la s6 nguyén.Do d6 tir (1) suy ra x> +y* 1a s nguyén.

30. Goi a, b, ¢ 1a 46 dai 3 canh tam giac vuéng ABC, ¢ 13 canh huyén.

Taco a’> +b* =c®;a, b, c e N', dién tich tam giac ABC la S—iz12

Trudce hét ta chimg minh ab chia hét cho 12.
+ Chimg minh ab:3 : Néu ca a va b ddng thdi khong chia hét cho 3 thi
a’ +b?chia 3 du 2. Suy ra s6 chinh phuong ¢? chia 3 du 2, v4 ly.
+ Chimg minh ab:4 —Néu a, b chin thi abi4.
— Néu trong hai sb a, b c6 sb 1¢, ching han a lé.
Liic d6 ¢ Ié. Vi néu ¢ chin thi ¢®:4, trong lic a® + b? khong thé chia hét
cho4.PDita=2k+1, c=2h+1,k,heN.
Tacé: b* =(2h + 1)2 -(2k + 1)2= 4(h-k)(h+k+1)
= 4(h-k)(h-k+1)+8k(h-k):8.

Suy ra bi4. Néu ta chia canh AB (ching han) thanh 6 phin bing nhau,
noi cic diém chia vdi C thi tam giac ABC dugc chia thanh 6 tam giac,
mdi tam gidc nay c6 dién tich bang % 1a mdt s6 nguyén.

31.2) Bién ddi: n® + 3n® + 2n = n(n +1)(n + 2) d6 la tich 3 s6 nguyén lién tiép.
b) Bién ddi: (n—1)n(n +1)(n +2) d6 1 tich 4 s6 nguyén lién tiép.

32.a) Bién dgi: n(n+2)(n+4) rdi thay n =2k, dugc 8k(k+1)(k +2).

b ; AL Hh n* —10n? + 9 thanh nhén tir rdi thay n =2k +1.

A ¥
-
e X
i
3
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33,

34.

3s.

a) Tacé a® la sb chinh phuong lé nén chia cho 8 du 1, a® la sé chinh
phuceng khong chia hét cho 3 nén chia cho 3 du 1. Suy ra a® -1 chia hét
cho 3, chia hét cho 3, do d6 chia hét cho 24.

b) A dung két qua cua cau a).

c) 240=2'.3.5; A=a'-1=(a’-1)(a’ +1)=(a-1)(a+1)(a’ +1)

Néua lé thi (a—1)(a+1) la tich cia hai sb chin lién tiép nén chia hét
cho 3, con a? +1 chia hét cho 2, do d6 A chia hét cho 16. Con néu a
chir thi A khong chia hét cho 2.

Néua=3k+1 (ke N) thi a? -1 chia hét cho 3, do d6 A chia hét cho 3.
Connéu a =3k (ke N) thi A chia cho 3 du 2.

Neua=5k+1 (keN) thi a® -1 chia hét cho 5, néu a=5k+2 (keN)
thi a’+1 chia hét cho 5, do d6 A chia hét cho 5. Con néu
a =5k (ke N) thi A chia cho 5 du 4. Vay diéu kién dé a* -1 chia hét
cho 240 la a 1¢, khong chia hét cho 3, khong chia hét cho 5.

Chuiy: Tir két qua trén, ta c6 bai toan: Néu a 1a sb nguyén tb 16m hon 5
thi «* —1chia hét cho 240.

Ching minh n chia hét cho 3: Néu n=3k +1 thi n+1=3k + 2, khong la
sé cinh phuong, loai. Néu n=3k+2 thi 2n+1= 3(2k + 1)+ 2, khong
1a s¢ chinh phuong, loai. Vay n chia hét cho 3.

Ching minh n chia hét cho 8: Ta c¢6 2n+1 la sé chinh phuong 1é nén
chiacho 8 dur 1 (1), do dé 2n chia hét cho 8, n chia hét cho 4, n+1 la sb
chim phuong 1€ nén chia cho 8 du 1, do d6 n chia hét cho 8.

2m -1 1a s6 chinh phuong 1¢ nén chiacho 8 du 1 = nchin = 3n+1 la

s6 cainh phuong 1€, sb nay chia cho 8 du 1 nén 3n chia hét cho 8, do dé n
chiiahét cho 8 (1).

Cdch 1.3n+1 tdncung 1,5,9 = 3ntin cung 0,4, 8 = n tin cung 0, 8, 6.

Loa truong hop n tin cing bang 8 (vi 2n+1 tan cling bang 7, khong la
so ciinh phuong), loai truomg hop n tan cing bing 6 (vi khi d6 2n +1
tdm aing bang 3, khong 1a s6 chinh phuong). Vay n tin cing bang 0. (2)
Tur 4)@&’3(2) suy ra n chia hét cho 40.
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Cich 2: 2n+1, 3n+1 1a cac sb chinh phuong Ié nén tan cung bang 1, 5, 9
do do6 chia cho 5 du 1, 0, 4. Tfmg cua chung la 5n+2 nén moi sd
2n+1, 3n+1 déu chia cho 5 du 1, do d6 2n va 3n déu chia hét cho 5, vy
nchia hétcho 5. (3)

Tir (1) va (3) suy ra n chia hét cho 40.
36. a) Phan tich thanh nhéan tir:
12n% —-5n -25=12n% +15n - 20n - 25
=3n(4n+5)-5(4n+5)=(4n+5)(3n-5)
Do 12n? —-5n-25 14 sb nguyén td va 4n+5>0 nén 3n-5>0. Ta lai
¢6 3n-5<4n+5 (vi n=0) nén dé 12n* —5n-25 1a s nguyén td thi
thira s6 nhé phai bang 1. Giai diéukién 3n-5=1, dugc n=2.
Khi d6, 12n? -5n-25=13 . 1=13 1a s6 nguyén td.
Viy véi n =2 thi gia tri biéu thirc 12n® —5n — 25 14 s6 nguyén td 13.
b) Bién dbi: 8n’+10n+3= (2n+1)(4n +3)
Pap s6: n=0, khi d6 8n? +10n+3=3.
n? +3n

c) A=——— Do Al s6 tu nhién nén n(n+3) : 4. Hai sé n va n+3

khong thé ciing chin. Vay hoic n, hodc n + 3 chia hét cho 4.
Néu n =0 thi A =0, khong la s nguyén td.
Néu n=4 thi A=7,lasb nguyén t6.
Néu n=4k (keZ, k>1) thi A =k(4k +3) la tich ctia hai thira s6 16n
hon 1 nén A 1a hop sb.
Néu n+3=4 thi A =1, khong la s nguyén t0.
Néu n+3=4k (keZ, k>1) thi A=k(4k-3) la tich cua hai thira sb
16n hon 1, nén A 1a hop sb.
Vdy n=4 khidé A=7.
37. a) n®+2n-4=(n-3)(n+5)+11 chia hét cho 11.Vdy n=BS 11+3
hoidc n=BS 11-5.
b)Pap sb: 1,0, 3, 2.
¢) n® -8+ 6 chia hét cho n -2 nén 6 chia hét cho n-2.
Pap sé: 3;1;4;0;5; 8; —1; —4
d) Phai c6 n? +n+1 laudc cia 3. Chi y ring n? +n +1>0 nén chi xét
n*+n+1=3 hoic n* +n+1=1.

bap sé:cﬁ; -2; -1.
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e) A=n*-2n®+2n? —2n+1=(n—1)2(n2 +1)
B=n'-1=(n’+1)(n+1)(n-1)
Do n #+1 nén n—1 chia hétcho n+1 = 2 chiahétcho n+1.
Day s6: 0; —2; -3 (chi y n=1 loai)
f) Chia n® -n?+2n+7 chon®+1,duwgc n-1,du n+8.
n+8 :n+1 = (n+8)(n-8)=n"-64:n’+1
= n’+1-65 n*+1 = 65 :n’+1
Lar lugt cho n® +1 be:mg 1;5; 13; 65 duoc n béng 0; £2; +8. Thu lai
cacgiatri n=2;n=0; n=-8 thoa man.
38.a) n° —n= n(n2 -~ 1) =(n-1)n(n+1).Trong 3 sé nguyén lién tiép, co
mo1 bdi s6 cua 3. VAy n® —n chia hét cho 3.
b) Cdch I: Phan tich thanh mdt tong trong d6 mot sd hang 1a tich 5 sb
nguyén lién tiép, sb hang kia chia hét cho 5.
n’ -n=n(n’-1)(n* +1)=n(n’ -1)(n® -4 +5)
=n(n’-1)(n+2)(n-2)+5n(n’-1)
=(n-2)(n-1)n(n+1)(n+2) +5n(n2 - 1)
Sé hang dau la tich 5 56 nguyén lién tiép nén chia hét cho 5. S6 hang sau
cting chia hét cho 5. Do d6 n® —n chia hét cho 5.
Ciirg c6 thé dién dat dudi hinh thirc xét hiéu gitta n® —n va tich 5 s6
nguyén lién tiép.
(n5 -n)-(n-2)(n-1)n(n+1)(n+2) =(n® -n)-(n° -5n° +4n)
=52% -6n.
Cidch 2: Xét s6 du ctia n trong phép chia cho 5.
A=n° —n=n(n" -1)=n(n’ +1)(n2 —1)
Néu n =5k (k nguyén) thi n chia hét cho 5.
Néu n =5k +1 thi n? -1 chia hét cho 5.
Néu n =5k + 2 thi n? +1 chia hét cho 5.
Trudmg hop nao ciing c6 thé c6 mot thira sé ciia A chia hét cho 5.
c) Cack 1: Xét hiéu
(n7 ~ n) -(n-3)(n-2)(n-1)n(n+1)(n+2)(n+3)

vn‘ —Tn? +5).
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Cich 2: Phéan tich n” -n thanh n(n®+1)(n° -1) réi xét cac truomg hop

39.

40.

41.

42.

43.

n=7k; n=7k+1;, n=7k+2;, n=7Tk+3.

Chii y: n® -n khong chia hét cho 9 véi moi s6 nguyén n (vi du
2° —2 =510 khéng chia hét cho 9). Cdc bai 50a, b, c la truong hop ddic
biét cua d;inh Iy Fec-ma: Néu p la sé nguyén té thi n® —n chia hét cho p
voi moi s6 nguyén n.

2n® +3n? + n =2n® - 2n + 3n’ +3n=2(n3 —n)+3n(n+1)

M3i sb hang déu chia hét cho 6 nén tdng chia hét cho 6.

a’b-ab’ =a’b-ab-ab’ +ab=b(a’ -a)-a (b’ -b)

Cac sb a’* —a; b’ —b déu chia hét cho 6.

Goi céc sb nguyén d6 1a a va b. Xét hiéu:

(a® +b*)—(a+b)=(a’-a)+ (b’ -b).Vé phai cia ding thirc trén chia
hét cho 6 nén (a® +b°) - (a + b) chia hét cho 6.

Do d6, néu a +b chia hét cho 6 thi a® +b® chia hét cho 6, néu a’ + b’
chia hét cho 6 thi a + b chia hét cho 6.

Cich I: Goi 3 s6 nguyén lién tiép 1a n-1; n; n+1. Ta cé:
(n—l)3 +n? +(n+1)3 = 3n? +6n=3n"’-—3n+6n+3n=3(n3 *n)+9n

Tdng trén chia hét cho 9.

Cdch 2: Ciing bién dbi nhu trén dugc 3n® +6n = 3n(n2 + 2) rbi xét cac
truong hop n=3k; n=3k +1.

Cdch 3: Trong 3 sb nguyén’ lién tiég, c6 mot sb chia hét chp 3, mot sb
chia hét cho 3 du 1, m{t s6 chia hét cho 3 du 2. Do d6 tong cac lap
phuong cua chiung c6 dang (3a)3 +(3b+1)" +(3c+ 2)’. Khai trién, ta
thdy tdng trén chia hét cho 9.

n® -5n® +4n=n(n“ —5n* +4)

=n(n2 —1)(rm2 —4) =n(n+1)(n-1)(n+2)(n-2). Day la tich cia 5 sb

nguyén lién tiép. Trong 5 sb nguyén lién tiép, c6 it nhat 2 bji sé cua 2

(trong d6 c6 mot boi 56 ciia 4), mdt bdi s6 cia 3, mot bdi sb cua 5. Do do

tich 5 s6 nguyén lién tiép chia hét cho 8, cho 3, cho 5. Cac s6 8,3 va 5

nguyéng.ﬁ"cﬁng nhau d6i mdt nén tich 5 sé nguyén lién tiép chia hét cho
0 =120 .
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44.n° -3n* -n+3=n*(n-3)-(n-3)=(n-3)(n-1)(n+1).

Thiy n=2k+1 (k nguyén) ta duoc (2k-2).2k.(2k +2) hay 8(k-1)k(k+1).
Tich 3 s6 nguyén lién tiép chia hét cho 6 nén tich trén chia hét cho 48.
45. Phan tich thanh n(n+4)(n-2)(n+2) 1di thay n =2k dugc

16<(k +2)(k -1)(k +1). Chu ¥ tich 4 s6 nguyén lién tiép chia hét cho 24.
46. Viét bi¢u thirc dudi dang

n’+11n+39=n’+1In+18+21=(n+9)(n+2)+21=A.

Tathiy n+9 va n+2 cé ’hiéu bang 7 nén ching hodc cung chia hc“::t cho

7, 10éc cung khong chia hét cho 7. Néu n +9 va n+ 2 cung chia hét cho

7 ti (n+9).(n+2) chia hét cho 49, nhung 21 khdng chia hét cho 49
nér A khong chia hét cho 49.

Né1 n+9 va n+2 cung khong chia hét cho 7 (7 1a sé nguyén td) thi
(n+9).(n +2) khéng chia hét cho 7, nén ciing khong chia hét cho 49.
Vay, vai moi s6 nguyén n thi n® +11n + 39 khong chia hét cho 49.

Chi y: Trong bién doi trén, ta dua biéu thirc n®+11n+39 vé dang
(n+a)(n+b)+c, trong dé (n+a)-(n+b)=7, a+b=11. Nhw vdy chi
car chon a va b sao cho a-b=T7 va a+b=11. Do dé chon
8:=9 b=2.

1.2.3..(n-1) 3.45.n(n+1) ,
Sl nin ) & 19t
2.34..(n-1)n 2.3.4..n

47. Vit n + n+1 thanh =
tré1 ta co dpcm.
48. Ga 4 sO nguyén lién tiép lan n+l, n+2 n+3,taco:

m (n+1)(n+2)(n+3)+1=(n’+3n)(n’ +3n+2)+1

=jn2 +3n)+ 2(n2 +3n)+ | =(n2 +3n+1)2

49. @) Dé chimg minh n*+4 1a hop s, ta chimg to 1 1__ 1
n-1 n (n-1)n

phin tich dugc ra tich hai thira s6 16n hon 1 (véi n>1). Thém b4t 4n?

wa biéu thire rdi phén tich ra thira sé dugc (n2 +2n + 2) [(n - 1)2 + 1}.

\VZ 6 ca hai thira s& déu 16n hon 1.

z
3
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b) n* +4k* = (n2 +2nk + 2k2)(n2 - 2nk + 2k*) rdi chimg minh mdi thira s6
déu 16m hon 1.

50.a) 22 +1.

b) Dua vio cdu a), rdi chimg minh (1+ab—b‘)a‘ +1 chia hét cho 1+ab.
Do d6 22 +1 chia hét cho 1+27.5=641.

51. bat Ll.'._._1‘=k thi 9k+1=££;._!2+1=10“

Taco A=11...122..2=11...1.10" +2.11...1 =k.10" + 2k

=k(10" +2)=k(9k +1+2) =3k(3k +1).

Viy A la tich 2 s0 nguyén lién tiép 33...3 va 33...34.

n n-1

52. Ciing dat 11...1=k,tacd

2
k10" +k -2k =k.10" —k = k(10" - 1) = k.9k = (3k)’ =[3._3,§)

53. Dap s6: Ton tai.
X¢ét 2004 sb c6 dang 2002, 20022002, ..., 20022002...2002.

54. Ta cin ching minh ton tai hai lily thira cia 2001 ma hiéu chia hét cho
10*. Xét 10* sé: 2001, 20012, ..., 2001

55. Ta cin chimg minh ton tai ne N” sao cho 3" -1 : 10*
Xét 10* s6 3', 32, ..., 3.

56. Goi 2001 sd dacho [a a,, a,, ..., &y, . Xét 2001 tng sau:
S =a,; S, =a, +a, ...
Sopo; =8, + 8, +...+ 8y,

57. Trong 8 sb da cho tdn tai hai s6 A va B sao cho A = B(mod 7)dé.
Khi d6, s6 C = AB =1000A + B =1001A + (B - A) chia hét cho 7.

58. Tir 1 dén 100 c6 tat ca 26 sb nguyén t6. Khi phan tich 27 sé di cho ra
thira s& nguyén t6 c6 it nhét hai sd ciing chira mét thira s mguyén t6 nao

dgaﬁ ndy c6 udc chung 16n nhét khac 1.
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Cdcln 2: Sir dung phu'ong phdp bién doi tu'ang duong
Tirc la bxen doi fiwong duong bat ddng thirc phai chimg mmh de di dén
 mgt bdt ding thicc ma ta da biét la ding (hodc dé dang chung minh la
dung). ;
Cidch 3: Sir dung phwong phdp phan chiing
Cdch 4: C6 thé sir dyng phuong phdp doi bién phu
Cdch 5: Sir dung cdc bdt ddng thirc quen thugc i
Cdch 6: Vi cdc bat dang thicc ma cdc bién cé vai tro nhu nhau ta c6 thé
s&p thi tu cdc bién.
Cdch 7: Khi chu'ng minh bat dang thirc, trong nhiéu truong hap ta can xét
timg khodng gid tri cua bién.
Dang 2: Tim gid tri lén nhdt, gid tri nhé nhat

Dé fim gza tri lom nhdt, gid tri nho nhdt cua mgt biéu thu-c ta can chu y
mot s6 van dé sau :

1. Cho biéu thirc Jfix, y..) Tanéi M la gid tri lom nhdt (GTLN) cla bleu thirc
fix, ¥...) ki hiéu max f= M, néu hai diéu kién sau dueoc théa man:

Voi moi x, ... dé fix, y...) xdc dinh thi: f(x,y..) <M (M Ia hang so)(])
tén tgi xo, yo... sao cho f£(x,,,...)=M(2)

2. Cho biéu thic fix, y...) Ta néi m la gid tri nho nhdt (GTNM clla b:eu
thirc f(x, y...), ki hiéu min f = m, néu hai diéu kién sau dugc théaman:

VGi moi x, y... dé fix, y....) xdc dinh thi: f(x y.. )Zm(m I& hang’so) (1)
ton tai xo, yo... sao cho f(x,,y,.- )-m )

: \

T iéng latinh: mmzmum la nho nhdt, maximum I 1én nhat ‘ Tt
Chi ¥ rdng néu chi co diéu ki¢n (1) hay (1) thi chua thé noi .;fsig cyc fri
" clia mgt biéu thic: Chdng han, xét biéu thirc: A = (x-1)" + (x_.w B i

Mdc diutaco Az0, nhzmg chua thé két lugn du'orc mmA RO ?z khong_;
ton tai gid trindo ciax dé A =0. e |
Cdch 1: Khi tim gid tri I6n nhdt, gid tri nhé nhdt cia biéu thu'é ta co the

bién ddi nhue sau: f(x)=g(x)' +C hodc f(x)=C-g(x)".

Cich 2 Khi tim gid tri lon nhat, gid tri nho nhdt cua biéu thikc, ta c6 thé doi bién.

Cdch 3: Khi tim gid tri Ion nhat, gza tri nho nhdt cua biéu thirc, nhiéu khi ta
tha_y diéu kién dé biéu thicc nay dat cuc tri boi dzeu kién tmmg dwong la
biéu thirc khdc c6 gid tri lom nhat, gza trj nho nhdt.

Chdng han: — A lém nhdt <> A nhé nhat, -

’-*'\;.w_ :

L. 16% whdt & B uhé mhivEi B> 0
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v 2
Cdc vi du minh hoa
Dang 1: Chirng minh bit ding thikc

Cdchl: Diang dinh nghia

Vidy I: Chimg minh ring: (x-1)(x - 2)(x-3)(x-4)=-1.

Gidi:

Xét hiéu:
(x-1)(x-2)(x-3)(x-4)-(-1) =(x2 -5x + 4)(11:2 -5x + 6)+ 1.
Pit x? -5x +5 =y. Biéu thic trén bing (y -1)(y +1)+1=y* >0.
Viy (x;})(x -2)(x-3)(x-4)>-1.

Ci hm)(m cdc phép bién dbi twong dwong
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Vi du 2: Cho cac s6 duong a va b thoa min diéu kién a + b = 1. Chimg minh

re‘mg (1 + l)(l + }-] 29,
a b
Gidi:

Ta co: (1+}-)(1+1]29. (D)
a b

a+1l b+1
&

>9 < ab+a+b+12>9ab(viab>0)

a
<>1+b+128ab<2>8ab (viatb=1)
< 124abe (a+b) 24ab (via+b=1) < (a-b)’ 20. (2)

B'e"u ding thic (2) diing, ma cac phép biér} ddi trén tuong duong, vay bat
dang thirc (1) duoc chimg minh. Xay ra dang thic khi va chi khi a=b.
Cdch giai khdc:

o)l s i) e

Thve hién phép nhan va chii ¥ rang %+E >2doa>0,b>0.
a

Chi y: Khi sir dung phép bién doi twong duwong, can luu y cdc bién doi
twong duwong cé diéu kién, ching han:a® >b* < a>bvdia b > 0,
m >n <> a™ >a"vai m, n nguyén duong, a > 1.
Cadr chi ré cdc diéu kién dy khi bién d6i twong duong.
Viduw 2: Choa+b>1.Ching minhring a‘+b* > %
Gidi:
Taco:a+b>1>0(1)
Binh phuong hai vé: (a+ b)2 >1=a’+2ab+b*>1. (2)

Ma: khac: (a - b)2 >0=>a’-2ab+b%2>0. 3)
Crg timg vé cia (2) va (3):2(a’ +b?) > 1= a? + b? > % 4)
Bin1 phuong hai vé cua (4):a* + 2a%b® + b* >i (5)
Mz khac (a® -b?)’ 20 = a* -2ah? + b* 20 (6)

Corg zve(s)va(s) 2(a* +b‘)>—:>a +b* >§
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2 2 2
Vidu 3: Chimg minh bt déng thic: E—+b +C—22£+E+E.
b> ¢ a® b a ¢

Giai
Ap dung bat ding thirc x* +y* 2 2xy (xay ra ding thirc khi x = y), ta ¢o:
a’ b2 ab b* c? b ¢ a? C
2 >222_22 Tuyon W —st+—=522.—; =+—522.—
[P R c S e a’ a® b? b

Cong timg vé ba bét ding thuc trén:
2 2 2 2 2 2

2 32—+b—2+c—2 22(3+-b—+c):>-a—2 -b—+£2—23+2+£.
b* ¢* a c a b b* ¢ a* ¢ a b

Vi du 4: Chimg minh cac bat ding thirc vdi a, b, ¢ 1a cac sb duong:

1 1 1 a b c
s b —+—=+—129; b. >1,5.
= +c)(a+b+c) b+c+c+a+a+b

Giai

a. Tacd:A= (a+b+c)( +1+1) I §+b+1+b+£+9_+1
a b c b ¢ a c a

[a b) (a c) [b c)
=3+|—=+—|+|—+—=|+|—+=]|.
b a c a c b

yz2v6ix,ydu'cmg.

Tacé) X+
y X

Dodd A23+2+2+2=9.

Viy A >9. Xay ra ding thic khi vachikhia=b=c.

b. Ap dung bt ding thirc & cu a: (x+y+z)(l+—1-+l).>_9
X y z

trong d6 x,y,z>0. Véi x=b+c,y=a+c,z=a+ bta duoc:
1 1

2(a+b+c)( 1 3 + b)29 '
+c a+c a+

1 1 1
b 2
=(a+ +c)[b+c+a+c+a+b) 4,5

a+b+c+a+b+c+a+b+c

>4,5
b+c a+c a+b
= +1+ b - +124,5= e b SR >1,5.Xay
a+c a+b b+c a+c a+b

ra déng thirc khi vachikhia=b=c.

s
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Vidu 5: Cho a, b, c 1a d6 dai ba canh cia mgt tam giac. Chirng minh ri’mg:
1 1 1 1 1 1
— + > — 4+ =+,
a+b-¢c b+c-a c+a-b a b ¢

Giai

Xét 1 = : va chi y ring cac miu déu duong, ap dung bat
atb-c b+c-a

: - ! 4 : 1 1 4 2

ding thurc =~ +—>—— voi1 X,y > 0, ta duoc: + >—=—,

= X Yy X+Yy d " a+b-c b+c-a 2b b

1 2 1 1

2 e o 3
trong tu . + > -, + >—. COng tirng ve
b+c-a c+a-b ¢ c+a-b a+b-c a

ba bat ding thirc trén rdi chia cho 2, ta dugc diéu phai chimg minh.
Xay ra dang thirc khi va chikhia=b =c.
Vidu6: Cho x>0,y=>0,z>0.
Chimng minh ring: (x +y)(y +2z)(z+x) 2 8xyz (1)
, . Giii
Hai vé cuta (1) déu khong 4m nén dé chimg minh (1), ta s&€ chimg minh

rang: (x + y) (v +2) (z+x) = 64x2y%z%.
Ta cé (x + y)2 > 4xy, (y+ z)2 > 4yz,(z + x)2 > 4zX.
Hai vé cuia ba bat ddng thirc trén déu khong 4m, nhan timg vé ta dugc:

2

(x+y) (v +2) (z+x)" 2 64x’y’2%.
=5 [(x +y)(y+z)(z+ x)]2 > [8xyz]2. Cac biéu thuc trong diu ngoic
vudng déu khéng 4m nén (x+y)(y+2)(z+x) 2 8xyz
Xay ra dang thirc khi va chikhix=y =z '
Vi du 7: Chung minh rang vdi moi gia tri ciia bién x, cac da thirc sau day
nhéan gia tri duong:
a. x> -6x+10 b. x> +x+1 c. (x-3)(x-5)+4
’ Gidi : ,
Goi y: Hay viét cac da thirc trén dudi dang tong cia mdt sé duong voi
mdt binh phuong ciia mot biéu thire x.
a.Taco: x2-6x+10=x>-23x+3%+1 =(x—3)2 +1

Vi moi x th : (x - 3)” > 0;do d6 x> -6x+102>1

2
b. x2+x+1=(x+l) Fiadf, e
Z 4 4

c. (x-3)(x-5)+4=(x-4+1)(x-4-1)+4

p- 144 =(x—4)2+323v6imoix.
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2
Vi du 8: Chimg minh ring v&i moi x>0,y 20: [";y) > xy
Gidi
2 2 2
[x;y) 2xy<:>(%—¥-) -xy20¢:>9—(-—4y—)20
Bit ding thirc cudi cung 1a diing, do d6 bat ding thirc da cho 1a dung.
(x-y)* =0 khi vachi khi x =y. Do dé trong bt déng thirc:

2
Vidu 9: Cho a>b> 0, ¢ >d> 0.Chimg minh ring ac > bd.
Gidgi

2
(x+y) > Xy, ta c6 ddu = khi va chi khix =y.

a>bvac>0= ac>bc (1)

c>dvab>0 =bc>bd (2). Tir (1) va (2) theo tinh chit bic ciu cua
“>” suy ra: ac > bd (dpcm).

Vldle:Cht’mgminhrﬁng:512-+§2-+...+-1—2<1v6ineN,n>1.
n
Gidi
Ta xét mot hang tr:
L1 ! Giksk-1.Ma—-) =

¥ kk k(k-1) k(k-1) k-1 k

1 1 1
Do d6 — < - —. Thay vao ta cé:
¥ k-1 k¥
1 1 1 1 1 1 1 1 1

—— ) = <—— .=
22 2-1 2° 3 3-1 3 " 'n® n-1 n
Cong vé theo vé, suy ra diéu phai chimg minh.
VIdyII:Chl’rngminhr&ngvé'imoiséttadéucé:t‘—t+%>0

(Thi vé dich todn l6p 9, Lién X6 1990)
Gidi

2 2
potelafp i) lot)= gl +(t—l
2 4 4 2 2

Biéu t?néy luén duong vi t? —-;— vat ——;— khdng ddng théi bang 0.
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Vidul2: Choa,b,c,dlacacsdnguyénthbaa<b<c<dvaa+d=b+c.

b)

Chimg minh rang:
a)a’ + b2+ c?+d ?1a téng cua ba sb chinh phuong.
b) bc > ad.

Gidi:
Cho a, b, ¢, d la cac s nguyénthoaa<b<c<dvaa+d=b+ec.
Via<b<c<dnéntacothdita=b-—kvad=c+h(h ke N)
Khidédoa+d=b+ceb+c+h-k=b+ceh=k
Vaya=b-kvad=c+k.
Dcdé:a’+b*+c?+d*=(b-k)’ + b’ +c? + (c + k)?
=2b” + 2¢? + 2k* — 2bk + 2ck
= b2+ 2bc + c2 + b% + ¢? + k* — 2bc — 2bk + 2¢ck + k?
=b+c)l+(b-c-k?+k1a tong ciia ba sé chinh phuong
(dob+c,b—c-kvéklé56nguyén)
Tac ad=(b—k)(c+k)=bc+13k—ck—k2=bc+k(b—c)—k2Sbc (vi
k € Nvab <c). Viy ad < bc ( di€u phai ching minh).

Vidui3: Cho a, b la hai sb thuc thoa a’ + b’ = 2.

Chimg minh 0 <a+b <2.

Gidi:
Clo a, b 12 hai sb thyc sao cho a®> + b*> =2. Chimg minh 0 <a + b < 2.
Taco: 2’ +b’>0=a’>-b =a>-b=a+b>0 (1)

(a-bY’(a+b)>0= (a’~b)a-b)>0=>a’+b’—ab(a+b)>0
— a’ +b’>ab(a+ b) = 3(a® + b%) > 3ab(a + b)
= 4@ +b)>(@+bl=>8>@+bl=a+b<2 ()
Tu(l)va(2)=>0<a+b<2.

Vi du 14: Chimg minh véi moi sé thuc x, y, z ludn cé:

K+y—z+|y+z—x|+|z+x-y|+|x+y+722(|x|+|y] +|2) (*)
Gidi:
bi:a=x+y-z, b=y+z-x,c=z+x-y. Trong ba sb a, b, ¢ bao gio
ciiag co it nhit hai sb cing ddu, ching han: a-b>0.
Lic nay :|x+y—z| +|y+x-2|=|a| +|b| =|a + b| = 2|y]|
Tacé: x+y+z=a+b+c; 2x=a+c, 2z=b+c. Do d6 & chimg minh
(*) ding, chi can chimg t6 : |c|+[a+b+c| 2|a+c|+|b+c| (**) ding

\P-go. Ta co:
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(**) <|c[-la+b+c|+ab=]a+c|-|b+| .
o lca +cb+c2|+ abzl(ca+cb+cz)+ab (e
Dat: ca+cb+c®=A,; ab=B, tacé B=|B| (do ab20) ta co: (***)
< |A|+|B|2|A +B| < |A||B|.2 AB< |AB| > AB
Diu ding thic xay ra trong truong hop cac sb: a, b, ¢, a+ b+ ¢ chia lam
2 c3p cling dau. Vidy: ab>0 va c(a+b+c)20.
Chii y: C6 thé chia ra cdc truomg hop tity theo ddu cua a, b, ¢ (cé 8 trwong

hop) dé chimg minh(*).
Vidu 15: Cho a, b, ¢ > 0. Chimg minh ring :

a®+b* B+ +4a°
+ + >a+b+c
2ab 2bc 2ca

Gidi:
Tacé: a>0;b>0:(a+b)(a—b)’ 20<:>(a+b)|:(a2 —ab+b*)-ab]20

< (a+b)(@a®-ab+b?)-ab(a+b)20<a®+b*-ab(a+b)=0

3 3
g 1 2(a+b).Tu0ngu1tacéz

2ab 2

3 3 3 3
b’ +c ,(b+c).c+a ,(€+3) oo timg vé ba bit ding thirc trén ta

2bc 2 2ca 2

., a®+b?’ b*+c® c*+a’®_a+b b+c c+a

: + + > + +
2ab 2bc 2ca 2 2 2
a’+b® b’+c? cP+al
+ + 2a+b+c
2ab 2bc 2ca

Viy bét ding thirc da dugc chimg minh.

oal+b’>aba+b) e

Vi du 16: Chimg minh ring: —+—1—+...+ 21 - <l.
5 13 2002% +2003° 2
Gidi:
1 1 1 1
—t ...+ ~
5 13 20022 +2003% 2
: 1 1 1 1(1 1)
e Taco: > = — < = | ..
n?+(n+1)’ 2n°+2n+1 2n(n+1) 2{(n n+1
Véin=1: —12-=1 (1-——) Véi n= 2:—2—1—2-=—l—<l(—1——l)
+1° 5 2 2 3F+2° 13 22 3
« Do 4§ WP S 1(1__1_]<1_
13 2002 +2003* 2 2003/ 2
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2 2
Vi du 17 : Chimg minh rang véi moi x,y #0, ta co: %+y_2+423(3+_)i)
yoox y X

Giai:

2 2
Bién d6i tuong duong: EZ + X? +42 S(E +¥—J
¥y x ¥ X

= (x2 4o yz)2 —(x2 +y2)xy+2x2y2 —2xy(x2 +y2) >0

2
< (x2 +y2_xy)(x2+y2—2xy)20<:> Hx——é—) +312}(X—Y)220

Vi du 18 : Chimg minh bat dang thitc:a® + b® 2 a’b+ab® véia>0,b> 0
Giadi
a’ +b® >a’b+ab? & a® + b’ -a’b-ab’ 20
< (a+b)(a’-ab+b’)-ab(a+b)=0
‘::>(at+b)(a2 —ab+b? —ab)zo
< (a+b)(a- b)2 > 0 (Bat dang thic nay luén ding)

Vay a® +b® > a’b + ab? 12 bt ding thirc ding.
Vi du 19: Chimg minh ring a, b, c 14 cac sé duong bét ki, ta co:
a b c 3

+ + >=
b+e c+a a+b 2
Gidi:
b ik g . ., A b c 3
Co thé gia thiét a >b2c . Khi do: + + > —
b+c c+a a+b 2

a 1 b 1 ¢ __1_20

b+c 2 c+a 2 a+b 2

L=

a-b+a-¢ b-c+b-a c-a+c-b
+ + 20
b+c c+a a+b
1 1 1 1 1 1
-b = b- = - = >0
I (a )(b+c c+a)+( C)(c+a a+b)+(c a)(a+b b+c)

Bit ding thirc sau cling hién nhién theo gia thiét ban diu.

Vi du 20: Chimg minh ring ta cé: T + : + . 22(—1—+l+l) VOl
p-a p-b p-c a b c

a?ga canh va p la mra chu vi cia mdt tam giac.
AK::
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Giai
Ta co: L + L + : 22(l+l+l)
p-a p-b p-c a b c
1 1 1 1 1 1
=5
b+c-a a a+c-b b a+b-c ¢
2(a—b)2 N 2(b—c)2 N 2(c- a.)2
(b+c-a)(a+c-b) (a+c-b)(a+b-c) (a+b-c)(b+c-a)
Bét ding thic cudi ciing hién nhién ding do cac bat ding thirc clia ba
canh trong mdt tam giac.
3 3 3

Vidu 21: Cho a, b, ¢ >0 . Chimg minh ring %+b—+-(—:—-2ab+bc+ca.
C a
Gidi:
Dé dang chirng minh véia,b>0:
3
a®+b’2ab(a+bh) < %+b22a(a+b) (1)

L=

20

<~

3 3
Hoan toan frong i 2 +c? 2b(b+c) (2); & +a’zc(c+a) (3)
c a
Cong (1), (2), (3) ta dugc diéu phai chimg minh.
Vi du 22: Ching minh cac bat ding thirc sau:
a.a’+b*+c’>ab+bc+cavdimoia,b,c
a®+b%+c® 1 1 1
b. e 2;+-l-)—+z(a>0,b>0,c>0)
c.a’+b’+c’+d’ +e’ 2a(b+c+d+e)véimoia, b, c, d, e.
Gidi:
a. a’+b?+c’2ab+bc+ca
<a’+b?®+cf-ab-bc-ca=0
< 2a’ + 2b® + 2¢? —2ab - 2bc —2ca 20
<:>(a2+b2-2ab)+(b2+c2—2bc)+(c2+a2—2ca)20
<::>(a-b)2 +(b- c)’ +(c- )220 Bt dang thirc nay ding.
Do d6: a’ +b? +c? >ab + bc + ca la bit ding thirc ding.
b. Ap dung céu a) ta c6:

a® +b® +c® 2a'b* + b'c* +c'a’ = (a’b’ )2 +(b%*c? )2 +(c*a? )2

> (azb2 ) (bzcz) + (bzc"')(c’a’) + (azbz)(czaz) = a’b’c? (a2 +b%+ c2)
> a’b%?* (ab + bc + ca)

+b® +c® 2b2c"’(ab+bc+ca) a®+b¥+c® 1 1 1

Bg p3c? a’bdc? = a’b’c? = iy e
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c. a2+)2+c2+d2+e22a(b+c+d+e)
1P +b?+c?+d*+e’ —a(b+c+d+e)20

St ibirce?+d* +e?—ab-ac-ad-ae>0

2 2 2 2
o2 i _ab|+| i ac|+| 2 v d*—ad|+| 2 +e*—ae 20
4 4 4 4

2 2 2 2
< E—b] +(3—c) +{E—d) +{?——eJ >0 Bat dang thirc nay dung.
2 2 2 2
Do 16: a® +b? +c? +d” + e? 2a(b+c+d +e)1a bat ding thirc ding.

Vi du 3: Cho céac sb duong a, b, ¢, chirng minh ring:

1<a+b+c<2

a+b b+c c+a

Gidi:
Ta :0: 2 e B 8 1)
a+b+c b+a a+b+c
b < b < b+a 2): c____© . c+b 3)
a+b+c¢c b+c¢c a+b+c a+b+c c+a a+b+c
a b c

+ + <2
a+b b+c c+a

1 1 2
+ >

Corg timg vé (1), (2), 3):1<

Vi du A4: Chitng minh ring: véi a>b>1: a2 1+b2_1+ab(*)'
Giadi:
. 1 1 1 1
(VS ST T 1oab Teab- "
- ab - a® . ab - b? 5
(1+az)(1+ab) (1+b2)(1+ab)
a(b-a) b(a -b) b«—a[ a b )
+ 20 & - 20
(1+a2)(1+ab) (1+b2)(1+ab) l1+ab\1+a? 1+Db?

b-a | a+ab®-b-ba’ (b-a)2(ab—1)
= 1+ab[ (1+a2)(1+b2) }20 b (1+ab)(1+a2)(1+b2)20'

Viazb21= ab21¢ ab-120.
Cdch 3 Sicdyng phwong phdp phdn chirng

Vi ﬁaaz +b? < 2. Chimg minh ring a + b < 2.
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Gidi
Gia sira + b > 2, binh phuong hai vé (hai vé déu duong), ta duoc:
a? +2ab + b? > 4(1). Mat khac ta co:
2ab<a’ + b’ = a’ + b’ + 2ab<2(a’ +b*). Ma 2(a’ + b*) <4 (gia thiét),
do d6 a® + 2ab + b% <4 (2). Mau thuan véi (1). Vay phai cé a +b< 2.
Cich gidi khdc. Ta c6: a® +b? <2(1).
Mait khac 2ab <a® +b’nén2ab<a’® +b* <2 (2).
Cong (1) va (2):a? +2ab+b? <4 = (a+b)’ <4=>-2<a+b<2.
Cdch 4: Co thé sir dung phwong phdp déi bién phu
Vidu I: Cho a+b+c=1.Ching minh ring:a® + b? + ¢ 2%.

Gidi:

Déta=%+x,b=%+y,c=%+z. Doa+b+c=1nénx+y+z=0.

T Y f1r ¥ ri ¥
Ta ¢6: a2+b2+c2=(—-+x) +(—-+y) +(—+z)
3 3 3
—(l-¢-g::+)c"’)+(l+Z B |6 5 Sl
93 973”7 )" 973

1 2 1 1

=—+=(x+y+2)+x’+y?+22 ==+ x*+y  +22 > =,
5 g a R 4 g 3

Xay ra ding thirc <:>x=y=z=0<:>a=b=c=-:1;.

Vi du 2: Chimg minh bét ding thic:
abc2(b+c—-a)(a+c-b)(a+b-c)véia,b,cladddai ba canh cia mjt
tam giac.

Giadi

Cdch 1. D3t b+c-a=x,a+c-b=y,a+b-c=zthi x,y, z> 0. Theo bat
ding thirc (x+y)(y +2)(z +x) 2 8xyz, ta co:
2a.2b.2c 28(b+c-a)(a+c-b)(a+b-c)
=abc2(b+c-a)(a+c-b)(a+b-c)

Xay ra dang thirc khi va chikhia=b=c.

CachB' (b+c- a)(b+a—c)=b --(c—a)zsb2
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(c+a-b)(c+b-a)=ct—(a-b) <c?
(a+b-c)(a+c-b)=a’ —(b—c)2 €4,
Nhan timg vé ba bat ding thirc trén, ta duoc:
[(b +c-a)(a+c-b)(a+ b—c)T s[abc]2 . Cac biéu thirc trong dau ngoac
vuong déu duong nén (b+c—-a)(a+c-b)(a+b-c)<abe.
Xay ra dang thire khi va chikhia= b=c.
Vi du 3: Chimg minh rang: ¥* +y* +2’ —‘3,:'cyz=(x+y+z)(x2 +yV + 7 —xy—yz—zx)

vl moi s6 thuc x,v, z. Suy ra voi a,b,c 1a cac s6 duong ta ludn co:

a+b+c>3¥abc.

Giai:
Khai trién vé phai: (x +y + z)(x2 +y?+2% —xy -yz —zx) duoc vé trai
Ta c6 : x* +y2+22—xy—yz—zx=%[(x—y)2+(y—z)2+(z—x)2}20.
Pat:x=a, y=¥b, z=¥Yc;x+y+z>0via, b, c duong .
Tirdo x* +y® +2° —3xyz>0hay : a+b+c>33abc.

Vidu 4: Choa,b,c>0.
Chimg minh réng: (a-1)(a-3)(a-4)(a-6)+10>0;Va 5l

Gidi:
Taco: (a—1)(a-3)(a-4)(a-6)+10=[(a-1)(a-6)][(a-3)(a-4)]+10
=(a2 v7a+6)(az —7a+12)+10; Dafltt=a2—7a+9

=(t-3)(t +3)+1()=(t2 -—9)+10=t2 +1>0;Vt. Bat ding thire da duoc

chimg minh.
Vidu 5: Cho x, y 1 hai s6 thuc khac 0. Chimg minh:

2 2
14 y~2+4>3(—+¥-J

yioox y x
Gidi:
Patt==+¥ = |t}=§+l=’£+1 ma |2 +|X> 2 (do bét déng thirc
y X y X| |y IX yi X
x2 y2
COSI):‘> |t|>2 = t<-2hayt>2.Khido: t* ==+ +2
y: x
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Bét ding thirc
(1) @ t?+223t © t?-3t+220 o (t-1)(t-2)20 (2)
(2) 14 hién nhién ding do t <-2 hay t>2.
Cdch 5: Sir dung cdc bdt ding thirc quen thujc
Vidy I: Chimg minh véi moi s6 thuc x, y, Z, t ta ludn cé bat dang thirc sau:
x’ +y? +2° +t? 2x(y +z + t). Ding thirc xay ra khi nao?
Gidi:
Taco: x> +y* +2* +t> 2x(y+z+t) (1)
& 4x" +4y’ +42° + 4t° 2 4x(y + 2+ t)
= (x2 — 4xy + 4y2)+(x2 —4xz+4z2)+(x2 —4xt+4t2)+x2 >0

& (x-2y) +(x-22)° + (x-2t)* +x*>0(2) . Ta c6 (2) ludn luén ding

véli moi X, y, z, t. Vay (1) dugc chimng minh. Déng thirc xay ra
& x-2y=x-22=x-2t=x=0 & x=y=z=t=0

2 - T 2
VidyZ:Cht’mgminhrﬁng:a il 2(a+b+c) :

3 3
Giai:
Ta c6: 3(a’ + b2 +c?)=a? + b? +c? + 2(a® + b% +¢?)
>a’+ b’ +c?+2(ab+bc+ca)=(a+b+c)
a®+b%+¢? 2[a+b+c)2
3 3

Vidu3:Cho x>0;y>0;x +y<1.Chimgminh —~—+—1 >4
X +XY Yy + Xy

( Dé TS lop 10 chuyén Lé Hong Phong ~-TPHCM 2003-2004)
Gidi:

LI o

2
i %22 -1——-:>(a b)( b)22ﬁ.2,&.%,suyra

(a+b)(l+—ll-)-J24:>-1—-+%2 4b.Apdungva‘10bé.ito:éntacé
a a a+

Ap dung bét déng thirc C6 si cho hai sb duong a, b tacéd -

1 1 = 4 4
x2 +xy y + Xy x> +xy+y + Xy (x+y)

B¢

24 (Dox+y<1)
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d2
Vidu 4: Cho 0 <a <b<c<d.Ching minh (bw)(%+~1—)<(a+ )

c ad
Gidi:
dz 2 2

(Tb~c)(l+l)<(a+ ) c>(b+c) _(a+d) 20

c ad be ad

b+e)ad-(a+d)b

= waf ad—{a+4) C<0<:>(b+c)2ad—(a+d)2bc<0

abced

(v a, b, ¢, d duong) < b*ad + c’ad —a’bc —d*bc < 0
<>d(ab-cd) +ac(cd -ab) <0<« (ab-cd)(bd-ac)<0
MalO<a<dvaO<b<c,nén ab<ced @ ab-cd<0

d>c>0vab>a>0,nén bd >ace< bd-ac>0

Suy ra (ab —cd)(bd —ac) <0 (dpcm).

(x+ y)2 |

Vi dw % a. Chimg minh ring : x* +y® 2 >

(x+y)4 |
8

Giai:

b. Chimg minh rang : x* +y* >

a. Caicl 1:

2oy - X2 +y? +x2+y? =(x2+y2+2xy)+(x2+y2—2xy)
2 2

=;({+y) ;(x—y) 2(x+2y) vi (x-y) 20

(x+y)

Cich 2: x* +y > o2(x?+y?) 2 (x+y)
=42y 2 x? +2xy+y o xP +y* -2xy 20

2
e>'x—y)" 20(bat ding thic ding). Do d6 x* +y® zi"—;l’l-la déng

thic dung dung.

2, ,2)\2
b. A;pggﬁu a) taco: x* +y* z(x2)2 +(y2)2 2(}{%) (1)

i
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2 -

Theo a) ta c6: x> +y* 2 (x +2y) = (x2 +y? )2 > [(x -;y) } (binh phuong
2 (x+y)'

hai vé khong am). Véy (x* +y*)’ 2 4" Q)

4
Tir (1) va (2) ¢6: x* +y* _(i*SL)

Cdch 6: Véi cdc bdt ding thirc ma cdc bién cd vai tro nhuwe nhau, ta co thé
sdp thir tw cdc bién

Vi du I : Chimg minh bt ding thitc duoc néu & trén:
abc2(b+c-a)(a+c-b)(a+b-c)(1). Trong d6 diéu kién a, b, ¢ 1a 46
dai ba canh cia mdt tam giac duoc thay bai a, b, ¢ 1a cac sé duong.

Gidi

Cdch 1. Do vai tro cia a, b, ¢ nhu nhau, ta gia sir ring a >b>c. Xét hai
truong hop:

a. b+c<a. Khi d6 vé trai cua (1) la sb duong, con vé phai khdng duong.
Bit ding thirc duoc chimg minh.

b. b+c>a. Khi d6 hai vé cia (1) déu duong. Giai tiép nhu vi du 99.

Cdch 2. Trong ba s6 b+c—-a,a+c-ba+b-c, khong c6 qua mot s6 am.
Thét viy, chéng han néu b+c—-a<0,a+c—-b<0thi 2c <0, trai véi gia
thiét. Néu c6 diing mot s6 4m thi vé phai cua (1) 1a sb Am, bat dang thuc
(1) hién nhién diing. Néu khéng cé sb nao am thi vé phai cua (1) la sb
dwong. Ban doc giai tiép .

Cich 7: Khi chirng minh bdt ding thirc, trong nhiéu truong hop ta cin xét
tieng khodng gid tri cia bién.

Vidu I: Ching minh ring: x® -x” +x*-x+1>0.

Gidi
Goi A 1a vé trai cuia bit déing thrc.
Cich 1. Néu x >1thi ta viét A duéi dang x" (x -1)+x(x —1) + 1.
Do x>1nén A > 0.
Néu x < 1 thi ta viét A dudi dang x° + x*(1-x*)+(1-x). Do x <1 nén
1-x°>0,doddo A>0.

Cich 2. A=x"(x-1)-(x-1)+x* =(x -1)(x’ —1)+x2.

“éu x21thi x" 21,do d6 (x-1)(x” ~1) 20,con x* >0 nén A > 0.

" Nﬁf‘l‘f;t:%.:lf’thi x’ <1,do d6 (x-1)(x" -1)>0,con x* 20 nén A > 0.

Fide N os
b g :,:',_3'
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Dang 2: Tim gid tri lon nhit, gid tri nhé nhat )
Cdch .: Khi tim gid tri lon nhat, gid tri nhé nhdt ciia biéu thirc, ta co thé

biér doi nhur sau : f(x)= g(:c)"2 +C hodc f(x)=C- g(x)2
Vidy .: a Tim gia tri nho nhat cia A = 2x* -8x +1.

b. 7im gia tri lon nhat cia B = -5x® —4x + 1.

c. Cho tam thirc bac hai P = ax® + bx +c.

Tin gia tri nho nhét cua P néua> 0.

Tin gia tri l1on nhat cua P néu a <0.

Gidi

a. A=2x*-8x+1=2(x"-4x+4)-7=2(x-2) -72-7.

mit A = -7 khi va chi khi x =2,

2
b. B =-5x° -4x+1=—5[x2 +ix+—4—)+g=—5(x+2 +gsg
5) 25) b5 5

msz:—g-khi va chi khi x=—§.

2 2
c. P=x*+bx+c=a x2+2x)+c=a[x+—§j +c-l)—.
a 2a 4a

b? b\’
Piic-—=k. Do (x+——] >0 nén:
4a a,

2
—Nua> 0 thi a[x+§b—J >0,dodé P>k:
a

Wi P = Xkl i o ki x=-2i;
a

s

2
—Nua <0 thi a(x+2i) <0,do d6 P<k;
a

Miar P= k ki Vil chUKh] =t

2a
Vi du 2: Tim gia tri nho nhit cua biéu thic:
‘a. (x-1)(x+2)(x+3)(x +6) b. x*~4x+y>* -8y +6
Gidi :

a. (x—)(x+2)(x+3)(x+6) ={x-1)(x+6)(x +2)(x +3)

=(:2+5x—6)(x2+5x+6)=(x2+5x)2—36.

Da tirc dat gia tri nho nhét 1a 36 khi x? + 5x =0 tirc 1a x = 0 hoc x = -5.
b. x* —tx+x’ -8y +6=(x-2)" +(y-4)" —~14. Da thirc dat gia tri nho nhét
i x-2=0va y-4=0,ticx=2vay =4,
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Vidu 3 : a. Phan tich da thic P(x) thanh nhan tir: P(x) = 3x* — 27x + 54
Véi gia tri nao cua x thi P(x) nhan gia tri khong am?
b. Tim m va p sao cho biéu thirc: A = m? — 4mp + 5p? + 10m - 22p +28
dat gia tri nho nhét. Tinh gia trj dy.
| Giai
a. P(x)=3x*-27x +54 -—-3(::2 —9x+18)=3(x2 —3x—6x+18)
=3[ (x* -3x) - (6x-18) ] =3[x(x -3)-6(x—3)] Suy ra
P(x)=3(x-3)(x-6)
{x 320
x-620 X226
P(x)20=(x-3)(x-6)20 =
(9200 (x-9)x-6)20e| * 0% e[ *22
| (x-6<0
Viy P(x)20< x<3 hodc x>6
b. Ta bién ddi A vé dang: A =m? — 4mp + 5p* + 10m — 22p + 28
=m? -4mp + 4p® + 10m - 20p + p> - 2p + 1 + 27
=(m—2p)2+10(m-2p)+(p—1)2+25+2
=(m-2p)2+10(m-—2p)+52+(p-—1)2+2
A=(m—2p+5)2+(p—1)2+222

1=
A dat gia trj nho nhét bang 2 khi == &op=1.vam=-3.
m-2p+5=0
Vi du 4: Tim gia trj nho nhit cia ham sé: y =2x®> —-x+5
Gidi
2
y=2x>-x+5= 2(:{ —£+-—-1--——1—) 5=2(x—l) §22§2
2 16 16 4 8 8
véi moi gia tri cia x. Him s6 c6 gia tri nho nhét: Miny:%sl & x=%.

Vidu 5 : Cho x, y 1 hai s thyc thoa man (x+y)2+7(x+y)+y2+10=0.
Tim gi4 tri 16n nhét va gia tri nho nhét cia biéu thaic P=x +y + 1.
Gidi:
Tir gia thiét ta suy ra (x+y)2+7(x+y)+y2+10=0

ng + 2%(:{ +y)+(%)2 —[%)2 +10=-y*<0
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3

e

P
4 9

7\ 9 ( 7YV 9
S| x+y+—| ——<0&S|x+y+=-| £=&
2 4 2 4

<:>—i{x+y+zs-3—<:>—4Sx+y+1£—1.
2 2 2
Vay gia tri nho nhat cua P 1a -4, gia tri 1on nhat cua P la -1 .
Vidu 6 : Cho 2’ + b’ =2. Tim gia tri 16n nhét ctia biéu thic A=a +b
Gidi:
bata=1+x (1)
Taco: b*=2-(1+x)°=1-3x-3x2-x*<1-3x+3x* -x* = 1-x)°
Vay: B> <(1-x)* < b<l-x (2).Tue(l)va(2)suyraia+b <2
Dau “ = xayrakhlx—Ohaya b=1
Vay: A dat gia tri 16n nhit bing 2 khia=b=1.
Vi du 7: Cho biéu thitc: M =x? -5x +y? + xy — 4y + 2014. Véi gia tri nao
cua X, y thi M dat gié tri nhé nhat? Tim gia tri nho nhit d6.
Gidi:
Taco M= (x* —4x+4)+(y* -2y + 1)+ (xy — x - 2y + 2) + 2007
M= (x-2)" +(x-2)(y-1)+(y-1)* + 2007

:>M=[(x—2)+—£12(y—1)}2 +%(y—1)2 +2007

2
Do (y_1)'l 2Ové[(x—2)+—;—(y—1)j| >0,Vx,y

=>M22007T=>M,_, =2007 > x=2;y=1.

Cdch 2: Khi tim gid tri I6n nhdt, gid tri nhé nhit cia biéu thirc, ta cé thé
déi bién

Vidu I : Tim gia tri nho nhit ciia A =x® +y® +xy biétringx +y = 1.

Gidi:

Sur dung diéu kién d4 cho dé rit gon biéu thic A:
A=(x+y)(x2 —xy+y2)+xy=x2 —xy +y? +xy=x%+y>.
Pén day c6 nhiéu cach giai:

Cdch 1. Biéu thi y theo x rdi dua vé& tam thirc bac hai ddi véi x: Thay
y =1~x vao biéu thirc A:

) —2 x —x)+1 Z(x——) +12l
2

i .



. 1 1

1 A — kh 3 hi kh — — -

min 2 1vac 1 X 2 y 2

Cidch 2: Si dung diéu kién dd cho lam xuit hién mét biéu thircm3i co
chia A

Taco: x+y=1=>x>+2xy+y*=1(1).
Mit khac (x—y)2 20=>x*-2xy+y* 20(2).

Cong (1) véi (2): 2(x* +y?) 21 = x* +y° 2%.

VayminAzé khi va chi khi x=y=%—.
Cdch 3. Sit dung diéu kién d4 cho dé dua vao mét bién mai:

bit x=-;—+athi y=—;——a. Biéu thj x? + y® theo a, ta dugc:

x2+y2=(l+a)2+(l-a)2=l+2azzi_
2 2 2 2
Viy minA=-;-<:>a=0<:>x=y=%.
Vidy 2: Tim gié trj nho nhit cuia biéu thic: A =(x-1)" +(x-3)".
: Gidi:
Ta c6: A=x2—2x+1+x2—6x+9=2(x2—4x+5)
=2(x-2)°+222.; A=2x-2=-0x=2
Vay min A = 2 khi va chi khi x = 2.
Chdng han, & vi du trén ta c6 thé x -2 =y, khi d6
A=(y+1)2+(y—1)2=y2+2y+1+y2-2y+1=2y2+222.
mnA=2y=0cx=2.
Vidy 3: Tim gia trj nho nhét cia: A = x(x - 3)(x - 4)(x - 7).
Gidi:
A =(x2 -71:)(1:2 -Tx + 12).
bit x> -7x+6=y thiA =(y-6)(y+6)=y* -362-36.
minA=-36x’-7x+6=0& x, =1;x, =6.
Vidud4:Chox+y+z=3.
a. Tim gié trj nho nhét ciia A = x* +y? +22.
b. Tim gi4 trj 16n nhét cua B = xy + yz + zx.

cﬁ.atri nho nhét cua A + B.
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Giai:
Binh phuong hai vé ctia dang thire x +y + z = 3, ta dugc:
x* +y* +2> +2(xy+yz+2x)=9(1). Thc JaA + 2B =9.
Dé dang chirng minh dugc: A > B (2)
Xay ra dang thic khi vachikhix =y = z.
a. Tu(l)va(2)suyra 3A>2A+2B=9,nén A 23.
Do do min A=3 khivachikhix=y=z=1.
Chit y: c6 thé gidi cdu a bang cdch doi bién: datx =1 +a y =1+ b,
z=1+créixét x* +y* + 2%
b. Tu(l)va(2)suyra 3BB<A+2B=9,nén B<3. Do d6 max B = 3 khi va
chikhix=y=2z=1.
Chii y: C6 thé gidi cdu b dua vao cdu a: vi A + 2B = 9 nén B lom nhat <A
nho nhat.
c. TacoA+2B=9ma B<3 (caub)nén A+B2>6.
Dodomin (A+B)=6khivachikhix=y=z=1. &
Cdch 3: Khi tim gid tri Ion nhdt, gid tri nhé nhdt ciia biéu thirc, nhiéu khi
ta thay diéu ki¢n dé biéu thirc nay dat cuc tri béi diéu kién twong
dwong la biéu thivc khdc cé gid tri lon nhat, gid tri nho nht .
Chdng han: — A 1om nhdt < A nhé nhdt,

L 16n nhdt <> B nhé nhdtvéi B> 0,

C 16n nhat < C2lém nhdt véi C > 0.

Vi dy 1: Tim gia tri nho nhét cia A= — 2
6x —5-9x
Giai
3 -2 3 -2
9x* -6x+5 (3x—1)2+4.
Ta thay (3x-1)2 >0 nén (3x~-1)2 +424. Do d6 . - <o (theo
(Bx-1)"+4 4
: % T R ; : £ -2 -2
tinh chit a>b thi —<—véi a va b cung dau = — 2
a b (8x-1)"+4 4

:>A>—x-;- Vay m1nA-—%<:>3x 1= 0<:>x——1—-

W
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3x* -8x+6

x2-2x+1
Gidi:

Cich 1. Pat x-1=y thi x=y+1. Tacé:

3(y+1)2—8(y+1)+6_3y2_2y+1 2 1

) 2 =Br—dr=any

y y ¥ ¥

Laidétlzzthi: A=3—2z+z2=(z—~1)2+222.
b 4

mnA=2&z=1oy=1ox-1=1x=2.

Vidu 2 : Tim gi4 tri nho nhat cua: A =

A=

Cich 2. Viét A dudi dang tong clia 2 v6i mot biéu thirc khong am:
2x% —4x+2)+(x? -4x + 4 — 9y

= ) ), (=2,
X -2x+1 (x-l)

minA = 2 khi va chi khi x = 2.

S imeeoas on Biis il i xX+x+1 e
Vidu 3 : Tim gia tri cua x dé bieu thiuc: P=————— (x = -1) da gia tri
) x“+2x+1
nho nhat.
Gidi
Cich1: X +X+1 ) _ X
" x?+2x+1 (x+1)’

1 4 1 1 1 3
=]- + e 4 = e
x+1 (x+1) [4 x+1 (x+1)] 4

2
=[l_ 1 )+%2%.Pd@tgiétrinh6nhétlé%khix=1.

2 x+1
Cich 2: Ta xét biéu thirc:
2
P_1=_§E_f_2.’fi_l_._1= ' 2" z 11
X“+2x+1 x*+2x+1 1 .o
X
P—1 dat gi4 trj nho nhit khi x+L+2 dat gi4 tr nho nhat, hay x + 1
X X
T £ oo o 5 Eo vk 1 -
dat gia tri nho nhat. Xét tich x.-1—=1 khong do6i. Vay x +— da gia tri
X X

nhé nhét khi X =x cho ta x = +1.(loai gi tri x=—1). Tém lai P-1 cé
X

&

giétrignhéua -é khi x = 1. Khi &y P—1=% hay P =

AP
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3—-4x
x2+1

Vi du 4: Tim gia tri 16m nhat, gia tri nho nhat cua: A =
Giai:
Pé 1m gia tri nho nhét ta viét A duéi dang:

x’ —4x+4-x*-1 _(M—Z)2
x? +1 x*+1
khi ¢ = 2. PBé tim gia tri 16n nhat, viét A dudi dang:
2

AxPrd-ax-ax-1_ (2x+1)

x? +1 X1

Ma: A = 4 khi va chi khi x:-%.

A = -1>2-1. Vay minA =-1 khi va chi

A <4.

x'+1

(1)

Vidw 5 Tim gia tri 1on nhat, gia tri nho nhéat cua A =

Giai:

Chuy riing A > 0 nén A 16n nhit < %nhc’) nhét

: Z 1ss Z .
A nmo nhiat & A 16n nhat. Ta co:

2 : 4 2 2
L (X +l) x'+2x° +1 2x
— 7 = = =1+— .
A x'+1 x'+1 x"+1

2

Tiin gia tr1 1om nhit cua A: Ta c6 2x? >0,x* +1>0nén >0. Suy

x*+1
ra K21+0=1‘; mln—Al~=1kh1vach1kh1x=O.DodomaxA=1khlva

chi<hi x=0.

Tiin gia tri nho nhét cia A: Ta cé 2x® <x* +1 (d& ching minh, d4u "="
2

xayra khi va chi khi x* =1) ma x* +1>0 nén — 1sl.Suyra
x' +

%L{:l+1=2;maxA=2khi v ohi khi =7 =1. Do 46 minA:%khi véichi
kthi x = +1.
Chii jp:

1. (Cch khéc tim gia tri 16n nhét cta A:

2
=1-—2% <1 Max A =1 khi va chi khix = 0.

(x2 + 1)
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2. Cach khéc tim gia trj nho nhit cua A:

Cich 1. D3t ——=y.
X" +1

axtv2 (P41 (o)) 1 (-1

2(x2 +1)2 B 2(){2 +1)2 2 2(1:2 +1)2 2

Cdch 2. A=

minA=%khi va chi khi x = 1.
x? -2x + 2006

Vidy 6 : Tim gié tri nho nhat cua biéu thic B = . (véi x0)
X
Giai:
x? — 2x + 2006
B= = (x#0)
; x? —2x + 2006 2006x* - 2.2006x + 2006*
Taco: B= 2 o B=
X 2006x
2 2 2
- -2 2005
opx 2006)2+2006x o g (x=2006) 5 005 _ 2005
X 2006x 2006
Vi (x-2006)220véi moi x; x2 >0vdi moi x khac 0
~2006)* ,
o, (522008) o 5 >2098  p o mhdt= 2095 ki = 2006.
2006x “2006 2006
Vi du 7: Tim gia tri 16n nhat cia ham s6:
1
a. y=-2x>+x-1 b.y= L :
J = Y e P —x’+2x+4
Gidi:
2 2
a. y=—2x2+x—1=—2(x2—lx)—1=—2 x2—2.-1—x+[-1—) —(-1—) -1
2 4 4 4
2
=—2(x——1—) T
4 8 8
£ PO ETY AT - J— 1 1
Ham so dat gia tri nho nhat bang ~3 khi x—z=0 =S X=Z'
s x+1 . x+1 _ 1
' x> -x%+2x+4 (x2—2x+4)(x+1) X —2x 44
NI N, RS
(x-1)"+3 3

Hmnsvgiamlénnhétb?ing % khi x=1.
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Vi du 8: Tim gia tri nho nhit ciia ham so:
a yk»x2+x 1 b y_x2+2x+_2_
T4 ' x?+2x+3

Giadi:
a. y=———+x~1=%(x2+4x)—1=:11-(x2+4x+4—4)—1

=-i~(x+2)2—22—~2, vx.

Ham sb c6 gia tri nho nhat Miny = -2 khi x =-2.

b X +2x+2 (xz+2£if_3l_;__1_ I i 1
x?+2%x+3 x*+2x+3 x* +2x +3 (x+1)° +2
Ham s6 c6 gia tri nho nhét khi — - c6 gié tri 16n nhat, tirc 1a khi
(x+1) +2

(x + 1)2 +2 nho nhét. Diéu nay xay ra khi x = -1.
Vay ham s6 di cho ¢6 gia tri nho nhat Miny =1 —% :% khi x=-1.

’ 2 o
Vi du 9: Tim gia tri nho nhat cia ham so: y = : 2+ e
2x° +4x+9
Gidi
2§
1(2x +4x+9)—l—
9 2

x? +2x-1

1 11

2x% +4x+9 9%’ +4x+9 2 4x’ +8x+18

1 N T — ,
l«——-—l—-—-——*. Ham s6 c6 gia tri nho nhat khi 112 co
2 4(x+1)"+14 4(x+1) +14

gia tri 16n nhat, hay khi 4(x +1)" +14 c6 gia tri nho nhat, dat dugc khi

x =-1. Vay: Miny:%-_—ll—%z—g dat dugc khi x =-

2

7
Vidu 10 : Tim gia tri 16n nhit cua P =

1+x*
Gidi
Viét P dudi dang

P dat gi tri 16n nhét khi — +x* dat gid tri

— +x? X
X

nho nhét. Tich —12,-.X2 1 (khong dc‘)i). Viy tdng — +x*nho nhét khi
X

’?&x =1=>x=+1. Licdé P=
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Vi du 11: Tim gia tri 16n nhit va gia tri nho nhat cia biéu thucP~-——-——x = ]
x® —x+
Gidi:
2 2 3(x* +1
Tacé xz—x+1=(x—l) +§>O,Vx,P= 2" *1 _ )
2) 4 x"-x+1 3(x2~x+1)

=2(x2—x+1)+x2+2x+1=3+ (x+1)2 B
3(x2—x+1) 3 3(x2—x+1) 3

Dau bang xay ra khi va chi khi x = - 1 .Vay gia tri nho nhét cua biéu
thirc P=-§-,khix=-1. Mit khac ta c6 -

xX*+1  2x°-2x+2-x"+2x-1 2(" —x+1) (x-1)
x2—x+1 X~ 41 X —x+1

L, (x-1)

xZ-x+1
nhit cua P 1a2 khix = 1.
Vidu 12 : Cho x>0, hiy tim gia tri nho nhét cua biéu thirc:

6
(x+—1—) ~[x6+~}§)—2
P X X

() e
X+—| +x° +=
X X

P-=

< 2. Diu béng xay ra khi va chi khi x = 1. Vay gia tri Ién

(3] (o)
X+— —6 1
Tacéd: P= ( ) —(x3+—3)
1 1 X

(X'f' )+x +——3'

X X
=3[x+—1-)26 (x>0). Vay P, =6 dat dugc khi x=1.

X

Cdch 4: Khi fim gid tri Ion nhdt, gid tri nho nhit ciia mjt biéu thirc, nhiéu
khi ta cdn xét ting khodng gid tri ciia bién, sau d6 so sinh cdc gid tri
ciia biéu thirc trong cdc khodng dy dé tim gid tri lon nhat, gid i nhé
nhat ciiabiéu thirc do.

.«#" y A
'ﬁ; F Agﬁ‘ ﬁws‘y
55 r‘y }

U';
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Vi du I: Tim gia tri nho nhdt cia A =(3x-1)" - 43x 1|+ 5
Gidi:
bat |3x - 1| = y thi
A =[3x —1|2 ~4[3x-1|+5=y’ —4y+5:(y—2)2 +1>1.

minA:=1<:>y:2<:>|3x—1|=2«::>x1 =1;x2=——?;

Vi du 2: Tim gia tri nhé nhat cua B=|x -2|+|x - 3

Gidi
Cdch 1. a. Xét khoang x <2 thi B=2-x+3-x=5-2x.
Do x <2 nén -2x >-4,dodo B> 1 (D
b. Xét khoang 2<x<3thi B=x-2+3-x=1 (2)
c. Xétkhoang x> 3 thi B=x-2+x-3=2x-5.
Dox>3nén2x>6,dodoB>1 (3)

So sanh (1), (2), (3) ta dugc min B = 1 khi va chi khi 2<x <3.
Cdch 2. Do gia tri tuyét d6i cia méot sé 16m hon hoic bang s6 do nén
B=|x-2|+|x-3=|x-2/+]3-x|2(x-2)+(3-x)=1

Do d6 minB:lo{x_zzor::ZSXSB.

3-x20

Vi du 3: Tim gié tri nho nhit cia A =|x - 1| +[x -7 +|x -9
’ ’ Gidi ‘

Do gia tri tuy€t d6i cia mot s6 1on hon hodc bang s6 d6 nén
[x-1]+|x=9| =[x =1|+[9-x|2x-1+9-x =8 (1)
Talaico |x-7|20(2). Tir (1) va (2) suy ra A > 8.

x-120
Dodé minA=8<<{9-x20x="1.

x=7

Vi du 4: Tim gi4 tri nho nhét ciia ham sy = %lx +3-4
Gidi
Vi |x + 3|20 voi moi gid tri cua x nén y =%|x +3|-4>-4 voi moi gia
tri cua Xx. }l{am sb ¢6 gia tri nho nhét: Min3.1 =—4 dat dugc khi x =-3.

b :
s 4 {;
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Cdch 5: Khi tim gid trj lon nhtft,.gia' tri nho nhdt ciia mjt biéu thirc, ngueoi
ta thuwong sir dung cdc bit ding thirc dd biét.

Vidy I: Chimg minh: (ab +cd)’ <(a? +c?)(b® +d?) bat ding thirc
Bu-nhi-a-cdp-xki.
Ap dung: Cho x + 4y =5.Tim gi4 tri nho nhét cua biéu thirc: M = 4x? + 4y?
Gidgi
Tacé: (ab+cd)’ <(a” +c?)(b? +d?)
< a’b? + 2abed + c¢2d? <a®b? + a®d? + ¢?b? + ¢*d?
& 0<a’d? —2abed + ¢?b? < 0 < (ad - be)’ (dpem)
Diu “=" xay ra khi ad = bc. Ap dung hing ding thirc trén ta cé:
=(x+4y)2 =(x+4y)s(x2 +y2)(1+16)::~x2 +y? s 2

17
= 4x* + 4y? 2i1—1-2£24 2 4+ 4y? T L
17 17
Diu “=" xay ra khi x = —é-,y =
&y 17
Vidu 2: Cho x* +y® =52. Tim gia tri 16n nhét cua A = 2x + 3y.
Gidi

Ta nhan thiy 2x + 3y va x? + y?la cac thanh phén cua bat ding thirc
Bu-nhi-a-cSp-xki (ax + by)” < (a® + bz)(x2 +y*)véia=2,b=3.
Theo bit ding thirc trén:

(2x +3y)" <(2? +3?).52 > (2x + 3y)’ <13.13.4

L
=|2x +3y| <26 = 2x+3y <26. Viy maxA=26<>{2 3
2x+3y >0

Thay y= %’Evéo x? +y? =52,ta dugc x*+ g;[_z = 52. Giai phuong trinh
nay dugc: x=14. Vi x =4 thi y = 6, thoa man (2). Véi x=-4thi
y =—6,khong thoa méan (2).
Cich 6. Trong cdc hdng bat ding thirc, cdn chii y dén hai mégnh dé sau,
cho ta gia' tr;’ Ion nhat cia tich, gid tri nhé nhit ciia tong:
- Neu 50 o tong khéng déi thi tich cia ching I6n nhdt khi va chi
'n a do bang nhau.
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~ Neu hai sé dicong cé tich khéng déi thi téng ciia chiing nhé nhat khi
va chi khi hai so dé bang nhau.
Dé “hitng minh hai ménh dé trén, ta dimg bdt dang thikc (a+ b)2 > 4ab:

~ Mu hai s6 ava b céa + b = k (hang so) thi tr (a+ b)2 > 4ab ta co
2 2
ab ;—]%,do 45 max (ab) = “ khi vé chi khi a = b

~ Méu hai s6 diwong a va b c6 ab = p (hang s6) thi a + b nho nhat
< a +b)’ nho nhat, do @6 min(a +b)’ = 4p khi va chi khia = b.
Vi du i: Tim gia tri 16n nhit cua A = (x2 -3x + 1)(21 +3x — xz)
Gidi:
Céac biéu thirc x2 —3x +1va 21 + 3x — x*c6 tong khong ddi (bing 22) nén
tict ciia chung 16n nhét khi va chi khi
x?-3x+1=21+3x-x><=x*-3x-10=0
o x-5)(x+2)=0ox, =5x%x,=-2.Khido A=11.11 =121.
Varmax A = 121 khi va chi khi x =5 hoidc x =-2.
16x* +4x +1

Vi du  :Tim gia tri nho nhit cia biéu thirc B = : véi x > 0.
X

Gidi
Vié B dudi dang 8x + 2 +§1;. Hai sb 8x va 51; 1a hai s6 duong, c6 tich
khing doi (bang 4) nén tong ctia chiing nho nhit khi va chi khi
8x=2—1x— e 16x*=1ex =%(ch1’l y ring x > 0).

Var minBz1+1+1

= 6khi va chi khi xz-}I

2
Vi du ‘: Tim gia tri 16n nhat ciia A = ab + bc + cd, biét ring a, b, ¢, d la céc
s6 thong am co tong bing 1.

Giai
Cdch 1 Giastta>2b>c>d=20. Tacé
A-ab+bc+cd<ab+ac+ad=a(b+c+d)

2
=~g(l-a)=a-a’= —(a —%) +is%.(Kh6ng can tim diéu kién cin va

E 6 ,tirc 1a khong can giai tit ca cac diéu kién be = ac, cd = ad,
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a=%, b+c+d=%vé b, c, d>0. Ta chi cén chira A=%khi, chéng han,

g . w 1
a=b=%,c=d=0. Vay maxAz%khl, chang han, a=b=§,c=d=0.)
Cdich 2.A=ab+bc+cd<ab+ad+bc+cd=(a+c)(b+d)

2
Ap dung bit ding thirc xy < (%1) ta cé:

FerGE
2
a+c+b+d) 1 1 1
A= b+d)< =—=>A=—b+d==
(a+c)(b+d) ( 2 ) 4:> i 5
ad=0
la,b,c,d>0
Vay maxA=%khi,ch5nghan,a=b=%,c=d=0.
Vi du 4: Tim gia tri 16n nhét cua biéu thirc A = —Y—véi x, y 2 céc sb
5-(x+y)
tu nhién.
Gidi:
Taco x+y=#5. Xét x+y<4:
~Néuy=0thiA=0.
— Néu 15y53thiA=——y—53.
5-(x+y)
~Néuy=4thix=0vaA=4.
Xét x+y>6 thi A=——Y_<0. So sanh cac gia tri trén cia A, ta
5-(x+y)

thdy max A =4 khi vachikhix=0,y =4.
Vi dy 5: Tim gié tri nh6 nhét va gia trj 16n nhét cua tich xy, biét ring x va y
1a cac s0 nguyén duong thoa min x + y = 2005.
Gidi:
Ta cé: 4xy = (x+ y)2 —(x- y)2 =2005" - (x - y)
Gia sir x > y (khong thé xay ra x =y). Ta c6:
xy lém nhit < x — y nhé nhét; xy nhé nhit < x — y 16m nhét.
Do 15y<x$2004nen 1<x-y<2003.
. @.(x _y) = 1khi va chi khi x = 1003, 1002.
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max (x —y) = 2003 khi va chi khi x =2004, y = 1.
Do do: max (xy) = 1005 006 khi va chi khi x = 1003, y = 1002.
Min (xy) = 2004 khi va chi khi x = 2004,y = 1.
Vi du 6: Tim gia tri nhoé nhat cua biéu thire
A= ‘1 1" - 5"' v&im, n 1a cac sb nguyén duong.

Giai: Ta thdy 11" tan cung bing 1, con 5" tin cling bang 5. Néu

11™ > 5" thi A tan cing bang 6, néu 11™ <5" thi tin cing bang 4.

Ta chi ra mét truong hop A=4: véim=2,n=3 thi A=[121-125/=4.
Nhu vay min A = 4 khi, chéng han,m=2,n=3.

Trong cac vi du trén, ta chira tdt ca cdc gid tri cia bién dé xady ra dang
thurc. Tuy nhiér‘z, yéu cau cu’q bai (odn tim GTNN, GT'L_N Ighéng doi {uii
nhu vdy, chi can chung to rang ton tai gia tri cua bién dé xay ra dang
thirc.

Bai tdp vin dung
2

1. Ching minh bat ding thic: ?z_i_+ b® +c® >ab-ac + 2bc.
2. Chimg minh bat ding thirc: a*> +b*+1>ab+a+b.
3. Chimg minh bt dang thirc: x + y? + 2? > 2xy - 22x + 2y2 .
4. Chimg minh bat ding thirc: x* +y* +2> +1 2 2x(xy® —x+z+1).
5.Chimg minh ring : Néu a +b>1 thi a3+b322'.
6. Cho a, b, ¢, thoamdn a2 +b?+¢c2=3.
Chimg minh ring ab+bc+ca+a+b+c<6
7. Cho a,b > 0. Ching minh bét déng thirc:
. R s—l-(l+l+-1~
a?+b*> b*+c® a’+c? 20la b )
8. Cho a; b; ¢ >0 va a + b +c <1.Ching minh rang:

1 1 1
+ +
a’+2bc b’+ 2ac c? +2ab

29

2 2

X y
+
1+16x* 1+16y*

10. Cho a, b, c 1a s6 do dd dai 3 canh clia 1 tam giac. Chimg minh bét déng

thﬁ; f‘*’"
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a.ab+bc+ca<a’+b®+c?<2(ab+bc+ca).
b. abc=(a+b-c)(a+c-b)(b+c-a).
c. 2a’b? + 2b%c? + 2c’a’ —a* -b* -c* >0.
11. Cho a, b, ¢ >0, chimg minh bat ding thuc:
1 1 1 1
a3+b3+abc+b3+c3+abc+c3+a3+abcsabc'
a’ +b?
e
13. Chimg minh bét ding thitc: (a' + b'*)(a” + b*) 2(a® + b*)(a* + b*).

2
12. Chimg minh bt ding thrc: (a ; b) <

2
14. Chimg minh bt ding thirc: 2 *2%1 ¢
a‘-a+l
15. Cho hai sb a va b ciing diu. Chimg minh ring néu a <b thi = > -:;
a

16. Chimg minh bét déng thirc: a? +b? +¢> +3>2(a+b+c).
17 a) Cho a + b =1. Chimg minh bét déng thirc a® + b? 2%.
b) Cho a, +a, +a, +...+a_ =1. Chimg minh bat ding thic:

1
a’+al+al+..+al2—.
n

c) Cho a, +a, +a, +...+a, = k. Chimg minh bat ding thirc:
2

a?+al+al+..+a’ >—.
n

18. Cho a +b > 2. Ching minh bét ding thirc a® + b? > 2.
19. Cho a >2, b> 2. Chimg minh bét ding thirc ab>a+b.

20. Chimg minh bét ding thirc: (x -1)(x -3)(x - 4)(x-6)+920.
21. Chimg minh bt ding thirc: 4a(a + b)(a+1)(a+b+1)+b? 0.

22. Chimg minh bét ding thirc: 4a’b? >(a2 +b? -c2)2 voi a, b, ¢ 1a ta canh
cua mdt tam giac.

23. Chimg minh bét dng thirc: a(b-c)’ +b(c-a)’ +c(a+b)’ >a® +b® +¢°
vdi a, b, ¢ 1a ba canh ctia mgt tam giac.

24. Cho ba sé duong a, b, ¢ c6 tich bing 1 va a+b+c>-1—+—1-+l.

%hy@:(a—l)(b"l)(c—lbo. a b o
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b) Chimg minh trong ba sb a, b, ¢ c6 mot s6 16m hon 1, hai s6 nho hon 1.

25. Chimg minh bét dang thfl’C:% + L >2 voi ab>0.
a

26. Chimg minh bat dang thic: (a + b + c)(l + % % l} >9 vdi a,b,c>0.
a c

27. Tim gia tri nho nhat cia: x* —2x +y? +4y +5.

5 2 _ 2
28. Chimg minh bat ding thuc: ——> <X =Y v6i x>y >0.
X+y X" +y°

29. Chimg minh bat ding thﬁc:zl,,— + 512— +:11—2~ +..+ —1—2 <1 v&i moi sb tu nhién
2" n

nz2.

: 2 : 1 1 1
30. Chimg minh bat dang thirc: — + — + — + ... +
g g 22 42 62 (2n)2

1 .. .z
<-2- VOl mo1 SO tu

nhién n2>2.
3

31. Tim gia tri [6m nhat cha: — .
4x° —4x +5

32. Tim gi tri nho nhét cia: — ——.
2x -x" -4
3x* + 6x +10

x> +2x+3

4x? - 2x +1

x2

2x +1

x* +2

33. Tim gia tri 1on nhét cua:

34. Tim gia tri nho nhét cua:

35. Tim gia tri 1on nhét ca:

4x + 3

x2+1°

x'+2x’ +8x+16

x'-2x® +8x?-8x+16

38. a) Chung minh ring néu hai s duong c6 tich khong dbi thi tong cua
chiing nho nhét khi va chi khi hai sé 4y bang nhau.

36. Tim gia tri nho nhét va 16n nhét cua:

37. Tim gia tri nho nhét cua:

b) Tim gid tri nhé nhét cia: 8x + = véi x>0.
X

207



Huwong dan va dap so
2
1. a?+b2 +c? >ab-ac+2bc

2 2
@%———a(b—c)+b2+cz—2b020©(g——(b—c)] >0.
2. a’+b?+12ab+a+be 2a’+2b*+2-2ab-2a-2b>0
< a’-2ab+b>+a’-2a+1+b*-2b+120
& (a-by+(a-1?%+(b-1*20.
3. x2 +y? +2% > 2xy - 2zx + 2yz

oxP+y +27 -2xy+2xz2-2yz20 & (x-y +2)? 20.

4. x* +y* +22 +122x(xy®* —-x+z+1)
oxt+yt+22 +1-2x%y? +2x* - 2x2-2x >0
o (XE-y)P+(x-2+(x-1)%20.

5.a+b>1=>b>1-a=>b*>(1-a)P=1-3a+3a%>-a°
:>a3+b323(a—lj2+-1-21,DPCM.

2 4 4

6. Ta co: a® + b? > 2ab;b® + ¢* > 2bc;c® +a® > 2ac
:>2(a2+b2+02)22(ab+bc+ca):>ab+bc+ca$3(1)
Tuong tu: a® +1>2a;b® +12>2b;c? +1>2¢
=>a’+b*+c?+322(a+b+c)=>a+b+c<3(2)
Te(l)va(2)suyraab+bc+ca+a+b+c<6.

7. Ta cé: e b D B 6 g f L
] " a’+b? 2ab 2b’ b%+c® 2bc 2 a’+c® 2ac 2a
b 6 i1 12 1
Vay: = + S—|—+—+—|.
RANIPC I ISP It Y 2(3 b+c)
8. biat X =a? +2bc; Y =b? + 2ac;Z =c® + 2ab, ta co:
X+Y+Z=(a+b+c)2SI.Apdungbz‘ltdéngthﬁc

1 1 1 1 1 1
X+Y+Z)| =+—+—=|29,taco: & g >
( )(X Y Z) a’+2bc b?+2ac c?+2ab
2 2 2
9. Tacod o= x”g xzzl
6x" 1+(4x°)° 24x° 8
4 5 ”éﬁ?"
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2 2 2 1 2 2 1

¥ Yy S - L o
1-16y*  1+4y*)* 24y* 8 1+16x* 1+16y* 4

10.a. Tecé: ab+bc+ca<a®’+b*+c* < (a-b)+(a-c)+(b-¢)*=20

vz'la>|b—c|,b>|a—c|,c>|a—b|
= 3% b* —Bbe+c?, b? »a® —Zac+e?, ¢® »a® —2ab+ b
= +b* +c* <2(ab+be+ca).

b. Tacc: a* >a’ —(b-c¢)) =>a’>(a+c-b)(a+b-r0)
b?>b*-(a-c)) =>b*>(b+c-a)a+b-c)
c2>ct-(a-b)y) =>c?>(b+c-a)a+c-bh)

= a’b’c* >(a+b-c)’(a+c-b)*(b+c-a)’

< abec>(a+b-c)a+c-b)(b+c—-a).

c. 2a%b’ + 2b%? + 2c’a’ -a' -b* -¢' >0

<> ta’b? + 2¢*(b® +a®)—a* -b*' -2a’b? —c* . 0
< ta’b® + 2c*(b* +a?) - (@’ +b*)* -c* >0
¢:>1’2ab)2~[(a2+b2)—c2]2>0 <:>[c2—(a—b)z:l[(a+b)2—c2]>0
<e-a+b)(c+a-b)(a+b-c)a+b+c)>0, ding .
vi a b, ¢ la canh cua tam giac
=(-a+b>0,c+a-b>0,a+b-c>0,a+b+c>0.

11. Tad: a’+b?=(a+b)a?-ab+b?)>(a+b)ab

= +b’ +abc>(a+b)ab+abc=ab(a+b+c)
Tueng tr: b® +¢® +abe 2 (b +c)bec +abe =be(a+ b +¢)
¢’ +a® +abc2(c+a)ca+abc=ca(a+b+c)

; 1 N 1 N I _ 1 (a+b+c)

aba+b+c) be(a+b+c) ca(a+b+c) a+b+c

a? + b? (a+bJ2_2(a2+b2)—(a2+2ab+b2)

2 4

VT

abc

12. Xéthidu:

1 1
=Z(a2-2ab+b2)=Z(a—lo)2

. 2 2 2
Do a-b)* >0 nén i(a—b)zzo,tﬁclé - ;b -(a“’b] >0.

2
2 2 2
Vz'ay(a;bJ <2 ;b (dpcm).

3

¥,
wi g o
: Y
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13.

14.

1S.

16.

Xét hiéu: (a“’ +b!° ) (a2 + b"') ~ (aL8 + b”)(a4 + b‘)

Phin tich ra thira s6 ta dugc a’b*(a* —b*)(a® - b°)

hay a’b?(a’ - b )2 (a* +a’b’ + b*). R& rang biéu thirc khéng am.
Vay (2’ +b")(a” +b%) 2 (a® +b®)(a* +b*).

Tir s6 1a sb duong vi:

; 2 2
a’+a+l=a’ +2.a.l+(—1-\ +§=(a+-1-) p8 Pt
) 2 \2) 4 2 4 4
M2u sb ciing 1a s6 duong vi:

\2 2
a’-a+1=a’ —2.a.l+[l +-:-3-=(a-l) +§-2%>0

2 \2) 4 2

2
Do d6: 32+a—+1>0 (dpcm).

a‘-a+1

” " A 1 1 b"‘a A » ) A a
Xethle;u——-l;z b .Do a<b nén b-a>0.Do avab cung diau nén
a a
ab>0. Vay b_a>0,t1'1clr§1-l«-l>0.Dod('):—1—>l.
a a b a b

Cdch 1 (Xét hiéu hai vé)

a’+b’+c*+3-2(a+b+c)=a’-2a+1+b*-2b+1+c* -2c+1

=(zal—1)2 +(b-1)2 +(c—1)2. Biéu thurc trén 1a tdng cia ba sé khong am

nén khong am. Viy a’ +b* +c*+322(a+b+c).

Déu“=”xéyra}chivéchikhi a=b=c=1.

Cdch 2 (Bien d6i twong duong)

Bat dang thirc phai chimg minh tuong duong véi

a’+b*+c’+3-2(a+b+c)20

—a’-2a+1+b*-2b+1+c*-2c+120

c>(a—1)2+(b—1)2+(c—1)220

Bét ding thirc cudi dung vi vé trai 12 tdng ba sé khong am.

Véay a’ +b* +c* +322(a+b+c) (dpcm).

Cdch 3 (Xuét phat tir mot bit déng thirc da biét)

Ta cé: (a-1)220 = a’-2a+120 = a*+1>2a (1)
(b-1)"20 = b2-2b+120 = b2 +122b (2)

(c—1)220 = c?-2c+120 = +122c (3)
Cong

 tig vé ciia (1), (2), (3) ta dugc: a® +b? +¢? +3>2(a+b+c)
wXay rakhivachikhia=1;b=1; c=1.

Dgy
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Cad.:h 4: (St dung phuong phap phan chimg)
Giestr a® +b* +c?>+3<2(a+b+c)
= a’+b*+c*+3-2(a+b+c)<0
— a2 -Pa 414+ -2b+14e*=2ec+1<0
— (a-—l)2+(b—1)2+(c—1)2<0
B4 ding thire cudi khong ding.
Do do6 phai c6 a* +b* +¢* +322(a+b+c) (dpem).

17.a) Cdch 1: Tr a+b=1suyra (a+b) =1 hay a?+2ab+b*=1 (1)
Tu(a-b) >0 suyra a? -2ab+b* >0 (2)
Cdg (1) voi (2) ta co: 2(a2+b2)21 =% a2+b22—:12-.
Da1“=" xay rakhi vachikhi a=b.
1

Ca:h 2: Dat a=l+x thi b=1~—a=1~*(1+x)=———x.
2 2 2

2 2
Kh d6 a%? +b?% = l+x + }-—x =2x2+—1—21.
2 2 2 2

AL . . " 1
Dai “=" xay rakhivachikhi x=0 < a=b=§.

b) Dé:a=%+x; b=%+y; c=%+z.Do a+b+c=1nén x+y+z=0.

& D T
Xé a2+b2+c2=[-—+x) +(-—+y) +[-—+z)
3 3 3
2,12 ,12
=-+—X+X +—+=—y+y +—+—z+zZ
¢ 3 9 3 9 3

:7‘+§(x+y+z)+x2+y2+z2=-:1§+x2+y2+zz2%

e " L] . by v . 1
Da1 “=" xay rakhi va chikhi x=y=2z=0 & a=b-—-c=—:-3-.
1 1 1

Dca,+a,+a,+...+a, =1 nén x, +x, +X; +...+x, =0.
Giil tuong tu cdu b), ta cé dpem.
d) T'uomg tu ciu c). ) )
18. Birh phuong hai vé cua a + b > 2 (vi hai vé khong 4m) ta dugc
@+ 2ab+b? >4 (1). Mitkhic (a-b)* >0 nén a® —2ab+b2 >0 (2)
n (Céri (2) ta suy ra diéu phai chimg minh.

C
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19. Cdch 1: Nhin hai vé cia a >2 véib (b>0) tadugc ab>2b (1).
Nhén hai vé ciia b>2 v6ia (a>0) tadugc ab>2a (2)
Cong (1) véi (2) ta c6 diéu phai chimg minh .
Cdch 2: Do a >2 va hai vé cung diu nén l<% (1). Do b>2 va hai vé
a
a+b
ab

ciing déu nén %<% (2) . Céng (1) va (2) ta c6: l+-)-15<1 L
a

(3). Nhén hai vé cua (3) véi ab> 0, ta dugc a+b <ab.
Cdch 3: Do vai tro a va b la nhu nhau, néntagiasr a>b.
Nhén hai vé cia b>2 véia (a>0) taduoc ab>2a (1)

Ma 2a=a+a>a+b (2).Tu(l)va(2)suyra ab>a+b.
Cich4:Pit a=2+x; b=2+y.Via>2;b>2 nén x, y>0.

Xéthiéu ab-(a+b)=(2+x)(2+y)-(2+x+2+y)=x+y+Xxy
Vix,y>0 nén xy>0.Dod6 x+y+xy>0,tiucla ab>a+b.

20. (x-—l)(x-3)(x—4)(x—6)+9=(x2—7x+6)(x2—7x+12)+9=A
Dt x* - 7x+9=y thi A=(y-3)(y+3)+9=(y"-9)+9=y’ 20.

21. Tacé: 4a(a+b)(a+1)(a+b+1)+b*=4[a(a+b+1)][(a+b)(a+1)]+Db’
=4(a2+ab+a)(a2+ab+a+b)+b2
Djt a® +ab+a =m rdi bién dbi biéu thirc thanh binh phuong mét da thirc.

22. a, b, c 12 3 canh m{t tam giac goi cho ta cac bat ding thic
a+b>c;c+a>b; c+b>a. Xét hiéu 4a2b2—(a2+b2—c2)2, phén tich
ra thira s§ va sir dung cac bat ding thirc trén, ta c6 dpcm.

23. Xét hiéu a(b-c)’ +b(c-a)’ +c(a+b)’ -(a® +b* +c*)

=[a(b—c)2 —aa]+[b(c-—a)2 —ba]+[c(a+b)2 —ca]
Rdi phan tich ra thira sb.

24.a) Tu a+b+c>l+%+-1— vdia, b, c>0,taco abc(a+b+c)>bc+ac+ab.
a c

Do abc=1 nén a+b+c>bc+ac+ab (1)
Xét (a-1)(b-1)(c-1)=abc-ab-bc-ac+a+b+c-1
=(a+b+c)-(ab+bec+ac)>0 do (1)

b) Tich (a-1)(b—1)(c—-1) duong nén s thira s6 am chin, tirc la trong cac
s6 (a-1); (b-1); (c-1) c6 mjt s6 duong hoic ba s6 duong.
Truomg hop (a-1); (b-1); (c-1) déuduong thi a>1; b>1; c>1 nén

abc > va.\ véi gia thiét abc=1).
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26.

27,

28.

29.

Vay trong cac sb (a-1); (b-1); (c-1) chi cé mot s6 duong, con hai
s6 am, tic 1a trong ba sb a, b, ¢ ¢6 mot sd 1on hon 1, hai s6 nho hon 1.

— by
(BB 5 viabso

. ;S
. Xét 1iéu (i‘-+3)_2:a +b” —2ab
b a ab ab
Dau “=" xay ra khi vachikhi a=b .
Xét 'a+b+c)(l+l+l)=1+2+3+E+1+P,+£+£+1
a b c c a ¢ a

323 5)3)

=3-|—+t—|+|—+—|+|—+—

b a c a ¢c b

Thec bai trén, do a,b,c>0néni+222;3+£22;h+£22.
a c a ¢c b

Do d6 (a+b+c)(l+%+l]29. Dau “=" xay ra khi va chi khi dong
a c

thoic6 a=b; b=c; c=a haya=b=c.

x2—2x+y2+4y+5=(x~1)2+(y+2)220

x-1=0 {x=1
=

DAu =" xay ra khi va chi khi {
y+2=0

Y=t
=1

T : T P e o4 g dine |k
Gi4 11 nho nhat cua biéu thiac bang 0 khi va chi khi {

Nhaa hai vé cia 2= véi x+y=#0.
X+y
Cdct I: Dat -2}5+%+217+...+—1?=A.
n

D€ chimg minh A <1, ta s& xét mdt biéu thirc trung gian, goi 1a B, sao
cho A <B <1 va biéu thirc B ¢6 thé rit gon dé dang.
1 1 1 1 1 1 1 1

Ta tta —<— <—) 5 <— ot — <
Y12 323 ¥ 34 " W (m-Dn
1 1 1 1 1 1 1 1
Do ¢ —St+t=+—+..+—5< + + O e
g3 gt f n> 1.2 23 34 (n-1)n

~1 1. Tirds suy
n

Thec bai trén, vé phai cta bit ding thirc trén bing —

ra ditu phai chirng minh.
Ciic 2: Chon biéu tht’rc trung gian la

thi A<B

+ et
32—1 42—1 n-1

466



1 1 1 1

1.3 24 35 (n-1)(n+1)

1 1 1 1 1 1 1 1
==|l-——4+=——-—+=——-—+ -

2( 3 2 4 n-1 n+1)

1 | 1 1 11 1
==|l+=4=+ 4 ———————~ —

2 2 3 n-1 3 4 5 n+l
=l 1 LY . <lé s . Vay A<B<3<1

2 2 n n+l) 22 4 4

1 1 1 1
+ - oot —————
12 34 56 (2n-1)2n

30. Néu chon biéu thirc trung gian 1a B=

thi rit gon biéu thirc trung gian rit khé.
LI W Sa—
-1 4£-1 -1  (2n)-1

Cdch 1: Chon biéu thirc trung gian la: B=

bat A=%+%+-1—+...+

= B )2.D§ thiy A <B
n

: 1 1 1 1 n
Con B=—+ + +.+ = X
1.3 3.5 5.7 (2n-1)(2n+1) 2n+1

n n 1
< < .
2n+1 2n 2

Vay A<

Cdch 2:
1 1 1 1 1 1 1 1

A=—+—+—+...+ =—+ + ot ——7
2 4% 6 (2,1)2 2 gt 2y 22 n’

1 L1+—1-+—1-+ +—1—) =—1—(1+—1--r—1.—+...+—}—)

I n’) 4 2¢ 3% n
PETTE | 1 : ] 1
Theo bai trénthi — +—+..+—<1,dodé6 A<—(1+1)=—.
2° 3 n 4 2

31. Viét miu sb cia phan thirc dudi dang
4x* - 4x +5 = 4x° —4x+1+4=(2x—1}3 +4
Binh phuong mdt s6 thi khong 4m nén (2x - 1)2 >0 (Déu “=" xay ra khi

va chikhi 2x-1=0 < x=%)

ACB&: hai vé, ta dugc (2x-1)" +4>4.
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. ’ . A A \ 5 A ‘ ’ A . X A A
Theo quy tac so sanh hai phan s6 cung tir s6 ma tor s6 va mau sé déu

g = < ;3_ Phan thirc d3 cho ¢ gia tri 16n nhat bang
(2x-1)"+4 4

duong, ta co:

3 khi va chi khi x =~

4 2

Chit y: khéng nén mdy moc dp dung quy tdc so sdnh phdn sé cho phdn
thirc dai s6 dé ndi rang phan thirc dd cho ¢6 tir s0 khéng déi nén cé gia
tri lom nhdt khi mdu s6 nhé nhat. Ldp ludn nhur trén cé thé dain dén sai

lam. Vi du dp dung ldp ludn phdn thitc c6 gid tri lom nhat khi x* =3 nho
: 1
bang —— (1
g3 (1)

nkdt, tircc la khi x =0, suy ra gid tri l6n nhdt ciia — =
x —

Di¢ thay ——;— khong phai la gid tri l6n nhdt cia le_ 7 Chdng han véi
1

bing 1, 16n hon -3

X =2 thi gid tri cua 5
x“ -3

Nhe vdy, tie -3 <1 khong thé suy ra —% >—i—. Tw a<b chi suy ra dugc

1 1 . \ . - £
—>— khi ava b la hai so cung dau.
a

32. Viét biéu thirc da cho duéi dang: — 5 — =—— ==
2x-x"-4 x"-2x+4 (x—l) +3

Do (x—l)2 >0 nén (x-l)2 +3>3. Dua vao quy tic so sanh hai phén sb
cing tir 6 ma tir s6 va miu sb déu duong (hoac nghich dao va dbi chiéu

b& ding thirc c6 hai vé cung dau), ta co: —-——17-— < —%— .
(x-1)"+3 3
Nidn hai vé cua bét ding thirc véi —1 va déi chidu: ——1  >_1

(x- 1)2 +3 3
Viy bidu thirc da cho c6 gi4 tri nho nhét bing -% khi va chi khi x =1.
33. V£t biéu thirc da cho thanh:

32+6x+10 _B(x"+2x+8)+1 1 1
¥ 9% 3 x*+2x+3 x? +2x+3 (x+1)2+2

G4 trj 16n nhét ciia bidu thirc bing % khi va chi khi x = 1.

2B



34. Viét biéu thirc dd cho dudi dang:

- 2 - 3 _1)2
P=4x 3x+1=3x +x22x+1=3+(x 1) w
X X X

Gia tri nho nhét ctia P bang 3 khi va chi khi x =1.
2x+1_x2+2—x2+2x—1 (x 1)

35. Q= -
Q x*+2 x? +2 x2+2
Gié trj 16n nhit ciia Q bang 1 khi va chi khi x =1.
36. Dé tim gid rj nho nhit, ta viét S duti dang:
X" +

4x+3_x2+4x+4—x2—1_(x+2)2

= - el
x?+1 x*+1 x* +1

4x
Pé tim gia trj 16n nhét, ta viét
x? +1

duc'vi dang:

4x+3 _4x* +4-4x" +4x-1 4(X +1)- (49(2“'4X+1)_4_(2){—1)2

= _ <
x+1 X2 +1 X +1 x?+1

(x % 2)

x:+4
Gi4 tri nho nhét cua biéu thirc bang 0 khi va chi khi x = -2

38. a) Cho a,b>0 c6 ab=k (k la hing s6). Ta s& chimg minh a+b nho
nhét khi va chikhi a=b.
Tacé (a+b)’ =a? +2ab+b? = (a-b)’ +4ab=(a-b)" +4k 2 4k;
(a-b)’ dat gi4 trj nho nhét khi va chikhi a=b.
Vi a+b>0 nén (a+b)’ nho nhét khi va chi khi (a +b) nho nhit. Do d6
(a+b) nho nhat khi va chi khi a=b. Vay hai s6 duong c6 tich khong
dbi thi tdng cuia ching nho nhét khi va chi khi hai sb 4y bing nhau.

37. Rit gon biéu thirc d4 cho thanh ~——

b) Véi x>0 thi 8x va 2 Ia hai sé duong. Tich clia ching bing
X

8x.2 =16 (khdng 83i). Do d6 ting clia ching nhé nhét khi va chi khi
X

B o il x=-1— (dox>0).
- 4
Khldoglamnhonhatcua8x+—bang8% %:8.
X
2

AB
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§9. Cac bai toan tong hop

V7 du I: Chimg minh rang khong thé c6 cac sO nguyén a, b, ¢, d nao thoa man cic
darg thirc: abed —a =1961;abed —b = 961;abed —¢ = 61;abed —d = 1
(Dé thi vé dich toan lép 7 Mdtxcova, vong I1, 1961)
Giai
Go.y chitng minh bang phan chimg.
Gie sir ¢0 céc sO nguyén a, b, ¢, d thoa man cac dang thirc di cho.
Phén tich vé trai cua cac dang thire da cho thanh nhan tir, ta cé:
a(bed =1)=1961 (1)
b(acd -1)=961 (2)
c(abd-1)=61 (3)
d(abc-1)=1 (4)
Vé phai cua (1) la s 1¢, do d6 vé trai cua (1) phai 1a tich cua hai so 1€, suy ra
a laso le. Tuong tu nhu vay, tir (2), (3), (4),tacd b, ¢, d déu la sd lé.
Bén sb a, b c, d 1&, nén tich abed 1a sb 1€, va abed —a (hiéu cua hai sb
&) a mot 50 chian, mau thun vai ding thac (1) da cho.
Vi du Z: Tim tit ca cac nghiém s ctia phuong trinh: (x + 7)(2x +1)=0
Trong cac trucmg hop sau:
a. An x chi lay gia tri trén tap hop N céc so tu nhién;
b. An x chi lay gia tri trén tap hop Z cic sb nguyén;
c. £n x lay gia tri trén tap hop Q cac sb hitu ti.
Gidi
(x - 7)(2x +1)la mdt tich cua hai nhan tir, tich nay béng 0 khi va chi khi
it nat mot nhan tir bang 0.
a. V&i moi xeN thi x+7>0 va 2x+1>0. Tich cua hai s0 duong khong
thé bang 0, vay phuong trinh da cho 1a vé nghiém trén tap hop N.
b. V&ize Z thi: x+7=0 c6 nghiém x=-7, 2x+1=0 vd nghiém
Vay phuong trinh da cho ¢6 mgt nghiém 1a -7 trén tap hop Z.
c. V&izeQthi x+7=0 c6 nghiémla x=-7

2x -1=0c06 nghiém la x =_%

V &y phuong trinh da cho c¢6 hai nghiém la -7 va ——;: trén tap hop Q.

Vidu 3: Chimg minh rang néu tich cua ba sb bing 1 va tong cua ching lén
hon tong cac sd nghich dao cuia chiing thi c6 m?t trong ba s6 d6 16m hon 1.
(Dé thi vo dich Nam Tu, 1976)
Gidi
glécéc s6 d6 ta c6: abc = 1; a+b+c>l+-1—+—1—.

a b c
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Hay xét tich: (a—1)(b—1)(c-1). Khai trién va sir dung cac gia hiét, ta
dua vé: (a_1)(b_1)(c_1)=(a+b+c)-[1+%+l)>o
a c

Tiac 1a (a-1)(b-1)(c-1)>0. Khéng thé c6 truong hop i ba sb
a-1,b—1,c-1 déu duong ma chi c6 mot trong ba sé d6 duong (hai sb
kia 4m).
Vidu 4: Cho da thirc: P(x)=ax? + bx +c. Chimg minh ring néu P(x) c6 ba
nghiém sb phén biét a,B,ythi a=b=c=0 tirc 1a P(x) = 0 v&i moi x.
' Gidi
Theo gia thiét:
aa’+ba+c=0 (1);ap? +bB+c=0 (2);ay’ +by+c=0 (3)
Tir (1) va (2), trir vé voi vé hai dang thire, ta duoc:
a(a? -p?)+b(a-P)=0< (a-P)la(e+P)+bl=0
Ma o -B =0 (theo gia thiét) do dé:a(o +B)+b=0 (4)
Tuong tu nhu véy, tir (1) va (3) tacé:a(a +y)+b=0 (5)
Tr(4)va(S)tacd:a(a+B-a-y)=0<=aB-y)=0
Ma B-v =0 (theo gia thiét), ta dugc:a=0
Tur do, suy ra dé dangb=c¢=0.
P(x) c6 tat ca cac h¢ s6 bang 0, nén P(x) = 0 vd1 moi X.
Vidu 5: Tim s6 du trong phép chia cia biéu thirc
(x +2)(x + 4)(x + 6)(x + 8) + 2008 cho da thic x* +10x + 21
Gidi
Taco: P(x)=(x+2)(x+4)(x+6)(x+8)+2008
= (x? + 10x + 16)(x2 + 10x + 24) + 2008
Pat t =x* +10x+21 (t#-3; t =-7), khidétaco :
P(t) = (t - 5)(t + 3) + 2008 = t* — 2t + 1993
Do d6 khi chia t* —2t+1993 cho ttacé s6 dula 1993
Vidy 6: Chimg minh ring v&i moi s n nguyén duong:
a) (n+1)(n +2)(n +3)...(2n) chia hét cho 2".
b) (n +1)(n +2)(n + 3)...(2n) chia hét cho 3°.
Gidi
a) Ta can viét tich (n+1)(n +2)(n +3)...(2n) thanh mét tich trong 16 ¢6 n
thira s 2. Viét tich trén thanh:

12800 ) 5. (pu=i] 240l
.4.0..1N L.o...
2.4.6...(2n) T [1.2.3..n].2 5.
1.2.3..n 1.2.3..n
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Chii y: Con co thé néi rang tich tén chura dang n thira 90 2 vi biéu thirc
trong dAu moc la tich cua cac sd 1é nén khong chira thira s 2 nao.

b) Viét tich (n +1)(n + 2)(n +3)...(3n) dudi dang:

1.2.3..(3n) o 3.6.9...(3n)
——————==11.4.7..(3 1)].{2.56.8...(3n + 2) | ——
TTn e e il 1 P ey e
Vidu 7. Cho 3a® +3b* =10ab va b>a>0.
Tinh gia tri cua biéu thic p=2 =D
a+b’
Giai:

Can bién doi biéu thirc P dé sir dung dugc diéu kién 3a® + 3b* = 10ab.
Do do ta xét biéu thic

(a-b)’> a’+b’°-2ab 3a’+3b®-6ab
“@+b)? a’+b’+2ab 3a’+3bE+6ab
_10ab-6ab  4ab 1
" 10ab+6ab 16ab 4~
Dob>a>0néna-b<0;a+b>0 = P<O.

Vay: P=-1.
2

PZ

§10. Mét sé6 phuong phap giai phuong trinh
nghiém nguyén

Trong chuyén dé trudc ching ta da dé cap dén mot s6 phuong trinh
nghiém nguyén ddc biét. Trong chuyen dé nay ching ta sé néu ra mot sé
phuong phdp thong dung de gidi cdc phuong trinh nghiém nguyén.
1. Phirong trinh sir dung bat ding thirc

Trong khi gzaz cdc phmrmg trinh nghtem nguyen rdt can ddnh gid mién
gid tri ciia cdc bién, néu sé gid.tri ma bién $6 ¢ thé nhdn khong nhiéu
thi co the s dung phu'ong Pphdp thir truc tiép dé kzem tra. Dé danh gid
dwo’c mién gid tri cua bién s6 cdn vdn dung linh hoat cdc tinh chdt chia

hét, dong du, bat ding thirc...
Vi du I: Giai phuong trinh sau trén tap s6 nguyén:
x? - 6xy +13y* =100
Gidi:
Viét phuong trinh di cho dudi dang: (x - 3y)? = 4(25-y?) (1)
Tir (1) ta:suy ra y? <25 va 25— y? la sé chinh phuong. Do dé:
'3*€{0,9,16,25) hay ye {0, +3, +4, +5}
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Tir d6 ta co6 cac nghiém:
(10, 0); (-10, 0); (17, 3); (1, 3); (-17, -3)
(-1, —3); (6, 4); (18, 4); (-18, —4); (-6, —4); (15, 5); (15, —5)
Vi du 2: Tim nghiém nguyén cia phuong trinh: % + —};—Z + % =3.
‘ Gidi
biéu kién: x, y, z - 0. Tir phuong trinh da cho ta co:
y?2? +2°x% +x \2 =3xyz. Suy ra xyz>0. Ap dung bat diang thirc
Co-si, ta co: y?z? +z°x® + x%y? > 3Yx‘y'z*
Tir d6 ta c6 3xyz > 33x'y*z* hay xyz<1.Do xyz>0 nén xyz=1.
Tu d6 ta c6 cac nghiém
(s Ly Q4 =1 1% L —L 1) L 1; =1)
Vi du 3: Tim nghiém nguyén cta phuong trinh: y* =1+ x + x* + x° + x*
Gidi:
Véi x =0 thi y=+1. Xét x #0. Tu phuong trinh d4 cho ra c¢:
4y? = (2x? + x)? + 3x% + 4x + 4 > (2x* + x)* |
Hon nita:  4y® = (2x® + x + 2)% - 5x% < (2x* + x + 2)°
Suy ra: (2x? + x)? < 4y® < (2x® +x + 2)*. Do d6 ta c6:
4y’ =(2x +x+1)’hay 41 +x+ x> +x® +x*) = (2x® +x +1)?
Giai phurong trinh nay, ta dugc x = -1 hodc x=3.
Tir 46 ta dugce cac nghiém cua phuong trinh 1a:
(0,1); (0,-1); (-L;1); (-1,-1); (3,11); (3,-11)
Vi du 4: Giai phuong trinh sau trong tap cac s6 nguyén
l+x+x+x* =y° (1)
Gidi:
Tur phuong trinh d3 cho ta c6: x° <y® < (x +2)°
Suyra y* =(x+1)® hay 1+x+x*+x*=(x+1)°
Tir d6 ta c6 x=0 hay x=-1. Thay vao (1), ta dugc cac nghiém cua
phuong trinh (1) 14 (0,1); (-1,0). '
Vi du 5: Tim nghiém nguyén duong cua phuong trinh sau:
5(x+y+z+t)+10=2xyzt
Giai: ’
Vi vai trd cua x, y, z, t nhu nhau nén ta c6 gia thiét: x>y>zxt >0
Khi do: 2xyzt = 5x+y+z+t)+10<20x+10
F7t<15 = <15 = t<2
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Vo t=1tacd 2xyz=5(x+y+2)+15<15x+15
=5 292230 = 22* =30 = 223
Néu z =1 thi 2xy =5(x +y)+ 20 hay 4xy =10(x +y) + 40 hay
(2x - 5)(2y -H) =65
D¢ thay rang phuong trinh nay c6 nghiém la: (35, 3); (9, 5)
Gial tuong tu cho cac truomg hop con lai va truong hop t =2 . Cudi cliing
ta tm duoc nghiém nguyén duong cua phuong trinh da cho la:
(x;v;z;t) = (35;3;1;1); (9;5;1;1) va cac hoan vi cua bod s6 nay.
2. Phuong phdp dwa vé phwong trinh tich

Trong khi giai phuong trinh nghiém nguyén, mot phuong phdp thuong
ducc su dung la dua phuong trinh dd cho vé dang phuong trinh tich nhu
sau

f0% %5, X, ) B0 X X ) sll(X KX ) =2
Trong do f(x,,x,,..X,), g(xl,xz, x.), h(x,,x,,..x,) la cdc biéu thitc
chia biénva a la hang sé.

Vi du 6: Tim nghiém nguyén cua phuong trinh: x +xy+y =9
(Thi vao lop 10 chuyén DHKHTN- DHQGHN nam 2002)
Giai:
Phrong trinh d4 cho ¢6 thé dua vé dang: (x +1)(y +1) =10 (1)
Tu 1)tasuyra (x+1) laudc cia 10 hay x+1e{+1, +2, +5, +10}
Thr 36 ta tim dugc cac nghiém cua phuong trinh la:
(1,4); (4,1); (=3,-6); (=6,-3); (0,9); (9,0); (-2,-11); (-11,-2)
Vi du 7: Tim nghiém nguyén cua phuong trinh sau: y* = x(x + 1)(x + 7)(x + 8)
Gidi:
Phuong trinh d3 cho tuong duong véi: y* = (x* + 8x)(x* +8x +7)
Dit z = x* + 8x tacd y* =2° + 7z hay 4y* = (2z + 7)2-- 49 hay
(2z- 2y +7)(2z + 2y + 7) = 49 .Chi c6 thé xay ra cac trudong hop sau:
2z-2y+7=1 y=12
22+2y+7=49 i {z=9
2z-2y+7=49 y=-12
22+2y+7=1 < {z=9

Truong hop 1: {

Truong hop 2: {

x=1

Troag ca hai truong hop tréntacod: z=9 < x*+8x=9 & [ .
X ==

{22—2y+7=—1 {y=—12
=N

Truon h 3:
g P 22+ 2y +7=-49 z=-16

, &

:r“ @ ¥

v‘i; ‘,?‘t
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2z -2y + 7 =-49 - {y=12
2z +2y+T7=-1 z=-16
Trong ca hai truong hop trén ta co:

z=-16 © x*+8x=-16 & (x+4)2 =0 & x=-4
Truong hop 5: 2z -2y +7=22+2y+7=7 <& y=z2=0
x=0
x=-8
Truwong hop 6: 2z -2y +7=22+2y+7=-7 & y=0vaz=-7
Vay, phuong trinh da cho c6 céc nghiém nguyén (x,y) sau:
(1,12); (-9;12); (1;-12); (-9;-12); (0;0); (-8;0)
(-1;0); (=7;0); (-4;12); (-4;-12).

Truong hop 4: {

Khidotaco x2 +8x=0 & [

Vi du 8: Xac dinh tat ca cac cip sb nguyén duong (x;n) théoa man phuong

trinh sau: x* + 3367 = 2"

Gidi:
Pé sir dung dugc hing déng thitc a® - b® = (a - b)(a® +ab + b?) ta
chimg minh n chia hét cho 3. Tir phuong trinh d3 cho ta suy ra
x® =2" (mod 7). Néu n khong chia hét cho 3 thi 2" chia cho 7 chi ¢ thé
¢6 sb du 1a 2 hodc 4, trong dé x° khi chia cho 7 chi c6 thé cho sédw 14 0,
1 hoic 6 nén khong thé c6 dong du thic x° =2 (mod 7).
Viy n=3m voi m 1a mot sd nguyén duong nao d6. Thay vao phuong
trinh da cho ta dugc: x® + 3367 = (2™)?
(2™ - x)((2™ - x)? + 3x.2™) = 3367 (1)
Tir (1) ta suy ra 2™ —x 1a udc cua 3367.
Hon nira, (2™ -x)* <2°® -x* =3367 nén 2™ —x € {1;7;13}
Xét 2™ —x =1, thay vao (1) tasuy ra 2"(2" —1)=2 x 561, vd nghiém.
Xét 2™ —x =13, thay vao (1) ta dugc 2™(2™ -13) =2 x 15, v0 nghiém.
Xét 2™ —x =7, thay vao (1) ta dugc 2"(2™ -7) =2* x 3%,
Trdotacom=4, n=3m=12 va x=9.
Vay (x;n) =(9;12).

s

A gﬁ b
2‘22“

3. Phuo’ng phdp si dung tinh chét chia hét, tinh chdfdéng du.

Ngoai cdc phuong phdp trén, khi gidi cdc phwong trinh nghi¢m nguyén

can vdn dung linh hoat cdc tinh chat vé chia hét, dang du, tinh cldn, Ié...

dé tim ra diém dic biét cua cdc bién s ciing nhu cdc bidu thic chita

trong phwong trinh, tir dé dwa phuong trinh vé cdc dang ma ta da biét
‘dch gzat hodc dwa vé nhitng phicong trinh dom gidn hon'
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Vi du 9: Tim nghiém nguyén cua phuong trinh sau: 19x* + 28y* = 729
Gidi:
Cich 1: Viét phuong trinh da cho dudi dang:
(18x° + 27y*) + (x* + y*) =729 (1)

Tir (1) suy ra x* +y? chia hét cho 3, do d¢ x va y déu chia hét cho 3. Pat
x=3u; y=3v (uveZ)
Thay vao phuong trinh da cho ta duoc: 19u® +28v: =81 = (2)
Tir (2), 1ap luén tuong tu nhu trén ta suy ra u =3s, v=3t (s,te Z)
Thay vao (2) ta cé 19s” +28t* =9 (3). Tir (3) suy ra s, t khong dong thoi
bang 0, do d6: 19s* + 28t* 219> 9
Viy (3) vo nghiém va do d6 phuong trinh di cho ciing v6 nghiém
Cdch 2: Gia su phuong trinh ¢6 nghiém.
Tu phuong trinh da cho ta suy ra x* = -1(mod4), diéu nay khong xay ra
vGi moi s6 nguyén X.

Vi du 10: Tim nghiém nguyén cta phuong trinh sau: 2x® + y? - 2x’y = 320

Gidi:
Viét phuong trinh di cho duéi dang: (x°)? + (x* —y)* =320
Pat u=x*, v =x*-y taco phuong trinh: u? + v2 = 320 (1)
Tur (1) suy ra u, v ciing tinh chin 1é. Néu u, v cung lé thi
u® +v? =2(mod 4), do d6 dang thirc (1) khong xay ra.
Véy u, v cang chén. Pat u=2u,, v=2v, (u,,v, € Z).
u’+v?=80 - (2)
Tir (2) lai l4p luan nhu trén ta suy ra u,, v, cung chén.
bat u, =2u,, v, =2v, (u,,v,eZ). Thay vao (2) ta dugc phuong
trinh:u,” +v,* =20 (3). Tir (3) lai 14p ludn nhu trén ta suy ra u,,v,
cang chin. D3t u, =2u,, v, =2v, (u,,v, €Z).
Thay vao (3) ta c6 phuong trinh: u,? + v,2 = 5 (4)
Tur (4) véi lvu y rang u la lap phuong cia mét sb nguyén nén u, ciing la
lap phuong ctia mdt s6 nguyén, ta dugc cac cap (ua,va) la:
(1:2); (-12); (5-2); (-1;-2)

Tir d6 ta c6 cac nghiém (x;y) cua phwong trinh di cho la:

a

(2;24); (—2;—24); (-2;8)
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Bai tap vin dung
1. Tim tit ca cac c3p sb nguyén (x;y) thbaman:y(x-1)=x"+2
(Thi vao lép 10 chuyén, PHKHTN- DPHQGHN, ndm 2000)
2. Tim x,y € Z théa mian: 2x® - 2xy =5x -y - 19
3. Tim nghiém nguyén duong cua phuong trinh: xy® + 2xy —-243y +x=0
(Trich dé thi hoc sinh giéi Todn toan quoc- Lop 9, nim 1976)
4. Tim nghiém nguyén cua cac phuong trinh:
a) xyz=4(x+y+z)
b) 5(x+y+z+t)+7=xyzt
¢) 2(x+y+2z)+7=3xyz
5. Tim tit ca cac sb nguyén X, y théa mén: x +y =xy
6. Tim tit ca cac gia tri cia x, y sao cho: xy+1=x+y.
(Dé thi vé dich todn 7 Matxcova, 1985)
7. Tim cac s6 thuc u,v bigt: u®+v* =7 va uv=-2.
8. Tim nghiém nguyén x, y cua phuong trinh x* - xy = 6x -5y -8 (1)
9. Tim nghiém nguyén dueng ciia phuong trinh: xy —2x — 3y + 1=0.
Dé thi HSG l6p 9 tinh Phii Tho ndm 2003-2004
10. Giai phuong trinh nghiém nguyén duong xy + yz + zx = xyz + 2.
1

11. Giai phuong trinh nghiém nguyén duong L 3
1

=
Xy

12. Giai phuong trinh nghiém nguyén duong 1 + L
X Yy 3 Xy

13. Giai phuong trinh nghiém nguyén (x2 + y)(x +y ) =(x-y) .
Dé thi TS lop 10 CT THPT Lam Son Thanh Hda 2001-2002
14. Tim céc sé tu nhién : 2 <x <y <z<t<u théa min:
1 1 1 1 1
—+—+—+—+—=1.
X y z t u
15. Tim céc sb tu nhién m, n thoa man: 19m + 84n =1984.
16. Tim tét ca céc sb c6 hai chir sb ma n6 chia hét cho tich cac chix so.
17. Tim tit ca cac sb c6 nam chir s6 sao cho s6 d6 biang 45 1in tichcac chir
s6 cia né.
18. Giai phuong trinh nghiém nguyén
x* + X'y +xy’ +y° =8(x* +xy +y’ +1).
19. Giai phuong trinh nghiém nguyén x(l +X+ xz) =4y(y+1).

20. Chingfiinh ring khong thé c6 cac sb nguyén x, y théa man phuong
ol é #y* =1993
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21. Cho mot s A gdm bédn chir sd va A 1a mot sb chinh phuong. Néu ta
thém vito moi chit so ctia A mdt don vi thi ta dugc mot s6 B ciing la mot
s0 chinh phuong. Hay tim cac so6 A va B.

22. Tim cép s0 tu nhién x, y sao cho tong ctiia mot trong hai s6 do véi 1 thi
chia hét cho so kia.

23. Tim céc s6 nguyén x, y thoa phuong trinh x* + xy + y* = x*y*.

24. Tim tit ca cac s nguyén duong n sao cho: n*+n®+1 la sé chinh
phuong.

25. Tim sb nguyén c¢6 chin chit s6 A =a a,a,bb,baa,a, trong d6 a, #0

va bbb, =2aa,a,, dong thdi A c6 thé viét dugc dudi dang
A =p?.plp?p? Véi p,, p,, P, P, la bon sb nguyén td khac nhau.

26. Tim neZdé n+26va n-11 déu la lap phuong cia mét sé nguyén

duong.
Huong dan va dap so
. 2 x* 9
1.Taco: y(x-1)=x*+2 = y= =x+1+
x=1 x~1

Vi x, yeZ nén x-1 la udc cua 3.
Dép s6: (x;y) = (4;6); (2;6); (-2;,-2); (0;-2)
2. Tim x,y € Z théa mian: 2x* —2xy =5x -y —19
Dap sb: (x;y) =(0;-19), (1; 16), (9;8) ,(-8, —11)
3. Taco xy’ +2xy-243y +x =0 < x(y+1)2 =243y (1)

Tu (1) voichuy réng (y+1y)=1tasuyra (y+ 1)2 la uéc cua 243.
Dap sé: (x;y) = (54; 2), (24; 8)
4. a) Vi vai trd cua X, y, z 1a nhu nhau nén c6 thé gia sir x >y >z. Khi d6,

Xyz=4(x+y+2)<12x = yz<12
= 7°<12 = 22 €{l; 4,9 = ze{l, 2, 3}

V6i mdi z thuge tap hop trén, thay vao phuong trinh ban dau va dua

phuong trinh vé dang tich, tir d6 tim duoc x, y.

Vi du truong hop z=1. Ta cé:
xy=4x+y+1) © (x-4)(y-4)=20

Cho x-4 vay-4 lacacudccua20véi x-4>y-42>-3

(do x>y 21z=1),tadugc cac cdp (x;y) la (24;5); (14;6); (9;8)

Chii y: Trong khi xét cac trudng hop cua z, can luu y cac diéu kién cua x,

y d€ loai bot cac kha néng.

Pap sé:_ﬁ)guong trinh da cho co6 cac nghiém la: (24;5;1); (14;6;1);

) (Q,jg;l)‘;' 90;3;2); (6;4;2) va hoan vi ciia céc bd sb nay.

# L} ‘ " 4
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§. x+y=xyox+y+l=xy+1
S -x-y+l+xy=1lea(xy-x)-(y-1)=1
ox(y-1)-(y-1)=1e(x-1)(y-1)=1(1). Vix,yeZnén x-1€Z
A
{x ! o (x=2y=2)

~1=1
viy-1eZ.Trong Z, tac (1) khi va chi khi: | =

x-1=-1
=0y =0
_{y-—1=—1®(x )

6. xy+1-x-y=0e(xy-x)+(1-y)=0
-1
<:>x(y-—1)+(1—_y)=0<:>(x—l)(y—1)=0©[’;_1
Pépsé:x=1,ytayy,hoacy=1,xtuyy.

7. Taco: P +v¥=7(1)vau’v?’=-8 (2
Trul+vi=T=u®=7-v%, thévao (2)tacé:
(7-v).vP =-8 7v® -v® +8=0.Pat v’ =x taco phuong trinh:
XX -Tx-8=0x*-1-7Tx-T=0 (x-1)(x+1)-7(x+1)=0

x=-1
< (x+1)(x-8)=0¢&
(x+1)(x-8) -0 | =2

Do d6 : (u® =-1;v® =8) hoic (u®=8;v? =-1)

Vay:-(u=-1;v=2) hodc (u=2; v=-1).

x’ -6x+8

8. Ta c6: (1) & x*-6x+8=y(x-5)Q) Fo—— (vi x=5
x_

khong la nghiém cia (2)) & y=x-1+ =
x—-

Vix,ynguyén x-5 € {-1;1;3; -3] hay x € {4; 6; 8; 2}

e Khi x=2thiy=0

e Khi x=4thiy=0

e Khi x=6thi y=8

e Khi x=8 thi y=8

Véy cac nghiém nguyén (x; y) cua (1) la: (2; 0), (4; 0), (6; 8), (8; 8.
9. Tacoxy—-2x-3y+1=0 &yx-3)=2x-1(*)

Vi x = 3 khong 1a nghiém cua phuong trinh 43 cho nén
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Vi la 50 nguyén nén S chia hét cho (x — 3), suy ra x — 3 nhén cac gia
tri = 1; £ 5. Tu do ta xac dinh dugc hai nghiém nguyén duong (x;y) cua
phuong trinh da cho la (4; 7) va (8; 3). , 1

10. Do vai tro cua X, y, z binh ding nén khong mat tinh tdng quat, gia su
ring x2y=>z21, tirdo
=Y+ YZ+zZX S Xy + Xy + Xy = 3xy = 3Xy > xyz + 2 hay
3xy > xyz = z <3 do z 1a mdt s6 nguyén duong =>z=1,z=2.
o Chiz=1,tacO Xy+y+Xx=xy+2=>x+y=2.
Do 1, y 14 cac s6 nguyén duong nén x = 1;y = 1.
o Chiz=2taco xy+2y+2x=2xy+2=>xy-2x-2y+2=0.
=>Ky-2)-2(y-2)-2=0=>(x-2)(y-2)=2. Do x2y=2z2>1, nén

x-2=2 Xx=4
it
N g = 1 y=3

Vay phuong trinh dd cho co nghiémx=y=z=1;(x;y;2)=(4;3;2).
T m et e P g W
x y 3 y+3 y+3
nguyén duong khi va chi khi 9 chia hét cho y + 3, hay y + 3 nhan cac
udce sua 9 1a +1;+3; + 9 tir d6 suy ra phuong trinh ¢4 nghiém x =2,y = 6.
12. Khoig mét tinh tong quat, ta gia st x >y . Khi dé, tir phuong trinh

1 1 1 1 1 1.1 1 2 1 2x-1 2x 2
—+—=—+—SUy1a —=—+—-—<——-"=—"_ " ==

x y 3 «xy 3 X y Xy y Xy Xy Xy y
Tir 6 suy ray <6. Thir truc tlep cacgiatriy =1, 2, 3,4, 5 vado vai tro
clia 1, y binh dang nén céc cdp sb can tim la
(x;9) =(9;4),(6;5),(4;9),(5;6) .
13. Tacc n+26=2a® va n-11=b® véi
a>teN =a-bd=37¢ (a® +ab+b?)(a-b)=37.
Ta cc 6 37 lasd nguyéntd vado a >be N nén (a +ab +b?)>(a-b)vala
cac © tu nhién
i +ab+b? =37 a’-a-12=0
=5 =
t—-b=1 a-1=b
b =-4bi loai). Thay vao ding thic n+26=a’hodc n-11=b? ta c6
n =:8.
14. Néix>3tacé3<x<y<z<t<u, tir phuong trinh d3 cho suy ra
~1-+ +1+l —l-sl l-+l+l+lzj4—3<1 Vay x = 3.
u 4 5 6 7 8 840
1 2

vra——+ +1+—=§ Néuy > 4, lap luédn tuong tu, ta co:
é u

, do x, y nguyén duong nén x

<>a=4vab=3(con a=-3 va
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15.

16.

17.

18.

3’ (x+y 8) = 8xy+8:>|x +y||x+y 8| = 4|2xy + 2|

l+—1-+1+-1—s-1— l+ - l—@ = , suy ray = 4. Tiép tuc lap luan
yztu56788403
nhu trén ta co cac sd tu nhiéncantim1a x=3,y=4,z=5,t=6,
u=20.
Ta c6 1984 =1900+ 84, nén dé thay cap gid tri m =100, n = 1 thoa man.
Tir d6 ta suy ra dang tong quat cua m, n nhu sau

m=100-p; n=1+q=>19p=84q, vi (84,19)=1 suyra

p =84k;q=19k, (ke Z).
Do d6tacdO m=100-84k;n=1+19k,(k € Z)
Tir 46 suy ra m va n la s6 ty nhién khi va chi khik =0,k = 1.
Khik=0thim=100,n=1.Khik=1thim=16,n=20.
Goisbcantim1a xy(xeN,yeN,1<x<9,0<y<9), theo dé ra ta co
10x + y chia hét cho xy, suy ra y chia hét cho x va 10x chia hét cho y.
Do d6 dat y = kx, nén 10x chia hét cho kx suy ra 10 chia hét cho k.
Vayk=1,2,5. Khik=1tacox=y,suyra xy 11.
Khi k =2 taco x =2y, suy ra xy=12; 24; 36 .
Khi k =5 tac6 x = 5y, suy ra xy=15.
Viy cac s6 can tim 1a 11, 12, 15, 24, 36.
Goi sb can tim 1a abede (a,b,c,d,eeN,1<a<9,0<b,c,d,e<9), taco
M =abcde =45.ab.cde. Gia sir e 1a s6 chin, ma abede chia hét cho 5
néne=0,suy raM =0 (v6 li). Trd6 suy rae la so l1é, nén e = 5. Do d6
M chia hét cho 25, suy ra de chia hét cho 25=d = 2:7. Néu d chin ,
suy ra v0 li. Vay d = 7. Mét khac M chia hétcho 9 nén(a+b +c +12)
chiahetcho 9. Via+b+c <27=a+b+c=15.
Pong thoi 45.35abe < 100000 = abe <63 = {a,b,c} ={1,7,7} hay {1,5,9} .
Tir d6 suy ra sé cén tim la 77175. N
Tir phuong trinh da cho, ta c6 x, y cung tinh chan lé. Ta xét cac trudng
hop sau:
Truong hgp 1: Khi x =y, phuong trinh da cho tré thanh
4x® =8(3x% +1) & 4x® =24x* + 8 & x* - 6x? -2 =0, suy ra phuong trinh
nay vO nghi¢ém.
Truwong hop 2: Khi x #y,tacod

x-y22=>(x-y)24x’+y’ 22xy+2).
Tir phuong trinh x® + X’y + xy? + y® =8(x* +xy +y* +1) ,suyra

(x2 +y2) x+y) 8(x2 +y2)+8xy+8
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:>|x+y-8|<4:>4<x+y<12:>x+y:6,8,10.
Xét timg truong hop ta ¢6 nghiém cua phuong trinh da cho la
(x, v) = (2, 8); (8, 2).

19.Taco x(1+x+x)=dy(y+ D) > 1+x+x2+x° =4y + 4y +1
o (1+x)1+x)=(2y +1)* (2). Vé phai cua phuong trinh (2) 1a mot s6
lé suy ra (1+x);(1 +x2)déu lasd lé. Giasa (1+x,1+x%)=d,suyrad
ciing la sb 1. Mit khac (1+ x) chia hét cho d nén 1-x’chia hét cho d.
Két hop véi 1+x*chia hét cho d ta suy ra 2 chia hét cho d, ma d la sé I¢é
néend =1 Do (1+x).(1+x%)la s6 chinh phuong ma 1+x,1+x%)=1,
nén (1+ x),(1+ xz) la cac sé chinh phuong. Do d6 x?;1+ x* 1 hai s6 tu
nhién lién tiép ma déu la s6 chinh phuong. Suy rax =0, tir d6 suy ra
y = 0 hodc y = —1. Vay phuong trinh ¢6 hai nghiém (0; 0) , (0; —1).

20. x* —y* =1993 = (x-y)x* +xy +y*)=1993
Do x* +xy+y° >0 nén x—y, x° +xy +y° lacac udc sb duong cta 1993
Do 1993 la s6 nguyén td, nén ta cé hé phuong trinh:
x-y=1l x-y=1993
{ 2 2 hoac { 2 2
X“+xy+y =1993 X“+xy+y =1
Cac hé phuong trinh trén khong cé nghiém nguyén nén bai toan da cho
" dugc chimg minh,
21. Goi A =abcd = x*
Thi B=(a+1)(b+1)c+1)d+1)=y*; x,yeNvax<y.

Tacé: B-A=y*-x*=1111. Suyra (y -x)(x +y)=1111.
A va B 1a cac s chi co 4 chif s6, nén x, y chi co thé co hai chir s6.
Taviét: 1111=11.101 Hoic 1111 =1.1111
Viy+x>y—-x néntacd: y+x=101 va y-x=11
Tu day suy ra x =45,y = 56 nén A = 2025; B = 3136.
22. Gia sir cac sb d6 la x, y v6i x > 1,y > 1 va khong lam giam tinh tong
quat, ta cé thé diat x<y. Theo bai ra thi (x+ 1)y va (y+1)ix

Do vay: [(x+1)(y +1)l:xy; (xy+x+y+1)ixy = (x+y+1):xy
Hay x+y+1=pxy vdi peN. l+-1—+-—1~=p. Vix>1vay21 nén 1o
X ¥y Xy

g g |
rang la: O<—+l+-l-sl+l+1=3.
X y Xy

_ V&¥'p'chi c6 thé nhan mot trong céc gid tri 1, 2, 3.
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a.Véip=3:l+l+i=3:>cé_’lpsé(l,l)

X y Xy
b.Vc’Jrip=2:l+l+—1—=2:>phucmgtrinhv6nghiém

X ¥y Xy
c.Vé’ip=1:l+—1-+——1-=1:>cép(2,3)

X y Xy

Tém lai ¢6 3 cap s6 thoa man yéu cau: (1:1):(2:3):(3;2).
23. x+xy+y’ =x%y? = (2x+2y)’ =(2xy +1)* -1
= (2xy+1+2x+2y)(2xy+1-2x-2y)=1
= 2xy+1+2x+2y=2xy+1-2x-2y = x+y=0. Thay vao phuong
trinh ban du ta c6:x =0, y=0 hodic x=1, y=-1 hodc x=-1, y =1
24. Gia sir n* + n® +1 14 sb chinh phuong. Vi n* +n® +1>n* = (n?)? nén ta
co:n* +n® +1=(n? + k)® =n* + 2kn? + k2, véi k 1a mot sb nguyén duong
ndo d6. Suy ra: n’(n-2k)=k*-1>0. DPic biét, k®-1=0 thi
k=1; n’(n-2)=0, ta ¢c6 n=2. Thir lai, 2*+2%+1=5%: thoa min.
Ngoai ra, khi k#1 thi: k®>k*-1>n®> = k>n = n-2k<0: miu
thuin véi diéu kién n’(n -2k) =k’ -120.
Vay, ta chi tim dugc n =2 théa man bai toan.
25. A=aa,a,bb,b,aa,a, =aa,a,.10° +bb,b,.10° +aa,a,
=a,8,8,.10° + 2.2,8,8,.10° +a,a,a, =a,2,a,.(10° + 2 + 1)
=a,8,a,(1002001) = a,a,a,.72.11%.13?
Viy a,a,a, phai bing binh phuong cia mét sé nguyén t p khic véi 7.
11, 13. Do b,b,b, <1000 nén a,a,a, <500 = 10<p <23. Nhu viy, p
chi c6 thé 1 17 hoac 19, do d6: a,a,a, = 289 hoic a,a,a, = 361.

M@t so bai tip tir gidi
1. Viét két qua cua cac sd 2'%82 va 51982 56 no tiép theo sé kia. Hoi s6 tao
thanh c6 bao nhiéu chir so"
2. Tim ba so tu nhién ¢ tong cac s6 nghich dao bang 2.

3. Tim ba s ty nhién c6 tdng cac nghich dao bang 1.

4. Cho (a-b)’+(b-c)®+(c-a)* =4(a’+b®+c* —ab—bc—-ac). Chimg minh
a=b=c.

5. Goi ha, hy, h 1a ba dudng cao mét tam gnac va r la ban kinh duong tron
noi tlep tam giac ay. Chimg minh ré’mg néu h, +h, +h_ =9r thi tam giac

d6 1a tapmgiac déu.
s A ske e s ok sk o ok s sk e s o ke ke e sk ke ok 3k ok ok ok ok 3k ok ok ke
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