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CHUYEN DE 1. BIEN POI DPONG NHAT

a’+b® +c®-3abc

Bai 1. Cho a+ b + ¢ = 2009. Ching minh ring: —————— = 2009
a“+b”+c°-ab-ac-bc
Lai giai.
Ta c6 hang dang thac: a’+b® +c® - 3abe=(a+b+c)(a’ +b” +c* —ab—bc—ca)
S+ b +¢° - a+b+c)(a*+b*+c*—ab—-bc-ca
Do d¢: 2P *c -3ahc | 2)(2 : )= as b+ c=2000
a~+b°+c”-ab-ac-bc a“+b°+c”—ab-bhc-ca
Bai . . .. ~.a b c WXy z
ai2.Giasua, b, ¢, x,y, zlacac so thyc khac 0 thoa mén: —+—+-=0va=+2L+= =1.
X y z a b c
. . XZ y2 Z2
Chang minh rang:¥+b—2+c—2=1
Lai giai.
Ta co: 0=§+E+£=—ayz+bxz+cxy. Suy ra: ayz+byz+cxy =0 .
X y 2 Xyz

2 2 2

2 2 2 2
Do dm:(z o +£j S +2(ﬁ Ly &j RS %wj

2 2

a c a c ab bc ca) a* b* ¢° Xyz
2 2 2
=X—2+y—2+z—2+2.(iJ
a- b® c Xyz
2 2 2
vay%+g—2+z—2=1 (dpem)

Bal 3. Giasux,y,zlacac sb thuc duong théa man diéu kién: x+ Y+Z=Xyz.
Chtng minh rang:
X 2y 3z xyz (5x+4y +32)
+ + =
1+x% 1+y? 1+z2% (x+y)(y+z)(z+x)

Loi giai.
Tach X W2 XyZ _ Xyz _ Xyz
1+X*  yz+xxyz  yz+x(X+y+z) XC4+xy+yz+zx (x+y)(z+x)
L2y 2xyz .3z 3xyz
T tll‘t . = y =
vong i €0 1+y? (x+y)(y+z) 1+2° (y+z)(z+X)
Do do:
X 2y 3z Xyz 2Xxyz 3Xyz

1+x2+1+y2+1+22_(x+y)(z+x) (x+y)'(y+z) (y+z)'(z+x)
_xyz(y+2z+2x+2z2+3x+3y)  xyz(5x+4y+3z)

(x+y)(y+2)(z+x) (x+y)(y+2)(z+x)

Lién hé tai liéu word toan SPT va zalo: 039.373.2039 TAI LIEU TOAN HOC


https://sachhoc.com

v X, 2y 37 xyz (5x +4y +32)
1+x* 1+y® 1+22 (x+y)(y+2)(z+X)

Vay:

Bai 4. Giasirx, y la nhitng sé thyc duong phan biét thoa man:

22 44 8
y + 2y2+ 4y4+ 88y8=4
X+y X +Yy X' +y X =y

Chtrng minh rang: 5y = 4x
Lo gii.
Taco

oo YV, 24yt sy oy oyt AY(Xoyt)esy|
_X+)I/ X2+y2 X4+yh Xs_ys X-Il-y x2+'y2 (X +y)x4 y4)
oyt 4yt y (XYY

x4y Xayt o xX-yt oxty (x*+y*) (- y?)

_y 2yt y(x-y)+2yt oy

X+y X -y (x+y)(x-y) x-y

Do d6:—)— =4 y=4x— 4y 5y= 4x
X-y

Vay 5y =4x (dpcm)

Bai 5. Cho 3 s thuc X, y, z thoa mii diéu kién: x + y + z=0 va xyz # 0.

2 2 2

i, X z
Tinh gia tri biéu thirc: P = I +22+)¥2_y2 +X2+y2_zz
Loi gii.
Taco: x +y+z =0 ¥ 2o x+( =—Z)2 (X)2
X X

Suyra: y*+12°— x*= 2yz. Do do:

yi+z2-x2  -2yz

2 2 2 2
Tuong ty ta co: — y2 == y = 22 == .
I+ X —y"  =2XZ X“+y -7° -2xy
Do do:
P_ X2 N y2 . 22 ~ X2 I y2 I 22 _X3+y3+z3
VA2 -x2 2+xi—y’ X4y -1 2yz -2xz  -2Xy —2Xyz
_(x+y+z)3—3(x+y)(y+z)(z+x)_0—3.(—2).(—x).(—y)_ 3xyz _ 3
—2Xyz —2Xyz —2Xyz 2
n 3
Vay p= —
3% >

Luru y can nhé: Khia+ b + ¢ =0 thi a® + b+ ¢® = 3abc
vanguoc lai khia®> +b®+c®=3abcthia+b+c=0
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Bai 6. Chox, Y, z la cac s6 thyc duong thoa man: 2+ 2 l=tva x+ y+z=1

X y z
Chtng minh rang: (x - 1)(y-1)(z-1) =0
Loi giai.
‘. 1 1 1 Xxy+yz+2zx .
Taco: l=—+—+==—"—"——"3Uyra: xy+Yyz+zx=Xxyz

X y z Xyz
Do d@6: (x —=1)(y—1)(z - 1) = xyz — (Xy + yz + zX) + (x+ty+z) -1 (*)
Thay xy + yz + zx =xyz vax + y + z =1 vao (*) ta duoc:
(xX=Dy-1)(z-1) =xyz - (xy +yz + zX) + (x+y+2) -1
=(xy+yz+2zx)—(xy+yz+zx)+1-1=0 (dpcm)

Bal 7. Cho x, y, z d6i mot khac nhau thoa mén: 1+1+l =0

X y z
Tinh gia tri biéu thic: p=— Y2 2%, %
X“+2yz Yy 422X 7°+2Xy
Loi giai.
Tacé:O:L-lc-lz Xyryrr o, Xy yz& 26 0
X y z Xyz

Do d6: X% + 2xy = X* + 2xy — (Xy + yz + xz) = (X* = xz) + (Xy — yz)
Suy ra: X2 + 2xy = (X-y)(x-z)

. yz
Do do: =
0o y?+2zx  (x-y)(x-2)
X X Xy Xy
Tuong tu ta co: = ' B
uong tu V7122 (y—x)(y-2) 22 + 2%y (z—-x)(z-y)
Do do:
R S yz . ZX . Xy

CxXP+2yz YR +22x 22+2xy_(x—y)(x—z) (y=-x)(y-2) (z-x)(z-vy)

:—yz(y—z)—zx(z—x)—xy(x—y)=(x—y)(y—z)(z—x)=1
(x=y)(y-2)(z-x) (x=y)(y-2)(z-x)

Vay P =1.

Bai 8. Cho x, Y, z 1a s thuc thoéa mén xyz =1

1 1 1

+ + =1

1+x+xy 1+y+yz 1+z+2X

Chang minh: P =

Lo gial.
1 B X B X . 1 B Xy Xy
1+Y+YZ X4AXY+XyZ L1+X+Xy  1+z+2X Xy+Xyz+x2.yz 1+ X+Xy

Ta co:

Do d6:
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1 1 1 1 X Xy  1+Xx+xy

P= + + = + + = =1(dpcm)
1+x+xy 1+y+yz 1+z+zx 14+X+xy 1+Xx+xy 1+x+Xxy 1+Xx+xy
B4i9 Cho 2 4 P, ¢© —0.Ching minh: p=—2 -+ b =+ ¢ >=0

b-c c—-a a-b (b—c)” (c-a) (a-h)
Loi gial.
2 2
Ta cé: a N b N c -0 a N b _cC b°—ab+ac-c
b-¢c c-a a-b b-c a-c b-a (a-b)(c-a)
2 2
-_ 8 - b°—ab+ac-c M
(b-c)* (a-b)(c-a)(b-c)
2 2 2 2
Tuong tu ta co: b _ c°—bc+ba-a @): c  _ b°—ac+cb-b 3)

(c—a) (a-b)(b—c)(c-a) " (a-b)’ (a-b)(b—c)(c-a)
cong (1), (2), (3) Vé theo vé ta duogc diéu phai ching minh.

Bai 10. Cho a 1a nghiém cta phuong trinh: x? —3x+1=0 . Khdng can tinh a hay tinh gié tri
2

2 a
bieu thac: Q=—F——-—
Q a*+a’+1
Loi giai.
Do a la nghiém cta phuong trinh: x*-3x+1=0 néna*-3a+1=0 =a’ +1 =3a.
2 2 2 2
Suyra; Q=—2 a -_ 4 a_ 1 _

a’+a’+1 (a2=+1)2—a2 (3a) -a 8a’ 8

Bai 11. Cho cac sb thuc a, b, ¢ khac nhau d6i mot thoa man: a® +b* +c® =3abc va abc =0 .
ab? . bc? . ca’
b?+c?—a? c?+a?-b?

Léi giai.

Do a®+b?® +c® =3abc :>(a+b+c)(a2+b2+c2—ab—bc—ca):0

Do a’?+b?+c*—ab—bc—ca>0Vdi a, b, doi mot khac nhaunén:a+b+c=0
Suyra:a+b+c=0
ab? ab? ab? b? b? b

Khi do: = - _
tao a’+b*-c* a’+(b-c)(b+c) a’+(b-c)(-a) a+c-b -b-b -2

Twong tu: b—czzi; o @
" b*+c*-a® -2 c*+a’-b® -2
Cong theo vé cac ding thuc trén ta duoc:
ab®> bc® ca® b ¢ a
Tatibi-c? biici-a’ cl+ai-b’ 2 2 2
Vay P =0.

P

N+

(a b=c) 0

111

Bai 12. Cho a, b,c 1a c4c s6 thuc théa man: a+b+c=6: . :
a+b b+c c+a
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c _a | b
a+b b+c c+a

Tinh gi4 tri biéu thac: P =

Lo gial.
Taco
68=(a-b £) 1 {1 =1 :3+b+c %+b+c §+b+c
a+b b+c c+a a+b b+c c+a
=1+ ¢ +1+ a +1+ b =3+ ¢ + a + b
a+b b+c a+c a+b b+c a+c
vay: =S 2 P g5 3.3
a+b b+c c+a
a* b’

Bai 13.Cho =—+—= va a?+b? =1 . Chirng minh rang:

X Yy X+y

a) bX2 _ ayz b) X2000 N yZOOO _ 2
a1000 blOOO (a n b )1000
Loi giai.
2
4 pt 4 pt (a?+b?
a) Tu a—+b—=L va a’+b* =1suy ra: a—+b—:u
X y X+Yy X y X+Yy

= (x+y)(a'y+b*x)=(x y)(a% b2)2:> (ay*- bx2)2= & bxd ay?

b) Tir cau a) bx’ = ay?

:>X_2:y_2:X2+y2: 1 :>X_21000 :(LJMO. y_zloooz(ijmoo
a b a+b a+b a a+b) 'l b a+b

. XZOOO yZOOO 2
Do do: 51000 + 1000 = (a+b)1ooo
ax+hby=c
Bai 14. Cho x, y 1 hai s thuc thoa man: {bx+cy=a
cX+ay=»b
Chting minh rang: a®+b? +c® =3abc
Loi giai.
ax+by=c
Ta co: {bx+cy=a . Cdng theo vé cac phuong trinh cua hé ta duoc:
cXx+ay=»b

(a+b+c)x+(a+b+c)y=a+b+c=(a+b+c)(x+y-1)=0

a+b+c=0
X+y=1

Vi a+b+c=0 thi: (a+b+c)(a®+b”+c? —ab—bc—ca)=0 <>a’ +b° +¢° =3abc (1)
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Véi x +y = 1 thay vao gia thiét ta dugc: a=b = ¢ = a®+b® +¢® = 3abc (2)
Tu (1) va (2) suy ra dpcm.

Rai 15. Chang minh ring néu: x=2=2. y b-c., c-a -
a+b b+c c+a
Thi: (1+x)(1+y)(1+2)=(1- x)(1- y)(1- 2)
Loi giai.
Ta co:
lex=14 87028 4 4 B=C 2, 28 2
a+b a+b b+c b+c c+a c+a
= (1+x)(1+y)(1+2)= 8abe @
(a+b)(b+c)(c+a)
Mt khac:
1-x=1-2P_ 20 .4 4 b-Cc 2¢ ., ,, €3 28
a+b a+b b+c b+c c+a Cc+a
8abc
1-x)(1-y)(1-2)= 2
= D)= b o)(era) @

Tu (1) va (2) suy ra: (1+x)(1+y)(1+2) = (1= x)(3- y)(1- 2)

ay—bx cx—az bz-cy
c b a

Bai 16. Cho a, b, ¢ 1a ba s6 khong am thoa mén:

Chtrng minh rang: (ax+by+cz)2:(x2 y? 2t)(a® o )
Loi gii.

_cay—chy bcx—baz abz-acy
= — =

ay—bx cx—az bz—cy K=
- 2

bat = k 5
c b a C b a

k:cay—cbx+l:;cx—2abzz+abz—acy:0:> ay b ex az bz ey 0
a“+b“+c

:>(ay—bx)2:(cx— az)Z: (bz cy):2 0

:>(a2+b2+c2)(x2+y2+zz)—(ax+by+cz)2:O

Suy ra: (ax+by+cz)2=(x2 y® 2')(a® b° <)

Bai 17. Cho ba sb thuc a, b, c théaman: b=c;a+b=c va c®=2(ac be ab)

2 _ 2
Chting minh rang: a’+(a C)2
b®+(b—c)

_a-c
b-c
Loi gidi.
Ta co:
a’ +(a—c)2 =a’ +¢” —c’ +(a —c)2 =a’ +¢” —2(ac +bc —ab) Ha —0)2 =2(a —)(a < +b)

Tuong tu: b’ +(b—c)2=2(b—c)(b—c+a)
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Bai 18. Choa+ b + ¢ = 0. Chang minh rang: a“+b“+c“=%(a2 b% c2+)2

Lo giai.
Tra+tb+c=0=b+c= a (& c)2= ad b 2bc & a°
=a’-b’—c’=2bc =a’ b’ ez)z 4b%c?  ab b% c% 2a%’ 2b%? 2c%?
=2(a'+b*+c')=(a’ &’ Jez)z

Vay: a* +b* +c* :%(a2 b% c"%L)2

Bai 19. Ch0m=a—+b;n C+d;p: ac—bd . Chirng=minh rang: m+n+ p=mn.p
a-b c—d ad +bc
Lo giai.

Ta co:
m+r]er=a+b c+d ac-bd (a=+b)(c—d)+(c+d)(a—b)+ac—bd

a-b c—d ad+bc (a—b)(c—d) ad +bc
_ 2(ac-bd) ac—bd (ac—bd)(2(ad+bc)+(a-b)(c-d))
~(a-b)(c-d) ad+bc ~ (a-b)(c~-d)(ad +bc)

_(ac—hd)(a+b)(a+c)

“(a-b)(c-d)(ad +be) P

Viy dang thie dugc chitng minh.

Bai 20. Cho cac sé duong x, y thoa min: 7x2 —13xy —2y? =0 @

2X—6Yy
TX+4y

Tinh gia trj biéu thirc: A=

Loi giai.
Tu (1) taco: (7x+y)(x—2y)=0< x=2y (dox,y>0)
2x—6y 4y-6y -2y -1
7xXx+4y 1l4y+4y 18y 9

Thay x =2y vao A tadugc: A=

2010, _ 2010
Bai 21. Cho cac sb thuc x, y thoa man: | x y (2)
X+2y=2335
Tinh gia tri biéu thuc: B=2.
y
Lo giai.
pata-20 |y 20 g s
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a+l=Db a+l=b

2 7
& >+ ——==
Tur (2) suy ra: 2010 22010_2345 127 +a =a+1 6
a b 6
< 7a’-1la-6=0<a=2(doa >0)suyra:b =3.
Vay: B=2 b E. =
y a 2

Bai 22. Cho s6 thuc x, y, z, t théa man:

t
——— - = 2
x y z 10 )
(G G
Tinh gié tri biéu thac: C =—+—+—.
Xy yz X
Loi giai
Tu (1) ta co: y:%x,z 2X. =
Thay y=§x,z 2x.vao (2) ta duoc: L—L+L=i =+ X
3 x 5, 2x 10
3

Z. t2 2 t2 x> x¥* x¥¥ x xx x 3311 7
Vithé: C=—+—+—=—+— + = 4= = = == 4= = += =—,
XYy yz X Xy yz zx y yy z 5 52 2 5
X—Y)(X+Y) =z
(X=y)(x+y) )

Bai 23. Cho céc sb thuc X, y, z théa man: { ; ,
4y* =5 #z
Tinh gié tri biéu thac D =2x% 10y% 2372
Léi gidi.
22-x*-y*=0

4
4y* —77% =5, )

Taco: 4) {

Ta tim cac s6 thuc a, b thoa man: a(z? —x*—y?)+b(4y?-7z2)=2x* 10y? 2372
< ax’ +(4b-a)y* —(7Th+a)z® = 2x* +10y* -23z°
a=2

a=2

<<14b-a=10
b=3.

Tbh+a=23
VayD=2.0+35=15.
Bai 24. Cho céc sb thuc X, y, z, t thoa man:
t p—
X+2y+22 p 2 t

(5). Tinh gia tri biéu thac: E=———.
t 1 X+8y+9z

Léi giai.
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Tacéd: (5b) <

Mat khac: é:lt(l- 8% 9% . Gia sir a, b 1a cac s6 thuc thoa man:

a(5+2.1+2. j+b( 3X+Z)=L8L9.3
t t tt t t t
o (a- 3b) +2a +(2a+b) tii-stll- 9%
a—3b=1
a=4 1
&4 2a=8 <& =— =41 4.2 =6.
b=1 E
2a+b=9
Viy E=6
Bai 25. Choavablacacséthéamin a>b>0va a®—a’h+ab?—6b*=0.
B S a*—4b*
Tinh gia tri ctia biéu thirc B:m'

Loi giai.

Taco: a’—a’b+ab’-6b°=0= (a- 2b)(@a* ab+r 30%)= 0 (*)

Via>b>0=a’+ab+3b°>0 nénty (*)tacé a = 2b
4b*  16b* —4b* . 12b* -4

.2 a4_
Biéu thauc B = = \Vaiy: B= — =
b*-4a* b*—-64b* 1y -63b* 21

Bai 26. Cho ba sd x, y, z khéc 0 va thod man:

x+y+z—l
2
1 1 1 1
<—2+—2+—2+—:4.
X y° z° Xyz
1+1+1>0
X y z

Tinh gia tri cta biéu thirc: P = (w700 2%09%) (&2 XPM) (a0 y*)
Loi gidi.

T gia thiét suy ra:

gzt 11 111 ey 111 42[1 el i} {1 & i]z

2 2 2 2 2 2

XXyt 2 oxyz Xy oz Xyz Xy oz

Ma E+1+1>0 suy ra 1+£+1:2 (1)
X y z X z

Lién hé tai liéu word toan SPT va zalo: 039.373.2039 TAI LIEU TOAN HOC



Mat khéc x+y+z=% suy ra #:2 2

X+y+2
Tur (1) va (2) suy ra 1+£+1:; 3
X Yy Z X+y+z

Bién doi () & (x+y)(y+2z)(z+x)=0

X + y — O 3 y X2:_013 y2013 _9(2013 :y2013 0
Sl2+y=0 |y @ (Y28 2 |y®*® 2 0 nénP=0
X+7= O z X ZZ%Ll X2011 _EZOll *2011 0
.- . X , , o~ 14X L1011 L2 1 . .
Bai 27. Cho cac s0 x, y, z khac 0 thoa man dong thoi ;+§+E =2 va x_y_? =4.Tinh gia
tri cua biéu thirc P = (x + 2y + z)*2.
Loi giai.

2
+) Taco l+1+1:2:>(1+£+1J =4
X y z X y z

(Lljl 1

X Z X z

o L 1Y & 1 _1<:>x=# z
—+=| =0 N
\(y z} y 2

Thay vao 1+£+1=2 tadugcx =y = 1;Z=_—1
X y z 2 2

2012
Khi d6 P = (Lz.if—l) _122
2 2 2
Bai 28. Choa, b, ¢ 1a c4c s6 thuc théa man a® + b> + ¢ = a + 2b + 3c = 14.
Tinh gié tri cua biéu thizc T = abc.
Loi gii.
_|la?+b*+c?*=14 [|a*+b*+c?=14
Tach —
a+2b+3c=14 2a+4b+6c =28
—a’+b’+c?—2a-4b-6c=-14
o @-172+((b-27°%+(c-3°=0<a=1b=2;c=3
T =abc =6.

.. .z , o 100 100 _ 4101 101 _ 4102 102
Bai 29. Cho hai s6 duong a, b théa mén: d +h™ =a " +b" =a" +b
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Tinh gia tri bidu thae: P =2 b™%

Loi giai.
Ta co:
0 = g1 4 ploo _( ql% +b101) — g0t 4pto _(a102 +b102)
&a®(1-a)+b™ (1-b)=a(1 a} b¥(1 b}
& a® (1-a) +b™.(1-b)* =0
Doddéa=b=1 (do a, b duong)
vay P=a™ +b™ =1+1=2

Bai 30. Cho s6 X(x e R; x > 0) thoa mén diéu kién: X2+i2=7
X
by g g 42 o, a3 1 oo 5 1
Tinh gia tri cac bi€u thuc: A=x"+ — vaB=x"+ —
X X

Loi gii.

Tir gi thiét suy ra: (x +2)? =9 = x + £ =3 (do x > 0)
X X
= 21=(x+2)0¢+ L) =+ L)+ x+1)y s A=+ L =18
X X X X X

= 7.18 = (X2+ iz)(x3+i3) = (X5+i5) + (X +1)
X X X X

1
X

—B=x+-=7.18-3=123

CAau 31. Gia st a,b 13 hai sb thuc phén biét théa man a*+3a=b*+3b=2
a) Chimg minh ring a+b= 3
b) Chirg minh ring a®+b*= 45
Loi giai.
a’+3p=2
b*+3a=2
< a’-b’+3(a-b)=0= (a b)(a+r b} 3(a- b= & (a b)(a b 35 0

c{a—bzo(loai)

a+b= 3

a) Gia su a,b 1a hai s6 thuc phan bi¢t thoa man {

b)(a+b)3—: 27
ca’+b’+3ab(a+h)= 25 & B 9ab 27
Vi @ +3a+b?+3b=4< (ar b)- 2ab+ 3(ar b= 4> ab— 2

vay a’+b’= 45
CAau 32. V6i a,b,cla cac sb thuc thoa man:
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(3a+3b+3c)’°=24 Ba b €)° 3 € a)P B¢ a b’
Chting minh rang: (a+2b)(b+2c)(c+2a)=1
Loi giai.

3a+b-c=x
bat <3b+c-a=y

3c+a-b=z
Ta co:
(3a+3b+3c)’°=24 3a b €)° @b € a)° Bc a b’ x ¥y ¥ 24 ¥ ¢ @A
S (x+y+2)° =24 £x 4 2)° 3(x YNy )z %) <24 3(x H)(y D)z %) D
& 24-3(2a+4b)(2b+4c)(2c + 4a) = 0
< 24-24(a+2b)(b+2c)(c+2a)=0
< (a+2b)(b+2c)(c+2a)=1
Bai 33. Cho Céc sb thuc a, b, ¢ théa mén dong thoi 2 dang thuc:
i) (a+b)(b+c)(c+a)=abc
i) (a°+b*)(b*+c*)(c*+a®) =a’h’c’. Chung minh: abc=0

Loi giai.

Taco: (@ + b3)(b® + c®)(c® + a°) = a’b’c®
& (a+b)(b+c)(c+a)(@® — ab + b?)(b? — be + c?)(c? - ca +a?) = a’b’c?
Ma: (a+b)(b+c)(c+a) = abc. Do do:
abc(a® — ab + b%)(b? - be + ¢?)(c? - ca +a%) = a’b’c?
& abc = 0 hoic (a® - ab + b?)(b? — bc + ¢?)(c? — ca +a%) = a’b*c?
* Néu abc # 0
Thi: a? —ab + b%> [ab| ; b® = bc + ¢*> |bc]; ¢® — ca + a®> |ca]
Suy ra: (a% - ab + b?)(b® - bc + c?)(c® — ca +a?) > a’b’c?
Ma: (a® — ab + b%)(b® - bc + c?)(c? - ca +a°) = a’b’c?
Do d6a=b=c thay vao (i) = 7a®= 0 = a = 0 = abc = 0 (mau thuan)
Vay: abc = 0 (dpcm)
Bai 34. Cho cac sé a, b thoa man 2a® +11ab-3b*>=0,b 2azb  2a-Tinh gia trj biéu thirc:
T_8- 2b 2a-3b

" 2a-b 2a+b’
Li giai.
Taco
T a—2b= 2a-3b  (a-2b)(2a+b)+(2a-3b)(2a-b) _ 6a” —1lab +b’
2a—b 2a+b (2a—b)(2a +b) 4a* —b?

Tir gia thiét suy ra 11ab= 2a® 3b?,thay vao T ta duoc:
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6a”—1lab+b> 6a’+2a°-3b°+b®> 2(4a*-b%)
T= 2 n2 = 2 h2 = 7z =2
4a°-b 4a” -b 4a°-b
Bai 35. Cho a va b 1a cac sd thuc thoéa man céc diéu kién:
6a’+20a+15=0; 15b*+20b+6=0; ab 1. =
b? 6
ab”*-9(ab +1)3 2015

Loi giai.

Chung minh rang:

Ta ky hiéu cac diéu kién nhu sau:

6a’+20a+15=0 (1); 15b*+20b+6=0 (2); ab 1 (3). #
D& thiy cac phuong trinh (1) va (2) déu cé hai nghiém phan biét.

Do (3) nén b khac 0. Chia hai vé cua (2) cho b? ta duoc

6(lj2 + zo(EJ +15=0 (4)
b b

1 o .
Tu (1), () va(4)suyra a va b Ia hai nghiém khac nhau cta phuong trinh

6x*+20x+15=0  (5)

Theo dinh If Vi-ét: a+—= -2 2
b 3 b 2
b?-9(ab+1)’ ’ 3

Tirdo : & (f‘ +1) :E_g(a+1j:5_ 9(_ E): 2015

b b b) 2 3 6

3
Suy ra = , diéu phai chirng minh.

ab’—9(ab+1)° 2015
X+y=a+b

3

Bai 36. Cho trudc a,b e R; goi X,y 14 hai sé thyc thoa man s s s
X*+y’ =a’+b

2011 2011 2011 2011
+ = + b=,

Chuang minh rang: X y a

Li giai.
Cho truée a,b e R; goi x,y 1a hai s6 thuc thoa man
{x +y=a+b

2011 2011 2011 2011
+ = + b,

a

b3(I).Ch1'1:ng minh rang: X y

X +y*=a’+

I X+y=a+b
e {(x+ y)3 =3xy(x+y)=(a+ b)a— 3ab(a+h)
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X+y=a+b Q)
= (*)
xy(a+b)=ab(a b} (2)
+/Néu a+b =0 thi (*)Q{x+y=a+b
Xy =ab

=> X, y 12 2 nghiém ciia phuong trinh X*—(a+b)X +ab=0

- x=b |x a =
Giai rata co ; => X2 4 P = ¥t 4 M

+/Néu a+b=0=>a= b.

) X+y=0
Ta c0 hé phuong trinh s s S X= Y.
X*+y' =0
2011 2011
=>{a +b™" =0 => x4 (20U _ 2o pyoons
2011 2011
X +yT =0
2 2 2 2 _ 2 _ 2 _
Bai 37.Cho 2 ¥2_Y =2 Z =X Chang minh ring: 2 be b -ca ¢ -ab
a b C X y z
Goiy.
2 2 2 2 2 2
Dit Xoyz _ Yy o T eX o X yz,b: y zx’C: 7% —xy
a b c k k k
2 r r
Sau dé tinh: a® —be,b?—ca,c’ —ab theo X, y,z, K tir 6 suy ra: &2 - yca ¢ Zab=
X
Bai 38. Phan tich da thac thanh nhan ta: P =x* 2000x* 1999x 2000.

Lo giai.
P=x' 2000x° 4999x 2000 =* ** % 1099(x* % Y (x* B
xz(x2 X 41) 41999(x2 X &) + X —1)(*2 X 41) +
(x* » H(x 099 x B & x4) x -2000)

Bail 39. Cho a, b # 0 théa man a + b = 1. Chirng minh: 3a + 3b =2(2a|2_2)
b°"-1 a*-1 ab°+3

Lo giai.
a b a b
VT = = :
-1 a-1 (b—l)(b2+b+1) (a—l)(a2+a+1)
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a b -1 -1

:—a(b2+bl+1) —b(a2+a=+1) b2+b+1 a’+a+l

—(a®+a+1)—(b*+b+1) [(a+b)’ -2ab+3]
- (a2+a+1)(b2+b+1) ~ a®’+ab(a+b)+a’+b’+ab+2
20ab-2)  2(ab-2)

"’ +(a2 +2ab+b2)+2 ~ ah?+3
Vay bai toan dugc ching minh.
Bail 40. Phan tich da thuc thanh nhan te:P=a*(b ¢} b¥(c a) cHa b}
Lo gii.
Ta co:
P=a*(b c} bHc a} cHa b} ai(b c) b*[(a b) {b €)] (& b) -
=a*(b —c) -b*(a -b) -b* (b —) +c* (a -b) =(a -b)(c* -b*) «(b <)(a* b*)
=(a-b)(b—c)(c-a)(a® +b* +c* +ab +bc +ca)
—~(a B o H(a B ¢ o (= ]
Bai 41. Véi a, b, ¢ 1a sb thuc thoa man:
(3a+3b+3c)* =24+ (3a+b-c)®+ (Bb+c—-a)®+ (3c +a-b) (¥)
Chutng minh rang: (a+2b)(b+2c)(c+2a) = 1
Lo giai.
bat:3a+b-c=x;3b+c-a=y;3c+a-b=2z Taco:
(*) o (x+y+z)° =24 + X+ y* + 2°
& 3(X+y)(y+2)(z+x) =24 & 24(a+2b)(b+2c)(c+2a) = 24
& (at2b)(b+2c)(ct2a) = 1 (dpcm)
Bai 42. Cho a, b, ¢ d6i mot khac nhau. Tinh gié tri biéu thac:

B a’ | b? . c’
@00 b-ob-a (cb)e-a)
a’ b? c? a’(c-b)+b*(a-c)+c*(b-a)

Huéng dan. P =

(a-b)(a—c) (b—c)(b-a) (c-b)(c-a)  (a-b)(b—c)(c—a)
Bang cach tach: a-c= [(e b} (B a)] taphan tich duoc:
a’(c-b)+b*(a-c)+c?(b-a) (a-b)(b-c)(c-a)

P: = —1
(a—b)(b-c)(c-a) (a—b)(b-c)(c-a)
B2i 43. Cho a, b, ¢ khac 0 théa man: ——+—2+_C _1. Tinh gi tri biéu thirc:
b+c c+a a+b

a’ b? c
+ +

" b+Cc c+a a+b

2

P

Lién hé tai liéu word toan SPT va zalo: 039.373.2039 TAI LIEU TOAN HOC



Loi giai.
Taco:a+b+c#0donéua+b+c=0thi

a b, C 8, b S 43 3 (rdivoigiathiét)
b+c c+a a+b -a -b -—c

Dodbda+b+c#0. Khido:

§+b)c

a b ch a® (b+c)a p* (cra)p ¢ |
b+c b+c c+a c+a a+b

a+b+c=(a b £)( : .
b+c c+a a+b
a’ b? c?
b+c c+a a+b
2 2 2
N A
b+c c+a a+b

=a+b+c+

a+b=c+d

. Chttng minh: ¢ =d.
ab+1=cd

Bai 44. Cho 4 sb a, b, ¢, d nguyén thoa mén:{
Lo giai.
Tacé:a+b=c+dsuyra:a=c+d-bthayvaoab+1=cd
Taco: (c+d-b)b+l=cd> b(d- by cd cd EH (d b)th & 1
Vib,c,dlasénguyénnén:d—b=-b+c=1hoic-d+b=b-c=1
Vay c=d
a+b+c=1
Bai 45. Cho {a?+hb?+c? =1 . Tinh gia tri biéu thuc: P =a%*® +h2® 128
a®+b*+c’=1
Loi giai.
Ta co:
(a+b+c)2:a2 b*> €* 2(ab bc €a) 2
=1+2(ab+bc+ca)=% ab be ca 0
Mit khac:
a®+b’+c’-3abc=(a # c)(a® b & ab bc cap -1 3abe 1.(1 0)

=abc=0=>a=0vbh=0vc=0

&t a = 0thi { lz+c2=1 {bz +22bc2+c2=1:>b0=(b {b:O
b*+c° =1 b*+c” =1 c=0

Dodbé:a=0,b=0,c=1hoaca=0,b=1,¢c=0

Khi do: P =1

Lap luan tuong tu vai cac truong hopb=0vac =0.

Vay P =1.

Bai 46. Choa+b +c+d=0. Ching minh ring: a®+b°+c*+d*=3(c €)(ab €d)

Léi giai.
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Tura+b+c+d=0

—a+b= (¢ d> (a b¥ +(c &)’ +a’+b® 3ab(a=b) ¢ d° Bcd(c d)
=a’+b’+c’+d®= 3ab(a b) 3cdfe & & B & & 3ab(c-d) 3cd(c d)
=a’+b’+c’+d*=3(c d)(ab <d)

Vay bai toan dugc ching minh.
Bai 47. Cho a®+b®+¢® = 3abc . Tinh gid tri biéu thic: A:{l %){1 9){1 Ej
C a

Léi giai.

a’+b*+c® =3abc

a+b)’ —3ab(a+b)+b* =3abc
) —3c(a+b)(a+b+c)=3abc 3ab(a b}
) =3c(a bH{a b+ch 3ab(a b+ch

+b+c)3 3(a b+ cj(ab be ca)
)
)

3
a+b+c

3
b+c

QD
+

QD

=
=
=
=
< (a+b+c [(a+b+c) —3(ab+bc+ca)}:0
=

a+b+c (a +b2+c?—ab—bc— ca) 0

@%(a+b+c)[(a_b)z+(b_c)z+(c-a)1:o

atb+c=0 a+b+c=0
= =
(a-b)’ +(b—c)’+(c—a)=0 a=h e
V6i a+b+c=0thi: P_aer C+b.a+c=__c,__a,__b=4
a b a a b a

Véia=b=c thi P=@@ 1)@ 1)@ B 8

Bai 48. Cho a, b, ¢ d6i mot khac nhau thoa méan: ab + bc +ca = 1. Tinh gia trj biéu thuc:

2 2 2 2 +2bc-1)(b® +2ca-1)(c® +2ab-1
) a2 e (oo R e e
)L @O o e-a
Lo giai.
a) Taco: 1+a’=ab+bc+ca+a’=(a+b)a+c)
Tuong ty: 1+b?=(a+b)(b+c) . 1+c?=(c+a)(b +c)
Do db: A=(a+b “(b+c)’(c+a)’ =(a+b)2(b+c)2(c+a)2 1

(1+a%)(1+b%)(1+¢*)  (a+b)’(b+c)’(c+a)’
b) Ta cé: a® + 2bc — 1 = a* + 2bc — ab — bc — ca = (a-b)(a-c)
Tuwong tu: b® + 2ca—1 = (b - c)(b - a) ; c®+2ab-1=(c—a)(c-h)
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Do d6: B= (a2+2bc—1)(22+20a2_1)(c2:Zab_l) =(a—b)z(b—c)2(c—a)i =1
(a—b)"(b—c) (c-a) (a—b)'(b—c)’(c-a)

B2 49. cho 1 +1+ 220 . Tinh gia trj biéu thac: p =22 2¢ 8¢
a b c cc a~ b
Goiy.
Ta dé dang chiang minh duoc khi 1+1+l =0 thi i3+i3+i3=i
a b c a~ b ¢ abc
ab bc ac abc abc abc ( 1 1 1 j 3
_ ! _ | ! ﬂbc +— _|_3

Do d6: P = . . = . . — abc.— 3
¢ a> b ¢ a P a® b c abc

B2i 50. Gia sir x, y 12 hai s6 thyc phan bigt thoaman —~—+ 1 = 2
X“+1 y +1 xy+1

1 1 2
2 + 2 +
X*+1 y"+1 xy+1
1 1 2 1 1 1 1
2 AT 2 =3 T3 -
x+1 y°+1 xy+1 x*+1 xy+1 y°+1 xy+1

Tinh gia trj biéu thuc P =

Lo giai. Y-y + Xy =X =0= (xy— yz)(y2+ 1)+ (xy— xz)(x2+ 1) 0

(x2+1)(xy+1) (y2+1)(xy+1)
<:>(x—y)2(xy—1)=0<:> xy=1(vi x# y)= S= 2

CHU PE 2. CAC BAI TOAN VE PA THUC
Bai 1.
Cho da thitc P(x)=ax? $bx <. Biét P(x) chia cho x + 1 du 3, P(x)chia cho x du 1 va P(x)
chia cho x — 1 du 5. Tim cac hé sb a, b, c.

Loi giai.

Vi P(x) chia cho x + 1 du 3 nén P(x) — 3 chia hét cho x + 1.
= P(X) -3 =f(X).(x + 1)
Thay x = -1 vao dang thac trén ta co:
P(-1) - 3=f(-1).(-1 + 1) = 0.

= P(-1) =3 (¢D)

Tuong tu, P(x) chia cho x du 1 nén P(0) =1 (2

P(x) chiachox—1 du 5nén P(1)=5 3)

Tu (1), (2), (3) ta c6 hé phuong trinh:
a.(—1)2+b.(—1)+c:3 a-b+c=3 a 3 =
a.0’+hb.0+c=1 cel = b 1 & =
al’+b.l+c=5 a+b+c=5 [c 1 =
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= P(x) = 3x? + X + 1. Thu lai ta thdy P(x) thoa méan dé bai.
Vay P(x) = 3x% + x + 1.
Bai 2. Cho da thic f(x)=x* —(a+3)x +a . X4c dinh a dé f(x) chia hét cho (x - 2).
Lai giai.
Vi f(x)i(x—2) nén x = 2 la nghiém cua da thuc f(x) hay f(2) =0
Do do: 2°—(a+3)2+a=& & 2
Bai 3. Cho dathuc f(x)=x* 2(a 4)x b 1. Xac dinh a, b dé f(x) chia hét cho
(X — 1) va va da thic (X + 2).
Lai giai.
Taco: f(x)i(x-1);  f(x)i(x+2) nénx=1vax=-2Ilanghiém cua da thuc f(x) hay f(1)
=0vaf(-2) =0. Do do:
1?-2(a+1).1+b-1=0 2a-b= 2
) (a+1) { a oas= g;b 1
(-2)"-2(a+1).(-2)+b-1=0 [4a+b=7 2
Bai 4. Cho da thuc bac 3 dang: f (x)=x°+ax*+bx+c chia hét cho (x - 2) va khi chia cho
(x* = 1) du 2x.
Lai giai.
Ta c6 f(x) chia hét cho (x — 2) nén x = 2 12 nghiém cua da thtc f(x) hay f(2) = 0. Do do:
2’+a2’+b2+c=& 4a 2b & 8 (1)
Mt khac: f(x) chia cho (x* — 1) du 2x nén g(x) = f(x) — 2x nhan (x* = 1) 1 nghiém hay x =
1 va x = -1 la nghiém cua g(x). Do do:
1 :O — /=
{ 9(1) @{ l+a+b+c-2=0 (2)

g(-1)=0  |-l+a-b+c+2=0 (3)
Tir (1), (2), (3) ta c6—a = %;b Lc %
Vay da thic can tim 1a: f (x)=x> 1—§x2 X %

Bai 5. Cho da thic f(x) c6 bac 2002 thoa man diéu kién: f (n) =% véi x =1;2; 3;....;2001.
Tinh gia tri cua f(2002)
Lai giai.
Tacé: f(n) =%nén f (n)—% —0V6i X = 1; 2; 3;...;2001. Suy ra: x = 1; 2; 3;....;2001 I

1 x.f(x)—1:

nghiém cua phuong trinh: f (x)—==0 hay 0
X

Xét phuong trinh: G(x)=x.f(x) 1conghiémlax=1;2;3;....;2001 va G(0) = -1.
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Do d6 G(x) c6 dang: G(x)=a(x—1)(x—2)(x—3)...(x—2001)

o 1
suy ra: G(0) = a.(-1)(-2)(-3)....(-2001) = -1 Vi thé: a=— .
uy 0) =a.(-1)(-2)(-3)....( ) Hthe: a=———r
Do do:
1
Y 0x 2 - ) -
G =153, 2000* Dx 2)6x 3)=(x 2001)
1
f(X)=1e— T (x=1)(x=2)(x=3)..(x—2001
X () 1= oo (XD (x=2)(x=3).- (X )
n f(X):(x—l)(x—2)(x—3)...(x—2001)+1.2.3...2001
1.2.3....2001.x
@f(2002)2(2002—1).(2002—2)...(2002—1)+1.2.3...2001: 2123..2000 1
1.2.3.4...2001.2002 1.2.3..2001.2002 1001

Bai 6. Cho da thirc: P(x)=x" +ax® +bx* +cx +d thoamén P(1)=3,P(3) 1LP(5 27.
Tinh gia tri cua:S=P( 2) +.P(6).
Loi giai.
Xét da thuc: f(x)=ax’+bx*+c thoaman: f(1)=3,f(3) 11 f(5 27. =
al’+b1*+c=3 al =

Khi dbtaco: {a.3?2+b.3+c=11 b 0 Nén f(x)=x*> 2+
a5’ +b5+c=27 c 2 =

Suy ra da thtc Q(x)=P(x) f(x} la da thirc bac 4 ¢4 hé s6 cao nhat 1a 1 vanhan 1,3,5 Ia
nghiém,
Do do: Q(x)=(% 1)(x 3)(x 5)(x m). Turdo tatinh duoc:
P(-2)=Q( 2) +f ( 2) =216 %05m
7P(6)=7.Q(6) f(6) 896 105m
Vay: S=P( 2) 47.P(6) 216 %05m 896 105m 112,

- \ R h(v2++7)
Bal 7. Thi cac da thac g(x) va h(x) véi hé s6 nguyén sao cho: —————~=+/2 .

9(V2+7)
Léi giai.

Pit u=+2 7% ta cin x4c dinh cac da thuc h(x) va g(x) sao cho LICH J2 hay

g(u)
h(u)—g(u).\/i=0

Xét tich: (u—(\/i+\/7))(u—(\/§—\/7))=u5 274 5.

2
Do u la nghiém ciia phwong trinh u?—2y7u+5=0 nén u2+5 =7
u
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2 2
2u 2u

Vay h(x)=u® 5/¢{x) 2x

Thir lai thiy h(x) va g(x) thoa mii didu kién bai toan.
3

Bai 8.Cho f(x)= . Hay tinh gi4 trj ctia biéu thic sau:

1-3x+3x°

A=f (—1 J+ f [—2 j+...+ f (2010j+ f (2011J
2012 2012 2012 2012

Lo giai.
Nhan xét. Néu x+y =1 thi f(x)+f(y)=L1.
x° (1-x)’

x3+(1—x)3 =) # % x?+(1—x)3

That vay, taco f(x)=

suyra f(x)+f(y)=f(x) f1 x} X?+(Xls—x)3 x3(il(_1x—)x)3 1 -

Vay, nhan xét dugc chirng minh. Taco f (%j = %

Theo nhan xét trén ta co:
Al 1 L f 2011 Wt 2 L f 2010 N
2012 2012 2012 2012

$[1005) (1007 )) (10061 ;50e (1) 10055
2012 2012 2012 2

Bai 9. Tim da thirc P(x) bac 4 thoa mai cac diéu kién sau:
P(-1)=0va P(x)-P(x-1)=x(x IH{2x I} xVRe

Léi giai.

Véix = 0 thi P(0)=P( 4) =0
Véix =-1thi P(-1)=P( 2) =0

Do d6 P(x) nhan -1, 0, -2 la nghiém.

biat P(x)=x(x+1)(x+ 2)(ax+b) voa#0.
Voix=1thiP(1)=P(0)+6=6.Suyra:a+b=6(1)
Vi x = 2 thi P(2) = P(1) + 30 = 36. Suy ra: 2a+b :g 2)

T (l)va(2)suyra: a=b

N

Viy p:%x(x Y (x +2)
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Bal 10. Cho da thuc P(x) thoa man:

P(l):l;P(lj Lo, x OGP %) PH) B(G) xx+R Vv e

X X
7

Tacd:P(2)=P(1+1)=P(1)+P(1)=1+1=2.
Tuong tu: P(3) =3; P(5) =5; P(7) =7.

T o(1)-Loin)-Lp(2)-p(2) o[22
Tuong tu: P(§j=$;P(§J ; =
Bai 11. Cho dathuc P(x)=x> x-va Q(x)=x" x* x* ¥ x &
a) Tim s6 du trong phép chia Q(x) cho P(x)
b) Tim x d& Q(x):P(x)
Lo giai.
a) Taco: P(x)=x(x" 1); Q(x)=x(x* 1)-x(x*® 1)-x(x* 1)-x(»" 1)-5x+1 +
Vi cac da thuc x® —1; x*® —1;x* —1 déu chia hét cho x? —1 nén phép chia Q(x) cho P(x) du 5x
+ 1.

b) Dé Q(x):P(x)thi 5x+1=0>
Bai 12. Cho da thirc P(x)=ax’ bx < thoa man diéu kién véi sb nguyén x bat ki thi P(x) la
s6 chinh phuwong. Chung minh riang a, b, ¢ 1a s6 nguyén va b 1a s6 chan.

Loi gii.
Do P(0)=clasé chinh phuong nén ¢ =m? véi m 1a sé nguyén (hién nhién c Ia s nguyén).
ViP(l)=a+b+c;P(-1)=a-b+claci s nguyén nén (a + b) va (a - b) 1a cac s6
nguyén hay 2a va 2b la cac so nguyén.
bat 2a=n;2b p;P£4) k% n,pk= Z. Suy ra: k? -em” =16a +4b
hay (k—m)(k+m)=2(4n p).
Néu k, m khac tinh chin I& thi (k — m)(k + m) I3 s6 1& v 1y.
Do do: (k+m)(k—m):4 . Do dé (4n+p):2 hay p:2
Ma (a+b)eZ=aeZ .
bat P(2)=t*(t Z)eTaco: t?*-m*=2(2a b).

Lap luan tuong tu suy ra b 1a sé chin.

Lién hé tai liéu word toan SPT va zalo: 039.373.2039 TAI LIEU TOAN HOC



CHUONG I. CAC BAI TOAN VE CAN THUC

Bai 1. Tinh gia tri cua bidu thac: A=+6- 2J5+ J14- 645

Lo giai.
TacoA\/GZx/—V[MG«/_% \/3\/_} =136 2 =
Bai 2. RGt gon A =+/127 487 —\/127 +48ﬁ .

Loi giai.

Taco: A=127 —48\7 —\127 +48\7 =/8-3J7)? —/(8+37)’
= 18-3J7|-[8+3J7|=8 37 8 W7 = 67 (8>3J7)
Bai 3. ChOaZ\/11+6\/§ +\/11—6\/§ . Chgng minh rsng @ I mét sé nguy?n.
Léi gidi.
a=11+6v2 +/11-6v2 =/(3++2)° +/(3-+2)* =6
To®&a Iy sé nguyn.

2J10 +4/30-2v2 -6 . 2
210 - 24/2 \3-1

Loi giai.

Bai 4. RGt gon biéu thirc: A= \/

. [2J10+430-242-6 2 _
Ta co: \/ 2710242 'J§—1_

242 (\/5-1) + /6 (+/5 - 1)\/_1 /2+J§J§—1_/4+2J§J§—1_J§+1J§—1_1
\/ 24/2(x/5-1) 2 2 2 V4 T2 2 2 2

Bai 5. Tinh gia tri cua biéu thircN= \/4 3+ \/4 E +4/27-1042

4+13
Loi gii.
Ta co:
J_(\/4+J§+\/4 J3) 5100212

8+24/13

NI R G M e
= +(6-42)
\/(4+\/§)+2\/4+\/§\/4—\/§+(4+\/§)

V2(4+3++/4-3) N TN P 3
a5 4By L ey M

Bal 6. Khong sir dung may tinh, hay thuc hién phép tinh:

Lién hé tai liéu word toan SPT va zalo: 039.373.2039 TAI LIEU TOAN HOC



A= Y2-V3 44415 410
\23-35

Loi giai.
1/ Ta co:

Az V23 +44—15 +10 _*/5(\/2—\/5 +4—+/15 +JE)
- J23-35 a ﬁ(m)

:\/4—2\/§+\/8—2\/1_5+2\/§:\/(x/§—1)2 +\/(¢§_J§)2 NG

V46— 645 \/(3 \/5_1)2
_V3-1+5-V3+2J5 3/5-1

3J5 -1 3J5 -1
=1

.- , -2 , 2+\/§ 2—\/§
Bal 7. Rat gon biéu thac: B = +
V2442443 N2-42-43
Loi giai.

Ta co:

B 2+43 2-V3 2443 2-43

$_2+\/4+2\/§ 2—\/4:2\/5 3443 3-43
B _ (2+\/§)(3—\/§)+(3+\/§)(2—\/§)=3+\/§+3—\/§

V2 3+3)E-B) 6
B
—=1=B=2
J2
BAi 8. S0 sanh 120177 ~1-+/20167 ~1 va 2.2016
V20172 —1 ++/20162 1

Léi gidi.

Tac6: 3015 12014 1 (V20172 —1-+/20162 —1)(v2017% -1 ++/2016° 1)
— + p—
V20172 1 ++/2016% -1
(20152 -1)-(20142-1)  20172-2016° _ (2017-2016)(2017 +2016)
-1+ - -1+ - -1+ -
V20172 —1++/20162 =1 /20172 —1++/20162 -1 /20172 —1++/20162 -1
~ 2017 + 2016 N 2.2016
J20172 14420167 -1 /20177 —1++/2016% -1
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22016
V20172 1 ++/2016% -

2\&—9 _\/;+3_2\/;+1
X—5Jx+6 Jx-2 3-+/x

Vay V20172 -1-+/20162 -1>

Bai 9. Rat gon biéu thirc A =

Loi gidi.
Rt gon biéu thirc A = 2Vx -9 —\/;+3_2‘/;+1
X-5Jx+6 x-2 3-x

PKXD:x # 4;x # 9

2x -9 &+3 2&+1 2X—9-x+9+2x-3/x -2

XX 2

(Vx-2)(Vx-3) Vx-2 -3 (Vx-2)(vx-3)

_ (x/§+1)(\/§—2)=\/;+1
(Vx-2)(vx-3) Vx-3

1

(V-

2)(Vx-

7

Bai 7. Rat gon biéu thuc: A—— .
gon bieu thu ﬁ = \/7 ( \/7]+@
7

Lo giai.
Pit a=47 =a* =7 va a’ =7 taco:
, 1
2 &7 6 7 1-2a° 13a’+7
A=— -a : 5 = o
a a 1 22(asl) @ a a’(a®+1)
a a
_a*+a’-2a°-2a'+13a*+a' 2a*(7-a') _
a’(a®+1) a’(a®+1)
Do a*=7
Bai 6. RUt gon biéu thic: B = 2 |
J4—-345 2425 — 4125
Loi giai.
Piat b=45 =b® =425,b° #125b* 5b° 5b%b° 5b
Tacéd: B= 2
J4—3b+20% —3p°
Mat khac:
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1 B 1 ~ (b°+3b)+(2b*+4)
b°—2b2+30—4  (0°+30)— (202 +4) (b +3b) — (20 + 4)?
(b +2b2 +30+4)(b? ~3) _ b°+2b* —2b2 —9b 12

b®+3b+2b*+4

T -6 2(b" —9) 8
_—b2—2b—1_{b+1j2
4 2 )

Viy B=2 ( 2 T 44

' b+1) b+l 4541

Bai 7. Rbt gon biéu thirc: A = (\/x _J50 —y/x ++/50 )\/x +X* =50 véi x >/50

Loi gidi.

a) Taco:

A? :(\/x-\/_O -\/x+\/%)2(x+\/x2 -50):>A2 :(x-\/%+x+\/%-2\/x2 -50)(x+\/x2 -50)
= A? :(2x-2x/x2 -50)(x+\/x2 -50):>A2 =2(x*-x*+50)

Vay: A? =100

Nhung do theo gia thiét ta thdy A = (\/x\/70 -\/x+\/%)\/x+\/x2 -50 <0

= A=-10

VI=VI-E (@07 +a-%7)
voi —1<x<1.

Bai 8. Rat gon biéu thie A=
2—+/1-Xx
Loi giai.

i (VT +Ex ) 2

2-\J1-x?

=V1 41 (VI %+ )
] T
=~/2X? =|x|x/§

a) Taco: A=

- . ava —by/b a b :
Bal 9. Cho biéu thic M = - - voia,b>0vaa=Dhb
a-b Ja+4b Jb-+a

Rit goi M va tinh gia tri biéu thitc M biét (1-a)(1-b)+2v/ab =1
Léi giai.

Rt gon M=—Y22 _ vsia b>0vaazb
Ja—+/b
TAI LIEU TOAN HOC
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(1-a)(1-b)+2Jab==1 —ab- & b 1 2dab 1

sa-(Va bls (A

ab |, Jab
E-w ‘—ﬁ—% '
+ Néu a>b>0
, Jab
:\/5>x/52>\/5—\/5>0,\/%>0:>m>0
| Jab | Jab @—:1 M 1

“Na-b| Ja-vb  Ja-+b

+ néu O<a<b
:>x/5<\/5:>\/5—\/5<0;\/%>0:>ﬂ<0

Ja-b
:>|‘/%|=_‘/£ —Jab =M 1
Na-vb| Va-b a-ib
Bai 10. Chtng minh biéu thirc sau khéng phy thudc vao gia tri caa x:
_ Bx—(x+6)Vx-3 3 1
2(x—4VX +3)(2=+/Xx) —2x+10Jx-12 3Jx-x-2
Pidu kien x>0, x £4; x #9; x # 1

Léi giai.
Ta co0:
~ 6x—(x+6)\/§—3 3 1
2X-dIX +3)2-VX) -2x+10yX 12 3Jx —x-2
6X — (X + 6)v/X -3 3 1

A - -3 1 X -3)2-%)  2-X)(Wx 1)
Dox >20; x #1; x #4; X #9

6X — (X + 6)vX —3—3(/x 1) — 2(+/x - 3)
2(Vx ~1)(Wx -3)(2-+x)

_ BX — XA/X —6/X —3-3/x +3-2Jx +6
2(x —1)(Vx =3)(2-+/x)

Az (2% — 64/X) = 2(+/X = 3) = X(v/X = 3) + VX (/X —3)
2(Wx ~1)(Wx =3)(2-4/x)

Az (CDEX-3)@2-0 _ 1
20X -D(Wx-3)2-y/x) 2

Bai 11. Cho a, b 14 s hitu ti théa man (a®+b*—2)(a+b)’+(1-aby = 4ab

A=

A

=> PpPCM

Chung minh +1+ab 13 sb hitu ti
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Loi giai

Ta co:
GT)= [(a+ b)’ - 2(ab +1)}(a+ b)? +(1+ab)’ =0

& (a+b)’ —2(a+b)*(1+ab) +(1+ab)* =0

o[(a+b) - ab)T 0= (a+ b)2-(1+ ab)=0

o (a+h)’ =% abs |ar bE Vi ae Quimk QKL

Bai 12. Cho biéu thirc: P = \/§+\/|§ x-Jy ), 1 X+y+2xy .
1-Jxy  1+yxy 1-xy

a) Rut gon biéu thuc P.

2
b) Tinh gia tri cia P véi X = .
2+/3
Loi giai.
a) PKXD: x>0;y >0;xy #1.
Mau thirc chung 1a 1 — xy

o _ (XA xy) + (X = Y)A=xy) 1-xy+x-+y+ 2xy

1-xy 1-xy
:&+x\/§+\/§+y&+\/§—x\/§—\/§+y\/§ 1-xy
1—-xy 1+ X+Y+Xy

C2(Wx X)) 2dx@+y)  2Vx
1+ x)A+y)  @+X)(1+y) 14X

b) Ta cé:

2 202-43) ., . )
SEP e =3 24/3 4 /3 )

W=J(3 B KB 1-vB 1 -

C2(W3-1)  23-2
C1+(3-1% 1+3-23+1

_2(3-1) 6/3+2_

X

P=
5-2J3 13

Bai 13. Cho biéu thie P = | ¥X=L | X¥8]) Svx-1+1 1

3+Ux—1 10—x) [x—3/x-1-1 +/x-1

1) Rat gon P
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2) Tinh gia tri cia P khi x = zi/

3+2\/§_i/3—2\/§

3-2v2 \3+242
Loi gidi.
PK 1<x=10
1)I:,_:~’>\/x—1+9_ 1 2Vx—1+4
10—x  |Jx—1 x—-1-3

_ 314y Vi{fi-g)

10—x 2UX—1+4
_ 3WVx—=1(x—-10)(vx—1-2) _ 3(x—2)

2(10—x)(x—1—4)

2 x— \/3+2\/_ \/3 242
3-22 \3+242

2(x—5)

= 4B+2v2) —4(3—2v2)* =3+ 2J2 —3-242

=>x=1+/2-(2-1) =2 vix>1

Vay P=0

NVoix 20, x # 1.

Bai 14. Cho biéu thic: P = [

a) Rat gon biéu thuc P.

b) Tim x dé P=% :

X + 2 Jx 1 ) Jx-1
x/X — 1 x+&+1 1-Jx |

Loi giai.
a) Ta co:
o[ xt2 _ Jx 1 ) x-1 | x+2  x 1|
XX — 1 x+\/§+1 1-x ) 2 (\/;)3_1 X+Vx+1 x-1|

_ x+2+\/§(\/§—1)—(x+

Ix+1) /x-1

(ﬁ—l)(x+ x+1) -2

o x=2Ux+1 2
_(\/;—1)(X+ x+1)'x/§—1
2

X++X+1

b) V6ix > 0,x # 1. Taco:
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2 =gcx X ¥ #
X+4X+1

S X+Xx=6=0< (VX -2)(Wx +3) =0
Vi VX +3>0nenX -2=0 < x =4 (t/m)

Vaszékhix=4

X2 - /x 2x+\/§+2(x-1)

Bai 15. Cho biéu thic: P = - x>0, x # 1).
PPN v S )
1. Rat gon P.
2. Tim gia tri chax dé P = 3.
Lo giai.
3
UTacs po YO =) Vx@Vx+D) | 2(/x-D(/x+1)
x+\/§+1 \/; \/§—1
=\/;(\/;—1)()(4‘\/;4'1)_2\/;_1_'_2(\/;_’_1)
X+X+1
=% J; 1
2/ Tach:P=3 <> X—X+1=3 & X—/x-2=0
t=-4(L
Datx/;=t,t20tadu’qcpt t?-t-2=0 < (L)
t=2 (TM)

Ta co t=2 ta duoc /X = 2 < x = 4 (thoa min DK).
Vay x=4thiP=3.

P X y Xy
Wx+Y)A-Y) (x+Jy)Wx+D)  (x+D)E-4y)

Bai 16. Cho biéu thuec:

1. Rat gon biéu thuc P.
2. Tim cdac gid tri X, y nguyén thoa man P = 2.

Loi giai.
1) Pidukién: x>0:y>0;y=1;x+y=0 .

P:x(1+\/§)—y(1—\/§)—xy(\/§+\/y) _(x—y)+(x x+y\/§)—xy(\/§+\/§)

e B )aa) (e )
=(x/;+\/§)(\/_—\/§+x—\/ﬁ+y—xy) =\/;(\/;+1)—\/V(\/;+1)+y(1+\/;)(1—\/;)
(e e R ) oo o))
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ey v )G - )
- i)

SN

P=2c Jr+ 1y —y=2v6i x20;y20;y=1;x+y=0

er(t+fy)-(Wr+1)=t (B 1 F) o

Taco: 1+ ,/y>1=/x-1<10<x<4=x=0;1;2;3;4

Thay vao P ta co, cap gia tri (4; 0) va (2 ; 2) thoa man

Bai 17. Cho biéu thic M = 24x -9 +2‘/;+1+VX+3

X—5\/;+6 \/;—3 2—&

a. Tim gia tri cta x dé biéu thirc M ¢6 nghia va rit gon biéu thirc M
b. TimxdéM=5

Loi giai.

a/ DK x>20;x#4;x#9
2\/;—9—(\/;+3X\/;—3)+(2\/;+1X\/;—2)
Wx -2Jyx -3

A 2Re 1A . X=X -2
Bién do6i ta c6 két qua: = (\/;—ZX\/;—S)
_ (xyfvx—2) Vx4t
Wx-3JVx-2) x-3
Jx-1

b/ Tacod: M 5 2" 5=x=4= x=16(TM)

Jx-3

Bai 18. Cho biéu thirc: A=

Rat gon M =

x+2| \/;+1| 1

XX =1 X4X+1 1-+/X

voi X220, x#1
1) Rat gon A
2) Chimg to rang: A < %
Loi giai.
Ta co:

X +2 W+l 1

VAR (e deot] xekol KL
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_x+2+x—1—x—\/§—1

A (\&—1)(x+ X +1)

Ao X
(\/;—1)(x+«/;+1)
)
N I
L1 1 X (Ji—ﬂz
2 Xetg_A_g_ X+/Xx+1 3(x+\/;+1)
Dox>0, x#1

2
:(&—1)2>0 vax+\/§+1=[\/§ %} %L 0>
:>1—A>0<:> A<1
3 3

3x+49x -3 Wx+1 x-2
x+x=2  x+2 x-1

Bai 19. Cho biéu thic P =

a. Tim BDKXD va rut gon P
b. Timx déP<0
Loi gial.
a) Tim dugc PKXD: x>0,x =1
063X+@_3—&+1—&_2= 3x+3Vx -3  (Wx+D)(Wx-1) (x-2)(/x+2)
x+x-2  x+2 x-1 Wx+2x-1) x+2)x-1) x+2)x-1)

=3x+3&—3—x+1—x+4: X+3VX +2

Wx+2(Wx-1)  (x+Wx-D
=(\/;+2)(\/;+1)=\/;+1
Wx+2)(Wx-1) x-1
b)-Taco:P<0

\/;-l-l
Jx-1
— X -1<0(dov/x +1> 0)

=JX<1

Ta

= <0

= x<1

- Két hop véi DPKXD ta duogc: V6i 0<x<1thi P <0.

. o 1 3 2
Bal 20. Cho biéu thttc: P = X+1_X\/;+1+X-\/;+l
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a) Rut gon P.
b) Chiing minh P > 0.

Loi giai.

a) DKXD: x >0

1 3 2
P= - +
Ix+1 xx+1 x-+/x +1
1 3 2

"L (Vx e (xedx+1) xR AL
X - x+1—3+2(\/§+1)_ X /%

Jx

(Vx#1)(x-vx+1)  (Vx+L)(x-Vx +1) T x-vx +1

b) VX >0
X—\/;+1=(\/_—%j2+%z%
Jx

Do do: P=
0 do X-\/;+1

>0

x+2| \/§

: Voix 20, x= 1.

Bai 21.Cho biéu thac: P = . :
[x&—l x+Vx+1 1-+x

a) Rat gon biéu thuc P.
b) So sénh: P? va 2P.

1 j_\/_—l

Lévi giai.
a) Taco:P = X+2 Jx L1 x-1
o xfx=1 x+Ux+1 1-x ) 2
|ox+2 1 | Jx-1
(\/;)3_1'x+\/§+1 Jx-1| 2
X+ 2+ XWX D) - (kX +D) Wx-1 0 x=24x+1 2

(&—1)(x+ x+1) 2
B 2
Cx+x 41

Lién hé tai liéu word toan SPT va zalo: 039.373.2039
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O Vi Xx>0= x+x+1>1

<:>0<#£2
X++4X+1

<0<P<L2

< P(P-2)<0

= P?-2P<0

< P?<2pP

Dau “="xayrakhiP=2 < x=0

Vay P> < 2P

541 22. Cho biéu thire: M = 252 afa-1 a’-aJa+va-1 véia>0,a=Ll.
Ja a-+a Ja-ava

Chung minh rang M > 4.

Léi giai.
al Ta co:
a\/a—l_(\@—l)(a+\/5+1)_a+ a+l
a-va  Ja(Wa-) = Ja
a’-aJa+Ja-1 (a+l)(a-1)-+a(a-1) (a-l@a-+a+1l) -a++a-1
Ja—ava Ja(l-a) - Jat-a) 2 a

:>|\/|=a_+1 2

Ja
Do a>0;a=1nén: (Va-1)°>0 < a+l>2Ja

2\/a

>M>—+2=4

N

52i 23 Cho biéu thirc A:(

Doa>0,a=#1nén:

JHVx-3 1 1 L)1
X+UX =2  fx—-1 Jx+2 x-1
1) Tim diéu kién cuia x dé biéu thirc A c¢6 nghia.

2) Rt gon biéu thirc A.

3) Tim gia tri cua x dé A la so tu nhién.

Loi giai.
x>0
Xx#1

JHVx-3 1 1 )1
x+x-2  Jx-1 Jx+2 ) 'x

1) Piéu kién: {

2) Ta co: Az(
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X+3JXx+2 Vx+1)(Vx+2
A e (g
= (Vx+1)

x>0

3) Vi diéu kién: {
x=1

TacH: A= (\/§ +1)2

ViA= (\/;+1)22 1 voimoix>0nén 0 < (\&24_1)2 <
Do dé: Ezﬁ Nkhi (v& +1) = 1 hogc (Vx+1) =2

Ma ~/X +1> 0 nén +/x +1 =1 hoac Jx+1=+/2
2

Do d6: x=0 hoac x:(\/i 1):—3 22

Vay %Iasé tw nhién khi x =0hoic x=3 22

y_atl aja-1 2’-aJat+ya-1

Bai 24. Cho biéu thirc Ja a-+a Ja-ava  ygias 0,a#1,

. e CLiA 6 . . A
Vi nhitng gia tri nao cua a thi biéu thire N = M nhan gia tri nguyén?
Loi giai.
Véi diéu kién a > 0; a = 1thi:

_a+l (Va-1)(a++a+1) (Va-1)(Va+1)(a-a+1)

M + —

Ja Va(Va-1) Va(Va-1)(va+1)
Mo+l a+va+l a-+a+1l (\/5”)2
Va Va Ja Ja
KhidéNz% (\/:Z\fl)z 0. Tathdyvéi O<azl=a—+a+1>0
<:>(\/5+1)2>3\/5<:> 6\/52<2
e
Do 0<N<?2
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Dé N c6 gia tri nguyén thi N = 1.

6v/a

@_
a+2Ja+1

Ja =43+ 2— a 7 43 (thoa man)
-2 =&
= [V ) L— VY L 7 43 (thda man)

=lea-4Ja+1=0

Vaya=7 45/5
a+l ava-1 a’-ava++va-1

Bai 25. Cho biéu thirc: M = véia>0,a=1.
Ja a-+a Ja-ava

Véi nhitng gia tri nao cua a thi biéu thire N = M nhén gia tri nguyén?

Loi gii.
Tacd 0<N :% <§ do d6 N chi c6 thé nhan duoc mot gia tri nguyén 1a 1
Ma N=1 @i:1<:>a—4ﬁ+1=0<:>(\/5—2)2 =

a+l+2/a

ea=2 3hayva 2 /3 (phuhop)
Vay, Nnguyén <a=(2 8)

x—5Vx j( 25X &+3+&—5J
X —25 X+2Jx =15 /x+5 +/x-3

Bai 26. Cho biéu thic A = (

1. Rut gon A
2. Tim s6 nguyén x dé A nguyén

Loi giai.
1) Piéu kién x> 0,x # 25,x # 9

, 5
Rt gon A_\/;Jr3
2)x e Z=>/x+3 1A U(5) => Vx+3=1 (loai)

X+3=5 =x 4
\/_)(x/_+3 x+2  Ax+2 )
11 Vx—2  3-Jx  x—5Yx+6

Bai 27.Cho M = (1-

1) Rat gon M

2) Tim gié tri nguyén ciia x dé biéu thirc M nhén gia tri 1 s6 nguyén
Loi giai.

a) DPKXD: x>0;x#4;x#9 (*)

1) Rut gon M: VGix > 0;x = 4;x =9

Lién hé tai liéu word toan SPT va zalo: 039.373.2039 TAI LIEU TOAN HOC



N,
\/;+1

Vx-2_x+1-3_Jx+1 3 . 3

\/;-i-l_ Jx+1 _\/;+1_\/;+1= _\/;+1

Biéu thirc M c6 gia tri nguyén khi va chi khi: 3:vx +1< Jx +1eU(3)
UR)e{#L13 | VI x20=/x+1>0=+/x+1>1

Nén+/x +1e {3 }

Xay ra cac truong hop sau:

 Ax+1=1<x=0< x=0 (TMDPK (*))
Ax+1=3ex=2ox=4

(khong TMDK (*) loai )

Vay x = 0 thi M nhan gi4 tri nguyén.

x—2dx x4l 142x-2Jx
xWXx-1 xx+x+x  x2—x

Tim tat ca cac gia tri cua X sao cho gid tri cua P 1a mot s6 nguyén.

Rut gon ta duge: M = (vOi x> 0;x=4;x#9) (*)

2)M =

Bai 28. Cho biéu thuc P =

Lo giai.
Piéu kién: x>0, x 1. Khi d6 ta co
\/§+2

X+ X+1

Ta cb Px+(P—1)x/;+P—2:O, ta coi ddy la phuong trinh bic hai cia ~/x. Néu

Rut gon biéu thirc ta duoc P =

P=0 =+«x 2 9 vO Ii, suy ra P=0 nén dé ton tai X thi phuong trinh trén cé
A=(P 1¥ 4P(P 2} O

& -3P?+6P+120 & P2—2P+1s%<:>(P—1)2 <

wl s~

Do P nguyén nén (P -1)° bang 0 hoic 1

+) Néu (P—l)2 =0< P= X % 1 khong thoa man.

: P=2
+) Néu (P—1)2=1<:>{ = P= 2> 2% V¥ @& x 0 khongthoa man

Vay khong c6 gia tri nao cua x théa man.

24/x -9 .\ 24/x +1 .\ Jx+3
Xx—5Jx+6 /x-3 2-4x
a.Tim gia tri ciia x dé biéu thirc M ¢ nghia va rat gon biéu thire M
b. Timx e ZdéM e Z.

Bai 29. Cho biéu thtc M =

Loi giai.
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a/ DK x>0;x#4;x#9

24x =9 (Vx +3)y/x —3)+ [2vx +1Jx -2)

Rut gon M = (\/;_21\/;_3)
<X 2. £ 1A S p— X—\/;—Z
Bién doi ta c¢6 két qua: —( —21&—3)
a ( x+1X«/_ ) Jx+1
- (x-3fVx-2) Vx-3

Ix-1

b/ Tacé: M <5 5 =X = 4= x=16(TM)

Jx-3
Béi30.Chobiéuth1’rcA=(X 5 _ N 25-x _ x+3 x- 5}

x—25 X+ 24/X =15 ﬁ+5 Jx -3
1. Rat gon A

2.V6ix=0,x %25 x #9 tim gia tri nho nhit cia biéu thic: B = AX*10)

Loi giai.
1)Piéu kién x >0,x # 25,x # 9

5

Rut gon A=

g¢ Jx+3
2) Tacé:

A(X+16) _ 5(x+16) x+16 \/—

X—3+——\/_ 3 42 6
5 5(Wx+3 x+3 Jx+3 Jx+3
=>B>4=>minB=4 < x=4
2

Bi 30. Cho biéu thae A=X 72X 11 .

Bl 271+x+2 1—\/x+2)

a) Tim diéu kién cua x dé biéu thirc A c6 nghia
b)RUt gon biéu thuc A
¢)Tim gié tri nho nhat caa A.

Loi giai.
X+22=>0
a) biéu kién cua x dé biéu thirc A cé nghia : {x*+1#0 < X=-
Sx+2 1 )

b) Rut gon biéu thirc A
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A=x2—2x 1 1 1 X(x —2) 1 2
41 2 14x+2 1-x+27 (X+D(X—x+1) 2'1-(x+2)
X(x —2) 1 x(x =2)—(x*=x+1)

T XA —x+D) x+1  (x+D(X—x+1)
—(x+1) -1

C(X+D(P—x+1D) X2 -x+1
¢) Tim gié tri nho nhat cua A.
-1 -1

Taco A= =
X2 —x+1 (x—1)2+3

4
Ta ¢6 A nhé nhit khi (x_%)z +% dat gid tri nhé nhét

Vay: Gié tri nho nhét caa 12 A 13 ‘?4 khi x—% 0o x=%

Bai 31. Céc sb thuc x , y thoa méan ding thuc :

(T x? Jy+yiry? )=

Chang minh x+y=0
Lo giai.
Taco:
(x+1/1+x2 Xy+\/1+ y? X — 1+ X )=(x—1/1+x2 )
(y+ 1+y ) ( —J1+X? kl)
Tuong tu —(x+1/1+x2 ):(y— 1+ y2 XZ)

Cong (1) va (2) Taco

Y=+ Y —X=VI+ X =% VB Xy B Yo -y = Xy

< Xx+y=0
Bai 32. Cho x, y, z déu khac 0 thoa ma diéu kién:a+b+c¢c=0.
Chtng minh: i2+i2 112

y© z X Yy z

Léi giai.
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Bai 33. Cho a, b 14 56 duong va c 1a sé khac 0 theaman: 2+ +1 20 .
X y z

Ching minh: (x+y =+x 2 <y 2 (*
Lovi giai.

Tach: o=ly 1. 1 ¥y+yz+x
X Yy z

= xy yz 2 0.Do do: ab +bc +ca =0
Xyz

(M) @ x+y=(x+2)+(y+2)+2(x+2)(y +2).

<:>22+2\/xy+xz+yz+zz:0(:)(—0):\/xy 2 e #
& =Xy + Xz +yz + 72
& xy + yz + zx =0 ( ding) = (dpcm

\/§+\/§+\/6+\/§+4:1 2.

Bai 34. Chimg minh dang thuc: Q =

V2 +3++/4
Lo giai.
Tacé,Q_ﬁ+ﬁ+¢z—3+rz.4+m_(ﬁ+ﬁ+ﬁ)+ﬁ(ﬁ+@+¢z)_l 4
| V244344 V2 ++/3++/4 '
Bai 35. Chirng minh dang thuc sau :
1 1 1 1
A= = SEN SN
VLI+V2 2443 344 Jn=1++n
Lo giai.
Ta c6: ! Vk+1-+k _ K

Jk ++/k+1 =(M+\/E)(M—\/E)

Dods: A=(v2 V1) (3 +2) (V4 B) + fn Jn 1) < 1-
Bai 36. Chtrng minh dang thic:

1 1 1 1 9
A= 1v2 V21203 ad3+3a "t 100y09 199yi00 10°
Loi giai.
1 _ 1 i JFT-K
(k+1)\/E+k.\/k+1_\/k.(k+1).(\/E+M)_ k.(k+1)(ﬁ+\/§)(\/mﬂ/f)
Taco: k+i-vk 1 1

k(k+1) vk vkl
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Do dé: A:{l 1) (L 1} (L 1j+ (L ;J o1 19

T ) 2 B\ Ve (e Voo Jioo T 9 10
Bai 45. Tinh gia tri cua biéu thirc P
P =3x*"° +5x™" + 2006 VGi x=\/6+2\/§.\/3—\/\/§+2\/§+\/18—8\/_ -3

Loi gidi.

Ta c6: x=\/6+2\/§.\/3—\/\/§+2\/§+\/18—8\/_.—J§
CoV18-8V2 =(4-+2)" =[4-+2|=4-+2
\/\/E+2\/§+4—\/§=\/2\/§+4=\/(\/§+1)2=‘\/§+1‘

X =164 2v243-3+1=16+2v2:2—3 =6+ 2/4-243 3
x:\/6+2\/(\/§—1 2 _J3=46+23-1-+3=1/4+23-43
X =/ (\3+1)? —«/§=‘\/§+1‘—\/§=«/§+1—\/§=1

Véix=1.Tacod P=3.1°"+5.1"" + 2006 = 3+ 5+ 2006 = 2014
Vay voix =1thi P=2014

Bai 46. Tinh gia tri cua da thic f(x)=(x* 3x 4)*° tai x=9

1 1
R

Loi giai.

s L2 2

2 2 _g 2/5+4-2V5+4

=Y R B2 (V5) -2

=9-8=1

f(x)=f@) 1 =

Bai 47. Cho cac s duong x, y, z thoa man diéu kién xyz = 100. Tinh gia trj cua biéu thuc:

Ao VX Ly, 10z
Sy +x 410 Jyz +4y+1 Jxz +10Vz +10

Loi giai.

Vi X, Y, z 1a cac s6 duong nén tir xyz = 100 =>/xyz =10

Thay vao biéu thirc da cho ta duoc:

Jx Jy Jyzz

— y
A= + +
Sy X+ dxyz  Jyz+y+1 0 xz +fxyzz + 3 xyz
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&(\/?+1+\/y—z) \/y_z+\/§+1 \/E(1+\/y_z+\/§)

= 1 + \/y + \/y_z
\/§+1+\/y_z \/y—z+\/§+l 1+\/y—z+\/§
_ 1+\/§+\/y—z -1
1+ y+\/y7

Bai 48. Cho a, b, ¢ thbaman va++b+c=7; a+b+c=23; Jabc =3

Tinh gia tri biéu thirc H=

1 1 1
Jab+vc—6  Jbe+a—6  oa+yb_6
Loi gidi.

Taco (\/5+\/5+\/E)2=a+b+c+2(\/$+ be +\/a)

ma va++b++c=7: a+b+c=23 nén vab ++/bc ++/ca =13
Tacd Ja+b+vc=7=c-6= Ja b 1

nén Jab+vc-6=vab va b 1+(<a 1)(Vb 1) -

Tuong tw vbe ++a-6=(vb 1{Ve 1fvac Vb 6 (Ja 1)(ve 1) -

1 1 1
Vay H= + +
Y b+ Ve 6 Jbo a6 oatvb_6

1 1 1

TE (g ) (E (g

_ Ne-1+ya-1+vb-1
(Va-1)(¥o-1)(e-1)

R e 0 R T

_\/ﬁ-F(\/a-i-\/B-l-\/E)—(\/%*‘\/R‘F\/Ea)_l_ 3+7-13-1

(\/§+2)\3/17J§ 38
J5++/14-645

Bai 49. Voi x=

Léi gidi.
o ABT (542)_(5-2)(E+2) 3

J5 +/(3-B)? 5+3-45 3

Tur tinh duwoc B = - 1.
Bai 50. Cho x, y, z thoda man: xy + yz +xz = 1.
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2 2 2 2 2 2
Tinh gid trj biéu thie: A = x |EHYIEZ)  JAF2)Aex]) ) @rx)Ey)
(1+x%) (1+y?) (1+2°%)

Loi giai.

Cho x, y, z thod man: xy +yz +xz=1.

Hay tinh: A = X\/WJW\/(“ 22)(1:— x?) +Z\/(1+ XZ)(12+ v?)
(1+x%) d+y%) 1+12%)

Goiy:ixy+yz+xz=1 e 1+xX0= xy+yz+xz+x*=y(X+2) +x(X +2) = (X +2)(X +Y)
B2i 51. Cho ham s : f(x) = (x* + 12X — 31)?°2. Tinh f(a) tai a = 16 -85 +3/16+85
Loi gidi.

Tir a=316-85 + /16 +85
—a° =32+33/(16—8\/§)(16+8\/§)[3/16+8\/§+3/16—8\/5}:32—1261 nén a®+ 12a = 32. Vay
f(a) =1
Bai52. Cho x=31 65 365 1.Tinh Q=x% 12% 2009.
Léi gidi.

Q=x3% 12% 2009, véi x=32 65 365 1:

3
Taco: x3=(§/1+ J65- 365 1)

(1+\/_) 3\/ 1+\/_ )(\/1+\/— \/\/— )

—2 12(% J65- I/65- 1} 2 12x.

Do do: Q = 2-12x +12x + 2009 = 2011.
Bal 53. Cho x, y thtaman 0<x <1,0<y<l va

XY
1-x 1-y
Tinh gié tri ctia biéu thitc P = X+ y++/x2—xy+ y°
Loi giai.
Taco.
X y
—t+——=E 2(x +1 3x
1-x 1-y ( y=} Y
1+ 3xy
S X+y="—°—

2

Thay x+y= 1+23Xy Ta co
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P=X+y+yX—xy+y? =x+y+(x+y) -3xy

_1+3xy /[1+3xyj2 3%y 1+3xy (113xy]2

2 \U 2 2 2
~143xy  [1-3xy]
2 | 2]

Néu xy>1/3 ThiP =2
Néu xy < 1/3n thi P = 3xy

1 12++/135 _[12-+/135
Bai 54. Cho *:—[1 i/ -+ i/ J

3 3 3

Tinh M = (9x° ~9x* - 3)’

Léi giai.

Tu*__{ \/12+\/1? \/12 Jl?}

3

3—1

3

{12+\/17 12 \/17]

3
e (3x1) = i/12 +4/135 i/12 V135
3 3
=(3x-1)’=8 3(3x 1)
<9 -9x*-2=0

S>M={ 1f 1

Bai 55. Cho cac sb thue duong a, b ; a = b.Chitng minh rang

(A=) |, b4 2ada

(Va-+b)? +3a+3\/520
ava-byb b-a
Loi giai.
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(a-h)’
o (ﬁ—%f—bﬁﬂaﬁﬁaw@
ava—bvb b-a
(Va—+b)’.(Va+b)’
(Ja_vb) —bx/5+2a\/5_ 3Ja(Wa+b)
(Va—+b)(@a++ab +b) (Va—-+vb)(va ++b)
_aJa+3avb+3pVa+bvb+2a/a  3Va
- (Ja-+b)(a++/ab+h) Ja-+b
_3av/a +3avb +3bv/a-3a/a —3avb -3bva
) (va—+b)(a++/ab +b)
— 0(DPCM)
Bai 56. Tim X, y nguyén sao cho v/x +./y =+/18

Léi giai.

Tachd :Jx+.y=+18(x Oz Oy

Ptviet: Vx +./y =320 x <3V20 [y<3Jy

Pt viét:

Vx =32 -y 20<=> (Vx)? = (3V2 - [y)? <=> 6,2y =y —x+18
L y—x+18

= =2y % Q

2 . S
<=> 2y:a€Q<=>2y:azeQ<:>{a_EzN(Vl 2yeZ vaa=0)
a:

a=2m(m N) e
=>2y =(2m)? <=> y =2m? <=> [y =m/2TT =>J/x =nv/2

Pt (1) viét: nW2 +my2 =3J2 <=>m+n=3(m;neN)
‘(n=0 (x 0 =
=
=>
n=2 X 8 =
=>
m=1 y 2 =
n=3 x 18 =
=>
| (m=0 y O =

. . x=0 ([x=2 [x=8 [x=18
Vay Pt da cho c0 4 nghiém ; : ;
y=18 |y=8 |y=2 |[y=0

Bai 57. Cho hai sb thuc a, b théa mén a + b = 3, ab = 1. Tinh gi4 tri cua biéu thirc
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(a0

°" ava +by/b
Loi gii.
racs: p AN _(Va-B)(a-biarD
av/a +bvb (\/a) +(\/5)
~(Va—vb)(Va—+b)(Va+vb)(a+b) (a+b-2yab)(a+b)
- (x/5+x/5)(a+b—\/%) - atb_ab

Thay a+b =3, ab=1 ta dugc:
o (3-21)3 3

S3-1 2
Bai 58.1) Choa—b=+/29 125 245 . Tinh gié tri cua biéu thirc:

A=a?(a I+ b4b 1)} 1lab 2815
2) Cho x,y 1a hai s6 thuc thoa man xy +/(1+ x?)(1+ y?) =1.
Chutng minh rang xy/1+ y? + yv1+x? =0.
Loi giai.

1) a-b=120 12J5- 25= |[(3 245)- 25 3
A=a’-b® +a® +b’ ~11ab +2015
= (a—b)(a® +b*+ab) +a* +b* —11ab + 2015
=3@° B ab) a® B Hab 2015
=4(a> 2ab b%) 2015 4{a b)> 205 2051
2) Xy ++/(@+x)A+Yy%) =2 1 X% y¥ 1 xy
= 1+ x*)(1+ y?) = 1-xy)?
S 1+ + Y+ X7y =1-2xy + X*y°
SX+y +2xy =0 (X+ YY)’ =0 y=— X

= x\/1+ VA yvlex =xvl 5 w1 % D

a b 1 1,
- . (E"‘**‘l)(*—g)
Bai 59. Cho biéu thirc P =2 ab2 a p— V6ia>0,b>0,a#b.
()
a b a

b2
1. Chang minh P=i
ab

2. Gia st a, b thay ddi sao cho 4a+b++/ab =1. Tim gia tri nho nhét cua P.
Lo gii.
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Ta co:

a b 1 1 a? b®> ab,a-b
(B+—+1)(———)2 (—+—+))°
P— a a b” __ "ab ab ab” ab
a2+§_(§+9) a’ N b* _(a3b . ab3)
b? a> b a a’h? a’® “a’® a’b?
a’+b’+ab, (a—-b)*> (a’-b%*(a-b)
( ab ) a’h® _ a’h® _1
a*+b*—a’h-ab? (a®-b*)(a—b) ab
a’b? a’h?
1
Vay P=—.
ay b

2.Ap dung BDT C6-si cho hai s6 duong 4a va b ta co:
da+b>2Jdab=4Jae =1+ 4a b x/ab 5ab
<=>+/ab sl<=>0<ab£i

5 25

1

>= P>— 25
ab
a- 1
C _ |b=4a 0> b=4a 0 10
Dau bang xay ra khi <=>{ 2> 10
4a+b++/ab =1 10a=1 bzg
5
1
a=—
VayminP =25 ] 10
2
b=2
5

Bai 60. Chtring minh rang:

A—\/1+i+i+\/l+i+i+ +\/i+#+#+\/l+#+#
1?22 3 \N12 3 4 7 N1® 1998° 1999° \1° 1999° 2000°

La s hitu ty.

Loi giai.

Xét ke N,k>2. Taco:

( 1 1)2 1 1 2 2 2

14— | =1 —— += —
k-1 k k k

1 1 2 2 2

—_ I - - 1

7 (k-1 K® k-1 k-1 k

1 1 1 1Y 1 1 1 1 1
:>1+—2+—23|-(1 — —% —t = =
(k-1)" k (k-1) k

Chok=3,4,5,...,1999,2000. Ta co:
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Do d6 A 1a s6 hitu ty

1 1 1
+oH I+ ————= |+ 1+
j ( 1998 1999) (

o1
1999 2000 )

Chi dé 3. PHUONG TRINH, HE PHUONG TRINH PAI SO

Bai 1. Giai phuong trinh: X°—X* +3x-10=0
Loi giai.

X}—x>+3x-10=0= x> 2x%+ x= 2% 5% 10= 0

& X2 (x=2)+X.(x=2)+5.(x=2) =0 (%= 2)(x*+ x+

&S X=2

Do x> +X+5>0 VX

Vay phuong trinh c6 nghiém x = 2.

Bai 2. Giai phuong trinh: x*(2x + 3) = 2(3x - 2) (1)
Loi giai.

(1)<:>2X3+3X2—6X+4=<6> 4% 6% 12x 8 0

5% =x" 6x° 42x 8 <::(§/§.x)3 4x 2y

Bxx=x-2<x=

351
] -2
Vay nghiém cua phuong trinh la; Xx=———
ay ngnie P g €/§—1
Bai 3. Giai phwong trinh: X* + 2x* —4x* -5x—-6=0
Loi gii.

Taco: x*+2x°—4x* —5x-6=0
<= X' =23 +4x°-8x* +4x* -8x + 3x-6=0
x= X{x 2) 4x°{x 2) 4x{x 2) 3{x 2) 0

<=> (x—2)(x3+4x2+4x+3):0
<= (x=2)(x*+3¢ + X +3x+x+3) =0
fx 2)|:X2(-X 8) xfx 8) fx Bﬂ 0
<= (x- )(x+3)(x +x+1) =0
X=2

(Do X’ +Xx+1>0)
Vay phuong trinh c6 nghiém x =2 va x = - 3.

5)= 0

TAI LIEU TOAN HOC
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Bai 4. Giai phuong trinh: X' +4x*=10x* +37x-14=0 ()
Phan tich ra nhap: Ta nghi dén viéc phan tich:

X +4x°—10X° +37x-14=(x* 4px 4)(X° +x Js)

=x" +(p +r)x° +(s +pr +q)x* +(ps +qr)x +gs =0

p+r= 4

s+pr+q= 10

X L oA A, A ia -p= 54g9=2r1 1 s 7
bong nhat hé so: os+qr=37 - Nh&m nghiém ta dugc: 4

gs= 14
Tir d6 c6 10 giai: X' +4°-10x° +37x-14=(x* 5x 2(x* » 7

Suy ra:
2_ =
Xx* +4x%—10x* +37x-14=0 <:>(X2 —5X+2)(X2 +X—7):0 - X2 5x+2=0
X“+x-7=0
' . 5+17 ~1++/29
Giai hai phuong trinh bac 2 nay ta dugc nghiém: * = 5 DX, = 5

Bai 5. Giai phuong trinh: x* -5x*+4=0
Loi gii.
bit y=x’(y 0) khi d6 phuong trinh tr¢ thanh:

=1
y2—5y+4=0<:>(y—1)(y—4)=0@[y

[xz =1 {x =4
o, e

X =4 X=

Vay phuong trinh c6 4 nghitmx=-1,x=1,x=2,X = -2,
Bai 6. Giai phuong trinh: (x—2004)4 +(x—2006)4 =2

Léi giai.

y=4

2004 + 2006

Piat y=x 2005 . Khi d6 phuong trinh tré thanh:

2
(v+)" +(y-1) =22 [ (y 1 (v 1) |- 2(y 1" (v D)= 2
o2y 2] ~2(y2-1) =2 o ay* 18y +4-2y* +4y? 2 =2
<2y +12y* =0 2y2(y2+ 6): 0= y’=0= y=0
< X—2005=0 < x =2005
Vay phuong trinh ¢6 nghiém x = 2005
Bai 7. Giai phuong trinh: 6x* —5x° —38x* —=5x +6=0.

Léi giii.

Ta thdy x = 0 khong phai 12 nghiém ctia phuong trinh
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Chia ca 2 vé ctia phuong trinh cho x° ta dugc:

6x* —5x—38—§+%:0
X X

B + =) ~5(x + =) ~38=0
X X

bit y=X 1w x2+i2=y2—2
X X

Ta duoc pt: 6y° — 5y —50 = 0 <=> (3y — 10)(2y + 5) = 0

Do d6: y=% vay = —2

* Vi y=%th‘li x+%= <3x* 10x 3 8

1

X, ==

<=>(3x-1)(x-3)=0<=> 3

3

*Vériy=—5thi: x+1= §£> 2x% 5% 2 0
2 X 2

1

X PR

<=>(2x+1)(x+3)=0<=> > 2
2

X, =

Vay phuong trinh ¢6 bén nghigm: x =%=, % :_7,: X 2,x 3

Bai 8. Giai phuong trinh: (2x* —3x +1)(2x* +5x +1) =9x° ()]
Lo giai.

— Nhan thay x = 0 khéng phai la nghiém cta Phuong trinh.
- Chia hai vé ciia Phuong trinh (1) cho x? # 0 ta duoc:

(2x—3+£j(2x+5+£j=9 *)
X X

Pit t = 2x %+. Khi d6 phuong trinh (*) tro thanh: (t— 3)(t + 5) = 9

t= 6
St?P+2t-24=0< (t+ 6)(t- 4)= 0= L_4
\Vdgit=-6taco: 2x+1=— 6> 2x% 6% E & = _31;/?.
X
Vdit =4 taco: 2x+1=4 S2x% —4Ax 1 =0 <x =2i2\/§.
X
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3447 X_Zi\/E
2 '

2
Bai 9. Giai phuong trinh: (x* —=5x+1)(x* —4) =6(x 1) (2)
Loi gidi.
bat a=x ZXthay x =a+ 1varit gon ta duoc:
(U*~7u—-3)(u* -2u—-3) =6u’ *)

.....

Vay phuong trinh da cho c6 4 nghi¢m: x =

Giai ra ta duoc 4 nghiém B: x=3 +#  x —112\/ﬁ.

Bai 10. Giai phuong trinh: (x*+3x+2)(x* +9x+18)=168x" (1)

Lo giai.
(x2 +3X+ 2)(x2 +9x +18):168x2 (% 1)fx 2)}x 6)}x 3)+ 168x’
& [(x+1)(x+6)][(x+2)(x+3)]=168x" (&8 Tx BHX* 5x- 6} 168x’
— Nhan thay x = 0 khong I1a nghiém cta phwong trinh:

Chia hai vé cua phuong trinh cho x? ta duoc: (x+§+7j(x+§ +5j =168
X X

biat y=x —ir phuong trinh tré thanh: (y+7)(y+5)=168

2 y="17
< Y +12x-133=0=
Ly=-9
I I x=1
7 x=6
X+—= ,
— :0 _
Dods:| X e X701 1947337
6 X2 +19x+6=0 >
X+-= 19
- L 2
Vay phuong trinh c¢6 4 nghiém x=1,x 6,% -19 +2=\/337 e ~19 _2 /337

Bal 11. Giai phuong trinh: (x+2)(x—3)(x+4)(x-6)+6x* =0
Loi gii.
Phuong trinh < (X* —2x-12)(x* + x—12)+6x* =0

Vi x =0 khong l1a nghiém ciia phuong trinh nén chia hai vé phuong trinh cho x® ta dugc:
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(x—%—4j(x—%+l}+6 0.Patt=x E , ta co:

(t-4)(t+1)+6=0 =t -3t+2= Oc{

N

*t= 1<:>X—E—l<:>X—X 12= O<:>[ B
X

*t=20 x- 2% 12= @ x4 13
Viy phuong trinh di cho c6 bon nghiém: x= 3:xt 4:x 1 13
Bal 12. Giai phuong trinh:

a) Giai phuong trinh:3(x? —x+1) ~2(x+1)’ =5(x* L)+

b) Giai phwong trinh: x°® +3x° —6x* —21x> —6x° +3x+1=0

¢) Giai phuong trinh: (x+1)(x+2)(x+3)" (x+4)(x+5) =360

d) Giai phuong trinh: (x* +5x+5) +5x*+24x+30=0.

Lai giai.
a) Vi x= - khéng la nghiém cta phuong trinh nén chia ca hai vé cho x* +1 ta dugc:
2 2 _
g Xt 5 X patt=X XL 3 2.5 3¢ st 0= t=2t 2
x+1 X“—=X+1 X+1 t 3
3+4/13

*t=2 ox* 33X 1=0 <x = 5

*t= ?1? 3x2 2% 4 0 phuong trinh vd nghiém

b) Pay 1a phuong trinh bac 6 va ta thiy cac hé s6 ddi xing do d6 ta c6 thé ap dung cach giai
ma ta dd giai doi v6i phuong trinh bac bén ¢é hé sé ddi xang.

Tathdy x=0 khéng la nghiém cta phuong trinh. Chia 2 vé ciia phuong trinh cho x® ta
duoc:

x3+%+3(x2+i2j—6[x+1j—21:o.DatHx L4 2. Taco:
X X X X
X2+%=t2— 2; x4 %: t(t3 3) nén phuong trinh tré thénh:t(tz—3)+3(t2—2)—6t—21:o
2 2 t=3
—3t° -9t —27=0< (t+ 3) (t- 3)= 0= (- 4
+
X123 x4t =3 ox? 3x 4 0 ex 3—7*/5
X
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*t= 3 x4 3% E &

Lo 3tV5. 345
2 2

¢) Phuong trinh <> (X* +6x+5)(x* +6x+8)(x* +6x+9)

. Vay phuong trinh c¢6 bdn nghiém

_3+.5
2

360

360

bit t=x* 6, ta co phuong trinh: (y+5)(y+8)(y+9)

0
5

X
= y(y2+22y+157)=0<:> y= 0 x*+ 6x= 0= §

Vay phuong trinh c6 hai nghiém: x=0;x = 6.
d) Taco: x°+5x+30=5(x" 5 5 x 5nén phuong trinh twong duong

(x3+5x+5)3+5(x3+24x+)x3+24x+30=0. bit u=x*+5x+5. Ta dugc hé:

u®+5u+5=x
= (U=x)(u® +ux+x*+6)=0<> u=x.
x* +5x+5=uU
& X°+4x+5=0 < (x+1)(x* —x+5) =0 <>x = 1. Vay x= -1 langhiém duy nhét cia
phuong trinh.
.. . 1 1 3
Bal 13. Giai phuong trinh: — +— +— = :
X“+5x+4 x“+11x+28 x"+17x+70 4x-2
Loi giai.

Ta co:

1 1 1 3
2 t2 T -
X“+5x+4 x“+11x+28 x“+17x+70 4x-2
PR S 1 . 1 __ 3

(X+D(X+4) (x+4)(x+7) (x+7)(x+10) 4x-2
Tir suy ra diéu kién dé phuong trinh c6 nghia 1a: x = —1;—4; —7;—10;%
Khi do:

1/ 1 1 1/ 1 1 1/ 1 1 3
MNes| ——— |[+= - += - =
3\x+1 x+4) 3\ x+4 x+7) 3\x+7 x+10) 4x-2
1 1 9 X= -3

o X T 1= & [

= —_ =
Xx+1 x+10 4x-2 X= 4.

Két hop voi diéu kién ta c6 nghiém duy nhat x = -3.

Bal 14. Giai phuong trinh: t 1+ 1t 1
2008x+1 2009x+2 2010x+4 2011x+5
Lot gial.

12 4 5
2008 2009 2010° 2011

PbK: x#

Lién hé tai liéu word toan SPT va zalo: 039.373.2039 TAI LIEU TOAN HOC



Khi d6 phuong trinh da cho tuong duong.

1 1 1 1

+ = +
2008x+1 2011x+5 2010x+4 2009x+2
4019x +6 4019x +6

@ —
(2008x +1)(2011x+5) (2009x +2)(2010x + 4)
i 4019x+6=0
< 1 B 1
| (2008x +1)(2011x+5) (2009x +2)(2010x +4)
i 6
X= ———
= 4019
| (2009x +2)(2010x +4) - (2008x +1)(2011x +5) =0
i 6 i 6

4019 4019
| 4019%X+6 =0 x

2x% +5x+3=0

X =

olw =

N w

. 6
Vay phuong trinh c6 ba nghiém: = ——=x—= 1;X
ay p g ghig 4019

13x
5 +—— =6.
3X°—4x+1 3x +2x+1
Loi giai.

Bal 15. Giai phuong trinh:

32 _ax4120 | <71

bicu kién: {7, =N 1
X +2x+1#0 x;tg

Dé thay x = 0 khong phai la nghiém cua phuong trinh, do d6 chia chia tir v mau cua mdi
phan thirc cho x ta dugc:

2 13
1+ 1=6.
X—4+= 3IX+2+—
X X

X t=
bat 3x+%—4=t khi d6 phuong trinh tré thanh: %+%=6 S +Tt-4=0

:LNll—‘

Vi t:% thi 3x+£—4:% S 6x2-11lx+4=0 <
X

Vi t= 4 thi 3x+%—4:— &> 6x% £ 0 (loai)

4

Vay phuong trinh ¢6 nghiém: x = 30X % =
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4 2
Bal 16. Giai phuong trinh: X 43+l 3

XX+ %2 =X
Lai giai.
x#0
Dicukién: x*+x*-x#0<2 145
X #
2
Chia chia tir va mau cua phan thac cho x*%0 ta duoc phuong trinh twong duong:
x2+3+i2 1 1 1
—— X =3 .Patt=x = = x* & 2 4 5 ¥ S 3+
1 X X X
X+1-—
X
t*+5

Khi d6, phuong trinh tré thanh: =3 ot* -3t+2=0 <t =1 hoac t=2

1+45
=

t+1

Vait =1 thi x—£=1<:>x2 -Xx-1=0 <X
X

Véi t = 2 thi X—1=2<:>x2—2x—1=0<:>x=1i\/§.

X
Vay phuong trinh c6 bon nghiém 1a: x = 1i2\/§ va x=1 2
B4i 17. Giai phuong trinh: — 4+ * =15
' P & TxE o (x+12 T
Loi gial.
X#0 e . ~ -
bK: {x 1 .Khi d6 phuong trinh da cho tuong duong vai:
i —
2 2
Lot G,
X° (x+1) X“(x+1)
1+2x(x+1) 1 ? 2
& ——5 15 = =
X“(X+1) X(x+1) X(x+1)
bat 1 =t khi d6 phuong trinh tré thanh:
X(x+1)
) t=3
t°+2t-15=0&
t=-5
. , -3+
Vi t =3 taco: =3 ©3x* +3x -1 =0 ©x :3‘—\/ﬁ.
X(x+1) 6
. -5+
Véit=-5suyra: = 5> 5% 5% £ & X 5‘\/5.
X(x+1) 10
Phuong trinh d3 cho c6 bon nghiém x = _?’iT\/ﬁ VX = _5110\/5
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Bal 18. Giai cac phuong trinh:
25x%

a) x° +( o =11 . (Trich d& thi vao 16p 10 chuyén Lam Son Thanh Héa 2013).
X+

12x 3X , X plr r s A . .

b) T axi 2 Y i2xid =1. (Trich d¢ thi vao I6p 10 chuyén Pai hoc Vinh 2010).
2

C) X -

T 3x? -6x -3(Trich dé thi vao Iép 10 chuyén DPHSP Ha Noi 2008).
X+

3 2
d) x*+— 3+3X -2=0
(x-1)" x-1

Lo giai.
a) Diéukién x=-5

2 2 2 2 2
Ta viét lai phuong trinh thanh (X—S—XJ +10X -11=0 ( X j+ 10x

11= 0. Pbat
X+5 X+5 X+5 X+5
X . . ) t=1
t= thi phuong trinh c6 dang t° +10t -11=0<
X+5 t=41
. 2 + . 2
Neéu t =1 ta co: X =1l xX2—x—5=0< x= 1_m. Néu t= X 11
X+5 2 X+5

< x* +11x+55=0 phuong trinh v6 nghiém.

b) Péyring néu x la nghiémthi x=0 nén ta chia ca tir s6 va mau sb vé trai cho x thi

thu duoc: 2 ___ 3 5 =1.bat t=x+ g+ 2 thi phuong trinh tré thanh:
X+4+— X+2+-— X
X X
t=1
12 3 1ot 3o 6= t2 2t - Tt 6= 0o .
t+2 t t=6

Vi t=1 taco: x+§+2=1<:> t*+ t+ 2= 0 v6 nghiém. Vi t=6 ta co:

x+g+2=6<:>x2—4x+2=0<:>x=2 +/2.
X

2
¢) (L—(Hz)j ~(2x-1)° =0 @(L +X —3)(L -3x —1) -0.
X+2 X+2 X+2
- o 3+
Giai 2 phuong trinh ta thu dugc cac nghiém larx = +6;x 3 3\@ .
d) Sir dung HDT a°+b* =(a+b)’ —3ab(a+b) ta viét lai phwong trinh thanh:

3 2
3 X 3x

3 2 2
x* + -+ —2=0<:>[x+i} —3~ (x+ X j+3x -2=0 hay
(x—l) x-1 x-1 x-1 Xx-1) x-1
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X2 Y x2 ' 3x? NG ’ NG
-3 + -2=0¢& -1| =l -1=1 <x*> -2x +2 =0. Suy ra
x-1 x-1 x-1 1 1

phuong trinh da cho vo nghiém.

(x+1j2Jr X+1 Z(X_ZJZ
Bai 19. Gidi phuong trinh: \X-2/)  Xx-3 x-3

Loi giai
X#2
bK: (x#3
X+1
u=—2 x+1
X=2 sw=""2 .
bat V=X—2 x—3 . Khi d6, phuong trinh di cho tré thanh:
X—3
u+uv=12v> @ uw 12V &
u=3v
< U=-3v)(U+4v) =0 {
u= -4v
Vi u = 3v ta co:
XAl 3 X=2 o geyi9-0 ey 8EY4E
X—2 x—3
X+1 X=2 )
_ , - 4775 5% 12x B 0 (WN)
Véiu=-4vtaco: X—2 x—3
X_Si\/ﬁ
Vay phuong trinh da cho c6 nghiém la: 2
3 4 1

Bai 20. Giai phuong trinh:

X+x+3 XE43x+9 2%
Lo gii.
x> +Xx+3%0
Didu kién: {x? +3x+9 =0« x =0.
2x%#0

Vi diéu kién x = 0 phuong trinh da cho tuong duong véi:

1 4 3
X X +3x+9 X +x+3

2 2 2
Truéc hét ta chiing minh bt dang thic: 2 + b*, (@+b)
X Yy Xty
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That vay, ap dung bat dang thtc bu-nhi-a-cdp-xki cho hai bo s6 (\/§ Ly ) va (_LJ ta co:

j;’ y
(740 () (] Jraowr =25t

Déu “=" xay ra khi & =2
Xy

Vay BDT (*) dugc ching minh.

1 4 1 (2) (L+2)? 3

+ + B =

2x° X2 +3x+9  2x%2 X2 +3x+9 2X°+x*+3x+9  x*+x+3
Do d6 phuong trinh nay ¢6 nghiém khi va chi khi

1 2 1+/13

- =— & 3 % b2 xS ="
2X X°+3x+9

Ap dung BDT (*) ta co:

N

Vay phuong trinh da cho ¢6 hai nghiém x = 1

H+
I\)Q‘

iy

w

x+11+x+22_x+33+x+44
115 104 93 82

Bal 21. Giai phuong trinh :

Loi gidi.
X+11+X+22_X+33+X+44
115 104 93 82
x+11 X+22 X +33 X +44
=4 +1)+ +1)= 1 o1 +
(115 )(104 )(93)(82 )

x+126 x+126 x+126 x+126
+ = +

115 104 93 82
x+126+x+126_x+126_x+126:0
115 104 93 82
& x+126=0
< x= 126

Vay nghiém ctua phuong trinh 1a x = -126
Cau 22. Giai phuong trinh:
1. x*=3x+2+[x-1=0

2 2 2
2. 8(x+1j +4(x2+i2j —4(x2+i2j(x+lJ =(x 4)
X X X X

Loi gidi.
1) ta co:
X =3x+2+|x-1=0 (1)
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+Néu x>1: (1) < (x—1)’ =0 x=1 (théa mai diéu kién x>1).

+Néu x<1: (1) & x*—4x+3=0 & x* —x -3(x 1) =0 <(x -1)(x -3) =0
& x=1,x 3 (cahai déu khong bé hon 1, nén bi loai)

Vay: Phuong trinh (1) ¢6 nghiém duy nhat 1a x=1.

2) ta co:

8[x+%)2 +4(x2 +%j2 —4(x2 +%j(x+%jz = (% 4)2 (2)

Diéu kién dé phong trinh c6 nghiém: x# 0

Q)= 8(x+%)2 +4(x2 +%)Kx2 +%j—(x+%)2} =(x 4)

@8(x+§j2—8(x2+%)=(>& 4Ye (% 4)= 16

< x=0hay% 8vax=0.
Vay phong trinh da cho c6 mét nghiém x= -8
Bai 23. Giai phwong trinh: (1005—x)° 4 (1007 — x)* +(2x-2012)* =0
Loi gial.
Giai phuong trinh: (1005 x)’ + (1007 — x)’ +(2x-2012)’ =0
bat X =1005—x;Y =1007 — x;Z = 2x-2012
Dé chimng minh véi: X + Y + Z =0 thi: X°+Y®+27°=3XYZ
Phuong trinh da cho tr¢ thanh:
X =1005
3(1005 — x)(1007 — x)(2x-2012)=0 < | x = 1006 .
X =1007
Vay phuong trinh da cho ¢6 3 nghiém x = 1005, x = 1006, x = 1007.
1 1
+
(2x+1)?  (2x+2)?
Loi giai.

-39

Bal 24. Giai phuong trinh:

bk : x¢—1;x¢—%.Daflt2x+1=t
1 1
PT(*) <=> =+ =
) t? (t+1)?

2 2
e
t(t+1)

1 1

>(=— 3=0 (0,25d)
t t+1

bat y= ! ta co pt:
t(t+2)

TAI LIEU TOAN HOC
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y2+2y—3=0<=>{y:
y=-3
Vi y=1 suy ra:
~1++5 —3++/5
1 =R
tt+1) -1-y5 -3-5
2 4
Véiy=-3 —1 = 3 il4t=t OVN)
tt+1) 3
Vay pt ¢ hai nghiém x, = _32\/3 X, = _3;\/5
Bal 25. Giai phuong trinh:
a) [3x—4|+[3y+5/=0. b) [x+1+[x+2+[x+3 =3
C) | X + 1|2016 + |X + 2|2017 =1
Loi gii.

a) Vi [3x—4]>0 va [3y+5/>0nén

3x-4=0 X 4/3=
&

3y+5=0 ¥ 5/3

Vay x =4/3 vay =-5/3.

b) Ta c6 bang xét dau:

3x—4|+[|3y +5/=0 @{

X -3 -

1 7

2 1
4 0

x+2 ) -0 + 4 +
l l

x+3 _D -+

Xétx<-3:

Phuong trinh tré thanh:
—(x+1)—(x+2)—(x+3)=3

< -3x-6=3

& x= 3(Théa mén diéu kién)
Xét -3<x<-1:

Phuong trinh tré thanh:
—(x+1)—(x+2)+(x+3)=3

& —X=3

& x= 3(Khoéng théa man diéu kién)
Xét -2<x<-1:

Phuong trinh tr¢ thanh:

Lién hé tai liéu word toan SPT va zalo: 039.373.2039

TAI LIEU TOAN HOC



—(x+1)+(x+2)+(x+3)=3

S X+4=3

& X = -1 (thda man diéu kién)

Xét: x>-1:

Phuong trinh tré thanh:

X+1+X+2+Xx+3=3

< 3x+6=3

& x= 1 (khong thoa man diéu kién)

Vay phuong trinh c6 nghiém x =-1vax = -3

¢) D& thiy x = - 2 va X = - 1 1a nghiém cta phwong trinh.
* Xétx<-2:

Taco: x + 1<-lvax+2<0. Suyra: [x+1]| >1;)x + 2| >0
Do d6: [x+1[?°®>1;|x + 2[*°'">0

Vithé: | x + 1% + |x + 2> 1

Vay Vai X < - 2 phuong trinh vo nghiém.

* Xét-2<x<-1:
Tacoh:-1<x+1<0valO<x+2<1l.Suyra:0<|x+1/<1;0<|x+2<1
Vax+1l|=-x-1;[x+2|=x+2

Vithé: |x + 1< [x+1] ; [x + 2" '< |x+2]
2016 2017

Vay: X+ 177+ X+ 27 <X+l + X +2]=-x-1+x+2=1
Do d6 véi -2 < X < -1 phuong trinh v6 nghiém.

* Xét: x > -1:

Tacé: x+1>0vax+2>1Suyra: [x+1|>0va|x+2|>1.
Véy | X + 1|2016 + |X + 2|2017> 1

Do d6 voi X > -1 phuong trinh v6 nghiém.
Két luan: Tap nghiém cua phuong trinh 1a: S= {—2; —1}
- . Ax* +1=y* 4X
Bal 25. Giai hé phuong trinh: , ,
X“+Xxy+y =1
Lai giai.

2x+1)° = y? + 2x 1
H¢ phuong trinh < (2x+1) =y = yz ,
XHxy+y’ =1 (X +xy+y =1

=2x 1+ =2Xx 1+
Xét hé: {y {y

X2+ xy +y? 17 +x(2x+1)+(2x+1)2 =1

TAI LIEU TOAN HOC
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y=2x 1+

5
X= —

=2x 1 - x=0
=) TolX¥=0 o hoic 7
7x* +5x=0 y=1 3
7

7
Xet h¢: y2 , , )
X Hxy+y =1 | X —x(2x+1)+(2x+1) =1
y= 2x 1 y="21 _ [x=4
= ={[x=0 <y ,hoacy
3x“+3x=0 y= y=1
x=-4

Vay hé phuong trinh da cho c¢6 nghiém (x;y) la: (0;1), (—g;—gj, (0;-1), (-1;1)
2X+3y=5 @
X -y*+2y=4 (2)

Léi giai.

Bal 26. Giai hé phuong trinh {

5-3 5-3y )
Tir (1) ta o X:Ty thé vao (2) ta dugc B(Tyj Y 42y—4=0

< 3(25-30y +9y?) - 4y* +8y -16 < 23y° -82y +59=0< y=1, y= 2—2
: 31,59

Vay tap nghi¢m cua h¢ ph trinh 1a 1 (1,1); | ——;—

ay tap ngnie ua Ne phuong trin a{( )( 3 23)}

X'+ 2x°y +x%y*=2x 9 (D)

x> +2Xy =6% 6 (2)

Léi giai.

Bai 27. Giai h¢ phuong trinh {

TH 1 : x = 0 khong thoa man (2)

2
TH2:x¢Q(a¢»y=§&%ilit%vm(nmdmm
X

2 VAN
X X

Xx=0
Xx=-4

(6X + 6 —Xx%)?

< X+ X3 (6x+6— X% + =2x+9<:>x(x+4)3=0<:{

Do X # 0 nén hé phuong trinh c6 nghiém duy nhat (—4;%)
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s 2 2
(x2+xy)2=2* 9 (M] =2%x 9

Cach khac: Hé < 2 & S
) X°+6X+6 9
X"+ Xy =—"T—" ) X°+6X+6
2 X“HXy=—--—
2
Tinh dugc x sau d6 suy ray.
2
2
3y = y ;
Bai 28. Giai hé phuong trinh < 2X
3x = X" +2
-2
y
Lai giai.

Piéu kien: xy #0
. 3y=y* 2+ (@)
H¢ < , , .
3y x=x" 2+ (2)
Trir vé hai phuong trinh ta dugc
X-y=0

X’y —3xy* = y*= X’ By yW (= y)(x yx &
3Xxy+x+y=0

TH1. x—y=0& y=x thévao (1) taduoc 3x* —x*-2=0<x=1
y? +2 X2 +2

v y=0, 3x= 7

TH2 3xy+x+y=0.Tu 3y= X=0 >

= 3Xy+ X+ Yy >0.Do d6 TH 2 khong xay ra.
Vay hé phuong trinh c6 nghiém duy nhat (1 ; 1)
X+y+xy= 1

2

Bal 29. Giai hé phuong trinh )
X“+y =xy=7
Lo giai.
Pay 1a hé d6i xing loai I don gian nén ta giai theo cach phd bién.

(X+y)+xy= 1
H¢ <
(X+Yy)* =3xy=7

$?_3p=7" |S= &P 3

S=1 ¥ ¥ 1 X =1y 2
TH 1. = =
- |P= Z=xy 2 x 2,y 1

X =S
Dét{ Y (Elx, y <> S? 24P) tadu’(_)’c{

S+P=1 S=1P =2
Xy=P
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S= 4 *x ¥ 4 X =1Ly 3
TH 2. = N .
Vay tap nghiém cua h¢ 1a: S = {(-1;2); (2,-1); (-1,-3); (-3;-1)}

Bal 30. Giai h¢ phuong trinh:
{xs +x%y+y® =17
X+Xy+y=>5
Loi giai.
Datx+y=a; xy b=Hg¢ da cho trd thanh

a’+b°-3ab =17 a=5-b a=5-b
= =
a+b=5 b?-5b+6=0 (b-2)(b-3)=0
a=3 =2
= Hoac 4
+) a Ta c6 hé phuong trinh Xy
b=2 Xy =2
X=3—y X=3—y
< =
y> -3y +2=0 (y-D(y-2)=0
X:2 o X=1
S Hoac
{y=1 {y=2
+) a Ta c6 hé phuong trinh X+
b=3 Xy =3
X=2-
o (V6 nghiém)
y —2y+3=0

H¢ nay v6 nghiém
Vay nghiém cua hé da cho la: (x;y) = (3,2); (21)
: - ‘+1=2
Bai 31. Giai hé¢ phuong trinh: X3 y
y'+1=2x
Lai giai.
rl1=2y(
Giai hé phuong trinh: T Yo
v +1=2x(2)
Lay pt (1) trir pt (2) ta duge: x> - y> = 2(y = x)
SX-Y)C-xy+y' +2)=0 ©x-y=0x=y.

2 2
(dox*—xy+y*+2= (x- %) +3%+2>0)

Véix =y ta c6 phuong trinh: x> = 2x + 1 =0
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1++5 _-1-45

& (x=1)(*+x-1)=0 < x=1;x= P X=

2 2
Vay hé c6 banghiém : (x;y)=(L1), ‘1+\£;—1+\£ | —1—\/5;—1—\/5
i i2i h L E=2x y+
Bal 32. Giai h¢ phuong trinh § _
y'=2y X+
Loi gidi.

Tuhetaco X’(y+x)=y(2x y} @ yH(2xy x4 yﬁ) 0=
X=y

X= -y

*Véi x = y ta tim duoc (X ; Y) = (0; 0); (+/3:+/3 );(—/3;—3)

* Vi x = - ytatim dugc (X ; y) =(0; 0); (1,-1);(-11)

& (x+y)(x-y)=0= [

Vay hé phuong trinh ¢6 nghiém

(<5 ) = (0 0); V33 )i(—V3;—3)i(~L1)i(L 1)
3x* +5xy —4y* =38
5x —9xy ~3y* =15

Léi giai.

Bal 33. Giai h¢ phuong trinh {

2

417Xy +54y° =0 ()

2 2
_Hé©{45x + 75xy — 60y~ =570 s _145x

190x2 — 342xy —114y2 =570
Ta thay y = 0 khong la nghiém cta phuong trinh.

2
Chia hai vé phuong trinh (1) cho v ta dugc —145.(5j + 417.[5j +54=0
y y

Pitt= § (t>0) Khi d6: —145t? + 417t + 54 =0

18

Giai phuong trinh bac 2 nay ta dugc t=3; t = a5

18 4 N . X
-Vay x=3y, X = 145 y thé vao mat trong hai phuong trinh cua hé ta thu duoc két qua

(3:D); (-3-1)

2x° +3xy+y* =12

2

Bai 34. Giai h¢ phuong trinh sau : )
x°—xy+3y° =11

Loi giai.
Ta co:
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22x* +33xy +11y* =121
12x* —12xy +36y* =121
Suy ra: 10x° +45xy —25y° =0

< (2x-y)(x+5y) =&

53 5V3
T )t s T
Voi x = 5y ta dugc ;
_3 B
y 3 y 3
x—lz _1 @
Bal 35. Giai hé phuong trinh X y
2y=x° 1+ (2)

Lo giai.
Piéu kién: xy = 0.

(1) <:>x—y—%+l=0<:> X— Y+ X_y=0<:>(x— y)[

y Xy

TH 1. x=y thé vao (2) ta dugc X’ —2x+1=0 <X =1 hoic x =

TH 2. 1+i=6:> § 1 thé vao (2) ta duoc
Xy X

x4+x+2:0<:>(x2—1)2+(x+1)2+§:0.
2 2 2

PT nay vo nghiém.

1+ —
Xy

1)20

_1++5
2

Vay tap nghiémcua hé la S = {(1;1); ( 5
25 6y’ =0
Bai 36. Gidi hé phuong trinh: | . 0 T oY
4x% +2xy+6y—27=0
Loi giai.

H¢ da cho tuong duong véi

Lién hé tai liéu word toan SPT va zalo: 039.373.2039
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i

-1-45 -1-+5
=
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{
{

Vay hé c¢6 bon nghiém:

_ [—3+\/%_—3+\/%J _(—3—\/%_—3—\/%
10 ’ ’

(x,y)

X=2y

20y2 +6y-27=0

X =3y

42y* +6y-27=0

o —3+\/%
10
_—3+\/%
=0
X:—s—\/%
4 10
_ —3-4549
_ky_ 20

(x-2y)(x-3y)=0
4x* +2xy +6y—27=0

va

X=2Yy

X =3y

L —3+3127

14

gLt J127

14

L —3-3127

14

—— J127

14

- J549 -3

20

y - ~3-549

20

- 144127

14

y= -1-+/127

14

(X _ 3-3J127  -1-127

14

22X+ Xy +2x2 +xy+6=0
x> +3x+y=1

Taco (I)<:>{

Pat u=x% X;v= 2x Yy .Hé da cho trd thanh:

14

). ;

Bal 37. Giai hé phuong trinh {

(1

(X*+x)(2x+y)= 6
(X*+Xx)+(2x+y) =1

Lién hé tai liéu word toan SPT va zalo: 039.373.2039

22X+ X2y +2x> +xy+6=0
X2 +3x+y=1.

Léi giai.

-3+3v127 —-1++127
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Hé PT nay vo nghiém.

= X X 3 & - =
=

= 2 ¥ 2X 2 .

—1\/—X—1+J_

y= Vé_ 1-dy- \/—3 1
Vay hé da cho ¢6 2 nghiém (Lf;@—l};[%;—@—l].

Giai hé nay duogc 2 nghiém:

8x°y® + 27 =18y°

Bal 38. Giai hé phuong trinh:
4X*y +6X = y?

Hudéng dan.

27
8x° +— =18
y =0 khong la nghiém cua hé chia 2 vé PT(1) choy® PT(2) cho y* Tacohe | Y’
R RN |
y y
2x=a s 3
. , .. |a+b” =18 a+b=3
bat 3 taco hé <:>{
§=b a’b+ab’=3 |ab=1
, : 3-45. 6 \|[3++5. 6
H¢ cb 2 nghiém (x, ; ; ;
o6 2 nghis <y>e{ Ll 3_@}
Bal 39. Giai h¢ phuong trinh:
2 {3x +(6—y)x* —2xy-18=0 ) 2x% + (6—y)x* —3xy —18=0
X2 —Xx+y= 3 X+ X+y= 7

Goiy.
X(X+2)(3x— 18=0 a=x(x 2
a) Hé < (x+2)( )= = bat ( )+Ngh|em x=1 3
X(x+2)—3Bx+y)=0 b=3x y-

b)He o {x(x+3)(2x—y)—18:0 = bt {a x(x 3)+

= Nghi
X(x+3)—(2x+y)=0 b=2x y- ghiem
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X(X+y+1)-3=0

Bai 40. Gial hé phuong trinh :
pREORS (x+y)2—%+1:0
X

Loi giai.
Diéu kién. x =0

X+ y+1—3.£=0
X

, (1Y
(X+y) -5. " +1=0

1
Khi do: HE <=4 Pit Xx+Yy=a, = b=tadugché:
X

a=2,b 1= Xy 4 =

1=

=
(3b 1)*> 5B 1-0 +ar—=%,b_ X 2,V =%

a+1-3b=0 a 3b 1-
=
a’—5b*>+1=0

2
2 3 2 5
X+ Y+ XY+ XY +Xy= —
Bai 41. Giai h¢ phuong trinh : . 4
X+ Y2+ xy(1+ 2x)= y
Léi gidi.
Ta co:

[(x2+y)+xy(x2+y+1)s % )
.m{

Hé < 5
(C+y)yexy= 2

[a+b(a+1)a % a’—a—ab=0 a=0,% g

5  Tlp= 2 a2 7| 1, 3
a’+b= = 4 a a Ry = =
4 2

2
3).(.[5. [25
VI\ t/\ h-;\ 9 h;\ tl\ S: 1;__ ; 3 _;_3 e
ay tap nghiém cua hé pt la {( 2)[ y 16]}

X2+ y +2(x+y)=7
y(y—2x)-2x=10
Loi giai.
Tach X“+y +2(x+y)=7c> (x+D) +(y+1) =9.
y(y—2x)-2x=10 (y—x)*—(x+1)?=9

Bal 42. Giai hé¢ phuong trinh : {
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a’+b*=9

bita=x#,b=y ¥+ = a ¥ )etaduo’ché{

—a’+b’=(b a) a4 & <2ab= a 0Ohoica= -2b
Voia=0> b+ 3> x* Ly 2hoic x=-%ky 4

. 3 6
Véia= 2b> 5bE<9 b =—= a F—
G NG

6 3 6 3
=>X=F+ —,y=— 4 —hoac x=H% —,y=— 4 —
NN NN
Céch 2 : Thé (1) vao PT (2) va rit gon ta duoc :
X2 +2Xy+4x+2y+3=0> (% D% 2y 3: 0
2,2 _ 2 _
Bal 43. Tim X, y thoa mén: Xy -axry 0.
2x? -4x+3=-y°

Léi gidi.

Ta co: <l=>y'<l=-1<y<1 ()

5 =

1+x
Mitkhac: -2 (x-1)*-1<-1 = y’<-1=y<-1  (2)

Tu(l)va(2) = y=-1nén x=1. Thay vao h¢ da cho thur lai thi théa man.

Vay x=1 vay=-11a céc so can tim.

. - X+ty+Xxy=7
Bal 44. Giai h¢ phuong trinh:

Loi giai.
Ta co:

HPT<:>{

(X+D2+(y+1D)2 =72  |[(x+D*+(y+1)*=72

ab =512

Pt (x+1)* =ava (y +1)° = b tacé hé
3t (1)’ = ava (y +1) 2 i

Gial hé (2) ta duoc : (a;b) = (64,8) hoac (a;b) = (8;64)

Vai (a:b) = (64:8) :{

=
(y+1)°=8 y+1=2

(b-a)’-a’=9

x*+y?+3(x* +y*) +3(x+y) =70

(x+1)3:64<:> X+1=4 (x=3
y=1

Xy+Yy+x+1=8 @{(x+1)(y+l)=8 @{(x+1)3(y+1)3:512
(x+1)°+(y+1%=72

TAI LIEU TOAN HOC
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Vi (a;b) = (8;64) :{(X+1)3 =8 <::>{X+1= 2 {X =1

<
(y+1)° =64 y+1=4 y=3
Hé phuong trinh da cho c6 nghiém (x; y) la: (3;1); (1;3)

. .. —5x* —14x+y*-8=0
Bal 45. Giai hé phuong trinh y
~5x* +16x + y> —4xy -8y +16=0
Léi gii.
y® =5x* +14x +8 )

Taco
{y2—4(x+2)y—5x2+16x+16=0 (2)

Coi (2) 1a phuong trinh bac 2 an y, suy ra: A =9x° = {y = Zx 4+
y=4 x

Véiy=5x 48Uy ra:(5x+4)° =5x° +14x +8 ta dugc nghiém (_%;g); (_3;0)
Vé6i y=4 xsuyra: (4—x)* =5x* +14x +8 ta dugc nghiém

~11+3V17 27—3J1_7)_(—11—3Jﬁ _ 27+3J1_7)

( 4 4 4 4

.. A . 2X+3y =5xy
Bal 46. Giai hé phuong trinh , ,
4X° + Yy =5xy
Loi giai.
Ta thay x-y =0 1a nghiém ctia phuong trinh.
Néu y =0 nhan hai vé cua phuong trinh véi y

{2xy+3y2 =5xy’ R {2x+3y =5xy o {2x+3y =5xy o {2x+3y =5xy

Ax* +y® =5xy? 4x* +y? =5xy? 2x —xy-y*=0 Ax* +y* =5xy?
[ (2x+3y =5xy
Sx=y=1
2X+3y =5xy 2x+3y =5xy (x-y)=0
= &
(x=y)(2x+y)=0 (x=y)(2x+y)=0 2x+3y =5xy 2 4
SX==,% -
| [(x-y)=0 5 5
2X+2y+xy=5

Bal 47. Giai hé phuong trinh: 5 3 )
271(X+y)+y +7=26x" 2AX" 9%

Loi giai.
Taco:
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2X+2y+Xy=5

{27(x+ y)+ Yy +7=26x> 2% 9%
@{ (x+2)(y+2)=9

27(x+Y)+ Y +7=26x> 27x° 9%
SV HT+3(X+Y)(X+2)(y+2) =27x° 27x* 9%
S VX3 +84+3xy(X+ YY) +12(x+ y) +6(x+ y)* = (3x 4)°
S(X+y+2°=06x 4)° =x 4 2 Bx K
< y+1=2x

X=1= y=1
X= 3> ¥ 8

Viy (xy) <{(L1):(-35,-8)}

= (x+2)(2x+1)=9

Cau 48. Giai hé phuong trinh: {X: +y: :12 , @
X*+y =xX"+y° (2)
Lai giai.
x*+yt=1 )
{xs +y =x?+y? (2)
T (I)suyra: x* <1=x<1.Tuongty y<1 (3).
(2) & x21-x)+y2(1-y)=0 (4), Tt (3) suy ra vé trai cia (4) khéng am. nén

x2(1-x)=0 x 0=(x 0 [ 1 (x = _
(4) & g ; ; ; .
y’l-y)=0 (y=0"ly 1 [y 0 [y 1 = _

y=1"ly 0 =

X* +X=5+y’+y

Thur lai thi hé chi ¢6 2 nghiém la: {

X*+y =x’y + xy’ +6

Bal 49. Giai cac hé phuong trinh: {
Loi gidi.
bat: x-y=a; x+y=b
ab+a=>5(
Hé da cho tré thanh " @
a’h =6(2)

Tu PT (2) tasuyra a= 0. Do do: b=£2
a

Thé vao (1) ta dugc: g+a=5 < a*-5a+6=0 (Via=0)

a=2

< ((@-2)(a-3)=0 @{azs

TAI LIEU TOAN HOC
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y=2
= Hay PP 4
-1
X—-y=2 y=—
2 X+ —E X=E
+)a:3:>b=§ Hay y_3<:> 67
X—V=3 —_'
X-Yy ky 5
, C A \ ~ . a1 7 -1\(11 -7
Tom lai hé phuong trinh da cho c¢6 nghiém la: (X;y) = [ZT)(E?)
Bai 50. Giai h¢ phuong trinh:
(x+vy) =6x’y*-215
xy(x® +y?)=-78
Loi gidi.

H¢ da cho twong duong véi
{x“ +4x3y +4xy° +y* =215 - {78x“ +312x°y +312xy® + 78y* =—16770

x*y+xy® =-78 215x°%y +215xy® = -16770

{78x4 +97x%y +97xy* +78y* = 0(1)

Xy +xy® =-78
Pit t=2= PT (1) tr& thanh 78t* +97t° 1 97t + 78 =0
y
< (3t+2)(2t +3)(13t* 12t +13) =0 = 3
t=—"
2

) t:_?zzx:_?zy.ThévéoQ)tadu’qc %y“ _78

oy'=81 oy=3 Hodc y=-3
X=-2 . X=2
Suy ra: Hoac

+) tz_?3:>x:_73y.ThéVéo(2)tadu’qc %gy“ =78

oyt =16

oSy=2 Hoac y=-2
X=-3 X=3

Suyra:{ Hoac {

Toém lai hé da cho c6 nghiém la:
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(x;y) = (-2;3); (2:-3); (-3;2) ; (3;-2)

XZ y2 E

=+ =
Bai 51. Giai hé phuong trinh4 (y+1)%  (x+1)° 2
3Xy =X+y+1

Léi giai.

. u®+v° =
batu=——:v L,hé da cho trg thanh 1
uv =

N~

y+1 X+1

=
I
<

{u2+v2+2uv:1 {(u v b
<= <=> =

u>+v>-2uv=0 U v? o

=l
I
<
|||| N~ N
OS] N |

1=2
1_>{y+ X<:>x=y=1(TM)

X+1=2y

1 {y+1:— 2X
=>

-1
X+1= 2y< 7=y 3 (™)

Vay hé phuong trinh ¢6 2 nghiém:x=y 15 x=y

wi L

2x2 +3xy —2y* —5(2x—y) =0

Bal 52. Giai h¢ phuong trinh:
x?—2xy—3y*+15=0

Lot giai.
{2x2 +3xy — 2y —5(2x - y) :0(1)(|)
x? —2xy —3y*+15=0(2)
Ta co:
@) <= 2x-y)(x+2y)-5(2x-y)=0
< (2x—y)(x+2y-5)=0

y =2X
=
x=5 2y

. y =2X _ [x=5 2y
Do do: (1) < (11) hoac (1
x> —2x.2x—3(2x)* +15=0 (5-2y)*-2(5-2y)y-3y*+15=0

y = 2X x=Ly 2=
(n) < ) =
-15x“+15=0 = -ty 2

(III)@{XZS 2y {y:Z;x 1=

=
5y*-30y+40=0 |y=4;x=3
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Vay hé phuong trinh (I) ¢c6 nghiém (1;2) , (-1;-2) , (-3;4)

3
: - 8
Bal 53. Giai h¢ phuong trinh: {X "

x* +32y* =48

Xy’ =96y

(1

Léi giai.

[ e8xy*=482y (X 8Bxy? 2y(* 32y*)(¥)
)<= <=>

x* +32y* =48

x* 32y° 48 =

(*) <=> x> - 2x2y +8xy® —64y° =0 <=> x> — (4y)* - 2xy(x—4y) =0

<=> (X—4y)(x* +2xy +16y*) =0 <:>[

X=4y
<
X* +2xy+16y* =0

z{

Vi x =y = 0 khéng théa mén hé phuong trinh nén x = 4y

X=4y X=4y
( | ) <=> ) ) <=>
X +32y° =48

Xx=4
X=4y y=1

<=> <=>
y> =1 X= -4
y=-4

16y> 32y* 48 =

Vay hé phuong trinh c6 nghiém (4;1), (—4;-1)

1

9
X+y+—==

Bal 54. Giai hé phuong trinh:

X+y——=—

DKXD: x,y#0

X+ y+l:g(1)
y X

4 4
X+ y——:—¥(2)
X X

LAy (1) trr (2) ta duoc:
1 4 9 4y 4y 5 1
_+_:_— 2 = 2
y X X X X Xy

X=y

<=>(x-4y)(x-y)=0 <z>{
X=4y

Véix =y, thé vao (1) co2x— 8 —0<
X

Vi x = 4y, thé vao (1) cc')5y—4i=;6: T
y

y X

X X

Léi giai.

F—=0<=>x"-5xy+4y* =0

=>X=y=1%2

N
>

X=4y — X=4y
(x y)* 45y*+ 0 Zlx=y &

TAI LIEU TOAN HOC
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Vay S={(2;2);( 2; 2);—(2%);( 2;‘71}}

X*+y2+2% =Xy + Yz + X
Bal 55. Giai hé phuong trinh: {Xzooa Ly 4 72003 _ 32004
Loi gidi.
Ta co:
{x2+y2+z2 =xy+yz+zx (1)

X2003 + y2003 + 22003 — 32004 (2)

PT (1) & 2x* +2y? +22° —=2xy—2yz-22x=0 <& (x—y)* +(y-2)* +(z—x)* =0

S X=y=12
Thé vao (2) ta co: 3x2% =32
P X2003 — 32003
& X=3

Dodé x=y = 3 =
Vay nghiém cua hé da cho 1a: (x;y;z)=(3;3;3)

_ o X+y+z=1
Bal 56. Giai hé phuong trinh: { A y i s
X'+ yt+ 2t =xyz

Loi gidi.
Taco
4 4 4 4 4 4
X4+y4+Z4_X +y Yy ‘|=‘Z z +=X XV +y22% +22%2 =
2 2 2
2,,2 2,2 2,2 22 2,2 2,,2
= XY Yz V2 REX ZXIXY S wyyz 4 yzzx+ ooy =
2 2 2
= Xyz(x+y+2z)=xyz(vix+y+z=1).
1 s X = =
Dau bang xay ra <:>{ y @x:y:zzl
X+y+z=1 3
) o . 1 11
Vay nghiém cua hé phuong trinh la: x:g,y E,zt 3 =
Xy+2°=2
2 _
B4i 57. Giai hé phuong trinh: | Y2+ X° =2
X2+ y* =2

Loi giai.
Tr(l);(2)taco: (x-2)(x-y+2z)=0 (4)
Te(2)va3)taco: (y-x)(x+y-z)=0(5)
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Toe3);(4);(5tacodhé:

(x—z)x-y+2z)=0
(y=xfx+y-2z)=0
xz+y2=2
x—z=0 x—z=0
Dé giai hé trén ta giai 4 hé : Jy—x=0  (A) x+y-z=0 (B)
Xz+y2=2 XZ+y2 =2
y—-x=0 x-y+z=0
x-y+z=0 (C) x+y-z=0 (D)
xz+y2 =2 Xz+y2 =2

Giai 4 hé trén ta dugc 8 bo nghi¢m cua hé phuong trinh :
L 11); (11 -1); W25 0;42) 5 425 0,—+2)
W2, v2:0); V2 -2 50) ¢ (0:v2542): (0;-425-42)

. X z2=2
Bai 58. Giai hé phuong trinh { e
2Xy—2° =4
Loi gidi.
Ta co:
X+y+z2=2 Z2=2—-X- _x_v) = 2 2
y o y©(2xy) 2xy4—<:>(x2—}(y2—)0:
2xy-z°=4 |Z°=2xy-4 |z=2-X-Y 2=2-X-Y
{x=y y=
=
z= -2
X+—=3
y
N o . 1
Bai 59. Giai h¢ phuong trinh: sy +—=3
z
1
z+—=3
X

Léi giai.
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<
+
|
I
Y
—~
(\®)
S~

Tir (3)

3x-1
—>z="
X

thay vao (2)

= 3xy+3 = 8x+y 4)

T () = XY+ 1=3y SBxy+3=9y (5)
Tir (4) va (5) =>8&+y=9y=x=y
Chirng minh tuong ty:y =z

Tirdo 7 X=Y=2

Thay vao (1)

+
:>X+l=3:> Xz—3x+1=O:>x=3_\/g

X 2
3++/5

X:y = =

= hé ¢ 2 nghiém 2

Il
g w =

X—y—1z
Bai 60. Tim cac sb thuc X, y, z théa man: y—z—X
Z—-X-Y

Loi giai.
Cong Vé vai vé cac phuong trinh da cho ta duoc X+y+2z2= 9.

Phuong trinh dau c6 dang 2x—(x+y+2z)=% % 4.
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Phuong trinh thir hai c6 dang 2y —(X +y+ Z) =3 ¥
Phuong trinh thir ba c6 dang 2z —(X+ y+ Z) =5
Tht lai thoa man. Vay x= 4:y— 3,z 2.
Xy=x+y+1
Bai 61. Giai h¢ phuong trinh: {yz=y +z+5 (X, Y,z €R)
IX=2+X+2
Lai giai.

Ta co:

Xy =X+ y+1 (x-1)(y-1)=2

yz=y +z+5 <<(y -1)(z -1) =6

IX=7+X+2 (2_1)()(_1):3
Nhan tirng vé cac phuong trinh cta hé trén ta dugc
(x-1)(y-1)(z-1)=6
(x-1)(y-D(z-1)= 6

+) Néu (x-1)(y-1)(z-1)=6, két hop véi h¢ trén ta duoc

(x-2)(y-1)(z-D)) =36

y-1=2 <<y =3

+) Néu (x-1)(y-1)(z-1)= 6, két hop véi h¢ trén ta dugc
X=1=1 x 0

y-1= 2= <y= 1.Vay h¢ phuong trinh da cho ¢6 2 nghiém (x;y;2)=(2;3;4),(0; L 2). - -

z-1= 3 = 2

Bal 62. Giai h¢ phuong trinh:
X+xy+y=1
y+yz+z=4 trongdd x,y,z>0
Z+2X+x=9
Loi giai.
H¢ da cho twong duong véi

3.

2.

TAI LIEU TOAN HOC
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(X+1)(y+1) =2 [x+ Dy +1)(z + D] =100

(y+D(z+1)=5 o DD =2
(z+1)(x+1)=10 (y+D(z+1) =5

(z+D)(x+1) =10
(x+D)(y+D(z+1) =10 (Do x,y,z >0)
(x+D)(y+D) =2
(y+D(z+1) =5
(z+1)(x+1) =10

z+1=5 x=1
S IX+1=2 <4qy=0
y+1=1 z=4
Vay hé da cho c6 nghiém 1a: (x;y;z)=(10;4)

x2(y + z)2 = (3x2 X+ 1)4]222
.. ‘os 1A . 2 2 2 2.2
Bal 63. Giai h¢ phuong trinh <y (z + x)© =(4y°  y+ 1)z°x
zz(x + y)2 = (522 Z+ l)aezy2
Loi giai.
Néu chia hai vé cia mdi phuong trinh cho X*y?z* thi ta dugc hé méi don gian hon.
1 = 0 = 0
TH1. xyz=0.Néu x=0 thi h¢ < y?z° =h y hoic
z=t,t Re y=t,t Re
- Tuongtuvsi Yy=0 va z=0 ta thu dugc cac nghiém la
(0;0;1), (0;t;0), (t;0;0), te R
2.,252

TH 2. xyz # 0. Chia hai vé caa mdi pt trong hé cho x’y’z*ta dugc

( 2
1 1 1 1
+j =3+ —+ — @

zy X x2
2
1 1 1 1 R B . A
d=+=| =4+ —+ — (2). Cong vé 3 phuong trinh cua hé ta dugc :
X z y

y
1 2 1 1
+J =5+ —+ (3)
X

2 2 2
1 1 1 1 1 1 1 1 1 1 1 1
e T e e B el e v i e Y
z y X z y X X Yy 7z x5 y° z
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—+—+—=4(4)
1 1 y
++j—12:0<:> L1 1
) —+—+—= 3 (5)
Xy z
2
- Tu(4)va(l)taco (4—1) =3+ 1+i2<:> g:13<:> X= 9
X X X X

- Ta(4)va(2)taco y=%.Tl‘1(4)va(3)tacé z:%

- Tuwong tu, tr (5), (1), (2), (3) tacod %= %,:y— 1z % .

- Vay hé c6 tap nghiém la

S= {(t;O;O); (0;t;0); (0;0;t); (%;%;19—1); (—%;—1;—2), te R}

CHU PE 4. PHUONG TRINH, HE PHUONG TRINH VO TY
Bai 1.

a) x-1++2x-3=2 @ b) 3(x* —x+1)=(x +/x 4)*> (2)
c) ¥x-2-3Y2x-2=-1  (3)

Loi giai.
a) Diéu kién: x> g

Véi x=> PT (1) © x—1+2x-3+2vy2x* =5x+3 =4 < 24/2x* -5x+3 = 8- 3x

2

4(2x* —5x+3) =64 +9x* —48x  (3)

=
x<2

PT(3) @ x*-28x+52=0

{x:z (TM)
N .
x =26 (Loai)

Vay PT da cho c6 nghiém x=2

b) Pbiéu kién: x >1

Véi x>1 PT (2) < 3(x* —x+1) = x* +2x/x -1+ x-1
S22 —AX+4=2xJX-1 X2 -2x+2=x/x-1
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Do x>1 nén 2 vé caa PT nay khong am vi vay PT nay
S X —4x* +4-4x° -8x+4x%> =x* - x°
< x* -5x° +9x* -8x+4=0
S (x=2°(x* =x+1D) =0
x-2=0
c{xz—x+1:0
< x=2 (TM)
0) Pt (3) & (x—2-¥2x—2f =1
& X—2-2X+2-3/(x-2)(2x-2).3/(x-2) -3/ (2x-2) =1
—1-x=3/2x—6x+4
& 1-3x+3x* - x® = 27(2x* - 6x + 4)
< x® +51x* —159x +107 =0
< (Xx-1(x* +52x-107) =0

x=1
x=1
@[2 E9% +107 = 0 < | x=-26++/783
X* —=52x+107 =
X = —26—~/783
Bai 2. Giai phuong trinh: (Jx(x-1) + /x(x+2) =2\ (1).

Lai giai.
x>1 (1)<:>2x2+x+2\/x2(x—1)(x+2)=4x2 <:>2\/x2(x 1)(x 2) x(2x 1y
Piéu kién: | x<-2(*) e ax* (X +x-2)=x"(2x 1)’-
x=0 =X (8x-9)=0

Vay phuong trinh da cho c6 hai nghiém x=0, x =§ .

Bal 3. Giai phuong trinh: x* —4x+2=2x*> 4x 5+ (]
Lai giai.
bat t =+/x*> 4x 5,(t 8). Phuong trinh (1) tr¢ thanh:

t=-1 (loai)

t°-2t-3=0 <
t=3.

Voit=3thi VX2 —4x+5=3> xZ 4x & & x+2 22
Vay x=2 /2 langhiém caa PT (1).

Bal 4. Giai phuong trinh: (x+5)(x—2)—4(x+5) X;E +3=2 (2)
X+
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X—2
C e s ——2>0 X< -5
Loi giai. bicu kién: { x+5 c{
X>2
X+5#0

Dit t = (t+ 5) /X;g: t2= (% 5)(x 2). Phuong trinh (2) tr& thanh:
X+

) ~ t=1
“°-4t+3=0< (=

) . - 5>0
Véit=1thi (x+5), %52 =1 X+5>
X+5 (x+5)(x-2)=1

{ x>-5 ~3++/53
&

< X = (thoa mén diéu kién)
x* +3x-11=0

c X+5>0
vsit=3th X )\/ {(x+5)(x—2):9

X > _5 —_ '\’ 31 -
=" & X= 34485 (thoéa man diéu kién)
X +3x-19=0 2

Bai 5. Giai phuong trinh: J7x+7 ++/7x—6 +24/49x% + 7x—42 =181 14x (3)
Lo giai.

Pidu kién: ng.})étt=\/7x 7+ J7x 64t 0. Phuong trinh (3) tré thanh:

2t 182 =0 t=-14 (loai)
t =13.

Vit =13 thi 7x+7 +47x—6 =13 <»/49x? 7x 42 84 7x <x 6.
Do d6 phuong trinh (3) c6 nghiém lax =6
Bai 6. Giai phuong trinh: (x+1)Vx? —2x+3=x* 4 )
Léi gidi.
Patt=+x* 2x 8(t =/2). Phuong trinh (2) tr& thanh:
(x+Dt=x> + <x* 2x 8 & Dt 2(x D H
t=2

StP-(X+Dt+2(x-1) =0
(X+Dt+2(x-1) L=x1—.

Voit=2taco: Vxi-2x+3=2> x2 2% <8 =% 1 2.

Voit=1thitaco:2=0(vd ly)

Vay PT (2) c6 nghiém x=1 /2

Bai 7. Giai phuong trinh: 242x+ 4 + 4/2—x =+/9x* 16+ )
Loi giai.

Lién hé tai liéu word toan SPT va zalo: 039.373.2039 TAI LIEU TOAN HOC



biéu kién: |x|<2
(1) & 4(2x+4) +16/2(4— x°) +16(2— X) =0x° <16 -8(4 +x°) 1624 ) X* BX
bit t=4/2(4 x*) £t>0). Phuong trinh (1) tré thanh: 4t +16t—x* —-8x =0

Giai phuong trinh trén véi 4n t ta dugc: t, = %;t? —g 4

Do |x|<2nén t,< 0 khong thoa man dk t > 0.

. N x>0
Véit= g thi: {/2(4-x )—g 84— x%) = X° = x=£ (théa man diéu kién)

Bai 8. Giai phuong trinh: x2 + X +12v/x+1 =36

Lai giai.
biéu kién: x > -1
Pit t =/x+1 (t> 0) Phuong trinh d3 cho tré thanh:

{2112t -36=0 et =00
X
Vi t=_6+6t taco: 6=(6 x}
Do x = 6 khdng 1a nghiém cua PT nén: t:6i NN %
—X —X

Binh phuong va rat gon ta dugc X = 3.

Vi t= 2o

tacd: (x+6)t= 6 (v nghiém vi VT >0, VP <0)
Viy phuong trinh c¢6 nghiém duy nhat x = 3.
Bai 9. Giai phuong trinh: 2x* —3x+2=xy/3x 2 —
Loi giai.
DK: x> Z
3

PT(4) © 2x* —(3x-2)=x+/3x 2-Dat y=+/3x-2,(y> 0). Taco: 2x* —y?> =xy (¥)
Phuong trinh (*) 12 phuong trinh dang cap d6i véi x vay.
Daty = xt thi (*) tré thanh: 2x% —x2t2 = x%t <x2(t? # 2) =0 < + 2 D

2

do x>=.

(do x 3)

Suy ra: [tﬂ S K-e=x
t=2 | {Bx—2= 2x (loai)

Giai ra ta duoc x = 1 va x = 2 la nghiém cau PT.
Bai 10. Giai phuong trinh: 10vx® + 1 = 3(x2 + 2)
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Loi giai.bk: x*+1 >0 < x > -1 (1).

Pita=Jx+1;b=Vx?-x+1,(a20;b>0) (2) = a’+b2=x2+2,

Khi d6 phuong trinh d4 cho tré thanh: 10.ab = 3.(a” + b%) < (a-3b)(3a-b)=0

< a=3bhoac b =3a.

+) Néu a = 3b thi tir (2) suy ra: x + 1 = 3vx? -x+ 1 © 9x% — 10x + 8 = 0 (v nghiém).
+)Néub=3athitir (2)suyra:3vx+1 = Vx> -x+1 @ 9x+9=x-x+1 < x*—10x -8
= 0. Phuong trinh c6 hai nghiém x; = 5+ \/ﬁ; Xy = 5-+/33 (théa man (1)).

Vay phuong trinh di cho c¢6 hai nghiém x; = 5++/33 va X, = 5-+/33.

Bai 11. Gii phuong trinh: v5x° —14x+9 —vVX* —x—20 =5vx 1+
Loi giai.
Piéu kién: x>5
J5X2—14x+9 —/x2 —x—20 =5Jx 1+ «5x° 14X 9+ x° X 20 S5Jx+r1 +
& (x-1)(Bx-)=x* 24x 5 40/(x 4)(x 5)(x 4
& 2(X% —4X—5) +3(X+4) =5,/ (x* —4x—5)(x+4) =0 (2)
(2) & 2u® +3v* -5uv = 0= (- V)(2u- 3v)= 0
Pit u=+/x2 —4x 5,v =J/x #,u,v 9 thi: C{ u=v { x> -5x-9=0

=
2u =3v 4x* —25x—-56=0

5+Jﬁ

2
Bai 12. Giai phuong trinh: ¥3x+1+35-x+¥2x-9=3%4x 3- (4)

Gidi ra ta dugc hai nghiém la: x, =

X, 8 =

Loi giai.

a=33x 1 +
bat: 1 b=3%5 x =a® +b® +® =4x 3
c=32x 9 -

Khido tir (4)taco: a®+b*+c®=(a b «€)° <(a b)(b «€)(c @) D

YPx+1= 5 x
Tu day suyra: | ¥5-x= ¥2x 9
Y2x-9= 3Y3x 1

Gidi ra ta dugc nghiém x= 3:x= 4;x %

Bai 13. Giai hé phuong trinh: 324+ x +/12—x =6 @)
Loi giai.
bK: x < 12.
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suy ra: u®+v* =36

. u=324 x +
bat
v=+/12—x (v> 0)

Ta c6 h¢ phuong trinh:
u+v=06 v=6-uU v=6-u
3 2 A 3 2 A 2
u”+v =36 u> (6 u)+ 36 u* u 12) 0 + - =

V=06 U
=
u==8:u = 4u 3.
Giai ra ta dugc: X = 24
Bai 14. Giai hé phuong trinh: 497 —x +4/x =5

Loi gii.
u=4Y97 x -
bat (u,v>0)
v=4x
Khi 6. ta 6 hé phuong trinh: | 0TV 7>
1do, ta CO ep u’O‘ng rinn. U4+V4:97

Giai hé nay bang phuong phap thé ta duoc nghiému=2,v=3vau=3,v=2
Tir d6 c6 thé tinh duoc nghiém x = 81 hoic x = 16.
Bai 15. Giai phuong trinh: x> —/x+5=5 6
Loi gidi.
Diéu kién: x> -5

bat :vx+5=y (y=>0) taco hé phuong trinh

X*~y=5 2 2 X=Yy
— — =0
{yz—x:5:>(x Y+ x=y) {x+y+1:0
9 c x>0
X=y=>JX+5=x<
y x> -x-5=0
x>0
S0 1+421 ©X=1+;/z (Ko T/m)
X =
2
+) x+y+1=0 = X+/X+5+1=0
& X+1=—X+5 S AUX+5=—(x+1)
X+1<0
X% 42X +1=x+5(*)

PT (*) x*+x-4=0
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X_—1+Jﬁ

2
& (ko t/m)
_— V17
2
Vay PT vo6 nghiém

Bai 16. Giai phuong trinh: x*+1=2%2x 1 -
Loi gidi.

bat t =3/2x 1 tacd hé phuong trinh:

x*+1=2t X1 2t o+ = x*+1=2t

=N =N
t?+1=2x |xX* £ 2t x)- |[(x D t*+tx+2)+0 =
x=t
A 3
X*=2t+1=0

1445

Giai hé nau dugc nghiém x =1 va x= .

Bai 17. Giai phuong trinh sau :y3x” —5x +1-x* -2 = [3(x* % 1} BeE 3 4

Léi giai.

Ta nhan thay :
(3x* =5x+1)—(3x* -3x-3)= 2(x 2)
(x2—2)—(x2—3x+4)=3(x 2)

Ta c6 thé chuyén vé r6i truc can thirc 2 vé
-2X+4 3x—-6

V3x? —5x+1+\/3(x2 -x+1) X =2 +/x =3x+4
Dé dang nhan thiy x=2 1a nghiém duy nhat cia phwong trinh .

Bai 17. Giai phuong trinh sau Vx* +12 +5=3x +/x* 5
Lo giai,

» . 5
P& phuong trinh c6 nghiém thi : VX* +12 —+/x* +5=3x 5 B ex =

w

Ta nhan thay : x = 2 1a nghiém cta phuong trinh , nhu vay phuong trinh c6 thé phan tich vé
dang

(x—2)A(x)=0, dé thuc hién duogc diéu dé ta phai nhdm , tach cac s6 hang nhu sau :
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2 2
SE112-4-3x 6 +/x B 3 o> X =% 3(x 2y X4
VX2 +12+4 (x 2 Jx?+5+3

<:>(x—2)( X+2 x+1 3J=0

X2 +12 +4_\/x2+5+3_

S X=2

X+ 2 X+ 2

VX2 +12+4  X*+5+3
Bai 18 . Giai phuong trinh : /x> -1+ x=+/x> 2—

Léi giai.

Dé dang chirg minh duoc : -3<0, Vx> g

Pk x>32
Nhan thay x=3 & nghiém cta phwong trinh , nén ta bién ddi phwong trinh

J N —3)(x*+3x+9
IXP—1-2+x-3=+x" 2-5- fx 3H1 — 2X+3 :(X )(3X +3x+ )
f/(Xz—l) +23x*-1+4 \/X -2+5

2
X+3 1t X+3 <2<x +3X+9

= 2 —_—
3/(x2—1)2+2\3/x2—1+4 (\3/x2—1+1) +3  VX-2+45
Vay pt ¢ nghiém duy nhat x=3
Bai 19. Giai phuong trinh :Xx=+v2 %+/3 % 43 %45 % 45 %2

Ta ching minh : 1+

Loi gidi.
U=+2 X - 2_ul=uv+VW+Wwu (u+v)(u+w)=2
v=+/3 X-tach: 3-VZ=uv+wiwu < (u+v)(v+w)=3,
w=+5 Xx- 5—w’ =uv+w+wu  |(v+w)(u+w)=5
giai hé ta duoc: u:% b%
Bal 20. Giai phuwong trinh sau: \/2X2—1+\/X2—3X—2:\/2X2 2x B8 4\/X2 x 2
Loi gii.
a=v2x> 1 -
b=+X> 3x 2 a+b=c+d
Ta dat : , khid(')tacé:{ 2 2 o L OX= 2
c=v2x2 2x 3 a -b"=c"—d
d=m+

Bai 21. Giai phuong trinh : ¥x+1+ 3% =¥x ¥ x

Léi giai.
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+ x =0, khdéng phai la nghiém
-+x¢0,tacmahahéchox:#x+1+ﬂ§=1+$x+1c>(3X+1—{yy§—1}=0c>x:l
X

X

Bai 22. Giai phuong trinh: X +3+2xJXx+1=2x +/x° 4x 3

Loi gial.
bk x=-1
pt< (ﬁ—Zx)(M—l) =0 c{i zt

B2 23 Giai phuong trinh : VX3 + —2X = 44X

JXx+3
Lot gial.
Pk: x>0

2
Chia ca hai vé cho vx+3: 1+ 4x =2 4x o 1- A =0 x=1
X+3 X+3 X+3

Bal 24. Giai phuong trinh : \/\/g—x = X\/\/§ X +
Lai giai.

Pk: 0< x<+/3 khi dé pt da cho twong duong: X* +/3x2 +x—+/3=0

3 sShn
Cfedfon
J3) 33 NE

Bai 25. Giai phuong trinh sau : 2¢/x+3=9x> % 4
Loi giai.

bk: x> -3 phuong trinh twong duong :

x=1
VX+3+1=3x
(L+3+x) =ox c{ e 5-o7

VX+3+1= 3x X 18
Bai 26. Giai phuong trinh sau : 2+33/9x* (X +2) = 2x +3§/3x(X +2)2
Goiy:

pe> (xr2-¥3x) =0 x=1

Bal 27. Giai phuong trinh: \/X—\/X2 -1 +\/X+ x> -1=2
Lot gial.
bk: x>1
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Nhan xét. \/x—\/x2 —1.\/x+ x?-1=1
1
Pit t =y% vx% 1 thi phuong trinh c6 dang: t+¥:2 ot =1

Thay vao tim dugc X =1

Bai 28. Giai phuong trinh: 2x* —6x—1=~/4x 5+
Loi giai.

Piéu kien: x > —g

2_
it t =<Ax B(t ) thi x =

. Thay vao ta c6 phuong trinh sau:
t*-10t*+25 6
- 16 4

o (tP+2t-7)(t?-2t-11)=0
Ta tim dugc bon nghiém Ia: Lo,=5 24/2; t= 1 23

2 (t> —=5)-1=t < t* —22t -8t +27 =0

Do t>0 nén chinhancac gaitri t, =— & 2v2,t=4 23
Tur d6 tim dugc cac nghiém cia phuong trinh ¥ X =1+ V2vax 2 43
Bal 29. Giai phuong trinh sau: X++/5++/X-1=6
Loi giai.
Diéu kién: 1< x<6

Dt y =+/x—1(y> 0) thi phuong trinh tr& thanh: y2 +,/y+5=5< y*—10y?> —y+20=0(

voi y<V5) & (y2 +y-4)(y’ ~y-5) =0 y:1+;/2—1(loai), y=¥
Tur d6 ta tim dugc cac gia tri cua X = 11_2\/1_7
2
Bai 30. Giai phuong trinh sau : X = (2004 \/;)(1 VE Ja—e)
Lot giai:

dk 0<x<1
Pat y=41 V% pte 2(1—y)2(y2+y—1002)=0<:> y=k> x= 0

. . 1
Bai 31. Giai phuong trinh sau : X* +2X,[X—= =3x +1
X

Lo giai.
biéu kién: -1<x<0
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Chia ca hai vé cho x ta nhan dugc: X+ 2, /x—E =3
X

1

X
g 1

bat t=x 3 ta giai duoc.

Bai 32. Giai phuong trinh : X* +3/x* —x* = 2x+1
Loi gial.

x =0 khdng phai 12 nghiém , Chia ca hai vé cho x ta duoc: (X—£J+ ‘3/x—1 =2
X

X
+
Détt=«3/X—1, Taco :t?+t-2=0 =t=1= x= %
X

Bai 33. Giai phuong trinh sau : 2x° +5x —1= 7% -
Loi giai.
bk: x>1

Nhan xét : Ta viét a(x—1)+ﬂ(x2+x+1)=7\/(x D¢ x +)+

Péng nhat thite ta dugc 3(x—1)+2(x+x+1)=7,(x 1)fx* x +)+
v=9u

Patu=x -1 >0,v =x* & 4 >0, ta dugc: 3u+2v = 7-Juv 1
v==u

4

Nghiém :x=4 46
Bai 34. Giai phuong trinh : x* —3x? +2,/(x+2)’ —6x=0
Lo giai.
Nhan xét : Dat y=+/x 2 4a bién pt trinh v& dang phuong trinh thun nhét bac 3 déi véi x
vay:
X=y

X*—3x°+2y° —6x=0= x¥t 3xyH 2y:= & {
X= 2y

Ptco nghiem:x=2, x 2 23
Bal 35. Giai cac phuong trinh sau:
1) 18x2-18xy/x —17x—8/x-2=0.

2) x> —3x+1= ?Vx# x# 1.
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4) 2X% + 1= X +2xy/1-x* =1.
Loi giai.

1) Pat vx =y véi y>0. Khi d6 phuong trinh da cho tré thanh (3y? —4y —2)(6y? + 2y +1) =0

,suyra (3y’-4y—-2)=0, taduoc y= 2+;/E . Tur @6 phuong trinh ¢6 nghiém la
- 14+ 4410
—g

2)Taco x*+x*+1=(x* B* ¥ & x HO¥ x 1) 40, v6i moi x.
Mit khac x* —=3x+1=2(x*> x-1)+ (& x+D+

2— 2 e
bat y= X' —x+l (co thé viet dk y >0 hodc chinh xac hon la ?s y <+/3), ta duoc

X2 +X+1
2y* 1= %y& & 6y 3y 3 0, tadugc yzg (loai y= #).

Tur d6 phuong trinh c6 nghiém la x=1.
3) Ta thdy x <0 khong thoa méan.

x>0

X

(] )
2<y<4(Q)

1
batx+==y, ta dugc '
XY {4—(y2—2)+2 5-2(y*~2) = (4-Y)*(2)

X6t (2) ©/9-2y° =y?—4y+5 < y* 8y +28y? — 40y +16 = 0(do hai vé khong am).
< (y-2)(y*-6y° +16y-8)=0
< (Y-2)((y-2)(y* ~4y +8)+8)=0
Dan dén y=2 (do ((y-2)(y>-4y+8)+8)>0 v&i moi y thoa man (1)).
Tur d6 phuong trinh ¢6 nghiém la x=1.
Nhdn xét: Bai toan nay ta cd thé giai bang Phwong phdp danh gid trong phan sau.

Khi d6 phuong trinh twong duong véi hé < 4 —(x + EJ >0

4) Ta c¢6 phuong trinh twong dwong voi
VI=x =1 2x°— 2%k X2 = 1-X=1+4%" +4x°(1- X*) — 4%° — 4xy/1- X* +8x°y/1- X’

& X(1-4V1-x* +8x°V1-x*)=0

x=0

=
1—431—x? +8x%V1-x? =0(1)
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Xét(1),dat y=+1 x% suyra y>0va x* =1 y°.
Ta duoc 1-4y+8y(1-y?)=0=> 8y~ 4y £ 0
< Qy+D(@4y*-2y-1)=0

1+\/§ 5—\/§
1 )

oy= .Tudosuyra x= 4

8
- N - \ 5-5
Thur lai ta duwgc nghiém cua phuong trinh 1a X=0 va x= —5

1
+
Jx-1996 ,/y—2008

Bai 36. Giai phwong trinh =10- (v/x- 1996+ \/y- 2008).

Nhdgn xét: Vi bai toan nay, ta thdy ddy 1a mot phuong trinh gdm hai an. Do d6 ta
nghi dén bién doi phuong trinh thanh phwong trinh méi ¢d Vt 1 tong cac binh phuong, con
Vp bing 0.

Loi giai.

Bién d6i phuong trinh thanh

2 2
4 1
\4/X—1996——J +| {y—2008 -——= | =0
( Ux—-1996 y 3y —2008

Tur d6 ta dugc phuong trinh c6 nghiém la (x;y) = (2012;2009).

Bal 38. Giai phuong trinh x/y -1+ 2y/x— :gxy.
Loi giai.
biéu kién: x>1; y>1.

Taco x{y-1+2yJx—1= yx 2¥x B %X(Jy 20y B gxy

= y(Wx & )% %x(\/ﬁ— )% gxy.

x>1y>1
Khi d6 phuong trinh da cho twong duwong voi )
i d6 phuong trinh da cho g gv y(\/ﬁ—l)2+%x(\/ﬁ—l)2=0

Tur do6 ta dugce phuong trinh c6 nghiém la (x;y) =(2;2) .

B2i 39. Giai phuong trinh v/x? —3v2.x+9 +/x* —442.x+16 =5.
Léi gidi.
Néu x<0thi Vt >3+4=7 >5 = Vp (phuong trinh khong c6 nghiém).
Néu x > 0thi ta xét tam giac vudng ABC véi A=90°, AB = 4; AC = 3.
Goi AD I phan giac cua goc A, 1y M thugc tia AD.
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Dit AM = X, Xét AACM =CM?=x> B 3J2.x vaxét AABM = BM? = x? +16 —4+/2.X.

Tir d6 suy ra Vt= CM + BM > BC =5. D4u déng thirc xay ra khi M =D ,hay
CM 3

BM 4

< 16CM? =9BM?

& 16X +16.9— 48y2.x = 9x*+ 16.9- 36+/2.X
& Tx-1242.x=0

L1242
7

12\/5

Vay phuong trinh ¢6 nghiém la x=——

Bal 40. Giai phuong trinh: f /2 =6 (1
X

Loi giai.
bK: x<2

Dé thdy x=-. la nghiém cila phuong trinh.

V01x<§taco ‘/
2 3- x
V01x>%taco ‘/ 6

Vay phuong trinh ¢6 nghiém duy nhat x = %

?ﬁ

Bai 41. Giai phuong trinh: VX +1++7—-x=x> 6x 13
Loi giai.
bK: -1<x<7
Céch 1. Ap dung bét ding thirc Bu-nhi-a-cp-xKki ta co:
VT =X B 7 % g@ B)(X &% 0 4 @)
VP=x2 6x 43 x 3)° 4 %4
Vap phuong trinh ¢6 nghiém khi va chi khi: VT = VP =4 hay x =3
Do d6 phuong trinh c6 nghiém duy nhat x = 3
Céch 2. Ap dung BPT Cauchy ta c6:

1 4+(x+1) 5+x
X+1==/4(x 1 —< =
J SVAx D) A "

\/f:%m 4+%71—X) 11—:)(

4
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Dodé: VT =/x = «7 x ‘r_’%x 3% 4 (1)

Mit khac: VP =x* 6x 413 =(x 3)° 4 2 (2)
Vap phuong trinh c6 nghiém khi va chi khi: VT = VP =4 hay x =3
Do d6 phuong trinh c6 nghiém duy nhat x = 3
Céch 3. Pat A=VX ¥ +7 % (A >0). Binh phuong A va ép dung BDT Cauchy ta co:
A? =X +1+7 =X +2(X+1)(7 —X) <X +1+7 =x+[(x +1) +(7 —X)] =16.
Do d6 A<4
Dau “="xayrakhix+1=7-x < x=3
Mt khac: VP=x*> 6x 43 <(x 3)° 4 #
Vap phuong trinh c¢6 nghiém khi va chi khi: VT = VP =4 hay x =3
Do d6 phuong trinh c6 nghiém duy nhat x =3
1 2
1T 24T 1+,J( +3)(X’ +15)
(Tac gia: AD Page “Tai liéu toan hoc™ 03/12/2017)
Loi giai.

*)

Bal 42. Giai phuong trinh: (xeR)

1 1 2
>

V61 ab > 1 ta co: =+ ==
l1+a~ 1+b® 1+ab

Thét vdy, bién ddi tuong dwong (*) ta duge: (ab-1)(a—b)* >0
Ding thirc xdy ra khi a =b hoidc ab = 1
Bit dang thirc nay dung voi moi ab >1 .
Bién doi va ap dung BDT (*) ta duoc:
2 1 1 1
THHIT 2847 | X415 142(x+3)
2
2 2

> — _
1+\/[ X’ ;15}2()(2 '3 1+4/(x? +15)(x* +3)

VT

VP

x% +15

D& thiy ( J.Z(x2 +3)>1vdi moi x nén phuong trinh ¢6 nghiém khi va chi khi

x*+15

=2(x* 3).Giai phuong trinh nay ta dugc nghiém x= #
Bai 43. Giai cac phuong trinh

a) V2X+4+6y2X—5 +4/2x—4-2/2x—5 =4 (1)

b) VXx—4+6-x=x2 40x ®7 (2)
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C) VX +x-1+Vx-x2+1=x>—x+2 (3)

d) Vx*+48=4x 3 4/x* 35 (4)

e)b) V5-xt —¥3x* -2 =1 (5)
Loi giai.
a) bK: x> g

Véi Pk: ngPT(l) o Nox—5+3+[V2x—5-1=4
Ta co: ‘\/2x—5+3‘+‘\/2x—5—1‘24
(V2x=5 +3)(2x =5 -1) <0

Dang thirc xay ra < 5 =
X2 —=
2

X<3

N | ol
IA

Viy nghiém ctia PT da cho 1a gs x<3
b) DK 4<x<6
Trén TXD \/H+\/6——xs\/(12+12)(x—4+6—x) o Ix—4+6-x<2
Laico x*-10x+27=(x-5)*+2>2
= X2 —10x+27 > /x—4 +/6 —x
Vx-4=6-x

Ding thirc xdy ra<> {x =5 & x=5
4<Xx<6

Vay PT (2) ¢6 nghiém la x=5

x2+x-1>0
c) bK:

—x24+x+1>0

ap dung BDT c6 si cho céc s6 khong am ta co

2 p—
[(X2 + X—].).l SLH

2
[(_X2 + X+1).1 SM
2

Tacd x*-x+2>x+1 (Vi (x-1)*=0)

= X +X—1+Ux=X>+1<x+1

AU XL+ X = X2 +1< X2 - X+ 2
Pang thirc xdy ra < x=1 ; Vay pt c6 nghiém la x = 1
d) TXD: Vx
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PT(4)<:>\/X2+48—\/X2+35:4X—3<:> 13 =4x-3

VX% +48 ++/x? +35

Thay x =1 la nghi¢m cua PT (4)

13 <1 -
+) x>1=Vx2 +48 +yx* +35>13 = X2 +48 ++/x% +35 = PT v6 nghiém
4x—-3>1
13
3 2 > >1 A n
+)ZSX<1:>\/X +48 +4x* +35 <13 = x* +48 +/x° +35 = PT vd nghiém
4x-3<1

Vay phuong trinh ¢6 nghiém duy nhit 1a x=1
e) Ta co:

X >1 thi x*;x°>1

X <1 thi x*;x° <1

+) Xét [x|>1=5-x" <43x" -2>1

= \5-x° —3/3x* -2
] PT (1) v nghiém
Xet |x|<1 tyung tu ta suy ra phying trdnh vu nghiém
Thay x= 1 hodc x=-1 1a nghiém cta PT (5)
Bal 44. Giai phuong trinh: x=2 + m ++/2-2010 = %(X"‘ y+12)
Lai giai.
bK:x>2, y>-2009, z>2010
Phuong trinh da cho twong duong véi:
X+y+2z=2x-2 +2.[/y+2009 +2+z-2010
& (x=2-1)°+ (4/y+2009 - 1)* + (+/z-2010- 1)° =0
Ta phai co:
Jx=2-1=0 & x=3
Jy+2009-1=0 < y=-2008
J7-2010-1=0 <  z=2011
Vay x =3,y =-2008, z = 2011
Bai 45. Giai phuong trinh: /X +1++7-x=x* 6x 13
Loi giai.

PK: -1<x<7
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(71 2) (75250

X+14+J7-x=x" 6x 13 céx/x—% 2) \A/7 X 2) ©F 6x 9) 9

< Jx+1+2 ’ JT—x+2 ~(x=3)7=0

X-3 3-X 2 B 1 1 vl
S halre Toxaz XY =0eK 3)(M+2 NETET R Xj 0

Xx=3

=N 1 1 B I

Foie2 Toxez =0 0
Giai (*):
" o NT =X —+/x+1 v 3

(\/x+1+2)(\/7—x+2) (\/x+1+2)(\/7—x+2)(\/x+1+\/7—x)

2

3- 1/=0 =3
=B (M+2)(\/ﬂ+2)(mwﬂ)+} o
(do 2 +1>0) (2)

(Vi 2)(JTx+2)(Vx 147 x)

Tir (1) va (2) suy ra phuong trinh c6 nghiém duy nhét x = 3
CAau 46. Giai phuong trinh: ~ x* + /x +2010 = 2010.

Loi gidi.

Tacod x* ++/x+2010 =2010 (1) biéu kién: x > - 2010

1o x2+x+%-x-2010+\/x+2010-%:o
1
1Y 1Y o T
= (x+—j -(Jx+2010-—) =0 1
2 2 TEE

X+1>0

(x+1)?=x 2010 (4)
(4) o (x+1)*=x+2010 < x*+x-2009 =0
A=1+4.2009 = 8037

y =-1+\/@_ y =-1-\§W (loai

. > ;X )

-2010<x<0

Giai (2): (2) @{

Giai (3): (3) & %= ~[x 20%8 {

(5) < x?—x—-2010=0.A=1+4.2010 = 8041,

VX +2010 - %
-X+ 2010 + % (3)

x?=x 2010 (5)
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L - 1rBo4L 1-/8041

1 > DXy, = = (loai nghi¢m x;)
Vay phuong tinh ¢6 2 nghiém: x = L 28037 X = - ‘28041 ,
A . 1 1 _
Cau 47. Giai phuong trinh: = + =2
X 2-x°

Loi gidi.
Didukién x #0va2-x°>0 < x # 0va |x|<v2 (*¥)

bat y=+v2-x*>0

X2 +y* =2 ()
Ta co:
1.1,
Xy

Tu (2)tacod : x +y=2xy. Thay vao (1) C6: xy =1 hoac xy=-%

. x=1
*Néuxy=1thix+y=2.Giéira,tacé:{y_l.
1 X=—1+J§ X=-1-J§
*Néuxy=-= thix+y=-1. Gidira, taco: 2 ; 2
2 y_—1—J§ y_—1+J§
2 2
L. - X \ ~ r [N '1'\/5
boi chiéu dk (*), phuong trinh da cho c6 2 nghiém : x =1 ; x= 7
. N . \ . 2 4x+9
Cau 48. Tim nghiém duong cua phuong trinh :  7x° +7x = THE
Loi gial.
4x+9 1 1 . 4x+9 1 1
Pit .| =y+=,y>-=taco =y +y+- S Ty +Ty=X+=.
) 28 y 2 y 2 28 ey 4 y y 2
[

7X°+7x=y +%
Cung v6i phuong trinh ban dau ta c6 hé: 1
7y +7y = X+

Trir vé cho vé cua hai phuong trinh ta thu duogc

[EY

7(x2—y2)+7(x—y):y—x & (x-y)([T7x+7y+8)=0 < x—y=0 (vi x>0va yz-E né

7Xx+7y+8>0) hay x=y.
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x=—_6_ﬁ
14

‘= —6+4/50
14

Thay vao mdt phuong trinh trén ta dugc 7x” + 6x —% =0< . D6i chiéu véi

diéu kién cta x, y ta duoc nghiém la x = % .

Cau 49. Giai phuong trinh: (\/x +8 /X + 3)(\/x2 +11x + 24 +1) =b5.
Loi giai.

bK:x>-3 (1)

Dit Vx+8=a;vx+3 =b (a H;b 20) (2)

Taco:a’—b’=5; Vx? +11x +24 = [(x +8)(x+3) ab =

Thay vao phuong trinh da cho ta duogc:
(a-b)ab+1)=a’-b*=(a-b)(1-a)(L-b)=0

a-b=0 |VXx+8=+x+3(vn)

X=-
Sil-a=0=|Vx+8=1 <X:>_ 5
1-b=0 | J/x+3=1

Péi chiéu véi (1) suy ra phwong trinh da cho ¢6 nghiém duy nhét x = - 2.
Cau 50. Giai phuong trinh: 24/x -1 + 345 -x = 24/13.
Loi giai.
Diukién: 1<x<5
Ap dung BDT Bunhiacdpski ta co:
(2\/X -1+35 -x)2

= 2Jx-1+3J5-x < 2413

IN

(22 +3)(x-1+5-x) =134

Déu bing xAy ra khi va chi khi 3vX-1=2J5-X < x= %

Thay vao pt da cho thur lai thi thoa man..

Vay pt c6 nghiém x = i—g

Cau 51. Giai phuong trinh:  x? + 9x + 20 = 24/3x + 10
Loi giai.

Pidu kién: x> —% @)

(1) © (3x+10- 24/3x+10 + 1) + (X* +6x +9) =0

& (Bx+10-1)%+ (x+3)°=0
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& x=-3 (théa man dk (2).
X+3=0

{\/3x+10 -1=0
f

Vay phuong trinh (1) c6 nghiém x = -3.

Cau 52. Giai phuong trinh: 2(x+)Vx+1=(Vx 1+ x}2 x2).

Léi giai.

bKXb: -1<x<1.

Piat a=x+ 1,b= v+ x thitacda’+b?=2.

Mat khac VT = 2a® nén phuong trinh tré thanh
2a° =(a+b)(a*—ab+b?)

o2a’=a’ #® <a® b’ @ b

Khi d6: V/x+1=1-x < x+1=1-x< x=0.

Vay phuong trinh ¢6 nghiém la x = 0.

Cau 53. Giai phuong trinh: x* —3x+1= gxlx# X% 1.
Loi giai.
Céch 1. Binh phuong hai vé cua phwong trinh ta duoc:
2x* —18x° +32x* -18x+2 =0.
Do x = 0 khéng 1a nghiém ciia phuong trinh nén chia hai vé cua phuong trinh cho x° ta
duoc: 2x° —18x+32—g+£2 =0= (X% iz)— 9(x l)k 16= 0.
X X X X

Pitt=x + (PK: |t[>2 ). Khido: x2+5 =t= 2.
X X

t =2.(nhan)

Thé vao phuong trinh (1) ta dugc: t* -9t +14=0< ¢ 7. (loai)

Voit=2suyra x+£=2 ox? -2x 1 =0 ex 4.
X

Thé lai ta thay x = 1 thoa man phuong trinh da cho.
Vay phuong trinh (1) c¢6 nghiém la x = 1.
Cach 2: Phuong trinh da cho twong duong:

(xz—x+1)—2x:§\/(x2 X DxF % 1. — +
Patx’+x+1=avax’-x+1=b(a,b>0). Khi d6, a—b = 2x va phuong trinh d3 cho tr&
thanh: 2a—b= @@ )

Do VT< 0nénb > 2a. Khi d6 (2) tuong duong véi:
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(2a—b)® _%b<:>12a ~13ab+3b*=0

b= 4 a.(loai)

< (4a-3b)(3a-b) =0
b = 3a.(nhan)

Véib=3athévao2a—b=2xtadugc a=x <x> -2x +1 =0 <x 4

Vay phuong trinh da cho ¢6 nghiém duy nhat x =1

_ 2
Bal 54. Giai phuong trinh: /1 2X _ 3X2+X .
X X +1

Loi giai.
<X .. 1-2X
bieu kién: >0< xe(0; —]
/1—2x 3X + X / 3x+x 3
X xX*+1 X2 +1
1-2x 1
x _3x-1 1-3x_ 3x—-1
1-2 ] “ox X +1
X1 x{ 1-2x +1J
X X
< (1-3x)(
+
X(,/ 1)
1
+ >0,Vx e (0;= ]
1+ x?

< X ——V|
x(\/l 2X L1

Cau 55. Giai phuong trinh: x* —+/x* +x =6x .
Loi giai.

Véix>0,dat t=+x*> 1>80. Khi d6, phuong trinh d3 cho twong duong véi

t2 —/xt—6x =0.
Do x =0 khong la nghiém cua PT chia hai vé PT cho x # 0 ta duoc
2 (khéng thoa man t, x > 0).

(—) ———6 0 & —==3 (thoa man t, x > 0) hoac
NE & Jx
+
Vi \/_—3c>\/x H1=3x ox’ 4 9x <x? 9x 4 D E—jﬁ
X

L2 . r . + N -

Kiém tra lai ta thay ca 2 nghiém x = 9‘;/ﬁ déu thoa mén.

Vay nghiém cuaa PT la x = gi;/ﬁ

TAI LIEU TOAN HQOC
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Bal 56. Giai phuong trinh x?(x*+2) =4~ X+/2x% 4.
Loi giai.

Piat t=xy/2x* 4+ t& 2(=><4 2X2)43 xz(x2+2)=§

t? t= 4
ta dugc phuong trinh E=4 -t ot® +2t -8 =0 c{t _

x<0 x<0
Véit=-4tacd x2x* +4 = 4= { @{

2(x4+2x2)=16 x*+2x2-8=0

x>0 x>0
Véit=2 tacd x\/2x2+4=2<:>{ <:>{

2(x4+2x2)=4 x*+2x2-2=0

x>0 .
& { 'L 3 1 < x=++/3 1-Két luan nghiém cta phuong trinh.
X% = -

Bai 57. Giai phuong trinh: /(1 +x?)® —4x® =1-3x"
Li giai.
(1+x?) —ax*=1 3x* (1)
Taco: 4C+1-3x'= 3% 4¥ ¥ ¥ 4 X X¥{3¢+4x 1) (2
Thay (2) vao (1) ta co:
(1) < |(1+x) —(1+x)= (3¢ 4x 1) 3)
Dit y=1 x%, v6iy>1.Suyra X’ =y? 1-
Thay vao (3): y°—y* =(1 y*)(3x*~ 4x+ 1)
& ¥y (y-1)-(1-y*)(3x* - 4x+1)=0
y-1=0

—1)| v? 1 2_ =
T ER IR CEE I I PR
*V6i y =1thi x=0 théa man phuong trinh.

*Voiy #1vay > 1, taco: y*+(y+1)(3x° —4x+1)=0 (4)

2
Vi 3x —4x+1=3(x %} % - éZV{\:I y> 1 thay vao vé trai cua (4)
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1 1) 13 1 13 1
2 _(yrn)iofy-2) B (o) S8 L hon
v -(y+1)3 (y 6) 36( sj 36 3 o0

Do do6 (4) vo nghiém
Vay phuong trinh (1) c6 nghiém duy nhat x = 0
Bai 58.Giai phuong trinh X° — X —4 = 24/X 1@. X}
Loi giai.
Diéu kién: x>1 (*).
Ta co:
X —x—4=2Jx 1@ x}
S X+ 2XX =14+ X-1-2(x++/x-1)-3=0

& (x+'\/x—1)2 —2(x+\/x—1)—3
= (x+\/x—1)2 —2(x+\/x—1)—3=0
Dit x++v/x-1=y (Diéu kién: y >1(**)), phuong trinh tr¢ thanh y? -2y -3=0.

y=+
y=3

0

y2—2y—3=0<:(y+ﬂ(y—3)=0c;{

+Voi y = - khong thoa man diéu kién (**).
+ V61 y =3 ta c6 phuong trinh:

X+4UX-1=3<Jx-1=3-x <:>{

1<x<3

1<x<3

X—1=9 —6X +x2

X=2 <&X=2

{1£x£3
Xx=5

= =
x2—7x+10=0 {

Vay phuong trinh ¢6 nghiém X = 2.

1
Bai 59. Giai phuong trinh: —+
X
Loi giai.
bK: —\/§<x< 3vax#0

baty=+3 x’,Xy 0)

Ta c6 hé phuong trinh
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=1

1 1
_+_
Xy
x’+y*=3

(x+y) —2xy=3

{x+y:xy
=

X+y =Xy
=

(X+y)2—2(x+y)—3=0

x+y= 1
xy=-

Xy =

-

x+y= 1 \y=
xy=-

x+y=3 ,
3 (vO nghiém)

—1-+5
2
—1+\/§
2

—1++/5
2
~1-+5

2

(thoaman)

(loai)

Viy phuong trinh c¢6 nghiém duy nhit X =

Bai 60. Giai phuong trinh va hé phuong trinh sau:

13x+2(3x+2)\/x+3 +42=0

Diéu kién : x>-3 (*).

Loi giai.

batt=+x+3,t>0,suyra x=t> 3-
Phuong trinh tré thanh: 62 +13t% -14t +3 =0

Giai ra ta duoc: t:%;t :%;t = 3(loai)

Vc’yit:l,tacé: \/x+3=$i> % E;
2 2 4

Vé’it:l,tacé: x+3=%i> % 26
3 3 9

Lién hé tai liéu word toan SPT va zalo: 039.373.2039
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Ca hai nghiém déu thoa diéu kién (*).

Vay tap nghiém phuong trinh da cho la: S = E 26}
3x
Cau 61. Giai phuong trinh: 2,4f—+ 4 =%
Loi giai.

biéu kién: x>0

2
Tacc’)4,/%+4:1+ 37’% J6x .
xX+6 x2
Do /6x ST,suyra 4,/?+432x+4

< Ax* +48<3x* +12x +12
& (x-6)" <0
= x=6

Thur lai x = 6vao thoa man. Vay phuong trinh c6 nghiém x =6.

Cau 62. Giai phuong trinh 4vX° +3X +2y/2x-1=7x 3
Loi gidi.

S 1
biéu kién: x > 5

Tach: WX+I+R2A-1=Tx 3 ShJX(x 3 2x + Ix 3+
Theo bt dang thirc AM-GM ta co:
AX+(X+3) > 2/Ax(x+3) =4x(x 3)+

(2x-1)+1>22x-1

TX+3> 4 x(x+3) +22x -1

Suyra
Wx=x 3+ -
&
Dau bang xay ra khi /2x-1=1

Vay nghiém ctua phuong trinh 1a x =1
Cau 63. Giai phuong trinh: X* —x—4=2vJx 1@ x}
Loi giai.
Diéu kién: x>1 (*).
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Taco: X’ —x-4=2Jx 1 xF x5 2%/x 1-x+1-2(x /% 1)-3-0=

bat x+Vx-1=y (Diéu kién:y>1 (**) ), phuong trinh tré thanh y>—2y-3=0.
=
y?—2y-3=0<(y +1)(y -3) =0 QB _3
+Véi y = 1 khong thoa man diéu kién (**).
+ V61 y =3 ta c6 phuong trinh:
X<3

X=2&X=2

~1=9 —6X +X°
X X +X x=5

X+4UX-1=3<Jx-1=3-x <:>{

X<3 x<3
SS9, =
X =7x +10 =0 {

thoa man diéu kién (*). Vay phuong trinh ¢6 nghiém X = 2.

Cau 64. Giai phuong trinh v3x* —6x—6 =3,/(2 X)E (7% 1H9V2 x-

Léi gidi.

. 3x2—6x-6>0
Piéu kién xac dinh o x<1-4/3
2-x>0

Véi x<1-+/3 , phuong trinh da cho tuong duong voi:

M:B(Z X)'V2 % [@x )2 x

@meﬂ(sxz -5x 7) 3% 6x 6 /2 —x =/2 x(3x* 5x 8)
3x* —5x-8=0

3x* -5x -8 \/—_( By —8) :
o —bx—6+2-x 1-V2 x(V3¢ 6x 6 +2 x)
(do \3x2 —6x—6+/2—x >0, ¥x<1-+/3).
+) 3x* -5x—8=@&> » 1 (thoa man dk) hoic X=§ (khong théa man dk)
#) 12 x(V3E 6x 6 VZ X B2 x V3¢ 6x 642 x

& x-1=3x 6x- 6.2 x )
Vi x<1-+/3 nén x—1<0<+/3x* —6x—-6./2—X do d6 (*) v6 nghiém.

Vay phuong trinh di cho c6 nghiém duy nhat x= -

Cau 65. Tim nghiém nguyén duong cta phuong trinh:
4-23 — X} —23x+3 =0

Loi giai.

Ta co: \/4—2\/_ - \/x2—2\/§.x+3 =0
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Phuong trinh di cho twong duong: \/(1—\/5)2 —\/(x—\/§)2 =0

= o) =l VB

<-4 B
C{x—x/g=x/§—1c{x=2\/§ 1 -
x—+3=1 3 x=1

Vay phuong trinh c6 nghiém nguyén duong la: x =1
Cau 66. Giai phuong trinh: x* +4x-7=(x #4)vJx* 7
Loi giai.
\ >/7
Giai phuong trinh: x* +4x—7=(x 44)vx* 7. Diéu kién x27
x<—J7
X +4x—T=(x 4)NX* 7 (X =7)+4(x+4)-16=(x +4)Jx* =7

[ _7_
pat | V¥ _7_a20,ta c6 phuong trinh
X+4=Db

a’+4b-16=ab<=>a’-16+4b-ab=0<=>(a+4)(a-4)-b(a-4)=0

a=4
a=b 4

:>[ X -7=4 >= [ X2_7:;1i x 23

\/E=X+4—4 \/ﬁzx

Vay phuong trinh ¢ 2 nghiém : x++/23

Cau 67. Giai phuong trinh: X% +3x+2+\x2-1+6=3Vx 1+ 2¢x 2+ 2¢x 15 (x R).
Lo giai.

<i>(a—4)(a+4—b):0=>[

Piéu kién xac dinh x>1. Khi d6 ta c6
U 43x+2 40X —1+6=3Vx 1+ 2/x 2 2/x 1-
& J(x+1)(x+2) +J(x=1)(x+1) + 6 = 3Jx+1+ 2%+ 2+ 2/x -1

<:>\/(x+1)(x+2)+\/(x—1)(x+1)—3\/x+1:2\/x 1-24x 2+6-
<:>\/x+1(\/x+2+\/x—1—3)=2(m Jx+ 2 +3)—
& (Vx+1-2)(Vx+2 +x-1-3) =0

*) VX+2+VX-1-3=0 < x+2+X-1+2,/(x+2)(x-1) =9 & VX* +X -2 =4 —X
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Xx<4
<9, ) S X=2
X°+X—-2=x° 8x 46

*) IX+1=2 ox 1l =4 <x 3.

Vay phuong trinh da cho c6 tap nghiém la S ={2,3}.

Bai 68. Giai phuong trinh : \/(xz +2x) +4(x+1)’ —\/x2 +(x+1) +(x2 %) =2017
Loi gidi.
bKXb VxeR

\/(xz +2x) +4(x+1) —\/x2 +(x+1) +(x2+x)" = 2017

AU H2C A +4X2 +8X+8 VX2 + X2+ 2X 41+ X4 + 23 + X% = 2017

<:>\/(x2+2x+2)2—\/(x2+x+1)2 —2017 o2 2x 2 ¥ x 1- 2017 X <3016

Ix=1+2,/y+2=5

3.y+2-|x-1=5

Bal 69. Giai h¢ phuong trinh: Giai h§ phuong trinh {

Léi giai.

A \ -1+2y+2=5 __
Gidi hé phuong trinh | X 4* dat A=[x-1]20:B= Jy+2 >0
° phuong {3-\/m—lx—14=5 : x-1] y
, |A+2B=5 A+2B=5 A+2B=5 A=1 , N
Tacd = = Thoa man
3B-A=5 - A+3B=5 5B =10 B=2
{lx_llzl {lx—ll:l |:X—11=11 |:X=§
y+2=2 y+2=4 y=2 y=2

vay (x;y) ={(2:2);(0;2)} langhiém cua hé
- o ‘ {xy2+2y2—2=x2 8x
Bal 70. Giai h¢ phuong trinh
Y=Y I g
PKXD:y>1
Tu phuong trinh (1) cua hé ta cé
>= yHx 2 (x+D(x 2)
<=>(x+2)(y*-x-1)=0

X= 2
<=>
y>—x-1=0

Xét x = -2 thay vao (2) dugcy-2=3,/y—-1<=>y*-13y+13=0
13++/117

<=>y=T(véiy22)
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Xét x=y?-1 thay vao (2) dugc y2+y-1=3/y 1-
Pit \Jy—-1=a >0=>y=a*+1
Yy +y-1=3Jy 1-
<=>(a’+1)*+a*=3a
<=>a"+3a’-3a+1=0
> at+3(a—1)2+ S 2 o)
2 4
X= -2
Déi chiéu PKXD ta co 13+ 117 langhiém cia hé phuong trinh da cho
X=""
2
X2 -2y°=xy X ¥
x\/ﬂ—y\/x—1=2x y %

Léi giai.

Bai 71. Giai h¢ phuong trinh: {

DK:x>1,y>0

Taco

(D) <=> x> —xy—2y* =x+y <=> (X+ y)(X=2y) =x+Y
<=>(u)(x—2y—1):0<:> X—2y-1=0

>1+0=1>0

Do do6:

(I)<=>{x:2y 1+
Qy+Dy2y -yJ2y =22y 1+y-1+

{x:2y+1 {x:2y+1
<=> <=>
(y+Dy2y=2y 8 |(y D)2y 3) =0

x=2y 1+ y=—
<=> <=> 2
2y =3(Do y+1>0) x=10

(thoa man diéu kién)

Vay hé phuong trinh c6 nghiém duy nhat (10; %)

21+ x\[y)? = 9y/x
21+ yVx)? = 9x\Jy

Léi giai.

Bai 72. Giai h¢ phuong trinh {

{2(1+ x\Jy)? =9y/x 0

21+ yvx)? = 9x\Jy
bK:x>0,y>0

Lién hé tai liéu word toan SPT va zalo: 039.373.2039 TAI LIEU TOAN HOC



Dit a=x\/y;b y/x =diéukiéna>0,b>0.H¢ (1) tro thanh

2(1+a)* =9b(1)
{2(1+ b)? =9a(2)
LAy (1) trr (2) ta dugc:
2(1+a)* —2(1+b)*> =9(b-a)
<=>2(a—-Db)(a+b+2)+9(a-b)=0
<=>(a-b)(2a+2b+13)=0

>0Va,b>0

<=>a=b
Thaya=Dbvao (1) taco

Xy =2
a=2=>b=2(TM) => \/g <=>x:y:§/2
yX =2
2— f—
2(1+a)" =9%9a<=> . . xJy == .
a:—:>b=—(TM)=>1 2<=>x:y=#:
2 2 1 4

Vay h¢ phuong trinh c6 nghiém (E/Z %)[i/% i/%}

. 3Yyx+2y =4-x-2 1
Bal 72. Giai hé phuong trinh: ey y O
I2x+6+,2y =2 (2)

Léi giai.

X+2y>0 {x+2y20(*)

biéu kién: {Zy Lo = y20

bat m =t 0, thay vao phuong trinh (1) ta c6:

St=4>#+ t2 3% 4 0

1+ 3-4=0, nén phuong trinh c6 hai nghiémt=1vat = -4 (loai)

Voit=1=>x+2y =4 + x =2y=1 x 1 2y thay vao phuong trinh (2) ta c6
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<:>m: 2—\/5

<=> —4+8=8-12,2y +12y - 2y,/2y
<=>16y-12,/2y —2y,[2y =0
<=>8y—6,2y —y,/y =0

<= \Jy(=/2y +8,/y -63/2) =0
<=>y(Jy-V2)2Jy-6)=0

Jys0s=y=0 x 1TM(*)
<= Jy=V2=y=2=>x=-3TM(*)

Jy :% =y =18 x 35(TM(*))

Vay h¢ phuong trinh c6 3 nghiém (X;y)=(1;0);(-3;2);(-35;18)
(Y=X)(y-x=4)=x* 4x (1)

X(y—4)+43x*-y =6 (2)

Léi giai.

Bal 73. Giai hé phuong trinh{

Bién d6i phuong trinh (1):

@O < (Y=Y —4) —x(y—x)=x(x 4)
S(y-x)(y-4)=x(x 4 % %

S (y=-x)(y-4)=x(y 4)

< (y-4)(y-2x)=0

b
=
y =2X

e Vo1 y =4, thay vao (2) duoc:
Qo -4=6Yx* - =g<:> X2 —2x+ 2//x*=2x-3=0

batt =Yx*> 2x 5 phuong trinh tré thanh:
t*+2t-3=0 ot (t* 4 +3) =0
t=1
=
t> +t+3=0(3)
Phuong trinh (3) c6 A=1-4.3 =-11 <0 nén vo nghiém.
Do d6

TAI LIEU TOAN HOC
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t=1=x*-2x=1x*-2x-1=0 x=1%+/2
x=k V2= y=2 242
x=1 2= y= 2 2J2
Vay h¢ phuong trinh da cho c¢6 4 nghiém
(—“1418;4}(——“1418;4J,(1+J§;2+2J§),(1—ﬁ;2—2ﬁ)
.. - VX+2(X— =
Bal 74. Giai hé phuong trinh X+2(x=y+3) \/Y
X* +(X+3)(2x—y+5)=x+ 16
Lai giai.
X> -2

biéu kién: {
y>0

X+ (x+3)(2x-y+5) =x 16 (2)
V6i x>-2; y>0, phuong trinh (1) <=>/x+2(x—y+2) +/x+2—/y =0
<=> Vx+2[(x+2) = (Jy)1+x+2 -y =0
(Vx+2 = JY)Vx+2(Jx+2+4[y) +1] =0

>0Vx>-2;y2>0

<:>\/x+2—\/§:O

=X 2 VY

{\/x+2(x—y+3)=\/§ (1)

Thay y =x+ 2 vao phuong trinh (2) ta dwgc phuong trinh:
X2+ (X+3)(2x —(x+2) +5) = x+ 16

<=>X*+(X+3)* =x+16

<=>2x*+5x-7=0

x=1(TM)

<=> -7
x=—»(L
> (L)

+) V6i x=1=>y=3.
Vay hé phuong trinh da cho ¢6 nghiém (x;y)=(1;3)

2x2 —y2 +xy —5x+y+2=.y 2x 4 —~/3 -3x
X2 —y-1=\4x y+5+ % 2y 2-

Bal 75. Giai h¢ phuong trinh{

Loi giai.
DK:y-2x+1>0,4x+y+5>0,x+2y-2>0,x<1

_2x+1=0 1 (=0
TH 1.{y o @{X N (Khéng TM hé)
3-3x=0 y 1 |-#=410 1-

TH 2.x#1,y #1 Pua pt th nhat vé dang tich ta duoc

TAI LIEU TOAN HOC
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X+y—2

(x+y-2)2x-y-1)= JY—2x+1++/3-3x

(x+y-2) +y-2x+1|=0 .Doy-2x+1>0

JY—2x+1++/3-3x

nén 1
JY—2x+1++/3-3x

+y-2Xx+1>0=x+y-2=0

Thayy=2 x vao pttha 2 ta duocx®+x-3=+/3x 7+ V2 x—

X +x-2=3x T+1-2+J2 x-
3X+6 2+X
V3X+7+1 2++/2-x
3 1
\/3x+7+1+2+\/2—x
3 1
X741 2+2-x
Vayx+2=0= %= 2 ¥y 4 (TMbK)

1 Jx

—————=x+xy-2y*(1)
Bai 76. Giai hé phuong trinh{ VX Y

(M—\/?)(lﬂ/xusx):s(z)

< (X+2)(x-1) =

<:>(x+2){ +1—x}:0

Do x<1 nén +1-x>0

Lot giai.
1 Ix_ .
———=X"+xy-2y°(1)
Ix oy
(\/x+3—\/§)(1+\/x2+3x)=3(2)
x>0
\ 0
bieu kién: = SN x>0
X+3=0 y>0
x*+3x>0

(@) @%z (X=Y)(X+2y) < (x— y)(x+ 2y+ y_\l/sz 0« x=y do

x+2y+i>0,VX,y>0

yvx

Thay y = x vao phuong trinh (2) ta duoc:
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2 2 3
(\/x+3—\/§)(1+\/x +3x) =<3 +1 V¥ 3K —m_\/;

S1+Ux2+3x =X 3 ¥x afx 3Jx ¥x 3 JIx & 8
& (Wx+1-1)(Vx-1)=0

\/x+ 1 ¥ 2(L)
=>x=y=1
\f 1 X =1(tm)
Vay hé c6 nghiém duy nhat (1;1)
. . 2 ?=3
Bail 77. Giai hé phuong trinh ey
3Jx-2y? =1
Loi gidi.
2 =3 .,
Gii hé phuong trinh eyt =3 g kién:x,y>0
3Jx-2y? =1

Pit Vx=a,y? b(a$ 0).Tac6hé phuong trinh
2a+b=3 4da 2b 6+ [#a 7
3a-2b=1 3a 2b ¥ =1(2a b 3 lB i

-1 . [x=1
Vay hé 6 2 nghiém: 4" va "
y=1 y=-1

N P
KNy
P
ﬁ X

Goiy.

1 1 1 / 1
Trhésuyra —+ [2—-—=—+,[2-=
Ty Wy X

2

Bal 78. Giai hé phuong trinh:
2

J_ 1

(I'MDK) _>fx
y=

thl\/ 1 \/2—1 nén (2) xay ra khi va chi khi x=y
J_ Jy X

thé vao hé ta giai dugc x=1, y=1

\/x2+9+y=9

Bal 79. Giai phuong trinh va hé phuong trinh sau:

Loi giai.
x2+9=(9 ¥)* ()

Véi diéu kién x,y <9, hé da cho la:
y?+9=(9 %)° (2)

\/y2+9+x=9'

Lién hé tai liéu word toan SPT va zalo: 039.373.2039
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Lay (1) trir (2) theo vé ta duoc: (x—y)(x+y—-9)=0< Bi; o
+Vé&ix =y, thé vao (1) ta dugc: 18x-72 =0 < x=y =4.
+V&iy =9-x, thé vao (2) thi phuong trinh vo nghiém.

Viy hé phuong trinh c6 nghiém duy nhat : (x;y)= (4:4).

X+y—+/xy =3
Vx+1+y+1=4

Léi giai.

Bai 80. Giai hé phuong trinh : {

biéu kién: x>-1y>-1xy>0

Hé@{x+y—\/@=3 x+y—\/W=3

=N
X+Y+2+2J(x+1)(y+1) =16 {x y 2¢x+y xy L 14 =

bat x+y=a,\/x7y b.a&>-2,b>0,a’>>4b’ ta dugc hé pt

a-b=3 a=3+b {azg b
= =
a+2va+b>+1=14 |24Jb® b 44 41 b |30°+26b-105=0

b=3 X 3 =
& = (théa man dk)
a==6 y 3

Vay tap nghiém cua hé phuong trinh 1a S = {(2;2); (—6;-6)}

X2 +y + 5% _16 @
Bai 81. Giai hé phuong trinh X+y
JX+y=xt -y (2)
Loi giai.

picukien: X+y>0.(1) < (X’ +y)(X+y)+8xy=16(x ¥
[ (x+y) —2xy [(x+y)+8xy =16(x ¥)

& (x+Y)[ (x+y)* —16 |- 2xy(x+y—4) =0

& (X+y—4)[(x+y)(x+y+4)—2xy]=0

. = 3 7
TH 1. X+ Y—4=0 thé vao (2) ta dugc x2+x—6=0<:{x ¥
X=2= y=2
TH2 (x+Yy)(Xx+y+4)—2xy=0< x*+ y*+ 4(x+ y)= 0 vd nghiém do DK

Vay tap nghiém cua hé 1a S = {(-3;7); (2;2)}
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P+ =N -2 +x =y |y
(x+1)(y+\/@+x—x2)=4
Loi giai.

Bal 82. Giai hé phuong trinh {

. X;y=>0
bieu kién :
Xy +(X=Yy)(y/xy —2)=0

PT (@) < 3y +(x= Y)Wy —2) -y + (X =fy) =0

- (X=y)(y ++/xy —2) Xx—y
ny+(x—y)(ﬂ—2)+y N

B y+\/_ 2 1 3
=l y)[\/xw(x V)XY —2)+y f+f} ©

TuPT (2)taco y+4/xy=x* x 4i £x 1) (* 1+—|4—j 2- 2

X+1 X+1
y++/xy -2

1
>0
" Py e - Dy Xy

PT (3) & x =y, thay vao PT (2) ta dugC : x* —2x* -3x+4=0

+
< x=1 hoac x=1‘;/177
Két hop voi diéu kién tacé x=1, x=1+;/1_7

2

KL: Vay h¢ da cho co6 hai nghiém (x; y) 1a: (; 2); [

Bal 83. Giai hé phuong trinh: { y\/— Jy 2 wxo ()

1+\/ﬁ_1+\/ﬁJ
2 )

3K —xy-7x-y*+y-9=0 (2
Loi gidi.
bK:x>2,y>2.Taco:

(1) @(m—m)+(x\/§—y\/§):

=4

) )

o (Vx- \/_)(\/x ;1{ + X+ xy+y]=0=>x/§—ﬁ=0=>x=y
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x4y
S2rfy-2
Thay x =y vao phuong trinh (2) ta dugc: 3x* —6x+9=0
©3(x-3)(x+1)=0< x=3 (TMDK: x >2) hodc x = -1 (loai)
Vay hé (I) c6 nghiém duy nhat (x;y) = (3:3).

(Do A=

FX+XYy+Yy>0voimoix>2,y>2).

VXx+3+4y-2=5 (1
Bal 84. Giai hé phuong trinh: y @ (N
JY+3+Vx=2=5(2)
Loi giai.
DPK: x > 2, y > 2. Trir theo vé cac PT (1) va (2) ta dugc:
Vx+3-+x-2=\y 3 {Jy 2 < > >

\/x+3+\/x—2:\/y+3+\/y—2
SJx+3+Jx-2=y 3 y 2
-Néux>y>2=x+3+x=2>.Jy+3+,/y-2
-Néuy>x>2=x+3+Vx-2 < Jy+3+,y-2
Do d6: x =y. Thay vao (1) ta duge:Vx+3+/x-2=5

& Vx+3=5-x-2& x- 2= 2= x= 6 (théa min PK).
Vay hé phuong trinh (I) c6 nghiém duy nhat (x , y) = (6, 6).

XX—x=x’y V

Bai 85. Giai hé ph inh:
o Guinephuna ) B 6 Wy 20

Loi gii.
Piéu kién : y>0.
X=y
—y)(x2-1)=0 .
1)< (x y)(x ) Q{x:ﬂ

+/Néu X = # thay vao phuong trinh (2) ta c6 :\/Y—le <y =l.
+Néu x=y @:Khido ()< 2(X* +1) - 4J/x +2=0 (3)
do 2(x*+1)22.2Jx" 1=4%" = [2(x* +1) 2 2|x| = 2x.

nén VT(3)22(x-2x +1) =2(vx 1)~ 0.2

4

X" =1
Do d6 Pt (3) & < Xx=l= y=1.
Jx-1=0
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x=1{x=&

Vay hé phuong trinh c6 nghiém { ;
y=1ly 1 =

Ix+432-x=y?-3
{x ++/32—x =24 -6y

Loi giai.

Bal 86. Giai hé phuong trinh: {

Diéu kién: 0<x <32
H¢ da cho twong duong véi
(WX +4832-x)+@/x +4B2—x) = y? -6y +21
{\/; +4/32-x=y* -3
Theo bat dang thirc BunhiaCdp xki ta c6

(WX +4/32= %)% < (1> +12)(x+32—X) =64 = /X +/32 - x <8
(Wx +432=x) <[o(x ++32=x)[ <256 = {/x +4/32-x <4
Suyra (Vx ++/32—-x)+ ({/x +432-x) <12

Mit khac y? -6y +21=(y-3)* +12>12

Pang thire x4y ra khi x= 16 va y=3 (t/m)
Vay hé¢ da c6 nghiém la (x;y) = (16;3)

2 2 2 2
N JX -y +\/X Yy @
Bail 87. Gial hé : 2 3
\/x2—2y—1+$/x3+x—y—14:y—2 (2)
Goiy.

Tir (1) VT > VP, dau bing khi x = ythay vao PT (2) taco: vx? —2x—1+3/x* 14 = x -2

. [x*-2x-120 x* —2x-1>0
Taco:{ <:>{ S X 2X-1=0 x=1+2

Ix2 —14 <x-2 x?—2x-1<0

NC E T
X+ Yy

Bai 88. Giai h¢ phuong trinh <

ﬂ[l_ ! }4&
L X+Yy
Lo giai.

Pidu kién: x>0, y>0, x+y=0.
Dé thdy x =0 hoac Y =0 khong thoa man hé pt. Vay x>0, y>0
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( 1] 2 2 42 1 22

1+ = 2=——+ — =1

x+y) 3x JBx 1y Jax 7y

] =< P

(1_ 1}_4\/5 2 2 42 |1 22 1
Jiy  [x+y B Ty [V3x Ty x+y

@

X+y

1 2&}(1 2&} 1

Nhan theo vé hai pt trong hé ta dwoc +

\/&_\/ﬂ X+Yy
=6
1 8 1 2 : y=0X
S———=—-< Ty= 38xy 24x=D 4
33X 7y X+y y=—7x
- TH 1. y=6X thé vao pt (1) ta duoc
1 2 11+ 447 22 +8J7
+ =l X=———=> ¥ —
J3x +21x 21 7

- TH2 y= —;—1x khong xay rado x>0, y>0.

11+4\/7_22+8\/7J

21 7

- Vay hé pt ¢ nghigm duy nhat (x;y) =(

CHU PE 5. PHUONG TRINH, HE PHUONG TRINH CHUA THAM SO
VA HE THUC VI-ET

Bai 1. Cho phuong trinh: X*-2(m+1)+m’*-4m+3=0,  (v&i m la tham sd)

a) Tim m dé phuong trinh da cho c6 nghiém.
b) Tim m dé phuong trinh d4 cho c6 hai nghiém ctng dau.
¢) Tim m dé phuong trinh d4 cho c6 hai nghiém khéac dau.
d) Tim m dé phuong trinh d3 cho ¢6 hai nghiém duong
e) Tim m dé phuong trinh da cho c6 hai nghiém am.

Loi giai.
a) Bé phuong trinh dé cho c¢6 nghiém thi:

A'20<:>(m+1)2—(m2—4m+3)20<:>6m—220<:>mz%.

Vay khi m> % thi phuong trinh da cho c6 nghiém.

b) Phuong trinh d3 cho c6 hai nghiém cuing dau khi:
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A'>0 (m+1)2—(m2—4m+3)>0 m>1
= = 3 & m>3
P>0 m? —4m+3>0 m<lums 3

Viy khi m > 3 phuong trinh c6 hai nghiém cung dau.

¢) Phuong trinh ¢6 hai nghiém khac dau khi va chi khi: P <0
P=x.X 0< mé 4m 3+0< fm I1}{m 3} 0< I>nmk 3<
Két hop véi diéu kién: m z%

Ta duoc diéu Kién phuong trinh c¢6 hai nghiém trdi diu 1a: 1<m < 3.
d) Diéu kién dé phuong trinh cso hai nghiém duong 13:

1
A'>0 m>3 1 .
Z<m
S>0«< m>-1 < 3< <
P>0 m<lum>3 m>3

e) Diéu kién dé phuong trinh c6 hai nghiém am Ia;
1

A'>0 m>3

S<0 & m<-1

P>0 m<lum>3

Vay khéng ton tai gia tri caa m.
Bai 2. Cho phwong trinh: x* — 5x + m = 0 (m 1 tham sb).
a) Giai phuong trinh trén khi m = 6.
b) Tim m dé phuong trinh trén c6 hai nghiém x, X, théa mén: |X1 - X2| =3.
Loi giai.
a) Voi m = 6, ta co phuong trinh: x* —5x + 6 = 0
A=25-4.6=1.Suy ra phuong trinh c6 hai nghi¢m: x; = 3; X, = 2.
b) Taco: A=25-4.m

bé phuong trinh da cho c6 nghiém thi A> 0 & m< ? (*)

Theo hé thirc Vi-ét, ta cd X; + X, =5 (1); X1 X2 = m (2).

Miit khéc theo bai ra thi [x, —X,|=3 (3).

Tu (1) va(B)suyrax; =4;x,=1hoacx;=1; X, =4 (4)

Tur (2) va (4) suy ra: m =4. Thu lai thi thod man.

Bai 3. Cho phuong trinh: x*-2 (m-1)x-m-3=0 (1)
1) Giai phuong trinh véi m = -3
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2) Tim m dé phuong trinh (1) ¢6 2 nghiém thoa man hé thire x? + x2 = 10.
Loi giai.
=0
1)Véi m = - 3 ta ¢6 phuong trinh: x* + 8Xx = 0< x(X + 8) = 0= L)i _ g
2) Phuong trinh (1) ¢6 2 nghiém khi:
A >0e(M-1)2+m+3)>0 om’-2m+1+m+3>0

om-m+4>0 (m—%)2+%>061’mg vm

Chiing to phuong trinh c6 2 nghi¢m phan bi¢t v m
X, +X,=2(m-1) (1)

Theo hé thurc Vi ét ta co:
XX, =-m-3 (2)

Taco X2 +x2 =10 < (X + %2)* - 2X% = 10 < 4 (M- 1)*+ 2 (m +3) = 10

m=0
& Am*-6m+10=10< 2m(2m-3)=0 < 3
m=3
Bai 4. Cho phuong trinh 4n x: x> — 2mx + 4 =0 (1)
a) Giai phuong trinh da cho khi m = 3.
b) Tim gi4 trj ciia m dé phwong trinh (1) c6 hai nghiém x;, X, thoa mén:
(g + 1%+ (%, + 1)° = 2.
Loi giai.
a) V6i m = 3 ta c6 phuong trinh: x* — 6x + 4 = 0.
Gidi ra ta dugc hai nghiém: x; = 3++/5; %, =3 /5.
b) Ta co: A' = m? -4, Phuong trinh (1) ¢6 nghiém < A’ >0 < {2 i 22 (*).
Theo hé thirc Vi-ét ta ¢6:X; + X, = 2M Va X1X; = 4.Suy ra: (x; + 1)° + (x, + 1)* =2
S X2+ 2+ X2 + 2% = 0 (X + X2)® = 2X1Xo + 2(Xq+ Xp) = 0
SAM-8+4m=0 om’+m-2=0 <:>|:m1=1 .
m,= 2
Dbi chiéu véi diéu kién (*) ta thiy chi c6 nghiém m, = - 2 thoa mén.
Vay m = - 2 1a gia trj can tim.
Bai 5. Cho phuong trinh: x*-2x+m=0 (1)
a) Giai phuong trinh khi m =- 3.
b) Tim m dé phwong trinh (1) c6 2 nghiém x,, X, thoa mén: iz +i2 =1
1 2
Loi giai.
a) Khi m = - 3, ta c6 phwong trinh x* - 2x - 3=0
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Via-b+c=1-(-2)+(-3)=0 nén x;=-1;%x,=3

b) Phuong trinh ¢6 nghiem< A'>0 <1-m>0 & m<1

Khi @6 theo hé thirc Viét, ta cd: X3+ X, =2 Va XX = M @
iz+i2:<’|:> xf2+>2(i 1 (X, +X,)? —22x1x2 1 @)

X X X1X2 (X1X2)

T (1), (2), ta duogc: 4-2m=m’<=>m’+2m-4=0

A'=1+4=5=>JA" = /5 nén m=-1+ /5 (loai);m=-1- /5 (T/mvim<1).
Vay gid tri m can tim 1a: m= 1+ 5

Bai 6. Cho phuong trinh: x*-2(m-1)x+m+1=0. (1)

a) Giai phuong trinh khi m = - 1.

b) Tim m dé phuong trinh (1) ¢6 2 nghiém X;, X, thod mén %+%=4 .
2 1

Loi giai.

a) Voi m = - 1 ta dugc phuong trinh:
X2 +4x=0<=>x(x+4)=0<=> x=0; x=-4
b) Phuong trinh (1) c6 nghiém khi :
A'>0<=>(m-1)*-(M+1)>0<=> m*-3m >0<=>m(m-3)>0
<=>m>3;m<0. (1)
Khi d6 theo hé thirc Viét ta co: x3 + X, =2(m - 1) vax X, =m+1 (2)
X X Xp +X; _ (X +%,)" = 2%,X, '

X, X X, X, XX,

2
=4 0, +%,) _2X1X2=4:> (%t X2)2= 6X,X, (3)

X2 Xl X1X2
Tir (2). (3) ta duge: 4(m - 1)° =6(m + 1) <=>4m’-8m+4=6m + 6
7-4/57 <om 7+/57

4 4

<=>2m’-7m-1=0doA,=49+8=57nén m= > 0.

Dbi chiéu dk (1) thi ca 2 nghiém déu thoa man.
Bai 7. Cho phuong trinh: x?—6x—m=0 (V&i m la tham s6). Tim m dé phuong trinh dé cho
c6 hai nghiém x; va x, thoa man x?-x,” =12
Loi gidi.

Dé phuong trinh ¢6 nghiém A’ >0 < m> -9 (*)

X +X, =6 X +X, =6 X, =4
Mat khac ta €< x,.x, =—m < <X.X, =—M < XX, =—m <> m=-8TM DK (*)

XX -x2=12 (X —-X,=2 [X;=2
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Bai 8. Cho phuong trinh  x?+2(m-2)x+m?-2m+4=0. Tim m dé phuong trinh c6 hai

nghiém thyc phan biét x,, x, théa man —; 2 > 1 _ 1 :
X, +X; XX, 15m

Lo giai. PT da cho c6 hai nghiém phan biét c6 diéu kién:
A'>0 < (m-2f —(m*—2m+4)>0<m<0 (*)

X +X, =4 2m
V&1 m<0 theo Vi-et ta co: XX, =m?—2m+4.

2 1 1 2 1 1
L2 w2 = At 2 - =
Taco x +% XX 15m  (x +x,) —2xx, XX, 15m (1)

1 1 1 1 1 1
mZ—6m+4 m’—2m+4 16m 4 & 15
m+a—6 m+a—2

bat m+£:t do m<0=1t<0
m

B SN IR L S
Tacos (1) trothanh {_¢g t—2_1_5<:> t:12:> (dot<0)

Voi t=-4taco m+i:—4<:>m:—2 thoa man (*)
m

Bai 9. Cho phuong trinh x*—-2mx+m-4=0
Tim m dé phuong trinh c6 hai nghiém phan biét x,, X, théa min X+ X5 =26m
Loi giai.
X’ —2mx+m-4=0
2
Tacd: A'=m*> m 4 (:m %)— %4—0 >m V
Vay phuong trinh luén cé 2 nghiém phan biét véi moi m.

Theo dinh ly Viet: x, +x, =2m; X X,= m- 4

XA =26m % %) Bx(x %) 26m
< 8mP—6m(m—4)=26m wm(B8m° 6m 2) &

Sm=0m ;m %

Bai 10. Cho phuong trinh X* + (4m+ 1)x +2(m-4)=0 (1) (x 1a 4n sb, m I tham sd).

1. Chirng minh ring phwong trinh (1) luén ¢ hai nghiém phan biét véi moi m.

2. Goi Xy, X, |2 hai nghiém ciia (1). Tim m dé |x, —X,| =17

TAI LIEU TOAN HQOC
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Loi gii.
Taco: A=(4m 1%+ 8(m 4)-—
=16m> 8m+ 1 8m- 32+=16m> 33 +
Vi A=16m* 33 40 m R mn phuong trinh (1) luén c6 hai nghiém phan biét voi
moi V&1 moi m.
2) Phuong trinh (1) luén ¢6 2 nghiém phén biét véi Vm nén
. SNy 4 X T X= (4m 1)
theo dinh ly Vi-ét ta co
X, X, =2(m 4) -
Theo yebt: |x —X,|=17< (- X,)*= 28% (Xt X,)= 4xX= 289
o (4m+1)2—8(m—4) =289 <16m?+33=289 <&6m> 256 m> 4 +
Vay m= 34 [agia tri can tim.
Bai 11. Cho phuong trinh x* —2(m—-1)x +2m*-3m+1=0, trong d6 m la tham s6, x 1a an sé.
a) Tim tt ca cac gia tri cia m dé phuong trinh c6 nghiém.
b) Gia sit phrong trinh d cho c6 hai nghiém 12 x,, x, . Chimg minh rang |x, +x, + x| < g
Loi gidi.
a) Tim tat ca cac gia tri cia m dé phuong trinh c6 nghiém.
PT cé nghiém < A'=(m 1> (2m*> 3m 1y 0>

sSm-m<0emm-1)<0

{m>0
m-1<0
0<m<1
= m<0 | [mg£0 ©0<m<l
m-1>0
m=>1
m=0
m=1
X1+X2:2(m 59

b) Theo Viet ta co: ,
XX, =2m° 3m 1

1) 9
=Pex X #.X]| fm m 4 é{(m Z} T

2
Cé 0£m£1<:>—%$m—£s§:>(m_%j gi

2
Suyra P=2{i (m ljj 2 dau bang xay ra khi m=1.
16 4 8 4

Bai 12. Cho phuong trinh x*+ax+b+1=0 véi a,b 1 tham sb.
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1) Giai phuong trinh khi a=3 va b= 5.
2) Tim gi4 tri cta a,b dé phwong trinh trén c6 hai nghiém phan biét x,,x, thod min

s X —%,=3
di€ukién: ¢ o .

X, =X, =9
Loi giai.

1) Khi a=3 va b= -5 ta c6 phuong trinh: x* +3x-4=0.
Do a + b + ¢ = 0 nén phuong trinh c6 nghiém x, =1, x, = 4.

2) Phuong trinh ¢ hai nghiém phan biét x,,x, < A=a*> 4 1 C (*)

= a
Khi d6 theo dinh 1y Vi-et, ta c6 {Xi TRE Ay,

XX, =b W
) . (% —-x,=3 X, =X, =3 X, —X, =3
Ba‘utoeinyéucﬁu{l3 R A <:>{l ? 2).
X =X, =9 (X =%,) 43X X, (X, =X, ) =9  [XXp =2

2

T hé (2) ta co: (x1+x2)2 =(x% —x2)2 +axx, =3 H4( 2) 4, két hop véi (1) duge {Z 11
+

a=1b =3
= .
a= b 3

Céc gia tri nay déu thoa man diéu kién (*) nén ching 1a cac gié tri can tim.
Bai 13. Cho phuong trinh x* — 2x —3m? = 0, véi m la tham sé.

1) Giai phuong trinh khi m = 1.

2) Tim tat ca cic gia tri cia m dé phuong trinh ¢6 hai nghiém X;, X, khac 0 va thoa

didu kign 4 %2 8
X, X 3
Loi giai.

1) Khi m = 1, phuong trinh thanh : x¥* - 2x-3=0<x=-lhayx =3 (c6danga-b +c =
0)

2) Vi Xy, Xo# 0, taco: A —ﬁ=§<:>3(xf—x§):8x1x2
X, X 3

<> 3(X1 + X2)(X1 — X2) = 8X1X2
Taco:a.c=-3m*’<0nénA>0, vm

KhiA>0tacd: x; +X,= —2:2 Va Xq.Xp = %: 83m?<0

Diéu kién dé phuong trinh c6 2 nghiém =0 ma m = 0 =A> 0 VA X1.X,< 0 = X;< X,
Véiaz=1=x;= -b'—vA VX, = -b+JA = x; - Xp = 2JA =21 3m?

Do d6, yebt <>3(2)(—2+1+3m?) =8( 3m?) vam =0

+1+3m? = 2m? (hién nhién m = 0 khong la nghiém)
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< 4m*-3m?-1=0< m?=1hay m?=-1/4 (loai) & m=+1
Bai 14. Cho phuong trinh: x* —2mx+m?—m—6=0 (m la tham s6). V&i gi4 tri ndo ciia m
thi phuong trinh 6 hai nghiémx, va x, sao cho |X1|+|X2| =87
Loi gii.
a) Phuong trinh: x* —2mx +m? —m—6=0 ¢6 hai nghiém thi:
A'=m’—(m’—m-6)=m+ 6> 0< m=-6.

o, X+ X, =2m
Theo hé thac Vi-ét ta co: )
XX, =m* m 6
Ta co:
x|+, =8 xF xF 2pxxsd M4 fx X?)Z 2%, 2x%| 64 (1)
m=> -6

: - Néu X, va X,cing diu thi: x,X, >0
Truong hop 1: Neu X, va X,cung dau thi: X,X, Q{mz_m_sz(m 2)(m 3) B

-6<m<-2
{ *)

m>3
Khido (1) < (X, +X,)" =64 <4m? =64 <m = #(thoa man (*)).
Truong hop 2: Néu X, va X, tréi diu thi:
XX, <0om’-m-6=(m 2)(m 3) 8 <2 m 3 (*)
Khi dé (1) <:>(x1+x2)2—4x1x2 =64 <4m?® —4(m2 -m —6) =64
<& m+6=16 <m 20 (khong thoa man diéu kién (**).
Kétluan: m = +4
Bai 15. Cho phuong trinh bac 2 4n x, tham sd m: X2 +mx+m+3=0 (1)
Tim gia trj ctia m dé phuong trinh c6 hai nghiém thoa mén: 2x, +3x, =5.

Lo gisi.

Phuong trinh ¢6 hai nghiém x,, x, khi A>0

X, +X,=-m (1)

Theo hé thirc Vi-ét ta co:
XX, =m+3 (2)

Ma: 2x, +3x, =5.

X, +X, =-m = 3m 5
N ‘. &
Nen ta co: |2x,+3x, =5 X,=2m 5 +

Do d6: x;.x,=m+3 & (-3m-5)(2m+5)=m+ 3
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\ T x ., o A A 1A
Giairatadugc: m=-2vam= ~3 dé thoa man di€u kién: A >0

Vay: véim=-2vam= —% phuong trinh c6 hai nghiém théa man: 2x, +3x, =5.

Bai 16. Cho phwong trinh: X* —2(M+1)x+m*+4=0(m la tham s6)
Tim m dé phuong trinh c6 hai nghiém x,,x, thoa man: x? +2(m+1)x, < 3m* +16.

Loi gidi.
Pé phuong trinh ¢6 hai nghiém x,,x,thi: A'>0 < m 2% *).

X +% =2(m B
Khi d6 phuong trinh c6 hai nghiém x, x, thoa mén: X.X,=m*> 4+
X! =2(m 3x, m> 4.

Theo dé bai: X! +2(M+1)X, <3m* +16 < 2(m+1)x, +2(M+1)x, <4m? +20
& 2(m+1)(x +%,) <3m? +16 < 4(m+1)° <4m? +20
<8m-16<0<m<2.
Vay m< 2 1 gia tri m can tim.
Bai 17. Cho phuong trinh: X* - 2(m —1) X+2m—-5=0 (v6i m 1a tham sd). Tim cac gia tri cua
m dé phuong trinh d6 ¢6 hai nghiém x;; X, thoa méan: (xl2 —2mx, +2m —1)(x2 -2)<0

Loi gidi.
x*-2(m-1)x+2m-5=0
Taco: A'=(m-1)°"-2m+ 5= m?~ 4m+ 6= (m- 2)’+ 2> 0 vi moi m, nén phuong trinh ludn
c6 2 nghiém phan biét vdi moi m
Theo vi ét ta co

X +X, =2m 2
XX, =2m 5 —

Dé (%7 —2mx +2m-1)(x,-2)<0

=>[x’—2(m-1)x +2m-5-2x +4](x,~2)<0
=>(4-2%)(%—2)<0 =>(2-x%)(X,-2)<0 =>2x, —4—xX, +2% <0
=>2(X, +%)— XX, —4<0

Thay vao ta c6 :

2(2m-2)~(2m-5)-4<0=>4m—-4-2m+5-4<0=>2m-3<0= m g

3
Vay m<—
ay >
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Bai 18. Cho phuong trinh x? —2x+m-3=0 v&i m 13 tham so.
1) Giai phuong trinh khi m=3.
2) Tim gié tri cia M dé phuong trinh trén c6 hai nghiém phan biét X;, X, thod
mandiéu kién: x2 —2x, +x,x, =—12.
Loi giai.
1) Khi m =3 phuong trinh tr thanh x* —2x =0 < x(x-2)=0 < x=0; x =2
2) Phuong trinh ¢6 hai nghiém phan biét x,,x, < A'=1-(m-3)>0 < m<4.
Khi d6 theo dinh li Vi-ettaco: x, +x, =2 (1) va x,x, =m-3 (2).
Diéu kién bai toan x2 —2x, + XX, = -12 < x,(X, + X, )— 2%, =12
< 2%, —2%x, =-12 (do (1)) & x, —x, =-6 (3).
Tu (1) va (3) ta c6: x, =-2,x, = 4. Thay vao (3) ta dugc: (-2)4=m-3
& m=-5, thod man diéu kién.
Vay m=-5.
Bai 19. Cho phuong trinh: x*-2 (m-1)x-m-3=0 (1)
1) Giai phuong trinh véi m = -3
2) Tim h¢ thuc lién hé gitra cac nghi¢ém khong phu thudc gia tri cia m.
Loi giai.
1) V6im = - 3 ta c6 phuong trinh: x*+8x=0 < X (x+8)=0 < KiOS
2) Phuong trinh (1) ¢6 2 nghiém khi:
AN >0 M-1)°+m+3)>0 em’-2m+1+m+3>0

om-m+4>0 o (m—%)2+%>061’mg vm

Chung té phuong trinh c6 2 nghiém phan biét v m
Theo hé thtre Vi ét ta co: {Xl tx=2m-1) (D)

X, -X,=-m-3 (2)
Tir (2) ta c6 m = -X;X, - 3 thé vao (1) ta co:
X1+ Xo =2 (-XXp-3-1)=-2X1X, - 8
S X+ X+ 2% X, +8=0
bay 1a hé thuc lién h¢ gitra cac nghi¢m khong phu thudoc m.
Bai 20. Cho phuong trinh x? +(3—m)x+2(m—-5)=0 véi m 1a tham sé.
1) Chirng minh rang v&i moi gia tri cia m phuong trinh ludn c6 nghiém x = 2.
2) Tim gia tri cia m dé phuong trinh trén c6 nghiém x =5-2+/2 .

Loi giai.

1) Thay x =2 vao vé trai ctia phwong trinh ta duoc:
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2°+(3-m).2+2(m-5)=4+6-2m+2m-10 =0 ding v6i moi m

nén phuong trinh c6 nghiém x =2 v&i moi m
2) Vi phuong trinh luén c6 nghiém x =2 nén dé nd c6 nghiém x =5-24/2 thi theo dinh 1y
Vi-ettaco: 26-2v2)=2(m-5)e 5-2/2=m-5 m=10-22
Bai 21. Cho phuong trinh 2x? —(m+3)x+m=0 (1) v6i m 14 tham so.

1) Giai phuong trinh khi m=2.

2) Chung té phuong trinh (1) c6 nghiém véi moi gia tri cia m. Goi x,, X, la cac
nghiém ctia phuong trinh (1). Tim gid tri nho nhit cta biéu thic sau: A = |Xl - x2| .

Loi giai.

1) Véi m = 2 phuong trinh tré thanh 2x* —5x+2=0.

Nl

A=5" 422 9 nénphuong trinh c6 hai nghiém x, =2, X, =

2) Phuong trinh c6 biét thic A =(m+3)° —4.2m=m?-2m+9=(m-1)* +8>0 véi moi m.

(x + X _Mm+3
1 2 2

Do d6 phuong trinh Iudn c6 hai nghiém x,, x,. Khi dé theo dinh 1y Viet thi
X, X, :%

2
BiéuthfrcA= |X1_X2| = \/(Xl_xz)z =\/(X1+X2)2 _4X1X2 = \/(m;—sj _4m -
%\/m2—2m+9=%1/(m—1)2+8.
Do (m-1)* >0 nén {/(m-1)° +8 >~/8 =22, suyra A >+2.

DAau béng xdyra < m=1.
Vay gia tri nho nhat cua A 1a /2 , dat dugc khi m=1.
Bai 22. Pinh m dé phuong trinh x*-2(m+ 1)x +m?+1=0
c6 hai nghiém x; , X, sao cho T = Xy(X; — Xp) + X,> dat gia tri nho nhét.
Loi giai.
Phuong trinh x*—2(m+ 1)x+m*+1=0
Phuong trinh dé cho c¢ hai nghiém xy, X, khi va chi khi: A'=(m 3 (m° 1}
A'=2m 0= m 2 0. Theo hé thirc Vi-et thi: {Xl+x2 - f(m Y
XX, =m® 1+
T=xX+X —%.X,
T = (X + %)? = 3% X, =m? + 8m + 1
Dom2>0nénT > 1.
Vay gié tri nho nhét cua T 1a 1, khi m = 0.
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Bai 23. Cho phuong trinh x2 —2mx+m—-2=0 (x 12 an sd)
a) Chimg minh ring phuong trinh luén ludn c6 2 nghiém phan biét véi moi m.

b) Goi x4, X, 1a cac nghiém cta phuong trinh.
24

Tim m dé bicu thirc M = —————
Xp + X, —6X,X,

dat gi4 tri nho nhat

Loi giai.
a/ Phuong trinh (1) c6 A’ = m® - 4m +8 = (m - 2)? +4 > 0 v&i moi m nén phwong trinh (1) ¢6
2 nghiém phan biét véi moi m.

b/ Do do, theo Viet, véi moi m, tacd: S = —E:Zm; P=S_m 2
a a
_ —24 _ 24 -6
(X, +%,)"—8xX, 4m’-8m+16 m’-2m+4
- % Khim=1tac6 (m-1)+3nho nhit
(m-1)°+3

lon nhatkhim=1=M = — % nho nhatkhi m = 1

T (m-1%+3 (M-1)2+3
Vay M dat gi4 tri nho nhat 13 -2 khim=1
Bai 24. Cho phuong trinh: ax® +bx+c=0(a#0) c6 hai nghiém X, X, thoa man diéu

kién: 0 <X <X, <2.Tim gia tri 16n nhat ciia biéu thirc:

Q_2612—3ab+b2
2a’—ab+ac
Loi giai
L . b c
Theo Viét, ta co: X, + X,= 5 , XX, :gl
b (bY
2 2 2—3+(j
KhidéQ=2a2 3ab+Db _ a \a (Vi 2 %0)
2a’ —ab+ac 2_9+E
a a
24306 X))+ (X +X,)°
2+ (X +X,) + XX,
VI0<X <X, <2 nén X' <XX, VA X' <4 X+ <XX +4
:>(x1+x2)2£3x1x2+4
Do dé QS2+3(x1+x2)+3x1x2+4=3
2+ (X + X))+ XX,
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Bai 25. Cho phuong trinh x*> — x+m =0. Tim tat ca gié tri cua tham s6 m dé phuong trinh
co hai nghi¢m phan biét x,, X, sao cho x, < x, <2.

Loi giai.
Taco: A=1 4m

Phuong trinh ¢6 2 nghiém phén biét < m< %
1-V1-4m . _1+y1-4m
2 B2

1++1-4m
2

Tacé: x, =

Vi x,<X,<2 nén <2 Suyra J1-4m<3=>m>-2

S PO R 1
Giatri cuaa mcantim la —2<m<Z

Bai 26. Tim m dé phuong trinh: (2m—1)x* +(m* —1)x+2=0 tim gia trj cia m d¢ phuong
trinh c6 hai nghiém x;, X, théa mén: x, <1< x,
Lai giai.
Tu x, <l<x,suyra: x -1<0<x,—-1
baty =x- 1thay x =y + 1 vao phuong trinh ta dugc:
(2m-1)(y+1)° +(m2 —1)(y+1)+2=0 < (2m-1)y? +(m2 +4m—3)y+m2 +3m=0 (%)
Ta can tim m sao cho phuong (*) c6 hai nghiém tréi dau:

m< -3

2
m”+3m <O<:>(m2+3m)(2m—1)<0<:> 1
m-1 O<m<=

P<0<

Bai 27. Cho phuong trinh x?—2mx+m-4=0. Tim m nguyén dé phuong trinh c6 hai
nghiém nguyén.
Loi giai.
Go1 X, X, (X, <X,) la hai nghiém nguyén cta phuong trinh.
Taco: x, +x,=2m; X X,= m- 4.
Suyra x +X,-2xx=8  2(x —X,) 4xx=1 15 (2x—1E2x, 1) 15.

Lién hé tai liéu word toan SPT va zalo: 039.373.2039 TAI LIEU TOAN HOC



Thtr lai m=0, m=1, m=-3,m=4 théa man diéu kién bai toan.
Bai 28. Cho phuong trinh: a(a+3)x*- 2x - (a+1)(a+2) = 0 (a 1a tham sb,nguyén).
a) Ching minh rang phuong trinh luén c6 nghiém hitu ty.
b) Xac dinh a d¢ phuong trinh c¢6 cac nghiém déu nguyén.
Loi gidi.
a) Chirng minh phuong trinh Iudn c6 nghiém hiru ty:
- Voi a(a+3) =0hay a=0 hoac a=-3:
Phuong trinh tro thanh: -2x -2 = 0 ¢6 nghiém la x = -1
-Voia(a+3) #0haya #0vaa=-3thi p/t cho la phuong trinh bac hai.
Taco: a(a+3)+2-(a+1)(a+2)=a” Ba 2 a°> 3a° 2 9
(a+ }):(a +2) 1 2
a(a+3) a(a+3)

Nén phuong trinh cho ¢6 2 nghiém: x = %X,

Vi a nguyén nén suy ra phuwong trinh cho luén c¢6 nghiém hitu ty.
b) Xac dinh a dé cac nghiém cta phuong trinh déu 1a nghiém nguyén:
(1) Néu a = 0 hoic a = -3: phuong trinh c¢6 1 nghiém nguyén x = -1.

(2) Néua #0, a#-3: Theo cau a), phuong trinh ¢6 nghiém X; = -1 nguyén nén dé p/trinh c6

cac nghiém déu nguyén thi x, ciing phai la nghiém nguyén.
Nghia 1a: 2 phai chia hétcho a(a+3).

a(@a+3)= 2 a®+3a+2=0
a(a+3)= 1<:> a¥ 3a £ 0
a(a+3)=2 a’+3a-2=0
a(@a+3 =1 |a’+3a-1=0

Khi d6 ta c6 cac kha nang xay ra :

Vi a nguyén nén chi ¢6 phuong trinh a*+3a+2=0 c6 hai nghiém nguyén
a=-lhoaca=-2.
Vay: ae{-3,-2;,-1,0} thi phuong trinh cho c6 céc nghiém déu nguyén.
Bai 29. Cho phuong trinh: X —4x +m+ 1 =0 (m la tham sb).

1) Giai phuong trinh véi m = 2.

2) Tim m dé phuong trinh c6 hai nghiém trdi dau (x;< 0 < X,). Khi dé nghiém

nao co gia tri tuyét ddi 16n hon?
Lot giai.

a) m = 2, phuong trinh d3 cho thanh: x* — 4x + 3= 0.
Phuong trinh nay coa+b+c=1-4+ 3 =0 nén co6 hai nghi¢m: x; = 1; X, = 3.
Vay m = 2 thi phuong trinh da cho c6 hai nghiém phan biét: x; = 1; X, = 3.
b) Phuong trinh d cho c¢6 hai nghiém trai dau
sac<lem+l<0dem<-1l
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X, +X,=4

Theo dinh li Vi-et, ta co: .
XX, =m 1+

Xét hléu |X1| - |X2| =-X;1—X,=-4<0 (V‘l X1<0< X2) = |X1| < |X2|.

Vay nghiém x; c¢6 gia tri tuyét d6i nho hon nghiém x,.

Bai 30. Cho phuong trinh: X° +ax* +bx—-1=0 (1)

1) Tim cac s6 hitu ty @ va b dé phuong trinh (1) c6 nghiém X=2 3.

2) Vi gia tri a,b tim dugc & trén; goi X;; X,; X, 1a ba nghiém cua phuong trinh (1). Tinh

Y 2 1 1 1
gid tri clia bicu thie S =—+—+—.
XXX

Loi giai.
1) x*+ax’ +bx—1=0 (1). Tim a,beQdé (1) c6 nghiem x=2 3.
Thay X=2 3 vao (1)tacc’J:(2_\/§)S+a(2—\/§)z+b(2—\/§)—1:0
=+/3(4a+b+15)=7a £b 25

+/Néu (4a+b+15)#0

:>\/§= 7a+2b+25

vO li vi VT 1asd vo ty , VP 1a sb hitu ty).
(4a+b+15)( Y y)

7a+2b+25=0

+/Suyra(4a+b+15):03{4 b+ 15 -0
a+b+15=

. a=-b
Giai hpt ,két luan :{b
.. N S 1 1 1
2) Véi a=-5 ;b=>5. Tinh gia trj cta bicu thac S =—+—+—.
Xl X2 X3

+/ {Z: (1) c6 dang x*—5x% +5x—1=0 S(x1)(x* —4x +1) =0.

Khong mét tinh tong quét coi X, =1 thi X;, X, 1a 2 nghiém ctia phuong trinh
+X,=4
(x2—4x+1)=0(cé A'=3 >O)=>{X1 ?
XX, =1
2, 2 2
+/ X} +x2=(x1 +x2) 2x X, 4.
x5 =(x ) (X HE %%, ) 2.

+/x15+x§’=(x12 +x§)(x13 +x§) +<fx22(x1 +x2) =724
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- =>S5=725
| Bai 31. Tim m dé phuong trinh: (X— 2)(X—3)(X+4)(X+5) =M c¢6 4 nghiém phan biét.
Loi giii.
Phuong trinh (X —2)(x—3)(Xx+4)(x+5) =me (X°+ 2x— 8)(x’+ 2x— 15)= m (1)
Pat x*+2x+1=(x 3)° ¥ (y 0, phuong trinh (1) tré thanh:
(y-9)(y-16)=m < y* -25y +144 —m =0 (2)

Nhén xét: Vi moi gid tri y >0 thi phuong trinh: (X —|—1)2 =Yy ¢6 2 nghiém phan biét, do d6
phuong trinh (1) c6 4 nghiém phan biét < phuong trinh (2) c6 2 nghiém duong phén biét.
A'>0 A'=4m 49 O
< 45>0 < 425>0 @%"9<m<144.
P>0 144-m >0

.49 . N
Vay véi _I< m <144 thi phuong trinh (1) ¢6 4 nghiém phan biét.

Bai 32. Cho hai sé thuc a, b khong am thoa man18a + 4b > 2013 . Chang minh rang phuong
trinh sau ludn cé nghiém: 18ax” + 4bx + 671-9a =0.
Loi giai.
Cho hai s6 thuc a, b thoa man 18a+4b >2013 (1)
Cho hai s6 thuc a, b thoa man 18a+4b >2013 (1)
Chang minh rang phuong trinh sau ¢6 nghiém: 18ax” +4bx +671-9a=0 (2)
THL: Véia=0thi (2) < 4bx+671=0
Tu (1) = b#0.Vay (2) ludn co6 nghiém x = %

TH2 : V6i a=#0,tacd: A'=4b> 18a(671 9&) 45 642013 1624+
>4b* —6a(18a+4b)+162a*> =4b* 24ab 34a> €b 68’ 164° 02 ¥
Vay pt lubn c6 nghiém

Bai 33. Cho a, b, ¢, d 1a cac s6 thuc thoa man: b+d # 0va bicd

> 2. Ching minh rang

phuong trinh (x2 + ax +b)(x2 + cx + d)=0 (x 12 4n) ludn c6 nghiém.
Loi giai.
Xét 2 phuong trinh:
xX*+ax+b=0 ()va xX+cx+d=0 (2

A, +A, =(a® —4b)+(c? —4d) =a® —2ac+c? + 2lac—2(b +d)] = (a—c)? + 2[ac — 2(b + d)]

+ Vi b+td <0 = b; d c6 it nhat mot sé nhoé hon 0
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= A, >0 hodc A,>0 = pt da cho c6 nghi¢m

+V6ib+d>0 Ty bicd >2=ac>2(b+d)=>A,+A,>0

=> [t nhat mot trong hai biéu gia tri AL A, 20 =>Tt nhit mot trong hai pt (1) va (2) co
nghi¢m.
ac

Viy véia, b, ¢, d 1a cac s thuc théa man: b+d = 0va —
+

>2,

phuong trinh (x2 + ax +b)(x2 + cx + d)=0 (x 13 4n) ludn c6 nghiém

Bai 33. Cho ham s6 y = f(x) véi f(x) 1a mot biéu thirc dai s xac dinh véi moi sb thue x khac

khéng. Biét rang: f(x) + 3f] (%) = x*V x # 0. Tinh gi4 tri cua f(2).
Loi giai. Xét dang thtc: f(x) + 3f(%) =x2v¥x#0 (1)
Thay x = 2 vao (1) ta c6: f(2) + 3.f @ =4,

1 , 1 1
Thay x= = vao (1) tacé: f| = | +3.f(2) = =
yx= 2 vio (tacs: 1[5 +312)= |

1 a+3b=4 13
bat f(2)=a,f(—j=btacé. 1 . Giai h¢, ta dugc a=- —
2 3a+bh== 32
4
13
y f(2)=- —
(2= R

Bai 34. Chuing minh rang néu phuong trinh x* + ax® + bx® + ax +1 = 0 ¢6 nghiém thi 5(a’ +
b%) > 4.

Loi giai.
Gia sir Xo 12 mot nghiém cuia phuong trinh, dé théy X, #0.

a 1 1 1
Suyra xg taxo+th+ —+ 5 =0 xJ+ = +a|x,+ — | +b=0
Xo  Xo Xg Xo

1 1
Patxo+ —= =¥, = Xg+ -5 =¥5-2, Y| 2 2= y5-2=-ay, -b

0 0
Ap dung bt dang thirc Bunhiacdpxki ta co:
(vs -2)2 = (ay, +b)" < (a +b*)(y; +1) =+’ ZM (1)
0 0 0 y2 +1
Ta chirng minh (y" 2 _ﬂ (2)
y:+1 5
Thuc vay: (2) < 5(yg —4y: +4) > 4(y: +1) < 5y; —24y> +16>0
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< 5(y2 —4)(y? —%) >0 ding véi |y|>2 nén (1) ding

Tu (1), (2)suyra a® +b* > % = 5@* +b®) > 4, dpcm.

Bai 35. Cho phuong trinh: x2 —=2(3—m)x—4-m? =0 (x la 4n, m la tham sé) (1).

a. Giai phuong trinh (1) véim = 1.

b. Tim m dé phuong trinh (1) c6 hai nghiém phan biét X, x, théa man ||x,| — [X,|| = 6.
Loi giai.

Phuong trinh (1) c6 2 nghiém phan biét x,, X,

SN =C3-mP+@+m’)>0

& 2m?—6m+13>0

@2(x2—2.§x+gj+£>0
2 4 2

2
= Z[X—EJ +% >0 (luén dang Vx)
Do d6 (1) c6 hai nghiém Xy, X, théa man hé thuc Vi—€t x; + X, = 2(3 = m); XX, = -4 — m?
*Ta c0:
1% 1=1% =62 (IxF 1% 0)= 36 4§ % 2|x|[x+ 36
& (X %) =2%X, —2| XX, |= 36
=[2@-m)] —2(-m* —4)-2|-m* —4|=36
& 4(3-m)> —2(-m* —4)-2(m* +4) =36 (do -m*—4<0VM=|-m*—4]=m* +4)

& (3-m)’ =9 = :
3-m= 3 m 6
Vay m € {0;6} 1a gia tri can tim.

Bai 36. Cho phuong trinh8x* —8x+m? +1=0(*) (x & an sd)
a) Dinh m dé phuong trinh (*) c¢6 nghiém x :%
b) Pinh m dé phuong trinh (*) c6 hai nghiém X, , X, thoa diéu kién:
X14 - Xz4 = X13_ Xz3
Loi giai.
a/ Phuong trinh (*) c6 nghiém
x:%<:> 2—-4+m*+1=0

<=>m=11
b/ A'=16 8m* & 8(1 mza
Khi m = £1 thi ta c6 A’ = 0 tirc la: X;=X, khi do x{‘ —x;‘ = xf— x23 thoa

Lién hé tai liéu word toan SPT va zalo: 039.373.2039 TAI LIEU TOAN HOC



Diéu kién can dé phuong trinh sau c6 2 nghiém phan biét Ia:
| m|<1 hay -1<m<1. khi |m|<1 hay -1<m<1 ta co:

Xt =%t =x°-x,°

<=> (%" =% ) +%°) = (4 = %)06" +%, +%X,)

> <=t 0 %) 28%] % %) X#(DoX, X,)
<=>5(S*-2P)=S*-P

<=>1(1’ -2P)=1*-P

<=>P=0

<=>m’+1=0(VN)

Do d6 yéu cau bai toan <> m=+1

Cach khéac

Khi A>0 taco:

X1+X2:1;X1X2 =

X14 _ X24 _ X13— X23
<=> X13(X1 -1)- X23(X2 -1)=0
<= - X%+ xXE 0(Dox %= X%=1 X)
<=> %%, (%" =%,") =0
<=> (% +1,)04 =) = 0(do x,x, #0)
<=>X =X,
<=>m==1
Bai 37. Cho phuong trinh : x* + X + m =5 =0 (1) (m la tham s6, x 14 4n)
1. Giai phuong trinh (1) véi m = 4.
2. Tim m dé phuong trinh (1) c6 hai nghiém phan biét x; # 0, x, # 0 thoa méan:
6-m-x N 6-m-x, 10
X, X, 3

Loi giai.
1) Giai phuong trinh x> + X + m =5 =0 (1) véi m = 4.
Thay m =4, taco
D ext+x-1=0
A=1°+411=5>0
—1+\E_X _-1-+5

2 2 2

_1+\/§_—1—\/§}

Phuong trinh c¢6 hai nghiém : x, =

Vay tap nghiém cua (1) la { 5 5

2) *Pé phuong trinh (1) c6 hai nghiém phan biét x4, x, khac 0, diéu kién can va du la:
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A=14m 5) 0 [m<Z
< 4

{02+0+m—5¢0 B

m=5

Theo dinh li Vi-ét ta c6: Xy + X =-1; XX =m -5 (*)

Theo bai ra ta co:

6-m-x 6-m-x, 10 __ (6-m)x +(B-m)x,—x’—x," 10

X, X 3 XX, 3
L (Bmm0 X))~ (X)) +2%%, 10 (6-m)(-D)- (1) +2(m-5) _10
X, X, 3 m-5 3
3217 10 a@m-17)=10(m-5)
m-5 3
<=>m=-1TM)

Vay m = -1 14 gia tri can tim.
Bai 38. Cho phuong trinh x*-mx-1=0 (1) (x la 4n s6)
a)Chirmg minh phuong trinh (1) ludn c6 2 nghiém trai dau.
b)Goi Xy, X, la cac nghiém cua phuong trinh (1):
X“+x -1 X +x,-1

X X

Loi giai.

Cho phuong trinh x> —mx—1=0 (1) ( X 1 an s6)
a)Chirmg minh phuong trinh (2) ludn c6 2 nghiém trai dau
Ta c6 a.c=-1<0 , véi moi m nén phuong trinh (1) ludn c6 2 nghiém trai diu véi moi m.
b) Goi Xy, X, la cac nghiém cua phuong trinh (1):
Tinh gié tri cua biéu thic:

Tinh gia tri cua biéu thuc: P =

P—X12+X1_1 X7+ X, —1
X X,

Ta co:
xZ=mxt+ Lx,= me 1
mx, +1+x -1 mx,+1+x,-1
X X
_(m+Dx,  (m+D)x, _ 0(Do x,; %, 0)
X X
Cau 39. Cho phuong trinh  x? —2(m+1)x+2m =0 (m la tham sd).

>= P

1) Giai phuong trinh voi m =1.
2) Tim m dé phuong trinh c6 hai nghiém xy;X, théa man \/x, +./x, =+/2
Loi giai.
V6i m =1, phuong trinh tré thanh x*-4x+2=0
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A'=2
Xf-= 2 V@;x2 2 2

Diéu kién PT c6 2 nghiém khong am x; ;X la

A'20 m’+1>0
X +X%X,20<=><2(m+1)>0<=>m=>0
XX, =20 2m=>0

Theo hé thuc Vi-ét x +x, =2(m 3;xx, 2m
Ta co:
\/Z+\/Z=\/§<=>x1+x2+2 XX, =2
<=>2m+2+2y2m =2
<=m=0(TM)
Bai 40. Gia st phuong trinh x* +ax+b =0 ¢6 2 nghiém Ién hon 1. Chttng minh rang:
a’-a-2b_ b
b—a+l 1++b

Loi giai:
. , - z X]_ + XZ_: a‘ A M 4 A 4 H 4
Theo dinh ly Vi et ta co: xx<b Bat dang thuc can ching minh co6 dang :
X, =

Xy X s 2K . Hay —3+1+-22 41> N%% |,
1+x 14X, 1+4xX 1+x, 1+x 1+ %X,

1 1 2(1+2 xixz)
+ >
1+x  1+Xx,

. Theo bt dang thac Co si ta co:

(&+&+n[

1+ XX,

, ) | ) 1 1 2
+X,+1>2,/x.Xx, +1. D& chirng minh (*) ta quy vé chitng minh;: >
X, + X, VXX, g (*) taquy g Trx Ton o 1r o

V6i x,,%, >1. Quy dong va rat gon bat dang thuc trén tuvong duong véi

+

(m -1)(@ - % )2 >0( Diéu nay 14 hién nhién ding). DAu bing xay ra khi va chi khi
X =X, < a’=4b.
Bai 41. a) Tim m dé phuong trinh x* +x+m=0 cd hai nghiémx,, x, va biéu thic:
Q=x2(x 1)+ x4x, 1)4datgiatrilon nhat.
b) Cho phuong trinh x*—2(m+1)x+m?+2=0, véi m latham s. Tim m dé phuong
trinh c6 hai nghiém x,x, sao cho P =xx, 2(x,_ +x,) -6 dat gia tri nho nhat.

¢) Goi x,,x, la hai nghiém cua phuong trinh: 2x* - (3a—1)x—2=0. Tim gia tri nho nhat

2
cfmbiéuth{xc:Pzg(x1 %)’ z{xlgxz _;L:Xij
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Loi giai:

a) Phuong trinh c¢6 nghiém khi A>0<1-4m>0 < m< % ™).

. [S= 1 )
Khi d6 theo dinh ly V|et:{ RCINE, PR Q=5(S"- 3P} $%- 2P=m< 1(do *))
P=xX, m = 4

= maxin dat duoc khi mzi. Vay mzila gia tri can tim.
b)Taco A'=(m 2 (m* 2§ 2m 1 -
Dé phuong trinh c6 hai nghiém < A'>0<m 2% (*). Theo dinh ly Viet ta co:

X, +X =2m 2 va xx,=m’ 24Tacd P=xx, 2(x %) 6 #° 2+2(2m 2} 6-
=m’ 4m 8- (m 2)° 42 -12>DAu “=" xay rakhiva chi khi m=2 thoa man diéu kién
(*). Vay voi m=2 thi biéu thac P dat gia tri nho nhat bang 12
c) Taco:A=(3a 1)2— 16+ 0> Phuong trinh ludn c6 hai nghiém phan biét. Theo dinh ly
Viet thi: x, + X, :?;xfx:Z 1.Taco

Zg(xl X,)’ +2{X1X2(X1_X2)_2(X1_X2)} =6(% %)’

2%%,

2
:6[(x1 x2—)2 4*1x2} 6{@ 4} 24 >DPang thuc xay rakhi 3a-1=0 <a %.

Vay minP=24.
Bai 42. Cho phuong trinh x*—(2m+1)x+m?+1=0, v6i m latham s6. tim tat ca cac gia tri
me Z dé phuong trinh c6 hai nghiém phan biét x,x, sao cho biéu thuc P = —Xixj( co giatri
2
la s6 nguyén.
Loi giai:
Taco A=(2m 1)3— 4€m2 1)+ 4m 3. Péphuong trinh cé hai nghiém phan biét

<:>A>0©m>§.Theodinh ly Viettaco: x,+x,=2m 4 va xx,=m* 1.4Do do

2 J—
_ X% m+l 2m-1 > .Suy ra 4P =2m - > Dom>S nén 2m+1>1
X+X 2m+l 4 4(2m+1) 2m+1 4

Dé P eZ thi ta phai co (2m+1) la uéc cia 5, suy ra 2m+1=5 <m =2
Thu lai voi m=2, ta dugc P =1 (thoa man).
Vay m=2 |a gi4 tri can tim thoa man bai toan.

Bai 43. Cho phuong trinh (m? +5)x% —2mx—6m =0(1) véi m l1a tham sd.
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a) Tim m sao cho phuong trinh (1) c6 hai nghiém phan biét. Chitng minh rang khi d6
téng cua hai nghiém khong thé 1a s nguyén.

b) Tim m sao cho phuong trinh (1) c6 hai nghiém X;;x, théa man diéu kién

(x4, =% +x,)" =16
Loi gidi.
a) Phuong trinh (1) c6 hé s6 a=m? 5 9 nén la phuong trinh bac hai an x. Do d6
Phuong trinh (1) c6 hai nghiém phan biét x;x,
<=>A'=m’+(m*+5).6m>0
<=>m?+6m*+30m>0
<=>m(6m* +m+30)>0

<= >m{5m +(m+—) +%} >0

>0Vm
<=>m>0

Khi d6 theo dinh ly Vi-€t ta co: x, +x, =

m? +5
Xét m*+5-2m=(m D> 4 9. Mam>0=>m’+5>2m>0
-0 Mg orx<x 1
m®+5

Vay tong hai nghiém cua (1) khong thé 1a s6 nguyén.
b) Phuong trinh (1) c¢6 hai nghiém x; X,

A'>0<= >m{5m +(m+ ) +%}_O

<=>m2=>0

X, + X, =
Khi 0, theo dinh ly Vi-ét: m=+5

« = —6m
e = ris

Ta co:
(X =% +%,)* =16
[X1X2_ X1'|'X2:2
<=>
XXy =X+ X—= 2

THL: XX, =X +X, =2

—6m 2m
<=> - =2(2
m?+5 \m?+5 2)

bat t= §—m5;t 0 phuong trinh (2) tré thanh —3t* -t-2=0
m? +

Lién hé tai liéu word toan SPT va zalo: 039.373.2039 TAI LIEU TOAN HOC



Xét A=1°-4(-3)(-2) =-23< 0= (2) v0 nghiém.

—6m 2m
TH2: XX, =X +X, = 2 <= = =23
X12 Xl 2 m2+5 m2+5 2-()

bat t= ,/%;t 0 phuong trinh (3) tré thanh -3t* -t+2=0
+

<=>(t+1)(3t—-2)=0
t= (L)
m=2(TM)

2
m=gUM)

= tzé(TM):> 2m :g<:>4m2—18m+20:0<:>(m—2)(4m—10):0<:>

m?+5

Vay tat ca cac gia tri m can tim 1a me {2;%}
Bai 44. Cho phuong trinh: 2013x% — (m—2014)x — 2015, Vi m 1a tham sb. Tim m dé phuong
trinh c6 hai nghiém xy;X, théa man \/x® +2014 — x, = \/x,>+ 2014+ X,

Loi giai.
Tacd: A=(m 2014)> 4:2013.2015> 0 v6&i moi m. Vay phuong trinh ludn ¢6 hai nghiém
phan biét véi moi m.

m-2014
S TE
Theo hé thic Vi — et ta co:
, 2015
e =013

T /% +2014 — x, =[x, >+ 2014+ X,

2014 = (/%7 +2014 +x,)(y/x,” +2014 +x,)
{2014@@_@(@_@
2004 =(J(x? 2014)(x,” 2014) /%7 2014 44X} 2014 X,
~ {2014=(\/(x12 2014)(x,2 R014) %,\/x? 2014 x./%,? 2014 X,

> = ,,&;2 20146%, X,) /%> +2014(x +X,)=0

> = 4% %)X 2014 \x2 20#4) 0
>= & % 0

m—2014

T 2013

>= = 2014

Vay m=2014 |2 gia tri thoa man dé bai.
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mx+4y =20 (1)

(m 13 tham sd)
x+my=10 (2)

Bal 43. Cho hé phuong trinh: {

Vi gia tri nao cia m hé da cho:
a) Vo nghiém
b) C6 nghiém duy nhat
c) Vb sb nghiém
Loi gidi.
x=10

Céch 1. Véi m = 0 hé c6 nghiém duy nhat: {

Véim #0 hé phuong trinh tuong duong véi:

—-m

y:TX 5 )

y="Ix e ()
D@ thay (a) va (b) 14 hai dudng thang trong hé toa do Oxy, sb nghiém cta hé 1a s6 giao diém
cua hai duong thang (a) va (b).
a) Hé phuong trinh da cho v6 nghiém khi (a) va (b) song song ttrc la:

-m -1

4 1(;“ Sm= 2
5#—
m
Vay m = - 2 thi h¢ da cho v6 nghi¢m.
b) Hé d3 cho c6 nghiém duy nhat khi va chi khi (a) va (b) cat nhau tic la:
LI
4 m

¢) Hé da cho c6 v6 sb nghiém khi va chi khi (a) va (b) trung nhau tic la:

-m_-1
4 1(;“ osm=2
5=—

m

Vay khi m = 2 hé da cho c6 v6 s nghiém.
Cach 2. tr PT(2) suy ra: x = 10 — my thay vao (1) ta duogc:
y(4-m®)=20- 10m (3)

Ta 6 s6 nghiém cta hé da cho chinh 13 sb nghiém ctia Phuong trinh (3)

. . 120=10m=0 m#2
a) H¢ da cho vo nghiém khi: 5 = sSm= 2
4-m°=0 = 2

Vay véi m = - 2 thi h¢ da cho vo nghiém.

b) Hé c6 nghiém duy nhét khi: 4-m?£0 < m = +2
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. . . 120-10m=0
c) H¢ da cho vo s6 nghiém khi: { 4om? =0 oSm=2

X+y =2m+1

) ) ) , vOi m 1a tham s.
XY+ yx=2m°—m-1

Bal 44. Cho hé phuong trinh: {

a) Giai hé phuong trinh véi m =2,

b) Chirng minh ring hé luén c6 nghiém véi moi m.
Loi gidi.

a) Giai hé phuong trinh v&i m =2

Véi m = 2, hé phuong trinh la:
X+ =5 = [ =
y o X+y 5@ X+Yy 5.
X?y +y?x =5 J[xy(ery):S xy =1
Do d6, x, y la nghiém cua phuong trinh X2-5X +1= 0
5421 , _5-+21
2 1

Giai rara dugc X, =

, .
2
Vay hpt ¢6 hai nghiem: 5+2\/Z;5—£/Z],[5—£/ﬁ;5+2\/ﬁ.

b) Chtrng minh rang hé luén c6 nghiém véi moi m
| =2 1
He da cho viét lai 1a: 1Y m+

Txy(x +y)=02m+1)(m-1)

(1) Néu m= _% thi hé tro thanh:

[x+y =0 [xeR
& x+y:04:>él .
Jlxy(X+ y)=0 y=-—X
Hé c6 vo s nghiém.
. . . [ =2m+1
(2) Néu m=—2 thi hé tré thanh: 1"“’ *
2 Xy =m-1
Nén x,y la nghiém phuong trinh: X? —(2m+1)X +m—1=0(*).
P/t (*) c6 A=(2m+1)* —4(m—1) =4m* +5>0,Ym nén ludn cé nghiém.
Vay hé phuong trinh luén c¢6 nghiém véi moi m.
2x° —xy =1

Bai 45. Cho h¢ phuong trinh ¢ , , trong d6 m 1 tham sb va x, yla céc an
4X +4xy -y =m
$6.

a) Giai h¢ phuong trinh véi m=7.
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" b) Tim tét ca c4c gia tri cia m dé hé phuong trinh c6 nghiém.

Lai giai.
a) Giai hé phuong trinh véi m=7.
2
) [ oxy=t XLy N
Véi m=7 ta co: , , 99 X (do x=0 khdng thoa man).
M Hdy -y =T A% +4xy—y? =7

2 2 2V
452 1 4x 2 1—[2’( 1] _7
X X

2 (92 2 A\ _ 942 72 1 2 » 1
& Ax* +4x (2x —1)—(2x —1) =7x? <8x* —7x? 1 =0 <:(x —1)(x Ej 9

ox=t £ L

Voi x=1= y= 1.

Vi x= 1> y= 1.Vay hé phuong trinh c6 hai nghiém (x;y)=(-1-1),(11).
b) Tim tat ca cac gia tri cia m dé hé phuong trinh c6 nghiém.

Taco x=0 khdéng théa mén suy ra x 0.

ROty tir PT thir nhat roi thé vao PT tha hai ta co:

2 21\
4x2+4x2X 1—£2X 1} =m
X X

Hg c6 nghiém < 4x* +4x* (2x* —1)—(2x* —1)2 =mx2c6 nghiém khéac 0.
< 8x* —mx? —1=0c6 nghiém khac 0. Pat t =x*,t 0. Fhay vao phuong trinh trén ta dugc
8t* —mt—1=0 (1). Nhu vay yéu cau bai toan < (1) c6 nghi¢m duong.
D& thdy phuong trinh (1) ludn c6 2 nghiém trai diu do ac <0 suy ra (1) ludn c6 mot
nghiém duong. Do d6 v6i moi s thuc m hé phuong trinh ludén ¢ nghiém.

: m-1 =3m 4 1
Bal 46. Cho hé phuong trinh: (m=Dx+y %

X+(M-)y=m (2)
Tim m dé hé c6 nghiém duy nhat thoa man x +y = 2.
Loi giai.
Buéc 1. Tim diéu kién dé hé da cho c6 nghiém duy nhat.
Tir (2) suy ra: x =m - (M-1)y. Thé vao x =m - (M-1)y vao (1) ta duoc:
(Mm-D(M-(Mm-1y)=3m-1 & y(m*-2m)=m*-4m+3 (3)
Hé phuong trinh c6 nghiém duy nhat khi va chi khi (3) c6 nghiém duy nhit tc 1a:
m =0

m2—2m¢0<:>{ (*)
m# 2

Bwéc 2. Tim m thoa min didu kién x + y = 2.
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X =
Véidiéukiénm #0 vam # 2 hé dd cho c6 nghiém duy nhit 1a: mm2
y -
m
Véi diéu kién x + y =2 ta co: 3m_2+m—_2=2<:>4m—4=2m om=2 (*%)
m m

Tir (*) va (**) suy ra khong ton tai m théa man yéu cau bai toan.
mx+y= 1

Bal 47. Cho hé phuong trinh: {
X+y= m

Tim m dé phuong trinh c6 nghiém duy nhét (x, y) thoa man: y = x?
Loi giai.

Tir phuong trinh tht 2 suy ra: y = -m — x . Thé vao phuong trinh thtr nhit ta dugc: mx — m —
X=-1=x(m-1)=m-1(*)
Hé c6 nghiém duy nhit phuong trinh (*) phai c6 nghiém duy nhat tic 1A m = 1.

. x=1
Khi do, hé c6 nghiém duy nhat 1a { w1
Tacoh:y= x* ©o-m-1=1m=-2
Vay m = - 2 13 gia trj cin tim.
2x-3y=2 a

Bai 48. Tim nghié én a d¢ hé phuong trinh
im nghiém nguyén a dé¢ hé p g trin {x+2y=3a+1

Co6 nghiém (x; y) sao cho T = Y 1asé nguyeén.
X

Loi giai.

.. |2x=3y=2 a : . [x=a X
Ta co: y hé da cho c6 nghiém (x, y) voi
X+2y=3a+1 y=a

a 1

= =1 - ——

MaT-= —_—
a+1l a+1l

x <

2 ) . a+ 1 = 1 a= 0
Vi a nguyén, dé€ T nguyén thi dicu kién la [ ha {

a+l=1 a= -2

xy? — 2x°y —x*y? + 2xy +3x —3=0

2017

Bai 49. Cho hé phuong trinh
y2+x® 2y 3m
Tim cdc gié tri cia m dé hé phuong trinh c6 hai nghiém phan biét (X;;y;) va (X,;Y,) théa

man diéu kién (X,+Y,)(X, +y;)+3=0.

Lo giai.
x%y? —2x%y —x’y* +2xy +3x-3=0 (1)
y>+x* 2y 3m (2)
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Tacd () & x°y? —x’y? —2x°y +2xy +3x-3=0
< (X —1)(x2y2 —2xy+3) =0
x=1
= 2
(xy-1)"+2=0 (Vo ly)
Thay x = 1 vao phuong trinh (2) ta duoc y* —y-3m+1=0 (3)
Pé phuong trinh (3) c6 hai nghiém phan biét thi:

A=l 4(3m-1)> 0< 12m- 3> 0 m> %

Theo dé bai: (X,+Y,)(X, +Y,)+3=0 <4 +y, +y, +y,y, =0 (4)
1

do X; =X,
- 1 N s . .
Vé6i m> 2 theo hé thuc Vi-ét cho phuong trinh (3) taco :

{y1+y2 =1
y1y2:l 3m
Két luan: m = 2.

thay vao (4) tac6: 5+1-3m=0 <m =2 (thoa man)

mx-—-y=2

Bal 50. Cho h¢ phuong trinh: {
3X+my=5

a) Giai hé phuong trinh khi m=+/2.

b) Tim gia tri cia m dé hé phuong trinh da cho c6 nghiém (x; y) théa man hé thic

2

X+y=1- m
m?+3°
Loi gii.
. , 2X—-y=2
a) Khi m = /2 ta c6 hé phuong trinh V2x-y
3x++/2y =5

{Zx—ﬁy:Z\E x:2ﬁ+5
= =

5
3x+\/§y:5 y:ﬁx—Z
X_2\/§+5

5
=
5V2 -6
=775

2m+5 ~ 5m-6
m?+3’ m? +3

b) Giai tim dugC: x =

TAI LIEU TOAN HOC
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m? 2m+5 5m-6 m
; ; tadugC —; > = >
m°+3 m“+3 m-+3 m-+3

Thay vao hé thiac x+y=1-

Giai tim dugCc m = ;

. ) , . L as . . (MX+2y=m+1
Bal 51. Tim m nguyén dé hé co nghiém duy nhat la nghiém nguyen{ ey i

2X+my=2m-1
Loi giai.
Ta co:
mx+2y=m 1 o 2mx +4y =2m+2
2x+my =2m-1 2mx +m?y = 2m* —m

o (m? —4)y =2m* —=3m-2=(m-2)(2m+1)
2X+my=2m-1

Pé hé c6 nghiém duy nhatthi m*—4 =0hay m # +2

Vay véi m = +2 hé phuong trinh c6 nghiém duy nhét

~ (m=-2)(2m+1) _2m+1_2_ 3

m? —4 m+2 m+ 2
x:m_lzl— 3
m+ 2 m+2

Pé x, y la nhiing s6 nguyén thi m + 2 e U(3) = {,-1,3;-3}
Vaym+2=4+1 +£3=>m=-1;-3;1;-5
(m-)x+y=2

(m 1a tham sd)
mx+y=m+1

Bal 52. Cho hé phuong trinh: {

1) Giai h¢ phuong trinh khi m =2
2) Chirng minh rang v&i moi gia tri cia m thi hé phuong trinh ludén c6 nghiémduy nhat
(x; y) thoaman: 2x +y <3

Loi giai.
N . . C[x+y=2 x 1 =
1) Giai hé phuong trinh khi m =2. Ta c6 <=
2X+y=3 y 1 =

2) y =2 — (m-1)x thé vao phuong trinh con lai ta co:
mx+2-(m-)x=m+1l<x=m-1suyray=2—(m-1)*véi moi m
Vay hé phuong trinh luén c6 nghiém duy nhat (x; y) = (m-1; 2-(m-1)?)
2x +y=2(m-1) + 2 — (m-1)* = -m* + 4m -1 = 3 — (M-2)*< 3 véi moi m
Vay vai moi gia tri caa m thi hé phuong trinh luén c6 nghiém thoa man: 2x +y <3
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CHUYEN PE 6. HAM SO VA PO THI BAC NHAT - BAC HAI

m?> —2013m + 2012
m’ — 2\/§m +3
Loi giai.

Bai 1.Tim m dé ham s bac nhat y = X —2011 12 ham sb nghich bién.

m? —2013m + 2012
m? — 22m+3

m? —2013m + 2012
m? —2/2m+3

m2—2\/§m+3:(m V@)Z * 6

<0 (D).

Pé ham sé y = X — 2011 nghich bién thi

(1) < m?-2013m + 2012 <0 < (m—1)(m-2012) <0

[ (m-1>0 [(m>1
m-2012<0 m < 2012

=
m-1<0 m<1
m-2012>0 m > 2012

=1<m<2012
Bai 2. Cho ham sb y = f(x) = (3m” - 7m +5) x — 2011 (*) . Chting minh ham s6 (*) luén
dong bién trén R véi moi m.

Loi giai.

3m?>-7m+5= S(mz—%m+§J

3
( 7)2 49 60
=3|lm — — —£
6) 36 36
2
:B(m Z} 1—1+ 0> mv
36

Vay f(x) ddng bién trén R voi moi m

Bai 3. Cho duong thang: (m—2)x+(m-1)y =1 (m la tham s6) (1)

Chung minh rang duong thang (1) luén di qua mot diém cb dinh v6i moi gié tri cia m
Loi giai.

Diéu kién can va di dé duong thang (m-2)x+(m-1)y =1 di qua diém cb dinh N(x,;Y,)

voimoimla :
(m-2)x, +(m-1)y, =1 v61 moi m
< MX, —2X, + My, — Y, —1=0 v61 moi m

S (X + Yo )M—(2Xy + Y, +1) =0 v61 moi m

Xo+ Yo =0 Xo =-1
= =
2X, + Y, +1=0 Yo =1
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Viy cac dudng thing (1) ludn di qua diém cb dinh N(-1; 1)
Bai 4. Cho hai dudng thang (d):mx+(m-1)y-2m+1=0,(d,): (@ m)x—-my #4m 4 0+ =
a) Tim cac diém ¢ dinh ma (d,), (d,) luon di qua.
b) Tim m dé khoang cach tir diém P(0;4) dén duong thang (d,) 14 16n nhét.
¢) Chimg minh hai dudng thang trén ludn cét nhau tai diém | .Tim quy tich diém |
khi m thay doi.
d) Tim gi4 tri 16n nhat cua dién tich tam gidc 1AB véi A, B lan luot 1a cac diém cd dinh
ma (d,),(d,) di qua.
Lai giai.
a) Taviétlai (d,):mx+(m-)y-2m+1=@ m(x y 2} 1 y 0.Tirdédédangsuy
ra duong thang (d,, ludn di qua diém cé dinh: A(11).
Tuong tu Viét lai (d,):(1—m)x+my—4m+1=0 om(y X -4) 4 +x =0 suyra (d,) ludn di
qua diém ¢6 dinh: B(-13).
b) Déy rang dudng thang (d,) ludn di qua diém o dinh: A(L1). Goi H 14 hinh chiéu
vudng goc ciia P 1én (d,) thi khoang cach tir A dén (d,) 1a PH <PA. Suy ra khoang cach
I6n nhat 13 PA khi P=H < PH L(d,).Goi y=ax b phuong trinh duong thang di qua

al0+b=4 b 4 =
3

P(0;4),A(L1) taco hé: {a.1+ b1 la suy ra phuong trinh duong thang

PAry= 3x 4.
Xét duong thang (d,)::mx+(m-1)y-2m+1=0. Néu m=1 thi (d,):x-1=0 khdng thoa man

didu kien. Khi m=1 thi: (d,):y=—"—x 2"~ pidukien dé (d,) L PA Ia
1-m m-1

L(_g):_ B me l

1-m 4

) Néu m=0 thi (d,): y-1=0 va (d,):x+1=0 suy ra hai duong thing nay luén vudng
gdc véi nhau va cat nhau tai 1(~11). Néu m=1thi (d,): x-1=0 va (d,):y-3=0 suy ra
hai duwong thang nay ludn vuéng goc véi nhau va cat

nhau tai 1(1;3). Néu m={0;1} thi ta viét lai CaY (@)
m 2m-1 . m-1_ 4m-1
d,):y= X +va (d,):y= X 3
(d):y 1-m~ m-1 (da):y m m
Ta thiy (lj(m—‘l} 4 nén (4,)L(d,).
1-m m A B
Do d6 hai duong thang nay ludn cit Ho K

nhau tai 1 diém 1 .
Tom lai voi moi gid tri caa m thi hai
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"~ dwong thang (d,),(d,) ludn vubng géc
va cat nhau tai 1 diém 1 . Mt khac theo
cau a) taco (d,),(d,) lan luot di qua 2
diém cb dinh A,B suy ra tam giac IAB vudng tai A. Nén | nim trén dudng tron dudng
kinh AB.
d) Tacod AB=,( + 3’ (3 1’ 2J2.Dung IH L AB thi

2
Syw=—IHAB SikaB —AB g AB
2 2 272

2. Vay gia trj 16n nhat cua dién tich tam giac
IAB la 2 khi va chi khi IH =K. Hay tam giac IAB vubng can tai | .

Bai 5. Cho goc x/O\y . Mot dudng thang d thay dbi ludn cit cac tia Ox; Oy tai M va N. Biét
gif trj bidu thirc oiM’LoiN khong thay dbi khi duong thing d thay déi. Chéng minh ring

duong thang d luon di qua mot diém c6 dinh.
Loi giai.

Gia sit ——+—1 =1 (1) (ala s6 duong cho truéc). Liy didm D trén Oy

OM ON a
sao cho OD =a thi OD < ON. Vé DI song song véi Ox ( le doan MN).
L4y E trén Ox sao cho OE = ID. Khi d6 OEID 14 hinh binh hanh.
OE OD NI El NI MI _ 1 OE 1 1
OM ON NM ON NM MN ON ODOM OD a

Taco

__OE . OE i OE=0D-=akhongdéi, maDe Oy; Ee Ox
OM OD.OM oD
nén D; E c6 dinh.
Mat khac O cb dinh va OEID Ia hinh binh hanh nén 1 ¢6 dinh.

Viy d luén di qua I c6 dinh (DPCM)

Tir (1) va (2) =>

Bai 6. Trong h¢ truc toa do Oxy cho hai duong thang (dy): y=(m* -1)x +2m (m la tham sé)
va (d): y=3x 4+Tim cac gié tri cua tham s m dé duong thang (d;) va (d,) song song Voi
nhau

Loi giai.
a/ Pé duong thang (d;) va (d,) song song v&i nhau thi
a=a' |m*-1=3 [m* 4 m=2
b+b' 2m 4 m = 2
m =2

Vay véi m = - 2 thi duong thang (d;) song song vi duong thang (d;)
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Bai 7. Trong cung mit phing toa do , cho (P) : y = - X* va duong thing (d) : y = mx+1 (m
la tham s6 ). Xé&c dinh m dé :

a) (d) tiép xuc (P)

b) (d) cit (P) tai 2 diém phan biét .

¢) (d) va (P) khong c6 diém chung .

Loi giai.

Phuong trinh hoanh d6 giao diém cta (P) va (d) 1a : x*+mx+1=0 (*)
A=m?-4
a) (d) tiép xuc (P)khi phuong trinh (*) c6 nghiém kép
eA=0em’—4=0= =2

| m o= —2
b) (d) cit (P) tai 2 diém phan biét khi (*) c6 2 nghiém phan biét
eA=>0lem’—4>0s ”I}:E

| m< =2

¢) (d) va (P) khong c6 diém chung khi (*) vo nghiém
SA<0em-4<0e-2<m<2
Bai 10. Cho hai ham s6 bac nhit y = -x + 2 va y = (m+3)x + 4. Tim cac gia tri cia m dé 46
thi cua ham s6 da cho la:
a) Hai duong thing cit nhau
b) Hai dudng thing song song.
Goiy.
a) Pé ham s6 y = (m+3)x + 4 1a ham s6 bac nhat thim+ 3 = Osuyram = -3.
Db thi ctia hai ham s6 da cho 14 hai duong thang cit nhau <> a # a’
S-l#m+i3Sm = -4
Vay véim # -3vam % -4 thi d6 thi ctia hai ham s6 di cho 1 hai duong thang cét nhau.
b) D6 thi ctia ham sé di cho 13 Hai dudng thing song song

a=a' I m 3+ .
& R < M= 4 théa man diéu kién m # -3
b#b 2+#4

Vay véi m = -4 thi d6 thi ctia hai ham sé di cho 13 hai dudng thing song song

Bai 11. Cho duong thang (m —2).x + (m - 1).y = 1 (d).

Tinh gia tri caa m dé khoang céch tir goc toadd O dén duong thang (d) 1a 16n nhat.
Lai giai.

+Voim=2, ta cé duong thang y = 1

Do d6 khoang cach tir O dén (d) 1a 1 (1)

+ Vi m= 1, ta c6 duong thang x = -1

Do d6 khoang cach tir O dén (d) 1a 1 (2)

+Voéim#lvam#2
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Goi A 1a giao diém caa duong thang (d) véi truc tung.

Taco:x=0=y= L,dodéOA= L

m-1 Im-1]
Goi B 1a giao diém cua dudng thiang (d) vai truc hoanh.
Taco:y=0—= x= L,dodéOB= 1

m-2 Im-2|

Goi h 1a khoang céch Tir O dén duong thang (d). Ta co:

1_1 1
h?  OA’ OB

:(m—1)2+(m—2)2=2m2—6m+5:2(m—§)2+121 )
2> 2 2 Suyrah<2,

max h =+/2 khi va chi khi m = g 3)

Tir (1), (2) va (3) suy ra Max h = /2 khi va chi khi m = g

Bai 12. Trén mit phang toa d6 Oxy, cho M va N 1a hai diém phén biét, di dong 1an lugt trén
truc hoanh va trén truc tung sao cho dudng thang MN luén di qua diém c6 dinh 1(1; 2).

Tim h¢ thuce lién h¢ gitra hoanh dd ctia M va tung d6 cua N; tr do, suy ra gia tri nho nhét

. 1 1
cta biéu thuc : Q = 5 5+
OM< ON
Loi giai.
batm=xyvan=yy= mn=0vam=1 *)

Nén duong thang qua ba diém M, I, N ¢6 dang: y = ax+b

O=am b+
=<2=a B = héthacliénhégitamvanla 2m+n=mn
n=>b
; T yA .12 *k
Chia hai vé cho m-n # 0 ta dugc: —+==1 (**)
m n
1 2 1 4 4 1 1Y) (2 1Y
=l=|—+| =5 +7; +— 3| —5 H| |[— —
m n m? n® mn m? n m n
1 1 1 Ay ki1 2 . 2 1 A *%)- — — A
=Q=— += >=; dau “=" xdy rakhi —==; kéthop (**): m=5,n =25 (thoa
m“ n° 5 m n
(*))

Vay gid tri nho nhat ciia Q 14 %

Bai 13. Trong cung mot hé toa do, cho dudng thing d: y = x — 2 va parabol (P): y = - x. Goi
A va B 14 giao diém cta d va (P).

1) Tinh d¢ dai AB.

2) Tim m dé duong thang d’: y = - x + m cét (P) tai hai diém C va D sao cho
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CD = AB.
Loi gidi.
1) Hoanh d6 giao diém 13 nghiém phuong trinh
X*+x-2=0
=> x=] hoac x=2
Vay A(1,-1) va B(-2;-4) hoac A(-2;-4) vaB(1;-1)
2) Dé (d°) cét (P) tai 2 diém phan biét thi phuong trinh x’— x+m=0 (1)

¢6 hai nghiém phan bigt <=>A > 0<=>m < %

Ta c6 khoang cach AB? =18
DE CD = AB <=> (x17X,)“+(¥1-Y,) =18
<=>(x%,)>=9
<=>(X;+Xp)?-4XX,=9
<=>1-4m - 9=0=> m=-2(TM)
Vay C(-1,-3) va D(2;0) hoic D(-1;-3) hogc C(2;0)
Bai 14. Trén mat phang toa ¢ Oxy cho parabol (P): y =_?1x2 ; diém1(0; —2) va diém

M (m; 0) (v&i m 1a tham s, m # 0). Viét phuong trinh duong thang (d) di qua hai diém | va
M.

Chting minh duong thang (d) ludn cat duong thang (P) tai hai diém phan biét A, B voi do
dai doan thang AB lon hon 4.

Loi giai.

PT duong thang (d) di qua hai diém 1(0;-2) va M (m; 0) la y :%x — 2. Phuong trinh
hoanh d¢ giao diém cua (d) va (P) 1 121x2 :%x _2@m+ 4x - 4m = 0 (*). C6
A'=4 +4m* >0 (Vm).

Vay phuong trinh (*) c6 hai nghiém phén biét x, va x, phan biét. Chung té (d) ludn cat
(P) tai hai diém phan biét A, B. Khi d6 toa do hai diém phan biét A, B 1a

A(X11_(X1)2)’ B(XZ;—(XZ)Z). Tu d6: AB2 :(Xl_ X2)2 (Xi_XZ)ZI(X1+X2)2

2 2 4

2 (X1+X2)2
= [(x1 X, )+ 4x1x2} 1 P (1).
Ap dung hé thac Vi — et cho phuong trinh (*) ta co: x, + X, = ;; x.%- 4. Thayvao
(1) ta duoc:

2

AB? — H ﬂj — &( 4)}{1 1622} 1 E.67)(1 >iz) 16 (vm)

m 4m m m
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Suy ra AB >4 (dpcm).

Bai 15. Cho (P): ¥ = & va (d): v = (m — L)r + 2 (m € R)

Xac dinh m dé (d) ct (P)tai 2 didm A(xa; Ya) ; B(Xs; Yg) sa0 cho: #°4 + g = 10
Loi giai.

Phuong trinh hoanh d¢ giao diém cua (P) va (d) la:

T=(m—-2)r+H2) e -2m—1)r-3-—m=0
a=mP—mt it B (m= ) 0

Vay phuong trinh (*) c6 2 nghi¢m phan biét 1a x4 ; Xg

Theo Viét ta co:
ra+ g =2(m—1)
TA.THR = —d—m

DO X2+ X2 20=> (X, +Xg )’ —2X,Xg >0 < 4m? —6m >0 2m(m—-3)>0

m=>0;m=>3 m>3

{msO;msSC{mso
m =3
Vay véi [ m < 0 thi (P) cdt (d) tai 2 diém phan biét.
Bai 16. Trong cung mit phang toa do, cho (P): ¥ = IT?, diém M(0;2).
Puong thang (d) di qua M va khong tring véi Oy . Chimg minh rang (d) cat (P)tai 2 diém
phén biét sao cho A0B = 90° .
Loi giai.

- Vi (d) di qua M (0;2) va khong trung véi Oy nén c6 dang y=ax+b
- M € (d) nén: 2=a.0+b b=2 va (D): y=ax+2

Phuong trinh hoanh d¢ giao diém cua (P) va (d) la: T=art+2s x? —2ax — 4 = 0(%)
Vi phuong trinh (*) ¢6 hé s6 a=1 ; ¢ = 4 (a.c<0) nén (*) ¢6 2 nghiém phan biét A(xa; Ya) ;
B(Xg; Ya)

ra+rg =2a
Theo hé thirc Viét ta co: { ra.xp = —4
VIAE(P) o Vs =S BE (P) oyp =22
Xs

4
= OA’=(x,~ 0)'+ (Yo~ 0= Xi¢ “2i0B% (x5 0% (yg OF % °F

2 2 4 4
R (- %) (s )= O )b [ 0 o S0

4 4
. X + X
Taco: OA’ +0B? = X2 +X; + A4 B

Vay OA? + OB? = AB?
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= AAOB vuong tai O
Bai 17. Cho parabol (P):y=x* va duong thang (d):y=2mx m 14m ). Tim m sao cho
duong thang (d) cat parabol (P) tai hai diém phan biét A, B ¢6 hoanh d6 x, va x,thoa mén
X —%,|=2.
Lo giai.
PT hoanh d¢ giao diém cia (d) va (P) 1a x* =2mx m & x*-2mx+m-1=0 (*). C6

2
A'= (m ;—J %— 0 m7\Vay phuong trinh (*) ludn c6 2 nghiém phén biét x,x, hay (d)

ludn cit (P) tai hai diém phan biét A, B.

Theo dinh ly Vi — et ta co: x, +X, =2m,x.X,= m- 1.

X = %,| = 2 (%+ X,) = 4xx= 44m>- 4(m - 1) = 4= 4m>- 4m= @G> m= 1(do mO).
Bai 18. Cho Parabol (P):y = ax’(a  0) vaxduong thang(d): 2x —y — a*= 0.

a) Tim a dé dudng thang (d) cét parabol (P) tai hai diém phan biét A, B.

b) Goi X, Xg 1a hoanh d6 hai diém A, B. Tim gia tri nho nhat cua biéu thuc

4 1
Xp+Xg  XaXg

T =
Loi gii.

a) PT hoanh d9 giao diémcua (P) va (d) 1a ax*= 2x - a> ax’— 26+ a’= 0 (1). Didu

kign can va du dé duong thang (d) cat parabol tai hai diém phan biét A, B 1a phuong trinh

(1) c6 hai nghiém phan biét x, x, =1-a> 0 0 a X(doa 0). =

b) Ap dung hé thirc Vi — et cho phuong trinh (1) ta cé x, + X, :E, X,.Xg a EhayvaoT thu
a

4 1
duoc: T = F2a +E2 2 261.1 - 22
Xy +Xg  XpXg a a

2 o . 1 1
bang thuc xay ra khi 2a =§<:> a= N
Vay gia tri nho nhat ctia T 12 242 dat duoc khi
Bai 19. Tim hé s6 a > 0 sao cho cac dudng thang y=ax—1;y=1;y =15 va truc tung tao
thanh hinh thang c6 dién tich bang 8 (don vi dién tich).
Loi giai.
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+) Ki hiéu hinh thang ABCD can tim nhu hinh v&.

+) Tinh duoc C(g;S) ; D(é;l)
Bc=2:AD=
a

6 2
+) SABco{g gj.A:Z 8

=a=2(Thoa bK a>0)
+) Vay phuong trinh dudng thang 1a y = 2x — 1.

2
a

Bai 20. Cho ham s6 y = (m-1)x+m? -1 (m: tham s6). Tim m dé d6 thi ham s6 1a dudng
thang cat hai truc toa do tai hai diém A, B sao cho tam gidc OAB can.
Lo&i giai.
Dé d6 thi ham s6 12 dudng thing cat 2 truc toa do tai 2 diém A va B sao cho tam gidc OAB
can thi d6 thi ham s6 di cho song song véi dudng thang y = x (hodcy = - x )
m-1=1 m-1=1 _ .
3 { giai 2 h¢ PT d6 tim duoc

2

Tu d6 dan dén
m°—-1«0

m?-120
m = 2 hoac m = 0 va tra 10i bai toan.
Bai 21.

Trong mit phing toa d6 Oxy, cho Parabol (P) : y = x* va dudng thing (d) : y =2x + 3

1. Ching minh ring (d) va (P) c6 hai diém chung phan biét

2. Goi A va B 1a cac diém chung cua (d) va (P) . Tinh dién tich tam gidc OAB (O 1a
goc toa do)

Loi gial.

1. Chimg minh rang (d) va (P) c6 hai diém chung phan biét
Hoanh d6 giao diém duong thang (d) va Parabol (P) 1a nghiém cta phuong trinh
X*=2x+3=>x"-2x-3=0c6a-b+c=0
Nén phuong trinh ¢6 hai nghi¢m phan biét
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€_3 4

x;=-lvax,= a 1

Véixg=-1=>y;=(-1)>=1=>A(-1; 1)

Véix,=3=>y,=3"=9=>B (3;9)

Vay (d) va (P) c6 hai diém chung phan biét A va B

2. Goi A va B 1a cac diém chung cua (d) va (P) . Tinh dién tich tam gidc OAB ( O 1a gdc toa
do)

Ta biéu dién cac diém A va B trén mit phang toa 46 Oxy nhu hinh vé&

9t -~ - B
A
D, C
1 0 3
SABCD=AD—+BC.DC:£.4 20 =
2 2
BC.CO 93
S,p e =——— —= 136 =
AD.DO 1.1
Spp = ——— == 05 =
AOD 2 2

Theo cong thirc cong dién tich ta co:

S(aBc) = S(ascp) - Seco) - S(apo)
=20-135-0,5=6 (dvdt)
Bai 22. Trong mit phang toa dd Oxy, goi (D) va (L) lan luot 1a d6 thi cua hai ham sb:

V= Ix 3w y=|x|.
2 2

a) V& d6 thi (D) va (L).
b) (D) va (L) cit nhau tai M va N. Chirng minh OMN 14 tam giac vudng.
Loi giai.

‘L 1 3 , |[x=0=>y= 3

bothia) y= +X = co: 2
2 y=0=x=3

N X khix>0

Do thi y =|X| {: _
—X khix <0
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DO thi nhu hinh vé:

b) 6 thi (D) va (L) cét nhau tai hai diém c6 toa do M(1; 1) va N( - 3; 3)
Taco: OM = V2 +12 =2 =0OM?=2
ON=.3?+(-3)?=3/2 en*=18
MN = (1-3)% + (1+3)? =+/20 =MN*=20
Vi: OM? + ON? = MN?
Vay: tam gidc OMN vudng tai O
Bai 23. a) Cho cic ham s6 bac nhat: y=0,5X 3, =6 X va y=mX c6 do thi lan luot

1a cac duong thang (d,), (d2) va (Am). Vi nhitng gié tri ndo cta tham s6 m thi duong thang

(An) cit hai dudng thing (d;) va (d,) 1an luot tai hai diém A va B sao cho diém A c6 hoanh

do am con diém B c6 hoanh d6 duong?

b) Trén mat ph.'fmg toa do Oxy, cho M va N 1a hai diém phan biét, di dong 1an luot trén truc

hoanh va trén truc tung sao cho dudng thang MN luén di qua diém cd dinh 1(1; 2). Tim h¢

thirc 1ién hé gitra hoanh d6 cua M va tung d¢ cia N; tir do, suy ra gia tri nho nhét cta biéu
1 1

thie : Q = '
©Q=5m7 ON?

Loi gidi.
a) Diéu kién dé (Ay,) 1a dd thi ham sé bac nhat 1a m =0
Phuong trinh hoanh d¢ giao diém cua (d;) va (Ay) 1a:
0,5x+3=mx<(Mm-0,5)x=3
Piéu kién dé phuong trinh nay c6 nghiém 4m 1a m—0,5<0 hay m<0,5
Phuong trinh hoanh dé giao diém cua (d,) va (An) 1a:
6-X=mx<(M+1)x=6

Piéu kién dé phuong trinh ndy c6 nghiém duong 13 m+1>0 hay m>—1
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Vay diéu kién can tim 1a: —1<m<0,5; m#0

bybPatm=xyvan=yy= mnz0vam=1 *)
Nén duong thang qua ba diém M, I, N ¢6 dang: y = ax+b

O=am b+
—=i2=a B = héthacliénhé gitamvanla 2m+n=mn
n="b
. - ’4 . 1 2 **
Chia hai vé cho m-n =0 ta dugc: —+==1 (**)
m n
1 2y 1 4 4 1 1 2 1Y
=l=|—+| =5 +5 +— 3| — H| |— —
m n m n mn m n m n
1 1 1 A (1=} ] 2 N 2 1 A *x)- —_— —_— 9
:>Q=—24—2_g, dau “=" xay ra khi —==; két hop (**): m=5,n=2,5 (thoa
n m n
™)

Vay gia tri nho nhat cua Q 1a %

Bai 24.Trén cung mit phing toa d6 cho Parabol (P): y = 2x va dudng thing (d): y=(m-

2)x+1 va (d’):y=-x+3 (m 1a tham s6 ) . Xéac dinh m dé (P), (d) va (d’) ¢6 diém chung .
Loi giai.

Phuong trinh hoanh d6 giao diém cua (P) va (d):

2x%=-x+3 & 2x*+x-3=0 (a+b+c=0)

- 1= liry = _T%

+ Khi x=1 thi y=2

+KhiT=3thi¥=73

Vay (d°) ct (P) tai 2 diém phan bigt 4 (1:2) & B(F:3)

Dé (P) ,(d) va (d) c6 diém chung thi (d) qua A hoic B:

2=(m 2)+1 [m=3

g:(nar 2).% 1<:> m=E
2 2

Vay véi m=3 hay mzl—zlthi (P) ,(d) va (d’) ¢6 1 diém chung

Bai 25. Viét phuong trinh dwong thang di qua diém 1(0; 1) va cit parabol (P): y = X’ tai
hai diém phan biét M, N sao cho d6 dai doan thing MN = 24/10.

Lo gii.
Vi duong thang x=0 di qua diém 1(0; 1) va tiép xdc voi parabol (P)tai diém O(0;0) nén
phuong trinh dudng thang thoa man yéu cau dé bai lay = ax 1 +PT hoanh d¢ giao diém
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D cia(dva(P)laxi=ax 1 ¥-ax - 1=0(%
Duong thang (d) cat (P) tai hai diém phan biét khi va chi khi PT (*) c6 hai nghiém phan
biétx, x, < A= a’> 4+ 0> Khid6 toa do giao diém laM (xl; xf) N\ (xz; xzz). Ta co:

MN = 2410 <MN? =(2\/1_0)2<:>[(x1— x2)2+(x12— xzz)z}2 = (2J10)*

[(x1+ X,) - 4x1x2}[1 + (% + %,)?] = 40(1)Ap dung hé thirc Vi — et cho phuong trinh (*) ta
duoc: X, + X, = a; X%~ 1. Thay vao (1), thu duoc:

(a*+ 4)(a®+ 1) = 40<>a’+ 5a° - 36 = 0« a = 2.Vay phuong trinh duong thang can
laplay = 2x 1wvway = 2% 1

Bai 26. Cho Parabol (P): y =%.x2vé duong thang (d):y=2x -m 4 . Tim m dé (d) dé (P) tai
hai diém phén bigt c0 toa do (X;Y,) Va (X,;Y,) M X%, (Y, +Y,}= 48.

Loi giai. Phuong trinh hoanh dé giao diém cua (d) va (P) 1a: %.xz =2x -m 4 (1)

Pé (d) cit (P) tai hai diém phan biét thi phuong trinh (1) phai ¢ hai nghiém phan biét
< A'>0< m<3. Khido x,x, 1ahai nghiém cua (1) ta co:
X +X, =4 Cly=2x, m ok
va
XX, =2(m 1) = |y,=2x, m %
Ta co:
XX (Y +Y,)= 48 xX(2%x m4d 2% m B 48
XX (2(x+x,)-2m+2)= 48 2(m 1)(24 2m 2) 48
) m= -1 (chon)
Sm-m-7=0< )
m=7 (loai)
Bai 27. Cho Parabol (P): y = x* va duong thang (d): y =(3 -m)x 2 -2m. Tim gi4 tri ctia m
dé (d) Cét (P) ta hai diém phan bigt A(x,;y,),B(Xs; Ys) théaman |y, —y,|=2.
Loi giai.
Phuong trinh hoanh d¢ giao diém cua (P) va (d) Ia:
X*+(3-m)x+2-2m=0 @
Phuong trinh (1) c6: A'>0< m#-1 , tathdy x,,x, la hai nghiém ciia phuong trinh (2). Lai
co: ot Xe=m- 3 A Yo =(3 -m)x, 2 -2m
Xy Xg =2 2m Vg =(3 -M)x; +2 2m
Do dé: |y, —ys|=2¢< |3 m)(x X)E 2> (3 m)2|:(XA|- Xs )~ 4xA.xb} 4
& (m=3)°(m+1)" =4.
Gidirataduoc: h=1 x/6;m 1 /2.
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Bai 28. Trong mit phang toa dd Oxy cho parabol (P):y = —;xz . Goi (d) 1a duong thang di

qua diém 1(0;-2)cd hé s6 goc k.
a) Viét phuong trinh duong thang (d). Chimg minh dudng thing (d) ludn cit parabol (P) tai
hai diém phan biét A, B khi k thay doi.
b) Goi H, K theo thtr tu 12 hinh chiéu hai diém A, B trén tryc hoanh. Chitng minh rang tam
giac HKI vubng tai I.

Lo giai.
a) Phuong trinh duong thang (d) c6 hé sb goc k di qua dém 1(0; -2) 1a y = kx — 2. Phuong
trinh hoanh d6 giao diém cua (d) va (P) 1a
—%xz —kx-2e X +kx—=4=0(*) CoA'=k*+4 >0 (vk). Vay (*) c6 hai nghiém phan

biét x; va X,.
Chirng toa (d) ludn cat (P) tai hai diém phan biét A, B.
b) Theo thé thirc Vi — et, ta cO X1.X, = -4. Gia sir toa do cac diém A, B 1a A(Xq; Y1), B(X2; Ya).
Vi H, K theo thir tw 12 hinh chiéu vudng géc cua A, B 18n truc hoanh nén toa d6 H, K 1a
H(xy; 0), K(Xz; 0).
Do d6: TH? = x,° + 4; KI? = x,2 + 4; HK? = (1 — %)% Suy ra: IH* + KI? = x; + X,° + 8 = x;°
+ X% - 2X1. X2 = (X1 — %) = HK?Z.
Chung toéa tam giac HIK vuong tai I (theo dinh Py- ta- go dao).
Bai 29. Cho hai duong thang: y = x + 3 (dy); y = 3x + 7 (dy)
1) Goi A va B lan luot 1a giao diém cua (d;) va (d,) véi truc Oy. Tim toa do trung diém | cua
doan thang AB.
2) Goi J 1a giao diém cua (d,) va (d,). Tam gi4c OlJ 1a tam giac gi? Tinh dién tich cua tam
giac do.
Loi giai.
1) Tim duoc A(0;3); B(0;7) Suy ra 1(0;5)
2) Hoanh d6 giao diém J cua (dy) va (d,) 1a nghiém cia PT: x +3=3x + 7
=>X==-2=y;=1=J(-2;1)
Suyra:OI°=0%+5%=25;0)2=2*+1°=5; 1) =22+ 4°= 20
= 0J% + 17 = OI°=> tam giac OlJ 1a tam gi4c vudng tai J
=S, = %m Ok % J5 28 5(dvdi)
Bai 30. Cho duong thang (d) c6 phwong trinh: 2(m — 1)x + (M - 2)y = 2
a/ V& (d) véim=3.
b/ Ching minh rang (d) ludn di qua mot diém cé dinh véi moi m, tim diém cb dinh ay.
¢/ Tim gié tri cua m dé (d) cach gdc toa d6 mot khoang Ion nhat
Loi giai.
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a/Voim=3tacoy=-4x+2 \y
Giao véi truc tung Oy tai diém (0 ; 2) 2
Giao véi truc hoanh Ox tai diém (0,5 ; 0)

Ta c6 dd thi ham sé nhu hinh bén
y=-4x+2

1

2
5} \ X
b/ Goi diém cb dinh ma moi dudng thang(d) di qua 1a M(xo; Vo) ta co:
2(m=1DXg+ (M=2)yo=2Vvdi moim < (2Xg+Yo)m—2(Xo+ Yo+ 1) =0

2%, +Y,=0 X, 1 = , .
& o Yo =00 Vm vay toa do diém co dinh la M(Z1; - 2)
Xo+Y,+1=0 Y& 2

Céach khac: Véim = 2 ta ¢é dwong thang x = 1, véi m = I ta ¢é dwong thang y = -2; thay
Xx=1;y = -2 vao phuong trinh ta co:
2m-1).1+M-2).(-2) =2 &2m-2-2m + 4 - 2 = 0 diéu nay luén diing véi moi m.
Vdy cdc dwong thang (d) luén di qua diém ¢é dinh ¢6 toa dé (1; - 2) véi moi m.
-2(m-1)

m-2 m-—2
Goi A, B lan luot 14 giao cua (d) véi hai truc toa do Oy va OXx ta c6 toa do giao diém la

2 N 1 s e iy A . R : .
- 2) va B(m; 0). Goi H la hinh chigu cua O trén AB, xét AAOB vuodng tai O co:
1 1 4

1 _ 1 + L —0H? = = =
OH? OB? OA? 1 1 1 4(m-1)" +(m-2)’

1
+ +
OB? QA? (1J2(2J
m-1 m

2 2

= OH = \/(m_2)2+4(m—1)2 ) J5(m—§)2+§ S\E

Vay do dai OH 16n nhat < m = g , khi d6 ta co OH = /5 (dv dai)

Vi (d) khéng di qua gdc O(0; 0)

c/2m-1x+(M-2y=2<y=

A(0;

2
-2
=+/5; Dau “=”xéyra<:>m=g

Bai 31. Mot xe tai co chiéu rong 2,4m va chiéu cao 2,5m mudn di qua mdt cai céng ¢0O hinh
parabol. Biét khoang cach giira hai chan cong 12 4m va khoang cach tir dinh cbng (dinh
parabol) t6i mdi chan céng 1a 2¢/5m (b qua d6 ddy cia cong)

1. Trong mit phang toa d6 Oxy goi parabol (P) y =ax? vdi a < 0 14 hinh biéu dién cong ma

xe tai mudn di qua. Chting minh a = -1

Lién hé tai liéu word toan SPT va zalo: 039.373.2039 TAI LIEU TOAN HOC



2. Hoixe tai co thé qua cong duoc khong? Tai sao?
// ‘ Loi giai.

' 1) Gia st trén mat phang toa do, do dai cac doan
thang dugc tinh theo don vi mét. Do khoang cach
gitra hai chan cong 1a 4 m nén MA=NA 2m=. Theo 2 0 2
gia thiéttacé OM =ON 25, &p dung dinh ly X
Pitago ta tinh dugc: OA=4 vay M (2;-4),N(-2;-4) T

. Do M (2;-4) thugc parabol nén toa do diém M

thoa man phuong trinh: (P):y =ax® hay N - M
—4=a2% a 1lva(P):y= .
2) Dé dap tng chiéu cao trude hét xe tai phai di y=x
vao chinh giita cong.

Xét duong thang (d):y = —2 (tng véi chiéu cao cua

xe). Puong thang nay cit Parabol tai 2 diém cd toa

4

3 = =

3 3

2 TYZ - | %= ——\/E;y 3
2 2

suy ra toa do hai giao diém 1 T(——;——J, (3\/— ij: HT =3v2 >2,4.Vay xe tai co

y
d6 thoa man hé:
y

2
thé di qua cong.
Bai 32. Choham sb y = —% x2, ¢6 d0 thi 1a (P). Viét phuong trinh duong thing di qua hai
diém M va N nim trén (P) lan luot c6 hoanh do 1a —2va 1.
Gogiy.
Tim duoc M(- 2; - 2); N(L: —%)
Phuong trinh dudng thing c6 dang y = ax + b, dudng thang di qua M va N nén
—-2a+b=-2

a+b:—l
2

Tim dugc a = %; b =-1. Vay phuong trinh dudng thang can tim 1a y = %x -1

Bai 33. Cho duong thang (d): y=2x+m -1
a) Khim =3, tim a dé diém A(a; -4) thudc duong thang (d).
b) Tim m dé dudng thing (d) cit cac truc toa do Ox, Oy lan luot tai M va N sao cho tam
giac OMN co6 dién tich bang 1.
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L& giai.
a) Thay m = 3 vao phuong trinh dudng thing ta co: y = 2x + 2.
Dé diém A(a; -4) thudc dudng thing (d) khi va chi khi: -4 = 2a+ 2 suyraa=-3.

b) Chox=0suyray=m-1 suy ra: ON=|m 1|,—choy=Osuyra x=1_Tm

m-1

suy ra OM :‘LTm‘ hayOM =

Pé dién tich tam gidc OMN = 1 khi va chi khi: OM.ON = 2 khi va chi khi |m —1| ‘mT—l =2

Khi va chi khi (m — 1)? = 4 khi va chi khi: m - 1 =2 hocm -1 =-2 suy ram = 3 hodc m =
-1
Vay dé dién tich tam giac OMN = 1 khi va chi khi m = 3 hodc m = -1.
Bai 34. Cho parabol y = x* (P) va dudng thing y = mx (d), véi m 14 tham sb.

1/ Tim cac gia tri cia m dé (P) va (d) cit nhau tai diém c6 tung d6 bang 9.

2/ Tim cic gia tri cia m dé (P) va (d) cit nhau tai 2 diém, ma khoang cach giita hai
diém nay bang /6

Goiy.
s \ A 2 \ 2 X =0
1/ P.trinh hoanh d6 giao diém (P)va(d): X -mx=0> Xx(x m¥ & [x ~

2
Vi giao diém e (P):y=x? =y =m*. Véiy=9=>m’=9 & (m=3vm=-3)
Vay véi m= 43 thi (P) va (d) cét nhau tai diém c6 tung do bang 9.

2/ Tir cau 1 => (P) va (d) ludn cét nhau tai hai diém phan biét khi m=0 .
Khi d6 giao diém thr nhat 13 gbc toa do O (x = 0; y = 0), giao diém thur 2 1 diém A ¢6 ( x
=m;y=m’).
Khodng céch giita hai giao diém: AO= Vm’+m* =6 <’ m*> 6 & (1)
Patt=m*(t 0) @) ©t*+t-6=0% (t;=3 (nhan)vt, =-2 (loai))
Véity =3 & m?=3,<>m= /3 (nhan)
Vay v6i m= +/3 thi (P) cit (d) tai hai diém c6 khoang cach bing /6 .
Bai 35. Trong mat phing toa d6 Oxy cho parabol (P): y = -x* va dudng thing (d): y = mx +
2 (m la tham s0).
1)  Tim m dé (d) cit (P) tai mot diém duy nhat.
2) Cho hai diém A(-2; m) va B(1; n).Tim m, n dé A thudc (P) va B thudc (d). Goi H 1a
chan dudng vudng goc ké tir O dén (d). Tim m dé do dai doan OH 16n nhat.
Loi giai.
1) (d) cit (P) tai mot diém duy nhit < Phuong trinh hoanh d6 cua (d) va (P):
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X2 =mx + 2 < x?+ mx + 2 = 0 ¢6 nghiém duy nhét.

SA=m?-8=0om==+ 242,

Viy gid trim can tim lam =+ 24/2.

b) ta co:
{AE(F’)C> m=—632cfm= 4
Be(d) n=m 2+ in:q

Vaym =-4,n = -2.

- Néu m = 0 thi (d) thanh: y = 2 = khoang cach tir O d&én (d)=2 = OH = 2

(Hinh 1).
y y

3 @
H y=2 \A
2 2

H
1
B
2 ‘10 1 2 3 X 10 1 X
-1 1
-2 2
Hinh 1 Hinh 2

- Néu m # 0 thi (d) cit truc tung tai diém A(0; 2) va cit truc hoanh tai diém

B(—%; 0) (Hinh 2).

= OA=2vaOB= ‘—3‘=£.
m| |m

m?+1
4

1 _ 1, 1_.1
OHZ OA? OB’ 4

m2
4

AOAB vudng tai O ¢c6 OH L AB =

Vim+1>1Vm#£0=>Vym?+1>1=0H< 2.

= O0OH=

2
Jm?+1

So sanh hai truong hop, ta c6 OHpx =2 <> m =0.

Bal 36. Cho parabol (P): y=— X2 va duong thang (d): y= (3 —m)x + 2 — 2m (m la tham
s0).

a) Ching minh rang véi m # —1 thi (d) ludn cit (P) tai 2 diém phan biét A, B.

b) Goi ya, Vs lan luot 14 tung d6 cac diém A, B. Tim m dé |y — yg| = 2.

TAI LIEU TOAN HOC

Lién hé tai liéu word toan SPT va zalo: 039.373.2039



Loi giai

a) ta co:
Phuong trinh hoanh d¢ giao diém cua (P) va (d):
-x* =(3-m)x+2-2m.
XX +@B-mx+2-2m=0 (1)
A=GB-m)P’*—4Q2-2m)=m’+2m+1
Vit duge: A = (m+ 1) 0, voi m # — 1 va két luan ding.
b) Timm dé |ya—ys|=2.
Giai PT (1) dugc hai nghiém: x; =—2vax,=m— 1
Tinh duge: y1=—4, y,=—(m— 1)
IYa = yBl = ly1 —y2| = |m2—2m—3|
IVa—ye| =2 < m?—2m—3=2hoic m*2m—3 =-2
& m=1+/6 hodcm=1+2
Bai 37. Trong mat phang toa o Oxy cho Parabol (P):y=x* va dudng thang

(d):y= %(m Bx %(m |a tham s6).

1) Chang minh rang mdi gid tri cia m thi (P) va (d) ludn cét nhau tai hai diém phan
biét.
2) Goi x,x%, 1a hoanh d¢ giao diém (P) va (d), dat f(x)=x>+ (m+1)x*- x.

Chuang minh rang: f(x)-f (%)= %(x1 X,) .

Léi gidi.
y=x* y=x

a) Xeét h¢ phuong trinh: - =

) Xethé phuong _—2(';”1) 1 {3x2++2(m+1)x—1:10 (2)

(1) Cohesod a va c trai dau nén ludn co hai nghiém phan biét moi m nén (P) va (d)
lubn cit nhau tai hai diém phan biét vai moi m .
-2(m+1
x1+x2:¥ m+1=_3(X1+X2)
a) Theo hé thuc Viet: = 2

X, X, :_?1 3x%, = -

Taco: f(x)-f(%)=x - Hm1)(x ) -x +x,
= 2(f (%)~ f (%)) =2 -2 B(x +%)(X ) 2% +2x,
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=% % %06 X)) 208 X3 +X 5 Ax %) X X)
%

= (€ % 3ol ) f e} X-x 26%) - (x %)’ Nen

f(0)= 1 (x) =2 (x-%)"

Bai 38. Trong ciing mot hé toa do , goi (P ) 1a d6 thi cua ham sé y = x* va (d) 1a db thi cua
hamséy = -x + 2

1) V& cac do thi (P) va (d) . Tir d6 , xac dinh toa d6 giao diém cua (P) va (d) bang d6 thi .
2) Tim a va b dé db thi A cua ham sé y = ax + b song song véi (d) va cit (P) tai diém c6
hoanh d6 bing -1

Loi gii.
1) Lap bang gia trj va v& d6 thi ham sé:
A Y
2-;
L
+ I : 1 >
A |4 B *

Dua vao db thi ta c6 giao diém cuiad va (P)1a 2 diém M (1;1); N (-2:;4)
2) Do db thi A ctia ham sé y = ax + b song song v&i (d) y = -x + 2
Néntaco:a=-1.

A cit (P) tai diém c6 hoanh do biang — 1 nén ta thay x = -1 vao pt (P) ta duoc:
y=1

Thayx=-1;y=1vaoptAtadugca=-1;b=0

=>Phuong trinh cia Alay = - X

Bai 39. Trong mat phang Oxy cho parabol (P): y :%x2

a)Vé d6 thi (P).
b)Trén (P) lay diém A c6 hoanh d6 X = -2 . Tim toa d6 diém M trén truc Ox sao cho |[MA —
MB| dat gi4 tri 16n nhat, biét ring B(1;1).

Lo giai.

Trong miat phang Oxy cho parabol (P): y :%x2
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a)Ban doc tu lap bang gia tri
Do thi:

b)Vi A € (P) c6 hoanh dd Xa=-2 nén ya=2 . Vay A(-2; 2)
Lay M(xy; 0) bat ki thuoc OX,
Ta co: IMA-MB|<AB (Do M thay dbi trén O va BDT tam giéc)
DAu “ =" xdy ra khi diém A, B, M thang hang khi d6 M 1a giao diém cta dudng thang AB
va truc Ox.
- Lap pt duong thang AB:
Goi phuong trinh dudng thing AB c6 dang: y = ax +b
Do A, B thudc dudng thing AB nén ta co:
-1

<=>

2a+b=2 |?7 %
a+b=1 4
3

b:

Viy phuong trinh duong thing AB 1a: y = %x % "

- Tim giao diém cua duong thing AB va O (y = 0)=> x = 4 => M(4:0)
Bai 40.
a) Xéc dinh diém M thudc duong Parabol (P):y =x* sao cho do dai doan IM lanho
nhét, trong d6 1(0;1).
b) Gia st diém A chay trén Parabol (P):y=x?. Tim tap hop trung diém J cia doan

OA.
Loi giai.
a) Giasrdiém M thuoc duong Parabol (P):y=x*suyra M (m;mz). Khi d6
2
IM? =m? +(m2 —1)2 =m* -m® +1. Vay IM = (mz %} %+ i;% Tathay IM nho nhat

V3 2 ( \/5_1}

bing > khi m= 2= hay M 2,1
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b) Giastrdiém A(a;a”) thugc (P):y=x* . Goi I(x;y,) 1a trung diém doan OA.Suy ra

a
X =

22 R Vay tap hop céc trung diém | cia doan OA 1a dudng Parabol (R):y =2x’.
Y, = ? 2)%

Bai 41. Cho Parabol (P): y=x? va duong thing (d):y=(m-1)x+m+4 (tham sé m)
1) Véim =2, timtoa do giao diém cua (P) va (d).
2) Tim m dé (d) cat (P) tai hai diém nam vé hai phia cua truc tung.
Loi giai.
1) V&i m = 2, tim toa do giao diém cuaa (P) va (d).
m = 2 ta c6 phuong trinh duong thang (d) 1a:y =X + 6
Hoanh d6 giao diém cua (P) va (d) 12 nghiém cua phuong trinh:
X*=x+6
<= xz—x—6=0<:>[xz 2
X=3
H)x=-2=>y=4
+)x=3=>y=9
Vay m= 2 thi (P) va (d) cit nhau tai 2 diém A(-2;4) va B(3;9)
2) Hoanh d6 giao diém cua (P) va (d) 1a nghiém cua phwong trinh:
x> =(m 4)x m 4
<=>x*~(M-1)x—m—-4=0(*)
(d) cat (P) tai hai diém nam vé hai phia cua truc tung khi va chi khi phuong trinh (*)c6 2
nghiém trai dau
&1l (-m-4)<0
&Em>-4
Bai 42. Trong mit phang toa dd Oxy, cho hai diém A va B chay trén parabol (P):y = x*
sao cho A,B=0(0;0) va OA LOB. Giastr | la trung diém ciia doan AB.
a) Tim quy tich diém trung diém | cia doan AB.
b) Puong thang AB ludn ludn di qua mot diém co dinh.
¢) Xac dinh toa d6 diém A va B sao cho d6 dai doan AB nho nhat.
Léi giai.
a) Gid sir A(a;a’) va B(b;b®) 1a hai diém thuoc (P). Dé A,B=0(0;0) va OA L OB tacén

2

diéu kign: ab=0 va OA? +OB? = AB? hay ab#0 va a’+a‘+b”+b* =(a-b)* +(a’ —b’)
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R0t gon hai vé ta duoc: ab= 1. Goi I(x,;y,) 1a trung diém doan AB. Khi dé:

_a+b
2 , . Vay toa do diém | thoa min phuong trinh y=2x*> 1. +
a’+b®> (a+b) -2ab _ ,
Yi = 5 = > =2x 1 +

Ta ciling c6 thé tim diéu kién dé OA L OB theo cach sir dung hé s goc: Pudng thang OA ¢6
2 2
hé so goc la k, = % a =duong thang OB c6 hé so goc la k, =% b =Suy ra diéu kién dé

OALOB laab=41

_ Y
b) Phuong trinh duong théng di qua A va B 1a (AB):%= by2 Z i
(AB):y=(a b)x abk @ b)x 1.Tuday tadédang suy ra duong thang

(AB):y=(a b)% 1 ludn luén di qua diém cb dinh (0;1).

hay

c) Vi OAL OB nén ab= 1. Do dai doan AB:\/(a b)’ {a® 4{)2)2 hay

AB=+a’ b* 2ab a* B* 2a’%’ Apdung bit ding thic CO sitaco
a’ +b? > 2\/a?h? = 2[ab|, a*+b* > 2a%?. Taco: AB>,[2[ab|+2+2a%? —2a’h’ =2. Viy AB
ngin nhat bang 2 khi a?=b?ab = 4. Taco thé chi ra cap diém d6 la: A(-L1) va B(L1) .
Bai 43. Trong mét phang toa do Oxy cho Parabol (P):y=x?, trén (P) ldy hai diém
A(-11),B(3;9).

a) Tinh di¢n tich tam giac OAB .

b) Xac dinh diém C thudc cung nhd AB cua (P) sao cho dién tich tam giac ABC 1én

nhat.

Loi giai:

a) Goi y=ax baphuong
trinh dudng thang AB.

Tach {a.(—1)+b =1_ {a =2

a3+b=9 b=3

suy ra phuong trinh duong thing AB

(d):y=2x 3+Duongthang AB cit

A )

, o o a (T
truc Oy tai diém 1(0;3). Dién tich tam giac OAB & SDAB:; Soart Sogi =%AH Ol +%BK.OI :

Tacd AH =1,BK 3,0k 3.SuyrasS,,, =6 (dvdt).
b) Gia sir C(c;cz) thugc cung nhé (P) véi —1<c<3. Dién tich tam giac:
Sisc = Spssa — Sacea — Seecs - CAC tir gidc ABB'A', AA'C'C,CBBC' déu la hinh thang vudng
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2 2
NéN ta co: S e :%.4— 1+2° (c+ 1) 9+2° (3-¢)= 8 2(c- 1)< 8.Vay dién tich tam giac

ABC 16n nhét bang 8 (dvdt) khi C(1;1).

Bai 44. Trén mit phang toa do Oxy cho duong thang (d):y= » 6 vaparabol (P):y=x".
a) Tim toa do cac giao diém cua (d) va (P).
b) Goi A, B 14 hai giao diém cta (d) va (P). Tinh dién tich tam giac OAB.
Loi giai:

1) Phuong trinh hoanh do giao diém cua (P) va (d) 1a: X¥* = % 6= x% x 6 0
©x=2 ¥ 3.Taco y(2)=4y( 3) %
Vay toa do giao diém cua (P) va (d) 1a B(2;4) va A(-3,9).

2) Goi A'B' lan luot 14 hinh chiéu cua A B xuéng truc hoanh.
Taco S,om =Saes Siom —Sioss:
Tacd A'B'=|Xy —X,|=X3 — X, =5]AA'=y, =9;BB'= y, = 4

AA'+ BB' 9+4 1

SAA'BB' :T.A'B':T'S 6—25 (dV—'dt), SAOAA' =EAIA.A'O 2—27 (dth)Z

65 (27
= SAOAB = SAA‘B'B _SAOAA' _SAOBB' :7 ‘(? +4j =15

CHU DBE 7. GIAI BAl TOAN BANG CACH LAP PHUONG TRINH,
HE PHUONG TRINH
I. TOm tit phwong phap
Budc 1 Lap hé phuong trinh(phuong trinh)
1) Chon 4n va tim diéu kién cua an (thong thuong an 1a dai lwong ma bai toan yéu cau tim).
2) Biéu thi cac dai lugng chua biét theo an va cac dai luong da biét.
3) Lap hé phuong trinh, (phwong trinh)biéu thi méi quan hé giira cac luong.
Buoc 2 © Giai hé phuong trinh, (phuong trinh)
Budc 3 - Kiém tra nghiém cua phuong trinh va hé phuong trinh.
Buéc 4 - Pua ra kiét luan cho bai toan.
Dang 1: Chuyén déng
(trén dwong bd, trén dwong song c6 tinh dén dong nwéc chay)
Bai 1. Hai 6 t di tir A dén B dai 200km. Biét van téc xe thi nhat nhanh hon van téc xe thi
hai 12 10km/h nén xe thir nhat dén B sém hon xe th hai 1 gio. Tinh van tc mdi xe.
Lai giai.
Goi van toc xe thir hai 1a x (km/h). Pk: x > 0
Van toc xe thix nhat 1a x + 10 (km/h)
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Thoi gian xe thit nhét di quang dwong tir A dén B 14 : iﬁ’o (gid)
X+

Thoi gian xe thr hai di quang duong tir A dén B 1a: 222 (gio)
X

Xe tht nhat dén B sém 1 gid so véi xe thi hai nén ta ¢6 phuong trinh: 200 _ 20?0 =1
X X+

Giai phuong trinh ta ¢6 x; =40, X, = -50 ( loai)
X; =40 (TMDK). Vay van téc xe tha nhat 1a 50km/h, van téc xe thir hai 12 40km/h.
Bai 2. Cho quing dudng tir dia diém A t6i dia diém B dai 90 km. Ldc 6 gio mot xe may di
tir A dé t6i B Luc 6 gio 30 phit cung ngay, mot 6 to ciing di tir A dé téi B véi van téc 16n
hon van toc xe may 15 km/h (Hai xe chay trén ciing mot con duong da cho). Hai xe noi trén
déu dén B cung luc. Tinh van téc mdi xe.

Lai giai.
Xe may di trudc 6 t6 thoi gian 14 : 6 gio 30 phdt - 6 gio = 30 phut = %h .

Goi van téc caa xe may la x (km/h) (x> 0)
Vi vén téc 6 t6 16n hon van téc xe may 15 km/h nén van téc cua 6 t6 12 x + 15 (km/h)

Thoi gian xe méy di hét quing duong AB Ia : 9—)? (h)

Thei gian 6 t6 di hét quang dudng AB 1 : % (h)

P P S .
Do xe may di trudce 0 to > gio va hai xe déu tg1 B cung mot luc nén ta ¢é phuong trinh :

9 1 90

X 2 x+15
= 90.2(x 45) *(x %5) 90.2x

< 180x + 2700 — x* —15x =180x

< x* +15x-2700=0

Taco:

A=152 44 2700) 11925 0 >

JA =+/11025 105 =

=ﬁ _ 60 ( khong thoa man didu kign )
X, :% 45 (théaman diéu kién )

Vay van téc cua xe may 1a 45 (km/h) , van téc cua 6 t6 1a 45 + 15 = 60 (km/h).

Bai 3. Mot ca nd chay xudi dong tir A dén B rdi chay nguoc dong tir B dén A hét tit ca 4
gid. Tinh van téc ca nd khi nuwdc yén lang, biét rang quing song AB dai 30 km va van téc
dong nudc la 4 km/gio.
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Loi giai.
Goi van tc caa ca nd khi nudc yén lang 1a x km/gio (x > 4)
Van téc cua ca nd khi xudi dong 1a x +4 (km/gio), khi nguoc dong 1a x - 4 (km/gio).

. A A s . z . 30 S L. .
Thaoi gian ca n6 xudi dong tir A dén B la i gio, di ngugc dong
tir B dén A 1a =2 gio.

X—4

Theo bai ra ta ¢c6 phuong trinh: 30 +ﬂ =4 (4)

X+4 x-4
(4) = 30(x—4)+30(x+4)=4(x 4)(x B> x% 15x 16<0
hoac x = 16. Nghiém x = -1 <0 nén bi loai

X 1

Vay van toc cua ca nd khi nude yén lang 1a 16km/gio.
Bai 4. Khoang cach giira hai bén séng A va b 1a 30 km. Mot ca nd di xudi dong tir bén A
dén bén B roi lai nguoc dong tir bén B vé bén A. Tong thoi gian ca nd di xudi dong va
nguoc dong 1a 4 gio . Tim van tc caa ca nd khi nude yén lang, biét van téc cua dong nudc
la 4 km/h.

Lai giai.

Goi van tdc cua ca nd khi nude yén lang la x(km/h) (dk: 4 < = < 30)
Van toc cua ca nd khi xudi dong: x + 4 (km/h)
Van téc cua ca nd khi nguoc dong: x — 4 (km/h)

Thoi gian ca no di xuodi dong: 30 (h)
X+4

Thoi gian ca n6 di ngugc dong: % (h)

Téng thoi gian ca nd di xudi dong va nguoc dong 13 4h nén ta c6 phuong trinh:

30 , 30 =4 =>x>-15x-16=0
X+4 x-4

x, = A(khong théa DK)

Giai phuong trinh trén ta dugc: )
x, =16(théa DK)

Vay vén tdc clia ca nd khi nc yén lang 1a 16km/h
Bai 5. Quang dudng tir Quy Nhon dén Bong Son dai 100 km. Cuing mét lac, mot xe may
khoi hanh tir Quy Nhon di Béng Son va mét xe 6 t6 khoi hanh tir Bong Son di Quy Nhon.
Sau khi hai xe gip nhau, xe may di 1 gio 30 phut nita moi dén Bong Son. Biét van toc hai
xe khong thay doi trén sudt quing dudng di va van tdc ciia xe may kém van tdc xe 6 o 1a 20
km/h. Tinh véan téc mdi xe.

Loi giai.
P6i 1h30 =1,5h
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Dt dia diém :
- Quy Nhon la A 100-1,5%
- Hai xe gap nhau la C
- Bong Son 1a B

1,5x

Goi van toc ctia xe may la x(km/h). DK : x>0,
Suyra:

Van téc cia 6 t6 1a x+20 (km/h).

Quing duong BC la : 1,5x(km)

Quing dudng AC la : 100—-1,5x (km)

Thoi gian xe mdy di tir A dén C 12 : 222=1°% ()
e . A A , . % N 1,5X
Thoi gian 6 to may diter Bden C la: (h)
X+ 20

100-1,5x  1,5x
X X+ 20

Vi hai xe khoi hanh cung lac, nén ta ¢6 phuong trinh :

Giai pt :
100-1,5x  1,5x
X - X+ 20
= 3x? —70x — 2000 =0
A'=35% 32000 1225 6000+ 7225= 0 + & <¥228 =85 =
35+85

£100 L5x)(x 20) £5x° 189x 2000 15x* 30x 1,5%°

Phuong trinh c6 hai nghiém phén biét : x, = 40 (théa man BK)

35-85
Xy =
3
Vay van toc cua xe may 1a 40km/h .
Van téc ctia 6 t6 1a 40+ 20 =60(km/h).

_ 5—; (khong thoa min DK)

Bai tap van dung:

Bai 7.Mot 6to di tir A dén B trong mét thoi gian nhat dinh. Néu xe chay véi van toc 35 km/h
thi &én cham mat 2 gio. Néu xe chay véi van tdc 50 km/h thi dén sém hon 1 gid. Tinh
quing dudng AB va thoi gian du dinh di lic dau.

Bai 8.Mot nguoi di xe may tir A dén B cach nhau 120 km véi van toc du dinh trudc. Sau khi

1 . .
dugc 3 quang duong AB ngudi d6 tang van toc thém 10 km/h trén quang duong con lai.

Tim van toc du dinh va thoi gian xe ldn banh trén duong, biét rang nguoi d6 dén B sém hon
du dinh 24 pht.

Bai 9. Mot cand xudi tir bén song A dén bén song B vai van téc 30 km/h, sau d6 lai nguoc
tir B tro vé A. Thoi gian xui it hon thoi gian di nguoc 1 gid 20 phat. Tinh khoang céch
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gitra hai bén A va B. Biét rang van téc dong nudce 12 5 km/h va van toc riéng cua cand ldc
xudi va lic nguoc bing nhau.

Bai 10. Mot cand xudi mot khic séng dai 90 km réi nguoc vé 36 km. Biét thoi gian xudi

dong sdng nhiéu hon thdi gian nguoc dong 1a 2 gid va van toc khi xudi dong hon van tbc
khi nguoc dong 1a 6 km/h. Hoi van tde cand luc xudi va lac ngugc dong.

Dang 2: Toan lam chung — lam riéng (toan voi nw6c)

Bai 11. Giai bai toan sau bang céach ldp phuong trinh hodc hé phwong trinh:

. s 5 e A A 12 .. .. £ x. i ors R
Hai nguoi cung lam chung mot céng viéc trong =z gio thi xong. Néu moi ngudoi lam mot

minh thi ngudi thir nhat hoan thanh cdng viée trong it hon ngudi tha hai 1a 2 gio. Hoi néu
lam mot minh thi mdi nguai phai 1am trong bao nhiéu thoi gian dé xong cong viéc?
Loi giai.

Goi thoi gian ngudi tha nhat hoan thanh mot minh xong cong viéc 1a x (gio), PK x > %

Thi thoi gian nguoi thir hai lam mot minh xong cong viéc la x + 2 (gio)

M3i gior nguoi thir nhat 1am dugc 1 (cv), nguoi thr hai lam dugc% (cv)
X X

N A 12 . o x 12
Vi ca hai nguoi cung lam xong cong viéc trong =z gio nén moi gio ca hai doi lam duocl: 5

5
=—(CV
)
Do d6 ta c6 phuong trinh
1 1 5
— 4+ —_
X x+2 12
X+2+Xx 5
S =—
X(x+2) 12

< 5x°—14x-24=0

A’ = 49 + 120 = 169, VA =13

:>x:7_5—13 _?6(|@ai)v:;1x=7Jf513 2?0= 4 (TMDK)

Viy nguoi thir nhat 1am xong cong viéc trong 4 gio,
nguoi thir hai lam xong cbng viéc trong 4+2 = 6 gio.

Bai 12. Hai voi nudc clng chay day mot bé khong c6 nuéc trong 3h 45ph . Néu chay riéng
r& , mdi voi phai chay trong bao lau méi day bé ? biét rang voi chay sau 1au hon voi trudc 4
h.

Loi gidi.
Goi thoi gian voi dau chay chay mot minh day bé 1a x (x> 0, x tinh bang gio )
Goi thoi gian voidau chay chay mot minh day bé 13 y (y > 4, y tinh bang gio )

Lién hé tai liéu word toan SPT va zalo: 039.373.2039 TAI LIEU TOAN HOC



1 gio voi diu chay dugc % (bé)
1 gid voi sau chay dugc 1 (bé)
y
e s ) 1 1,.:
1 gio hai voi chay dugc — + = (be) (1)
y

Hai vOi clng chay thi day bé trong 3h 45ph = % h

Vay 1 gi ca hai voi chay duoc 1: %z %( bé) (2)
. N A . 1 1 4
Tu (1) va (2) ta ¢6 hé phuong trinh = + == —
X 'y 15

Mat khac ta biét néu chay mot minh thi voi sau chay 1au hon voi trudc 4 gio tic lay — x = 4
Vay ta c0 hé phuong trinh

X =
X = (a)
1+L:f 4x* -14x-60=0 [2x*-7x-30=0 {y:lo
S9X Xx+4 5¢& A = . &3 X=-25< 25
y=15

Hé (a) thoa mén dk cua an
Hé (b) bi loai vix <0
Viy Voi dau chay mot minh day bé trong 6 h
V0i sau chay mot minh day bé trong 10 h
Bai 13.Hai nguoi thg ciing 1am mot cong viéc . Néu lam riéng ré , mdi nguoi nia viéc thi
téng sé gio 1am viéc 12 12h 30ph . Néu hai ngudi cung 1am thi hai ngudi chi 1am viée d6
trong 6 gio. Nhu vy , 1am viéc riéng ré& ca cong viéc mdi ngudi mat bao nhiéu thoi gian ?
Loi giai.
Goi thoi gian ngudi thir nhat 1am riéng r& dé xong nira ¢ng viéc 1a x (x> 0)
Goi thoi gian ngudi thir hai 1am riéng ré dé xong ntra cong viéc lay (y>0)

Tacépt:x+y:12% (1)

thoi gian nguoi thir nhat 1am riéng ré dé xong cong viéc 1a 2x => 1 gio ngudi thi nhat 1am
1 . i n

duogc —c0Ong vi¢c
2X

Goi thoi gian ngudi thir hai 1am riéng ré dé xong céng viéc 1a 2y => 1 gio nguoi tha hai

. 1 . .
lam duoc 2_y cong Viéc
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'1gic‘ycéhaingu:éri lémdugc%cﬁngviécnéntacé pt:ix+ 2i=% (2)
y
1
x+y:12§ X=5 X_E
Tu (1) va (2) ta co hé pt : L 1 1® 15vy 2
wtae=e U2 ly=s
2Xx 2y 6

Vay néu 1am viéc riéng ré ca cong viéc mot ngudi 1am trong 10 gio con ngudi kia lam trong
5 gio
Bai 14. Hai nguoi tho cing 1am céng viéc trong 16 gid thi xong. Néu nguoi thir nhat 1am 3
gio, nguoi thtr hai lam 6 gio thi ho lam duoc % cong viéc. Hoi mdi ngudi lam mot minh thi
trong bao lau lam xong cong viéc?

Loi giai.
Goi X, y la thoi gian nguoi tho thir nhat va ngudi the tha 2 1am moét minh (x, y > 0, tinh
bang gio).

Ap i o X 1.1 .
- Mdt gio moi nguoi lam dugc = ; = cOng Vviéc ca 2 nguodi lam duoc

i. (vi 2
16

+

< |~

=
<
< |~

ngudi lam trong 16 gio thi xong céng viéc)

- Trong 3 gio nguoi thir nhat lam dugc > (CV), 6 gio ngudi 2 1am duoc 2 (CV) vi ca hai
X y

lam duoc * (CV) néu taco > +8=1
4 X y 4

Do do ta co6 h¢ phuong trinh:
11 1 3 3 3 3 1
x'y 16 |xy 18 |y 16 X =24

y y =Y = :
3 6 1 3 6 1 1 1 1 |y=48
—t—== - - S+ 3= = = + =
Xy 4 Xy 4 X y 16

Viy nguoi thir nhat hoan thanh céng viéc trong 24 gio
ngudi thir hai hoan thanh cong viéc trong 48 gio
Bai 15. Hai t6 thanh nién tinh nguyén cling sira mot con dudng vao ban trong 4 gio thi xong
. Néu lam riéng thi t6 1 1am nhanh hon t6 2 6 gio . Hoi mdi d6i 1am mot minh thi bao 1au s&
xong viéc ?
Loi giai.
Goi thoi gian mot minh td 1sira xong con dudng 1a x(gio ) (x >4)
Thoi gian mot minh t6 2 sira xong con duong 1a x + 6 (gid)

Trong 1 gid t6 1 sira duoc %( con duong )

Trong 1 gid t6 2 sira duoc %6 (con duong )
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Trong 1 gio ca hai to sira duoc % (con duong )

1 -1 S A4(X+6)+4Xx=X(X+6) & x> -2x-24=0=X=6; X, = -4
X+6 4

X, = -4 <4, khong thoa man diéu kién cua an
Vay mot minh t6 1 sira xong con duong hét 6 ngay

Vay ta co pt: % +

mét minh t6 2 sira xong con duong hét 12 ngay
Bal 16. Hai d6i cong nh&n lam mét doan duong . Boi 1 lam xong mét nira doan duong thi
d6i 2 dén 1am tiép ntra con lai véi thoi gian dai hon thoi gian d6i 1 da d3 1am 13 30 ngay .
Néu hai d6i cling 1am thi trong 72 ngay xong ca doan dudng .Hoi mdi d6i dd 1am bao nhiéu
ngay trén doan duong nay ?
Loi giai.
Goi thoi gian d6i 1 lam la x ngay ( x > 0) thi thoi gian doi 2 lam viéc l1a x + 30 ( ngay )

M&i ngay déi 1 lam duoc %( doan duong )

x. ) 1
Moi ngay doi 2 1am dugc ————— ( doan duon
01 ngay doi 2 lam duc 200+ 30) ( doan g)

MJ&i ngay ca hai i lam duoc 7—12 ( doan duong )

Vay tacopt: 1, t -1
2x  2(x+30) 72
Hay  x?-42x-1080=0
A=21%+1080 = 1521 =>/ /¥ 39
X, =21 +39=60; X, =21-39 =- 18 <0 khong thoa man dk cua an
Vay d6i 1 lam trong 60 ngay , doi 2 lam trong 90 ngay .
Bai 17. Hai d6i céng nhan trong riing phai hoan thanh ké hoach trong cting mét thoi gian .
Doi 1 phai trong 40 ha , doi 2 phai trong 90 ha . Doi 1 hoan thanh cong viéc sém hon 2 ngay
s0 V6i ké hoach .Doi 2 hoan thanh mudn hon 2 ngay so véi ké hoach . Néu doi 1 1am cong
viéc trong mot thoi gian bang thoi gian d6i 2 da lam va doi 2 1am tréng thoi gian bang doi 1
d3 lam thi dién tich trong dwoc cua hai doi bang nhau . Tinh thoi gian mdi doi phai 1am theo
ké hoach ?
Lai giai.
Goi thoi gian mdi doi phai 1am theo ké hoach 1a x (ngay ) , x > 0
Thoi gian d6i 1 da lam la x — 2 ( ngay )
Thoi gian d6i 2 da lam 1a x + 2 ( ngay )

Mdi ngay doi 1 trong duoc % (ha)

Mdi ngay doi 2 trong duoc % (ha)
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Néu doi 1 1am trong X + 2 ngay thi tréng duoc % (x +2) (ha)

Néu doi 2 1am trong X - 2 ngay thi tréng duoc % (X - 2) (ha)

Theo dau bai dién tich rung trong duoc ca hai doi trong truong nay la bang nhau nén ta co
pt:
40 90
E(X"‘Z) = E(X-Z)
Hay 5x°-52x+20=0
N'=26"-520=576 , [ '/ 24
_ 26+24= _ 26—24_2
5 5 5
X,< 2 , khdng thoa mén dk caa an Vay theo ké hoach mdi doi phai 1am viéc 10 ngay .
Bai 18. Hai ngudi tho cung 1am mét cdng viéc trong 16 gior thi xong . Néu nguoi tha nhat
lam trong 3 gi va ngudi tha hai 1am trong 6 gio thi ho lam duoc 25% cong viéc . Hoi mdi
ngudi 1am cong viéc d6 trong may gid thi xong .
Lo giai.
Goi X, y lan luot 1 s6 gio ngudi the nhat nguoi thir hai mot minh 1am xong cdng viée d6 (
x>0,y>0)

10 ; X,

X1

1,11

Ta co hé pt xJ 16<:> x=24
3 6 1 y =28
—_—t— =—
Xy 4

Bai 19. Hai voi nudc cing chay vao mot bé khdng chira nude thi sau 6 gio day bé . Néu voi
thir nhét chay trong 2 gior, voi thi 2 chay trong 3 gio thi duoc % bé . Hoi mdi voi chay mot

minh trong bao lau thi day bé ?
Léi gidi.
Goi X, y lan luot 14 s6 gio voi thi nhat , voi thi hai chay day bé mot minh (x>0,y>0)
1 1 1 (3 3 1

y 2 (x=10

3 ZCj{y=15
y 5
x =10, y = 15 thoa man dk cia an . VAay voi thi nhat chay mét minh mét 10 gid, voi thi hai
chay mot minh mét 15 gio
Bal 20. Hai nguoi du dinh lam mét céng viéc trong 12 gio thi xong . Ho lam véi nhau dugc
8 gid thi nguoi thir nhat nghi , con nguoi thir hai van tiép tyc 1am . Do ¢6 géng tang ning
suit gip d6i , nén nguoi thir hai di lam xong cong viéc con lai trong 3gio 20phat . Hoi néu

Ta co hé pt

6
=
2z 2

X Yy 5
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" m&i ngudi tho 1am mét minh véi nang suit du dinh ban du thi mat bao 1au méi xong cong
viéc noi trén ?

Lo giai.
Goi X, y lan luot 14 thoi gian nguoi tho thir nhat va nguoi tho thir hai 1am xong cong viéc
vé6i nang suat du dinh ban dau .

Mot gio nguoi thir nhat 1am dugc %(cﬁng viéc)

Mot gio nguoi thir hai 1am duoc 1 (cdng viéc)
y

Mot gio ca hai nguoi lam dugc é(cﬁng Viéc)

+

Nén ta co pt : %

1_1
== (1
5O

. ) N 1 2, . .

trong 8 gio hai nguoi lam dugc 8. E= 3 (cong viéc)

N iA s - 2 1, . .
Congviécconlailal - 3 = 5( cong viéc)
Ning suat ciia ngudi thir hai khi lam mot minh 1a 2. 1.2 (Cong viéc)

y vy

N U T [ ) B .

Ma thoi gian nguoi thir hai hoan thanh cong viéc con lai la ?(glo) nén ta co pt

10 ayzzlo

3 6 ?(2)

Vay theo du dinh nguoi tha nhat 1am xong céng viéc hét 30gio va ngudi thir hai hét 20 gio

Bal 21. Hai ngudi A va B lam xong cbng viéc tréng 72 gio , con nguoi A va C lam xong
cong viéc trong do trong 63 gid va nguooi B va C 1am xong cong viéc dy trong 56 gio . Hoi
néu mdi ngudi 1am mot minh thi trong bao 1au thi trong bao 1au s& 1am xong cdng viéc?
Néu ba ngudi cing 1am s& hoan thanh céng viéc trong may gio ?

Loi giai.
Goi ngudi A mot minh 1am xong cong viéc trong x (gid ), x > 0 thi mdi gid 1am duoc % (

cong viéc).Nguoi B mot minh 1am xong cong viéc trong y (gid ), y > 0 thi méi gio 1am duoc
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1 ( cbng viéc)Nguoi C mot minh 1am xong cdng viéc trong z (gio ), z > 0 thi méi gio 1am
y

duoc % ( cong viéc)

11 1 504

—-—t+—=— = =

X'y 72 X 3 168

1 1 1 504
Tacohpt: =+-=—<=y=—-=126

P X z 63 Y 4

E+1:i Z=5—04=100§

y z 56 5
L. T T 1,1,1_12, . .
Neéu ca ba ngudi cung lam yhi moi gio lam duoc < + =+ o= 04 (cong viéc)

y

Vay ca ba nguoi cung lam s€ hoan thanh cong viéc trong % =42(gio)

Bai 22. Hai d6i c6ng nhan cung lam chung mot cong viéc . Thoi gian dé doi | 1am mot minh
xong c6ng Viéc it hon thoi gian dé doi 11 1am mot minh xong cdng viée d6 1a 4 gio . Tong
thoi gian nay gap 4,5 lan thoi gian hai doi cing lam chung dé xong cong viéc d6 . Hoi mdi
do6i lam mot minh thi phai bao 1au mai xong .

Loi giai.
Goi thoi gian d6i | lam mot minh xong céng viéc lax gio (x>0)
Suy ra thoi gian doi 11 lam mét minh xong cong viéc la x + 4 gio

Trong 1 gio hai d6i lam chung duoc : 1 + 1 _ 2x+4 (cong viéc)
X X+4 x(x+4)
Thoi gian dé hai d6i lam chung xong céng viéc 1a % (gio)

Vaytacopt:2x+4=45. % hay x? + 4x =32 =0 <> x; = - 8 (loai ) X, = 4 ( thoa

man diéu kién caa 4n ).

Vay Doi | 1am mét minh xong cong viéc hét 4 gio , doi hai hét 8 gio .

Bai tap van dung.

Bai 23. Hai nguoi thg clng 1am chung mét cong viéc trong 7 gio 12 phat thi xong. Néu
ngudi thir nhat 1am trong 5 gio va nguoi thir hai 1am trong 6 gid thi ca hai ngudi chi lam

duoc % cdng viéc. Hoi mot ngudi 1am cong viée do6 trong may gid thi xong?
Bai 24. Néu voi A chay 2 gio va voi B chay trong 3 gio thi dugc g hd. Néu voi A chay

trong 3 gio va voi B chay trong 1 gior 30 phut thi duoc % hd. Hoi néu chay mot minh mdl

vOi chay trong bao 1au mai day ho.
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Bai 25. Hai voi nudc cling chay vao mot bé thi sau 6 gior day bé. Néu mdi voi chay mot
minh cho day bé thi voi 1l can nhiéu thoi gian hon voi I 14 5 gio. Tinh thoi gian mdi voi
chay mot minh day bé?
Dang 3: To4n lién quan dén ti 1é phan tram.
Bai 26. Thang giéng hai to san xuat duoc 900 chi tiét may; thang hai do cai tién k§ thuat to
I vuot mac 15% va t6 II vuot mic 10% so véi thang giéng, vi vay hai té da san xuat duoc
1010 chi tiét may. Hoi thang giéng mdi to san xuét dugc bao nhiéu chi tiét may?

Lo giai.
Goi X, y b chi tiét may cua to 1, to 2 san xuat trong thang giéng
(x, ye N7), taco x +y =900 (1) (vi thang giéng 2 t6 san xuit dugc 900 chi tiét). Do cai
tién k§ thuat nén thang hai t 1 san xuat dugc: x + 15%x, td 2 san xuét duoc: y + 10%y.
Ca hai t6 san xuat dugc: 1,15x + 1,10y = 1010 (2)
Tur (1), (2) ta c6 hé phuong trinh:
{x+y:900 @{1,1x +1,1y =990 <:>{O,05x =20

1,15x +1,1y =1010 1,15x 11y 4010= |[x y 900 + =

<=>x =400 va y = 500 (thoa man)
Vay trong thang giéng t6 1 san xuéat duoc 400 chi tiét may, to 2 san xuat dugc 500 chi tiét
may.
Bai 27. Trong thang thanh nién Poan truong phat dong va giao chi tiéu moi chi doan thu
gom 10kg gidy vun 1am ké hoach nho. Bé nang cao tinh than thi dua bi thu chi doan 10A
chia cac doan vién trong 16p thanh hai t6 thi dua thu gom giay vun. Ca hai to déu rat tich
cuc. T 1 thu gom vuot chi tiéu 30%, t6 hai gom vuot chi tiéu 20% nén tong sb gidy chi
doan 10A thu duoc 1a 12,5 kg. Hoi mdi to duoc bi thu chi doan giao chi tiéu thu gom bao
nhiéu kg giay vun?

Lo giai.
Goi s6 kg gidy vun t6 1 duoc bi thu chi doan giao 1a x (kg)
(Pk : 0<x <10)
S6 kg gidy vun t6 2 dugc bi thu chi doan giao lay (kg) (Pk:0<x<10)
X+y=10
1,3x+1,2y=12,5
Giai hé trén ta duoc : (X; y) = (5;5)
Tra loi : s6 gidy vun t6 1 duoc bi thu chi doan giao 1a 5 kg

Theo dau bai ta c6 hpt: {

S6 gidy vun t6 2 dugc bi thu chi doan giao 1a 5 kg
Bai tap van dung.
Bai 28. Trong thang giéng hai to san xuat dugc 720 chi tiét may. Trong thang hai, t6 I vuot
muc 15%, to IT viot mac 12% nén san xuat dugc 819 chi tiét may. Tinh xem trong thang
giéng mdi to san xuat dugc bao nhiéu chi tiét may?.
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Bai 29. Nam ngoai tong s6 dan cua hai tinh A va B 12 4 triéu ngudi. Dan sb tinh A nim nay
tang 1,2%, con tinh B tang 1,1%. Tong sé dan cua ca hai tinh nim nay 1a 4 045 000 ngudi.
Tinh s6 dan caa mdi tinh nim ngo4i va nim nay?
Dang 4: Toan c6 ndi dung hinh hec.
Bai 30. M6t hinh chit nhat c¢é chiéu rong bang mét nira chiéu dai. Biét rang néu giam mdi
chiéu di 2m thi dién tich hinh chit nhat di cho giam di mot nira. Tinh chiéu dai hinh chi
nhat da cho.

Lo giai.
Goi chiéu dai cua hinh chir nhat da cho 1a x (m), véi x > 4.

N A A M ) 'Y s: oA 'Y A L X
Vi chiéu rong bang nua chiéu dai nén chicu rong la: > (m)

2
=> dién tich hinh chit nhat d cho la: x% - X? (m?)

Néu giam mdi chiéu di 2 m thi chiéu dai, chiéu rong cua hinh chix nhat lan luot 1a:
X—2 va g -2 (m)

khi do, dién tich hinh chit nhat giam di mot nira nén ta ¢6 phuong trinh:
1 x?

X
(X—Z)(§—2)=§'7

<:>X—22—2x—x+4=XT:<:> x> -12x+16=0
=>x, =6+2+/5 (thoa man x>4);
X, = 6 —2+/5 (loai vi khdng thoa man x>4)
Vay chiéu dai cua hinh chit nhat di cho la 6+24/5 (m).
Bai 31. Mot phong hop ¢6 320 ghé ngdi dugc xép thanh ting day va s ghé mdi day déu
bang nhau. Néu sb ddy ghé ting ting thém 1 va sé ghé mdi diy ting thém 2 thi trong phong
c6 374 ghé. Hoi trong phong c6 bao nhiéu day ghé va mdi day cé bao nhiéu ghé?
Loi gii.

Goi sb day ghé trong phong hop 1a x (ddy) (x e N*)

Goi s6 ghé trong mdi day lay (ghé) (yeN")

Vi phong hop c6 320 ghé ngdi dugc xép thanh ting day va sé ghé mdi day déu bang
nhau nén ta c6 phuong trinh: Xy =320 (1)

Vi s6 ddy ghé tang ting thém 1 va s6 ghé mbi ddy ting thém 2 thi trong phong c6 374
ghé nén ta c6 phuong trinh: (X +1)(y +2) =374 (2)
Tur (1) va (2) ta c6 hé phuong trinh:
Xy =320
{(x +1)(y+2)=374
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320
Xy =320 xy =320 [VZT y=32
Tlxy+ox+y+2=374" |2x y 52 4|= 320 X
rexryTe= y x+2==52  |x*-26x+160=0
y:@ y:@ :10 5 X:16
e 1. . Sy =32 "% 1y 220
X2 -26x+160=0 |x> 26x 160+ 0 =~ y=

Vay trong phong hop c6 10 day ghé va mdi day cé 32 ghé
Hosc 1a trong phong hop c6 16 day ghé va méi day c6 20 ghé
Bai tap van dung.
Bai 32. Mot khu vudn hinh chi nhat ¢6 chu vi 1a 280 m. Nguoi ta 1am 151 di xung quanh
vuon (thudc dat trong vuon) rong 2 m. Tinh kich thudc cia vuodn, biét rang dat con lai trong
vudn dé tréng trot 1a 4256 m%.
Bai 33. Cho mot hinh chit nhat. Néu ting chiéu dai 1én 10 m, ting chiéu rong Ién 5 m thi
dién tich ting 500 m”. Néu giam chiéu dai 15 m va giam chiéu rong 9 m thi dién tich giam
600 m?. Tinh chiéu dai, chiéu rong ban dau.
Bai 34. Cho mot tam giac vubng. Néu tang cac canh goc vudng 1én 2 cm va 3 cm thi dién
tich tam giac ting 50 cm®. Néu giam ca hai canh di 2 cm thi dién tich s& giam di 32 cm®.
Tinh hai canh géc vuéng.
Dang 5: Toan vé tim so.
Bai 35. Tim mot s6 tu nhién c6 hai chir sb, tong cac chir sé bang 11, néu d6i chd hai chir sb
hang chuc va hang don vi cho nhau thi s6 d6 ting thém 27 don vi.
Loi gii.

Goi s6 tu nhién can tim 1a; ab (a#0)
Tong céc chir s6 bang 11 nén: a+b=11 (1)
Néu d6i chd hai chir s6 hang chuc va hang don vi cho nhau thi s6 d6 tang thém 27 don vi do
d6: ba—ab=27 < (10b+a)-(10a+b)=27 <9a 9b 27 @& b- 3H2)

. . L . a+b=11 a 7 =
Tur (1) va (2) ta c6 hé phuong trinh: { o b3 2= {b .

Vay s can tim 13 74.
Bai tap van dung:
Bai 36. Tim mot s6 ¢6 hai chir sb, biét rang s6 6 gap 7 1an chir s6 hang don vi cia nd va
néu sé can tim chia cho téng cac chit s6 cia nd thi duge thuong 1a 4 va sb du 1a 3.
Bai 37. Néu tir s6 cuia mot phan sé dugce ting gap d6i va mau s6 thém 8 thi gid tri cua phan s6

bang % . Néu tir s6 thém 7 va mau sé tang gap 3 thi gié tri phan sé bang 2—54. Tim phan s6 do.
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Bai 38. Néu thém 4 vao tir va mau caa mot phan sb thi gia tri caa phan sé giam 1. Néu bat 1

N A Kae 3 A A 4z
Vao ca tir va mau, phan so tang > Tim phéan so do.

CHU DPE 8. BAT PANG THUC VA TIM GIA TRI LON NHAT, NHO NHAT

Bai 1. Cho a,b,c 1a c4c s thyc duong abe=1 .Chirng minh rang

1 1 1 g
ab+a+2 bc+b+2 ca+c+2 4
Loi giai.
Data_ﬁb X;G: z =
y z X
B 1 . 1 . 1 B yz . ZX . Xy
ab+a+2 bc+b+2 ca+c+2 Xy + X2 +2Yyz 'xy+yz+2xz 'xz+yz+2xy
Thi
3-p=1-— % 4 4 Y
XYy + X2 +2Yyz XYy + YZ + 2XZ XZ+ Yz +2Xy

1 1 1
3-P=(xy ¥z xz) + +
XY+ XZ+2YZ XY+YZ+2XZ XZ+YZ+2Xy

Ap dung Bat dang thic l+ L +l > 9
A B C A+B+C

( Do ta 4p dung bét ding thirc Co si cho 3 s6 duong: A+ B +C > 3YABC; —+% é >33 Aéc

Nhan theo vé 2 bat dang thirc trén, ta duoc:

(A+B+C)£ +1+1j>9:>£+£+£>L
B C A B C A+B+C

Khi d6 Ta c63—P > (xy+ yz+xz) J =g<:>Ps3—g=
Axy+4yz+4xz 4 4

Mlow

. XY+ VZ+2XZ = XY +2YZ +XZ =2XY +YZ +XZ
Dau “=" xay ra khl{xi;z —yl yrey yry S x=y=1z=1

Bai 2. Cho céc s6 thuc duong X, y, z théa man x2 + y? + z2 = 3xyz . Chirtng minh rang:

2 2 2
X z
4 + 4y 3 =5
X"+yz y'4+xz z°+xy 2

w

Lai giai.
Vi X, Y, z duong, ap dung BDT Co-si ta co:
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1 X’ 1
+)2x2yz < x* +yz <=> > <=> < 1
)2 \yz y 2x%Jyz  x'+yz x* +yz @
e S TS ()
yz 'y z yz 4y 1z
2
Tir ()va (@) =>:— > —<TE+d)
X'+yz 4’y z
Tuong tu:
2 11 1 7’ 11 1
Y 22Dy <234
y'+xz 4 X 2z Z"+xy 4°x vy
At £ EEE D FA LY Ly
4'y z x z x y 2y 7 x 2 Xyz
Malai cO: xy+yz+zx < x> +y* +2°(4)
Tu (3) va (4) c6 : 1 X4y 4z 1=.3Xyz 3 dpcm
2 Xyz 2 xyz 2

Dau “=" xay ra khi x=y=z=1

Bai 3. Tim gié tri nho nhat cua ham sé: y —% 1 i 0<x<1

X X
oi giai.
Ta co:
y:i£+i:21_1_8_2)_(|_=1__x3+ +
1-x X —X X 1-x X
Vio< x<l1= >A>01—X>0
1-Xx X
Taco: 2X 12X [ 2X .1_X=2\/§(B€itdéng thirc CO si)
1-x X 1-x x
X=—k J2(TM
Dau “=” xay ra khi: ﬂ:1—)(<_>2x =x*—2X+1<=>x"+2x-1=0<=> V2(Tm)
1-x X x=1 \2(L)
>= 22 3

DAu “=" xay ra khi x= % 2
Vay vy =242 3khix=-1+/2
CAu 4. Cho a, b, ¢ 1a cac s6 duong thda man diéu kién a + b + ¢ = 3. Tim gié tri 16n nhat cua

biéu thirc:
5b°—a® 5¢®-b® 5a’-c’
T ab+3b? bc+3c?  cat3al
Loi giai.
Xét
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b —a® —(ab+3b2)(2b—a)

5h% —a®

—(2b—a)=5

ab +3b? ab + 3b?
_ 5b®—a’—(2ab*-a’h+6b°—3b’a) -b°-a’+a’b+b’a
ab + 3b? ab + 3b?
2
=—(a+b)(a—b) <0
ab + 3b?
3 3
M- ST
ab + 3b?
Ta co 2 BDT tuong tu:
3 3 3 3
5¢c —bz_ b 5a _C2§2a—c
bc+3c ca+3a

Cong ting vé 3 BDT trén ta duoc
P<2(a+b+c)-(a+b+c)=a+b+c =3
a=b &
a+b+c=3

DA4u bang xay ra <:>{ <=>a=b=c=1

Vay giatrilonnhatciaPla3d @ a=b=c=1.

R , . s .. 2 3 4 2014 2015

Cau 5. Chtrng minh rang.1+§+ 57 : 53 b S + o
Lot gial.

. 3 4 2014 2015
bat S—?+ 53 R S 5012
Ta co:

3 4 2014 2015

28 =—+ PrRs 2+ 2012 + 02013

3 4-3 5-4 2015-2014 2015

>= 2% $+ E +22 +23 " oeees 22013 22014
1 1 1 1, 2015
>= S+ (& E+?+ 23+ 22013) 2014
1 2014
Tach 1.1, 1,1 1 G L
aco: 1+5+?+§+----+22013 :1_—1 =2 22013
2
Do dé:
1 2015 2 3 4 2014 2015
=2 g R rlv; @t v g

Cau 6. Cho x; y 1a hai s6 duong thay d6i. Tim gié tri nho nhat cua biéu thuc:

g (X+y) (x+y)
X2 +y? Xy

Léi giai.

Ta co:
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o _(HYE ey

X2 +y? Xy
2 2
1 i2xy2 x{+y 5
X“+y Xy
2X X2+y2o xXP+y?
3 (Y Xy Xy

X2 +y?  2xy 2xy
Do X, y la c4c sé duong nén ta co:

2xy +x2+y222\/ 2xy x2+y2=2

X2+y?2 2xy X2+y? 2xy
Dau “=" xay ra khi va chi khi:
2 2
22xy == XY o (4 y?)? =Xy <=> (¢ —y?)? =0
X“+y 2Xxy
<=>x*=y?

<=>x=Yy(x;y>0)

2 + yZ
2Xxy
Cong cac bat dang thire ta dugc S > 6

S=6 < x=y.Vay Min S =6 khi vachi khix =y

x2+y222xy:>x >l<=>X=Y

Bai 7. Cho céc sb a, b, ¢ khéng am. Chirtng minh rang:
a’ +b® +¢? +33(abc)® > 2(ab+bc +ca)
Pang thic xay ra khi nao?
Lo giai.
bat
Ja2 =x3d? ez 2 -
>= & =B =yt zha VX \/F;c JZ28xy,z 0
Bat dang thtrc da cho tré thanh:
Xy + 22 +3xyz > 2(\/x3y3 +\/y323 +Z233)()
Vi vai tro ciia x; y ;z binh dang nén c6 thé gia sit x >y >z >0
Khi do
X(x=y)* +2(y =x)* + (z+x=y)(x=y)(y—2) 20
>= % ¥ 3 oxwz y) vy 8 24z x)(2)
Ap dung Bét dang thirc Cosi ta cd xy(x+y) > 2xy./xy =2,/x°y*(3)
Tuong tu ta co:

TAI LIEU TOAN HOC

Lién hé tai liéu word toan SPT va zalo: 039.373.2039



yz(y+12) 2 2,/y’z’ (4)
zX(z+ X) > 24/ 2°x% (5)
Cong vé theo vé céc bat dang thirc (3), (4), (5) ta dugc

Xy(X+Y) + Yz(y+ ) + zX(z+ X) > 2(\/x3y3 + \/yszs +2°x°)(6)
Tir (2) va (6) ta c6
X3+ y?+ 2% +3xyz > 2(\/x3y3 +\/y3z3 +2%%°)
Pang thic xay ra khi x=y=z hay a= b =c.
Bai 8. Cho cé4c s6 duong x, y, z thay doi thoa man: x(x + 1)+ y(y+ 1) +z(z+ 1)< 18.
1 1 1
+ +
X+y+1 y+z+1 z+x+1

Tim gi4 tri nho nhat cua biéu thic: B =

Loi giai.

Véi moi a, b, ¢ >0, ta co:
(a—b)*+(b-c)*+(c—a)*>0< 2a° +2b* +2c* —2ab—2bc —2ca >0
< 2(a® +b? +c?) > 2ab+ 2bc + 2ca
< 3(a® +b® +c¢*) > a’*+b* +c®2ab + 2bc + 2ca
& 3(@° +b* +¢%) > (a+b+c)*(*)
Véi moi a, b, ¢ > 0, 4p dung BDT C6-si cho ba s6 duong, ta co:

a+b+c>3%abc >0

1 1 1 1 :>(a+b+c)(£+1+lj29
—+—+—233/—>0 a b c
a b c abc
:>1+1+12 J (**)
a b c a+b+c

Ap dung BDT (*) véia=x, b=y, c = z va tir diéu kién cua x, y, z ta co:

(X+y+12)°

182x2+y2+22+x+y+zzT+x+y+z

= (X+yY+2)°+3(x+y+12)-54<0

=>(X+y+z+9)(X+y+z-6)<0

= X+y+2<6 (dox+y+z+9>0) (***)

Ap dung BT (**)véia=x+y+1,b=y+z+1,c=z+x+1,taco:

B 1 N 1 N 1 S 9 _ 9
X+y+1 y+z+1 z+x+1 X+y+1+y+z+1+z+x+1 2(X+y+2)+3
< . .. 9 3
Ap dung ( )taco'822.6+3_§
X=y =
DAu bang Xay ra<s {x+y+l=y +z 1=z +X 4 <X =y = 2
X+y+2=06
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Bai 9. Choa, b, ¢ 1a ba sé thuc duong va co tong bang 1.

Chang minh: a-he +b ca,t- ab _3
a+bc b+ca c+ab 2
Lo gial.
Thay 1 =a+ b + c ta cé: atbc=a(a+b+c)+bc=(a+b)(a+c)
Dod(,):a—bc:aerc—ZZbc 4 2bc 1 2bc
a+hbc a+hbc a+hbc (a+b)(a+c)
Ta ¢ 2 dang thirc tuong tur
b-ca_ . 2ca ) c—ab . 2ab
b+ca (b+c)b+a)’ c+ab (c+a)(c+b)
Cong ting vé cua 3 dang thic trén ta co:
a—bc+b—ca+c—ab_3 5 bc ca ab
a+bc b+ca c+ab (a+b)@a+c) (b+c)b+a) (c+a)c+b)
Do do:
abcbcacab 3 bc ca ab 3
+ + - <=> + + >—
a+bc b+ca c+ab 2 (@a+b)@@a+c) (b+c)(b+a) (c+a)(c+b)| 4

_ bc(b+c)+ca(c+a)+ab(a+b) 2§

(a+b)(b+c)(c+a) 4
><= 4(°c bc® £°a €a® a’b ab®) 3@’ ab® b’c bc® £*a €a® 2abe)
><= b°c bc® €’a ca’+a’b+ab’>6abc(*)

Ap dung BDT Cé-si cho ba sé duong ta co:

b’c+c?a+a’h > 3abc )
=> (*) ding
bc® +ca® +ab® > 3abc

Vay BDT da cho dugc ching minh.

DAu bang xay rakhia=b e %:

Bai 10. a) Cho x, y 1a 2 s6 thuc khac 0. Chiing minh rang y_zz Xy
yo X2y X
2 2
b) Cho a, b I2 hai s6 dwong. Tim gié tri nho nhét ciia biéu thrc: p = 2+ 320 +0
Jab(a+h)

Léi giai.
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4 4 3y 3
>x+y Xy xyZO

<=

X2y2
o XNy
Xy
)2 (y2 2
o (x=y) (:Zytxyw)zo

el (xa 2 L3
(x=1y) Kx+2) +4y}
X2y2 20
b) Tim minP (a, b > 0)
P=a2+3ab+b2=(a+b)2+ab
Jab(a+b)  ab(a+h)
_i(a+b)2+ab+j(a+b)2 i(a+b)2+ab i(a+b)

B Jab(a~+b) = Jab(a+b) | Jab

2/ @+byab 3Jab
> V4 +4

Jab(a+h) Jab

<=>

1
—(a+b)*=ab
4( )

DAu bang xay ra<=> <=>a=b

a=bh

Vay MinP =g<=>a=b

*Cach khéc
p_2 +3b+b’ (atb)’+ab a+b Jab 3 a+b (L arb \/%) P
Jab(a+b) ab(a+b) Jab a+b 4 Jab ‘4 Jab a+b 4

Cau 11. Cho céac s6 dwong x, y, z thoa man: \/x2 +y? +\/y2 +22 ++/2% + X° = 2014

. .. , L, X2 y2 ZZ
Tim gia tri nho nhat caa biéu thic T = : :
y+zZ Z+X X+Y

Léi giai.

bit a={¥ y*;b V[yz 22042 @)+ & b ¢ 2014(1)
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a’-b’+c* , a’+b’-c¢® , -a’+b*+c’
A

Ap dung BDT Cau chy ta co:

y+z<\J2(y7 +2%) =by2

z+st=cﬁ (0,25d)

xiy <20y =av

Tu do6 ta co:

Tl (*) => X’ =

T Xyt 1 (az—b2+c2|a2+b2—c2+—a2+b2+c2)
Yy+Z Z+X X+y 242 b ' c a

1 ,a> ¢ a* b* b* c?
T> : : ! : ——a-h-0)(2 2
2\/§(b b ¢ ¢ a a o b=0)(2)  (0.250)

Ap dung BPT Cauchy ta lai c6:

2 2 2 2 2 2
a —b 25*;C —b Zc;a : a;b :c_2b;b +a22b;c—+a220 (0,25d)
b b c c a a

2 2 2 2 2 2
=3 ¢c A b b S sab g 2ab @ 2ab )3
b b ¢ ¢ a a

N

(ep

Tir (2) va (3)=>T > Lz(a+ b+ c)(4)

22
5 1
Tu (1) va (4) =>T >——=.2014.
(1) va (4) 5
2014 . 2014
Vay T,,, =——= khi xzy=2=——
y MIN 2\/5 y 3\/5

Bai 12. Cho ba sé thuc x, y, z. Tim gi4 tri 16n nhat biéu thirc

5o XYZ(X+ Y+ Z++/X* + y? +27)

(X2 +y* +22)(Xy + yz + 2X)

Loi giai.
Theo Bunhia:
(X+y+2)2 <3P +y2+22p= X 4 £ 3 E W 77
xyz(\/§\/x2+y2+z2 +\/x2+y2+zz) B xyz(~/3 +1)
(< +y* +2°)(xy + yz + 2%) X+ Y2+ 2% (Xy + Y2 + 2X)
xyz(\/§+1) J3+1
>= S =
\/§€/X2y222 3 Xzyzzz 3\/5
\/§+1 .
=>Spax=—— khi x=y=z
max 3\/§ y
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Bai 13. Cho ba sé thuc duong a, b, ¢ thoa man (a + b)(b + ¢)(c + a) = 1.
Chtmg minh ab + ac + bc < %
Lai giai.
Cho ba s6 thuc duong a, b, ¢ théa man (a + b)(b + ¢)(c + a) = 1. Ching minh ab + ac + bc <

3
4

Ap dung BDT C6-si cho ba sé khéng am, két hop diéu kién (1) ta c6:

(a+b)+(b+c)+(c+a)23{*/(a+b)(b+c)(c+a) =3= a+r b+ ¢ 2(2)
Ap dung BDT C6-si cho hai s6 khong am, két hop diéu kién (1) ta co:
a+b>2/ab

b+c>2+/ac =1=(a b)(b €)(c &) Babc =abc %(3)
c+a22\/a

Bién d6i (1), cht y 2 BT (2) va (3), ta dugc:
(a+b)(b+c)(c+a)=1

< (a+b)(bc+ba+c?+ca)=1

< (a+b)(bc+ba+ca)+ac’ +bc* =1

< (a+b)(ab+bc+ca)+c(ab+bc+ca)—abc=1

< (a+b+c)(ab+bc+ca)—abc=1

1
1+abc g 3

a+b+c 3 4

1+

< ab+bec+ca=

DAu bang xay rakhia=b=c = %

Bai 14. Cho a, b, ¢ >0 thoa mén: a+ b + ¢ = 3. Chirng minh réng:

a* . b* . c* J1
(@a+2)(b+2) (Ob+2)(c+2) (c+2)(a+2) 3
Lo giai.
Ap dung BDT C6-si cho 4 s khong am, ta co:
a’ a+2 b+2 1 a* a+2 b+21 a' 4a
+ + +=2>44 . . — =4 = —
(@a+2)0b+2) 27 27 9 N(@+2)(b+2) 27 27 9 \9o* 9

4
N a lea_i_l(l)
(@a+2)(b+2) 27 27 27

Tuong tu ta co:
b* Jb ¢ 7
(b+2)(c+2) 27 27 27
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c* JUe a7
c+2)@@+2) 27 27 27

Cong tirng vé cua (1), (2) va (3) ta co:

a’ . b* . c* 211(a+b+c)_a+b+c_£
@+2)(b+2) (b+2)(c+2) (c+2)(a+2) 27 27 27
Thay diéu kién a + b + ¢ = 3 ta dugc:

a’ N b* . c
(@+2)(b+2) (b+2)(c+2) (c+2)(a+2)

Dau bang xay rakhia=b=c = 1.

4

>1
3

Bai 15.Choa, b,c>0vaa+b+c=3.Chang minhringa> + b° + ¢ + 1+%+126
a C
Lo giai.
Ap dung bét dang thuc c6 si: a° + 1/a>2a2% b> + 1/b > b2 ¢ + 1/c > ¢
Suyraa’+b>+¢’ +£+%+122(a2+b2+02)
a c

Mat khac a>+1>2a; b2+ 1>2b;c>+1>2¢
Suyraa?+b*+c*>2a+2b+2c-3=3
Bai 16. Cho cac sb thuc khong am a, b, c théaména+ b + ¢ = 3.

Tim gia tri nho nhat cua bidu thic: P=—2 4 b RN
1+b* 1+c° 1+a
Loi giai.
, a ab®
Ta co: =a 1
1+b? 1+b? (1)
Ap dung BPT C6-si cho hai s6 khong am, ta c6 1+b? > 2b
Thay vao (1) ta duoc:
2 2

2 ~=a- ab > Za—ﬂza—a—b (2)
1+b 1+b 2b 2
Tuong tu, ta co:

b bc

>b-— 3

1+c? 2 )

c ca

>C—— 4

1+ a? 2 “)
Cong ting vé ba BT (2), (3), (4) ta duoc:

a2+ b2+ 22(,leerrC_(ab+bc+caj (5)
1+b® 1+c° 1+a

Mat khac

(a+b+c)2—3(ab+bc+ca):%[(a b (b+0)- (c+a)] 0>
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(a+b+c)®

= ab+bc+ca< 3 (6)

Thay diéu kién a+ b + ¢ =3 va BDT (6) vao (5) ta c6
a b Cc 3
1+b* 1+c¢® 1+a®> 2

D4u bang xay rakhia=b=c = 1.

Vay gi4 tri nho nhét cia P m% _datdugckhia=b=c=1,
Bai 17. Tim gid tri Ion nhdt caa A=vx + y 2, biétx+y=4
Lo giai.
Ap dung bét dang thirc Bunhiacopxki cho 2 bo s6 (1;1) va (Vx-1;\/y-2) taco

A = (L TH1yy—2) (2 +22)(x-1+y-2) =2(x+y-3)=2= A< 2

R IV B
DA4u bang xay ra khi va chi khi{1 ,/y—2<:>{x _3; =N g
+ =
X+y=4 g Y=§
Vay GTLN cia A 132
.. x>0,y>0,z2>0 s
Bai18.Cho |~ y=502> .Chtrng minh rang: + L + L <
Xyz =1 X+y+1 y+z+1 z+x+1
Loi gial.

x=a’
5 s s | %Y, 2>0 a,b,c>0
bat <y=b*, vi =>

5 xyz =1 abc=1

z=c

.. s L3 2 a+b+c
Taco: x+y+1=a®> b*> 1 £a bla> ab b¥) 1+ (2 bjab 1+ ab(a b +)+ —

C

Do do

1 < c
X+y+1 a+b+c
Tuong tu ta co

1 < a
y+z+1 a+b+c

1 __ b

z+x+1 a+b+c
Cong 3 bat dang thic trén theo vé ta c6 dpem.

Bai 19.Cho 3 s6 thyc duong X, Y, z thoa man: i2+_+_=1 .
X2 y? oz
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y222 I 22X2

XZ y2

Tim gia tri nho nhat cabiéu thac: P=—2°"— ="
X(y“+12%) y@z +x°)
Lo giai.

1 N 1 . 1

Xyt )Yy )

72 yz 72 X2 52 y2

Taco: P=

o

Pit L1oal bl ¢ thiab,c>0vaalbici=1

1
X 'y

N

=a+b+c=a2+b2+c2
b>+c® c*+a®> a’+b® a(l-a’) b@d-b®) c(@-c?)
Ap dung bt dang thirc Cosi cho 3 sb duong ta co:
a2+1—a2+1—a2]: 4
3 27

P

a’(1-a?)? _22a(1 a’}l a’) %(ﬁz

2

2 ¢ . 23\/§a2(1)
33  a(l-a?) 2
b’ >3J§ , c? 33,

bl-b?) ~ 2 b (2);0(1—c2)2 2 © 0

Tu (1); (2); (3)tacHP > 3—f (@’ +b*+c?) =

=>a(l-a’) <

Tuong tu:

3.3

2

Ping thic xay rac>a=b e \/i_:hay Xx=y = /3=

33

Vay gié tri nho nhat cua P Ia—

Bai 20. Cho ba sé duwong a, b, ¢ . Ching minh bat dang thic

4a’ + (b —c)? 4b2+(c a) +4cz+(a—b)2

2@+l W rciral | 20 +a 4 b
Loi gidi.

4a* +(b—-c)® 2(2a +b%+c?)—(b+c)? 5 (b+c)?

>3.

}z(x2+ y?)

Ta co:

Co hai dang thic tuong tu.
BDT da cho tuong duong voi

(b+c)? . (c+a)’ N (a+b)?
2a’°+b*+c® 2b*°+c*+a® 2c*+a’+

<3

Ap dung BDT Cauchy — Schwarz cho 4 s ducmg y? > (

(b+c)? - b? c?

< +
2a’°+b’+c®>  a’+b* a*+c?

2a’+b%+c? 2a’+b%+c? 2a’ +b%+c?

X+ y)2

m-+n

, ta co:

TAI LIEU TOAN HOC
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Ta c6 hai BDT tuong tu, cong tirng vé ta co:

(b+c)? . (c+a)? . (a+b)’
2a’+b%+c? 2b*+c*+a® 2ct+a’+b?

b? c? c? a’ a® b?
< + + + + +
a?+b? a’+c? b?+c® a’+b? c’+a® c’+b?

b? a2 c? b? a’ c?
T et 2l 2t 2| T 2 T
a‘+b® a“+b b +c c°+b a‘+c- a“+c

=3
= BDT da cho dugc chirng minh
Dau bang xay ra khia=b =c.

Bai 21. Xét cac sb thuc duong a, b, ¢ théa man abc =1.Tim gia tri 16n nhat caa biéu thic

a b c

T= 7 2 t o2 R E——
b*+c*+a a"+c*+b a*+b*+c
Loi giai.

Taco:a* +b* >ab(a’+b*)va;beR

That vay:

a’ +b* >ab(a’+b?)

<=>a*+b* >a’n+ab’

<=>(a-b)(@*-b%)>0

<=>(a-b)*(a’ +ab+b*)>0(luén dung Va;beR)

=>a’+b*+c>ab(@®+b’)+c<= af bf = ab(a® b% abc? 0(viab;c>0vaabc=1)

c c . c c
<=> < I c>0)<=> <

a’+b*+c ab(a’+b?)+abc? (Vi c>0) a’+b*+c ab(a’+b*+c?)

c c? c?

<=> < <=> < 1

a’+b*+c abc(a’®+b’®+c?) a’+b*+c a2+b2+c2()
Tuong tu:

2
b < b @)

a*+ct+b  a’+b*+c’
2
a _ ¢
b*+c*+a a’+b*+c’
Cong theo vé cac bat dang thuc (1),(2) va (3) ta co:

©)

a . b < a’+b*+c® _
b*+c*+a a'+c'+b a'+b*+c a’+b*+c?
Vay T<1 Va;b;c >0 thoa man abc=1
Voi a=b=c=1thi T=1
Vay GTLNcuaTlal

1
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Tw giai.
1

Bai 23. Cho a, b, ¢ 1a c4c s6 duong théa man diéu kién 1113 Chuang minh rang:

a b c

a2+ b2+ C2+1®b+M+c®23
1+b® 1+c° 1+a° 2
Loi giai.
Ta chirng minh BDT
@+b+cxl+l+3)296)
a b c
a b b ¢ c a
(P<=t3 - +) = +) & =) 9
b ao ¢ b "a ¢
Ap dung BDT C6 - si cho hai s6 duong ta co:
E+922
b a
9+£22
c b
E+322
a ¢
=>(*) ding
= ——g—g i i %:ﬁ—%mﬂkc 3
a+b+c a b c

Tro lai bai toan: Ap dung BDT C6 si cho hai s6 duong ta c61+b*>2b
Ta co:

2 2
azza—abZZa—ﬁlza—Egm
1+b 1+b 2b 2
Tuong tu ta co
b bc
>bh-——(2
1+¢? 2()
c ca
>c——(3
1+a’ 2()
Cong tirng vé cua (1), (2) va (3) ta co:
a2+_ b2+ 22a+b+c—}-(ab+bc+ca)
1+b® 1+c® 1l+a 2
2 b lap be cayrazh ¢ 3
1+b° 1+c® 1+a° 2
=>dpcm

D4u bang xay rakhia=b=c = 1.

TAI LIEU TOAN HOC
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Bai 24. Cho ba sé duong x, y, z thoa man diéu kién x + y + z = 1. Chiang minh rang

0 3% o0

XY+yz+2x X2 +y°+17°

Loi gii.
Véi moi a, b >0 vax,y, z thoa diéu kién dé bai, 4p dung bat dang thuc Cosi cho 2 sb
duong:

1 1 /1 1 1 1 4
a+b)| =+=|22vab.2,|[—.—=4=> —+ > —(*
( )(a bj Vab ab = a b a+b( )

(X +y2)+ (2 + 22 )+(2° +X°) 2 2xy +2y2+22x = X+ y* + 2 2 Xy + Y2+ 2X

2
X z
:>x2+y2+22+2xy+2yz+22x23(xy+yz+zx):>xy+yz+zxsw:%
Ap dung 2 bit dang thuc trén ta co:
p_ 350 N 23826 - 386 1 - 12 |+ 157
Xy+yz+2x X +y +z 2Xy+2yz+22X X +Yy +12 Xy + YZ + 2X
> 386. 4 ———+ 157
2XY +2YZ+2ZX+ X"+ Y +2° XY+ YyZ+12IX
__ 14 > + 157 =1544 i 1544 412 2015
(X+y+2)" Xy+yz+zx Xy + YZ + X 1
3
X=y £ X=Yy E 1:
Dau bang xay ra khi va chi khi<x+y+z=1 A PR 3 (khdng xay ra)
2Xy +2yz+22x = x4 y& 7° 373

Vay P > 2015 (dpcm)
Bai 25. Cho a,b 1a cac sb duong thoa man diéu kién (a+b)® + 4ab <12.

Chuang minh bét dang thirc L1 2015ab <2016,
l+a 1+b

Loi giai.
Tac612>(a+h)* +4ab>(2ab) +4ab . Patt=vab,t 0 thi>
12>8t° +4t* < 2t* +t° -3<0 <= (t-1)(2t° +3t+3) <0
Do2t* +3t+3>0,vtnént-1<0<t<1.Vay0<ab<1
1 2
+——< ,
1+a 1+b 1++ab

1 B 1 N 1 B 1 <0
1+a 1+\/% 1+b 1+\/%_

Jab-a vab-b . (%—ﬁ}(ﬁ \E]
<0

Chung minh duoc Va,b >0 thoa médnab <1

That vay, BDT

(L+a)(1+vab) = (+b)(1+ab) 1++/ab l1+a 1+b
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o, (b—Va)'(Jab-1)
(1++ab)(1+a)(L+b)
2

1+\/£

DPiatt=+/ab,0 t tdaﬁuqc%+ 2015t% < 2016
+

<0. Do0<ab<1 nén BDT nay ding

Tiép theo ta s& CM +2015ab < 2016, va,b > 0 thoa manab <1

2015t + 2015t* — 2016t — 2014 <0
& (t—1)(2015t + 4030t + 2014) < 0. BDT nay ding vt:0<t<1

Véyi+i+ 2015ab < 2016. Pang thuc xayraa=b =1
l1+a 1+b
Bai 26. Cho cac sb thuc duong a, b, ¢ théa mén ab + bc + ca = 11. Tim GTNN

5a+5b+2c

P=
J12(a% +11) + 12(b% +11) +~/c? +11
Loi giai.
Thay 11 = ab + bc + ca vao P, ta co:
5a+5b+2c
p=
J12(a% +11) +/12(b? +11) ++/c? +11
3 5a+5b +5¢
\/12(a2 +ab+bc+ca) +\/12(b2 +ab+bc+ca) ++/c2 +ab+hc+ca
5a-+5b+5c
*)

B 2\/3(a+b)(a+c) +2,3(b+a)b+c) +/(c+a)c+b)
Ap dung BDT C6-si cho hai sb khong am, ta co:

2/3(a+b)(a+c) <3(a+b)+(a+c)=4a +3b +c Q)
Tuong tu:

2\/3(b+a)(b+c)<4b+3a+c 2
Jcra)c+h) s%(a+b+20) 3)

Cong ting vé cua (1), (2) va (3) taco

2\/3(a+b)(a+c)+23(b+a)(b+c) +/(c+a)c+b) < %a+%b+3c (**)

Tir (%) va (**) ta c6

P2155a+it5)+2c =g
—a+-—b+3c 3
2 2
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3(a+b)=a+ c
3(b+a)=0b- c a=b
=
c+a=c+b
ab+bc+ca=11

ao

LLs a=b=1
Dau bang xay ra @{

ab+bc+ca=11 =5

Vay GTNN cia P |a§ datduockhia=b=1,¢c=5.

Bai 27. Cho ba s6 thuc x; y; z thoa man: x>+ y? + 22 <9
Tim gia tri 16n nhat cta biéu thuc P = x +y + z — (Xy + yz + 2X)
Loi gii.
Ta co:
(x+ y+z)2=(x2 4y? +22) R2(xy #z 42x) 9 R(xy +yz 2X)
(x+ y+z)2—9
2
9—(X+y+12)?
2

= XY+ YZ+2X>

=>P<x+y+z+

bitx+y+z=t5 K ¢ J LSS 2t+:1

5 %(t 1°<5 5

2 2
_ . ) =1 , .
Dau bang xay ra khi va chi khl{X:r ytz , chang hankhix=1,y=2,z2=-2
X“+y“ +2°=09,

Vay gié tri 16n nhat caa P 1a 5.
Bai 28. 1. Cho a, b 1a 2 s6 thuc dwong. Chirng minh rang /(1+a)(1+b) >1++/ab
2. Cho a, b 1a 2 sb thuc duong théa mén a + b = ab. Tim gid tri nho nhét cua biéu thic

e iZa b? iZb Y& aHe o)

Lo giai.
1. Bat dang thtrc can ching minh twong dwong voi
(1+a)1+b) > (1++/ab)? < 1+a+b+ab>1+2ab +ab
sa+b-22/ab>0< (Va-+vb)? >0
(luén dung vai moi a, b > 0)
2. Ap dung bét déng thirc trén ta c6/(1+a%)(1+b°) >1+ab=1+a+b (1)
Véi moi x, y > 0, p dung bét diang thic Cosi cho 2 s6 duong ta co:

1 1 11 1 1. 4
42 |(x 22/—.—.2 Xy =4= —4 => 2
[X+yJ( +Y) oy VXY :>X+y Y 2

Ap dung (1) va (2) ta co:
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>— 4 5 +1+a+b=%+l+a+b
a“+2a+b°+2b a“+b°+2ab
4 a+b 7(a+b) 14
(a+b> 8 8

Ap dung bt dang thirc Cosi cho 2 sb duong ta co:
2
a+b=ab é@ a2 b)’ %a b) = b *

Ap dung bt dang thiic Cosi cho 2 sb duong ta co:
4 a+b+a+b23§/ 4 a+ba+b_3

(@a+b)y 16 @ 16 ~\(a+by 16 16 4

SuyraP z%+g.4+1:%. DAu bang xay ra khi a = b = 2. Vay gi4 tri nho nhit cua P |a%

Bai 29. Cho a,b 12 hai sb thay d6i thod man cac diéu kién a > 0, a + b > 1. Tim gia tri nho

2
nhét caa biéu thac A=S2 0 2
4a
Loi giai.
2
R er+b2:2a+£+b2:(a+ b?)+ (a+£)
4a 4a 4a
Vi
a>0a+b>t= LE 1_—a;;a 4h +a 23 —1+ b E
4da 4da da 4da 4
1 3 1 1 1
> = A+ (a +b? b>) fa —) Hb =)* =
( ) {_F4a 4) « 4a)+( 2) >

Taco a+%z 2 /614_1a 1 (BDT Cé-si cho hai sé khong am): (b—%)z >0

>:25\E
2

D4 u bang xay ra khi a=b

N~

Vay gi4 tri nho nhét cua A 12 g dat dwoc khi a=b

N~

Bai 30. Tim cac sb thuc khdng &m a va b thoa man
3 3 1
a’+b+>)(b*+a+>)=(2a Db =+
( 2 ) =@ ) )
Loi gii.
Va6i moi X, y khdng am, ta cé:
(x— %)2 >0 <=> X’ +% > x(*) D4u bang xay ra <X =% .

ma
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(X=y)?20<=>x"-2xy+y°>0

<=> x> +2xy + y? > 4xy

<=> (X+Y)* > 4xy(**)

DAu bang xay ra & x =y,

Ap dung BPT (¥) v6i x =a va x = b ta dugc

[a2+b+§=(a2 Hhelaeloe
4 4 2 2
) ) 1 1
1b +a+—=(>0" +) a 42— b a 45 Y

3 1,
= (& b Z)(b+g a %) @ b 2’

Ap dung BPT (**) ta duoc:

1, 1Y 1Y 1., 1
(a+b+5) —Ka ij (Je ij} a Ze(b 2)

1 1
=(2a 2)(2b 2)(2)

Tur (1) va (2) ta suy ra: (a° +b+%)(b2 +a+%) =(2a —;r)(Zb —;F)

1
a==
2
Dau bang xay ra khi va chi khi b=% <>a=b==
a+1:b+ 1
4 4

Vay a=b %: la gia tri can tim.

Bai 31. Cho cac s duong a, b, ¢ thoa man ab + bc + ca = 3. Ching minh rang:
1 N 1 N 1
a®+1 b*+1 c*+1
Lo giai.
Gia sir a>b >c , tir gia thiét suy ra ab >1. Ta c6 bat dang thirc sau:
2
1,1 2 (a-bPab-D)
1+a®> 1+b* 1+ab (1+a®)(1+b*)(1+ab)
1 >§

+ >
1+ab 1+4c¢* 2

<=>c?+3—ab>3abc? <=>c? +ca+bc>3abc? <=>a+b+c>3abc

>3
2

>0 (luon dang).

Vay ta can chieng minh:

. o (a+b+c)*>3(ab+bc+ca)=9
Bat dang thic hién nhién dung vi
ab +bc +ca > 3%/(abc)?
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Hay a+b+c > 3>3abc
DA4u bang xay ra khi a=b=c=1
Cho cac s duong a,b,c thoa man a+ b +c = 3.Chtang minh rang:

ab N bc N ca <§
Je2+3 Ja’+3 Jb2+3 2
2
Tacé:mzab+bc+ca: ab bc sa 3
Tacod
ab ab ab ab _1 1,

< = —(= |
J2+3 JcZ+ab+bctca J@+c)b+c) 2 a+c b+c’
1ab+ab bc+bc+ca+ca)=1(%mc)=§
2 a+c b+c c+a b+a c+b a+b” 2 2
Dau bang xay rakhia=b=c=1
Bai 32. Cho a, b, ¢ 1a 3 s6 duong théa mén ab + bc + ca = 3abc. Chizng minh rang:

VT <

a b c 3
2 T2 T3 <5
a“+bc b°+ca c+ab 2
Lo giai.
Tir didu kién d2 bai taco 20+be+ca@_o 1, 1.1 4
abc a b c

Ap dung hai lan bat dang thirc Cosi cho hai s6 duong, ta c6:

1
a® +bc >2+/a’bc = 2a+/bhc 2 é =
a’+bc 2avbc 2+vbc

ii&(lﬁjz a &(Llj
Jo e 2lb ¢ a’+bc 4\b ¢

Tuong tu ta co: b <1(1+1J- ¢ <1[1+1j

b2+ca 4lc a)'c?+ab 4la b
a b c 11 1 1) 3
Suy ra — +— +— P e P
a“+bc b°+ca c"+ab 2\a b c¢c) 2
Bai 33. Cho a, b, ¢ 1a ba sb thuc khéng am va thoa man: a + b + ¢ = 1. Chang minh rang
J5a+4++/5b+4++/5c+4>7
Loi gidi.

a(l-a)>0 |axa’

Vi a, b, ¢ khéng am va c6 tong bang 1 néno<a,b,c<1=>{b(l-b)>0=.b>b’
cl-¢c)>0 |c>¢?

Suyra vba+42+a’+4a+4 = /(a+2)* =a+ 2
Tuong tu~/5b+4 >b+2;+/5c+4 >c+2
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Do d6 v5a+4++/5b+4++/5c+4>(a+b+c)+6=7 (dpcm)
Bai 34. Cho cac s duong a,b,c,d . Chitng minh rang trong 4 s6

a2+1+1;b2+1+£;02+1+£;d2+£+1 C6 it nhat mot s6 khong nho hon 3.
C c d c d a b
Loi giai. Gia sir ca bdn sb déu nho hon 3 thi
Pttt ettt
b ¢ c d c d a b
Mait khac
el doldodlay e el 1
b c c d c d a b a c d

Trai diéu gia st suy ra c6 it nhat mot sé khong nhoé hon 3.

Do 4(a2+b2+c2+d2)2(a+b+c+d)2;1+£+1+£2 4
a b c¢c d a+b+c+d
(a+b+c+d)2 16 16

=Pz + +

4 a+b+c+d a+b+c+d
2?)i/(a+b+c+d)2. 6 16

4 a+b+c+d a+b+c+d
=12

Bai 35. ) Cho cac sb duong a, b, ¢ tiy y. Ching minh rang: (a +b+ c) (l + % + lj >9
a C

b) Cho cé4c s6 duong a, b, ¢ thoa man a + b + ¢ < 3. Chting ming rang:

1 N 2009
a’+b>+c¢> ab+bc+ca
Loi gial.

> 670

a) Ap dung bat dang thuc C6 si cho 3 s6 duong a + b + ¢ > ¥abc; 1.1t 2

a b c {/abe

1 1 1
Suy ra a+b+c)l—+—+—-129

Y ( )(a b c}

Bat dang thizc duoc chitng minh. Dau dang thic xay ra khi vachikhi a=b o=
(a+b+c)2

b) Ta cé ab+bc+ca£a2+b2+c2:>ab+bc+ca£T£3

Suy ra ﬂ2669

ab + bc + ca

Ap dung bat dang thiic trong cu a, ta co
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1 + 1 + 1 (a2+b2+c2+2ab+2bc+2(:a)29
a’+b*+c¢> ab+bc+ca ab+bc+ca

Suy ra ! + 1 > ) >1

2 2 2 - 2
a“+b +c ab + bc + ca (a+b+c)

Do d6 ta duoc ! + 2009 >670.

a’+b>+c? ab+bc+ca

Vay bét dang thire dugc ching minh. Dau ding thae xay rakhivachikhia=b & 1. =

Bail 36. Vi so tu nhién n > 3. Ching minh rang S < .

1 1 R
3(1+J§) 5(\/54\/5) (2rll+ll)(\/;+\/E)

Léi giai.

Vi S =

Ta co:
R =t e
(2n+1)(x/£+x/ﬁ) 2n+1 \/4n2+4n+1
_¥n+1-vn _Jn+i-+n E(L 1 j
Jan? +4n 2dn+14n 2V Vh+l

Do d6 ta duoc

<%kiﬁiﬂi4 FLHJ_}AP ! JL
T2 \/5 \/5 \/g \/; Adn+1 2 n+1 2
m_

n

S

Bai 37. Chtrtng minh rang > , V&i moi s6 nguyén m, n

1
)
Loi gii.
Vi m, n 1a céc s6 nguyén nén % la s6 hitu ti va v2 1356 v6 ti nén % 220,
Ta xét hai truong hop sau
+ Truong hop 1: Vi % > /2, khi d6 ta duoc
m® > 2n’ = m® > 2n’ +1 hay m > v2n® +1

Tu d6 suy ra
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2

2\/Qn +1_\/5: 2+i2_\/§
n n n
1

2+§—2 1

\/2+1112+\/§n2[\/g+\/§J>n2(\/§1+\/§)

+ Truong hop 2: Véi 22 < v2, khi d6 ta duoc
n

m® < 2n’ = m” <2n’ —1 hay m <+/2n* -1

Tu d6 suy ra

1
S _\/2n:l—1 _ _/2 12 _ o

n_
! " \/§+\/2—12

n

Vay bai toan dugc ching minh.
Bai 38. Cho ba sé thuc a, b, ¢ d6i mét phan biét. Ching minh rang:

2 2 2
a b C
+ + >2

(b=c) (c=a) (a-b)
Loi giai.
Bat dang thirc can chirng minh twong duong véi

L a N b N C T>2+2 ab N bc N ca
b-c c—a a-b) (b—c)(c—a) (c—a)(a—b) (a—b)(b—c)
Ma ta lai cé

ab bc ca

(b=e)fc=a) " (e=a)(a-0) (a-D){b-c]

_ ab(a—b)+bc(b—c)+ca(c—a) (a—b)(b—c)gc—a

(a—b)(b—c)(c—a) _(a—b)(b—c)

2
. . . b
Do d6 bat dang thurc trén tro thanh (ba + P } >0.

—-¢ c¢c—a a-b

Bat dang thizc cudi cing 1a mot bat dang thirc dung. Vay bai toan dugc chang minh.
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Bai 39. Cho a, b, ¢ 1a cic s6 thyc duong thay doi théa man a +b+c = 3. Tim gia tri nho
nhat cua biéu thic:

ab + bc + ca
P=a’+b* +c* +

a’b +b’c+c’a
Loi gii.
Dy doan duoc diu dang thic Xy ratai a =b e 1 v&giatri nho nhatcua P 1 4. Ta
quy bai toan vé ching minh bat dang thuc

ab + bc +ca
al+ b+t + . - — >4
a’b+bc+ca

That vay, két hop vai gia thiét ta co
3(a2 +b’ +c2) = (a +b +c)(a2 +b’ +c2)
=a’+ b%* ¢+ a’br b’et c’ar ab™+ bc’+ ca’
Ap dung bt dangr thirc Cauchy ta cd
a’ +ab’ > 2a’b;b® + be® > 2b’c; ¢’ +ca’ = 2c’a
Suyra 3(&2+b2+62)23(a2b+b2c+02a)>0

ab + bc + ca , ab+bc+ca

>a’+b’+ct +
a’b + b’c + c’a a?+b’ +c?

Phép ching minh s& hoan tat néu ta chi ra dugc

Do d6 ta duoc a’ +b* +c* +

ab + bc + ca
a2+b2+C2+ﬁ 24
a“+b” +c

9—(a2+b2+c2)

2(a2+b2+c2) =4

Hay a’+b’+c*+

bat t =a’ + b’ +¢’.
Tl‘Igiéthiét a+b+c=3=a>+b> +c¢* >3, do dotaduoc t >3
B4t dang thtc trén tro thanh

t+ﬁz4<:>2t2+9—t281;<:>(t—3)(2t—3)20
2t

Bat dang thuc cudi ciing ludn dang do t > 3. VAy bai toan dugc chirng minh xong.
Bai 40. Cho biéuthac P =a’ +b* +¢* +d* +ac +bd, trong d6 ad —bc = 1.
Chang minh ring: P > /3
Loi gidi.
Taco
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ac + bd ’ +(ad —bc g a’c® +2abed +b*d® +a’d* 2abed +bc?
(ac+bd)
=a’ (c2 +d2) +b? (d2 +02) :(a2 +b2)(c2 +d2)

Vi ad —bc =1 nén 1+(ac+bd)2 =(a” +1?)(c* +d?) (1)

Ap dung bat dang thirc Cauchy ta dugc

P=a’>+b>+c> +d*> +ac+bd 22\/(a2 +b2)(c2 +d2) +ac +bd

Suyta P > 2\/1+(ac+bd)2 +ac+bd.REraNg P > 0 Vi 2\/1+(ac+bd)2 > [ac + b
biat x = ac bd, khi d6 ta dugc
P>2V1+x* +x < P? 24(1+x2)+4><\/1+x2 + x2 =(1+ x2)+ 4x\1+ x*+ 4x*°+ 3

2
Hay P? > (\/1 +x2 + 2x) +3>3.Dodé taduoc P >3, Vay bat dang thtc duoc ching

minh. Dang thtc xay ra khi va chi khi

ad—bc=1
2a=\/§d c -
2b-= \7/—50 d

Bai 41. Goi a, b, ¢ 1a d6 dai ba canh cua mét tam giac c6 ba géc nhon. Chieng minh rang véi
moi s6 thuc X, y, z ta ludn co:

x> +y2 _'_z2 S 2x* +2y° +27°
a’ b* a’+b’>+c’
Loi giai.

Via’+b’+c¢* >0 néntacod
X2 y2 Z2

(32+b2+02) —2+—2+—2

a b C

2[5 b® +¢* —a’ 2| 5 a’+c’—b’ 2[5 a’+b’—c’
£ X —a£—+y —b£—+z —_—

C

b2+cz—a2 a2+<:2—b2 8,2-|'b2—(32
2 2 2 2 2 2
= 2% +f2y +27° 4+x (—2 + y — + 7 C—2

Giasr a <b<c, khidd ¢ —a’ > 0; ¢ —b*> > 0. Véi ¢ la canh 16n nhat va cac goc déu
nhon nén ¢* < a> + b*. Do do ta cb
b*’+c*—a’>0;a*+c°—=b°>0;a*+b°—c*> >0

Suyra
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2 2 2 2 2 2 2 2 2
+c - +c’ - +b’ -
2 42y + 227 4 5 (u} oy [u} L (uj

a b’ c
> 2x° +2y° + 27°

2 2 2

2 2 2\| X y Z 2 2 2
Hay (a +b” +c )[§+§+C—2]>2x +2y° + 2z

2 2 2 2 2 2
Hay X2 + yg + Z2 2x 2+ 2}; al 22Z . Bai toan dugc chirng minh xong
a~ b c a~+b +c
Bai 42. a) Cho k 1a s6 nguyén duong bat ki. Chirng minh bt dang thtc sau:

1

(k+1)&<2(j£‘ﬁj

b) Chirng minh rang: %Jr

88

1
< —
20102009 45

1 1
- + —_ + cee
V2 43
Lo giai.
a) Bat dang thirc can chimg minh twong duong véi

(k+1)\/£ <2 \l/{f\}k_—fl\/i <:>2k+1—2,/k(k+1) >O<:>(x/ﬁ—x/§)2 >0

Bat dang thirc cudi cung ludn ding véi moi k nguyén duong.

Vay bat dang thic duoc ching minh.
b) Ap dung két quéa cau a ta c6

VT =

111 1
: : A
N1 32 43 2010+/2009

<2(i—L + 2 L—LJ+-~+2( L ]
JiV2) W2 8 V2009 /2010
<21 -2 v

1
V2010 45 45

Vay bét dang thie dugc chitng minh xong.
Bai 43. Véi a, b, ¢ 1a nhitng s6 thuc duong. Chang minh ring:

=2]1-

a’ b? ¢’ >a+b+c

+ + >
J3a2 +8b% + 1dab  v/3b? + 8¢ + 1dbe V3¢ + 8a® + 14ca 5
Loi gidi.
Ap dung bat dang thirc Cauchy ta dugc

2 2 _ 2 2 2 2 _ 2
3a? + 8b% + 14ab = 3a + 8b” + 12ab + 2ab < 4a” + 9b +12ab—(2a+3b)
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2 2 2
a a a
>

\/3&2 +8b? +14ab (Qa + ?,b)2 ~ 2a+3b

Suyra

Ap dung tuong ty ta thu duoc

a’ b? ¢’
+ +
J3a2 +8b> +14ab  V3b® + 8¢ +14be V3¢ + 8a” + 1dca
a’ b? ¢’
>

> + +
2a+3b 2b+3c 2c+3a
Mt khac theo bt diang thic Bunhiacopxki dang phan thic ta duoc

2
a’ N b’ N c’ >(a+b+c) _a+b+c
2a+3b  2b+3c 2c+3a_5(a+b+c) 5
Do d6 ta duoc
a’ b? c? a+b+c
+ + >
J3aZ +8b% +14ab V3D +8c? +14be  v/3¢® + 8a® + 1dca 5

Viy bai toan duoc ching minh xong. Pang thic xay ra khi vachikhi a=b o=

Bai 44. Gia st X, y, z 1a nhitng sb thuc thoa man diéu kién 0<x, y, z<2 Vax+y+z=3

. Tim gi4 tri nho nhat va 16n nhat cua biéu thic:
M =x" +y" +2' +12 (1 —X) (1 —y)(l —z)

Léi giai.

Pita=x Lb—y #c 2z 1,tadugc —1<a;b;c<1Vvaa+b+c=0.Biéuthac

M duoc viét lai thanh
M=a' b -|4(a3 b’ —Ie?’) -|6(a2 b’ -IEZQ) 44(& +b -Ie) $ 42abc
Péylakhi a+b+c=0 thi a’+b’+c’ —3abc = 0 nén biéu thirc trén thi thanh
M=a'+b* +c* +6(a2 +b’ +c2) +3

Theo mét danh gia quen thudc thi

a'+b' +c¢' 2abc(a+b+c) =0

a’+b’ +c Zl(a+b+c)2 =0

3

Do d6 suy ra M > 3 hay gia tri nho nhat caa M 1a 3.
Ping thic xay rakhivachikhia=b e Ohayx=y = 1. =
Mat khac do —1 < a; b; ¢ <1 néntaco |a|; |b|; |(:| <1.Tudotacd

a' Sa2ﬁ|a|;b4sb2 S|b|;c4£c2 S|c|
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Suyra M=a' ' +«' +6(a2 b’ +e2) +3 §7(|a| %b| +\<:|) 3

Matalai cd a + b +c =0 nén trong ba sé a, b, ¢ c6 mot hoidc hai sé am, tic 13 ludn
ton tai hai s6 clng dau. Khdng mat tinh tong quat ta gia st hai s6 d6 1a b va c. Khi d6 ta
duoc

bl +[c| =[b+¢[ =z
Pén diy taco M < 14|a| +3 <17 hay gié tri I6n nhat cia M 1a 17. Bang thtc xay ra khi va
chikhia=%kb =1c Ovacachoanvihay x=2;y 0;z 1 vacachoanvi

Bai 45. a) Cho 3 s thuc a, b, ¢ bat ki. Chirng minh rang:

2 2 2
a’+b>+¢’ 2ab+bc+ca+(a_b) +(b_c) +(C_a)
26 6 2009

b) Cho a > 0; b < 0. Chang minh rang 1,
a

Lo giai.
a) Bat dang thuc can ching minh twong duong voi

(a—b)2 +(b—c)2 +(c—a)2 S (a—b)2

2 2
N +(b—c) +(c—a)
2 2 2 26 6 2009

ay 12(a~b)’ ) (b-c) ) 2007 (c —a)’ .
13 3 2
Bat dang thirc cudi cung ludn ding.

Viy bai toan duoc chirng minh. Pang thic xay ra khivachikhi a=b =

b) Bat dang thirc can chimg minh twong duong véi

1 2 8
—+—2>
a -b 2a-b
Pit ¢ = b, do b < 0 nénta dugc ¢ > 0, khi d6 bat dang thirc trén dwoc viét lai thanh
1.2, 8
a ¢ 2a+c

Theo mét danh gia quen thudce ta dugc

1 2 2 2 2.4 8

—+Z=2 £ 2 =

a ¢ 2a ¢ 2a+c 2a+c
Vay bt dang thtrc dugc ching minh. Pang thire xay ra khi va chi khi 2a = .
+ﬂ = 1. Chttng minh ab® < 1
1+a 1+Db 8

Léi giai.

Bai 46. Cho a, b 1a c4c s6 duong théa man
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a +ﬂ:1.f)étx: a ;Y LSuyraa: x ; b Y =
1+a 1+b 1+a 1+b 1-x 1-y

T gia thiét
Khi d6 ta dugc x + 2y = 1 va bat dang thirc can ching minh duoc viét lai thanh

Xy2

()]

Turgiathiéttasuyra 1—x = 2y; 1 —y = x +y nén lai viét bat dang thiic can chimng

<

o | —

minh thanh

X—f3%<:>4xy£(x+y)2

2
2y (X + y)
Panh gia cudi cung 1a mot bat dang thirc dung. Vay bai toan dugc ching minh xong.
Pang thire xay ra khi va chi khi a = b.
Bai 47. Cho x, y, z 1a cac sb thie duong sao cho xyz = x +y +z +2. Chirtng minh rang:

1 11

+ + <

Jxy vz mx
Léi giai.

1 1

Gia thiét cita bai toan duoc viét lai thanh —— + —— 4+ 5 _1
x+1 y+1 z+1

3
2

1 1

biat a = b e .Khidotadaoc a+b+c=1.Tudosuyra
x+1 y+1 z+1
1-a b+ec 1-b c+a 1-¢ a+b
a a b b C a

Bat dang thizc can chirng minh duoc viét lai thanh

\/(b+c2;l()c+a) +\/(c+a;)€a+b) +\/(a+bc)?b+c) Sg

Ap dung bt dang thirc Cauchy ta dugc
\/ ab l(L+L]
(b+c)(c+a)_2 b+c c+a
bc 1{ ¢ b
\/(c+a)(a+b) §(m+m]
ca lf_a ¢
\/(a+b)(b+c) 2(a+b b+cj

Cong theo vé cac bat dang thuc trén ta duoc

A

IA

IN
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J(MT()H&) *J(Ha}))(cmb) +\/(a+b(;?b+c) 5

Vay bét dang thirc dugc ching minh. Pang thire xay ra khi va chi khi a = b
Bai 48. Cho cac sb thuc khdng &m a, b, ¢ sao cho ab + be + ca = 3. Ching minh rang

= 2

21 +21 +21 <1
a“+2 b"+2 ¢ +2

Lai giai.
Bat dang thuc can ching minh twong duong voi
2

2 2
f + 2b + ZC >1
a“+2 b "+2 ¢ +2

Ap dung bat dang thixc Bunhiacopxki dang phan thirc ta duoc

a2 b2 c? S (a+b+c)2

2
(a+b+c)
2 T3 T3 =2 2 2 T2 2, 2 =1
a“+2 b"+2 ¢ +2 a"+b"+c"+6 a‘+b +c +2(ab+bc+ca)

Bai 49. Cho X, y, z 1a cac sb duong thoa man x + 2y + 3z = 18 . Chirng minh rang:

2y+3z+5+3z+x+5+x+2y+5 >E
1+2y 1+3z 7

1+x
Loi giai.
Pita=x;b 2y;= 3x,khidégiathiéttrg thanh a + b + ¢ = 18 va bat dang thuc

duc_rcviét lai thanh
b+c¢c+5 c¢c+a+b a+b+5_ 51

1+a 1+b 1+c

Bat dang thuc trén tuong duong voi

b+c+5+1+c+a+5+1+a+b+5+1zg+3
1+a 1+b 1+c¢ 7
Hay (a+b+c+6) L + L + L ZE
1+a 1+b 1+4c 7
Phép ching minh s& hoan tat néu ta chi ra dugc
1 N 1 N 1 Z§
1+a 1+b 14c¢c 7
That vay theo bat dang thirc Cauchy ta co
1 1 1 S 9 :i: §
2 7

+ + >
1+4a 1+b 14+c¢c 3+a+b+c

Vay bai toan dugc ching minh.

Pang thic xay rakhivachikhia=b e 6 hayx=6;y 3= 2.
TAI LIEU TOAN HQC
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Bai 50. Gia s X, Y, z 1a cac s6 thuc duong thoa man diéu kién x +y +z =1.

ny+z +\/2X2+2y2 51

Loi gii.
Ta s& quy bai toan vé viéc chirng minh bét ding thuc cung bac 1a

\/xy+z(x+y+z)+\/2X2+2y2
>

x+y+z+\/§ B
<:>\/(X+Z)(y+z)+\/2}<;2+2y2 2X+y+z+\/g

Str dung bat ding thire Cauchy tacod /2x* +2y° > x+y
Do d6 ta chi cAn chieng minh \/(z + x)(z + y) > 7+ /Xy

Chting minh rang:

Bat dang thire trén twong duwong voi

z2+xy+z(x+y)222+xy+22 Xy @z(\/;—\/;f >0

[

Bai toan duoc chirng minh hoan toan. Pang thic xay ra khi x =y -z 0. =

2

Bai 51. Cho , Y, Z 14 céc 6 duong thoa man x + y +z = 18v2 . Ching minh ring:

Flrer) Frlrex) Jolxry) 4
Lo giai.

Bat dang thuc can ching minh twong duong voi

1 1 1 1
+ + >
\/QX(y+Z) \/Zy(z+x) \/2Z(X+y) 4\/5

Ap dung bt déng thuc Cauchy ta ¢ 2,/2x (y + z) <2x +y+2,do dé ta duoc

1 S 2
\/2x(y+z) 22X 4y 4z

Hoan toan twong tu ta duoc bat dang thirc

1 1 1 ( 1 1 1 ]
+ + >2 + +
\/QX(y+Z) \/Qy(z+x) \/QZ(X+y) 2x+y+z X+2y+z X+y+2z

Phép ching minh s& hoan tat néu ta chi ra dugc
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1 N 1 N 1 > 1
2x+y+z X+2y+z x+y+2z 8\/5
That vay theo bat dang thizc Cauchy ta duoc
1 1 1 9 9 1
+ + > = =
2x+y+z X+2y+z xX+y+2z 4(X+y+z) 4.18\/5 8\/5

Viy bai toan duoc chirng minh xong. Ding thuc xay rakhivachikhi x =y =z 6\/;.

Bai 52.a) Cho 2 sé duong a va b. Chirtng minh rang : LI
a+b 4la b

. . 1 1 1 N O £
b) Cho 3 s6 duong x, y, z thoa man —+ —+ — =2010. Tim gia tri l6n nhat caa
X yV z

biéu thitc: p-—*+ . 1
2x+y+z x+2y+7z X+y+2z

Loi giai.
a) Bién d6i twong dwong bat dang thic trén nhu sau

ibsi[l+%j<:>4abs(a+b)2<:>0£(a—b)2
a a

Bat dang thirc cudi cung ludn ding. Vay bai toan dugc chimg minh. Dang thirc xay ra
khi va chikhi a = b
b) Ap dung bt dang thirc trén ta duoc

1 1 1 1 1(2 1 1
— <= + <—|=+=—+-
2x+y+z 4{x+y xX+7z 16{x y =z
Hoan toan tuong tu ta dugc
x+2y+z 16(x y z) x+y+2z 16\x y =z

Cong theo vé cac bat dang thirc trén ta duoc

p__ 1 1 1 1%1 1 1} 2010 1005

_2X+y+z X—I|-2y+z X—I|-y+2z 4

X y Z 71 2

Viy gi tri 16n nhit ciia P 1 % Péng thirc xay rakhivachikhi x =y = 670

Bai 53. Cho a, b, ¢ la ba sb thuc duong thoa man a + b + ¢ = 2. Tinh gia trj 16n nhat cua

biéu thuc: P= ab + be + 2
\/ab+2c \/bc+2a \/ca+2b
Loi giai.
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Déy déngiathiét a+b+c=2taco ab+2c=ab +(a b 4] b e)(c a)
Do d6 theo bat dang thirc Cauchy ta duoc
ab ab 2ab  2ab

Jab +2¢ _\/(b+c)(c+a) b+c c+a

bc < 2bc  2bc ca < 2ca  2ca
Jbet2a a+b c+a Jearoh a+b b+c
Cong theo vé cac bat dang thie trén ta dugc

Hoan toan tuong tu ta dugc

ab bc ca 2ab  2ab 2bc 2bc 2ca 2ca
+ + < : : = : +
\/ab+2(: \/bc+2a \/CEH_Qb b+c c+a a+b c+a a+b b+c
=2(a b o %

Hay P < 4. Vay gié tri Ion nhat cua P 1a 4.

Dang thuc xay rakhivachikhia=b & % =

Bai 54. Cho a, b 1a cac s6 thyc duong. Tim gid tri nho nhat cua biéu thic:

B \/ a’ 4b*
a’+8b” 4 (a + b)3

Lo giai.
4p°
Biéu thire P duoc viét lai 13 P = |+ a’y
8b° | bY
L+ = 4 (1 + J
3
a a’ a

Dit t = D s Khi do bit dang thtre duoc viét lai 1a
a

1 4t
P = \/ 3 tl 3
L+8t t* + (1 + t)
Ap dung bat dang thirc Cauchy ta c6

2 + 4t? ’
1+ 8t =(1+21;)(1—2t+4t2)su

Suyra \/132 12: 12
1+ 8t (1+2t2) 1+ 2t

- (1+2t2)2
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3 2
' Ta s€ chiing minh 4t S 2 2t 5
t* + (1 + t) L+2¢

That vay, bat dang thuc trén twong duong voéi
3 2

4t > [ 2 2

4+ (1+t) A1+

2
J <:>(1+21;2)2 2t4+t(1+t)3 <:>(t—1)2(2t2+t+1)20

Bat dang thirc cudi cing dung véi moi t.

Do d6 ta duoc
3 2
P:\/ 1 4t 12
1+ 8t t3+(1+t)3 1+2t° 1+2¢

Vay gia tri nho nhat cua biéu thac P 1a 1. Bang thac xay ra khi va chi khi a = b
Bai 55. Cho cac s6 thuc duong a, b, ¢ théa man ab + be + ca = 5. Tim gia tri nho nhat caa

biéu thuc: P = 3a+3b+2c
\/G(aQ + 5) +\/6(‘b2 +5) i /CQ 45
Loi giai.

Tir gia thiét ab + bc+ca = 5 taco
a’+5=a’ 4ab 4bc 4ca :<a h})(c &)
Ap dung bt dang thic Cauchy ta c6

\/6(a2+5)=\/6(a bJ)(c a} 3i(a+b)+2(c+a):5a+3b+2c

2 4

Chtng minh tuong ty ta dugc

6(b2+5)£3a+52b+20; msa+l;+20

Cong theo vé cac bat ding thic trén ta duoc

\/6(a2+5)+\/6(b2+5)+ 215 sw

2(3a +3b+2c
Suyra P = 3a+3b+2c S ( ):g

\/6(a2+5)+\/6(b2+5)+«/c2+5 9a + 9b + 6¢ 3

Vay gia tri nho nhat caa biéu thuc P 1a %
bang thac xdy rakhivachikhia=b 1=c 2. =

Bai 56. Cho a, b, ¢ 1a sé thuc dwong. Chirng minh rang:
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2ab N 3bc N 3ca L +2b+ 3c
3a+8b+6¢c 3b+6c+a 9c+4a+4b 9
Lo gial.
Pit x =a;y 2b;z 3c, khi dé-bat dang thic trén dugc viét lai thanh

Xy N V7 N ZX cXHy+z
3x+4y+2z 3y+4z+2x 3z+4x+2y 9

Ap dung bat dang thirc Cauchy ta dugc

Xy B Xy <Xy 1 N 2
3Xx+4y+2z Xx+2y+x+y+z+x+y+z 9| x+2y xX+y+z

<Xy 1i2+ 2 _2x+y | 2xy
9 9X|9y X+y+z 81 9(Ix+y+z)

Hoan toan tuong tu ta duoc

V7 < 2y+z+ 2yz. ' ZX < 22+X+ 27x
3y +4z+2x 81 9(X+y+z)’3z+4x+2y_ 81 9(X+y+z)

Cong theo c4c vé cau ba bat diang thuc trén ta duoc

Xy N VZ N zX <X+y+z+2(XY+yZ+ZX)
3x+4y+2z 3y+4z+2x 3z+4x+2y 27 9(X+y+z)
2
) (X+y+z)
Ma theo mot danh gia quen thudc ta lai co Xy+yz+zng
2|xy + yz + zx 2|x+y+7z
Do dé ta s XTYTZ ( )Sx+y+z+ ( ):x+y+z
9(X+y+z) 27 27 9
Suy ra Xy N V2 N zX cXty+z
3x+4y+2z 3y+4z+2x 3z+4x+2y 9

Hay bat dang thirc dugc ching minh. Pang thuc xay ra khiva chi khi a =2b  3c=
(1+ij(1+ij(l+ i} > 7—29
.. , . N as ok c*) 512
Bal 57. Ching minh rang:
Trong d6 a, b, ¢ 1a cac sb thuc duong thoa médn: a+b + ¢ = 6.
Loi giai.
(1+i3j(1+ isj(l+i3j > 7—29 > 7—29
a b c 512 512

11 1 101 1 1
= A=k ? F = a¥® b ca®) a¥®hcd

Ap dung bt dang thirc C6 — si cho hai tong trong diu ngoic ta duoc:
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3 3 1 1Y
A>1+ + + =1 +4
abc a’b’c? a’h’c’ ( abcj

Lai theo bat ding thirc C6 —si ta duoc:

3
A21+3+ 3 + 1 =(1'1j

abc a’b’c* a’h’c’ abc
3
Lai theo BDT C6 - si ta cd: abc S(a+b+cj =8, hay—lz 1.
abc 8
3
Suy ra: A2(1+%j :;—ig . Pang thuc xay rakhia=b = 2.

Bai 58. Chobasd a, b, cthéamin: 0<a<2,0<b<20<c<2vaa+b+c=3.Chitng minh

ring: a° + b+ c*< 9.
Lo giai.

Giai sira=max(a, b, ¢) ; c=min(a, b, c).

0<c<l<ax2

l<a<2=(a-2)(a-1)<0=a’<3a-2
Viatb+c=go=2<32°-2a<3(3a-2)-2a=7a-6=2a’<7a-6. ()

Mat khac: 0<c<l=c’<c. (2)

Néy 0sb<1=b’<b (3)
T (1), (2)va(3)taduoc:a®+b*+c®< 7a-6+c+b=6a-3 <9
Néu 1 < b < 2 thi twong tw ta cd: b®< 7b -6 (4)
Tu (1), (2) va (4) ta duoc:
a®+b*+c®<7a+c+7b-12=21-6c-12<0.
Vaya®+b®+c< 9.
Bai 59. Cho a, b, ¢ 1a c4c s6 duong. Chirng minh rang:

a + b + ¢ <1
a+.(@a+b)(a+c) b+y(b+c)bra) c+i/(c+a)c+b)
Bai lam.

Ap dung BDT Bu-nhi-a-cp-xki cho hai cap sé: (Va,vb) va (Jc,+/a) ta co:
Jb+c)(b+a) >+/(Vac ++/ab)? =+/ab  +ac,

Do do: a+/(0+c)b+a) >a++/ab++/ac, 5

a - a _ Ja
a+\(a+b)(a+c) a+Jab+bc a+vb+c

N

b b .
Tuong ty ta c6: F (b+C)(b+a)S\/5+\/5+\/E’ C+ (C+a)(c+b)£\/§+
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Cong theo vé cac BDT trén ta duoc:

a b c
a+./(a+b)(a+c) +b+\/(b+c)(b+a) +c+\/(c+a)(c+b)
Ja Jb Je Va+ib+e

< =1

Ja+ b+\ﬁ+\/§+\/5+\/6+\/§+ b+vc ~a+vb+c

Vay bét dang thtre da cho duoc ching minh.

Bét diang thuc Bu-nhi-a-cop-xki tré thanh ding thie khi a? = bc , b>=ac, c® =ab, suyraa =

b=c.
Vay dau “=" cua Bat dang thic xay rakhia=b = c.
Bai 60. Cho X, Y, z 1a c4c s6 thuc thoa mén cac diéu kién sau: x +y +z =0,
x+1>0,y+1>0,y+4>0. Hay tim gié tri 16n nhat cua biéu thuc:
X,y 1
X+1 y+1 z+4

Lai giai.
bita=x 1k+y k¢ z 4thia>0,b>0,c>0vaa+b+c=4

_a-1 b-1, c—4=&(L%Fﬂ); o L 14 4 4 16 8
a

a b c a+b ¢ a+b+c 3

Vay MaxA = % khix=y= —% va z=1.
Bai 61. Cho x, Y, z 1a 3 s6 thuc duong thoa man diéu kién: x + y + z = 3. Tim gié tri nho
1

1,11
NERN TN

nhét cua biéu thirc: P =
Bai lam.

= x+\/§+\/§£3

Do d6: Pzi L L 9 9

= += = 2=
Ix Jy Nz Ix+y+dz 3
Vay: minP =3
Bai 62. Cho a, b, ¢ la cac s6 thuc dwong. Ching minh rang:

Tachd 3=x+y+z2>

(5]
3

3

al+b®+c® a’+b* b?+c? cz+a2>9

+— 5 +— >
2abhc cc+ab a“+bc b°+ac 2
Bai lam.

a2 b> ¢ a’+b® b*+c® c’*+a’
= + + +— +— +—
2bc 2ac 2ab c“+ab a“+ac b°+ac
a’+bc b*+c® b*+ac c*+a® c*+ab a*+b* 3
= +— + > + +—
2bc a‘+bc 2ac b* +ac 2ab c-+ab 2
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Ap dung bt dang thic Co - si ta co:

a’+bc  2bc b’+ac  2ac c’+ab 2ab 3
A= +— + +— + +— —-—
2bc a“+hc 2ac b +ac 2ab c+ab ) 2

Ap dung bt dang thirc C6 — si cho cac cap s trong ngoic ra co:
A>2+2+2 —E = g
2 2
Pang thic xay rakhia=Db =c.
Bai 63. Cho a, b, ¢ 1a cac sb thuc khac 0. Tim gia tri nho nhat cua biéu thuc:
a’ b? c
= + +
a’+(b+c)® b*+(c+a)® c*+(a+h)’

Léi giai.

2

Ap dung cac bit dang thuc:
(b+c)* <2(b*+c®); (a+b)*<2(a’+b?); (c+a)®<2(c*+b?), taco:

a’ b? c?
> + +
a’+2(b*+c®) b*+2(@*+c?) c*+2(a’+b?) hay

a’ b? c?
T+32| 5t s T o5z oy L
a“+2(b°+c?) b*+2(a”+c°) c +2(a”+b?)

2 1 1 1
==.5@° b? +c? + + .
5 ( ){a2+2(b2+cz) b? +2(a® +c?) c2+2(a2+b2)j

Ap dung bt dang thicc C6 — si cho ba bo s6 duong m, n, p va 111 duoc:
mn p

3

2
1 1 1 1 T+32-9<T2>-—.
m+n —+=+=|>3.3mn / =9.Suy ra: S S
(m+ +p)(m+n+pj psmnp y

Ping thiac xay rakhia=b=c

Vay gié tri nho nhat caa T 1a g khia=b=c.

Bai 64. Gia st X, y, z 1a cac s6 thuc duong thay doi thoa mén diéu kién xy?z2 + x?z +y = 3z2.
4
Tim gia tri lén nhat cua biéu thuc: P =%.
1+2°(x"+y7)
Loi giai.

A S S 1 1
bicu kién co the viét lai la: xy? +x*.=+y.— =3
7 Tz

Biéu thuc P ¢6 dang: P =4 bit

4 4
Sty

! 1 =t ta thu duoc bai toan sau:
Z

“V6i X, Y, t 1a cac s6 duong thoa man: xy? + yt? +tx? = 3.
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7
tt+xt +y?

Theo BDT C6 — si Cd — si cho 4 s6 duong ta c6:

Tim gi4 tri 16n nhat cua biéu thic: P =

X+ y*+ vt +1> 4xy?
vttt 1> 4yt? = 3(x Fyt ) 43> 4(xyt + yt? +ix*) =12
t*+ x* + x* +1> 4tx°

1

1
x4 + v 43_'
y'+z" 3

=>x'+y'+2' 23>
Vay P :% dat dugckhix=y=z=1
Bai 65. Giai sir X, y & cac s6 khong am thay ddi thoa mén diéu kién: x2 +y? =1.

1. Chang minh rang: 1<x+ys<v2.
2. Tim gi4 tri 16n nhat va gié tri nho nhat cua biéu thuc:
P =1+2x +1+2y.

Loi gidi.
T (x+Y)2<2(x*+y?) =2 suy ra; x+y<+2
1

V2

Pang thic xay ra khi x=y . Matkhéc: (x+y)’=x% y% 2xg+1 2y 1Suyra:

X+y2>1.

Diang thic xay ra khi x = 0 hoicy = 0.
2.Tach: PP =2 2(x y} 2L 2(% y} 4xy.
Do x+Yy<+2 va 4xy <2(x*+y?) =2 suy ra:

P2 <2422 4 214 24242 = P <2+ 242 + 23+ 242 Dat duoc khi x =y %

Mat khac: x+y>1 VA 4xy>0nén P2>2+2+2\1+2+0 = P >+/4+24/3.

Vay P =4 2J3. datduockhi x=0 hoic y=0
Bai 66. Tim gia tri 16n nhat cua biéu thac: T =2ac bd «d , trong d6 cac sb thuc a,
b, ¢, d thoa mén diéu kién 4a?+b’>=2vac+d=4.
Loi giai.
Véimoia, b,c,deR taco:

2
(2a—%)220 2acs4a2+% (1)
d,, , d?
(Ob-2Y20 e bdsb’+— ()
(c-d)?>0 c+d)? cd
d<! 8) 5 e
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Cong theo vé (1), (2) va (3) ta duoc:
2 2 2 2
T-2ae bd ck 4a% bt S0 % D g ppy 3Crd)
4 4 2 8 8

T = 8 khi va chi khi xay ra déng thoi cac dau “=" & cac BPT (1), (2), (3). Ttc la khi

2
3.:4 8.

a:%,b < d =2 .Vaygiatrilonnhatcua T1a 8.

Bai 67. Cho a, b, ¢ 1a d6 dai cac canh va p 1a nita chu vu tam giac. Ching minh rang:
1 1 1 (1 1 1)
+ + 22| —+—+—|.

p-a p-b p-c \a b c
Loi giai.
Nhan xét: V6i x , y 12 cac sé duong thi =+ >—%__ Tir nhan xét nay ta c6:
X Yy X+Y
1,1 4 _4,
p-a p-b (p-a)+(p-b) c
Tuong tu ta co: ! + L zi; L+ 1 zﬂ.
p-b p-c a p-c p-a b
Cong theo vé cac bat dang thie trén ta dugc:
1 1 1 (1 1 1)
+ + >2| —+—+—|.
p-a p-b p-c a b c
Bai 63. Ba s6 duong x, y, z thoéa man hé thuc: 1,23 6. Xétbiéuthic: P>x+ y? +12°
X y z

1)  Chiéng minhrang: P> x+2y+3z-3.
2)  Tim gié tri nho nhat caa P.
Loi gii.
1. Theo bat dang thac CO —si, ta c6: P+3> x+ (Y2 +1) + (X +1+1) > X+ 2y + 3z
Suyra P>x+2y+3z-3. (dpcm)
2. Ap dung két qua trén két hop bat dang thic Bu-nhi-a-cop-xKki ta co:

1 2 3 1 2 3)
6(P+3)2(x+2y+32)[;+§+;j2(\/§.ﬁ+\/ﬂ. §+\/37z\/;] =36

Hay P > 3. Vay MinP = 3 dat dugc khix=y=z=1.
Bai 69. Cho X, Y, z 1a c4c s6 duong théa man diéu kién X + y + z = 6. Tim gia tri nho nhat
., X3 y3 Z3
cua biéu thic: Q = + +
y+Z Z4+X X+Y

Lai giai.
Str dung BPT Cb — si cho ba sé dwong ta c6:
3 3
AN S P M Ry B
y+12 2 y+z 2
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3 3
Tuong tu ta co: y +ﬂ+223y; L XY 053,
Z+x 2 X+Y 2

Cong theo vé ba bat dang thirc trén ta duoc:
Q+X+y+z+623(Xx+y+2)=>Q=>2(X+y+2)—-6=>6.
Pang thic xay rakhix =y =z = 2.

Vay Qnin=6 khix=y=2z=2.

Bai 70. 1) Tim gia tri nho nhat caa ham s&: y=~+/x> x+1+v%* Xx— 1+
2) Cho ba s6 thyc x, y, z d& 16n hon 2 va théa man diéu kién:
1.1 Chung minh rang: (x - 2)(y - 2)(z - 2) < 1.
X y z
Pang thirc xay ra khi nao?

Loi gii.
1) Tap xac dinh cua ham sé y 1a R . Nhan thdy y > 0 v&i moi gid tri cia x nén dé tim gia tri
nho nhét cua y ta di tim gia tri nhé nhét caa y?.
Ma: y2=2x¢ 2 2/0¢ % BOC % = 2X° +2+2Jx* +x2+12 4,
Dau “=" xay ra khi x = 0.
Vay Ymin=4 khix = 0.
2)ybata=x-2,b=y-2,¢c=z-2. Taphai chitng minh: abc < 1.

Thatvatte: t+t4togo 1, 1

X y z a+2 b+2 c+2
Theo bat dang thirc C6 — si:
1 (1 1 1 1) 1 b c be
o 5 hid > 50 = @)
a+2 (2 b+2) \2 c+2) 2(b+2 c+2) \(b+2)(c+2)

- - 2); L ab ©

Tuong tu taco: P+2 V(c+2)(@+2) c+2 \(a+2)(b+2)

Nhan (1), (2) va (3) theo vé ta dugc diéu can chiang minh.
bang thiac xay rakhia=b=chayx=y=z=3.
Bai 71. Cho cac s duong x, y, z thay doi thoa man diéu Kién (x+y+z)xyz=1 . Tim gié tri
nho nhat caa biéu thic: T = y)x  2)
Loi giai.
Ta co;
T=(X+)(X 42) =xX(x ¥ 2) ¥z 2yx(x ¥ #).yz 2

X(Xx+y+z)=1.
F=2 = yz 1
X, y,2>0.
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A rs . 2)=1
Chon y =z = 1. Thi diéu kién tré thanh: {X(X: é ox=42 &
>

Vay gia tri nho nhat caa T 14 2 ching han khi (x;y;2)=(2 113
Bai 72. Choa, b, ¢ 1a cac sb thuc dwong. Tim gia trj 16n nhit caa biéu thic:

_ab+bc+ca+(a+b+c)2

P—
a’+b*+c? abc

Loi giai.
Nhan thay véi X, v, z 1a cac s6 thuc duong ta cé:

i) (x—y)220c>x2+y222xy<:>5+222 )]
y X

i) (1+1+1j(x+y+z)=s [3& L} (3& Z-a [3’- 5% e + 11 2% opiu
a b c y x) \z x) lz vy X YV Z X+y+z

i) (X=y)?+(y-2)2+(@2Z-x° 20 x> +y* +2° > Xy + Yz +2X (3)
“="xay ra ¢ (1), (2) va (3) khi va chi khix =y =z.
Ap dung céc bt dang thuc (1), (2), (3) vao bai toan ta co:

p-abrberca oy (1, 1 ij+ abrbetea a2 b2 )4 18
a‘+b“+c ab bc ca a‘+b“+c ab+bc+ca

+18>2+8+18=28.

_[ab+bc+ca a’+b’+c’) 8(a’+h*+c?)
a?+b>+c2 ab+bc+ca ab+bc+ca

2 2 2
P_28c a‘+b“+c _ab+bc+ca<:>a=b=c.
ab=bc ca&
Vay gié tri nho nhat caa P la 28 khia=b = c.

_ 4 Y _ 54
8 x4+8 y4+8 2420 M)
16+x" 16+y" 16+z

Tim gia tri I6n nhat va gia tri nho nhat caa biéu thic P = xyz

Bai 73. Cho x, y, z 1a cé4c s6 thuc thoa man:

Loi giai.
Ta co:

_ 4 4 _ 4
(R 8 X4+1+ 8 y4+1+ 8 Z4+1 >3 ! T+ L T+ ! 42E (2)
16+ x 16+y 16+z 16+x* 16+y" 16+z" 8
1 S 1 1 +(i_ 1 j_l y* z* )
16+x* (16 16+y* 16 16+z°) 16(16+y* 16+7°

4 4 2,2
Ay ; .z y 12 y? (BDPT Cauchy)
16\16+y* 16+z') 8 [(16+y*)(16+12%)

Tir (2) suy ra:

Tuong tu ta co:
1 .1 xz* 1

>, 4); 5
16+y* 8 \/(16+x4)(16+ %) ) 16+12° ©)

Lién hé tai liéu word toan SPT va zalo: 039.373.2039 TAI LIEU TOAN HOC



Nhan theo ting vé cac bat dang thuc (3), (4), (5) va rit gon lai ta dugc:
x'y'zt <8 < |xyz| < 442 & 442 < xyz < 442.
Gia tri 16n nhat cua P 13 442 dat dwoc khi X, y, z ¢6 hai s6 bing —4/8 s6 con lai bing 4/8.
Gia tri nhé nhét cua P 13 —44/2 dat duoc khi X, y, z ¢6 hai sé bing 4/8 s con lai bang —4/8 ,
hoic ca 3 sé bang —4/8..
Bai 74. Cho a, b, ¢ 1a do dai ba canh cua tam giac ¢6 chu vi bang 1. Chitng minh rang:
§£a3+b3+c3 <%.

Lo giai.
bat: T =a® +b® +c® +3abc. Do a+b+c=3 nén:

T=(a b)® «° Babc 3ab(a b) fa b &° 3e(a B)(a b & 3abc 3aba B
=1 3c(ar b} 3abe- 3ab(t ¢)

Vay T =1 3(ab be ca) 6abc @
Lai c6:
a’>a’-(b-c)’=(a b <€)(a b «); b?>b’-(a—c)’=(a b €)(a b -IC);H

c’>c’—(a-by’=(a b €)(a b <)
nira a, b, ¢ 1a do dai 3 canh tam giac nén:
a+b-c>0, a-b+c>0, -a+b+c>0;
abc>(a+b-c)(a-b+c)(-a+b+c)=(1- 2c)(1- 2b)(1- 2a)= I+ 4(ab+ bc+ ca) 2(a+ b+ c)- 8abc Do
= I 4(ab+ be+ ca) 7abc> 0

do: 6ab02—%+g(ab+bc+ca) (2) va ab+bc+ca—2abc>% (3)
T (1) va (2) ap dung BDT (a+b+c)* >3(ab+bc+ca) taco:
T>£——(ab+bc+ca)>1——(a+b+ c)? —1—1:3
3 3 3 9 9
- . b+c=1
T:Ekhl va chi khi arbre &a=b=c= 1.
9 a=b e 3

Tur (1) va (3) dan dén: T =1-3[(ab+hc +ca)]-2abc <1—3.% =%

Bai 75. Cho cac s duong a, b, ¢ thoa madn ab+bc+ca=1. Chirng minh rang:

i+i+i23+\/i2+1+\/i2+1+\/i2+1.
ab bc ca a b C

Pang thic xay ra khi nao?

Loi giai.
Bat dang thuc twong duong voi:
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y

| 4

~ ab+bc+ca

1

ab+bc+ca ab+bc+ca a’+1 [b*+1 [c*+1
+ -1+ -1> + + >

ab bc ca a’ b? c

o ca+h) a(b+c)+b(c+a)Z\/(a+b)§a+c) +\/(b+c)gb+a) . (c+a)§c+b)
ab bc ca a b c
Do (ab+bc+ca=1) @
Pit c@+b) _, ab+c) yva b(€+3) _,  Khido (1) tré thanh bat dang thirc quen thudc:
ab bc ca

X+ y+22\/x—y+\/ﬁ+\/§ (ludn dung véi moi s6 duong x, y, z)
Piang thic xay ra khi x=y=z< a= b= c= ?

1+a’D)(A+b?) _
(@*—a+D@1+b%)

Bai 76.Cho a, b, ¢ 1a s6 duong. Chitng minh rang:

Loi gidi.
Bat dang thire dé cho tuong duong véi:
(a+1)(1+b*)(1+a’b)
(a+D(@° -a+D)(1+b%)
Tir d6 ap dung bét diang thac C6 — si cho ba sé duong:
2b%® +1>3b%; 3(a® +b*) >3(a’b+ab®); a’h’+a’+a’>3a’h; a®v®+a’b’®+b® >3a%h’.

Cong theo vé cac bat dang thuc trén ta thu duoc bat dang thuc (*).

<2< a+b®+b*a+a’b+ba® +ba® <1+2a®+2b*+a’n?

Bai 77. Tim gia trj 16n nhat va gi4 trj nhé nhat cua biéu thic: 4";}’6 6
X +yt+

Loi giai. Taco: x*+1>2x%; y* +1>2y°
Do do: x* +y* +6>2x* +2y? +4=(x ¥)* X 4)> 4 Xx y)* 4 2|/(x ¥y)°.4 A|x y|.

1 X—Yy 1 . . X=Yy 1
Suyra: ——=<——2 <= Véix=1,y=-1thii —1 ==,
4 4 x*+y'+6 4 Y x*+y'+6 4
X—Yy 1

Voix=-1,y=1thi ———= —,
4 x*+y'+6 4

Vay biéu thir (1) co gia tri 16n nhat Ia % va gid trj nhé nhét I3 _%.

Bai 78. Cho x, y 1a cac sb duong thoa man x+ 2 <1.Tim GTNN cua biéu thac: A= X Y,
y y X
Loi gii.

Ap dung bat dang thirc C6 — si cho hai s6 duong ta cé:

12x+122\/z, suyrazz4 @
y y X

Ap dung bat dang thic (1) va bat dang thirc Co — si cho hai s6 duong ta co:
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A:£+X:K+L+15_y22 ii.kgzg
y x y 1l6x 16x y 16x 16 4

Viy gid tri nho nhét caa A 12 % dat duoc khi x = %va y=2.

Bai 79. Cho ba sé duong a, b, ¢ théa mén ab + bc + ca = abc. Chieng minh rang:
a‘ +b* b* +c* c'+a’
+ + =1,
ab(a®+b®) be(®+c®) ca(c+a’)

Loi giai.
NPT _ 1 1 1
Tiur gia thict ab + bc + ca = abc :>—+B+—=1
a C

Tu a*+b*>a’b+ab’suy ra: 2(a*+b*)>a* +a’h+b* +ab® = (a+b)(a® +b?)
4 4
Vi a;rb3 2a+b=1(1 1)
ab(a’+b’) 2ab 2\a b
Lam twong tu sau d6 cong theo vé va két hop véi gia thiét ta suy ra diéu phai ching minh.

Bai 80. Cho x, y théa man 16x* -9y >144. Ching minh rang: |2x—y+1|> 25-1.

Loi giai.
Trudc hét ta chirng minh bat dang thic: (ax—by)? > (a2 —b?)(x? - y?) @)
That vay: (1) < —2axby > a’x* +b’y? < (ax—by)* >0 (ding)
Ping thuc xay ra khi ax = by. St dung bt ding thire (1) ta co:
2
(2x —y)? =(%.4x %3y) é%(lze 9y*) 29 (do 16x*—9y*>144). Suy ra:

2x—y+1>2V5+1 hogc 2x—y+1<-2v5+1. Tir do suy ra: [2x—y+1>2y/5-1.

8x =9y X = 9
Pang thtc xay ra khi va chi khi: { 2x-y= 26 \f

16x* —9y* =144 =
y y NG

Bai 81. Cho cac sb thuc a théa man 0<a<1. Tim gié tri I6n nhat va nho nhat caa biéu thuc:
a 1l-a
= —
2-a l+a
Loi giai. Ta co:
7.8 1A, 2 2 g5 3 sz[é—jzl(doo a <).¥ay
2-a l+a 2—a l+a (2-a)(1l+a) 2
maxT =1, dat dugc khi va chi khi a=0v a=1.

(a+l-a)* 1

Mt khac &p dung bét dang thirc Cauchy ta co: a(l—a) < . R
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Suyra: T>2 _2 .Vay minT _2 dat dugc khi a=1- a a= l
3. 3 2
2+—-1
4
Bai 82. Cho a, b 1a s6 duong thoa man a+b=1. Ching minh rang: £b+2Lb2214'
ab a’*+
Loi giai.
Vi hai s thuc duong x, y bt Ki ta c6: (x+y)? 2 4xy ¥x,y>0 ,suyra —>—+  va
Xy (X+y)
1+£2i . Tur @6 ta co:
X Yy X+y
11_1 4 3 3 4
——2>—. =2 (1) 8. 12 2)=
2 ab 2 (a+h)? @ 2ab a’+b*>  2ab+a’+b? @)

cong (1) va (2) theo vé ta dugc diéu phai chitng minh.
Pang thic xay ra khi a=b %
Bai 83. Cac sb thuc X, y, z khéc nhau va théa man (z +x)(z + y) =1. Chizng minh bat dang
! >+ ! >+ ! > = 4.

(x=y)" (z+x)° (z+Y)
Loi giai. Pat a=z x4 z y trgiathiétsuyra: a>0, b>0 va ab=1 . Bat dang thic can
chirng minh tro thanh:

2 2 2 432
111 24 2a 5 +i2+a224<:> za ] +(a 21)
a b (a-b) @ -1)° a (a° -1 a
Ap dung BDT C6-si Cho hai s6 duong ta thdy (*) luén dang. Vay BT duoc ching minh.
Bai 84. Cho a, b, ¢ 1a c4c sb thuc duong théa man ab +bc +ca =3. Chirng minh bit diang

thac:

2. *)

. 1 1 1 1
thuc: - +—— +— <—.
1+a°(b+c) 1+b°(a+c) 1+c°(b+a) abc
Laoi gidi.

Chang minh: abc <1 . Tir d6 suy ra: 1+a*(b+c) > a(bc + ca + ab) = 3a.
L yemgwmes L L1 L
l+a“(b+c) 3a 1+b“(a+c) 3b 1l+c°(b+a) 3c

Cong cac bat dang thic trén theo vé ta duoc:

1 1 1 1(1 1 1j ab+bc+ca 3 1

: +—— +— ST Z+=+2|= = .
l1+a“(b+c) 1+b°(a+c) 1+c°(b+a) 3\la b 3abc 3abc abc
Vay bt dang thac dugc ching minh.
Bai 85.

Do do

1) Cho cac sb duong a, b, ¢. Chang minh rang: (a+b+c)&+%+%) >0,
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2) Cho céc sé duong a, b, ¢ théa man a+b+c <3. Chirng minh rang:
1 2009

———+ >670.
a‘+b“+c- ab+bc+ca

Léi giai.

1) Ap dung bat dang thiec Co-si ta cé: (a+b+c >3%/abc.3
) Ap dung bét dang thir (++)£bj m

Vay bét dang thire dugc chimg minh. Dang thie xay rakhia=b =c.

2
2) Do ab+bc+ca£M£3 nén ﬂzGGQ.
3 ab+bc+ca

M3t khéac 4p dung bat dang thire phan 1 ta co:

1 2 1 1 1
+ = + +
a?+b?+c? ab+bc+ca a’*+b*+c® ab+bc+ca ab+bc+ca
g 9 _ 9 9 B
~a’+b*+c*+2(ab+bc+ca) (a+b+c)®> 9 B
vay =, 2009 g0

a’+b’+c*> ab+bc+ca
bing thie xay rakhia=b =c.

Bai 86. Cho cac sb thuc x, y thoa man: x >8y > 0. Hay tim gia tri nho nhat cua biéu thuc:

1

=X +—.
y(x-8y)
Lai giai.
Str dung BPT Cauchy cho ba s6 duong ta co:
1
P=(x-8y)+8y+ ——>
y(x-8y)
X—8y =8y x=16y X=4
Pang thirc xay ra khi va chi khi gy 1 =i 1 1
yo-8y) Y Tea UTa
1

Vay minP = 6. khivachi khix=4vay= 7

Bai 87. Cho ba sé duong a, b, ¢ théa man a+b+c=1. Tim gi4 tri nho nhét cua biéu thic:

B 9 L2
1-2(ab+bc+ca) abc’
Loi giai.
Theo gia thiét: P = 9 JAaxbre) 9
(a+b+c) —2(ab+bc+ca) abc a“+b“+c
2
Ap dung BPT quen thudc véi cac s6 duong: FJF% (z;\)+ (;) ™
+

Pang thirc xay ra khi va chi khi %_E suy ra: .t 4 1

ab bc ca ab+bc ca ab+bc+ca

TAI LIEU TOAN HQOC
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Lai str dung BPT (*) cho cac sé duong ta co:
2
P>— 92 2t % 2 : 2 =
a“+b°+c® 2(ab+bc+ca) (a+b+c)

Pang thic xay rakhi a=b e % =

81.

Viy P, =81 khi a=b e % _

Bai 88. Cho ba sé thuc a, b, ¢ d6i mot khac nhau. Ching minh rang:
2 2 2
a >+ b >+ ¢ =2
(b—c)* (c—a)* (a-—h)

Loi giai.
Dé thay: be + ca + ab =1.
(a—b)(a-c) (b-c)(b—a) (c—a)(c—h)
2 2 2 2
Tu do suy ra: 2 >+ b 5+ ¢ 2:( 2 b: C:j 2 2. >
(b-c)* (c—-a)” (a-h) b-c c—-a a-b
Péng thac xay ra khi: —— + b . ¢ -9

b-c c-a a-b

Bai 89. Tim gia tri 16n nhit cua biéu thuc: P =2x +y1-4x —x2.

Loi giai.
_ 2 2
Diéu kién: 1-4x-x?>0. Ta co: P32x+(1 4x—x )+1=4 123 1.

Ding thire xay ra khi x = 0.
Vay gi4 tri 16n nhat cua P 1a 1 dat dwoc khi x = 0.
Bai 90. Cho céc sb thuc duong x, y thoa man diéu kién: /xy (x—y)=x y . Tim gid tri nho
nhat caa biéu thac P=x v
Lo giai.
Tt gia thiét suy ra: x >y > 0, Ap dung bat dang thirc Cauchy ta co:

2
1 1 4xy+(x+ 2 _4x 1
:_.4xy((x y}z 4>ey) ZSE Y+ 2y) y} =E(X y)".

(x+ y)2 =xy(x y)z

SN

Dodd x+y>4.Vay minA=4 khi x=2 24&2;y 2 2.
Bai 91. Cho céc sé thyc duong théa mén: x +y =1

2,2
1 +4x y +2

Tim gia tri nho nhat cta biéu thic: A=— -
X"+Xy+y Xy

Léi giai.
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2y? +2 1 2 1 2

= +4Xy+—= 4 —t
Xy (x+y)(x* =xy+y?)+xy / xy X +y° & Xy
Vay
4x 1 25 5 4 — 2, |4Xy. :1 5‘122I4=2 5 11
4xy ) 4xy X" +2xy+y 4xy  (x+y)

min A=11 khi x=y %:
Bal 92. Chox,y,zthbaminx+y+z=0;x+1>0;y+1>0vaz+4>0.
xy -1 z

\ 5 A_
Tim GTLN cua (x +1)(y+1) )

Loi giai.
X+l=a
y+l=b <a +b +¢ =6
bat |714=¢

ab C ab c b

A=( )(bl)lc4 abab+1lc442[ilﬂj
a b c

32_(i+4]<2_ 16 _Z_E_Z_gz_g

a+b c a+b+c 6 3
MaxA = —2
3
{ a+b+c=6 a=b 3 X y=l =
) = 2= 2
Déng thirc xay ra khi (@=b, a b+c= c=3 7 =1
Bai 93. Cho cac duong a, b, ¢ théa man 2a + 3b < 4. Tim gi4 tri nho nhét cua biéu thirc
Q= &+£+2996a—5501b.
a b
Loi giai.
Q= &+%+2996a—550]b.
a b
= (@ 8008a )+(@ +2017b) —2506(2a +3b).

Ap dung BDT C6- si va st dung gia thiét 2a + 3b<4 taco :

Q=2 \/@ 8008a + 2. \/@ 2017b — 2506.4 > 8008 + 4034 — 10024 = 2018.
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(2002

—— =8008a
a 1
Dau « = » xay ra khi : % =2017b a 2
b=1

2a+3b=4

Viy Q,, =2018 khia:%;b 1 -

Bai 94. Cho hai s duong x, y thoéa mén diéu kién x + y < 4. Tim gi4 tri nho nhat cua biéu

thuc:
a2 B
X +y* Xy
Loi giai.
Taco: P= 22 > §+2xy+
X*+y° xy

2 2 2 2
= 22 2+X +y +§+35ﬂ+2)(y_u_35ﬂ
X“+y 32 xy 16 32 16
2 2 2
22 2+x +y +§+35xy_(x+y) N
X“+y 32 xy 16 32 8

2 2
Str dung C6é — si cho céc cap (X Y ; 22 2)vé\(§ ;‘%ﬂ)tacé:
32 X“+y xy 16
2 2 2
222+x+y 22/£=1’35+35xy2 35" _ 35
X“+y 32 32 2 xy 16 16 2
2
Mat khac: x + y<4 = x.y <4 nén ESE,MSE
8 2 32 2
VaymlnP—— §-1-3—17 Dau “=” xay rakhix =y = 2
2 2 2 2
Bai 95. Cho a, b 12 s céc s thuc duong. Tim gia tri 16n nhat cua biéu thuc:
1 1 1

M+=((@ b)(mF— —) —
( )(a3+b a+b3) ab

Loi giai.
Taco:

(@ +b)(§ +b) > (a+b): (b +a)(%+a) > (a+b)2.

Khi do :
1 1
1 1 a+tb+=+= a+b+1+1 1 1 1
4 < a b a b__:_g_ = =1
a®+b a+b® (a+b)? S VI 41y ab ab ab
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bing thiae xay rakhia=b=1
Vay gié tri 16n nhatcaa M la 1 khia=b = 1.
Bai 96. Xét cac s thuc a, b, ¢ khong am, khac 1 thoa min a + b + ¢ = 1. Tim gi4 tri nho nhét

cau bidu thire P = _ 1 (a+b)@ 5oy

a+bc Db+ac
Loi giai.
Ap dung BDT : 1 1_
X Yy X+y
Taco :
1 1 4
P= —+— (a+b)tec 4)+ —>— (a+b)tec 4)+
a+bc b+ac +b)(
4 S5¢c+4
=—— (1 &)5e 4) 4‘/—>— 4/ 4 8 + 2
(1-c)+c) c+1

Vay minP = 8. Ddu « = » xdyrakhi c=0,a b %.=

Bai 97. Cho X, y 14 cac s6 thuc duong. Tim gi4 tri nho nhét cia biéu thirc

p=_2_ (—+ )\-/2(x Vo)

x+y

Loi gii,
Taco: X2+y222xynén:2(X2+y2)2(x+y)2. Do d6:

2 2

boe vy = A1 LY Xy
- (X+ ) 2(X )+ 2— 2 (X+y)(-x y)sz_’—_yz X'y 2 +

Véy minP = g Khix = y.

Bai 98. Chirg minh rang; atb > 1 v6i a, b 1a cac s6 duong.
\/a(3a +b) +\/b(3b +a) 2
Loi giai.
athb 2(a+b)
\/a 3a+h +\/b 3b +a) \/4a(3a+b)+\/4b(3b+a)

Tac

Ap dung bit dang thirc Co-si cho cac sé duong ta dugc:
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4a(3a+b)<2” (2"” b) _ 7a2+ b (2)

4b(3b+a)§4b+(§b+a)=7b;a (3)

Tir (2) va (3) suy ra: ,[4a(3a+b)+./4b(3b +a) <da+4b (4)
Tu (1) va (4) suy ra:

a+b > 2@*D) 1 ha bing xéy ra khi va chi khia=b.

Ja(3a+b)+ /b(3b+a) 4da+db 2

Bai 99. Cho x, y 1 cac sb thuc duong thoa man: x+xy <3y -1

Tim gia tri 16n nhat caa biéu thac; P=—2—% X
S exyray? Y
Lo giai.

Ta co: x+xy§3y—1:>£+x£3—1(doy>0)
y y

2
Do d6: 32x+§+123.3x—2:>0<5 <1.
\'y

y y y
X
Mit khac: P = zx‘y 2+1= B X N
\/x +xy+2y° Y \/)(2+X+2 y
yo v

Pitt=2(0 t <1)< khi d6 bai toan tré thanh:
y

t-1

Cho 0<t<1.Timgiatri I6n nhatcia P=——— 't +
Vt2+t 42
t-1
X o . | T57——==<0 t-1
Déthaydo: 0<t<1nén:{t?+t+2  =P=——=—— t<0+1=2
t?+t+2
t<1
X1
Vay P, =let=le] e x=y=1
X:5 ——
y 'y
Bai 100.
£ , . N 2 2 [ 1+xy ’
Cho so thuc x,y(x+y=0). Chirng minhrang x“+y“ +| ——| >2 .
X+Yy
Loi giai :
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+X;/ tacod: xy+yz+zx= 1 vaBDT da trd thanh:

bat z=

X +y 428220 x4y +2° 2 20xy +yz+ 2) & (x+ Yy +2)* 20 (1udn ding)

Vay BDT duogc chirng minh.
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