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LOI NOI PAU

Cuon sich Ndng cao va phdrt trién Todn 8 tap hai thuéc bo
sich Ndng cao va phdr trién Todn biac Trung hoc co s, nham giip
cho ban doc : Cic hoc sinh khd vi gioi Todn, cdc thiy co gido day
Todn mot tai liéu tham khio dao siu mon Toian dud dang bai tp
nidng cao vi cic chuyen dé ¢6 kém theo bai tap vin dung.

Khi bi¢n soan cudn sdich ndy, tic gia sir dung cdc cudn Mor s¢
van dé phdt trién Dai s6' 8, Mot s6 vdn dé phdat trién Hinh hoc 8,
Todn nang cao Pai s6' 8, déng thai chinh 1i va bd sung cho phi hop
vai chuong trinh mai cha BO Gido due va Do tao.

Cudn sdch gédm hai phén : Dai s6 vd Hinh hoc.

Phdn Dai s6' gébm cdc chuong 111, IV va hai chuyén dé :

~ Chiing minh bt ddng thirc.

~ Tim gid tri nho nhdt, gid tri 16n nhat cha mot biéu thic.

Phan Hinh hoc gém cdc chuong 111, IV va hai chuyén dé :

- Tinh cdc dai lugng hinh hoc bang cdch |ap phuong trinh.

= Todn cuc tri hinh hoc.

Cudi mbi phin ¢6 mot s6 Bai doc thém vé lich sir todn hoc.
Riéng ciic noi dung vé hinh hoc 16 hgp va phuong trinh vai nghi¢m
nguyén Jduoe gidi thiéu trong cdc cudn sich cua cing tdc gia :
Cdc bai todn Hinlh hoc 16 hgp ding cho bdc Trung hoc co sd,
Phwong trinh va bai todn vai nghiém nguyén sit dung chung cho cic
IGp 8. 9.

Thong qua cédc chuyén dé va bai tap van dung, cudn sich cung
clip nhimg ki€n thirc cédn thi¢t vé phuong phdp gidi todn, nhimg kinh
nghiém cu thé trong qud trinh tim tdi 1i giai, do d6 giip hoc sinh
rén luyén cdc thao tdc wr duy, phuong phdp suy ludn va kha nang
sdng tao.
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Ciac loi giai trong sich duoe chon loc vai cic cach giai hop li,
chat ché, dé hiéu, dam bdo tinh chinh xdc va tinh su pham. Cuon
sdch chu trong néu hudng suy nghi va duong 101 giai, dong thai vin
do1 hoi ban doc phai doc lap suy nghi trong giai toin.

D¢ thudn tién cho ban doc. trong sach ¢6 mot s6 ki hiéu. ching
han 88 (11) cho bi¢t vi du hoac bai tap 88 (mg vai Kién thire cua
§11, va ~ d¢ chi cdc bai 1ap twwong img & phin chuyén dé. Cic bai
khé danh cho hoc sinh gioi duge ghi dau "*",

Tdc gia hi vong rang cuon sdch 12 mot tai licu thiét thuc va bo
ich dé dao siu chuong trinh mon Toidn 16p 8. Tic gia chan thanh
cam on ban doc vé nhimg ¥ kién déng gép cho cuodn sich nay.

Tac gia
vU HUU BINH
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P HAN DPAI SO -

Chuong II1
PHUONG TRINH BAC NHAT MOT AN

§7. KHAI NIEM VE PHUONG TRINH.
PHUONG TRINH BAC NHAT MOT AN

1. Ta goi h¢ thirc dang A(x) = B(x) lia phuong trinh véi an x. Giai phuong
trinh A(x) = B(x) 1a tim moi gid tri cia x d¢ cdc gid tri twong iing cha hai bi¢u
thitc A(x) va B(x) bang nhau.

Tap hop cic gid tri d6 goi 1a tip nghiém cua phuong trinh da cho, va
thudng dugce ki hic¢u la S.

2. Hai phuong trinh dugc goi 1d twong duwong néu ching ¢é cung mot
1ap nghiém.

3. Khi giai mot phuong trinh, ta ¢6 thé :

~ Chuyén mot hang tr tir v& nay sang v¢ kia va d6i ddu hang wr dé.

~ Nhan (hoac chia) ca hai vé vai cung mot so6 khic 0.

Khi d6 phuong trinh méi tvong duong véi phuong trinh di cho.

4. Phuong trinh bac nhat mot 4n la phuong trinh ¢6 dang ax + b = 0 trong
dé x 12 4n, a va b 1a cidc s6 di cho, a # ().

Khi giai phuong trinh ¢é hé so chir trong muc nay, ta ciing xét cic phuong
trinh ¢c6 dang ax + b = 0 trong d6 a = 0.

Vi du 60. Giai phuong trinh sau, véi a 1a hing (ta con goi a la tham s0) :

a(ax + ) =x(a+2)+ 2.

Giadi : Bi¢n d6i phuong trinh di cho thanh :

a’x —ax-2x=2-a
ox(az—a—2)=2—n

<@+ )a-2)x=2-a (n

N
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Ki hi¢u S 1a tap nghiém cia phuong trinh di cho, ta ¢c6 :

Néuaz-l,a=2thiS= {- l }
a+l
Néu a = ~1thi (1) ¢6 dang Ox = 3, vo nghiém, S = &.
Néu a = 2 thi (1) ¢6 dang Ox = 0, phuong trinh nghiém ding véi moi x,
S=R.
Vi du 61. Giai phuong trinh vi a la tham s6 :

X-a Xx+3

3 a
Giai : Diéu ki¢n xdic dinh cia phuong trinh 2 a # 0.
Bi¢n ddi phuong trinh :

- 2. (n

(He>alx~a)=3(x+3)-6a
esax-a =3x+9-6a
esax-3x=a’- 6a+9
o @-3x=(-3" (2)

Néu a # 3, phuong trinh ¢é nghiém x =a - 3.
Néu a = 3 thi (2) c6 dang :
0x = 0, moi x déu 1a nghiém.

Két ludn :

Néua=0:a#3 thi(l)cé métnghitm:x=a~-3.
Néua=3 thi (1) nghi¢m ding vdi moi x,
Néua=0 thi (1) vo nghi¢m.

Vi du 62. Chimg minh ring tén tai cdc hing s6 a, b, ¢ 8¢ phuong trinh sau
¢6 vO s6 nghiém :
Xx—-ab x-ac x-bec
. -

=a+b+c (n
a+b a=+c b+c

Gidi : Diéu kién xdc dinh cua phuong trinh :

a+bz20:a+c=20:b+c=0.
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(”c)(x-ab_cJ+[x—ac_bJ+(x—bC_aJ=0
a+b a+c b+c

x—ab-ac—bc+x-ac—ah-bc+x-hc—ab-acﬁ
a+b a+c¢ b+c¢

0

c:(x-ab-hc-cn)[ : - ! - ! ]=()
a+b a+c b+c

(1) ¢6 voO s0 nghiém <> : + ] + ! = (). (2)
a+b a+c b+c

Ching hantachona =1 ;b= 1. D¢ (2) xdy ra ta chon ¢ sao cho :
T I T

2 l4c¢ l+c¢ l+¢ 2

Nhu vay (1) ¢6 vo s6 nghi¢m, ching hankhia=1;b=1;¢c=-5.

o z
2 L==0,

Vi du 63. Giai phuong trinh
x-a x-b 2ab
+ =
a+b a-b p2-,

— (a va b la hing).

Gidi : Diéu Ki¢n xdc dinh cia phuong trinh ;a2 £ b,
Bién déi phuong trinh :
(x =a)a~=b)+(x~b)a+b)=-2ab
&> ax - bx - a” + ab + ax 4 bx - ab - b = ~2ab
& 2ax=a’+b’ - 2ab
& 2ax = (a - b)". (n

2
NeuawOthix= 800
2a

Néu a = 0thi (1) ¢6 dang 0x = b >. Do a # b nén b # 0, phuong trinh v0 nghiém.
Két ludn :

Néua:().a:iblhis={(a;h)-}
=
L

Con lai, S=0.
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Bai tap
276. Giai cic phuong trinh :
a)(x+2)° = (x-2)" = 12x(x - 1)-8:
b) (X +5)(x +2) - 3dx - 3) = (5-x)":
¢) (3x - 1)2—5(2x+ I)2+(6x-3)t2.\+ =(x-1)7"
277. Giai cdc phuong trinh :

X=5 x=-4 x-=3 x-100 x-101 x-102
+ + - + = + 3 :

S
E
3
A

Q _
TR T T ™
278. Giai phuong trinh véi cdc tham sé a, b :

a)atux+b)=h2(x-ll: b)azx—ab=b2(x-l).
279. Giai phuong trinh véi tham s6 a :

x-a x-1 2a
+ =

a) ~
a+l a-1 |-p°

.
.

x+a-1 x-=-a X=-a
b) . - =0

=
a+2 a-2 43

"
2 3a”
c)3x+5--3a= 4nx’+(n+h:c_ .1‘.
a at+l @+1)° a@+1)” (@+ly
280*. Giai phuong trinh v@i cdc tham s6 a, b, ¢ :

XxX-a x-b x-c¢
- -

a) = ]

b+c c¢c+a a+b

- - - 3

b)x a+x b+x ¢ _ X :

b+c c+a a+b a+b+ce

a+b-x a+c-x b+c-x dx
C) “ - =] = :

¢ b a a+b+c

Ja+b+c-3x a+2b+c=-3x a+b+2c-3x Ox

d). + + =6~ :
a b c a+b+c



§8. PHUONG TRINH TICH

Phuong trinh tich (mot dn) la phuong trinh ¢6 dang :
A(X)B(x)... =0 (1)

trong do A(x), B(x). ... . la cic da thic.

D¢ gidi (1), 1a chi cdn gidi timg phuong trinh A(x) = 0, B(x) = 0. ... réi lay
tat ca cdc nghiém cua ching.

Cic phuong phip phian tich da thic thanh nhin ur ¢6 vai trdo quan trong
trong viée dua mot phuong trinh vé dang phuong trinh tich. Cich dat an phu
cling thuomg duoc sir dung dé trinh bay 1 giai duge gon gang.

Vi ds
¥ u

2

(x+3)} - (x + 1)* = 56.
Giai : Cach |
(Jt+3]"—(!\+|l3 = 56
e xF +0x2 +27x +27-x1 = 3x% - 3x - 1 = 56
& 6x° + 24x + 26 = 56
& 6(x> +4x -5 =0

& 6(x* -x+5x-5 =0
eox(x=-D+5(x-1=0
o (x=-Dix+5=0
Két ludan : S= {1 :-5}.
Cdch 2. Chd ¥ ring x + 2 1a trung binh ¢ong cua x + 3 va x + 1, ta din
x + 2 =y, phuong trinh tro thinh :

y+ -y-1}

= 56
ﬁy‘1+3)'2+3y+|—y“+3y:—3yf 1 =56
¢:>6y3+2=56<=>y:=‘)<-:-y=13.

Viy=3thix=1.Vaiy=-3thix=-5.

Két luan : S={1:-5}.
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Vi du 65. Giii phuong trinh :
3 rx-nt=x -1,
Gidi : Tathdy x + (x - 1) =2x = L. Datx = | = y thi (1) ¢6 dang :

3 3 L)
XT+y = (X4y)

TR -
X +Y =X 4y +3Xy(X +Y)

o Xxy(x+y)=0

x+y=0 [2x=-1=0 B
L L —

x=0 x=0 =0
< |y=0 < |x=1=0 <& |x=1

19| -

Két lugn : S=1{0: —=:1).

1| =—

Vi du 66. Giai phuong trinh :
(x + ”:“ +2)+(x - I)zix -2)=12.
Gidi : Rut gon v¢& trii cua phuong trinh, ta duoc :
23 +10x =12 =>x* +5x-6=0
o - +5(x-1)=0
< (x - I}(x2+x+6)=().

Dé dang chimg minh duoc x* + x + 6 #0. Do d6 S = {1].

Vi du 67. Giai phuong trinh :
(x> = (x> +4x +3) = 192,
Giai : Bi¢n d6i phuong trinh thanh :
(x* = 1)(x + D(x +3)= 1925 (x = Dix + 1) (x +3) = 192,
bat x + | =y, phuong trinh tro thanh :
(y = 2y°(y +2) = 192 &5 y2(y° - 4) = 192,
bat yz - 2=2zthiz+2 >0, phuong trinh tro thanh :

(z+2)(z—2)=192¢-:~73= 196 ¢z = +14.

(1



Loai z = -14 vi trdi vai dicu kicn 7 + 2 2 0.
Véiz=14thiy’ =16, dodéy =+ 4.
Véiy=4thix+1=4nénx=3 Vaiy=—4thix+|=-4nénx=-5
Két lugn : S={3:-5).
Vi du 68. Giai phuong trinh :
(x-6)" +(x-8)"=16.
Giai : Dat x = 7 =y, phuong trinh trd thanh :
(y + T +(y - I)" = 16.
Ruit gon ta duoc :
2}"‘+l?.y2+2=16¢:>_\'4+h.\'.+ 1=8
o>y 46y - 7=0.
Daly2=220.tac6z3+bz—7=n.
Phuong trinh niy cho z; = I. zy = =7 (loai).
Véaiz= I.lacé}':=lneny=: 1:
Tudo x; =8: x5 =6.

Chit v : Khi giai phuong trinh bic bon dang (x +af +(x+b=c 1a

thudmg dat dn phuy = x + a:b'

Vi du 69. Giai cdc phuong trinh :

a)x4+3x3+4x2+3x+l=0: (1)
b)xs—x4+3x3+3x2-x+l=0. 2)
Giai :

a) Ta thiy x = 0 khong la nghi¢m cta phuong trinh (1). Chia hai v& cua (1)
b
cho x™ = 0, ta duoc :

2 3
X"+ +4+—=+—=0
X o

o(12+-1,-]+3(x+-l—)+4=0.
X~ X

1



! > | )
P x+—=ythix~+—=yv"

= - 2. ta duoc )’2+ Iy+2=0.
X X~

Dodé y; = =1:ys = -2,

~1 nén x” + x + | =0, v nghi¢m.

o . |
Vaiy=-ltacox + —
X

=2 nén(x + l)"ztl.dodéx=—l‘

Vaiy=-2, tacox + —
X

Két luan : S= | =1},
Clii v - Cling ¢6 the giai phuong trinh (1) bang cich bién déi vé trii thanh
(x+ DAxT+x+ 1),

b) Ta thay x = =1 1a mot nghi¢m cua phuong trinh (2) vi 16ng cic he so cua
hang e bic chdn bang tong cic h¢ s6 cua hang nr bac 1¢. Bién doi phuong trinh
(2) thianh :

x4+ hix' =245 -2x+ ) =0.
Giai phuong trinh
x'-axtesxi-x+1=0 (3
Ta thay x = 0 khong 1a nghiém cua (3). Chia hai v& cia (3) cho x° # 0.

ti duoe :

batx + ) =y thi x% 4 -I—, =y3 = 2. ta duge }'3 =2y + 3 =0, vo nghi¢m,
X - ;

X
Két lugn :S=|-1}).
Chit y © Ta goi cic phuong trinh (1) va (2) 1a phucomg rinh doi ximyg : cic
h¢ 56 cua da thic 0 v& trdi ¢6 tinh doi ximg qua hang wr didng giira,
Phuong trinh (1) la phuong trinh doi ximg bac chin, phuong trinh (2) la
phuong trinh doi ximg bic lé.

]"i



Phuong trinh d6i ximg bac 1¢ bao giir ciing nhan x = -1 lam mot nghi¢m,
do d6 bang cich chia hai v¢ cho x + 1. ta thu duge phuong trinh déi ximg bic
chin 2n.

Phuong trinh d6i xing biac chdn 2n déi vai x dva duoc v¢ phuong trinh
o . , ) |
bac n d6i vai y bang cich datdn phuy = x + —.
X
Ta ¢6 nhan xét sau d¢ kiém tra lai nghiém cua phuong trinh doi ximg :

N¢u a 1a nghiém cia phuong trinh thi L ciing 12 nghi¢m cua phuong trinh.
a

Vi du 70. Chimg minh ring cic phuong trinh sau vo nghi¢m :
R

ax =xT T -x+1=0 n

A . i
by x"+x +x"+x+1=0 (2)
Giai :

a) Bién d6i phuong trinh (1) thanh :
2+ =x(x>+ =0 e (x4 1) g x)=0.
Ca hai nhin tr ¢ vé tridi déu duong.
Két ludgn : S=@.
b) Cdch I. Nhan hai vé cua (2) vai x = |, 1a duoc :
(x - I)(x'l +x“+x:+x+1)=()

ox3-1=0x=1. (3)

Phuong trinh (3) ¢6 nghi¢ém x = d nhung gid tri nay khong thoa min
phuong trinh @
Két luan : S=@.

*) Giai thich di¢u nay : néu x > 1 thi «'>1.neux < | hi xY < 1 (xem tinh chat cua bat
dang thic thuoe chuyén dé Clumg mink bar ding theec

(**) Nhin hai vé ciia (2) vai x — 1 khong phai la mot phép bién d6i wong duong. Phuong irinh
(3) 14 h¢ qua cua phuong trinh (2) : moi nghi¢m cua (2) déu 1a nghi¢m cua (3) nhung khong
khing dinh duoe moi nghiém cua (3) déu 13 nghiem cua (2). Do d6 phai tha lai cic nghiém
cua (3)

13



Cdch 2. Ching minh ring x* +x* + x2 + x + 1> 0.
Chii y : Cdc phuong trinh (1) va (2) cting la cic phuong trinh d6i xdng. Do

do cling c6 thé gidi ching bing cdch dat 4n phu v = \ + -I-
X

Bai tap
Gidai cde phuwong trinh (1 bai 281 dén bai 289) :
281, a)x“+2x2+x+2=(); blx"+2x2-x—2=0:
c)x"-xz-2lx+45=(): d)x3+3x2+4x+2=0:
'l 2 £ [ sl . - J -\! e -
iR +X" +0x-8=10: g)(x*+0)°" =4(2x -1) :

h)(x—l)3+(2x+3)3=27x3+8; i)6x = x} = 7x2 4+ x+1=0.
282, 1) (x* - 5%)° + 10(x* - Sx) + 24 =0 ;
b) (x* +5x)% = 2(x? + 5x) = 24 ;
c)(x2+x+l)(x2+x+2|=12;
B x2+x=-2x2+x-N=12;
e) x(x + (x> + x +1) =42 ;
g)(xz+x+1)2=3(x"+x2+lj.
283. a) x(x+ I)(x-1)x+2)=24;
b) (x = 4)(x = 5)(x = 6)(x = 7) = 1680 ;
)X+ 2)x +3)x =5)x-6)=180;
d)2x(8x - @x - 1)=9;
c)(l21+1)2(3x+2)(2x+I)=3:
2) (2x + 1)(x + 1)°(2x + 3) = I8.
284, a) (x = 6x+9)7 ~ 15(x> - 6x + 10) = 1 ;
b)(x:+I)2+3x(x2+1)+2x2=0:

2 2
(X" =9)"=12x + 1.

14



285 a)(x+ 3 +(x+5)" =16 -2 +(x-3)'=1:
g+ +x-3t=82; d)(x-2.5)4+(1-l.5)4'-'|-
286. a) (4 -x)" +(x-2)" =32 h)(x—IIS+(x+3)5=242(x+l):
287. al(x+ll“+(x—21“=(2x-ll": hl(x—7:4+(x—8)4=(|5-2x|4.

288. a)x"-]x"+4x2—3x+l=();
by 3x = 13x} + 1657 - 13x +3=0;
) 6x' +5x - 38x* +5x +6=0;
et s3]+ P+ 22+ 120
c)6x4+7x"—36x:-?x+6=ii:
g)2x* —oxt + 14x* -9x +2=0;
hy 6x* +25x" + 12x* - 25x + 6= 0,

289, *=xt+xtexiexs2,

290, Ching minh rang cdc phuong trinh sau vo nghié¢m :
alx"—h"+4x:-3x+2=0;

6 S 4 .
B)Xx +X +X +X +xX +x+1=0,

§9. PHUONG TRINH CHUA AN 0 MAU THUC

Céc budc giai phuong trinh chira dn & miu thic :
- Tim diéu ki¢n xdc dinh (DKXD) cua phuong trinh.
- Quy déng miu thite @ hai v¢ cua phuong trinh réi khir miu thic.
- Giai phuong trinh vira nhin duoc,
~ Nghi¢m cta phuong trinh la cdc gid tri tim duge cia dn thod man diéu
ki¢n xic dinh.
Vi du 71. Giai phuong trinh :
x-1 PR 3 2

= i (n
x-2 x-4 (x=-2)4-Xx)

15



Giai : DKXD coa phuong trinh lax = 2, x # 4.
Bi¢n d6i phuong trinh (1) :
(X=1(x=-)+(x+3Nx=-2)==2.
Thu gon phuong trinh, ta duge 2x(x - 2) = 0
Nghi¢m cua (2) la x) =0, x5 = 2,
X) =0 thoa min DKXD, x> = 2 khong thoa min DKXD.
Kérluan @ S = |0},

Vi du 72. Giai phuong trinh vai cic tham sé a. b :
LI O SR (n
a b x a+b+x

Giai : DKXD coaphuong trinh:a#0:b#0:x#0;x#~a=b.

Bién doi phuong trinh

(1)< ] wiiim
a+b+x x
Néua+ b =01thi (1) co vo s nghi¢m : x bit ki khac 0.

Neua+bz0thi:

a+b a+b a+b
[ — ] = .
ab -x(a + b +x) ab

-x(a+h+.\)=ab¢:>uh+;u+bx+.w.2=(l

2 (X+a)x+b)=0

X ==
L —1
X = «b
D¢ ~a thoa min DKXD, 1a phai ¢6
—az0 la=0
{ il CER L . Cdc diu kién ndy da c6.
|-a=-a-b \b=0

D¢ ~b thod min DKXD, twong trta phaico:a20: b= 0.

Két ludn .

Néua=z0:bz0:a+b=0thi(l)co vosonghiém : x bat ki khic 0.
Néuaz0:b=0:a+b=0thi(l)cénghiém x = -ava x = -b.



Vi du 73. Giai phuong trinh :

2

X+a X =
+

= 2 (a la hang).
X+3 x-a

Gidi : DKXD cua phuong trinh la x # =3, x # a. h
Bién doi phuong trinh :
(X4 a)x = a)+ (x = 3)x +3) =2x + 3)(x - a).

Thu gon phuong trinh, ta dugc

2a-3)x = (a-3), 2)
a) Néua=# 3thix = . ; 3. Gid tri nay 12 nghi¢ém cua phuong trinh da
cho néu )
el -3 (3)
2
v Lt PO (4)

Giai diéu kién (3), ta duge a = -3, Gidi didu kién (4), ta cing duge a = -3.
a-3

Vaynéua=+3thix = la nghi¢m coa phuong trinh di cho.

b) Néu a = 3 thi (2) ¢6 dang 0x = 0, nghiém ding véi moi x thod min diéu
kién (1), tie i x = =3 va x = a (do a = 3 nén didu kién ndy la x = 3).

Két luan ;
Néua=#+3thiS= ,I‘I—_—J}
| 2

Néua=3thiS=(x | x=+3).
Néua=-3thiS=2.

Bai tap
Giai cde phwomg trinh (tir bai 291 dén bai 297) :
3
291, a) 212+ 2 =,3 +]3

x+1 x-2 x*-x-2
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2
X+6 x-5 2x° + 23x + 61

b) ==
x=5 x+6 x°+x-30
6 X+ 2 18
c) + = o
x-5 x-8 (x-548-x)
d)x—4+x+4=2;
x -1 X+ 1
3 1 9
¢) - - :
x+1 x-2 (x+1X2-x)
) xz—x_ x> _7x2-3x
%S X3 9-x2
b - 3
I .0 e S o
X“+X+] x“=-x+1 x(x"+x"+1)
X+ 2 Xx=-2 6
b) 5 s - 3 3 .
X"+ 2x+4 x"=2x+4  x(x7+4x"+16)
293, :”=1—a<a|ahang;.
- X
o 2
BOh g 18a = (a ld hing) :
2a+x 2a-x x°_4a-
2a - 3b - 2% ’
py 283t 328 o b king).
x-2a x - 3b
> R atiad il MO ] L W = (ava b la hing) :
X -a x-b (x —a)x =b)
DL L Il(al&héng).

x+a x-=1 .

X
I 111 we ceorne
296. a) ——— ==+—===(avablahing,a=0,b=0):
a+b-x a b x
2
S S —
alb-x) bb-x) a(c=x) bc=-x)

T, S S 'Y W ST W VxS

3 ] 2 3 2 2
(x+a) =1 (x+I1)=-a~ x"—=(a+1) x“—-(a-0D"

~

(a,b.claihing.a=0,b=0).




298. Chung minh ring phuong trinh sau ¢6 ba nghi¢m phin biét :
e +x-h e .. (a,blahing.a=0.b20.axb=0)
b a x-a Xx-=b
299*, Giai phuong trinh

(x—a)x-¢) (x=bUX=€) _|  b.clahing va khic nhau doi mu).
(b-axb-c¢) (a-b)a-c)

§10. GIAI BAI TOAN BANG CACH LAP PHUONG TRINH

Bueore 1. Lap phuong trinh :

~ Chon dn vi dat di¢u Kién thich hop cho dn.

- Bidu dién cic dai lugng chua bict theo an vi cie dai luong da biét.

- Lap phuong trinh bic¢u thi su tuong quan cua cic dai luong.

Buoe 2. Giai phuong trinh.

Bieore 3. Chon két qua thich hop va tra loi,

Vi du 74. Vio the ki tha HI trude ¢ong nguyén, vua xir Xi-ra-cut giao cho
Ac-si-met kiém tra xem chiéc mia bang vang cua minh ¢6 pha thém bac hay
khong. Chiéc ma ¢6 trong luong 5 niuton (theo don vi hién nay), khi nhing
ngdp trong nudce thi trong luong giam di 0.3 niuton.

el : : - 1 s 1
Bi¢t ring khi cin trong nudc, vang giam 0 trong luong, bac giam o

trong lugng. Hoi chiéc mi chira bao nhiéu gam bac ? (vt ¢6 khoi luong 100 gam
thi trong luong bang | niuton).

Giai : Goi trong lugng bac trong mii la x (niuton) (0 < x < 5). Trong luong
vang trong ma 1a 5 - x (niuton). Khi nhing ngap trong nudc, trong lugng bac

, : ; — .
giam % (niuton), trong luong vang giam g (niuton).
] X S5-x
Phuong trinh : — =03
10 20
x=1.

Trong lugng bac trong mi la | niuton. Chiée ma chia 100 gam bac.



Chai v - Khi gidi todn bang cich 1ap phuong trinh, ngoidi dn di chon, doi
Khi ngudni ta con bicu thi nhimg dai lugng chua bi¢t khic bang chi. Dicu Ii tha
Ia cdc chit d6 tuy tham gia vdo qui trinh gidi bai todn nhung chung lai khong
¢ mdt trong dip s6 cua bai todn, Ta xét vi du dudi day :

Vi du 75. MOt ngudi di mot nua quing dudmg AB vai vin toc 20 km/h, va
di phdn con lai vai van 16¢ 30 km/h. Tinh van to¢ trung binh cua ngudi do trén
todn bo quing dudng.

Gidi : Goi van 16¢ trung binh phai tim 1a x (km/h), (x > 0). Ta bi¢u thi mot
nira quang dudmg AB 1d a km (a > 0). Thai gian ngudi d6 di nua ddu cia quing

dirima 13 % gidt, than gian di nira sau cua guiing didme 12 7:!— iy,

Phuong trinh :

a a 2

20 30 «x

]

Giai phuong trinh trén, ta duoc :
l |

-
X

20 30

Vin 1oc¢ trung binh 1i 24 km/h.
Chii ¥ :

a) Néu vin td¢ trén nira ddu coa quing dudmg 1a a km/h, van 16¢ trén nira
b

sav 14 b km/h thi vin t6¢ trung binh trén ci quing duong bing km/h.

[
- -
a b
Dai lugng nay goi 12 trung binh diéu hoa cua a va b,

b) Trung binh diéu hoa cua hai s6 duong a va b nho hon hodc bing trung
binh cong cua hai s6 dy. That vay
2 2ab  _a

= < +b vidab < (a +h12.
a+b 2

11
_+¢_
a b



Bai tap
300. Hai khich qua duomg. cho hay Di-0-phang tho bao nhi¢u tuoi ?

Bi¢t thoi tho du cia ong chiém —:; cuoce do,

IL" cudc disi ti€p theo 12 thai thanh nién s6i néi.

Pén khi lap gia dinh thi lai them % cuoc doi.

5 nam ntta troi qua, va mot ciu con trai dd duoc sinh ra.
Nhung s6 ménh buoc con chi song bang nura doi cha.
Ong da tir trdn 4 nam sau khi con mat,
Di-0-phang tho bao nhi¢u, hiy tinh chora?
Bai todn bing the ghi trén meo cua Di-o-phdng, nha todan hoo co Hi Lap thé ki 1E - 11

301. Tim sO wr nhién ¢ bon chir s6, bi¢t rang néu viet them mot chir so 1 vao
dang trude vis mot chir s6 1 vio ding sau s6 d6 thi so d6 tang gap 21 lan.

302. Tim mot s6 wr nhién ¢6 siu chir s0. biét rang chir sO tan cung cua né bang
4 va néu chuyén chir s6 4 d6 1én vi tri chir s6 ddu tén thi so phai tim ting
2dp bon lan.

303. Tinh tu6i cia hai me con hién nay, biét ring cich day 4 nam thi tudi me
gdp 5 14n woi con, sau day 2 nam thi wéi me gdp 3 lin woi con.

304. Mot hinh chir nhat ¢6 chu vi bing 320m. N¢u tang chiéu dai 10m, tang

5 ?
chiéu rong 20m thi di¢n tich tang 2700m™. Tinh méi chiéu.

305. Mot ca no tudn tra di xuor khie song tir A dén B hét | gior 10 phat va di
nguoe dong tir B vé A hét | gir 30 phit. Tinh vin t6c riéng cua ca no, biét
rang van 16¢ dong nude 1a 2 km/h.

306. MOt ngudi di tir A dén B vai van toc 24 km/h 161 di ticp tr B dén C vai
van toc 32 km/h. Tinh quing dudmg AB va BC, bi¢t ring quing duing AB
dai hon quing dudng BC la 6km va vin 16¢ trung binh cla ngudi dé trén ci
quing duimg AC la 27 km/h.

307. Quing dudmg tir A dén B gom doan lén doc AC. doan nam ngang CD.
doan xuong déc DB, 16ng cong dai 30km. Mot ngudi di tir A dén B roi wr B
vé A hét tat ca 4 gidr 25 phit. Tinh quing dudng ndm ngang, biét ring vin
1o¢ 1én doc (ca lic di 1an lic vé) 1a 10 km/h, van t6¢ xuong doc (ca lic di
14n lic vé) 1a 20 km/h, van 1o¢ trén duomg nam ngang la 15 km/h,
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308. Lic 8 gio, An roi nhd minh dé dén nha Bich vdi van 16¢ 4 km/h. Lic 8 gio
20 phiit, Bich ciing r&i nha minh dé dén nha An véi vin toc 3 km/h, An gap
Bich trén dudmg, rdi ca hai cang di ve nha Bich. Khi tra v¢ dén nha minh,
An tinh ra ring quing dudmg minh di di dii gap bon ldn quing duong Bich
dd di. Tinh khoang cich tir nhia An dén nha Bich.

309. Mot ngudi di xe dap, mot ngudi di xe midy va mot ngudi di 0 10 cing di tir
A dén B, khai hanh 1dn luot lic 7 gid, 8 gio, 9 gid vai vin 1oc¢ theo thi e
bang 10 km/h, 30 km/h, 50 km/h. Dén miy gior thi 6 10 @ vi tri cich déu xe
dap va xe miy ?

310, Nguai ta pha 3 kg nudc nong ¢ 90°C vai 2 kg nude lanh & 20°C. Tinh
nhi¢t do sau cang caa nuede (bo qua su mat nhict),

311, C6 hai loai dung dich muoi 1 va 1L Ngudi ta hod 200 gam dung dich muoi |
v 300 gam dung dich mudi 11 thi duoe mot dung dich ¢6 néng do muoi 1a
33%. Tinh néng d6 muobi trong mdi dung dich I v 11, bi¢t ring néng do
muoi trong dung dich I 16n hon néng do muoi trong dung dich 11 14 20% .

312. Hai d6i cong nhin cung lam mot cong vice thi hoan thianh cong viée d6
trong 24 gid. Néu doi tha nhat lam 10 gid, doi thar hai 1am 15 gidthi ca hai
doi 1am duge mot nira cong viée. Tinh thai gian mdi doi lam mot minh dé
xong cong viéc.

313, Cho n s0 nguyén duong (Khong nhdt thiét Khic nhau) trong do ¢6 5o 68.
Trung binh cong cia n s6 d6 bang 56. Khi bo s0 68 d6 di thi trung binh
cong cuan ~ 1 s0 con lai bang 55.

a) Tim n.
b) S6 16n nhat trong n s6 di cho ¢6 thé bang bao nhi¢u ?

314, Trong mot budi hop mat giira hai 16p 8A vi 8B, c6 14t ca 50 hoc sinh
tham gia. Cic ban I6p 8B tinh 56 ngudi quen ¢ 16p 8A va thiy ring ban
Anh quen 11 ban, ban Bic quen 12 ban, ban Chau quen 13 ban.... v cu
nhu viy dén ban cudi cung la ban Yén quen tat ca cic ban cua l6p SA.
Tinh s6 hoc sinh mbi 16p tham gia hop mat.

315. Mot nong dan mang cam ra cho, bin cho ngudi khich thir nhat % sO cam

1
va thém =
4 2

qua, bian cho ngudi khich thit hai = s6 cam con lai va thém

12—

1]
ra



-%- qua, ban cho ngud khich thu ba % sO cam con lai va thém % qua... Cu

1i¢p tue nhu vay cho dén khi ngudi khich thir sdu mua xong thi s6 cam vira
hét. Tinh t6ng s6 cam cua ngudi ndong dan dem bin.

316*. C6 ba cdnh déng co nhu nhau, ¢o ciing luon moc déu nhu nhau trén toin
bo mbi canh déng. Biét ring 9 con bo an hét s6 ¢o ¢6 sdn va s6 co moc
thém cia cdnh déng 1 trong 2 tén. 6 con bd an hét s6 o ¢b sin va s6 co
moc thém cua cdanh déng I1 trong 4 tudn.

a) Tinh xem trén mdi cdnh déng, s6 co moc thém trong mot tudn bang may
phén cia s6 co ¢6 sidn lic diu ?
b) Bao nhi¢u con bd an hét s6 co ¢6 sdn va sO6 ¢co moc thém cua cinh
déng 11 trong 6 tudn ?
317*. Bai todn ciia Niu-ton. Mot cinh dong ¢o moc day nhu nhau, co luon moc
déu nhu nhau trén toan bo cinh dong. Biél ring 12 con bo an hét ¢o trén
% acro trong 4 tudn. 21 con bd an hét co trén 10 acro trong 9 tidn. Hoi

bao nhi¢u con bd an hét ¢o trén 24 acro trong 18 tudn (1 acro = 4047m").

318*. Mot khach du lich di tr A dén B nhan thay ¢ 15 phut lai gap mot xe
buyt di cing chiéu vuot qua, cir 10 phit lai gdp mot xe buyt chay nguoc
lai. Biét ring cdc xe buyt déu chay véi cing mot van 16¢, khai hinh sau
nhimg khoang thoi gian bing nhau va khong dimg lai trén dudng (ir¢n
chiéu tir A dé¢n B cing nhu trén chidu nguge lai). Hoi ci sau bao nhi¢u
phut thi cic xe buyt lai ldn lugt réi bén ?

319*. Trén quing duong AB ctia mot thanh phd. cir 6 phiit lai ¢6 mot xe buyt di
theo chiéu tir A dén B. va ciing cir 6 phiit lai ¢6 mot xe buyt di theo chiéu
nguoc lai. Cic xe naty chuyén dong déu vai cing van 16¢ nhu nhau.

Mot khich du lich di bo tir A dén B nhan thiy cir 5 phut lai gdp mot xe di
tir B vé phia minh. Hoi cit bao nhi¢u phit lai ¢6 mot xe di tr A vuot qua
nguin 46 ?



Chuong IV
BAT PHUONG TRINH BAC NHAT MOT AN

§11. LIEN HE GIUA THU TU VA PHEP CONG, PHEP NHAN

1. Ta goi h¢ thirc dang a > b (hoac a < b, a 2 b, a < b) 1d mot bat ding thi.
Dé chimg minh bit ding thire a > b, ta xét hi¢u a - b va ching minh rang
hi¢u do la 50 duong.
. Cdc cich khic chimg minh bat ding thite duoe néu trong chuyén dé Bat
dang thire.
2. Céc tinh chat sau cda bat ding thic duoc néu trong SGK :
- Tinh bac cdu :
a>b:b>c=a>c.
~ Cong hai v& cua bat ddng thire vdi ciing mot so
a>b=a+c>b+c.
~ Nhan hai v€ cua bt ding thic vdi ciing mot s6 :
a>b:c>0=>ac>bc
a>b:c<0=»ac<be.
Cic tinh chat khdc duge néu trong chuyén dé Bar ddng thie

Vi du 76. Chimg minh cic bit ding thic :

x+) gu

Gidi : Xét hiéu

9 p )
2.,.,2 (x+y) 2x*+ Zy - X° = 2xy - y°©
X" + , S = :

\2 - 2 ( )’
S X =22y 4yt (x-y)”
- . gLl LY}

- -

2
vay x* +y? 2 B2 Xy ra ding thitc khi va chi khi x = y.



By 7 R o 3 _ Y
Xélhié.u:-(—"-‘:—}l—h}':x +..x_\:) xy _ (x _,}‘) > 0.
(x + y)°
Vg;-i%:—zzx}'.

Xay ra dang thic khi vi chi khi x = v
Nhan xét :

bl
Bat ddng thire x* + )-3 2 (i%}—!— cho lién h¢ gifra 10ng cic binh phuong

cua hai s0 x, y va binh phuong cia t6ng hai so do.

- 2
Bat ding thic S-x—t-'\’— 2 2xy hay (%ﬁ‘ 2 xy cho lién h¢ gitta tong

hai 0 x, y v tich cha hai s0 d6. Vai x, v khong am, bit dang thirc nay dugc
viét dud dang : ‘—:—L 2 JK (trung binh ¢Ong cua hai 50 16n hon hoidc bing
trung binh nhan cﬁn-chling). do i bt dang thite Co-si' ' véi hai s6 khong am.
Vi du 77. Chimg minh cic bat dang thic :
a) .\+-,|:22 v x>0:

.1 4
b'a+hza+b

Giai : a) X¢éthidu :

vina>0,b>0.

- 4
2 A — Iy 2
X +: =X _(x 1) 20.vi(x=1)"20,x>0,

x+l-2=
X

Xiy ra ddng thire khi vi chi khi x = 1.
b) Xét hidu :

4 =h(n+1'|)+:|('.H-h)-4nh
a+b ab(a + b)

S
a b

a‘?-Zahfh: _ (u—h)z
ab(a + b) abla + b)

Xiy ra ding thirc khi vi chi khia = b.

20, via,b>1(.

(*) Canchy (1789 = 1857), nhd toin hoe Phip.



Nlan xét :

Bt ding thie x + % 22 (van x > 0) cho lién h¢ giira mot s6 duong vai
nghich dao cua nd.
o 2 R 4
Bat dang thuc — + -2
& a b a+b

nghich ddo cua har s6 duong va nghich dao cia tong hai s6 do.

(vdi a. b > 0) cho lién h¢ gitra 10ng cic

Bai tép
320. Chimg minh cic bat ding thug :
a)4x:+4x+5>(l; h)\:—x+l>0: clu:+ub+h22().
321. Chimg minh bat ding thie =21 ..
X=-x" =1

322. Riit gon réi chimg minh ring bi¢u thie sau kKhong am vai moi gid tri
cloa X

1 3
X7+ X +x+1

3 3 2
x? - x’ +2x" -x +1

323. Chimg minh cdc bat ding thirc :
aa’+b'>aba+b)véia. b>0: bya’ + b* 2 ab(a® + b%).
324, Chung minh cic bat dang thic :
a) (a” + hznx: + yzl > (ax + h)'l2
(bt dang thire Bu-nhi-a-cop-xki vai hai cip s6 a. b vi x., y)'-l
b) (a®+b°+ cz)(x2 + _\': +77)2 (ax + by + c?)z
(bat dang thirc Bu-nhi-a-cop-xki vai hai bo ba s6 a, b, ¢ va x. y. z)
325. Cho a va b cung ddu, Chimg minh ring :

+

a) Néu a > b thi

e |o

|
- b 2.
<h ) 2

ol

1
a

(%) Bu-nhi-a-cap-aki (1801 ~ 1889), nhi toin hoc Nga.
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326. Goi la trung binh dicu hoa cua a via b. Chimg minh ring trung

d
binh diéu ht:ﬁl cua hai s6 duong a vi b nho hon hoac bang trung binh cong
cua hai so ay.
327. Chimg minh cic bat dang thic :
D2a"+b) 2@+ b
b) l(a: £ c)2@+b+ ¢)® 2 3(ab + be + ca).
328. Chimg minh cic bat ding thic :

3 ) 2 4 ) 4
a~ + b a+b) f i
R [ RN R L Vo
z 7 & N\ & J

3 hs " h 2
A"+ 0" +¢” a+b+c)
0) z[

3 3 )’

~Vidu: 88 dén 122,
Bai tap : 358 dén 417,

§12. BAT PHUONG TRINH BAC NHAT MOT AN

1. Bat phuong trinh bac nhit mot dn 1a bat phuong trinh ¢6 dang ax + b >0
(hoac ax + b< 0, ax + b2 0, ax + b < 0), trong d6 x li dn, a va b 1a cic 86 da
cho. a = 0.

2. Hai bat phuong trinh duge goir La wong duong néu ching ¢6 cung mot
tap nghié¢m,

3. Khi gidi mot bat phuong trinh, ta ¢6 thé :

~ Chuyén mot hang tr tir v¢ nay sang v¢ Kia viu d6i dau hang wr do.

~ Nhan (hoac chia) ca hai vé van cuang mot so duong.

- Nhan (hodc chia) ca hai vé vai cing mot so6 am va doi chiéu cua bat
phuong trinh.

Vi du 78. Giai bat phuong trinh véi m L hiang :

Y
mx+1lz2m”+x.



Giai : Bién doi twong duong -

mx + | 2mz+xc->mx-x2mz- lestm=Iixzm - 1. (h
Néum > | thi nghiém cia bat phuong trinh lax 2 m + 1,
Néu m < 1 thi nghi¢m cua bit phuong trinh lax € m + 1.

Néum = | thi (1) ¢6 dang Ox 2 0 : nghi¢m cua bat phuong trinh 1a moi x,

Vi du 79. Giai bat phuong trinh véi a la hang :

X + X+2
A+l ax > X - 2x
o i
Giai ; Di¢u Ki¢n xdc dinh cua bat phuong trinh 1a a 2 0. Bién doi bat
nhircmo trinh
' iR llb AR AR
b
Zedoms2s2oon
a a a a
2 |
SPax + x> = - =
a a

< (a+2)x>

= |—

ata + 2)

Néu a > =2, a = 0 thi nghiém cua bit phuong trinh 1a x >

Néu a < =2 thi nghi¢m cua bit phuong trinh i x < ~PT Ty

Néu a = =2 thi (1) ¢c6 dang 0x > —%. nghi¢m ding va moi x.

Vi du 80. Ki hi¢u [a] (phan nguyén cua a) ld s6 nguyén Ién nhat khong
vuat qui a. Tim x biét rang :
x=5]_ 2
7 o -

3x=-5

Gidi : Theo dé bai, x 1a 56 nguyén 16n nhit khong vuot qué . Do do
( Ix-5
[3&—5} JUS 22 x] (n
=X 7
!x e 7 (2)



Giai bat phuong trinh (1) :

-4x - 5

0< <cle>0< 4x-5<7

q
¢>55—4x<12<,>—jz.‘>—3.

Theo (2). x € Z, dodo x = -2,

Bai tap
329. Tim gid tri cta x thoa man ci hai bat phuong trinh :
2x 3-2x _3x+2 ., x 3-2x_ 3x-5
—_+ 2 vi =4 2 .
3 3 2 2 s 6
330. Tim s6 nguyén x thod man ca hai bat phuong trinh :
-2 .3 22=3 3~
X 224,08 va I- : > .
2 6 4

331. Tim s6 nguyén x thoa min ca hai bt phuong trinh

23x-4)<3dx -3+ 16 va (1 +x)<3x+5.
332. Cho biéu thiic :
1 2 S-x) 1-2x
=[I—x‘\'+1-|_x3):x3_|'

a) Rt gon bi¢u thic A.
b) Tim x d¢ A > 0.
333. Cho biéu thic :

a) Rit gon biéu thic B.
b) Timx dé B< -1,
334. Giai bat phuong trinh :
x+2 x+5 x+8 x+11
+ > + :
89 86 83 80




335. Giai cdc bat phuong trinh vai a la hang :
a) 2(x +2)<aa-x):
byax-a)sx-1:

2x 1

= -
a~- -a+1 2+ 2

4x -1 a - 2ax
<) .
3
l+a

336. Tim gid tri coa m d¢ nghi¢m cua phuong trinh sau L s6 duong :

“
20" -2+ 2

m+ |
=|-m.
x=1
337, 1o s coa m dé nghiém cua bat phuong trinh 4mx > x + 1 Ja:
HE I L

b) x < -5.

%
338. Co bao nhi¢u s6 tw nhien n ndm gilta | vir 2000 sao cho phan so L *4
n+
Khong phai L phan s6 161 gian ?

339, Cho mot day cde s6 tr nhién bat ddu tir 1. Ngudi ta xod di mot so thi

trung binh cong cia cic s6 con lai bing 35%. Tim s6 bi xod.

R e
0. Tim cic songuyénavibsaocho:a” -2ab+2b" -da+7<0

i 3 9
341 Tim x bi¢t ring [“I—;I-J =2x + 1.

§13. PHUONG TRINH CHUA AN
TRONG DAU GIA TRI TUYET bOI

D¢ giai cic phuong trinh chira dn trong diiu gid tri wyét d6i, cin khir diu
gid trn tuyet doi. Ta nhé lai @ Gid tri tuyét doi caa mot bi¢u thie bang chinh no
n¢u bi¢u thie kKhong 4m, bing s6 déi cia n6 néu bicu thic am :

( s ki
LA ___‘:A nuAz20
~A ncu A <.
Do dé. dé khir dau gid tri tuyét doi. cdn x€ét gid tri cua bién lam cho biéu

thie Khong am hay am. Néu biéu thitc ndm trong ddu gid tri tuy¢t doi la nhi
thire bac nhdt, ta cin nhé dinh Ii sau :
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Dinh li vé ddu cua nhi thiee bae nhdt ax + b (a =0)

Nhithiacax +b(a=0):

- cling diu vdi a vai cic gid tr cua x Ién hon nghi¢m cua nhi thie
~ tridi ddu véi a vai cac g tri coa x nho hon nghiém cua nhi thie.

Clumg nunh. Goi x, la nghi¢m cua nhi thirc ax + bthi x,, = —-,-1-. Xét

ax +b
=X+—=X"- X,
a a
- . ax + b . .
NEu x> x, thi x = x, >0 = - > () => ax + b cung diu vai a,
a
ax +

b < () =» ax + b tridi ddu vai a.

Néux<x,thix -x,<0=
a
Chéang han : Xét diu cic nhi thire =2x + 1 vt X + 5 r6i vict ket qua viao mot
bing, tacéd :

X -5 %
“2x 4 | + + 0 -
X+ 5 - 0 + +
Vi du 81. Giai phuong trinh :
X=5+|x+3=3x-1. (h
Gidi : Lap biang xét ddu cdc nhithie x - Svax + 3¢
X -3 9
X=25 - - 0 +
x+3 E 0 + .

Xét ba khodang gid tri cua bién x @
a) x < =3 : phuong trinh (1) ¢6 dang :
(§=x)=(x+3)=3x~- 1, tim dugc

X = % loai vi gid tri nay khong thudc khoang dang x¢ét.
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b) -3 € x <5 : phuong trinh (1) ¢6 dang :
(5-x)+(x+3)=3x =1 ¢ =3x = -9, tim duoc
x = 3. thudc khoang dang xét.
¢) X 25 : phuong trinh (1) ¢6 dang :
(X=5)+(x+3)=3x~-1 ¢ -x=1,1imdugc
x = =1, khong thudc khoang dang x¢ét.
Két ludn : S=(3).
Vi du 82. Giai phuong trinh :
2x = 1|+ |2x - 5[ =4, (h
Giai

Cadch 1. a) Xétkhoing x < —, (1) ¢6 dang :

19| —

1 =2x + 5~ 2x =4, tim duge

X = —, khong thuoc khoang dang x¢ét.

19| =

5
b) X¢ét kKhoiang % Sxs <. (heoddang :

2X=1+5-2x=4¢0x=0.
Phuong trinh nghi¢m ding vai moi x thude khoang dang xét, e la

N

Sxs

2 .

1| =—

q
¢) Xét khoang x > ; (1) co dang :
2x = 1 4 2x = 5 =4, 1im duge

ﬁ
x = <. khong thuoc khoing dang xét.

Két luan : S = {x !-—I- €x < j}
2 2
Cdch 2. Ap dung hai ldn bat ding thirc IAI 2 A (xdy ra ding thirc khi va chi
khiA20)taco:
1I2x = +15-2x12(2x = 1) + (5 -2x) = 4.



Theo dé bai, phai xdy ra ding thire, do do6

r

X2+
2x-120 5 5
o =SXS—.
5-2x20 5 2 2
XS —
2
Vi du 83. Giai phuong trinh :
lixt=3] =x+1. (1)
Giai
a) Xét khoang x 2 0, (1) ¢c6 dang
IX=3l=x+1. (2)

Lai xét hai truong hop :
Vaix 2 3. (2)codang x = 3 = x + 1, v nghi¢m.
VaGi0<sx<3,(2)codang 3 -x=x+ | & x = |, thuoc khoing dang xét,
b) Xét khoang x <0, (1) c6 dang |-x = 3l = x + | uic la

Ix+3l=x+1. (3)
Lai xét hai truimg hop :
Vai-3<x<0,(3)codang x + 3 = x + |, vOo nghié¢m.

Vi x <=3, (3)codang = x =3 =x + | & x = -2, khong thudc khoing
dang xét.

Két ludn : S=1{1).

Bai tap
Gidi cde phwong trinh :

342, a)2x -3+ (5x-1)=0: b)Ix - 1l=Ix-5I;
¢)Ix=1=13x-5I; d)2xl=Ix+11=2;
e)Ix-4l+Ix+11=9; g)lx =3l +Ix-51=2.

343, a)IxXI =2Ix =20+ 3Ix=3I=4; b)Ixl =2Ix+ 11+ 3Ix42l=0;
)Ixl=2Ix=11+3Ix-21=4; d)Ix + 1 +1x + 21+ Ix + 31 = 4x.

344, ) xix + 3= [xT+x+ =1 b Ixl - 3ixl + 2= 0.
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5. lixi-1=x+1.
346. a) Ix - 41 - x = 2a (a la hing) : b) Ix = 31+ 15 - xI = 2a (a la hing).

347%. 2Ix + al - Ix - 2al = 3a (a la hang).

§14. BAT PHUONG TRINH CHUA AN
TRONG DAU GIA TRI TUYET HOI

D¢ giai bit phuong trinh loai nay, ta ciing khir dau gid tri tuyét doi nhu doi
vai phuong trinh chira dn trong diu gid tri tuyét doi.

Vi du 84, Giai bit phuong trinh :
IXI=x+2<2Ix -4l h

Giai : Lap bang xét ddu cdc bicu thie x va x - 4 :

X 0 4
X - 0 + +
x-4 - - 0 -

a) X¢ét khoang x <0, (1) ¢6 dang :
-X=-X+2<24-x)=0x<0,
nghi¢m ding vdi moi x thudc khoing dang xét x < 0.
b) Xét khoang 0 < x <4, (1) ¢6 dang :
X=-X+2<8-2xex<3.
Nghiém cua bat phuong trinh (1) thuoc khoing dang xét1a0 € x € 3.
¢) Xét khoang x 24, (1) c6 dang :
X=x+2<2x-8e>x25,
thoa min diéu kién x 2 4,
Két lugn : Nghiém cua bat phuong trinhdicholax<€3:x 25,
Nhan xér : Trong cdch giai trén, ta da khir ddu gid tri uyét doi bang cich

x¢t timg khodang gid tri cua bién. Trong mot s6 truong hop, ¢6 thé gidi nhanh
hon ciich ding phuong phip chung néi trén bai céc bién déi twong duong sau :
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Dang |

a) V61 a la so duong, ta ¢ : If(x)l < a <> -a < f(x) < a.
b) If(x)l < g(x) & —g(x) < f(x) < g(x).

Dang 2

f(x)<-a

a) Vai a la s6 duong, ta co : f(x)l > a < [
f(x)>a

f(x) < - gi(x)
b) If(x)l > g(x) <
f(x) > g(x)

-
Dang 3 lf(x}l>lg|x)l-c:>[f{x)]3>|g(xll'.

Vi du 85. Giai bit phuong trinh :
32x = 1< 2x + 1
Giai

Cach I (theo phuong phap chung) :
a) Xét khoang x < :I,_ (1) co dang :
JN-2X)<2x+13-6x<2x + |

c>-8x<-2¢>x>z.

Nghié¢m cua bat phuong trinh thuoc khoang nay la g %<

b) Xét khoing x > % (1) co dang :

32x = 1)<2x + 1l e 6x -3 < 2x + |

dx<d e x <.

|
Nghi¢m cua bat phuong trinh thuoe khoing nay 12 5 Sx<L

; " 5 i
Két luan : Nghi¢m cua bat phuong trinh da cho la Y <x<l.

|-
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Cich 2 (bién doi thanh bat phuong trinh wong duong theo dang 1b) :
3(2x-1>=(2x + | 6x -3>-2x -1

.'HZJ(--II«:2J(+I¢-.>}(x l>(x+)¢> » g
32x=1<2x +1 |6x -3 <2x +1

f

(8x > 2 x)l 1
& =3 4 &o&—-<x<l.
{41(4 4

x < |
Bai tap
Gidi cac bat phicong trinh :
8. a)3x -21<4; by 3=-2xlex+ 1.
349. @) 3x - 11>5; b)ix +Bizx+i.
350, a)lx + H>Ix =2l b)Ix = 1> 1x + 21 =3,
ISL a)lx-1+Ix-5>8: bylx =31+ Ix + 1l <8,

§15. BAT PHUONG TRINH TICH.
BAT PHUONG TRINH THUONG

Vi du 86. Giai bat phuong trinh :
x> -2x+1<9.
Gidi
Cichl. X -2x+1<9&(x-11<9eIx-11<3

o-3<x=-1<3 &-2<x<4,
Cdch 2. Bi¢n déi thanh bit phuong trinh dang tich :

xz-zx-8<0c&(x+2)1x-4)<u.
Lap bang xét ddu cic nhi thic x + 2 vax - 4

X -2 4
X+ 2 - 0 + -
x-4 - - 0 E
(x +2)(x = 4) + 0 - 0 +

Nghiém cua bat phuong trinh 1a - 2 < x < 4.

36



Vi du 87. Giai bat phuong trinh :

| - 5x
z 1
x -
Giai : Didu kién xdc dinh : x # 1.
l—szlol—Sx_lanc:)l*-Sx—x+I20
x -1 X -1 x -1
) - =
2 ﬁxzoal 3!20.
x =1 x -1
Lap bang xét diu :
l 1
X ~ i
3
1 -3x + 0 - I ~
x -1 - - 0 *
1 - 3x ~ 0 . I ~
x -1
Nghi¢m cua bit phuong trinh m%s.x-: 1.
Bai tap
352. Giai cdc bat phuong trinh :
a)4xz—4x+l>9: hp{x"—27){x"—|l(2x+3-x2)20;
x> - 4x? +5x-20 x> +2x +2 X2 +4x +5
B >0 d) >
x> -x"-10x-8 X +1 x+2

353. Tim diéu kién cua x dé biéu thirc sau ¢6 gid tri am :

A_(I-x_x+3)_(x+3_x-l]
x+3 x=1/"\x-1 X4 3

354. Tim diéu kién cia x va y d& biéu thirc sau ¢6 gid tri duong :

2

{xz—xy+x"—y3\ yz 1)

A=ly2+xy x2+ny:Lx3-xy2+1‘}'j.
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355, Tim diéu kién cta x va v de bicu thire A 1on hon | :
x x-y ).[_¥ K
."\ = 2 T . I 3 ~ag g | —'
Yok Xy XT+XY) \XT—-xy" XT¥J )

356. Tim gid tri cua x d¢ bi¢u thie sau Idm hon | :

X 2

X=2 x-=3

357. Tim gid tri cua m d¢€ phuong trinh sau ¢6 nghi¢m am :

CHUYEN DE
CHUNG MINH BAT DANG THUC

| - CAC TINH CHAT CUA BAT DANG THUC
Ngodi cic tinh chat cia bat diang thic duoc néu o §11, ta con su dung cic
tinh chat sau :
1. Cong timg v& hai bt ding thic ciing chi¢u, duge bat ding thic mai
cung chiéu vdi cic bt ding thire di cho :
a>b.c>d=a+c>b+d.
Chii ¥ : Khong dugc trir timg vé hai bat ding thic ciing chidu.
2. Trir timg v& hai bt ding thic nguoc chiéu, duge bat ding thire mai cing
chiéu vai bat ding thie bi trir :
a>b.c<d=sa-c>b-d.
3. Tinh chit don di¢u cia phép nhan :
a) Nhan hai v€ cia bit ding thuc vai cing mot s6 duong :
a>b,c>0= ac>bc.
b) Nhan hai v¢ ctia bat ding thite v6i ciing mot s6 4m va d6i chiéu cia bit
dang thic :
a>b,c<0 = ac <bc.
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4. Nhin timg v& hai bit dang thic ciing chiéu ma hai vé& khong am :
a>b>0.¢>dz0=ac>bd
5. Nang I¢n lu§ thira bac nguyén duong hai v¢ cia bat ding thic :
a>b>0=a">b";

a>bea >b" vainlé:

lal > Ibl < a" > b" vai n chin.
6. So sinh hai luy thira cing co s6 vai s6 mid nguyén duong :
Néum>n>0thi: a>1=am>a";

azl>a" =a":

Oca<ci=a™ <"
7. Liy nghich dio hai v¢ va d6i chi¢u bat ding thirc néu hai vé ciing déu :
a>b,ab>0= L < % (xem bai 325a).
a
Chii ¥ : Ngodi cic bat dang thite chat, ching han a > b, ta con gap cic ba
dang thic khong chat, chiang han a = b (ic 1a a > b hoac a = b). Trong cic tinh
chdt wrén, nhi¢u dau > (hoac <) ¢6 thé thay bai > (hoic <).

Il - CAC HANG BAT DANG THUC
1. Ngoai cic hang bat ding thice a°20;-a° < 0. ¢in nhd cic hing bat
dang thic lién quan dén gid tri tuyét doi :
lal > 0. Xay ra ding thirc khia =0 ;
lal 2 a. Xay ra ding thic khia >0 ;
la + bl < lal + Ibl . Xay ra ding thic khiab >0
la — bl 2 lal - Ibl. Xay ra ding thitc khi ab > 0 va lal > bl
(cdc dicu kicn nay concé thé diéndatlaa2b >0 hoaca<b <0).
Chimg minh bat diang thirc [a + bl < 'a + [bl nhur sau :
la + bl < la + |b ()
ea’+2ab+b <a’+ 2Jab| + b (vi hai v€ ciia (1) khong am)
<> ab < ab (2)
Bit ding thirc (2) ding, vay (1) la ding.
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Chung minh bat ddng thic la — b| 2 [a - bl (3) nhu sau :

Néu jal < b thi (3) hién nhién ding.

Néu \al 2 |b thi (3) Iucmg duong vai :

a=-b > (lal - b’ e>a’-2ab+b 20~ 2ab +b° <> ab/2ab (4)

Bat dang thue (4) ding, viy (3) 1 ding.

2. Ciing cdn nhd thém mot s6 hdng bt ddng thite khic d¢ khi gidi toin ¢6
thé sir dung ching nhu mot bo dé, ching han :

a>+b> 2 2ab;

[“ L b] 2 ab hay (a + b)® > 4ab (bét ddng thie Co-si) :

-

L, vGi a, b >0 (vidu 77) ;
a b a+b

2. Ez"véna b > 0 (biai 325).

b a

(a® + h'l(x' + }") 2 (ax + b,v)' (béit ding thirc Bu-nhi-a-cop-xki, xem bai 324).

1l = CAC PHUONG PHAP CHUNG MINH BAT DANG THUC

1. Dung dinh nghia

D¢ chimg minh A > B, ta xét hitu A = B va chimg minh ring A - B 1a
sO duong.

Vi du 88 (11). Chirng minh ring

(X=1)(x=2)(x = 3)x =4)2~1.
Gidi : Xét hig¢u
(x = 1)(x=2)(x = 3)(x = 4) = (=1) = (x* = Sx + 4)(x" = 5x + 6) + |

Dat x° - 5x + § = y, bidu thiic trén bing (y - I)(y + )+ 1 =y° 2 0. -

Vay (x = I(x =2)(x =3)x =4) = ~1.

2. Dung ciic phép bién déi twong duong

Vi du 89 (11). Cho cic s6 duong a va b thoa min diéu kién a + b = |.

Chimg minh ring [l . %}(I . %] 29.
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Gidi : Ta ¢co

1) 1)
A L T
(l+a)[l+b)2 (1

a+l b+l
=
esa+b+ 128 ibe228ib (via+b=1)

= >0 esab+a+b+129%b (viab>0)

o 124abes(a+b)y’ 2dab (Ma+b=1)

& (a-b) 20. (2)
Bat ding thire (2) ding, mi cic phép bi¢n doi trén twong duong, viy bil

thire (1) durore ¢ hmm minh.

Xay ra ddng thitc Khi va chi khia = b.
Cach giar ke

\ N £ a4b\. aeb .
(|+l[1+l ol iat b[l’.wh\:( +h\(,+_ﬂ_
a/ b/ | a / b / \ a/ b/

J

Thue hién phép nhan va chi y ring {; . . 22 doa>0.b>0,
a
Chii ¥ © Khi sir dung phép bi¢n doi twong duong. cin luu y cdc bicn doi
wong dmm;. ¢ chéu kién, ching han :
as>b ea>bvdiab>0:
m>nera >a" voi m, n nguyén duong, a > 1.

Cén chi 1o cdc didu kien dy khi bi¢n doi teong duong.

3. Diing cic tinh chat cua bat dang thire

Vidu 90 (11). Cho a + b> 1. Chimg minh ring at+b' > l

8
Giai : Tacod
a+b>1>0. (nH
Binh phuong hai v¢ :
(@a+b)P>1=a +2ab+b > 1. 2)
Mat khic
2 ) 2
(a-b)y"20=a" -2ab+b" 20. (3)
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Cong timg vé cua (2) va (3) :

" |
2(a'+b2)>lz:>a?‘+b: >

- (4)
2
Binh phuong hai v¢ cua (4) -
:l" +2a3hz+h4> l (5)
4
Mat khic
- IS 4 23 .4
(@ -b)20=a -2ab"+b 20 (6)

Cong timg vé cua (5) va (6) :

; ; | s .3 1
2a" +bY)> = =a"+b > -,
4 8

Vi du 91 (11). Chimg minh bat ding thic :

a- b ¢ _c¢c b a
— i — g — g - =
’ ) 5 2

b ¢ a- b a ¢

Giai

Ap dung bit ding thic X+ yo 2 2xy (xay ra dang thire khi x = y), ta cé :
b

Tuong tu: -+
a2

Cong timg vé& ba bit ding thirc trén :

3 7 2 ) ) 2

5| a%  b” c'] A8 b e a* b c¢c“_a b

Sttt 22—t —t— | D —t—t— 2= — 4
b° ¢ a”) ¢ a b ¢ a

Vi du 92 (11). Chimg minh cic bit ding thic véi a, b, ¢ 1a cdc s6 duong -

\
al(a+h+cl(l+l+l)29: b) .S b =
a b ¢

+
b+c c¢+a a+b

&9



Giai
a) Taco
a a b b ¢

\
f\=(ﬂ+h+cl[l+%+l =lé4—4—+—=+l+—+—+=+1

¢/ b ¢ a c a

wvi., .. 4
Adiy Td da

b) Ap dung bat ddng thitc o cdu a

[
(x + y+;r.)[—+-—-— 29 rongdox, v, z>0
X oy

\;ﬁix=h+c.)'=a+c./.=u+hmduqc:
1 R
- .
b+c a+c¢c a+b/

| 1 1 )
=(a+b+c) . -
b+c a+c¢ a+b/

29

2(a +h+c)[

2 4.5

a+h+c+a+h+c ﬂ+h+€24.5

-

b+c¢ a+c a+b

a b »
+ 14 PR s e SR
b+c a+c a+b

a b c
+ + 2 1.5,
b+c a+c a+b
Xiy ra ding thirc khi vachikhia=b=c.

Vi du 93*(11). Cho a. b. ¢ la d0 dai ba canh cia mot tam gidc. Chimg

minh ring :
| 1 I |
+ + 2 -
a+b-¢ b+c-a c+a-b

1 -1
+o—_ -
b ¢
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. I
dang thiec — + — 2

Giai
g ! | g A o " : :
Xét B v chid ¥ ring cdc miu déu duong, dp dung bit
a+b=-¢ b+c-a

vai x. y > 0 (vi du 77). ta duoc :
X y X4y

1]
= L

Tuong wr + 2
b+c-a c¢c+a-b

=l n ul
= . = -

c+a-b a+b-¢

Cong timg v¢ ba bt ddng thirc trén rdi chia cho 2. ta duge diéu phai

chimg minh,

44

Xiy ra ding thie khi va chi khia=b=c¢.

Vidu94 (11).Chox 20,y 20, 22 0. Chimg minh ring :
(X + y)y + 20z + x) 2 8xyz. (h
Giai
Hai v€ ctia (1) déu khong am nén dé chimg minh (1), ta sé chimg minh rang
(x + }'Izty s’z +x)’ 2 b-ix:y:r:.

Taco (x +y): > dxy,

(y+ z)z > dyz,

(z + Jlt)3 2 dzx.

Hai v€& ctia ba bat ding thire trén déu khong am, nhan timg vé& ta duoc :

3

(x + ylzly + z):(z + .vc)2 2 641")’212
= [(x+y)Ny +2)z + x)lz 2 lsxyz]:.
Cic biéu thie trong diu ngoac vuong déu khong am nén
(X + ¥)(y + 2)(z + x) 2 Bxyz,

Xiy ra ddng thire khi vachikhix =y = 2.



4. Dung phuong phip phan chimg
Vi du 95 (11). Cho a’ + b” < 2. Ching minh ring a + b < 2,
Giai
Gia sira + b > 2, binh phuong hai vé (hai vé déu duong), ta duoc :
a*+2ab+b° >4 ()
Mat khdc ta ¢6 ‘
Jab<a’ +b’ =a +b +2ab< Zla: +b°)

ma 2(a> + b%) < 4 (gia thiét), do d6

a’+2ab+b° <4 (2)
mau thudn vai (1),
Vay phatcoa+b <2,
Cach giai khdac. Tacod
a’+b’s2 ()

Mat khic 2ab < a” +b” nén
2absa’+b>s2 (2)
Cong (1) vén (2) :

al+2b+bisd>(a+b)isd>-25a+bs2

IV - BAT DANG THUC VOI SO TUNHIEN
Vi du 96* (11). Chimg minh rng v6i moi s6 (e nhién n 2 2 ta ¢6
bl bl
23 3‘ o n‘ 4 l
Gidi
Goi A 1a v€ trdi cta bat ding thire trén. Ta sir dung tinh chit bic ciu cua
bat ding thic dudi dang phicong phdp lam troi : dé chimg minh A < B. ta lam
roi A thanh C (A < C) r6i ching minh rang C < B (bi¢u thire C dong vai trd
trung gian d¢ so sinh A va B).
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Lam troi moi phan s6 & A bing cich lam giam cic miu, ta ¢6 :

1 | 1 l
— = = .
Kok -k k-1 (K=DRk+1)
Do d6 :
A< : + : + o : it - l +...+—-—I—-.
2_2 3P nt-n 123 234 (n=Dhn(n + 1)
bu C = : + I +..+ ———l— nhin xét ring :
.23 234 (n="bnn+1)
1 N 1 - 2
m=In nn+1l) Mm=Dbnn+ 1
nén C:.-I..I_-—_]-_+—|__—|_+_I_1. ! - I
2112 23 23 34 (n=Im nin+1)

| | 1 |
V{I)' E-l‘—+37+...+:j-<:.
Chii y - Khi Tam troi mot bicu thie, ¢6 truimg hop ta phai chia bicu thirc
thanh nhi¢u nhém réi lam trdi trong timg nhom. Xét vi du sau :
Vidu 97* (11). Chimg minh ring véi moi s6 e nhién n 2 2. ta ¢6
[ |
I+ =4 =4 +

2 3 2" -

Giai : Goi v& trdi cua bat ding thire trén 1a A, ta ¢6 :

<.

\
A=I+(l+-l-]+(-l—,+...+—l +{-I—+...+l'¢...
2 3 2= 77\ 15/

I AL

2I‘I-| zl‘l_l}

O mbi nhém, ta lam troi biang cich thay cdc phan s6 bai phan s6 16n nhat
trong nhém, ta duoc :

I I I | .
AE LA el e B 2" =t 4t L mn,
2 -,Z ,’_‘ -‘)ﬂ"l
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V - VAI DIEM CHU Y KHI CHUNG MINH BAT DANG THUC
Chui ¥ 1. Khi chirng minh bit didng thirc, nhiéu khi ta cin déi bién.
Vidu 98 (11). Cho a 4+ b + ¢ = 1. Chimg minh ring

- 5 - |
a"+h‘+c‘2-_;.

Giai :
| ! | ,
D:)la-—--;‘--t-x.h:;-‘-y.c:;i-t.Dou-o-h-rc:I|1c|1\.+y+z.=().
Taco:
2 2 2
B [I ) (I Y [l )
A" +b " +¢ " =|=+x| +|=+y| #|=+2| =
\3 /4 \3 °J A3
[l 2 2) ['l 2 2y (1 2 2)
= —4+—=X+X" | F|—=F+—=N+N b ==y =
el A el L G e '
Y ol Ll p)
TEe=dXT 4y +2°2

’ . |
Xayraddngthﬁcmx=y=z=()c:>a=b=c=;.

Vidu 99 (11). Chimg minh bat ding thic :
abcz(b+c-a)a+c=b)a+b-c)
vai a, b, ¢ 1a do dai ba canh cua mot tam giic.
Giai
Cichl.Dab+c-a=x,a+c-b=y,a+b-c=zthix,y,2>0.Theo
bt ding thic (x + y)(y + 2)(z + x) 2 8xyz (vidu 94) ta c6 :
2a.2b.2c28(b+c-a)a+c-b)a+b-¢)
=abc2(b+c-a)a+c-b)a+b-c)
Xay ra diang thic khi vachikhia=b=c.
Cdch 2. Tacod:
(b+c—u)(b+a-cl=b:—(c—n):Sb:
(c+a-b)c+b-a)=c -(a-b’sc
(a+b-c)a+c-by=a’ —(b-c) <a’.
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Nhan timg v¢ ba bit dang thuc trén, ta duoce
[(b+c—-aMa+c-b)ya+b- c)lz < Iabclz.
Ciic bicu thire trong didu ngoac vuong déu duong nén
(b+c-aMa+c-b)a+b-c)<abe.
Xay ra ding thie khi va chikhia=b =c.
Chi y 2. Vi cic bit dang thire ma cic bién ¢6 vai tro nhyu nhau, ta ¢6
thé sdp thir tur cic bién.

Vi du 100* (11). Chimg minh bit ding thic duoe néu o vi du 99 :
abcz(b+c-a)a+c-b)ia+h-c) (n

trong dé didu Kién a, b, ¢ 1a do dai ba canh cia mot tam gide duoc thay bai a, b,
¢ 1 ¢de so duong.

Giai

Cdch 1. Do vai trd cia a, b, ¢ nhu nhau, ta gid su rdng a > b 2 ¢. X¢ét hai
truomg hop ¢

a) b+ ¢ < a. Khi d6 vé trdi coa (1) 1a 86 duong, con vé phai khong duong.
Bat dang thire duge chimg minh.

b) b+ ¢ > a. Khi d6 hai vé¢ cia (1) déu duong. Giai tiép nhu vi du 99,

Cdch 2. Trongbasdb + ¢ —a, a+c¢-b a+b-c, khong cé qui mot s am.
That vay. ching han néu b+ ¢ —a<0,a+ ¢ - b< 0 thi 2¢ <0, trdi vdi gid thiét,

Néu ¢6 ding mot s6 am thi v& phai cda (1) 1a s6 am, bat dang thite (1) hién
nhién ding.

Néu khong ¢6 s6 ndo am thi vé phai cua (1) 14 s6 duong. Giai tiép nhur vi
du 99,

Cha y 3. Khi chimg minh bat ding thire, trong nhiéu truong hop ta cin
x¢ét tirng khoang gia tri cua bién,

Vidu 101 (11). Chimg minh ring
X 7 2
X =X +Xx " =x+1>0.
Gidi
Goi A 1a v€ trdi cua bat diang thirc.
Cach 1. Néu x 2 1 thi ta viét A duéi dang x’(x =1+ x(x =1+ 1. Do
x21lnétnA>0.
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\eux<1thitavié’tAdudidangx“+x2(l—x )+ (1 =x). Dox <1 nén

I -x">0.dod6 A > 0.
Cdch 2.
A-xlt—l)—tx—la+x:=(x-lllx -1)+x
Néux2Ilthix 21 dndé(x—I)(x-"—l}ZU.cénx1>0nénA>0
Néux<lthix <1,dodd(x - I}(xv—IJ>0.cnnx1>0ntn:\>U.

C6 nhidu truomg hop d¢€ giai phuong trinh f(x, y...) = 0, ta lai chimg minh
it ding thic f(x, y...) 2 0 hodc f(x, y...) < 0 vi chi ra l.. n cédn v db d¢

xay ra dang thirc.

Vi du 102 (11). Giai phuong trinh
e .\': +7 = x(y + 2).

AP DUNG CHUNG MINH BAT DPANG THUC VAO GIAI PHUONG TRINH

:r

Gidi : Trude hét 1a ching minh ring
: ()

al

>
X"+Y +2 2Xy+X2

Bt ding thitc (1) twong duong vai
Jxtp 2_\-: 3% = 2xy = 2xz20
2)

<.->(x-y)2+{,\—z|:+y°+z 20
Xay ra ding thiac o (2), nrc 1a o (1), khi va chi khi x =y =2z =0. b6 la
nghi¢m cua phuong trinh
Chii ¥ : Ciing ¢6 thé bién doi phuong trinh da cho thanh
2x° + 2}': L 2xy - 2xz=0
(X —}'):-i-u —rlz+y'+z =0

ox=y=z=0.

Bai tap

Chimg minh bat ding thuc

Chimg minh cde bat ddng thite (ne bai 358 dén bai 371)
bya’+b* + ¢t +d* 2 dabed.

358(11).a)a> +b> +c> 2 ab+ bc +ca
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359(11). a)a’ + b + ¢ 2abca+ b+ o)
ba®+b*+c*2 a:blc:(ah + bc + ca).
360(11). a)a° +b* 2 ab; hlx:-rxy-l-y:z(l;
c)a(a+b)a+c)a+b+c)+ r20.
361(11. ) (@ + b + b 2 @ + 617 by @+ bl +bh) 2t + b,
362(11).0) 22’ + b)) 2 (@ + b)a’ + b)) véia, b>0:
b) 4(a’ +b") 2 (a + b)* véi a. b > 0.

363(11). a’+b +abc2abla+b+c) vdia b, c>0.

364(11). ) 8a* + b 2 (a+ by b) (a® + b%)* 2 ab(a + b)".

JGS(Ill.u)a:+h=+c22a(b+c): h)u2+b:+c2+d22u(b+c+d).
4 4 |

J66(11). a)x —dx+5>0; b) x —.\+;>0‘

367(1!).:!);!:+h2+c2+%23+b+c:

bya' +b*+2 2 4dab.

368(11). x* +4x + 1 > 3x° vdi x 2 0.

3691 a)(x = DX =3)x=4d)x-6)+920;
b’ a’ +4b” + 4c% > dab - dac + 8bc.

a+b c¢+d
+

2
.‘TOIII).[ ) 2 (a+ )b +d).

371*%(11). a) S(a“ +h'1 +c3| Z(a+ b:"+(h+c)3+(c +a)“ vaia,b.c>0.
h)(a+b+cl"2a“+b3+c"+2Jahcvdia.b.c20.

372(11). Cho a + b + ¢ = 0. Chimg minh ring ab + bc + ca < 0.
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373(11). Cho a, b, ¢ la do dii ba canh cua mot tam gidc.
Chimg minh ring :
a)a2+h3+c2<2(ab+b¢:+ca):

i o i s B
b+c-a a+c-b a+b-c
| 1 '
a+b b+c¢ c+a
374(11). a) Cho cdc s6 duong a, b, ¢ ¢6 tich bing |. Chimg minh ring
(a+ )b+ Dic+1)=8.
b) Cho cdc s6 a va b khong am. Chimg minh ring
(a + b)(ab + 1) 2 4ab.
375(11). Cho cdc s6 duong a, b, c, d ¢6 tich bing 1. Chimg minh ring

c) cing 1a do dai ba canh cua mot tam gide.

a2+b2+c:+d2+ab+cd26.
376(11). Cho cdc s6 duong a va b thoi min a® + b® = a - b. Chimg minh ring
a*+b +ab< 1.
377(11). Chimg minh cdc bat ding thic sau bing cich xét timg khoang gid tri
cua bién :
DA=x +x+x +x+ 1 >0;
BC=x*-x"+x'-x+150.
Giai cdc bai tie 378 dén 384 bdng pluong phdp phan chimg :

378(11). Chimg minh ring néu a + b + ¢ > 0, abc > 0, ab + bc + ca > 0 thi
a>0,b>0,¢>0.

379(11). Chimg minh ring néua>3.b>3.2° +b* 225 thia+b > 7.

380(11). Cho ba s0 a, b, ¢ khdc nhau doéi mot. (':"ht'rng minh rang tén tai mot
trong cic s6 Yab, 9bc. Yca nho hon (a + b +¢)”.

381(11). Chimg minh ring khong ¢6 ba s6 duong a. b, ¢ nao thoa min ca ba bit
dang thic :

| 1 1
a+—<2: b+=-<2; c+=-<2
b ¢ a
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382(11). Chimg minh rang khong ¢6 cic s0 a. b, ¢ ndo thoa min ca ba bat ding

thue :

b-¢|>a.c—al >bl,la-b >

383(11). Chung minh rang khong ¢6 cic s6 duong a, b, ¢ ndo thoa min ci ba

bat dang thire :

Ja(l =b)>1, 4b(l-c)>1, de(l-a)> 1.

384(11). Cho a” + b" = 2. Chimg minh ring a + b < 2,

Gidi cde bai e 385 dén 389 trong dd 6 sdp thit ue cdc bién :
385(11). Cho a, b, ¢ lia do dai ba canh cia mot tam gidc. Chimg minh ring

a b c %

) + + <Z;
b+¢ c¢c+a a+b

N

b) a" + h" + c3 + 3abe > abta + b) + be(b + ¢) + acla + ¢).
386(11). Chimg minh bat ding thirc :

a) .?(a“ + hul 2 (u‘ + b“)(a‘ . hs) :
b) 3(;:“ +b° +c“l 2 (a“ + h" 0 c])(a" + h’i + c’l.

387(11). Cho a + b = 2. Chimg minh ring a" + b* 227 4+ V',

388*(11). Chimg minh bat ding thic sau véia, b, ¢ 2 0 :
Aa@a=-b)a-c)+bb-cxb-a)+cic-alc-b)20;
b a®+b®+cf2a’b+bc+cta (a. b, c 2 0).

389*(11). Ching minh ring t6n tai mot trong cdc s0 (a - b). (b = ©)*. (¢ - a)°
3 3 4
khong 16n hon u.

390%(11). Cho a, b, ¢ 12 do dai ba canh clia mot tam gidc ¢é chu vi bing 2.
a) Sosanh a. b, c v | ;
b) Chimg minh ring a° + b + ¢ + 2abc < 2.

391(11). Cho |x| 2 2, |y| 2 2. Chimg minh ring :

; 9
a L L, vo nghi¢m.
004

X+y
2o )<h; b) Phuong trinh
Xy x+y 2

a)



392(11).a) Choa + b+ ¢ =6 viab + be + ca = 9. Chimg minh rang 0 < a < 4,

O<sb<dvalsc<4,

- 4
b) Choa + b + ¢ = 2 vt a° + b> + ¢ = 2. Chimg minh ring 0sass,

()Sbsiv;'l(lScSi.
3 3

393*(11). Chimg minh rang n¢u a, b, ¢ 12 d0 dai ba canh cua mot tam gidc thi

[.1 b ¢ (u ¢ b)
_+-+—-—+—+—'<I
b ¢ a/ ¢ b a/
394(11). Chimg minh rdng véi a. b, ¢ > O thi :

a}E+E+Eza+b+';:

a b c

b) ab . bc L S:|+h+c'

a+b b+c¢ c+a 2
395(11). Chilng minh rAng véi a, b, ¢ >0 thl | < —— 4+ —2— 4 —<

a+b b+c c+a

396*(11). Chimg minh ring véi a, b, ¢ > 0 thi :

a> b _a b a: b*
) s +=—g2—+-—,
h' a© h a b C
d b: 2 y b+c
B) e PPN
b+c¢c c¢+a a+h 2
397*(11). Chimg minh ring v&i a. b, ¢ > 0 thi
2 s ‘]
a” b* e a b

~ + = + b, -

2 % 9 pl 2 5 "
b* +¢c* c“+a* a*+b* b+c c+a a+bd
398(11). Chimg minh rang khi viét dudi dang so thap phan vo han, s6

(]

b) —+—+—2a+b+c:

(1;’5} ¢6 2000 chir s6 thap phan ddu tién sau dau phay bing 0.
399‘(1'). Cho 101 so Ay, 2. e iy Il'()l\g do 3y = 5. iy = i‘.l "'l.....
a

e ’ o
Ape) = Ay +a— vdgi moi n 2 1. Chimg minh ring :
n

3)351>|': b) |5<a|u|<|5.|.
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400(11). Cho séu doan thing c6 do dai trong khoang tir 10 cm dén 75 cm.
Chimg minh ring bao gi ciing chon dugc ba doan thing lam thianh ba
canh cua mot tam gidc.

401(10). D6 vui :

Ai néi ding ? Mot don vi cong an hing ngay dung thuyén

mdy di xudi khic song tir A dén B réi quay tro lai A. Hom dy, dong nudce
chay nhanh hon hom truée. Chién si Tam vui vé néi :

- HOom nay nuéc chay nhanh, thuyén xu6i nhanh hon nén ta sé vé sém hon.
Chién si Hoa khong tdn thanh :

- Di nhanh dugc bao nhiéu thi lai vé cham bay nhiéu ! Nhu vay thuyén vin
di vai thoi gian nhu hom trude.

Ai ding ? Ai sai ? Bi¢t ring van 16c riéng cua thuyén miy khong déi trong

ca hai ngay.

Bét ding thirc vai sé ty nhién

402(11). Ch0A=T -

2
g, 2.5 -ﬁ Chimg minh ring 14 < A < 20.

- 1 1 199

Chimmg minh cdc bat ddng thiee (1l biai 403 dén 410) :

aray.2 2110 MWL
36 9 12 210 25
. - 7 2n+1
404(11).a) A = =+ — + — + ... + ——= < | (n nguyén duong) :
4 36 14 n (n+l)‘ o5 .
| 3 -1 i
b)B-; ;4—; e # = <l(neN:n22)
405(11). C=—+-5-+ll "—2—1'l—<2(nnguyenduongl
20 3t 4 (n+1)!
| 2 3 4 100
406(11). A=E -i-z-+-27+—_‘+...+2|m<2.
407(11). B—L —l- -'- +-l- -I—(ne\i nz3).
| 2 3 100 3
408.(")-C=5+"3"§- 3—3+ .+;ﬁ I
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409(11). 1 < - - +o 4 < 2 (n nguyén duong).
n+l n+2 n+3 In + 1
3
et d g Uy oo L .3
5 2004 2005 2006 4006 4

411(11). a) Chimg minh bt ding thic :

l+=—+=+..+
2 3 20

n
> 5 (nnguyén duong).

b) Chimg minh ring véi moi s6 duong A, ta luon tim dugc s6 w nhién n dé

412*(11). Cho bon 56 nguyén duong a, b, c. d, trong d6 tdng ba s6 bt ki chia
cho s6 con lai déu c6 thuong 12 mot s6 nguyén khic 1. Ching minh ring
trong bon s6 a, b, ¢. d. tén tai hai s6 bing nhau.

413*(11). Tim cdc s6 tr nhién X vi y sao cho x* ¢6 y chir s6, con y* ¢6 x chir s6.

414*(11). Chimg minh bit ding thiic (n')” > n” véi moi s6 w nhién n > 3.

415%(11). Ki hi¢u [a] Ia s6 nguyén 16n nhat khong vuot qud a. Chimg minh
rang [X] + [y] € [x +y].

Bat ding thirc va phuong trinh
416(11). Dung phuong phép bat ding thic dé giai cic phuong trinh :
a)(x+y):=(x+ Iy=1):
b)x2+y2+zz+l:=x{y+z+t);
c) (.x: + I)(y2 +a)2 +9) = 48xyz (x.v, 2> 0):

d(x+ I)(y+I)x+y)=8xy(x,y20).
417(11). Ki hi¢u S(n) la téng cic chir s6 cha n. Tim s6 nguyén duong n sao cho :

a)n+S(n) = 2018 : b*) S(n) = n° - 2005n + 7.

55



TIM GIA TRINHO NHAT, GIA TRI LON NHAT
CUA MOT BIEU THUC

I = GIA TRI NHO NHAT, GIA TRI LON NHAT CUA MOT BIEU THUC
1. Cho biéu thire f(x, y...)

Ta n6i M la gid tri I6n nhat (GTLN) cua biéu thic f(x, y...), ki hi¢u
max = M, néu hai di¢u kién sau duoc thoa min :

- Vi moi x, y... dé f(x, y. ...) xdc dinh thi
f(x,y..) €M (M li hiing s6) (n

- T6n tai x,,. y,... sao cho

f(Xge Yo ) =M (2)
2, Cho biéu thite f(x. y...)

Ta n6i m la gid tri nho nhit (GTNN) cua biéu thie f(x. y...), ki hiéu min f = m,
néu hai diéu ki¢n sau duoc thoa min :

- Véi moi x, y... d¢ f(x, y, ...) xdc dinh thi
f(x. y...) 2 m (m la hing s6) (r
- Ton 1ai x,. y,... sao cho
f(Xgs Yorrr) = M. (2)
3. Tiéng Latinh : minimum la nho nhit, maximum 1a 1ém nhat.

4. Chi ¥ rang n€u chi ¢6 didu Kién (1) hay (1') thi chua thé n6i gi vé cuc tri
cua mot biéu thirc.

Chang han, xét biéu thic
A=(x-1)7+(x-3)"

Maic dita c6 A 2 0, nhung chua thé két luan duge min A = 0. vi khong t6n
tai gid tri ndo ctha x dé A = ().

Cich giai ding : Xem vi du 103.

Vidu 103 (11). Tim gid tri nho nhat caa biéu thire

A=(x- l}:+(m~3|2.
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Giai : Taco
2 o) 2
A=xX"=2Xx+1+Xx -6x+9=2x"-4x +5)
=2(x—2):+222.
A=2ox-2=0x=2.
Viy min A = 2 khi viichi khi x = 2.

Il - TIM GIA TRI NHO NHAT. GIA TRI LON NHAT CUA BIEU THUC
CHUA MOT BIEN

1. Tam thire bac hai

Vi du 104 (11).

) Tim GTNN cia A =2x" - 8x + I.

b) Tim GTLN ciia B= ~5x° - 4x + 1.

¢) Cho tam thire bac hai P = ax® + bx +c.

Tim GTNN cua Pnéua > (.

Tim GTLN cua Pnéua <0,

Giai

al.-\=3‘2-8:+ | =2tx3—4x+4}-7=2tx—212—72—7.

min A = -7 khi vichi khi x = 2.

( : 4 \ 2y 9 9
hlB=—5x2—4x+l=-S'x3+ix+j— +2= -S(x+—] 4+ =< -,
\ 57 25) 5 5 575
9 . 2
maxB = — khivichikhi x = - =,
5 5
2 4
2 » b ) b\" b~
c)P=ax"+bx+c=a|x" +—=x|+Cc=a|X+—| +Cc-—
a / 2a/ 4a

)

b~ b
Piuc-—=Kk.Do|x+— 20nén:
4a 2a/

bl

— Néu a>0thi u[x+;b-J >0.dodo P2k
2a

57



min P =K Kkhi viichi khi x = -L :
2a

2

—Né’uu<0|h‘la(x +-;.;] <0 dodoP<k;
2a

max P = k khi via chi khi x = —L.
2a

2. Pa thire bac cao hon hai
Vidu 105 (11). Tim GTNN cua :
A=x(x-3)x=-4)x ~-T7).
Gidi
A= tx2 - 7x) (xz - 7x 4+ 12).
Patx’ - 7x + 6= y thi
A=(y-6)(y+06)= )'2 - 36 = -36.

minA:—Bﬁay:()cﬁx:—?x+6=0¢$x|=1;x2=6_

3. Phan thire ¢6 tir la hang so6, mau 1a tam thie bac hai

a
Vidu 106 (11), Tim GTNN cia A = ——————.
6X - 5 - 9Yx~
Gidi
-2 -2
A= = = = :
9x= -6x+5 (Ix-1)"+4
Ta thiy (x-1>20 nén Gx-12+424. Do d6 ———— <1
Bx-1"+4 4

L]
a

- o
S-'-l; véi a va b cung diu) = —"-2-:‘-'-::-

(theo tinh chdt a 2 b thi =
(3x =1y +4

A2z -

19| -

min:\=—-1—c>3x-l=0c:>x=

wd | —
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4. Phan thirc ¢6 mau la binh phuong cua mot nhi thirc

Vidu 107 (11). Tim GTNN cuia
X2 -8x +6
Az —m/— .
x° =2x +1
Giai
Cachl. Datx-1=ythix=y+1.Tacé:
My + D7 -By+D+6 3P -2y+l !

2
2 g oy
y y y

y

A

)-

"
A=3-2z+ z'=(z-1)2+2 22.

|
=]l x=2.
x -1

Cdch 2. Vi€l A dudi dang 16ng cua 2 vai mot bi¢u thie khong am :

mnA=2 oz=loy=lo

_(2x2—4x+2)+(x2—4x+4) +(x—2)2

A =2

bl 3
X =2x +1 (x - 1)~

minA = 2 khi va chi khi x = 2.

g &

5. Céc phan thirc dang khic
Vidu 108 (11). Tim GTNN va GTLN cua
3-4x

Y

A=

X"+ |
Gidi : B¢ tim GTNN, vi¢t A du6i dang :
9 2 .
<-4 4-x" - -2)
A_:x x: X l___(x’ )—lz-l
X~ +1 x“ +1
min A = -~ khi va chi khi x = 2.
Pé tim GTLN, viét A dudi dang :

4x> +4-4x% -4x -1
-+—-— -
X X X -

2 ]
x“ +1 x° +1

2x + 1)?

A <4,




max A =4 khi vichikhi x = —%.

Chu y : Loi giai trén ty gon, song cich vi¢t bi¢u thie A dudi cic dang

trén ¢6 phin thicu twr nhién. Trong trudmg hop phan thite ¢6 midu 1a da thie bac
hai va wr ¢6 bac khong qui hai nhu ¢ vi du 108, ta ¢6 mot phuong phip xdc
dinh duoc gid tri nhé nhat va gid tri 16n nhatl cua bidu thie (néu ¢d). Do 1a
phuong phip tim mién gid tri coa haim s6. Phuong phip ndy dugce trinh bay
trong cudn Nang cao va phdt trién Todn 9 1ap hai.

11 = TIM GIA TRI NHO NHAT, GIA TRI LON NHAT CUA BIEU THUC €O
QUAN HE RANG BUOC GIUA CAC BIEN

60

Vidu 109 (11). TimGTNN cua A = x* + )"‘ + Xy bictring x + y = |.
Gidi : Su dung didu ki¢n di cho d¢ rit gon bicu thire A ¢

-

A= (x +)'I(x2-xy +y )4 xy= x:-xy + oyt exys= x> + ¥t
Dén day 6 nhidu cich giai :
Cdch 1. Bi¢u thi y theo x rdi dua vé tam thite bic hai doi vai x ;
Thay y = | = x viio biéu thirc A :

3 : y ) I
A=x"+(1-x) =2(x'-x1+l=2[\-; + -2

b | —
19| —

min A = é khi vichi khi x =

|
.)"—“:.

19| —

Cdch 2. S dung didu Ki¢n da cho lam xudt hién mot biéu thire madi ¢6 chira A ¢

2 2
X+y=1=2x"+2xy+ y* = | (n
Mt Khic
(x-)’):a'u::xz—lx)w y3zu (2)
Cong (1) vai (2) :
2 2 2 3 o)
2x7 + y)2I=x"+ y 2 -,

min A =

td | —

khi va chikhix =y =

19| =



Cdch 3. Sirdung diéu kién da cho d¢ dua vao mot bién man :

1 . | PRI 2
Datx= < +athiy= 5 —a Bicuthix™ + y° theo a. ta duoc :

“ b
- -

! | |

X+ y2= [%4-3} +(E—a) =E+2a"‘?3
: |
minA=-oa=0eox=y= .

Vidu 110 (11). Chox + y + 7z = 3.

9

D TIMmGTNNcia A = x>+ y° +7°.
b) Tim GTLN cua B = xy + y7 + #X.
¢) Tim GTNN cua A + B.

Gidi : Binh phuong hai v¢ cua ding thic x + y + 2 = 3, ta dugc :

2 3

X"+ ,\"+23+2(x,\'+yz+zx)=9 (n
wela A +2B=9,
Dé dang chimg minh duoc :
Az2B (2)
xay ra ding thue khi vi chi khix = y = 2,
AT vaQ)suyra3A2A+2B=9.nén A 2 3.
Dodémin A =3 Khivichikhi x=y=z=1,
Chii v C6 thé giai ciu a bing cich ddi bién : ddt x =l +a,. y =1 + b,
2= +créi xét x> + )': + 2
b) Tir (1) va (2) suy ra3B< A + 2B =9, nén B £ 3. Do d6 max B = 3 khi va
chikhix=y=z= 1|
Chii v : C6 thé giai cau b dua vivo cdu a : vi A + 2B =9 nén B 16n nhit <>
A nho nhat. .
HTacOA+2B=9maB<3caubynén A+ B>6.
Do d6 min (A + By =6 Kkhivichikhi x=y=z=1.

Vidu 111 (11) Tim GTNN vi GTLN cua :
a) Bi¢u thic A, bi¢t ring A(A = 1)< 2;
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b*) Bi¢u thic A =2 - x - y ~ z, biét ring
(2—1(-_\'—‘/.)2:4-:&2- y: i

Giai
a) Ta dung phuong phip xét ddu mot tich d€ tim GTNN, GTLN cia A :
Bién déi :
AA-DS20A -A-25 0 (A+I1)A-2)<0.
Lap bang xét ddu :

A -1 2

A+l - 0 + +
A-2 - - 0 -
A+1XA=-2) | + 0 - 0 +

Dodo-1<A<2:minA=-1;max A=2.

b) Tur gia thiét ta c6

2-A (h
X+ y +8=4-A" (2)

Ta dua ra mot bat dang thirc trong d6 chita x + y + 2 v X2+ ),2 v

Taco
(x+y+zJ:=x2+ y2+z1+2(xy+yz+zx) (n
Mat khic, dé dang chimg minh duoc :
xy+yz+zx$x2+ y2+z‘1' (2)

Tu(l)va(2)suyra(x +y+ z)2 <3+ y"‘ + ?.2) : xay ra ding thirc khi
vichikhi x=y=2z

Do d6 (2~ A)” < 3(4 - A%). Bi¢n déi bat ding thic nay ta duoe A> - A -2 < 0,
Gidi 1i¢p nhu cau a ta duge :

5 X+y+z=3

mnA=-l & ox=y=z=1.
X=y=1z
(x+y+2=0

max A =2 ¢ o>x=y=z=0,
xX=y=2



IV - CAC CHU Y KHI TIM GIA TRI NHO NHAT, GIA TRI LON NHAT

CUA MOT BIEU THUC

1. Cha ¥ 1. Khi tim cuc tri (GTNN hoac GTLN) cua biéu thic, ta ¢6 thé

doi bién.
Ching han, & vi du 103 ta ¢6 thé dat x - 2 =y, khi d6

A=(y+1+(y-17= yP+2y+1+ y2 —2y+1=2y> 4222

mnA=2oy=0ox=2.

2. Chii § 2. Khi tim cyc tri ctia biéu thic, nhicu khi ta thay diéu kién dé bicu

thite nay dat cuc tri bai diéu kién twong duong la bicu thire khic dat cuc tri.

Ching han : = A 16n nhit <> A nho nhit,
lB 16n nhat <> B nho nhat véi B > 0,

C 16n nhit & C ° 16m nhit véi C > 0.

x"+l

Vi du 112 (11). Tim GTLN va GTNN cila A = ————.
(x= + 1)

Gidi : Chi y ring A > 0 nén A 16n nhit < % nho nhat.

A nho nhit <> % 16m nhat. Ta ¢é :

9

2 - )
| (x= + 1) x? +2x% +1 | 2x
—_= = =]+ .
A x? +1 xd 41 xd +1

9
2x~

Tim GTLN cila A : Tac6 2x” 20, x*+ 1 >0nén —— 2 0.Suyra

XU+

l2I+U=I.
A

min%— =1 khi va chi khi x =0. Do d6 max A =1 khi va chi khi x=0.
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Tim GTNN ctia A : Tac6 2x° < x*+ | (d& chimg minh. ddu "=" xay ra khi

-
-

vi chi khi x* = 1) ma x*+ 1 > 0 nén < I.Suyral\S L+ | =23

X7+ ¢

masx

% = 2 khi va chi khi x> = 1. Do dé min A = % khi va chi khi x = +1.
Chui ¥ :
I.Cdch khdc tim GTLN cua A :

2 2 9.2 vyl
A= BB mak +,“ ,"x = | -—-—,'x =< 1.

(x= +1)° (x~ + 1)
max A = | khi vichikhi x =0,
2. Cich khdce tim GTNN cua A
Cach 1. Dt ,' =y nhu vi du 107,

X"+
Cach 2.
2x4 +2 (x> + ) +(x* - 1) I ox2-02
A= ] Tha 3 4 - : + __3_-_‘92 n’
2(x* + 1)° Ax= + 1)~ = AxT+ 1) 2

min A = %khi vichikhi x= %1,

3. Cha y 3. Khi giii todn cuc tri, nhi¢u khi ta cdn xét timg khodng gid tri
cua bién, sau d6 so sanh cic gui tri cua bicu thire trong cic khoing dy d¢ tim
GTNN. GTLN.

Vidu 113 (11). Tim GTNN cua

A=Gx-1)7-43x- 1145,
Gidi : DAt 13x - 11 =y thi
A=Bx-1P-4Bx-1+5=y? —dy+5=(y=-2+121.

. I
MnA=1e y=2Bx-1=26 x; =1:x, .

Vidu 114 (11). Tim GTNN cua
B=Ix-2l+Ix -3l



Giai

Cach 1.

a) Xétkhoang x <2thiB=2-x+3-x=5-2x.

Dox <2nén-2x>-4,dod6 B> | (n
b) Xétkhoang 2 < x<3thiB=x-2+3-x=1 (2)
¢) Xétkhoang x >3 thiB=x -2+ x-3=2x -5,
Dox>3nén2x>6,dodé B> | (3)

So sdnh (1), (2), (3) ta duoc min B= 1 khi vi chikhi 2 € x € 3.
Cdch 2. Do gid tri tuyét doi cua mot s6 16n hon hoac bing s6 d6 nén
B=Ix=2l+Ix=-3l=Ix-21+13-xl12 (x-2)+(3-x)=1

-220
Dndﬁmin3=lc:>{x &2sxs3.

3-x20

Vidu 115 (11). Tim GTNN cua

A=zlx=1l+Ix=T7+Ix-9l

Gidi
Do gid tri tuy¢t doi cha mot s6 16n hon hodc bing s6 d6 nén
IX=1 +Ix=9=Ix-1l+9-xI2x-1 +9-x=8 (1)
Ta lai ¢6 Ix-7120 (2)
Tu(l)va(2) suyra A2 8.
x=120
DodéminA=8¢ {(9-x20 <>x=7.
Xx=7

4._ Cha y 4. Khi tim cuc tri cia mot bi€u thirc, ngudni ta thudng sir dung cédc
bat ding thic da biét. Xem muc Cdc hdng bdt ddng thiee thude chuyén dé
Chimg minh bdt ddng thiee.

Vidu 116 (11). Cho x> + y?=52. Tim GTLN ciia A = 2x + 3y.

Gidi

Ta nhdn thdy 2x + 3y va X+ y"" la cdc thanh phén cia bat ding thic
Bu-nhi-a-c6p-xki (ax + I:ay)2 <(a 2+b 2)(x2 + yz) véia=2,b=3.
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Theo bat ding thirc trén :
(2x +3y)° < (22 +3%).52 = (2x + 3y)° < 13.13.4
= 12x + 3yl €26 = 2x + 3y < 26.

| =

y
- |
- (1)
x+3y20 (2)

maxA = 26 <

™~ oo

2 9x>

Thay y = 3?” vio x? +y? =52, 1a duge x% + - =52 Giai phuong trinh

nay duge : x =+ 4,
Vi x =4 thi y = 6, thod miin (2). V&i x = 4 thi y = -6, khong thoa miin (2).
Vay max A =26 khi vichikhix =4,y =6.

5. Chu y 5. Trong cdc hing bat ding thirc, cén chi ¥ dén hai ménh dé sau,
cho ta GTLN cua tich, GTNN cua téng :

~ Né&u hai s6 c6 tdng khong déi thi tich cla ching 16n nhat khi va chi khi
hai s6 d6 bing nhau.

~ Néu hai s6 duong ¢6 tich khong déi thi 16ng cia ching nhé nhat khi va
chi khi hai s6 d6 bing nhau.

Pé chirmg minh hai ménh dé trén, ta diing bt ding thie (a + b)> > dab :
~ Né€u hai s6 a va b c6é a + b = k (hing s6) thi tir (a + b)* 2 4ab ta c6

]

ab < -l;—- do d6 max(ab) = %— khi vichikhi a=b.

~ Néu hai s6 duong a va b c6 ab = p (hing s6) thi a + b nho nhit <> (a+b)’
nho nhat, do d6 min (a + b)’ = 4p khi va chi khi a=b.

Vidu 117 (11). Tim GTLN cua
A=(x?=3x+ 1)21 +3x -x%).

Gidi : Céc biéu thic x* - 3x + 1 va 21 + 3x - x> ¢6 tdng khong déi (bing
22) nén tich ciia ching 16n nhat khi va chi khi

2 2 2
X T=3x+1=214+3x-x"¢&x"=-3x-10=0

S(X=5)x+2)=0e x; =5; x9 ==2,



Khid6 A =11.11=121.
Vay max A = 121 khi va chi khi x =5 hodc x = -2.

Vidu 118 (11). Tim GTNN caa biéu thic

N
B= 16x" +4x +1 v6i x > 0.
2x

Giai

Viét B dusi dang 8 +2 + = Hai s6 8x vi — 1a hai 56 duong, c6 tich
X

khong déi (bang 4) nén 16ng cua ching nho nhat khi va chi khi

-

3%:%#!53'=I¢4‘x=%ich{ifféﬁgi > 0).
. l+1+1 : gy 1
Viy min B = 0 = 6 khi va chi khi x = e
2

6. Chii y 6. Trong cdic vi du trén, ta chi ra tdt cd cde gid tri ciia bién d€ xay
ra dang thic. Tuy nhién, yéu cdu cha bai todn tim GTNN, GTLN khong doi hoi
nhu vay, chi cdn ching 16 ring t6n tai gid tri cia bi¢n dé xay ra ding thic.

Vidu 119 (11). Tim GTLN cta A = ab + be + cd, biét ring a, b, ¢, d Ia cdc
s6 khong 4m c6 16ng bing 1.

Gidi :

Cdchl.Giastazb2c2d20.Tacod

A=ab+bc+cd<ab+ac+ad=ab+c+d)
2 AN
a( )=a=-a"=~|a > + 357

Khong cdn tim diéu kién cdn va dit dé A = -‘:- tic 12 khong cin gidi tat ca

cdcdiéuki¢nbc=nc.cd=ad.az-;-.b+c+d=-:-v&b.c.dZO.Tnchicdn

chira A= i khi, ching han,a=b= — c=d=0.

bt | -

c=d=0.

Vay max A'= :‘I- khi, ching han,a=b = ;';
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Cach 2.
A=ab+bc+cd<ab+ad+bc+cd=(a+c)b+d).
2

Ap dung bat ding thirc xy < (%X) tacé

a+c+b+d]2__l_
B T

A=(a+c)b+d) < [

ad+C=

4b+{!=

Py
n
g

ST

& |-

ad =0
a,b,c,dz20

V.'gymaxA--‘I; khi, ching han,a=b = :,l-.c:=d=0.

-

V - BAI TOAN CUC TRI VOI SO TUNHIEN
Vidu 120 (11). Tim GTLN cua biéu thic

A= —L— voix, y 1a cdc sO tu nhién,

S5-(x+y)
Gidi : Tacox +y #5.
Xéix+y <4:
-Néuy=0thiA=0,

~-NOlSysSIAa —Lt—2g)
S5-(x+y)

~Néuy=4thix=0vaiA=4

SR
S-(x+y)

So sdnh cdc gid tri trén cua A, ta thdy max A =4 khi vachikhi x=0,y =4,

Xétx+y26thiA=



Vi du 121 (11). Tim GTNN va GTLN cua tich xy. biét rang x va y la cic
s6 nguyén duong thoa min x + y = 2005.
Giai : Taco
4xy = (x + y)2 -(x- yl2 =2005" - (x - )'12.
Gia sirx >y (khong thé xay rax =y). Tacé:
xy 16n nhit <> x - y nho nhdt ; xy nho nhit <> x - y 16n nhit.
Dol<y<x<2004nénl <x-y<2003.
Tacé : min(x —y) = | khi va chi khi x = 1003,y = 1002.
max(x — y) = 2003 khi va chi khi x =2004,y = 1.
Do d6 : max (xy) = 1005 006 khi va chi khi x = 1003, y = 1002.
min (xy) = 2004 khi va chi khi x =2004,y = I.
Vidu 122 (11). Tim GTNN cua bié¢u thirc
A= 1™ = 5°| v6i m, n 1a cic s6 nguyen duong.
Gidi : Ta thiy 11™ tan cing bang 1, con 5" tan cing bing 5. Néu
11™ > 5"thi A tan cing bing 6, néu 11™ < 5" thi A 1an cung bing 4.
TachiramOttrudng hop A =4 :véim=2,n=3thi A=[12]1 - 125|=4.
Nhu vy min A = 4 khi, ching han. m =2, n = 3.

Bdi tép
418(11). a) Tim GTNN cia A = x" = 5x + 1.

b) Tim GTLN cia B= 1 - x> + 3x.
419(11). Tim GTNN cua cic biéu thic :

a)A=(x+8)"+(x+6)4: b)B=(0.sz+x)2—-310.5x2+x| H

)C=(x-Nx=-3)x>-4x+5);: d)D=x'-2x3+3%x2-2x+1;

OE=x'—6x>+10x2 =6x+9 : 2 G =(x* +x=6)(x* +x +2).
420(11). Tim GTNN cua cdc biéu thic :

aAA=Ix=31+Ix-T7: b)B=12x-31+12x - Il

OXZ-x+N+-x=-2; d)D= Ix>+x 431+ Ix° +x - 6l.
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421(11). Cho x + 2y = . Tim GTNN cia x* + 2y2.

422(11). Cho 4x - 3y = 7. Tim GTNN cua 2x> + 5y2 ;

423(11). Choa + b= 1. Tim GTNN cua a* « b*.

424(11).Choa+b=1. Tim GTNN ciia a° + b>.

425(11). Cho xy = I. Tim GTNN cua Ix + yl.

426(11). Tim GTNN cla céc biéu thirc :

a) A =2x"+ y3—2xy-2x+3:

2 2
b)B=x"-2xy+2y

_ 1
= x* - 2xy +2x - 10y +

l: a
2 2
c)C=x"=xy+ y” -2x-2y:

d)D=x2+xy+ y3—3x—3y:

¢*) E= 2x° + 2xy +5yz - 8x - 22y.

427(11). Tim GTNN cua .
2 -6x+17

’ .
X" =-2x+35

x® +27 .
x} =33 +6x2-9x+9
428(11). Tim GTNN cua

a)A =

¢)C=

x2—4x+l.

Xz '

429(11). Tim GTLN cta

a) A =

X il .

(x + IO)2 '
430(11). Tim GTNN va GTLN cua

27 - 12x

aAA= —
X~ +9

a)A =

70

2
2x” = 16x + 41

b)B= —;
X- =8x +22
6

D= X ,+5l2-
x~ +8

4x2—6x+l

b)B=
(2x - 1)?

b)B= ———.
(x + 100)~

b) B = Bx,+3 :
4x° + 1




Ix* = 2x+3
¢)C= 2,“' : d)Ds 2 -="=
5" % 2 x“ +1

2,2
431(11). 2) TImGTNN cla A= ———3
X“ +2xy +y°

2

b) Tim GTLN cua B=

4 .
x +1
) |

( )
¢) TimGTNNcuaC= Lx" + 2J(y2 +;—|2-)

Yy
432(11). Tim GTNN cua
2
) Aw B s 0= gxs0:
X X
c)C--§-+ 3 vaix>2;
3 x-2 '

6
(X-l-—]'] —[x"q-%\-Z
X x2/

REJENY

433(11).Chox +y=1,x >0,y > 0. Tim GTNN cta
1.0l

a) —+—;
X y
a® b’

b) —+ — (a va b la hing s6 duong di cho) ;
Xy

o (x+ )+ (s+4)"

,,
434 (11). Tim GTNN cua : % y2 + — v@i x vd y cung dau.
Xy

vai x > 0.

dD=

435 (11). Cho céc s6 duong x va y thoa min -l.,- + -!2- = %.'nm GTNN cua
X© Y
a)A=xy: b)B=x+y.
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436(11). Tim GTNN cia

a)A=(a+b)(l+l) viia,b>0;
a b

b)B=(a+b+c¢) (l+l+l)v6ia.b.c>0;
a b ¢

c)C:(a+b+c+d)[l+-l'+l+l]"6‘ia-b-‘-‘-d>0-
a b ¢ d

437*(11), Cho a, b, ¢ la céc s6 duong. Tim GTNN cua

a b c
a)A = - -

B o - = T

T .Ta d * D

a b+c b a+c C a+b
b)B= . - - + +

b+c¢ a a+c¢ b a+b c
438*(11). a) Cho cdc s6 duong x, y, z ¢6 téng bing 1. Tim GTNN cua
X+y
Xyz
b) Cho cdc s6 duong x, y, z, t c6 téng bing 2. Tim GTNN cua

_(x+y+2z)x+y)

A=

B
xyzt
439*(11). Tim GTNN cia A = ES . 1 + -l—bic'l rang X, y, z 1a cdc s6 duong
Xy vz =

vax®+ yz +22 <3
440*(11). a) Tim GTLN cta tich xy véi x, y la cdc s6 duong, y 260 va x + y = 100.
b) Tim GTLN cua tich xyz véi x, y. z la cic s6 duomg, z2 60 va x + y + z= 100.

441(11). Tim GTNN ciia A = i+% . bidtring | Sx<y<z<t<25.
. ¥

442(11). Tim GTLN cua
a) A =(x +z)(y + 1) biét ring x? +y2 +Z2+t2=l;

b*) B=(x +2)(y + 1) biét rdng x> + y> +22° + 2% = I.
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443(11). Tim GTNN cua
AA=Ix=-21+Ix=-31+Ix-4l;
b)B=Ix=1+Ix=2I+Ix =3 +Ix -4l

444(11). Tim GTLN

Az=Ix-yl+lx-zl+ly-2zIvai0<sx.y.z<3.

Bai toan cuyc tri véi s ty nhién

445%(11). Tim GTLN cua A = - = vdi x,y € N.
X+y 8-(x+y)
446%(11). Tim GTNN ctia A = 136™ - 5" | v6i m. n la ciic 56 nguyén duong

447(11). Tim GTNN ciia bicu thitc A = x° + 4y, bict rang x, y la cic s6 t nhién
va A khong phai la s6 chinh phuong.

448(11). Cho cic s6 nguyén a, b, ¢. d thod mdn a < 2b, b < 3¢, ¢ <4d, d < 100.
Tim GTLN cua a.

4,4
449(11). Cho A = . 1+5y trong d6 x, y va A la cdc s6 nguyén duong.

a) Chimg minh ring x va y déu chia hét cho 3.
b) Chimg minh ring x va y déu chia hét cho 5.
¢) Tim GTNN cua A.

4

450%(11). Tim GTNN cia A = XY

3
X

trong d6 x, y la cdc s6 nguyén duong

v A 1 s6 e nhién lé.
451*(11). Cho day (1) gbm 50 s6 hang :
20+ 1%, 2042220432, 20+4°, ..., 20+50°.

Xét diy (2) gém 49 s6. 1a UCLN ciia mdi s6 hang cua ddy (1), khong ké s6
hang cu6i clng. vdi s6 hang dimg lién sau nd trong diy dy. S6 Ion nhit
trong diy (2) la bao nhi¢u ?

452*(11). a) Tim s6 tu nhién n 16n nhét sao cho s6 2005 viét duge dudi dang
téng cta n hop so.
b) Ciing héi nhu cau a, nhung thay 2005 bai 2007.
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453*(11). Cho sdu chirs6 1. 2, 3,4, 5, 6. Ding sdu chir s6 nay viét thanh hai s6
¢6 ba chir s6. Chimg minh ring trong tdt ca cdc cap hai s6 dugc viél, cap
hai s6 135 va 246 ¢6 tich nho nhd.

454*(11). Tim s6 chinh phuong 1ém nhat. biét ring néu xod hai chir s6 tan cing
cua n6 (hai chir s6 nay khong ciing bing 0), ta lai duge mot s6 chinh phuong.

Bai doc thém

PHUONG TRINH, MOT SAN PHAM CUA TRI TUE CON NGUOI

Chung ta bét ddu tir mot bai toan ¢ quen thudc
Viira ga vira cho
Ba muoi sau con
Bo lai cho tron
D6ém dd tram chén
Hdi c6 bao nhiéu g4, bao nhiéu cho ?
Lai giai bai toan bAng phuong phap 86 hoc :
Ta tam gia thiét rang tat cd 36 con déu |a ga thi s8 chan co : 2.36 = 72 (chén)
So véi dé bai thi 86 chan hut di - 100 - 72 = 28 (chan )
Theo cach gia thiét tam nhu trén thi m&i con ché bi hut di : 4 - 2 = 2 (chan)
Vay s6 ché la 28 :2 =14 (con);
S6gala: 36 - 14 =22 (con)
Ta xét thém mot 10i gidi khac : Ta gia sir s& ga va s6 ché déu Ia 18 con thi tdng
s chan 1a :
2.18 + 4.18 = 36 + 72 = 108, vuot qué 100.
S6 ga phai 16n hon 18. Gia sir s6 ga 1a 23 con thi s8 ché la : 36 - 23 = 13 (con),
t8ng s6 chan |a
2.23+413 =46 +52 =98, it hon 100.

S& ga phai nhé hon 23 va 16n hon 18. Gia s s6 ga la 21 con thi s& ché 1a :
36 - 21 = 15 (con), t8ng 6 chan Ia :

2.21+4.15=42 + 60 = 102, vuot qua 100.

S8 ga phai 16n han 21 va nhé hon 23. S6 ga 1a 22 con, s8 ché la : 36 - 22 = 14 (con),
t8ng s6 chan la :

2.22 +4.14 = 44 + 56 = 100, dung vdi dé bai.
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L&i gidi trén mang tinh md mAm va phai thdr chon, tuy nhién né goi cho ta mot y
wdng mdi : Néu goi s6 ga la G thi s& ché la 36 - G, ta phai cé :

2.G+4(36-G)=100.

Viéc tim gia tri cia G trong d4ng thirc trén khdng cb gi khé khan. Phuong phap gidi
nhu trén chinh la phuong phap gidi bang cach Iap phuong trinh. Phuong phap nay khong
doi hdi nhimg meo riéng dé giai timg bai toan, duding 161 d& giai hét sdc rd rang : 1a chi
cén viét dugc ddng thirc thé hién quan hé gidra s6 phai tim va cac s da biét, va néu giai
dugc phuong trinh (diéu nay khdng c6é gi khé khan) |a ta giai dugc bai toan.

Giai toan bang phuong phap dai s6 khac vai gidi toan bang phuong phap sé hoc
d chd ngudi ta dva vao dai lugng chua biét, quan hé gira dai lugng chua biét va cac
dai lugng da biét din dén phuong trinh, réi 1 viée gidi phuong trinh ma tim ra chinh
dai lugng chua biét. Trong cudn S8 hoc phd théng, Niu-ton da viél : Lap phuong trinh
chinh |a "phién dich tif ngdn ngir théng thudng sang ngdn nglr dai s6". Chung ta I8y vi
du sau day do chinh Niu-ton néu ra trong cu6n sach trén :

Ngbn ngl théng thuéng Ngbn ngir dai s6
Mot nha budn cé mét s6 tién x
Nam déu tién 6ng ta tiéu hét 100 bang | x - 100
cla s6 tién nay
Ong ta tang thém mdt phén ba s& tién % 4x -4
con la (x- 100) + 2= Chay 250
Nam thit hai 6ng ta tiéu thém 100 ba S -

ng ta tiéu thém ng | 4x 400_100 hay 4x 3700

Sau d6 Ong ta tang thém mot phéin ba | 4x-700 4x-700 . 16x - 2800
s6 tién con lai 3 T e hay 9
Nam thr ba 6ng ta tiéu thém 100 bang | 16x - 2800 16x - 3700
nda B i
Ong ta lai tang thém mdt phén ba s& | 16x -3700 16x - 3700, _ 64x - 14800
tién con lai 9 + 27 hay 27

Thé 14 6ng ta gidu gap d6i lic khdi ddu | B4x - 14800 -

27 -

D@ tim s6 tién ban ddu, chi cén gidi phuong trinh trén.

Loai ngudi da biét giai phuong trinh kha sdm. Nguai Ba-bi-lon, ngudi Ai Cap da
gidi cac phuang trinh bac nhél va ca phuong trinh bac hai tir nhiéu thé ki trudc Cong
nguyén. Ngudi Hi Lap coi trong Hinh hoc, it chi y dén S6 hoc va Dai s&, tuy nhién
trong cudn S& hoc cla Di-6-phang (thé ki Il - 11l) cén luu lai nhiéu phuong trinh bac
nhét, bac hai va phuong trinh vé dinh.
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@ Trung A, cac nha toan hoc da cb nhiéu d6ng gop to 6n
cho su phat trién cla Dai s8. Dau thé ki 1X, nha toan hoc Al-
Khovarizmi (Al-Khowarizmi) da viét mdt cudn sach ndi tiéng vé
phuong phap "phuc héi" (al-giép) va phuong phap "so sanh” (al-
mukabala), phuong phéap “phuc hdi* tuong i viéc chuyén vé va
d8i ddu mél hang U, phuong phap "so sanh” twong ty viéc thu
gon cac hang tr déng dang. Ti "al -giép” sau nay trd thanh tén
goi cia mon Dai s6 (liéng Anh : Algebra, tiéng Phap : Algébre).

Céac nha toan hoc Trung Quéc ciing dat dugc nhiéu thanh
twu vé phuong trinh. Trong cudn Clu chuong toan thudt (xuat
hién khodng thé ki | va dén nam 263 duoc Luu Huy thai Tam
quéic chu thich cho hoan chinh), chuong th( tdm cda cubn
sach la chuang Phuong trinh. T "phuong trinh® ¢ ngudn géc
la do ngudii Trung Quéc viét cac hé s6 cua dn vao cac 6 vudng Al - KhOvarizmi
(phuong), cac sé trong 6 vudng d6 dudc tinh toan theo mét
trinh ty, mot quy tac (trinh).

Cac phuong trinh trutc kia chua dugc viét gon nhu ngay nay. Ching han phuong trinh
3x? - 2x% + 2x - 1, theo cach viét clia Bra-ma-gup-ta (An D) thé ki VIl c6 dang sau -
laval
iava2ia2ru
(s6 1 c6 dau chdm dimg trude dé chisé - 1)
Theo tiéng Viét : 4n binh phuong 3
&n binh phuong 2, 4n 2, hang t& ty do -1.

Dén nam 1545, Cac-da-nd (I-ta-li-a) con viét phuong trinh x° + 2x = 3 nhu sau
cubus. p.2. positionibus xquantur 3
(Theo tiéng Viét : 1ap phuong cUa &n cong 2 &n blng 3).

Nhiéu nha toan hoc da dua ra nhing ki hiéu A& viét gon cac bai toan va cac phuong
trinh : ddu cong va trir (+, -) bdi Uyt-man (Widman, ngudi Tiép) nam 1489, ddu nhan (x)
bdi O-to-rit (Oughtred, ngudi Anh) nam 1631, ddu nhan va chia (., :) bdi Lep-nit (Leibniz,
ngudi Dirc) nam 1698, ddu bling (=) bdi Ri-co (Recorde, ngudi Anh) nam 1557, s6 mi

cla Iuj thira (x?,x7,...) bdi Dé-cac (Descartes, nguai Phap) nam 1637.
Ngoai phuong trinh bac nhatl va phuong trinh bac hai, nguoi ta con tim ra cach

gidi cac phuong trinh bac ba, bac bén va nghién cliu van dé giai cac phuong trinh co
béac cao hon bén (xem Nang cao va phat trién Toan 9 tap hai).

Cé thé néi phuong trinh 1a mat san phdm cda tri tué con ngudi, va cac phuong
trinh ngay cang cé vai trd quan trong khdng chi trong cac linh vuc khoa hoc tu nhién
ma con trong ca linh vic khoa hoc xa hoi.
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PHfAN HINHHOC

Chuong 111
TAM GIAC DONG DANG

§13. DINH LI TA-LET

Chuong 111 bat ddu bang vi¢e nghién ciu 1 30 ctia hai doan thing, 86 14t

s6 cdic do dai cua chiing theo cing mot don vi do.

Cho doan thing AB vd mot ti 56 T 50.16n tai duy nhit mot diém C thude
n

doan thing AB sao cho-‘é;‘:3 = — , Diém C goi 1a diém chia trong doan thing AB
n

theo ti s ’-“- (khi d6 diém C chia trong doan thing BA theo 1i $6 — ).
m

Cho doan thing AB va mot t1 56 —| '—“- 0 Za I} t6n tai duy nhat mot
n

diém D thudc dudng thing AB nhum,. nim ngodi doan thing AB sao cho
DA m

OB = — . Diém D goi 12 diém chia ngodi doan thing AB theo ti 56 T (khi
n n

d6 diém D chia ngoai doan thing BA theo ti s0 =
m

Trén hinh 1. diém C chia trong doan AB theo 1i 56 | : 2, diém D chia ngodi
ABtheotiso 1:2

D A C B
Hinh |
Néu A = A_!_S_ thi ta ¢6 cdc cdp doan thang 1 ¢ : cip doan thing AB
cb C'D

va CD ti 1¢ vi cap doan thing A'B’ va CD'. Dinh li Ta-lét cho ta cdc cap doan
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A thing ti 1¢ : Puong thing song song vdi mot canh cuia
tam gidc thi dinh ra trén hai duomg thing chira hai canh
kia cdc cap doan thing twong img ti 1€ (do d6 tao véi cdc
dudng thang chira hai canh kia mot tam gidc mdi ¢6 ba
canh tuong umg ti 1¢ véi ba canh cua tam gidc ban diu).

Hinh 2 DE // BC = Lo G0 (h.2)

Vi du 31. Cho hinh thoi BEDF noi tiép tam giic ABC (E thuoc AB, D
thude AC, F thude BC).

a) Tinh canh hinh thoi biét AB = 4cm, BC = 6cm ; Téng quit véi AB=¢, BC=a,

Yan

a+c

b) Chimg minh ring BD < véi AB=c,BC=a,

¢) Tinh d6 dai AB. BC, bi¢t AD = m, DC = n, canh hinh thoi bing d.
Gidi : (h.3)

a) Goi canh hinh thoi 1a x. Ap dung
dinh Ii Ta-lét viio AABC vén ED //BClacé :

ED_AE _x_4-x
' BC AB 6 4
K c =>x=24cm
Hinh 3 Téng qudt, x = -1
a+C

b) Trén tia doi cua tia BC 14y diém K sao cho BK = BA. Ta ¢6 AABK can.,
tir d6 BD // KA. Ap dung dinh 1i Ta-1ét vio ACAK vdi BD // KA ta ¢6 :

BD CB BD a

AK"CK " AK ate 1)
Trong AABK, ta cé :
AK<AB+BK =c+c=2c (2)
Tu(l)va(2)suyra:
BO/C: R 22,
a+c a+c
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¢) Ap dung dinh Ii Ta-lét vao AABC véi ED // BCtac6 :

ED AD d m d(m + n)
—_——— ) — = = BC= —.
BC AC BC m+n m
Tuong tu AB=d(m+m
n

Chii ¥ : Tir két qua cia clu b, tacé :

1 _a+c | [ 11 ]
—_ ===
BD 2ac 2la ¢
Do d6, néu goi AM, BD, CN la cic duimg phan gidc cia AABC va AC = b thi
| 1 | | I

PV T T T
AM BD CN a b ¢

Yi du 32. Cho tam giic ABC (AC > AB). Liy ciic diém D, E tuy y theo thi
tr nam trén cic canh AB, AC sao cho BD = CE. Goi K 1a giao diém cua cic

dudmg thing DE, BC. Chimg minh ring ti s6 % khong phu thuoc vao cdch
chon cic diém D va E.

Gai y cdach gidi

Cach 1. D€ lam xudt hién mot ti s6 bing A

% ta vé qua D dudng thing DG // AC (h.4).

Theo dinh If Ta-lét, ta 6 - o E
KE KC KE EC
KD KG' KD DG B G c K
Trong hai ti s6 trén, ta chi ¥ dén ti s6 sau, vi Hinh 4
do dai EC duge néu trong gid thiét (EC = BD).
A

Ta thay % bing -g% v ti s0 ndy bing

BA |
T\-E (vi DG // AC).

Cach2. VEEH // AB(h.5)1acé:
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Cach 3. V& DM // BC (h.6). Ban doc A
w giai.

Nhan xet ;

Trong cdc bai tdp van dung dinh Ii Ta-1é1, £
nhi¢u khi ta cin v& thém mot dudmg thing
song song vai mot duémg thing cho trudée. 8

Day 1a mot cich v& dudng phu hay
dung, vi nhir d6 ma 1ao thém duoc céc cap Itinh 6
doan thang ti 1¢.

Vi du 33. Cho hinh thang ABCD c¢6 AB // CD, AB < CD. Goi O la giao
diém cha hai dudmg chéo, K 1a giao diém cia AD va BC. Duomg thing KO cit
AB. CD theo thir tv & M, N. Chimg minh ring :

o MA _MB. b MA _MB

ND NC' NC ND'

¢) MA = MB, NC = ND.

Gidi : (h.7) K

a) Ap dung dinh If Ta-lét vio cdc tam gidc KDN, ‘
KNC v AB//CD,tac6:

g/
MA KM MB_KM o MA_MB "\
ND KN'NC KN' "™ ND ~NC

b) Ap dung dinh If Ta-Iét vio cdc tam gidc ONC, ° N c
OND vai AB//CD, tacé : Hinh 7
MA OM MB OM MA MB

—_—— — =— — - — (2)

NC ON'ND ON' "W™Rc ™ D
¢) Nhan timg v€ (1) vdi (2) ta duoc :

2 2
e M . suy ra MA? = MB? tic 1a MA = MB.
ND.NC  NC.ND
Tirdé NC = ND.

Nhdn xér : Tir vi du trén, ta suy ra :

Trong hinh thang ¢6 hai canh ddy khong bing nhau, dudng thing di qua
giao diém cua cdc dudng chéo va di qua giao diém cia cdc dudmg thing chita
hai canh bén thi di qua trung di¢ém cia hai canh ddy

Tinh chét nay c6 nhiéu img dung quan trong, duoc goi la bo dé hinh thang.
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Bai tap

171. Trong hinh thang ABCD (AB // CD) ¢6 AB = 28cm, CD = 70cm. AD = 35cm,
vé mot dudmg thing song song vai hai canh ddy, cit AD, BC theo thir tr 6 E
va F. Tinh do6 dai EF, bi¢t ring DE = 10cm.

172. Goi O la giao diém cua cic dudng thang chita hai canh bén AD, BC cua
hinh thang ABCD. Dudng thang di qua O va song song véi AB cit cic
dudmng thing AC, BD theo thit tw & M, N. Chimg minh ring OM = ON.,

173. Cho hinh thang ABCD ¢6 cic canh diy AB = a. CD = b. Qua giao diém O
cua hai dudmg chéo, ké duomg thing song song vai AB, cit AD va BC theo

| | 11
thir tr ¢ E va G. Chimg minh ring —=—=— +—,
: &I TNE OE"0G " b

174. Cho hinh thang ABCD (AB // CD). Mot dudng thing d song song véi hai
canh ddy cat hai canh bén AD, BC theo thir v & M, N va cit hai duong
chéo BD, AC theo thirwr o H, K.

a) Chimg minh ring MH = KN.
b) Hay néu cdch dung dudng thing d sao cho MH = HK = KN.

175. Tam gidc ABC ¢c6 AC > AB, AC = 45c¢cm. Hinh chiéu cia AC va AB trén
BC theo thi tu 1a 27cm va 15¢m. Pudng trung truc cia BC cit AC & N.
Tinh d0 dai CN.

176. Cho hinh binh hanh ABCD. diém G chia trong canh DC theo 1i s6 1 : 2,
di¢m K chia trong canh BC theo ti s6 3 : 2. Tinh do dai ba doan thing do
AG, AK dinh ra trén BD., biét ring BD = 16¢m.

Vé dudng thang song song trong céc bai tir 177 dén 187 dé tao
thanh céc cap doan thing ti 18

177. a) Cho tam gidc ABC ¢6 A=120°, AB =3cm. AC = 6cm.
Tinh d6 dai duong phan gidc AD.

1 1 1
t idc A /i duc an gidc AD thoa man — = — 4 — .
b) Cho tam gidc ABC véi duimg phan gidc A mmnAD AB+AC
Tinh 56 do g6éc BAC.
178. Cho tam gidc ABC. Chimg minh ring néu mot dudmg thing cit canh AB
0 D. cit canh BC ¢ K, va cit tia d6i cua tia CA d E sao cho BD = CE thi ti

s L1 khong déi.
KD
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179. Cho tam gidc ABC, diém D chia trong canh BA theo 1156 1 2 2, diém E
chia trong canh AC theo ti s6 2 : 5. Goi F 12 giao dicm cua cic dudng
thing ED va BC. Tinh ti s6 FB : FC.

180. Cho tam gidc ABC, diém D chia trong BC theo ti s6 1 : 2, diém O chia

trong AD theo ti s6 3 : 2. Goi K 1a giao diém cia BO vd AC. Tinh ti s6
AK : KC.

181. Cho tam gidc ABC, dudmg trung tuyén AM. Goi 1 1a diém b4t Ki trén canh
BC. Dudng thing di qua 1 va song song v6i AC cit AB 0 K, dudng thing di
qua I va song song vGi AB cat AM, AC theo thi wr & D, E. Ching minh
ring DE = BK.

182. T\ gidgc ABCD c6 E. F theo thi wr I trung diém cua CD, CB: O Ia giao
2
diém cua AE, DF ; OA = 40E, OD = iOF. Chimg minh ring ABCD 12

hinh binh hanh.

183. Duong thing di qua trung diém cdc canh d6i AB, CD cua ur gidc ABCD

cdt cdc dudmg thing AD va BC theo thit t & | va K. Chimg minh ring
IA:ID=KB:KC.

184. 2) Qua diém M thuoc canh BC cia tam gidc ABC, v& cic dudong thiing
song song véi hai canh kia, ching cit AB, AC theo thir tu & H, K. Chimg
minh ring téng ﬂ+ L khong phu thudc vio vi tri cua diém M trén

AB AC
canh BC.
b) Xét trudng hop twong tr khi diém M chay trén dutmg thing BC nhung
khong thudc doan thiang BC.

185. a) Cho tam gidc ABC, dudmg trung tuyén AM. Qua trung diém O cia AM, vé
dutmg thing cit cc canh AB, AC theo thir tr & B', C. Chimg minh rang khi

: ’ AB AC "
dudme thing thay d6i vi tri ma vin di qua O thi 16ng —— +—— khong doi.
g thing thay d6i vi tri ma vin di qua O thi 10ng AB'+AC' ng doi

b) Téng quédt hod bai todn trén khi O 1a mot diém c6 dinh trén doan thing AM.

186. Cho tam gisic ABC vudng can tai A, duimg trung tuyén BM. Trén canh BC
Iy diém D sao cho BD = 2DC. Ching minh ring BM vuong géc v6i AD.

187. Cho tam gidc ABC vuong tai A. Cic diém D, E thuoc canh BC sao cho
BD = DE = EC. Biét AD = 10cm, AE = 15cm. Tinh d¢ dai BC.
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188. Cho tam gidc ABC vuong tai A. V& ra phia ngoai tam gidc d6 cdc tam gidc
ABD vudng can tai B, ACF vuong can tai C. Goi H 1a giao diém cua AB va
CD. K la giao diém cia AC va BF. Chimg minh ring :

a) AH = AK.
b) AH = BH . CK.

189. Tir gidgc ABCD ¢6 M la trung diém cua CD, N la trung diém cua CB. Biét
ring AM va AN cit dudng chéo BD thanh ba doan bang nhau. Chimg minh
ring ABCD Ia hinh binh hanh.

190. Trén canh BC cta hinh vudng ABCD canh 6, 1y diém E sao cho BE = 2.
Trén tia d6i cia tia CD 14y diém F sao cho CF = 3. Goi M la giao diém cua
AE va BF. Tinh AMC.

191. Cho tam gidc ABC. Mot dudmg thing cdt cic canh BC, AC theo thir r &

D, E va cit duomg thing BA & F. V& hinh binh hanh BDEH. Dudng thing
di qua F va song song v&i BC cit HA @ I. Chimg minh ring Fl = DC.

192. Cho tam gidc ABC, duong phan gidc AD, duong trung tuyén AM. Qua
diém | thudc doan thing AD, ké IH vuong géc v6i AB, IK vudng géc véi
AC. Goi N la giao diém cua HK vd AM. Chimg minh ring NI vuong géc
vai BC.

193. Cho tam gidc ABC ¢6 ba g6c nhon, truc tam H. Mot dudmg thing di qua H
cdt AB, AC theo thir ty & P, Q sao cho HP = HQ. Goi M 14 trung diém cia
BC. Chimg minh riing HM vuong goc véi PQ.

Huomg ddn : Qua C v& dudmg thing song song vai PQ, cit AB & N, Chiing
minh ring HM vuong géc vai NC.

194. Hinh chir nhat ABCD ¢6 M, N theo thir ty la trung diém cia AD, BC. Goi
E 12 mot diém b4t ki thudc tia d6i cua tia DC, K 1a giao diém cia EM va
AC. Chimg minh ring NM la tia phan gidc cia géc KNE.

195. Cho hinh binh hanh ABCD, diém M thudc canh BC, diém N thudc tia d6i
cua tia BC sao cho BN = CM. Cic duiomg thing DN, DM cit AB theo thir tu

& E, F. Chiing minh ring AE> = EB.EF.

196. Mot dudng thing di qua dinh A cia hinh binh hanh ABCD cit BD, BC,
DC theo thit tr ¢ E, K, G. Chimg minh ring :

a) AE’= EK.EG:
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¢) Khi dudmg thing thay ddi vi tri nhung vin di qua A thi tich BK. DG ¢6
gid tri khong doi.

197. Cho tam gidc déu ABC. Cic diém D, E theo thit t thude cdc canh AB. AC
sao cho AD = CE. Goi M la mot diém bat ki thuoc canh BC. V& MH song
song vai CD (H thuoc AB), vé MK song song véi BE (K thuoc AC). Ching
minh ring khi diém M chuyén dong trén canh BC thi téng MH + MK ¢6 gid
tri khong doi.

198. Cho tam gidc déu ABC, trong tam G, M 12 mot diém bat ki ndm bén trong
tam gidc. Dudng thing MG cin cic duimg thing BC, AC. AB theo thir e o
A', B, C. Chimg minh ring

A'M B'M CM
+ + =3,
A'G BG CG

199. Cho tam gidc ABC vuong can tai A, Cic diem D, E, F theo thi tu chia irong
cic canh AB, BC, CA theo ciing mot ti s6. Chimg minh ring : AE = DF,
AE vuong goc vai DF.

4

200. Cho hinh thang ABCD (AB // CD) ¢6 dién tich S, AB = ZCD. Goi E. F
theo thit ne 1 trung diém cua AB, CD. Goi M la giao diém cia AF va DE,
N 1a giao diém cua BF v CE. Tinh di¢n tich ur gidc EMFN theo S.

201*. a) Cho hinh binh hianh ABCD, M la trung diém cua BC. Diém N trén

]

canh CD sao cho % = 2. Goi giao diém cia AM, AN vai BD 1a P, Q.
2 . |

Chung minh ra'mg S,\po = ESAMN .

b) Chimg minh ring két ludn & cau a vAin ding néu thay diéu ki¢n "M 1a

trung diém cia BC, N trén canh CD sao cho %: 2" bai didu kién tong

N
quit hon "M trén canh BC, N trén canh CD sao cho -(-— = E.Eﬁ
ND MC
202. Cho g6c xOy va diém M ¢6 dinh thuoc mién trong cua géc. Mot duimg
thang thay d6i vi tri nhung luén di qua M cit cde tia Ox, Oy theo thir v o
A. B. Goi S;. S, theo thit ty 12 di¢n tich cdc tam gidgc MOA. MOB. Chimg

minh ring 16ng gl-— - -Sl— ¢6 gid tri khong déi.

I 2

Huomg ddn : Xét vi tri giGi han cua dudmg thing khi né song song vai Ox
dé du dodn gid tri khong doi.
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203*. Cho goc xOy. Cic di¢m A vi B theo thir ir chuyén dong trén cic tia Ox
| | | . . . :
via Oy sao cho — + — = — (k li hing s6). Chitng minh ring dudm
5 OA OB k = % . o
thing AB luén luon di qua mot diém ¢6 dinh.

204*. Cho hinh thang ABCD (AB // CD). Diém E thuoc canh AD. dié¢m F thuoc
canh BC sao cho LI -!- Goi M, N theo thir tr 1a giao diém cuoa
DA BC 3
EF véi BD, AC. Chimg minh raing EM = NF,

205. a) Cho tam gidic ABC. Trén tia doi cua tia CB lay diém A’ sao cho
BA': A'C = 3. Trén canh CA lay diém B' sao cho CB' : BA = | : 3. Goi C
Ia giao diém cua A'B’ v AB. Chimg minh ring C i trung di¢m cia AB.
b) Chimg minh bai todn 10ng quat : Néu mot duimg thang khong di qua cic
dinh cuia tam gidc ABC vi cat cde duong thing BC, CA, AB theo thit v o
A’ B, C thi ﬂ(‘—A o
B'C A'B C'A
Mé-né-la-uyt, nha todan hoe Hi Lap thé' kil - 11
206. a) Chimg minh rdng néu trén cde canh d6i dién vai cic dinh A, B, C cua
tam gidc ABC, ta ldy cdc di¢m wong img A', B, C' sao cho AA', BB', CC'
AB’ : )
déng quy thi E%(I_KK = | (dinh Ii Xé&-va),
Xé-va (Céva, 1648 = 1734), nha todan hoc [-ta-li-a.

b) Chimg minh ring két ludn trén vin ding néu cic diém A', B, C" thuoc
cdc dudmg thing chia cdc canh cha tam gidc, trong dé ¢6 ding hai diém
ndm ngodi tam gidc.

207. Cho tam gidc ABC. Tam O cuia cic hinh chir nhat MNPQ thay d6i nhung
luon ¢6 M thude AB, N thuoe AC, P va Q thude BC, chuyén dong trén
dudng ndo ?

~ Bai tap : 362.

= | (dinh Ii Mé&-né-la-uyt).

§14. PINH LI TA-LET PAO

Dinh i Ta-Iét dio cho ta mot dau hicu nhan biét hai duimg thang song song :

Néu mot dudmg thing cit hai canh cia tam gidc va dinh ra trén hai canh ay
cdc cip doan thing tuong (ing ti 1¢ thi dudng thing dé song song vdi canh con
lai cia tam gidc.
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Dinh Ii vin ding trong trudng hop dudng thing cit phin kéo dai cua hai
canh cua tam gidc.

Vi du 34. Cho ur gidc ABCD, diém M thuoc canh AB. Lin lvot vé ME
song song v&i BD (E thudc AD), EG song song véi AC (G thuéc CD), GH song
song véi BD (H thuoc BC).

a) Chitng minh raing MEGH 12 hinh binh hanh.

b) Tinh chu vi ur gidc MEGH, néu ABCD la hinh chir nhat ¢6 dudmg chéo
bing m.

Gidi : a) (h.8) Ta c6 ME // BD, EG // AC, GH // BD nén dp dung dinh I{
Ta-1ét vdo cdc tam gidc ABD, ADC, BCD ta c6

BM _DE_DG _BH
MA EA GC HC’
Do d6 MH // AC (dinh Ii Ta-lét ddo).

Ta ¢6 MH // EG, ME // HG nén MEGH la hinh binh hanh.

Hinh 8 Hinh 9

b) (h.9). Goi I, K 1a giao diém ciia BD véi MH, EG ; O 1A giao diém cha
AC va BD. Ta c6 OA = OC nén dé dang chimg minh duge IM = IH, KE = KG,
suy ra IM = [H = BI, KE = KG = KD.

Do d6 chu vi ur gidc MEGH bing
2(IH + HG + GK) = 2(BI + IK + KD) = 2BD = 2m.

Vi du 35. Cho tam gidc ABC. Ciic diém D, E, F theo thit ty chia trong cdc
canh AB, BC, CA theo ti s6 | : 2. Cdc diém I, K theo thir ty chia trong cdc doan
thing ED, FE theo ti s6 | : 2. Chimg minh ring 1K // BC.

Gidi
Cdch 1. (h.10) V& cdc diém M, N theo thir tu chia trong cic doan thing
BD, FC theo ti s6 %
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Tacé .Bﬂ=ﬂ[=i)

MD ID 2
nén M1 // BE (dinh Ii Ta-lét ddo)
.. T8
KE NC 2
nén KN // EC (dinh Ii Ta-1ét dao) sitek 10
i
Ta lai ¢o BM =ﬂ_§._=l.:=
BA BD BA 33

= e———— = = —

a CFCA 33 9

nén -Bﬂ:Ei suy ra MN // BC (dinh Ii Ta-lét ddo).
BA CA

Tu MN // BC, MI // BC, NK // BC nén theo tién A
dé O-clit bon diém M, I, K. N thiang hang va IK // BC. Z\
D M

Cdch 2. (h.11) Goi M la trung diém cha AF.
Goi N la giao diém coa DM va EF.

F
Ta co .f}.-.?- = ﬂ [: l] | K
DB MC 2
B £ o
nén DM // BC (dinh 1i Ta-1ét dio) Hinh 11
MN // EC, ma MF = FC nén EF = FN.
. EK EKEF 21 1 . El |1
Taco e —E e, — ==, M}l — = —
EN EFEN 32 3 E 3
nén o = S suy ra IK // DN (dinh Ii Ta-1ét dio).
EN ED
Vay IK // BC.

Bai tép

208. Cho hinh thang ABCD (AB // CD). M la trung diém cua CD. Goi I la giao
diém ciia AM va BD, K 1a giao diém cua BM va AC.

a) Chimg minh ring IK // AB.
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b) Dudmg thing IK cit AD . BC theo thit ty & E, F. Chimg minh ring
El = IK = KF.

209. Diém E thuoc canh bén BC cia hinh thang ABCD. Vé dudmg thing di qua C
va song song vdi AE, cat AD ¢ K. Chimg minh rang BK song song vai DE.
210. Cho tam gidc ABC, diém | thuéc canh AB. diém K thudc canh AC. V@

IM // BK (M € AC). vé KN //CI (N € AB).
Ching minh ring MN // BC.
211. Cho ur gidc ABCD. Dudmg thing di qua A vi song song véi BC cit BD ¢
E. Dudng thing di qua B va song song véi AD cit AC & G.
a) Chimg minh ring EG song song vai DC.
b) Gia sir AB song song véi CD. Chimg minh ring AB” = EG . DC.

212. Tu giic ABCD c6 AC vuong géc va bang BD. Cic diém E, F. G. H theo
thir tu chia trong cic canh AB, BC, CD, DA theo ti 6 | : 2. Chimg minh
rang EG = FH, EG vuong gbc vdi FH.

213*. Cho tam gidc nhon ABC, cic duong cao AD, BE. CF. Goi I, K. M, N
theo thir wr 1a chan cic dudmg vudng géc ké tir D dén BA, BE. CF, CA.
Chimng minh ring bon diém 1. K, M, N thing hang. _

214. Cho tam gidc ABC, di¢m D thudc canh BC, diém M nim giira A va D. Goi
I, K theo thir tr 12 trung diém clia MB, MC. Goi E la giao di¢m ciia DI va
AB, goi F 1a giao diém cia DK va AC. Chimg minh ring EF // IK.

215*. Cho tam gidc ABC, cdc dudng trung tuyén BD. CE. Goi M la diém bat ki
thude canh BC. V& MG song song vai BD (G thuoe AC), vé MH song song
véi CE (H thudc AB).

a) Chimg minh ring BD va CE chia HG thanh ba phin bing nhau.
b) Chimg minh rdng OM di qua trung diém cia HG (O 1a trong tam AABC).

216*. Cho hinh thang ABCD (AB // CD). Cic diém M, N thudc cic canh AD,
BC sao cho AM SN . Goi cic giao diém cia MN véi BD, AC theo thir
MD NB
12 E, F. Qua M ké duomg thiang song song véi AC, ciat DC o H.
a) Chimg minh ring HN // BD.

b) Goi I la giao diém cia HO va MN. Chimg minh ring IE = IF, ME = NF
(O la giao diém hai duong chéo AC va BD).
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217*. Cho tam gidc ABC can 1ai A, dudmg trung tuyén BM. Goi O la giao diém
cdc dudmg trung trye cua tam giic ABC, E | trong tim cua tam gidc ABM.
Chimg minh ring EO vuong géc vai BM.

218*. Chia méi canh cua mot tr gidgc thinh ba phin bang nhau réi néi cic di¢m
chia twong (ng trén cdc canh doi dién, ta duge bon doan thing (hai doan
thing n6i cdc diém chia twong dng trén mot cap canh d6i thi khong cil
nhau). Chimg minh ring :

a) Mdi doan thing trong bon doan thing dy déu bi chia thanh ba phin
bing nhau.

b) Dién tich wr gidc o gidra bang % dién tich ur gidc ban ddu.

§15. TINH CHAT PUONG PHAN GIAC CUA TAM GIAC

Dudng phan gidc cua tam gidc chia canh doi dién thinh hai doan thing ti 1¢
vadi hai canh ké hai doan thing ay.

fa DB AB
AD 1A duong phin gidc cioa goc A = — = — (h.12)
8P ’ ’ DC AC
A Puimg phin gide goc ngodi cua tam gidc cing

¢6 tinh chat wong tr:
AE 12 tia phan gidc ngodi cua goc A

e 8 b ¢ = BB A8 1oy
Hink 12 EC AC
AB

Ta ¢6 thé n6i : Néu tam gidc ABC c¢o ok k thi dudmg phan gidc trong

cua goc A chia trong doan thing BC theo ti s6 k. vi néu k # | thi dudng phan
gidc ngodi cua géc A chia ngoai doan thing BC ciing theo ti s6 k.
Vi du 36. Cho tam gidic ABC ¢6 BC = a, AC = b, AB = ¢, duémg phan giic AD.
a) Tinh cic do dai BD, DC.
b) Tia phan gidc cua goc B cat AD o L. Tinh ti s6 Al : ID.

¢) Cho BC biang trung binh cong cua AB va AC, goi G la trong tim cua tam
gidc ABC. Ching minh ring 1G // BC.
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Gidi : (h.13)
a) AD la dudmg phin gidc cua AABC nén
BD AB ¢
DC AC b »
Suy ra
BOD _ ¢ _BD_ ¢ ac B DM c
BD+DC <c¢+b a c+b c+b Hinh 13

ac ab

c+b c+b
b) BI 1a dudmg phan gidc cia AABD nén
ac c+b
c+b a
Al c¢c+b b+cl Al

¢) Theo chu btacd — = .Néua=
1D a 2 |

Dodé DC=a -

Al:ID=AB:BD=c:

Ta lai c6 -g-% 2 (M Ia trung diém ciia BC).

Nhut vay ;_‘é " g_ﬁ. suy ra 1G // DM. tiic 13 1G // BC.

Cdch khdce gidi cdau ¢ ma khong diing két qud cuia cde cauava b :

K11 LBC.Tach Sppe = 22tE 11", Neub +c=2athi Sppe = I
" a m
Talai ¢6 Sype = E.ll . Do dé
|
SIBC =;sz\BC (1
Dé chimg minh Saee =%SM,C (2)

Tur (1) va (2) suy ra Sigc = Sgpc . ir do6 1G // BC.

Bai tap

219. Cho tam gidc ABC vuong tai A, dudng phan giic BD. Bi¢t AD = 3cm,
DC = 5cm. Tinh cdc do dai AB, BC.
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220. Cho tam gidc ABC, dudmg phan gidc AD. Diém M thudc canh AB, di¢m N
thuoc canh AC sao cho BM = BD, CN = CD. Chimg minh ring MN song
song vai BC.

221, Cho tam gidc ABC c6 AB = 4cm, AC = 6¢cm, dudng phan gidc AD. Diém
O chia trong AD theo i 56 2 : 1. Goi K la giao diém cua BO va AC. Tinh ti
s6 AK : KC.

222. Cho tam gidc ABC, dudng trung tuyén AM. Cic tia phan gidc coa cdc goc
AMB, AMC cit AB, AC theo thir v o D, E.

a) Chimg minh ring DE song song vai BC.

b) Cho BC = a, AM = m. Tinh d0 dii DE,

¢) Giao diém I cua AM va DE chuyén dong trén dudmg nio néu tam gidc
ABC ¢é BC ¢6 dinh, duimg trung tuyén AM bing m khong doi ?

d) Tam gidc ABC ¢6 diu ki¢n gi d¢ DE 12 duimg trung binh cua tam gidc do ?

223. Trong tam gidc ABC, dudmg phan gidc AD chia canh doi di¢n thanh cic
doan thing BD = 2cm, DC = 4cm. Dudmg trung truc cia AD cat dudng
thing BC & K. Tinh do dai KD.

224, Cho tam gidc ABC ¢6 AB = 8cm, AC = 12cm, BC = 10cm. Goi I I giao
diém cua cdc dudmg phan gidc, G 12 trong thm cua tam gidc ABC.

a) Chimg minh ring 1G // BC.
b) Tinh do dai 1G.

225. Cho hinh binh hanh ABCD. Tia phan gidc cia goc BAD cat BD o M. tia
phan gidc cia géc ABC cit AC & N. Chimg minh rang MN // CD.

226. Cho tam gidc ABC c6 cdc dudmg phan gidc BE, CF cit nhau 0 O va
-z—g. (é—(;- = % Chimg minh ring tam gidc ABC vuong tai A.

227*. Tinh dién tich tam gidc ABC, bi¢t ring AB = l4cm, AC = 35¢m, dudng
phan gidc AD bang 12cm.
Huwdng ddn : V& DE // AB va tinh dién tich tam gidc ADE.

228. Cho tam gidc ABC ¢6 BC = a, AC = b, AB = ¢ (b > ¢), cdic dudmg phan
gidc BD, CE.

a) Tinh cdc do dai CD, BE r6i suy ra CD > BE.

b) V& hinh binh hinh BEKD. Chimg minh rang CE > EK.
¢) Chimg minh ring CE > BD.

~ Bai tap : 332.
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§16. CAC TRUONG HOP PONG DANG CUA TAM GIAC

Hai tam gidc dong dang vai nhau néu :

= Ba canh cua tam gidc nay wong g ti 1¢ vai ba canh cia tam gidc kia
(trudmg hop canh = canh - canh).

— Hai canh cia tam gidc nay tuong tng ti 1¢ vai hai canh cua tam gide kia
vii cdic gée xen gitra hai canh dy bang nhau (truomg hop canh - géc - canh).

= Hai g6c cha tam gidc nay 1dn luot bang hai géc cua tam gidc kia (truomg
hop g6c - géc).

Vi du 37. Cho tam gidc ABC. dudmg phan gidc AD. Gia st AC=b. AB=c.
DB = m, DC = n. Ké tia Cx sao cho DCx = BAD (tia Cx khdc phia vai A doi
vai BC).

a) Chimg minh rdng AD. DI = mn.
b) Chimg minh ring AD” = bc ~ mn.
Gidi : (h.14)
a) Xét AABD v ACID, ta ¢ ¢
BAD= ICD (gia thic1),
BDA = IDC (d6i dinh).
Do dé6 AABD va ACID déng dang (g.g), suy ra

BD ID
AD.DI = DB.DC = mn. (n

b) Xét AABD v AAIC. 1a ¢6 ¢
BAD = IAC (theo gia thiét)
B=1 (chimg minh trén)

Hinh 14

AD

Do d6 AABD va AAIC déng dang (g.g). suy ra %I-:- = —, lrdé

AD. Al = AC, AB=bc

AC



Tu (1) va(2) suy ra
AD.Al - AD.DI = bc = mn => AD (Al = DI) =bc —mn

= .-"AD2 = bc - mn.

Vi du 38. Mot hinh thang ¢6 bon dinh thudc bon canh cua mot hinh binh
hanh. Chimg minh ring 16n tai mot dudmg chéo cua hinh binh hanh di qua giao
diém hai dudmg chéo cua hinh thang.

Gidi : Goi O 1a giao di¢m cdc dudmg chéo EG vi FH cua hinh thang EFGH
noi tiép hinh binh hanh ABCD (h.15).

A £ Xét AOEF va AOGH. ta ¢6 EF // GH nén
7 7 AOEF va AOGH déng dang, suy ra
~.Jo / OE EF

E -
—= 1
[T . Ew
D V "c Xét AAEF va A CGH. ta ¢6
H
A = C (g6¢ d6i cua hinh binh hanh)

M

Hinh 15 AEF = OGH (cung bang M ).

Do d6 AAEF va ACGH dong dang (g.g). suy ra
AE _EF

—_—— (2)
CG GH
Tir (1) va (2) suy ra L =£.
CG 0OG
Xét AAOE va ACOG. tacé :
-JE = op (chimg minh trén) ;

CG
AEO = CGO (so le trong, AD // BC).
Do dé6 AAOE via ACOG déng dang(c.g.c). suy ra AOE = COG.
Ta lai c6 AOE + AOG = 180° nén COG + AOG = 180°.
Do dé ba diém A. O. C thing hang.Vay dudng chéo AC cia hinh binh
hanh ABCD di qua giao diém hai dudmg chéo cua hinh thang EFGH.
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Bai tap

Truang hgp canh - canh - canh

229. Tu gidc ABCD ¢6 AB = 4cm, BC = 20cm, CD = 25¢m, AD = 8cm,
BD = 10cm. Hiy xdc dinh dang cha ur gidc.,

230. a) Hai tam gidc sau ¢6 déng dang hay khong néu do dai cdc canh cua
ching bing 8cm, 12cm, 18cm, va 27¢m, 18¢m, 12¢m ?

b) C6 thé¢ khidng dinh ring hai tam gidc ¢6 hai cap canh bing nhau va ba
cdp goc bing nhau thi hai tam gidc 4y bing nhau hay khong ?

231, Tam gidc ABCc6 BC=a, AC=b, AB=c va a’ = be. Chimg minh ring
tam gidc ABC déng dang véi tam gidc ¢6 do dai cdc canh bing do dai ba
dudmg cao cia tam gidc ABC.

Trudng hgp canh - géc - canh

232, Tam gidc ABC ¢6 AB = 4cm, AC = 6cm, BC = 8cm, M la trung diém cia
BC, D la trung diém cia BM. Tinh do dai AD.

233, Tam gidc ABC ¢6 AB = 12cm, AC = 18cm, BC = 27c¢m, diém D thudce
canh BC sao cho CD = |2¢m. Tinh d6 dai AD.

234. Tam gidc ABC ¢6 AB = dcm, AC = S5cm , BC = 6¢m. Chimg minh ring
A =2C.

235. Cho hinh thoi ABCD canh a ¢6 A = 60°. Mot dudng thing bat ki di qua C
cdt tia doi cha cdc tia doi cua cdc tia BA va DA theo thir e tai M va N.
a) Chimg minh rdng tich BM.DN c¢6 gid tri khong déi.

b) Goi K 1a giao diém ciia BN va DM. Tinh BKD.

Trudng hgp géc - géc

236. Cho tam giic ABC (AB < AC) dudmg phan gidic AD. Dudmg trung truc cua
AD cit BC o K.

a) Chimg minh ring AKAB ddng dang v6i AKCA.
b) Tinh d6 dai KD biét ring BD = 2c¢m, DC = 4cm.
237. Cho tam gidc ABC (AB < AC), dudng phan gidc AD. V& tia Dx sao cho

CDx = BAC (tia Dx vd A ciing phia d6i v6i BC), tia Dx cit AC & E.
Chimg minh riing :
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a) Tam gidc ABC déng dang véi tam gidc DEC.
b) DE = DB.

238. Trén canh huyén CB cuia tam gide vuong ABC, 1dy di¢m D sao cho CD = CA.
Goi E la diém doi ximg véi D qua C.
a) Chimg minh ring cdc tam giic ABD va EBA déng dang.
b) Goi BC = a, AC = b, AB = c. So sinh a® véi b> +¢® ma khong ding
dinh 1i Py-ta-go.

239. Cho tam gidc ABC. dudmg phan gidc AD. Chimg minh ring

b
AD™ < AB. AC.
240. a) Tam gidc ABC c6 B = 2C, AB = 4cm, BC = Scm. Tinh df ddi AC.

b*) Tinh do dai céc canh ciia tam gide ABC c6 B = 2C biét rang s6 do cic
canh 12 ba s6 ty nhién lién ticp.

241. Cho tam gidc ABC can tai A, dudng phan gidc BD. Tinh do dai BD biét
ring BC = S5cm, AC = 20cm.

242. Cic dudng phan gidc cdc goc ngodi tai cde dinh B va C cia tam gidc ABC
cit nhau & K. Duong thing vuong goc véi AK tai K cit cic dudng thing
AB, AC theo thir ty @ D, E. Ching minh ring :

a) Céc tam gidc DBK va EKC déng dang.
b) DE’ = 4BD.CE.

243. Cho tam gidc ABC can tai A, gée ddy a. Cic diém D. M. E theo thir w
thuoc cdc canh AB, BC, CA sao cho DME = a. Chimg minh ring cdc tam
giic BDM va CME dong dang.

244. Cho tam gidgc ABC, duimg trung tuyén AM. Qua diém D thudc canh BC,
vé dudmg thing song song v6i AM, cit AB va AC theo thi e s E va F.

a) Chimg minh rang khi diém D chuyén dong trén canh BC thi téng DE + DF
¢6 gid tri khong doi.

b) Qua A vé dudmg thing song song véi BC, cit EF & K. Chimg minh ring
K 12 trung diém cua EF.

245. Cho cdic tam gific ABC va ABC c¢6 A+ A’ = 180°, B= B'. Goi BC = a,
AC=b,AB=c.BC =a', A'C' =b", A'B' = ¢". Chimg minh ring aa’ = bb’ + cc’.
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246. Cho 1am giic ABC, I la giao diém cua ba dudng phan gidc. Dudmg thing
vuong goe vai Cltai I edt AC, BC theo thir tu 0 M. N. Chimg minh ring :

a) Tam gidc AIM déng dang vai tam gidic ABL.

AM (ALY
BN Bl

247. Tam gidc ABC ¢6 AB < AC, cdc dudng phan gidc BD va CE. K¢ tia Bx sao
cho DBx = DCE (tia Bx va A nim cung phia doi vé BD), Bx cit DA a F,
cat CE 0 G. Chimg minh rdng :
a)CG <CE; b) BD < CE.

Phdi hgp cac trudng hgp canh - géc - canh va géc - géc

248. a) Cho doan thing AB = a. Goi C I diém d6i ximg véi A qua B. V& diém
D sao cho DA = a, DC = 2a. Goi M li trung diém cua AB. Tinh do dai DM,
b) Chi bang compa, hiy dung trung diém M cia doan thing AB cho trude,
cho bi¢t tia Bx 1a tia doi cua tia BA.

249. Cho diém M nim trong hinh binh hianh ABCD sao cho MAB = MCB. Qua
M vé& dudng thing song song véi BC, cit AB vi CD theo thit te & G va H.
Qua M vé& duomg thing song song véi AB, ¢t BC & F, Chimg minh rdng :

a) Tam gidc AGM dong dang véi tam gidc CFM.
b) MBC = MDC.
250. Tam gidc ABC can 1ai A ¢6 BC = 2a, M 1a trung diém cta BC, Ldy cic
diém D, E theo thit ty thuoe cic canh AB, AC sao cho DME =B
a) Chimg minh ring tich BD. CE khong déi.
b) Chimg minh rang DM 12 tia phan gidc cua goc BDE,
¢) Tinh chu vi AAED néu AABC 1i tam gidc déu.
251*, Cho hinh vuong ABCD, O la giao diém cua hai duomg chéo. Liy diém G

thuéc canh BC, diém H thudc canh CD sao cho GOH = 45°. Goi M la
trung diém ctia AB. Chimg minh rang :

a) Tam gidc HOD déng dang vai tam gidc OGB.

b) MG song song vGi AH.
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252, Luc gidc ABCDEF ¢6 B = D= F, AB = BC, CD = DE. EF = FA. Goi K la
di¢m doi ximg vai F qua AE. Chig minh ring BCDK 12 hinh binh hanh.

Dung hinh

253. Dung tam gidic ABC, bi¢l do dai ba duong cao cua n6é bing h,, hy, h
cho trudce.

254. Cho tam giic ABC. Dung hinh binh hinh AEMD ¢6 D, M, E theo thir e
thuoc cic canh AB, BC, CA sao cho ciic tam gidc MDE va ABC déng dang.

255. Cho tam gidc ABC. Dung di¢m M thudc canh AB, diém N thuoe canh AC

¢

cmm abho TILE _ AT _
SAU LTIV DUVE = UiN =

256. Cho bon di¢m A, C', D', B thiang hiang theo thit ty dy. V& vé mot phia cia
AB cic hinh vuong ABCD va A'B'C’'D". Chimg minh ring cdc duémg thing
AA', BB, CC, DD’ déng quy.

~ Vidu : 66.

§17. CAC TRUONG HOP PONG DANG
CUA TAM GIAC VUONG

Hai tam gidc vuong dong dang véi nhau néu :

- Hai canh géc vuong cua tam gidc nay t 1¢ vai hai canh goc vuong cua
tam giidc kia (trwong hop canh = goc - canh).

= Mot géc nhon coa tam gidc nay bing mot goc nhon cua tam gidc kia
(truomg hop goc = goc).

- Canh huyén va mot canh goc vuong cua tam gidc nay ti I¢ vai canh huyén

vi canh goc vudng cua tam giide Kia (truomg hop canh huyén = canh goc vuong).

Vi du 39. Tinh chu vi cta tam gidc ABC vuong tai A, biét ring duong cao
AH chia tam gidc d6 thanh hai tam giic AHB va AHC ¢6 chu vi theo thir wr
bing 18cm va 24cm.
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Gidi : (h.16)
Xét AAHB va ACHA, 1a ¢6

AHB = CAB = 90°,

ABH = CAH (ciing phu v6i géc HAB). S N C
Do d6 AAHB va ACHA déng dang (g.g). suy ra Hinl: 16
AH _AB_HB _AH+AB+HB _18 3 -
CH CA HA CH+CA+HA 24 4 .

Xét AAHB va ACAB, chiing ¢6:
AHB = CAB = 90°,
B 1 goc chung.
Do d6 AAHB va ACAB déng dang (g.g), suy ra
AH _AB _HB _AH+AB+HB _ 18 -
CA CB AB CA+CB+AB CA+CB+ AB )
Tir (1), ta dat AB = 3k, CA = 4k. Xét AABC vuong tai A :

CB? = AB® + CA? = (3k)® + (4k)* = (5k)*

nén CB = 5k. Dodé-éﬁ-g.
CB

>

3 18 5
Tir (2) suy ra = = ———————— . Viy chu vi AABC bing 18. = = 30(cm).
By S el A ARG * VoMV W :

Vi du 40. Tam gidc ABH vuong tai H ¢6 AB = 20cm, BH = |2cm. Trén tia
d6i ciia tia HB Iy diém C sao cho AC = -:—AH :

a) Chimg minh ring cdc tam gidc ABH va CAH ddng dang.
b) Tinh BAC.

Gidi : (h.17)a) Tacé A
AB_20_5_AC
BH 12 3 AH -
Xét AABH va ACAH, tacé: 8 12 H c
AHB = CHA = 90°, Hinh 17
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._A.E'. - -l?y— (chimg minh trén)
AC AH

Do d6 AABH va ACAH doéng dang (canh huyén — canh goc vuong).
b) Tir cau a suy ra CAH = ABH. Ta lai ¢6 BAH + ABH = 90° nén
BAH + CAH = 90°. Do dé BAC = 90°.

Bai tap

257. Cho tam gidc ABC vuong tai A, hinh vuong EFGH noi ti€p tam gidc sao
cho E thuoc AB, F thudoc AC, H va G thudc BC. Tinh d0 dai cua canh hinh
vuong biét ring BH = 2cm, GC = 8 cm.

258. Cho hinh binh hanh ABCD, cic duimg cao CE, CF. Ké DH, BK vuong goc
vdi AC. Chitng minh ring AC™ = AD.DF + AB.AE.

259. Cho tam gidc nhon ABC, cic duong cao BD va CE cit nhau ¢ H. Chimg
. 3
minh ring BC™ = BH.BD + CH.CE.

260. Cho tam giic ABC (AB # AC). Goi E va F theo thir tr 12 cdc hinh chiéu
cua B va C trén tia phan gidc coa géc A. Goi K 12 giao diém cuia cic dudmg
thing FB va CE. Chimg minh ring AK la tia phan gidc cia géc ngodi tai
dinh A cua tam giac ABC.

261. Tinh ti s6 hai canh géc vudng ciia mot tam gide vuong biét ring dudmg cao va
dudmg trung tuyén img véi canh huyén cia tam gide ti ¢ vér 12: 13,

262. Cho tam gidc ABC vuong tai A, AC = 3AB. Liy cdc diém D, E thuoéc AC
sao cho AD = DE = EC. Chimg minh ring AEB + ACB = 45°.

263. Hinh thang vuong ABCD ¢6 A = D = 90°, AB = 4cm, DC =9cm, BC = 13cm.
Tinh khoang cdch tir trung diém M cia AD dén BC.

264. Hinh thang vuong ABCD ¢6 A =D =90°, AB = 7cm, DC = I3cm,
BC = 10cm. Dudmg trung truc cia BC cit dudng thing AD & N. Tinh do
dai MN (M la trung diém cua BC).

265*. Cho hinh binh hanh ABCD. Hai dudng thing di qua 1Am cua hinh binh
hanh chia n6é ra bon 1 gidc c¢6 dién tich bing nhau. Dudng thing thir nhat
cdt BC ¢ E, dudng thing thi hai cat CD ¢ F. Chimg minh rang diém E chia
canh BC va diém F chia canh CD theo cing mot ti s6.

266. Cho hai diém A, M. Dung hinh vuong ABCD sao cho di¢ém M chia canh
BCtheotiso | : 2.

99



267. Cho tam gidc ABC. Hinh chir nhat DEGH ¢6 D thuoc AB. E thuoe AC. G
v H thuoe BC.

a) V& Ax song song véi BC, vé& CK vuong goc vai Ax (K thude Ax). Goi |
la giao dié¢m cua BK va DE. Chimg minh rang GC = DI.

b) Suy ra cich dung hinh chit nhat néi trén biét tam gidc ABC va do dai
dudmg chéo cha hinh chir nhat,

~Vidu : 56,

~ Bai tap : 333, 334, 336, 356. 374.

§18. TI SO CAC PUONG CAO, Ti SO DIEN TICH
CUA HAI TAM GIAC PONG DANG

Néu hai tam gide déng dang thi :

- Ti s6 cdc dudng cao tuong img bing ti s6 dong dang.

~ Ti s0 cic dién tich bang binh phuong ciia ti s6 déng dang.

Vi du 41. Cho tam gidc ABC ¢6 cic goc B va C nhon, BC = a, dudmg cao

AH = h. Tinh canh ctia hinh vuong MNPQ ¢6 M thude AB, N thude AC, Pva Q
thuoc BC.

Gidi : (h.18) Goi giao diém cia AH via MN 13 K.
Do MN // BC nén AK L MN,

Ta c6 MN // BC nén AAMN va AABC déng dang. do d6 ti s0 hai duimg
cao twong img bing ti s6 déng dang :

AK _ MN
A AH BC’
Pat MN = KH = x ta ¢c6
Min N h=x x
K = — =» xh=ah - ax
h a
b h =s x(h + a) = ah
B Q H P C
Hinh I8 = X= Sh .
a+h
Canh ciia hinh vuong MNPQ bing “hh :
a+
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Vi du 42, Cho tam gidc ABC va hinh binh hanh AEDF ¢6 E thuoc AB. D
thude BC, F thude AC. Tinh dién tich hinh binh hanh, biét rang Sggp, = 3em?,
SFDC = l2cm:.

Giai : (h.19) AEBD va AFDC dong dang (g.g) nén

A
SEBD _ [E"’ ED\'
Sepc DF) \ f'C} F
{ | \2 E
Tacod SEBD:SF[X:=3:|2=|:4=|_ .
L2
B D C
Do dé EE- = E = l, Hinh 19
DF FC 2
Suyra: AE = DF = 2BE.
AF =ED = ~FC.
Vay SapE = 2SgEp = 2.3 = 6 (cm?),
1 1 3
S:\Dl" = ESH)(- = -5.12 =6(cm~),

]|

SAEDE = SADE + SADE = 6+ 6 = 12 (em®).

Chii ¥ - Téng qudt. néu Spgp = MSppe = N thi SpgpF = 2Vmn .

Bai tGp

Ti s6 cac duéng cao

268. Hinh thang ABCD ¢6 canh ddy AB dai 8c¢m, canh ddy CD dai 12¢m. Diém
M nim trén duimg thing AB sao cho duong thing DM chia hinh thang
thanh hai phin c6 dién tich bang nhau. Tinh d6 dai BM.

269. Diém M chuyén dong trén diy nhd AB cua hinh thang ABCD. Goi O 1a giao
diém cia cdc duimg thing chita cic canh bén cta hinh thang, G 14 giao diém
ctia OA va CM, H la giao diém cua OB vd DM, Chimg minh rang khi diém M

chuyén dong trén canh AB thi téng Ll + o khong déi.
GD HC
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270. Cho ba dudng thing song song a, b, ¢ theo thir wr dy, diém A thudc a,
diém B thudc b. Goi M la mot diém bt ki thuoc c. MA cit b o B', MB cit a
@ A’. Chimg minh ring khi diém M chuyén dong trén ¢ thi duong thing
A'B’ luon luon di qua mot diém c¢é dinh.

Ti 86 dién tich

271, Cho 1am gidc ABC ¢6 di¢n tich S, cdc dudng trung tuyén AD, BE, CF. Goi
S' 1a di¢n tich tam gidc c6 do dai ba canh bing AD, BE, CF. Chimg minh

3
ring §'= =8S.
8 4

272. Puimg cao cia mot tam gide dai 16cm, né chia canh ddy thanh hai doan
thiing ti i¢ vai i : 8. Tinh do dai doan thing song song véi dudng cao dy va
chia tam gidc di cho ra hai phin cé dién tich bing nhau.

273. Hinh thang ABCD c¢6 cdc ddy AB = b, CD = a (a > b). Doan thing MN
song song vdi ddy, ¢6 hai ddu thude hai canh bén chia hinh thang ra hai

a? +b?

2

phin ¢6 di¢n tich bing nhau. Chimg minh ring MN 2=

274. Cho hinh vuéng ABCD c6 do dai canh bing 2cm. Goi E, F theo thit ty la
trung diém cua AD, DC. Goi 1, H theo thi ty 1a giao diém cua AF véi BE,
BD. Tinh di¢n tich ur gidc EIHD.

275. Cho hai tam gidc déng dang c6 ti s6 déng dang 14 mot s6 tu nhién. Mot
canh cua tam gidc nho bing 3cm, dién tich cla tam gidc nho nay ciing 1a
mot s6 tu nhién (dom vi cmz). Tinh di¢n tich cda mdi 1am gidc, bi¢t hi¢u
dién tich cua chiing bang 18cm’.

276*. Tam gidc ABC c6 B = 60°, C = 20°, BC = 4cm. Goi D la trung diém cua
AC. Trén canh CB ldy diém E sao cho CE = CD. Tinh tdng dién tich cdc
tam gidc ECD va ABD.

277*. Cho tam gidc ABC can tai A, truc tdm H chia dudmg cao AE theo i s6 7 : 1.
Giao diém I cdc dudmg phan gidc cia tam gidc chia AE theo ti s6 ndo ?

278*. Cho tam gidc ABC. Trén canh AB ldy cdc diém I va K sao cho Al = IK = KB,
trén canh BC ldy cic diém D va E sao cho BD = DE = EC, trén canh AC
ldy cdc diém F va G sao cho AF = FG = GC. Goi M 1a giao diém cia AD
vi BF, N 1a giao diém cua BG va CK. P 1a giao diém cua AE va CI.
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a) Ching minh ring cdic canh coa tam gidc MNP song song vdi cdc canh
cua tam gidc ABC.

b) Tinh dié¢n tich tam giic MNP theo dién tich tam gidc ABC.

279*. Cho tam gidc ABC vuong cin tai A, dudng cao AH va dudng phan gidc
BE. Duong vuong géc vai BE 1ai E cdt canh BC ¢ G, cét tia d6i cia tia AB
o D. Ké EF vuong goc vai BC. Cho bi¢t AD = 15¢m, HF = 20cm, tinh dién
tich tam gidc ABC.

~ Vidu : 57, 59. 60.
Bai tap : 375 d¢én 377.

SEn TRt FRTIRILY Y v s
§i9. UNG DUNG T e

Nhos cdc tam gidc déng dang, ta ¢6 thé xdc dinh duge cédc chiéu cao, cdc
khoang cdch... ma khong cédn do truc tiép.

Vi du 43. M6t ngon dén dat trén cao & vi tri A, hinh chiéu vuong goc cuia
né trén mat dat 1a H. Ngudi ta dat mot chiéc coc dai 1,6m thing dimg & hai vi
tri B va C thang hang v6i H. khi d6 béng cia chi¢e coc dai 0.4m va 0,6m. Biét
BC = 1,4m, hdy tinh d6 cao AH.

Gidi : (h.20) Goi BD, CE la béng cua A
coc va B, C' 1 vi tri twong ng cua dinh coc.
PutBB' =CC =a, BD=b,CE=c, BC=d,
AH = x. Goi I 1a giao diém cua AH va BC'.
AAB'C va AABC ddng dang 8 -'1 c
- Al _BC a a
AH BC ,
x-a _ d Dp B H Cc E
X b+d+c e ] —
=>xb+xd+xc~- ab~- ad - ac =xd Hinh 20
ab + ac + ad
=N R D —
b+c
[i#552)
=x=al|l+
b+c¢c
Ap dung tha sd'AH-l6(l+-—-L—]-384(m)
N Ry : 0,4 +0,6 ' '
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sdu BD cua giéng.

Bai tép 5 \c
B

280. Mot nguin dimg cdch mot ngodi nha 200m, dat mot que dai
Sem, cich mit 40 ¢cm theo phuomg thing dimg thi vira van
che lap chiéu cao cua ngdi nha. Tinh chi¢u cao cua ngoi nhi.
281, Mot giéng nude ¢ dudmg kinh DE = 0.8m (h.21). D¢ xdc
dinh d6 sau BD cuia giéng, ngudi ta dat mot chiée gdy o vi

tri AC, A cham mi¢ng giéng. AC nhin thing tdi vi tri E ¢
goc cua ddy gi¢ng. Bi¢t AB = 0.9m, BC = 0.2m. Tinh do

D E
Hinh 21

Chucong 1V

HINH LANG TRU DUNG. HINH CHOP DEU

§20. HINH HOP CHU NHAT

Hinh hop chit nhat ¢6 6 mat, cic mat [ nhimg hinh chir nhidt (h.22). Hinh
1ap phuong 1a hinh hop chir nhit ¢6 ¢dc mat 1a nhimg hinh vuong.

Cho hinh hop chit nhat c6 chiéu dai a. chiéu rong b, chiéu cao ¢. Dién tich

xung quanh cta hinh hop chit nhat tinh b cong thic : S

\q = 2(a + b)c. Thé

tich cua hinh hop chir nhat tinh bai cong thire : V = abe,

D c
1
i
YA
A | Bl
'
1
o| AIIpAC
. -
f’_—“.— b

Hinh 22
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M0 hinh caa hinh hop chir nhat cho ta hinh
anh cdc quan h¢ khong gian sau (xem h.22) :

~ Hai duong thing song song 1 hai duimg
thing cing nim trong mot mat phing vi khong
¢6 diém chung, ching han AB // A'B".

~ Hai dudmg thang phan bi¢t cling song song
vai mot dudmg thiing thi ba thi song song véi
nhau, ching han AB // D'C’ vi chiing ciing song
song vai A'B'.



- Dudmg thing A'B' khong nim trong mat phing (ABCD) va song song véi
dudmg thing AB cia mat phing (ABCD). ta ¢6 A'B'// mp (ABCD).

- Mat phing (A'BC'D’) chira hai duong thing cit nhau A'B’, BC clng
song song v&i mat phing (ABCD), ta ¢c6 mp (A'B'C'D') // mp (ABCD).

~ Hai mat phdng phan bi¢t ¢6 mot diém chung A thi ching ¢6 chung mot
dudmg thing di qua A, goi 12 giao tuyén cia hai mat phing. Chiang han AB la
giao tuyén cua hai mat phing (ABCD) va (ABB'A’).

- Puimg thing A'A vuong goc véi hai dudmg thing cat nhau AB, AD cua
mat phiang (ABCD), ta c6 A'A L mp (ABCD).

- Khi A'A L mp (ABCD) thi A'A vuong géc vdi moi dudng thang di qua A

vi ndm trong mat phiang (ABCD), chang han A'A L AC.

~ Mat phing (A'BBA) chira dudmg thing A'A vuong géc vai mat phing
(ABCD), ta ¢c6 mp (A'B'BA) = mp (ABCD).

Vi du 44. Trong cdc hinh hop chit nhat cé cic Kich thuée la s6 nguyén a, b,
¢ mia + b+ ¢ =9, hinh ndo ¢6 thé tich Ion nhat ?

Gidi : X¢t it ¢ cde truomg hop hinh hop chir nhat ¢6 cdc kich thude
nguyén va tong bang 9 :

V=117=7 Vs =2.2.5=20
Vy=1.26=12 Vg =234=24
Vy=135=15 V;=333=27
Vy=144=16

Ta thdy hinh hop chit nhat ¢6 céc kich thude 3. 3, 3 (hinh 1ap phuong) co
th¢ tich 16m nhat (1a 27).

Chii y : Téng quat, ta chimg minh duge : Trong cdc hinh hop chir nhat ¢6
cdc kich thude a. b, ¢ mi a + b + ¢ = 9, hinh lap phuong ¢6 thé tich 16n nhat.
D¢ chimg minh diéu nay. phai ding bat ding thie Co-si vdi ba s6 duong a, b, ¢
(xem Ndng cao va phdt trién Todn 9. 14p mot).

Vi du 45. Cho hinh 1ap phuong ABCD. A'B'CD'". Diém E chia DB theo t
1:3,diém F chia BA theotiso 1: 3.
a) Chimg minh ring A'BCD la hinh chir nhat. Tinh di¢n tich hinh chit nhit
d6 néu canh hinh 1ap phuong bang a.
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b) Goi M la diém chia DA theo ti s6 1 : 3. Chimg minh ring mat phing
(EMF) song song véi mat phing (A'BCD).

¢) Ching minh rang EF song song vdi mat phing (A'B'CD).

d) Chimg minh EF song song v6i mat phing (A'B'CD) ma khong sir dung
K¢t qua cha cdu b,

Gidi : (h.23)

M ° ™ E c a) A'B' // CD (vi cing song song vii AB),
N A'B' = CD (vi cling bing AB)
MG \ B nén ti gide A'BCD 1 hinh binh hanh.
PN Ta ¢6 DC L CC va DC L CB nen
‘,' ,’lff ¢ DC L mp(BCC'B), suy ra DC L CB..
4 Hinh binh hinh A'B'CD ¢6 DCB' = 90° nén

A B' 14 hinh chir nhat.

Hinh 23
Ta tinh duge B'C = av2 nén
Sagcp = A'B'B'C = aay2 =a2\2.
b) ADAB c6 DM = Pf- (: l) nén ME // AB. Ta lai ¢cé AB // A'B' nén
MA EB 3

ME // A'B". Suy ra ME // mp (A'BCD). MF // DB’ = MF // mp (A'BCD).

Mat phing (MEF) chia hai dudmg thing cit nhau ciing song song véi
mp (A'B'CD) nén mp (MEF) // mp (A'B'CD).

¢) Tircau b suy ra EF // mp (A'B'CD).

d) (h.24) Trong mp (ABB'A’). goi K la giao diém b c
cua BF va A'B. Tac6 AB // A'B' nén E
KF _BF |

—_—— - A
FB FA 3

[}

(]

= XE _DE L EF/DK. !
FB EB +

Ta lai ¢6 DK ndm trong mp (A'BCD) nén

EF // mp (A'B'CD). Hinh 24




Vi du 46. Hiy dién cdc dau chim vao T I
mat dé tréng cua vién sic sic hinh lap
phuong & hinh 25a sao cho vién sic sic . ’ *
théa man hinh 25b (chid ¥ ring & vién siic . o
sdc, 1dng hai s6 & hai mat d6i nhau bao gior
ciing bing 7).

Giai

Quan sat hinh 25b ta thdy : Khi nhin thing vio mat chira s6 2 sao cho mat
chita s6 6 @ trén thi mat chira s6 3 & bén trdi. Ap dung nhan xét nay vao hinh
25a thi mat d6i dién véi mat dé trong chira s6 3, do d6 mat dé trong chira s6 4.
Ban doc tu dién cdc dau cham vao hinh.

a) b)
Hinh 25

Vi du 47. Mot hinh 1ap phuong 16n canh 4 duoc ghép lai tr 64 hinh lap
phuong nho canh 1. Ngudi ta son (a1 ¢ca siu mat cua hinh 1ap phuong Ién. Tinh
s0 hinh 1ap phuong nho canh | ma :

a) ¢6 ding mdt mat duge son ;

b) ¢o ding hai mat duge son ;

¢) ¢6 diing ba mat duge son ;

d) khong ¢6 mat nao duge son.

Gidi : (h.26)

a) O mbi mat, c6 4 hinh lap phuong nho dugc son

mot mit (cdc hinh dugc gach soc). O sdu mat ¢6 : x A ."! 7 x
4.6 = 24 (hinh) AAA A
b) @ méi canh. ¢6 2 hinh 1ap phuong duge son hai ol Bl N g = =
mat (cdc hinh ghi ddu "x"). 0 12 canh ¢6 : : ” : 4= M
2.12 = 24 (hinh) - B
¢) O méi dinh, ¢6 mot hinh 1ap phuong duge son p

ba mat (1a hinh & géc). O 8 dinh c6 : 8 hinh.

d) Cdc hinh lap phuong nho khong c¢6 mat nao dugc son la cic hinh lap
phuong nhé " bén trong”, ching tao thanh mot hinh 1ap phuong ¢6 canh 2,
gém : 2.2.2 = 8 (hinh)
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Bai tap

Hinh hép chir nhat

282. Cho hinh hop chir nhat ABCD.A'B'C'D'. Goi M, N theo thi tr 12 trung
diém cua AD. DC. Goi I, K theo thit tir I trung diém cia BA', BC. Chimg
minh rang MN song song vai IK,

Dién tich

283. Tinh dién tich toan phin cua mot hinh hop chir nhat ¢6 chiéu dai 4cm,
chi¢u rong 3em, dudmg chéo cua hinh hop bing 13cm.

284. MOt hinh hop chir nhat ¢6 tong do dai cic canh bang 140c¢m. khoang cich
tir mot dinh dén dinh xa nhat bang 21 ¢m. Tinh di¢n tich toin phdn.

285. Cho hinh hop chit nhat ABCD.A'BC'D'. Goi M 1 trung diém cia CC".

a) Xic dinh giao tuyén coa cic mat phing (ABB'A’) vit (BC'M),
b) Xdc dinh giao diém cia dudmg thing DM va mat phing (A'B'C'D').
¢) Xidc dinh giao diém cua duong thing B'M va mat phing (ABCD).

286. Cho hinh hop chit nhat ABCD.A'B'C'D'. Goi M, I theo thit tw 13 trung diém
cua AA', CC'. Chimg minh rang cic mat phing (ADI) va (B'C'M) song
song vai nhau.,

287. Cho hinh hop chit nhat ABCD.A'BCD'. Got H. 1. K theo thir wr la trung
diém cua AB, AA", C'D". Chimg minh rang mat phing (HIK) song song vdi
mat phing (ACD)).

288. Cho mot vién siic sdc thoia man hinh 27a.

a) Hay dién cic ddu chim vio mat d€ trong ¢ hinh 27b.
b) Hiy dién cic ddu chim vio cdc hinh khai trién (h.27¢, d).

.o. ..o.. . °°
X see il
) ° e eee >
L * . ’
a) b) c) d)
Hinh 27
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289*%, Mot con nhén dang o vi i E trong mot gian D c
phong hinh lap phuong (h.28, E nidm trén AB vi

(R ——Y

| X .
AE = -‘AB). Con nhén muon bd qua ca sdu mat A B
cta gian phong réi tro vé E. Tim dudng di ngdn | o c
nhat cioa con nhén, f 4
4
y A E .B
Thé tich Hinh 28

290. Tinh dién tich xung quanh cta hinh hop chir nhit
ABCD.A'BCD' ¢6 diy ABCD la hinh vuong canh a va dién tich hinh chir

nhiat ADC'B’ bang 2%°,

291. Hinh hop chir nhat ABCD.A'B'C'D' ¢6 dity ABCD I hinh vuong, dién tich
mat chéo (BDD'B') bing 80cm>, M vit N theo thir tr 13 trung diém cia AA’
va CC. MN = 8cm. Tinh thé tich hinh hop chit nhat.

292. Mot cdi hom hinh hop chir nhat ¢6 chi¢u dai 36cm. chiéu rong 15¢m, chiéu
cao 16cm. S6 hinh 1ap phuong canh 3cm nhiéu nhat chia trong hom dola:

A) 180 B) 300 : C) 320 D) 192.
Hay chon cu tra loi ding

293. Mot hinh hop chir nhat duoc ghép boi 42 hinh lap phuong canh lem. Biét chu

vi ddy cta hinh hop chir nhat 1a 18cm. Tinh cic canh cua hinh hop chir nhit.

Céac dang khac

294, Cho mot hinh 1ap phuong. C6 bao nhi¢u doan thing 1 0
ma hai miit cua noé 12 hai dinh coa hinh lap phuong ?

295, Ngudi ta ghi vao cdc dinh cia mot hinh lap phuong 1 1
cic s6 0 hoac 1 nhu trén hinh 29. Cir mdi budc. ta
cong thém 1 don vi vio mbi s6 thude cing mot canh R AL
cta hinh 1ap phuong. Sau mot s6 budc, ¢6 thé xdy ra | 7
tim s0 bang nhau ¢ tém dinh cia hinh 1ap phuong 1
duoc khong ? Hinh 29

296. Nguoi ta viét vio siu mat cia mot hinh 1ap phuong siu s0 ¢6 tong bang
21. Sau d6 & mdi dinh ciia hinh 1ap phuong, ta ghi mot s6 bang 1éng cic s6
& cdc mat chia dinh d6. Tinh 1dng cic s6 @ cic dinh.

297. Mbi hinh lap phuong canh 5 duge ghép bai 125 hinh 13p phuong nho canh
1. Tinh s0 hinh lap phuong nho gidp vai :

T

a) 6 mat cta cdc hinh 1ap phuong nho khic :
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b) 5 mat cia cdc hinh 1p phuong nho khic ;
¢) 4 mat cua cdc hinh 1ap phuong nho khéc ;
d) 3 mar cua cdc hinh 1ap phuong nho khic,

298. C6 125 hinh lap phuong don vi ghép lai thanh mot hinh lap phuong Ién
canh 5. Ngudi ta son sdu mat cta hinh 1ap phuong 16n. Tinh s6 hinh lap
phuong don vi ¢é it nhit mot mat duge son.

299. D¢ son mot hinh 1ap phuong sao cho hai mat ké nhau ¢6 mau khéc nhau,
s0 mau it nhat cdn ding 1a :
A)2. B)6, O4; D)3; E)S.
Hay chon cdu tra 1&i ding.
300. Mot hinh 1ap phuong canh 10 duoc tao thanh bai 1000 hinh lap phuong
don vi. Ta ¢6 thé nhin thay nhiéu nhat bao nhi¢u hinh lap phuong don vi ?
301. Mot hinh 1ap phuong canh 5 gém 125 hinh lap phuong don vi. Ngudi ta
khoan thing hinh 1ap phuong 16n theo ba dudmg khoan tir mdi mat dén mat

d6i di¢n, mai khoan lot vao hinh 1ap phuong don vi & chinh gilta. C6 bao
nhi¢u hinh 1ap phuong don vi bi xuyén thiang ?

302*. Mot khoi gb hinh 1ap phuong ¢6 canh 3dm. O chinh gitta mbi mat cua
hinh 14p phuong, ngudi ta duc mot 16 vudng ¢6 canh 1dm thong sang mat
doi di¢n, tm cua 16 vuong 13 tam cda mat hinh 1ap phuong, céc canh cia
16 vuong song song vai canh cua hinh 1ap phuong. Sau khi da duc ba 16
thong. di¢n tich toan phdn cia khoi con lai bing bao nhiéu ?

§21. HINH LANG TRU PUNG

Hinh lang tru ding c6 hai ddy 1A hai da gidc, cic
mdt bén la nhimg hinh chir nhat (h.30). D C

Hinh lang tru dimg c6 ddy 1a hinh binh hanh goi la
hinh hop dimg.
Di¢n tich xung quanh cta hinh lang tru dimg bing :

Chu vi ddy x chidu cao

Thé tich cua hinh lang tru dimg bing :
Dién tich ddy x chiéu cao

B’
Hinh 30

f
h

Syq = 2ph ‘[ c
A
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Vi du 48. Cho hinh 1ap phuong ABCD. A'BC'D". Goi E, F theo thif tyr la
trung diém cua AB, AD. Ngudi ta cit hinh lap phuong theo mat phing chia EF
vi song song vdi mat chéo (BDD'B') thi hinh lap phuong d6 duoc chia thanh hai
hinh lang tru. Tinh s6 mat. s6 dinh, s6 canh cia méi hinh lang tru.

o Gidi : (h.31)

D
F/ Hinh lang tru nho ¢6 5 mat, 6 dinh, 9 canh.
]
ALAE Hinh lang tru 16n ¢6 7 mat. 10 dinh, 15 canh.
Z R ; c.aé
% ) Chii ¥ : N&u goi M la s6 mat, D la so6 dinh,
?’;--m ~-~j €136 canh thi & hai hinh lang tru ren. 1a thd :
f% /5 \\‘ M + D - C = 2. Bé-cic di phit hién ra cong thirc

trén khi nghién cfu cic da dién déu. Nam 1755,
O-le di chimg minh cong thic tyét diéu d6 vGi
moi da dién 16i tuy y.

Hinh 31

Bai tap

303. a) Tinh s6 mat, s6 dinh, s6 canh ciia mot hinh lang tru dimg ¢6 ddy 1a mot
da gidc 100 canh ; n canh (n 2 3).
b) Chimg minh cong thitc M + D ~ C = 2 doi v6i hinh lang tru dimg (M. D,
C theo thir tr la s6 mat, s6 dinh, s6 canh).

304. a) Trong cic s6 : 36, 25, 18, 17, 11, 6, 4, s6 nao khong thé 1a s6 dinh cia
mot hinh lang tru ding ?
b) Trong céic s6 : 12, 20, 9. 15, 32, 6, s6 nao khong thé 1a s6 canh cua mot
hinh lang tru dimg ?

305. Cho hinh lang tru dimg ABCD. A'BCD’ ¢6 ddy la hinh thoi. Biét dudmg cao
AA' = Sem, ciic duomg chéo AC' = 15cm, DB’ = 9cm. Tinh canh AB cua ddy.

306. Cho hinh lang tru dimg ABC.A'B'C’ ¢6 ddy la tam gidc déu, M la trung
diém cua BC, AA'= AM =a.
a) Tinh canh ddy cua hinh ling tru.
b) Tinh dién tich xung quanh va thé tich cua hinh lang tru.

307. Mot thing hinh hop chit nhat ¢6 chiéu rong 10dm. chiéu cao 8dm, trong thiing
dumg mot phin nude. Khi nghiéng thing cho nudc trong thung vira van phu kin



-~
4, NG - 10

Hinh 32
0%, TR
mit bén 10dm x 8dm thi nurde con phu 3 didy cua thung (h.32).

Tinh chi¢u cao cua muc nuée khi thing dat nam ngang.

§22. HINH CHOP PEU. HINH CHOP CUT PEU

Hinh chop c6 day la mot da gide, cdc mat bén la nhimg tam gidc c6 chung
mot dinh, la dinh cua hinh chop.

Hinh chdp déu 1a hinh chop c6 ddy 1a da gidc déu, cdc mat bén 1 nhimg
tam gidc can (h.33).

Hinh 33 Hinh 34
Khi cat hinh chép déu bai mot mat phing song song véi ddy, phin hinh
chop ndm gira mit phing d6 via mat phang ddy 1a mot hinh chép cut déu
(h.34). Trong hinh chép cut déu. cic mat bén 1a nhimg hinh thang can.
Dién tich xung quanh cua hinh chép déu bing : Nira chu vi ddy x Trung doan

S\q =pd
Dién tich xung quanh cua hinh chép cut déu bing :

Niura téng chu vi hai ddy x Trung doan
Sxg =(p+p)d.




Thé tich ciia hinh chép bng : %dic,‘n tich déy x Chiéu cao.

V=aish
3

Vi du 49. M6t hinh chép va mot hinh lang tru dimg ¢6 dién tich ddy bang
nhau. Chi¢u cao cia hinh chép gip déi chiéu cao cia hinh lang tru. Ti s6 cic
thé tich cia hinh chép va hinh lang tru bing :

AL B) 2 : 01 D) 3
3 37 ' z

Hay chon cau tra 1on ding.

Gigi

Goi S va h theo thir tr la dién tich ddy va chi¢u cao cia hinh lang tru. Khi
d6 hinh chép ¢6 dién tich ddy S va chiéu cao 2h.

"
Thé tich hinh chép : V; = ?;-S.Zh a —;-Sh.
Thé tich hinh lang tru : V; = Sh.
4
Ti s6 cdc thé tich cha hinh chép va hinh lang tru bang % Vay cau tra 11 B
la diing.

Vi du 50. Tinh thé tich hinh chép tam gidc déu c6 canh ddy bing V2 va
cdic canh bén bang 1.
Gidi : (h.35)

Cach 1. Ki hi¢u nhu trén hinh v&. Xét tam gidc A
CBM vuong tai M :
2
> 2
BM~=Bc—-cw-(J5r-[-‘q oy B D
2 2
- M
3 c
=4 . Hinh 35
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Xét AAHB vuong tai H :

2 BY 2 |
AH® = AB® - BH? = | - ] sk e,
(#) 1-i-smmeg
| Il V3 V3
SBCD = _—-’-CDBM — EJE?:?- —2—

2 nén

Cdch 2. ACAD ¢6 CD? =(¥2)* =2, AC?+AD? = 1% + 1
CD? = AC? + AD?, suy ra CAD = 90° . Tuong tu BAC = BAD = 90°.

Xét hinh chop ¢6 diy 1a tam gidc vuong CAD, dudng cao 1a BA, thé tich
hinh chép bing :

| 1
V=-§ BA=—-.—.
3 CAD 32

Vi du S1*. Mot hinh chop cut déu c6 ddy la hinh vuong, cdc canh diy
bing a va b. Tinh chiéu cao cua hinh chép cut déu, biét ring dién tich xung
quanh bing t6ng dién tich hai ddy.

Giai : Ki hiéu nhu trén hinh 36.

Dién tich xung quanh hinh chép cut déu
bing 16ng dié¢n tich hai ddy nén

(2a +2b)d = a® + b

2 b2
Dodé  d=2T" ()
2(a +b)
Goi I, I' theo thit wr la trung diém cua BC, Hinh 36

BC.Tacé6 OT //A'B' // AB// Ol OT va Ol xic
dinh mat phing (O'T10). Trén mat phing d6 ké I'H L OL
Daull=d,TH=00=h.Tacé:

HI=0l- OH =

SRR

[SA K-

114



a-by

/

(2)

3 ) »
h? =1'I? - HI? = ¢ -|
\

[~ ]

T (1) va(2) suy ra :

2 (a® + b%)° _{a-b)z_ (a® + b%)* - (@* - b®)?

h < 3
4(a + b)- 4 , d(a + b)”
= da’b’ o a’bh?
4a+b’ (a+b)?
Dods hu=-2,
a+b

Vi du 52. Cho hinh chép A.BCD c¢6 ddy Ia tam gidc BCD. Goi E, F theo
tha w1 trong 1am cua cdc tam gide BCD, ACD.

a) Chimg minh ring EF song song véi AB.

b) Goi K Ia trong thm cua tam gidc ABC. Chimg minh rdng cic dudng
thang AE, BF, DK ddng quy.

Giai : (h.37)

a) Goi M I trung diém cua CD. Theo tinh chit
duimg trung tuyén ta co

E € BM, ME = %MB:

Fe AM.MF=;I;MA.

Taco oo ME_ L on BF /7 AB @inh 1§
MB MA 3 Hinh 37
Ta-lét dao).
b) AE cit BF tai G. Ta ¢6 EF // AB nén s = &
GA AB
Ta lai ¢o LS L . Do d6 G chia trong EA theo ti s 1 : 3.
AB MA 3

Chimg minh wong w. DK cit AE tai diém G', cing chia trong EA theo u
sO 1 : 3suyra G =G Vay AE, BF, DK ddéng quy.

15



Bdi tap

Hinh chép déu

308. Hinh chép ur gidc déu S.ABCD c6 canh diy 20cm, chiéu cao 10cm. Tinh
do dai canh bén.

309. Hinh chop tam gidc déu S.ABC ¢6 1at ¢ cic canh bang 2dm. Tinh do dai
doan thang MN noi trung diém hai canh d61 AB va SC.

310. Tinh thé tich hinh chép luc gidc déu ¢6 canh diy Sem, canh bén 13em.

311. Cho mot khoi gb hinh 1ap phuong ABCD. A'B'CD’ canh 4. Tai dinh A,
ngudi ta cua ldy ra mot hinh chép ¢6 mot dinh la A, ba dinh con lar nam
trén ba canh xudt phit tir A va cdch A la 1. Tai cic dinh Khic cua hinh lap
phuong. ta ciing lam nhu vay. S6 canh cua phin gd con lai la
A) 24 B) 12 C)l6: D) 36 : E) 30.

Hay chon cau tra loi ding.

312. Cho mot khoi gd hinh 1ap phuong. Ngudi ta cua khoi gb theo mot mat phang
di qua trung diém cha ba canh xudt phat tir mot dinh cia hinh lap phuong.

a) Tinh th¢ tich cua phdn gb nho bi cua rii ra, biét canh cua hinh lap
phuong bang 2.
b) Phin gb con lai ¢6 bao nhiéu mat, dinh, canh ?

313*. Cho mot khoi gé hinh 1ap phuong. Tai moi dinh coa hinh lip phuong.
nguoi ta cua khoi g6 theo mot mat phang di qua trung diém cua ba canh
xudt phat tir dinh ay.

a) Phdn g6 con lai ¢6 bao nhiéu mat, dinh, canh ?
b) Tinh ti 56 cdc thé tich cua phan gd con lai so vér khoi gb ban diu.

314*. Hinh chop tam gidc déu S.ABC ¢6 cic mat la tam gide déu. Goi O Ia
trung diém cua duong cao SH cua hinh chép. Chimg minh ring

AOB = BOC = COA = 90°.

Hinh chép cut déu

315. Cho hinh chép cut déu ¢6 hai ddy la cic hinh vuong canh a va 2a, canh
bén bang a. Tinh :

a) Trung doan ; b) Dién tich xung quanh ; ¢) DBuong cao.
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316. Cho hinh chép cut déu ¢6 hai ddy 1a cdc hinh vuong canh a va 2a, trung
doan bang a. Tinh :

a) Dién tich xung quanh ; b) Canh bén ; ¢) Puimg cao.

Hinh chép

317. Chimg minh cong thite M + D - C = 2 d61 vai hinh chop (M. D, C theo thir
tr i s6 mat, s6 dinh, s0 canh).

318. Cho hinh chép tam gidc S.ABC, diém G la trong tam cua tam giic SBC.
Goi K la trung diém cua SA. Hay xdc dinh giao di¢ém cua duong thing KG
va mat phing (ABC).

319. Hinh chép A.BCD ¢6 AB = a, CD = b. Goi M, N theo thir ty 1a trung di¢m
cua AD, BC. Chimg minh ring MN < 2 : b.

-

320. Cho hinh chép A.BCD. Chimg minh ring ba doan thang noi trung diém
cdc cap canh doi cua hinh chop gap nhau tai mot diém (AB va CD la mot
ciap canh doi cua hinh chop).

321. Cho hinh chép S.ABC. Trén SA, SB, SC Idy theo thit tr cic diém A", B, C'
sao cho cdc duimg thing A'B, B'C', C'A" theo thir tr khong song song vai
AB, BC, CA. Goi D la giao diém cia A'B' va AB. E la giao di¢m cla B'C
va BC. F la giao diém cua C'A’ vd CA. Chimg minh ring ba di¢ém D, E, F
thing hang.

322*, Chimg minh ring trong mot hinh chop tam gidc bat ki. t6n tai ba canh xudt
phdt tir cing mot dinh ma mot canh nho hon 16ng cua hai canh Kia.

323*. Hinh chép A.BCD ¢6 do dai sdu canh bang 7, 13, 18, 27, 36. 41. Canh
nio doi dién vai canh c6 do dai 41 7

CHUYEN DE

TINH CAC PAI LUONG HINH HOC
BANG CACH LAP PHUONG TRINH

Phuong trinh dai s6 la mot cong cu gitp ta gidi nhiéu bai todn hinh hoc.
nhat la cdc bai tap vé tinh todn.

117



Vi du 53(12). Tinh dién tich tam gidc ¢6 do dai ba canh bang 10cm, 17¢m,
2lem.

Giai : (h.38)

X¢ét AABC ¢6 AB = 10cm, AC = 17em, BC = 21 cm.
Goi AH la dudmg cao cua tam gidc. Vi BC la canh I6n
nhdit ciia tam gidc nén B, C < 90°. do d6 H nim giia B
va C.

PatHC=x, HB=y, 1acé: 31¥H21I N

x+y=2l (1) Hinh 38

Mat khic AH? =10% - y2, AH? =17° = x? nén

x2 -yt =172-10% =289~ 100 =189 (2)
Tu(lhva2)suyrax+y=2l,x- y=9,
Dodéx =15,y =6. Taco AH® = 10° - 6> =64 nén AH = 8.

218
Vay Sapc = ——= 8d(em?).

Chii ¥ : Trong vi du 53, ta tinh duoc dién tich tam gidc khi bi¢t do dai
ba canh.

Vi du 54 dudi day cho ta cong thire 1ong qudt tinh dién tich tam gidc theo
ba canh.

Vi du 54(12). Cho tam giiic ABC ¢6 BC = a, AC = b, AB = ¢, di¢n tich S.
Chimg minh ring S = /p(p - a)(p - b)(p — ¢) v6i p 12 nira chu vi cia tam gidc
(cong thire Hé-rong).

Hé-rong, nha todn hoc i Lap thé ki 1.

Giai : (h.39) Giasira 2 b 2 ¢. V& dudng cao AH. Do

A
a la canh Idn nhit cua tam gidc nén B va C la ciac goc
b nhon, do d6 H nam giira B va C (chi y ring néu khong
8 sdp xép a 2 b 2 ¢ thi phai xét hai trumg hop : H thude
hodc khong thudce doan thing BC, phiic tap hon).
B H x c Trudée hét 1a tinh CH theo a, b, c. PaAtCH = x, 1a ¢6 :
a - " 2
Hink 39 AB? - BH? = AC? - CH? (ciing bing AH® ), do dé :
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2 2 2 2 2 2 2
cC-(@a=-x) =b"-x"=2ax=a"+b" -¢

]

el y |
a~ +b” -c”
=>X= —,
‘ 2a

Trong AAHC ta c6 :
2 az+h2-c2\'

2a }'

AH? = AC? -CH? =b

_ 4a%b® - (a% + b* - ¢?)?
4a’

Tir ca phan thire trén ¢6 thé bién déi thanh

(2ab)? ~@+b’-¢?)? = {2nb+n2 +b? -cz)(‘.!ab -a? - p? +cl)=
=[(a+b)? —czlln:2 ~@-b?)=
=fa+b+c)(a+b-c¢c)(c+a-b)(c-a+b)=
=2p(2p = 2¢) (2p - 2b)(2p = 2a) = 16p(p = c)(p = b)(p - a).
Vay  S= {p(p-a)p - b)p-c).

Vi du 55(12). Tinh chiéu cao mot hinh thang cdn ¢6 dién tich bing 12em’,
duimg chéo bang Scm.

Gidi A B
Goi BH la duong cao cua hinh thang can ABCD
x
(h.40). Dé thiy DH = -59—‘1}59. Do dé dat BH = x,
y .
2 9
ay tach {X +Y =25 D H C
DH =y, wcé {K)‘ 12 Hinh 40

Xx-y=£zl

Sivina |x2+y2+2xy =25+ 24 c}{(x+y)2=49 a{x-ry:?

(x-y)2 =
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Dod6:x=4:y=3hodcx=3;y=4.
Puong cao coa hinh thang can bing 4cm hoac 3em.

Vi du 56 (17). Diém M nim trén canh huyén cia f

mot tam gidc vuodng dién tich 100cm® va c6 khoang H[7 ~
cdch dén hai canh géc vuong bing 4cm va 8cm. Tinh .
do dai cic canh gbc vuong.
Gidi : (h.41) AK v ¢
VEMH L AB,MK L AC. DatBH=x,KC=y. Hinh 41
ABHM va A MKC déng dang = % e = xy = 32. (n
y
Mt khic, AB.AC = 25, pe = (x + 8)(y +4) = 200. (2)

Tu (1) VA (2) suyra y° - 17y + 16 =0nén (y - 1)(y - 16) =0,

Vay yy =11y, =16.

Viy=1thix=321ac6 AC=1+4=5(cm), AB=32+8 =40 (cm).
Viiy=16thix=2,1ac6 AC=16+4=20(cm). AB=2+8 =10 (cm).
Ddp s6': AC=5cm, AB=40cmva AC=20cm, AB= 10 ¢cm.

Vi du 57 (18). Cho tam giic ABC. Qua diém D thudc canh BC, vé cic
dudmg thing song song véi AB, AC tao thanh mot hinh binh hanh cé dién tich

bing % dién tich tam gidc ABC. Tinh ti s6 BD : BC.

Gidi : (h.42) A
BD
DatE=xthl%=l-x.Tac6 X .
Sixpe =38
AKDE 8 ABC B D c
Hinh 42
nén M = E. (|)
SABC 8

AKBD va AABC déng dang nén

Skep _ (@]’ -

SABC BC



i \2 >
AEDC va AABC déng dang nén Sepc . [R-C- | =(=-x)".
Sagc \BC/
Suy ra S—KMLSELE-:';:+|I-\b2 2)

SABC
Tiur (1) va (2) suy ra :

2 2_9 3
X"+ (1 -x) =-§c:>(4x—3)(4x-l)=0a =g iR

. . BD _. 3 1
Viay ti s6 — bidng — hodc —.
S e R

Bai tap

324(12) Dudng phan gidc cua cic goc th 0 mot canh ddy coa mot hinh thang
cit nhau tai mot diém thudc canh ddy kia. Tinh cdc canh coa hinh thang,
biét chiéu cao bang 12cm, cdc dudng phan gidc n6i trén dai 15em va [3em.

325(12). Trén cdc canh AB. AC cua tam giic ABC dién tich S, 1y cic diém D,
E sao cho AD = %AB. AE = %AC. Goi K 1a giao diém ciia BE va CD.
Tinh di¢n tich ur giagc ADKE.

326(12). Trén cdc canh AB, BC ciia tam gidc ABC dién tich S, ldy cic diém D,
E sao cho AD = -%AB. BE = %BC Goi K 1a giao diém cua AE va CD. Tinh

dién tich tam gidc BKC.

327(12). Tinh dién tich cia mot tam gidc cin ¢6 chiéu cao g véi canh diy
bing 10cm, chiéu cao tng vai canh bén bang 12cm.

328(12). Tinh dién tich mot tam gidc ¢6 ba dudng trung tuyén bing 30cm,
Slem, 63cm.

329(12). Hinh vuong EFGH noi tiép hinh vuong ABCD sao cho E. F, G. H chia
¢dc canh ctia hinh vuong ABCD theo ti s6 k. Tinh k. biét ring

5
SEFGH = GSABCD'

330(12). Mot ur gidic ¢6 mdi dudng chéo bing a. tong cic "dudng trung binh
clia ti gidc” bang b ("dudng trung binh cia i gidc” la doan thang noi
trung diém hai canh d6i cia v gidc). Tinh dién tich ur gidc theo a va b.
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331 (12). Tinh dién tich wr gidic ABCD, biét ring AB vuong géc vai CD,
AB = 6cm, BC = 15¢m, CD = 8cm, DA = S5cm.

332 (15). Tinh do dai duomg phan giic AD cia tam gidgc ABC biét ring
AB=12cm, AC = I5cm, BC = 18cm.

333*(17). Tinh dién tich tam gidc ABC ¢6 dudmg cao AH = 6¢m. bict raing AH
chia goc A theo ti s6 1 : 2 va chia canh BC thanh hai doan ma doan nho
bing 3cm.

334* (17). Cho tam gidc ABC nhon, AC > AB. tryc tam H. Goi M la trung
diém cia BC, O 1a giao diém cdc dudng trung tryc cta tam gidc ABC. Biét
HO song song vGi BC, OH = 1lem, OM = Scm. Tinh d6 dai BC.

TOAN CUC TRI HINH HOC

I - BAI TOAN CUC TRI

Cic bai todn cyc tri trong hinh hoc ¢6 dang chung nhu sau : Trong tat ca
cic hinh ¢6 chung maét tinh chit, tim nhimg hinh sao cho mot dai luong ndo dé
(nhu d6 dai doan thing, s6 do gée, sé do dién tich...) ¢6 gid tri 16n nhat hoac
gid tri nho nhat.

Cac bai todn cuc tri thuong duge trinh bay theo hai céch :

= Cdch I : Trong cdc hinh ¢6 tinh chdt cia dé bai, chi ra mot hinh. réi
chimg minh ring moi hinh khic déu ¢6 gid tri (coa dai lugng phai tim cue tri)
I6n hon (hoac nho hon) gid tri caa dai lugng d6 & hinh di chi ra.

= Cdch 2 : Thay di¢u kién mot dai luong dat cuc tri (I6n nhit hoac nho
nhdt) bing cic diéu kién wong duong, cudi cing din dén mot didu kién ma ta
xdc dinh dugc vi tri cia cdc diém d¢ dat cuc tri.

Lai gidi trinh bay theo cich 2 w nhién hon vi né mang tinh chit tim ki¢m.
Duai day 1a mot vi du giai theo hai céch trén.

Vi du 58(12). Trong cic tam gidc ABC c6 ciing canh BC va cung dién tich,
hdy tim tam gidc ¢6 chu vi nho nhit.

Gidi

Cdch 1. (h.43) Xét AEBC can tai E vi AABC bt ki ¢6 cung dién tich (A va
E ndm ciing phia d6i v6i BC, A khic E), ta ¢6 AE // BC. Ta sé chimg minh ring
chu vi AEBC nho hon chu vi AABC, bing cich chimg minh
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BE + EC < BA + AC. D

Goi D la dié¢m doi ximg véi C qua E, ta co /]
/!
BE + EC = DC (1 7 .
Af—t

ABDC ¢6 DE = EC, EA // BC nén EA di qua L 2T
trung diém cua BD. Ta lai ¢6 DB . BC (vi tam giic \ Wik
BDC ¢6 dudmg trung tuyén BE bing nira CD) nén \ >
EA L BD. Suy ra EA Ia duong trung truc cia BD, 8
nén AB = AD. Do d6

BA + AC = DA + AC. (2)
AADCc6 DC<DA + AC. (3)
Tir (1), (2), (3) suy ra BE + EC < BA + AC. Viy trong cdc tam giic ABC
¢é cung canh BC va cung di¢n tich, tam gidc can diy BC ¢6 chu vi nho nhit,
Cdch 2. Xét cic AABC ¢6 canh ddy BC khong d6i
v ¢6 cung dién tich. Do chi¢u cao img vai BC khong
d6i nén A chuyén dong trén dudmg thing d / BC (h.44).
Goi D la diém doi ximg vdi Bqua d, tacé AB = AD.
Chu vi AABC nho nhit <> AB + AC nho nhdt.
c Tacé AB+ AC = DA + AC = DC (khong d6i) ;
Hinkh 44 AB + AC = DC ¢» D. A, C thing hang.
Khi d6 A ¢ vi tri giao diém E coa DC va d, AEBC can wi E.

Viy trong cdc tam gide ABC ¢6 cung canh BC v ciing dién tich, tam gidc
cin vai canh ddy BC ¢6 chu vi nho nhat,

Hinh 43

o o
7
m

===t

@

Vi du 59 (18). Cho goc xOy khic géc bet v mot diém M thuoe mién trong
cua goc. Dung dudng thing di qua M va cit hai canh cia goc thainh mot tam
gidc ¢6 dién tich nho nhat.

Giai

Cdch 1. (h.45)

Qua M dung dudmg thing song song v Ox,
cit Oy & D. Dung B d6i ximg vai O qua D ; BM
cit Ox & A. Ta sé chimg minh ring AOAB c6 dién
tich nho nhat.




Qua M, v& dudmg thing bat ki (khong trung véi AB). cat Ox, Oy theo thir
tr o A", B'. Ta s& chimg minh riang Soap < Soa - That vdy. ¢6 duy nhit mot
duomg thing qua M cat Ox, Oy ¢ A, B sao cho M la trung di¢m cua AB nén
MA’, MB' khong biang nhau. Gid su MA' > MB'. tren tia MA" ta iy ME = MB'
thi Syips: = Smak < Smaas- Do do Soap < Soa s

Cdch 2. V& MH // OH, MK // OB (h.46) thi
Sonmk khong doi. Bat Soyyk = Sy Sk = Sy
Sune =S Sapec =S DatMA =0, MB=h. Ta ¢

S_;=S—(S|+S_=}

é_‘;__i‘.sl*s’

S S Hknh 46
Cic tam gidic AKM, MHB, AOB dong dang nén

s_.:[Lf r_[ b J’
S a+h/) S a+b

S a® + b 2ab S (a+h)’ i)

-t m | = = —
S

(a+ h)z (a + b)? Sy 2ab

3
©“
3

=

(dp dung bat ding thic (a + b)’ > dab. xdy ra ding thic khi va chi khi a = b).

Viy S > 28,. do d6 dién tich AOB nho nhit khi va chi khi a = b, khi dé M
la trung di¢m cua AB.

Il - CAC BAT DANG THUC THUONG DUNG DE GIAI TOAN CUC TRI
1. Quan hé giira duimg vudng goc va duomng xién
Quan h¢ nay thudmg duge sir dung duéi dang :
- Trong cdc tam gidc vuong (c6 thé suy bién thanh doan thing) ¢6 cic

canh goc vuong AH vi canh huyén AB thi AB 2 AH, xdiy ra diu bang khi vi
chi khi B trung H.

- Trong cdc doan thing noi tir mot diém dén cic diém thuoe mot duong
thing, doan thing vuong géc véi dudng thing ¢6 do dai nho nhat.

= Trong cdc doan thing n6i hai diém nidm rén hai dudmg thing song song,
doan thing vuong géc véi hai dudmg thing song song ¢6 do dai nho nhat.
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Vi du 60 (18). Cho hinh vuong ABCD. Hiy noi tiép trong hinh vuong dé
mot hinh vuong ¢6 dién tich nho nhat.

Gidi : (h.47) Goi EFGH I hinh vuong noi tiép rong A __EK B

hinh vuong ABCD. Tam cua hai hinh vuong niy phai trung
nhau tai mot diém O. F
: EG.FH _ 20E.20E 2 H
i 0 e = = = 20E- |
Ta ¢o Sh}.(’" 5 - 20E-. Nhu

vay S nho nhit <> OE nho nhat. Goi K 1a trung diém cua 0 ¢ ¢
AB, ta ¢6 OE 2 OK (hing s0) : OE = OK <> E tring K. Hinh 47

Vay dién tich EFGH nho nhat khi cic dinh E, F. G, H [ trung diém cic
canh cua hinh vuong ABCD.

2. Quan hé gitra duong xién vi hinh chiéu
Trong hai dudng xién cing ké tir mot diém ndm ngoai mot dudmg thing
dén dudmg thing dé, duomg xién nio ¢6 hinh chi¢u Ién hon thi 16n hon,

Vi du 61 (12). Cho tam guic ABC. Qua A dung A
duong thing d cat canh BC cia tam gidc sao cho tong
cdc khoang cich tr B v C dén d ¢6 gid tri nho nhat,
Giai : (h.48) Goi D la giao diem cua d va canh BC.
Vé BB, CC' vuong géc vai d. Vi moi vi tri cua D trén c
canh BC ta ¢6 : 8 2 c

Sgap * Scap = Sanc Hink 48

=5 %AD.BB\ %:‘\I).('C' =8 = BB+ CC =

28
AD’

e ]

Do d6 BB’ + CC' nho nhit < i—?)— nho nhat <> AD 16n nhat.

Gia sit AC > AB thi trong hai duomg xién AD, AC, dudmg xién AD c6 hinh
chiu nho hom, do d6 AD < AC (hang s0) : AD = AC <> D tring C.

Vay duong thing d phai dyng 13 duomg thing chia canh 16n nhat trong hai
canh AB. AC,

Chu y - Bo diéu kién duong thang d cat canh BC, xem bai 369.

3. Bat ding thic tam gidc

Véi ba diem A.B.Cbatki, tac6 AC+CB2AB: AC+CB=AB& C
thudce doan thing AB.
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D¢ sur dung bt dang thuc tam gidc, doi khi ta phai thay déi phia cia mot
doan thang d6i véi mot dudmg thing,

Vi du 62 (3). Cho tam gidc ABC can tai A va diém D ¢6 dinh thude canh
ddy BC. Hiy dung mot dudng thing song song véi BC, cit hai canh bén & E va
F sao cho DE + DF ¢6 gid tri nho nhit.

Phan tich cdch gidi (h.49) Ta d6i phia caa doan
thing DE doi voi duomg thing AC bing cdch tao ra
mot doan thing D'E' sao cho D'E' = DE, E' tring F va
D’ ¢6 dinh. Muon vay ta quay D quanh A mot goc
bing goc BAC (1rén nira mat phiing khong chia D, ¢6
b AC, dung tia Ax sao cho CAx = m) trén Ax
ldy D" sao cho AD' = AD). Nhu vay D' la diém co

I dinh vd D'F = DE (vi AD'AF = ADAE theo truimg
hop canh - g6c - canh).

Ta ¢6 DF + DE = DF + FD' 2 DD' (hing s0).

Do d6 DF + DE nho nhit > DF + FD' nhé nhit <> F 1a giao diém cia DD’
via AC,

4. Cic bat ddng thire dai so
Cic bat ddng thirc thudng duoc sir dung 12 :
= Bit ding thic vé lu§ thira bic chén :

x*20 (n
-x'<0 (2)
- Bit ding thiic Co-si : (x + y): 2 dxy hay x + v 2 2,/xy (3)

vai x, y khong am, xiy ra ding thic khi va chi khi x =y,
Chi ¥ rang tir bat ding thic (3), ta con suy ra vdi hai s6 khong am x, v
= Néu x + y la hing so thi xy,,, > x =y ;
= Néu xy 12 hing s6 thi (x + ¥),, > X = .

Dé sir dung cdc bat ding thic dai 56, ta thudmg dat mot do dai thay doi
bang x, bi€u thi dai lugng cdn tim cuc tri bing mot biéu thie cua x, réi tim
diéu kién dé bic¢u thic ¢6 cuce tri.
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Vidu 63 (12). Giai vi du 60 bang cic cich khic.
Giai : (h.50) Xét hinh vuong EFGH noi ti¢p hinh vuong ABCD, ta ¢6
AE = BF = CG = DH. Goi AB =a, AE = x thi
EB=FC=DG=HA=a-x.

Cdch 1. Goi dién tich hinh vuong EFGH 12 S, ta ¢6 _—

Arry B
S=az—4x(a_”=
T3 a-x F
=a’-2ax+2x' = H
g o 3
:2[x—iJ +"|_Zi_; D G C
2 2 2 Hinh 50

n
. a” s gk
minS = OO0 E L trung diém cua AB.

Liae v © Ta Ki hicu minS 1a gid tri nho nhat cua S, max$ 1a gid tri 16n nhat
cua S.

S Iém nhit

Cdch 2. Sgggy nho nhat €3 48, 16n nhat <> 4,

&> X(a = x) I6n nhat.

Chi y rdng x va a = x 14 hai s0 duong ¢6 16ng khong doi (bang a) nén tich

cua ching 16n nhat khi vir chi khi hai s6 &y bang nhau. Khi dé
X=a-X¢>X =% <> E 1a trung diém cua AB.

Vi du 64 (12). Cho tam gidc ABC vuong c¢an ¢6 AB = AC = 10cm. Tam
giic DEF vuong cin o D noi tiép tam gidac ABC (D thuoc AB. F thuoe AC. E
thude BC). Xic dinh vi tri cua diém D dé di¢n tich tam gidc DEF nho nhat.

Giai : (h.51) Goi AD = x. K¢ EH L ABthi AD = EH = BH = x. DH = 10 - 2x.
Taco

SpeF = ;!,-DE.DF - -_';DE -
= %(EH"' +DH?) = %[x"' +(10-2x)°] =



= (5% ~40x + 100) = -';-(xz - 8x +20) = -
= X
5 HEEHE
= 2(x- 4)2 +10 2 10.
i i 2 D
minSpge = 10 (em”) & x =4, Do d6 AD = 4cm. x
Siiid : . I A F C
Chii y - Tong qudt, minSpgp: = ;SMK'- Jinh §1

Vi du 65 (12). Cic dudng chéo cha ur gide ABCD cit nhau ¢ O. Tinh di¢n
tich nho nhat cha ur gide, biét S op = dem’, Scop = 9cm’.
2 "
A 8 Giai : (h. 52)

v Ki hi¢u nhu hinh v&. Ta ¢6 :

S OA 31 ussass, ()
S, 0OC 8, A
0 Theo bat ding thic Co-si

C

Hinh 52 Sy + S 22538, =2J49 =12,
Ta ¢éd
S=5,+5:+5;+5,24+9+12=25.
max$ = 25 (cm?) khi va chi khi :
Sy =S, ¢ Supc = Spep <> AB// CD.

Chii ¥ : Tng quét. thay 4 v 9 bai a vi b, ta cé maxS = (Va + vb)?.

1l - CAC CHU Y KHI GIAI TOAN CUC TRI

Cha y 1. Khi gidi cic bai todn cue tri, nhiéu khi ta cin bién doi wong duong
diéu kién cuc tri cta dai luong ndy thanh diéu Ki¢n cue tri cha dai lugng khic.
Vi du 66(16). Cho tam gidc ABC c¢6 ba géc nhon. M la mot diém bat ki

nam trén canh BC. Goi E, F theo thit tur 1a hinh chi€u cia M rén AB, AC, Tim
vi tri cua M d¢€ EF ¢6 do dai nhé nhit,
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Giai : (h.53) Chu y dén hai tam gidc vuong chung A
canh huyén la AEM, AFM, ta goi I 12 trung di¢m cia
AM, 1a ¢6 IA = IE = IM = IF. Nhu vay EF la canh ddy
cua tam gidc can IEF. D¢ thay EIF = 2EAF, ma
EAF khong déi nén EIF khong déi. Tam gidc can 4
EIF ¢6 s6 do goc ¢ dinh khong doi nén canh ddy nho 8 M ¢
nhdt khi va chi khi canh bén nho nhat. Do d6 EF nho Hinh 53
nhit <> IE nho nhdt <> AM nho nhit. Khi d6 M 1a
chan duong vuong goc ké tir A dén BC.

Chu y 2. Nhiéu bai todn cuc tri ¢6 lién quan dén bai todn tim tap hop diém :
Trong 1dp hop cdc hinh ¢6 chung mot tinh chat, khi 1a ¢6 dinh mot s6 yéu 16
khong d6i cua hinh, cdc diém con lai ¢6 thé chuyén dong trén mot dudmg nhat
dinh, viéc theo dai vi tri ctia ching giip ta tim duoc cuc tri cia bai todn.

Vi du 67(12). Trong cic hinh binh hanh ¢6 dién tich va mot duong chéo
khong déi. hinh niao ¢6 chu vi nho nhat ?

Giai ; Xét ciac hinh binh hanh ABCD ¢é BD c6 dinh

B‘

:‘-.\ (h.54). Dién tich hinh binh hinh khong déi nén dién tich

LY tam gidc ABD khong déi, do d6 A chuyén dong trén
 HA d  duomg thing d // BD.

E " Cin xdc dinh vi tri cia A trén d dé BA + AD nho
B p nhat. Ta d6i phia cua BA d6i vai d bang cich lay B' d6i

ximg vai B qua d. Khi d6 B’ ¢6 dinh,
Z BA + AD = B'A + AD 2 B'D (hing s06).
Hinh 54 BA + AD nho nhat < B'A + AD nho nhit <> A la
giao diém cua d va doan B'D. Khi d6 AB = AD.

Vay hinh binh hanh ¢6 chu vi nhé nhat khi né 1a hinh thoi.

Cha y 3. Khi gidi cdc bai todn cuc tri, ¢ khi ta phai tim gid tri 16n nhit
(nho nhét) trong timg trudmg hop. réi so sdnh cdc gid tri 4y véi nhau d€ tim gid
tri 1én nhat (nho nhat) coa ca bai todn.

Vi du 68(12). Cho tam gidc ABC. Dung dudng thing d di qua A sao cho
téng cic khoiang cdch tir B va C dén d ¢6 gid tri 16n nhat.

Gidi : Goi BB', CC' la khoang cdch tir B va C dén d. Xét hai trudmg hop :
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I. Budmg thing d cét canh BC tai D (h.55) :
BB+ CC < BD + CD = BC.

(Chi ¥ ring néu B hoac C Ién hon 90° thi diu
biang khong dat duge, nhung di¢u d6 khong anh huong
dén bai todn).

2. Puong thiang d khong cat canh BC. Khi d6 d cit
canh CE véi E la diém d6i ximg vai B qua A.

Giai nhu truimg hop 1, ta duoe BB' + CC < CE.

Bay gio ta so sdnh BC va CE :

b) c)
Hinh 56
a) Truimg hop BAC > 90° (h. 56a). Néu ké CH L BE thi H thudc tia d6i cia
tia AB nén HB > HE, do d6 BC > CE. Ta ¢6
max(BB' + CC') = BC <« d L BC.
b) Trutmg hop BAC < 90° (h. 56b). Néu ké CH L BE thi H thuc tia di ciia
tia AE nén HE > HB, do d6 CE > BC. Ta ¢6
max(BB' + CC)=CE < d L CE.
¢) Trirmg hop BAC = 90° (h. 56¢). Ta cé BC = CE. Do dé
max(BB' + CC') = BC=CE ¢<>d 1L BChoacd L CE.
Chu y
I. Né€u goi M I trung diém cia BC thi CE // AM, CE = 2AM nén két luan
cua bai todn con duge dién dat nhu sau :

~ Néu BAC > 90° thi max(BB' + CC) = BC < d L BC.
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~ Néu BAC < 90° thi max(BB' + CC) = 2AM < d | AM.

~Néu BAC = 90° thi max(BB + CC) = BC = 2AM &> d 1 BC hodc d L AM.

2. Dac bi¢t hod vi du trén khi tam gidc ABC vuong ¢an tai A, ta co6 bai todn :
Cho hinh vuong ABCD. Dung dudmg thing d di qua tam cia hinh vuong sao
c¢ho 10ng cdc khoang cich tir bon dinh ciia hinh vuong dén duing thing dé co
gid tri I[ém nhat,

Tra 1o : Cdc dudng thing phdi dung gém hai duomg thing chia duimg
trung binh cua hinh vuong.

Bai tap

335(12). Tinh di¢n tich Ion nhat cua wi gidgc ABCD, bi¢t AB = AD = a.
BC=CD=b.

336(12). Trong cic hinh chir nhat ¢6 duomg chéo bang d khong déi. hinh nao
¢6 dién tich 16n nhdt ? Tinh dién tich 16n nhat d6.

337(7). Cho tam gidc ABC vuong tai A, diém M nam giira B va C. Goi D, E
theo thit tu 13 hinh chi¢u cia M wén AC, AB. Tim vi tri ciia M dé DE ¢6 do
dai nhd nhat.

338(7). Cho tam gidc ABC vuong tai A, duimg cao AH. Goi D, E theo thir wr
thudc cdc canh AC, AB sao cho DHE = 90° . Tim vi tri cua D, E d¢ DE ¢6
d0 dai nho nhat.

339(12). Cho tam gidc ABC vuong cin 1ai A, BC = 2a. Mot duiomg thing d bat
ki di qua A va khong cit canh BC. Goi I va K theo tha tu 1a cdc hinh chiéu
cua B va Cirén d, goi H la trung diém cha BC. Tinh dién tich 16n nhat cia
tam gidic HIK.

340(12). Cho hinh chir nhiat ABCD. Trén cic canh AB, BC, CD. DA ldy theco
thi ty cdc diém E. F, G, H sao cho AE = AH = CF = CG. Xic dinh vi tri
cua cic diém E, F, G. H dé ur giac EFGH c6 dién tich 1dn nhat, néu :

a) AB =40cm, BC = 20cm ;
b) AB=a, BC=b(b<a< 3a).

341(12). Nguoi ta dung mot doan day cang thanh ba doan thing tao véi mot
bitc tromg lam thanh mot hinh chir nhat. Hiy chi ra cdch cang day dé hinh
chir nhat d6 ¢6 dién tich 16n nhat.
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342(11). Tim diém M sao cho tdng cédc khoing cdch tir M dén cdc dinh cia mot
luc gidc déu cho trude la nho nhat.

343(12). Chimg minh ring trong cdc tam gidc c6 cung canh ddy va cung chu vi,
tam gidc can c6 dién tich 1Gn nhat.
344(12). a) Trong céc hinh chit nhat ciing chu vi, hinh ndo ¢6 dién tich I6n nhat ?
b) Trong cdc hinh chit nhat cung dién tich, hinh ndo ¢6 chu vi nho nhat ?
345(12). Trong cdc hinh thoi ciing chu vi, tim hinh ¢6 dién tich 16n nhit.
346(12). Trong cdc hinh thoi c6 cung dién tich, hinh ndo ¢6 chu vi nho nhit ?
347(12). Chimg minh ring :
a) Trong cic uf gidc cing chu vi, hinh vuong ¢6 di¢n tich 1n nhit.
b) Trong céc 1 gidc ciing dién tich, hinh vuong ¢6 chu vi nhé nhét.

348(12). T gidc ABCD ¢6 C + D =90°, AD = BC, AB=b,CD =a (a > b).
Goi E, F, G, H theo thit tu 1a trung diém cia AB, AC, DC, DB. Tinh di¢n
tich nho nhar cua ur gidac EFGH.

349(12). Trong cdc i gidc ¢6 16ng hai dudmg chéo bing s, uf gidc ndo co6 dien
tich I6n nhat ?

350(4). Cho géc nhon xOy va diém A thudc mién trong ctia géc. Dung diém B
thuoc tia Ox, diém C thuoc tia Oy sao cho tam gidc ABC ¢6 chu vi nho nhat.

351(4). Cho géc nhon xOy va cic diém A, B thudéc mién trong cua goc. Dung
diém C thudc tia Ox, diém D thudc tia Oy sao cho dudng gdp khic ACDB
¢6 do dai ngdn nhat.

352(7). Cho hinh chir nhait ABCD. Tim tf gidc ¢6 bon dinh thudc bén canh cua
hinh chir nhat sao cho chu vi 1 gidc ¢6 gid tri nho nhat.

353(7). Cho diém E thudc canh AB ciia hinh chit nhat ABCD. Dung cdc diém
F. G. H theo thit te thudc cdc canh BC, CD, DA sao cho ur gidc EFGH ¢6
chu vi nho nhat.

354(12). Cho hinh chir nhat ABCD dién tich S. Tim di¢n tich nhé nhit cua cdc
wr gidgc EFGH ¢6 bon dinh ldn lugt thude bon canh AB, BC, CD, DA cua
hinh chir nhat va AE + CG < AB, AH + CF 2 AD.

355(12). Cho hinh vuong ABCD canh a. Tim dié¢n tich I6n nhét cua cdc hinh
thang ¢6 bon dinh thudc bon canh cua hinh vuéng va hai canh ddy song
song vdi moOt dudmg chéo cua hinh vuong.

356(17). Cho hinh vuong ABCD canh 6¢m. Diém E thudc canh AB sao cho
AE = 2c¢m, diém F thuoc canh BC sao cho BF = 3cm. Dung cdc diém G, H
theo thit wr thudc céde canh CD, AD sao cho EFGH 1a hinh thang :
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a) c6 diy EH, FG va c¢6 dién tich nho nhat ;
b) c6 ddy EF, GH va ¢6 di¢n tich 16n nhat.

357(12). Cho hinh chir nhat ABCD c¢6 céc kich thude 1 a va b. Tim dién tich 1én
nhdt caa hinh chir nhait EFGH ngoai tiép hinh chir nhiit ABCD (mdi dinh cia
hinh chir nhat ABCD ndm trén mot canh cia hinh chir nhit EFGH).

358(12). Cho tam gidc ABC. Xdc dinh vi tri cha cdc diém D, E trén cdc canh
AB, AC sao cho BD + CE = BC va DE ¢6 do dai nho nhat.

359(12). Trong cdc tam gidc vudng ¢6 tdng hai canh géc vudong khong déi, tam
gidc nao ¢6 chu vi nho nhii ?

360(7). Chiing minh ring trong cdc tam gidc vuong ¢é canh huyén khong déi,
tam giic vuong cin ¢6 chu vi 1on nhat.

361(12). Cho tam gidc ABC co cic goc B va C nhon, BC = a, dudmg cao AH = h.
Xét hinh chir nhat MNPQ noi ti€p tam gidc ¢6 M thude canh AB, N thude

canh AC, P va Q thudc canh BC. Hinh chir nhit MNPQ & vi tri nio thi di¢n
tich ctia né ¢6 gid tri Iém nhat ?

362(13). Tir mot tdm kim loai hinh tam gidc vuong, cit ra mot hinh vuong theo
hai cich :

Cdch 1 : MOt géc cua hinh vuong tring vdi goe vuong cia tam gidc, dinh
doi dién thude canh huyén cia tam gidc.

Cdach 2 : Mot canh cua hinh vudng ndm trén canh huyén cia tam gidc, hai
dinh kia thudc hai canh goc vuong ciia tam gidc.

Céch cét ndo cho hinh vuong ¢ dié¢n tich I6n hon ?

363(12). Cho tam gidc ABC vuong can c¢6 canh huyén BC = a. Cic diém D, E theo
thit wr chuyén dong trén céc canh AB, AC. Goi H va K theo thir w la cic hinh
chiéu cta D va E trén BC. Tinh dién tich 1én nhit cta uf gidc DEKH.

364(12). Cho tam gidc ABC. Tim diém M thudc mién trong hodc ndm trén canh
cua tam gidc sao cho tdng cic khodang cich tir M dén ba canh cua tam gidc
¢6 gid tri nho nhat.

365(12). Cho tam gidc ABC. Tim diém M thudc canh BC sao cho téng cic
khoang cich tr M dén AB va dén AC ¢6 gid tri nho nhit.

366(12). Cho hinh thang ABCD. Tim diém M thudc mién trong hodc ndm trén
canh cua hinh thang sao cho tdng cic khoing céich tir M dén céc canh cia
hinh thang c6 gid tri nho nhat.

367(12). Hoi nhu vi du 61, trong dé dudmg thing d ¢6 thé cit hoac khong cit
canh BC.
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368(10). Cho hinh vuong ABCD vi mot diém K phm bén trong khong trung vai
tam hinh vuong. Dung qua K mot dudng thing sao cho né cat hinh vuong
thanh hai phdn ¢6 hi¢u cdc dién tich 16n nhat.

369(12). Cho tam gidc ABC can tai A. Cic diém M, N theo thit we chuye'r.l dong
trén cdc canh AB, AC sao cho AM = CN. Xdc dinh vi tri cua M, N d¢ :

a) MN ¢6 gid tri nho nhit ;
b) dié¢n tich tam giic AMN c6 gid tri 16n nhét.

370(10). Cho tam gidic ABC vuong can tai A. Diém M thudc canh BC, goi E va
F theo thit tu la hinh chi¢u cia M trén AB va AC. Ching minh rang khi
diém M chuyén dong trén canh BC thi
a) Chu vi tf gidc MEAF khong d6i ;

b) Duong thing di qua M va vuong géc véi EF luon luon di qua mot diém
K ¢o dinh ;
¢) Tam gidac KEF ¢6 dié¢n tich nho nhit khi M 1a trung diém cua BC.
371(12). Cho tam gidc ABC dién tich S. Cic diém D, E, F theo thit tu thudc cdc
AD BE _CF

canh AB. BC, CA sao — = — = — = k. V@ gii tri nao cua k thi dién
AB BC CA

tich tam gidc DEF ¢6 gid tri nho nhit ?
372%(12). Cho tam gidc ABC ¢6 BC = a, AC = b, AB = ¢. Tim diém M nam bén

trong tam giidc sao cho g L +< 6 gid tri nho nhdt, trong dé6 X, vy, z theo
X ¥ 2z

thir tr la Khoang cich tir M dén cic canh BC, AC, AB.
373*(10). Cho tam gidc ABC c6 cdc géc nho hon 1207, Tim diém M ndm bén
trong tam gidc sao cho ng MA + MB + MC ¢6 gid tri nho nhét.

374(17). Cho hinh vuong ABCD canh a. diém E thudc canh BC, diém F thuoc
canh AD sao cho CE = AF. Cic dudng thing AE, BF cdt dudmg thing CD
theo thir tw ¢ M, N.

a) Chimg minh ring CM. DN = a’.

b) Goi K la giao diém ciia NA va MB. Chimg minh ring MKN = 90°.

c) Cic diém E va F ¢6 vi tri nhu thé nio thi MN ¢6 do dai nho nhat ?
375(18). Cho tam gidc ABC. Qua mot diém bit Ki thude canh BC, vé cdc dudng

thing song song v&i hai canh kia tao véi hai canh d&y mot hinh binh hanh.
Tim vi tri cia diém M dé hinh binh hanh c6 dién tich Ién nhat.
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376 (18). Cho tam giic ABC. Qua di¢m O ndm bén trong tam gidc, vé& cic
dudmg thing song song vdi cdc canh cia tam gidc, chia tam gidc thanh ba
hinh binh hanh va ba tam gidc nho.

a) Bi¢t dién tich tam giic ABC bang 8lem?, hai trong ba tam gidc nho ¢6
dién tich 4cm® va 16cm”>. Tinh dién tich tam gidc con lai.

b) Chitng minh ring 16ng dién tich cuiia ba tam gidc nhod 16n hon hoac bing
% dién tich tam giic ABC. Dié¢m O ¢ vi tri nio thi xdy ra ddu bing ?

377*(18). a) Cho hinh thang ABCD va mot diém N thudc canh ddy AD. Chimg

minh ring né€u diém M thudc canh diy BC sao cho 11-5 = N—i\ thi phin

chung cua hai tam gidc AMD. BNC c¢6 dién tich 16n nhat.

b) Cho hinh thang ABCD. Dung cic diém M, N theo thir ty thudce cic canh
dday BC, AD sao cho phin chung cia hai tam giic AMD, BNC ¢6 dién tich
16n nhat.

Bai doc thém

TA-LET VA PY-TA-GO

Ta-lét va Py-ta-go la hai nha toan hoc xa xua nhat ma lich s Toan hoc con ghi
lai dugc. Ta-lét sinh trudc Py-ta-go nira thé ki, timg la thiy day Py-ta-go va da danh
gia cao tai nang cla cu hoc trd nhd tudi.

Ta-lét sinh khoang nam 624 va mat khodng 547 trudc Cong nguyén. Ong sinh ra
& thanh phd& Mi-lé giau c6 cia x{f I-6-ni thinh vuong ven bién phia tay Tidu A. Ta-lét
44 dén Ba-bi-lon, Ai Cap va thu thap 1 nhing xU sd &y nhiéu kién thirc toan hoc. Ong
duoc coi la ngudi sang 1ap nén Toan hoc Hi Lap.

Ta-1ét 1a nha budn, nha chinh tri va triét hoc, nha toan hoc va thién van hoc. Ong
la ngudi ddu tién trong lich st Toan hoc dua ra nhiing phép ching minh. Ong da
chitng minh duogc dinh |i vé sy tao thanh cac doan thdng ti 1& (dinh Ii Ta-1ét) va cac
dinh 1i v& hai goc d6i dinh, hai goc & day cla tam giac can, géc ndi li€p chan nla
dudang tron.

Ta-1ét da do duoc chiéu cao cla cac Kim tu thap bang cach do béng cla ching,
tinh dugc khoang cach tir con tau d&n cang nhd cac tam giac ddng dang. Ta-lét la
ngudi ddu tién trong lich sir doan truéc duge cac ngay nhat thyc : hién tugng nay da
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xay ra ding vao ngay ma ong dy doan, ngay 28 thang 5 nam
585 trudc Cong nguyén, trong su kham phyc cla moi ngudi.

Pang tiéc 14 ching ta khong biét gi vé cac ching minh
cu thé cta Ta-lét. Co 1& dng cing sif dung rdng rdi phuang
phap gédp va chéng hinh, "cé luc dng xem xét van dé mol
céach t8ng quat, c6 luc lai dya vao tryc gic 1a chi yéu® (theo
Pré-clo, thé ki V, nha binh luan vé toan hoc ¢8 Hi Lap). Phai
dén Py-ta-go, hinh hoc mdi cé nhiing bién d8i sau sac, va ba
thé& ki sau, véi O-clit, hinh hoc mdi thyc su trd thanh mét khoa
- hoc suy dién.

Talet Ta-lét chét Iic gia mdt cach ddt ngdt khi dang xem mot
(624 5470 C.N) gaj hoi thé van. Trén md 6ng co khic dong chir - "Nam mb
nay nhod bé lam sao ! Nhung quang vinh clia con ngudi nay,

éng vua cla cac nha thién van, madi vi dai lam sao !".

Py-ta-go sinh khoang nam 580 va mdt khodng nam
500 truéc Cong nguyén. Ong sinh trudng trong mot gia
dinh quy tdc d dao Xa-mét, mdt dao giau cd d ven bién
E-gié thudc Dia Trung Hai.

Méi 16 i, cau bé Py-ta-go da ndi tiéng vé tri thong
minh khac thuang. Cau theo hoc nha toan hoc ndi tiéng
Ta-lét, va chinh Ta-lét clng phai kinh ngac vé tai nang
cla cau.

D& tim hiéu nén khoa hoc cla cac dan tdc, Py-ta-go da

danh nhiéu nam dén An D6, Ba-bi-lon, Ai Cap va da trd nén
uyén bac trong hdu hét cac finh vyc quan trong : s8 hoc,
hinh hoc, thién van, dia li, &m nhac, y hoc, triét hoc.

Vao tudi 50, Py-ta-go mdi trd vé 18 qudc clia minh. Ong thanh lap mét ngdi
truang & mién Nam I-ta-li-a, nhan hang tram mén sinh, ké ca phu ni, véi thai gian hoc
5 nam gém bdn bd modn : hinh hoc, toan hoc, thién van, m nhac. Chi nhimg hoc sinh
gidi vao cudi nam thir ba méi dugc chinh Py-la-go truc tiép day. Trudng phai Py-ta-go
da déng mdt vai trd quan trong trong viéc phat trién khoa hoc thdi ¢d, dac biét 1a vé s&
hoc va hinh hoc.

Py-ta-go da ching minh hé thirc gira dé dai cac canh cda mét tam gidc vudng
(dinh |i Py-ta-go). Hé thirc nay da dugc ngudi Ai Cap. ngudi Ba-bi-lon, ngudi Trung
Quéc, ngudi An Do biét dén tir trudc, nhung Py-ta-go la ngudi ddu tién chimg minh hé
thirc ay.

Truéing phai Py-ta-go khao sat hinh vuéng c6 canh dai mét don vi va nhan ra
rang khong thé biéu thi dé dai dudng chéo cia né bang mdt s8 nguyén hay phan s&,
tirc 1a 18n tai cac doan thdng khong biéu thi duge theo doan thdng don vi bdi mot s&
hiru ti. Sy kién nay duge so sanh vdi viéc tim ra hinh hoc phi O-clit d thé ki XIX.

Truong phai Py-ta-go ciing nghién cifu &m nhac. Ho giai thich rang d& cao cua
Am thanh ti 1& nghich véi chiéu dai cla day va ba sgi day dan cb chiéu dai ti 1& vdi 6,
4, 3 sé cho mot hgp am ém tai.




Py-ta-go con nghién cdu ca kién truc va thién van. Ong cho ring Trai D4t ¢6 hinh
céu va & tam cla v tru.

Py-ta-go va cac mdn dé clia 6ng t6n thd cac con s6 va gan cho mdi con s6 mét y
nghia thdn bi : ho cho ring s6 1 1a nguén géc clia moi s8, bidu thi cho 1& phai ; s& Ié
12 "s& nam", s6 chén 14 "s& nir" ; s& 5 biéu thi viéc xay dung gia dinh ; s& 7 mang tinh
chét cla sirc khoé ; s& 8 biéu thi cho tinh yéu... Trudc luc vao nghe gidng, cac hoc trd
cla Py-ta-go doc nhimg cau kinh nhy - "Hay ban on cho chang t6i, hdi nhing con s&
thédn linh da sang tao ra loai ngudi !".

Py-ta-go ciing viét nhiéu van tho va néu lén nhilmg phuang cham xif thé nhu :

- Hay sdng gian di, khong xa hoa.

- Hay ton trong cha me.

- Hay tap chién thang sy ddi khat, sy ludi biéng va sy gian di.

- Ché coi thuding sifc khoé. Hay cung cép cho co thé dung luc nhig d6 an, thicc
udng va sy luyén tap cén thiét.

- Chua nhdm mat ngl néu chua soat lai tat
ca cac viéc da lam trong ngay.

- Dimg thay cai béng to cta minh trén vach
twong ma tudng minh vi dai.

- Hay chi lam nhing viéc ma sau d6 minh
khéng héi han va ban minh khéng phién long.

- Trong xa giao dimg d8i ban thanh thi ma
hay d8i th thanh ban.

- Hoa qua clia dat chi cé mdt 1an trong nam,
con hoa qua cla tinh ban thi nd sudt bdn mua.

Ngay 8-9-1977, khi phat nhimg tin hiéu vao Hinh 57
vil tru nhAm tim kiém sy lién lac véi mét nén van
minh ngoai Trai D4t ngudi ta da phat mdt hinh vé dac trung cho dinh Ii Py-ta-go
(h.57). C6 1& cac chuyén gia v tru cho rng néu cé nhimg sinh vat thdng minh &
ngoai Trai D4t, chdc hdn ho cling phai biét dén dinh li Py-ta-go.

NHUNG BAI TOAN CUA NHA VAN LEP TON-XTOI

Ai cing biét Lép Tén-xtdi 1a nha van 16n cha nudc Nga (1828 - 1910). Nhung it
ngudi biét rAng dng déng thdi ciing la tac gia cla nhiéu bai toan hay. Tu duy van hoc
hinh tugng va tu duy todn hoc chinh xac cling hoa chung trong bd 6¢ clia dng. Dudi
day 1a b8n bai toan cla ong.
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1. Bai toan ding chu

Trong céu chuyén “Con ngudi cé c8n nhiéu dat khéng ?*, Tén-xtdi cb ké vé mdt
ndng dan c6 quyén nhan manh rudng ma anh ta chay dugc vong quanh né trong mot
ngay. D& c6 nhiéu rudng nhat, anh ta phai chay theo dudng nao : theo canh hinh
vudng, theo canh lyc giac déu, hay theo dudng trdn ? Van dé tac gia dat ra chinh la
mot bai todn cyc tri : bai toan ddng chu (clng chu vi) : Trong cac dudng cb cing mdt
chu vi, dudng nao bao boc mdt dién tich I6n nhat ? (d6 1a dudng trén).

2. Bai toan rudi va nhén

Mot con nhén va mét con rudi dau trén hai mat
tuang d6i dién cta mot can phong. Tén-xtdi khdng 1
mb ta sy viéc dudi khia canh cia mét cude dudi bat .
sinh ddng va hdp dan. Véi cach nhin todn hoc, dng g

]
]

dat ra cau hdi ma ngay cd nhing ngudi lam toan l
ciing it dé y dén : Con dudng nao ngdn nhat din con tm—rp========= pasia
nhén bod dén chd con méi ? L /B"
Chang han can phéng dai 7m, rdng 6m, cao 7
4m, con nhén & cach mép tudng 2m, cach san 1,5m Hinh S8
(thudc mat twang 7m x 4m), con con rudi dau cach
mép twang d6i dién 1m, cach trdn 1,5m (h.58)
Con nhén cé thé bo theo dudng qua mat twang bén trai, hodc qua mat tuang bén
phdi, hodc qua trdn, hoac qua san. Quang duong ngdn nhat 1A mot trong b&n
doan AB,,AB, ,AB, AB, Irén mat khai trién clia can phong (h.59)

Bang dinh i Pyta-go ta tinh dugc AB, =14,04m, AB, - V197 ~12,04m,

AB, = V116 = 10,77m, AB, = V116~ 10,77m. Nhu vdy hanh trinh ngdn nhat ma chu
nhén phai thuc hién 1a 10,77m bng cach hoac bo qua trén, hoac bd qua san.
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3. Bai toan voi nudc

Lép Ton-xtdi viét nhiéu truyén ké cho thiéu nhi. Ong cing viét nhiéu bai toan cho
hoc sinh. Duéi day 1a mdt bai toan ma Tén-xtdi viét trong cubn sach cho tré nho :

Ngudi ta cho nudc chay ddy mot thing qua hai 6ng. Nhung thing ¢6 mét 18 rd
dudi day nén sau 2 gio nudc trong thing sé& chay ra hét. Biét rAng néu thing khang bi
chay thi mdi 6ng sé& chay mét minh ddy thing trong 15 phat va 24 phit . Héi néu md
ca hai 6ng thi sau bao lau chiéc thing bj ro sé day nudc ?

Bai toan trén phi hop vai trinh dd hoc sinh 16p 6 cla ta. Trong 1 phat, lugng nudc
chay vao duoc :

i+-1.-.-_.j_ _l[hﬁn
1524 120 10 "8

nén thing sé ddy nudc sau 10 phit.

4. Bai toan cit co

M6t doi cdt co trén hai canh déng. canh déng 16n c6 dién tich gap doi canh déng
nhd. Ca ddi cat cd & canh déng 16n dugc nita ngay thi nlfa ddi tach ra cat ¢d & canh
ddng nho. Dén hét ngay hom dé, canh ddng 16n dugc cit xong, canh déng nho con lai
mdt phdn, mét ngudi trong ddi dudc giao cat ndt phdn do trong ca ngay hdm sau. Tinh
s8 ngudi cla ca dodi (nang suat clia mdi ngudi nhu nhau).

Lai giai bang cach lap phuong trinh : Goi s6 ngudi clia ca ddi 14 x va nang suét
(trong mét ngay) ctia mdi ngudi la y (don vi dién tich) thi dién tich canh déng 16n 14 :

.y 3

2 4 4’
dién tich canh déng nho 1a :

Ny N4

7

Bai toan dan dén phuong trinh :

3xy _2(xy +4y)

.suyrax=8.
4 4 y

Toan d6i c6 8 ngudi.

Ton-xtdi khéng gidi nhu trén, Ong da giai bang mét cach gidi sé hoc gon gang va
ddy vé dep sang tao : Trén canh déng I6n, ca ddi cit nlra ngay réi nira ddi cét nla
ngay thi xong, chimg té rAng ndra doi cét nira ngdy duoc 1/3 canh déng nay. Canh
déng nho cé dién tich bang 1/2 canh déng I6n ma nira doi cét nlra ngay dugc 1/3 canh

1

déng 16n nén phan con lai chua cat xong bang : % 3" %dien tich canh déng 16n. Do

d6 trong mdt ngay, médt ngudi ct duge 1/6 canh déng 16n.
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Phén co da cét cla ca ddi trong mdt ngay bang :
1+—=—==— canh dbng I6n.

Vay sé ngudi clia ca ddi la

Ton-xtdi con dung hinh vé dé minh hoa 16i gidi cla bai
toan (h.60), trong dé ba 6 bén trai 1a dién tich canh déng 16n
(mdi 6 do nlta ddi 1am nira ngay), hai & bén phai Ia dién tich 1
canh déng nhd (6 phia dubi do nifa ddi lam nira ngay, & phia 3
trén do mét ngudi 1am nét trong ngay hdm sau).

Cach giai cua Ton-xtoi that gan gii vai suy nghi don
gian cla nhiing ngudi ndng dan Nga ma éng mé ta trong cac
tac phdm cta minh.

Phai chang chinh tu duy 16 gic cla mén toan lam cho
nhiéu chuyén ké clia Ton-xti cb két cdu chat ch&, mang tinh
triét Ii sdu sdc ? Va phai chang nhilng cdm xuc cia nha van
da lam cho nhiéu bai toan va cach giadi cia 6ng giau tinh
thdm mi va rét nén tho ?

Xin dan ra day cau nbi thu vi cla Ton-xtdi ban vé tinh
khiém tén : "Con ngudi ta Ia mdt phan s ma tir s& la gia tri
that, con mau s& 1a gia tri ma nguai ta tudng la minh cd. Néu
mau s cang 16n thi phan s& cang nhd. NEu mAu s6 1a vo tan thi phan s6 bang 0°.

That khé ma phan biét duoc d6 1a phat biéu clia mdt nha van hay clia mdt ngudi
nghién cu todn hoc. Chét toan va chit tho da hoa lam mdt trong con ngudi Tén-xtoi.

w|-»
|-

w|=
w|=

Hinh 60
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LOI GIAIL CHI DAN HOAC PAP SO

PHAN DAl 5O

Chuong I - PHUONG TRINH BAC NHAT MOT AN

§7. Khai ni

mu

276. a)x=-2: byx=1.2; c)x=—%.

277. a) Trir | vao mdi phan thie, ta duge
x-105 x-105 x~-105 x-105 x-105 x-105
-+ + = + +

100 101 102 5 4 3
o (X - IUS)[-—'—+L+L_1__'H.'. =)
100 1001 102 5 4 3

e x = 105.
b) Cong 1 viao mbi phan thic o v& tridi, cong 5 vao v€ phii, ta dugc :

(50 - x)[-_;%-r%r %+;’:’-+§%)=0. Viy x = 50.

278. a) Bién ddi phuong trinh thanh (a® = b%)x = ~b(a + b).

Néuaz+tbthix=

b-a
Néu a = b thi phuong trinh nghi¢ém ding véi moi x (néu b = 0) hodc vo
nghi¢m (néu b = 0).

Néu a = = b thi phuong trinh nghiém ding véi moi x.

b) Bién d6i phuong trinh thinh (a® = b%)x = b(a - b) réi gidi tuong t nhu
clu a.
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279. a) Dicu kién : a = + 1. Bién d6i phuong trinh thanh 2ax = (a - 1),

3
a=0"
za

Né'ua:O(v:‘nn:il)lhiS:{ } Néua=0thiS=2.

b) Diéu kién : a # + 2. Bién d6i phuong trinh thanh (2a - 1)x =2(2a - 1).

Néua# - thix =2 Néua= = thi Ox = 0, v 6 nghi¢m.

¢) Didu kién :a# 0, a # —1. Bi¢n d6i phuong trinh thanh :
3a(a® -a+ ”x N 3a@> -a+ 1)

a(a + l)z - (a+ l)3

Doa:().a:—l.u:-a+laO{ch&ngminhdédhng)nénx=

a+
280. a) Trir 1 vao mdi phan thidc ¢ vé trdi, trir 3 vao v¢ phai :
X-a-b-¢ x-b-c-a x-c-a-b
+ + =0
b+c¢ a+c a+b
c:(x—n—b—c)[ : + l - : 1':0.
b+c¢c a+c a+bJ
1
Néu A = #——+—— & 0, phuong trinh c6 mot nghiém :

b+c a+c¢c a+b
x=a+b+c,

Néu A = 0, phuong trinh ¢6 tap nghié¢m la R.

b) Trir | vao mdi phan thire & vé trdi, trir 3 vao vé phai réi rit gon duoc :
e, b 8 j 0.

b+c c+a a+b a+b+c)

(x-a-b- c)[
Ban doc ur giai tiép.
¢) Cong 1 viio méi phan thirc & v€& trdi, cong 3 vio v€ phai réi rit gon dugc :

1
(a+b+c—x)(—+—+———-—-—-=0_
¢ b a a+b+cJ

d) Di¢ukién:a, b,c.a+b+c=0.Trr | vio mdi phan thitc & vé trdi, trir 3
vio vé& phai :
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a+b+c—3x+a+b+c-3x+a+b+c-3x_3(a+b+c)—9x

a b c a+b+c
3 \
@(a+h+c—3x)(l+l*l—-'—!=0.
a b ¢ a+b+c)
Dall+l+l—; a+b+c

=A. nfuA20thix= —— , néu A=01hi
a b ¢ a+b+c 3

phuong trinh ¢6 vo s6 nghiém.

§8. Phuong trinh tich
281, a) (x + 2)(:!&2 + 1) =0. Nghi¢m : - 2.
b)(x+2)(x2— 1)=0.Nghiém: -2 ;-1 1.
c)(x - 3):(:& +5)=0.Nghi¢m: 3:-5.
d) (x + 1)(x* + 2x + 2) = 0. Nghiém : - 1.
e) (x = 1)(x +2)(x" = x +4) = 0. Nghiém : 1 ; - 2.

g) (x = D*(x”+2x + 5) = 0. Nghiém : 1.

g 1
h) Nghi¢m : 3 ;- -

i | 12

i) (x2=DRx=DGBx +1) =0. Nghiém: = 15 1; = -

[

d | =—

282, a) Datx’ - Sx=y. Tadugc y2 + 10y +24=0,td6 y, =—6: y, = —4.
Viy==6tadugec x; =2 ; x3=3
Vaiy=-4taduge x3 =1 | xy3=4.
b) Nghi¢m: -6:-4:-1: 1.
c)Datx2+x+l=y.Taduqc )_2+y_ 12=0,wdé y, =3 1y, =—4.
Véiy=3taduge x; =1 ; x5=-2.Vdiy=-4,v0nghi¢m.
d) Nghi¢m : 2 ; -3,
¢) Nghiém : 2; -3,
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"+xz+l=(12+x+ll(x2-x+1). Phuong trinh ¢6

g) Chi y ring x

dang (x2+x+ (x> -2x+1)=0. Ddpsé:x=1.
283. a) Nghi¢m : -3 :2,

b) Nghiém : -1 ; 12.

¢) (x* = 3x = 10)(x* - 3x - 18) = 180.

Dalx:-3x—l4=y.ﬂmduqcy=:l4.

Véiy=l4tadugc x; =7 x5 = -4.

Vaiy=-l4tadugc x3 =0:x4 = 3.

d) Nhan 8 vao hai v¢, ta duoe 8x(8x — 1)7(8x - 2) =72,
Dat 8x — | =y tadugc :

Y+ DY (y-1D=72(y - Oy +8) =0 y* =9,

Truong hopy =3 cho x = %.Tmbnghqpy:-}!chox:-%.

¢) Nhan hai v& véi 24 ta duge (12x + 7)°(12x + 8)(12x + 6) = 72.

|

bat 12x + 7=y. Pdp 56 : _%:_

£) Nhin hai v€ véi 4 r6i dat 2x + 2 = y. Ddp s0': % ;-

2]

284. a) Daty = x* - 6x +9 2 0, 1a duoc y; = - | (loai), y, = 16.
Dap so':—-1:7.
b) bat x*+1 =y ta dugc yz + 3xy +2x2=0¢:(y+x)(y+ 2x)=0.
Dap so: -1,
¢) Thém 36x% vio hai vé. Ddpso: 4, 2.
285. a)Patx +4=ytadugcy=*l.
Vaiy=1thix=-3. Vgiy=~1thix =-5.
b) Datx - 2,5=y. Nghiém:2: 3.

c)2:0; d)

tJ |
1| W
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286. a) Dat x - 3 =y réi it gon duge y* +2y*> -3 =0. Dips6:4 ;2.
b)Datx+ 1=y.Ddpss:0;-1;-2,

287. a)(x+l)3+(x-2)3+(l-2x)3=0.Datx+l=a.x-2=b.l—2x=c
thia+b+c=0.

Do déa’ + b + ¢’ = 3abc. Vay abe = 0. Ddp 56— 1:2: %
b)Patx -7 =a, x - 8 =b ta duoc

at+bi-a+b)i=00 4ab[a2+§ab+b3J =0.

a 2 " s -l
Xét a” + %ab +b° = L —b" > 0 nhung khong xay ra diu bing.

bll...a

\
b |
)

Ddp s6': 7, 8.

288. a) DAt x + — =y ta duge y* ~ 3y +2=0. Ddp 56 x = 1.
X
b)Dm""‘l =ytaduoc (y - 1)3y - 10)=0. Pdp 56 : % ;3.
X

C)D@Ix+-‘- =y ta dugce vy, ='§-Y2 =-£.Dcipsd':2;
X 2 3

d) Ddp so : -

¢) bt X-l=y.Da'psé':2: . 1=3;
X 2

g) Chia hai v€ cho x> Ddp sé:1;2; —;-

h) Chia hai vé cho x°. Dap 56 : -2

3

289. (xs—l)-(x4+x +xz+x+l)=0

@(x-2)(x"+x3+x2+x+l)=0.

Phuong trinh X exd+xi+x+1=0vo nghiém (xem vi du 70).
Ddp 56 : x = 2.
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290. a) Dua phuong trinh vé dang (x2-x+Dx2-x+2)=0:
b) Dua phuong trinh vé dang x” - 1 = 0.

§9. Phuang trinh chira an & miu thic

291. a)x=%: b)yx=0: ¢) X =0: thoa min, x =5 : loai.

d) Vo nghiém ; e) Vo nghiém ; g)Moix =+ 3.

292, a)x:i; b)x:é.
2 8

293. DKXD : x # 1. Bi€n doi phuong trinh thanh (a — 1)x = 2a.

2a

2a
Néu a 2 | thi x = —— . Giai didu kién
a-| a-1

Néu a = 1 thi phuong trinh da cho vo nghiém.

2 | dugca=-1.

Két lugn : Néua=+ 1 thix =

..
Con lai : vO nghiém.
294. a) DKXD: x # + 2a.
Bi¢n d&i phuong trinh thanh ax = -2a°.
Néu a # 0 thi x = -2a, khong thoa man DKXD.
Néu a = 0 thi phuong trinh nghi¢m ding vai x biit ki = 0.

b) Néu 2a = 3b, phuong trinh nghi¢m ding véi moi x # 2a. Néu 2a # 3b,
phuong trinh vo nghi¢m.
295. a) DPKXD: x #a, x # b. Viél phuong trinh duéi dang :
| 1 a

l-a x=b (x-a)x-=Db)

1 +

o x-b-x+a=as0x=b.

Néu b # 0, phuong trinh v6 nghiém. Néu b = 0, phuong trinh nghiém diing
vai moi x khdac a va b,

b) DKXD : x # + |, x # —a. Bién ddi phuong trinh vé dang :

(l-a)a+2)x=a(a-1).
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Két lugn : Néua=0,a#+ l.aat—ZlhlS:{— s l
a+2)

Néua=1thiS=(xIx#%1}.Conlai.S=@.

296. a) DKXD : x # 0, x # a + b. Bi¢n ddi phuong trinh vé dang :

(a+b)(x -a)x -b)=0,
Néua+b#0thiS={a:b).Neua=b=0thiS=[xIx =0]}.
b) DKXD : x # b, x # c. Bién ddi phuong trinh vé dang :
2(a=b)c-x)=(a-b)b-x).

Néuazb, b#cthiS={2c-b].
Néua=bthiS={xIx#b.x#c).
Con lai, S=@.

5
a“ + 1

297. Nc'uaae—-l.a:OlhiS={ } Conlai S=2.

a-1

298. DKXD : x # a, x # b. Bién déi phuong trinh :
X-a x-b b a
+ = +

b a x-a x-b
- a(x—a)+b(x-b)=b(x-—b)+a(x—a)
ab (x —a)x - b)
| 1
c:[a(x-a)+b(x—b)] [E-m] = (.
) )
Gidia(x —a) + b(x = b) = 0 duoc x = a; : b-. thoa min DKXD.

Giai ab = (x = a)(x = b) duge x = 0 vd x = a + b déu thoa min DKXD.

2
a“ +

Dé thay 0,a + b, la ba nghi¢m phan biét.

a+b

299, (x-—c)[ -l - = ]=l

(a=b)b-c) (a-b)a-c)
(@a=-x)}a-c)+(x=b)b=-c) _
(a=b)}b-c)a-c)

1

< (X =c¢).
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Q(x-c)[(az-bz)-x(a-b)—cla-b)]=(a-b}(b-c)(a-c)
o (x-c)a-b)a+b-x-c)=(a-b)b-c)a-c)
o(x=-c)a+b-x-¢c)-(b-c)a-¢)=0

& (x—a)x -b)=0. Két lugn : S= {a:b}.

§10. Giai bai toan bing céach lap phuong trinh
300. Goi x la tdi tho cia Di-6-phang. Ta c6 phuong trinh :
| 1

—x+-——x+lx+5+-l-x+4=x i x = 84,
6 12 7 2

Di-6-phang tho 84 tudi.

301. Goi s6 phai tim 1a abed , ta c6 labedl = 21. abed.
Phuong trinh : 100 001 + 10x = 21x ; x =9091.

302. Goi s6 phi tim 1a abcded |, ta c¢6 abeded .4 = dabede

Dat abcde = x, phuong trinh : (10x + 4) . 4 = 400000 + x : x = 10256.
S6 phai tim : 102564.

303. Goi tudi con hién nay la x, phuong trinh :
3(x+2)-5(x-4)=6: x=10.
Tudi con hién nay 12 10, tdi me hién nay la 34.
304. Goi chiéu dai la x (m). Phuong trinh :
(x + 10)(180 - x) = x(160 = x) = 2700 ; x = 90.
Chiéu dai 12 90m, chiéu rong l1a 70m.
305. Goi van t6c riéng cua ca nd 1a x (km/h). Phuong trinh :

I-;-(x+2)= 15(1—2) i x=16.

306. Goi quing dudmg AB la x (km). Phuong trinh :

5. R 6_2x-6

24 32 27
AB dai 30km, BC dai 24km.

307. Goi quing dudmg CD Ia x(km). Quing dudng AC + DB = 30 - x. Ké ca
lic di va ldc vé thi quing dudng ndm ngang dai 2x, quing dudmg lén doc
dai 30 - x, quang dudng xudng d6c dai 30 - x.

;0 x = 30.
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Phuong trinh :

2x 30-x 30-x 5
—_—+ + =4—;

15 10 20 12
308. Goi quiang dudng tir nha An dén nha Bich 1a x(km). Quing duong An di
di la 2x, quing duong Bichdiadila2x:4 = % Goi C la chd hai ngudi gap

x=3,

nhauthi BC= ~:2 =2,
2 4
. , A c B
Thdi gian An di doan ACIA: X :4=3%, 4 A
4 16 ol —
4
Thoi gian Bich di doanacm— L 1
12 Hinh 61
Phuong trinh : x_ B 1 x=3,2. Pdp 56 : 3,2 km.
16 12 3

309. Lic 9 gid, ngudi di xe dap cich A 20km, ngudi di xe mdy cdch A 30 km.
Goi x 12 56 gidy d€ 6 16 & vi tri cdch déu hai nguwi kia (k& tir lic 9 gidy).

Phuong trinh :
50x = (20 + 10x) = (30 + 30x) - 50x ;

II
c«lu-

Pdp 56" : 9 gitr 50 phit.

310. Nhiét do sau cing cua nuéc la 62°C.
311. Goi néng d6 mudi trong dung dich I la x (%).

-5002 x=485.
100

Phuong trinh : 200.—— + 300.
100 I00

Néng do mudi trong cdc dung dich Iva Il 12 45% va 25%.

312. Doi thi nhat cdn 40 gid, doi tha hai cdn 60 giv dé lam mot minh xong
cong vidc.

313. a) Phuong trinh : 1‘.‘1“_:‘3 =55:n=13.

n -

b) Téng ctia 13 s6 di cho bing : 56.13 = 728.
Trong 13 s6 d6, c6 mot s6 68, 16ng cha 12 s6 con lai bang : 728 - 68 = 660.
S6 16m nhat trong 12 s6 con lai dat duge néu 11 s6 bang 1, khi d6 s6 16n nhit
bang : 660 - 11 = 649.
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314.

Goi s0 hoc sinh cua 16p 8B la x.
Ban thir nhit cia 16p 8B (ban Anh) quen 10 + | ban cua IGp 8A.
Ban thit hai cua 16p 8B (ban Béc) quen 10 + 2 ban cua lép 8A.
Ban thit ba ciia 16p 8B (ban Chau) quen 10 + 3 ban cua IGp 8A.

Ban thit x ciia 16p 8B (ban Yén) quen 10 + x ban cia Idp 8A, d6 1a tdt ca s0
hoc sinh BA.

Phuong trinh : x + (10 + x) = 50 ; x = 20,
Lap 8B ¢6 20 hoc sinh, 16p 8A ¢6 30 hoc sinh du hop mat.

315. Pdp s6': 63 qua.
316. a) Goi s6 co c6 sdn trén mbi cdnh déng 1a 1 (phdn di¢n tich), s6 co moc

thé¢m trong mot tudn trén mdi cinh déng bang y 1dn 56 ¢o ¢o sdn.

S0 ¢6 9 con bd an trong 2 tudn & cinh déng I bing 1 + 2y 14n s6 c6 ¢6 sdn,
do d6 mbi con bo trong mot tudn an :

14n s6 ¢o ¢ sin. (n

1+ 2y
92

S6 ¢6 6 con bd an trong 4 tudin & cdnh déng 11 bing | + 4y 14n $6 ¢6 ¢6 sén,
do d6 mébi con bo trong mot tudn an :

| + 4y

14n s6 ¢o ¢6 sin. (2)

l+2y I+4dy |
Te(l)va(2)suyra ——= = ——= (ird6 y = —.
e S i T 53
$6 ¢6 moc thém trong mot tudn bing % 0 ¢o lic ddu.
1+ 4y

b) Goi s6 bd phai tim 14 x. Lap ludn tuong wr ta ¢6 A = -l—;—ﬁ-?- Thay
. X

-‘lg vdo phuong trinh, ta dugc x = 5.

Vay 5 con bd an hét s6 co ¢6 sdn v s06 ¢6 moc thém cia cdnh doéng 11
trong 6 tudn.

y=

Chui y : Cdch gidi s6 hoc, xem cudn Nang cao va phdt trién Todn 6 1dp hai.

317. Ddp 56 : 36 con bo.
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318. Goi thai gian phai tim 12 x (phit). Ta goi thoi gian ngudi du lich di wr A
dén B la a phit. Xét cic xe buyt di theo chiéu tir B dén A : Trong a phit di

tir A dén B ngutn dé gap % xe nguoc chiéu chay lai, trong a phut di tr B
dén A ngudi d6 gap % xe cung chiéu vuot qua (di tir B dén A). Nhu vay

trong 2a phiit ¢6 o XEM qua A theo chiéu tir Bdén A,
10 15

&
Phuong trinh : '—a=i+ic:>—2-=l+-l—c>x=l2.
x 15 10 x 15 10

Cir 12 phut cdc xe buyt lai ldn luot rin bén.

Chi ¥ : Giai bing phuong trinh s6 hoc : Gia sir ngudi du lich di tir A dén B
trong 30 phut réi di tir B vé A trong 30 phut nira thi nguti d6 gap 30 : 10 =3 xe
di nguoc chiéu (di tir B dén A) va 30 : 15 = 2 xe di cung chiéu (di tr B
dén A).

Vay cir 60 phit ¢6 3 + 2 = 5 xe di tir B dén A qua dia diém A. Do dé ci
60 : 5 = 12 phiit lai ¢6 hai xe cung chiéu roi bén,

319. Goi thai gian phai tim la x (phit). Biéu thi thoi gian ngudi du lich di wr A
dén B 1a a phiit.

Phuong trinh :

o|P
| =

PR S i
X

Chuong IV =BAT PHUONG TRINH BAC NHAT MOT AN

§11. Lién hé giira thu ty va phép céng, phép nhan

320. a)4x°+4x+5=(2x+1)° +4>0.

> 12 3
b)x“-x+l=[x—-] +—=>0,
2 4
2 2
<) az+ab+h2=[a+3\ +3b 2 0.
2) 4
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—x2 2 &
IR e e U PO SO SRS | ¥ O NS e )

=
Xx—-x"=1 X=x"=1 x“=-x+1

(x+l)

x+l

322. Rut gon tr va miu cho x* = x + 1 # 0 duge . Phan thic nay ludn
luén khong am.
323. a) a’+b° 2ab(a+b) e a’ —ab+b? zab@(a—b)EZO:dﬁng.
b) a* + b* - ab(a® + b?) =a* - a%b + b* - ab®
= a’(a-b) - b*(a-b) = (a - b)*@a® + ab+ b’) 20.
324, a) (a2 + b:"}(:ut2 . yz)— (ax + h)r)2 =
2

=a’x? + azy2 +b%x? + b%y? - a%x? - 2abxy - bzy2 =

= (ay - l:nr.)2 2 0. Xay ra ding thirc khi va chi khi ay = bx.

b) Bién ddi hiéu
(a2 - b2 - cz)(xz + yz + zz) = (ax + by + cz)2
thanh (ay - bx)” + (az - cx)z + (bz - cy)z.
325. a) Hi¢u l -I— b"a<0(vib-a<0.ab>0).
a b b

_a*+b>-2ab _(a-b)
ab ab

20 (viab>0).

326. Xét hitu :

a+b_ 2 =a+b_2ab_(a+b)2-4ab_(:|—b)2
2 1.1 2 a+b 2a+b) 2a+b)
a b

327. a)Hitu:2(a’ +b¥)-(a+b)’ =a? -2ab+ b’ 20
b) Hiéu :

3(;\2+b2 +c2)—(a2 +bz+c2 + 2ab + 2ac + 2bc) =
=2a% +2b% +2c2 -2ab-2ac-2bc =(a-b)> + (b-c)* + (a-c)* 20.
Hitu:(a+b+c)>-3@b+bc+ca)=(a-b)>+(b-c) +(c—-a)°20.
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328. a) Ban doc tu chimg minh.
b) Ap dung cau a) hai l4n ta ¢6 :

a* +p* (az+b2) [a+b]”
5 2 2

c)

a’ +b% +c? (a+b+c)2
- 3

& 3a% +3b% + 3c22 a2+ b® + 2+ 2ab + 2ac + 2be
a(a-b)2+(b-c)=+(c-a)220.
§12. Bit phuong trinh bac nhat mét an

329. x<0.
330. Tacoxz212,x<13vaixeZnénx=12.

331. Tacéx>—-§-.x<lvaernenxel—2:-l;0|

332. a)A =

1-2x
333 ) Bu—X23 Gixul:xass.
X+3 -3
2 - =<0 0
BBodal™ 5 T damde s {“
Xx#3

x#0:x=#%3 x#+3
334. Cong 1 viao mdi phan thire réi dat nhan ur chung :

(x+9l)[-l—+ ————— J)Oc)x<—9l.
89 86 83 80

335. a) (a+2)x <a’ - 4.
Néua>-2thix<a-2.
Néua<-2thix>a-2.
Néu a=-2: Vo nghiém.

v(rixae:tl:xaa-;-. b)A>0khi-l¢x<-;-.
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byNéua>lthix<a+ 1. Neua<!lthix2a+ 1. Néua=1thiOx €0,
nghiém ding véi moi x.

.,
c)TruﬁchGlxod,—J-—évhaivﬁ.Né'u 2 50 (iclha<-l hodc a > 0)
a“ -a+1 a+l
a

|h1x<%.Né’u =<0 (i la~1 <a <0) thi x>%.

a+
336. DKXD : x # 1. Dua phuong trinh vé dang (1 = m)x = 2.
Néu m = 1, phuong trinh vo nghi¢m.

Néum# 1thix= !L Giai diéu kién x # | dugec m = - 1.
= m

tJ

Nghi¢m cta phuong trinh A x = — viimet 1.
l-m
. . . m<l
Phuong trinh ¢6 nghié¢m 1a s6 duong <> { |
(m# -
337. Giai bit phuong trinh
dmx >x + | (1

(N> Em- x> 1.

Néum= -"; thi (1) vo nghiém.

Néum> i thi nghiém coa (1) la x >
4 m - |

Néum < 2 thi nghié¢m cua (1) lax <
4 4m - |

a) B¢ nghiém cia (1) 1a x > 9, céin va di 1a :

1
mo>=— > -
4 S 5
1= o m=—,
I :9 m—i '8
4m - 1| T8

b) B¢ nghi¢m cha (1) 1a x < -5, cdn va di 1a :

m<— M o
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%
N~ +7 (n+4)n-4)+23
n+4 n+4 '

338. A=

A rit gon duge <> 23 van + 4 ¢6 udc chung khic +1 e>n +4 : 23,

Giai bat phuong trinh 1 < 23k - 4 < 2000, duoc %-c k< 87-213. Dok € N*

nén k nhan 87 gid tri (1 1, 2, 3, ..., 87). Viy c6 87 s6 wr nhién n phai tim.
339. Gia sirta ¢6 n s6 we nhién lién tiép tir | dén n.

Néu xod s6 1 thi trung binh cong cia cdc s6 con lai la :

2+3+..+4n_(2+n)n-1) 2+n
n-I 2n-1) 2

Né€u xo0d 506 n thi trung binh cong cua cic s6 con lai la :

1+42+..4(n-1) nn-1) n
n-1l 2n-1) 2
.
Tachk Ng a3 L g 0%2 o Wi sns2e it castolt,
9 17 2 17 17 17

Don € N nénn =69 hoac n = 70.

Vi n = 70, téng cia 69 s6 con lai la : 35% .69 ¢ N, loai.

Véin = 69, téng cia 68 s6 con lai la : 35 117.68 = 2408.

S6 bi x0d 1456 : (142 4 ... + 69) - 2408 = 2415 - 2408 = 7.
340. Do a va b nguyén, ta cong | viao v€ trii cua bat phuong trinh da cho va duoc :
a®-2ab+2b° —4a +8 <0
2% —4ab+4b° ~8a +16 50
o@-207+@-47<0oa=4,b=2.
Cdch khdc. Bién d6i thanh : (a - b -2)" + (b-2)" < 1.

S34+|9
j|=?.x+l¢:> ]
2x+1eZ (2)

34x+ 19 -2x+ < (N

. |

155



4 |
(01 2x+8< 1l o-8<12x<3 = - —<2x f=

- -

@-%52x+l< -;— Do(2)nén2x+ 1=0hodc2x+1=1.
Hai nghiém : x, = -

ZXZ=0.

§13. Phuong trinh chira an trong dau gia tri tuyét doi
342, a) Xét x 2 31a duge x = 1, loai.

Xétx<3taduocx = -%. f}érsé':xi-g.
-l=x=-5 Ox = -4
b)Cdch 1.1x = 1l=Ix - 5l X b =N e x=3
X-1=5-x 2x =6
Cdch 2. Binh phuong hai vé,
Ix-l=Ix-5¢>x>=2x+1=x>-10x + 25

o 8x=24ex=3.
c)2vh§;
2
d) -1 va 3.
e) Xétx < -1 taduge x = -3, Xét -1 < x < 4, phuong trinh vo nghi¢m.
Xétx>4taduge x =6, Két lugn : S={-3:6)
g)3<x<s.
343. a)g vhg: b)-2; c)x=4;0<x<1.

d) Khong nén mdy mée xét cic khoang gid tri ciia x. Chi y ring v€ trdi cia

phuong trinh khong am nén vé& phai khong am, do dé x 2 0. Phuong trinh
trothinh x + 1+ x + 2+ x +3=4x. T dé x = 6.

344. a)Chﬁ)‘rringx2+x+ 1>0.Pdpsé:x=1.
b)Paty=IxI>0.Pdp sé:x =% 1.
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345. Khir ddu gid tri tuyét doi uir trong ra ngoai : trude hét xét x 2 0, x < 0.

Dap s6: -1 <x<0.

346. a)-Néux24thix-d-x=2a<>0x=a+2.

347.

Néua = -2 :vonghiém ; n€ua=-2:vo s6 nghi¢m (x 2 4).
~Néux<4thid-x-x=2aex=2-aTaphiic62-a<dea>-2.
~ Két lugn : Neua>-2thix=2-a:nfua=-2:v0s0nghi¢mx24;
néu a < -2 : vo nghiém.

b)Néua=1thi3sx<S5 Néua>Ilthix;=4-a,x>;=4+a.Nua<l:
vo nghiém.

- Néua>0thi -a<2a Xétcdctruong hgpx <—a,-a<x < 2a, x> 2a,
ta duge cdc nghiém : x =-7a, x = a.

~ Néu a £ 0 thi 2a € -a. Xét cdc truong hop x < 2a, 2a< x € -a ., X > -a,
ta duge nghiém : x = -a.

§14. Bt phuong trinh chira 4n trong diu gia tri tuyét doi

2 5
348, a)-—<x <2 : b) = <x<4.
3 3
4
349.a]x<—3;x>2; byx<0:x21.
350. a)x > % b).x < 1.
351 a)x<-1;:x>17. b) -3 <x <3.

§15. Bat phuong trinh tich, bit phuong trinh thuodng
352. a) Cdch 1. Bién d6i thanh bat phuong trinh tich 4(x + 1)(x = 2) > 0.

Cdch 2. Dua bat phuong trinh vé dang 12x = 11> 3.

PDapso:x>2:x<-1.
b) Hai nghi¢m : - | va 3.
c)x<-2:-l<x<4:x>4.

d)x<-2:x>-1.
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2
X“+2x+5

IS A=- ———— A<0=x>-1dbng thii x = I.
4(x + 1)
v (x -y)*
354 A= —— (A>02y>0:x20.x=2y.
y
355, A=x—_l=l—l:}\>lc:xy<0.x+y=0.
X X

356. 2<x<3.
-m
-m

viim =4,

357. Nghi¢m cta phuong trinh : x = :

Phuong trinh c6 nghi¢m dim &> 4 < m <6,

CHUNG MINH BAT DANG THUC

358. a) Tacé: a® +b> 2 2ab, b2 4+ ¢% 2 2be, ¢® + a% 2 2ca. Cong timg v&

cdc bat ding thic trén,

b) Ap dung bt ding thirc x + y* > 2xy ta ¢6 :

at +b2 2a%2, f4dt 20242,

Dodé a*+b* +c?+d* 2 2@b)? + (cd)?] 2 2. 2abed = dabed.

359. a) Ap dung x2 + )-2 +2% 2 Xy +yz+2zx (1) (cdu a), ta cé
at 4 b + et 2a%? 4 b3 4 cZa?,
Lai dp dung (1), tacé :
a’b? + b‘.“'c2 +cal 2 abzc + bcza . azbc =abc(a + b + ¢).

b) Gidi tuong v cau c.

360. a)Cichl. a®+b%—-ab= [n i

Cdch 2. a2 +b% —ab 20> 2a2 +2b2 = 2ab > 0

S@-bl+a’+b20.
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Cdch3.Tacé a® +b> 2 2ab, a2 + b2 > 0. Cong timg v& hai bit ding
thire trén réi chia cho 2.
b) Gidi twong tu cdu a.

c)A=a(a+b)fa+c)a+b+c)+ bc?
= (a + ab + ac)a> + ab + ac + be) + bc?
Dala2+ab+ac=m.bc=nlhiA=m(m+n)+n2=m2+mn+n220.
361. a) Bi¢n ddi wong duong thanh a*b’(a - b)> 2 0.

b) Bi¢n doi trong duong thanh 0 € (a - b)? (a +ab+b).
362, a) Chia hai v& cho s6 duong a + b, Bién déi trong duong thinh

(a - h)' = 0.
b) Hi¢u : 4(a3 + b") ~@a+b)’ =@+ h)|4(a2 ~ab+b%)-(a+ b))
=3(a+b)a-b) 20.
363. Hiéu: a® +b® +abc ~ab(a+b+c)=(a+b)a- b)2 2 0.
364. a) Tir a* + b*2 2a%b%, cong a* + b* viio hai v& duoe :
at 4 bt 2 ltaz +b%)°
2
Tuong tu a+b%2 %(n . I:r)2 . T do6 suy ra at+pt 2 %(n +b)t.

b) Xét hitu (a2 + b%)% - abla + b)* duge
a2+t -ab? = :13(31-l:l)-l:ri‘(:z—l:n=(a-b)2(a2 +ab+b%)20.
365. a)al + b2 +c 2ab+c) o 2a +2b% + 2¢* 2 2ab + 2ac
3 9 pl 3
e@a-b) +(@a=c)+b +c 20,
h}a2+b2+cz+dzzab+ac+ad
& 4a° +4b° + 4 +4d° > 4ab + dac + dad

c:(a-2b)2+(a-2c)z+(a—2d)2+a220.
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366.2) x} —ax +5=x -ax? +d4+4x? -ax +1 =(xz-2)2+(2x-|)220-

Khong xay ra ding thirc. Do d6 x* - 4x + 5 > 0.
2 2
1
b) x4-x+l=x4—x2+l+x2—x+l= (xz-l) +(x—-] 2 0.
2 4 4 2
Khong xay ra ding thiic, do d6 x* - x+% > 0.

367. a) (a2+b2+c2+%)-(a+b+c)

v

(o et

b)a' + b +2-4dab=a’ + b* - 2a2b? + 2a%b? - 4ab + 2

n

=(a?-a+
\

-
 —

4:-:--
-h|—
h S—

=(a’ - b +2ab- 1)’ 20.
368. x> +4x+1-3x=x(x -2 + x>+ | >0 (vix 20).
369. a)(x - I)x=3)x—-4)x-6)+9 =(x1-?x+6)(x2—7x +12)+9.
Dat x” - 7x + 9 = a, bidu thiic trén bing :
(a-3)a+3)+9=a"20.
b) (a® + 4b” + 4c%) - (4ab - dac + 8bc) =
= (a2 - 4ab + 4b2) +4c% + (4ac - 8bc)
=(a- 2b)2 +4c + 4c(a - 2b)
=(a-2b+2)720.
370. Ap dung bit diing thirc (x + y)? > 4xy ta duge :

2
(a+b+c+d) I CERTCEY ) 2 (a +c)(b +d).

2 2 4

-
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371. a) Ap dung biit ding thicc 4x* + 4y* > (x + v)* véi x. v > 0 (bai 363b). ta
duoc : 4a’ + 4p° 2(a+ b)". ab’ + ac’ > (b+ c)". act + 4a° 2(c+ a)‘l. Cong
timg vé& ba bat ding thirc trén.

b)a+b+c)’2a’ + b + ¢’ + 24abe
&> (a + b)(ab + be + ca + ¢®) > 8abe (ban doc tu bién ddi)
& a’b+a’c +ac” + ab” + b’ + be? - 6abe > 0 (ban doc t bién déi)
c:(azb-l-bcz—?.abc)-l-(nzc +bzc—Zubc)+(ac2+ab2—2abc}20
obla-c) +ca-bY+ab-c)’20.
372. a+b+c=0=>(a+b+c)’=0=a’+b’+c> +2ab+bc+ca)=0
=ab+bc+ca<.

373. a) Nhan hai v¢€ ciia a < b + ¢ v6i 56 duong a, ta duge a° < ab + ac.
Tuang tw b® < ba + be, ¢? < ca + cb. Cong timg v€ cdc bt ding thic trén,
b)Datb+c-a=x,c+a-b=y,a+b-c=zthi2a=y+2,2b=x+2
2e=x+y.Tacod:

2a 2b 2c A TT KtZ XFY
b+c-a a+c-b a+b-c X y z

=[i+_"_)+[£+.’i]+[i+l]26.
Xy X z y

Suy ra diéu phai chimg minh.

¢)Tacoa+b>c,b+c>a,a+c>h.

a+c¢c b+c a+b+c b+c+a a+b+c
2 |
> = .
a+b+a+b a+b
1 1 1 1 1 1
Tum3‘“a+b+:|+c>b+c'a+b*b+c>a+c'

374. a) Nhan timg v€ cdc bat ding thic
(@a+1)*24a, (b+1)224b, (c+ 1) 24c.
b) Nhan timg v€ cic bat ding thic (a + b)> 2 4ab. (ab + 1)* 2 dab.
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375. Tacéaz+h2+c2+d2+ab+cd22ab+2cd+ab+cd=3(ab+cd).

Ta lai c6 ab+cd=ab+—l—22.
ab

Suy ra diéu phii chimg minh.
376. Theodébai:a-b=a’+b . maa’ +b*>a’-b’ (dob>0)néna-b>
>a3—bJ.Chiahaive‘choa-b(chﬁ)‘rrﬁnga—b)Ovia-b:a3+b3>0).
377. a) Cdch 1. A(x - 1) = x° — 1. Ta biét ring néu x > 1 thi x° > I, néu x < |
thi x* < 1. Do dé :

5

: g
Ne'ux>llhixx—__l-l->0=>A>0.Ne'ux<llh1 xx—ll

Néu x = 1 thi hién nhién A > 0.
Cich2. A=x'+x

>0=>A>0.

+x2+x+l=x3(x+ Ij-i-(:n-l)i-x2
=(x+ l)(x3+ l)+x2=(x+l)2(x2—_x+ I)+x2.>:0.

Dau bing khong xady ra.
b) Giai twong tu vi du 101, Xétx 2 1 vax < I.

378. Giasra<0:
Néu a = 0 thi trdi vai abe > 0.
Néua<0:Doa+b+c>0nénb+c>0.Doabc>0nénbe <0.
Suy ra a(b + ¢) + bc < 0, mdu thulin véi ab + be + ca > 0.
Vaya>0. Tuong ty, b>0,¢ > 0.

379. Pata=3+x,b=34+ythix20,y20. Tacba+b=6+(x +y). Tasé
ching minhx +y 2 I.
Giasu0<sx+y<l| lhlx2+2xy+y2< 1 nenx2+y2<l(do2xy20).
Khi d6 _
a2+b3=(3+x)2+(3+y)2=18+6(x+y)+(x2+y2)<IR+6+|=25.
trdi v6i gid thiet a® + b> > 25,
Viyx+y21l,suyraa+b27.

380. Giasur9ab>(a+ b + )%, 9bc 2 (a+b+ c)z. 9ca>(a+b+ c)z. Cong
timg v€ cdc bat ddng thic trén rdi chia cho 3 dugc :
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3{ab+bc+ca)2(a+h+c)2=:tab+bc+ca2a2+b:+cz (1)
Mat khic dé dang ching minh dugc a® +b>+c®>ab+bec +cavdia, b, c
khdc nhau doi mot, mau thudn vai (1).

381. Giésﬁldnlaicdcsb’duanga.b.cmha+-:;<2. b+%<2. c+i<2

thi a v-t';+ b +£+c +§.< 6. Hay ching minh diéu nay vo Ii.

382. Giasu|b~-c|>lal. |c=a|> b, |a~=b|>|c|thi(b- n:)2 > a’, (c- :.1)2 > b,
(a-b)2>c2.Dodé:(b-c+a)(b-c—a)>().(c—a+b)(c—a~h)>0,
(a=b+c)a-b-c¢c)>0.

Nhin timg vé ba d."mu thite trén <& din dén didu va i
383. Giasirda(l =b)> 1.4b(1 = ¢) > 1,4¢c(1 - a) > | thi nhan timg v& ta duge
64abe(l - a)(1 =b)(l1-c)>1 (1)
Mt khdc, 1a lai ¢6

da(l -a)=4a-4da’< | (2)
(vil+4a’+4a=(2a+ 1)’ 20). Tuong wr

4b(1-b)< | 3)

dc(l-c)< 1 4)

Tir gia thiét phan chimg vatra, b, c duong suyra | —a, | = b, 1 — ¢ cing
duong. Do d6 1a nhan timg vé cic bat ddng thirc (2), (3). (4) va duoc :

64abc(1 = a)(1 = b)(1 = c) < I, mau thudn vai (1).
384, Cach . Giasta+b>2. Dita=x+y,b=x~-y, tacé
a+tb=2x>2=x>1 (nH
Ta c6 a’+b' = (x +y)"+(x -y)3=2x3 +6xy2.
Do (1) nén 2x* > 2; 6xy> 2 0. Vay a® +b® > 2, trdii vai gia thiét.
Cdach2. Giasta+b>2 TacH:
(a+b)’>8 =a’+b +3aba+b)>8 =2+ 3aba+b)>8
=>ab(a+b)>2=:~ab(a+b)>a"+h“(via"+b3=2)
= ab > a® — ab + b* (chia hai vé cho s6 duonga +b)

=0>(a- b)z. vo i,
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385. a)Giasctazb2c>0thia+b2a+c2b+c.

c c b < b a___a
a+b b+c c+a b+c ' b+c b+c’

Cong timg vé @

Taco

a b C a

+ - +l<l+1=2
b+c c¢c+a a+b b+c

Chii y : Ta ciing chimg minh dugc : Néu a, b, ¢ > 0 thi
a b C 3
h+c+c+a a+b22

(xem vi du 92b).

blS.’ipxé‘p:a2b2c>0=>c(a-c)(b-c)20=-c3+abc2ac2+bc3.
Ta cdn phai chilng minh
a’ + b’ + 2abc > abla + b) + b’c + a’c.
Biit ding thic nay tuong duong véi (a — b)>(a + b - ¢) 2 0.
386. a) Hiéu : 2a® + b%) - (a’ + b%)(a® + b°) bing (a* - b')(@’* - b°).
Gidswtazbthia'-b’20vaa’-b’ 20
b) Theocdu atacod:
2(a* + b%) 2 (@ + bY@’ + 1)
26" + M) 2 (b + v’ + F)
2t +a¥) 2 (P + a’)(c’ +2°)
Cong timg vé& ba bét ding thirc trén, ta dugc :
4(a" +b*+ c“) 2 (a" Ty g c“) + a"’(::5 +b + c") + b“(a’ + b" +c)+
+ c"(a5 4 bs + cs)
=3@"+b + M 2@+ b+ )t + b* + cs)_
387. Chi ¥ ring a + b = 2, ta xét hiéu
2(a® +b%) - 2(a” +b") = 2(a® + b¥) - (@ + b2’ + b).
Bi¢n d6i hi¢u ndy thanh (a — b)a’ —=b’).

Giasita2bthia-b20vaa’ -=b’ 20.
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388. a)Sipxép:a2b2c20.
a@-b)a-c)+bb-c)b-a)+clc-a)c-b)=
=afa=-b)fta=b)+(b-c)]-bla-b)b-c)+c(a-c)b-c¢c)=
=a(a—b)2+n(a—b){b-c)-b(a-b)(b-c)+c{u-c)(b-c)=
=a(a—b)2+(b—cl(a—b)z-i-c(a—c)(b-c)zo.

b) Khong mdt tinh téng quat. gia sur ¢ 1a s6 nho nhdt trong ba s6 a. b, c.
Xét hidu :

a"+b"+c°-—a"b—bsc-—csa=asta-b)+bs(b—c)+cs(c—a)=

as(a - b) - bS[(a -b)+(c-a)]+ e - a)=

§ ¢ 5 .t
(a=b)a  -=b’)+(c—-a)c -b").
DocSa.cSbnénc-a<0.c"-h5*:-O.dodé(c—a)(cs-bs)zo.
Con (a - b)a® — b%) ciing khong am (that vay néua —b > 0 thia’ - b’ 20,
néua-b<Othia’-b’ <0).

b) Khong mdt tinh 16ng qudt, gia sir ¢ la s6 nho nhit trong ba s6 a. b, c.
Xét hicu :

a®+bf+ct-a'b-be-cha=a’a-b)+b’b-c)+Pc-a) =
=u"(a-b)-b5[(a-b)+(c-a)l+c5{c-a)=
= (a - b)(a’ - b%) + (c - a)(c® - b).
DocSa.cSbnenc—a<().c5—-b"'SO.dodé(c-a)(cs—bslzo.
Con (a - b)(a® - b%) ciing khong am (that vy néua-b20thia’ = b’ 20,
néua-b<0thia®-b’ <)
389. Goi m la s0 nho nhat trong cic hi¢Gua-b.b-c,a~-c.
Giasra2zb2cthim20.Taco:
a-b2m20=(a-b’2m’
b—c2m20=:~(h—c:):2m2
a-c22m20=(a-c) 24m’.
Cong timg vé .
(a-b}:+(b—c):+(a-c)226m2
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:)3(324'b:+C:)-(a+b+C)226m2

5 5 3 5 nz+b2+c2 2
= 3@ +b"+¢’)26m" » —F——2m".

-

390. a)Giasirazb2c. Tacod
a<b+c=>2a<a+b+c=2=2a<l=2b<l,c<].
b) Tirclu a suy ra : (1 = a)(1 = b)(1 = ¢) > 0. Riit gon ta dugc :
ab+bc+ca> 1 +abe (D
Ta lai co
(a+h+c)3=a2+b3+c:+2(ab+bc+cn)
=4=2a’+b’+c’+2ab+bc +ca) (2)
Tiur (1) va (2) suy ra
4> ¢b7+c7+2(1 +abc) > 4>  +bP +¢¥ + 2 + 2abe

2 2 2
=a +b"+c¢” +2abc<2.

VI s AP LTG0 B | IR | T N T B Iyl 2 2).
91. a) = < 5 "+YSH+H$2+2 L (vifx|22,]lyl22)

b) Suy ra tir clu a.
392, a}Tac6b+c=6-a.bc=9-a(b+c)=9~a(6-—a)=9-6a+n2.

Ap dung bat ding thic (b + ¢)* 2 dbc, ta duge
(6-2°2409-6a+a)=>32°-12as0=>aa-4)S0=>0<as4d.

Tuong e 0<b<4,0<cs4.

b) Gidi tuong tv cau a). C6 thé 4p dung bt ding thic (b + c)2 2 4bc hoac

dp dung bat ding thic 2(b> + ¢2) 2 (b + ¢)”, ta duge 3a® - 4a < 0, tir d6

suy ra diéu phii chimg minh,

a. b c a.e¢e.b la=c b-a c-b
393. Kb+c+u] (c+b+a}|<lal O T I«:l

c:|(a—c)nc+(b-n)nh+(c—b)bcl<| (n
abe |

Mat khdc a, b, ¢ 12 ba canh cia mot tam gidc nén
|n - c| |b - nl |c - bl [(a ~¢)b - a)c - b)l
S 1. =— < 1. = o

<1 (2)

<1 suyra
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Biéu thifc trong ddu gid tri tuyét doi cha (2) va (1) d6i nhau (ban doc v
kiém tra), do d6 tir (2) suy ra (1).

be

394. a) ——+£=c(!’-+ija 2¢ (do a, b, ¢ > 0). Tuong ty : €+ 32 525
a b a b b ¢
% + %c_ 2 2b. Cong timg v€ ba bt ding thic trén.
H e a2 2 X+Y 4 . .
b) Ap dung bat dang thirc o 2 e vai X,y >0 (vidu77b).tacé:

ab a+b be b+c ca cCta
a+b 4 " b+c 4 “c+a 4 -
Cong timg v¢ ba bat ding thic trén,
395. Do a, b, ¢ duong nén :
a a a+cC
a+b+c a+b a+b+c
b b b+a
b+c+a<b+c<a+b+c

C £ c+b
c+a+b c¢c+a c+a+b’
L2 b AL DL |
a+b b+c c+a

2 2 2 2
[l B NG 1) PO Gt P € P (3 2)
396. a)A_(b3+;,3] (b+a]—[b2 azJ -(b a}+ e |
Do a, b > 0 nén
2 2 2 (b 2
Az[“—,+"—,]-2(3+9)+2=(3-|J +(—-|) > 0.
b2 a® b a b a

_a’+b* _ 2ab
b

Cong timg vé: 1 <

a2
9; - > _ =2 B
b) Xét |:’+b g > 2a (doa,b>0)

b2 2
TuangluT+c22b.c?+azzc.

Cong timg v€ ba bit ding thirc trén.
c) Xét

a’ +b+c_(23)3+(b+c)2 4a(b + ¢)
b+c 4  4b+o) 4(b + ¢)

=a (dob,c>0).
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Tuong bz +c+nzh cz a+b
g'<:+a 4 "a+b 4

Cong timg v€ ba bét ding thic trén.
397. Xéi:

2C.

-

a __a =a(nb+ac-b2-c2)=ab(a—b)+ac(a—c)
b2 +¢2 b+c (b + )b +¢) (b% +c?)b +¢)

(n

Tuong wr

b> b _ be(b-c)+batb-a)

3 3 3
c*+a° C*+a (c* +a“)c +a)

¢? __¢ _ca(c-a)+cbc-b)
al+b> a+b (a2 +b%)a + b)

(3)

Cong timg vé (1), (2), (3) ta duoc :

2 2 2 )
a N ,b Bk _( & b . G )
b2 +¢2 2 +al :|2+sz b+c c¢c+a a+b

I I
= ab(a = b) - .
[(b2 +eh)bre) (@ +cd)a +c)]

! !
(b? +c®)b+c) (a® +b¥)a+b)]

+ ac(a - c)[

| |
+ be(b - ¢) - :
[(az . (:2)(11 +¢) (a®+ bz}(a +b)

Gid sra 2 b 2 ¢ > 0 thi cdc ddu ngodc tron vi ngodc vuong cia biéu thire
trén déu khong am. Suy ra diéu phai chimg minh.

398. Tacé:

1000 1000 1000
(_3..] <(—2-] ol i 00001

Suy ra diéu phai chimg minh.
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399. a) Theo gia thiét, aﬁﬂ = a:'; + L_, +2. Dodé:

an
a1=25
5 9 |
a3 =ajy +—+2
ay

2 ) |
as) =a5y +——+2

Cong timg V€ : a§!-[ L]+|25>||3=»a,,,>1|.
' /

b) Tuong wr nhu clu a :

2 1 N
ajg) =| 5+t —5—|+225 >15° = a;y > 15.
]

Dé chimg minh a5, < 15.1. chi ¥ ring 15,17 = 228,01 ta cdn ching minh :

—2+—2+
aQ A 100
\
5 I I I 1 I
Tachd: —2—+...+—5—=[-2-+...+TJ+[T+...+—2-—J<
1 100 ay a50 as) 100
e b1 w50l <50 LesoLcael a5on
ﬂl ﬂsl " Il- e

400. Goi do dai cdc doan thing da cho la a,. a,. ... a. Gia sur

10sa,<ay,<..<ag<75.
Néu bat ki ba doan thing nao ciing khong thé 1ap thanh mot tam gidc thi :
aza +a,210+10=20

ay2ay+a;210+20=30
ag 2 ay+ay 220+ 30=50
ag 2 ay +ag 2 30 + 50 = 80, vo li.
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401. Goi khoang cich AB la s (km), van 16c riéng cua thuyén may la a (km/h),
van 16c dong nude ngay hom truée 1a b (km/h), van t6¢c dong nudc ngay
hom sau la ¢ (km/h) trong d6s>0,2a>0,0<b<c.

Ngay hom trude, van téc thuyén lic xuoi 1a a + b (km/h) lic nguoc laa - b
(km/h). thoi gian di khit héi (ditr A dén Bréitro vé A) la:

S S

a+b

a-b=

2as _ (gid).
a2 - b2

Tuong tu, thisi gian di khit héi trong ngay hom sau la :

. s _ 2as .
y = a+c+a—c = 5 o (gid).
3. qd-o3 -3 2as 2as
Do0<b<cntna™-b">a"-¢" = ——<— =x<y,
a*=-b" a°-c”
Nhu viy ca Tam lin Hoa déu sai : thii gian thuyén di hom sau lau hon
hom trudc.
402. D¢ chimg minh A < 20, ta lam tr6i mdi phan s6 cia A bang cich dung
bat ding thie 231 « 0 Ty c6
173757199
235 19
AT T00
2.4.6..200 2.3.5..199 200 2
S 4 . == 2a 2
O S 35199 LT 1 A
D¢ chimg minh A > 14, 1a lam giam mdi phan s6 cia A bing cich ding
biit ding thic 2t1 5 0*2
n+l

403. Goi A la vé trdi cla bat ding thic.

Ta lam troi A dé dugc mot biéu thie C

dé rit gon hon. Muo6n viy biéu thirc C phai cé nhiéu thira s6 giéng nhau &

1wr v ¢ miu.

Nhan xét hai phan s6 canh nhau, ching han%vﬁ%.ta thdy 4 hon 3 1a I,
4 : n n-1,. 2 2 g ;
cbn6h0n4lh?..Talamlro|:n+_,< (vin® <n”+n -2 v moi
1 4 7 10 208
2). 0: Eo ===
n>2).Dodo: A=3.55 120
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1369 207,
A<3-3°7'10~ 208 =<

Suy ra

A2 < 1:4.7.10..208 1.3.6.9..207 __LL_L<L_[._'_)
3.6.9.12...210°3.4.7.10 ...208 2103 630 625 (25)°

Dod6A<E.
404. a) Vit =221 _ pagp L __ 1
2 2 2 2
n“(n+ 1) n~ (n+1)
Y O R T SRR SN D o e )
2¢ 2% 3F n“ (n+1)° (n+1)°
e | 1 |
b) Viét = thanh T T T
2

m+1)!  (+1) (+D! (n=-1! (m+1)!

| 1
43 [(n - * (n+ l)!]

b il A i by ek
406.2A=1+%+2%+54-‘-+ ;% ()
A= %-+2%+%+..+2%%+:% 2)
Lay (1) trir (2) duge :
A=[I+%+-L2+%5+...+2Lw]-;|%

Hiy chimg minh biéu thirc trong ddu ngoac nho hon 2.
407. Giai tuong tu vi du 96.
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+l+ 100

%
408. 3C=1+

3 tw
. 1.8 99 100
C= gt wiyw
. - [ 1) 100
Suyfd. 2(‘—[|+§+z—2+...+;®—}| ;IIT (')
3
Hay chimg minh bi¢u thie trong ddu ngoac nho hon =
vt | | [ | |
409, Goi A = +l+n+"+'"+”n+l+"'+_ Yk

Tong A ¢6 2n + | 50, ghép thianh n cap cic phan s6 cich déu hai ddu, con

|
2n+1°
Mobi cap bang :
| = | - 4n + 2 " 4n + 2 -
2n+l=k 2n+1+Kk {2n+l)2—k2 n+1)° Cn+ 1)

(%]

2 |
Vay -, =],
a’A>2n+ln+2n+l I

D¢ chimg minh A < 2, 1am troi A bing cdch thay mdi phan s6 cua A boi
phdn s6 1on nhat,

| | |
+ e ¥ !

3004 2005 T 2006 3006

410. Goi A =

- Ching minh A > -5- : Tong A ¢6 2003 s6, ghép thanh 1001 cip phin s6

céich déu hai ddu, con lai mot phan s6 & gida la ‘%(:09

1 | 6010 = 2
Maéi Cﬁp bﬂng 3005 - ‘(K)s + k > Jm)sz - 3005°
_2002 3
Dod6 A > 3221001 = 2002 5 3

- Chimng minh A <3 = :Dat 2004 =n.1aco:



A=l+ ! + et ! 3
n n+l n(n - 2)
_ | 1 1
_n+(n~2)+n+{n—3]+"'+n'
; | 1 ) 1 R 1 |
A = | & i i
Songile s 2N (n+2n-—2}+(n+l+2n-3)+'"+(2n—2+n}

Ta sé chimg minh nhém dau va nhom cu6i ¢6 gid tri I6n hon cic nhom
khic bing cich chimg minh :
| | | | .
S >n+k+2n—2—k () véi0<k<n-2.
£ ot A 3n-2
n2n-2) (n+Kk)2n-2-K)

Sn2n=-2)<(n+k)(2n-2-Kk)
c:>2n2-2n<2n2-2n—kn+2kn-2k-k:

c>k2<kn—2kc::k<n—2:dﬁng.

1 1 3n-2 In-2 _3
2 — - I e— - = —
bl 'A<(n+2n-2)'(n h n(2n-2)'(n h In 2
3
Dod6A<E.
411. a) Goi A = l+:|,~+-_!*-+...+ L vi dy 97. ta da chimg minh ring
- - 2 _l

A <n. Bdy gid ta chimg minh A > 2. Tacé:

P I O PO, iy P RN SO % 2 18
3 22) (224 2} ) 2" 41 ) I
Thay mbi phan sé trong mdi ddu ngoic bai phan s6 nho nhdt trong dau

ngoac doé :

1 2 1 - |
A>I+1+L,.‘.’+—-— 24— 2=
2 2 2’ 28 o

| I e | 1 1 n | n

= _— —_ _ _——— = - —— — D —
l+2+2+2+ +2 - | TR
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;
2 2
Nhu vay néu chon k = 2°* ~ | thi 1+-1,,-+%+ ,,+%>-_5‘!=A
412. Gidsta>b>c>d pu 2rEtd g arerd_, ax02d.,

Theo gid thi€tthim> 1 ;talaicdd<c<b<anénb+c¢+d<3a dodb
m<3iviym=2,

Dé thay
m='b+(:+d h+c+d<a+c+d=nl
a b b
_a+c+d _a+c+d _a+b+d _
= b < - < 2 =p.

Suyranz3,p24.
Tacob+c+d=2a,a+c+d23b,a+b+d2d4dc.

Cong timg v¢ ta duge :
20+2b+2c+3d22a+3b+dc=>3d2b+2c>d+2d=3d, vo Ii.
413. Taco x* 6y chirs6 = 10" < x* < 10",
y' c6 x chirs6 = 10" <y < 10",
Giastx2y. Tacox* < 10" < 10" = x < 10.

Ta chon céc s6 x* sao cho x < 10 va x* 2 10" véi moi y - | nhé hon x.
Ciic 56 2%, 3%, ..., 77 khong thoa man (ching han 2° < 10, 3° < 10%....). Xé
cdcso 1', 8% 9% tahay : 10°< 1" <10', 107 < 8% < 10*, 10* < 9" < 10"
Dips6:x=y=1;x=y=8:x=y=9,
414 n!=1x2x3x .. xkx..xn
n=nn=-1M=-2)..n-k+1).. 1

Suy ra (n)> = (L.n).[2(0 - DLI3(n = 2)] ... [k(n = k + D] ... (n.1). Ta sé
ching minh ring bidu thirc trong mdi dau ngoac vuong déu 16n hon n,
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That vay
k(n—k+I)—n=kn-n-—k:+k=n(k-I)-k{k—l)=
=(n=-k)k=1>0vin>k>1.

415. Tacé [x] € x, [y] € ynén [x] + [y] € x +y, tic la [x] + [y] la sO nguyén
khong vuot qui

X+y ()

Mat khdc. theo dinh nghia phdn nguyén, [x + y] la s6 nguyén lén nhdt
khong vuot qua

X+y (2)

Tiur(l) va (2) suy ra [x] +[y] S [x +y].

416. 2) Datx + 1 =a. y - | = b. Phuong trinh tr& thanh (a + b)® = ab. Dé dang
tinhdugca=b=0.Ddpsé:x=-1,y=1.
b) Bién déi: (x - 2){)2 +(x - 27.)2 +(x - 2[): +x2=0.

Dapso:x=y=z=1=0.

c)Ddpsé:x=1,y=2.z=3.
d) Sir dung bat ding thirc (x + 1)(y + 1)(x +y) 2 8xy (xem vi du 94).
Xay ra ding thic khi vichikhix=y=1,x=y=0.

417. a) Tacé n+ S(n) =2018 (1

nén n<2018 (2)
Sin)s1+93=28,

n22018-28=1990 3)

Tuw(2)va(3)suyran= 199a hoic n = 20bc..

Thay n = 199a vao (1) duoc 2a =9, loai.

Thay n = 20bc vao (1) dugc a = 0, b= 8. Ddp 56 : 2008.

b) S(n) = n® - 2005n + 7 (1
~ Xétn = 2005 thi S(n) = 7 va (1) ding.

— Xét n > 2005. Ta ¢6 S(n) = n> — 2005n + 7 > n(n — 2005) > n, tic 12
S(n) > n, vo i,

- Xét1<n<2004. Tacon-120,n-2004 <0nén
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(n = 1)(n = 2004) €0 = n® - 2005n + 2004 < 0

= n’ - 2005n + 7 < -1997 = S(n) < 0, vé I,
Ddp so' : n = 2005,

TIM GIA TRI NHO NHAT, GIA TRI LON NHAT
CUA MOT BIEU THUC

g 21 5 13 3
4l8.a}mmA=--4—¢:x=5. b)maxB=T¢x=-2—.
419. aqulx+7=y.A=2y4+I2y2+222.

mnA=2oy=0x=-7,

o)W

b)Da|I0.5x2+x;=y: minB=—-§-c>y= X =lixy=-3.

chgtx:—4x+3=y:minC=-l<-:-x=2.

dD=(x>-x+1); minD-%c:x:%.
DE=(x"=3x)’+(x-3)?20:minE=0¢>x =3,
g) b x:+x=y. Taco
G=(y-6My+2)=y2 -4y -12=(y-2)? - 16.
mnG=-16cy=2;x; ==2:x5 =1,
420. a) A=|x-3|+|7-x/2x-3+7-x=4.

[x-320
mnA=4& . &> 3sxsT.
7-x20

§ - 1 3
h)l‘l’llﬂB'..C:)—,, SKS—.’.

¢) Taco xz-x+l>()n¢n
C=x2-x+I+;2+x-x2f2x2-x+l+2+x—xz=3.
minC=3a2+x-x220¢>{x+l)(2—x)20<:»-|5x52.

dminD=9¢ -3<x<2.
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421. Thayx-—-I-2yv.’aoA=x2+2y2.duch=6y3-4y+1_

minA:%c:y:%-.x: !

) |

422. Thay y = 327 30 B = 2¢? + 5y durgec

3

9B = 98x” — 280x + 245 = 2(7x ~ 10)% + 45 > 45.
i aldl o 3
mmB-Sc:»x-_).y- 7

4
423. Ta chimg minh duge a* + b* > i‘l% - %;
|

4— —_
mm(a +b") = 8@a-l:v-—2

424. (a+b) =2’ + b’ + 3aba + b) = 1 = (a® + b%) + 3ab. Do d6 a’ + b’ nho

nhat < ab 16n nhat.

Talaicéa-l-b:Inenabldnnha'l@a=b=%. Khidé a3 +b° =1,

4

425, |x +y| =

9
| X“ +1 2
- = 22 -1)°20);
¥ —H— vi (x| = 1) )

min |x +y| =2 c:>lx|-lc>x=+l khidéy==1.
426. a) A = x° -"xy+y +x =2+ 142 (x-y)+(x-!)+"22
mnA=2&x=y=1.
b)B=(x-y) +2(x-y)+ 1 +(y - 4)'-(x-y+l) +(y-4)'20.
mnB=0&x=3;y=4,
c)C=x> -xy+y -2x -2y
=(x-y)2+(x-—2)2+(y-2)2-82—8.
mnC=-4 o x=y=2,
d)D=xz+xy+yz-3x—3y=x2—2x+y2—2y+1y—x-y:
D+3=(x—l)2+(y-I}2+xy-x—y+l
=(x-—l)2+(y—l)2+(x—l)(y-l).
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Pitx-1l=ay-l=bthiD+3=a +b +ab20.

mnD=-3ca=b=0ox=y=1
Nhdn xét : Loi giai trén tuy trinh bay gon, nhumg c6 phédn thi¢u wr nhién khi
xét bidu thite D + 3. Céch giai sau dai hon nhung dudmg 16i giai rd rang hon.

D=x:+xy+y2—3x—3y=xz+(y—3)x+y2-3y

2 : a2
=[x3+(}'—3)x+() -43) i|+}"-3y—9—43-)—

X + &= z

_[ y%3)2+4y2—l2}'—_\-3+6y—-‘)

2 ) 2
_ y-3) 3y -6y-9 y-3) .3 2
_(x+ = ] + 3 =| X+ ""E‘(}'-l] -32-3.

y=l [)='|
mnD=-3 < y-3
Rk T

¢) Giai theo nhan xét ¢ cau d.
E=2x:+2xy+5y2-8x -22y=2(x2+yx-4x)+5y:-22y

r_4)2 - . 42
=2[K+{)'—4)x+()_4_.]+5y-_22y_(>_‘1 )

=
Ti€p tuc bién ddi duge E = 2[:: - L;—'i-) . %{y -2)? - 26.
2

mnE=-26 & x=1vay=

2
427. a) A=3+———— . Ddpsd : maxA=3-,|-,-@x= l.
X =2x+5 =
byB=2-——23 minB=3 =x=4
(x-4)°"+6 -~ N

2 . 3 3
C.':'. : = e = ——
c) Xx“+3x+3; mnB 4c>x 3

d)D=x4-—sx:+64:minD=48<:>x=12.
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428. Giai twong tu vi du 107,

alA=I—i+-l—.D{u \-=l:minA=—3c:x=l.

X 2 T X 2
b)Daty=2x-1; minB 1«:&:&—1
el -3 i

429. Giai tuong v vi du 107.
aH):_\ly::H-IO:A--l-— DA l=' mau\:L-::»x-l()
y y 40

e =
b) max B 300 < x = 100.

2
- |2 . 2
430, a) A = 7 2x - (x 12x + 36] (x +9) (xﬁ- 6)

e
x2 +9 x +9 X" +9
mnAs=-]¢sx=6.
A= 2To12x_@F436) - (x4 1+ 9) L @x+3?
x2+9 x2+9 x2+9
mnxA=-|c>x=-%.
3 2 2
h A" +8X +d =dx" =1 4d(x+ 1)
b) B = X+3 x+x: =(, )—IZ-I:
4x° +| 4x° + 1 4x° + 1
mnB=<l ¢ x=~1,
b b 2 2 2
B_Iﬁx'+4-l6x'+8x-l_4(4x‘+l)-—(4x-l)'_4_(4!&—-”"54
ax? 4| ax? +1 4x2 + 1
man=4<:>x=l.
4
- 72
C)C=(x,', sl mnC=-—= ¢ x=-2
2x*+2) 2 2
a
C=I-(x,_” imaxC=lex=1,
x“+2

d) D =& S 1 il i il

x + 1
(+|)2
Dug-& imax D=4 x =1,
X< +1
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431, a) minA=-_I-,-cbn=y.

-

1
-

by Vaix=0thi B = 2 =,
X"+ 1
2 2 |
VdixtOlhlx"-l-Isz')()nen Sx—,=-.
*+1 Ww* 2

Vay maxB=%c=x=:t 1.

c)C=2+(xzyz+ ,‘ - ] TimduocminC=4 e xy=2 1,

w 3
-

x7y")
4
% 3
432, a) A=5—M=x+3—6+|3. Céc sO duong x vd 2 ¢6 tich
X X

khong déi nén t6ng cta ching nho nhat khi va chi khi x = E
X

mnA=25¢x=6.

uhzoo“looou_[”loooo

b) B =

X

]+ 200.
X

min B =400 < x = 100.
x-2 3

+

c)C=

= +%. Ap dung bat ding thic %+%22 véia, b >0,

x-2 3

la co -

=
,22. minC-2-§ax-2=3ax-5.
X=4

3
el
g =
X4=—| +|x7 +—
X x3
=31+—=3[x+—J26.TlmduqcminD=6c::x=I.
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x+y |

433. a) A = = —. Do x, y>0nénlnhonhatc:x)hfmnhalc:x—y

Xy Xy Xy
(chiyringx+y=1):min A =4,

2 2 2 2 e -1
b)Bza.I+b.l=a(x+y)+b(x+))=a- ay+b_+b__

X y X y X y

2 p]

= a_-y.+2-_x)+az+b2.
X y )

')

Cic so duo‘ng Y va L. c6 tich khong déi nén 16ng cua ching nho nhat
X y

Khi va chi khi
'n

.,

avy _ W O
cay =b'x"oay=bxoa(l-x)=bx e x = '
X y a+b
b ; 2
y= .minB=(a+b)".
a+b
¢) Chi ¥y ring tuy ta ¢o x+—l-22. y+-!-22. nhung biéu thic
X y

2 N
- \- -
C= (x + -'-J + [y + lJ khong c6 gid tri nho nhat bing 2° + 2° = 8. vi
X v

ddu bang cua hai bat ding thic trén khong déng thi xay ra do ¢6 diéu
kitnx+y=1,

DIt x4~ wa, v+ m b Ticd Caad s bt 7:-(3+b)2 (d& dang ching
X y 2

minh diéu nay). Cin tim gid tri nhé nhét cha a + b,

Tacoba+b=x+y+ l+l=l+l+l. Céan tim gid tri nho nhat cia
X y X vy
:xemcaua. min C =

|
-+ da=bx=yorx=y=
X

Nl—'

1

y
5 » 2 2 |

434, A=x"+y‘+—22xy+—=2(x)-+—)22.2:4.
Xy Xy Xy

mnA=4<cx=y.xy=leox=y=lhodcx=y=-1.
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435, a) Apdung a® +b” > 2ab, ta c6 :

o
.'____L’+L12_‘:_:;y:_-d(chﬁyx.y:'o).
2 ) e y Xy

min(xy) =4 x=y=2,
b) Ta cé:ix+y)224xy2 16 (dp dung cau a).
Dox+y>0,tacomin(x+y)=4<c>x=y=

- \
436. um=3+L“+324:minA=4<—:a=b.
b a)
o
by B=3+242) [i+5i+f3+i]zq minB=9ea=b=c.
b oa a; \¢ b,

¢cominC=l6c<a=b=c=d.
437. a) Ta chimg minh dugc A = Bt € 215 vdia. b, c>0
b+c c+a a+b

(xem vi du 92).
mnA=I15<b+c=a+c=a+becra=b=c.
a b c ) [h+c a+c¢c a+b)
+ + |+ + + =
a b C

h)B=[ |
b+c a+c¢c a+b)

_,\+(: ][ %}[ c)zlﬁ+6 7.5.

mnB=75<a=b=c.
438. a) Tir gid thiét suy ra | = [(x + y) + z|°. Ap dung bit ding thic
(a+ h)2 >4ab, taco:
=[x +y)+2]° 2 4(x + y)z.
- )'

Nhan hai vé véi s6 duong ~—2 duoe
A

X+y > 4:!.(x+y)2 }47..41&)( - 16

Xyz xyz  xyz
S 1 1
mnA=l6e (x=y c:>x=y=:.f=5.
x+y+z=1
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b) Giai twong v cdu a, ta ¢6 :
-l=[(x+y+s':)+l|2 24(x+yv+2zt 1 2(xX+y+20

5
=D X+V+z2[(x+y)+z]70 2 Hx +y)a

2,
:b(x+y+z)(x+y)24(x+y) Az

16.
xyz1 xyzt
i | 1
mnB=l6e x=y=—, 2==,1=1.

4 2

. - S 1 1 1) o
439.Apdl}ngbﬂldﬁnglhlﬂ:(u'&b-&cl-+;+—}'29 vdi a, b.c >0
a ¢

(bai 436b), trong d6 a = xy, b = yz, ¢ = xz. ta dugc (xy + yz + zx).A 2 9.
Do dé
9<(xy+vz+2x)A< (x> + ),2 +2°).A S3A.
mnA=3&x=y=2
440. a) Cach 1. Tacé x <60, y 2 60 nén
(60 = x)(60 - y) <0 = 3600 - 60(x +y) +xy <0
= 3600 - 6000 + xy <0
= xy < 2400
max (xy) = 2400 <> y = 60, x = 40.
Cach2. Daty=60+tv6it20.Taco:
xy = (100 = y)y = (100 = 60 = t)(60 + t) = (40 = 1)(60 + 1)
= 2400 - 201 - ©* < 2400.
max (xy) =2400 >t =0y =60, x = 40.
b) Tacé y <60, z 2 60 nén
(60 - y)(60 — 2) <0 = 3600 - 60(y + z) + yz< 0
= yz< 6y +z - 60)

(:H-y+3!—60)2
2

= xyz < 60x(y + z - 60) < 60. = 30.40° = 48000.

-
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z =060

x=y+2z-60 z =60
z) = 48000 <> =4
P X+y+z=100 {x=y=20
x,y20

1 z z : "
- ;=2 — (xay ra dang thit & x = 1,
A ke .

-

441. DoleSySleSﬁSncn—;-z

y =2z, 1=25)

x z_1 1z
TacéH: Ao e p o
y & oz 25
ol ol i = I sk Z el afmle L A4 e s A b Ll L LA
rai S0 guung — va E CO 1ICH KNUNE GUi Nich 1Ong Cuda CNung nno nnat sni
z

va chi khi -I-=-z— c>?.:=25@z=5(viz>0).
z 25

minA-%c:x=l.y=z=5.l=25.

442, a) A=xy + Xt +yz+2L
2 2 * S | 2 2 « SIS
TacO2xy Sx" +y , 2xtSx™ +1°,2y2zsy " +2°, 222" + 1" nén
2A$2(xz+y2+zz+lz)=2.
maxA:lc:x=y=z=l=t%.

b) B=xy + xt + yz +zl.

) 2 2 - Y, 2 2
Taco: Axy S2x" + 2y , 4 <22 + U, 4x1sx" + 41" 4yz<sy" + 4z
nén 4B<3(x* + y:" +2° 420 =3,

maxB=%c:x=y.z=t.x=2l.y=2:vhxz+y2+222+212=l

1
x=y=$ x_y_$

= hoac

1
RN BN
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443. Giai wong ty vi du 115.
a)x=2/+4-x/22 va|x=-3/20.
2<x<4

minA:Zn{ oXx=3,
x=3

iIx=1]+I3-xl22valx-2] +|4-x|22.
[Tex<3

minB=4 & { & 2sxs3.
‘\2SXS4

444. Khong mat tinh tong qudt, giasux 2y 22 Tacod
A=X-y+x-2+y-2=2x-22

Dox<3nén2x<6,dozz20nén-22<0.Suyra A <6,
TacoA=6¢>x=3,2=0,ytuyy(0<sy<3)
Vay max A = 6 khi va chi khi trong ba s6 x, y. z ¢6 mot s6 bang 3. mot s6
bing 0. s6 con lai c6 gid tri tir 0 dén 3.

445. Xét hai truong hop :
a) X + y <8 : Lai xét ba trudng hop :
Néuy=0thiA=1.

NulSys6th ——<1l,—I—<6=>A<7.

X+y '8-(x+y)

Néuy=Tthix=0vaA=7,

b)x+y>8:Taco X <0, I _<I>A<l.
E8-(x+y) X+Yy

So sénh cic gidtriténcha A, tacomax A=7 e x=0,y=7.
446. Ta c6 : 36™ tan cing bang 6, con 5" tan ciing bang 5. Néu 36™ > 5" thi A
tan cing bang 1. Néu 36™ < 5" thi A 1an ciing bang 9.

Xétkhanang A =1:Tac6 36" = 5" =1 ¢ 36™ - | = 5". Ding thic nay
khong xdy ra vi v€& trdi chia hét cho 35 nén chia hét cho 7, con v€& phai
khong chia hét cho 7.

Xétkha nang A =9 : Tac6 5" - 36™ = 9 = 5" chia hét cho 9. vo Ii.
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Xét kha nang A = 11. Xady ra duge Kha nang ndy, ching han v6i m = 1,
n=2thiA=[36-5=I1l
Viymin A = 11.

447. So te nhién A khong la s6 chinh phuong nén A > 1.
Xét A =2.1a¢6 2= x>+ 4y nén x la s6 chin. Khi d6 vé€ phai chia hét cho
4, vé& trdi khong chia hét cho 4, loai.
XGA=31ac63=x"+ 4y nén x la s0 1¢. Khi d6 vé& phai chia cho 4 du 1,
vE& trdi chia cho 4 du 3. loai.
XétA=51ac65=x" +4y. Khidox=y=1.

Vi TN ofia 2
Viy GTNN GG A G S,

448. Ta c6 a 1on nhit < b 16n nhat <> ¢ 16n nhit <3 d 16n nhat. Do a, b, ¢c. d |a
cdc sO nguyén nén

d<100=>d<99;
<499 =396 =c¢c<395;
b<3.395= 1185 =>b< 1184
a<2.1184 =2368 = a < 2367.
Vay max a=2367<¢<>b=1184,¢=395,d=99.
449. a) D¢ thdy néu s6 nguyén a khong chia hét cho 3 thi a* chia cho 3 du 1.
Do A 1a 56 tu nhién nén x* +y* ¢ 15, do d6

x"+y453 (h

Ta s& chimg minh x : 3.

Gia sir x khong chia hét cho 3. Thé thi x* khong chia hét cho 3, )'4 khong chia
hét cho 3, y khong chia hét cho 3. Do x va y khong chia hét cho 3 nén X' va
y" chia cho 3 du 1, suy ra x'+ }-4 chia cho 3 du 2, trdi véi (1). Vay x : 3.

Chimg minh tvong tu ta duge y: 3.

b) Dé thiy néu a khong chia hét cho 5 thi a* chia cho 5 du 1. Ban doc tu
chimg minh tiép.
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¢) Tir cau a va cdu b suy ra x va y chia hét cho 15. Do x, y nguyén duong
nénx 2 15,y 2 15, do do x'+ )-4 215" +15%, Suy ra
x*ayt 15t enst
15 15
mnA=6750=x=y=15.
450. Goid = UCLN(x, y) thi x =da, y =db. (a,b) = .

A= 6750.

C(da+dby?  d*a+b)?  da@+b)?

i3 3

Taco A 3
(day da a’

Do(a.b)=1nén(a,a+b)= I.dodé @ (a+ b)) = l.suyrad ‘at. Gia su
d=ca’ vai ¢ nguyén duong. Khi do A =c(a+b}'l vai a, b, ¢ nguyén duong.
DoAlasolénéncvaa+blasolé. DE Anhonhittachone=1,a+b=3,
khi d6 A = 1.3* = 81. '

Péa+b=3thihoaca=2b=1(khidéd=8,x=16,y=8)hodca=1,
b=2(khidod=1.x=1ly=2).

ViyminA=8l<>x=16,y=8hodcx=1.y=2
451. 49 56 hang ddu cia diy (1) c6 dang 20 + n° (n = 1, 2..... 49). Goi d 1 56
bat ki cita ddy (2). d = UCLN (20 +n’. 20+ (n + 1)°).

Ta céd (20+n2+2n+l)—(20+n1}5d =n+1:d
a0 E oD ~nEa A1) 20 40=n'ta
=240-n)+(2n+1):d =81 :d

Dod6d<8l.Vadid=8ltac6d0-n:81.Done {1:2:3:..:49) nén

n = 40.

Viy 56 16n nhit trong ddy (2) 13 81, d6 1a UCLN (20 + 407, 20 + 41).

452. a) D€ n 16n nhit khi viét 2005 dudi dang 18ng cia n hop s6. ta phai chon
cdc hop s6 nho nhit. Trong n hop s& d6, phai t6n tai mot hop s6 Ié. Do hop
s6 nho nhdt 14 4 va hop s6 1¢ nho nhat 1a 9 nén :

200529 + 4(n - 1).

Giai bat phuong trinh trén, ta duge n < 500.
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GTLN cua n 1a 500 khi 2005 duge viét dudi dang :

200=9+4+4+...+4
499 0

b) Giai twwong e nhu cdu a, ta duge n < 500-_-';. Do n la s6 wr nhién nén

-

n < 500,
Ta tim duge GTLN cua n 1a 499 khi 2007 duge viét dudi dang :
2000 = 15+4+4+..+4,
498 50
453. Goi cap hai s6 c6 ba chir s6 1ap dugc 1d max, nby. D¢ tich cia hai s6 nhé
nhdt, cdic chir s6 m, n phii bing 1 va 2. Khong mat tinh tdng qudt, gia su
m=l,n=2 tacdltich ml-l;;
D¢ tich trén nho nhit, 1a phii cé a, b € {3 : 4). D& dang ching minh dugc
13x . 24y < 14x . 23y.

Xét tich 13x. 23y trong d6 x, v € |5, 6]. So sinh 135 . 246 vai 136 . 245,
ta dugc 135, 246 < 136 . 245, Vay 135 246 1a tich ¢6 gid tri nho nhdt.
454. Goi s6 chinh phuong phai tim 1a n°, ta ¢6 n> = 100A + b (A la s6 tram,
I <b<99). Theo dé bai, 100A la s6 chinh phuong nén A 1a s6 chinh phuong.

DatA = a’ (a € N). Cin tim gid trj 16n nhit cia a.
Taco: n2>I00nz:n>IOa=n2I(ln-+1=>

n"2(10a+ 1) = 1002 +b2 100> + 20a+ 1 = b>20a + I.
Dob<99nén20a+1<99 =ac<4d,
Tac6:n® = 100a> + b < 1600 + 99 = 1699. Kiém tra : 42° = 1764,
41% = 1681. S6 chinh phuong 16n nhat phai tim 1a 1681 = 41°,
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PHAN HINH HOC

Chuong III - TAM GIAC DPONG DANG

§13. Dinh i Ta-lét
171. (h.62) K¢ AK // BC, cat EF o 1. Lin luo tinh duoe El = 30cm, EF = 58cm.

M 0 N
A B
E F
L NN V N
D K c ) ¢
Hinh 62 Hinh 63

172. (h.63) Ching minh ring % = % Hidy dung cdc ti sO trung gian :

€0 Do

CB' DA’
173. (h.MlTacdgE=&,%=A—E A _a B
a DA b AD
i ) E G
néngg+-(—)[i=—DE+M: = 1. Do déb 9
a b AD
D b C
OE[l*'-l—J: | hd)’—l—_zl-bl. Hinh 64
b OE a b
Tucmgll_:L=l+-l-.
OG a b

174. (h.65) A B

a)ﬂ=ﬁ=g-(-=ﬂnenMIl=KN. M N

AB DA CA AB H K
b) Goi I 1a giao diém cia AH va CD. 0 I o
Hay chimg minh MH = HK <> DI = IC. Hinh 65
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Tir d6 suy ra céch dung : Goi I 1a trung diém cua CD. H la giao diém cua
Al va BD. Qua H dung d // CD.

175. Goi M la trung diém cia BC, AH _ BC. Xét
hai trudimg hop :

a) B < 90° (h.66a)
CN _CM _CN 2l

—_— — ) — = — = CN = 35cm.
CA CH 435 27
A
/hN\
B HM Cc
a)
Hinh 66

CN CM OCN 6

—_— = —— = — =N = 10cm.
CA CH 45 27

176. (h.67) Goi E, F 14 giao dié¢m cua AG, AK

v BD. Ta c6:
DE _DG _DG _1I £ 1
EB AB DC 3 4
nén DE:%EB=%DB=4cm. K
3 D G c
Tuong tu, BF = -;-‘-BD = 6cm. Vay EF = 6em. Hinh 67
177. (h.68) a) Ké DE // AB, AADE déu. Pat
AD = DE = EA = x. Ta ¢6 A "
DE_CE_x 6-x /‘D\
— — Y e— = i X
AB CA 3 6 5 > S
Turdé x =2. Hdp s6 : AD = 2cm. Hinh 05
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b) Ke DE // AB. bat DE = EA = x. Taco

Lo NG S, ot [
AB CA AB AC AC
X X 1 | 1
—— =] = —4+—_—=—
AB AC AB AC «x
ThcodéhiliL+L=—i——.Su}'ra:\D=x..\.-\DEdéu. BAC =
AB AC AD
178. (h.69) K¢ DG // BC. Tac&1&=ﬂ=@=ﬂ.
KD CG CG CA
A
D G

Hinh 69 Hinh 70
FB EG EG EA DB EA

179. (h.70)Ké BG/DE.Tacf —m=—=—. —m = —.— = . L
FC EC EA EC DAEC 25 35

(n

120°.

180. (h.71) K¢ DG // BK. Chu ¥ rang A
AK _ AK KG. K
KC KG KC G
s oo NN ]
Dupsd.E——E. 8 D c
Hinh 71
181. (h.72) K¢ MG //IE. Tacé:
BK _BA M A
KI AC’ :
DE _MG MG _BA .
AE AG GC AC K
Tl‘l(l)va(")suyra% D—E.m KI = AE nén
KI AE B 1 M C
BK = DE. Hinh 72
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182, (h.73) K¢ EI // DA, 1y K 1a trung diém cua CF.

Dat OD = 2a. OF = 3a. Ta tinh duoc Ol = 0,5a ; IF = 2,5a ; EK = 2.5a. Tu
d6 EIFK Ia hinh binh hanh nén FK // IE // AD. Suy ra BC // AD.

Ta lai ¢6 BC = AD (cing bing 4EI), viy ABCD la hinh binh hanh.

Hinh 72 Ninh 74

183, (h.74). Goi M, N la trung di¢m cia AB, CD. V& AE, BF // DC. Ta cé
IA AE BF KB

ID DN NC KC

184, a) (h.75) A
AH AK _CM BM_BC
AB AC CB BC BC H K
b) Néu M thude lm ddi cua tia CB thi i& - A—H =],
AC AB v ks
Néu M thudc tia doi cua tia BC thi Al A—K = |, Hinh 75
AB AC

185. (h.76) a) V& BI, CK // BC. Ta c6 :
AB  AC _ Al  AK _Al+AK
AB' AC' A0 A0  AO
_(AM-MD+(AM + MK) _ 2AM _

4,
AO
A B’ B
M
D' N
D Cc
Hinh 76 Hinh 77
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b) Chi cén O la mot diém c6 dinh thuoe doan thing AM, khong doi hoi O
1a trung diém cia AM. Gid tri khong ddi clia tdng bing 2AM : AO.

C6 thé dién dat bai todn nay dudi dang : Cho hinh binh hanh ABCD, diém

C' ndm trén dudng chéo AC (AC < %AC ). Qua C' v& dudng thing d cit

ciic canh AB, AD ¢ B, D", Chimg minh ring A + 68 Bt (h.77)
AB" AD" AC
186. (h.78) Ké CK // AD. Tacé B2 = B2 _ 5 Talaico
AK DC
BA = AC = 2AM nén AK = AM.
ACAK = ABAM (c.g.c) nén é! = 51
Suy ra By +A1=Cy + K =90°, Vay AD L BM.
B
A
H K
A L L A
B O  E C
K
Hinh 78 Hinh 79

187. (h.79) Ké DH // AC, EK // AB. Dat DH = x, EK = y thi AC = 3x,
AK =2x, AB = 3y, AH = 2y.

Xét AAHD vuong tai H : x + 4y° = 100,

Xét AAEK vuong tai K : 4x° + y* = 225,

Suy ra S(x” + y°) = 325. T d6 x° + y° = 65.

Chi ¥ ring BH = y, ta tinh duoc BD = V65, nén BC = 3465 cm.

188. (h.80)
a) Dt AB=c,AC=b. Taco:

—_——=— (1
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KC CF b A
Tu (1), (2) suy ra e
ﬂ_ AH _ b
c AH+HB b+c¢ B C
AK AK C
_—= = . Hinh 80
b AK+KC b+c
Sy ta A w2, AR w—==, dods AH=AK.
+C b+c¢

b) Tir (1), 2) suy ra 25 = XC 113 AH = AK nén AH? = BH.CK.
HB  AK

189. (h.81) Goi E, F 12 giao diém clia AM, AN vdi BD ; goi G, H 1a giao di¢ém
cua MN vai AD, AB. Chimg minh GM = MN = NH.
A 6 B H

2
M
D C3F G
Hinh 81 Hinh 82
190. (h.82) Goi H 1a giao diém ciia CM va AB, G 1a giao diém cia AM va DF.
Ta tinh duge OG =12, FG =9, B - CF 1y BH _ 3 py_2 BH=BE
AB FG 6 9
ABAE = ABCH. Ddp s6 : AMC = 90°,
191. (h.83) Goi K la giao diém cia AC va FI, M la K F o1
giao diém cua AB va EH. Ta cé
ﬂ - ﬂ‘ (N A
FK ME
DC DE £
o 2)  H
FK FE = M
BD _FD _ BD-ME _FD-FE - )
ME FE ME FE Hinh 83
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_, MH _DE )

ME FE
FI DC
Tu(1),(2), (3) su — = —— nén Fl = DC.
i L

192. (h.84) Qua N ke EF // BC thi

NE = NF. (1
K¢ EG // HK thi

GK = KF, (2)
Dé chimg minh AH = AK. AE = AG nén

EH = GK. (3) B D M C
Tir (2) va (3) suy ra Hinh 84

EH = KF, AIHE = AIKF (c.g.c), IE = IF.
AIEF cén 1ai I, IN la duong trung tuyén nén IN _ EF. Do dé IN L BC.

193. (h.85) Qua C ke dudmg thing song song véi PQ, cit AB & N, cit AH 6 K.
Do HP = HQ nén KN = KC. Tir d6. KM la duémg trung binh cia ACBN,
KM // NB nén KM L CH.

M Ia tryc tam cua ACHK nén HM L NC. Suy ra HM L PQ.

A
Q
P
B C
A B
K
M —>(N
K
N E D C H
Hinh 85 Hinh 86

194. (h.86) Goi I la giao diém cua MN va AC, H la giao diém cua KN va DC.

Do MI = IN nén EC = CH. ANEH cin tai N. Tir d6 chimg minh duoc NM
1a tia phan gidc cua goc KNE.
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195. (h.87) Ta c6 MN = BC = ADMN I hinh binh hanh = AN // DM. Ta c6
AE _EN _EB  AE'=EBEF.

EF ED EA
N
A % F A a B
E
b
M A .
D C D Cc
Itinh 87 Iinh 88
196. (h.88)
o EX BB _AE _ AR=EKEOG.
AE ED EG

AE
b) Diéu phai chin h tuong duong véi —— + —— = |
) Diéu phai ching minh tuong g vai 2k A
AE DE AE BE ot AE AE DE BE BD

Tioh e m e Bl 5. § o s e e

AK DB AG BD AK AG BD BD BD

¢) Ta cé B.L (N
KC CG
KC _CG )
= - 2

Nhan timg vé& (1) va (2) ta duge % = DLG' =» BK.DG = a.b (hing 50, a va

b la do dai hai canh AB, AD).
197. (h.89) Tacé:
MH MK _BM MC _BC _

Cb  BE BC BC BC
Ta lai ¢6 CD = BE (vi AACD = ACBE), suy ra

MH MK | =MH+MK=CD.
cb | <D
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198. (h.90) Goi ba dudmg trung tuyén cia AABC la AD, BE, CF. VE D', E', F'
la hinh chiu ciia M trén BC, CA, AB. Ta ¢6 :
AM BM CM_MD' ME MF
AG BG CG GD GE  GF

baGD=GE =GF = 2 (h la chiéu cao cua AABC) thi téng trén bing

B D D C A B E c
Hinh 90 Hinh 91
199. (h91) VEEH L AB. Tacé:

— = — = —— mi AC = ABnén HE = AD.

Tir gia thiét suy ra AD = CF, ma AD = EH = BH nén AH = AF.
AAHE = AFAD (c.g.c) = AE = DF.
D¢ dang chimg minh duge AE L DF,

200. (h92) Dal SAFM =X.

MF _MD _DF 3
= ——=—nén S ==X (H
MA ME AE 2 el
B 3 ~ 3 _ 9 A E B
SAMD = Ex. SpMmF = ‘ESAMD = zx.
25
Tirdd Spgep = X 2)
Tir (1 2) S S i j i
(1) va(2) suy ra Spyp -—5 AEFD- Hinh 92
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201. (h.93) Trude hét ta c6

Tuung u, SENF = %SBEFC

6

Suy ra Sgmpn = 5 SaBcD = -2;5

Sarg _ Sarg Sapn _ AQ AP
SAMN  Sapy Samn AN AM

Ta cédn tinh cédc ti s6 — AQ AP
"AM
a) Ta céd ﬂ A—B 3::...._{‘9_:3:;&:2
QN DN AQ+QN 4 AN 4
AP AD AP 2 AP 2
PM BM AP+PM 3 AM 3 'v
- F W
| - )
Viay S =-8 2 D N [ o]
W SAPQ 2 AMN Hinh 93
b)Tacbg—z ﬂ Dalﬂ-klhiﬂ-mc
ND MC’ MC ND
Dat MC = x thi BM = kx. Dat ND = y thi CN = 2ky.
AP AD x+kx k+1 AP k+1
Tacé —_—=—= = = -
PM BM kx k AP+PM 2k +1
AP k+1
L (1
AM T2k +1
Mat khic. A_Q___£=y+2ky=2k+l
QN DN y 1
AQ 2k +1 AQ 2k + 1 @)

= =
AQ+QN 2k+2 AN 2k+2

Tl‘.l(l)vhtz)suyra-ﬁ’—.ﬂ- k+1 .2k+l
AM AN 2k +1 2k+2

=

1| —

I
Vay SapQ = 5 Samn-
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202. (h.94) VE MK // OA.1acé

OK _AM _ Swmok _ Smoa
OB AB  Syos  Saos

ik Saﬁx o Sl g S’ +S: 53 |
S §+8 58 Swmok

1 | |
S; S Swmok

(khong doi). Hinh 94

Chii y : Néu v& thém AA" L OM, BB' L OM thi tir “:‘I‘ + SL khong déi, ta
| 2
1 1 ‘. i i 2
co + khong doi, suy ra yvY + —— khong doi. Ta
F

%.OM.AA' }.OM.BB' BB

lai c6 MA 2 AA’, MB 2 BB  nén

L+—-]—-S—E—+L 14 hang s6.
MA MB AA' BB
Tir d6 ta ¢6 bai todn : Cho géc xOy va mot diém M nam trong géc dy. Qua
M hiy dung mot dudng thing cit hai canh cia géc @ A va B sao cho
| |

—— + —— |én nhit.
MA MB

Puimg thing phai dung la dudmg vuong goc véi OM tai M.

203. (h.95) Du dodn diém c¢6 dinh : Néu 1dy A’ thudc
Oy. B thuée Ox sao cho OA' = OA, OB’ = OB thi
b + - l Diém c6 dinh néu c6 phai la
OA" OB' k
giao diém cia AB va A'B’. Goi giao di¢m d6 1a C,
r0 rang C phdi thudc tia phan gidc cha géc xOy.
Chimg minh. V& tia phan gidc cia géc xOy, cit
ABo C. VECD //Ox thi OD = DC = a. Ta ¢c6

DC BD a OB -a a a 1 | 1
—_——— % — = > —+—=1 = — +—=—. Ml
OA BO OA OB OA OB OA OB a
khdc, theo gia thiét o= - . . -I- Vay DC =k, C la diém c6 dinh.

OA OB k
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204. (h.96) Ké AA', CC, EE', FF vubng gbc vai
BD. Goi O 1a giao diém cta AC va BD. Ta ¢6

] L -
eM_Ee 3 aa_oa 7
MF FF' %CC cCc' OC

Tuong v
f...N.. = % (2) Hinh 96
NE OD
Tur (1) va (2), do B4 = i nén
ocC 0D
EM FN EM FN EM FN

O o = — =— = EM=FN.
MF NE EM+MF FN+NE  EF EF

Cdch gidai khdc : Xem bai 216.
205. (h.97) a) Xem clu b.

b) Goi a. b, ¢ theo thir tr 1a khoing cédch tir A, B, C dén dudng thing
A'BC.Tacé:
Bl

A a
BC: © )
S 8 (2)
A'B b
BC' b
e (3)
C'A a
Nhan (1), (2). (3) ta duge diéu phai chimg minh. Hinh 97

Chii y :

1. Trong ba diém A', B', C thing hang c6 hai truomg hop : hodc c6 ding
mot diém, hodc ca ba diém nam ngoai AABC. Khong c6 trudmg hop khong
c6 diém nao hoac c¢6 ding hai diém ndm ngoai tam gidc. That vay, néu
AABC nim vé mot phia cua dudmg thing d thi d'khong cit bat cir canh ndo
cua tam gidc : ca ba diém A, B, C' déu nim ngoai tam gidc : néu AABC
ndm vé hai phia cia d thi trong ba diém A, B, C ¢6 hai diém thuoc cing
moOt nita mat phing bdr d, diém con lai thudc nita mat phing doi, dudmg
thang d chi cit hai canh cia tam gidc va khong ciit canh thit ba : chi ¢é6 mot
trong ba diém A’, B', C' nim ngoai tam gidc.
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2. Dao lai ta ¢6 : Néu cic diém A', B, C theo thit tr thude cdc duimg thang BC,
CA AB sao cho trong ba diém A", B. C ¢6 diing mot diém hodc ca ba diém
nam ngoai AABC va A g ea . .k = | thi ba diém A", B', C thing hang.

B'C A'B C'A
That vy, gia sir A" 12 diém nim ngoai AABC. Khi d6 B', C' hoac déu ndm
trén canh tam gidic. hoac déu nim ngoai tam gidc, do d6 dutmg thing B'C
cit BC tai mot diém A, nAm ngoai tam gidc. Ta sé ching minh ring A,
tring A" : Do A,, B, C thing hang nén theo dinh Ii thuan :
AB' CA, BC' _
B'C AB K.

Mat khic, theo gia thiét :

(n

AB' CA" BC' _ I 2)
BCA'B LA o
Tir (1), (2) suy ra SR - -Ci = A, va A’ chia ngodi CB theo cung mot
AB A'B

ti s6 = A, tring A". Do d6 A", B', C thing hang.
206. a) Qua A vé& dudmg thing song song v6i BC, cit BB, CC' d N, M (h.98).
Taco:

AB' AN
BC CB’
BC'  BC
CA AM'
CA' MA
A'B AN’

Nhan cic ding thiic trén theo timg vé, ta duoc
diéu phii ching minh.

b) Chimg minh tuong tu cdu a (h.99).

Chii y : Céc hé thitc viét & dinh 1i Mé-né-la-uyt va
dinh 1i X¢-va nhu nhau. Ché khidc nhau la vi tri
cua cic diém A", B, C':

- & dinh 1 Mé-né-la-uyt : ¢6 ding mot diém,
hodc ca ba diém ndm ngodi tam gidc.

— O dinh 1i Xé-va : khong ¢6 diém nio, hodc cé
ding hai diém nim ngoai tam gidc. Hinh 99
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207. (h.100) Goi E, F, R, S theo tha wr la trung
diém cia dudng cao AH, canh BC. MQ, NP.
Goi O 12 trung diém cha RS. Dung bd dé hinh /
thang chimg minh B, R, E thing hang, C. S. E M N
thing hang, E. O. F thing hang. Diém O 5
chuyén dong trén doan thang EF, trir E va F. AR

§14. Dinh li Ta-lét dao
208. (h.101)

Ml ID DM MC MK

) — = — =
—y

IA. IB AB AB

El IK . Al
b) — = — (cung bing —
) DM~ MC (cung bang AM)
ma DM = MC nén EIl = IK. Tuong tr IK = KF.
A 8 M A B
E F B €
I\ /K
D M Cc D C
Hinh 101 Hinh 102
209. (h.102) Goi M la giao diém cua AB va KC, N la giao diém cua AE va BK.
AN MK KA
Tacé6 — = —— (do AE // MC) = — (do AM // CD). Do dé KN // DE.
NE KC(O /I MC) KD(O / CD) I
210. (h.103)
NK//1c=> AN _ AK ()
Al  AC
I  AM
IM//BK = — = — 2
AB AK @)
Nhén timg vé& (1) va (2) duoc al 5C suy ra

MN // BC.

202

A

-
~
-~

A

s ~
‘\

A ¥

B QHFP c

(o]

Hinh 100

= 1K //AB (dinh i Ta-1é1 dio)

Hinh 103



211. (h.104) Goi O la giao diém cua AC va BD.
a) AE // BC = OE _0A

= 1
OB 0OC e AB
BG/AD= 2B 00 2) AN
Nhan timg vé& (1) va (2) duge a c
% - 9.9 suy ra EG // DC. Hinh 104
oD OC

b) Ta sé chimg minh ring % = % That vay, do EG // AB, BG // AD,

- AB OA O0OD DC
AB // CD nén =

= = — suy ra AB® = EG.DC.
EG OG OB

212. (h.105) Goi M la trung diém cua CF, N la trung diém cua DG. Chimg
minh ring AEMG = AFNH.

B
F
M
A ~ c
e
H N
D
Hinh 105 Hinh 106
213. (h.106) Goi H 1a giao diém cua AD, BE, CF.
Ta co e = IK // FE (n
IF DC KE
Tuong MN // FE (2)
Ta lai c6 I _DH_NE _ \N/FE 3)
FA HA EA
Tir (1), (2). (3) suy ra I, K, M, N thing hang.
" , : . : ; El FK
214. (h.107) Goi N 1 trung diém cua AM. Hiy ching minh rang =D

(ding ti s6 trung gian A—:: ).



Nhdn xér : C6 thé thay diéu kién "I, K 1a trung
diém cia MB, MC" bai diéu kién t6ng qudt hon
"I, K chia trong MB, MC thco cing mot ti s6”.

215. (h.108) Ki hi¢u nhu hinh v&, tacé

Tuong O LY suy ra HI = IK = KG. Hinh 107
HG 3

HN GP : 1 .
b hét chi inh —— = — (cung bing — ) d¢ suy ra NP // HG.
) Trude hét chimg min M P (cung biang 2) suy ra

n” "!‘D

M
[P AR

di qua trun

T e
o &
G-

3
[
c

&

b =
Q

Hinh 109

216. (h.109) a) L = HN// BD.

b) Goi G la giao diém cua HM va BD. Q la giao diém ctia HN va AC. Ta cé
MG A0 _BO _NQ

=—=—=0 MN.
GH OC 0D QH--“> QU A

Goi K 1a giao diém cua HO va GQ.

Do OGHQ la hinh binh hanh nén GK = KQ. Tir d6

chimg minh duge IE = IF, IM = IN, ME = NF. N
217. (h.110) Goi G la trong tam cua AABC.

Goi MN, BF la cdc dudng trung tuyén cha AABM.

TncéGO.LBthBCIlMNnénGO.LMN.B C
e la Hinh 110
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GO L ME. (n
Taco MO L AC, ma EG // AC nén
MO 1 EG. (2)
Tir (1) va (2) suy ra O la tryc tam ctia AMEG, nén EO L GM, uic 1a EO L BM.
218. (h.11D)

a) Hay ching minh NE // BD, NE = %BD.

KG // BD, KG = =BD, suy ra NE // KG,

w |

da NP = l\l(‘. Tuono
Lo do N 3.._. fuong

GQ = %NG.DOdéNP:PQ:QG.

E =
|

KG. Ti

Q

tu

i

1| =

D

Hinh 111

Chimg minh tuong tv d6i v6i cic doan thing con lai.

b) Truéc hét ching minh ring  Sgpk =%SAB¢D. tuong W

SPORS =%SEFIK- suy ra di¢u phai chimg minh.

§15. Tinh chit dudng phan giac cua tam giac

219. (h.112) ?—'g = ?—.2 = —:- nén AB = 3y, BC = Sy. Ap dung dinh Ii Py-ta-go

ta tinh duge y = 2, tir d6 AB = 6¢cm, BC = 10cm.

A
a M N
?D\
B C B D C
Hinh 112 MHinh 113
220. (h.ll3)‘ @ = ﬁE = .B—M = ﬁﬁm = EE:MNI/BC'
DC AC CN AC AB AC
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K A
221. (h.114) Ké DE // BK. Ta co%_ﬁ KE

KE KC’ y
AK 2 KE 2 E
Tinh — dugc =, tinh — duoc =.
RE S T Re T
B D Cc
Ddp 56 : :—K = -;1. Hinh 114

222. (h.115).

a) Chimg minh rang L E&

DB EC

e AD o Al i DE =k

A
s -m!ﬂ
m x s '
5 2 B M C
L S g .
a

m a+2m Hinh 115

c) Taco Ml = -DE =

. Céc diém I chuyén dong trén dudmg tron tam
a+ 2m

M bin kinh

(trir giao diém cua né véi BC).

a+2m

d) DE la dudng trung binh cua AABC <> AD = DB <> MA = MB <> AABC
vuong tai A,
223. (h.116) V& dudmg phan gidc cia
g6c ngoai tai A, cat BC 0 E. Ta cé A
EB _ AB _ DB _ 2

Suy ra EB = BC = 6¢cm, ED = 8cm.

KD-@=4cm . Ku.-:m - s
2 A
Cdch gidi khdc : Xem bai 236.
224. (h.117)
a) Giai tuong tu vi du 36.
b) Ta tinh dugc DM = Icm nén IG = %cm. 8 M ©

Hinh 117



225, (h.118). Dat AB=a, AD=b.

Tac6%=2 o L

—J =
MB a DM +MB b+a 0
DM b DM 2b
s | = = = . N
2DO0 b+a DO b+a
D Cc

Hinh 118

DM CN
Suy ra — = —, viy MN // CD.
Y™ o “co ™

226. (h.119)batBC=a, AC=b, AB=c.
Ta tinh duoc

CE = ab BO a=+c ;2 a+c F,

a+c B'E= b
coO a+b

B
T w—=— i
uong lu CF b Hinh 119

E a+b+c ()

Tir gid thiét suy ra (@a+c)a+b)

= . Tir d6 ta ching minh dugc
(@a+b+c)

[

a’ = b® + c* nén AABC vudng tai A.

tinh dugc EA = 10cm. E
Trong AAED can tai E, vé dudng cao EH. Lin luot
tinh duge AH = 6cm, EH = 8cm, Sppg = 48cm®, B D c

Sapc = 168cm?, Sppe = 235.2cm’. Hinh 120

228. (h.121)

a) Theo vidu 36 ta c6 CD = ® . BE =
a+c a+b

mab>cnén

b > = > a5 urc 1a CD > BE.

a+c a+c a+b Hinh 121
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b) Ta ¢6 CD > BE. BE = DK = CD > DK = K, > Cj. (1
Talaic6b>c = By > Cy ma By= K, nén

ﬁ: >62 (2)
Tu (1), (2) suy ra R. - R3> 63 +E‘-_» = EKC > ECK = CE > EK.

¢) CE > EK, EK = BD = CE > BD.

Nhdn xér : Tu bai todn trén suy ra :

I. Trong tam gidc ¢6 hai canh khong bing nhau, dudmg phan gidc img véi
canh 1én hon thi nho hon.

2. N¢éu mot tam gidc ¢6 hai dudng phan gidc bing nhau thi tam gidc d6 la
tam gidc can.

§16. Cac trudng hgp dong dang cua tam giac

229. (h.122) AABD va ABDC déng dang (c.cc). Td 5 4 g
giic ABCD la hinh thang. 20
230. a) Hai tam gidc déng dang (c.c.c). 8/ Ao
b) Khong thé khing dinh nhu vay. Hai tam giic
@ cau a ¢6 hai cap canh bing nhau va ba cap géc 0 25 c
biang nhau (vi hai tam gidc déng dang) nhung Hinh 122
khong phai la hai tam gidc bing nhau.

230; TR o6k, by wmichy = e o S s M B e
bc  be bc ¢ b
Do be = a” nén HP- h—hzh‘l-
a ¢ b
232. (h.123) AABD va ACBA déng dang (c.g.c) nén L -i=—|-.
CA CB 8 2
Suy ra AD = %CA =3cm.
A
12 18
B D 12 C
27
Hinh 123 Hinh 124

233. (h.124) ADCA va AACB déng dang (c.g.c). Pdp s6 : AD = 8cm.
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234. (h.125) Treén tia d6i cua tia AB 14y diém E sao cho AE = AC S5cm. Hay
chlmg mlnh AABC va ACBE ddng dang (c.g.c) dé suy ra ACB = E. Tir d6
BAC = ACE +E = 2E = 2ACB.

M
S B v
4
B 6 C A D N

Hinh 125 Hinh 126

235. (h.126)
a) BM . DN = 2%,
b) AMBD va ABDN déng dang (¢c.g.c) = M) =B

ABMD va AKBD ¢6 hai cap goc bing nhau = BKD = MBD = 120°,

236. (h.127)

a)Taco Dy= A2+ A3 va Dy= Aj+ C, ma Aj= A2 nen A3 =C.

AKAB vid AKCA déng dang (g.g).

A
b) Tir cdu a suy ra L . A_B
K AC \
ma D )
AC DC 4 2 )
K B D Cc
Hinh 127

nén KB = -‘I_EKA.

Do d6 KB = % KD. Tir d6 tinh duge KD = 4cm.

Céch khdc gidi cau b : Xem bai 223. A
237. (h.128) r
a) AABC va ADEC déng dang (g.g).

b) Sir dung cdu a va tinh chat dudng phan gidc

dé ching minh g—g = —g% vi ciing bing ﬁ 8 0

AC Hinh 128 -
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238. (h.129) a) Tacé E= A2= A1. AABD va AEBA déng dang (g.g).

b)Tuc:luasmmﬁE-B—D: - a-b
EB BA a+b C

Chii ¥ : Bai todn trén cho ta mot cdch chimg minh dinh 1i Py-ta-go.

- 2 2 2
. Tudésuyraa® =b~ +¢".

A A

1/3\2
b
E
Ba-bD b C b E

. B D c
Hinh 129 Hinh 130

239. Liy E trén AC sao cho ADE = B (h.130),
AADE va AABD déng dang (g.g)

ae B0 L AE .\ AD? = ABAE <ABAC
AB ~AD
(chii § ring AE < AC vi ADE = B < ADC).
240, (h.131) A
a) Trén tia doi cua tia BA lay BD = BC, B8
AACD va AABC dong dang (g.2)
:—C-AD AC? = ABAD =49 (1 AR
AB AC
= AC = 6cm. Hinh 131

b) Theo cdu a. ta c6
AC’ = ABAD = AB(AB+BC) = b =c(c+a)=c +ac. (1)

Tac6b>cnénchicohaikhinanglab=c+ | hodcb=c+2.
Néub=c+ 1 thitir(l)suyra(c+ l)2=c2+ac=2c+ l=ac=>cla-2)=1,
loai, vi ¢ = 1, a =3, b=2khong la cic canh cia mot tam gidc.
Néub=c+2thitr()suyra(c+2  =c’ +ac=>4dc+4=ac > ca-4) =4.
Xéte=1,2,4:chicéc=4,a=S5,b=06thod min bi todn.

241. (h.132) Trude hét tinh CD theo tinh chit duomg phan gidc : CD = 4cm.
Cdch . Tinh BD = 6¢m theo cédch gidi & bai 240.

210



Cach 2. V& duomg phan gidc CE cua ACBD. bat A
DE=x.EB=y,tacoCE =y.

ACED va ABCD déng dang (g.g) = D
ED EC CD _x_y 4 . . . ﬂ
——m—=———=Z=—— cic li 6 ttn L
Cb BC BD 4 5 Bp ¢V " >
ciing bing 2. pay BD Hinh 132
9 9
4

BD
E = 53 ta duoc BD = 6 (cm).
Cdch 3. Tinh BD theo cong thire t8ng quit duge néu o vi du 37 :
BD® = AB.BC - AD.DC.
242, (h.133) a) AADE can (co duimg cao ciing ia duomg A
phan giic) = D = E. Ki hi¢u a, B, y nhu hinh vé.
T gidc DBCE ¢6
204 2B+ 2y = 360" = a + f+y = 180°,
Ta lai ¢6 CKE+a +y=180° (xét ACKE) nén
CKE = 5.
Vay ADBK va AEKC déng dang (g.g).
b) Suy ra tir cdu a. Hinh 133

243. (h.134) Ta c¢6 §1| + B+ [3; = 180", ﬁl + DME + ﬁ: = 180° ma
B = DME nén Dy = M3.

ABDM va ACME déng dang (g.g). 5
K A
E
B D M Cc
Hinh 134 Hinh 135
244, (h.135)a) 2B, DF _BD DC _BC 2 vy DE+DF=2AM.
AM AM BM MC BM
. FK KE . KA
b) Chimg minh ring — = —— (ciing bing ——).
) g minh rang AM - AM (cung bing MC
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245. V& AADE bang AA'B'C nhu hinh 136. Ke EF // BC. B
AE AF _b" AF

EF BC — I — T — I —
d AB AC ¢ b - S
= bb' = c.AF. (0
AABC va A EDF déng dang (g.g)
BC_AB__a _¢ CF A D
DF ED AF+c a Hinh 136
= aa' = c.AF + cc'. (2)
Tiur (1) va (2) suy raaa’ = bb’ + cc’.
246. (h.137)a) Tacéd
fiyRew T,
My=90°-Cr=2,B
2 2
suy ra il = % = §|. Do d6 AAIM va AABI déng Hinh 137
dang (g.g).
b) Tir cdu a suy ra an = Bl nén Al = AM.AB.
Al AB
Tuong tu BI? = BN.AB. Do dé il- = ﬁ
BI> BN

247. (h.138)a) AC>AB= B > C = DBA > C2 = DBF.
Goi I 1a giao diém cua BD va CE thi G nim giira |

vaE, suyra

CG < CE. (n
b)[b§|>é|vhlﬁ-f’=éznenﬁC>EBsuym B C

CF > BF. 2) Hinh 138
AFBD va AFCG déng dang (g.g) suy ra

BD BF

—_—=— (3)

CG CF’

[3%]
(%]



Tiu (2) vd (3) suy ra
BD < CG. (4)
Tir (1) va (4) suy ra BD < CE.
Nhdn xét :
Tir bai todn trén (cing nhu tir bai 228), tasuy ra :

1. Trong tam gidc ¢6 hai canh khong bing nhau, dudmg phan gidc img vdi
canh 16n hon thi nho hon.

2. Néu mot tam gidic ¢6 hai dudng phén gidc bing nhau thi tam gidc dé la
tam gidc can.

248. (h.139) a) AMAD va ADAC déng dang (c.g.c)

» D
= MD:MA = MD=-=.3-=l = MD=a.
DC DA 22 a 2 a 2a
b) — Dung dudmg tron (B ; a). cit tia Bx 0 C.
~ Dung cdc duong tron (A : a) va (C:2a), A"'M B C X
chiing cit nhau ¢ D. e
Hinh 139

~ Dung dudng tron (D : DA) cit ABo M.
249. (h.140)a) Tac6 Gy = Fy (ctng bing ABC).
AAGM va ACFM doéng dang (g.g).
AG MG

b) Tir cdu a suy ra — = —. Do AG = DH,
CF MF
CF = MH, MG = BF nén 2. . BE o HC
MH MF

Hinh 140
Do d6, ADHM va ABFM déng dang (¢.g.c).

Suy ra MDH = MBF., tiic 1a MDC = MBC.
250. (h.141)
a) Ta c¢co6 D\‘!C DVIE+CMF mit khic

D'VIC B+ BDVI mi DME=B nén
CME = BDM. Hinh 141
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Do d6 ABDM va ACME déng dang (g.g)

- BD _BM _ BDCE=CM.BM=2a%.
CM CE

. DM _BD _ DM _BD
b) ABDM va ACME dng dang cdn suy ra : = = == = =0 = op

(vi CM = BM). Do d6 ADME va ADBM déng dang (c.g.c) = MDE = BDM.
¢) Tur cu b suy ra DM la tia phan gidc cua goc BDE, EM I tia phin gidc
cia géc CED. Ké MH L DE, M1 L AB, MK L AC. Tac6 DH = DI, EH = EK,
do d6 chu vi ADE = Al + AK = 2AK.

Ta lai ¢c6 CK = N:C = % AC = 2a nén AK = 1.5a. Vay chu vi tam gidc
ADE bang 3a.
251, (h.142) a) Taco A M @ B
HOD + O = 135°, OGB + Oy = 135°
nén HOD = OGB. 0/
AHOD vi AOGB déng dang (g.8). ¥
b) Tir cdu a suy ra L, = E
OB BG D HC
Hinh 142
Dat BM = a thi AD = 2a, OB = 0D = av/2. P
Tacod
HD.BG = OB.OD = av2.ay/2 = 2a.a = AD.BM
HD _BM
AD BG'

AAHD va AGMB déng dang (c.gc) suy ra

AHD = GMB. Do d6 HAB = GMB, viy MG // AH.
252, (h.143) AABC va AAKE déng dang (g.g) =

:—g = :—2 do d6 ABAK va ACAE déng dang (c.g.c).
Tuong wr ADKE va ACAE déng dang. Suy ra

ABAK va ADKE déng dang. Ti s6 dong dang bing Hinh 143
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i‘é— = | nén ABAK = ADKE = BC = DK. Tuong 1w CD = BK. Vay BCDK

12 hinh binh hanh,
253. (h.144).

Phdan tich. Goi a, b, ¢ 1a do dai cdc canh cua
AABC phii dung. Ta ¢6 ah, = bhy = ch,.

Chia cho hyhy duge —— = 2= —<—. Do
hy by Byhy
hC

Hinh 144

d6 ba canh a, b, ¢ ti 1& v6i h,, hy, Eﬂb—
a h,

Biét h,, hy. h. ta dung dugc k = E;Eh (dung doan ti 1¢ thit t). Do d6 ta

dung dugc mot tam gide déng dang vai tam gidce phai dung.
Cdch dumg. Dung AB'C' ¢6 AB' =k, AC' = h,, BC = hy,.
Dung dudng cao AH'. Trén tia AH' dat AH = h, . Qua H dung dudmg thing
song song vdi B'C', cit AB', AC' & B, C, 1a dugec AABC céin dung.
Chimg minh. Goi BD, CE la cdc duimg cao ciua AABC. Ta sé& chimg minh
ring BD = hy,,CE = h_.
Ti s6 hai dudmg cao bing ti s6 nghich diao cha hai canh trong img nén
AH AC h AC

.—..—.—:)-—a-z— (l)
BD BC BD BC

Ta lai c6 ﬁs:ﬁ:.’h (2)
BC B'C" hy

Tir (1), (2) suy ra %‘-:%’-nénBD: hy.
b

Tuong w nhu trén, ta ¢6

AR BB oy 2D 3)

CE BC CE BC



Ta lai ¢6

4)

Tir(3.(4)suyra£a-=£i- nén CE = h,.
CE  h,

Bién ludn. Bai todn ¢6 mot nghi¢ém hinh < dung dugc AAB'C <
1 1

h,h
h, —hy| <=2 <h, +h
la b|< h a thb ha

C

Chui y : S€ khong chinh xdc néu dung AA'B'C’ nhu sau :
- Dung tam gidc ¢6 do dai ba canh bang h . hy.h..
- Dung AA'B'C’ ¢6 d06 dai ba canh 1a chiéu cao cua tam gidc trén,
- AA'B'C’ dong dang véi tam gidc phai dung.
Sai 1dm cua cich dung ndy la ngay trong budc dung thir nhat dia doi hoi
trong ba doan thing h,.hy.h.. méi doan phai nhé hon tdng ctlia hai doan
kia, trong khi diéu kién d6 khong nhat thiét phai ¢6. Ching han, mot tam
gidc cdn c6 canh diy a. canh bén btrongdéa:b=1:5thi hy:hy =5:1
do d6 hy:hy :h,=5:1:1, tam gidc ndy c6
hy,>hp+h,.

254. (h.145). Chi y ring AMDE = AAED nén cédn
dung AAED déng dang véi AABC. Dung E' bat ki

thuoéc AC. Dung D' thuéc AB sao cho AE'D'= B.
Goi I 1a trung diém cha D'E’, giao diém cla Al va
BC cho ta diém M.

255. (h.146). Lay N' bat ki thuoc BN, ké N'M' // NM,
N'C /I NC.

Taco:
BM' M'N' BN' N'C'
BM MN BN NC
= BM': M'N': N'C' = BM : MN : NC

= |25, Hinh 146



Tir d6 suy ra cdch dung : Trude hét dung tr gidc BM'N'C' biét ba canh va
hai géc ké véi canh thi w : BM' = a, MN' = 2a, NC = a
(a 12 mot do dai tay y). M'BC' = ABC, N'C'B = ACB, cich dung duoc
thé hién trén hinh 146. BN’ cit AC & N. Dung NM // N'M".

256. (h.147). Goi O la giao diém cua AA' va BB Ta

: : D C
s&¢ chimg minh rang cic dudong thang CC', DD’ y
ciing di qua O. That vdy : "'
OB' OA' A'B' B'C’ g A
OB OA AB  BC 2
Do d6 AOB'C' vd AOBC déng dang (c.g.c) /'O
= B?JC = ﬁ A c DB
Tir d6 C, O, C thang hang. Tuong w D, O, D ik i

thing hing.

§17. Cac trudng hgp déng dang cta tam giac vuéng
257. (h.148) AEHB va ACGF déng dang (g.g). Pdp 56 : 4cm.

A A E B
E F
F
X
ul O
B2H G 8 Cc D Cc
Hinh 148 Hinh 149
258. (h.149) Tir AADH va AACF dong dang (g.g) suy ra dugc
AD.AF = AC.AH (n
T AACE va AABK déng dang (g.g) suy ra duoc
AB.AE = AC.AK (2)
Tu(l)va(2)suyra:

AD.AF + AB.AE = AC(AH + AK) = AC".
259. (h.150) Ké HK' L BC. Tir cdc tam gidc déng dang, ta ching minh duge
BH.BD = BK.BC (N
CH.CE = CK.CB (2)
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Cong (1) v6i (2) 1a duoc ding thirc cdn chimg minh.

A
A
D >
& 5>
K X c
=
B K c 8 ;

Hinh 150 Hinh 151
260. (h.151) Lo (chi y ring AABE va AACF dong dang) =
KF CF AF

AK // BE = AK L AE.
261. (h.152) Bat AH = 12k, AM = 13k thi HM = 5k, CH = I8k (gia sit AB < AC).

kK2
Ta ¢c6 AAHB va ACHA déng dang nén AD = il = X ==,
CA HC 18 3
A
A
B H M C

Hinh 152 Hinh 153
262. (h.153)
Cach 1. V& M doi ximg véi B qua D, AEAB va ABMC déng dang (c.g.c)
= Ej = MBC.

Do d6 E; +C = MBC + C = Dy = 45°.
Cach 2. Dat AB=AD=DE =EC =athi
BDz=a2+a2=Za?‘::’.a.a:CD.ED: Q = Q
BD ED

ACDB va ABDE déng dang (c.g.c) = C = DBE.
Do dé é1+e=é|+lﬁE=6|=4S°.



263. (h.154) HD : V& BH L CD, MK L BC. AMKN va ABHC déng dang (g.g).

A B
A B
K
M N K /o“\‘\
Zh
AR = a
ol
D H (o] N
Hinh 154 Hink 155

264. (h.155) Vé BH L CD, MK L AD, AMKN va ABHC déng dang (g.g) nén
tinh dugec MN = 12,5¢m.

265. (h.156). Goi M la giao diém cua FO va AB
(O la tam cua hinh binh hanh),
Ta ¢6 Sompe = Sorce Ma Syoe = Spop Nén
S.\'BE = SFCE‘ DO d6
EB.MI = EC.FK (MI, FK L BC).

Va — I — I e— I e—
" EC MI MB FD Hinh 156

266. (h.157) Qua M vé dudng vudng géc véi AM, cit AB & N. Hay chimg
minh ring MN = %AM. do d6 dung duge diém N.

C6 hai cdch 14y di€ém N vé hai phia cia AM nén bai todn c6 hai nghi¢m hinh.

A B N
4
D C
Hinh 157 Hinh 1358

267. (h.158) a) AEGC en ACKA (g.g)
L
AK AC AB AK
b) Suy ra DICG Ia hinh binh hainh = CI = DG = m. Dung K r6i vé& dudng
tron (C; m), cit BK a I
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Tuy theo s6 giao diém cua dudng tron véi BK ma bai todn ¢6 0. 1, 2
nghiém hinh.
§18. Ti s6 cac dudng cao, ti sé dién tich cia hai tam giadc dong dang
268. (h.159) Chu y ring

8
Sa : Sapcp = 55 <

| =

nén M thudce tia d6i cia tia BA. Goi E la giao diém cua
DM vi BC, dat EH = h|, EK = h,, HK = h (EH la dudmg
cao cua ABEM, HK la duimg cao ctia hinh thang).

15 12h, |
Spic = —brxacn = Son - 2

ABEM ¢~ ACED
BM EH BM h, |
= = '
CD EK 12 hy, 5

Vay BM = 2.4cm.

269. (h.160) Qua O v& dudng thing song song vdi AB, cat CM, DM thirwr o I, K.
Cl cit OD ¢ G, DK cit OC ¢ H.
OG OH Ol OK IK

Taco — g — I — e — I —
GD HC CD CD CD

Toéng khong d6i bang h; : h, (h, la khodng cdch tir O dén AB, h, la chiéu
cao hinh thang).

e

AN

A A
Hink 160 Hinh 161
270. (h.161) Goi giao diém cua A'B' véi AB la O. Hay chimg minh ring O 1a
OA AA' b

diém ¢6 dinh (O chia trong doan lh"tm: ABthcotis§ — = — = L
OB BB h,

)
9
o



271. (h.162) Goi G la trong tam cua AABC, H 1a trung diém cua CG. Lay

Sgpy 1am trung gian : §' = 9S4, va S = 128y

A A

BH M
Hinh 162 Hinh 163

272, Ki hiéu nhu trén hinh 163. S\“C = ‘!‘SABC SAHC = —SAM‘

Ta tinh duoc ti s6 dién tich cdc tam gidc NMC va AHC, nén tinh dugc ti s0

w
AL . Ddp 56 : NM = 12cm.
AH’
273. (h.164) Goi O la giao diém cia AD va BC. o
Dal S'\a.\;_\' = S_“_\'(*D =S Dal MN=x .
N A B8
AOAB c» AOMN nén —OAB_ _ (EJ ;
Somn  \x
" 2 M N
AODC e» AOMN nén —9DC. - (i] .
Somn X 0 a c
Do dé Hinh 164
a® +b> _ Socp +Soan _ (Somn *+8) + Soun =S _
x? SomN Som~
2 2
2 _a“+b’
vay X = 2 ‘ A B
274. (h.165) Trude hét ta tinh dién tich cic tam gidc
AlE, DHF.
Dé dang chimg minh duge AF L BE. E :
AAIE ¢~ AADF nén :
b |
SAIE B AEZ | D H F C
et Pl et
SADF  AF® 3 Hinh 165



1
Tacé Sppr = lem® nén SAlE = -S-cmz.

ADHF va ABHA déng dang theo ti s6 % nén ta tinh duge dudmg cao HH'

B

cla ADHF bang cm. Do do SDHF = -icm

(PSRN IS

Tir d6 1a tinh dIIﬂC SEI"D = 'I%sz.
275. Goi dién tich cua tam gidc nho la x (em’). ti 6 dong dang cua hai tam

gidc lak (x,k € N).

o o REI8 .9 . 18 .
Ta co =k” nén — =Kk
X

1]

1 - - . - o — & = -
-1 vak™ - iidudc coa i8. Tiu do tim

X
dugck=2,x=6.
Dién tich cua hai tam gidc 1a 6cm® va 2dem’.
276. (h.166) V& tam gidc déu BCF (F va A cing
phia d6i véi BC). Trén canh FB ldy G sao
cho FG =AB. Ta ¢6 AACG can ¢6 géc ¢
dinh bing 20°, AABC = AGFC (c.g.c).

Dat Sgep = Sy. Sapp = S». Ta ¢6 AECD va

AACG dong dang (g.g),
|
B s 1
1 = 2Saco M :
N B E C
Sy = 5 ABC = I(SABC +Sgrc) 2 Hink 166

Tu (1) va(2) suy ra

S| +S5; = :(SAOG + SaBc *+ Sgre)

277. (h.167) Theo tinh chit dudng phan gidc :

Al AB [A!]z AB?  AE? + BE2 (Aef
—_— — = — - = = | — +| (l]

IE BE IE) BEg2 BE2 BE )

(]
(o]
[} ]



278. (h.168) a) Ta c6

AAEB vi ABEH déng dang (g.g)

o (2] S AE

. (2)
BE) Sgey HE
Tu (1), (2) suy ra
s
(ﬂ)=x+|=9:£=3. B E
IE IE

"
ﬁE: A—G= = nén KG // BC vaKG = zBt('.‘
AB AC 3 3

Do d6 NK = %NC. suy ra CN = =CK.

A

3
Chimg minh tvong v, CP = ';CI.

Hinh 167

‘;
Suy raNP//IK va NP = -35-“( :

Hinh 168
Chimg minh twong tw. MP // BC. MN // AC.
3 310 I 1

b)NP= ZIK = =.—AB = —AB. Do d6 Synp = —San.

) 5 53 5 MNP = 52 ABCD

279. (h.169) Ké EN // BC. cit AH & M, cit AB A

& N. Ta thiy AABC va AANE déng dang. /
Trude hét ta tinh SANE -
ABDG can tai B. Do NE// BG nén ANDE k

dntai N n 3
o o4 b B8 H F G C
Ta dé dang tinh duoc Hinh 169

EN = 2EM = 2.20 = 40 (cm)
Suy ra NE = 40cm, NA = 25 cm.
Tacé6 AM? = AN2 - NM? = 252 = 207 = 225 nén AM = 15cm.

SANE =%NE.AM =%.40.1s =300 (cm?).

Cc

o
2
.



Bay gitr ta tinh ti s6 déng dang :—: cia AABC va AANE.

ABDG ¢6 DE = EG, EN // BC nén BN = ND = 40cm, do d6
AB w025+ 40 565 i) 2o D23,

(13 169 2
S =S ; = 300.—= 2028(cm~).
ABC ANE r\ 5 ] 25 (c )

§19. Ung dung thyc t& clia tam giac déng dang
280. Dip s6': 25m.
281. Ddp s6': 2,7m.

Chuong IV - HINH LANG TRU PUNG. HINH CHOP PEU

§20. Hinh hép chir nhat

282, (h.170). Chimg minh ring MN // AC // A'C // IK.

283. (h.170). Ta tinh dugec AC = Sem, CC = 12cm.
Dién tich xung quanh : 168cm’, dién tich toan
phin : 192cm’.

284. Goi a, b, ¢ la cic kich thude cha hinh hop chir
nhit, tacé :

4a +b+c) =140 AT B

Hinh 170
2 2 B
Ja" +b“+c” =21

Dién tich toan phin bing :
2(ah+hc+ca)=(a+b+c)2-— (a2 +b° +c2)

= 352 — 441 = 784(cm?).
285. (h.171)
a) Giao tuyén la BB'.

224



b) DM cit D'C ¢ 1. I 1a giao diém phii tim.
¢) BM cat BC 0 K, K Ia giao diém phai tim.

K
G
§ s
A _! B‘ =
o] S
+ E
) S
' A ’r T:"-" c-
A B
Hinh 17] Hink 172
286. (h.172) AD // B'C' (vi cling song song vdi BC) nén 0 c
AD // mp (MB'C). i YA
AMCT 12 hinh binh hanh nén Al // MC, do d6 Af
Al // mp (MBC). :
Do d6 mp (ADI) // mp (MB'C). I =
287. (h.173) HI // BA' // CD' = HI // mp (ACD) (1) o K[ ¢
HK // AD' = HK // mp (ACD') ) A -

Hinh 173
Tir (1) va (2) suy ra mp (HIK) // mp (ACD)).

288. Xem hinh 174. Giai tuong tu vi du 46.

IIEN]
o.- LA e e
(]
o .‘u > . t. b i
. eoee . °
. ® 4% |ooe] oe
[ ] ™ ® .'
[}
Ll
a) b) c)
Hinh 174

289. Trii sdu mat cua hinh hop chir nhat ABCD.A'B'C'D’ nhu trén hinh 175a.
D¢ di theo dudng ngin nhit tir E dén E' (E thudc canh AB ciia mat ABB'A'

va AE = %AB. E' thudc canh AB cua mit ABCD) trén mat khai trién, con
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nhén phii di theo doan thing EE'. Duong di cua con nhén trong phong la
duomg EFGHIKE trén hinh 175b.

A A FE B

K
A o' 1 D

/ C DH_ ¢

H ] ;..
I s
A B' G c' A :’:
iy
F 1
/ Ky?
A E 8

A E B Cc

a) b)
Hinh 175

\
O

290. (h.176) S, = 4a°V3.V = 2'V3.
D >

" C
1
A l \‘ B ]
] ‘\ A : B
: ‘\‘ ke : "-- N
: \‘\ M '_,a1:'
b= A o = = 0
" C' - D T~
/"D ~ \‘\ o
Al B‘ Al B'
“Minh 176 Ninh 177

291. (h.177) AC = MN = 8cm, BD = 8cm, BB' = 10em. Ddp 56 320cm”.

292. Tathdy 36:3=12,15:3=5,16:3 = 5%. S6 hinh lap phuong canh
3cm nhiéu nhit chida trong hdom 14 : 12 .5 . 5 = 300 (hinh). Do d6 cdu tra
loi B l1a ding.
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293, Goi do dai cic canh diviaavab, chiducaolac. Tacoa+b =9 vi
abc =42 nén a, b 12 udc cua 42 va nho hon 9.

Cicudc cua 42 manho hon 912 1, 2. 3. 6. 7.

"
Néu cic canh diy la6va 3 thic = -(-1-'; Khong i so tu nhién.
)..

; 42 >
Néu cdc canh ddy a7 va 2 thic = e = 3. Vay cac canh cua hinh hop chir

nhdt 1a 7em, 2em, 3em.

294. Hinh lap phuong ¢6 8 dinh. $6 doan thing ¢6 hai mdt 13 hai diém trong 8

dinhdé1a: B2 nog

"

295. Lic déu. 16ng tim s6 ¢ cdc dinh cda hinh lap phuong 1a 5. Sau méi budc,
t6ng tang thém 2 don vi, nén ng cic s6 & tim dinh luon luon 1a s6 1é.
khong thé chia hét cho 8. Do d6 khong thé xay ra tim s6 bang nhau.

296. Goi sdu s6 ghi trén cic mat cua hinh 1ap phuong 1i a. b, c. d. e. g.tacod
a+b+c+d+e+g=21 Goixlatong phai tim. Do hinh lap phuong ¢o
8 dinh, mdi dinh 1a t6ng cia ba s6 (trong sdu s6 trén) nén x la 16ng cia
24 50. Cdc s6 a, b, ¢, d. e, g ¢0 50 ldn xudt hién nhu nhau trong tong X nén
mdi s6 ¢6 mat 24 : 6 = 4 (lidn).

Viyx=4(a+b+c+d+e+g) =421 =84,

297. Giai wong w vi du 47. S6 phai tim o cic cau a. b, ¢. d theo thi 1 tuong
duong s6 hinh 1ap phuong nho duoc son 0, 1. 2, 3 mat.
Ddp sé':a)27:b)54:¢)36:d)8.

298. Néu ta ldy ra cic hinh 18p phuong don vi duoc son thi con lai hinh lip
phuong canh 3 chira 3.3.3 = 27 hinh lap phuong don vi khong duoc son.

56 hinh lap phuong don vi ¢6 it nhat mot mat duge son la : 125 - 27 = 98,

299. Ba mat chung dinh phai son boi ba mau khidc nhau. Vay s6 miu khong
th¢ it hon 3. S6 maw 1a 3 khi ba mat con lai son cing
miu vl mat doi dién vdi n6. Vay s6 mau it nhat cén &

dung 1a 3. Do d6 cau tra 11 D la ding. c
300. Ta nhin thay nhiéu hinh lap phuong don vi nhat khi ¢6 A

ba mat cua hinh 1ap phuong 16n 16 ra (ba mat A, B, C

trén hinh 178). Hinh 175



Gia sir ta bo di cdc hinh 1ap phuong don vi dugc nhin thiy : bo 16p ngoii
ctia mat A, 16p ngoai ciia mat B, 16p ngodi ciia mat C thi con lai mot hinh
lap phuong canh 9. gém 9.9.9 = 729 hinh lap phuong don vi.
Ciic hinh lap phuong don vi nay khong nhin thiy.
Nhu vdy s6 hinh vuong don vi duge nhin thiy nhiéu nhat 1a :
1000 - 729 = 271.

301. (h.179) Trong ldn khoan thit nhdt ¢6 5 hinh lap 03
phuong don vi bi xuyén. Trong lin khoan thi hai
¢6 thém 4 hinh 1ap phuong don vi bi xuyén. Trong
ldn khoan thir ba ¢6 thém 4 hinh lap phuong don
vi bi xuyén. Vay tat ca c6 13 hinh lap phuong don
vi bi xuyén.

Nhdn xét : Hinh 1ap phuong don vi ndm ¢ tdm cua ;
hinh lap phuong 16n bi xuyén ba ldn. Hinh 179

302. (h.180) Téng cong phai duc bay khéi 1ap phuong don vi (canh 1dm).
g6ém sdu khoi & sdu mat vi mot khoi o chinh gira bén trong (xem h.180b).

ya 4

m ) -
Ln_)

a) b)
Hinh 180
Dién tich todn phén ciia khi g lic ddu : 3.3.6 = 54 (dm").
Sau khi duc mot khoi 1ap phuong don vi & mbi mat, mat ngodi cia khéi gd
giam di 1dm”, nhung bén trong tang thém 5dm”. Do dé sau khi duc sdu
khoi & sdu mat thi dién tich cia khoi g 1a :
54+ (5 1). 6= 78 (dm").
Khi duc not khéi 1ap phuong don vi & chinh giira, dién tich khoi gb giam di
2
6dm” (1a dién tich toan phén cia khai 1ap phuong don vi dy).




Viy di¢n tich toan phin cua khoi go con lai la :
78 - 6= 72 (dm 2.

§21. Hinh ldng tru dimng

303. a) Vai da gidce ddy ¢6 100 canh, hinh lang tru ¢6 102 mat. 200 dinh, 300 canh.
Vi da gidc ddy c6 n canh, hinh lang tru ¢6 n + 2 mat, 2n dinh, 3n canh (n 2 3).
b) Suy ra tir cdu a.

304. a) Goi n la s6 canh cua da gidc ddy. S6 dinh cua hinh lang tru la 2n (véi
n = 3) nén khong thé 13 25, 17, 11, 4.
b) Goi n la s6 canh cua da giic ddy. S6 canh cua hinh ling tru la 3n (vGi
n 2 3) nén khong thé 1a 20, 32, 6.

305. (h.181). Goi O la giao diém cua AC va BD. Ta ldn luot tinh duge AC = 200,
OA’ =50, BD® = 56, OB* = 14, AB® = 64. Ddip 56': AB = 8cm.

¢ A c
™NO ‘
' —
A Sail " B
I
"B "n‘
' pT S [
SN A ¢
Phs \
A B' B'
Hinh 181 Hinh 182
3
2a 2 a3
306. (h.182)2) AB= . b) Syq =2V3a?; V= 3

307. Goi a la chiéu dai cua ddy chau va x 1a chiéu cao cua muc nude phai tim
(don vi : dm). Khi thing nudc dat nam ngang thi khéi nude la mot hinh
hop chir nhat c6 thé tich 10ax (dm’).

Khi thiing nude dat nghiéng thi khéi nude 1a mot hinh lang tru dimg, c6
chiéu cao 10dm, ddy la moOt tam gidc vuong ¢6 cic canh géc vuong 1a 8dm

va i—a. thé tich bing %.8. %a. 10 = 30a (dm*)

Tir 10ax = 30a, ta tinh duoc x = 3 (dm).

2
2
L =]



§22. Hinh chép déu. Hinh chép cut déu

1 2
308. (h.183) Ta unh duoc OA = % SA- =300, SA =300 (cm)

-

S
N
A
M
B
Hink 153 Hinh i84
309. (h.184) Ta tinh duoc s
CM = 3. MN?’=MC?-NC*=3-1=2. 4
Pap so: MN = \/5
310. (h.185) Ta tinh dugc
12
$= =V3. h=12, V=153 (m?).
311. (h.186) Hinh lap phuong c6 12 canh. Sau méi 1in A D
cura, so canh tang thém 3 nén sau 8 lin cua s6 canh
tang thém 3.8 = 24, SO canh cua phin gb con lai la B c
12+ 24 = 36. Do d6 D la cdu tra 1on ding. Hinh I55
D C D C
v, a7
8
c c
A B A B
Hinh 186 Hink 187

312. (h.187). a) Pap so : -(l- Xem vi du 50.
]

b) Hinh 1ap phuong ¢6 6 mat, 8 dinh, 12 canh. Sau khi bi cua, s6 mit
tang 1. s6 dinh tang 2. s6 canh tang 3. Do do phin g6 con lai ¢6 7 mat,
10 dinh, 15 canh.
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313. (h.188) a) Phdn gd con lai ¢6 14 mat : 6 mat 1a hinh
vuong va 8 mat la tam gidc déu.
S0 dinh cua phdn gé con lai la s6 dinh cia 6 hinh
vuong, trong dé6 méi dinh duoc tinh hai ldn, nén s6
Sl 22 1o

2

S6 canh cia phidn gé con lai la so6 canh cta 6 hinh Hinh 188
vuong, nén sé canh a4 . 6 = 24,

b) Goi canh cua hinh lap phuong la 2a, thé tich hinh lap phuong la 8a’.
k]

Mai hinh chép & méi géc ¢6 thé tich *—.

6
4
Phéin g6 con lai ¢6 thé tich : 8a” - § . 1:—= "0: :
Al o
200 3 S
Ti s0 phai tim la :(8a”) = -6-

314. (h.189). Goi a la canh cua hinh chép, M la
trung diém ctua AB. Lén luot tinh duoc :

2 a3 aJE

CH=ICM 3 SH==1
2 2 2
o =CH?+OH* =22 -2
36 2
2
Tuong tv OB® = OA” = "T Hink 189

] ]
ABOCc¢6 OB+ 0C? =“T+"T=az= BC? = BOC = 90°.

Tuong tu, AOB = COA = 90°.
315. (h.190) a) Ta tinh dugc

Ty —
CK=22-2_
=

-

C'K =

o=

av'3
b) qu = (da + Za).# = 3\@;12.



316. (h.190) a) S, = (4a + 2a)a = 6a’.

2 &t
b) CK = % C'C=C'K2 + KC:=a? +(%) I LR\ £

)OC = O'C'a. HCuOC=0'C' = —pe,
¥ T 2 N

C'H? =c'¢? - Hc? =[

aV3

:acn=—- 00=2

J- .

317. Goin la sd canh cua da guic ddy cua hinh chép. S6 mat cia hinh chép la
n+ 1,56 dinh lan + 1, s6 canh 13 2n, do d6 :
M+D-C=(n+1)+(n+1)-2n=

318. (h.191) Goi M la trung diém cua BC, I 1a giao diém cia KG va AM. D6 la
giao diém cua dudng thing KG va mp (ABC).

Hinh 191 Hinh 192
319. (h.192) Goi T la trung diém cua BD. Xét AMTN :

MN < MT +

=
(™)
[§5]



320. (h.193) Ki hi¢u nhu trén hinh vé. Dé dang chimg minh EFGH la hinh
binh hanh, goi giao diém hai dudmg chéo EG va FH la O. Ta thiy IFKH
ciing 1a hinh binh hanh nén O ciing la trung diém cua IK.

Hinh 193 Hinh 194

321. (h.194)
Diém D € AB ma AB nim trong mp (ABC) nén D € mp (ABC) (n
Piém D € A'B'ma A'B' nim trong mp (A'B'C’) nén D € mp (A'B'C’) (2)
Tir (1) va (2) suy ra D thudc giao tuyén cua mp (ABC) va mp (A'B'C).

Chimg minh tuong tu, E va F cling thudc giao tuyén coa mp (ABC) va
mp (A'B'C’). Vay D. E. F thang hang.

322. (h.195) Goi AB la canh 16n nhit cua hinh chép. Ta A

sé¢ ching minh ring hodc ba canh xudt phat tr A,

hoac ba canh xudt phdt tir B thoa min bét ding thic

tam gidc.

Xét hai tam gidc nhian AB lam canh : 8 D
AABC: AC+BC>AB c
AABD : AD + BD > AB. Hinh 195

Suy ra (AC + AD) + (BC + BD) > 2AB. D

T6n tai mot trong hai téng : AC + AD hoac BC + BD
16n hon AB.

323. (h.196) Xét canh c6 do dai nho nhat 1a 7. Hai canh A B
@ cung moOt mat véi canh d6 phai ¢6 hi¢u nho hon 7, 7 26
chi cé thé 12 : 13 va 18, hoac 36 va 41. Gia sir AB =41, c
BC=36.AC=7. Hinh 196
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Khi d6 CD. AD nhin cidc gid tri {13 : 18} .
= XétCD = 18. Khido AD = 13, BD = 27, AABD ¢6 AD + BD < AB, loai.

= Viy CD = 13, AD = 18. Do dé6 canh doi dién vai canh AB (c6 do dai 41)
la canh CD (c6 do dai 13).

CHUYEN DE

Tinh cac dai lugng hinh hoc béng céach lap phuong trinh

324. (h.197) AE. BE la cic tia phan giidc cia cic goc ti A B
(E € DO). Gia sit AE = I13¢cm, BE = 15¢cm. V& W\
AH L CD, BK L CD. D¢ dang tinh duoc EH = Sem, i |
EK = 9cm. Chi ¥ ring ADAE c¢an tai D. dt D H E K C
AD=DE=x1thiDH=x - 5. Hinh 197

Giai phuong trinh
(x - S): +12°=x° duge x = 16,9 (cm).
Tuong wy, ta tinh duoc BC = 12.5¢m. Con AB = l4cm, CD = 29 4cm.
325. (h.198) Goi K la giao di¢m cia BE va CD. Dat Sgap = X.SgAg = V-

Tacédx+y= %5- y+x= iS. D¢ dang tinh duoe x +y = %S.

A A

Hinh 198 Hinh 199

,
326. (1.199) it Skap = 4. Sk =b. Taco3a+b= 1. 20+ 3b= s.

Ta tinh duge b = %s. Do do Spke = ;s.
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327. (h.200) Goi do dai canh ddy cua tam gidc 1a x (cm), do dai canh bén 13

B

y(em). Ta ¢6 10x = 12y vi (%] +10 = y?'. Ta tim duge x = 15. Dién
tich cua tam gidc bang 75¢m”

fh1. b Wi
nnn i

328. (h.201) Xét AABC c6 trong tam G, dudmg trung tuyén AD. Goi K i trung
diém cia CG. Tam gidc GDK ¢6 ba canh bang 10, 17, 21 (don vi : cm).

Ta tinh duge Sgpk = 84cm’ (gidi nhu vi du 53).
Sanc = 1008cm?.
329. (h.202) Bat BE = CF = DG = AH = x thi
AE = BF = CG = DH = kx.

Tacé AE2+AH? =EH® = (kx)? +x> =EH®> H
F
2 2 I’

H s X+ x> S
M i e 2 EL R 3

AB* 9 (x +kx)- Y - -
Bié¢n doi phuong trinh duoc Hinh 202

]
k< +1

ﬂ
— =22 2k? -5k+2=0¢ 2k~ 1)(k-2)=0.
(+k)* 2

Vayk; =2 K, =% A E B
330. (h.203) Ta tinh dién tich hinh thoi EFGH ¢6 EF = % ’ © \|F
t6ng hai dudmg chéo biang b. Dat OE = x, OF = y. Ta
6 x2 +y® = i X+y= D Tatinh duac o G c
4 N Hinh 203



Dap s6: Sapep =

331. (h.204) Cdch 1. Ki hi¢u nhu trén hinh vé.
Xét cic tam gidc vuong OAD va OBC :

x2 +y* =25 m

(x +6) + (y + 8)? = 225 (2)

Rt gon (2) va chii § ring x> + y* =25,
ta duoc Hinh 204
6x + 8y = 50 (3)
Tu(l)va(3):
x* —6x+y3—8y+25=0 =>(x-3i:+(y-4)2=0=>x=3.y=4.

Dp s6': 48cm>.
Cdch 2. V& hinh binh hanh ADCK. Chimg minh ring BK + KC = BC, suy
ra K ndm gitra B va C, ABCD Ia hinh thang. Pdp 56’ 48cm”.

332. (h.205) A

Cach 1. K¢ AH L BC, 1a tinh duoc BD = 8cm.
BH = 6,75cm, HD = 1,25¢m. Ta ¢é

AD? = AH? + HD® = AH? +1.25° (1)
B HD c

AH? = AB? - BH® = 12° - 6,75° (2) Minh 205
T (1), (2) suy ra
AD? =12% - 6,75% +1,25° = 100 = AD = 10cm.
Cdch 2. Theo tinh chat duong phan gidc ta tinh duge BD = 8cm. Chi ¥
ring -g—g: % nén AABC va ADBA dong dang (c.g.c)
AB AC 12 - 15

= — = =—— = DA = |0cm.
DB DA 8 DA



333. Gia sit HB < HC (h.206). Goi AD la duong phan gidc cia AHAC. Ta ¢6
DH AH 3 6
- —

Dat DC = x thi AC = 2x. Ta c6 AH? + HC? = AC? nén
62+(3+x)2=(2x)2¢:>x2—2x— 15=0< x; = =3 (loai) : X; =5,

Ddp s6': 33em’.

A
A
JINN N
2x o)
/JG\\ 4 \
343 X h e
B H D Cc B D M Cc
Hinh 206 Hinh 207
334. (h.207) AOMN va AHAB dong dang (g.g)
N
= Qﬁ-—. EI—= -l- = AH =2MO = 10.
HA AB 2

Pat DC = x, DB = y. ABDH va AADC déng dang (g.g)

BD DR _ Y .3 oay=7s.
AD DC 15 «x

Tacé x—-y=(DM+MC)- (BM - DM) =2DM = 22,
Do dé (x+y) = (x—y)’ +4xy =227 +4.75 =784,
Suy ra x + y = 28. Vay BC = 28cm.

Toan cyc tri hinh hoc
335. (h.208) Sapcp = 2SaBc < ab.
max Sxpcp = ab <> ABL BC. Khi d6 B = D = 90°.

-

o iR d-
336. Hinh vuong ¢ di¢n tich 16n nhat, bang —.




337. (h.209) DE = AM > AH (AH la dudng cao cia AABC). Vay DE nho nhat
<> AM nho nhiit <> M tring vai H.

A
E
D
i
h
B H M C
Hinh 200 Hinh 210

338. (h.210) Goi I la trung diém cua DE.
DE = 1A + IH 2 AH. Viy min DE = AH <> | thuoe doan thing AH <
HD L ACvaHE | AR

339. (h.211). Ching minh ring AHIK vuong can tai H. Goi HE 1a dudng cao
cia AHIK thi Sy = HE® < HAZ. Do d6

max ( Sy k) =a’E tring A <> d L AH.

Hinh 211 Hink 212
340. (h.212). a) Goi §' 1a 16ng cdc dién tich ciia bon tam gidc vuong ¢6 dinh A,
B. C. D. Ta ¢6 Sgpgy 16n nhit < S nho nhat.
Dat AE = AH = CF = CG = x. Biéu thi §' theo x réi tim £id tri nho nhat caa
no. Ddp so': 450 cm gt

b) Ddp s6: (a+b)°: 8, khidéx =(a+b): 4. A n

341, (h.213) Goi a 1a chiéu dai doan day. x la do dai cic x %

canh cua hinh chir nhat ma vuong géc voi wong. Ta ¢é B
SABCD= X(a—-2x)nén 2S = 2x(a - 2x). Hinh 213



Hai s6 2x vi a = 2x ¢6 16ng khong doi nén tich cua ching 1én nhit khi va chi

kKhi2x =a-2x,urc lax = % Nhu viy cdn cang day d¢ 1ao thanh hinh chir
nhit ma cdc canh vuong géc vai tuomg biang -_% chiéu dai doan day, con canh

song song vdi tuimg bing -1— chiéu dai doan day.

342, M la 1am cua luce gide déu.

343. Xét AABC cin tai A va AA'BC bat ki khong cian 0 A’ ¢6 cung chu vi, Qua
A v& dudmg thing m // BC. Xét vé mot phia cua BC :

Néu A" @ vi tri Ajthuoc m (h.214) thi Sy pe = Sape. theo Vi du 58,

chu vi AA;BC > chu vi AABC, trdi vai gia thiét.

Az

B C B C
Hinh 214 Hinh 215

Néu A’ & vi tri Ay ndm ngodi dii tao boi m vi BC (h.215) doan thing A,Bcit
m & D. Ta ¢6 chu vi AA;BC > chu vi ADBC = chu vi AABC, trii véi gia thiél.
Vay A’ phai ndm trong dai tao boi m va BC, do d6 S5 ge < Sapc-

344, Goi x. y la cdc kich thude cua hinh chir nhit. Dung bt ding thic

(X + _\-lz Z 4xy.

a) Chu vi hinh chit nhat khong d6i nén x + v 1a hing s6, khi d6 xy 16n nhit
<> x = y. Vdy hinh vuong ¢6 dié¢n tich Ién nhit.
b) Dién tich hinh chir nhat khong ddi nén xy la hang s6, khi d6 x + y nho
nhit <> x = y. Vay hinh vuong ¢6 chu vi nho nhit,

345. Xét hinh thoi canh a va hinh vuong canh a. Goi h 1d duong cao cua hinh
thoi,tacoh<a= ah <a 3. Dién tich hinh thoi nho hon hoac bing dién

tich hinh vuong. Vay trong cic hinh thoi ¢6 cung chu vi, hinh vuéng c6
dién tich 16n nhat.
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346. Xét hinh thoi canh a dudmg cao h vi hinh vuong canh b, trong d6 ah = b>. Ta
c6h<a=ah<a. Suy ra b> < a” nén b < a. Chu vi hinh thoi 16n hon hoic
bing chu vi hinh vuong. Viy trong cic hinh thoi cung dién tich, hinh
vuong ¢6 chu vi nho nhit.

347. a) Goi a, b, ¢, d 1a do dai cic canh cua ur gidc ¢6 chu vi C khong doi.
Theo két qua ciia bai 129b (1ap mot) ta ¢6 168 < (a + b + ¢ + d)°. Do chu vi

12

ur gidc khong déi nén wr gidc ¢é dién tich 16n nhat bang % Khi dé6 ur
gidc 1a hinh vuong.
b) Sir dung két qua bai 129b (1ap mon).

348. (h.216) T gidc EFGH la hinh vudng
¢6 duomg chéo HF. Goi K la trung
diém cha AD, ta ¢6

HF>KF-KH=2_%
9 2
Goi S Ia dien tich hinh vuong EFGH, © ¢ ¥
ta co Hinh 216
2 i
g HF? _@-b7
2 8

(a - b)2

min S = <> K, H, F thing hang <> AB // CD. Khi dé6 ABCD la

hinh thang can ¢6 C = D = 45°, CD =a, AB=b.

349. (h.217) Xét tr gidgc ABCD ¢6 AC + BD = s. Goi O la giao diém cta hai
duong chéo. Taco

B
S %AC.BH < ZACOB
1 1
Sapc = ACDK < ZACOD al—2 28 c
I
suy ra SABCD < ':;AC(OB +0D) = :I"ACBD n
5 D
y - . X+y :
Ap dung bit dang thic xy < (TJ tacod Hinh 217
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ACBD <

[AC+BDJ 3" .
-
§2

TU'(])V& (.’) suy ra sAmD < ?

2

maxS = ’? & ACLBDvAAC=BD= %

350. (h.218) Dung D d6i ximg vai A qua Ox, dung E d6i ximg vdi A qua Oy.
Doan thing DE cit cdc tia Ox, Oy tai cic diém B, C.

—

Chii ¥ : Diéu kien xOy<90° 1am cho AOD +AOE < 180° nén tia OA

nAm oiita hai tia nn NE dn A& An
WALF AN uv_

FEARIEE EAUIME BEMAE R BFy ST Ry

diém khong tring O.

g J

A}
DXsB
A

b
o} C\i X

Hinh 218 Hinh 219

351, (h.219). Dung E d6i ximg véi A qua Ox, dung F d6i ximg v6i B qua Oy.
EF c¢it Ox, Oy 6 C, D.

352. (h.220). Goi EFGH la ur gidc noi ti€p hinh A __E B
chit nhat, M va N that ty 12 trung diém cioa EH ?
va FG. Ta c6 EH = 2AM, FG = 2NC nén H ¢
chu vi EFGH = 2AM + (EF + GH) + 2NC. 4
Ta lai ¢6 EF + HG 2 2MN (xdy ra ddu bing <> p G C
EF // MN // HG). Hinh 220

Do d6 chu vi EFGH = 2(AM + MN + NC) 2 2AC.

Chu vi EFGH nho nhat bing 2AC khi va chi khi A, M. N, C thing hang va
EF // HG // AC.

Khi d6 EFGH Ila hinh binh hanh ¢6 cdc canh tuong ung song song vdi cic
dudmg chéo cua hinh chit nhat (¢6 vo s6 hinh binh hanh nhu vay).
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Chii ¥ - Néu ABCD It gidc bat ki thi :

- Tit gigc ABCD phai ¢6 diéu kien A +C =180° va
cide goc tao bat dudmg chéo va cdc canh déu 1a géc nhon
thi ma@ 16n tai ur gidge nodi 1iép ¢6 chu vi nho nhat.

~ MOt trong cic ur gide noi 1iép ¢6 chu vi nho nhat la
ur giac ¢6 dinh 1a chin cic dudng vuong goc ke tir
giao diém cic dudmg chéo dén cdc canh cua ur gidc ABCD (h.221). C6 vo
sO cic ur gide noi 1ép ¢6 chu vi nho nhdt, ching la cdc ur gidc ¢ canh
twong img song song vai canh coa nr gide EFGH (hai canh ké cua cdc ur
gidc ndy tao vai canh twong dng cua i gide ABCD cic géc bing nhau).
353. (h.222) Cdch 1. Theo bai 352,
ur gidic EFHG ¢6 cic canh song
song vai cdc dudng chéo cua g

Hinh 221

Mt c

hinh chit nhat ABCD, tir d6 suy S

ra‘l.cach dung. o | A: ‘,/'H B -u.\\\
Cdch 2. Dung M doi ximg vai E P YL
qus BC.dmp NAG xing W B i~ e tedesdenashnanstin= B
qua AD, dung P doi ximg vai N Hinh 222

qua CD. Khi d6
chu vi EFGH = EF + FG + GH + HE = MF + FG + GH + HN
> MF + FG + GP 2 MP. |
Do d6 cdc diém F, G phai dung 14 giao diém cia MP va BC, CD, c¢on H 1a
giao diém cua GN va AD.
354. Ki hi¢u nhu trén hinh 223, Ta cé

Sl = S:. Sj= S4. S_q = Sﬁ. 87 = Sﬂ nén SEFG" 2 ";"S

min Sgp —|§c=S =0 KM!IN‘:’ sl s
EFGH = 5° A Kl = MN EG//AD

<> moOt duong chéo cua r gidgc EFGH song song vdi mot canh cua hinh
chit nhat ABCD (h.224)
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e

7 8
2 11( 5 N - F
H = N H F
4 6
I wl
D G Cc D G C
Hinh 223 Hinh 224

355. Ki hi¢u nhu trén hinh 225a). Dat CF = x, DH = y.

SEFGH = SABCD ~ SAEH ~ SBEF — SCFG — Sbaii

_ 3_(a—y}z_y(n-x)_ﬁ_y(a—x)

- > 2 2 2

32~(x2—2xy+y2}_ uzw(x-)')z <ﬁ
- 2 - 2 e

-

max Sgrg = <X = y < HF // AB (khi d6 EG // BC) (h.225b)

A E Y B A E B
E
HiRo==ofmmcnca F
y X
D .G X Cc D G C
a) b)
Hinh 225
356. a) (h.226) Dat AH=x, CG=y. Tathdy Sgpgy A 2 E 4 8
nho nhil & SI\F.H + SCGF + SDGH lém nhat. DAI X 3
SAEH +SCGF +SDG|"| =S, 1achH: H
F
2S=2x +3y + (6= x)(6 - y) = xy — 4x - 3\ + 36, .
Do AAEH va ACGF déng dang (g.g2) nén
2
£=A_}‘Iujcla:=ihayxy=6' D G y C
CG CF y 3 Hinh 226
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Dod625=42-(4x+-1§).
X

Ta c6 2S 16n nhit & 4x + E nho nhit,
X

Hai s6 duong 4x va = ¢6 tich khong ddi nén 4x + L. nho nhét khi va chi
X X

khi 4x =='l—§. khi d6 x = g (cm), y = 242 (cm).
X -

b) (h.227) DM SAEH + SCGF + Smu = S, A2 E 4 B

Ta thay S.EFGH 1ém nhat <> S nho nhat. Dat DH = x, /\ 3
DG =y, ta tinh dugc
2S = xy - 2x - 3y + 30 vd 4x = 3y. H
X
3y2 9y

Tud625=T-?+30.Talfnhduqc D Y G C

Hinh 227

8S = 3(y - 3)° + 93,
Ta ¢6 Sgpgy 100 nhit <> Snho nhit <> y = 3 (cm), x = 2% (cm).

357. Ki hi¢u cdc do dai x, y, z, t nhu trén hinh 228a. Ta c6 :
2xy5x2+y:=az. M+t =b.

Suy ra Axy +21)Sa” + b,

A K45° B

b)

Hinh 228
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2 ) 2
a“+b +ab=(a+b)

- -

SEpGH = Xy + 2zt +ab <

(a + b)z
2

vuong c6 canh tao véi canh cia hinh chit nhat ABCD géc 45° (h.228b).

358. (h.229) Trén BC 1dy BF = BD thi CF = CE. Goi
O la giao diém cua cdc tia phan gidc cic goéc B
va C. D¢ dang chimg minh dugc AODE can tai O
¢6 gbc & dinh khong d6i :

max Sgpgy = khi va chi khi x = y , z = t. Khi d6 EFGH 1 hinh

DOE = 360° -2[90“ +%) = 180° - a

Do d6 DE nho nhit < OD nhé nhat < OF nho nhit < OF L BC. Khi d6
D, E 1a hinh chiéu cua O trén AB, AC.

359, Goi b, ¢ 1a cdc canh géc vudng cua cic tam gidc vuong c6 b + ¢ = 2m

(hing s6). Chu vi tam gidc nho nhdt < canh huyén nho nhit < b’ + ¢’
nho nhat.

Patb=m + x thic=m - x. Khi dé
b2+c2=(m+x)2+(m —x)2=2m2+2x222m2.
Nhu vay min (b° + ¢’)=2m < b=c.

360. Xét cdc tam gidc vuong ¢6 canh huyén a khong déi. Goi x, y la do dai cdc
canh goc vuong. Ta c6

2xy$x2+y2=>x2+y2+2xy52(x:+y2)
2 2
=(x+y) <2a =>x+y$n-f2-.
max (x +y)=av2 < x=y.

Chu vi tam gidc vuong 16n nhat bang a + a2 khi va chi khi tam gidc do
vuong can,

361. (h.230) DaNP=x, MN=y. Tacé:

SAMN *+ Spmne = Sasc
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= v(h-x)+x(a+y)=ah

:ahy-n-axzah:ay:%th—x). (n
D¢ chimg minh (1), ciing c6 thé xét cdc tam gidc déng dang AMN va ABC,
y h-x a

suy ra = = Lrdé y = —=(h - x).
i a h y x( A
Goi dién tich MNPQ 12 8. Tiry = % (h - x), biéu -

a M " N
thiSlhcoxduch=xy=Ex(h-m. Doavah y

X

la cic hdng s6 duong nén S l6n nhit <

x(h - x) 16n nhat. Ta thay x vah - x lahais6c6 8 @ H P C
t6ng khong d6i nén tich 1én nhat khi va chi khi .
hai s6 bing nhau, tic 1a Hinh 230

x=h=-x¢x=

o=

Khi d6 MN la dudmg trung binh cua AABC.
362. Goi b, ¢ la d0 dai cdc canh géc vuong, a 12 do dai canh huyén. Trong céch

¢t thit nhat (h.231a), canh hinh vuong bing bbc
+c

(xem vi du 31a). Trong

cdch cit thi hai (h.231b), canh hinh vuong bang (xem vi du 41),

a+h

Sau d6 chitng minh ring > - (chii § ring be = ah).
b+c a+h
A A
F D E
D
B E C B G F C
a) b)
Hinh 231
363. (h.232) Tacod:
HK HK

S=(DH+EK)—')— = (BH + KC) >
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Ta thily (BH + KC) + HK = a khong ddi nén A
tich (BH + KC). HK Ién nhit khi va chi khi

g E
BH + KC = KH = 2. Khi d6 di¢n tich DEKH ~ °
s B l aa a 3 § v
I6n nhat béng ey khi vi chi khi B H - K C
HK = % C6 vo 56 ut gidc DEKH nhu vay. Hink 232

364. (h.233) Bat BC = a, AC = b, AB = ¢, khoang cdch tir M dén céc canh trén
theo thir tr 1a x, y, z, dudng cao (mg véi BC 1a h.

Tacod S‘_\_,!;"_- + S“AC + S““B = S_,\_Lg_*

— ]

| e

b ¢ a
X+ —.y+—z=—h = ax + by + cz=ah.
2 2 2 i

Giasira2b2cthi
ax +ay +az 2 ax + by + cz=ah
= X +y + 2 2 h. Xay ra diu bing
ayt+az=by+czedy@a-b+za-¢)=0
i ;(a-b))' =0

oSy=z=0 (n Hinh 233
(@a-c)z=0
hoac a=b,z=0 (2)
hoac a=b=c (3)

Trudng hop (1) dmg v6i M triing A ; trudng hop (2) ing vai AABC cin
tai C (C la goc nho nhat) va M thudc diy AB : truomg hop (3) img v
AABC déu, M bat ki.
Viy téng cic khoing cdch tir M dén ba canh cta tam gidc ¢6 gid tri nho
nhat bang dudng cao img v&i canh 16n nhat. Néu tam gidc déu thi M la
diém bat ki ndm bén trong hodc ndm trén canh cua tam gidc. Néu tam gidc
cin ¢6 canh bén Ién hon canh ddy thi M thudc canh ddy.
Cic trudmg hap con lai, M tring vdi dinh ca goc 1on nhit trong tam giic.
365. Giai tuong tu bai 364. Téng nho nhit bing chi¢u cao img vdi canh Ion
nhdt trong hai canh AB, AC. Néu A ABC cén tai A : M la diém bét ki thuoc
ddy. Con lai : M tring vdi dinh do6i dién véi canh 1én nhdt trong hai canh
AB, AC.
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366. Né¢u hinh thang can : M 1a diém bit ki thuoc ddy nho. Néu hinh l!lang
khong can : M tring vé6i dinh clia géc 16n hon trong hai géc ké ddy nho.
367. Phai xét théem trudng hop d khong cdt canh BC. Ta ldy E E
doi ximg v6i B qua A (h.234), khi d6 d cit doan thang CE.
Giai tuong tr nhu vi du 61. A
Trong ci hai trudmg hop, dudng thing d phai dung chira
canh lén nhit trong hai canh AC, AB.
Chii ¥ ; Dac biét hod bai todn khi AABC vuong cin tai A, B Cc
ta ¢6 bai todn : Cho hinh vuong ABCD. Dyng dudng thing  prinh 234
di qua tAm hinh vuong sao ldnf cdc khoang cdch tir bén
dinh hinh vuong dén duimg thang ¢6 gid tri nho nhdt (Trd lod : dudng
thing phai dung gém hai dudmg thang chira dudmg chéo hinh vuodng).
368. Qua K, dung dudmg thing cdt hai canh ké cia hinh vudng tao thanh mot
tam gidc c6 dién tich nho nhat, Xem vi du 59.

369. (h.235) a) VE MM', NN' L BC. Ta c6 A
BC

MN2MN' = —,
2 M

DodéminMN=P.'EQMNI!M'N'caM.Nlh

[}
- I
trung diém cua AB, AC. i :
b) Goi I 1a trung diém cia MN. Qua I ké dudmg s - h
thing song song vdi BC, cit AB, AC a P, Q thi M K NC
P,Q la trung diém coa AB, AC. Ta luon c6 Hinh 235

S}\MN s SAPQ (xem vi dl_l 59) nén SAM.\' < % SI\BC . Xuy ra ddu b:\ng khi
MN la dudmg trung binh PQ.

370. (h.236) a) Chu vi MEAF bing AB + AC. 8 K
b) Goi K 12 giao diém ciia HM va dudng vuong géc PRS-
véi AC 1ai C. P P A P
Hiy chimg minh ring CK = CA. T ING
¢) Tachd B '.’
SkeM = Spem: SkmrF = Scmr = Sker = Sperc: A F [
Do d6 Skgp nhd nht <> Sypp 16n nhit <> AE. AF e

16n nhit <> AE = AF (chid ¥ ring AE + AF khong d6i). Khi d6 M 1a trung
diém cua BC.
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371. (h.237) a) Dung Sgpc lam trung gian, ta c6
SBD'E - kSBIX." SB[X.' =(1-k)S nén

Sppe = k(1 = k)S.
Tuong tu d6i vai Sy pg. Scig- Suy ra
S; + 85 + 83 = 3k(1 - k)S.
Ta thdy Spgg nho nhit < S, + S, + S; 16n nhat

Hinh 237
<> k(1 = k) 16n nhit. Do k va 1 - k c6 16ng khong
ddi nén tich k(1 = k) 16n nhat khi vachikhik =1 -k, tic 1a k = %
372. (h.238) Ta nghi dén biu thic ax + by + ¢z ¢6 A

gid tri khong d6i bang 2S. Hay chimg minh

(ax+by+cz)(£+ 2+ 5] 2(:=\-|-b+<:)2
X y z

5
dé suy ra 3+3+52 atbee) )
X y z 2S
Xdy ra ddu bing khi vi chi khi x =y = z, tic 1a M Hinh 238
1a giao diém cédc dudng phan gidc cua tam gidc.

373. (h.239) O phia ngoai AABC. vé ciic tam gidc déu ACC va ABB,. V& cic tam
gidc déu AMM' va AMM, nhu & hinh 239. Ta ¢c6 AAM'C = AAMC (c.g.c).
Khi d6 MA = MM', MC = M'C = BM + MA + MC=BM + MM' + M'C 2 BC
(hing s6). Vi thé M phai thudc doan thing BC'.

Lap ludn wong tu nhu trén, M phai
thuéc doan thing CB,. Nhu viy M

la giao diém cia hai doan thing g
BC va CB,. '
Chii ¥ ring

BAC + CAC' < 120° + 60° = 180°,

BCA + ACC" < 120° + 60° = 180°
nén doan thing BC cit canh AC tai Hinh 239
mot diém ndm gila A va C. Tuong

tu, doan thing CB, cit canh AB tai mot diém ndm giita A va B. Do d6 tén tai
giao diém M cia cdc doan thing BC', CB, va diém M nim bén trong AABC.
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374. (h.240) a) AB// MN K

M _CE _AF _BA A B
BA BE FD DN 1
= CM. DN = AB® =2”. F K
h)ocauamcdm_"_'f qn M _AD y D 2 C M
AB DN CB DN Hinh 230

Do d6 ACMB va ADAN d6ng dang (c.g.c) nén CMB = DAN. Suy ra
CMB + DNA = 90°. Vay MKN = 90°.
¢) MN nho nhit <> CM + DN nho nhat. Cic do dai CM, DN ¢6 tich khong
d6i (cAu a) nén 1dng cua ching nho nhit khi va chi khi CM = DN. .
Khi d6 CM? =a>.CM=DN =a. Do dai MN nho nhit bing 3a khi va chi
khi E, F theo thit tu la trung diém cia BC, AD.

375. Ki hiéu nhu trén hinh 241, Dal SABC = §, A
Spem = 81+ Semc = S2. Sapme = S3. PatBM =x,

MC=y,BC=a,tacox+y=a. - .
DoS,:S—(S,+S;_)nen%‘—=I—§|;—Sl 1 2
Ciic tam gidc DBM. EMC, ABC déng dang nén B M C
5_| . [—x-]! _S_'" ) [1}2 Hinh 241
S )5 a)
Do do
2 ) ) 2 2 2 2 2
Sy . Atey =" +y7) (XYY =(x" &y 2%y
S az 32 32 ﬂz

S; 16n nhat <> xy 16n nhat. Cic s6 x. y ¢6 tong
khong déi nén tich cua ching 16n nhat khi va chi
khi x = y. Khi d6 M la trung diém cua BC. va
dién tich hinh binh hainh ADME bing nira dién
tich tam gidc ABC.

376. (h.242) a) Dat BC = a ; dat x, y, z la canh song
song vdi BC hodc ndm trén BC ciia cdc tam gide

nho ; §,. S5. S; 12 cdc dién tich cia ching, S 1a Hinh 242
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di¢n tich AABC. Cdc tam gidc nho déng dang véi AABC nén :

a 81 9)
Chﬁiréng "+)’+£—aneni+l+i=| Suyr i l
a a a a 3
o
Do dé ES.‘-:(ij =:I;=53=9(cm}
a
e S, +8, 48 xT4+vi4z2°
b) Taco: ! = i = '1 (hH
S as

. 9 b ) 2
Tux+y+?,=asuyra o +)"'+Z" +2(K)’+XZ+)’Z)=E

Nhung x? + y: +2° 2 XY + Xz + yznén
3(!&2+y2+1t2)2a2 (2)
T () va(2)suyra S, +S,+ 5,2 %SM,(_-. Xay ra didu bang < 0D = OE,

OF = OG, Ol = OK <> O la trong 1am cia AABC.

377. a) (h.243) Goi E la giao diém cua B M M C
AM va BN, F 1i giao diém cua DM
vii CN. Trude hét ta thdy EF // AD.
That vy

ME _BM_MC_ME . EF/AD.
EA AN ND FD

Goi M' la diém bat ki khic M thuoc A N 0
diy BC, gia st M' ndm giira B va M. Hinh 243

Goi I la giao diém cua AM’ va BN, goi K 12 giao diém cia DM’ va CN. Véi
didu gid st rén, 1 ndm giita B va E, K nim gita N vd F. Ta s& chimg minh
ri\ng SMIiNF > SM'INK . Mudn \'a)’ chi ¢cin chl.'mg minh SN'()KF > s.\l'()lil (0 la
giao diém cua AM va DM').

Goi giao diém cua EF véi M'A vdi M'D 1a G va H. Ta sé chimg minh
GE = HF. That vay. do EF // BC // AD nén
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GE AE _DF HF
M'M “AM DM MM

=» GE = HF.

Do d6 SaGe = Spur - Suy ra Syme = Smmur (Vi Samme = Spuwm ) =
SmoEG = Smonr: Ta €6 Syokr > Smonrk = SM 0EG > SM'0EL -
Suy ra diéu phai chimg minh.

b) (h.244) C6 dinh diém N thudc canh ddy AD, ta dyng diém M thudc canh

ddy BC sao cho %- :—; Theo cdu a, Sypnp 100 nhat.

Ung v6i diém N' bét ki thudc canh ddy B M M C
AD, dung diém M’ thude canh diy BC AN/ NN\ N\

sao cho 2 % ta dugc wr gidc E F

M'E'N'F' ¢6 di¢n tich Ién nhat. Ta sé
Chlh‘lg minh rhng SMIENF = SM'E'N'F' .

Theo cau a, ta ¢é EF // AD, E'F // AD.
Bay gidr ta sé chimg minh E', E, F, F Hinh 244
thing hang. That vay,

BE" _BM’ BM BE

N' N D

= —— = —= —— =3 E'E [/ AD.
E'N AN' AN EN
Vay E'. E, F, F thing hang.
Ta lai co
E'F' M'E' ME EF — EF=EF.

AD M'A MA AD
Do d6 Sy gp = Syer VA SNE'F =SNEF = SME'N'F © SMENF

Nhu vay cdc diém M, N phii dung 1a cdc diém chia trong BC va AD theo
cung mot ti s6. Bi todn c6 vo s6 nghi¢m hinh.

D¢ dung cic diém M, N néi trén, ta chi y ring néu AB cit CD & P thi P,
M. N thing hang, con néu AB // CD thi MN // AB // CD.



MUC LUC

Lon néi ddu

PHAN PAI SO
CHUONG [11 - PHUONG TRINH BAC NHAT MOT AN

Dé bai

§7. Khdi ni¢m vé phuong trinh. Phuong trinh bic nhit mot in 5

§8. Phuong trinh tich
§9. Phuong trinh chita dn & mau thic
§10. Giai bai todn bing cdch lap phuong trinh

CHUONG IV - BAT PHUONG TRINH BAC NHAT MOT AN

§11. Lién h¢ gitra thit ty va phép cong, phép nhin
§12. Bat phuong trinh bac nhat mot an
§13. Phuong trinh chita 4n trong ddu gid tri wyét doi
§14. Bt phuong trinh chira 4n trong du gid i tuyét doi
§15. Bit phuong trinh tich, bat phuong trinh thuong
CHUYEN DE

Chimg minh bat ding thic

Tim gid tri nho nhat, gid tri I6n nhit caa mot biéu thic
BAI BOC THEM

Phuong trinh, mot san phim cda tri e con ngudi

PHAN HINH HOC

CHUONG 111 - TAM GIAC DONG DANG
§13. Dinh If Ta-1é1
§14. Dinh If Ta-1ét ddo

9
15
19

24
27
30
34
36

38
56

74

77
85

Trang

3

141
143
146
148

151
153
156
157
157

158
176

189
202

Lol giai, chi dan
hodic dap s
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§15. Tinh chat dudmg phan gidc cia tam gidc
§16. Cic tnromg hop déng dang cua tam gidc
§17. Cic tneimg hop déng dang cua tam gidc vuong
§18. Ti s0 cic duimg cao, ti s6 dign tich
cua hai tam gidc dong dang
§19. Ung dung thue 1€ clia tam gide déng dang

89
92
97

100
103

CHUONG IV - HINH LANG TRU DUNG. HINH CHOP PEU

§20. Hinh hop chir nhat
§21. Hinh lang tru dimg
§22. Hinh chop déu. Hinh chép cut déu
CHUYEN BE
Tinh cdc dai lugng hinh hoc bing céch 1ap phuong trinh
Todn cuc tri hinh hoc
BAI DOC THEM
Ta-1ét vi Py-ta-go
Nhimg bai todn cia nha van Lép Ton-x1oi
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110
12

117
122

135
137

205
208
217

220

224
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Chu trdch nhi¢m xudt ban :
Chi tich HDQT kiem Tong Giam doc NGO TRAN Al
Phé Téng Gidm doc kiém Tong bién 1ap NGUYEN QUY THAO

T chue ban thdo va chiu trach nhi¢m néi dung
Phé Tang bien taip PHAN XUAN THANH
Gidm d6c CTCP Dich vu xudt bin Gido duc Ha Noi PHAN KE THAI
Bién tap lan ddu va tdit ban :
NGUYEN NGOC TU
Bién tap ki thudr, mi thudr :
NGUYEN PHUONG YEN
Trinh bay bia :
LUONG QUOC HIEP
St ban in :
NGUYEN NGOC TU
Ché ban :
CONG TY CO PHAN THIET KE VA PHAT HANH SACH GIAO DUC



Cong ty c6 phdn Dich vu xuit bin Gido duc Ha Noi -
Nha xudt bin Gido duc Viét Nam gilt quyén cong ba tic phim.,
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Jn 5.000 cudn, ( QD: 27 ), khd 17 x 24 cm. Tai Trung Tam NC & SX Hoc Liéu
In xong va ndp lwu chiéu thang 7 ndm 2012



