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NHUNG DIEU HOC SINH CAN CHU ¥ KHI SU DUNG SACH GIAQ KHOA

1. Khi nghe thay ¢ giac giang bai, ludn ludén ¢ SGK trudc mat. Tuy nhién
khong vidt, vé thém vao SGK, dé nam sau cac ban khac ¢o thé ding dugc.

2. V& trinh bay, sach giao khoa ¢ hai mang : mang chinh va mang phu.

Mang chinh gdm cac dinh nghia, dinh Ii, tinh chat,... va thudng dugc dong
khung hodic ¢6 dudng vién & mép trai. Mang nay dugc in 10i vao trong.

3. Khi g&ip Cau héi | ? |, ¢An phai suy nghi, tra 16i nhanh va ding.

4. Khi gédp Hoat déng ﬁ cac em phai dung but va gidy nhap dé thyc hién
nhiing yéu cau ma hoat dong doi hdi.

Ban quyén thudc Nha xuit ban Gido duc Viét Nam B¢ Gido duc va Pao tao

(1 - 2010/CXB/733 — 1485/GD Ma s6 : NHOO2TO
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Mui 1en chy heung cho
Bay thee 161 iy at 1a dén noi !

Vecto |4 mot khai niém toan hoe méi déi véi cac em,

Hoc chuong nady, cac em phai higu duge vecto 1a gi, thé nao
4 t6ng, hidu cba hai vecto, tich clia mét vecto vai mét sé.
Nhtmg kién thirc ndy rat quan treng, ching la co s& dé hoc
mén Hinh hoc clia ca ba l6p 10, 11 va 12.
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CAC PINH NGHIA

1. Vectdg lagi ?

Trong Vit li, nhitng dai lwgng nhu van tdc, gia tée, luc,... duge goi la
dai lugng cé huong. DE xéc dinh cdc dai lugng 46, ngoai cudng d6 cua
chiing, ta con phai biét huéng cua ching nira,
Vi du : Mot chiéc tiu thuy chuyén dong thang déu véi t6c d¢ 20 hdi I mot
gio, hién nay dang & vi tri M. Hdi sau 3 gid nita né sé & ddu ?

21 Cdc em c6 thé trd 1&i cdu hdi do khong ? Vi sao 7

Hinh 1 13 hai d6 mot viing bién tai mot thoi diém
nio d6. C6 hai tau thuy chuyén dong thang déu ma
van téc dugc biéu thi bang mii tén. Cdc miii tén
van 8¢ cho ta thiy : Thu A chuyén dong theo
hudng Péng, coén tiu B chuyén dong theo hudng
Dong ~ Bic. Toc do thu A bing mot nia téc do
tau B (do miii tén cha thu A dai bang mot nira, mii
tén cua tau B).

Nhu vay, cde dai lugng ¢é hudng thudng duge biéu thi bing nhitng mii tén
duge goi l1a nhitng VECTO. Vecto 1a mot doan thing nhimg cé hudng. Dé
biéu thi cho hudng ctia doan thing ta thém mét ddu "= vio mot trong hai
diém miit ctia doan thing dé.

Gia sir ta c6 doan thing AB (ciing c6 thé viet
14 doan thing BA). Néu thém ddfu = vio 4 B A &
diém B thi ta o6 vecto v6i diém ddu 12 4 va . %
didm cusi 12 B (h. 2a). Néu ta thém ddu
",." vio diém A thi ta dugc vecto véi didm ddu 12 B va diém cubi 12 A (h. 2b).
Nhu vay, vectd 12 mot doan théing d3 x4c dinh mot huéng nao dé wrong hai-
huéng c6 thé ¢é cha doan thang da cho. Hudng clia vecto 13 hudng di tir
diém ddu dén diém cubi.

Hinh 2
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DINH NGHIA

Vecto la m¢t doan thang cé hudng, nghia la trong hai diém
miit ciia doan rharzg. dd ch: ré diém ndo la diém dédu, diém
nao la diém cuor.
Ki hiéu
Néu vecio ¢6 diém ddu 13 M va diém cuéi 13 N thi ta ki hiéu vecto dé 1a
MN. | |
Nhiéu khi dé thuan tién, ta cling ki hidu mot vecto xdc dinh ndo d6 bang mot
chi¥ in thudmg, véi miii t&n & trén. Ching han vecto &, b, X Py wos

Vecto-khong

Ta biét ring mdi vecto c6 modt diém ddu v mot diém cu6i ; mbi vecto hoan
toan duge xac dinh néu cho biét di€ém ddu va di€m cudi cla né.

Bay gidy, v6i mbi diém M bdt ki, 1a quy wdc ¢ mot vecto ma diém ddu 1a M

'va didm cudi ciing 12 M. Vecto d6 dirge ki hieu 1a MM va goi 1a
vecto-khong (¢ gach ndi giita hai tir).

|| Vecto cé diém ddu va diém cudi tring nhau goi la vecto-khong.

2. Hai vectd cung phudng, cung hudng

Véi mbi vectd AB (khic vecto-khéng), dudng thing AB dugc goi 12 gid

cha vecto AB. Con d6i v6i vecto-khong AA thi moi dudng thang di qua A
déu goi la gid cua nd.

. . T F _
i N

Hinh 3
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a) Trén hinh 3, ta c6 céc vecto AB, DC, EF, MN, OP.

.Hay chu y dén hai vecto AB va DC, ching c6 gid song song véi nhau, Hai

vectd AB vi EF cling ¢ gia song song, Con hal vecto DC va EF thi ¢6
gla tring nhau.

Trong céc truong hop d6, ta néi ring : Céc vecto AB, DC, EF c6 cing
phuong, hay don gian la ciung phiuong.

Hai vecto MN va QP cé gid cit nhau. Ta néi hai vecio d6 khong cung
- phoong. Vay ta ¢6 dinh nghia

Hai vecto duge goi la ciung phwong néu chung c6 gid song
song hodc trung nhau.

R& rang vecto-khong cling phuong véi moei vecto.

" b) Bay giv hdy chi ¥ t6i cdc cdp vecto cung phuong trén hinh 4.

N

A B
'—

Hinh 4
Hai vecta AB va CD cung phuong, va hon the cAc mii tén bléu thi AB vA
CDc6 cung huéng, cu thé 1a hudng tir trdi 1sang phal
Trong trudng hop nay, ta ndi : Hai vecto AB va CD cing hudng.
Hai vecto MN v P_Q' cling phuong, tuy nhién ta thdy ring ching khong
cing hudng vi vecto MN hudng lén phia trén, c¢dn vecto @ thi huéng
xudng phia dudi.
Trong trudng hgp nay, ta néi : Hai vecto MN va PO nguoc kuf&ﬁg.
Nhur vay |

Néu hai vecto cﬁﬁg phitong thi hodc chiing cung hudng,
hodc ching nguoc hudng. -

&= CHU ¥

Ta quy udc rang vecto-khong cung huéng vdi moi vectd.
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3. Hai

vectd -b&ng_ nhau

© Mbi vecto déu c6 mot dé dai, d6 1a khoang cich gita diém ddu va diém

22

cudi clia vecto d6. Do dai cha vecto a duoc ki hiéu la |&' |
Nhu vay, d6i v6i vecto AB, PQ,... ta ¢6
[AB| = AB = Ba; [PQ| = PQ = QP, ..

Theo dinh nghia d¢ dai & trén thi vecto-khong cé do dai bdng bao nhiéu ?
: D
Ta biét réng hai doan théng goi 12 bing nhau néu
~d6 dai cha chiing bang nhau. Trén hinh 5 tac6 A C
hinh thoi ABCD. B6n canh cia hinh thoi 13 bén
doan thang bang nhau. Boi vay ta viét 5
AB = AD = DC = BC. Hinh 5

H

Hai vecto AB va AD trén hinh 5 ciing c6 d¢ dai bdng nhau, nhung liéu

chiing ta ¢6 nén néi rdng chiing bdng nhau va viét AB = AD hay khong ?
Visao vy ?

Con doi véi hai vecto AB va DC thi c6 nhdn xét gl vé &6 dai va hudng
ctia chiing ? | |
Mot c4ch ty nhién ta dinh nghia hai vecto bing nhau nhu sau

DINH NGHIA

-Hai vecto dugc goi I bdng nhau néu chiing cing huong va
cung 46 dai.

-+

Néu hai vecto @ va b bdng nhau thi ta viét 3=15.

& CHO Y

R

Theo dinh nghia trén thi cdc vecto-khong déu bing nhau :
AA = BB = PP = ... Béi viy, tir nay cdc vectg-khong duge ki hiéu
chung 1a 0.

: - | - |
Hiy vé mdt tam gidc ABC vdi cac trung tuyén AD, BE, CF, rbi chi ra céc bd ba

vecto khac 0 va d8i mét biing nhau (cac vectd nay c6 diém dau va diém cudi dugc
I&y trong s&u diém A, B, C, D, E, F).

Né&u G I3 trong tam tam giac ABC thi c6 thé viét AG = GD hay khéng ? Vi sao ?



" NCho vects @ va mét didm O bt ki. Hay xac dinh didm A sao cho OA = 4. Cb bao
nhiéu diém A nhy vay ? | | . |

Trong Vit li, mét luc thudmg dugce bi€u thi bdi mét vecto. D¢ dai cia vecto
biéu thi cho cudng dd cilia luc, hudng cla vecto bi€u thi cho hudng cia luc
tic dung. Piém ddu cha vecto dat & vat chiv tic dung cla luc (vat dé
thudng duge xem nhu maot di€m).

Trén hinh 6, hai ngudi di doc
hai bén b& kénh va cing kéo
mdt khic gd di ngugc dong.
Khi d6 ¢6 cdc luc sau day tac
dung vao khidc gé : hai lyc
kéo F1 va Fo cua hai nguéi,
luc F3 cua dong nudc, luc

ddy Ac-si-mét F4 cha nuée

lén khiic gé va trong luc Fs
cua khic gé.

Uy-li=am Ha-min-ton (William Hamilton) 1& nha
toan hoc ngudi Ai-len. Ong da viét mot trong
nhimg céng trinh toan hoc dau tién vé vectd.
Ong 1a ngudii xay dung khai niém qua-téc-ni-ong,
mét dai ludng gidong nhu vectd, c¢é nhidu (g
dung trong Vat If.

-Cau hdi va bai tap
1. Vecto khac v6i doan thing nhuy thé nao ? |

2. Cac khang dinh sau diy c6 diing khong ?
a) Hai vecto cling phuong véi mét vecto tha ba thi cang phuong.



b) Hai vectd ciing phuong v6i mot vectd thit ba khdc O thi ciing phuong.
c¢) Hai vecto cing hudng véi mot vecto thy ba thi cung huéng.

d) Hai vecto ciing hudng véi mot vecta thid ba khdc 0 thi ciing huéng.

e) Hai vecto nguge huéng véi mot vecto khic O thi cling huéng.

f) Diéu kién cdn va du d¢ hai vecto bang nhau 1a ching ¢6 d¢ dai bang nhau.

Trong hinh 7 dudi day, hay chi ra cic vecto ciing phuctng, cdc vecto cung
hudng va cic vecto bing nhau, ;

1%/

b

hy
]

=)

Hinh 7

Goi € 1a trung dlém cua doan thang AB. Cic khang d;nh sau day ding
hay sai ?

a) AC va BC cung huéng ; b) AC vaAB cung hudng ;
¢) AB vaBC ngugc huéng ; d)|AB|=|BC|;
e)|AC|=|BC|; f) |AB| = 2| BC|.

Cho luc gidc déu ABCDEF. Hay vé céc vecto bing vecto AB va cé
a) Cic diém ddu1a B, F, C ; b) Cic diém cudi la F, D, C.

TONG CUA HAI VECTO

Chiing ta d3 bié€t vecto 1a gi va thé nao- la hai vecto bang nhau. Tuy cédc
vecto khong phai 1a nhu’ng con s, nhumg ta ciing ¢6 thé cong hai vecto voi
nhau dé dugc téng cha ching, cling ¢6 thé trir di nhau dé duge hieu cia

~ chling. Hoc sinh c4n ndm vimg cdch x4c dinh tdng va hi¢u ciia hai vecto

cling nhu cdc tinh chét-cliia phép cdng va phép trir vecta.



1. Dinh nghia tong cua hai vecto

Hinh 8 mo6 ta mdt vat duoc doi sang vi
tri méi sao cho cc diém A, M, ... clia
vit dugc déi dén cac diém A', M',... ma

AA’ = MM’ = .... Khi dé ta néi ring :
Vat duge "tinh tién" theo vecto AA’

Trén hinh 9, chuyén dong cua mot vdt
ducic mé td nhu sau ; Twr vi tri (1), né duoc
tinh tién theo vecto AB d¢ dén vi tri (i),
Sau dé né lai duge tinh tién mot ldn nita
theo vecto BC dé dén vi tri (I11).

Vit c6 thé duoc tinh tién chi mot lan dé

e vi tri (1) dén vi wri (Ill) hay khong ?
Néu co, thi tinh tién theo vecto ndo ?

.AJ‘
M
rad’
-A
MmE
Hinh 8
C

(11}

Hinh 9

Nhut vay c6 thé néi ; Tinh tién theo vectd AC "bing" tinh tién theo vecto

AB 16 tinh t1€n theo vecto BC

Trong Todn hoc, nhimg diéu trinh bay trén day duge néi mot cach ngén gon :

Vecto AC la t0ng cua hai vecto AB va BC.

Ta di dén dinh nghia (h. 10)

Cho hai vector @ va b, Ldy mot diém A nao dé réi xéc dink

—

cde diém B va C sao cho AB =3 BC =b Khi dé vecto AC
ditoc goi la téng ciia hai vecto 4 va b. Ki hiéu

AC =3 + b.
Phép 1y tdng cua hai vecta dwoc goi 1a phép cong vecto.

)
/ﬂ

B
b

-
Y

A 3 +5

Hinh 10



1

%Hﬁy v& mot tam gidc ABC, rdi xac dinh cac vectd tdng sau day
a) AB + CB :
b) AC + BC.

2
ﬁHéy vé& hinh binh hanh ABCD véi tam O (O 1a giao di€ém hai dudng chéo). Hay viét

vecto AB dudi dang t8ng cha hai vects ma cac diém mat cla ching dugc 18y
trong nim diém A, B, C, D, 0.

2. C4c tinh chit cha phép cong vecto

3
Chung ta bi&t réng phép cong hai s8 c6 tinh chit giao hoan. Ddi véi phép cdng hai
vectd, tinh chat d6 c6 ddng hay khéng ? Hay kiém chimng béng hinh vé,

4
ﬁHéy vé cAc vactd OA = 3, AB = 5, BC =7 nhutrén I B
“hinh 11. Trén hinh v& d6 4
a) Hay chi ra vecto nao 1a vectd & + b, va do d6, 2 T
vectonao lavectds (@ + b))+ C.
b) Hay chi ra vecto nao 4 vecto & + ¢ va do 86 O C

vectd nao |a vectd G + (b + 7). Hinh 11

) Tl 46 cb thé rat ra két [uan gi ?

Tir cic hoat dong trén, chiing ta suy ra c4c tinh chdt sau day cta phép cong
vecto (cling gidng nhu cac tinh chat clia phép cong cic s6)

4 P L oo E
1) Tinh chdt giao hodn: a+b =b+a;
2)Tink chdtkéthgp : (@ +b)+C =G+ (b +&);

&.‘S’) Tink chdt cia vecto-khong : @+ 0 = a. r

& CHU Y
Do tinh chit 2, cac vecto (@ + 5) +¢ vaad+ (5 + &) biang nhau,
bdi vay, tir nay chiing dugc vi€t mot cich don gidn 13 g + b+¢,

.

va goi 12 téng ciia ba vecto @, b, C.



3. Cac quy tic ¢dn nhé )
Tir dinh nghia téng cia hai vecto ta suy ra hai quy tic sau day

QUY TAC BA DIEM (h.12) M

Vai ba diém bdt ki M, N, P,
ta co

MN + NP = MP N

Hinh 12

QUY TAC HINH BINH HANH (h.13) 0 . A

Néu OABC la hinh binh hanh
thi ta cé
OA + OC = OB.

B
Hinh 13

22| a) Hay gidi thich tai sao ta cé quy tdc hink bink hanh.

b) Hdy gidi thich tai sao ta cé |Ei"+ 5‘ < la| + IEI

Bai toan 1. Chimg minh rang voi bon diém bat ki A, B, C, D, ta cé
AC + BD = AD + BC.

Gidi. Dung quy tic ba diém ta 6 thé viét AC = AD + DC . Bi vay

AC + BD = AD + DC + BD = AD + BD + DC (do tinh chit giao hoén)
= AD + BC (quy tic ba diém d6i véi B, D, C).

() 3
/ QDing quy téc ba diém, ta ciing c6 thd viét AC = AB + BC . Hay tiép tuc d& cb mét
cach chimg minh khéc clda Bai toan 1.

B D

" Bai toan 2. Cho ram gidc déu ABC ¢é canh
bing a. Tinh d¢ dai cua vecto tong AB + AC

Giai. Ta 18y diém D sao cho ABDC 1a hinh binh
hanh (h. 14). Theo quy tic hinh binh hanh ta cé

A C
AB + AC = AD . Hinh 14




)

Vay 'E + El = ‘El =AD,
Vi ABC la tam gidc déu nén ABDC 13 hinh thoi va do dai AD bang hai lin

dudng cao AH cla tam giac ABC, dod6 AD = 2 x 323 = av/3.

Tém lai, |AB + AC| = av3.
Baitoan 3

a) Goi M 1d trung diém doan thdng AB. Chitng minh rdng MA + MB = 0.

b} Goi G 1 trong tém tam gidc ABC. Chimg mink réng GA + GB + GC = 0.

Gidi

a) Theo quy tic ba diém, ta c6 MA + AM = MM = 0. Mat khic, vi M I3
trung diém cha AB nén AM = MB. Vay

A

MA + MB = 0.
b) (h. 15) Trong tdm G ndm trén trung tuyén

CM va GC =2GM. D& tiim t8ng GA + GB ta
dung hinh binh hanh AGBC’ Muén vay, ta chi
cdn 14y diém C’ sao cho M 12 trung diém GC".

i . &
Khiddé GA + GB = GC’ = CG Bdi vay Hinh 15
GA LGB GO = 86560 = 80 =0,

Trong loi gidi cia Bai todn 3, ta dd ding ddng thirc GC' = CG. Hdy gidi
thick tai sao cé ddng thitc dé.

GHI NHG

Néu M la trung diém doan thdng AB thi MA + MB =0;

Néu G 1a trong tam tam gidc ABC thi GA + GB + GC = 0.

CHU Y
Quy téic hinh binh hanh thudng dugc ap dung trong Vit li dé x4c
dinh hop luc clia hai lyc cing tdc dung 1€n mét vat.



10.

11.

12.

Trén hinh 16, c6 hai luc F; vi F, ciing

tac dung vio mdt vat tai diém O. Khi dé
c6 thé xem vat chiu tic dung cba hrk

F=F +F, 1a hop luc cha hai lyc F;
va E .Luc F duge xdc dinh theo quy tic
hinh binh hanh.

Céau héi va bai tap
Chimg minh ring néu AB = CD thi AC = BD
T gidc ABCD 13 hinh gi néu AB = DC va |aB| = (BTl 7
Cho bén diém bt ki M, N, P, Q. Chimg minh c4c dang thitc sau
a) PO+ NP + MN = MO :
b) NP + MN = QP + MQ ;
¢) MN + PQ = MQ + PN.

Cic hé thitc sau day ding hay sai (véi moi @ va &) ?

a) | + | = lal + |5 ; b) | + B < lal + 3.

Cho hinh binh hanh ABCD véi tam Q. Hay dién vao ché tréng (...) dé dugc
ding thifc diing

a) AB+ AD = ............ b) AB + CD = oo,

c) AB+OA = ........... d) OA+0C = ...
e)OA+OB+OC+OD~ .

Cho hinh binh hanh ABCD véi tam O. M&i khang dinh sau day diing hay sai ?
2) [aB + aD| = [BD| ; b) AB + BD = BC :

¢) OA + OB =0C + 0D ; d) BD + AC = AD + BC.
Cho tam gidc déu ABC n6i ti€p dudmg tron tam O.
a) Hay xdc dinh cic diém M, N, P sao cho

OM=0A+OB; ON=0B+0C: OP=0C + OA.
b) Chimg minh ring OA + OB + OC = 0.




13. Cho hai luc Fy va F, cing ¢6 diém dat tai O (h.17). Tim cuomg d6 luc
téng hop ciia ching trong cic trudng hop sau

a) i va F, déu c6 cudng o 1a 100N, géc hop bsi F, va F; bing 120°

(h. 17a) ;
b) Cung do clia A 13 40N, cha F 1a 30N va goc gitia F, v F, bing 90°
(h. 17b).
O__ 100N Fp 4
= {1-6 £y
S 30N
=
=y s, -
2 WN 7
a) b)
Hinh I7

HIEU CUA HAI VECTO

1. Vectd ddi cia mét vecto

Néu tong ciia hai vecto d va b Id vecto-khong, thi ta néi @ g
vecto doi cia b, hodc b la vecto déi clia a .

21| Cho dogn thdng AB. Vecto d6i ciia vecto AB ld vecto ndo ? Phdi chang
moi vecto cho trude déu cé vecto d6i ?

Vecto d6i cua vecto a dugc ki hidu lg —a.
Nhu vay G+(-@)=(-&)+d=0.

Ta cé nhan xét sau day

Vecto déi cua vecto @ la vecto nguge hudng vaoi vecto @ va
co cung d¢ dai voi vecto a.

Pdc biét, vecto dbi cua vecto 0 ld vecto 0.



Vi du. Gia sit ABCD la hinh binh hanh (h.18). A B

Khi d6 hai vecto AB va CD ¢6 ciing d6 dai
nhung nguoe huéng. Boi vy

[ ey

AB =— CD va CD =—1AB. D C
Tuong tiy, ta céd Hinh 18

BC = —-DA va DA = -BC

>
Goi O |1a tAm clha hinh binh hanh ABCD. Hay chi ra ¢ac cip vecto dbi nhau mé cé
diém dau 1a O va diém cudi la dinh cda hinh binh hanh dé.

2. Hiéu cta hai vecto :

BINH NGHL"—\
Hiéu cua hai vecto @ va b, ki hiéu @ — b, ld 10ng cua vecio d
va vecto doi cua vecto b, tite la
a—b=a-+(-b).

Phép lgy hiéu cia hai vecto goi la phép trie vecto.

Sau day 1a cach dimg hiéu @ — b néu da > 7
cho vecto @ vi vecto b (h 19). Lﬁy mﬁt
diém O tuy y 16i v6 OA = @ va OB =

Khidé BA =d — b.

Hinh 19

72 Hd’jr gidi thich vi sao ta lai 6 BA =d- 5 (h. 19).

Quy tic vé hiéu vecto

Quy tac sau day cho phép ta biéu thi mot vecta bat ki thanh hiéu cha hai
vecto ¢6 chung diém ddu.

Néit MN 1 mot vecto di cho thi véi diém O bdi i, ta ludn c6
MN = ON — OM.

Bai toan. Cho ban diém bdt ki A, B, C, D. Hay dung quy tdc vé hiéu vecto
dé chitng minh rdng

AB+CD = AD + CB.



Gidi. Lay moét diém O tuy v, theo quy tdc vé hiéu vecto, ta ¢
AB +CD = OB - OA + OD - OC
AD +CB=0D -0A+ OB - OC

So s&nh hai ding thic trén ta suy ra AB + CD = AD + CB.

ﬁz (Gidi bai todn trén bdng nhimg cach khéc)

a) Dang thitc can chiing minh tuong duong véi ding thire AB - AD = CB-CD
Tir d6 hdy néu ra cach chifng minh thif hai clia bai toan,

b) Béing thirc cn chimg minh cing tuong duang véi ddng thic AB - CB = AD - CD
Tir dé hay néu cach ching minh thir ba cdia bai toan.

c) Hidn nhigntacé AB + BC + CD + DA =0, Hay néu cach ching minh thir tu.

Céu hoi va béi tap
14. Tra I3 edc cau hdi sau day
a) Vecto d6i cha vecto —@ 1A vecto niao ?
b) Vecta déi clia vecto 0 1a vecto nao ?

¢) Vecto d6i cha vecto @ + b 1a vecto nio ?

15. Chitng minh c4c ménh dé sau day
A)NEu G+b=Cthh@a=C¢-b, b=¢-3:
b)a—(b+c}-a-—g—E’ :
ya-(b-8)=d—b+¢.

16. Cho hinh binh hianh ABCD véi tdAm O. Méi khing dinh sau day diing hay sai ?
a) OA — OB = AB ; b) CO - OB = BA ;
¢) AB—AD = AC d)AB - AD = BD ;
e) CD -~ CO = BD - BO.

17. Cho hai diém A, B phan biét.

a) Tim t4p hop cdc diém O sao cho OA = OB ;

b) Tim tap hop cdc di€ém O sao cho OA = —OB.

18. Cho hinh binh hanh ABCD. Ching minh rang DA — DB + DC = 0.



19. Chimg minh rang AR = CD khi va chi khi trung diém cia hai doan thing
AD va BC trung nhau,

20. Cho sdu diém A, B, C, D, E, F. Chimg minh ring
AD + BE+CF = AE + BF + CD = AF + BD + CE.

TICH CUA MOT VECTO VOI MOT SO

Ta di bi€t thé nio 12 tdng cha hai vecto. Bay gidy n€u ta 14y vecto @ cong
v4i chinh né thi ta ¢6 thé néi két qua 12 hai 14n vecto &, viét la 24, va goi
la tich cua s¢ 2 v&i vecto a, hay 1a tich cia @ vdi 2.

Trong muc nay ta s€ néi dé€n tich caa mot vecto véi mot sé thuc bét ki.

1. Binh nghia tich cia mét vecto vai mot s6

Xét cic vecta wén hinh 20, Ta hay chi ¥
dén hai vecto & v b, Hai vecto d6 c6
cing hudng, va d6 dai vecto b bing hai
lin do dar vecto @, tic la |5| = 2[al. . | \H\’
Trong trudng hop dé ta viét b = 23 va NS [a
néi ring : Vecto b bang 2 nhan voi vecto ™
d (hodc bdng vecto @ nhdn véi 2), hodc

fal

t-—

2 f _. , Hinh 20
vecta b la tich cua vecto @ voi 56 2.

Lai chd ¥ dén hai vecto ¢ va d . Hai vecto nay nguge huéng, va |¢] = 2|e_ﬂ
Khi d6 ta viét ¢ = (-2)d va néi ring : Vecto © bdng —2 nhdn véi vecto d
(hodc bdng vecto d nhdn véi ~2), hodc vecto € 1 tich ctia vecto d véi 2.

1
&Vé hinh binh hanh ABCD.

a) Xac dinh didm E sao cho AE = 2BC .

b) Xac dinh diém F sao cho AF = [— %]a .



DINH NGHIA

Tich cia vecto d voi sd thyc k 1a mét vecto, ki hiéu lo ka
dugc xdc dinh nhir sau

1) Néu k> 0 thivecto kd cing hudng voi vecto @ ;

Néu k < O thi vecto ki ngugc huong véi vecto @ ;
2) D6 dai vecto ki bdng k| |al.

Phép Idy tich ciia mot vecto vdi mot 56 goi ld phép nhdn vecto
vdi 56 (hodc phép nhdn so vdi vecto).

Nhén xét. Tir dinh nghia ta thdy ngay 1@ = d, (1)@ 12 vecto d6i cha @,
titc l1a (1)@ = —a.

Vi.du. Trén hinh 21, ta ¢6 tam gidc ABC vd&i M va N 1in luot 12 trung d1em
hai canh AB va AC. Khi dd ta cé 4

a) BC =2MN ; MN = %B_'C; /\
- | 13 M N
b) BC =(-2)NM ; MN = [——J CB ; / \

c)AB=2MB;AN=(-lJE{. B C
2 Hink 21

[

2. Cac tinh chit ciia phép nhin vectd vdi s&

Duya vao dinh nghia phép nhan vecto vdi s6 ta ¢6 thé ching minh cdc tinh
chit sau day

/Vm hm vecto bdt ki @, b va maoi 38 thuc k, 1, ta ¢6 \
1) k(la) = (kha ;
2) k+Dha=ka+la;

3)k(@+b)=kd+kb s k@-b)=ka—-kb ;

\ ¥ ké = 0 khi va chi khi k=0 hode & = 0. ,




A

2 (D6 ki€m chiing tinh ch&t 3 véi k = 3)

a} V& tam giac ABC véi gia thiét AB=3Gva BC =b.
b) Xac dinh diém A’ sa0 cho A'B = 34 va didm C”’ sao cho BC' = 3b.

c) C6 nhéin xét gi vé hai vectos AC va A'C'?

d) Hay két thiic viéc chimg minh tinh chét 3 béing cach dung quy tic ba diém.

& CHU Y

A

1) Do tinh chét 1, ta ¢6 (~k)3@ = (—1.k)3 = (~1)(k&) = —(kd). B3i viy
ca hai vecta (=k)d@ va —(kd@) déu c6 thé viét don gidn 1A —k4.

2) Vecto 22 G c6 thé viét 12 = . Chéng han % G cothd vietla 2,
by Ff)

W | 8l

Bai todan 1. Chitmg minh rdng diém I 1a trung diém ciia dogn thdng AB khi
vii chi khi véi diém M bdt ki, ta c6 MA + MB = 2MI.

Gidi. (h. 22) V&i diém M bét ki, ta ¢6

A
MA =M +1IA,
s m pmm  — I
MB = MI +IB, M
Nhu vay
—_— — — et e B
MA+MB=2MI+ A+ IB Hinh 22

Ta biét téing / 13 trung diém ctia AB khi va chi khi 74 + IB = 0. Tir d6 suy ra
didu phii ching miinh.
Bai todn 2. Cho tam gidc ABC véi trong tam G. Chitng minh rdng véi diém

M bdt ki, ta co
VA + WIB + MC = 3HC. i
3 (D€ gidi Bai todn 2) (h. 23) A
a) Tuong tu Bai toan 1, hay bidu thi cic vecto MA, MB

va MC qua vectd MG va timg vects GA, GB. GC .

T B
b) Tinh téng MA + MB + MC. Vi ¢ha ¥ réing G 14 trong c
tdm tam giac ABC, hay suy ra diéu phéi ching minh. Hinh 23




3. Biéu kién dé hai vectd cung phuong

Ta di biét ring néu b = kd thi hai vecto @ va b cing phuong. Piéu nguoe
lai c6 ding hay khong ?

=

s

ol

"l

/i

Hinh 24

Cad

?1) Xem hinh 24. Hdy tim cde s6 k, m, n, p, g sao cho b=ki ;¢ =ma;

—

b=nc ; Xx= pi 2y =qh.

Mot cdch téng quit ta cé

Vecto b cung phwang voi vecto & (d # 0) khi va chi khi

co 5o k saocho b = kd .

[22] Trong phds bidu ¢ trén, 1ai sao phdi cé didu kién @ # 0 ?

Piéu kién d€ ba diém thing hang
[ Diéu kién cdn va du dé¢ ba diém phdn biét A, B, C th&gng ]

ey

hang la ¢ 56 k sao cho AB = kAC.

Chitng minh. Ba diém A, B, C thang hang khi va chi khi hai vecto AB va
AC cing phuong. B3i viy theo trén ta phdi cé AB = kAC.

Bai toan 3. Cho ram gidc ABC c6 truc tdm H, trong tam G va tédm duong
tron ngogi tiép O.

a) Goi I 1a trung diém cua BC. Chimg minh AH =201,

b) Chitng mink OH = OA + OB + OC.

¢} Chimg minh ba diém O, G, H thdng hang.

e |



Giai (h. 25)
a) DE thdy AH = 207 néu tam gidc ABC vuong.
Néu tam gidc ABC khong vuong, goi D 12 diém ddi ximg cua A qua O.
Khi do
BH /{ DC (vi ciing vudng gbéc véi AC),
BD jf CH (vicing vuéng gbéc voL AB).

Suy ra BDCH la hinh binh hanh, do 46
! 13 trung diém caa HD. Tir d6

R

AH = 20I.

A

i

b) Ta c6
OB + OC = 201 = AH

nén Hinkh 25

OA + OB + OC = OA + AH = OH.

¢) Ta di biét OA + OB + OC = 30G . Vay OH = 30G.
Suy 1a ba diém O, G, H thing hang.
Pudng thing di qua ba diém ndy goi 1a duong thdng O-le cia tam gidc ABC.

Bi€u thi mét vecto qua hai vects khéng cung phudng

Cho hai vecto @ va b . Néu vecto & c6 thé viét du6i dang T = ma + nb.
véi m va n 1a hai s6 thuc nao d6, thi ta néi ring : Vecto ¢ biéu thi duoc
qua hai vecto a va b.

Mot cau hoi dat ra 13 ; Néu dd cho hai vecto khéng'c&ng phuong d va b
thi phdi chéng moi vecto déu ¢ thé biéu thi dugce qua hai vecto d6 ?

Ta c6 dinh 1f sau day
DINH LI

Cho hai vecto Jﬁhéng cung phuong a va b Khi dé mgi\
vecto X déu cé thé biéu thi dugc mot cdch duy nhdt qua

hai vecto d va b, nghia la c6 duy nhdt cdp s6’ m va n sao

Kchof:m&'+nb.

I . -




21,

22,

‘thing OB thi ta ¢6é

Chitng minh
Tir mot di€m O nao d6, ta v& cdc vects —b
OA=d, OB=5, OX =% (h.26).

Néu diém X nim trén dudmg thing OA
thi ta ¢6 s6 m sao cho OX = mOA .

Viy tacd

X =md+0b (hic nay n =0),

Tuong tu, néu diém X ndm trén dudmg 0 r

% =0a +nb (lic nay m =0). Hinh 26
Néu di€ém X khong nim trén OA va OB thi ta ¢6 thé 14y didm A’ trén OA va
diém B’ trén OB sao cho QAXB’ la hinh binh hanh. Khi d6 ta cé

OX = OA’ + OB’, va do d6 c6 cdc s6 m, n sao cho OX = mOA + nOB , hay

% = md + nb.
Bay gitr néu con ¢6 hai s6 m’ va n’ sao cho X = ma + nb =m'a+nb. th
(m-mda =(n - n)f_;
n'—n

m—m
frdi v@i gia thiét, vay m = m’". Chiimg minh tuong o ta cing c6 n = n'.

Khi d6, néum = m' thi a =

b tirc 12 Hai vecto @ va b cing phuong,

Céu hdi va bai tap

Cho tam gidc vubng can OAB v61 OA = OB = a. Hay dung cdc vecto sau
day va tinh do dai cia chiing

O_'A+O_B'; ﬁ—ﬁ' 3a+4(78';
ﬂmwsm o4-208
4 4 7

Cho tam gidc OAB. Goi M, N lén lugt 12 trung di€ém hai canh OA va OB.
Hay tim cdc 56 m va n thich hop trong mbi dang thiic sau day

OM =mOA +nOB ;.  MN =mOA +nOB;
AN =mOA +nOB; MB =mOA + nOB.




23,

24,

25.

26.

27.

28.

Goi M va N 14n lugt 13 trung diém cdc doan thing AB va CD. Ching minh ring

2MN = AC + BD = AD + BC.
Cho tam gidc. ABC va diém G. Chitng minh ring

a) Néu GA + GB + GC =0 thiG1a trong tAm tam gidc ABC ;

[R—

b) Néu cé diém O sao cho 0G = %(OA + OB + OC) thi & ]2 trong tim

tam gidc ABC.

Goi G la trong tam tam gidc ABC. Pat d = GA vi b = GB. Hﬁy biéu thi

—_— s —  —

méi vecto AB, GC, BC, CA qua céc vecto d va b.

Ching minh ring néu G va G’ 14n luot 1a trong tam tam gidc ABC va tam
giac A'B'C’ thi

3GG' = AA' + BB'+ CC".
Tir d6 hily suy ra diéu kién cdn va di dé hai tam gidc ABC va A'BC’ ¢6
trong tam trung nhau.
Cho luc gidc ABCDEF Goi P, Q, R, S, T, U l4n luot Ja trung diém cdc canh
AB, BC, CD, DE, EF. FA. Chimg minh rang hai tam gidc PRT va QSU c6
trong tam trung nhau.

Cho ut giac ABCD. Chiing minh rdng

a) C6 mot diém G duy nhat sao cho GA + GB + GC +GD = 0. Diém G
nhu thé goi 12 trong tdm cua bon diém A, B, C, D. Tuy nhién, ngudi ta van
quen goi G la trong tdm cua tir gidc ABCD.

b) Trong tam G 1 trung diém cia méi doan thang ndi cdc trung diém hai
canh d6i ctia ti gidc, né cling 14 trung diém cia doan thing n6i trung diém
hai dudmg chéo cua tif gidc.

¢) Trong tam G nidm trén cic doan thing ndi mot dinh cla t& gidc va trong
tam cha tam gi4c tao bdi ba dinh codn 1ai.



TRUC TOA PO VA HE TRUC TOA PO

G 16p 7, ching ta dd 1am quen vé1 truc va hé truc toa 46 DE-cac vudng géc.
Trong phén nay, ching ta s& n6i k1 hon vé cdc khdi niém dé.

1. Truc toa do

Truc toa dé (con goi 1 truc, hay trac s6) la mét duomg thdng

trén dé da xdc dinh mét diém O va mot vecto i cé do dai

bdng 1, 8
fp—— e S
x' Q £ ! X
Hinkh 27

Diém O goi la géc toa do, vecto ) goi 1a vecto don vi cla truc toa do.

Truc toa d¢ nhu viy duwge ki hiéu 14 (O i).Ta 14y diém / sao cho Ol = i,

tia O con duge ki hiéu 13 Ox, tia d6i clia Ox 1a Ox’. Khi d6 truc (0; 1) con
goi la truc x'Ox hay truc Ox (h. 27).

Toa do ctiia vectd va cha diém trén truc

Cho vects # nam trén truc (Q; iy, Khi d6 ¢6 s6 a x4c dinh d€ 7 = ai. S6

a nhu th€ goi 13 toa dé cua vecto i ddi voi truc (O, ).

Cho diém M ném trén truc {O; f). Khi d3 ¢6 s6 m x4c dinh dé W — mi.

S8 m nhu thé goi 1a tog dé cia diém M d5i véi truc (O, i) (ciing 12 toa d6

cha vecto OM).

1
ﬁTrén truc Ox cho hai diém A va B 1an lugt ¢d toa 46 14 a va b. Tim toa dd cla vectd
AB vavecty BA. Tim toa do trung didm clia doan thdng AB.



Po dai dai sé cia vecto trén truc
Néu hai diém A, B ndm trén truc Ox thi toa do cia vecto AB dugce ki higu
1a AB vi goi 12 d¢ doi dai s6 clia vecto AB trén truc Ox.
"Nhir vay
AB = AB T

Tir dinh nghia trén ta suy ra cdc khing dinh sau day : Trén truc s,

1) Hai vecto AB va CD bﬁng nhau khi va chi khi AB = CD
(hién nhign) ;

2) - He thic AB + BC = AC tuong duong véi he thic
AB + BC = AC (he thiic Sa-lo).

That vay, AB+BC=AC < ABi +BCi =AC{

< (AB+BC) =ACT < AB+ BC = AC.

2. Hé truc toa dd

Trén hinh 28, ta c6 mdt hé¢ truc toa do vudng 74

gbc. N6 bao gbm hai truc toa dé Ox v Oy

vudng géc vé nhau. i

Vecto don vi trén truc Ox 1a i, vecto don vi jo e >
L i

trén truc Oy la J.

Diém O goi 14 géc tog d6. Truc Ox goi 12 truc

hoanh, truc Oy goi a truc tung. Hinh 28

¢

He truc toa do vudng goc nhir trén con goi don gidn 14 hé truc toa d¢ va

thudng duoe ki hiéu 13 Oxy hay (0 ;7,)).

& CHU ¥

Khi trong mit phdng da cho (hay da chon) mét hé truc toa do, ta
s€ goi mat phing d6 13 md! phdng toa dé.



3. Toa d6 cua vecto ddi vdi hé truc toa do

2
Rﬁ‘man sat hinh 29. Hay biéu thi y4
méi vectd @, b, &, v qua hai /I
vectd i, dubi dang xi + v; =
v6i x, v la hai s8 thuc nao d6. :if}r’
V4 I
e
5
% Fil E;

Hinh 29
bINH NGHIA

Dot véi hé truc toa dé (O i), néud=xi+y] thi cap s6
(x ; y) dugc goi la toa do cia vecto d, ki hiéu 1d @ = (x ; y)
hay @(x: y). S thit nhdt x goi I hoanh db, $6 thit hai y goi la
tung dg cua vecto a.

?1| a) Tim toa dé cida cdc vecta @, b, u, vV trén hinh 29,

—

b) PS5 véi hé truc toa dé (O 37,7, hdy chi ra tog d6 cila cdc vecto 0, i |
Py 2j—i %?-3}' J37i+0,14;

Nhén xét. Tt dinh nghia toa do cla vecto, ta thdy hai vecto bang nhau khi
va chi khi ching c¢é cung toa d6, nghia 1a

ﬁ'(x;y)=5(x’;y’)t>{ o,




4. Biéu thuc toa do cha cac phép toan vecto

Trong muc ndy ta néi vé biéu thic toa dé cha cdc phép todn vecto sau :
phép cong, phép trir vecto va phép nhan vecto véi sd.

W Cho haivectd @ = (-3;2) va b = {4:5).

P

a) Hay biéu thj cac vecto @, b qua hai vecto £, |

— —

b) Timtoa ddclacacvecto ¢ =d +b ; d =44 ; #=43-b

Mot cach tdng quat, ta cé

(" Cho —@:y)va b =(x':y). Khi d6 N
Da+b=(x+x3y+y);d-b=(Gx-x;y-y);
2) ka={x; ky)y voi ke R ;

3)Vecto b cang phuong vot vecto'a # QO khi va chi khi ¢6 6

\ k sao cho x" =kx, y" =ky. /

22| Méi cdp vecto sau cé cung phuong khong ?

Aad=0:5veb=(1:7: b) # =(2003:0)va ¥ =(1;0) ;
)E=(4:-8) vd f =(=0,5:1) ; A m=G2:3) vai=@G;v2).

5. Toa d6 cua diém

Trong mat phang toa d¢ Oxy, mbi diém M dugc xic dinh hoan ton béi
vecto OM Do vy, néu biét toa dd clia vecto OM thi diém M s& duge xic
dinh. Vi 1€ d6 nguoi ta dinh nghia

Trong mdt phdng toa dé Oxy, toa d¢ cia vecto oM diegc
goi I toa dé cia diém M.
Nhu viy, c3p s6 (x ; ¥) 12 toa d6 cha diém M khi va chi khi OM = (x; y).
Khi d6 ta viét M{x ; y) hoac M = (x ; y).
S6 x goi 1a heanh dé cha diém M, s6 y goi 12 tung dé cha diém M.



Nhdn xét. (h. 30) Goi H, K ldn luot 13 hinh chi€u cia 7 |

M wén Ox via Oy, Khi d6, néu M = (x ; y) thi Y M

OM =xi +yj =0H + OK. Suyra ;.
xi = OH hay x = OH ; 0 H
y}' = 0K hay y= OK. Hinh 30

4 i
}%Trén hinh 31 : i

a) Toa d6 clia mbi diém O, A, B, C, D bang
bao nhiéu ? C

b) Hay tim diém E c6 toa d6 (4 ; —4). | A
¢) Tim toa do cla vecto AR

3
ol-4
\

Téng quat, ta cd Hinh 31

Vi hai diém M(xy; ype) v@ N(xy; yy) thi
MN ={xy — Xy S ¥n —IM)-

23| Hay gidi thich vi sao ¢6 két qud trén.
& CHU Y
Pé thuin tién, ta thudng dung ki hiéu (x;, ;v,) d€ chi toa do
cha diém M.

6. Toa do trung diém ciia doan thidng va toa do cta trong tam tam giac

5

Trong mit phang toa dé Oxy, cho hai diém M(x,, ; ya). N(xy ; Yu). Goi P la trung
diém cla doan thadng MN.

a) Hay bidu thi vects OP qua hai vecis OM va ON

b} Tir d6 hay tim toa dé diém P theo toa dd clia M va N.

Vay ta ¢é
Néu P la trung diém ciia dogn thang MN thi
s p B T 8 TN,
d B 2




7% Trong mit phiing toa dé Oxy, cho tam giac ABC véi trong tam G.

29,

a) Hay viét hé thirc gilta cac vecta 0A, OB, OC va 0G .
b} Tir d6 suy ra toa 46 cGa G theo toa dé cha A, B, C.

Viy ta c6

Néu G la trong tdm cua tam gidc ABC thi

. _.IA+.X'B+.IC‘ _yA+yH+yC
¢ 3 e 3 '

Vidu. Trong mdt phcfng toa d6 Oxy, cho cdc diém A(2 ;0), B(O; 4), C(1 ; 3).
a) Ching minh A; B, C la ba dinh cia mot tam gidc.
b) Tim tog do cua trong tdm tam gidc ABC.

Giai. a) Ta <6 E:(—Z;df) vﬁE=(—l;3}. Do_—?;&% nén E,A_C'

khong cing phuong, suy ra A, B, C khong thing hang va chiing 1 ba dinh
cha mot tam gidc.

Xy +Xg+Xo 2+0+1_1ﬁyﬂ+y3+yc _0+4+3

b) Ta co s
3 3 3

»
3

Vay toa d6 ciia trong tam tam giac ABC la (1 : %)

Céu hoi va bdi tép

Trong mit phing toa d6, mbi ménh dé sau ding hay sai ?
a) Hai vecto d(26; 9) va b(9; 26) biang nhau.

b) Hai vecto bing nhau khi va chi khi chidng c6 hoanh d6 bing nhau va
tung do6 bing nhau.
c¢) Hai vecto déi nhau thi chiing c¢6 hoanh d6 d6i nhau.

d) Vecto a clung phuong véi vecto [ néu @ cé hoanh do bang 0.
e) Vecto @ c6 hoanh do bing O thi né ciing phuong véi vecto ;.



30. Tim toa d6 cha céc vecto sau trong mat phang toa do

a

(W |
I

%(f—i') : é=0,150 +13j ; f=mi —(cos24°)f

31. Cho @ =(2;1), b=(3;4), £ =(7:2).
a) Tim toa do clia vecto & = 2d 36+ .
b) Tim toa d6 cla vecto X saocho X+ d =b — ¢

)Timcicsék, [d T =ka+ b,

32. Cho & =%7*5}' V= ki —4f
Tim céc gid tri cha k d€ hai vecto %, vV ciing phuong.

33. Trong cdc ménh d€ sau, ménh dé nao ding ?
a) Toa do cha diém A bang toa do cla vecty OA, véi O Ia gdc toa do.
b) Hoanh d6 clia mot di€m bang 0 thi di€ém d6 nim trén truc hoanh.
c) Diém A ndm trén truc tung thi A ¢6 hoanh d6 bing 0.

d) P 13 trung diém cta doan thing AR khi va chi khi hoanh do diém P bing
trung binh cdng cdc hoanh do cha hai diém A, B.

¢) Ta giéé ABCD 1 hinh binh hanh khi va chi khi Xq4+ Xc = Xg + Xxp vd
Ya*tYc=¥ptJp-
34, Trong mit phang toa do, cho ba diém A(=3 ; 4), B(1 ; 1), C(9 ; -5).
a) Chitng minh ba diém A, B, C thing hang.
b) Tim toa d6 diém D sao cho A 13 trung diém cha BD.
¢) Tim toa d6 diém E trén truc Ox sao cho A, B, E thing hang.
35. Cho diém M(x ; y). Tim toa do cha cic diém
a) M d6i ximg véi M qua truc Ox
b) M, d6i xing véi M qua truc Oy ;
¢} M, d6i xiing v&i M qua gdc toa d¢ O.
36. Trong mit phing toa do, cho ba diém A(-4; 1), B(2; 4), C(2; - 2).
a) Tim toa do cla trong tim tam gidc ABC.
b) Tim toa d6 diém D sao cho C 12 trong tam tam gidc ABD.
¢) Tim toa d6 diém £ sao cho ABCE 14 hinh binh hanh.



ON TAP CHUONG I

I - Tém tat nhimg kién thic cdn nhé

1.

Vecto

— Vecto khic 0 1a mdt doan thing c6é hudng. Vecto-khong cé diém ddu
va diém cudi triing nhau. Vecto-khong ¢6 do dai bing 0, c6 phuong vi
hudng tuy ¢,

~ Hai vecto bing nhau néu ching ¢6 cing huéng va cong d¢ dai.
Tong va hiéu cac vecto
~ Quy tdc ba diém : V6i ba diém M, N, P bét ki, ta cé

MN + NP = MP
— Quy tdc hinh binh hanh - Néu OABC 14 hinh binh hanh thi
OA + OC = OB.

— Quy tdc vé hiéu vecto : Cho vecto MN Véi dié_m O bét ki, ta ¢b
| MN = ON - OM

Tich caa mdt vecto véi mot so
~Néu b =ka (d # 0) thi |5 = [&].lal va
b clng hudng védi 4 khi k= 0,
b ngugc hudng véi @ khi & < 0.
— Céc tinh chét
1) k(i) = (kha ;

D k+hd=ka+1a;
3) k(@ + b) = kd + kb ;
4) kd =0 <> k=0 hoic @ = 0.
— Pié€m [ 12 trung diém doan thing AB khi va chi khi véi diém O bét ki, ta c6

Eﬁ=%&ﬁ+5&.



— Piém G 1a trong tam tam gidc ABC khi va chi khi v&i didm O bét ki, ta ¢6

0G = %(OA + OB + 00).

4, Toa d6 cua vecto va coa diém
- D6i v6i hé truc (O ; i, j ) hay Oxy
Dé=(a;b)yld=al +b ;
2) M = (x; y) <> OM = (x; y).
—Néu A = (x; y), B =(x; y') thi AB = (x'— x; y'= y).
- Néu # = (x; y)va v =(x";y") thi
DeE+vV=(x+xy+y";

2) ki = (kx; ky).

Il - Cau hoi tu kiém tra

1. Hiy ndi & vecto khac doan thing nhu thé nao.
2. Néu hai vecto AB va CD bang nhau va c6 gia khong tring nhau thi bon dinh
A, B, C, D ¢6 1a bén dinh cha mét hinh binh hanh hay khong ?
'3, N&u ¢6 nhiéu vecto thi xdc dinh t6ng cia chidng nhu thé nao ?

4, Hiéu hai vecto dugc dinh nghia qua kh4i niém téng hai vecto nhu thé nao ?
5. Cho hai diém A, B phan biét. V& mot diém O bt ki, mbdi ding thic sau
day ding hay sai ?

a) AB = OA - OB : b) OA — OB = BA :
¢) OA + OB = -BA . d) OA + BO = —AB

6. C6 thé dong phép nhan vecto vdi mot s6 dé dinh nghia vecto déi clia mot
vecto hay khong ?

—
—

7. Cho hai vectg @ va b khong cung phuong. Trong cic vecto ¢, d, &, v, X,
¥ sau day, hay chi ra ¢cAc vecto cing hudng va cAc vecto nguge hudng



10.

1.

Becinoh s deeielB s BBl
2 3 3
- o = . .. A= - - =
4 3

Hai vecto ¢ vd d ¢6 cing phuong hay khéng ? Tai sao ?

Cho tam gidc ABC vdi trung tuyén AM- va trong tam G. Méi khéng dinh sav
day dung hay sai ?

a) AM = 24G ; b) AG =§m;- ¢) MG =%GA ;
d)E:%(E+E}; ¢) GB = AG + BG.

Cho biét toa do hai diém A va B. Lam thé nao dé

a) Tim toa do caa vecto AB 7
b) Tim toa d6 trung di€m cha doan thiang AB ?
Cho biét toa do ba dinh cla mot tam gide. Lam- th€ nao dé tim toa d¢ cia

trong tam tam gidc do ?

Bai tap

Cho tam gidc ABC. Hay xic dinh cic vecta
AB+BC; CB+BA; AB+CA; BA+CEH:
BA+CA; CB-CA; AB-CB; BC-AB

2. Cho ba di€m O, A, B khong thing hang. Tim diéu kién cin va di dé vecto

OA + OB c6 gi4 1a dudmg phan gidc clia goc AOB.

3. Goi O 1a tAm cua hinh binh hanh ABCD. Chimg minh ring véi diém M bit

ki, ta ¢cé

e ]

MO = —
4

(MA + MB + MC + MD).

4. Cho tam giac ABC.,

a) Tim cdc diém M va N sao cho

MA—MB+MC =0 va 2NA + NB + NC =0,



b) Vi cic diém M, N & cau a), tim cdc s6 p va g sao cho

MN = pAB + gAC.
5. Cho doan thing AB v2 diém [ sao cho 2JA + 318 = 0.
a) Tim s6 k sao cho Al = kAB.
b) Chitng minh ring véi moi diém M, ta cé

Wi =2 MA + S MB.
5 5

6. Trong mat phang toa d6 Oxy, cho ba diém A(-1: 3), B(4 ; 25,4008 w5
a) Chitng minh ring ba diém A, B, C khong thing hang.

b) Tim toa d6 diém D sao cho AD = —3BC
c) Tim toa d6 diém E sao cho O 1a trong tam tam gi4c ABE.

IV - Bai tap tric nghiém

1. Cho tam gidc ABC. Goi A", B, C’ l4n lugt la trung di€m cia cac canh BC,
CA, AB. Vectg A'B’ cung hudng vdi vecto nio trong cac vecto sau day ?

(A) AB ; (B) AC’ ;
(C) BA ; (D) C'B

2. Cho ba diém M, N, P thing hang, trong d6 diém N nim giita hai diém M
va P, Khi dé cic cip vecto nao saun day cung huéng ?

(A) MN va PN ; (B) MN va MP :
(C) MP va PN ; (D) NM va NP

3. Cho hinh chif nhat ABCD. Trong céc dang thiic du6i day, dang thic nio ding ?
(A) AB=CD : (B) BC=DA .
(C) AC=BD : (D) AD=BC.

4. Cho tam gisc déu ABC v6i dudng cao AH. Dang thifc ndo dudi day ding ?
(A) HB=HC : (B) AC=2HC :
_<C)|A_H'I=§IEI; (D) AB=AC .



9.

10.

11.

Cho diém B nam giita hai diém A va C véi AB = 2a, CB = 5a. D0 dai vecto
AC bang bao nhiéu ?

(A) 7a; (B) 3a

© 3 (D) 104”

Cho bén diém A, B, C, D. Dang thitc nao du6i day ding ?

(A) AB + CD = AC + BD ; (B) AB + CD = AD + BC ;
(C) AB +CD = AD + CB ; (D) AB + CD = DA + BC

Cho séu diém A, B, C, D, E, F Ping thiic nao dudi day ding ?
(A) AB+CD + FA+BC +EF + DE= 0 :

(B) AB + CD + FA + BC + EF + DE = AF ;

(C) AB + CD + FA + BC + EF + DE = AE ;

(D) AB + CD + FA + BC + EF + DE = AD .

Cho hinh thang ABCD véi hai canh ddy ]2 AB = 3a va CD = 6a. Khi d6
'E+ CD bang bao nhiéu ?

(A)9a; (B) 3a;

(C) -3a; (D) O.

Cho hinh vuéng ABCD c6 canh bang a. Khi dé gid tni iE + ﬁjl bang
bao nhiéu?

(A) 2av2 ; (B) 2a :

QO a: (D) 0.

Cho ba diém bt ki A, B, C. Ding thifc nio duéi day dang ?

(A) AB = CB = CA; (B) BC = AB ~ AC :

(C) AC-CB = BA ; (D) CA-CB = AB.

Cho tam gidc déu ABC c6 canh biang a. Gid tri ‘E - al bang bao nhiéu?
(A) 2a ; (B)a;

(©) av3 : (D) %



12.

13.

14.

15.

16.

17.

18.

Cho hai tam gidc ABC va A'B’C” lan lugt c6 trong tam 12 G va G’ Déng
thiic nao dud day la sai ?

(A) 3GG' = AA" + BB’ + CC’ ; (B) 3GG' = AB' + BC' + CA’ :
(C) 3GG’ = AC’ + BA’ + CB’ ; (D) 3GG’ = A’A + BB’ + CC’

Cho di€m B nim giita hai diém A va C, v6i AB = 2a, AC = 6a. Ding thic
nao dudi day ding ?

(A) BC = AB : (B) BC = —2AB ;

(C) BC = 4 AR : (D) BC =-2BA.

Cho ba diém phan biét A, B, C. N&u AB=—3AC thi ding thitc nao dudi
day ding ?

(A) BC = 4AC : (B) BC = —-4AC :
(C) BC = 2AC : (D) BC = —2AC

biéu kién nio dudi day 1a cdn va di d€ diém O 12 trung di€m ciia doan
thang AB ?

(A) OA = OB ; (B) OA = OB :

(C) AO = BO : (D) OA + OB = 0.

Néu G la trong tam tam gidc ABC thi ding thic nio dudi day ding ?
(A)Ezw; (B)A—(;‘=M;

o 3{4B + AC) ; 5 E=2(AB+AC)_

Goi AM 1a trung tuyén cua tam gidc ABC, va [ 1a trung diém clia AM.
Ping thie nlo sau day 1a ding ?

(A)H+FB'+E"=6; (B)—'H+KB'+E=6;
(CYIA+IB-IC=0: (D) 2IA+IB+1IC=0.

Trong mit phing toa d¢ Oxy cho hai diém A(-1 ; 4) va B(3 ; -5). Khi dé

toa do cha vecto BA i cip s0 nao 7



19,

20.

21.

22,

(AY2;-1); (B)(—4;9);
(C)4;-9); (D)4 ;9).

Trong mit phing toa d6 Oxy cho hai diém A0 ; 5) va B(2 ; 7). Toa d¢
trung di€ém cuia doan thang AB 12 cap s6 nio ?

(A)(2;-2); (Bl (=2 :12):
(C)(-1.6); (D) (1L; - 1).

Trong mat phang toa d6 Oxy cho hai diém M(8 ; - 1) va N(3;2). Néu P la
diém d6i xing véi di€ém M qua diém N thi toa &9 cia P 12 ¢ap s6 ndo ?

2
(O (13 ;-3); (D)1 =),

Trong mit phgng toa do Oxy cho ba diém A(5 ; —2), B ; 3) va C(-5; -1),
Khi do6 trong tam tam giac ABC ¢6 toa d6 1a cip s6 nao ?

(A)(-2:5) : (B) [121 ; ~1~J :

(A)A;-1); (B)(0;0);
(© (0 11); (D) (10 ; 0).
Trong mat phang toa do Oxy cho tam gidc ABC vdi trong tam G. Biét rang

A=(-1;4),B=(2:5),G=(0;7). Hbitoa do dinh C la cap s6 nao ?
(A)(2;12); (B) (- 1;12);
C1G D (D) (1; 12).

23. Trong mit phing toa d6 Oxy cho bén diém A(3 ; 1), B2 : 2), Cq ; 6),

D(1 ; - 6). HO1 di€m G(2 ; - 1) 12 trong tam cla tam gidc nio sau day 7
(A) Tam giadc ABC ; (B) Tam gidc ABD ;
(C) Tam gidac ACD ; (ID) Tam gidc BCD.



CHUONG

TicH vo HUONG
'CUA HAI VECTO
VA UNG DUNG

Ngoai tich clia mt vecto véi mdt sd, con ¢b tich vé hudng
cua hai vecto, tic la phép nh&n v6 hudng hai vecto véi nhau.
Ké&t qua clia phép nhén ndy cho ta mét sd, vi vy ngudi ta
goi tich d6 14 tich vo hudng.

Chuong nay trinh bay cac tinh chét co ban cua tich vé hudng
va nhimg (mg dung cla ching. ddc biét 12 nhing hé thic
guan trong frong tam giac : dinh Il cosin, dinh Ii sin, cdng
thirc trung tuyén, céc ¢ong thic tinh dién tich tam giéc,...

Hoc sinh phéi biét van dung cac kién thic co ban néu frén
d8 gidi mét s& bai todn hinh hoc va bai toan thye té.




GIA TRI LUGNG GIAC CUA
MOT GOC BAT Ki (tit 0° d&n 180°)

J 16p 9, cac em da bigt vé céc gid tri v b
lwong gidc (H s6 luong gidc) : sin, cdsin, |
tang, cbtang clia mdt goc nhon o va ki M(x: y)
hieu 13 sina, cosa, tana, cota. ' = E :
Trén hinh 32 ¢6 mét hé toa 46 Oxy va moét a O
nira duong tron tam O ban kinh R = 1, ! g :
ndm phia trén truc Ox. Ta goi nd la
nua duonmg tron don vi,

Hinh 32

Néu cho trude mot géc nhon a thi ta ¢6 thé xdc dinh mot diém M duy nhit

———

trén nira dudng tron don vi sao cho MOx = a.

() 1
/ R Gid slf (x ; y) la toa 36 cGa diém M (h. 32). Hay ching to tAng
g ¥ X
SINg¥ =y ; COSa@ = x; tana =—; cota = —.
X

Bay gid ching ta m& rong dinh nghia gi4 tri lugng gidc cho gbc « bat ki

({]':I fax 18{]0). Ta 1am diéu d6 bang cach van ding nira dudng tron don vi
nhtr trén.

1. Dinh nghia

Vi méi goc a (0° < a <180°), ta xdc dinh diém M trén nia

dwong tron don vi sao cho MOx = a. Gid su diém M cé toa
dé (x ; v). Khi do

5 ® v - 5 + * - - = A LY x
Tung dé y cua diém M goi la sin cia géc a, ki hiéu 1a sina ;

Hoanh d¢ x cia diém M goi la e¢ésin cia géc a, ki hiéu
ld cosa ;



4

22

Tis6 L (véi x = 0} got ld tang cua géc a, ki hidu ld tana

X

Tis6 > (vdi y # 0} goi la cétang ciia goc «, ki hidu ld cota.
¥

Cic sd sina, cosa, tana, cota goi 1a cic gid tri luong gidc cla goc a.

Nhu vdy sina =y, cosa = x, tana = =~
4

y sina X Ccosa

, COla = — =

cos & y Sing

Vidu L. Tim cdc gid tri lugng gidc cua goc 135°.

Gidi. (h. 33) Ta lay di€m M trén nla
dugmg tron don vi sao  cho
MOx =135° Khi dé hién nhién
MOy = 45° Tix d6 suy ra toa do cha
diém M 1a

(48

2" 2

V2

135°

_ A L

Hinh 33

Vay sin135° = ﬂ » cosl35? = = : tan135% = -1 ; cot135° = 1.

2

Tim cdc gid tri lwong gidc cia cdc géc 0° 180° 90°

Véi cde gbc a nado thi sina <0 ? Vi cdc géc a ndo thi cosa <0 7

ﬁz (h. 34)
L&y hai diém M va M’ trén nita dudng tron

dan vj sao cho MM’ /{ Ox.

a) Tim sy lién hé gia hai géc @ = MOx va
a' = MOx.

b) Hay so sanh céc gia tri lugng giac cla hai
gbc ava a’.

= Y

Hinh 34



Tir do ta suy ra céc tinh chat sau day

ﬂ@é’u hai géc bi nhau thi sin ciia ching bdng nhau, cdh_
cOsin, tang va cotang cia ching déi nhau ; nghia ld

sin(180° — &) = sina ;
cos(180° —a) = —cosa ;

tan(180° — @) = —tana (¢ = 90°) ;

\ cot(180° —a) = —cota (0% < a < 180°). /

Vidu 2. Tim cdc gid tri lugng gidc ciia géc 150°

Gidi. Goéc 150° b v6i géc 30° neén

sin150° = sin3Q° = & : cos150° = —cos30° = -g :
tan150° = —tan30° = -? : cot150° = —cot30° = —+/3.

2. Gia tri lugng giac cia mdt sd goc dic bidt

Sau day la gia tri lugng gidc cia mot s6 géc dac biét ma ta nén nhd (trong
bang dudi day, kxd 1a viét tit cha nhém ti khong xde dinh). Gid tri luwong
gidc cua cdc goc bat ki ¢6 thé tim thdy trong bang s& hoac bang mdy tinh

bé tii. |
Gée | 0° | 30° | 45° | 60° 90° | 120° | 135° | 150° | 180°
sin | -0 I V2 V3 1 -JE J—E. l 0
2 % 2 2 2 2
cos | 1 V3o a2 | L 0 e V2 — V3 -1
2 2 2 2 2]
tan | O % 1 43 | kad | =5 | =1 _l’g 0
cot | kxd | 3 1 ? 0 —? <} | —f3 | kxd




Em cé biét ?

CAC TU 8N, COSIN, TANG, COTANG

Tir xa xua, do nhu cdu do dac thién van, nhiu nha toan hoc da lap bang do dai day
cung ¢ang bdi cung trdn (ban kinh cho trude) o6 s6 do 1°, 2, 3°, ..., 180°, trong d6
cb Hip-pac (Hipparque) & thé ki thir Il trudc cdng nguyén, Pté-1é-mé {Ptolemey) 3 thé
ki tht 1l sau cdng nguyén, v.v... Bé & ngubn gbc cla khai niém sin. Qua nhiéu giai
doan lich s, tir "jiva" (ti€ng An, ¢6 nghia la "day cung”) duoc dién dich, phién am, di

-dén thanh tir sinus bdi cac nha thién van, toan hoc nhur An Bat-ta-ni (Al Battani) & thé

ki thit X, Gié-ra Cré-mén {Gérard Crémone) & thé ki thir XII, v.v...

Khai niém tang, coétang nay sinh tir viéc khao sat bong cla vat thdng ding trén
nén ndm ngang dé tim gid trong ngay. Tif xa xua, ngudi ta ciing dé lap bang cac
"bdng” (tirc bang tang, cétang).

Pén thé& ki th(t XVI mdi xuat hién ki hiéu sin, tang (To-mat Phin (Thomas Finck))
va dau thé ki thir XVII mdi xudt hién ki hiéu cdsin, cétang dé chi sin, tang cla
gb6c phu (Et-mon Gan-to (Edmund Gunter)). Cac ki hidu nay dan dan duagc chap
nhan va st dung phé cap.

Céu héi va bai tap
Tinh gi4 tri diing cha cic biéu thiic sau (khoéng ding miy tinh bd t6i -hodc
bang s8)
a) (2sin30° + cos135° — 3tan150°)(cos180° — cot60°) ;
by sin® 90° + cos? 120° + cos? 0° — tan® 60° + cot? 135°.
Pon gidn cic biéu thirc
a) sin100° + sin80% + cos16° + cos164° ;
b) 2sin(180° — a)cot @ — cos(180° — a)tanarcot(180° — a) véi 0° < & < 90°.
Chitng minh cic hé thiic sau

a) sin®q + cosax =1

b) 1+tan’ e = (@ # 90°) ;

COs &

)1+ cot’e = 12 (0° < o < 180°).
sin“ &




TICH VO HUGNG CUA HAI VECTC

1. Géc giira hai vecto

Cho hai vecto & va b déu khdc vecto 0. ﬂ
T mét diém O nao dé, ta vé cdc vecto OA =a . A
—_— g i
va OB = b (h. 35). Khi d6 o
Sé do cua géc AOB dugc goi la 0
56 do cua goc gita hai vecto d .
s b
vd b, hodc don gidn ld goc giita =
hai vecto @ va b Hink 35

Trong trudmg hop cé it nhit mét trong hai vecto @ hoac b 1a vecto 0 thita
xem goc giita hai vecto d6 1a tuy y (tir 0° dén 180°%).
R3 rang cich xdc dinh gbc gilta hai vecto khong phu thudc vao viée chon

di€ém O ; cho nén géc giita hai vecto @ va b duoc ki higu la (@, b).

Néu (@, b) = 90° thita noi rang hai vecto @ va b vuong goc

v&i nhau, ki hieula @ 1 b

Khi nao géc giita hatwecto béng 0° ? Bdng 180° ?

C
Tinh céc gée
(BA, BC) ; (AB, BC) ;
(CA,CB) ; (AC,BC): )- 50° B

(AC,CB) ; (AC, BA). Hinh 36



2. Pinh nghta tich v huéng cia hai vecto

Trong Vat li, ta c¢6 khdi niém "¢ong
sinh boi mét Iuc”

Gia sir mét luc khong déi F tac dung
ien mot vat 1am cho vat do di chuyén
tir diém O dén diém O’ (h. 37).

Khi d6 luc F 83 sinh ra mot cong A
tinh theo cbng thuc

Hinh 37

A= ‘Fuwlcns@.

00’
la 46 dai vecto 00’ tinh biang mét (ki hiéu 14 m), ¢ 4 goc gilta hai vecta
F va OO’ Cong A duogc tinh bing Jun (ki hieu 12 J). Nhu vay T = N. m.

Trong Toan hoc, gid tri A trong bidu thiic trén (khong ké don vi do) dugc

trong d6 |F| 12 cuimg do cta luc F tinh bang Niuton (ki hieu Ia N),

got 12 tich v6 hueong cia hai vecto F va 00’

Tich vé hudng cua hai vecto d va b I mot s&, ki hiéu la
ab, duoc xdc dinh boi

3.5:|&'|.|5‘cus(5,5).

Vi du 1. Cho tam gidc déu ABC c6 canh a va trong A
tdm G (h. 38). Tinh cdc tich vo hitong sau ddy

EE AC:.CB; AG.AB ;
GB.GC; BG.GA: GA.BC. 16
Gidi. Theo dinh nghia, ta c6

o B C
AB.AC = a.a.cos60’ = %az : Hinh 38
E@ = a.a.co8120% = —%az ;

AG.AB = ag-a-cns’jﬂo = az-‘?—-g = %az ;



a2

GB.GC =a cos120° = —?.;

.a

2
BG .GA = a—.a—~cos60° = % :

Jon T
w |5 w|&|

GA .BC = a?.a.ms%" = 0.

-

22| Trong truong hop ndo thi tich vé hucng cia hai vecto @ va b bdng 0 ?

Binh phwong vé hudng
Vdi vecto a tay ¥, tich vo huéng @.4d duge ki higu 1a ({_1.)2 hay don gian
hon 14 @% va goi 14 bink phuong v hudng cha vecto @.
Tit dinh nghia cua tich v6 huéng ta ¢6
a* = al lal.cos0° = lal*

Vay

Binh phuong vo hudng cia mot vecm'b&ng binh phuong do
dai cua vecto do.

Heéec-man  Grat-xg-man  (Hermann  Grassmann
1808 - 1877), nha toén hoc Pirc, 1a cha dé cla tich
v& hudng cha hai vects ma ong da ki hiéu la & n V.
Chinh viéc nghién ciu thuy triéu dan ong dén cac
khao sat vé vecto.

3. Tinh chat cua tich vé hudng

/ -
23| Vi hai s6 thuec a va b, ta ¢é ab = ba. Vay véi hai vecto'd va b, ta ¢é tink
chdt tuong tt hay khong ?




DINH LI

Vi ba vecto a, B, ¢ tuy ¥ vad moi 56 thuc k, ta ¢é \
l}@a.b=>5b.d (tinh chdt giao hodn) ;
2)d.b=0c3Llb

3) (ka).b = a.(kb) = k(@.b)

4)@.(b+E)=a.b+3.¢ (tink chat phan phoi doi véi

phép cong} ;

G(b-C)=a.b—3.C (tinh chdt phdn phoi déi véi
\ phép tri). /

Ta c6 thé d& dang ching minh dugc céc tinh chat 1, 2, 3. Tinh chét 4 dugc
thita nh4n, khong chimg minh,

Ding céc tinh chit clia tich v hudng, ta ¢ thé ching minh cc h¢ thic san

@G+b)¥ =a*+b%>+23b ; (1)
G —5)2=a%+b%-2ab ; (2)

— - — —¢2
@+ B).3-by=d% -b2 =af - bl (3)

Sau day ta chimg minh hé thic 3. Theo tinh chat phin phé, ta ¢o
(G+b)(G—-b)=3d.G-b)+b(d@-b)

=k — —# - —02
a2 _Gh+ba-b2=3a%-p2=|g* -3l

2
ﬁHéy chirmg minh cac hé thic (1) va (2).

24| Ta biét rdng voi hai 56 thuc bdt ki a va b, luén co (ab)2 = a’b* Vay vdi

hai vecto bdt ki @ vd 5 ddng thic (-:'i.a';;)2 = 52.52 cé ding khong ? Viét
thé ngo mai dung ?
Bai toan 1. Cho 1t gidc ABCD.
a) Chirng minh rdng
AB? + CD? = BC® + AD? + 2CA. BD.



b) Ti cdu a), hdy chitng minh rdng : Diéu kién cdn va di dé it gidc c6
hai duong chéo vubng géc la tong binh phuong cdc cdp canh doéi dién
bdng nhau.

Gidi. (h. 39)

"
a)Ta cd
AR? + CD? - BC? - AD?
4 L

= (CB — CA)* + CD? - CB* - (CD — CAY?

= =ICB.CA+3CD.CA
— 2CA.(CD - CB) = 2CA.BD. D

Tir d6 suy ra diéu phai ching minh.

Hinh 39
b) Tu a) ta c6 ngay :
CALBD < CA.BD =0 < AB® + CD? = BC? + AD?

Bai toan 2. Cho doan thdng AB cé dé dai 2a va s¢& K Tim tdp hop cac

diém M sao cho MA.MB = k?

Giai. (h. 40) Goi O la trung diém doan thing AB, ta cé
MA.MB = (MO + OA).(MO + OB)

= (MO + OA).(MO — OA)

2 2
= MO -04

= MO* - 0A% = MO* - a* Hink 40
Do dé

— —

MAMB=4 o MO*-a? =12 & MO? = k2 4 42
Vay tap hop cac diém M la dudng tron thm O, ban kinh R = Vi2Z + 2

Bai toan 3. Cho hai vecto OA, OB. Goi B’ Ia hinh chiéu ciia B trén duimg
thing OA. Chimg minh rdng

OA.OB = OA.OB



Chiing mink. Néu AOB < 90° (h. 4laythi

B
OA.OB = OA.OB.cos AOB
= OA.OB’
4] B oA p O
b

= QA.OB’.cos(°
= aO_B: a)

A
J

Hinh 41

Con néu AOB > 90° (h. 41b) thi

OA.OB = OA.OB.cos AOB = —QA.OB.cos BOB
= —OA.OB’ = OA.OB’.cos180° = OA.OR’.

Vecto OB’ goi lé hink chiéu ciia vecto OB trén duomg thdng OA.

Cong thitc OA.OB = OA.OB' goi la cong thiic hink chiéu.

3
ﬁHﬁy phat biu bang I5i két luén cla Bai todn 3.

Bai todn 4. Cho dudng trén (O ; R) va diém M cd dinh. Mét duimg thang A
thay doi, luon di gua M, cdr dwong tron d6 tai hai diém A va B. Chimg
minh rdng

MA .MB = MO* - R
Chiing minh. (h. 42) V& dudmg kinh BC cha dudng tron (O ; R). Tacé MA 1a
hinh chi€v cha MC trén dudng thing MB. Theo cong thiic hinh chigy, ta cé

Hinh 42

MA .MB = MC .MB = (MO + OC).(MO + OB)

. . 2 —2
= (MO - OB).(MO + OB)= MO™ - OB
=d® — R (v6i d = MO).



& CHU ¥

1) Gid tri khong déi MA . MB = d* — R? n6i trong Bai todn 4 goi Id
phutong tich cla diém M d6i véi dudmg trdn (0) va ki higu 12 Py

2) (h. 43) Khi di€ém M nam ngoai
dudmg tron (), MT 1a ti€p tuyén cua
dutmg tron dé (T 1A tiép di€m), thi

-
'?MI{G] = MT = M'rz Hinh 43

4. Biéu thirc toa dd cla tich vd hudng

4
%Tmng hétoadd (0 i,7).cho @ ={x;y) vd b=(x";y"). Tinh

a) :.t"2 }'2 ;} ; b} ab: c) @ d) cus(-ﬁ, 3)
Cac hé thirc guan trong
@ha haivecto @ = (x;y) va b = (x"; y'). Khi dé \
1) a.b = xx'+ '
2 lal = Jx* + ¥*;
3) cos(@, 5)2% (Eaﬁﬁ,gaﬁﬁ)
XT+yTafx T+ y!

anbi&r 3 Lb ox+yy=0. /

% 5
Cho haivecto @ = (1;2) va b = (=1;m).

a) Tim m d& @ va b vudng goc vdi nhau.

b) Tim dé daicta @ va b. Tmm dé |a] =5



HE QUA J
Trong mdt phdng toa do, khodng céch gifta hai diém M{xyy; ypr)
va Ni{xy: yy) la

[ MN = MN| = Gy - x)? + Oy — ymp)?

Vi du 2. Trong mdt phdng toa do, cho hai diém M(-2 ; 2) va N4 ; 1).
a) Tim trén truc Ox diém P cdch déu hai diém M, N.
b) Tinh césin cua géc MON.

Gidi

a) Vi P thudc truc Ox nén P c6 toa do (p ; 0). Khi dé

MP=NP & MP: =NP> o (p+2)2+22 =(p-4° + 1~

3

Tir d6 ta duge phuong trinh 12p =9, suyra p = % Viay P = (E : O].

b) Tacé OM .= (-2;2) va ON = (4;1). Vay

cos MON = cos(OM, ON) = _\2/';':/-1%1 - —'—J—:;_I.

Cau hoi va bai tap

Trong trudng hgp nao tich vé hudng i.b cé gid tri duong, c6 gid tri am,

bing 0 7

Cho tam gidc ABC. Téng (AB, BC) + (BC, CA) + (CA, AB) ¢6 thé nhan gia
tri nao trong céc gia tri sau : 90°; 180°; 270° ; 360°?

Cho tam gidc ABC vudng & A vd B =30° Tinh gi4 tri ctia cc biéu thic sau

a) cos(TB, :BE') + sin(ﬁ, E‘) + tan

(AC, CB)

b) sin(E, E) + cos(B_C", ﬁ) + cns(a, Eﬁ).



10,

11,

12.

13.

14,

Cho bén diém bat ki A, B, C, D. Ching minh ring
DA.BC + DB, CA+DC AB 0.

Tir dé suy ra mt;}t cach ching minh dinh 1i : "Ba dudng cao cila mot tam
gidc dong quy".

Chu‘ng minh rang diéu kién can va di dé tam gidc ABC vuing tai A [a
BA.BC = AB*.

Cho tam gidc ABC véi ba dudng trung tuyén AD, BE, CF. Chl’:ilg minh ring

" BC.AD'+ CA. BE + AB.CF = 0.
Cho hai diém M, N nim trén dudng tron dudng kinh AB = 2R. Goi / 12 giao
diém cla hai dudng thing AM va BN, |
'a).Chl’mg minh ring AM.Al = AB.Al ; BN.BI = BA.BI .
b) Tinh AM.Al + BN.BI theo R.

Cho ha1 dudng thang @ va b cat nhau tai M. Trén a c6 hai diém A va B, trén
b ¢ hai diém C vad D déu khdac M sao cho MA.MB = MC.MD . Chimg
minh ring bén diém A, B, C, D ciing nim trén mét dudng tron.

Cho doan thang AB ¢6 dinh, AB = 2a va mot s6 &°. Tim tap hop cac diém M
sao cho MA® —MB* = i*.

Trong mit phang toa do, cho & = %F - 5}: va ¥ = ki — 4} :

a) Timcacgidtricoakdé ¥ L v ;
b) Tim céc gia tri cua & dé @l = [¥].
Trong mit phing toa dd, cho tam gidc ABC c6 céc dinh A(—4 ; 1), B2 : 4),

A2 2

a) Tinh chu vi va dién tich cla tam gidc do.

b) Tim toa d§ cua trong tam G, truc tam H vi tam J cua dudmg tron ngoai
ti€p tam gidc ABC. Tt 46 hay ki€m tra tinh chat thing hang cha ba diém
I, G, H.



HE THUC LUONG TRONG TAM GIAC

Ta biét ring mot tam gidc hoan toan duge x4c dinh néu biét ba canh, hodc hai
canh va géc xen giita, hoac mot canh va hai goc ké ; nghia la s6 do céc canh,
cac goc con lai cua tam gide nay hoan toan xac dinh. Nhu vay, giifa cac y&u 16
cta tam gidc ¢6 nhilng mdi lién hé nao do, ma ta s&€ goi ching la cic hé thic
luong trong tam gidc. Trong muc nay ta s& lam quen vai mét s¢ hé thirc do.

1. Binh li cdsin trong tam giac

21

A

Né&u ABC la tam gidc vudng tai A (h. 44) thi theo %
dinh'li Py-ta-go ta ¢6

BC? = AC? + AR®

v2 +2 —2
hay BC = AC + AB £*) B
C6 thé chimg minh ngin gon ding thic (¥) nhu sau Hinh 44

BC =(AC-AB)" =AC +AB —-2AC.AB=AC + AB
Trong chimg minh trén, gid thiét géc A vuéng dugce si dung nhu thé nao ?
Bay gid ta hay xét mét tam giac ABC wy y.

1

Hay lam tuang tu nhu chang minh trén, rdi dat BC = a, CA = b, AB = ¢, d8 di dépn
cdng thife

#2 = b2 + cz - 2bccos A,
Nhur vay ta duoge dinh 1i sau day, goi 1a dink If cdsin trong tam gidc.
DINH LI

(" Trong tam giéc ABC, v6i BC =a,CA=b,AB=c,tacé )
a® = b +¢* - 2bccos A :

pe = 4° + ¢ —2accosB :

9 ¢ = g + b* — 2dbcosC. P




A 2
/7% Tu dinh i trén, hay phét bidu bing 181 cdng thie tinh mdt canh cla tam giac theo hai

canh con lai va cbsin cUa gbc xen giifa hai canh d6.

Khi ABC la tam gidc vuong, chdang han A = 90° dinh Ii cosin trd thanh

dinh li quen thudc néo ?

W TU dinh If cosin hay viét cong thire tinh gia tri cos A, cosB, cosC theo a, b, c.

Tir hoat dong nay ta cé hé qua sau day trong tam gidc ABC

HE QUA
/ . bz +c2—a2 \
CosA = {
2be
2 2 2
SRR = a“+c b ,
2ac
2 .42 @
oS0 = a“ +b ¢

\_ _ 2ab ' Vi

Vi du 1. Hai chiéc tau thuy cing xudt phdt tir mot vi tri A, di thdng theo
hai hubng tao voi nhau géc 60° Tau B chay véi téc dé 20 hdi i mot gid.
Tau C chay voi t6c d6 15 -hai li mor gio. Sau 2 gid, hai tau cdch nhau bao
nhiéu hdai li 7 (1 hai I = 1,852 km).

Gidi. (h.'45) Sau 2 gity tau B di dugc 40 hai 1i, tau € di duoc 30 hai 1i. Vay
tam gidc ABC c6 AB =40, AC = 30, A = 60°

Ap dung dinh 1 cosin vio tam gidc ABC, ta co
a2 = b2 + cz -~ 2bccosA
= 30% + 40% — 2.30.40. cos 60°
— 900 + 1600 — 1200 = 1300.

Vay BC = 1300 = 36 (hii li). A
Sau 2 gid, hai tiu cdch nhau khoang 36 hai 1.




Vidu 2, Cdc canh cia tam gidc ABC laa=17,b=24, c = 23. Tinh gic A.
Gidi. (h. 46) Theo hé qua cua dinh 1i c8sin ta ¢é

B
b +c% - a2 23
COsA = 7
2bc A 24
242 4232 _ 72 ‘
= = 0,9565. Hink 46
=" amuns =

Tir 46 ta dirge A = 16°58".

& CHU ¥
Néu sit dung may tinh bo tdi- (MTBT) d€ tinh géc A khi biét
cos A = 0,9565, ta ¢6 thé 1am nhu sau
1) D6i v6i MTBT CASIO fx-220 hoic fr-500A thi 4n

Fa

0.9565 |SHIFT| |cos| |SHIFT| |o»|. K€t qua: A = 16°58".

2) D6i v6i MTBT CASIO fr-500MS thi 4n
SHIFT] [cos] 0.9565 [5] [0, Ket qua: A ~ 16%58..

Ngoai ra, ¢6 thé diing mot s8 loai MTBT khéc d€ tinh todn, nhu
CANON, SHARP hodc cic MTBT c¢é chic néng tuong duong.

2. Binh li sin trong tam giac

A
Cho tam giac ABC ¢6 BC = aq, CA = b, AB = ¢
ndi ti€p duodng trdn (O ; R). B
Néu géc A vuodng (h, 47) thi ¢ = 2R va dé thdy C "é B
a=2RsmA, b=2RsinB, ¢ = 2RsinC. (1)
Bay gid xét trudng hop géc A khong vuong. Ta
chitng minh cdc cong thitc (1) van ding.
Hinh 47

4 (P chutng mink céc ¢éng thic (1))

Goi (O ; R)1a duding tron ngoai tiép tam gidec ABC, v duding kinh BA’ cla dudng tron.
Hay chimg t& sin BAC = sin BA'C trong ca hai trudng hop : Goc BAC la goc nhon
(h. 48a), la gbc t4 (h. 48b). Tu db hay két thuc ching minh.



>

< i 0 -
B ) B &Zﬁ )
2
a) b)
Hinh 48
Tu d6 ta ¢6 dinh 1i
L B ) ™
Véi moi tam gigc ABC, ta ¢o
-a _ -b _ .c _9R.
sin4 sinB8  sinC

\_ trong d6 R la bdn kinh dudmg tron ngoai tiép tam gidc ABC.

Vi du 3. Ta& hai vi tri A va B cua mét tod nha, nguoi ta quan sdt dinh C
cua ngon nii (h. 49). Biét rdng do cao AB bdng 70 m, phuong nhin AC
tao véi phuong ndm ngang géc 30° phuong nhin BC tqo voi ph'.!m’ng ndm

F4 o 1 Fe LA - " A - . " ar
ngang goc 1530, Hoi ngon niti do cao bao nhiéu mét so voi mdt dat ?

Gidi. (h. 49) Tir gia thiét, ta suy ra tam gidc ABC cé
CAB = 60° ABC =105°30', c =70,

o

C =180°- (A + B) = 180° — 165°30" = 14°30".
Theo dinh li sin ta c6
b %

sinB  sinC’
hay
b 70

sin105°30°  sin14°30"
o Q t
Db At 0D ) gy
sin14°30'
Goi CH 1a khoang cich tir C dén mt dit. Tam gidc vudng ACH ¢6 canh
CH d8i dién vdi goc 30° nén

Hink 49




AC _ 269,4

CH == = 134,7 (m).
Vay ngon nii cao khoang 135 m.
& CHU ¥
- 0 1
Néu sit dung MTBT dé tinh bidu thic b = 1200105 30 4. 12 06

sin 14930
thé 1am nhu sau

1) D6i v6i MTBT CASIO fx-220 hoac fx-500A thi &n

70 [x] [((...] 105 [ors] 30 [oss] [sin] [.] [+] [1¢-] 14 [orrs] 30 [orss
sin! |...J] El.KEt qua:b m269,4. |

2) Pdi v6i MTBT CASIO fx-500MS thi %n

70 [x] [sin] 105 [0:)] 30 [oro] [£] sin] 14 [o5)] 30 [or] [=].
Kétqua: b ~2694.

Vidu 4. Cho tam gidc ABC c6a=4,b=75, c = 6. Chimg minh rding
sinA — 2sinB + sinC = 0.

Gidi; Goi R 12 bdn kinh clia dudng tron ngoai ti€p tam gidc ABC,

Tir dinh li sin, ta ¢é

Shd=rl,  HiBen; FRC =
2R 2R

Vady sinA - 2sinB +sinC =‘L(a -2b+ )= L(-4 —10+6)=0.
2R 2R

Binh li cosin trong tam giac con duge goi la dinh i
An Ka-si {AL Kashi) - tén cda nha thién van hoc va
toan hoc Trung A, mét trong nhimg nha bac hgc 1n
cudi cung cla trudng phai Xa-mac-kan (Samarkand)
dau thé ki XV.

AL Kashi



3. Téng binh phuong hai canh va do dai dudng trung tuyén cua tam giéc

Bai toan 1. Cho ba diém A, B, C, trong 46 BC = a > 0. A
Goi I 12 trung diém cia BC, biét Al = m (h. 50). Hay

tinh A32 ke f-'JLC2 theo a va m.

: o~ —
B ! £
Hinh 50

73| Néu m =% thi cé thé thdy ngay AB? + AC? béng
"Bao nhiéu hay khong ?

¢). 5 (D& gidi Bai toan 1)

et — — e —s — —2 =2
Hay viét AB = Al + IB, AC = Al + IC sditinh AB + AC d& di dén két qua
2
ABR? + AC? T +a?.

Bai toan 2. Cho hai diém phan biét P, Q. Tim tap M
hop cdc diém M sao cho MP% + MQZ = k2, trong do

k 12 s6 cho trudc.

Hugng ddn. (h. 51) Goi I 1a trung diém cia PQ va

dat PQ = a. Theo Baitodn 1, ta ¢d

22 P 1 0
MP? + MQ2 = 2MI% + e Hinh 51
2 2 2 2 ‘-'12 :
Vay MP? + MQ? = k* khi va chi khi 2M1 +?=k2 hay

2 2
k a

MI? == -— *
2 4 &

& Tir (*) hay suy ra l8i gidi cha Bai toan 2.

Bai todn 3. Cho tam giac ABC.-Goi m,, my, m, la do dai cdc dudng trung
tuy€n 14n lugt tmg véi cic canh BC = g, CA = b, AB = c. Chimg minh céc
cong thic sau ddy, goi la cong thitc trung tuyén

2

2 4

3 .‘:v2+u::2 az_ 2_a2+c2 bz
a ~ y My =

2 4

B « g2 R
2 4 T

m

Gidi. T két qua caa Bai todn 1, ta suy ra ngay cdc cong thifc cin ching minh.



4. Dién tich tam giac

Vi tam-~gidc ABC, ta ki hméu A, hy, k. 13 d0 dai cic duémg cao 14n luot
ting v6i cdc canh BC, CA, AB ; R, r 14n lugt la bdn kinh duémg trén ngoai
ti€p, noi ti€p tam giac ; p = %ﬁi la nira chu vi tam giéc.

Ta cé thé tinh dién tich S ctia tam gidc ABC bang cdc cong thifc sau day

1 1 ]
/S =Eaha = —z—bhb :EChC ; (1) \

S =—1-absinC = la:mrssin.l'_i' = leSinA : (2)
x 2 2]
abe

S=—1: 3
4R )

S=pr; (4)

..\s=\/p(p—a)(p—b)(p—¢). &

(Cong thiic (3) goi la cong thicc Hé-réng).

7 (h. 52)
Hay tinh. &, trong tam gi4c AHB theo canh ¢ v géc B, roi thay vao céng thic
S %aha dé dudc céng thlc (2) (chd ¥ xét ca hai trudng hgp & ndm trong, H nam

ngoai doan BC).

Hinh 52

8
ﬁﬁr ¢bng thifc (2) va dinh li sin, hdy suy ra céng thitc (3).



}%}9 (h. 53)

Goi (O ; r) |1a dudng trdn ndi tiép tam giac
ABC. P y ring S |a t8ng dién tich cac tam
gidc OBC, OCA, OAB. Hay ap dung céng
thirc (1) d€ suy ra cdng thitc (4).

» Chitng minh cong thitc Hé-réng

Tacé S§= %bcsinA, suy ra

§2 = %bzcz(l — cos” A) Hinh 53
1.2 9 (b2+£'2—d2)2
=—b"¢c"|1-
4 4b%c?

- %(zbc + B+ 2 - a?)2be — b2 -t + %)

= :—6[(1; Lol az)][az Tl c)‘?]

 bdcrab¥e—aa~-8+¢ atb—i
2 2 2 2

=p(p —ajlip —b}(p —¢).
Viy  S=yp(p—a)p-b)p-c).

» Ngudi ta goi tam gidc ¢é do dai cic canb 13 ba s& nguyén lién tiép va cd
dién tich bang mot s6 nguyén la tam gide Hé-rong. Cic tam gidc ¢6 4o dai
cac canh nhir sau

3:4:3,

13;14; 15,

51 32455

la nhifng tam gidc Hé-rong.

10
ﬁHﬁy tinh dién tich cua ba tam gidc Hé-réng 4 trén.



5. Giai tam giac va img dung thyc té
Giai tam giac 1a tinh cdc canh va cdc goc cha tam gidc dua trén mot so
diéu kién cho truéc.

Vi du 5. Cho tam gidc ABC. Bi¢t a =174 ; B = 44°30' . C = 64° Tinh
géc A va cdc canh b, ¢ cua tam gide do,

Gidi, (h. 54) A

Ta cod

A =180°- (B + C)

O o
= 180° - (44°30' + 64°) = 71°3¢ g 28HA0 (T X
Theo dinh li sin ta ¢d Hinh 54
b a.?.inB _ 17,4.sin 44°30" ~12.9
sin A sin 71°30’

. - - ﬂ
r a.sin{ _ 17.4.51n 64 ~16.5.

sin A sin 71930

Vi-du 6. Cho tam gidc ABC. Biét a = 494 - A

b =264 :C = 47°20. Tink hai géc A, B va cagt
cankh c. B 494 412N
Gidi. (h. 55) | Hink 55

¥

Theo dinh i cosin ta ¢6
¢? =% + b% - 2abcosC = (49,4)% + (26,4)% ~ 2.49,4.26,4.c0s47°20"
~ 1369,58.

Vay ¢ ~ 1369,58 ~37.0.

bt +c? —a® 696,96 +1369,58 — 240,36

= —0,1913,
2bc 2.26,4.37

COsA =

Ding bang s& hoac MTBT, tim dugc A =~ 101°2". Tir d6
B ~ 180° — (101°2" + 47°20% = 31°38",



Vi du 7. Cho ram gidc ABC. Bié¢t a =24 ; b =13 ; ¢ = 15. Tinh cdc géc

A, B, C. A
Giai. (h. 56) 15 13
Theo hé qua cia dinh 1i cosin, ta co B 24 c
2 2 2
posil = LB o 8 Hinh 56
2bc
. 169 + 225 - 576 _ Tlﬁ  0.4667.
2.13.15 15
Viy A ~117°49’
Vi _a = _b nén
snmA sinB
‘ 4 O 2 i 0 1 /
S = b.sin A " 13.5sin117"49 _ 13.5in62711 ~0.4791.
a 24 24

Vi canh AC ngin nhét nén goc B nhon. Suy ra

B ~28°38": C =~ 180° — (117°49" + 28°38") = 33°33",

Vi du 8. Pucng day cao thé néi thang tir
vitri A dén vi tri B dai 10 km, e vi tri A
dén vi tri C dai 8 km, gé¢ tao bdi hai
duémg ddy trén bing 75° Tinh khodng
cdch twvitri Bdén vi tri C (h. 57).

Gidi. Ap dung dinh If c6sin vao tam giac
ABC, tacéd

Hinh 57

a® = b> +¢* = 2bc.cos A
~ 8% + 107 — 2.8.10.cos 75% ~ 123,
Suy ra a=11 (km),
Vay khoang cich tir B dén C xdp xi 11 km.



Vi du 9. (h. 58) Mot nguot ngéi trén tau
hod di tit ga A dén ga B. Khi tau dd d ga A,
qua Ong nhom ngudi doé-nhin thdy mot
thap C. Hudng nhin 1t nguoi dé dén thdp

tao voi hudng di cia tau mot géc 60° Khi

tau do ¢ ga B, ngudi dé nhin lai vdn thdy
thap C, hudng nhin ur ngudi dé dén thdp Hinh 58
tao voi hubng nguoc voi Huong di cta tdu

mot géc 45° Biet rdng doan dudng tau ndi thdng ga A véi ga B dai 8 km.
Hdi khodng cdch ux ga A dén thdp C la bao nhiéi ?

Gidi. Xét tam giac ABC. Ta ¢é
C = 180° — (60° + 45°) = 75°

C

Ap dung dinh If sin vao tam gidc ABC, ta duoc .b =—.
sinB sinC

sin45°
sin 75°
Vay khoang cdch tir ga A dén thdp C xdp xi 6 km.

Suy ra b = 8. =~ 6 (km).

Em c6 biét ¢

GIAT TAM CIAC VA MET MAU

Ngay sau Cach mang 1789 & Phap, ngudi ta quyét dinh xay dung mét hé do
iéng phé cap, trong db co do dé dai.

V& d6 dai, ngui ta 14y db dai vong kinh tuyén cla Trai D4t 1am cd sd ("dudi chan mai
ngudi déu c6 kinh tuyén). Ngual ta coi vong kinh tuyén Trai Dat dai 40000 km, tlc

4x10" mét, vay mdt mét a —? clia mdt phan tu d6 dai vong kinh tuy&n. Bang
10
cach nao ¢ duge mot mét dé 1am méu ?



15.

16.

Cac nha thién van Pi-e Mé-sanh (Pierre
Méchain) va Gidng Dd-lam-brg (Jean
Delambre) dugc giao nhiém vu do do dai
cung kinh tuyén ndi hai thanh phé Don-kec
{Dunkerque & Bac Phéap) va Bac-xo-lo-na
{Barcelona, Tay Ban Nha). Cac phuong
phap thién van thdi d6 da cho biét hai
thanh phd d6 cb cung kinh d6 va cb vi dd
khac nhau 10,8 dé.

Trén mat dat, viéc do gbc dé han do d6 dai
nén ngudi ta xét day tam giac sép xép ké
nhau doc theo kinh tuyén di qua hai thanh
ph& ndi trén (Mméi tam giac cd dinh 1a cac dia
diém dé xac dinh vi tri nhu dinh 1au dai, ndc
nha thd v.v...). Trong 7 nam lao déng kién
nhan miét mai, Mé-sanh, Dd-lam-brg ding
khodng 500000 phép do d& gidi hang tram
tam giac sip xép nhu thé. Sau d6, qua '
nhiéu thang kiém nghiém do dac, tinh todn

bdi mét hdi déng gdm nhiéu nha bac hoc

tén tudi {trong d& c¢b cac nha toan hoc

Phap Lawpla-xo (Laplace), Log-giang-drd

{Legendre), La-grang-gic¢ (Lagrange) v.v...,), $' Marria
k&t qua cudi cung da duge cong nhan vao du Tertre {Que
nam 1799 va di c6 mau mot mét bing |

LEIE 7T
-]
o
-
o
o |
2.
)
'g-
L )

ar

bach kim dat tai Vién do ludng Pa-ri {Paris)
(mau mot mét “cho moi thdi dai”, "cho moi
dan toc"}.
Ngay nay, dung cac phudng phap cla
Vat li hién dai, ta ¢ thé xac dinh don vi do =

O L AR Belle Ranine
dd dai chinh xac hon nhiéu. N

Cdu hoi va bai tap

Tam gidc ABC c6a=12,b=13,c = 15. Tinh cos A va géc A.

Cho tam gidc ABC ¢6 AB =35, AC = 8, A =60° Két qua nao trong céc két
qud sau la dé dai canh BC ?

a) V129 ; b
c)49; d) 69.
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18.

19,

21.

22,

Hinh 59 v& mét hé nu6c nim &
géc tao bdi hai con dudng. Bon
ban An, Cudng, Tri, Piic du dodn
khoang cach tit B dén C nhu sau

An; Skm

Cuimg : 6 km
Tri : 7 km W ._
Pirc : 5,5 km. ‘Hinh 59

Bi€t riang khoang cich tir A dén B 12 3 km, khodng céch tir A dén C 1a 4 km,
géc BAC 1a 120°

Hoi du don cha ban ndo st vii thyc t& nhat ?

Cho tam gidc ABC. Chitng minh céc khing dinh sau

a) Géc A nhon khi va chi khi @° < b° + ¢ ;

b) Géc A td khi va chi khi a® > b° + ¢ ;

¢) Géc A vuong khi va chi khi a” = b° + ¢
Tam gidc ABC ¢6 A = 60° B =45° b=4. Tinh hai canh a va c.

Cho tam gidc ABC c6 A = 60° @ = 6. Tinh ban
kinh dudng tron ngoai ti€p tam giac.
Chilng minh ring n&u ba gbc cla tam gidc ABC

thoa mén hé thic sinA = 2¢in B,cosC thi ABC
la tam gidc can.

Hinh 60 v& m¢t chi€c tau thuy dang neo dau & vi
tri C trén bién va hai ngudi & cdc vi tri quan sat
A va B céch nhau 500 m. Ho do duge goc CAB

bing 87° va géc CBA bing 62°
Tinh cdc khoang cich AC va BC. Hinh 60

. Goi H 13 tnye tam cha tam gidc khong vuéng ABC. Chimg minh rang ban kinh

c4c dudng tron ngoai tiép cic tam gidc ABC, HBC, HCA, HAB bing nhau.



24,
2.

26.
27.

28.

29,
30.

31.

32.

33.

34.

35.

36.

Tam gidc ABC c6a=7,b6=8,c=6.Tinhm,.

Tam gidc ABC c6 a =5, b = 4, ¢ = 3. L4y diém D d6i xing vdi B qua C.
Tinh do dai AD.

Cho hinh binh hanh ABCD c6 AB=4, BC =5, BD = 7. Tinh AC.

,Chimg minh ring trong mot hinh binh hanh, téng binh phm:mg cdc canh

bing téng binh phuong clia hai dudng chéo.

Chimg minh rang tam gidc ABC vuéng & A khi va chi khi Smg = mg + mﬁ.

Tam gidc ABC c6b=6,12; ¢ =535; A =84° Tinh dién tich tam gi4c dé.

Cho 1 gidge ABCD. Goi M, N 14n luot 12 trung diém clia AC va BD. Ching
minh ring

AB? + BC? 4+ CD? + DA% = ,ACZ + BD? + 4MN?
Goi § 1a dién tich va R 12 ban kinh duéng trdn ngoai tiép tam gidc ABC.
Chimg minh ring
S = 2R? sin Asin BsinC.

Ching minh rdng dién tich ctia mét v gidc bing nira tich hai dudmg chéo
va sin cia géc hop bdi hai dudng chéo dé.

Giai tam gidc ABC, biét
a)c=14, A =60° B =40°; b)b=4,5,ﬁ=30°€*=75°;
c)c=35 A =40"° C =120°; dya=1375, B =83° C =57°
Giai tam gidc ABC, bi€t

a)a=63,b=63, C =54°; byb=32,c=45, A =87°;
¢)a=7,b=23, C =130°

Giai tam gidc ABC, biét

a)a=14,b=18,¢c=20; b)a=6,b=73,c=48;
ya=4,b=5¢c=1.

Biét hai lyc cing tac dung vao mdt vt va 1ao vdi nhau goc 40° Cudng do
clia hai lyc d6 12 3N va 4N. Tinh cudng d6 ciia Iyc téng hop.



37. Tix vi tri A ngudi ta quan sat mot cay cao (h. 61),

C

Hinh 61
Bigt AH =4 m, HB =20 m, BAC =45" Tinh chiu cao ciia cly.

38. Trén n6c mdt tod nhd ¢6 mot cot dng-ten cao 5 m. T vi tri quan sit A
cao 7 m so v6i mat dat, ¢6 thé nhin thay dinh B va chan C clia cot ang-ten dudi

g6c 50° va 40° so véi phuong nim ngang. Tinh chiéu cao ciia toa nha (h. 62).

Hinh 62



ON TAP CHUONG II

1 - Tém tit nhimg kién thue ¢dn nhé
L Gia tri luong gidc cua mét goc
— V&i mdi géc a (0° < a <180°), ta x4c dinh diém M trén nlra dudng tron
dom vi sao cho MOx = a. Gia sit diém M c6 toa do (x ; y). Khi d6

sing = Y, cosQ = X,
sin ¢ cosa .

tana = (cosa # (), cotar=— (sina # 0).
CosS& sina

— Hai géc bl nhau c6 sin bing nhau ; con césin, tang, cétang cla ching
dé6i nhau.

2, Tich vo huéng cua hai vecto
— Tich v6 hudng cia hat vecto @ va b 1
i.b =la.lp. cos(d, b).

— CAc tinh chat

)a.b=>b.a;

N (kd). b =k(@.b):

3 d.(b+E)=ad.b+a.c;
DNFLbed.b=0;

5) @2 =al’

— Bicu thic toa d6 cua tich vd hudng va khodng cédch giita hai diém
1)Néu @ =(x:y), b =(x;y) thi |
d.b=xx+ AN

2YNéu M = (x4 5 yyu), N = (xy 5 yy) thi

MN = Oy = x)? + O = 3402
3. W®inh li cosin trong tam giic

a® = b + % - 2becos A



4. Dinh li sin trong tam giac

b
2 - - .
sinA  sinB  sinC
5. Cong thirc trung tuyén cua tam giac
2 b + ¢? a’
mg, = -
| | 2 4
6. Caic cong thire tinh dién tich tam giic
1 1 : abc .
$= Eahﬂ: EabsmC ='H = pr = Jp(p —-a)(p — b)(p — c).

Il - Cau héi ty kiém tra
1. Phat biéu dinh. nghia tich vo huéng ciia hai vecto. Khi nao thi tich vo
hudng cla hai vecto 1a s6 duong, 13 s6 4m, bang 0 ?

2. DE giai tam gidc ta thudng ding dinh If cosin trong nhimg trudng hop nio ?
Diing dinh li sin trong nhiing trudmg hgp nao ?

3, Cho biét do dai ba canh ciia tam gidc. LAm thé nao dé tinh
a) Céc gbéc cla tam giic ?
b) Cac dudmg cao clia tam gi':.-’lc ?
¢} Ban kinh dubng tron ngoai tiép va ndi ti€p tam giac ?
d) Dién tich tam gidc ?

4. Trong mit phing toa do, biét toa d ba dinh cia tam gidc, 1am th€ nao dé
tim chu vi, dién tich, toa d§ truc tdm, tAm dudng tron ngoai ti€p tam giac ?

Ill - Bai tap
1. Chimg minh cic cong thifc sau
4 s b = 2 2
a) @a.b = %[l.a'l2 sl e b‘z] ; b) 4.b = i(la‘ wb| 5Bl )

2. GoiG la trong tdm tam gidc ABC.
a) Chimg minh réng v6i moi diém M, ta ludn cé 1
MA® + MB® + MC? = 3MG? + GA.+ GB* + GC*.
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4.

b) Tim tap hop céc diém M sao cho MA® + MB® + MC* = ¥* trong d6 & Ia
mot s& cho trudc.

. Cho hinh binh hanh ABCD. Tim tap hop cic diém M sao cho

MA% + MB* + MC? + MD? =
trong dé k 1a mét s6 cho trudc.
Trén hinh 63 ¢6 vé hai tam gidc vudng can
ABC va AB'C’ ¢6 chung dinh A. Goi [/ va J
lan lugt 12 trung diém ciia hai doan thing
BB’ va CC’ Chitng minh rang
a)Al L CC', AJ | BB’;
b) BC' L BC.
Cho hinh vuéng ABCD canh a. Goi N 1a trung
diém cia CD, M 1a diém trén AC sao cho

Hinh 63

AM =1AC.
4

a) Tinh cdc canh cla tam gidc BMN,

b) C6 nhan xét g1 vé tam gidc BMN 7 Tinh dién tich tam gidc d.
¢) Goi / 12 giao diém cia BN va AC. Tinh CI.

d) Tinh ban kinh dwang tron ngoai ti€p tam gidc BDN.

Trnng mit phéng toa do, cho 2 = (4; 1) va }t = (1;4).

a) Tim goc gilta cdc vecto € va ?

b) Tim m dé vecto @ = € + mf vubng géc véi truc hoanh.

¢) Tim n dé vecto b = né + ? tao vdi vecto 7+ ; mot géc 45°

Cho tam gidc ABC. Chimng minh ring diéu kién cén va du d& hai trung
tuyén ké tir B va C vubdng gdéc véi nhau la

b° +¢? = 54’
Trong céc tam gidc ¢6 hai canh la @ va b, tim tam gidc ¢6 dién tich 16n nhét.

Cho tam gidc ABC c6 a = 12, b = 16, ¢ = 20. Tinh dién tich §, chiéu cao %,
cdc bdn kinh R, r cha dudng trdn ngoai ti€p, ndi ti€p tam gidc d6.



10. Cho tam gidc ABC. Chimg minh ring

7o 5B B
a) cotA = b+ -’-CIS g (S la dién tich tam giac ABC) ;

2 2 2
b) cotA+colB+c0tC:a +is+£ 3

11, Cho hai dudmg trdn (O ; R) va (O’ ; R’ cit nhau tai hai diém A va B. Trén
dudng thang AB, ¥y di€ém C & ngoai hai dudng tron va ké hai tiép tuyén CE,
CF dén hai dudng tron dé (E, F 12 céc tiép diém). Ching minh rang CE = CF

12. Cho dudmg tron (O ; R) va mot diém P ¢ dinh & bén trong dudng tron doé.
Hai day cung thay d6i AB va CD ludn di qua P v vuéng goc v6i nhau,

a) Chitng minh ring AB” + CD” khong déi.

'b) Chitng minh ring PA®+ PB® + PC*+ PD* khéng phu thudc vio vi trf
cta diém P.

IV~ Bai tap tric nghiém

1. Gid tri cos45° + sin45° bing bao nhiéu ?

A)1; (B) v2 ; © V3 ; (D) 0.
2. Trong c4c dang thic sau, ding thic ndo ding ?

(A) sin{180° — @) = —cosa ; (B) sin(180° — @) = —sina ;
(C) sin{180° - a) = sing ; (D) sin(180° — @) = cosa.
3. Trong cic ding thidc sau, ding thdc nao sai ?
(A) sin0% + cos0° =0 ; (B) sin90° + cos90° =1
. I+
(C) sin180° + cos180° = —1 ; (D) sin60° + cos60° = \/_2 ;

4. Trong cic hé thic sau, hé thic nio khéong dung ?
(A) sine + cosa)® =1+ 2sinacosa ;

(B) (sinex — cnsaf =1-2sinacosa ;



2 2

(C) cos* o —sin* @ = cos? o — sin’ & :

4a:x:l.

(D) cos* @ + sin
5. Cho O la tam duong tron ngoai ti€p tam gidc déu MNP (G6c ndo sau day

bing 120° 7

(A) (MN, NP) : (B) (MO, ON) ;
(C) (MN, OP) ; (D) (MN, MP).

6. ChoM, N, P, O lab6n diém tuy ¥. Trong cic hé thitc sau, hé thic nao sai ?
(A) MN .(NP + PO) = MN.NP + MN .PQ :

(B) MP.MN = -MN .MP ;

(Cy MN .PQ = PQ.MN ;

(D) (MN — PQ).(MN + PO) = MN? — PQ°.

7. Trong cic hé thic sau, hé thdic nao ding ?

) |a.5] = 1alJ5l ) Va? =ldl ;
@ 2?3 ; (D) @ = +ldl.

8. Trong mat phang toa d6, cho @ = (3 ; 4), b = (4 ; ~3). K& luan ndo sau
diy la sai ?

(A)@.b =0 B dlb:
©) |a.5]=0; (D) lal.I5| = o.

9. Trong mit phang toa do, cho @ = (9 ; 3). Vecto nio sau day khong vuong
gbe voi vecto.d ?

(A) v(1;-3); (B) V(2:;-6);
(€) v(1;3); (D) v (-1 3).

10. Tam gidc ABC ¢6 a = 14, b = 18, ¢ = 20. K&t qua nao sau day 13 gdn ding nh4t ?
(A) B ~42°50' ; (B) B ~ 60°56":

(€) B ~119°04'; (D) B ~90°
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12.

13.

14.

15|

16.

N&u tam gidc MNP c6 MP = 5, PN = 8 vA MPN = 120° thi d6 dai canh
MN (1am trdn dé€n chif s6 thap phan thit nhit) 1a

(A) 11,4 (B) 12,4 ;

(©)7,0; (D) 12,0.

Cho tam gidc MP(Q vubng tai P. Trén canh MQ 14y hai diém E, F sao cho
cdc géc MPE, EPF, FPQ bang nhau.

baaMP=q, PQ=m,PE=x, PF=y(h. 64). M

Trong cédc hé thuc sau, hé thic ndo ding ?

(AYME =EF=FQ; q N
BYME* =¢° + x* — xg: xy F
OMF =q"+y" - yq; P m )
O MO =t =Tgnm. " Hinh 64

Tam gidc ABC c6 BC = 1'0, A =30° Bin kinh, dudng trén ngoai ti€p tam
gidc ABC bang bao nhiéu ?

(A)5; (B) 10;
© 2, (D) 10v3
B
Tam gidc v6i ba canh 1a 5, 12 va 13 ¢6 dién tich bang bao nhiéu ?
(A) 30 ; (B) 20+/2 :
(©) 1043 ; (D) 20.

Tam gidc ABC c¢é ba canh 1a 6, 10, 8, Ban kinh dudng tron ndi ti€p tam
gidc d6 bing bao nhiéu ?

(A) V3 ; (B)4;
(C)2; (D) 1.
Tam gidc ABC ¢6 B = 60° € = 45° AB=35. Hdi canh AC bing bao nhiéu ?
(A) 543 ; (B) 5v2 ;
5~/_

(C) — (D) 10.
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Pruone pHAP TOA PO
TRONG MAT PHANG

Béng cach dua vao mét phing mdt hé tryc toa d6, mai
vecto, mdi diém trén mat phing d6 déu duge xac dinh
béi toa db clia nd. Khi d6 chang ta ¢6 thé chuydn nhiéu
bai toan hinh hoc sang bai toan dai s§ va ngugce lai, tir
k&t qua cla dai s6 suy ra duge mdt s6 tinh chat vA méi
quan hé gita cac hinh hinh hoc.

Yéu céu d6i véi cac em khi hoe chuong nay 13

- Lap duge phuong trinh duomng théng. dubmg tron, dutmg
cbnic khi biét cac yéu t8 xac dinh mdi dudmg.

Tir phuong tinh cla céc dudmg, thaly duge cAc tinh chét
va quan hé gifra cac dudmg.

Nhé va vln dung dugc cac biéu thic toa d6 vao viée
tinh khoang céch, tinh géc.




PHUONG TRiNH TONG QUAT
CUA PUONG THANG

{. Phuong trinh tdng quat cta duéng thing

?1

22

Trén hinh 65, ta c6 cdc vecto rj, #iy, iy khac 0 &

ma gid cua ching déu vuéng goc véi dudng

thing A. Khi d6, ta goi #j, #,, A3 12 nhimg .

vecto phdp tuyén cua A. A . ;
DINH NGHIA Hinh 63

Vecto 7 khdc 0O, c6 gid vubng géc voi duonmg thdng A goi la
vecto phdp tuyén cia dudmeg thing A.

Méi duomg thdng c6 bao nhiéu vecto phdp tuyén ? Chiing lién hé voi nhau
nhi thé ndo ?

Cho diém I va vecto i # 0. Co bao nhiéu dudmg thdng di qua I va nhdn 7
la vecto phdp tuyén ?
Bai toan
Trong mdt phdng toa d¢, cho diém
s o : }
I(xy ; yo) va vecto fi(a by = 0. Goi A f A

la duemg thang di qua I, c6 vecto phdp
tuyén la 7, Tim diéu kién ctia x va y dé M
diem M(x ; y) ndm trén A,

3
Gidi. (h. 66) / \

Difm M ndm trén A khi va chi khi 0
M LA, hay

—

IM.n=0. (*) Hinh 66

¥
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A

Tacé IM = (x - Xo1 ¥ — Yg) va i = (a; b) nén (*) twong duong vdi
a(x — xg) + b(y — y3) = 0. (1)
Pay chinh 1a didu kién cdn v di dé M(x ; y) ndm trén A.

Bi€n d6i (1) vé€ dang ax + by —axg — byg = 0 va dat —axy —byy = ¢, ta duge
phuong trinh

ax+by+c=0 (a* +b% 2 0)

va goi la phuong trinh téng gqudt cha dudng thang A.

Tém lai,

Trong mdt phdng toa do, moi dudmg thang déu co phuong trinh
16ng qudt dang

ax+ by + ¢ =0, vai az+bz¢{}.

Ngugc 1ai, ta ¢6 thé chitng minh duge ring : Mdi phuong trinh dang

ax+by +c=0,v6i a* +b* %0

déu 13 phuong trinh téng quat cia mét dudng thing xic dinh, nhén 7 = (a; b)
12 vecto phap tuyén,
Moi phuong trinh sau o6 phdi la phuong trinh tong qudt ciia duomg thdng
khong ? Hdy chi ra mgt vecto phdp tuyén cia dieong thing do :.

Ix~5=0; mx+(m+1)y-3=0; kx—ﬁky+l=0.
1
Cho dudng thang A cé phuong trinh tdng quat 14 3x — 2y + 1 = 0.
a) Hay chi ra mét vecto phap tuyén cla dudng thing A.
b) Trong cac diém sau day, diém nao thudc A, diém nao khong thude A ?

1 1 1
M(1:1), N(-1;-1), P(ﬂ ;-—J, 253 E(——;m}
2 o ! 2 4/
Vi du. Cho tam gidc c6 badinh A = (-1 ;-1),B=(-1;3),C=(2; -4).
Viét phutong trinh téng qudt ciia duong cao ké tir A,

Gidi. Pudmg cao cén tim 1a dudng thing di qua A va nhan BC 1a mdt vecto

phdp tuyé&n. Ta ¢6 BC = (3; ~T)vaA=(~1;-1) nén theo (1), phuong trinh
téng quat clia dudng cao dé la3(x+ 1) -7y + 1) =0 hay 3x —~ 7y —4 =0,



Cit dang dic biét cha phuong trinh téng quat

2
RChu dudng théng A : ax + by + ¢ = 0. Em c6 nhan xét gi vé vi tri tuong déi cOa A va
cactructoa dd khia=0?Khib=07?Khic=07

diqua A va B.
b) Chimg 6 réing phuong trinh t8hg quat cla A tudng
duong v6i phuong trinh

24
?

GHI NHG

Ducmeg thdng by + ¢ = 0 song song hodc tring voi truc Ox (h, 67a).
Dudng thang ax + ¢ = 0 song song hodc trang voi truc Oy (h. 67b),
Duong thdng ax + by = 0 di qua géc toa d¢ (h. 67¢).

v i Y4 A
ol ol
0 X g X 0 *
a} b) c)
Hinh 67 :
X ’
7, Cho hai diém A(a ; 0) va B(0 ; b), véi ab # 0 (h. 68). V4
a) Hay viét phuang trinh t8ng quat ciia dudng thdng A B0:b)

x ¥ AA@;0) O X
=i = |,
a b
) Hink 68
GHi NHO
Duong thing c6 phuong trinh
22 -1@z0.b20) (2)
a b

di qua hai diém Ala ; 0) va B(0 ; b).
Phuong tfinh dang (2) duge goi 12 phuong trink dudng thdng theo
doan chan.

Viét phuong trink 10ng qudt ctia diomg thdng di qua A(-1 ; 0) va B(0 ; 2).

CHU Y
Xét dudmg thing A c6 phuong trinh téng quét ax + by + ¢ = 0.
Néu b = 0 thi phuong trinh trén dua dugce vé dang
y=kx+m (3)
o Bt e '%' Khi d6 k 12 hé 56 goc cha dudng thing A
b
va (3) goi 12 phueng trinh ctia A theo hé 56 géc.



Y nghia hinh hoc ctia hé s6 géc (h. 69)
Xét dudng thing A : y = kx + m.

Véi bk # 0, goi M 1a giao diém cha A vdi truc Ox-
va Mt 1A tia cia A nam phia trén Ox. Khi d6, néu

a la géc hgp bdi hai tia Mt va Mx thi
cha dudng thing A bing tang cha goc
k = tang.

Khi k¥ = O thi A 1a dudng thang song song hoic

tring véi truc Ox.

N\

M

hé s6 goc
a, tic la

44
-
’ X
A

Hir_:h 6%

[25] M&i duong thing sau day c6 hé s6 goc bdng bao nhiéu ? Hay chi ra géc a

ticong iing voi hé sd goc do.
a)3112x+2y—l=0;
b) A, x@x—y+5=0.

2. Vij tri tuong ddi cta hai dudng thing

Trong mit phing toa do, cho hai dudng thing A, A, ¢6 phuang,lﬁnl.l

.ﬁ] i
32 5

apxx+byy+c

1=0,

arx + byy + ¢, =0.

Vi s8 di€ém chung cta hai dudng thang bing s& nghiém cha hé gém hai
phuong trinh trén, nén tir k&t qua cua dai sd ta cé

a) Hai duﬁng thing A;, A, cit nhau khi va chi khi

0;

by
by

¢

&
1#0,

@

=0

a b,
a b
b) Hai dudng thang A, A, song song khi va chi khi
“@ %l_o w
@ b
hodc a b =0 va
)

G @

c) Hai dudmg thing A,, A, tring nhau khi va chi khi

a bl‘z‘bl ¢y
a bl | o

€1
Gy Gy

“M_p
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21

Trong trudng hop as, by, ¢y déu khic 0, ta cé

s | A
Ay, A; cdf nhau < AL A :
%
K; ffiligis Slw PL L 0L
@ b o
q @ b oo

'ﬁ,

Tt 16 thie 2L
a,

Xét vi tri tuomg doi ciia hai dudng thang Ay, A, trong méi truong hgp sau
a)é.l:-\@x—3y+5-='0 va  Ay:ix+3y-+3=0; |
b)A :x-3y+2=0 Ay: —2x+6y+3=0;

c})A1:0T7x+ 12y -5=0 va A,:1,4x+24y—10=0,

cd thé ndi gi vé vi trf twong doi cia Ay va A, 7

va

Céu hoi vé béi tép
Trong cdc ménh dé sau, ménh d€ ndo ding ?
a) Dudmg thang song song vdi truc Ox ¢6 phuong trinh y = m (m = 0) ;
b) Budmg thing ¢6 phuong trinh x = m + 1 song song v6i truc Oy ;
¢) Phuong trinh y = kx+ b 13 phuong trinh ctia dudmg thing ;
d) Moi dudng thing déu c6 phuong trinh dang y = kx + b ;
e) Pudng thing di qua hai diém A(a ; 0) va B0 ; b) c6 phuong trinh

a b

1.

Viét phuong trinh t5ng quit cia

-a) Pudmg thing Ox ;

b) Budng thang Oy ;
c) Pudng thing di qua M(xy ; yo) va song song véi Ox ;

d) Pudmg thing di qua M(x, ; yg) va vudng goc v6i Ox ;

‘¢) Dudng thing OM, véi M(xy ; yg) khic diém O.



3. Cho tam gidc ABC cé phuong trinh cdc dudng thang AB, BC, CA la
AB:2x -3y-1=0,;
BC: x+3y+7=0;
CA:5x-2y+1=0.
Viét phuong trinh tdng quat clia duwdng cao ké tir dinh B.
4. Cho hai diém P4 ; 0), 00 ; -2).

a) Viét phuong trinh t6ng quét cbha dudng thang di qua diém A3 ; 2) vi
song song voi dudng thing PO ;

b) Viét phuong trinh t6ng quat cua dudng trung truc cua doan thang PQ.
5. Cho dudng thing d c6 phwong trinh x —y = 0 va diém M(2 ; 1).

a) Viét phuomg trinh téng quét clla dudmg thing d6i xitng véi dudmg thang d
qua diém M.

b) Tim hinh chi€u cha diém M trén dudng thing d.

6. Xét vi tri tuong ddi clia mdi cip dudng thang sau va tim giao diém (néu c6)
cla ching

a)2x -5y +3=0va5x+2y-3=0:
b)x-3y+4=0va05x-15y+4=0;
c)10x+2y-3=0vasx+y-15=0.

PHUGONG TRINH THAM sO CUA
PUCONG THANG

S

y 4
1. Vectd chi phuong cua dudng thang /ul/
Trén hinh 70, vecto 4 khac fi cd gia la /
dudng thing A ; vecto i, khic 0, c6 gid /& o 2 -
song song véi A. Khi do ta goi i), &, 1a ] :

cdc vecto chi phuong clia duding thang A, Hinh 70



DINH NGHIA

Vecto i khdc 5, cd gid song song hodc tring voi duomg thing A
duoc goi la vecte chi phuong cia A.

| Vecto chi phuong va vecto phdp tuyén ciia mot duomg thang quan hé voi
nhau nhu thé nae ? |

22| Vi sao vecto i = (b ; - a) 1d mét vecto chi phuong cia dudng thdng cé

phuong trinh ax + by +¢c=07

2. Phuong trinh tham s& cla dudng thing

Bai todn. Trong mdt phdng toa dé Oxy, cho dudmg thdng A di qua diém
I(xg ; o) va c6 vecto chi phuong ¥ = (a ; b). Hay tim diéu kién cua x va y

dé diém M(x ; y) ndm trén A.

i
¥
%1 (D€ gidi bai toan) 11'/1 A
Biém M nm trén A khi va chi khi vects IM ciing M)
phuong véi vecto i (h. 71), tdc 12 ¢b s6 £ sao cho
s fxy ; yo)
iM = fﬁ i i -
g o7 x
Hay viét toa do cla M va cha ti r6i so sanh /1
cac toa 46 cla hai vecto nay. Hinh 71

Tir hoat dong trén suy ra : Diéu kién cin va du dé M(x ; y) thuoc A 12 ¢6
58 ¢ sao cho

{x”“”f @2 + b2 2 0). (1)

Y=> + bt

He (1) dugc goi 12 phuong trink tham sé cia dudng thang A, véi tham sé £.

& CHU ¥
V6i mbi gié tri cha tham sd 4, ta tinh duge x va y tirhe (1), tic 1a
¢6 duge di€ém M(x; y) ndm trén A, Nguoc lai, néu di€m M(x ; y)
nim trén A thi c6 mot 8 ¢ sao cho x, y thoa mén hé (1).



?3| Cho dudmg thang A cé phuong trinh tham sé
x=2+t
y=1-12.

a) Hdy chi ra mot vecto chi phuong cua A.
o s o s en e o 1
b) Tim cdc diém cia A émg v cdc gid tri 1=0,1=—4,1= 5

¢} Piém nao trong cdc diém sau thupe A ?
M1 : 3), N(1 ;-5), P(0; 1), O(0; 5).

/ R Cho duding thdng d cé phudng trinh iéng quat 2x — 3y — 6 = 0.
a) Hay tim toa dd clia mét didm thube 4 va viét phuong trinh tham sé cla 4.

x=2+15
b) Hé 2 c6 phai 13 phudng trinh tham s6 clia d khéng -?
y=—=41
3

¢) Tim toa d6 cla diém M thudc d sao cho OM = 2.

& CHU ¥

X = + :
Trong phuong trinh tham s6 0 cua dudmg thang, nén
y =y + bt
a # 0, b= 0 thi bing cach khir tham s ¢ ti hai phuong trinh trén,
ta di dén

x;"“ " y-;y" (@%0,b=0), )

Phuong trinh (2) dugc got 12 phuong trinh chinh tdc cia dufmg thing.
Trong trudng hop @ = 0 hodc b = 0 thi dudng thing khong cb
phuong trinh chinh téc.

Vi du. Viét phuong trinh tham s6, phuong trink chinh tdc (néu cé) va
phuong trinh tong qudt ciia dudmg thing tron g moi truomg hop sau

a) i qua diém A(1 ; 1) va song song véi truc hoanh :

b) Di qua diém B(2 ; -1) va song song vdi truc tung ;

¢) Di qua diém C(2 ; 1) v vuong goc véi duomg thdngd : 5x -7y +2=0.



r e

Giai

a) Budmg thing cdn tim cé vecto chi phuong [ =(1;0)vadi qua A nén nd cé

=1+
phuong trinh tham s6 13 {x 1 va phwong trinh téng quit 1a y — 1 = 0.
y= |
Pudmg thing d6 khéng ¢ phuong trinh chinh tic.

b) Puéng théng cdn 1im ¢6 vecto chi phuong i =1(0: 1) nén khong c6
phuong trinh chinh tic. Do dudng thing dé di qua B nén né cé phuong

Fo=k :
trinh tham s6 13 { ’ va phuong trinh téng quat 1A x - 2 = 0.
y=-1+t

¢) Vecto phip tuyén # = (5 ; =7) clia d ciing 13 mét vecio chi phuong cua
dudmng thang A cdn tim {(do A L d). Do d6 phuong trinh tham s cta A
z.‘ﬂ{x=2+51’ x=2 y-1

va phuong trinh chinh tic cua A la
y ==t PHEORE 5 -7

Tt phuong trinh chinh tic (hoac tham s6) cla A, ta suy ra dugc phuong
trinh téng quit cha A 1a Tx + 5y — 19=0.

3
Viét phuang trinh tham sd, phuong trinh chinh tic (néu cé) va phudng trinh téng
quét clia dudng thing di qua hai diém M(—4 ; 3) va N(1 ; -2).

Céu héi va bdi tap

7. Cho dudng thing A : { sy Hoi trong cdc ménh dé sau, ménh dé

nio saij ?

a) Di€m A(-1 ; —4) thudc A,

b) Diém B(8 ; 14) khong thudc A, diém C(8 ; —14) thudc A.
c) A c6 vecto phdp tuyén n = (1 ; 2).

d) A ¢6 vecto chi phuong & = (1 ; ~2).

e W Sl 12 phuong trinh chinh téc ciia A.

¢) Phuong trinh

p—

f) Phuong trinh = l_ L }’2 12 phuong trinh chinh tac cda A,



8.

190.

11.

12.

Cho duﬁng thing A : ax + by + ¢ = 0. Trong cdc ménh dé sau, ménh dé
nao ding ?

a) Vectd 7 = (a; b) la vecto phdp tuyén clia A.

b) A ¢6 vecto chi phuong & = (- b ; a).

c) A ¢6 vecto chi phuong & = (kb ; ka) v6i k = 0,

d) A ¢6 vecto chi phuong i = (5b; —5a).

¢) Pudmg thing vudng goc vai A c6 vecto chi phuong i = (a ; b).

Hay viét phuong trinh tham s6, phuong trinh chinh téc (néu ¢6) va phuong
trinh téng quét cha dudng thing di qua hai di€m A vi B trong mdi trudng
hop sau

a)A=(-3;0),B=(0;5);
byA=(4;1), B=(4;2);
c)A=(-4;1);B=(1; 4). .

Cho di€m A(=5 ; 2) va dudng thing A : =~ ; = . +23- Hay vigt phuong

trinh dudng thing
a) Di qua A va song song v6i A ;
b) Pi qua A va vuéng gbéc vdi A,

Xét vi tri twong doi clia moéi cap dudng thing sau day va tim toa do giao

diém (néu c6) clia chiing
=4 -2t = '
2 Jx i {x 8 + 6t

y=3+¢ y=4-3t";
=54 -
b)j_x w * 4:y+’?;
Yy ==3+2 Z 3

=5+t

c) {x vi x+y-—-4=0.

y
y=-1-t¢ .

Tim hinh chiéu vudng gic cna diém P(S ; —2) trén dudng thang A trong
mébi trudng hop sau

a)A: {xz



Ay 2 bad
3 -4

A Sx-12y+10=0.
13. Trén dudng thing A : x —y + 2 =0, tim diém M cdch déu hai diém E(0 ; 4)
va F(4 ; =9).

14. Cho hinh binh hanh ¢6 toa d6 mot dinh 1a (4 ; —1). Biét phuong trinh cdc
dudng thang chita hai canh 13 x — 3y =0 vd 2x + 5y + 6 = 0. Tim toa do ba
dinh cOn lai cua hinh binh hanh d6.

KHOANG CACH VA GOC

1. Khodng cach tir mot diém dén mot dudng thing

Bai toan 1. Trong mdt phdng toa dé, cho duong thdng A c6 phuong trinh 16ng
qudt ax + by + ¢ = 0. Hdy tinh khodng cdch d(M ; A) 1¥ diém M(xy, ; yp)
dén A.

Gidi. (h. 72) Goi M’ 12 hinh chiéu clia M trén A v} M

thi do dai doan M'M chinh [ khodng c4ch tir
M dén A, M

Hién nhién M'M cing phuong vdi vecto phip .
tuyé&n ri{a ; b) cia A, viy c6 sé k sao cho o / \

A

M'M = ki, (1)
Hinh 72

dM: Ay =MM= k|| 7l=]k].Va* + b (2)
Mit khéc, néu goi (x’ ; y*) 12 toa 0 cha M thi tir (1) ta c6

Xy — X' = ka hay {x:=xM‘ka
Yy — ¥ = kb y' = yy — kb.

Tir d6 suy ra




10.

.

12.

Cho dudng thang A : ax + by + ¢ = 0. Trong cdc ménh dé sau, ménh dé
nao ding ?

a) Vecto # = (a; b) 12 vectd phdp tuyén cta A.

b) A ¢6 vecto chi phuong 4 = (-5 ; a).

c) A ¢6 vecto chi phuong & = (kb ; ka) v6i k= 0.

d) A cé vecto chi phuong i = (5b ; —5a).

e) Duding thdng vuéng géc v6i A ¢6 vecta chi phirong & = (a; b).

Hay viét phuong trinh tham s6&, phuong trinh chinh tic (néu ¢6) va phuong
trinh tdng quét cha dudng thing di qua hai diém A v B trong mdi trudng
hop sau

AA=(-3;0),B=(0;35);
b)A=(@4:1), B=(4,2);
c)A=(-4;1),B=(1;4).

Cho diém A(-5 ; 2) va dudng thing A : =2 =2 +.5

Hay vi€t phuong

trinh dudng thang

a) Di qua A va song song vdi A ;

b} Pi qua A va vudng géc vai A.

Xét vi trf twong d6i clha mdi cap dudng thang sau day vi tim toa d6 giao
diém (néu c¢6) chia ching

i {x=4—2r o {x=8+6r'

y=5+1 y=4-3";
b) x=5+t¢ A x-4 y+7
y=-3+2 2 3

x=5+1
c){ vi x+y-4=0.
J =) o f

Tim hinh chiéu vudbng géc cha diém P(3 ; —2) wén dudng thing A trong
mdi trudng hop san

a) A : {xzr
y=1;



CYA: 3x—- 12y + 10 =0.

13. Trén dudmg thing A : x —y + 2 =0, tim diém M cédch déu hai diém EQ ; 4)
va F(4 ; -9},

14. Cho hinh binh hanh ¢6 toa d¢ mot dinh 1a (4 ; —1). Bi€t phuong trinh céc

dudng thang chita hai canh 1a x — 3y = 0 v 2x + 5y + 6 = 0. Tim toa d6 ba
dinh con lai cha hinh binh hanh d6.

KHOANG CACH VA GOC

1. Khodng cach tir mdt diém dén mat dudng thang

Bai toan 1. Trong mdt phdng toa d6, che ducmg thiang A ¢é phuong trinh tong
qudt ax + by + ¢ = 0. Hd@y tinh khodng cich d(M ; A) 1ix diém M(xy, ; yu)
dén A.

Gidi. (h. 72) Goi M’ 12 hinh chiéu cha M trén A »} M

thi d6 dai doan M'M chinh 14 khodng cich ti
M dén A. M’

Hién nhién M'M cing phuong véi vecto phap
— . » O / \
tuyén #(a ; b) clia A, viy ¢ s8 & sac cho

—_— 'E/
f

M=kn, (1) r

=¥

Hinh 72
dM Ay =MM= k| |7 |=lk| Va? + b? 2)

Mat khéc, néu goi (x’; y7) 1 toa do cha M’ thi tir (1) ta c6

xM"I:=ka hay {x:=xu—ka
yu —y =kb Y =yu —kb.

Tit d6 suy ra




Vi M' nam trén A nén a(x, — ka) + b(y, ~ kb) + ¢ = 0. Tir d6 suy ra
axy + by, +¢

k=
a® + b*

. Thay gia tri cla & vao (2) ta duge

|axM + byy + c|

diM ; A) =
a2 +£;v2

1 .

ﬁHﬁy tinh kho&ng cach tir diém M dén dudng thdng A trong mdi trudng hop sau
a)M(13;14)vaA:4x-3y+15=0; |

x =T =2

by M{5;-1}va A
: ) M( : {y=—4+3f.

Vi tri ciia hai diém déi véi mot dudmg thing

Cho dudng thing A : ax + by + ¢ = 0 va diém M(x, ; y,,). Néu M’ |a hinh
chi€u (vudng gdc) chia M trén A thi theo 13 gidi ca Bai to4n 1, ta c6 |

axy + by, +c¢

_ a’ + b _
Tuong ty néu cé didm N(x, ; y,) v6i N’ 13 hinh chiu cia N trén A thi ta
ciing cé | ' |

M'M =kF,trong 6 k =

—_—

N'N = ki, trong d6 k'= T Y By €

a2 +£1'2

- (21| C6 nhan xét gi vé vi tri cua hai diém M, N d6i véi A khi k va k' ciing ddu ?
Khi k va k' khdc ddu ?

Ta ¢ két qua sau

Cho dudng thing A : ax + by + ¢ = 0 va hai diém M(xy, ; y,p),
N(xy ; yy) khong ndm trén A. Khi do

Hai diém M, N ndm cing phia d6i véi A khi va chi khi

(axpg + byyy + cXaxy +byy +¢) >0 ; |

Hai diém M, N ném khéc phia d6i véi A khi va chi khi
(axy, + by, +cXaxy + by, +¢) <0,



R

Cho tam gidc ABC c6cac dinh1a A =(1;0),B=(2;-3), C=(-2:4)va
dudng thdng A:x -2y +1=0. Xét xem A cit ¢anh nao ¢la tam giéc.

Ta c6 thé dp dung céng thic tinh khodng c4ch dé viét phuong trinh cic dudng
phéan gic. |

Bai todn 2. Cho hai duong thing cdt nhau, ¢ phuong trink
Aptapx+by+cey=0 va A,: a2x+b'2y4-ﬂz=0.

Caf:tiﬁg minh rdang phuong trinh hai dudng phdn gidc cia cdc géc tao bdi
hai diomg thdng dé c6 dang

@x+ by + g :tazx+b2y+c2 _0
- :
\/al+b12 \{022+b%

3 | 1 ;o
. ; _ i
Hay gidi Bai toan 2, voi chl y réng diém M thudc M
mét trong hai duting phan giac khi va chi khi nd . !
cach déu hai duding thding A, va A, (h. 73). E

Vi du. Cho tam gidc ABC vdi . Hinh 73

= (%;3}-3?—(1 1 2),C=(-4;3).

Viét phuong trinh duong phdn gidc trong cua goc A.

Gidi. DE thdy cic dudng thing AB vi AC ¢6 phuong trinh
AB: 4x-3y+2=0va AC: y-3=0.
Cac dudng phan gidc trong va phén giic ngoai cia géc A ¢6 phuong trinh

4xﬂ3y+2+y—3=0hnac dx—3p+2 y-—3 -
3 1 3 1
hay : 4x + 2y —13 = 0 (dudng phan giac d,)

4x - 8y + 17 = 0 (duong phan giac dy).

Do hai diém B, C nim ciing phia d6i v61 dudng phan gidc ngoai va nim
khic phia d6i v&i dudng phan gidc trong ctia goc A nén ta chi cln xét vi tri



cha B, C d6i v6i mot trong hai dudng, ching han d,. Thay toa do cia B, C
lan lugt vao v€ trdi cla 4, ta dugc
4-16+17=5>0 va -16-24+17=-23 <0,

tirc 12 B, € nam khdc phia déi véi ds.
Vay phuong trinh dudng phan gidce trong ciia géc A 13
dr: 4x—8y+17=0.

2. G6c giira hai dudng thang

DINH NGHIA
Hai ditomg thing a va b cdr nhau tgo thanh boén géc. S6 do nhd
nhdt ciia cdc goc dé duge goi la s6 do cua goc giita hai dudmg
thing a va b, hay don gidn la goc giita a va b.
Khi a song song hodc trang vai b, ta quy wdc géc giita ching

bc‘ing On a

22| Trén hinh 74, géc giita hai duomg thing a
va b bdng bao nhiéu ? Hay so sdnh géc do
vdi goc giita hai vecto U, V va gde giita hal
vecto u', V.

e
¥

= CHU ¥ Hinh 74

Géc giifa hai dudmg thing a va b duac ki hiéu 1a (a, b), hay don
gidn 12 (a, b). Goc nay khdng vugt qué 90° nen ta ¢é

(a, b) = (#,7 ) néu (&,v)}<90°

(a, b) = 180° - (&,7) néu (&,V) > 90°

trong d6 4, ¥ 14n luot 1a vectd chi phuong cha a va b,

Cho biét phudng trinh ctia hai dudng thdng A va A’ I8n luct 13
{x=?.—21 2 {x=1+r’
y=5-1

Tign toa d6 vectd chi phudng cla hai dudng thdng va tim géc hop bdi hai dudng
thang d6.

y=2+3



‘Bai todn 3
a) Tim césin cia géc gitia hai duimg thang A| va A, ldn lugt cho bdi cdc
phitong trinh |
| - apx+by+cy=0 va ax+by+cy=0..
b) Tim diéu kién dé hai duomg thang Ay vd A, vuéng géc véi nhau.
¢) Fim diéu kién d€ hai duong thing y = kx + b va y = k'x + b’ vuong gbc
vdi nhau. | .
ﬁs (D& gidi Bai toan 3)
Viét toa d6 hai vecto chi phuong i clia A, va i, cla A,.

Hay ching 16 rang cos(A;, A,) = |cos(ﬂ'1, E'Q)| . T d6 di dén céc két qua sau day

may + by |

2 52 k. 53
Jai +bf yJa} ~ b3
vectd phap tuyén clia A,, A,.
bYAy L Ay & ayay + by = 0.

¢)- Ap dung c&u b) hdy chiing minh ring diéu kién cin va 40 dé hai dudng thing
y=kx+bvay=kx+ b vudng goc la k' =-1.

a) cos(A, Ay) = = |cos(Ai;, #,)|, trong 46 7, 7, 1n luot la

6 .
ﬁﬂm gbc gilta hai dudng thing A, va A, trong mbi trudng hop sau

{x=13+r {x=5—2£'
El}ﬂsl: ﬂz: :
y==2+2 y=T+1;
DA x=35; Ay :2x+y-14=0;

x=4—-1 : .
o s e c2x+ 3y -1 =0.
J4y {y=—4+3r A2 Y

Céu hoi va bai tap

15, Trong cdc ménh dé sau, ménh dé nao ding ?

a) Césin clla gbéc gilia hai dudng thing @ va b bang cosin cha gdéc gilrta hai
vecto chi phuong ciia chiing.



16.

17,

18.

19.

20.

b) Néu hai dudng thang A vi A' 14n Iuot ¢é phuong trinh px + y + m=0va
x+py+n=0th

2lp|
pz + 1

cos(A, AY) =

c) Trong tam gidc ABC ta ¢é
cos A = CDS(A_.B, R")

d) Néu ¢ 1a géc giira hai dudng thang chita hai canh AB, AC cha tam giic
ABC thi

AB? + AC? - BC?
2AB.AC
¢) Hai di€m (7 : 6) va (=1 ; 2) nim vé hai phia cha dudng thing y = x.

cos@ =

Cho ba diém A(4 ; —1), B(=3 : 2), C(1 ; 6). Tinh géc BAC va gbéc gia hai
dudmg thing AB, AC.

Viét phuong minh dudng thing song song va cdch dudmg thing ax + by + ¢ =0
mot khoang bang & cho trude.

Cho ba diém A(3 ; 0), B(=5 ; 4) va P10 ; 2). Viét phuong trinh dudng
thang di qua P d6ng thoi cdch déu A va B.

Cho diém M(2 ; 3). Viét phuong trinh dudng thing cit hai truc toa d6 d A
va B sao cho ABM 1a tam gidc vudng can tai dinh M.

Cho hai dudng thiang

Ay x+2y-3=0,

Ay 3x—-y+2=0.
Vi€t phuong trinh dudng thang A di qua diém P(3 ; 1) va cét A, A, ldn
lugy &°A, B sao cho A tao v6i A) vA A, mét tam gidc can ¢é canh ddy 12 AB.



- PUONG TRON

1. Phuong trinh dudng trén
Trén mit phing toa do, cho duimg tron (€)cd Sk
tam f(xgy ; yg) va ban kinh R (h. 75).

Diém M(x ; y) thudc dudmg tron (€ ) khi va chi
khi IM = R, hay Ia

[(x—xn)2+()’“ya;1)2=R2 | o

Ta goi phuong trinh (1) la phuwong trinh cua Hinh 75
duwong tron (€).

1

)%cm hai diém P(-2 ; 3} va Q(2; -3).
a) Hay viét phuong trinh dudng tron tam £ va diqua .
b) Hay viét phuong trinh dudng tron dudng kinh PQ.

. Nhdn dang phuogng trinh dudng tron
Bién ddi phuong trinh (1) vé dang
x2+}=2 — 2xpx — Zypy + x% + y;‘j‘-—Rzzﬂ,
ta thdy mbi dudmg tron trong mit phing toa d6 déu c6 phuong irinh dang
x2+y2+2ax+2by+c=0. (2)

Nguge lai, phai chang mdi phuong trinh dang (2) vdi 4, b, c tuy ¥, déu la
phuong trinh cta mot dudng trén ?

Ta bién ddi phuong trinh (2) v€ dang

(x+a)2+(y+b)2=a2+b2—c.
Néu goi / 12 diém c6 toa d0 (—a ; —b), cdn (x ; y) la toa do cia diém M thi
vE tri ciia ding thikc trén chinh [a /M. Bdi vay ta di dén két luan



4 N\

Phuong trinh 54 y2 + 2ax + 2by + ¢ = 0, véi diéu kign

q b ¢, la phitong trinh ciia duong tron t;im H{—a;-b),

bdin kinh R = 'Jaz + b2 -C.
\. J

2
ﬁk\hi S +b< ¢, hay tim tap hop cac diém M ¢d toa d6 (x ; y) thod man phuong frinh (2).

4

Trong cdc phuong trinh sau, phong trinh ndo la phuong trinh duong tron ?
a)x2+y2-0,14x'+5\5y—?=0; b) 3x2+ 3y2+2003.r— 17y=0;
x4y —2x—6y+103=0; D2y -2+ 5y +2=0;
e)xz+y2—2xy+3x—5y* 1=0.

Vi du. Viét phuong trinh duomg tron di qua ba diém M(1 ; 2), N(5.; 2)

va P(1;-3).

Gidi. Goi /(x ; y) v R 1a tam va bédn kinh clia dudmg tron di qua ba diém
M,N,P

Tir diéu kién /M = IN = IP ta c6 hé phuong trinh
x~D*+ (-2 = (x5 +(y - 2)
(x-1% +(y-2% =(x -1y + (y + 3)%
DE dang tim dugc nghiémctahé lax=3;y=-0,5. Vay f=(3 ;- 0,5).
Khi d6 R* = IM” = 10,25. Phuong trinh dudmg tron cdn fim 1a
(=32 +(y +0,5°=10,25.
C6 thé gidi bai todn bdng cdch khdc.
Gia sir phuong trinh dudng tron ¢6 dang
x2+y2-+ 2ax + 2by + ¢ =0.

Do M, N, P thudéc dudng trdon nén ta ¢6 hé phuong trinh véi ba dn s6 a, b, ¢
S5+2a+4b+c=0 (1Y)
29+ 10a+4b+c =0 (29
10+2a-6b+c=0, (3)



T (19 va (2 suyra24 + 8z =0,dodéo a=- 3. Tir (1" vad (3) suy ra
-5+ 10b=0,do dé b =0,5. Thay @ va b vira tim dugc vao (17) ta ¢

c==5+6-2=-1,

Vay phuong trinh dudng tron cén tim 13 x” + > —6x +y— 1 =0.

3. Phuong trinh tiép tuyén cua dudng tron

Bai toan 1. Viét phuong trinh tiép tuyén ciia dwong tron

&) : G+ 1)’ +G-2)°=5,

biét réng tiép tuyéh dé di qua diem M(\5 — 1 1).

Gidi. Duing trén (€) co tam H(=1: 2) v bdn kinh R = Jg
Pudmg thang A di qua M ¢6 phuong trinh
a(x — N5 + 1) + b(y = 1) = O (v6i a® + b = 0).
Khodng céch tir /(—1 ; 2) t6i dudng thing A 12
a(-1 -5+ )+ b2 -1 _ |54 + 9]
va® + b? va* + b*
DE A 1a tiép tuyén clia dudng trdn, diéu kien can va di 12 khodng cich
&I ; A) bang bén kinh cia dudng tron, tic 1a
‘—\Ba + b‘ _ 5

hay |-5a + bl = V5a% + 567

Tir dé b(2b + V5 a) = 0, suy ra b = 0 hoic 2b + J5a=0.
Néu b = 0, ta ¢é thé chon @ = 1 va duogc tiép tuyén

ddd s A) =

ﬁl cx—A5+1=0.
Néu 2b + +/5a =0, ta c6 thé chc_ma_=2,b=—-\/§ va dugc ti€p tuyén
Ay 1 2x — \E.y+2—\/§-:0.



DE viét phuong trinh ti€p tyén clha dudng tron, ta thudng ding diéu kién sau
Duong thdng tiép xiic voi duong tron khi va chi khi khodng cach tw tdm
ducomg tron dén duong thdng bdng bdn kinh ctia dwong tron.

Tuy nhién, d€ vi€t phuong trinh ti€p tuy&n clia duong tron tai diém M cho
trude thudc dudng tron, ta ¢d cach gidi don gian hon.

Bai toan 2. Cho duong tron

4y —2x+4y-20=0
va diém M{4 : 2).
a) Chimg 16 rdng diém M ndm wrén duomg tron da cho.
b) Viét phuong trinh tiép tuyén cia duomg tron tai diém M.

Gidi. (h. 76)

a) Thay toa do (4 ; 2) cua M vao vE€ trdi cua
phuong trinh dudng tron, ta duge

A2 P D A d B= =D,
Vay M ndm trén dudng tron.
b) Dudng trdn b tAm I = (1 ; =2). Ti€p tuyén cia
dudmg tron tai M 12 dudng thang di qua M va
nhan MI 1am vecto phép tuyén. Hinh 76

Vi Mi = (—3 ; —4) nén phuong trinh céa ti€p tuyén la
3(r-4)-4(y-2)=0
3x+4y-20=0,

{?‘}:xz+y2—3_x+y=0.

Vit phuang trinh tiép tuyén clia dudng tron (x — 2)* + (y + 3)% = 1, bigt ti€p tuyén
dé song song voi dudng thdng A : 3x —y+ 2 =0.



21-

21

23,

24.
25.

26,

Cau héi va bai tap

Cho phuong trinh
2
4y +px+(p-1)y=0. (1)

Héi trong cac ménh dé sau, ménh dé nio ding ?
a) (1) 12 phuong trinh clia mot dudng tron.
b) (1) 1a phuong trinh clia mot dudmg tron di qua g6c¢ toa d6.
¢) (1) 1a phuong trinh cia mot dudng tron co tdim J(p ; p — 1).

d) (1) 1a phuong trinh cla dudng tron c6 tam J[—% - p; 1] va ban kinh

R =—;-\/2p2 —2p+1.

Viét phuong trinh dudng tron (€) trong méi trudng hop sau
a) (€) c6 tam /(1 ; 3) va di qua didm A(3; 1) ;
) (€) c6 tam £(—2 ; 0) va ti€p xiic v6i dudng thing A: 2x+y—1=0.
Tim t4m va bén kinh clia dudmg tron cho ban mbi phuong trinh sau
a)x2+y2—2x—2y—2=0;
b)x2+y2—4x~6y+2=0;
Z. 2 2
2"+ 2y - Sx—4dy+1+m"=0.

Viét phuong trinh duong tron di qua ba diém M(1 ; =2), N(1;2), P(5;2).
a) Viét phuong trinh dudng tron tiép xic v6i hai truc toa do va di qua diém
2.1

b) Viét phuong trinh dudng tron di qua hai diém (1 ; 1), (1 ; 4) va ti€p xiic
v truc Ox.

Tim toa d6 c4c giao diém cha dudng thing
{x =1+ 2t
A
y=-2+t

va dudmg tron () : (x - 12 + (y - 2)* = 16.



27. Viét phuong trinh ti€p tuyén cla dudng tron x° + ¥~ = 4 trong méi trudng
hgp sau

a) Tiép tuyé&n song song v&i dudng thang 3x—y+17=0;
b) Tiép tuyén vudng goc véi dudmg thing x + 2y —5=0;
¢) Tiép tuyén di qua diém (2 ; -2).
28. Xét vi tri tuong d6i cha dudng thﬁng A va dudmg tran (€) sau day
A:3x+y+m=0,
(@) :x° +y —dx+2y+1=0.
29. Tim toa d6 cdc gtao diém cha hai dudmg trén sau day
(‘g):x2+y2+2x+2y- 1 =0,

(@ : x> +y2 —2x+2y -7=0.

§ PUONG ELIP

Puong elip 1a mét dudng quen thudc véi ching ta va thuong gip trong
thyc t€, ching han :

— Bong chia mot dudng tron in trén mat dit bing phing dudi 4nh sdng mit
tro1 thudng 12 mot dudmg elip (h. 77).

Hinh 77 Hinh 78



1. Binh nghia dudng elip

: ﬁ: (V& duing elip)
Em hay dong 1én mat mat bang g6 hai chi€c dinh tai

. gb. Khi 6 dau but chi sé vach ra mét dudng ma ta goi

e |

— Ta d8 mot {t nuéec mau vao mot cde thuy
tinh hinh tru. Néu dat dimg c6c nuée trén mat
ban nim ngang thi mat thodng cua nudc trong
¢6¢ 1a mot hinh tron, gidi han bdi mot dudng
tron. Néu ta nghiéng cdc nude di thi mit
thodng cla nudc duge giGi han bdi mét dudng
elip (h. 78).

[ sl tanh e

— Qu¥ dao cua Trdi P4t khi quay quanh Mit Hink 79

Trai la mot duong elip. Cac nha thién van hoc

da phat hién ra riing, trong hé Mat Tr&i, mdi hanh tinh déu chuyén dong
theo mét quy daoc la dudng elip (h. 79).-

hai diém F, va F, (h. 80).

L&y mét vong déy kin khéng dan héi, ¢ d6 dai ¥dn hon
hai 1&n khoang cach FF,. Quang sg¢i day vao hai
chiéc dinh, dat dau bat chi vao trong vong day rdi cang
ra dé vang day trd thanh mat tam giac. Hay di chuyén
dau bat chi sao cho day iudn luén cang va ap sat méat

Hinh 80

la dugng elip.

Trong cdach vé duomg elip @ trén, goi w 1ri ddu bit chi la M. Khi M thay

dot, c6 nhan xét gi vé chu vi tam gide MF (F,, va vé tong MF| + MF5?

DINH NGHIA
Cho hai diém c6 dinh F| vd F4, vdi F (Fy = 2c (¢ > 0).
Duong elip (con goi la elip} la tdp hop cdc diém M sao cho
MF+ MF, =2a, trong d6 a la 56 cho trudc lon hon c.
Hai diém F{va F, goi 1d cdc tiéu diém cia elip. Khodng cdch

2¢ duwoc goi la tiéu cu cua elip.



2. Phuong trinh chinh tic cua elip

Cho elip (E) nhu trong dinh nghia: trén, Ta chon hé e
truc toa do Oxy ¢6 g6c Ja trung diém cla doan thang /‘ 7\
FF,. Truc Oy 12 dudng trung tryc cha F(F,y va F, Pl -

nim trén tia Ox (h. 81). A ﬂj '

¥

Vi cdch chon hé truc tog d¢ nhu vdy, hdy cho

o oG pa Hink 81
biét tog df cia hai tiéu diém Fva F,.

7% Gid sir diém M(x : y) nim trén elip (). Hay tinh MF? — MF} t6i sif dung dinh

nghia MF, + MF, = 2a d8tinh MF — MF,. Tu dd suy ra
MF =a+< va MF, =a-=
il i
Cic doan thing MF |, MF, dugc goi 12 bdn kinh qua fiéu cha di€m M.

Bay gi¥ ta lap phuong trinh coa elip (£) ddi véi hé truc toa do da chon
nhu trén.

Ta co

2
MF =a+%=\/(x+c)2+y2 hay [a+%} =(.1'+C)2+}’2

2

Rit gon ding thic irén ta duge [l—c—z]x2+y2 = a°® ~c* hay
a

x? y* 2 2 2 2,2
i =1.Via"—c">0néntacéthédata” - c“=p" (vsi b>0)
2 el

va duoc

I2+}'2
2

2y =1 (a>bz>0). (1)

Ngucc lai, ¢6 thé ching minh duge ring : Néu diém M c6 toa do (x ; ¥)

. _ . X C. e
thod maa (1) thi MF =a+—, MF, =a "= , do 46 MF,+ MF, = 2a, tic
a

a
1a. M thudc elip (E).
Phuong trinh (1) goi la phuong trink chinh tdc cba elip da cho.



Vi du 1. Cho ba diém F (—5 ;0), Fo(¥/5 ; 0) va I(0 ; 3).
a) Hdy viét phuong trinh chinh tdc ciia elip c6 tiéu diém la Fi, Fyvadiqual.

b) Khi M chay trén elip dd, khodng cdch MF | c6 gid iri nhd nhdt va gid tri
ion nhdt bdng bad nhiéu ?

Gidi
- . x% }r2 .

a) Elip c6 phuong trinh chinh tac R EER 1. Biém /(0 ; 3) nam trén elip

: a b .

) 0 3% 2 B s S
dichonén —+—=1,suyrad” =9, ‘Theo gia thiét, tiéu cu cuoa elip d6

| a b ~
la2c=F\Fy=245.Vayc=5.Dod6a’ =b* +c*=9+5=14.
: ) .?.:2 }’2

Vay elip cén tim ¢6 phuong trinh chinh tac la oy + T 1

b) Theo cong thic v€ d6 dai ban kinh qua tiéu, ta ¢cé6 MF| = a + E—{. Vi
. : (4

~a <x<anen G_EEMFIEH'i'E hay a —c £ MFy £ a+c. Do d6
a a

MF) c6 gid tri nhd nhat 12 a — ¢ = V14 — /5 khi x = — a va c6 gid tri 16n
nhitlaag + ¢ = '\/E-E-‘\fg khix=a.

Vi du 2, Viét phmg trinh chinh tdc ciia elip di qua hai diém M ; 1) va
N(l; ?J . Xdc dinh toa d9 cdc tiéu diém cia elip dé.

2 2

Gidi. Phuong trinh chinh tic ciia elip ¢6 dang 22 =1véia>b>0.

QZ b'Z
J3

Elip di qua M(0 ; 1) nén —IE =1 hay p? = 1. Elip d6 di qua N[l : -a—n-]
| b

ﬁén 4 + 3 =1, suy ra a’ =4, Vay elip cdn tim ¢é phuong trinh chinh
at  Ab® -
thc 12
2

2
. 4 1



2 = g% —p? =4 -1 = 3. Vay toa d6 cic tiéu diém cha elip d6 12

F=(=3:0)va B, = (3;0).

Tacd ¢

3. Hinh dang cua elip

23

7

a) Tinh déi xitng cua elip

Cho elip c6 phuong trinkh (1) va mot diém M(xy ; yp) nam trén elip. Hoi
cdc diém sau ddy cé ndm trén elip khong ?

Ml(—x[, 3 }"ﬂ), MQ(X{} s “y{)), M:}(_-xl‘.] " _}'ﬂ)'

Tiu d6 suy ra

Elip c6 phuomg trinh (1) nhdn cdc truc toa d¢ lam cdc truc

déi xitng va goc toa d6 lam tém doi xing.
b) Hinh chir nhat co sé
Elip véi phuong trinh chinh tic (1), cét truc Ox tai hai di€m A; va A, cit
truc Oy tai hai diém B, va B,. Bon diém dé goi 1a cdc dink cha f:l'ipT Truc
Ox duge goi 1a frue lom, truc Oy duge goi 13 truc bé (hay truc nhé). Ngudi
ta ciing goi doan A;A, la truc 1én, i

doan BB, 13 tryc bé. Do dai truc
16n 1a 2a, d6 dai truc bé 1a 2b. p

| =L, 0
V& qua A; vd A, hai dudng théng ; :
Aq Az

song song vai truc tung, v& qua B

-a o
vhd B, hai dudng thang song song \J
véi truc hoanh. Bon dudng thang

d6 tac thanh hinh chir nhat PORS. 3 By|-b R
Ta goi hinh chit nhat 6 12 hink \
chit nhdt co 56 cua elip (h. 82). Hink 82

Néu xét diém M(x ; y) ndm trén elip cé phuong trinh chinh tde (1) thi gid
tri nhé nhdt va lom nhdt cua x la bao nhiéu ? Gid tri nho nhdt va lon nhdt
cua y la hao nhiéu ?
Tir d6 suy i
Moi diém ciia elip néu khong phdi 1 dinh déu ném trong hinh chit
nhdt co s¢ ciia né. Bén dinh cua elip 1a trung diém cdc canh ciia
hinh chit nhdt co 50,



¢) Tam sai caa elip
Ti so giita tiéu cy va d¢ dai truc 16n cua elip goi 1a tdm sai
. 1 -\ rd LR n Fl 5 C
cua elip va duwoc ki hiéu la e, ticc lg e = —.

a
.
- (7 3,
Rorangla0<e < 1.H«::frlnﬁ:at,tzinEz—ﬂ—f=«J1—¢ﬂ:2 nén
' a a :

— Néu tam sai ¢ cang bé (tdc 1a cang gin 0)

1
e=— i
thi » cang gin @ va hinh chi nhat co sO 4 2
_cang gdn véi hinh vuong, do d6 dudng elip = e=3
cang "béo" ; | } S
, . . F Fy
— Neéu tam sai ¢ cang 16n (ntc 14 cang gin 1) thi
P :
ti-s6 — cang gln téi 0 va hinh chit nhit co s&
@ Hinh 83

cang "det", do d6 dudng elip cang "gay" (h. 83).

Vi du 3. Mot duong him xuyén qua nii c6 chiéu réng la 20 m, mdt cat
ditng cua duong hdm cé dang nita elip nhut hinh 84. Biét rang 1dm sai cua
dﬁ%ﬁng elip la e =~ 0,5. Hdy tim chiéu cao cia duong hdm dé.

Gidi, Goi chiéu cao clia dudng hidm la b. ¥
Ntra truc 16n cia elip 12 @ = 10 m. Elip ¢6 .
nitatitucy lic=a.e~5(m). 28 28

Chiéu cao ciia hAm Ia

b=va® - c* ~ 10025 ~ 8,7 (m). _ 0

Hinh 84

d) Elip va phép co duong tron

 Bai toan. Trong mdr phdng toa d6, cho duong tron (€) cé phuong irinh
X+ y2 = a? va mot 56k (0 < k < 1). Vi mbi didm M(x ; y) trén (6), ldy
diém M'(x"; y) sao cﬁa x'=xvay =ky. Timtdp hop cdc diém M’.

Gidi. Tux'=x,y'=kysuyrax=x",y = ’% Diém M thuoc dudng tron (€)

khi va chi khi x> + y* = @, tic 12



s 2 2 y$
x*2+y—2=a2@12+ 2 7= b (%) M(x; y)

“ 7= U (E) x;2)
Pit b = ka, ta duge tap hgp cic diém M’ 12 2h
elip (E) c6 phuong trinh chinh téc ' 0 >

X% y?

Sx at
2 b2

Ngudi ta néi : Phép co v€ truc hoanh theohe o0 o5 Phép co vé& tnic

s§ k bién dudng tron () thanh elip (£). b e e § = Vg
: * 2

dudmg tron (¥) thanh elip (£).

Nha thién v&n hoc ngum Birc Ke-ple (J. Kepler) da chiing minh rang M&i hanh

tinh trong hé Mat Trdl déu chuyén déng theo quy dac 1a mdt dudng elip ma tam
Mzt Trai la mnt tiéu dlen]

i Tam sai cia céc quy dao cla B hanh tinh d3 queﬁ thudc
trong hé Mat Trdi nhu sau :

Sao Kim: e=0,0068 TraiDat: e = 00,0167
Sao Méc: e =0,0484 Sao Hai Vucng: e =0,0082
Sao Thuy : e ~0,2056 Sao Thién Vuong : e = 0,0460
Sao Thd: € =0,0543

Sao Hod : e ~0,0934.

Johannes Kepler Trong cac hanh tinh trén thi Sao Kim, Tréi D4t va Sao
(1571 - 1630) Hai Vuong ¢d quy dao gén giéng dudng tron hon,
Ngoai ra, ching ta cling biét r§ng Mat Tréing quay quanh Trai D4t theo quy dao
la mot dudng elip ma tam Trai DAt 1a mot tidu diém. TAm sai cla qu§ dao nay 13
e ~ 0,0549.

Céu héi va bai téap

2
}‘2

30. Cho elip (E) cé phuong trinh chinh ti¢c — + =— = 1. Hai trong cdc ménh

az b2
dé san, ménh dé nao diéng ?



3L

32.

O (E) c6 mot tiew diém 1 F(\3 ; 0) va di qua diém M[l- ;

33,

M,

3s.

a) Tiéu cy caa (E) la 2¢, trong d6 2 =% -l

b) (E) c6 do dai truc 16n bang 24, d6 dai truc bé bing 2b.

c) (E) cb tam sai e = — <.
(#

d) Toa d¢ cdc tieu diém cha (E}1a F = (—c;0), £ =(c;0).
e) Di€m (b ; 0) 1a mot dinh cia (E).

Tim toa d¢ cdc tieu di€m, cdc dinh, do dai truc 16n, do dai truc bé clia mbi
elip 6 phuong trinh sau
2 2 2 2 ' |
W o= 1 & By =k o 1 5 c) x2 + 4y% = 4,
25 4 9 4

Viét phuong trinh chinh tac clia dudng elip (E) trong méi trudng hop sau

' é) (E) ¢6 d0 dai truc 16n bing 8 va tAm sai e = ? :

b) (E) ¢6 d¢ dai truc bé bang 8 va tiéu cu bing 4 ;
' ]
=

2 2
Choelip(E):%+y—=l. | "

1
a) Tinh d6 dai day cung cia (E) di qua moét tieu diém va vuﬁng gbc vdi truc

‘tiéu (doan thing néi hai di€m cha elip goi 1a ddy cung cua elip, truc chua

céc tiéu di€m goi la truc tiéu cla elip).

b) Tim trén (E) diém M sao cho MF| = 2MF,, trong 46 F, F, ldn lugt la
cic titu diém cia (E) ndm bén trdi va bén phai truc tung.

V¢ tinh nhén tac dAu tién duge Lién X6 (cii) phong tit Trdi Dt nam 1957.
Quy dao clia vé tinh d6 la mot dudng elip nhén tdm coa Trdi DAt 12 mot
titu diém. Ngudi ta do duoc vé tinh cdch bé mat Trdi D4t gdn nhit 1a
383 dam va xa nhat la 1342 ddm (1 dam = 1,609 km). Tim tam sai cua qu¥
dao d6 biét ban kinh cla Trdi P4t x&p xi 4000 dam.

Trong mat phéng toa d6 Oxy, cho diém A chay trén truc Ox, diém B chay
trén truc Oy nhung d¢ dai doan AB bing a khong ddi. Tim tap hgp céc
di€ém M thudc doan A8 sao cho MB = 2MA.



PUUONG HYPEBOL

Pudng hypebol ciing 12 mét dudng quen thude doi véi ching ta, ching han

— D6 thi cia ham s6 y = 1 12 mot dudmg hypebol (h. 86a) ;
: X

—-Quan st ving sdng hit 1én bic tudng tir mot dén ban ; ving sang nay
¢6 hai mang, méi mang duoc giéi han bdi moét phin cua mdt dudng
hypepel (h. 86b).

T
0 X
a) b)
-Hinh 86
1. Pinh nghia duédng hypepol
..
DINH NGHIA
Cho hai diém c6 dinh F|, F, c6 M
kh@ffﬂg CdCh'Fle =2c{c> 0) ﬂmi'ng
hypebol (con goi 1o hypebal) I 1ap hop &2
cdc digm M sao cho |MF| — MF;| = 2a, by
trong doé a la s& duong cho trudc nhé
hon ¢ (h. 87).
Hinh 87

Hai diém F,, F, goi la cdc tiéu diém
ciia hypebol. Khodng cach F{F,=2c goi la iéu cut cua hypebol.



Cé th& v& hypebol nhu sau (h. 88) : LAy mdt thude thing c6 mép AB va mot sgi day
khong dan hdi co chiéu dai I nhd hon chidu dai AB cha thudc va I > AB - F(F,. Béng
hai chiéc dinh 18n m3t mét bang gd tai F, F,. Binh mét ddu day vao diém A va dau
day kia vao F,. Dat thudc sao cho diém B triing vai £ va [y déu but chi li sat soi
day vao thudc th&ng sao cho sgi day ludn bi caing réi cho thude quay quanh Fi, mép

thudc ludn ap sat mat gé. Khi d6, dau bit chi € sé vach nén mdt dudng cong. Ta s&
chiing t& dudng ¢ong d6 14 mdt phan cla dubng hypebol. That vay, ta ¢o

CF| —CF, =(CF +CA) - (CF, + CA) = AB —1 khéng ddi.

Hinh 88

2, Phuong trinh chinh tic cua hypebol

Cho hypebol (H) nhu trong dinh nghia trén.
Ta chon hé truc toa d¢ Oxy c6 gbc la trung
diém clia doan thing F|F,, truc Oy la dudng
trung truc cta F F, va F, nam trén tia Ox.
Khi dé F| = (—c; 0), Fp ={c; 0) (h. 89).

: Hink 89

ﬁeié sit Giém M(x ; ) n&m trén hypebol (). Hay tinh bidu thic MF? — MF} va sit
dung gid thiét [MF, - MF,| = 2a dé suyra

Cx

b= .
d

cx
a—+—

MF, =
a

‘v‘i’-l MFE =

Cic doan thing MF|. MF, ducc goi |2 bén kink qua tiéu cia diém M.



Bay gi®f ta s& 1ap phuong trinh ciia hypebol (H) d6i v6i h¢ toa do di chon.
Ta cd

cx
M’Fl=\/(Jc+f.*)2'+j.fz=a+E hay (x+c)2+y2:[a+—]
a | a
'5'2 2 2 2 2
Rit gon diang thic trén ta duge 1——2 x*+y° =a* —c¢° hay
i1
_1:2 yz . 2 2 * . 2
= =1.Chiyringa —¢ " <Onéntacbthédita —¢c =-5
2 2 2
a® a°-c¢
2 .2 D s %
hay 6" =c¢” —a" (v6i b > 0), va ta duge
2 2
-x2 ~2- =1 (@>0,b>0). (1)
a b

Nguoc lai, ¢é thé chimg minh duge ring ; Néu diém M cé toa do (x ; y) thoa

cx
a—a—_..
i

man (1) thi MF, = , MFy = va do d6 [MF, ~ MF,| = 2a, tic

cx
a+—
{

1a M thudc hypebol (H).
Phuong trinh (1) dugc goi 1a phuong trink chinh tdc cha hypebol.

3. Hinh dang ca hypebol

A

2

Tu phuong trinh chinh tac (1) cla hypebol, hay giéi thich vi sac nd ¢6 cac tinh
chét sau

a) Géc toa dé O |a t&m ddi xing cla hypebol. Ox, Oy 1a hai truc d8i xiing cla hypebat.
b) Hypebol cét truc Ox tai hai diém va khéng cit truc Oy.

Ngoai ra, d6i vdi hypebol ¢é phuong trinh chinh tic (1), ta cdn cé céc
kbai ni¢m sau day

« Truc Ox (chita hai tiéu diém) goi 1a truc fhue, truc Oy goi 1a truc do cla
hypebol. Hai giao diém ctia hypebol véi truc Ox goi 12 kai dink cia hypebol.
Ngudi ta ciing goi doan thang ndi hai dinh cla hypebol 1a truc thyc. Khodng
cach 2g giita hai dinh goi 12 46 dai truc thuce, 2b goi 14 dé dai truc do.



. Hypebol gom hai phﬁn nam hai bén truc 40, méi phin goi 1 mot nhdnh
cta hypebol.

* Ta cling goi, gidng nhu véi elip, t s6 gifia tieu i:g' va d¢ dai truc thue la

t4m sai clia hypebol, ki hiéu 12 e, tic 13 < = ¢. Chd ¢ ring ta lubn c6 ¢ > 1.
o

Vi du. Cho hypebol (H) :

2 ¥,
9 4 .
Xdc dinh tog do cdc dinh, cdc tiéu diém va tinh 1dm sai, dé dai truc thuc,

do dai truc do cua (H).

Gigi. Hypebﬂl'(H)céazzﬁi b2—4néna;3 b =2, Cz_a2+bz 13,
g=nf13 . Vay hypebol (H) c6 céc titu diém F| = (- \/_3 v ), Fy = (\/* s Q)

céc dinh A;=(3;0,4,=03;0); tam sai e = ? ; 46 dai truc thue

2a=6;d6 dai truc 40 2b =4,

* Hinh chif nhat tao bdi cdc dudng thing x = + g,
y== b goi 1a hinh chit nhédt co s¢ cia hypebol
¢6 phuong trinh (1) (h. 90). Hai dudng théng
chita hai dudmg chéo ctia hinh chit nhat co s goi
12 hai dudmg tiém cdn cia hypebol. Phuong trinh
hai dutg tiém cén dé 13

::arc:r-

y==

R

2 .
Cheo hypebol (H) : —“{—;- - yT = 1. Ldy diém M(xy; yp) trén (H) vdi xy > 0, yo > 0.

4
\/_(Xﬂ + Zyﬂ)

Ching té réng khoéng cach tir M dén dudng tiém can y = = bang
- Nhén xét gi vé khoang cach 86 khi x, téing dan ?

Nhu vay, khi diém M trén hypebol cang xa g6c toa do thi khoang cdch tir
diém dé dén mot trong hai dudmg tiém can cang nho di, diéu d6 ciing c6
nghia 12 di€ém M ngay cing gdn st dudng tiém cén dé (di€u nay gidi thich
¥ nghia cta tir "tiém can").



Em co biét ¢

Hai dudng tron khéng ddng tam (O ; R) va (0" ; R) c6 didm chung M thi hign nhién
|MO — M| = |R - R, nén khi gitt O, 0’ c8 dinh va cho R, R’ thay ddi sao cho
|& — Rl = 2¢ khdng d8i (2 > 0) thi cac giao didm M cung ndm trén mdt hypebol vdi
tieu diém 1a 0 va 0", o

Hinh 91 minh hoa nhiing hypebol nhu thé v&i cac gia tri khac nhau clia a.

AR RS d
R DIDERIIEOS SRR
‘ ﬁrﬁ-&hﬁ‘hmﬁ'ffm*\i -“
PR Y Y Y Y AR
oy

'
LI L
WAL T

AN VIR
WA

Cau hdi va bai tép

| 5 ose B
36. Cho hypebol (H) c6 phuong trinh chinh tic x—2 - y_z = 1. Hoi trong céc
‘ a b
ménh d¢ sau, ménh dé nao diing ?
a) Tiéu cu cua (H) la 2¢, trong d6 r:2 = az + b

b) (H) cé d6 dai truc thue béng 2a, do dai truc 4o bing 2b.

¢} Phuong trinh hai dudng tiém cncia (H)la y = +—-x.

d) Tam sai cha (H) 1a e = < > 1.
: a



37,

38.

39.

Tim toa d6 cdc tiéu diém, cdc dinh ; d6 dai truc thyuc, truc 4o vd phuong
trinh cdc dudng tiém can cla mdi hypebol cé phupng trinh san
2 2 “ g R
X X . - b 2 2
a) ——=—=14 b) ———=1; T =0y" =9,
R 9 16 6w =5y

Cho dudng tron (€) tam F|, ban kinh R va mot di€m F, & ngoai (6).

Chitng minh ring tap hgp tam cdc dudng trdn di qua F, ti€p xtc véi (6) 12
mot duéng hypebol. Viét phuong trinh chinh tic clia hypebel d6.

Viét phuong trinh chinh tic clia hypebel () trong mdi truong hgp sau

a) (H) cé mot tidu diém 1a (5 : 0) va d6 dai truc thuc bang 8 ;

b) () ¢6 tieu cu bang 23, mét dudng tiém can 1a y = i;}.x :

" ¢) () cb tam sai e = +/5 va di qua diém (10 6).

40.

41.

Chitng minh ring tich cic khoang céch tir mot diém bat ki thude hypebol
dén hai dudng tiém cin cha nd 12 mot s6 khong déi.

Trong mat phing toa do cho hai diém F(—/2;-+/2) va Fz(\E; J2).
3 . I - it - . - . i ) l
Chming minh rdng v6i méi diem M(x ; y) ndm trén d6 thi ham s6 y = —, 1a

X
déu ¢cé

2 2
MF]2=[.1:+-1—+\6) : MF';:[X-I--—I——\/EJ.
| L

X
Tir d6 suy ra |MF, — MF| = 2V2.

DUGNG PARABOL

Trong thue t€ ta ciing thudng gap dudng parabol, chang han :
_ D6 thi clia ham s6 y = ax” + bx + ¢ (v6i a # 0) 1a mot dudng parabol ;
~ Cic tia nudc phun ra tit vdi phun nudc (thudng gép ¢ cdc vudn hoa hay

“khi tudi cay) la nhimg duong parabol ;

— Dudmg di cta vién dan dai bac 12 mot dudng parabol.



1. Pinh nghia dudng parabo!

Cho mgirf diéem F c¢ dinh va mor duong
thdng A cé dinh khong di qua F Tdp hop
cdc dim M cdach déu F va A duoc goi ld
dwong parabol (hay parabol) (h. 92).

Diém F duge goi la fiéu diém ciia parabol.

Puomg thdng A duoc goi ld duimg chudn
ciia parabol. Hink 92

Khodng cdch tw F dén A dugc goi ld tham $6 tiéu cia parabol.

Ta co thé vé parabol vdi tiéu diém F
va dudng chudn A nhy sau (h. 93) :
Lay mdt &ke ABC (vudng & A) va mdt
doan day khong dan hdi, ¢ d§ dai
bing AB. Binh mot ddu day vao diém
F, d4u kia vao dinh B cla éke. Dt
&ke sao cho canh AC ndm trén A, 13y
dau bit chi ép sat sgi diy vao canh
AB va gilr c&ng sdi day rdi cho canh
AC cla éke truct trén A. Khi db dau

c/ % i A A

5 mr.“iﬂi QPR R TR AR R AR AR NARA AT P ARNE TR, e

M cda but chi s& vach nén mét phan Hinh 93
cha parabol {vi ta ludn cé MF = MA).
2. Phuong trinh chinh tic cua parabol

Cho parabol véi tiéu diém F va dudng chudn A. Y4

Ké FP vudng géc v6i A (P € A). Dat FP = p (tham (oo

sG tieu). Ta chon hé truc toa &0 Oxy sao cho O Ix '

trung diém clia FP va di€ém F ndm trén tia Ox (h. 94). -
PONF 500 7

Nhu vy ta cO F = [%iUJ 5 P [—%;0] va phuong A

trinh cia dudng thing A B x + % = 0. Diém M(x ; y) o

nam trén parabol da cho khi va chi khi khodng céch MF bing khodng cich
tlr M tai A, tic 12



X+ =

o8 o <P

Binh phuong haj v&€ ctia ding thic dé réi nit gon , ta dugc

P"

[ ¥ =2px (p > 0). ] (N

Phuong trinh (1) goi 1a phuong frink chinh tdc cla parabol.

Ti phuong trinh chinh tdc clia parabol, hdy ching td nhiing tinh chit sau day
# & cla parabol |

a) Parabol ndm vé bén phai cla truc tung.

b Ox 1A truc déi xung cha parabol,

c) Parabol cdt truc Ox tai diém O va @86 cing la diém duy nhat cia Oy thudc

parabol. G6¢ toa 46 O dudc goi la dinh cha parabol.

Vi du, Viét phuong trinh chinh tdc cia parabol di qua diém M(2 ; 5).
Gidi. Phuong trinh chinh tic cla parabol ¢6 dang yz = 2px. Thay toa d6 cla
M vao phuong trinh ta dugc 25 = 2.p.2, suy ra p =%. Tir d6 ta duoc

phuong trinh chinh tic cha parabol di cho 1a y2 = %x.

& CHU Y
() mon Dai s6, ching ta da goi d6 thi chia him s6 bac hai
y= ax’ +bx+c

1a mot duong parabol.
W ¥
S& di ta goi nhu thé vi d6 thi d6 ciing thoa man %
dinh nghia cia dudng parabol ma ta vira trinh
bay & trén,
; C ; 2 , y = ax?
Chéng han, d6 thj ham s6 y =ax (@ # 0) 1a M =
; 1 ; :
parabol c6 tiéu diém F (0; —] va duong = O T
4a H A
1

chudn d ¢6 phuong trinh y + — =0 (h. 93).
44 Hinh 95



42.

43.

44.

485.

46.

Céu héi va bdi tép
Trong ¢4c ménh dé sau, ménh dé ndo ding?
a) y* = —2x 12 phuong trinh chinh tic ciia parabol.
b)y= £ 1a phuong trinh chinh tic cla parabol.

¢) Parabol (P) : y> = 2x ¢6 tiéu diém F(0,5 ; 0) va c6 dudng chusn
A:x+0,5=0.

d) Parabol y> = 2px (p > 0) c6 tiéu diém F(p ; 0) va c¢6 dudng chudn
A:x+p=0.

Viét phitong trinh chinh tic ciia parabol (P) trong méi trudng hop sau

a) (P) co tidu diém F(3; 0) ;

b) (P) di qua diém M(1 ; ~1) ;

¢) (P) ¢6 tham s6 tieu I3 p :% .

Cho parabol y° = 2px. Tim do dai day cung cia parabol vuong géc véi tryc
d6i ximg tai tiéu diém cia parabol (day cung cha parabol 13 doan thang néi
hai diém ca parabol).

Cho day cung AB di qua tiéu diém cha parabol (P). Chimg minh rang
khoang cdch tir trung di€ém 7 cla diay AB dén dudng chudn cha (P) bing

%AB. Tir 46 c6 nhan xét gi vé dudmg trdn dudng kinh AB ?

Trong mat phing toa do Oxy cho diém F(1 ; —2). Tim h& thic giita x, y ¢
diém M(x ; y) cdch déu diém F va truc hoinh.

BA PUGONG CONIC

Khong phai chi parabol méi ¢é duémg chudn, dudi diy ching ta sé thiy ring
elip va hypebol ciing cé dudng chuin. Tuong tv dinh nghia cha parabol, ta
ciing c¢6 thé dinh nghia elip va hypebol dua vio dudmg chudn va tiéu diém
cla ching.



{. Dudng chuin cda elip

2 2
{]meljpcéphucmgtrmhchinhliex—z+y—2=l(a::-b::-ﬁ).Khidédubng.
a b

m§ng£1:x+3=0gqi 12 duimg chudn r4
[
ua elip, ing v6i titu diém F(( 0) 2 f7M
cu 11, Y1 11€U a1em I—C; 2
/"‘}/ " \

mi%
"y

Pudng thing 52:I—E=qui A -5 Qy
e
A

dwomg chudn cia elip, img véi titu diém

1 Aj
F»(c ; 0) (h. 96).
Hinh 96
Tinh chat
V&i moi diém M cida elip, ta ludn cé
ke = Mg =e¢ (e<]).
aM; A&y  d(M; Ay)
Chimg minh
V&i M(x ; y) thuoe elip, ta cé
| a+ex
MF,=a+<x=a+ex v‘ad(M;aljz_HE:l | _axer
a e € €
Su}r ra M+Fi s
d(M; Ay)
MF,
Chitng minh tuong tu ta ciing ¢¢ ———=¢
Y

2. Buang chuan cua hypebol
~ > M
Ta ciing dinh nghia dwdong chudn cia hypebol
tuong ty nhu di v6i elip (h. 97). Cho hypebol

5 2 Fy o i X
(H) ¢ phuong trinh _{2__}’_2 = 1. Cic duong \
a b

I
&8
Mg

: a . a .
thangﬁl:x+;‘=0vaﬁz:x—;=[}gmla —



47.

48,

cdc duomg chudn cla (H) 14n lugr dng vdi cde tien diém F (- ¢ ;.0) va
Fz((? . 0)
Ta ciing dé dang ching minh duge tinh ¢hét sau

Véi moi diém M ndm trén (H), ta luén cé
MF, MF,

= =¢ (e>1).
dM; A d(M; Ay)

Tir nhitng két qua trén, ta nh4n thdy ring ba dudng elip, hypebol, parabol
déu c6 thé duoc dinh nghia dua trén tiéu diém va dudng chudn. Ba dudmg
d6 co6 tén chung 1a dudng conic.

Dinh nghia dudng conic
Cho diém F ¢6 dinh va duong thdng A ¢d dinh khong di qua F.

Tap hop cdc diém M sao cho t sé MR bdng mot sé
d(M; A)

duong e cho trudc duge goi 1 duong cénic.
Diém F goi la tieu diém, A goi ld dudng chudn vi e goi ld
tdm sai cua dudng cdnic. ‘

Tir dinh nghia trén, k&t hgp véi tinh chdt cua elip, parabol, hypebol, ta ¢6

Eﬁp la dudng conic ¢ tdm saie < 1 ;
Parabol lg duimg cénic cé tdm saie =1,
Hypebol la duong conic c6 tdm sai e > 1.

Cé&u hoi va bdi tap
Xdc dinh tiéu diém va dudng chudn cba cic dudng cénic sau

12 2 xZ 2

2 y y
a = 14x; b) —+—=1:; c) ———=1.
& : 10 7 ) 14 1
Cho dudmg thdng A . x +y — 1 = 0 va diém F(1 ; 1). Viét phuong trinh cla
dudng conic nhdn F 12 tiéu diém va A 12 dudng chudn trong méi trutng hgp
sau day

a) Tamsate=1 ; b)Tamsaie=\5; c)Tamsaj.e:_\;.:.
2



ON TAP CHUONG III

I = Tém tat nhitng kién thitc cdn nhad

1. Cic dinh nghia
a) 7 1a mot vecto phdp tuyén cha dudng thing A néu 7 # 0 va gid cha A
vudng goc vai A,
i 12 vecto chi phuong cla dudng thing A néu % = 0 va gid cba i song
song hodc trung vaéi A.
b) Elip : Top céc diém M thoa man MF + MF, =2a (F,F,=2c,0<c<a).
Hypebol : Tap cac di€m M thoa min IMF— MF,| = 2a (FF, = 2¢,¢ > a > Q).
Parabol : Tap céc diém M thod man MF = d(M ; A) (d(F ; A)=p > 0).

'‘Puong conic : Tap cac didm M thoi min _ME =e>0
d(M; A)

Néu ¢ < 1 thi dudng conic 12 elip.

Néu e = 1 thi dudmng coénic 12 parabol.
Né&u ¢ > | thi dudng conic 1a hypebol.

2. Phuong trinh cdc dudong
’ a) Phuong trink duomg thdng
—Dang tdng quét
ax+by+c=0 (ag + b 2 0), A(a ; b) 1a mot vecto phdp tuyén,

— Dang tham s8

{x TR 2?0,
y=yp +bt

- Dang chinh téc

X7 _ YN0 (g20,b%0)
a b

O dang.tham s6 va dang chinh tic, dudng thing di qua diém (x5 ; yp) va
¢6 vectd chi phuong i = (g ; b).



b) Phuong trinh duong tron
— Pudng tron tAm /(xy ; ¥g), bdn kinh R c¢6 phuong trinh
(x=x0)’ + @ —yp)' =R°
~ Phuong trinh x° + y° + 2ax-+ 2by + ¢ = 0, v6i @” + b” ~ ¢ > 0, 12 phuong
eriith Siiong tonree A I e — by vh Bin kinhR= Yot « B =

c) Phuong trinh chinh tdc.ciia ba duomg cénic va cdc yéu & lién quan

2
— Elip : 2’-2— =1(@>b>0),c =a" - b°. Cic tiéu diém F(-c;0),
a b
Fy(c ; 0) ; truc 16n 24, truc bé 25 ; tam sai e = — < 1, dudng chudn x = +<.
i £
2 2
— Hypebol :-%——%=1 (@ >0, b>0), ¢ = a* + b* Cic titn diém
a b

Fi(~c;0), Fy(c;0) ; truc thae 2a, truc 4o 2b ; tAm sai e'= — > 1, dudng
i

a b
chudn x =+—, tiémcan y = +—x.
€ a

— Parabol : y = 2px {p > 0). Tiéu diém F [‘; OJ, tAm sai ¢ = 1, dutmg

- chudn x = -£.
5

3. Khoang céch va géc
a) Khodng c4ch tir diém M(x; ; yg) dén dudng thing A ;ax+ by +c =012

+ +
aor; by = ot B0+
a’ + b*
b) Pudmg thang A : ax + by + ¢ = 0 ti€p xic vdi dudng tron (7 ; R) khi va
chi khi
dil ; A)=R.

c) Géc gifia hai dudng thang
Atapx+by+e =0,
ﬂz H ﬂ2x+b2}’+£'2 =0



duge xdc dinh béi
fus + bibo)

Vo +8f 8}

cos(dy, Ay) =

Il - Cau héi ty kiém tra

1.

Cho biét toa d§ ctia hai diém A va B. LAm thé ndo 46

a) Viét phuong trinh dudng thing di qua A, B ?

b) Vi€t phuong trinh duéng thang di qua diém C(xg ; yp) va vuOng géc
vii AB 7 ’

¢) Viét phuong trinh tiép tuyén ciia dudmg tron (x — xp)° + (¥ - yo)? = R2,
biét ti€p tuyen d_ﬁ song song vdi AR ?

Cho biél toa d6 ba dinh cia mo6t tam gidc. Lam the ndo dé

a) Tim toa d& tAm va tinh ban kfnh cua dudng trdn ngoali ti&p tam gidc ?

b) Tim toa d6¢ truc tam tam giac ?

¢) Tim toa d9 tam dudng trdn noi tiép tarh gidc ?

Hay chi ra mot ;'ei:tcr f}hép tuyén va mét vecto chi phuong clia dudng thing
A néu A ¢6 phuong trinh nhu sau

aAax+by+c=0 (a2+b2¢0);
woxped g |
b){x foT 4 (@? + b2 2 0) ;
y=yo+bt -
x—a y-—b
c) | (m=0, n=0).
m n

Lam th€ nao dé ching minh hai dudng thing vubng géc véi nhau hodc
song song vdi nhau, néu biét phuong trinh cua ching ?

'C6 thé viét phuong trinh cha mét dudng tron khi biét nhiing dléu kién nao
(néu mét s8 trudng hop ghudng gip)™?

C6 thé viet phuong trinh chinh tic cha elip, hypebol, parabol khi biét
nhitng diéu kién n2o (néu mot s6 trudng hop thudng gap) 7



7

Cho phuong trinh
ax? + by =1. (1)

a) Vi diéu kién nao cia @ va b thi (1) 13 phuong trinh cia mét dudng trdn ?

b) Vi didu kién ndo clia ¢ v b thi (1) 1a phuong trinh chinh tic cia elip ?
Cha hypebol ?

Il - Bai tap

1.

2.

3.

4.

5.

Xét vi tri twong d6i cha cdc dudng thang A; va A, trong mdi trudong hop san
aA)A;:3x-2y+1=0 v&@ Ay:2x+3y~5=0;

[x=4+2t < x =7 -4t
b]&izl va My .
y=-1+1¢ y=5-2t";
=3+4r
c) Ay {x va Apy:iS5x+4y-~-7=0.
y=-2-5¢

Cho duémg thang A : 3x ~ 4y + 2 =0,

a) Viét phuong trinh cha A dudi dang tham s6.

b) Viét phuong trinh ctia A duéi dang phuong trinh theo doan chén.

¢) Tinh khodng céch tir mbi diém M(3 ; 5), N(—4 ; 0), P(2 ; 1) t6i A va xét
xem dudng thang A cédt canh nao cha tam gidc MNP,

d) Tinh cdc géc hgp bdi A va mbi truc toa do.

Cho dudmg thang d : x — vy + 2 = 0 va diém A(2 ; 0).

a) Véi diéu kién nao cha x va y thi diém M(x ; y) thudc nira mat phing cé
b 12 d va chita g6c toa do @ ? Ching minh diém A ndm trong nira mit
phing dé.

b) Tim diém d6i xtng véi diém O qua dudng thing 4.

¢) Tim diém M trén d sao cho chu vi tam gidc OMA nhé nhit.

Cho dudng thing A : ax + by P 0 va diém I(x; ; yq). Viét phuong trinh
dudmg thing A’ d6i xing véi duémg thing A qua L.

Mot hinh binh hanh ¢6 hai canh ndm trén hai dudng thing x + 3y - 6 =0

va 2x — 5y — 1 = 0."Biét hinh binh hanh d6 c6 tam d6i xttmg 12 1(3 ; 5). Hay
viét phuong trinh hai canh con lai cta hinh binh hanh dé.



6.

18.

11.

12,

Cho phuong trinh

ey emr=2m+ Dy+1=0. (1)
a) Vi gid tri ndo cta m thi (1) 12 phuong trinh dudmg tron ?
b) Tim t3p hop tam cha cdc dudng tron néi & cau a).

2) Biét dudng trdn (%) ¢6 phuong trinh x> + y> + 2ax + 2by + ¢ = 0, Ching

minh ring phuong tich cla diém M(x, ; yg) doi v6i dudng tron (€) bing
x§ +y§ + 2ax, + 2by, + ¢

b} Ching minh rang n&u hai dudng tron khong déng tam thi tap hop cic
diém c6 cing phuong tich déi v6i hai dudmg tron 13 mot dudmg thing (goi
12 truc ddang phitong cia hai dudng tron).

Cho hai dudng tron c6 phuong trinh X4 y2 +2a1x + 2byy + ¢y =0 va

£+ yz + 2asx + 2byy 4+ ¢4 = 0. Gia sir ching cét nhau & hai diém M, N.

Viét phuong trinh dudng thing MN.
Cho dudmg tron (€) : x* + y° = 4 va diém A(-2 ; 3).

a) Viét phurong trinh c4c tiép tuy&n cia (€) ké tir A.
b) Tinh cdc khoang c4ch tir A dén hai ti€p diém cua hai ti€p tuyén néi &
cAu a) va khodng céch giiva hai ti€p diém dé.

2 2 J(',2

2
Cho elip (E) : "‘?H’T — 1 va hypebol (}) : ——%— =8

a)} Tim toa do c4c tiéu di€m cha (£) va (H).

b} V& phic elip (£) va hypebol (HY trong ciing mét he¢ truc toa dg.
¢) Tim toa d6 cdc giao diém cia (E) va (H).

2 2
Cho dudng thing A : 2x —y — m = 0 va elip (E) : "‘?HT:L

a) V6i gia tri ndo ctia m thi A cit (E) tai hai diém phan biét ?
b) V.6i gid tri nao cha m thi A cit (E) tai mot diém duy nhét ?

2 Z
Cho elip (E) : 2— +2— =1,
o elip (E) T 9

a) X4c dinh toa d6 hai tiéu diém vi cdc dinh cla (£},

b) Viét phuong trinh chinh tic ciia hypebol (H) nhén céc tiéu diém cia (E)
13m dinh vi ¢® hai tiéu di€m 13 hai dinh cua elip (£).



c¢) V& phéc elip (E) va hypebol (H) néi & cfu b) trong cing mot he true
toa do.

d) Viét phuong trinh ciia dudmg trén d1 qua cic giao di€m cla hai dudmg

conic nol trén.

13. Cho parabol (P) : y* = 2px. V6i méi diém M trén (P) (M khéc 0), goi M’ 1

hinh chi€u cia M trén Oy va [ 1a trung diém clia doan OM’. Chiing minh
ring dudmg thing IM cét parabol da cho tai mot diém duy nhit.

14. Cho parabol (P) : yz = %x: Goi M, N 1a hai diém di dong trén (P) sao chu

OM L ON (M, N khong trung v6i O). Ching minh ring dudng thing MN
luén di qua mot dlém ¢6 dinh. .

IV - Bai tap trac nghiém

i

Dudng thing 2x + y — 1 = 0 ¢6 vecto phép tuyén 1a vecto ndo ?
(A) Fi =(2;-1); - (B) # =(13-1);
QrA=2;; - (D A=(1;2).

2. DPuong trung truc cua doan thangAB v6iA=(-3;2),B=(=-3;3)co vectu

3.

.4'l

50

phép tuyé’n la vecto nao ?

A A=(6:5; . ® A =0;D;
(C) 7 =(=3:5); (D) A =(-1;0).
Phuong trinh ndo 12 phuong trinh tham s6 cha dudng thing x -y +3 =07
x=if ' x= 3
(A) { ' (B} { -
y=3+1; ' Y=t
x=2+1t _ Sy
(& (D) '
y=1+¢; y=3-1
] - ) ] ; X=- 1 -+ 2!
Vecto ndo 1a vecto phap tuyén ciia dudng thang c6 phu(mglrinh'{ 3y 9
. ST '
(A) i =(2;-1); | (B) 7i =(-1}2);
O r=0;-2); - (D) 7 =(12).
Pudmg thang nao khong cit dudng thing 2x+3y—-1=07?
(A)2x+3y+1=0; C (Bx-2y+5=0;

(C)2x=-3y+3=0; D)ax-6y-2=0.



Budng théng1 nio song song vit du&ng thing x — 3y +4 =07

x=1+1¢ ; Xx=1-¢
A .
( ){J’=2+3!; - (B){y=2+3t;
x=1-3t x=1-3
C D
(){J’:Z‘H; _ (_ ){y=2—r.
2 R e . =3¢
Budng thin ¥i duong than -
g g ndo song song vdi dudng g{yz—1+2r?
XN r=5+r
A
( ){sz; B {y=—2r;
. Dudng thing nio vuong géc véi dudng thing 4x ~ 3y +1 =0 ?
x = 4¢ X =4
A : B
! ]{y=—3-—3r; (){y=—3+3r;
¥ = —4¢ x = 8¢
' D
-(C){y=—3-3t; ( ){y=—3+t,
e ———
g thing g géc véi dutng thing 1 _ | o,
(A)2x+y+1=0; (Byx+2y+1=0;
| | ' 1 1
(C)dx~2y+1=0; (D) x;’ =J’; :

. Khodng céch tir didm O(0 ;. 0) dén dudng thing 4x — 3y —~5 = 0 bang
bao nhiéu ?
(A)O; | (B)1;

| 1
(C)-5; | (D) 5
: Phucrng trinh néo 1a phuong trinh cua dudng tron 6 tam [ (-3 ; 4) va ban
kinhR=27? |
(A (x+3) + (y-4)" - 4=0; (BY (x-3)"+(y-4)=4;
O©.x+37+(y+4)°=4; (D) (x+ 3+ (y-d?=2.
. Phuong trinh x° + y* = 2x + 4y + 1 = 0 Ia phuong trinh cha dudng tron nio ?
(A) Budmg tron ¢6 tdm (—1 ; 2), ban kinhR=1; -
(B) Budng tron ¢6 tdm (1 ; ~-2), ban kinh R =2 ;



13.

14.

15,

16.

17,

(C) Pudng tron ¢6 tam (2 ; —4), ban kinh R=2 ;
(D) Pudng tron ¢6 tam (1 ; —2), bin kinh R = 1.
2 2

Cap diém nao 1a cdc tiéu diém cia elip (E) : x?+y?~=l s
(A) Fip=(+1;0); B)F1,=(£3;0); -
'(C)F1,2=(0;i1); , ' (D)F1,2=(1;iz)- h
x° y2 | ;s |

Elip (E) : ?+—4—-=1 c6 tam sai bang bao nhiéu ?

3 J5
Ale= —; Ble=——;.
(A)e 5 ( )E_ 5

5 J5

i D)e= —.

(Oe=7: (Dye=

Cho elip ¢6 cdc tiéu diém F,(-3 ; Oj, F3(3; 0) va di qua A(—S : 0). Diém
M(x ; y) thudc elip da cho ¢6 cdc ban kinh qua tiéu 14 bao nhiéu-?

. : 3
(A) MF1_= 5 +%I,MF2= 5-'5.1? %

(B) MF| = 5+%x,MF2= 5—%,1: :

(CYMF,=3+5x,MF, =-3~5x;

(DYMF,| =5 +4x, MF, =5 - 4x.

2 .2
Elip (E): =5 + 25 =1, véi p > ¢ >0, ¢6 tiéu cir 1a bao nhiéu ?
p° g | o .
(A)p+q; S ' B p-q*;
. []

Opr-q;: ) 24yp* -¢*.

I }'g | . ‘
Phuong trinh —- — = =1 la phuong trinh chinh tic cna dudng nlo ?

a b '

(A) Elip v6i truc 16n bing 2a, truc bé bing 25 ;

(B) Hypebol véi truc 16n bing 2a, tryc bé bing 2b ;

(C) Hypebel vdi truc hoidnh bang 2a, truc tung bing 25 ;
(D) Hypebol véi truc thue bang 2a, tryc do bing 2b.



18.

19.

20.

21.

22,

23-

2 2

Cip diém n2o 12 céc tiéu diém cla hypebol % - y? =g
(8) (450X (B) (+ V14 ; 0);
(C) (+2;0); (D) (0; +V14).
2 2
Cap duémg théng ndo 14 cic dubfng tiém can cua hypebol E - % =
> 4
A =t—x ; =+—x
(s =k | Byt
25 16
+t—x : D + —
©y= 6 | D)y= o
| 1 ., R~
Cap duong thang nao Ia cdc dudng chuan cla hypebol T |
g P
(A)x=i£; ' | (B)x=ii;
q p
2 2
(C)x=t%; (D)x=i%.
g +p g tp
_ | 2
Budmg trdn nio ngoai ti€p hinh chir nhat co s& ciia hypebol =i
(A)xX+y =25 B +y'=7;
©x*+y =16; \ (D)’ +y =9
Diém nao Ia tieu diém cda parabol y* = 5x ?
(A) F(5;0) | (B) F@ 0] ;
.5 5
C = : D {-— J .
oA o
Pudmg thing nao 12 dudng chuén cia parabol yz = 4x ?
(A)x=4; (Byx=-2
) x=2%1" (D) x=-1.
1

Conic ¢é tdm sai e = — 1a dudng nao ?
NG |

(A) Hypebol; (B) Parabol ; |
(C) Elip ; , (D) Du&n‘g tron. .

yZ

9

17

17

=17



Bai doc thém

b1
e

@Q— Vi BA DUONG CONIC

1. T xa xua, ngudi Hi Lap ching minh duge réng giao tuyén cla mat ndn tron
xoay va mot mat phing khéng di qua dinh cia mt non 1a dLIUng trédn hosc dunng
cénic (elip, hypebol, parabol) (h. 98). Tiéng Anh, tif cone c6 nghia la mat nén, do
do ch tir "dtrong conic”.

Duﬁ:‘ng tron Elip - Parabol Hypebol
Hinh 98

Ngay i dau thdi ki A-lEch-xing-do- i {thdi co Hi Lap) ngum ta da bidt kha day di
vé cac dudng conic qua bd sach gém 8 quyén clia A-pb-16-ni-ut (262'- 190 trude
Coéng nguyén). Cudi thdi ki 46, nha toan hoc Hl—pa-chl-a (370 - 415 sau Cong
nguyén) d3 cong bo tac phdm "Vé cac du:!ng conic cha A-pd-lo-ni-ut".

Phai rat 1&u sau d6, dén thé ki XVII, ngudi ta mai tim thay hing g dung quan
trong cGa cac dudng d6 trong su phat trién cha khoa hoc va Ki thuat

2. Ba duong ¢onic con ¢ nhiéu tinh chat chung. Tinh chat quang hoc la mdt vi
du : Mét tia sang phat ra tif mot tiéu diém cha ellp (hay hypebol} sau khi dap vao
elip (hay hypebol) s& bi hat lai theo mot tia (tia phan xa) nam tren dudng th: ng di
qua tiéy diém thd hai cla ellp {hay hypebol) {h 99).

Hinh99 | " Hink 100



Vdi pgrqbol, tia sang phat ra tir tiu didm (tia tdi) chiéu dén méot diém cla parabol 8 bi
hét Iai {tia phan xa) theo mdt tia song song (hoc tring) vdi truc cla parabol (h. 100).
Tinh chat nay ¢6 nhiéu ng dung, ching han :

« Dén pha : BE mat cla dén pha 13 mét mét tron xoay sinh bdi mét cung parabol
quay quanh truc ¢clia né, béng den duvc dét 4 vi tri tiéu diém cla parabol dé (h. 101).

Ar mar,

Hinh 101

+ May vién vong v6 tuyén cling ¢ dang nhu dén pha (h. 102). Biém thu va phat
" tin hidu clra may dugdc dat & vi tri tieu diém cla parabol

:
B M TR wny o e F R

Bas,
"N (78

Hinh 102 | Hinh 103

* Hinh 103 la mé hinh mét 16 phan ung hat nhan duuc xdy dung & Mi. M3t ngoai cla
10 12 mat trén xoay tao bdi mét cung cGa hypeboi quay guanh truc &0 clia nd.

3. Ching ta d5 biét quy dao cla cac hanh tinh trong he Mat Trdi la dudng elip. 961
vii cAc vé tinh nhan tao va cac con tau va tru, khi phong tén, ngudi ta phai tao cho
chding ¢6 vén téc thich hgp d& dudc quy dao 12 elip, hypebol hoac parabol



2.

Cho fam gidc ABC vuong tai 4, AB = ¢, AC = b.

Ngoai ra, ngudi ta con (ng dung cac tinh chat cta ba dudng cbnic trong céc
nganh xay dung, hang khong, hang hai,... (h. 104).

Hink 104

- BAI TAP ON CUOI NAM

Trén hinh 105, ta ¢6 tam gidc ABC va céc A

hinh vudng AA'BB, BB'C,C, CC'AA. p C.'
Ching minh céc ding thirc sau x |
a) (AA" + BB).AC = 0 ; <

b) (AA’ + BB’ + CC).AC =0 ; B[ c

c) AA’ + BB +CC' =0 :
d) AB] + BCi + CA; = 0.

B C,
Hink 105
B

Goi M 1a diém trén canh BC sao cho CM = 2BM,
N 1a diém trén canh AB sao cho BN = 2AN (h. 106).

a) Biéu thi c4c vects AM va CN theo hai vects N

Evﬁﬂ_@',

b) Tim hé thitc lién hé giita » vaA ¢ sao cho A c
AM L CN. | Hinh 106




oy

théng hang.
~ d) Véi diéu kién nio cua a, b, @, b’

Cho tam gigc ABC véi AB = 4, AC =5, BC = 6,

a) Tinh cfc géc A; B, C.

b) Tinh do dai cdc duong trung tuyén va dién tich tam giac,

-¢) Tinh céc ban kinh dudng trdn noi ti€p va ngoai ti€p tam gidc ABC.

Cho tam gidc ABC.
3 33
- a) Tam gidc ABC c6 tinh chdt gi néu o = il ?
. | b+c—-a
S . 1 1 P ‘g . : :
b) Biét — = — + —, chitng minh ring 2sinA = sinB + sinC.
. ha fp h’f.‘ )

~Trong mat phang toa do Oxy cho hai hinh chif nhat OACB vi OA'C'B’ nhu

hinh 107. Bi€t A(a ; 0), A'(¢"; 0), B(0O; b), B0 : b)) (a,a’, b, b’ 1a nhitng s6
duong, a =a’, b# b").

a) Viét 'phuo‘ng trinh cdc dudng thing y.n -

AB ' va A'B,
b) Tim lién 'he giita a, b, a’, b' d€ hai B C
dudng thing AB’ va A'B cit nhau. Khi 2 __C

d6 hay tim toa do giao di€m / cla hai
dudng thing dé. |

¢) Chimg minh ring ba diém /, C, C’

e ;

0. A - A

thi C [a trung diém ctia /C* ? " Hink 107

Trong mit phing toa d6 Oxy cho hai diém A(3 ; 4) va B(6 ; 0).

a) Nhan xét gi vé tam gidc OAB ? Tinh dién tich cua tam gidc d6.
b) Viét ptivong trinh dudng tron ngoai ti€p tam gidc OAB.

¢) Viét phuong trinh dudng phén gidc trong tai dinh O cia tam gidc OAB.

d) Viét phvong trinh dudng trdn néi ti€p tam gidc OAB.
Trong mat phang toa d6, véi mbi s6 m # 0, xét hai diém M,(— 4 ; m) va

| M, [4 E)
L)

a) Viét phucm-g trinh dudng thang M, M,.

* b) Tinh khoang céch tir g6c toa do O t6i dudng thing M, M.



¢} Chiing t5 rang dudng thing M, M, 1udn tiép xic v6i mot dudng tron co dinh.
d) Lay céc di€m A,(—4 ; 0), Ay(4 ; 0). Tim toa do giao diém [ cha hai
dudng thang A, M, va A,M .

e} Ching minh rang khi m thay ddi, I ludn ludn ndm trén mdt ﬁllp (E) c6
dinh. X4c dinh toa d tiéu dlém cla elip do6.

; 2 9.
Cho hypebol (H) 6 phirong tinh 2— -2 =1,

16 4
a) Vi€t phuong trinh céc dudng tiém cén cha ‘hypebol (H).
b) Tinh dién tich hinh chif nhat cg s¢ cua hypebol (H).

c) Chimg minh ring cdc diém M [5 : %) va N@; 2/3) déu thudc (H).

d) Viét phuong trinh dudng thing A di qua M, N va tim c4c giao diém P, O
cua A vdi hai dudng tiém can cia hypebol ().

e) Ching minh rdng cdc trung dlém c¢ia hai doan thang PQ va MN
fring nhau.

Cho parabol (£) ¢6 phuong trmh y = 4x. |
a) Xdc dinh toa do tiéu diém F va phuong trinh dudng chuﬁn d cha (P).

b) Putdng thang A c6 phuong trinh y = m (m = 0) 14n lugt cét d, Oy va (P)
tai cdc diém K, H, M. Tim toa do cia cdc diém dé. |

¢) Goi 7 1a trung diém clia OH. Viét phuong trinh dudng thing IM va
chimg 16 ring dudmg thang IM cét (P) tai mét dim duy nhat.

d) Chimg minh rang M! | KF. Tit d6 suy ra M 12 phan gi4c clia gbc KMF.



HUGNG DAN

Chuong |
2.a) Sai ; b) Ding ; c) 8ai ; d) Piing ; ) Puing ;

") Sai. 3. Cic vecto 4, 4, ¥, ¥ cing phuong,

che vectd b, @ ciing phuong. Cic cap vecto
cﬁnghuﬂng:&'vﬁﬁ;c}vﬁﬁ;gvhﬁ.(:éc

cojp vec to bang nhau : 4 va V bova i,
4, 2) Sai ; b) Diing ; c) Puing ; d) Sai ; e) Ding ;
fy bing. 7. Hinh thoi. 9. a) Sai ; b) Ping.
iL. a) Sai ; b) Pung : ¢) Sai ; d) Pang.
12. M, N, P ndm trén dubng won (0) sao cho
. CM, AN, BP 1a céc duémg kinh cta (O).
- 13, a) 100N ; b) 50N. 16. a) Sai ; b) biing ;

c) Sai ; d) Sai ; €) Diing. 17. 2) Tap réng ;
b) Tap gdm chi mot trung diém O cla AB.
|_.O_A.+G_B. = {]‘A {}B - aJ_ ;
ha+40_3'| = 1—0&+250—| =
‘Hﬁ‘__03| 60?
nﬁ DA +008 ; MN_—%_,q'+%_,g';
E‘_'__‘A'l'l_é _-E=_-l_.A+_JB‘
2 2
B8 AB=-F4+b : 5C =—d—b &
BC=-d-2b , CA =13 +B

2. AA'+ BB +CC =0, 27. Ching minh
PO+RS+TU = 0. 29. b), <), e Dlng ;
a), d) Sai. 30. 3 =(-L ;0,5 =(0:; 9,
, & 1 1 '
=3:_‘4,d= e _‘:[}115;113)1'
{ ) [ 5 2] € =(

.F"—‘ fn; - cos24®). 31, ay &t = (2 : -8) ;

DY =(-6:1):chk=44:1=-086. 32.k=§.

33. C4c ménh dé ding 1a a), ¢), e) ; Cdc ménh
8 sai 12 b), d). M. b)) D=(-7;7) ;

t} f S [% ' 0) . 35- M]{x'l Y _}’)1 MZ{_I 3 J’}-

-PAP SO

Ma(—x ; — y). 36. a)Trong tAm clia tam gidc la

GO; 1);b)D=3B;-11);c)E=(-4;-5).
On tap chuong I '

1. AB+BC = AC . CB+BA=CA ;
AB+CA=CB ; BA+CB=CA ;
BA +CA = BD (D 12 diém d6i xing cia
C qua diém A ; CB-CA=AB ;

AB—CB = AB +BC = AC ; BC — AB = BE
(E 12 di€m sao cho ABCE |a hinh binh hanh).
2, OA = OB. 3. Sir dung ding thic
OA + OB + OC + OD = 0. 4. a) M 1a dinh ciia
hinh binh hanh ABCM ; N li tung diém
; 5 3 3
AD. b ==, g=-—, 5 k=—,
cua Yy op 3 q 7 a) 5
6. a) Chimg minh AB vA BC khong cang
phuong ; b)D=(2;-6); ¢} E={(-3;-5).
Bai tap trac nghiém chuong I
L(C):2.(B); 3.(D): 4 (G 5 (A); 6. (C);
7. (A, 8. (B): 9. (B); 10. (A) ; 11. (C) ; 12, (D);
13. (D); 14, (A) ;-15, (D) ; 16. (B) ; 17. (D}
18. (B): 19. (D); 20, (A); 21. (B); 22. (B), 23. (B).

—

Chuong I

: 2 3 1

i —_— -1|1+— : by —.
1 a) [ =3 = )
2. a) 25in80° ; b) cose. 4. a.b dueng khi hai

vecty a ?} khic O va géc {E ,_b'] bé hen 90° :
am khi hai vecto a _b. khic 0 va gé_c {5 ,E)
16n hon 90° - bing O khi hai vectd a va b

1+\/?: 2+J§

vubng goc. 5. 360°. 6. a) 5 . b} 5
10. a) Chd y ring hinh chigu coa vecto
AB tén dudng thing Af 13 vecto AM ;

b) AM .Al + BN.BI =4R%. 12. Tap hop cic
diém M 13 dudng thing vudng gée vét OB tai H,




O 14 trung diém clia AB, H nim trén tia OB sao

2 ¥
cho OH=%. 13.a) k=-40; by k:tg.

14, a) Chu vi tam gidc 12 6 + 6+/5 , dien tich
RI8;B)G=(0; D), H=[1;1], I=[—1;1]+
| 2 4’

15. cos A = i;‘-;, A = 50°.16, BC =7.17. Ban

Cuttng (BC =37 = 6,1 km). 19, a = 49 ;
cx55.20,R~3,5 22.AC ~ 857 m, BC ~ 969 m.
24. m, = 6,1. 25. AD = 8,5. 26. AC = 58.

29.5=163.33.2) C =80% b=9,1,a=12,3;
by B=75%ax~23,c=b=45;c) B =20°

o ~260,b=138;d) A =40° b ~ 2123,
¢ = 1794, 3. a) A=B-= 63°, ¢ =~ 57 ;
b)ax 538 B =36°C =5°;c)c ~ 280,
A= 11% B =309 35 2) A ~ 43° B ~ 61°,
C~7°:b)A=~55 B ~85° C = 40°;
) A=34°; B=44°; C = 102° 36. 6,6 N.
37. 174 m, 38. 18,9 m.

On tap chuong 11

2. Tap hop céc diém M cé thé 12 dudng ton,
diém G hoact4p réng tuy theo cédc gid tri clia £,

— e— — —

4, Biéu thi cdc vecto qua AB, AB', AC, AC.

s, a)BM=aJﬁ , BN:E—"E, MN=aﬁﬁ:
4 2 4

; 542

b} ABMN wuéng cin tai M, S=¥;

¢) fc=¥; d);e:"iﬁ_ 6. 2 (e,f) ~

61°56';b}m=—4;c}n*———%.S.Slﬁmnhﬁt

khi va chi khi € = 90°. 9. § =96/ = 16 :
R=10;r=4.12. 2) AB® + CD* = 8R* — 40P?
b) PA® + PBZ + PC? + PD? = 4R” .

Bai tap tric nghiém chuong I1
L(B);2.(C);3.(A);4.(D);5.(A);6.(B);
7.(B); 8.{(D) ;9. (C); 10. (B), 11. (A) ; 12. (C);
13, (B) ; 14. (A): 15. (T): 16. (C).

Chuong Il
1. Cic ménh d€ ding 12 a), b), ¢) ; Cic ménh 48
sailad),e)2.a)y=0;b)x=0;¢)y—-y,=0
gz ;;d)x-—x=0;¢)ypx—x =0
3.2x+5y+§=0.4.‘a)x—2y+1=u;-
D2x+y—3=058a)x-y-2=0;
b) M’ [% %J 6. 2) Hai dudng thing cit nhau
o .21

a di€m [
20" 29

song ; ¢) Hai dudng thing trang nhau. 7. Cic
ménh dé ding 13 b), d), e), f) ; CAc ménh dé sai
14 a), ¢). 8. Cic ménh dé ding 12 a), b), d), ).

- =-3+3
Méoh dé sai b ). 9. @ {x R
y =3t

] b) Hai dudng thing song

x=4
y=1+¢'

x+3
3
Khong c¢6 phuong trinh chinh tic ; x -4 =0 ;
9 {x=—4+5r; x+4_y-1
y=1+3% 5 3
X5 o

s By 15 =0, b){

;3x-Sy+ 17=0.

10. 2) _zz.b)x-zy+9=u.11.a)ﬂai

dudmg théng song song ; b) Hai duémg théng
cat nhau tai (0 ; —13] : ¢) Hai dudng thing

: i (6'}' 56
25 5

) [@;@ R e [0 ET)
169-" 169 18" 18)
[2. _'-l) v D - [E';_E] :
11 11 13 11
I8 6
[—Fl—l—,—ﬁ].-ls. Cic méph dé b),
c), ¢) ding. Hai ménh dé a) va d) sai.
16. 43°36. &b =
ax + by + ¢ — hfa® + b =0.18. x+ 2y~

=0 ; ¥y -2 =40 19 Khong i6n tai
20. A +2)x~3) +(y-1 =0 ;

A-V2)x-N+{y-D=0. 21. a) b) V&

tring nhau. 12. 2) (3 :

14. B =

C =

17, ax+by+c+



dy Ding ; C}S&i 22.a)(x-1) +(}"'3)2=8'
b+ 2" +y =523 8)I(1; 1), R

\/ﬁ . i I[E;IJ,
4

e

R..—uf33 Sm vii diéu kién |ml {V§

WUx-3+y =8.25.2) (- 1P+ (= 1P =1;
G-+ 0 -5 =25 b (x-3)

+( —E)z =§ Vi {x+l)2 +[y—£]2 22

2 5 4
21 2 -
26.(1: —2)‘;&[?-—3) 27.a) 3x—y+ 2410

=0k -y-2V10 =0:b) 2x—y+ 245 =0
vi2x-y-— 25 =0;¢cy+2=0vax-2=0.
28, Im = 5 > 2410 : : & v () khong cit nhau ;

b I2 ; 3 R =

Em +3 = 2\(_ uéfp xtic ; |m+ 5l < 2V10 -
cit nhau. 29, '-ZH‘_I : § —2+J_
B 3 2 &

30. a}, b) va d) dung ; ) va e) sai. 31. a) Toa do
che tieu di€m 12 (/21 ; 0) ; Toa db cée dinb
d (25 0) va (0 ; £2). Do dai truc 1on 2q = 10,
do daj truc bé B 26 = 4 ;. b) (x5;0),
(0 A0:42):2a=62b=4:¢) (&3 ; 0),

@2 ;0 va (0 ; %), 2a = 4, 2b = 2.
2 2 2 2

32. I_+}F_=1 ; b 'x_+‘}}__] ;
- 16 - 4 ) 20 16

A 2
T yT=]. 33. a) MN=|J’M“J’N|=§;

i
[345 JEJ ;M[Nﬁ, Jﬁ]
—T va M, i .

*

4 4

M, £ = 0,07647. 35. Tap hop diém M 1a elip

2 2
¢6 phuong trinh —2— + —

=
3 3
ménh 48 a), b), d) ding ; ¢) sai. 37. a) Titu diém

Fi-\13 ; 0), F5(V13 ; 0). Do dai truc thye
22 = 6. DO dai truc 40 2b = 4, Phuong winh

=1. 36. Cic

x=-2+4
2. a) 3

cidc dudng tiém cin y = i-i—x ; b Titu diém
Fi(=5; 0}, F5(5 7 0). Do dai ruc thue 2 = 6. DO
di truc ao 26 = 8. Phuong trinh cdc dudng tiém
cany = i%x ; ¢) Hai tieu didm 1a {—Jﬁ , 0)

va (+/10 ;0). D¢ dai truc thue bing 6, do dai truc
40 bing 2. Phuong trinh cic dudmg tiém cén

2 2
yzj:%x. 38—~ 4 s = 1.
o (E)
2
2 2 2 2 ;
x“ oy G .
3. ooy Lol s w2
o oSS RL R o R
13 13
2 2

) “T—J’T=1.4z. a), b) va d) sai ; c} ding.

43.a}y2= 121;b}y2=x;c) y2=§x. 44. 2p.

45. 4l : &) = %AB. Dumg trdn dutmg kinh AB
chuin A 46.

47. a) Tiéu diém

t€p xic  vai
I 2 | 5

y=——=x +-—x-=
4 2 4

F(3.5; 0), dudmg chufn x + 3,5 =0 ; b) Tiéu diém

M

V3

0), dutmg chuin A, :

dutmg

F((—3 ; 0), dudbng chuin A; : x +

Tieu diém Fy (3 ;
10

A

14 .
chudn Ay x + —— = 0. Tieu didm F,(15 :0),
R T :
14

dudmg chudn 43 x — —= = 0.

V15

On tap chuong 111
1. a:l ﬂ|, ﬂzCﬁt nhau o b]' ﬁ;” ﬂz i C) ﬂlE ﬁz,

= 0 ; ¢) Tieu diém F,(—15 ; 0), dudmg

X b : ;
by —+==1;:c)diM ; A
ey v }_-2_ 1 ) df )
' 3 2
=18:dN;A)=2;dP;A) =08 Acithai



canh MP va NP, khéng ciit canh MN. d) Goi o va
S 14n luot (4 goc gilta A v6i Ox va Oy, e~ 36%52";
f=538 3 a)x—y+2>0.0) 0 =(2;2);

cyM = [ i :] 4. ax + by +c— Aax + byg+r)

=0.5.x+3y-30=0vda2x -5y +39=0.
6. a) m{—% hoac m > 0 ; b) Tap hop tim cha
cic dudng tron 1 hai phin clia dudng thing o6 phuong
tﬁnhix+y—l=[],1.’mgvﬂix«:[}hoﬁc x}%.
8. g -a@)x+2b—b)y+q -y =0,

9.2 x+2=0,5x+12y-26=0;b) AT =AT =3,

Fflale.

o1

va (1 ; 0} ; b} (H) ¢6 hai tiéu diém (=3 ; 0) vi
G0 ;o (V5:0 v (5;0)
1. a) -2J6 <m <26 ;: b) m =226
12. a) Elip ¢6 c4c tiéu diém (-4 ; 0), (4 ; 0), cic

10. a) (£) co hai tieu di€m (-1 ; 0)

dinh (-5;0),G;0va@0;-3),0; 3):;
2 .2
x° oy _ B8l
AN
g Ty ) ey =

Bii tap trac nghiem. charomg 11

L (C); 2. (B, 3. (A); 4. (D); 5. (A); 6. (D); 7. (B);
8. (A} 9. (B); 10. (B) ; 11. (A); 12. (B); 13.(A);
14. (D); 15. (A); 16. (D); 17. (D, 18. (B); 19.
(A); 20, (C); 2L (A); 22. (D); 23. (D), 24. (O).

On tap cudi nam
1. ¢©) Dt E=AA+BB +CC' ta b
7. AC = ﬂ 7.AB=0, suyrau-[]' d)Phﬂn

tich mdi vecto AB,, BC,, CA; thanh tdng hai
theo quy tic hinh binh héanh.

vecto

l— == 11—

.a)AM 2AB+§AC CN=—AB AC

b 35° = 2¢2 3. a‘)Az33°. B~ 56°, r:==41°.

J46 J79 J106
b) m, =—-— , Mp=——-, M, =—,
g 57 =

15v_r C)r_i _ 87

= 4.a) Tam
-

'(_zf_@
> 3) T e

» : 1
gidc ABC ¢6 A = 60° ; b) S dung § = E“-ha

= %b.hb = %c.hc. S.a)AB :b'x+ay—-ab'=0,
AB:bx+ay—ab=0;b) AB va A'B cat nhau

ldu%;ei hay a%’ - ab + 0, giao diém
o i

——

a

{aa{b-—b); bb(a—a}] oy T ab
a'b-ab - ab-ab _ a'b'—-ab

suy ra Cl va CC’ cing phuong, hay ba diém
C, I, C’ thing hing ; d) o'’ = 2ab. 6. a) OAB 1A
tam gidc cAn tai A, Spap= 12 ; b) (x - 3)° +

;c)x—2y=0;d)(.x-3}3+

2 .
[}t-EJ =:’}. 7. a) [E—mJ(x+4}

2 m
—&(y-—m)=0 by &0 ;MM,) =4

¢) Putmg thang M;M, ludn tiép xiic véi
dutng tron tim O, ban kinh R = 4 ;

4(m* —16) 16m
0 K= g A WES
m-+16 m< + 16
: .2 2

e} I nam trén elip ch_6+ yT = 1. Hai tieu diém

}7]{—2\/5: 0) va FZ(Z\E ; 0y 8. a) y_=% vi

y=—'-;;b)32;d} @3- —6y-203+2%4 =0,
IP=8+2J§|}’F=4+ 'JE,IQ=5‘_2J§-;
_}J‘Q = _?5'1"‘]5 "

trung di€m MN, PQ ti x; = x;. Do 1, J
cing thubc dudng thing MN nén f = J. 9. a)
Fl:0,d:x+1=0:0)K=1(17m),

e) Go1 [ va J lin lugt I3

2 .
H=0;m), M:[%:m] ;c}4x~2my+m1={];

1d) Dutng thing fM c6 vecto phép tuyén

A=(d-2m, IEF" cung phuong vdi H. Vay
KF 1IM.



BANG THUAT NG

Ban kinh qua tigéu (d6i vdi elip) 98
Ban kinh qua tiéu (d8i v&i hypebol) 105

Biéu thi mét vecto theo. hai vecto khéng
¢ling phuong 22

Bidu thifc toa d6 cha cac phép toan -
vectd 28

Biéu thirc toa dd cha tich vé hudng 50
Binh phuong v6 hudng clia mot vecto 46

C

Céng thdc Hé-rong 59
Céng thitc hinh chiéu 49
Céng thirc trung tuyén 58

D
Didn tich tam giac 59

b

Biéu kign dé ba diém thdng hang 21
Biéu kién dé hai vecto cling phuong 21
Binh clia elip 100

Binh cha hypebol 106

Binh clia parabol 111

Binh li cosin trong tam giac 53

Binh Ii sin trong tam gidc 55

B8 dai cla vecto 7

£5 dai dai s 28

Buang cénic 112, 114

.Budng chudn cha elip 113

Budng chudn cla hypebol 113

Pudng chudn clia parabol 110
Budng tiém can cia hypebol 107
Buang tron 91

E

Elip {(dudng elip) 96
G

 Gidi tam giac 61

Gia trj Iugng giac cla mot goc 41
Géc gilfa hai vecto 44

Géc giira hai dudng thing 88
Gdc toa d6 25

H

Hé truc toa d6 25, 26

Hé s& goc cda dudng thdng 77

Hiéu cla hai vectd 15, 16

Hinh chif nhat co sd (déi véi elip) 100
Hinh chif nhat co sé (d8i vbi hypebol) 107
Hoanh d6 27, 40

Hypebol {duong hypebol) 104

- K

Khong cach tur m{:’:t.dié’m
dén mot dudng thdng 85

Mt phdng toa dé 26



N

Nhanh ctia hypebol 106

P

Parabol (dugng parabol} 109, 110
Phuong tich cda mét diém

d8i v6i mot dudng tron 50
Phuang trinh cic dudng phan giac 87
Phutang trinh chinh tic clia dudng thiing 82
Phufong trinh chinh tac cla elip- 98
Phuding finh chinh tic cfia hypebol 105, 106
Phudng trinh chinh tic cba parabol 110, 111

Phuong trinh dudng thing theo doan
chén 77

Phuang trinh duéng tron 91

Phudng trinh tham sé cha dudng thing 80
Phuong trinh tiép tuyén cla dudng tron 93
Phuang trinh t8ng quét cda dudng thdng *75

Q

Quy tac ba diém 12
Quy tAc hinh binh hanh 12
Quy tic vé hiéu vecto 16

T

Tam giac Heé-réng 60

Tam déi x{ng cla elip 100

Tam déi xifng cia hypebol 106

Tam sai cla dudng conic 114

Tam sai cta elip 101 ‘

Tam sai cla hypebol 107

Tam sai clia parabol 114

Tham s6 tiéu cua parabol 110

Tich cha mét vecto voi mdt sé6 18, 19
Tich v& huding clia hai vecta 39, 44, 45

Tiéu cuf cha elip 97

Tiéu cyf cla hypebol 104

Tiéu diém cha dudng conic 114
Tiéu diém cla elip 97

Tiéu diém cia hypebol 104

Tiéu diém cla parabol 110

Toa d6 cla mot diém 25, 28

Toa db cba vectd 25, 26

Toa dd cha trong tdm tam giac 29
Toa do trung diém cha doan thang 29 .
Téng hai vectag 9, 10

Tung dd 27,40

Truc a0 106

Truc bé 100

Truc ddng phuong cha hai dudng tron 119
Truc d8i ximg cda elip 100

Truc d6i xiing cla hypebol 106
Truc d6i ximg cha parabol 111
Truc hoanh 26

Truc 16n 100

Truc thye 108

Truc tog dd 25

Truc tung 26

Vectd 3,4

Vectd bdng nhau 7

Vectd chi phuong 80, 81

Vectd cung huéing 5, 6

Vecta cung phudng 5

Vecta d&i 15, 16

Vectd - khéng 5

Vectd nguge hudng 6

Vecla phap tuyén 75

Vecta vudng géc 44

Vi tri tuong d6i cda hai dudng thing 78



MUC LUC

Chuong - VECTO
§1. Cac dinh nghia
§2. Téng cha hai vectd

.53'

Hiéu cha hai vecic

§4. Tich clia mdt vectd véi mot s6
§5. Truc toa d6 va hé truc toa db
On tap chuong |

‘Churong #f - TICH vO HUONG CUA HAI VECTC VA UNG DUNG

§1. Gia tri luong gidc clia mot goc bat ki (tir 0° dén 180°%)

§2.
§3.

Tich v6 hudng cla hai vecto
Hé thic lugng trong tam giac

On tap chuong 1l

Chuong i - PHUONG PHAP TOA DO TRONG MAT PHANG

§1.
§2.
§3.
§4.
§5.
§6.
§7.
§8.

Phuang frinh t8ng quét clia dudng thdng
Phudng trinh tham sé cla dudng thng
Khoang cach va géc

Pudng tron

Budng elip

Pudng hypebol

Pudng parabol

Ba dudng conic

On tap chuang |l
B&i tap 6n cudi ndm
Hudng dén - Bap sd

Bang thuat ngt

Trang

15
18
25
32

40
44

53
68

75
80
85
a1
6
104
109
112
115
126
129
133



