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TONG QUAN CAU TRUC

Vdi mai chi dg, cdc em sé dugc 6n lai
kién thirc nén tang phuc vu cho tirmg
dang bai todn khic nhau. Hudng dan
sl dung mdy tinh Casio cho céc bai
tap tu luyén,
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Vi du cu thé bam sat phin Iy thuyét.
Déc bigt, moi vi du déu co phén phan
tich, binh ludn, ghi chd gidp cc em
nhan biét nhanh, hiéu rd tig dang bai
va ghi nhd kién thire quan trong.
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Sau moi chi dé 13 hé thdng céc baitap
ty luyén tir co ban dén néng cao gilp
cdc em hoc sinh ting toc dg lam bai
sau moi phan kién thirc.
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Bang dap &n & cudi moi chu dé sé gidp
cac em ty kiém tra va dénh gia kha
nang rén luyén cua ban than.
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CHU PE 1: Bi quyét tim GTLN, GTNN ci@ia ham sé
A. KIEN THU'C NEN TANG
1. Khai niém
Gia trj lon nhat caa ham s6 Y = f(X) trén mién D 1a M néu véi oi gia tri x, e Dthi f(x,)<M.
Gia tri nho nhét ciia ham s Y = f (X) trén mién D 1a m néu véi moi gia x, € Dthi f(x,)>m.
Quy wéc: GTLN, GTNN la viét tit cua gia tri [on nhat va gia tri nho nhat.
2. Quy tiac tim GTLN, GTNN
Buwac 1: Tim céc gia tri toi han trén mién D (1a cac gia trj 1am cho f(x) =0va c4c can cia D)
Buwac 2: Tinh gid tri cua f(x) tai cac diém t6i han.
Buéc 3: So sénh cac gia tri nay dé tim GTLN, GTNN.
3. Tim GTLN, GTNN bing may tinh Casio

Str dung chtrc ning MODE 7 véi thiét 1ap Start a End b va Sep%lvéi D =[a;b]

Quan sat bang gia tri F(x) dé tim GTLN, GTNN xuat hién trén man hinh may tinh.
B. Vi DU MINH HOQA

Vi du 1 (Chuyén HN Amsterdam):
Goi céc gia trj 16n nhat va gia tri nho nhat y=x% 2x% 1trén doan [-12] lan luot tai M va m. Khi d6

gia tri M.m la:
A. -2 B. 46 C.-23 D. 48
Giai
Cach 1: Ty luan
, . 3 L ) 4x =0
Tinh y'=4x" 4xva y'=0 4X(X"+1)=0< | | < x=0
x“+1=0

Vinghiém 0e[-12]nén nghiém 0 nhan. Tinh f(-1)=2, f(0)=1, f(2)=23
Tacé: M=max{f( 1);f(0);H2)} 23va
“m=min{f( B;f(0);f@)} -1

Vay M.m = -23
=>Chon C
Céach 2: Casio va Vinacal

e Sur dung tinh naing MODE 7 cho ham s6 y=x% 2x% 1véi thiét lap Start -1 End 2 va Stepl%

g (@ ) D @eHA@ROIEACOEEE0EREEEDOEB

Quan sat bang gia tri ta thdy GTLN la 23 dat dugc khi x =2va GTLN ~ —1dat duoc khi x ~ —0.052. Vay
M.m=~ -23
=>Chon C

Trang 1
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Phan tich
2 cach trén déu rat tuyét voi. Khi hoc ¢ nha thi nén chon cach 1 dé rén luyén kién thirc nhung khi di
thi thi nén chon cach sé 2 dé tinh nhanh.

[F | H:.'-Ih
19]1 %l-lil ho
20 et o3
23
Math
" F R
A-0x e |
=Us
Bi0. 10521=0.871
-0, 9944521604
Vi du 2 (Chuyén Khoa hec tw nhién HN)
Hamsé f(x)=x V& X2 cO tap gia tri la:
A [-11] B.[1v2] c. [01] D. [-1+2]
Giai
Céach 1: Ty luan
e Timtip xac dinh: 1-x* <0< x*<le -1<x<1
] X
Tinh y'=1
V1-x2
/ 2 22
vay'=0< NIEX X g V- X*= xo ==X e 1o s V2
J1-x2 x>0 2 2
Vi nghiém i—%e [-L1]nén ca 2 nghiem igdéu nhan.
Tinh f(-1) = 1,f(1)=1,f(%}=\/§,f£—%J:O
Ta co: max{f(—l); f(l);f{gj;f(—g)}=\/§ va min{f(—l); f(l);f(%}f(—iz_z—}= 1

Viy —1< f(x) <v/2 => Tap gié tri ciia () 1a [ ~1:2 |

=>Chon D
Cach 2: Casio va Vinacal

e Sir dung tinh ning MODE 7 cho ham s6 f(x) = % v x? véi thiét 1ap Start -1 End 1 Sepl—z9

g (@) i) D) () @O HD O @FE0EEE0E8EREMEE

Trang 2



https://sachhoc.com

Quan sét bang gi4 tri ta thly GTLN Ia z1.41z«/§dat duoc khi x~0.68va GTNN = -1 dat duoc khi
x= -1.Vay —1<f(x) <~/2
=>Chon D

Phén tich
Tdp gid tri cia ham sé thwong dwoc ki hiéu 1a chiz P 13 tap hop tat ca cac gia tri cua y khi x thay doi.
Vay y..<P<P_

Binh luan

Vié tim duwgc diéu kién ciia x e[-1;1] 1a diéu rat quan trong trong bai toan tim GTLN, GTNN

:.: B Meath
| -| %
e|-0.854|-0. 4yud
l-0-"1851=0. 1115
-1
[F] Math
16| 0 Eﬂﬂﬂ F o
|7l 0 2242 (ATED
|Bi0."884| |. 4032
1.413495077
Vi du 3 (Chuyén Sw pham HN)
Tim GTLN ciiaham s6 f(x)=sinx cos2xtrén [0;r]
5 9
A. max =— B. max=1 C. max=2 D. max=—
ox] 4 [0:n] [0:n] [0x] 8

Giai
Céch 1: Tw luan

Viéc tinh dao ham va xét diu dao ham cia ham lugng giac sinx,cos2x la viéc lam kho khan. Vi vay
dé don gian ta tién hanh dat an phu. Dt t =sinx, khi 46 cos2x=1-2sin>x 1 2t>. Tién hanh di can
Xe [0;71] —>te [0;1]

e Thay vao ham ta duoc: f(t)=1+t—2t*trén mién [0;1].
. : . 1
Tinh y'=1 4tva y'=0 <t =
Vi nghiém %e [0;1] nén nghiém nay thoa man.

1 9 ..
f0) =1, f[zj:§, f(1)=0

Vay GTLN cua f dat dugc la gva dau = xay ra khi x :%

=>Chon D

Trang 3
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Céch 2: Casio va Vinacal

Sir dung tinh ning MODE 7 cho ham f(x)=sinx cos2x véi thiét lap Start 0 End = Sep——

siFT) ooe) (2] fone) (7] (sin) () O] (O () feos) (2] (aera) O D
=) = @) B &) xe) B @A K0 (£ 0] @) E

Quan sat bang gia tri ta thdy GTLN 1a = 1.1138z§ dat duogc khi x~0.33

=>Chon D
Phan tich

Khi tim GTLN, GTNN cua ham luwong giac ta phai chuyén may tinh vé ché d6 Radian
|SHIFT[MODE| 4|

Khi tién hanh d6i bién ta phai doi ca mién gia tri cia bién bang cach khao sat ham t= f(x) sinxvéi
chttc nang MODE 7

fwone) (7] [sin) (AleHA) D] D] =] =] [0
=) (saFT) (x10%) (=) (saFT) [x107) (=) (1] (8]

Tathdy rd rang t=sinx co gia tri xuat phét tir 0 ting lén 1 roi lai giam vé 0 = t €[0;1]

Math

Math

O. 96584493

@ Math

0= IE'-IE
0.324B
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Binh luan
Viéc 1am nay la can thiét boi néu ddi can thong thuong
Xx=0 —>t =sn0 =0
{X:n—ﬂzsinnzo

S& khong tim dugc mién gia tri chinh xac cua an phu. Pay ciing 1a cai hay cta bai toan nay.

Vi du 4 (Chuyén L& Héng Phong)

Tim tat c4 cac gid tri cham dé GTNN cuiaham s6 y= »° 3% mitrén doan [-1;1]bang 0

m=2
A.m=4 B. [ C. m=6 D. m=0
m=4
Giai
Cach 1: Ty luan
P . 2 SN g x=0
e Tinh y= 3x° 6xvay'=0 <3x(x 2 6 _

Vinghiém x=0 ¢ ;1] nén ta nhan nghiém x =0

X>2 . . .
o Xét y'<0<=-2<x<0va y'20<:>|: 5 Ta thay qua nghiém x = 0 dau cua y'doi tir duong
X

qua &m nén x = 0 Ia cuc dai ciia ham s6 f(0)1a GTLN cua ham s trén khoang [-11]

Vay GTNN cua ham s trén [-L1]la f(-1)= 2 mhoic f())= 4 m. Vi —4+mludn nhé hon
—2+m nén gié tri nho nhat cua ham sb phai 13 —4+m

Tacho —4+m=0sé tim dugc m=4
=>Chon A
Céach 2

e Thur lan luot c4c gia tri & dap an rdi tim GTNN twong tng. Pap an nao cho GTNN 14 0 thi dap an
do dang va ta tim dugc khi m=4thi GTNN la 0 thoa man.

EOEEERIEAREERAmOEEEAOEEE0E80EREMAE
=>Chon A

Phén tich
Néu ta 1am 2 trudng hop
-2+m=0 m 2 =
-
-4+m=0 m 4 =

ri chon D thi 14 sai. Cai tinh té cua bai toan nay 1a viéc so sanh —4+mludn nhé hon —2+m

Math

B
b F (Rl
0. 834"

ol
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Vi du 5 (Thukhoa.edu.vn): Him sé y=|x* 2x* x -2 c6 gia tri I6n nhit trén [ 3} bang:

A.0 B.1 C.3 D.2
=>Chon D

, " . e, , z N z , R z X2—2X+3 n
Vi du 6 (THPT Van Canh): Gia tri nho nhat va gia tri 1é6n nhat caa ham so y:—l trén doan
[2;4] la:

11

A ZVUE B. 2\/§vu3 C. 2w3 D. 2\/§vu—

=>Chon D

Vidu 7 (THPT Tam Quan):
Gia tri I6n nhat va gia tri nhé nhat cua ham s y=e*(x* 3) trén doan [-2;2] la:
A miny= ekhix Z; maxy € khix 2 B. miny= 3khix 8; maxy 3ekhix 2
C. miny= 2ekhix 1; maxy € khix 2 D. miny= 2ekhix 1; maxy 3khix O
=>Chon C

Vi du 8 (THPT Nguyén Du):
Cho céc sb thuc x, y théa mén diéu kién y<O0,x*+x=y+12. GTLN va GTNN cua biéu thuc
K=xy +« 2y -47lan luot bang:
A. 10,-6 B. 5-3 C. 20;-12 D. 8-5
=>ChonC

C. BAI TAP VAN DUNG
Céau 1 (Chuyén Amsterdam - 2018):
Goi gid tri 16n nhat va nhé nhét cua ham s6 y=x% 2x* 1 trén doan [-12] lan luot 1a M va m.
Khi d6, gia tri M.m la:
A -2 B. 46 C.-23 D. Mot s6 I6n hon 46
Cau 2 (PTDTNT THCS&THPT An Lo - 2018):

Ham s6 y=4+x* 2x- 3 +2x+ x*dat gid tri Ion nhat tai x,, x,. Tich x X, bang:
A. 2 B.1 C.0 D.-1
Cau 3 (Chuyén Ha Long - 2018):

Tim gid tri I6n nhit citaham sb y= »x 3 iz trén ntra khoang [ -4, 2)
X+

A. maxy=>5 B. maxy=6 C. maxy=4 D. maxy=7

[-4-2) [-4-2) [-4-2) [-4-2)

Trang 6
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Céau 4 (Chuyén KHTN - 2018):
Hamsé f(x)=x V& X cotap giatrila
A [-11] B.[142] c. [01] D. [-1+2]
Cau 5 (Chuyén L& Hong Phong - 2018):
Tim gié tri Ion nhét cia ham sb y=2x® +3x* —~12x +2 trén doan|[-1;2]

A. maxy=11 B. maxy=6 C. maxy=15 D. maxy=10

[-12] (-12] [-12] [-12]
Cau 6 (Chuyén Lé Hong Phong - 2018):
Tim tat c4 c4c gid tri cia m dé gid tri nho nhat ciaaham so y= »° 3% m trén doan [-11] bing 0
A . m=4 B. m=2 C. m=6 D. m=0
Cau 7 (Chuyén L& Hong Phong - 2018):
Tim gia tri lon nhat caa ham sb y=f(x) <x 1 +/3r x én doan [-13]

A. maxy=2+/3 B. maxy=2+/2 C. maxy=2 D. maxy =32

[-13] [-13] [-13] [-13]
Cau 8 (Chuyén Lé Hang Phong - 2018):
Gi4 tri 16n nhit va gid trj nho nhit caa ham sé y=+L x*+ 6% 5 trén doan [1;5] 1an Iuot 12

A. 2vu0 B. 4vu0 C. 3wvu0 D.Ovu-2
Cau 9 (Chuyén Thai Binh - 2018):

Giatri 16n nhat caaham sé y=x 4 x?bing

A. 22 B.2 C.3 D. 11
Cau 10 (THPT Ha Trung - 2018):

Tim gia tri nho nhét cia ham s6 y = x.e* trén doan [1;2]

A. maxy = 2¢° B. maxy=¢ C. maxy:E D. mxy=e
xe[1;2] x€[1;2] xe[1;2] 2 x€[1;2]

Cau 11 (THPT Luc Ngan Sé 1 - 2018):
Tim gia tri 16n nhat cua ham s y=3sinx 4sin®x trén doan {—gg}
A. -1 B.1 C.3 D.7
Cau 12 (THPT Luc Ngan Sé 1 - 2018):
Ham sb y:|3x3 AX —]4 c6 gid tri nho nhét trén [0;2] bing
A.0 B.1 C.3 D.2
Cau 13 (THPT Ly Tw Trong):

o . N 9 1.
Gié tri nho nhit ciia ham s y = 2¢0s® x — > C0S” X +3COS X + > la:

Al B. -24 C.-12 D.-9
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Cau 14 (THPT Minh Ha):

Goi M,m lan luot 12 gia tri I6n nhat va gia tri nho nhat cia ham sé y = _61)( trén doan [0;3].
X +
Tinh M? +m?
A. 20 B. 36 C. 4 D. 16
Céau 15 (PTDTNT Van Canh):

Cho ham sé y=f(x) xac dinh, lién tuc trén [ va c6 bang bién thién

X —00 -1 0 1 +00
y " 0 i 0 " 0 i

—Q0

y /'2\ | /2\00

Khang dinh nao sau day 1a sai?

A. M(0;1) duoc goi 1a diém cyc tiéu cua ham s6

B. X, = -1dugc goi 1a diém cyc dai cua ham sb

C. f(&1)=2 duoc goi la gia tri 16n nhat ciia ham sé
D. f(1)=2 duoc goi la gia tri cuc dai cua ham s6

Cau 16 (THPT Cong nghiép):
Cho x, y 1a hai s6 khdng am thoa man x+ y = 2. Tim gia tri nho nhit caa biéu thuc

P:%x3 x yF x- 14

A. mnP=-5 B. minP=5
C. minP:z D. minP:%
3 3
Cau 17 (THPT Nghia Hung C):
Choham sy = /x+E .Gia tri nho nhat ciia ham sé trén (0;+o0) bang
X

A V2 B.0 C.2 D.1
Céau 18 (THPT Tam Quan):

Gié tri I6n nhat va nho nhat ciia ham sé: y = e (x2 3) trén-doan [-2;2] 1a

A. miny =—e khi x=1; maxy =e” khi x=2 B. miny = -3 khi x=0; maxy = 3e khi x=2
[-2:2] [-2:2] [-2:2] [-2:2]

C. miny =—2e khi x=1; maxy =e* khi x=2 D. miny =-2e khi x=1; maxy = 3 khi x=0
[-2:2] [-2:2] [-2:2] [-2:2]

Cau 19 (THPT Tran Quang Diéu):

Trang 8



Ham sé y = cos2x — 2cosx+ 2 €6 gia tri nho nhat 1a:

Al B.2 C.

N |-
O
1
H

Cau 20 (THPT Yén Lac):
COSX +2sinX+3

Cho ham sé: y = : . GTLN cua ham sé bing
2C0SX—SinX +4
Al B. 3 C.2 D.4
11
Céu 21 (THPT Tién Du):
mx —4

Tim m dé ham s y = dat gia tri 16n nhat bang 5 trén [-2;6]
m
A. m=26 B. m= —g

C.m=34 D-m=g

Cau 22 (THPT Tri¢u Son).

Tim m dé ham s y = r2nx1 dat gid tri 16n nhat tai x =1trén doan [—2;2]
X* +
A. m<0 B.m=2
C. m>0 D.m= 2

Céau 23 (THPT Kim Lién):
Tim gia tri Ion nhat ciaham sé y =x  e#* trén doan [0;1].

A. maxy =2e B. maxy=e* 1+
(0:1] [0:]

C. maxy=¢’ D. maxy=1
(0:1] [0:]

Cau 24 (Chuyén KHTN):

/ 2
Goi M, m lan luot 12 gia tri 16n nhit va gia tri nhé nhat cua ham sé y:M . Khi @6 gia tri
\/;+1
caia M -m la
A. -2 B.-1 C.1 D.2

Cau 25 (S& GD&DPT Bic Ninh):

Cho ham s y = f (x)xac dinh trén tap D. Trong cac ménh dé sau ménh dé nao sai?

A. m=min f(x) néu f(x)>m véi moi x thudc D va ton tai x, € Dsaocho f(x,)=m
D

B. m=min f(x) néu f(x) > m véi moi x thuoc D
D

C. M =max f(x) thi f(x)<M véi moi x thugc D va ton tai X, € D sao cho f(xo)zM
D

Trang 9



D. Néu M =max f (x) thi f(x)<M véi moi x thuoc D
D
Cau 26 (Chuyén Lwong Van Chanh):
Tim gi4 tri nguyén 6n nhat caa m dé bat phuong trinh x* —4x® +3x% + 2x > m lubn théa man V xel]

A.-3 B.-1 C.0 D.1
Cau 27 (THPT Quaéc hoc Hué):

Cho ham sé y = f (x)c6 dao ham f'(x) lién tuc trén [J va do thi ham s§ f'(x) trén doan [-2;6]
nhu hinh v& bén. Tim khang dinh dtng trong cac khang dinh sau.

A. maxf(x)=f( 2}

B. maxf(x)=1(2)
xe[-2;6] xe[-2;6]
C. maxf(x) =f(6) D. maxf(x)=f( 1»
xe[-2;6]

xe[-2;6]

Cau 28 (THPT Quéc hoc Hué).

Cho ham s6 y = f (x)c6 d6 thi trén [-2;4]nhu hinh v&. Tim wzaz](|f(x)|

A2 B. |f(0)| C.3

D.1
Cau 29 (PTDTNT An LAo):

Mot duong day dién dugc ndi tir mot nha may dién & A dén mot hon dao & C. Khoang cach ngin nhét
tir C dén B 1a 1 km. Khoang céch tir B dén A 1a 4km. Mbi km déy dién dit dudi nudc 1a mat 5000 USD,

con dat dudi dat mat 3000 USD. Hoi diém S trén bd cach A bao nhiéu dé khi mac day dién tir A qua S roi
dén C 14 it ton kém nhat?

Trang 10



A.Ekm B.Ekm C.Ekm D.ka
4 4 4 4
Céau 30 (GV Pham Kim Chung):
Ngudi ta tiém mot loai thubc vao mach mau ¢ canh tay phai cua mot bénh nhan. Sau thoi gian 1a t
0, 28t

gio, ndng d6 thudc & mach mau cua bénh nhan d6 duoc cho bai cong thuc C(t) = 7
+

O t 24y .Hoi

sau bao nhiéu gio thi ndng d6 thudc & mach méu caa bénh nhan 1a Ién nhat?
A. 12 gio B. 8 gio C.6gio D. 2 gio
Cau 31 (THPT Lac Hong):

Mot doan tau chuyén dong thang khoi hanh tir mot nha ga. Quang duong s (mét) di duoc cia doan
tau 1a mot ham sé cua thoi gian t (phat), ham sé do 1a s = 6t t°. Fhoi diém t (gidy) ma tai d6 van toc
v(m/s)cia chuyén dong dat gia tri 16n nhét 1

A. t=6s B.t=4s C.t=2s D.t=3s
Cau 32 (THPT Luc Ngan 3):

Do giam huyét ap cua mot bénh nhéan dugc cho bai cong thic G (x) =0,025x (30— x) , trong d6
x > 0 (miligam) 12 liéu lwong thudc can tiém cho bénh nhan. Bé huyét ap giam nhiéu nhat thi can tiém
cho bénh nhan mat liéu luong bang

A. 20mg B. 30mg
C. 15mg D. Bép an khac

Céau 33 (PTDTNT Véan Canh):
Mot con ca hdi boi nguge dong dé vuot mot khoang cach 1a 200km. Van téc caa dong nuéc 1a
8km/h. Néu van toc boi clia c4 khi nuée ding yén Ia v(km/ h) thi ning luong tiéu hao cua ca trong | gio
dugc cho bai cong thic: E(v)=cv’t (trong d6 c la mot hang so, E duoc tinh bang jun). Tim van téc boi
cta ca khi nude dimg yén dé nang luong tiéu hao 12 it nhat.
A. 12km/h B. 9km/h
C. 6km/h D. 15km/h
Cau 34 (THPT Nguyén Du):
Cho cac sb thuc x, y thoa mén diéu kién y<O0,x*+x=y+12. GTLN va GTNN cua biéu thuc
K=xy + 2y 47lan luot bang:
A. 10,-6 B. 5-3 C. 20,-12 D. 8-5
Cau 35 (THPT Nguyén Truong T9):
Mot man anh chit nhat cao 1,4 mét dugc dat & d¢ cao 1,8 mét so véi tam
mét (tinh tir ddu mép dudi ctia man hinh). Bé nhin rd nhat phai xac dinh vi tri

dung sao cho gdc nhin 16n nhat. Hay xac dinh vi tri d6? (EOC goi la géc nhin.)

A. AO =24m B. AO=2m

Trang 11



C.AO =2,6m D. AO =3m
Cau 36 (THPT Phu Cét 2):

Mot ngudi tho xay can xay mot bé chira 108m® nudéc ¢6 dang hinh hop chit nhat véi day 1a hinh
vubng va khong c6 nap. Hoi chiéu dai, chiéu rong va chiéu cao cua 1ong bé bang bao nhiéu dé sé vién
gach dung xay bé 14 it nhat? Biét thanh bé va day bé déu duoc xay bang gach, 4o day thanh bé va day bé
la nhu nhau, cac vién gach c6 kich thuéc nhu nhau va sb vién gach trén mot don vi dién tich 1a bang nhau.

A.4m, 3m, 9m B. 6m, 6m, 3m C. 9m, 6m, 2m D. 12m, 3m, 3m
Cau 37 (THPT Yén Lac):

Mot cong ty bat dong san c6 50 can ho cho thué. Biét rang néu cho thué méi can ho vai gia 2.000.000
ddng mot thang thi moi can ho déu co ngudi thué va ctr ting thém gia cho thué mdi can ho 100.000 dong
mot thang thi s& c¢6 2 can ho bi bo trong. Hoi mudn ¢6 thu nhap cao nhét thi cong ty d6 phai cho thué maéi
can ho vaéi gia bao nhiéu mot thang?

A. 2.225.000 B. 2.100.000
Cau 38 (Sé GD-PT Tp HCM):

Cong ty X mudn thiét ké cac hop chia san pham dang hinh try ¢6 nap véi dung tich béngloo(cm3) :

C. 2.200.000 D. 2.250.000

ban kinh day x(cm), chiéu cao h(cm) (xem hinh bén). Khi thiét ké, cong ty X luén dit muc tiéu sao cho

vat lidu 1am vo hop 1a it nhat, nghia 1a dién tich toan phan hinh tru 12 nho nhat. Khi dé, kich thuéc cua x
va h gan bang sé nao nhat trong cac sé dudi day dé cong ty X tiét kiém duoc vat lidu nhat?

A. h~6,476(cm) vax~2,217(cm) B. h~4,128(cm) vax ~2,747(cm)
C. h~5,031(cm) vax~2,515(cm)
Céau 39 (THPT Vinh Thanh):

D. h~3,261(cm) vax~3,124(cm)

sinx+1

Tim gia tri I6n nhat cua ham s6 y = ———
sin® X +sinx+1

A. maxy=1 B. maxy=2
C. maxy= -4 D. maxy:g
D. BANG DAP AN
1C 2D 3D 4D 5C 6A 7B 8A 9A 10D
11B 12A 13D 14A 15C 16C 17A 18C 19C 20C
21C 22C 23B 24D 25B 26B 27C 28C 29B 30D
31B 32A 33A 34C 35A 36B 37D 38C 39A
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CHU PE 2: Bl QUYET TiM KHOANG PONG BIEN NGHICH BIEN
A. KIEN THUC NEN TANG
1. Khai niém
Ham s6 y = f (x) dong bién trén mién D néu v6i moi x;,x, € D, x; < x, thi £ (x;) < f (x») va nguoc lai.
2. Piéu kién dé ham so6 dong bién, nghich bién
Ham sb dong bién < y' > 0 va nghich bién < y' <0

ax+b y'>0

Chu y : Ham phén thirc hru ti y =

y bi vi pham & lan céan vay di€u kién chi con : {
cx +

y'<0

3. Déu ciia tam thirc bac 2

Cho tam thirc bac 2 : ax? + bx + ¢ (@ # 0). Néu A < 0 thi ddu cua tam thirc luén cing diu véi a. Néu A > 0
thi ddu ctia tam thirc tuan theo quy ludt “trong trai ngoai ciing” c6 nghia 1a trong khoang 2 nghiém (x;; x»)
thi dau cua tam thtrc cung dau véi a va nguoc lai.

4. Cac buée tim tham s6 m dé ham s6 dong bién nghich bién trén mot mién

Bude 1 : Tinh dao ham ', thiét 1ap bat phuong trinh dao ham y' > 0 néu ham s6 dong bién va y' < 0 néu
ham s6 nghich bién.

Bude 2 : C6 1ap m va bat phuong trinh dao ham vé 1 trong 2 dang : m > g (x) hodic m < g (x)

Bude 3 : Bién luan néu m > g(x) trén mién D c6 nghia 1a m > g(max) trén mién D.

m < g(x) c¢6 nghia 1a m < g(min) trén mién D .

5. Tim khoang dong bién nghich bién biang Casio

Ta sir dung chirc nang & dé xét diu ciia dao ham y' .

B. Vi DU MINH HQA

Vi du 1: (THPT Chuyén Thai Binh) Trong cac ham s6 sau, ham s6 nao nghich bién trén R ?
A y= (zj B. log, x C. log, (2x2 +1) D. (2)
3 2 2 e
Giai
Meo giai nhanh

Ham sb lily thira y = a* nghich bién trén Rnéu 0 <a<1.Xétcosd = ~1.047 >1= A sai.

wly

Tiép tuc xét: 2 ~0.3757 <1 thoaman 0< 2 <1
e e

=> Chon D
Mé rong

Véi dap sb B ta c6 tap xac dinh cia ham y =log, x 1a (0; + o) nén khong thé nghich bién hay dong bién
2

trén R = Pap s6 B sai

Véi dap an C c¢6 tap xac dinh 1a R tuy nhién khi xét dao ham:

Trang 1
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y'SO@LSOQxZO:xe(O&OO) khong thoa man x € R

(242 +1)an

= Pap s6 C sai

Binh luian

Chi v6i viéc xét ham lity thira va 2 dap an A, D di tim duge dap sd nén viée xét dap s6 B, C 1a khong can
thiét vi dap s6 chi c6 mét.

Vi du 2: (Bdo Toan Hoc Tudi Tré) Ham sb y = x3+ 3x2 +mx + m dong bién trén tap xac dinh khi gia tri
cuamla:
A.m<1 B.m >3 C.-1<m<3 D.m<3
Giai
Str dung dinh 1y vé diu cta tam thirc bac 2
Ham sb = x3 + 3x2 +mx + m c6 tap xac dinh 1a R nén bai toan duoc hiéu rang tim m dé ham sb dong bién
trén R .
Pé ham s6 dong bién trén R thiy' > 0 v6i moi x € R.
S3X2+6x+m>0véimeix e RA©Y <0< 9-3m<0< m>3
=> Chon B
Tuw luin két Casio va Vinacal
Xét 3x2 +6x + m > 0 <> m > -3x2 - 6x = g (x) . Ta hiéu m > g(x) véi moi x € R ¢6 nghia 1a m > g(max).
Thiét 1ap: Start t —9 End 10 Step 1

g (7) (=) (3) () OO
FEEmINEEEEEHNUETE

Ta thu duogc gia tri 16n nhat 1a = 3 dat dugc khix =-1 = m >3

= Chon B.

Binh luan

Véix e R thi ta thuong chon Start -9 End 10 Step 1 hoac Start -4 End 5 Step 0.5

So sanh 2 cach lam thi ta thay twong duong néu xét trong vi du ndy, tuy nhién vi du cho ham f(x) cang
phirc tap va y' khong tinh duoc A thi cach két hop t6 ra c6 uu thé hon.

@ Math
Fid)
g

H

-2
g =1
10

Vi du 3: (THPT Son Tay) Tim tat ca cac gid trj cia m dé ham s6 y = %)f —mx” +(2m—1)x—2 nghich

bién trén R.
A.m<0 B.m<0 C.m<2 D.m>1

Giai

Trang 2
Trang 14



St dung dinh 1y vé dau ctia tam thirc bac 2
Tinh y' = mx? - 2mx + 2m - |
Dé ham s6 nghich bién trén R thi y' < 0 véi moi x € R

< mx?-2mx +2m-1<0véimoi x € R

Ay'<0 mz—m(bn—U<O m—m><0 m=1
= BR= RSN T om0 m<0 (1)
m<0 m<0 m<0
m<0

Hoac truong hop2 :m=0vay' <0.Xétm=0thiy' =-1<0lading = m =0 (2) thoa man.

Két hop (1) va (2)

=> Chon A

Tw luén két Casio va Vinacal

Xéty' <0< m(x?-2x+2)<1(3). Vidai luong x? - 2x + 2 = (x - 1) +1 ludn > 0 nén khi chia ca 2 vé
ctia bat phuong trinh cho dai lugng x2 - 2x + 2 thi ddu cuia bit phuong trinh khong doi chiéu.

Bit phuong trinh (3) < m<— = m < g(min). Dé tim max clia g(x) ta lai sir dung chtc ning

x —2x+2
MODE 7 véi Start-9 End 10 Step 1

EONEIOmWIPBEEmWIEEEEENENUEME

Ta thu dugc GTNN 1a= 0,030 = m <0 = Chon A

Binh luan

Theo cach giai tu luan cac ban thuong bé quén trudng hop sé 2 khi m = 0 thi ham bac 3 véi do thi 1a
duong cong suy bién thanh ham bac nhat y = -x - 2 ¢6 do thi 1a duong thang. BPuong thang nay c6 hé so6
goc a=-1 <0 cho nén ham y = -x — 2 nghich bién trén R

= m = 0 thoa man.

Math

0.0u7
0.05EH

]
-U
-3.5
-3

|
2
3

i

Vi du 4: (P& minh hoa BGD-DT) Tim m sao cho y = tanx—2 dong bién trén khoang (0;2)
tanx—m 4
m<0
A. B.m<2 C.1<mx2 D.m=>2
I1<m<?2

Giai
Dao ham lién quan dén tan x rat kho xir Iy nén ta sé tién hanh dat an phy y = tan x dé dwa ham lugng giac

A A t—2 . A o csn A ~ 29 AR 2
phtre tap ban dau vé ham y =—— don gidn hon. Tuy nhién khi ddt an phu ta cling phai doi can:
x=0—>r=tan0=0

te(0;1
xzf—n:tanlej e( )
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-m+2
VREERVE
t—m

Tinh y'= Pé ham s6 dong biénthiy’ >0 < -m+2>0<m<2(1)
Xét didu kién cia ham sb lat = 1. Vay dé ham déng bién trén ca khoang (0;1) thi gié tri vo dinh m ¢ (0;1)
2).
i (1) va (2) ta d m<2 1<m<?2
et va (2) ta duoc =
o P lme(0:1) [ m=<o0

=> Chon A.
Binh luian

Van dé kho nhat ctia bai nay 1a viéc phai cho gi tri vo dinh x = m khong dugc thudc mién dang xét (0;1).
Phan 16n hoc sinh mac phai sai 1am nay va thuong lam dén (1) thi ding lai va chon dap 4n 1a B

5
X

Vi du 5: (Dé thi THPT QG) C6 bao nhiéu gia tri nguyén am cta tham s6 m dé ham s6 y =x" + mx—s—
dong bién trén khoan (0; +o0) ?
A.5 B.3 C.0 D. 4

Giai

2 1 A N A A V4 N 2 1 2 1
y'=3x"+m+—.Deham s6 dong bien thi y'>0=3x"+—+m20m=>-3x" ——=g(x)

X X X

Ta hiéu y’ > g(x) v6i moi gia tri x thudc khoang (0; +00) c6 nghia 13 y > g(max) trén khoang (0; +0)
Pé tinh g (max) ta st dung MODE 7 véi Start 0 End 9 Step 0.5

=6

FEAEDNC@mIXNEEEDEEERHEE
Quan sat bang gié tri ta thdy g(max) = -4 khi x =1 = m > -4,
Vi m nguyén am nén m = -4; -3; -2; -1 = ¢06 4 gia tri m thoéa man.
=>Chgn D
Binh luén
Vi ham g(x) phtic tap nén ta uu tién sir dung phuong phap Casio Vinacal 1a chinh. Khi x tién t6i +oo thi ta
thuong chon End 1a 9 hoac 19 thi budc nhay Step s€ dep.

] Math &
ernt+l—1q
ertl ¢

Vi du 6: (Chuyén KHTN HN) Tim tap hop tit ca cac gia tri cta tham s6 m dé ham s6 y = x3 - mx? - (m -
6)x +1 dong bién trén khoang (-5;-2) la :

A.m<-9 B.m>1 C. (-o0; -9] D. [-9; -6]
=> Chon C
Vi du 7: (THPT Viét BPic HN) Tim m dé ham sd y = 2x3 +3(m - 1)x2 +6(m - 2)x + 3 nghich bién trén mot
khoang c6 do dai 16n hon 3
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m<0
A.m>6 B. m € (0;6) C.m<0 D{
m>6

=>Chon D

Vi du 8: (Pé minh hoa BGD-DT) Cho ham sé y = f(x) . Him s y =
£2(x) c6 d thi nhu hinh v& bén. Hoi ham sb y = (2 - x) déng bién trén
khoang nao?

A. (1:3) B. (2; +0)
C.(-2;1) D. (-0; -2)
=> Chon C

Vi du 9: (Chuyén Thai Binh 2018) Cho ham s6 y = f(x) c6 dao ham trén
R . Buong cong bén 1a do thi cua ham s6 : y = f°(x). Xét ham s6 g(x) =
(x2 - 2), ménh dé nao sau day sai.
A. Ham s6 g(x) nghich bién trén (-o0; -2) i
B. Ham s6 g(x) ddng bién trén (2; +o0) ‘
C. Ham s6 g(x) nghich bién trén (-1;0)
D. Ham sb g(x) nghich bién trén (0; 2)
=> Chgn C
C. BAI TAP VAN DUNG
Céu 1 (Chuyén Amsterdam - 2018). Cho ham s6 y = f(x) c¢6 do thi n
nhu hinh v€. Khang dinh nao sau day la dang?

A. max f(x) =3

B. Ham s6 dong bién trén khoang (-oo0; 3)

5 I '3 | o 1 - I -_
C. Gia tri cyc ti€u ciia ham so bang 2 | \/
] = — |
D. min /(%) 1,

Céu 2 (Chuyén Lé Qiiy Pon - 2018). Ham s y = x3 — 3x2 — 9x + 1 dong bién trén mdi khoang:
A. (-1;3) va (3; +o0) B. (-0; -1) va (1;3)
C. (-o0;3) va (3; o) D. (-o0; -1) va (3; +o0)
Cau 3 (Chuyén Thai Binh - 2018). Cho ham sé y =sinx—cosx+ V3x. Tim khang dinh dung trong cac
khang dinh sau day:
A. Ham s6 nghich bién trén (-o0; 0)
B. Ham s6 nghich bién trén (1; 2)
C. Ham s6 12 ham 1¢
D. Ham sb dong bién trén (-o0; +o0)
Céu 4 (Chuyén Thai Binh - 2018). Cho ham s6 y = f(x) lién tuc trén R c6 bang bién thién:
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X -00 -1 0 1 +o0

y’ -0 + 0 - 0 +

y +o0 \ . / -3 \-4 /y+oo

Khang dinh nao sau day sai?
A. Ham s6 ¢6 hai diém cuc tiéu, mot diém cuc dai
B. Ham s6 c6 gia tri nho nhét bang -4
C. Ham s6 dong bién trén (1; 2)
D. Db thi ham sb nhan géc toa do lam tam ddi xung
Céu 5 (Chuyén Thai Binh - 2018). Ham s6 y = x* — 2x2 — 7 nghich bién trén khoang nio?
A. (0;1) B. (0; +o0) C. (-1;0) D. (-0;0)
Céu 6 (THPT DTNT Binh Pinh - 2018). Ham s nao sau ddy dong bién trén mdi khoang xac dinh cta
no?
x—1 x—1 2x—1 2x+5
x=2 B'y:x+2 C.y:x—Z D.y= x+2

Céu 7 (THPT Ha Trung - 2018). Ham s6 y = f(x) ¢6 dd thi nhu hinh v&. Khing dinh nao sau day la
khang dinh ding?

A y=

[

A. D06 thi ham s6 ¢6 tiém can dimg 1 x = 1 va tiém c4n ngang la y = -2
B. Ham s ddng bién trén cac khoang (-oo; -2), (-2, +0)
C. D6 thi ham s6 cét truc hoanh tai diém M(0;-1)
D. Ham s6 nghich bién trén cac khoang (-oo; -2), (-2, +0)
Céu 8 (THPT Hoa Binh - 2018). Ham s y = -x* + 4x2 - 2 nghich bién trén mdi khoang nao sau day ?
A. (—\/E;O)Vé (\/5;4-00) B. (—x/E,\/E)
C. (V23+) D. (oo —v2)va (0:+/2)
4
Ciu 9 (THPT Minh Ha - 2018). Him s6 y = %— 2x” +log, 2016 dong bién trén khoang:

A. (-2;2) B. (2; +o) C. (0;2) D. (0; +)
Cau 10 (PTDTNT Van Canh - 2018). Trong cic ham sé sau, ham s nao ludn dong bién trén timg
khoang xac dinh ctia n6?
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_ 2x+1

y (I); y=—x*+x"=2(); y=x"-3x—5(Il)
x+1
A TVATI B. ChiI C.1valll D. 11 va IIl
Cau 11 (THPT Nghia Hung C - 2018). Ham sé y = "1
X+m

A. ludn luén dong bién néu |m|>1 >1

B. lu6én luoén dong bién véi moi m

C. ludén luén dong bién néu m # 0

D. dong bién trén tirng khoang xac dinh cta no.

Cau 12 (THPT Tién Du - 2018). Cho f (x) = x’e”*. Phuong trinh £(x) > 0 c6 tap nghiém la:

A. [-2; 2] B. (-o0; -2]U[0; +o0)
C. (-o0; 0]U[2; +00) D. [0; 2]
Céu 13 (THPT Viét Pirc - 2018). Cho ham sd y = sinx - x. Ham s nay:
A. Pong bién trén R B. Pdng bién trén khoang (0;+0)
C. Chi nghich bién trén khoang (-0; 0) D. Nghich bién trén R.
Céu 14 (THPT Yén Lac - 2018). Cho ham s y = W Tim tat ca cac gia tri cua tham s6 m dé
ham s6 nghich bién trén timg khoang xéac dinh.
A.2<m<I B[mZI C.2<m<1 D["Dl
m< =2 m< -2
Céu 15 (THPPT Tran Hung Pao - 2018). Trong cic ham sb sau, ham s6 ndo ludn nghich bién trén R?
Ay =x*+x2+2017 B.y=x3+3x2+3x + 2017
C.y =sinx - x. D. y = cotx

Céu 16 (THPT Tran Hung Pao - 2018). Him s6 y = %(m —1)x® + mx* +(3m—2)x ludn nghich bién trén

tap xac dinh v&i m théa man:

A.m<?2 B.%Sm£2 C.m>2 D.mS%

Ciu 17 (Chuyén Nguyén Trii - 2018). Cho ham sé f(x) dong bién trén tap sb thuc R , ménh dé nao
sau day la dang?

A.Vb6imoi x; >x, € R=f(x)) <f(x»)

B. V&1 moi x;; x; € R = f(x1) > f(x2)

C. Voimoi x;; X, € R= (X)) <f(xy)

D. Voi moi x; <x; € R = f(x;) <f(xy)
Céu 18 (THPT Pirc Tho - 2018). Cho ham sb y = f(x) x4c dinh va lién tuc trén tip D = R\{-1} va co
bang bién thién:
Duya vao bang bién thién ctia him sb y = f(x). Khang dinh ndo sau day la khang dinh sai?

A. Gia tri nho nhét ctia ham sd trén doan [1; 8] bang -2
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B. Phuong trinh f(x) = m c6 3 nghiém thuc phan biét khi m > -2

C. Ham sb dat cuc tiéu tai x =3

D. Ham sé nghich bién trén khoang (-oo; 3).
Céu 19 (THPT Nguyén Quang Diéu - 2018). Tim tat ca cac gia trj thuc ctia tham sé m dé ham s6
y=(2m - 1)x — ( 3m + 2) cos x nghich bién trén R.

A. —3Sm§—l B.—3<m<—l C.m<-3 D.m>——

5 5 5

Céu 20 (THPT Cim Binh - 2018). Néu ham s6 y = f (x) dong bién trén khoang (-1; 2) thi ham s
y=f(x+2) dong bién trén khoang nao sau day ?

A. (-3;0) B. (-2;4) C.(-1;2) D. (1;4)
Céu 21 (THPT Poan Thuong - 2018). Cho ham s y = f(x) = x3 + ax? + bx + c¢. Ménh dé nao sau day
sai ?

A. Db thi ham s ludn cét truc hoanh

B. lim f(x) =+

C. D6 thi ctia ham s6 ludn c6 tam dbi xtmg

D. Ham s6 ludn c6 cuc tri
Cau 22 (Chuyén Lwong Vin Chanh - 2018). Tim gié tri ciia tham s6 m sao cho d9 thi ctia ham s6
y = x3 - 3x2 + m nhén diém A( 1;3) lam tdm ddi xing.

A.m=3 B.m=5 C.m=2 D.m=4

mx+4m

Céu 23 (Thi THPTQG - 2018). Cho ham s6 y = v6i m 13 tham sb. Goi s 1a tap hop tat ca cac

x+m
gia tri nguyén ctia m dé ham sé nghich bién trén cac khoang xac dinh. Tim s6 phan tir ctia S.
A.5 B. 4 C.Vosh D.3
Ciu 24 (Sé GD-PT Hai Dwong - 2018). Bang bién thién sau day 1a cia ham s6 nao?

X -0 2 +00
y’ - -
1 +o0
y \-w \1
A :x+1 B. :x+3 C.y= x—1 D.y:x+1
x+2 2+x 2x+1 x—2
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Céu 25 (S6 GD-PT Binh Phudrc - 2018). Cho ham sb y = f(x). Biét f(x) c6 dao ham 1a £(x) va ham s
y = {7(x) c6 d6 thi nhu hinh v& bén. K&t luan nao sau day la duang?

A. Ham sb y = f (x) chi ¢6 hai diém cuc tri

B. Ham s6 y = f (x) ddng bién trén khoang (1; 3)

C. Ham s6 y = f (x) nghich bién trén khoang (-o0; 2)

D. D6 thi ctia ham sd y = f(x) chi c6 hai diém cyc tri va chiing nam vé hai phia cta truc hoanh
Céu 26 (Chuyén Amsterdam - 2018). Xac dinh cac gia tri cia tham s6 m dé ham sé y = x3 - 3mx? - m
nghich bién trén khoang (0; 1) ?

A.mZl B.m<l C.m<0 D.m>0
2 2
A A \ , cso , £ T A m—sin x .
Cau 27 (Chuyén Ha Long - 2018). Tim céc gia tri thuc cta tham s6 m d€ ham s6 y =——— nghich
cos” x
KA \ V4
bién trén khoang (O;E)
A.mZé B.méé C.mSé D.mZé
2 2 4 4
a N A \ I cy , £ 2 13 £ tan x —2
Céau 28 (THPT Ham Rong - 2018). Tim tat ca cac gia tri thuc cua tham s6 m dé ham s6 y = PR—
anx—m
ddng bién trén khoang (O;%j
m=<0
A.m<0 B.1<m<2 C. D.m>2
1<m<2
Céu 29 (THPT Hoa Binh - 2018). Tim tit ca cac gid tri thyc cta tham sé m dé ham sé y=% "%
e’ —m
dong bién trén khoang (lni; 0]
11 11
A.m € [-1;2] B. me|——;— C.me (1;2) D. me|——;=|U[1;2)
2°2 2°2

Ciu 30 (THPT Kién An - 2018). Tim tit ca cac gia tri m dé ham s

y= lx3 —2x% +mx +2 nghich bién trén khoang (0; 3).

3
A.m>3 B.m<0 C.m>4 ﬂ\ 4

Cau 31 (THPT Lé Loi - 2018). Tim tap hop tit ca cac gia tri m d&& ham s6 ¢ 1/ 2 3V5 :

y= mx—4 nghich bién trén khoang (0; +o0).
xX—m
A.m € (-0; -2) B. (-2; 0) C. (2; to) D. m e (-00;-2)U(2;+00)

Céu 32 (THPT Chu Vin An - 2018). Cho ham sd y = f(x) lién tuc va c6 dao ham cép hai trén R. D6 thi
ctia cac ham sé y = f (x), y = f(x) va y = f'(x) lan luot 14 cac dudng cong nio trong hinh v& bén?
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()

(&)

SSEE

(c)

A. (Gy), (C), (Cy) B. (C)), (C2), (C3)

C. (Gy), (Co), (C) D. (C)), (G3), (Co)
Céu 33 (Chuyén Thai Binh - 2018). Cho ham sb y = f(x) c6 d6 thi y=(x) cit truc Ox tai ba diém c6
hoanh d6 a <b < ¢ nhu hinh v&.

Ménh dé nao duéi day 1a dung?

a\-o/ b c
A. f(e)> f(a)> f(b) B.
f)> f(b)> f(a)
C. f(a)> f(b)> f(c) D.
S®)> f(a)> f(c)

Céu 34 (THPT Kién An - 2018). Cho ham sb y = f(x). D6 thi cua ham sb
y=f"(x) nhu hinh bén. Dat g(x)=2f (x)—(x+1)2. Ménh dé nao dudi day

dang?
A. g3)>g(-3)>¢g()
B. g(-3)>g(3)>g()
C. g(1)>g(-3)>g(3)
D. g(1)>g(3) > g(-3)
Céu 35 (Thi THPTQG - 2018). Cho ham sb y = f(x). D6 thi ciia ham sb y=f(x) nhu hinh bén. Dat
g(x)=2f(x)+(x+1)". Ménh & nao dudi day ding?
A. g()<g3)<g(-3)
B. g(1) < g(-3)<g(3)
C. g3)=g(-3)<g(l)
D. g(3)=g(-3)>g()
D. BANG PAP AN
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CHU DPE 3: Bi QUYET TiM CUC TRI CUA HAM SO
A. KIEN THUC NEN TANG
1. Dau hiéu xuat hién cwe dai, cuwe tiéu
Ham s/ lien tuc trén (48) chira diém 0 va c6 dao ham trén céc khoang (%%) va (%3b) . Kni de:
, ' R , X , / 5 ,
Néu / (XO) d6i dau tir am sang dwong khi = qua diém * thi ham s dat cuc tiéu tai diém Yo,
X,

. ’ . / X . . ,
Néu (XO) do6i dau tir dwong sang &m khi  qua diém %o thi ham sb dat cuc dai tai diém ™.

2. Hoanh dé diém cwe tri (cuc dai va cyc tiéu) 1a nghiém cta phuong trinh y’ = 0
3. Lénh Casio tinh dao ham

4. Mot s6 khai niém dé giy nham lan
Trén db thi ham sé ¥ =/ (%) didm cuc tri ¢6 toa do 1a M (*%0:%%0) thi ngudi ta noi: Ham sé dat cyc tri

tai %o va gia tri cuc tri cua ham so6 1a Vo

B. Vi DU MINH HQA

Vi du 1 (Chuyén KHTN HN): Cho ham s J’=(>f—5)i/x_2 - Ham s6 dat cyc tiéu tai
A. x=1. B. x=2. C. x=0. D. x=-2.
Giai
Cach 1: Ty luin
¥ =(x=5) A+ (x-5) () =3 +(x-5).2.
Tinh 3
_3x+2(x—5)_5(x—2)
3 3
V=0c5(x-2)=0cx=2 y,>0<:>5(x—2)> c>{x>2

Xét va 3Yx
V<0< 0<x<2

I x

-

x<0’

Vay Y "(2)=0va ¥ 4éi déu tr 4m sang duong qua gia tri
= x = 21a diém cuc tiéu ctia ham sd.
= Chon B

Cach 2: Casio va Vinacal
Pé kiém tra dap 4n A ta di tinh y’(l) va thay y’(l) = _1'66(6)' Ta chi quan tdim dén tinh chat
Y'(1)# 0 ngn * = khong phai 13 didm cuc tiu ctia ham sb.

= Dap an A sai

FREOEFOEENW RO ® I E

Tiép tuc kiém tra dép s6 B ta thiy (2)=0.
Diéu ndy c6 nghia 1a x =2 1a diém cyc tri ciia ham sb. Ta tiép tuc di x4c minh xem x =2 ¢6 phai 1a diém
cuc tiéu cua do thi ham s6 hay khong?

Néu dang 1a diém cuec tiéu thi ¥ phai ddi dau tir - sang +.

That vay Y'(1.9)<0ys ¥'(2.1)>O4yc 13 ¥ ¢bi dAu tix - sang + qua gia tri x =2 .
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= Ham s dat cuc tiéu tai x = 2.
= Chon B

Binh luén
A X=X, 5 \ £ . - A ; y'(x ):() < A 2 :
Néu la cuc tri cia ham sO thi diéu kién can la 0 hodc khong xéac dinh

=)y ’( 1) =1 66(6) khong théa mén tinh chattrén — ¥~ 1khf)ng phai 12 diém cuec tri cua ham sb thi
duong nhién khong phai 1a diém cyc tiéu ciia ham s6.

85 i i e ¥ 4% i qua * = Yo nhu thé nao ta V(% =0.1) g ¥ (% +0.1)13 2 gid tri bén trai va

bén phai cua %o la quan sat thay ngay.
Math A B Math A

a e oy )| b [ (x5 ToZ )| 0
1. 666666667 0. 1345646179

Math & Math &

e 5)~EF?MI 9 [ (3 Ejﬁﬁﬁfhx
0 0. 1301494443

= ' — 2 _ 2 2 , I
Vi dy 2 (THPT chuyén Thai Binh): Cho ham s6 ~ 7 (%) o /() = (6" =V2)2* (x+2)" 4 giém cuc

tri ctia ham sb 1a
A. 1. B. 2. C.3. D. 4.
Giai
Xét phwong trinh ¥'=0
X —2=0 x=+2
@(xz—\/z)xz(x+2)220<:> ¥=0 <| x=0
(x+2)'=0 | ¥=-2
Ta thdy ¥'=0 c6 4 nghiém, tuy nhién trong d6 c6 1 nghiém béc chin 1a x = 0 thi ¥'khong ddi dau
qua nghi¢m nay.
= 4bi déu qua 3 nghiém bac 1& * = 2,5 =42,5=2=zm b ¥=F(*)c6 3 diém.
= Chon C

Binh luin
Ta nhd “S6 diém cuc tri 1a sb nghiém bac 1¢ cua phuong trinh y'=0»

\ , . 4 2
Vi du 3 (THPT Anhxtanh): Goi %% (% <%) 13 hai didm cuc tidu cta ham s6 ¥ =% —2%° =3. Tinh
gid tri biéu thire £ = 3%, +2x,

A.P=-1. B.P=0. C.P=1. D.P=2.
Giai
!:4 3_4 xZO
A y'=0<:>4x(x2—1)=0c>{ .
Tinh va x=x1
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y'=12x -4, { ¥ (-1)=0 { y'(1)=0
Tinh Ta thay Y "(-1)=8>0, ["(1)=8>0
= Ham sb dat cuc tiéu tai £1.
x =-1
o g, = = P=3x,+2x =1
Vi x2=1
= Chon C

Binh luan

Ta ciing ¢ thé 1ap truc xét ddu cua bleu thirc ¥'va thay V' @i dAu tir Am sang duong qua 2 gia tri
x=-1va x=1= x =113 2 diém cuc tiéu cua ham sb.

Vi dy 4: (THPT chuyén Bic Ninh): D} thj ham s§ ¥ =X =3x"=9x+1 ¢6 2 diém cuc trj A va B.
Duong thang nao dudi day thudc duong thang AB
A. M(1;-10) B. N(-110) c. P(10) p. 2(0:-1)
Giai

Cich 1: Truec tiép

Pé lam cach truc tiép nay ta s& di tim 2 diém cuc trj 4 va B sau d6 viét phuong trinh dudng thang di

qua2 diém A va B

¥y =3x>-6x-9
Tinh va
B(3;-26)

x=—l=>y=6 A(—l;6)

y’:0<:>|: . \
x=3=y=-26 Ty thu duoc 2 diém cuc tri va

: SR(4- = ' (30-4) - (g )
Puong thang AB nhan 4B (4’_3 2) la vecto chi phuong  nhan ”(32’4) . (8’1) la vecto phap tuyén.
Vay phuong trinh AB:S(x—xA)+l(y—yA) =O<:>8(x+l)+y—6:O<:>8x+y+2:0

M(l;—lO) thdéa man phuong trinh ISl Chon A.

Ta thay v6i diém
Cach 2: Gian tiép

Ta biét: Phuong trinh dudng thing di qua 2 diém cye tri cita ham bac 3 ¢6 dang ¥ =8(*)veéi &(%) 1a

phin du ciia phép chia f (%) cho /'(*)

Tinh f'(x) =3x"—6x-9

f(x)=A4.f"(x)+g(x) . :(

Phan tich ta duoc: 3 3

= phuong trinh AB: ¥ =—8x—2

Ta thay véi diém M (1;_10) théa man phuong trinh AB.
= Chon A.

Binh luin
Ta so sanh 2 cach trén thi thiy 1a twong duong. Tuy nhién ta chi y, trong cac bai toan viét phuong
trinh duong thang di qua 2 diém cyc tri ma chira tham s6 m thi ta uvu tién cach thur 2.

, , — 3 2 _ 2 _ _ ,
Vi du 5 (THPT Péng Da): Cho ham s6 ¥ =% +(2m+1)x" =(m* =1)x=5 i ia i a0 i tham sé

m thi d6 thi ham s6 c6 hai diém cuyc tri ndm vé 2 phia cua truc tung.
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m>1. m=2. —l<m<l1 {m>2
D

A. B. C.
Giai

m<1

Cach 1: Ty luan
Goi *1>X2 14 2 cyc trj ciia ham sb. Khi d6 %1%, 13 2 nghiém phan biét ciia phuong trinh ¥ '=0.
” r_ . 2 _ 2 _
P& phuong trinh =0 -3x +2(2m+1)x (m 1)—0
e Ay =(2m+1) = (m* =1)>0

c6 2 nghiém phan bi¢t thi

< 3m’ +4m+2 > 0 < ding v6i moi m

x3—2x2—x+2=O<:>(x—2)(x—1)(x+1):0<:>{

Dé 2 cyc tri nam vé 2 phia cua tryc tung thi 2 cuc tri Xi>X2trai ddu
& x,%, <0 P<0&m’ ~1<0& -1<m<1= Chgn C.
Cach 2: Casio va Vinacal
Thit v6i gid tri m=2khidé ¥=—x" +5x" =3x=5 vz y'=-3x" +10x -3
1

=3;x,=— o . . sy :
3142 gia tri cung dau tuc 1a 2 cyc tri nam vé cung 1 phia véi truc

X

Ta thu duoc 2 gia tri !

tung.

= m=2 saj = Pap s6 nao chira m = 2 thi dap s6 46 sai = 4, B sai.
1

x=Lx,=—
3 trai dau

Thir m = 0 thi ta thdy dugc 2 nghiém
= Chgn C

Binh luan
Néu dé bai hoi 2 cuc tri ndm vé 2 phia ciia tryc tung thi ¥i»%:cing ddu < %%, >0 P>0

B Math¥
b
A=

3

"] MathW

{m=
o

L

Vi du 6 (THPT Viét Dirc): Hai diém cyc tri cua do thi ham s6 ¥ =x’+3x" -4 g6 xung nhau qua
dudng thang nao sau day:

A, yv=x—1. B. v=2x-1. C.3x—-6y—-13=0. D. x—-2y—-3=0.
= Chon D

‘ _ 3 2

Vi du 7 (S& GD-DT TP.HCM ): Vi gid tri ¥ € nao thi ham sé: ¥ =5 +(4k =5)x" +2017 16 3 cye
tri:

A. k=1. B. k=2. C. k=3. D. k=4.
= Chon A
Vi du 8 (THPT chuyén Bic Ninh) : Tim tit ca cic gia trj thuc ctia tham s6 m sao cho d6 thi ctia ham sb

4 2 , -2 . \ sz A A
y=x"+2mx"+1 ¢4 3 diém cuc tri tao thanh 1 tam giac vudng can.
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A. B. c.lm=- p.L m=1
= Chon B

Vi du 9 (S& GD — PT Hung Yén) : Cho ham s ¥ =x" —2mx’ +2m+m*. Vi gi tri nao cta m thi dd

thi (Cm) ¢6 3 diém cuyc tri, ddng thoi 3 diém cuc tri d6 tao thanh tam giac c6 dién tich bang 4?

A. m=43/16. B. m=16. c. m=116. p. m=-3/16.
= Chgn A

Vi du 10 (Chuyén DPHSP HN) : Goi A, B, C 1a cac diém cuec tri ctia d6 thi ham s6 ¥ = x'=2x*+4.Ban
kinh duong tron ndi tiép tam giac ABC bang

A. /2. B. 1. C.V2-1. D. V2 +1.

= Chogn C.

C. BAI TAP VAN DUNG

Cau 1 (Chuyén Amsterdam-2018 ). Cho ham sé ¥ =/ (%) o bang bién thién nhu sau. Khang dinh nao
duéi day 13 dang?

X | —oo =2 0 2 400
y b 0 + 0 - 0 +
+oo 3 3
0 0

A. Ham s nghich bién trén (—:2)
B. Ham sé dat cuc dai tai x =3

C. f(x) >0,VxeR
D. Ham s6 dong bién trén (0:3)

Cau 2 (Chuyén Amsterdam-2018 ). Cho ham sé ¥ =/ (%) o bang bién thién nhu sau. Khang dinh nao
dudi day 13 ding?

X —00 1 +co
Y ; 3
400 2
2 —C0

A. Ham s6 ¢6 tiém can ding 1a ¥ =1
B. Ham sb khong c6 cuc tri

C. Ham s c6 tiém can ngang la x =2
D. Ham s6 dong bién trén R
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1
. p . y==xX+mx’+(2m—-1)x—1
Céu 3 (THPT S0 3 An Nhon- 2018 ). Cho ham s6 3
day 1a khang dinh sai?

A. V&i moi m < 1thi ham so0 ¢6 hai diém cuc tri

" Khing dinh nao sau

B. Ham s ludn ludn co cuc dai va cuc tiéu
C. Vi moi m # 1thi ham sd ¢6 cuc dai va cuc tiéu
D. V&i moi m > 1thi ham s6 ¢6 cuc tri
Céu 4 (Chuyén Ha Long - 2018). Ham s ndo trong cac ham s sau ddy khong cé cuc trj?
A. V=] B. V=% —-x"+3x+5
C.y=x'+x"-2 p. y=3x"+2x-1
Cau 5 (Chuyén Lé Hong Phong - 2018). Tim tit ca cic gid tri ciia tham s6 m d& ham sb
y=x"=3x"+mx~1 ¢4 hai diém cuc tri M1>*2thda méan %' +x,"=6.
A. -1 B. 1 C.-3 D.3
Cau 6 (Chuyén Ha Long - 2018). Viét phuong trinh duong thang di qua hai diém cyc tri ctia d6 thi ham

. y=%x3—2x2+3x.

sO
A. 2x+3y+9=0 B. 2x+3y—-6=0
C.2x-3y+9=0 D. 2x+3y+6=0

Cau 7 (Chuyén KHTN - 2018). Cho ham sé ¢ ¢6 dao ham 1a /"(¥)=¥(x=1) (x+3)". 5§ diém cue tri
ciia ham sé / 1a

A.0 B. 1 C.2 D.3
Ciu 8 (THPT Luc Ngan 3 - 2018). Tim tit ca cic gia trj ciia tham sd thuc m dé d6 thi ham sd

4 2 -2 . \ A - £ oA \ \ Lk \ o A
y=-x +2mx" -1 ¢4 3 diém cyc tri tao thanh mot tam gidc c6 tim dudng tron ngoai tiép trung voi goc
toa do O.

~1-+/5 —1++5
m= m=
A. 2 hoac 2

m=1 —1-5

B. hoic 2
m=1 = ~1++/5
C. hoic 2

D. m=0 hoiac m=1
Ciu 9 (Chuyén L& Hong Phong - 2018). Cho ham s6 V' = F(x) xae dinh, lién tuc trén Rvé c6 bang
bién thién:
Khing dinh nao sau day 1a khang dinh ding?

X | —oo 0 1 +co
y' * b 18

yl_OO /0 = 13

A. Ham so c6 gia tri cyc tiéu bang 1

+o0

B. Ham s6 c¢6 ding mot cyc tri
C. Ham sd dat cuc dai tai x=0 va dat cyuc tiéu tai x =1
D. Ham s6 ¢6 gia tri 16n nhat bang 0 va gia tri nhd nhat bang -1.
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l 3 2 2

y=—x —(m+1)x +(m +2m)x+1
Céu 10 (Chuyén Lé Quy Don - 2018). Cho ham 5O 3

s6). Gia tri cua tham sb m dé ham sb dat cuc tiéu tai x=2 1a

A.m=1 B. m=0 C.m=2 D. m=3
1
> » o L Y=x-5+—
Céau 11 (Chuyén Thai Binh - 2018). Diém cuc tiéu cua do thi ham so xla
A3 B. (-3)
C.-7 p. (-=7)

(m 1a tham

Céau 12 (THPT Ha Trung - 2018). Tinh khoang cach d giita hai diém cuc tiéu cta dd thi ham s

y=x'—4x’ +1

A.d=22 B.d=73

C.d=\2 p.d=1
Cau 13 (THPT Hau Ljc 1 - 2018). Ham s6 ¥ =¥’ =3x" +1 ¢ may didm cyc trj ?
A. 1l B.3 C.0 D.2
,\ . y=—1x3+4x2—5x—17.
Cau 14 (THPT Hoai An - 2018). Cho ham so 3 Phuong trinh
nghiém Y%, Khi d6 téng %1 % bang
A.5 B. -8 C.-5 D. 8
Céu 15 (THPT Himng Vwong - 2018). Ham s ¥ =X’ —3x° +mx dat cuc tiéu tai x = 2 khi
A.m=0 B. m#0
C.m>0 D. m<0
Cau 16 (THPT Hung Vwong - 2018). Viét phuong trinh duong thang di qua hai diém cuec tri ciia d0 thi
4* +x-5
ham sb I x+2
A, y=4x+1 B.y=x-5
C.y=4x-5 D. y=8x+1
Céu 17 (THPT Kién An - 2018). D thi ham sb ndo sau day c6 3 diém cuc tri.
A Vv=—x"-x"+1 B. y=x"+2x"-1
C. y=2x"+4x*+1 D. y=x"-2x"-1

, .3
Ciu 18 (THPT Ngb Gia Tu - 2018). Ham s6 V=% ~2X h¢ thic lién hé gitta gid tri cuc dai (Yeo) va

gia tri cuc tiéu (J’cr) la

=2 3
AL Yer =Y B. Yer = EyCD

C. Ver = Vep D. 2Yer = Ve

Cau 19 (THPT Ngb Gia Tw - 2018). Goi A, B, C 14 ba diém cuc tri cua db thi ham s§ ¥ =2x" —4x’ +1.

Héi dién tich tam giac ABC 1a bao nhiéu?

3
A.2 B.2 C.1 D. 4
Céu 20 (THPT Ngé Gia T - 2018). Ham s6 nao sao day khong c6 diém cuc tiéu?
A, Y =sinx B. V=X +Xx"—x+3
c.y="x+x .y =1
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Céu 21 (THPT Nguyén Hiru Quang - 2018). Ham s6 nao sau day c6 2 cuc dai?

4 2
y=—lx4+2x2—3 y=-x —-2x"+43
A. 2 B.

y:lx4_2x2_3 y=2x4+2x2_3
C. 4 D.

~ , 3 2 B
Ciu 22 (THPT Nguyén Trudmg T§ - 2018). Cho ham s§ ¥ =% —6x" +9x=2(C). pyeng thing di qua

diém A(_l;l) va vudng goc voi dudng thang di qua hai diém cuc tri cia (C) la
1 3 x—-2y-3=0
y=—x+—
A. 2 2 B.
1 3 y=x+3
y=——Xx+—=
C. 2 2 D.
Céu 23 (THPT Phi Cat 3 - 2018). Ham s ¥ = X —sin2x dat cyc dai tai:
A. 3 B. 3
x=Zikn x=—Zrtkn
C. 6 D. 6
Cau 24 (THPT Viét Pirc - 2018). Trong cac ham s6 sau, ham sd nao ¢o6 cuc dai, cuc tiéu va Xer < Xep ?
A, V=X +2x" +8x+2 B. y=-x-3x-2
C.Vv=x -9x"-3x+5 D. V=-x +9x" +3x+2

Cau %5 (THPT Viét Pirc - 2018). Trong cac ham s6 sau, ham sb nao chi c6 mot cuc dai ma khong co
cuc tiéu?

_4x2+x—5 y=x +3x*—6x+1
AT 2 B.
y:2x—1 y=—x"-x"+5
C. X D.
Céu 26 (THPT Viét Pirc — 2018 ). Haim s6 ¥ =sin2x—x—3  Ham sd nay
—T7U

2 X = R .
A. Nhan diém 6 lam diém cuc dai
T
A ez XT .2 .2
B. Nhan diém 2 lam diém cuc ti€u
=’
A < A X=— \ < X R
C. Nhéan diém 6 lam diém cuc ti€u
=’
A gk XTI .2 .
D. Nhan diém 2 lam diém cuc dai

Cau 27 (THPT Vit Dire — 2018). Ham s6 7 =X = %* +4 .6 t4t ca bao nhicu diém cye tri?

A2 B.1

C.3 D. Khong cé diém cuc tri nao
Ciu 28 (THPT Yén Lac - 2018). Cho ham s§ ¥ =" +(m=1)x" +1=2m i ti¢ ca céc gid tri cta m
dé ham so6 c6 3 diém cuc tri.

A.l<m<?2 B. -1<m<0

C.m>1 D. 0<m<l1
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Ciu 29 (THPT Xudn Trurimg - 2018). Vi gid tri ndo cia m thi ham sé ¥ =% —3mx" +3(m* =1)x+m
dat cuc dai tai x =1?

A. m=-1 B. m=-2

C.m=2 D. m=1

2 , _ 3 2
Céu 30 (THPT Xuén Trwong - 2018). Gid tri m dé ham sé ¥ =% +3mx* —(m—=1)x—Iypane ¢6 cuc
tri la

1 1

m<0vm=— m<0Ovm=—

A. 4 B. 4
OSmSl O<m£l
C. 4 D. 4

r r —_— 2 2
Céu 31 (S6 GD&DT Béc Ninh - 2018). Ham s6 ¥ =¥ 73X+ 4|6 bao nhiéu diém cue tri?
A.l B.3 C.0 D.2
Cau 32 (Chuyén KHTN - 2018). Biét r:;ing dd thi ham sb ¥ = X' +3x% ¢ dang nhu bén: Hoéi dd thi ham

3 2
e = + ‘ k
&V ‘x 3x

¢ bao nhiéu diém cyc tri? /
A.0
B. 1 ;
C.2 e ==
D.3 /
Cau 33 (THPT Trung Gia - 2018). Biét M (1;-6)

la diém cuc dai
ctia dd thi ham sb ¥V = 2x° +bx’ +ex+1 | Tim toa d0 diém cuc tiéu ctia dd thi ham sd do.

A N(=211). B. N(-2;21).

c. N(26). p. NV(2:21).

(x):x+m+i

Céu 34 (Chuyén Hung Yén - 2018). Cho ham s6 S x+1(Voim, n 1a cac tham s thuc).

Tim m, n d ham s8 dat cuc dai tai ~ 2 f(-2)=-2
A. Khong ton tai gia tri cia m, n. B. m=-ln=1
C.m=n=1 D.m=n=-2
Ciau 35 (THPT Tran Hung Pao - 2018). Tim tit ca cic gia tri thuc ctia tham s m dé ham sd

3 2 9
y=mx’ —3x +(6_3m)xdatcuctritaidiémxz1.

A, meR\ {0;1} B. meR
C.m=0 D. m#1
B mx® —2x+m—1
Cau 36 (THTT S6 477 - 2018). Cho ham s6 T 1. Dudng thang ni hai diém cyc trj cua
do6 thi ham s6 nay vuong goc voi duong phan gidc cia goc phan tu thir nhat khi m bang
1
A.0 B. 1 C.-1 D.

2
1
. x A . y:—x3—mx2+(2m—1)x—3(Cm)
Cau 37 (THPT Nguyén Khuyén - 2018). Cho ham s6 3

C,)

’ ;. N

voi m la
tham s0. X4c dinh tat ca gia tri cia m d€ cho do thi ham so ( c6 diém cuc dai va cyc tiéu nam cung
mot phia véi truc tung?
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me(l;+oo)\{l} O<m<2
A. 2 B.

m#1
C. D.

Ciu 38 (Thi THPTQG - 2018). D4 thi ham s6 ¥ ==X +3X" +5¢0 hai diém cyc trj A va B. Tinh dién
tich S cua tam gidc OAB véi O la goc toa do.
S$=9 g_10 S=5 §=10
A. B. 3 C. D.

Ciu 39 (S¢ GD — DT TPMCH- 2018). Biét ring ham s6 » =4x’=6x" +1 ¢6 dd thi nhu hinh v& bén.
Phat biéu nao sau day la phat biéu ding?

.
iV

A. D6 thi ham s6 ¥

—l<m<l

- ‘4x3 —6x° +1‘ co 5 cuc tri

A . < A = 3 _ 2 , .
B. D6 thi ham so Y ‘4x 6x"+ 1‘ cb 2 cuc tri

\ s A3 a2
C. D6 thi hamsd ¥~ ‘4x 6x" + 1‘ co 3 cuc tri

=‘4x3 —6x° +1‘ co 1 cuc tri

D. P6 thi ham s6 Y
Ciu 40 (Chuyén Lé Hdng Phong 2018). Cho ham s& /(¥) ¢¢ db thi nhu hinh v& bén. Tim diém cuc
tiéu cua ham sb g(x)= f(|x| - 1)

1

ﬁ o 2 x
A. 1l B.2 C.3 D.4

Ciu 41 (Chuyén Lam Son - 2018). Cho ham s§ ¥ =/ (x)=x" +ax’ +bx+c(a,b,c € R).Bi& ham s6
P=a+b+c

¢6 hai diém cuc tri1a ¥ = 0% =2 3 F(0)=2 Tinh gi trj ctia bidu thirc
A. P=5. B. P=-1. C. P=-5. D. P=0.

Ciu 42 (S& GD — DT Hai Duong — 2018 ). Cho ham s6 ¥ =/ (¥) ¢4 dd thi nhu hinh v& bén. Tim s6

diém cuc trj cia ham s ¥ = |f(x B 1)|

Trang 10
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S0y

A.7 B.5 C.3 D.9
Ciu 43 (S& GD — PT Hai Duong — 2018). Cho ham s ¥ = @sinx+bcosx +x(0 <x <27) qa cyc tr tai
o T =a+b\3.
diém = 3 va . Tinh gia trj biéu thirc
A. T=33+1 B. T =23 c.T=2 p. T =4

Céu 44 (Chuyén Thai Nguyén - 2018). Cho ham s6 /(%) xac dinh trén X va c6 db thi ciia ham s6
f '( nhu hinh v& bén. Ham s6 ( ) co méy diém cuc tri?
y f:ij

o

Al B.2 C.3 D. 4

3

Ciu 45 (Chuyén Son La - 2018). Cho ham sé ¥ =[x =mx+5(m > 0) tham §§. Hoi ham s6 da cho 6
thé c¢6 nhi€u nhat bao nhiéu dieém cuc tri?

A.4 B.2 C.1 D.3

3

. . . L y=x——(m—2)x2+(4m—8)x+m+l.
Cau 46 (THPT Xuan Truwong - 2018). Cho ham so 3
dat cuc trj tai Xi>X> thoa man % <=2 <X, thi

m<2vm>6 3 2<m<6

3
—<m<2 m<—
2 B. C. 2 D.

Ciu 47 (THPT Ha Huy Tép - 2018). Tim cic gi4 tri cia m dé dd thi ham s§ ¥ =x" = 2mx” +m’ +1 ¢¢
ba diém cuec tri, dong thoi ba di€ém nay cung vdi goc O tao thanh mot tr gidc noi ti€p dugce?

A m=33 B. M=%l c.m=-1 p. =1
Céu 48 (THPT Nguyén Pinh Chiéu - 2018). Tim tit ca cac gia tri tham s m dé ba diém cyc tri cua do

DPé ham so

, _ 4 2
thi him so V =% +(6m—4)x" +1=m 13 b4 dinh cua mot tam giac vudng.
2 m=-1 m=33

m=— m =

1
A 3 B. 3 C. D.

Cau 49 (THPT Phii Cat 1 - 2018). Cac gi4 trj clia tham s6 m d¢ d6 thi ham sb T T w63
di€ém cuyc tri tao thanh mot tam giac déu la
= 33/3 m=3/6 m= 3 6 m=26

m
A. 3 B. C. 2 D.

Trang 11
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Cau 50 (THPT Yén Lac - 2018). Tim tAt ca cac gia tri cua tham s6 m dé d6 thi ham s
y =’x4 —2m’x* +2m ¢4 3 diém cuc tri A, B, C sao cho O, A, B, C la cac dinh ctia mét hinh thoi ( véi O
la goc toa dd ).

A.m=-1 B. m=1 C.m=2 D. m=3

D. BANG DAP AN

1B 2B 3B 4B 5C 6B 7C 8C 9C 10B

11B 12A 13D 14D 15A 16A 17D 18C 19B 20C

21A 22A 23D 24D 25D 26C 27C 28D 29C 30C

31B 32D 33B 34C 35D 36C 37A 38D 39A 40C

41B 42A 43D 44C 45C 46C 47D 48C 49A S50B

Trang 12
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CHU PE 4: B QUYET TiM TIEP TUYEN CUA PO THI HAM SO
A. KIEN THUC NEN TANG
1. Khai niém
Tiép tuyén ctia d6 thi ham s 1a mét duong théng tiép xtic véi d6 thi ham sb tai tiép diém M (X0;y0) va
c6 phuong trinh y=f"(x()(x-Xo)+ yo V61 k = £7(Xx¢) 14 hé s6 gbc cua tiép tuyen.
2. Tinh chat hinh hoc ciia hé s6 géc
Tiép tuyén y=F(x0)(x-Xo)+yo, ¢6 hé sd goc k = f(xo) dong thoi k=tan a v&i a 1a goc tao boi tiép tuyén
va chiéu duong cua truc hoanh Ox.
Dé tiép tuyén // véi dudng thang A thi diéu kién 1a k=k,
Dé tiép tuyén L v6i dudng thang A thi diéu kién 1a kky = -1
3. Tinh hé s6 géc bang may tinh Casio Vinacal
Pé tinh hé s6 goc bang may tinh Casio Vinacal ta str dung chirc ning
B. Vi DU MINH HQA

I3 L 7 2\ . 4 1 . R
Vi du 1 (THPT Luc Ngan): Tim h¢ s0 goc cua tiép tuyén cua do thi ham soy=- — - Inx tai diém c6

X
hoanh d6 bang 2.
AL B. L C. — D. L
2 4 4 4
Giai

Ta hiéu : hé s6 goc cua tiép tuyén tai x, co gid tri dung bang gi4 tri dao ham tai x
Dé tinh dao ham tai x, ta dung may tinh Casio véi chiic nang
HEO®

® (=] () ® (2] &

Vay hé s6 goc cua tiép tuyénk = -0,25 = -%

=> Chon B

Mé rong
Hé sb goc con cb gia tri k = tan o v6i o 13 goc tao bai tiép tuyén va chidu duong ciia Ox . Vi du dé bai hoi
tim tiép tuyén sao cho tiép tuyén song song véi phan gidc ciia goc phan tur thir nhét thi khi d6 tiép tuyén
tao voi chiéu duong cia Ox mot goc 45° => k = tan 45° =1

Math &

el catnil]
-0.25

Vi du 2 (Bdao Toan Tudi Tré): Phuong trinh tiép tuyén tai diém udn cia d0 thi ham sb

y= %x3-2xz+3x+1 1a

A. y=-x+13—1 B. y=-x-— C. y=x+13—1 D. y=x+§

Giai

Trang 1
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Ta hiéu : Piém udn cua do thi ham bac 3 thuong dugce ki hi¢u 1a I(xo; yo) vOi xo 1a nghiém cua phuong
trinh y’=0

Tinh y’=x?-4x+3 va y’’=2x-4 . Giai phuong trinh

2x—4=0=>x%xp=2

=>hésd gock=y’(2)=-1vay,= %
Thé vao phuong trinh tiép tuyén y=F(x,)(x-Xo) + yo, ta duoc :
y= -l(x-2)+§ Sy= -x+%

=> Chon A

Mé rong
Piém udn cua db thi ham bac 3 ciing 14 tAm d6i xtng. Cho nén khi dé bai hoi viét phuong trinh tiép tuyén
tai tAm di xtng ctia d0 thi thi ta van viét phuong trinh tiép tuyén tai I(xo; yo)

1 x° \ ,
va g(x)=—=. Goi d;,d;, lan luot 1a tié
2 g(x) \/5 01 dy,d3 p

tuyén ctia mdi do thi ham sé f(x),g(x) da cho tai giao diém cua chung. Hoi goc giira hai tiép tuyén trén

Vi du 3 (THPT Chuyén Bic Ninh): Cho hai ham s f(x)=

bang bao nhiéu?
A. 60° B. 45° C. 30° D. 90°
Giai
Giai Ty luan két hop Casio Vinacal
Giai phwong trinh hoanh do giao diém
1 x’

=" o x’=lo x=1

2 2

St dung may tinh Casio véi chtrc ning qy tinh hé s6 goc cua tiép tuyén 1 va luu vao A
0®

EBee®OdE

Ta dugc k; = A tir d6 ta tim dugc goc tao bdi tiép tuyén 1 va chiéu duong truc hoanh la = -35°
(stiFT) {MoDg) (3] (sHFT) (tan) (ALPHA) () O] (=)

Twong ty nhu vay ta tinh dugc goc tao bai tiép tuyén 2 va chiéu duong truc hoanh 1 ~ 55°
E0 (@ E® 0 ® 08 0
EEEEEDEFEO

Vay ta thdy goc giita 2 tiép tuyén 1a 55-(-35)=90°

=> Chon D

Binh luan
Qua vi du trén ta thdy cach két hop tu luan va Casio Vinacal to ra ¢6 wu thé vuot troi so voi cach thuan tu
luan. Néu 1am theo cach thuan ty luan ta phai viét 2 phuong trinh tiép tuyén ra va tim 2 vecto phap tuyén

1 n, va n, tir 46 phat hién tinh chat n,.n, = 0<>n, L n, = hai tiép tuyén vudng goéc véi nhau.

Trang 2
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Math A&

d 1 7
e (b =t
-0.7071067812
ﬁns_}ﬁ 2 Math A
-0.7071067812
tani(a) =3
-35. 26438968
Al

1.414213562

B Math A

dfx2
dx[E]Ix:i
1.414213562

tan(B) g
54. 73561032

Vi du 4 (Chuyén Quéc Hoc Hué): Cho ham s y = x3 —3x2+2x. C6 tit ca bao nhiéu tiép tuyén cua dd thi
ham sé di qua diém A(-1;0) ?

A. 4 B. 1 C.3 D.2
Giai
Tinh £(x)=3x0? -6X¢ +2 V& Yo = Xo° - 3Xo? + 2X, thé vao phuong trinh tiép tuyén ta duoc: y = (3x,? -6xo
+2)(X - Xo) + Xo® - 3X02 +2x (1). Dé tiép tuyén (1) di qua A(-1;0) thi toa 46 A phai théa man phuong trinh
tip tuyén < 0=(3x,? -6Xo +2)(-1-X0)+x¢> -3x¢2 +2xq.
& -2x3 4+ 6x9—2 =0
Giai phuong trinh bac 3 trén bang may tinh Casio véi chtrc ning MODE 5 4

5] HEAE0E0EEHREEEE

Ta thiy phuong trinh trén c¢6 3 nghiém phan biét x,
=> C6 3 tiép tuyén thoa man
=> Chon C

Binh luan
Véi mbi x, phan biét khi thay vao phuong trinh (1) s& thu dugc 1 tiép tuyén. Vay c6 bao nhiéu x, thi s&
béy nhiéu tiép tuyén di qua diém A(-1;0).

e e
-1.879385242

P
0. 3472963553

—

1.532088886

Vi du 5 (THPT Péng Pa): Cho ham s6 y=x3-3x2+2x—5 c6 d0 thi (C). C6 bao nhiéu cip diém thudc dd
thi ma ti€p tuyén cua do thi tai ching l1a hai duong thang song song véi nhau?

A.0 B. 1 C.2 D. V6 s6 cidp diém
=> Chon D

Trang 3
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X+2 AL
3 bict ti€p tuyen cat

Vi du 6 (Chuyén KHTN HN): Phuong trinh tiép tuyén ctia do thi ham sé y= n
X

truc tung va truc hoanh tai hai diém phan biét A, B sao cho tam giac OAB can la:
Ay=-x-2 B.y=x+2 C.y=x-2 D.y=-x+2
=> Chon A

+ \
2X+11 (C). Tim M trén do6 thi (C) sao cho khoang
X

cach tir hai diém A(2;4) va B(-4;-2) dén tiép tuyén cua (C) tai M 1a bang nhau.

Vi du 7 (THPT Chuyén Thai Binh): Cho ham s6 y=

: 3 =) 3 Y MU 3
A. M(0;1) B. M(l,zj,M(sz C. M(I,Z] D. M(0;1),M( 2,3),M(1,2j

=> Chon D
Vi du 8 (THPT Nguyén Du): Cho cic s6 thuc x, y thoa man diéu kién y<0 , x2 +x= y+12 . GTLN va
GTNN cua biéu thuc K = xy + x + 2y + 17 lan luot bang :

A. 10;-6 B. 5;-3 C. 20;-12 D. 8;-5
=> Chon C
C. BAI TAP VAN DUNG
Ciu 1 (Chuyén Amsterdam - 2018). Gia sir tiép tuyén cua d6 thi ham sé y = 2x3 — 6x2 +18x +1 song
song vdi duong thang (d):12x —y =0 c6 dang la y = ax + b. Khi d6 tong cua a+b la.

A. 15 B.-27 C.12 D. 12
Céu 2 (Chuyén Amsterdam - 2018). Viét phuong trinh tiép tuyén ctia do thi ham sé y = -x* + 6x2 — 5 tai
diém cuc ti€u cua nod

A.y=5 B.y=-5 C.y=0 D.y=x+5

2x+1
X-

cua (C)taiM cit cac truc toa do Ox, Oy lan luot tai A va B. Hay tinh dién tich tam giac OAB.

gL . 112 ¢ 12 p. 125

6 6 6 6

Céu 4 (Chuyén Ha Long - 2018). Cho ham sé y= -x3+3x-2 ¢6 d thi (C). Viét phuong trinh tiép tuyén
cua (C) tai giao di€m cua (C) véi tryc tung.

A.y=-2x+1 B.y=3x-2 C.y=2x+1 D.y=-3x-2
Ciu 5 (Chuyén Lé Hong Phong - 2018). Viét phuong trinh tiép tuyén cua d6 thi ham sd y = x* + x2 +

Céu 3 (PTDTNT THCS&THPT An Lio - 2018). Goi M € (C): y= c6 tung d6 bang 5. Tiép tuyén

1 tai diém c6 hoanh do6 x = 1.
A.y=-6x+3 B.y=6x+3 C.y=6x-3 D. y=6x

3
Céu 6 (Chuyén Lé Hong Phong - 2018). Viét phuong trinh tiép tuyén cua d6 thi ham sb FX?+3X2-2

biét tiép tuyén c6 hé sd goc k = -9.

A.y-16 =-9(x-3) B. y+16 = -9(x+3)

C.y-16 = -9(x+3) D.y=-9x-27
Céu 7 (THPT Lé Quy Pén - 2018). Cho ham sb y= x3+3x2-4 ¢6 db thi (C).Sé tiép tuyén véi dd thi (C)
di qua diém J(-1;-2) 1a

Trang 4
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A.3 B. 4 C.1 D.2
Ciu 8 (Chuyén Thai Binh - 2018). Cho ham s F’%cé d6 thi (C). Tiép tuyén cua (C) tai giao diém
X

cua (C) va truc hoanh c6 phuong trinh 1a
1 1

A.y=3x B.y=3x-3 C.y=x3 D.y=§x-§
Céu 9 (THPT Hung Vwong - 2018). Trong cac tiép tuyén tai cac diém trén do thi ham sé y = x3 — 3x2
+2, tiép tuyén co hé sd gbc nhoé nhét bang

A.-3 B.3 C. -4 D.0
Céu 10 (THPT Lé Quy Pén - 2018). Cho ham sé y=x3—3x2+2x v6i d0 thi (C). Puong thing nao sau day
1 tiép tuyén cua (C) tai M (1;0) ?

A.y=-x B.y=2x C.y=-—x+1 D.y=2x-2

+ . .
Cau 11 (THPT MYy The - 2018). Tim M trén (H): y:X—31 , sao cho ti€p tuyén tai M vudng goéc véi (d):
X_

y =x+2017?
A. (1;-1) hoac (2;-3) B. (5;3) hoac (2;-3)
C. (5;3) hoac (1;-1) D. (1;-1) hoac (4;5)

2x+1

Céu 12 (THPT Nguyén Du - 2018). D6 thi ham s6 y= 1a (C). Viét phuong trinh tiép tuyén cua (C),

biét tiép tuyén d6 song song voi dudng thang (d): y = -3x + 15

A.y=-3x+11vay=-3x-1 B.y=-3x+11

C.y=-3x-1 D.y=3x+11
Céu 13 (THPT Nguyén Du - 2018). Cho ham s6 y = f(x) = x3 - 3x2 ¢6 db thi (C). C6 bao nhiéu tiép
tuyén voi (C) song song véi duong thang y =9x + 10 ?

Al B.3 C.4 D.2
Ciu 14 (THPT Yén Lac - 2018). D6 thi ham s6 y=2x* — 8x2 +1 ¢6 bao nhiéu tiép tuyén song song voi
truc hoanh:

A.0 B. 1 C.2 D.3
Céu 15 (THPT Yén Lac - 2018).Cho ham sb y = x* — 2m2x2+2m+1. Xéc dinh m dé tiép tuyén ctia d6 thi
ham so0 tai giao diém cua do thi véi voi dudng thang (d):x=1 song song vdi duong thang (A): y = -12x+4

A.m=1 B.m=3 C.m=+2 D.m=0
Céu 16 (THPT Xuéin Trudng - 2018). Tiép tuyén cia d6 thi ham sb FL tai diém A(l;lj co
J2x 2
phuong trinh la
A.2x+2y=3 B.2x -2y =-1
C.2x+2y=-3 D.2x-2y=1

Ciu 17 (Chuyén Qudc hoc Hué - 2018). Goi (C) 1a do thi caa ham s6 y= zxfl
X

. Tim ménh d¢ sai trong

cac ménh de¢ sau.
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. . 1 1
A. (C) c6 cac tiém can la cac duong thang c6 phuong trinh la X=-§ va y:a

B. Tbn tai 2 diém M,N thudc (C) va tiép tuyén cua (C) tai M va N xong xong véi nhau.
AR ; . 2 11
C. Ton tai tiép tuyén cua (C) di qua dlém(-E;Ej .
D. Ham s6 dong bién trén khoang (0;+00).
Céu 18 (S& GD&PT Bic Ninh - 2018). Cho ham sb y = x> — m2x2— m ¢6 dd thi (C). Tim tit ca cac gia
tri thyc ctia tham sb m dé tiép tuyén cta do thi (C) tai diém c6 hoanh d6 x, =1 song song véi dudng thing

d:y=-5x.
A.m=2 B.m=-2
m=2 s
C.{ D. Khong c6 gia tri cia m
m=-2

Céu 19 (S& GD&PT Binh Phuéc - 2018). D thi cta ham s f(x) = x3 + ax? + bx + ¢ tiép xtic v6i truc
hoanh tai goc toa do va cat duong thang x=1 tai di€m c6 tung do bang 3 khi

A.a=2,b=2,c=0 B.a=c=0,b=2

C.a=b=0,c=2 D.a=2,b=c=0
Céu 20 (THPT Nguyén Khuyén - 2018). Hai tiép tuyén tai hai diém cuc tri ctia d6 thi ham s f(x) = x3 -
3x + 1 cach nhau mot khoang 1a

Al B. 4 C.3 D.2

Cau 21 (TT Di¢u Hién - 2018). Cho ham s6 y:%X3+X2—2 c¢6 do thi (C). Phuong trinh tiép tuyén cua
(C) tai diém c6 hoanh d6 1a nghiém ctia phuong trinh y**(x)=0 1a

7 7

Ao = —X B. :_X+_
Y 3 y 3

7 7
C.y=x-— D.y=x-—
YTRT3 Y 3

R . +
Cau 22 (TT Di¢u Hién - 2018). Cho ham soy = 2X+3
X_

hoanh d6 béng 2 cit cac truc Ox, Oy tai diém thudc tai cac diém A(a;0), B(0;b). Khi do, gia tri cua Sa+b
bang

¢6 dd thi (C). Tiép tuyén cua (C) tai diém c6

A. 17 B.0 C.34 D. —

Céu 23 (S& GD-PT Tp HCM - 2018). Biét d 1a tiép tuyén cta dd thi ham sdy = X?}+3x2 -2 vadcohé sb
gbc k =-9, phuong trinh cuia d 1a

A.y=-9x+11. B.y=-9x + 16.

C.y=-9x-11. D.y=-9x - 16.
Céu 24 (S& GD-PT Binh Phuéc - 2018). Puong thang y = 6x + m 13 tiép tuyén ctua duong cong y = x3 +
3x - 1 khi m bang
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‘'m="-3 m=3
A. B.
m=1 m=1
‘m=3 ‘m="-3
C. D.
m=-1 m=-1
A A X 5 <A \ A 2x+1 - A J re A
Cau 25 (Chuyén Nguyén Binh Khiém - 2018). Cho ham s0y = c6 do thi (C). Tiep tuyen véi do
X_
thi (C) tai M (2;5) cét hai duong tiém can tai E va F. Khi d6 d6 dai EF bang

A 2V13 B. V13 C. 1o D. 2410
Céu 26 (Chuyén Lé Thanh Téng - 2018). Cho d6 thi (C): y = x3 — 3x2 + x + 1. Tiép tuyén cua dd thi (C)
tai diém M c6 hoanh do x=2 cat do thi (C) tai diém N ( khac M ). Tim toa d0 diem N.

A.N(1;0) B. N(0;1) C.N(3:4) D. N(-1;-4)
Céu 27 (Chuyén Amsterdam HN - 2018). Cho ham sé y = x* — 2(m+1)x? + m +2 ¢6 d6 thi (C). Goi
(A) 1a tiép tuyeén véi do thi (C) tai di€m thudc (C) c6 hoanh do bang 1. Véi gid tri ndo ciia tham s6 m thi

(A) vudng goc véi duong thang (d):y = %x-2016 ?

C.m=1

Céu 28 (Chuyén Amsterdam HN - 2018). Cho ham s y= 2L11 (C). Hé sb goc cua tiép tuyén véi do

A.m=-1 B.m=0 D.m=2

thi (C) sao cho tiép tuyén d6 cit cac truc Ox, Oy lan luot tai cac diém A, B thoa man OA = 40B la
A. _—1 B. l C. _—1 hoic l D.1
4 4 4 4

Céu 29 (THPT Nguyén Du - 2018). (C) 1 d6 thi ciia ham sd y = x3 - 6x2 + 9x -1. Tim gia tri ciia m dé
parabol c6 phuong trinh y = %xz + 4 —m? tiép xuc véi (C).
A.m=1 B.m=0 C.m=-1 D.m=2

Céu 30 (THPT Yén Lac - 2018). T4p tit ca cac gia tri ciia tham s6 m dé qua diém M (2; m) ké duoc ba
tiép tuyén phan biét dén d6 thi ham y = x3 — 3x2 1a

A.m € (4;5) B.m € (-2;3) C.m € (-5;-4) D.m € (-5;4)
D. BANG DAP AN
1A 2B 3A 4B 5C 6C 7C 8D 9A 10C
11C 12A 13D 14C 15C 16A 17C 18B 19D 20B
21D 22C 23C 24A 25D 26D 27C 28B 29B 30C
Trang 7
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CHU PE 5 Bi QUYET TIiM TIEM CAN CUA PO THI HAM SO
A. KIEN THUC NEN TANG
1. Tiém can ding :
Do thi ham sé y = £ (x) nhan dudng thang x = x, 1a tiém can ding néu :
+) Diéu kién can: x, 1a nghiém ctia phuong trinh mau s6 = 0
+) Piéu kién du: lim f(x) =oohodc lim f(x)=o0 (chi can mot trong hai thoa mén 1a du)

X—Xy X—Xy
2. Tiém cin ngang :

D6 thi ham sb y = f (x) nhan duong thing y = y, 1a tiém can ngang néu lim f(x) = y,hogdc

lim 7(x)=y,

X—+00

3. Tiém can xién :

Do thi ham s6 y = f(x) nhén duong thdng y = ax+b 1a tiém can xién néu lim[ f(x) - (ax+b)] =0
4. Lénh Casio :

Ung dung k¥ thuat dung CALC tinh giéi han
B. Vi DU MINH HQA

Vi du 1: (P& minh hoa BGD-DT)
2x—1—~/x* +x+3
X’ —5x+6

A. B. x=-3 C. D. x=2

Tim tiém can dang cia do thi ham s6 y =

Giai

Ty luan két hop Casio Vinacal

Bude 1: ta hiéu x = x, 1a tiém can dang cua dd thi ham sd thi diéu kién can 1a x, 1a nghiém ctua phuong
trinh méu s6 =0 <:>x2—5x+6=0<:>{ii3

Budc 2: Khong phai moi nghiém x, 12 nghiém ctia phuong trinh mau s6 = 0 déu c6 x = x, 1a tiém cén
dimg ma con phai thoa méan diéu kién du la: xlg}c} f(x) =ochoac XIL% f(x)=o00.
Dé kiém tra tinh chat nay ta sir dung may tinh Casio véi chirc ning CALC

B2 w0 =0 E ) bew O] (&3 3 hew

0O)#HE®E )= E R 3 (6]

AEFO0H0OO0O0CO0O00OE

Ta thdy : lim f(x)~ 11270167 ~ + o = x = 3thoa mén diéu kién du = x= 3 1a tiém can dimg
x—3"

Tiép tuc kiém tra di€u kién du ctia x = 2
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@2 FOHOOOM0OM0O0]A]E
) @EO0EOO0O0O0O0000O0AE

Ta thay:
lim f(x)~ —1.16 = cova lim f(x)~ —1.16 # o = x =2 khong thoa man diéu kién da = x = 2
i x—27

la mot ti€ém céan dung.
Vay dd thi ham s6 d3 cho ¢6 1 tiém can ding x =3

= Chon D

Binh luén
Dé thi bay gio thuong bay chd nay. Ta nhic lai : khong phai moi nghiém x, ciia phwong trinh mau sé déu
phat sinh tiém cdn dung x = x) ma con can théa man diéu kién du nira 1a : hm f(x)=o00 hodc

xﬂxo

lim f(x)=o00.

Trong chit dé nay, cdch két hop giita tir lugn va Casio Vinacal la cdch t6i wu dé gidi todn chir khong phai
cach thudn tu lugn hodc thuan Casio.
Pé tinh lim f(x) ta sur dung lénh CALC voi gia tri X = xy +0.000001 va dé tinh lim f(x) ta sir dung

X*}Xo xﬂxo

léenh CALC vai gia tri X = x, - 0.000001
B Math A
2% — 1-J§E+x+3
XZ_5

-1 1&65666

7] Math &

2¥—1—dX2Z +X+3
Z_5x+6
11270167.64

7] Math A
Z¥—1—dXE +X+3

XE-5X+6
-1. 1666667

Vidu 2 : (Chuyén Bién Hoa)

c6 bao nhiéu tiém cén ngang :

D6 thi ham sé y =
x*—1

A.0 B.3 C.2 D.1
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Giai
Tw luin két hop Casio Vinacal

Ta hiéu : y = y, 14 tiém c4n ngang ctia do thi y = f(x) néu lim f(x)= y,hodc lim f(x)=y,.
x—+00 X——00

Dung may tinh Casio v&i chitc ning CALC dé tinh lim f(x)

xX—=+00

3w ) @ (=) @ O)
FEHDmDOEENE

Ta dugc: lim f(x)=1=y,=1= D6 thi ham s ¢o tiém can ngang y = 1

Dung may tinh Casio vdi chitc ning CALC dé tinh lim f(x):

BHO0EE0E
Ta duogc : lim f(x)=1=y, = —1= D0 thj ham sd ¢6 tiém can ngang y = -1

Vay d6 thi ham s6 ¢6 2 tiém can ngang y = +1
= Chon C

Binh luan
Pé tinh lim f(x)=1ta ding lénh CALC véi x =10° va dé tinh lim f(x)=1 ta ding lénh CALC véi

X——+00 xX—+00

x=-10°

2 Hath &

X

Jx2-1

Vi du 3: (THPT Chuyén Thai Binh)
V3x% 42
V2x+1—x

A. 1 B. 4 C.3 D.2
Giai

Ta hiéu : SO tiém cén cta do thi ham so 1a so6 tiém can ding + s6 tiém can ngang.

Do thi ham s0 y = co tat ca bao nhiéu ti€ém can?

Pau tién ta di tim tiém can ding:

Budc 1 giai phuong trinh
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2 =2x+1
\/2x+1—x:0<:>x:\/2x+1c>{x *

x>0

=1+

<:>{x 1_\/5<:>x=1+\/§
x>0

Budc 2: kiém tra diéu kién du ciia x, =1++/2 bing chirc ning CALC véi x =1++/2 +£0.0000001

B = E e ) EH R @E
(=) (2] () O] (3B (D & (=) [ew) O
D HEEDUHOOUOOMOODOOMODOAE

Tathdy lim f(x)~ 75355333~ —o0vy x =1++/2 Ia tiém can dimg cta dd thi ham s trén.

x> 142

Tiép theo ta tim tiém cin ngang bang cach tinh gidi han oo v&i chitc naing CALC X =10°

&) () 3] (e O] (2 (#H 2 @ (va) (2] (e O] (H @ o =) ey O

e H@EZOFHOODODOEOOE A E

Ta thiy lim f(x)~-1.732vay y = 1.732 la tiém cén ngang cta dd thi ham sb trén va lim f(x) khong
ton tai nén khong c6 thém tiém cin ngang thir 2.

Vay tong cong d6 thi ham s6 c¢6 2 duong tiém can.

= Chon D

Binh luén

V& sau chung ta s€ lam quen véi khai niém ning cao la ti€ém can xién, tuy nhién tiém can xién chi xuét
hién trén ham bac 2 trén bac nhat. Con trong nhitng bai thuong gap, cu nhéc dén yéu cau tim s tiém can
thi ta hiéu d6 1a tong so tiém can dung va tiém can ngang.

{582 +2
ZxE+1 =4
=1 {37128 1]
Jax2+z
1251 X
-7h355333. 84

Math

[F|
Math ERROR

CaCl :Cancel
C4]Cp1IGOTOD

Vidu 4: (THPT Chuyén Vinh Phic)

ax’ +x—1
4x* +bx +9
(C) c6 dudng tiém cin ngang y = ¢ va c6 dung mot dudng tiém can dtng. Tinh tong T=3a + b - 24c :

Cho ham s6 y = c6 d0 thi (C) trong d6 a,bla cac hang sé duong théa mén ab = 4. Biét rang
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A.T=11 B.T=4 C.T=-11 D.T=7
Giai
V61 ham phan thirc bac 2 trén bac 2 thi ta c6 cong thure tim nhanh tiém can ngang cua dd thi ham sb 1a
y = ¢ vdi ¢ 1a thuong s6 cta phép chia hé sé x2 trén tir chia hé s6 x? duéi mau

a a a4
:c:;:yzzlatlemcanngang

Xét phuong trinh 4x2 + bx + 9 = 0 (1). Bé d thi ham sb c6 ding 1 tiém can dung thi phuong trinh (1) ¢6

nghiém kép hoac cé 2 nghiém phan bi€t nhung 1 nghiém dugc gian udc véi nghiém trén tir

Xét truong hop I : phuong trinh (1) c6 nghiém kép < b* —4.4.9 =0 < b =12 Két hop diéu kién

ab:4:>a=i=l:>c=£:L
b 3 4 12
Vay T=3a+bh—24c=1+12-2=11

= Chon A
Chi can trudong hop I d3 tim duoc gia trj ciia T nén ta khong can xét truong hop II ma c6 thé chon ludn
dap sb dung 1a A

Binh luan
Chi can truong hop I da tim dwoc gid tri ciia T nén ta khong can xét truong hop II ma c6 thé chon luén
dap s6 ding 1a A

Vidu 5: (THPT Han Thuyén)

Co bao nhi€u gia tri thuc cua tham s6 m dé @6 thi ham sd (C): y=mx—~/x>—2x+2 co tiém can ngang?
A.2 B.3 C.1 D. 4

= Chgn A

Vi du 6: (THPT chuyén Bic Can)

Cho ham s6 y = 2# Tim tat ca cac gia tri ctia tham s6 m d€ do thi ham so6 c6 3 tiém duong tiém
x°—2mx+4
can
m>2
w2 m< -2 5
A. B. 5 c. L=<~ D.m>2
m<—2 m%—— 5
2 m#——
2
= Chon C
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Vi du 7: (THPT chuyén Lé Hong Phong)

Nmx® +3mx+1

Tim tat ca gia tri ctia m sao cho dd thi ham s6 y= 5 co 3 ti€ém can
X+
1 1 1
A.O<m<— B.0<m<— C.m<0 D. m>—
3 2 2
= Chon B

Vidu 3: (THPT Chuyén KHTN)

2

Puong tiém cén xién cia ham s6 y =

tao voi hai truc toa do mot tam giac c¢6 dién tich béng?

x p—
A. 1 B.2 C. 1 D. 1
2 4
= Chon C
C. BAI TAP VAN DUNG
Cau 1 (Chuyén Amsterdam - 2018).
Do thi ham s6 y = 2; c6 bao nhiéu duong tiém can ding?
X +x—
A.0 B. 1 C.2 D.3
Cau 2 (Chuyén Amsterdam - 2018).
Do thi ham s y = = c6 bao nhiéu duong ti€ém can ngang?
x =1
A.0 B. 1 C.2 D.3
Cau 3 (THPT An Lao - 2018).
. 2x% — 2 . ) .
Cho hamso y = % . Khang dinh nao sau day la sai?
X" —=2x—

N . ) 1
A. D0 thi ham s0 c6 tiém can ngang la y = 5

B. D6 thi ham s6 ¢6 tiém cén ngang 1a y =2

C. D6 thi ham s6 c6 ba dudng tiém can

D. D) thi ham s6 c6 hai tiém can dinglax=-1vax= 3
Céu 4 (THPT S6 1 An Nhon - 2018).

A A Ak e s A x+2016 .
Tiém can ngang ctia @6 thi ham s6 y=—= 12
Vx? =2016
A.y=1;vay=-1 B.y=1 C. y=-2016

Céu 5 (THPT S6 2 An Nhon - 2018).
Cho ham s6 y = f(x) ¢6 lim f(x)=0 va lim f(x) =+
X—>+0 x—0"

D. y=+2016
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Khang dinh ndo sau day la ding?
A. D6 thi ham sb di cho khong c6 tiém can dung
B. Truc hoanh va tryc tung 1a hai tiém cén cua dd thi ham s6 da cho
C. D6 thi ham s6 da cho c6 mot tiém can dimg 1a dudng thang y = 0
D. Ham s6 dé cho c6 tap xéac dinh 13 D = (0,+0)

Cau 6 (Chuyén KHTN - 2018).

2

Puong ti€ém can xién cia do thi ham s6 y = tao v&i hai truc toa d0 mot tam giac c6 dién tich bang

x—1

A. 1 B.2 C

1
2 4
Cau 7 (Chuyén KHTN - 2018).

D.1

A 1 1a £ X 2 en Le o, NPTy
D6 thi ham s6 y = c6 tdm doi xung 1a diém

2x+1
22

Ciu 8 (Chuyén Lé Hong Phong - 2018).
2x—1
x* -1
A.x=+=1 B.x=-1 C.x=1 D.x=2
Céu 9 (PTDTNT Van Canh - 2018).

Tim tat ca cac duong tiém can dirng ctia do thi ham s6 y =

Cho ham so y = f(x) xac dinh trén cc khoang (0;+o0) va thoa man lim f(x)=2. V6i gia thict d6, hay
chon ménh dé dlng trong cic ménh dé sau.

A. Puong thang y = 2 14 tiém can dung cua d thi ham sb y = f(x)

B. Pudng thing x = 2 13 tiém cin ngang cua do thi ham sé y = f(x)

C. Duong thing y = 2 13 tiém can ngang cta dd thi ham sé y = f(x)

D. Puodng thang x = 2 14 tiém can dung cua d6 thi ham sb y = f(x)

Cau 10 (THPT Nguyén Dinh Chiéu - 2018).

So duodng ti¢m can cua dd thi ham s y= L
VXt +x+2
A.0 B. 1 C.2 D.3

Cau 11 (THPT Ting bat Hb - 2018).
Cho ham s6 y = f(x) ¢o lim f(x)=3 va lim f(x)=-3

Khing dinh nao sau dai 1a dang?
A. D6 thi ham sb d3 cho khong c6 tiém c4n ngang
B. D6 thi ham sb di cho c6 ding mot tiém can ngang
C. D6 thi ham s di cho c6 hai tiém cén ngang 1a cac duong thang y =3 va y=-3

D. D6 thi ham s6 da cho c6 hai tiém can ngang 1a cac dudng thang x =3 va x = -3
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Cau 12 (THPT Viét Dirc - 2018).

Cho duong cong (C ) : y= 3x _21 . C6 bao nhiéu diém trén do thi (C ) sao cho tong khoang cach tir diém
x+
d6 dén 2 duong tiém can cia (C ) bang 6?
A. 4 B.2 C.0 D.6
Cau 13 (THPT Yén Lac - 2018).
Cho ham sé: y= zx;l . Tim tAt ca cac gia tri cia m dé d6 thi ham s6 ¢c6 ba dudng tiém can.
mx~ —2x+3
m#0 1 m#0 m=0
m<—
A. im#-1 B. 5 C. \m#-1 D. 1
1 m#0 1 m<3
5
Cau 14 (THPT Yén Lac - 2018).
Cho ham sé: y= w Do thi ham sb nhén truc hoanh va truc tung lam ti¢m can ngang va ti¢m can
xX—n+
dung. Khi d6 tong m+n bang
Al B.0 C.-1 D.2

Céu 15 (THPT Tran Hung Pao -2018).

2
‘t ’; . Khéng dinh nao sau day la dung:

Cho ham s6: y =

A. Db thi ham sb c6 tiém cén dimg 1a x = +3

B. D6 thi ham sb ¢6 2 tiém can dimg va 1 tiém can ngang

C. Db thi ham s6 khong c6 tiém can

D. D thi ham s6 ¢6 2 tiém can dirng va 2 tiém can ngang
Céu 16 (Chuyén Quéc hoc Hué - 2018).

X +1 A - \ Y R X cr e 1 e 1AL . A . .
Cho ham s6: y = x_l c6 d6 thi (C ) va A 1a diém thudc (C ). Tim gia tri nho nhat cta tong cac khoang
x [—
cach tir A dén cac tiém can cia (C)

A. 242 B.2 C.3 D. 2.3
Céu 17 (THPT Kim Lién - 2018).

Tim tat ca cac gia tri thyc cua tham s6 m dé do thi ham s6 y = c6 tiém can dung nam bén phai

X—m
truc Oy.
A. Bép an khéc B.m<0 C.m>0 D. m#0
Céu 18 (THPT Trin Ph - 2018).

\ A 23 =3x+m .. Y P SRR 2 N oA A as
Cho ham s0: y =—— ¢06 do thi (C). Tim tat ca cac gia tri ctia m dé€ (C ) khong c6 tiém cén dung

X—m

A.m=0 B.m=1 C.m=2 D.m=0hoacm=1
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Cau 19 (Chuyén Luwong Van Chanh - 2018).
2x—1-~/x" +x+3
x*—5x+6
A.x=-3vax=-2 B.x=-3 C.x=3vax=2 D.x=3
Cau 20 (THPT Phan Pinh Phuing - 2018).

Tim tat ca cac tiém can ding cua do thi ham so y =

Jx—m

x—1

Tim tap hop tit ca cac gia tri thuc cia tham s m dé dd thi ham s y = c6 dung hai duong tiém

can.
A. (—oo;+oo)\{l} B. (—oo;—lroo)\{—l;O} C. (—oo;+oo) D. (—oo;+oo)\{0}
Cau 21 (Chuyén DHSP - 2018).

2x—1
(mx2 —2x+1)(4x2 +4mx+1)

Tim tap hop céc gia tri cia m dé d6 thi ham sé y = c6 dung 1 duong ti¢m

can la
A. {0} B. (—o0;—1)U(1;+)
C.J D. (—o0;—1) {0} U(1;+)
Cau 22 (Chuyén DHSP - 2018).
Do thi ham s6 y = (2’";# c6 dudng tiém can di qua diém A(-2;7) khi va chi khi

A.m=3 B.m=1 C.m=-3 D.m=-1
Céu 23 (THPT Cém Binh - 2018).

mx’ —2x+m
x*—m
A. 45 B. 44 C.42 D. 43
Cau 24 (THPT Poan Thugng - 2018).

dmx+3m

Tong tat ca cac gia tri nguyén me (-10;10) dé d6 thi ham sd y = c6 hai tiém can ding la

Cho ham s6 y = . V6i gié tri nao cua m thi dudong tiém cin dung, ti€ém can ngang cua do thi

x=2
ham sb cung hai truc toa do tao thanh mdt hinh chir nhat c6 di¢n tich béng 2016
A.m=1008 B. m=4+504 C.m=%252 D. m =+1008
Cau 25 (Chuyén Lwong Van Chanh - 2018).

. . . X
Tim tat ca cac tiém can ngang cua do thi ham s6 y = |2 |
x =1
A.y=1vay=-1 B.y=1
C.y=-1 D. Khong c6 tiém cén ngang

Ciu 26 (Chuyén Phan Bdi Chau - 2018).

Vax? —1+3x*+2

2
X —X

A.2 B.3 C.4 D.1

la:

Sb duong tiém can dimg va tiém cin ngang cua dd thi y =
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Céu 27 (Pé Minh Hoa - 2018).
Cho ham s§ y = f(x) c6 bang bién thién nhu hinh v& dudi day. Hoi do thi ciia ham sb da cho ¢ bao

nhiéu duong tiém can?

X -0 2 0 +o0
y’ +
y +oo | 1
) / 0 \
Al B.3 C.2 D.4
Cau 28 (S¢ GD-PT Binh Duong - 2018).
2
Tim tap hop tat ca cac gia tri thuc cta tham s6 m dé do thi ham s6 y = myx +1 c6 duong thang y = -2 1a
x f—
mot duong ti€ém can ngang.
A. me{—2;2} B. me{—l;l} C. me{Z} D. me{l;—2}

Ciu 29 (S&' GD-PT Binh Phuéc - 2018).

Cho ham sb y = 2%
2x+3

c6 d6 14 (C). Goi M 1a giao diém cta (C ) véi truc hoanh. Khi d6 tich cac khoang

cach tir diém M dén hai dudng tiém can cta do thi (C) bang
A.4 B.6 C.8 D.2
Cau 30 (THPT Thanh Thiy - 2018).

X —

Véi diéu kién nao sau dy cua tham sé m dudi day, do thi (C,,): ¥y =— chi c¢6 1 tiém can dtng?

x2=3x+m’

A. m e {-1;—on0} B. m=+2 C.Khéng co gidtrim  D. Vm
Cau 31 (THPT Kim Lién - 2018).

X +x=2
x2=2x+m
A.-m#1vam+-8 B.m>-1vam+#8 C.m=1vam=-8 D.m<1vam+#-8

Cau 32 (THPT Cao Nguyén -2018).

Tim tat ca cac gia tri cua tham s6 m dé do thi ham so y = c6 hai tiém cén ding

9 1 . 14 2 1 . oA .
bé do thi ham s6 y = s c6 tiém can ngang thi diéu kién cua m la
JA=m)x® +3x-1
A.m>1 B.m#1 C.m<l1 D. 0<m<1

Cau 33 (THPT Cao Nguyén -2018).

—x* +4x+3

Cho ham s y = c¢6 dd thi (C). Tich cac khoang cach tir mot diém bat ky trén d6 thi (C ) dén

x —
cac duong ti€ém céan cia no6 bang.

A2 g 2 c. L
2 2 2
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Céu 34 (Chuyén Phan Bji Chau - 2018).

_x¥3 di qua diém A(5;2).
x+m—1

Tim gia tri cua tham s6 m dé tiém can dung cua d6 thi ham so6 y =

A.m=-4 B.m=-1 C.m=6 D.m=4
Céu 35 (THPT Chu Vin An - 2018).
Goi (C) 1a d6 thi ctia ham s6 y =logx .
Tim khang dinh dung?
A. D6 thi (C) c6 tiém can dung
B. D6 thi (C) c6 tiém can ngang
C. b6 thj (C) cit truc tung
D. D6 thi (C) khong cét tryc hoanh
Cau 36 (Chuyén Ngoai Ngir - 2018).

Cho ham s6 y =+/mx” +2x —x . Tim céc gia tri ciia m dé d0 thi ham s6 c6 dudng tiém can ngang.
A.m=1 B.me{—2;2} C. me{—l;l} D.m>0
Cau 37 (Chuyén Vo Nguyén Giap - 2018).

Biét cac duong tiém cén cua dudng cong (C ): y = cit truc Oy tao thanh mot da giac

6x+1-/x" =2
x=5
(H). Ménh dé& nao sau day dung?
A. (H) 1a mot hinh vuéng c6 dién tich bang 25
B. (H ) 12 mét hinh chir nhat c6 dién tich bang 8
C. (H) 1a mot hinh vudng c6 dién tich bang 4
D. (H) 1a mot hinh chit nhat c¢6 dién tich bang 10
Céu 38 (Chuyén Lwong Thé Vinh - 2018).

Sb duong tiém can cua dd thi ham sé f(x) =

1 .
la:
\/x2 —2x —\/x2 —-X
A. 4 B.2 C.3 D. 1
Cau 39 (THPT Quang Xwong - 2018).
2

X -

Tat ca cac gia tri thuc cua tham s6 m dé€ do thi ham s6 y = c6 ba duong tiém can la

x> +2mx—m
A. me R\{l;%} B. m € (—o0;—1) U (0;+00)

C. me(—l;O)\{—%} D. me(—oo;—l)u(0;+oo)\{%}
Cau 40 (Chuyén Amsterdam HN - 2018).

“j ¢ d thi (C ). C6 bao nhiéu diém M thudc (C ) sao cho khoang cach tir diém M

Cho ham sb y =

dén tiém can ngang bang 5 1an khoang cach tir diém M dén tiém can ding?
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A1 B.2 C.3 D. 4
D. BANG DAP AN
1C 2C 3A 4A 5B 6C 7D 8A 9C 10C
11C 12A 13A 14D 15C 16A 17C 18D 19D 20A
21A 22A 23B 24C 25B 26A 27B 28A 29D 30B
31D 32C 33B 34A 35D 36A 37D 38C 39D 40D
Trang 12
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CHU DPE 6: Bi QUYET TIM SU TUONG GIAO CUA HAI PO THI
A. KIEN THUC NEN TANG
1. Phuwong phap do thi tim s6 nghiém ciia phwong trinh
Cho phuong trinh f(x)=g(x) (1), s6 nghiém ctia phuong trinh (1) 13 sé giao diém cta dd thi ham sb
y:f(x) va dd thi ham s yzg(x).
Chi §: S6 nghiém cta phuong trinh f(x)=0 1a s giao diém ctia @6 thi ham sé y = f(x) va truc
hoanh.
2. Bai toan tim nghiém ciia phwong trinh chira tham s6.
Ta tién hanh ¢ 1ap m va dua phuong trinh ban dau vé dang f (x) =m (2) khi d6 s6 nghiém cta phuong

trinh (2) 1a s6 giao diém ctia d6 thi ham s y = f(x) va duong thing y=m.

Chu y: Puong thang y =m c6 tinh chat song song v&i truc hoanh va di qua diém co toa do (Om) .

\ . . X,)=gl(x,
3. Pieu kién tiép xic ciia 2 do thi y = f(x) va y=g(x) tai x=x, la: {f'( ) g(' 0)
I (%) =g (%)
4. Lénh casio
Dé tim nghiém cua phuong trinh hoanh d¢ giao diém ta dung lénh SHIFT SOLVE.

B. Vi DU MINH HQA

Vi du 1: (Chuyén Thai Binh 2018). Tim tip hop cac gia tri m dé dudng thing y =—2x+m cat do thi
x+1

ham s6 y = tai 2 diém phan biét.

x—2

A. (—00;5—2x/g)u(5+2\/g;+oo) B. (—oo;5—2\/g:|u[5+2\/g;+oo)

c. {“5*2@ D. (015 -23) U5+ 2434

x<5-26
Giai:
Cach 1: Ty luan
\ \ A - .2 x+1
Phuong trinh hoanh do giao diém 5 =-2x+m
x_
x+1=(2x+m)(x-2) (1
_[rri=(2eem)(x-2) (1)
x#2

Dé duong thing cdt do thi tai 2 diém phén biét thi phuong trinh (2): 2x* —(m+3)x+2m+1=0 phai c6 2
nghi¢m phan biét khac 2

A>0 {m2—10m+1>0 m>5+25
= = =

g(2)#0 m<5-25

=> Chon dap an dung la A.

3-m=0

Cach 2: Casio va Vinacal
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Dé giai phuong trinh (2) ta diing may tinh Casio véi chiic naing MODE 5 3
Chon m=5+ 2\/8 ta chi thu dugc 1 nghiém = m =5+ 2\/6 khong thoa man = Pap s6 B sai

[MoDE[SB[2l==sI=T2] V" [[e] Y[=II=lTol=Ta] v [ )[=T=]E]

Chon m =9 ta thdy phuong trinh vo nghiém = Khéng c6 giao diém. Vi 9 1a mét gia tri thudc dap sé6 D

N—"

= Pép s6 D sai = Chon A

IMODE | 5]3]2]=]-l1l2]=[1][9]=]=]=|

Binh luan
Vi dé bai héi tdp hop cdc gid tri m nén néu phai lya chon giita dap sé A va C thi ta luén chon dap sé A vi
A biéu dién & dang tap hop.

K=
4446
3
EH] [ Y
fz=
3-Z;

Vi dy 2: (Chuyén Vinh Phiic). Cho ham s6 y=x’—3x+2 (C). Goi d la duong thing di qua 4(3;20)
va ¢6 hé s6 goc. Tim m dé d cat (C) tai 3 diém phan biét.

A.m<%,m¢24 B.mz% C.m>£,m¢24 D.m<E

Giai
Cach 1: Ty luan
Phuong trinh duong thing d : y =m(x—3)+20 < y =mx—3m+20
Dé d cit (C) tai 3 diém phén biét thi phuong trinh hoanh d0 giao diém x° —3x+2 =mx—3m+20 (1) c6 3
nghiém phén biét.
(1)<:>x3 —3x—18:mx—3m<:>(x—3)(x2 +3x+6):m(x—3)
<::>(x—3)(x2 +3x+6—m)=0
x-3=0—>x=3
= 2
X +3x+6-m=0 (2)
Pé (1) ¢6 3 nghiém phan biét thi (2) ¢ 2 nghiém phan biét khac 3
A>0 4m—-15>0 15
= = Sm>—,m#24
g(3)¢0 24—-m+0 4
=> Chon dap an ding la C.
Cach 2: Casio va Vinacal

Phuong trinh hoanh d6 giao diém < x° — (m + 3)x +3m—-18=0(2)
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Thir v6i m=3 (1a mot s6 < %5) ta duoc phuong trinh x> —6x-9=0.

Giai phuong trinh ndy bang méy tinh Casio véi chirc ning MODE 5 4 ta duoc 1 nghiém thuc = d cit (C)
tai 1 diém = Pap sb chita m =3 sai = A va D sai.

[MODE]s]4]1]=] o] =] -]e]=] -] 9] =]=]=]=]

Thir véi m =24 ta duge phuong trinh x° —27x+54 =0. Ta dugc 2 nghiém thuc = d cit (C) tai 2 diém
= Dap s6 chita m =24 sai = B sai => Chon C.

[MODE|s[4[1]=]o]=[-]2]7]=[5]4]=]=]=|

Binh luén:
Bi quyét giai phuong trinh bac 3 d6 1a phan tich thanh nhén tix (x - X, )(Ax +By+C ) gdm c6 1 bac nhat,
va 1 bac 2. Tuy nhién viéc kho6 khan la lam sao tim dugc nghiém x, thi ta chi can nh& nghiém x, sé lam

cho m bi triét tiéu < mx—-3m=0< x=3.

a k¥
XK1=
3
a MahWA
2=
SV T
iz 2!
] Math A
Az=
_3_45.
2 2=t
a2 MathW
r=
-6
- ] Math &
Xz=
3

Vi du 3: (Chuyén KHTN HN 2018). C6 bao nhiéu sé nguyén duong m sao cho duong thing y = x+m

2x—1

cat d6 thi ham sd y = tai 2 diém phan biét 4,B va AB<4?

x+1
A. 7. B. 6. C.1. D. 2.

Giai

Phuong trinh hoanh dé giao diém:

=x+m
x+1

2x—1=(x+m)(x+1 ‘y(m-Dx+m+1=0 (1

- (em)(x+1) _ [ +(m=1)x+m+1=0 (1
x+1=0 x#—1

Pé duong thing cit dd thi tai 2 diém phan biét thi (1) c6 2 nghiém phan biét khac

A>0 m—6m-3>0 |m>3+2J3  [m>6,46
& & & (2)
g(-1)=0 " |1%0 m<3—2J3  |m<—0,46
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s 37 . ’ oz r ‘xA + xB = 1 -m
Khi d6 theo dinh 1y Vi-ét ta c6
XXy =1+m

Dé AB<4 e AB* <16 (x,—x,) +(v,~v,) <16 (x,-x, ) +(x, +m—x, —m) <16
(x,-x,) <8 (x,+x,) —4x,x, <8 (1-m) —4(1+m)<8 = m* —6m—11<0
©3-25<m<3+2V5 & -1,47<m<7,47 (3)

Két hop (2) va (3) ta dugc m=7,m=-1 = C6 2 gia tri m thoa man
=>Chgn D

Binh luian
Khi gidi phirong trinh (1) 16 thuong xuyén xdy ra la hoc sinh quén mat diéu kién x # -1 < g(—l) #0 va

cach van dung Vi-ét dé xu ly cac dai lugng lién quan dén nghiém x,,x,.

Vi du 4: (Chuyén Bic Ninh 2018). Tim m & y =mx—m+1 cit dd thi ham s6 y=x’ —3x% + x+2 tai 3
diém phén biét 4, B, C sao cho AB = BC.

A.me (—oo;O] B. meR C.me (—%;woj D. me (—2,'+oo)

Giai

Phuong trinh hoanh d6 giao diém: x* —3x* +x+2=mx—m+1
o x° =3x7 +x+1:mx—m<:>(x—1)(x2 —2x—l):m(x—1)
x=1

o (x=1)(x*-2x-1-m)=0<
( )( ) L2—2x—l—m=0 (1)
Véi x=1=>y=1= B(1;1). D¢ 4B =BC thi B la trung diém cta 4,C
. , X, +x.=2x,=2(2)
Véi x,,x. 1a nghiém ctua phuong trinh (1) <
Ya+tYe=2y,=2 (3)

Pé phuong trinh (1) c6 2 nghiém x,,x. thi A>0=2+m>0m>-2.
N . . b
Dié€u kién (2) ludn ding vi theo dinh 1y Vi-ét: x, +x. =——=2
a

biéu kién (3) S mx,—m+l+mx. —m+1=2< m(x,+x.)—2m=0 ludn ding vi x, +x. =2.

Vay tong két cac diéu kién thi m>-2.
=> Chon D.

Binh luin
Vi sao ta biét (1;1) 1a toa d6 cua diem B? Vi (1;1) 1a toa d6 cua diém udn cia do thi ham bac 3, ma diém

uon 1a tm déi xtmg nén diém B(11) phdi ¢ giita (trung diém) ciia A,C
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Vidu 5: (THPT Anhxtanh 2018). Tim m dé phuong trinh —x* +2x* +1=m c6 4 nghiém phén biét.
A.1<m<2 B. m>1 C.m<2 D.1<m<?2

=> Chon D.

Vi dy 6: (THPT Déng Pa 2018). Cho ham sé y=x"-2(2m—1)x’ +4m’ (1). Cac gia tri ctia m dé do

thi ham s6 (1) cét truc hoanh tai 4 diém phan biét thoa man: x +x2 +x; +x; =6 la:

1 1 1 1

A. m=— B. m>—— C.m>—— D. m>——
4 2 4 4
=> Chgn A.
Vi du 7: (Chuyén Sw pham 2018). Tim tip hop cac gia tri ciia tham s m thi dudng thang y=-2x+m
tidp xtic voi dd thi y =21
x_
A. me{7;—l} B. m=6 C. me{6;—1} D.m=-1

=> Chon A.
Vi du 8: (Chuyén Sw pham 2018). Tim tip hop tit ca cac gia tri cua tham sb m dé phuong trinh

Y +xi+x= m(x2 +1)2 ¢6 nghiém thudc [0,1]:

A. m>1. B. m<1. C.0<m<1. D. 0

IA

3

IA
AW

=> Chon D.

C. BAI TAP VAN DUNG
Ciu 1 (Chuyén Amsterdam - 2018). Giao diém cua hai duong tiém can cua d6 thi ham sb nao dudi

day ndm trén dudng thing (d):y=x?

2x-1 x+4 2x+1 1
= B. = C. = D. =
x+3 Y x—1 Y x+2 Y x+3

Cau 2 (THPT Sé 1 An Nhon - 2018). D thi ham s6 y = ——— cit duong thing y = —x+4 tai hai diém

X+
phén biét 4,B. Toa do diém C 1a trung diém cua AB 1a
A. C(-2,6) B. C(2;-6) C. C(0;4) D. C(4,0)
Cau 3 (Chuyén Ha Long - 2018). Biét duong thang y =x—2 cat d6 thi ham s6 y = 2x +11 tai hai diém
x_
phan biét 4,B c6 hoanh d6 lan luot x,,x, . Hay tinh tong x, + x,
A x, +x,=2 B. x,+x,=1 C.x,+x;,=5 D.x,+x,=3

Céu 4 (Chuyén Ha Long - 2018). Tim cac gia tri thuc ciia m dé phuong trinh x* —3x* —m—-4=0 ¢6 3
nghiém phan biét

A.d<m<8 B. m<0 C.0<m<4 D. 8<m<—4
Ciu 5 (Chuyén Lé Hong Phong - 2018). Xac dinh sé giao diém cua hai dudng cong
(C).'y:x3 —x*=2x+3 va (P) cy=xt—x+1.
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A.0 B.3 C.2 D.1

Cau 6 (Chuyén Thai Binh - 2018). D) thi ctia ham s6 nio sau day cat truc tung tai diém c6 tung do am?

x—1 3x+1 -x-3 3x+4
A= Br=" Cres P-r="
Céu 7 (THPT Pong Quan - 2018). Cho ham sé y=—-x*-2x>—1. Sb giao diém cta ham s véi truc
Ox bang
A.l B.2 C.0 D. 4

Céu 8 (THPT Kién An - 2018). Dya vao bang bién thién sau, tim m dé phuong trinh f(x)=2m+1 ¢c6 3
nghiém phan biét.
X —00 0 2 +00

f’(x) - * - -

+00 \ 3 \

-1 —00

A. O<m<l1 B.0<m<?2 C.-1<m<0 D. -1<m<l1
Cau 9 (THPT Kién An - 2018). Biét duong thang y =2x+4 cat d6 thi ham s6 y = x* + x* —4 tai diém
duy nhat (x0,%,) - Tim x, + y, .

A.6 B.2 C.10 D. 8
Céu 10 (THPT Lac Hong - 2018). D6 thi sau day 1a cia ham sb

y=x"-3x+1. Véi gia tri nao cia tham sé m thi phuong trinh

x’ —3x—m=0 c6 banghiém thuc phan biét. /\:
A. -l<m<3 17'\

B. 2<m<?2 BT R TR \1/2 3
C. 2<m<?2 2
D. 2<m<3 :

Cau 11 (THPT My Tho - 2018). Xét phuong trinh x” +3x” =m . Chon 1 cau ding.
A. V61 m =5, phuong trinh ¢6 3 nghi¢m.
B. V61 m =—1, phuong trinh c6 hai nghiém.
C. V61 m =4, phuong trinh c6 3 nghi¢m phan biét.
D. V61 m =2, phuong trinh ¢6 3 nghiém phan biét.

Iy !
Cau 12 (THPT Ngé Gia Ty - 2018). Cho dd thi ham sé g /
y=f(x) nhu hinh bén. Héi phuong trinh |f(x)|=m c6 hai ~ /
nghiém phan biét khi m nhén gia tri bang bao nhiéu? / \1\ /
A.m>2 B.m=>2 S -1 _‘1 \\1//2 3
C. m=0 D.m=-2 -2
-3

Trang 6
Trang 60



3
Céu 13 (THPT Nguyén Pinh Chiéu - 2018). Cho ham s y = %—3)8 +5x+1. Khing dinh nao sau 1a
khang dinh dung?

A. lim y =400

B. Ham sd dat cuc tiéu tai x =1 va dat cuc dai tai x=5
C. Ham s6 dong bién trong khoang (1;5)
D. D0 thi ciia ham sb da cho cét truc hoanh tai ba diém phan biét.
Cau 14 (THPT Phu Cat 2 - 2018). Goi M, N la giao diém cua duong th'fmg y=x+1 va dudong cong

yo2 +14 . Khi d6 hoanh d% trung diém I ctia doan thing MN bing?
e
A2 B. 1 C.2 p.2
5 2

Céu 15 (THPT Tién Du - 2018). Tim tit ca cac gia tri m dé do thi ham s6 y =x’ —3x% +2 cét duong
. a2 ) 1

thang y =m tai 3 diém phan biét c6 hoanh d¢ 16n hon )
A.O<m<?2 B. 2<m<?2 C.§<m<2 D. 2<m<2

Cau 16 (THPT Viét Dirc - 2018). Duong thiang y = m khong cat d6 thi ham sé y =-2x* +4x* +2 khi
A. m>4 B. 4<m<0 C.0<m<4 D.0<m<4

Cau 17 (THPT Kim Lién - 2018). Goi (C) 14 b thi ham s y =2 *11
X+

va dudng thang d - y=x—m.
Tim tit ca cac gia tri thuc ctia tham sé m dé duong thang d cat do thi (C) tai hai diém phan biét?
A. -5<m<-1 B. m < -5 hoac m > -1
C. m>-1 D. m<-5
Céiu 18 (THPT Trin Phi - 2018). D6 thi hinh bén 1a cua ham sb

y=—x+3x" —4. Tim tit ca gia tri m dé phwong trinh x* —=3x> +m =0 c6

hai nghiém phan biét? Chon mot khang dinh dung. e e :
A. m=4 hodc m=0
B. m=4 ,
C.0<m<4 7
D. m=0 _4

Céu 19 (THPT Ha Huy Tép -2018). Cho ham s6 y=x’+2x* -1, c¢6 d thi (C). Tim tit ca cac gia tri
ctia m dé duong thang d : y = mx+m cat do thi (C) tai ba diém phén biét.
5 5 5

m<—— m<— m>— m>—-——
A. 4 B. 4 C. 4 D.

m#—1 m#—1 m#—1 m#—1
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Céu 20 (Chuyén Vinh Phic - 2018). Cho ham s6 y = f (x) c6 d6 thi \ 1
=1

nhu hinh v& bén. Xéac dinh tat ca cac gia tri cua tham sé m dé phuong

trinh ‘ f (x)‘ =m c6 ding 2 nghiém thuc phan biét
A.m>4,m=0
B.3<m<4

C.0<m<3
D. 4<m<0

Céu 21 (Chuyén Vinh Phic - 2018). Cho ham sé y = x* —3x+2 ¢6 d0 thi (C). Goi d 1a duong thang di

qua A4 (3;20) va hé s6 goc m. Gid tri cua m dé dudng thing d cit (C) tai 3 diém phan biét

A.m<$,m¢24 B.le—S C.m>%,m¢24 D.m<{75

Céu 22 (S& GD&DT Bic Ninh - 2018). Cho ham s6 y = f(x) ¢6 db thi

nhu hinh v& bén. Tim tat ca cac gia tri thuc ctia tham sd m dé phuong trinh

f(x)=m+1=0 c6 bon nghiém phan biét.

A, 3<m<-2
B. 4<m<-3
C. 3<m<-=2 ; 4
D. 4<m<-3 ]

Céu 23 (S¢ GD&DPT Bic Ninh - 2018). Cho ham s6 f(x)=x’—3x+1. S6 nghiém ciia phuong trinh
f(f(x))=01a

A.6 B.7 C.9 D.3
Céu 24 (THPT Lang Giang - 2018). Diéu kién can va du dé duong thing y =m cét do thi cia ham sb
y = |x* =2x* = 2| tai 6 diém phan biét la

A.2<m<3 B.2<m<4 C.m=3 D.0<m<3
Cau 25 (THPT Giao Thity - 2018). Cho ham s6 y = f(x) ¢6 dd
thi nhu hinh v&. Tim tap hop tit ca cac gid tri cta tham sb m dé .
phuong trinh f (|x|) =m c6 hai nghiém phan biét.

A. (—oo,'l)u(2;+oo) 4

B. (—oo;l)

C. (-o0;1) U {2} : R R

D. (2; +oo)
Cau 26 (THPT Phan Bdi Chau - 2018). Tim tit ca cac gia tri ciia m dé duong thang y =3x+1 va do thi
y=x"=3mx+3 c6 duy nhat mot diém chung

A. meR B. m<0 C. m<0 D. m<3
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Céu 27 (Chuyén Lwong Vin Chanh - 2018). Tim tit ca cic gia tri cia tham sb m dé do thi ham s6
y=x=3x"+(m+2)x—m va dd thi ham s0 y =2x—2 c6 ba diém chung phén biét.

A.m<2 B. m>2 C. m<3 D. m>3
Ciu 28 (THPT Ngé Gia Tu - 2018). Diéu kién ctia tham s m dé do thi ham s6 y =2x’ —6x+2m cit

truc hoanh tai it nhat hai diém phan biét 1a

m<-=2
A.{ B. m=+12 C. 2<m<?2 D. 2<m<?2

Ciu 29 (TT BDVH 218 Ly Tu Trong - 2018). D5 thi ctia cic ham sé y=x’+x’-3x—2 va
y= x> —x—1 cit nhau tai 3 diém phan bi¢t M, N, P. Tim béan kinh R ctia duong tron di qua 3 diém M, N,
P.

3

A. R=1 B. R= 3
2

C.R=2 D. R=
2

Cau 30 (TT BDVH 218 Ly Tu Trong - 2018). Cho ham sé y = 2"

c¢6 dd thi (C). Lap phuong trinh
dudng thang (d) di qua M (0;-2) va cét (C) tai hai diém phén biét 4, B sao cho M 1a trung diém AB.
A. (d).'y:—x—Z B. (d):y:—Zx—2 C. (d).'y:—3x—2 D. (d):y:—4x—2

Céu 31 (TT Diéu Hién - 2018). Tim tit ca cac gia tri cia m dé dd thi cia ham sé y =x* —3x* +2m+1
cét truc hoanh tai ba diém phan biét.

A.—l<m<i B.—§<m<—l C.0<m<4 D. 4<m<0

2 2 2 2

Céu 32 (S& GD-PT TP HCM - 2018). Cho ham s6 y = f(x) ¢6 d6 thi (C)
nhu hinh bén. Tim tdp hop tit ca cac gia tri thuc cta tham sé m dé duong
thang d : y =m cat do thi (C) tai hai diém phan bi¢t déu c6 hoanh do 16n hon
2.

A. 1<m<3 B.1<m<3

C.1<m<3 D.1<m<3

X

Céu 33 (S GD-PT TP HCM - 2018). Tim tit ca cac gia tri thuc cia tham s m dé @6 thi ham sb
y=x*—-8x>+3 cit dudong thang d : y=2m—7 tai bén diém phan biét
A. -3<m<5 B. -6<m<10 C.m=5 D. m>-3

Cau 34 (THPT TH Cao Nguyén - 2018). Cho ham sb y =211

c6 d6 thi (C) va dudng thing

(d):y==3x+m.Timm dé (d) cit (C) tai hai diém phan biét thuoc nhanh phai cua (C).

A. m>11 B. m<-1 C. m<-1hoic m>11 D.m>5
Céu 35 (THPT Chu Vin An - 2018). Tim s6 giao diém n cita o thi ham s6 y=x’|x*~3| va duong
thing y=2.

A.n=6 B. n=8 C.n=2 D.n=4
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Céu 36 (Chuyén Théi Binh - 2018). Cho ham s6 y = f(x)=x(x" —1)(x* —4)(x* —9). Hoi @ thi ham
s0 y = f"(x) cét truc hoanh tai bao nhiéu diém phén biét?

A.3 B.5 C.6 D. 4
Cau 37 (THPT Quang Xwong - 2018). Tat ca cic gia tri meR dé do thi ham sb
y=x*-2(1-m)x* +m’ -3 khong cit truc hoanh la

B.mZ\/g C.m>\/§ D.m>2

Céu 38 (Chuyén Amsterdam HN - 2018). Cho ham s6 y = x" +3x* +m ¢6 d6 thi (C). Bé d6 thi (C) cit
tryc hoanh tai 3 diém 4, B, C sao cho B 1a trung diém cta AC thi gia tri tham sé m 1a
A.m=-2 B. m=0 C.m=-4 D. 4<m<0

A.m<?2

. 1 : L 2
Cau 39 (THPT Quang Trung - 2018). Cho ham s0 y = x_+1, (C). Tap tat ca cac gia tri cia tham s m
x_

dé duong thing y =2x+m cit (C) tai hai diém phan biét 4, B sao cho goc AOB nhon 14
A. m<5 B. m>0 C.m>5 D. m<0
Céu 40 (THPT Xuén Trudng - 2018). Cho ham s6 y = x* —3x* —9x+m . V&i gid tri ndo cua m dé dd thi

ham sb cét truc Ox tai 3 diém phan biét c6 hoanh d¢ 1ap thanh mot cép ) cong

A. m=11 B. m=2 C. m=1 D. m=12
D. BANG PAP AN
1B 2A 3C 4D 5B 6D 7C 8D 9C 10B
11D 12A 13D 14B 15C 16A 17B 18A 19D 20A
21C 22A 23B 24A 25C 26C 27C 28D 29B 30D
31A 32B 33A 34A 35A 36A 35C 38A 39C 40A
Trang 10
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CHU DPE 7: Bi QUYET NHAN DIEN PO THI HAM SO
A. KIEN THUC NEN TANG
1. Nhan dién do6 thi ham bac3  y=ax’ +bx* +cx+d (a #0)
D6 thi ham sb c6 dang chit N néu a > 0 va ¢ dang chit N nguoc néu a < 0
Ham s6 ¢ 2 cuc tri <> Ay'> 0 khi d6 hoanh d6 diém cuc tri 1a x;, x, 1a nghiém cua phuong trinh
y'=0 vakhong cé cuc tri < Ay'<0
Do thi ham sb cét truc tung tai diém A(O;d ) Néu diém A nam trén truc hoanh < d >0 va néu diém
A nam duéi truc hoanh < d <0
Do thi ham sb co cuc dai trudce cuc tiéu < a >0 va cuc dai trude cuc tiéu < a <0
2. Nhén dién dd thi ham bac 4 trung phuong y = ax* +bx* + ¢ (a #0)
Do thi ham sb ¢ dang chit W néua>0vaco dang chir Mnéua<0
Ham s6 co 3 cuc tri <> ab<0 vacod 1 cuctri < ab>0

ab<0

A s L I .2 . a
D06 thi ham s6 ¢6 2 cuc ti€u 1 cuc dai < { 0
a<

va ¢ 2 cuc dai 1 cuc tiéu <
a>0

Do thi ham sé cit truc tung tai A(0;c). Néu diém 4 ndm trén truc hoanh < ¢ >0 va néu diém A nim
duoi truc hoanh thi ¢ <0

3. Nhan dién do thi ham bac nhat trén bac nhat

A . \ A L 3R b \ < \ < 3R b
Do thi ham so cat truc tung tai diem A4 (O;Ej va cat truc hoanh tai diém B(——;Oj
a

TR I A , \ d ., ... A \ a
Do thi ham s6 c6 tiém can dung la x =—— va c6 tiém can ngang la y =—
c c

D4 thi ¢ 2 nhanh déi xtmg nhau qua tam déi xtmg 1(—1;3)
CcC C

Ham sb luon dong bién trén tap xac dinh néu ad —bc >0va nghich bién trén tap xac dinh néu
ad —bc <0

4. Nhan biét ham chira dau gia tri tuyét doi y = ‘f(x)‘

Ta giir nguyén phan d thi phia trén truc hoanh ctia d6 thi ham y = f (x) va x6a phan dd thi nam phia
duéi truc hoanh dong thoi 1y d6i xtmg cia phan do thi nay 1én trén truc hoanh

5. Nhén biét ham chira dau gia tri tuyét d6i y = f(|x|)

Ta giit nguyén phan do thi phia bén phai truc tung ctia @ thi ham sé y = f (x) va x6a phan d6 thi nim
phia bén tréi truc tung sau d6 1y d6i xtng ctia phan do thi bén phai truc tung sang bén trai truc tung.

B. Vi DU MINH HQA

Dang 1: Tim céac hé s6 cia ham sb thong qua do thi cho trude

Vi du 1 (P& minh hoa BGD-DT 2018): Pudng cong hinh bén 14 d6 thi ham sb v A
nao sau day?

A y=—x+2x"+2 B. y=x'-2x*+2

J i)
Trang 65 } % \ o




HEEEHE0E0ENEDEEEE -2
Giai
Cach 1: Ty luan

D6 thi ham s c6 dang chit M nén phai 1a d0 thi ctia ham bac 4 tring phuong y = ax* +bx* + ¢ v6i hé sb

a < 0= Dap sb C sai va dap sd dung chi c6 thé 13 A hoic D
Do thi ham s ¢6 3 diém cuc tri < y'=0 doi ddu 3 lan < phuong trinh bac 3 cia y' = 0 ¢6 3 nghiém
phan biét.

Véidapsd Atacd y'=0o —4x’ +4x=0< x=0;x =+

= Chon A

Cach 2 : Dung cong thire gidi nhanh

Cong thirc: Dé ham béc 4 tring phuong ¢6 3 cuyc tri thi ab <0

Ap dung dé chon d4p 4n A hofc D thi ta chon luén dép 4n A vi a.b=(-1).2=-2<0

Mé rong

Dap an D la sai vi a.b = (—1).(—3) =3>0 vay theo cong thirc gidi nhanh néu ab > 0 thi d6 thi ham béc 4

triung phuong chi ¢6 1 diém cuc tri duy nhét

Vi du 2 (Chuyén Bic Ninh 2018): Duong cong hinh bén 1a do thi ham s6 trong ]

cac dap an A, B, C, D. Tim dé4p an dung. I
A y=x'-x"+1 B. y=-x"+3x+1 ,r/-\\ f'll
C. y=x-3x+1 D. y=x+4x-1 |'f AW

Giai Ill'

Cach 1 : Ty luan

Do thi ham c6 dang chit N thi phai la dd thi ctia ham bac 3 = bap an A sai

Do thi ham s6 bac 3: y =ax’ +bx* +cx+d ¢o cuc dai trude cuc ticu

<hésbctaa>0= bap s6 dang chi co thé 1a C hodc D

Lai thdy d6 thi ham s ¢6 2 diém cuc tri < y '=0 d6i ddu 2 1an < phuong trinh bac 2 ciia y'=0c¢6 2
nghiém phan biét.

Véidapsd Ctacd y'=0<3x-3=0< x=+I

woog) (5] (3] (3] (=] o] (=] =] (8] =] (=] (=)

=> Chon C
Cach 2 : Dung cong thire gidi nhanh

Cong thirc : D& ham sb bac 3 ¢6 2 cuc tri thi 5> —3ac >0
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Ap dung d¢ chon dép 4n C hodc D thi ta chon luén dép 4n C vi b° —3ac =0"-3.1.(-3)=9>0
Mé rong

Dap an D 1a sai vi b —3ac=0?-3.1.4=-12<0 vy theo cong thirc giai nhanh néu b* —3ac <0 thi dd
thi ham béac 3 khong c6 cuc tri.

’ — \ v
Vi du 3 (Chuyén Thai Binh 2018): Cho ham sé y = lj‘ 9 ¢6 d thi nhu hinh
X+ C
v&. Tinh gia trj biéu thac T =a+b+c. :
A. P=-3 B. P=1 s O P T
C. P=5 D. P=2 \
Giai

Cach 1: Ty luan
A - . 1
Do thi 6 tiém cin ngang y=1c>z=lc>b=l(l)
P4 thi ham s6 co tiém can dimg x=2<:>—%:2<:>c=—2b<:>c:—2

Dé tim a ta s& xem do thi di qua diém nao. Quan sat hinh v& ta chon diém dé dang nhat 1a A(-2;0).

—2—a
bx+c

Thay vao ham s ta co: 0= &S -2-a=0a=-2

Vay a=-2b=l;c=—2=Tong T =a+b+c=-3
=> Chon A
Binh luian
Dé bai con cho dir kién do thi di qua diém B(O;—l)thay vao ham s6 thi van tim duoc a tuy nhién ta
thuong chon diém A4 thi tinh toan d& dang hon.
Nhan dang d6 thi chira ddu gia tri tuyét d6i
Vi du 4 (D& tham khao By GD&DT ): Ham s6 y =(x—2)(x’ ~1)cé dd thi nhu

hinh v& bén. Hinh ndo dudi day 1a d thi cia ham s6 y =[x —2|(x* -1)?

A. Hinh 1. B. Hinh 2. C. Hinh 3. D. Hinh 4.

Giai
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biat y :f(x) :(x—2)(x2 —1) va g(x) :|x—2|()c2 —1). Do thi ham sb y :f(x) va y :g(x) déu cit tru
hoanh tai 3 diém phan biét x =2, x = +1=Dap s6 C sai
Xét dau |x — 2| ta dugc 2 truong hop
Truomg hop 1 véi x>2 thix—2>0khi d6 [x—2|=x—2va y=|x-2|(x*~1)=(x-2)(x* —1) c6 nghia la
phan db thi nAm phia bén phai gia tri x =2 s& giit nguyén. = Ca 4 dap an déu dung
Trudmg hop 2 véi x <2 thix—2<0khi d6 y=|x—2|(x* —1)=—(x—2)(x* ~1) c6 nghia la gid trj ham s
y = f(x) dbi nhau véi gid tri do thi y = f(x)tirc 1a dd thi y= f(x) va dd thi y=g(x)ddi xtmg nhau
qua truc hoanh Ox
=> Chon A
Mé rong
Dap 4n B sai vi day 1 d6 thi ham s6 y =(x—-2)[x* -1
Dap an D sai vi dy 1a d6 thi ham s6 y = ‘(x—2)(x2 —1)‘
Nhén dién dd thi ham s6 dua vao hé sd cua bién x
Vi du 5 (Chuyén PHSP Ha Ngi - Lan 2 ): Cho ham s6 y = ax* +bx* +¢ ¢6 dd
thi nhu hinh 10. Ménh dé nao dudi day ding? A\ 7\
A.a>0,b>0,c<0. B.a>0,b>0,c>0. | Aol s
C. a<0,b>0,c>0. D. a>0,b<0,c>0. a |

Giai

D) thi ham sb béc 4 trung phuong y = ax* +bx* + ¢ ¢6 dang chit M = hé s6 a > 0= Pan an ding chi co
thé 1a A hoic D.

Vi d thi ¢6 3 cuc tri < theo cong thue gidi nhanh thi ab<0<b<0= CaAvaD déu thoa man nén ta
tiép tuc phai tim thém dau hi¢u tha 3.

Vi dd thi ham sb cit truc tung tai diémA(O; c) , quan sat hinh vé ta théy diém nay nam phia dudi cua truc
hoanh = giad tri ¢ <0

=> Chgn D

Binh luan

Néu do thi ¢ dang chit Wthia > 0

Néu diém A(O;c) nam phia trén truc hoanh thi ¢ > 0, diém A nam trén truc hoanh thi ¢ =0

Vi du 6 (Chuyén PHSP Ha Ni - Lan 2 ): Cho ham s6 y=ax’ +bx* +cx+d L 5

¢6 @0 thi nhu hinh 4. Tim khang dinh dung. = ~
a,d >0;b<0 a,d <0;b>0 |

A. B. Alan
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a,b,d <0 a,d<0;b>0
C. D.
c=0 VeelR

=> Chon C

cx+d
Ménh dé nao sau day dung?

Vi du 7 (Chuyén BH Vinh, 1in 1): Hinh 14 13 4 thi ctia ham sé y= 272 / -‘ ‘

A. ad >0,ab<0. B.bd <0,ab > 0. ’
C. ab<0,ad <0. D. bd > 0,ad > 0. 0 //
=> Chgn A ' )/
Hinh 14
Vi du 8 (chuyén Thai Binh ): Cho ham s6 y = f(x) ¢6 d6 thi y= f'(x) cat A
truc Ox tai ba diém c6 hoanh do a, b, ¢ nhu hinh v&. Khang dinh nao duéi day co
thé xay ra? '|
X o
A. f(a)> f(b)> f(c). B.f(b)> f(a)> f(c). = \jh I
C. f(c)>f(a)>f(b). D. f(c)>f(b)>f(a).
=> Chon C
Vi dy 9 (Thi THPT QG nim 2017 ): Cho ham s6y = f(x). D4 thi cia ham so

y=f"(x) nhu hinh bén. D4t h(x)=2f(x)—x* . Ménh dé nao dudi day ding?

A. h(4)=h(=2)> h(2) B. h(4)=h(-2)<h(2). i
C. h(2)> h(4)> h(-2). D. h(2)> h(=2)> h(4). ol
=> Chon C / ------- -2

C. BAI TAP VAN DUNG i
Céu 1 (Chuyén Amsterdam - 2018). D6 thi bén 1a dd thi ctia ham sb nao 3

e | g
trong cac ham so sau? ﬂ

A. y:x2+2x—3 B. y:x3+3x2—3 Pt g R N o
C.y=x"+2x"-3 D. y=—x"-2x"+3 [ =
b"3
Céu 2 (THPT S6 3 An Nhon-2018). .
3
Puong cong trong hinh bén 1a dd thi ctia mot ham s trong bén ham sb duge 2
liét ké & bon ph an A, B, C, D duéi day. Hoi ham s6 d6 1a ham s6 nao ? :
i€t ké ¢ bon phuong an A, B, C, D dudi day. Héi ham s6 do 1a ham s6 nao = ¥ E 1
- 4 3 2 - T x
A.y:2x+1 B. y=> 1 e
2x-2 x+1 k

Liaug o
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C.y= xtl D. y= —
x—1 I-x
Cau 3 (Chuyén Ha Long - 2018).
Puodng cong trong hinh bén 1 d6 thi cia mot ham sb trong bon ham s6 duge
liét ké & bon phuong an A, B, C, D duéi day. Hoi ham s6 do6 1a ham so nao ?

A y=x"-3x"+1 B. y=2x"-4x"+1 A= U

C. y=—x"+3x>+1 D. y=-2x"+4x" +1

Céu 4 (Chuyén Lé Hong Phong - 2018).
Puodng cong trong hinh bén 1 d6 thi cia mot ham sb trong bon ham s6 duge
liét ké & bon phuong an A, B, C, D dudi day. Hoi ham sé d6 12 ham s nao ?

A y=—-x-3x"-1 B. y=x-3x+1
3 -2] -1
C.y=x-3x-1 D. y=-x+3x"+1
2
3
Céu 5 (Chuyén Lé Hong Phong - 2018). R
| 1 £ < {4
Duong cong trong hinh bén la do thi cia mgt ham s6 trong bon ham so 2
duoc liét ké & bon phuong an A, B, C, D dudi diy. Hoi ham sé d6 1a ham 2
s6 nao ? \ :
A y=x-3x"-1 B. y=x"+2x"-1
C.y=x"-1 D. y=x"-2x"-1 3
-4
Cau 6 (THPT Hoa Binh-2018). K
) . . . 14
Puong cong trong hinh bén 1a d6 thi cia mdt ham so trong bon ham so6 dugce B
liét ké & bdn phuong an A, B, C, D duéi day. Hoi ham s6 d6 1a ham sé nao? |2
A y=—x+3x+1 B. y=x"-3x+1 / |1
4 -3 2] -1
C.y=x-3x"-1 D. y =x +3x+1 :
|-
|3
?'4
Cau 7 (THPT Hung Vuong -2018). R
\ , 14
Do thi ham s6 nao sau day c6 hinh dang nhu hinh v€ bén {5
A, y=x"+3x+1 B. y=x"-3x+1 t#
§1
C. y=—x"-3x+1 D. y=—x"+3x+1 '
o i Y SR | sl

Trang 70



Ciu 8 (THPT L& Quy Don-2018).

D0 thi hinh bén 14 ctia ham sb:
A y=—"—+x"+1 B. y=x"-3x>+1 A [
3 TE A /
3 ) 3 ) -4 -3 2 -1 [ t_fl' 1243 4
C.y=2x -6x"+1 D. y=—x" -3x"+1 [ "\ /
Jlll 1=3 \_/
Cau 9 (THPT Minh Ha - 2018).
Nhan biét ham s6 y = —x’ +3x c6 d thi nao trong cac hinh dudi day?
Hinh 1 Hinh 2 Hinh 3 Hinh 4
1, | :_',l - af
o i 1
‘ e 1 /\ /\
: 0 L S T
N /e 1y g CrE R LR i it
B. Hinh 4 C. Hinh 3 D. Hinh 1
; L y=b°

y 1

A. Hinh 2
Céu 10 (THPT Chuyén Lwong Thé Vinh - Lan 1 - 2018).

Cho d0 thi ctia ba ham sd y = a*,y = b, y = ¢* nhu hinh v& dudi. Khang

y=a'

dinh nao sau day dung?

A.c>b>a B.b>a>c
C.c>a>b D.b>c>a
ST S R e T
Cau 11 (THPT Phan Bgi Chau - 2018). o
Do thi sau day 1a do thi ctia ham sb nao? vt §
x+1 2x+1 : K
A y=—-o B. y= I1
x—1 x—1 E
xX+2 x+2 2 'z\lfl)l e e b
C.y= D. y=
Y x—1 Y 1-x 12
13
)
Cau 12 (THPT Phan Bgi Chau - 2018). ;:" .';
Ham sd nao trong ham s sau day c6 d6 thi pht hop véi hinh v& bén? i
A y=x B. y=x' i ;.f"
1 ' ¥
C.y= Xg D. y= \/; 4 3 2 1 ;f~)1 R
:'f 2
| \-3
{' ;.4
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Céu 13 (THPT Tuy Phuéc 3 niim - 2018).

Cho @6 thi ham sé y =ax* +bx* +¢ c6 dd thi nhu sau. Xac dinh ddu cua |] 4
a; b; c. Z
A.a>0,b<0,c< 0 B.a>0,b<0,c>0 [1
C.a>0,b>0,c>0  D.a<0,b>0,c<0 TS FEBCRRCECRTE
| |
VIV
,.-.3
j 4
Cau 14 (S6 GD&DT Ba Ria Viing Tau - 2018). L
Puong cong hinh bén (Hinh 1) 1a d6 thi ctia mot ham so6 trong bon ham so 2 o ‘I
p , \ |3 |
duoc liét ké trong bon phuong an A, B, C, D dudi day. Héi do 14 ham so / ‘*.\2
nao? o
A y=—x"+3x+2 B. y=x'+4x-5 T -z‘; 1 rJl 2 A X
:'I 12
C.y=x"-3x+2 D. y=—x"-3x+2 ! 2
| 4

Cau 15 (THPT Hai Ba Trung - 2018).

Cho ham s6 y = x* —6x” +9x ¢6 d6 thi nhu Hinh 1. s R ‘5 kll i ;\'
Khi d6 d6 thi Hinh 2 1a ctia ham sé nao dudi day? 7 Hl' \ f,f\\ i \ /
Ay =|x|3 —6x> +9|x| ([ ‘ \\\ ."’ 1.& / ] tl | \\ /
B. y=—x"+6x" —9x o}‘l 1 : 3/} s \/ 1 oll ; \;/ X
C. y =l ~6x"+9x Hinh 1 Hinh 2
D. y= |x|3 +6|x|2 +9|x|
Cau 16 (THPT TH Cao Nguyén - 2018). du

Cho dd thi ham s y = f(x)nhu hinh v& bén. D4 thi trong phuong 4n -

nao sau ddy 1a d6 thi ham s y = |/ (x)|? - / \
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A. Hinh 1. B. Hinh 2. C. Hinh 3. D. Hinh 4.
HE e h
Cau 17 (P& Minh Hoa - 2018). be o
. ) 3 [
Ham s6 y=(x—2)(x*~1) c6 dd thi nhu hinh v& bén. ,\z\ /
| .
; /
Hinh nao dusi day 1a dd thi ciia ham y = |x—2|(x*-1)? TIEA g T w
|II -2
f &l
4 v B y y
% {)‘ /\/ : / \ | %
N7 Ol el @ x
Hinh 1 Hinh 2 Hinh 3 Hinh 4
A. Hinh 1. B. Hinh 2. C. Hinh 3. D. Hinh 4.
CAu 18 (S& GD-PT Binh Phuéc - 2018). ;
Y
. . 2 L '
Tima, b, c d¢ ham s6 y = T c6 d6 thi nhu hinh vé bén. : I3 \
cx+b 3 :
A.a=2b=-2;c=-1 B.a=1b=1c=-1 4
4 -3 2 ° (e i ] i
C.a=1b=2;c=1 D.a=1b=-2;c=1 \:1 i
|-3
¥
Céu 19 (THPT Ping Thic Hira -2018). g
Cho ham s6 y = ax® +bx> +cx+d ¢6 db thi 1a dudng cong nhu hinh vé bén. 3
Ménh d& nao dusi day ding? E

A.a>0,b=0,¢<0,d<0 B.a>0,6>0,¢=0,d<0

C.a>0,b=0,c>0,d<0 D.a>0,b6<0,¢c=0,d<0

Cau 20 (THPT Ha Huy Tép -2018).
Cho ham s§ y = ax® +bx* + cx+d ¢6 db thi 1a dudng cong nhu hinh v& bén. Ménh dé nao duéi day dang?

Trang 9
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A.a>0,b>0,¢=0,d<0 B.a>0,6>0,¢=0,d>0
C.a>0,b6>0,¢>0,d>0 D.a>0, 6<0,¢c=0,d<0

Cau 21 (THPT Ha Huy Tip - 2018).

Cho ham s6 y=ax’ +bx’* +cx+d c6 dd thi 1a dudng cong nhu hinh v& bén.

Ménh dé nao duéi day dung?
A.a<0,56>0,¢>0,d>0 B. a<0,b<0,¢c=0,d>0
C.a>0,b<0,¢c>0,d>0

D.a<0,56>0,¢=0,d>0
Céu 22 (Pé minh hoa - 2018)

Cho ham s6 y=ax’ +bx* +cx+d c6 do thi 1a duong cong nhu hinh v&

bén. Ménh d& nao dudi day dung?
A. a<0,56>0,¢>0,d<0 B. a<0,5<0,c>0,d<0
C.a>0,b<0,c<0,d>0

D.a<0,6>0,¢<0,d<0
Cau 23 (Chuyén Thai Binh - 2018).
Cho ham s6 y = f(x) ¢6 dd thi y = f"'(x)ct truc Ox tai ba diém c6 hoanh

d6 a < b < ¢ nhu hinh v&. Ménh dé nao dudi day 1 dang?

A. f(c)>f(a)>f(b)

B. £(c)> £ (b)> f(a)
C. f(a)> £ (b)> f(c)

D. f(b)> f(a)> f(c)
Cau 24 (Chuyén Lé Hong Phong - 2018).

Cho3hamsd y=f(x), y=g(x)=f'(x), y=h(x)=g'(x) c6 dd thila 3
dudng cong trong hinh v& bén. Ménh dé nao sau day ding?

A. g(-1)>h(-1)> f(-1)

s
T

|
Y
B. h(-1)>g(~1)> £(~1) //
C. h(-1)> f(~1)>g(-1) D. f(-1)>g(~1)>A(-1) -

Ciu 25 (Chuyén Lé Hong Phong - 2018).

Cho 3 ham s y=f(x), y=g(x)=f"(x), y=h(x)=g'(x) c6 do thi la 3
duong cong trong hinh v& bén. Ménh dé nio sau ddy dang?

A. g(-1)>h(=1)> £(-1)

B. h(-1)>g(~1)> f(~1) //
C. h(-1)> £(-1)> g(-1) D. £ (~1)>g(~-1)> h(-1)
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Céu 26 (THPT Chu Viin An - 2018).

Cho ham s6 y = f(x)lién tuc va c6 dao ham cap hai trén R. DO thi cta céc

ham s6 y= f(x),y=f"(x) va y = f"(x) lan luot la cac dudng cong nao

©)
W@é{/ r
B. (C).(G).(G) &

D. (C\).(G):(C,)

trong hinh vé bén?

A (6).(C):(C)
C. (G).(6,).(G)

Ciu 27 (Pé Thi THPTQG - M3 dé 103 - 2018). \ £
Cho hai ham s6 y=a*, y=b" vdia, b 1a 2 sb thuc duong khac 1, lan \ /
lugt ¢6 do thi 13 (C;) va (C,) nhu hinh bén. Ménh dé nao duéi day
ding?
A. O<a<b<l B. 0<b<l<a 0 T
C.0<a<l<b D. 0O<b<axl
[
Céu 28 (s¢' GD-DPT Tp Ho Chi Minh - Cum 2 - 2018). y
Puong cong trong hinh bén dudi 13 d6 thi cia mot ham sé trong bon k
ham s duoc liét ké & bdn phuong an A, B, C, D dudi ddy. Hoi ham s6 I :
d6 1a ham sé nao? V/
A.y=In|x+1|- In2 B. y=Inl|x| R o e g e
C. y:‘ln(x+l)‘—ln2 D. y=|Inx| ;
|-4
Cau 29 (THPT Chuyén PH Vinh — Lin 4 - 2018). \ gy
P P . 5 i
Cho cac so thuc a, b khac 1. Biét rang bat ky dudng thang nao song ] /
song va&i1 truc Ox ma cdt cac duong y=a",y =b", truc tung lan luot tai : A\ r=e
M, Nva A thi AN =2AM (hinh v& bén). Ménh dé nao sau day dung? >
A.a’=b B. b=2a —— - i
C. ab* =1 D. ab:l
2
D. BANG PAP AN
1D 2C 3B 4B 5B 6B 7TA 8B 9A 10D
11C 12A 13A 14D 15A 16D 17A 18D 19B 20A
21A 22A 23A 24B 25B 26A 27B 28D 29C 30
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CHU DE 8: CASIO GIAI NHANH CHUONG HAM SO VA UNG DUNG
A. KIEN THUC NEN TANG

1. Casio tim Min Max: Dung lénh Mode 7 ctia may tinh Casio dé tinh nhanh dap s6 ma khong can biét
cach lam.

Phwong phap: Gom 2 buéc:
Bude 1: Dé tim GTLN — GTNN ctia ham s6 y = £(x) trén mién [a;b] ta st dung may tinh Casio véi 1énh

MODE 7 (Lap bang gia tri) Start @ End b Step bl;ga ( c6 thé 1am tron dé Step dep).

Bude 2: Quan sat bang gia tri may tinh hién thi, gia tri 16n nhat xuat hién 1a max, gia tri nho nhat xuat
hién 1a min.

2. Casio tim khodang dong bién nghich bién: Dung chirc niang 1ap bang gia tri MODE 7. Quan sat bang
két qua nhan dugc, khoang nio 1am cho ham s6 ludn tang thi 1a khoang dong bién, khoang nao 1am cho
ham s6 ludn giam thi 1a khoang nghich bién.

Chii y: Trong bai toan chtra tham s ta tinh dao ham roi tién hanh c6 1ap m va dua vé dang m > f(x)
hodc m < f(x). Tim Min, Max ctia ham s6 f{x) rdi két luan.

3. Casio tim diém cwe tri ham so: Dung 1énh dé kiém tra cuc tri. Néu f'(x,) d6i dau tir + sang — thi
ham sb dat cuc dai tai x, vanéu f'(x,) d6i dutir — sang + thi ham s6 dat cuc tiéu tai x,.

4. Casio tim giéi han: Dung chtc nang CALC véi mot s6 quy ude

x —> 40 = x =10’

x——0o=x=-10

x—>x; =>x=x,+10"°

x—>x, =>x=x,-10"°

X—>x,=>x=x,+10"°

5. Casio tim su twong giao: Ta tién hanh ¢ 14p m va dua phuong trinh ban dau vé dang f(x)=m (2)

khi d6 s6 nghiém ctia phuong trinh (2) 1a s6 giao diém cua do thi ham s6 y = f(x) va duong thing y =m
Chii y: Puong thang y =m c6 tinh chat song song véi truc hoanh va di qua diém c6 toa do (0; m).

B. Vi DU MINH HQA

Vi du 1 ( Thi thir Chuyén Ha Long — Quéang Ninh — Lan 1 —2017)
Ham s6 y =[3cosx—4sinx+8| véi x €[0;27]. Goi M, m lan luot la gia trj 16n nhat, gia tri nhé nhét cua
ham s6. Khi d6 tong M + m bang bao nhiéu?
A. 842 B. 73 C. 83 D. 16
Giai

Str dung chirc naing MODE 7 ctia may tinh Casio v&i thiét 1ap Start 0 End 27 Step 270

Trang 1
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(wo0e) (7] (stiFr) fryp) (3] feos] () (5] O
(=) (&) sn) (e ) O) H (B &

BEUERHHEEEHEDEE

Quan sat bang gi tri F(X) ta thy gia tri 16n nhat F(X) c6 thé dat duoc 1a £(5.2911)=12.989~13 =M
Ta thiy gia tri nho nhat F(X) c6 thé dat dugc 1a £(2.314)=3.0252~3=m

Vay M + m =16

= Chon D

Chu y:
Dé tinh toan céc bai toan lién quan dén lugng giac ta chuyén may tinh vé ché do Radian

- Makh

m_am

5.6211
= 03417

Math

by F
L]

=]

2. BUSS
Z.314

57745

Vi du 2 (KSCL Chuyén Lam Son — Thanh Héa — 2017 )
x+1

Gia tri 16n nhat cua ham sd y= 2m trén doan [2; 3] la —% khi m nhan gia tri béng

m-—Xx
A. -5 B. 1 C.0 D. -2
Giai
Ta hiéu néu gia tri nho nhat cia y = —% trén doan [2;3] c6 nghia la phuong trinh y+§ =0 c6 nghi¢m

thudc doan [2; 3].

—-10x+1 1
+—=0
-S5-x 3

Thir nghiém dép 4n A v6i m =5 ta thiét 1ap
Str dung chuire nang do nghiém SHIFT SOLVE

BE00MROBPO®EHE S YOI
CHEIDOEEIM 2 EE

Ta thay khi y = % thi x =-0.064... khong phai 1a gia tri thuoc doan [2;3]
Vay dap an A sai.

Tuong ty nhu véy ta thiy dap an C ding voi m =0 khi d6 y c6 dang 1
—X
B0CEEROCICHEOOCAMEOBEE

Ta thay khi y = % thi x =3 1a gia tri thudc doan [2;3]

Trang 2
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= Chon C

Chuy:
Ta c6 thé sir dung mdy tinh Casio theo VDI véi chirc ning MODE 7

SReRE .
%= -0.064516129
L-R= 0
=1 ] =
- [u}
L-R= 0

Vi du 3 (Thi thir chuyén Thai Binh — Lan 3 — 2017)
Ban A c6 mot doan ddy dai 20m. Ban chia doan day thanh 2 phan. Phan dau uén thanh mét tam giac déu.
Phan con lai uon thanh mdt hinh vuéng. Hoi d¢ dai phan dau bang bao nhiéu tong dién tich hai hinh trén
la nho nhat?
A. 40 m B. 180 m C. 120 m D. 60 m
9+43 9+43 9+43 9+43
Giai

Goi hai dau doan day 1a M, N va diém I chia doan MN thanh 2 phan. Pt x = M/ va udn doan nay thanh

2
tam giac déu IEM canh g =S = g(gj

2
Doan con lai IN uén thanh hinh vuéng IPQN canh 204_ > = Swon = (20 4_ xj

2 2
Dit tong dién tich f(x) = g(gj —{204_ xj

Ta sir dung MODE 7 véi Start 0 End 20 Step 20/19 dé do GTNN
i D EEAFA®EHC OB EmI®E®0]
EFIO0EZOEmIO®ECUEEET
E0Ea0EEEE

Gia tri nho nhét xuét hién 1a ~ 10.88 dat dugc khi x ~11.57 ~ Ll
9+ 4\/5

= Chon B

Chu y:

Dé 1am bai toan cuc tri dang thuc té nay ta thuong lam theo 2 bude:
Budc 1: Dt dai lugng dé bai yéu cau tim 1a x

Budc 2: Dya vao dé bai thiét 1ap ham s6 tim GTLN — GTNN

Buoc 3: Su dung thu thudt Casio tim nhanh GTLN — GTNN

Trang 3
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Vi du 4 (Chuyén KHTN — 2017)

X o 2 2 . . 2(x2+6xy)
Cho céc s0 x, y thoa man di€u ki¢n x” + y~ =1. Tim gid tri 16n nhat: P= ———=
1+2xy+2y
A. 11 B.6 C.2 D.3
Giai
) , 2(x* +6x
Néu thé x* +y* =1 ta dugc: P:M
X +2xy+3y
Néu y=0=P=2 .Néu y=0 tadit =2 khido
y
- 2(¢ +6t)
= t _—-—
P +2t+3

Dung 1énh MODE 7 véi Start —4 End 5 Step 0.5 ta duogc

EOEIOmEDEDEE 0D D]
@FEFD@EOFIEEEEAEEE0HEE

Ta thiy GTLN xuit hién 14 3 khi x =3

= Chon D
Chuy
Ngodi cach dimg MODE 7 ta c6 thé dimg lénh do SHIFT SOLVE
. 2 (t2 + 6t)
Néu dap an A dung thi phuong trinh P =0 < —————=0 cd nghiém
" +2t+3
] Vath
1y : {EF!;E:%UI
E o
18] 3.5l12.9887

Vi du 5: (Thi thir Bio Toan Hoc Tudi Tré - Lan 4 — 2017)
Ham s& y = x* +3x* + mx+m d0ng bién trén tap xac dinh khi gi tri ctia m 1a
A. m<1 B. m>3 C.1<m<3 D. m<3
Giai
Pé giai cac bai toan lién quan dén tham sd m thi ta phai c6 lap m.
Ham s ddng bién

&SP 2037 +6x+m>0 m>-3x" —6x= f(x)
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Vay dé ham s6 y dong bién trén tap xac dinh thi m > f(x) hay m > f(max) v6i moi x thudc R
Dé tim Gia tri 16n nhat ciia f(x) ta vin dung chitc ning MODE 7 nhung theo cach dung cta k¥ thuat

Casio tim min max

g @M FHE O E E e O EE =6
B00E0E
Quan sat bang gié tri ta thdy gia tri 16n nhét ctia f(x) 1a 3 khi x =1

Vay m=>3
= Chon A

Binh luian
Kién thirc (*) ap dung dinh ly vé ddu ciia tam thirc bic 2: “Néu tam thirc bdc hai ax* +bx+c¢ ¢6 A<0
thi déu ciia tam thirc bdc 2 luén cing dau véia”

-8
=1

Ly —

=]

H Fi{)
s g
3
1]

0

[=1T:]--]

Vi du 6 (Thi thir Bao Toan Hoc Tudi Tré - Lan 3 — 2017)
V6i gia tri ndo ctia tham s6 m thi ham sd y = sin x —cos x + 20172mx dong bién trén R?

1 1
>

A. m>2017 B. m<0 C. m> D. m>-
2017 2017

Giai
Tinh dao ham y'=cosx+sinx+ 2017/2m

—Sin x—Ccos x
- = X
201742 e

Dé ham s6 luén dong bién trén R thi m > f(x) dung voi moi x € R hay m > f(max)

y'20em2

Pé tim gia tri 16n nhat ctia ham s ta lai st dung chirc ning MODE 7. Vi ham f(x) 13 ham luong gidc ma

. 5 . v 2
ham lugng giac sin X, cos x thi tuan hoan véi chu ki 2x vay ta sé thiét 1ap Start 0 End 2 Step %

(surr) fuone) (4] fuooe) (7] (B (=] (sin) () 0] (3 (=) o) (P
O0®DOOEZEE0EE )
0] (&) (2] ) 0] (£ (D @ &

Quan sat bang gié tri ciia F(X) ta thiy f(max)= f(3.9683)~5.10™*

Paylal giatri = vay m> ——
yateam=oo7 YY"
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= Chon C

Binh luan
Vi chu ki ciia ham sin x, cosx la 2z nén ngoai thiét 1ap Start 0 End 2 thi ta c6 thé thiét lgp Start —x End
=T .

Néu chi xudt hién ham tanx, cotx ma hai ham ndy tuan hoan theo chu ki 7 thi ta c6 thé thiét ldp Start 0
T
End & Step —
19
.
i F{HY
1| =3-oll

O0.3306| -4-il
D.BEI3l -Y-al

I
g
3

i3
Eiﬁjé U ol
I9E | Ue 3ald
Ha 2331 Y Brali
3. 968327562

Vi du 7 (Thi thir Chuyén KHTN — HN — Lan 2 — 2017 )
Cho ham s6 y =(x— 5)3/)7 . Ménh @ nao sau ddy dung?

A. Ham s0 dat cuc ticu tai x =1 B. Ham so dat cuc tiéu tai x =2
C. Ham so0 dat cuc tiéu tai x=0 D. Ham s6 khong c6 cuc ti€u
Giai

Dé kiém tra dap an A ta tinh dao ham clia y tai x =1 (tiép tuc man hinh Casio dang dung)
@1 E
Ta thiy dao ham y'(1)# 0 vay dép s6 A sai
Twong ty véi dap an B (tiép tuc man hinh Casio dang ding)
@ @@ (2] =
Ta thiy y'(2)=0. Day la diéu kién cin dé x =2 la diém cuc tiéu clia ham s6 y

Kiém tra y'(2-0.1)=—-0.1345..< 0

@@EOOOE

Kiémtra y'(2+0.1)=0.1301...>0

@@ EEEEFHOHAE
Tém lai f'(2)=0 va déu cuay’ déitir — sang + vay ham s6 y dat cuc tiéu tai x =2

= Chon B

Binh luian
Trong cdc badi todn tinh dao ham phike tap thi cach Casio cang t6 ra c6 hiéu qua vi tranh dwoc nham lan
khi tinh dao ham va xét dau ciia dao ham.
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ik &

Sﬂ
2 ((x-5) T )| ,.p
-1, 666666667

Hath &

Eﬂ
3 ((x-5) ) xg

=] LY

-
9 (cx-5) T2 )| .
0. 1345646179

Wath A

3!
9 [(%-5) T2 )| .2
0. 1301494443

Vi du 8 (KSCL Chuyén Lam Son — Thanh Héa — 2017)

Tim tat ca céc gia tri thuc cua m dé ham sd y=x =3mx’ + 3(m2 —l)x—3m2 +5 datcuc daitai x=1.

m=0
A.[ B.m=2 C. m=1
m=2

= Chon B

Vi du 9 (Thi thir THPT Chuyén Ngoai Ngit - Lin 1—2017)

2x

Tinh giéi han lim bang

e
x—0 /x 4 -2

A. 1l B. 8 C.2
= Chon B

Vi du 10 (Thi thit Chuyén Amsterdam — Lan 1 —2017)

sinx

Tinh gici han lim bang
x— X
Al B. -1 C.0
= Chon A
3 e
Vidu 11 Tinh gi¢i han : lim%
3n”+n"+7
A. 1 B.1 C. 1
3 4
= Chon A
, _ 5n+2
Vidu 12 Két qua giéi han lim———— 1a
3"+2.5"

D.m=0

N |~

Trang 82
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A. B B. 2 C.1 D 3
2 2 2
= Chon A

Vi du 13 Tinh gidi han: lim 1+L+L+...+ 1
1.2 23 n(n+1)

A.3 B.1 C.2 D.0
= Chgn C

Vi du 14 (Thi thir Chuyén Vi Thanh — Hau Giang — Lan 1 —2017)
Tim tat ca cac gia tri thyc ctuia tham s6 m sao cho dd thi ham sb y=x+mx+16 cit truc hoanh tai 3 diém
phén biét

A. m>12 B.m<-12 C. m<0 D. Khong c6 m thoa man
= Chon B

Vi du 15 (Thi thir Chuyén Vi Thanh — Hau Giang — Lan 1 — 2017)

4 1 3 A . 4 2 Y4 . . R
Cho ham s6 y = EX4 -3x° + c6 do thi 1a (C). Biet duong thang y = —4x+3 ticp xtc voi (C) tai diém
A vacit (C) tai diém B. Tim tung do cta diém B.

A. 1l B. 15 C. 3 D. -1
= Chon B
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CHU PE 9: Bi QUYET GIAI NHANH PHUONG TRINH MU
A. KIEN THUC NEN TANG
1. Khai niém : Nghiém cta phuong trinh f(x) =0 dugc ki hiéu x, 1a gia tri sao cho f(x,)=0
Quy udc viét tit trong chii dé&: PT c6 nghia 1a phuong trinh
2. Tim nghiém bing may tinh Casio Vinacal
Str dung chirc nang CALC r hodc chtrc nang SHIFT SOLVE qr
3. Tim s6 nghiém bang mAy tinh Casio Vinacal
Str dung chirc ning MODE 7. Ta hiéu néu f(a).f(b)<0 thi phuwong trinh c6 nghiém thudc (a;b)
Phuong trinh ¢ bao nhiéu khoang (a;b) thi ¢6 bay nhiéu nghiém.

4. Mot s6 cong thirc Logarit thwong gip
(1) (am)" =g (2) a"a' =a"" (3) a_n:am—n
a

m

)] (Z) = (5) a"b" =(ab)" (6) Va" =a"

B. Vi DU MINH HQA

Dang 1: Dat an phu néu co cac dai luong chung a’™,a*/ ™, a7/ ...

Vi du 1: (THPT chuyén Thai Binh- 2018) Tinh tong tt ca cac nghiém cta phuong trinh sau
A.-5 B.5 C. % D. ;—;‘

Giai

Cach 1: Ty luan

Dat r=3" = 3> =¢%.

Khi d6 PT < 3%+ —4.3°1+27=0< 6561¢> —972t +27 =0

27
=> Chon A
Cach 2: Casio va Vinacal
Do 1 nghiém bang chirc ning SHIFT SOLVE ctia may tinh Casio Vinacal
BEEEDFHE e EHE X E O] E (6 e [ (2 (@ 6w =) (2]
EBowE=HEE
Viy ta thu dugc 1 nghiém 1a x=-2. Pé tong cac nghiém la dép s6 A thi
xt+x,=-5&x,=-5-x=-3
Pé thir nghiém x = -3 dang khong ta sir dung chirc ning CALC
Ta thiy x=-3 thi F(X)=0= x=-31a nghiém
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=> Chon A
Chu ¥: Pap sb B 1a sai vi x, =5—x, =7 khong phai 1a nghiém cua vé trai F(X).

Mé rong
Néu dit 3* =t thi 3% =, %,32 i
o= -
L —R= H ]
= Math A
3?_?’{—1—8 __._-l_::{:g}":—i—S + 27

O

Vi du 2: (THPT Chuyén KHTN — 2018) C6 bao nhiéu gia tri nguyén ctia tham s6 m dé phuong
trinh 4° —m2"' + (2m2 -5 ) =0 c¢6 hai nghiém phéan biét?

A.l B.5 C.2 D. 4
Giai
Dit 1 =2"khi 46 PT(1) < 1> —2mit+2m* -5=0 (2). Ta thdy 7 R thi x e (0;+x)
DPé PT 4 —m.2"" +2m>—~5=0 c6 2 nghiém x phan biét thi phuong trinh (2) c6 2 nghiém ¢ phan
bi¢t duong

A>0 5-m*>0

=<5 >0 2m >0 ©@<m<\/§
P>0 2m*=5>0

Vim nguyén = m=1
=> Chon A

Mé rong
Dé PT (1) ¢6 2 nghiém duong thi PT (2) ¢6 2 nghiém phén biét > 0va nguoc lai

Dang 2: Dit an phu dang lién hop nghich dao néu xuét hién dai luong a—b va a+b.

Vi du 3: (THPT Lé Hong Phong — Nam Pinh — Lan 1 — 2017) Tim tit ca cac gia tri thuc cia
tham s6 m dé phuong trinh (ﬁ—ﬁ)x + (\/§+ JE)" —2m =0 c6 nghiém.
A. me (—x;l). B. m e (2;+). C. me [l;+oo). D. m=1
Giai
Cach 1: Ty luan
Phuong trinh c¢6 2 dai luong dang lién hop: V3 -2 va V3 +2
Ta théy (V3 -v2)(¥3+vZ) =1 (V3 -v3) (3 ++3) =1
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Dt 1= (v3+v2) thi (V3-V2) %. Khi d6 PT c>%+t—2m=O

st -2mt+1=0 (1)

Dé phuong trinh ban dau c6 nghiém thi PT (1) c6 nghiém ¢ > 0
A>0 m>—1>0

TH 1: (1) ¢6 2 nghiém duong < 1S>0<1 2m>0 < m=>1
P>0 1>0

TH 2: (1) ¢6 2 nghiém trai ddu < P<0<1<0 (vo i)

Vay m>1

=> Chgn C

Cach 2: Sir dung bat ding thirc C9 si

1 1 1

;+t—2m=0<:>2m=t+;22\/;=2:>m21

Cach 3: Casio Vinacal
Pat /(x)=(3-+2) +(3++2) . Khio sat ham f(x):

PR OEEEEHEEOCOHMmmNeEFIOEE®
FEOCOOF@mOEEFTE@EEEE0EHEE
Tathly f(x)>2<2m>2<m>1

Binh luin

Trong 2 co sb xudt hién, ta ludn dat ¢ theo co sd c6 gia tri >1 1a (\/§ +2 )x

=3 [ P
- F )
-ﬂ- E

2.3315

Vi dy 4: (THPT Nguyén Hu¢ - Hué - Lan 1 - 2017) Phuong trinh (3++/5) +(3-V5) =327¢6 2
nghiém x,,x,. Tinh 4=x’+x,’
A.9 B. 13 C. 1 D.2

Giai

Phuong trinh {32\/5} +[3_\/§J =3

2

Ta thiy (3;*/5} .[3_‘5) —1" =1.

2
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Dﬁt{3+\/§JX:t:{ﬂ]x:1
; 2

2 t

Phuong trinh ban dau o+ o3e P 3+1=0
t

TH 1: ¢ =>x=1

_3+\/§:> 3+4/5 x_3+\/§
== 5 =

2

TH 2: ¢t =

3+x/§:>£3+\/§JX=3—\/§ 1 (3+\/§j_1:>x=_1
2

2 2 3445 | 2
2

Vay Ad=x"+x,"=2
=> Chon D

Binh luin

Néu (a—b)"(a+b)" =k* thi tién hanh chia ca 2 vé cho k* dé dua vé dang lién hop nghich ddo.

Logarit hoa néu c6 phuong trinh dang a’® = p*™

Vi du 5: (Sé GD-PT Tp Ho Chi Minh — Cum 2 — 2017) Phuong trinh 82 =36.3* C6 tong 2
nghiém la:

A. -2-log,3 B. —2+log, 2 C. 2-log,3 D. 2-log, 2
Giai
X 3, x4
Phuong trinh < 842 > 9,437 & 252 =372 5 3x42 = 24
x—4

Logarit 2 vé theo co s6 3 ta dugc: log, 3+ = log, 2*™

x—4
=

) =(4-x)log, 2

& (x—4)(

TH1: x-4=0<=x=4

+log,2|=0
x+2 = J

TH 2: +log,2=0=x+2=—

< x=-2-log,3
x+2 log, 2 <2

Vay téng 2 nghiém 1a 2 —log, 3
=>Chgn C

Binh luin
Ta c6 2 phuong an: hoac 1a logarit theo co s6 2, hodc 1a logarit theo co s6 3 thi ta ludn chon
logarit theo co s6 mii phuc tap hon 1a 3.

Dua vé cung co s6 né€u co so6 1a liy thir ctia nhau.
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Vi du 6: ( THPT Chuyén Thai Binh — Lin 4 nim 2017) Tinh tich 7 cia tit ca cic nghiém cua
phuong trinh (3 +232 )x Ul (3 -2\2 )x -

A.t:% B. t=-2. C.t=-1. D. t=1.

Giai

Bién déi: (3-2v2)(3+2v2)=1

N (3—2\5)=;=(3+2\5)_1

(3+2\/§)

Phuong trinh ban dau < (3 +242 )XZ_H = (3 +242 )Hz
Sx-x-2=2-x & 2x* -x-4=0
Theo dinh ly Vi-et ta co: x, +x, = —S = %
=>Chon A

Mé rong
Néu xuét hién ¢ = J2-1

thi 7+5J§=(J§+1)3 =(J§—1)73 e

Phuong trinh dang dong bac 2 néu c6 dang ™ +(ab)" +b™.

Vi du 7: ( THPT Chu Vin An — Ha N§i — Lan 2 — 2017) Tinh tong binh phuong 7 tit ca céac
nghiém cta phuong trinh 4.9 —13.6" +9.4" =0.
13

A.T=4 B. T =3. C.T=?. D. T=-.

AN

Giai
Phuong trinh < 4.3°* —13.3°.2" +9.4°* =0.

Trong d6 3 c6 vai tro 1a a, 2 ¢6 vai tro 1a b va x c6 vai trd 1a u.

2x X
Chia ca 2 vé cho 2*ta duoc : 3(%) —13.(%} +9=0.

Pit tz(%) khi d6: (1) <> 4 —13t+9 =0

TH 1: tzgc{gj :2<:>x:2
4 2 4

TH 2: tzl@[%] =lex=0

Vay tong 2 nghiém 13 22 +0* = 4
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=>Chon A

Binh luan

Phuong phap giai phuong trinh dang cap (dong bac) 2 14 chia ca 2 vé cho »*

Phuong phap ham sb dugc sir dung néu phwong trinh ¢6 dang /(1) = f(v) S u=v.

Vi du 8 (THPT Chuyén KHTN - Ha Néi — Lin 2 — 2017) Phuong trinh
4% — 20" Z2x+1—x? ¢6 bao nhidu nghiém duong.

A.3 B. 1 C.2 D.0

Giai

Phuong trinh < 22 =200 = (x +1)° - 24

o 22 4oyt =2 +(x+1) & f(2x*) = f[(x-i—l)z}

Xét ham dai dién f(1)=2"+t ¢c6 f'(t)=2".In2+1>0v46i moi ¢t € Rnén ham f(¢)don di€u trén
R =PT (1) c6 nghiém duy nhat : 2x> :(x+1)2 o -2x-1=0x=1+2

Vay phuong trinh ban dau c6 1 nghiém dwong duy nhét
=>Chon B

Binh luin
Phuong trinh chita 2 loai ham 14 ham mil 4* va ham da thic 2+ 2x— x> 13 ddu hiéu dé ta tach ddi
xtng va str dung phuong phap ham sd.

Vi du 9: (THPT Chuyén Thii Binh — Lin 3 nim 2017) Hoi phuong trinh
3.2° +4.3° +54° =6.5" ¢o tht ca bao nhiéu nghiém thyc?
A. 1 B.4 C.2 D. 3

Giai

Chia ca 2 vé cho 5 : 3.(g)x +4.(§JX +5.(1JX =1
5 5 5

o 3.(3jx +4.(3)x +5.(ij “1=0 (1)

5 5 5
. A (2Y L a(3) (4

o r9=3{2) +4(2) +3(2] -

Xét dao ham f"(x) = 3.@ 1n(%j+ 4.(§jx m(%j + 5.@ m(ij
5 5 5 5 5 5

Vi céc dai lugng (%} ,(%) ,(%) déu >0 va ln(é),ln(é}ln(§] déu <0 = f'(x)luén <0 vobi
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moi x € R = D6 thi ham s6 y = f(x) cit Ox t6i da tai 1 diém = f(x) =0 co toi da 1 nghiém

=>Chon A

Kinh nghiém
Phuong trinh mii ma cac sé hang dé c6 co sd <1 hodc cung ¢ co sd >1 thi thuong sir dung
phuong phap ham sé dé xir Iy va phuong trinh chi ¢6 1 nghiém duy nhét.

Dang 7: St dung dinh 1y Ron.

Vi du 10: (THPT Chuyén KHTN — Ha Ngi — Lan 2 nim 2017) Tong cac nghiém ctia phuong
trinh (x—1)°.2* =2x(x* —1)+4(2*" —x*) bang
A.4 B.5 C.2 D.3
Giai
Thu gon PT : (x* —2x+1).2" =2x" —2x+22" —4x’
& (¥ —2x+1).2" =2x" —4x" —2x (1)
& (x* —2x-1)(27-2x)=0
x=1-2
X =1+\/§

TH2: 2" —2x=0. Pat f(x)=2"-2x va f'(x)=2"In2-2 va f"(x)=2"In" x

THI1: ¥ -2x-1=0<

Tathdy " =2"In>x ludn >0véi moi x = PT f(x)=0 c6 t6i da 2 nghiém
Lai thay x =1,x =213 2 nghiém = Téng cac nghiém ctia phwong trinh 13 4
=>Chon A

Kinh nghiém
Dinh Iy Rén: Néu f"(x) don diéu trén R thi phuong trinh f(x)=0 c6 tbi da 2 nghiém.

C. BAI TAP VAN DUNG
Cau 1 (THPT Han Thuyén - 2018). Vi gid tri nao cua a thi phuong trinh sau c6 nghiém duy
1

(V2)

A 2 _fy—
l’lhat 2ax 4x-2a —

A.a20 B. VaeR C.a=0 D. khong ton tai a
. R A q (AT 16,
Cau 2 (Chuyén Hung Vwong - 2018). Tap nghiém S cia phuong trinh 7] T2 0 1a

A. S={—%} B. 5={2) C. S={%;—%} D. S={—%;2}

Céu 3 (THPT Han Thuyén - 2018). Tim x dé dang thirc sau ludn ding:
log; (x2 —2x—3) =log, (x+1)+log,|x—3| (1)
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-1 -1
A. ake B. x>3 C. xs D. x>-1
x#3 x>3

Cau 4 (Chuyén DH Vinh — 2018). Goi a 1a mdt nghiém cta phuong trinh:
(26+15V3) +2(7+43) —2(2-+3) =1. Khi d6 gié trj cia biéu thirc no sau day ding?
A.a’+a=2 B. sin’ a+cosa=1 C. 2+cosa=2 D. 3*+2a=5
Ciu 5 (S& GD&DT Bic Giang - 2018). Phuong trinh m.9" > —(2m +1).6" > + m4" > =0 c6
nghiém thudc khoang (0;2) véi gia tri cia tham s6 m thude
A. (—0;0] B. (—o0;6] C. [6;+x) D. [0;+)
Ciu 6 (S¢ GD&PT Bic Ninh - 2018). Goi x,x, (x, <x,) 1a hai nghiém ctia phuong trinh
81 +8.(0,5)" +3.2° =125-24.(0,5)". Tinh gié tri P=3x, —6x,.
A. 8 B.-10 C.11 D.-9

Ciu 7 (THPT Chuyén Bén Tre - 2018). Tim tap hop tit ca cc gia tri cia tham sb thuc m dé
phuong trinh 4" -3.2"+2-m =0 c6 nghiém thudc khoang(0;2).

A (0 s[la) e[l [l

Ciu 8 (S6 GD&DT Pién Bién - 2018). Tim tat ca cac gia tri cia tham s6 m dé phuong trinh
x* —8x” +5-2m = 0c06 4 nghiém phan biét.

A. —Egmgé B.msé C.mZ—E D. —£<m<é
2 2 2 2 2 2

Céiu 9 (Chuyén Bién Hoa - 2018). Tim m dé phuong trinh sau c6 ding 3 nghiém phéan biét
9% 23" 13m-1=0

A.mz? B.2<m<¥ C. m=2 D. m<2

Ciu 10 (THPT V6 Nguyén Giap - 2018). Tong tit ca cic nghiém thuc ctua phuong trinh

(48] +(2'-04) = (42 -72)’ bing

c. 2! D.3
2

Céu 11 (Chuyén Thai Binh - 2018). Tim tit ca cic gia tri thyc clia tham s6 m dé phuong trinh

A. 4 B.

o | o

sau co hai nghiém thuc phén biét: log, (1 —x2)+ log, (x+m—4)=0.

3

A._—1<m<0 B.SSmS2 C.5<m<2 D._—ISmSZ
4 4 4 4

Céu 12 (Chuyén Thai Binh - 2018). Hoi phuong trinh 3.2° +4.3* +5.4° =6.5° ¢4 tat ca bao nhiéu
nghiém thuc?
A.2 B.4 C.1 D.3
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Céu 13 (THPT Quéng Xwong 1 - 2018). Cho phuong trinh 4.5°1%%) 4 25 40100 = 20.10"°s* Goj
a va b lan lugt 1a 2 nghiém ctia phuong trinh. Khi d6 tich ab bang
1 1

A.0 B. 1 . —
100 10

Ciau 14 (THPT Nguyén Hué - 2018). Phuong trinh (3+\/§ )X +(3—\/§ )x =3.2" c6 hai nghiém
x,x,. Tinh 4=x+x,.

A.9 B. 13 C.1 D.2
Cau 15 (Chuyén Qudc Hoc Hué - 2018). Tim tit ca cac gia tri cia m dé phwong trinh
4" +(4m—-1).2" +3m* —1=0 c0 hai nghiém x,,x, thoa man x, +x, =1.

A.Khongtdntaim  B. m=+l1 C. m=-1 D. m=1
Céu 16 (Chuyén L& Quy Pén - 2018). Biét rang phuong trinh 21 23 ¢6 hai nghiém phan biét
x,,x, Tinh gia trj biéu thirc P =3%**

A.9 B.5 C.1 D.6
Cau 17 (S¢ GD&DPT — TP.HCM - 2018). Tinh tong cac nghiém cua phuong trinh
Sou(#6559) _ g, i

A.9 B.6 C.8 D.3
Ciu 18 (THPT Lwong Thé Vinh - 2018). S6 gia tri nguyén cia m dé phuong trinh
(m+1).16"=2(2m—3).4" +6m+5=0 c6 2 nghiém trai ddu 1a

A.2 B.0 C.1 D.3

Céu 19 (Pé Thi THPTQG - 2018 — M dé 110). Tim tit ca cac gia tri thuc cta tham sb m dé

phuong trinh 4 — 2" +m =0 ¢6 hai nghiém thyc phan biét.

A. me(—0;1) B. me(0;1] C. me(0;1) D. m e(0;+wo)

Ciu 20 (S¢ GD&PT — TP.HCM- Cum 5 - 2018). Phuong trinh G] :% ¢6 bao nhidu

nghiém?

A.2 B.3 C.1 D.0
Ciau 21 (THPT Lé Lo¢i — Lan 3 - 2018). Tap hop tit ca cac gia tri cua m dé phuong trinh
7 +3=mAJ49" +1 6 ding mdt nghi¢m la

A. (1:3)u{Viof B. {V10} C. (1;3] D. (1;3]u{10}
Ciu 22 (THPT Chuyén Bién Hoa — Lan 3 - 2018). Cho phuong trinh4** —10.4* +16 =0. Tinh
tong cac nghiém cua phuong trinh do.

A. 16 B. % C.2 D. 10
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Ciu 23 (S& GD-DT Tp Hd Chi Minh - Cym 7 - 2018). Phuong trinh (0.2)* =(5)" " twong

duong vo1 phuong trinh

A 5—x+2 — 52x—2 B 5—x—2 — 52x—2 C 5—)(—2 — 52x—4 D 5—x+2 — 52x—4
Céu 24 (S6 GD-DT Ha Tinh - 2018). Tich cac nghiém cta phuong trinh 47" +27* =3 bang
A.-1 B. 1 C.0 D.2

Céu 25 (Chuyén PHSPHN — Lin 2 - 2018). Tim tap hop tat ca cac gia tri ctia tham s6 thuc m
dé phuong trinh 9" +2(m—1)3"" +1=0¢6 2 nghiém phan bi¢t
A. m>1 B. m<-1 C. m<0 D. -1<m<0
Céu 26 (Chuyén Phan Bdi Chau — Lan 3 - 2018). Tim tip hop tat ca cac gia tri ciia tham sd m
dé phuong trinh A
A. (O;S(‘/g] B. [54/5;+oo) C. (0;+x) D. [O;S(‘/g]
Ciu 27 (THPT Chuyén Thai Binh — Lin 4 - 2018). Tinh tich ¢ cta tit ca cac nghiém cuia
phuong trinh (3 +232 )xz—x+2 = (3 ~-2\2 )x}_z :

A.t=0 B.1=-2 C.t=-1 D. =1
Céu 28 (THPT Chuyén Lé Thanh Téng — Lin - 2018). Goi S 1a téng cac nghiém cia phuong
trinh 4 =3.2*+7=0. Tinh S.

A. S=log,7 B. S=12 C. S=28 D. S =log, 28

—5m =0 c6 nghiém thyuc

Céu 29 (THPT Chuyén Lam Son — Lin 1 - 2018). Goi x,,x, 1a 2 nghiém cua phuong trinh
57 +5.0,22 =26. Tinh S =x, +x,
A. §=2 B. S=1 C.S=3 D. S=4

a2

X
2
X

Ciu 30 (THPT Chuyén Lam Son — Lan 1 - 2018). Biét

=x°(x>1) va a+b=2. Tinh gia

trj ctia biéu thiec M =a—b.
A. 18 B. 14 C.8 D. 16
Céu 31 (THPT Chuyén Bién Hoa — Lan 2 - 2018). Tim tit ca cac gia tri ctia tham sb m dé
phuong trinh 4* +(2-m)2* +5—-m =0 c6 nghiém thudc (-1;1).
25 13

A. me[4;+0) B. m 6[4;?) C. me(—o;—4)U[4;40) D. m e(?, 3]

Cau 32 (THPT Quing Xwong — Lin 3 - 2018). Phuong trinh 24" —7.2° +3=0 c6 tit ca cic
nghiém thuc la
A. x=-1,x=1log,3 B. x=log, 3 C.x=-1 D. x=1,x=1log, 3

Céu 33 (THPT Quang Xwong — Lan 3 - 2018). Phuong trinh 4" 20 Z2x 4+ 1-x* ¢6 bao
nhiéu nghiém duong.
A.3 B. 1 C.2 D.0
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Ciu 34 (THPT Chuyén KHTN — Lan 2 - 2018). Phuong trinh (x—1).2" =x+1 c6 bao nhiéu
nghiém thuec.
Al B.0 C.3 D.2
Céu 35 (THPT Chuyén KHTN — Lin 2 - 2018). Tong cac nghiém ciia phuong trinh
(x=1)" 2" =2x(x’ —1)+4(2"" -x) bing:
A. 4 B.5 C.2 D.3
Céu 36 (THPT Chuyén KHTN — Lén 1 - 2018). Phuong trinh log, x.log, x.log, x =
= log, x.log, x +log, x.log, x +log, x.log, x cO tdp nghiém la
A. {1} B. {2;4;6} C. {1;12} D. {1;48}
Cau 37 (THPT Ha Huy Tap — Lan 2 - 2018). Tap tit ca cac gia tri m dé phwong trinh
4 +m2"" +m* —1=0c6 2 nghiém x,,x, thoa mén x, +x, >3 la
A. m<0 B. m>3 C. m<-3 D.{m>3
m< =3

3

1
Cau 38 (THPT Chuyén Hung Yén — Lin 2 - 2018). Biét phuong trinh 9* -2 2 =272 —3>" ¢4

nghiém 13 a. Tinh gi4 tri bidu thicc P=a +~log, 2.
2 Z
2

A.le B. P=1-log, 2 C. P=1 D.P=1—llog92
2 2 2

2-2x x-2
Ciu 39 (THPT Pht Xuyén A — Lan 1 - 2018). Tap nghiém cia phuong trinh 8) _ (2‘27]

la

A, {5} B. {ﬁ} C. (4 D. {2}
5 3
Cau 40 (S& GD&PT Hai Phong — Lan 2 - 2018). Phuong trinh

ln(x2 +x+ 1) - 1n(2x2 + 1) = x> —x ¢6 tong binh phuong cac nghiém bang

A.5 B. 1 C.9 D. 25
Céu 41 (THPT Chuyén Lao Cai — Lan 1 - 2018). Cho phuong trinh
2 p— 2 r N
log, X o2xwl +x> +1=23x ¢O tong tat ca cidc nghiém bang
X
A.S B.3 C. 5 D.2

Ciu 42 (S¢ GD&DPT Bic Giang — Lan 1 - 2018). Goi S 1a tong cac nghiém cua phuong trinh
(3" )H = 64 thi gia tri ctia S bang

A B. -6 C.-3 D.1

1
)
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Céu 43 (TT Diéu Hién — Thang 03 - 2018). S6 nghiém thuc phan biét ciia phuong trinh
47 -52" +4=01a

A.3 B.2 C.4 D. 1
Céu 44 (Chuyén KHTN — Lan 4 - 2018). Tim tip hop tit ca cac tham sb m sao cho phuong trinh
4772y 272 4 32 = 0 ¢6 bon nghiém phan biét.

A. (—oo;1) B. (—o0;1) U(2;+00) C. [2;+) D. (2;+x)
Céu 45 (THPT An Lio — Lan 2 - 2018). Cho ham sé f(x) = ¢ . Biét phuong trinh f"'(x) =0
c6 hai nghiém x,,x,. Tinh x,.x,.

A. x, .x, __L B. x,.x, =1 C. x .x, =% D. x,.x, =0

Ciu 46 (TT Diéu Hién — Théang 09 - 2018). Tim m dé phuong trinh 4° — m.2*"' +2m =0 c6 hai
nghiém phan biét x,,x,théa man x, +x, =3.

A.m>0 B. med C.1<m<3 D. m=4
Céu 47 (THPT Tran Hung Pao — Lan 3 - 2018). Giai phuong trinh

X5 (37 -35 )x 4257 -3 =0.

A. x=1x=2 B. x=0,x=1 C. x=+1 D. x=%2
Ciu 48 (THPT Lang Giang — Lan 3 - 2018). Phuong trinh 3°.5"" =7 ¢4 nghiém la

A. log,, 35 B. log,, 5 C. log,, 35 D. log 21
Céu 49 (THPT Tran Hung Pao — Lan 1 - 2018). Ki hiéu x,,x, 1a nghiém ctia phuong trinh
374 = 742 Tinh gi4 trj cta biéu thire M =x, .x, .

A. M=9 B. M =-25 C.M=-3 D. M =-9

D. BANG PAP AN
1D 2A 3D 4B 5C 6D 7C 8D 9C 10C
11C 12C 13B 14D 15C 16D 17B 18A 19C 20A
21D 22C 23B 24A | 25C 26A | 27A | 28D | 29D | 30C
31B 32A | 33B | 34D | 35B | 36D | 35C 38B 39A | 40B
41B 42D | 43A | 44D | 45D | 46D | 47C 48A | 49D

Trang 12
Trang 95



CHU PE 10: BI QUYET GIAI NHANH PHUONG TRINH LOGARIT
A.KIEN THUC NEN TANG
1. Khai niém:
Nghiém ctia phuong trinh /(¥)=0 duoc ki higu 1a * 1a gid tri sao cho /(%) =0 Quy wéc viét tt
trong chu dé: PT co6 nghia la phuong trinh.
2. Tim nghiém bing may tinh Casio Vinacal
Str dung chirc nang CALC r hoac chuc nang SHIFT SOLVE qr
3. Tim s6 nghiém bang may tinh Casio Vinacal

St dung chirc naing MODE 7. Ta hiéu néu f(a)-f(B)<0 g phuong trinh ¢6 nghiém thudc (a;0)
4. Mot s6 cong thirc Logarit thwong giip

(D) log, x" =m.log, x|

(2)log , x = l.log‘a‘ X

n

(3)log, xziog—bx(o <b=1)
0og, a

) Alog, x=t=>x=d

(5)a* =x (6)log, x =

1
logxa(x;t )

B. Vi DU MINH HQA
Dang 1: Bua vé cung co s6 néu dua duoc cac co s6 vé mot co sd coban 2, 3, 5

Vi du 1: ( THPT Luong Péic Bing —2017)

2 3 _
Phuong trinh 108 (¥ +1) +2=log 5 V4—x +10g, (4+x)" (4 pai nohiem ¥ khi a6 1% %l 13
A. 8+26 B. 3 C. 2V6 D. 4/6
Giai
2 3 —(_A- _
it log, (x+1)" +2=log ;; V4—x +log, (4 +x) céTXD:D_( 4,4)\{-1}.
1
< log, x+1)+2=1lo (4-x)2 +log, 4+xY)
Khl d(,), PT g2 ( ) gzi( ) g2 ( )
<:>10g2|x+1|+2=log2(4—x)+log2(4+x)
2 2
olog, 2% Lo 107 416 =,
|x+1| |x+1|
=2
x+1>0<:>—1<x<4.PT<:>16—x2=4x+4<:>x2+4x—12=0<::{x =>x=2
THI: X=-
TH2: x+1<0=>4<x<-1.
Khi d6 phuong trinh da cho twong dwong véi 16 —x* = —4x—4
=2+2+6
o —4x-20=0c|" 6 ce2 246
x=2-26
:>|x1—x2|=2\/€
= Chon C
Chu y:
2 ’ » \ 2 _ ’ ’
log, 56 =210 7|02 o0 sinh! timomg bicn il sal lam) thanhl 10829 —2108, 000 2ty 87 o 8 i

nghiém x

Vi du 2: ( Pé minh hoa THPT — 2018)
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log, x.log, x.log,, x.log,, x = %

Tong gia tri tat ca cac nghiém ctia phuong trinh bing
82 80
A. 9 B. 9 C.9 D.0
Giai

Cach 1: Ty luan
Piéu kién: x>0

log, x=log, x= llog3 X log,, x = llog3 x logg, x= llog3 X
Ta co: 3 2 .Tuong tu: 3 , 4
ilog;‘x:E<::>log;‘x:16<::>{10g3x:2 <::>x:9,x:l
Thé vao PT (1) ta duge: 24 3 log; x=-2 9
. 9+ 1.8
Vay PT (1) co6 hai nghi¢m va tong hai nghi¢m la 9 9

= Chon A
Cach 2: Casio va Vinacal
DO 1 nghiém bang chirc ning SHIFT SOLVE ciia may tinh Casio Vinacal

) @ @@ D) ® )@ ® D ® @) (2 D ® @ 0] ®
@@E@@@@@

Ta thu duoc nghiém thi nhit 14 9. Tiép tuc SHIFT SOLVE lan thir 2 dé tim nghiém thi 2

&R o) & (21 E

82
: : : R 9+0,1(1) » —
Ta thu dugc nghiém thir hai 1a 0,1(1). Vay tong hai nghiém la 9
= Chon A
Kinh nghiém

Véi 2 lan SHIFT SOLVE ta thwong SOLVE FOR X la 2 va -2 thi sé thu dwoc két qua thudn loi hon.

Vidu 3:( THPT Kim Lién — 2018)

1 1 . 1 1 465 x>0,x#1.
Tim n biét 108 % log,,x log, x log, x log,x 15, ding v&1 moi
A.n=31 B.ned C.n=30 D.n=-31
Giai
log, x # log, 1 x>0
. log2x¢0<:>{ < = <:>{
Piéu kién: x>0 x#1

x>0 1 1 1 1
+ + +....
V6i (x#1 thi log,x log.x log,x  log, x
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=log, 2+log 2* +log 2’ +...+log 2"
=log, (2.2°.2°..2") = 465log, 2 =log, 2 =2.2°2°. 2" =2*“

<:>1+2+3+...+n:465<:>§(n+1)=465

) n=30
=n +n-930=0< =n=30
n=-31

= Chon C.

Binh luian
x =1 x =1

log, x= . .
Khi su dung cong thirc log. a ihi can d@am bdo , Ta thuong bién ludn dé hodc khong
bién luan dwoc thi phai chia truong hop x = 1 hodc x #1

Math

1095(%) 1095 (X)L b
A= 9
L-R= I

1095(%) 109g(XI1b
A= 0.1111111111
L-R= I

Vi du 4: (Chuyén PHSP HN - 2018)
log , (6" —36")=-2
Tinh nghi¢ém ctia phuong trinh 5 bang
A. 1 B. 0 C.5 D. logg5
= Chon B
Vidu 5: (S¢ GD&DT Hai Dwong — 2017)

10g2(5—2x)=2—x P:x1+x2+x1x2.

Phuong trinh c6 hai nghiém %2 Tinh
A.2 B. 11 C.3 D.9
= Chogn A

Vi du 6: (THPT Chuyén Thai Nguyén — 2017)

(x+m—1)+log, , 5 (mx+x2)

Cho phuong trinh: log,,, 3 =0 Tim m d& phuong trinh c¢6 nghiém thuc

duy nhét.

[m =-3

A.m=1 B.[m=1 C.-3<m<1 D.m>1
= Chon D

Dang 2: it an phu néu cac s6 hang chira cac thanh phan giéng nhau

Vidu 1: (S¢ GD&DT Binh Phudc — 2017)

3-log, (5" +2)=2log 2

Tim nghiém ctia phuong trinh (s+2) ™
A. x=log,5 B. ¥=2 C. x=log,2 p. ¥=Lx=2
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Giai

1 x _ 1
e e VIR A e
Ta thay 02, (5" +2) nan néu dat thi
2, t=1
S3-t=—t"-3+2=0
Khi d6 phuong trinh t t=2

vei t=1=log, (5" +2) =15 +2=25 =0 (v0 nghiém)
veit=2=log, (5" +2) =25 +2=4 5 =2 x=log,2

= Chon C

t=log, x loga=-

Téng Kkét
1 O<x=#1
Néu dat thi t

VOi

Vi du 8: (THPT Triéu Son — Thanh Héa — Lin 1 - 2017)

(27-1).1og, (27" -2) =1

Giai phuong trinh log, . Ta c6 nghiém

A, x=log,3 4 x=log, 5 B. *=Lx=-2
= :1
x=log,3 =T, 5 X
C. va 4 D.
Giai

X+ ot 1 .
Ta thay: log, (2! ~2) =log,, 2 1‘2)=§logz(2 '-2)

Lai thay: 2 -2= 2(2x B 1)

= log, (2’“+1 —2) =log, 2 +log, (2" —1) =1+log, (2" —1)

pit £=102: (2" ~1) i g6 phuong trinh ban du
=1

<:>lt(1+t)=l<:>t2+t—2=0<:>
2 t=-2

2°—-1=1
S2=2sx=1
9 =il =5

= Chon D

Phan tich

Ta thdy co s6 4 ¢6 thé dwa vé co s6 2 va 27 =2 cling dua dugc vé 2" =1 nén dat 4n phy = log, (2" -1)

Vi du 9: (S& GD&DT Hai Dwong — 2017)

2 2 —_— —_— r
Tim m dé phuong trinh IOgﬁ x-m IOgﬁ x+9=0 c6 nghiém duy nhat nho hon 1.

A. m=—4 B. m =16 C. m=-6 D. Khong t6n tai m
= Chgn C
Vi du 10: (Chuyén PHSP HN — 2018) Tim tit ca cac gia tri cia tham sb a dé phuong trinh sau c6

. 2 / 8 —
nghiém duy nhat: 10g3 X +a 10g3 x +a+1=0
A.a=1 B.a<-1 C. Khong ton tai a D.a<1
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= Chgn B
Phuong phéap Logarit hoa 2 vé

Vidu 11: (S0 GD&DT TP HCM - Cum 8 - 2018)

oA o \ z , A 9 \
Céc nghiém ciia phuong trinh x = 2°%* ¢6 thudc khoang nao?

A. (—5;—3) B. (—4;1) C. (1;2) o (—1;6)
Giai
Diéu kién: x > 0. Logarit hoa 2 vé theo co sd 3 ta dugc: 10g; X =log; I

< log, x = log; x.log, 2 < log; x.log,2—log, x =0

TH]: log; x=0& x =1

log, x.log,2-1=0 <> log, x = = x=3"°
TH2: log; 2
Vay cac nghiém cua phuong trinh thudc (-1;6)
= Chon D

Binh luan

log,, x

Logarit hoa 2 vé duoc thue hién néu xudt hién sé hang dang a

Vi du 12: (THPT Chuyén Bic Giang — Lan 1 —2017)
, . log, 4():—2) 3 . _
Bikt ring phuong trich (=2 =42 ~2)" 0 b nghigm 7204 <) gy PR
A. 1 B.3 C.-5 D. -1
Giai
Piéukién: x-2>0<= x>2
, (). log, (x=2)" 1 —1og, [ 4(x-2)'|
Logarit hoa 2 vé theo co s0 2: 2 &2
& log, [4(x—2)].log, (x~2) = log, [4(x_ 2)3](1)
Néu dat t=10g, (x-2)
cho d& nhin thi 108> [4(x— 2)] =log, 4+log,(x—2)=2+t¢

o 102 4(x=2)" [=2+31

1 5
t:—l 10 x_2 :_1 —2:— = —
o 2+1)t=2+3 1 -1-2=0& =S & (x=2) o) 2|72
- t=2 logz(x—2)=2 r—4 -6
Khi do (1) A= A
5
Vi X <X, =>2x—Xx,= 2.5—62—1
= Chon D
Binh luin
, ) 10g2[4(x—2):| - aloghx L . ,
Ta thay (x-2) van la dang nén ta tién hanh logarit hoa 2 vé
Dang 4: Phuong phap phén tich nhan tir néu phuong trinh c6 cac s6 hang V>4,V
Vi du 13: (S6 GD&DPT Ba Ria Viing Tau — Lan 1 -2017)
Trang 5
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Tdng binh phuong cac nghiém cua phuong trinh 108s ¥ +1log; x =1+log, x.log; X p3ng
A. 64 B. 34 C.8 D.2

Giai

pT < log,x.log, x —log, x—log, x+1=0

< log, x(logs x—1)—(logs x—1) =0 < (log, x —1)(log; x—1) = 0

THI1: log,x=1<x=3"=3

TH2: log.x=1<x=5'=5

Vay téng binh phuong cac nghiém la: 3° +5° =34
= Chon B

Binh luin

Néu coi =logsx 5 v=logsx g log, x.logs x =uv = Cpic chin ding phan tich thanh nhén tir.

Vi du 14: (S GD&DT Hai Phong — Lin 2 — 2017)

Phuong trinh 1n(x2 +x+1)—ln(2x2 +1) =x'—x c6 tong 1ap phuong cac nghiém bang
A.5 B. 1 C.9 D. 25

Giai

PTS ln(x2 +x+1)—ln(2x2 —1—1)=(2x2 —1—1)—(}62 +x+1)

<:>ln(x2+x+l)+(x2+x+1):1n(2x2+1)+(2x2+1)

c>f(x2 +x+1)=f(2x2 +1)

2 2
Xét ham dai dién: f(t)=Int+t véi t dai dién cho X TX+1 y3 2x7+1

2
X Hx+l= x+l >0
2 =t>0

Vi [2¥ 4150

f’(t):1+1>0 ) (O;+oo):>f(x2+x+1)=f(2x2+1) ‘ ’ )
Tinh t trén mién cd nghiém duy nhat trén mién
(040) = X’ +x+1=2x"+1x* —x=0 x=0;x =1

Vay tong lap phuong cac nghiém la: 0° +1° =1

= Chon B

Binh luén

. ; 7 2 2

Ta thdy xudt hién 2 ham véi 2 tinh chét khac nhau la ham logarit n(x*+x+1) s ham da tire™ ~F

thi ro rang ta tach doi xiurng.

Vi du 15 : (THPT Chuyén Lao Cai — Lan 1 —2017)

2
. og3ﬂ+x2+1=3x o ) 5
Cho phuong trinh X co tong tat ca cac nghi¢m bang
A.3 B.5 c. V5 D.2

= Chon A

Trang 6
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C. BAI TAP VAN DUNG

Cau 1 (So GD&PT Bic Giang - 2018). Tich cic nghiém ciia phwong trinh 1-log. 9 bing
A.3 B. 1 C.9 D. 27
Ciu 2 (S& GD&PT Bic Giang - 2018). Tim tdp hop cic gid tri thuc cua tham sb m dé

2 _ r
log, (x —2x +5)—m log,: ;,,52=35 c6 hai nghiém phan biét la nghiém cua bat phuong trinh

log 5 (x+1)~log ; (x—1)>log, 4

(] () ([ [
A. 4 B. 4 C. 4 D.L 4

Cau 3 (THPT Han Thuyén - 2018).

Tim x dé dang thiic sau luon ding: logs (x2 —2x—3) =log; (x+1)+log,[x—3

x>-1 x>3 x<-1 x>-1

A. (x#3 B. C.Lx>3 D.
CAu 4 (Chuyén Hung Yén - 2018). Phuong trinh 108 (x=3)+2log,3.10g; X =2 ¢4 pa0 nhidu nghiém?

A. VO nghiém B. 2 nghiém C. V6 s6 nghiém D. 1 nghiém

xX=a
logs (x+10) =1log 1

Céu 5 (S¢ GD&DT TP.HCM - 2018). Phuong trinh 52 6 nghiém . Khi do
duong thang y = ax +1 di qua di€m nao trong cac diém sau day

A. (5-1) B. (23) c. (-1-14) p. (-35)

Cu 6 (S& GD&DT TPHCM - 2018). Cho 10g;a=log,b=log, c=log,;(a+b+c) pg;i 108, 144
thudc tap hop nao sau day?

{Zé.i} {1.2.2 {ﬂ.éé} {1,2;3}
A. 1879710 B. 12°3°4 c. 5767 D.

Céu 7 (THPT Lwong Pic Bing — Lan 1 - 2018).

2 3
Phuong trinh 108 (x+1) +2=1log s V4=x +1og (44%)" .5 hai nehiem > khi o 1% | 13
A. 8+2V6 B.8 c. 2J6 D. 46
Céu 8 (D& Thi THPTQG - 2018). Tim tap nghiém S ciia phuong trinh 1085 (2x+1)—log; (x—1) =1
A S={4 B. S=1{3} c. S={-2} p. S={1}

Ciu 9 (S& GD — PT Tp Ho Chi Minh — Cum 5 - 2018). Goi *1>%:»1a nghiém ctia phuong trinh
log® x+log, x.10g27~4 =0 Tinh gia trj cita biéu thiae 4 =108 +logx,

A.A=3 B.A=-3 C.A=-2 D.A=4
Céu 10 (S¢ GD-PT Tp H6 Chi Minh — Cum 5 - 2018). Cho 7 13 sd nguyén duong, tim n sao cho
log, 2019 +2° logﬁ 2019+ 3° log% 2019+...+n° log%— 2019 =1008%x2017° log, 2019

A. 2017 B. 2019 C. 2016 D. 2018
Cau 11 (THPT Lé Loi — Lan 3 - 2018). Tinh tong tit ca cac nghiém thyc ctia phwong trinh
log, (3.2* —1) =x-1

A.2 B.-6 C.12 D.5

Trang 7
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4
. o log; log{ j
Céu 12 (THPT Chuyén PH Vinh — Lan 4 - 2018). Biét rang phuong trinh co hai
nghiém la a,b. Khi d6 a.b bang

A. 64 B.9 C.8 D. 81
2 2 — =

Cau 13 (S& GD-DT Hai Duong - 2018). Tim m dé phuong trinh: 18 ¥ ~M1085 ¥ +9=0 ¢4 noniem
duy nhat nhé hon 1.

A. m=-4 B. m=16 C. m=-6 D. Khong ton tai m
Ciu 14 (S6 GD-PT Tp Hé Chi Minh — Cum 8 - 2018). Tap nghiém ciia phuong trinh

AR B. [0:+) c. (0;+) p. B\{0}

X+x 0

Cau 15 (S& GD-PT Tp Hb Chi Minh — Cum 8 - 2018). Tap nghiém cita phuong trinh I0(x=1) 13

A 101 B. 2 c. -1 p. {0}

Ciu 16 (P2 Minh Hoa — Lin 3 — BGD - 2018). Hoi c6 bao nhiéu gié tri m nguyén trong [~2017;2017]
dé phuong trinh log(mx) =2log(x+1) ¢4 nghiém duy nhat?

A. 2017 B. 4014 C. 2018 D. 4015

3
log, x.log, (4x) +log ;5 (%j =0

Cau 17 (S6 GD-DT Binh Phudec - 2018). Cho phuong trinh . Néu dat
t=log, x ta duoc phuong trinh nao sau day?
A. 2 +14t-4=0 B. £ +11t-3=0 C.t°+14t-2=0 D. £ +11t-2=0

Céu 18 (THPT Chuyén Nguyén Binh Khiém — Lin 1 - 2018). Phuong trinh 3v108; ¥ —log;3x~1=0
c6 tong cac nghiém bang:

A.3 B. 84 C.81 D. 78
Ciu 19 (THPT TH Cao Nguyén — Lin 1 - 2018). S6 nghiém cua phuong trinh
log3 x—4log;(3x)+7=0 14

A.0 B. 1 C.2 D.3

Ciu 20 (THPT Chu Vin An — Lin 2 - 2018). Hoi phuong trinh 210g; (cotx) =log, (cosx) ¢4 pao
nhiéu nghiém trong khoang (0:20177)

A. 1009 nghiém B. 1008 nghiém C. 2017 nghiém D. 2018 nghiém
Céu 21 (THPT Thanh Chwong — Lan 1 - 2018). Tim tip hop tit ca cic gia tri ciia tham s thyc m dé

log, (S_X + 1).log2 (2.5-)( + 2) =™ ¢6 nghiém thudc khoang (O; +OO)

phuong trinh
(—l;+ooj (—oo;—lj (—00;0)U(2;+0) (0;2)
A\ 4 B. 4 C. D.
Céu 22 (Chuyén Nguyén Quang Diéu — Lan 2 - 2018). Tim tip hop tat ca cac tham sb thuc m dé
B
phuong trinh sau c6 nghiém thyc trong doan 4" ]
m<-3 A<m< 7
A. B. 3
7
m>— JLQI 3l
c. 3 x*+6x+9 b 6

Cau 23 (Chuyén Nguyén Quang Di¢u — Lin 2 - 2018). Tim nghiém ctia phuong trinh 108; (log, x)=1
Trang 8
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A.x=8 B.x=6 C.x=9 D.x=2
Céu 24 (THPT Chuyén Tuyén Quang — Lan 1 - 2018). Tim gi4 tri cia tham sb m dé phuong trinh

2 [i 2 I PR .2V3
log; x+ylog; w1 =2m =5=0 c6 nghiém trén doan [1’3 ]

A, me(—00;=2]U [0;+0) B. [2:+)
c. me(==0) D. M €[-20]

Cau 25 (THPT Chuyén Ngoai Ngitr - Lan 1 - 2018). Cho a, b, x 1a cic s6 thuc duong. Biét
log, x =2logﬁ a+log, b
3 . Tinh x theoavab.

x=4a-b at x=a*-b
X=— X =

a
A. B. b C. D. b
Céu 26 (Chuyén Lé Qiy Pon — Lan 1 - 2018). Tim tat ca cac gia tri thuc ctia m dé phuong trinh

2log, |x|+log, [x+3[=m ¢4 ding ba nghiém thuc phan bié.

A me(02) B, me{0:2) c. me(-2) p. me (2]
Ciau 27 (THPT Chuyén KHTN — Lan 2 - 2018). S6 nghiém thyc cia phwong trinh
210g2(x—3)=2+10gﬁ\/3—2x 14

A.2 B.0 C.1 D.3

N 3 _ —
Ciu 28 (THPT Chuyén KHTN — Lin 2 - 2018). Phuong trinh 108 (¥' =2%)=log s Vx+1 4 1
nhiéu nghi¢m

A.3 B.0 C.1 D.2
Céu 29 (THPT Chuyén KHTN — Lan 1 - 2018).

Phuong trinh log, x.log, x.log, x =log, x.log, x +log, x.log, x +log, x.log, x ;¢4 tap nghiém la

Al B. {246} c. {512 D.{1:48}
—_— 2 N

Cau 30 (THPT Chuyén KHTN — Lin 1 - 2018), Néy 108 (10g ¥) =log, (log, ) 4 (log, x)" ping

A.3 B. 33 C.27 D. 3"
Ciu 31 (THPT Ha Huy Tap — Lan 2 - 2018). Tim tit ca cac gia tri cia tham s6 m dé phuong trinh

2 .
4(log2\/;) —~log, x+m=0 (0:1)
2 c6 nghiém thudc khoang
" E(_OO;O] m E(O;l:| m el:l;+ooj m E(—oo;lj|
A. B. 4 C. 4 D. 4

Cau 32 (THPT Phu Xuyén A — Lan 1 - 2018). Tich cic nghiém coa phuong trinh
log, (125x).log3; x =1 |3
7 630 1
A. 125 B. 630 C. 625 D. 125

. 2 _ 2 _ 2
Cau 33 (S¢ GD&DT Hii Phong — Lan 2 -2018). Phuong trinh In(x+x+1)=In (20" +1) =x"—x
tong binh phuong cac nghiém bang

A.5 B. 1 C.9 D. 25
X =2x+1
R . . N . log,——————+x"+1=3x
Céu 34 (THPT Chuyén Lao Cai — Lan 1 - 2018). Cho phuong trinh X co
tong tat ca cac nghiém bang
A.5 B.3 c. s D.2

Trang 9
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Cau 35 (THPT Chuyén Bic Giang — Lian 1 - 2018). Biét rang phuong trinh

(x_2)10g2[4(x_2)] - 4.(x—2)3 c6 hai nghi¢m %5 % (% <) . Tinh 2% =%,

Al B.3 C.-5 D.-1
Ciu 36 (THPT Chuyén PH KHTN — Lin 1 - 2018). Tim m dé phuong trinh 7In(1=x)=Inx=m
nghiém * € (0:1)

A. me(0490) B. m<(Le) c. me(=30) p. me(=-1)

{x +y=6
Cau 37 (TT Diéu Hién — Thang 10 — 2018). H¢ phuong trinh (108 X108, ¥ =3 ¢¢ nohism 1a

A. (55) y3 (51) B. (3:3) va (42) c. (42) va (2:4) D. (%4) va (51)
Ciau 38 (TT BDVH 28 Ly Tu Trong — Lan 1 - 2018). Tim s6 nghiém thuc ctua phuong trinh
log ., (2x3 +2x7 —3x+1) =3

A.0 B. 1 C.2 D.3
Ciu 39 (THPT Trian Hung Pao — Lin 1 — 2018). Ki hiéu ¥>% 1a nghiém cia phuong trinh
3974 = 72 Tinh gi4 trj ctia biéu thie M = %%,

A.M=9 B.M=-25 C.M=-3 D.M=-9
Ciu 40 (THPT Cam Binh — Lan 1 - 2018). C6 bao nhiéu gia tri nguyén ciia m dé phuong trinh
log? x+4/log; x+1-2m—-1=0 {1.3\6}

c6 hai nghiém thuoc doan L3 ?

A. Vo s6 B. 1 C.2 D.3
. log1(2x+l)+log3(4"+5)=l
Cau 41 (THPT Chuyén Phan Bgi Chau — Lan 1 - 2018). Phuong trinh 3
c6 tap nghiém la tap nao sau day ?
{1;9} {014
c. 3 D.

S

Cau 42 (THPT Chuyén Phan Bji Chau — Lin 1 - 2018). Tim tit ca cac gi4 tri ciia m dé phuong trinh

logs (25* ~ log; m) =% ¢6 nghiém duy nhit .

1 m=1 m>1 m>1
m=—
5 1
m=—

A. B. c.l ¥ D.
Ciau 43 (THPT Céng Nghiép Hoa Binh — Lan 1 - 2018). Tim m dé phuong trinh
log; x —log, x* +3=1m (¢ hai nghi¢m phan biet * <[1:8]

A.2<m<3 B.2<m<6 C.2<m<3 D.3<m<6
Ciu 44 (THPT Chuyén PH Vinh — Lan 1 - 2018). S6 nghiém cia phuong trinh
log, ‘xz —~ x/Ex‘ = log, (x2 —2x+ 2) I

A3 B.2 C.1 D. 4
Ciu 45 (THPT Chuyén KHTN — Lin 3 - 2018). Tim m dé phuong trinh 7In(1=x)=lnx=m
nghiém * € (0:1)

A, m€(0:40) B. m<(Le) c. me(-=0) p. me(—0-1)

Ciu 46 (THPT Chuyén KHTN - Lian 3 - 2018). Tim tip nghiém cta bat phuong trinh
33 < oy 1a
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A. [0:+0) B. [0:2] c. [2:+0) p. [2:+) {0}
Cau 47 (Chuyén Lé Qiy Pon — Lan 1 - 2018). Tim tat ca cac gia tri thuc ctia m dé phuong trinh

2log, |x|+log, [x+3|=m ¢ dng ba nghiem thuc phan biét,

A me(0:2) B. me{0:2) c. me(~0:2) D. M€ {2}
Ciu 48 (THPT Chuyén Thai Binh — Lan 3 - 2018). Tim tat ca cac gia tri thuc cta tham sé m dé phuong
10g3(1—x2)+10gl (x+m—4):0

trinh sau c6 hai nghiém thuc phan biét: 3 .
_—1<m<0 SSmS2 5<m<2 _—1£m£2
A. 4 B. 4 C. 4 D. 4

Cau 49 (S& GD&PT Bic Ninh — Lan 1 - 2018). Tinh tong tit ca cic nghiém cia phuong trinh
2log, (x—3)+log, (x~5)" =0

A. 8 B. 842 C.8-2 D. 442

D. BANG DAP AN

1D 2B 3B 4D 5C 6B 7C 8A 9B 10C

11A 12D 13C 14C 15B 16C 17A 18B 19C 20A

21D 22B 23A 24D 25B 26D 27B 28D 29D 30C

31D 32B 33B 34D 35B 36A 37C 38B 39D 40C

41D 42C 43C 44B 45A 46D 47D 48C 49B
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CHU PE 11. Bi QUYET GIAI NHANH BAT PHUONG TRINH MU - LOGARIT
A. KIEN THUC NEN TANG
1. Phwong trinh thuwong dung

Pé giai bat phuong trinh thi su dung cac phuong phap, cac dau hiéu glong nhu giai phuong trinh mu -
phu:ong trinh logarit 13 dwa vé& cing co sd, dit an phu, logarit hoa 2 vé, phan tich nhan tir, ham sd, danh

gia ..
2. Vai tro caa co so trong bai bat phwong trinh

. . . . 3 £(x) (x)
Néu co sé ' thi bét phuong trinh git nguyén chieu & 7 a™ o f(x)>g(x)
log, f(x) >log,g(x) & f(x)>g(x). Néu co s 0<a<l i bat phuong trinh  d6i chiéu
a'™ > o f(x)<g(x) 4 log, f(x)>log,g(x) & £(x) <g(x).

3. Lwoc dd con rin

Buée 1: Chuyén bai toan bat phwong trinh vé bai todn xet dau bang cach chuyén hét cac sb hang vé vé
trai. Khi d6 bat phuong trinh s€ c6 dang vé trai > 0 hodc veé trai <0

Budre 2: Str dung CALC tim céc gia tri t61 han cua (lam cho vé trai =0 hoac khong xac dinh). Déq cua
bat phuong trinh c6 trong cac khoang t6i han la khong doi. Dung CALC lay mét gia tri dai dién dé xct
dau.

B. Vi DU MINH HQA

Dang 1: Pwra vé ciing co' s6 néu xuit hién co s6 la liiy thira caa 2, 3,5 ...

)
Vi du 1 (THPT Chuyén PHSP HN — 2017): Tap nghiém cta bat phuwong trinh (3

A. (12) B. (Z+%) c. [2+) (1:2]
Giai
Cach 1: Ty luan
Didu kién: x+2>0< x> -2
3 S BPT 3" 53 (1)
Vi 3
x>0

X2 >x+2

3>1= (1) —Vx+2 >—x<:>x>\/x+2<:>{

Vi co so
x>0

x>0
= SHx>2 ©ox>2
X" —x—-2>0
x <—1

Vay tap nghiém cua bt phuong trinh 13 (2;+00)
=> Chon B

Cach 2: Casio Vinacal

-37*>0

Pua BPT vé dang xét dau (3
Nhép vé trai vao may tinh Casio r6i CALC véi X =1.5 (1a gia tri thudc dap 4n A va D)
OFO0@E®NEE DB R ®EEE
S e DEHEE

ljm

I z 0 r =
Ta thu dugc két qua mang dau  trai véi dau cua (1) = Pap an chta 1.5 14 sai A, D sai
Tiép tuc CALC voi X =2
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) (2] 3

. — . =
Ta thu dugc gia tri vé trai 4 khong thoa man (1) ~Papsoéchtra2lasai  C sai
=> Chon B

Mé rong
=

L,L,81,243... . . ; . ;
327 déu dua duoc vé cos63  Dung phuong phap dua vé cing co so
Néu cosd >1 thi BPT giit nguyén chiéu va <1 néu BPT nguoc chiéu

1) _g x

-0. 06439764751
1 H+2 :l_ Mxih &
ke

Vi du 2 (THPT Chuyén Thii Binh — 2018): B4t phuong trinh 108 (x+7)>10g, (x+1) ¢ pao nhicu
nghiém nguyén?
Al B.2 C. 4 D.3
Giai
Cach 1: Ty luan

Dicu kién: {X+1 >
BPT < log . (x+7) > log, (x+1) < %log2 (x+7)>log, (x+1)

< log, Vx+7 >log, (x+1)(1)

Vi co sb 2>1:>(1)<:> X+7>x+1ex+7>x>+2x+1

Sx +x-6<0e-3<x<2

Két hop diéu kién (*) ta thiy nghiém BPT la —-1<x <2
= ¢6 2 nghiém nguyén la X =0,x=1

=> Chgn B

Cach 2: Casio Vinacal

Vi dap SO khong cho khoang nghiém cu thé nén ta tién hanh do nghiém trén mot khoang véi chirc nang
MODE 7 va thiét lap Start -1 End 10 Step 1

oo (7] (esuT) (3] & (p) O] () (@ & B (a8 (2 @& i) 3

HOEEEOE0DEME
Ta thay c6 2 gia tri Sl lam cho F(X) mang gia tri duong (> O) = (C6 2 gia tri nguyén thoa man
=> Chon B
Mé rong

bé do khoang nghiém ma dé bai chua cho ta tim tip xac dinh, du doan khoang nghiém va do khoang
nghiém bang chirc nang MODE 7
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B
H] : E (it
o [

| 05
1.403677461

1
2
|

5 L
i F (3
-ﬁ ERROR

x+1 x—1

Vi du 3 (THPT Phan Pinh Phung — Lan 1 — 2017): Bét phuong trinh (Va-1) " <(4-243) " tap
nghiém la

A, S=(-o05+) B. S=(-3] c. S=(3+») p. S=(-3)
=>Chon D

) ) log, (10g3|x—3|)20

Vidu 4 (THPT Hai Phong — 2017): Tim s6 nghiém nguyén cia bat phuong trinh 3

A. Vo sd B.7 C.4 D.6
=> Chgn C
Dang 2: Pit an phu

Vi du 5 (THPT L& Loi — 2017): Giai bit phuong trinh 6% +x"*" S=[a;b].

Khi do gia tri cua a.b 1a

<12 ta dugc tap nghiém

N | W

Al B.2 C.12 D.
Giai
Didu kién: X~ 0- pat t=1logx
Khi d6 X =6" va phuong trinh < 6" <6< t* <l -1<t<1
1

@—1£10g6x£1©lﬁxS6:>S={l;6}:> a:g:a.bzl
6
b=6
=> Chgn A
Phén tich

Ta nhdn thdy dé bai chi c¢6 1 dai luong chira logarit duy nhat 1a logeXx nen ta dat dai luong nay la
t=logx

Vi du 6 (Chuyén Lé Qiy Pén — 2017): Tim tip nghiém cta bat phuong trinh 3.4* —5.6* +2.9* <0

e 5 . (3) o

Giai
Bét phuong trinh
34556 +2.95 <0< 3.(2*)2 _50% 3 +2.(3X)2 <0

Chia ca 2 vé cho 3> (la dai luong > 0) ta duoc:

o[
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2 (1) 3.4 -5t+2<0(2)

t=| =
bat (3j khi d6
Giai phuong trinh (2) bang may tinh Casio

<=3 () <)
—<t<le| = <|=| <| =
Ta thu duogc 3 3 3 3

2 (3)=0<x<I

Vicoso 3 nén
=> Chon D

Binh luén

. X X . 2 z A 2 2 - pe 1 Y , 5 ”
Coi 2" =u,3" =V ta thu duoc phuong trinh dang cap bac 2: U +UvV+V" va dugc giai bang cach chia ca 2
2
Vv u

vé cho  roi dat an phu \%

Vi du 7 (THPT Ham Réng — 2017): Céc gi4 trj clia tham sb a dé bit phuong trinh 25" + 3% > 2 3"
c6 nghiém thyc 1a

A Q€ [4; +00) B, a€ (=2;+0) C.ac (—oo;4] p. ac (—o0;4)
Giai

pat t=sin’x,0 <t <1, b4t phuong trinh trd thanh
2 t 1 2t
2t+31_t 2a3t @aﬁ(gj +3(§] :f(t)

BPT da cho c6 nghiém thuc khi @ < £(t) co nghiém t € [0:1].

a < Maxf (t)
Ttc la te[0:1]

(2 (Z)re(2) {2 <ovefon
= Maxt (1) =£(0) =4

Vay a<4
=> Chon C

Chi y
Néu dé bai hoi bat phuong trinh ¢6 nghiém dung v6i moi t€ [0:1] y; @ < (min)

Phén tich

Hé thirc sin’x +cos’x =1 14 ludn dung véi moi x cho nén néu dit t=sin’x hodc t=cos’x thi sb hang
con lai s& 1a 1—t* 13 rang ta s& dat an phy

Vi du 8 (S& GD&DPT Bic Ninh — Lin 1 — 2017): Tap nghiém cua bat phuong trinh
16log,x  3log,x’ <0

log, x> +3 log, x+1
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(O;I)U(\/E;Jroo) . (ﬁ;%ju(lﬁoo)

(2[ 2} (1\/_) (N_ 2j (*/—+°°)

A.

=> Chgn C
Vi du 9 (THPT Chu Vin An — Lan 2 — 2017): Tim tit ca cac gia tri thuc ctia tham s6 m dé bat phuong
2 x e(l;64
trinh 4(log2\/;) +log,x+m=0 nghiém dung v&i moi gia tri ( )
A. m<0 B. m<0 C.m=0 D. m>0
=> Chon C

Dang 3: Mt s6 dang toan bt phwong trinh khac

Vi du 10 (Chuyén Thai Binh — 2017): giai bat phuong trinh 2V > 552

A, X €(—0;-2)U(log, 5;+00) B. X € (—0;—2]U(log, 5;+)
c. x €(—w;log, 5-2)U(2;+0) p. X €(-oo;log, 5—2]U[2;+)
Giai

Logarit hoa 2 vé theo co s6 2 1a mot co sd >1 ta duge

log, (2"2_4 ) >log, (5"‘2 ) < x?—4>(x-2)log, 5

x=2
< (x-2)(x+2-log,5)>0 =

x <log,5-2
=> Chon D
Phan tich

Trong phuong phap logarit hoa 2 vé, néu co s chon 14 co s6 > 1thi bit phuong trinh khong d6i chiéu con
co sd <1 thi bat phuong trinh doi chiéu

Vi du 11 (THPT Chuyén Lé Hong Phong — 2017): Tim sd nghiém nguyén cua bat phwong trinh
22x2—15x+100 _ 2x2+10x—50 +x2-25x+150<0
A. 6 B.4 C.3 D.5
Giai
Tach d6i xtng, bat phwong trinh ban dau
o 2TIIN Ly 2 15% +100 < 2810 4 x2 410x - 50
Néu coi u=x"-15x+100 va v=x"+10x —50 thi bat phwong trinh

o f(u)<f(v)(1)

Xét ham sb dai dien £(£)= 2"+t ¢ £'(t)=2'2+1>0 (i i t=>F(t) ddno bikn tren X
Vay f(u)<f(v)<:>u<v<:> 2x2 —15x +100 < x* +10x —50 < x* —25x +150< 0

Vi X€Z Lap X =1{1512;13;14]

=> Chon B

Phan tich
Bét phuong trinh chira 2 ham v6i 2 tinh chét (ham Iy thira, ham da thirc) thi wu tién tich di ximg va st
dung phuong phap ham so
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Vi du 12 (Thi HSG tinh Ninh Binh — 2017): Tim tdp nghiém S cua bat phwong trinh
22433 -6"+1>0.

A. S=(2+) B. S=(0;2) c.5=R p. S=(-;2)
Giai

Bét phuong trinh

g3 ]
gy 0
o f(x):z.@x +3.@x +@ - ()= £(x)>£(2)(2)

f'(x)zZ.(lj ln(lj+3.(lj ln(lj+(lj ln(l)<0
Ta co 3 3 2 2 6 6 vOi moi x

Ham s6 T(¥) nghich bién trén

Khi do (2) & x<2
=> Chgn D

Déu hiéu
Mot bat phuong trinh ¢ 3 co sd déu > 1 hodc déu < 1 thi ta sir dung phuong phap ham s

Vi du 13 (S¢ GD&DPT Bic Giang— 2017): Tim tap hop céc gid tri thuc cia m sao cho bat phwong trinh

log2><+mzlx2 xe(1;3]
c6 nghiém
{—1 ;+oo} [2—105;2 3;+ooj
A. [¥In2 B. L2
‘:%ﬁooJ {211 2+%10g2 (ln2);+ooj
C. D. [ 4In

=> Chon D
Vi du 14 (THPT Nguyén Khuyén — 2017): Cho a la sb nguyén duong 16n nhét théa mén diéu kién

3log, (1+Va+3a) > 2log, Va. i oo o 1082(2017)

A. 14 B. 22 C. 16 D. 19
=> Chgn B
C. BAI TAP VAN DUNG

2,5 o (szH
Cau 1 (S¢ GD&DPT Tp HCM - 2018). Giai bt phuong trinh 5
A. x2>1 B. x>1 C. x<l1 D. x=1
Cau 2 (THPTTH Cao Nguyén -2018). Tap nghiém ciia bat phuong trinh 3.9* —10.3* +3<0 c6 dang
S=[a:b]. ki d6 tinh gié trj ctia © 2
b—a=2 3 5 b—a=1

B. 2

A. C. 2 D.
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() (),

Cau 3 (S¢ GD&PT Binh Duong - 2018). Tap nghiém cta bat phuong trinh
tap nao trong cac tap sau

A [-21] B. (- 2]u[b+o) ¢ (-2)u(L+w)  p ®

Céu 4 (THPT Thanh Thiiy -2018). Tap nghiém cta b4t phuong trinh 9% ' =103 "2 +1>0 la
A [0:1] B. (2] [L;+e0)
c. (-0 =2]U[-1;,0] U[1;+00) p. [-2Z-1]U[l;+0)

Ciu 5 (THPT Kim Lién-2018). Tim tap nghiém T ctia bit phuong trinh 108%" > log(4x —4).
A, T:(2;+oo) B. T=(l;+oo) C. T=R\{2} D. T:(l;+oo)\{2}
Cau 6 (THPT Chuyén Phan Bdi Chau - 2018). Tim tip nghiém S cua bat phuong trinh

(ﬁ—l)x+l S 4-23

A. S:[1,+OO) B. S:(19+Oo) C. S:(—OO,I] D. S:(—oo’l)
Ciu 7 (THPT Quéc Hoc Hué - 2018). Tim tap nghiém S cia bat phuwong trinh 2*™* —x +1> 0.
A, S=(-=:1] B. S=(-=:3) c. S8=(-:3] . S=[3i+)

2x2+x+1 1-x
i ) (xz +—J S(Xz +—j
Cau 8 (THTT So 478-2018). Tim tap nghi¢ém cua bat phuong trinh 2 2 la

N R I

2 2 C. 2

r X — 2 — —
Cau 9 (THPT Phu Xuyén A-2018). Tap nghiém cua bat phuong trinh (2 4)(X 2x 3) <0y

A (o )u(23) g, () U(2:3) c. (23) D. (—:-2)u(23)

2x-10
2x2—3x+4 < (lj
Cau 10 (THPT Chuyén Lao Cai-2018). Bat phuong trinh 2 c6 bao nhiéu nghiém

nguyén duong?

A.2 B. 4 C.6 D.3
, o, 12
Cau 11 (Chuyén DHSP-2018). Tap hop nghiém cua bat phuong trinh 27 3 1a
(0:1) (1:2) {l} (2:3)
A. B. c. 3 D.
Cau 12 (TT Diéu Hién-2018). Goi Si 1 tap nghiém ctia bat phuong trinh 2-2" +3.3" —6" +1<0. Goi S,
) 27" <4, S, ) log, (X—I)SO.
la tap nghiém cua bat phuong trinh Goi  la t3p nghiém cua bat phuong trinh 2
Trong cic khang dinh sau, khang dinh niao dting khi n6i vé méi quan hé giita cac tip nghiém 5,,8,,8;
A. S, cS,cS, B. S, cS5,cS, C. S,cS, cS, D. S;cS, S,
. e’ +e < >
Céau 13 (THPT Chuyén PH Vinh-2018). Nghiém cta bat phuong trinh 2 1a
X < 1 X>2 1 <x<2
A. 2 hodc
C. -In2<x<In2 D. x<—In2 hodc x>1In2

Cau 14 (THPT Chuyén Quang Trung - 2018). Tim tap nghiém S cta bat phuong trinh: 35 <1
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A. S=(-log;3;0] B. S=[log,3;0) c. S=(-log,3;0) p. S=(log;3;0)
Cau 15 (TT Diéu Hién - 2018). Tim tit ca cac gia tri thuc cia m dé bat phuong trinh

9" -2(m+1).3" -3-2m >0 nghiém dung voi moi sé thyc x.

mg_i me(—5—2\/§;—5+2\/§)
A. 2 B.
C.m=#2 D. Khéng ton tai m
Céu 16 (THPT Bic Yén Thanh - 2018). Nghiém cia bat phuong trinh 81.9 -30.3* +1<0 la
I<x<3 —3<x<-1 1 1 2<x<3
—<X<=—
A. B. C.9 3 D.
Ciu 17 (THPTCam Binh - 2018). Tong cua tat ci cac nghiém nguyén cta bat phuong trinh
1 < 1
345 3 -1 1a
A. 4 B.0 C.2 D. 1

Ciu 18 (THPT Chuyén Phan Bdi Chiu - 2018). S6 nghiém khéng am cua bat phuong trinh

x+1 X x+1 N
VIS2 122X -1+ 27 g g mhieu?
A.0 B.1 C.2 D.3
| | W, 1
Cau 19 (THPT Phan Pinh Phuing - 2018). Tim tat ca cac nghi¢ém cua bat phuong trinh 8
A. x>3 hoac x<-3 B. 3<x<3
C.x<3 D. x>3
Céu 20 (THPT Chuyén KHTN-2018). Tim tip nghiém cta bt phuong trinh 33l < w0y 13
A. [0:40) B. [0:2] c. [2+=) D. [2+2) {0}
4x-1 2-2x
Ciu 21 (S¢ GD&PT Bic Ninh - 2018). Giai bat phuong trinh 223+ > 22x+1 4]
1 1 x>1
X<——= -—<x<l1 X<——
2 2
A [x>1 B. C. D.

Cau 22 (THPT Ninh Giang-2018). Tim diéu kién x4c dinh cua bat phuong trinh
log sv/2x +1-6log, (3-x)~12log,(x~1)’ > 0.

5

1<x<3 x<3 1
X>—— ——<x<3
x#1 2 2
A. B. c. (x=#1 p. (x#1
’ , X _ x+1 _
Ciu 23 (S¢ GD&DT Phii Tho - 2018). Biét bit phuong trinh 1985 (5 ~1)logs (5 =5)<1 o 0
nghiém la doan [a:b]. Tinh 2P
A, a+b=-I+log,156 B. a+b=2+log,156
C. a+b=-2+log,156 D. a+b=-2+log,26

Cau 24 (THPT TH Cao Nguyén - 2018). Tim m dé bit phuong trinh VI0&:X+2m-12logx 4
nghiém.

A. m<-1 B. meR C.m=0 D. m>-1
Cau 25 (S& GD&DPT TP HCM - 2018). C6 bao nhiéu s6 nguyén a la nghiém bat phuong trinh
log,sa <log, a’?
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A.2 B.0 C. Vo sd D. 1

Céu 26 (S& GD&DT Binh Phudc - 2018). Bit phuong trinh 11(2X + 3)2In(2017-4x) ¢4 ¢4¢ c4 bao
nhiéu nghi¢m nguyén duong?

A. 169 B. 168 C. 170 D. V6 s6
Ciu 27 (S6 GD&PT Binh Phuéc - 2018). V&i m 1a tham sb thuc duong khac 1. Tim tap nghiém S cua
log . (2)(2 +X +3) <log,, (3){2 - x). Biét *

=1 .
la mgt nghi€ém cua bat phuong trinh da

S:[—l;O)u(%ﬂ} Bos:[—l;o)ug;z} C.S:(_z;o)u(%ﬁ} D.S=(—1;0)U(1;3]

Ciu 28 (THPT Kim Lién - Lin 2-2018). Tim tap hop X gdm tat ca cac gia tri ctia tham sb thuc m dé bat
(X2 + 1) > log; (mx2 +4x + m)

bét phuong trinh
cho.

A.

phuong trinh 1+log; co tap nghiém la -

A, X=[23] B. X=[35] c. X=(23] p. X=(35]
Cau 29 (THPT Chuyén Thai Nguyén - 2018). Tim tdp nghiém cua bat phuong trinh:
(2 —1).1nx2 <0

A [12] B. {12 c. (2) p. (-2-1)u(1:2)
Cau 30 (S6 GD&PT Ha Tinh - 2018). Biét tap nghiém cua bat phuong trinh

10g3(\/m+1)+210g5(xz—x+5)<3 i (a;b), a+2b

1a Khi d6 bang
A.3 B.4 C.2 D. 1
Ciau 31 (Chuyén DPHSPHN - 2018).Tim tip hop nghiém S cioa bit phwong trinh
log,, (x2 +1) <log, (2x+4)

2 4
A 8=(=2-1) B. S=(-2+=) c. $=(3+%)u(-2-1) p, S=(3+)
2 —
log(x 1) <
Ciu 32 (Chuyén Chu Vin An-2018). Tim tip nghiém S ciia bt phuong trinh  108(1-x)
A, S=(-2-1) B. S=[-2-1) c. S=[-21) p. S=[-2-1]

Ciau 33 (THPT Qudc Hoc Quy Nhon - 2018).Tim tip nghiém S cia bat phuong trinh
log, (log3 |X —3|) >0.

A 5=[02]0[6] g s=[0:6] c.5=[02)u(46]  p, S=(-=0]u[6:w0)
CAu 34 (THPT Chuyén Lé Thanh Téng - 2018). Bit phuong trinh 108,X+10g;x>1 ¢4 nohiem 1a

A. x >3"0 B. x >2"%° C.x>6 D. x >3’
Cau 35 (THPT Chuyén Vé Nguyén Giap - 2018). Biét riang bit phuong trinh
log, (5" +2)+2.log,, 2>3 . S =(log, b;+0) )

(5*+2) c6 tap nghiém la v6i a, b 1a cac s6 nguyén duong nho hon

6va a#1l. Tinh P=2a+3b

A. P=16 B. P=7 C.P=11 D. P=18

2x +1
) log, | log, >0
Cau 36 (THPT Chuyén KHTN-2018). Bat phuong trinh 2 cé tap nghiém la

A, (—0:-2) B. (--2)U(4+0) ¢ (4+) p. (~Z-1)u(L;4)

, 2
Ciu 37 (THPT Ha Huy Tap-2018). Xac dinh tip nghiém S ciia bt phuong trinh X" >In(4x—4)
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A, S=(2;+x) B. S=(1+») c. S=R\{2} p. S=(L+0)\{2}

Cau 38 (TT Digu Hidn -2018). Tap nghiém ctia bit phuong trinh M (X=D(x=2)(x=3)+1]>0 1,

A. (52)U(3;+4e0) B. (—1)N(2:3) c. (152)n(3+0) p. (1) U(2:3)
Cau 39 (Chuyén KHTN-2018). Tim tip nghiém S cua bat phwong trinh
log, (x+2)~log , x >log, (x2 —x)—l.

2 V2
A, S=(2;+) B. S=(12) c. 8=(0:2) p. S=(12]
Cau 40 (THPT Chuyén Quang Trung - 2018). Tim m dé bat phuong trinh
I+log, (X2 + 1) 2 log; (mx2 +ax+ m) thoéa man véi moi xek
A. -1<m<0 B. -1<m<0 C.2<m<3 D.2<m<3

Ciu 41 (THPT Chuyén Quang Trung - 2018). Trong tit ca cac cip sb (%:Y) thoa man

—4)> L L ' , .
logxz+y2+2(4x+4y 4)_1' Gid tri thyc cia m dé ton tai duy nhat cap (X’y) sao cho

xX*+y? +2x-2y+2-m=0 |3

(5] o I
c. (VI0-2) |, (Vi0++2) p, Y102

Ciu 42 (THPT Chuyén Lé Hong Phong - 2018). Tim sd nghiém nguyén ciia bat phuong trinh
log 5, (x2 —2x+1) > 0.

A. Vo sb B.0 C.2 D. 1

log4x—10gx4£§ . )
2 ¢6 may nghiém nguyén trén doan

Céu 43 (TT Diéu Hién - 2018). Bit phuong trinh
[1;25]?

A. 17 B. 15 C.16 D. 14
Ciu 44 (TT Diéu Hidn-2018). Tim m dé phuong trinh; (M+3)16" +(2m—1)4"+m+1=0 .4 5 pohism
trai dau

3 3 1 3
-3<m<—— ——<m<-—— -l<m<-—-— .
4 B. 4 2 C. 4 D. Khong ton tai m
Ciu 45 (TTDiéu Hién-2018). Nghiém cta bat phuong trinh: logz( /3x+1 +6)_1 > log, (7_ “IO_X)
la:
x=l x <3 x> 1<x <3
A. B. 49 C. 49 D. 49

Céu 46 (THPT Trin Hung Dao - 2018). Bt phuong trinh 3108 (X—1)+logy; (2x=1)<3 o 457
nghiém la

A. - B. - C. [_%;2} D. (_%;2}

Ciu 47 (THPT Chuyén Phan Bdi Chau - 2018). Tip nghiém coa bat phuong trinh
log, (3.2 -2)<2x 3

(—o0;1) U (2;+0) (—00;0) U (1;+00) o 2. (1400 (1,2)
A. B. (1 g23,0) S
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r 14 r 2 J—
Ciu 48 (THTT S6 477 - 2018). S6 nghiém thuc nguyén cia bt phuong trinh 108(2X° ~11x+15)<1 1,

A.3 B. 4 C.5 D.6
] ) max {log3x,10g1x} <3
Cau 49 (THTT So 477 — 03 - 2018). Bat phuong trinh 2 c6 tap nghiém la
(—00;27) (8;27) (1;27) (27;+oo)
A. B. C.\8 D.

Cau 50 (THPT Chuyén Hiung Vwong - 2018). V&i m 1a tham s thuc dwong khéc 1. Hiy tim tap nghiém
2x7 +x+ 3) <log,, (3)(2 - x)

. .y ox=1 .
S cua bat phuong trinh log,, ( " Biét rang la mot nghiém cua bat phuong

trjl.s(—z;o)ugﬂ} B,S=(—1;0)UG;2} c_S=[—1;0)UG;3} D.S:(_I;O)U(l;ﬂ

D. BANG DAP AN

1B 2A 3D 4C 5D 6D 7C 8D 9A 10D

11C 12B 13C 14C 15A 16B 17D 18D 19B 20D

21A 22A 23C 24C 25D 26A 27A 28C 29D 30C

31C 32B 33C 34D 35A 36B 35D 38A 39B 40C

41C 42B 43B 44C 45D 46A 47A 48B 49C 50C
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CHU PE 12. Bi QUYET TiINH NHANH GIA TRI BIEU THUC MU - LOGARIT
A. KIEN THUC NEN TANG
1. Cach tinh ty luan:
Coi céc biéu thirc diéu kién 13 cac phuong trinh nhé. Sir dung cac cong thirc mii — logarit va cac phép bién
doi twong duong doi voi cac biéu thirc di€u kién. Sau khi tim ra gia tri cua an thi thé vao dap so6 deé tim
dap so dung.
2. Cach sir dung may tinh Casio Vinacal:
Chon céc gia tri 4n a, b hodc x, y mdt cach khéo 1éo dya vao biéu thire diéu kién. Tir d6 thé vao dap an va
tim dép an hop ly nhat.
B. Vi DU MINH HQA

Vi du 1: (Pé minh hoa THPT Qudc gia — Nam 2017)

Pit a = log, 3,b = log, 3. Hay bicu dién log, 45 theo a va b
_a+2ab 2a* —2ab _a+2ab 2a* —2ab

A. log 45 = B. log 45=—— C. log. 45= D. log 45 =
Bs b Bs ab B = bth Bs 20%

Giai

Cach ty luan:

Tacd a=log,3=

:>10g32:l va log35:l
og, a b

1
log, (3.5 D
Viy log, 4510845 _ &(35) 2105 2F, a+2ab

log,6 log,(3.2) 1+log,2 1L ab+b

a

= Chon C
Cach Casio Vinacal

Tinh gid tri log, 3 va luu vao phim 4
2 E) & [ R
Tiép theo tinh gi4 tri cia log, 3 1i Iru vao phim B
Sau d6 ta tinh gi4 tri ctia biéu thic log, 45 =2.12 day chinh 1a két qua cta dép an C
5 @ &) 3 (@) @) () s b @ b () () ey

b+ E

= Chon C

Chu y

Cong thikc: log, x = va log, x=—282% y6i (b,x > 0,21) 1092(3)

log a log, a
1.584962501
N

1.584962501
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| Math &

1095(3)
0.6826061945

] Math &

Ans+B
0.6826061945

Math &

A+ZAE
AB+E

2.124538787

Vi du 2: (Bao Toan hoc Tudi tré — Nam 2017)

, B+ 23 .
Rut gon biéu thic —f (v6i a > 0) dugc két qua:
N 2+2
a
A. a'. B. a. C.a.
Giai

Cach ty luan:

Bl 23 aﬁ+]+(2_ﬁ) 3

Taratgontorsd a* .a” = =a

, ~ V2+2 _
Ti€p tuc rut gon mau so (aﬁ_z) = a(ﬁ 2)v2+2) =a*t=q"

3

Véy phan thirc trd thanh — = ¢* % = ¢°
a

= Chon C

Cach Casio Vinacal

Chon a = 2 ching han. Dung may tinh Casio tinh gia tri biéu thirc
EorEEEeHID® XD RSB M
AEeODPFEZEEDEINPFERD®EHEE

Ta thu dugc gia tri 32 va nhén thdy 32 =4’

= Chgn C

. a.

Chu y
Vi a 1a co s0 nén ta chon s6 nao cling dugc nhung nén thoa man a > 0,a #1

by i

251‘1 }ggf-:'g
(202-2) 242 o

Vi du 3: (S& GD-DT TP HCM — Cum 2 — nidm 2017)
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q i 272 , :
Cho biéu thirc P =1 a? [a 2p 3 (azb2 )3} voi a, b 1a cac s6 duong. Khing dinh nao sau day 1a ding?

3
A.P:£a3. B. P=b'a. C.P:£§’. p. pobe
ab b a
Giai
Cich tw luan: Tién hanh don gian héa biéu thirc theo ting ting

6

. [ 1104 N2
Tang 1 (trong cung): P = a{a 2b 3(a3b3ﬂ

16

s |2
Sau d6 dén tang 2: P=<a’ {aﬁb}

1 s 1)°
Tiép theo 1a tang 3: P={a3a 12p 2}

1 1)° 1
Tang thit 4: P=<a 2b 2} vatangcudicing P=q b = ! =£613
Jab®  ab
= Chgn A
Cach Casio Vinacal

Chon a = 2, b = 3 16i tinh gi4 tri biéu thirc. Ta thu dugc P ~0.026
OEE@EO@EeeOEFEE0O®ERI®

eXEXEED®R®E® M
@@@E@@@@@BE@@@@@@

Day la gia tri cua _a3
ab

= Chgn A
Chuy
l l [ _l a__ L
2912 f %3 EdEDEéE
Hét sirc can thin khi tinh todn va bam mdy vi biéu thirc rat dai va dé nham 0.0261851
Vi du 4 (Dé thi THPTQG — Nam 2017 — M3 dé 103)
. | 2
Cho log,a=2 va log, b= 5 Tinh 7 =2log, [ log,(3a)]+log, b
!
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AT=2
4
Giai

1
Tir log,a=2=>a=3=9 va log2b=%:>b=22 =2

Tim duoc a.b rdi ta s& thay vao biéu thirc 7 dé tinh gia tri

BE)B®EEIBERAEHDE®EHEEEOHEZE®EE
= Chon D

21095(1095(27)) b
<]

2

Vi du 5 (Bé thi THPTQG — Nam 2017 — Ma dé 110)

Cho x, y 1a cac s6 thuc 16n hon 1 thoa min x* +9y* = 6xy

Tinh M — 1+log, x+log,, y
2log,, (x+3y)
1 1 1
A M=—. B. M =—. C.M=—. D. M =1.
2 3 4
Giai

Cach tu lun
Tacéd x> —6xy+9y° :O<:>(x—3y)2 =0 x=3y

12+log,,3y+log,,» _ log,,36)° 1

Khi d6 M = 1080 k
2log,, 6y log,, (6)

= Chon D

Cach Casio Vinacal

Chon 1 gia tri ciia y chang han nhu y = 2. Khi d6 ta c6: x> —=12x+36=0<x=6
Pé tinh gid tri biéu thirc M ta dung may tinh Casio va thu duoc M = 1

E0FEOZOACHEIDZEA®REIHNEA®EHEE

Muth &

]
1410942 (6) +1094
210912 (6+46)

1

Vidu 6 (S6 GD-DT TP HCM — cum 7 —nam 2017)
Cho 9% +97 =23 Khi d6 biéu thirc 4 =% =% voi % t6i gian va a,b e 7

Tich a.b c6 gia tri bang

Trang 121
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A. 10. B. -8. C.8. D. -10.
= Chon D

Vi du 7 (THPT Chuyén Thai Nguyén — Lan 2 — Nam 2017)
Cho a>0,b>0,a #1 théa man log, b zg va log, a :%. Tinh tong a +b.

A. 16. B. 12. C. 10. D. 18.
= Chon D.

Vi du 8 (Chuyén Khoa hoc tu nhién — nam 2017)

Cho log, x =log, y =log, (x+y) . Gié tri cta ti s& T

y
A. _l_ﬁ. B. @
2 2

= Chon B.

C.1. D. 2.

Vi du 9 (THPT TH Cao Nguyén — Lan 1 — Nam 2017)

Cho a, b, ¢ 1 cac sb thuc khac 0 thoéa man 3“ =5" =15 Gié tri cua téng S = ab+bc +ca bang
A.5. B. 3. C.1. D. 0.

= Chon D.

Vi du 10 (Chuyén Ha Tinh — Nam 2017)

Cho a7 =27;h""" = 49;¢*» = /1. Tinh gi4 tri bidu thic S = a7 +pPerV 4 0w
A. S =33. B. S = 469. C. S =489. D. S =3141.

= Chon B.

C. BAI TAP VAN DUNG
Ciu 1 (Thi THPTQG - 2018)
Cho log,b=2va log,c=3.Tinh P=1log, (bch)

A. P=108. B. P=13. C. P=3l1. D. P=30.
Ciu 2 (Thi THPTQG - 2018)
Cho x, y 13 cac s6 thuc 16n hon 1 thoa méin x* +9y* =6xy. Tinh M = I+log,, x+log, y
2log,, (x+3y)
1 1 1
A M=—. B. M =—. C. M=—. D. M =1.
2 3 4

Céu 3 (Thi THPTQG - 2018)
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Cho log,a=2 va log, b =%. Tinh 7 =2log, [log3 (3a)] +log, b’

4

A.I:%. B. 1 =4. C.1=0. D. /=

N | W

Céu 4 (Thi THPTQG - 2018)

Véi moi sb thue duong a va b thoéa méin a* +5° = 8ab, ménh dé nao dudi diy dang?
A. log(a +b) = %(loga + logb)
B. log(a+b)=1+loga+logh

C. log(a+b)=—=(1+loga+logh
i

D. log(a+b)=%+loga+logb

Cau 5 (S6 GD&DT TP HCM - 2018)

%

Cho log, a=4. Tinh log, —.
a a \/B

A B3 c. b p. 2
6 3 2 3
Céu 6 (S6 GD&DT Tp HCM - 2018)

Cho log, a =log, b =log,, c =log,, (a +b+ c). Hoéi log , 144 thudc tap hop nao sau day?

abc

A. {Zﬁ,i} B. {l,z,i} C. {ii’é} D. {1;2;3}
8 910 234 567

Ciau 7 (S GD&DT TP HCM - 2018)

Cho a, b 14 cac s6 thuc duong, a =1

Rit gon biéu thirc: P = \/logi (ab)— 2logh -1
loga
A. P=|loga b| B. P=|logab—1| C. P=|logab+1| D. P=|logb a|

Cau 8 (So GD&DT TP HCM - 2018)

6

1t 1 2|2 , ,
Cho biéu thic P =14d’3 {a b 3 (@’ )3} vi a, b 1a céc sb duong. Khing dinh nao sau day la dung?

3
A.Pzﬁ. B. P=b’a . C P:*/; D.P:b*/z.

ab’ ) ? a
Cau 9 (THPT Lé Loi - 2018)

Biét rang log n2=1+mlog,,3+nlog,, 7 véim, nla cac s6 nguyén. Ménh dé nao sau ddy dung?

A. mn=-2. B. mn=1. C. mn=-1. D. mn=2.
Cau 10 (Chuyén BH Vinh - 2018)
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Cho céc sb thuc x # 0, y#0 thoaman 2* =3". Ménh dé nao sau day sai?
A. xp>0. B. Z=1log,3. C. 4 =¢". D. 2’ =3+,
y
Cau 11 (So6 GD&DT Hai Duong — 2018)

Cho m=1log, (%), véi a>1,b>1 va P=1log>b+16log, a. Tim m sao cho P dat gia tri nho nhat.

A. m=1. B.mz%. C. m=4. D. m=2.

Céu 12 (Pé Minh hoa - 2018)
. » 2017 2016
Tinh gia tri ctia biéu thirc P = (7 + 4\/5) (4\/5 - 7) .
2016
A. P=1. B. P=7-43. C. 7+43. D.P:(7+4\/§) .
Cau 13 (S6 GD&DT Binh Phudc — 2018).

Cho hai s6 thuc duong a, b thoa min log, a =log, b = log, (a+b). Tinh %.

AL B, LS c. 2125 p, L5
2 2 2 2
Cau 14 (THPT Nguyén Hué - 2018)
Cho log, x=%log1 a—llog1 b. Tim x.
2 2 2
3 2 3
31 2 3 2
A. @b, B. L c. L D. L.
b’ b b
Cau 15 (Chuyén Thai Nguyén - 2018)
1 1 2 -1
Cho x, y 1a cac sb thuc duong. Rt gon biéu thic P = (xz —sz [1—2\/£+1J
X X
A. P=x B. P=2x C. P=x+1 D. P=x-1
Cau 16 (Chuyén Thai Nguyén - 2018)
Cho a>0,b>0,a #1 théa man logab=§ va log, a =%. Tinh tong a+b .
A. 16. B. 12. C. 10. D. 18.

Cau 17 (Chuyén Thai Nguyén - 2018)
13 15

Cho a, b 1a cac sd thuc duong, b#1 théa man a’l <a® va log, (\/§+\/§) > logb(2+\/§). Hay chon
khang dinh dung trong cac khang dinh sau?

A.O<a<l,b>1. B.a>1b>1. C.a>10<b<l. D.0<a<1,0<b<]1.
Cau 18 (Chuyén Nguyén Binh Khiém - 2018)
Néu log,3=p valog,5=g¢, thé thi log5 bang
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A, LH3pg B. P9 C. pl+q’ p. 32*+4
p+q 1+3pgq 5
Cau 19 (Chuyén Nguyén Binh Khiém - 2018)
Né ad =8 9m—243 1a céc s6 thuc, thé thi xy bang:
cu e = ,37— ,X, ) lacac so thuc, the thi xy bang:
A. 6. B. % C. 12. D. 4.
Cau 20 (Chuyén Nguyén Binh Khiém — 2018)
Cho x,y>0,x,y¢1,10gyx+logxy:? va xy =144, thé thi Xty =7
A. 24, B. 30. C.124/2. D. 1343 .

Cau 21 (THPT TH Cao Nguyén - 2018)
Cho cac sb duong a, b, c. Tinh gia tri cua biéu thirc T = log,,,, %+ log,,,, é+ log,,,, <
c a

A. 0. B. -1. C.1. D. 2017.

Cau 22 (THPT TH Cao Nguyén - 2018)

Cho a, b, c 14 cac s6 thuc khac 0 thoa mén 3“ =5° =157 Gia trj cta tong S = ab+bc + ca bang
A.S. B. 3. C. 1. D.0

Céu 23 (Chuyén Bén Tre - 2018)

1 1
Cho biéu thire P =x2.x° &/x vé6ix > 0. Ménh dé nao duéi day dung?

7 11 5

A. P=x6 B. P=x C. P=xS D. P=x°
Ciu 24 (Chuyén Bén Tre - 2018)
Cho log3 =a. Tinh 1og9000 theo a

A. 6a. B. a’+3 C.3d° D. 2a+3
Cau 25 (Chuyén KHTN - 2018)

i 1 2
+—-
Ki hléu f(x) =(x 2log, x +8310gX22 +1J _1

Gia tri cia f (£ (2017)) bing

A. 2000 B. 1500 C. 2017 D. 1017
Cau 26 (Chuyén KHTN - 2018)

Vé6i a,b >0 théa man diéu kién a+b+ab =1, gia tri nho nhéat cia P =a* +b* bang
A (V2+1) B.2(v2-1) c. (v2-1) D. 2(v2+1)

Cau 27 (Chuyén Phan Bgi Chau —2018)
Cho log,5=a,log, 6 =b,log, 22 =c. Ménh dé nao dudi day ding?
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A. log, 270 =a+3b-2c
121

B. log, 270 =a+3b+2c
121

C. log, 210 =a-3b+2c
121

D. log, 279 =a-3b-2c
121

Cau 28 (Chuyén Phan B6i Chau - 2018)
1 1
Cho cac s6 thyc x, y, z théa man y =10""¢*, z =10'"°® . Ménh dé nao sau ddy dung?

1 1 1 1

A. x=10"0= B. x =10 C. x=10""¢* D. x=10'""¢
Céu 29 (THPT Qudc hoc Quy Nhon - 2018)

Cho ham s f(x):ln2017—ln(x—+1j. Tinh tong S = f'(1)+ f"(2)+...+ //(2017).
X
A.S:@ B. §=2017 S:% D.S:m
2018 2017 2018
Céu 30 (THPT Quédc hoc Quy Nhon - 2018)
. 4
Chohamso f(x)=
f( ) 4 +2
: 1 2 2016
Tinh tong T = + +..+f|—
s f(zonj f(zonj f(zon}
A. T=2016 B. 7=2017 _ 2016 D. T =1008
2017
Cau 31 (Chuyén Ngoai ngir - 2018)
Tim t4p x4c dinh ctia ham s6 y = [log, (x—3)
3
A. D =(3;+») B. D =(3;4] C. D=[4;+x) D. D=(0;4]

Cau 32 (Chuyén Ngoai ngir - 2018)

Cho céic s6 thuc duong a, b théa man log,, a = log,, b = log,, 2aT—b. Tinh ti s6 T :%
AT=2 B.T-2 c.r=2 p.7=2
4 3 2 5

Céu 33 (Chuyén Lé Khiét - 2018)
Cho ham s6 f'(x)= 3% 4*. Khing dinh ndo sau day sai?
A. f(x)>9< x*+2xlog,2>2

B. f(x)>9<:>x2 In3+xIn4>2In3
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C. f(x)>9<:>x2 log,3+2x>2log,3
D. f(x)>9 < x’log3+xlog4 >log9
Cau 34 (Chuyén Lam Son - 2018)
Cho x, y, z 14 cac s6 thuc khac 0 thoa man 2* =3’ =6~ . Tinh gid tri biéu thirc M = xy + yz + zx

A.M=3. B. M=6. C.M=0. D.M=1.
Cau 35 (Chuyén Bién Hoa - 2018)

Cho ham s y = log, (3" +x) , biét y'(l) =%+ voi a,beZ . Tinhgidatrictaa + b

bln3
A. 2. B.7. C.4. D. 1.
Cau 36 (S6 GD&DT Nam Dinh - 2018)
Cho ham s f(x)= 27+ va f'(1)=2In2. Ménh dé nao sau day dang?
A.a>1. B. -2<a<0. C.0<axl. D. a<-2.
Céu 37 (THPT Qudc hoc Hué - 2018)

62017

Trong hé thap phan, s6 201 ¢6 bao nhiéu chir s6?

A.2017. B. 2018. C. 6666. D. 6665.
Cau 38 (Chuyén Vo Nguyén Giap - 2018)
Cho céc s6 thye duong x, y, z théa man xy =10*, yz =10, 2x =10(a,b,c € R).
Tinh P=logx+logy+logz

A.P:% B. P=3a+2b+c C. P =6abc D. P =3abc

Cau 39 (Chuyén Son La - 2018)

Biéu thuc P = 32 +2 — ¢0 gia tri bang
8—-4.2"-427"
3 5
A.P=E. B.P=—E. C. P=2. D. P=-2.

Cau 40 (Chuyén Luong Thé Vinh - 2018)
Cho biét a,b >0 thoa man log, a+log, b=5.Khi d6 gid tri cta biéu thic P =alog,; a* +log, b’ .log, 4
béng

A. 30a. B. 20a. C. Sa. D. %a.

Cau 41 (THPT Quéang Xuong - 2018)

Cho a,b € Q théa man: log, Y360 = %+ a.log,3+b.log, 5. Khi d6 tong a+b co gia tri bang

A.S. B. 0. C D. 2.

1
3
Cau 42 (Chuyén KHTN - 2018)
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Néu log, a +log, b> =5 va log, a’ +log, b =7 thi gia trj ciia ab 1a

A. 2’ B. 2" C.8 D.2
Ciu 43 (S6 GD&DT Bic Giang - 2018)

1 A ., . £ \ , £ , .2 ,
Cho ae[g;ﬂ va M, m lan lugt 1la gid tri lon nhat va nho nhat cia biéu thic

9log? Ya +log> a—log, a* +1. Khi dé gia tri cia 4=5m+2M la

3 3 3

A. 4. B. 5. C.8. D. 6.
Cau 44 (S6 GD&DT Quang Ninh - 2018)

X

Cho ham sb xX)= . Tinh ton
f( ) 4% +2 8
1 2 3 2013 2014
S= + +f| —— |+...+ +
f[2015] f(2015j f(2015j f(2015} f(2015j
A.2014 B. 2015 C. 1008 D. 1007

Ciu 45 (S& GD&DT Viing Tau - 2018)

Inx Iny Inz

Cho céc sb thuc x, y,z,t,a,b,c théa man =Int va xy=2z°t". Tinh gid tri P=a+b—-2c

a b c

A. 4. B C.-2. D. 2.

1
3
Cau 46 (Chuyén Hung Vuong - 2018)

Cho a,b 1a hai sb thuc duong khac 1 va thoa man logi b-8log, (ai/g)=—§. Tinh gid tri biéu thuc

P=log, (aiab)+2017.
A. P=20109. B. P =2020. C. P=2017. D. P=2016.
Ciu 47 (THPT Phan Boi Chau - 2018)
4
Jb
A P=2. B. P=1. C. P=13. D. P=+/2.
Cau 48 (THPT Quang Xuong - 2018)

Tinh gié tri ctia biéu thitc P=log . (a'"’h*)+log ( j+ log,; b7 (V6i 0<a=1L,0<b=1).

Pit a=In2 va b=In3. Biéu dién S=ns+InZ+in>+. . +In-t theo ava b:
2 3 4 72
A. S=-3a-2b. B. S =-3a+2b. C. S=3a+2b. D. S =3a-2b.
Cau 49
Cho ham sé f(x)=2""'. Tinh gi4 tri ciia biéu thirc 7=2""f"(x)~2xIn2+2

A. 1. B.2. C.-2. D. 3.
Céu 50 (THPT Quy Nhon - 2018)
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X

e +e

N
-

Dao ham ctia ham s6 y = —— bang
4 x —
A — B.c'+e” — D>
(e’r —e_x) (ex —e_x) e’ —e_x)
D. BANG DAP AN
1B 2D 3D 4C 5C 6A TA 8A 9B 10C
11A 12C 13B 14C 15A 16D 17B 18B 19D 20D
21A 22D 23B 24D 25C 26B 27A 28D 29D 30D
31B 32C 33D 34C 35B 36B 37C 38A 39D 40A
41C 42A 43D 44D 45D 46A 47B 48A 49B 50A
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CHU PE 13: Bi QUYET GIAI NHANH BAI TOAN LAI SUAT
VA BAI TOAN THUC TE

A. KIEN THUC NEN TANG
1. Céc dang toan lii suat ngan hang
Dang 1: Lai don
Guri A dong v6i 13i don 1% / ki han thi s6 tién ca von 13n 1di saun kihan 1a : S, = A (1 + n.r)
Dang 2: Lai kép
Guri A dong véi 13i kép 1% / ki han thi s6 tién ca von 1an 1ai saun ki han 1a : S, = A (1 + r%)"
Dang 3: Lai kép giri theo dinh ky - giri dau thang
Pau mdi thang khich hang gii A dong v6i 1ai kép 1% /thang thi sau n thang thu duoc:

§ = A(14r) U 1

(1)

Cht v : Néu cubi mdi thang giri A dong thi - r
Dang 4: Vay dau ki - tra gop
Vay A dong voi 13i sudt kép hang thang 1% . Hoi phai tra hang thang bao nhiéu tién dé sau n thang thi hét
no.
e Ar(1+r)

(1+1)" =1
Dang 5: Gri ngan hang - rat hang thang
Giri A dong v6i 1di kép r % /thang (ky han 1 thang). Mdi thang rit ra X ddng vao ngay ngan hang tinh
14i. Hoi sau n thang sd tién con bao nhiéu?
(1+r1)" =1

r
2. Céc bai toan thuec té
Dang 1: Bai toan tang luong
Mot nguoi duogce lanh lwong khoi diém A dong / thang. Ctr sau k thang thi dugc ting luong 1én 1% / thang.

n
1+r)k -1

. ) . , S, = A.k.Q
Héi sau kn thang nguoi do lanh duoc tong cong la: r
Dang 2: Bai toan tang truong dan sb

A R A egen < . P(’[;):P(O)_ek't . c e asA \ A _

Dén s6 the gioi hang nam c6 dang trong do P(0) tai thoi diém dugc chon lam moc, y =
la dan s6 sau t ndm va m 1a hé s6 dugc xac dinh theo tirng khoang thoi gian.

B,=A(1+r)" - X

Dang 3: Bai toan ting chat phong xa

Tai thoi diém dau, chit phong xa c6 khdi lugng Mothi cong thirc dé tinh khdi luong chat phong xa con lai
m(t)=m,.e™

la: v6i k 1a hang s6 phong xa.
Chu ki ban ra 14 khoang thoi gian ma chat phong xa con mot nira luong ban dau va duoc tinh bang cong
In2
T=—o
thuc: k

Dang 4 : Tim s6 chi s6 cia 1 s6 ty nhién

Quy luét: 10" ¢6 2 chir s8, 102 ¢6 3 chir s6 ... 10<c6 k +1 chir sb

Vay muén bidt mot Ity thira A ¢6 bao nhiéu chit sé ta dat A =10 < k =logA
B. Vi DU MINH HQA
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Vidu 1: (THPT Nho Quan A-2017)
Mot nguoi gui tiét kiém y(’yi lai §u§:c 8,4% qém va 1ai hang ndm dugc nhédp vao von, hoi sau bao nhiéu
nam nguoi do thu dugce gap doi so tien ban dau
A. 6 B.7 C.8 D.9
Giai
Lai suat 8.4% / ndm =>r = 8.4%
Goi 5O nam can tim 13 n thi tong s6 tién thu duge gdm ca gbe va 1di 1a S = A (1 + 8.4%)" v6i A 1a s6 tién
goc ban dau
Theo yéu cau bai toan sd tién thu duge gap 2 1an s tién gdc:
< 2A=A(1+8%)" < 2=(1+8%)" < n=10g, ;5 2= 8,59~ 9
=>Chgn D

Chi y:

n
Lai suat dugc nhap vao von thi rd rang day la bai toan lai kép va c6 cong thure S=A (1 U r)

Vidu 2: (THPT Hau Loc 2-2017)

Lai sut tién guri tiét kiém cua ngan hang thoi gian vira qua lién tuc thay d6i. Ong A giri s6 tién ban dau 1a
10 triéu dong voi 1ai suat 0 ,5%/thang, chua day nira nam thi 13i suét ting 1én 1%/thang trong vong mét
quy (3 thang) va sau do lai suét lai thay d6i xudng con 0,8%/thang. Ong A tiép tuc guri thém mot sO thang
tron nira roi rat ca Von 14n 13i duoc 10937826,46912 dong (chua lam tron). Hoi ong A dé gui tong 1a bao
nhiéu thang? (Biét rang ky han 1a mot thang, 1ai suat néu co thay d6i chi thay doi sau Kkhi het thang va
trong qué trinh giri ong A khong rat dong ndo, tién 1ai ciia modi thang dugc cong vao tién gdc cla thang
sau).

A. 12 thang B. 13 thang C. 9 thang D. 10 thang

Giai

S6 tidn gbc v 18 sau n thang ddu tién 1a: A(1+7) =10.1,005"(n<6) ( ;13 s thang giri véi 1 sudt
0,5% /thang )
S tién gbc va lai sau 3 thang tiép theo la: 10.1,005".(1 + 0,01)?
S6 tién gdc va 1ai sau m thang cudi cing la: 10.1,005". 1,01°.1,008™
Khi d6 10.1,005.1,01°.1,008" =10,93782646912 (triéu dong )
(vei M=min{f (-1)f
1,005".1,0008™ = 1 9?;?2(()3:136912 = 1,06161466

Rt gon ta duge 10005".1,0008" - 1,061614661 = 0(1)
AEO0OEXEEEmIO®XDEODEE

& @ ] ) (5] 3
=>n=4,m=5vam+n+3=12
=> Chgn A

Binh luian
Mot bai toan khong kho vé nhan biét dang bai ma rat kho vé céach tinh toan, cu thé 1a m va n ta c6 thé
dung chttc ndng CALC cta may tinh tht tung dap an két hop voi diéu kiénn < 6
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Math &

1.005%%x1,008"
1.061614661

Vidu 3: (THPT Vo Nguyén Giap - 2017)
Anh Hung di lam dugc linh lwong khéi diém 1a 3.000.000 dong / thang. Cr 3 ndm, luong ctia anh Hung
lai dugc té’ng thém 7% . Héi sau 36 ndm lam vi¢c, anh Hung nhén duogc tat ca bao nhiéu tién? (két qua
lam tron dén hang nghin dong)?

A. 1.287.968.000 dong  B. 1.931.953.000 dong, C. M.m=—23dong D. 3.219.921.000 dong.
Giai
S6 tién anh Hung s& nhan dugc bang:
S=3.36.(1,07)" + 3.36.(1,07)" + 3.36.(1,07)" +...+- 3.36.(1,07)"

1-(1,07)"

1=(1or)” 1.931,953 ‘
1-1,07 triéu dong = 1.931.953.000 dong

=> Chon B

= §=23.36.

Phan tich
Luong khéi diém A dong (3 triéu dong) sau ki han k thang (36 thang) lai ting thém r (7%) thi rd rang bai
(1+r)k —1

4 = oA I Skn = Ak
toan tdng luong véi cong thirc r

Vi du 4: (Chuyén Tran Ph - 2017)
Mot bac nong dan vira ban mot con trau dugc sd tiép 13 20.000.000 (d6ng). Do chua can dung dén sf) tién
nén bac noéng dén mang toan b so6 tién do di gui tict kiém ngan hang loai ki han 6 thang voi lai suat kep
la 8,4% mot nam. Héj sau 5 nam 8 thang bac nong dan nl}én duoc bao nhiéu tiél} ca von lan 1ai (lam tron
dén hang don v1)? Biét rang bac nong dan do khong rat von cting nhu 1ai trong tat ca cac dinh ki trude va
néu rut trude thoi han thi ngan hang tra 1ai suat theo loai khong ki han 0,01% mdt ngay (1 thang tinh 30
ngay)

A. 31635925 B. 32833110 C. 33083311 D. 30803311
Giai
Trong 5 nam 8§ thang c6 11 ki han va 60 ngay
Lai suat 8.4% /nam thi c6 nghia 1a 4.2% / ki han 6 thang
S tién bac nong dan rat dugc sau 11 ki han 1a P, =20.000.000(1 + 4.2%)'" =31446687.45 dong
Vi bac nong dan khong rat von ciing nhur 13i trong tt ca cac ki han nén duoc thuong thém mot loai 1ai
suat khong ki han.

60
Téng sb tién bac nong dan rat duge 1a S= P(1 M 0’01%) = 31635925 dong

=> Chgn A

Phan tich

Trong bai toan ndy ta c6 2 huéng dé dat an phu . Huéng 1 dat t = Inx khi d6 tich phan hé qua s& c6 mau
2

sb1a (t+2) Huéng 2 dit t = In x + 2 thi phuong trinh hé qua s& c6 mau s6 1a £ va ta s& mau s6 dep hon

dé d@ tinh toan hon.

Vi du 5: (THPT Tién Du-2017)
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Mot sinh vién X trong thoi gian hoc 4 nam dai hoc dé vay ngan hang moi nam 10 triéu dépg v6i 13i suat
bang 3%/nam (thu tuc vay mot ndm 1 lan vao thoi diém dau nam hoc). Khi ra truong X that nghiép chua
trd dugc tién cho ngan héng nhung phai chiq lai spét‘S%/ném. Sau mdt nam that nghi¢p, sinh vién X cling
tim dugc viéc lam va bat dau tra no. Tinh tong s6 tién sinh vién X tra ng' ngén hang trong 4 nam dai hoc
va 1 ndm that nghiép
A. 46.538.667 dong B. 43.091.358 dong C. 48.621.980 dong D. 45.188.656 dong
Giai
Sau nam 1 s6 tién sinh vién ng ngan hang 1a: 10(1 + 3%) = 10.3 (triéu dong)
Sau nam 2 s6 tién sinh vién no ngan hang 1a:
10(1 + 3%) + 10.3.(1 + 3%) = 20.909 (triéu dong)
Sau nam 3 s6 tién sinh vién no ngan hang 1a:
10(1 + 3%) +20.909.(1 + 3%) = 31.83627 (triéu dong)
Sau nim 4 s6 tién sinh vién no ngan hang 1a:
10(1 + 3%) + 31.83627.(1 + 3%) = 42.091 (triéu dong)
Sau nam 5 so tién sinh vién ng ngan hang 1a: 43.091 + 43.091(1 + 8%)
= 46.538 (triéu dong)
=> Chgn

Phwong phap

Néu d bai cho it nam ta c6 thé tinh truc tiép timg ndim mot ma khong can ding t6i cong thirc tong quat.
1+r)" -1

s —A(1+n) 1) 1

n

Cu thé bai nay ta sir dung cong thic giri hang thang (vao dau thang) r

Vidu 6: (THPT Quang Xuong 1 - 2017)
Ban Hung trang tuyén vao truong dai hoc A nhung vi do khong du nop hoc phi nén Hung quyét dinh vay
ngan hang trong 4 ndm moi nam vay 3.000.000 dong d€ ndp hoc phi voi lai suat 3%/ndm. Sau khi tot
nghi¢p dai hoc ban Hung phai tra gop hang thang s6 tién T (khong doi) cung voi lai suat 0,25%/thang
trong vong 5 nam. sO tién T hang thang ma ban Hung phai trd cho ngan hang (1am tron dén két qua hang
don vi) la:

A. 232518 dong . B. 309604 dong . C. 215456 dong. D. 232289 dong.
Giai
Vay sau 4 nim ban Hung ng ngan hang s6 tién 1a:

s= 3000000[(1 +3%)" +(1+3%)” +(1+3%) +(1+ 3%)} = 12927407,43

Luc nay ta coi nhu ban Hing ng ngan hang khoan tién ban dau 1a 12.927.407,43 dong, sb tién nay bat dau
dugc tinh 13i va dugc tra gop trong 5 ndm .
Ta c6 cong thic:

n 60
:>T:N(1+|;) .r:129274o7,4(1+o,oc§5) 0,005 00
(14r)" -1 (1+0,0025)" —1

=> Chon D

Binh luén
Bai toan hay, tong hop tir bai toan 3 ( giri dinh ki, giri dau thang) va bai toan 4 (tra gop hang thang) . Néu
biét chia tach ra thi bai todn trén thanh 2 bai toan rat don gian.

Vi du 7: Mot ngudi gui tiét kiém 700 triéu dong vao mot ngan hang véi 1ai suat 0,5% / thang theo hinh
thire 131 kép. Ké tir lac giri, ctr sau 1 thang anh ta lai rt ra 10 triéu dé chi tiéu (thang cudi cung neu tai
khoang khong du 10 triéu thi rat hét). Hoi sau thoi gian bao lau ké tir ngay giri tién, tai khoang tién giri
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ctia nguoi d6 vé 0 dong? (Gia sir 1i suat khong thay doi trong sudt qué trinh ngudi do giri tiét kiém)
A. 86 thang B. 87 thang. C. 88 thang D. 85 thang.

Giai

A(1+r)

Sau thang th nhit, s tién con lai la % = ~M trigu dong.

Sau thang thur 2 , s tién con lai 1a L5 :<A(1+ r)— m)(1+ r)—m - A'(1+ r)2 —m.(1+ r)—m

Sau thang thur 3, s6 tién con lai la:
u3=(A(1+r)2—m(1+r)—m)(1+r)—m=A.(1+r)s—m(1+r)2—m(1+r)—m

Sau thang thi n, s6 tién con lai 1a:

u, =A(1+r)" - m[(1+ )"+ (141)" +...+1}(*)

(1+r1)" -1

=A(1+r)" -
(+r) m T+r-1

triQudang

o u, =700.1,005" +10..- 12905 _ ‘
Sau thang thur n, s tién con lai la 0,005 triéu dong.

< 700.1,005" +2ooo(1—1, 005" ) =0n=86,37= _3 ¢ thang dé rat hét tidn

=> Chon B

Binh luan
Giri A dong (700 triéu dong) vao ngan hang va mdi thang rat a dong (10 tridu dong) thi 16 rang 1a bai toan
w o (1+r) =1
- | B, =A(1+r) —x ) 7L
rat tién hang thang véi cong thue r

Vi du 8: (THPT Thi xa Quang Tri - 2017)
Sau mat thoi gian lam vi¢e, chi An c6 s6 von 1a 450 triéu déng. Chi Ap chia sb tién thanh }}ai phﬁn va gui
¢ hai ngén hang Agribank va Sacombank theo phuong thirc 1ai kep. s6 tién ¢ phéan thir nhét chi An gl 6
ngan hang Agribank voi lai suat 2,1 % mot quy trong thoi gian 18 thang, s6 tién ¢ phan th hai chi An gui
¢ ngan hang Sacombank vdi 1ai suat 0,73% mot thang trong thoi gian 10 thang. Tong so tién i thu dugce
¢ hai ngan hang la 50,01059203 tri¢u dong. Hoi so tién chi An da gii & moi ngan hang Agribank va
Sacombank 1a bao nhiéu?

A. 280 tri€u va 170 triéu B. 170 tri€u va 280 triéu C. 200 tri€u va 250 triéu D. 250 triéu va 200 triéu.
Giai
Goi x, y (triéu ddng) 1an luot 1 s6 tién ma chi An giri vao ngan hang Agribank va Sacombank.
t, =x(1+2,1%)°

S6 tién 13i ma chi An nhan dugc khi giri tién vao ngan hang Agribank 13 ~ X tridu

10
So6 tién 131 ma chi An nhan dugc khi guri tién vao ngan hang Sacombank 1a t,= y(l +0,73 %) ~ Y triéu

Khi do, ta c6 h¢ phuong trinh

x+y =450 x =280
=
x(1+2,1%)° +y(1+0,73%)" =500,010592 |y =170
=> Chon A

Binh luan
Mot bai toan thuc té hay, dé bai cho s6 tién ban dau chia thanh 2 s6 tién nho hon thi ta dit 2 so tién nho
hon 1a x, y sau do6 thiét 1ap 2 phuong trinh (h¢ phuong trinh) dé tim x, y
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Vi du 9: (S6 GD&DPT Bic Giang - 2017)

Anh An vay ngan hang 300 triéu dong theo phuong thirc tra goép dé mua nha véi 13i suit 13 0,5% / thang.
Néu cudi thang bat dau tir thang thir nhat anh An tra 5,5 triéu dong thi sau bao lau anh An tra hét sd tién
trén? Biét rang s tién thang cudi anh An phai tra nho hon 5,5 triéu dong va 1i suat khong thay doi

A. 64 thang B. 65 thang. C. 62 thang D. 63 thang
Giai
_Ar(l+r)
Ap dung cong thirc tra gop (1 + r) —1 v6i A 12 56 tién vay, r 1a 13i suat hang thang, a 1 s6 tién can tra

hang thang va n 13 s6 thang can dé tra hét no.

~300.0,5%.(1+0,5%)"

=>n=063,85=>

Suy ra (1 +0, 5%)n -1 Can 64 thang dé tra hét ng
=> Chon A
Phan tich
_Ar(l+r)
Vay dau ki 300 triéu tra hang thang 5.5 triéu rd rang 1a bai toan tra gop voi cong thirc (1 + r)n -1

Vi du 10: (THPT Ninh Giang-2017)

Ong B dén siéu thi dién may dé mua mot cai laptop véi gia 16, 5 tricu df)ng theo hinh thire tra gop voi lai
sudt 1,5% / thang. Dé mua tra gop ong B phai tra trude 20% 5O tlen sO tlen con lai 6ng s& tra dan trong
thoi gian 8 thang ké tir ngdy mua, moi lan tra cach nhau 1 thang, s6 tién m01 thang 6ng B phai tra la nhu
nhau va tién 13i dugc tinh theo ng gbc con lai ¢ cudi mdi thang. Hoi, néu 6ng B mua theo hinh thirc tra
gop nhu trén thi s6 tién phai tra nhiéu hon so voi gid niém yét 1a bao nhiéu? Biét rang 13i sut khong d6i
trong thoi gian 6ng B hoan ng. (lam tron dén hang nghin)
A. 1.628.000 dong B. 2.125.000 dong C. 907.000 dong D. 906.000 dong.

=> Chon D

Vi du 11: (S6 GD&DT Bic Ninh)
Mot nguoi vay ngan hang 100 triéu‘d(‘?)ng theo hinh thire 1ai kep dé mua xe yc’ri 1ai xuat 0,8%/ thang va
hop dong thoa thuan la tra 2 triu dong moi thang. Sau mét ndm murc 1ai suat cua ngén hang dugc diéu
chinh 1én 1,2%/thang va nguoi vay mu6n nhanh chong tra hét mén no nén di thoa thuan tra 4 triéu dong
trén mot thang (trir thang cubi). Hoi phai mét bao nhiéu lau thi ngudi d6 méi tra hét ng

A. 35 thang B. 36 thang C. 25 thang D. 37 thang
=> Chon D

Vi du 12: (S GD&DT TP. HCM - 2017)

Ong A vay ngan hang T (triéu ddng) véi 1ai suat 12% / nam. Ong A thoa thuan vo6i ngan hang cach thirc
tra ng nhu sau: Sau ding mot thang ké tir ngay vay, 6ng bt dau hoan no, hai 1an hoan no lién t1ep cach
nhau ding mét thang. Nhung cudi thang thir ba ké tir lac vay 6ng A méi hoan ng 1an thir nhit, cudi thang
thir tr 6ng A hoan no lan thir hai, cu6i thang thir ngm 6ng A hoan ng lan thir ba (hoan hét ng). Blet rang
so tién hoan ng lan thir hai gip doi s6 tlen hoan no 1an thtr nhat va sb tién hoan ng 1an thir ba bang tong sd
tién hoan ng cia hai lan trude. Tinh sd tién 6ng A hoan ng ngan hang lan thir nhat.

T(1+0,01) T(1+0,01) T(1+0,01) T(”Sj
(2,01)" +2 (1,01) +5 6 O
A. B. C. D. 6
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=> Chgn A

Vi du 13: (S6- GD&DT Bic Ninh - 2017)

Cho biét su ting dan sé dugc ude tinh theo cong thire S=A.e™ ( trong d6 A 1a dan s6 cua nam 1ay lam
méc tinh, s 12 dan s sau N nam, r 1a ti 1& tang dan $6 hang nam ). PAu nam 2010 dan sb tinh Bic Ninh 1a
1.038.229 nguoi tinh dén dau nam 2015 dan sb cua tinh 13 1.153.600 ngudi. Hoi néu ti 18 ting dan sd
hang sb hang nam giit nguyén thi dau nam 2025 dan s6 cia tinh nam trong khoang nao?

A 310°(1+0,5) (m’) g (1:424.300:1.424.400) ., 3.10°(1+0,5)' (m*)
p. (1.424.100;1.424.200)
=> Chgn C

Vi du 14: (Chuyén Lé Quy Po6n - 2017)
Sy tang truong cua mot loai vi khuan dugc tinh theo cong thic s =A.c", trong d6 A la sé luong vi khuan
ban déau r la ti 16 tang truong (r > 0), t la thoi gian tang truong. Bit rang s6 luong vi khuén ban dau 1a 150
con va sau 5 gio c6 450 con, tim so lugng vi khuan sau 10 gio tang truong

A. 900 B.x=0 C. 1050 D. 1200
=> Chon B

Vi du 15: (Chuyén Ha Giang - 2017)
Mot khu rimg ¢ tinh Ha Giang c6 trir lugng g6 1a 3.10° (m?). Biét toc d¢ sinh trudng cia cac cdy & khu
rung do 1a 5% moi nam. Hoi sau 5 nam, khu rung dé sé c6 bao nhiéu mét khoi go?

A 310°(140,5) (m’) g 3.10°(1+0,05)' (m*)  3.10°(1+0,05)" (m’) p, 3.10°(1+0,5)" (m’)
=> Chon B

Vi du 16: (S6 GD&DPT bién Bién - 2017)

Vi khuan HP (Helicobacter pylori) gy dau da day tai ngay thér t véi s6 lwong 13 F (t), néu phat hién sém
, _ F(1)=2200 ‘
khi s0 lugng khong vugt qua 4000 con thi bénh nhan s€ dugc ctru chira. Biét 2t+1 va ban dau
bénh nhan c6 2000 con vi khan. Sau 15 ngay bénh nhan phat hién ra bi bénh. Hoi khi d6 ¢6 bao nhiéu con
vi khuén trong da day va bénh nhan c6 ctru chira duoc khong?

A. 5434 va khong ctru dugce B. 1500 va ctru duoc
C. 283 va ctru duoc D. 3717 va ctru dugce
=> Chon D

Vi du 17: (THPT Ham Rong - 2017)
Cho biét chu ky ban huy cuia chat phong xa Pluténi Pu™’1a 24360 nim (tc 1a mot lwong Pu™’ sau

24360 nam phan huy thi chi con lai mét ntra). Sy phan huy dugce tinh theo cong thae ¥ = e (x, trong d6 A
1a luong chéat phong xa ban dau, r 13 ti 18 phan hiy hang nim (r < 0), t 13 thoi gian phan huy, s 1a luong
con lai sau thoi gian phéan hiy t. Hoi sau bao nhiéu nim thi 10 gam Pu® chi con 1 gam gan nhat véi gia
tri nao sau day?

A. 76753 B. 82235 C. 80934 D. 80922
=>Chgn D
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Vi du 18: (Chuyén Quédc Hoc Hué - 2017)

3t

Q(t)=Q, [1—e_zj
khoang thoi

gian tinh bang gid Vé‘lrQO‘lé, dung lugng nap ti da (pin day). Néu dién thoai nap pin tir lac can pin (tuc la
dung lugng pin lic bat dau nap 1a x =) thi bao 1au sau s€ nap dugc 90% (két qua lam tron dén hang phan
tram)?

A.t~ 1,54h B.t=1,2h C.t=1h D. t~ 1,34h
=> Chon A

Mot dién thoai dang nap pin, dung lugng nap dugc tinh theo cong thirc

C. BAI TAP VAN DUNG
Ciau 1 (THPT Lé Quy Pon-2018). Biét ring nim 2001, dan sd Viét Nam 13 78.685.800 nguoi va ty 1¢
ting dan s ndm d6 1a 1,7 %. Cho biét sy tang dan s6 duoc tinh theo cong thire S=A.e™ (Trong d6 A la
dan s6 cua nam lay lam moc tinh, s la s6 dan sau N nam, r la ty 1¢ tang dan s6 hang ndm). Hoi cir tang
dan so vdi ty 1€ nhu vay thi dén ndm nao dan so nudce ta @ mirc 150 triéu nguodi?

A. 2032 B. 2020 C. 2039 D. 2045

Céu 2 (Chuyén Vinh Phic - 2018). Mot ngudi guri tiét kiém ngan hang, moi thang gui 1 triéu dong, voi
lai suat kep 1% trén thang. Gui duoc hai ndm 3 thang nguoi do c6 cong viéc nén da rat toan bo goc va lai
vé. S tién ngudi d6 rat duogc 1a

W loof (Lo =] pronf (Lo 1] 1o (LonT 1] 101 (1,01)" 1]

Céu 3 (S¢ GD&DT Phu Tho-2018). Ong Anh muén mua mét chiéc 6 to tri gia 700 triéu dong nhung
ong chi co 500 tri¢u dong va mudn vay ngan hang 200 triéu dong theo phuong thue tra gop (tra tién vao
cudi thang) voi lai suét 0,75%/ thang. Hoi ‘hang thang, 6ng Anh phai tra s6 tién 1a bao nhiéu (lam tron dén
nghin ddng) dé sau dung hai nam thi tra hét no ngan hang?
A. 9136000 dong B. 9971000 dong C. 9137000 dong D. 9970000 dong

Ciu 4 (Chuyén Hung Vwong - 2018). Mot nguoi giri tiét kiém ngan hang, mdi thang gii 1 triéu dong,
v6i 1di suat kép -12 trén thang. Sau hai nam 3 thang (thang thtr 28) ngudi d6 c6 cong viée nén da rit toan
bo gbe va 1ai vé. Hoi ngudi d6 dugce rat vé bao nhiéu tién?

27 277
A. 101'[(1’01) _1} triéu dong B. 100'[(1’01) _1} triéu dong

26 26
C. 100'[(1’01) _1} triéu dong 101'[(1’01) _1} triéu dong

Céu 5 (Chuyén Vinh Phuc - 2018). M6t nguoi gui tiét kiém ngan hang, méi thang gui 1 triéu dong,
voi lai suat kép 1% trén thang. Gui dugc hai nam 3 thang ngudi d6 6 cong viéc nén da rat toan bo goc
va lai vé. Sé tién ngudi d6 rat duoc 1a

W loo (Lo =] pronf (Lo 1] 1o (LoyT-1] 101 (101)" 1]
Céu 6 (Chuyén Vinh Phiic - 2018). S6 luong cua loai vi khuan X trong mot phong thi nghiém duoc tinh
theo cong thirc s’(t)‘: S(O)'3t , trong do s(0) la 5O lugng vi khuén lic ban dau, s(t) 1a sé luong vi khuan X
cé sau t phut. Biét rang sau 3 phit thi s6 lugng vi khuan X 1a 20 nghin con. Hoi sau bao lau, k& tir lac ban
dau, so lugng vi khuan X 1a 540 nghin con?

A. 81 phut B. 6 phut C. 12 phut D. 9 phat
Céu 7 (THPT V& Nguyén Giap - 2018). Sy ting trudng ctia mot loai vi khuan dugc tinh theo cong

thire T(x)=Ae" , trong d6 A 1a s6 lugng vi khuan ban dau, r 1a ti 1én ting truong (r > 0), x (tinh theo
gid) 1a thoi gian ting trudong. Biét sé vi khuan ban dau c6 1000 con va sau 10 gid 1a 5000 con. Hoi sau
bao 1au thi s6 lugng vi khuan ting gap 10 1an?

A. 5.In 20 (gi0) B. 5.In10 (gio) C. 10.logs10 (g10) D. 10.1ogs20 (gi0)
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Cau 8 (Chuyén Thai Binh - 2018). Mot khu rimg c6 trit lugng g6 4.10° mét khéi. Biét toc do sinh truéng
cua cac cay trong khu ring d6 1a 4% moi nam. Sau 5 ndm khu ring d6 s€ c6 bao nhiéu mét khoi
g6 ?
5 5 3 5 5 3 5 5 3 5 5 3
A 410°.114° (m’) B, 410°(140,04°)(m’) ~ 4.10%0,04’ (m’) p, 410°.1,04°(m")

Cau 9 (Chuyén Thai Binh - 2018). Gia sir cir sau mot nam dién tich rimg ctia nude ta giam x phéan trim
dién tich hién c6. Hoi sau 4 nam dién tich rung cia nudc ta s€ 1a bao nhi€u phan dién tich hién nay ?

x Y _ A x Y
A )
A.  \100 B. 100% C. D.\ 100
Céu 10 (Chuyén Lam Son - 2018). Mot tinh A dua ra quyét dinh vé giam bién ché can b cong chiic,
vién chirc huong luong tir ngan sach nha nudc trong giai doan 2015 - 2021 (6 ndm) 1a 10,6% so Vi sb
luong hién c6 nam 2015. Theo phuong thie ra 2 vao 1 (tire la khi giam db6i tuong huong luong tir ngén
sach nha nudc dugc 2 ngudi thi duge tuyén dung 1 nguoi). Gia st ti 1¢ giam va tuyen dung méi hang nim
50 v6i ndm trudc d6 12 nhu nhau. Tinh ti 18 tuyén dung méi hang nam (Iam tron dén 0,01%).

A. 1,13% B. 2,02% C. 1,85% D. 1,72%
Céu 11 (THPT Hoing Hé6a-2018). Trong vat li, su phin ri cua cac chit phong xa duoc biéu dién boi
t
L m
1 0

m(0)=m, 3 | , o |
2) trong do 1a khoi lugng ban dau cua chat phong xa (tai thoi diém t = 0);
T 1a chu ki ban ra (tirc 12 khoang thoi gian dé mot nira khéi lwong chat phong xa bi bién thanh chat
khac). Chu ki ban rd ctua Cacbon “C 1a khoang 5730 nim. Nguoi ta tim dugc trong mot mau dd ¢b mot
lugng Cacbon va xac dinh dugc n6 da mat khoang 25% lugng Cacbon ban dau cua n6. Hoi mau do cb
d6 c6 tudi 1a bao nhicu?

A. 2378 nam B. 2300 nam C. 2387 nam D. 2400 nam
Céu 12 (THPT Quiang Xwong 1-2018). Theo s6 liéu cua Tong cuc thong ké, nim 2016 dan s Viét Nam
udc tinh khoang 94.444.200 nguoi . Ti 18 ting dan sé hang nam & Viét Nam duoc duy tri & mirc 1,07%.
Cho biét su ting dan s duoc tinh theo cong thirc S = A.e™ (trong d6 A 1a dan s6 ciia nam ldy lam mbc
tinh, S 14 dan sb sau N nam, r 1a ti 1¢ ting dan sd hang nam). Ct ting dan sb véi ti 1 nhu vay thi dén nam
nao dan sd nudc ta & mirc 120 triéu ngudi:

A. 2040 B. 2037 C. 2038 D. 2039
Cau 13 (THPT Quang Xwong 3-2018). V61 muc ti€u thy thire dn cua trang trai X khong dbi nhu dy dinh
thi luong thirc n du trir da cho 100 ngay. Nhung thuc té, ké tir ngay thi hai tro di lugng tiéu thu thirc dn
clia trang trai tang thém 4% so véi ngay trude d6. Hoi lugng thire dn dy trit ciia trang trai X thyc té chi du
cho bao nhiéu ngay?

A. 42 ngay B. 41 ngay C. 39 ngay D. 40 ngay
Céu 14 (THPTTriéu Son 1 -2018). Lii suit tién guri tiét kiém cua mot s6 ngan hang trong thoi gian vira
qua lién tuc thay d6i. Ong A guri tiét kiém vao ngin hang véi sé tién ban dau 14 5 triéu dong véi 13i suat
0,7% thang chua diy mot nam thi 14i suat ting 1én 1,15% thang trong nira nam tiép theo va ong A tiép tuc
giri; sau nira nam d6 13i sudt giam xudng con 0,9% thang, 6ng A tiép tuc guri thém mot s6 thang nira, khi
riit tién 6ng A thu duoc ca von 14n 13i 1a 5 747 478,359 dong (chua 1am tron). Khi d6 tong sd thang ma
ong A gui la

A. 15 thang B. 14 thang C. 13 thang D. 16 thang
Cau 15 (s6 GD&DT Thanh H6a-2018). Cho biét chu ki ban rd ciia chat phong xa radi Ra* 1a 1602
nam (tirc 1a mot lwong Ra™® sau 1602 nam phan huy thi chi con lai mot ntra). Sy phan huy dugc tinh
theo cong thirc s = A.e" trong d6 A 1a luong chit phong xa ban dau, r 14 ti 1& phan huy hang nam (r < 0),
** sau 4000 nam phan

cong thuc:

Ma thoi gian phan huy, s 1a lugng con lai sau thoi gian phan huy. Hoi 5gam Ra
huy s€ con lai bao nhiéu gam (lam tron dén 3 chit s6 thap phan)?

A. 0,886 (gam) B. y=x'+2x C. 0,795 (gam) D. 0,923 (gam)
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Cau 16 (THPT Nguyén Hué-2018). Lai suat giri tién tiét kiém cia cac ngan hang trong thoi gian qua
lién tuc thay ddi. Bac An glri vao mot ngan hang sb tién 5 triéu dong voi 13i suat 0,7% / thang. Sau sau
thang giri tién, 131 suét tang 1én 0,9% / thang. Dén thang thtr 10 sau khi giri tién, 131 sudt giam xudng 0,6%
/ thang va gitr 6n dinh. Biét rang néu bac An khong rat tién ra khoi ngan hang thi cr sau mdi thang, sé
tién 13i s& duoc nhap vao v6n ban dau (ta goi d6 1a 13i kép). Sau mét nam guri tién, bac An rit dugc sb tién
13 bao nhiéu? (biét trong khoang thoi gian nay bac An khong rit tién ra)

A.5436521,164 ddng  B. 5436566,169 ddng  C. 5452733453 ddng  D. 5452771,729 ddng

Céu 17 (THPTHai Ba Trung-2018). M6t nguoi lan dau gui ngan ‘hang 100 triéu dong véi ki han 3
thang, 13i suat 3% cta mot quy va lai tung quy s€ dugc nhap vao von (hinh thuc 1ai kép). Sau dung 6
thang, nguoi do6 gui thém 100 tricu dong v6i ki han va lai suat nhu truge d6. Tong sb tién ngudi do
nhan dugc sau 1 nim ké tir khi guri thém tién 14n hai s& gan véi két qua nao sau day?

A. 232 tri¢u B. 262 tri¢u C. 313 triéu D. 219 tri¢u

Céu 18 (THPT Nguyén Binh Khiém - 2018). Anh Binh mua mot chiéc dién thoai gia 9 triéu dong theo
hinh thice tra trude 30% va phan con lai tra gop hang thang voi 1ai suat 0,9% /thang. Biét rang anh Binh
mudn tra ng cra hang theo cach: Sau ding mdt thang ké tir ngay mua, anh Binh bat du tra ng, hai lan tra
ng lién tiép cach nhau ding mot thang, s tién tra ng & mdi 1an nhu nhau. Hoi, sau 12 thang anh Binh
mudn tra hét no thi hang thang anh Binh phai tra cho ctra hang bao nhiéu tién (1am tron dén ngan dong)?
Biét 13i suat khong thay doi trong thoi gian anh Binh tra ng.

A. 556000 dong B. 795000 ddng C. 604000 dong D. 880000 dong
Céu 19 (THPT Nguyén Binh Khiém - 2018). Sy ting truong ciia mot loai vi khuan tuan theo cong thirc
S=Ae", trong 46 A 1a sb lwong vi khuan ban dau , r 1a ti 1¢ ting truong (r > 0 ), t 1a thoi gian ting
truong. Biét sd lugng vi khuan ban dau 1a 100 con va sau 5 gid 1a 300 con. Hoi sau 15 gid' ¢ bao nhiéu
con vi khuan.

A. 900 con B. 2700 con C. 600 con D. 1800 con

Cau 20 (THPT Lé Quy Pon-2018). Khi anh sang di qua moi truong (chang han nhu khong khi, nuéc,

swong mu...), cudng do s& giam dan theo quang dudng truyén x, theo cong thirc I(x)=Te™"" trong do I,
1a cudong d6 cua anh sang khi bat dau truyén vao moi truong va p 13 hé sé hap thi cia méi trudng do. Biét
rang nudc bién c6 hé s6 hap thu p = 1,4 va nguoi ta tinh dwoc rang khi di tir d6 sau 2 m xudng dén do siu
20 m thi cudng do anh sang giam 1.10" lan. s6 nguyén nao sau ddy gan voi | nhat?

A. 8 B. 10 C.9 D. 90

Ciu 21 (Thi THPTQG-2018). Dau nim 2016, dng A thanh 1ap mot cong ty. Tong sb tlen ong A dung
dé tra lwong cho nhén vién trong nim 2016 1a 1 ty déng. Biét rang ctr sau moi nam thi tong sb tién ding
dé tra cho nhan vién trong ca nim d6 tang thém 15 % so voi nam trude. Hoi nam nao dudi day 1a nam
dau tién ma tong sd tién 6ng A dung dé tra lwong cho nhan vién trong ca 5 nim 16n hon 2 ty dong?

A. Nam 2022 B. Nam 2021 C. Nam 2020 D. Nam 2023
Céu 22 (S& GD-PT TP HCM - 2018). Dan sb thé giéi dugc tinh theo cong thirc s = Ae™, trong d6 A 1a
dan s6 ciia nam lam méc tinh, S 1a dan s6 sau n nam, r 13 ti 1& ting dan s6 hang nim. Biét rang dan s6 Viét
Nam vao thoi diém giira nam 2016 1 90,5 triéu nguoi va ti 18 ting dan sé 13 1,06% nam. Néu ti 1¢ ting
dan s6 hang nam khong dbi thi sau bao nhiéu nam déan sb Viét Nam c6 khoang 100 triéu ngudi?

A. 8,5 B.9,4 C.12,2 D. 15

Cau 23 (Sé GD-DT TP HCM - 2018). Céc loai cay xanh trong qua trinh quang hop s€ nhan dugc mot
lwong nhé cacbon 14 (mot dong vi cua cacbon). Khi mot bd phan cua cay bi chét thi hién twong quang
hop ciing ngung va n6 s€ khong nhan thém cacbon 14 nita. Lugng cacbon 14 cta by phan do s€ phan huy
mot cach cham chap, chuyén hoa thanh nito 14. Biét rang néu goi P(t) 14 s phan trim cacbon 14 con lai
trong by phan cia mot cdy sinh truong to t ndm tmdc day thi P(t) duogc tinh theo cong thuc

( )_ 100. (0 5)%(%) .Phan tich mot mau gd tir mot cong trinh kién trac co nguoi ta thiy luong
cacbon 14 con lai trong mau gb d6 1a -1 . Nién dai cua cong trinh kién trac d6 gan véi s6 nao sau day
nhat? (Gia sir khoang thoi gian tir luc thu hoach gd cho dén khi xay dung cong trinh d6 1a khong dang ké)

A. 1756 nam B. 3574 nam C. 2067 nam D. 1851 nam
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Cau 24 (Chuyén Lé Hong Phong- 2018). M6t nguoi vay ngan hang 1.000.000.000 (mdt ti) dong va tra
gop trong 60 thang. Biét rang 14i suat vay 1a 0,6% /1 thang va khong doi trong sudt thoi gian vay. Nguoi
do vay vao ngay 1/1/2017 va bat dau tra gop vao ngay 1/2/2017. Hoi nguoi d6 phai tra mdi thang mot sd
tién khong d6i 1a bao nhiéu (Iam tron dén hang ngan)?

A. 13.813.000(d6ng)  B. 19.896.000 (ddng)  C.13.896.000 (ddng)  D. 17.865.000 (dong)
Ciu 25 (THPT Lé L¢i-2018). Hién tai hé thong cac ctra hang dién thoai ctia Thé gidi di dong dang ban
Iphone 7 64GB voi gia 18 790 000 dong. Ngudi mua c6 thé chon 03 hinh thirc mua dién thoai. Hinh
thire 1 tra tién ngay lap tic 18 790 000 dong. Hinh thirc 2 tra trudc 50% con lai 50% chia déu cho 08
thang, moi thang tién phi bao hiém 64 500dong/thang. Hinh thirc 3 tra trudc 30%, sd tién con lai chia
déu cho 12 thang, tién bao hiém 75 500 dong/thang. Néu 13i suat ¢ hinh thirc 3 1a 1,37%/thang, thi tong
sd tién hang thang khach hang phai tra 1a (1am tron dén 500 dong)

A. 1276 500 dong B. 1 352 000 dong C. 1276 000 dong D. 1351 500 dong

Céu 26 (THPTTH Cao Nguyén-2018). Ong Nam giri 320 triéu d(‘)ng ¢ hai ngan hang X va Y theo
phuong thire 1ai keép. S tién tha nhat giri & ngan hang X voi lai suat 2,1% mot quy trong thoi gian 15
thang, sd tién con lai giri ¢ ngan hang Y véi 1i suat 0,73% mot thang trong thoi gian 9 thang. Tong loi
tirc dat duge ¢ hai ngan hang 1a 27507768,13 dong (chwa lam tron). Hoi s6 tién 6ng Nam lan luot gii &
ngan hang X va Y 1a bao nhiéu?

A. 180 tri¢u va 140 tricu B. 140 tri¢u va 180 tricu C. 120 tri¢u va 200 tri¢u D. 200 tri¢u va 120 triéu
Céu 27 (Chuyén PH Vinh - 2018). Trong méi trudng nudi cdy 6n dinh ngudi ta nhan thy rang: cir sau
dang 5 ngay s6 luong loai cua vi khuan A tiang 1én gip doi, con sau dung 10 ngay sb luong loai cua vi
khuan B ting lén gap ba. Gia st ban dau co 100 con vi khudn A va 200 con vi khuan B, héi sau bao
nhiéu ngay nudi cdy trong mdi truong do thi s6 lugng hai loai bang nhau, biét rang toc do ting truong
ctia mdi loai & moi thoi diém 1a nhu nhau?

10xlog, 2 S5xlogg 2 10xlog, 2 5xlog, 2
A. 2 ngay B. 3 ngay C. 3 ngay D. 3 ngay
Céu 28 (Chuyén Hung Yén - 2018). S6 nguyén t6 dang M, =2" -1 , trong d6 p 12 mot s6 nguyén td,

duoc goi 1a sd nguyén t6 Mec-xen (M.Mersenne, 1588 - 1648, ngudi Phap), sb Meoras0s durge phat hién
nam 1999. Hoi rang néu viét s6 d6 trong hé thap phan thi c6 bao nhiéu chir s6?
A. 6972592 chit s6 B. 2098961 chit sb C. 6972593 chit s6 D. 2098960 chit s6
Céu 29 (THPT Thanh Thiy-2018). M6t nguoi gui tiét kiém theo thé thuc 13i kép nhu sau: Mdi thang
nguoi nay tiét kiém mot so tién cb dinh 1a X dong rdi gui vao ngén hang theo ki han mot thang voi lai
suat 0,8% /thang. Tim X dé sau ba nam ké tir ngay giri 1an dau tién nguoi d6 c6 duoc tong sd tién 1a 500
triéu dong.
4.10° < 4.10° B 4.10° _4.10°

= e = X=——
1,008" -1 1-0,008" C 1,008(1, 008> —1) D 1,008 —1

A. B.
Céu 30 (THPT Nguyén Hué - 2018). Lii sudt gui tiét kiém cua cac ngin hang trong thoi gian qua lién
tuc thay ddi. Bac An giri vio mot ngan hang so tién 5 triéu dong véi 1ai suat 0,7% / thang. Sau sau thang
guri tién, 13 suét tang 1én 0,9% / thang. Pén thang thtr 10 sau khi guri tién, 13i suit giam xubng 0, 0% /
thang va giit 6n dinh. Blet rang néu bac An khong rit tién ra khoi ngén hang thi ctr sau moi thang, so tién
1ai s€ duoc nhap vao vbn ban dau (ta goi d6 1a 1ai kép). Sau mot nam gui tién, bac An rat dugc sb tién 1a
bao nhiéu? (biét trong khoang thoi gian nay bac An khong rit tién ra)

A.5436521,164 ddng  B. 5436566,169 dong C.5452733,453 ddng  D. 5452771,729 dong
Céu 31 (THPT Kim Lién-2018). Tinh dén 31/12/2015 dién tich rimg trong & nudc ta 1a 3 886 337 ha.
Gia st ctr sau mot nam dién tich rung trong cua nudc ta ting 6,1% dién tich hién c6. Hoi sau ba nim
dién tich rimg tréng ¢ nudc ta 1a bao nhiéu ha ?(Két qua 1am tron dén hang don vi)

A. 4123 404 ha B. 4 641 802 ha C. 4 834 603 ha D. 4 600 000 ha
Cau 32 (Chuyén DPHSP-2018). Chuyén ké rang: Ngay xuwa, c6 ong vua hira s& thuong cho mot vi quan
mon qua ma vi quan dugc chon. Vi quan tau: “Ha than chi xin Bé Ha thuong cho mot sb hat thoc théi a!
Cu thé nhu sau: Ban co vua ¢6 64 6 thi voi 6 thir nhét xin nhan 1 hat, 6 thir 2 thi gap do6i 6 dau, 6 thir 3 thi
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lai gép d6i 6 thir 2, ... 6 sau nhén s6 hat thoc gap doi phan thuong danh cho 6 lién trudce”. Gid tri nho nhat
cua n dé tong so hat thoc ma vi quan tir n 6 dau tién (tir 6 thir nhat dén 6 thtr n) 16m hon 1 tri¢u 1a
A. 18 B. 19 C.20 D. 21

Céu 33 (Chuyén Phan Boi Chau - 2018). Ong Quang cho 6 ong Téo vay 1 ti dong v6i 131 suat hang thang
1a 0,5% theo hinh thirc tlen 1ai hang thang dugc cong vao tién gdc cho thang ké tiép. Sau 2 nam, ong Teo
tra cho 6ng Quang ca gbc 1an 13i. Hoi sb tién 6ng Teo can tra 1a bao nhiéu dong? (Ly lam tron dén hang
nghin)

A. 3.225.100.000 B. 1.121.552.000 C. 1.127.160.000 D. 1.120.000.000
Cau 34 (THPT Chu Van An-2018). Mdt dién thoai dang nap pin, dung lugng pin nap dugc tinh theo

—t\2
cong thirc Q(t)= QO'(I‘G ) v6i t 1a khoang thoi gian tinh bang gio va Q, 1a dung lugng nap ti da
(pin day). Hay tinh thoi gian nap pin cua dién thoai tinh tir Iac can hét pin cho dén khi dién thoai dat duoc
90% dung luong pin t6i da (két qua duoc lam tron dén hang phan tram).
A.t= 1,65 gio B.t~= 1,61 gio C. t= 1,63 gio D. t~ 1,50 gio

Cau 35 (Chuyén Tuyén Quang - 2018). Ong A vay ngan hang 220 triéu dong va tra gop trong vong 1
nam voéi 13i suat 1,15% mdi thang. Sau ding 1 thang ké tir ngay vay, 6ng s& hoan ng cho ngan hang véi
sO tién hoan ng mdi thang 1a nhu nhau, hoi mdi thang ong A s& phai tra bao nhiéu tién cho ngan hang,
biét 13i suat ngan hang khong thay d6i trong thoi gian 6ng A hoan no.

220.(1,0115).0,0115 220.(1,0115)"

12 12
A (LOLIS)" =1 sy ddng B. (LOLIS) =1 iny ddne
55.(1,0115).0,0115 220.(1,0115)"
C. 3 triéu dong D. 3 triéu dong

Cau 36 (Chuyén Thai Binh - 2018). Biét chu ky ban hily ctia chat phong xa plutoni Pu™ 1a 24360 nim
(tirc 14 mot luong Pu™’ sau 24360 nam phéan hity thi chi con lai mot nira). Sy phan hay dugc tinh theo
cong thirc S=A.e", trong d6 A 1a lugng chit phong xa ban dau, r 1a ti 1¢ phan hity hang nam (r < 0), t 1a
thot gian phén huy, s la lugng con lai sau thoi gian phan huy t. Hoi 10 gam Pu®’ sau khoang bao nhiéu
nam phan huy s€ con 1 gam? Biét r dugc lam tron dén hang phan tri¢u.

A. 82230 (ndm) B. 82232 (nam) C. 82238 (nam) D. 82235 (ndm)

Cau 37 (Chuyen Ngoai Ngir - 2018). M6t nguoi mudn co 2 ti tién tlét ki¢m sau 6 ndm guri ngan hang
bang cach mdi nam giri vao ngan hang so tién bang nhau véi 13i suat ngan hang 1a 8% maot nim va 1ai
hang nam duoc nhap vao von. Hoi sd tlen ma nguoi do phai gui vao ngan hang hang nam Ia bao nhiéu
(v6i gia thiét 1di suat khong thay ddi), s tién dugc 1am tron dén don vi nghin dong?

A. 252.436.000 B. 272.631.000 C. 252.435.000 D. 272.630.000
Céu 38 (Chuyén Lé Khiét - 2018). Bac B gui tiét kiém sb tién ban dau 1a 50 triéu dong theo ky han 3
thang voi 13i suit 0,72% thang. Sau mot ndm bac B rat ca von 1an 13i va gui theo ky han 6 thang véi lai
suat 0,78% thang. Sau khi giri ding mot ky han 6 thang do gia dinh co viéc bac goi thém 3 thang nira thi
phai rit tién trude han ca gdc 1an 131 duge sd tién 1a 57.694.945,55 dong (chwa lam tron). Biét rang khi rat
tién trudc han 1ai sudt duoc tinh theo 13i suat khong ky han, tic tinh theo hang thang. Trong s6 3 théng
béac goi thém 13i suit 1a

A. 0,55% B. 0,3% C. 0,4% D. 0,5%
Cau 39 (Chuyén Bién Hoa - 2018). Pau nam 2016, anh Hung c6 xe cong nong tri gia 100 tri¢u dbng
Biét mdi thang thi xe c6ng noéng hao mon mét 0 A% gia tri, dong thot 1am ra dugc 6 trigu dong (so tlen
lam ra moi thang la khong d61). Hoi sau mot nam, téng sd tién (bao gom gia tién xe cong nong va tong sb
tién anh Hung lam ra) anh Hing c6 1a bao nhiéu?

A. 172 triéu B. 72 tricu C. 167,3042 tricu D. 104,907 tri¢u

Cau 40 (THPT Quoc hoc Hué -2018). Ban Nam la sinh vién ciia mot truong Pai hoc, muon vay tién
ngan hang véi 1ai suat wu dai trang trai kinh phi hoc tap hang nim. Pau mdi nam hoc, ban iy vay ngan
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hang s6 tién 10 triéu dong véi 13i suat 1a 4%. Tinh §6 tién ma Nam no ngén hang sau 4 nam, biét rang
trong 4 ndm do, ngan hang khong thay doi 1ai suat (két qua lam tron dén nghin dong).

A. 46794000 dong B. 44163000 dong C. 42465000 dong D. 41600000 dong
Céu 41 (Chuyén Vo Nguyén Giap - 2018). Anh Hung di lam duoc linh lvong khoi diém 4.000.000
dong/thang. Cir 3 ndm, luong cua anh Hung lai duoc tang thém 7%. Hoi sau 36 nam lam viéc anh Hung
nhan duogc tat ca bao nhiéu tien? (K&t qua lam tron dén hang nghin dong).

A. 1.287.968.000 dong  B. 1.931.953.000 dong  C.2.575.937.000 dong. D. 3.219.921.000 dong

Ciu 42 (THTT So 478 - 2018). Mot ngudi vay ngén hang 200.000.000 dong theo hinh thirc tra gop hang
thang trong 48 thang. Lai suét ngan hang c6 dinh 0,8%/ thang. Moi thang ngudi d6  phai tra (lan dau tién
phai tra 1a 1 thang sau khi vay) s6 tlen gbc 1a sd tién vay ban dau chia cho 48 va sb tién 1ai sinh ra tir s
tién gdc con ng ngan hang. Tong so tién 13i nguoi d6 da tra trong toan bo qua trinh no 14 bao nhiéu?

A. 38.400.000 dong B. 10.451.777 dong C. 76.800.000 dong D. 39.200.000 dong
Céu 43 (THPT Phu Xuyén-2018). Mot nguoi dem gui tién tiét kiém vao mot ngan hang voi lai suat 1%

mot thang. Biét rang ctr sau mdi quy (3 thang) thi 1ai s& dugc cong don vao von goc. Hoi sau t6i thiéu bao
nhiéu nam thi ngudi d6 nhan lai duoc sb tién bao gdm ca von 14n 13i gap ba lan s tién ban dau?

A. 8 B.9 C.10 D. 11
Céu 44 (s GD&DT Hai Phong-2018). M6t nguoi vay ngén hang mot ty dong theo phuong thirc tra gop

dé mua nha. Neu cu01 moi thang, bat dau t0' thang thir nhat ngudi d6 tra 40 triéu dong va chiu lai s6 tién
chua tra 13 0,65% mdi thang (biét 1i suat khong thay d6i) thi sau bao 1au ngudi do6 tra hét s tién trén?

A. 29 thang B. 27 thang C. 26 thang D. 28 thang
Ciu 45 (s¢ GD&DT Bac Giang - 2018). Thang do Richte dugc Charles Francis d:é xuat va st dung lan
dau tién vao nam 1935 d¢ sap xep céc s0 do do chan dong cua cac con dong dat vdi don vi Richte.

Cong thirc tinh do chin dong nhu sau: My =1og A—log A, M, 13 46 chén dong, A 1a bién do tdi da duogc
do bang dia chan ké va A, 1a bién do chuan Héi theo thang dd Richte, cung vdi mdt bién do chuén thi
bién d6 toi da ctia mot tran dong dat 7 do Richte s& 16n gip may lan bién d6 tdi da ctia mot tran dong
dat 5 do Richte?

5

A.2 B. 20 C. 100 D. 107
Céu 46 (THPTTién Lang -2018). Be dau tu dy an trong rau sach theo cong ngh¢ méi, 6ng An da lam
hop dong Xin vay von ngan hang voi s tién 800 triéu dong v6i 131 sudt x% / nam, diéu kién kém theo cia
hop dong 1a sb tién 14i thang trudc s& dugc tinh lam vén dé sinh 1ai cho thang sau. Sau hai ndm thanh
cong voi du an rau sach cua minh, 6ng An dé thanh toan hop dong ngan hang voi so tién 1a 1 058 triéu
dong. Hoi 1ai suat trong hop dong gitta 6ng An va ngan hang la bao nhiéu?

A. 13% nam B. 14% nam C. 12% nam D. 15% nam
Céu 47 (THPT Phan Pinh Phung -2018). Ap suit khong khi P (do bang milimet thuy ngan, ki hiéu
mmHg) tai d6 cao A (do bang mét) so véi muc nudc bién, tinh theo cong thirc P=P¢" , trong do
P, =760mmHg 13 4p sudt khong khi & mire nude bién, 1 1a hé s6 suy giam. Biét ring & do cao 1000 mét
thi ap suat khong khi 1a 672,71 mmHg. Hoi &p suat & dinh Fanxipan cao mét 1a bao nhiéu?

A. 22,24mmHg B. 519,58mmHg C.517,94mmHg D. 530,23mmHg
Céu 48 (THPTHai Ba Trung-2018). Mot ngudi lan dau giri ngan hang 100 tri¢u dong véi ki han 3
thang, 13i sut 3% cua mot quy va lai ting quy s& dugc nhdp vao von (hinh thirc 1ai kép). Sau dung 6

thang, ngudi d6 guri thém 100 trigu dong voi ki han va lai sudt nhu trude d6. Tong sb tién ngudi d6 nhan
duoc 1 nam ké tir khi giri thém tién 1an hai s& gan véi két qua nao sau day?

A. 232 triéu B. 262 tri¢u C. 313 triéu D. 219 tri¢u
Cau 49 (THPT Lang Giang 1-2018). Mot lon nudc soda 80°F duoc dua vao mot may lam lanh chira da

tai 32°F. Nhi¢t d§ cua soda & phut tht t dugc tinh theo dinh ludt Newton bdi cong thic
t
T(t)=32+48.(0.9) phai lam mat soda trong bao lau d& nhiét do 1a 50°F ?
A. 1,56 B.9,3 C.2 D.4
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Cau 50 (Chuyén Phan Bji Chau- 2018). Mot ngudn 4m dang hudéng dat tai diém O c6 cong suit truyén

k
, . L, =log—
am khong doi. Mure cuong do am tai diém M cach O mét khoang R dugc tinh boi cong thire M‘ 8 R’
(Ben) voi k 1a hang s6. Biét diém O thudc doan thang AB va muc cuong do am tai A va B lan luot 1a
L, =3(Ben) ya §; -5 (Ben). Tinh mirc cudng do am tai trung diém AB (lam tron dén 2 chit sé sau ddu

phéy).

A. 3,59 (Ben) B. 3,06 (Ben) C. 3,69 (Ben) D. 4 (Ben)
D. BANG DAP AN
1-C 2-B 3-C 4-A 5-B 6-B 7-C 8-D 9-D 10-C

11-A 12-D 13-B 14-D 15-A 16-C 17-A 18-A 19-B 20-C

21-B 22-B 23-D 24-B 25-D 26-B 27-C 28-D 29-C 30-C

31-B 32-C 33-C 34-C 35-A 36-D 37-A 38-C 39-C 40-B

41-C 42-D 43-C 44-D 45-C 46-D 47-D 48-A 49-D 50-C
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CHU DE 14: CASIO GIAI NHANH MU - LOGARIT

A. KIEN THUC NEN TANG
1. Casio gidi phwong trinh mii - logarit
Budce 1: Chuyén PT vé dang vé trai = 0 . Vay nghiém cua PT s€ 1a gia tri cia x 1am cho vé trai =0
Buére 2: Str dung chirc ning CALC hoic MODE 7 hoiac SHIFT SOLVE dé kiém tra xem nghiém .
Mot gia tri dugc goi 1a nghiém néu thay gia tri d6 vao vé trai thi dugc két qua 1a 0
Buére 3: Tong hop két qua va chon dap 4n dung nhat
*Panh gia chung: Sir dung CALC s& hiéu qua nhat trong 3 cach
Chu y : Nhap gia tri log, b vao may tinh Casio thi ta nhap loga : logb hoac log(b,a)
2. Tim s6 nghiém ciia phwong trinh Mii — Logarit:
bé tim hét dugc so6 nghiém cua 1 phuong trinh ta sir dung 1énh do nghiém SHIFT SOLVE két hop
phép khur nghiém
Bude 1: Chuyén PT vé dang vé trai = 0
Budc 2: Sir dung chirc nang SHIFT SOLVE do nghiém
Bude 3: Khir nghiém da tim duoc va tiép tuc sir dung SHIFT SOLVE dé do nghiém.
3. Casio tim nghiém ciia bit phwong trinh Mii — Logarit
Buéc 1: Chuyén bai toan bat phuong trinh vé bai todn xét ddu bang cach chuyén hét cac s6 hang vé
vé trai. Khi d6 bat phuong trinh s€ c6 dang vé trai > 0 hoac vé trai <0
Buée 2: Sir dung chirc ning CALC cta mdy tinh Casio dé xét ddu cac khoang nghiém tir d6 rut ra
dap s dung nhét cua bai toan .
CALC theo chiéu thuin : Néu bat phuong trinh c6 nghiém tip nghiém 1a khoang (a;b) thi bt
phuong trinh dung véi moi gia tri thudc khoang (a;b)
Chii y: Néu khoang (a;b) va (c,d) cung théa man ma (a,b) < (c,d) thi (c,d) 1a dap an chinh xac
4. Casio giai cac bai toan chira tham s6 Mii — Logarit
Buére 1 : Co lap m dua vé dang m > g(x) hodc m < g(x)
Buéc 2 : Dua bai toan ban déu vé bai toan giai phuong trinh, bit phwong trinh di hoc
B. Vi DU MINH HQA

Vidu 1: (Chuyén Khoa hgc Tw Nhién — 2018)
Phuong trinh 108, xlog, xlog, x =log, xlog, x +log, xlog, x +log, xlog, X ¢¢ tap nghiém la
A. {1} B. {2;4;6} C. {1;12} D. {1:48}
Giai
Chuyén phuong trinh vé dang:
log, xlog, xlog, x —log, xlog, x —log, xlog, x —log, xlog, x =0
Nhap vé tréi vao may tinh Casio va nhan nut = dé luu phuong trinh vao may
(es) (2) & (2 O] & (s (3] & (i) O] & [ee.) (6] &
w0 ® & FD (2) @ [ 0] & (e (2] & [ew) ]
® =) [0 (3] & [ B & (o) (6] & (W) B & (= (el
(6] > ® (et (2 &> =

Str dung chirc nang CALC dé kiém tra xem 1 ¢6 phai la nghiém khong. Két qua cho x = 1 1a nghiém

A (1) (=]
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Vay 1 la nghiém.
Ta tiép tuc kiém tra gia tri 12 c6 phai la nghiém khong.
Day 1a mot két qua khac 0 vay 12 khong phai 14 nghiém => Pép an C sai

Lo 2 E

Tiép tuc kiém tra gid tri 48 c6 phai 1a nghiém khong
(48 =

Vay 48 1a nghiém ching to6 D 1a dap an chinh xac.
=>Chgn D

Binh luin

Néu dap an cho ré rang nghiém 1 s6 cu thé, c6 thé nhdp vao mdy tinh dé kiém tra thi ta wu tién sir dung
chirc nang CALC

109,(X) 109, (X b
-1.081601805

ath &

109,(%) 109, (X1
0

109,(X) 109, (X)1b
-4.971815308

Math &

109, (X) 109, ()1
0

Vidu 2: (THPT Lién Ha — Pong Anh — 2018)

2x—2-m
Tap nghiém ctia phuong trinh 3*™.5 *™ =15 (m la tham sd) 1a
A. {2;mlog, 5} B. {2;m+log, 5} C. {2} D. {2;m—log, 5}
Giai

Dé bai khong cho diéu kién rang budc ctia m nén ta chon mot gia tri m bat ki.
Vi du m = 5 Phuong trinh tré thanh:

2x-2-5 2x-2-5

375 x5 =15a3"5 5 —15=0
Nhap phuong trinh vao may tinh Casio

B &) ) = @ X 6] (=) & (2) [ 0)
HRAEHE®

HE®®EOE
Dép 4n nao ciing c6 2 nén khong can kiém tra. Kiém tra nghiém X =mlog, 5=>5log; 5

Cac) (5] (X) [ [eg (5] O (E) (g 3] D) O] &

Ra mot két qua khac 0 => Dap an A sai
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Tuong ty tra nghi¢m X =M= log; 5=5-log, 5

) (5] (H) ey B ) B (eg) (3] O =

Ra két qua bang 0 vay
=> Chon D

Binh luén
Néu dé bai cho tham s6 m thi ta cé thé chon gia tri dac trung cua m dé dwa bai toan vé dang xdc dinh nhw
VDI roi tiep tuc CALC

Math

2X-2-5
£ Y

a Math &
Z28=2=5
BH—I x5 - T 1

207771.3033

-] Math
2% &
3?‘2——1 NE A=5 _1%

Vi du 3: (Chuyén Nguyén Thi Minh Khai — 2018)
Goi X, va X, 1a 2 nghiém cua phuong trinh 5" —8.5" +1=0. Khi d6
AX +X, =1 B.XitX, =2 C.X +X,=2 D. X, +X, =1
Giai
Cich 1: CASIO SHOLVE + CALC
Nhap vé trai vao méy tinh Casio. R6i nhdn phim = dé luu lai phwong trinh =
GEIEmOEDEEE X E @ @ ®FH 0

Do 1 nghiém ctia phuong trinh bang chic nang SHIFT SOLVE

F ) 0 &

Ta dugc 1 nghiém va luu nghiém nay vao bién A ri coi ddy 1 nghiém x,

Néu dap an1a X1 X, =1 dung 1a x, = 1 — A phai 1a nghiém.
Ta goi lai phuong trinh ban dau roi CALC véi gia tri 1 — A

@D = =

Két qua ra khac 0 vay 1 — A khong phai 13 nghiém hay dép an A sai.

Tuong tu nhu vay ta CALC voi gia tri x, cua dép an B, C, D. Cubi cung ta thiy gi tri - 1 — A 1a nghiém.
=> Chon D

ERSalSIEN®@IS

Cich 2: CASIO 2 LAN SHIFT SOLVE
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Nhap vé trai vao may tinh Casio. Nhan nat dé Iuu vé trai r6i SHIFT SOLVE tim nghiém tht nhat va luu
vao A.

EFI@mOEOICEEREXEI®EHIE
) ) (1) &) () el (©)

Goi lai vé trai. SHIFT SOLVE moét lan nira dé tim nghiém thir hai va luu vao B

@ (sar) (cae) (=) (2] (=)  (stiFT] [RCL] o

Taco A+B=-1

Binh luian
Trong 2 cdch thi thwong wu tién sir dung cdch thir nhdt néu quan hé giita x, va x, cé tinh chdt doi xing vi

2 2
dyunhwx, x, = 1, Xi TX3=3...

Math

52K+1 —EXEEH +1

Hath

2%+1 _ngx +
A= 0.2365491 TTS

B Math A

Ans+A
0,2365491779

Btk &

52K+ 1 —BXSEK e 1
32.04020126

Mtk

52}<+ 1 —E-XETK"'].
0

" Lul
2X+l _oerdy

%= 0.2365491779
L-R= 0

s A

ANS+A
0.2365491779

Maih &

a
2K+ iy

%= -1.236549178
LR= 0

Vi du 4: (Chuyén Vi Thanh — Hau Giang — 2018)
Phuong trinh 9°=3.37+2=0 ¢4 hai nghiém *1- X2 (x,<%,) Gia tri B=20 A
A.4log;2 B. 1 C.3log,2 D. 2log,3
Giai
Nhap vé trai vao méy tinh Casio rdi nhan nut dé luu phuong trinh
(8] () (i) O] o B (B (X (3] (29 i ) & (H (2] (=
DO nghiém thtr nhit bang chirc ning SHIFT SOLVE va luu nghiém nay vao phim A
A=
Tiép tuc do nghiém thir hai bang chirc ning SHIFT SOLVE

@ [sr) (cale) (=) (2] (=)

Ta duge 1 nghiém nitala 0. Vi0 <A nén X1 =0.X, =A
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2x,+3x, =2.0+3.A ~1.8927 =3log, 2
=> Chgn C

Binh luén
Néu quan hé giita X1>X2 khéong doi xirng vi du nhuw 2%, + 3%, thi ta chi ¢6 thé sir dung 2 lan SHIFT SOLVE

roi so sanh 2 nghiém dé tim ra *1>X2cu thé

0 S
0

P-gxaiag
%= 0630929753
L- = EI
ANS>A sl s
0.6309297536
gh_gx3s+2
= 0
[-p= 0

Vidu S: (THPT Nhan Chinh — Ha Ngi — 2018)
3x x
7 x-1 = —
S6 nghiém cua phuong trinh (\/g * \/5) (\/3 \/5) la
A. 2 nghiém B. 3 nghiém C. I nghiém D. khong co

Giai

X x
, x-1 _ _ — r
Nhap ve trai phuong trinh: (\/g * \/5) (\/§ ﬁ) = , lvu phuong trinh, do nghiém thur nhat:

e @DJEEEHEZENHEREPO®

PR EHDE®E A0 E® H b 2@ 0] 6 i 6

Goi lai phuong trinh, khir nghiém x = 0 rdi do nghiém th{ hai. Luu nghiém nay vao bién A
@ 0@®®0EE D) 6 L (= (@) @ & 6@ e (©

Khtr hai nghiém x = 0; x = A r61 do nghiém thu ba.

@O NHEFOEOEOBE O

(s} ) (=) (3] (@] &)

=> Phuong trinh c¢6 2 nghiém => Chgn A

Chu y
Ta hiéu 10°"= 0 tirc la may tinh khéng do thém dwge nghiém nao khéc 0
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(f3+2) " -({3p
= 0
L-R= 1]
L(fF+7) " (
A= -
L-R= 0
Ans+4 iR

-2
L(F+) > (b
A= 1wg20
| -R=

Vi du 6: (THPT Thai Binh — Lan 3 — 2018)
S6 nghiém cua phuong trinh 3.2* +4.3* +5.4* =6.5" 1a
A3 B.2 C.1 D. 0
Giai
Nhap vé trai ciia phuong trinh 3.2* +4.3* +5.4* —=6.5* =0 vao may tinh Casio roi nhan nut =

EXDEAEIDCHAXBEEDD®HE X EE
e = E X E @ w3 E

St dung chirc nang SHIFT SOLVE dé tim dugc nghiém thtr nhat roi luu nghiém nay vao A:

e (g (2] (=) (sue) Red (©)
Dé nghiém x = 0 khong xuat hién ¢ 1an do nghiém SHIFT SOLVE tiép theo ta chia phuong trinh F(X)
cho nhan tir (x — A)

@eN@@DDEOE D EE S0

Tiép tuc SHIFT SOLVE lan thir hai:

qg=1=

R #0 ta hiéu x =—49.39...¢6 sai s6 —7.9... = x = —49.39... khong phai nghiém.
=> Phuong trinh chi ¢6 1 nghiém duy nhit x = A

=>Chon C

AP +4b<’3?< +5}<§' ¢
l}f— 5313384[1%

[F] Hath &

ANs+A
1.5818354083

Wath &

4% -px5" ) + (Fﬁ A

Continue:f=1
Y= -49.39642879
[ —R=-7.584199xz17
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Vidu 7: (Chuyén Lam Son — 2018)

’ ’ (2 +\/§)X —2x+1 +(2_ ﬁ)x —2x+1 _ L(l)
S6 nghiém cua bat phuong trinh 2-3 T 1a

A.0 B.2 C3 D.5
Giai

<2+\/§)x2—2x+1+(2_\/§)x2—2x—1_L:0

Nhap vé trai phuong trinh 2-3 vao may tinh Casio, nhan nat = dé

lwu phuong trinh lai va do nghiém thir nhét.

OEFEECOFmEINEERENBHU®
FODEEECUFEINPBEREmIET®
EEACEBEEEE

) e (1) &)

Khir nghiém x = 1 rdi do nghiém thtr hai
R ODE®0@@0EB0m0E0 0] M E)E
Luu bién thr hai nay vao A
[sr) ) (©)
Khir nghiém x = 1; x = A r6i do nghiém thir ba. Luu nghiém nay vao B
CUeNEHOMIEIDDDEOE DS
[ (@ O & o) B B 0 E

Khtr nghiémx=1;x=A;x=B 161 do nghiém thi tu.

@@OPNEONEO0EOEOOEII
few ) 3 [ (©) O (B [ few) O (=) (e b O]

EE0E
Hét nghiém => Phuong trinh (1) ¢6 3 nghiém
=> Chgn C
LEEgs) o . e
“¢- i
e R

X=_ 2.414213562
[-R= i

¥ Math &

ANS*A
2.414213562

Math _‘

Letig)

x=_ -0.414213562
L-R= 0
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B Maih &

Ans+B
-0. 4142135624

Math

-]
Can®t Solwe

Cacl tCancel
C4JCel:GOLO

Vi du 8: (Chuyén Khoa Hoc Ty Nhién — 2018)

2x+1
) log, | log, >0
Bat phuong trinh 2 x~1 ¢ tap nghiém la

A, (==5-2) B. (4:+)
c. (=21 u(1:4) D.(-:=2)U(4;+0)
=> Chon D

Vi du 9: (Thi HSG tinh Ninh Binh — 2018)
Tim tip nghiém S cta bat phuong trinh 2.2* +3.3* —6* +1>07?

A, S=(2+m) B. S=(0;2) C.S=R D.(-:2)
=>Chon D
Vi du 10: (Chuyén KHTN — Lan 2 — 2018)

Tim tap hop At ca céc gia tri cia m dé phuong trinh 108 X ~10g, (x=2)=m ¢4 nghiém?

A. 1<m<+o B. 1<m<+o C.0<m<+xo D.0<m <+
=> Chgn D
Vi du 11: (Thi thir chuyén KHTN — Lén 2 — 2018)
Tim tham s6 m dé phuong trinh Inx = mx* c¢6 dang mot nghiém?

1 1 e 4
m=— m=—- < —

A 4e B. 4 C. 4 D. {e
=> Chgn A
Vi du 12: (THPT Luc Ngan — Bic Giang — 2018)

4(log2 \/;)2 —loglx+m=0
2

Tim m dé phuong trinh c6 nghiém thudc khoang (0;1) ?

—ISmSl m<— O<m£l m<—
A. 4 B. 4 C. 4 D. 4
=> Chon D
Vi du 13: (Chuyén Amsterdam — HN — 2018)
log, |x—2|-log, (x+1)=m

Véi gia tri ndo ctia tham s6 m thi phuong trinh > 3 c6 3 nghiém phan biét?
A. m>3 B.m<2 C.m>0 D.m=2
=> Chon A

Vidu 14: (THPT Chu Vian An — HN - 2018)
Tim tat ca cac gia trj thyc cia tham s6 m dé phuwong trinh 9* -3
m<0 0<m<8 ( 81)
me| 0;— .
A. B. C. 4 D. Khong ton tai m
=> Chgn C

X+2

+m =0 co hai nghiém trai dau
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CHU DE 15: PHUONG PHAP DOI BIEN SO TIM NHANH
NGUYEN HAM TiCH PHAN
A. KIEN THUC NEN TANG
1. Y nghia ciia phwong phap dit 4n phu: Pua 1 tich phan phirc tap (khong c6 cong thiic trong bang
nguyén ham) tr¢ vé mot tich phan don gian (c6 cong thirc trong bang nguyén ham).

2. Cong thire doi vi phan (cong thire ddi dudi): ¢ =u(x) = t'dt =u'(x)dx
) i b b b
3. Gia tri bat bién cua tich phan: jf(x)dx =J. f(u)du :J.f(t)dt

4. Phuwong phap chung:
* Buée 1: Xac dinh thanh phan an phu va tién hanh dit an phu
¢ Bude 2: Tién hanh dbi vi phan va d6i can
* Bude 3: Lap cac thanh phan tim dugc vao tich phan ban du dé tao tich phan mai

B. Vi DU MINH HQA

Dang 1: Xuét hién can thirc thi dat ¢ can thire

4
Vi du 1 (Chuyén PH Vinh): Cho tich phan 7 = j 3 !
+
0

V2x+1

2 . .
dx=a +bln§ vo1 a,b 1a cac sO6 nguyén.

Ménh dé nao duéi day ding?
A.a+b=3 B.a-b=3 C.a-b=5 D.a+b=5
Giai
Cich 1: Pit 4n phu
Vi xuét hién cén thic nén ta dat ¢ = m =t =2x+1

Tién hanh ddi vi phan (i dudi) (£)'dt = (2x+1)'dx = 2tdt = 2dx = tdt = dx

x=0—>¢t=1

Tién hanh d6i can
x=4—>t=3

3

Khi d6 ta tich phan méi 1=!% =j(l—%)dt=(t—3ln|t+3|)‘: =2—3ln§
Viay a=2,b=3=a+b=5

= Chon D

Cach 2: Casio

Tinh gia tri tich phan / va luu gia tri ndy vao phim 4
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EEDCABIWEm NP IDN®OU® @ E
(_

: a+In g.b=A
Vi dap an A ta thu duogc hé phuong trinh : 3

a+b=3
Str dung chitc naing MODE 5 1 giai hé phuong trinh
EGDDEMEERANEmEENE0E
BEEE

Ta thu dugc a ~1.4,b~1.57 1a 2 gié tri khong nguyén = A sai

Tuong tu lam nhu vay, & dap s6 D ta thu dugc a = 2,b = 3thoa mén.

Phéan tich

Néu tich phdn xudt hién can thirc N2x+1 thi ta nghi dén “dit can thirc 1a an phu ¢ =+/2x+1” dé dua
tich phan / ban dau vé tich phan mé&i don gian hon.

a8 Math &
< 1

03+ d'\

Zntl
0.7836046757

Y=
1.576983528

B Math &

ANS*A
0. 7836046757

C} Math ¥

1.4230164 72

Vi du 2 (Chuyén Bién Hoa):

... 14 4 . ;
al dx cogiatri ——12In— véi a,b 1a cac s6 nguyén.

24++x+1 a

Ménh d¢ nao dudi day dung?

3
Tich phan 7 =
0

A. 2a-b=1 B. 2a-b=3 C.3a+b=2 D. 3a+b=-3
Giai
Cich 1: Dit 4n phu loai 1

Pit t=vx+1 = =x+1
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Tién hanh d6i vi phan (d6i dudi) (¢*)'dt = (x+1)'dx = 2tdt = dx

L . x=0—>1r=1
Tién hanh d6i can
x=3->¢t=2
2 2tdt _ 2
Tk i v e 1:] j £t dt:2j(t2—2r+3—ijdz
1 t+2 t+2

> 14 4

3
—2| L i3-6m)r+2||| =—=-12n=.
3 3 3

I
Vay a=3,b=3=2a-b=3.
= Chon B

Céch 2: Dit an phu loai 2
Dit t=2+x+1=t-2=x+1=> 2 —dt+d=x+1= x=1>—41+3

Tién hanh d6i vi phan: dx=(2¢-4)dt

e . 2. x=0_>t=3
Tién hanh d6i can
x=3->t=4
t—4t+3 2t—4)dt L 62 _ 2
Khi d6 ta duogc I = I )( ) =2jt o AL 6dt=2](t2—6t+11—§]dt
4 3 t 1 t
3 4
—o[ L3 wtn—6m] || =22 -12m2.
3 , 3 3

Binh luin
Ta thay trong cach 1, viéc chia tir so cho t+2 1a mot cong viéc kho khan. Tuy nhién trong cach 2, viéc
chia tir s6 cho ¢ 1a mot cong viéc don gidn hon rat nhiéu. Do d6 ta rit kinh nghiém: “Néu mau s6 chira cin

thue thi dat ca mau sb 1a ¢

Dang 2: Xuat hién cum cos xdx thi dat 7 =sinx

Xuét hién cum sin xdx thi dit 7 =cosx

Xuét hién cum >—dx thi dat 7 =tanx

COS X

Xuét hién cum — >—dx thi dat z=tanx

Sin- X
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)
Vi du 3 (Chuyén Thai Nguyén): Cho I:j cosx' dx:alni+b v6i a,b 1a cac sb hitu ti,
9 sm x) Ssinx+6 c
¢>0. Tinh tong S =a+b+c?
A S=4 B. §=3 C.S=0 D. =1

Giai
bat ¢ =sinx = ¢'dt =(sinx)'dx = dt = cos xdx
x=0—->¢=0

Tién hanh d6i can -
X = 5 ->r=1

Lo 1 dt (L R P
Khi d6 ta tich phan moi 1 = = d -
1 do ta fich phai mot !t2—5t+6 ((t—2)(t—3)J t !L 3 t-2

0

—lnt 3

=(ln|t—3|—ln|t—2|)

:1n2—1n§:lni
o 2 3

Vay a=1b=0,c=3=a+b+c=4

= Chon A

Phan tich

Tich phén chita cum cos xdx thi dwong nhién ta chon dn phu t =sin x

Binh luin

Hé qua ciia phép dat an phu doi véi cac ham heong gidc ta thuong thu dwoc tich phdan hé qua la 1 tich
phén ham phan thuc hitu ti.

Vi du 4 (Chuyén Bién Héa): Cho F(x) 1a mot nguyén ham cia f(x) = 151“—4’; thoa man F(gj = 0.
+COS™ X
Tinh F(0)
A. F(0)=4—-6In2 B. F(0)=-4—-6In2  C. F(0)=—4+6In2  D. F(0)=4+6In2
Giai

j sm 4x j s1n 2xcoS 2x

1+cos® x 1+cos” x

bat t =cos2x = dt = —-2sin 2xdx = 2sin 2xdx = —dt

l+cos2x 3+cos2x (+3

Laicod: 1+cos’ x =1+ = =
2 2 2
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Py t.—dt
Khidé [=[=—==-2 —dt_—zj(l——jd =-2(¢-3nft+3|)+C
oA R X =
Tién hanh d6i can 2

F(§)=O véian x= F(-1)=04n t=2+6In2+C=0=C=-2-6In2

Vay F(0) v6i an x 1a F(1) véidn t va —2+6In4—-2—-6In2=—-4+6In2
= Chon C

Phan tich

Trong tich phan chira ca ddu hiéu “cos2xdx thi dat ¢ =sin2x” va “sin2xdx thi dit ¢ =cos2x”. Do dé
dé tra 101 cau hoi dat 7 1 cai gi thi ta phai di xem xét cac thanh phan con lai trong tich phan. Va ta thiy

1 2 L. . 2
cos’ x = % 1a Iy do quyét dinh viéc dit an phu.

‘o 1
Dang 3: Xuat hién cum Inx va —dx thidat t=Inx

X
1
Vi du 5 (THPT An Nhon): Tich phan 7 :I In x sdx=aln2+b vo1 a,b la cac s6 nguyén.
1 x(Inx+2)
Khang dinh nao duéi diy dung?
A. 2a+b=1 B.a’+b* =4 C.a-b=1 D. ab=2

Giai

bat tzlnx+2:>t'dt:(lnx+2)'dx:dt:ldx

X
1—>t 1
oR . T8 2. A | X=— =
Tién hanh d6i can e
x=1—>t=2

2 2
Khi d6 tich phan méi I=jt_2dt:_[
1 1

t2
= (lnt+gj
t

Vay a=Lb=-1=2a+b=1

2
=—1+In2

1

= Chon A
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Phén tich
Trong badi todn nay ta cé 2 hudng dé dat an phu. Huéng 1 dit t =Inx khi do tich phdan hé qua sé c6
mau s6 la (t + 2)2 . Hudng I dit t=Inx+2 thi phwong trinh hé qua sé ¢é mau sé la t* va ta s& uu tién

mau s6 dep hon dé dé tinh toan hon.

Vi du 6 (THPT Céng Nghiép): Biét ring x =— v6i a,b 1a cac s6 nguyén duong

I_j\/1+3lnxlnx el
i X

«ao. AR R ; O .
va zla phan so to1 gian. Tinh gié tri bi€u thic P=a—-b?

A. —11 B. -18 C. -19 D. 22
Giai
Pt t=x/1+3lnx:>t2=1+31nx:>2tdt=§dx:>ldx=2t7dt
X X
» . x=1>t=1
Tién hanh d6i can
x=3->t=2
-1 2t __[t t _1 _116
T 135

ER2®0Ee X B e O] (A w03 = 0]
®U®[2]E

Vay a=116,b=135=a=b=-19

= Chon C

Phan tich

Bai toan nay co 2 ddu hiéu dat an phu. Thu nhat “ xudt hién can thirc dat can thire la t”. Thir hai, “xudt

A 1 9 I A 4 A . A \ ” A A A o A . A
hien —dx datt=Inx . Ta co nhdan xeét dau hiéu 1 bao ham ca dau hiéu 2 nén ta di theo dau hiéu 1.

£x| “X2(%2-1)dx
116
135
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Dang 4: Xuit hién ¢ thi dit ¢ =e* hodc 1 cum chira e*

Xuét hién a* thi dit # = a* hodc | cum chua a

In6

Vi du 7 (S6 GD-PT tp.HCM): Biét [ = j - 2dx_x =3Ina—-Inb véi a,b 1a cac sb nguyén. Tinh
e +2e
gia tri biéu thirc P =ab?
A. P=6 B. P=10 C. P=12 D. P=8
Giai
9 . , dt
bPatt=e"' = dr=e¢ dx:>dx=7
. . =In3—>r=3
Tién hanh déi can |
=ln6—>t=6
6 6 6
Khi do ta co tich phan méi 1 = [~ [ =j( L
0 =3t+2 4 (z-1)(¢-2) 3\x-2 x-1
6
=InZ 2 zlni—lnl:3ln2—ln5.
x-1|, 5 2
Vay a=2,b=5=ab=10
= Chon B
n+l .
Vi du 8 (Chuyén KHTN Ha N¢i): Gia tri limj o bang bao nhiéu?
o d ] 4e
A. -1 B. 1 C.e D. 0
Giai
2 s e'dx . . .
Tahleullmj —j —Diatt=e =dt=e"dx
o g 1+e
Khi d6 tich phan méi [ = J. I di =1nt_1+C=e _1+C
e +1) 1t —1) t e
n+l . " n+l n__
Vay dxlene xl 18 n+11—lne nl
" 1+e e e e
en+1_1 en el
N Gad), =In—
(e"—l)e”+ e —e
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n+l

Pé tinh giGi han cua ———khi n— +o0 taco thé sir dung may tinh Casio:

—e

= 60 @ @ 0@ O B ) @ W o) (=7 @ O]
F [ = i o) ) (1] (0 (@] (E)

M dx : e -1 )
:>11mJ. =hm(ln - J=hm(1nl)=0

n—> 1 + ex n—»00 e —e n—>0

Vay a=5,b=2=ab=10

= Chon D

Phén tich

Pay la bai toan khé, phoi hop nhiéu dang mét cach khéo léo. Cé nhiéu tinh huéng méi xay ra. Vi du
nhuw tinh huéng muén dat an phu duoc nhung khong doi dwoc cén tir cdn x =n sang cdn t. Khi do ta phai
d6i nguyén ham tir t quay tré lai x réi méi ldp cdn x.

= Hath &

entl_yq
e+l ¢

Dang 5: Tich phan chira x° +4° thi dit x = a.tant (a > 0)

dx

1
Vi du 9 (THPT Ditc Tho - HT): Khi ddi bién x=~/3tan¢ , tich phan / :j

> trd thanh tich phan
0 X +3
nao?

: ‘A : =
A.J:jﬁdr B.1=j—dt C.I=j\/§tdt D.I=I—dt

0 0 3 0 Ot
Giai
bat x=\/§tant:>x'dxz(\/gtant)'dt:dxz \/gztdt

cos

x=0—>tant=0—>1r=0

Tién hanh ddi can 1 T
x=l->tant=——>ot=—

V3
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V3 V3

S ——dt s——dt 5
Ta thu dugc: I:I cos 1 =_[ cos ¢ :J.ﬁdt
< 3tan’r+3 ¢ 3 ¢ 3
cos’t
= Chon B
Phéan tich

Chil y viéc tir x tim ra t Vi tant =0 sinh ra rat nhiéu gia tri t théa man va ta thiong ldy cdc gid tri cdn

thuoc khoang {O; g}

. . 9 2 ,
Vi du 10 (THPT Tran Hwong Pao - ND): Biét /= jx\/xz +ldx:§(a—\/3), véi a,b 13 cic so
1

dwong. Ménh dé nao sau day ding?

A.a=2b B.a<b C.a=b D. a=3b
Giai
bat x=tant = dx = ———dt

cos” ¢

T
le—)tant:1—>t=2

Ddi can
x=\/§—>tant:\/§—>t:§
5 5 5 .
Y a, 1 1 t
Khi d6: I = jx\/x2+1dx=Jtant. ——dt =J. sm4 dt
1 ) cost cos’t 2 cos't
4 4

bat u =cost = du = —sin tdt

1

1

. 7 2

sint dt:JL Zz’t: 1 :é(g_zﬁ):§(4—\/§)
5

3¢

~

2.

Qu

.o'\
B ]
ST

Vay a=4,b=2=a=2b

= Chon A

Phan tich

Ta hiéu x*+1=x>+1% véi a=1 vdy ta dit x =1.tant cho dit cum x* +1 c6 & trong can hay ngodi cdn

thi véan lam dwoc. Ngoai cach dét an phu ndy ra ta con thdy tich phan chira them ddu hiéu “chira can” do
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dé ta cé thé dat “t la can thirc”

Dang 6: Tich phan chita ¢’ —x” thi dit x = a.sint (a > 0)

Tich phan chita x* —a’ thi dit x = a

(a>0)
CcoSst

2
Vi du 11 (Chuyén Vinh Phuc): Cho / = J\/4—x2dx co gia tri = i—n. Tinh tong P=a+b .
0

A. P=5 B. P=-1 C. P=2 D. P=-3
Giai
bat x =2sint = x'dx =(2sin¢)'dt = dx =2 cosdt

x=0—>sint=0—>1r=0
Tién hanh d6i can , -
x=2—>smt=1—>t=5

2 2
Thay vao tich phan ban dau: 7 = j\/4 —4sin®t.2costdt = I4 cos’t dt
0 0

(2+2cos2t)dt =(2x+sin2x) 2 =T

0

O'—.I\)\:l

Viay a=4,b=2=a=2b

= Chon C

Binh luian
Chil y viée tir x tim ra t vi sint =0 sinh ra rat nhiéu gid tri t théa man va ta thwong ldy cdc gid tri cdn
thugc khodng [0;7]

Twong tw viée tir x tim ra t vi cost =0 sinh ra rdt nhiéu gia tri t théa man va ta thiong ldy cdc gid tri

can thuoc khoang —E;E
2°2
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2

Vi du 12 (THPT Pao Duy Tir): Biét [ = j dx = —+2, voi gla phan s6 toi gian. Tinh gia tri

e c
biéu thic P=a+b+c .
A. P=5 B. P=3 C. P=8 D. P=2
Giai
bat x=+/2sint = dx =~/2 costdt
x=0—>sint=0—->¢r=0
Doi can

. 1 T
x:1—>s1nt:——>t=Z

NG

n

\/Ecostdt—J‘2sm tdt =

IS
3
—

Khi d6: I x° J:- 2sin’ ¢

0o N2 — B \2—=2sin*t

Viay a=4,b=-1,c=2=a+b+c=5

(1—cos2t)dr = (t_sin2tj=___.

on_.,,;\;.

= Chon A

Dang 7: Pt an phu két hop tinh chat bat bién cua tich phan:

ji f(x)dx =j’ f(u)du :j‘ f(v)dv

0
Vi du 13 (Chuyén Bén Tre): Cho [ = f(x)dx =27. Tinh J f(—3x)dx.

A. =27 B. /=-3 C.1=9 D. =3
Giai
bat x = -3t = x'dx = (-3t)'dt = dx = -3tdt

x=0->-3t=0->1t=0

Tién hanh ddi can
x=9—>-3t=9—>5¢t=-3

Ta thu duogc: 1 = j F£(=3t).-3dt = j f(=30)de =3[ f(-30)at

= 3} f(3x)dx=27= j‘ f(-3x)dx=9

= Chon C

Binh luian
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0 0
[ £(=3t)dt = [ (-3x)dx thue ra vé ban chit c6 nghia la “gié tri tich phan khong phu thudc vao ki hiéu
-3 -3

cua bién ma chi phu thudc vao gia tri cia ham”

3
Vi du 14 (THPT Ding Thic Hira): Cho ham sd f(x) lién tuc trén [—1; +oo) va If(\/x+1)dx =4,

0

2
Tinh gié tri tich phan: [ = J x.f(x)dx.

|
A. =8 B. /=4 C. =16 D. /=2
Giai

Pit Vx+1=t= x+1=1> = dx = 2tdt

x=0->¢=1

Ddi can
x=3->t=2

Khi do: I = i f(\/ﬁ )dx - i f(t).2tdt = 2jz. f(t)dt = 2} x.f(x)dx =4

Viy 21 =4=1=2
= Chon D

/(Vx)

9
Vi du 15 (S GD-PT Bic Giang): Cho ham s6 y = f(x) lién tuc trén R thoa man j de =4 va
1 X

3
f(sinx)cos xdx =2. Tinh I = [ f(x)dx
0

oct— 3

A. =2 B. /=6 C. /=4 D. /=10
Giai
Pit x =t = x =1> = dx = 2tdt.

x=1—>¢t=0

Ddi can
x=9—>¢t=3

Khi do: i ff/{;)dx = i fft).tht = 2jf(t)dt = 2} f(x)dx = jf(XWx =2
1 X 1 1 1 1

Tiép tuc dat sinx =¢ = cosxdx = dt.
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x=0—->¢t=0

Ddi can T
X=——1=

2

Khi do: f £ (sin x) cos xdx = j f(t)dt = j F(x)dx =2

Vay I:if(x)dx:jf(x)dx+jf(x)dx=2+2=4

= Chon C

Phén tich
Pay 1a mot bai toan hay két hop nhiéu dau hiéu va d& 1am hoc sinh mat phuong hudng. Tuy nhién néu

ta kién dinh tu duy thi s& nhin ra vin dé: Tir f(\/; ) chuyén vé f(x) thi dat Nx =t dé duwoc f(t)va tir

f(t)lai chuyén vé f(x)

C. BAI TAP VAN DUNG
Céu 1: Cho F(x) la mot nguyén ham ctua ham sd f(x) = Inx .Tinh I =F(e)—F(1)
X

A.I:l B.I:l C.I=1 D./=¢e
2 e

Ciu 2: Cho /= [x(1-x° )l° dx. Dt u=1—x, khi d6 viét I theo u va du ta duoc

A. ] =J-2u1°du B. / =—2J-u1°du C. I:—%J.umdu D. I:%Julodu

A. Izj.uzdu B. I=2judu C.I= _(iuzdu D. ]=—ju2du
0 0 -1 0

2
Cau4: Cho I = jx\/4 —x’dx va t =4—x*. Khang dinh nao sau day sai?

1

2
A. I=3 B. /=L

3
C.1=It2a’t D.[=—
0
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Cau 5: Cho F(x) 12 mdt nguyén ham cia ham sb f(x)=cotx trén

F(E] —0. Tinh F(Ej
4 2

A F|E|=—m2 B. Al ® )=l C.FlX|=—m2
2 2) 2 2

COS X

Cau 6: Cho

- dx=aln2+bIn3. Khi d6 gia tri cua a.b la
sinx+1

O] 0 | 3

A.2 B.-2 C.-4

Ciu 7: Biét F(x) 1a mot nguyén ham ctua ham sé f(x) = SThx
1+3cosx

khoang (0;2?%} Thdéa man

D. F(Ej:—2ln2
2

D.3

va F(gj —2. Tinh F(0)

A.F(O)=—%ln2+2 B.F(O)=—§ln2+2 C.F(O):—§In2—2 D.F(O)=—%ln2—2

4
. 1 .
Cau8: Biét | = | ———dx=a+bIn2 voi a,b 12 s6 nguyén. Tinh S=a+b
'([\/2x+1 -5
A. S=3 B. §=-3 C.S=5 D. S=7
A N A \ 2 9
Cau 9: Tim nguyén ham Ix(x +1) dx.
A. —L(x2 +1)10 +C B. L(x2 +1)10 +C C. L(x2 +1)10 +C D. (x2 +1)10 +C
20 20 10
Céu 10: Nguyén ham cta ham s6: y = cos” x.sinx 1a:
A. %cos3x+C B. %cos3x+C C. -cos’x+C D. %sin3x+C
3
Cau 11: Tinh tich phéan 7 = Isin2 X.COS XxdXx.
0
1 T
A.1=0 B. /=1 C. == D. /I=—
3 24
R o . “In’ x
Cau 12: Tinh tich phan [/ =J. dx.
X
1
A.I:l B.I:l C.I:l D.I:l
6 8 3 4
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5
Cau 13: Két qua phép tinh tich phan I%cé dang I =aln3+bIn5 (a,beZ). Khi do
XN 3x+

a’ +ab+3b* c6 gid tri la

A. 4 B.5 C.1 D.0

2
Cau 14: Tinh tich phan [ = j2x\/ x* —1dx bang cach dat u = x* —1, ménh d& nao dudi diy dung?
1

3 2 3 2
A.I=2.[x/;du B.I:2J\/;du c.1=j\/5du D.]=%j\/;du
0 1 0 1

Ciu 15: Cho ham sd f(x) lién tuc trén R va théa mian f(x)+ f(—x)=~+2+2cos2x, Vx e R. Tinh

3n

1= j. f(x)dx.

2

A. I=-6 B.7=0 C.I1=-2 D. /=6

Cau 16: Cho F(x) 1a mot nguyén ham cia ham s6 f(x) =

—— Va F(¢)=3.Tinh F(e).

A.F(e2)=3+21n2 B. F(e2)=3+1n2 C.F(e2)=1+ln3 D. F(e2)=3—ln2

2 2 :
Cau 17: Biét I xV X +1dx = E(a —\/g>, voi a,b 1a sO nguyén duong. Ménh dé nao sau day dung?
1

A. a=2b B.a<b C.a=b D. a=3b

2
Cau 18: Biét Ixx/x+1dx:a 34+by/2. Tinh S =a+b.

1

A S=2 B.s=1 c.s=-3 D.s——L
3 15 15 15
2 2
Céu 19: Tinh | X H2Mnx e Kétquala
X
1
A.§+ln22 B.i—anZ C.l+ln22 D.§+ln2
2 2 2 2
t4lnx+1 : : :
Cau 20: Gid sur I dx=aln®2+b\21n2, véi a,b 1a sb hivu ti. Khi d6 tong 4a+b bang
X
1
A.3 B.5 C.7 D.9

2
Cau 21: Cho tich phan 7 =J.

0

dx=%+c, b,ceZ;b#0. Tinh b+c.

2

A.5 B. 8 C.7 D.6
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Ciu 22: Xét [ = [ (4x* -3) dx.
Bang cach dat 4 =4x* -3, khang dinh nao sau ddy dung?

A. Izij.usdu B. Izéj.usdu C. Izéjusdu D.I:Iusdu

Ciu 23: Goi F(x) 1a mdt nguyén ham cta ham sé f(x) =

= théa man F(2)=0.Khi d6 phuong
8—x

trinh F(x) = X c6 tong cac nghiém bang

A. 1443 B.2 C.1 D.1-3
. . o sin2x P L
Cau 24: Tim nguyén ham J.4dx. Két qua la
\J1+sin? x
f )
A.$+C B. V1+sin’x +C C. —l+sin’x +C D. 2\1+sin’x +C

Cau 25: Biét F(x) 1a mot nguyén ham cua ham s§ f(x)=+In>x+1 Inx 0s F()= % Tinh [F(e)]’.
X

A [F@] :g B. [F(e)] =§ C. [F(eo)] :% D. [F(e)] =%
Cau 26: Vi cach ddi bién u =+/1+3Inx thi tich phan | xllfﬁdx try thanh:
2% 27 r 2 tut -1
A. 5!(”2‘1)”[” B. 3!(#—1)01” C. 2!(u2—1)du D. 5! —du
2 U,
Ciu 27: Cho j f(x)dx=2. Tinh dx bing
1 1 \/;
A I=1 B. /=2 C.1=4 D.I=%

1 1
Cau 28: Cho f(x) la ham sb chén lién tuc trong doan [-11] va If(x)dx —2. Kbt qua I = J‘ 1f(x)Y »
4 Jlte

bang:
A I=1 B. /=3 C.1=2 D. =4
Céu 29: Cho m 1a s6 thuc duong théa man .[ Tdx = i Ménh dé nao sau day dung?
0(1+x2) 6
A. me 3;Z B. me O;E C.me E;3 D. me Z;5
2 2 2 2
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Cau 30: Cho j dx

1 , , ‘
- a+bln%, v6i a,b 13 sb hitu ti. Tinh S = @* +b* bing

v e +1
A. §=2 B. §=-2 C.S5=0 D. S=1
3
Céu 31: Tim nguyén ham cta ham sé f(x) = jc .
x*+
4
A. [ f(xdx = 5 jf+6+c. B. [ f(x)dy=In(x"+1)+C.
1
C. j f)dx=x"In(x* +1)+C. D. j f(x)dx:zln(x“ +1)+C.
, ot ,
Cau 32: Tap hop nghiém cua bat phuong trinh | ———=d¢ >0 (4nx) la
‘([\/tz +1
A. (—;0) B. (—o0;+0) C. (—o0;+0)\ {0} D. (0;+o0)

Céu 33: Cho ham s6 f(x) lién tuc trén [—1;+%0) va

O© C—y

f(\/ﬁ)dx =4. Tinh j.x.f(x)dx.

A. 1=8 B. /=4 C.1=16 D. /=2
3
Céu 34: Néu dit 1= x++/x>+16 thi tich phan I=JL tr¢ thanh:
o VX' +16
8 8 5 5
A.1=jﬁ B.1=jzdz C.1=jﬁ D.1=jtdt
4 t 4 4 t 4

Cau 35: Cho sb thuc m thoa méan J~1+nzlnt

0

dt =0, cac gia tr1 tim dugc ctia m thoa man diéu kién nao sau

day?
A. 5<m<0 B. m>-1 C. 6<m<-4 D. m<-2

6
CAu 36: Cho y'=0<0<. Tinh [ = j £ (sin3x) cos 3xdx.
0
A =5 B. /=9 C.1=3 D. /=2

1
Cau 37: Cho f(x) la ham lién tuc tréen R théa man y(l)=1 va .[ f (t)dt=%. Tinh
0

I =|sin2x.f'(sinx)dx.

S 0 | A

(98]
(O8]
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1 4
Céu 38: Néu jxf(x)dx =4 thi If(cos 2x)sin 4xdx bang:
0 0
A2 B.6 C.y D.4

2 1
Cau 39: Cho ham s f(x) lién tuc trén R vaco [ f(x)dx=3. Tinh I = [ f(|2x])dx.
0 -1

A.3 B. 6 C.% D.0

Céu 40: Néu | sin” xcos xdx = é thi n bang

O [

A.3 B.4 C.5 D.6
, 2 1

Cau 41: Cho ham sb f(x) lién tuc trén R va f£(2) =16, j f(x)dx=4. Tinh [ = j xf'(2x)dx.
0 0

A. 13 B. 12 C.20 D.7

Céu 42: Cho ham sb f(x) lién tuc trén R va thoa man f(x)+ f(—x)=~2+2cos2x, Vx € R.
3n
2
Tinh [ = J f(x)dx.
3
2

A. I=-6 B.7=0 C.I1=-2 D.71=6

4 1 2
CAu 43: Cho ham s £(x) lién tuc trén R va c4c tich phan j f(tanx)dx =4 va j%x =2.
0 X+

0
1
Tinh tich phéan [ = I f(x)dx.
0

A. 1=6 B. /=2 C.1=3 D. /=1

Céu 44: Cho ham s6 f(x) lién tyc trén R va théa man Ide = e. Ménh dé nao sau day dung?
X
1

1 1 e e
A. j F(x)dx =1 B. j f(x)dx=e C. [f(dx=1 D. [ f(x)dx=e
0 0 0 0
r r N 2
Cau 45: Cho y= f(x) 1a ham s0 chdn, c6 dao ham trén doan [-6;6]. Bict rang J. f(x)dx=8 va
|

3 6
[ f(=2x)dx=3. Tinh I = [ f(x)dx. bang:
1 -1
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A I=11 B. /=5 C.I1=2 D. =14
i 5 2
Cau 46: Cho biét | f(x)dx=15. Tinh gid tri cia P = [[ £(5-3x)+7 Jdx.
—1 0
A. P=15 B. P=37 C. P=27 D. P=19

x’A/x? —1dx.

Cau 47: Trong cac tich phan sau, tich phan nao khong c6 cung gia tri voi [ =

—_——— o

%)

(x2 + l)xzdx

NG
A. %jt\/ﬁdt B. %jt\/:dt C. j (£ +1)rdr D.
1 1 1

_.!_.g|

2 1
Ciu 48: Cho j f(x)dx=a. Tinh I = j xf (x> +1)dx theo a.
1 0

A.I=2a B. [=4a c.1=% D. /=2
2 4
1
Céu 49: Biét I%dx =aln12+bln \/7, v6i a,b 1a cac s6 nguyén. Tinh tong a +b bang
o X +dx+
1
A.-1 B. 1 C. - D.0
2
2 5 .
Cau 50: Cho [ f(x*+1)xdx=2. Khidé I = f(x)dx bing
1 2
A.2 B. 1 C.-1 D. 4
D. BANG PAP AN
1A 2C 3A 4B 5B 6B 7B 8B 9B 10A
11C 12C 13B 14C 15D 16B 17A 18A 19A 20D
21B 22C 23D 24D 25B 26B 27C 28A 29B 30C
31D 32C 33D 34A 35A 36C 37A 38D 39A 40A
41D 42D 43A 44B 45D 46D 47A 48C 49D 50D
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CHU DE 16
PHUONG PHAP TiCH PHAN TUNG PHAN
VA CAC DANG LIEN QUAN
A. KIEN THUC NEN TANG

b b
1. Cong thirc: Iuv'dx = uv|z —Iu'vdx

= Déu hiéu sir dung: tich phan chra 2 ham véi 2 tinh chat khac nhau thi st dung phuong phap tich
phén tirng phan
= ¥ nghia: Pua tich phan 2 thanh phan phirc tap trd vé tich phan 1 thanh phan co ban
2. Phan biét cac ham thwong gap:
+ Ham da thitc: a.x’ + bx* + cx +d,ax”> + bx +c...
+ Ham lugng gidc: sinax, cosax, tanax,...
+ Ham logarit: log, x,Inx,logx,...
+ Ham siéu viét: e*, a%,...
3. Cach chon thanh phian u : Sao cho u’ suy bién (mét tinh chat ham)
= Cha ¥ : Néu ca 2 thanh phan u, v déu 1a ham tudn hoan = DAy 1a tich phan lip

= Khéu quyét thir tu vu tién cta u : Nhat 16 — Nhi da — Tam luong — tir mii

B. Vi DU MINH HQA

Dang 1 : Ham da thuc + Ham si€u viét = chon u la da thirc

Vi du 1:(Sé GD-DT TP HCM) .

Biét F(x) 1a mt nguyén ham ciia ham f(x)=x.e2 va £(0)=—1. Tinh F(4).

A. F(4)=3 B. F(4):%ez—% C. F(4)=4¢+3 D. F(4)=4¢’-3
Gidi

Cich 1: Tich phan tirng phan
Tim ‘[f(x)dx ta duoc jx.(ZezJ'dx =x.2e2dx —j2e5dx =2xe? —4e? +C

Tir dit kién F(0)=-1=-4+C=-1=C=3=F(x)=2xe? —4e> +3.
Tinh F(4)=8¢’—4e’ +3=4¢’ +3

= Chon D

Cach 2: Casio

X

4
Ta théy: 1= [x.e2dx =F(4)—F(0)
0

Tinh gia tri tich phan I va luu vao phim A
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Khi d6 ta hitu A =F(4)-F(0)=F(4)=A+F(0)~32.55=4¢"+3
=>Chgn D

Phan tich

Ta nhén thdy tich phdn chira ham x c6 tinh chat 1a ham da thac va ham e? c6 tinh chét 1a ham siéu viét

vAy 13 rang “tich phan chtra 2 ham véi 2 tinh cht” va ta sé chon phwong phdp tich phin timg phan dé xir

Iy,

S i = Math &
I; we < oy

33.55662244

=] Math &

ANS*A
33. 5562244

Vidu 2: (Chuyén Son La)

Tich phan I(x +3)edx = —ie‘z" (2x+n)+C,véi mneQ.
m

Khi d6 tbng m? +n? c6 gia tri bang bao nhiéu?

A. 10 B. 65 C.5 D. 41
Giai
Tiéptuccoi u=x+3 va v'=e ™

_2x -2x -2x -2x
Ta duoc : J(x+3)ezxdx:j(x+3)(e ]’dx:&+ljezxdx=&+l{e j+C
2 —2 2 2

Tién hanh rt gon F(x) ta thu duoc: —%e‘z" (2x+7)+C

Viy m=4,n=7=m’+n’ =65.

=> Chon B.

Binh luén

Chii ¥ thanh phdn e la thanh phan v’ chir khéng phdi la v, ddy 1a 16i ma hoc sinh thiong xuyén mdc
—-2x

. e
2.0 : -9 N oA N A N 2 o3
phai. Khi v'=e"" thi ta hiéu v la nguyén ham ciua v’ va v =

Vi dy 3: (Chuyén Quéc Hoc Hué) Tim nguyén ham F(x) cita f(x)=(x>—1)e* " biét ring dd thj ham

s0 F(x) c6 diém cuc tiéu nam trén truc hoanh.
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x3—3x+2_1 s x3—3x_ 2 x3—3x_1
A. F(X)=e - B. F(x)=¢" " —¢’ C F(X)=e € D F(x)=e
3e 3 3
Giai
Ta thdy nguyén ham chira e® thi s& tién hanh dat an phu t=1u.
Pt t=x’-3x = dt=3(x’~1)dx
t x3-3x
Khido [(x*-1)e" ™ dx = A= e
3 3 3
x3-3x —

Dén dén ham s6 y=F(x) c6 dang y=e +C ¢o y':(x —l)ex * va y'=0c>{ X Lap bang

bién thién va ta thdy x., =1.

biém cuc tiéu nam trén truc hoanh tic la

= =2 x2-3x

yCT=0©y(1)=0c>%+€=0:>C=—%:>y:

=> Chon A

Binh luén

Mot bai todn “Gia tich phan ting phan”, 2 ham véi 2 tinh chdt khdc nhau ta van cé thé tinh hanh ddt dn
phuy dwoc chiv khdng nhdt thiét phdi tich phan tirmg phan. Trong truong hop dét dn phu sé nhanh hon rat
nhiéu.

Ham da thuc + ham lugng gidc = Chon u 1a ham da thuc

Vi du 4: (S& GD-DT Ha Tinh)

Gi4 tri tich phan 1= jofx cos’ xdx dugc bicu dién dudi dang an’ +b(a,b e Q). Khi d6 tich ab bang:

A0 LS c. -1 L
32 16 64
Giai
Ha bac cos’ x = %

Khi d6 I=%L}2x(l+cos2x)dx=

lJ.EXdX+lJ-EXCOSQ,XdX=lII+lI2
270 2 22

L :J.gxcos2xdx:_|-gx sin 2x dX:xsin2x|2 _J-gsin2deZCOSZX5 :_l
0 0 2 2 |, o 2 4 |, 2
2% 2
Lai co: Il=x— =n—.Véy I=lnz—l:>a=l;b=—l:>ab=—i
2 0 8 8 8 2 32
=> Chgn B
Phan tich

Trong VD4 chu y tai sao phai ha bdc cho cos’x vi chi c6 ham lwong gidc bdc nhat cos2x mdi tim duwoc

Trang 3
Trang 174




sin 2x

nguyén ham v = con cos’x thi khong tim dwoc nguyén ham.

Vidu 5: (Chuyén Lam Son)

T

"
BletJ‘ =£+ln_4 Tinh P=a+b

cosx a b
A.P=2 B. P=6 C.P=0 D. P=8
Giai

Cach 1: Tich phan tirng phén

: ; : - 3
Ta hiéu: I dX=jX Xz dx=jx.(tanx) dx=xtanx|§—'[tanxdx=E—Ismx dx=£—l1
4 COs” X , COos"X 0 0 4 ¢ cosx 4
V2
2 _ 1
Dit t=cosx = dt=-sinxdx = I, = Iﬂz J‘gzlnh”lﬁ =—1n£
t st > 2
2
- - 4
=—mJ;=m22=—m44:Ef:{ X ax="1% vayaz4p=4
\/5 4 o COS"X 4
=> Chon C

Cach 2: Casio

:
Tinh gi tri tich phan |

0

EE@EIOCEDINDB®O0D®BE ) X @ @ E &kl
Khi d6 ta thu duge: A=+ 24 104, ©_ - Ind

a b b a AT
a

>—dx 161 luu vao phim A
COS X

St dung méy tinh Casio véi chirc ning Mode 7 dé tim a

IIIIIII[:]E]Il(:)lMIE][:JIIL%UBBHC)L@JII[:H:]E]Ej[:]II
OE0E

Ta thu dugc X =a=4;F(X)=b=-4=a+b=0

J 4 K d:x: Math &
O cos(x1=2
0.4388245731

Math

ANS+A
0. 4388245731

= Math
E sy
—2=2"18
-u
-"=315
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Vi du 6: (Chuyén KHTN HN)

x? sin x

Nguyén ham I —dx bang
cos” X
A. 5 +Xtanx+ln|cosx|+C B. > —xtanx+1n|cosx|+C
2¢co0s” X 2cos” X
C. 5 +Xtanx—ln|cosx|+C D. 5 —Xtanx—1n|cosx|+C
2¢c0s” X 2c0s” X
Giai
2 x”sinx , sinx 2 1 ,( tan® x |
Tahleu:-[ 5 dx:Ix. > dx:jx.tanx. > dx:_[x — | dx
CcoS” X CcoS’ X CcoS” X 2
2 2 2 2
X~ tan” X X~ tan” X 1
=——Ixtan2xdx=——_|.x 5 —1 [dx
2 2 CcoS” X
2 2 2 2
X“tan X X 1 X
XXX [x——dx =1, (1)
2 2 COS” X 2cos” X

I; tiép tuc c6 2 ham véi 2 tinh chét khac nhau = Tiép tuc sir dung tich phan timg phan lan tht 2

1 1
I, = IX P dx = jx.(tanx) dc = Xtanx—jtan xdx = xtanx+ln|cos X| +C(2)

2 .
Kéthop (1) vh @) o duge s [ 5" Edx=o

—xtanx—1n|cosx|+C

=>Chgon D

Binh luian

Day 1a bai toan kho, ta sir dung tich phan timg phan nhung phai sir dung 2 1an thi ham da thirc x2 méi suy
bién hét. Viy ta cé tong két “tich phan chira ham da thirc bac bao nhiéu thi phai tich phan timg phan timg
d6 lan”

Dang 3: Ham da thirc + ham logarit = Chon u la ham logarit

Vidu 7: (Chuyén V6 Nguyén Giap)

Biét jzlnj‘dx:—mbe*1 v6i a,b € Z. Khang dinh nao duéi day dung?
X

1
A.a+b=3 B.a+b=-3 C.a+b=6 D.a+b=-6
Giai
Tachon u=2Inx va V':L2 khi do:

X

Izlllzxdx =I2lnx.i2dx =I2lnx(—lj dx=2lnx(—lj +Iz —dX=—%+(—gj —j+2
X 1 X 1 X XJl, 17X X e X)), e

Viya=-2,b=—4=a+b=-6
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=> Chon D

Binh luin
ta nhé: Nhat 16 — Nhi da — Tam luong — T mil. Vdy trong tich phdn xudt hién 16 (loga-rit) va da (da
thire) thi ta wu tién logarit 2Inx dwoc chon la thanh phan u.

Vi du 8: (THPT Hai Ba Trung 2)

bat I, = jlnkdx v61 k nguyén duong. Tacod I, <e—2 khi:
X
1

A. ke{l;2} B. ke{2;3} C. ke{4;1} D. ke{3;4}
Giai
Khai trién theo ding cong thirc tich phan timg phan:
Pk tok tok k[ t1(k ‘
[, =|In—dx=|In—.1dx=|In—.(x)'dx=x.In—| —|—|—|'"'xdx=¢(lnk—1)-Ink—|(-1).d
. !nxx!nx x‘!‘nx(x)x xnx1 !k[x)xx e(Ink—1)—In _1[( ).dx

=(e—1)lnk—e+x| =(e—1)Ink—e+1-1=(e—1)Ink—1
Dé I <e-2=(e-1)lnk-1<e-2=(e-1)(Ink—-1)<0
= Ihk-1<0=Ihk<l=lhe=k<e

Vi k nguyén duong =k =Lk =2

=>Chgn A

Binh luin

A N ’ » S B ’ » A \ A . k 7N \ A °
Mot bai toan cuc ao, nhin thi co vé mot thanh phan logarit In— nhung thuc ra lai la 2 thanh phan logarit

k k .
va da thirc vi In—=In—.1. Hon nita I la hé so tw do nhin co vé khong phai ham da thirc nhung thuc ra
n n

van la ham da thiee vi 1=1.x°

Vidu 9:(THPT Quang Trung)

Két qua ctia tich phan T= | (x + l} Inxdx 1a
X
1

2
A B. —+— c.2+< D. -+
2 2 4 4 4 4 4
Giai
: , R € 1 € 61
Téach tich phan : I:I X+— lnxdx:jxlnxdx+.[—lnxdx=II+I2
X
1 1

2 1

Tinh I; bang tich phéan ting phan:
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€

e 2 2
Jxlnxdx jlnx dx = Inx
1 2 2 1

Tinh I, bang phuong phap dbi bién: Dt t =Inx = dt = ldX.
X

IS ES R O < A e
' 2 x 2

1

1-0

2

1 ; t2
Khi d6 —lnxdxzjtdt:— - -
X 1 2

L
2

=&

0

: e 1 1 & 3
Tonghop I=—+—+—=—+—
B = YT Ty Ty

=> Chon C

Phén tich
Trong bdi todn nay nhdc nhé ching ta 1 tich phdn cé thé gidi bang 2 phwong phép néu né chira 2 dau

hiéu. Theo ddu hiéu 1 chita x.Inx thi tich phdn tieng phan con chira l Inx thi ddt an phu.

X
C. BAI TAP VAN DUNG
Cau 1 (S& GD -DT Phi The -2018). Tim nguyén ham ciia ham s6 f(x) = xe*
A. [F(x)dx =(x+1)e* +C B. [f(x)dx =(x—1)e"+C
C. If(x)dx =xe" +C D. If(x)dx=—xex+C

Céu 2 (THPT TH Cao Nguyén - 2018). Ho nguyén ham ciia ham s6 f(x)=x1In2x Ia

2 2

A. %1n2x—x2+c B. X21n2x—%+C C. —(In2x-1)+C  D. %(mzx—%}c

x’

2

CAu 3 (Chuyén Bén Tre - 2018). Tinh j In xdx. Két qua:
A.xInx+C B. xInx+x+C C. xInx+x+C D. xInx-x+C

Cau 4 (Chuyén Lé Thianh Téng - 2018). Cho ham s6 y= _[ x sin 2xdx. Chon ménh d& ding trong cac

ménh d¢ sau:

T T T T T TE\/? T TE\/g
Ay El=Z B.y|[Z|-L c.y(Z]=m2 Dy Z]=2
y(6j 24 y(6j 12 y(6] 12 y(6j 6

Cau 5 (Chuyén KHTN - 2018). Tim nguyén ham 1= [(2x ~1)e *dx
A . I=—(2x+1)e*+C B.I=—(2x-1)e™*+C C.I=-(2x+3)e™+C D.I=-(2x-3)e"+C
Céu 6 (THPT Ha Huy Tap - 2018). Nguyén ham ciia ham sé y =(x +1)cosx 1a
A. F(x)=(x+1)sinx —cosx+C
(x)=(x+1)sinx+cosx+C
C. F(x)=—(x+1)sinx—cosx+C
(x)

—(x+1)sinx+cosx+C
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Ciu 7 (Chuyén KHTN HN - 2018). Biét F(x)=(ax+b)e" 1a nguyén ham cua ham s y =(2x+3)e".
Khidé a+b la
A.2 B.3 C.4 D.5

Cau 8 (THPT Ha Huy Tép - 2018). Nguyén ham ctia ham s6 y = e*.cosx 1a

A. Je".cosde:%e" (sinx+cosx)+C B. J‘e".cosxdx:%e" (sinx —cosx)+C
C. J.ex.cosxdx=ex (sinx+cosx)+C D. J.ex.cosxdx=—%e" (sinx+c0sx)+C

Cau 9 (Chuyén DH Vinh - 2018). Cho tich phan 1= Ix In? xdx. Ménh dé nao dudi day ding?
1

€

A. I=lx2 In’ x
2

+ixlnxdx B. I=X21n2X‘T—2jxlnxdx
1 1

1

e €

C. I=x21n2x‘j—jxlnxdx D. I=%len2x

- Zji X In xdx
1

1
Cau 10 (S GD-DPT Hai Duong - 2018). Ta c6 tich phan 1= 4I x(1+Inx)dx =a.e’ +b; véia, b la cac sb
1

nguyén. Tinh M =ab+4(a+b)
A. M=-5 B. M=-2 C.M=5 D. M=-6

1
Cau 11 (S& GD-DT TP HCM - 2018). Cho [In(x+1)dx =a+Inb,(a,be Z). Tinh (a+3)"
0

A.25 B C.16 D

1 1
"7 )
1

Céu 12 (Pé Minh Hoa - 2018). Cho ham sd f(x) thoa man J‘(x—i-l)f'(x)dx =10 va 2f(1)-f(0)=2.

0

1
Tinh [f(x)dx .
0

A 1=-12 B. 1=8 C. m=1 D.1=-8
, p a ,
Cau 13 (Chuyén Phan Bgi Chau - 2018). Biét rang 1= Iemdx :Eez, véi a, b 1a cac so thyc thoa

0

min a—b=-2. Tinh tong S=a+b.

A.S=10 B.S=5 C.S=4 D.S=7
1
CAu 14 (Chuyén Thai Nguyén - 2018). Tinh gia tri ciia K = j xIn(1+x)dx.
0
1 1 1 1
A. K=n2-— B.K=n2-—— C.K=In2+— D.K=—In2+—
4 2 2 2
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Céu 15 (S& GD-DT Ha Tinh - 2018). Gi4 tri cua tich phan I= | x.cos’xdx duoc biéu dién dudi dang

o!—.[\)\q

an’ +b(a,beQ). Khi dé tich a.b bang

A0 B. -~ c.-L D. -1
32 16 64

Cau 16 (Chuyén Lé Quy Don - 2018). Biét [xcos2xdx =a+bm, v6i a, b 1a cac sd hitu ti. Tinh

O [ 3

S=a+2b
1 3
A.S=0 B.S=1 C.S=— D.S=2
2 8

1
Céu 17 (THPT Ha Huy Tép — 2018) Két qua cua phép tinh tich phan Iln(2x +1)dx duoc biéu dién
0

dang a.In3+b, khi d6 gia tri cua tich ab? bang

3 C.1 D. 3

A.3 B. —
2 2

Cau 18 (Chuyén DHSP HN - 2018). Tap hop nghiém cta phuong trinh Isin 2tdt =0 (4nx) la
0
A. kn(keZ) B. §+kn(keZ) C. ngkn(keZ) D. k2n(keZ)

2
Cau 19 (Chuyén KHTN HN - 2018). Véi cac s6 nguyén a, b thoa man J.(2x+1)ln xdx = a+%+lnb.

Tinh tong P=a+b
A.P=27 B. P=28 C. P=60 D. P=61
Céu 20 (THPTQG nim 2017 — M4 dé 110). Cho F(x)=(x—1)e* 1a mot nguyén ham cta ham so

f(x)e™. Tim nguyén ham ctia ham s6 £'(x)e™.

X
e +C

A [£(x)edx = (x=2)e" +C B. ['(x)e™dx = 2=

C. _[f'(x)e“dx =(2-x)e"+C D. jf‘(x)e“dx =(4-2x)e"+C

S
Cau 21 (THPTQG nim 2017 — Mi dé 103). Cho F(x)= —3% 1a mdt nguyén ham ctia ham so6 (X).
X X

Tim nguyén ham caa ham sé £(x)Inx.

A [f(x) Jnxdx =224 11 B. [f'(x) (x)nxdx=21%__1 ¢
x> 5x X 5x
In x 1 In x 1

C. If lnxdx——+—+C D. If lnxdx———+—+C
x> 3x° x> 3x°
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Céu 22 (THPT Chuyén Lé Thanh Téng — Lan 1). Cho ham s y = jxsin 2xdx. Chon ménh dé ding

trong cac ménh de sau:

RO E I I

Ciau 23 (Tap chi Toin Hoc Tudi Tré - 2018). Cho ham sb f(x) lién tuc trong doan [Le], biét

of
J- (X)dx:l,f( )=1.Taco I= J-f )Inxdx bang
X
1

A.1=4 B.1=3 C.1=1 D.1=0
Cau 24 (S6 GD-DT Hai Duong - 2018). Ta c6 tich phan 1= 4Jx(1+ln x)dx =ae’ +b, véia, bla cic s

nguyén. Tinh M = ab+4(a+b).
A. M=-5 B. M=-2 C. M=5 D. M=-6

dx =—a+be',véi a,beZ

Ciu 25 (THPT Chuyén V6 Nguyén Giap Lan 1 - 2018). Biét lenzx

1
Chon khang dinh diing trong cac khang dinh sau:
A.a+b=3 B.a+b=-3 C.a+b=6 D.a+b=-6

Cau 26 (THPT Quing Xwong — Lin 3 - 2018). Biét |(1+x)cos2xdx = l+%(a,b ez')

a

oct—n |3

Gié tri ctia tich ab bang
A. 32 B.2 C.3 D. 12

Céu 27 (THPT Chuyén KHTN — Lén 1 - 2018). Néu j xe*dx =1 thi gia tri ctia a bang
A.0 B. 1 C.2 D.c
1
Cau 28 (THPT Tién Ling — Lan 1 - 2018). Két qua tich phan 1= j (2x+3)e*dx dugc viét dudi dang

I=ae+b, v6ia, b 1a cac sb hiru ti. Tim khing dinh dung.

A.a-b=2 B. a’ +b’ =28 C.ab=3 D.a+2b=1

i
Cau 29 (THPT Lang Giang 1 - Lén 3 - 2018). Tich phan [————— 1 dx =an+bln2,véi a, b 1a cic sb
o 1+c0s2x

thuc. Tinh 16a —8b.
A. 4 B.5 C.2 D.3

T

2
Cau 30 (THPT Lé& Hong Phong — Lan 1 - 2018). Tinh I X +sin’ x cos xdx. Két qua 1a
0

A. —+g B. E+g c.t-= D.Z-Z
23 3 3 3 3 23
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D. BANG DAP AN

1B 2D 3D 4C S5A 6B 7B 8A 9D 10C

11C 12D 13A 14B 15D 16A 17D 18A 19C 20C

21B 22C 23D 24C 25D 26A 27B 28D 29A 30D
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CHU DPE 17: UNG DUNG TiCH PHAN TiNH DIEN TiCH HINH PHANG

A. KIEN THUC NEN TANG

- \ ;v — _ ) X=a
I. Dién tich hinh phing gi6i han béi hai db thi ham s6 Y= (X):¥=0(X) v4 hai duong thing ,
X=b dugc tinh theo cong thirc

b

S= ﬂ f(x) —g(x)‘ adx
’ (1) (Dang 1)

B Ouy wée: Trong bai hoc nay ta goi duong thang X = @ 14 can tha nhat, X = b 13 cin tht hai.

W Chii y: Khi dé bai khong cho hai can thi hai cin s& ¢6 dang X= X1, X=X; 13 hai nghiém ctia phuong

trinh hoanh d¢ giao diém.

L A oy _ . y=a y=
2. Dién tich hinh phang giéi han bdi hai do thi ham so X= f(y),x_ g(y) va hai can ,y b

duogc tinh theo cong thue:
b
8= f(y)-9(y)ay
g (2) (Dang2)
3. Tong hop phwong phép (gom 3 buéc)
W Bude 1: Xac dinh 16 hai ham Y= f(x).y=9(x) hoiic X= f(y) x=9(y)
B Budce 2: X4c dinh rd 2 can X:a,XZb hodc y= a,y:b
B Bude 3: Lip vao cong thic (1) hodc (2) rdi sir dung may tinh casio
B. Vi DU MINH HQA
Dang 1: Dién tich hinh phing gi6éi han béi hai dwong hai cin

Vi du 1 (Chuyén Thsi Nguyén): Goi S 1i sé do dién tich hinh phing gioi han boi hai dd thi
=2X° +3x+1 =X —Xx-2
y 3 y Oos(z]
. Tinh S).
¥ 2
A.0 B. 2 C. 2
Giai

Tahidu Y= T(X)=2X"+3x+1 3 y=9(x)=x" —x-2

va
V3
2

D.

Tim 2 can X=@ x= b bang phuong trinh hoanh d6 giao diém:

2x2+3x+1:x"’—x—2<:>x2+4x+3:0<:{xz_€|3
X=—

3 . a ,
Sau khi c6 day du thong so6 f(X) , g( X) , E ta lap vao cong thic:

S= U[(sz +3x+1)— (X - x-2) |

-1

[ (5 +4x+3)ax

“
3

4

3

([® [Ow 0] @) @ @ @ew O 3 B 0

@QHE®EHOE
S= 4 = oos(zj = 003(3—n) = —Q
Vay 3 S 4 2
= Chon B
Phan tich

Chu y dau tién khi bai toan khong cho hinh phang gi6i han boi 2 can @, b thi ta tim 2 can bang cach tim
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nghiém ctia phuong trinh hoanh d¢ giao diém.
Chu y thur hai 1a gia tri:

Jj‘ f(x)‘dx: Jj f(x)adx

| _5 (RZ+4%+3) dx

] F o8

Vi dy 2 (Chuyén Nguyén Binh Khiém): Dién tich hinh phang gi6i han boi dd thi ¥=X"—3X"+2x,
truc hoanh va duong thing x =3 la:

1 4
A.3 B. 3 c.3 D.2
Giai
Truc hoanh c6 phuong trinh 1a ¥=0
x=0
X -3 +2x=0| x=1
X=2

Xét phwong trinh hoanh d¢ giao diém:
Trong 3 c4n ndy ta phai chon lwa xem can nao hop véi duong thang = 3 dé tao thanh mién phang. D6 1a
can X=2

3

[(x* =3 +2x)ax

2

S=
Do d6 dién tich hinh phang la:

(& [ O] (9 B e =) (E] () O] (23 (#) (2] (ew) O] O]
@®E®EE

= Chon C

Binh luian
Viéc xac dinh xem cén nao lay can nao khong? Céan nao hgp véi can da cho tao thanh mién phang khép

kin ciing 1a mot cong tac rat quan trong cau tao nén bai tich phén tinh dién tich.
ath &

2 (x3-3x2+2%) dx
9

d

-

> =C 2 .
Vi dy 3 (vn.math): Duong thang y chia hinh phang gi¢i han bsi dudong cong Y = X va duong thang
¥ =X thanh hai phan bang nhau. Tim €

A. 316 B. 39 c. 242 D. 3V3

Giai
Tién hanh tim can: X* =4 < x =12
=x* y=4 2 32
, v S=|[ (x4 ===
Dién tich hinh phang gidi han boi va la: =

E0mxeEEadeoEgz@z@®E@E
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y=x Y=¢ S
Vay dién tich giéi han boi va la 2
Tién hanh tim cén: X =Cco X= i\/E

e 16

S=—<|[ (¥-c)ax=—.

Khide6 3 | (*)

Str dung may tinh Casio 1an lugt thay ¢ vao (*) xem gié tri ndo thoa mén.

@ 66 i B 0 @ B 68 @0
IECEEEE®DE®EE

BE

16
Ta thay ngay 3 thoaman (*)
= Chon A

Binh luén
Ta c6 thé loai ngay duogc 2 dap an C va D vi ¢ phai thudc khoang tir 0 dén 2.

i Math &

pd
[L-om
=
1A= (161

16
=

|-a1e

Dang 2: Di¢n tich hinh phing gi6i han béi 2 dwong 3 cin

Vi dy 4 (Chuyén Quéc Hec Hud): Dién tich hinh phing giéi han boi db thi ham s& [ (X)= X" —4x+3
truc hoanh, Xx=2, x=4 1a

5 2
A. 3 B.3 C.3 D.2
Giai
Thiét 1ap phuong trinh hoanh d¢ giao diém dé tim can.

x=1
X’ -4x+3=0<
x=3
Ta thiy nghiém X =3 thudc mién gidi han cia X=2, X=4 viy ta coi X=3 1a mot can.
Khi d6 phan hinh phang can tim dugc chia thanh 2 phan hinh phang nho. Phan tht nhit ndm giita 2 can
X=2 x=3 x=3 X:4tagoilé%

ta goi la S va phan thir 2 nam giita 2 cin
S = =

3 2| 2
x° —4x+3)dx| =
Tinh Jz.( o ) X‘ 3

AU@mOOE@EIEOBDREI®E®EE

4
4
S = X2—4X+3d)<{:—
Tinh i( ) 3
FEO@m@ECEAmWIECANOBE®AE
Vay dién tich hinh phang can tim 1a 3 3
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= Chon D

Phan tich
V6i 3 can tim dugc ta phai chia thanh 2 hinh phang nho va tinh timg hinh phiang mot.

i 2
, J £(x)dx o . = ,
Tuyét doi khong tinh chung 2 thi s€ dan dén két qua sai lam 1a 3 Ngoai ra con xuat hién 1 sai
1am thuong xay ra khi dé bai cho 2 can X =2;X=4 cic ban thuong ludi tim can thir 3

|2 (x2-4x+2dx

1] Hath &

[% (x2-ax+3) ety

A

Vi du 5 (THPT Tam Quan): Dién tich hinh phéng gi6i han béi cac duong Y= X, va Y= X+8iNX y¢i
0<x<2rm la

A. 4 B. 8 C.0 D. 1
Giai
Phuong trinh hoanh d¢ giao diém: X+sinx=x< sinx=0< x=kn
k=0=x=0
0<x<2n<0<kn<2ne | k=1=>x=7
Véi k=2= x=2n
b 2n
S:S+g:jsinxdx+ Isinxdx=4
Véy 0 T
= Chon A

) [ (3 ) (08 ) ) @ [@ @ () o) & & () 57 g (2 (sin] (sl
D) O] @ [ o] @ (2] (e (0] (=)

Dang 3: Dién tich hinh phing giéi han béi 3 dwong 3 cén

Vi du 6 (S&¢ GD-PT Binh Phwéc): Cho Parabol Y= X*—4x+5 v hai tiép tuyén véi Parabol tai
A(12) va B(45) tin ot 1a Y= 2+ % 12 Y= 1inh dien tich hinh phing gioi han boi 3
duong trén.

| ©
H|©

A.0 B. C. D.3

Giai

Ta hidu tiép tuyén ¥ =—2X+4 (iép xtic Parabol tai diém X=1= X=1 1a can thu nhét.

Tuong tw X=4 1a can thtt 2 tao béi tiép tuyén ¥ =4X—11 va Parabol

Dé can than ta thiét 1ap phuong trinh hoanh d¢ giao diém cua 2 tiép tuyén dé tim can tht 3. Ta co:

—2x+4:4x—11c>x:%5

Véi 3 can 6 ta s€ chia thanh 2 khoang can "6 val 6 ’ tuong ung voi 2 hinh

phing SvaS.
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Ab.m\ =

S=
Tinh
(® A AE D) E @ e 6] @3 E 0]
HOEHEEOBGEOL

O®U®IEEIEE

[(x —4x+4)- (2x+4)]dx=—

= j:[(xz—4x+4)—(—2x+4)]dx=—
Tinh 165
AO@MIOE@AEA@mEIOEFEINE0E@mOIE0ON
OeOEEE®EE, | |

9 9 9
, S=S§+S=—+-=—
Vay tong dién tich 8 8 4
= Chon C
Phan tich

Viéc chon 2 ham trong 3 ham cho ting khoang cn 1a viéc rat kho khan. Ta c6 thé xur 1y bang cach vé
phéc hoa dd thi cac ham va quan sat hodc ta co thé 1ap luan nhu sau: C4n ngoai cung bén trai 1a can x =1
chi chtta ¥ =—2X+4 va Parabol (khong chira ¥ =4X—11) nén dién tich hinh phing duoc tao nén béi 2
duong nay.

|5 ({24545

h &

Wath

|7.e ((X2-4%45

=t 02'|*C' -

Vi du 7 (Chuyén KHTN Hué): Dién tich hinh phing gi6i han boi duong gép khae ¥=4—|X
hoanh va hai duong thang 1an lugt x=-1,x=11a

A.0 B. 16 C.4 D. 8
Giai
Puong gap khic y= 4_|X| thuc chit 1a 2 duong thing st tuong g voi X= (phan nam bén
phai truc tung) va ¥ =4+ Xtuong tmg véi X<0 (phin nim bén trdi truc tung). Hai dudng thing nay
M (0;4).

giao nhau tai diém

Vay can thir 3 13 X = O thuge midn can ban diu [~ 11]

0
S=S§+S= I4+x ) dix| + j(4—x)dx:8
Vay -
= Chon D
AREOIE@IINOEIN®DE®®DEBE D
AE@EmOI®OU®AE

Dang 4: Dién tich hinh phing chira 1 dwdng cong ¢6 2 nhanh
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Vi du 8 (ThukhoA.edu.vn): Tinh dién tich hinh phang giéi han béi Elip .
n 3n % 7

A. B. C. 5 D. 3

Giai

Cich 1: Ung dung tich phan

Ta bién dbi ham sb da cho vé dang ¥ = f(x) va Y= g(X) :

y=3V1-x* o y=f(x)

y=-3V1-x* < y=9(x)

Véy dudng cong ban diu ta da bién dbi vé dang ¥ = f(X) va Y= g(X)
Tién hanh tim can: 3V1—- x> =-3V1-xX¥* ©1-x* =0 x==1.

J (VA= o= i - ] (61— e

—1

x2+§=1<:>y2=9(1—x2)<:>

S= ~9.42=23n
Vay dién tich (E):
= Chon B
FEREREINEmIEBEE0®DE

Cach 2: Sir dung cong thirc tinh nhanh

Ta c6 dién tich Elip duoc tinh theo cong thic S=7ab véi 2a 1a d6 dai truc 16n va 2b 1a do6 dai truc

nho.
2
= =1
X2+§:1:>{ZZ ;:{2_3: S=rnab=3n

Ap dung

Binh luian
Pé tach duong cong thanh 2 nhanh thi ta tién hanh

Buée 1: Co 1ap ¥° va dua vé dang ¥° = A khids y=tVA

ﬁ N ﬁ 1 a=1 b=9
ChuyElipluoncodang @ b cho nén khi tmg dung vao bai toan ta s€ duoc va
[F] Math A&
1
U_; 641-%Z dx ]
9. 424777961
S ﬁ + ﬁ =1 %
Vi du 9 (Chuyén Son La): Goi 14 dién tich hinh phang gi¢i han boi Elip 9 1 va  ladién
tich ctia hinh thoi c6 cac dinh 14 dinh cua Elip d6. Tinh ti s6 gitta S va S
s_2 s e s s
A S T B.S T c. S 3 D. S 2
Giai
Cong thure cua Elip c¢6 dang
2 2
X a =9 a=3
_+£:1:> , .= = S =nab=3rn
a b b =1 b=1
Trang 6
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A(-a,0),B(0;b),C(&;0),C(0;-b) i G B A(-3,0), B(O;1),
AC=2a=6 vi BD=2b=2

Toa d§ cac dinh cua Elip la
C(3,0), D(0:-1) pay 12 hinh thoi P ¢6 hai duong chéo Ia

. 5-1AcBD-162-6
2 2
§_3n_1

Tinhtisé & 6 2

= Chon D

Binh luian
Ngoai toa d§ 4 dinh ABCD nhu gigi thi€u trong bai thi Elip con 2 diém dic biét nita 1a 2 tiéu cu
F(-¢0) y4 /(c0) 4 F=a-b

voi

Vi du 10 (Chuyén Su pham HN): Nguoi ta can trong hoa tai phan dat nam phia
1
ngoai dudng tron tim gdc toa do, ban kinh bang \/E va phia trong cua Elip c6 do

dai truc 16n bang 2\/5 va truc nho bang 2 nhu hinh v&. Trong mdi don vi dién

100
(2\5 —1)

7tkg phan bon. Hoi tong sd phan bon can st dung dé

tich can bon
trong hoa 1a?

A.30 kg B. 40 kg C. 50 kg D. 45 kg

Giai

= T[rz = E
Dién tich hinh tron 1a 2

2\2 2
=mab="7 i.—zn\/ﬁ
Dién tich Elip la: 2 2
o n(2v2-1

Dién tich trong hoa la 2 2

_ 2 _
Tc(2\/§—1) 100

5 .(2\/5_1)75 = 50(kg)

Téng s6 phan bon can tim 1a
= Chon C

Binh luian
Ngoai cach tinh nhanh cho dién tich Elip va dudng tron thi ta co thé thuc tap cach tach 1 duong cong
thanh 2 nhéanh.

ﬁ+ﬁ =1=y= i\/z
Vi du nhu bai nay ¢6 Elip: 2 1 2

Dang 5: Dién tich hinh phing dang dio truc

=a y= ,
Cho ham X~ f (y ) ,X=9 (y ) va hai can 4 , y=>b thi dién tich hinh phang gidi han béi cac dudng
trén la:
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ﬂwn—wwm%

2
Vi du 11 (Sach bai tap ning cao): Tinh dién tich hinh phang gi6i han béi duong cong X = Y 3 , duong
A _
cong XY =2 tryc hoanh
6

A. 5 B.
Giai

o1l 0o
alo

=]
INGIEN

2
x=y* < x=f(y)

Ta coi

x+y'=2=x=2-y' < x=9(y)

Lai co

Truc hoanh ¢6 phuong trinh ¥=0
2

Giai phuong trinh tung d¢ giao diém: y=2-y'=y=1
S—
Khi d6 dién tich hinh phang:

1 % . 6
IR
= Chon A

FREO@mIFEZeEe®E0RE
(s O] () (@A) @
DO@OU®EE

Binh luian
Vige thch ham thanh Y= f(X) va ¥=9(X) khé khan ta c6 thé tich ham thanh dang X=f(¥) va
=g ( y ) 10i 4p dung cong thirc twong tu nhu da hoc.

[2x3-c2x1) s
1.199999964

Vi du 12 (Bao THTT): Dién tich hinh phang gii han boi duong cong y2 =4X, va duong thang x=1

bang S. Gia tri cua S 1a

| w
w | oo

Al
Giai
Cach 1: Cach ddo truc

=

D. 16

Y =4x x= f(y)
Ta co

Lai ¢ X:1<:>ng(y)<:>ng(y

)
el

= X

NN NS

Giai phuong trinh tung d6 giao diém: 4
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S=
Khi d6 dién tich hinh phing:

{5t
= Chon C

EA A (EOEBEONEFE®@ed0NeEHE®EE
Cach 2: Cach thong thuwong

g | VY L y=1(X)
Tac6y2_4x L’:—\/E {y:g(x)

8

Giai phuong trinh hoanh dé giao diém: V4x = —4x < J4x=0< x=0
S= ~2.67=—
3

1 1
9 =b(zﬁ&yn
Khi d6 di¢n tich hinh phang: 0

j(\/ﬂ——\/ﬂ) ax
(surr) fyel () (2] b&) (4] (ew) D) @ 0] @ (1] E

0
Binh luin
Qua 2 cach giai trén cho ban doc 1 cach nhin toan dién giira cach l1am thong thuong va cach ddo truc. Cac
ban tu so sanh va rut ra kinh nghiém cua riéng minh.

C. BAI TAP VAN DUNG

Cau 1 (Chuyén Lé& Hong Phong - 2018). Tinh dién tich hinh phing gi6i han boi db thi ham s§ Y= X°
va dudng thing ¥ =2X.

23 S 3 4
A. 15 B. 3 C.2 D. 3
" A Tain \ , in L X 2 7.(P);y:X2_4x+3 \
Cau 2 (Chuyén Bién Hoa - 2018). Tinh dién tich hinh phang giéi han bai va truc
Ox.
4 4 2 4
A. 3 B. 3 C.3 D. 3
Cau 3 (THPT TH Cao Nguyén - 2018). Di¢n tich hinh phang giéi han boi cac duong ¥ = x° -1 Y= 0;
x=0; x=2 bang
S 7 9
A. 2 B. 2 C.3 D. 2
Ciu 4 (S& GD-DT Hii Dwong - 2018). Tinh dién tich hinh phing gi6i han béi db thi cic ham sé ¥ = X°;
X, a
.7 x.
S=234 S=271n3 2 2
S= —6 S=27In3- —6
A. B. C. 3 D. 3

Céu 5 (S¢ GD-DPT Tp HCM - 2018). Dién tich hinh phing trong hinh v& bén 1a

Trang 9
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22 16 10
A. 3 B.2 C. 3 D. 3

Cau 6 (D& Minh Hoa - 2018). Goi § 1a dién tich hinh phing (H) gi6i han béi céc duong ¥ = T (X), truc

— 1 y— 0 2
7 X=-hx=2 azjf(x)dx,szf(x)dx ‘
hoanh va hai duong thang (nhu hinh v€é bén). Dét X1 0 , ménh dé
nao sau day dung?
A. S=b-a B. S=b+a
C. S=-b+a D. S=-b-a

Cau 7 (S& GD-PT Binh Duwong). Dién tich S ciia hinh phing gi¢i han boi cac duong Y=Inx, y=0,
xX=¢".
A, S=e+1 B. S=1 C. S=¢& -1 D. S=¢& +1

Céu 8 (Chuyén KHTN HN - 2018). Dién tich hinh phing dugc gi6i han boi duong cong Y= X va
duong thing ¥ =2~ X truc hoanh trong mién X =0 bing
! 1 5
A.2 B. 6 C.3 D. 6

Cau 9 (THPT Thanh Thiiy - 2018). Di¢n tich hinh phing gi6i han boi cac duong Y= xe* V= O,
x=-1, x=2 bang
@1242 @_242 e-1.2 EI
A. e B. e C. e D. e
Céu 10 (THPT Phan Pinh Phung - 2018). Tinh dién tich hinh phang (H) giéi han bdi hai dd thi
y:3ex, y=4-x va truc tung.
S— g N i _ 9 i _ 7 3 _ 7 2
A. 2 In3 B. 2 In3 C. 2 In3 D. 2 In3
Céu 11 (THPT Vinh Thanh - 2018). Tinh dién tich hinh phang giéi han boi hai duong thang x=0,
X=T va @b thi ham s6 Y= 008X y=sinx,
A2 B. 242 C. 32 D. 23
Ciu 12 (THPT Tam Quan — 2018). Dién tich hinh phang gi6i han bdi cac dudng c6 phuong trinh:
y=X+8inX vy Y=X 44 0< x<2m 13
A.4 B. -4 C.0 D.1
Cau 13 (Chuyén PHSP HN - 2018). Dién tich cia hinh phang giéi han boi nira duong tron
X +y=2y>0 va parabol Y= 'S béng
T4 1 m, ]
A. 2 B. 3 c.2 3 D.

N A
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Cau 14 (Chuyén Thai Nguyén - 2018). Goi S 1a s6 do dién tich cua hinh phang giéi han béi hai do thi

y=2xX"+3x+1,y=x"—x-2 (nj
, cos| —
ham so . Tinh S).
2 V2 V3
A.0 B. 2 C. 2 D. 2

Céu 15 (Chuyén Vinh Phiic - 2018). Thé tich cua khéi tron xoay khi cho hinh phang giéi han béi
Parabol (’D ) Y= X va dudng thang diy=x xoay quanh truc Ox bang

ni x2adx— ch x*dx ch x2adx + nj[ x*dx
A. 0 0 B. 0 0

ni(xz—x)zdx ni(xz—x)dx

C. D.

Cau 16 (S& GD-DT TP HCM - 2018). Tim dién tich S ctia hinh phing gi¢i han boi do thi (C)ry=x"

tiép tuyén d cua (C) tai diém c6 hoanh @6 X =2 va truc hoanh.

8 2 4 1

S=> s==< S== S=—
A. 3 B. 3 C. 3 D. 3

Cau 17 (S¢ GD&DT Binh Phude - 2018). Cho Parabol ¥=X* —4X+5 v hai tiép tuyén vi Parabol

tai A(1;2) va 8(4;5) lan luot 1a y= 2X+4Vé y=4x-11

duong noi trén.

. Tinh dién tich hinh phang gi6i han boi 3

™| ©
| w©
NI ©

A.0 B. C. D.

S L
Cau 18 (Chuyén Son La - 2018). Goi 1 dién tich ctia hinh phang gi6i han boi elip 9
S 1 dién tich ciia hinh thoi c6 cac dinh 1a dinh cta elip d6. Tinh ti s6 gitta Sva$
S_2 S_3 S_r S_r

AS T B.S T c.S 3 D.S 2
Cau 19 (Chuyén Hing Vuong - 2018). Cho hinh phing (H) gi6i han boi cac duong Y=InX y=0,
X=K (k>1) Tim k dé dién tich hinh phing (F) bing 1.

A k=2 B. k=6 C. k=¢ p. k=e
Cau 20 (THPT Kim Lién - 2018). Dién tich hinh phing gi6i han bdi dd thi ham s§ ¥ = ax’(a> 0), truc

x=-1,x=k(k>0) 15a

1 va

hoanh va hai duong thang bang 4 . Tim k.
k=1 1 1 k=2
k = — k = —
A. B. 4 C. 2 D.
S 2V2

Cau 21 (THPT P!ll'l Cat 2 — 2018). Parabol y= 2 chia hinh tron c6 tam tai géc toa do, ban kinh
thanh 2 phan. Ti s0 dién tich cia chung thudc khoang nao:

NE
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(91) (1&)
c.\510 p. 10’5

Céu 22 (THPT Phan Pinh Phung - 2018). Cho hinh phang

Y=k 0<k<1 Tim k dé dién tich ciia hinh phing (H) gir -—T
trong hinh v€ bén. <

A k=34
B. k=32 -1
1

c. 2
D. k=341

Cau 23 (S¢ GD-DT TP HCM - 2018). Cho hinh thang cong
x=0 va X= In4

(H)

*  Duodng

-

giGi han boi cac duong Y= ex, y= 0,
thing X=K(O<K<IN4) chiy (1) thanh hai phin co dién tich
va nhu hinh v€ bén dudi. Tim k£ dé §,=28..
k= Ini—3
A. 3
B. k=1In2
C. k=In3
2
k=—In4
D. 3

Céu 24 (S& GD-DT TP HCM - 2018). Goi (H) 13 hinh phéng

boi do thi (P) cua ham s6 ¥=6X—X" va truc hoanh. Hai / > duong

thang Y=Y =1 chia hinh (H) thanh ba phan c6 dién tich 2

g : 14 S, S,

/ gid1 han

bang

nhau. Tinh P:(9—m)3+(9—n)3 ol
A. P=405
B. P=409
C. P=407
D. P=403
Ciu 25 (Chuyén Lwong Thé Vinh - 2018). Hinh vuéng OABC cb

bang 4 duoc chia thanh hai phan bdi dudng cong (C) ¢ phuong trinh B

y=—x , ,
4 . GoiS, S,ladién tich ciia phan khong bi gach va phan bi gach

S

hinh v&). Tinh ti s6 <

>
N w

o
N | »o;m
Il
N

0
I
—

k ~ n4 x

[s]
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u \/ :
5 \

D.S 2
Céu 26 (Chuyén Hung Yén - 2018). Vom ctra 16n cua mdt trung tdm van héa c6 dang hinh parabol.
Nguoi ta dy dinh 1ap ctra kinh cho vom ctra nay. Hay tinh dién tich mat kinh can 1ap vao biét rang vom
cuira cao 8m va rong 8m.

128 o 131 2 B o % .
A. 3 B. 3 C. 3 D. 3
. 2 5 V= /
Céu 27 (Chuyén Hung Yén - 2018). Cho Parabol (P) y=x T duong thang diy=mx+ 2. Biét

rang ton tai m dé dién tich hinh phang gidi han boi (P) va d dat gia tri nho nhat, tinh dién tich nhé nhat do.
S=0 4 2 S=4

A. B. 3 c. 3 D.
Cau 28 (THPT Nguyén Quang Di¢u - 2018). Cho S 14 dién tich hinh phang gi6i han bai d6 thi ham s6
y=2x-x* 3 truc hoanh. S6 nguyén 16n nhét khong vuot qua S 1a

A.0 B. 1 C.2 D.3

P _ _ 3 2

Ciiu 29 (S¢ GD&DT HN - 2018). Cho ham s6 ¥ = f(X)=aC + b’ +ex+d(abcdeR,a%0) o
do thi (C). Biét rang do thi (C) ti€p xtc voi duong thang tai diém cd hoanh d§ am va do thi cia ham so
Y= f"(X) cho bsi hinh v& bén. Tinh dién tich S ciia hinh phing gi6i han béi b thi (C) va truc hoanh,

A. S=9

27
s=='
B. 4
21
s==
C. 4
5
s=>
D. 4
Céu 30 (Chuyén DH Vinh - 2018). Trong Cong vién Toan hoc c6 nhing y=f(x) manh dat
mang hinh dang khac nhau. M6i manh duogc trong mot lgai hoa va n6 duoc ¥ tao thanh
béi mot trong nhitng dudng cong dep trong toan hoc. O d6 ¢c6 mot manh \ 5 / dat mang
tén Bernoulli, n6 dugc tao thanh tr duong Lemmiscate c6 phuong trinh  — =i [ x trong hé
— 2 _ manh dat
toa do Oxy la 16y2 _~X (25 X2) nhu hinh v& bén. Tinh dién tich S cua
Bernoulli bi€t raing moi don vi trong hé toa d0 Oxy tuong ung véi chiéu dai 1
mét. =
125 125 250 D.
S=—(r) == () S==5-(r")
A. 6 B. 4 C. 3
125
S=—5-(n")
3
D. BANG DAP AN
1D 2A 3B 4B 5D 6A 7D 8B 9B 10D

11B 12B 13C 14B 15A 16B 17C 18D 19D 20D

21A 22D 23C 24A 25D 26A 27B 28B 29B 30D
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UNG DUNG TiCH PHAN TiNH THE TiCH
VAT THE TRONG XOAY
A. KIEN THUC NEN TANG

1. Dang 1: Thé tich vat thé c6 dién tich thiét dién S (x) tao boi mit phang vudng goc véi Ox tai diém co
hoanh do X(@<X<). Gia sir S(X) 1a ham lién tuc thi thé tich vat thé tich theo cong thrc:
b
V= IS (x) dx
X=d

2. Dang 2: Cho hinh phing (#) tao bsi cac duong y:f(x), y=8(%) va cac duong thing ,

X H)

- b. Khi quay hinh phang ( quanh truc Ox thi dugc vat thé tron xoay c6 thé tich tinh theo cong

thure:
V= 7r.”f2 (x)—g2 (x)‘dx

3. Dang 3: Cho hinh phing (#) tao badi cac duong ¥ = F(¥).x=8(») va cac duong thing ¥ =4V~ b

Khi quay hinh phang (H ) quanh truc Oy thi duogc vat thé tron xoay c6 thé tich tinh theo cong thirc:
b
v=r[lf(y)-2* (»)dv

B. Vi DU MINH HQA

Dang 1: Thé tich vat thé c6 thiét dién bién d6i

Vidu 1: (Bao THTT).

Tinh thé tich ¥ cta vat thé nam gitra hai mat phéng x=0,x=1 piét rﬁng thiét dién cua vat thé cit boi mat

x(OSxSl)

phang vuong goc véi truc Ox tai dieém co6 hoanh do la mdt tam giac déu cod canh Ia

4ﬂ/1n(1+x)

A, 43(2m2-1) B. 43(2n2+1) c. 8V3(2In2-1) p. 167(2In2-1)

Gidi
S=S(x)=(4,/ln(1+x))2.g=4x/§1n(1+x)

1a mot ham lién tuc trén R it it duoc tinh theo cdng thirc:

Thiét dién 1a mot tam gidc déu nén c6 dién tich:
Dién tich §=8(x)

V=jS(x)dx=j.4\/§ln(l+x)dx:2.6763...2\/5(21n2—1)

FAGERAEMUBHEII@O®TE
=>Ch(.)nA |

Phan tich

| - [} Math &
, 3 TR LISEESTY

2 2.6763255841

Dién tich mot tam giac déu canh x dwoc tinh theo cong thirc 4

Vi du 2: (Pé minh hoa BGD)
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Tinh thé tich ctia phan vat thé gi¢i han béi 2 mat phing x =1 va x = —1 biét ring khi cit vat thé boi mat
phang tlly y vudng goc véi truc Ox tai diém c6 hoanh do * (I<x<3) gy dugc thiét dién 1a mot hinh chir
nhat c6 hai canh 1a 3x va V3x® -2

v =3242415 y _124n o124 v =(32+24157)
A. B. 3 c. 3 D.

Giai
Dién tich thiét dign 5= (x) =33’ =2
. L V=j‘S(x)dx:j3dex =41,3(3)=%
Thé tich vat thé co thiét dién bién doi déu la: 1 1
FHEEFOECEMMNEFEEHRE OO EE
=> Chon C

Phén tich
Pay la 1 dang todn la, xudt hién trong sdch gido khoa ndng cao. Néu hoc sinh chia biét cach lam thi rat
kho nhung biét cach lam roi thi lai don gian.

|2 axfBvZ-2

41.33333333

Math &

Vi du 3: (S& GD — DT Phii Tho)
Tinh thé tich vat thé gidi han boi 2 mit phang x =1 va x =4 biét rang khi ct vat thé boi mit phang tuy ¥

1<x<4)

vudng goc voi truc Ox tai diém c6 hoanh do * ( thi duogc thiét dién 1a mot hinh luc giac déu ¢co6

do dai canh la 2x

AV =637 B.126\3 C.63\3 D. 126337

Giai
Kham pha tinh chét luc giac déu ta thdy: Luc gidc déu 1a 1 hinh dwgc ghép lai béi 6 tam gidc déu bang
nhau.

. ) S0=a2.£=4x2.£=x2\/§
Dién tich 1 tam giac la: 4 4
. _ _ _ 2
Vay dién tich cta luc giac déu canh 2x 1a: §=8§ (x) =65, = 6+/3x
4 4
4
i . V:J.S(x)dx=j6\/§x2dx:2\/§x3 =1261/3
Suy ra thé tich can tim la: | 1 1
=> Chon B

Vi du 4: (S¢ GD — PT Bic Giang)
C6 mot vat hinh tron xoay co dang giér}g nhu mot cai ly duoi day. Nguoi ta do duoc duong kinh cua
miéng ly 14 4cm va chi€u cao 1a 6¢m. Biét rang thiét dién cua chi€e ly cat boi mat phang doi xing 1a mot
Parabol. Tinh thé tich cua vt thé da cho

127 T2r 72

A. B. 12 C. 5 D. 5

Giai
Gan hé truc toa do Oxy vao hinh bén tuong tng 7 1a géc toa do, /0 la truc hoanh.
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Goi phuong trinh Parabol [a ¥ = ax +bc+c
Parabol qua 1(0;0)=0+0+c=0=>¢=0
B(2;6)=4a+2b=6
A(-2;6)=>4a-2b=6

da+2b=6 :
{ ¢ :>b=0;a:§:>y=§x2
Vay ta co: (4a—2b=6 2 2 ; -

Lay M (05 Y ) thuoc OI, mat phzf}ng qua M va vudng goc v6i Oy cit hinh theo thiét dién 14 mot duong tron
ban kinh 1a MN véi N 1a giao diém cua duong tron va Parabol.

2 2
:N(\/;y,yJD ) RO=MN=\/;y
Ban kinh thiét dién

= 2
S:S(y)=7rR§:7r%y2=2ﬂy

Parabol qua

16 em

Parabol qua

Dién tich thiét dién: 3
= 6 6
i V=IS(y)dy=2—ﬂ yzdy=12ﬂ
Thé tich ly: 0 0
=> Chon A
Phan tich:

Bai toan nay la bai mo rong cua dang 1. Néu thiét dién cé dién tich S (y ) thi thé tich vit thé sé la

jS(y)dy

Dang 2: Thé tich sinh ra khi hinh phang xoay quanh Ox
Vidu 5: (Thi THPT QG).
Cho hinh phang D giéi han boi ¥ =V2+sinx truc hoanh va céc duong thang * ~ 0,x=7 Khéi tron
xoay tao thanh khi D quay quanh truc hoanh c¢ thé tich la bao nhiéu?
AV =277 B.V =2n(m+1) c.V=2x p.V =2(7+1)

Giai
Giai phuong trinh hoanh dé giao diém: V2+sinx =0« sinx=-2=> v4 nghiém — chi ¢6 2 can 1
x=0,x=nx
i . V:ﬂj[fz(x)—gz(x)]dx:ﬂj(2+sinx)dx
Thé tich can tim: 0 0
[(2+sinx)dr~828=2(n+1)
Tinh gia tri tich phan: o

(& ([ & H En i O 0] D) @ 0 @ [ 09 E]

Tur d6 suy ra V=2r(r+1)

=> Chon B

Phan tich:
Du dé bai cho 2 can san roi nhung chung ta van cw can thdn tim xem co can thw 3 khong. Néu co can thwe
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3 thi thé tich phai chia thanh 2 thé tich nho cong lai véi nhau.
Khi tinh gid tri thé tich bang mdy tinh casio ta chii ¥ khéng can nhdp gid tri ™ vao trdnh réi mat.

Trong cac dap an cua logi nay phai co nhan tir  néu khong co thi sai luon. Vi du nhw dap so D.
a Math A

|7 c2+sinay
8, 263185307

Vi du 6: (Chuyén DH Vinh).
Cho ham béc hai: Y=/ (X) ¢6 db thi nhu hinh bén. Tinh thé tich khéi tron xoay tao thanh khi quay hinh
phing gi6i han boi d6 thi ham s6 Y = F(x) va ox quanh truc Ox.
167 4r 1% 127
A. 15 B. 3 C. 5 D. 5

Giai

D6 thi ctia ham bac 2 ¢6 dang Parabol y
2

Goi ham y=1(x) ¢ phudng trinh ¥ =X +bx=c

Do thi di qua gbc toa dd = 0a+0b+c=0=>c=0 o “

Pb thi di qua (Ll)=a+b+c=1=a+b=1(1) 1 \x

Do thi di qua (2;0):>4a+2b+c:0:>4a+2b=0(2)

(1) (2 {a+b 1 B
Te va taco: (4a+2b=0
= 11x e — 2
Ham s6 c¢6 dang ¥ =—x" +2x
2 2 16
V:ﬂj(—x2+2x)dx (—x+2x)dx:—
Thé tich can tim: 0 . Tinh tich phan o 15

EHOHEeaDEEHEZEk OO = 0@ (21 =)

_lér
Vay 15 =>Chon A

Phan tich:

Mot bai todn hay, dé bai yéu cau ta phdi di xdy dung ham Y= / (x) roi moi ldp cong thirc d@é tinh thé
tich
Math A

|2 (=52 420 “ iy
i

15

Vidu 7: (S6 GD — DT Ha Tinh).
Ta v& hai nira dudng tron nhu hinh v& bén, trong d6 duong kinh cua nira duong tron lon gap doi duong
kinh cia ntra dudong tron nho. Bi€t rang ntra duong tron duong kinh 4B c6 di¢n tich la 87 va goc
BFC=30°_ Tinh thé tich cta vat thé tron xoay dugc tao thanh khi quay hinh (#) quanh duong AB.
2207 981 224w 47
A. 3 B. 3 C. 3 D.

Giai
Dién tich ntra duong tron duong kinh AB la
1 (AB )2 7 AB?
—n.|— | =

/8 =8t = AB =8
2 2
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Goi & 1a ban kinh dudng tron 16n va Rz 1a ban kinh duong tron nho
=R =4 va R, = 2
Lép hé truc toa do vao hinh vé, chon 4 la géc toa do O va AB la truc

hoanh Ox ¢
Khi d6 duong tron to cé tam 11(4; 0) va dudng tron nho c6 tam
Iz (2;0) H
4) +y* =16
Phuong trinh dudng tron 16n: (x—=4) +y" =16= Phuong trinh cung B
_ 2 =f(x
tron 16m 1a: V' = 16—(x—4) ta coi day la g ( )

—2Y +y' =4 —J4—(x=2)
Phuong trinh duong tron nho: (x ) 4 Phuong trinh cung tron nho 1a V' = 4 (x 2) ta coi
day 1a ¥ =8(x)

Goi phuong trinh duong thang AC 1a ¥ =kx+m v4i k 1a hé s6 goc cua dudng thang va gia tri ciia k duge

k =tan BAC =tan30° = i

tinh theo cong thirc NE)
1 1
=D y=—f4=x+tm . A(00)=m=0=>y=—4x
NE) ma lai di qua diém (0:0) V3" . Ta coi day la m

C(6;0)
D(3;0)

Goi C 1a giao diém ciia AC va duong tron 16n ta tim duoc

Goi D 1a giao diém ciia AC va dudng tron nho ta tim dugc

=V = ﬂ';f(hz (x)-g° (x))dx+7rzf(h2 (x)—O)dx+7r:f(f2 (x)—O)dx

I(hz (x)-g’ (x))dx+j(h2 (x)—O)dx+:[(f2 (x)-0)dx

Tinh gia tri

of x° ¢ x? 8 98
=I ——(4x—x2) dx+J—dx+I(8x—x2)dx=—

23 % 3 < 3
Bing may tinh Casio ta dugc:
FHOEmIDE®BEES0E@EOEE @00 ®
B@AecEHEEMIX®BE®E@®E®HE Q@ E E
DEHEEDD®E® EE

9
la 3 =ChonB

Vay thé tinh can tim

Phan tich:
Bdi todn nay ndng cao hon nita, dé bdi dn di f(x),g(x),2(x) va ta phai gin hé truc toa d6 mot cach
2 2
x—4) +y° =16 — —(x—a)
phtt hop tim ra ching. Pudng tron 16n =l 56 tao ra 2 nika dwong tron la ¥ = \16—(¥—4)

] 2 y=0
va ¥ =T 16-(x—4) va ta s€ nhan ntra trén ung voi

|3 B (452 b
=
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Dang 3: Thé tich vat thé sinh ra khi quay hinh phiang quanh Oy
Vi du 8: (Sach bai tap Nang cao).
Tinh thé tich khéi tron xoay tao thanh khi quay quanh truc tung hinh phing giéi han boi do thi ham sb

J2y y=0,y=1

T ¥*+1 va céc duong thing
2 RY/4 T 3r
A. B. C.2 D. 2
Giai
e ey
Ta hiéu y o+l va hai can

V= ﬂj f dy ﬂ'I dy
Ap dung cong thirc tinh thé tich ta co: T 1)

1

2
Tinh g4 tri tich phan: o (7" *+1)

FEmNCUOEINEHONE@COD@®ONE

T
Vidy 2 =>ChgnC
Phan tich:

Bai todn nhin lg nhung ta nén lam quen dé coi né la binh thuong vi vai tro ciia Ox va Oy la twong dwong.
Khi lam quen r6i thi thay né cling that dé dang

Vi du 9: (Sach bai tap Nang cao).
Tinh thé tich khéi tron xoay tao thanh khi quay quanh tryc tung hinh phang giéi han bdi ham sb
y=x"+2x va duong thang ¥ = 09

Sm 2r T &

A 3 B. 5 C. 5 D. 3

Gii
Bién déi ham s6 ban diu v& dang *=(¥) va x=g(¥)

“1=/1- =1+1-
y2x—x2<:>y—1—(x—1)2<:>(x—1)21—y<:>[x 7 @[x ! a
Ta co: x—1=—\l-y x=1

Ta coi *=1+1=¥ 13 = f(¥) va ham con lai 1a *=2(»)

Phuong trinh tung d6 giao diém : 1+\/1—y :1_\/1—)’ < y=1
Vay ta c¢6 can tha nhit ¥ =0 va cin tht hai ¥ =1

- V:nj[(u\/ﬂ)z—(1—@)1@:@[4@}@

Thé tich 0

= (4 va) (= Mw O)® 0@ O] =
j’[ }dy 2.66(6 :§ vy nj[4\/_]dy_8_”

3

Tinh gia tri
=> Chon D
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Math &

[t 4T R
2. BEREEEG6T

Vi du 10: (Sach bai tap Nang cao).
Tinh thé tich khéi tron xoay tao thanh khi quay quanh truc tung hinh phang giéi han boi dudng tron tim
1(2:9) ban kinh X1,

A4 B. 47’ C.57 D. 57°
Giai
. R= 2
Duong tron tim 1(21) ¢6 ban kinh c6 phuong trinh: (x=2)"+y*
2 ) X — 2 = \’1 y
= (x — 2) =l-y <
Tach duong tron thanh 2 nhanh: x=2=—yl- y?

Vay ta dugc nhanh th nhat ¥*=2+ 1—y2 ta coi 1a ham x:f(y)vé nhanh thtr hai X =2- 1—y2 ta
coi 1a ham x=g(y)

=1

2+41-y° =2—M©1—y2=0©[y:_1

Phuong trinh tung do:

v =] (2o di=7) (o1 =i

Vay thé tich 5

= .i‘&/l—y2dy:47r

Tinh tich phdn 5

/=) (8] (va) (1] (=] D] [ ™ (=) (1] @ [1

f—t

=V =4r*
=> Chon B
& Math &
[t 8li=Zux
AT

C. BAI TAP VAN DUNG
Cau 1 (THPT Nguyén Hué - 2018).
9 — 2 = 2 I4
Cho hinh phing () giGi han béi céc duong ¥ =4=%", Y=Y Tinh thé tich V cita khéi tron xoay tao
thanh khi cho (H ) quay quanh truc Ox.
_2 % 512x V=2m V_327r
A. 15 (dvdt) B. 15 (dvdt) C. (dvdt) D. 3 (dvdt)
Céu 2 (Chuyén Lé Hong Phong — 2018).

Cho (7) 1a hinh phiing giéi han boi céc dusng (C1):¥=vx (d)1¥=2=X (4 \c hoanh. Tinh thé tich
V ctia khéi tron xoay tao thanh khi cho (H ) quay quanh Ox.
r 117z St 2

V=— V =— V=— V===
A. 6 B. 6 C. 6 D. 3
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Cau 3 (S¢ GD — PT Binh Phuéc — 2018).
( H) y=tanx
. 3 . , X
Ki hi¢u la hinh phang gidi han boi d6 thi ham so , hai duong thang
hoanh. Tinh thé tich vat thé tron xoay khi quay (H ) xung quanh truc hoanh.

ﬂ(@ﬂj BE SE ﬂ([_ﬁj
A. 3 B. 3 C. 3 D. 3
Ciu 4 (Chuyén Nguyén Quang Diéu — 2018).

Tinh thé tich khéi tron xoay duoc tao nén boi phép quay xung quanh truc Ox ctia mét hinh phang giéi han

x—1 1
] y=——my=—,x=1.
béi cac duong X X
-
A, 7(2In2-1) B. C.0 D.0

Ciu 5 (THPT Bic Yén Thanh — 2018).
Cho hinh (F7) gi6i han bsi db thi (€):¥=XINX ¢ hoanh va cac duomg thing * = >* =€ Tinh thé

tich ctia khéi tron xoay duoc tao thanh khi quay (H ) quanh truc hoanh
A. 2 B. 2 C. D. 27
Cau 6 (THPT Giao Thuy — 2018).
, , . X x=1x=2
Goi y 1a thé tich vat thé tron xoay khi quay hinh phang giéi han boi cac duong ¥ =€’ Jx va
¥ =0 quanh tryc Ox. Tinh gia tri cua V.
A.V:ﬂze B.V:ﬂ(eZ_e) C'V=7[€2 D‘V:ﬂ(ez+e)

Cau 7 (THPT Trung Gia — 2018).
Tinh thé tich khéi tron xoay khi quay hinh phing gi6i han bai ¥ =Sin2x.cosx, y = 0.(0<x<x)
quanh tryc Ox.

xung

7 z 2
A 8 B. 8 C. 4 D.
Cau 8 (Chuyén PH Vinh - 2018).
Thé tich ¥ ctia khdi tron xoay tao thanh khi quay hinh phang giéi han boi cac dudng

—0.v=x| x=1
y=0,y=xIn(x+1) va xung quanh truc Ox la

_r
A. 6
Ciu 9 (THPT Bio Lam - 2018).

s
4

Sz

V=2 (12In2-5) y=22
B. 6 c. 18

V== (12In2-5)
D. 18

() = x=1
) | , V= ) 5
Cho hinh la hinh phéang gidi han boi do thi ham so 4—x* | tryc Ox va duong thing . Thé

tich ctia khdi tron xoay thu duge khi quay hinh (H ) xung quanh tryc Ox bang
Zn 4 1 In 4 y'=0 wln—
A.2 3 B.2 3 C. 3
Cau 10 (THPT Tuy Phuéc — 2018).
y =tanux, 0 T
. , x=0x=—
Cho hinh phang giéi han béi cac duong cong truc hoanh va hai duong thang 4 . Tinh

thé tich ¥ khéi tron xoay thu duoc khi quay hinh phing nay xung quanh truc Ox.
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Cau 11 (Chuyén Th4i Nguyén — 2018).

x2 yZ
, , —t==
Tinh thé tich khoi tron xoay tao thanh khi cho hinh Elip 3 b quay xung quanh truc Ox.
4rb
& h? ﬂ h? M b’
A. B. 3 C. 3 D. 3

Cau 12 (Chuyén PH Vinh — 2018).
Thé tich khéi tron xoay thu dugc khi quay hinh phang gidi han cac duong ¥ =v2-x,y=x,y=0 xung

quanh truc Ox duogc tinh theo cong thirc nao sau day?

1 2 2
V=7rj(2—x)dx+7r.|-x2dx V:ﬂ.[(2—x)dx
A. 0 1 B. 0

V :ﬂj‘xdx+7rj‘\/2—xdx
C. 0 1

Ciu 13 (Thi THPTQG - 2018).

Cho hinh phang D giéi han boi duong cong ¥ =V2+sInx, tryc hoanh va cac duong thang * = O,x=m
Khoi tron xoay tao thanh khi quay D quay quanh truc hoanh c6 the tich ¥ bang bao nhiéu?
AV =27 B.V =2n(m+1) c.V=2rm p.V =2(7+1)
Cau 14 (S¢ GD — DT Phu Tho - 2018).
Tinh thé tich ¥ ctia phan vat thé gidi han boi hai mit phang x =1 va x =4, biét rang khi cat vat thé boi

1 2
V:nj.xzdx+7t-[(2—x)dx
D. 0 1

mit phéng tly ¥ vudng goc véi truc Ox tai diém co hoanh do * (Isx<4) gy duoc thiét dién 1a mot hinh
luc giac déu co6 do dai canh 1a 2x.
AV =6337 B. V =126+3 C. V=633 D. V =126\/3n
Ciu 15 (Pé Minh Hoa — 2018).
Tinh thé tich V ctia phan vat thé giéi han bai hai mit phang x =1 va x =3, biét rang khi cat vat thé boi

x(1<x<3)

mat phéng tuy y vuodng goc voi truc Ox tai diém c6 hoanh d6 thi dugc thiét dién 1a mét

hinh chit nhat c6 hai canh la 3x va V3x* -2,
vV =32+215 y_124n y o124 v =(32+2V15)x
A. B. 3 C. 3 D.
Cau 16 (S6GD&DPT Bic Giang — 2018).
C6 mot vat thé 13 hinh tron xoay c6 dang gidng nhu mot ¢6 ly nhu
hinh v& dudi day. Nguoi ta do dugc duong kinh cua miéng ly la
4cm va chiéu cao la 6cm. Biét rang thiét dién cua chiéc ly cat boi

. , ) 3
mat phang doi xiang 1a mot parabol. Tinh thé tich V(cm ) cua vat
the da cho.
A.V=12n B. V=12
V= 7 T V= 72
C. 5 D. 5

Cau 17 (Thi THPTQG - 2108).

Cho hinh phiang D giéi han bdi dudng cong ¥ =¢€, truc hoanh va cic dudng thing *=0-*=1 Knéi
tron xoay tao thanh khi quay D quanh truc hoanh co6 thé tich V" bang bao nhiéu?
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y_Te V_n(e2+1) y_el

A. 2 B. 2 C. 2 D. 2
Cau 18 (THPT Thanh Chuong — 2018).

—-X x=1

Thé tich khéi tron xoay do hinh phang giéi han bi d6 thi ham s 7= x+1, truc Ox va duong thang
khi quay quanh truc Ox 1a ¥ =7 (a+bIn2) ysi (a.b€ ) Khid6 ab bing
4

A.3 B. 3 C.
Céu 19 (Chuyén Bén Tre - 2018).

-3
D.

W~

Goi V(a) 1a thé tich khdi tron xoay tao boi phép quay quanh truc Ox hinh phing gii han boi cac duong

X va . Tim .
almp@es g lmp@es o mP()=s oy fmY(e)-2s

Cau 20 (S¢ GD-DT Ha Tinh - 2018).
Ta v& hai nira dudng tron nhu hinh v& bén, trong d6 dudng kinh cta ntra duong tron 16n gip doi duong
kinh ctia nita dudng tron nhé. Biét ring nira hinh tron duong kinh 4B c6 dién tich 13 87 va BBC =30°.

Tinh thé tich cua vat thé tron xoay duogc tao thanh khi quay hinh (H ) (phan t6 dam) xung quanh duong
thang 4B

220 98 224
—17T —7T —7T
A. 3 B. 3 C. 3
D. 47°
D. BANG DAP AN
1B 2C 3D 4A 5D 6C 7D 8D 9A 10C
11C 12D 13B 14B 15C 16A 17D 18D 19A 20B
Trang 10
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CHU PE 19: UNG DUNG TiCH PHAN TiNH QUANG PUONG VAT DI CHUYEN
A.KIEN THUC NEN TANG
1. Dang 1: Vat chuyén dong thang bién d6i déu theo thoi gian
Cho vat thé A chuyén dong thiang bién d6i déu ( nhanh dan déu hodc cham dan déu) véi van tdc bién d6i
theo ham ¥ ="(!) | Khi d6 quing dudng vat thé A di chuyén tir thoi diém %o dén fiduge tinh theo cong
thirc:

4
S = [v(t)dt
lo
2. Dang 2: Vat chuyén dong véi gia toc bién ddi theo thoi gian
Cho vat thé A chuyén dong bién ddi (bién ddi nhung khong déu) theo gia tdc 1a ham bién ddi theo thoi
gian @ = a(?) thi ta c6 van toc 1a nguyén ham cua gia toc:
y= j a(t)dt = F(t)+C

3. Mot so cong thirc lién quan
S"=v: Dao ham cua quiang duong 13 van toc
v' = a: Pao ham cua van toc 1a gia toc

V= .[ a(dt., Van téc 1a nguyén ham cua gia toc
v(t)=v, +at
at’
S=vyt+—
2

B. Vi DU MINH HQA
Dang 1: Thé tich vat thé co thiét dién bién doi

Vi du 1: (Chuyén Tuyén Quang) Mot 6 t6 dang chay thi nguoi lai dap phanh, tir thoi diém dé, 6 to
chuyénv dong cham dan déu véi van tocv(t) = —1’2f +24(m/ S)vtrong do6 ¢ 1a khoang thoi gian tinh bang
giay, ke tur luc dap phanh. Hoi tir luc dap phanh dén khi ding han, 6 t6 con di dugc bao nhiéu mét?
A. 18m B. 15m C.20m D. 24m
Gidi:
Ta hiéu: dén khi 6 t6 dimg han tirc 1a van téc bang 0
& -12t4+24=01¢=2
Chon mdc thoi gian’ = O'thi thoi diém % =25 thi xe dimg han.
= Quing dudng ma xe con di chuyén duoc la:

2
S=j(—12t+z4)dt=24m
0

EOEOZ@IPEABANCO®EE
=> Chon D

Binh lugn: Cach 2 ¢6 thé gidi theo van tdc trung binh. Ta thay van toc luc bat dau dap phanh 1a 24m/s
dén luc dung han 1a Om /s thi van toc trung binh 1a 12m /s . Vay xe di chuyén thém la
V,t=122=24m
2 ] Math &
|2 -12%+24)0x
24
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Vi du 2 (Chuyén Bién Hoa): Mot chat diém dang chuyén dong v6i van tée Vo = 15m /s thi ting tdc voi

gia t6,c 6{(1) = t2+,4f (m/s%) . Tinh quing dudng chét diém d6 di duoc trong khoang thoi gian 3 gidy ké tir
ltc bat dau tang toc.

A. 68.25m B. 70,25m C. 69,75m D. 67,25m
Giai:

Chon gbc thoi gian tir lac chat diém tang toc.

t3
H=la@®dt= |t +4)dt =—+2t* +C
Ta co: 4 ja() I( ) 3

Tai thoi didm? =Y van toc Vo =15m/s= C=15
= Ta c6 ham véan tdc theo thoi gian:

3
v(t)=%+2t2+15

= Quéng dudng chat diém di chuyén trong thoi gian 3 gidy la:

3 3
S = j[%uﬁ +15]dt — 69,75(m)
0

EAOEEAEDPE®E®H 2 WD)
EFEHOEO0®ME]

@BEE
=> Chon C
Phan tich:
Gia toc 1a mot ham bién ddi theo thoi gian chir khong phai 1a s6 ¢d dinh nhu & vi du 1 nén ta phai ap dung
cong thuc ¢ dang 2: )= I a(dt g
ap dung ludn:

3
S=(15+(¢>+4¢)t)dt
!‘( +( : ) ) thi s& dugc két qua sai.

E[%ﬂxhls]#
69.75
=> Chon C

Vi du 3 (THPT Trung Gid): Mot chit diém dang chuyén dong véi van toc v =30(m /'s) thi dot ngot thay
déi gia toc ga(t) = 4,—f (m/s 2? . Tinh quing dudng di dugc cia chat diém ké tir thoi diém thay doi gia toc
dén thoi diém van toc 16n nhat.

848 424 128

64
A3 ™ B 3 ™ c. 3™ p. 3™

Giai:

Gbc thoi gian 4 =0

v(t):Ia(t)dt:j(4—t)dt:4t—§+c

Khi d6
Tai thoi diém ban dau vén toc 1la 30(m/s) = C=30
= 2

¢
g . v()=——+4t+30
Ta c6 ham van toc theo thoi gian: 2

Trang 2
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2

v(t)=—%+4t+30

Ta théy ham sb 1a mot Parabol 15i s& dat gia tri lon nhat tai dinh cua Parabol. Dinh

(_i . _A)
Parabol ¢6 toa do \ 2a  4a

. . :—iz—i:4(s)
Vay van toc lon nhat dat dugc khi 2a -1
4 2
- j(—t—Jr4t+3oJarz=ﬁ
Quang duong can tim 1a: o 3
=
E@®E@AeHAMOOFPRAOOMO®O®
4=
=> Chon B
Phan tich:

Ngoai cach coi ham 14 1 Parabol ta c6 thé sir dung phwong phap danh gia.

1 2
)= —=(t—4) +38<38
i == =4 .

Déu = xay ra khi va chi khi ¢ =4s
- 2 L . e a
| o | -Z+4%+30 ) dx
3 424
3

Vi du 4 (Chuyén DH Vinh): Tai mét noi khong c¢6 gio, mot qhiéc khi cau dang dimng yén ¢ do cao
162(m) so v&i mat dat dugce phi cong cai dat cho né ché do chuyén dong di xudng. Bict rang, khi cau da
chuyén dong theo phwong thang dung véi van toc tuan theo quy luat V() =107 —1¢ ? trong do ! (phut) 1a
thbi gian :[inh ’tir luc l?ét dau chuyér} dong, V() duge tinh theo don vi (mét/ phut). Néu nhu vay thi tr khi
bat dau tiep dat van toc v cuia khi cau la:

A. 5(m/p) B. 7(m/p) C. 9(m/p) D. 3(m/p)

Giai:
Chon gdc thoi gian 4 =0 It khi cAu dang dimg yén & do cao 162(m)

Goi %> 1a thoi diém ma khi cAu cham dat. Khi d6 khi cau da di chuyén duoc quing duong 1a:

t, ty t,

jv(t)dt =j(10t—t2)dt@j(lot—ﬁ)dt=162
0 0

4

@(5%—2}
EEAFEDEREEEONEEEINEREEEE

Tur do ta suy ra dugc van tdc lac cham dat
v(9)=10.9-9 =9(m/ s)

5 3

=162<:>5t22—%2:162<:>t2 9

0

=> Chon C

Phan tich:
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Vi du 5 (S¢ GD- PT Binh Phudéc): Mot chit diém A tir trang thai nghi chuyén dong voi van toc nhanh
dan déu, sau 8s n6 dat dén van toc 6m/s. Tir thoi diém do nod chuyén dong déu. Mot chit diém B khac
xuat phat tir cing vi tri A nhung cham hon né 12s chuyén dong nhanh dan déu va dudi kip A sau 8s ké tir
khi B xuét phat. Tim van tdc B tai thoi diém d6?

A. 12m/s B. 20m/s C. 18m/s D. 24m/s
=> Chon D
Vi du 6 (Thi THPT QG): Mot vat chuyén dong trong 3 gid v6i van tée V(km/ h) phy thude vao thoi gian
1(h) c6 d6 thi 1a mot phan ciia Parabol c6 dinh £(2;9) va truc dbi xing song song véi truc tung nhu hinh
bén. Tinh quing duong s ma vat di chuyén dugc trong 3 gio do.

A. S=26,75 B. S=25,25 C. S=2425 D. S=24,75
=> Chgn D
Vi du 7 (Chuyén KHTN HN): Tai mot thoi diém t
tude luc dd xe ¢ tram ding nghi, ba xe dang chuyén
dong déu v6i  van the  lan  luot 1a *
60km/ h,50km/ h,40km/ h . Xe thtt nhat di thém 4
phut thi bat dau chuyén dong cham dan déu va dimg
hédn & tram tai phut thir 8. Xe thir hai di thém 4 phut,
bat dau chuyén dong chdm dan déu va ding han &
tram tai phut thir 13. Xe thir ba di thém 8 pht, bat
dau chuyén dong cham dan déu va ding han & tram
tai phut thu 12. Do thi biéu dién van tdc ba xe theo
thoi gian nhu sau: (don vi truc tung x 10km/h |

don vi truc hoanh 1 phat). Gia sir tai thoi diém t trén, ba xe dang cach tram 1an luot 12 a5, So sanh
3 khoang cach nay ta co:

A. 0 <d,<d, B. 0, <d; <, C. 0;<d <a, p. 9, <d;<d,
=> Chon B
Vi du 8. Cho dd thi biéu dién van tdc cia hai xe A va B khoi hanh cung mot lac, bén canh nhau va trén
cung mdt con duong. Biét do thi biéu dién van toc cua xe A 1a mot duong Parabol, d6 thi bi€u dién van
toc cua xe B 1a mot duong thang & hinh bén. Héi sau khi di dugc 3 gidy khoang cach gilra 2 xe trén 1a bao
nhiéu?

vi mis)

0 4 tipiay)
A \
A. 90m B. 60m C.Om D. 270m

=> Chon B
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C. BAI TAP VAN DUNG 2

Céu 1 (Thi THPTQG- 2018). M6t vat chuyén dong trong 3 gio voi van toc v(km/h) I
phu thudc thoi gian con lai d6 thi 1a mot doan thiang song song véi truc hoanh. Tinh 9 [/

quang dudng § ma vat chuyén dong trong 4 gio do. /\
Cau 2 (Thi THPTQG- 2018). Mot vat chuyén dong trong 4 gid voi van toe v(km/ h) 231

A. 5 =26,5(km) B. s =28,5(km) 6
C. s =27(km) D. s =24(km)
phu thudc thoi gian (%) c6 @6 thi cia van tdc. Trong khoang thoi gian 3 gid ké tir khi bat ddu chuyén

0

dong, do thi d6 1a mot phan ciia dudng Parabol c6 dinh 1 (2;9) v6i truc ddi xtng song song véi truc tung,
khoang thoi gian con lai d6 thi 1a mot doan thang song song véi truc hoanh. Tinh quing duong s ma vat
chuyén dong trong 4 gid do.

A. §=26,5(km) B. s =27(km) C. s =27(km) D. s =24(km)

Cau 3 (S¢ GD- DT TP HCM- 2018). Mot vat chuyén dong voi gia géc a(t)=3c"+ t(m /s*). Van tbc ban

dau cua vat 1a 2 (m/s). Hoi van toc cua vat 1a bao nhiéu sau khi chuyén dong véi gia toc do duogc 2s.
A.8m/s B. 12 m/s C.16 m/s D. 10 m/s

Céu 4 (S6 GD- PT TP HCM- 2018). Mot 6 t6 dang dirng va bat dau chuyén dong theo mot dudng thang

vOi gia toc a(t)=6-2t(m/ Sz) trong do ' 1a khoang thoi gian tinh bang giay ke tir lc 6 t6 bat dau

chuyen dong. Hoi quang dudng dl duogc ké tir lac bit dau chuyén dong dén khi vén tdc cia 6 to dat gid tri
16n nhat 13 bao nhiéu mét?

45 27

A. 2 mét B. 18 mét C. 36 mét D. 4 mét

Céu 5 ( THPT Lé Loi- 2018). Mot vat chuyén dong véi van tdc thay doi theo thoi gian duoc tinh boi

cong thuc v(?) = 3t+2 | thoi gian tinh theo don vi gidy, quing dudng di dugc tinh theo don vi mét.

Biét tai thoi diém¢ = 2s thi vat di dugc quang dudng la 10m. Hoi tai thoi diém ¢ = 30s thi vat di dugc

quang duong la bao nhiéu ?

A. 240m B. 1140m C. 300m D. 1410m
Céu 6 (Chuyén Bién Hoa- 2018). Mot hoc sinh di hoc tir nha dén truong bang xe dap véi van toc thay
d6i theo thoi gian duge tinh béi cong thire Ut) = 40t +100(m/ phot) | Bicf:t rang sau khi di dugc 1 phit thi
quang duong hoc sinh d6 di dugc 1a 120m. Biét quang duong tir nha dén truong la 3 km. Hoi thoi gian
hoc sinh d6 di dén truong 1a bao nhiéu phut ?

A. 9 phut B. 15 phut C. 10 phut D. 12 phut
Ciau 7 (S& GD- PT TP HCM- 2018). Mot vat chuyén dong véi van toc M) co gia tde
a(t)=3t*+t(m/ &), Vian tdc ban dau cua vat 1a 2 (m/s). Hoi van toc ctia vat sau 2s.

A. 12 m/s B. 10 m/s C.8m/s D. 16 m/s

Céu 8 (THPT Déng Thuc Hira- 2018). Hai 6 t6 xuat phat tai cung mot thoi diém trén cing doan duong
thing AB, 6 to tho nhit bit dau xuit phat tr A va di theo huéng tr A d&én B véi van tdc
Va(t) = 2t’+ 1(km/ ) . ; 6 t0 thr hai xuat phat tir O cach A mot khoang 22km va di theo hudng tur A dén B
véi van toc 10 km/h, sau mot khoang thoi gian nguoi 1ai dap phanh; tir thoi dieém do, 6 t6 thu hai chuyén
dong cham din déu véi van téc Vo(f) =—5t+20(km/ h) 11si sau khoang thoi gian bao lau ké tir khi xut
phat hai 6 t6 d6 gap nhau.

A. 6h B. 8h C.7h D. 4h
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Cau 9 (THPT TH Cao Nguyén- 2018). Mot vt chuyén dong voi van toc W) (M/8)co gia toe
‘/(t)_ (m/SZ) A K A o al1y , A A oA oA \ \ LA ,
. Van toc ban dau cua vat 1a 6 m/s. Tinh van toc cua vat sau 10 gidy (Iam tron két qua
dén hang don vi).

A. v=10(m/ s) B. v=8(m/s) C. v=15(m/s) D. v=13(m/s)
Cau 10 (Chuyén Hung Vwong- 2018). Mot vién dan dugc ban theo phuong thang dimg véi van toc ban
dau 1a 29,4 m/s. Gia toc trong truong la 9,8m/ §*. Tinh quing dudng S vién dan di duoc tir lac ban 1én
cho dén khi cham dat.

A. S=88,2m B. S=885m C. S=88m D. S=89m

Cau 11 (THPT Lwong Tam- 2018). Gia st mot vat tir trang thai nghi khif=0(S) chuyén dong thing
voi van toe Ut) = H(5—-1)(M/ S) . Tim quang dudng vat di dwoc cho t6i khi n6 dung lai
12,

A. 20,8m B. 20,83m C. 6 D. 20,83333m
Céu 12 (THPT Lwong Tam- 2018). Tai mét noi khong c6 gio, mot chiéc khi cau dang dung yén ¢ do
cao 162 (mét) so v6i mit dat da dugc phi cong cai dit cho n6 ché do chuyén dong di xudng. Biét rang, khi
cdu d3 chuyén dong theo phuong thing dung véi vén toc tudn theo quy luat Ut)=10t— t* , trong do t
(phut) la thoi gian tinh tir luc bét’ dau chuyén dong, ) duge tinh theo don vi mét/ phat (M/ P) Néu nhu
vay thi khi bat dau ti€p dat, van toc v cia khi cau la

A. v=5(m/ p) B. v=7(m/ p) C. v=9(m/ p) D. v=3(m/ p)
Céu 13 (THPT Ngo Si Lién- 2018). M6t nguoi lai xe 6 t0 dang chay v6i vén ‘géc 20m/s thi nguoi lai xe
phat hién c6 hang rao ngan dudng & phia trude cach 45m (tinh tir vi tri dau xe dén hang rao) vi vay, nguoi
14i xe dap phanh. Tir thoi diém d6 xe chuyén dong cham dan déu vé6i van toc Uf) =—5t+20(m/ s) | trong
do t 1a thoi gian tinh bang gidy, ké tir luc bat dau dap phanh. Hoi tur lac dap phanh dén khi ding han, xe 6
td con cach hang rao ngan cach bao nhi€éu mét (tinh tur vi tri dau xe dén hang rao)

A.5m B. 4m C. 6m D.3m
Ciu 14 (THPT Dirc The- 2018). Ban Minh ngdi trén mdy bay di du lich thé gi6i va van tdc chuyén dong
ctia may bay 1a W)= 3t*+5(m/ s) . Tinh quing dudng may bay di duoc tir gidy thir 4 dén gidy thtr 10

A. 264m B. 252m C. 1134m D. 966m
Ciau 15 (THPT Hong Quang- 2018). Mot chiéc xe bat dau khoi hanh nhanh dan déu véi van téc
Vt) =3t(m/s) trong do t 1a khoang thoi gian tinh bang gidy ké tir khi xe bat dau chuyen dong. Sau khi

khoi hanh duge 5 gidy thi chiée xe giit nguyén van tdc va chuyén dong thang déu. Tinh quing duong
chiéc xe di dugc sau 10 gidy.

A. 150m B. 75m C.2812,5m D. 112,5m
Chu 16 (Chuyén Thai Binh- 2018). Mot vét chuyén dong chdm dan vé6i vén tbe Wt)=160-10t(m/s)
Tim quing dudng S ma vat di chuyén trong khoang thoi gian tir thoi diémt=0(S) dén thoi diém vat dimg
lai

A. S =2560m B. S =1280m C. S =2480m D. S =3840m
Cau 17 (S¢ GD&DT Binh Phuérc- 2018). Mot chat diém A tir trang thai nghi chuyén dong vdi van toc
nhanh d@n déu, 8s sau nd dat dén van toc 6 m/s. Tur thoi diém dé nd chl}yén dong giéu. Mét chét» diém B
khac xué‘g phat tur cfmg vi tri vo1 A nhul}g cham hon np 12s véi van toc nhanh dan déu va dudi kip A
sau 8s (ké tur luc B xuat phat). Tim van toc B tai thoi diém do

A. 12m/s B. 24m/s C. 18m/s D. 30m/s
Ciu 18 (SO GD&DT HN- 2018). Mot 6 to bat dau chuyén dong nhanh dan déu véi van tde
V.(t)=7Hm/ S)  Pi dugc 5s, ngudi 1ai xe phat hién chuéng ngai vat va phanh gip, 6 t6 tiép tuc chuyén
dong chdm dan déu voi gia te a= ~70(m/ $) . Tinh quang duong M) 4 duge cua 6 t6 ké tir luc bat dau
chuyén banh cho téi khi ding han.
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A, S=95,70(m) B. S=96,25(m) C. S=87,50(m) D. S=94,00(m)

1 sin(xt)

A a A i . M) =o—+——(mly)
Céu 19 (THPT Quang Trung- 2018). Van toc cua mot vat chuyén dong la 2r T .
Quang duong di chuyén cua vat do6 trong khoang thoi gianl,5 gidy chinh xac dén 0,01m 1a :

A. 0,34m B. 0,30m C. 0,26m D. 0,24m

Cau 20 (Chuyén Quéc hoc Hué- 2018). Ngudi ta khao sat gia toc af) cua mot vat thé chuyén dong (t 1a
khoang thoi gian tinh bang gidy ké tir luc vat thé bat dau chuyén dong) tir gidy thi nhat dén gidy tha 10
va ghi nhan duge a(t) 1a mot ham sé lién tuc c6 dd thi nhu hinh bén. Hoi trong thoi gian tir gidy thir nhét
dén gidy thu 10 duoc khao sat do, thoi diém nao vat thé c6 van tdc 16n nhét ?

A. gidy thtr nhat B. gidy thtr 3 C. gidy thtr 10 D. gidy thir 7
D. BANG PAP AN
1D 2C 3B 4B 5D 6C 7A 8A 9D 10A

11C 12C 13A 14D 15D 16B 17B 18D 19C 20A
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CHU PE CASIO GIAI NHANH CHUONG NGUYEN HAM
TiCH PHAN VA UNG DUNG
A. KIEN THUC NEN TANG

1. Casio tinh nhanh nguyén ham

Ta biét néu F(x) 1a nguyén ham ctia £ (x) thi F'(x)= f(x) véimoi x = F'(a)= f(a)

Céch lam: Chon x =« bat ki rdi tinh f(a). Dua vao dap so néu dép sé nao c6 F'(a)= f(a)thi d¢ la
dap sb dung

2. Casio tinh nhanh tich phin

C6 gang dua bai toan tich phan trd vé bai tim nghiém cia phuong trinh, hé phuong trinh réi dung tinh
nang do nghiém MODE 7 hoic SHIFT SOLVE dé tim nghiém

i
K§ thuat ép hé phuong trinh: Cho hé thirc j f(x)dx=f(a,b,c) muén tim a, b, ¢ théa mén hé thirc
ﬂ 1\
h(a,b,c)=m tasé tinh tich phan [ £ (x)dx = f (m) rdi lwu véo 4.
f(a,b,c) =4

h (a, b, c) =m
do nghiém SHIFT SOLVE hoac churc nang lap bang gia tri MODE 7 ctia mdy tinh Casio

Vay ta s€ ép duoc h¢ phuong trinh { . Bé giai hé phuong trinh nay ta s& st dung chirc ning
K¥ thuét ép can nguyén ham: Cho nguyén ham gbc I f(x)dx va nguyén ham h¢ qua J- f (u(t))dt qua
phép d6i bién x = u(t) . Pé str dung duoc may tinh Casio ta ép hé s6 cho nguyén ham gdc dé tré thanh

B
tich phan xac dinh j f (x)dx. Vi nguyén ham gdc va nguyén ham hé qua 1a tuong duong nén

s B
If(x)dx=ff(u(t))dx (a', B' 132 can méi)

3. Casio tinh nhanh dién tich, thé tich, quing dwong

Xac dinh cac ham f(x), g(x) xudt hién trong bai va xac dinh 2 can a, b roi 4p dung cong thic tinh dién
tich, thé tich, quing dudng di hoc

B. Vi DU MINH HQA

Dang 1. Casio tinh nhanh nguyén ham

Vi du 1 (Dé thi minh hoa PHQG - 2016): Nguyén ham ctia ham s§ y = x.** 1a

A. 2e2"(x—2)+C B. %ez"(x—%j+c C. 2e2"(x—%j+c D. %ezx(x—2)+C

Giai
Tabiét F'(x)= f(x) viéc ndy ding v6i moi x thude tap x4c dinh.

Vay s& dung véi x =1 ching han . Khi d6 F'(1)= f(1)
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Tinh gia tri £ (1)=7,3890.......
() () (e (x107) (%) (2] (et} O [cAc) (1] (=]
Tinh dao ham F'(1) véi timg dép én, bat dau tir dép 4n A 1a F(x)=2¢"" (x—2)

Er) () (2 @ 609 (9 (2] () ) & (O (e O
Ba0e0E

Vay ta dugc két qua F'(1)=—14.7781 day la 1 két qua khac véi £(1)

=> Pap an A sai

Tinh dao ham F'(1) cua dap an B v6i F(x)= %ez" (x—%j

AEEOD®DEEEEEEmO® 0D
Sl=)
DEeZCO®DE

Ta thu duge két qua giong hét f(x) vay F'(x)= f(x) hay F(x) :%ezx (x—%} 1a nguyén ham cua

/(%)
=> Chon B

Binh luian
Viéc str dung Casio dé tinh nguyén ham dic biét hiru ich ddi véi véi nhitng bai phuc tap, ap dung nhiéu

cong thirc tinh dao ham cung mat lic, va tranh nham lan trong viéc tinh toan !!
Math A

(267 (%2 |2

7.389056099

Muth A

XeZ"
| 7.389056099

Math &

2 (2eZ (%-2)]| b
-14,7781122

Vi du 2 (P& minh hga nim — 2017): Tim nguyén ham cta ham s6 f(x)=+/2x-1

A. jf(x)dxz%(Zx—l)\/Zx—lJrC B. J‘f(x)dx:%(Zx—l)\/Zx—1+C
C. J'f(x)dxz—§\/2x—l+C D. jf(x)dxz%\/2x—l+c

Trang 2
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Giai

Nhdc lai 1 1an nita cong thirc quan trong ciia ching ta. Néu F(x) 1a 1 nguyén ham ciia f(x) thi
F'(x)= ()

Khi d6 ta chon 1 gi4 tri x =a bt ki thudc tap xac dinh thi F (a)=f(a)

Chon gia tri x =2 chéng han (thoa diéu kién 2x-1>0< x> %)
Khi @6 f(2) =1,732....

va) (2] (e O] (=) (1] [eace) (2] (=) (D)
Theo ding quy trinh ta s€ chon dép an F (x) & 4 dap an A, B, C, D néu dap an nao théa min
F'(x)=f(2)=1732...

Thu véi dép an A khi do F(x) =§(2x—1)\/2x—1

EEEHACE®CRAERMEOA®E R
D) EHD® R E

Vay F’(2)=3,4641.... la mot gid tri khdc f(2)=1,732...di€u d6 c6 nghia 1a diéu kién F'(x)= f(x)
khong dugc dap ing. Vay dép an A 1a sai.

Ta tiép tuc thir nghiém véi dap an B.

Khi nay F(x) =§(2x—1)\/2x—1

FEEID®DOODmONEIDNN®E R
O EOEE 2 E

Ta duge F'(2)=1,732.... gibng hét f(2)=1,732... c6 nghia 1a diéu kién F'(x)= f(x) dugc thoa man.
=> Chon B

Binh luin
Néu ching ta c6 mot chit kién thirc co ban vé dao ham thi viéc st dung may tinh Casio dé tim dap an s&
nhe nhang hon. Chiing ta chi viéc thir v6i dap an A va B vi 2 dép an ndy méi c6 s6 mii 1a F

biéu dac biét cia dang nay la soO mii cia nguyén ham F (x) lic nao ciing 16n hon s6 mil cia ham so

f(x) la 1 don vi.

Trang 3
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{2%-1
1.732050808

2 [£(2%-1)2%-p
3.464101615
S L2-10{77-
1.732050808

Vi du 3 (B4o Toan Hoc Tudi Tré théng 12 - 2016): Nguyén ham ctia ham s f(x) =sinx.cosx trén tap

sb thuc 1a
1 1 . 1 .
A. Zcos2x+C B. —Zcos2x+C C. —sinx.cosx D. —Zsm2x+C
Giai
Chuyén may tinh Casio vé ché d6 Radian (khi 1am céc bai toan lién quan dén lugng giic)

[swFT) (ong) (4)

Chon 1 gia tri x bt ki vi du nhu x = %
Khi do gia tri ciia f(x) tai x =% la f(gj =0,4330...

(sin (i) (53 OO (eod () (0] O (eae) () (107 (=) (6] (=) (60

Theo dép 4n A thi F(x)= %cos 2x

Néu dap 4n A dung thi F(%j _ f(%j

Ta tinh dugc F (2) =—0,44330... 1a mot gia tri khac f (%) . Vay dap an A sai

EF) (3 B 0 ® @ ® ke (2] @ 6 6]
® (B @A i) @ (6] E)

Ta tiép tuc thir nghiém voi dép an B.
EREEBEOD®ABE® R 2 E0]0]
® B &) (0 @ (6] E
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Ta duogc F'(%) = 0,4330...= f(%)

=> Chon B

Binh luian
Khi sir dung may tinh Casio dé lam bai tip lién quan dén ham luong giac thi ta nén ddi sang ché do
Radian dé phép tinh ciia chiing ta dat d6 chuan xac cao..

sintxhcnsfx)
0.4330127019

IF: Math &

L[ Lc0s(28)]| b
-0.433012701%

Math A

£[- cns(?ﬁ)]]l
0.4330127019

Math &

Dang 2. Casio tinh nhanh nguyén ham

Vi du 4 (P& minh hoa B4 GD-PT — Lén 2 - 2017): Biét I =aln2+bIn3+cln5 véia, b, c 1a cac

X +x
sé nguyén. Tinh S=a+b+c

A. S=6 B. §=2 C.S§=-2 D. §=0
Giai

Tinh tich phan j va luu vao bién 4

x+x

EEO@mIOEEmIOCE®EE

sHiFT) [RCL) ()

Khi d6 A=a1n2+b1n3+cln5<:>A=ln(2“.3b.5“)<:>2“.3b.SC _ei =10
ALPHA| [x10* lx' ALPHA} |(= |=I
D2 thdy 16 2222 n4zi51_pagse =Sa=db=—lic=—1=S5=2
15 35
=> Chon B

Trang 5
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B Math &
Eﬁ
1_
15
F] Math &

ANS*A
0.06453852114

[F:] Math &
4 1

37 O

o
0. Hb453852114

2
Vi du 5 (Tong hop tich phian chéng Casio — Internet 2017): Cho [ = jln(x+1)dx =aln3+bhIn2+c
1

(a,b,c € Z). Tinh gié tri cia biéu thic A=a+b+c
A.0 B. 1 C.2 D.3

Giai
2 b r
Tinh gia tri tich phan 7 = I In (x + 1) dx 161 luu gia tri nay vao bién 4

Eo@mOEIDIN®D®EEEH MO

Khi d6 a1n3+bln2+c:A<:>1n(3”.2b.ec)=lneA

A
e
32 = 32 =—
e
A

Dé tinh duoc 32" ta sir dung chirc ning MODE 7 vé6i ham f(X)=32" = €
e

c

() (x109 (=) (iewd) (©) D EE
FeOEE0O0E0E

Quén sat man hinh xem gié tri ndo cia f(X) (ciing la cua 3°.2") 1a s6 hiru ti thi nhan

D& thdy X =c=-1 thi 32" =6.75 =2747=33.22
=a=3b=-2

Tomlai a+b+c=3-2-1=0

=> Chon A
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B Math &

[Z1nc+130x
0.9095425049
ﬁnﬁ_}ﬁ F Math &
0. 9095425049
n Fl:H:? =
1 -3|U8. 86
I

6.75

Vi du 6 (Tong hop tich phan chdng Casio — Internet 2017):

Cho 7= [ jv —(a+b)In3+cIn2 (a,b,ccQ). Tinh gid tri ctia biéu thic A=a+b+c

sin x +cos x

NN

A.0 B. L c.l D.2
2 3
Giai
=
Tinh gia tri tich phan / = [ 2> —""= gy rdi luu gi tri ndy vao bién 4
® sIn X+ cos x
4

(/=) (=] (sin) (rra) O] O] (=] [cos) (arwa) O] O]
@ [sin) () O] O] (F) [cos) (irema

D@ E 1) ® @@ @ E0
st (i) @ (2] (E) (e e (©)

Khi d6 (a+b)In3+cIn2=4 < In(3"2°)=Ine’

Ma ta tinh duge e’ =+/2

ALPHA) (x10%] (™) [ALPHA] [)) [=)

1
= 39 2 = \[2 =392 :>a+b:0;c:%

Tomlai a+b+c=0+

L
2

N | =

Trang 7
Trang 220




=> Chon B

th &

2 Ma
-l NG ‘\—'\-P—*“\Ilb

EEit‘li?ﬂ-&-EﬂS[?{s

0. 3463733503

Math &

ANS*A
0. 3465735903

1.414213362

Vi du 7 (Tong hop tich phan chong Casio — Internet 2017):

Cho I = |sin*xdx=7a+b (a,beQ). Tinh gid tri cua bicu thirc A=a+b

O e [N

I B el C.4

"3 T3
Giai

Tinh gia tri tich phan 7 = jln (x+1)dx roi luu gid tri ndy vao bién 4
EEn)en 0D 6@ ® 0@
&) i) @ (@) (E) (A RBed (©)

wra+b=A4

Khi 6 7a+b=A.Néu dap an A dung thi hé 11 c6 nghiém hiru ti (thuoc Q)

a+b
32

EEcee®»EEEEEAEE

RO rang a :i;b :—l 1a cac s6 hiru ti
32 4

=> Chon B
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F] Math A

iy
g
|2 sincur*ax

0. 04452431127

l’:‘:: & MathW
=
3L

S e
0. 04452431127

Vi du 8 (Tong hop tich phan chdng Casio — Internet 2017):

2

1
Cho I = [x(1+sin2x)dx =% - (a,b,c € Z) véi % 1a phan s6 tdi gian. Tinh biéu thitc 4=a+b
0
A. 20 B. 40 C. 60 D. 10
Giai

Tinh gia tri tich phan 7 =

(SR N

x(1+sin2x)dx roi luu gid tri ndy vao bién 4

E@mOOOEHAEIODIOU®E
) (6109 @ (@) B @) B (©

2
Khido =% — 4

2
T-+a

20—-a
Str dung chirc nang SHIFT SOLVE dé tim a (v6i a 1a s6 nguyén)

(AlPHA) (©) (ALPHA) [cmc][ﬁﬁ][ﬁ]ﬂmm@@@a
mOEEEDOE

Két qua khong ra mot s6 nguyén = Dap sb A sai

Néu dap s6 A ding a+h=20=b=20—a= A=

Trang 9
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2
To+a

Néu dap s6 B ding thi a+b=40=b=40—a= A= 20
—da

Vady a=8=b=32
=> Chon B

[} Math &

¢ (1+sin(20) )00
05584251375

i e -
L-R= 0

H_ — e @ Math
A=_ 0. 8334685564
L 0

@ Math &

ANS+A
0.5584251375

Vi du 9 (Tong hop tich phan chdng Casio — Internet 2017):
2

Cho I =Ix3 In® xdx = (a,b,ceZ) véi 2.0 phan s6 t6i gian. Tinh biéu thic A=a+b
1 c ¢ c

A. 15 B. 28 C. 36 D. 46
=> Chon C
Vi du 10 (Trich dé thi PH khbi B - 2005):

ae' +b

sinx

e sin 2xdx . Néu doi bién sO ¢ =sin x thi?

O o [N

Cho tich phan

/4

1 1 2
A. (e rdt B. J' e tdt C.2 J' e tdt D. 2 j ¢ t.dt
0 0 0

(SR

=> Chon C
Vi du 11 (Trich dé thi PH khéi D — 2011):

St dung phuong phép déi bién dua tich phan j dx thanh tich phan j f(¢)dt. Khido f() 1a

\/2x+1+2

ham nao trong cac ham s6 sau?

Trang 10
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22 3 (22 -8t+3)(¢+2)
A. = B. =S
f(t) t+2 f(t) t
27 —3 (26> -81+3)(¢+2)
C. = D. =
/(1) 2(t+2) /(1) 2t
=> Chon B
Vi du 12: Néu str dung phuong phap d6i bién tim nguyén ham, ta dat 7 =3/1+Inx thi nguyén ham cua
Inxi/1+Inx .
I—dx c6 dang:
X
A. 36 (¢ ~1)dt B. [£(£—1)dt C. 3 (£ +1)dt D. [ (£ +1)dt
=> Chon A

Dang 3. Casio tinh nhanh di¢n tich, thé tich, quing dwong

Vi du 13 (D¢ cuong chuyén KHTN Ha Ngi - 2017): Cho mién (D) gi6i han béi do thi ham so
y= ln(x+ 1),y =In 2.\/;,x = 2. Dién tich mién phang (D) bang

A. 1n%/ﬁ(\/§+1)—31n3+1 B. —glnz.(\/ﬁ+1)+31n3—1
3
C. 1l 4 D2t D. 10 40 4y
27 3 27 3
Giai

Ta 6 hai ham s6 y=In(x+1) va y=In2+/x

Can dau tién 1a x=2 ta di tim can tiép theo bang cach giai phuwong trinh hoanh d6 giao diém
In(x+1)=1In 2%

& In(x+1)-In2/x =0

Dé giai nhanh phuong trinh nay ta sé sir dung Casio véi chirc ning do nghiém SHIFT SOLVE

) (2w O B [0 0] & () (2 B X (=) () O
[sur) cac) (2] (5

Ta dugc nghiém x =1
Vay ta tim dugc hai can x=1; x=2

Dién tich hinh phang gi6i han boi hai ham s6 y =In(x+1), y=In 2~/x va hai duong thing x=1; x=2
2

la § = [|in(x+1)~In2/x|dx
1

Str dung Casio v6i 1€nh tinh tich phan
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@ & f [ (@3 0) B 0 0 3 () (@ 0 X be) @8 O
®O®[2E
Vay S =0,0646... Tinh gia tri xem dap an nao c6 két qua 0,0646... thi 1a dap an chinh xac.
=>Chon B

Binh luian
Viéc tim nghiém phuong tinh hoanh d6 giao diém hay tung d6 giao diém ma phirc tap ta c6 thé tinh nhanh
bang k¥ thuat do nghiém véi chirc ning SHIFT SOLVE da duoc hoc ¢ bai trudc.

Math A

[Z11n¢xe13-1ncze
0. 0646297673

Math

Inis1D-In(2)x?
[—R= 0

Vi du 14 (P& minh hoa mén Toén By GD-PT - Lan 1 -2017) Ki hiéu (#) 1a hinh phang gi6i han boi
dd thi ham sb y= 2(x—1)e’“ , truc tung va truc hoanh. Tinh thé tich ¥ cua khéi tron xoay thu dugc khi
hinh (H) quay xung quanh truc Ox

A.V=4-2e¢ B. V=(4-2¢)x C.V=¢-5 D.V=(e=5)x
Giai
Hinh phéing duoc gi6i han boi tryc tung = cén thir nhat [a: x =0
Truc hoanh c6 phuong trinh p = 0. Xét phuong trinh hoanh do giao diém cua duong cong y =2(x—1)e"
va tryc hoanh = 2(x—1)e* =0 x=1

Vaycanthr 2 1a: x=1
1
Thé tich ¥ =z [[2(x~1)e* - 07| dx
0
Str dung may tinh Casio v6i1 1€nh tinh tich phan
() (x10 (=) (suer) fye) (A (2] (3 (i) O] (5 (3 O] (o
AalEsEInICInEIGIuICInS

=V =7.5054..= 7r(e2 —5)

=> Chon D

Vi du 15 (Pé cwong Chuyén KHTN Ha Noi — 2017) Luc 9h sang, mot 6 t6 bat dau xudt phat tir Nha hat
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Lén thanh pho Ha Noi di thanh phé Ho Chi Minh. Trong 1 gio dau tién, vi xe di trong ndi thanh nén toc
do di chuyén chua nhanh, xe 6 0 di v6i véan téc v(¢)=0,5+0,2.cos ¢ (km/phut), trong d6 ¢ 1a thoi gian
ké tir luc xe 6 t6 xudt phat dugc tinh bang don vi phat. Hoi lac 9hl0' xe 6 t6 di duge quing duong bao
nhiéu km?

A. 0,7 B.5 C.0,3 D. 5,2
Giai
Ta c6 quing dudng S(#)=v(¢)£. Viphan 2 vé theo ¢ ta duoc S'(¢).dt =v(t).dt < S'(t) =v(t)

= S(¢) 1a 1 nguyén ham cta v(r) = S(¢) = [v(¢)ds

)
Chon gbc thoi gian lac 9% 1a ¢, =0 thi luc 9210'1a ¢, =10

10
Quang duong la S = I(O,S+O,2.cos nt)dt
0

Str dung may tinh Casio v6i chirc nang tinh tich phan

(s fog) (2] (3 (O @ (I (5] () (0] (3 (2] o) fstrr) (xi0) () 51 B OJ

@U@=
Quang duong S =5m
=> Chon B

Binh luian
Bai toan rat chuan muyc vé phép tinh toan, con so ra ciing phan anh tinh trang tic xe toi t¢ & Ha Noi khi
10° chi di dugc co Sm

- | Math &

[2°¢0.5+0. 2c0s0p
:
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CHU PE 21: Bi QUYET TiM NHANH CAC THUQC TiNH CUA SO PHUC
A. KIEN THUC NEN TANG

1. S6 40: duge ki hidu bang chit i va c6 gia trila i* = -1

s4k+l . s4k+2 -4k+3
=-1,1"" =

e o £ o .4k .
Quy ludtcuasd do: i =1,1"" =1, 1 = —1

2.S6 phire: 1a s6 c6 dang z=a+Dbi véia, bla2 so thuc
Mot sO dang sO phurc co ban: s6 phirc lién hop ctia z 14 z=a+bi, s0 phuc doi cua z1a —z=-a—bi, s0

1 a . ~ ” 4 , N N . ’
i, mO dun cia so phuc la mot dai lwong duoc ki

1
hirc nghich ddo cuaz 1la —= = —
P s z a+bi a’+b> a’+b’

hiu 14 |7| va c6 gid tri |z| =v/a® + b’

3. Phan thue, phin do:

Phén thyc cua s6 phire z dugce ki hiéu 1a Re(z) va cé gid tri Re(z)=a
Phan thuc cta sb phirc z duoc ki hiéu 1a Im(z) va co gia tri Im(z)="b

B. Vi DU MINH HQA

Vi du 1: (THPT Chuyén Bién Hoa - Ha Nam - Lan 3 - Niim 2017) Tinh médun cta sd phtic z thoa

man: z=1+4i+(l—i)3

A. |Z|=\/§. B. |Z|=5. C. |Z|=\/§. D. |Z|=\/E.

CMPLZ ] Math A&

Giai |1+4i+(1-i )3
Cach tinh co ban 5
Tinh gié tri ctia z ta dugc: R e

1+4i+(1-i)%

o 2] H @ EH OO JEIEE 149
% 1

Vay z=+/1" +2° =5

=> Chon A

Cach tinh nhanh
Pé tinh modun sd phtic ta ¢ thé sir dung 1énh SHIFT ABS
() fyg (1] () (8] v (0 (D (30 (=) B OJ (27 (B) (=)

=|7|= J5
=> Chon A
Vi du 2: (THPT Chuyén Lé Hong Phong - TP Hé Chi Minh - Niim 2017) Trong tip céac s6 phirc, tim
s phirc z biét (1+i)z+2-3i=2(2-i)-2.
A. z=1+21. B.z=2+1. C.z=2-1 D. z=1-2i.
Giai

PT ban déu < (1+i)z—(2-i)z=-2-(2-3i)

Trang 1
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—4 431

o (-1+2i)z=—4+3iz=

—1+2i
EEEEEHEBOEDBEDME vay -2+
=> Chon B
Kinh nghiém PR e
Pdi voi phuong trinh chi chira minh z thi ta tién hanh 6 1ap z rdi ding may tinh ~ ~1+%% '
Casio 2+
3
‘ , _ (1-+3i)
Vi du 3: (S¢ GD-DT TP H6 Chi Minh - Cum 2 - 2017) Cho s0 phtric z thda man z = = Tinh
—1i
m= ‘2 + iz‘.
A. m=16. B. m=4+2. C. m=82. D. m=242.
Giai
Dung may tinh Casio v6i 1énh MODE 2 tinh gi4 tri z ta duoc:
z=-4-4i
=>z=-4+4
EEEO0HEEECEOOFB®DEME
Tir 6 dung 1énh SHIFT ABS dé tinh mé dun sd phirc ‘E+ iz‘
qep4p4b+b(pd+4b) =
Viy m = ‘£+iz‘ =82
=> Chgn C
my . ‘ | -4-4i+i (-4+4i) |
Dbeé tinh toan cac dai lugng lién quan dén so6 4o 1 ta déu dang nhap vao mdi truong a5
lam viéc cua sb phirc bang 1énh MODE 7 o m Mnj:
(1-453)°
1-i :
-4-4i
Vi du 4: (S¢ GD-DT Hii Duong - Nam 2017) Tim Im(z) cua s phic z: z+2z=(2-1)’ (1-i).
A. -13. B. 9. C. 13. D. 9.
Giai
Dé d& nhin ta rut gon cum (2 —i)3 (l—i) & vé phai:
OEEEIOXEECHEHmMIE
Khi d6 phuong trinh tré thanh: z+2z=-9-13i (1)
bat z=a+bi khido (1)
< a+bi+2(a—bi)=-9-13i < 3a—bi=-9-13i
2 zs 3a=-9 a=-3
Dé 2 vé bang nhau: < =
—b=-13 b=13
Trang 2
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Phén do s6 phirc z ki hiéu 1a Im(z) =13

=> Chgn C
. A CMPLX 0] Math &
L D (2-1)3(1-i)
D061 véi bai tim z ma khong c6 1ap duoc z thi ta s€ dat z=a +bi 9-13i
brtom et b |

Vi duy 5: (S¢ GD-DT Binh Phuéc - Niim 2017) Cho s6 phic z=(1+i)", biét neN va théa man

log, (n—3)+log,(n+9)=3. Tim Re(z) cua so phirc z.

A.a=". B. a=0. C. a=8. D. a=-8.
Giai
Piu tién ta giai phwong trinh Logarit dé tim dwgc n 1 U'Qq,(;{"af"'l a gM:_hE b
¢

PT Logarit <> 1 -3)(n+9)=3 A=
ogarl og, (n )(n ) = 0
o (n—3)(n+9) =4 =64<=n’+6n-91=0

n="7
<:>[ .Vin>3=>n=7
n=

Hoic ta ¢6 thé do nghiém n bang chirc ning SHIFT SOLVE ta ciing thu duoc n =7

8 (D) (=) (@) ® @) O
EEe HE G DE0HE® 0 R E W EE

Viy z= (1+i)7 =8—8i va phan thuc dugc ki hiéu Ia Re(z)=8

=> Chon C

oog (2] (O (1) () B O (= () E)
Vi du 6: (Chuyén Phan Bi Chau - Nghé An - Lan 3 - Nim 2017) Cho s phtc z théa méin
(1+iV3)z=4i. Tinh 2"

A 87 (V3 +i). B. 87 (V3i-1). C. 87 (V3 +i). D. 87 (1-3i).
Giai
Tién hanh c6 1ap va tinh z ta dugc: z = \/5 +1

Khi dé: 27 = (V3 +i)2017 - [(ﬁ +i)3T72 (V3 +i)
= (81)" (V3 +1) =87 (V3 +i)i”

87 (V3 +i)
=> Chon C
Phan tich pes opy @ Math A
Pai lugng /3 +i néu 1ap phuong thi sé thu duge gid trj de biét (/3 + 1)3 B 115 i

Taco i* =1 thi (i“)“ =1
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=i =(i*)" =1
Vi du 7: (THPT Quéc Hoc Quy Nhon - Binh Pinh - Lan 1 - Niim 2017) Cho hai s6 phtc z, =m+3i,
z,=2—(m+1)i v6i meR. Tim céc gié tri clia m d¢ z,.z, 1a s6 thye.

A.m=2 hoic m=-3 B.m=2hoac m=-1 C.m=1hodic m=-2 D.m=-2 hoic m=-3
Giai
Tinh z,z, = (m+3i)[ 2—(m+1)i |
=2m+6i-m(m+1)i-3(m+1)i’

=2m+3(m+l)+[6—m(m+1)]i=5m+3+(6—m—m2)i

: - ; N m=2
D¢ z 1a s6 thuc thi phan o phai bang 0 <:>6—m—m2:O<:{ 5
m=—
=> Chon A
Mé rong

S6 thuc s€ c6 phan 4o bang 0, s6 4o s€ c6 phan thuc bang 0, s6 c¢6 ca phan thyuc va phan 4o bang 0 1a s6 0

Vi du 8: (THPT Chuyén Tuyén Quang - Lin 1 - Niam 2017) Cho sé phic z thoa min
(1-i)z—2iz=5+3i. Tinh |7].

A. |7 =~/97. B. |z = /65. C. 7| =97. D. |7|=65.
=> Chgn B
Vi du 9: (THPT Chuyén Lé Khiét - Lan 1 - Niam 2017) Phan thyc va phin 4o cua sb phic

.\ 2017
z:[l—ﬂJ l4n lugt 14
1-1

A.1vao0. B. -1 vaO0. C.0va —I. D.Oval.
=> Chgn D
Vi du 10: (THPT Chuyén PHSP Ha Ni - Lan 3 Nim 2017) Cho sb phitc z=1+i+i’ +i’ +...+i’. Khi
do

A.z=1 B.z=1-i. C.z=1+1 D. z=1.
=> Chgn C
Vi du 11: (THPT Quéc Hoc Hué - Lan 2 - Niam 2017) Cho s phitc z# 0 sao cho z khong phai 1a sd

\ V4 . A , |Z|
thuc va w=—— 1a 50 thyc. Tinh .
I+z 1+ |z|
A. l B. l C.2. D. l
5 2 3

=> Chgn B
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Vi du 12: (THPT Chuyén Quang Trung - Binh Phuéc - Lan 3 - Niam 2017) Cho hai s phtc Z,,Z,

théaman z,,z, #0; z,+z, #0 va :i+£.Tinh &
Zl+Z2 Z1 Z2 22
A. Q. B. ﬁ. C. 243. D. 2.
2 2 NE)
=> Chgn A
Vi du 13: (P& Minh Hoa - BGD&PT - Lin 2 - Nim 2017) Xét sb phuc z théa mén
(1+2i)|7| = @—2 +1. Ménh d& nao dudi day ding?
Z
A2 <f<2. B. [>2. C. 7<= D. Lcff<2.
2 2 2 2
=> Chon D
C. BAI TAP VAN DUNG

Céu 1 (THPTQG - 2018 - M4 dé 110). Cho s6 phirc z=a+bi (a,beR) thoa man z+2+i=z|. Tinh
S=4a+b.
A.S:4 B.S=2 C.S:—2 D.S=—4

Céu 2 (D¢ Thi THPTQG - 2018 - Ma dé 110). C6 bao nhiéu s0 phuc z théa man |z+2—i|= 242 va
(z —1)2 1a s6 thuan 4o.
A.0 B.2 C.4 D.3
Ciu 3 (Pé Thi THPTQG - 2018 - M dé 103). Tim tat ca cac s thuc x, y sao cho x> —1+yi=—1+2i.
A x=—/2,y=2 B. x=+2,y=2 C.x=0,y=2 D. x=2,y=-2
Céu 4 (D¢ Thi THPTQG - 2018 - Ma dé 103). Cho s phic z théa man |z+3[=5 va
|z—2i|=|z—2-2i|. Tinh |7].
A. |7=17 B. |7 =17 C. |7 =10 D. |z|=10

Cau 5 (P& Thi THPTQG - 2018 - Mi dé 103). C6 bao nhiéu sb phirc z thoa man |z+3i|=+/13 va

14 sb thuan 40?
z+2

A. Vo sb B.2 C.0 D. 1
Cau 6 (S¢ GD&PT TP Hé Chi Minh - Cum 6 - 2018). Cho cac s6 phiic z, =2-3i, z, =1+4i. Tim s6
phirc lién hop véi s6 phirc z,z, .

A. —14-5i B. -10-5i C. —10+5i D. 14-5i
Céu 7 (S& GD&DPT TP H6 Chi Minh - Cum 6 - 2018). Cho sb phitc z=x+yi;x,yeZ théa min
2* =18+26i. Tinh T=(z-2)" +(4-2)".

A.2 B. 4 C.0 D. 1
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Ciu 8 (S& GD&PT TP Ho Chi Minh - Cum 5 - 2018). Cho z s phiic thoa man z+(1—2i)£: 2-4i.
Tim modun cia sé phirc z

A.|7=3 B. |2|=+/5 C. |7=5 D. || =3
Ciu 9 (S& GD&DPT TP Ho Chi Minh - Cum 2 - 2018). Tinh mddun cia sd phic z théoa man:
322+2017(z-7) =12-2018i

A.|7=2 B. || =+/2017 C.|z=4 D. |z|=~/2018

Cau 10 (S6 GD&PT TP Hd Chi Minh - Cum 2 - 2018). Cho hai s phtic z, =2+i, z, =1-2i. Tim

2016
1

2017 °
2

A. [w|=5 B. |w|=+3 C. |w|=3 D. [w|=+/5

modun cua s6 phuc w =

Ciu 11 (S& GD&PT TP H4 Chi Minh - Cym 2 - 2018). Cho s6 phitc z=a+bi (a,beR) théa man
(1+i)’ z+4-5i=—1+6i. Tinh S=a+b.

A.S=-3 B.S=38 C.S=6 D.S=3
Cau 12 (S6 GD&PT TP Ho6 Chi Minh - Cum 2 - 2018). Tinh médun cia sé phic
z=(1-2i)[2+i+i(3-2i)].

A. z=4J10 B. z=4/5 C. z=160 D. z=210
Céu 13 (S GD&PT TP Hé Chi Minh - Cum 2 - 2018). Tinh tong S cta cac phan thyuc cia tit ca cac sd
phttc z thoa man didu kién z =3z

AS=\3 33 25 33

B. S= o C.S 3 . 3
Cau 14 (S& GD&DT TP Hé Chi Minh - Cum 1 - 2018). Cho s6 phirc z thoa man (1-i)z+4z=7-7i.
Khi d6, modun ctia z bang bao nhiéu?
=3 B. |z|=5 C. |z|=\/§ D.|Z|=3
Céu 15 (THPT Chuyén Lé Hong Phong - 2018). Cho hai s6 phtic z=1+3i, w=2—i. Tim phan 4o

A. |Z

ctia 86 phuc u =z.w.

A. -7 B. 5i C.5 D. —7i
Ciu 16 (THPT Chuyén Lé Hong Phong - 2018). Cho s6 phitc z=a+bi (v6i a,beR) thoa
|z|(2+1)=z—1+i(22+3). Tinh S=a+b.

A.S=-1 B.S=1 C.S=7 D.S=-5
Cau 17 (THPT L& Lg¢i - Lin 3 - 2018). Cho sé phiic z=a+bi(a,beR) théa man
z(2i-3)-8iz=-16-15i. Tinh S=a-3b.

A.4 B.6 C.5 D. -1
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Cau 18 (THPT Chuyén Bién Hoa - Lan 3 - 2018). Tim sb phirc lién hop ciia sd phic z théa man

1
=(1+i)(3-21)+—.
z (+1)( 1)+3+i

A z="_"j B.z=242; C.z=22_Zi D.z="_-Zi
10 10 10 10 S 8 10 10

Cau 19 (S¢ GD-PT Pha The - Lin 2 - 2018). Cho s6 phic z=a+bi(a,beR) théa man
2(z+1)=3z+i(5-i). Tinh a+2b.

A.a+2b=1 B.a+2b=-3 C.a+2b=3 D.a+2b=-1
Céu 20 (Pé Minh Hoa - Lan 3 - BGD&DT - 2018). Hoi c6 bao nhiéu sb phirc z thoa man dong thoi cac
didu kién |z—i|=5 va z* 1 s thudn 40?

A.2 B.3 C.4 D. 0
Cau 21 (THPT Kim Lién - Lan 2 - 2018). Cho s6 phic z=a+bi, (a,beR) thoa man 3z+5z=5-5i

Tinh gia tri P = %.

A.le B. P=4 C.Pzé :E
4 16 25

Cau 22 (THPT Ding Thic Hira - 2018). Cho s6 phiic z bat ky. Khang dinh nao sau day la khang dinh
sai?

D. P

2 2 - 2 - 2 2
A. ‘z ‘=|z| B. z.z=|z| C. |z|:‘z‘ D. z :|z|

Céau 23 (THPT Ping Thic Hira - 2018). Cho cac sd phuc z,#0, z,#0 théa man diéu kién

2 + 1 = ! . Tinh gia trj ctia biéu thirc P = 2z
z, z, z,+z, z,| |z
AL B. 2 C.P=2 p. 32
NG 2

Ciu 24 (THPT Chuyén Thai Nguyén - Lan 2 - 2018). Cho sé phic z théa min didu kién
(3+2i)z+(2—i)2 = 4+i. Tim phan 4o cta s6 phic w =(1+2)z
A. 2 B.0 C. -1 D. —i
Cau 25 (THPT Chuyén Thai Nguyén - Lan 2 - 2018). Cho s6 phitc z=a+bi (a,beR) théa man
(|7 -1)(1+iz)
1

7Z—=
Z

A.3+242 B. 2+242 C.3-22 D. 4

phuong trinh =i.Tinh a’ +b’.

(1+i\/§)2

Cau 26 (THPT Chuyén Nguyén Binh Khiém - Lan 1 - 2018). Cho s6 phiic z= YR Tinh
+1
modun cua sd phic z+iz duge két qua:
A. 632 B. 9v2 C. 82 D. 7V2
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Cau 27 (THPT TH Cao Nguyén - Lan 1 - 2018). Cho céc s6 phirc z, =3i, z, =—1-3i, z, =m-2i.

Tap gia trj tham sb m dé sb phuc z, ¢6 modun nho nhét trong 3 sd phtrc da cho 1a

A. (-w;_ﬁ)u(ﬁ;+w) B. {—x/g;x/g} C. [_\/3;\/3] D. (—x/g;x/g)
Céu 28 (THPT Cao Nguyén - Lan 1 - 2018). Tinh modun cua sb phic z =4 - 3i.
A l7=V7 B. |7 =7 C. |7]=25 D. |7|=5

Céiu 29 (THPT Chuyén Bén Tre - 2018). Cho s6 phic z=x+yi(x;yeR) thoa man diéu kién
z+2z=2-4i.Tinh P=3x+y.

A. P=7. B.P=6 C.P=5 D. P=8
Ciu 30 (S& GD&DT Ha Tinh - 2018). Trong céc s phirc z thoa méan |z—(2+4i)[=2, goi z, va z, 1a

sO phtrc c6 mo-dun 16n nhat va nho nhat. Téng phan 4o cua hai s6 phic z, va z, bang

A. 8i B. 4 C. -8 D. 8
2
Céu 31 (Chuyén KHTN - Lin 5 - 2018). Cho s6 phtic z=1+i, médun s6 phic z, = 2E+; bang
7z+2z7
A3 B. V2 C.1+2 D. 1

Céu 32 (Chuyén Phan Bi Chéu - Lan 3 - 2018). Tim gié trj ctia s6 thuc m sao cho s phirc z = P~
+mi
12 mot sb thuan ao.

A. Khong ton tai m B. m:—E C.m=-2 D. m=2

Cau 33 (Thanh Chwong - Lin 1 - 2018). Tim modun cta s6 phie z =(2-3i)i+(1+i)’.

A. [7=1 B. |7|=3 C. [7]=+/5 D. |7]=5

Céu 34 (THPT Quéc Hoc Hué - Lan 1 - 2018). S phirc z thoa man

+(2-3i)=5-2i. Modun cua

-3

z bang
A. |7 =5v10 B. 2| =102 C. |z]=250 D. || =10
Céu 35 (THPT Chuyén Tuyén Quang - Lan 1 - 2018). Trong mit phing phtrc, tim diém M biéu dién

+2017
1

s6 phitc z = .
P 3440
Mm(_4.3 B. M(i;i cm-A. 3 M2, 3
25°25 25°25 25" 25 25" 25
Cau 36 (THPT Chuyén Tuyén Quang - Lin 1 - 2018). Tinh z = 12%
A. Z=l—§i B. z=3+li C. Z=l+§i D. z=§—li
2 2 22 22 2 2
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Cau 37 (THPT Chuyén Thai Binh - Lan 4 - 2018). Cho s phitc z thoa man z(1+1i) +% =14 +2i4
—1

Tim modun cia sé phitc w=z+1.

A.|w|=3 B. |w|=v8-+/14 C. [w|=+9-2+14 D. |w|=32
Ciu 38 (THPT Chuyén Ngoai ngir - Lin 1 - 2018). Cho s6 phitc z=a+bi(a,beR) thoa man
z(2i-3)-8iz=-16-15i. Tinh S=a+3b.

A.S=4 B.S=3 C.S=6 D.S=5
Cau 39 (THPT Chuyén Lé& Khiét - Lan 1 - 2018). Cho hai s phic z, =1+i, z, =1—i. Két luan nao
sau day la sai?

4

A, —=1 B. |ZI—ZZ|=\/5 C.z+z,=2 D. |z1.22|:2

Z2

Ciu 40 (THPT Chuyén Lwong Thé Vinh - Lin 1 - 2018). Cho sb phirc z théa min
2z+(1+i)z=5+3i. Tinh |z].

A.l7=+5 B. |2|=+3 C. |7=3 D. |z|=5
Cau 41 (THPT Chuyén KHTN - Lén 2 - 2018). Cho s6 phic z=(1+i)’ +(1+i) +...+(1+i)”. Phin
thyc cta sd phic z 1a

A. 2" B. 2""+2 C.2"-2 D. 2"
Céu 42 (THPT Chuyén KHTN - Lin 1 - 2018). Cho P(z) 1a mot da thirc v6i hé s6 thuc. Néu sé phtrc z
thdéa man P(z) =0 thi

A. P(|z)=0 B. P(1j=o C. P(i):O D. P(z)=0

V4 Z

Cau 43 (S& GD&DT Bic Giang - Lan 1 - 2018). Tim s6 phtrc z théa man h¢ thirc (1+i)z+z=1+i.

A.z=2+1 B.z=1-1 C.z=2-1 D. z=1+1
Céu 44 (THPT Chuyén PHSP - Lan 3 - 2018). S phirc z théa mén |z| +z=0.Khido

A. z 12 sd thuc nho hon hodc béng 0 B. |z| =1

C. Phan thuc cua z la sO am D. z 1a s6 thuan ao

+2017

Ciu 45 (TT Diéu Hién - 2018). Biéu thuc P = c6 gia tri 1a

2+1

A2+l B L-2 C. 142 p.2-1;
55 55 55 55

2017
Ciu 46 (So GD&PT Quing Ninh - Lan 1 - 2018). Cho s phiic z = [ij .Tinh 2’ +2° +2" + 7"

1-1
A.4 B.0 C. 4i D.2
Cau 47 (Chuyén DPHSP - Léan 4 - 2018). Cho s6 phtc z thoa man (2+3i)z—(1+2i)z=7-i. Tim

modun cua z.
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A.l7=+5 B. |z]=1 C.|7=3 D. |7|=2
Cau 48 (THPT Chuyén KHTN - Lan 1 - 2018). Cho s phic z co phan thyc dwong va théa man
_ (5+\/§i)
z—~——2-1=0.Khido

V4

A.lz|=2 B. [z|=3 C. |7|=4 D. || =7
Ciu 49 (THPT Chuyén KHTN - Lan 1 - 2018). Gia s s phuc
z=—1+i-i’+i’ =i* +1° —...—=1” +i'"° —i""". Luc d6 téng phan thuc va phan 4o cta z 1a

A.2 B. -1 C.0 D. 1

Cau 50 (THPT Chuyén Lé Hong Phong - Lan 1 - 2018). Cho sb phirc z thoa min

(1 —3i)z+(1+i)2 7 =5—1i. Tinh modun ctia z.

29

- D. [7=¥22
3

3

Cau 51 (THPT Nguyén Trii - Lan 2 - 2018). Cho s6 phitc z thoa man: (3-2i)z—4(1-1)=(2+i)z

A. |z|=@ B. |z|=+/10

C. |z| =
3

Modun cua z la

A. V10

Céu 52 (TT Diéu Hién - 2018). Tim s6 phtc z biét |z| =5 va phan thuc 16n hon phan 4o mét don vi.

p. V3

4

C. 5 D. 3

A.z, =—4-3i,z, =3+4i B. z,=4+31,z, =-3-4

C.z =3-4i,z,=4-3i D.z =4+31,z,=—4-3i
Céu 53 (P& Minh Hoa - BGD&DPT - Lin 2 - 2018). Cho s6 phitc z=a+bi(a,beR) théa man

(1+i)z+2z=3+2i. Tinh P=a+b.

A P=L B.P=1 C.P=-1 D.P=_1t
2 2
Céu 54 (THPT Hung Vwong - Lan 1 - 2018). Tinh i*®.
A. -1 B. 1 C. —i D.i

Cau 55 (THPT Hing Vwong - Lan 1 - 2018). Tim dang lugng giac ctia s6 phic z=1- J3i.

A. z=(c05£—isin£j B. z=2]| cos —Ejjtisin[—E
3 3 3 3

C.z=2 cosz—n+isin2—7T D.z=2 cos£+isinE
3 3 3 3

D. BANG DAP AN
1D 2D 3C 4D 5D 6D 7C SB 9A 10D
11B 12A 13B 14C 15A 16A 17A 18A 19C 20C
21A 22D 23C 24D 25A 26B 27A 28D 29B 30D
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31D 32D 33D 34A 35B 36B 35A 38D 39B 40A
41C 42D 43D 44A 45A 46B 47A 48D 49C 50D
51A 52B 53D 54D 55B
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CHU PE 22: Bi QUYET GIAI NHANH PHUONG TRINH SO PHUC
A. KIEN THUC NEN TANG
1. Phwong trinh béc 2 s6 phire: az” +bz+c =0 dwoe giai bang 1énh MODE 5 3
2. Phwong trinh bac 3 s6 phire: az® +bz’ +cz+d =0 dwoc giai bing 1énh MODE 5 4
3. Phuong trinh bic 4 trang phwong: az'+bz’+c=0 dwoc gidi bang ciach dit z’ =t roi dua
phuong trinh bic 4 tré vé phwong trinh bic 2 s6 phire: at” +bt+c =0 roi dung Iénh MODE 5 3 dé
giai tiep
4. D¢ chirng minh mot ding thire s6 phire: ta thuong tién hanh bang phuong phap cé biét hoa, chon cac

gid tri dai dién cua z,,z,,... r01 st dung may tinh Casio dé tinh todn va so sanh.

B. Vi DU MINH HQA

Vi du 1: (P& thi THPTQG — 2017 — Ma dé& 110) Ki hiéu z,,z, 14 hai nghiém phirc ctia phuong trinh
3z2°—z+1=0. Tinh P=|zl|+|zz|.

A.P:@ B.Pz% C.Pz? D.Pz?

Giai
Giai phuong trinh bac 2: 3z —z+1=0 bang MODE 4 3 1di luu z, vao phim A va z, vao phim B.

555 EHIFTRCL(-)HSHIFTRCL

09

Tinh gi4 tri biéu thite P=|z,|+|z,| ta duoe P = #
=> Chon D
[MODE| Bl [SHIFT] hypl[ALPHA ()} [»] (] [SHIFT] hypl[ALPHA|[* |5
Cha y
Vi nghiém z,,z, chua sd 40 i dé tinh P thi dau tién ta phai ding nhap vao méi truong lam viée cua sd
phtrc bang 1énh MODE 2 y C I~
1 =
4437
2 MathWA
A2=
TN TE g
Y
lal+IBI
2d3
3

Vi du 2: (THPT Bio Lam — Lan 1 - 2017) Xét phuong trinh 2z* —3z° —2 =0 trong tap s6 phirc. Goi z,

, Z,, Z,, Z, 12 bon nghiém ciia phuwong trinh. Tong T=|Zl|+|22|+|23|+|24| bang

A. 32 B. 52 C.5 D. V2
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Giai

Pit z° =t khi @6 phuong trinh 2z* —3z° =2 =0 tré thanh 2t> —3t—2=0

t=2
Gidi phuong trinh bac 2 nay ta thu dugc: 1
)
zZ=+2
Truonghop 1:t=2 <7z’ =2 < V2
2=
. V2
%) -
Tru(‘mgh(_)p2:t=—l<:>22:—l<:>zzzl—<:> 2
2 2 2 in2
==
2
=> Chon A
Chuy
Vi nghiém z,,z, chira s6 40 i dé tinh P thi dau tién ta phai dang nhip vao moi truong lam viéc cua )
phirc bang 1énh MODE 2 o @ W A
|&l+1Bl
243
3
] Math¥
A1=
R A
et 8 1
B MathWai
Az=
§ B JEE
SRS

Vi du 3: (THPT Chuyén Lam Son — Thanh Héa — Lan 3 — 2017) Cho phuong trinh an phirc z* +8 =0

co ba nghiém z,,z,,z,. Tinh téng M= |zl|+|zz| + |z3| .
A.M=6 B. M=2+25 C. M=2+2J10 D. M=2+22
Giai
Giai phuong trinh bac 3: 2 +8=0 béng 1énh MODE 5 4 ta thu dugc 3 nghiém z, =-2, z, =1+\/§i,
7, =1-+3i
Tinh tong M = |zl|+|zz|+|23| ta duoc M =6
=> Chon A
MODE Pl [SHIFT hyp B [»] [+ [sHIF T jhypl [ [+ [vm |3][»] ENG][»]
SHIFT] hyp|1| = [va |j][»] [EnG]H

Phwong phap

Dé giai phuong trinh bac 4 trung phuong az* +bz> + ¢ =0 ta dat z> =t dé dua phuong trinh vé dang bac
24ntma may tinh Casio c6 thé tinh duoc nghiém.
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Vi du 4: (THPT Chuyén Thai Nguyén — Lin 2 — 2017) Biét phuong trinh z* +az+b=0, (a,beR) c6
mot nghiém 14 z=1-1. Tinh médun cia sé phirc w =a +bi.
A2 B.2 C.2\2 D.3
Giai
Ta hiéu: z=1-i 1a nghiém cta phwong trinh z* +az+b=0 (1)

tc 14 1—1 thoa man phuong trinh (1) < (1-i)" +a(1-1)+b=0

. . . a+b=0
& 2ita-ai+b=0<a+b—-(a+2)i=0&
a+2=0
a=-2
o
b=2
Tir d6 suy ra s6 phiic w =—2+2i:>|w|=1/(—2)2 +22 =22
=> Chon C
] MathWai
he=
1+031i
. B Math¥
A=
=2
Math &
A=

1-{3i

CHPLY -] Math &

121+ 1+83il+]1-p
6

Vi du 5: (THPT Chuyén Lé Hong Phong — HCM — 2017) Biét phuong trinh az’ +bz’ +cz+d =0

(a,b,c,deR) z,,z,,z, =1+2i la nghiém. Biét z, c6 phan 40 4m, tim phan 4o cla w =z, +2z, +3z;..
A.3 B.2 C. -2 D. -1

Giai

Vi z, =1+2i la nghiém nén s& thoa man phuong trinh az’ + bz’ +cz+d =0

o a(1+2i) +b(1+2i) +c(1+2i)+d =0

< (-11-2i)a+b(-3+4i)+c(1+2i)+d=0

< —1la-3b+c+d+(—2a+4b+2c)i=0

—1la—-3b+c+d=0
=t
—2a+4b+2c=0
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Chon ¢ =1, d = 0 khi d6 hé (*)
@{—11a—3b=—1

—2a+4b=-2
M= E==lE
HEHHEHEEEE

Ta thu dugc a = 1 va b= 2 khi d6 phuong trinh ban dau tré thanh %23 —%zz +z=0

Giai phuong trinh bac 3 nay ta thu dugc: z, =0, z, =1-2i, z, =1+2i

(MoDE 5| I HE5HRHES IS
Tlel=l=l=

Thu gon s6 phitc w =5+2i = Phan 4o ctia w14 2
=> Chon B

ooe g bEd S
RENG B [I][HERIENG ) H

Phan tich
Hé (*) c6 2 4n ma 4 phuong trinh thi ta s& chon 2 4n 14 1 s6 bét ki, tuy nhién phai dam bao a =0 dé dam
bao phuong trinh an z 1a bac 3 dé c6 3 nghiém.

. -] Math¥
K=
1
5
: a2 Math &
Y=
R
5
] Mtk WA
Ae=
1-2i
: B Mt
A=
1+21
¥ ] Math &
A3=
0
= CMPLY = -] E Math &
Q+2C1-21 )+3( 1 +2b
R+

Vi du 6: (Chuyén KHTN — Lan 5 — 2017) Gia sur z,,Z, la 2 nghiém phuc cua phuong trinh
2’ +(1-2i)z—1-i=0.Khi dé |z, - z,| bang?
A.3 B.4 C.2 D. 1
Giai
Tinh A=(1-2i)" —4(-1-1)=1

—b+\/Z=—(1—2i)+1

2a 2

Trang 241

Viay z, =




Phan tich
Vi hé s cua z chira s6 40 i nén ta khong thé bdm may tinh voi chirc ning MODE 5 3 dwoc ma phai di 1én
tur cach tinh thong thuong.

Vi du 8 (Bic Ha - 2017):Cho sé phic w va hai s thuc a, b. Biét 2w+i va3w—5 la hai nghiém cua
phuong trinh z* +az+5 =0 Tim phan thyc cia sb phirc w

A.2 B.3 C.4 D.5

Vi du 9 (Chuyén Vinh Phiic - 2017): Cho a, b, ¢ 14 cic s6 thuc sao cho phuong trinhz* +az® + bz+c =0
c6 ba nghiém phuc lan luot 1a z,=0+31, z,=0+91, z, =20-4, trong d6 ® 1a mot sb phtrc nao do.

Vi du 7: (S6 GD&DT Hai Phong — 2017) Goi A, B, C la cic diém biéu dién cac s6 phirc z,,z,,z, 1a
nghiém ctia phuong trinh z° —6z° +12z—7 = 0. Tinh dién tich S ctia tam gidc ABC.

A.S:ﬂ B.S=1 C.S=33 D.S=&

2 4
Giai
z—1=0

PT —1)(z*-5z+7)=0
Q(Z )(Z Z+) <:bLz—SZ+7:()

Suy ra AB=AC =BC =+/3 = AABC la tam giac déu, suy ra S =¥.

=> Chgon D

Kinh nghiém

Dé bai thuong cho AABC 1a tam giac déu canh a thi S=

a’\3
4

hoac 1a A vudng thi S =% tich 2 canh

goc vuong.

Tinh gia tri cia P =|a+b+¢|.
A. P =208 B.P =284 C.P=136 D.P=36
=> Chgn C
Vi du 10 (THPT Nguyén Binh Khiém - 2017): Cho phuong trinh 2z° + 5|Z| —3=0. Hoi phuong trinh c6

bao nhiéu nghiém phtrc phan biét?
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A.4 B.3 C.2 D.6
=>Chgn D
Vi du 11 (THPT Chuyén Bién Hoa — Ha Nam — Lin 3 - 2017): Cho sé phitc z,,z, thoa min

|Z1 +Z2|=3, Z1|=1, Zz|=2. Tinh ZIZ+Z_IZZ.
A.2 B.0 C.8 D. 4
=> Chon D

Vi du 12 (THPT Cao Nguyén — Lan 2 - 2017): Cho cic sb phic z,z,,z, théa man 2 diéu kién

|z,|=|z,| =|z,|=2017 va z,+z,+z,#0. Tinh P=|lez 2% +Z3Zl|.
z,+2,+7,

A.P=2017 B.P =1008,5 C. P=2017* D. P =6051
=> Chgn A

) R R o , z,+z,+2,=0
Vi du 13 (Chuyén Lé Quy Don - 2017): Cho ba s6 phic z,,z,,z, thdéa man . Ménh

21| = 2] =[z:] =1

dé nao dudi day ding?

2 2 2| 2 2 2
A. ‘z, +z," +z, ‘—|z,zz+zzz3+z3zl| B. ‘zl +z," +z, ‘>|zlzz+zzz3+z3zl|
C Zz+zz+zz<|zz +2,z +zz| D3—|zz +2,z +zz|zz+zz+z2
* 1 2 3 172 243 371 * 7172 273 371171 2 3
=> Chon A

Vi du 14 (THPT Quing Xwong 1 - 2017): Cho s6 phitc z=a+bi véi a,beR. Trong cic khiang dinh

sau dau 1a khang dinh sai?

A2 =L 2 ibe0 B. || =[|=Va’ +b’
z—-z 2 2b
z z 2b(b+ai
c.le 2 _\siatibi=0 p. 2oy 2olbal) o p g
z a +b z a +b
=> Chgn A
C. BAI TAP VAN DUNG

Céu 1 (Pé thi THPTQG — 2018 — M dé 110). Cho s phitc z=a + bi (a,b e R) thoa man S = 4a + b.
Tinh S =4a +b.
A.S=4 B.S=2 C.S=-2 D.S=-4

Cau 2 (D& thi THPTQG — 2018 — Mi d& 110). C6 bao nhiéu s6 phitc z thoa man [z+2—i|=2v2 va
(z—1)" 1a 56 thuan ao?

A.2 B. 2 C.4 D. x
Cau 3 (D¢ thi THPTQG — 2018 — Ma dé 103). Tim tit ca cac s6 thuc x,y sao cho x* —1+yi=—1+2i.

A x=—/2,y=2 B.x=2,y=2 C.x=0,y=2 D.x=+2,y==2
Chu 4 (P& thi THPTQG — 2018 — M dé 103). Cho s0 phtrc z thda mén |z+3|=5 va |z—2i|=|z—-2-2i
Tinh |z|
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A. |7 =17 B. |2|=17 C. |z]=+10 D. |7|=10
Céu 5 (D& thi THPTQG - 2018 — M4 dé 103). C6 bao nhiéu s6 phirc z théa man |z+3i|= V13 va

1a soO thuan ao?

z+2

A. Vo sb B.2 C.0 D. 1
Cau 6 (S& GD&DT TP Hoé Chi Minh — Cum 6 - 2018). Cho céc s6 phitc z, =2—-3i, z, =1+4i. Tim s6
phirc lién hop véi s6 phirc z,z, .

A. —14-5i B. —10-5i C. —10+5i D. 14-5i
Cau 7 (S6 GD&DT TP Hoé Chi Minh — Cum 6 - 2018). Cho sb phitc z=x+yi; x,y€Z thoa man
2' =18+26i. Tinh T=(z-2)" +(4-z)’.

A.2 B. 4 C.0 D. 1
Cau 8 (S¢ GD&DT TP Hb Chi Minh — Cym 5 - 2018). Cho z s6 phtrc théa man z+(1-2i)z=2-4i.
Tim modun cia sd phic z.

A. |z|=3 B. |Z|=\/§ C. |z|=\/§ D. |z|=\/§
Ciu 9 (S6 GD&DT TP H6 Chi Minh — Cum 2 - 2018). Tinh modun cia sé phic z thoa man:
322+2017(z-2)=12-2018i.

A. |7]=2 B. 7| =+2017 C.|7=4 D. |z]=~/2018

Cau 10 (S¢ GD&DT TP H6 Chi Minh — Cum 2 - 2018). Cho hai sb phiic z, =1-2i, z, =1-2i. Tim

2016

1

2017 °
2

A [w|=5 B. |w|=3 C. |w|=3 D. [w|=+/5

mddun cia sO phiic w =

Céu 11 (S¢ GD&DT TP Hé Chi Minh — Cum 2 - 2018). Cho s6 phtic z = a + bi (a,b eR) théa man
(1+i)’ z+4-5i=—1+6i. Tinh S=a+b.

A.S=-3 B.S=6 C.S=6 D.S=3
Cau 12 (S6 GD&DT TP HO Chi Minh — Cum 2 - 2018). Tinh médun cua sé phirc
z=(1-2i)[2+i+i(3-2i)].

A. |7 =410 B. |2|=45 C. [z]=2+10 D. |7| =210
Céu 13 (S6 GD&DT TP Hé Chi Minh — Cum 2 - 2018). Tinh tong Z cta cac phan thyuc ciia tit ca cac
sb phirc z thoa man didu kién z =/32>.

AS=\3 33 25 33

B. S=— C.S
6 3 3

Ciu 14 (S& GD&DT TP Hb Chi Minh — Cum 1 - 2018). Cho s6 phtrc z thoa man (1-i)z+4z=7-7i.

Khi ¢6 médun cua z bang bao nhiéu?
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A. |Z|=\/§ B. |Z|=\/§ C. |Z|=\/§ D. |Z|:3
Céu 15 (THPT Chuyén Lé Hong Phong - 2018). Cho hai s6 phtic z =1 + 3i, w = 2 — i. Tim phan ao
ctia s6 phirc u = Zw.

A. 5 B. 5i C.5 D. -7i
Ciau 16 (THPT Chuyén Lé Hoéng Phong - 2018). Cho sd phiic z = a + bi (v6i a,beR) thoa
|7|(2+1)=2z—1+i(2z+3). Tinh S=a +b.

A.S=-1 B.S=1 C.S=7 D.S=-5
Ciu 17 (THPT Lé Lo¢i — Lan 3 - 2018). Cho sd phic z = a + bi (a,beR) thoa min
Z(2i—3)——8i.z =-16-151. Tinh S=a-3b.

A.4 B.5 C. -5 D. -1
Cau 18 (THPT Chuyén Bién Hoa — Lan 3 - 2018). Tim s6 phtc lién hop ctia sb phirc z théa man

1
=(1+1)(3-21)+—.
z (+1)( 1)+3+i

Cau 19 (S& GD-DT Phit Tho - Lan 2 - 2018). Cho s6 phic z = a + bi (a,beR) théa min
2(z+1)=3z+i(5-i). Tinh a + 2b.

A.a+2b=1 B. a+2b=-3 C.a+2b=-1 D. a+2b=-1
Céu 20 (Pé minh hoa — Lin 3 — BGD&DT - 2018). Hoi c6 bao nhiéu sd phic z thoa méin dong thoi cac
diéu kién |z—i|=5 va z* 1a s6 thuin 40?

A.2 B. 4 C.4 D.0
Céu 21 (THPT Kim Lién — Lan 2 - 2018). Cho s6 phtic z = a + bi, (a,b € R) thoa man 3z+5z=5-5i.

Tinh gid tri P = % .

A P=L B.P=4 c.p=2 _1e
4 16 25
Céu 22 (THPT Ping Thic Hira - 2018). Cho s phirc z bat ky. Khang dinh nao sau day 1a khang dinh
sai?

D. P

- 2 - 2 2 2 2 2
A. z.z:|z| B. z.z:|z| C.z :|z| D. z :|z|

Cau 23 (THPT Ding Thic Hia - 2018). Cho cic sé phicc z #0,z, #0 théa man diéu kién

2 0 U Tinh gid trj ctia bidu thire P = 2|+ |22
Z1 Z2 Z1 + Z2 Z2 Z]
A L B. \2 C.P=2 D. W2
NG 2

Ciu 24 (THPT Chuyén Thai Nguyén — Lan 2 - 2018). Cho s phirc z théa min diéu kién

(3+2i)z+(2—i)2 =4+i. Tim phan 4o cia sb phirc w:(1+z)£.
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A. -2 B.0 C. -1 D. -1
Céu 25 (THPT Chuyén Thai Nguyén — Lan 2 - 2018). Cho sb phtic z = a + bi (a,beR) thoa man

(l2-1)(1+iz)

1
Z_i
z

A. 3+242 B. 3-242 C.3-22 D. 4
(1+i\/§)3

1+1

phuong trinh =i.Tinh a’ +b’.

Céu 26 (THPT Chuyén Nguyén Binh Khiém — Lan 1 - 2018). Cho s6 phirc z = . Tinh médun

cua sO phtc z+iz duogc két qua:

A. 632 B. 82 C. 8\2 D. 742
Cau 27 (THPT TH Cao Nguyén — Lan 1 - 2018). Cho céac sb phic z, =3i, z, =m-2i, z, =m-2i.
Tap gia tri tham s6 m dé s6 phirc z, c6 modun nho nhat trong 3 sé phirc da cho 1a

A. (—w;—ﬁ)U(S;vLOO) B. {—\E;\E} C. [—«B;\E] D. (—\E;\B)
Céu 28 (THPT Cao Nguyén — Lan 1 - 2018). Tinh modun cta s phic z = 4 — 3i.

A |7 =7 B. |7|=7 C. |z|=25 D. |z|=5
Céu 29 (THPT Chuyén Bén Tre - 2018). Cho sb phirc z = x + yi (x,y € R) théa man diéu kién
z+2z=2—-4i.TinhP=3x +y.

A.P=6 B.P=6 C.P=5 D.P=8
Cau 30 (S& GD&DT Ha Tinh - 2018). Trong céac sd phiic z théa man ‘z—(2+4i)‘ =2,g01z va z, la
s6 phirc ¢6 modun 16n nhit va nho nhit. Téng phan 4o cua hai sb phirc z, va z, béng

A. 8i B.4 C. -8 D. 8

2
CAu 31 (Chuyén KHTN — Lin 5 - 2018). Cho s phirc = 1 + i, médun s phitc 7, = 22> bing

z.Z+27
A3 B. \2 C.1+2 D. 1

Céu 32 (Chuyén Phan Bi Chau — Lan 3 - 2018). Tim gi4 tri cta sd thuc m sao cho sé phirc z =

2-1

1+ mi
la mot so thuan 4o:

A. Khong ton tai m. B. m= ) C.m=-2 D.m=2

Céu 33 (Thanh Chwong — Lan 1 - 2018). Tim mddun ctia s phirc z =(2-3i)i+(1+ i)2 .

A. |z|:1 B. |z|=\/§ C. |Z|=\/§ D. |Z|:5
Céu 34 (THPT Quéc Hoc Hué - Lan 1 - 2018). Sb phirc z thoa 7 23- +(2-3i)=5-2i. Mddun cua z
=31
béng
A. []=5V10 B. |7|=10v2 C. |7| =250 D. |z|=+10
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Céu 35 (THPT Chuyén Tuyén Quang — Lan 1 - 2018). Trong mit phang phirc, tim diém M biéu dién

:2017
1

sd phiic z = .
P 3+4
EN] NV comf4. 3 4.3
2525 2525 25 25 25 25
Céu 36 (THPT Chuyén Tuyén Quang — Lan 1 - 2018). Tinh z = 12%117
—1i
A. Zzl—éi B. Z:§+li C. Z=l+§i D. Z:E—li
2 2 2 2 2 2 2 2

Cau 37 (THPT Chuyén Thai Binh — Lin 4 - 2018). Cho s6 phiic z thoa man

z(l+i)+%=\/ﬁ+2i.4. Tim médun cta sb phitc w =2z + 1.
—i

A. lw|=3 B. [w|=19-2414 C. |w|=+9-2414 D. |w|=3v2
Céu 38 (THPT Chuyén Ngoai Ngir - Lan 1 - 2018). Cho sb phitc z = a + bi (a,beR) thoa man
z(2i-3)-8iz=-16-15i. Tinh S =a + 3b.

A.S=4 B.S=3 C.S=6 D.S=5
Cau 39 (THPT Chuyén L& Khiét — Lan 1 - 2018). Cho hai s phic z, =1+i, z, =1—i. Két luan nao
sau day 1a sai?

4

A, —=1 B. |zl—zz|:\/§ C.z+z,=2 D. |Zl.Zz|=2

Z,

Céu 40 (THPT Chuyén Lwong Thé Vinh — Lan 1 - 2018). Cho s6 phitc z thoa man 2z+(1+i)z =5+ 3i
. Tinh |7].

A. [2=+5 B. |7 =3 C. |7]=3 D. |7|=5
Cau 41 (THPT Chuyén KHTN — Lin 2 - 2018). Cho s6 phic z=(1+i)’ +(1+1)’ +...+(1+i)”. Phan
thuc cua sb phic z 1a

A. 2" B. 2"'+2 C.2"-2 D. 2"
Céu 42 (THPT Chuyén KHTN - Lin 1 - 2018). Cho P(z) la mét da thtre v6i hé s6 thuc. Néu sé phie
zthéaman P(z)=0 thi

A. P(|2])=0 B. P(1j=o C. P(ij:O D. P(z)=0

V4 z

Cau 43 (S& GD&DT Bic Giang — Lan 1 - 2018). Tim s6 phitc z thoa man hé thic (1+i)z+z=1+i.

A.z=2+1 B.z=1-i C.z=2-1 D. z=1+1
Chu 44 (THPT Chuyén DPHSP - Lan 3 - 2018). S6 phitc z théa méan |z|+z =0. Khi d6

A. 7z 14 36 thuc nho hon hodc béng 0. B. |Z| =1

C. Phan thuc cua z 1a sO am. D. z 1a s0 thuan ao.
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+2017

Ciu 45 (TT Diéu Hién - 2018). Biéu thtuc P = cb gid tri 1a

2+1

A2+l B. L2 c.2-1i p.2-1;
55 55 55 55

2017
Céu 46 (S& GD&DT Quing Ninh — Lan 1 - 2018). Cho sb phirc z = (F) .Tinh 2’ +2° +2" +2°.

—1
A.4 B.0 C. 4i D.2
Cau 47 (Chuyén DHSP — Lin 4 - 2018). Cho s phuc z thoa man (2+3i)z—(1+2i)z=7~i. Tim

modun cua z.

A.lz]=+/5 B. |7]=1 C. |7=2 D. |7|=2
Céiu 48 (THPT Chuyén KHTN — Léan 1 - 2018). Cho sb phirc z c6 phan thuc dwong va thoa
- (5+x/§i)
z=——>-1=0.Khido
z
A.l7=2 B. |7]=3 C. |7|=4 D. |7|=+7

Céu 49 (THPT Chuyén KHTN — Lin 1 - 2018). Gia sir s6 phuc:

+101
—1

z=—l+i-i"+i =i +i° - =17 +i'? . Lac d6 tong phan thyc va phan o cua z 1a

A.2 B. -1 C.0 D. 1
Ciau 50 (THPT Chuyén Lé Hoéng Phong — Lan 1 - 2018). Cho sb phic z thoa min
(1-3i)z+(1+i) z=5-i. Tinh modun cta z.
J20 1 V29
A. |7 == B. |z| =10 C.lz=— D. 7=
-2 =0 = -2
Céu 51 (THPT Nguyén Trii — Lan 2 - 2018). Cho s6 phiic z thoa man: (3—2i)2—4(1—i) =(2+i)z.

Modun cua z la

A. 10 B.ﬁ C. 5 D. 3

4
Céu 52 (TT Di¢u Hién - 2018). Tim s6 phitc z biét [z] =5 va phan thyc 16n hon phan 40 mot don vi.

A,z =-4-31,z, =3+41 B. z, =4+3i,z, =-3-4i

C.z =3-41,z,=4-3i D. z =4+31,z,=-4-3i
Céu 53 (Pé minh hoa — BGD&DT — Lan 2 - 2018). Cho sé phitc z = a + bi (a,beR) théa man
(1+i)z+22=3+2i. TinhP=a+b.

AP B.P=1 C.P=-1 D.P=——
2 2
Cau 54 (THPT Hing Vwong — Lan 1 - 2018). Tinh i*.
A. -1 B. 1 C. —i D.i

Cau 55 (THPT Hung Vuong — Lén 1 - 2018). Tim dang luong gidc cia sb phitc z=1-+/3i.
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A. z= (cosﬁ—isinzj
3 3

C.z= 2(cosz—n+isinz—7T
3 3

D. BANG DAP AN

B. z:z(w{-gj“sm(_gﬂ

D. z=2(cos£+isin£j
3 3
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CHU DPE 23 Bi QUYET TIM TAP HQP BIEU DIEN SO PHUC
A.KIEN THUC NEN TANG
1. HE truc toa d¢ thuc do
Hé truc thuc ao g@)m c6 2 truc vudng gbéc voi nhau: Truc nam ngang la truc thye, truc dimg doc 1a truc 4o

SO phitc z = a+bi khi biéu dién trén hé tryc thyc 4o 1a diem M (a;b)

Modun ctia sé phtic z =a+bi 1 do 16n cia vecto OM

2. Phwong phap tim tip hop diém (quy tich)

Bai toan quy tich ludn di 1én tir dinh nghia. Ta ludn ddt z = a +bi , biéu dién sd phirc theo yéu cau dé bai,
tir d6 khtr 7 va thu vé mot hé thirc méi:

Néu hé thire c6 dang Ax+ By +C =0 thi tap hop diém 1a duong thing

Néu hé thrc c6 dang (x—a)’ +(y—b)" = R* thi tip hop diém 1a duong tron tim /(a;b) ban kinh R

2 2

Néu hé thirc c6 dang x_2+ z—z =1 thi tap hop diém c6 dang mot Elip
a

2 2
Néu hé thirc c6 dang x_z_;;_z =1 thi tap hop diém 13 mot Hyperbol
a

Néu hé thirc c6 dang y = Ax” + Bx + C thi tap hop diém 1a mot Parabol
B. Vi DU MINH HQA

Vi du 1 (Chuyén Phan Bi Chiau — Ngh¢ An — Lan 3 — Niim 2017): Tim tip hop diém biéu dién sé
phuc z thoa man |z+ 2 —i| =3

A. Duong tron tam 1(2;—1) ,bankinh R=1. B. Buong tron tam I(—2;1) ,ban kinh R = \/5
C. Buong tron tim (1;-2), ban kinh R=3. D. Budng tron tdm 7 (—2;1), ban kinh R =3.
Giai

Goi z=x+yi (x,y€R). Trén hé truc toa d6 thyc do, diém bicu dién s6 phirc z 14 M (x;y). Thé vao hé

thirc diéu kién ta c6: [x+2+(y—1)i|=3

@\/(x+2)2 +(y—1)2 =3 <:>(x+2)2 +(y—1)2 =3’
Vay tap hop diém biéu dién s phtrc z 1a duong tron tim 7(2;-1) ban kinh R =3
=> Chgn D

Mé rong

(x+ 2)2 +(y- 1)2 <3 thi tdp hop diém M 1a mién trong cta hinh tron (I;R)

Vi du 2 (S6 GD-PT TP H6 Chi Minh — Cum 5 — Nim 2017): Cho sb phirc z théa man diéu kién
3<|z-3i+1/<5. Tap hop diém biéu dién cia z tao thanh mot hinh phang. Tinh dién tich S cua hinh
phang do.

A. S=257 B. S=87 C.S=4r D. S=16x
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Giai
Goi s0 phitc z=x+yi (x,y €R) va c6 diém biéu dién1a M .

Khi d6 3<|z-3i+1]|<5 & 3<|x+1+(y-3)i<5

o3 (x+1) +(y-3) <50 9<(x+1) +(y-3) <25

x+1) +(y=3)"29(1
- {Ex+1;2 +Ey—3;2 < 22(2)
Vay tap hop céc diém M giira 2 dudng tron (1) va (1) (*)
Dudng tron () 6 tim I(~1;3) vabankinh R =3= S, =97
Duong tron (11) c6 tam I(~1;3) vabankinh R, =5= S, =257
Vay dién tich hinh phang can tim 1a S, - S, =257 -97 =167
=> Chgn D

Phan tich
3’ < (x+ 1)2 +(y —3)2 = M nam ¢ mién ngodi dwong tron (1)
(x - 1)2 + (y = 3)2 <25= M nam ¢ mién trong dwong tron (II)

:>Me(*)

Vi du 3 (Chuyén Ngoai Ngir — Ha N¢i — Lan 1 — Niim 2017): w=z(2+3i)+5—i 1a s thudn 4o.

A. Puong tron x* + y* =5. B. Puong thang 2x-3y+5=0.
C. Duong tron (x—3)2 +(y—2)2 =5. D. Puong thang 3x+2y—1=0.
Giai

Goi s phitc z=x+yi (x,y € R). Thé vao h¢ thtc diéu kién
w:(x+yi)(2+3i)+5—i=2x+2yi+3xi+3yi2+5—i
=2a-3b+5+(2b+3a—1)i

Dé s6 phtrc w thuan 4o thi w c6 phan thyc =0 < 2x—3y+5=0
Pay la dang phuong trinh duong thang Ax+ By+C =0

=> Chon B

Vi du 4 (Chuyén Lé Khiét — Quing Ngii — Lan 1 — Nim 2017): Cho s6 phic z théa min
2|z -2+ 31'| = |2i —1- 2E| . Tap hop céac diém M biéu dién sd phuc z trong mit phang toa do Oxy 1a duong
thang c6 phuong trinh nio sau day?

A. 20x—-16y—-47=0. B. 20x+16y—-47=0
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C. 20x—16y+47=0 D. 20x+16y+47=0
Giai

Goi s phitc z=x+yi (x,y € R). Thé vao hé thirc ta co:
2|x—2+(y+3)i|=[2i -1-2(x- yi)|

& 2Jx-2+(y+3)i|=|-2x -1+ (2y +2)i

& 2J(x=2) +(y+3) =y(-2x-1) +(2y+2)

Binh phwong 2 vé dé khtr cin ta duogc:

4(x" —4x+4+)" +6y+9) =4x" +4x +1+4)y” +8y +4

& —16x+24y+52=4x+8y+5< 20x—-16y—-47=0

Vay tap hop diém M biéu dién s6 phirc z 1a dudng thang 20x—16y—47 =0
=> Chon A

Vi du 5 (THPT Chu Vin An — Ha Ngi — Lan 2 — Nim 2017) Trén mit phang toa do Oxy, tim tap hop
céc diém bicu dién céc sb phirc z thda man diéu kién z—2[+|z+2[=10 .

2 2

A. Pudng tron (x—2) +(y+2)° =100. B. Elip %er?:l.
. . 2 2 . ox )
C. Buong tron (x—2) +(y+2) =10. D. Elip —+=—=1.
25 21
Giai

Goi s phtic z =x+ yi (x,yeR).

Bién d6i h¢ thuc:
z=2+z+2=10 & |x =2+ yi|+|x +2+ yi|=10
(:)\/(x—2)2+y2+\/(x+2)2+y2 =10 (1)

Vi cac dang quy tich (tap hop diém) déu khong chira cin nén ta tién hanh binh phuong dé khir can tir hé
thirc (1)

(1) \/(X—2)2 +y° =10—\/(x+2)2 +y°

& (x=2)" +y? =100+ (x+2)" + y* = 204(x +2)" +

& —4x =100+ 4x—20y/(x+2)" + )
& 100 +8x =20y (x+2)" +

< 254+2x=5 (x+2)2+y2 (2)

Binh phuong 2 vé 1an thir 2 14 s& mét hét cian
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(2) © 625+100x +4x> =25(x° +4x+4+)7)

2 2

217 +25)2 =525 &+ 2 =1
25 21
Vay tap hop diém M biéu dién sé phuc z 1a mot Eclip
=> Chon D
Mé rong
2 y2 c

Elip = +==1 ¢6 d0 dai tryc 16n 2a, dg dai truc bé 2b co tiéu cy e=— v6i > =a’ - b’

a a

Vi du 6 (THPT Lé Loi — Thanh Héa — Lan 3 — Niim 2017) Xac dinh tap hop cac diém M trong mat
=4,

phing phtc biéu dién cac sb phirc z thoéa man diéu kién ‘zz - (E)2
A. La duong Hyperbol (H,):y = 1 . B. La duong Hyperbol (H,):y= l
x x
C. La duodng tron tim O(0;0) ban kinh R=4. D. La duong Hyperbol (H,): y = 1
x
Giai
Goi s6 phitc z=x+yi (x,y€R).

Khi d6 ‘22—72‘:4<:>‘(x+yi)2 —(x—yi)2‘=4

<:>|4xyi| :4<:>|xyi| =1 ,/0° +(xy)2 =1

TH 2: xy=—l<::>y=—l
x

A X A 1
Vay tap hop diém biéu dién s6 phirc z thudc 2 duong cong y =+—
X

=>Chgn D

Phan tich
2 2

Phuong trinh Hyperbol déu c6 dang dic biét 1a y = ™ hoi khéc so v6i dang chinh tic x_z_;)}_z =1 trong
X a

sach gido khoa.

Vi du 7 (THPT Chuyén Nguyén Trii — Hai Dwong — Lan 1 — Niam 2017) Téap hop cac diém trong mat

phing toa d¢ biéu dién cac s6 phirc z théa man diu kién 2|z —i|=|z —Z + 2|1 hinh gi.
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A. Mot duong thang. B. Mot duong parabol.
C. Mot duong Elip D. Mot duong tron.
Giai
Goi z=x+yi vOi x,yeR.
Tir dicu kién 2|z —i|=|z-Z +2i]
ta co 2|x+yi—i| :‘x+yi—(x—yi)+2i‘
<:>2‘x+(y—1)i‘=‘2(y+l)i‘<:>‘x+(y—1)i‘:‘(y+l)i‘

o+ (=1 =(y+1)’

Binh phuong 2 vé ta duoc: x’ +(y—1)2 :(y+1)2 @y:ixz

2

Vay tap hop diém biéu dién s phirc z 1a parabol c¢6 dang y = ix

=> Chon B

Mé rong

Parabol cé phuong trinh la y = Ax* + Bx + C(A = O) co dinh I(—%;—%)

Vi du 8 (THPT Chuyén Bién Hoa — Ha Nam — Lin 3 — Niim 2017) Cho ABCD 14 hinh binh hanh véi

A, B, C lan luot 1a cac diém biéu dién cac so phirc 17,2+ 37,3+ . Tim s0 phtrc z ¢6 diém biéu dién la D.
A.z=2-3i B. z=4+5i C.z=4+3i D. z=2+5i

=> Chon A

Vi du 9 (THPT TH Cao Nguyén — Lan 2 — Niim 2017) Trong mit phang phirc goi 4, B, C lan luot 1a

cac diém biéu dién ciia cc s6 phiic z, = (1-i)(2+i),2z, =1+3i,z, =—1-3i . Tam giac ABC 1a

A. Mot tam giac vuong (khong can) B. Mot tam giac can (khong déu, khong vudng)

C. Mot tam gidc vudng can D. Mot tam giac déu
=> Chon C
Vi du 10 (THPT Chuyén PH Vinh — Lin 4 — Niim 2017) Cho s6 -

A A % S : 1 o ;
phtc z c¢6 diém bi€u dién 1a M. Biét rang sO phuc w=— duogc P — o2 M
biéu dién boi mot trong bon diém P, O, R, S nhu hinh v& bén. Hoi e
diém biéu dién cua w 1a diém nao? e :
l——‘ff (o) BN 1 .
A.S B.Q A N
C.P D. R 0
\ Y

=> Chon B S

Vi du 11 (THPT Poan Thuwong — Hai Dwong — Lan 1 — nim 2017) Trén mit phing toa do Oxy 1y M 1a

diém biéu dién sb phirc z=(2-i)(-1 + i) va goi ¢ 1a géc tao bdi chiéu duong cua truc hoanh véi véc
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to OM . Tinh sin 2¢.

A2 B. -2 c. —— D. - ——

5 5 J10 J10

=> Chon B
Vi du 12 (THPT Chuyén Vé Nguyén Giap — Quang Binh — Lan 1 — Niam 2017) Goi M 1a diém biéu

E_ A 2 s 5 oA 8 <98 R R A . 1+i , S An i 0
dién s0 phttc z=3-4; va diém M’ la di€m biéu dién sO phtc z’ =72. Tinh dién tich tam giac

OMM' (O 1a gbc toa do).

Al B2 o p. 31
> ° 7 ° >
=> Chon B

Vidu 13 (S& GD & PT Bic Giang — Lan 1 — Nim 2017) Goi A 13 hinh biéu dién tdp hop céc s6 phirc z
trong mit phang toa do Oxy sao cho |2z —E| <3, va s phirc z ¢6 phan a0 khong 4m. Tinh dién tich hinh

H.

A. 7 B. % c.” D. 67
4 2
=> Chon C
C. BAI TAP VAN DUNG

Céu 1 (S6 GD-PT Tp H6 Chi Minh — cum 5 — nim 2018). Trong mit phang toa dd Oxy, cho s phirc

z thoéa man |z —i| =|z+3i|. Tim tap hop diém biéu dién s6 phic z.

A. Mot duong thang B. M4t duong tron C. Mot hyperbol D. Mot elip

Céu 2 (S6 GD&PT Tp H6 Chi Minh — 2018). Cho sb phirc z=a+bi, y

véi a va b 1a hai s thuc. Dé diém biéu dién cua z trong mat phéng toa do 2

Oxy ndm han bén trong hinh tron tdim O ban kinh R =2 nhu hinh bén thi K \

diéu kién can va di cia a va b 1a = Q/g X
A a’+b* <2 B. a’ +b° <4 5
C.a+b<?2 D.a+b<4

5 . A

Cau 3 (THP:F Chuyén Lam Son — Lan 3 - 27018). Cho hai diem M, N ol QM

trong mat phang phtrc nhu hinh vé, goi P la diém sao cho OMNP la hinh N

binh hanh. Piém P biéu thi cho s6 phirc nao trong cac sd phirc sau? It T "?
Az, =4-3i B. z, =4+3i s e
C.z,=-2+i D.z =2-i 0 : -

Céu 4 (S GD&PT Tp Ho Chi Minh — Cum 8 — 2018). Trong mit phing phtc, tip hop cac diém biéu

dién cua sd phuc z thoa méan diéu kién |z + 2| = |i — Z| 1a duong thang A c6 phuong trinh
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N '

A. 2x+4y+13=0 B. 4x+2y+3=0 C. 2x+4y-13=0  D.4x-2y+3=0

Ciu 5 (Pé Minh Hoa — lin 3 — BGD). Trong mit phang toa do, diém M 1a diém biéu dién cua sd phirc
z (nhu hinh v& bén). Piém nao trong hinh v& 1a diém biéu dién ciia s6 phirc 2z?

A.Diém N B. Piém Q C.Piém E D. biém P
Ciu 6 (S6 GD&PT Binh Dwong — Lan 1 — 2018). Tim tip hop cic diém biéu dién cua s6 phirc z trong

mat phfmg phtic thod man diéu kién (2 — z) (i + z) 1a sd thye.

J5

A. Puong thing x+y—-2=0 B. Buong tron tam I(—l; —%j , ban kinh R = -

C.DPuong tron x* + > —2x—y =0 D. Puong thing x+2y—-2=0
Ciau 7 (S& GD&DT Binh Duong — Lan 1 — 2018). Cho sb phirc z=x+yi(x,y €R) théa diéu kién

nao cua x, y sau day dé tap hop cac diém biéu dién cta z 1 hinh vanh khin nam giita hai duong tron
(C,).(C,) keé ca hai dudng tron (C,),(C,)?

VA

X +y <1
A 1<x?+y" <2 B.| | y2 ) C.l<x*+)* <4 D.1<x*+y* <4
X +y 2
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Cau 8 (S¢ GD-DT Binh Phuwée — 2018). Trong mat phéng phuc, goi 4, B, C lan luot 1a diém biéu dién
clia cac s6 phirc z, =3+2i, z, =3-2i, z, = —3—2i . Khing dinh nao sau day la sai?

A. B va C dbi xtmg nhau qua truc tung
. 2 2
B. Trong tam cua tam giac ABC la diém G(l;g)

C. 4 va B d6i xtng nhau qua truc hoanh
D. 4, B, C nam trén duong tron tam 1 gdc toa do va ban kinh bang J13

Céu 9 (THPT Thanh Thiy — 2018). Trong mit phing toa d6 Oxy. Tap hop nhitng diém biéu dién sb
phrc z thoa man |z —i| = ‘(1 +i)z‘ 1a

A. Dudng tron c6 phuong trinh x* + ( v+ 1)2 =2

B. Hai duong thang c6 phuong trinh x =1,x=-2

C. Duong thing c6 phuong trinh x+y—1=0

D. Budng tron c¢6 phuong trinh (x+ 1)2 +y =2
Céu 10 (THPT Nguyén Hué — Lan 1 — 2018). Trong mat phing phirc Oxy, sé phic z=a +bi(a,b € R)
thoa diéu kién nao thi c6 diém biéu dién thudc phan t6 ddm trong hinh v& (ké ca bién)?

A. ae[-32]u[2:3] |7>3 B. ae(-3;2)u(2:3) |7|<3

C. ae[-3;2]u[23] |7|<3 D. ae[-3;-2]u[23] |7<3
Cau 11 (THPT Kim Lién — Lan 2 — 2018). Cho hai s6 thuc b va ¢ (¢ >0). Ki hiéu 4, B 1a hai diém

biéu dién hai nghiém phtic ctia phuong trinh z° +2bz +¢ =0 trong mit phing phtc. Tim diéu kién cua
b va ¢ dé tam giac OAB 1a tam giac vudng (O 1a gbc toa do).

A. b* =2c¢ B. ¢ =2b° C.b=c D. b’ =c
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Cau 12 (THPT Chuyén Thai Nguyén — Lén 2 — 2018). Tép hop céc s6 phitc w=(1+i)z+1 véiz 1a s
phuc thoa man |z — l| <1 1a hinh tron. Tinh dién tich hinh tron do.

A. 4r B. 27 C.3x D. x
Céu 13 (THPT Chuyén Thai Nguyén — Lan 2 — 2018). Cho s phuc z théa man diéu kién |z|=3. Biét
ring tp hop tat ca cac diém biéu dién s6 phitc w=3-2i+(2-i)z 1a mot duong tron. Hay tinh ban kinh
cua duong tron do.

A. 32 B. 345 C.3\3 D. 37
Céu 14 (THPT Chuyén Nguyén Binh Khiém — Lan 1 - 2018). Cho s6 phitc 2 théa mén (z+1)(z —2i)
1a mot s6 thuan ao. Tap hop diém biéu dién s6 phirc z 1a mot dudng tron c6 dién tich bang

A. Sr B. 5—7[ C. 5—7[ D. 257

4 2
Céu 15 (Chuyén PH Vinh — Lan 3 — 2018). Goi M va N lan luot 13 diém biéu dién cua cac sé phic z,

z, nhu hinh v& bén. Khi do khang dinh nao sau day sai?

A
A. |z, —z,|=MN B. |z|=0M N V
’ - A
C. |zz|:ON D. |zl+zz|:MN M ,I
Cau 16 (Chuyén PH Vinh — Lan 3 — 2018). Cho s6  Serter S

phitc z thay doi ludn 6 |z|=2. Khi do tap hop diém bicu

dién s6 phire w=(1-2i)z+3i la

20 &y
NG

C. Puong tron x> +(y +3)° =20

A. Duong tron x° +(y —3)2

B. Duong tron x” + (y - 3)2

D. Duong tron (x—3)2 +y =25
Céu 17 (THPT Thanh Chwong — Lan 1 — 2018). Trong mit phang toa do, tip hop tat ca cac diém M
biéu dién céac sb phuc z thoa man diéu kién |z —i+ 2| = |2 - i| la duong nao trong cac duong dudi day?

A. Duong tron B. Duong thang C. Duong parabol D. Buong elip
Céu 18 (THPT Chuyén Thai Binh — Lan 4 — 2018). Trong mit phing toa do Oxy, tip hop cac diém
biéu dién so phitc z théa man z(1+) 1a sd thuc 1a

A. Puong tron ban kinh bang 1

B. Truc Ox

C. Puong thiang y = —x

D. Puong thang y = x
Céu 19 (THPT Chuyén Lé Khiét — Lan 1 — 2018). Goi 4, B, C lan luot 1a cac diém biéu dién cua sd
phtrc z, —1+43i, z, =-3-2i, z, =4 +1 trong hé toa d§ Oxy. Hay chon két luan ding nhat.

A. Tam giac ABC vudng can B. Tam giac ABC can
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C. Tam giac ABC vuodng D. Tam giac ABC déu
Chu 20 (THPT Chuyén L& Khiét — Lan 1 — 2018). Cho s6 phtrc z théa man 2|z—2+3i|=|2i—1-2z|.
Tap hop cac diém M biéu dién s phtic z trong mit phing toa do Oxy 1a dudng thang c6 phuwong trinh nao
sau day?

A. 20x—-16y—-47=0 B. 20x+16y—47=0 C. 20x-6y+47=0 D. 20x+16y+47=0
Céu 21 (THPT Chuyén Bién Hoa — Lan 2 — 2018). Cho 3 diém 4, B, C lan luot biéu dién cho céc sd
phirc z,, z,, z,. Biét |z,|=|z,|=]|z,| va z +2z, =0. Khi d6 tam gidc ABC 14 tam gidc gi?

A. Tam giac ABC déu B. Tam giac ABC vuong tai C

C. Tam gidc ABC can tai C D. Tam giac ABC vudng can tai C
Cau 22 (S& GD&DT Nam Pinh — Lan 1 — 2018). Cho cac s6 phiic z, =1+3i, z, =—5-3i. Tim diém
M(x;y) biéu dién sb phtc z,, biét rang trong mdt phang phic diém M nim trén dudng thing

x—2y+1=0vamo dun s6 phitc w =3z, -z, -2z, dat gid trj nho nht.

B. M(g,—lj C. M(g,lj D. M(—g,lj
5 5 55 55
Cau 23 (THPT Quéc Hoc Hué — Lan 2 — 2018). Goi (H ) 1a tap hop tit ca cac diém trong mit phang

toa dd Oxy biéu dién s phitc z=a+bi(a,beR)théaman a’ +b*<1<a-b.

AL B. 2 c.z-1 D. 1
4 2 4 4 2
Céu 24 (THPT Chuyén Vé Nguyén Giap — Lan 1 — 2018). Goi A 1a hinh biéu dién tap hop cac sb phirc
z trong mit phang toa d6 Oxy sao cho |22 - E| <3 va sb phtic z ¢6 phan 4o khong 4m. Tinh dién tich hinh

H.

A. 37 B. 3—” C. 3—7[ D. 6rx
4 2
Ciu 25 (THPT Chuyén Son La — Lan 2 — 2018). Cho s
phtic z théa man diéu kién z—(2+3i)2=1—9z'. S6 phuc oA
w==> co diém biéu dién 1a diém nao trong cac diém 4, B, 2o 1 D
1z |
; |
C, D 6 hinh bén? -1
, Do vm €n 7 z L > ! g l >
A.DPiém D B. Diém C 2 o 2
C.biém B D. biém 4 -
Céu 26 (THTT SO 478 — 2018). T4p hop cac diém biéu dién -
A , , ~ A - 2 A Y i, |
s0 phtc z thoa man |z+ 2|+|z—2 = 5| trén mat phang toa do B -3
1a mot
A. duong thang B. duong tron C.elip D. hypebol

Céu 27 (THPT Chuyén KHTN — Lan 2 — 2018). T4p hop cac diém biéu dién cac sd phirc z thoa man

\ -1 .. 2
phan thyc cua Z— bang 0 1a duong tron tam 7, ban kinh R (tror mgt diém).
z—1
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e oLl a-t LRV
Céu 28 (THPT Chuyén KHTN - Lin 2 - 2018). Cho céc s6 phiic z thoa man |z—i|=|z—1+2i|. Tap
hop céc diém bicu dién sb phitc w=(2-7)z+1 trén mit phing toa d 12 mot dudng thing. Viét phuong
trinh duong thing do.

A, —x+7y+9=0 B. x+7y-9=0 C.x+7y+9=0 D. x-7y+9=0
Céu 29 (THPT Chuyén Lao Cai — Lan 1 — 2018). Tap hop diém biéu dién cac sé phtc z thoa mén diéu
kién ‘z —(1+ z)‘ =|z+2i| 1a dudng nao sau day:

A. Puong thang B. Duong tron C.elip D. parabol
Cau 30 (THPT Chuyén Lao Cai — Lan 1 — 2018). Xét s6 phiic z va sd phtrc lién hop ciia n6 ¢ diém
bicu dién 1a M, M'. S6 phirc z(4+3i) va s6 phuc lién hop ciia né c6 diém biéu dién lan luot 1A N, N'.
Biét rang MM'N'N 1a mot hinh chit nhat. Tim gia tri nho nhat caa |z +4i— 5| )

5 2 ] 4
A B. = C. — D. ——
34 J5 {2 J13

Céu 31 (THPT Chuyén Lao Cai — Lan 1 — 2018). Cho sb phtic z théa man iz +2—i = 0. Khoang cach

tr diém biéu dién cua z trén mat ph'fmg toa do Oxy dén diém M (3; —4) la

A. 245 B. 13 C. 2410 D. 242
Ciu 32 (S¢ GD&DPT Bic Giang — Lan 1 — 2018). Trong mit phang toa do Oxy, tap hop diém biéu dién

c4c sO phirc z thoa man |z —i|= ‘(1 + i)z‘ 1a duong tron ¢6 phuong trinh

Ao X +(y+1) =2 B. (x—1) +)y*=2 C. x*+(y-1) =2 D. (x+1)" +)*=2
Céu 33 (S GD&PT Bic Giang — Lan 1 — 2018). Goi M 1a diém biéu dién sb phic z=3-4i va diém
M' 14 diém biéu dién s phuc z' = %z .

Tinh dién tich tam gidc OMM' (O 1a gbc toa dd).
15 25 25 31

A, — B. — C. — D. —
2 4 2 4

Céu 34 (THPT Gia Ljc 2 — Hii Dwong — Lan 1 - 2018). Cho s6 phitc z=m+(m-3)i,meR. Tim m
dé diém biéu dién cua sb phirc z ndm trén duong phan giac ctia goc phan tu thir hai va thu tu.
A.m:% B.m:% C.mz% D. m=0
Céu 35 (TT Diéu Hién — Can Tho — 2018). Goi M, N lan lugt 1 cac diém biéu dién cua cac sé phirc
144, 2+3i. Sb phitc z biéu din bsi diém O sao cho MN +3MO =0 1a
2 1, 2 1 2 1 2

A z=———i B.z=—+—1i C.z=—+-=i D. Z:———li
3 3 3 3 3 3 3 3
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Céu 36 (TT Diéu Hién — Can Tho — 2018). Cho hinh vuéng ABCD c6 tam H va A, B, C, D, H lan luot 1a
diém biéu dién cho cac sb phuc a, b, c, d, h. Biét a=—2+i;h=1+3i vasd phue b c6 phﬁn a0 duong. Khi

do, modun cua so phuc b 1a

A V13 B. V10 C. V26 D. 37
Céu 37 (THPT Chuyén Bic Giang — Lan 1 — 2018). Goi 4, B 1a hai diém trong mit phang phirc theo

thtr ty biéu dién cac sé phtic z,, z, khac 0 thoa man dang thic z +z7 —z,z, =0, khi d6 tam giac O4B

(O 1a gbc toa do)
A. 1a tam giac déu B. 1a tam gidc vuong
C. 1a tam gi4c can, khong déu D. 1a tam giac tu

Cau 38 (THPT Chuyén PH Vinh - Léan 1 - 2018). Trong mat phéng voi hé toa d§ Oxy, cho cac diém
A(4;0),B(1;4),C(1;-1). Goi G 1a trong tdm ctia tam gidc ABC. Biét rang G la diém biéu dién s6 phuc z.
Ménh dé nao sau day 1a dung?
A.Z:3+§i B.Z:3—§i C.z=2-i D. z=2+i
2 2
Céu 39 (THPT Chuyén Tuyén Quang — Lan 3 — 2018). Trong mit phang phuc goi M 1a diém biéu dién
cho s6 phitc z=a+bi(a,beR,ab=0), M' la diém biéu dién cho sé phitc z. Ménh dé nao sau day

dang?
A. M' d6i xtng v&i M qua Oy B. M' d6i xtng v6i M qua Ox
C. M' d6i xtmg véi M qua O D. M' d6i xtimg véi M qua dudng thang y = x

Ciu 40 (THPT Chuyén Quang Trung — Lian 3 — 2018). Cho théa min zeC théa min

J10

(2+i)|z| = +1-2i. Biét tap hop cac diém biéu dién cho s6 phic w=(3-4i)z—1+2i 1a dudng tron
z
I, ban kinh R. Khi do
A I(-;-2),R=+5  B.I(;2),R=+/5 C. I(-1;2),R=5 D. I(1;-2),R=5

Chu 41 (TT Di¢u Hién — 2018). Tap hop diém biéu dién s6 phurc |z —2i|=3 1a duong tron tam /. Tt c4
s : . . 1
gia tri m théa khoang cach tur / dén duong thang d :3x+4y—m =0 bang 3 la

A. m=8m=-8 B. m=8m=9 C.m=-7T,m=9 D.m=7,m=9
Chu 42 (THPT Trin Hung Dao — Léan 3 — 2018). Cho s phirc z théa min diéu kién |z—3+4i|<2.
Trong mit phang Oxy tap hop diém biéu dién sé phitc w=2z+1—i 1a hinh tron c6 dién tich:

A. S=97 B. S=12x C. S=16r D. S=25x

Cau 43 (THPT Lang Giang 1 — Lan 3 — 2018). Phan gach chéo trong hinh bén 1 tdp hop cac diém biéu
dién s6 phuc z thoa man diéu kién nao?
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A.1<)x]<3 B. %<3 C. 1<[x|<43 D. |z|>1
Céu 44 (THPT Chuyén Phan Bdi Chau — Lan 2 — 2018). Cho 4, B, C la cac diém biéu din cac sb phirc
thoa man z* +i =0. Tim phat biéu sai:

A. Tam giac ABC déu

B. Tam gidc ABC ¢6 trong tam O(0;0)

C. Tam gidc ABC c6 tam duong tron ngoai tiép 1a O(0;0)

33

D. SAABC = T

Cau 45 (THPT Chuyén Bién Hoéa — Lan 1 — 2018). Goi z,, z,, z,, z, la bon nghiém phirc cta
phuong trinh z* —2z> —~8=0. Trén mit phéng toa do, goi 4, B, C, D lan luot 1a bdn diém biéu dién bdn
nghiém z,, z,, z,, z, 6. Tinh gia tri cia P = 04+ OB +OC + 0D, trong d6 O la gbc toa do.

A. P=4 B. P=2+2 C. P=22 D. P=4+242
Céu 46 (THPT Pham Vin Pong — Lan 2 — 2018). Xét ba diém 4, B, C theo thtr ty trong mit phing
phtic biéu dién ba s phtic phan biét z,, z,, z, thoa min |Z1| = |zz| = |z3|. Biét z, + 2z, +2, =0, khi d6 tam
gidc ABC co tinh chat gi?

A. Tu B. Vuong C. Can D. Béu
Céu 47 (THPT Trung Gii — Lan 1 — 2018). Goi M,, M, 1a hai diém lan lugt biéu dién cho cac s6

phtic z,, z, 1a nghiém ctia phuong trinh z* +2z+4=0. Tinh s6 do goc M OM , .
A. 120° B. 90° C. 60° D. 150°

Chu 48 (THPT Chuyén PH Vinh — Lén 1 - 2018). Cho s6 phitc z thoa mén |z| = % va diém A trong

1 ~ A \ A < A « X 5 (¥4 M 3 ~ A < A + A « X 5 A ’ 1 \
hinh v€ bén la diém biéu dién cua z. Biét rang trong hinh vé bén, dieém biéu dién cua so6 phuc w=— la
iz

mot trong bbn diém M, N, P, Q. Khi d6 diém biéu dién cia s phirc w 1a
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A. diém O B. diém M C.diém N D. diém P
Céu 49 (THPT Chuyén KHTN — Lin 3 — 2018). Trén mat phang phtc, cho diém A biéu dién sé phuc
3-2i,diém B bi€u dién so phuc —1+ 6i. Goi M la trung diém cua 4B. Khi d6 diém M biéu dién s phiic
nao sau day?

A.1-2i B. 2-4i C.2+4i D. 1+2i
Cau 50 (THPT Nguyén Binh Khiém — Lan 1 — 2018). Trong mit phang Oxy, tap hop cac diém M bicu
dién s phtic z thoa mén ‘z(l —2i)‘ + ‘(2 —i)‘ =10 1a

A. Puong tron x” +y* =5 B. Buong tron x> +)° =9
C. buong thang x+y =5 D. Puong thang x+y =9
D. BANG PAP AN
1A 2B 3D 4B 5C 6D 7D 8B 9A 10D

11B 12B 13B 14B 15D 16A 17A 18C 19A 20A
21B 22D 23C 24C 25D 26C 27D 28C 29A 30C
31C 32A 33B 34A 35B 36D 37A 38D 39B 40C
41D 42C 43A 44D 45D 46D 47A 48D 49D S50A
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CHU PE 24: Bi QUYET TiM MIN MAX MODPUN SO PHUC
A. KIEN THUC NEN TANG

1. Mt s6 cong thirc cin nhé

Z,+z,=2+z, |Zl|'|Zz|:|Zl'ZZ| |Zl|'|22|:|zl'zz|
FEENE FEENE 22l
|Zl.zz|2:(zl.zz)(zl.zz) 4l_|& Re(z)=z+;,lm(z)zz_;
| |z, 2 2
2| =]z <]z, — 2| <|z] +|z,)| 2| =|z,| <]z, + 2| <[z +]z,)| _|Z|S{Re(z)’lm(z)}s|z|

2. Bat dang thirc Bunhiacopxki

Cho 2 bd sb a, b va x, y ta ludn co: (ax+by)2 < (a2 +b2)(x2 +y2). Dau = xay ra khi va chi khi r_ Y

a b
3. Bat dang thire Co si

x+y)2
4

—~

x>+’

Cho 2 s6 thuc khong 4m x, y ta uén cd x+ y > 2./xy va xy < hay xy <
Déu = xay ra khi va chi khi x=y

4. Bat dang thirc Vec-to

Ja* +b Jr\/x2+y2 2\/(aix)2+(biy)2.Déuzxéyrakhivé chi khi £=%.
a

B. Vi DU MINH HQA

Dang 1: Phuong phép dai s6

Bude 1: Dat z = a+bi, thay vao hé thirc diéu kién cua dé bai, bién dbi, binh phuwong khir cin dé thu duoc
mot diéu kién rang budc (*)

Bude 2: Sir dung cac bat dang thirc ¢6 dién nhu C6 si hay Bunhiacopxki dé dénh gia biéu thirc can tim
min max dua trén diéu kién.

Vi du 1: (S¢ GD&DT Bic Giang — Lan 1 — Nim 2017). Cho s phitc z thay d6i thoa mén |z—3+4i|=4.
Tim gid tri 16n nhét P, cia bicu thic P =|z|.

A. P =9 B.P =5 C.P =12 D. P =3

max max max

Giai

Bién doi hé thue diéu kién:

<:>‘a—3+(b+4)i‘:4<:>\/(a—3)2+(b+4)2 =4
& (a-3) +(h+4) =16 (1) = a* +b* =6a—-8b—9 (2)

Na* +b*|=+6a—-8bh—9

Xét P=|7|=

Trang 1
Trang 264




Ap dung bét dang thirc Bunhiacopxki cho 2 bd s6 6,-8 va a, b ta duoc:
(6a—8b) <(36+64)(a’ +b*)=100z

Vay (2) & |2 <y/100]z] -9 & |2 10|z +9<0 < 1<|4 <9

=> Chgn A.

Kinh nghiém
Phép rit a* +b* =6a—8b—9 roi thé vao T 1a phép bién d6i rat quan trong va thuong xuyén st dung
trong phuong phap dung bat dang thirc cd dién nén chung ta can ghi nhé.

Vi du 2: (THPT Chu Vin An — Ha N§i — Lan 2 — Nim 2017). Cho s phuc z théa man diéu kién
|z—1]=+/2 . Tim gié tri 1on nhét ciia T =|z+i|+|z-2~1].

A. maxT=8x/§ B. max7 =4 C. maxT=4x/5 D. max7 =8

Giai

bat z=a+bi voi a,beR.

Khido |z-1]=v2 & |a-1+b=2 & |/(a—1) +b* =2

o (a-1) +b* =2 vi a* +b* =2a+1

Bién di biéu thirc Tta ¢6: 7 =Ja> +(b+1)’ +J(a=2)" +(b-1)’

7=+ (1) +fla-2y +(b—1)2)2

:(x/2a+2b+2+\/—2a—2b+6)z <(1+1)(2a+2b+2-2a-2b+6)=16.

Vay T <4.
=> Chon B.

Phén tich
Bat dding thire C6 si x+y >2+/xy sé bién tong thanh tich va cé kha ning tim dwoc min cia T didu nay 1a

trai voi chiéu #im maxT <max cia dé bai = Khéng thé ding BPT Cé si ma phdi ding BDT
Bunhiacopxki.

Vi du 3: (THPT Chuyén PH Vinh — Lin 2 — Nim 2017). Cho cac s§ phirc z, w théa min
|z+2-2i|=|z-4i

.w=iz+1. Gi4 tri nh6 nhat cia || 1a

A. V2 B. 22 C.2 D. W2

2 2

Giai

Goi z=a+bi(a,b e R). Bién d6i hé thirc diéu kién:
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|z+2—2i|:|z—4i|<:>‘a+2+(b—2)i‘:‘a+(b—4)i‘

o J(a+2) +(b-2) = Ja> +(b—4)

o (a+2) +(b-2) =a*+(b-a) S da+db=8=a+b=2

Ta co: |w]=i(a+bi)+1|=|-b+1+ai|=(-b+1)’ +a* =\’ +(b-1)’
Laicoé: a+b=2<a+b-1=1

Ap dung bat dang thirc Bunhiacopxki cho 2 bd s6 1,1 va a,b—1
(a+b=1) <(1+1)] @ +(b-1)" | > 1<2[uf

o Loz 22

L £ . V2
Vay gia tri nhé nhat cta |w| la =N

=> Chon A.

Binh luén

Cai hay cua bai toan nay & phép bién doi: \/(—b + 1)2 +a’ = \/a2 + (b = 1)2

Vi du 4: (THPT Chuyén PH Vinh — Lin 4 — Niam 2017). Cho s6 phtic z khong phai sd thuc va

1a s6 thyc. Gia tri 16n nhét cua biéu thire P=|z+1-i| 1a

w= >
2+z

A. 242 B. V2 C.2 D.8
=> Chon A.
Vi du 5: (Thi thit Thukhoa.edu.vn). Cho s phuc z théa man |z—2i| =|z+2|. Gi4 tri nho nhét cua
P=|z+2i[+|z-5+9i 1a

A. 70 B. 310 C. 45 D. \/74

=> Chon B.
Dang 2: Phuong phap hinh hoc

Vi du 6: (Pé Minh Hoa — Lin 3 — B) GD&DPT — Niam 2017). Xét sé phiic z théa mén
|z+2~i|+|z=4~7i|=652 . Goi m, M lan luot 1a gia tri nho nhat va gia trj 1on nhét cia [z—1+i]. Tinh
P=m+M.

A. P=+/13++73. B.P:M. C. P=5V2+273. D.P:M.

2 2

Gidi
Dit z=a+bi(a,beR) vaco diém bicu dién 1a M (a,b).
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|Z+2—i|+|Z—4—7i|=6\/5 0
S J(a+2) +(b-1) +\J(a—4) +(b-17)" =6J2
Goi A(-2;1) va B(4;7) thi (1) & MA+MB =62

Khi do

Mt khic 4B =[4B|=\J(4+2)" +(7-1)" =632 titc 1a M thudc dogn thiing 4B,

Xét |z =1+i|=(a=1) +(b+1)’

Goi C(1,-1) thi |z—1+i|=MC

Vi M thudc doan thang AB nén MC nho nhét khi va chi khi M 13 hinh chiéu vudng géc cua C 1én 4B tic 1a

MC:d(C;AB):i:minzﬁ.

V2 2
Dé MC 16n nhat thi C phai & bién, tic 1a C tring véi 4 hodc B.
Tinh CA=+/13 va CB=+/73 = Max=~/73 .

5\/5 + 2\/773
-

Vay Min+ Max =

=> Chon B.

Binh luan

Pé rut gon dugc biéu thic didu kién \/(a+2)2 +(b—l)2 +\/(a —4)2 +(b—7)2 =642 1a cong viée cuc ki

phtc tap, mat thoi gian. Mt khac n6 c6 dang tong do dai ctia 2 doan thang nén ta uu tién chon cach hinh

hoc.

Vi dy 7: (D¢ thi thir Chuyén Ngoai Ngir - Ha Ngi). Cho s6 phuc z thoa mén |z|=1. Tim gi4 trj 16n nhat

ctia biéu thiue P =|z+1|+2|z 1|

A. maxP =245 . B. maxP =24/10 . C. maxP =35 D. maxP =342
Giai
Hinh vé& minh hoa: y‘
Dit z=x+yi(x,yeR) suyra M (x;y) 1a diém biéu dién s6 y
phtrc z.
Ta ¢ |=lex’+y’=1 —> M thuc duong tron
(C):x2+y2:1. >
0] B x
Goi A(-1,0),B(1;0) suy ra A4,Be(C) va biéu thic
P=MA+2MB .
Vi 4B 1a duong kinh cua duong tron  (C)
= MA> + MB* = AB*> =4,
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Ap dung bét dang thirc Bunhiacopxki, ta co
P* =(MA+MB) <(1’+2°)(MA* + MB)
= P?<54=20=P<25.

Vay gi4 tri 16n nhit coa P 1a 24/5 .
=> Chon A.

Kinh nghiém
Céc diém xuét hién trong bai vi du nhu A4(-1;0),B(1;0) ludn c6 tinh chét dic biét nao do, dé lam duge

bai cyc tri md dun sb phirc theo cach hinh hoc thi ta phai kham pha duoc tinh chat nay.

Vi du 8: (Pé thi thit THPT Chuyén Nguyén Trii — Hai Dwong). Cho sb phic z, w thoa min

|z—1+2i| =|z+5i| va w=iz+20. Gi tri nh6 nhat m cta || 1a

A.m:@. B.m=7x/ﬁ. C.m=@. D.m=2\/m.

2 2
Giai
Goi A(1,-2),B(0,-5) suy ra I(%%} 1a trung diém L T
ctia doan thang 4B. \ ’/J', i
Dit z=a+bi khi d6 z c6 diém bicu dién 1a M (a;b). /
Thé vao biéu thirc diéu kién |z —1+2i] = |z + 5i
M

<:>‘a—1+(b—2)i‘:‘a+(b+5)i‘ \\

b
<:>\/(a—1)2+(b+2)2:\/a2+(b+5)2 B ) _’:
< MA=MB = M thudc dudng thing trung truc cua B T>’<7 ;

AB la (A):x+3y+10=0.

Goi €(0:20), ta co |w|=|iz+20|=|ai—b+20|= \/az +(~b+20)" =MC.

Dé || dat gid tri nho nhat khi va chi khi MC L(A) hay [w| =d(C:(A)).

. . 0+3.20+10)

Khoang cach tr diém C — (A) 1a d(C, (A =—=7\/ﬁ.
g (A) 1a d(C:(A)) Ny

Vay m=710.

=> Chon B.

Phén tich
VD8 gan giéng VD6 nhung khac ¢ chd M thudc ca duong thing (A) (khong bi gidi han trong mot doan

thang) nén trong truong hop nay s& khong c6 max ciia MC.
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Vi dy 9: (D¢ thir sitc THPT Lén 5). Cho s6 phuc z théa man |z —4|+|z+4|=10. Gi trj 16n nhat va gia
tri nho nhat cua |z| lan luot la
A.10va4. B.5va4. C.4va3. D.5va3.
=> Chon D.
Vi du 10: (Pé thi thir THPT Thing Long — Ha Ni). Cho z 1a s6 phirc thay d6i thoa man diéu kién
|z —2|+|z+2| =42 Trong mat phéng toa d9, goi M, N l1a diém biéu dién cua z va z. Tinh gia tri 1on
nhat cta dién tich tam gidc OMN.
Al B. 2. C. +2. D. 242,
=> Chgn D.
Dang 3: Phuong phap ding bat ding thirc mé dun
Cong thue thuong dung
|2, +|2,|= |2, +2z,| (1) Déu=xay ra khi va chikhi z, =k.z, v&i k>0
|zl| +|22| > |z1 —zz| (2) DAu = xay ra khi va chi khi z, =k.z, v6i k<0
|z1 +zz| > Hzl| —|22” (3) DAu = xay ra khi va chi khi z, =k.z, v6i k<0

|z, =2, 2||z,|—|z,| (4) DAu = xay ra khi va chi khi z, = k.z, véi k>0

7+ 2:[ |z =z =2(|ja [ +l=[) (5)

Vi dy 11: (S& GD-PT Hung Yén — Niim 2017). Cho s6 phuc z théa méan |z—1-2i|=4. Goi M, m lan
luot 1a gi trj 16n nhat va gié tri nho nhat cia P =|z+2+i|. Tinh § =M +m’

A. §=34. B. §=82. C. §=68. D. §=36.

Gidi
Ta 00: [z—1-21] = |7+ 2+i=(3+3)| 2 2+ 2+~ p+3i] = [P~ 32|
Vay 42‘P—3\/§‘<:>—4£P—3\/§£4<:>3\/§—4£P§3\/§+4

- M=3J2+4
m=32-4

T dé = S =M +m’ =(3ﬁ+4)2+(3\5—4)2 ~ 68

=> Chogn C.

Phan tich

2 2

Viéc danh gid tir tong x?+y7 sang tich xy 1 rang 13 dau hiéu dung bat dang thirc C6 si x+ y > 2./xy

chir khong thé ding bdt dang thirc Bunhiacopxki dueoc.
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Vi du 12: (S6 GD-PT Ha Tinh — Nim 2017). Trong céc s0 phuc z thoa min |z—2-4i|=2, goi z, va
z, la s6 phtrc ¢6 mé dun 16n nhat va nhé nhit. Téng phan ao cua 2 s6 phirc nay 1a

A. 8&i. B. 4, C. -8. D. 8.

Gii
Ta co: 22 [z - [2+4i] = 2|25

& -2<]z|-2V5<2 e 25 -2< 7| <2V5+2

Gié trj 16n nhat cta |2| 1a 24/5 +2, ddu = xay ra khi va chi khi z = k.(2+4i)
Kéthop 2= |z|-2v5| = 2=k.245-245

V5 V5

<:>(k—l)\/§=1<:>k:1+T:>zl =£1+TJ(2+41')

Gié tri nho nhét cta |z| 1a 24/5 -2, ddu = xay ra khi va chi khi z=k.(2+4i)
Kéthop 2= 2|~ 25| < 2= k.25 -2V5

V5 ( V5

<:>(1—k)\/§=1<:>k=1—?:>zz = 1—?J(2+4i)

Vay téng hai phﬁn docua z,z, la 4(1+g]+4(1—§]=8.

=> Chon D.

Binh luin
Viéc tim dau = trong bdt dang thirc mé dun la twong doi khé khan, ddy ciing la mot nhiege diém cia cdach
diing bat dang thirc mé dun.

Vi du 13: (P& thi thir THPT Chuyén Phan B§i Chau — Nghé An). Cho s phiic z thoa man diéu kién

|z=2-3i|=1. Gié tri 16n nhdt cta [z +1+i 1a

A 1342, B. 4. C. 6. D. V13 +1.
=> Chon D.

Vi du 14: ( P& thi thir THPT Chuyén KHTN — Lan 4). Véi hai s6 phirc z, va z, thoa man
z,+2,=8+6i Vva |z,—z,|=2. Tim gié trj 16n nhét cia P =|z|+|z,|.

A. P=5+35. B. P=226. C. P=46. D. P=34+32.
=> Chon B.
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C. BAI TAP VAN DUNG
Céiu 1 (S& GD&PT Tp Hé Chi Minh — Cum 6 - 2018). Cho s6 phuc z théa man |z-3|=2|z| va
max|z—1+2i|:a+bx/§. Tinh a+b.

A. 4. B. 42. C.3. D. %.

Ciu 2 (S& GD&DT Tp Hé Chi Minh — Cum 6 - 2018). Cho cdc sb phic z,z,z, théa man
2|z =+2]z,| =]z — z,| = 62 Tinh gi tri nho nhét cta biéu thic P =|z|+|z—z|+|z-z,].

A. 632+42 . B. 332443 . C. 6y2+3 . D.% 2+43.

Cau 3 (S¢ GD&PT Tp H6 Chi Minh — Cum 1 - 2018). Cho s6 phtic z thoa diéu kién

|2 +4| =|z(z+2i)|. Gié tri nho nhét cita |z +1] bang

A.2. B. 1. C.3. D. 4.
Ciu 4 (THPT TH Cao Nguyén — Lan 2 - 2018). Cho sé phiic z thoa man iz+1%i + iz+i%1 =4. Goi
M va n lan luot 13 gia tri 16n nhat va gia tri nho nhat caa |z| . Tinh M.n.

A. Mn=2. B. Mn=1. C. Mn=22. D. Mn=23.

Céu 5 (THPT Chuyén PH Vinh — Lin 4 - 2018). Cho s phirc z thoa mén z khong phai sb thuc va

w=—— 1a s6 thyc. Gid trj 16n nhét cta biéu thirc P=|z+1-i 1a

2+z
A 242, B.\2. C.2. D. 8.
Cau 6 (S& GD&PT Hai Dwong - 2018). Cho sb phtic z thoa man z.z =1. Tim gié trj nhé nhét cta bidu
thtire: P = ‘23 +3Z+;‘—‘Z+;‘.

AL B.>. c. B D.3.
4 4 4

Chu 7 (S& GD&PT Tp Hd Chi Minh — Cum 7 - 2018). Cho s6 phirc z théa min |z-3+4i[=2 va
w=2z+1-i.Khid6 |w| co gid trj 16n nhét Ia
A.16+/74 . B. 2++/130. C. 4+/74. D. 4++/130.

Céu 8 (S6 GD&PT Tp Ho6 Chi Minh — Cum 8 - 2018). Cho s6 phirc z c6 diém biéu dién ndm trén
duong thang 3x—4y-3=0,

z| nho nhat bang

AL B. 2. c. 2 D. 2.
5 5 5 5
Cau 9 (THPT Pong Quan — Lén 1 - 2018). Trong céc sb phirc z thoa man: |z -1+ i| = ‘E+1— 2i|, s6 phtrc
z ¢6 mo dun nho nhét 1a
A2 B. 242, C.242i, D22
5 10 5 10 5 10 5 10
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Cau 10 (THPT Thanh Thity — Phu Tho - 2018). Trong mit phang toa do, hay tim s6 phirc z c6 mé dun
nho nhét, biét rang s6 phirc z théa man dicu kién |z —2—4i = J5.

A, z=-1-2i. B. z=1-2i. C.z=1+2i. D. z=-1+2i.
Chu 11 (THPT TH Cao Nguyén — Lén 1- 2018). Cho s6 phuc théa man |z—2+2i|=1. Gi trj 16n nhét
cua |z| la

A 42-2. B. 22 +1. C.2+2. D. 3V2 +1.
o=z

‘ . Ménh dé nao sau day
=21 = [

Céu 12 (THPT Chuyén Bén Tre - 2018). Xét s6 phirc z thoa man {

la dung?

A. |Z|>\/§. B. |Z|=\/§. C. |Z|=\/§. D.|Z|<\/§.
Céu 13 (S6 GD-PT Ha Tinh - 2018). Trong cic s phtic z thda man ‘z—(2+4i)‘ =2,g01 z; va z, la sO
phtrc ¢6 mo dun 16n nhit va nho nhat. Téng phan 4o cua hai sb phirc z, Va z, béng

A. 8i. B. 4. C. -8. D. 8.
Cau 14 (THTT S6 478 - 2018). Xét s6 phirc z théa man 2|z —1|+3]z -1 <2v2 . Ménh d& nao dusi day
dang?

A2 <<, B. |2|>2. C. | <L, D. Lep<2.
2 2 2 2

Ciu 15 (THPT Chuyén Ngoai Ngir - Lan 1 - 2018). Cho sb phtrc z thoa min |z| =1. Tim gia tri 16n
nhat cua bicu thae T =|z+1|+2|z-1|.

A. maxT:Z\/g. B. maxT:2\/E. C. maxT:3\/§. D. maxT:3\/§.
Céu 16 (THPT Chuyén Lam Son — Lan 1 - 2018). Cho s6 phirc z, tim gi4 trj 16n nhat cua |z| biét ring z

—2-3i

thoa man diéu kién —z+1|=1.

3-2i

A.3. B.\2. C.2. D. 1.
Ciu 17 (THPT Chuyén V& Nguyén Gidp — Lin 1 - 2018). Biét s6 phttc z=a+bi,(a,b € R) théa man
diéu kién |z -2 —4i| = |Z - 2i| c6 mé dun nhé nhit. Tinh M =a® +b>.

A. M =38. B. M =10. C. M=16. D. M =26.
Céu 18 (THPT Chuyén Son La — Lén 2 - 2018). Cho s6 phuc z théa man diéu kién |z —1+2i = J5 va
w=z+1+i c6 mod dun 16n nhét. S6 phirc z c6 md dun bang

A. 245, B. 3\/2. C. 6. D. 5v/2.
Cau 19 (THTT S§ 478 - 2018). Xét s6 phurc z théa man 2|z —1|+3|z i <2v2 . Ménh d& nao dusi day
dang?

A 2<ff<2. B. |2|>2. C. | <. D. Loff<2.
2 2 2 2

Trang 9
Trang 272



Céu 20 (THTT S6 478 - 2018). Cho s6 phuc z thoa man s+ o3, Téng cua gia tri 16n nhat va gia tri
z

nho nhét cia || 1a

A.3. B. 5. C. 13, D. 5.
Cau 21 (THPT Chuyén Lwong Thé Vinh — Lan 1 - 2018). Cho sd phuc z thoéa min
|2 —2z+3|=|(z—1+2i)(z+3i~1)|. Tinh min |w

, VOl w=z-2+2i.
A. min|w|=%. B. min|w|=2. C. min|w|=1. D. min|w|=l.

Cau 22 (THPT Ha Huy Tdp — LAn 2 - 2018). Cho s6 phitc z thoa mén |- —i| =1. Gid trj 1n nhat cia \E\
a

A 5. B.2. C. 2. D. 2.
Céu 23 (THPT Ha Huy Té4p — Lén 2 - 2018). Cho s phitc z théa man |z —1|=|z—i|. Tim mé dun nhé

nhét ctia s6 phitc w=2z+2-i.

Ao B.32. C.ﬁ. p.2.
22 2 2

Ciu 24 (S6 GD&DPT Quiang Ninh — Lin 1 - 2018). Cho sé phic z thoa man diéu kién
|z—2—4i| = |z—2i| . Tim s6 phtic z c6 m6 dun nho nhat.

A z=-1+1i. B. z=-2+2i. C.z=2+2i. D. z=3+2i.
Cau 25 (S6 GD&DPT Quang Ninh — Lin 1 - 2018). Cho hai sé phic z,z, théa man

2 2
|2 = |z = |z — 2| =1. Tinh gi4 tri cua biéu thic P:(ij +(Z—2J .
Z, Z

A. P=1-i. B. P=—1-i. C. P=-1. D. P=1+i.
Céu 26 (THPT Gia Loc 2 — Lan 1 - 2018). Cho s0 phirc z thda man |iz+4—3i|=1. Tim gi4 tri nh6 nhat
cua |z|

A. 6. B. 4. C.3. D. 5.
Céau 27 (THPT Chuyén Bic Giang — Lan 1 - 2018). Trong cac sd phirc z théa min diéu kién

. 3 3 A , J A 5 A
|z -2+ 31| = > tim sO phirc c6 mo6 dun nho nhat.

_26—3\/B+78—9\/Bl, _25—3\/§+78—9\/ﬁi

A. z B. z
13 26 13 26
26+313 78-94/13 . 26-3+13 78-9413 .
C.:z= + i. D. z= - i.
13 26 13 26

Cau 28 (Chuyén KHTN — Lin 4 - 2018). Véi hai s phiic z va z, théa man z +z, =8+6i va

|z, —z,|=2. Tim gi4 trj 16n nhat ciia P =|z,|+|z,|

A. P=5+345. B. P=226. C. P=46. D. P=34+32 .
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Chu 29 (THPT Nguyén Trai — Lan 2 - 2018). Cho s6 phtrc z théa man: |z —2-2i|=1. S6 phitc z—i ¢6
mo dun nho nhat 13

A 51 B. \/5+1. C.\J5-2. D.J5+2.
Cau 30 (THPT Trin Hung Pao — Lan 3 - 2018). Trong cic s6 phic théa man diéu kién

|z+3i| =|z+2—i|. Tim s phtrc c6 md dun nh¢ nhat.

A.z=1-2i. B.z:—l+£i. C.Z:l—gi. D.z=-1+2;.
5 5 5 5

Céu 31 (THPT Lang Giang I — Lan 3 - 2018). Cho s6 phirc z théa mén |z —3|+|z+3|=8. Goi M, m
1an luot c6 gid tri 16n nhat va nho nhat |z|. Khi d6 M +m bing

A 4-47. B. 4+/7. C.7. D. 4++/5.
Chu 32 (THPT Chuyén Phan Bdi Chau — Lén 2 - 2018). Cho s6 phitc z théa man |z-2-3i|=1. Gia trj
16n nhét caa ‘Z+1+i‘ 1a

A V1342, B. 4. C.6. D. V13 +1.

Ciu 33 (THPT Quang Trung — Lan 1 - 2018). Trong cic s phuc z thoa mén diéu kién

|z+3i| =|z+2~il, 6 phtrc z c6 m6 dun bé nhat 1a

A.Z=—l+zi. B.z=-1+2i. C.z=1-2i. D.z=l—%i.
5 5 5 5

Cau 34 (THPT Doan Thugng — Lan 1 - 2018). Biét ring s6 phitc z thoa man: @ =(z+3-i)(z+1+3i)
1a mét s6 thuc. Tim sd phuc z dé |z| dat gia tri nhd nhét.

A z=2+2i. B.z=-2-2i. C.z=-2+2i. D.z=2-2i.
Céu 35 (THPT Pham Vin Déng — Lan 2 - 2018). Cho s6 phitc z=m+(m—-3)i,(meR). Tim m d¢ ||

dat gia tri nho nhét

A.m=0. B. m=3. C.mzé. D.mz—é.
2 2

Ciu 36 (THPT Chuyén KHTN — Lan 3 - 2018). Trong s6 cac sb phirc z théoa méin diéu kién
|z—4+3i]=3, goi z, 1a s6 phitc c6 md dun 16n nhét. Khi do |z,| 1a
A.3. B. 4. C.5. D. 8.

Céu 37 (THPT Quing Xwong — Lan 8 - 2018). Trong céac s6 phirc z thoéa méan |z| = ‘Z— 2+4i|, s6 phic

c6 mo dun nhé nhét 1a
5

A. z=3+1i. B. z=5. C.ZZEi. D.z=1+2i.

Chu 38 (THPT V& Giit - Lan 1 - 2018). Trong céc sb phic z théa mén diéu kién |z -2 —4i|=|z - 2i].
Tim s6 phtic z c6 md dun nho nhat.
A, z=—1+1. B.z=-2+2i. C.z=2+2i. D. z=3+12i.
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D. BANG DAP AN

1A 2C 3B 4C S5A 6B 7D 8B 9A 10C
11B 12C 13D 14D 15A 16C 17A 18B 19D 20C
21C 22D 23C 24C 25C 26B 27D 28B 29A 30C
31B 32D 33D 34C 35C 36D 35D 38C
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CHU DE 25: CASIO GIAI NHANH CHUYEN PE SO PHUC
A. KIEN THUC NEN TANG
1. Khai niém Modun sb phtc
S6 phirc z = a+bi(a,b € Z) c6 mod dun la |z| va c6 do 16n |Z| =a’ +b’
2. Lénh Casio
Ding nhip méi truong 1am viée cua sé phirce MODE 2
Nhap s6 a0 i ENG
Lénh nhép sb phirc lién hop SHIFT 2 2
Lénh tim mé dun s6 phie SHIFT hyp
3.Phwong phap Casio tim min, max médun s phirc
Budic 1: Dit z = a+ bi bién d6i theo diéu kién tim h¢ thire diéu kién
Buwéc 2: Rut b ( hodc a) tir hé thirc diéu kién thé vao biéu thirc tim min max
Buére 3: Str dung MODE 7 cua Casio dé tim min max
B. Vi DU MINH HQA
Dang 1: Giai nhanh céc thudc tinh s phirc
Vi du 1:(THPT Chuyén Tuyén Quang — Lan 1 — Nam 2017) : Giai nhanh cac thudc tinh s6 phtic
2—i

201
1—l07

Tinh z =

Giai
Tinh gia tri cia bi€u thirc z ta nhan: ! w8 maa

2-
i 2 EZDEOMEDEMERONEE i

Lénh Casio

DPé dang nhdp vao méi truong lam viéc cua sd phirc ta dung 1énh

MODE 2 va s 4o i nha nhap bang 1énh ENG

= Chon B
Vidu 2 (S6 GD & DT Bic Giang — Lan 1 -Nam 2017).

Tim s6 phtrc z thoa man hé thie (1+i)z+z=1+i
A, z=2+1. B.z=1-i C.z=2-i D.z=1+i

Giai

Chuyén phuong trinh sb phirc vé dang vé trai bang 0

- (1+1)7+Conda k)
e (1+i)z+z-1-i=0 (1)

241
Str dung 1énh CALC dé tinh gia tri biéu thirc vé trai.

o 2) ([0 (D @ &6 O % 0) @ 6 (2 (2] ew
DOE0EE T 2 EHE S

Ta thay v6i z =2+ thu duoc vé trai = 2+i khi d6 (1)
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<> 2+1i=0(khong thoa man)
= 2+i khong phai la nghiém
= Chon D
Vi du 3( S6 GD & DT TP H6 Chi Minh — Cum 6 — Nam 2017)
Cho céc sb phirc z,=2-3i, z, =14+4i. Tim s6 phuc lién hop véi sé phirc 2,2, .
A. -14-51. B. - 10 -5i C.- 10 + 51 D. 14 - 5i.
Giai
Tinh sb phuc lién hop cla z,z, ta nhan:
EIDEZIODEEEDDODFAEIDE
Viy 72, =14-5i Conda((2-3) (1
= Chon D 14-51
Lénh Casio
Dé tim s phirc lién hop ta dung 1énh
2 6= (2] (2)
Vi du 4( THPT Chuyén Thai Nguyén — Lan 2 — Nam 2017)
Cho s6 phitc z thoa man diéu kién (3+27)z+(2—i) =4 +i. Tim Im(w) biét w=(1+z)z
A.-2 B.0 C.-1 D. -i
Giai
4+i-(2-i)
3+2i e

IEEHEOFEEUIORNBOREDBE, it

Tinh s6 phirc w = (1+2)ztir d6 ta tim duoc phan do 1a -1 14

Co lap z ta dugc: z= . Tinh s6 phtc z:

= Chon C E——

Thuat ngir
Phén 4o cua s6 phiic z duge ki hiéu 1a Im (z) va phéan thuc cia sé phuc z
duoc ky hiéu l1a Re(z).

Vi du 5 (VTHPT Chuyén Nguyén Binh Khiém — Quang Ngii — Lan 1 — Nam 2017)
3
(1 +iv3 )
1+i

A. 63/2. B. 9V/2. C. 82. D. 72.

= Chon C
Vi du 6 (THPT Chuyén KHTN — Ha Noi — Lan 2 — Nam 2017)

Cho sb phirc z = . Tinh mddun cua sb phirc z+iz duge két qua:

Cho s6 phtic z = (1+i)2 +(1+i)3 +...+(1+i)22 Phan thyc ctia sb phirc z 1a

A. 21 B.-2!1+2 C.-21-2 D. 2!
= Chon C
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Vi du 7 ( THPT Hung Vuong — Binh Dinh — Lan 1 — Niam 2017)
Tim dang luong giac cta sd phirc z=1- J3i

A. z= cosE—isinE . B.z=2 cos(—E)+isin(—E) .
3 3 3 3
C.z=2 cosz—n+isin2—7T D.z=2 cosE+isinE .
3 3 3 3
= Chon B

Dang 2: Tim tap hop diém biéu dién s6 phtc
Vi du 8 (THPT Chuyén Lé Khiét — Quang Ngii — Lan 1- Nam 2017)
Cho sb phtc z thoa min 2|z—2+3l'| = ‘21’ —1—22‘. Tap hop cac diém M biéu dién sé phirc z trong mat
phang toa d6 Oxy la dudng thing c6 phuong trinh ndo sau day?
A. 20x—-16y—-47=0 B. 20x+16y—-47=0
C. 20x—-16y+47=0 D. 20x+16y+47=0.

Giai
Phuong trinh 2|z —2+3i|= ‘21' ~1- 22‘ Binh  lujn:
~ Cach thu dap an
<:>2|z—2+3i|—‘2i—1—22‘=0 (1) tim tip hop

P& xac minh A c6 phai dép ding hay khong ta chon 1 cip sb (x, y) vi dung nh diém bicu dién
€ XaC min COp al ap ung ay Ong a chon cap SO (X, y V1 ungn u Sé phﬁ'c Chi

0;—4—7 Sz= —ﬂi. ding duoc néu
16 16 )

phuong  trinh

Kiém tra d4p 4n A bang lénh CALC ta thdy z = —ﬂi diung qua ph‘,lc tg}p ta

16 ngai bién doi va

= DPép an A hoac D ding dap éan phai cho

sO xac dinh.

DER@mOCIFIECEEREIEEDEZE
Q@mMINwmERDDEEIEE

Thir kiém tra cip (x; y) = (%;Oj hay z= 421—(7) ta ciing thiy ding ma z = —%thucf)c dap an A ma khong
thudc dap an D

= Chon A

Dang 3:Giai phuong trinh s6 phtrc

Vi du 9 ( THPT Chuyén Ngoai ngir - Ha Noi — Lan 1 — Niam 2017)

Goi z,z,1a hai nghiém phtrc cua phuong trinh z* —4z+13=0. Tinh gié tri cua P = |Z1|2 + |z2

|2

A. P =26 B.P =213 C.P=13 D. P=+/26.

Giai :
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Tinh 2 nghiém z,z,cia phuong trinh z*-4z+13=0 bang lénh
MODE 5 3 rdi luu 2 nghiém nay vao phim A va B.
EEHIIDECEENIEEERO S 6!

=

Khi d6 gid tri P=|z,[" +|z,[ =|A]" +|B[ =26

= Chgn A
08 (2) ) B [ © ® @ @B &0 b @8 4 ®© @ E

Vi du 10 (THPT Chuyén DHSP Ha N¢i — Lan 3 — Nam 2017)

Binh luidn: Viéc tinh nghiém
phuong trinh bac 2 bac 3 dbi sd
tinh
nghiém phuong trinh bac 2 d6i
v6i s6 thuc 1a MODE 5 3 va
MODE 5 4 nghiém phuong
trinh bac 2 d6i véi sb

phuc tuong tu phép

e
2+31

Ko= TR
2-3i

Whar e o
%

Cho 2 s6 phtic z,,z, théa min phuong trinh |Zl| = |22| =1. Khi do |Zl + 22|2 +|z1 —22|2 bang

A.2
Giai

B.4 C.1

Ta c6 thé chon 1 s6 phitc z, thoa man |zl| =1vidunhu z, =i
Ta c6 thé chon 1 s6 phitc z, thoa min |zz| =1vidunhu z, =1
Khi do |Zl +22|2 +|Z1 —zz|2 =4

= Chon B

[6a7) fye) B8 () (1) @ (3 () o) fp) @8 (=) (D @ (23 &

Dang 4: Tim gi4 tri nhat,nhé nhit cua mo dun sé phic

Vidu 11 (S6 GD & DT TP Hd Chi Minh — Cum 8 — Nam 2017)

D.0

Binh luan: Ta c6 thé chon moi
sb phtuc z;, z, thoa man hé
thirc, két qua déu ra dung nhu
nhau va dung dap an

CWPLE [ ] L]

li+11%+li-11%

4

Binh ludn: Dé can thin hon ta

co thé do min trén doan nho

hon 1a (0; 1) Step 0.1 ta thay
min = (,6 1a gia tri chinh xac,

gan dap an hon

Al B.2 c.2
5 5 5
Giai
3a-3
Goi z=a+bi khid6é 3a-4b-3=0<=b=
2 3a 3

Xét | | Na’ +b
Tim gia tri nho nhét ctia z| bang churc nang MODE 7

oog) (7] (=) (P (0 .[E..@El@@@@
OHEEE0HMEEENMEE
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Ta thay gié tri nho nhat ~ 0.625 =%

= Chon B d
S
E

Vi du 12 (THPT Chuyén V& Nguyén Giap — Quang Binh — Lan 1 — Nam 2017)
Biét s phuc z=a+bi, (a,beR)thdéa man diéu kién |z -2 —4i| = |Z - 2i| c6 md dun nho nhat. Tinh

M=a*+b’

A.M=8 B.M=10 C.M=16 D. M=26
Giai:
Goi z=a+bikhi do |z-2—4i|=|z-2i Bi quyét: T6i ddy ta da hiéu kj thudt tim
mé dun cua s6 phirc bang casio la ky
2 2 2 z ’ >
<:>\/(a—2) +(b—4) :\/a2+(b—2) thudt rut b theo a roi thé dé xdy dung
ham f(x) sau dé ding MODE 7 dé tim
& (a-2) +(b—4) =a*+(b-2) .
min max
< —4a-4b+16=0 g Ao
| M1
S b=—a+4 IE 2. £l ey

3.95
2.828427125

Xeét |z| =Na’'+b’ =,/a’ +(—a+4)2 :f(a)
Tim gi4 trj nho nhat cia |z| = f (a)bang chitc ning MODE 7
oo (7) (&) () O] (=3 (30 (0 B e ) 3B (@) O (3
EEFEAEEEDOEE
Ta thiy |Z| c6 gia tri nho nhat ~2.82 = 22
2
Ma P=a’+b* =[] =(22) =8
= Chgn A
Vi du 13 ( THPT Lang Giang 1-Bic Giang — Lan 3 — Nam 2017)

Cho $0 phitc z thoa man |z—3|+|z+3|=8. Goi M, m lan luot 1a gia trj 16n nhét va nhé nhat cta ||. Khi

d6 M+m bang

A 447 B. 4+7 C.7 D. 4++/5
Giai:
Goi z:a+bi(a,beR) khi d6 Bi quyét: Ta nén chin mién

didu kiéu kién bang 1 dir kién
théa man tinh xdc dinh trong
o \/(a—3)2 L +\/(a+3)2 b =3 bai toan vi du nhu
b20<112-74* 20

e J(a=3) +b* =8—J(a+3) +b & -4<a<4

|z=3|+|z+3|=8 < |a—3+bi|+|a+3+bi| =8
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& (a-3) +b* =64-16\(a+3) +b* +(a+3) +b
16y(a+3)" +b* =64+12a & 4(a+3) +b* =16+3a

& 16(a+3) +16b> =(16+3a)’

< Ta” +16b7 =112

112-74* .

_ 2
Ta rat dugc b* :TVI b220<:>112—7a2

16

0

ST <12 o d* <16 —4<a<4

2
Mat khéc |Z| =~Na’+b* =,|d’ +1121;67a :f(a)

Tim gi4 tri nh6 nhat clia |z| = £ (a) bing chirc nang MODE 7
e @EDEOEAPEODODDEOEDE® O]

EEHEaE0MEE

Ta thdy |z[gid tri nho nhat ~2.6va gid trj 16n nhit la 4 vay

M+m~66=4+7
= Chon B

F
-t
= |

{ . 137
F| 2.4m3l

]
B FoE
1]

gl -m
|E\ o.l3,512)
Z2.545751311
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CHU PE 26: Bi QUYET TiNH THE TiCH - TI SO THE TiCH - PHAN BU THE TiCH
A. KIEN THUC NEN TANG
1. Cong thirc tinh thé tich

1

Thé tich khdi chép: Vy s = 3 SH.S e (MOt phan ba tich chiéu cao va dién tich day)

Thé tich khéi lang tru: V,,p, ypcop = AH.S g (tich chidu cao nhan dién tich day)
2. Cong thirc ti s thé tich:
SM SN SP

Cho chép tam gidc S.ABCD c¢6 3 diém M, N, P thudc cac canh S4,SB,SC thi Ve = —
SA4 SB SC

S.ABC
3. Tw duy tinh phan bu thé tich:
Khi tinh thé tich mot khéi da dién phirc tap ma kho (khong) xac dinh duoc chiéu cao va dién tich day thi
ta xem khoi da di¢n ndy nam trong mot khoi chép, mot khdi lang tru nao. Sau d6 tinh khoi chop, khoi
lang tru do6 trur di cac hinh co ban con lai (khong thudc khoéi da dién can tinh).
B. Vi DU MINH HQA
Dang 1: Str dung cong thirc tinh thé tich khdi chop, khéi lang tru

Vi du 1: (THPT Kim Lién- Nam 2018) Cho khdi chép S.ABCD c6 ddy ABCD 1a hinh thang can véi day
AD va BC.Biét AD=2a, AB=BC=CD =a. Hinh chiéu vudng géc cua S trén mit phiang (4BCD)
la diém H thudc doan AD théa man HD =3HA,SD tao véi day mot goc 45°. Tinh thé tich ¥ cta khéi
chop S.ABCD .

3 3 3 3
3\/341 _ \/ga C. V= 3\/§a D. V= 9x/§a

8 8 8

AV = B.V

Gidi

Goi M 1a trung diém cua AD

Ta c6: BC=AM =a va BC//AM nén tit gidc ABCM 1a hinh =

binh hanh /N
— CM = AB=a = ACDM du. ANt

Goi K 14 hinh chiéu cta C 1én AD Caniie

i
1
2 ! |1 \ i
| | y
.. _|2_[2] _ a3 2 e E 439\
Tacod: CK = —|=| =— DY S e B S G0 T
2 2 \". | g M, \ o A

L z

Dién tich hinh thang ABCD la: N )

| N
a3 sy
(a+2(l).7=3a2\/§ B C

2 4

S =

Xét tam giac vudng SHD c6 Z—IZ =tan45’ =1

:>SH=HD:§AD:3—a
4 2

3a 3a*\3

1 1 3a
3727 4

Thé tich khdi chép S.4BCD 1a: V = gLs*H.SABCD =
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3x/§a3
—>=

8
= Chon C

Mé rong
ABCD con duge goi 1a nira luc giac déu canh a, ¢6 2 goc & day nho 1a 120° va 2 goc & day 16n 1a 60°.

Céc tam gidc AAMB,ABMC,ACMD 1a cac tam giac déu canh a.

Vi du 2 (THPT Han Thuyén — Niam 2017). Cho khéi chép S.4BCD c6 day 1a hinh vudng canh a, mat

bén S4B la tam giac déu va nam trén mit phiang vudng goc voi day. Thé tich khdi chop 1a
a*\f3

3 3 3
NCAER PACREY c. <. D. .
6 2 3 3
Giai
Goi H la trung diém ctia 4B . Vi tam gidc SAB 1a tam giac déu va u"?\\\
nam trén mit phang vudng goc véi day nén SH L (ABCD) ll'lf"-1 '\\\\
kil
2 'l : ‘Il \
Ta co: SH = ’az —(%) :# N &
llil i -!l}-“ et \}‘;\ ______ _\:\_;.D
S 8ep = a’ Jelegt X 4 #
f '*x \\ )J.-’J
s , 3 | " & /
IS S M el B 1 = LS, = a3 o _aV3 | o
3 3 2 6 3L : e
= Chon A
Tinh chat
(P)L(0)
(P)n(Q)
de(P),dLA
=d 1(0)= SH L(ABCD)

phang day bang 45°. Thé tich ti dién SBCD bang

3

a
B. &’
A

Vi du 3: (THPT Tran Phu — Niim 2017). Cho hinh chép S.4BCD c6 day la hinh vudng canh «, hai
mit phang (SAB) va (SAD) cing vudng gbc v6i mit phang day, goc giita mit phang (SCD) va mat
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i {(SAB) L(4BCD) = (S4B) N (S4D)

(S4D) L (A4BCD)
=SA L (ABCD)

Ta c6: ASAD vudng can tai 4

2

= SA=AD=a; S, =%
Thé tich tir dién SBCD bang
1 1 2 3
V =548 :§.a.%:%
= Chon D
Tinh chit
(P)(Q) L(R)
(P)n(Q)=d = d L(R)

Ap dung = S4 L (4BC)

Vi du 4 (THPT Lé Hf‘)ng Phong — Nam 2018). Cho lang tru ding ABC.4'B'C"' c6 day la tam giac déu
canh a, duong chéo AB'= a2 . Tinh thé tich cia khéi lang tru da cho.

3 3 3 3
a3 B.V:”“/g C.V=‘“/5 D.I/:‘“/5
9 12 6 4

AV

Giai
Ta thdy ABB'A' 1a hinh chit nhat = A4A4'B' vudng tai A'

A4'=JAB"— 4'B" K =

2 I
= (a\/z) _a2 =a ! Il'l \\‘\
1 — ._ "ll K
SABC :EAB.AC.SinBAC ] \
\
a \/5 ! )
4 | \
Thé tich khéi lang tru 1a:
B a3

4 4

= la2 sin 60° =
2

V=dA'S,,.=a.

= Chgon D

Ghi nhé:
Hinh lang tru tam gidc déu 1a ling tru c6 2 day 1a tam gidc déu ABC.4'B'C", cac canh bén bang nhau va
cung vuong goc voi day
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Vi du 5 (Chuyén Thai Binh — Nim 2018). M6t tim k&m hinh vuéng (ABCD) c6 canh bang 30 cm.

Ngudi ta gap tam kém theo hai canh EF va GH cho dén khi 4D va BC tring nhau nhu hinh vé bén dé
dugc mot hinh ling tru khuyét hai day. Gi4 tri cta x dé thé tich khéi lang tru 16n nhat 1a:

A. x=5(cm) B. x=9(cm) C. x=8(cm) D. x=10(cm)
Giai
Thé tich khdi lang tru dugc tao thanh la: V' =S, .AD
Thé tich dat GTLN khi S, 16n nhat. Ap dung cong thitc Hé-rong dé tinh dién tich tam giac ta co:
Sup =P (p—a)(p=b)(p—c) = 15(15-x) (15~ x)(15-(30 - 2x))

Hay S =/15(15-x)’ (2x-15) Wil E e B E G

Xét ham sd AlB

f(x)=(15-x)"(2x-15) = (15-x)(15 - x)(2x ~15)
(15-x+15-x+2x-15)’

<

27
; (a+b+c)3

(Ap dung BPT abc <~——< f(x) <125 D F o C

27 S

Ay = et F H
= Dau bang xay ra , }/
- —=rr-mmssmsmeemamecm-smsooossn - C

15—X:2X—15<Z>X=10(cm) 30cm

= Chon D

Binh luian
Ngoai cach ap dung bat dang thirc C6 si dang bién doi tong thanh tich ta ¢ thé sir dung chirc nang CALC
ciia mdy tinh dé tim gid trj f(x) va nhén thdy f(max)= f(10)

Vi du 6: (THPT Lé Quy Pén — Niam 2018). Cho tir dién c6 ABCD cb AD=BC=\/€(cm);
AC = BD =17 (¢m) va AB=CD =3(cm). Thé tich khi ti dién 1a.

A, 3@ (cmz) ) 2\/% (sz)
2 3
C. @(sz) D. @(cmz)
: . A
Giai g\\
Dung hinh chép 4.B'C'D' sao cho B,C,D lan luot 1a trung A “ﬂl \

diém cia C'D;B'D";B'C" //'r' \ \
1 j "

Khi d6 AC=BD=—B'D" suy ra tam gidc 4B'D’ vuong tai | .
/ > :
A hay AB' L AD' Ds §~ “_\*“‘- B
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Tuong tu suy ra AB"; AC'; AD' d61 mot vudng goc.
Taco: AB'=b; AC'=c;AD'=d thi

b’ +c*=B'C? =44D> b=22

A +d*=C'D*=44B* = {c=4

b>+d* =44C’ d=2+5
1 1 ' ' '
Suy ra VA,BCD :ZVA.B'C'D' :ﬁAB AC'.AD
1
= =—bcd = @
24 3
= Chon B
Tong quat

Cho tur dién co AD=BC=a(cm); AC=BD=b (cm) va AB=CD=c(cm).

Khido V =—— a +b2—c (b2+cz—a2)(a2+cz—b2)

oAl
Binh luian
Phuong phap tinh ti s6 thé tich duoc sir dung hiéu qua khi tinh thé tich ctia hinh chép S4'B'C kho dung
chiéu cao hodc kho tinh dién tich day.

Dang 2: Ti 6 thé tich
Cho hinh chép S.ABC c6 3 diém M,N,P thudc 3 canh S4,SB,SC thi ta co cong thirc
Voswe _ SM_ SN SP

Vope SA SC'SC

Vi du 7: (THPT Ly Thai T6 — Nim 2018). Cho hinh chép tam gidc S.4BC c6 thé tich bang 72 . Goi
M 1a trung diém ciua SA va N 1a diém thudc canh SC sao cho NC =2NS . Tinh thé tich ¥ cua khéi da
dién MNABC

A. V =48 B. V=30
C. V=24 D. V=60
Giai
TaC('):Vs'ﬂzsﬂ.S—N=l.l=l
Vi se SA S 23 6
1

= Vopu =2 72=12

= Vipuse =12-12=160
= Chon D
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Binh luian

Phuong phap ti so thé tich dugc sir dung hiéu qua khi tinh thé tich ctia hinh chép S4'B'C' khé dung
chiéu cao hodc kho tinh dién tich day.

Vi du 8: (THPT Thanh Mién — Nam 2018). Cho hinh chop S.4BC c6 day la tam giac vudng tai
B,AB=a,BC = a3 biét SA=a va vudng goc v6i mit phang day. Mot miat phang (a) diqua 4, vudng
goc voi SC tai H, cit SB tai K. Tinh thé tich khéi chép S.AHK theo a.

3 3 3 3
A.‘“/g B.S‘“/§ c.‘“/5 D.‘“/§
30 60 60 10
Giai
2
Ta co: AC=,/a2+(a\/§) —2a
2 =
SB=+a’+a’ =ax/§, SK:‘S;Z _
SK (SAT a ¥ 1
> — = — =| —— =—
SB \ SB a2 ) 2
Tuong tu co:

SC =/d* +(2a)2 = a\/g

sc \sc as) 5

Vosw _SH SK _11
Ve se SC'SB 52 10

= Chon C

Binh luian

Day 1a mot bai toan quen thudc, dya nhiéu vao kinh nghiém dé dung dugce duong vudng goc tha 2 1a AK
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BC 1 AB

ngodi AH 13 dudng vudng gdc thir nhat).
(ng g vudng g ){BCLSA

= BC L AK
Lai c6 AK L SB= AK L(SBC)

= AK 1 SC

Vi du 9: (Chuyén Lé Quy Pén — Nim 2017). Cho hinh chép S.ABC c6 SA vudng gbc v6i mit phang
(ABCD) va ABCD 1a hinh vuéng canh a, goc giita SC va mit phang (ABCD) bang 45°. Mit phang
(@) qua 4 vuéng géc v6i SC va chia khdi chop S.ABCD thanh hai khéi da dién. Goi ¥, 1a thé tich cua

A A r /. < R \ Ao 5 A A \ . 1 s A V
khoi da dién c6 chira diém S va ¥, thé tich cta khoi da dién con lai. Tim ti s6 — ?
2

A.l. B. L c.l p. 2
3 2 5
Giai
Vi SC L (AMNP)= SC L. AM. DC 1 (SAD)= DC L MA
= AM 1(SDC)= AM L SD
ASAC vudng can tai ;\
AN
AC =+a*+a’ =a\/§ J’: \‘«\\\
AL N
SD=/S4* + AD* =\2a* +a* =a 3 {1 sy
2 2 In" e N \\\
Ta cod: SA> =SM .SD = S = SA2 = %a } :g 31{. : /! ,‘\i, “\\
SD  SD° 2a +a 3 FNe \
2 2 ,"‘ o7 i e e / o
SA2:SN.Sc@ﬂ=%:%:l i s
SC SC* 4d° 2 e = "a\
'Ir r "\\%5
Do a Voaww _SM SN _1 A/
Ve pe SD SC 3

Do tinh chat d6i ximg

— Vs amp _ .l:l:ﬁzmzl
Vs ascp 6 3 Vi Viscosr 2

= Chon C

Chu y

A J ’ s A A . 2 r A s s A A R o7 V \ 5
Cong thire tinh ti sO thé tich chi c6 thé 4p dung cho tam giac nén ta khong thé tinh S22 Gyge ma phai
SADCB

chia thanh 2 ti s6 chop tam giac nhu trén.

Vi du 10: (THPT Lwong Thé Vinh — Nim 2017). Cho khdi chép S.ABCD c6 thé tich V. Goi M,N
1an Iuot 14 trung diém ciia SA, MC . Thé tich khéi chép N.ABCD la
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Giai
Vi NC=NM ma MA=MS nén %
1 F
d(N;(ABCD)) = 4 (M;(4BCD)) / \K
ard b
:1.1d(s;(ABCD)) :ld(S;(ABCD)) ;"x \‘ S
272 4 B
. . 1 ;-"; \.3?_\'\.' "'l' "n..,\x
Thé tich khdi chép N.ABCD 1a V = Ed(N;(ABCD)).SABCD Pl e e TN
N Eln e
11 14 \ I :'93 J
= Z.gd(s;(ABCD)).SABCD =7 . r;f -
= Chon B <

Binh luan
Ngoai viéc ding cong thic ti s6 thé tich ta co thé thyc hién cac phép so sanh khoang cach chiéu cao dé
tim ti s6 thé tich.

Vi du 11: (THPT Tran Hung Pao— Nim 2018). Cho khdi ling try A4BC.A'B'C'. Goi M 1a trung diém
ciia BB, N 1a diém trén canh CC' sao cho CN =3NC’. Mit phang (AMN) chia khoi lang tru thanh hai

phan c6 thé tich ¥, va ¥, nhu hinh v&.

Tinh ti s0

A.

W | W Mﬁ |H‘

S
=
S
Il
N | W
0
S
Il
W |
=
SN
Il
W |

Giai

Ta co:

v, = gBB’.d(BB’; cc’) A €

Do dé ¥, ngA.BCC’B' =

oo | i
W | N
N
[
/
/

. 5 R
V61 V=V ipc) =EV . el A
i e C'

:>SuyraVl=%V:>—=— "

= Chon D
Cong thirc tinh nhanh

V, _AA+BM+CN _(1+0,5+0,25)44' 7

V, AA+MB+NC (0+0,5+0,75)44' 5
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Cong thirc tinh nhanh
Vi, _AA+BM+CN

V, AA+MB+ NC

Vi du 12 (THPT Trin Pha- Niam 2017). Cho t¢ dién ABCD  ¢o
BAC = CAD = DAB = 60°, AB = a, AC = 2a, AD = 3a thé tich khi da dién do6 bing

3 3
A. 32a B. 3v/24° C. 24 D. V2a

2 2

Giai
Trén AC lay E, trén AD ldy F sao cho AE = AF = a.Khi 46 ABEF 14t dién déu canha

1 ax/g azx/g_cf\/i

Thé tich khéi tir dién déu ABEF 1a: V, = —.
373 7 4 12

Goi V 1a thé tich khéi t&r dién 4BCD

3 3
Tacs Lo AE AP (Vi V1 1 o (a2 _ a2
V. AC AD vV 23 6 2 2
= Chon D

Dang 3: Phan bu thé tich khdi chép, khdi lang tru phic tap

Vi du 13: (Chuyén Thai Binh— Niim 2018). Cho hinh hop ABCD.A'B'C'D’ c6 thé tich 1a ¥ . Tinh thé
tich cua tir dién ACB'D’ theo V

AL B. L c.L p. L
6 4 5 3
Giai
Khéi chép ACB'D' nam limg lo trong hinh hop nén viéc xéac B e

dinh dau 1a chiéu cao, dau 1a dién tich day rat phtc tap.

Dé don gian héa viéc nay thi ta s& dung phwong phap phan
bu, ta s& tinh thé tich khdi hop ABCD.A'B'C'D' to & bén
ngoai trir di cac khéi chop xung quanh dé tim thé tich khoi
chop ACB'D'.

Ta théy VACB’D’ =V- VA’.AB'D’ - BB.B’AC = VD.ACD’ = VC'.A’D’C
Pé dé dang tinh thé tich ta s& tién hanh chuén hoa, coi hinh

hop 1a hinh 14p phuong canh a khi d6: V =a’

3
Thé tich cac khéi chop xung quanh déu bang % = %
4
Viesp =V = 4-g = 3
= Chon D

Trang 9
Trang 290




Phan tich
Viéc chudn hoa dua trén nén tang tinh chat "néu ti s thé tich ding thi né dung v6i moi hinh hop" ma hinh
1ap phuong 13 hinh hop dic biét nén ti s6 thé tich ciing ding véi hinh 1ap phuong.

Vi du 14: (THPT Yén Lac — Niim 2017). Cho khéi lang tru déu ABC.A'B'C’ va M 1a trung diém cia
canh AB . Mit phing (B'C'M) chia khéi lang try thanh hai phan. Tinh ty s thé tich ctia hai phan d6

AL B.

5

Giai

Qua M ké dudng thang song song v6i BC cit AC tai N khi d6 thiét dién tao béi mét phang (B'C'M ) va
khdi chop 1a tir gisc B'C'NM . Khi @6 thiét dién chia khdi ling try thanh hai phan 13 BCNMB'C’ va

AMNA'B'C’'
Goi S 1a giao diém cua C'N vé6i A4’
Ta cé Yoo :ﬁSﬂ SN _
Veuwe SA' SB'"SC'

= Vo =<Vsane

8

C

W | O\

- D.>
4 8

v )

7

>V pmase = gVSA'B'C' =

7 '
<55 S e

1
3

71 ,
T3 2AAS iy

7 , 7
= E-AA 'SA’B’C’ = E'VABC.A’B'C’

5

= Vacnmser = E Vasc.amc

= Do d6 ty s6 thé tich cua hai phan la 1.7
1212 5

= Chon A

Tinh chit
3 duong thing BM, CN, AA' 1a 3 giao tuyén ctia 3 mét phang (B'C'M),(A'ACC"),(A'ABB") nén ching
dong quy tai S.

C. BAI TAP VAN DUNG
Céu 1 (Chuyén Bic Ninh - 2018). Tinh thé tich ctia khéi ttr dién déu c¢6 canh bang 2.
A. 42 B. 2 C. 202 D. 2\2
3 3
Céu 2 (Chuyén Bic Ninh - 2018). Cho khdi tir dién ABCD c6 thé tich V. Goi M, N, P, Q lan luot 1a
trong tdm cua cac tam giac ABC, ABD, ACD, BCD. Tinh theo V thé tich cua khoi tr dién MNPQ
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V B4V CZ_V D

27 " 27 "8l
Céu 3 (Chuyén Thai Binh - 2018). Cho hinh chép S.ABCD c6 SA vudng goc v6i mit phing (ABCD),
day (ABCD) 1a hinh thang vudng tai A va B c6 4B =a, BC =a. Biét AD =2a, SA =a/3 . Tinh thé tich
ctia khdi S.BCD theo a.

3 3 3
A. 2\/§a3 \/ga 2\/§a \/ga

B. C. D.
6 3 4

Ciu 4 (THPT Thanh Mién - 2018). Cho hinh chép S.4BC c6 ASB=CSB=60", ASC=90",
SA =SB =a, SC =3a. Tinh thé tich ctia khbi chop S.4BC
3 3 3 3
a'\2 B. & 2 c. 2 p. 2 2
8 4 12 3

Céu 5 (THPT Thanh Mién - 2018). Cho hinh chép S.ABCD c6 day 1a hinh binh hanh va cé thé tich

bang 1. Trén canh SC 13y diém E sao cho SE = 2EC . Tinh thé tich V ctia khéi tt dién SEBD.
A.V=g B.V=l C.V:l D.V:i
3 6 3 3
Céu 6 (THPT Thanh Mién - 2018). Tinh thé tich ctia khdi 1ap phuong ABCD.A'B'C'D’ biét d dai doan
thing AC =2a.

3 3
20’2 B. 24°\2 C.a D. =
3 3

Cau 7 (THPT C- Nghia Hung - 2018). Cho hinh chop S.ABCD c¢ day 1a hinh vuong canh a, canh bén

SA vudng goc véi mit phing day va S4 = a+/6 . Tinh thé tich V cua khdi chép S.ABCD.

3 3 3

a e p, 46 c, 4o D. a’/6
6 4 3

Cau 8 (THPT C- Nghia Hung - 2018). Cho hinh chép S.ABCD cé day 1a hinh chit nhat c6 canh
AB =2a,AD = q . Hai mit bén SAB va SAD cung vudng goc véi ddy SC = a+/14 . Tinh theo a thé tich
khdi chop S.ABCD.

A. V =6a’ B. V =3d’ C.V=2a D.V=a
Cau 9 (THPT C- Nghia Hung - 2018). Hinh chop S.4BC c6 day l1a tam giac déu co
AB=BC=CA=2a;SA L (ABC), va SA=a~3 . Thé tich hinh chop S.4BC bing:
a2 @3

12 4
Cau 10 (THPT C- Nghia Hung - 2018). Hinh chop tir gidc déu S.ABCD c6 canh day c6 do dai a. Mt
phang (P) qua A va vudng goc v6i SC cit SB, SC, SD lan luot tai B';C’; D' cho SB'=2BB'. Ti sd giita
thé tich hinh chép S.AB'C’'D’ va thé tich hinh chép S.ABCD bang

A2 B. 2 c.t D. +

3 9 3 27

Ciu 11 (Chuyén Hung Vwong - 2018). Ling tru tam giac déu co6 do dai tit ca cac canh bang 3. Thé

14
"9

A.

A.

A.

A. &’ B.

3
c. L D.
4

tich khdi lang tru da cho bang
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p. 22
2

Cau 12 (Chuyén Hung Vuwong - 2018). Cho hinh tir gidc déu S.ABCD c6 canh day bang 2a, canh bén
bang 3a. Tinh thé tich V cua khdi chép da cho.

3
_4Ta C.V
9 3

Cau 13 (Chuyén Hung Vwong - 2018). Cho khdi hop ABCD.A'B'C'D’ c6 thé tich bang 2110. Biét
A'M = MA, DN =3ND' vaCP=2PC'. Mit phang (MNP) chia khéi hop thanh hai khdi da dién. Thé

A 9f B 274J§ c 272\/5 3

AV =474 B.V D. V=

_4a wia
3

tich kh6i da dién nho hon bang
A 7385 B 5275 8440 . 5275

. C.— D
18 12 9 6

Cau 14 (THPT Thach Thanh 1 - 2018). Cho khéi chép S.4BCD ¢6 ddy ABCD 1a hinh vudng c6 canh
day bang 3a. Tam giac SAB can tai S va ndm trong mit phang vudng goc voi day. Tinh thé tich khéi

chop biét tam giac SAB vuédng.

3 3
9“2*/3 C. 9% D. 943

Cau 15 (THPT Ly Thai Té - 2018). Cho hinh ling tru ABC.4'B'C’. Goi M, N lan luot 1 trung diém

A. 9a° B.

, e & Ve
cua AA', BB'. Tinh ti s —YC€4BC
MNA'B'C’

A.2 B.1,5 C.25 D.3
Céu 16 (THPT Ly Thai T6 - 2018). Cho hinh chop S.ABCD c6 thé tich bang 72. Goi M 1 trung diém
ciia SA va N 1a diém thudc canh SC sao cho NC =2NS . Tinh thé tich V cua khdi da dién MNABC .

A. V=48 B. V=30 C.V =24 D. V =60
Céu 17 (THPT Ly Thai T6 - 2018). Tinh thé tich V caa hinh lap phuong c6 do dai dudng chéo bang 6.
AV =243 B. V=83 C.V=43 D. V=123

Cau 18 (THPT Yén Lac 2 - 2018). Ngudi ta got mot khdi 1ap phuwong gd dé ldy khdi tam mat déu noi
tiép néd (tirc 1a khdi co cac dinh 13 cac tdm cia cac mat khdi lap

phuong). Biét cac canh cua khdi 1ap phuong bang a. Hay tinh thé C
tich cua khéi tdm mat déu do:

3 3
AL B. L
4 6

3 3

c. L p. L
12 8

Cau 19 (THPT Pham Céng Binh - 2018). Cho hinh lang try tir gidc
ABCD.A'B'C'D' ¢6 ddy ABCD 1a hinh vudng canh a va thé tich bang 3a°. Tinh chiéu cao h cta hinh
lang tru da cho

A.h=% B. h=a C. h=9a D. h=3a
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Céu 20 (THPT Pham Céng Binh - 2018). Cho hinh chép S.4BC c6 day ABC la tam giac déu canh 2a,
tam giac SAB 1a tam giac déu va nam trong mit phang vudng goc v6i mit phang day. Tinh thé tich khéi
chép S§.4BC

3 3
AV =d B. V=L C.y =2
2 2

Céu 21 (THPT Son Tay - 2018). Cho khéi tir dién ABCD c6 thé tich V, thé tich cua khéi da dién c6

D. V =3d’

1

R I3 5 ) A N 7 2 A V
dinh 1a trung diém cac canh cua tir dién 4ABCD bang V'. Tinh ti s0 A

AN, g _1 AN, p .3
Vo2 Vo8 Vo4 Vo4
Cau 22 (THPT Nguyén TAt Thanh - 2018). Cho t&r dién OABC ¢6 cac canh O4, OB, OC d6i mot
vudng goc voi nhau va AB =5, BC =6, CA="7. Thé tich V cua ta dién O4BC la

A. V =% B. V =97 C. V=493 D. V =+/95
Céu 23 (THPT Nguyén Tét Thanh - 2018). Mot hinh chop tam giac c6 dudng cao bang 100cm va cac
canh ddy bang 20cm, 21cm, 29cm. Thé tich khoi chop do bang

A. 7000cm’ B. 6213cm’ C. 6000cm’ D. 7000v2cm’
Ciu 24 (THPT Nguyén TAt Thanh - 2018). Cho hinh hép ABCD.A'B'C'D' c6 cic canh
AB =3, AD=4, AA'=5, thé tich l6n nhat cua hinh hdp trén la

A. 20 B. 60 C. 80 D. 15
Ciu 25 (THPT L& Hong Phong - 2018). Cho hinh chop S.4BCD c6 day ABCD la hinh vudng canh a,
SD = a+/2 . Hinh chiéu cua S 1én (ABCD) 14 trung diém H cua AB. Thé tich khdi chép S.4BCD 1a

3 3 3 3
a6 g, L3 c. N2 p, 46
6 6 2 2
Cau 26 (THPT L& Hong Phong - 2018). Cho ling try dimg ABC.A'B'C’ c6 day 1a tam giac déu canh a,

dudng chéo AB'= a~/2 . Tinh thé tich V cua khéi lang tru da cho.

3 3 3 3
a3 B.V:‘“/§ C.V:‘“/5 D.I/:“‘/§
9 12 6 4

Cau 27 (THPT L& Héng Phong - 2018). Cho hinh chép S.4BCD c6 ddy ABCD la hinh thang vudng

A.

AV

. 1 , ‘ : 7 .
tai A vaB,4AB=BC= EAD =a. Tam gidc SAB d€u va nam trong mat phang vuong goc voi day. Tinh
thé tich khéi chép S.ACD.

3 3 3 3
a a a*\2 a3
A Vs ucp :? B. Vs scn :7 C. Vs aco :T D. Vs 4cp :T
Cau 28 (THPT Binh Xuyén - 2018). Cho khi chop S.ABCD c6 duong cao SA va day ABCD la hinh
thoi. Thé tich khdi chép di cho duge tinh theo cong thirc nao sau day?

A. %SA.ABZ B. %SA.AC.BD C. éSA.AC.BD D. %SA.ABZ
Céu 29 (THPT Binh Xuyén - 2018). Cho khdi hop ABCD.A'B'C'D’ ¢ thé tich bang 244> . Tinh thé tich
V cua khéi chép A.ABCD?
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AV =2a B.V=12a" C.V=4da D. V=84’
Céu 30 (THPT C Binh Luc - 2018). Cho khéi bat dién déu canh a. Tinh thé tich V ctia khbi bat dién déu
do

3 3 3 3
A.V:“‘E B.V:a‘ﬁ (:.I/:“‘/E D.V:"‘/5
6 3 12 8
Cau 31 (THPT C Binh Luc - 2018). Tinh thé tich V 14p phuong ABCD.A'B'C'D', biét A'C = a3
3 3
A. V =33d° B.V=3*/§“ C.V:% D. V=4

Céu 32 (THPT C Binh Luyc - 2018). Cho hinh 13p phuong 4BCD.A'B'C'D’ . Mit phang (BDC') chia
khéi 14p phuong thanh hai phan. Tinh ti 1& thé tich phan nho so véi phan 16n.
5 1 1

A. — B. — C. - D.
6 5 3

Céu 33 (THPT Nam Truc - 2018). Cho hinh chép S.ABCD cé day ABCD 1a hinh vuong canh a, biét
2

SA=SB, SC=SD, (SAB) L (SCD). Tong dién tich hai tam gidc S4B, SCD béng 7110. Thé tich khéi

|~

chép S.ABCD la
4a B 4 a
25 15 15
Cau 34 (THPT Nam Truec - 2018). Cho t& dién ABCD c6 thé tich 9/3cm’. Goi M, N, P, O lan luot
1a trong tAm cac mat cua khoi tir dién ABCD. Thé tich khéi tir dién MNPQ 1a

A. ﬁcm3 B. ﬁcm3
3 3
Céu 35 (THPT Viét Tri - 2018). Cho hinh chdp S.ABCD c6 day 13 hinh vudng canh bang 2a. Tam giac

vudng SAB cn tai S va nam trong mit phing vudng goc voi mit phing day. Biét thé tich khéi chop

c. L
5

C. 3\/§cm3 D. \/gcmz'

3

S.ABCD bing 4%. Khi d6, do dai SC bing

A.3a B. a\/6 C.2a D. 6a
Céu 36 (THPT Viét Tri - 2018). Cho hinh chép tam giac déuS.ABC . Goi M, N lan luot 1a trung diém
ciia BC, SM . Mit phang (ABN) cit SC tai E. Goi ¥, 1a thé tich ciia khéi chép S.ABE va V; 14 thé tich
ctia khdi chop S.ABC. Khang dinh nao sau day dung?

1 1

1
A.szgyl B.szle C,sz —

4 D. 7, = P 4
Céu 37 (THPT Viét Tri - 2018). Cho ling tru tam gidc déu ABC.A'B'C’ canh day a =4 biét dién tich
tam gisc 4'BC bang 8. Thé tich ctia khdi ling try ABC.4'B'C’ bang

A. 43 B. 83 C. 243 D. 1043
Cau 38 (THPT Ngé Gia Tw - 2018). Tinh thé tich V cia khdi to dien ABCD c¢6
AB=CD =35, BC=AD=+/61, AC=BD =34 .

A. 30 (dvtt) B. 60 (dvtt) C. 15 (dvtt) D. 90 (dvtt)

W | —
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Cau 39 (THPT Nguyén Thi Giang - 2018). Cho hinh hop ABCD.A'B'C'D’ ¢6 O la giao diém ciia AC va
BD. Khi d6 ti s6 dién tich ctia khéi chop 0.4'B'C'D' va khdi hop ABCD.A'B'C'D' bang
1 1 1 1

A. — B. — C. - D. —
3 2 4 6

Cau 40 (THPT Nguyén Thi Giang - 2018). Thé tich ciia khdi lang try tam giac déu c tat ca cac canh

bang a 1a

A. gcf B. gcf C. gcf \/5 3

D.—a
3

Ciu 41 (THPT Vinh Yén - 2018). Cho hinh chép S.ABCD c6 thé tich bang 27m’. Lay A' trén SA sao
cho §4 =3SA4"'. Mat phang di qua A' va song song véi day hinh chép cat SB, SC, SD lan lugt taiB', C',
D'. Tinh thé tich hinh chop S.4'B'C'D’

A. 3m’ B. 1m’ C. 5m’ D. 6m’
Cau 42 (THPT Vinh Yén - 2018). Cho hinh chép S.ABCD c6 day ABCD la hinh chir nhat,
AB=SA=a, AD = a2 , SA vudng goc voi day. Goi M, N 1an luot 1a trung diém cta AD va SC, goi I 1a
giao diém ciia BM va AC.
Ty sb LA

SABCD
L B. - L L
24 12 6 7
Cau 43 (THPT Luc Ngan 1 - 2018). Cho hinh chép S.ABCD c6 day ABCD la hinh vuéng tam O. Goi

C D

A <R 5 5 A A o7 V M
H va K lan luot 13 trung diém ctua SB, SD. Ty s6 thé tich —22%X bang
S.ABCD

1 1 1
Céiu 44 (THPT Luc Ngan 1 - 2018). Cho ling try ding ABC.A'B'C’' c6 day la tam giac déu canh
a~3.4' B =3a . Thé tich khéi lang tru 1a

B. C D

| —

3
A. % B. —sinx.c C. 6a° D. 74°
Céu 45 (THPT C6 Loa - 2018).Cho hinh ling tru ABC.4'B'C’ c¢6 d6 dai tat ca cac canh bang a va hinh
chiéu vuéng géc cia dinh C 1én mét phang (ABB'A’) la tm cua hinh binh hanh ABB'A’. Thé tich khéi

lang try ABC.A'B'C" tinh theo a la

3 3 3
A.‘“/E B."‘/5 C. 3 D.‘“B
4 12 4
Céu 46 (THPT Ha Trung - 2018). Cho hinh chép S.4BC, G la trong tim tam giac ABC, A',B',C’ lan
luot 14 anh cia 4, B,C qua phép vi tu tam G ti s6 & = —l. Tinh Vsuwe
2 S.ABC
AL B. . c.t p. 2
4 8 2 3
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Cau 47 (S¢ GD&DT Binh Thuén- 2018). Cho hinh choép S.ABCD c6 day ABCD la hinh thoi canh 2a,

vi BAC =60°, SO 1 (ABCD) va SO = %" . Tinh thé tich V ctia khdi chop S.4BCD .

3 3
_aV2 .y

2 2
Cau 48 (Chuyén PH Vinh - 2018). Cho hinh lang try dung ABC.A'B'C' ¢6 day ABC la tam giac can
tai A, BAC =120°, BC = A4’ =~[3a . Tinh theo a thé tich ciia khéi ling tru ABC.A'B'C’.

AV =a\2 B.V D.V=4d

3 3 3 3
AV =2L B.V=3\/§a c.V=3ﬁa D. V=%
4 2 6 4
Cau 49 (Chuyén Lé Quy Pon - 2018). Cho hinh lang try dtng A4BC.A'B'C’ c¢6 day ABC la tam giac
ddu canh a, mit bén ABB’A’ 1a hinh thoi A/'/R'=60°;B’C:%. Tinh thé tich khéi lang tru
ABC.A'B'C'.
3 3 3 3
A.“\B B.3‘“E C.“\B D.3‘“6
4 16 16 4

Ciu 50 (THPT Phan Ngoc Hién - 2018). Hinh chép S.4BC ¢6 SB = SC = BC = CA = . Hai mit phing
(ABC) va (ASC) cung vudng goc voi (SBC).
Thé tich khéi chop S.4BC bing

a*\3 a3 a3

A. 4. B. .
4 3 12

D. BANG PAP AN

1C 2A 3B 4B 5C 6B 7C 8C 9A 10C
11B 12D 13D 14C 15A 16B 17A 18B 19D 20A
21A 22D 23A 24B 25B 26D 27D 28C 29D 30B
31D 32B 33A 34B 35B 36C 37B 38A 39A 40B
41B 22A 43C 44B 45A 46A 47C 48D 49B 50D
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CHU DPE 27: Bi QUYET TiM KHOANG CACH TRONG KHONG GIAN
A. KIEN THUC NEN TANG
1. Khodang cach tir 1 diém M dén dwong thiang d : duoc ki hiéu 1a d(M;d) = MH véi H 1a hinh chiéu
vuong goc cua M lén d
2. Khoang cach tir 1 diém M dén mit phing (P): dugc ki hiéu 1a d (M; (P)) = MH véi H 14 hinh chiéu
vuong goc cua M lén (P)
3. Khoang cach tir dwdng thing d dén mit phing (P): chi ton tai khi d / (P) khi d6
d(d;(P))=d(A;(P)) véi A la mot diém bét ki thude d
4. Khoing cach tir mit phing (P) dén mit phiang (Q): chi tén tai khi (P) / (Q) khi do
d((P);(Q))=d(A;(Q))véi A la mot diém bat ki thude (P).

5. Khoang cach giira 2 dwong thiang chéo nhau d va A: duge ki hiéu1a d (d; A)=MN véi M € dN € A
. IMN _Ld

v {MN 1A

6. Khoang cach giira 2 duong thing chéo nhau d va A: d(d; A) = d(d;(P)) vé6i (P) 1a mat phang // d va

chtra A. Khi d6 ta dua khoang cach giira 2 dudng thang chéo nhau vé khoang cach tir 1 dudng thang dén 1

mit phang song song vai no.

B. Vi DU MINH HQA

Dang 1: Tinh khoang cach tir mot diém dén mot duong thang

Phwong phap: Dé dung khoang cach tir 1 diém dén 1 dudng thang ta c6 gang tim xem diém va dudng

thang thudc tam giac nao thi dung duong vudng goc = Khi tinh toan s& dé dang hon

Vi du 1: (Chuyén BH Vinh - Nam 2018) Cho hinh 1ap phuong ABCD.A'B'C'D' canh a. Tinh khoang cach
tir B t6i duong thang DB’
a 2B p, 26 c. 28 p, Y6
6 3 3 6
Giai
Trong BDB' ké dudng cao BK = K 14 hinh chiéu ciia B 1én B'D
Va d(B;B'D)=BK;BD =av2

1 1 11 1 3 a6
2 = st =gt ——5=,5=>BH=—— &
BK® BB BD” a (a\/z) 2a 3 2
Viy d(B;B'D):% y =
= Chon B
Kinh nghiém

Ta ¢ gang tim tam giac chira diém va duong thang 1 tam gidc vudng dé co thé st dung hé thirc luong
trong tam giac vudng dé tinh toan khoang cach.

Dang 2: Tinh khoang cach tir mot diém dén mot mit phiang

Vi du 2: (S6 GD&DT Ninh Binh - Nam 2018) Cho tir dién ABCD cé canh AD vudng gbc voi mit phang
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(ABC), AC = AD = 4, AB = 3, BC = 5. Tinh khoang cach d tir diém A dén mat
phang (BCD).

Giai

Tac6: BC* =BA” + AC* nén AABC vudng tai A

Ké AK L BC va AH L DK. Ta luén c6 AH L (DBC) va AH = d(A;(DBC))

Cach tinh AH:

12: 12+ 12: 12+ 12+ 12:L2+L2+L2:£:>d(A;(BCD)):AH:‘/B:i
AH?> AD?> AK?> AD> AB> AC* 4 4 3 72 17 34

Kinh nghiém
Ta c6 gang tim tam gidc chira diém va duong thang 13 tam giac vudéng dé co thé sir dung hé thic luong
trong tam gic vudng dé tinh toan khoang cach

Vi du 3: (Chuyén BH Vinh - Nam 2018) Cho hinh chép S.ABC c6 day ABC la tam gidc vudng tai B va
canh bén SB vudng goc véi mat phiang day. Cho biét SB = 3a, AB = 4a, BC = 2a. Tinh khoang cach tir B
dén mit phang (SAC).

12a+/61 4a 12a+/29 3a/14

B. — C. D.
61 5 29 14

A.

Giai
Goi E 12 hinh chiéu cia B xudng AC, ta c6
{BE 1LAC

= AC L (SAE)
SB L (ABC)=SB L AC

Goi F 12 hinh chiéu cua B 1én SE
Do AC L (SAE) = AC L BF ALEEs

BF L AC g

Lai co: { = BF L (SAC)
BF L SE

= d(B;(S AC) = BF

= = F 4 = + + =
BE L AC BF? SB*> AB?> AC? 9a® 16a’> 4a®> 144a’

SB L (ABC
Tacé:{ (ABC) 1 1 1 11 1 1 6l

12a+/61 12a4/61
= BF = i hayd(B;(SAC)) = T
= Chogn A
Cong thirc

T dién B.SAC dugc goi 1a tir di€n vudng vi ¢6 3 cap canh BS,BA,BC d6i mot vuong goc. Khi do mudn
11 . 1 . 1
h* BS® BA’ B(C?

tinh khoang cach tir dinh B dén day SAC thi c6 cong thirc giai nhanh 13
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Vi du 4: (THPT Thanh Mién - Nam 2018) Cho hinh lang tru ding ABC.A' B'C' .Canh bén AA' = a, ABC
la tam giac vudng tai A c6 BC =2a,AB = a3 . Tinh khoang céch tir dinh A dén mit phang (A'BC).

A.aVEI B.aJEI C.an D.aJ7
7 21 7 21
Giai
HD: Goi H 1a hinh chiéu cua A 1én BC va K 1a hinh chiéu cta A 1én A'H. Ta c6: d(A;(A’BC)) = AK (1)
Tact: AC= (28 ~(w45) = / i
11 1 1 1 1 1 1 1

= = e =

= + =
AK? AA” AH® AA“® AB’ AC’ a’ (a \/5)2 a’ 3a’

A% %
/ o e
av21 PARE - SNED e e C
= AK = SRS

7 Xl .
= Chon A :

'I .
o B
j=A

Tinh chét

3a\/7
7

Vi AB // (SCD) = d(A;(SCD)) = d(M;(SCD)) =

Vidu 5: (S6 GD&DPT Nam Dinh - Nam 2018) Cho hinh chép tr gidc S.ABCD c¢6 day la hinh vudng, mat
bén (SAB) 1a tam giac déu va ndm trong mit phing vudng goc véi day. Biét khoang cach tir diém B dén

mit phang (SCD) bang 3\/— . Tinh thé tich V cua khéi chép S.ABCD.
A V=lg B. V=a’ c.v=2g D. V=14’
3 3 2
= Chon D

Vi du 6: (Chuyén PH Vinh - Nam 2018) Cho hinh chép tam giac déu S.ABC c¢6 SA = 2a, AB = 3a. Goi
M la trung diém ctia SC. Tinh khoang cach tir M dén mit phang (SAB)

A 3av21 B 3a/3 C. 3a+/3 D. 3ay21
14 2 4 7
= Chon A

Dang 3: Khoang cach tir 1 duong thang d dén 1 mat phang (P) song song véi no.
Phuong phap : Chon mot diém A bat ki thudc d khi d6 d(d;(P))=d(A;(P))va ta dua bai toan trén vé
dang tinh khoang cach tir 1 diém dén 1 duong thiang nhu dang 2.

Kinh nghiém : Chon diém A 13 chan dudng cao cta hinh chép hodc 1 diém d& quy vé chan dudng cao.

Vi du 7: (Chuyén Thai Binh - Nam 2018) Cho hinh lang tru ding ABC.A'B'C' ¢6 day la tam giac ABC
vuong tai A c6 BC =2a, AB = a3 . Khoang cach tir AA' dén mit phang (BCC’B') 1a
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22l p, 2V3 c. 25 p, 27
7 2 2 2

Giai

Vi AA’ // (BB’C’C) va d( AA’;(BCC’B”)) = d(A;(BCC’B’))

(ABC) L (BCC’B’) theo giao tuyén BC

Dung AH L BC. Lai ¢c6: AH L. BB’ = AH 1 (BCC’B’)

ABAC a3
BC 2

A.

= Vay khoang cach can tim 1a: d = AH =

= Chon B

Ghi nh¢

(P)n(Q)=4A
AHe(P) =AHL(Q)
AH LA

Ap dung vao bai thi AH L (BCC’B”)

Dang 4: Tinh khoang cach giita mit phang

Phuong phap: Dé tinh khoang cach giita 2 mit phang (P) va (Q) ta chon 1 diém A thudc (P) khi d6
d((P);(Q))=d(A;(Q)). Ta tiép tuc quy khoang c4ch giita 2 mit phing tré vé khoang cach tir 1 diém dén
1 mit phang.

Vi du 8: (Chuyén Thai Binh - Nam 2018) Cho hinh 1ap phuwong ABCD.A'B'C'D'c tat ca cic canh bang 2.
Khoang cach giita hai mit phang (AB'D") va (BC'D) bang

A. ﬁ B. i C. ﬁ
3 3 2
Giai
HD: Ta co: CO=A'%\/§:\/5

Dung CH L C’O (hinh v&).
Do AB’//C’D va AD’ // BD = (AB’D’) / (BC’D)
Khi do

d((AB'D;(BCD)) = d(A3(C'BD)) =d(C;(BDCY) =CH = 2~ —

Jcor+cc? B

= Chon B

Binh luin
2 mit phing (P) va x = 1 c6 khoang cach khi va chi khi ching // véi nhau vi vay viéc dau tién ta phai
ching minh (AB’D”) // (BC’D)

Dang 5: Sir dung tinh chat doan vudng goc chung tinh khoang cach giira 2 dudng thang chéo nhau

Vi du 9: (Chuyén DH Vinh - Nam 2018) Cho hinh chép S.ABC c6 day ABC la tam gidc déu canh a,SA
vudng goc v6i mit phang ddy va SA = a. Tinh khoang céach giita hai duong thang SA va BC
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A. a\/§ B.a C. — D. —
Giai
Goi M 1a trung diém ciia BC.
AABC déu = AM 1 BC (1)
Lai c6: SA L (ABC) = SA | AM (2) Ee
Tur (1) va (2) ta c6: AM la doan vudng goc chung cia SA va BC . ok
— d(SA;BC) = AM i

2 : "-\,./
Ta c6: AM =+ AB?> —BM? = az_(gj :a‘g 4

= Chon D

g L
—

Kinh nghiém
Vi SA L mit phang chira BC 1a (ABC) nén tir A ké dudng L BC ta s& thu dugc doan L chung.

Vi du 10: (THPT Nam Truc - Nam 2018) Cho ling tru ABC.A'B'C' ¢6 tét ca cic canh bang 2a. Goc tao
boi canh bén va day bang 30°. Hinh chiéu vudng goc H cua A 1én mit phang A'B'C' thudc canh B’C’.
Khoang cach gittra AA' va BC la

A B3 B. a\3 c. 23 D. 2a\/3

2 4

Giai B c
Tacé: A'H=AA'cos30°=a+3 = Hla trung diém ctia B’C’
Do AA’ // BB’ = d(AA’;BC) =d(AA’;(BCC’)) =d (B’C;AA”)
Dung HK L AA’ suy ra HK 1a doan vuong géc chung ciia AA’ va B’C’

a\3

= d=HK=A'H.sinA/A'\H=a\/§sin30°=T

= Chon A

Vi du 11: (Chuvén Bic Ninh - Nam 2018) Cho hinh ling tru ABC.A’B’C’, ¢6 day 1a tam giac déu canh a.
Hinh chiéu vudng goc ctia diém A' 1én mit phang (ABC) tring véi trong tam tam gidc ABC. Biét khoang

cach giita hai duong thing AA' va BC bang # . Tinh theo a thé tich V ciia khéi lang tru ABC.A’B’C’

3 3 3 3
A vt B, yo 23 . vt D, v=2 3
6 12 3 24
Giai
Goi G 1a trong tAm tam giac ABC va M 1a trung diém cta BC ta co:
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Ta co:

BC L AM
{ = BCL(A'AM)

Dung MF L AA’ (1). Lai c6 BC L (A’MA) = BC L MF (2)
T (1) va (2) = MF la duong vudng goc chung cua AA’ va BC. Khi d6 d(AA’;BC) = MF

Theo Talet ta co: MFZEGE :&: GE :&
2 4 6
NS R , 1 1 1 , a
GE 1a chi€u cao trong A vuong A’GA: st+t—5="7=>GA'=—
A'G" GA® GE 3
_a a3 _a\3

Vay Vigeape = GA'S

MU 4 12
= Chon B
Dang hinh: Phuong phap hdi quy tinh khoang cach giita 2 duwong thang

chéo nhau d va A

Budc 1: Dung (P) chtra A va // (P) khi d6 d(d;A) = d(d;(P))
Budc 2: Chon 1 diém A thudc dudng thang d.

Vid// (P) = d(d;(P)) = d(A;(P))

Téi day bai toan tinh khoang cach giita 2 dudng thang chéo nhau trd vé bai

toan tinh khoang cach tir 1 diém dén 1 mat phang va lam tiép twong ty nhur
dang 3.

Binh luian
Cach dung dudng vudng goc chung tinh té hon tuy nhién khoé nhin hon.
Ta c6 thé dung cach co ban:

Dung xx’ qua A va // BC khi d6 BC // (A’Ax) = d(A;(A’Ax)) = d(M;(A’Ax)) = %d(G; (A'Ax)) = %GE

Vidu 12: (THPT Binh Xuyén - Nam 2018) Cho hinh chép S.ABCD c6 déy 1a hinh vuéng canh a. Puong
thang SA vudng gbéc véi mat phang ddy va SA = a. Khoang cach gitra hai duong thang SB va CD bang
A. a3 B.a C. a\2 D.2a

Giai :
Vi CD // AB = CD // (SAB) A\
Chon diém D thudc CD khi d6 d(CD;(SAB)) = d(D;(SAB)) /1
SA L (ABCD)=>SA L DA L E
DA L AB

D@ thay {

— DA L (SAB) = d(Dy(SAB))=DA =a
Tém lai d(CD;SA) = d(CD;(SAB)) = d(D;(SAB))=DA =a
= Chgn B

Binh luan
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Day 1a mot bai toan dé tim mat phang chira AB va //CD, & céc bai tiép theo, hinh vé& s& khong c6 san mat
phang (P) va ta s& tién hanh dyng thém hinh.

Vi du 13: (Chuyén PH Vinh - Nam 2018) Cho hinh ling try tam giic déu ABC.A'B'C' c6 AB =a, AA' =
2a. Tinh khoang cach giita hai duong thing AB' va A'C

A a\B 2a\/ﬁ C ﬂ 23\/§

B. S D.
17 2 5

= Chon B

Vi du 14: (THPT Thang Long - Nam 2018) Cho hinh ch6ép S.ABCD c6 day ABCD la hinh vudéng canh a
tam gidc SAB déu va nam trong mit phing vudng goc v6i day. Tinh khoang cach giita hai duong thing
SA va BC

A 23 o c. &3 D, 2
2 4 2
= Chon A

Vi du 15: (THPT Chuyén Tran Pha - Nam 2017) Cho ling try ABC.A’B’C’ ¢6 day 1a tam giac déu canh
a. Hinh chiéu vuong goc clia diém A’ 1én miat phang (ABC) tring véi trong tim tam gidc ABC. Biét thé

3
tich ctia khdi lang try 13 a f . Tinh khoang cach giira hai dudng thang AA’ va BC
A2 B 2 c. 2 p. 2
2 3 4 3

= Chon C

C. BAI TAP VAN DUNG
Cau 1 (Chuyén Thai Binh - 2018). Cho hinh lang tru ding ABC.A'B'C' ¢6 day la tam gidc ABC vuong
tai A c6 BC = 2a, AB = a+/3 . Khoang c4ch tir AA' dén mit phing (BCC’B') la
B. V3 c. o5 p. &7
2 2 3
Cau 2 (Chuyén Thai Binh - 2018). Cho hinh chép S.ABC cé6 day ABC la tam gidc vuong tai A, goc

A.

av2l1
7

ABC =30°. Tam gidc SBC 14 tam giac déu canh a va mit phiang (SAB) vudng goc véi mit phang (ABC).
Khoang céach tir A dén mat phang (SBC) 1a
A Y6 g, 26 c. 23 p, Y6
5 3 3 6
Cau 3 (Chuyén Thai Binh - 2018). Cho hinh chép tir giac déu S.ABCD c6 canh day bang a. Goi M, N
lan lugt 14 trung diém cta SA va BC. Biét goc giita MN va mit phang (ABC) bang 60°. Khoang cach
giita hai duong thang BC va DM la

Trang 7
Trang 304




A.al—5 B.a3—0 C.aE D.aE
\ 62 31 68 17

Cau 4 (THPT Thanh Mién-2018). Cho hinh lang try ding ABC.A' B’C' .Canh bén AA' = a, ABC la tam
giac vudng tai A c6 BC =2a,AB = a+/3 . Tinh khoang cach tir dinh A dén mit phang (A'BC).
av21 B. av21 C. a3 D. a7
7 21 7 21
Ciu 5 (THPT Thanh Mién -2018). Cho khéi chép tam giac déu S.ABC c6 thé tich 1a a’, AB = a. Tinh
theo a khoang cach tir S t6i mit phiang (ABC)
A. 223 B. 4a/3 C. 4a/6 D. a3

Céu 6 (THPT Thanh Mién -2018). Cho hinh chop tir giac déu S.ABCD, c6 canh day bing a va thé tich

A.

3

khéi chop 1a a2 . Tinh theo a khoang cach tir A dén mat phang (SBC)
A. # B. % C. # D. a6

Cau 7 (Chuyén Hung Vwong - 2018). Cho hinh chop S.ABCD c¢ day la hinh binh hanh, canh bén SA
vudng goc véi ddy. Biét khoang cach tir A dén (SBD) bang 673 Tinh khoang cach tir C dén mait phang

(SBD)
— B. 2 c.® p. &
7 7 7 7
Cau 8 (Chuyén Hung Vwong - 2018). Cho hinh chép S.ABCD c6 day ABCD la hinh vudng tdm O canh
a,S0 vudng goc véi mit phiang (ABCD) va SO = a. Khoang cach giita SC va AB bing

A & B ax/g 2ax/§ Za«/g

. C. D.
15 5 15 5

Ciu 9 (THPT Thach Thanh 1 - 2018). Cho hinh chép tam giac déu S.ABC canh d4y bang 2a va chiéu
cao bang a3 . Tinh khoang cach tir tim O ctia ddy ABC dén mot mit bén

A. a\/z B. 23\/5 C. a\/g D. &
10 3 5 2

Cau 10 (THPT Ly Thai T$-2018). Cho hinh chép S.ABC c6 day ABC 1a tam giac vuong tai B voi AB =
ava BAC = 30°. Hai mit phiang (SAB) va (SAC) ciing vudng goc véi mit phang (ABC). Tinh khoang

3
cach d tir diém A dén mat phing (SBC), biét khdi chép S.ABC c6 thé tich bang a3f
Adet B.d= c.a=2V5 D, a= 23
25 NE) 5 6

Ciu 11 (THPT Ly Thai To6-2018). Cho hinh hop chit nhat ABCD.A' B' C' D' c6 AA' = 2a, AD = 4a.
Goi M la trung diém ctia canh AD. Tinh khoang cach d tir giita hai duong thang A'B' va C'M.

A. d=2a2 B. d=a\2 C.d=2a D.d=3a
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Cau 12 (THPT Pham Cong Binh-2018). Cho hinh chop S.ABCD c6 day ABCD Ia hinh chir nhat; AB =
2a, AD = a. Hinh chiéu ctia S 1én mit phang (ABCD) la trung diém H ciia AB;SC tao véi day goc 45°.
Khoang cach tir A d&én mit phang (SCD) 1a
A3 p. Y6 c. 16 p. 23
3 4 3 6

Céu 13 (THPT Son Tiy - 2018). Cho hinh chép S.ABCD c6 day ABCD la hinh vudng canh bang 1.
Tam gidc SAB déu va nam trong mat phang vudng goc véi day (ABCD). Tinh khoang cach tir B dén
(SCD)

V21 Cc.\2 V21

A.l B. — D. —
3 7

Cau 14 (THPT Son Tay - 2018). Cho lang tru ABC.A’B’C’ c6 cdc mét bén la hinh vudng canh a. Goi D,
E lan lugt 1a trung diém cac canh BC, A’C’. Tinh khoang céch gitta 2 duong thang AB’ va DE theo a
A B, V3 c. 23 D. a\3
3 4 2
Ciau 15 (THPT Nguyén Tat Thanh - 2018). Cho hinh chép S.ABCD c¢6 ddy ABCD la hinh vudng
canh a, SA = a+/3 va vudng goc voi mit phang day. Tinh d(A;(SBC)).
A B2 g, V3 c.2 p. 2
2 2 2 3
Céu 16 (THPT Nguyén Tét Thanh - 2018). Cho hinh chép OABC c6 OA, OB, OC d6i mot vudng goc
v6i nhau va OA =3, OB =4, OC = 1. Khi d6 khoang cach tir O dén mat phang (ABC) la

25 B. 14 C.5 D 12

13 13 13
Cau 17 (THPT C Binh Luc-2018). Cho hinh chop S.ABCD c6 day la hinh vudong canh a. SA = a va
SA vudng gbéc voi day. Tinh khoang cach d gitra hai duong chéo nhau SC va BD

% _ah G 20

A.d=—— B.d C.d D.d=——
2 3 6 3

Cau 18 (THPT Nam Truc - 2018). Cho hinh chop S.ABCD c¢6 day ABCD la hinh binh hanh, AB = a,
AC = a\/§ , BC = 2a. Tam giac SBC can tai S, tam gidc SCD vuong tai C. Khoang cach tor D dén mat

phing (SBC) bang # . Chiéu cao SH cua hinh chép 1a

A 2D g, 215 c. 22 p, &S
5 3 J15 3

Cau 19 (THPT Viét Tri-2018). Cho tir dién ABCD c6 cac tam giac ABC va DBC vudng can va nim
trong hai mit phang vudéng goc v6i nhau, AB = AC = DB = DC = 2a. Tinh khoang cach tir B dén mit
phang (ACD).

A. a6 226 c. Y6 p, Y6

B. . .
3 3 2
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Cau 20 (THPT DPoan Thugng - 2018). Cho hinh chop S.ABC c6 day ABC la tam giac vudng tai B, SA
1 (ABC). Goi M, N lan luot 1 hinh chiéu vudng goc ctia A 18n cac canh SB, SC. Khoang cach tir A dén
mit phang (SBC) 1a doan thang nao sau day?

A. AN B. AC C. AM D. AB
Ciu 21 (THPT Poi Can-2018). Khdi chop S.ABC c6 SA vudng goc voi (ABC), day ABC 1a tam giac
vuong tai B v6i SB = 2a, BC = a va thé tich khdi chop 1a a3. Khoang cach tir A dén (SBC) bang

A. # B. 6a C. 373 D.3a

Céu 22 (THPT Pji Can-2018). Cho khdi chop S.ABCD c6 thé tich bang a3. Mit bén SAB 1a tam giac
déu canh a va ddy ABCD 1a hinh binh hanh. Khoang céch giita SA va CD bang
AR B. a\3 c.2 D. 23a

NE) 2
Céu 23 (THPT Ha Trung - 2018). Tt dién déu ABCD c6 canh bang a. Tinh khoang cach giira hai dudng
thang AB va CD.

A. a3 B. # C. # D.a

Cau 24 (Chuyén Hung Vwong - 2018). Cho hinh chop S.ABC c6 SA = 2, SB = 3, SC = 4. Goc
ASB =45°, BSC = 60°,CSA =90° . Tinh khoang céch tir diém B dén mat phang (SAC).
A. 1 B.3 C.1 D. 3
2 2
Cau 25 (THPT Triéu Son 1 -2018). Cho hinh chop S.ABCD c6 day ABCD la hinh vudéng canh 2a.
Goi M, N lan luot 1a trung diém cua cac canh AB, AD; H 1a giao diém cua CN va DM. Biét SH = 3a va
vudng goc voi mit day (ABCD). Khoang cach giita hai duong thing MD va SC 1a

12a«/§ ax/a 12a«/a 6ax/a

B. C. D.
61 61 61 61

Cau 26 (Chuyén Thai Nguyén - 2018). Cho hinh chép S.ABC c6 day ABC la tam giac vuong tai B, AB
=3a, BC = 4a va SA 1 (ABC). Géc giita duong thang SC va mit phang (ABC) bang 60°. Goi M 1a trung
diém cua canh AC. Khoang cach giita hai duong thing AB va SM bang

A.

10+/3a 5a 53a
A. B. = C. 5\3a D.
\79 2 \79

Céu 27 (Chuyén Thai Nguyén - 2018). Cho hinh chép S.ABC c6 ddy ABC la tam gidc déu canh a, SA
1 (ABCQ), goc giira duong thang SB va mit phiang (ABC) bang 60°. Khoang cach giita hai dudng thing
AC va SB bing

B. 2a C. D. R
2 5 7
Cau 28 (THPT Yén Lac 2 ndm-2018). Cho hinh chép S.ABCD c6 day ABCD Ia hinh thang vuong tai
A, B. Biét AB=a, BC =a, AD = 3a, SA = a2 . Khi SA L (ABCD), khoang céch giita 2 duong thang
SA,CD la
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a a 2a 3a
A. — B. — C. = D. —

5 V5 V5 V5

Cau 29 (Chuyén Thai Binh - 2018). Cho hinh 1ap phuong ABCD.A' B'C' D' ¢6 tét ca cac canh bang 2.
Khoéng cach gitta hai mat phiang (AB' D) va (BC'D) bang

3 2 3
A'T B°$ C'T D. 3

Cau 30 (S6 GD&DT Binh Thuin - 2018). Cho hinh chép S.ABCD c¢6 day ABCD 1a hinh chit nhat vai
AB =a, AD =2a. Tam giac SAB cin tai S va nam trong mit phang vudng goc véi day. Khoang cach tir D

dén mat phang (SBC) bang % . Tinh thé tich cua khdi chop S.ABCD

2a°\2 B a’y10 2a°/5 22’10

. C. D.
15 15 15 15

Cau 31 (Chuyén Lé H(‘ﬁng Phong - 2018). Cho hinh chop S.ABCD c6 ddy ABCD la hinh binh hanh
thoa man AB = a, AC = a\/g, BC = 2a. Biét tam giac SBC can tai S, tam giac SCD vudng tai C va

A.

khoang cach tir D dén mit phiang (SBC) bing # . Tinh thé tich V ctia khéi chop da cho.

2a’ a’ a’ a’
= B. V= C. V= D.V=—
35 35 33 J5
Céu 32 (THPT Ba DPinh-2018). Cho hinh ling tru ABC.A’B'C' ¢6 cac mit bén déu 1a hinh vudng canh a.
GoiD,E, F lan luot 14 trung diém cua céc canh BC, A'C’, C'B". Tinh khodng céch gitra hai duong théng
DE va AB'.

AV

A d=2 B g= ™3 C.a=2 D. 4= Y5

4 4 3 4

Céu 33 (THPT Lwong Thé Vinh-2018). Cho khdi lang tru ABC.A'B'C' ¢6 thé tich bang a3. Goi M 1a

trung diém ctia CC’.Tinh khoang cach tir diém A' dén mit phang (ABM) biét raing ABM la tam giac déu
canh a.

AR 4a C. 4043 p. 2

B. —

3 33 3 3
Céu 34 (Chuyén KHTN-2018). Cho hinh lang tru tam giac déu ABC.A'B'C' ¢4 canh day bang a va chiéu
cao bang 2a. Goi M, N lan luot 13 trung diém ctia BC va A'C’. Khoang cach giita hai dudng thang AM va
B'N bang

A.2a B. a\3 C.a D. a\2
Cau 35 (Phan Pang Luu - 2018). Hinh chop S.ABCD c6 déy 1a hinh thoi canh a, goc BAC = 60°, SA
vudng goc vi mat phang (ABCD) goc giita 2 mit phang (SBC) va (ABCD) bang 60°. Khoang cach tir
A dén mat phang (SBC) bang

A. a2 B.2a c. 2 D.a

3 4
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Cau 36 (Phan Pang Luu - 2018). Cho hinh lang tru ABC.A'B'C' c6 day la tam gidc vuong can tai A, AB
3

= a. Biét thé tich cua khdi lang tru ABC.A’B’C’ 1a V = 4%. Tinh khoang cach giita 2 duong thing AB

vaB'C’
8a _3_a _2_a a

A. h=— B. h C.h D. h=—
3 8 3 3

Cau 37 (THPT Hoang Vian Thu-2018). Cho hinh chop S.ABCD c6 ddy ABCD Ia hinh thang vuong tai
A va B v61 AB = BC = a,AD = 2a , SA vuodng goc véi dady va SA = a. Khoang cach gitra hai duong
thang AC va SD bang

A 22 B, &3 c. 26 p, 22
6 3 3 9
Cau 38 (THPT Thach Thanh 1 -2018). Cho hinh chop S.ABCD c6 day la hinh ch@t nhat, AB =a, AD =
2a. Tam giac SAB cén tai S va ndm trong mit phing vudng goc voi day. Goc gitta dudng thang SC va
mit phing (ABCD) bang 45°. Goi M 1a trung diém ctia SD. Tinh theo a khoang cach d tir diém M dén
mit phang (SAC).

A d:a\/;lS B. d:a\/égB C. d:2a\8/19315 D. d:2a\8/19513

Cau 39 (THPT Lé Quy Pon-2018). Cho hinh chop S.ABCD c6 day ABCD la hinh chit nhat, AB = 3,
AD = 1. Hinh chiéu vudng goc cua S trén mit phang (ABCD) 1a diém H thudc canh ddy AB sao cho AH
= 2HB. Tinh khoang cach tir diém A dén mit phang (SHC).

A. 32 B. 22 C. V2 D.2
Cau 40 (THPT L& Quy Pon-2018). Cho hinh chép S. ABCD c6 day ABCD Ia hinh vudng canh bang a,
canh bén SA vudng goc voi mit phang day. Goi M la trung diém ciia CD. Biét khoang cach giira hai

duong thang BC va SM bang # . Tinh thé tich cta khdi chop di cho theo a.

3 3 3 3
a'\3 B.aﬁ C.a“/§ D.aﬁ
4 2 6 12

A.

D. BANG DAP AN
1-B 2-D 3-B 4-A 5-B 6-A 7-D 8-D 9-A 10-C

11-A 12-C 13-B 14-B 15-B 16-D 17-C 18-C 19-B 20-C
21-D 22-D 23-C 24-D 25-C 26-A 27-C 28-D 29-B 30-C
31-B 32-B 33-C 34-A 35-C 36-A 37-C 38-B 39-C 40-C
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CHU PE 28: BI QUYET TiM GOC TRONG KHONG GIAN

A. KIEN THUC NEN TANG
1. Géc giira 2 dwong thang d va A chéo nhau
Chon 1 diém 7 thudc dudng thiang d ké A'//A .

Khi do (J,Z):(ZZ’)W va 0°< @ <90°

2. Géc giira 2 dwong thang d va (P) cit nhau
Tim giao diém / cua d va (P). Lay 1 diém M thude
d ha duong cao AH L(A4BC). Khi do

(¢.(P)) = MIH =a va 0° < <90°.

Chu y: Cach nh¢ goc MIH 1a dinh — hinh chiéu —
giao diém.

3. Géc giita 2 mit phiing (P) va (Q) ciit nhau
Tim giao tuyén ctia (P) va (Q) 1a A. Trén (P)
tim dudng thang d, L A vatrén (Q) tim d, 1(0).
Khi d: ((P).(0))=(dyds )= a va 0°< <907

Chii ¥: Néu A 1a 1 dudng thing thuc day thi d, 1a
duong thang ndi tir chan dudng cao cua chop (ling
try) dén giao tuyén.
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B. Vi DU MINH HQA

Dang 1: Géc giita hai duong thang

Vi du 1: (Chuyén Hung Vwong — Nam 2018). Cho hinh 1ap phuong ABCD.A'B'C'D'. Goc giira hai
duong thang BA' va CD bang

A. 45°, B. 60°. C. 30°. D. 90°.
Giai
Vi CDC'D' 13 hinh binh hanh 8 7
= CD//C'D' = (BA;CD)= (B4 CD') (1) I gl
| E
73 ! DAL TN A A D! A D B - t c
Tuong tw C'D'//A'B :(BA;CD):(BA;AB):BAB 3 ;
™ I
” N ~ I
= Vay goc gitta hai duong thing BA" va CD bang gbc N
BA'B'.Ma ABB'A’ 14 hinh vuéng. i bt et
= B/A§, B 450 s’ ,f ‘,,»"/:
= Chon A. B _...._...._u.._._-—---afé.

Mé rong

C6 rdt nhiéu cach dé xdac dinh goc vi dy nhu: (@) = (D'C K CD)

z=1+4i+(1— hodc (@):(W):@:45°

Vi du 2: (Chuyén Hung Vwong — Nam 2018). Cho hinh chép S.ABCD c6 ddy ABCD la hinh vuong,
canh bén S4 vudng goc voi mit phang day. Puong thang SD tao v6i mit phang (SAB ) mot goc 45°. Goi

I 13 trung diém ctia canh CD. Goc giira hai duong thang BI va SD bang (S6 do goc duoc lam tron dén
hang don vi)

A. 48°. B. 51°. C. 42°. D. 39°.
Giai
. a—-3b=5
Tacod: & 3 -
Cg= A
Khi do: ( DS:(54B)) = DSA = 45°. R
e O ey
f : l‘".
it |2| = Vo’ +b* =49+16 =65 !,f T .
Goi K 1a trung diém cua AB khi d6 DK//BI e et \I ________ \; D
- { .-I. oF e i
Suy ra (SD;BI) :(SD;DK) BV f\{-r - v
, fK ie--" kel
Ta co: i _--‘}'f_'/ ]
[ R e
a5 y A \ /
Suy ra SD =a~/2;BI == 54 v
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SK =~S4> + AK* = —“\2/5

2 2 2
cosSDR = SD° + DK’ ~ 5K =\/ﬁ
2.8D.SK

:>S/D7(z51°.

=> Chon B.

Binh luan
Trong hinh vé ciia VD2 ndy chia ¢6 sdn dwong ndo // BI hodc SD. Vay ta sé tién hanh ké thém hinh. Uu
tién ké thém dwong thang // véi dwong thang ¢ day la BI tranh ké // SD sé khé tinh.

Vi du 3: (Chuyén PH Vinh — Nam 2018). Cho hinh chép S.4ABCD c6 day ABCD 1a hinh chit nhat véi
AB =2a,BC = a . Céc canh bén ctia hinh chép clng bang a~/2 . Tinh goc gitra hai dudng thang 4B va SC.
A. 45°, B. 30°. C. 60°. D. arctanv/2 .

Giai

Do S4=SB=SC=SD nén hinh chiéu vudng goc cua
S trén mit phing ddy trung v6i tdm hinh chit nhat
ABCD.

Do AB//CD nén (m)z(ca/-s\cj:@

2 2 2
Lai ¢é: cosSCD =S¢ FCD" =SD" V2
2SC.CD 2

— SCD =45°
=> Chon A.

Bi quyét
Néu mét hinh chép c6 cdc canh bén déu bang nhau thi chan dwong cao H 1a tim dudng tron ngoai tiép da

giac day.

Vi du 4: (THPT Ha Trung — Nim 2018). Cho tt dién ABCD goi M, N lan luot 13 trung diém cta BC va

B3

AD. Biét AB=CD =a, MN = aT . Tinh goc giira hai duong thing 4B va CD.

A. 45°, B. 30°. C. 60°. D. 90°.
=> Chgn C.
Vi du 5: (THPT Poan Thwong — Niim 2018). Cho tir dién déu ABCD, M la trung diém ciia canh BC.

. r . 5 r c~ . \ M ‘ A Lo T 3
Khi d6 cosin cua goc gitta hai duong thang nao sau day c6 gia tri bang o

A. (4B;DM). B. (AD;DM). C. (AM; AD). D. (4B; AM).
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=> Chgn A.

Dang 2: Géc giira duong thang va mat phang

Vi du 6: (THPT DPH Vinh). Cho hinh chép S.ABCD c6 day ABCD la hinh vuong canh a, SD =a va SD
vudng goe véi mit phang ddy. Tinh géc gita dudng thing S4 va mit phang (SBD).

A. 45°. B. arcsin% C. 30°. D. 60°.
Giai
. |SAL(ABCD)= S4 1L A0
Ta thay
AO L BD

= AO L (SBD) hay O 1a hinh chiéu ctia 4 1én (SBD)
. (S4:(58D)) = 50
Tacod: 240° =a’ = A0 =

SA=~/SD*+ AD? = a2

{ACLBD

s

= AC 1L SO

AC L SD

— ASAO vuéng tai O ta c6: sin ASO =% =%: ASO =30°

=> Chgn C.

Vi du 7: (Chuyén Thai Binh — Niam 2018). Mot khéi lang tru tam giac c6 ddy la tam gidc déu canh 3,
canh bén 2+/3 va tao véi mit phing ddy mot goe 30°. Khi do thé tich khéi lang tru 1a

A2 g, 23 c. 2 p. 203
4 4 4 4

Giai
Dung C'H L(ABC) khi d6 H 1a hinh chiéu vuéng

gc cia C' lén (4BC) (1)
Lai c6 C'CA\(ABC)=C (2)
Tir (1) va (2) = goc gitta canh bén va mit day la
(cc:(4BC)) = C'cH =300

Do d6 C'H = CC'sin30°=+/3 .

[3”_ 27

= Suyra Ve ype =CH.S 5o = 4
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=> Chgn C.

Ghi nhé

Géc giita dwong thang va mat phang la géc xudt phat tir dinh A t6i giao diém S dén chdan dwong vuéng
goc O = ASO

(Nhiéu ban nhdm thanh SAO  la sai

Vi du 8: (THPT Viét Tri — Niam 2018). Cho hinh chép S.ABCD c6 day ABCD 1a hinh thang vudng tai A
va B, AB=BC =a,AD =2a. Canh bén S4 =a vudng goc voi mit phang day. Goi M, N lan luot 13 trung

diém cuia SB va CD. Tinh cosin goc giita dudng thang MN va mit phing (SAC ) .

A.ﬁ. B.ﬁ. .\/E. D. 2.
5 10 10 J5

Gidi
HD: Chon hé truc toa dd Oxyz, voi 4(0;0;0), B(1;0;0),C(1;1,0),D(0,2,0),5(0,0:1) véi a=1.

1 . 2, n . A .
Do CK =A4B = ECD vo1 K 1a trung diém cia AD nén tam giac ACD vudng tai C.

CD 1 AC i ‘ , S
Vi = CD 1 (SAC) nén CD=(-1,1;0) 1a vecto phap tuyeén ciia mit phang (SAC).
CD 1 54
u MN ;/l. SAC
vy sin(MVA(SAC)) = 1ol VS g 35
U [P iey] ] 10
=> Chogn C.
Bi quyét

Néu mét hinh chép chira 3 cdp canh z =2+i d6i mot vudng goc voi nhau thi ta co thé ding phuong phap

toa d6 hoa dé giai quyét. Ludn wu tién giao diém 4 la gbc toa do (0;0;0)

Vi du 9: (Chuyén DH Vinh — Nam 2018). Cho hinh hop dung ABCD.A B,C,D, c6 day ABCD la hinh
vudng canh a, duong thing DB, tao v6i mit phing (BCC,B,) gbc 30°. Tinh thé tich khoi hop
ABCD.ABC.D,.

a2
3

A. a3\/§. B. a3\/§. C.a. D.

=> Chon B.

Vi du 10: (THPT Kim Lién — Niam 2018). Mot kim tu thap Ai Cap c6 hinh dang 1a mot khdi chop ti
giac déu c6 dd dai canh bén 1a mot sd thue duong khong ddi. Goi a la g6c gitra canh bén cua kim tu thap
v6i mat day. Khi thé tich cua kim tu thap 16n nhét, tinh sine .
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w‘| P

A. sing =—. B. sina = ﬁ C. sina = £ . D. sina =
3 3 2
=> Chon D.
Dang 3: Goc giira hai mat phang
Vi dy 11: (Chuyén Vinh Phuc). Cho hinh chép S.ABCD c¢6 SA L (ABCD), ABCD la hinh chit nhat.

SA=AD =2a . Géc gitra (SBC) va mit ddy (ABCD) 1a 60°. Goi G la trong tm tam gidc SBC. Thé tich

khdi chop S.AGD 1a
3 3 3 3
.32“\/5. B. 8‘“/5. C. 4”‘/5. p. 184
27 27 9 2743
Giai
iy {BC 1 4B SF
Ta thay: N
BC 1S4 (SAL(4BC)) Iﬁ\ N
= BC 1 (SAB)= BC 1 AB,BC L SB (1) .'f | "LI
| : 1 ™~ e
AB e (ABCD e e 3
Lai co: ( ) 2) ¥ o NG

SB € (SAB) i &) N

i o R GRS 3D
\ \ — <, — —_— |’ "\"'ML __-.i _r-‘--‘-_ i"’.“ll
Tir (1) va (2) :((SAB),-(ABCD))=(SB;AB):SAB=60° Lrete "
II ;f k\ k '\.. o 2 ..-"l
{ # - 7 - /
Ta co6: ABtan60° =S4 = AB = 2a ~ ‘L]‘u T \"~.
NG ), . o
. 3 M i
Goi M 1a trung diém cua BC ta co6: |z| =5
1 2a | 24*3

. 1 1
Ta co: SAADM ZEd(M,AD)AD=EABAD:5$2a 3

1 1 . 24833 443
= VSAMD ZESA'SAAMD :§.2a. 3 = 9

= Theo cong thic ti s thé tich:

Vi 54 SG SD_ 2\ 2
2

SA' SM ' SD 3’
2 244’3 84°\3

=>Voer ==Vouw =—-
SAGD 3SAMD 3 9 27

VSA GD

=> Chon B.
Vi du 12: (Chuyén Hung Vwong — Nam 2018). Cho tir dién ABCD c6 BD =2, hai tam giac ABD, BCD
c6 dién tich lan luot 13 6 va 10. Biét thé tich cua tir dién 4BCD bang 16, tinh s6 do goc giita hai mat phang

(4ABD) va (BCD).
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A. arccos i . B. arcsin i . C. arcsin i . D. arccos i .
15 15 5 5

Giai A
HD: Dung AH J_(BCD),HM 1 BD

HM 1 BD
0 = BD 1 (AMH)
AH 1 BD
:((m)):m 2 C
Lai co: AH:?’VA—BCD:ﬁ,AM:M:6 M
Swser 5 BD

Do d6 sinAMH:A—H:i = @ = arcsin 4
AM 5 5

=> Chgn C.

Phan tich
A ’ ’, Aoy 1 . A P , , r A 2 \ A ’ A . A
Trong cong thirc tinh thé tich V ., = 3 chiéu cao x dién tich day co tat ca 3 thanh phan. Vi du néu biet 2

thanh phan V ., va dién tich day S, sé tinh dwoc AH.

Vi du 13: (Chuyén Bic Ninh — Niam 2018). Cho hinh chép S.ABCD day ABCD 1a hinh thoi tim O,

dudng thang SO vudng goc véi mit phang (ABCD). Biét AB=SB=a, SO= a36 . Tim s do cua goc
giita hai mat phang (SAB) va (SAD).
A. 30°. B. 50°. C. 60°. D. 90°.

Gidi

Tam gidc SAB can tai Bsuy ra BM L SA (1)

Tam gidc SAD can tai |z| suyra DM 1S4 (2)

Tix (1) v (2) suy ra S4 L (BMD) = (($4B), (S4D)) = BMD

Tam giac SBO vudng tai O, co

BO=+SB* - 50" = —af
= 0A=~/AB> ~OB* = "*3/8

= SA=+/SO* +04* = —2"3*/5
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Suy ra S4=BD ma OM :%:OM:%z:a+bi vuong can tai M.

Vay ((S4B);(SAD)) = BMD = 90°.

=> Chon D.

Binh luin
Ta nhdn thdy tinh chat doi ximg ciia hinh chdp khi Im(z) chia hinh thanh 2 phan giong hét nhau. Néu
BM 1 SA thi ciing dé dang chirng minh dwoc DM 1 SA

Vi du 14: (THPT Yén Lac — Niim 2018). Cho lang tru ABC.A'B'C’ ¢6 day ABC la tam giac déu canh a.
Hinh chiéu vuéng goc ctia A’ xubng mit (ABC) 1a trung diém cia 4B. Mt bén (4CC'A’') tao voi ddy
goc 45°. Thé tich khéi lang try nay theo a 14

3 3 3 3
AV =2 B.V:“‘E. C.V:3a\/§. D.V:‘“E.
16 4 4 12
=> Chgn A.

Vi du 15: (Sé' GD-PT Bic Giang). Cho ling tru dimg ABC.A'B'C' ¢ AB= AC = BB' = a, BAC =120°.
Goi 7 1a trung diém ctia CC'. Ta ¢6 cosin ctia goc giita hai mt phang (4BC) va (AB'I) bang

NRES B, Y30 .25 p. Y2,
2 10 12 2
=> Chon B.
C. BAI TAP VAN DUNG

Cau 1 (Chuyén Bic Ninh - 2018). Cho hinh chép S.ABCD c6 day ABCD 1a hinh chir nhat,
AB =a,AD = a2, duong thing SA4 vudng goc véi mit phing (ABCD), géc gitra duong thang SC va
mit phing (4BCD) bang 60°. Tinh theo a thé tich khdi chép S.4BCD.

A. 324, B. J6d’. C.3a’. D. V24°.
Ciu 2 (THPT Lwong Thé Vinh — Nim 2018). Cho hinh chép S.ABCD ¢6 SA L(ABCD), ABCD la
hinh chit nhat. S4= 4D =2a. Goc gilta (SBC) va mit day (ABCD) 1a 60°. Goi G la trong tdm tam
giac SBC. Thé tich khéi chop S.AGD la

3 3 3 3
A.32“\5. B.S“ﬁ. c.4“‘5. p, 164
27 27 9 93
Cau 3 (THPT C — Nghia Hung — Niim 2018). Cho khdi chop S.ABC c6 day ABC la tam giac can tai 4,
AB =a,BAC =120°,SBA = SCA = 90°. Biét goc giita SB va day bing 60°. Tinh thé tich V ctia khdi chop
S.ABC.

3 3 3 3
A =L B.V=3‘“B. C.V:a\g. D. . v =%
4 4 4 4
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Cau 4 (THPT C- Nghia Hung - 2018). Cho hinh hop ABCD.A'B'C'D' ¢6 AB=a, B'C'=a~5, cac
duong thang A'B va B'C clng tao v6i mit phang (ABCD)mot goc 45°, tam gidc A'CB vudng tai B,
tam giac 4'CD vudng tai D. Tinh thé tich ctia khdi hop ABCD.A'B'C'D' theo a.

3 3 3
A. 24, B. 24 c. 6. p, 46
3 2 6
Cau 5 (Chuyén Hung Vwong - 2018). Cho hinh chop S.ABCD c6 day ABCD la hinh vudng, canh bén

SA vudng géc véi mit phing day. Puong thang SD tao v6i mit phang (SAB) mot goc 45°. Goi / 1a

trung diém cua canh |z| = . Goc giira hai duong thang BI va SD bang (S6 do goc duoc 1am tron dén
hang don vi)

A. 48° B. 51° C. 42° D. 39°
Cau 6 (Chuyén Hung Vwong - 2018).Cho hinh hoép ABCD.A'B'C'D'cd cac canh
AB=2,4D=3,44'=4. Géc giita hai mit phang (AB'D') va (A4'C'D) la a. Tinh gid tri ghn ding cua
gbc a.

A. 45,2° B. 38,1° C. 53,4° D. 61,6°
Cau 7 (THPT Ly Thai T6 - 2018). Cho hinh chop S.ABCD c6 day ABCD 1a hinh chitr nhat vé1 4B =1
va AD=+/3. Canh bén S4 vuéng gbc véi mit phing day va canh SC tao véi mit phing (ABCD) mot
goc 60°. Tinh thé tich ¥ ctia khdi chép S.ABCD.

AV =3. B.V=2. C.V=6. D.V=1.
Ciu 8 (THPT Yén Lac 2 - 2018). Cho hinh chép ti gidc déu S.ABCD c6 canh day bang a, tt ca cac
canh bén tao vo1 mat phang ddy mot goc 60°. Thé tich cua khéi chop S.ABCD la:

A O B O3 c. <. p, 3
3 2 3 6
Céiu 9 (THPT Yén Lac 2 - 2018). Cho liang try dimg ABC.A'B'C’ c6 day la tam giac vudng tai A,
AC=a, ACB=60°. Dudng chéo BC' ctia mot mit bén (BCC'B') tao véi mit phiang (A4'C'C) mot goe
30°. Tinh thé tich cta khéi lang tru theo a.

3 3 3
A.a3\/g. a\/g 2a\/g 4a«/g

B. . C. . D. .
3 3 3

Céu 10 (THPT Yén Lac 2 - 2018). Cho lang tru ABC.A'B'C" ¢ day ABC 1a tam giac déu canh a. Hinh
chiéu vudng goc A’ xudng mit phang (ABC ) 1a trung diém cua 4B. Mit bén (ACC 'A') tao voi day mot

goc 45°. Thé tich khéi lang tru nay theo a 1a

3 3 3 3
A B O3 c. 203 D. =
16 3 3 16
Céu 11 (THPT Pham Céng Binh - 2018). Cho khéi chop S.ABC c6 day ABC la tam giac can tai A véi
BC =2a, BAC =120°, biét S4 L (4ABC) va mit (SBC) hop véi dy mot goc 45°. Tinh thé tich khéi

chop S.4BC.

613 613 a3
A2 B. . C. 2. D. = .
3 9 2
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Cau 12 (THPT Pham Cong Binh - 2018). Hinh chop S.ABCD c6 ddy ABCD la hinh vudng canh a, hinh
chiéu vudng goc cua S trén mat phang (ABCD) tring véi trung diém AD; M trung diém CD; canh bén
SB hop véi day goc 60°. Thé tich ctia khdi chop S.ABM la

@15 @15 a*15 @15

. B. . C. . D. .
4 3 6 12

Céu 13 (THPT Pham Céng Binh - 2018). Cho hinh chép déu S.ABCD ¢6 AC =2a, mit bén (SBC) tao

A.

v6i mit déy (ABCD)mét goe 45°. Tinh thé tich V cua khoi chép S.ABCD.

3 3 3
A V=d2. By OV c.y 2B D.V="2.
3 3 2
Cau 14 (THPT Pham Coéng Binh - 2018). Cho lang tru dimg ABC.A'B'C' ¢6 day ABC la tam giac

vudng tai B; AB =a,; BC =a~2 ; mit phing (A'BC) hop véi day (ABC)mot gée 30°. Theé tich cua khéi

lang tru la
3 3 3
A.“;/g. B. &’\6. c.“l*z/g. D.“f.

Céu 15 (THPT Pham Céng Binh - 2018). Cho hinh ling tru tam gidc déu ABC.A'B'C'c6 AB=a,
duong thang 4B’ tao voi mit phang (BC C 'B’) mot goc 30°. Tinh thé tich ¥ ctia khdi lang tru di cho.
N By =26 c.r-2. Dy =3
4 12 4 4
Ciu 16 (THPT Son TAy - 2018). Cho hinh ling tru tam gidc déu ABC.4A'B'C’ ¢6 canh day bang a, goc
giita duong thang 4'C va mit phang day bang 60°. Tinh thé tich khéi ling try ABC.A'B'C’ theo a.

AL B~ c. B . <.
4 12 4 4
Céu 17 (THPT Son Tiy - 2018). Cho khéi chop S.ABCD c6 day ABCD la hinh vudng canh a, SA
vudng goc véi day. Goc giita hai mit phang (SBC) va (ABCD) biang 45°. Goi M, N lan luot 1a trung
diém cua AB, AD. Tinh thé tich cua khéi chop S.CDMN.

3 3 3 3
Ay =2 B.v=2. c.y="% p.v==_.
8 8 24 3

Cau 18 (THPT Son Tay - 2018). Cho hinh chop S.ABC c6 AB = AC,@ = SAB . Tinh s6 do cua gbc
giita hai duong thang S4 va BC.

A. 45° B. 60° C. 30° D. 90°
Céu 19 (THPT Nguyén Tét Thanh - 2018). Cho khéi ling try déu ABC.4'B'C’ canh day bang a, B'C
tao voi day (ABC) goc 60°. Tinh V. 4y theo a.

A=t By =32 c.y-aVB3 D.V=d.

3 4 4

Céu 20 (THPT Nguyén Tat Thanh - 2018). Cho hinh ling tru dimg ABC.4'B'C’ c6 dédy ABC la tam
gidc déu canh a, goc gitta CA' va mit (AA'B'B) bang 30°. Tinh theo a thé tich khéi ling tru

ABC.A'B'C'.
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3 3 3 3
A.“*/g. B.“‘/g. C.“*/g. D.“\/g.
12 4 4 12
Céu 21 (THPT Lé Hong Phong - 2018). Cho hinh chép ti giac déu S.ABCD c6 canh ddy bang 2a. Goc
hop boi canh bén va mit ddy bang 60°. Thé tich cua khdi chép S.4ABCD theo a bang

3 3 3
A, 406 g, 206 C. a’\6. p, <6
3 3 3
Cau 22 (Chuyén PH Vinh - 2018). Cho hinh chop S.ABCD c6 day ABCD la hinh chir nhat, tam giac
SAD vudng tai S va nam trong mat phang vudng goc véi day. Biét AB=a, SA=2SD va mat phang

(SBC) tao v6i mat phang ddy mot goc 60°. Thé tich khoi chép S.ABCD 1a

3 3 3
_2a B.V =5d. c.v=24 p. V=22
2 2 2
Cau 23 (Chuyén PH Vinh - 2018). Cho hinh lang tru 4BC.A'B'C’ ¢6 day ABC la tam giac vudng tai B,

AB=a,BC =a3. Géc giita duong thing 44’ va mit phing (A4'B'C’) bang 45°. Hinh chiéu cua B’

AV

trén mat phang (4BC) trung véi trong tdm clia tam giac ABC. Tinh thé tich khi lang tru ABC.A'B'C’ .

3 3 3
A."‘/g. B.‘“/g. C. . p. L
9 3 3
Céu 24 (THPT Binh Xuyén - 2018). Cho hinh chép S.ABCD c¢6 day ABCD 14 hinh binh hanh tim O va

hai mit phiang (S4C),(SBD) clng vudng goc véi ddy. Goc giira dudng thang SB va mit phang (4BCD)

1a goc giira cip dudng thang nao sau day.

A. (SB.S4). B. (S5B,50). C. (SB,BD). D. (SO,BD).
Cau 25 (THPT C Binh Luc - 2018). Cho hinh chop S.ABC c6 day ABC la tam giac déu canh a, canh
bén SA4 vudng gbéc voi day, mat bén (SBC ) tao voi day 1 goc bang 60°. Goi M, N lan luot 13 trung
diém cua SB va SC. Thé tich ¥ ctia khdi chop S.AMN ?

3 3 3 3
Av==L, B.V=2L c.y=aV3 Dy =93
2 4 32 8
Cau 26 (THPT Nam Truc - 2018). Cho hinh lang try dung ABC.A'B'C’' ¢c6 day ABC la tam giac can

AB=AC = a,‘B,q\C’ =120°, mit phang (AB’C') tao v6i day goc 60°. Thé tich cua lang tru da cho 1a

3 3 3 3
A2 B. 3% c. 2 p. L.
4 8 8 8
Cau 27 (THPT Viét Tri - 2018). Cho hinh ling try tam gidc déu ABC.A'B'C’ c6 canh day bang 2a,
canh bén bang a. Tinh goc giira hai mat phing (A4B'C’) va (4'B'C").

A. E_ B. arcsin—3. C E_ D. arccosT3.

6 4 3
Cau 28 (THPT Viét Tri - 2018). Cho hinh chop S.ABCD c6 day ABCD la hinh thang vudng tai 4 va B,
AB=BC=a,AD =2a. Canh bén S4 =a vudng goc voi mit phiang day. Goi M, N lan luot 13 trung diém

SB va CD. Tinh cosin goc giita dudng thang MN va mit phing (SAC ) .
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NEE B, 35 c. 55 D 2.
5 10 10 J5
Cau 29 (THPT Ngbé Gia Tuw - 2018). Cho hinh chép S.ABCD c¢6 day ABCD la hinh chir nhat

AB=a,AD = a3 va SA vudng goc v6i mat phing (ABCD), SC hop véi mit phang (SAD) mét gbc a.

Tinh thé tich khéi chép S.ABCD. Biét cosa = #
3 3 3 3
A.V:“f. B.V:a?. C.Vzaf. D.V:af.

Cau 30 (THPT Vinh Yén - 2018). Cho hinh chép S.ABCD c¢6 SA L (ABCD), ABCD la hinh chit nhét c6
AB=a, AD =2a, SA=a~3 . Tinh tan cua goc gitra hai mat phang (SBD) va (ABCD) .

Céu 31 (THPT Vinh Yén - 2018). Cho khdi lang try tam giac 4ABC AB,C, cé day la tam giac déu canh
a, AAd=a\2 vi A4 tao v6i mit phing (4BC) mot goc 30°. Tinh thé tich khéi tr dién 4,B,CA 1a

3 3 3 2
A.‘“/g. B.‘“/g. C.‘“/g. D.a‘/g.
12 24 24 24

Cau 32 (THPT Ddi Cén - 2018). Cho hinh chép S.4ABCD c6 day ABCD la hinh vudng canh a, SA = a3

va vudng goc voi day. Goc gilta dudng thang SD va mit phang (ABCD) bang

A. 60°. B. 45°. C. 30°. D. arcsin?.

Cau 33 (THPT Luc Ngan 1 - 2018). Cho hinh chop S.ABC c6 ddy ABC la tam giac vudng tai A4,
AB = AC =2a,SBA=SCA=90°, gbc giita canh bén SA véi mit phing day bing 60°. Tinh theo a thé
tich khdi chop S.ABC.

3 3 3 3
AL g, 446 c. 206 D. L.
6 3 3 4
Cau 34 (THPT Luc Ngan 1 - 2018). Cho hinh chop S.4BC c6 day ABC la tam gidc vudng can voi
BA=BC =a,S4=a vudng gbc voi day, cosin goc giita hai mit phiang (SAC) va (SBC) bang

Al B Y2 B p. Y2,
2 2 2 3
Cau 35 (THPT Luc Ngan 1 - 2018). Cho lang tru ABC.A'B'C' ¢o
' a\/ﬁ AL \ - & A , 5 ' 1A < 2
AA' = T AC=a\2, BC=a, ACB=135°. Hinh chiéu vudng géc ciia C' 1én mit phing (ABC)

tring véi trung diém M cua 4B. Tinh goc tao boi dudng thang C'M véi mit phang (4cc'a’).
A. 90° B. 60°. C. 45° D. 30°
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Cau 36 (THPT C6 Loa - 2018). Cho hinh chop SABCD c¢6 day ABCD la hinh chit nhat véi
AB=a, AD =2a, SA=3a vi SA vudng goéc voi mat day. Goc gitra duong thang SD va mit phang
(4BCD) 1a

A. S4D. B. ASD. C. SDA. D. BSD.
Céu 37 (THPT Kim Lién - 2018). Cho khéi chop S.ABCD c6 day ABCD la hinh thang can véi day AD
va BC. Biét AD=2a, AB=BC=CD=a. Hinh chiéu vudng géc ciia S trén mit phang (ABCD) la
diém H thudc doan AD thoa man HD =3HA, SD tao véi day mot goéc 45°. Tinh thé tich ¥ cua khdi
chop S.ABCD.

3 3 3 3
33a . B.V:*E“ . C.V=3‘“/§. D.V=9‘B“ .
4 8 8 8
Cau 38 (S& GD&DT Bac Liéu - 2018). Cho khéi ling try ABC.A'B'C’ ¢6 day 14 tam gidc cin ABC voi

AB=AC =a, BAC =120°, mit phing (AB'C’) tao v6i ddy mot goc 30°. Tinh thé tich ¥ cua khdi lang

A V=

tru da cho.
3 3 3 3
Av=L, B. V=" c.v=> =2
6 8 8 8
Céu 39 (S6 GD&PT Nam Pinh - 2018). Cho hinh ling tru ABC.A'B'C’ ¢ day ABC 1a tam giac déu
canh a, tam gidc A'BC déu va nam trong mit phang vudng goc v6i mit phing (ABC ), M 13 trung diém

canh CC'. Tinh cosin goc a giita hai duong thang 44’ va BM.

2322 N J33 J22
A. cosa= THE B. cosazT. C. cosaZT. D. cosazT.

Cau 40 (THPT Triéu Son 1 - 2018). Cho to dién ABCD cb6 AB=AD = a2 , BC=BD=a va
, 2 N 3 4 X A . . N
CA=CD = x. Khoang c4ch tir B dén mat phang (ACD) bang %. Biét thé tich cua khoi tir dién bang

a*\3
12

. Géc gitra hai mit phang (ACD) va (BCD) 1a

A. 60°. B. 45°. C. 90°. D. 120°.
Cau 41 (THPT Yén Lac 2 - 2018). Cho hinh chép S.ABC c6 day ABC la tam giac can tai C,
(S4B) L(ABC), SA=SB, I1a trung diém AB. Géc giita duong thang SC va mit phang (A4BC) la:

A. Géc SCI . B. Goc SCA. C. Goc ISC. D. Géc SCB.
Cau 42 (THPT Yén Lac 2 - 2018). Cho hinh chép S.ABC c6 day ABC la tam gidc vuong tai B, SA4
vudng goc véi day. Biét SA4=a, AB=a, BC = a2 . Goi I la trung diém cta BC. Cosin cua goc giira 2
duong thang A7 va SC la:

a2 B 2 c.2 p. Y2
3 3 3 8
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Cau 43 (THPT Lwong Van Tuy - 2018). Cho S.ABCD c6 day ABCD la hinh chr nhat

AB=a, AD= %. Mit bén SAB 1 tam giac can dinh S va ndm trong mat phang vudng goc voi mat
phang. Biét ASB =120° , goc giita hai mat phang (SAD) va (SBC) bang:

A. 60°. B. 30°. C. 45°. D. 90°.
Cau 44 (THPT Ba Dinh - 2018). Cho hinh chép S.ABCD c6 day ABCD la hinh vuong canh a, cac mat

bén (SA4B), (SAD) cung vudng gbc v6i mit phang ddy, SA=a; goc gitta dudng thang SC va mit phing

(SAB) bang a. Khi d6 tanar nhan gié tri ndo trong céc gia tri sau:

A. tana=i. B. tana =1. C. tana =3. D. tana=\/§.

V2

Ciu 45 (THPT Poan Thwong - 2018). Cho t& dién déu ABCD, M 1a trung diém cta canh BC. Khi d6
: : : . A s 3
cosin cua goc gitra hai duong thang nao sau day c6 gia tri bang o

A. (4B;DM). B. (4D;DM). C. (AM;DM). D. (4B; AM).
Cau 46 (THPT Lwong Tai - 2018). Cho hinh chop S.ABCD c6 day ABCD la hinh vuong canh
AB = a6, canh SC =434 . Hai mit phing (SAD) va (SAC) clng vudng gbe v6i mit phang (ABCD)
va M 1a trung diém cua SC. Tinh goc giita duong thiang BM va mit phang (ACD)

A. 30°. B. 60°. C. 45°. D. 90°.
Céu 47 (THPT Tran Nhit Duit - 2018). Cho hinh chép S.ABC c6 day la tam gidc déu canh a. Hinh
chiéu ctia S trén (ABC) thudc canh AB sao cho HB =2AH , biét mit bén (SAC) hop véi ddy mot goc
60°. Thé tich khéi chop S.4BC 1a

3 3 3 3
A."‘B. B.‘“B. c.‘“g. D.“*g.
24 12 8 36
Céu 48 (THPT Ham Réng - 2018). T dién déu ABCD sb do goc giira hai duong thang 4B va CD bang
A. 60°. B. 45°. C. 30°. D. 90°.

Ciu 49 (THPT Lwong Thé Vinh - 2018). Cho hinh chép S.ABCD c6 day la hinh vudéng canh a,

SA ZT;I. Tinh goc tao boi duong thang S4 voi mat phang day biét rang thé tich cua khoi chop S.BCD

3
2 a
bang —.
&%
A. 45°. B. 60°. C. 30°. D. Pap an khac.

Céu 50 (THPT Kinh Mén - 2018). Cho tir dién déu ABCD, M la trung diém cia canh BC. Khi d6
cos(AB,DM ) bang

A.ﬁ. B.Q. C.ﬁ. D.l.
6 2 2 2
D. BANG DAP AN
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CHU PE29: Bi QUYET GIAI BAI TOAN HAY GAP VE NON, TRU, CAU
A. KIEN THUC NEN TANG
1. Cong thirc vé hinh nén, khoi nén

Dién tich xung quanh: S, =mrl

Dién tich day: Sy =mr’
Dién tich toan phin: Sp =Sx +Sa =mr(r+1)
1
. V=—mh
Thé tich: 3
Thiét dién qua tryc SI 14 tam giac can
Thiét dién qua dinh S 13 tam giac can SAI
Thiét dién vudng goc vai truc SI 1a duong tron tim J
2. Cong thirc vé hinh tru, khéi try

Di¢n tich xung quanh: S, =27.Rh

Dién tich day: Sa = 27R’

Dién tich toan phan: S» = 27.R(R+h)

Thé tich: V =7.R*.h
Thiét dién chua truc OO’ 13 hinh chit nhat ABCD ¢6 dién tich S =2Rh
Thiét dién song song véi truc 1a hinh vuong ADEF c¢6 khoang cach giira truc va thiét dién 14 OI
Thiét dién vudng goc voi truc 14 hinh tron tdm J ban kinh R
3. Cong thirc vé mit cau, khoi cau
Dién tich mit cau: S = 47R’
. oL V= 4 R’
Theé tich khoi cau: 3
Thiét dién qua tAm 14 duong tron tim I, ban kinh R
B. Vi DU MINH HQA
Dang 1: Cac bai toan thuwong gip vé hinh nén, khdi nén
Vi du (1) - Chuyén Thai Binh Niim 2018: Cho hinh nén c6 goc & dinh bang 60°, dién tich xung quanh
bang 67a” . Tinh thé tich V ctia khdi nén da cho

- 3na’ 2 - na’~N2 V =3’ V =na’
A, 4 B. 4 C. D.
Giai S
Goc ¢ dinh cuaa non 1a 60° B |
— BB —60° = SA= AB =SB =2r ral |
::>SO:\/SAz—OA2 :\/4r2—r2 :r\/§ /" |:
Khi d6: S =1 =2m" =6ma’ :
a3 e
Vay thé tich khdi nén I Erea e
1, 1, 3o, 4B 3 ;
V.,=—nrh=—nr .I"\/_I—ﬂ'l’ =—7 ax/g =3ra
N3 3 3 3 ( )
=> Chon C
Ghi nhé
Trang 1

Trang 325



Géc ¢ dinh cta non 13 BBOv6i S 1a dinh cua n6n, AB 1a mot dudng kinh ciia day va mit phang (SAB)
chtra truc SO

Vi du (2)- Chuyén Vinh Phiic nidm 2017: Cho hinh nén dinh S, day 13 hinh tron tdm O, thiét dién qua
truc 1a tam gidc déu canh a, thé tich cua khdi nén 1a

L71613\/5 me\/g lﬂa3\/§ lmf\/g
A. 24 B. 12 C.6 D. 8
Giai
Thiét dién 13 tam giac ABB’ déu nhu hinh v& %;}
J‘Hj i \
r,=0B=2;h=04= a3 A %
Ta co: 2 2 / ) \,
/ b
3 I "
Vi = l””zh == v3 _ff !
Suy ra 3 24 Vi e b i ] \

=>ChonA L S e .
Ghi nhé ¢ & J_jj B
Thiét dién qua truc 1a tam gidc ABB’ voi BB’ 1a mot duong kinh
qua tam O va AABB' chtra truc AO
Ta ludén c6 AABB' can tai dinh A va AB'= AB =1
Vidu (3) - THPT Lwong Tl}é Vinh Niam 2018: Cho hinh chép tir gidc déu S.ABCD ¢6 canh day bang a.
Tam giac SAB c6 dién tich bang 2a’. Thé tich khoi non c6 dinh 1a S va duong tron day noi tiep ABCD la
ma*~\7 ma* 7 ma*~\7 ma’ 15
A. 8 B. 7 C. 4 D. 24
Giai

1
Sep = 5 SH.AB=2a" = SH =4a

Ta co
= SO =+SH*-OH* = 3";/7
2 3

=L (] 2001

3 312 2 8
=> Chen A 4
Cong thirc nhanh - Lez
Puong tron ndi tiép ciia hinh vuéng ABCD canh a c6 ban kinh
poAB_a p_AC _aV2

2 2 va ban kinh duong tron ngoai tiép 1a 2 2

Vi du (4) - Chuyén Thai Binh Nam 2018: Cho hinh nén tron xoay c6 chiéu cao h =20 cm, ban kinh day
r =25 (cm). Mot thiét dién di qua dinh cua hinh nén c6 khoang cach tir tam day dén mat phang chira thiét
dién 14 12 (cm). Tinh di¢n tich cta thiét dién do

A. 300cm’ B. 400cm’ C. 500cm’ D. 406cm’
=> Chgn C
Vi du (5) - THPT V6 Nguyén Giap Nam 2017: C6 mot chiée cbe co dang nhu hinh v&. Biqét chiéu cao
cﬁar chi,éc coc la 7cm, ban kinh day cua coc 1a Scm, ban kinh miéng coc 1a 10cm. Tinh thé tich V cua
chiéc coc
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14007 (,.2) 12257 (,2) 12257 (cm’ 1225(cm’)

A, 3 B. C. D.

=>Chon B

Vi du (6) - THPT Hoang Vin Thu Nim 2017: Ban A c6 m6t tim bia hinh tron (nhu hinh v&), ban 4y
mubn ding tdm bia d6 tao thanh mot cai phéu hinh nén, vi vy ban phai cit bo phan quat tron AOB rdi
dan hai ban kinh OA va OB lai v6i nhau. Goi x 14 goc & tAm cta hinh quat tron dung lam phéu. Gia tri ctia
x dé thé tich phéu 16n nhat 1a

L3 6-26 z 26r
A 2 B. 3 C.3 D. 3
=>Chon D

Dang 2: Cac bai toan thuwong gip vé hinh tru

Vi du (7) Bo GD&DPT Nim 2018: Cho tir dién déu ABCD c6 canh bang 4. tinh dién tich xung quanh S,,
ctia hinh try c6 mot dudng tron day 1a duong tron noi tiép tam giac BCD va chiéu cao bang chiéu cao tir
di¢n ABCD

_16v2x S, =827 ¢ _163n S, =837
A3 B. c. ¥ 3 D.
Giai
Dung hinh nhu hinh v& bén ta co:

r=HM = l = ﬂ
Ban kinh dudng tron ni tiép day:

h=AH = AB*—BH® = /42 4‘/_ // B
Chiéu cao: iy | A%

/! '
1672 o : || \"-\_
Do d6 Sy =2mh = 3 V. i | X
=> Chgn A
Cong thirc nhanh

1 &

Tam giac déu ABC canh a c6 ban kinh ndi tiép bang 3 chidu cao

_la\/g_a\/g R=2 _a\/g
32 6 ,conbankinh ngoai tiép B
Vi du (8) - S& GD&DT Bac Liéu nidm 2018: Cit mot khdi tru boi mot mat phang qua truc ta dugc thiét
dién la hinh chtr nhat ABCD c¢6 AB va CD thudc hai day cua hinh try, AB = 4a, AC = 5a. The tich cua
khoi tru
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A. 8’ B. 127® C. 4na’ D. 167’
Giai

Ta co: 4 //—\ B
h=BC=vAC* - AB* =3a
= ﬁ =2a o -
2 i .

Khi do Vi =@ h=12a’z
=>Chon B
Ghi nhé
ABCD dugc goi la thiét dién qua tryc cda hinh try trén va ABCD lu6n 1a hinh chit nhat
Vi du (9) - Chuyén Bién Hoa Nam 2017: Trong khong gian cho hinh chir nhat ABCD ¢6 AB =1, AD =
2. Goi M, N lan luot 1a trung diém ctua AD va BC. Quay hinh chir nhat d6 xung quanh truc MN ta dugc
mot hinh try. Tinh dién tich toan phan cta hinh tru do

A. 107 B. 47 C.2n D. 67
Giai
Goi M, N lan luot 1a trung diém cia AD, BC.
Khi quay hinh chit nhat xung quanh truc MN ta dugc hinh tru

r:AM:ATZ)zl

r

Ban kinh duong tron day la
Chiéu cao ctia hinh try 14 h= 4B =1
= Dién tich toan phéan ciia hinh try la:
S, =2m(r+h)=4n

=> Chon B
Mé rong
Néu quay hinh chr nhat ABCD quanh duong cheo AC ta s€ dugc mot khéi tron xoay gom 2 khéi non 2
bén va 1 khoi try & gitra
Vi du (10) - THPT Ly Thai Té Niam 2018: Mot hinh tru c6 dudng cao 10(cm) va ban kinh day bang
5(cm). Goi (P) la mét phang song song voi tryc cua hinh tru va cach tryc 4(cm). Tinh dién tich thiét dién
cua hinh try cat béi (P)
A, 6O(cm2) B. 4O<cm2) C. 30(cm2) ]).8O(cm2)
=> Chon A
Vi du (11) - S6 GD&PT Bic Giang Nam 2017: Cho hinh try c6 cac day la hai hinh tron tam O va tam
O’, OO’= a. Trén duong tron (O) lay diém A, trén dudng tron (O’) lay di€ém B sao cho AB = 2a va thé
a’\3
tich khdi tr dién OO’AB bang 12 . Tinh thé tich khdi tru da cho
na’ 2ma’\3 ma’ 3 4ra’®
A. B. 3 C. 3 D. 3
=>Chgn A
Vi du (12) - S& GD&DT Biic Ninh Niim 2017: Cho mdt hinh try (T) ¢6 chiéu cao va ban kinh déu bang
3a. Mot hinh vuong ABCD c6 hai canh AB, CD lan luot 1a hai ddy cung cua hai duong tron day, canh
AD, BC khong phai 1a duong sinh cua hinh tru (T). Tinh canh cua hinh vuéng nay
3a+/5 3a~/10

A. B. 6a C.3a D. 2
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=>Chgn D
Dang 3: Ciac bai toan thuong gip vé mit cau, khoi cau
4r
Vi du (13) - THPT Nguyén Viét Xuén Nim 2018: Mot hinh cu c6 thé tich '3 ngoai tiép mot hinh lap
phuong. The tich cia khoi 1ap phuong l1a

83 8 23
A. 9 B.3 C.1 D.

Giai
bit canh hinh 1ap phuong l1a a
:>R=&:>V=E7TR3 :ﬂ:>R:1:>a=i

2 3 3 J3

I I
Thé tich khdi 1ap phuong la: 33 9
=>Chgn A
Binh luian
_aV3 —

Ban kinh ngoai tiép hinh l3p phuongla =~ 2 vabankinhnoitiépla 2

Vi du (14) - Chuyén Thai Nguyén Nim 2018: Tinh ban kinh R mit cau ngoai tiép tir dién déu ABCD
canh a2

R=a3 a3 R= 3_“ 3a2
R = - R =
A. B. 2 C. 2 D. 2
Giai
Goi G la trong tam ABCD, taco AG L (BCD) nén AG la truc cua ABCD
Goi M 1a trung diém cia AB

Qua M dung duong thang A L 4B, {f}=an4G

Do d6 mat cau ngoai tiép tr dién ABCD c6 tam 1a I va ban kinh

R =1A

Tacd AAMI va AAGB 1i hai tam giac vudng dong dang nén
Al AM AM

—=——=Al=AB.——

AB AG AG

Do

2
AB= a3 A =2 46— (av2f - 2 a2A3) _2aV3
2 3 2 3
V2
R=Al=aJ2.—2 = a3

2a+3 2

Khi do 3

=>Chgn B

Cong thirc nhanh

B AB? B a3
285G 2
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Vi du (15) - Chuyén Thai Nguyén Nam 2018: Cho mat cau tam O, ban kinh R =3.Mat phang (P) nam
cach tdm O mot khodng bang 1 va cat mat cau theo mdt duong tron c6 chu vi bang

A. 427 B. 627 C.32n D. 827
Giai

Mit phang (P) cit mat ciu tam O theo mot duong tron tim H va ban
kinh r = HA

Ta ¢ OH =d(0;(P))=1;04=R =3

Ap dung dinh 1y Pytago cho tam giac vuéng HOA ta c6
r=HA=vJOA4*-OH* =J9-1=22

= Vay chu vi dudng tron thiét dién 1a 27 = 4427

=> Chon A

Cong thirc

Goi H 1a tam dudng tron thidt dién c6 OH L (P) va quan hé giita OH,

R,rla R>=0H> +r’

Vi du (16) - Chuyén Lam Son Nim 2017: Trén qué dia cau, vi tuyén 30 do Bac chia doi khdi cau thanh
2 phan. Tinh ti s6 thé tich gitta phan 16n va phan bé ctia khoi cau do

2 27 2 9
A. 8 B. 5 C. 5 D. 8
=> Chgn B

Vi du (17) - THPT V6 Nguyén Gigap Nim 2017: Cho (S) 1a mit cau ngoai tiép mot hinh tir dién déu
canh a. Tinh ban kinh R ctia mit cau (S)
a6 o3 a2 R @

A. 4 B. 4 C. 4 D. 2
=> ChgnA
Vi du (18) - THPT V& Nguyén Giap Nim 2017: Cho ling try tam gidc déu ABC.A’B’C’ ¢6 canh day
bing a, goc gitta mit phang (A’BC) va mit phang (ABC) bang 60°. Tinh dién tich xung quanh mit cau
ngoai tiép lang try ABC.A’B’C’

31ma’ 437a’ 437a’ 437a’
A. 3 B. 12 C. 48 D. 48
=>Chon B
C. BAI TAP VAN DUNG
4r

Cau 1 (TH}’T Nguyén ’Vié't Xuan - 2018). Mot hinh cdu c6 thé tich T ngoai tiép mot hinh 1ap
phuong. The tich ctia khoi lap phuong la
83 8 243
A 9 B. 3 C.1 D.
Cau 2 (S¢ ‘GD&DT Nam Pinh - ;018). Thiét dién qua truc cia mdt hinh nén 1a mdt tam giac déu canh
c6 d6 dai bang 2a. Thé tich cua khoi nén 1a
a3 a3 a3 a3

A. 6 B. 3 C. 2 D. 12
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Cau 3 (THPT Kim Lién - 2018). Cho hinh chop tir gidc déu S.ABCD c6 canh ddy bang 2a, cac mit bén
tao voi day mot goc 60°. Tinh dién tich S ciia mat cau ngoai ti€p hinh chép
2

2 2 2
S:257ra S:327ra S:87m _a

A. 3 B. 3 C. 3 D. 12
Céu 4 (Chuyén PH Vinh - 2018). M6t hinh nén c6 chiéu cao bang a va thiét dién qua truc ctia hinh nén
doé 1a tam giac vudng. Tinh theo a dién tich xung quanh cda hinh n6n do

NOY I 2ma’ 2\ 274’ 2ma?
a

A, 2 B. C. D.
Cau 5 (THPT Kim Lién - 2018). Cho tir di¢n déu ABCD c6 canh 2a. Tinh ban kinh r cua mit cau tiép
xuc vadi tat ca cac mat cua tir dién

_6a _6a V6a ,_Yoa

A8 B.' 6 c.' 12 p. 3
Cau 6 (THPT Luwong Tai - 2018). Tinh dién tich cua mat cau (S) khi biét nira chu vi dudng tron 16n cta
no bang 4r

A. S=l6x B. S=64r C.S=8n D. S=32n

Céu 7 (THPT Kim Lién - 2018). Cho hinh chép S.ABC c6 day ABC la tam giac déu canh a. Mat bén
SAB la tam giac déu va nam trong mat phing vudng goc voi ddy. Tinh thé tich V khdi cau ngoai tiép
hinh chép S.ABC

43’ - 5157 - 5157 - Sma’
A. 27 B. 54 C. 18 D. 3

Céu 8 (S6 GD&DT Bac Liéu - 2018). Cho tir dién ABCD c6 tam giac BCD vudng tai B, AC vudng goc
v6i mat phang (BCD), AC = 5a, BC = 3a va BD = 4a. Tinh ban kinh R ctia mit ciu ngoai tiép t dién
ABCD

5443 p_SaN2 p_Sa3 p_SaN2
A. 2 B. 3 C. 3 D. 2
Cau 9 (S& GD&DPT Bac Liéu - 2018). Cho (S) 1a mot mit cau ¢6 dinh 6 ban kinh R. Mot hinh try (H)
thay doi nhung ludén c6 hai duong tron ddy nam trén (S). Goi V, 1a thé tich cia khoi cau (S) va V,1a theé
4
tich 16n nhit cua khdi tru (H). Tinh ti s6 V2
h_Js LA h_p "_n
AV B. V> c. D.
Cau 10 (S¢ GD&DT Bac Liéu - 2018). The tich V cua mot khdi lang tru ¢6 dién tich ddy bang B va
chiéu cao bang h 1a
V = Bh
v =Lp v=Lpn v=Lpn
A. 3 B. C. 3 D. 2
Céu 11 (THPT Nguyén Yiét Xuan - 2018). Cho hinh ling try tam giic déu c6 chin canh déu bang a.
Thé tich khoi cau ngoai ti€p hinh lang tru do l1a
Tra’~21 Tra’~21 T’ 3 Tra*\7
A. 54 B. 18 C. 54 D. 54
Céu 12 (S6 GD&DT Nam Dinh - 2018). Cho tam gidc ABC c6 A= 120°, 4B = AC=a._ Quay tam gi4c
ABC (bao gom ca diém trong tam giac) quanh duong thang AB ta dugc mot khoi tron xoay. Theé tich khoi
tron xoay d6 bang
na’ na’ a3 a3

A. 3 B. 4 C. 2 D. 4
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Cau 13 (THPT Triéu Son 3 - 2018). Cho hinh tru c6 thiét dién di qua truc la mdt hinh vudng c6 canh 4a.
Dién tich xung quanh cua hinh try 1a
A. S =4’ B. S =167’ C. S =8ma’ D.S =24nma’
Céu 14 (THPT Tri¢u Son 3 - 2018). Cho hinh nén c6 dudng sinh bang dudng kinh ddy va bing 2. Ban
kinh ctia mdt cau ngoai tiép hinh nén do la:
243 R=23 343 J3
R="=- R="—"+= R=—
A. 3 B. C. 2 D. 3
Ciu 15 (Chuyén Hung Vwong - 2018). Cho khdi ling tru ding tam giac ABC.A’B’C’ ¢6 day ABC 1a
tam giac vuong tai A, 4B=a,AC = a\/ga AA'=2a  Tinh ban kinh R ctia mit ciu ngoai tiép khdi ling
tru do
R=2a2 R=a R=a2 R—aﬁ
A. B. C. D. 2
Céu 16 (Chuyén Lam Son - 2018). Tinh thé tich V cua khdi cau tiép xuc véi tat ca cac canh cua tr dién
déu ABCD canh bang 1

L L L L
A. 24 B. 3 C. 8 D. 12
Cau 17 (Chuyén Lam Son - 2018). Cho hinh chép S.ABCD c6 day ABCD 1la hinh thoi canh a, goc
ED :’120”. Canh bén SA vudng géc voi day (ABCD) va SA=3a Tinh ban kinh R cta mit cAu ngoai
tiep khoi chop S.BCD
R= & R= 2a R= @ R= da
A. 3 B. 3 C. 3 D. 3

Céu 18 (THPT Tri¢u Son 1 - 2018). Cho hinh chép S.ABCD c6 day ABCD la hinh vudng canh a. Canh
bén SA vudng goc véi mat ddy (ABCD) va SA = a. Goi E 1a trung diém ctia canh CD. Mat cau di qua bon
diém S, A, B, E ¢ ban kinh la

a4l a4l a4l a2
A. 8 B. 24 C. 16 D. 16

Cau 19 (THPT Triéu Son - 2018). Mot binh dung nudc dang hinh nén
(khong c6 day), dung day nude. Ngudi ta tha vao d6 mot khdi cau khong
thAm nudc, c6 duong kinh bang chidu cao cta binh nudc va do duogc thé tich
nude tran ra ngoai 1a V. Biét rang khéi cau tiép xuc véi tit ca cac dudng sinh
ctia hinh nén va ding mot nira ctia khdi cau chim trong nude (hinh bén). Tinh
thé tich nudc con lai trong binh

1, 1,
A. 6 B. 3 C.V
1
D. n
Cau 20 (Chuyén Thai Nguyén - 2018). Tinh ban kinh R mat cau ngoai tiép ter dién déu ABCD canh
a2
R=a3 R_a\/g R=3—a R_3a\/§
A. B. 2 C. 2 D. 2

Ciu 21 (S6 GD&PT Vinh Phiic - 2018). Mot hinh hop chir nhat ndi tiép mat ciu va co ba kich thudce

1a a, b, c. Khi d6 ban kinh mait cau bé‘lng
Na*+b*+¢?

et b va+bi+c V2 07 +c?)
: 3 C.

A B. D
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Cau 22 (Chuyén Thai Binh - 2018). Cho hinh chép S.ABC c6 ddy ABC la tam giac can tai A, mat

phing (SBC) vudng gbc voi mat phing (ABC) va SA=8B=A4B=AC=a;SC= a\/_ Dién tich xung
quanh mit cau ngoai tiép hinh chop S.ABC bang

A. 2ma’ B. ma’ C. 8ma’ D. 4ma’
Cau 23 (Chuyén Bic Ninh - 2018). Trong khong gian, cho hinh chir nhat ABCD c6 AB =1 va AD =2.
Goi M, N lan lu’qt 1a trung diém’ cua AB va CD. Quay hinh chit nhat d6 xung quanh truc MN, ta dugc mét
hinh try. Tinh thé tich V ctia khoi tru tao boi hinh tru d6

y_r V=r V=2r V=4r

A. 2 B. C. D.
Céu 24 (Chuyén Bic Ninh - 2018). Cho hinh tru c6 hai day 1a hai hinh tron (0) va (O0’), chidu cao R+3 ,
ban kinh day R va hinh ndén c6 dinh 1a O’, day 1a hinh tron (O;R). Tinh ti so gifra dién tich xung quanh
cua hinh try va dién tich xung quanh cta hinh nén

A.2 B.3 C.i D. V3

Céu 25 (S6 GD&DT Bic Ninh - 2018). Mot cai pheu c¢6 dang hinh nén, chiéu cao cua phéu la 20cm.
Nguoi ta 6 mot luong nude vao phéu sao cho chiéu cao cua cot nude trong phéu bang 10cm (Hinh
HI). Néu bit kin miéng ph&u rdi 14t nguoc phéu 1én (Hinh H2) thi chiéu cao cua cot nude trong phéu
gan bang voi gia tri nao sau day?

Hinh H1 Hinh H2
A VTem B. Iem . azt+b+c=0  p (2087 -10fm

Ciu 26 (S& GD&PT Bic Ninh - 2018). Cho hinh chép S.ABC c6 diay ABC 1a tam giac vudng tai A,
AB=a,AC =2a Mjt bén (SAB), (SCA) lan lugt 13 cac tam giac vudng tai B, C. Biét thé tich khdi chop

2 5
. —a 3 .
S.ABC bang 3 . Ban kinh mat cau ngoai tiép hinh chép S.ABC la
R= Cl\/z R= 3_61 R= Cl\/g
A. B.R=a c. 2 D. 2

Cau 27 (S6 GD&DT Binh Thuan - 2018). Thiét dién qua truc cia mot hinh non la tam giéc déu canh
bang 4. Mgt mat cau c6 di¢n tich bang dién tich toan phan cua hinh non. Tinh ban kinh cua mat cau

A3 B. 4 C. 43 D. 24/3

Cau 28 (S¢ GD&DT Binh Thuin - 2018). Cho hinh thang ABCD vuéng tai A va B,
BC=2A4B=2A4D =2a. Thé tich cua khbi tron xoay tao thanh khi quay hinh thang ABCD quanh canh
AB la

3 3

Tra’ Tra na Tna’
A. 3 B. C. 3 D. 2

Céu 29 (Chuyén Lé Hong Phong - 2018). Cho hinh chdp S.ABC c6 SA vudng gbc véi mit phing

(ABC), tam giac ABC vuong tai B. Biét SA=2a,AB =a,BC =a'3  Tinh ban kinh R ctia mit cAu ngoai

tiép hinh chop da cho

A.a B. 2a C. a\/E D. 2a\/5
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8ma’
C‘ﬁu 30 (THPT Lwong Van Tuy - 2018). Cho mat cau c6 dién tich b?mg 3, ban kinh ctia mat cau
bang
a6 a3 a6 a2
A. 3 B. 3 C. 2 D. 3
Ciu 31 (S6 GD&PT Cian Tho - 2018). Cho mit phang (P) cat mat cau S(I;R) theo giao tuyen la
duong tron ¢ ban kinh r = 3cm, khoang cach tir I dén (P) bang 2cm. Dién tich ctia mat cdu S(I;R) bang
A. S2mem’® B. 137mcm’ C. 413 70em’ D. 4/5mcm’
Céu 32 (S6 GD&DPT Cin Tho - 2018). Dién tich xung quanh ctia mot hinh nén ¢ ban kinh day bang a
va goc ¢ dinh bang 60°1a
27a’ 27a*3 na*3 na’
A. B. 3 C. D.

CAu 33 (S¢ GD&DT Cin Tho - 2018). Cho tam gi4c ABC vudng tai A, AB =a va F€B=30". Thé tich
cua khoi tron xoay sinh ra khi quay tam giac ABC quanh canh BC 1a

3a’rn a’r 3a’n a’n

A 2 B. 6 C. 8 D. 2
Céu 34 (THPT CAm Binh - 2018). Ti s6 thé tich giita khdi l1ap phwong va khéi cau ngoai tiép khdi lap
phuong do 1a

A 31 B. 243 C. 2 D. 3
Céu 35 (THPT Phan Ngoc Hién - 2018). Cho hinh nén cé thiét dién qua truc 13 mot tam giac dél}.
Khai tri€n hinh nén theo mét dudng sinh, ta duge mét hinh quat tron c6 goc ¢ tm la @ . Trong céc ket
luan sau, két luan nao ding?

2z T a=r _ 3

o=— o=
A. 3 B. 2 C. D. 4

Céu 36 (THPT L& Dirc The - 2018). Cho tam gidc vudng can ABC cén tai A, BC = a2 . Quay tam
giac quanh duong cao AH ta dugc hinh non tron xoay. Thée tich khoi nén bang
a’\2r a3_7r a’2r 73

A, 12 B. 12 C. 3 D. 4
Cau 37 (THPT Ham Réng - 2018). Goi 1, h, R 1an luot 1a do dai duong sinh, chiéu cao va ban kinh
day cua hinh try (T). Dién tich toan phan S,, cua hinh tru (T) la

A, S, = 7RI+ 7R’ B. S, = Rl +27R’ C.M=6 p. M=2+25
Céu 38 (THPT Hai An - 2018). Cho hinh try ¢6 ban kinh day bang 5 cm va khoang cach giira hai day la
7 cm. Cat khoi tru béi mot mat phang song song voi truc va cach truc 3 cm. Tinh di¢n tich S cta thiét
dién duoc tao thanh

A S= 55(cm2) B.S= 56(cm2) C.S= 53(cm2) D. S= 46(cm2)

Cﬁvu 39 (Thi THPT Quf')’c gia 2018). Cl}o hinh nén (N) c6 duong sinh tao voi ddy mot goc Z; = 1‘. Mat
phang qua tryc cua (N) cat (N) dugc thiét dién la mot tam giac co ban kinh dudng tron néi tiép bang 1.
Tinh thé tich V cua khoi nén gigi han boi (N)

A V=37 B. V=337 c. V=9 D. V =93z
Céu 40 (THPT Kién An - 2018). Cho nira hinh tron tdm O dudng kinh AB. Nguoi ta ghép hai ban kinh
OA, OB lai tao thanh mat xung quanh mdt hinh nén. Tinh goc ¢ dinh cua hinh nén do6

A. 30° B. 45° C. 60° D. 90°
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Ciu 41 (THPT Bén Tre - 2018). Mot chi tiét méy7(g(‘3m 2 hinh tru )}ép chdng 1én nhau) co cac kich
thudce cho trén hinh v€. Tinh dién tich bé mat S va thé tich V cua chi tiét d6 duoc

dem

(]
-

>
10cm
A S= 947r(cm2),V = 707‘[(07’}’13)
B. S = 987r(cm2),V = 307r(cm3)
C.S= 907r(cm2),V = 707‘[(07’}’13)
D. S= 947r(cm2),V = 3071'(6‘}713)
Cau 42 (THPT Hﬁj An - 2018). M6t hinh tru ¢6 ban kinh day la r. Ggi 0O, O’ 1a tam cua hai day véi OO’
= 2r. Mat cau (S) tiép xuc voi hai day cua hinh try tai O va O’. Phat biéu nao dudi day sai?
A. Dién tich mit cau béng dién tich xung quanh cua hinh tru
2
B. Dién tich mat cau b@ing 3 dién tich toan phén hinh tru
2
C. Thé tich khéi cau bang 3 thé tich khoi try
3
D. Thé tich khdi cau bang 4 thé tich khoi tru
Céu 43 (Chuyén Thai Binh - 2018). Cho lang tru tam giac déu co6 canh day bang a canh bén bang 3.
Tinh thé tich khoi cau di qua cac dinh cua lang try

( LN (PUESRvey S S FUESpE _7_ Jar +3°
A18\/_ (4a +30%) eh (4a +30%) s (4a> +7) e (4a> +302)

Cau 44 (THPT Luwong Thé Vinh - 2018). Cho hinh tru ¢6 dién tich toan phan 1a 47 va c6 thiét dién cat
bdi mat phang qua truc 1a hinh vudng. Tinh thé tich khoi tru
6 476 6 4

A. 9 B. 9 C. 12 D. 9
Céu 45 (Chuyén Thai Binh - 2018). M6t hinh tru ¢6 ban kinh r = 5cm va khoang cach gitra hai day h
= 7cm. Cat khoi try bédi mot mat phang song song vdi truc va cach truc 3 cm. Di¢n tich cta thiét dién
duoc tao thanh la

A S = 56(cm2) B.S= 55(cm2) C.S= 53(cm2) D. S :46(cm2)

Céu 46 (Chuyén Thai Binh - 2018). M6t hinh tru ¢6 ban kinh r = 5cm va khoang cach giira hai day h =
7em. Cit khéi try bdi mot mat phiang song song véi truc va cach truc 3 cm. Dién tich cua thiét dién
duoc tao thanh la

A. S =56(cm?) B. S =55(cm?) C. S =53(cm?) D. S =46(cm?)
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Cau 47 (THPT Thach Thanh 1 - 2018). Mot cai bon chira xéng gém hai n}ﬁ:a hinh ciu va mot hinh tru
(nhu hinh v€). Cac kich thudc duge ghi cung don vi. Hay tinh thé tich cua bon chira

e e,

S s

Reie S

36 }

[ _;___;_4

2 = __,,/"

18

7423 w4°.3% 42 - 4°
7[_ R
A. B. Cc. 3 D. 3°

Céu 48 (THPT Yén Lac 2 - 2018). V6i mot miéng t6n hinh tron c6 ban kinh R=9cm. Nguoi ta mudn 1am
mot cai phéu bang cach cat di mot hinh quat cua hinh tron nay va gap phan con lai thanh hinh non (nhu
hinh v€). Hinh nén c¢6 thé tich 16n nhat khi d§ dai cung tron cua hinh quat tao thanh hinh nén bang

T,

A. 8ﬂ\/gcm B. 271'\/ng C. ﬂ\/gcm D. P=84
D. BANG DAP AN
1A 2B 3A 4D 5B 6B 7B 8D 9C 10B

11A 12B 13B 14A 15C 16A 17B 18A 19B 20B
21A 22D 23A 24D 25C 26C 27A 28A 29C 30A
31A 32A 33D 34A 35C 36A 35C 38B 39A 40C
41C 42D 43B 44B 45A 46A 47A 48D
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CHU PE 30
Bi QUYET GIAI CAC DANG TOAN VE PUONG THANG
A. KIEN THUC NEN TANG

1. Vecto chi phwong ciia dwong thangd :

La vecto c6 phuong song song hodc trung d va thuong ki hiéu 1a u(a;b;c¢)

2. Phwong trinh chinh tic:

Puong thang d g qua didm M (X0326320) va ¢6 vecto phap tuyén la #(a;b;¢) thi cé phuong trinh la

X=X _ Y=V _Z27%

a b c

3. Phuong trinh tham so:

P x—Xy _ Y=Y _2-%y _

Néu dit ca 3 phan s6 trén 1a : a b c r6i nhan chéo chuyén vé thi ta duoc:
X=Xx,+at d
y=y,+bt

Z=2Z,+Cl thi ta goi ddy 1a phuong trinh tham s cia dudng thing
4. Phwong trinh tong quat:

Néu ra coi duong thing 4 duoc sinh ra 13 giao tuyén cua mit phang (P):Ax+By+Cz+D =0v3 mat
(Q):4A'x+B'y+C'z+D'=0 Ax+By+Cz+D =0

phing thi {A'X+B 'y+C'z+D'=0 guogc goi 1a phuong trinh téng quat

ctia duong thing

5. Tich c6 hudng cua 2 vecto

u_(’a;b;c) va u '(_Cl";b ¢') 1a mot vecto 7 vudng goc voi ca U va U'va co cong thuc lién hé:

n= [u;u'] = (bc'—b'c;ca'—c'a;ab'—a'b)

6. Tich hon tap ciia 3 vecto

. RN
1 " ' n
;5 lamot dai luong cé gid tri [ ’

Néu [u;u '] u'=0 thi 3 vecot trén déng phang (cung thudc 1 mit phang)

B. Vi DU MINH HQA

Dang 1: Vi tri tuong d6i

Cho duong thang d qua M ya c6 vecto chi phuong 1; , duong thang d 'qua diém M 'c6 vecto chi

phuong u'

Néu @//d"thi u ti 16 v6i u' va gifr 2 duong thing khong ¢6 diém chung
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Oxyz J _x-1_y-7 z-3 4,
Vi du 1: Trong khong gian véi hé toa do , cho hai duong thing 2 1 4 va la

giao tuyén cua hai mit phang 2x+3y—9=0 y+2z+5=0_ Vj trf twong ddi cta hai duong thang la
A. Song song B. Chéo nhau C. Cit nhau D. Trung nhau
Giai

Vi 9: 1a giao tuyén cia (£)12x+3y=9=0 3 (Q):¥+22+5=0 pap d, thupe ca (P) va (Q)

n, L (P)=n, Lu - —
! _(> )= Z:udz_:TnP;nQ]=(6;—4;2)
n, L(Q)=>n, Lu,
—
=u, =3;-2;1)
N(xN;yN;zN) J 3{2%"‘3)@—9:0
G(_)i thuéc Yy T+ 2ZN +5=0

Chon Xy =0=yy, =3,zy =1= N(0;3;1)

Lai co M(7:3) 13 1 diém thuoe 9,

— — — — —
{[udl Uy, ] =(9;10,-7) [udl sy, ].MN =-9-40+49=0
ﬁ
Xét (MN =(=L~4-7)  tr d6 suy ra tich hdn tap

Vay d, d, dong phang = cung thudc 1 mat phang
= d,,d, ¢4t nhau

=> Chogn C

Chi y

u, (9;-6;3) ku,
Mot vecto la vecto chi phuong thi

2

—10-6:3)=G-2D)
3 cling 1a vecto chi phuong.

Oxyz a,_x—l_y—7_z—3
Vi du 2 (THPT Lé Quy Pon — Nam 2017): Trong khong gian ,cho = 2 1 4 wva

x=3 y+1 z+2

d' 3
6 —2 1 . Ménh dé nao dudi day dung?

A. dsongsong véi d' B.dcatd' C. d trung véi d' D. dchéo d'
Giai

d' B@3;-1,-2)

4 e, AL vtep %(2:4) | quong thang @ qua diém

Puong thang © qu va cO vtcp

u, (6;-2;1)

— —

y 0 & - r
Ta cé U #ku, = d,d" 4t hodc chéo nhau
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{[ud;ud,]:(g;zz;m) [ t450, | MN =9-172450= =113 %0
H
Xét (48 =(1;-8-5) tir d6 suy ra tich hon tap

Vay d ,d'khong dong phang = khoéng thuc 1 mit phang = d ,d'chéo nhau
=> Chon D

Binh luén

Ta hiéu %3456 didm A chung thi khong thé // vay chi c6 thé trung nhau

Vi du 3 (S¢ GD&DPT Pién Bién — Niim 2017): Trong khong gian vé6i hé toa d6 OXyz | cho hai duong

d.x+2_y+3_z+4 x=2t
o 2 3 dy=l+4t
thang va z=2+06t

Trong cac ménh dé sau, ménh dé nao dung?

A. 9 VMO, ¢t nhau B. 9 VM tring nhau
C. % VU3, chéo nhau D. % VM, song song véi nhau
Giai
a VUG, ciing vecto chi phuong 4(1,2:3) = d VU D, chi ¢ thé song song hodc tring nhau

= Madiém A02)edNd, nen d =0,

=> Chon B

Binh luin

Ta hiéu %>, ¢6 didm A chung thi khong thé // vay chi co thé tring nhau

Vi du 4 (Chuyén Lam Son — Nam 2017): Trong khong gian voi h¢ toa do OXyz, cho hai duong thang

d_x—1_y+3_z+3 x=3t
Y1 2 3 g dt=—112t,(teR)
va  (2=0 . Ménh d& nao duéi day dang?
A. % chéo % B. 9 citva vudng goc voi d,
C. % citva khong vudng goc voi d, D. ¢ song song voi d,
=> Chgn C
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Vi du 5 (S¢ GD&DT Bic Ninh): Trong khong gian vdi hé toa do Oxyz cho bbn duong théng

d1:x—1=y—2 z d_x—2=y—2 zZ 4.X y=z—1d:x—2=

_Z y_z—1
1 2 2.7 2

4 4:°2 1 1 .42 270

Goi A 1a duong thing cit ca bén duong thing. Vecto nao sau ddy 1a vecto chi phwong ciia A?

AL U=(2T1) B. U=(2%-1) C. u=(20-1) D. u=(12-2)

=> Chon B

Dang 2: Lap phuong trinh duong thing

Phwong phap: Dé 1ap phuong trinh dudng thang ta di tim 1 vecto chi phuong L_I ctia duong thang va 1

diém M ma duong thang di qua

Chii y: Néu uvudng goc véi 2 vecto cho trude thi u 1a tich ¢o hudng cua 2 vecto do

Vi du 6 (THPT Lwong Thé Vinh — Niam 2017): Trong khong gian OXYZ, cho tam giac ABC voi
A(1,-3,4). B(-2,-5-7). C(6,-3,-1) . Phuong trinh dudng trung tuyén AM cua tam giac 1a

x=1+t x=1+t

y=-1-3t (te ) y=-3-t (te )
A. zZ=-8-A4t B. z=4-8t

x=1+3t x=1-3t

y=-3+4t (te ) y=-3-2t (te )
C. z=4-t D. z=4-11t

Giai

Vi M 1a trung diém ciia BC nén

Xg+ X, —2+6
M= = =2
2 2
Yu= Yet+Ye _ -5-3 = 4= M(2;,-4;-4)
2 2
2 2
= Ta c6: AM(5-1-8) Vi trung tuyén AMdi qua A=314) 1 6 vecto chi phirong M nén phuong
=
y=-3-t (te )
trinh dudng trung tuyén AM clia tam gide 1a (Z=4-8
=> Chon B
Phan tich
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Puong trung tuyén 1a dudng di qua dinh 4 va trung diém M cta day BC nhu vay ra c6 thé coi VD nay la
dang viét phwong trinh dudng thing qua 2 diém 4, M cho trudc.

Vi du 7 (S¢ GD&DPT Thanh Héa — Nim 2017): Trong khong gian véi hé toa do OXVZ, viét phuong tinh
duong thing @ di qua diém A(-10,2) va song song v6i hai mat phing (P):2x-3y+6z+4=0 y3
(Q):x+y—-2z+4=0

x=-1 x=1 xX=-1 xX=—1
y=2t y=2t y=2t y=2t
A, 1Z=2-t B. |Z=2-t C. |(Z=-2+t D. |(Z=2+t
Giai
n,=(2-36 -
P ):>[n,,,no (0;10;5)
Ta co (Ma=(11-2)
u, Lng T
— = up=(0,10;5)
Laicé (YL "o
. d A(-1:0;2 B
=> Puong thang qua ( )Vé nhén [n’”’n‘? =(0:10:5) la mot vecto chi phuong.
X=-1

d:sy=2t (te )
— z=2+t

=> Chon D

Tong két

Puong thiang song song v6i 2 mit phang thi nhan 2 vecto phap tuyén ciia 2 mit phang d6 lam cip vecto

phap tuyén va U :Tnp ; no]

Vi du 8 (Chuyén Vi Thanh — Niim 2017): Viét phuong trinh duong thing d qua M(1,-2;3) va vuéng

x=1-t
d1:)T(:y__—1’I:zT+1’d2: y=2+t
goc v6i hai duong thang z=1+3
x=1-t x=1+3t x=1+t x=1
y=-2+t y=-2+t y=-1-2t y=-2+t
A, 1Z=3 B. (Z=3+t c. |z=3t p. |Z=3+t

Giai

u( d1ve‘1 u,(-1;1;3)

“Tusw | (=1,
Ta c6 vecto chi phuong Ua Tu“uz]v(n =13) la vecto chi phuong cua la vecto chi

phuong cua d,
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dJ_d1Z>LIdJ_Ud1 - —
- SDly= u1;u2}=(—1;1;0)
vi (9L =0, Ly,

—

= u,=(-11,0)
d x=1-t
y=-2+t
Vay phuong trinh duong thang  séla (4= 3
=> Chogn A
Téng Kkét

Puong thang vudng goc véi 2 dudng thing thi nhan vecto chi phuong cua 2 duong thang dé 1a cip vecto

phép tuyén va Ua =Tud1 ; udz}

Vi du 9 (Chuyén Lé Thinh Téng — Niam 2017): Trong khong gian toa 30 OXYZ cho A(1;2,0); B(-3,0;0)

Viét phuong trinh trung trucA ciia doan 4B biét A nam trong mat phing (@) : X+ y+2z=0

x=-1+t x=-1+t x=-1+t x=1+t
(A)qy=1-2t (A)dy=1-2t (A y=1-2t (A)dy=1-2t
A 1250 B. [(Z=t c. (z=-1 p. (Z=1
=> Chon B

Vi du 10 (THPT Tridn Phi — Nim 2017): Trong khong gian OXYZ, cho dudng thing
X2 y+3 z-1 (P): x+2y+2z+3=0

d , , .
1 1 —1 va mait phang . Phuong trinh duong thang a nam trong (P),

cat va vuong goc voi d la

x=1-4t xX=1+4t X=2+4t x=1-4t
y=-4-3t y=-4+3t y=-3-3t y=-4+3t
Al z=2+t B. z=2+t C. z=1+t D. z=2-t
=> Chon D

Dang 3: Khoang cach

Cong thire: Cho 2 dudng thing chéo nhau @ di qua diém M va c6 vecto chi phuong L_I va duong thang
q' N - =
u ‘[u; u']MM"
d(d;d')=
di qua diém M’ va c6 vecto chi phuong  thi ‘[u, . ]
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A d) = ‘[AM; uﬂ

Cho mét diém A bat ki thi ‘[UJ

Vi du 11 (S¢ GD&DT Phu Tho - Nam 2017): Trong khong gian vdi h¢ toa do OxXyZ | cho hai duong

d_x+1_y+1_z—1 d,_x—1_y+2_z—3 h d
thaing 2 3 2 va 2 1 1 . Tinh khoang cach  giita hai dudng thang
va d'.

p_ 421 221 821 p_ 10v21
A. 21 B. 21 C. 21 D. 21
Giai
Cach 1:
Ta co: A-T-11)< dva‘l d c6 vtep U(2i3i2);B(1;_2;;3) < dlvé d'c() vtcp u(2,1,1)

Ta co: AB(2,-1,2)

’ ¢« 9 h= H:LTZATAB‘ _ —8)
Khoang cach giita hai duong thang  va  la: ‘[“-“1I J21

Céach 2: Viét PT mat phing (P) chia @ va song song voi d' khi do (P): x+2y-4z-1=0

T d(M(t-23(P) -
Tinh V21
=> Chgn C
Phén tich
[#
Cdch 1 iing dung tich c6 hwéng la dé tinh khoang cdch giita 2 dwong thang chéo nhau ‘[u.v 10

ra nhanh gon hon cach 2

Vi du 12 (Chuyén Hung Yén — Niim 2017): Trong khong gian v6i hé toa do OXYZ, cho dudng thing

d_x—1_X_z—1 K(-3;4;3) d' d d
) 1 2 va diém . Viét phuong trinh dudng thing  song song v6i , cach mot

khoang bang 3 va cach diém K mot khoang nho nhat

x+1 y-2 z-2 x-3 y+4 z+3
A. 2 1 2 B. 2 1 2

X-3_y-2_z x+3_y-4_z-3
c. 2 1 2 D. 2 1 2
Giai
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Goi F(1+2t61+2t) 13 hinh chiéu vudng goc cua K trén d & d
Ta co: KF(2t+4;t—42t-2) {

Khi do KF.U,=0=> 4t +8+t—4+4t—4=0 : . d
Suy ra F(5:2:1)= KF =6 |

d' cach K mot khoang bé nhat < E thudc doan KF sao cho K

EF =3 Khi d6 E 1a trung diém cua KF = E(-1,2,2)

= LX+H1 o y-2 z-2
Dodé 2 1 2
=> Chon A
Phén tich

Ta c6 thé hiéu khi d' quay quanh d sé tao nén hinh tru va diém E sé thudc hinh tru nay. Viy dé EK nho

nhat thi E 1a giao diém cia try va FK

Dang 4: Hinh chiéu vuéng goc

Phwong phap: Dé tim hinh chiéu vudng goc cta diém M dén duong thiang d ta tién hanh goi H € d'sau

—

_ H _ _
do thiét 1ap quan hé MH.u; = s€ tim dugc  va tur do suy ra khoang cach MH = ‘MH‘
Oxyz x=1+t
Aqy=-2-t
Vidu 13 (THPT Lé Quy Pon — Nam 2017): Trong hé toa do , cho duong thiang z=-1+2t 4y

diém A -20) . Tim toa d6 hinh chiéu vuéng goc H cua diém A trén dudng thing A

A \3733 B L3 3 3 c. '\337 3 p. \373°3

Giai

A=

Goi (P) 1a mit phang qua 4 va vudng goc voi vecto phap tuyén cua (P) 1a N(1,-1,2)

Phuong trinh (P) 1a (P):1(x=1)-1(y+2)+2(z-0) =0pay (P): x—y+2z-3=0
H:(P)mA:H(ﬂ' 7. 1}

Ta co: 3’_5’_5

=> Chgon D

Téng két

Hinh chiéu H 13 giao diém ctia mat phing (P) di qua A, vudng goc véi duong thing A
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Vi du 14 (S¢ GD&DT Dién Bién — Nam 2017): Trong khong gian v6i hé toa do Oxyz cho diém

A(2,—4;0) x=1+2t A'(a; b;c) d
d:qy=—1+t
va duong thing  (Z=1-1  Goi la diém dbi ximg véi 4 qua . Khi d6 tong
at+b+cla
1
A3 B. -1 C. 2 D. 4
Gidi

VTCP cia 9 12 U21-1) . Goi (P) 12 mit phing qua 4 va vudng goc véi 9
Khi d6 (P) nhan L_I lam VTCP. Suy ra phuong trinh mit phang (P) 1a (P):2x+y-2z=0
Goi H 1a giao diém cua (d) va (p) = H(1,-1,1)

a=21-2=0

b=2(-1)+4=2
Vi H 14 trung diém cta A4’ nén c=21-0=2
= a+b+c=0+2+2=4

=> Chon D

Téng két

Diém 4’ d6i xing v6i diém A qua gdc duong thang d s& nhan hinh chiéu vudng goc H 1a trung diém 44’

Vi du 15 (Chuyén Lam Son — Niam 2017): Trong hé toa d0 OXYZcho duong thing

g X2 _y1_z-2 (@) (d) (Ox)
1 1 2 . Viét phuong trinh duong thang 1a hinh chiéu cta 1én mit phang
x=3-t x=-3+t
(d):qy=—t ,(teR (d):qy=t (teR
A. z=0 B. z=0
x=-3+t x=-3+t
(d):qy=—t ,(teR (d):qy=—t ,(teR
C. z=0 D. z=0
Giai

Piém Ac(d)= A(t—-2,t+1;,2t+2) v3 diém A< (Oxy)=t=-1= A(-3,0;0)

B(~2:1:2) € (d) = C(

Diém S it et v e mit phang (Oxy)
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= AC=(1;1,0)= yg = (11,00 = x=-3+t
(d):qy=t ,(teR)

Ta c6 phuong trinh duong thang z=0

=> Chon B

Tong két

Puong thing (d') 13 hinh chiéu vudng goc cua (d) néu né di qua 2 hinh chiéu vudng goc ciia 2 diém A,

B thuse (d)

Goc

Phuong phap: Pé tinh goc giita 2 dudong thang d va d'ta tinh thong qua goc ciia cip vecto chi phuong

e

cua chiung

cos(d; d') = ‘cos(ud; uj)

Vi du 16 (THPT L& Quy Pon — Niim 2017): Trong khong gian voi hé toa do OXVZ, cho hai vecto

—_—

U0 o =1-2) g6 cos(uv) biing bao nhiéu?
N2 V3 3 V3
A. 6 B. 4 C. 6 D. 4
Gidi
Oos(m_ 1.1+0.(=1)+1.(-2) -1 8
PP P (1P (27 23 6
=> Chon C
Cach nho

Cosin goc giita 2 vecto la tich vo huong chia tich d¢o dai

Vi du 17 (THPT Chuyén PHSP HN — Nim 2018): Trong khong gian v6i hé toa 46 OXYZ, cho lang tru
dimg ABC.A'B'C' ¢ A(0,0,0) , B(2,0,0)  C(0;2,0), A'(0;0;2) . Goc giita BC'va A'Cbing

A. 90° B. 60° C. 30° D. 45°
Giai
Gan hé truc toa do OXyZvao lang try tam giac ABC.A'B'C' Ta théy B(2,0;,0) nen B thudc truc hoanh,
C(0;2;,0) nén C thudc truc tung, A'(0;0;2) nén 4’ thude truc cao.

Nhin vio hé tryc toa ¢ ta thiy © (3%2) = BC'(-2,2,2) ya = A'C(0,-2;2)
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Goi * 1 goc gitra 2 vecto BC'va A'Cta co:

Bo.ad jo-4vq

cosa. = Y = L
cfaq |ecilad

= o = 90°théa man o < 90°
= Goc giita 2 duong thang BC'va A'C1a 90°
=>Chgn A

Chi §
d(BC;A'C) = 4

0 =—Q
Lo < \ £
ncu <90 va ncu

90° < o <180°

C. BAI TAP VAN DUNG

Cau 1 (Thi THPTQG). Trong khong gian véi hé toa do Oxyz, cho diém |Z+2_i | = va hai mit phang

(P):x+y+z+1=0, (Q)
qua A4, song song voi (P) va (Q)?

x=1
y=-2
A. Z=3—2l

x=1+2¢
y=-2

C. z=3+2¢

D.

X—y+2-2=0 Phuong trinh nao dudi dy 1a phuong trinh duong thing di

x=—1+t¢
y=2
z=-3—¢

x=1+¢
y=-2
z=3—t¢

Céiu 2 (THPT Luwong Thé Vinh). Trong khong gian voi hé toa d6 Z= X, cho tam giac ABC voi

A(1 =3 4)’ B(Z;_5; _7) ' C(6; -3 _1) . Phuong trinh dudng trung tuyén 4M cta AABC la
x=1+r (te ) x=1-3t (te )
y=—1-3¢ y=-3-2¢

A. z=—-8—-4¢ B. z=4-11¢
x=1+t (te ) x=1+3t (te )
y=-3-1 y=-3+4¢

C. lz=4-8 p. lz=4-1

Cau 3 (Chuyén Lé Hong Phong). Trong khong gian v6i hé truc toa d6 OXVZ, cho duodng thing

x—1 +2 z+1
(d):7—==2""=
1 2

1 va

A. A(0:-4-2)

(P):2x+y+z-9=0

. Tim toa d6 giao diém A4 cua d va (P).

B. A(3:2:1)

Trang 11
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c. (ye ) p. 4(2:0:0)

Cau 4 (Thi THPTQG). Trong khong gian voi hé toa do OXyZ, cho hai diém 4(1:-2-3) B (-L41)yy

d_x+2 _y=2 z+3
duong thang 1 -1 2 . Phuong trinh nao duéi day 1a phuong trinh dudng thang di qua

trung diém cua doan thing 4B va song song v6i d?

dzzzy—lzz+1 dzfzy—2:z+2
A. 1 1 2 B. 1 -1 2

d;f:y_lzz+1 d:x—lzy—1:z+1
C. I -1 2 D. 1 -1 2

Cau 5 (Chuyén KHTN). Trong khong gian v6i hé toa d6 OXVZ, cho duong thing

d_x—lzy—2=z+2 M (-2;1;-1)
1 2 —2 . Tinh khoang céch tir diém toi d
52 52 i 5
A 3 B. 2 C. 3 D. 3

Cau 6 (Chuyén KHTN). Trong khong gian v&i hé toa do Oxyz’ cho hai diém M (_233;1), N(5:6;-2)

Puong thang MN cit mit phang (OXZ) tai diém 4. Diém 4 chia doan MN theo ti s6

1
D. 2

N | —

A.2 B.-2 C.-

x=-3+2t x=5+¢
d:sy=-2+3t d:y=-1-4¢
Céu 7 (THPT Nguyén Trii). Giao diém cua hai duong thing (=64t 3 [2=20+0 4

toa do la
A. (5;-1;20) B. (3;7;18)
C. (-3;-2;6) D. (3;-2;1)
Oxyz d_x—3_y—3_z+2
Ciu 8 (P& minh hoa BGD). Trong khong gian cho hai duong thang -1 -2 I,
J x=5 _y+l_z-2 (P):x+2y+3z-5=0
23 2 1 va mat phang . Puong thing vudng goc véi P va cit
dy vad, ¢g phuong trinh 1a
x-1_y+1_z x=2 y-3 z-1
A, 1 2 3 B. 1 2 3
x=3 y-3 z+2 x-1_y+1l =z
C. 1 2 3 D. 3 2 1
Trang 12
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Cau 9 (Chuyén Bién Hoa). Trong khong gian vd6i hé truc toa do Oxyz , cho hai duong théng d:

x=1+at x=—1-¢
d:{y=t (te ) d:3y=2+2{'(t'e )
z=—1+2t va z=3-1 . Tim a dé hai duong thing trén cit nhau.
A. a=1 B.a=0
C.a=-2 D.a=-1

Cau 10 (THPT Pham Vin Péng). Trong khong gian voi hé truc toa dd6 OXYZ, cho duong thing d:

x=1+2¢t
d:qy=2+3t(te )
z=5-t . Puong thing d khong di qua diém nao sau day?
A M (1;2:5) B. V(23-1)
c. P(3:5:4) p. O(-L-16)

Cau 11 (S& GD&DPT Tp HCM). Trong khong gian v6i hé toa do OXVZ | viét phuong trinh tham sé cia

dudng thing di qua diém M (52:3) vy song song véi giao tuyén cua hai mit phang

(P):3x+y—3=O,(Q):2x+y+z—3:0

y=2+43t y=2-3t
A, Z2=3+1 B. z=3-1

x=1-t x=1+t¢
C. (z=3+t D. (Z=3+t

x—1
, , di—=——=—
Cau 12 (Chuyén KHTN). Phuong trinh dudng thang song song véi duong thang 1

x+l o y+l z-2 J x-1 y-2 z-3

cit hai duong thang '~ 2 1 . | 1 3 la:
x+1 y+l1 z-2 x-1_y z-1
A, -1 -1 1 B. 1 1 -1
x-1 y-2 z-3 x=1_y z-1
C. 1 1 -1 D. 1 -1 1

Cau 13 (S& GD&PT Bic Ninh). Trong khong gian vdi hé toa dd OXVZ tim tit ca cac gid tri cia tham sb
Yy _z—m (P):4x+4y+mzz—8:0

-1 -1 song song voi mit phang

X
m dé duong thang 2

A. m=12 B. m=2

Trang 13
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C.m=-2 D. Khéng ton tai m

A(-1;2;-3) (A)‘x—1:y+1:z—3
Céu 14 (S6 GD&PT Binh Phudrc). Puong thing (d) di qua ,cat 3 2 =5
va song song voi (P):6x-2y-3z+3=0 .4 dang la:
x+1 y-2 z+3 x+1 y-2 z+3
A, 2 -3 -6 B. 2 3 -6
x+1 y-2 z+3 x-2 y+3 z-6
C. 2 3 6 D. -1 2 -3

Céu 15 (Chuyén Lé Hong Phong). Trong khong gian v6i hé toa 40 OXYZ, cho d 1a dudng thing di qua

A(L-2:3) vudng goc véi miat phang (P):3x—4y=5z+1=0_ vig phuong trinh chinh tic cia duong

thang d.
x-1 y+2 z-3 x=1_ y+2 z-3
A. 3 4 -5 B. 3 4 5
x=1_ y+2 z-3 x+1 y-2 z+3
C. 3 -4 -5 D. 3 —4 -5

Chu 16 (S& GD&DT Tp HCM). Trong khong gian véi hé toa 4o OZ | cho diém 4(LL1) va dwong

x=6—4t A'
(d):{y=-2-t

thing z2=-142¢ Tim toa do hinh chiéu  ciia 4 trén (d)

A, A'(2;3;1) B. A'(-2;3;1)

c. 4'(2-31) p. 4'(23-1)
Céu 17 (Chuyén Thai Nguyén). Trong khong gian voi hé toa @ YZ, cho diém M (5L-2) ya hai

x=2 y_z-1 X _y+l_z+6 A, A,

duong thang '~ -1 1 1 , *'2 1 -1 Liydiém Ntrén vaPtén  sao cho M, N,

P thing hang. Tim toa d6 trung diém cua doan thang NP.
A. (0;2;3) B. (2;0;-7)
C. (1;1;-3) D. (1;1;-2)

Cau 18 (S¢ GD&DT Phu Tho). Trong khong gian voi hé toa do OXyz, cho hai duong thing

d.x+1_y+1_z—1 d,_x—l_y+2_z—3 d'
) 3 2 va 2 1 1 .Tim khoang cach A giita hai duong thang d va
42l L 22421
A. 21 B. 21
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821 . _10V21
C. 21 D. 21
Cau 19 (S¢ GD&DT Binh Phudérc). Trong khong gian véi hé truc toa dd OXYZ, cho hai duong thing
X =-3+2t x+4 y+2 z-4
A, = =
A {y=1-t 32
z=—1+4t va

. Khiang dinh nao sau day dung?
A. A va; chéo nhau va vuong goc nhau

B. Aichtva khong vuong gbc vai A,

C. Aichtva vuong goc voi A,

D. A vad, song song vo1 nhau

Cau 20 (THPT Kim Lién). Trong khong gian voi hé toa d6 OXVZ, cho hai duong thing

d:x—l:y—2:z—3 d,:x—3:y—5:z—7 ‘
2 3 4 va 4 6 8 . M¢énh dé nao dudi day dung?
A. d vubng goc voi d’
B. d song song véi d’
C. d trung véi d’
D.dva d’ chéo nhau
Cau 21 (S¢ GD&DPT Ha Tinh). Trong khong gian voi hé truc OXyz, cho hai duong thang

x+1 y z-3
2_—:—:

d : , .
‘ va © -1 1 1 .Goc giita hai duong thing d6 bang

f_y+1
1

z—1
-1 2

A. 90° B. 60° C. 30° D. 45°

Cau 22 (TT Diéu Hién). Trong khong gian v6i hé truc toa do OXVZ, cho duong thing

g r_y+2_z-1 M (2;m;n)
1 -1 3 diqua diém . Khi do6 gid tri m,n 1a
A.m=2,n=-1 B. m=-2,n=1
C.m=-4n=7 pD. m=0,n=7
Oxyz g x_y-l_z+2
Cau 23 (Chuyén Vinh Phic). Trong khong gian , cho hai duong thing ' 2 -1 1 wva
x=-14+2¢
d,:qy=1+t
z=3 . Ménh d nao dudi day ding?
A. 4.4, vuong goc B. -4, ¢t nhau
Trang 15
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C. 4>d; ¢héo nhau D. 4.4, song song

Cau 24 (Chuyén Lam Son). Trong khong gian véi hé truc toa do Oxyz, cho diém A(l; _232). Viét
phuong trinh duong thang A di qua 4 va cit tia Oz tai diém B sao cho OB =20A4.

pEod 26 pX oy 2
A. 1 2 -4 B. -1 2 2

Al:Z:Z+6 A:x_H:Z:Z_6
C. -l 4 D. -1 2 4

Cau 25 (THPT Vo Nguyén Giap). Trong khong gian véi hé truc toa do Oxyz, cho bbn diém
A(21;-3),B(4:3:-2),C(6;-4;-1);D(1;2;3) Chon khang dinh sai.
2
A. Cosin ciia goc giita hai duong thang 4B va CD bang ﬁ
B. Bbn diém 4, B, C, D khong dong phang

C. Tam giadc ABC vudng

34206

D. Dién tich tam giac BCD bang 2

Cau 26 (Chuyén DHSP). Trong khoéng gian v6i hé toa d6 OXVZ, cho hai dudng thing

g Xtoyl_zox y-ol oz oM A(5-35)  did,

o -1 2, *'1 2 1.Duodngthing di qua cat tai B va C. Do dai
BCla

A. 245 B. V19

C. 32 D. 19

M (2;-6;4) g x-l_y+3_z

Céu 27 (Chuyén Bic Giang). Cho diém va duong thaing 2 1 —2.Timtoa do
diém M’ d6i xtmg véi diém M qua d.

A, M'(3;-6;5) B. M'(4:2;-8)

c. M'(-4;2:8) p. M'(-4:-2:0)

Ciu 28 (Chuyén Nguyén Trii). Trong khong gian v&i hé toa do Oxyz | tinh goc gitra 2 duong thing

x y+1 z-1 x+1 y z-3
dl:—:—:— . 2:—:—:
I -1 2 va -1 1 1
A. 45° B. 30° C. 60° D. 90°
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Ciu 29 (THPT Himng Vuong). Viét phuong trinh duong thing d qua M (5-2:3) 4 vudng goc véi hai

g 2x—y—z=0 x=1-t
Ylx+y-1=0 d,3y=2+t
duong thang: , z=1+3t
x=1+t x=1+3t
y==2+t y==2+t
A. z=3 B. z=3+t¢
x=1-t xX=
y==2-2t y==2+t
C. z=3-3t D. z=3+t
Oxyz x=2+3t
d:qy=-3+t
Cau 30 (Thi THPTQG). Trong khong gian véi hé toa do , cho hai duong thang z2=4-2t
d,_x—4_y+l_i
-3 1 —2 .Phuong trinh nao dudi day 1a phuong trinh dudng thang thuéc mat phang chira d
va M, dong thoi cach déu hai duong thing do.
x-3 y+2 z-2 x-3 y+2 z-2
A. 3 1 -2 B. 3 1 -2
x+3 y-2 z+2 x=3 y-2 z-2
C. 3 1 -2 D. 3 1 -2

Cau 31 (Chuyén PH Vinh). Trong khong gian véi hé toa do OXVZ, cho dudng thing

A-X_H }’_+2_E A(Z;—3;l) A
S 2 —~1 2 .Tim toa dd diém H 13 hinh chiéu vudng goc cua diém lén
A, H(-3:-1-2) B. H(-1;-2;0)
C. H (3;—4;4) D. H(1;-3;2)

Cau 32 (THPT Thanh Chwong - 2018). Trong khong gian v6i hé toa d6 OXYZ, cho tam gidc ABC biét
A(=1;0;1), B(-1;1;0), C(0; ;1) . Buong cao AH ciia tam giac ABC c6 vecto chi phuong 1 vecto nao trong
cac vecto sau?

A, u=(12-1) B. u=(=3;21) C.u=GL-1) D. u=(-1-2-1)

Cau 33 (Chuyén PH Vinh - 2018). Trong khong gian véi hé toa do OXVZ, cho diém M (2-3;1) va

.x+1 y+2 z

duong thang 2 —1 2. Tim toa d¢ diém M’ déi xtng voi M qua d
A. M'(3;-3;0) B. M'(1,-3;2) C. M'(0;-3;3) D. M'(=1:-2;0)
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Cau 34 (S¢ GD&DT Hai Duwong - 2018). Trong khong gian véi hé toa do OxXyZ, cho hai diém
A(3;3;1), B(0;2;1) va mit phang (P):x+y+z-7=0_ Viét phuong trinh dudng thing d ndm trong mit

phang (P) sao cho moi diém thudc dudng thing d ludn cach déu 2 diém 4 va B

x=2t x=t
y=T-3t y=T+3t
A, 2=t B. lz=2¢
x=—t =
y=7-3t =7-3¢
C. z=2t p. z2=2t

. , d: = = .
Céau 35 (THTT So 477 - 2018). Cho duong thang 2 1 1 . Hinh chi€u vuong goc cua d

trén mat phang (Oxy ) c6 phuong trinh 1a

x=0 x=1+2¢t x=-14+2¢ x=-142¢
y=-1-t y==1+t y=1+t y=—1+t
A. 1250 B. 7=0 c. (2=0 D. (7=0

Cau 36 (Chuyén Thai Binh - 2018). Trong khong gian v6i hé truc toa d6 OXVZ, cho duong thing
() 1 y=2 z-4 (P):x+4y+9z-9=0 (d) vu(P)
x—l=——= . .
2 3 va mait phang . Giao diém / cua Ip

A 1(2,4,-1) B. 1(1;2,0) c. 1(1,0,0) D. /(0;0;1)

d- x-2 y+1 z+1
Cau 37 (THPT Ham Rong - 2018). Cho duong thing -1 —1 1 va miat phang

(P):2x+y-2z=0_ puyong thing A nim trong (P), cit d va vudng goc véi d cb phuong trinh la:

x=1-t x=1-t x=1-t X=1+t
A. (2=t B. (2=t c. (z=-t D. (Z=-1

Cau 38 (THPT Nguyén Hué - 2018). Trong khong gian véi hé toa do OXVZ, cho hai duong thing
d1:x—1:y:z—3 x =2t

1 2 3 d, < y=1+4t
va (=246t Khing dinh nao sau ddy 14 khing dinh dang?
A. Hai duong thiang d.d, song song v&i nhau
B. Hai duong thang d,,d, trung nhau
C. Hai duong thang d\,d; cht nhau

D. Hai duong thing dy,d, chéo nhau
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Cau 39 (THPT Lwong Thé Vinh - 2018). Trong khong gian véi hé toa @6 OXYZ, vecto chi phuong cua
duong thang vudng goc véi mit phang di qua ba diém A(1,2,4), B(-2;3;5), C(-9;7;6) ¢6 toa do 1a:
A. (345) B. (3-4.9) C. (-34-9) D. (34-5)

Cau 40 (S6 GD&DT Binh Phuéc - 2018). Trong khong gian OXVZcho A(0;1,0), B(22,2),C(-2,31) va
d- x—1 _ y+2 z-3

duong thing 2 -1 2 .Timdiém M thudc d dé thé tich tir dién MABC bing 3
A, 2" 4’2 2'4" 2 B. 5 4’2 2'4’2
3.3.1).),(18.9.1 3._3.1).,,(15.9.11
C 2' 4'2) (2742 D 5 4'2) (24’2
M(4;1;1) Xx=—-1+3t
d:qy=2+t
Céu 41 (Chuyén Vi Thanh - 2018). Cho diém va duong thing  (Z=1-2t  Hinh chibu 1

ctia M trén duong thang d c6 toa do 1a

A. H(=12-1) B. H(2,3-1) c. H(1;2,1) D. H(-1-21)

d- x+1 y-1 z-2
Céu 42 (THPT Nguyén Binh Khiém - 2018). Cho duong thing 2 1 3 va mit phang

(P):Xx—y—2z-1=0_ Phyong trinh chinh tic cia dudng thing di qua diém M(1,1,-2) song song véi (P)

va vudng goc voi d 1a

x-1_y-1 z+2 x+1 y-2 z+5
A, 2 5 -3 B. -2 1 -3
X+1_y_z+5 x-1_y-1 z+2
c. 2 1 3 D. 2 1 3
x=t A(50;,-1), B(3,1,0)
d:.qy=—-1+t

Ciu 43 (Chuyén Bic Giang - 2018). Cho duong thang Z=-2-t y3 hai diém
Mot diém M thay d6i trén dudng thang da cho. Tinh gia tri nho nhét cua dién tich tam giac BAM

\/82 275 V22 V21

A, 2 B. C. D.
Cau 44 (Chuyén Ngoai ngir - 2018). Trong khong gian véi hé toa d6 OXVZ, cho hai diém
A0;1,-1), B(2,—11) va mat phiang (P):2x+y+2z-3=0 viét phuong trinh dudong thing A chua trong

(P) sao cho moi diém thudc A cach déu hai diém 4, B
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x=1-2t x=-2t X=-2 x=t

y=t y="1+t y="1+t y=1+3t
A, 1Z=3t B. (Z=2+3 C. |Z=3+2t D. (Z=2-2t
Oxyz x=t
d:qy=4-t
Cau 45 (THPT Leé Khiét - 2018). Trong khong gian véi hé toa do , cho Z:_1+2t,
d:izy;Zzi d:x+1:y—1:z+1 ’ » A ’A , d,d,,d, ‘
9 3 -3, ° 5 2 1 . Viét phuong trinh duong thang , biét cat lan

luot tai A4, B, C sao cho AB=BC

xX_y+2_z-1 X_y-2_z
A1 11 B.1 1 1
X_y+2_z X_y-2_z
c.1 1 1 D.1 -1 1

Cau 46 (Chuyén DHSP - 2018). Trong khong gian v6i hé toa d6 OXVZ, cho hinh lap phuong
ABCD.A'B'C'D' ¢5 A(0;G;0), B(1;0;0), D(0;1;0) va A'(0;0;1) . Khoang cach giita 4C va B'D 1a

1 1 A

A. V3 B. V6 C.1 D.

Cau 47 (S& GD&DT Bic Ninh). Trong khong gian v6i hé toa d6 OXVZ | viét phuong trinh duong phan

A d_x—2_y+1_z—1
giac cia géc nhon tao boi hai duong thing cit nhau | 2 2 1 va
d: x-2 _ y+1 _ z-1

2 -2 1

A:qy=-1+t Aidy=-1
A (2= B lz=1+t
X=2+2t X=2+2t xX=2+2t
A:qy=-1+t A:sy=-1 A:sy=1
C. z=1 hosic z=1+t D. z=1+t

Cau 48 (S& GD&PT Bic Giang - 2018). Trong khong gian voi hé toa do OXVZ, cho duong thing

O,1:x+1=y+1=z—3 X=-1+2t M(0;3;-1)
-1 1 —1 d,:qy=1 (te )
va duong thang z=1 . Goi d 1a dudng thang qua cit
q d, MA
tai A vacat tai B. Tis6 MB bang
A.l B.5 C.3 D.6
Trang 20
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Cau 49 (D& minh hoa BGD&PT - 2018). Trong khong gian v6i hé toa dd OXYZ | cho hai diém A(Z21)
B( 8 48

3’3’ 3] . Puong thang di qua tim dudng tron nodi tiép tam gidac OAB va vudng goc véi mit phang

(OAB) ¢6 phuong trinh 1a
p g
x+1 y-3 z+1 x+1 y-8 z-4
A 1 -2 2 B. 1 -2 2
1 5 11 2 2 5
X+_ y-- Z-— X+— y-— z-—
-~ 3__6 9.~ 9__ 9
C. 1 —2 2 D. 1 -2 2

Céu 50 (THPT Chu Vin An - 2018). Trong khong gian véi hé toa 4o OXYZ, cho hai duong thing

d-X_1_l_Z+2 d_x+1_y—1_z—3 d d
2 A 1 va 2 2 7 —1 . Puodng vudng goc chung cia  va  lan luot cit b,

% tai 4 va B. Tinh dién tich S cia tam gisc OAB

S— ﬁ =6 S— @ S— @
A. 2 B. C. 2 D. 4
D. BANG DAP AN
1D 2C 3B 4C 5A 6D 7B SA 9D 10B

11D 12D 13C 14B 15C 16C 17D 18C 19C 20C

21A 22C 23C 24A 25A 26B 27D 28D 29A 30D

31D 32A 33C 34D 3SB 36D 37C 38A 39A 40A

41B 42A 43D 44B 45B 46B 47B 48B 49A 50C

Trang 21
Trang 357



CHU PE 31: Bi QUYET GIAI CAC BAI TOAN VE MAT PHANG
A. KIEN THUC NEN TANG

1. Vecto phap tuyén nj : 1a vecto vudng goc voi mat phang (P). Cha y: Néu A 1a mot vecto phéap tuyén
cua (P) thi k.nﬁp cling 14 1 vecto phap tuyén.

2. Phwong trinh mit phing (P): duoc xac dinh khi biét mot diém M(X,;¥,y:Z,) ma no di qua va mot
vecto phép tuyén n(A;B;C) khi do: (P): A(x—x,)+B(y—y,)+C(z-2,)=0

3. Mat chin: Cho 3 diém A(a;0;0),B(0;b;0),C(0;0;¢c) thude 3 truc toa do. Khi do (ABC):§+%+E=1
a c

goi 1a phuong trinh mit chin B(1; 4)

Tinh chét: hinh chiéu vudng goc tir gbe toa dd dén C(I;-1) 1a truc tam H ctia AABC

B. Vi DU MINH HQA

Dang 1: Vi tri twong ddi

Cho duodng thang d di qua M va c6 vecto chi phuong ﬁ: va mit phing (P) c¢6 vecto phéap tuyén n—p .
NéuM// n thid L (P)

Néu u,n, =0 thi d// (P) hogc Oy

Cho mit phang M’ ¢6 vecto phap tuyén i

Néu n—p ti 1€ voi n—Q (song song hodc trung) thi (P) // (Q) hoac (P) = (Q)

Néu n, L n, thi (P) L (Q)

Vi du 1: (Chuyén Lé Hong Phong - Nam 2017) Trong khong gian v&i hé toa d6 Oxyz,

cho dudng thing d: XT_I = yTH = iz va mit phing (P): 2x -y +15 = 0. Phat biéu nao sau ddy la ding?
A.d// (P) B. dn(P)={I(;-1;0)} C.dL(P) D.dc (P)

Giai

Vecto chi phuong cta d 1a ﬁ(l; 2;-2), vtpt cua (P) 1a ﬁ(2;—l;0) ;

Tacé: nu=0=>d//(P)hodc d = (P). Ma A(1;-1;0) € d nhung A ¢ (P) = d // (P)
=> Chgn A

Téng két
Néu d trang (P) thi moi diém thudc d phai thudc (P), vi A ¢ (P) nén d khong thudc (P)

Vi du 2: (Chuyén Thai Binh - Nam 2017) Trong khéng gian véi hé toa d6 Oxyz, cho mit phang
(P):x+y+2z+1=0, (R): x -y +5=0. Trong cic ménh dé sau, ménh dé nao sai ?
A. (Q) L (R) B.(P) L (Q) C.(P)// (R) D. (P) L (R)

Giai
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Taxét (P):x+y+2z+1=0=n, =(112)
(Q):x+y-z+2=0=n, =(L1-1)

va (R):x—y+5=0=ng, =(L-10)
Npy g =0 ((P)L(Q)
Suy ra {0, ., =0 =1 (P) L (R)

i =0 (QL®

=> Chon C

Mé rong
3 mit phang (P), (Q), (R) d6i mdt vudng goc voi nhau va 3 giao tuyén ciia chung hodc déi mot song song
v6i nhau hodc dong quy

Vi du 3: (Chuyén Lam Son - Nam 2017) Trong khong gian vé6i hé toa dd Oxyz, cho dudng thing

Xx=3 y+1 z-
4 -1
A. Puodng thiang d cat mat phang (P) tai dung 1 diém

d 4 va mit phing (P): x + 2y - z + 3 = 0. Chon ménh dé diing trong cac ménh dé sau

B. Puong thang d song song voi mit phang (P)

C. Puong thang d nam trén mat phang (P)

D. Pudng thiang d vudng goc voi mit phang (P)

Giai

Do n,.u, = 0= d hoic // hoic = (P)

= Lai ¢c6 M(3;-1;4) € d va ciing thudc (P) nén d nam trong (P)
=> Chgn C

Vi du 4: (Chuyén Théi Binh - Nam 2017) Trong khong gian v6i hé toa do tim tat ca cac gia tri thuc cia m
x—1 y+2 z+1
===
A.m=0 B.m=0

C.meR D. Khong c6 gié tri cia m
=> Chgn A

dé duong thing A: song song voi mit phiang (p):x +y-z+m=0

Vi du 5: (THPT An Nhon) Trong khong gian v&i hé toa d6 A, B, cho ba mit phang (P),(Q) va (R) lan
luot c6 phuong trinh (P): x +3ay-z+2=0;(Q):ax-y+z+1=0va(R):x—-y-4z+2=0.Goi(dy) la
giao tuyén ctia hai mit phang (P) va (Q). Tim a dé duong thang (d,) vudng goc véi mit phang (R).
a=1 i
A. -1 B.a=— C.a=1 D. Khong c6 gia tri a

a=— 3
3
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=> Chon C

Dang 2: Lap phuong trinh mat phang
Phuong phép : D¢ viét phuong trinh mét phang (P) ta can tim 1 diém M(x,;y,;z, ) thudc (P) va 1 vecto
phap tuyén cia (P)

Céch tim n, 1a ta hay tim 2 vecto u;,u, ciing vuong goc v6i Q khi dé n, = | u;,u, |

Vi du 6: (S6 GD&DPT Ha Nam - Nam 2017) Trong khong gian Oxyz, cho hai diém A(3;1;1) va B(1;-1;-3).
Phuong trinh ndo dudi day 1a phuong trinh mat phang trung truc cia AB ?
A.2x—y=0 B.x+ty+2z+6=0 C.x+y+2z-6=0 D.x+y+2z=0
Giai
Ta c6: BA = (2; 2;4) = 2(1;1;2) =2u. Goi I 1a trung diém cua AB. Ta c6 1(2;0;-1)
Phuong trinh mit phang trung tryc ctia AB la:
(P) : 1(X—2)+1(y—0)+2(z+1) = Ohay(P) X+y+2z=0
=> Chon D

Kién thirc
Mit phéng trung truc ciia doan thing AB 1a mét phang di qua trung diém va vudng goc véi doan AB. Hon
nita moi diém thudc (P) déu cach déu 2 diém A, B

Vi du 7: (Pé minh hoa BGD - Nam 2018) Trong khong gian Oxyz, cho ba diém M(2;0;0), N(0:-1;0) va
P(0;0;2). Mit phang (MNP) c6 phuong trinh 13

AT+ Zo9 B.o+X+Z-0 c.2+¥:2o D. 2+ X +Zo
2 -1 2 2 -1 2 2 1 2 2 -1 2
Giai
. - 2 X y Z
=> Phuong trinh mat phang (MNP): STt3S 1
=> Chgon D
Bi quyét

Ta thz?'ly 3 diém M, N, p thudc 3 truc cua hé truc toa d§ Oxyz, r0 rang ta s€ st dung phuong trinh mat chin

Vi du 8: (THPT Chuyén Thai Binh -Nam 2018) Trong khong gian vdi hé toa do Oxyz cho H(2;1;1). Goi
(P) 1a mat phang di qua H va cat céac truc toa do tai A,B,C sao cho H 1a tryc tam tam giac ABC. Phuong
trinh mat phang (P) 1a?

A2x+y+z-6=0 B.x+2y+z-6=0 C.x+2y+2z-6=0 D.2x+y+z+6=0
Giai
Mat phéng (P) cit 3 truc tai A, B, C sé& 1ap thanh mot hinh t&r dién vuéng OABC.
Theo tinh chit cta tr dién vudéng dinh O thi néu tir O ha duong vudng goc dén mit day (ABC) thi chan
duong vuong goc H chinh la tryc tdm cua tam giac ABC.
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Khi d6 (P) qua H(2;1;1) va nhan OH(2;1;1) 1a vecto phap tuyén
:>(P):Z(X—2)+(y—1)+(z—1)20<:>2X+y+z—6=0
=> Chgn A

Chu y:
Ddi v6i cac dinh khac 0 thi khong dung nira, khi ta ha chan duong cao tir dinh A,B,C dén cac mat doi
dién thi chan dudng vudng goc khong 14 truc tdm cua tam giac dbi dién.

Vi du 9: (THPT Lé& Quy Pén - Nam 2017) Trong khong gian v6i hé toa do Oxyz, viét phuong trinh mat
phing ( P) di qua diém M (3; -4; 7) va chua truc Oz

A. (P):3x+4z=0 B. (P):4x+3y=0 C. (P):3x+4y=0 D. (P):4y+3z=0
Giai
Chon diém A(0;0;1) € Oz. Mt phing (P) di qua 2 diém M, A va nhan Oz(0;0;1) lam mdt vecto chi
phuong.
Ta c6: MA (=3;4;-6) vecto phap tuyén cta (P) 1a n = [m,&} —(4;3,0)
Phuong trinh mét phang (P) 1a: (P):4(x—0)+3(y—0)+0(z—1)=0hay(P):4x+3y =0
=>Chgn B

Kién thire
2 vecto MA,Oz duoc goi 13 cdp vecto chi phuong cua (P) va vecto phap tuyén nT, la tich c6 hudng cua

cap vecto chi phuong

Vi du 10: (Chuyén Thai Binh - Nam 2017) Trong khong gian véi hé toa dd Oxyz cho mat phang (P) di
qua goc toa do O va vuong gdc voi hai mat phang (Q):2x - y + 3z = 0; (R):x + 2y + z = 0. Phuong trinh
mat phang (P) 1a

ATx+y-52=0 B.7x-y—-52=0 C.7x+y+5z=0 D.7x—y+5z2=0
=> Chon B

Vi du 11: (Chuyén Qubc Hoc Hué - Nam 2017) Trong khong gian v6i hé toa dd Oxyz, cho hai mit phang
x—-1 y+2 z+1
===

phang (R) chita dudng thang d va giao tuyén ctia hai mat phing (P), (Q)
A.(R):5x+y-7z-1=0 B.(R):x+2y-z+2=0
C.R:x+2y-z=0 D.(R): 15x+ 11y -17z -10=0

=>Chgn D

(P):x+y-2z-2=0;(Q):x+3y—12=0 va dudng thing d: . Viét phuong trinh mait

Vi du 12: (THPT Luong Thé Vinh - Nam 2017) Trong khong gian Oxyz, cho mit cau (S) c6 phuong
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trinh x* + y* +z> —4x -8y —12z+7 = 0 . Mit phang tiép xtic vdi (S) tai diém P(-4;1;4) c6 phuong trinh 13

A.2x—-5y—-10z+53=0 B.8x+7y+8z—-7=0
C.9x+16z-73=0 D.6x+3y+2z+13=0
=> Chgon D

Dang 3: Khoang cach

Cong thire: Cho diém M (X, Y02, ) va (P): Ax + By + Cz + D = 0 thi khoang cach tr M dén (P) duogc

Ax, +By, +Cz, + D|

VAT + B +(C?

tinh bang cong thire d(M;(P))=

Vi du 13: (THPT Hoang Vin Thy - Nam 2017) Trong khong gian toa d6 Oxyz, cho mit phing
(P):x+y+z—4=0 va hai diém A(3;3;]), B(0;2;1). Toa do diém I (khac B) thuoc dudng thing AB sao
cho khoang céch tir diém I dén (P) bang khoang cach tir diém B dén (P) 1a

A. I(2;§;1) B. I(é;é;lj C. I(-3;1;1) D.I=A
3 22
Giai
x =3t
Ta co: AB=(-3,-1,0) = Phuong trinh dudng thing (AB):1y =2+t
z=1

Piém I € (AB) = I(3t;2+t;1)

t=0
Ta c6 d(I,(P))—d(B,(P))<:>|4t—1|—1<:{t=l
2
= VidiémI#B = Vay toa do diém I(%;%;lj
=> Chon B
Phwong phap

Khi d& bai yéu cau tim NG thuoc I duong thang d thi ta luén chuyén d vé dang tham sé sau d6 goi
I(x, +at;y, +bt; z, +ct)

Vi du 14: (S6 GD&DPT Hai Phong — nam 2017) Trong khong gian vdi toa do Oxyz, cho mat phang
x-1 y-1 z

(P):x+2y+2z+1=0 va duong thang d: > =T=T. Goi I 13 giao diém cta d va (P), M 1a diém
trén dudng thang d sao cho IM = 9. Tinh khoang cach tir diém M dén mit phang (P)
A.d[M,(P)]=3v2  B.d[M,(P)]=4 C. d[M,(P)]=8 D. d[M,(P)]=2v2
Giai
2+4+2
= sin(d;(P)) = ‘cos(d; (P))‘ = % = g
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Suy ra d(M.(P)) = IM.sin(f(?) =8
=> Chon C

Binh luian

Néu goi H 1a chan duong cao tir M thi AMIH vuéng tai H, 4p dung hé thirc luong trong tam giac vudng
_ MH

M

thi sin(d;(P))

Vi du 15: (Chuyén KHTN- Ha Noi - Nam 2018) Trong khong gian Oxyz, cho hai mit phang
(P) :x +2y-2z - 6 =0 va (Q) :x + 2y - 2z + 3 = 0. Khoang cach giita hai mit phang (P) va (Q) la
A. 1l B.3 C.9 D.6
Giai
Goi M(X,;¥p;2,) 1a 1 diém thude (P) khi d6 x,+2y,—2z,-6=0
Chon x,=y,=0 thi z,=-3= M(O;O;—3)
Ta c6 khoang cach tir (P) d&én (Q) 1a khoang cach tir 1 diém M bét ki thudc (P) dén (Q)
0+0+6+3]
= d(M;(Q) =|—=3:> d((P);(Q))=3
( ) Vi+4+4 ( )

=> Chon B

Nhan xét

Hai mat phang c6 khoang cach khi va chi khi chung song song véi nhau

Vi du 16: (THPT Nguyén Hué - Nam 2017) Trong khong gian véi hé toa d6 Oxyz, cho hai dudng thang
x=2-t

d: = y_l = gvé d,:9y=3 . Tim phuong trinh cua mat phing cach déu hai dudng thang d;, d,

z=t
A.x+3y+z-8=0 B.x+5y-2z+12=0 C.x-5y+2z—-12=0 D.x+5y+2z+12=0
Giai
Céc vtep ciia d; va d; lan luot 1a u, (1, -1,2),u, (-1;0;1)
Ta co: [ui,ﬁ?]z(—l;—&—l)iﬁ:dﬁdz cat nhau hoac chéo nhau.
Giai hé phuong trinh cia d; va d, = v6 nghi¢ém = d; va d, chéo nhau.
Khi d6 (P) nhan n = [a,ﬁ;} =(~1;-3;—1) lam vecto phap tuyén = (P): x + 3y +z+m=0
A(2;1;0) € dl;B(2;3;O) ed,=> d(A;(P))=d(B;(P))
24+3.14+0+m| [2+3.3+0+m|
= =
VP43 412 P43 4P
om=-8=(P):x+3y+z-8=0

=> Chon A
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Phan tich
Khoang céch tir 1 duong thang d dén (P) 1a khoang cach tir 1 diém A bat ki thudc d dén M'. Khoang cach
nay chi xay ra néu d // (P)

Dang 4 : Hinh chiéu vuéng goc

Phuong phap : Dé tim hinh chiéu vuong goc cuia 1 diém M 1én (P) ta thyc hién theo 3 budc
Bude 1 : Viét phuong trinh dudng thang d di qua M va L (P)

Bude 2 : Goi H 1a hinh chiéu vudng goc, tham s hoa toa do diém M theo d

Bude 3 : Cho H e (P) ta s€ tim dugc t tir do tim dugc H

Vi du 17: (THPT Lé Quy Dén - Nam 2017) Trong khong gian voi hé truc toa do Oxyz cho diém
M(7;-9;5) va mat phang (P): x - 2y + z - 6 = 0. Toa do hinh chi€u vuéng goc cia di€ém M trén mat phang
(P)la

A. (8;-11;6) B. (2;1;0) C. (-1;2;-3) D. (3;-1;1)
Giai
Phuong trinh dudng thang qua M va vudng goc vai (P) 1a

x=T7+t

y=-9-2t

z=5+t

H=dn(P)=7+t+18+4t+5+t-6=0=>t=-4
Khi d6
= H(3;-1;1)

=> Chon D

Phén tich
Vi H=d N (P)nén H vira thudc d vira thudc (P) = toa d¢ H thoa man phuong trinh (P)

Vi du 18: (S6 GD&DT Pht Tho - Nam 2017) Trong khong gian v6i hé toa do Oxyz, phuong trinh nao

dudi day 1 phuong trinh hinh chiéu cta dudong thing Xz_l =Y ; 2 _ES s it i (@)l
x=1+t x=1+t x=1+2t x=1+t
A.{y=2-3t B. Jy=-2+3t C.iy=-2+3t D.{y=-2-3t
z=0 z=0 z=0 z=0

Giai
Ta cé: (Oxy):z = 0. Cac diém A(1;-2;3), B(3;1;4) € d. Goi A’ 14 hinh chiéu cua A 1én (Oxy) = A’(1;-2;0)
Goi B’ 13 hinh chiéu cta B 1én (Oxy) = B’(3;1;0)
= A'B'(2; 3; 0) . Phuong trinh dudng thang hinh chiéu 1a:
x=1+2t

y=—-2+3t
z=0
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=> Chon C

Phuwong phap

Pé tim hinh chiéu vuoéng gbc cua

1. duong thang d 1én (P) ta chon

2. diém A,B thudc d sau d6 tim hinh chiéu vuong goc A’, B' thi d' s& di qua A",B'

Vi du 19: (THPT BicHa -Nam 2017) Trong khong gian v6i hé toa d6 Oxyz, cho diém A(1;2;3). Phuong
trinh mat phang (o) sao cho hinh chiéu vudng goc cua goc toa do O trén mit phang (o) 1a diém A 13

A.3x+2y+z—-10=0 B.x+2y+3z=0 C.x+2y+3z-14=0 D.x+2y+3z+14=0
=> Chgn C

Vi du 20: (THPT Quang Xuwong 3 - Nam 2017) Trong khong gian v6i hé truc toa do Oxyz, cho
M(3;2;- 1). Biém d61 xting ciia M qua mat phang (Oxy) la

A. M’(3;2;0) B. M’(3;2;-1) C.M’(3;-2;1) D. M’(3;2;1)
=>Chgon D

Dang 5 : Goc
Phuong phap 1 : Goi goc giita 2 mit phang (P) va (Q) 13 a. Pé tinh goc a ta tinh thong qua goc giita 2

ny;n,

vecto phéap tuyén i,g theo cong thirc: cosa = ‘cos(n[,,nQ )‘ =

n

JE—

Ng

P

Phwong phap 2 : Goc giita dudng thing d va (P) 1a a. .Dé tinh goc a ta tinh thong qua vecto chi phuong

u, va vecto phép tuyén n, theo cong thuc: sina = ‘cos(u d,nP)

Vi du 21: (THPT Nho Quan A - Nam 2017) Trong khong gian véi hé toa do0 Oxyz cho A(3;0;1),
B(6;-2;1). Viét phuong trinh mit phang (P) di qua A, B va (P) tao v6i mit phang (Oyz) goc o théa min

2
coso=— ?
7
A [2x —3y+6z—12=0 B (2% +3y+62+12=0
| 2x-3y-62=0 T 2x+3y-62-1=0
C [2x +3y+6z—12=0 b [2x -3y +6z-12=0
| 2x+3y-62=0 | 2x-3y-6z+1=0
Giai

Ta co A(3;0;1), B(6;-2;1) = AB= (3;—2;0) suyra @ =(—2m;—-3m;—2n)

p) 'n(Oyz>‘ ~ 2|m|

R 2
Khi d6: n,,,.n =-2m => COSOl = —— = =—
(P)*"(Oyz) 13 by 4 2 7

N (-[Do5m) V13m~ +4n

= 7|m| =+/13m’ +4n’ < n’ =9m?
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2x+3y+6z-12=0

= Chon m =1 = n?=9 = n =+ 3 suy ra phuong trinh mit phang (P) 1a
2x+3y—-6z=0

=> Chon C

Binh luin

—_— —

2 mat phang cat nhau tao thanh 4 gbc va ta quy udc goc o <90° neen cosa = ‘cos (nP,nQ )‘

Vi du 22: (THPT Bic Ha - Nam 2017) Trong khong gian véi hé toa d6 Oxyz, cho mit phang
x =14+ mt

(a): 6x + 4y + 27 - 5 =0 va dudng thang d: {y=(m-1)t (teR, m 1a tham sd). Vi gia tri ndo ctia m thi
z=2+t

d hop véi (o) 1 goc 90°?

A.m=0 B.m=1 C.m=2 D.m=3

Giai

= Vecto phap tuyén cua (o) la: 5(3; 2;1), vtep cua d 1a: ﬁ(m;m— ;1)

Dé d hop véi (o)) mdt goc 90° thi [ﬁ,a} =0 (G-mm-3;m-3)=0<m=3

=> Chgon D

Tong quat

Goc giita dudng thang va mit phang nho nhét néu a = 0, khi d6 duong thing // hodc = mit phing

C. BAI TAP VAN DUNG
Céu 1 (S¢ GD&DPT Tp HCM - 2018). Trong khong gian v6i hé toa d6 Oxyz, viét phuong trinh cua
mat phang (P) di qua ba diém A(-2;0;0), B(0;1;0), C(0;0;-3).
A. (P):3X—6y+22—6=O B. (P):3x+6y+22—6=0
C. (P):3x-6y—-2z+6=0 D. (P):3x—6y+2z+6=0
Céu 2 (S6 GD&PT Tp HCM - 2018). Trong khong gian voi hé toa d6 Oxyz , cho hai mit phing
(P):x+(m+1)y-2z+m=0va (Q):2x—y+3=0, v6i m 1a tham s6 thyc. D& (P) va (Q) vudng gbc thi
gia trj ciia m bang bao nhiéu?
A.m=-5 B.m=1 C.m=3 D.m=-1
Céu 3 (Chuyén Lam Son - 2018). Trong khong gian véi hé toa dd Oxyz, cho diém A(2;4;1) va mait
phang (P):x —3y+2z-5=0. Viét phuong trinh duong thang d di qua A va vudng goc véi (P).
X—2 _ y—4 _ z—1 B. X+2 _ y+4 _ z+1 C. X—2 _ y—4 _ z—1 D. X+2 _ y+4 _ z+1
-1 3 2 -1 3 2 -1 3 -2 1 -3 2
Cau 4 (Chuyén DHSP-2018). Trong khong gian véi hé toa d6 Oxyz , cho hai mit phing
(P):x+2y-2z+3=0;(Q):x+2y—2z—1=0. Khoang cich giita hai mit phang da cho 1a:

A.
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A B. 2 c.2
9 3 3
Ciu 5 (Chuyén Phan Bdi Chau - 2018). Trong khong gian voi hé toa d6 Oxyz cho hai diém A(1;2;1)
va mit phang (P): x + 2y - 2z - 1 =0 . Goi B 1a diém d6i xting véi A qua (P). P9 dai doan thang AB la
4 2

A.2 B. — C. - D.4
3 3

Céu 6 (P& Minh hoa - 2018). Trong khong gian véi hé toa dd Oxyz, cho hai diém A(-2;3:1) va B(5;6;2).

D.4

Puong thang AB cit mit phang (Oxz) tai diém M . Tinh ti s6 %

 AM 1 B AM_, c. AM _1 p. AM _
BM 2 BM BM 3 BM

Ciu 7 (Chuyén Phan Bdi Chau - 2018). Trong khong gian voi hé toa do Oxyz, cho hai mit phing
(P)2x +y-z-1=0va(Q): x-2y+z-5=0.Khidos, giao tuyén cta (P) va (Q) c6 mdt vecto chi
phuong la

A. u=(1;3;5) B. u=(-1;3;-5) C.u=(21L-1) D. u=(;-2;1)
Cau 8 (THPT DPoan Thugng - 2018). Trong khong gian v6i h¢ toa do Oxyz , cho A (2; -3; 0), mat phéng
(a):x + 2y - z+ 3 = 0. Tim mit phang (P) qua A, vudng gbc () va song song voi Oz.

A. y+2z+3=0 B. x+2y-z+4=0 C. 2x+y-1=0 D. 2x-y-7=0

3

Céu 9 (THPT Ly Thai T6-2018). Trong khong gian v6i hé toa dd Oxyz, toa do diém cac diém trén truc
Oy cach déu hai mat phing c6 phuong trinh x + 2y -2z +1=0va2x +y+2z-1=01a

A. M(0;1;0) B. M(0;-1;0) C. M(O;%;Oj D. M(0;0;0) va N(0;-2;0)

Cau 10 (THPT Chuyén Thai Binh - 2018). Trong khong gian v&i hé toa d§ Oxyz , cho diém M( 1;2;3).
Goi (P) 1a mit phang di qua diém M va cach gdc toa d6 O mot khoang 16n nhit, mit phang (P) cit cac
truc toa dd tai cac diém A,B,C . Tinh thé tich khéi chop O.ABC

1372 686 524 343

A, —— B. — C. — D. —
9 9 3 9

Ciu 11 (THPT Lé Quy Pon-2018). Trong khong gian toa d6 Oxyz cho diém M (1; -3; 5). Goi I;1;K
lan luot 12 hinh chiéu vudng goc ciia M 1én céc truc Ox; Oy; Oz . Phuong trinh mét phang (IJK) 1a

A x-Z+Z-0 B. x+2+2=1 C.x-L+Z=1 D. x+2-2=1

3 5 3 5 3 5 35

Céu 12 (Chuyén Ha Giang - 2018). Cho hai mit phang (a): 2x +y + 2z — 4 =0; (B): 2x + y + 2z + 10=0.
Tinh khoang cach gitra 2 mit phang (o) va (B) la:

A. 14 B.6 C.2 D. 14

13

Céu 13 (THPT Hoang Vin Thu-2018). Trong khong gian véi hé truc toa d6 Oxyz, cho dudng thing d:

X _y+l_z+2 va mit phang c6 phuong trinh (P):x + 2y - 2z + 3 = 0. Toa d6 diém M c6 toa d6 am

1 2
thudc d sao cho khoang cach tir M dén (P) bang 2 14
A. M(-2,-3,-1) B. M(-1;-3;-5) C. M(11;21;31) D. M(-1;-5;-7)
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Cau 14 (THPT Nho Quan A-2018). Trong khong gian Oxyz, cho A (0; 1; 0), B (2; 2; 2), C(-2;3;1) va

dudng thing (d) ¢6 phuong trinh 1a Xz_l =Y +12 ~223 Tim diém M thuoc d dé thé tich ttr dién M.ABC
bang 3
AM[ -2 3 Ly B2 -1
27 472 274 2
B3 3.1y D21
57 472 2°4°72
c.m[2 -3 (2.2 1
27 42 274772
57 472 2°4°72

Céu 15 (THPT V6 Nguyén Giap - 2018). Trong khong gian véi hé toa d6 Oxyz cho 4 diém M(1;-2;3),
N(0;1;2), P(1;5;-1), Q(3;-1;1). Hoi c6 bao nhiéu mit phing di qua hai diém M, N va cach déu hai diém
P, Q?
A. | mit phang B. 2 mit phing C. C6 v6 s6 mat phang  D. 4 mit phing
Cau 16 (Chuyén Thai Binh - 2018). Trong khong gian vdi hé truc Oxyz , mit phang ( p) chira dudng
thang d: x2—1 = % -z ;rl va vudng goc v6i mit phang (Q):2x +y - z = 0 c¢6 phuong trinh 12
A.x-2y—-1=0 B.x-2y+z=0 C.x+2y-1=0 D.x+2y+z=0

Cau 17 (Chuyén Thai Binh - 2018). Trong khong gian v6i hé truc Oxyz, tim toa do hinh chiéu vuong

goc cua diém A(0;1;2) trén mit phang (P): x +y+z=0

A. (-1;0;1) B. (-2;0;2) C. (-1;1;0) D. (-2;2;0)

Céu 18 (Chuyén Thai Binh - 2018). Trong khong gian voi hé truc Oxyz, mit phang chira 2 diém
A(1;0;1) va B(-1;2;2) song song véi truc Ox cé phuong trinh 1a

A x+y—z=0 B.2y—-z+1=0 C.y-2z+2=0 D.x+2z-3=0
Céiu 19 (Chuyén Thai Binh - 2018). Trong khong gian v&i hé truc Oxyz, mit phiang di qua diém
A(1;3;-2) trén mat phang (P): 2x -y +3z+4=0.

A.2x—-y+3z+7=0 B.2x+y—-3z+7=0 C.2x+y+3z+7=0 D.2x-y+3z-7=0
Cau 20 (THPT Ham Rong - 2018). Mit phang song song véi hai dudng thing A, :XT_z :y_J;I :i va
x=2 y-3 z-1
1 2

A. n=(5-6;7) B. n=(-5,6;—7) C. n=(-56;7) D. n=(-5-6;7)

Cau 21 (Chuyén PH Vinh - 2018). Trong khong gian v4i hé toa d6 Oxyz, cho mit cau (S):
(x—=2)" +(y+1)" +(z—4)" =10va mat phang (P): —2x+y++/52+9=0 . Goi (Q) 1a tiét dién cua (S) tai
M(5;0;4). Tinh goc gitra (P) va (Q)

A. 60° B. 120° C. 30° D. 45°

A, ¢6 vecto phap tuyén 1a
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Cau 22 (THPT Hau Lc 2 - 2018). Trong khong gian v6i hé toa do Oxyz cho duong thiang (d) co
X =442t

phuong trinh {y=2+2t va mit phang (P): x+y-m’z—m=0 (m la tham s6 thuc). Tim tit ca cac gia
z=1+t

tri ctia m dé dudng thing (d) song song véi mit phang (P)

m=2
A. [ B.m=-2
m=-2
C.m=2 D. Khong c6 gia tri nao cua m

Cau 23 (THPT Quéang Xwong 1 - 2018). Trong khong gian véi hé toa do Oxyz, cho 2 diém A(1;-2;-3);
B(1;1;1). Goi (P) 1a mat phang sao cho khoang céch tir A dén (P) bang 15. Khoang cach tir B dén (P)
bang 10. Khi d6 méat phang (P) di qua diém H c6 toa do

A. H(1;-1;15) B. H(1;1;15) C. H(1;-7;9) D. H(1;7;-9)
Cau 24 (THPT Quéang Xwong 3 - 2018). Trong khong gian véi h¢ truc toa do Oxyz, cho duong théng

d: = = ) *l -z 2 . Hinh chiéu vudng goc cta d 1én mat phing toa d (Oxy) 1a

2 1
x=—-1+2t x=1+2t x=—1+2t x=0
A, Jy=—-1+t B. Jy=-1+t C.ly=1+t D.qy=-1-t
z=0 z=0 z=0 z=0

Ciu 25 (S¢ GD&DPT Thanh Héa - 2018). Trong khong gian v6i hé toa d6 Oxyz, cho mit phing

(P):2x —3y+z—1=0 va duong thang d: Xz_l _y_z+l

| = Trong cac ménh dé€ sau, m¢nh dé nao ding?

A. d cat va khong vudng goc véi (P)

B. d song song véi (P)

C. d vudng gbc véi (P)

D. d nam trén (P)
Cau 26 (THPT Lé Quy DPoén - 2018). Trong khong gian véi h¢ truc toa d6 Oxyz cho 4 diém A(1;2;1),
B(-2;1;3), C(2;-1;1) va D(0;3;1). Mat phang (P) di qua A, B va khoadng cach tir C dén (P) bang khoang
cach tir D dén mat phang (P) va C va D nam ¢ 2 phia doi véi méat phang (P) c6 phuong trinh la

A.2x+3z-5=0 B.2y+3z-5=0 C.2x-y+3z-5=0 D.2x+3y-5=0
Cau 27 (THPT Hai Ba Trung - 2018). Trong khong gian Oxyz, cho bbn diém A(1;-2;0), B(1;0;-1) va
C(0;-1;2), D(0;m;k). HE thuc gitra m va k dé€ bon diém A, B, C, D dong phang la

A.m+k=1 B.m+2k=3 C.2m-3k=0 D.2m+k=0
Cau 28 (Chuyén Lé Thanh Téng - 2018). Trong khong gian toa do Oxyz, cho mit phing
((1):(1’112 —1)X+2y—mz+m+1=0. Xac dinh m biét (o) // (Ox)

A.m=1 B.m=0 C.m=%1 D.m=-1
Céu 29 (THPT Nguyén Binh Khiém - 2018). Trong khong gian Oxyz cho diém A(4;1;-2). Toa d6 diém
doi xtimg vo1 A qua mp (Oxz) la:

A. (4;-1;2) B. (-4;-1;2) C. (4;-1;-2) D. (4;1;2)
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Cau 30 (THPT Quang Trung - 2018). Trong khong gian véi hé toa do Oxyz, cho dudng thing

x-1 y+1 z-2

d: . Hinh chiéu cta d 1én mit phang (Oxy) la

2 1
x=0 x=1+2t x=—1+2t x=1-2t
A y=—-1-t B. {y=-1+t C.qy=1+t D. {y=—-1+t
z=0 z=0 z=0 z=0

Ciau 31 (THPT Nguyén Khuyén - 2018). Trong khong gian véi hé toa d6 Oxyz, cho mit phang
(P):2x—y+1=0 va diém 1(4;-1;2). Mit phang (Q) vudng goc véi 2 mat phang (P) va (Oxy), dong thoi
(Q) cach diém I mot khoang bang J5. Mit phang (Q) c6 phuong trinh 1a
-2y—-1=0 +2y-7=0 -2z+10=0 2x+y-2=0
AT B.| c.|” p.| Y
2x-y—-4=0 x+2y+3=0 2x+y-12=0

Ciu 32 (THPT Hai Ba Trung - 2018). Trong khong gian Oxyz, cho diém A(2;0;-2), B(3;-1;-4), C(-
2;2:0). Piém D nam trong mit phang (Oyz) ¢ cao dd 4m sao cho thé tich ctia khdi tir dién ABCD béng 2

y—2z=0

va khoang cach tir D dén mit phang (Oxy) bang 1. Khi d6 c6 toa d6 diém D théa man bai toan 1a:

A. D(0;3;-1) B. D(0;-3;-1) C. D(0;1;-1) D. D(0;2;-1)
Ciu 33 (S GD&PT tp HCM - 2018). Trong khong gian vé6i hé toa do Oxyz, viét phuwong trinh hinh
x+1 y-2 z+3

chiéu vudng goc ciia dudng thang d: trén mat phang toa do Oxy

3
Xx=3-6t X=5+6t Xx=5-6t X=5-6t
A. Jy=11-9t B. {y=11-9t C.iy=11+9t D.<y=11-9t
z=0 z=0 z=0 z=0

Cau 34 (S¢ GD&DT tp HCM - 2018). Trong khong gian véi hé toa do Oxyz, cho hai mat ph'ﬁmg
(a):2x+y-2z-3=0;(B):2x—y+5=0. Viét phuong trinh ctia mit phang (P) song song véi truc Oz va
chira giao tuyén cia (o) va (B).

A.(P):x-2y+5=0 B.(P):2x-y+5=0 C.(P):2x-y-5=0 D.(P):2x+y+5=0
Ciu 35 (Chuyén Bién Hoa - 2018). Trong khong gian véi hé toa d6 Oxyz, cho mit phang (o) cit cac
truc toa do tai A, B, C. Biét trong tam cua tam giac ABC 1a G(-1;-3;2). Mat phé“ing (o) song song véi
mat phing nao sau day?

A.6x+2y-3z—-1=0 B.6x+2y—-3z+18=0 C.6x+2y+3z—-18=0 D.6x-2y+3z—-1=0
Cau 36 (Chuyén PH Vinh - 2018). Trong khong gian voi hé toa d6 Oxyz, cho miat phing

. -1 . s .
(a):x+ay+bz—1=0 va duong thang A:?:lzz—. Biét rang (a) // A tao véi cac truc Ox, Oz céc

-1 -1
goc gidng nhau. Tim gid tri cua a
A.a=-1hoaca=1 B.a=2hoaca=0 C.a=0 D.a=2
Ciu 37 (S& GD-PT Binh Phuéc - 2018). Trong khong gian véi hé truc toa do Oxyz, cho diém A(4;1;-
2). Toa d0 diém doi xung voi A qua mat phang (Oxz) la:
A.A’(4:-152) B. A’(-4;-1;2) C.A’(4;-1;-2) D. A’(4;1;2)
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Cau 38 (Chuyén Thai Nguyén - 2018). Trong khong gian véi hé toa d6 Oxyz, cho duong thing
x=2

d:{y=-m+2t va mit phang (P): 2mx — y + mz — n = 0. Biét dudng thang d nim trong mit phang (P).
z=n+t

Khi d6 hay tinh m +n

A. 8 B. 12 C.-12 D. -8

Céiu 39 (Chuyén Thai Nguyén - 2018). Trong khong gian v6i hé toa d6 Oxyz, cho dudng thing

q: x—3 _ y—1 _ z+1
3 1 -1

vudng goc ctia duong thang d 1én mit phang (P)

va miat phang (P): x — z — 4 = 0. Viét phuong trinh duong thang 1a hinh chiéu

X=3+t X=3+t x=3+3t Xx=3-1t
A t=1+t B.<t=1 C.{t=1+t D.<{t=1+2t
z=—1+t z=—-1-t z=—-1-t z=—1+t

Cau 40 (Chuyén Bén Tre - 2018). Trong khong gian véi hé truc toa do Oxyz, cho 2 duong théng
X 'y z+l

x-1 y-2

12 1 T2

A. Khong ton tai (Q) B.(Q):y—-2z-2=0 C.Q:x-y-2=0 D.(Q):-2y+4z+1=0
Cau 41 (Chuyén Phan B¢i Chau - 2018). Trong khong gian vdi hé truc toa do Oxyz, cho A(1;2;3),
B(3:4;4). Tim tat cd cac gia tri cia tham sO m sao cho khodng cach tr diém A dén mdt phing
2x +y +mz -1 =0 bang d¢ dai doan thang AB

A.m=2 B.m=-2 C.m=-3 D.m=+£2
Céu 42 (Chuyén Tuyén Quang - 2018). Trong khong gian véi hé toa d6 Oxyz, cho hai dudng thing d,

;d’

= g Viét phuong trinh mit phang (Q) chira hai dudng thing d va d’

X—2_y—2_z—3'd x=1_ y+2 z+1

d, lan luot c6 phuong trinh d : . Viét phuong trinh mat

1 377 2 -
phang cach déu hai duong thang d, d,.
A.14x+4y+8z+13=0 B. 14x-4y-8z-17=0
C.14x-4y-8z-13=0 D. 14x-4y+8z-17=0
Cau 43 (Chuyén PH Vinh - 2018). Trong khong gian voi hé toa do Oxyz, cho miat phing
(a):x—y+2z+1=0 va duong thing A: ? = % = Z—_ll . Goc gitta dudng thang A va mit phang (o) bang
A. 30° B. 60° C. 150° D. 120°

Cau 44 (Chuyén Lé Khiét - 2018). Trong khong gian véi hé toa do Oxyz, cho 2 mit phang c6 phuong
trinh (P):x—y+4z-2=0;(Q):2x—2z+7 =0. Géc giira 2 mat phang (P) va (Q) la:

A. 90° B. 45° C. 60° D. 30°
Ciu 45 (Chuyén Vé Nguyén Giap - 2018). Trong khong gian voi hé toa do Oxyz, cho 4 diém A(1;0;-
1), B(3;-1;-2), C(6;-2;3), D(0;1;6). Hoi c6 bao nhiéu mat phang di qua 2 diém C, D va cach déu 2 diem
A, B?

A. 1 mit phang B. 2 mit phang C. 4 mit phing D. c6 v sd mit phang
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Cau 46 (THPT Phan Pinh Phing - 2018). Trong khong gian véi hé truc toa do Oxyz, cho 3 mit phang
(P):x+2z-4=0;(Q):x+y-z-3=0;(R):x+y+z-2=0 . Viét phuong trinh mt phang (a) qua giao
tuyén cta 2 mit phang (P) va (Q), dong thoi vudng goc véi mit phang (R)

A.(0):x+2y-3z+4=0 B.(a):2x-3y-z-4=0
C.(a):2x+3y—-5z-5=0 D.(a):3x-2y-5z-5=0
Ciu 47 (Chuyén KHTN — 2018). Trong khoéng gian v&i hé toa do Oxyz, cho mit phing
(P) :2x +2y—2z+3=0va duong thing (d): Xl_l =yT+3=§. Goi A 1a giao diém cua (d) va (P); goi M
1a diém thudc (d) thoa mén didu kién MA = 2. Tinh khoang cach tir M dén mit phang (P)
Al B. S c.t D. 2
9 3 9 9

Céu 48 (THPT Quéc Hoc Hué - 2018). Trong khong gian v6i hé toa d6 Oxyz, cho 2 mit phing
x-1 y+2 z+l

(P):x+y-2z-2=0;(Q):x+3y—12=0 va duong thing d: . Viét phuong trinh mit

-1
phang (R) chtra dudng thing d va giao tuyén ctia 2 mit phang (P), (Q)
A.(R):5x+y-72-1=0 B.R):x+2y—-z+2=0
C.(R:x+y-z=0 D.(R): 15x+ 11y—-17z-10=0

Cau 49 (THPT Lé Lgi - 2018). Trong khong gian véi hé truc toa dd Oxyz, mat phéng (o) di qua diém
M(5:4;3) va chén trén cac tia Ox, Oy, Oz cac doan béng nhau c6 phuong trinh la

A x—-y+tz-4=0 B.x+y+z-12=0 C.5x+4y+3z-50=0 D.x-y—-z+2=0
D. BANG DAP AN
1-D 2-B 3-C 4-B 5-B 6-A 7-A 8-D 9-D 10-B

11-C 12-B 13-B 14-A 15-C 16-A 17-A 18-C 19-A 20-C
21-A 22-B 23-A 24-B 25-D 26-A 27-B 28-A 29-C 30-B
31-B 32-A 33-D 34-B 35-A 36-D 35-C 38-D 39-A 40-B
41-A 42-C 43-A 44-C 45-B 46-C 47-C 48-D 49-B
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CHU DE 32: Bl QUYET GIAI CAC DANG TOAN VE MAT CAU

A.KIEN THUC NEN TANG

1. Sw hinh thanh miit cau, khéi ciu:

Mt cau: Tap hop tat ca cac diém trong khong gian cach 7 mot khoang
R cho truée 1a mt cau tim / ban kinh R. Ki hiéu (I;R)

Dién tich mat cau: S = 4nR

Khoi cau: Tap hop tat ca cac diém trong khong gian cach 7 mot khoang
< R goi 1a khéi cdu tdm 7 ban kinh R. Nhu vdy khi cau bao gdm mit cau

va phan khong gian bén trong mat cau

Thé tich khéi cau: V = énR3

2. Phuong trinh chinh tic ciia mit ciu

Mit cau (S) c6 tam I(a;b;c) va ban kinh R thi ¢6 phwong trinh chinh tic 1a:

(x—a)2 Jr(y—b)2 +(Z—C)2 =R (1)

3. Phurong trinh tong quat clia mit ciu

Khai trién phuong trinh (1) ta dugc: x>+ y* +z° —=2ax—2by —2cz+a* +b* +c* —R* =0
Dé dé nhin ta dit: 4=-2a,B=-2b,C=-2c,D=a’+b"+c’ — K’

Khi d6 ta thu duoc: x* + 1> +z° + Ax+By+Cz+ D=0 (2)

Phuong trinh (1) goi 1a phwong trinh tong quat ctia mat cau

B. Vi DU MINH HQA

Dang 1: Vi tri twong d6i ciia mit cdu va mat phing

Vi du 1 (Chuyén Bién Hoa - 2017):

Cho mit cau (S):(x+1)"+(y—2) +(z-3)" =25 va mit phing (o) (@):2x+y—2z+m=0. Céc gi4
tri cuia m dé (o) va (S)khong c6 diém chung 1a

A. m<-9 hoic m>21 B.m<-9 hodc m>21 C.-9<m<21 D. 9<m<21

Giai

Xét (8):(x+1) +(y—2) +(z-3)’ =25= I (~1;2;3) vabankinh R =5.

Dé (S)va (o) khong cé diém chung khi d (I;(P)) > R
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|-1.2+2-23+m|
& >5
V2212 4+ (-2)
m>21

<:>|m—6|>15<:{
m<-9

= Chon B.

Tong quat

Mat phang (P) khéng cdt mdt cau (S) néu d (I; (P)) >R fonerseed '

Vi du 2 (Chuyén Bién Hoa - 2017):

Trong khong gian véi hé toa d6 Oxyz, cho mit cau (S):(x—2)2 +(y+1)2 +(z—3)2 =9. Ménh dé nao

dang?
A. Mit ciu (S) tiép xuc v6i (Oxy) B. Mit cau (S) tiép xtc v6i (Oxz)
C. Mit cau (S) tiép xtc voi (Oyz) D. Mit ciu (S) khong tiép xuc voi ca 3 mat trén
Giai

Xét mat cau (8):(x—2)" +(y+1)’ +(z-3)’ =9=tam I(2;-1;3) va R=3.
Céc mit phang (Oxy), (Oyz), (Oxz) c6 phuong trinh 14n lugt 13: z=0;x=0;y=0.
Khi d6 d(I;(Oxy))=3,d (1;(Oyz))=2,d (1;(Oxz))=1 nén mit cu (S) tiép xtic v6i (Oxy).

= Chon A.

Tong quat

Mat phang (P) tiép xiic véi mdt cau (S) néu d (I;(P)) =R

Vi du 3 (THPT L& Loi - 2017):
Cho mit phing (P) va mit cau () c6 phwong trinh  lan  lwot 1a
(P):2x+2y+z—m* +4m—5=0, (S):x*+ y* +2z> —2x+2y—-2z—6=0. Tét ca cic gié tri ciia m & (P)

tiép xtic () 1a
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A. m=—1hoac m=5 B.m=-1hoac m=-5 C.m=-1 D. m=5
Giai
Mit cau (S)cé tAm I( ) vaban kinh R=+1+1+1+6 =3.

‘1 m* +4m — 5‘

Dé (P)tiép xtc véi (S) thi d(I;(P))=R

Va+4+1
5 2 m=>5
<:>‘m —4m+4‘=9<:>(m+2) =9& e
m=—
= Chon A.
Mé rong

Néu dé bai héi tim m dé (P) ngoai (S) thi d(I;(P))> R

Vi du 4 (THPT L& Lgi - 2017):

XHL_Yo2_ 203 0 diém 1(1-2:3)

Trong khong gian véi hé toa do Oxyz, cho dudng thing d :

1 -1
Phuong trinh mét cau tdm 7 va tiép xtc voi d 1a
A (S):(x=1) +(y+2) +(z=37 =52 B. (8):(x—1) +(y+2)" +(z-3) =50
C. (8):(x+1)" +(y—-2) +(z-3)" =50 D. (8):(x+1) +(y=2)" +(z+3) =50
Giai

‘[IM ",

Ngoai phuong phap tim R = d I; (P) ‘ thi ta c6 thé ding phuong phap tham s6 héa toa do

Goi H (—1+2#;2+;-3—t) la chan dudng cao ha tir / xubng d
Khi d6 TH (=2+2t;4+1;,—~6—1)

Suyra [Hu, =2(2t-2)+t+4+t+6=0<1=—1

Suy ra IH =16+9+25 =52

Do d6 (8):(x—1)" +(y+2)’ +(z-3)" =50
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=> Chon B.

Téng két

Mt cdu (S) tiép xiic véi d thi R=IH =d (I;d)

Dang 2: Lap phuong trinh mit ciu véi cac yéu té cho trude
Vi du 5 (THPT Hai Ba Trung - 2017):
Trong khong gian Oxyz, viét phuong trinh mat cau (S) di qua 4 diém O,A(1;0;0)va

A(0;-2;0),C(0;0;4)

A (8):X°+y* +22+x-2y+4z=0 B. (S):x’+y*+2z°-2x+4y—8z=0
C.(S):xX*+y*"+22—x+2y—-4z=0 D. (S):x’+y* +2°+2x-4y+82=0
Giai

Cich 1: Pi tir phwong trinh tong quat
Phuong trinh mét cu c6 dang
(S):x*+y*+2° —2ax—2by—2cz+d =0 (a° +b* +c* —d > 0)

Vi mit cu (S) di qua O,A(1;0;0)va A(0;-2;0),C(0;0;4)nén ta co:

d=0 d=0
P+0+0-21.a+d=0 a=l

5 < 2
0+(-2)"+0-(-2)b+d =0 he_]
0+0+4°-24.c+d=0 ce?

=(S): X +y +22—x+2y-4z=0

= Chon C.

Cach 2: Pi tir tAm / ciia mit ciu

Goi I(a;b;c) 1a tam mit cAu thi JO=I4=IB=IC =R
10° = 14 a+b’+c* =(a-1 +b*+c°

Taco: $10° =IB> & <a*+b*+c* =a’ +(b+2) +c’.
10° = IC? a+b’+ct=a’+b* +(c-4)°

Rt gon va giai hé bac nhét 3 phwong trinh 3 an ta dwoc 7 (%;—l; 2)
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:R:OI:,/1+1+4:@
4 2
21

:(S):(x—%j +(y+1)2 +(z—2)2 =7

Binh luin
C6 2 cdch dé gidi bai nay, doi véi cach Pi tir phwong trinh tong qudt thi budc chiing ta phdi cé may tinh
Vinacal 570 VN Plus thi m&i gidi dwoc hé bdc nhat 4 phwong trinh 4 an

Vi du 6 (THPT Nguyén Binh Khié¢m - 2017):

Trong khong gian Oxyz, cho diém M (1;—1;2), N(3;1;4). Tim phuong trinh mit cau c6 dudng kinh MN

A (8):(x—2) +y*+(z-3) =3 B. (S):(x—2)" +)* +(z-3)" =3
C. (8):(x+2) +y* +(z+3)" =3 D. (8):(x+2) +y*+(z-3) =3
Gisi

Goi 1(a;b;c) 1a tim clia mt cau.

_1+3

a 2
2
Taco: 1b= _12“ — 0= 1(2:0:3).
Lo2t4
2

Ban kinh cua mat cau la:

V3.

R=MI = (2-1) +(0+1)’ +(3-2)

= Chon B.

Téng quat

Mit cau (S) nhdn AB lam duong kinh thi s& c6 tAm /13 trung diém 4B va c6 ban kinh R = %

Vidu 7 (S¢ GD-DT Phu Tho - 2017):
Trong khong gian v6i hé toa d6 Oxyz, phuong trinh nao dudi ddy 1a phuwong trinh mit cau c6 tim

1(1;2;-4) va thé tich cua khdi cau tuong tmg bing 36m.

A (S):(x=1) +(y=2) +(z+4)" =9 B. (S):(x—1) +(y-2)* +(z-4) =9
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C. (8):(x+1) +(y+2)° +(z-4)' =9 D. (8):(x-1) +(y-2)* +(z+4) =3
Giai

Goi R 1a ban kinh khdi cu. Ta cé: §RR3 =36n< R=3.

Mit cau lai ¢6 tm 7(1;2;—4) nén c6 phuong trinh:

(x=1) +(y=2)* +(z+4)" =9

= Chon A.

Ghi nhé

, o 4 _ . .
Theé tich khoi cau V = gnR3 , dién tich mdt cau S =4nR vatacoé mdéiquanhé V'=S va IS.dx =V

Vi du 8 (S¢ GD-DT Phu Tho - 2017):
Trong khong gian voi hé toa do Oxyz, cho diém 7(-2;-4;5). Phuong trinh nao duéi dy la phuong

trinh mat cau c6 tdm A va cit truc Oz tai hai diém B,C sao cho tam giac ABC vuong.

A, (8):(x+2) +(y+4) +(z—5)" =40 B. ($):(x+2) +(y+4) +(z-5) =82
C. (S):(x+2) +(y+47 +(z-5) =58 D. (S):(x+2) +(y+4)’ +(z-5) =90
= Chon A.

Vi du 9 (THPT Hoing Hoa - 2017):

Trong khong gian véi hé toa d0 Oxyz, cho mat cAu tim [ (a;b; c); ban kinh R, di qua 3 diém
A(2;0;1), B(1;0;0),C(1;1;1) va tam [ thuoc mat phéng x+y+z—-2=0. Tinh (a +2b+ 3c) R

A. 12 B. 8 C.6 D.4

= Chon D.

Vidu 10 (S¢ GD-DT Pién Bién Phu - 2017):

x=t x=5+2t
Trong khong gian v6i hé toa d6 Oxyz, cho cac dudng thang d:{ y=—6+¢, A{ y=1+¢ va mit phing
z=2-t z=-11¢

(P):x+3y—z—1=0. Mit cau (S) c6 tam / thudc d, tiép xuc véica A va (P). Biét hoanh d6 diém 71a sb
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nguyén. Tung do cta diém 7 13
A.2 B.0 C.4 D.-2
= Chon C.

Dang 3: Khoang cach trong céc bai toan vé mit cau

Vidu 11 (THPT Lé Quy Pon - 2017):

Trong khong gian vé6i hé toa dd Oxyz, cho mit cau (S):x* +y* +z° —4x—2y +10z +14 = 0. Mit phang
(P):x+ y+z—4=0cit mit cdu (S)theo mot dudng tron c6 chu vi bang bao nhiéu?

A. 21 B. 671 C. 4n D. 8n

Giai

Taco (S):(x—2) +(y=1*+(z+5)" =16 = (S) cb tam I(2;1;-5)va ban kinh R = 4.

4(1(P)) = 2+1-5-4]

r=JR —d" = [16-(243) =2

Chu vi duong tron 1a : 2nr =2n.2 = 4m.

=24/3. Ban kinh duong tron giao tuyén 1a:

= Chon C.

Téng quat

Mt cau (S) cdt (P)thi sé cdt theo giao tuyén la dwong tron tam J ban kinh r. Lai ¢6 IJ L (P)va ¢ hé

thire R* =1J* +12

Vidu 12 (THPT Chuyén Ha Giang - 2017):

Cho mit cdu (x—1)" +(y—2)*+(z+5) =16 = (S) va diém A(1;2;—1). Tim toa do diém M thuoc mit
ciu sao cho d dai doan AM 14 16n nhét.

A. M (3;6;9) B. M (1;2;-9) C. M (1;2;9) D. M (-1;-2;1)

Giai

Tam ctia mit cau 1a 1(1;2;-5).

Ta nhan thiy 4 € mit cdu. D& AM 16n nhat thi 4M 1a 1 duong kinh cta hinh cau.
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x =2, —-x,=21-1=1
=>4y, =2, -y,=22-2=2 = M (1;2;-9)
z =2, -z,=2.(-5)+1=-9

= Chon B.
Phwong phap
Cho mét diém A c6 dinh , diém M la 1 diém thudc mat cau thi AM Ién
nhdt va nhé nhat thi dwong thang AM déu di qua tdm I ciia mdt cau 2 H*—”-'x

Vidu 13 (S¢ GD-DT Thanh Hoa - 2017):

x=2 y-1 z+1
2 -1

Trong khong gian véi hé toa dd Oxyz, cho dudng thing d : va diém 1(2;-11).

Viét phuong trinh mit ciu c6 tdm 7 va cat duong thang d tai hai diém 4,B sao cho tam giac 4B vudng tai

L

A (8):(x=2) +(r+1)*+(z-1)" =9 B. (S):(x+2)" +(y—1)* +(z+1)" =9
C. (8):(x=2) +(y+1)*+(z-1)" =8 D. (8):(x=2) +(y+1)* +(z-1)’ =8—90
Giai

Goi H 14 hinh chiéu ciia  1én duong thang d = H (2t +2;2t+1;—1 1) .
Puong thang d ¢6 vecto phap tuyén u_(; = (2; 2;—1) .

Str dung m.u—d=0<:>t:—§<:>H(§;—%;—%j:>IH=2.

Tam giac /4B 1a tam giac vuong can tai / nén /4 = IH V2=22 cling 1a ban kinh mit cau can tim.

= Chon C.
Tong két
AIAB vuong can thi R = J2d (I,d) con AIAB vuéng déu thi R =%d (1,d)
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Dang 4: Mit cau ngoai tiép mot khoi chop
Vi du 14 (Chuyén Sw pham - 2018):

Trong khong gian v6i hé toa do Oxyz, cho 4(-1;0;0),B(0;0;2),C(0;-3;0). Béan kinh mat cau ngoai

tiép tir dién OABC 1a
A. V4 B. V4 C. V4 D. /14
3 4 2
Giai

Ngoai cach giai dat / (a;b;c) roi thiét 1ap hé bac nhat 3 phuong trinh 3 4n thi ta ¢6 thé sir dung cong
thirc giai nhanh.

=Vi 04=1,0B=2,0C=3 va déi mot vuong goc = Tu di€n OABC la t¢ dién vudng

_Jo4*+oB*+oc* 14
2 2

=R

= Chon C.

Cong thirc giai nhanh
Bdn kinh mat cau tir dién vuong OABC dinh O véi 3 canh bén OA=a,0OB =b,0C =c la

Jat +b* + ¢

2

= R=

Vi du 15 (Chuyén Sw pham - 2018):
Trong khong gian véi he toa d§ Oxyz, cho céac diémA(O; 0; —2),B(4; 0;0). Mt cau (S) c6 ban kinh nho

nhat, di qua O, 4, B c6 tam 1a

A. 1(2;0;-1) B. 7(0;0;-1) C. 1(2;0;0) D. JG;o;_gj

Giai

Ta c6: OA =(0;0;-2),0B = (4;0;0)

Suy ra: OA.OB =0= AOAB vuong tai O.

Goi M 1a tAm ngoai tiép AOAB thi M la trung diém canh huyén 4B va A 1a truc cia AOAB nén Adi
qua M va L (OAB) tai M = A 1 (OAB)

Vi tam / ctia mat ciu ngoai tiép O A Bthi IA=IB=10=1cA va IO=R

DE /0 dat gia tri nh6 nhét thi /O =d (0;A) khi d6 /14 hinh chiéu vudng géc ctia O 1én A hay 10 L A
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Lai c6 A L (OAB)= A L OM = 1 hinh chiéu vuoéng géc cia O 1én A = M =1.
Vay toa do tim mat cau la 7(2;0;-1)

= Chon A.

Kién thire
Tdm dwong tron ngogi tiép cia A vuéng la trung diém canh huyén, ciia Adéu la trong tdm A déu, cia

hinh chit nhdt va hinh vuéng la giao diém 2 dwong chéo.

C.BAI TAP VAN DUNG

Céu 1: Trong hé toa d0 Oxyz, cho hai diém 4(2;1;0),B(-2;3;2) va duong thang d :’%1:%:_12. Mat
cau (S) di qua 4,B va c6 tam I thudc dudng thing d 1a

A (x+1) +(y+1)2 +(z+2)" =17 B. (x+1) +(y+1)*+(z-2) =17

C. (x+1) +(y—1+(z+2) =16 D. (x+1) +(y-27+(z+2)" =16

CAu 2: Trong khong gian véi hé toa do Oxyz, cho cac diémA(—l; 0;0),B(-0;0;2),C(0;-3;0). Ban
kinh mit cau ngoai tiép tr dién OABC la

A.@ B.@ C.g D. V14

Ciu 3: Trong khong gian véi hé toa dd Oxyz, phuong trinh mat cau (S) c6 tAm nam trén duong thang

d:%:yT_I: —Z vatiép xtic véi 2 mit phing (P):2x—z—4=0;(0Q):x—2y—2=0 la:
A (9):(x=1) +(y-2)"+(z-3)" =5 B. (8):(x—1) +(y-2)*+(z-3)" =5
C. ($):(x+1) +(y+2)* +(2+3)" =5 D. ($):(x~1)" +(y-2)*+(z-3)" =3

Cau 4: Trong khong gian voi hé toa do Oxyz, cho ba diémA(l; 2;1),B(3;—1;1),C(—1;—1;1). Goi (§)) la
mit cau tdm A, ban kinh bang 2; (S,) va (S,)1a hai mat cau c6 tam lan luot 1a B,C va ban kinh déu bang
1. Hoi ¢6 bao nhiéu mit phang tiép xuc véi ca ba mit cau (S,),(S,),(S;)?

A.5 B.7 C.6 D.8
Ciu 5: Trong khong gian véi hé toa do Oxyz, cho diém/ (1;—2;3). Phuong trinh mit cau tdm 7 va tiép
xuc véi truc Oy la:

A (x=1) +(y+2)* +(z-3) =4 B. (x—1) +(y+2)* +(z-3)" =9
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C. (x=1) +(y+2)* +(z-3)" =8 D. (x—1)" +(y+2)* +(z-3)" =16
Ciu 6: Trong khong gian v&i hé toa do Oxyz, mat cau (S) ¢ tim thude Ox va tiép xtic v6i 2 mit phing
(P):x+2y+2z—1=0;(Q):x—2y—2z+3=0 co6 ban kinh R bang:

A. 2 B.2 C

: ! b.3
Cau 7: Trong khong gian v6i hé toa d0 Oxyz, cho mit phing (P):2x—y—z+2=0va mit ciu
($):(x=2) +(y+1)* +(z—1)" =9. Ménh d& nao dudi day dang?

A. (P) cit (S) theo giao tuyén 1a mot dudng tron c6 ban kinh bé hon 3

B. (P) tiép xtic vdi (S)

C. (P) khong cit (S)

D. (P) cit (S) theo giao tuyén 1a mot dudng tron c6 ban kinh bang 3

Cau 8: Trong khong gian véi hé toa d Oxyz, mat cau tam [ (1;—2;5) va tiép xuc voi mat phfmg (Oxz) cb

phuong trinh la
A (x+1) +(y=2)" +(z+5) =2 B. (x—1)" +(y+2) +(z-5) =2
C. (x—l)2 +(y+2) +(z—5)2 =4 D. (x+1)2+(y—2)2 +(z+5)2 =4

Cau 9: Trong khong gian v6i hé toa do Oxyz, cho cac diémA(Z;—4;0),B(0;O;4),C(—1; 0;3). Phuong
trinh mat cau ngoai tiép tir dién OABC la

A X+ +2° -2x+4y+4z=0 B. X’ +) +z°—4x+3y-4z=0

C.xX’+y’ +2° —6x+2y—4z=0 D. x*+y +z"—2x+4y—4z=0

Céau 11: Trong khong gian Oxyz, dau 1a phwong trinh mit cau duong kinh AB voi A(l;—l;l)vé

A(—3;—1;3)?
A (x+1) +(y+1)? +(2-2) =5 B. (x—1) +(y—1)*+(z+2) =5
C. (x+1) +(y+1)* +(z-2)" =20 D. (x—1)" +(y—1*+(z+2) =20

Céu 11: Trong khéng gian Oxyz, phuong trinh ndo dudi dy 1a phuong trinh mit ciu c6 tam 7 (—1; 2; —1)

va tiép xtc véi mat phang (P):2x—y+2z-3=0?
A (x=1) +(y+2)* +(z-1)" =3 B. (x—1) +(y+2)* +(z-1)" =9

C. (x+1) +(y=2)" +(z+1)" =3 D. (x+1)" +(y—-2)*+(z+1)" =9
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Céu 12: Trong khong gian cho mit cau c6 phuong trinh (S): (x+3)2 +(y=5) +(z—7)2 =4va mat
phing (P):x—y+z+4=0. Biét mit cu (S) cat mit phang (P)theo mot duong tron (C). Tinh chu vi
duong tron (C).

A. 87 B. 4 C. 2n D. 412
Cau 13: Trong khong gian Oxyz, cho diém 4(3;0;-2) va mit cau (5):(x —1)2 +(y+2) +(z+ 3)2 =25.
Mot duong thfmg ddiquad, cit mt cAu tai hai diém M,N. Do dai ngén nhét ciia MN 1a:

A. 6 B. 10 C.4 D. 8
Céu 14: Trong khong gian Oxyz, cho hai mit phang (P):x—y—z+6=0,(0):2x+3y—2z+1=0.Goi
(S) 12 mit cau c6 tam thudc (Q) va cit (P) theo giao tuyén 1a duong tron tim E (—l; 2;3) , ban kinh » =8.
phuong trinh mit cau (S) 1a

A X+ (y+1)? +(z-2) =64 B. x> +(y—1)+(z-2) =67

C. X +(y-1)7+(z+2)" =3 D. X’ +(y+1)2 +(z+2) =64
Cau 15: Trong khong gian toa d0 Oxyz, cho cac mit phing c6 phuong trinh
(B):x-2y-2z+2=0,(P):x-2y+2z-8=0,(F):2x+y—-2z-3=0,(P,):2x+2y—-z+1=0. Cap mit
phang tiép xtic v6i mat cau tam 7(1;—1;1) va ban kinh R=1 1a

A. (B) va (B) B. (P) vi (P) C. (B) v (R) D. (B) va (P)
Cau 16: Trong khong gian voi hé truc toa dd Oxyz cho 3 diémA(1;2;1),B(O;O;S),C(2;l;1). Goi (S) 1a
mit cau c6 ban kinh nhoé nhét di qua ba diém A4, B,C. Tinh dién tich cia mit cau (S).

A. 187 B. @n C. ﬁn D. 9n

17 17
Céu 17: Trong khong gian véi hé truc toa dd Oxyz, cho mit cau (S):x*+ y* +z° +4x+6y—2z-11=0.
Tim toa d6 tam / va ban kinh R cua (S).
A. I(-2;-3;1) va R=25 B. I(-2;-3;1) va R=5
C. 1(2;3;-1) va R=5 D. 7(2;3;-1) vas
Cau 18: Trong khong gian toa do Oxyz cho diém/7(2;4;1) va mat phang (P):x+y+z-4=0. Tim
phuong trinh mat cau (S) c6 tam [ sao cho (S) cit (P)theo mot dudng tron c6 duong kinh 1a 2.

A (x+2) +(y+ 4 +(z+1) =4 B. (x=2) +(y—4)’+(z-1) =3

C. (x=2) +(y—4)+(z-1) =4 D. (x-1)" +(y-2)"+(z-4)" =3
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Ciu 19: Trong khong gian Oxyz, cho mit cau(S):x’+ y* +z° —2x—4y—6z =0. Mat phang (Oxy) cit
mit cau (S) theo giao tuyén 1a mot dudng tron. Pudng tron giao tuyén ay c6 ban kinh r bang

A.r=4 B.r=2 C.r=+5 D. r=+/6
Cau 20: Trong khong gian v6i hé truc toa do Oxyz, cho mit cdu (S):(x—1)" +(y+3)* +(z-2)" =49va
diém M (7;-1;5). Phuong trinh mat phang tiép xtic v6i mit cau (S)tai diém M la

A. x+2y+2z-15=0 B. 6x-2y—-22z-34=0

C. 6x+2y+3z-55=0 D. 7x—y+5z-55=0

Céu 21: Tim m dé phuong trinh sau la phuong trinh ctia mot mat cau:

X+’ +22 =2(m-Dx+22m—=3)y+22m+1)z+11-m=0.

A. O<m<l1 B. m<-1,m>2 C.m<0,m>1 D. -1<m<?2
Céu 22: Cho mit cau (S):x*+ 1> +z> —2x+4y—6z+10=0 va mit phang (P):x—2y—2z+m=0. (S)
va (P) tiép xtic voi nhau khi:

A.m=T7,m=-5 B.m=-7,m=5 C.m=2m=6 D.m=-2,m=-6
Cau 23: Trong khong gian Oxyz, cho cac diémA(l; 1;3),B(—1;3;2), C(—1;2;3). Tinh ban kinh » cia mat
cau tam O va tiép xtc v6i mit phang (4BC)

A.r=3 B.r=+3 C.r=+6 D.r=2
Cau 24: Trong khong gian v6i h¢ toa d§ Oxyz, cho 3 diémA(l; 2;1),B(3;—1;1),C(—l;—l;l). Goi (S))1a
mit cAu c6 tAm 4, ban kinh bang 2; (S,)va (S,) lan luot 14 hai mit cAu c6 tim B,C va ban kinh déu bang
1. Hoi ¢6 bao nhiéu mit phang tiép xuc véi ca ba mit cau (S,),(S,),(S;)?

A.5 B.7 C.6 D. 8

Ciu 25: Trong khong gian voi hé toa dd Oxyz, cho mat cau(S): x*+ y> +z> —2x—6y+4 =0. Chon phat

biéu sai.
A. Mit ciu (S) c¢6 tAm 1(1;3;0) B. Mit cau (S) ¢6 ban kinh bang J6
C. biém A(2;3;1) nam trong mat cau (S) D. Piém A(l; 2;1) nam ngoai mat cau (S)

Céu 26: Trong khong gian véi hé toa d6 Oxyz. Cho mit ciu (S) c¢6 tAm [ (1;2;3) va mit phing
(P):2x—2y+z-2=0. Biét mit phing (P)cit mit cau (S) theo giao tuyén 12 mot dudng tron co ban
kinh bang J3. Phuong trinh mit cau (S)

A (x+1) +(r+2) +(z+3) =4 B. (x—1)" +(y-2)" +(z-3)" =2
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C. (x+1)" +(y+2)* +(z+3) =2 D. (x—1)" +(y-2)" +(z-3) :29—8

Ciau 27: Trong khong gian v&i hé toa do vudng goc Oxyz, cho diém A(O; 0; —2) va dudng thang

A: x+2 = y=2 = Z+3. Phuong trinh mit cau tdm 4, cat Atai B,C sao cho BC =8 la:

2 3
A. (x—2)2+y2+22:25 B. X’ +y*+(z-2)* =25
C. x"+y" +(z+2)" =25 D. x> +(y+2)° +2z° =25

Céu 28: Mit cau (S) 6 tam 7(1;2;-3) vadiqua A(1;0;4) c6 phuong trinh
A. (x+1)2 +(y+2)° +(z—3)2 =53 B. (x+1)2 +(y+2)° +(z+3)2 =53
C. (x=1) +(y-2)* +(z-3)" =53 D. (x—1)" +(y-2)" +(z+3) =53
Céu 29: Trong mat cau (S):(x+ 1)2 +(y-2) +(z —3)2 =12. Trong cac ménh dé sau, ménh d& nao sai?
A. (S) cb tam 1(=1;2;3) B. (S) c6 ban kinh R =243
C. (S) di qua diém M (1;0;1) D. (S) di qua diém N (-3;4;2)

Cau 30: Cho mit phang (a):4x—2y+3z+1=0 va mit cau(S):x’+ y* +z° —2x+4y+6z =0. Khi do,

ménh dé nao sau day la ménh d¢€ nao sai?

A. (o) cét (S) theo mot dudng tron B. (o) c6 diém chung véi (S)
C. () tiép xtic véi (S) D. (o) di qua tdm cua (S)
x =2t x=1+t
Cau 31: Phuong trinh mit ciu (S) nhan doan vudéng goc chung cia d:qy=t vad,:qy=2—t'lam
z=4 z=0
duong kinh la
A (x=2) +(y-2)*+(z-2) =4 B. (x=2) +(y-2)"+(z—1) =4
C. (x=2) +(y-1)*+(z-2) =4 D. (x—1) +(y-2) +(z-1) =4

Cau 32: Trong khong gian Oxyz, cho mit cau(S):x’+)y* +z° —2x+4y—-2z-3=0, dudng thing

A

1 , ' y '
= y_J; = z. Mat phang (P) vudng goc véi A va tiép xuc voi (S )cd phuong trinh la:

X
2
A 2x-2y+z+2=0va 2x—2y+2z-16=0 B. 2x—2y+3/8-6=0va 2x—2y-3/8-6=0

C.2x-2y-3/8+6=0va 2x—-2y-3/8-6=0 D.2x+2y—z+2=0 va 2x+2y—z—-16=0
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Cau 33: Trong khong gian Oxyz, cho mit phiang (a):3x—y+z—4=0, mp(a)cit mit cau(S) tim

1(1;-3;3) theo giao tuyén la dudng tron tim H (2;0;1), ban kinh 7 =2. Phuong trinh (S) 1

A (x+1) + (=3 +(z+3)" =18 B. (x—1)" +(y+3)*+(z-3)" =18
C. (x+1) +(y=3)* +(z+3)" =4 D. (x=1) +(y+3)* +(z-3)" =4
x=2
Cau 34: Cho mit ciu(S) co tam 7(—4;2;0) va ban kinh R=+104 va duong thang d:{ y=4-5t¢ .
z=—-8+5t

Ménh dé nao sau day dung?
A. d tiép xtic v6i S tai diém c6 toa do 1a (2;4;-8)
B. d di quatam cua §
C. d va S c¢it nhau tai 2 diém c6 toa do 1a (2;4,-8) va (2;-6;2)
D. d va S khong cit nhau
Ciau 35: Puong tron giao tuyén cia mat cau (S) tam / (3;—1;—4), ban kinh R=4 va mit phing
(P):2x-2y—z-3=0.Tam H cta dudng tron 1a diém nao sau day?
A. H(l;l;S) B. H(l;l;—3) C. H(—1;1;3) D. H(—3;1;1)
Cau 36: Trong khong gian voi hé toa d0 Oxyz, cho mit cau (S) co phuong trinh

x-6 y-2 z-2

(x=1)" +(y=2)*+(2-3)" =9 va dudng thing A: T

. Phuong trinh mat phang (P) di

qua H (4;3;4) song song voi duong thing A va tiép xtic mit cau (S ) 1a:
A 2x+y+2z-19=0 B.x-2y+2z-1=0 C.2x+y—-2z-12=0 D.2x+y-2z-10=0

Cau 37: Trong khong gian v6i hé toa d§ Oxyz, cho (P):2x+y—-2z+9=0,(Q):x—y+z+4=0 va

duong thang afzx_1 :y+3 = 23
-1 2 1

. Mot mat cau (S ) tam thudce d, tiép xtc véi (P) va cit (Q) theo mot
duong tron ¢6 chu vi 2w, Tim phuong trinh mit cau (S ) ¢6 hoanh d6 tam 16n hon -5

A. (x+7)2 +(y+1)° +(z—4)2 =4 B. (x+5)2 +(y+5) +(z—2)2 =4

C. (x+3) +(y-5)+(z-7)" =4 D. (x+6) +(y+3)*+z° =4
Céu 38: Trong hé tryc toa do Oxyz, cho mit phang (a):2x+y—2z+15=0 va diem J(-1;-2;1). Goi /

la diém d6i ximg cua J qua (o). Viét phuong trinh mat cau (C) tam 7, biét n6 cat (o) theo mot dudng

tron co chu vi 8.
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A (C):(x=5) +(y+4) +(z-5) =25 B. (O):(x+5) +(y+4) +(z-5)" =5
C. (C):(x=5) +(y—4)* +(z-5)" =5 D. (O):(x+5) +(y—4) +(z-5) =25
Céu 39: Trong khong gian voi hé toa do Oxyz, xét mat cau (S) di qua 2 diém A(1;2;1),B(3;2;3), co tim
thudc mit phang (P):x—y—3=0, dong thoi c6 ban kinh nhoé nhét, hay tinh ban kinh R ctiia mit cau (S)
Al B. V2 C.2 D. 242
Cau 40: Tim tat ca cac gia tri cia tham sd m dé phuong trinh  x* + y* +z° —4x+ 6y +2z+m =0 khong
phai 1a phuong trinh mat cau
A. m<-14 B. m>14 C. m<0 D. m<14

x=t

Cau 41: Trong khong gian véi hé toa d6 Oxyz, cho dudng thang d :{ y =—1 va hai mat phang (P) va (Q)
z=—1

lan luot c6 phuong trinh x+2y+2z+3=0;x+2y+2z+7=0. Viét phuong trinh mit cau (S) c6 tam I

thudc duong thang d, tiép xtic hai mat phing (P) va (Q).

A (x+3) +(y+1)2 +(2-3) = B. (x—=3) +(y+ 1)’ +(z+3) =

ol Ok~
ols Ols

C. (x+3)2 +(y+1)2+(z+3)2 = D. (x—3)2 +(y-=1) +(z+3)2 =

x=t

Ciu 42: Trong khong gian voi hé toa dd Oxyz, cho dudng thang d:<y=—1 va hai mat phang (P) va
z=-t

(0) 1an luot co phuong trinh x+2y+2z+3=0;x+2y+2z+7=0. Viét phuong trinh mat cau (S) c6 tam

I thudc dudng thang d, tiép xtc hai mit phang (P) va (0).

A (x43) +(+1)? +(2-3)" = B. (x—=3) +(y+1)’+(z+3)" =

C. (x+3)2 +(y+l)2+(z+3)2 = D. (x—3)2 +(y-1)° +(z+3)2 =

Ol Oln
ols Ols

Ciau 43: Trong khong gian véi hé toa d6 Oxyz, cho mit phang (P) nhan ﬁ(S;—4;—5) 1a vecto phéap tuyén
va (P) tiép xtc v6i mit cau (S): (x - 2)2 +(y+1)*+ (z — 1)2 = 8. Phuong trinh ctia mat phang (P) la:

A.3x—-4y—-5z-15=0 hodc 3x—4y—-5z-25=0 B. 3x—4y—-5z+15=0hoac 3x-4y—-5z-25=0
C.3x-4y—-5z-15=0 hoac 3x—4y—-5z+25=0 D.3x—4y—-5z+15=0 hodc 3x—4y—-5z+25=0
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Céu 44: Trong khong gian toa dd Oxyz goi (S) 1a mit cau di qua 2 diém 4(0;2;1),B(-2;0;1), c6 tAm
thudc miat phing (P):x+ y—z—3=0 va co ban kinh nho nhét, hiy tinh ban kinh R cta mat cau (S)

A. R=32 B. R=3 C. R=6 D. R=18
Ciu 45: Trong khong gian toa d6 mit phang Oxyz, cho mit cau(S): x>+ y* +z> —2x+4y—6z-2=0va
mit phiang (a):2x+y+2z+m=0. Gia tri m dé (o) cit mat cau (S) theo giao tuyén 1a dudng tron cd
dién tich bang 7r 1a:

A. m=3,m=-15 B. m=-3,m=15 C.m=6m=-18 D. m=0
Ciu 46: Trong khong gian v6i hé toa d6 Oxyz, cho diém A(O;8;2) va mat cau (S) co6 phuong trinh
(S): (x—S)2 +(y+3) 4—(2—7)2 =72 va diém B(9; —7;23). Viét phuong trinh mat phang (P) di qua 4
tiép xtic véi (S) sao cho khoang cach tir B dén (P) 1a 16n nhat. Gia st n(1;m;n) 13 mot vecto phap tuyén
cua (P). Khi do:

A. mn=2 B. mn=-2 C. mn=4 D. mn=-4

Ciu 47: Trong khong gian véi hé toa dd Oxyz, cho duong thang d : al _11 = % =z +13 va mit cau (S) tam /

c6 phuong trinh (S):(x—1)" +(y—2)* +(z+1)° =18. Duong thing d cit (S) tai hai diém 4,B. Tinh dién

tich tam giac /AB.

Cau 48: Trong khong gian véi hé toa do Oxyz, cho 3 diémA(l;O;O),B(O; 3;0),C(0;0;6). Tim phuong
trinh mat cau (S) tiép xtic véi Oy tai B, tiép xuc voi Oz tai C va (S) di qua A?

Ao (x+5) +(y=3)" +(z-6)" =61 B. (x—5) +(y-3)*+(z+6)" =61

C. (x=5) +(y-3)*+(z-6) =6l D. (x=5)" +(y+3)* +(z-6) =61
Cau 49: Trong khong gian véi hé toa dd Oxyz, cho diémA(Z;l;l), mit phang (a):x+y+z-4=0 va
mit cau (S):x’+ )y’ +2z° —6x—6y—8z+18 =0. Phuong trinh dudng thang A di qua M va nam trong (ar)
cit mat cau (S) theo mot doan théng c6 do dai nho nhat 1a

x—2:y—1:Z—l B x—2:y—lzz—1 C. x—2:y—1:Z—l D. x—2:y—1:z—l

A. .
-2 1 1 1 -2 1 1 2 -3 1 1 -2
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. .2 1 A ,
Cau 50: Trong khong gian Oxyz, cho dlémALE;g;OJ va mat cau (8):x’+ y” +z” =8. Pudng thang d

thay d6i, di qua diém M, cit mat cau(S)tai hai diém phan biét. Tinh dién tich 16n nhéat S ciia tam giac

OAB
A S=7 B. S=4 C.S=247 D. S=22

D. BANG PAP AN
1B 2C 3A 4B 5A 6A TA 8C 9D 10A
11D 12C 13D 14B 15A 16B 17B 18C 19C 20C
21C 22A 23C 24A 25D 26D 27C 28D 29D 30C
31C 32A 33C 34A 35B 36A 35C 38C 39D 40B
41B 42B 43B 44A 45A 46D 47A 48C 49B 50B
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