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DUNG TRONG SACH
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9. Ggimé vdn a8, dan d&t hoc sinh vao bai hoc

HOAT DONG

Gilp hoc sinh phdn tich, kién tao kién thic mdéi
véi su hudng dan clia gido vién

KHAM PHA KIEN THUC
Phat hién kién thdc mdi ti hoat dong

f‘;r ~ KIENTHUCTRONG TAM
. Noi dung kién thiic trong tam

LUYEN TAP —VAN DUNG

« SU dung nhing kién thidc vila hoc dé lam
nhing bdi tép co ban

« Van dung kién thic da biét dé gidi quyst
van dé, dgac biét nhing van dé thyc tién

E' . LUy
~ Nhing kién thic, ki nang can Iuu y thém

l{‘_;l \ TiM HIEU THEM. TIMTOI— M3 RONG
: Gidp hoc sinh fim hiéu thém nhing kién thdc mdi
gdp phdn ma réng ndi dung bdi hoc

Cac em gili gin sach can than, khéng viét vao sach dé sit dung dugc lau dai.



Ccc em hoc sinh ldp 11
yeu quyy/

NGm hoc ndy, ching ta lai vui ming gdp nhau qua cudn séch Todn 11,
Séch Todn 11 1iép tuc gitp cdc em cd thém nhidu hidu biét vé dai s6 (nhu:
ham s6 lugng gidc, day s, cdp s6 cong, cdp s& nhan, hdm sé& ma va hdm
s& 16garit), mdt sé yéu 16 gidi tich (nhu: gidi han, ham sé lién tuc, dao héam).
3 nhing 18p dudi, cdc em dd dugde hoc hinh hoc phdng, mén hoc gitp
céc em fim hiéu tinh chét clia cdc hinh trong mat phdng. Ngodi ra, céc
em clng d& dudce 1am quen véi nhiing hinh khéi trong khéng gian. Bé tim
hiéu sau s&c hon tinh chét clia céc hinh trong khéng gian, cac em sé dudgc
nghién clu hinh hoc khéng gian. Cac em cing dudgc tiép tuc Iam quen
véi théng ké va xéc sudt; tién hanh nhing hoat déng thuc hdanh va trdi
nghiém; ddc biét vé nhing hoat déng tai chinh don gidn; st dung phdn
mém todn hoc trong thuc hdanh tinh toén véa vé hinh hinh hoc. Qua dé gilp
cdac em hiéu biét thém nhlng céng cu quan trong clia toédn hoc trong viéc
gidi quyét cac van dé thuyc tién.

Todn bd nhing diéu trén dudce thé hién qua nhing tranh &nh, hinh va&,
bdi tép déc ddo va hdp dan; qua nhiing cau chuyén Ii tha vé khoa hoc
ty nhién, vé van hod va nghé thudt, kién trac, thé thao va du lich. Tu dé,
cdc em dudgc tién thém mot budc trén con dudng khdm phd thé gidi bi
8n va dep dé clia todn hoc, ddc biét I1a duge “lam gidu” vé vén van hod
chung v& cé cd hdi “Mang cudc sdng vao bdi hoc — Bua bdi hoc vdo
cudc séng”.

Chiu khé suy nghi, trao déi véi cac thdy co gido va ban bé, nhdt dinh
cdc em s& ngdy cang tién bd va cdm thdy vui sudng khi nhdn ra y nghia:
Hoc todn rét cé ich cho cudce séng hdng ngdy.

Chuc cac em hoc té@p that t6t, say mé hoc todn vé cd thém nhiéu niém vui.

Cac tac gia
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HAM SO LUGNG GIAC VA

PHUONG TRINH LUONG GIAC

Trong chuong nay, ching ta sé tim hiéu nhiing néi dung sau:
goc lugng giac, gia tri lugng giac ctia goc luong giac; cac phép
bién déi luong giac; ham sé lugng giac va dé thi; phuong trinh
luong gidc co ban.

s1 | ©OC LUONG GIAC. GIA TRI LUONG GIAC
CUA GOC LUONG GIAC

Trén mit chi€c ddng hod, kim gidy dang & vi tri ban dau chi
vao s0 3 (Hinh ). Kim gidy quay ba vong va mot phan tu

- -, \ ]- ~ ~L . - . % ~ ~ .
vong (tdc la 32 vong) dén vi tri cudi chi vao s6 6. Khi quay
nhu thé, kim gidy da quét mot géc véi tia dau chi vao s6 3,

tia cuoi chi vio so 6.

Goc do goi nén khdi niém gi trong todn hoc?
Nhitng gdc nhit thé cé tinh chdt gi?

1. GOC LUGNG GIAC

1. G6c¢ hinh hoc va sé do cia ching
@ ) Néu dinh nghia géc trong hinh hoc phing.

Nhu ching ta da biét, géc (con duge goi 1a géc hinh hoc) 12 hinh gdm hai tia chung géc.
M&i géc 6 mot s6 do, don vi do gée (hinh hoc) 1a d6. Cu thé nhu sau: Néu ta chia duong
tron thanh 360 cung tron bing nhau thi géc ¢ tim chin mdi cung do 1a 1°.

S6 do ctiia mot goe (hinh hoc) khong vugt qua 180°, -

Mot don vi khéc dudc st dung nhiéu khi do goc la radian v
(doc la ra-di-an). Néu trén dudng tron, ta 1dy mot cung tron

c6 d6 dai bing ban kinh thi goc ¢ tAm chin cung do goi \

la goc ¢o 56 do 1 radian, goi tit 1a géc 1 radian (Hinh 2).

1 radian con viét tit 1a 1 rad.

Hinh 2



Nhan xeét

Ta biét géc & tAm c6 s6 do 180° sé chiin cung bing nita dudng tron (c6 d6 dai bing ©R)
v > R

nén s6 do géc 180° biing % rad = nrad.

18]
Do d6, 1 rad = [@) ~57°17°45" va 1° = [ISLO} rad ~ 0,0175 rad.
T

Chii ¥: Ngudi ta thudng khdng viét chii radian hay rad sau s6 do ctia géc. Chang han,

Tc . A ~ Tc
) rad ciing dudc viét l1a o

Vidul = Hiy hoan thanh bang chuyén ddi s6 do do va s6 do radian ctia mot s& géc
dac biét sau.

DO | 30°| ? |60° |7 |120°| ? [180°|.

T T
Radian | ? - ? . — 1 Hiay hoan thanh béng
4 2 4 A A & A . e
chuyén doi s6 do do va s6 do
. radian ctia mot s6 géc sau.
Gidai | :
z 2 ~ . ~ ~ ~ . 5 iy D 0 ? 0 ?
Ta ¢6 bang chuyén doi s6 do do va s6 do radian cia mot 0 : E z =
B e o m s | 2n 5m
sO goc dic biét. Radlan‘ ? o ? e

bo 30° | 45° | 60° | 90° | 120° | 135° | 180°

Radian z z E Z
6 4 3 2 3 4

2. Goc luong giac va so do cia chiing

a) Khai niém

7 So sanh chiéu quay ctia kim

ddng ho véi:

a) Chiéu quay tif tia Om dén tia Ox
trong Hinh 3a.

b) Chiéu quay tli tia Om dén tia Oy Hinh 3

trong Hinh 3b.
Dé khio sét viéc quay tia Om quanh diém O trong mit phing, ta cAn chon mot chiéu
quay goi 12 chiéu duong. Thong thudng, ta chon chiéu duong 1a chiéu ngugc chiéu quay
ctia kim dong hd va chiéu cuing chiéu quay ciia kim ddng ho goi 1a chiéu am.

6



[ Cho hai tia Ou, Ov. Néu tia Om quay chi theo chiéu duong (hay chi theo chiéu 4m)
xuat phat tii tia Ou dén trung véi tia Ov thi ta néi: Tia Om quét mot goc lwgng gidc
véi tia dAu Ou va tia cudi Ov, ki hiéu 1a (Ou, Ov).

Vidu2 @ DPoc tén goc lugng gide, tia dau va tia cudi cia goc lugng gide doé trong
Hinh 461. ',’}” v m

» a) Hinh 4 b) —':’
Giai:

2 Doc tén goc higng giac,
tia dau va tia cudi cia géc

Trong Hinh 4a, géc lugng gic la (Ox, Oy) véi tia dau Ox _
lugng giac do trong Hinh 4b.

va tia cudi Oy.

N
a) Trong Hinh 5a, tia Om quay theo chiéu duong ding mot vong. Hoi tia d6 quét nén
mot goc bao nhiéu do?
b) Trong Hinh 5b, tia Om quay theo chiéu duong ba vong va mot phan tu vong (tic 1a
1 -  an
3Z vong). Hoi tia d6 quét nén mot géc bao nhiéu do?

¢) Trong Hinh 5c, tia Om quay theo chiéu &m diing mot vong. Hoi tia d6 quét nén mot

gd6c bao nhiéu do?
m

-\* ; u
u B
Vv
u a9
m
c)
Hinh 5
Nhén xét: Khi tia Om quay goc a® thi goc lugng gidc ma tia d6 quét nén ¢6 s6 do a° (hay

T4 rad). Vi th€, mdi mot géc luong gide déu ¢6 mot s do, don vi do gée lugng gidc
180
la do hodc radian. Néu goc lugng gidc (Ou, Ov) c6 s6 do bing « thi ta ki hiéu la

sd(Ou, Ov) = a hodc (Ou, Ov) = .

[ Mai gée lugng gide goc O dude xéc dinh boi tia dau Ou, tia cudi Ov va sd do cia
g6c do.



Vidu3 | Hay bi€u dién trén mit phiang géc lugng .
gidc trong moi trudng hop sau:

) o . _ " . 3 Hiy biéu dién trén miit
a) Goc luong gidc goc O c6 tia dau Ou, tia cudi Ov va

phing géc lugng gidc gbe O c6

b 0, . . s % -
c6 s6 do 5107 tia dau Ou, tia cudi Ov va cé
» . - ~” o A . e -
b) Gdéc lugng gidce gdc O co tia dau Ou, tia cudi Ov va 5 d 5
SO dO——-.
» a7 77[ 4
c6 so0 do — P
Giai -

a) Ta c6 510° =360° + 150°. Goc ligng gidc gdc O co tia
dau Ou, tia cudi Ov va c6 sb do 510° duoc biéu dién
& Hinh 6a. v .

n T ) ,
b) Ta c6 s ==7 + (— g} Goéc lugng giac goc O u

; ; : : n b
cO tia dau Ou, tia cudi Ov va co so do — — duoc )

bidu didn & Hinh 6b. 6 Hinh 6
b) Tinh chat
“SEY Trong Hinh 7, hai géc ligng gidc (Ou, Ov), N 9

&9 ! o

(O’w’, O'v’) ¢6 tia dau tring nhau Ou = O’u’, tia cudi
tring nhau Ov = O’y’. Néu dy do4n vé mdi lién hé giita

> ) . .. n 0=0’ u’
s0 do cua hai goc lugng giac trén.

Nhdn xét: Quan sat Hinh 7 ta thay:
* Tia Om quay (chi theo chiéu duong) xuét phat tif tia Ou dén trung v6i tia Ov rdi quay

Hinh 7

tiép mot s6 vong dén tring véi tia cudi Ov;
» Tia Om quay (chi theo chiéu duong) xuét phét tli tia O’u’ = Ou dén trung vdi tia O'v’ = Ov
roi quay ti€p mot s6 vong dén trung vdi tia cudi O’v’ = Ov.
Nhu vy, su khdc biét gitta hai géc lugng gidc (Ou, Ov), (O’u’, O’v’) chinh 1a s& vong
quay quanh diém O. Vi vay, su khdc biét gitta s6 do ctia hai géc luong gidc d6 chinh 1a
b6i nguyén cua 360° khi hai géc d6 tinh theo don vi do (hay bdi nguyén ctia 27 rad khi
hai géc do tinh theo don vi radian).
Ngudi ta ¢6 thé chiing minh dudc dinh If sau:

%0 hai géc luong gidc (Ou, Ov), (O’u’, O’v’) ¢6 tia dau tring nhau (Ou = O’w’),
tia cudi tring nhau (Ov = 0’v’). Khi d6, néu sti dung don vi do 12 do thi ta c6:
(Ou, Ov) = (O’w’, O’v’) + k360° véi k 12 s6 nguyeén.
N&u st dung don vi do 1a radian thi cong thiic trén ¢6 thé viét nhu sau:
(Ou, Ov) = (O’w’, O’v’) + k2w v6i k 12 s6 nguyén.



Vidu4 | Cho géc luong gidc g6c O c6 tia diu Ou, tia
cudi Ov va ¢6 sd do 60°. Cho gbc lugng gidc ~ 4 Cho goc ligng gidc goc O
(O’w’, O’v’) ¢6 tia dau O’u’ = Ou, tia cudi O’v’ = Ov. C(’i tia dﬁ;;nOu, tia cudi Ov va c6
s0 do — —. Cho géc lugng gidc
(Ow’, 0’3’) c tia dau O’u’ = Ou,

Viét cong thiic biéu thi s6 do goc lugng gidc (O'u’, O’v’).

Gidi tia cudi O’v’= Ov. Viét cong thic
Ta c6: (O'u’, O'v’) = (Ou, Ov) + k360° bi€u thi s6 do géc lugng gidc

= 60° + k360° (k € 7). (0w, O).

P Cho géc (hinh hoc) xOz, tia Oy ndm trong gée z
x0z (Hinh 8). Néu méi lién hé gitia s6 do clia géc x0z
va tong s8 do cia hai géc xOy va yOz.

Ngudi ta ¢6 thé chiing minh duge dinh 1i sau, goi la
hé thitc Chasles (Sa-10) vé s0 do ctia géc luong gide:

Véi ba tia tuy y Ou, Ov, Ow, ta co:

(Ou, Ov) + (Ov, Ow) = (Ou, Ow) + k2n (ke Z).

Hinh 8

Vidu5 = Cho géc luong gidc (Ou, Ov) ¢6 sb do la %Tn, gbc ligng gidc (Ou, Ow) ¢6

s6 do 1a % Tim s8 do cta géc lugng gidc (Ov, Ow). p
5 Cho goc lugng gidc

Gidai

Theo hé thiic Chasles, ta ¢o: (Ou, Ov) ¢6 56 do la - 1%

(Ov, Ow) = (Ou, Ow) — (Ou, Ov) + k27 goc lugng giac (Ou, Ow) ¢6
=5—n—3—n+k2n=z+k2n (ke Z). s6 do la 3;1—11 Tim s6 do cta

goc lugng giac (Ov, Ow).

Il. GIA TRI LUONG GIAC CUA GOC LUONG GIAC

Trong muc nay, ta s€ mo rong céc gid tri lugng gidc cua géce hinh hoc thanh gi4 tri ligng
gidc cha géc luong gidc. D6 12 co s6 dé xay dung cdc ham sb lugng gidc (bién sd thuc),
nhitng ham s& quan trong trong todn hoc, khoa hoc — ki thuit va trong thuc tién.

1. Puong tron luong giac

Trong mit phing toa d6 Oxy, ta quy udc: Chiéu ngude chidu quay ctia kim ddng hd 1a
chiéu duong va chiéu quay ctia kim déng ho 1a chiéu am. Nhu vay, mit phing toa do
Oxy da dugc dinh hudng.



a) Trong mat phé‘ing toa do (dinh hudng) Oxy, hdy vé dudng tron tam O vdi ban kinh
bing 1.

b) Hay néu chiéu duong, chiéu 4m trén dudng tron tim O véi ban kinh bing 1.

[ Trong mit phﬁng toa d6 da dugc dinh huéng Oxy, 1dy diém A(1 ; 0). Pudng tron tim O,
ban kinh OA = 1 dudc goi 1a duong tron luong gidc (hay dwong tron don vi) gdc A.

Chii y: Céc diém B(0 ; 1), A’(—= 1 ; 0), B’(0 ; — 1) nam trén dudng tron liong gidc.

Vidu 6 = Xac dinh diém M trén ya -
> b S G B 2
dui“g tron Ih;gf}g gifc sagi cho ® Xic dinh diém N trén
(04, OM) = : 135° duong tron lugng gidc sao
Gidi | S > cho (OA, ON) =~
Goi M la diém chinh giifa ciia K/ >
cung BA’ trén dudng tron Iugng gidc. yA
B,
e _ O (I; B
Ta c6: (OA, OM) = 135° (Hinh 9). Hinh 9 Vo =
2. Gia tri lugng giac ciia goc luong giac LN A

a) Xdc dinh diém M trén dudng tron lugng gidc sao cho

(OA, OM) = 60°. Hinh 10
b) So sanh: hoanh dd ctia diém M véi cos 60°; tung do ciia diém M véi sin 60°.

Trong trudng hop tong qudt, véi mdi géc lugng gidc a, 1dy diém M trén dudng tron
lugng gidc sao cho (OA, OM) = a (Hinh 10).

Goi toa @6 ctia diém M trong hé toa do Oxy 1a (x ; y).

[ « Hoanh do6 x ctia diém M goi 1a césin clia gée lugng gidc o va ki hiéu cosa, cosa = x.

. Tung d9 y cta diém M goi 1a sin ctia géc lugng gidc e va ki hiéu sine, sina = y.

« Néu cosar # 0 thi ti s6 3% oo 12 rang chia géc luong gide a va ki hiéu tane,
i coso
tana = ;
cosa
~ . g ~ cosax il (B ~ 9 # . = Fa A
« Néu sine # 0 thi ti sO0 — goi la cotang cua goc lugng gidc o va ki hiéu cotea,
e sin
cota =—; :
sin

10



Vidu 7 & Tim céac gia tri lugng gidc ctia goc lugng gidc a = 120°.
Gidi
Liy diém M trén dudng tron lugng gidc sao cho

(OA, OM) = o = 120° (Hinh 11). Goi H, K lan lugt Ia A

B
K
P . o -
hinh chi€u cta diém M trén cac truc Ox, Oy. H O *
Khi d6, ta ¢6: AOM = 120°, suy ra BOM = KOM =30°. KJ

Theo hé thic trong tam gidc vudng KOM, ta co:

Hinh 11

OK =O0OM . cos KOM = cos30°= g va \

o

\/_ 7 Tim gia tri lugng giac
S — 1 , i » ° o
MK=0M .sinKOM =sin30°= .. Dods, M(_% ; 231 vay:  clia géeluong gide p=——

g () 0
sin 120'“:%;003 120°=—%; tan120° =M=_\/§; cot120° = cos120 - \E

c0s120° sin120° 3

L Xét dau cdc gid tri lugng gide cna goc lugng gide a = — 30°.

Dau clia céc gia tri lugng gidc cua goc @ = (OA, OM) phu thudc vao vi tri diém M trén
dudng trdn lugng gidc (Hinh 12). Bang xdc dinh diu cia céc gid tri lugng gidc nhu sau:

YA
Géc phan tu B

Il 1
Gi trf lugng giac 1 | o m | v / \
cosa - — + A H\A

+ »
- 0 oL : X
sina + + - — A8 W gl ;
K M
tana .3 = + = 11 B v
cota * B G B Hinh 12

|

-

Vidu8 & Xét dau cdc gia tri lugng gidc clia géc lugng ; , o
I 8 X¢ét dau céc gid tri lugng

gldca =——. gidc cia goc lugng giac
4 5w
L a=—.
Gidi 6

Do—n<~«ﬁ<—£nénsin o <0; cos 3T < 0; tan L > 0; cot _m > 0.
- 2 4 B 4 4

%:% 1 Cho gdoc lugng gidc @. So sdnh:

a) cos’a + sina va 13 b) tana. coter va 1 véi cosa # 0, sina # 0;

2 o G o
¢c) l+tan~arva véi sina # 0.

o 2 ~
véi cosa # 0; d) 1+cot"arva — 5
cos o sin "o
11



[ . cos’a + sin“a = 1 véi mol «; s tana =

= X
> v6i cos a # 0; o l14+cot"a = — =
cos sin "o

vO1 cosa # 0, sin ¢ # 0;

cotax

vOi sina # 0.

2
e l+tan" =

Vidu 9 = Cho goc lugng giac a sao cho — T ca<ova V
2 9 Cho géc lugng gidc
T

tana = — 2. Tinh cose, sine. 3
sa0 cho m<a<— va

Gidi
. sina . sina@ =——. Tim cosa.
Do tana =—2 nén =—2,suyrasina =—2cosa. 5
cosax
§ o ) " 2 2 2 1 n
Vi cos“a + sin“a = | nén cos“a + (— 2cosa)” = 1, suy ra cos (X=g. Do—5<a<0

nén cosa > 0.

T d6 ta c6: cosc:zt—\/z—L suy rasina = —2 1__2
5 \/g, Jg \/g.

“SE[P Tim céc gid tri luong gide clia géc lugng gide a = 45°.

Bang dudi diy néu 1én cdc gid tri lugng gidc cia mot s6 goc diic biét.

o || 2 | B | | 25 |[f3=]| 5=
* 6 4 3 2 3 4 6 "
sin 0 4 Q ﬁ 1 ﬁ Q 1 0
2 2 2 2 2 2
S 2| 12 3
cos 1 —— - = 0 W il =7
2 2 2 2 2
# 3 |
tan 0 ? 1 | J3 I \/‘;’ - —% 0
3 V3
cot | 3 1 g 0 3 =1 | 3 I

Vidu 10 © Tinh gia tri ciia biéu thirc:
10 Tinh gi4 tri cha bi€u thic:

T T T . T
P =cos® = + tan— + cot> — +sin—. 2
3 4 6 2

T . 2T s i
Q = tan® — +sin% — + cot — + oS —.
3 4 4 2

Gidi

Il
=
e A
o
+
[
+
—_—
=i
S ——
[ }»]
+
[a—
Il
|I\J
[

p T T T . T
Tach P= nc:os2 —+tan—+ cot2 —+sin—
3 4 6 2
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3. Gia tri lwgng gidc cha cac goc ¢o lién quan déc biét

Trén dudng tron lugng gidc, cho hai diém M, M’

sao cho goc lugng gidc (OA, OM) = «, gbc luong giic

(OA, OM’) = — a (Hinh 13).

a) Poi v6i hai diém M, M’ néu nhan xét vé: hoanh do clia chiing,
tung do cua ching.

b) Néu mbi lién hé gitra cac gia tri lwong giac trong tmg cla
hai goc luong gidc o va — a.

Ta c6 cdc cong thiic sau cho hai géc d6i nhau (o va — «):

E sin(—a) = — sina

cos(—a) =cosa

tan(— a) = —tana

cot(— a) =-cota

Ta cling c6 cédc cong thiic sau cho:
* Hai g6c hon kém nhau n (o va & + n) (Hinh 14):

V & ¥ TS e———

sin(a + ) = — sina tan(a + nt) = tana

cos(ax + m) =—cosa cot(a + ) = cotax

» Hai g6c bl nhau (a va n — ) (Hinh 15):

V - — O

sin(r — ) = sina tan(n —a) = —tana

cos(mt—a) =—cosa cot(nr—a) = — cotx

* Hai géc phu nhau (a va g —a) (Hinh 16):

T
tan| ——a@ |= cotax

.|
SIn| ——a |=Ccosa
cot| * — ¢ | = tana
2

(L :
COS(E—Q’] =Sino

A

-
\

B

Hinh 13

T %

=Y

Hinh 15
VA
B. M
TF
K
0

13



-

Vidu 11 Tinh:
11 Tinh:

. 13w . T 21

a) sin—; b) sin— —cos—; Negt X B AT

4 10 5 L .
Giai b) tan 1°. tan 2°. tan 45°

tan 88°. tan 89°.

Ta cé:
a) sinB—n=sin In+Z |=sin| n+Z |=- sinE=—£;

4 4 4 4 2

. T 2Zr . m . (m 2= . M, W
b) sin— —co8s— =S8in— —S8in| ——— |=sin——sin—=0;
10 5 10 2 3 10 10

4. Stit dung may tinh cAm tay dé tinh gia tri luong giac ciia mot géc luong giac
Ta c6 thé sti dung mdy tinh cAm tay dé tinh gid tri lugng gidc (ding hodic gin ding) cla
mot géc luong gidc khi biét s8 do clia géc d6. Cu thé nhu sau:

« Néu don vi ctia géc lugng gidc 1a dd (°), trude hét, ta chuyén mdy tinh sang ché do “do”.

Phép tinh Nit an Két qua

sin3s°1533" & 3 | 0sTITsEISe
tan (- 205°) PR2)O6EE ~ 0.4663076582

« Néu don vi ctia géc luong gidc 1a radian (rad), tru6e hét, ta chuyén mdy tinh sang ché do
“radian”.

Phép tinh Nit 4n Két qua

COS[_TJ B@E}B —0.6234898019

Cot[z?n] @ B [tan] [SHH:TJ E] E] 0.3249196962

-

Vidu 12 Ding may tinh cAm tay dé tinh:
12 Dung mdy tinh cam tay
2n ] dé tinh:

a) sin42°35°13"’; b) cos(— i "
5 a) tan(-75°); b) cot[—g}

14



Gidi

b)

Phép tinh Nt an Két qua

sin42°35°13" (5] (= [T)[3][[=) | Potoltnazda

Phép tinh Nt an Két qua

2n
cos(?] B E] 0.3090169944

. BAI TAP

Goi M, N, P la cdc diém trén dudng tron lugng gide sao cho s6 do clia céc goc lugng

gidc (OA, OM), (OA, ON), (OA, OP) lan lugt bing -;—5-7—673—3 Chiing minh ring

tam gidc MNP 13 tam gidc déu.

., 5 159
Tinh céc gia tri lugng gidc cia moi gée sau: 225%; — 225°%; — 1 035% ?n lzn 3 1 Tr'.

Tinh c4c gi4 tri luong gidc (néu c6) clia mbi géc sau:

) §+k21t (k € Z); b) krt (k € 7Z);

c)gwn (k € Z):; d)%+kﬂ:(ke2).

Tinh céc gid tri lugng gidc cha géc a trong mdi trudng hop sau:

a) sina=%5 v6ig<a’<n; b)cosazgvéi -t<a<0;
¢) tanax =3 v6i —t<a <0; d)cota=-2v6i O<a <.
Tinh:

a) A =sin”5° +sin®10° +sin”*15° +... +sin® 85° (17 s6 hang).
b) B=c0s5" +¢cos10° +cos15° +...+cos175° (35 s6 hang).

Mot vé tinh duge dinh vi tai vi tri A trong khong gian. Tl vi tri A, v€ tinh bit diu
chuyén dong quanh Trai DAt theo quy dao la dudng tron v6i tim la tim O cla
Trai DAt, ban kinh 9 000 km. Biét riing vé tinh chuyén dong hét mot vong ciia
quy dao trong 2 h.

a) Hay tinh quing dudng vé tinh da chuyén dong dugc sau: 1 h; 3 h; 5 h.

b) Vé tinh chuyén dong dugc quing dudng 200 000 km sau bao nhiéu gid (1Am tron
két qué dén hang don vi)?

15



§2 | CAC PHEP BIEN DOI LUGNG GIAC

O 16p dudi, ta da lam quen véi mot s& phép tinh trong tip hop cdc s6 thic, ching han:
phép tinh lu§ thita v6i s6 mii td nhién va nhiing cong thic dé tinh to4n hay bién doi
nhiing bi€u thidc chida c4c lu§ thita nhu vay. Viéc 14y cdc gi4 tri lugng gidc cla géc lugng
gidc da hinh thanh nén nhiing phép tinh mdi trong tip hdp céc so thuc, d6 1a nhiing
phép tinh luong gidc.

C6 hay khong nhitng céng thitc @é tinh todn hay
bién @oi nhitng biéu thitc chita gid tri luong gidc?

1. CONG THUC CONG

') Cho tam gidc MNP ¢6 dudng cao PQ (Hinh 17).

r]

P
a) Viét cong thic tinh PQ theo canh n va gée a; cong thiic n {ﬂ__b m
tinh PQ theo canh m va goc b.
M N

b) Viét cong thiic tinh dién tich mbi tam giac MPQ, 0
NPQ, MNP theo cidc canh m, n va cac géc a, b, a + b. Hinh 17

¢) St dyng két qua: S, =S, ., +5

- hay tim cOng thtic tinh sin (a + b) theo sin a, cos a,

sin b, cos b. Tii d6 rit ra ding thic sin(a + b) = sina cos b + cosa sinb (*).

d) Tinh sin (a — b) biing cdch bién ddi sin(a — b) = sin[a + (— b)] va sti dung cdng thiic (¥).

Trong trudng hop tong quat, véi cac goc luong giac a, b, ta ¢6 cic cong thic sau (thudng
duogc goi chung 12 cong thitc cong @61 véi sin):

i * sin(a + b) = sinacosb + cosasinb * sin(a — b) = sinacosb — cosasinb

Vidul = Tinh sin75°.
® Tinh sin-—
Gidi 12

Ap dung cong thirc cong, ta co:

sin75° = sin(30° + 45°) = sin30°cos45° + cos 30°sin45° =

V2+4/6
2N,

16



a) Tinh cos(a + b) biing cich bién ddi cos(a +b) =sin kid —(a+b) |=sin T _al-b

- a < & Z 2
va su dung cong thuc cong do1 vai sin.

b) Tinh cos(a — b) bing cich bién d6i cos(a — b) = cos[a + (— b)] va st dung cong thtic
cos(a + b) c6 dudc & cau a.

Trong trudng hop tong quat, vdi cdc géc lugng gidc a, b, ta c6 cic cdng thidc sau (thudng

dudc goi chung 12 cong thitc cong ddi véi codsin):

[ * cos(a + b) =cosacosb — sinasinb * cos(a—b) =cosacosb + sinasinb
Vidu2 @ Tinh coss—n, -

12 p
Gidi 2 Tinh cos 15°.

Ap dung cong thic cong, ta c6:

St (n n] n m . m.n J6-+2
COS—=C0S| —+— [=€C0S—COS— —SsIn—S1In—= —.
12 6 4 6 4 6 4 4

a) Sti dung cong thiic cong ddi véi sin va cdsin, hdy tinh tan(a + b) theo tana va tanb
khi cdc biéu thiic déu c6 nghia.
b) Khi cdc biéu thiic déu cé nghia, hdy tinh tan(a — b) bing cdch bién déi
tan(a — b) =tan[a + (- b)] va st dung cong thic tan(a + b) c6 dudc G cau a.
Trong trudng hgp tong quat, véi cic géc lugng gidc a, b, ta ¢6 cdc cong thiic sau (thudng
dugc goi chung 1a cong thitc cong d6i véi tang):
S =l
tana+tanb tana—tanb

. tan(a + b) = o tan(a — b) =
( ) l-tanatanb (a ) l+tanatanb

(khi cdc biéu thiic déu c6 nghia).

o

=

Vidu3 = Tinh tan 7—“.
12 Tinh tan 165°.
Gidi

Ap dung cong thiic cong ddi véi tang, ta cé:

T T
tan —+tan — 2
Tn (n n)= 4 3 _1+V3  (1+43) e
1

tan—=tan| —+— = -
4 3 —ta.ngtanE 1_‘5 B

17



Il. CONG THUC NHAN POl

% Tinh sin2a, cos2a, tan2a bing cich thay b = a trong cong thiic cong.

)
Mot céch téng quat, ta c6 céc cong thiic sau (thudng goi 1a cong thite nhan dobi):

[ sin2a = 2sinacosa [ 2tana

, R tan 2a= ————— (khi cac biéu thirc déu c6 nghia)
cos2a = cos“a—sin‘a l1-tan“ a

Nhdan xét

2

i) . ) "
eCOS2a =cos“a—sin‘a=2cosa—1=1- 231n2a.

. cos’a= %; sin’q = % (thudng goi la cong thiic ha bdc).
% ) 1 "
Vidu4 | Cho sina + cosa = > Tinh: EV
, 4 Cho tans=-2.
a) sin2a; b) cos4a. Tinh tan a.
Gidi
; 1 . 2 1 9 2 g 1
a) Do sina + cosa = E nén (sina + cosa)” = Z & sin“a + cos“a + 2sinacosa = Z
. | . 1 3
hay 1 + 2sinacosa= —.Suyrasin2a=—-1=——.
4 4 4

" 1
b) Ap dung cong thiic nhan ddi, ta c6: cosda = cos(2 . 2a) = 1 — 2sin®2a = — B

= i T 3 o1 A
Vidu5 = Biét cos—=——. Tinh: cos—. % W
6 2 2 5 Tinh: sing, COS—.

Gidai 8
T
1+cos—
\12+ 3
Ta ¢6: cos® — = - 6=2+4\5.M51 cos%>0 nén COS%ZT\/_.

1. CONG THUC BIEN POI TICH THANH TONG

Y Sti dung cong thiic cong, rit gon mdi biéu thic sau:
cos(a + b) + cos(a — b); cos(a + b) — cos(a — b); sin(a + b) + sin(a — b).

Trong trudng hgp tong quat, ta ¢ cdc cong thife sau (thudng goi 14 cong thite bién doi
tich thanh tong):

18



cosacosh = %[cos(a + b) + cos(a — b)]

sinasinb = — %[cos (a + b) — cos(a — b)|
: | T .

sinacosb = E[sm(a + b) + sin(a — b)]

Vidu 6 | Cho sin2x = —%. Tinh: A = sin[x+§}cos[x—%].

Gidi

A =si #* L L sin x+n+x Z +sin )c+Tc x+jt
= +— —— == i 2 ——X+—
sin| x 1 cos| x 1 5 4 4 1 1
1( . o) 11 1
=—|sin2x+sin— |[=—| ——+1 [=—. - 2
2 2 28 3 3 6 Chocosa:g.

Tinh: B = cos%ﬂ COSE.

IV. CONG THUC BIEN DO1 TONG THANH TiCH

“SXP Sit dung cong thic bién d6i tich thanh tong va dit a + b = u; a — b = v 1i bién

d6i cdc biéu thidc sau thanh tich: cosu + cosv; cosu — cosv: sinu + sinv; sinu — sinv.

Trong trudng hop téng quat, ta ¢é cdc cong thiic sau (thudng goi 1a cong thitc bién doi
tong thanh tich):
| — &

[ u+v u—v [ u+vy u-—v

g

COSU + cosy = 2 cos coSs sin# + siny = 2sin cos

2 2 2 2
. UtV . u—vy ; . u+v . u—v

COSU — COSY = —28In sin sinu — sinv = 2¢os sin

2 2 2 2
Vidu 7 © Tinh: V
/" @ Tinh:
D1l . 5¢.

) sin——~—sin": b) cos 105° + cos 15°. in "+ sin®
D= 9 9
Giai 0057—n—cos -
9 9

Il 5= It 5=

12 12 12 12 Ly 2T T [1}\5:_&
X

2

a)sinﬁ—sins—n=2c:os =2cos—sin—=2, ;
12 12 2 3 4 2 2

19



¥2

b) cos 105° + cos 15° =2 cos .

105° + lsﬂcos 105° - 15°
2 2

142
"2

=2cos60°cos45°=2. 5

Vidu 8 = Hiéu dién thé va cudng do dong dién trong mot thiét bi dién 1an lugt duge cho
béi cdc bi€u thic sau:
u =40sin(1207nt) +10sin(3607t) (V);
I =4sin(120mnt) + sin(360mr) (A).
(Ngudn: Ron Larson, Intermediate Algebra, Cengage)
Biét ring cong sut tiéu thu tic thdi cia thiét bi d6 dudgc tinh theo cong thiic: P = u. i (W).
Hay viét biéu thiic biéu thi cong suit tiéu thu tdc thdi ¢ dang khong c6 lu§ thita va tich
ctia cdc biéu thiic lugng gidc.
Gidi
Ta c6:
P=u.i=[40sin(120mt) + 10sin(360ms) | . [ 4sin(1207) + sin(360m) |
=160 sinz(l 20mt)+10 Sin2(360n:t) + 80sin(120mt) sin(360mt)
=801 - cos(240mt)| + 5[1 - cos(720mt) ] + 40[ cos(360mt — 120mr) — cos(360mt + 120mt)
=85—80c0s(240mt) — Scos(720nt) + 40cos(240mt) — 40cos(480mt)
= 85 —40c0s(240mz) — 5cos(720mnt) — 40cos(480nt) (W).

B eiiTip

1. Chocosa=2v6i0<a< E.Tinh: sin a—i—E , COS a—E , tan a+E .
5 2 6 3 4

2. Tinh:
A =sin(a — 17%)cos(a + 13°) — sin(a + 13°)cos(a — 17°);

B =cos b+E cos E—b —sin b+E sin E—b.
3 6 3 6

3. Chotan(a + b) =3, tan(a — b) = 2. Tinh: tan2a, tan2b.

) 2
4. Cho sina = ﬁ Tinh: cos2a, cos4a.

5. Cho sing + cosa = 1. Tinh: sin2a.

20



1 .= , )
Cho cos2a = g vii 5< a <. Tinh: sina, cosa, tana.

Chocostzl.Tinh:Azcos x+E cos x—E ; B=sin x+E sin x—E :
4 6 6 3 3

" . , sinx +sin2x +sin3x
Riit gon biéu thifc: A =

COSX +COS2x +cos3x

Mot soi cdp R duoc gé"m vao mot cOt thﬁng diing & vi trf cdch mit dat 14 m. Mot soi
cdp S khdc ciing duoc gén vio cot d6 & vi trf cdch mit dat 12 m. Biét riing hai s¢i cdp
trén cung dugc gé”m vGi miit dat tai mot vi tri cdch chan c¢ot 15 m (Hinh 18).

.. 15 m 0
Hinh 18
a) Tinh tane, 6 d6 a la géc gitia hai sg¢i cdp trén.

b) Tim goéc a (1am tron két qua dén hang don vi theo don vi do).

10. C6 hai chung cu cao ting x4y canh nhau véi khodng cich gitia chiing 1a HK = 20 m.

Pé d@am bao an ninh, trén néc chung cu thit hai ngudi ta 13p camera & vi tri C. Goi
A, B 1an lugt 1a vi tri thap nhat, cao nhat trén chung cu thid nhit ma camera c6 thé
quan sat dugc (Hinh 19). Hiy tinh s6 do géc ACB (pham vi camera ¢6 thé quan st
dugc 6 chung cu thid nhat). Biét ring chiéu cao ctia chung cu thi hai 1a CK = 32 m,
AH =6 m, BH = 24 m (1am tron két qua d&€n hang phan mudi theo don vi dd).

¢
B
2
1
A
e e
H K

Hinh 19
21



§3 ' HAM SO LUOGNG GIAC VA PO THI

Gudng nuée (hay con goi 1a con nuide) khong chi - ,..‘;i_
12 cOng cu phuc vu san xuét ndng nghiép, ma da o 2
trd thanh hinh anh quen thudc ctia ban lang va la
mdt nét viin hod dic trung cia ddng bao dan tdc
mién nii phia Bic.

Mot chiéc gudng nu6c c6 dang hinh trdon bin %68
kinh 2,5 m; truc ctia né dit cich mit nudc 2 m. i (5% S s o
Khi gudng quay déu, khodng cdch i (m) tif mot (Nguon: hitps://sh
ong dung nudc gin tai mot diém cta gudng dén mit nudc dude tinh theo cong thiic 4 = ‘ y

utterstock.cont)

?

& . Tc A - N Nt . k)
trong d6 y = 2,5sin (ZTDC _ZJ +2, v6i x (phit) 1a thi gian quay cta gudng (x > 0).
(Nguon: Pai sé'va Gidi tich 11 Néang cao, NXBGD Viét Nam, 2020).

Khodng cdch h phu thudc vao thoi gian quay x nhu thé nao?

I. HAM SO CHAN, HAM sO LE, HAM $O TUAN HOAN

1. Ham sé chéin, ham s6 1¢ BT sk
a) Cho ham & fix) = x°. |l R S
* V6i x € R, hdy so sdnh f{— x) va f(x). = x
» Quan st parabol (P) 1 d6 thi ctia ham s6 f(x) = x° (Hinh 20) -
va cho biét truc d6i xiing clia (P) 1 duding thing nio. Hinh 20
b) Cho ham s6 g(x) = x. VA d
* VGi x € R, hay so sdnh g(— x) va — g(x).
* Quan sit dudng thing d 13 dd thi ctia ham s8 g(x) = x Ly
(Hinh 21) va cho bit gic toa d9 O ¢6 T tim d6i xiing clia — - —
dudng thang d hay khong. vl ,
Ta n6éi ham s8 fx) = x> 1a ham s6 chdn; ham s6 g(x) = x 1a
ham so'1é.
Trong trudng hop tong quat, ta ¢é dinh nghia sau: Hinh 21

Cho ham s8 y = f(x) v6i tip xéc dinh D.
» Ham s0 y = f(x) dudc goi 1a ham sé chdn néu Vx € D thi — x € D va fl—x) = fix).
« Ham s6 y = f(x) dudc goi 1a ham s6'1é néu Vx € D thi —x € D va f(— x) = — f(x).
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Chii ¥

« D6 thi ham s6 chdn nhan truc tung lam truc d6i xidng. ‘f/—'
« D6 thi ham s8 18 nhan goc toa d6 1am tim d6i xing. 4
Vidu 1 = Ching té ring ham s6 fix) = 3x> = 5 1a ham a) Ching t6 rang ham so
<& chin. g(x) = x’ laham s6'1&,
Gidi b) Cho vi du vé ham s6 khdng
- " o e B 12 ham s0 chan va cling khong
Ham s0 f(x) = 3x” — 5 1a ham s6 chan vi: B hinn sB 1A

* Tap xac dinh 1a D = R;
*VxeRthi—xe Rvafi-x)=3(-x)?%-5=32-5=fx).

2. Ham s6 tuan hoan
Cho ham s6 y = fix) xdc dinh trén R va c6 db thi nhw Hinh 22.

a) C6 nhan xét gi vé& dd thi hAim s6 trén mdidoan [a;a + T), l[a+T;a+2T],[a—-T;al?
yA

at+T x

T a+ 2T %

Hinh 22
b) Lay diém M (x, 5 flx,)) thude do thi ham s8 véi x, € [a ;a+T]. So sénh mdi gi4 tri
fxy,+ 1), flx,—T) v6ifix,).
Trong trudng hop téng quét, ta cé dinh nghia sau:
Cho haim s8 y = f(x) vdi tip xdc dinh D. Him s8 y = f(x) dugc goi 12 tuan hoan néu
ton tai mot s6 7 khéc 0 sao cho v6i moi x € D, ta c6:
e x+TeD vax-TeD;
* flx + 1) = f(x).
S6 T duong nhd nhét thod man (néu c6) cdc tinh chat trén dude goi 1a chu ki cla
ham s6 tuan hoan dé.

Vidu 2 | Cho ham sd f(x) = {:) néu x la s6 htu ti ,_E }2

- A ~ g
néu x 12 s6 vo ti Cho vi du vé ham s

. tuan hoan.
va T 1a mot s6 hitu ti duong.

Chiing minh: fix + T7) = fix) v6i moi x. Tl d6 suy ra ham s6 f(x) la tuan hoan.
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Gidi

Ta thady ham s6 f(x) xac dinh trén R. Xét mdt s6 thuc x tuy .

Néu x 12 s6 hitu ti thi x + 7 ciling 12 s6 hitu ti. Néu x 12 s6 vo ti thi x + 7 cling 12 s6 vO ti.
Vi thé fix + T) = fix) véi moi x. Tl d6 suy ra ham s6 f{(x) 1 tudn hoan.

Nhdn xét

Cho ham s6 tuAn hoan chu ki 7. Tit d6 thi ham s6 d6 trén doan [a ; @ + T1, ta dich chuyén
song song vdi truc hoanh sang phai (hoic sang trdi) theo doan c6 @6 dai 7 thi dudc dd thi
ham s6 trén doan [a + T ; a + 27| (hoiic [a — T ; a)).

Il. HAM $O y = sinx
1. Pinh nghia

VA
fi, —_M
trén dudng tron lugng giac sao cho (OA, OM) = x (rad)
(Hinh 23). Hay xdc dinh sinx. x
A 0 A x
Ung vdi mdi s6 thue x, ¢6 duy nhdt
mot gid tri sinx.
5
Hinh 23

Trong trudng hop tong quit, ta ¢6 dinh nghia sau:

V = v y -
Quy tic dit tuong ting méi s thuic x véi mot s& thuc sinx dude goi 1a him s8 y = sinux.

~

Tap xdc dinh ctia ham s6 y = sinx 1a R.

2. D6 thi ctia ham s6 y = sinx

% Cho ham s0 y = sinx.
m

a) Tim gid tr1 y twvong Urng vO1 gia tri cua x trong bang sau:
Sm ) T T n Sm
X =5 | —— | = = 0 _ — — T
6 2 6 6 2 6
y=sinx ? ? ? ? ? ? ? ? ?

b) Trong mit phing toa @6 Oxy, hiy biéu dién c4c di€m (x ; y) trong bang gi4 tri & ciu a.
B?mg cich lam tuong tuy, lz'i’y nhiéu diém (x ; sinx) véi x € [— 7 ; 7] va ndi lai ta duge
d6 thi ham s0 y = sinx trén doan [— &t ; ©| (Hinh 24).
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¢) Lam tuong ty nhu trén doi véi cac doan YA
[-3n:-x],[n:3x],...,tac6d0 thihams6 |

y =sin x trén R dugc bi€u dién & Hinh 25. 5m

bl mll. N,V = sinx

i | ; i =
: Y12 =n Smam X
e

¥y = sinx

3TN X

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

—
2n
Hinh 25
3. Tinh chat ciia ham so y = sinx

A
Y

&
o
)

)

P Quan sit dd thi ham s6 y = sinx & Hinh 25.

a) Néu tip gid tri ciia ham s0 y = sin..
b) Goc toa dd c6 1a thm d6i xing ctia d6 thi ham s6 khong? Tu d6 két luan tinh chin, 1&
clia him s8 y = sinx.

C) Bi'mg cach dich chuyén do thi ham s& y = sinx trén doan [ 7 ; 7] song song vOi truc
hoanh sang phai theo doan c6 d6 dai 2w, ta c6 nhin dugc do thi ham sd y = sinx trén
doan [ ; 3n] hay khong? Ham sd y = sinx ¢6 tuan hoan hay khong?

d) Tim khodng dong bién, nghich bién ctia him sd y = sinx.
Ham s0 y = sin x ¢6 tap gid tri 1a [~ 1 ; 1] va ¢6 tinh chat sau:

- — a -
i:- Ham s6 y = sinx 12 ham s8 1&, ¢6 @d thi d6i xiing qua goc toa dd O;

« Him s8 y = sinx tuan hoan chu ki 2x;
N a M A . a7 -~ e " TE TC . . A
* Ham s6 y = sinx dong bién trén moi khoang [_E+ k2n; 5 - kQ‘JtJ, nghich bién

trén moi khodng (g + k27 ; 3—27[ + kzn) véik € Z.

Vidu 3 . Ham s6 y = sinx dong bién hay nghich bién

trén khoang [M ; m}? 3 Ham s8 y = sin x dong
Gidi 2 2 bién hay nghich bién trén
. T Sn
; khoang | — ; ——|?
Do[““;nﬂ}: -Z 4 6n ;= + 6n|nén ham s6 [ 2 2]
2 3 2 2
— A . ~ 2 1 IT[ . 137[
y = sin x dong bién trén khoang : L
2 2
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Nhdn xét: Dua vao dd thi ctia hAm s y = sin x (Hinh 25), ta thiy sinx = 0 tai nhiing gi4
tri x = kn (k € 7). Vi vay, tap hop cdc 8 thyc x sao chosinx#01a E=R \ {kn | k € Z}.

Il. HAM $O y = cosx

VA
1. Pinh nghia .
~~ £ e e . ,( ) M
=S¥ Vi mdi so thuc x, tOn tai duy nhat diém M ;
trén dudng tron lugng gidc sao cho (OA, OM) = x (rad)
(Hinh 26). Hay xéc dinh cosx. ul >
A ol H JA x
Ung véi mbi s thuc x, cé duy nhdt
mot gid tri COSX. B’
Hinh 26

Trong trudng hop téng quat, ta c6 dinh nghia sau:

V e ' 1N - |

Quy tic dit tuong Gng mbi s& thuc x véi mot s& thuc cosx duge goi 1a him s6 y = cosx.

Tap x4c dinh ctia ham s6 y = cosx 1a R.

2. Do thi cia ham s6 y = cos x

5@ Cho ham s y = cosx.

a) Tim gid tri y teong tng vo1 gia tri cua x trong bang sau:

L A A

T
3 2 3 3

(SR
(']

)
-3
~>
2

y=cosx| ? ? ? ? 4

b) Trong miit phing toa d6 Oxy, hay biéu dién
céc di€ém (x : y) trong bang gia tri & ciu a. Vi
Bing cdch lam tuong ty, 1dy nhidu di€ém 1
(x ; cosx) v6i x € [— m ; ] va ndi lai ta dugc

dd thi ham s6 y = cosx trén doan [- 7 ; 7 ] &7 T Ol L NZE
(Hinh 27). ,|2

¢) Lam tuong ti nhu trén déi véi cdc doan Hinh 27
[-3n; —=], [n;3x], ..., tacé dd thi ham s&
y = cos x trén R dugc biéu dién & Hinh 28.

¥y = COSX
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Hinh 28

3. Tinh chét ciia ham sé y = cosx
Quan s4t d6 thi ham s6 y = cosx & Hinh 28.

a) Néu tap gia tri ciia ham s0 y = cosx.

b) Truc tung c6 1a truc d6i xiing ctia do thi ham s6 khéng? T d6 két luan tinh chdn, 1&
ctia ham s8 y = cosx.

¢) Biing cédch dich chuyén dd thi ham s6 y = cosx trén doan [~ 7 ; 7] song song vdi truc
hoanh sang phai theo doan c6 @6 dai 27, ta nhan dugc dd thi ham s6 y = cosx trén doan
[ ; 3] hay khong? Ham s6 y = cosx ¢6 tuan hoan hay khong?

d) Tim kho&ng dong bién, nghich bién ctia ham s3 y = cos.x.

Ham s8 y = cosx ¢6 tap gid tri 1a [ 1 ; 1] va ¢6 tinh chét sau:

W & @ T ———— W
» Ham $8 y = cosx 12 ham s6 chdn, ¢6 d@6 thi d6i xing qua truc tung;
« Ham s6 y = cosx tuan hoan chu ki 27;
« Ham s0 y = cosx dong bién trén mdi khoang (— & + k2w ; k27), nghich bién trén
mdi khodng (k27 ; © + k2=) véi k € Z.

Vidu 4  Ham s y = cos x dong bién hay nghich bién trén khoing (ﬂ @)

3 3
Gidi -

b BT

Do (2& : @)= (£+ 8r ; n + 8‘}1:] nén ham s6 y = cosx 4 Ham s6 y = cos x dong
3 3 3 3 bién hay nghich bién trén
25t 26m

nghich bién trén khoang (T 3 J khoang (- 2n ; —m)?

Nhén xét: Dua vao d6 thi ciia him s& y = cosx (Hinh 28), ta thiy cosx = 0 tai nhiing
o s - S i
gid tri x=—+kn(keZ). Vi viy, tdp hop cdc s6 thuc x sao cho cosx = 0 la

D= R\{Z +kn|keZ}

IV. HAM SO y = tanx
1. Pinh nghia
i

“SE Xét tip hop D = R\{?i—knlkeZ} V6i mbi s6 thyc x € D, hdy néu

dinh nghia tanx.
27



Ta ¢4 dinh nghia sau:

[ Quy tic dit tuong dng mdi sd thuc x € D v6i mot s6 thuc tanx dude goi 13 him s&

y = tanx. Tap xdc dinh ctia ham s6 y = tanx 1a D = R \{%+ krmlk e Z}.

2. Po thi cia ham so y = tanx

L

a) Tim gid tri y tvong trng vo1 gia tri cua x trong bang sau:

(1) Cho ham s4 y = tan.x.

T T T T
! 3| T4 ° 4 3
y=tanx ? ? s ? ?

b) Trong miit phing toa @9 Oxy, hiy biéu dién cdc diém (x ; y) trong bang gid tri § cAu a.
Biing cich lam tuong tu, 1dy nhiéu diém (x ; tanx) v6i x € [_ & : E) va ndi lai ta dugc

dd thi ham s6 y = tan x trén khoéng (_ - : E) (Hinh 29).
g\ 2

272 2% 2
ham s6 y = tan x trén D dudc biéu dién & Hinh 30.

¢) Lam tuong ty nhu trén ddi v6i cdc khodng [E : 3_75} [_ 3r, _E} ..., ta c6 do thi

YA H : : YA :
L. : i i
3, 4 E = -7 ] ' bl
T S0 i I T 3] i 3n: X
7 il P —— i —
i 2 2 i2 2
Hinh 29 Hinh 30

3. Tinh chit cia ham s0 y = tan x

kP Quan sit d6 thi ham s6 y = tanx & Hinh 30.

a) Néu tip gid tri clia ham s0 y = tanx.
b) Goc toa dd ¢6 1a tAm d6i xiing ctia dd thi ham s khong? Tit @6 két ludn tinh chin, 1&
ctia ham s8 y = tan.x.
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> - ~A . ~ a7 ~ i m T o
¢) Bing c4ch dich chuyén dd thi ham s6 y = tanx trén khoang [— B} 5 E] song song vOi

truc hoanh sang phai theo doan c6 do dai «, ta nhan ducc dd thi ham s6 y = tanx trén
khoang (% : 37“) hay khong? Ham s6 y = tanx ¢6 tuan hoan hay khong?

d) Tim khodng dong bién, nghich bién cia him s6 y = tan.x.

Ham s3 y = tanx ¢6 tap gid tri 12 R va ¢6 tinh chit sau:

E » Ham s6 y = tanx 12 ham s6 1€, ¢6 do thi doi xing qua goc toa do O;
« Him s0 y = tanx tuan hoan chu ki =;

[ ~ e P ™ T .
« Ham s6 y = tanx dong bién trén mdi khoing [_EHm ! 5+k1rJ véikeZ
Vidu 5 Xét tinh chin, 1é chia ham s3: f(x) = sinx + tan.x.

Gidi 3
Tép xéc dinh clia ham s6 flx) [aD =R\{ = +knlke Z \. ';—' L
2 5 Vé6i moi so thuc m, tim

Véimoix e D,tac6-xe D s6 giao di€m cua dudng
va f(—x) = sin(— x) + tan (- x) = — sinx — tanx thdng y=m va d6 thi ham

= — (sinx + tanx) = — f(x). 56 y = tanx trén khoing

Vay ham s6 f(x) = sinx + tanx [ ham 1. [~ = g]
V. HAM 8O y = cotx
1. Pinh nghia

VSEPY Xéttiphop E=R\ {kn| k € Z}. V6i mbi s6 thuc x € E, hdly néu dinh nghia cot.x.

oy

Ta c6 dinh nghia sau:

[ Quy tic dit tuong ing mdi so thuc x € E v6i mot s6 thuc cotx duge goi 1a him s6&
y = cotx. Tap xdc dinh cia ham s6 y =cotx 1A E=R \ {krt| k € Z}.

2. Do thi cia ham s6 y = cotx

Cho ham s y = cotx.

a) Tim gid tri y turong Urng vai gia tri cua x trong bang sau:

. T T T 3n 5m
6 4 2 4 6
y=cotx 7 ? ? ? ?
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b) Trong miit phing toa dd Oxy, hdy biéu dién cdc diém (x ; y) trong bang gid tri & cu a.
Bing cdch lam tuong tu, 14y nhiéu diém (x ; cotx) véi x e (0 ; 7) va noi lai ta dudc
do thi ham s& y = cotx trén khoang (0 ; ©) (Hinh 31).

c¢) Lam tuong tu nhu trén ddi véi cdc khoang (n ; 27), (— ;3 0), (- 27 ; — ) ..., ta c6 do thi

ham s6 y = cotx trén E duoc biéu dién & Hinh 32.

VA
v

=Y
2

0

|
S

Hinh 31 Hinh 32

3. Tinh chét ctia ham sé y = cotx

“SEEY Quan sit do thi ham s8 y = cotx & Hinh 32.

B

a) Néu tap gid tri cia ham s0 y = cotx.

b) Goc toa dd c6 1a tam ddi xiing ctia d6 thi ham s6 khong? Tit @6 két luén tinh chén, 1é
ctia hm s6 y = cotx.

¢) Bing cich dich chuyén dd thi ham s y = cotx trén khoang (0 ; ) song song véi
truc hoanh sang phai theo doan c6 do dai w, ta nhin dugc d6 thi ham s6 y = cotx trén
khodng ( ; 27) hay khong? Ham s6 y = cotx ¢6 tuan hoan hay khéng?

d) Tim khoéng dong bi€n, nghich bién ctia ham sd y = cot.x.

Ham s3 y = cotx ¢6 tap gid tri 12 R va c6 tinh chét sau:

E « Ham s6 y = cotx 1a ham s3 1€, ¢6 do thi ddi xdng qua gdc toa do O;
« Ham $6 y = cotx tuan hoan chu ki 7;
« Ham s6 y = cotx nghich bién trén mdi khoang (kn ; & + kn) véi k € Z.

Vidu 6 Ham s6 y = cot x ddng bién hay nghich bién  j

trén khoang [E ; EJ? 6 V4 mdi s6 thuc m,
42 tim s giao diém clia dudng
Gidi thing y = m va d thi ham s&
& o , 2 . T T y = cotx trén khoang (0 ; 7).

Ta thdy ham s& y = cot x nghich bién trén khodng [E } 5}
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Dung d6 thi ham s6, tim gia tri cia x trén doan [ 27 ; 27] dé:

a) Ham s6 y = sinx nhan gi4 tri bing 1; b) Ham s6 y = sinx nhn gia tri bing 0;
¢) Him s6 y = cosxnhin gid tri bing — 1;  d) Ham s6 y = cosx nhén gi4 tri bing 0.

5 ~ . \ A N = - o ~ 7 375 ~

2. Dung d6 thi ham s0, tim gia tri cua x trén khoang [—'rc : 7] de:
a) Ham s6 y = tanx nhén gi4 tri bebmg —1;  b)Ham s6 y = tanx nhén gi4 tri bfing 0;
¢) Ham s6 y = cotx nhén gi4 tri b:‘?ing 1¢ d) Ham s6 y = cotx nhén gi4 tri bing 0.

3. Xét su bién thién ciia mo1 ham s6 sau trén cac khoang twong rng:

a) y = sinx trén khoang _9_n;_7_1c : 2&,23—15 ;
2 2 2 2

b) y = cosx trén khoang (- 20w ; — 197%), (- 97 ; — 8n).
4. Dung do thi ham s6, hay cho biét:
a) V6i mdi me[ —1:1], c6 bao nhiéu gid tri a € [—g - g} sao cho sina = m;
b) V6i m6i m €[ —1: 1], ¢6 bao nhiéu gi4 tri & €[0 ; ] sao cho cosa =
¢) V6i mdi m € R, ¢6 bao nhiéu glidtria € (—g 3 g) sao cho tana = m;
d) V6i mdi m € R, ¢6 bao nhiéu gid tri @ € (0 ; 7) sao cho cota = m.

5. Xét tinh chin, 1é ctia cdc ham so:
a) y = Sinx cosx; b) y = tanx + cotx; ¢) y = sin’x.

6. MOt dao dong diéu hoa c6 phuong trinh li @6 dao ddng 1a: x = Acos(@t + ),
trong d6 t la thor gian tinh bang gidy, A la bién do dao dong va x la li d6 dao

dong déu duroc tinh bang centimét. Khi do, chu ki 7 ctia dao dong 1a T = 26:
Xéc dinh gid tri cha li d khi ¢z =0, 1‘=z, f=§, t =¥ t = T va vé dd thi biéu
dién 1i do ctia dao dong diéu hoa trén doan [0 ; 277 trong tridng hop:

A)A=3cm, p=0; b)A:ch,qD=—~g; c)A=3cm,qo=g.

7. Trong bai todn md diu, hiy chi ra mot s6 gid tri clia x d€ 6ng dung nuéc cich
mat nuéc 2m.
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§4 ' PHUONG TRINH LUONG GIAC CO BAN

Mot vé tinh nhin tao bay quanh Trdi Pat theo Vé tinh
mot quy dao 1a dudng elip (Hinh 33). PO cao y

h (km) ctia vé tinh so véi bé mit Trdi Pat dugc / oS0 0
h = 100 {z%

xac dinh bdéi cOng thic h =550+ 450 cos 1

50 ’
(Neuon: Dai sé va Gidi tich 11 Nang cao, NXBGD @

Vié¢t Nam, 2021), trong d6 12 thoi gian tinh bing phuit -
ké tii lc vé tinh bay vao quy dao. Tai thoi diém ¢
béng bao nhiéu thi vé tinh cdch mét dét 1 000 km; 15uk. 33

250 km; 100 km?

Trén thuc t&, ¢6 nhiéu bai todn din dén viéc giai mot trong c4c phuong trinh ¢é dang:
sinx = m, cosx = m, tanx = m, cotx = m, trong d6 x 12 4n s0, m 12 sO thuc cho trude. Céc
phuong trinh d6 la cac phuong trinh ligng giac co ban.

I. PHUGONG TRINH TUONG PUONG

Nhu ta da biét, mot phuong trinh véi 4n x ¢6 dang f(x) = g(x) (1), trong d6 v€ trai f(x) va
v& phai g(x) 12 hai biéu thiic ctia ciing mot bién x. Khi gidi phuong trinh (1), ta cin luu y
t6i diéu kién ddi véi 4n s6 x d€ f(x) va g(x) c6 nghia (tidc 1a moi phép todn déu thuc hién
dugc). Ta cling n6i d6 13 diéu kién xdc dinh ciia phicong trinh (hay goi tit 14 diéu kién
cua phuong trinh).
- i 3 B e B D ... y
=* &P Cho hai phuong trinh (v6i cung an x): x“ - 3x+2=0 (1)

(x-1Dx-2)=0(2)
a) Tim tap nghiém S, cua phuong trinh (1) va tp nghiém S, ctia phuong trinh (2).
b) Hai tip S, S, c6 bing nhau hay khong?
Trong tridng hgp tong quat, ta ¢6 dinh nghia sau:

|;" B ______eenl |
Hai phuong trinh (cling 4n) dudc goi 14 ruong duong néu ching c6 cling tap nghiém.

Néu phuong trinh f,(x) = g, (x) tuong duong véi phuong trinh f(x) = g,(x) thi ta viét
10 =8,(x) © f,(x) = g,(x).
Vidu 1 Haiphttdngtrinhx—Z%=0véx2—6x+9=O p

co tuong duong khong? Vi sao? 1 Hai phuong trinh x—1=0
: 9
: -1
Giat va * =0 ¢6 tiong duong
x+1

Tép nghi€ém cua phuong trinh x -3 =01a §, = {3}. Khong? Vi sao?
Tap nghiém cia phuong trinh X—6x+9=01a S,={3}. T
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Vi§ =5, nén hai phuong trinhx -3 =0 va X —6x+9=0 tuong duong.

¥} Khing dinh 3x — 6 = 0 < 3x = 6 diing hay sai?
Trong cdc phép bién ddi phuong trinh, d4ng chid y nhat 1a cdc phép bién déi khong 1am
thay d@6i tap nghiém ctia phuong trinh. Ta goi chiing 13 cdc phép bién doi tuong duong.
Nhu vay, phép bién doi tuong duong bién mot phuong trinh thanh phuong trinh tuong
duong véi no.

Dinh I sau ddy néu 1én mot s& phép bién dbi tuong duong thudng st dung:

E Néu thuc hién cdc phép bién ddi sau diy trén mot phuong trinh ma khong 1am
thay d6i diéu kién ctia n6 thi ta dugc mot phuong trinh méi tuong ducng.

a) Cong hay trit hai v& véi cling mdt s& hodc ciing mot biéu thiic;

b) Nhan hoic chia hai v& véi ciing mot s6 khdc 0 hoidc véi cling mot biéu thiic

ludn c6 gid tri khac 0.
%
Gidi 2 Giai phuong trinh:
(x—l)2 =5x—11.

Vidu2 | Giai phuong trinh: x> —6x+8=2—x.

Ta co: x2—6x+8=2—x<:>x2—6x+8—(2—x)=0
<:>x2—5x+6=0<:>x=2hoﬁcx=3.

Vay tap nghi€ém cia phuong trinh da chola S= {2 ; 3}.

Il. PHUONG TRINH sin x = m

N & 1 & - ~ e . . . . A
a) Pudng thing d: y :5 ciit @0 thi ham s6 y = sinx, xe[—7 ; ©] tai hai giao diém

A, B, (Hinh 34). Tim hoanh do ciia hai giao diém A, B,.

VA

L]
L
2

'
F o

s

Hinh 34
3 1 4 A g & & % W . i )
b) budng thang d: y = 3 cdt do thi ham s6 y = sinx, x € [n ; 3=] tai hai giao ditm A , B,

(Hinh 34). Tim hoanh d06 cta hai giao diém AI, Bl.
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Nhan xét

: 1 .
Phuong trinh sinx = S ¢O cac nghiém la: x =g+ k2n (ke Z);

x=5§+k2n =n—%+k2n (keZ).

Trong trudng hop tong quat, ta ¢6 thé gidi phuong trinh sinx = m nhu sau:

[- Véi Iml > 1, phuong trinh sinx = m v6 nghi¢m.
) ) _— . T T ) . Ll ,
* V6i Iml £ 1, goi a 1a s6 thyc thudc doan |:— 5 . 5] sao cho sina = m. Khi do, ta co:

= o + k2
sinx = m < sinx = sinx < % " (k e 7).
X=m—-a+k2n

Chii y
a) Ta c6 mot sd trudng hop dic biét sau ctia phuong trinh sinx = m:

esinx = 1<:>x=g+k21r (ke Z);

°sinx=—l<:>x=—g+k2'n (k e}

-sinx=0<:>[x=k2n D x=kn(kel).
x=n+k2n
- o J(x)=g(x)+k2n
b) Ta cé sin f(x) =sin g(x) < [f(x) 88 .(x)+ k2 (k e Z).

¢) Néu x 1a géc lugng gidc c6 don vi do 1a dd thi ta ¢6
thé tim géc lugng gidc x sao cho sin x = sin ¢° nhu sau: 3

x=a° +k360° a) Giai phuong trinh:
sinx =sina’ < (k e Z). NES
x=180° —a° + £360° sinx=7;
Vidu3 | Gidi phuong trinh: b) Tim géc lugng gidc x
sao cho sinx = sin55°.
. 1 . 2
a) sinx = ——; b) sinx = —.
2 2
Gidi . "
i x=—%+k2n x=—g+k2n
a)Dosin [—EJ = ——nénsinx=sin [—EJQ < . (keZ).
¢ . 6 x=n—(—g]+k2n x=?+k2n
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= B x=2412n
. T 2 . . . T 4 4 ke?
b) Do sin— =—— nén sinx =sin— & g 2 (k € Z).
42 * g o x=—+k2m
Vidu4 = Giai phuong trinh: ) )
a) sin 3x = sin 2x; b) sinx = cos 3x. 4 Giai phuong trinh
Gidi sin2x = sin(x+;].
)sin3x =sin2x < =Rk &5 o (keZ)
a)sin3x =sin2x e 7).
3x=m-2x+k2=n .7c=E+kzit
5 5
x=§—3x+k2n
b) sinx = cos3x<> sinx = sin[n—3x)<:>
2 T
x=n—[——3x]+k2n
2
ax="ikom  [x=Z+kZ
< 2 &5 8 2 (keZ).
T T
—2x=—+Kk2n xX=———kmn
2 4

Vi {—g—kn E 2= Z} ={—§+k‘ﬂ: |k e Z} nén ta cé thé viét nhu sau:

B
x=—+k—

sinx = cos 3x < 8 2 (k € Z).
x=——+kn

lll. PHUONG TRINH co0s x = m

&) 4

a) Puong thang d:y =~;~ ciit d6 thi ham s6 y = cosx, x €[ — 7 ; ] tai hai giao diém C,, D,

(Hinh 35). Tim hoanh d6 cta hai giao di€m CO, Do'
VA
; LD} C D d:y=1
O Vi -3
K Z 2 \n . /' " N —
L . Yy = COSX
P 2m -1
Hinh 35
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b) Pudng thing d: y = % cit dd thi ham s6 y = cosx, x € [ ; 37] tai hai giao diém ]
(Hinh 35). Tim hoanh do ctia hai giao diém Cp» Dy
Nhdn xét

Phuong trinh cosx = L c6 cdc nghiém la: x = g +k2n (keZ)va x = —§+ kK2n (ke Z)

Trong trudng hop téng qudt, ta ¢6 thé gidi phuong trinh cosx = m nhu sau:

[ * VGi Iml > 1, phuong trinh cosx = m v6 nghiém.
* V6i Iml < 1, goi e 1a s6 thuic thude doan [0 ; ] sao cho cosa = m. Khi dé, ta c6:
X=a+k2n

COSX =M <> COSX =COSX & (ke Z).
x=—a+k2n

gi"i:; c6 mot sd trudng hop dic biét sau clia phuong trinh cosx = m:
scosx=1<x=k2n (ke Z),
scosx=—-1<>x=n+k2n(keZ),
scosx=0cx =E+kTE(kEZ)_

b) Ta c6 cos f(x) = cos g(x) < B:g; z «f(gx()x;fizn (k e Z).

¢) Néu x la goc lugng gidc c6 don vi do 1a dd thi ta c6 thé tim gée lugng gidc x sao cho

o o | x=a"+k360°
cosx =cosa nhu sau: cosx =cosa” & (keZ).
x=-a’+k360° A—
Vidu5 | Gidi phuong trinh: VF’
\/5 5
) eosgp=io 4 B) vanE == a) Giai phuong trinh:
1
Giai cosx=——.
ldl - )
@ N X gy I + k21 b?’ Tim goéc lugng
2) Do cos— = Y2 nén cosx = cos— < (keZ). &dc x sao cho
6 2 6 g L cosx = cos (— 87°).

3n

x=—+k27
b) Do cos:%n = —% nén CoSXx = cos% & 4 (k € Z).

x=—7n+k27c
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; - ; T
Vidu 6 © Giai phuong trinh: cos3x = cos(x +—].

6 Gidi phuong trinh duge
Gidi néu trong bai todn md dau.

3x=x+L+k2m L
Ta c6: cos3x :cos(x +E] ) = 6 (k € 7).
3 T T T
3x=—[x+—]+k21t X=——+k
i 3 L 12 2

IV. PHUONG TRINH tan x = m

&

o]

S Ty

Hinh 36

T T

L]

a) Tit hoanh do giao diém cta dd thi ham s6 y = tanx va duong thang y = m trén khoang
( 21D ) , hdly x4c dinh tat ca cdc hoanh do giao diém cia hai do thi dé.

b) C6 nhan xét gi vé nghiém clia phuong trinh tanx = m?

Trong trudng hop tong quadt, ta ¢6 cdch gidi phuong trinh tanx = m nhu sau:

TR el

¥ —
L

2] sao cho tana = m. Khi d6 v6i moi m € R,

tachd: tanx=m S tanx=tana < x=a +kn (ke Z).

Lo N . T T
Goi ar1a s6 thyc thudc khoang (- —

Chii y: Néu x 1a géc lugng gidc ¢6 don vi do 1a do thi ta c6 th
cho tanx = tana® nhu sau:

[¢>8

tim goc lugng gidc x sao

S

"

tanx=tana’ © x=a°+k180° (k € Z).
Vidu7

SN

Giai phuong trinh: ) Gt pltveir i fonoe= 1.
a)tanx = —; b) tanx=-1 b) Tim goc lugng gidc x sao
\/5 ’ ' cho tanx = tan67°.
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Gidi
1 |
a) Do tang=— nén tanx =— <:>tanx=tang<:>x=%+kn(keZ).

V3 V3

b) Do tan(—%] =—]néntanx=-1 <:>tanx=tan(—%]<:>x= —g+ kn(keZ).

V. PHUONG TRINH cot x = m

(P Quan sit cdc giao diém clia dd thi him s y = cot x vi dudng thing y = m (Hinh 37).

',\ i |

a) Tii hoanh d6 giao diém ctia d6
thi ham s6 y = cotx va dudng
thang y = m trén khoang (0 ; ),
hay x4c dinh tat ca cdc hoanh
dd giao diém ctia hai dd thi d6.

o “2m IZENE AN
b) C6 nhin xét gi vé nghi€ém cua ‘ 2 \l{ 2
phuong trinh cotx = m? ’ L L y=m
Trong trudng hop tong quét, tacd | E \ \
cach giai phuong trinh cotx = m ' : Hinh 37 ' '

nhu sau:

V ® = " /I m
Goi « 1a 6 thuc thude khodng (0 ; ) sao cho coter = m. Khi d6 véi moi m € R, ta ¢o:

cotx=m<<cotx =cotax < x=a+kn (keZ).

Chii y: Néu x 12 géc luong gidc ¢6 don vi do 12 @6 thi ta ¢6 thé tim géc lugng gidc x sao

cho cotx = cota® nhu sau: P
cotx =cota’ < x=a° + k180° (k € 7). %
rr i e by s
Vidu 8 = Giai phuong trinh: cot2x = —\/5. R
a) Giai phuong trinh: cotx= 1.
Gidi b) Tim g6c¢ ligng gidc x sao

cho cot x = cot(— 83°).
Do cot%ﬂ =—4/3 nén cot2x = —\/5 Heot2x= cot%r

<:>2x=5—n+kn<:>x:5—n+k£(keZ).
6 12 2

V1. GIAI PHUONG TRINH LUGNG GIAC CO BAN BANG MAY TiNH CAM TAY
C6 thé sl dung mdy tinh cim tay (MTCT) d€ gidi cdc phuong trinh lugng gidc co bén.

Vidu9 = St dung MTCT d€ giai mdi phuong trinh sau vé6i két qua 1a radian (1am tron
k&t qua dén hang phan nghin).
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: |
a) sinx = 0,6; b) cosx = —5; c)tanx= \E
Gidi
Sau khi chuyén mdy tinh sang ché do “radian”.

a) BAm lién ti&p 0)()(6)(=) 9 Sit dung MTCT @& gidi

mdi phuong trinh sau vé6i két

-

Ta dudc ket qua gan ding 1a 0,644. qua 1a radian (Iam tron két
Viy phuong trinh sinx = 0,6 ¢6 cdc nghiém la: qua dén hang phan nghin):
a)sin x=0,2;
x~0,644 + 2w, ke Z )
bycosx= —;
va x=~n—0,644 + k2n, ke Z. 3

b) Bém lién ti€p SHIFT)(cos) () (1) ) (3) (3 ¢) tan x = V2.

Ta dugc két qua gan ding 1a 1,911,

1
Viy phuong trinh cosx = 3 c6 cac nghiém la: x ~ 21911 + k2=, k e Z.

¢) Bim lién tié€p (SHIFT|(tan) (0 |( 3 J(=)
Ta dugc két qua gan ding 1a 1,047.

Vay phuong trinh tanx = \Ecé nghiém la: x ~ 1,047 + kn, ke Z.

Chu y
1

DE giai phuong trinh cotx =a (a # 0) bing MTCT, ta dua vé giai phuong trinh tanx = —.
a

re A ~ A e 9 . . L x ~ A gD
Vidu 10 © MOt ciy cAu ¢6 dang cung AB ctia @6 thi ham s6 y = 4,2. cosg va dudc mo ta
trong hé truc toa do véi don vi truc 12 mét nhu & Hinh 38. Mot sa lan chd khéi hang hod

dudc xép thanh hinh hop chit nhat véi do cao 3 m yA
s0 v6i muc nude sdng sao cho sa lan ¢6 thé di qua

dugc gAm ciu. Chiing minh ring chiéu rong clia A/\B

khoi hang hod d6 phai nhé hon 12,5 m., . 0 4m
Gidi Hinh 38

=Y

Véi mbi diém M nidm trén mit cau, khodng céch tit diém M dén mit nudc tuong tng vé6i
gid tri tung d0 y cua diém M.
. " X x 5 5 & T
Xét phuong trinh: 4,2.cos —=3<cos—=—.Doxe [-4n;4 ] nén = € Bl ],
8 g8 7 8 2°2
b

Khi d, ta c6: cos% = % o % = £0,775, suy ra 71 < 078 & [+ < 6,24.

Do sa lan ¢6 thé di qua dudc gim cAu nén chiéu rong ctia khoi hang hod la:
2|xl < 12,48 < 12,5 (m).

39



B eiiTar

1.

40

Giai phuong trinh:

a) Sin(Qx—n]=—\/§; b) Sin[3x+3]=—l; c) cos(+] £
3 4 2 2 4

d) 2cos3x+5=3; e) 3tanx:—x/§; g) cotx—3:\/§(l—cotx).
Giai phuong trinh:

; T 3 ; ) 2 i
a) sm[?.x + Z] =$inx; b) sin2x = cos 3x; C) cos“2x =cos (x + EJ
Diing d6 thi ham s6 y = sinx, y = cosx dé xdc dinh s6 nghiém ctia phuong trinh:

a) 3sinx + 2 = 0 trén khoang (_ 5?’1 . 57“}

b) cosx =0 trén doan | — e ’ S—E

2 2
S& gid c6 4nh sdng mit trdi chia mot thanh phd A & vi @6 40° Bic trong ngay thi ¢
ctia mot ndm khong nhuén duge cho bdi ham s&

d(t)=3sin|i18i2(t—80)}+12 véi teZ va 0 <1< 365.

(Nguon: Paqi s6 va Gidi tich 11 Nang cao, NXBGD Viét Nam, 2020)
a) Thanh phd A ¢6 ding 12 gid ¢6 4nh sdng mit trdi vao ngdy nio trong nim?
b) Vao ngay nao trong niam thi thanh phd A ¢6 ding 9 gid ¢6 anh sang mit troi?
¢) Vao ngay nao trong nim thi thanh phd A ¢6 diing 15 gid ¢6 dnh sdng miit troi?

Hoi Lim (tinh Bic Ninh) duge t6 chic vao mua xuén thudng c¢o tro choi danh du.
Khi ngudi choi du nhiin déu, ciy du sé dua ngudi choi du dao dong quanh vi tri

can bang (Hinh 39). Ngh1en ctiu tro choi nay, ngum ta thiy khoang cach h (m) tu
vi trf ngudi choi du dén vi tri cin bang dugc biéu dién
qua thoi gian 7 (s) (v6i ¢t = 0) bdi hé thic h = ’d | vil

d= 3cos[§(2t - I)],trong doé ta quy udc d > 0 khi vi

tri cAn bing & phia sau lung ngudi choi du va d < 0
trong truong hop ngudc lai (Nguén: Dai sé' va Gidi tich 11
Néng cao, NXBGD Viét Nam, 2020). Vao thoi gian ¢ nao thi
khoang cdch 21a 3 m; 0 m?

Vi tri cdn bang

Hinh 39



BAI TAP CUOI CHUONG |

Ham s6 y = sinx dong bién trén khoang:

3 T T T
A.(0;m). B.| ——;——|. ===, D.(—7:0).
(0;m) ( - 2] C ( J (—m;0)

2. Ham sd nghich bién trén khoang (x ; 2m) la:
A.y=sinx. B. y =cosx. C.y=tanx. D. y =cotx.

3. Néutan(a + b) = 3, tan(a — b) = — 3 thi tan2a bing:

A. 0. B. E C. 1. D. —i.
5 4
4. Hicova = titcosSeils ng:
AL B.— . o p. -2
8 8 16 16
. 3 e 5
5. Néu cosa= 3 va cosh = 2 thi cos(a + b) cos(a — b) bang:
A. 0. B! 2. C. 4. D, 5.
V2
6. Néu sina=-= thi sin| a+= |+sin| a—= béng:
3 4 4
A2 B. L. c.-Z. D. <.
3 3 3 3
7. SO nghiém cta phuong trinh cosx = 0 trén doan [0 ; 107] la:
A.S. B.9) C. 10. D. 11.
8. SO nghiém ctia phuong trinh sinx = 0 trén doan [0 ; 10x] la:
A. 10. B. 6. Ko S D. 11.

9. Phuong trinh cotx = — 1 ¢6 nghiém la:

A. -gwm (k7). B. §+kn (k € 7).
T T
C.Z+k2n(kEZ). D.—Z+k27|:(keZ).
V2 i
10. S6 nghiém ctia phuong trinh sin| x 2 2 5 trén doan [0 ; =] la:
A. 4. B. 1. C.2. D. 3.

4]



St 5w

11. V& dd thi ham s6 y = cosx trén doan | ——; 7} roi xdc dinh s& nghiém cua

13.

14.

42

phuong trinh 3cosx + 2 = 0 trén doan do6.

Gidi cic phuong trinh sau:

a) sin(Zx —g] = —ﬁ;

2

¢) sin3x — cosS5x = 0;

e) sinx — \/gcosx i &

b) cos 3—x+E =l;
2 4) 2

d) cos’x = l;
4

g) sinx + cosx = 0.

Hing ngay, muc nudc cia mot con kénh 1&n xudng theo thuy triéu. D6 sau i (m)

cua myc nudc trong kénh tinh theo thoi gian ¢ (gid) trong mot ngay (0 <t < 24) cho

e o . Tl A . ;
bGi cong thic A = 3COS[F + I]+ 12 (Nguon: Daqi s6 va Gidi tich 11 Néang cao, NXBGD

Viét Nam, 2021). Tim ¢ d€ @6 sau ctia muc nude 1a:

a) 15 m; b) 9 m;

Mot ciy ciu c6 dang cung OA clia
i ] o X
@6 thi ham s6 y = 4,8.sin G duige
mo ta trong hé truc toa d6 véi don
vi truc 1a mét nhu & Hinh 40.
a) Gia st chiéu rong clia con song
12 d6 dai doan thdng OA. Tim chiéu
rong d6 (lam tron két qua dén hang
phan mudi).
b) Mot sa lan ché khéi hang hod duige
xép thanh hinh hdp chii nhat véi do
cao 3,6 m so véi muc nudce sdng sao
cho sa lan c6 thé di qua dudc gim
cau. Chiing minh ring chiéu rong
ctia khdi hang hod @6 phai nhd hon
13,1 m.

y A

¢) 10,5 m.

Hinh 40

e Mo : S B P s oy e
oA N R L O o e S e % 1 M1 Db B
b P N R PR A IS T S RS R T R F R e

(Nguon: https.//shutterstock.con)

¢) Mot sa lan khic ciing ché khoi hang hoa dude xép thanh hinh hop chii nhat véi
chiéu rong ctia khoi hang hod d6 12 9 m sao cho sa lan ¢6 thé di qua dude gim cau.
Chiing minh rang chiéu cao ctia khéi hang hoéd d6 phéi nh6 hon 4,3 m.




DAY SO CAP sO CONG
VA CAP SO NHAN

Trong chuong nay, ching ta sé tim hiéu nhitng néi dung sau:
day s6; cap s6é cdng va cap sé nhan.

Hoa lan y (1 canh) Hoa rum (1 canh) Hoa xuong rong (2 canh) Hoa duyén linh (3 canh)

Hoa man (5 canh)  Hoa canh budém (8 canh)  Hoa da quy (13 cénh) Hoa cuc tay (21 canh)
(Nguon: https://shutterstock.com)

Mot s6 loai hoa ¢6 8 lugng canh hoa ludn 1a mot s6 ¢6 dinh. S6 canh hoa trong cdc bong
hoa thudng xuét hién nhiéu theo nhiing con s6 1, 1, 2, 3, 5, 8, 13, 21,

Ta ¢6 thé viét s& cdnh hoa cta cdc bong hoa & cdc hinh trén 14n lugt nhu sau: vi trf thi
nhat viét s6 1, vi tri thi hai viét s6 1, vi trf thid ba viét s8 2, ..., vi tri thif tdm viét s 21.
- e . At o & ey 9
Cdcso1,1,2,3,5,8, 13, 21 duoc viét theo quy tdc trén "’ﬁﬁ}%ﬁ.

201 nén khai niém nao trong todn hoc?

I. KHAI NIEM

Mot vat chuyén dong déu véi van téc 20 m/s. Hay viét cdc s6 chi quang dudng
(don vi: mét) vat chuyén dong duge lan lugt trong thdi gian 1 gidy, 2 gidy, 3 gidy, 4 gidy,
5 gidy theo hang ngang.
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Ta ¢6 khai niém sau:

@- M&i ham s6 u: {1;2;3; ...;m} = R (m € N*) dugc goi 1a mot diy s6 hitu han.

Do méi s6 nguyén duong k (1 < k < m) tucng tng v6i diing mot s6 u, nén ta c6 thé

¢ ~ ' - 2. . -
viet day so d6 dudi dang khai trién: u , u,, u, ..., U,

e LT ~ A e PO B ~ Als 7 ~ g -
* SO u, goi la s0 hang dau, s6 u,, goi 1a s6 hang cudi cia day so do.

Vidul &= Ham s6 u(n) =2n x4c dinh trén tip hop
M = {1; 2; 3; 4; 5} 1a mdt day s hitu han. Tim s6 hang
dau, s6 hang cudi va viét diy s& trén dudi dang khai trién.
Gidi
SO hang dau, s6 hang cudi cta day sd lan lugt 1a: u
Uy = 10.

Dang khai trién clia day sodola: 2,4, 6,8, 10.

1=2

Ny ~° 1 s . 5 o
7Y Cho ham s8 u(n)=—. ne N, Hiy viét cdc s6 u
n

Ta c6 khdi niém vé day s6 vo han (goi tdt 12 ddy s6) nhu sau:

l: e M6i ham s6 u: N* — R dudge goi 1a mot diy sd vo han.

12 Uss oees

1 Ham s8 u(n) = n’

xac dinh trén tip hdgp
M={1;2;3;4;5} 1amdt
ddy s hitu han. Tim s0
hang d4u, s& hang cudi
va viét ddy so trén dudi
dang khai trién.

U,, ... theo hang ngang.

Do méi s6 nguyén duong n tuong Gng véi ding mot s6 u,, nén ta ¢6 thé viét day s6

d6 dudi dang khai trién: Uys Uy hes - NN, ..

« Dy s6 d6 con dudc viét tit 1 (u,).

*S6 u , goi la s6 hang thit nhat (hay sé hang dau), s6 u, goi la sO hang thit hai, ...,
s6 u, goi 12 56 hang thit n va 1a s6 hang tong quét cta day s6 do.

Chii y: Day s6 khong doi 12 ddy s6 ¢6 tat ¢4 cdc s hang déu biing nhau.

Vidu2 = Cho (u,) 1a ddy cdc s6 tu nhién 1€ viét theo thi
tu ting dan vau, = 1.
a) Viét niim s6 hang dau cla day s (u,,).
b) Du dodn sd hang téng quat va viét dang khai trién cia
day so (u,).
Gidi
a) Ndm sd hang dau cta diy so (u,) la:

ulz1;u2=3;u3=5;u4=7;u5=9.

-

2 Cho day s6 (u,) = n°.
a) Viét nim s6 hang diu
va s8 hang tong quét clia
day so (u,,).

b) Viét dang khai trién
clia day s (u,,).

b) S6 hang tdng quét ctia day s6 (u,,) dugc du dodn 1a u, = 2n - 1 véin € N

Dang khai trién cha day s6 (u,) 1a: 1, 3,5, ..., 2n — 1, ...
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Il. CACH CHO MOT DAY sO

= - A ~ ~
B Xét moi day so sau:

* Diy s0: 1,4, 9, 16, 25, 36, 49, 64, 81, 100 (1)

* Day s6 (u,,) dugc xdc dinh boi: VSi moi 8 tu nhién n > 1, u, 1a s8 thap phan hiiu han ¢6

(13 2]

phan s6 nguyén 14 1 va phan thap phan la n chii s6 thap phan dau tién ding sau dau “,
clia s6 V2. Cuthé 1a:u, = 1,45 u, = 14131, = 1,414, u, = 1,4142; u = 1,41421; ... (2)
* Diy s8 (u,) v6iu, = (- 2)" (3)
* Day s0 (u,) dugc xéc dinh boi: w =1vau, =u, ;+2v6imoin>2(4)
a) Hay néu cich x4c dinh mdi s6 hang ctia 14n lugt c4c diy s6 (1), (2), (3), (4).
b) Tit d6 hady cho biét day s6 c6 thé cho bing nhiing c4ch nio.

Ta c6 thé cho diy s& bing mot trong nhiing cdch sau:

av . -
[ * Liét ké céc s hang ctia day s6 d6 (v6i nhiing diy s6 hitu han va ¢6 it s& hang).
* Dién dat biing 13i c4ch x4c dinh mdi s6 hang ctia diy s6 do6.
e Cho cdng thifc clia s& hang tong quét cta diy s6 do.

* Cho bing phuong phdp truy hoi.

Vidu3 | Hiy néu cich xdc dinh mdi ddy s6 sau:
a) Day so 1, 8,27, 64, 125, 216, 343, 512, 729, 1 000 (5)

b) Day s6 (u,) dugc xdc dinh bsi: V6i mdi s6 ty nhién n > 1, u, 1 s6 thip phan hitu han
c6 phén s& nguyén 13 3 va phén thap phan 14 n chil s thip phan diu tién diing sau diu
“’cuasom  (6)

¢) Dy s0 (u,,) v6i u, = n”+n (7)

d) Dy s6 (u,) dugc xdc dinh boi: uy=1vau,=2u, [ véimoin=22 (8)

Gidi

a) Ddy s0 (5) dugc xdc dinh bing cich liét ké cdc s& hang clia diy so.

b) Dy s6 (6) dudc xac dinh bing cdch dién dat bing 18i cdch x4c dinh mdi s& hang cua
day sd.

¢) Day s6 (7) dudc xdc dinh bing cach cho cdng thiic clia s6 hang tdng quat ctia day so.

d) Day sé (8) dudc xdc dinh bing cdch cho bing phuong phép truy hoi.
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Vidu4 = Day s6 dugc néu trong phan mé diu dugc )

goi 1a diy s6 Fibonacci. “3 Cho diy s6 (u,) vGéi

~ A . . 5 A A ’ . Pyt n_3 Y
Day s06 Fibonacci 1a day so (u,) duoc xac dinh boi: B T Tim us3, Uz33 va
4y =, 0= VA By =y i g VOLIOLRZ3() viét diy 58 dudi dang khai trién,

Viét mudi s6 hang diu ctia diy s6 (u,,).
Gidi
Ta cé: Uy =Uy= 1.

Pé tim U, thay n = 3 vao cong thiic (9), ta dugc: Uy = U+ U = 1+1=2.

2

Pé tim u,, thay n = 4 vao cong thic (9), ta dugc: U, =u, +u,= 2+1=3.

3
Ci nhu thé, ta im dugc mudi s6 hang dau cta day s6 (u,) 12: 1, 1,2, 3,5, 8, 13, 21, 34, 55.

Ill. DAY SO TANG, DAY SO GIAM

Cho day s6 (u,,) v6i u, = n®. Tinh U, . - Tu do, hay so sdnh u,, , | va u, v6i moi

V N — £ .
«Day s8 (u,) dugc goi 1a day so ting néu u, , | > u, v6i moi n € N,

« Day s6 (u,) dudc goi 1a day s6 gidm néu u,,, | < u, v6i moi n e N".

Vidu5 | Ching minh ring day s6 (u,) v6i u, = 3n — 2 1a mot day sd ting.

Gidi 2

o =3+ 1)=2=3n+1. ;

Véi moin e N*, ta co: u ) S 2
) 4 Chiing minh rang day so

Xét hiéu: u, , 1 —u,=0CBn+1)-CBn-2)=3>0

. Voo o o
A . (v,) v6i v, =— la mot day
hayu, ,>u, v6imoin e N 3

s6 giam.

Viy day s6 (u,) 1a mot day so ting.

Chu y

Khoéng phai moi day s6 déu la day s6 tang hay day s6 giam. Chang han, day s6 (u,) v6i
u, = (— 1)" ¢6 dang khai tri€én: — 1, 1, — 1, 1, — 1, ... khong la ddy s6 ting, cling khong

1a day s6 giam.
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IV. DAY SO Bl CHAN

® Cho day s6 (u,) véiu, = 1 + i Khang dinh u, <2 v6i moi n € N* ¢6 diing khong?
n

I « Ddy s (u,,) dugc goi 1a bj chén trén néu ton tai mot s6 M sao cho u
neN".
« Ddy s8 (u,,) dugc goi 1a bi chén dudi néu ton tai mot s6 m sao cho u, > m véi moi
neN".
« Day s6 (u,) dudc goi 1a bi chdn néu né viia bi chin trén, vita bi chin dudi; tic 12 ton
tai cdc s m va M sao cho m < u,, <M v6i moi n € N*,

< M v6i moi

11—

=

Vidu 6 = Chiing minh ring day s& (u,) v6i

4. =

u :2n+5];‘1 bi chiin. 5 Chiing minh ring ddy s6 (1,,)
" on+l n?+1
véi u, = - 1a bi chin.

Gidi N 4

2n+ 2 )+
Ta co: u, = i 5= \np 3=2+ 2 ,VI’IEN*.

n+l n+l n+l

3 o 7 7 %
Vi O< <—,VneN nén2<2+ < — hay 2<uHS-—,VneN.
n+l 2 n+1 2

Viy day s (u,) la ddy s6 bi chin.

Bl BAi Tip

1. Viét nim s6 hang dau cia mdi ddy s8 c6 s6 hang tdng quét u, cho bdi cong thic sau:

(- 1"
a)u =2n2+1; b) u = :
) )ty 2n-1
2" 1+ 1)
ks ‘”"‘”‘(”n)'

2. a) Goi u, 1a s6 chim & hang thd n trong Hinh 1. Dy dodn cong thic cla s& hang tong
quét cho day so (u,)).
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b) Goi v, la tong dién tich clia cdc hinh t6 mau & hang thit n trong Hinh 2 (mdi 6
vuong nhd 13 mot don vi dién tich). Du dodn cong thiic ctia s6 hang tdng quét cho

day so (v,).
Hang thit 1 @) Hang thit I @
Hongthir2 @ @ Hang thit 2

Hang thit 3 . . . Hang thit 3
Hamgmit4 @ @ @ @  Hang it 4

Hinh 1 Hinh 2

- - o o 7 - ~ ~ -
Xét tinh tdng, giam cua mo1 day so (u,), biet:

n—3 3"
: b)u_ = x )ld=(—1".2"+1).
— )u, o Yu,=(=1)".( )

a)u, =

Trong cic day sO (u,) dugc xdc dinh nhu sau, ddy sO nao bi chin dudi, bi chin trén,
b1 chin?
1

n2+n

a)un=n2+2; bu,=-2n+1; c) u, =

Cho day s8 thuc duong (u,,). Chiing minh ring diy s& (u,) 12 day s6 ting khi va chi

Up+1

khi > 1 véi moi n € N*.

uﬂ

Chi Mai gtii tién tiét kiém vao ngén hang theo thé thic 1ai kép nhu sau: Lan du chi
gtii 100 triéu ddng. Sau d6, cii hét 1 thang chi lai giii thém vio ngan hang 6 triéu dong.
Biét 1ai sudt ctia ngan hang 1a 0,5% mot thang. Goi P, (triéu dong) 1a s& tien chi ¢6
trong ngan hang sau n thang.

a) Tinh s6 tién chi c6 trong ngin hang sau 1 thang.
b) Tinh s tién chi ¢6 trong ngin hang sau 3 thdng.

c¢) Du dodn cong thiic cta P, tinh theo 7.



§2 | CAP SO CONG

Rudng bac thang 13 mot hinh thifc canh tdc c6 nhiéu
& khu vuc Tay Bic va Pong Bic Viét Nam. Hinh
anh rudng bac thang thé hién nét dep van hod, la
cong trinh nghé thuat doc ddo cta dong bao ving S
cao phia Bic. Rudng bic thang & mot s6 ndi da trd &
thanh nhiing dia chi tham quan du lich day hap din
cta du khéch trong nudc va quoc té.

MGt rudng bac thang c6 thia thap nhét ndm 6 do |

cao 1 250 m so véi muc nuéc bién, dd chénh léch
gitia thua trén va thta dudi trung binh 1a 1,2 m.

Rudng bac thang Mi Cang C hdi — Yén Bm
(Nguén: https://shutterstock.com)

Hoi thita rudng J bac thit 10 c¢o dé cao la bao nhiéu so
vai muc nudc bién?

I. DINH NGHIA
“SRP Chodiy s6-2,3,8, 13, 18,23, 28.

K& tii s6 hang thi hai, néu méi lién hé ctia mbi s6 hang véi s& hang didng ngay trude no.
Cép s6 cong 1a mot day s6, trong d6 ké tii sd hang iN”’ S s g
th hai, m&i s& hang du bing tdng ciia s6 hang €u (u,) la cap so cong

diing ngay trudc né véi mot s6 khdng doi d, tic la: vol e sal d thi )VG' S0
) tu nhién n > 2, ta c6:
U, =u, 1+dvéinz2.

S6 d dudc goi 1a cong sai chia cip sO cong.

u,—u,_1=d.

Chii y: Khi d = 0 thi cip s6 cong 12 mdt diy s& khong ddi.

Vidul | Cho cép s6 cong (u,) véi u =9, cong said=-2.

Viét ba s6 hang diu ctia cip s6 cong do. ?
Gidi 1 Cho (u,) 1a cp s cong

. - A
Ba s6 hang dau cta cip so cdng (u,,) la: u, =9; VOiuy ==T7, uy =—2. Viet

2=“1+d=9+(_2)=7; u3=u2+d=7+(—2)=5. nizmso/hangdaucuacapso
cong do.

Vidu2 | Day cac s6 tu nhién 1€ lién tiép 1, 3, 5,
2n -1, ... ¢6 1a cip sd cong hay khong? Vi sao?
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Gidi 9

D%iy C?’.C sO tu nhifén 1é }ién tiép 1, 3,_5, % 231 e 1a ® Cho diy 6 (1) vi

cap s6 cong vi ké tif s6 hang thd hai, moi s6 hang bdng 3

s hang diing ngay trudc né cong véi 2. Cong sai ciia cdp ~ Un=—>n+7(n21). Dy (u,)

s cong nay 1a 2. c6 la cllp s6 cong khong?
Vi sao?

I. S HANG TONG QUAT

o o

=7k Cho cap sd cong (u,,) c6 s6 hang dau u, cong sai d.
a) Vi€t nam s6 hang dau cuia cp s6 cong theo u vad.
b) Du doédn cong thiic tinh u,, theo u, vad.

V 0 A A 2 ~ A ~ ~ / . ~ ~ A 2
Neéu cap s0 cOng (u,) ¢6 s6 hang dau u, va cong sai d thi s6 hang tong quat u, dugc

xac dinh bdi cong thiic:

1

un=u1+(n—1)d véin > 2.

u :
Nhan xét: Tit cong thiic u, = u  + (n—1)d, tac6: n= ”T1+ 1 v&in>2.

- ¢ ot A 1 . 1
Vidu3 = Cho cip s0 cong (u,) v6i s0 hang dau u = 5 cong sai d = &t

a) Tinh Uy

b) S6 — 99 1a s6 hang thii bao nhiéu ctia cip s6 cong (u,,)?

Gidi
a) Theo cong thiic s6 hang tong quét clia cip s6 cong, ta co:
I 1 )
u20=u1+(20—l)d=5+19.[—5]=— . E’
3 Hay giai bai todn trong

b) Gia st — 99 1a s hang thi n ctia cip sO cong. Ta ¢o: S e
) ne 1 P g phan mad dau.

3 —99——
Sl +1=——2 +1=200.

.
Vay s6 — 99 1a s hang thi 200 cta cdp s cdng (u,)).

n=

IIl. TONG n SO HANG PAU CUA MOT CAP SG CONG

%) Cho cap sO cong (u,) c6 s6 hang dau u , cong sai d.

l?
+un_l; ;un+u

- - A
a) So sanh cdc tong sau: u +u, ; u

1 2 1

b)bit S, = U+, Hg+ .+ Uy, So sanh n(u1 +u, ) v6i 2§, .
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[ Cho cép s6 cong (u,,) €O s0 hang du u
Khi dé:

vacongsald. DAt S, =u +u,+u, +... +u,

1
§ - (u +un)n.
. 2
[2u; +(n—1)d]n
5 ;

Nhan xét: Dou, = u, + (n—1)dnénu +u,= Zul +(n—1)d. Suyra§, =

1
Vidu4 | Tinhtong: S=1+5+9+ 13+ ...+ 97.

Gidi )
P A ~ A

Ta thiy ddy s6 1, 5, 9, ..., 97 12 ¢ip s6 cong c6 s8 hang @ Tinh tong 7 s hang dau

clia moi cap sO cOng sau:

a3, 1,—-1,...véin=10;

Byil2z i 20k ...
100 véin = 15.

dau u, =1, s0 hang cudi u,, = 97, cong sai d = 4. Vi thé,
s0 cdc s0 hang clia cip s6 cOng trén la:
97-1

u, —u
n=-"—141
d

(1+97).25
2

Viy § = =1225.

Vidu 5 & Mot nha thi ddu ¢6 20 hang ghé danh cho khén gia. Hang thi nhat ¢6 20 ghé,
hang thit hai ¢6 21 gh€, hang thii ba ¢6 22 ghé, ... Cd nhu thé, s6 gh& ¢ hang sau nhicu
hon s gh€ & hang trude 1a 1 ghé. Trong mdt giai thi dau, ban t6 chic d ban dugc hét
s6 vé phat ra va sd tién thu dudc tii ban vé 1a 70 800 000 dong. Tinh gid tién ctia mbi vé
(don vi: ddng), bi€t s6 vé ban ra bing s6 gh& danh cho khén gi clia nha thi diu va céc
vé 1a dong gi4.

Gidi

e A7 9 oy “ A “ s " i, » e A A .

So6 ghé 6 moi hang 1ap thanh mdt cap s6 cong cé sd hang dau u, =20, cong sai d=1.

Cap s cdng nay c6 20 s6 hang.
. L [2.204(20—1).1].20
Do do, tong s0 ghé trong nha thi dau 1a: 8, = 5 = 590.
Vi s8 vé ban ra bing s& gh€ danh cho khan gia ctia nha thi dau nén s6 vé bén ra la 590.

Viy gi4 tién ctia mot vé 1a: 70 800 000 : 590 = 120 000 (ddng).

B eiiTap -

1. Trong cdc ddy sO sau, ddy s nao 1a cip s6 cdng? Vi sao?
1
a) 10, -2, — 14, — 26, — 38,; b) —, 2,2,1;
2 4 2

o) V1, V2, \3, V4, 4/5; d) 1. 4,7, 10, 13.

a
o
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Trong céc diy s6 (u,) v6i s6 hang tong quat sau, ddy sd nao la cip s6 cong? Néu 1a

" A~ oA o~ ~ " A - ~ *
cap sO cong, hdy tim s0 hang dau u va cong sai d.

7
a)u,=3-2n; b) u, = 3n5+ : il =3

Cho cap s6 cong (u,,) c6 s6 hang dau u =-3,congsaid=>5.
a) Viét cong thic cua s6 hang tong quét u,,.

b) S6 492 14 s6 hang thii may ctia cAp s6 cong trén?

¢) S6 300 ¢6 1a s& hang nao cla cap s6 cong trén khong?

Cho cép s0 cong (u,,) c6 u,=4,u,=1 Tinhu,,

1

e A e “

Cho cap s6 cong (u,) voi u, <k +uy+u,==1.

a) Tim cong sai d va viét cong thic cla s& hang tong quat u,,.
b) S6 — 67 14 s6 hang thd may ctia cip sO cOng trén?

¢) S6 7 ¢6 phai 1a mot s& hang chia cip s6 cong trén khong?
Tinh tong 100 s& hang dau cta day s6 (u,) v6i u, = 03n + 5 v6i moi n>1.
Chiéu cao (don vi: centimét) ctia mot dida tré n tudi phat trién binh thudng dugc cho
bdi cong thiic:
X, =15+ 5(n-1).

(Nguon: https://bibabo.vn)
a) Mot dia tré phat trién binh thuding ¢6 chiéu cao niim 3 tudi 14 bao nhiéu centimét?
b) Day s0 (x,) ¢6 1a mot cdp s6 cong khong? Trung binh mét niim, chicu cao mdi
dia tré phat trién binh thudng ting 1én bao nhiéu centimét?
Khi ki két hgp dong lao dong véi ngudi lao dong, mot doanh nghiép dé xuat hai
phuong dn tra luong nhu sau:

Phuong én 1: Nam thd nhat, tién luong la 120 tri¢u. K€ tii ndm thi hai tré di, moi
nam tién luong dudc tang 18 tridu.

Phutong dn 2: Quy thi nhat, tién luong 1a 24 triéu. K& tlt quy thi hai tré di, mdi quy
tién luong dudc ting 1,8 triéu.

N&u 13 ngudi duge tuyén dung vio doanh nghiép trén, em s& chon phuong 4n nio khi:
a) Ki hop dong lao ddng 3 nim?
b) Ki hgp ddng lao dong 10 nim?



S3 = CAP sO NHAN

Vi khuin E. coli trong diéu kién nudi cdy thich hop
ct 20 phiit lai phan d6i mot 1an.
(Ngudn: Sinh hoc 10, NXB Gido duc Viét Nam, 2010)

Gia st ldc dau ¢6 100 vi khuén E. coli.

Hdi ¢6 bao nhiéu vi khudn E. coli . ﬁ‘? o
sau 180 phiit? 3 u

I. DINH NGHIA

Cho diy so% 1,3,9,27, 81,243,

KEé tii s6 hang thit hai, néu m6i lién hé ctia mdi s6 hang véi s6 hang ding ngay trude no.

O i

~ Cdp s6 nhan 1a mot ddy s8, trong dé ké tir s6 hang Néu (u,) 1a cdp s6 nhan
thd hai, mdi s6 hang déu biing tich cta s6 hang v6i cong bdi g va u, = 0
diing ngay trudc né véi mot sd khong doi g, tic la: v6i moi n 2> 1 thi véi s6 tu
w,=u, 1.qvéin=2. nhiénniZ, ta co:
S6 g dudc goi 1a cong boi ctia cAp so nhan. . L
5 — 1

Chii ¥: Khi ¢ = 1 thi cip s& nhan l1a mot ddy s6 khong déi.
Vidu1 = Cho cip s& nhan (u,) voi u =- 2, cong boi

- 1 =l o o 7 7 e ~ -
== Viét ndm s6 hang dau ctia ¢ap s6 nhén doé.

Gidi D}r

1 Cho cip s6 nhan (u,)) v6i

Nidm s6 hang dau cua cap s6 nhan la: U, =- 2 G e i
Mzzul,q:—Z,——lzl;u —u.g=1.-2 ==L, a)Timcong bbig.
2 24 2 2 R 5 o
b) Vi€t nim s6 hang dau cua
-1 -1 1 ] —1 1 cAp s6 nhan do.
H4—_—H3.q:7,7:z’us_u4_qzz _

Vidu 2 @ Trong cédc diy s6 hitu han sau, diy s6 ndo 1a cp s6 nhan? Vi sao?

a) 125,255, 1, é; b) 2, -6, 18, 54.
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Gidi
Xét cic thuong clia s& hang (k€ tit s6 hang thi hai tr di) v6i s6 hang ngay trude né,

ta thy: "
1 =
a) 2 - 3 - 1 =9 - l Vay day s6 da cho la cap s6 nhin W S50 WAy SU e,) VA
125 25 5§ 1 5 u,=3.2"(n21). Day (u,)
wooa A ¢6 la cdp s nhan khong?
vOi cong bdi g = 5 Vieug?
b)%ﬁ:— 3, 1—86:—3, %=3¢— 3. Vay day s6 da cho khong 14 cip s6 nhan.

I. S HANG TONG QUAT

~ ~ A~ - ~ A A A
74 Cho cap s6 nhan (u,,) c6 s6 hang dau u,, cong boi ¢.
a) Vi€t nim s6 hang dau clia cip s6 nhan theo u, va q.
b) Du doan cong thic tinh «,, theo u, va g.

V &N 1 T __ -
N€u cap s6 nhan (u,) c6 s hang dau u, va cong bdi g thi s hang tong quit u,, dugc
xéc dinh bdi cong thic:

l.q"_lvﬁinzl
rr ~ ~ ~ “ ~ A ~ A ]- 2
Vidu3 © Cho cip so nhén (u,) v6i s0 hang dau u =4, cong bdi ¢ = - Tinh u.,.
Gidi

791 2 )16
Vidu4 = Dan s6 trung binh cta Viét Nam nim 2020 1a 97,6 triéu ngudi, ti 1& ting
dan s6 1a 1,14%/mam.

6
A - ~° A P 7 A " A # - - ]- 1
Theo cong thuc s6 hang tong quét cuia cap so nhan, tacé: u, =u, . q7 I=4. (—

(Nguon: Nién gidm thong ké cita Viét Nam nam 2020, NXB Théong ké, 2021)
Gia sti ti 18 ting dan s6 khong doi qua cdc nim.
a) Sau 1 nim, dan s6 clia Viét Nam s& 1a bao nhiéu triéu ngudi (Iam tron két quéa dén
hang phan mudi)?
b) Viét cong thiic tinh d4n s6 Viét Nam sau 7 nim ké tif nim 2020.
Gidi
a) Sau 1 nim, dén s6 cta Viét Nam sé la: u,=97,6+97,6.0,0114=97,6. (1 +0,0114)
=97,6.1,0114 ~ 98,7 (tri€u nguoi).

b) Goi u, la dan s6 ctia Vit Nam sau n nim.

54



=

Do ti 18 ting d4n s6 hang nim 12 1,14% nén ta co: .N;V

w,=u, +u, ;.00114=u, .(1+0,0114) 3 Bic Linh guii vao ngén hang
» 100 triéu dong tién tiét kiém véi

=,y 10114 v6in22. hinh thiic 1di kép, ki han 1 nim
Do d6, (u,) 1a cip s& nhéan c6 s& hang dau véi lai sudt 6%/nim. Viét cong
) N thidc tinh so tien (ca goc va lai)

u,=976.10114, cong bdi ¢ =10114. ma béc Linh ¢6 dudc sau # ndm

Vay dan s6 ctia Viét Nam sau 7 ndm ké tif nim 2020 12: ~ (gié st 1ai sudt khong thay d6i
4,=97,6. 10114, 10114" ' =97,6.1,0114" (trigunguoy, I °4¢ nam)
Ill. TONG n S6 HANG PAU CUA MOT CAP SO NHAN

kP Cho cap s6 nhan (u,) c6 6 hang dau u, cong boi g # 1.

o _ _ 2 n—1
bat§,=u +u,+u +...+u,=u, +ug+uqg+..+uqg

a)Tinh S,.qvas, -§,,. q.
b) Tir d6, hay tim cong thic tinh S, theo u, va g.

D Cho cdp s6 nhan (u,) c6 56 hang dau u, va cong bdi q% 1.
bit §, = Uy + Uyt Uy + .+ U, Khi do:
o)
=
l-q

Chii y: Néug=1thi §, = ni,.
Vidu 5 Tinhténg:g=1+l+l+m+i. )
Gidi £
S 1a tong 10 s6 hang diu cla cip s6 nhén c6 4;[‘1’111'1 t(éng % 56 hang ddu cta
moi cap sO nhin sau:

s hang dau u, = 1 va cong boi ¢ =—. 4)3,—6,12,— 24, .. v6in = 12;
10
11X i, L1 vein=s
5 107 100" 1000
R 1023
Vay § = = .
- 512
2

Vidu 6 © Gié stt anh Tudn ki hgp ddng lao dong trong 10 ndm véi diéu khoén vé tién
luong nhu sau: Nam thi nhat, tién luong clia anh Tuan 13 60 triéu. K& tif nim thd hai
tr§ di, mbi ndm tién luong ctia anh Tuén dugc ting 1én 8%. Tinh tdng s6 tién lucng anh
Tuén linh dugc trong 10 nim di 1am (don vi: triéu dong, 1am tron dén hang phan nghin).
Giai
Goi u,, 12 s0 tién luong (triéu dong) anh Tuan dugc linh 6 nim 1am viéc thd n.

Ta c6: U, = 60;



u,= u, 1 +u, .008=u, ;.(1+0,08)=u,_ ,.1,08.

Do d6, (u,) la cdp s6 nhan ¢ s6 hang dau u, = 60, cong bdi g = 1,08.

Ap dung cong thic tinh téng S

di lam 1a; S

ta c6 tong s tién luong anh Tudn linh dugc trong 10 ndm

n®

_60(1-1 .08

~ 869,194 (triéu ddng).
108 (tricu dong)

. BAI TAP

56

Trong céc diy s sau, ddy s6 nao 12 cAp s6 nhan? Vi sao?

a)5;-0,5;0,05; -0,005;0,0005; b)-9,3,- % —é 3 c)2, 8,32, 64, 256.

Chiing minh mdi day s& (u,) v6i s& hang tong qudt nhu sau la cdp s6 nhan:

=3
a)u, = T L2 b)u, = ?; ¢) u, = (- 0,75)".
Cho cAp & nhén (u,) véi s6 hang dau u, =-3,cong bdig=2.
a) Tim U

b) S6 — 320 la s6 hang thii bao nhiéu cta cip s6 nhan trén?
¢) S6 160 c6 phai 12 mdt s& hang ctia ¢ip s6 nhan trén khong?
27

4
a) Tim cong bdi ¢ va viét nim s6 hang dau cta cip s6 nhan trén.

b) Tinh tong 10 s6 hang diu cta cip s6 nhan trén.

Chocapsonhan(u )V(’ilu ) U,

Mot tinh c6 2 triéu dan vao nam 2020 véi ti 1€ tang dan s6 1a 1%/nam. Goi u, 1a
s0 din cta tinh d6 sau 7 nim. Gia st ti 1& ting dan s& la khong doi.

a) Viét cong thiic tinh s6 din cta tinh d6 sau n nim ké tit nim 2020.
b) Tinh s& dan cua tinh d6 sau 10 nim k& tii nam 2020.

Mot gia dinh mua mdt chiée 6 td gid 800 triéu dong. Trung binh sau mdi nim
st dung, gid tri con lai ctia 6 to gidm di 4% (so véi nam trude do).

a) Viét cong thiic tinh gi4 tri cia 6 td sau 1 nim, 2 nim st dung.

b) Viét cong thiic tinh gid tri ctia 6 to sau n nim st dung.

¢) Sau 10 niim, gid tri ctia 6 t6 udc tinh cOn bao nhiéu triéu dong?

Mot ngudi nhay bungee (mot tro choi mao hiém ma
ngudi chdi nhay tif mot noi c6 dia thé cao xudng véi
diy dai an toan budc xung quanh ngudi) tif mot ciy cau
va ciing mot s¢i diy dai 100 m. Sau mbi 14n roi xudng,
nhd su dan hoi cta diy, ngudi nhdy dugc kéo 1én mot
quing duong c6 do dai bing 75% so véi lan roi trude
d6 va lai bi roi xudng ding bing quing dudng viia dudc e
kéo lén (Hinli 3). Tinh tong quang (?‘(lj(‘jng ngudi do di ' Hinh 3
dugc sau 10 lan kéo 1én va lai réi xudng.




BAI TAP CUOI CHUONG I

P e N e "
1. Cho day so (u,) dudc xac dinh boi: u, = 3 va u, =3u, | véi moi n > 2. SO hang
thi nim cta diy s6 (u,,) la:
A. 27. B. 9. C. 81. D. 243.

2. Trong céc diy s6 sau, diy sd nio 1a cAp s& cong?

A.21,-3,-27,-51,~75. B.

C. L3, BT, p Ll 11

3. Cho cap s8 cong (u,) c6 s6 hang dau u, = -5, cong sai d = 4. Cong thiic clia s6 hang
tong quat u,, la:

Au=—5+4n. | B.u,=-1=4n. C.u,=—5+4n*. D.u,=—9+4n.
4. Toéng 100 s6 ti nhién 1é dau tién tinh tii 1 1a:
A. 10 000. B. 10 100. C. 20 000. D. 20 200.
5. Trong cdc day s0 (u,) cho bing phuong phap truy hdi sau, day s6 nao 1a c¢ap s nhan?
A. Diy s6 (u,) dugc xdc dinh boi: u; =1va u, =u, _(n—1) v6i moi n>2.
B. Diy s0 (u,,) dudc xdc dinh boi: )y =1va u, =2u, | +1 véimoin =2,

C. Diy s6 (u,) dudc xéc dinh boi: u; =1vau, = u’

1 VOimoin 22,

a1 VOimoin22.

. R " 1
D. Day s0 (u,) dugc xdc dinh boi: uy =3va u, = gu

P 73 . & i | 5 T X o
6. Cho cap sd nhéan (u,) co u,=—1,cong bdi g =——. Khi dé 1a s6 hang thu:
A.2016. B. 2 017. C. 2018, D. 2 019.
7. Trong céc day sd (u,) sau ddy, ddy s6 nao la day so ting?
A.u,=sinn. B.u,=n-1"  C. unzl. D, =@t

n
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10.

11

12,

13.

14.

15

16.

58

Xét tinh tdng, gidm va bi chiin chia mbi diy s6 (u,) sau, biét s6 hang tong quét:

2
n 2
a) u":n+1; b) un:S—n; u, = (- 1" . n’.

Cho cap s6 cOng (u,,). Tim s6 hang dau u , céng sai d trong moi tridng hgp sau:

11
a) U, +us =42 va u, +uqy = 66; b) u, +uy =22 va u; . us =21.

Cho cip s6 nhin (u,,). Tim s6 hang dau u , cdng bdi g trong mdi trudng hgp sau:

I'}
a) ug =192 va u; =384, b) uy +uy +uy="7vau, —u, =14.

Ti gidc ABCD ¢6 s6 do bon géc A, B, C, D theo thit tu 1ap thanh cép s6 cong. Biét s6
do géc C gap 5 1an s6 do goc A. Tinh s6 do céac gée cia ti gide ABCD theo don vi do.

Ngudi ta trong cdy theo cdc hang ngang vdi quy ludt: & hang thd nhit ¢ 1 cay,
& hang thif hai ¢6 2 ciy, & hang thid ba ¢6 3 cdy, ... 6 hang thd n ¢6 n ciy. Biét
ring ngudi ta trong hét 4 950 cAy. Hoi s6 hang ciy dude trong theo cédch trén 1
bao nhiéu?

M0t cdi thap ¢6 11 ting. Dién tich ctia mit san ting 2 bing niia dién tich clia miit
ddy thdp va dién tich cia mit san méi tang bing nita dién tich clia mit san mdi ting
ngay bén dudi. Biét mit ddy thap c6 dién tich 12 12 288 m2. Tinh dién tich ctia miit
san tang trén cling cta thdp theo don vi mét vudng.

Mot khay nuée ¢6 nhiét do 23 °C dugde dit vao ngin d4 cia th lanh. Biét sau mdi gio,

nhiét do cua nude giam 20%. Tinh nhiét dd cta khay nudc do sau 6 gid theo don vi
do C.

Cho hinh vuéng C, c6 canh biing 4. Ngudi ta chia méi
canh hinh vudng thanh bén phin bing nhau va ndi cic
diém chia mot cach thich hop dé ¢6 hinh vuong C,
(Hinh 4). Tt hinh vudng C2 lai 1am tiép tuc nhu trén dé
¢6 hinh vuong C.. Ci tiép tuc qud trinh nhu trén, ta nhan

dudc day cac hinh vubng Cl, C2, C3, aonn g 350 QL

la @0 dai canh hinh vudng C,. Chiing minh ring day so Hinh 4

(a,) la cap sO nhan.

Ong An vay ngan hang 1 ti ddng véi lai suit 12%/nim. Ong da tra ng theo cich: Bt
dau tiif thang thi nhét sau khi vay, cudi moi thang 6ng tra ngin hang cung s tién la
a (ddng) va da trd hét ng sau ding 2 nim ké t ngay vay. Hoi s6 tién mdi thdng ma
ong An phai tra 12 bao nhiéu dong (lam tron két qua dén hang nghin)?



GIGI HAN. HAM SO UIEN TUC

Trong chuong nay, chiing ta sé tim hiéu nhiing ndi dung sau:
gidi han clia day s6; gidi han ciia ham s6; ham sé lién tuc.

~

§1 | G161 HAN CUA DAY sO

Zénon (Zé-ndng, 496 — 429 trudec Cong nguyén) ﬁ a > iﬁl

12 mot triét gia Hy Lap & thanh phd Edée da ;

h4t biéu nghich 1f nhu sau: Achilles (A-sin) :
fﬁ mot lyc §i trong than thoai Hy Lap, ngudi ﬁ W
dugc ménh danh 1a “cé ddi chan chay nhanh P
nhu gié” dudi theo mdt con rua trén mot _"—’"N
duong thang. Néu lic xuat phat, ria 6 diém
A cich Achilles mdt khoang bing a khéc 0. : —-*w
Khi Achilles chay dén vi trf rha xudt phat ¢thi g T PR
ria chay vé tri6c mot khodng (nhu Hinh 1). A, WA, A5 A4
Qua trinh nay tie’p tuc vo han. Vi thé, Achilles Hinh 1. Hinh minh hoa mot sé vi m clia
khong bao gld du01 klp rua Ackilles @ mila

Tren thu’c té, Achclles khong duoi kzp ria lo vé li.

Kién thitc todn hoc nao co thé gidi thich dugc nghich
li Zénon noi trén la khong diing?

A

. G161 HAN HUU HAN CUA DAY SO
1. Pinh nghia
Hinh 2 bi€u dién céc s6 hang ctua day s6 (u,), v6i u,, = ! trén hé truc toa do.
H
ol
08+
0.6 1
L
041
®
L ]
021 P
® 9 ® @ o o o o ® @ o o o . . s . .

0 1 2 '% 4 5 6 7 8 9 10111213141516171819202122232425’nr
Hinh 2 50



a) Nhan xét vé sy thay doi céc gid tri u, khi n ngly cang 16n.

b) Hoan thanh bang va trd 161 cau hoi sau:

n 1 000 [ 001 10000 | 10001

e, =0 | 0,001 ? ... | 00001 ?

K& tit s hang u,, ndo cua ddy sd thi khodng cdch tif u, dén 0 nhé hon 0,001? 0,00017?

//6@-@‘ * K¢ tit s6 hang uy o, trd di thi khodng cdch tit u, dén 0
( ~ ,\m) nho hon 0,001,

= * Ké it s6 hang uy oo, tr0 di thi khodng cdch tit u, dén 0
nho hon 0,0001.

Ta c6 dinh nghia ddy s6 c6 gidi han 0 nhu sau:

Diy s6 (u,) c6 gii han 0 khi n dan t6i duong vO cuc néu |u,,| c6 thé nho hon
mdt s6 duong bé tuy ¥, k€ tif mot s6 hang nao d6 trd di, ki hieu  lim  u,, =0.
n—+ o
Chii ¥: Ngoai ki hiéu lm u, =0, ta cling st dung cdc ki hiéu sau: limu,, =0 hay
i, >0 khi n — +o. g o=

T Hoat dong 1, ta co: liml 41 M
n

Nhdn xér: Néu u,, ngdy cang gan t6i 0 khi n ngay cang 16n thi limu,, =0.

rr - i e 1 R iy 9 -
Vidul | Cho diy s6 (u,), v6i u, = b)) . Gia st .
~ ~" P N - = n [
. | 3
h 1a s6 duong bé tuy y cho trude. Y@ Gt mminh ing:
a) Tim so6 tu nhién n dé |un|< h. a)lim 0 =0,
. 1
Lo (=D b) lim ——=0.
b) Tinh Iim .
n Vn
Gidi "
-1 1 1 1
@) Taco: fu, =2 =L Do de: | <he—<heon>—.
n n n h

& o ol £ ; L &
Viy v6i cac sO td nhién n 16n hon "1:; thi |un‘< h.

n
b) Theo dinh nghia vé diy s6 ¢6 gidi han 0, ta ¢6: lim b 0.
n

Cho day 3 (u,), Vi = 2+~ Tinh_lim (ut, ~2).
n

n—>+
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Taco: lm (u,—2)= hm —=0.
n—>+ oo n—>+oonR

Vi thé ddy (u,) tién 16i 2 khi n dan tdi vo cuc.

Ta c6 dinh nghia ddy sd ¢6 gidi han hiiu han nhu sau:

]
i/ Diy s6 (u,) c6 gi6i han hitu han 13 a khi n dan t6i duong vo cuc néu
lim (#,-a)=0,kihifu lm u,=a.
n—>+ o n—>+ 0

Chii y: Ngoai ki hifu lim u,, =a, ta cling st dung cdc ki hi€u sau: limu, =a hay
) n—>+ o
u, —> a khi n > +o0.

Vidy 2 & Chiing minh ring:

5 / . 6n+1 —
a) limc = ¢, véi ¢ 1a hing s0; b) lim i L
n

(5E 2 Chiing minh riing

' ‘ A _ _ i ~4n+1 4
a) Do lim(c —¢) =1im 0 = 0 nén theo dinh nghia ve day s6 L T

¢6 gidi han hiiu han, ta ¢6: lime =c.
b) Do lim(6n+1 —6]=1im1=0nén im &+ 6,
n n n

Chii ¥

* Mot day sO ¢6 gidi han thi giéi han d6 1a duy nhét.

¢ Khéng phai diy s nao ciing c¢6 gidi han, ching han nhu diy s6 (u,) véi u,, = (- 1)".
2. Mot so gigi han co ban

Ta c6 thé chiing t6 dudc céc gidi han sau:

a) liml =0; Iimlk =0 vdi k 1a s6 nguyén duong cho trudc;
n n

b) lim< =0 : lim-fk— =0 v6i c 1a hiing s6, k 1a s6 nguyén duong cho trudc;
n n

¢) Néu |g|<1 thi limg" =0
n
d) Day s0 (u,) v6i u,, = [1 +l) 6 gi6i han 12 mot s6 vo ti va goi gidi han do la e,
n n
g lim[l + l) .
n
Mot gid tri gan ding cua e 12 2,718281828459045.
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- o e 1Y
Vidu3 = Chiing minh ring llm(— —] =1 ;—j .
2 3 Ching minh ring

Gidi n
lim [2] = 0.
T

n
Do " = L <1 nén lim(——i) =
2| 2 2
Il. PINH Li VE GI6I HAN HUU HAN
¥ Cho hai diy s0 (u,), (v,) v6i u,, = 8+l; v, = 4—2.
H M

a) Tinh limu,,, limv,,.
b) Tinh lim(xu,, +v,,) va so sdnh gid tri d6 véi tong limu,, + limv,,.
¢) Tinh lim(u,, . v,)) va so sanh gid tri d6 véi tich (limu,) . (limv,).

Ta c6 dinh 1i vé gi6i han hitu han ctia mot tong, ctia mot hiéu, ctia mot tich, chia mot
thuong va cua mét cin thiic nhu sau:

E a) Néu lim u, =a, limvy, = b thi:

lim(u,, +v,) =a+b;
lim(u,, —v,)=a—b.

lim(u, .v,)=a.b;

lim=2 =< (v, 0, b+ 0).
vn

b) Néu u,, >0 véi moi n va limu, = a thi a>0 va lim/u, =a.

Vidu4 | Tinh cdc gidi han sau:

-

2) lim| 2.+ | i, o
n2 n 4 Tinh cac giéi han sau:
2
. 8n"+n
1 -
¢) 1im[5+1J[6—L]. Mima
n A"
\J4+n2
Gidi b) lim :
1 1 !
a)lim(2+—2]=lim2+lim—2=2+0=2.
n

n
b fi 2= =1im[ﬂi)=1im4hlimi=4~0=4.
n n n n

c)ﬁm(sgj(ﬁ;):nm(s;)_nm[ﬁw[z) }
n 4" 7 4
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I1l. TONG CUA CAP 6 NHAN LUI VO HAN

Cho cip s nhan (u,,), v6i 1 =1 va cong boi g = %
a) So sinh |g| vi 1.

b) Tinh S, =u; +uy +...+u,. Tl d6, hdy tinh lim .S,

Ta ndi (u,) la cdp s6 nhan lii vé hagn va im S,
la tong ciia cdp s6 nhén lii vo han do.

Trong trudng hop tong quat, ta cé:

[ Cép s06 nhan v han Uy, Uyqy ooy G ~1 ... ¢6 cong bdi ¢ thoa man |q|<l
duge goi 1a cdp s6 nhan lii vo han.

Tong clia cip s6 nhan 1di vo han dd cho la: S = ug +ug +uyq° +... = %.
. o 11 )
Vidu5 | Tinhtong T =1+—+—+...+ +... :
Giai 5 Tinh tong
n—1
Céc s0 hang clia tong 1ap thanh cip s6 nhan (u,,), c6 u=1, M= 1_%+%_._'+[_%) i
L » 1 Y 5 :
g=—nenl =l+—+—+..+ toa=§ =
3
Vidu 6 | Bi€u dién s6 thip phan vd han tuin hoan
0,(3) duéi dang phan so. '
Gidi 3 6 Giai thich vi sao nghich i
. 3 3 3 S —) Zénon trong phan md dau la
Ta co: 0,(3)_1—+F+...+10n+...—1—1_§. khéng déing.
10

IV. G181 HAN VO cuC

Quan sét diy s6 (u,) V6i u, = n* va cho biét gid tri ciia u,, ¢6 thé 16n hon mot s&
duong bat ki dugc hay khong ké tif mot s& hang nao do trd di.

Ta thdy u,, cd thé lén hon mot s6 duong bat ki
ké tir mot s6 hang nao dé tré di. Ta néi day
(u,,) o gidi han + o khi n — + .

63



Ta c6 dinh nghia vé diy s6 c6 gidi han vo cuc nhu sau:

* Ta n6i ddy s6 (u,) cd gidi han + o khi n— + o0, néu u,, c6 thé 16n hon
mot s& duong bat ki, ké tii mot s6 hang ndo d6 trd di.

Kihi€u lim u, =+ oo hay limu, =+ o hay u, — + o khi n—> + 0.
n—+ o

* Tané6i ddy s6 (u,) ¢d gidi han — o khi n—>+ 0 néu  lim (—u,) =+ .
n—>+ o0

Kihiéu Ilm wu,=-ohay limu, =- o hay u, - — o khi n > + «.
n—»+ o

| 4

Vidu7 | Ching to riing limn> = + oo, g
7 Tinh lim(- n°).

Gidi

Xét day s6 (u,)=n’.
V6i M 1a 6 duong bat ki, ta thily: u, >M < n’ >M < n>M.
Vay véi cdc s6 t nhién n > VAL thi u, >M. Do d6, limn? =+ .
Nhan xét

e lim#n¥ = + o véi k 1a s8 nguyén duong cho trudc.

* limg” =+ o véi ¢ >1 1a s& thuc cho trudc.

» * 5 - w . ~ . U
* Néu limu,, =a valimv, =+ o (hodc limv, =— o) thi lim—2=0.

Vi

o < 37 ——
* Néu limu, =a,a>0 va limv, =0,v, >0 v6i moi n thi lim—2 =+ .
. . vn
* limu, =+ o< lim(—u,) =— ».

-

n
Vidu 8 = Ching t6 ring lim[ij =400, E '
2 8 Ching (0 ring lim 2 ==
n

Gidi

n
Do £ >1nénlim| €| =+
02 nen 11'1'}[2] o0

B eiitip

1. Cho hai day s6 (u,), (v,) Vi u,, =3+

2 # # L3 5
LV =5— g Tinh cédc gidi han sau:
n

I |~

a)limu,, limyvy,.

b) im (u,, +v,,), im(u,, —v,), im(u, .v,), lim 2,
vf?

o4



Tinh cdc giéi han sau:

 Sn+l . 6n” +8n+1 _ \Nn?+5n+3
a) lim . b) lm——; ¢) lim :
2n 512 43 6n+2
1
2+—
. 1 . 3%42° .
d) llm[2 —]; e) lim A : g) lim LY
3" 43" 3¢
o e s o wmia - 2 1
a) Tinh tong cua cap s6 nhan lui v6 han (), v61 uy = -?: q= —Z.
b) Biéu dién s6 thap phéan vo han tuAn hoan 1,(6) dudi dang phén s8.
Tit hinh vudng c6 do dai canh bing 1, nguidi ta ndi cic trung diém
clia canh hinh vudng dé tao ra hinh vudng méi nhu Hinh 3. Tié€p
tuc qud trinh nay dén vd han.
a) Tinh dién tich S,, ctia hinh vuéng dudc tao thanh 6 budc thi n; !
b) Tinh tdng dién tich ctia tit ca c4c hinh vuéng dudc tao thanh. Hink 3 g

C6 1 kg chit phong xa doc hai. Biét riing, cii sau mot khodng thdi gian 7'= 24 000 nim
thi mdt nita s6 chit phéng xa niy bi phan ra thanh chit khic khong doc hai ddi véi
stic khoé ctia con ngudi (7 dudc goi la chu ki ban ra).

(Nguon: Dai s va Gidi tich 11, NXB GD Viét Nam, 2021)
Goi u,, 1a khoi lugng chit phéng xa con lai sau chu ki thd n.
a) Tim s6 hang tong quat u,, cta day so (u,,).
b) Chiing minh riing (u,) c6 giéi han 1a 0.
¢) Tu két qua ciu b), chiing to ring sau mot s6 nim nao d6 khoi luong chat phong xa
di cho ban dAu khong con doc hai d6i véi con ngudi, biét ring chit phéng xa nay s&
khong ddc hai nita néu khéi luong chit phong xa con lai bé hon 10 % g.
Goi C 1a nlia dudng tron dudng kinh 4B = 2R,

C} la dudng gdm hai nita dudng tron dudng kinh ﬁ,

2
C, la dudng gém bon ntia dudng tron dudng kinh %
C,, la duong gom 2" niia dudng tron dudng kl’nhAf, ... (Hinh 4).
Goi p, 1ado daicta C,, S, 1a dién tich hinh phéing ?
gi6i han béi C,, va doan thing AB.
a) Tinh p,, S,.
b) Tim gidi han cta céc day sd (p,,) va (S,).

Hinh 4



§2 | GI6GI HAN CUA HAM sO

Hinh 5 biéu dién d thi ham s& van toc VWS z
v(f) theo bién s& ¢ (¢ 1a thdi gian, don vi: 01757 A
gidy). Khi cdc gid tri ctia bién s6 ¢ dan t6i T __ ;
0.2 (s) th cdc gid tri taong dog cla 01407 -----i—-it-mio-pos o gffomtonons
ham s& v(r) dan t6i 0,070 (m/s). = = ; }
03105___._5_...:___._______1.._
Trong todn hoc, . P N
gid tri 0,070 biéu thi khdi B E AN R
niém gi ciia ham sé'v(t) khi V4 L

# . ” . 2 OA" ‘/ (}’()35--777577 :7777 777' i a Errr. 777777:
cdc gid tri cuia bién so t
dan t6i 0,2?

0 01 02 03 04 0576
Hinh 5

. GIG1 HAN HUU HAN CUA HAM $6 TAI MOT DIEM

1. Dinh nghia

“SEP Xét ham s8 f(x) = 2x.

a) Xét day s (x,), voi x, =1+ l Hoan thanh bang gia tri f{x,) tuong tng.
n

3 n+l
x4:— X =

3
N = Xy =— X =—
X 279 08 4 Yy x

1 2

RO | fx)=7 [fa)=7 | f)=7 | fx) =7 | 4| fix)="

Céc gia tri tuong dng cta ham s6 fix)), fix,), ..., fix,), ... 1ap thanh mot day sO ma ta
ki hiéu 1a (fix,)). Tim lim f(x,).
b) Chiing minh ring véi day s3 bt ki (x,), x, =1 ta ludn ¢ fix,) — 2.
Dudi day ta viét khodng K thay cho cdc khoang (a ; b), (— o ; b), (a ; + ), (— 0 ; + 00).
Mot céch tong quét ta c6:

I Cho khoang K chita di€m x, v ham s f(x) xdc dinh trén K hoic trén K \ {x,}.
Ham s6 f(x) ¢6 gi6i han 1a s6 L khi x dan t6i x, néu véi day s6 (x,)
bat ki, x, € K\ {xo} va x,, = xo thi f(x,)—> L.
Kihiéu lim f(x)=L hay f(x)—> L khi x— x,.

X — X,
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Nhan xét: llm x=x3; lim c=c,véicla hﬁng sO.
X =y xG X — xO
x> -9
(x # 3). Chiing minh rang lim f(x)=6.
x—3 x—>3

Vidul | Xétham s6 f(x)=
Gidi

Gid sit (x,) 1 day s& bt ki, thod man x, #3 va limx, =3. [* )=
1 St dyung dinh nghia,

2 : ng dj
Taco lim f(x,) = limx"'—9 = lim (x, =3)(x, +3) ching minh ring
Xn =3 X, =3 lim % =4.

x—=>2

=lim(x, +3)=lmx, +Ilm3=3+3=6.

Véy lim f(x)=6.

x—3
Chii y: Ham s8 f(x) ¢6 thé khong xédc dinh tai x = x, nhung van ton tai gidi han cta
ham s& d6 khi x dan tdi x,,
2. Phép toan trén gioi han hiru han ciia ham s6

Cho hai ham s6 f(x)= x> —1, g(x)=x+1.

a) Tinh lim f(x) va lim g(x).
x —>1 x— 1

b) Tinh lim [ f(x)+ g(x)] va so sanh v6i lim f(x)+ lim g(x).
x—1 x—1 x— 1

¢) Tinh lim [f(x)—g(x)] va so sdnh v6i lim f(x)— lim g(x).
x—1 x—1 x—1

d) Tinh lim [ f(x).g(x)] va so sanh v6i lim f(x). lim g(x).
x —1 x—

x— 1
lim f(x)
e) Tinh lim F(x) va so sdnh véi 2= : !
x—1g(x) hmlg(x)
X—>r

Ta thtia nhan dinh 1 sau:

E a)Néu lim f(x)=L va lim g(x)=M (L,M €R)thi

X = X X X
¢ lim [f(x)+g(x)]=L+M; * lim [f(x)—gx)]=L-M;
X =% % =¥ &
e lim [f(x).2(x)]=L.M:; v fim 42 Lo =0),
x = X x>x8(x) M
b)Néu f(x)>0 va lim f(x)=LthiL>0 va lim Jf(x) =+JL.
) X — X
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Vidu2 | Tinh: [ﬂ’

2 7@ Tinh-
; . 3 2 Tinh:
a) hm (x2+x—6); b) lim ﬂ )
x—2 xr—>1 2x-1 a) lim [(x+1)(x +2x)];
Gidi e
o 3
a) lim (x2+x-6) = lim x*+ lim x— lim 6 i
x—2 x—2 x— 2 x— 2
=4+2-6=0.
- lim (x7 +2x+3 lim x° + lim (2x)+ lim 3
b) hmx‘+2x+3:x—>1( ):x—a-l x—>1( ) x—>1 =1+2+3=6
x—>1 2x-1 lim (2x-1) lim (2x)- lim 1 2-1
x—1 x—1 x—1
3. Gioi han mot phia ,
—Inéu x<0 VA
&P Cho ham sd f(x)=1 Onéu x=0 il
1 néu x> 0.
Ham s8 f{x) c6 db thi & Hinh 6. ®”1 9 1 " =
a) Xét day so (u,,) sao cho u, <0 va lim u =0, =y ¢
Xac dinh f{u,) va tim lim f{u,)).
b) Xét day s6 (v,,) sao cho v, >0 valim v, = 0. Hinh 6

Xéc dinh f(v,) va tim lim f{v,)).
Nhdin xét
* J cau a, ta xét giéi han ctia ham f(x) khi x tién t6i 0 vé bén trdi. Gi6i han d6 1a
gidi han bén trdi cia hAim s6 y = f(x) khi x = 0.
» O cdu b, ta xét giéi han ctia ham f(x) khi x tién t6i O vé& bén phai. Gidi han d6 1a
gidi han bén phdi cha ham s6 y = f(x) khi x —> 0.
Trong trudng hop tong qudt, ta ¢ cic dinh nghia sau:
i‘a A"
* Cho ham s0 y = f(x) xdc dinh trén khoang (a ; x).
S6 L dugc goi 1a gidi han bén trdi cha ham s§ y = f(x) khi x — x, néu véi
day s6 (x,) bat ki, a < X, <Xy VA X, —%xg,tacofix J—> L
Kihi€u lim f(x)=L.

X = X
* Cho ham s6 y = f(x) xac dinh trén khoédng (%3 b)-
S6 L dudc goi la gidi han bén phdi ctia ham s6 y = f(x) khi x — x, néu vdi
day s6 (x,) batki, xy <x, <b vd x, > xy,tacé f(x,)>L.
Kihi¢éu lim . Jfx)=L.

X =Xy
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Vidy3 | Tinh: lim 2-x.
e 3 Tinh lim (Vx+4 +x).

Giai x> —4"

Vi day s6 (x,) batki, x, <2 va x, — 2, ta c6:

lim \2-x, = [lim 2-x,)= 2— lim x, =V2-2=0.Vy lim v2-x=0.
x,—2 X2 X,—>2" X2
Dinh Ii sau diy cho ta m&i lién hé gitta “gi6i han hai phia” lim f(x) v6i gidi han bén
X—X
trdi lim f(x) va giéi han bén phdai lim f(x). '
x =Xy X = Xy

i lim f(x)=L khivachikhi lm f(x)= lim+f(x_) =]

X —> Xy x_>x6 X — Xy

Vidu4 = Xét ham s6 fix) trong Hoat dong 3. Chiing to rang khong ton tai lim f(x).
x—>0

Gidi

Tacoé: lm f(x)=-1va lim f(x)=LSuyra lim f(x)# lim f(x). Viy khong
x—> 0 x> 0" x>0 x — 0

ton tai lim f(x).
x—>0

II. GIG1 HAN HOU HAN CUA HAM $O TAI VO cuC

“SE¥» Cho ham sb f(x) b ¢ (x#0)c6 do thi nhu &
x

¢

Hinh 7. Quan sat do thi d6 va cho biét:

a) Khi bién x din t6i duong vo cuc thi f(x) din téi gid
tri nao.

b) Khi bién x din t6i 4m v cuic thi f{x) din téi gid tri ndo.

Trong trudng hop tong quit, ta c6 dinh nghia sau: Hinh 7

E a) Cho ham s6 y = f(x) xdc dinh trén khoadng (a ; +).
Ta n6i ham s6 y = f(x) ¢6 gidi han la s6 L khi x =+ néu véi day s6 (x,)
bat ki, x,, >a va x, > +w,tacé f(x,)—> L.
Kihiéu lim f(x)=L hay f(x)— L khi x - +0.

X — +o0
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[ b) Cho ham s6 y = f(x) xdc dinh trén khoang (- ; a).
Ta n6i ham s8 y = f(x) c6 gidi han 1a s6 L khi x = —o néu vdi day sd (x,)
batki, x, <a va x, > —w,tacé f(x,)—>L.

Kihiéu lim f(x)=L hay f(x)—> L khi x —> —0.

X — —oo
Chu ¥
* Véi c, k 12 c4c hiing s6 va k nguyén duong, ta ludn c6:
; ; ; € ; e
Iim ¢c=c; llm c=c¢, lim —k=0; lim —k=0.
X —+w X — - X = oy X——oy

* C4c phép todn trén gidi han hitu han ctia ham s khi x — x; van con diing khi x — +o0
hodc x - —o0,
3 3x+2
2+ 4 Tinh lim >

xs-w0dx—5

Vidu5 | Tinh lim

x—>+0o x—1

Gidi 1 i 1
R R T T
Tacd: lim & | = lim o o —

x>+ x—1 x+>+oox[1_] X+oq 1 gy W, 1 1-0
X X X =» +00 X=—=>+w0X
Il. 6181 HAN VO cuc (MOT PHIA) cUA Y

HAM SO TAI MOT BIEM

P Cho ham s6 f(x)=%(x¢1) c6 do thi g
x_

nhu Hinh 8. Quan sdt dd thi d6 va cho biét: =2
a) Khi bién x dan t6i 1 vé bén phai thi f{x) dan t6i dau.
b) Khi bién x dan tdi 1 vé bén trdi thi f{x) dan tGi dau.

Trong trudng hop tong quit, ta ¢6 dinh nghia sau: Hinh 8

E * Cho ham s6 y = f(x) xdc dinh trén khoédng (a ; + ).
Tan6i ham s6 y = f(x) c6 gi6i han 1a +o0 khi x — a" néu v6i day s0 (x ) bat ki,
X,>a va x, >a,tacé f(x,)—>+oo0.

Kihiéu lim f(x)=+o hay f(x)—>+ow khi x—>a".
X —>a

* Cac trudng hdp lim f(x)=-o00, lm f(x)=+00;, lm [f(x)=—o00 dudc
xa x—>a x—>a

dinh nghia tuong tu.
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Chii v: Ta ¢6 hai gi6i han ¢d ban sau:

; 1 :
lim =+o00;, lim
x—a X—a x—>a X—da

Vidu 6 & Tinh: lim

1
ra 2t x—2 |‘:r
e e 1
Gidi 5 Tinh: lim —

i x3-T x4
Tacéd: lim
% =3 2F X —&

= 400,

IV. GIGI HAN VO cuc cUA HAM sO TAI VO cuc

[P Cho ham s6 A(x) = x ¢6 dd thi nhu Hink 9. Quan st

do thi @6 va cho biét:

a) Khi bién x dan t6i duong v cuc thi f{x) dan t6i dau.

|
.
=y

b) Khi bién x dan t6i 4m v cuc thi fix) dan t6i dau. s

Trong trudng hop téng quat, ta c¢6 dinh nghia sau: Hinh 9

LA

LT
* Cho ham s6 y = f(x) x4c dinh trén khodng (a ; + ).

Ta néi ham s& y = f(x) c6 gidi han Ia +co khi x — +e0 néu véi day 6 (x )
bat ki, x,, > a vax —>+o,tacé f(x,) > +o.

Kihiéu lim f(x)=+c hay f(x)—> +o khi x = +o0.
X — oo

* Cac trudng hop lim f(x)=—o00, lim f(x)=+o00, lim f(x)=-o0

X — +ow X —»—c0 X—p=00
dugc dinh nghia tuong ty.

Chii y: Ta ¢0 ba gidi han co ban sau:

¢ lim " =+ Vi k la s& nguyén duong.
X —+w

e lim x* =+ véikla s6 nguyén duong chin.

X —>-—m
* lim x*=-o0 Vv6ikIasd nguyén duong 1&.
X — -
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Vidu7 | Tinh: lim x% lim x.
x40 x> - : 4
Gidi 6 Tinh: . gn}wx )

Taco: lim x3=+oo; lim x3:—oo.

X — +00 X — —0

. BAI TAP

St dung dinh nghia, tim cdc gidi han sau:

2
a) lim x2; b) lim i 25.
x—-3 x—>5 x-5

2. Biétring ham s6 fix) thoAman lim f(x)=3 vad lim f(x)=>5.Trong trudng hop

=92 TRl
ndy ¢6 ton tai gidi han lim f(x) hay khong? Giai thich.
x—>2
3. Tinh cac gidi han sau:
2
: : —-5x+6 : —1
a) lim (x2 —4x+3); b) lim el : ¢) lim \/;
x—2 x>3 x-3 x>1 x—1
4. Tinh cdc gi6i han sau:
9x+1 7x—11 x*+1
a) lim b) lim : c) lim :
x— +0 3x—4’ x—>-02x+3 X — +®© X
2
; +1 ;
d) lim XX ; e) lim 1 : g) lim
X—>—w X x_)ﬁ_x_é x> 7 Xx— 7

5. Mot cong ty sin xuat mdy tinh di xdc dinh dugc ring, tinh trung binh mot nhan vién
¢6 thé 13p rdp dugec N(r) = % (t>0) bd phin mdi ngay sau 7 ngdy dao tao. Tinh
+

lim N(¢) vacho biét y nghia cta két qua.

t—>+oo

6. Chi phi (don vi: nghin ddng) dé san xuat x sdn phim ctia mot cong ty dude xdc dinh
bdi ham s8: C(x) = 50 000 + 105x.
a) Tinh chi phi trung binh C(x) @& san xuit mot san pham.
b) Tinh lim C(x) va cho biét y nghia ctia két qua.

X —>+w
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'S3 | HAM $6 LIEN TUC

Cau S6ng Han 12 mot trong nhiing cay ciu bic qua song Han 6 Da Ning. Day 1a cay cau
quay dau tién do ki su, cong nhan Viét Nam tu thiét k& va thi cong. Khi cAu khong quay
(Hinh 10a), mit ciu lién mach nén cdc phuong tién ¢ thé di lai gitia hai ddu ciu. Khi
cAu quay (Hinh 10b) d€ céc tau, thuyén c6 thé di qua thi mit cAu khong con lién mach
nifa, cdc phuong tién khong thé di qua gitta hai dau cau.

a) Cdu Song Han khi khong quay b) Cau Séng Han khi quay dé tau di qua
kD (Nguébn: hitps.//shutterstock.com)
. P
o - i - s A ~ %’t\ if
Kién thitc gi trong todn hoc thé hién chuyén dong [ %)
cd dwong di la duong lien mach? QS
I. KHAI NIEM yA
1. Ham s6 lién tuc tai mot diém
Quan sdt do thi ham s6 fix) = x 6 Hinh 11. I
a) Tinh lim f(x). -1/10 1 x
x—1 ~ 1
b) Sosanh lim f(x) v6if(l). Hinh 11
x—1
~ Cho ham s3 y = f(x) x4c dinh trén khodng (a ; b) va x,€ (a ; b). Ham s0 y = f(x)
dudc goi la lién tuc tai x néu  lim f(x)=f(xp)-
X —> xo
Nhan xét: Haim s0 y = f{x) khong lién tuc tai X, dudc goi 1a gidn doan tai Xy
Vidul | Quansatdo thi ham s6 trong Hinh 12a va Hinh 12b, x4c dinh f{0) va lim f(x).

e T e i : = i r x—0
Tu dé cho bi€t moi1 ham s6 d6 ¢o lién tyc tai x = 0 hay khong. Giai thich.

Gidi
Trong Hinh 12a ta c6: f{0) =0, im f(x)= lim x* =0,
x—0 x>0
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}}Jl }-'Jl
] 1= :
- T8 F T 2
] " — 'i‘
I | 0 | 2 X
—1néux<0
a) P thi ham s6 f(x)= x2 b) Do thi ham s6f(x)=4 0 néux=0

Hinh 12 1 néux>0

Nhu vily lim f(x)=f(0)nén ham s f(x) lién tuc
— 0 LS

i X
i x=0. # Xét tinh lién tyc ciia
Trong Hinh 12b ta c6: ham s§ f(x)=x>+1 tai
lim f(x)=-1 lim f()=LDodokhéngthntai & - .
x>0 =07
limO f(x)- Vay ham s6 f(x) khong lién tyc tai x = 0.
Xiv—

2. Ham s0 lién tuc trén mot khoang hoic mot doan

4 Cho ham s6 fix) =x+ 1 véix € R.

a) Gid st x; € R. Ham s6 f{x) ¢6 lién tuc tai diém x | 4 ; 1
hay khong? b /

b) Quan sét dd thi ham s6 fx) =x + 1 véix € R (Hinh 13), |
néu nhan xét vé dic diém cua dd thi ham sd do.

T

Mot cdch tong quat, ta c6 dinh nghia sau: Hinh 13

' * Ham s6 y = f(x) dudc goi 1a lién tuc trén khoang (a ; b) néu ham s4 lién tyc tai
moi diém thudc khoang dé.

* Ham s0 y = fix) dudc goi 1a lién tuc trén doan [a ; b] néu ham s d6 lién tuc
trén khoang (a; b) va lim f(x)= f(a), im f(x)= f(b).
i X35

X —>da

Chii ¥: Khai niém ham s6 lién tuc trén cdc tp hop c6 dang (a ; b], |a ; b), (a ; +»),
[a; +0), (—0; a),(-x; a], (—w; +0) dugc dinh nghia tuong ty.

Nhén xét: DO thi ham s6 lién tuc trén mot khoang 1a “dudng lién” trén khoéng do.
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Vi du 2
a) Ham s6 f{x) = 2x + 3 ¢6 lién tuc trén doan [3 ; 4]
hay khong? 2 Ham s0

b) Hims6 f(x)= x+; (x#2) coliéntuc rénkhoang  f(x)= {x —1nfux<2

—x néux=2

(1; 3) hay khong?
Gidi

a) V6i moi X, € B:;4),taco: lim f(x)= hm (2x+3)=2x5+3= f(x). Ta la1 co:

X —> X I—)Io

¢ lién tuc trén R hay khong?

Iim+f(x)= lim+(2x+3)=9=f(3); Iim f(x)= Im (2x+3)=11= f(4).

x—3 x—3 x—>4 x—> 4
Viy ham s6 da cho lién tuc trén doan [3 ; 4].

b) Him s& f(x) = x—"_; khong x4c dinh tai x = 2 nén ham s6 khong lién tuc tai x = 2.

Do 2 e (1; 3) nén ham s6 da cho khong lién tuc trén khoéang (1 ; 3).

1. M(:JT sO DINH Li CO BAN

1. Tinh lién tuc ciia mot s6 ham so cap co ban

Cac ham da thic, ham phan thiic hitu ti (thuong cua hai da thtic), ham cédn thic, ham sO
lugng gidc la nhiing ham so cip co ban. Sau diy, ta s€ xét tinh lién tuc ctia nhiing ham do.

“SEP Quan sit do thi cdc ham so: y=x?—4x+3 (Hinh 14a); y=x—+:(x;t1)
x_

B
(Hinh 14b); y = tan x (Hinh 14¢) va néu nhén xét vé tinh lién tuc ctia mbi ham s6 d6 trén
tling khoang cua tdp xdc dinh.

VA YA ! : : vA !
l r,

1 i
) | ; _ _.E. OE

=1 'O 9 x =g
=1 NLA | ! \ i
a) b) ¢)
Hinh 14
Trong trudng hop tong quat, ta c¢6 dinh If sau:

i.'
[/ * Céc ham da thiic va hai ham s6 lugng gidc y = sinx, y = cosx lién tyc trén R.
* C4c ham phén thic hitu ti va hai ham s& lugng gidc y = tanx, y = cotx lién tuc
trén tiing khoang xdc dinh cta ching.

* Ham cin thic y = Jx lién tuc trén niia khodng [0 ; + o0).
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- . x+1lnfux=3 .
Vidu3 Chohémsﬁf(x)={ |

a nfux=3. 3Hz‘1ms6ﬂx):;i2

g co lién

Tim a dé ham s6 f(x) lién tuc trén R. tuc trén mbi khoang (- = ; 8),
sy (8 ; + o0) hay khong?

Gidi

Do f(x) =x+ 1 néu x #3 nén ham s6 d6 lién tuc trén moi khodng (—oo; 3) va (3 ; + o).

Véix=3thif(3)=a.Tacé: lm f(x)= lim (x+1)=3+1=4.
x—>3 x—3

Viy ham s& f(x) lién tuc trén R khi ham s& f(x) lién tuc tai diém x = 3 khi va chi khi
lim f(x)=f(3)< a=4.

x—>3

2. Tinh lién tuc cua tong, hiéu, tich, thuong cua hai ham s6 lién tuc

) Cho hai ham s§ f(x) = x> +x va g(x) = x> +1 (x € R). Hay cho biét:

a) Hai ham s8 f(x), g(x) c6 lién tyc tai x = 2 hay khong.

b) Céc ham s& £(x)+g(x); £(x) - g(x): f(x).g(x): L 8
Trong trudng hgp tong quat, ta c6 dinh i sau: §

cO lién tuc tai x=2 hay khong.

V}ié st y = f{x) va y = g(x) 2 hai ham s8 lién tuc tai diém x,- Khi do:

a) Cacham s6 y = f(x)+ g(x), y=f(x)—g(x)vay=/(x).g(x) lién tuc tai Xy
S (x)
g(x)

b) Him s6 y = lién tuc tai x, néu g(xg) = 0.

Vidu4 = Cho ham s6 9
o L ”@ Xét tinh lién tyc ciia ham s6

f(x)=sinx+cosx trén R.
a) Xét tinh lién tuc ctia him s6 f(x) tai x = 3.

b) Xét tinh lién tuc ctia hAm sd f(x) trén tip x4c dinh ctia ham s6 do.
Gidi
Tap xdc dinh ham s& 1a R\ {2} .

a) Ta thay: 1im3f(x)= lim [x3 + 2%+

]: lim x>+ lim (2x)+ lim
x— x—3

x—2 x—3 x—>3 x—=>3x—2

6
=3’ +2.3+——=1(3).
55 18
Vay ham s8 f{x) lién tuc tai x = 3.

b) Ham s8 g(x) =x" +2x 12 ham da thic nén lién tuc trén R. Do d6 ham so g(x) lién tuc
trén mdi khodng (-0 ; 2) va (2 ; + ).
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Ham s6 h(x) =

12 ham s& phan thiic hitu ti lién tuc trén mdi khodng x4c dinh

x_

(=0:2) va (2 +00). VAy ham s6 f(x) = g(x) + h(x) lién tuc trén mdi khoing (- ; 2)

va (2, +o0).

. BAI TAP

Dung dinh nghia xét tinh lién tuc ctia hAm s& f(x) = 2x3 +x+1 tai di€ém x=2.

Trong cdc ham s6 ¢6 do thi 6 Hinh 15a, 15b, 15¢, ham s& ndo lién tuc trén tAp xdc dinh
cta ham s& d6? Giai thich.

vA BE T
3 P - j
.
2] y i
N |
- . TN
== | 0 1 X -._._T___i._ _:_
ot 8 ' E
a) Do thi ham sé b) Do thi hf‘:m 5O ¢) Do thi ham sé
flx) = -2 g(x)= ~2xnéux<-1
x-1 h(x)= "
x+1 néux>-1

Hinh 15

3. Ban Nam cho ring: “Néu ham s6 y = f(x) lién tuc tai di€m x,, con ham s5 y = g(x)

khong lién tuc tai x,

y kién ctia ban Nam diing hay sai? Gii thich.

thi ham s6 y = f(x)+g(x) khong lién tuc tai x,". Theo em,
Xét tinh lién tuc ctia mdi ham s6 sau trén tap xdc dinh cia ham s6 do:

) -1
a) f(x) =x*+ sinx; b) g(x) = xt—x?+ L; ¢) h(x)= +2
¥~ ' 3 x+4

x2+x+1 néu x=4

Cho ham s6 f(x) =
) 2a +1 néu x =4.
a) V6i a = 0, xét tinh lién tuc cia him sO tai x = 4.
b) Vi gid tri ndo cha a thi ham s6 lién tuc tai x =47
¢) V6i gid tri ndo cha a thi ham s0 lién tuc trén tip xdc dinh clia n6?
Hinh 16 biéu thi d6 cao i (m) ctia mdt qua béng dudc d4 1én theo thdi gian 7 (s),
trong d6 h(t) =— 2t +8t.

77



1A 5 a F . 4 A
a) Ching t ham sd A(z) lién tuc trén tp xéc dinh. h (m)g I

b) Dua vao db thi hdy xdc dinh lim (- 2¢% +81).
t— 2

TiM HIEU THEM 0 2 £(s)
; - Hinh 16

1. Gid¢i han cia ham so

O bai hoc tride, ta da dinh nghia khéi niém lim f(x) =L trong trudng hop ham s& f(x)
X—¥ IO

xdc dinh trén khoang K hodc trén K \{x,}, ¢ d6 khoang K chia diém x, va khodng K

c6 mot trong nhiing dang sau: (a ; b), (—«; b), (a; + ©), (— o ; + 0).

Tuy nhién, cdc him s& thudng gip c6 thé ¢6é mién xdc dinh & dang phic tap hon, ching

han mién xdc dinh c6 thé c6 dang [0 ; 3) va x, =1€[0; 3). Vi thé, ta cAn m& rong khi

niém trén cho nhiing ham s6 ¢6 mién x4c dinh & dang phic tap hon.

Cu thé, ta c6 thé 1am nhu sau:

Cho ham s6 f(x) xdc dinh trén tip hdp K < R vacho x, € R. Gia sti ¢6 s6 thic a >0

sao cho (x, —a; xy +a) < K hodc (x5 —a; xy +a) \{x,} < K.

Ta néi ham s6 f(x) c6 giéi han 1a s6 L khi x dan té6i s néu véi day so (x,) bat ki,

x, €(xg—a;xy+a)\{xy,} va x, = x;, taco Jix =¥ L.

2. Ung dung tinh lién tuc cita ham so vao xét su ton tai nghiém ciia phuong trinh
Cho ham s& y = f(x) lién tuc trén doan [a ; b] sao cho
fla) < 0, fib) > 0. Khi @6, do thi ham s6 y = f{x) trén
doan [a ; b] 12 mOt duong cong lién nét di ti di€ém ftb) ...
M(a ; fla)) nim dudi truc hoanh d&n diém N(b; f(b)) nim :
phia trén truc hoanh (Hinh 17). Vi thé, trong khoang (a ; b) -

dd thi d6 sé cit truc hoanh, tdc 1a ton tai it nhat mot diém 0
¢ € (a: b) sao cho f(c) = 0. N6i céch khic, phuong trinh |

f(x) = 0 c6 it nhat mot nghiém nam trong khoang (a ; b).

=y

Trong trudng hop téng quat, ta c6 dinh If sau:
Néu ham s6'y = fix) lién tuc trén doan [a ; b] va fla) . fib) <0,

thi ton tai it nhat mét diém c € (a ;, b) sao cho fic) = 0.

1 fla)

Hinh 17
Vidu | Ching minh ring phuong trinh x> +x—4 =0 c6 it nhit mot nghiém.
Giai
Xét ham s0 f(x) = X +x—4.Ta cO: fl0) =-4; f(2) =6. Suy ra f(0). f(2) < 0. Do f(x)
lién tuc trén [0 ; 2] nén phuong trinh f{x) = 0 ¢6 it nhat mot nghiém thudc khoang (0 ; 2).
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BAI TAP CUOI CHUONG I

Cho ham s& y S (x) xdc dinh trén khoang (a ; b) va x, €{a ; ). biéu kién can va
dt dé ham s8 y = f(x) lién tuc tai x, la:

A. lim f(x)=f(xp). B. lim f(x)=/(x).
x — X3 x—* Xp
C. lim f(x)— lim f(x). D. lim f(x)— lim f(x)=f(xy)
x> xp x> x £ =5 X5 X > Xxg
Tinh céc gi6i han sau:
2 2
a) Iimzn -;6n+1; 5 (i 4n% 3n2+1 :
8n” +35 =3n" +5n" -2
2 n+l
" s i 2
c) lim cii n+3; d) lim| 4- ;
8n—5 3/
4
n n+2 2+—3
e) lim%; g) lim n"
5 6
Tinh cdc gidi han sau: ,
a) lim (4x2—5x+6); b) lim w; ¢) lim Jx-2 :
x—>-3 x—>2 x-2 x4 x2_-16
Tinh c4c gi6i han sau:
o T 6x+8 by liud 6x+38
x—3—05x-2" x> +05x-2"
2 2
& Tim Ox -x+1; & i 9x -x+1;
x> -o 3x-2 x>+  3x-2
. 3x°+4 . 3x2+4
e) lim : g) lim .
x -2 2x+4 x -2 2x+4

2x+a néux<?2
Cho ham s6 f(x) =1 4 néu x = 2
—3x+bnéux>2
a) V6ia =0, b =1, xét tinh lién tuc ctia ham so tai x = 2.
b) Véi gia tri ndo clia a, b thi ham s§ lién tuc tai x = 2?

¢) Vi gid tri ndo cha a, b thi ham s6 lién tuc trén tip x4c dinh?
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80

Tit d6 cao 55,8 m cua thap nghiéng Pisa nuéc Y,
ngudi ta thA mot qua béng cao su cham xudng dat

(Hinh 18). Gia stt mdi 14n cham dat qua béng lai
nay lén do cao bing % d6 cao ma qua bong dat
dugc trude d6. Goi S, 1a tong do dai quing dudng
di chuyén ctia qua béng tinh tif lic tha ban dau

cho dén khi qua béng d6 cham dait n 1an. Tinh

lim §,,.

Hinh 18

Cho mdt tam gidc déu ABC canh a. Tam gidc 4,B,C; c6 céc dinh la trung di€ém cédc
canh ctia tam gidc ABC, tam gidc 4,B,C5 ¢6 céc dinh 12 trung di€m cdc canh cia tam
gidc 4 B,Cy, ..., tam gidc A, . B, 1Cp . €0 cdc dinh 12 trung diém céc canh cla
tam giac 4,B,C,,. ... Gol p;,ps, ... Py, ... Va 51,85, ....S,,, ... theo thi tu la chu vi
va dién tich cta cac tam giac 4B,C,,4,B,C5, ..., 4,B,C,, ..

a) Tim gi6i han cta céc day s6 (p,) va (S,).

b) Tim cdc tOng py + py +.oct P+ VA S +85 +... 48, +....

Mot thiau kinh hoi tu c6 tiéu cu 1a f. Goi d va d’ 1an luct 1a khoang cdch tif mot
vit that AB va tif anh A’B’ clia n6 t6i quang tim O cua thiu kinh nhu Hinh 19.
Cong thic thdukinh1a L . 1 _ 1

dod f
a) Tim biéu thiic xdc dinh ham s6 d’= (d).

b) Tim lim ¢@(d), lim @(d)va a}imf @(d). Giai thich y nghia cta cdc két qua
- —>

d = fFr d->f
tim dugc.
(e Plennecon g s >
s A |
B+ ___=—— — \L\' A
A i = F 19) _“_""“-\_ v
E Y F B ——
' d i d 1
L SRR e »!

Hinh 19



HOAT BDONG THUC HANH
VA TRAI NGHIEM

CHU BE 1. MOT SO HINH THUC DAU TU TAI CHINH

I. NOI DUNG CHINH CUA CHU BE

1. M6t s6 khai niém co ban

Pau tu tai chinh 1a viéc mua mot tai san tai chinh véi hi vong ring né sé tao ra thu nhip
hodc ddnh gid cao trong tuong lai va dugc ban véi gid cao hon. C6 nhiéu hinh thic
du tu tai chinh, ching han: ddu tu bit dong san; dAu tu vang; ddu tu chiing khodn.
Trong thic tién ngay nay, ddu tu ching khodn 12 hinh thdc diu tu phd bién, bao gdm:
chiing kho4n vén — ¢6 phi€u hodc chiing khodn ng — trdi phi€u (trong d6 c6 trdi phiéu
chinh ph, trdi phi€u doanh nghiép). Sau déy, ta s& gidi thiéu mdt s6 khdi niém co ban.
a) Von diéu 1é clia cong ty ¢b phan dudgc chia thanh cdc phan bing nhau, mbi phan bing
nhau goi 1 ¢é phdn (Piém a, Khoan 1, Diéu 111, Luat Doanh nghiép 2020).

b) Gid tri ¢6 phan dugc thé hién bing ¢ phiéu. Bén canh d6, ¢ phi€u 1a mot loai
ching khodn (dudc coi la tai san) va ciing 1a doi tugng giao dich trén san ching khodn
(Khoén 1, Diéu 4, Luat Chiing khoén 2019).

¢) Theo Khoén 2, Diéu 13, Luat Chiing khodn 2019, ménh gid cé phiéu (hoic ching
chi qu§) chao ban ra cong chiing 12 10 nghin déng. Nhu viy, ménh gid c¢6 phiéu 1a
10 nghin ddng. Céc san giao dich chiing khodn sé quy dinh mic gid t&i thiéu ma nha
d4u tu phai bo ra khi tham gia giao dich ¢d phiéu.

d) Ménh gid trdi phiéu chao ban ra cong ching 1a 100 nghin dong va boi so cla
100 nghin d6ng (Khoén 2, Piéu 13, Luit Chiing khosn 2019).

e) Loi nhudn rong ctia doanh nghiép duoc hi€u 1a khodn tién chénh l&ch gitta tong doanh
thu ban dugc trit di tit ci cdc khoan chi phi, ké c4 thué€. Nhu vay, 10i nhuin rong chinh
12 tién 1di cia doanh nghiép sau khi da d6ng thué.

g) Co titc 13 khoan 1oi nhuén rong dudc trd cho mdi ¢d phin bing tién mit hoic bing tii
san khéc.

h) M&i cong ty niém yét trén san giao dich chitng khodn déu digc Uy ban Chiing khodn
Nha nuéc cip cho mot ma riéng, va thudng 1a tén viét tit cia cong ty do.

Ching han, Cong ty c6 phan Siia Viét Nam ¢6 ma 1a VNM (Vinamilk); Ngin hang
Thuong mai c6 phan Pau tu va Phat trién Viét Nam ¢6 ma 1a BID (BIDV).

Hién nay, ¢ Viét Nam c6 hai S& giao dich chiing khodn chinh thiic 1a: S6 Giao dich
Chiing khodn Ha N6i (HNX) ¢6 trang web 1a https://hnx.vn/vi-vn va S6 Giao dich Chiing
khodn TP.H6 Chi Minh (HOSE) c¢6 trang web 12 https://hsx.vn.

Danh sédch cdc ma ching khodn giao dich (dugc sip xép theo thi tu tii A — Z) c6 thé tim
ki€m tai hai trang web trén.
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2. Cac hinh thic tra co tirc

C6 hai hinh thic chi trd ¢6 tidc phd bién nhat, d6 1a: trd bing tién va trd bing cd phiéu.
o Tra c6 tiic bing tién 12 viéc doanh nghiép tra ¢d tic bing tién truc tiép vio tai khoan
chiing khodn cho ¢6 dong.

Tai thi truding chiing khodn Viét Nam, khi mét doanh nghiép cong bo ti 1€ tra ¢6 tidc bing
tién, doanh nghiép d6 dua trén ménh gid ¢d phiéu, tic 1a 10 000 ddng/cd phiéu.

o Tra ¢ tic biang c6 phidu kha phd bién & nhiing doanh nghiép dang trong giai doan
tdng trudng cao. Bai lic nay doanh nghiép dang c6 nhu cau cao dudc giit lai 1¢i nhuin
dé md rong kinh doanh.

Vidul @ Ngay 18/11/2020, Téng Cong ty C6 phan Van tai Dau khi c6 mé c6 phiéu la
PVT chi tra ¢6 tire nim 2019 nhu sau: bang tién vdi ti 16 4%; bing c¢6 phiéu véi ti 16 15%
(Nguon: hitps://petroviemam.petrotimes.vn). Hay cho biét:

a) Mot ¢6 phiéu PVT sé nhin dugc bao nhiéu tién.
b) Mot ¢6 dong ndm gidt 100 ¢6 phi€u PVT sé& nhan dugc thém bao nhiéu ¢d phiéu méi.
Gidi: a) Mot c6 phiu PVT sé nhén dudc so tién 1a: 4% x 10 000 = 400 (d6ng).
b) Mot ¢6 dong nim giti 100 ¢6 phigu PVT sé nhén dugc thém s& ¢d phidu méi la:

15% x 100 = 15 (c6 phiéu).
Chii ¥: Ti 1€ tra ¢ tidc s& duge tinh trén ménh gid 10 000 ddng/c6 phiéu.
3. Gia cua co phiéu
C6 bon loai gid ¢d phiéu.
a) Gid khdp lénh 12 gid c6 phiéu ma bén mua chip nhan mua miic gid bén ban dang treo
ban hodc bén ban chdp nhin bén thing vao mic gid ma ngudi bén mua dang chd mua.
b) Gid cao nhdt 1a gia khép 1énh & mbe cao nhat trong phién giao dich.
¢) Gid thdp nhdt 1a gia khép 6 moc thiap nhat trong phién giao dich.
d) Gid trung binh cta c6 phiéu dudc tinh bing trung binh cong ciia gid cao nhit va gid
thap nhat.
Tt ca céc loai gid trén cia mot ma ¢d phi€u 6 mdt phién giao dich ¢6 thé tim kiém dugc
tai hai trang web la https://hnx.vn/vi-vn va https://hsx.vn hodac tai nhiing trang web cta
cac cong ty chiing khodn.

Vidu2 . Theo trang web https://stockbiz.vn/Stocks/VCB, ma c6 phiéu VCB ctia Ngan
hang Thuong mai ¢ phan Ngoai thuong Viét Nam (Vietcombank) trong phién giao dich
ngay 14/10/2022 c6 gid cao nhit la 68 500 dong, gid thip nhat 1a 67 300 dong. Hay hoan
thién bang s6 liéu thong ké sau:

Pon vi tinh: 1 000 VND
Ngay Gia cao nhat Gia thap nhat Gia trung binh
14/10/2022 2 ? ?
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Gidi: Ta c6 bang s6 liéu thong ké nhu sau:
(Pon vi tinh: 1 000 VND)
Ngay Gia cao nhat Gia thap nhat Gia trung binh
14/10/2022 68,50 67,30 67,90

4. Pau tu chitng khoan thong qua mua ban ¢6 phiéu

Vidu3 | Cd Hanh dy dinh ddu tu vao chiing khodn ctia doanh nghiép X. Mdi ¢6 phiéu
ctia doanh nghiép d6 cé gid trung binh tai mot sd thoi diém dudc thong ké trong Bdng 1:

Thoi diém 14/10/2019 14/10/2020 14/10/2021 14/10/2022
Gia trung binh
mbi cf phidi (ddns) 85 370 87 850 96 550 68 000
Bang I

Vao ngly 14/10/2019, ¢6 Hanh mua 10 000 c6 phiéu cta doanh nghiép X.

a) SO tién c6 Hanh di dau tu d€ mua s6 c6 phiéu néi trén 13 bao nhiéu?

b) Tinh s6 tién ldi ¢6 Hanh thu duge néu ban toan bd 10 000 ¢6 phi€u ctia doanh nghiép X
vao cdc thoi diém sau: 14/10/2020: 14/10/2021.

¢) Néu ¢6 Hanh bédn toan bo 10 000 c¢6 phiéu ctia doanh nghiép X vao thdi di€ém
14/10/2022 thi c¢6 Hanh sé& bi 16 bao nhiéu tién?

Gidi: a) SO tién ¢d Hanh da dAu tu & mua 10 000 c¢6 phiéu ctia doanh nghiép X 1a:

85 370 x 10 000 = 853 700 000 (ddng).

b) S6 tién 1di ¢6 Hanh thu dugc néu ban toan bd 10 000 ¢d phi€u ctia doanh nghiép X
vao thoi diém 14/10/2020 1a: 87 850 x 10 000 — 853 700 000 = 24 800 000 (ddng).
S6 tién 1di ¢6 Hanh thu dudc néu ban toan bd 10 000 ¢b phi€u ctia doanh nghiép X
vao thoi diém 14/10/2021 1a: 96 550 x 10 000 — 853 700 000 = 111 800 000 (ddng).

¢) S6 tién c6 Hanh bj 16 néu ban toan bo 10 000 ¢6 phiéu ctia doanh nghiép X vao thoi
diém 14/10/2022 la: 853 700 000 — 68 000 x 10 000 = 173 700 000 (ddng).

Il. GOl Y TO CHUC CAC HOAT PONG

Yéu ciu: Thuc hanh tinh to4n 1¢i nhuén trong diu tu ching kho4n.

Tién trinh t6 chifc cdc hoat ddng bao gdm: phan chuin bi; phan thuc hién; phin tdng két.
1. Phan chuén bi

“SEP Gido vién thyc hién nhiém vu sau: Chia 16p thanh nhiing nhém hoc sinh va giao
nhiém vu cdc nhém tim hiéu thong tin vé mdt s6 c6 phi€u ctia doanh nghiép niém yét trén
thi trudng chiing khodn Viét Nam qua hai trang web la https://hnx.vn/vi-vn va https://hsx.vn
hodéc tai nhting trang wed cua cong ty chiing khoan.

T~ A # - A ~ ~ - - ~ L - ~
"5k Moi nhém hoc sinh trao doi, thao luén dé xac dinh r6 nhiém vu cia nhém va thuc

hanh tinh to4n 1¢i nhuin trong dau tu ching khodn.
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a) Nhiémvu 1: X4c dinh ¢6 phiéu ctia doanh nghiép niém yét trén thi trudng chiing khodn
Théng nhét cdc cong viéc cin 1am sau day:

e Lua chon c0 phiéu ctia doanh nghiép niém yét trén thi trudng chdng khodn theo tiéu
chi sau: chon trong 30 ma c6 phiéu ¢6 von hod 16n duge cdc SG Giao dich Chiing khodn
Ha Noi (HNX) va S6 Giao dich Chiing khoan TP. Hd Chi Minh (HOSE) dua ra;

« O mdi nim 2019,}020, 2021, 2022, chon ra mot thoi diém, chfmg han: thoi diém ngay
14 thang 10 cia moi mot nim ndi trén.

b) Nhiém vy 2: Tinh todn 1¢i nhuan trong dau tu chiing khoan

Théng nhit cdc cong viéc cin 1am sau day:

« X4c dinh gid trung binh ctia ¢6 phiéu d6 tai nhiing thoi diém da chon ra.

o Tinh t&ng s& tién dAu tu mua 10 000 c6 phidu da lya chon tai thdi diém nam 2019.

« Tinh 10i nhuin thu dugc sau khi ban 10 000 ¢6 phi€u tai nhiing thdi diém da lua chon
cua cic nam 2020, 2021, 2022.

2. Phan thuc hién

Gia stt mdi nhém hoc sinh mua 10 000 ¢d phiéu cia doanh nghiép d lua chon.

Béo cdo vé 1gi nhudn dau tu theo mau sau:

o Thoi di€ém mua c6 phiéu: Ngay ... thang ... nim 2019

« S6 tién dau tu mua 10 000 c6 phiéu da lva chon: ..........

Thoi diém ban 14/10/2020 | 14/10/2021 | 14/10/2022
So tién thu dugce sau khi ban

" 2 ? ?
10 000 c6 phiéu (dong)
Loi nhuan thu duge sau khi ban 9 A 9

10 000 ¢6 phiéu (dong)

3. Phan tong két

— Céc nhém béo c4o 1¢i nhuén trong dau tu ching khodn ctia nhém. Tii @6, ca 16p gép y
cho phuong 4n diu tu ctia moi nhém.
— Tong két va riit kinh nghiém.

lll. DPANH GIA

Hinh thiic danh gia cua hoc tap du an.

1. Panh gia hoat dong ca nhan

« Mdi ¢4 nhan ty danh gia vao phi€u cd nhan.

« Nhém ddnh gia tiing thanh vién trong nhém vao phi€u d4nh gid ¢4 nhén.

2. Panh gia hoat dong va san pham ciia nhém

« Nhém ti ddnh gid lai hoat dong ctia nhém va cho diém vio phiéu ddnh gia hoat dong
ctia nhom.

e Gido vién va cdc nhém danh gid, rdi cho diém phan trinh bay cla tiing nhém vao phiéu
ddnh gid hoat dong nhém.
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PUONG THANG VA MAT PHANG
TRONG KHONG GIAN.
QUAN HE SONG SONG

Trong chuong nay, chiing ta sé tim hiéu nhiing néi dung sau:
dudng thadng va mat phang trong khéng gian, cach xac dinh
mat phang, hinh biéu dién cia mét hinh trong khéng gian, hinh
chép va hinh ti dién; hai dudng thang song song, duédng thang
va mat phang song song, hai mit phang song song, dinh i
Thales trong khéng gian, hinh lang tru va hinh hép; phép chiéu
song song.

DUGNG THANG VA MAT PHANG

51 TRONG KHONG GIAN

I. KHAI NIEM M& PAU

Nhu ta di biét, diém va dudng thing 13 hai do6i
tugng co ban ctia hinh hoc phang. Tii hai d6i tugng
co ban d6 va nhiing quan hé co ban gitia ching,
ta xiy dung nén hinh hoc phing.

D6i véi hinh hoc khong gian ciing vay. Diém,
duong thdng, mdt pheng 1a ba déi tugng co ban chia
hinh hoc khong gian. Tif ba d6i tugng co ban d6 va

Kim tu thdap nhé co dang hinh chop

nhiing quan hé co ban gitia chiing, ta tao nén nhiing tit gidc déu nam J san Napoléon

vét thé khdc nhau (nhu: hinh chép, hinh nén, ...) va ctia bdo tang Louvre, Paris

xay dung nén hinh hoc khong gian dé nghién ciiu (Nguon: htips.//shutterstock.com)
tinh chét cta nhiing hinh nhu vay. Hinh 1

thanh ph& Manchester, c6 biét danh 1a “Nha hat
cua nhiing gidc mo”, véi siic chida 75 635 ngudi,
12 s4n vAn dong 16n thit hai 6 Vuong quéc Anh.

Quan sit Hinh 2 va cho biét, mit sin van dong

5 " 2 Nguon: hitps://shutterstock.c
thuding dugc lam phing hay cong. IR qu: :h 2" R
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Nhdn xét: Mit sn van dong cho ta hinh &nh mot phin

P //
cua mit phang trong khong gian. y
J ,
Ngudi ta thudng biéu dién mot mit phing bing mot // /
hinh binh hanh va diing céc chif cdi dit trong diu ngoic - —y
mn

don () dé dit tén cho mit phang Ay. Vi du: mit phing
(P) (Hinh 3), miit phing (Q), mét phing (@), mit phing (), ...

Trong thuc tién c¢6 nhidu vi du
minh hoa cho mit phing. Chang
han: tim guong phing, mit ban,
bang treo tuong (Hinh 4), ... Cho
ta hinh 4nh mot phan miit phing
trong khong gian.

1 Néu vi du trong thuc tién
minh hoa hinh anh cia mdt
phin miit phing.

Hinh 4

2. Piém thuoc mat phang

dinh ctia kim tu thdp ¢6 thudc mit phing (P) hay khong?

Nhan xét: Vi mbi diém A va mit phing (P), chi xdy ra mdt trong hai kha niing sau:

« Diém A thudc mit phing (P), ta ki hiéu A e (P) g
(qunh Sa). ? \ ¢ y A / /(/ 4 ///
e Diém A khong thudc mit phing (P) hay A nam _¢ A
ngoai (P), ta ki higu A ¢ (P) (Hinh 5b). iy &

3. Hinh biéu dién ciia mét hinh trong khong gian
a) Khai niém

D¢ hinh dung dugc kim ty thdp tai bdo tang Louvre
G Hinh 1, ta vé trén mit phang nhi Hinh 6 minh hoa
kim ti thdp d6. Hinh 6 goi 1a hinh biéu dién cla
kim tu thap kinh tai bao tang Louvre.

MOt cdch tong quat, ta quy udc: Hinh 6

[ Hinh dudc vé trong mit phing d€ gitp ta hinh dung dudc vé mot hinh trong
khong gian goi la hinh biéu dién cta hinh khong gian dé.

b) Quy tic vé hinh biéu dién ciia mot hinh trong khong gian
Dé viéc vé hinh biéu dién ctia mot hinh trong khong gian duge thuin 1gi va thdng nhit,
ta quy uéc nhu sau:
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Vl) Dudng thing dugc biéu dién bdi dudng thang. Poan thang dudc biéu dién

b&i doan thing;

2) Hai duong thing song song (hodc cit nhau) dugc biéu dién bdi hai dudng
théng song song (hoic cit nhau);

3) Hinh biéu dién giit nguyén tinh lién thudc gitia diém véi dudng thang hotic
v6i doan thing;

4) Nhiing dudng nhin thiy dudc vé bing nét lién, nhiing dudng khong nhin thiy
dugc vé bing nét dit.

Chii y: Céc quy tic khéc sé dudc dé cap sau.

Vidul & Dua trén Hinh 7, vé hinh biéu dién ctia hop phén.
Gidi
Hinh bi€u dién ctia hop phin c6 thé vé nhu Hinh 8. ,

2 Vé hinh biéu dién ctia mit
: phing (P) va dudng thing a
B B xuyén qua noé.

Hinh 7 Hinh 8

I. CAC TINH CHAT THUA NHAN CUA HINH HOC KHONG GIAN

Do thuic tién, kinh nghiém va quan sdt, ngudi ta thita nhdn mot so tinh chat ctia hinh hoc
khong gian. Sau dy, ta s& 1am quen vé6i nhiing tinh chit thita nhin do.

“SEY» Hinh 9 la hinh dnh xa ngang trong mon

Nhay cao.

Quan st Hinh 9 va cho biét ta cAn bao nhiéu diém

do dé gilt c6 dinh dugc xa ngang do. _I.-I_
Tinh chat 1

(Nguon: https://shutterstock.com)

Hinh 9

C6 mdt va chi mot dudng thang di qua hai diém
phan biét cho trudc.

Quan sat Hinh 10. D6 1a hinh anh bép cti véi
kiéng ba chan. “Kiéng ba chan” la vat dung bing sit,
¢6 hinh vong cung duge gin ba chén, ding dé dit ndi
1én khi niu bép. B&p ciii va kiéng ba chan 12 hinh anh
hét stic quen thudc véi nhiéu gia dinh & Viét Nam. Vi sao
kiéng ba chén khi dit trén mit dit khong bi cip kénh? Hinh 10
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Tinh chat 2

‘ ) ) . . B
C6 mot va chi mdt mit phing di qua ba diém Ae )
khéng thing hang cho trudc. °C

Hinh 11
Nhu vdy, mit phdng hoan toan xic dinh khi biét ba diém A, B, C khong thang hang.
Miit phing d6 dugc ki hiéu mp(ABC) hay don gin 12 (ABC) (Hinh 11).

Tinh chat 3

Né&u mot dudng thing di qua hai diém phan biét cia mot mit phing thi moi diém
clia dudng thing d&u nim trong mit phing d6.

Nhu viy, néu mot dudng thing d di qua hai diém phan
biét A, B clia miit phiing (P) thi moi diém clia dudng thing A B
d déu nim trong mit phang (P). Khi do, ta néi d nam /<

trong (P), hodic (P) chiia d, hoiic (P) di qua d, ki hiéu: -
d < (P) hay (P) > d (Hinh 12). Hinh 12

Vidu2 = Hinh 13 minh hoa ngudi tho dang kiém tra
d6 phing ctia mit san nha. Hiy cho biét ngudi thg
ki€m tra @6 phing ctia mit sin nha bing c4ch nio.
Gidi
Ngudi thg dit thude det dai 18n mit sin nha & c4c vi tri khdc nhau. Néu thude d6 ludn 4p
sat mit san (khong bi cip kénh) thi mit san 1a phing.

Tinh chat 4

Vidu 3 = Giai thich tai sao:

a) Chin mdy anh c6 thé dit ¢ hau hét céc loai dia
hinh ma van diing viing (Hinh 14).

b) Ban, ghé& bon chan thudng hay bi cip kénh.

Gidi Hinh 14

a) Gid d6 ba chian cla mdy anh khi dit trén mit dat khong bi cap kénh vi theo
Tinh chat 2, ba diém khong thing hang nio ciing xdc dinh mdt mit phing.

b) Ban, gh& bon chan thudng hay bi cip kénh vi theo Tinh chat 3, bon diém c6 thé khong
cling nim trén mot mat phing.
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5 KW Hinh 15 m6 t mot phan ctia phong hoc.
NE&u coi biic tudng chifa bing v san nha 1A
hinh 4nh cta hai mit phing thi giao cta hai

miit phiang dé 1a gi?
Tinh chat 5

V . (Nguén: https://shutterstock.com)
Néu hai mit phing phin biét c6 mot diém chung Hinh 15

thi ching c¢6 mot dudng thing chung duy nhat
chifa tit ci cdc diém chung ctia hai mit phiing d6. /@ /

Néu hai miit phé’mg phin biét (P) va (Q) ¢6 diém ,/

chung thi chiing ¢c6 mdt dudng thing chung duy nhat / d L
d chia tat ca céc diém chung ciia hai mjt phing do. % /’
Putng thang d d6 goi la giao tuyén cua hai mét phang '
(P) va (Q), ki hiéud = (P) n (Q) (Hinh 16). / /

Vidu4 | Trong mit phing (P), cho hinh binh hanh Hinh 16

ABCD, ngoai mit phing (P) cho mét diém S. Hiy )
xac dinh: S p

a) Giao tuyén clia hai mit phiang (SCB) va (SCD); 3 Trong Vi du 4, xdc dinh
b) Giao diém ctia mit phing (SAC) v6i dudng thing BD. giao tuyén ctia hai mit phing
Gidi. (Hinh 17) (SAGH va (SD).

a) Vi§ va C cung thudc hai mit phfing (SCB) va (SCD)
nén giao tuyén ctia hai mit phing (SCB) va (SCD) 1a
dudng thing SC.

b) Goi Ola giao diém ctia AC va BD. Khi d6, vi O thude
mat phﬁng (SAC) nén diém O la glao diém coa
mit phing (SAC) véi dudng thing BD. -8 D C

Nhan xét: Qua Vidu 4, ta th:?fy: o

o C6 thé x4c dinh giao tuyén ctia hai mit phing bing cich di tim hai diém chung ctia chiing.

Pudng thang di qua hai diém chung d6 1a giao tuyén can tim.

« D€ tim giao diém ctia dudng thing @ va mit phing (P) (v6i gia thiét a cit (P)), ta c¢6
thé 1am nhu sau:

Chon mot dudng thing b thich hgp trong mit phéng (P) va tim giao diém M cuaa hai

dudng thing a va b. Khi d6, M 1a giao diém can tim.

Tinh chat 6

[ Trén mdi mit phiing ciia khdng gian, cic két qua da biét cia hinh hoc phing déu diing.
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Trén day 1a céc tinh chit dugc thita nhin khong ching minh. Dua trén nhiing tinh chét
duge thiia nhin do, ta c6 thé chiing minh dugc nhiing tinh chét khéc.

1. MOT S CACH XAC PINH MAT PHANG

\
®

i Cho diém A khong thude dudng thing d. Liy hai (a o
di€m phan bi¢t B va C thudc dudng thing d (Hinh 18). 4 B

e
\_Q

a) Mt phing di qua ba diém A, B, C ¢6 di qua dudng thing Hinh 18
d hay khong?
b) C6 bao nhiéu mit phing di qua diém A va dudng thing d?

Dinh li 1

[ Cho diém A khong thudc dudng thing 4. Khi d6, qua diém A va dudng thing d
¢6 mot va chi mot mit phing, ki hiéu mp(A, d) hoidc (A, d).

I Cho hai dudng thing a va b cit nhau tai O. Ly La
) : ) ‘ B /,,

di€ém A trén dudng thing a (A khic 0), 1y diém B trén A ><

dudng thing b (B khic O) (Hinh 19). { 2 -’ A

a) Mit phing di qua ba diém A, B, O ¢6 di qua hai dudng Hink 19

thing a va b hay khong?
b) Cé bao nhiéu mit phiang di qua hai dudng thing a va b?
Pinh li 2

V | = — =
Cho hai dudng thing @ va b cit nhau. Khi d6, qua a va b 6 mot va chi mot miit phéng,
ki hiéu mp(a, b).

Nhan xét: Tu Tinh chat 2 va hai dinh 1f trén, ta thiy t—r
mit phﬁng hoan toan dudc xdc dinh theo moét trong 7 ) ,
ba cédch sau: 4 Trong gt Phang’a (P)
cho tam giac ABC. Diém D

« Di qua ba diém khong thing hang. khéig thue mit phine ().

¢ Di qua mot dudng thing va mét diém nim ngoai Héi qua hai dudng thing AD
duong thang doé. va BC ¢6 xac dinh dugc mot
« Di qua hai dudng thing cit nhau. mét phang khong?
Vidu 5

a) Cho diém A khong thudc dudng thing d. Trén d 13y ba diém B, C, D d6i mot khic
nhau. Ching minh ring bon diém A, B, C, D cling thudc mot mét phing.

b) Cho hai dudng thing a, b cit nhau tai O. Pudng thing ¢ khong di qua O va cit céc
dudng thing a, b. Chiing minh ring ba dudng thing a, b, ¢ cling thudc mot mit phing.

90



Gidi

a) (Hinh 20) Theo Pinh If 1, qua diém A va dudng thing d
¢6 miit phing (&). Do B, C, D € dnén B, C, D < ().
Vay bon diém A, B, C, D cung thuéc mot mit phing.

b) (Hinh 21) Theo Pinh 1i 2, qua hai dutng thfmg a,bcod
mit phing (/). Gia sii dudng thing ¢ cit hai dudng
thiang a, b 14n luot tai c4c diém A va B. Do ¢ khong di
quaOnén A khic B.TacOA € a,B € bnénA, B € ().
Suy ra ¢ nim trong mit phing (f). Viy ba dudng
thang a, b, ¢ cing thudc mot miit phing.

IV. HINH CHOP VA HINH TU DIEN
1. Hinh chop

s
1

“fg»:‘ LY Hinh 22 1a hinh anh cia mdt hdp qua luu niém
c6 dang hinh chép tit gide déu S.ABCD. Quan sit Hinh 22
va tra loi céc cau hoi:

a) Pinh S ¢6 ndm trong mit phiang (ABCD) hay khong?
b) M&i mit cia hop qua Iuu niém c¢6 dang hinh gi?
Trudc hét, ta quy udc nhu sau: Tl nay, khi n6i dén “tam
gidc”, ta ¢6 thé hi€u 12 hinh gdm ba canh ctia n6 hoic 1a
hinh gdm ba canh va cdc diém nim trong tam gidc do.
Dai v6i da gidc cling nhu thé.

V - [ A
Trong mit phing (P), cho da gidc A A,...A (n > 3). Ly
di€ém S ndm ngoai (P). N6i S véi cic dinh A, A, ..., Ag
ta dugc n tam gidc: SA A,, SALA,, ..., SA A,. Hinh gom
da giac A1A2' . .An va n tam gidc SAIAZ, SA2A3, SAnAl

goi 1a hinh chdp, kihiéu S.A A,...A .

¢ D

Hinh 20

Chu y
» Trong hinh chép S.AA,... A
— Diém S goi la dinh;
—bPagiacAA,...A goilamar day;
— Cac canh cua mat day goi la canh ddy, ciac doan th*fmg SAl, SAQ, . SAH goi la céac
canh bén;

— Céc tam giac SA 1A2, SAzAs, SAMAl goi la cac mdt bén.
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o Néu ddy ctia hinh chép 12 mot tam gidc, td gide, ngil gidc, ... thi hinh chép tuong tng
goi 1a hinh chop tam gidc, hinh chop tit gidc, hinh chop ngii gidc, ... Hinh 23 minh hoa
cho hinh chop ngt gidc S.A A,A A A..

Vidu 6 = Cho hinh chép S.ABCD c6 ddy 1a hinh binh hanh. Goi M, N lan lugct 14 trung

diém cuta cdc canh SA, BC.

a) Xdc dinh giao diém ctia mit phang (DMN) véi cdc duong thang AB, SB.

b) Xéc dinh giao tuyén ctia mit phang (DMN) véi ciac mit phang (SAB) va (SBC).

Gidi. (Hinh 24) p

" ~'5 Cho hinh chép S.ABCD
¢6 ddy Ia hinh binh hanh,
Goi M, N lan lugt Ia trung
diém ctia céc canh SA va AD.
a) X4c dinh giao diém cua
mit phing (CMN) véi cic
dudng thing AB, SB.
b) Xdc dinh giao tuyén cia
mit phing (CMN) v6i mbi
miit phing (SAB) va (SBC).

Hinh 24

a) Trong mdt phﬁng (ABCD) ¢6 DN cit ABtai P. Vi P € DN nén P € (DMN). Do d6, P 1a
giao diém ctia mit phang (DMN) vé6i AB.

Trong mit phing (SAB) c¢6 MP cit SB tai E. Vi E € MP nén E € (DMN). Do @6, E 1a
giao diém ctia miit phing (DMN) véi SB.

b) Vi M va E cung thudc hai mét phﬁng (DMN) va (SAB) nén giao tuyén ctia mit phﬁng
(DMN) véi miit phing (SAB) 1a dudng thing ME.

Vi N va E ciing thudc hai mit phiang (DMN) va (SBC) nén giao tuyén clia mit phing
(DMN) véi miit phing (SBC) la dudng thing NE.

2. Hinh tir dién

“SE® Hinh 25 12 hinh anh ctia khéi rubik tam gidc

(Pyraminx). Quan sat Hinh 25 va tra 16i cac cau hoi:

a) Khdi rubik tam gidc ¢6 bao nhiéu dinh? Cac dinh c¢6
cling ndm trong mdt mit phing khong?

b) Khdi rubik tam gidc ¢6 bao nhiéu mit? Mo6i mit cla
khoi rubik tam gidc 12 nhitng hinh gi?

Hinh 25
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ﬂho bén diém A, B, C, D khong cing nim
trong mot miit phing. Hinh gdm bdn tam gidc
ABC, ACD, ABD va BCD goi 1a hinh tit dién
(hay ngin gon la ti# dién), ki hiéu 1a ABCD.

Chisi % C Hinh 26
 Trong hinh ti dién ABCD (Hinh 26)
—Céc diém A, B,C,D goi la cdc dinh.
—Céc doan thfing AB, BC, CD, DA, CA, BD goi 14 cdc canh. Hai canh khong c6 diém
chung goi 1a hai canh déi dién.
—Céc tam gidc ABC, ACD, ABD, BCD goi la cic maqt.
—Pinh khéng nim trén mot mét goi 1 dinh doi dién véi miit doé.
o Hinh tid dién c6 cdc mit 1a tam gidc déu 1a hinh i dién déu.
« Mdi hinh chép tam gidc 12 mot hinh td dién. Nguge lai, néu ta quy dinh ro dinh va
mat ddy trong mét hinh td dién thi hinh ti dién d6 tré thanh hinh chép tam gidc.
Vidu7 | Cho t dién ABCD. Céc diém M, N, Plan

luot thudce cac canh AB, AC, AD sao cho: '
AM 1 AN 2 AP 1 6 Cho ti dién ABCD. Cac

E = 5, R = 5, E —5- diém M, N, P lan lugt thudc

) Xéc dinh E, F, G 1An Tuct I wino did j ) cac canh AB, AD, BC sao cho:
a) Xdac di s an lugt la giao diém cua cic
1 ) 3 AM | AN 2 BP 3
duong thaing MN, MP, NP v6i mét phang (BCD). =—, =—, =—.
AB 3 AD 3 BC 4

b) Chiing minh riing cic diém E, F, G thing hang.

Gidi. (Hinh27) A - g o Foan ol
la giao di€m cua cac

dudng thing AC, BD véi

miit phing (MNP).

E b) Chiing minh ring céc
dudng thing NE, PF va
CD cung di qua mot diém.

Hinh 27

a) Trong mat phﬁng (ABC), goi E 1a giao diém cta MN va BC. Vi E € BC nén E € (BCD).
Do dé, E 1a giao diém ctia MN vé6i mit phang (BCD).
Trong mit phfmg (ABD), goi F 1a giao di€ém ctia MP va BD. Vi F € BD nén F € (BCD).
Do d6, F 1a giao diém ctia MP v6i mit phing (BCD).
Trong mit phf‘mg (ACD), goi G 1a giao diém ctia NP va CD. Vi G € CD nén G € (BCD).
Do d6, G la giao diém ctia NP véi mit phing (BCD).

b) Do E, F, G cung thudc hai mit phfing phan biét (MNP) va (BCD) nén theo Tinh chat 4,
cdc diém E, F, G déu thudc giao tuyén clia hai miit phﬁng (MNP) va (BCD). Vay ba diém
E, F, G thing hang.
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Nhdn xét: D€ chiing minh ba diém thing hing, ta ¢6 thé chi ra ba diém d6 cling thudc
hai mit phang phén biét.

. BAI TAP

94

Khi trit tuong, dung cu khong thé thiéu clia ngudi
thg la thude det dai (Hinh 28). Cong dung cta
thudc det nay 1a gi? Giai thich.

Hinh 29 12 hinh 4nh cla chiin gidy bing gb ¢6 bon
mit phan biét 12 c4c tam gidc. V& hinh biéu dién Hinh 28
ctia chiin gidy bing gd do.

Cho ba dudng thang a, b, ¢ khong ciing nim trong
mot milt phang va d6i mot cit nhau. Ching minh
riing ba duong thing a, b, ¢ cling di qua mot diém,
hay con goi 1a ba dudng thing dong quy. Hinh 29

Cho hinh chép S.ABCD c6 AC cét BD tai O va AB cit CD tai P. Diém M thudc canh
SA (M khic S, M khic A). Goi N la giao diém ctia MP va SB, I 1a giao diém cta MC
va DN. Chiing minh riing S, O, I thing hang.

Cho hinh chép S.ABC. Cdc diém M, N lan lugt thudc cdc canh SA, SC sao cho
MA =2MS, NS = 2NC.

a) Xdc dinh giao diém ctia MN véi mit phing (ABC).

b) Xdc dinh giao tuyén ctia mit phing (BMN) véi miit phing (ABC).

Cho hinh chép tit gidc S.ABCD c6 ddy khong 12 hinh thang. Goi M 14 trung diém clia SA.
a) Xdc dinh giao diém ctia CD v6i miit phing (SAB).

b) Xdc dinh giao tuyén ctia hai mat phfing (SAB) va (SCD).

¢) Xdc dinh giao tuyén ctia hai mit phing (MCD) va (SBC).

Cho hinh ti dién ABCD. Goi I la trung diém canh CD. Goi M, N lan lugt 1 trong
tam cdc tam gidc BCD, CDA.

a) Chiing minh ring cdc diém M, N thudc mit phing (ABI).

b) Goi G 1a giao di€ém cia AM va BN. Chiing minh ring: oM = L = l
GA GB 3
¢) Goi P, Q 1an ludt 13 trong tAm céc tam gidc DAB, ABC. Chiing minh ring céc
GP GQ |
dudng thing CP, DQ cung di qua diém Gva ——=——=—
g thing CF, DQ cling i qu “'6e 6D 3



§2 HAI DUGNG THANG SONG SONG
TRONG KHONG GIAN

Trong thuc t€, ta quan sat thay nhiéu hinh dnh
goi nén nhiing dudng thing song song vdi
nhau. Chfmg han cdc ¢dt treo ¢d cha to chic va
cdc nudc thanh viéen ASEAN (Hinh 30).

Hai duong thang song
song trong khong gian
o tinh chdt gi?

(Nguon: hitps://shutterstock.com)
Hinh 30

I. VI TRi TUONG D3I CUA HAI DPUSNG THANG PHAN BIET
Trong muc nay, néu khong néi gi thém, ta ludn gid sii hai dudng thang 13 phan biét.

e
Lo g
& 1

a) Hay néu cdc vi trf tuong d6i clia hai dudng thing trong mit phing.

b) Quan sat hai dudng thiang a va b trong Hinh 31a, 31b va cho biét cic dudng thing d6 c6
cling niim trong mdt mit phing khong.

Hinh 31

e Hai duong thing a va b ¢ Hinh 31a cing nam trong mot
mdit phdng.

o Hai duong thdng a va b ¢ Hinh 31b khong cing ndm
trong mot mdt pha”?ng.
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Nhdn xér: Cho hai dudng thing a va b phan biét trong khong gian. Khi dé chi xay ra mot
trong cdc trudng hgp sau:

Triong hop 1: C6 mot mit phing chida a va b. Khi d6 ta néi a va b dong phdng (Hinh 32a).
4

b
| JE
/ / \ /
P b/ A Y/
b) \

@ Hinh 32

Truong hop 2: Khong c6 mit phang nao chia a va b. Khi d6 ta néi a va b chéo nhau,
hay a chéo voi b (Hinh 32b).

Khi hai dudng thing a va b (phan biét) ddng phing, ta dd biét ¢6 hai kha niing xdy ra:

o a v b 6 mot diém chung duy nhat 7. Ta n6i a v b cit nhau tai / va ki hidulda ~ b = {I}.
Ta con ¢6 thé viét a » b = I (Hinh 33a).

j_,/ g , / / a
A /
/ / b
y ></ ) /
y - B 4
a) b

)

Hinh 33

e a va b khong c6 diém chung. Ta néi a va b song song vdi nhau va ki hiéu 1a a // b (Hinh 33b).

V A L | 4 - :
Hai duding thing song song 1a hai dudng thing cling nim trong mdt mit phing
va khong c6 diém chung.

Nhdn xét: Cho hai dudng thing song song a va b. C6

duy nhat mdt mit phang chiia hai dudng thing dé, ki
hiéu la mp(a, b).

Vidul & Cho hinh chép S.ABCD c6 diy ABCD la
hinh binh hanh (Hinh 34). Hiy xét vi tri tuong déi cla
mdi cip dudng thing sau: AB va CD; SA va BC.

Gidi
ABCD la hinh binh hanh nén AB va CD song song
véi nhau.

Hinh 34

Do bon diém S, A, B, C khong cung ndm trén mot miit
phéng nén hai dudng thing SA va BC chéo nhau.
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e

1 Quan sit mot phan
cdn phong (Hinh 35),
hdy cho biét vi trf
tuong doi cua céc cip
dudng thing a va b; a

vac,bvac.
Hinh 35
Il. TINH CHAT
M
@ 7Y Trong khong gian, cho diém M va dudng thing d r *
khong di qua diém M (Hinh 36). Néu du dodn vé s6 dudng
Hinh 36

thing di qua diém M va song song véi dudng thing d.
Pinhli 1

Trong khong gian, qua mot diém khong nim trén duding thing cho trude, c6 mot
va chi mot duding thing song song véi duong thing da cho.

Chitng minh

Trong khong gian, gid st M la diém khong nim trén

dudng thing d.

_ Khi d6 di€m M va dudng thing d xéc dinh duy nht mot / d M /
mit phing (P) (Hinh 37). Trong mit phing (P), theo tién dé y d

Euclid vé dudng thing song song, c6 mot dudng thing d” di
qua M va song song véi dudng thang d. Nhu vy, trong khong Hinh 37

gian, ton tai dudng thang ’ di qua M va song song véi d.

— Trong khong gian, gia sii d” 12 mot dudng thing di qua M va song song véi d. Dod”// d
nén d” va d nim trong cing mit phiang (Q). Khi d6, miit phing (Q) ciing di qua di€ém M
va dudng thiang d, suy ra mit phing (Q) tring v6i mit phing (P). Do vy, dudng thing
d” nam trong mit phiang (P). Trong mit phing (P), hai dudng thing d’, d” cing di qua
M va song song v6i d nén d’ va d” trung nhau. Viy dinh 1i dugc chiing minh.

Cho ba miit phing (P), (Q), (R) d6i mdt cit nhau theo ba giao tuyén phan biét a,
b, ¢, trong 46 a = (P)  (R), b= (Q) A (R), ¢ = (P) ~ (Q).
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— Néu hai dudng thang a va b cit nhau tai diém M thi dudng thing ¢ ¢6 di qua diém M
hay khong (Hinh 38a)?

— Néu dudng thiang a song song véi dudng thiang b thi dudng thing a c6 song song vdi
dudng thing ¢ hay khong (Hinh 38b)?

a ! b

b)
Hinh 38

Dinh li 2 (vé giao tuyén clia ba miit phing).

Néu ba mit phing d6i mot cit nhau theo ba giao tuyén phan biét thi ba giao
tuyén 4y hoic déng quy, hodic d6i mdt song song v6i nhau.

Tt Pinh 1i 2, ta suy ra hé qua sau:

H é qua: Néu hai mit phing phan biét 14n lugt chiia hai dudng thing song song thi giao
tuyén ctia ching (néu c¢6) cling song song vdi hai dudng thing dé hodc tring véi mot
trong hai dudng thang d6 (Hinh 39).

/ d ™ a

d d d d

1 2 1 2. | 1 2

.| &
4 \\ | N
a) b) X c)

Hinh 39

Vidu 2 & Cho hinh ch6p S.ABCD c6 day ABCD la hinh
thang v6i AB // CD. Xac dinh giao tuyén cta hai mit
phiing (SAB) va (SCD).
Gidi. (Hinh 40)
Hai mit phing (SAB) va (SCD) c6 diém chung 14 S va 1an A B
lugt chda hai dudng thang AB va CD song song véi nhau
nén giao tuyén clia hai mit phing d6 1a dudng thing d di D C
qua S va song song vGi AB va CD. Hinh 40
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Vidu3 | Cho hinh chép S.ABCD c6 diy ABCD la gy

hinh binh hanh. Goi M, N 1an lugt 1a trung diém cua 2 Cho hinh chép S.ABCD
cdc canh SA, SD va P 1a mdt diém ndm trén canh AB ¢6 ddy 12 hinh binh hanh.
(P khic A va B). Pudng thing CD cit mit phing Xdc dinh giao tuyén ciia
(MNP) tai diém Q. Chiing minh ring dudng thing MN cdc cip mit phing (SAB)
song song vdi dudng thing PQ. va (SCD); (SAD) va (SBC).

Gidi. (Hinh 41)

Ba miit phing (SAD), (ABCD), (MNP) d6i mot cit
nhau theo cdc giao tuyén AD, MN, PQ.

Trong tam gidc SAD ta ¢c6 MN la dudng trung binh
nén MN // AD, do d6 theo Dinh i 2 ta suy ra ba dudng
thing AD, MN, PQ d6i mdt song song. Viy dudng
thang MN song song vdi dudng thang PQ.

ST

“&¥Y Trong miit phing, hay néu vi trf tuong ddi cua

hai dudng thing phin biét ciing song song véi dudng
thing thi ba.

Pinhli 3

Hinh 41

V | — — .
Trong khong gian, hai duding thing phan biét ciing song song véi dudng thing
thit ba thi song song véi nhau.
Khi hai dudng thing a va b ciing song song vdi dudng thing ¢, ta ki hiéu a // b // ¢ va goi
12 ba dudng thing song song.
Iidu4 = Cho td dién ABCD. Goi M, N, P, Q, R va S lan lugt 1a trung diém chia cdc
doan th:fing AB, CD, BC, AD, AC va BD. Ching minh ri“mg:
a) MP // QN va MP = QN;

b) C4c doan thing MN, PQ, RS cing di qua trung
diém G ctia mdi doan.

Gidi. (Hinh 42)
a) Trong tam gidc ABC ta ¢6 MP la duong trung binh
1
nén MP // AC va MP ZEAC (1).

Trong tam gidc ACD ta c6 QN la dudng trung binh

nén ON // AC va ON :%AC 2).
Tt (1) va (2) suy ra MP // QN va MP =ON. Hinh 42



b) Tit két qua ciu a) ta 6 td gide MPNQ 1a hinh binh

hanh nén MN, PQ cit nhau tai trung diém G cla

3 Cho hinh chép S.ABC.

mdi doan. Goi M, N lan lugt 12 trung
L{ ludn tuong tu ta ciing 6 td gidc MSNR 1a hinh diém cla cdc doan thing
binh hanh nén MN, RS cit nhau tai trung diém G SA, SC. Lay cic diém P,

cua moi doan. Vay MN, PQ, RS cung di qua trung
diém G cta mdi doan. BP BO

[ sAi Tip

1.

100

O lan lugt thudc cac doan
thaing AB, BC sao cho

1
3€ _° Ching minh
BA_ BC 3
ring MN song song véi PQ.

Quan sét phong hoc ciia 16p va néu Ién hinh anh cta hai dudng thing song song,
cit nhau, chéo nhau.

Quan sdt Hinh 43 va cho biét vi tri tuong doi
ctia hai trong ba cdt tuabin gi6 c6 trong hinh.

Cho hinh chop S.ABCD c¢6 day ABCD la hinh binh
hanh. Goi M, N, P 1an luct 1a trung diém cua céc
canh SA, AB, SD. Xdc dinh giao tuyén cua moi
cdp miit phfmg sau: (SAD) va (SBC); (MNP) va (Nguon: https://shutterstock.com)
(ABCD). Hinh 43

Cho ti dien ABCD. Goi G 118, lan lugt 1a trong tAm cla cédc tam gidc ABC va ABD.
Chiing minh ring dudng thing G, G, song song véi dudng thiing CD.
Cho hinh ch6p S.ABCD c6 day ABCD la hinh thang v6i AB 1a day 16n va AB = 2CD.

Goi M, N lan lugt 1a trung diém cla cdc canh SA va SB. Chiing minh ring dudng
thing NC song song véi dudng thing MD.

Cho hinh chép S.ABCD c6 day ABCD la hinh binh hanh. Goi M, N, P, QO 1an lugt 1a
trung diém ctia cdc canh AB, BC, CD, DA; I, J, K, L 1an luct la trung diém ctia cic
doan thing SM, SN, SP, SQ.

a) Chiing minh riing bon diém 1, J, K, L ddng phéng va td gidc IJKL 12 hinh binh hanh.
b) Chiing minh ring IK // BC.

¢) Xéc dinh giao tuyén ctia hai mit phiang (IJKL) va (SBC).

Cho tid dién ABCD. Goi 1, J 1an ludt 1a trung diém cta cdc canh BC, CD. Trén canh

AC 1ay diém K. Goi M la giao diém cta BK va Al, N la giao diém ctia DK va AJ.
Chiing minh riing dudng thing MN song song véi dudng thing BD.



S3 DUGNG THANG VA MAT PHANG SONG SONG

Trong thuc tién, ta thudng gip nhiéu dd ding, vat
thé ggi nén hinh anh dudng thing song song vdi miit
phing. Ching han, thanh barrier song song véi miit
dudng (Hinh 44).

Thé nao la duong thing
song song véi mdt phing trong
khong gian?

Hinh 44

I. PUSNG THANG SONG SONG VSI MAT PHANG

&) !

a) Trong Hinh 44, thanh barrier va mit dudng goi nén hinh dnh dudng thing d va mit
phing (P). Cho biét dudng thing d va miit phing (P) ¢ diém chung hay khéng.

b) Cho dudng thing d va mit phiang (P). Hiy cho biét cdc kha ning ¢6 thé xay ra d6i véi
s6 diém chung cta d va (P).

d
2
A\
e = i X L/
dc (P) drn(P)=A d/l (P)
a) b) c)
Hinh 45

Nhan xét: C6 ba kha niing c6 thé xdy ra ddi v6i s diém chung ctia d va (P) (Hinh 45) 1a:

o d va (P) ¢ tit hai diém chung tré 1én. Khi @6 dudng thiang d ndm trong mit phing (P)
hay (P) chita d va ki hi€u la d — (P) hay (P) o d (Hinh 45a).

e d va (P) c6 mét diém chung duy nhdt A. Khi d6 ta n6i d va (P) cdt nhau tai diém A va
ki hieuladn (P)={A} hay d n (P) = A (Hinh 45b).

e d va (P) khéng co diém chung. Khi d6 ta néi d song song véi (P) hay (P) song song véi
d va ki hiéu la d// (P) hay (P) // d (Hinh 45c).

2s

Vidu1 = Cho hinh chop S.ABCD c6 day ABCD la hinh binh hanh (Hinh 46). Chiing
minh ring AB // (SCD).

2]

udng thang dudc goi 1a song song véi mit phang néu ching khong ¢6 diém chung.
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Giai S

Néu dudng thing AB va mit phing (SCD) ¢6 diém chung 14 M thi

diém M nam trén ca hai mit phiing (ABCD) va (SCD), suy ra diém

M niim trén CD. Do @6 M 1 diém chung ctia hai dudng thing AB

va CD. Diéu nay khong xay ra vi AB // CD. Vay AB // (SCD). A B
S = . Hinh 46

-

I Quan sat cdc xa

ngang trén san tap thé
duc 6 Hinh 47. Hay cho
biét vi trf tuong ddi cha
cic xa ngang do vdi

(Nguon: hitps.//shutterstock.com)

Hinh 47 mgt san.
Il. PIEV KIEN VA TiNH CHAT
¥ Cho dudng thang a khong ndm trong miit phing Q &
(P) va a song song véi dudng thing @’ ndm trong (P) /a—‘
(Hinh 48). Goi (Q) 1a mit phing xdc dinh béi hai dudng 4 ' A
thing song song a, a’. Hinh 48

a) Gia st a cit (P) tai M. Puong thing a ¢6 ciit dudng thing a’ tai M hay khong?
b) Néu vi tri tuong doi ctia dudng thing a va mét phang (P). Vi sao?
Dinh li 1 (dau hiéu nhin biét mot dudng thing song song véi mot mit phing) (Hinh 49):

- A Y a
m’u dudng thing a khong nim trong mit phing (P)
vi a song song v6i dudng thing @’ niim trong (P) thi y /
a song song véi (P). AP 4

Hinh 49
Vidu 2 = Cho hinh chép S.ABCD. Goi M, N 1an lugt 12
trung diém ctia cdc canh SA, SC. Chiing minh ring dudng PV_/V
théng MN song song v6i mit phing (ABCD). 2 Cho ti dién
Gidi. (Hinh 50)
Vi M, N 1an lugt 1a trung di€ém cla
cac canh SA, SC nén MN la dudng

ABCD. Goi M, N, P
lan lugt 12 trung diém
cua cac canh AB, AC,
AD. Céc dudng thing

trung binh ctia tam gidc SAC. Suy MN, NP, PM c6 song
raMN//AC.DoAC c (ABCD),nén  pb____ "~ song v6i mit phang

; ; , k- (BCD) khong? Vi sao?
theo Dinh I 1, ta c6: MN // (ABCD). -

¥ Cho diong thing a song song véi mit phing (P). Cho mit phing (Q) chiia a va
ciit (P) theo giao tuyén b. (Hinh 51)
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a) Gia st a cit b tai M. Puong thing a c¢6 cit mit phing 0
(P) tai M hay khong? U -

b) Néu vi tri tudng d6i ctia hai dudng thing a va b. Vi sao? _b/M
P 7
Dinh li 2 (Tinh chat cta dudng thang song song véi Finh 51

mit phing) (Hinh 52):

-

ho dudng thing a song song v6i mit phing (P). Néu B 7
mat ph:fing (Q) chia a va cat (P) theo giao tuyén b /./E //;
P |

thi b song song vdi a.

Hinh 52
Vidu3 & Cho ti dién ABCD. Trén canh AB 1y mot

A
diém M. Goi (R) 12 mit phing qua M va song song véi p
hai dudng thing AC va BD. Xic dinh giao tuyén ciia M
miit phing (R) v6i mit phing (ABC).

Gidi. (Hinh 53) B D
Ap dung Dinh 1i 2, ta c6: Mt phing (R) di qua M va song

song v6i AC, md AC < (ABC) nén miit phing (R) cit miit C  Hinh 53
phing (ABC) theo giao tuyén p di qua M vasong song vGi AC. 7

Cho hai mat phfing (P), (Q) cung song song vOi " 3 O Vidu 3, xic dinh giao
dudng théng a va (P)(Q)=b (Hinh 54). tuyén cua mat phang (R)
. s R N B - vdi cac mat phang (ABD),
a) Lay mgt diém M trén dudng thang b. Goi b’, b” lan (BCD), (ACD).
ligt 12 cdc giao tuyén ctia mit phang (M, a) véi (P) va
mat ph:f’mg (M, a) v6i (Q). Cho biét b’ va b” ¢6 triing :
v6i b hay khong. <

b) Néu vi trf tuong d6i clia hai duding thing a va b. Vi sao?

Trong trudng hop tong qudt, ta ¢é hé qua ctia Pinh Ii 2: b &

[ Néu hai mit phﬁng phén biét cung song song véi il

mot dudng thing thi giao tuyén ctia ching (néu c6) <
cling song song véi dudng thing do. Hinh 54

Chii y: Cho hai dudng thang chéo nhau. Khi @6 ¢6 duy nhit mot mit phing chia dudng
thiing nay va song song vdi dudng thing kia.

Vidu4  Cho hinh chép S.ABCD c6 ddy ABCD la hinh binh hanh. Goi M, N lan lugt 1a
trung diém cta cdc canh AB va SB. Chiing minh ring:
a) C6 duy nhit mot mit phing (R) 12 mit phing chida MN va song song véi AD.
b) Pudng thing AD song song véi giao tuyén d cla hai mit phing (SBC) va (R).
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Gidi. (Hinh 55)

a) Do MN va AD 1a hai dudng thang chéo nhau nén theo
chd y trén, ¢6 duy nhat mot mat phang (R) chita MN
va song song véi AD.

b) Ta thiy N 1a diém chung hai mit phﬁng (SBC) va (R).
Ngoai ra, AD // BC va BC < (SBC) nén AD // (SBC). Ma
AD // (R) nén theo hé qué ctia Pinh If 2, giao tuyén d
ctia hai mit phing (SBC) va (R) song song véi AD. Vay

AD/l d. 9
' » 4 Trong Hinh 56, hai mit

tudng cta cian phong goi nén
hinh 4nh hai mit phing (P)
va (Q) cit nhau theo giao
tuyén b, mép cOt gdi nén hinh

—— anh dudng thing a. Cho biét
Hinh 56 dudng thing a c6 song song

vGi giao tuyén b hay khong.
. BAI TAP b S

Trong phong hoc ctia 16p, hiy néu nhiing hinh dnh vé dudng thing song song véi
mit phang.

2. Trong Hinh 57, khi cit banh sinh nhat, mat cit
va mit khay dung banh 14n lugt ggi nén hinh 4nh
mit phang (Q) va mit phang (P); mép trén va mép
dudi ctia 14t cit 1an lugt ggi nén hinh &nh hai dudng
thing a va b trong d6 a song song véi mit phing
(P). Cho biét hai dudng thing a, b ¢6 song song véi Hinh 57
nhau hay khong.

3. Cho tii dién ABCD. Goi G la trong tAim ctia tam gidc ABD, diém I ndm trén canh BC
sao cho BI = 2IC. Chiing minh ring /G song song vdi mit phang (ACD).

4. Cho hinh chép S.ABCD c6 @dy ABCD 1a hinh binh hanh. Goi M, N lan lugt 1a trung
diém ctia AB va CD. Chiing minh ring didng thing MN song song véi giao tuyén d
ctia hai mit phing (SBC) va (SAD).

5. Cho hai hinh binh hanh ABCD va ABEF khong cling nim trong mdt mit phing.
Goi M, N lan ligt 1a trong tdm cta hai tam gidc ABF va ABC. Chiing minh ring
dudng thing MN song song véi mit phing (ACF).

6. Cho hinh chép S.ABCD c¢6 ddy ABCD 1a hinh binh hanh. L4y di€ém M trén canh AD
sao cho AD = 3AM. Goi G, N 1an lugt 1 trong tAm cta tam gidc SAB, ABC.

a) Tim giao tuyén cta hai mit ph%mg (SAB) va (SCD).

b) Chiing minh ring MN song song véi mit phing (SCD) va NG song song vGi
miit phing (SAC).
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S4 ' HAI MAT PHANG SONG SONG

Trong cudc song, chiing ta bit gip rit nhiéu dd
duing, vét thé ggi nén hinh 4nh cla cdc mit phing
song song, ching han nhu gid dé dd (Hinh 58).

Lam thé nao @ nhén ra
dvege hai mdt pheng song song?
Hai mdit phing song song
thi ¢6 tinh chdt gi?

. HAI MAT PHANG SONG SONG ~ Hinh 58

&YW Trong khong gian cho hai mit phing phéan biét (P) va (Q).

L

Né&u (P) va (Q) c6 mdt diém chung thi ching ¢6 bao nhiéu diém chung? Cé4c diém chung

dé c6 tinh chit gi?

Nhan xét

D6i v6i hai mit phing phan biét (P) va (Q) trong khong gian, ¢ hai kha ning xay ra:

o Hai mit phing (P) va (Q) c¢6
diém chung. Khi d6, chiing
cdt nhau theo mot dudng thang
(Hinh 59a).

e Hai mit phing (P) va (Q) khong
c6 diém chung. Khi dé, ta néi
chung song song v6i nhau, ki hi¢u \en/ 2
(P)//(Q) hay (Q) // (P) (Hinh 59b). b)

Hinh 59

Ta ¢6 dinh nghia sau:

ai mit phang dudc goi 1a song song véi nhau néu chiing khong ¢é diém chung.

Trong thuc tién ¢6 nhiéu hinh 4nh v& hai mit phing g’

song song. Ching han: cic mit cla gid dé dd 1 Néu vi du trong thuc tién
& Hinh 58 cho ta hinh 4nh nhiing mit phing minh hoa hinh 4nh hai miit
song song. phing song song.
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Vidul = Cho hinh chép S.ABC. Goi M, N, P
lan lugt 1a trung diém cta cdc canh SA, SB, SC
(Hinh 60) . Chting minh ring (MNP) // (ABC).

Gidi

Néu hai mit phing (MNP), (ABC) c6 mdot diém
chung thi ching c6 dudng thing chung d. Vi
MN /Il AB nén d// AB hoac d trung v6i AB. Tuong tu,

do MP // AC nén d // AC hoic d tring v6i AC. Diéu
nay la khong thé xay ra vi AB cit AC tai A. Hinh 60

A 7
5 P d //

Il. DIEV KIEN VA TiNH CHAT

7» Cho hai mit phing phan biét (P) va (Q).
Miit phing (P) chia hai dudng thang a, b cit nhau
va a, b cling song song véi mit phing (Q) (Hinh 61).
Hai mit phing (P) va (@) c6 diém chung hay khong?

Dinh li 1 (dau hiéu nhén biét hai mit phing song song):

V " = —— -
Néu mit phing (P) chia hai dudng thang cit nhau a, b va a, b cling song song
vG1 mét phﬁng (Q) thi (P) song song véi (Q).

Vidu2 © Cho hai hinh binh hanh ABCD,
ABMN khong cliing nam trong mdt mit phing.
Chiing minh ring (ADN) // (BCM).

Giai. (Hinh 62)

Vi ABCD la hinh binh hanh nén AD // BC. Ma AD
khong thudc mat phfmg (BCM) suy ra AD // (BCM).
Tuong tu, do ABMN la hinh binh hanh nén AN // BM,

suy ra AN // (BCM). Ma AD, AN cit nhau va nim g Hinh 62
trong mat phfmg (ADN) nén theo Pinh Ii 1, ta c6:
(ADN) /] (BCM).

l‘7: Cho ti dién ABCD. Cic
] diém M, N, P, I, J, K lan luot
mdt phang (Q). la trung diém ctia BC, CD,
a) Trong mit phing (Q) vé& hai dudng thing a’, b’ cit DB, AM, AN, AP. Ching
nhau. Qua diém M ké cdc dudng thing @ va b 1an  minh ring (JK) // (BCD).

“SEP Cho mit phang (Q) va di€ém M ndm ngoai
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lugt song song véi a’, b’. Goi (P) 1a mit phﬁng Xac

dinh béi hai dudng thing (cit nhau) a va b (Hinh 63). y y
Mt phing (P) c6 song song véi mit phing (Q) p/ - Mol
hay khong?

b) Xét mit phing (R) di qua diém M va song song v6i y = 7
miit phing (Q). Hai mit phing (R) va (P) c6 tring & )b(/

nhau hay khong?
Hinh 63

Pinh li 2 (Tinh chét vé hai mit phing song song):

[ Qua mot diém nim ngoai mot mit phang cho trude 6 mot va chi mot mit phing
song song véi mit phing da cho.

Tii dinh 1i trén, ta ¢6 thé chitng minh dugc c4c hé qua sau:

Hé qua 1. Néu dudng thing a song song véi mit phiang (Q) thi ¢6 duy nhat mot mit
phing (P) chia a vi song song v6i mit phing (Q).

Hé qua 2. Hai mit phing phén biét cling song song véi mit phing thit ba thi song song
v6i nhau.

B Cho hai mit phing song song (P) va (Q).
Miit phing (R) cit mit phing (P) theo giao tuyén a.

a) Mit phing (R) c6 cit mit phing (Q) hay khong?
Tai sao?

b) Trong trudng hdp mit phing (R) cit mit phing (Q)
theo giao tuyén b, hiy néu nhin xét vé vi trf tuong doi

gitta hai giao tuyén a va b (Hinh 64). .
Hinh 64

Pinhli 3

Cho hai miit phing song song (P) va (Q). Néu miit phing (R) cit mit phing (P) thi ciing
cit miit phing (Q) va hai giao tuyén ctia chiing song song véi nhau.

Vidu3 = Cho hinh chép ti gide S.ABCD. Lay cdc diém M, N, P 1an luot 1a trung diém
cua cac canh SA, SB, SC.

a) Chiing minh ring (MNP) // (ABCD).
b) Gi4 sti mit phang (MNP) ciit SD tai Q. Chiing minh riing Q 13 trung diém ctia SD.
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Gidi. (Hinh 65)

a) Vi MN la dudng trung binh cta tam gidc SAB nén
MN I/ AB.
Vi AB < (ABCD) nén MN // (ABCD).

Chiing minh tuong ty ta c6: NP // (ABCD).
Ma MN cit NP nén theo Pinh 1i 1 ta cé:
(MNP) Il (ABCD). /.

B C

b) Vi Q 1a giao diém cna SD va (MNP), M 1a diém Hinh 65
chung ctia hai mit phing (SAD) va (MNP) nén MQ

12 giao tuyén ctia (MNP) va (SAD). 9
3 3 Cho hai mit phing (P)
Do (MNP) /| (ABCD), MQ = (MNP) n (SAD), B (00) ot sone v nhia

AD = (SAD) n (ABCD) nén theo DPinh Ii 3, ta co: Puong thing a cit hai mit
MQ // AD. phﬁng trén theo tha tuy tai A,
B. buong thing b song song
v6i dudng thing a va cit hai
miit phang (P) va (Q) 1an lugt
tai A’, B’. Ching minh ring
Ill. DINH Li THALES AB=A'B’.

B3P Cho ba miit phéng song song (P). (Q), (R).
Hai cét tuyén bat ki @ va a’ cit ba mit phing song song
lan lugt tai cac diém A, B, C va A", B’, C’. Goi B, la

-

Trong tam gidc SAD, M la trung diém ctia SA va
MQ // AD nén Q la trung diém ctia SD.

R a a’
giao diém ctia AC’ véi miit phang (Q) (Hinh 66). u
a) Néu vi trf tuong doi ciia BB, va CC’; BB’ va AA”. / ab—* 7
b) C6 nhan xét gi v cic 4 s6: 48 /\ \
AB BC . CA AB BC . CA ) =Ty
AB’ BC' CA 4B’ BC CA L BL Y
¢) T két qua ciu a) va ciu b), so sdnh cdc ti s6: )
AB BC _ CA y /
AR Sy

; va :
AB B'C* CA4°
. . Hinh 66
Dinh li 4 (Dinh 1i Thales)

E Néu a, b 12 hai cit tuyén bat ki ciit ba mit phing song song (P), (Q), (R) 14n lugt
tai cdc diém A, B, Cva A’, B’, C’ thi
AB _BC (A
AB B'C' C4”
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Vidu4 = MOt ké dé d6 biing gb c6 mam tang dudi
(ABCD) va mam tang trén (EFGH) song song vdi nhau.
Béac thd mdc do dudec AE = 80 cm, CG = 90 cm va
mudn déng thém mot mam ting gitta (IJKL) song song
v6i hai mam tang trén va dudi sao cho khodng cich
EI = 36 cm (Hinh 67). Hay gitp bac th¢ mdc tinh
d6 dai GK dé @it mam tang giiia cho ké dé dd ding vi tri.

Hinh 67

Gidi p
Ta c6 cét tuyén EA citba mit phing song song (EFGH), 4 Ban Minh cho ring: I’\Ié'u
(IJKL), (ABCD) 1an lugt tai E, I, A; cit tuyén GCciing %, b 1a hai cdt tuyen bat ki

p e A P . : cit ba mit phing song song
cat ba mdt phdng trén theo thi tu tai G, K, C. Ap dung dinh (P). (0). (R) 13n hid tai céc

1f Thales trong khong gian, ta c6: 2 ﬁ 80 § diemA, B, Cvad’, B,

e G490 |9 thi AB _A’B’ _ AC
Suy ra GR =2 EI=2. 36, 480,5 (can BC B’C’ AC’
8 8 Phit biéu ctia ban Minh

co ding khong? Vi sao?

Vay d6 dai GK = 40,5 cm.

. BAI TAP

Ban Chung cho ring: Néu mit phang (P) chiia hai dudng thang a, b va a, b cling song
song v4i mit phdng (Q) thi (P) ludn song song véi (Q). Phét biéu cua ban Chung c6
ding khong? Vi sao?

2. Trong mat phz?ing (P) cho hinh binh hanh ABCD. Qua A, B, C, D lan luct vé bon
dudng thing a, b, ¢, d 36i mot song song véi nhau va khong niim trong mit phing (P).
Mot mit phéng cit a, b, ¢, d 1an ludt tai bon diém A’, B’, C’, D’. Chiing minh ring
A’B’C’D’ 1a hinh binh hanh.

3. Cho ui dién ABCD. Lay G,» G, G, 14n Iuot 12 trong tAm cha cdc tam gidc ABC,
ACD, ADB.

a) Chiing minh ring (GleG3) /I (BCD).

b) Xdc dinh giao tuyén ctia mit phing (G ,G,G,) voi mit phing (ABD).

4. Cho hai hinh binh hanh ABCD va ABEF khong cling nim trong mot mét phang.
a) Chiing minh ring (AFD) // (BEC).

b) Goi M 1a trong tim cia tam gidc ABE. Goi (P) 12 mit phang di qua M va song

song véi mat phang (AFD). LAy N la giao diém ctia (P) va AC. Tinh %
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§5 HINH LANG TRU VA HINH HOP

Trong thuc tién, ta thudng gip nhiéu dd dung, vat thé goi nén hinh 4nh hinh ling try,
hinh hop. Ching han: Khung lich d€ ban (Hinh 68); Thap d6i Puerta de Europa 6 Madrid,
Tay Ban Nha (Hinh 69), ...

(Nguon: hitps.//shutterstock. mr;z)
Hinh 68 Hinh 69
70 I "Hinh lding tru va hinh hop la

' ~ hinh nhu thé nao?

I. HINH LANG TRU
1. Pinh nghia

@ P Cho hai mit phang song song (P) va (P).
Trong mit phéng (P), cho da gidc AA,...A . Qua cic

dinh A,A,, ...,A V& céc dudng thing song song vdi

nhau va cit mit phing (P') 1an lugt tai A, A, ..., A’

(Hinh 70 minh hoa cho trudng hgp n = 5).

a) Céc td gidc A A AA, A JAAAT, ., AAAA A
nhting hinh gi?

b) Cdc canh tuong tng cua hai da gidc A A,... A va
A/A).. A’ c6 dic diém gi?

Ta c6 dinh nghia sau:

Hinh gom hai da gidgc A A,...A  A/A,’...A ’vacic hinh binh hanh A A, A, A, A, A AA,,
.oy A A A'A duge goi 12 hinh lang tru, ki hitu R A A,.. A A'A’. A"
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Chii ¥: Néu ddy ciia ling tru 12 mot tam gidc, ti gidc, ngii gidc, ... thi hinh ling tru tuong
ting goi la hinh lang tru tam gidc, hinh lang tru t gidc, hinh lang tru ngti giac (Hinh 71), ...
Trong hinh ling tru A A,...A LA/A,...A ™
—Hai da gidcAA,...A vaA 'A,...A " goila hai
mdt ddy;
— Cac hinh binh hanh A]AZAZ’AI’, A2A3A3’Az’, ey
A A A’A’ goi la cdc mdt bén;

[/ W
— Céc canh cta hai mat day goi la cac canh day;
— Cac doan thé"ing A]A1 e AZAZ’, A”An’ goi la céac
canh bén,
— Céc dinh cta hai mdt ddy goi la cac dinh cua
hinh lang tru.

2. Tinh chat
%% ¥ Tii dinh nghia hinh ling tru, nhan xét dic diém c4c mit bén, canh bén va hai mit ddy

}'

Hinh 71

iy

=)

=

cua hinh ling try.

V [ — N T W
« C4c canh bén ctia hinh ling tru song song va bing nhau.

« Cdc mit bén ctia hinh ling try 1a cdc hinh binh hanh.
« Hai miit ddy ctia hinh ling try 12 hai da gidc c6 cdc canh tuong ting song song va béing nhau.

Vidul /' Cho hinh ldng tru tam gidc ABC.A’B'C’. A’

Goi M va M’ 1an ludt la trung diém ctia cdc canh BC va w ¢

B’C’. Chiing minh ring:

a) AA’ I/ (BCC’'B’); b) AM /| A'M’.

Gidi. (Hinh 72) A

a) Trong hinh liing tru ABC.A’B’C’, tac6: AA’ // BB’ v C
BB’ c (BCC’B’), suy raAA’ I/ (BCC’B’). M

b) Vi MM’ // BB’, MM’ = BB’ va BB’ //AA’, BB’ = AA’ Hinh 72

nén MM’ I/ AA’, MM’ = AA’. Suy ra AMM’A’ 1a hinh f
binh hanh. Vay AM // A’M’. p
1 Cho mdt s6 vi du vé nhiing
L. HiNH HGP dd dung, vt thé trong thuc t&
) ¢6 dang hinh lang tru.
1. Pinh nghia

%k V¢ hinh ling tru ABCD.A’B’C’D’ ¢6 ddy ABCD la hinh binh hanh.

g
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[ Hinh hop 1a hinh ling try c6 day 1a hinh binh hanh.

Trong mdi hinh hop, ta goi:
— Hai mit khéng ¢6 dinh chung 1a hai mdt déi dién;
— Hai canh song song khéng nim trong mét mit la hai canh @oi dién;

— Hai dinh khong thudc cing mot mit 1a hai dinh doi dién;,

— Doan thiing n6i hai dinh d6i dién 1a duong chéo.

Vidu2 = Hay liét ké céc cidp mit doi dién, cdc cip A
canh d6i dién va cdc ciip dinh d6i dién cta hinh hop
ABCD.A’B’C’D’ (Hinh 73).

Gidi P
Trong hinh hdp ABCD.A’B’C’D’ ¢6: Py
— Ba ciip mit doi dién: (ABCD) va (A'B’C’D’);

(ABB’A’) va (DCC'D’); (ADD’A’) va (BCC'B’).

— Sdu ciip canh déi dién: AB va D’C’; BC va A’D’;
CDvaB’A’; DAvaC’B’; AA’ va CC’; BB’ va DD’. 2 Hay liét ké cdc duong

Hinh 73

-

Bén cip dinh ddi didn: A va C’- Bva D’ 1. chéo ctia hinh  hop
& ?‘;‘ip inh JORCEN: A va L3 B Vegly's CvaA’S ABCD.A’B’C’D’ (Hinh 73).
va .

2. Tinh chat

&

W

¥ Néu nhin xét gi vé hai mit phing chia hai mt di dién ctia hinh hop.

Hinh hop 1a mot hinh ldng tru nén hinh hdp ¢6 cdc tinh chat cta hinh ling tru, ngoai ra:

[ o Cdc mit cua hinh hdp 1a cdc hinh binh hanh.
o Hai mit phing l4n ludt chita hai mit ddi dién ctia hinh hop song song véi nhau.
Nhén xét: Ta cé thé coi hai mit doi dién bat ki ctia mot hinh hdp 12 hai mat ddy cta nd.

Vidu3 = Ching minh ring bon dudng chéo ctia hinh hdp cit nhau tai trung diém
moi dudng.
Giai
Cho hinh hdp ABCD.A’B’C’D’ ¢6 céc duong chéo A’C; AC’; BD’ va B’D (Hinh 74).
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— T gidc ACC’A’ c6 AA’ /I CC’" va AA’ = CC’ (tinh
chit hinh hop) nén ti gidc ACC’A’ 13 hinh binh
hanh. Goi I 12 giao diém cta hai dudng chéo AC’
va A’C. Khi @6 1 1a trung diém ctia mdi dudng chéo
AC’ vaA’'C.

— Tuong tu, hai td gidc A’B’CD va BCD’A’ ciing la
cédc hinh binh hanh nén 7 1a trung diém ctia B’D va
BD’. Viy céc dudng chéo ctia hinh hdp cit nhau tai

Hinh 74

trung diém mdi duong. V

[ eaiTip

1.

3 Cho hinh hop ABCD.A’B’C’D’.

Chiing minh ring bon mit phing
(ABC’D’), (BCD’A’), (CDA’B’),
(DAB’C’) cung di qua mot diém.

Cho hinh hop ABCD.A’B’C’'D’.

a) Chiing minh ring (ACB’) // (A’C’D).

b) Goi Gl, 62 1an lugt 14 giao diém ctia BD’ véi cic miit phﬁng (ACB’) va (A’C’D).
Chiing minh ring G,.G, lan lugt l1a trong tAm cta hai tam gidc ACB’ va A’C’D.

¢) Ching minh ring BG, = G G, = D'G,.

Cho hinh hép ABCD.A’B’C’D’. Goi M, N, P, Q 1an lugt 1 trung diém ctia c4c canh
BC,AA’, C’D’, AD’. Chiing minh rﬁng:

a) NQ//A’D’ vaNQ = %A’D’;

b) Tu giac MNQC la hinh binh hanh;

¢) MN /| (ACD’);

d) (MNP) Il (ACD’).

Cho hinh ling tru tam gidc ABC.A’B’C’. Goi E, F 1an lugt 13 trung diém cia céc
canh ACvaA’'B’.

a) Ching minh r?’mg EF [/ (BCC’B’).

b) Goi I 1a giao diém ctia didng thang CF véi mit phang (AC’B). Chiing minh ring
I1a trung diém doan thing CF.
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¢ | PHEP CHIEU SONG SONG.
HINH BIEU DIEN CUA MOT HINH KHONG GIAN

Trong cudc sdng, chiing ta thudng gip béng ning cta
cdc vat trén mit dat khi trdi ning. Chéng han, bong
ning ctia chi€c mdy bay trén dudng bing (Hinh 75).
Vi cdc tia ning dudc coi 12 song song véi nhau nén
bong ning cia mot vat goi nén hinh anh cta vat 6 qua
phép chiéu song song trén mit dat.

(Nguobn: https://shutterstock.com)

?
@@f\ Thé nao la phép chiéu song song? Hinh 75
wj Phép chiéu song song co tinh chat gi?

I. PHEP CHIEU SONG SONG
1. Dinh nghia

Cho mit phing (P) va dudng thing € ciit M\

4
miit phing (P).

Qua mdi diém M trong khdng gian, ¢6 bao nhiéu dudng r y
théjmg song song hoé_’ic tring véi dudng thiang £? Pudng ﬁf’/ M’ \ ;‘//
thing d6 va mit phing (P) c6 bao nhiéu diém chung? = \
(Hinh 76)

Hinh 76

Ta c¢6 dinh nghia sau:

Cho miit phing (P) va dudng thang £ cit mit phang (P). Phép dit tuong ting mdi
diém M trong khong gian v6i diém M’ clia miit phing (P) sao cho MM’ song song
hodc trung véi € goi 1a phép chiéu song song 1én mit phing (P) theo phuong .

Miit phing (P) goi 1a mdt phdng chiéu, dudng thang £ goi la phuong chiéu, diém M’ goi
13 hinh chiéu song song (hoic dnh) clia diém M qua phép chi€u song song néi trén.

Cho hinh . Tap hgp # gdm hinh chiéu song song ciia tat ca cdc diém thudc A goi la
hinh chiéu song song (hoiic 4nh) ctia hinh # qua phép chiéu song song néi trén.
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Vidul & Cho hinh hop ABCD.A’B’C’D’ (Hinh 77). /
Xdc dinh anh cta cdc diémA’, B’, C’, D’ qua phép chiéu -
song song 1én mit phing (ABCD) theo phucng A’A.

Gidi

Vi ABCD.A’B’C’D’ 1a hinh hop nén cac canh AA’, BB’, Hinh 77
CC’, DD’ song song véi nhau. Do @6, cic diém A, B, C,

D lan lugt 1a anh ctia A’, B’, C’, D’ qua phép chiéu song

song 1én mit phing (ABCD) theo phuong A’A.

2. Tinh chat i
Ta d biét: Hinh chi€u song song clia mot dudng thing la '1 Cho hinh

SO I o Ak . hop
mot diém néu duong thang do6 song song hodc trung vdi ABCDA’B'C’'D’ c6 A'C’

phuong chiéu £. Tuong tu nhu viy, hinh chiu song song cit B’D’ tai O’. X4c dinh
ctia mdt doan thing ciing 12 mot diém néu doan thing dé anh clia O’ qua phép
song song (hodc ndm trén) phuong chiéu £. chiéu song song Ién

; ) _ P miit phing (ABCD) theo
Vi thé, trong cdc tinh chat dudi day, ta chi xét hinh chiéu phuong A’A.

song song clia cdc cdc dudng thing hodc doan thing
khong song song va khong triing (hodc ndm trén) phuong
chiéu ¢.

Hinh 78 md ta béng ning ctia mot lan can ciu

dudng bo trén mit dudng, tic 12 hinh chiéu cla lan can
qua phép chiéu song song 1én mat dudng. Thanh lan can
gdi nén hinh anh dudng thing ndi cic diém A, B, C, 6§ @6
B nam gitia A va C. Goi cac diém A’, B’, C’ lan ludt 1a
bong ning cla cic diém A, B, C trén mit dudng.

Quan sat Hinh 78 va cho biét:

a) Cac diém A’, B, C’ ¢6 thiing hang hay khong. Néu ¢6,

diém B’ ¢6 ndm gitta hai diém A’ va C’” hay khong;

Hinh 78

b) Béng ning ctia thanh lan can la hinh gi.
Trong trudng hop tong quat, ta c6 dinh 1f sau:

[ o Phép chi€u song song bién ba diém thing hiang thanh ba diém thing hang va
khong 1am thay doi thi t ba diém dé.
o Phép chiéu song song bién dudng thing thanh dudng thing; bién tia thanh tia;
bién doan thing thanh doan thédng.
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“SkP Hinh 79 mé ta béng ning ctia chiéc thang g6
trén buic tudng, tic 1a hinh chiéu cia chiéc thang do qua
phép chiéu song song 1én birc trong. Cac thanh gé ngang
goi nén hinh anh céc dudng thing song song véi nhau.
Quan st Hinh 79 va cho biét béng clia cic duong thing
song song do ¢6 1a cdc duong thing song song hay khong.
Trong trudng hop tong quét, ta ¢6 dinh 1 sau (Hinh 80,
Hinh 81):

Hinh 79
( Nguén.‘ https.://shutterstock.com)

o Phép chiéu song song bién hai dudng thing
song song thanh hai dudng thing song song hoiic
tring nhau.

« Phép chiéu song song khong 1am thay ddi ti s&
@6 dai ctia hai doan thing nim trén hai dudng thing
song song hoidc cling nim trén mot dudng thing.

fABCD

ekl = / / 1

b) ﬁ . B AB A'B
cD Cib €5 oD
a) b)
Hinh 80 Hinh 81

Vidu2 | Cho mit phing (P), doan thing AB va
dudng thang ¢ cit mit phing (P). Gia sii dudng
thing AB khong song song véi £. Néu cdch xdc
dinh hinh chi€u song song clia doan thing AB trén

o A B .
mét phiang (P) theo phuong 2. [/7
Giai
k , A
Goi A’, B” lan lugt la hinh chi€u song song ctlia A,
B trén mat phang (P) theo phuong 4. Hinh 82

Khi d6, hinh chiéu song song cia doan thing AB
trén mét phing (P) theo phuong £ la doan thing A’B’
(Hinh 82).
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Vidu3 | Cho mit phing (P), tam gidc ABC va dudng
thé”ing £ cit mit phﬁng (P) sao cho cac dudng thﬁng AB, 2 Cho mit phing (P), hinh
BC, CA du khong song song hoic triing véi dudng thing . binh hanh ABCD va duong
Xdc dinh hinh chiéu song song ctia tam gidc ABC trén  thdng £ cat mdt phing (P).

" 2 o Xiac dinh hinh chiéu son
mat phang (P) theo phuong £ trong moi truong hdp sau: : g
. Pudng () P & g fmot SRR song cua hinh binh hanh

a) Mit phing (ABC) khong song song voi ¢ ABCD trén mit phing (P)
b) Miit phing (ABC) song song hoiic chia £. theo phuong £ biét ring mit

- phéng (ABCD) khong song
Giai song véi 7.

Ar ﬁ
/ 4
//A S - —== C, __/j/ /
AP i / P '

a) b)
Hinh 83

Goi A’, B, C’ 1an lugt 12 hinh chiéu song song clia ba diém A, B, C trén mit phgmg (P)

theo phuong ¢.

a) Hinh chiéu cta tam gidc ABC trén mit phfing (P) la tam giac A’B’C’ (Hinh 83a).

b) Ba diém A’, B’, C’ thudc giao tuyén clia hai mit phing (ABC) va (P) nén ba diém
A’, B’, C’ thing hang va c6 mdt diém nim gifia hai diém con lai. Gia st diém B’
nidm gilia hai diém A’ va C’. Khi d6, hinh chiéu song song ctia tam gidc ABC trén
mat phfmg (P) la doan thé’ing A’C’ (Hinh 83b).

Chii ¥: D6 v6i hinh chiéu song song ctia dudng tron, ngudi ta chiing minh dudc ring:

Hinh chiéu song song clia mdt dudng tron trén mot mit phing theo phuong £ cho trudc

12 mot dudng elip hodc mot dudng tron, hodc dic biét ¢ thé 12 mot doan thﬁng.

II. HINH BIEU DIEN CUA MOT HINH KHONG GIAN

1. Khai niém

“&¥:% Cho khdi rubik khong c¢6 diém chung nao véi

L
miit phing (P) va dudng thing £ cit mit phing (P). Hiy
xédc dinh anh ctia khéi rubik qua phép chiéu song song 1én
miit phing (P) theo phuong £ (Hinh 84).

Hinh bi€u dién cia mot hinh # trong khong gian la E
hinh chi€u song song cia hinh 2 trén mot mit phang

theo mot phuong chiéu nao d6 hoiic hinh ddng dang

véi hinh chiéu do.

Hinh 84
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Chii y: Mudn vé ding hinh bi€u dién ctia mot hinh khong gian ta phéi 4p dung céc tinh
chét ctia phép chiéu song song.

Vidu4 = Trong cac Hinh 85a, 85b, 85¢, hinh nao biéu dién cho hinh 1ap phuong?

a) b) &)

Hinh 85
Gidi
* Hinh 85a 1a hinh biéu dién cua hinh lap phuong.
* Hinh 85b khong 1a hinh biéu dién ctia hinh 1ap phuong vi trong hinh nay cé hai canh
doi ctia ddy trén khong song song v6i nhau.
* Hinh 85¢ ciing c6 thé 1a hinh biéu dién cta hinh 1ap phuong. Tuy nhién hinh biéu dién
nay khong t6t vi khong gidp ta hinh dung dugc hinh trong khong gian.

2. Hinh bicu dién ciia mot s6 hinh khoi don gian

Cdc hinh sau ddy thudng dudc st dung lam hinh biéu dién cia: hinh td dién
(Hinh 86a); hinh hop (Hinh 86b); hinh hop chit nhat (Hinh 86¢); hinh liang tru tam giac
(Hinh 86d).

a) b) c)
Hinh 86
Chii y
1) » Mot tam gidc bat ki bao gio ciing c6 thé coi 1a hinh biéu dién ctia mdt tam gidc c6
dang tuy y cho trudc (c6 thé 1a tam gidc déu, tam gidc can, tam gidc vudng, ...).

« MOt hinh binh hanh bat ki bao gid ciing ¢6 thé coi la hinh biéu dién clia mot
hinh binh hanh tuy y cho trudc (co thé 12 hinh binh hanh, hinh vudng, hinh thoi,
hinh chit nhat, ...).

» Mot hinh thang bat ki bao gid ciing ¢6 thé coi 1a hinh biéu dién cho mot hinh thang
tuy ¥ cho tridc, sao cho ti s6 d6 dai hai ddy ctia hinh biéu dién phéi bang ti s6 do dai
hai ddy ctia hinh thang ban dAu.
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* Ta thudng dung dudng elip 1Am hinh biéu dién cla () »
dudng tron, thm cta elip biéu dién cho tim cia d C
duong tron (Hinh 87).

2) Phép chiéu song song néi chung khong giti nguyén ti
s0 ctia hai doan thang khong nim trén hai didng thang
song song (hay khdng cling niim trén mot dudng thing)
va khong gitt nguyén dd 16n cia mdt goc. Tu do suy ra
néu trén hinh # c6 hai doan thiang khong nim trén hai Hinh 87
duong thang song song thi ti s& clia chiing khong nhat
thiét phéi gili nguyén trén hinh biéu dién. Ciing nhu vy,
do 16n ctia mot goée trén hinh # khong nhat thiét dugc
giti nguyén trén hinh biéu dién.

l BAI TAP

Trong céc Hinh 88a, 88b, 88¢, hinh nao 1a hinh biéu dién cho hinh tif dién?

AN/ A

Hinh 88

2. Cho hinh hép ABCD.A’B’C’D’. X4c dinh 4nh ctia tam gidc A’C’D’ qua phép chiéu
song song 1én mit phing (ABCD) theo phuong A’B.

3. V& hinh bi€u dién ctia cdc vat trong Hinh 89 va Hinh 90.

Hinh 89 Hinh 90

4. Vé& hinh biéu dién cta:
a) Mot tam gidc vuong ndi tiép trong mdt dudng tron;

b) Mot luc gidc déu.

119



(98]
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BAI TAP CUOI CHUONG IV

Trong khong gian, hai dudng thing song song véi nhau khi va chi khi:
A. Hai dudng thang cling niim trong mot mit phing va khong c6 diém chung.
B. Hai dudng thing khong ¢6 diém chung.
C. Hai dudng thing cing nim trong mot mit phing.
D. Hai dudng thing cung song song vi dudng thing thir ba.
Cho hai dudng thing phén biét a va b trong khong gian. C6 bao nhiéu vi tri tuong
doi gitia a va b?
Al B. 2. ga 3. D. 4.
Trong khong gian, dudng thing song song vdi mit phing khi va chi khi:
A. Pudng thang d6 song song véi mot duong thing thude mit phing.
B. Puong thing va mit phing khong c6 diém chung.
C. buong thang do khong c6 diém chung véi mot dudng thing thudc mit phing.
D. Duong thing d6 khoéng ¢ diém chung voi hai duong thing thudc mit phing.
Trong khong gian, hai mit phing song song vdi nhau khi va chi khi:

A. C6 mdt miit phiing chita hai dudng thing phan biét cling song song véi miit phing
con lai.

B. Hai mit phing cling song song véi mot dudng thing.

C. Hai mit phing cling song song véi miit phing thi ba.

D. Hai miit phing khong c6 diém chung.

Cho td dién ABCD. Goi M, N 1an luot 12 trung di€ém cta c4c canh AB, BD. Diém P
thudc canh AC sao cho PA = 2PC.

a) Xdc dinh giao diém E ctia duong thing MP véi mit phing (BCD).

b) Xéc dinh giao diém Q cta duong thing CD véi mit phing (MNP).

¢) Xdac dinh giao tuyén ctia mit phﬁng (ACD) véi miit phfmg (MNP).

d) Goi I 1a giao diém cia MQ va NP, G la trong tam ctia tam giac ABD. Chiing minh
ring C, I, G thing hang.

Cho hinh chép S.ABCD c6 day 1a hinh binh hanh. Goi M, N 1an lugt 1a trung diém cla
cdc canh BC, SD. Xic dinh giao tuyén clia miit phiing (AMN) véi mdi mit phing sau:
a) (SCD); b) (SBC).



7. Cho hinh chép S.ABCD c6 day ABCD la hinh thang (AB // CD) va AB = 2CD. Goi
M, N lan lugt 1a trung diém céc canh SA, SB. Chdng minh ring:

a) MN // (SCD);
b) DM /! (SBC);
¢) LAy diém I thudc canh SD sao cho % = % Ching minh ring: SB // (AIC).

8. Cho hinh ling tru tam gidc ABC.A’B’C’. Ldy M, M’ 1an lugt la trung di€ém cdc

doan thing BC, B’C’; 1y céc diém G, G’, K 1an ludt thude cac doan AM, A’M’, A’B
AG AG AK 2

sao cho = - el
AM A'M AB 3

a) Ching minh ring C’'M // (A’BM").

b) Chitng minh ring G’K // (BCC’'B’).

¢) Chiing minh ring (GG’K) // (BCC’B").

d) Goi (@) la mit phing di qua K va song song véi mét phing (ABC). Mit phiing («)

cét canh CC” tai diém L Tinh ;’g

9. Cho hinh hop ABCD.A’B’C’D’. Goi M, N lan luct la trung diém ctia AB, C’'D’.
a) Chiing minh ring (A’DN) // (B’CM).
b) Goi E, F 1an lugt 1a giao diém ctia dwong thiang D’B véi cic mit phing (A’DN),

(B’CM). Chiing minh ring D’'E = BF =%EF.

10. Mot khéi g6 ¢6 cde mit déu 12 mot phan clia miit
phing véi (ABCD) // (EFMH), CK // DH. Khéi
gd bi hong mot géc (Hinh 91). Béc thg mdc
muén lam dep khoi gd bing céach cdt khoi gb
theo mit phing (R) di qua K va song song véi
miit phing (ABCD).

a) Hay gitip b4c thd moc xdc dinh giao tuyén clia
mit phing (R) v6i cic mit ctia khoi gb dé cit
dugc chinh xdc.

b) Goi 1, J lan lugt 1a giao diém DH, BF véi

mit phang (R). Biét BF = 60 cm, DH = 75 cm,
CK =40 cm. Tinh FJ.
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BANG GIAI THICH THUATNGU

cip s6 cong mot diy sé (hitu han hoiic v6 han), trong d6 ké tit s6 hang thit hai, 49
mdi 88 hang déu bing tong clia s6 hang diing ngay trudc né véi mot
s6 khong ddi d, tic 12: u = u__ +d véin>2. S8 d dudc goi la cong
sai cta cap s6 cong

cip s6 nhan mot diy s6 (hitu han hodc vo han), trong d6 ké tif s6 hang thi hai, 33
mdi s8 hang déu bing tich ctia s& hang diing ngay truéc né véi mot
s6 khong doi g, tdc 1a: u, = u,_ . qvéin>2. S8 g duge goi 1a cong
bdi clia cAp s6 nhin

day so hiru han danh s4ch hiiu han cdc s6 duge viét theo mdt thi tu nhét dinh 44
day s6 vo han danh sich vo han cdc s6 dude viét theo mot thit tu nhat dinh 44

duong thing song dudng thing dugc goi 1a song song véi miit phiing néu ching khong 101

song v6i mat phing  ¢6 diém chung.

gioi han ciia day s6  ddy 56 (u,) ¢6 gi6i han 0 khi n din t6i duong vé cuc néu |u,[c6 thé 60
nho hon moét s6 duong bé tuy y, ké tii mét s6 hang nao d6 trd di,

ki hicu lim u, =0
n—4 o

gi6i han hiru han cda  cho khoang K chia diém x, va ham s6 f(x) xdc dinh trén K hodc trén 66

ham s6 tai mOt diém g\ (, 3 Ty ngi ham s6x) ¢ gidi han 12 6 L khi x ddn i x, néu

v6i day s (x ) bat ki, x, € K\{xy} va x, > x,,tacé f(x,)>L.

Kihi¢u: lim f(x)=L hay f(x)—> L khi x —> x,.

X —» XU

hai duong thing hai dudng thang cling nim trong mot mat phing va khong c6 diém 96
song song chung
hai mat phang hai mit phiing khéng ¢6 diém chung 105
song song
ham so lién tuc tai ham s8 y = f(x) xdc dinh trén khoang (a ; b) va x,€ (a ; b) dugc goi 73
mot diém la lién tuc tai X, néu llm fx)= fxy)

—* Xy

hinh biéu dién cta hinh biéu dién ciia mot hinh S trong khong gian 13 hinh chiéu song 117
mot hinh trong song ctia hinh # trén mdt mit phiing theo mdt phuong chiéu nao d6
khong gian ho#c hinh dong dang v6i hinh chiéu d6

phép chiéu song song cho mit phang (P) va duong thing € cit mat phang (P). Phép dat 114
twrong ng m&i diém M trong khong gian voi diém M ctia mit phang
(P) sao cho MM’ song song hoic tring véi £ goi la phép chiéu song
song 1én mit phang (P) theo phwong .
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BANGTRACUUTUNGU

TU NGU TRANG

cap sd cong

cap s0 nhén

cong thdc bién ddi tich thanh téng
cong thiic bién ddi tong thanh tich
cong thiic cong

cOng thiic ha bac

cong thiic nhan doi

day so

ddy so bi chiin

ddy s6 bi chin duéi

ddy s6 bi chin trén

ddy s0 giam

ddy so ting

ddy s6 vo han

dinh 1i Thales

duong tron lugng giac

gid clia ¢6 phiéu

gid tri lugng gide clia mot s gée
dic biét

gid tri lugng gidc cua goc lugng gidc
gi6i han hitu han ctia diy s6

giGi han hitu han cia ham s&

tai mot diém

giGi han hitu han cia haim s@

tai vO cuc

gidi han vo cuc clia ham s6
tai vO cuc

2161 han mot phia

goc lugng gidc

49
53
18
19
16
18
17
43
47
47
47
46
46
44
108

81

12

39

66

69

71

68

TU NGU TRANG

hai mit phing song song
ham sd chéin

ham sé 1é

ham s& lién tuc tai mot diém

him s6 lién tuc trén mot khoang
ho#éc mot doan

ham s6 tuan hoan

ham s6 y = cosx

ham $6 y = cotx

haim s6 y = sinx

ham s6 y = tanx

hé thiic Chasles

hinh chép

hinh hop

hinh ldng tru

hinh td dién

phuong trinh cos x =m

phuong trinh cot x = m

phuong trinh sin x = m

phuong trinh tan x = m

phuong trinh tuong duong

s0 hang tOng qudt cla cip s6 cong
s0 hang téng qudt cta cip s6 nhin
tong ctia cAp sO nhan 1bi vo han
tong n s6 hang dau ctia mot cip s6 cong

tong n s6 hang d4u ctia mot cap
s0 nhéan
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