PE CUGNG ON TAP HE 2010
MON: TOAN - LOP 11

(DANH CHO GIAO VIEN)
PgA‘N I: LUONG GIAC
(4 TIET/ TUAN X 5 TUAN =20 TIET )
Chuyeén dé 1: On tap cong thiic lugng gidc (2 tiét + 1 tiét )
Chuyén dé 2: Hé thic luong gidc trong tam gidc (2 tiét + 1 tiét)
Chuyén dé 3: Phuong trinh luong gidc co ban (2 tiét + 1 tiét )
Chuyén dé 4: Phuong trinh d6i v6i mot ham luong gidc. (2 tiét + 1 tiét )
Chuyén dé 5: Phuong trinh bac nhat doi véi sinx va cosx. (I tiét + 1 tiét )
Chuyén dé 6: Phuong trinh thuén nhat ddi v6i sinx va cosx. (2 tiét + 1 tiét )

Chuyén dé 7: St dung céc cong thic luong gidc trong viéc giai phuong trinh luong gic (2 tiét + 1
1iét)

Chu y: [ tiét dugc cong thém vao méi don vi kién thitc d€ gido vién chita va huéng dan mot s6 bai
tap v€ nha cho hoc sinh.
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Chuyén dé 1: On tap cong thic lugng giac
(2 tiét + 1 tiét )

A. Noi dung: On tap lai cdc cong thic di hoc: cong thiic cong, cong thitc nhan doi ( nhan ba), cong
thiic ha bac, cong thiic téng thanh tich va cong thic tich thanh téng, cdc dang thic lugng gidc
thuong gap.
B. Bai tap :
Bai 1. Cho a,bla cac goc nhon va tana= %;cosb = % .
Tinh gia tri cua sin(a+b);cos(a—b);tan(a—b).
Bai 2. Chitng minh cdc ding thifc sau:

1) cos(a+b)cos(a—b) =cos®a+cos’b—1.
sin(a+b)sin(a—b)

2) tan*a—tan*b = - )
cos-acos‘b

i . a.. 7 a,. . 7T a
3) sina =4sin—sin(=—--=)sin(=+-).
) 3 (3 3) (3 3)

4) cosa+cosh+cosc+cos(a+hb+c) :4cosaercosczbcosa;rC
Bai 3. Riit gon cdc biéu thiic sau:

1) A=sin(2x +%) cos(x +%) —cos(%[ — X) cos(2x +%) . (A=cosx)

2) B = sin?a+2cosza—1_ ' (B= 1

cosa—sina—cos3a+sin3a 2sina

3) C:sin2x+sin2(%—x)+sinxsin(%—x). (Cz% )
Bai 4. Chitng minh cic biéu thitc sau khong phu thudc vao x.

1) A:cosx+cos(x+2§)+cos(x—2§). (A=0)

2) B =cos® x—2sinacos xsin(x +a) +sin’(x+a). (B=cos*a)

3) C:4cos“x—2c032x—%cos4x. (C:g)
Bai5. 1) Tinh biéu thic A= "% theo cos2x.

cos’ X
2) Tinh B =cos2a biét sin%+cos% = —%.

3) Khong dung bang tinh va mdy tinh hay tinh S = cos®10° +sin* 20° +sin® 40° —cos® 45° .
Bai 6. 1) Vi gid tri nao cua a thi biéu thic sau khong phu thudc vao x
A = cos® X + c0os” (X + a) — COS X COS(X + @) . (cosa=1/2)
2) Ching minh rang néu 3sinb =sin(2a +b) thi tan(a+b) = 2tana.
3) Chiing minh rang 8sin®18° +8sin®18° =1.
4) V6i gid tri nao ctia m thi bi€u thic sau khong phu thuoc vao x
B =sin® x +cos® x + m(sin* x +cos® x) +8sin” xcos® X.
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5) Ritgon S, =sin3%+33in33%+...+3”‘1sin33%.

Chuyén dé 2: Hé thiic luong giac trong tam giac
(2 tiét + 1 tiét )

A. Noi dung: On tap lai cdc dinh 1y cosin, dinh 1y sin, cong thitc dudng trung tuyén, cic cong thic
tinh dién tich tam giéc...
B. Bai tap
Bai 1. Ching minh rang v6i moi tam gidc AABC ta luon co:
1) sin4A+sin4B —sin4C = —4cos2Acos2Bsin2C .

2) cos A+cosB—-cosC =-1+ 4cos§cos§sin% .

3) cos® 2A+cos® 2B +cos® 2C =1+ 2cos2Acos 2B cos 2C .
4) coté+cotE+cot9:cotécotEcotE.
2 2 2 2 2 2
5) (b+c)cos A+ (c+a)cosB +(a+b)cosC=a+b+c.
Bai 2. Ching minh rang sin? A+sin® B +sin’C 2%. T d6 suy ra:

I) m,+m, +m, g%

3
2) mymm, < 2R

Bai 3. Ching minh rang AABC la tam gidc can néu cdc géc thoa man diéu kién:
sin A+sinB+sinC A B

: : —— = cot—cot —

sin A+sinB-sinC 2

Bai 4. Chiing minh ring AABC la tam gidc déu néu thoa man mot trong céc diéu kién:

sV

~“(a+b+c).
36( )
2
E+E_C_:1
2) b a ab
cosAcosle
4
3) t .1 —(COtA+cotB+cotC) =+/3.

sinA sinB sinC

Bai 5. Ching minh ring AABC1a tam gidc vuong néu thoa man mot trong céac diéu kién:

1) 3(cosB+2sinC) +4(sinB+2cosC) =15.

2) sin® A+sin®B+sin’C =2.

3) sin2A+sin2B = 4sin AsinB.

) ) . :
Bai 6. Tam gidc AABC c6 dac diém gi biét {a stBTb SmZA_: 4a.bcos AsmB.
sin2A+sin2B = 4sin AsinB
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Chuyén dé 3: Phuong trinh luong giac co ban
(2 tiét + 1tiét )

A. Noi dung: Giéi thiéu cho hoc sinh lan Iuot bén phuong trinh lugng giac co ban:
sinx = a;cos X = a; tan x = a;cot X = a, cong thic nghiém; gidi thiéu va huéng dan hoc sinh dung
arcsin m; arccos m;arctan m; arc cotm, giGi thiéu cac phuong trinh dac biét nhu sinx =0;sinx =1....
B. Bai tap
I. Phuong trinh sinx=a.
Bai 1. Giai cac phuong trinh lugng giac va biéu dién nghiém trén dudng tron::

1) sinx =1 2) sinax=_ V2 3) sin(xs By = V3 4)sinX =1,
2 2 6 2 2 3
Bai 2. Giai cac phuong trinh luong giac sau:
1) sin(x—%) =-1 2) sin(ZX—%) =0 3)sinx =sin(2x +1) 4)sin(x+%):0052x.
I1. Phuong trinh cosx =a.
Bai 1. Giai cac phuong trinh sau:
1) cosx:cos% 2) cosS—ZX =1 3) cos(2x —1) =% 4) cos(x+%) =sin(2x—%).
Bai 2. Tim nghiém cua cac phuong trinh sau:
1) co3x:g 2)cos(x +30°) :g voi (OO < x£180°)

3) cos(2x+%)+cosx=0 VOi (-7 <x<0)

II1. Phuong trinh tanx=a.
Bai 1. Giai cac phuong trinh sau:

1) tan2x=-1 2) tan(3x—4°) =3 3) tan3—2X+tanx:0 4) tan(%—x)z—z.
Bai 2. Tim tap xac dinh cua cac ham s6 sau:
2 tan 2x —1
) y=— 2) y=—
)Y tan x )Y tan x + cot 2x

IV. Phuong trinh cotx=a.
Bai 1. Giai cac phuong trinh sau:

1) cot2x+cot% =0 2) cot(x-1) =§ 3) cot(x+7r)+tan(%—3x) =0.
Bai 2. Tim nghiém cuta cac phuong trinh sau véi khoang da chi ra:
1) cot(x—1) =1 v6i (0< x <) 2) cot3x = 1 voi (—900 <X< 00).

N

Chuyén dé 4: Phuong trinh luong giac doi véi mot ham luong giac
( 2 tiét + 1 tiét )

A. Noi dung: Gidi thiéu dang phuong trinh va cach giai.
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B. Bai tap:
Bai 1. Gidi c4c phuong trinh luong giic sau:

1) sin®x+3sinx+2=0 2) 4cos? x—2(1+2)cosx++/2 =0

3) 2tan®2x—5tan2x+3=0 4) 5cotx—2tanx—3=0

5) 2cos2x+2cosx—+2 =0 6) 2sin® x—cos? x—4sinx+2=0

7) 5cos x(cosx —1) = cos® x +3 8) cosz(3x+%) —cos? 3x—3cos(%—3x) +2=0
02 2y o

9) \/:E :3cotx+\/§ 10) 4sin” 2x+6sin“ x-9 3c,052x:o

sin’ x COS X

11) 3tan®* x—2tan* x+3tanx—-2=0 12) sin6x+cosﬁx=Ec052x—%.

Bai 2. Tim gia tri 16n nhat va nhé nhat cua cac ham so:

1) y=co2x+sinx—5 2) y= 12 +tanx—3 Véi(Oﬁxgz).
COS” X 4

Bai 3. Tim m d€ phuong trinh sau ¢6 nghiém: cos4x+2cos2x—-3m+1=0.

Chuyén dé 5: Phuong trinh bac nhat doi voéi sinx va cosx.
( 1tiét + 1 tiét)

A. Noi dung: Giéi thiéu dang phuong trinh va ciac phuong phap giai phuong trinh
B. Bai tap
Bai 1. Giai cac phuong trinh sau:

1) J3sinx+cosx =1 2) 3cos2x+sin2x=5
3) 3c0s > +4sin X +5=0 4) cos3x—sin3x:—i

2 2 N
5) coszx—gsin2x+1:0 6) 2c0s3x++/3sinX+Ccosx =0

Bai 2. Tim m dé phuong trinh sau vo nghiém: (m—2)cosx+(m—1)sinx=1.
Bai 3. Tim gi4 tri 16n nhat va nho nhit cua cac ham so sau:

1) y =cos5x —+/3sin5x 2) y:S_mXJFCOSX_1
sinXx—cosx+3
3) y =3sin® x + 2sin 2x 4) y= 2+ COSX

SinX+Ccosx+2

Bai 4. Tim nghiém cia phuong trinh cos7x—+/3sin7x = —/2 biét 2?” <X < 677T .

Chuyén dé 6: Phuong trinh thuan nhat doi v6i sinx va cosx.
(2 tiét + 1 tiét)

A. Noi dung: Gi6i thiéu dang phuong trinh va cic phuong phap giai phuong trinh.
B. Bai tap:
Bai 1. Giai cac phuong trinh sau:
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1) 4sin? x—5sin xcos x —6c0s? x =0 2) cos? x —sinxcos X —2sin’ x—1=0

3) cos? x—3sinxcosx+1=0 4) 4coszg+%sinx+3sin2§=3.
5) 1 Asinx+6cosx 6) cos® x+sinx—3sinx*cosx=0.
COS X

Bai 2. Ching minh rang v6i moi m phuong trinh sau luén cé nghiém:
(3m—2)sin® x — 2(5m —2) cos xsin X + 3(2m+1)cos* x = 0.

Bai 3. Giai cac phuong trinh:

1) cos® x+sin® x = sin x —cos x 2) 3cos* x—4cos® xsin® x+sin x=0.

Bai 4. Cho phuong trinh msinx+(m+1)cosx = %
X

1) Giai phuong trinh véi m = %

2) Tim m dé phuong trinh c6 nghiém.
Chuyén dé 7: Su dung cac cong thiic luong giac trong viéc giai phuong trinh luong giac.
(2 tiét + 1 tiét)

A. Noi dung: Huéng dén hoc sinh sir dung céc cong thic luong gidc dé bién doi phuong trinh
v€ cac dang quen thudc.

B. Bai tap
Bai 1. Giai cac phuong trinh sau:
1) sin2xsin5x = sin3xsin 4x 2) sin5xcos3x = sin9xcos 7x
3) 2cos2xsin x =1+ 2sin2xcos X 4) sin3xcos x = cos3x(1+sinx)
Bai 2. Giai cac phuong trinh sau:
1) cos2x+cos4x = sin x —sin5x 2) cos2x+cos4x+2cosx =0
3) sin X +sin2x = cos X + CoS 2X 4) sin x+sin2x+sin3x__

COS X + C0S 2X + COS 3X

Bai 3. Giai cac phuong trinh sau:
1) sin®(x +%) = cos’ 2x 2) sin® x +sin® 3x = cos® 2X + Cos” 4X..
3) sin® x +cos® x :g 4) 2cos’® X +2¢0s” 2X + 2¢0s” 3X —3 = cos 4X(2sin 2x +1).
5) cos® xsin3x +sin® xcos3x = sin 2x 6) sin® xcos x —cos® xsin x =sin* x —cos” x
Bai 4. Giai cac phuong trinh :
1) cosxcos2xcos4xcos8x = % 2) 2c0s3xcosx —4sin®2x+1=0
3) 6tan x = tan 2x 4) tan x = cot X + 2cot® 2x
5) 3cos X +€0s2x —Cos3x +1 = 2sin xsin 2x 6)1+3tanx = 2sin 2x
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PHAN 2: HINH HOC
(2 TIET | TUAN X STUAN = 10 TIET)

Chuyén dé 1: On tap hinh giai tich trong mat phang. (4 tiét )
Chuyén dé 2: Phép tinh tién. (2 tiét)
Chuyén dé 3: Phép doi xing truc. (2 tiét )
Chuyén dé 4: Phép quay va phép doi xiing tam. (2 tiét )

Chuyén dé 1: On tap hinh giai tich trong mit phéng.

A. Noi dung: Nhic lai mot s6 van dé chinh lién quan dén toa do cua véc to, diém; mot s bai
to4n lién quan dén duong thang, duong tron. ..
B. Bai tap

Bai 1. Cho tam gidc AABC c6 A(-14),B(—4;0),C(2;,-2).
1. Xac dinh toa do truc tam H cua tam giac ABC.
2. Xac dinh toa do tam duong tron ngoai tiép tam gidc va tinh ban kinh duong tron dé.
3. Tinh céac géc A, B, C cua tam giac.
4. Tim toa do diém D la diém d6i xiing cua A qua BC.
5. Viét phuong trinh hai duong phan giac trong cua goc A va goc B cta tam giac ABC.
Tu d6 chi ra toa do tam va ban kinh duong tron noi ti€p tam giac.
Bai 2. Cho hinh vuong c6 dinh A(—4;5)va mot duong chéo cé phuong trinh: 7x—-y+8=0. Lap
phuong trinh bén canh cta hinh vuéng va duong chéo con lai.
Bai 3. Cho dudng thang (d):x—2y+2=0 va diém A(2;3).
1. Lap phuong trinh dudng thang d6i xiing clia (d) qua diém A.
2. Lap phuong trinh dudng thang d6i xting clia (d) qua dudng thang (d,):x—y+1=0.
3. Lap phuong trinh dudng thang d6i xing ctia (d) qua dudng thang (d,): x—2y+4=0.
4. Tim diém M trén (d) sao cho MA+MO dat gid tri nho nhat
Bai 4. Lap phuong trinh duong tron biét:
1. Tam 1(3;-2) va di qua diém A(0;3).
2. Tam I(%;-1) va ti€p xdc v6i dudong thang 5x—12y+9=0.
3. Tam thuodc dudng thang : 3x—y—2=0 va qua hai diém A(3;-1),B(-13).
4. Di qua ba diém A(-1-5),B(5,-3),C(3,-1).
5. Tam thudc duong thang: 2x+y=0va tiép xic v6i hai dudng thang: 4x—-3y+10=0 va
4x—3y-30=0.
6. Tiép xic v6i ba dudng thang: 3x+4y—35=0;3x—4y—-35=0;x—-1=0.
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Bai 5. Cho duong tron (C): x* +y* —6x+8y—25=0.

1. Viét phuong trinh tiép tuyén vdéi (C) tai diém c6 tung do bang 1.

2. Viét phuong trinh ti€p tuyén véi (C) biét ti€p tuyén song song véi dudng thang:
X—2y+5=0.

3. Viét phuong trinh tiép tuyén véi (C) biét ti€p tuyén vuodng goéc v6i dudng thang:
2x+Yy+10=0.

4. Viét phuong trinh ti€p tuyén vdéi (C) biét tiép tuyén di qua diém M (-1;3).

5. Viét phuong trinh ti€p tuyén véi (C) biét tiép tuyén tao véi truc hoanh goc 45°.

Bai 6. Cho hai duong tron (C) va (C’) lan lugt c6 phuong trinh :x*+y*-6x—2y+1=0 va
X +y? +2x—4y+1=0.
1. Chiing minh ring (C) va (C’) cat nhau. Lap phuong trinh dudng thang qua giao diém ctia
chung.
2. Viét phuong trinh cac ti€p tuyén chung ctia hai duong tron trén.

Chuyén dé 2: Phép bién hinh va phép tinh tién.

A. Noi dung: Giéi thiéu vé phép bién hinh , phép tinh ti€n va mot s6 tinh chat co ban.

B. Bai tap:
Bai 1. Cho tam gidac AABC. Tim anh cua tam giac qua cac phép tinh tién:
a) T b) T,. (v6iG la trong tam cla tam gidc)
Bai 2. Cho hai duong tron 1an lugt ¢6 tam 1a (C,) ; (C,) va déu c6 ban kinh bang R. Chiing minh
rang (C,) 1a anh clia (C,) qua phép tinh tién theo véc to 0,0, .
Bai 3. Cho duong tron (C) va hai diém A, B c6 dinh trén mat phang. Tim quy tich diém M’ biét
MM "+ MA = MB khi M di dong trén (C).
Bai 4. Trong mat phang toa do cho diém A(2;-1),v = (;3) va dudng thang (d):2x—y+1=0. Tim 4nh
cta diém A va duong thang (d) trong cdc phép tinh tién: a) T. b)T,. .
Bai 5. Cho hinh binh hanh ABCD c6 hai diém A, B c6 dinh va diém C di dong trén dudng thang (d)
cho trudc. Ching minh rang diém D di dong trén mot dudng thang c6 dinh.

Chuyén dé 3: Phép doi xitng truc.

A. Noi dung: Giéi thiéu phép doi xing truc va moét so tinh chat co ban.

B .Bai tap

Bai 1. Goi (d’) 1a anh cua duong tron (d) qua phép doi xung truc D,.

1) Khi nao thi (d) song song véi (d’).

2) Khi nao thi (d) trung véi (d”)

3) Khi nao thi (d) cit (d’). Giao diém cua (d) va (d’) ¢6 tinh chat gi.

4)Khi nao thi (d) vudng goéc véi (d’).

Bai 2. Cho hai hinh vuong ABCD va AMNP cung c6 canh bang a. Chitng minh rang ton tai mot
phép doi xing truc bién hinh vuéng ABCD thanh AMNP.
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Bai 3. Cho dudng thang (d): 3x+4y—12=0 va diém M (7;4). Tim toa do diém M’ 1a diém d6i xiing

v6i M qua (d).

Bai 4. Cho duong tron (C): x* +y? —2x—4y +3=0.X4ac dinh phuong trinh duong tron la anh cua (C)
qua cac phép doi xung truc Dy sau: a) (d):x-2=0 b)(d):y—-1=0.

Bai 5. Tim truc d6i xing cua

a) Cac chit cdi in hoa c6 truc doi xting b) tam giac can ¢) Hinh chit nhat.

Chuyén dé 4: Phép quay va phép doi xing tam.

A. Noi dung: Giéi thiéu phép quay, phép doi xiing tam va mot s6 tinh chét co ban.

B .Bai tap

Bai 1. Cho hinh thoi ABCD c6 tam O. Ching minh rang phép quay Q. -, bi€n tam gidc OAB
thanh tam gidc OCD.

Bai 2. Cho tam giac ABC. Dung & ngoai tam giac 4y hai hinh vuong ABDE va BCKF. Goi P Ia
trung di€ém canh AC, Hla diém d6i xting ctia D qua B, M 1a trung diém ctia FH.

1) X4c dinh anh clia hai véc to BA; AC trong phép quay tam B g6 quay 90°.

2) Chiing minh rdng DF = 2BP va DF L BP.

Bai 3. Cho nira dudng tron dudng kinh AB, M 1a mot diém chay trén dudng tron d6. V& hinh vuodng
BMDC & ngoai tam gidc AMB. Tim quy tich diém C.

Bai 4. Chi ra cdac tam doi xing cua cac hinh sau:

a) Hinh gém hai duong thang cat nhau. b) Hinh gom hai dudng thang song song

¢) Hinh gém hai dudng tron bang nhau d) Buong Elip.

Bai 5. Cho diém I(3; -4). Tim M’ = B,(M) va O’ = D,(0O) biét M(-2; 1) va O 1a goc toa do.

Bai 6. Cho duong tron (C): x*+ y* —4x — 2y + 3 =0 va dudng (d) : x —y + 3 = 0. Xdc dinh phuong
trinh ctia dudng tron (C’) va dudng thang (d’) 12 anh ctia (C) va (d) qua phép doi xing tam I(1 ; 2).
Bai 7. Cho dudng tron (O) va day cung AB c6 dinh, M 12 mot diém di dong trén (O) ( khic A, B).
Hai duong tron (O,), (O,) qua M va tiép xtic véi AB tai A va B. Goi N 1a giao diém thit hai cua
(0). (0. 7 q

a) Ching minh rang duong thang MN Iuon di qua mot diém c6 dinh.

b) Tim tap hop diém N khi M di dong trén (O).
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BAI TAP VE NHA DANH CHO HOC SINH LOP 10 LEN 11 HE 2009

PHAN I: LUONG GIAC

Chuyén dé 1: On tap cong thiic luong giac
Bai 1. Cho sina = -2/3 v6i = < a< 3 /2. Hay tinh cac gia tri lugng gidc clia %; 2a.

Bai 2. CMR c4c biéu thiic sau doc lap d6i véi x

1 sin® x+3cos* x—1

sin® x+cos® x+3cos* x -1

2) 2(sin*x + cos*x + sin’x.cos’x)* — (sin®x + cos®x).
3) (1+cotx)sin’x + (1 + tanx)cos’x — sinx — cosx
Bai 3. Chitng minh céc dang thic luong gidc sau:

_ 2 1-tan?x)’
1) 1+COSX{1—(1 cosx) :|:2COtX 2 ( X) ! -1

2sin X sin® x Atan’x  4sin®x.cos’x
3) tan50° - tand0° = 2tan 10° g) Cos3arcoszarcosatl_, o0,
2cos”a+cosa—1
i i sin(a + B).sin(a — i
5) STZHmﬂ_ﬁ = (a+p)sin(a-p) 6) tana+tanb+tanc—tanatanbtanc = sin@@+b +c) .
tan & . +cotE 2cos j cosacoshcosc
Bai 4. Riit gon cac biéu thifc sau:
1+sina [1-sina sin’ 2a—4sin’a
1) — 4 : 2) —; —
l-sina l1+sina sin“2a+4sin“a—4
VA
a 1+cos(2+aj 1+cosx X
3) tan(%+5j.— . tanzz—cos2 X
sin(72T+aj —CosX

Bai 5. 1) Cho cos(2a + b) =1 CMR: tan(a+b) —tan a = 2tang .
2) Cho sinb =sinacos(a+b). CMR: 2tana = tan(a +b).
3) Cho sin®b=sinacosa. CMR: cos2b = 2cos’(a +%) .
Bai 6. Riit gon cic tong va tich sau:
V4 3z 57 @2n+)x
1) S, = cosﬁ+cos—+cos—+...+cos—

n n n

1 1 1
+

- . Fot———.
sin2x sin4x sin2" x

2) s, =

X X X X
3) P=c0S—-C0S—COS—...COS .

Bai 7. Tinh
1) A=co0s12° +cos18° —4cos15° cos21° cos24°.
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2) B =4sin®*50° +3c0s140°

3) C =cos*15+sin*15—6c0s?15sin*15

Bai 8. Tim diéu kién cta p, q dé biéu thic sau khong phu thudc vao x
A = p(sin® x + cos® x) —q(sin* x +cos* x) .

Bai 9. Ching minh rang:

1) ‘sinn Xx+cos" x| <1 vO1 (neZ;n=>2).

Mgcos—xzy VOl —r<X+Yy<r.

2)

3) 4sin3x+5>4cos2x+5sinx.
Bai 10. 1) Tim gia tri 16n nhat va nho nhét cua y =sin® x+cos® x.
2) Tim gid tri I6n nhét cia y = cos x ++/2 —cos? X .
3) Tim gia tri 16n nhat va nho nhat cia y =sin® x—3sin xcos x +1.

Chuyén dé 2: Hé thirc luong trong tam giac

Bail. CMR trong moi tam gidc ABC luon cé6:
1) tanétanE + tanE tan9+ tangtané =1
2 2 2 2 2 2

2) coté + cotE +c0tS = coté .cotE .cotE
2 2 2 2 2 2

3) a’sin2B + b’sin2A = 2ab.sinC.
Bai 2. Tam giac ABC c6 diac diém gi néu:
a) tanA + tanB + tanC =33 b) sin6A + sin6B + sin 6C = 0.
c) cos’A + cos’B + cos’C =1 d) tanA + tan B = 200'[%.
Bai3. CMR tam gidc ABC vuong néu:

a) sin2A + sin2B = 4sinA.sinB

b) sinA + sinB + sinC = 1- cosA+cosB+cosC

¢) 3(cosB + 2sinC) + 4( sinB + 2 cosC) = 15.

Bai 4. CMR tam gidc ABC c6 it nhat mot goc 600 < SMATSINBEsinG

cos A+cosB+cosC
Bai 5. CMR tam gidc ABC la tam gidc déu < cosA.cosB.cosC = 1/8

Bai 6. CMR tam giac ABC la tam giac can néu: a(cot% - tanA) = b(tanB — cot %)

Bai 7. Nhan dang tam gidc ABC thoa man mot trong cac di¢u kién sau:
b*+c®-a®
1) ] b+c-a 2) a?sin2B +b?sin2A = c? cotS .
. . 3 2
sinBsinC = 2

2

Bai 8. Cho tam gidc ABC noi ti€p trong mot dudng tron ¢6 ban kinh bang 1. Dat T =a? +b? +¢?.
Chitng minh tam giac nay vuong, nhon hay tu khi va chi khi : T =8 hoac T > 8 hoac T < 8.
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Bai 9. Chiing minh rdng v6i moi tam gidc ABC ta Iuon ¢6 sin—

< 44 . A. B.C 1
Twr do suy ra sin—sin—sin— < =.
2 2 2 8

A a

2 2%'

Bai 10. Chiing minh ring trong moi tam gidc ABC ta luon c6:

,C _33

1) 2<coszé+cos B+cos —<—
2 2 2

2) §SSinzé+sin2E+sin 9<1.
4 2 2 2

Chuyén dé 3 — Chuyén dé 7

Bai 1: Giai cac phuong trinh sau:

1) sin(2x+ %) =sin(X + %).
3) cos3x + cos 2x =0

5)cos(3x + %) + sin2x = 0.

7) sin’( 5x + 2?”) _ cos® (2x + %) = 0.

9) tan(3x — 60°) — cot(30° — 2x) = 0.

11) sin(8cosx) = 1.

Bai 2: Giai cac phuong trinh sau:
1) 6sin’x — 13 sinx +5 =0

3) 3cos® x = 2 sin’x + 4sinx

5) tanx + cotx =2

7)cos3x — cos2x + cosx — 1 =0

9) sin*x + cos*x +sin2x =5/2
Bai 3: Giai cac phuong trinh sau:

1) J3 sinx + cosx = /2

3) 3sinx + 4cosx = 5/2
5) 24/2 (sinx + cosx)cosx = 3 + cos2x

7) 2005% - «/§sin§ =7
Bai 4: Giai phuong trinh :
1) 3.sin” X + 8sinx.cosx + 4cos’x = 0.

3) 4cos?X +Lsinx +3sinX=3
2 2 2
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2) sin(x + %) +1=0
4) sin( X + %) + cos(3x - %) =0.
6) tan(4x +1). tan(x — 1) = 1.

8) 2sinxsin(x + %) = c0s?2x — sin’2x.

N

10) cos(sinx) = >

12) sin(x*> — 4x) = 0.

2) 2c0s2x + cosx = 1

4) > =34 2tan’x.
COS X

6) cosdx — 32 cos2x +2 =0.
8) cosdx + 6sinx.cosx = 1
10) 3cos4x — 2cos?3x = 1.

. 1
2) cos3x —sin3x = ———.
: N
4) 2sin’*x — 5sin2x = 5.
6) 2c0s3x + /3 sinx + cosx = 0.

2) 4sin’x + 343 sin2x — 2cos’x = 4

4) L 4sinx + 6COSX.
COS X
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5) cos’x + sinx — 3sin’*x.cosx = 0. 6) 2sin® x — sin*x.cosx + 2sinx.cos’x — cos’x =
0

Bai 5: Giai phuong trinh :
1) sin2x — 12( sinx — cosx) + 12 =0 2) sinx + cosx = 1 — 2sin2x.

3) V2 (sinx + cosx) — sinx.cosx = 1 4)(1 + /2 )(sinx — cosx) + 2sinx.cosx = 1 + /2 .

Bai 6: Giai cac phuong trinh :

1) 2sin2x — 5cosx =0 2) (tan2x — 1)cos2x = 0.
_sin2x__ 0 4) sinx = /2 sin5x — cosx.
cos2x+1
5) 2sinx.cos2x — 1 + 2co0s2x —sinx =0 6) 3 + 2sinx.sin3x = 3co0s2x
7) (1 —tanx)(1 + sin2x) = 1 + tanx 8) tanx + tan2x = sin3X.COSX.
9) tanx + cot2x = 2cot4x 10) 2sin2x.cos3X — cosX = 28in2X.COSX — COS3X

Bai 7. Tim nghiém duong nho nhat va nghiém am 16n nhét cia phuong trinh
(sin3x +cos3x)* = 2cos” 4x .
Bai 8. Tim cdc nghiém thugc [0;27] ctia phuong trinh 3sin x +1=4sin® x(sin x +2cos” X) .
Bai 9. Phuong trinh sau c6 bao nhiéu nghiém thuoc khoang (0;27): sinsx—sinx _ Sin 2x + C0S 2X.

s/l —C0S 2X

Bai 10. Giai cac phuong trinh

2COS X — .
1) sin X—Qsin2 x=sin’x voi (0<x<2x) 2) |cot x| = tan x+_i
2cosx—1 sin x
3) 23in(3x+%) = \/1+8sin 2xcos’ 2x 4) J4—x2 (sin27x—3coszX) =0

Bai 11. Tim m dé cdc phuong trinh sau c6 nghiém:

1) m(sin® x +cos® x) = cos4x.

m sin®x+m-3 . (72' ﬂj
1-tan’ x COS 2X
Bai 12. Tim m d€ phuong trinh sau c6 nghiém duy nhét 3cos® x+2[sinx| =m.

Bai 13. C6 bao nhiéu gid tri nguyén cuia k d€ phuong trinh sau ¢6 nghiém: 2sin? x + 6cos? g =5-2k.

Bai 14. Giai cic phuong trinh sau:

1) sin® x—cos® x =1 2) sin2x+sin%—2:o
3) 8cos4xcos” 2X ++/1-c0s3x +1=0 4) 1+cot2x = —1__C3522X
sin® 2x

Bai 15. Cho phuong trinh sin® x+cos2x+mcos® x=0.
1)Giai phuong trinh v6i m = 2.

2) Tim céc gia tri clia m d€ phuong trinh ¢6 nghiém trén khoang (O%j

Bai 16. Cho phuong trinh cos4x +6sinxcosx =m.
1) Giai phuong trinh véim = 1.

2) Tim m dé phuong trinh da cho c6 hai nghiém phan biét thudc {0;%}
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Bai 17. Tim m dé phuong trinh sau ¢6 diing 7 nghiém thuoc khoang (—%;2%} :

COS3X—C0S2X+mcosx—1=0.
COSX+2sinx+3

Bai 18. Tim gia tri 16n nhat va gia tri nho nhat ctia y = :
2cosx—sinx+4

trong khoang (-r; ).

2kcosx+k +1

COSX+SiNX+2

1)Tim gia tri I6n nhat va gia tri nho nhit cua ham s6 y, ting véi k = 1.
2) Xéc dinh tham s6 k dé gi4 tri 16n nhat ciia ham s6 y, 1a nho nhét.

Bai 19. Cho ham s6 vy, =

Bai 20. Tim gia tri 16n nhat va gia tri nho nhat ctia ham s6 y = /sinx ++/cosx Vi x e [Z 72[} .

PHAN 2: HINH HOC

Chuyén dé 1: On tap hinh giai tich trong mat phing

Bai 1. Trong mat phang Oxy cho ba diém A(-1; 1), B(3; 1), C(2; 4).
1. Ching minh ring ba diém A, B, C tao thanh ba dinh cia mot tam giac.
2. Tinh chu vi va dién tich tam giac ABC.
3. Tim toa do trong tam G, truc tam H, tam I dudng tron ngoai ti€p tam giac. Tur d6 chiing
minh ring ba diém H, G, I thang hang.
4. Tim toa do diém M sao cho 3MA+2MB +MC =0.

5. Tinh d6 duong trung tuyén AM va do dai duong phan gidc trong AD ctia tam giac.
Bai 2. Cho hai di€ém A(-3; 2) va B(4; 3).
1. Tim diém E d€ t¢ giadc AOBE 1a hinh thang vuong diay AO va BE.
2. Tim diém M thuoc Ox dé tam gidc MAB can tai M.
3. Tim diém N thuoc Oy dé ( NA + NB) dat gia tri nho nhat.
Bai 3. Cho tam gidc ABC v6i A(-2 ; 1), B4 ; 3) va C(2 ; -3).
1. Lap phuong trinh tham s6 va tong quat ctia canh BC.
2. Viét phuong trinh duong cao AH.
3. Lap phuong trinh qua A va song song v6i BC.
4. Viét phuong trinh duong trung truc ctia BC.
Bai 4. Cho duong thing (d) ¢6 phuong trinh : 3x + 4y — 12=0.
1. Tim toa do hinh chiéu H clia g6c toa do O trén dudng thang (d).
2. Tim diém M trén duong thang (d’): y - 2x + 3 = 0 biét M cach (d) mot khoang bang 2.
3. Viét phuong trinh dudng thang (d,) doi xiing véi dudng thang (d) qua O.
4. Viét phuong trinh dudng thang (d,) tao véi (d) géc 60°.
Bai 5. Cho dudng thang (d): x +y -5 =0.
1. Viét phuong trinh dudng thang d6i xdng véi (d) qua dudng (d’) : 2x +y — 1 =0.
2. Viét phuong trinh dudng thang d6i xting véi (d) qua (d°): x +y + 3 = 0.
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Bai 6. Cho diém P(3; 0) va hai duong thang (d,): 2x —y — 2 =0; (d,): x + y + 3 = 0. Viét phuong
trinh duong thang (d) qua P va cat (d,), (d,) 1an luot tai A v B sao cho P 12 trung diém clia AB.
Bai 7. Viét phuong trinh cac canh cua tam giac ABC biét dinh B(2; -1), dudng cao va phan giac
trong qua dinh A, C lan lugt ¢6 phuong trinh (d,): 3x —4y + 27 =0, (d,): x + 2y -5=0.
Bai 8. Cho hai dudng thang (d,): 2x +y +1 =0 va (d,): x + 2y — 7 =0. Lap phuong trinh dudng
thang (d) di qua goc toa do sao cho duong thang (d) tao v6i (d,), (d,) mot tam gidc can cé dinh 12
giao diém cta ching. Tinh dién tich tam gidc can do.
Bai 9. Cho dudng thang (d,): x cosm + ysinm + 2cosm + 1 = 0 v6i m 13 tham s6.
1. Tim nhiing diém trén mat phang toa do ma (d,) khong bao gid di qua cho dit m nhan bat
ki gid tri nao.
2. Chitng minh ring cic dudng thang (d.) luon ti€p xidc v6i mot dudng tron c6 dinh.
3. Cho diém I(-2; 1). Dung IH vuong géc véi (d,,) va kéo dai IH sao cho HN = 2HI. Xac
dinh toa do cua N theo tham s6 m.
Bai 10. Lap phuong trinh duong tron trong cac truong hop sau:
Puong tron di qua diém A(3; 1), B(5; 5) va ¢6 tAm nim trén truc tung.
duong tron c6 tam I( -1 ; 2) va tiép xidc vé6i dudng thang cé phuong trinh : x — 2y -2 = 0.
Puong tron ngoai ti€p tam gidc ABC véi A(-2; 4), B(6; -2), C(5; 5).
DPuong tron tiép xidc c6i hai duong thang (d): 2x —y =0, (d’): x — 2y + 2 =0 va c6 tam
thuoc duong théng c6 phuong trinh: x +y — 1 =0.
5. Pudng tron ti€p xidc vdi hai truc toa do va di qua diém A(4; 2).
Bai 11. Cho tam gidc ABC c6 phuong trinh cdc canh AB: 2x—-y+4=0,BC:x+y—-1=0va
AC:x+2y+2=0.
1. Xac dinh toa do tam va ban kinh duong tron ngoai ti€p tam giac ABC.
2. Viét phuong trinh duong tron noi ti€p tam giac ABC.
Bai 12. Cho ho dudng cong (C,,) ¢6 phuong trinh: x* + y* — (m — 2)x + 2my — 1 = 0.
1. Chiing minh rang (C,,) 1a ho dudng tron. Tim quy tich tam cta cdc dudng tron do.
2. Chiing minh ring khi m thay déi cdc duong tron (C,,) luon di qua hai di€ém c6 dinh.
3. Cho a= 2 va diém Q(3 ; 0). Viét phuong trinh clia tiép tuyén ctia dudng tron (C.,) ké tir Q.
Bai 13. Cho duong tron (C): x* + y* = 4 va mot diém M(2 ; 4). T M ké hai ti€p tuyén MT,, MT,
v6i dudng tron trong d6 T, T, 1a céc tiép diém.
1. Viét phuong trinh dudng thang T, T,.
2. Viét phuong trinh cac tiép tuyén cua (C) biét ti€p tuyén song song véi T, T,.
Bai 14. Cho duong tron (C): (x — 1)* + (y — 2)* = 9. Viét phuong trinh dudng thang di qua diém
M (2; 1) va cat dudng tron (C) tai hai diém A, B sao cho M 1a trung diém ctia AB.
Bai 15. Cho duong tron (C): (x — 1)* + (y — 2)? = 4 va dudng thang (d): x —y - 1 =0.
1. Viét phuong trinh tiép tuyén ctia (C) biét ti€p tuyén vuodng géc v6i duong thang c6
phuong trinh y = 3x — 1.
2. Viét phuong trinh duong tron doi xing x&i duong tron (C) qua (d).
3. Tim toa do cdc giao di€ém cua (C) va (C).
4. Viét phuong trinh cac ti€p tuyén chung cua (C) va (C’).
Bai 16. Cho duong tron (C): x* + y* = 4 va mot diém A(2 ; 0). Gia st M 1a mot diém di dong trén
(C). Goi H 1a hinh chiéu ctia M trén Oy. Tim quy tich giao diém I cia AH va OM.

el

Chuyén dé 2: Phép bién hinh va phép tinh tién.
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Bai 1. Cho v = 0. Phép tinh tién T. bién dudng thang d thanh dudng thang d’. Khi nao thi:
a) d’ trung d. b) d’ song song v6i d c)d’ catd.
Bai 2. Cho hinh binh hanh ABCD tam O.
1. Dung anh cua tam giac ABD qua phép tinh tién theo véc to BC.
2. Goi M, N, P, Q I4n luot 1a trung diém ctia AB, BC, CD va CA. Hay chi ra mot phép tinh
tién bién hinh binh hanh AMOQ thanh hinh binh hanh ONCP.
Bai 3. Trong mat phang Oxy cho diém A(3; -1), dudng thang (d): 2x — y + 4 = 0, dudng tron
(C): x* + y*- 2x + 5y + 2 = 0 va véc to v(2;-1) . Tim anh ctia A, (d), (C) qua cdc phép tinh tién :
a) T, b) T, c) T30

2

Bai 4. a) Trong mit phang Oxy cho dudng thang (d): x — 5y — 1 = 0. Tim phép tinh tién theo véc to
c6 phuong song song véi truc Ox bién d thanh dudng thang d’ di qua goc toa do. Viét phuong trinh
duong thang (d°).

b) Vho phép tinh tién T. v6i v(2;,-3). Tim m biét rdng qua phép tinh ti€n T. dudng thang
(d): (m + 1)x — my + 3 = 0 bié€n thanh chinh né.
Bai 5. a) Cho diém M (v/2;-1) va véc to u(L;—22). Tim toa do diém N sao cho M 14 4nh ctia N qua
phép tinh tién T..

b) Trong mit phiang Oxy cho hai dudng thiang (d,) : 3x =2y + 1 =0 va (d,): 3x - 2y -5 =0.
Tim toa do clia véc to v c¢6 gid vuong goc v6i dudng thang (d,) dé (d,) 1a anh clia (d, ) qua T, .
Bai 6. Cho tit giac ABCD noi ti€p duong tron tdm O ban kinh R trong AD = R. Dung céac hinh binh
hanh DABM va DACN. Chiing minh rdng tam dudng tron ngoai ti€p tam gidc DMN nam trén
duong tron tam O bén kinh R.
Bai 7. Cho tam giac ABC. V& hinh chit nhat BCDE bén ngoai tam giac. Goi d,, d, 1an lugt 1a cac
dudng thang qua D va E va vuong géc v6i AB, AC. Goi K 12 giao diém cliad,, d,.

1) Phép tinh tién T_; bién d,, d, thanh hai dudng nao, bién K thanh diém nao?

2) T trén ching minh rang AK vuong géc véi BC.
Bai 8. Cho hai diém B, C ¢6 dinh trén dudng tron tam O ban kinh R va A 12 mot diém thay ddi trén
duong tron d6. Tim quy tich truc tam H cha tam gidac ABC.
Bai 9. Trong mat phang Oxy cho phép bién hinh f bién diém M(x; y) thanh diém M’(x’; y’) thoa

X' — § X — ﬁ y
man > S (biéu thic toa do ctia phép bién hinh f)
==X+
Y=g Xy

1) Chiing minh rang f 12 mot phép doi hinh.
2) Tim anh ctia dudng thang (d): x —y =0 qua f.
Bai 10. a) Cho T,(M)=M" va T.(M) =M ". Tim phép doi hinh bién M thanh M".
b) Chitng minh rang hop thanh cta hai hay nhiéu phép doi hinh 1a mot phép doi hinh.

Chuyén dé 3: Phép déi xiing truc
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Bai 1. Tim anh ctia diém A(2+/2;-1) va dudng thang c6 phuong trinh : x + 3y = 1 qua phép doi
xung truc Ox, Oy.

Bai 2. Tim truc cua phép doi xtung biét:

a) Diém M’(2; 3) 1a 4nh cta diém M(-4; 5).

b) Pudng thang x -y + 2 =0 13 anh clia dudng thang x —y + 6 =0.

c¢) Puong tron x* + y* — 4x = 0 12 anh ctia dudng tron x* + y* + 6y + 5 =0.

Bai 3. Cho g6c nhon xOy va mot diém A nim trong goc d6. Tim hai diém B va C 1an lugt nidm trén
hai tia Ox, Oy sao cho chu vi tam gidc ABC nho nhét.

Bai 4. Cho tam gidc ABC la tam gidc déu. Xac dinh phép d6i xiing truc bién tam gidc ABC thanh
chinh n6. Tur d6 chi ra céac truc doi xiing cua tam giac.

Bai 5. Cho tam giac ABC noi tiép trong duong tron (O; R). Goi H Ia truc tam ctia tam giac.

a) Chitng minh ring cdc diém d6i xiing ciia H qua cdc canh ctia tam gidc ABC nim trén dudng tron
(O; R). Tix d6 suy ra cac duong tron (HBC), (HCA), (HAB) va (O; R) bang nhau.

b) Goi O,, O,, O, 14n luot 1a tam cac dudng tron (HBC), (HCA), (HAB). Chiing minh ring tam giac
ABC va tam giac O,0,0, bang nhau.

¢) Gia su B, C 1a hai diém c6 dinh va A 1a diém thay déi trén duong tron (O; R). Dung phép d6i
xitng truc dé ching minh rang H chay trén mot dudng tron c6 dinh.

Bai 6. Cho dudng thang xx’ va hai diém P, Q cling nim mot phia déi véi xx’. Dung diém A thudc
xx’ sao cho PAx = QAx.

Bai 7. Tim trén truc hoanh diém P sao cho téng khoang céch tir P t6i cdc di€ém A va B 1a nho nhat
biét A(1 ; 1), B(3 ; 3). Tim gia tri nho nhat do.

Bai 8. Cho tam giac ABC biét phuong trinh canh BC : 4x — y + 3 = 0 va hai duong phan giac trong
ctia cac géc B, C ¢6 phuong trinh (dg): x — 2y + 1 =0 va (de) : x + y + 3 = 0. Lap phuong trinh cca
canh AB, AC.

Bai 9. Cho A(-1; 3), duong thang (d): x — 3y + 1 = 0 va duong tron (C): x>+ y*+ 2x - 6y + 1 = 0.
a)Tim anh cua A, d, (C) qua phép doi xing D..

b)Tim anh cua A qua b,.

¢) Tim anh cua (C) qua D,.

Bai 10. Chohamso y= i—_i Chitng minh ring duong thang y = x + 2 1a truc déi xiing ctia do thi
+

ham s6.
Chuyén dé 4: Phép quay va phép doi xing tam.

Bai 1. Cho tam gidc déu ABC, truc tam H. Goi M, N va P 14n luot 1a trung diém cédc canh BC, AC,
AB. Tim anh cua tam giac HMC qua phép quay tam H véi:

a) G6c quay 120°.

b) Géc quay -120°.
Bai 2. Trong mat phang toa do xOy cho diém M(x; y). Goi M’ = Q(M) trong d6 Q 1a phép quay
quanh tam O géc 90°. Ching minh ring M’= (-y; x).
Bai 3. Trong mat phang toa do xOy cho dudng tron (C): x>+ y*- 8x + 6y - 3 = 0. Viét phuong trinh
duodng tron (C’) 12 4nh ctia dudng tron (C) qua phép quay tam O, géc quay 90°.
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Bai 4. Cho duong tron (O; R), A 1a mot diém c6 dinh khong triing tam O, BC 1a mot day cung clia
(0), BC di dong nhung s6 do ciia cung BC luon bing 120°. Goi I 1a trung diém ctia BC, vé& tam giéc
déu AIJ. Tim tap hop diém J.

Bai 5. Cho hai dudng thang (d) va (d’) song song va mot diém A khong nam trén (d) va (d’). Hay
dung diém B trén (d) va C trén (d”) sao cho tam gidc ABC Ia tam gidc déu.

Bai 6. Cho ba diém thang hang A, B, C v6i B nim giita A va C. Dung vé mot phia dudng thang AC
cdc tam gidc déu ABE va BCF.

a) Chiing minh ring AF = EC va géc gifta hai dudng thang (AF, EC) = 60°.

b) Goi M va N l4n luot 12 trung diém ctia AF va EC. Ching minh ring tam gidc BMN déu.

Bai 7. Cho tam gidac MNP c6 M(1; -2), N(1; 2), P(5; 2)

a)Tim toa do tam I dudng tron ngoai ti€p tam giac MNP.

b) Tim toa do cac dinh ctia tam gidac M’N’P’ qua phép doi xiing tam 1.

c)Viét phuong trinh dudng tron ngoai ti€p tam giac M’N’P’.

Bai 8. Cho hai dudng thang (d,) va (d,), hai diém A, G khong thuoc (d,), (d,). Hay dung tam gidc
ABC c6 trong tam G va hai dinh B va C lan luot thudc (d,) va (d,).

Bai 9. Cho hinh (H) trén mat phang xOy gom hai dudng tron (C): x>+ y*- 8x + 6y - 11 =0 va

(C): x>+ y*+ 4x - 6y - 23 =0. Chitng minh ring t6n tai mot phép doi xing tam A bién (C) thanh
(C). Xéc dinh toa do diém A.

Bai 10. Trén cac canh cta hinh binh hanh ABCD dung ccé tam gidc déu & ngoai hinh binh hanh do:
ABM, BCN, CDP, ADQ. Chiing minh rang ti gidc MNPQ ciing 1a hinh binh hanh.
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