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8. Ggimd van &, ddn dét hoc sinh vao bdi hoc

HOAT DONG

Gilp hoc sinh phan tich, kién tao kién thiic mdi
véi syt hudng dén clia gido vién

KHAM PHA KIEN THUC
Phat hién kién thic mdi tir hogt dong

V KIEN THUC TRONG TAM
N&i dung kién thic trong tam

g’ LUYENTAP - VAN DUNG
« S dung nhiing kién thic viia hoc dé lam
nhiing bai tép co ban
« Van dung kién thic da biét dé gidi quyét
van dé, dae biét nhiing vén dé thyc 1ién

CO THE EM CHUA BIET

Tim hiéu thém kién thic todn hoc, lich st
todn hoc va ung dung ctia todn hoc vdao
thyic tién
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Cdc em hoc sinh lop 10
than meén/!

Trong qud trinh fim hidu mén Todn I6p 10, bén canh cac ndi dung
c6t 16i ma cac em dudc hoc, sdch Chuyén dé hoc tép Todn 10
s& cung cdp thém cho céc em nhing hiéu biét todn hoc sau séc
hon, m& réng han véi nhidu Uing dung clia todn hoc trong thuc tién.
Chuyén dé hoc tép bao gém cdc chuyén dé: hé phusng trinh bac
nhdt ba én; phuong phép quy nap todn hoc, nhi thiic Newton;
ba dudng conic va dng dung.

Todin b nhiing didu trén dudc thé hién qua nhiing tranh &nh, hinh
V&, bai tép ddc déo va hdp dén; qua nhiing ti thic gdn g, i tha vé
khoa hoc ty nhién va tich hgp véi nhiing moén hoc khéc. T dé, cac
em dugc tién thém mot budc trén con dudng kham phd thé gidi bi
&n va dep dé clia todn hoc, ddc biét I duge “lam gidu” vé vén van
hod chung va cé ca hdi “Mang cudc séng vao bai hoc - Bua bdi hoc
vao cudc séng”.

Chiu khé suy nghi, trao ddi véi thdy cé gido va ban bé, nhét dinh
cdc em s& ngdy cang tién bd va cdm thdy vui sudng khi nhan ra y
nghia: Hoc todn rét cé ich cho cubde s8ng hdng ngdy.

Chuc cac em hoc tép that t8t, say mé hoc todn va cé thém nhiéu
niém vui.
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HE PHUONG TRINH

BAC NHAT BA AN

Trong chuyén dé nay, chiing ta sé tim hiéu vé hé phuong trinh
bac nhat ba &n va (ing dung clia né vao giai cac bai toan & Vat i,
Hoé hoc, Sinh hoc, Kinh té, ...

s1 ' HE PHUONG TRINH BAC NHAT BA AN

Trong kho tang vin hoa dan gian Viét Nam c6 bai toan vé Trau &n ¢6 nhu sau:
Trau ding dn ndm,
Tréu ndm dn ba,
Lu khu trau gia,
Ba con mét bo,
Tram con dn co,

Trdm bo no né.

Hoi ¢6 bao nhiéu trau dimg,
trdu ndm, trau gia?

I. CAC PINH NGHIA
1. Phuong trinh bic nhét ba in

Cho phuong trinh: 2x +y —3z = 1 (1).

a) Néu cac an ctia phuong trinh (1).

b) Vé6i mdi 4n clia phuong trinh (1), xdc dinh bac ctia 4n d6.

Phuong trinh (1) goi la phwong trinh bdc nhat ba an.
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Nhan xét

« Phuong trinh bac nhét ba an 1a phuong trinh ¢6 dang: ax + by + cz = d, trong do x, y, z
laba én; caché sd a, b, ¢ khoéng déng thot béng 0.

« Néu phuong trinh bac nhit ba an ax + by + ¢z = d tré thanh ménh dé dung khi x = &
Y=Yy 2= 2, thi bd 88 (x,; ¥y ; o) goi la mot nghiém ctia phuong trinh do.

2. Hé phuong trinh bic nhit ba 4n

Cho hé phuong trinh:
3x+2y—-5z=-4
~x+3y+5z=58 (%)
2x+7y —3z=3.

a) Moi phuong trinh ctia hé (+) 1a phuong trinh c6 dang nhw thé nao?

b)Bos6 (x:y:2) =(=2;1:0)co langhiém ciia timg phuong trinh trong hé (*) hay
khéng? Vi sao?

\VJ\@ « Hé () la hé phuong trinh bdc nhat ba an.
« B6 56 (—2 1 0) nghiém dimg méi phwong trinh ciia hé (x)
va duwoe goi la mot nghiém ciia hé phuwong trinh do.

« Hé phurong trinh bdc nhat ba an 1a hé phuong trinh ma méi phuong trinh
trong hé 1a mét phuong trinh bac nhét déi voi ba an do.

« Bo s6 (¥ 3 Yo & %) nghiém dung méi phuong trinh ctia mét hé phuong
trinh béc nhét ba an dugc goi 14 nghiém ctia hé phuong trinh do

Hé ba phuong trinh bac nhét ba an c6 dang tong quat la:
ax+by+cz=d
ax+by+cz=d,
ax+by +ez=d;.

Trong do x, y, z 1a ba an; cac chit con lai 1a cac hé sd; cac hé s6 ctia ba an x, ¥, z trong
méi phuong trinh khéng déng thoi bang 0.
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Néu dinh nghiia hai hé phuong trinh bac nhat hai an tuong dwong.
Cho hai hé phuong trinh bac nhét ba an:
ax+bytez=d mx+ny+pz=q
ax+by+c,z=d, @va myx +ny+ p,z=q, (ID)
agx+by +c;z=d; myx+ny + pz=qy
Nhan xét:
« Néu tap nghiém ctia hé phuong trinh (I) bing tap nghiém ctia hé phuong trinh (IT) thi
hé phuong trinh (I) duoc got la tirong duong vo1 hé phuong trinh (IT).
« Phép bién dbi hé phuong trinh bac nhét ba an vé hé phuong trinh tuong duong v6i nd
duoc goi la phép bién do1 tuong duong hé phuong trinh bac nhat ba an.

Chil y: Dé giai hé phuong trinh (), ta thuong thue hién mét s6 phép bién ddi tuong duong
nhim dan dén mét he phuong trinh co thé tim duoc nghiém moét cach dé dang.

Il. GIAI HE PHUONG TRINH BAC NHAT BA AN BANG PHUONG PHAP GAUSS

Giai hé phuong trinh sau:
x+2y— z=—4 (1)
4y-3;=-13(2) ()
~52=-15(3)
Peé gia1 hé phuong trinh (IIT), ta lam nhu sau:
« Tur phuong trinh (3), ta co: z=(—15) : (-5)=3.
« Thé z = 3 vao phuong trinh (2), ta duoc:
dy-3.3=-1304-9=-134y=(-13)+9 & dy=-14
oy=(-4:4 y=-1.
« Thé y =—1, z =3 vao phuong trinh (1), ta duoc:
x+2.(-1)-3=-4x-5=-4x=(-H+5&x=1.
Vay hé phuong trinh (IIT) c6 nghiém (x ;¥ ;z) =(1 ;-1:3)
Chii y: Hé phuong trinh (T1T) la mét hé phwong trinh c6 dang tam gide. Dé giai hé phuong
trinh ¢6 dang tam giac nhu vay, ta bat dau giai tir phuong trinh cudi va nguoc dan 1én.
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Vidy1 = Gialhé phuong trinh sau:

Sx+y—2z=3
2y+ z=6
; Sz=-=12
Giai. Ta co
Sxty—0g=3 Sx+y-2z=3 Sx+y-2z =
y+ z=6 < 2y+ z=6 = 2y+ (- 4)=6
g == z =-4
5x+5-2.(-4=3 5x=3-13 x=-2
< y =5 ©qy=5 oRy=5
z =—4 z =4 z =4

Vay hé phuong trinh dd cho co nghiém (x;y;2)=(=2;5,-4).

Giai hé phuong trinh sau:
x+2y— z=-4 (D
i —2y+2z SN2 (IV)
Zx ) y— z=328(3)
C6 nhiéu phuong phap giai hé phuong trinh bac nhét ba an. Dudi day, ta s& tim hiéu
phuong phap Gauss théng qua viéc giai hé phuong trinh (IV).

Budc 1. Khit sd hang chia x

2x+2y— z=—
Trit theo timg vé ciia phuong trinh (1) cho phutong trinh 2x+2) = g 4

(2), réi thay phitong trinh mdi vao vi tri phuong trinh | — 4y -3z=-13
thit hai.

2+ y = g=—2

¢ 2y — z=—
Nhén hai vé ciia phutong trinh (1) véi 2 réi trit theo Eit 2 < 4
titng vé cho phutong trinh (3), sau dé thay phuong trinh | —> 4y—-3z=-13(4)
mdi vao vi tri phitong trinh thit ba.

P prons 3y — z=-6 (5

Bude 2. Khit s& hang chia y

Nhén hai vé ciia phitong trinh (4) véi 3, nhan hai vé x+2y— z=-4

ciia phiong trinh (5) véi 4, roi trit theo timg vé hai ey 4y—3z=-13 (V)
phitong trinh vita tim dugc va thay phuong trinh moi -

vao vi tri phitong trinh thit ba. =Bgm—15

Budc 3. Giai hé phuong trinh (V) ¢6 dang tam gidc, ta dugc nghiém (x;y;z)=(1;-1;3).

Dgc sach tai hoc10.vn



Nhdan xét: Phuong phép giai h¢ phuong trinh bic nhat ba 4n bing cdch bién ddi hé d6 vé
hé ¢6 dang tam gidc (nhu cdch lam trén) goi la phuong phap khit dan hé s8 hay phutong
phdp Gauss.

Vidu2 © Giai hé phuong trinh:

x+3y+2z=1
5x— y+3z=10
- 3x+7y-4z="1.
Giai. Ta co:
x+3p+2z=1 x+3y+2z=1 X4 3yik2g=1
5x— y+3z=10 © 16y lg=—8 <3 16y+ 7z=-5
— B Q=] —3x+Ty—4z=7 16y +27=10
x+3y+2z=1 x+3y+2z =1 x+3y+2z=1
16y+7z=-5 o 1+7.3)=-5 o y =1
5z=-15 2= 7=-3
x+3.1+2.(-3)=1 x=4
i< y =1 oiy=1 1 Glél hé phuong trinh:
z =-=3 z=- 3% 4x+ y—3z=11
2x—3y+2;=9
Vay hé phuong trinh da cho ¢6 nghiém Xty tiz= 3t
(r:y;29)=(4;1:-3).
Vidu3 | Gidi he phuong trinh: *
x—3y+ z=1 Glél hé phuong trinh:
X 42y +6z=5
dx— y—27=
- y—2z=2 —xy+t y 27-3
¥y —3=-1L. x— 4y—2z-13
Giai. Ta co:
x=3y+ g=1 x-3y+ z=1 x-3y+ z=1 x-3y+ z=1
22— y-2z=2 ©{ —5p+4z;=0 &< -5S5y+4=0& —5y+47=0
x+2y —3z=-1 x+2y —3z=-1 —-S5y+4z=2 0=2,

Phuong trinh thit ba ctia hé v6 nghiém. Vay hé phuong trinh dé cho vo nghiém.
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Vidu4 | Gidi he phuong trinh:

3x- y-3z=3
x+ y-5z=1
—3x+2y =-3.
Gidi
3x- y-3z=3 3x- y- 3z=3 3x=y~ 3z=3 )
x+ y-5z=1 & —4y+12z=0 <4 —4y+12z=0 (2)
- 3x+2y =-3 —3x+2y =-3 y= 3z=0 3

Hai phuong trinh (2) va (3) twong duong. Khi d6, hé phuong trinh dua vé:

3x—y-3z=3 3x —6z=3
P=3
y—3z=0 y—3z=0

X =2z=1 | fx=2z+1 I

y—=3z=0 y=3z. 3 Giai hé phuong trinh:
7 &4 - 4 e G
Dit 2= 1 v6i £ 1a 56 thyc bit Ki, ta c6: x = 2r + 1,y = 31. 3t y-3=-1
y— z=0

Vay hé phuong trinh da cho ¢6 v6 s nghiém
—x 2y =1,

(x3y32)=(2t+1;3¢t;1) v6i t 1a s6 thyc bat ki.

111 SU DUNG MAY TiNH CAM TAY BE TiM NGHIEM
cla HE BA PHUGNG TRINH BAC NHAT BA AN

Ta co thé tim nghiém ctia hé ba phuong trinh bac nhat ba én béng cach sit dung may tinh
cém tay. M6i méy tinh khac nhau c6 thé ¢6 cac phim khéc nhau. Tuy nhién, déu co quy the
chung 14 phai mé chuong trinh giai hé ba phuong trinh bac nhét ba an réi mai nhép dit liéu
Vidy5 | St dung may tinh cim tay dé tim nghiém ctia hé phuong trinh:

3x— y+ z=2

—x+2y+5z=6

x+3y- z=1

Gidi. Stt dung loai may tinh phu hop, 4n lién tiép cac phim:
MODE 3E0DEOEEEHDEREEEEE
LEEECLELEE

Ta thdy trén man hinh hiénra x = %

An tiép phim (=) ta thy trén man hinh hién ra y = %
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P L3 gy
An ti&p phim (=) ta thdy trén man hinh hiénra z = o 2 Sit dung miy tinh

) L o 29 8 13 cim tay d€ im nghiém
Vay nghiém ctia hé¢ phuong trinh la(x ; y ; 2)= %G,E * cita hé phuong trinh:
23y t—5
—Ax £S5y —2-6
—— 3x+4y—3z="7.
P eainar

1. Kiém tra xem mdi bd s6 (x ;y ; z) dd cho ¢6 la nghiém ctia h¢ phuong trinh tuong ng
hay khong.
x+3y+2z=1
a) 5x—- y+3z=16 (053 ;)wEdE 5t 13), (1 ;—2;3);
—3x+7y+ z=-14

3x-y+4z=-10
b) ;- x+y+2z=6 (=2545;0),(0;-3;10),(1;-1;5);
2x—-y+ z=-8

x+ y+ z=100

4;18;78),(8;11;81),(12;4;84).
5x+3y+%z:100 ¢ ) ( X )

2. Giai h¢ phuong trinh:

x-2y+4z=4 4x+3y-5z=-17 x+ y+2z=0
a) 3y- z=2 b) 2y =4 c) 43x+2y =72
2z=-10; y+ z=3; x =10;

3. Gidi hé phuong trinh:

3x-y-2z=5 x+2y+6z=35 x+4y-2z=2
a) 2x+y+3z=6 b) {-x+ y-2z=3 €)i-3x+ y+ z=-2
6x—y—4z=9; x—4y-2z=1; S%+7y=52=6.

4. Tim s6 do ba gc ctia mdt tam gidc, biét tdng s6 do clia géc thi nhit va géc thi hai bing
hai 14n s8 do clia géc thi ba, s do clia géc thit nhat 16n hon sd do clia géc thit ba 1a 20°.
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5. Bic Thanh chia s3 tién 1 ti ddng ctia minh cho ba khoan d4u tu. Sau mot nim, tdng s6
tién 1ai thu dugc 12 84 tridu ddng. Lai suét cho ba khoan dau tu 1an lugt 1 6%, 8%, 15%
va s8 tién ddu ti cho khoan thd nhét bing téng s& tién ddu tu cho khoan thi hai va thi ba.
Tinh s& tién bac Thanh dAu tu cho mbi khoan.

6. Khi mot qua béng duge dd 1én, né sé dat do /(.y\ﬁ}
cao ndo d6 rdi roi xudng. Bi€t quy dao chuyén o Y

dong ctia qua bong la mot parabol va do cao ) ,{ !‘:2
h clia qud bong dudc tinh boi cong thic g/ 7 ®
W= %aﬁ + vyt + Iy, trong d6 0 cao 1 va do cao ?(}‘3\ ;' ®
ban dAu 7, dugc tinh bing mét, £ 1 thai gian cla ?

chuyén dong tinh bing gidy, a la gia t5c cta

chuyén dong tinh biing m/s?, v, 12 van t6c ban ddu dugc tinh bing m/s. Tim a, v, h, biét
sau 0,5 gidy qua bong dat dugde do cao 6,075 m; sau 1 gidy qua béng dat dd cao 8,5 m;
sau 2 gidy qua bong dat d6 cao 6 m.

7. Mot clia hang ban dd nam gdm 40 s6 mi, quan 4u va 40 phong. Ngay thi nhit bén dugc
22 d0 50 mi, 12 quén 4u va 18 do phong, doanh thu 12 12 580 000 déng. Ngay thd hai
bén dugc 16 40 50 mi, 10 quin au va 20 4o phong, doanh thu 1 10 800 000 ddng. Ny
thit ba ban dugc 24 40 s6 mi, 15 quan 4u va 12 4o phong, doanh thu 12 12 960 000 ddng.
Hdi gid ban mdi 40 s6 mi, mdi quan au va mdi 4o phong 12 bao nhiéu? Biét gid tiing loai
trong ba ngay khong thay d6i.

8. Banhan hi¢u bdnh quy 1a A, B, C dugc cung cdp bdi mot nha phan phéi. Vi ti 1¢ thanh
phin dinh dudng theo khdi lugng, banh quy nhan higu A chiia 20% protein, banh quy
nhan hiéu B chia 28% protein va banh quy nhan hiéu C chifa 30% protein. Mot khach
hang mudn mua mot don hang nhu sau:

« Mua téng cong 224 cai banh quy bao gém ca ba nhén hiéu A, B, C.

« Luong protein trung binh ctia don hang nay (gém ca ba nhan hiéu A, B, C) 1a 25%.
« Luong banh nhin hiéu A gp déi luong banh nhén hiéu C.

Tinh luong banh quy m&i loai ma khach hang do dit mua.

9. St dung mdy tinh cdm tay d€ tim nghiém ctia cdc h¢ phuong trinh sau:

—X42y=3g=2 x-3y+ z=1 x+ y-3z=-1
a)qy 2x+ y+2z=-3 b) Sy-4z=0 €)q 3x=5y~ 25-3
= 2%=3y+ Z=5; x+2y-=3z2==1; —X+4y-2z 1.

ch,a2c sach tai hoc10.vn



UNG DUNG HE PHUONG TRINH
BAC NHAT BA AN

Hé phuong trinh bac nhat ba an la mét céng cu dé giai quyét nhiéu van dé trong thue tién
cling nhu trong cac mén hoc khac nhu: Vat li, Hoa hoc, Sinh hoc, Kinh t, ..

1. NG DUNG TRONG VAT Li

1. Ung dung trong bai toan vé mach dién
Bui toan 1. Cho mét doan mach dién nhw Hinh 1
Biét R, =36 Q R, = 90 Q R, = 60 Q va
U =60V. Goi I, la cuong dé dong dién cta

mach chinh, T, va I la cuong d6 dong dién ctia
hainhanh. Tinh I, I, I;.

Gidi
Cudng do dong dién clia doan mach mic song song Ia: I, + I
Tacé: I, =L, +L;hayl, -L,-L,=0.
Hiéu di¢n thé & doan mach mic song song 1a: U, =R,. ,=R;. I; nén 90, = 601, hay
3L~2L =0
Hiéu dién thé ctia doan mach 1a: U=U, + U, nén 60 =R, .1, + R, I, hay 361, + 901, = 60
= 6I, + 151, = 10.

I- L-L=0
Ta c6 hé phuong trinh: 3,-2I,=0

61, + 151, =10

Gidi h¢ phuong trinh, ta dugc I, = %(A), I,= %(A) I;= %(A)

2. Ij'ng dung trong vién thong

Bai todn 2. Ciing nhu trong miit phing toa do,
trong khong gian ta c6 thé dua vao hé truc toa
d0 Oxyz. Khi d6, mdi diém M trong khong gian
¢6 toa d9 12 bd ba s&’ (X3 Y 5 Zp) va dugce ki higu
1a M(x, 5y, 5 z,) (Hinh 2).

Khoang cdch gifta hai diém P(x, ; y,; z,),
QO(x,: y,: 2,) trong khong gian dugc tinh nhu sau:

PO=Jx,—x) + (=9 + (-2 -
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Ta c6 thé md phong co ché hoat ddng clia h¢ thong GPS (Global Positioning System —
Heé thong dinh vi toan cau) trong khong gian nhu sau: Trong cting mot thdi diém, toa do
ctia mdt diém trong khong gian d6 s& dugc xdc dinh bdi bon vé tinh cho trudc.

Chéng han, ta xét mot vi du cu thé nhu sau:

Trong khong gian véi hé truc toa dd Oxyz, cho bon
vétinhA(0;4;5),B-3;-1;3),C-2;8;9),
D(~7;2;—3) va trén mdi vé tinh c6 mot mady thu
tin hiéu. Bé“mg cdch so sdnh sy sai léch vé thdi gian
ti Idc tin hiéu dugc phat di véi thoi gian nhan duge
tin hiéu phan héi, m&i mdy thu tin hi¢u xdc dinh
dugc khoang céch tit vé tinh dén vi trf M can tim 3 BN

toa do. Biét cdc khoang cdch d6 1a MA =3, MB=5, " V% ;:;”qifr ff;fj bD’g;_”‘;” @
MC=9,MD = 10. (Nguon: hitp://commons.wikimedia.org)

a) Chumg minh toa dé ctia diém M 1a nghiém ctia hé phuong trinh:
x2+(y—4)? +(z-5) =9 (1
x+32+ O+ 12 +@z-3)% =25 ()
(x+2°+(y-8+(-92 =81 (3)
(x+ 7 +(y-2%+(z+3)> =100 (4)
b) Viét hé phuong trinh 6 dugce bing cach trir theo timg vé ctia méi phuong trinh (2), (3), (4)
cho phuong trinh (1)

¢) Tim toa dé ctia diém M.

Gidi
a) Goi toa d6 diém M(x ; y ; 7). Theo gia thiét, MA =3, MB=5, MC = 9, MD = 10 nén ta co
MA2 =3 Pry-92+z-5° =9 O
MB? = 5 [(“ 3P+ +(z-3% =25 (2 i
MC*=9? (x+27+(y-8°+(z-9% =81 (3
MD? = 10? L“ T+ (=22 +(z+3)> =100 (4)

Vay toa do didm M la nghiém ctia hé phuong trinh (I).

b) Sau khi trir theo timg vé ctia mbi phuong trinh (2), (3), (4) cho phuong trinh (1), ta nhén
duoc hé phuong trinh sau:
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6x+10y+ 4z =38 3x+5y+2z=19
4x— 8y— 8z =-36 © {2x—4y-4z=—18 (1)
14x+ 4y+16z =70 Tx+2y+8z=35

¢) Giai hé phuong trinh (IT), ta duoc x =1,y =2, z=3. Vay M(1 ; 2 ; 3)

1l. NG DUNG TRONG HOA HOC

1. Phuong phap dai sb trong can bang phan ing hoa hoc
A

Xét phan ing hoa hoc ¢6 dang: x,A; +x,A, > x;Aj+x,A,,

A, trong do mai phan ti A co

thé ¢6 nhiéu hon mét nguyén t6.

Pé can bang phan tmg trén, ta phai tim cac hé s6 Xy, X,, X3, X, sao cho cac nguyén t6 dugc

bao toan.

Budrc 1. Coi xy, x,, x5, X, la cac an, lap hé phuong trinh bac nhét bén an dua theo dinh
luat bao toan nguyén t6 trong phan tmg hoa hoc.

Buoe 2. Chon ra mot trong bén an 26, X, %y, %, V6 €O an d6 mot gia tr1 cu thé Théng
thuong, ta chon ra an tmg véi phan tir ¢6 cau triic phite tap nhat trong bén phan ti
AL A, Ay A, Giai hé phuong trinh bac nhét theo ba an con lai.

Bai todn 3. Tim céc hé 8 x, y, z d€ cin bing phuong trinh: xFe,0, + y0, - zFe,0,.

Gidi

Theo dinh lut bdo toan nguyén t& ddi véi Fe va O, ta ¢6: 3x = 2z hay 3x — 2z =0 va

4x + 2y =3z hay 4x + 2y - 3z=0.

Ta c6 hé phuong trinh sau:

3% z=0
{4x+2y73z =0 o
x=4 x =4
Chon x = 4. Khi d6, hé (1) tr6 thanh 27=12 ©Kz=6
2y—3z=-16 y=1

Viy ta ¢6 phuong trinh sau can bing: 4Fe 0, + 02£>6Fe203.

Bai todn 4. Hoa tan hoan toan 13,4 g hdn hop X gém Mg, Al, Fe vao dung dich H,S0,
dac nong du thu duge 12,32 lit khi SO, (dktc). Mt khac, néu cho 13,4 g hén hop trén
tac dung voi dung dich HC1 dur thi thu duoc 11,2 lit H, (dktc). Tinh Kkhéi luong Mg, Al, Fe
trong hén hop X
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Gidi
Goti 6 mol cia Mg, Al va Fe trong hén hop X lanluotlaa, b, ¢ (a, b, clonhon 0).
Ta c6 cac phuong trinh phan tng hoa hoc sau:
Mg +2H,80, £5MgSO, + 2H,0+S0, (1) Mg+2HCI->MgCL +H, (4)
S6mol a a a a
241+ 6H,50, 55 AL(SO,), + 6H,0+3S0, (2) 2Al+6HCI - 2AICL, + 3H, (5)
Somol b 1,5b b 1,5b
2Fe + 6H,S0, 15 Fe,(SO,), + 6H,0 + 350, (3) Fe+2HCI-FeCL+H,  (6)
S6mol ¢ 1,5¢ c c

Do khéi luong hén hop X béng 13,4 g; nguyén tir khéi (khéi lwong mol) ctia Mg, Al, Fe
lan luot 1a 24, 27, 56 nén ta co: 24a + 27b + 56¢ = 13,4

Sémol S0, la: 12,32 : 22,4 = 0,55 (mol).

Tii céc phuong trinh (1), (2), (3), tacé: a+ 1,5b + 1,5¢ =0,55.

S6 mol H, la: 11,2: 22,4 =0,5 (mol).

Tii cdc phuong trinh (4), (5), (6), tacé: a + 1,50 + ¢ = 0.5.
24a+ 27b+ 56c=13,4

Ta c6 hé phuong trinh: a+1,5b+1,5¢=0,55

a+1,5b+ ¢=0,5.

Giai hé phuong trinh, ta duoc: a=0,1; 5=0,2; ¢=0,1

Vay ta co:

Khéi lugng Mg trong hén hop X 1a: 24 . 0,1 = 2.4 (g).

Khéi lugng Al trong hén hop X 1a: 27 . 0.2 =54 (g).

Khéi lugng Fe trong hén hop X 1a: 56 . 0,1 =5.,6 (g).

2. Tim cfiu tao ctia nguyén ti va xac dinh cong thirc phan ti caa hep chat
Ta d& biét mot nguyén té co ba loai hat co ban la: p (proton), n (notron), e (electron)

Ta goi Z la s6 luong hat p. Khi do, theo nguyén li can béng dién tich, ta c6 Z ciing la s6
luong hat e

Ta goi N la s6 luong hat n.
PatA=7+N, A duoc goi la s6 khéi.
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Bai todn 5. Téng s hat cd ban (p, n, e) clia mot nguyén ti X la 26. SG hat mang dién
nhiéu hon s8 hat khong mang dién 1a 6. Xdc dinh s hat p, n, e clia nguyén ti X.

Gidi

C6 hai loai hat mang dién ctia X 1a p va e. Vi th¢ tdng s& hat mang dién ctia X 12 2Z.
2Z+N=26

2Z-N=6.

Giai hé phuong trinh trén ta dugc Z = 8, N = 10.

Ta c6 hé phuong trinh sau: {

Viy nguyén ti X c¢6 8 hat p, 10 hat n va 8 hate.
Bai todn 6. Trong phan tii M,X c6 tong s hat (p, n, e) 1a 140 hat, trong d6 s& hat mang
dién nhiéu hon s6 hat khong mang dién 12 44 hat. S khdi ctia nguyén tii M 16n hon s&
kh6i ctia nguyén tit X 1a 23. Tong s8 hat (p, n, e) trong nguyén ti M nhiéu hon trong
nguyén tli X 12 34 hat. Xdc dinh cong thic phén ti cia hgp chat M,X.
Gidi
GoiZy, Ny, lan luot la s6 Iuong hat p, n cta nguyén ta M,
Z Ny lan luot 1a s6 lwong hat p, n ctia nguyén tir X
« Theo gi thiét, tdng s& hat (p, n, e) trong phan tit M,X 12 140 hat nén ta c6:
227y, + Ny) + (2Zy + Ny) = 140 hay 47, + 2Ny, + 27y + Ny, = 140.
* Do trong phan tit M,X 56 hat mang dién nhiéu hon s6 hat khong mang dién 1a 44 hat
nén ta co:
(4Zyy+2Z.) — (2N + Ny) = 44 hay 47, — IN + 27, ~ Ny = 44,
« S6 khéi ctia nguyén tit M 16n hon s6 khéi ctia nguyén tir X 1a 23 nén ta co:
(Zyy + Ny — (Zy + Ny) = 23 hay Zy, + N, — Zy, — Ny = 23.
« Téng s6 hat (p, n, e) trong nguyén tir M nhiéu hon trong nguyén tix X la 34 hat nén ta co:
(2Zyy + Ny — (2Zy + Ny) = 34 hay 27, + Ny, — 27, — Ny = 34.
A7+ N+ 22 A NG =140 (1)
470~ Ny + 27, -Ny =44 (2)
Zyt Ny— Zy-Ny=23 (3
2yt Ny-2Z,-Ny=34 (4

Ta c6 hé phuong trinh:

Céng theo timg vé ctia phuong trinh (1) véi phuong trinh (2), (3), (4), ta c6 hé phuong trinh:

87+ 47 =184
575+ 3Ny +Zy =163
6Zy+3Ny =174,
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Giai hé phuong trinh, ta dugc Z; =19, N, = 20, Z,, = 8. Do d6, N, = 8.
ViZy,,=19nén M laK (kalium); Z, = 8 nén X la O (oxygen).
Vay phan ti d6 1a K,0.

m. UNG DUNG TRONG SINH HOC
Bai todn 7. Mot phan tit DNA c6 téng s6 nucleotit (nu) loai G voi mét loai nucleotit
khac bing 60% tong s6 nucleotit ctia phan tt DNA. Téng s6 lién két hydro ctia phan ti
DNA la 3 120. Trong mach 1 co sénu loalAbéllg — sémuloai G va béng ) sénuloai T.
Xac dinh s6 nucleotit moi loai trén timg mach cia phan tie DNA do.
Giai
Kihiéw A, G, T, X lan luot la tng sé nu loai A, G, T, X ctia phan tit DNA;

N la téng s6 nu ctia phan tit DNA ;

A, G, T, X, lan luot la téng sénuloaiA, G, T, X trong mach 1;

A, G, T, X, lan luot la tc:)ng sénuloaiA, G, T, X trong mach 2
sTaco: G+A=50%N;A=T,G=X.
Ma dé bai cho téng $6 nu loai G voi mét loai nu khac la 60% ctia N nén G + X = 60%N.
Suyra G =X=30%N vaA+T=40%N.

ViA=TnéntrA+T =40%N ta co: A =T =20%N

« Ta c6 56 lién két hydro béng 2A+3G =3 120ma G =1,5Anén A =T = 480; G =X = 720.
Vay N = 2(A+ G) =2 400

Do do, téng s6 nucleotit ctia phan tit DNA trén m&i mach 1a 2 400 : 2 =1 200

eTaco: A =T),A, =T nénA +T =A +A,=480.

Theo gia thiét ¢ mach 1 co A= %Gl = %T] bay G, =2A,, T, =44,

A +T, =480 A, =96
Ta co hé phuong trinh: {4A, ~T, =0 < T, =384
2A,—- G;=0 G, =192.
Vay 6 nucleotit loai X ctia mach 1 la: X, =1200-96-384-192=528
« 3 mach 2, ta co:
A= Ty=384 T, = A =96 G,=X; =528, X, =05,= 192,
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IV. NG DUNG TRONG KINH TE
1. M6 hinh cin bing thi truong hang hoa c6 lién quan
Gia st trén thi trudng c6 n loai hang hod dugc mua va ban, dénh s6 1an lugt 1a hang hod
1,2, ..., n. Ta néi n loai hang hod d6 ¢6 lién quan néu gid cha mot mit hang nao d6 thay
d6i thi n6 khong nhiing anh hudng t6i lugng cung (ki higu 1a Q) va lugng cau (ki higu 1a
0Q,,) ctia ban than mit hang d6, ma n6 con anh hudng tdi gid va higng cung, lugng ciu cla
cdc mit hang con lai.
Nhu vy, d6i v6i n loai hang hod ¢6 lién quan thi hiong cung Qg (hoiic ligng ciu Q)
clia mi loai hang hod 1a mot dai lugng phu thudc vao n bién P, P, ..., P,, trong do
B, Py, ..., P, 1an lugt la gid ctia hang hod 1, 2, ..., n. Ngudi ta thuong biéu dién sy phu
thudc clia lugng cung va lugng ciu vao gid ctia cdc hang hod bdi ham cung va ham cau
nhu sau:

Qs =Si(B, By, .., B,

0, =Dy, Py, ..y ) (1<i<n),
trong @6 P, Py, ..., P, lan lugt 1a gid ciahang hod 1, 2, ..., n.

Mo hinh cin biing thi trudng n loai hang hod c6 lién quan (cin bing cung ciu) dudc xdc
dinh boi he phuong trinh: Q¢ = Q),, 1 <i < n. Gidi h¢ phuong trinh d6 chiing ta tim dugc

b0 gid cin bling thi truong: P = (P}, P, .., P, ). Thay vao O (hoic Q) ching ta thu

dude b lugng can bling thi truong: 0= (0, 0y, - O, )-

Bai todn 8. Xét thi trudng gdm ba loai hang hod gdm che, ca phé, ca cao c6 ham cung

va ham cau tuong ting nhu sau:

Q, =—10+P; 0, =20-P—P, (che)

Qg =2B; 0, =40-2P,—P, (ca phe)

Oy =—5+3P; 0, =10-A+P,-P, (ca cao)

a) Hay thiét 1ap m6 hinh can béng thi trueng ctia ba loai hang hoa trén.

b) Xac dinh gia va luong cung ca phé & trang thai can bing thi truong.

Gidi

a) M6 hinh can béng thi truong ctia ba loai hang hoa trén duoc cho béi hé phuong trinh
béc nhét ba &n sau:

05=0p -10+P =20-P-P, 2P, + P, =30
0 =0p & 2P,=40-2P,-P, & 4P+ P=40 (D)
IQS:QD ~5+3P,=10-P+P,— P, P -P,+4P,=15
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b) Giai hé phuong trinh (I), ta co:

2P+ =30 [2P+ =30 [2P+ P=30
me 4P+ P =405 4P+ P =40 4P+ Py=40
2P, -2P,+8P, =30 2P,-7P, =0 4P, ~14P,=0

g

2P+  P,=30 3

< 4P, + P, =40 & 132:23—8

15P, = 40 L8

3 3

Vay & trang thai can béng thi truong, gia ca phé la Fz = 23—8 va luong cung ca phé la:
B =i 28 56
=DP, =3, <00,

0s, =2k 3 3

2. M6 hinh cén bing thu nhap quéc din

Téng thunhap quéc dan, ki hiéu 1a ¥, thuong duoc tinh trén hai nguén chi yéu: Chi tiéu
¢4 dinh cua chinh phu, ki higu la G, va tién cia nguoi dan (bao gém déu tu cua cac ho
gia dinh, ki hiéu la /|, va tiéu dung ctda cac hé gia dinh, ki hiéu la ). Ta néi thu nhap
quéc dan la can bing néu ¥ = C + I, + G,

Xét m6 hinh can bing thu nhap qudc dan co dang hé phuong trinh bac nhét:

Y=C+1,+G,
C=a(Y-T)+b
TF=a¥;

Trong do: T'la thué, C = a(Y—T)+ b, cac h:fmg s60<a<1,b>0, 0<a <1 duoc chon
trude (phu thude vao sur lwa chon mé hinh cua cac nha hoach dinh chinh sach).

B todn 9. Cho mé hinh can béng thu nhép qudc dan:

Y=C+1,+G,
C=150+0,8Y-T)
T=0,2Y.

Trong do, ¥ 14 téng thu nhap quéc dan, G, la chi tiéu ¢6 dinh cua chinh phu, 7, 12 dau tu
ctia cac ho gia dinh, C la tiéu ding cua cac ho gia dinh, 7'1a thué va cac dai luong ¥, G,,
1, T, C duoc tinh theo cling don vi do,
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a) Tim trang thai can bang khi 7, = 300, G, = 900.

b) Khi suy thoai kinh &, ta chon C =150+0,7(Y —T). Gié st /, = 300. Hoi G, bing bao
nhiéu thi én dinh duoc tong thu nhap quéc dan?

Giai
a) Khi I = 300, G, = 900, mé hinh can béng thu nhap quéc dan c6 dang:
Y=€ =1200
- 0,8Y +C+0,8T =150 @.
0,2Y - T=0

Gia1 hé phuong trinh (I), ta co:

Y- € =1200 ¥'=G =1200 Y =3750
(D)< 8Y-10C-8T=-15004 2C+8T=11100< {C=2 550
2Y~ 10T=0 Y =5T T =1750.

b) Theo gia thiét C =150+ 0,7(Y —T) va I, = 300 nén mé hinh can bing thu nhap quéc
dan co dang:

Y-C =300+G,
~0,7Y+C+0,7T=150 (. Giaihé (D), ta co
0,2y - T=0
—Y 300 C=Y-300-G,
C=Y-300-G, Y A L p !
1077 +7-300-Gy+07.02¢ =150 & | Ly=450+G, e>{¥="0"0b
25 0,44
T=02Y T=0,2Y 7=0,27.
Dé 6n dinh dugc thu nhip quéc dan thIY=M=37SO<:GO=12OO.

s

Peairie

1. Cho mach dién nhu Hinh 3. Biét U =20V, r=1Q,
=0,5Q, R=2 Q. Tim cudng do dong dlf;n 1,11
tmng mdi nhdnh.

2 ChomachdiénnhuHinh4.Bié’lU:24V,Dl: 12V-6W,
b,y 12V-12W,R=3Q.

a) Tinh dién tr& ctia méi bong den

b) Tinh cuong do dong dién qua cdc bong den va qua
dién tré R.
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Tim céc hé s6 x, y, z d€ can bing m&i phuong trinh sau:

a) xKCIO, -5 yKCl+z0,;

b) xFeCl, + yCL, L5 zFeCl,;

¢) xFe +y0, R 7Fe,05;

d) xNa,50; + 2KMnO, + yNaHSO, %> zNa,50, + 2MnSO, + K,SO, + 3H,0.

&

Mot gido vién day Hod tao 1 000 g dung dich HCI 25% tii ba loai dung dich HCI c¢6
ndng do lan lugt 1a 10%, 20% va 30%. Tinh khéi lugng dung dich mdi loai. Biét rﬁng
Iugng HCI ¢6 trong dung dich 10% bing 1 lugng HCI ¢6 trong dung dich 20%.

4

w

Tdng 8 hat p, n, e trong hai nguyén ti kim loai A va B 1a 177. Trong d6 s& hat mang
dién nhiéu hon s8 hat khong mang dién 1a 47. S& hat mang dién ctia nguyén tit B nhidu
hon clia nguyén ti A 1a 8. Xéc dinh s8 hat proton trong mot nguyén ti A.

6. Mot phén tit DNA ¢6 khéi lugng 1272 . 10* dvC va 6 2 826 lién két hydro. Mach 2 c6
56 nu loai A biing 2 1an s6 nu loai T va biing 3 1an s6 nu loai X. Xdc dinh s& nucleotit
mdi loai trén tiing mach ctia phin ti DNA d6. Biét ring mdt nu ¢6 khdi lugng trung
binh 12 300 dvC.

ol

Tim da thac bic ba f(x) = ax® + bx? + cx + 1 (vi a = 0) bt fi— 1) = — 2, (1) = 2,
f2)=1.

®

Ba lop 10A, 10B, 10C tréng duoc 164 cay bach dan va 316 céy théng. Mdi hoc sinh lop
10A trdng duoc 3 céy bach danva 2 cay thong; méi hoc sinh 16p 10B tréng duoc 2 cay bach
danva 3 cay théng; mdi hoc sinh 16p 10C tréng duoc 5 cay théng. Héi méi 1op ¢6 bao nhiéu
hoc sinh? Biét 6 hoc sinh 16p 10A béng trung binh cdng s6 hoc sinh 16p 10B va 10C

; . 1
Do cao h trong chuyén dong ctia mot vét dudgc tinh béi cong thic 7 = 7411‘Z + vt + hy,

=

v6i d6 cao h va d6 cao ban dau /1, duge tinh bing mét, ¢ 1a thdi gian cfia chuyén dong
tinh biing gidy, a la gia t6c ctia chuyén dong tinh biing m/s?, v, la van tdc ban dau tinh
bing m/s. Tim a, v, . Biét riing sau 1 s va 3 s vt ciing dat dugc d6 cao 50,225 m; sau
2 s vat dat do cao 55,125 m.

10. M6t ngén hang muén dau tu s6 tién tin dung 1a 100 ti ddng thu duge vao ba ngudn: mua
trai phiéu véi mue sinh 161 8%/nim, cho vay thu li suat 10%/ndm va dau tw bit dong san
v6imire sinh 161 12%/nim. Theo diéu kién ctia qui tin dung dé ra I tong s6 tién dau tuvao
trai phiéu va cho vay phai gap ba lan s6 tién déu tu vao bat dong san. Néungan hang muén
thu duoe mute thu nhéap 9,6 ti déng hing nim thi nén dau tu nhw thé nio vao ba ngudn do?
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PHUGNG PHAP QUY NAP
TOAN HOC.

NHI THUC NEWTON

Trong chuyén dé nay, ching ta sé tim hiéu nhitng néi dung sau:
phuong phap quy nap toan hoc, nhi thiic Newton.

S1 ' PHUONG PHAP QUY NAP TOAN HOC

Chia hinh vuéng canh 1 thanh bén hinh vuéng nhé béng
nhau, lay ra hinh vuéng nhé thir nhét (& goc dudi bén trai,
mau dé), canh ctia hinh vuéng dé bang %

Chia hinh vuéng nhé & goc trén bén phéi thanh bén hinh
vuéng béng nhau, léy ra hinh vuéng nho thit hai (mau do),

(SIE

canh ctia hinh vuéng d6 béng —

4 3
» Hinh 1
Tiép tuc qua trinh trén ta duoc déy cac hinh vuéng nhé
(mau do) 6 Hinh 1.

Canh ctia hinh vuéng nhé thir n (mau do)
béng bao nhiéu? Vi sao?

1. PHUGNG PHAP QUY NAP TOAN HOC

XétménhdéchﬂabiénP(n): “14+3+5+ .. +(2n—1)=r*"véinlasdnguyén duong

a) Chumg t6 réng P(1) la ménh dé dung.

b) Véi k la mét sé nguyén duong tuy ¥ ma P(k) la ménh dé ding, cho biét
1+3+5+ .. +(2k— 1) bang bao nhiéu.

¢) Véi k 1a mét sé nguyén duong tuy y ma P(k) la ménh dé dung, chimg t6 réng P(k+ 1)
ciing 1a ménh dé dung béng cach chira i+ [2(k+1) — 1] = (k+1)%
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/@@’\i = Ta dd chimg t6 duoc ring:
) G A
A « P(1) la ménh dé ding,
Vi k la mt s6 nguyén dwong tuy y, néu P(k) la ménh dé dimg
thi P(k + 1) ciing la ménh dé ding.
Khi dé P(n) la ménh dé ding véimoin € N' theo mét nguyén li
ma ta goi la nguyén li quy nap toan hoc.

Phuong phap chimg minh nhu trén (dé khéng dinh tinh ding d4n ctia mét ménh dé toan hoc)
duoc goi la phuong phap quy nap todn hoc.

I Pé chimg minh ménh dé dung véi moi s6 tw nhién 7 > 1 bang phuong
phap quy nap toan hoc, ta lam nhw sau:
Buée 1. Chimg t6 ménh dé ding voin=1.
Buée 2. Vi k la mot s6 nguyén duong tuy ¥ ma P(k) la ménh dé ding
(goi la gia thiét quy nap), ta phai chimg t6 P(k + 1) ciing la
ménh dé dimg.

Nhan xét: Pé chimg minh ménh dé ding vo1 moi sétunhiénn, n>m (me N*) béng
phuong phap quy nap toan hoc, & Budre I trong cach lam trén, ta phai chimg t6 ménh dé
ding véoin=m
Vidu1l | Chimg minh réng 7* —n chia hét cho 3 véimoin e N,
Giai
Butc . Khin=1,tacéd: 13— 1 = 0 chia hét cho 3
Buére 2. Véi k lamot s6 nguyén duong tuy ¥ ma &° — k chia hét cho 3, ta phai chimg minh
(k+1)} = (k+ 1) chia hét cho 3
Thatvay, taco: (B+1P~(k+1D) =P +38+3k+1 k-1 =8 —k+3(F+k).
Theo gia thiét quy nap, & —k:3, ma 3(K +k):3.
Suyrak® —k+3( +k)i3, tacla (k+1)° —(k+1):i3.
Do do, theo nguyén li quy nap toan hoc, 7° — n chia hét cho 3 véi moi n € N*

- = o 3 : + 1 1 1 _n
Vidy2 = Chimg minhrang véimoin € N, ta co: Tt 3 +"'+7n(n+1)7 AT

Giai
5 P 5 1 _ 1 W b IR
Bude 1. Khin=1, ta co: Ta+n- 1T1,vaydangthucdungvcnn—1.
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Bure 2. Vi klamét sé nguyén duong tuy y ma déng thite ding, ta phai chimg minh déng

thl'lccﬁngdl’mgvc’iik+l,t(tclé—1+1—+“.+ ! = kel %
1.2 2.3 (k+D[(k+D+1] (k+D+1
- o o K i A 1 1 k
That vay, theo gia thiét quy naptacd: —— + —— 4 + = 3
> £ Tomep 1.2 2.3 k(k+1) k+1
Suy ra
1 1 1 1
—t—t..+ +
1.2 2.3 k(k+1)  (k+ D[ (k+1)+1]
k 1
T e
k+1 (k+D(k+2)
K +2k+1  (k+1) %y
(k+Dk+2)  (k+1(k+2) 1 Chiing minh riing véi moi n € N', ta c6:
_k+1 o k+1 1 1 1
412 Dl a) + ot
+ +D+ RSN 3 Jnentt
Vay ding thuc ding véi k + 1. Do do, 4 =
theo nguyén li quy nap toan hoc, déng 250 B W1 Bl
thite dung voi moi n € N'. Tue la b) P+l 3+1 B+1 B+l
1 1 1 n _ 20 +n+1)

1.272.3 VT @ n+ 1

" 3n(n + 1)
véimoine N .

Il. AP DUNG

Vidu3 | Motnguoi g s6 tién 4 (dong) vao ngan hang voi 1ai sudt 7%/nam. Biét réing,
néu khéng it tién ra khéi ngan hang thi ¢t sau méi nim, s6 tién 14 s& duoc nhap vao
vén ban dau. Chimg minh 6 tién nhén duoc (bao gdm ca von lan 14i) sau » (ndm) la

"

T, =A| 1+ ﬁ (ddng), néu trong khoang thoi gian nay nguoi g khong rit tién ra va

11 suat khong thay doi.

Gidi

Sau 1 nam, s6 tién vén va lai thu duoc la: A + A - LAl (déng).
100 100

1
Vay Ty = A(l + ﬁ] , tuac la déng thie ding véin=1.
Véi k 1a mét s6 nguyén duong tuy y ma déng thie ding, ta phai chimg minh déng thie
k+1
ciing ding véik+ 1, tic 14 Tj , | = A(l + ﬁ) .
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k
That vay, theo gia thiét quy nap, ta co: T, = A[l + ﬁ) .

k
Ta thay, sau khi hét & (nam) thi s6 tién T,=A (l + ﬁj tré thanh tién vén dé tinh tién

141 cho nam thit &+ 1. Do dé, s6 tién vén va 14 nguoi d6 co duge sau k+ 1 (nam) la:

k k k k+1
A(HL] +A[1+L] .L:A(HL] [HL] :A(HL) ,
100 100 100 100 100 100

, k+1
tac la 7, =All+ — ddng).
k+1 ( 100) (dong)

Vay déng thirc dung voi k+ 1. Do do, theo nguyén li quy nap toan hoc, déng thirc ding
véimoi n e N, tuc la s6 tién ca von 1an 151 nguoi do ¢o duge sau # (nam) la:

T :A[HL) .
n 100

Vidu4 | Cho x 12 s8 thyc, x > — 1. Ching minh véi moi n € N7, ta c6:
(1+x)">1+nx(1).
Gidgi
Bue 1. Khin=1,taco: (1 +x)' =1+x=1+lx Vay bt ding thic (1) ding véin=1.

Buie 2. Vi k 1a mét s6 nguyén duong tuy y ma bat déng thie (1) ding, ta phai chimg
minh bat déng thire (1) ciing dung voi k+ 1, tic la:

A+ >1 + %+ D
That vay, theo gia thiét quy nap ta co:
A+x)f>1+kx
Vi theo gia thiét ta c6: 1 +x > 0, nén bét déng thirc %2 Chiing minh v6i moi

trén van dung néu nhan ca hai vé véi 1 +x. Khi do ta ne N, (1+V2Y,
nhan duge: (1 =2 )" Iin luot viét
A+x)F . A+x)>1+kx) . (1+x) duge & dang a, + b N2,
SA+ 21+ (ke Dy R a,~b,N2, trong dé a,, b,

1a cdc s6 én duong.
Dok >0néntaco (1+x)F 1>1+(k+ 1 RIS
Vay bat déng thie (1) ding véi k + 1. Do d6, theo
nguyén li quy nap toan hoc, bat déng thie (1) ding g’

véimoi ne N, 3 Ching minh (16"—15n—1)
chia hét cho 225 véi moi

Chii y: Bt ding thic (1) con duge goi la bit diing
thiic Bernoulli.

neN.
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Vidu 5

a) Néu quy luat xép s6 chém lan luot d hang thirnhét, hang O 900000
thi hat, ... theo thu tur tir trén xuéng dudi trong Hinh 2a. OO/\-‘ '.%O
Tinh s6 chim & hang thi 7.

b) Néuquy luatxépsé chim lan luot § hang thunhit, hang  ©-O-0-0-0& @
th hai, ... theo thu tu tir dudi 1én trén trong Hinh 2b. 4 Hinh 2 b
Tinh s6 cham & hang thi n. 0000000

¢) Ghép Hinh 2a va Hinh 2b ta duoc Hinh 3. Gia st & m
Hinh 2a va Hinh 2b ¢ n hang. Tinh s6 chim c6 0000900
trong Hinh 3. T d6, xac dinh cong thirc tinh tong: o{w 000060
T,=1+2+3+ .. +nvéimoin e N'va chimg minh s
céng thitc do bing phuong phap quy nap toan hoc. Hinh 3

Giai

a) S6 cham & hang thit 7 theo thit tu tir trén xudng dudi trong Hink 2a la n.
b) S6 cham & hang thit 7 theo thi tur tir dwdi 16n trén trong Hinh 2b 1a n.

¢) Do cac cham & Hinh 3 xép thanh n hang va n+ 1 cot nén sé cham & Hinh 31a S, =n(n+1)
Goi T, la s6 cham & Hinh 2a. Khi d6 T, = 1 + 2+ 3 + ... + n. Mit khac, s6 chim &
n(n+1)

Hinh 2b ciing 1T, Suyra T, = %sﬂ = w S

VayT =1+2+3+..+n=

n(n+1)

Ta ching minh 7, = vi moi n € N'béng phuong phap quy nap toan hoc

nhu sau.

Butcl.Khin=1,taco: T =1=

] # Vay ding thic ding.

Buée 2. Véi k 1a mét s6 nguyén duong tuy ¥ ma déng thirc ding, ta phai chimg minh

déng thie cling diing véik+1, tic la 7, = (e 2],

k(k+1)

o

k(k+1)
2

That vay, theo gia thiét quy nap, ta co T

kel = (k+l)2(k+2)

Vay déng thie dung véi k + 1. Do do, theo nguyén li quy nap toan hoc, déng thirc

SuyraT,,,=1+2+3+..+k+(k+1)=

ding véimoin € N*.
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Vi dy 6 ’m
a) Dién tich cia cac hinh t6 mau trong moi hang & 23. II

Hinh 4 duoc viét & bén trai méi hang d6. Tiép tuc 33. . .
vé& theo quy luat do, hiy tim dién tich cta cac hinh

t6 mau 6 hang thir .
g 3
b) Ghép cac hinh t6 mau trong 7 hang dau tién ta duoc B

mét hinh vuéng (ching han, ghép cac hinh t6 mau Hinh 4
& bén hang trong Hinh 4 ta duoc hinh vuéng &
Hinh 5). Néu kich thudc cua hinh vuéng ghép
duge. Tt d6, tinh dién tich cia hinh do

¢) Du doan cong thuc tinh téng P, = 1° + 23 + .+ 7
véimoin € N'va chimg minh cong thite d6 bing
phuong phap quy nap toan hoc.

Gidi Hinh 5

a) Dién tich cta cac hinh t6 mau & hang thi n 1a 7.

b) Ghép cac hinh t6 mau trong » hang dau tién ta duoc mét hinh vuéng c6 canh béng

nn+1)

2 " 2
Vay dién tich hinh vuéng ghép duoc la {%} .

1+2+3+4+..+n=

¢)DudoanP, =13 +2+3+  +7=(1+2+3+ _ +nlvéimoine N, tirc la

¥ 2

2
Ta chimg minh P, = {W} voi moi n e N*béng phuong phap quy nap toan hoc
nhu sau:

2
Bu‘o’cI.KhinZI,tacé):PIZIJZ[1'02;1)} . Vay déng thirc dung khi n=1.

Budre 2. Véi k 1a mét s6 nguyén duong tuy y ma déng thie ding, ta phai chitng minh
(k+ D(k+ 2)}2

déngthﬁccﬁngdlingvdlkJrl,t\'mléP,Hl:[ 5

2
That vay, theo gia thiét quy nap, ta co: P = [k(k di l)} .
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2
SuyraP,, =P+ + 3+ 4R +(k+1) = [@} +k+1)?

(u) ke d) {w}
2 2

Vay déng thitc ding vai k + 1. Do do, theo nguyén li quy nap toan hoc, déng thirc
2
dimg véimoine N ticla P =13+23+3+__+r'= {@} voimoin e N
R

1. ChoS, =1+2+2*+. . +2"vaT,=2""' - 1,véine N".

a) Sosanh S, va Ty S, va Ty, Sy va Ty

b) Du doan céng thire tinh S, va chimg minh béng phuong phap quy nap toan hoc.

2. Cho§ :l+l+%+..‘+ivaTn:2—L,vdineN".
byt o o

a) Sosanh S, va Ty S, va Ty; Sy va Ty
b) Du doan céng thire tinh S, va chimg minh béng phuong phap quy nap toan hoc.

3. ChoS :L+L+#+...+%,vdinel\r.
* 1.5 5.980.13 (4n-3)4n+1)
a) Tinh 5. S, S, 5,

b) Du doan céng thire tinh S, va ching minh béng phuong phap quy nap toan hoc.

4. Cho glasé thuckhac 1. Chimg minh: 1 + g+ ¢+ .. +¢' "1 = 117q véine N
-9
5. Chimg minh v&imoi n € N', ta co:
a) 4"+ 15n—1 chia hét cho 9, b) 13" —1 chia hét cho 6.

6. Chimg minh 7> (n+1Y'"'véi ne N, n>2
7. Chimg minh @' — ¥ =(a— b)@ '+ *b+ .. +ab' >+ b Hvsine N
8. Cho tam giac déu mau xanh (Hinh thir nht)

a) Néu quy luat chon tam giac déumau trang & Hinh thir hai.

b) Néu quy luat chon cac tam giac déumau tring & Hinh thir ba.
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Hinh thit nhdt Hinh thit hai Hinh thit ba
¢) Néu quy luét tiép tuc chon cac tam giac déu méu tréng tix Hinh thir tva cc tam giac
déu mau tréng & nhitng hinh sau do.
d) Tinh $6 tam glac déu mau xanh lan luot trong cac Hinh thir nhat, Hinh thir hai,
Hinh thir ba.

) Dur doén s6 tam gigc déu mau xanh trong Hinh thir n. Chumg minh két qua d6 bang
phuong phap quy nap toan hoc.

9. Quan sat Hinh 6. [ YoX NOoX XoX )
a) Néu quy luat sip xép cac chdm dovavangxenkénhau O O @ O @ O @
Kkhi xép cac cham do6 tir goc trén bén trai xudng goc dudi (X X YoX XoX )
bén phai (tao thanh hinh vuéng). oNoNeNoX XoX )
b)Glésthinhvuéngﬂlﬁncbmsicanhchﬁanchélll 0000000
Tinh téng s6 cham duoc xép trong hinhvuéng (kécattn  Q O O O O O @
canh). Chimg minh két qua d6 bing phwong phap quy 00000 OGO
nap toan hoc. Hinh 6

10. Gia st nam dau tién, c¢6 Hanh giri vao ngan hang 4 (dong) voi lai suat r%/mnam.
Hét nam dau tién, ¢6 Hanh khéng rut tién ra va gii thém 4 (déng) nita. Hét nim thi
hai, ¢6 Hanh ciing khong it tién ra va lai g thém 4 (déng) nita. Cir tiép tuc nhw
véy cho nhimg nim sau. Chimg minh s6 tién ca v6n lan 1 ma c6 Hanh co duoc
saun (ndm) a7, = w{(l + Lj — 1} (ddng), néu trong khoang thoi gian nay

_r :. 100
1a1 suat khong thay doi.

11. Mot nguoi gt s6 tién 4 (dong) vao ngan hang. Biéu lai sudt ciia ngan hang nhu
sau: Chia méi nam thanh m ki han va I4 sudt 7% /ném. Biét ring néu khong rt tién
ra khoéi ngan hang thi cr sau mbi ki han, s tién lai s& duoc nhéap vao vén ban
dau. Chimg minh 6 tién nhan duoc (bao gdm ca vén lan 14i) sau 7 (ndm) gii la

ro\mn ) )
S, :A(l % m) (dong), néu trong khoang thoi gian nay nguoi gui khong rit tién ra
va lai suat khéng thay ddi.
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§2 ' NHI THUC NEWTON

Lam thé néo dé khai trién biéu thicc
(a + b)' mét ciach nhanh chong?

1. CONG THUC NHI THUC NEWTON

) Chon s6 thich hop cho [?] trong khai trién bidu thue sau
B3,

(a+ by = a0 Byt cBa3-Bp2 ., g

Tir d6 néu dang tong quét ctia mdi s6 hang trong khai trién biéu thic (a + b).
b) Xét biéu thie (a + b)".
Néu du doan vé dang tong quat ctia méi s6 hang trong khai trién biéu thic (a + b)".
|
(a+b) = Cla>’+ Cia® b+ C3a® 707 + O’ ?
M3i 56 hang trong khai trién biéu thirc (a + b)* d
déu co dang C;a}kbk.

\V/

« Ciing nhu thé, méi s6 hang trong khai trién biéu thirc
(a+ b)* déu co dang C’;a"’kbk.

Trong truong hop téng quat, voi 7 1a s6 nguyén duong, ta co cong thire nhi thirc Newton:

V

Nhdn xét:

n_ (0 n @l on-l k n-kpk n-l_pn-1_ cnpn
((raf = Cat i g sk b C T it C @ H(C,

« S6 hang téng quat trong khai trién ctia (a + b)Y’ déu co dang C:a” “kpF 0 <k<mn)
« Tir cong thire nhi thitc Newton néi trén, ta ¢6 khai trién ctia (a — b)Y’ nhu sau:
(a-by'= Cga" - Cllla”’ler Cfla”’lb2 - Cia"&b3 +.., 0 d6 cac dau “+”, “ xen ké nhau.
Chéng han, ta c6: (a— b)® = Cla* ™"~ Cla*™'b' + C2a*?p* - CIp°

=Cla’ - Cia®p' + Ciab” - C3b;
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(a-b)'= Ca* - Cla*"'b' + Ca*2p* - Cla* b + Clp*

=Cla* - Cia’b+ Cla®p* - Clab® + Cib*.

Vidul & Khai trién cac biéu thirc sau: 7" .
5 5 “"1 Khai trién biéu thiic
a) (x+y)%; b) (x— )"

x+2).
Giai. Ta co:

1) ety)f= ngﬁ + CéxSy + C2x4y2 + Cé){ay3 + Cg)czy4 + ngyS + ng6
=2+ 6y + 150%2 + 2007 + 155" + 6y + )0

b) (e-3)f= Cg 2 —C;x5y+ Cé)cAy2 - Céxsy3 + Cg)czy4 - ngys + ng(’
=2° - 6y + 15x%)% - 20y + 153 — 6xy* +)°.

Vidy2 | Khai trién biéu thie (x + 1"
Giai
G 1) =Clx" £ Cly™ i 14]... NG 1" YOG 174+ C . 1"
= ng” +Cha v C’;x"’k 4 i O AR G

Vidu3 = Tinhmoi téng sau:

o)
a) A= C) +CL +CMR. .+ +.Clp ‘
0 1 2 S 2 Chonve N*
b)B=C,, -Gy, + Gy, — Gy + G Chiing minh
0 1 2
o) €= C) 4+C FCh 4 CRE Lo CntCntCat ..

<t n
s e =0
_ ol 3 5 2n-3 , ~2n-1 n n 5
D=C,, +C;,+C;, +..+C5 7 +C5 7.

Giai
a) Ta co:
= 2n _ 0 1 -1 2 -2 72 2n-1 2n-1 2n  12n
(x+1)=C) &'+ Cp " 1.1+ C "2 1%+ .+ G x I+ GO L L
20 E -
:Cg"xz”JrC;”x“" ]+C§nx2" 2+4..+C§;‘ 1x+C§:.
Chox =1, ta co:

Q+1)P= C2 . 1" 1. C

-1, ~2  12n-2 2n-1 2n
om +C;5,. 1 Fab Gl G,

_ 0 1 2 2n-1 2n
=C,;,+Cy, + G5, + ..+ C5 7+ Gy

VayA=(1+1)" =22
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b) Ta co:
(e TP = CO a2 iC) 2 150 2 1P O, Pl 1
n " 2 n n

_o0 28l 2R 2 D 2n-1 2n
= C2”x - CZ,Lx + C2”x - ...—Cu X+ Czn-

Chox =1, ta co:

ool O AR o gD 2n-1 2n
A-1 =5, "), 1?1 O e

ol 1 2 2n-1 | on
=Gy -G, + G = -Gy Gy

VayB=(1-1)>"=0.

c) Tact: C+D=A=2"vaC-D=B=0nénC=D=2%:2=2%"1

Vidg4 [ TihT=C92" +Ch2" " 3+...+CE2" K3k ¢+ + 213" + CI3"vine N
Gidi

0 1 yn-1 41 k yn—k 2k ~1~1 qn-1
T=C2"+C,2"".3:+..+ C 29V 3" + L C 238" P 3"
=@+3r=5"
1. TAM GIAC PASCAL

Ta da biét: (a+ b)? = C(Z)a2 + Clzab + C%bz;

(a+ by =Cja’ + Cia’b+ Ciab® + Cib™;
(a+b)*=Ca* + Cha’b+ Cla’b* + Clab® + Cib*;
(a+b)*=Cla’ + Cia'b+ Cla'p® + Cla’h’ + Ciab* + Cb°.
Ta sép xép nhimg hé 6 t6 hop & trén nhur sau:
o oo e
0 + 1 +Z
CJ CS CS (};

4 4 & 5 9

ct ¢ ¢ ¢ c ¢
Néu phép toan dé tir hai s6 hang ciia dong trén suy ra duoc s6 hang tuong tmg (thé hién
& mili tén ¥) & dong dudi trong bang cac hé s6 noi trén
Nhdn xét: Xuét phat tir diy cac hé s6 trong khai trién nhi thitc Newton (a + b)* véin € N,
ta bd sung thém hai dong déu tién va nhan dugc tam giée cac hé s6 nhu sau:
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n=0 o!4 1

n=1 o/ L e 11

n=2 G Ty i 1 2 1

n=3 G & & g 1 8 g 1

=% w8y B & € ¢ T - |
=50 €& & € & © 1 § i o 5 1

Tam gi4c s6 & trén duoc goi la tam gide Pascal.

Trong tam giac Pascal, tong hai s6 hang lién tiép & dong trén thi bang s6 hang tuong tmg

& dong tiép theo vi ta di biét tinh chat Cﬁ + Cﬁ” = Cﬁ:; voi0<k<nvakneN
Vidus

a) Viét tam giac s6 Pascal tmg voi n < 6.

b) Viét khai trién ciia nhi thie (a + b)° (khong sir dung hé s6 & dang t6 hop).

Giai
a) Tam gidc s6 Pascal tmg voi n <6 la o
1 73’Sﬁ dung tam gidc
1 1 Pascal d€ khai trién:
1 2 1 a) (x+3)%s
1 3 3 1 b) (x-2)".
1 4 6 4 1
1 5 10 10 5 1
1 6 15 20 15 6 il

b) Khai trién ctia nhi thie (a + b)° la:
(a+ b)Y’ =a®+ 6a°b +154'b* + 20a°B® + 15a42b* + 6ab® + b°

118 HE $G TRONG KHAI TRIﬁN NHI THUC NEWTON
Trong muc nay, ta sé tim hiéu mét sé tinh chat cda cac hé sé trong khai trién nhi thirc

Newton (a + b)".
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1. Su bién thién cta day hé s trong khai trién nhi thirc (@ + b)"
Xét diy cac hé s6 trong khai trién nhi thue (a + b)* (Hinh 7a) va nhi the (a + by’
(Hinh 7b) sau:

=6 Ci=10<>Ci=10
S g o
Ci=te—> Ci=4 Gl 5 C=5.,
=1 : G=1 gp=1 =1
“ s
Hinh7 b)

PR I por g B 5 e

a) So sanh timg cdp hé s6 C, va C:; C,vaC, & Hinh7a
So sénh timg cip hé s Cy va Cy; Cy va Cl; Cs va C, & Hinh 7b.
b) Néu nhan xét vé su ting giam ctia mdi diy hé sé:
Cg Ci Cj CZ C: (trong khai trién (a + b)*).

s Ci E; Ci C: Ci (trong khai trién (a + b)*).

Day hé sé trong khai trién (a + b)* va (a + b)°
nhie d@ viét & trén cimg cé hai tinh chat sau:
«Cic cdip hé 56 tinh tir hai déu trévéo (twong vmg) thi bing nhau.
«Day hé 56 ting dan dén “giita” r6i giam dén.

Nhdn xét: Mot cach téng quat, diy hé sé: Cy Ch C2 ... Ci ' Ch
trong khai trién (a + b)" ¢6 hai tinh chét sau:
«Cac cap hé 56 tinh tir hai dau tré vao (twong tmg) thi béng nhau: C,}f =i “Fyai moik e N,
k<mneN.
« Déy hé s6 tang dan dén “giita” réi giam dan Bl <.
e o e e

Vidu6 | Tim hé $6 16n nhat trong khai trién cua:

- 7 LS
a) (a+b); b)(a+5)"

4 Tim hé s6 16n nhat
Car trong khai trién cla:
Ta co: a) (a + b)* 2,
a)Cg<C};<Cé<C2véCg>Cg>C2>C§_ b) (a + b2,

Vay hé s6 16n nhat trong khai trién ctia (a + 5)° la Cg = 20.
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b) 6 <= <= Gval; » G 65 =60,
Vay hé s6 16n nhat trong khai trién ctia (a + b)’ 1a C3 = C} = 35.

2. Hé s§ ciia X* trong khai trién (ax + b)" thanh da thic

Quan sat khai trién nhi thie:

(ax + bY' = CY(ax)"+ Chax)' ™16+ C% (ax)' ~2B*+ ... + Ci Y ax)b" 1+ Clb"
=CY o+ & T LG @2 R o O el et R
Néu céng thire tinh hé s6 ctia 2* trong khai trién trén.

[y 9
:@/\/ Hé 56 ciia x* trong khai trién trén la
.~ oE .
-9 (e kakb’"kvdikeN,kSn,nEN‘4
L
Vidu7 | Xét khai trién cta (2x + 1)!2 =
( ) 7? Xét khai trién
a) Néu s hang chura X8, tir do néu hé $6 ctia xS, clia (x + 5)°.
b) Néu s6 hang téng quat trong khai trién nhi thic trén, tir do 33 Néu s hang chia
néuhé sé ciaxvoike N, k<12 X', i d6 néu hé s6
R cliax’.
Giai . .
i a i s b) Néu so hang tong
a) S6 hang chita x° la Cp, 2%x5. Heé s6 cta x° 1a Cp; 2. quit trong khai trién
b) S6 hang téng quét trong khai trién la (33715(".\‘)}C = Cigfklkx/‘. nhj thic trén, tr d6
He s6 otia o 1a 2~ F9F néu hé s6 q, clia x*
s 12 2.

V6i0<k<15.
Vidu8 | Xétkhai trién cta (3x — )
a) Néu sé hang chira °, tlr d6 néu hé s6 ctiax®.
b) Néu sé hang chwra x', tir d6 néu hé s6 ctia x™°.
Giai. Ta co
Bx=2%= CLBEHP-CLBAT . 24 C 340 2~ C1(8K) .2 4 €521
= Chalx® clial 28" 10331 . 2240 .. O3, 271 30"

a) S6 hang chiax® 1a - C?s 3°.2°x° Hé s6 ctiax® la - C?g39-29 == C19869'

b) 6 hang chita x1° 1a CJ3'%.2% %', He 56 ctia x1* 1a €} 3'0.2°,
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P cairae

1. Khai trién cac biéu thic sau
a) (2x+)% b) (x— 3y)%; o) (x—1)%
d) (e +2)" ) (x+y)™ 8) (- ™,
trong do 7 1a s6 nguyén duong

2. Tinh:
2) §=10505, 9" 4 G, P 4 G O R 1 S0 01
BY Pl A = €, 828 B 000 3R 0l BR00%
3. Chimg minh:

Cl3 a3 el crdslier
=Y+ Cl3 4.+ Ch b L 13 O3 Vol 0<k <mik, ne N,
4. Xac dinh hé s6 cta:
a) x12 trong khai trién ctia (x + 4)°%;
b) %1 trong khai trién ctia (3 + 2x)*%;
1

s1
¢) x!* va x'° trong khai trién ct z @
ng khai trién ctia 377

12
5. Xét kha trién ctia (x + 5) .
a) Xac dinh hé s6 ctia x”.
b) Néu s6 hang tong quat trong khai trién nhi thie trén, tir d6 néu hé s6 a, ctia x*
voi0<k<12.
21
; gz (%1
6. Xét khai trien cia [EJr —j .
a) Xac dinh hé s6 ctia x1°.
b) Néu s6 hang tong quat trong khai trién nhi thie trén, tir d6 néu hé s6 a, ctia x*

voi0<k<2].
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7. Tim hé 56 lon nhét trong khai trién cta:
a) (a+ b, b) (a + bY.

8. Chimg minh céng thirc nhi thitc Newton béng phuong phap quy nap:

(a+b)" =Cla" + Cla" b+ .+ C 7 lab" " 4 Clb" v6in € N¥.

9. Béng phuong phap quy nap, chimg minh:
a) n* — n chia hét cho 5 Vn € N*,

b) n” — n chia hét cho 7 Vn e N*
10.Cho tAp hop A = {x,; x,; x;; ... X } ¢6 n phén tii. Tinh 6 tip hop con clia A.

11. M6t nhom gém 10 hoc sinh tham gia chién dich Mita hé xanh. Nha truong muén chon
ramot déi cong tac cé it nhét hai hoc sinh trong nhimg hoc sinh trén. Hoi ¢6 bao nhiéu
cach lap d6i cong tac nhur thé?

12.Dé tham gia mdt cude thi lam banh, ban Tign 1am 12 chiéc banh c¢6 mau khac nhau va
chon ra s& nguyén duong chin chiéc banh d€ cho vio mot hop trung bay. Hoi ban Tién
¢6 bao nhiéu c4ch @& chon bénh cho vao hop trung bay d6?

13.Bé4c Thanh muén mua qua cho con nhéan dip sinh nhét nén d d&n mot ctia hang d6
choi. Bac dy dinh chon mot trong niim loai dd choi. O cita hang, mdi loai dé choi d6
chi ¢6 10 san phim khdc nhau bay bdn. Biét ring néu mua bd truc thing didu khién
tli xa, béc s& chi mua 1 san phim; néu mua by d6 choi lego, bac s& mua 3 san pham
khdc nhau; néu mua bo 1dp ghép robot chay biing ning lugng mit trdi, bic s& mua
5 san phdm khéc nhau; néu mua rubik, bac s& mua 7 san phdm khdc nhau; con néu
mua md hinh khiing long, bdc s& mua 9 san phim khéc nhau. Bdc Thanh c6 bao nhiéu
cdch chon qua sinh nhat cho con?

14. Gia st tinh trang 6 mot loai cay duoc quy dinh do tac dong cong gdp ctia  cép alen phan
li doc lap Aa;, Aja,, ..., A a,. Cho cay F, di hop vén cép alen giao phéi v6inhau. T1 1é
phan li kiéu hinh ctia F, 1a hé s6 ciia khai trién nhi thitc Newton (a + 5)*, nghia la ti 16
phanlikiduhinh cta F, 1A C) :C; :Cl :..Cy 2t
Cho biét mét loai cay co tinh trang dugc quy dinh béi tac dong cong gop ctia 4 cip alen
phén li déc lap. Tim ti 16 phan li kiéu hinh ctia E, néu cay F, dihop vé 4 cap alen giao
phéi voi nhau.
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BA DUGNG CONIC
VA UNG DUNG

Trong chuyén dé nay, chiing ta sé tim hiéu nhiing néi dung sau:
xac dinh dugc cac yéu t8 dac trung cla ba dudng conic (elip,
hypebol, parabol) va giai quyét dugc moét s6 van dé thuc tién
gan v6i ba dudng conic d6.

§1 | ELIP

Trai Pt chuyén déng quanh Mt Trod theo mét quy dao
la duong elip ma Mt Troi la mot tiéu diém (Hinh 1).

Lam thé nao dé tim duoc @ MAT TROT

khodng cdch nhé nhat va lom nhat gista
TraiPat va Mat Troi? Hinh1

0 sach giao khoa Toan 10 Chuong VII, ching ta d4 hoc vé ba duong conic, trong d6 co
duong elip. Vi bai hoc nay, ching ta & tim hiéu thém nhimg yéu t6 dic trung cta elip.

1. TINH D61 XUNG CUA ELIP

2 2
Trong mét phing toa d6 Oxy, ta xét elip (E) c6 phuong trinh chinh tic 1a x_2 + y—2 =1,
trong d6 a> b> O (Hinh 2). 4 b
a) Tim toa do hai tiéu diém F,, F, ctia ().
b) E) cét truc Ox tai cac diémAl,szlacétm_x:Oytaicéc B)

diém B,, B,. Tim d¢ dai cac doan théng OA4, va OB,. &

Chii y: Khoang céch F\F, = 2¢ (voi ¢ =~a*—b*)
duoc goi la tiéu cy cta elip (E). Poan 4,4, 1a truc lon,
doan B,B, la truc bé cua elip. D6 dai ctia truc lon
la 2a, d6 dai ctia truc bé la 2b. Cac d6 dai O4, = a,
OB, = b lan luot duoc goi la dé dai ban truc 16n, do
dai ban truc bé.

bén ©
true
be
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Trong mit phing toa do Oxy, ta xét elip (E) co phuong trinh chinh tic la

2
2 il rongdsa>b>0.
a b

Cho diém M(x ; y) ndm trén (E) (Hinh 3).

a) Goi M, la diém déi ximg ctia M qua truc Ox. M,
Tim toa d6 cta diém M,. Piém M, b nim trén / '
(E) hay khong? Tai sao? /

b) Goi M, la diém déi xtmg ctia M qua truc Oy.

Tim toa d6 ctia diém M, Piém M, co ndm trén M, _/Ml
(E) hay khong? Tai sao?

5 M y)

c) GoiM; la diém déi xtmg ctia M qua gbe O. Tim
toa d6 ctia diém M;. Biém]\l3 ¢6 nim trén (E)
hay khoéng? Tai sao?

e
@
A ¢ o) 2 TR B, . OF
-7 Neéu diem M(x ; y) nam trén elip (E) thi cac diem M, (x ; —y),
M,y(—x;y), My(~x ; —y) ciing nam trén (E).

[ Elip (E) nhan hai tryc toa do 1am hai truc d6i xtng va géc toa d6 O
1am tam d6i xing. Gdc O con dudc goi 1a tim cla elip (E).

1. HINH CHU NHAT cO s6

2
Trong mit phing toa do Oxy, ta xét elip (E) c6 phuong trinh chinh téc la x—2+ e =1,
trong d6a>b> 0. 4

3
(E) cét truc Ox tai cac diém A (=a;0),4,(a;0)

va cét truc Oy tai cac diém B,(0;—b), B,(0; b). P, Bl o
Bén diém nay duoc goi la cac dinh ciia elip. M
Al

Vé qua 4,, 4, hai duong théng song song véi truc

tung; vé& qua B;, B, hai duong théng song song ? 9 il
v6i truc hoanh. Bén duong théng d6 tao thanh

hinh chit nhat PORS. Ta goi hinh chit nhat 6 1a b Bl-b X
hinh chir nhdt co so cia elip (E) (Hinh 4). Hinh 4
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) Néu nhén xét vé vi tri bén dinh ctia elip (E) véi bén canh ctia hinh chit nhat co sd.
b) Cho diém M(x ; y) thudc elip (E). Tim gié tri nhé nhét va lén nhat ctia x va ciia y.

[ Trong mit phng toa d6 Oxy, cho elip (E) c6 phuong trinh chinh tac la
5

;+ ?:1 (a>b>0). Khi do, ta co:

« Hinh chit nhat co s ¢6 bén dinh la P(—a;b),0(a; b),R(a;-b),
S(—a;-b)

« Bén dinh ctia elip la trung diém cac canh ctia hinh chit nhat co s6.

.NéudlémM(x;y)thuéc(E)thi —a<x<a,-b<y<b Dodo mol
diém ctia elip néu khong phai la dinh thi déu ném trong hinh chit nhat
cO'sG.

. Py B
9 1 Vi€t phuong trinh
chinh tic cta elip, biét
A4;0)vaB,0;2)
b) Tim toa d6 cac dinh cta hinh chit nhat co s& cta elip. 12 hai dinh cta né.

Vidul | Cho elip (E)
a) Tim toa d6 cac dinh cta elip.
Giai

a)Tacd: @ = 25,suyraa=5,5 = 9, suyrab=3.
Vay elip ¢6 cac dinh Ia 4,(— 5 ; 0), 4,(5 ; 0), B;(0; —3), B,(0; 3).

b) Toa d6 cac dinh ctia hinh chit nhat cosé laP(-5; 3), O(5; 3), R(5 ;- 3), S(- 5, -3)

Quan sét elip (E) co phuong trinh chinh téc 1a ; + gz 1, trong d6a>56>0
va hinh chit nhat co s6 PORS cua (E) (Hinh 5).

y
a) Tinhtisd gifmhaicanh%cﬁamnhchm]hﬁtpgm . b o
o ok DR e oo aB s L
b) Tis6-=_ phananh dac diém gi ctia (£) vé hinh dang?
PO = 5 >
Ta thay: QR* V(’10<£<1T1552
a a
N -b R
phan anh cu the hmh dang cta (E) nhu sau:
Hinh 5
a1
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« Néutiso bi cang bé thi hinh cht nhat co s& cang “det”, do d6 (E) cang “gay”.
a
o Néutisé B, cang 1on thi b cang gan a va hinh chit nhat co s& cang gan véi hinh vudng,
a
do do (E) cang “béo”.
1. TAM SAI CUA ELIP
Trong mit phing, cho hai diém F,, F,v6i F|F, = 2¢. Nhu da biét, elip 14 tap hop nhiing
diém M trong mit phing co tng khoang cach dén hai diém F, el béng héng s6 2a cho
trude (a > ¢ > 0). Vi thé, nguoi ta thuong mé ta nhimg yéu to dac trung cho elip ch1
théng qua cachang s6 ava c. Ching han, thay vi stt dung ti s6 —, nguoi ta sit dung tlso -
Hon nita, ti s6 — dong val tro quan trong trong viéc tim hleu céc tinh chat ctia ehp no1

riéng va ba ducmg conic no1 chung.

[ Ti s6 giifa tiéu cu va do dai tryc 16n cla elip goi 1a tdm sai cta elip
PRIEPS IS 4 c
va dugc ki hiéu la e, tic la e=—.
a

Nhanxét: «0<e<l.

Tir méi lién hé giita hinh dang ctia hinh chit nhat co s&
v6i hinh dang ctia elip, ta co: Néu e cang 1on (tic la cang
gén 1) thi elip cang “géy™ néu e cang bé (tic I cang gan 0)
thi elip cang “béo” (Hinh 6).

Hinh 6

Vidye2 | Tim toa d6 tiéu diém, tleu cu va tam sai ctia
>

elip c6 phuong trinh chinh tic la —5+ Yoy,

9 =
Giai %’V

2
Taed: a="5,5=3.Suyrad = =523 =18, tic
lac=4. Suyralc=8.

Viét phuong trinh
chinh tic cta elip (E),
biét tiéu cy biing 12 va
Vay elip co hai tiéu diém 1a F,(— 4, 0), F,(4; 0), tiéucu1a8. tim sai bing %

Tam sai cta elip la e = et 0.,8.
a 5

Vidg3 & Mot duong hdm xuyén qua mii co chiéu réng la 20 m, mit cit dimg cia
duong ham c6 dang ntra elip va duoc mo ta trong hé truc toa do voi don vi truc la mét
nhu 6 Hinh 7. Gia st tam sa1 cta duong elip la e = 0,5.
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a) Tim chiéu cao ciia duong hém do. ¥

b) Tim d6 cao ctia duong him tai diém trén mét duong
cach chan ham bén phai la 3 m (lam tron két qua

dén hang phan muoi).
Gidi o in
Got chiéu cao ctia duong ham 1a b (m). Khi d6 elip co 20m
Hinh 7

ban truc lén la a = 10 (m), ban truc bé la b (m). Elip co
nratiéuculac=a.e =10.0,5=5 (m)

a) Chiéu cao ctia duong hém 1a b = v/a* —¢* =+/10° —5° ~ 8,7 (m).

2 2
b) Phuong trinh chinh tic cta elip la IXRJF ;]—5 =1. Mot diém trén mét duong cach chan
ham bén phai 3 m c6 hoanh dé x = 7. Do do d6 cao ctia duong hém tai diém do lay > 0
72 yZ 72
thoamén —+=—=1. Suyray=[75.| 1-— | » 6,2.
100 75 W [ 100]

Vay dé cao ctia duong ham tai diém trén mét duong cach chan ham bén phai 3 m la
khoang 6,2 m.

IV. BAN KiNH QUA TIEU CUA MOT BIEM THUOC ELIP

Gia str duong elip (E) la tap hop cac diém M trong mat phing sao cho
MF, +MF,=2a,3 36 F\F,= 2¢v610 < ¢ < a. Ta chon hé truc toa d6 Oxy c6 géc la trung
diém ctia doan thing F,F,. Truc Oy la duong trung trie ctia FyF, va F, nim trén tia Ox
(Hinh 8). Khi do, F,(-c; 0), F,(c ; 0) la cac tiéu diém cua elip (E)

Gia st diém M(x ; ) thuoc elip (E).
Chimg minh réng:

a) MF]2 :x2+2cx+c2+y2;

b) MF22 =x*-2cx+c*+y%

¢) MF — MF; = 4cx.

Hinh 8

Pé chimg minh cac déng thie trén, ta lam nhu sau:
a) MFI2 = ()P + (-0 = (x+c)*+y* = ¥+ 2cx+ ¢ + y2.
b) MF22 =(x—c) Jr(y—O)2 =x?—2cx+c? +y2.

c) MFIZ—MFZ2 :(x2+2cx+c‘2+}'2)—(x2—20x+02+y2):4cx.
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Str dung déng thite ¢) & trén va déng thirc MF, +MF, = 2a, chimg minh:

a) ME—MFzzz—Cx; b) MFlza+£x; c) MFZ:a—EX.
a a a

[ V6i mdi diém M thude dudng elip, cdc doan thdng MF,, MF, dugc goi la
bdn kinh qua tiéu cta diém M.

b9 dai cdc ban kinh qua tiéu 1a MF, = a + ex, MF, = a —ex.

Nhdn xét: Ta co thé sit dung cong thire tinh do dai ban kinh qua tiéu dé lap phuong
trinh chinh téc ctia elip. Cu thé, ta chimg minh duoc réng: Néu diém M(x ; y) e (E) thi
5 %— 1(1),6do0b=v a2 - Cz nguoc lai, néu diem M co6 toa d6 (x ; y) thoa mén (1)
a

thi MF, = a+f MF, = a— — Do dé MF, + MF, = 2a, tiuc la M thudc elip (E)

Vay phuong trmh Mla phuong trinh chinh tic cta elip da cho.

Vidu4 . Cho elip c6 phuong trinh chinh tic = =5 %: 1. Gia st M la diém thudc elip

va 6 hoanh d6 1a 2. Tim dé dai cac ban kinh qua tiéu cta diém M.

Giai. Ta co: C—\/a —b" =+/25-9=4. Do do e—f—f— 0,8.Vay d6 dai cac ban
kinh qua tiéu cua dlemM la

MF,=a+ex=5+0,8.2=6,6, MF,=a—ex=5-0,8.2=3,4

2 x? 5
Vidy5 = Cho elip ¢6 phuong trinh chinh tac la 2z Ei %: 1. Gia st M(x ; y) la diem
thudc elip. Tim gia tri 16n nhat va bé nhét ctia ban kinh qua tidu MF, VlaMFZ
Gidi. Theo cong thire vé d6 dai ban kmh qua tiéu, ta co: MF, = a + =x.

Vi-a<x<a nén a+— (—a)<a+— x<a+— as a— C<MF <a+ec.
a a a

Vay MF, 6 gié tri nhé nhét 1a a — ¢ khix = — a va co gia tri lén nhét la a+ ckhix=a
Béng lap luan tuong tur, ta thay MF, co gia tri nho nhét la a — c khix = ava co gia tri lon
nhétlaa+ckhix=—a

Vidu6 | Mt Tring chuyén dong quanh Trai Pét theo quy dao la mét elip () ma
Trai Pat la mot tiéu diém. (E) co do dai truc 1on va d6 dai truc bé lan luot la (khoang)
768 800 km va 767 619 ki (Nguon: Ron Larson (2014), Precalculus: Real Mathematics, Real People,
Cengage). Tinh khoéng cach ngén nhét va khoang cach dai nhét tir Trai Pat dén Mt Tring
(lam tron két qua dén hang phan trim).
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. § o A
Giai. Gia st (E) co phuong trinh chinh tac la — + gz 1 trong do:

a
a=768800: 2 =384 400 (km), b="767 619 : 2 = 383 809,5 (km).
Tacor ¢ =+a? - b? = /384 4007 - 383 809,52 gy
3 Cho elip (E):
= 453 627 709,8 ~ 21 298,54 (km) 2 o
. L XY o1 véi tidu diém
Khoang cach ngan nhat tir Tra1 Pat dén Mat Trang la: 9
a—c ~384 400 —21 298,54 = 363 101,46 (km). £ (/5:0). Tim toa o
diém M e (E) sao cho do

Khoang cach dai nhat tir Trai Pat dén Mt Trang la:

dai F,M nhé nhat.
a+c ~384400 + 21 298,54 = 405 698,54 (km).

V. PUSNG CHUAN CUA ELIP

Tuong tw nhur parabol, elip cfing c6 thé xac dinh théng qua tiéu diém va duong thing
dong vai tro nhu duong chuan.

Cho elip () ¢6 phuong trinh chinh tic 1a ; - gz 1(a>b>0).
Xét duong thing Aix= ~4 Véimai diém M(x ; y) e (E) (Hinh 9), tinh:
e

a) Khoang cach dM , A,) tir diém M(x ; y) dén duong thing A,

. MF,
b) Tisd6 ——-. A| . >
dM , A) i
2 ] M
Ta co the thuc hién nhu sau: / /\
a) Viét lai phuong trinh duong thing A, a .0 7 @ %
0 ¥ 3 -
c"idang:x+0y+£:(). ¢ / ¢
e
Vi méi diém M(x ; ) thude (E), ta co:

A, A) =

, MF,  MF,
b) DoMF,=a+ ex>0nén MF, = |a+ ex|,suyrad(M ,A) = —L Vay ———=e,
e M, A)

Nhan xét: Ta xét duong thing Aix= 2 Bing cach lap luan twong tu trén, v6i méi
diém M(x ; y) € (). ta ciing co: -

MF,

—— =e.
dM , A,)
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>

Dudng thing A,: x = 9 90i 1a dutong chudn ting véi tieu diém F(c ; 0).
B ]

udng thing A, :x= ~2 g0i 1a dutomg chudn ting véi tieu diém ECci0).
€

Chit y: Ti s6 ctia khoang cach tir mét diém M bét ki thude duong elip dén tiéu diém va
khoang cach tir diém do dén duong chuan tuong tmg luén bing tam sai ctia elip:

MF, MF,

i, A) B i, A) )

2 2

Vidy 7 | Tim cac tiéu diém va duong chuén cta elip E‘F f—ﬁ =1:

Giai

Tacd: a=5,b=4,nén c=+a’-b* =25-16

Do do, hai tidu diém 1a F,(~ 3 ; 0) va F,(3 ; 0). 1

Mat khac, ta co: e= L2 F. =0,6. ¢ . Vie} pl:mdng% mil,]
a 5 chinh tac cta elip, biét

5 tieu diém Fy(5 5 0) va
Puong chuanmgvmheudlemF( 3;0)laA;: x=-3 &itong chufn ting v tieu
. v/ . 5 | el
DPuong chuan ung véi tiéu diem F,(3;0) la A, x = 3 5

VL. LIEN HE GIUA DPUGNG TRON VA DUGNG ELIP
Cho elip (B) ¢6 phuong Hirh chirh tho 15,2% Z% 1 lazsi0):
= B

Xét duong tron (C) tam O ban kinh a c6 phuong trinh la 2% + ) = &

Xét diém M(x ; y) € (E) va diém M (x; y)e(C)

sao cho y va y; luén cliing déu (khi M khac voi hai

dinh A,, 4, cta (E)) (Hinh 10) (©
a) Tir phuong trinh chinh téc ctia elip (£), hiy tinh y?

theo x?

A
Tur phuong trinh ctia duong tron (C), hiy tinh y; B %
theo x?
E)
b) Tinh ti s6 HUY 3. theoava b
HM,

Hinh 10
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Pé tinh cac dai luong trén, ta lam nhu sau:
2 ) 0)
Tacs 2w Lopesy2 = @20
@ b a

2
x'+ylz:a2<:>y12:a2—x2.

72 2 T
Dode:b—z. vay IM _ Y _ b tietay =%y,
Vi oa HMI » a b

Nhan xét:

« M&i diém M, (x ; y,) trén duong tron (C) qua “phép co” theo truc tung voi hé s6 L2 thi
bién thanh diém M(x ; y) trén elip (). a

« M&i diém M(x ; ) trén elip (E) qua “phép gidn” theo truc tung vai hé s6 2 thi bién
thanh diém M, (x ; y,) trén duomg tron (C). b
VIl. CACH VE DUGNG ELIP
¥

-Veehp(E) —+ﬁ— B3
Pe vé elip (E), ta co the lam nhu sau: A 4

1 2
Tathdy a=5, b= 3. (E) c cac dinh laA4,(- 5 0), s 0 5 *

4,(5:0), B,(0;—3), B,(0;3)

Butéc 1. V& hinh chit nhat co s& ¢ bdn canh thude
bén duong thing x=—35,x=35 y=-3,
y=3

Buée 2. Tim mét s6 diém cu thé thude elip,
. Lz 9, .2
chang han ta thay dlémM(4 7 ?) va diem

2 -
N (3 : %‘) thude (E). Do d6 céc diém

9 9 9
Mo *?)’MZ(* 4 ?)’Ms(* 4 *?)’

12 12 12
Nl(3 5 *?),Nz(*:; : ?),N3(7 3 ;*?);
thuéc (E).

Bue 3. V& duong elip (E) di qua cac diém cu thé

trén, ndm & phia trong hinh chit nhét co s&
va tiép xuc voi cac canh cda hinh chit nhat
co 56 tai bén dinh cta (B) la 4,(~ 5 ; 0),
A5 30),B,(05—3),.8,(0 ; 3).
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2 Pt )
Nhdn xét: Dé vé elip X—Z+ ;—2 =1 (a> b>0), ta co6 thé lam nhu sau

a
« V& hinh chit nhat co s& c6 bén canh thudc bén duong théng y=by=-bx=ax=-a.
« Xac dinh bén dinh va mét s6 diém cu thé thude elip.

« V& duong elip & phia trong hinh chit nhat co s6 sao cho elip dé tiép xtic véi cac canh
ctia hinh chit nhat co s& tai bén dinh ctia né va di qua nhiing diém cu thé da chon.

Peiirae

1. Viét phuong trinh chinh tic ctia elip (E) trong méi truong hop sau

) D6 dai truc 16n bang 6 va tiéu diém la F(-2;0)

b) Tiéu cur béng 12 va tam sai bang % 5

¢) Tam sai béng ﬁ va chu vi hinh chit nhét co s6 cta () bang 20
3

2. Tim tam sai cta elip () trong m&i truong hop sau:
) D6 dai ban truc 16n gap hai lan do dai ban truc bé;
b) Khoang cach tir mét dinh trén truc lon dén moét dinh trén truc bé bé'mg t1éu cur.

3. Trai Pat chuyén dong quanh Mt Troi theo mot quiy dao la duong elip ma Mat Troi la
mét tiéu diém. Biét elip nay co ban truc 1on a ~ 149 598 261 km va tam sai e ~ 0,017.
Tim khoang cach nhé nhat va 16n nhét gitta Trai Dat va Mat Troi (két qua duoc lam
tron dén hang don vi).

% =1. Tim toa do diém M e (E) sao cho do dai FzA/flcmnhaL biét

F, lamét tiéu diém c6 hoanh d6 duong ciia (E).

2
4. Choelip (E) %

5 / 3m
5. Hinh 11 minh hoa mat cat dimg ctia mét can phong 2 \a
trong bao tang v6i mai vom tran nha ctia cén phong o W 4 o
. m
do co dang mét nira duong elip. Chiéu réng ctia can

phong 14 16 m, chiéu cao ciia tuong la 4 m, chiéu -
. e
16 m
Hinh 11
a) Viét phuong trinh chinh tic ctia elip biéu dién méai vom trén nha trong hé truc toa do

Oxy (don vi trén hat truc la mét).

cao cua mat vom la 3 m

b) Mot ngu&l sang duoc dat tai tiéu diém thir nhét cta elip Cén dit bic tuong & vi tri
6 toa d6 nao dé burc twong sang 16 nhét? Gia thiét réing vom tran phan xa anh sang
Biét ring, mot tia sang xuét phat tir mot tiéu diém ctia elip, sau khi phan xa tai elip thi
& di qua tiéu diém con lai.
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§2 | HYPEBOL

Quy dao bay cua mot con tau vii tru phong di tir
Trai Pat phu thude vao téc d6 cua con tau. Khi
con tau dat toc d6 vii tru cﬁp 1, tic la téc do x:flp xi
79 kn}/s, thi con tau trc? thanh mét V,é tinh cta "
Tra1 Pat. Khi con tau co toc d6 16n hon toc d6 vii tru
cép 2, tue la tdc d6 con tau lén hon 11,2 km/s,
thi con tau co quy dao bay la mét phan cia

hypebol (Hinh 12). 5 ) )
(Nguon: https://viwikipedia.org)

Quy dao bay dang hypebol ciia con tau
¢6 dic diem gi?

‘Hypebol
¥, > 11,2 km/s)

Purong tron
(v, = 7,9 km/s)

Hinh12

O séch gio khoa Toan 10 chuong VI, ching ta d& hoc vé ba duong conic, trong d6 co duong
hypebol. Trong bai hoc nay, ching ta s& tim hiéu thém nhiing yéu t6 dic tmg ctia hypebol.

1. TINH DI XUNG CUA HYPEBOL
Trong mit phéng toa do Oxy, ta xét hypebol (H)
2" 3

¢6 phuong trinh chinh tc la x—z—y—z: 1, trong d6 a > 0,

b> 0 (Hinh 13). a’ &

a) Tim toa d6 hai tiéu diém F, - ¥, ctia hypebol (H).

b) Hypebol (H) cét truc Ox tai cac diém A, 4,. Tim d6 dai

céc doan thing 04, va OA,.

Chii y: B dai FyF, = 2¢ duoc goi la tiéu cu ctia hypebol (H).
Poan thing A A, goi la tryc thuc; do dai A\ A, = 2a
goi la do dai truc thic cua hypebol (H).

Trong mit phéng toa dé Oxy, ta xét hypebol (H)
2" 3

c6 phuong trinh chinh tic la x—z - i—z =
a

b> 0 (Hinh 14). Cho diém M(x ; y) n&m trén hypebol (H).

GoiM,, M,, M; lan Iuot la diém déi xung cia M qua truc

Ox, truc Oy va géc O. Céc diém M, M,, M, cod ndm trén

hypebol (H) hay khong? Tai sao?

1, trong doa >0,

Poc sach tai hoc10.vn
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¢

¥

R

@ s

Néu diém M(x ; y) ndm trén hypebol (H) thi cdc diéli(x S=)
M,(—x;y), My(—x ;) ciing ném trén hypebol (H).

[ Hypebol (H) nhan hai truc toa d6 lam hai truc déi Xung va géc toa d6 O
lam tam déi xtmg. Géc O con duge goi la tam ctia hypebol (H).

1. HINH CHU NHAT cO s&
Trong mit phing toa dé Oxy, ta xét hypebol (H) co

2 2
phuong trinh chinh tic la x—z—y—zl vora>0,b>0.
a b

Hypebol (H) cit truc Ox tai cac diém A(~a;0),4,a;0).
Hai diém nay duoc goi la hai dinh ctia hypebol. Trén truc Hinh 15

Oy, ta lay cac diém B,(0 ; — b), B,(0 ; b).

V& qua 4, 4, hai duong théng song song vdi truc tung; vé qua B,, B, hai duong thing
song song voi truc hoanh. Bén duong thing d6 tao thanh hinh chit nhat PORS. Ta goi
hinh chit nhat do6 1a hinh chir nhat co sé cta hypebol (H) (Hinh 15).

w9
&y 3

a) Quan sat diém M(x ; y) ném trén hypebol (H) (Hinh 15) va chimg t6 réng x < — a hoéc
xza

b) Viét phuong trinh hai duong thing PR va OS.

%rong mit phéng toa do Oxy, cho hypebol (H) c6 phuong trinh chinh tic la

g—gzl vé1a> 0, b> 0. Khi do, ta co:

« Hinh chit nhat co sé co bon dinh la P(—a ; b), O(a; b), R(a;—b), S(—a ;- b)

« Mo diém ctia hypebol néu khéng phai la dinh déu nim ngoai hinh chit nhat
€0 6 clia no.

* D6 dai BB, = 2b duoc goi la d6 dai truc ao ctia hypebol (H).

« Hai duong théng PR va QS lén luot ¢6 phuong trinh y = —%x, y= Sx va
duoc goi la hai duong tiém can ctaa hypebol (H)
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R
Vidul = Cho hypebol (H): ——-=—=1.
0 hypebol () T

a) Tim toa d6 cac dinh va d6 dai cac truc cta hypebol.
b) Tim toa d6 cac dinh cta hinh chit nhat co s& ctia hypebol.
Gidi
a) Ta co: =9, suyraa=3; =16, suyrab=4

Hypebol co cac dinh la 4,(-3; 0), 4,(3 ; 0); d6 dai truc thuc la 2. 3 = 6; d6 dai truc ao

la2.4=8.
b) Toa dd cac dinh ctia hinh chit nhét co's& ctia hypebol la P(—3; 4) Q(3 4),R(3;—4),8(-3,-4).

Vidu2 | Cho hypebol (H) c6 phuong trinh chinh tic la —6— y— =1.

25

a) Viét phuong trinh hai duong tiém can cta hypebol (H).

b) Gia st diém M @y v ném trén hypebol (H) voi %4> 0, y,> 0. Tinh khoang cach MK
tir diém M (xg 3 ¥ dén duong théng c6 phuong trinh 1a y = =x. C6 nhan xét gi vé do
16n ctia MK khi diém M (xy 3 ¥) di déng trén hypebol (H) cang ngay cang xa gbc toa do,
tirc la khi x, cang ngay cang 16n?

Giai

a) Phuong trinh hai duong tiém can cta hypebol (H) la y=+ %x.

b) Khoéng cach tir diém M (x93 Vo) dén duong tiém can y = %x la:

165, ~25x,%

\F' Yo ‘ r ‘4y0+5x0‘ \/7 4y0+5x0

Vi vay, khi diém M (xy 3 ¥,) di dong trén hypebol (#)
cang ngay cang xa goc toa do thi khoang cach MK

EV
1 Viét phuong trinh chinh
tic ctia hypebol c6 mot
dinh 3 A(5 ; 0) va mot
dudng tém cin By =—3x.

cang ngay cang nhé, diéu d6 ciing c6 nghia la diém M
cang ngay cang gan sat duong tiém can do (diéu nay
giai thich y nghia cta tir “tiém can”).

1il. TAM SAI CUA HYPEBOL N

- Néu dinh nghia tam sai cta elip c6 phuong trinh chinh téc la —+ Zz =],
a*

voia>b>0. 9 -

Gidng nhu elip, d6i véi hypebol c¢o phuong trinh chinh tic la ;—Z— Z—zzl voia >0,

b >0, ta nou:

Poc sach tai hoc10.vn 2



[ Ti s6 giita tiéu cu va d6 dai truc thuc ctia hypebol 1a tdm sai ciia hypebol

< c
vaduockihiéulae ticlae= e

€
Nhan xét: ee=—>1.

Ja? +b? (bjz
e T ]

a

ce=
a

Vidu3 | Tim toa do tidu diém, tiéu cu va tAm sai cua gy
27 2
A 2 Vit phuong trinh
chinh tic ctia hypebol,
Giai biét do dai truc 4o bing 6
Tacd: a=5b=3.Suyrac’=a+b =34, trclac=34. V2 tAm sai biing =.
B 4
Hypebol co hai tiéu diém la Fl(— \B34 ; 0), Fz(@ Q).
i)
—

hypebol c6 phuong trinh chinh téc la ;—5 -5

: : c
tiéu cula2V34 vatam sailae=— =
a

IV. BAN KiNH QUA TIEU CUA MOT BIEM THUOC HYPEBOL
Trong mit phing, xét duong hypebol () 1 tip hop
cac diém M sao cho |MF,— MF,| = 2a , & 46 FyF, = 2¢
vo1 ¢ > a> 0. Ta chon hé truc toa d6 Oxy co goc la trung
diém ctia doan théng F, 7 Truc Oy la duong trung truc cta
F,F,va F, nim trén tia Ox (Hinh 16). Khi do, F,(~ c; 0),
Fy(c; 0) la cac tiéu didm ctia (H).

Vé6i mbi diém M(x ; ) thude dudng hypebol (H), chiing minh:

Hinh 16

a) MFI2 =x2+2cx+c? +y2;

b) MFZ2 =x2-2cx+c? +y2;

) MF? — MF} = 4cx.

Véi méi diém M thude hypebol (), tir hai ding thirc ME2 — MF2 = dcx va
|MF, - MF,| = 24, chimg minh:

MF, = :‘a+ex

3 MF, = :‘a—ex‘.

&
a+ —X|
a

c
a— —X|
a
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i Vi mbi diém M thude duong hypebol, cac doan thing MF, 1» MF, duoc
goi la bdn kinh qua tiéu ctia didm M. DS dai cac ban kinh qua tiéu la
MF, = |a+ ex|, MF, = |a—ex].

Nhan xét: Ta c6 thé stt dung cong thire tinh d6 dai ban kinh qua tiéu dé lap phuong trinh
chinh tic ctia hypebol.
Cu thé, ta co thé chimg minh duoc réng:

2 2
Néu diém Mx ; y) € (&) thi x—Z—Z—Zzl (1), 8d6 b=~c* —d*.
a

Nguoc lai, néu diém M cé toa do (x;y) thoaman (1) thi MF, =|a+ gx , MF, =|a— gx L
do do WFi - MF, | = 2a, tic la M thudc hypebol (H)
Vay phuong trinh (1) 1a phuong trinh chinh tic ciia hypebol d cho.
. oxr
Vidu4 | Cho hypebol co phuong trinh chinh tac T =L
Gia st M 1a diém thude hypebol co hoanh d6 1a 12. [%y
Tim d6 dai cac ban kinh qua tiéu ctia diém M. '@ Cho hypebol c6
Gidi phuong trinh chinh tic
2 2

Ta cod a:3,b:4,c:\/a2+h2:5vée:§4 %*%:L Gia st M
Céc ban kinh qua tiéu cta diém M la: Ia diém thudc hypebol c6

5 s hoanh d6 1 15. Tim do
ME =Pt 12‘ =23 MF,= ‘3*5 . 12‘: 1978 dai cde ban kinh qua tiéu

clia diém M.

V. PUSNG CHUAN CUA HYPEBOL

Tuong tu nhu elip, ta cling ¢6 thé x4c dinh duoc duong chuén ctia mét hypebol
)
Cho hypebol () ¢6 phuong trinh chinh tie *5— 22 =1 véi a>0,b> 0.
: b
Xét dutdng thing A, 3 x =2 “

V6i méi diém M(x,; y,) € (H) (Hinh 17), tinh:
a) Khoang cdch d(M , A)) tit diém M(x, ; y,) dén dudng thing A,
. MF,
b) Tisd—— L
dM , A)
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Pé tinh khoang cach va ti s6 noi trén, ta lam nhw sau:
Ta viét lai phuong trinh duong thing A 6dang Aix+0. y+ % =0.
Vi méi diem M (x, 3 ¥) thuée hypebol, ta co:

a
X+ 0.y, +—
0 0F,

a-+ ex, MF,
d0M A= _laren| 0‘:7'.
12+ 0? e e

MF,

Vay ——————=e.
24 dM ., A)

Nhdn xét: Ta xét duong théng Al x % . Bing cach

Hinh 17

lap luan tuong tu nhu trén, vol mbi diémM(xo Y € H),
MF,

co ———=e.
df , Ay)

[ Dudng théng A : x= —% 20i 1a dutong chudn ving v6i tiéu diém F,(— c ; 0).

Dudng thing A: x = % goi 12 duong chudn ting véi tiéu diém F,(c ; 0).

Chit - Ti 36 ctia khoang cach tir mét diém bat ki thude hypebol dén tiéu diém va khoang
céch tir diém d6 dén duong chuén trong tmg luén béng tam sai ciia hypebol.
MF, MF,

A0, A doL,A)

Vidy5 | Tim cac tiéu diém va duong chuén ctia hypebol c6 phuong trinh chinh the

Ll i
144 25
Giai [
Taco:a=12,b=5,suyra c = a*+ b = 144+ 25 =13. 4 Tim céc tiéu diém
Do d6 hai tidu diém 1a F,(~ 13 ; 0) va F,(13 ; 0). va dudng chuan cta
c 13 hypebol ¢6 phuong
Mt khac, ta co: e = — = TN Phuong trinh duong chuan trinh chinh tic 1a
a 20 o
: s - BYTS R e 144 I
ungvcltleudlemFl(—lwii,O)IaA‘.x— RER T
Phuong trinh duong chuan ung véi tiéu diem F,(13 ; 0) la
144
Arx= EEN
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VI. CACH VE PUGNG HYPEBOL
L

(-9 VE hypebol ———=1.
@ hypebol (H): 5=— 1=

Pé vé hypebol (H), ta co thé lam nhw sau:

Tathdy a =3, b=4. (H) ¢6 cdc dinh 1a A,(= 3 ; 0), A,(3 ; 0).

2 6 16
M. 3 M M 3
4B A 1B, ) 4B, M
1 i3 A L A A,
-3 O] 3 x -5;-3 3 5 x —5i-3 B35 %
—41B, —4|B —41B
| ! ,
i 5 \M , g i
-3 3
Butéc 1 Budc 2 Bude 3

Buéc 1. V& hinh chit nhat co s& c6 bén canh thuée bén duong théng x=-3,x=3,
y=-4y=4

Bude 2. V& hai duong chéo cta hinh chit nhat co sé.
Tim mét s6 diém cu thé thudc hypebol, chéng han ta théy diém M (5 2 1—6)
thude (). Do do cac diém M, [5 5y 1?6] MZ[—S ; 1?6] M, [75 e ?) thuée (H)

Buée 3. V& duong hypebol bén ngoai hinh chit nhét co s&; nhanh bén trai tiép xuc voi canh
ctia hinh chit nhat co s& tai diém 4, (-3 ; 0) va di quaM,, M;; nhanh bén phai tiép
xtic voi canh cta hinh chit nhat co 6 tai diém A,(3:0) va di qua M, M,. V& cac
diém thude hypebol cang xa gbc toa d6 thi cang sat voi duong tiém can. Hypebol
nhén gdc toa do la tam dbi ximg va hai truc toa d6 la hai truc d6i xtmg

5 x 5
Nhdn xét: De vé& hypebol (H): 7 %: 1 (a>0, b>0), ta co the lam nhu sau:
« V& bon duong thing y=b, y=—b, x=a, x =—avaxac
dinh hinh chit nhat co s6 PORS cta hypebol. 5 Cho hypebol (H) c6
« V& hai duong tiém can PR, OS ctia hypebol. mot dinh 12 4,(=4; 0)

iy z 5 oy o o va tiéu cy 1a 10. Viét
« V& timg nhanh ctia hypebol 6 phia ngoai hinh chit nhat phuong trinh chinh the

0 58, sao cho tiép xuc voi canh ctia hinh chit nhat co va vé hypebol (H).
56 tai dinh ctia hypebol va di qua nhimg diém cu thé da
chon, déng thoi nhan PR, OS lam hai duong tiém can.
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Weiirae

1. Viét phuong trinh chinh tic ctia hypebol, biét:
a) Tiéu diém la F,(-=3:0)vadinhlaA,2;0).
b) DBinh 1a A,(4 ; 0) va tiéu cu bi“mg 10.

¢) Tiéu diém F»(4 ; 0) va phuong trinh mot dudng tiém can lay = —T’]x‘

3 @
2. Trong mit phiing toa 46 Oxy, cho hypebol ¢6 phuong trinh chinh tic %7 )T =1

a) Xac dinh toa d6 cac dinh, tiéu diém, tidu cu, d6 dai truc thuc ctia hypebol.
b) Xac dinh phuong trinh cac duong tiém can cua hypebol va vé hypebol trén.

3. Trong mit phing toa o Oxy, cho hypebol c6 phuong trinh chinh tfc 1a x* — y* = 1.

Chimg minh réng hai duong tiém cén ctia hypebol vuéng goc véi nhau

2y
~— —=—=1. Lap phuong trinh chinh
) } 64 36 ap p! g
tic clia elip (E), biét riing (E) ¢6 céc tidu diém 1a c4c tieu diém ctia (H) va céc dinh clia
hinh chit nhét co s6 ctia (H) déu nim trén (E).

4. Trong mit phéng toa 0 Oxy, cho hypebol (H):

5. Doc theo bo bién, nguoi ta thiét lap hé théng dinh vi v6 tuyén dan duong tam xa dé
truyén tin hiéu cho may bay hosc tau thuy hoat dong trén bién. Trong hé théng do co
hai dai v6 tuyén dit lan huot tai dia diém A va dia diém B, khoang cach AB = 650 km
(Hinh 18). Gié stt co mét con tau chuyén déng trén bién véi quyr dao 1a hypebol nhan
A va B la hai tiéu diém.

Khi dang & vi tri P, mdy thu tin hiéu trén L
con tau chuyén ddi chénh l¢ch thoi gian
nhén cdc tin hiéu ti A va B thanh hiéu

khoang cdch IPA — PBI. Gié st thoi gian _4 B
con tau nhan dugc tin hiéu ti B trude khi ; 50 km L &
nhan dugc tin hiéu tit A 10,0012 s. Van téc N

di chuyén ctia tin higu 12 3 . 10° m/s. Hinh 18

a) Lap phuong trinh hypebol m6 ta quj dao chuyén dong ctia con tau.
b) Chiing to riing tai moi thai diém trén quy dao chuyén dong thi thai gian con tau nhian
dudge tin hidu tit B trude khi nhan duge tin hidu tit A ludn 1a 0,0012 s.
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§3 ' PARABOL

Cac dia vé tinh thuong duoc lam & dang
paraboloid, tic la hinh dang duoc tao ra bing cach
quay parabol xung quanh truc ctia n6 dé sir dung tinh
chét phan xa ctia parabol. Tinh chat do la: Tin hidu
di true tiép dén dia vé tinh theo nhimg tia song song
voi true déi xtmg cua parabol, sau khi phan xa tai
parabol, s& di qua tiéu diém ctia parabol. Nguoi ta dit
may thu tin hiéu tai tiéu diém ctia parabol va dan tin
hiéu thu duoc tir may thu vé trung tam giai ma.

Hinh dnh dai quan sdt thién van

Lam thé nao dé thiét ké dwoc ’{{5 . vo lu}"en
dia vé tinh sao cho tin hiéu thu dwoc L S ’)(/ (Nguon: hitps://sites. google.com)

la tot nhat?

O séch gio khoa Toan 10 chuong VII, ching ta d& hoc vé ba duong conic, trong d6 ¢6 duong
parabol. Trong bai hoc nay, ching ta s& tim hiéu thém nhimg yéu t6 dic trmg ctia parabol.

1. TINH DI XUNG CUA PARABOL

Trong mit phéng toa do Oxy, ta xét parabol (P)

¢6 phuong trinh chinh tic y* = 2px (p > 0) (Hinh 19).

a) Tim toa dé tiéu diém F ctia parabol (P).

b) Tim toa d6 diém H va viét phuong trinh duong chuan A
ctia parabol (P).

¢) Cho diém M(x ; y) nim trén parabol (P). Goi M, la
diém d6i ximg ctia M qua truc Ox. Biém M, 6 nim trén
parabol (P) hay khong? Tai sao? Hinh 19

Trong mit phiing toa do Oxy, cho parabol (P) c6 phuong trinh chinh tic 1a

y*=2px (p > 0). Khi d6, ta c6:

« Parabol (P) nim v& bén phai ctia truc tung.

» Tryc Ox 12 tryc d6i xting clia parabol (P).

« Parabol (P) cit truc Ox tai diém O va d6 ciing 1a diém duy nhét clia truc
Oy thude (P). Goc toa 6 O dudc goi 1a dinh cta parabol (P).

« Khoang cdch FH = p dudc goi 1a tham s6 tiéu cua parabol (P).

57
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II. TAM SAI CUA PARABOL. BAN KINH QUA TIEU CUA MOT PIEM

@ ¥) Trong miit phiing toa dd Oxy, ta xét parabol (P) co

phuong trinh chinh téc 1a y* = 2 px(p > 0) (Hinh 20).

a) So sanh khoéng cach MF tir diém M dén tiéu diém F va
khoang cach MK tir diém M dén duong chuén A

b) Tinh d6 dai doan théng MK. Tt @6, tinh d6 dai doan
théng MF.

Al Y
(P
K Mix ; y)
P|O\ F x
=D
Hinh 20

[ Trong mit phing toa dd Oxy, cho parabol (P) ¢6 phuong trinh chinh tic 1a

y*=2px (p > 0). Khi d6:

*» Vo1 parabol (P), ta luén c6 e = 1, 6 do e la tam sai cua parabol (tic la ti
s6 ctia khoang cach tir diém M dén tiéu diém F va khoang cach tir diém

M dén duong chuan A).

« V6iméi diém M thude parabol (P), doan théng MF duoc goi 1a ban kinh

qua tiéu ctia diém M. Ta c6 d6 dai doan théng MF =

Vidu1l | Cho parabol y? = 6x.

a) Tim toa do tiéu diém va phuong trinh duong chuén
ctia parabol.

b) Gia sit M 1 diém thudc parabol c6 hoanh d6 la 4
Tinh ban kinh qua tiéu ctia diém M.

Giai

a) Taco: 2p=6,suyrap=3.
Tiéu diém ctia parabol la F — 0|
Puong chuan ctia parabol c6 phuong trinh 1a x = — %

b) Ban kinh qua tiéu ctia diém M la MF = 4+ % =55.

1ll. CACH VE DPUGNG PARABOL

V& parabol (P): y* = 4x.

Pé v& parabol ) = 4x, ta co thé lam nhu saw:

D%sc sach tai hoc10.vn

2 = P
‘“7‘*“7

? a) Lap phuong trinh
chinh tic clia parabol
(P), biét phuong trinh
dudng chudn 1a x=—2.
b) Tim toa d6 tiéu diém
clia parabol (P).

¢) Tim toa d6 diém M
thudc parabol (P), biét
khodng cdch ti M dén
tiéu diém bing 6.



Bude 1. Lap bang gia tr1

[ x| o [ o025 ] o025 |

Ly o [ -1 [ 1]

Chi y riing tng v6i mi gid tri duong clia
x 6 hai gid tri clia y d6i nhau.
Buiéc 2. VE céc diém cy thé ma hoanh d9 va tung
d6 dudc xdc dinh nhu trong bang gia tri.
Bude 3. V& parabol bén phai truc Oy, dinh O, truc
déi xtmg 1a Ox, parabol di qua cac diém
duoc v& & Budre 2.
Nhdn xét: Dé vé parabol y* = 2px (p >0), ta co
thé lam nhu sau:
« Xac dinh dinh va mét sé diém cu thé
« V& parabol di qua nhitg diém cu thé da chon,
tiép xiic voi truc tung tai dinh O(0 ; 0) va nhan truc
hoanh lam truc d6i ximg.

Weairae

2
biét tidu diém ctia

parabol la F(lZ 4 0) .

V& parabol y* = 2px,

1. Viét phuong trinh chinh tic ctia parabol trong méi truong hop sau

a) Tiéu diém la F)(5;0);
b) Phuong trinh duong chuén la x = — 4;
¢) Parabol di qua diém A4(4 ; 9).

2. Trong mit phéng toa do Oxy, cho parabol c6 phuong trinh chinh téc y* = 8x.
a) Xac dinh toa d6 tiéu diém va phwong trinh duong chuan ctia parabol.

b) V& parabol.

3. Cacvat hiéuxay dung déu co hé s dannd. Vi thé, khi dit dim cau, nguot ta thuong dat cb
dinh mét dau dam, dau con lai dat trén mét con lan co thé di dong duoc nhim glal quyét su
d8n né cta vat lieu. Hink 21 minh hoa mét dam cAu duoc dét & hai bo kénh, 2161 han bot

hai cung parabol c6 ctng truc déi xtmg. Nguoi ta
thiét ké cac thanh gifing néi hai cung parabol do
sao cho céc thanh giding theo phuong théng dimg
cach déu nhau va cach déu hai dau dim

Tinh tdng d6 dai ctia cdc thanh gifing theo phuong
thing ding.
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§4 ) BA PUONG CONIC

O céc bai trude, ching ta d& hoc vé elip, hypebol va parabol. Trong bai hoc nay, ching ta
& tim hiéu nhimg tinh chét chung ctia ¢a ba duong conic d6 va nhimg 'mg dung ctia chiing
trong thuc tién

1. MO TA BA BPUGNG CONIC DUA TREN TIEU PIEM VA DPUGNG CHUAN

Hypebol Parabol

||

a) b)
Hinh 22
Quan sat Hinh 22a, Hinh 22b, Hinh 22¢ va néu ti s6 khoang cach tir mét diém M nim
trén m&i duong conic dén tiéu diém ctia né va khoang cach tir diém M dén duong chuén
tuong tmg v6i tidu diém do.
Nf/ér'lxe’t"‘d{ M thuée elip () G 1(a>b>0),tak i © 1)
* Vo1 mor diem oce —+—=1(a>b>0),talubncdt ——=e(0<e<1),
e e TR L0, A :
trong do F'la mét trong hai tiéu diem F, ', va A la duong chuan ung voi tiéu diem F.
MF
N
2 ) d , A)
(e>1), trong do F 1a mét trong hai tiéu diém F¥,, F7, va A la duong chuan tmg véi tiéu diém F.

. i
« V61 mot diem M thude hypebol (H): 2 —; =1(a>0,b>0),taluén co

« Vi moi diém M thude parabol (P): = 2px (p > 0), ta luén co
Fla tidu diém va A la duong chuén tmg voi tiéu diém F.

r 1 d
= L tro A
daL. A) one €o
Pé mé ta chung ba duong conic (elip, hypebol, parabol) dua trén tiéu diém va duong
chuan, ta dua vao dinh nghia sau

[ Trong mit phéng cho diém F ¢6 dinh va mét duong théng A ¢6 dinh khéng
MF

di qua F. Tap hop cac diém M sao cho ti s6 m béng mét s6 duong e
cho trude duoc goi la duong conic. Gt
Piém F goi la tiéu diém, duong théng A goi la duong chuan tuong tmg voi F
va e goi la tam sai ctia duong conic.
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Ta c6 thé chimg minh dugc réng:
« Néu tam sai e < 1 thi duong conic nhan duoc la duong elip.
« Néu tam sai e = 1 thi duong conic nhan duoc la duong parabol.
« Néu tam sai e > 1 thi duong conic nhan duge la duong hypebol.

Vidu1 | Trong mit phing toa dé Oxy, cho duong thing A : x =4 va diém F(3 ; 0).
Lay ba diem A4(2; 0), B(1 ; 4), C(-1; 3).

BF CF

dA,A) dB,s) dC,b)
b) Héi méi diém A, B, C lan luot ném trén loai duong conic nao nhan F la tiéu diém va A

a) Tinh cac ti s6 sau:

la duong chuén tmg voi tiéu diém do?

Gidi
a) Ta co i 1
AF =3 -2 +(0-07 =1,d4,A)=]2—4/=2,suyra ————=—.
JB-22+(0-0) A, 0=12-4 D B
BF:\/(3—1)Z+(0—4)2:2\/§,d(B,A):\1—4|:3,suyrai:ig.
dB,A) 3
CF 5
CF=43+ 172+ (0-3)*=5,d(C,A)=|-1-4=5, a————=—=1.
\B+17+(0-3) (C MGl —4| = NI
b)ViL:—<lnéndiémAnémtrénelip.
dA,n) 2
25 . 5
Do i:—\j7>1nénd.lémBnémtrénhypebol.
dB, A) 3
Vi S5 . 1 nén diém C ném trén parabol.
d(C, A)

Vidu2 | Cho tia Ox vahai duong tron (C)), (C,) déng tam O lén luot co bankinh 1a 1 cm,
3 cm. Hai diém A va B lan luot di déng trén (Cy), (C,) thoa man tia Ox la tia phan giac
cua goc AOB.

a) Goi 4’ la diém ddi ximg voi A qua Ox. Biéu thi
vecto OB theo vecto OA4'.

b) Chon hé truc toa dé Oxy ¢6 truc hoanh chira tia Ox da
cho (Hinh 23). Gia st A(x,; ). Xac dinh toa d6 ctia 4,
B, M theo xy; y, Vi M la trung diém ctia doan théng AB.

c) Tinhxg o+ yﬁ . Chimg minh réng tap hop trung diém M
ctia doan 4B la moét elip. Hinh 23

61
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Giai
a) Ta co: OB =304".

b) Vi va A’ dbi ximg nhau qua Ox nén

xp + 3x, —~3
A% 5= 20) = BBy 3 =3y0) = 2y = === 2%, yy S e ) 5 o__y,
2 2 - -
) x§+y§:1:>i—1‘£’+)lj—¥:1 Vay tap hop cac diém M la mét elip.

Il. MO TA BA DUGNG CONIC DUA TREN GIAO CUA MAT PHANG VGI MATNON

1. Khai niém mit nén tron xoay 4 4
A o -y : dudng sinh
O 16p 9, ta d4 lam quen véi hinh non. 4
dudne c

Cho tam giac OAC vuéng tai O. Khi quay tam giac ong 2o
OAC moét vong xung quanh canh OA ¢4 dinh, ta duoc
mét hinh non (Hinh 24). & 0 Ck

day

Tuong tukhai mém hinh non, ta ¢6 khai niém mét non. o~
Trong mit phing (P), cho hai duong théng d va A
cht nhau tai O va goc giita hai duong thing la
B (0° < B <90°). Khi quay mat phéng (P) xung quanh
duong théng A thi duong théng d sinh ra mét mit tron
xoay gol la mét non dinh O (Hinh 25)

Cac duong théng A , d lan ot goi Ia truc, duong sinh
ctia mat nén.

2. Giao cia mit phing v6i mit nén

Ching ta d4 biét ring:

Hinh 25

— Giao cia mat non voi mét phing (khéng di qua dinh va vuéng goc véi truc ctia mit
noén) la dudng tron.

— Giao ctia mat nén voi mat phing (khoéng di qua dinh va khéng vudng goc vai truc clia
mit non) la duong conic (Hinh 26). Tt “duong conic” xuét phat tir goc tiéng Hy Lap
konos, nghia la mat non.

a. Elip A
Xét mit phing khong di qua dinh ctia mét non, khong

vuéng goc vol truc cliia mét non va khéng song song

vo1 dudng sinh nao cia mét non. Khi do, giao cta mat

phéng va mat non la duong elip (Hinh 26).

% Hinh 26
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b. Parabol
Xét mat phing khong di qua dinh ctia mét non va song
song v6i duy nhat mét duong sinh ctia mat non. Khi
d6, giao ctia mit phing va mit non la dwong parabol
(Hinh 27).

c. Hypebol

Xét mit phing khéng di qua dinh ctia mét non va song
song vai hai duong sinh ctia mat non. Khi do, giao cua
mit phing va mat nén la duong hypebol (Hinh 28).

Hinh 28
Vidy3 = Quan sat cac hinh sau va cho biét:

Giao ctia mit phing voi mét non & hinh nao cho hinh anh duong tron, elip, hypebol, parabol.

) G ¢

Hinh 29 Hinh 30 Hinh 31

Giai

Hinh 29 (ntia phia trén) cho hinh anh dudng tron.

Hinh 29 (ntia phia dudi) cho hinh anh elip.

Hinh 30 cho hinh anh hypebol.

Hinh 31 cho hinh anh parabol.

111 MC}T s6 UNG DUNG CUA BA BPUGNG CONIC TRONG THUC TIEN

1. Ung dung trong quang hoc ctia cic duéng conic

a U'ng dung quang hoc ciia elip

Nhu ching ta d4 biét elip c6 tinh chét sau: Mt tia xuat phat tir mét tiéu diém ctia elip, sau
Kkhi phan xa tai elip, thi s& di qua tiéu diém con lai cia elip (Hinh 32).
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Hinh 32

Elip 6 nhiéu tmg dung trong quang hoc dua trén tinh chét do. Chéng han, trong ché tao
guong co dang hinh elip. Guong elip duoc lam tr mét dai kim loai sang bong, céc tia sang
xuat phat tr tiéu diém nay déu héi tu dén tiéu didm kia (Hinh 33). M6t vat dat tai F, s&
duoc roi sang nho nguén sang dit tai /| cho du F/} va F, 6 kha xa nhau.

ey Tiéu
diém 2

diem

Hinh 33

b. I'fng dung quang hoc ciia hypebol

Kinh thién van Cassegrain (doi khi duoc goi la "Cassegrain ¢ dién") dugc Laurent
Cassegrain cong bd vao nam 1672. N6 ¢6 mét guong chinh hinh parabol va mét guong
thir cap hinh hypebol phan xa anh sang tré lai qua mét 16 trén guong chinh.

Puong dan anh sang trong kinh thién vin Cassegrain duoc mé ta nhu sau (Hinh 34)

Gurong chinh parabol

Guong thit cap hype

Hinh 34

Kinh thién van Ritchey — Chrétien duoc phat minh béi George Willis Ritchey va Henri
Chrétien vao dau nhimg nam 1910, la mét guong phan xa Cassegrain chuyén dung co
hai guong hypebol (thay vi mét guong chinh hinh parabol).
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¢. Ung dung quang hoc va ém hoc ciia parabol

Parabol 6 mét tinh chat quan trong nhur sau:
Néu dit mét nguén sang tai tiéu diém F cua
1o thi toan bo cac tia sang di ra tr F, sau khi
phan xa tai parabol, s& truyén di theo duong
thing song song voi truc déi ximg ctia no.
Tinh chét nay duoc goi la tinh phan xa cia
parabol (Hinh 35).

Parabol ¢6 nhiéu tmg dung trong quang hoc
dua trén tinh chat do. Chéng han, cac guong
I4p phia sau dén trude xe hoi duoc ché tao &
dang paraboloid, tirc la hinh dang duoc tao ra
bing cach quay parabol xung quanh truc ctia
né. Guong parabol givip nguoi lai xe nhin théy
xa hon vé phia trudc (Hinh 36).

Nguoc lai vai tinh chét trén, parabol ciing co
mét tinh chat sau: Mot tia song song voi truc a6
xtmg cua parabol, sau khi phan xa tai parabol,
s& di qua tiéu diém ctia parabol (Hinh 37).

Ciing ¢6 nhiéu tmg dung ciia parabol trong
quang hoc dua trén tinh chat do. Chéng han,
guong parabol co thé héi tu mét chum sang
song song vao mét nguon diém. Guong parabol
khéng 16 ding trong kinh thién vin thu thap
anh sang tir nhimg noi xa x61 cua vil tru, noi
con co nhimg ngudn phat anh sang véao trong
khong gian dudi dang déen pha

vi ;

Parabol
Hinh 35

4N

Paraboloid
Hinh 36

Q ~
|
eJ

Hinh 37

Vi séng am thanh ¢6 co ché hoat déng tuong tu nhu 4nh sang nén tinh chat am thanh héi

tu tai tiéu diém duoc goi la tinh chat &m hoc ctia parabol. Pay 1a nguyén do & trong mét

$6 phong trung bay nghé thuat, nhimg tiéng thi tham cta ai d6 lai dugc nghe 16 khi ban
dimg & mét chd nhét dinh, con & nhimg chd khac thi khéng nghe duge. Chd nhét dinh
d6 that ra la tiéu diém ctia cau tric parabol. Guong parabol khéng 16 ding trong kinh

thién vén thu thap tin hiéu tir nhitng noi xa xéi ctia vii try, noi con ¢6 nhing ngudn phat

tin hiéu vao trong khéng gian dudi dang song am.
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2. M6 ta quy dao cua tau vii tru

Khi thiét 1ap quy dao bay cho cac con tau vii tru phong di tir Trai Pat, cac nha khoa hoc
luén chon qu§ dao la duong conic. Hinh dang cia quy dao phu thude vao téc do ctia tau

vii tru (Hinh 38). Ta c6 bang twong tmg giita tc d6 va quy dao nhu sau:

Téc do Yo Hinh dang quy dao cia
cua tau vii tru tau vil tru
7.9 km/s Puong tron
79km/s <vy<11,2km/s Elip
11,2 km/s M6t phan ctia parabol
v,>11,2km/s Mt phan ctia hypebol

Hypebol
(v, > 11,2 km/s)

Parabol
,~ 11,2 km/s)

Purong tron
(v, ~ 7.9 km/s)

Elip
(7.9 km/s < v, < 11,2 km/s)

Hinh 38

P eairie

1. Cho hinh chit nhat ABCD v6i bén dinh A(— 4 ; 3), B(4 ; 3), C(4 ;= 3), D(= 4, —3).
a) Viét phuong trinh chinh téc ctia elip nhan 4BCD 1a hinh chit nhat co s6. V& elip do.

b) Viét phuong trinh chinh tic ctia hypebol nhan 4BCD la hinh chit nhét co s6.

V& hypebol do.
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. Cac duong conic ¢ phuong trinh nhw sau la duong elip hay hypebol? Tim dé dai cac

truc, toa do tiéu diem, t1éu cu, tam sai cia cac dudng conic do.

2 2 > 5
P PP Y
100 64 36 64

. Cho parabol ¢6 phuong trinh chinh téc y* = 2x. Tim tiéu diém, phuong trinh duong

chuén ctia parabol va vé parabol do.

. Trong mit phéng toa d6 Oxy, cho dudng thing A : x = -5 va diém F(- 4 ; 0)

Cho ba diém A(-3; 1), B2 ;8), C(0; 3).
BF CF

. AF
a) Tinh cac ti $6 sau: . X
dd,A) dB,s)" dC,A)

b) Hoéi méi didm A, B, C lan luot nim trén loai duong conic nao nhan F la tiéu didm va
A la duong chuén tmg voi tiéu diém do?

. Vé tinh nhéan tao dau tién duoc Lién X6 (cii) phong tir Trai Déat ndm 1957. Quy dao ctia

vé tinh do la moét duong elip nhan tam Trai Pit la mot tiéu diém. Nguoi ta do duoc

vé tinh cach bé mit Trai Pat gén nhat la 583 dam va xa nhét la 1 342 d&m (1 dam xép xi

1,609 km). Tim tam sai ctia qu§f dao d6, biét ban kinh ctia Trai Pét xap xi 4 000 dim
(Nguért.‘ Sdch gido khoa Hinh hoc 10, Ban Nang cao, Nha xudt ban Gido duc Viét Nam, 2018)

. Sao Diém Vuong chuyén déng xung quanh Mt Troi theo quy dao la mot duong

elip co mot trong hai tiéu diém la tim ctia Mat Troi. Biét elip nay co ban truc 1on
a=5906 . 10°km va tam sai e = 0,249. (Ngudn: hitps://viwikipedia.org)

Tim khoang cach nhé nhét (gin dung) gitta Sao Diém Vuong va Mt Troi.

. Cho duong thing A va diém O sao cho
khoang cach tir O dén Ala OH =1 (Hinh 39).
V6i méi diém M di dong trong mat phing, 4 z‘w
201 K 14 hinh chiéu vudng goc ctia M 1én A.
Chimg minh tap hop cac diém M trong mit ]
phéng sao cho MK* —MO? = 1 la mét duong & g
parabol. A
Hinh 39
67
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G/ co tHE em chua BiET

Ba dinh luat Kepler

Johannes Kepler (G16-han Ké-ple) la mét nha toan hoc, thién
vin hoc nguoi Pire. Ong la mét trong nhimg nguoi dit nén
mong cho cude cach mang khoa hoc thé ki XVIL Kepler duoc
biét dén nhiéu nhat béi cac dinh luat vé chuyén dong cta cac
hanh tinh trong Hé Mat Troi1.

Tam hanh tinh trong Hé Mat Troi bao gém: bén hanh tinh nhé
& vong trong la Sao Thuy, Sao Kim, Trai Pt va Sao Hoa;
bén hanh tinh 16n & vong ngoai la Sao Méc, Sao Thé, Sao Thién

Vuong va Sao Hai Vuong. Céc thién thé nay déu chuyén dong
xung quanh Mt Troi véi cac qu§ dao khac nhau, tuy nhién tat Johannes Kepler

c& chiing déu tuan theo nhimg quy luat nhét dinh (27/12/1571 - 15/11/1630)

.

Sao Mbc

Sao Hai Vuong

Heé Mat Troi
(Ng115n Sdch gido khoa Khoa hoc Tit nhién 6, Nha xudt ban Dai hoc Sir pham, 2021)

o . ]
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1. Chuyén déng ciia mdi thién thé xung quanh Mat Troi la quiy dao duoc xac dinh nhu sau

Dinh luat thie nhit ciia Kepler: Hdnh:f’f}f —m-—al
Céc hanh tinh chuyén dong quanh Mt ,:'I F, \‘\‘
o . - o - - e .
Troi theo ca.c quy dao la f:qac duong elip MG Tror F:
ma Mt Troi 1a mot tiéu diem (Hinh 40). ‘« 7
Hinh 40

« Tam sai1 cia cac quy dao ctia tam hanh tinh noi trén nhu sau:

Sao Kim e = 0,0068. Trai Bat e=0,0167.

Sao Moc e = 0,0484. Sao Hai Vuong e = 0,0082.

Sao Thuy e = 0,2056. Sao Thién Vuong e = 0,046

Sao Thd e= 0,0543. Sao Hoa e = 0,0934.

2. Gia st m6t hanh tinh quay quanh Mt Tro1 véi quy dao la elip (£). Xem Mt Troi la
tiéu diém F ctia (E). Gia st trong cting mot khoang thoi gian £ thi hanh tinh di chuyén
duogc tir M, déllMZ hodc tir N} dén N, (Hinh 41). Xhi d6, dién tich hai "tam giac cong"
FM M, va FN,N, béng nhau.

Dinh ludt thir hai ciia Kepler:

Poan thzcmg néi tr Mt Troi dén hanh
tinh quét duoc nhiing dién tich bing nhau
trong nhiing khoang thoi gian béng nhau
(Hinh 41).

Hinh 41
3. Goi T}, T, lan luot la thoi gian dé hai hanh tinh
bat ki quay hét mét vong quanh Mt Troi va g
lan luot 1a ban truc 16n ctia cac quiy dao elip chuyén
2 2
dong cta hai hanh tinh trén. Ta co: 71—3 = T%
2

Dinh ludt thie ba ciia Kepler:

Henh tinh 1

Binh phuong chu ki quy dao cta moét
hanh tinh ti 1é véi lap phuong ban truc
lon cia quy dao elip cua hanh tinh do
(Hinh 42).

lanh tinh 2

Hinh 42
" " &9
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THUAT NG GIAI THICH m

bao gém cac khodn chi tiéu clia chinh phli cho cac cdp chinh quyén tu
trung uong dén dia phuong nhu chi cho quéc phong, luat phap, dusng 20
s, cau cong, giao duc, y €, ...

chi tiéu cé dinh
ctia chinh phu

gia thiét & budc quy nap (Budc 2) réing ménh dé dung véi s6 k

nguyén dudng 2

gia thiét quy nap

Global Positioning System —Hé théng dinh vj toan cau Ia hé théng
hé théng GPS xéc dinh vi tri dya trén vi trf clia c&c vé tinh nhan tao, do B& Quéc 14
phong Hoa Ky thiét k&, xay dung, van hanh va quan Ii

1116 ma theo d6 tién Iai dugc bén vay tra cho viéc s dung tién ma ho

lalistat vay ti mét bén cho vay B
s mb ta téng s6 Iugng hang hoa hodc dich vu ma ngudi tiéu dung cé

onalcas nhu céu trong moét khoang thai gian nhat dinh ®
m6 t4 s6 lugng hang hod hodc dich vu dugc cung cap tai mét muc gia

livnaicing thi trudng nhét dinh (o
mét phuong phap chting minh toan hoc dung dé chiing minh mét

quy nap ménh dé vé Eét ki tap hgp nao dugc x&p theo thu ty. Thong thusng no 23

toan hoc dugc dung dé chiing minh ménh dé ap dung cho tap hop tét c& cac

s6 tu nhién
nhiing séng ca hoc, dugec truyén di trong méi trudng ran, 18ng, khi. Khi

séng am thanh dén tai nguoi, song am thanh sé lam cho mang nhi dao déng, gay ra 65
cam giac cam thy am

tién n&m trong cac tai khon md & ngan hang va dugc hinh thanh trén

Hentindung 0 s8 cac khoan tién gui vao ngan hang e
tdng thu nhap chi s8 kinh t& xac dinh t5ng thu nhap ctia mot quéc gia trong mét thoi 20
quéc dan gian, thudng la mét ndm

mot chiing nhan nghia vy ng clia ngudi phat hanh phai tré cho ngudi
trai phiéu 6 hiiu trai phiéu di véi mét khoan tién cu thé (ménh gia cia trai 22
phiéu), trong mét thai gian xac dinh va véi mét khoan Igi tic quy dinh
trang thai ma & d6 Iugng hang hoa va dich vu ma ngudi mua sén sang
va c6 kha nang mua ding béng lugng hang hoa ma ngudi ban sén 19
sang ban va c6 kha nang ban

trang thai can
béng thi trudng

t6c do mot vat can c6 dé né chuyén dong theo quy dao tron gan bé
t6c do vil tru mat clia mot vat thé khac hoac thoat ra khai trudng hdp dan ciia vat 49
thé khac

viéc truyén dan théng tin giao tiép qua mét khodng cach dang ké vé

vién théng Siali

Dgoc sach tai hoc10.vn
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ban kinh qua tiéu clia mot diém 58 sli dung may tinh cam tay dé tim
thugc parabol nghiém clia hé ba phuong trinh 10
ban truc bé 39 bEC DAL e e
bantruc n 39 tam giac Pascal 33
. cong thic nhj thiic Newton 31 lam saiictaelip o
dinh cda elip 40 tam sai clia hypebol 51
dinh ciia hypebol 50 tam sai clia parabol 58
dinh ctia parabol 57 tham s6 tiéu 57
b do dai ca truc bé 39 tiéu cy cla elip 39
do dai cla truc Ion 39 tiéu cy cta hypebol 49
dudng chuén ctia elip 45 tiéu diém ctia dudng conic 60
dutng chuén cdia hypebol 53 tiéu diém ctia elip 39
gfiﬁ:ébg:hgm;r?utc;:‘gh ;?:pnhat - tiéu diém ctia hypebol 49
Gauss tigu diém clia parabol 57
giao clia mét phang véimatnon 62 tinh déi xting clia elip 39
hé phuong trinh bac nhét ba 4n 6 tinh d6i xting ciia hypebol 49
R s g s
hé s6 trong khai trién nhj thic 34 tinh d6ixiing olia parabol 57
Newton g s
H 5
hinh chii nhat co s (d6i véi elip) 40 Inicao 20
hinh chif nhat oo s3 (d6i vsi g e be 5
hypebol) truc I6n 39
' :li?jr:j:g ;lit;a dudng tron va 46 truc thuc 49
mat nén tron xoay 62 l’jng dung Agiphiangdrinhbac 13
L nhét ba an
mo ta ba dudng conic ) o
M  dua trén giao clia mét phéng 62 {ing dyng quang hoc cta elip 63
asmgatnon (ing dung quang hoc clia hypebol ~ 64
mé t4 ba dudng conic dya trén 60 e S —
tiéu diém va dudng chuén ung dung quang hoc va am hoc g5
clia parabol
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NHA XUAT BAN DAI HOC SU PHAM
Dia chi: Tang 6, Toa nha s8 128 dudng Xuan Thuy, quan Cau Gidy, TP. Ha N6i
Dién thoai: 024.37547735
Email: nxb@hnue.edu.vn | Website: www.nxbdhsp.edu.vn

Chiu trdch nhiém xudt ban:
Gidm déc: NGUYEN BA CUONG
Chiu trdch ni néidung:
Téng bién tap: DO VIET HUNG

Chiu trdch nhiém t6 chirc ban thdo va ban quyén néi dung:
CONGTY C6 PHAN DAU TU XUAT BAN — THIET BI GIAO DUC VIET NAM
Ch tich Hoi déng Quan tri: NGUT NGO TRAN Al
T6ng Giam déc: VU BA KHANH
Bién tap vién:

TATHI ANH - NGUYEN THI NGAN - DAO ANH TIEN
Thiét ké sdch:

DINH THI BINH - PHAN THI LUONG
Trinh bay bia:

TRANTIEU LAM - DINH THI BINH
Stra ban in:

LETRUNG DUNG - VU MANH HUY

CHUYEN DE HOCTAP TOAN 10

... cudn, khé 19 x 26,5cm, tai ...
Dia chi:
S8 xac nhan dang ki xuat bai

Quyét dinh xuat ban s
In xong va nép luu chiéu thang ...

Dgc sach tai hoc10.vn



Mang cudc séng vao bai hoc
Dwa bai hoc vao cudc song

(yh Toan 10 la cubn sach gido khoa danh cho hoc sinh

16p 10, thudc bd sach gido khoa “Canh Diéu”, thuc hién theo
“Chuong trinh Gido duc phd thong 2018”

Séach gébm hai tap va chuyén dé hoc tap dwoc bién soan dap
(*ng yéu céu phat trién pham chét va nang lwc ctia hoc sinh. Cac
hoat dong hoc tap dwoc tb chirc theo tién trinh tir d& dén kho,
hwéng dén viéc kham pha, phat hién, thic hanh, van dung giai
quyét vén @& trong thuc tién, pht hop véi trinh @6 nhan thirc
ctia hoc sinh. Sach dwoc trinh bay hap dan, khoi goi sw to mo,
kich thich hirng thu, tao ding niém tin trong hoc tap mén Toan
& hoc sinh.

Sach a san phdm tam huyét cla tap thé tac gid — nhitng nha
gido, nha khoa hoc giau kinh nghiém trong gido duc phé thong.

SACH KHONG BAN
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