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NHI1NG DrEu Hgc srNH cAN cuu f xnr sr] DUNG sAcx erAo KHoA

1. Khi nghe tndy c6 gi6o gi6ng bdi, lu6n lu6n c6 SGK tnr'6c mdt. Tuy nhi6n
kh6ng vi6t, v6 th6m vio SGK dd nim sau c6c ban kh6c c6 thd dDng tfrrgc.

2. Vd trinh bdy, s6ch gi5o khoa c6 hai ming : mAng chinh vir ming phr;.

MAng chlnh g6m c6c dinh nghTa, dinh li, tinh chdt,... vi thudng dugc d6ng
khung hoic c6 dudng vidn 6 m6p tr5i. MAng ndy duoc in liri vio trong.

3. Khi glp Ciu h6i f], cdn phAisuy nghi tra ldi nhanh vi d0ng.

4. Khi gf,p Hoqt dQng A, pnAi Onng b0t vir gidy nh5p tld tnrlc hiQn nh0ng
y6u cdu mir hoat dQng doi h6i.

Ban quy€n thuQc Nhh xudt bin Gi6o dgc - BQ Gi6o dgc vi Dio t4o.
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PHEP oot HinH vA puEp sdr,rc DANG
TRoNG mAr pniruc

Bitc tranh cila hoa si Hd Lan Et-se (M.C. Escher) gdm nhilng hinh bdng
nhau mA td cdc chi€h binh tr€n lung ngua. Cdc htnh ndy phil kin mdt phdng.
Hai chi€h binh vd ngaa cilng mdu (tdng hodc den) tuong tng vdi nhau qua
m1t phip tinh ti4h. Hai chi€h binh vd ngua khdc mdu thi tuong ilng voi nhau
qua mAt phip d1'i xilmg tuc vd ti€p theo ld m6t phip tinh ti€h.

Ngh€ thudt dilng nhfrng hinh bdng nhau dd ldp d,iy mdt phdng duoc phdt
tridn mqnh md vdo the'ki Xil d nudc l-ta-li-a.

Chuong niy n6i vd c6c .phep doi hinh vd il6ng dang trong mdt phEng.
Hoc sinh s6 ldm quen v6i ph6p tinh ti5n, ph6p ddi x0ng truc, ph6p quay,
ph6p v1 trl, ... vd sd hidu th6 nio ld hai hinh bing nhau, thd niro td hai
hinh ddng dang mOt c5ch tdng qu6t.

Hoc sinh cdn n6m dtrgc Clinh nghia c0a c6rc ph6p n6i tr6n vd c6 thd 5p
dung ch0ng dd giAi c6c biri to5n kh6ng qu6 ph0c tap.
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DAU Vfi PHEP BIEN HiNH

1. Ph6p bi6n hinh
' Trong Dai sd, ta dfl bidt mot khdi niOm quan trong : kh6i niem "him sd".

Ta nh6c iai : Ndu c6 mOt quy t5c dd v6i m6i sd x € IR, x6c dinh duoc mOt

sd duy nhdt y e IR thi quy t6c d6 goi ld m1t hdm sd xdc dinh tr€n tdp sd
thuc R.

BAy gid, trong mOnh dd tron tathay sd thtc bdng didm thuQc mfi phdng th\
ta dtloc khdi niOm vd ph6p bidn hinh trong mit phing. Cu thd la

Ndu c6 mOt quy t6c dd vdi m6i didm M thu6c m[t ph&ng, x6c dinh duo.c

mOt didm drty nhat M' thu6c m[t phing Ay thi quy t6c d6 goi ld m1t ph€p

bi€n hinh (trong mdt phdng).

VAy ta c6

DINH NGHIA

ll fh1p UAn ninn (ffong mdt phdng) ld mlt quy tdc dd vdi mdi

ll didm M thubc m\t phdng, xdc dinh duoc mdt didm duy nhdt

ll t t' thulc mdt phdng dy. Didm M' gQi ld rinh cila didm M qua
phdp bie'n hinh d6.

?

MO

2. Citc ri OU

Vidul
Cho dudng thing d. Ydi m6i didm M, ta xr{c dinh
M' ld, hinh chidu (vuOng g6c) cfra M ttdn d (h.1)
thi ta du-d. c m6t ph6p bidn hinh.

Ph6p bidn hinh ndy goi ld phdp chiAu Quilng
gdQ kn dudng thdng d.

Vidu2
Cho vecto il, v6i m5i didm M ta xdtc dinh didm

theo quy tirc Mfr = i (h.2).

Nhu vAy ta cfrng c6 mOt ph6p bidn hinh. Ph6p

bidn hinh dp gqi ld phdp tinh fiA'n theo vecto il.
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Hinh I

Hinh 2
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Vidu3
V6i m6i didm M, ta xdc dinh didm M' tring vli M thi ta cflng duoc mOt
ph6p bidn hinh. Ph6p bidn hinh d6 goi ld phdp d6ng nhdt.

3. Ki hi6u vd thudt ngfr

NCu ta ki hiOu mOt ph6p bi6n h)nh nlo d6 ld F vd didm M' ld 6nh cia didm M
qua ph6p bidn hinh F thi ta vi6t M'- F(M),hoFrc F(M) - M',. Khi d6, ta cdn
n6iphdp biAn hinh F biAn didm M thdnh didm M'.

V6i m6i h\nhh(,ta goi hhhly( 'gdm c6c didm M'= F(M),trong d6 M e :4lit
dnh cfia l(qua phdp bidn hinh F, vd viOt ,/( ' = F(g( ).

1) Hey v6 mdt dtrdng trdn vd m6t duong thtng d rdi v6 Anh c0a drrong trdn qua
ph6p chidu.l6n d.

2) Hey v6 m6t vecto il vd m6t tam gi6c ABC rdi tdn luot ve Anh A', B', C' cIac5c dinh A,
B, C quaph6p tinh tidn theo vecto /. C6 nhAn x6t gi vd hai tam gi6c ABC vd A'B'C' ?

PHEP TINH UETV

VA PHEP DOT HINH

Dinh nghia ph6p tinh ti6'n

Ta nh6c 1ai dinh nghia ph6p tinh tidn dd n6i & Vi du 2 $ I :

ll rnAf finh fiAn theo vecto il ld m\t phdp biAn hinh bi€n didm

ll ru tnann didm M' sao cho Mfr = il .

Ph6p tinh tidn theo. vectd / thudng duoc kf hiOu li f hoac Ti. Yecto il
duoc goi ld vecto tinh tiLn.

fl fnap ddng nhdt c6 phdi ld phdp tinh ti€n khong ?

2. Circ tinh chf,t cria ph6p tlnh ti6n
A.r
ffi 

",U 
sir ph6p tinh tiSn theo vectd / nidn hai didm M, N ldnludt thenh hai di6m M', N'.

C6 nh6n x6t givd haivecto ffi va tWN ? So s6nh dO dai haivecto tl5.
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VQy ta c6 dinh li

DINH LI 1

NAu phip tinh tidn bi€h hai didm M vd N ldn luot thdnh hai
didm M'vd N'thi M'N'= MN.

Ngudi ta diOn thtinh chdt trcn cira ph6p tinh tidn lir: Phip tinh fieh khdng
ldm thay ddi khodng cdch gifra hai didm bdt ki.

DINH Lf 2

Phdp tinh ttdn bi€n ba didm thdng hdng thdnh ba didm
thdng hdng vd kh1ng ldm thay a& tnt ta ba didm d6.

Chfing minh

Gii srl ph6p tinh tidn bidn ba didm A, B, C thdnh ba didm A', B',C'. Theo

dinh lf l, ta c6 A'B'= AB. B'C'= BC vd A'C'= AC.

NOu A, B, C thhng hdng, B nim giita A vI C thi AB + BC = AC. Do d6 ta
cfrng c6 A'B' + B'C' = A'C', titc ld A', B', C'thing hhng, trong d6 B'nlm
gitra A'vh C'.

Ti dinh li trOn, ta d6 dhng suy ra h0 qui sau d0y

HE QUA

Phdp rinh tidn bidn dudng thdng thdnh dudng thdng, biAh

tia thdnh tia, bidn dogn thdng thdnh doan thdng bdng n6, bi€h
tam gidc thdnh tam gidc bdng n6, bi1h dudng tdn thdnh
dudng trdn c6 cilng bdn kinh, bidn g6c thdnh g6c bdng n6.

3. Bidu thr?c toq d9 cria ph6p tlnh tidn

Trong mat phing vdi h0 truc toa dQ Oxy.cho ph6p

tinh tidn theo vecto /.
Bidt toa dQ cira i ld (a ; b). Gih srl didm M@; y)' 
biOn thdnh didm M'(x'; )) (h.3).

[r'=x+a
ly':y+b.

Hinh 3Khi d6 ta c6
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COng thrlc tr0n goi ld bidu thtc toq dQ cfia phdp tinh ti€n theo vecto
il(a; b).

2

H6y giSi thich vi sao c6 c6ng thrlc tr6n.

4. Ung dqng cria ph6p tinh ti6n

Cho hai didm B, C cd dinh ffen drtdng trdn (O ; R) vd mQt didm A thay ddi
trAn drdng trdn d6. ChrtryS minh rdng truc tdm tam gidc ABC ndm tr\n m1t
drdng tdn cd dlnh.

Gidi

Ndu BC li duong kinh thi truc tam H cta tam gi6c

ABC chinh ld A. Vay H nam trOn dudng trdn cd
dinh (O; R).

NOu BC khOng ph6i ln duong kfnh, vE dudng kfnh
BB'c:iua duong trdn (h.4).

D6 thay rang ndu FI li trgc tAm cira tam gi6c ABC 
B

th\ m =Et (tren hinh 4, didu d6 suy tt nhan x6t
tfi gi6c AHCB'li hinh binh hinh).

Nhu vAy, ph6p tinh tiOn theo vecto cd dinh B'C bi6n didm A thinh didm H.

Do d6, khi A thay ddi trOn (O ; R) thi truc tAm H luon ndm tr€n du&rg trdn
cd dinh li 6nh cfia dudng trdn (O ; R) qua ph6p tinh ti€n n6i trOn. n

Bii to6n 2

Hai thbn ndm o hai vi tt A vd B cdch

nhau mdt con sbng (xem rdng hai bd

sing ld hai drdng thdng song song)
(h.5). N7tdi ta dq dlnh xdy mOt chiAt
cdu MN bdc qua sdng (c6'nhi1n cdu

phdi vuOng g6c voi bd sbng) vd ldm hai
doan dudng thdng til A d1n M vd rrt B
ddn N. Hdy xdc dinh vi tr{ chi€t cdu

MN sao cho AM + BN ngdn nhdt.

Hinh 4

Hinh 5



NhSn xdt

Bii to6n sO rdt don giAn ndu con s6ng rdt hgp, hgp ddn mrlc hai bd sOng a

vI b xem nhu trirng vdi nhau.

3

Hiy giAi bdri to6n trong trrlong hop dflc biCt d6.

Trudng ho-p tdng qu6t (h.5) c6 thd dua vd trudng hqp trOn bang m6t ph6p

tinh tidn theo vecto ntfr ae a ffing b. Khi d6 didm A bien thinh didm A'

sao cho Ti = Mfi vitdo d6 A'N = AM.

4

Tu ggi f d6, hdy giAi bni to6n trong trrrdng hop tdng qu6t.

5. Ph6p ddi hinh

Kh6ng phii chi c6 ph6p tinh tidn "kh6ng lim thay adi ttroAng c6ch gifra hai

didm" md cdn nhidu ph6p bidn hinh khdc cfrng c6 tinh ch6t d6 (tinh chat nly
cdn duo.c goi 1I tinh chAt bdo todn khodng cdch girtahai didm). Ngudi ta goi

c6c ph6p bidn hinh nhu vay ln ph6p ddi hinh.

DINH NGHIA

ll rnap ddi hinh ld phdp bi€n hinh khang tdm thay ddi khodng

ll c,h'ch gifra hai didm bdt ki.

Chf y rAng c6c tinh chdt d6 n€u cira ph6p tinh tidn dugc chrlng minh chi

dga vio tfnh chdt "kh1ng ldm thay ddi khodng cdch.gifra hai didm".Ba
vdy, cic ph6p ddi hinh cf,ng c6 nhfrng t(nh chlt d6. CU thd ta c6

DINH LI

Phdp ddi hinh bidn ba didm thdng hdng thdnh ba didm thang

hdng vd kh1ng ldm thay ddi tht tt ba didm d6, biAn dudng

thdng thdnh dudng thdng, bi€n tia thdnh tia, biAh doqn thdng

thdixh doan thdng bdng n6, bi€h tam gidc thdnh tam gidc

bdng n6, biAh dudng trdn thdnh duong tdn cd cilng bdn

k{nh, biah g6c thdnh g6c bdng n6.



c6u n6i vd bdi t6p

1. Qua ph6p tinh tidn 7 theo vecto il +d, dudng th&ng d bidn thdnh

duong thing d'.Trongtrudng hqp nio thi : d tring d'? d song song va d'?
d cat d'?

2. Cho hai duong thing song song a vd a'. Tim tflt ci nhfrng ph6p tinh tidn
bidn a thdnh a'.

3. Cho hai ph6p tinh tidn Ti ve &., Vdi didm M bitt k\, T; bi€n M thdnh

didm M', T; bidnM'thlnh didm M". Chfng t6 rlng ph6p bidn hinh bi0n M

thhnh M" ld mOt ph6p tinh tidn.

. 4. Cho dudng trdn (O) vd hai didm A, B. Mot didm M thay ddi tren dudng

trdn (O). Tim qu! tfch didm M' sao cho Mff' + Ul = ME.

5. Trong m6t phing toa dO Oxy, vdi d, a, b ld nhfrng sd cho trr1c, x6t ph6p

biOn hinh F bidn mdi didm M@; y) thdnh didm M'(x'; y), trong d6

fxr=xcosa-ysinrz+a)"
ly'= xsina + ycosa + b.

a) Cho hai didm M(x1; y1), N(x2; yz) vit gIi M', N'lAn luot lI hnh cia M,

N qua ph6p F. Hdy tim toa dQ cia M'vi N'. :

b) Tfnh khoing cdch d gitra M vd N ; khoing c6ch d' giita M' vi N'.

c) Ph6p F c6 phii li ph6p ddi hinh hay kh6ng ?

d) Khi d = 0, chfng t6 rlng F ld ph6p tinh tidn.

6. Trong mlt phing toa d0 Oxy, xdt c6c ph6p biOh hinh sau day :

- Ph6p biOn hinh P1 bi0n m6i didm M(x; y) thlnh didm M'(y ; -x);

Ph6p bidn hinh F2 bidn m6i didm M(x; y) thdnh di6m M'(2x; y).

Trong hai ph6p bidn hinh trOn, ph6p nlo li ph6p ddi hinh ?
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PHEP DdI XONG TRUC

1. Dlnh nghia ph6p ddi xfng trr,rc

Ta nh6c lai : Didm M' gqi ld doi xfing vdi didm M qua

dudng thdng a nAlu a ld dadng trung truc cila doan

thdng MM' (h.6). Ne'u M ndm tr€n a thi ta xem M ddi
xfing vdi chfnh n6 qua a.

Ph6p ddi xrlng qua duong thing a duo. c dinh nghia

nhu sau

DINH NGHIA 1

ll fnUp ildi xttng qua itudng thdng a ld phip bi€n hinh bi€n mdi

ll aidm M thdnh didm M' ddi xtng vdi M qua a.

Ki hi0u vi thuflt ngit

Ph6p ddi xrlng qua duong thing a thudng duo. c ki hieu ld D o. Ph6p ddi xrlng

qua dudng thing cdn goi don giAn lit phdp ildi x{rng truc.

Duong thing a ggi li trryc cfi.a phdp ddi x,hng, hay don giin ld trqc ddi x,frng.

@ Quo phip ddi xrlng trvlc Do, nhfrng didm ndo bian thdnh chtnh n6 ?

@ Ne'u phip ddi xrntg ruc Da biah didm M'thdnh,didm M' thi n6 biidh didm M'

thdnh didm ndo ? Ndu n6 bi\n hinh g(thdnh hinh U(' thi n6 bidn hinh &f '

thdnh hinh ndo ?

2. Dinh li

Phdp ddi xfing trryc ld milt phip ddi hinh.

I (Dd chung minh dinh li')

GiA st D oli ph6p d(ii xung qua dudng thEng a. Ta chon hQ truc toq tlQ Ory md Ox lA

drrdng th8ng a (h.7).

10



Ldy hai clidm tu!' tl A(xe;ti vA B(xs;1il, hdy vidt

toq dQ cta A' : D"(A) vd B' = D"(B) rdi ddng c6ng

thr?c tinh khoAng c5ch tld chrlng minh A'B': AB.

F,:\s cHU V

Qua hoat dOng trOn, ta thdy ndu

ph6p ddi xrlng qua truc Ox bidn

didm M(x; y) thenh didm M'(x' ; y)

COng thrlc tr0n.goi li bidu thirc tog iIQ crta phdp ddi xitng
qua truc Ox.

rhi

Htnh 7

@ fnAp ddi xfing qua trryc Oy c6 bidu thttc toq dQ nhu th€'ndo ?

3. Trgc ddi xftg cria m6t hinh

Chring ta h6y quan s6t bdn hinh sau dAy (m6i chfr c6i li m6t hinh) :

ADPO
Ngudi ra n6i hinh thri nhdt vi hinh thf hai c6 tinh "cin xfng" vi vdi m6i
hinh, c6 thd tim thdy mOt duong thing sao cho ph6p d0i xrlng qua dudng

thing d6 bidn hinh 0y thlnh chinh n6. Cdc duong thing d6 goi th truc ddi
xring cira m6i hinh. Hai hinh cdn lai khOng "c6n xfng" vi chring khOng c6

nhfrng dudng thing nhu v0y.

DINH NGHIA 2

ll Dudng thdng d goi ld truc ildi xirng crta hinh {/( n€'u phip ddi

ll *ns ruc D4 bith J(thdnh chinh n6, trtc h Dd@() = il

MQt hinh c6 thd kh6ng c6 truc ddi xfng, cfrng c6 thd c6 m6t hay nhi0u

truc doi xurng.
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Vll Trong cdc hinh sau ddy, hinh ndo c6 truc ddi xirng vd c6 mdy trryc ? (M6i

chrt cdi ld m1t hinh)

ABCDDEGHIKL
MNOPORSTUVXYZ

Hey lim thrt !

Cdt em hdy nhd mQt giot muc l1n mAt fi gidy trdng, rdi gdp td gidy theo

mQt dtrdng thdng di qua giot mqc d6. Ap hai phrin cila td gidy sdt vdo nhau
r6i md ra. Cdc em s€ daoc nhfrng hinh c6 truc ddi xrtng khd ki thti !

Dudi ddy gioi thi€u vdi cdc em m1t sd hinh nha vdy.

$
a.Ap dgng

Ngudi ta td chtlc mQt cuQc ch4Y thi
trOn b6i bidn v6i didu kiOn sau : C6c

vAn dQng viOn xuAt ph6t tt dia didm
A vd dich li dia didm B, nhtrng trudc

khi ddn B phii nhring minh vio nudc

bidn (ta gii st rang m6P nu6c bidn li
mdt dudng thing) (h.8).

,-J aJ

Dd chidn th6ng trong cu6c chay dua 'J
ndy, ngoii tOc OQ ch4y, cdn c6 mQt Hinh 8

ydu td quan trgng li v0n dOng viOn

phAi x6c dinh vi tri M & m6p nudc mi minh ph6i ch4y tt A tdi dd, nhring

minh vdo nudc bidn, r6i tt d6 chay ddn B sao cho qu6ng duong phii chay
li ngan nhdt.

fr::

t2



Nhu v0y, bhi to6n c5 thd ph6t bidu du6i dang
to6n hoc thudn tuy sau dAy

Cho hai didm A vd B ndm v€' mdt phia cfia
dudng rhdng d (h.g). Hdy xdc dinh didm M r€i,n

d sao cho AM + MB be nhdt.

tA

M
Hinh 9

@ Neu hai didm A vd B ndm vd hai ph{a cila dudng thdng d thi ldi gi(ii bdi
todn tr€n rdt don gidn.Trong trxdng ho.p d6, didm M cdn tim ld didm ndo ?

Bay gid x6r trudng hgp A. ^B nam vd m6t phfa ctra d. Hdy lay didm A' d6i
xrlng vdi A qua d, vd. ch:6 f rang : AM + MB = A'M + MB.

2

Voi goi 1[ tr6n dAy, hdy n6u ldi giai crja bdi to6n.

cou h6i vd bdi t6p

7. Qua ph6p ddi xrlng truc Do (a li truc d6i xfng), dulng thing dbidn thdnh
duong thing d'. Hdy tri ldi c6c c0u h6i sau :

a) Khi nio thi d song song vfit d' ?

b) Khi nho thi d tring v6i d'?
c) Khi nio thi d cit d'? Giao didm cira d vd d'c6 tinh chdt gi ?

d) Khi ndo d vuong g6c vdi d'?

Trong mat phing toa dQ Oxy, cho cdc dudng trdn (61) vd (G) ldn luot c6

phuong trinh :

(V1l : *2 + y2 - 4x +5y+ I =0 ;

(Gz): *2 *y2 +10y-5=0.
Vidt phuong trinh inh cria m6i duong trdn trOn qua ph6p d6i xrmg c6 truc Oy.

Cho g6c nhon xoy vi m6t didm A ndm trong g6c d6. Hdy xdc dinh didm B
tr)n Ox vh didm C tran Oy sao cho tam gi6c ABC cd chu vi nh6 nhAt. .

Cho hai didm B, C cd dinh ndm trOn duong trdn (O ; R) vI didm A thay ddi
tr0n dudng trdn d6. Hdy ding ph6p ddi xrlng truc dd chtmg minh rf,ng truc
tlrrn H cira tam gi6c ABC nf,m trOn m6t dudng trdn cO dinh.

Hudng ddn.Khi BC kh6ng phii ld dudng ktuh, goi H'ld. giao didm cira

duong thing AH va duong trdn (O ; R). Chung minh rang H d6i xirng va H'
qua dudng thhng BC. 

13,
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11. a) Chi ra truc ddi xtlng (ndu c6) cira m6i hinh sau dAy (m6i hinh th mQt tt
bao gdm mOt sd chfi c6i) :

MAM, HOC, NHANH, HE, SHE, COACH, lS, lr,
SOS, CHEO
b) Chfrrg minh rlng dd thi cfia hdm sd ch6n luOn c6 truc ddi xfmg.

PHfP QUAY
VA PHfP D6I XUNG IAVT

1. Dlnh nghia ph6p quay

ll f rong mat phdng cho milt didm O cd dinh vd g6c ltong gidc A
ll kna"g d&. rhep bian hinh bi€h didm o thdnh didm o, biah

ll *ai didm M khdc O thdnh didm M' sao cho OM = OM' vd

ll (Ottt, OM) = rp duqc goi ld phdp quay tdm O g6c quay Q.

Ph6p quay thuong dugc k( hieu lI Q, vd ndu mudn chi 16 tdm quay O vd

g6c quay cpth\taki hiQu ph6p quay d6ld Q@, O.

o
' Hinh 10

Hinh 10 cho ra thay ph6p quay tam O g6c qay 
;bien 

didm M thanh didm

M',bi€nl6 cit G thitnhlS cd 6 '.

fl rnep ddng nhdt c6 phdi ld phip quay hay khAng ?

t4
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2. Dinh li

Phip quay ld mdt phip ddi hinh.

Chfing minh

Gii sir ph6p quay Qro,r, bidn didm M thlnh M'vitbion didm N thlmh N',
trong d6 O,' M, N khbng ifring hdng (h.11). Theo dinh nghia cria ph6p 9uay,
ta c6

OM = OM',

ON = ON'
vi (OM, OM) = (ON, ON) = e.
Theo h0 thrlc Sa{o vd g6c luong giilc, ta c6

(OM, ON) = (OM, OM) + (OM', ON)
: (ON, ON') + (OM', ON)

= (oM,, oN). o

Suy ra MON : M'ON'. Nhu v0y hai tam gi6c
MON vd,M'ON' bf,ng nhau, do d6 M'N'= MN.
Trudng hqp O, M, N thing hing, ta thdy ngay M'N'

1

Cho hinh ng0 gi6c ddu ABCDE ttm O (h.12). Hay
chi ra m6t sd ph6p quay bidn ng0 gidc d6 thirnh
chinh n6.

Hinh 1l

= MN.
B

E

3. Ph6p ddi xrirrg t6m 
Hinh t2

MOt trudng hqp dlc bi0t cria ph6p quay ld ph6p quay vdi g6c quay r. Khi
d6, nOu O ld tam quay thi m6i didm M dugc biOn thdnh didm M'sao cho O
ld trung didm cira MM'. Boi vAy, ph6p quay d6 cdn c6 tOn goi lh ph6p d6i
xrlng qua didm O.

Ph6p dOi xung qua didm O cdn c6 thd duo. c dinh nghia nhu sau :

Phdp.ilili xrtng qua didm O ld m1t phdp bi€h hinh biAh mdi
didm M thdnh didm M' ddi xftng voi M qua O, cb nghTa ld

OM + OM' -- 0.

u

-{
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Ki hiQu vir thu4t ngir

Phdp ddi xrrng qua didm O thuong dugc kf hiQu li Ds.Ph6p ddi xrlng qua

mQt didm cdn goi don gi6n ld phdp ildi x{tttg tdm.'

Didm O eqildtdm crta phdp ddi xirng, hay don gi6n li tdm ildi xitng.

Biiu thrtc toa d0

Trong hQ toa dQ Oxy cho didm I(a; b). N€u ph6p doi xfrng tAmDTbidn
didm M(x; y) thlnh didm M'(x'; Y) thi

COng thtlc trOn goi Ld bidu thtlc toa dQ cila phdp ddi xurtg tdm Dp

2

Hdy giSith(ch tqi sao c6 c6ng th0c tr6n'

TAm ddi xfng cfia mQt hinh

Chring tahdy quan s6t c6c hinh bidu thi c6c chfr c6i sau day

z SN
Tuy c6c hinh d6 kh6ng c6 truc ddi xrlng nhlng chfng cfrng 

^c6 
tinh "can

*dg" nLo d6. Lf do ld vdi m6i hinh, ta c6 thd tim thdy m6t didm O sao cho

ph6p ddi xrlng t0m D1bidnhinh d6 thdnh chfnh n6.

@ Oidm O nhu tha'cila mdi hinh ran ddy ld didm ndo ?

C6c didm O nhu v{y dugc gqi li tam ddi xrlng cfra m6i hinh.

ll Oid* O Sqi td tdm ddi xirng cfia milt hinh 1( ndu phip ddi

ll *,t"g tAm Ds biAn hinh {/(thdnh chinh n6, ttc ld Do(gf ) = il'

VTi Trong bdng chfr cdi in hoa, nhfrng chfr ndo c6 tdm ddi xirng ? Nhfrng chfi

ndo cb tdm ddi xtmg nhtng kh1ng cd trryc ddi xfing 7

VA Trong cdc hinh sau ddy, hinh ndo cb tdm ddlxtng ?OES*
16
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4. Ung dqng cfra pht6p quay

. Bii to6n 1

Cho hai tam gidc ddu OAB vd OA'B' nhr hinh 13.

Gqi C vd D ldn ltro. t td trung didm cria cdc doqn thdng A'

AA'vd BB'. Ch*ng minh rdng OCD ld tam gidc ddu.

Gidi

X6t ph6p qtay Q tdm O v6i g6c quay bang mor g6c o

luqtng gi6c (OA, OB). R6 ritng Q biOn A thenh B vh biOn
'A'th)nh B', nOn Qbi6n doan thing,4/'thinh doan thang BB'. TU d6 suy ra e
bidn trung didm C ctra AA' thanh trung didm D ctlr- BB'. Do d6 OC = OD vi,

edD = 6o0. V4y ocDliltam gi6c ddu. tr

Bii torin 2

Cho dadng trdn (O ; R) vd hai didm A, B cd dinh. Vdi mdt didm M, ta xdc

dinh didm M' sao c,ho Mfr = MA + tWE,. Tim quj tich didm M' khi didm M
chay tr€n (O ; R).

Gitii (h.14)

Goi 1 lh trung didm ctra af tfri / cd dinh vi
MA+MB=LMI . ,,'

I
I

BAi vay, MM' = MA + MB khi vi chi khi \ c
\

MM'=2M1, trlc li MM' nhdn 1 lim trung 'r_
didm hay ph6p d0i xrlng tAm D1bi6n diim M M'

thdnh M'. Y4y khi M chay tr0n dudng trdn
(O ; R) thi qu! tich M' lA anh ctra dudng trdn d6 quaDp NOu ta g2i O' li didm
dOi xrrng crta O qua didm l thi quy tich cria M'lh dudng trgn (O' ; R\. tr

Bii to6n 3

Cho hai duong trin (O ; R) vd (Or ; Rr) ciit nhau tai hai didm A, B. Hdy

dung m\t dudng thdng d di qua A cdt (O ; R) vd (O1; R) l,in luot tai M vd

Ml sao cho A ld trung didm ctia MMt.

Gilii (h.ts)

DAlit ph6p d6i xrlng qua Ath\ Dlbidn didm M thinh didnt ttrt, vi bidn

B

Hinh 13

Hinh l4

N
=
(,l
D z. ttit,tHttruc-e T7



dudng trdn (O ; R) thdnh duong
trdn (O';rR). Vi M ndm trOn (O ;R)
n€n Ml nim trOn (O' ; R). M4t kh6c

M1l1i nam trOn (Or ; Rr) nan Mllit
giao didm khdc A cira hai duong

trdn (O'; R) vh (O1 ; rRr).

Tt d6 suy ra c6ch drmg :

. DUng duong trdn (Ol ; R) ddi
xung vdi (O ; R) qua didm A (O'lit
didm dOi xfng ctra O qua A).

. Ldy giao didm M 1 crtahai duong trdn (O1 ; R1) vi (O' ; R), Mlkhdc A.

. Dudng thing d li duong thing di qua A vd My

EE t i sao d thod mdn didu kiQn ctia bdi todn ?

Cdu nfi vd bdi tgp

12. Cho ph6p quay Q tam O vdig6c quay p vd cho dudng thing d. Hdyn6u c6ch

durg inh d' cia d qua ph6p quay Q.

L3. Cho hai tam gi6c vuOng ctn OAB vd OA'B'
c6 chung dinh O sao cho O nam trOn doan

th&ng AB' vd, nam ngodi doan thhng A'B
(h.16). Gqi G vd G'ldn lugt ld trong t4m

cdc tam gi6c OAA' vd OBB'. Chrlng minh
GOG'li tam gi6c vuOng cAn.

t4. Gia srl ph6p ddi xrmg fftm Ds biOn dudng B'

thing d thdnh ducrng thing di Chrlng minh

a) Ndu d kh6ng di qua mm ddi x(mg O tti d'song song vdi d, O cdch ddu d

vb. d' :

b) Hai ducrng thing d vd, d'trtng nhau khi vi chi khi d di qua O.

15. Cho ph6p ddi xrlng t6m D1vdduong thing dkhdng di qua O.Hdy nOu c6ch

dr;ng anh d' cla duong thing d qrua Dp. Tim c6ch dqng d'md, chi srl dgng

compa mQt ldn vi thu6c thing ba tdn.

z. HINHttNcra

Hinh 15

OA
Hinh 16
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Chi ra cdc tdm d6i xung cliua cdc hinh sau dAy :

a) Ffinh gdm hai duong thing c6t nhau ;

b) Flinh gdm hai dudng thing song song ;

c) Flinh gdm hai duong trdn bang nhau ;

d) Dudng elip I

e) Duclrg hypebol.

Cho hai didm B. C cd dinh tr€n dudng trdn (O : R) vd m6t didm A thay
ddi tren dudng trbn d6. Hdy ding ph6p ddi xfng t6m dd chfng minh r6ng
truc tam H cia tam gi6c ABC nim trOn m6t dudng trdn cO dinh.
Hadng ddn. Goi 1 lI trung didm cira BC. Hdy vO dudng kinh AM ctra dudng
trdn r6i chrlng minh rlng 1ld trung didm cira doanthhng HM.

Cho dulng trdn (O ; ,R), dudng thing A vd didm /. Tim didm A tren
(O ; R) vi didm B trOn A sao cho 1ld trung didm cria doan th&ng AB.

Trong mltphing toadO Oxy,cho dudng thing L: ax+by + c= 0vddidm
1(xs ;lo). Ph6p d6i xrlng t0m Dlbidn dudng thing A thinh duong thing A'.
Vidt phuong trinh cira A'.

HAI HiNH BANG NHAU

Chring tabidt rang ph6p ddi hinh bidn tam gir{c th}nh tam giSc blng n6.

Bay gid a dil vAn dd : Cho hai tam gi6c bang nhau thi c6 hay kh6ng m6t
ph6p ddi hinh bien tam gi6c nhy thhnh tam gi6c kia ?

1. Dinh li

Ndu ABC vd A'B'C' ld hai tam gidc bdng nhau thi c6 phdp
doi hinh bi€h tam gidc ABC thdnh tam gidc A'B'C'.

Chitng minh

Ta x6c dinh mQt ph6p bidn hinh F nhu sau : F bien m6i didm M thinlh di€m M'
sao cho ndu CM : pCA + qCB
(h.17).

(p . lR, q € R) tli C'M' = pC'A' + qC'B'

16.

L7.

18.

19.

19



Ta chrlng minh F li ph6p ddi hinh. ThAt

vfly, gi& srl c6 th€m didm N vd F bidn N

thanh N', trlc Id ndu Cfr = nCA + rcE

ffi =CN -CItl

= (k - dcL+ (/ * deE.

Suy ra

._2
MN" = MN

., 
^ a __,)

= (k - p)'cA' + (/ - q)'cB'

. +2(k-p)(t-dcA.cd'
Hodn toin tuong tu, ta cfrng c6

M'N'2 = Mfrz

= (k - p)2C'A'2 + (l - q)2C'B'2 +2(k - p)(l - dei"ed'
Vi hai tam gi6tc ABC vit A'B'C'bdng nhau nQn CA = C'A" CB = C'B' vd

jA.CE =Cfr .ed'. B&i vQy, ta suy ra MN = M'N'hay F ln ph6p ddi hinh'

R6 rhng ph6p ddi hinh d6 bidn A, B, c ldn luot thdnh A" B" c" t(tc 1I bicn

tam gi6c afb tnann am gr6c A'B'C'' tr

2. Thd nio ldr hai hinh bXng nhau ? 
tf k':hiTt dinh lf tron ta c6 thd ph6t bidu i "Hai tam gidc bdng nhau bhi vd' cl

c6 phdp ddi hinh biAn iam gidc ndy thdnh tam gidc ftia". Nhu vfy, khdi

,iern ;[ang nhau" ctra hai tam gi6c c6 thd dugc dinh nghia bing hai c6ch

tuong duong sau d8Y

1) Hai tam gidc goi td. bdng nhau nA'u chting c6 cdc canh tuong fing bdng

nhauvd cdc gbc ttong fing bdng nhau'

2) Hai tam gidc gqi ld bdng nhau ndu c6 ph6p ddi hinh bi€n tam gidc ndy

thdnh tam gidc kia.

D6i vdi su b[ng.nhau ctra c6c hinh n6i chung, ngudi ta ding c6ch dinh

ngtria thrl hai. Vfly tu c6 dinh nghia tdng qu6t sau d&y

ll nai hinh goi ld bdng nhau n€'u cd phip ddi hinh bi€n hinh

ll "aY 
thdnh htnh kia'

20
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Til dinh nghla tren ta suy ra

N€u hinh Jq bdng hinh J$ vd hinh ,7Q bdng hinh ,7fi thi hinh
s(1bdng hinh 0Q.

ThAt viy, v\ gq bdng 0$ nOn c6 ph6p ddi hinh F bi€n J(1

bingtQ nOn c6 ph6p ddi hinh G bi€n1$thinhtQ.
NOu ta thuc hiOn liOn tiOp ph6p ddi
hinh F vi ph6p ddi hinh G thi hidn
nhiOn ta duoc ph6p ddi hinh bidn
gfi thdnh 44.YLy uLbai,ng s4.

Chang han. trOn hinh 18, h\nh Jfi
bing hinh Z$ v\ c6 ph6p tinh tiOn

bicn Afi thinh ,7$ ; h\nh ,7Q beng
h\nh $Q vi c6 ph6p dtii xrlng truc
bidn $$thdnh &6. Y 4y hai h\nh &fi
vd JQ bang nhau.

thlnh &6, v\ Uh

r(, I-_l

r--o
oo

4 L_l

Tir xa xua, ngudi ta 65 bidt trang tr[ brlc tUdng, d6t th6u thim hoa, l6t ndn nhd, ...

bing nh0rrg hlnh v6, nhinrg vi6n gach bing nhau v6i cfuc hoa vdn gidng nhau, ...

C6c m5u hinh v6, hoa vdn, ... c6 thd rdt fnec nhau nhung ngudi ta chfng minh
tlrroc ring thrlc ra ch? c6 17 cAch s5p xdp ldp di I6p lai c6c hinh rihu thd dd let
khSp mdt phEng.

Ndu chi dDng c6c ph6p tinh ti6n vir ph6p quay dd UiSn m6t vi6n gach niry thirnh
m6t vi6n gach kh6rc thi c6 5 cich l6t :

Hinh 18
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Cdn ndu dirng th6m cA ph6p ddi xurng truc thi c6 th6m 12 clch l6t nfra :

J
-

J
-C- r g- 7

J
-

J
-L 7 L 7

J
-

J
-g. r f. 7
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20.

2L.

23.

24.

Trong 17 cAch l6t tr6n, ngrtoi ta d5 tim thdy 11 c6ch l6t 6 ddn Alhambra thinh phd
Granada (TAy Ban Nha), 5 c6ch kh5c di tim thdy 6 chdu Phi, c6ch cdn lai cOng dd
tim thdy trong m6t trang trl cd 6 Trung Qudc.

cou n6i vd bdi tQp

Chtmg t6 rang hai hinh chfr nhAt cing kich thudc (ctng chidu dii vd chidu
rOng) th) bang nhau.

a) Chrlng minh ring hai tf gi6c ldi c6 cdc cdp canh tuong rlng bdng nhau
vd m6t cap dudng ch6o tuong tmg bang nhau thi bing nhau.

b) Chung minh rang hai tf gi6c l6i c6 cdc cip canh tuong rlng b[ng nhau
vh mOt cip g6c tuong rmg bAng nhau thi bang nhau

c) Hai tir gi6c 16i c6 cdc cdp canh tuong rlng bang nhau thi c6 bing nhau
hay kh6ng ?

Da grdc l6i n canh goi ld n-gi6c ddu ndu t* cecdc canh cira n6 bing nhau

vd tdt cil cdc g6c ctra n6 blng nhau. Chung t6 rang hai n-gi6c ddu bang

nhau khi vd chi khi chring c6 canh bdng nhau

Ifrnh 0(1gdm ba duong trdn (O1 ; r1), (Oz; 12) vd (O3 ; ry) doi mot tiep xric

ngodi vdi nhau. ltrnh 5$ g6m ba dudng trdn (11 ; r); (lz; 12) vd (13 ; ry) ddi

m6t tidp xric ngoii v6i nhau. Chrmg t6 rang hai hinh 4rirh$bangnhau.
Cho hai hinh binh hdnh. Hdy vd m6t dudng thing chia m6i hinh binh hdnh
d6 thinh hai h)nh blng nhau. 
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Hin-be (Hilbert)

Chdng ta hdy quan s6t hai bfc ch0n dung 6 hinh vE tren. Tuy kich thudc ctra
chring khdc nhau nhtmg hinh dang cira chring rdt "giOng nhau" (ta n6i chring
"ddng d4ng" vdi nhau). Vi brlc nh6 hon lh chdn dung cira nhh to6n hgc Hin-be,, nOn brlc l&r hon cflng li chin dung cria nhi to6n hoc d6.

Sau d0y, chring ta sE n6i vd c6c ph6p bidn hinh kh6ng lim thay ddi hinh
dang ctra hinh. Trudc h0t, trong bii nly, ta n6i ddn ph6p vi tr,r, m6t tru&rg
hqp riOng cira nhfrng ph6p bien hinh nhu thd.

1. Dlnh nghia

Cho milt didm O cd dinh vd mdt sd k kh6ng ddi, k + 0. Phip
bieh hinh bi1n mdi didm M thdnh didm M' sao cho

+
OM' = kOM duqc sqi ld phdp vi tu tdm O rt sd k.

Ta thuong kf hiOu ph6p vi tU boi chfr y, ndu cAn n6i 16 tdm O vd ti s6 k cha

n6 thi ta ki hiQu ldvp, p7.

Hinh 19 cho ta thdy ph6p vi tu t6m O ti sfi k = 2 vh,ph6p vi tu tam 01 ti sd

It- _,c1 - --,2 biOn hinh U( thitnh c6c hinh nhu th€ nho.

24

Hinh 19



2. Citc tfnh chdt cfra ph6p v! ttr

DINH LI 1

Ndu phip vi tttr ti sd k bieh hai didm M vd N ldn luot thdnh
hai didm M'ri N'thi

Mfr = kMfi' vd M,N, =ltlUN.

Chitng minh

Ndu O lh tam cira ph6p vi tu thi theo dinh nghia, ta c6 Ofr = kofr,
ON' = kON.

v4y rwfr : ofr - ofr = kofi - kofr = kert -m) = kMfi.

Tt d6 suy ra M'N' =l*l1/'ttt. n

DINH Li2

Phip vi tu bi€h ba didm thdng hdng thdnh ba didm thdng hdng
vd khAng ldm thay ddi tht M cfia ba didm thdng hdng d6.

Chirng minh

Gii sfr ba didm A, B, C thing hdng mI I nam giita A vh C, tfc li
EA = *Ed vdi m< 0. Neu ph6p vi tu ti sd k bidn A, B, C ldn luot thd nh A',

B', C' thi theo dinh li l,tac6 ET = kdi, yd : kde ..''
Tt d6 suy ra B'A' = kBA = k(mBC) = m(kBC) = mB'C', trlc li ba didm A',
B', C thing hing vdi B'nam glrta A' vd C'. tr

nE ouA

Phip vi tu ti sd k bidn dudns thdng thdnh dudng thdng song
song (ho\c trilng) vdi dudng thdng d6, bi€n tia thdnh tia,
biAn doqn thdng thdnh doqn thdng md dQ ddi dtoc nhdn l€n

vA lkl, bidn tam gidc thdnh tam gidc ddng dang vdi ti sd

ddng dang ld lkl, biah g6c thdnh g6c bd:ng n6.

fl Nnnng dudng thdng ndo bidn thdnh chinh n6 qua phdp v! ttt voi ri sd k + I ?

Nhfing dtdng trdn ndo bidn thdnh chinh nb qua phdp v! M vdi ti sd k * I ?

,25



3. Anh cia dudng trdn qua ph6p vi tU

DINH LI3

Phdp vi tu ti sd k biah dudng tdn c6 bdn kinh R thdnh dudng

trdn c6 Odn ktnh lklR.

Chitng minh (h.20)

Gie sir V le phdp vi tu
tdm O ti sd ft vd (/ ; R) ld duong
trdn dd cho. Goi 1'ld inh cria l vd

M'ld hnh cfia didm M btitki thi ta

c6 I,M,=ltltu.
B&i vfly IM = R khi vd chi khi

1'114'=lklR hay le M' thuQc

duong trdn (1'; R) vdi fi' = ltlR.
D6 chinh le inh cira dudng o
trdn (/ ; R) qua ph6p vi tu V. n
1

TrOn hinh 2O,hdy v6 m6t duong thtng d qua tdm vi ttJ O, c5t duong trdn (1 ; R) tai A vir

B, cftl dudng trdn (.I'; R) tai C vd D. HEy n6i 16 c6c didm A vir B ctrroc bidn thdrnh

nhilng tlidm nio qua ph6p vi trl d6, vi giAi thfch tai sao.

Ndu dudng thtng d n6i tr6n ti6p x0c v6i durdng trdn (1 ; R) thi d c6 ti6p xrlc v6i dudng

trdn (/'; R) hay kh6ng ? Nhdn x6t gi vd c5c ti6p didm ?

4. Tim v! tU c0a hai dudng trdn

Ta d6 bidt rang ph6p vi tg bidn ducrng trdn thinh duong trdn. BAy gid ta x6t

bii todn nguo. c lai.

Biri toSn I
Cho hai dudng trdn (l ; R) vd (l' ; R) phan biot. Hdy tim cdc ph€p vi tt1

bi€n dudng trdn (l ; R) thdnh dudng trdn (l' ; R').

Gitii

Trudc hdt, ta c6 nhfln x6t : Ndu ph6p vi tU tam O ti sd ft bidn (/ ; ft) thinh

(I' ; R') thi lkl = 
R' 

huy k = t+ vit oF = koi. Tu d6 ta xdc dinh dugc
R --_J -R

cdc ph6p vi tg md bii to6n y€u cdu. Cu thd li :
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Trudng hqp hai dudng trdn (l ; R) vd
(l' ; R) ddng tdm, R + R', hidn nhiOn khi
d6 O trirng v6i 1. VAy ta c6 hai ph6p vi

tg : ph6p vi tg Iz1 ttdm I ti sO { vd

ph6p vi tV vzram 1 ti so -{. (Tron
R

h'inh 21, ph6p vi tu V1 bidn M-thinh

M'1vd ph6p vi tuV2bidn M thinth M').
Trtdng hW I khbng trilng vdi I' nhung
R = R',.trtC h k:*1, khi d6 didm O

phii thoi mdn didu kicn D7' = koi
nOn t chi c6 thd beng -1, viL O ld
trung didm cira doan thing II'. YQy
trong trudng hgp niy chi c6 mOt ph6p

vi tu : tam O, ti sd -1, d6 cflng chinh
ln ph6p d6i xung qua didm O (h.22).

Trtdng hW I khilng trilng 1'vi R * R', ta c6 thd x6c dinh cdc ph6p vi tu nhu
sau (h.23) :

Hinh 23

Ta ldy M'rM'zld mOt duong kirih cria Q' ; R) vd IM ld m6t b6n kinh cira (1;R)

sao cho hai vecto Vfr1 vi, ffi cung hu6ng. Duirng thing II' c6t MM'tvd MM'2

ldn lugt tai Olvd O2.

Khi d6 ph6p vi tU yl m{n O1 ti sd t, = n vd ph6p vi tu V2 ttm O2 ti s6

^
k, = -{ ddu bien duong trdn (1;R) thenh dudng trdn (1'; R). tr.R

Hinh 21

Hinh 22



ThuAt ngif

Ndu c6 ph6p vf tq t6m O bien duong trdn niy thinh duong trdn kia thi O
dugc ggi lit tdm vi ttt cfia hai iludng trdn d6. 

,

NOu ph6p vi tu d6 c6 ti sO duong thi didm O eqi lit tdm vi tq ngodi, ndu

ph6p vi tg d6 c6 ti sd 0m thi didm O ggi ld tdm vi tu trong.

TrOn hinh 23,haiduong trdn (1 ; R) vd (l' ; R) c6 O1li tAm vi tu ngoii,

Oz ldtdm vi tu trong.

5. Ung dgng cfra ph6p v! tU

Biri to6n 2

Tam gidc ABC c6 hai dinh B, C cd dinh cdn dinh A chay tr1n mQt dudng trdn

(O ; R) cd dlnh kh1ng c6 didm chung voi dudng thdng BC.Tim quj tich trqng

tdmG cila tam gidc ABC.

Gidi (h.24)

Gqi 1 li trung didm cira BC thi 1cd dinh.

Didm G li trong tAm tam gi6c ABC khi vd

chi khi

Nhu vAy ph6p vi tu V tam 1ti so 1 Uign didm A thdnh didm G. Tt d6 suy ra
3

khi A chay trOn duong trdn (O ; R) thi qu! tich G Id inh cira dudng trdn d6

qua ph6p vi tu v, trlc li duong trdn (o' ; R') md 7d' = lt| ,u R' = 1R. E
JJ

Biri toin 3

Cho tam gidc ABC voi trong td.m G, trac tdm H vd tdm dudng trdn ngoqi

tidp O. Chfing minh rdng GH = -2GO (nhu vQy khi ba didm G, H, O

khilng trr)ng nhau thi chthng ct)ng ndm tr€n mQt dtdng thdng, dttoc gqi td

drdng thdng O-le).

1-
IG = 1IA.

3 Htnh 24.
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2 (Dd giSi biri to6n 3)

Goi A', B', C' ldn ludt la trung didm c6c canh BC, CA, AB
c0a tam gi6rc ABC (h.25).

1) Hey chr?ng minh ring O ld truc tdm c0a tam gi6c
A'B'C'. B
2) Goi 7 ld ph6p vi tu tAm G, t? sd -2. Hdy tim 6nh c0a
tam gi5c A'B'C'quaV.
3) Qua ph6p vi ttJ 7, didm O bi6n th?rnh didm ndo ?
M sao ? TiJ d6 suy ra kdt luan c0a bdi to6n.

@ Cqi O' ld tdm dudng trdn ngoai ti€p tam gidc A'B'C'. eua ph6p vi tuV n6i
tr€n, didm O' bieh thdnh didm ndo ?

cou n6i vd bdilQp

Cdc ph6p sau dAy c6 phii ld ph6p vi tu hay kh6ng : ph6p ddi xrlng tAm,

ph6p dtii xfng truc, ph6p ddng nhat, ph6p tinh tidn theo vecto ktr6c d ?

C6c khing dinh sau ddy c6 dring kh6ng ?

a) Ph6p vi tu 1u6n c6 didm b6t d6ng (tfc le didm bidn thlnh chinh n6).
b) Ph6p vi tu khOng thd c6 qu6 m6t didm bat dQng.

c) Ndu ph6p vi tu c6 hai didm bat dong phan bi0t thi mgi didm ddu bdr d0ng.

X6c dinh tam vi tu trong vi tam vi tu ngoii ctra hai dudng trdn trong c6c
trudng hqp sau :

a) Hai duong trdn tidp xfc ngodi vdi nhau.

b) Hai duong trdn ti6p xric trong vdi nhau.

c) M6t dudng trdn chrla duong trdn kia.

Cho hai duong trdn (O) va (O) c5t nhau tai A vI B. Hdy dung qua A mOr
duong thing d cat (O) b M vir c1l- (O)O N sao cho M li trung didm cira AN.

Cho duong trdn (O ; R) vd didm l cO dinh khdc O. MOt didm M thay ddi
trOn du&rg trdn. Tia phfln gi6c ctra g6c MOI c6t IM tai N. Tim quf r(ch
didm N.

Cho hai dulng trdn (O) vd (O) c6 b6n kinh kh6c nhau, tiOp xric ngodi vdi
nhau tai A.,MOt duong trdn (O") thay ddi, lu6n luOn tidp xric ngoii v6i (O)
vn (O) ldn luot tai B vi C. Chung minh rdng duong thfrng BC 1u6n di qua
mOt didm cd dinh.

Hinh 25

25.
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ZA
PHEP DONG DANG

1. Dlnh nghla ph6p ddng d?ng

Phip bidn hinh F gqi ld phdp ddng dqng ti sd k (k > 0) neu

vdi hai didm bdt ki M, N vd dnh M', N'cfia chfing, ta c6

M'N'= kMN.

fl rnAp ddi hinh vd phdp vi ta c6 phdi ld nhrtng phip ddng dang hay khbng ?

N€'u c6 thi ti sd ddng dqng ld bao nhiAu ?

Ggi 7 ln ph6p vi tu t0m O ti sd k vit D ld m6t ph6p ddi hinh. V6i mdi didm M bdtki,

7 bidn di6m M thinh didm Ml vit D bidn tlidm M, thirnh didm M'. NhtJ v6y ta c6

mQt ph6p bidn hinh F bidn di6m M thdnh didm M'. C6 thd n6i F c6 dugc bing c6ch

thr/c hiQn li6n tidp hai ph6p bidn h)nh V vit D.

Ngudi ta cdn n6i ring F lit phdp hW thenh c0a hai ph6p bidn hinh V vir D.

Hdy churng t6 ring F ii m6t ph6p cl6ng dang ti sd lfl.

Nhu vay, nou thuc hiOn liOn tiep mot ph6p vi tu vI mQt ph6p ddi hinh thi
kdt qui li mOt ph6p ddng d?ng. Didu nguoc lai c0ng dring. Ta c6 thd chrlng

minh duoc dinh li sau dAy.

2. Dlnh li

Mqi phip ddng dang F tl sd k ddu ld ho,p thdnh cfia mQt phdp

vi tttrV ti sd kvd m1t phdp ddi hinh D.

Hg OuA (tfnh chat ctra ph6p ddng dang)

Phdp ddng dang bi|n ba didm thdng hdng thdnh ba didm
thdng hdng (vd khbng ldm thay ddi thfi tt ba didm db),
bidn dudng thdng thdnh dudng thdng, bieh fia thdnh tia,
bi€h doan thdng thdnh doan thdng md dQ ddi duoc nhdn
l€n voi k (k ld ti sd cila phdp ddng dqnd, bi€n tam gidc
thdnh tam gidc ddng dqng vdi ti sd k, biAh dudng trdn c6

bdn ktnh R thdnh dadng trdn c6 bdn kinh kR, bi€h g6c

thdnh gdc bdng n6.

30



@ CA phdi moi phdp ddng dang ddu bi€h dadng thdng thdnh dudng thdng
song song hodc trilng voi n6 hay khong ?

3. Hai hinh ddng deng

Tr0n hinh 26. tac6 hai h\nh,1(vir J(r uiru vdi nhau (nghIa rd c6 ph6p vi tu

v bidn hinh gfthinlhh\nhff1). hai hinh 14uir5('bdngnhau (nghia ld c6 ph6p

ddi hinh D biOn h\nh&fi thhnh h\nh#(').

o'

e

inh 26

Ndu goi F li ph6p hqp thinh ciav vi D thi F li ph6p ddng dang bienh\nhz(
thdnh h\nhJ('.

Ta n6i rlng hai hinh fihd /(' ddng dang voi nhau. Nhu v0y ta c6 :

DINH NGHIA
I

ll Aoi hinh goi td il6ng dgng voi nhau n\'u c6 phtip d6ng dang

ll Oien hinh ndy thdnh hinh kia.

CHU'i

O l6p 8, ta da bidt thd nio ld hai tam gi6c ddng d+ng. Kh6i niem
d6 phn hqp vdi dinh nghia trOn.

c6u h6i vd bdi tQp

Chung t6. r[ng ndu ph6p ddng dang F bidn tam giilc ,q,nC tninh tam gi6c
A'B'C'thi trong tam, truc tAm, tAm dudng trdn ngoai tiOp tam gi6c ABC
ldn luot bidn thinh trong tAm, truc t0m, t6m dudng trdn ngoai ti0p tam
gi6c A'B'C'.

Chtmg t6.r6ng cdc da giSc d6u c6 cirng s6 canh thi ddng dang vdi nhau.

3l
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33. Dmg tam gi6c ABC ndu bidt hai g6c 
'B 

= B, C - f viL mOt trong c6c ydu

td sau :

a) Duong cao AH = h ;

b) Duong trung tuYdn AM = m;
c) B5n kfnh R ctra dudng trdn ngoai tidp.

ON TAP CHUONG I

| - T6m tit ntrfrng kidn thrlc cdn nh6

1. Ph6p ddi hinh ld ph6p bien h)nh kh6ng llm thay dtii ktroing c6ch gifra hai

didm bat ki, nghia li ndu ph6p ddi hinh biOn hai didm M, N ldn luot thdnh

hai didm M', N'th\M'N'= MN.

2. Cdc tinh chat c[ra ph6p ddi hinh : biOn ba didm thing hing thinh ba didm
thing hlng vi khdng lim thay ddi thrl tu ba didm d6, biOn duong th&ng

thdnh duong thing, bidn tia thinh tia, bidn doan thEng thdnh doan thing
bang n6, bi0n g6c thinh g6c blng n6, biOn tam grdc thdnh tam gi6c blng
n6, bidn duong trdn thinh duong trdn c6 cing bdn kinh.

3. C6c ph6p ddi hinh cu thd :

a) Ph6p tinh ti6n T; (theo vectd rt) bi6n m6i didm M thlnh didm M'sao

cho MM' = il.

b) Ph6p doi xtmg trlc D4 (truc ld du&rg thing d) bidn m6i didm M thdnh

didm M'ddi xring vdi M qta d.

c) Ph6p guay Q@, q1 $rlrn O, g6c q)ay q) bi6n Othenh O, bidn m6i didm M kh6c

O thdnh didm M'sao cho OM = OM' vdg6c luong giSc (OM, OM)bFng 9.

d) Ph6p doi xring tum Ds(mm li didm O) bidn m6i didm M thlinh didm M'
doi xtlng v6i M qua O.

4. Dinh nghia vd hai hinh bing nhau : Hai hinh goi li blng nhau nOu c6 ph6p

ddi hinh biOn hinh ndy thinh hinh kia.

5. Ph6p ddng dang ti sd k (k > 0) 1A ph6p bion hinh bion m5i cip didm M, N
thinh clp didm M', N'sao cho M'N' = kMN.

6. Ph6p ddng dang c6 cdc tinh chdt : biOn ba didm thing hdng thdnh ba didm
, ttring trang fva thdng lim thay ddi thrl tu ba didm d6),-bi0n dudng thing

32



thinh duong thtng, bidn tia thinh tia, bidn do4n thing thinh doqn thlng
mi do dii duo. c nhan .l€n v6i k (t li ti sd cta ph6p ttdng d?ng), bi6n tam
giSc thanh tam gidc ddng dang vdi ti s6 t, bi6n mOi g6c it a"n g6c c6 cing
s6 do, bidn duong rrdn b6n k(nh R thinh duong trdn C6 b6n kinh tR.

7- Ph6p vi ty vp, q tdm o ti sd k (k + 0) bidn m6i didm M thinh didm M, sao

cho Ofr = kOil.

8. cdc tinh chdt cira,ph6p vi tqr : ph6p vi tu tam o ti sd t li mor ph6p ddng
dang ti sd lti nOn c6 cdc tinh chdt cira ph6p ddng dang. Ngoii ra, ph6p vi tu
c6 tinh chdt dac biOt sau : du&rg thing n6i mot didm vn 6nh cira n6 lron
luon di qua o ; hnh d' cria du&rg thing d lu0n song song hoac tring va d.

9. M6i ph6p ddng dang bao gid cfrng c6 thd xem lh hqp thanh cta mOt ph6p vi
tu vi rnOt ph6p ddi hinh.

10. Dinh nghia vd hai hinh ddng d4ng : Hai hinh duo. c ggi li d6ng d4ng v6i
nhau n€u c6 ph6p ddng dang bidn hinh niy thdnh hinh kia

ll - C5c ciu h6i tr,r kidm tra

1. Cdc khtng dinh sau ddy c6 dring khOng ?

a) Phdp ddng nhAt li m6r ph6p tinh tidn ;

b) Ph6p ddng nh6t li mOt ph6p quay ;

c) Ph6p d6ng nh0t li mOt ph6p dtii xrlng tAm ;

d) Ph6p ddi xfng tam li m6t ph6p vi tq;
e) Ph6p quay ld m6t ph6p ddng dang ;

f1 Ph6p vi tu li m6t ph6p ddi hinh.

2. Cho hai didm A, B ph0n biOt. cdc khirg dinh sau dfly c6 dring kh6ng ?
a) C6 duy nhdt m6t ph6p dtii xrfng truc bi€n A thenh B ;
b) C6 duy nhAt m6t ph6p dtii xrlng tAm bi€n A thlnh B ;

c) C6 duy nhdt mQt ph6p tinh tidn bien A thinh B ;

d) C6 duy nhdt mQt ph6p quay bi6n A thanh B ;

e) C6 duy nhAt mOr ph6p vi tu bidn A thhnh B.

3. H[y chi ra mOt sO hinh c6 m6t trong c6c tinhchat du6i day :

a) C6 v0 s6 truc ddi *fog ;

b) C6 v0 sd mm d6i *tog;
c) C6 ding n tr\rc ddi xtlng.

g. uiruurrruc-n



ilr - Bii t?p

\ f . Cho hai duong trdn (O ; R), (O'; R) vi m6t dudng thhng d.

1 af Tim hai didmM, N ldn luot nAm tr€n hai duong trdn d6 sao cho dli
I .1

i Auong trung truc ctta doan thing MN.

b) X5c dinh didm 1 tran d sao cho tiep tuydn IT crta Q ; R) vh tiep tuy€n

IT' cta (o' ; R') hqp thlnh c|c g6c mi d li m6t trong c6c du&rg ph6n gi6c

cliua cdc g6c d6.

2. Chtmg minh rang neu m6t hinh ndo d6 c6 hai truc ddi xung vu6ng g6c v6i

nhau thi hinh d6 c6 tam d6i xfug,

3. Cho dudng thing d di quahai didm phan biet P, Q vh, hai didm O4"eatl
mor phia doi v6i d. Hdy x6c dinh ffan d hai didm M, N sao cho MN = PQ

vit AM + BN b6 nh0t.

4. Cho vecto il vd m6t didm O. Vdi didm M

xrlng v6i M qaa O vd M'ta <ildm sao cho

hinh bidn M thinh M'.
a) F ln ph6p hgp thdnh cira hai ph6p nio

bdt ki, ta goi MLIiL didm ddi

Mfr = il. Gsi F lI ph6P bien

? F c6 phii li ph6P ddi hinh

O PC
Hinh 27

a. xlttHttt{c-a

hay kh6ng ?

b) Chrlng t6 r[ng F ld mQt ph6p d6i xrlng tAm.

5. Cho ram gi6c ABC n6i tiop trong dudng trdn (o) vi m6t didm M thay ddi

rr6n (O). b1i Ml ld didm ddi xrlng va M qua A, M2liL didm ddi xtlng vdi

M1 \ua B, Mz ld didm ddi xung vdi M2 qua C'

a) Chrlng 16 rang ph6p biOn hinh F bien didm M thanh M3ld mQt ph6p drii

xrlng tdm.

b) Tim qu! tich didm M3.

6. Goi F ln ph6p bien h)nh c6 tfnh chat sau day : v6i moi cf,p didm M,N vI inh

M,, N' cua chring, ta 1u0n c6 Mfr = kMfr, trong d6 t li mQt so khong ddi

kh6c 0: Hdy chtmg minh r6ng F ld ph6p tinh tiOn ho4c ph6p vi tg'

7. a) Cho tam gi6c ABC vit hinh vuOng MNPQ nhu

hinh 27. GoiT ld ph6p vi tu tdmA ti sd p = E. way
AM

dmg 6nh cira hinh vu6ng MNPQ qua ph6p vi tg V'

b) Tt bdi to6n & cau a) hdy suy ra c6ch giii bii to6n

sau : Cho tam grdc nhon ABC, hdy dqng hinh vu6ng

MNPQ sao cho hai dinh P, Q ndm trOn canh BC vit
hai dinh M, N ldn luot nf,m trOn hai canh AB vd AC'

34



8. Cho duong trdn (o) c6 dudng^ kinh AB. Goi c lh didm dOi xrnrg v6i A qua B
vd PQ li duong kinh thay ddr ctra 1o) kh6c du&rg kinh AB. buong tit a"g

a) Chring minh ring 0 li trung didm cira cM, N ld trung didm cia ce.
b) Tim qu! tfch c6c didm M vd N khi duong kinh pethay ddi.

9. cho duong trdn (o ; R) vi didm A cd dinh. MOt dfly cung BC thay ddi cia
(o ; R) c6 d6 ddi kh0ng ddi BC = nt. Tim qu! tich c6c didm G sao cho
cA+cE*cd=d.

lV. Cdc ciu h6i tric nghiGm

1. cho hai duong thing song song d vd d'. c6 bao nhiOu ph6p tinh ti6nbi6n d
thinh d'?
(A) Khong c6 ph6p tinh tiOn nio ; (B) c6 duy nhat m6t ph6p tinh tidn ;
(c) chi c6 hai ph6p tinh tiOn ; (D) c6 v6 s6 ph6p tinh riOn.

2. Cho bdn duong thing a, b, e', b'trong d6 a /l a,, b l/ b,, a cat b. C6bao
nhiOu ph6p tinh ti€n bidn a v>a b ldn luot thinh a,vd. b,?
(A) Khong c6 ph6p tinh tidn nio ; (B) c6 duy nhdt mOt ph6p tinh tien ;
(c) chi c6 hai ph6p tinh tidn ; (D) c6 rdt nhidu ph6p tinh tidn.

3. Cho hai ducrng thing c6t nhau d vd d'. C6 bao nhiOu
bicn d thdnh d'?
(A) Kh0ng c6 ph6p ddi xtrng tru0 nlo ;

(B) C6 duy nhdt mOr ph6p ddi xrlng truc ;

(C) Chi c6 hai ph6p ddi xrlng truc ;

(D) C6 rAt nhidu ph6p ddi xrlng rruc.

ph6p d6i xfng truc

4. Trong c6c hinh sau dAy, hinh nio c6 bdn rruc dOi xfng ?
(A) Flinh binh hdnh ;

(C) t{inh thoi ;

(B) Hinh chfr nhAt ;

(D) Flinh vu6ng.

5. Trong c6c mOnh dd sau, mOnh dd nio sai ?

(A) Flinh gdm hai dulng rrdn kh6ng bing nhau c6 truc ddi xrlng ;
(B) llinh gdm mor duong trdn vi m6t doan thing tu] f c6 truc ddi xring ;
(C) Flinh gdm mot dudng rrdn vi,mOt dudng thing tu! f c6 rr\rc d6i *fog ;
(D) Flinh gdm mOt tam gidc can vI duong trdn ngoai ti6p tam gi6c d6 c6 truc
d6i xring.

6. Trong cdc hinh sau dAy, hinh nho kh6ng c6 tlm dOi xung ?
(A) Flinh gdm mot duong trdn vi mQt hinh chfr nhat n6i tiep ;
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(B) Ffinh g6m m6t dudng trbn vi mOt tam gi6c ddu nOi tidp ;

(C) Hinh iuc gi6c ddu ;

(D) Flinh gdm m6t hinh vuOng vi duong trdn n6i ti€p.

7. Cho hinh vuong ABCD tarm O. X6t ph6p qray Q c6 tam quay,O vi g6c

qxlay g. v6i gi6 tri ndo sau d6y c]idla g, ph6p quay Qbidn hinh vuong ABCD

thinh chinh n6 ?

@) a =;.(A)cP=!;
o

(B) p =f,,

8. Cho hai duong thing song song d vd d'. C6 bao nhieu ph6p vi tg v6i ti s6

ft = 100 bi6n d thdnh d' ?

(A) Khong c6 ph6P ndo ;

(C) Chi c6 hai ph6P ;

(c) rp =[,

(B) C6 duy nh6t'm0j ph6p ;

(D) C6 rat nhidu ph6p.

(B) Ph6p ddi xrlng tlm ;

(D) Ph6p vi tu.

g. Cho duong trdn (O ; R). Tim mOnh dd sai trong c6c menh dd sau day :

(A) C6 ph6p tinh tiOn bidn (O ; R) thinh chinh n6 ;

(B) C6 hai ph6p vi tu biOn (O ; R) thinh chinh n6 ;

(C) C6 ph6p ddi xrlng truc bi6n (O ; R) thenh chfnh n6 ;

(D) Trong ba menh dd A, B, C, c6 itnhdt mot mOnh dd sai'

10. Trong ci{c mOnh dd sau dAy, m0nh dd nho sai ?

(A) Tam vi tu ngoii cira hai dudng trdn nam ngoli hai dudng trdn d6 ;

G) Tam vi tu ngoli ctra hai duong trbn khong ndm gifra hai tam cta hai

duong trdn d6 ;

(O Tam vi tu trong cta hai dudng trdn lu6n thu6c doan thEng n6i tam hai

dudng trdn d6 ;

(D) Tam vi tu cira hai dudng trdn c6 thd le didm chung ctra ci hai duong

trdn d6.

11. Ph6p biOn hinh ndo sau dAy kh0ng'c6 tfnh chi't : "Bidn mOt dudng thing

thdnh dudng thing song song hoic trtng vdi n6" ?

(A) Ph6p tinh tien ;

(C) Ph6p ddi xfng tryc ;

L2. Trong c6c mOnh dd sau d0y, mQnh dd ndo sai ?

(A) Ph6p ddi hinh ld mOt ph6p d6ng d?ng ;

(B) Ph6p vi tU li mQt Ph6P ddng deng ;

(C) Ph6p d6ng d4ng li mQt ph6p ddi hinh ;

(D) C6 ph6p vi tu kh6ng phii ld ph6p ddi hinh'
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nNn ru obuc DANG

vA nhml Hoc rpAC-T N (rpACrAr)

Eai dge fhem

Hinh tro^ng Jni.t pntrlO duoc goi lit hinh tq ct6ng dang ndu m6i mdu nh6 crja n6 ddu
:l*.T0l9g fal 9:lq.9qns v6i.!in!.d6, t,rc 6 rrri p-nons to oO pnan n;y G;;gt rt
so thich hdp, ta c6 th6 ddt chdng khft t6n hinh dE cho.
vi du : doan thEng, hinh tam gi6c ddu, hinh vu6ng la nhfing hinh trr d6ng dang.

fnidy h!nf, !y ddng dang duoc xdv dung bing phLrong phdp t{p (xay dung theo
trrng bu6c). Vi du :

'T?p cing-to (cantor) : cho m6t cloan thtng. d nuoc m6t, chia doan thtng d6
thdnh ba doan con bing nhau rdi xo6 khoang I gi0a (kh6ng td nai mrit). d-m6i
nu6c tidp theo, chia m& doan chua xo5 tnain ui d"il ;;; ;"iil';;;; # I;;
kho6ng 6 gi0a (kh6ng td naihr:ty. ca tdm thd mat ini rrinn 

"on 
rri tir t6p cdng-to.

%WW
Xoa thd mdithi phdn cdn tai td ,,tQp 

Cdng_to,,.

:_D_r_d:g J:". Ta".tVon Koch) : Cho m6r doan thtng. d ntr6c m6t, chia doan
thing tl6 thdnh ba doan con bing nhau, dr,rng iam giac ddu tr6n doin 

"on 
a gi0,

r6i xo5.cqnh day.crta tam gi5c d6 thi drroc m6t duong g5p khric. o m6i ouo"iidp
theo, chia m6i doan c0a duong gdp. khtic thanh ba ooah con bing nhau, dLrni
tam gi6c ddu tren boqn con o g'irli idi xoa 

"a"rr 
oav .oliailia" d6. cf ram thdmiithi duoc "dudng V6n Kdc".

Dung thd mdi thi duoc "dudng V6n K6c,,.

'-]fa.m.xfepin-xki (sierpin.ski) : cho m.6t hinh vu6ng. 6 nuoc m6t, chia hinh vu6ng
cf6 thinh t hinh vu6ng con b5ng nhau (bing c6c tfoan thtng song'song v6i c6c cant
hinh vu6ns) rdi xo5 hinh^vu6ns"cd 6;hi.islo; ar.r,6;;;oX li"'"rrn) thi drrdc hinh
gqT .8 hinh vu6ng gon. d bu6c hai, lai chia m6i hinh vu6ng con chua xod niy thinh
9.hinh vu6ng con bing nhau, rdi xo6 hinh vu6ng con 6 chin-h gifra. Crl tdm thd m6i thi
hlnh cdn lai li "th6m X6c-pin-xki'

Xoa thd mdi thi phdn cdn lqi b "them Xec-pin-xki',.
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Nhidu hinh trJ d6ng dang phtlc tqp nhrr th6 li nh0ng d6i trlgng nghiOn .,1r-.Ut
Hinh hgc frac-tan, mQt m6n hinh hoc duoc khdi ddu nghiEn crru tir cudi tnd fi XX

bfii nhi toin hoc Man-den-br6 (Benoit Mandelbrot) nhim m6 tA hinh hoc nhidu

cdu tnic g?p gay, 96 ghd, ldi l6m, ki di, h6n dQn, ... c0a nhi6u hi6n trjong vQt li, ttJ

nhi6n. ffinn nqifric-tan c6n nghiOn ctru cA nhClng hinh kh6ng tqf d6ng dang nhtr
.b6ng tuydt V6n Kdc".

. B6ng tuyat V6n Kdc drroc xay drJng bing phtrong phep ldp nhr/ sau : Cho tam

gi6c ddu. d Uu6c m6t, chia m6i canh c0a tam gi6c thAnh ba dogn bbng nhau,

Iung tm gi6c tl6u tr@n tloan 0 gifra (6 b6n ngodi tam gi6c tlfi cho) rdi xo5 canh

d6y c0a tam gi6rc ddu niry thi drldc m6t dtlong gdp kh0c kin. 6 m6l Uu6c tidp

theo, chia m6] doan c0a:drrdng gdp kh0c kin tnann ba doan con bing nhau,

dr,rng tam gi6c ddu tr6n doan con 6 gifra (6 b6n ngoiii dttdng gdp khfic kin d6)

rdi xia cqnh d6y. Cr? lim thd mai thi dudc "b6ng tuydt Von Kdc".

Dqng th6 m^i thi duQc'b6ng tuy6t v6n K6c".
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DUoNG rnAno vn urdr pniruc rRoNc ruOruc GIAN.

QUAN SONG SONG

oydm, duong tnEng vd mit phEng ld nhrlng khii ni6m quen thuOc trong
ddi sdng hang ngdy c0a ch0ng ta. chfng c0ng tir nh0ng d6i trrong co o6n
c0a hinh hoc kh6ng gian. Tir ch0ng, ta c6 thd tao n6n nhfng vqt ind tnac
nhau nhU: hinh ch6p, hinh ling tru, hinh n6n, ...
Hoc xong chrJong niy, hoc sinh cdn n5m vrlng : c6ch x5c dinh mdt phing ;

mdi quan hQ gi0g c5c cfrrong thEng, giira c6c mdt ph8ng, giira cdc drrong
thtng va m5t phEng, cfic biet ti quan hO song song gifrJc[,ing ;c5ch xdc
dinh thidt di6n c0a m6t hinh khi c5t bdi m6t mdt phEng ; c6ch vc ninn oidu
oi6n va caciinn chdtc0a hai hinh quan trons ti hinh.[op, ninn;ili;$ --



DAI CUONG Vf
DuoNc TH.E NG vA

?

uAr psANG

ntl6 d:lu vi hinh hgc kh6ng gian

Trong chuong trinh hinh hoc 16p 10 vi chuong I cira lop 11, ta chi n6i d6n

nhfrng hinh trong mqt ph&ng nhu : tam gi6c, dudng trdn, vecto, ... Chring

duo.c goi ld nhtng niin phdng. Nhtmg xung quanh chring ta cdn c6 c5c

hinh khOng nam irong mlt phfrng nhu : cay brit chi (h.28), quydn s6ch

(h.29), quA b6ng (h.30), ng6i nhi (h.31), ...

Hinh 28 Hinh 29 Hinh 30

MOn hoc nghi€n ctlu cdc tinh chdt cila nhrtng hinh c6 thd khbng cilng ndm

trong mbt mdt phdng gqi ld Hinh hoc kh1ng gian'

M{t phing

Trang gidy, m4t bing den, mdt ru&rg l6p hoc, mat h6 lang gi6, mat ban, tam

gudn! phiog, ... cho ta hinh inh mQt phdn m4t phing trong kh6ng gian'

Ngudi ta thubng bidu di6n mQt m4t phing

bang mQt hinh binh hnnh G.32) vh ding mQt

chfr cdi dlt trong ddu ngof,c ( ) dd dat tOn cho

m4t phfrng lty. Yi du : mdt phing (P), m{t

phing (Q), m4t phing (a), m4t phing (h "'
vi vi6t t6t li mp(P), mp(Q), mp(a), rnp(P) "' holc (P), (Q), @), (b "'

Diim thuQc m4t Phing
Ta bidt rang khi cho didm A vd duirng thhng a thi ho[c didm 4 thu6c duong

thlng a,hoAc didm A kh6ng thuQc dudng thing a.

Tuong tu nhu vly, v6i mQt didm A vd mQt mlt phing (P), cfrng c6 hai khi
ndng xiy ra :

Hinh 3l

Hinh 32
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- Hodc didm A thuQc mp(P), khi d6 ta kf hiQu A e mp(P) hay A € (P)'

- Hopc didm A kh6lg rhuQc mp(P), ta cdn n6i didm A & ngohi mp(P) vh kf

hiQuAemp(P)hayA e(P).

W ruay quan sdt htnh 33. km mdt bdn ld mQt

phdn cila mqt phdng (P). Trong cdc didm

A, B, C, D, E, F, G, H, I, K, L, didM NdO

thu\c mdt phdng (P) vd didtn ndo khilng

thu1c mdt phdng (P) ?

Khi didm A thuOc m4t Phing (P), ta cdn

n6i : "ilidm A ndm trAn mdt Phdng (P)"

hay "ilidm A ndm trong m\t Phdng (P\",

ho{c cdn n6i"mdt phdng (P) di qua didm

A" hay "mfit Phdng (P\ chtha didm A" '

Hinh biiu diOn cira mQt hinh trong khOng gian

Hinh lap phuong ld hinh nlm trong khOng gian, n6 c6 s6u m[t li hinh

vu6ng. ffUn tf di0n cf,ng li hinh n6m trong khOng gian, n6 c6 bdn mlt li
tam li6c. Dd de hinh dung, ngudi ta tim c6ch vE chfng thinh nhfrng hinh

phing, gqi th hinh bidu d.i6n ciua c6c hinh kh6ng gian d6'

Hai htnh bidu di6n c'rta hinh ldp phuong

Hinh 34

Hinh lnp phuong, hinh tf dien khong phii li nhfrng hinh phing nhtmg c6c

hinh biSudi6n cira ohring duo.c vE trOn mf,t phing. Tuy th€, c6c hinh bidu

di6n'cfrng tao cho chring ta cim gi6c nhu dang nhin thlty hinh lQp phuong,

hinh tf di0n.

Dd vd hinh bidu di6n cira mQt hinh trong khong gian, ngudi ta dua ra nhfrng

quy tic thucmg dugc 6P dung nhu:

- Dudng thdng duo.c bidu di6n bdi dudng thdng. Doqn thdng duqc bidu

di6n bdi doqn thdng 
4l

Hai htnh bidu di6n crta hhh rA diQn

Hinh 35

Htnh 33

I
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- Hai dudng thdng song song &oqc cdt nhau) duoc bidu cti€n boi hai
duong thdng song song (hodc cdt nhau).

- Didm A thuoc drdng thdng a droc bid"u didn bdi m6t didm A' thu6c
dudng thdng a', tong d6 a' bidu di6n cho dudng thdng a.

- Dilng nit vd lidn (-) dd bidu didn cho nhfrng drdng tr6ng rhdy vd dting
nit drh doqn (- - -) dd bidu di€n cho nhfing dudng bi khudt.

Cdc quy tic kh6c, chring ta sE duo. c hoc sau.

I
VE hinh bidu di6n c0a mp(P) vi m6t drlong thEng a xuy6n qua n6.

2

V6 m6t sd hinh bidu diSn c0a hinh tr3 di6n. C6 thd v6 hinh bidu di6n c0a hinh trl
di6n mi kh6ng c6 n6t drlt doan niro hay.khOng ?

2. Citc tinh chdt thrla nhQn cfra hinh hgc kh6ng gian

Do thuc ti6n, kinh nghi€m vi quan s6t, ngudi ta thta nh6n m6t sd tinh ch1t
sau dAy cta hinh hoc kh6ng gian.

Tfnh chdt thila nhAn 1

Cd mil vd chi mdt dudng thdng di qua hai didm phdn bi€t
cho trudc.

Nhu v0y, hai didm phfln bi0t A, B xdc dinh duy nhdt mot duong thing.
Duong th8ng d6 duo. c ki hi€u li duong th8ng AB hoac ngin gon liL AB.

Tfnh chdt thira nhAn 2

Cd mdt vd chi mdt mdt phdng di qua ba didm kh6ng thdng
hdng cho trudc.

Nhu vfly, ba didm kh0ng thing hing A, B, C xdc dinh duy nhat m6t mat
phing. Mat phing d6 duoc kf hi0u ld mit phing (ABC) hay mp(ABC) hay
ngSn gon ld (ABC).

Trong thuc t€, kidng ba chan hoic c6c giri dd ba chan khi dat trOn mat dar
khong bi c4p k€nh vi theo tinh chdt thta nhdn2, ba didm khOng thing hing
ndo c0ng x6c dinh mOt mit phing.

&
&
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Kidng ba chdn

Hinh 36

Tinh chdt thila nhAn 3

Tdn tai bdn clidm khdng cilng ndm tr€n mil mdt phdng.

Nou c6 nhidu didm tl1uoc mot mf,t phing thi ta n6i rlng c6c didm d6 d6ng

phdng, cdn ndu khong c6 mat phing nio chrla c6c didm d6 thi ta n6i rang

chring khilng il6ng Phdng.

Nhu v6y, tfnh ch0t thira nhAn 3 c6 thd duo.c ph6t bidu nhu sa:u : T6n tai bdn

didm khOng ddng phdng.

3

Gi6 sfi (P) li mQt m6t phtng ndro d6. Chfng minh ring c6 (t nhdt m6t clidm kh6ng

thu6c mp(P).

Tinh chdt thira nhAn 4

NA'u hai mdt phdng phdn biAt cb mdt didm chung thi chrtng

c6 mOt dudng thdng chung duy nhdt chfta tdt cd cdc didm

chung ctia hai mdt Phdng d6.

Gii sfr (P) vn (Q) lit hai mit phing phan biot c6 didm chung A. Theo t(nh

chdt thla nhan 4 rhi (P) ve (o) c6 dulng thing chung duy nhnt a di qua

didm A. Duong thing a d5 duoc goi ld giao tuyan cila hai mil phdng (P)

ve (0), cdn n6i hai mf,t phing (P) vn (Q) cdt nhau theo giao tuydn a, k(

hi€ua =e)n(Q).
43
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@ guydn vd ghi bdi dang d tu6c mdt cdc em (h.3g). Hai bta
vd ld hinh dnh cila hai m(t phdng phdn bigt.Vdy giao tuy€h
cila chfing ld gi ?

Tfnh chdt thila nhfln 5

Trong m6i m\t phdng, cdc kAi qud dd bi1't crta hinh hoc
phdng ddu dung.

Ta sE thdy ring trong)<h0ng gian c6 nhidu mat phing kh6c nhau. Tinh ch0t
thta nhan 5 khing dinh rlng trong bdt ki mat phing ndo, ta ddu c6 thd 6p
dung c6c ket qui ctra hinh hgc phing.

Tr€n dfly li c6c tinh chdt duo. c thta nh{n mi khOng chrlng minh. Tidp theo
li vf dg vd mOt dlnh li duo. c chrlng minh dua vdo m6t sd t(nh chdt d6.

DINH Li

NA'u m1t dudng thdng di qua hai didm phdn bi€t ctia mht
mdt phdng thi moi didm ctia duong thdng ddu ndm trong
mdt phdng d6.

chtng minh. Gi6 sr? A vd B li hai didm phan biOt cira m[t phing (p), A li
duong thing di qua A vir B.

Theo tfnh chdt thta nh{n 5, trong m{r phing (p) c6 moi auong thing A, di
qua A vi B. Theo tinh chdt thta nhan I thi A trtng v6i A', do d6 A nim
trong mp(P). tr
Ndu duong th&ng a nim trong mat phing (p) thi ta cdn n6i a ndm tr€n (p),
hoAc (P) di qua a,hodc (P) chfia a vdki hiOu li a c. (p),holc (p) = a.

@ mudn xdc dinh giao tuy€h crta hai mdt phdng phdn biil thi ta phdi tim bao
nhi€u didm chung cfia chrtng ?

4

Trong mp(P) cho trt gi5c l6i ABCD c6 c6c cqnh AB va cD kh6ng song song , ngoai'
mp(P) cho m6t didm S. HEy tim giao tuydn c0a :

a) Haim{t phtng (SAC) vd (SBD) ;

b) Haim{t phEns (SAB) vd (SCD).

N
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ViduL
Cho bdn didm O, A, B, C, khAng ddng phdng. TrAn cdc dudng thdng OA,

OB, OC ldn luqt ldy cdc didm A', B', C' khdc O sao cho cdc dudng thdng
sau ddy cdt nhau : BC vd B'C', CA vd C'A', AB vd A'B'.

a) Hdy xdc dinh giao didm cila mdi duong thdng A'B', B'C', C!A'voi mp(ABC).

b) Chrrny minh rdng cdc giao didm trln thdng hdng.

Gidi (h.3e)

a) Gii s& duong th&ng A'B' cit duong

thing AB t4i didm FI. Khi d6 didm //
thuQc ci hai duong thing A'B' vd, AB.

M{t khdc, dudng thing AB n6m trong

mp(ABC) n€n I/ chfnh li giao didm

ctra dudng th&ng A'B'vOimp(ABC). J
Ggi /,,I tdn luot li giao didm ctra cdc

duong thEng B'C'vd BC, C'A' vd CA

thi /,,r theo thf tu chinh li giao didm
crta B'C', C'A' vfii mp(ABC).

b) Theo cAu a), ta c6 H,/, ,I ldn lrrgt

thu6c c6c du&rg thing A'B', B'C',
C'A' n6n chfng ctng thu6c
mp(A'B'C). M{t khdc H, /,,I cing thudc mp(ABC). Theo tinh chat thta
nh1n 4, ba didm H,l, J thuQc giao tuydn A cfia hai m{t ph&ng ph0n biQt

(A'B'C) vd (ABC)nOn chring ph6i thing hhng. n
rF\E cHU f

Qua vi dg tr€n, tathtlY :

. Mudn tim giao didm cira duong th&ng d v1i m{t phing (P), ta

tim mQt dudng thing nio d6 ndm trOn (P) md cat d. Khi d6, giao
' didm cfra hai du&rg thing niy li giao didm cdn tim.

. Mu6n chtlng minh c6c didm thlng hing, ta c6 thd chtmg t6

rang chring li nhEng didm chung cfra hai mat ph8ng phAn biOt.

3. Didu kiQn x5c dlnh m{t phEng

Ta dI bidt ring : C6 mQt vi chi. mQt m4t phang di qua ba didm khong thfrng

hing (t(nh chdt thta nh4n 2) (h.40).

:----- r;--

Hinh 39
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Didu niy c6 nghia li

Mlt kh6c, ndu dudng thing di qua
thi nlm trOn mdt phing dy. Tt d6
tr0n, ta cdn suy ra (h.41,h.42) :

MOt mdt phdng daoc xdc dinh ndu bi€'t n6 di qua ba didm
khbng thdng hdng.

hai didrn phAn
vi tir didu kiOn

bi€t cira mOt mf,t phing
x6c dinh mat ph8ng n6i

MOt mdt phdng duoc xdc dinh n€u biA? n6 di qua m6t dudng
thdng vd mbt didm kh1ng thu1c dudng thdng dZ.

MOt mdt phdng dxoc xdc dinh n€u biAt nb di qua hai dudng
thdng cdt nhau.

.A

Hitrh 40 Hinh 4l Hinh 42

Ki hieu

' M+t ph&ng di qua dudng thing a vd didm A kh6ng nam tren a duo. c ki
hiOu li mp(a, A) hoac mp(A, a).
. M4t ph&ng di qua hai dudng thing c6t nhau a vd, hdugc kf hiOu lh mp(a, b).

4. Hinh chop vi hinh tt? di6n

Hinh ch6p

Cdc kim tu th6p Ai Cap lh cOng trinh kidn tnic hDng Vi d5 duoc xAy dmg
cr{ch dAy gdn 4500 nam (h,43). Chring g6m nhidu hinh ch6p. Sau d0y
chring ta sE n6i vd hinh ch6p vd c6c tinh chAt cria n6.

Llinh 43. Kim ta thdp Ai CQp
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Trudc hdt ta quy u6c : Til nay, khi n6i ddn "tam gi6c", ta c6 thd hidu li
hinh g6m ba canh ctra n6 hoac 1I hinh gdm ba canh vi c6c didm nam trong
tam gi6c d6. DOi vdi da giric cfrng nhu th6.

Dinh nghia

Cho da gi6c A1A2...A, vdm6t didm S nam ngoii mat phang chrl'a da gir{c d6.

Noi S va cdc dinh A1 , 4-, ..., An dd duo.c n tam gi6c : SAt\., SA2A3, ...,

sAnAl.

Hinh gdm n tam gidc d6 vd da gidc A1A2...A, SQi ld hinh
ch6p vd dryc ki hi€u ld 5.,\42...A".

Hinh 44

Didm S gqi ld dinh cria hinh ch6p. Da gi6c A1A2...A, ggi li m(t ildy cia
hinh ch6p. C6c canh cira mf,t d6y gqi li c6c cgnh ildy ctra hinh ch6p. C6c

doan thfrng S,qt, SAz, ..., SAn goi li cic canh bdn c$a hinh ch6p. M6i

tam gi6c S,\Az, 54",\, ..., Mn4 gqi ld mdt mdt bAn ctn hinh ch6p.

Ndu d6y ctra hinh ch6p li mOt tam gi6c, tit gi6c, ngfr gi6c, ... thi hinh
ch6p tuong ,lng gqi lit hinh ch6P tam
gidc, hinh chdp tit gid.c, hinh ch6P
ngfi gidc (h.44), ...

5

a) C6 hinh ch6p nio mir s6 canh (canh b6n vi
canh d6y) c0a n6 li sd 16 kh6ng ? Tai sao ?

b) Hinh ch6p c6 16 cgnh thi c6 bao nhi6u
mft? A

6

Cho hinh ch6p trl giitc S.ABCD. MQt mdt
phEng (P) c5t c6c canh SA, SB, SC, SD ldn

lrrot tai A" B" C" D"

s

:.t\
A2 As-*;

c------";)t
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I
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Chr,tng minh ring c5C dudng thhng A'C', B'D'vd SO ddng quy (O ti giao di6m c0a
hai dudng ch6o AC vit BD c0a cf6y) (h.45).

Vidu2
Cho hinh chbp tfi gidc S.ABCD voi hai dudng thdng AB vd CD cdt nhau. Goi
A' ld milt didm ndm gifra hai didm S vd A. Hdy tim cdc giao tuyAh cria
mp(A'CD) voi cdc mdt phdng (ABCD), (SAB), (SBC), (SCD), (SDA).

Gitii (h.46)

Cdch 1. Ap dqng kdt quf, ctra hoat dQng 6

& tr0n, ta c6 mf,t phing (A'CD) cit cdc

canh SA, SB, SC, SD ldn lugt t4i A', B',
C, D th\B'li giao didm cria duong thing
DI vor canh SB (0 day / li giao didm cria
hai dudng thing SO vi CA').

Tt d6 d€ thAy : A

(ABCD) o (A'CD) = CD ;

(SAB) n (A'CD) = A'B' ;

(SBC) a (A'CD) = CB' I

(SCD) n (A'CD) = CD i
(SDA) n(A'CD)=DA'.

Cdch 2. Goi K li giao didm cria hai dudng thing AB vd CD th\ 16 rlng giao
tuyOn crtamp(A'CD) vi mp(SAB) ld duong thfrng A'K. Khi Ay giao didm B'
crtamp(A'CD) vi canh b€n SB cira hinh ch6p chfnh ld giao didrn ctra dudng
th&ng A'K vd SB. Til d6 ta tim ra cdc giao tuyOn ct,r- cdc mlt phing chrla
cdc mdt cdn l4i ctra hinh ch6p vdi mp(A'CD). tr

r&\Y cHUYz

Tfi gi6c A'B'CD c6 cdc canh nAm trOn nhtng giao tuyOn cira m6t
phing (A'CD) vor cdc mat cria hinh ch6p S.ABCD. Tf' gi6c d6
du-o.c goi li thidt diQn (fay mdt cdt) cria hinh ch6p S.ABCD khi
c6t boi mp(A'CD).

N6i mQt c6ch don giin : Thiet diqn (hay mdt cdt) cria hinh g(khi c6t boi
mp(P) ld phdn chung ctia mp(P) vd hinh #(
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Khi xiy dlmg mQt ngOi nhh, chd
tao mQt c6 m6y, ..., dd thd hien
hinh d4ng bOn trong cfia chring,

ngudi thidt kd dE dDng nhfing
mat ph&ng c6t dd m0 ti nhEng

thidt diOn ctra chring trOn bAn v0

(h.47).

Hinh 47. f niei iign crta thdn mdy )

Hinh trl di0n

Cho bdn didm A, B, C, D kh6ng ddng ph&ng. Hinh gdm bdn tam gi6c ABC,

ACD, ABD vd BCD goi ld hinh firt diAn @ay ng6n gon li trh dien) vi dugc

ki hiOu ld ABCD. C6c didm A, B, C, D goi li c6c itinh cia trl diOn. C6c

do4n t(ring AB, BC, CD, DA, CA, BD goi 1I c6c canh cria trl diOn. Hai canh

khOng c6 didm chung goi li hai cgnh ildi diQn. C6c tam gi6c ABC, ACD,
,\RD, BCD g1i ld c6c mdt ciua tf diQn. Dinh khdng nam trOn mOt m4t gqi li
ilinh ddi diAn vdi rndt d6.

W tntO, trh dign ABCD c6 thd coi ld hinh ch6p tam gidc bdng bao nhi€u cdch ?

Hdy n6i cry thd mdi cdch.

D4c biQt, hinh tf diOn c6 bdn m4t ld nhfrng tam gi6c ddu dugc gqild htnh

tir diqn ildu.

@ Ca, canh ctia hinh tfi diQn ddu c6 bdng nhau hay khOng ?

c6u rr6i vd bdi tQp

1.. Trong c6c mOnh dd sau d&y, mOnh dd nio dfng ?

a) C6 duy nhdt mQt m4t phfrng di qua ba didm cho trudc ;

b) C6 duy nhdt mQt m6t phing di qua ba didm khong thing hing cho trudc ;

c) Ba didm khOng thing hing ctng thuOc mQt m4t ph8ng duy nhdt.
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\. t.

Em h6y gi6i thfch vi sao c6c dd vAt c6 bdn chAn nhu bhn, ghd, .,.thuong d0

bi c?p kenh.

V6i mQt c6i thudc th8ng, tdm thd ndo dd ph6t hiOn mOt mat bhn c6 phing
hay kh6ng ? N6i 16 cdn crl vho dAu md ta thm nhu vQy.

Cho hai m4t ph&ng (P) vd (Q) cit nhau theo giao tuydn A. Tr0n (P) cho
duong thing a vi trOn (Q) cho duong thing b. Chfing minh r[ng ndu a vd, b

c6t nhau th) giao didm phii nam tr6n A.

Cho m4t phing (P) vd ba didm kh6ng thing hlng A, B, C cing nam ngohi
(P). Chring minh rang nOu ba duong thing AB, BC, CA d6u cit mp(P) thi
c6c giao didm d6 thfrng hdng.

Trong c6c m6nh dd sau dAy, mOnh dd nlo dring ?

a) C6 duy nhdt m0t m4t phing di qua mOt didm vd mOt duong thang cho trudc ;

b) C6 duy nhAt m6t mf,t ph&ng di qua mdt didm vi mdt ducrng thing chrla
olem oo;
c) C6 duy nh0t mOt mat phing di qua mOt didm vd mQt duong thiLng kh6ng
chfa didm d6.

HEy tim mOnh dd dfng trong c6c mOnh dd sau dAy :

a) C6 mOt mit phing duy nhdt di qua hai dudng thing cho trudc ;

b) C6 mOt m6t phEng duy nhdt di qua hai dudng th&ng c6t nhau cho tru6c ;

c) C6 duy nhdt m6t mf,t phing di qua hai dudng thing mi hai duong thing
d6 len lucrt nam ffOn hai mat phing c6t nhau.

Cho hai duong thing a vd. b c6t nhau. Mot dudng thing c cit ch a vd b. C6

thd kdt luAn rang ba dudng thing a, b, c cing nam trong mOt mdt phing
hay kh6ng ?

Cho ba duong thing a, b, c khOng cilng nam trong m6t mat phing sao cho

chfng dOi mOt cit nhau. Chrrng minh rang chring ddng quy.

Cho hai duong thing a vi. b c6t nhau tai didm O vd dulng thhng c c6t

mp(a, b) 6 didm I khdc O. Ggi M ld didm di dQng trOn c vi kh6c 1. Chrlng

minh ring giao tuydn crta c6c mat phing (M, a), (M, b) nim trOn m6t mdt
phing cd dinh.

Cho hinh binh hinh ABCD n6m trong mlt phing (P) vI mOt didm S nam

ngoii mp(P). Ggi M li didm nam gifra S vdA ; N li didm nam gifra S vi B ;

giao didm ctra hai duong thing AC ,tit BD li: O.

7.

9.

10.

1

l, 11.
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12.

13.

a) Tim giao didm cira mf,t phing (CMN) vdi dudng thing SO.

b) Xdc dinh giao tuyOn ctra hai m5t phing (SAD) vd (CMN).

vd mQt sd hinh bidu di,On cria mOt hinh ch6p tit gi6c trong c6c truirng hgp
ddy ln t(r gi6c ldi, d6y li hinh binh hinh, d6y ld hinh thang.

Thiet diQn cira mQr hinh tf diOn c6 thd li tam gi6c, tfigir{c hoac ngfl gi6c
hay kh6ng ?

14. Ding bia crlng cit vi d6n lai dd thlnh :

a) MQt trl dion ddu ;

b) MQt hinh ch6p tt gi6c c6 ddy lh hinh vu6ng vr c6c mlr b6n ld nhfrng
tam gir{c ddu.

Cho hinh ch6p trl gi6c S.ABCD. Badidm A', B', C' ldn luot nlm trOn ba
canh SA, ,SB, SC nhrmg kh6ng tring vdi S, A, B, C. X6c dinh thidt diOn cira
hinh ch6p khi cit bbi mp(A'B'C').

ii 15.

16. cho hinh ch6p S.ABCD. Goi M li mOt didm nam rrong ram gi6c scD.
a) Tim giao tuydn cira hai mit phing (SBM) vh (SAC).

b) fim giao didm cira duong thing BM vd mp(SAC).

c) X6c dinh thidt diOn ctra hinh ch6p khi cit bbimp(ABM).

HAI DUONG TH.E.NG SoNG SoNG

1. Vi tri tudng ddi gifra hai dudng thEng phin biQt

W ttay quan sdt hinh 48.7a coi c'dc mdp bdn a, c

vd canh b cfia chdn bdn ld cdc dudng thdng a,
b, c.

a) Dudng thdng a vd dudng thdng b c6 cilng
ndm trAn mbt mdt phdng hay khbng ?

b) Cd mdt phdng ndo chfta hai dadng thdng a vd

c hodc chfia hai duong thdng b vd c hay kh1ng ? Hinh 48
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Nhu vty, khi cho hai du&rg thing phxn biOt a

vi b trong khOng gian thi c6 thd xiy ra hai

tru&rg hgp :

a) Kh0ng c6 mf,t phfrng nio chfa ch a vd b.

Khi d6 ta n6i rlng hai dudng thing avd,b chio
nhau (h.49).

b) C6 mlt phing chrla ci a vd b. Khi d6 ta n6i r[ng chring ddng phdng.

Trong trudng hgp niy, theo kdt qui c&a hinh hoc phing, c6 hai khA n6ng

xiy ra :

i) a vi b kh6ng c6 didrn chung. Khi d6 ta n6i rang chfng song song voi

nhau (hodc chfng song song) v) kf hiQu a ll b (h.50).

ii) a vd b c6 mQt didm chung duy nhAt. Khi d6 ta n6i ring chfng cdt

nhau. Ndu didm chung ctra chring li 1, ta n6i rlng chring cdt nhau tai I
ho4c 1 lit giao didm c:0rachring vi vidt a a b = {1} hoflc a o b = 1 (h.51).

DINH NGHIA

Hai drrdng thing gqi ld ddng phdng nA'u chilng cilng ndm trong

mht mtil phdng.

Hai dudng thdng gqi ld ch6o nhau n€lu chilng khdng ddng phdng.

Hai dudng thdng goi ld song song n\'u chrtng ddng phdng vd

khhng cd didm chung.

1

Cho tf diQn ABCD. Hdy x6t vi tri tr.rong ddi gifra hai th/ong thtng AB vit CD'

2

Cho hai dUong thEng a vir b ch6o nhau. C6 hay kh6ng hai drrdng thEng p, 4 song

song v6i nhau, m6i dtrong ddu c5t cA a vit b ?

2.Hai dudng thEng song song

Dga vdo ti6n dd O-clft vd dudng thing song song trong m4t phing, ta c6

thd chfng mintr duo.c cdc t(nh chlt sau d6y

52

Hinh 49
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Tinh chdt 1

Trong khilng gian, qua milt didm ndm ngodi mil dfidng thdng,
c6 mOt vd chi mQt dudng thdng song song voi dudng thing d6.

Tinh chdt 2

Hai dudng thdng phdn bigt cilng song song voi m1t dudng
thdng thfi ba thi song song vdi nhau.

GiA str (P'), (Q), (R) li ba mdt phing dOi m6t cit nhau theo ba giao tuydn phAn

bi9t a, b, c, trong d6 : a= (P) 
^ 

(R), b = (Q) r'' (R), c = (P) 
^ 

(Q) $.52),

a) b)
Hinh 52

@ CA nhfrng vi tri tuong ddi ndo girta hai giao tuy€h a vd b ?

3

Dirng kdt qui Oai tAp 4 c0a 91, hiy chrrng t6 ring ba giao tuydn a, b, c hoic ddng
quy hodc d6i mQt song song.

TU d6 ta c6 dinh lf sau d6y :

DINH Li (ve giao tuydn cira ba mat phing)

Ndu ba mqt phdng dili mAt cdt nhau theo ba giao ruyAn phdn
biQt thi ba giao tuy€h dy hoQc ddng quy ho(c d1i mQt song song.

nE ouA

NA'u hai m\t phdng cdt nhau ldn luot di qua kai dudng thdng
song song thi giao tuydn crta chrtng song song voi hai duong
thdng d6 (hodc trilng voi milt trong hai dudng thtdng db).

64
A ffay sfi dr,rng tlinh li vd giao tuydn c0a ba m{t phEng tld chrrng minh h6 qu6 tr6n.

t\
I

I
I
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I
I
I
I

J-__

53



3. MQt sd vi du

Vf dq l. Cho tft diQn ABCD. Gqi M, N,
P, Q, R, S ldn lto. t ld trung didm cfia cdc

doqn thdng AB, CD, BC, DA, AC, BD.

Chfrng minh ba doqn thdng MN, PQ vd

RS ddng quy tqi trung didm G cfia mdi

dogn. Didm G d6 goi ld trgng tdm cfia t{t
dian ABCD dd cho (h.53).

Gidi

Vi MP le dudng trung binh cira tam gi6c

ABC, NQ lil duong trung binh cria tam

gi6c ADC nan MP ll AC, NQ ll AC,

C

Hinh 53

Mp=1or, Ne:lor.yay Mp ll ug vit Mp = Ne, do d6 tt gidc22
MPNQ li hinh binh hinh. Tt d6, ta suy ra cdc doan thing MN vir PQ c6t
nhau tai trung didm cira m6i do4n.

Chtfng minh tuong tu, c6c doan thing MN vd RS cfrng c6t nhau tai trung

didm cfra m6i doan. V0y, ba doan th8ng MN, PQ, RS d6ng quy t4i trung

didm G cria m6i doan thing d6. n

Vf du 2. Cho hinh ch6p S.ABCD cd ddy ld hinh binh hdnh.

a) Tim giao tuy€h ctia hai mdt phdng (SAB) vd (SCD).

b) ){ac dinh thiAi diAn cria hinh chdp S.ABCD khi cdr bdi mdt phdng (MBC),

trong d6 M ld mQt didm ndm gifra hai didm S vd A.

Gidi (h.s4)

a) mp(SAB) vi mp(SCD) c6 didm

chung S vi ldn luot di qua hai duong

thing song song AB vd CD nAn chring

cit nhau theo giao tuydn A di qua S vi
song song v6r AB vit CD.

b) mp(MBC) vi mp(SAD) ldn luCI di

qua hai dudng thing song song BC vit
AD vd c6 didm chung M nan giao

tuydn ctra chring li duong thhng MN

t.Gx
s:r-
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17.

song song voi AD (N e sD). vay thidt diOn ctra hinh ch6p S.ABCD khi c6t
bbimp(MBC) ld hinh thang MNCB. n

c6u h6i vd bdi t6p

Tim mOnh dd dring trong c6c menh dd sau dAy :

a) Hai duong thing ch6o nhau thi khOng c6 didm chung :

b) Hai duong thing khdng c6 didm chung thi ch6o nhau ;

c) Hai duong thing kh6ng song song thi ch6o nhau ;

d) Hai duong thing phan biOt khOng c6t nhau vd khOng song song thi ch6o nhau.

Cho trl di}n ABCD. Goi M, N li hai didm ph1n biOt cing thu6c duong
thing AB ; P, Q lihai didm phAn biOt cDng thu6c duong thing CD. X€t vi
trf tuong ddi cta hai dudng thing MQ, NP vd vi tri rudng ddi cria hai
duong thlng MP, NQ.

Cho tf diAn ABCD. B6n didm P, Q, R,S ldn luot nam rr0n bdn canh AB,
BC, CD, DA vd kh6ng tring v6i cdc dinh ctra trl diOn. Chrlng minh ring
a) Bdn didm P, Q, R, S ddng phing khi vi chi khi ba duirng thing pe, RS,

AChodc d6i mOt song song ho[c ddng quy;
b) Bdn didm P, Q, R, S ddng phing khi vd chi khi ba duhng thing pS, Re,
BD hodc dOi m6t song song hoac ddng quy.

Cho trl dian ABCD vh ba didm P, 0, R ldn luot nam trOn ba canh AB, CD,
BC.Hdy x6c dinh giao didm S ctra mp(PQfi) vdi canh AD ndu:
a)PRll AC; b) PR cdt AC.

Cho tr1 diln ABCD. C6c didm P, Q ldn luot li trung didm cira AB vd CD ;

didm R nf,m trOn canh BC sao cho BR = 2RC. Goi S li giao didm cria
mp(PQR) vi canh AD. Chftngminh ring AS = ZSD.

Goi G li trong tAm cira ttl diOn ABCD.

a) Chilng minh rang duong thfrng di qua G vh mOt dinh ctra trl di€n sE di
qua trong tAm cira mlt ddi diOn vdi dinh ay.

b) Gqi A' li trong tflm cria mdt BCD. Chrfng minh rang GA = 3GA'.
'l..

18.

t9.

21.
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DUoNG TH.E NG soNG soNG
voI uAr pH,t,NG

Vi trf tudng ddi gifra dudng ttrEng vi mf,t phEng

Cho m6r dudng thing a vi m6t m[t phing (P). Ta thtiy c6 ba trudng hgrp

sau dAy xhy ru:

a) Duong thing a vd mp(P) c6 hai didm chung phan bict. Khi d6, theo dinh

lf & $1, dudng thfrng a nAm tren mp(P), trlc li a c mp(P) (h.55a).

b) Duong thing a vi mp(P) c6 m6t didm chung duy nhdt A. Khi d6 tan6i a

vd (P) c6t nhau t4iA vi vidt an (P) = {A} holc a n (P) =A (h.55b).

c) Duong thEng a vi mp(P) khong c6 didm chung nio ci. Khi d6 ta n6i.
rang htong thdng a song song vdi mdt phdng (P), hoac mqt phdng (P) song

song voi iludng thdng a, hodc a vd (P\ song song vdi nhau, vI vidt

a ll (P) ho4c (P) ll a (h.55c).

a) b)

Htnh 55

Vfly ta c6 dinh ngtria sau d0Y

DINH NGHIA

ll MQt duong thdng vd m1t mdt phdng gqi ld song song vdi nhau

ll neu chting khbng c6 didm chung.

2. Didu kign dd mQt dudng thEng song song v6i mQt mit phEng

NhQn xdt

Cho duong th&ng b nam trong mp(P) vd mQt duong thing 4 song song v6i b.

Ldy mQt didm l tuj'f trgn a. Khi d6, ndu l thuQc (P) thi a nAm trong (P) ;

ndu l kh6ng thuQc (P) thi 4 song song vdi (P) (h.56).
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q)

Vfly ta c6 dinh li sau d6Y

DINH Li 1

NA'u duony thdng a khing ndm r\n mdt phdng (P) vd song

song voi m1t dudng thdng ndo d6 ndm t€n (P) thi a song

song voi (P).

3. Tinh chi't

Cho duirng thing a song song vdi mit phing (P). Khi d6, dudng thing a c6

song song v6i dudng thing nao nam trcn (P) hay kh6ng ? Dinh li sau day

girip ta th0y 16 di6u d6.

DINH Li 2

Ndu duong thdng a song song voi mdt phdng (P) thi moi mdt

phdng (Q) chfta a md cdt (P) thi cdt theo giao tuydn song

song vdi a.

I (D6 chtrng minh dinh l( 2)

H5y vE qua a mQt m{t PhEng (O) c5t mat

phEng (P) theo giao tuydn' b rdi dirng

phudng ph5p ph6n chrlng dd chtrng minh

, b song song v6i a (h.57)'

Hr ouA r

N€u mht dudng thdng song song vdi m\t mdt phdng thi n6

song song vdi m\t dadng thdng ndo dd trong mQt phdng'
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t,e:S::l[1TrH*,]i,u,?,cirns 
sons song v6i m6t *l i I

drrong thtng a vA (P) a (Q) = b. Ldy m6t didm M ndm I i I

tr6n b. Hdy chumg minh dng cdc giao tuydn c0a mp(M1a) lu i I

v6i hai mdt phins (P) vn (O) odu trirng v6i b vd tU cf6 I d)
suy ra kdt luan c0a hO qu6 (h.58). I --"'' (pl

HE QUA 2

N€'u hai mdt phdng cdt nhau cilng song song voi mQtdttdng
thdng thi giao tuy€h cila chting cfing song song voi duong
rhdng d6.

DINFT Li 3
Hinh 58

N€'u a vd b ld hai dudng thdng chio nhau thi cb duy nhdt
m\t mdt phdng chfia a vd song song voi b.

Chirng minh

LAym6t didmM nf,mtrOn a.KbquaMm6t
duong thing b'song song vd b (h.59). Khi
d6, theo dinh lf 1, hai dudng thing a vd, b'
xdc dinh mp(P) song song vdi b.

Ndu c6 mat phing (Q) khdc (P) cfrng di qua

a vi song song v6i b thi theo h0 qui ]., a ld,

giao tuyOn cria (P) vd (0) n€n a ll b, trdi
v6i gii thict. Vfly mp(P) ld duy nhat. tr

Hinh 59

Vi du

Cho trt di€n ABCD. Goi M ld m\t didm ndm tr€n canh AB (M khdc A vd B).

Gid s* (P) ld mdt phdng qua M song song voi cdc dudng thdng AC vd BD.

Hdy xdc dinh thidt di€n cfia hinh tfi di€n ABCD khi cdt bdi mdt phdng e).
Thie't diAn ld hinh gi ?

Gidi (h.60)

Tn M k6 duong thing song song vdi AC cat BC tai N vi k6 duong thing
song song v6i BD cit AD tai F. Khi Ay, (P) chfnh li mp(MNF)" Goi E ld
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giao didm ctra (P) va CD thi thict diOn li tr1

gi6c MNEF. Vi d*ong thang MN song song v6i
mp(ACD) nOn mp(P) qua MN cat mp(ACD)

theo giao tuyOn EF song song v6i MN. Tuctng

tu, NE song song va MF. Vay thiet diOn cdn

tim li hinh binh hinth MNEF. tr

c6u h6i vd bdi rQp

Cho hai duong thing a vd, b cing song so4g vdi mp(P). MQnh dd nlo dring
trong c6c mOnh dd sau ?

a) a vd b song song vdi nhau ;

cj'a ve b c6 thd cat nhau ;

e) Cdc mOnh dd a), b), c), d) ddu sai.

Cho mp(P) vb hai duong thing song song a, b. MAnh dd nio dting trong
c6c mOnh dd sau day ?

a) Ndu (P) song song vdi a thi (P) cfrng song song v6i b ;

b) Ndu (P) song song vdi a thi (P) song song vdi b hof,c chta b ;

c) Ndu (P) song song vdi a thi (P) chfia b ;

d) Neu (P) c6t a th) (P) cing cdt b :

e) NOu (P) cat a th\ (P)c6 thd song song vdi b ;

0 Ndu (P) chrla a thi (P) c6 thd song song vu b.

Cho hinh trl dien ABCD. Goi M, N lAn luot li trung didm cira cic canh AB
vd AC.

a) X6t vi tri tuong ddi cira duong thhng"MN vi mp(BCD).

b) Gqi d ld giao tuydn cira hai mlt phing (DMN) vd (DBC). X6t vi tr(
tuong ddi ctra d vd mp(ABC).

Khi cit tr1 dion bang mOt mat phing thi thiOt di6n nhAn duo. c c6 thd la
nhfrng hinh nlo sau dOy ?

b) a vh b ch€o nhau ;

d) a vi b tring nhau.

25.

Hinh 60

a) Hinh thang ; b) Ffinh binh hinh ; c) Flinh thoi.



27. Cho hinh ch6p S.ABCD c6 ddy li trl gi6c ldi, O ld giao didm cira hai ducrng
ch€o AC vd BD. Xdc dinh thidt dien ctra hinh ch6p khi c6t boi m[t phfrng di
qua O, song song vdr AB vi SC. Thidt diOn d6 lh hinh gi ? .

Cho hinh ch6p S.ABCD c6 d6y ln hinh binh hinh. X6c dinh thidt diOn cfra
hinh ch6p khi c6t boi mpt phing di qua trung didm M cira canh AB, song
song vdi BD vd SA.

HAI MAT PH,E,NG SoNG SoNG

V! tri tudng ddi cria hai mit phEng phin biQt

Trong khong gian cho hai m{t ph8ng ph6n bi€t (P) ve (0).

fl tntq, phdng (P) vd m(t phdng (Q) c6 thd c6 ba clidm chung khilng thdns
hdng hay kh1ng ?

@ Ne'" hai mdt phdng (P) vd (Q) cd m1t didm chung thi chfing c6 bao nhiAu

didm chung ? Cdc didm chung d6 cd tinh chdt nhu thd ndo ?

Nhu vAy khi cho hai mf,t phing phfin biQt (P) vn (Q), c:6 thd xiy ra rnot
trong hai tru&rg hqp sau d6y :

a) (P) yd (Q) c6 didm chung. Khi d6 ta bi6t ring (P) ve (0) c6t nhau theo
mQt duong th8ng (h.61a).

b) (P) ve (0) kh0ng c6 didm chung. Trong truong hgp nhy, ta n6i chring song
song voi nhau (hodc song song) (h.6lb) vi kf hi€u (P) ll (Q),hay (Q) ll (P).

b)

60
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DINH NGHIA

ll Ari ntu phdng gqi ld song song n€:u chilng kh6ng c6 didm chung.

Trong thr.rc td, chring ta thudng gdp hinh anh cira nh&ng mf,t phing song
song ; cicbdc cdu thang (h.62a), hai mf,t ddi di0n cira h6p diem (h.62b), ...

Hinh 62

2. Didu ki6n dd hai m{t phEng song song

Trong khdng gian cho hai m6t phing ph6n biet (P) vd (Q).

W Xndne dinh sau ttdy c6 drtng khbng ? Vi sao ?

Ndu hai mdt phdng @) vd (Q\ song song vdi nhau thi .moi dudng thdng

. ndm rr€n (P) ddu song song vdi (Q).

@ Xndng dinh sau ddy c6 dfing khdng ? Tqi sao ?

Ndu moi dadng thdng ndm trong mdt phdng (P) ddu song song vdi mdt
phdng (Q) thi (P) sons sons vdi (Q\.

BAy gid, ndu chi bi€t trong mp(P) c6 hai dudng thing c6t nhau vh cing song
song vdi mp(O) thi (P) c6 song song vdi (Q)hay kh6ng ? Dinh li sau ddy trh
ldi cau h6i d6.

DINH Li 1

N€'u mQt phdng (P) chfia hai dudng thdng a, b cdt nhau vd
cilng song song voi m\t phdng (Q) thi (P) song song vdi (Q).

I (Dd chrrng minh dinh lf 1)

a) H6y chrlng t6 ring hai
mit phEns (P) vn (O) kh6ng
trirng nhau.

b) cia s& (P) va (0) c5t
nhau theo giao tuydn c.
Hiy chr?ng t6 dng a ll c,
b ll c vit do d6 suy ra didu
v6 li (h.63).

Hinh 63
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3. Tinh chdt

Ta biOt rAng : Qua m6t didm nam ngodi m6t dudng thfrng, c6 mQt vi chi
m0t dudng th&ng song song Vdi duong thing d6. Bay gid ndu ta thay cum
tt "duMg thing" trong mOnh dd trcn boi cum tt "mdt ph8ng", ta cfrng c6
cdc tinh ch0t tuong tu nhu sau :

Tinh chdt 1

Qua mQt didm ndm ngodi mbt mfit phdng, cd mbt vd chi mAt
mqt phdng song song voi mdt phdng d6.

Chitng minh

Gi6 sr? A li m6t didm nam ngoii mp(Q). Tren
(Q),ldy hai dudng thing a'vdb' c5t nhau. Ggi a
vh b li hai duong thtng qua A vi ldn luot song
song vdi a' vd b' . Theo dinh lf 1, hai dudng
thing a vh, b x6c dinh mp(P) song song v6i
mp(O) (h.64).

Gii st (P) cflng ld mQt m4t phing qua A vi song song v6i (0). Khi d6,
(P') song song v6i a'vi" b', do d6 (P') phii chira a vi D. VQy (P) ve (P)
tring nhau.

Tir tfnh chat ffcn, ta suy ra hai h€ qui sau (h.65)

Hn OUA r

NA'u duong thdng a song song voi mdt phdng (Q) thi c6 duy
nhdt mdt mil phdng (P) chfia a vd song song voi (Q).

^a
HE QUA 2

Hai m\t phdng phdn bid cilng song song vdi mQt phdng thtt
ba thi song song voi nhau.

ffi
ffi

Hinh 64

S
D

a)

62

Hinh 65



B Cno mp(n) cdt hai mdt phdng song.song @) vd
(Q) ldn ltot theo hai giao tuy€h a vd b: Hdi a vd
b c6 didm chung hay khOng ? Tai sao ? (h.66)

Tri ldi cAu h6i trOn, ta duo. c tfnh chdt sau d6y

Tinh chdt 2

4. Dinh lf Ta-l6t (Thalis) trong kh6ng gian

O ct{p THCS, c6c em d6 hqc dinh lf Ta-l6t trong
m{t phing n6i vd nhfrng duong thing song song.
Bay gid chting ta sE hoc m6t dinh lf n6i vd
nhfrng mlt phing song song cfrng mang tOn nhd
to6n hoc Hy Lep : Ta-16t. Dinh lf dy duo. c ph6t
bidu nhu sau

Dinh li trOn c6 nghia lh : NOu ba m6t phing
d6i mOt song song (P), (Q), (R) cit hai
duong thing a vd, a'ldn luot tai A, B, C vd
A', B', C'thi

A'B' B'C'
CA

C'A'

Dd chrlng minh dinh li, B9i Br li giao
didm cria AC' vd, mp(Q) rdi 6p dung dinh
li Ta-l6t trong m4t ph&ng @CC) vi trong
m[t phing (C'AA').

NAlu hai mdt phdng (P) vd (Q\ son7 song thi moi mdt phdng
(R) d,i cdt (P) thi phdi cdt (Q) vd cdc giao tuy€h crta chilng
sonS song.

Hinh 66

DINH Li 2 (Dinh li Ta-l6t)

Ba mdt phd"ng dbi mQt song song chdn ra trAn hai cdt tuyt€n
bdt ki cdc doqn thdng ffong fing ti lA.

#
'$a

Thalis (624 - 547 TCN)
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Ta thira nh{n dinh li sau d0y, thudng gqi li dinh li Ta-l6t dio.

DINH L[ 3 (Dinh li Ta-16t dio)

Gid srt tran hai dudng thdng ch6o nhau a vd a' l,in luot ldy
cdc didm A, B, C vd A', B', C' sao cho

A'B' B'C' C'A'
Khi d6, ba dadng thdng AA', BB', CC' ldn lrtqt ndm tr1n ba
mdt phdng song song, trlc ld chting cilng song song voi mQt

mqt phdng.

AB BC

-:-:

Vi dq

Cho trl diQn ABCD. C6c didm M, N theo thtl trf ch4y tren c6c canh AD vi

BC sao 
"no 

Y= g. Chring minh ring MN luOn song song v6i mOt m[t-MDNC
phing cd dinh.

cidi (h.68)

Y\ M, N ldn lugt nam tron c6c doan

thing AD vitBC sao "h. 
y-l= xl 

nsnMD NC
suy ra

MA 
=MD =M.NBNCBCB

V0y theo dinh li Ta-l6t dho, cdc duong

thirrg MN, AB, CD cing song song vdi'
m6t mdt ph8ng (P) nio d6. Ta c6 thd ldy
mp(P) di qua mQt didm cd dinh, song song

va AB vd CD; rO ri,ng (P) cd dinh' n

5. Hinh ling tru vi hinh hgP

sdng hing ngly, t'a ttrucmg gap nhidu dd dtng, v0t thd c6 hinh
dang hinh llng tru hay hinh hQp nhu : hQp diem, hQp phdn, cAy thudc,
quydn s6ch, ...

Dinh nghla hinh lang tru

Cho hai mdt phfrng (P) vd (P) song song. Tr0n (P) cho da gi6c A1A2...A,.

Qua c6c dinh A1, 4, ..., An, ta vE cdc dudng thing song song vdi nhau

64

C

Hinh 68



ve m:n hrgt c6t mp(P) 4 A'b A'2, ...,
A'n (h.69). D6 ddng thdy r6ng cdc t(r

gidc 4Az,A'zA't, A2A3A\A'2,

A,AIA\A'n l,i nhtng hinh binh hinh
vi hai da gi6c Ar\..An,
A'1A'2...A', c6 cdc canh tuong ung

song song vi bang nhau.
Hihh 69

Hinh hqp bdi c:dc hinh binh hdnh A1A2A'2A'1, 4,rA3A\A'2, ...,

A.AIA'1A', vd hai da gidc A1,42...An, A'1A'2...A', goi td hinh

ld,ng trlt ho,fic ldng trq, vd ki higu h ArA2...A,.A'1A'2...A'n.

M6i hinh binh hinh n6i tren ggi lh mQt mfit bAn c:tia hinh l[ng try. Hai Sa
gi6c \,b...A, A'1A'2...A', ggi ln hai m(t ddy c:0ra hinh llng tru. Ci{c canh,

cira hai da gi6c d6 goi li c6c cqnh ildy ; c6q,doan th8ng 4,A'r, ,42A'2, ...,

AnA'n gqi li cdc canh bAn crtahinh lang tru. Ci{c dinh ctra hai mit d6y goi

lI c6c ilinh citahinh l[ng tru.

NCu d6y cria hinh l6ng tru ld tam gi6c, tit gi6c, ngfl gi6c thi llng tru tuong
fng dugc goi Id ldng trqt tam gidc, ldng trq tir gitfic, ldng trry ngfi gitdc
(h.70).

a) Ldng tu tam gidc b) Ldng tru tt gidc c) Ldng tru ngfr gidc

Hinh-70

Sau dAy, ta sE gifi thi€u mOt d4ng d4c bi0t cira.hinh l[ng tru, d6 li hinh hQp.

ll Ann Mng tru c6 ddy m tttnn btnh hdnh duoc gsi ld htnh hQp.

s. xlnuttttc.R



W pd thd xem hai mdt ctdi di€n ndo dd cila hinh hbp ld hai mdt ddy cfia nb

hay khong ?

Flinh h6p c6 tdm dinh, hai dinh ctra hinh
chring kh6ng cDng nam ffOn m6t mdt nio.
goi lI dudng chdo ciahinh hOp.

Hinh 7l cho ta thay hinh hQP

ABCD.A'B'C'D' c6 cdc cap dinh ddi diOn li
A vd C', B, v>a D', C vd A', D vd, B', vh c6

c6c dudng ch6o ld AC', BD', CA', DB'.

Hinh hOp c6 mudi hai canh chia ldm ba

nh6m, m6i nh6m gdm c6 bon canh song

song vh bang nhau. Hai canh goi ld hai
canh ildi iliQn ndu chring song song

nhung khOng cing nam trOn bdt ki m6t
m4t ndo ctra hinh hOp. r

2

Chrlng t6 ring bdn duong ch6o c0a hinh h6p c5t nhau tai trung Clidm c0a m6i

duong. Didm cit nhau d6 goi ld tdm cia hinh h6p.

Nhu vAy, hirlh hop c6 sdu m4t (b6n mf,t bOn vi hai m{t d6y) ddu li nhfrng

hinh binh hdnh (h.71). M6i mdt c6 m6t m[t song song vdi n6. Hai m6t nhu
the goi ld hai mdt d6'i diin.

hQp gqi ld haiitinh ddi d.iQn ndu
Doan thing ndi hai dinh ddi diOn

.Br

6. Hinh chop cgt

Dinh nghia

Cho hinh ch6p S.A1A2...A, vdmQt m4t phang

(P) kh6ng qua dinh, song song v6i m{t phang

ddy., cAt c6c canh SAl. SA2, ..., SAn lAn luqt

tai A'1, A'2, ..., A'n.tfinh hq,p b6i thict dicn

A\A'2...A', vd drly A14...A" cfia hinh ch6p

cing vdi cdctir gi6c A'1A'24A1, A'zA\44,
A'rA'y4yA, goi ld mlt" hinh ch6P cut, ki

hiOu 1) A'1A'2...A',,.Ath...An $.72).

Ddy cfiatiinn cfr6p goi l) itdy l6n ctra hinh

ch6p cut, cdn thiet diOn A'1A'2...A'n goi li
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ildy nhd cira hinh ch6p cut.' Cdc tfi gi6c A'1A'2,L2A1, A'2A'3A3$,

A'rA'1A1An ggi lh cdc mdt bdn cia hinh ch6p cut. C6c do4n thing 4.A'r,
A2,A'2, ..., ArA'n goi ld cdc cgnh b4n cia hinh ch6p cut.

Tu} theo d6y ld tam gi6c, t(t gi6c, ngfr gi6c, ..., ta c6 htnh chdp cut tam
gidc, hinh ch6p cpt tit gidc, hinh chdp cut ngfi gidc, ...

Tinh chdt

Vi hinh ch6p cut dugc c6t ra tt mqt hinh ch6p nOn ta d6 ding suy ra tfnh
chAt sau d0y

Hinh ch6p cut c6 :
a) Hai ddy ld. hai da gidc c6 canh taong ang song song vd ti
sd cdc canh tuong ftng bdng nhau.

b) Cdc mfi b2n ld nhrtng hinh thang.

c) Cdc dtong thdng chita cdc canh b1n ddng quy tqi mQt didm.

cdu n6i vd bdi t6p
i,

'29. Trong c6c m0nh dd sau, mOnh dd nio dring ?

a) Hai mat phing ph0n biQt cing song song v6i mOt duirng thing thi song

song v6i nhau ;

b) Hai m4t phing phAn biOt cing song song vdi mOt mf,t phing thi song

song vdi nhau ;

c) Ndu hai m6t phing song song thi mgi dudng thfng nlm trOn m4t ph8ng
niy ddu song song vdi m6t phing kia ;

d) Ndu hai m4t phfrng song song thi m6i duong thing n[m tr0n m4t phing
niy ddu song song vdi mgi duong th8ng n4m tr0n mat phing kia ;

e) Ndu hai mf,t phing phAn biOt ldn lrrot di qua hai dulng thing song song

thi song song vdi nhau ;

f) Ndu mQt ducrng thing c6t mot trong hai mit phlng song song thi c6t mat
phing cdn lai.

30. Trong c6c mOnh dd sau, mOnh dd nio dring ?

a) llinh hQp lh mQt hinh ling tru ;

b) Hinh l[ng try c6 tdt cL cdc c4nh song song ;

c) Hinh lf,ng tru c6 tilt cit cdc mit bOn bang nhau ;

d) Hinh l[ng trg c6 cdcm4t bOn li hinh binh hinh ;

e) Hinh hQp c6 cdc mdt ddi di€n bang nhau
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3i.' Ctro hai'duong thing ch6o nhau. Chtmg minh rang c6 dring hai m6t phing
song song vdi nhau ldn lugt di qua hai dudng thing d6.

32, Cho hai dudng thing ch6o nhau a vd, b ldn luot ndm tren hai m[t phing
"' ' song song (P) va (0). Chrlng minh rlng ndu didm M kh6ngn[m trOn (P)

vi kh6ng ndm trOn (O) thi c6 duy nhAt m6t duong thing di qua M cht ch a
vd b.

fSS; frong mat ph&ng (P) cho hinh binh hinh ABCD. Qua A, B, C,D tdn lugt vO
-' bdn duong thing a, b, c, d d6i m6t song song v6i nhau vh kh6ng nf,m trOn

(P). MEt mat phing cit a, b, c, d ldn luot tai bdn didm A', B', C', D'. Chttng
'minh ring A'B'C'D'ldhinh binh hinh.

34. Cho.trl didn ABCD. Ggi M lh, fiung didm cria AB. Hbi mlt phing (P) qua
didm M, song song vdi ch AD vd BC c6 di qua trung didm N c:tra CD
khOng ? Tai sao ? ( rcall

35. Cho hai didm M, N ldn luot thay ddi trOn hai m4t phing song s'ong (P) vd

(O). Tim qp hqp c6c didm l thu6c doan thing MN sao 
"ho 

ly = k. k * 0

cho trudc.

36. Cho hinh l[ng tru tam gi6c ABC.A'B'C'. Goi lLI ld trung didm cria canh A'B'.

a) Chtmg minh ring duong thfrng CB'song song v6i mp(AHC'). ({c"x)

b) I1m giao tuyOn d crta hai mat phing (AB'C) vd (A'BC). Chrlng minh
ring d song song v1i mp(BB'C'C).

cl iac aint tfriet diOn ctra hinh lang tru ABC.A'BC'khi cit b&i mp(Hi, d).

37. Cho hlnh hOp ABCD.A'B'C'D'. Chung minh rlng
a) mp(BDA) ll mp(B'D'C);

b) Dudng ch€o'AC'di qua c6c trong tam G1, G2 crta hai tam gi6c BDA'

vd B'D'C:
c) G1 vd G2 chia doan AC'thinh ba phdn,bang nhau ;

d) C6c trung didm cira s6u canh BC, CD, DD', D'A', A'B', B'B cing nam
tren m0t mlt phing

38. Chring minh ring tdng binh phucng t* ce c6c duhng ch6o cira mQt hinh
hop bang tdng binh phuong tdtca cdc canh cira.hinh hQp d6.

39. Cho hinh ch6p cut ABC.A'B'C' c6 d6y lon ABC vd c6c canh bdn AA', BB',
CC'. Goi M, N, P ldn luot lh trung didm cira c6c canh AB; BC, CA vd, M',
N', P'ldn luot lb trung didm cira c6c canh A'B', B'C', C'A'. Chfing minh
MNP.M'N ?'ld hinh ch6p cut.
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PHEP CHIEU SONG SONG

Dihh nghia ph6p chi6u song song

Trong khOng gian cho mat phing (P) vn dudng
thing / c6t mp(P).

Vdi m6i didm M trong kh6ng gian, vE duong
thing di qua M vd, song song hoic trung vdi /.
Duong thing niy cat mp(P) tai mQt didm M'
nio d6 (h.73).

ll f nep ddt tuong ttng mdi rlidm M ffong khAng gian vdi didm M'
ll cila mdt.phdng (P) nhu tr€n gqi ld phdp chiAa song song kn
ll m,frt phdng (P) theo phuong l.

Mat phing (P) gqi ld mdt phdng chidu, duong th8ng / goi lh phuong chidu ;

didm M' g7i ld hinh chidu song song (hoac dnh) crta didm M qua ph6p
chiOu song song n6i trOn.

Cho hinh gf T4p hW gf ' gdm hinh chidu song song cira t0t ci cdc didm

thuQc &( eqi ld hinh chidu song song (hoic dnh) c,fia hinh ,7( qua ph6p

chidu n6i trOn.

B6ng tr0n mlt ddt phing cira mQt vAt chinh ld hinh chidu song song ctra vAt
dy trOn mat dAt (cic tia s6ng mf,t trdi duo. c coi nhu song song vdi nhau).

fl NeA didm M thuAc rnfit phdng chidu (P) thi hinh chiAu song song cfia nQ ld
didm ndo ?

@ Cno duong thdng a song song voi phuong chidu l. Hinh chi€u song song cila a
(hoQc m1t phdn crta n6) ld hinh ndo ?

2. Tinh chdt

Trong cdc tinh chat du6i dAy cira ph6p chidu song song theo phuong l, ta chi
x6t hinh chiOu song song cia cdc doan thdng hodc dxdng thdng kh)ng
song song vd kh1ng trilng vdi l.

Tinh chdt I

Hinh chiAlu song song cfia m1t dudng thdng ld mOt drdng thdng.
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Chirng minh (h.74)

X6t ph6p chidu song song lcn mp(P) theo
phuong l. Gia sir a ld mOt dulng th&ng khOng

song song vi khOng trDng v6i /. Goi M ld mOt

didm bat ki cira a vd M'lh hinh chi0u ctra n6.
V\ MM' song song (ho[c tring) vdi I nAn M'
nim trOn mp(Q) di qua a vi song song vdi /
(ho4c chtla /). MIt kh6c, M' nim trOn mp(P).
Y4y M' ndm trOn giao tuy6n a' cita hai mit
phing (P) ve (0).

Nguoc lai, d6 thAy m6i didm M'nim trOn a'ld hinh chi0u cira mOt didm M
n6m trOn a. Y qy hinh chi0u cia a chfnh li duong thilng a' . n

Hinh 74

ffi WeA dadng thdng a ndm trong mdt phdng chi€'u (P) thi hinh chia'u song

song, cfia a ld hinh ndo ?

@ Neu dudng thdng a cdr mdr phdng chidu (P) tqi didm A thi hinh chidu song

song cfia a c6 di qua didm A hay khdng ?

ue quA

Hinh chiA'u song song crta milt doan thdng ld mdt doan thdng,
cfia mbt tia ld mbt tia.

Ti viOc chfng minh tinh chdt l, ta thAy hinh chi€u song song cira du&rg
thing a ld giao tuydn ctra m6t phing chidu (P) vd mp(Q), trong d6 (O) le
m[t phing di qua a vd song song vdi / holc chrla /. Do d6 ta c6

Tinh chdt 2 (h.75)

Hinh chidu song song cila hai duong thdng song'song ld hai
dudng thdng song song hodc trilng nhau.

7A
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Tfnh ch{t 3

Phip chidu sot'tg song kh1ng ldm thay ddi tl sd crta hai doan

thdng ndm tr€n hai dudng thdng song song (hoac tring nhau).

Tinh chAt 3 c6 nghia ld : NOu

dudng th&ng song song (hoac

mp(P) ld A'B'vi C D'thi

AB vir CD ld hai doan thing nim trOn hai
tring nhau) c6 hinh chiOu song song trOn

A'B'

C'D'

Hinh 76 minh hoa tinh chot d6.

Hinh 76

3. Hinh Uidtr Ai6n cria mOt hinh kh6ng gian

6 g t cira chuong ndy, ta dd n6u ra^ mOt s0 quy t5c dd vO hinh bidu di6n ctra

mQt hinh khOnggian trOn m6t ph8ng. C6c quy titc dy dua trcn dinh nghla
sau dAy

DINH NGHIA

ll nion bidu dian crta mot hinh ,fftong khbng gian td hinh

ll ,r,nU song song cfia hinh ,ffrr\n mQr mdr phang hodc hinh

ll aang dang vdi hinh chi€u d6.

Nhu vAy, mudn vE dring hinh bidu di6n, ta phii 6p dung cdc tinh chdt
n6i trOn cira ph6p chidu song song. Do d6, ngoii nhfrng quy tic dE hgc
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trudc d6y (dugc suy ti cic tinh chdt 1 vd, 2), ta cdn luu f them quy tic sau
(suy tt t(nh chdt 3) :

NAlu tr€n hinh &{ c6 hai dogn thdng ndm tr€n hai dudng thdng
song song ftodc trilng nhau) thi chrtng chdng nhfrng duqc bidu
dien bdi hai doan thdng ndm trdn hai dutrng thdng song song
(hodc trilng nhau), md ti sd cila hai doqn thdng ndy cdn phdi
bdng ti sd cfia hai doan thdng Mong ilng ffAn hinh {t

@ nmn bidu diAn cila hinh binh hdnh ld hinh gi ?

g CHU f
Ph6p chidu song song n6i chung khOng gifr nguy0n ti sd cira hai do4n
thfng khOng nirrr tren hai duong thing song song (hay kh6ng ctng
nim trcn mQt ducng fti"g) vi kh0ng giilnguyOn dO ldn cira mOt g6c.
Tt d6 suy ra ndu trOn h\nh#(c6 hai doan th8ng khOng nim trOn hai
dudng thing song song thi ti sd ctra chring khdng nhdt thidt ph6i gifr
nguyOn ffen hinh bidu di5n. C[ng nhu vQy, dQ 16n cira mOt g6c trOn

h\nh&f kh0ng nhdt thiOt duo.c gif, nguy€n rr0n hinh bidu dien.

@ ruinn bidu di6n cila hinh thang ld hinh gi ?

fl nmn bidu di6n cfia hinh thoi, hinh chrt nhQt, hinh vubng td hinh gi ?

W CA phdi mqv tam gidc bdt ki rtdu c6 thd xem ld hinh bidu di6n cila tam gidc
cdn, tam gidc vuilng, tam gidc ddu hay khAng ? (h.77).

Htnh 78

@ nmn bidu di6n ctia mQt trh diQn ttdu cd thd v€ nhu htnh 78 hay khilng ?

C =C'
Hinh 77
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Hinh biiu diOn cfia mdit dudng trdn
Ngudi ta chrlng minh duoc rang :

Hinh chiAu song song cfia m1t dadng trdn ld m6t dudng elip
hodc m1t dudng trdn, hodc d\c biil c6 thd ld mQt doqn thdng.

vi v4y, ta thudng ding duhng elip lim hinh bidu di€n cira dudng rrdn, r6m
ctra elip bidu di6n cho t6m cira dudng trdn (h.79, h.S0).

Hinh 79 Hinh 80

1

oS 
"ttam 

gi6c ABC h hinh bidu di6n crla m6t tam gi6c ddu. HEy durng hinh bidu
diSn c0a tdm dr-rong trdn ngoai tidp tam giSc ddu d6. 

-

2

Cho mQt duong elip lir hinh bidu di6n c0a m6t tfuong trdn. Hdy v6 hinh bidu diSn cfia
m6ihinh sau d6y:
a) M6t ddy cung vd dudng kinh vu6ng g6c v6i d6y cung d6 c0a dtrdng trdn.
b) Hai duong kinh vu6ng g6c c0a dr-rdng trdn.
c) MQt tam gi6c ddu n6i ti6p dudng trdn.

Vui mQf ehuf !

:-e&-fffiffi&
f;G{&E.d'tr\ffi
. Hinh sau c6 phAi Id hlnh bidu di6n c0a m6t
hinh kh6ng gian hay kh6ng ?
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. "Chuy€n dOng vTnh crlu ?"; Li6u ntr6c c6 chAy mdi nhrJthd kh6ng ?

cou n6i vd bdi t6p

40. Trong c6c m€nh dd sau, mOnh dd nio dring ?

a) IDnh chi@u song song cira hai duong thing ch6o nhau c6 thd tring nhau ;

b) Fltnh chidu song song cira hai dudng th&ng ch6o nhau thi c5t nhau ;

c) tlinh chidu song song ctra hai duong thing ch6o nhau c6 thd song song

vdi nhau ;

d) tfinh chidu song song ctra hai dudng thing ch6o nhau c6 thd c6t nhau,

trDng nhau, song song vdi nhau.

41". Trong c6c mOnh dd sau, mOnh dd nio dring ?

a) Hinh chiOu song song c[ra hai dudng it irg cit nhau c6 thd song song

vdi nhau ;

b) tfinh chidu song song cira hai duirng thfrng c6t nhau c6 thd c5t nhau ;

c) Ilinh chidu song song cira hai dudng thing cit nhau c6 thd trtng nhau ;

d) MQt duong thing c6 thd song song vdi hinh chidu song song ctra n6 ;

e) MQt du&rg thing 1u0n cit hinh chidu song song cira n6 ;

0 MOt dudng th8ng c6 thd trtng v6i hinh chidu song song ctra n6.

42. Tarn gi6c ABC c6 hinh chiOu song song th tam gi6c A'B'C'. Chrlng minh rang

tro.ng mm tam gi6c ABC c6 hinh chidu song song li trong tam tarrl gi6c A'g',C',.
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43. Ye hinh bidu di6n cira mQt trl diOn vd trong tAm cria n6.

44. VC hinh bidu diOn ctra m6t tam giSc vudng n6i tidp trong mOt dudng trdn.

45. Ve hinh bidu diOn cira m0t hinh vudng n6i tiOp trong m6t dudng trdn.

46. YC hinh bidu di6n ctra mOt luc gi6c ddu.

47. Arc hinh hQp ABCD.ArBtCtDr.Tim didm 1trOn duong ch€o B1D vh didm "I

tren dudng ch€o ACsao cho iJ ll BCr.Tfnh ti ,d *. il ' ii' .

{ F,l .,, i r. i', . ',, r IBt -'".
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I - T6m tit nhfrng kidn thrtc cdn nh6

1. MOt m4t ph&ng duoc xiic dinh ndu bidt mOt tror-rg c6c di6u kiOn sau d0y :

a) Mit ph&ng d6 di qua ba didm kh6ng thing hlng.

b) Mat phing d6 di qua mOt didm vd m6t dudng thing kh0ng chrla didm dy.

c) Mit phang d6 di qua hai duong th&ng cit nhau.

d) Mat phing d6 di qua hai dudng thing song song.

e) Mat phing d6 di qua m6t duong thing vd song song vdi mQt duong
thing ch6o vdi duong thing dy.

O fufat phing d6 di qua m6t didm vi song song v6i m6t m[t phlng khdng
chfa didm dy.

2. Dinh li vd giao tuydn cira ba mat phing :

Ndu ba mit phing c6t nhau theo ba giao tuy6n phAn biOt thi ba giao tuyOn

d6 ho4c ddng quy holc d6i mOt song song.

3. Ba doan thing ndi trung didm c6c canh ddi diOn cria mOt trtr'di6n ddng quy

tai trung didm G ctra m6i doan. Didm G d6 gqi li trong tAm cira trl di6n.

4. Dudng thing vi mf,t phing song song (tric ld chring khong c6 didm chung) :

a) Duong thing a (khOng nim trOn mp(P)) song song v6i mp(P)- khi vh chi
khi n6 song song v6i mOt dudng thing nam trong (P).

b) Ndu mp(p) di qua dudng thing a md d song song vdi mp(P) thi giao

tuydn cira mp(P) vi mp(O) (ndu c6) song song vfi a.

c) Hai m4t ph&ng c6t nhau cing song.song vdi m6t dudng thfrng thi giao

tuydn cria chring song song vdi dutmg thing d6.
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5. Hai mf,t phing song song (tfc lb chfng kh6ng c6 didm chung) :

a) Ndu mit phing (P) chrla hai dulng thing a, b cht nhau vh ctng song
song v6i mp(Q) thi (P) ll Q).
b) Ndu hai mdt phing (P) vn (Q) song song thi moi mp(R) dd, cat (P) thi c6t
(0) ve c6c giao tuy€n cira chring song song.

c) Dinh li Ta-l€t: Ba mit phing dOi m6t song song ch6n ra tr€n hai cdt
tuydn bat ki c6c doan thing tuong ung ti le.

d) Dinh li Ta-l6t d6o : Gii sr? tren hai duong thing ch6o nhau a vd a' ldn

luot lAy cdc didm A, B, C vi A', B', C'sao cho :
AB BC = cA.Khi

C'A'A'B' B'C'
d6, ba dudng thing AA', BB', CC'ldn luot nam trOn ba mlt phing song
song, trlc li chfing cing song song v6i m6t m5t ph&ng.

6. Hinh ch6p c6 ddy ld mOt da gi6c vi c6c m6t bOn ddu ld nhfrng tam gi6c c6
chung m6t dinh (dinh cira hinh ch6p)

7. Flinh lang try c6 hai ddy n6m trOn hai mit phing song song ; cdc mdtbOn ddu
ld nhfrng hinh binh hinh ; c\c canh bOn bang nhau vi d6i m6t song song.

8. Hinh h6p lh hinh l6ng tru c6 ddy ld hinh binh hdnh ; b6n dudng ch6o cira
hinh hOp ddng quy tai trung didm cia m5i duong, didm d6 goi li tam ctra
h)nh hOp.

9t. Flinh ch6p cut c6 hai ddy nf,m trOn hai mat ph8ng song song ; cdc mdtbOn ddu
le hinh thang ; c6c du&rg th&ng chiracdc canh bOn ddng quy tai mOt didm.

10. Ph6p chidu song song theo phuong /:
a) Kh6ng ldm thay ddi s1r thing hdng vi thrl tu ctta cdc didm thing hlng.
b) Bidn hai dudng thing song song (nhurg khOng song song vdi l) thhnh
hai dudng thing song song ho[c trtng nhau.

c) Gifr nguy0n ti sd ctra hai doan thfrng nf,m trOn hai dudng thing song
song hof,c cing nAm trOn mOt duong thing.

LL. Hinh bidu di€n cira mOt hinh trong kh6ng gian li hinh chieu song song ctra
hinh d6 trOn m6t mlt phing ho4c hinh ddng dang vdi hinh chidu d6.

Hinh bidu di6n ctra duong trdn thudng ld duong elip hof,c dudng trdn.

ll - Ciu tr6i tr,r kidm tra

1. Hdy nOu su kh6c biOt gifra hai dudng thing ch6o nhau vd hai duong thing
song song.

2. NOu phuong ph6p chfng minh ba didm thing hdng.

3. NOu phuong ph6p chrlng minh ba duong thing ddng quy.
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4. NOu phuong phdp chfrng.minh duong thEng song song v6i m6t phdng.

5. NOu phuong ph6p chrlng minh hai mlt phing song song.

ll! - Bdri tip
1. Trong c6c mOnh dd sau, mOnh dd nio dring ?

a) Hai dudng thing ch6o nhau thi kh0ng c6 didm chung ;

b) Hai duong th8ng khOng c6 didm chung thi ch6o nhau ;

c) Hai drrong thing ch6o nhau thi kh6ng cing thu6c m6t mf,t phfrng ;

d) Hai duong thing kh6ng song song thi ch6o nhau.

2. Trong c6c m0nh dd sau, mOnh dd nio dfng ?

a) Hai dudng thing phan biOt cing song song vdi mQr m[r phing rhi song
song v6i nhau ;

b) Hai m[t ph8ng phan bi€t ctng song song vdi m6t dudng th&ng thi song
song vdi nhau ;

c) Hai mat ph8ng ph6n biOt kh6ng song song thi cit nhau ;

d) Hai mlt phing phan biOt ctng song song vd mOt mf,r phtng thf ba thi
song song vdi nhau ;

e)"MQt duong thing c6t mot rrong hai duong thing song song thi c6t duong
thing cdn lai ;

0 rv1Qt mlt ph8ng c6t mot trong hai duif'rg thing song song thi c6t duong
thing cdn lai ;

g) ivlQt duong thing c6t mot trong hai m[r phing song song thi c6t mlt
phing cdn lai.

3. Trong c6c hinh sau, hinh nio li hinh bidu diOn cria m6t trl di0n ?

A,G,A5
C

e)

B

A\\pj1-t+
d)

B

oN
/-'-\
CD

h)
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4. Cho hai hinh binh hdnh ABCD vd ABEF nam trong hai m4t phflng kh6c

nhau. Ldy cdc did,m M, N ldn lugt thuqc c6c dudng ch6o AC, BF sao cho

MC : ZAM ; .NF = 2BN. Qua M, N, k6 c6c duong thing song song v6i AB

c6t cdc canh AD, AF ldn lugt t4i M1, Nt.Chrlng minh rang :

a) MN ll DE;

b) MrNr ll mp(DEF) ;

c) mp(MNNTM) ll mp(DEF).

5. Cho hinh lang tru tam gi6c ABC.A'B'C'. Ggi G, G'ldn luCI ld trong t6m cfia

tam gi6c ABC vd A'B'C'. MQt mat phing (a) cit c6c canh Alq:, BB', CC',

GG'ldn luot tai A1, 81, C1 vi G1. Chung minh rf,ng :

a) GG' song song vi bang canh b€n cira hinh lf,ng trU :

b) Gr li trgng tAm ctra tam giiic A1B1C1 i

I - l.
c) G1G' = :(AtA' + B1B' + Cp') : G1G = ;(A1A + B1B+ C1C).'3J

6. Cho hinh hQp ABCD.A'B'C'D'. Ve thidt dien ctra hinh hop t4o boi m4t phing

di qua hai trung didm M, N cria cdc canh AB, AD vi t6m O cliuamat CDD'C'.

7. Cho hinh hop ABCD.A'B'C'D'. TrOn ba canh AB, DD', C'B'ldn lugt lfly ba

didm M,N, P kh6ng trirng vfii cltcdinh sao ,no { = 
P'y- : !'f "AB D'D B'C'

a) Chung minh rang mp(MNP) vd,mp(AB'D) song song vdi nhau.

b ) X6c dinh thidt di0n cfra hinh h6p khi c5t boi mp(MNP).

8. Cho hai tiaAxvi By nim trOn hai dudng thing ch6o nhau. MQt didm M chay

trOn Ax vh m6t didm N chay tren By sao cho AM = kBN (k > 0 cho tru6c).

a) Chung minh rang MN song song vdi m6t mit phing cd dinh.

b) Tim t4p hqp c6c didm l thu6c doan MN sao cho IM = klN.

,|

L. Cho trl di1n ABCD. Goi M, N ldn luot ld trung didm cira cl,c canh AD vit

BC ;G th trong tam tam gi6c BCD. Khi dy, giao didm cira dudng thhng MG

vd mp(ABC) ld :

(A) Didm C :
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(B) Giao didm cria duong thing MG vd duong th&ng AN ;

(C) Didm N ;

(D) Giao didm cfia duong thing MG vitduong thhng BC.

Cho tr1 di€n ABCD vh ba didm E, F, G ldn luot nam tr€n c6c cqnh AB, AC,
AD md kh0ng trtng vdi cdc dinh. Thidt diOn cira hinh trl di}n ABCD khi c6t
b&i mp(EFG) li :

(A) MOt doan thing ;

(C) MOt tit gi6c;

Cho tr1 di}n ABCD vd ba didm 1,.I, K ldn luot nam tr0n ba cpnh AB, BC,
CD mi kh6ng trtng v6i cdc dinh. Thidt diOn cfia hinh trl dien ABCD khi cit
b&i mp(I/K) 1I :

(A) MQt tarn gi6c ;

(c) MQr hinh thang ;

Cho hinh ch6p S.ABCD. Gqi AC a BD = I, AB a CD = l, AD n BC = K,
D&ng thrlc nio sai trong c6c ding thrlc sau day ?

(A) (SAC) n (SBD) =.11 ;

(C) (SAD) n (SBC) = ^SK ;

(B) MOt tam gi6c;
(D) MOt ng0 gi6c.

(B) MQt tfi gi6c i
(D) MQt ngfl gi6c.

(B) (SAB) n (SCD) = S,I i

(D) (SAC) n (SAD) = AB.

5. Cho hinh ch6p S.ABCD. Mgt mit phing kh6ng di qua dinh nio cira hinh
ch6p c6t cdc canh SA, SB, ,SC, ,S, ldn luCI tai A', B', C', D'. Goi O li giao
didm cira AC vdBD. Tim mOnh dd ddng trong cdc mOnh dd sau dAy.

(A) C6c duong thing A'C', B'D',SO doi m6t ch6o nhau ;

(B) Cdc duong th&ng A'C', B'D',SO d6ng ph8ng ;

(C) C6c duong thing A'C', B'D', SO ddng quy ;

(D) Hai dudng th&ng A'C' vi B'D' cht nhau cdn hai dudng thing A'C'vd SO

ch6o nhau.

Cho ttl diQn ABCD. Goi G vI E ldn luot ld trgng t0m ctra tam gi6c ABD vit
ABC. MOnh dd nio dudi dAy dting ?

(A) Duong thing GE song song vdi dudng thhng CD ;

(B) Duong thing GE cit dudng thhng CD ;

(C) Hai duong thing GE vd CD ch6o nhau ;

(D) Duong thing GE cat duong thhng AD.

Cho trl didn ABCD. Goi M, K ldn lugt li trung didm cira BC vi AC, N le
didm trOn canh BD sao cho BN = zND, Gqi F li giao didm ctra AD vir
mp(MNI}. Trong c6c mOnh dd sau dAy, m€nh dd ndo dring ?

6.

7.



(A)Ar=FD;
(C) AF = 3FD ;

(A). Duong thhng AD ;

(C) Duong thhng BI ;

(x\ o2& 
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(B) Ducrng thhng BJ ;

(D) Duong thfrng /.,r.

(B) Ar = 2FD ;

(D) FD = 2AF.

(D) @ * d2Jl

rn>ff;

@#

61 @-ry)zJz .

8. Cho trl diQn ddu ABCD c6 canh bing a. Ggi G li trong t6m tam gi6c ABC.
CAt ft diQn boi mp(GCD) thi dien tich cira thi6t dien li :

g. Cho hinh ch6p S.ABCD c6 ddy lh hinh binh hinh. Goi 1,,I ldn luot lh trung
didm cfra AB vi CB. Khi dy, giao tuydn cira hai mat phing (SAB) vn (SCD)

li duong th8ng song song v6i :

10. Cho hinh ch6p S.ABCD c6 ddy lh mQt hinh binh hinh. Goi A', B', C', D'ldn
lucn li trung didm cira c6c canh S,A, SB, SC vi SD. Tim m€nh dd dring trong
ciic mOnh d0 sau dAy : I

(A) A'B' ll mp(SAD); (B) A'C' ll mp(SBD);

(C) mp(AC'D) llmp(ABC) ; , (D) A'C' ll BD.

11. Cho tr1 diOn dil,ABCD c6 canh bang a, di6m M ffOn canh AB sao cho

AM = m (O < m < a).Khi d6, diOn tfch thidt diOn cira hinh trl diQn khi c6t

b&i m4t phing qua M vd song song vdi mp(ACD) li :

12. Cho hinh ch6p S.ABCD c6 diy ld mQt h-inh binh hinh. MQt m4t phfing (P)

song song v1i AC vi SB ldn luot cfut cdc canh SA, AB, BC, SC, SD, BD t4i
M, N , E, F , I ,,I. Trong c6c mOnh dd sau d6y, mOnh dd ndo dting ?

(A) Bdn dudng thing MN , EF, I.I, SB dOi m6t song song ;

(B) Bdn dudng th&ng MN, EF,lJ, SB ddng quy ;

(C) Bdn duong thing MN, EI;,1J, SB ddng phing ;

(D) Ce ba monh dd trcn ddu sai.
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Eai doe fhem

PHUONG PIIAP TIEN DT TPONG IIII.III IIOC

1. Khi m6i ra ddi, H)nh hoc ld m6n khoa hoc thrrc nghiOm n6y sinh trlvi6c do dqc,
tinh to6n c6c dai lrrong vd khoing c6ch gifa c5c tlia didm, di6n tich c6c d6m ddt, tn6
tfch c6c thirng chr?a,... Thdi cd dai, ngrroi vr)ng Ba-bi{on vtr Ai CAp dd tich lu! dr-roc

nhidu kiSn thfc hinh hoc kh6 phong phrl, chtng han c6ng th0c Py-ta-go, dinh ti Ta-
l6t, c6ng thr?c tinh thd tich hinh ch6p cut,... Ddn ddn Hinh hoc tr6 thirnh m6t khoa hoc
suy di5n, trlc li thay vi dirng thrrc nghiOm dd fidm tra su dring tlSn c0a c6c srl ki6n
hinh hoc, ngudi ta churng minh bSng l6p luAn. C6 nhidu t6c phdm hinh hoc dd ra tfoi,
nhUng ndi tiSng nhdt vd cdn duoc gitr lai ddn nay lir tap 196 bAn" c0a O-clit (Euclid,
nhd to5n hoc Hy Lap, sdng viro kho&ng thd ki thr? ba trr-r6c C6ng nguy6n).

Tip "Co b6n" c0a.O-clit gdm 13 cudn, trong d6 c6 8 cudn n6i vd Hinh hoc.
Toirn bO n6i dung m6n Hinh hoc sd cdp c0a bdc Phd th6ng ngiry nay li m6t
phdn trong t6c phdm d6. C6ng lao to l6n c0a O-clit ltr tld t6p hop tai nh0ng kdt
qui c0a nhidu t5c gi6 tru6c, s5p xdp lai vir chrlng minh chdt ch6. Dd x6y dung
mOn Hinh hoc, O-clit tl5 xudt phdt trJ 10 ti6n cld vd dinh dd dtroc thrla nhAn lir
dfing mi kh6ng chfng minh. Tu d6, dqa vdo c5c suy luAn l6gic, 6ng dd chr?ng
minh c6c dinh li khric.

Nhr-r vdy, c6 thd n6i O-clft ld ngudi ddt ndn m6ng cho phuong ph6p x6y dtrng
Hinh hoc md ngiry nay ta goi l2r phr-Idng ph6p ti6n dd.

Od trinn bdy m6n Hinh hoc theo phrJdng ph6p ti6n d6, ngudi ta lirm nhu sau :

1) Kh6ng dinh nghia m6t sd kh6i ni6m nhrr: didm, dudng thtng, mdt ph8ng, didm
nhm gi0a hai didm,'dO dai doan thEng, dQ l6n c0a g6c,... C6c kh6i ni6m nhUv6y
goi lir cdc khiti ni6m ca bdn. Cbrc kh6i ni6m kh5c s6 drJoc dinh nghla drla vio
nhrlng kh6i ni6m co b6n. ChEng han, su blng nhau c0a c5c tam gi5c duoc dinh
nghia dqfa vAo sr-t bing nhau c0a c5c doan thtng vir su bbng nhau c0a c5c g6c.

2) NOu ra m6t sd m6nh dd duoc thita nhAn li d0ng md khong churng minh. C6c
mdnh dd nhu thd goi lit ti6n dd. ChSng han ta thr.fa nh6n tiOn ald : "Co mQt vit chi mQt

duong thdng di qua hai di6m phdn bi6t cho tntdc" hodc ti6n dd : 'C6 mQt vd chi mQt

mdt phdng diqua ba (li6m khOng thSng hdng cho tu6c".

Moi m6nh al6 kh6c itdu phAi duoc chrlng minh drla vio c6c ti6n dd vi c6c m6nh
cld da drroc ch0ng minh tru6c d6.

Chring ta cdn ch0 i ring tuy clidm, dttong thtng, m?t phtng kh6ng tfu.roc dinh
nghia, nhrrng chting bu6c ph6i thoA m6n cdc ti6n d6. Cho n6n c6 thd n6i chring
duoc tlinh nghTa m6t c6ch gi6n tiSp qua c6c ti6n dd.
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Euclid (khodng 330 - 275 TCN) Lobachevsky (1792 - 1856)

2. Trong hO thdng c6c ti6n dd hinh hoc c6 m6t ti6n d6 ggi ldr ti6n dd O-clit (n6 trrong

cltrong v6i dinh dd V trong t6c phdm Co bAn cOa O-clit). Ti6n dd d6 dugc phat bidu

nhu sau : "Cho di6m A khOng ndm trdn duang thtng b thi trong mQt phdng 6,b)
chi co mOt duong thdng di qua A vd khOng cdt b'.

Trong lich sfi, khi nghiOn crlu c6c ti6n dd c0a O-clit, nndt ta dinh dd V n6i tr6n, c6c
nhd to5n hoc dd nghi ngo ring c6 thd chrlng minh drloc n6 dr-ra vdo c5c ti6n dd

kh6c vir ndu quA thdt nhu vAy thi cdn phAi loai n6 ra kh6i danh s6ch c6c ti6n dd.

Nhidu nhi todn hoc ndi tiSng nhu: X6c-k6-ri (Saccheri, 1667 - 1733), Ldm-be
(Lambert, 1728 - 1777), Lo-giang-tlo-ro (Legendre,1752 - 1833),... di tdn nhi6u

sr?c hlc vdr tri tu6 dd tlm c6rch chrlng minh dinh dd V nhutng kh6ng thirnh c6ng. Viro

ddu thd ki XlX, c6c nhd to6n hoc : Gau-xd (Gauss, 1777 - 1855), B6-lFai (Bolyai,

1802 - 1860), dic bi6t li nhir to6n hoc Nga L6-ba-sr5p-xki (Lobachevsky), trong
qu6 trinh chrrng minh dinh dd V c0a O-cl[t, d6 xAy dr.rng mQt Hinh hoc m6i trong d6

kh6ng thira nh6n dinh dd v mir thtra nhdn ti6n dd ph0 dinh dinh dd V : "cho di6m A

khdng ndm tr\n duong thtng b thi trong mQt philng @,b) co it nhdt hai dwng thdng

di qua A vit khOng cdt b".

Ngiy nay, ngudi ta thrJong goi hinh hoc d6 lit Hinh hgc L&ba-sdp'xki (m6t loai

Hinh hoc phi O-clit).

Nam mrJdi ndm sau khi L6-ba-s6p-xki c6ng bd t5c phdm n6i tr$n, ngr-Ioi ta chrlng

minh drloc ring Hinh hoc L6-ba-s6p-xki kh6ng hd c6 m6u thuSn vir nhu vAy, ti6n

dd O-clit d0ng lir m6t ti6n dd.

Ngdy nay, phudng ph6p ti6n dd da thim nh6p viro nhidu ngdnh to6n hoe kh6c

nhau vi n6 li m6t c6ng cu quan trong trong vi6c xOy dung n6n nh0ng bO mon

to6n hoc hi6n dai.

82 e. HiNutt{c-e



vEcro TRoNG rnOruo ctAN.
euAN nf; vuONG Goc

6 chrtong ll, ch0ng ta dd x6t quan hO song song trong kh6ng gian. Trong
chudng ndy ta nghiOn cOu quan h6 vu6ng g6c gifra hai dulong thtng, gi0a
drtong thSng v6i mdt ph3ng, giila hai m6t ph8ng. Kidn thfc vd vecto li co
s6 dd xAy dUng quan hO vuong g6c trong kh6ng gian.

Khi hoc chudng ndy, hoc sinh cdn bidt v6n dung cdrc kidn thfc di c6 vd
vectd trong m6t phEng dd 6p dr/ng vdo kh6ng gian, ddng thoi bu6c ddu giAi
quydt drloc mOt s6 biri toAn hinh hoc kh6ng gian c6 li6n quan ddn c6c ydu
td vu6ng g6c.



VECTO TRONG KHONG GIAN.
sU DdNG pH,E Nc crie cAC vECTo

Vectd trong kh6ng, gian

Khdi niem vecto vd ci{c ph6p to6n vecto dd duoc dd cap trong chuong trinh
hinh hoc l6p 10. Tuy nhiOn, khi d6 tdt cit c6c vecto md chting ta xem x6t
ddu nim trOn cing mQt mdt phing.

0 chuong II, chring 'ta dd lim quen vdi viOc

nghiOn crlu hinh hgc khOng gian md ddi
tuo. ng cria n6 li c6c hinh c6 thd kh6ng ctng
nf,m trong mQt m4t phing. Ch8ng han, tf
diQn ABCD ld mQr hinh c6 tfnh, chdt d6 vi
nhu thd c6c vecto fr,'fr, d khong cing
n5m trong m6t m6t phE'ng nho ci (h.82). B

Trong chuong niy, chring ta sE n6i ddn c6c

vecto trong khOng gian. Vecto, cdc ph6p to6n
vecto trong kh6ng gian duoc dinh nghia holn
todn gi6ng nhu trong m4t phEng, chring cfrng

c6 cdc tinh chdt dE bi6t nOn khOng nh6c lai. Sau day, chring ta nOu lon mOt

sd hoat dQng vi vi dg nham muc dfch 6n tflp l4i nhfrng kidn thrlc d5 c6 vd

vecto trong m4t phf,ng dd 6p dgng vio khOng gian.

1

Cho hinh hQp ABCD.A'B'C'D' v6i tAm O

(h.83). B

a) Hay chi ra tr6n hinh 83 nhirng vecto bhng

nhau kh6c vecto d vir ki6m tra tinh d0ng ddn
c0a dEng th0c

AC' = AB + AD + AA'. (1)

b) Chr-rng minh ring

AB + B'C' + D'D = AD + D'C' + B'B = A'C.

re\s cHU V

COng thfc (1) gqi ld quy tdc htnh hQp @d' tim tdng ctra ba vecto).
I

84
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2

Cho tt? di6n ABCD v6itrong tdm G vi c6c trung didm c6c canh crja n6 (h.84).

Hdy chi ra tr6n hinh 84 nh0ng vecto kh6c d oing nhalr vd kidm tra xem dEng thrlc

m+M+T6=qM
c6 d[ng kh6ng ?

3

Cho hinh ling tru ABC.A'B'C'. Det M = d, AE = i, ft = d (h.85).

1) Hay bidu thim5ivecto EC. Ed qua c6c veaa d. i, d.

2) GoiG'ld trong tAm tam giitcA'B'C'. Bidu thivecto Zd qua d, i, d.

Vidul
Cho tilr diAn ABCD.

1. Gqi M vd N tdn luot ld trung didm crta AB vd CD. Chtng td rdng
1_ 1-.

MN =:(AD + BC) =:_(AC + BD)_2' .2'
2. Chxng minh rdng didm G ld trong tdm cfia tft di\rt ABCD kh;i vd chi khi
m1t trong hai didu ki€n sau xdy ra :

a)GA+GB+GC+GD:0;
1-

b) PG = )ee + pA + pC + fO1 uA moi didm p.
4'

Gitii (h.86)

1. Srl dung quy t6c ba didm, ta c6

H==H..Hr.X

---ta
t -\

G,1
_---n'4

Hinh 84 Hinh 85

85



Do MA+MB=0
_-----; 

- 

+ve DN+CN=0
1-

n6n MN =:(AD + BC).
2'

Tuong tu nhu tren, ta c6
1_

MN =:(AC + BD).
2'

2. a)Ta c6

GA+GB=ZGM,

ft+Grt=2cfr.
Didm G ld trgng tOm ctra trl diQn ABCD khi vd chi khi

ffi+cil=dtuy zGrt+clV;=fl.

Didu ndy tuong duong v6i d +d +d * Crt = d.

b) G li rrgng tam cira trX dien ABCD khi vd chi khi

cA*cE*d+cD=d.
Didu niy c6 nghia ld vdi didm P bdtki, ta c6

PA - PG + PB - PG + PC - PG + PD * PG : 0,
t-

hay PG = +(PA + PB + PC + PD). n
4'

Vidu2
Cho trt diQn ABCD c6 AB = c, CD = c', ,4C = b, BD = b', BC = ct, AD = a'.

Ttnh g6c girta cdc vecto BC vd DA.
^. r. autaL la co

44

BC .DA = BC.(DC. + CA) = CB.CD - CB.CA

= !Gs2 + cD2 - BD\ - lrcn' + cA2 - en2)
? \-- 2'

= L6a' + cD2 - BD2 - cA2).
2'

+ +
TU d6 g6c (BC, DA) xdc dinh b&i

cos(BC, DA) =
c2 +c'2 -b2 -b'2

C
Hinh 86
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2. SU ddng phEng cfra c6c vectd. Didu kign dd ba vectd ddng phEng

Ta bidt rf,ng, vdi hai dudng thing ph6n biOt cho tru6c trong kh6ng gian,

luOn c6 m[t ph8ng song song vdi hai duong th&ng d6. Nhurg n6i chung,

kh6ng c6 m4t ph8ng song song vdi ba duong th8ng ph0n bi6t cho trudc.
Ndu c6 mdt phing nhu vAy thi ta n6i rlng ba vecto n6m tr0n ba ducrng

thing ay li ddng phing.

DINH NGHIA

ll n, vecto goi ld itdng phdng ndu cdc gid crta chilng cilng song

ll tong vdi mdt mdt phdng.

TrCn hinh 87, gi6 ctra ba vecto

d, i, d ddu song song v6i m4t

ph8ng (P) nen ba vecto A, 6, d

oong pnang.'

Nhdn xdt

Tt dinh nghia trOn, suy ra : N0u, ta

vE oA:d, oE=fi, od=d thi Hinh 87

ba vecto d, b, d ddng phEng khi

vi chi khi bdn didm O, A, B, C ctng n5m trOn m6t mat phing hay ba duong

thfrng OA, OB, OC ctng nim trong mQt mdt ph8ng.

-x

N
Htnh 88

Bii to6n 1

Cho ttl diAn ABCD. Goi M vd N ldn

luqt ld trung didm crta AB vd CD.

Chtng minh rdng ba vecto Ee , m,
AD ddng phdng.

a (Dd siAi bAi to6n 1)

GoiP vir Q ldn lugt li trung didm c0a AC vit
BD. Khi dO MPNQ li hinh binh hinh. Tu
d6, hdy suy ra didu phAi chtlng minh (h.88).
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Di6u ki€n di ba vecto ddng phing
TD dinh nghia ba vecto ddng phing vd sq khai tridn m6t vecto theo hai
vecto kh6ng ctng phuong trong hinh hoc ph&ng,'chfng ta c6 thd chrlng
minh duoc dinh lf sau (h.89).

DINH Li 1

Cho ba vectd d, i, d, trong d6 d vd i tchong ciig
phuong. Didu kian cdn vd drt dd ba vecto d, i, d ddng

phdng ld c6 cdc sd m, n sao cho d = md + n6. Hon nrta, cdc
sd m, n ld duy nhdt.

OB'
Hinh 89

5

Chrtng minh rlng

1) Ndu c6 md + ni + pd =d vir m6t trong ba s6 m, n,p kh6c kh6ng thi ba vectd d,

6, c- d6ng phtng ;

2) Ndu A, i, d li bavectdkh6ng tfdng phtng vd md + rB + pd =d thim= n=p :0.

Bii to6n 2

Cho ttt diQn ABCD. Cdc didm M vd N
tdn luo.t ld trung didm cila AB vd CD.
Ldy cdc didm P, Q ldn luot thu)c cdc
dudng thdng AD' vd BC sao cho

PA = kPD, QB = kQC (k + l). ChftnS B

minh rdng cdc didm M, N, P, Q cilng
thu\c mbt mdt phdng (h.90).

6 (Dd gi6i birito6n 2)

1) Tu he th(rc il = kFrt, hdy chrrng t6

MF=MA-kMD.' l-k

Hinh 90

88



Tudng tLI, ta cOng c6

M6=*E-oW.t-k
2) Tu hai dtng thrlc tr6n, chfng minh ring

uF* MA=fim.
Vdy c6c di6m M, N, P, Q cirng thu6c m6t mdt phEng.

Dinh lf 1 n6i d6n didu ki€n dd c6 thd bidu thi mot
kh6ng cing phucrng. Dinh l( dudi dAy sd n6i vd bidu
vecto kh6ng ddng ph8ng.

vecto qua hai yect0
thi m6t vectd qua ba

DINH LI 2

Ne'u A, i, d m ba vectd khilng ddng phdng thi voi mdi vecto

i, ta tim duqc cdc sdm, n, p sao cho i = md + ,i + pd. Hon

nfia, cdc sd m, n, p ld duy nhdt.

Chtcng minh

Ti didm O, ta d4t OA=d, OE':i,
+--;JoC:d, oD = d thi o, A, B, C khong

cing thu6c m6t m{t phing.

Tt didm D k6 duong thing song song (hoac
drg) vdi dudng thing OC, c6t m4t phing
(OAB) t4i didm D'(h.91). Khi d6

oD = oa +DD.
Theo dinh li l, ta c6 cdc s6 m, n sao cho

od = md + n6. Ngoii ra do , DD vi d
........j

cing phuong nOn c6 sO p dd, D'D = pd. YQy

OD=md+nb+pd.

Gi6 sir cdn c6 Ofr = m'd + n'i + p't th\

(m - m')d + (n - n)6 + @ - P)d =6.

Vi a, 6, e khotgddngphing tanm-m'=n-n'=p-p':1haym:m',
n = /t', p = p'.Suy ra c6c sd fil, ft, p ld duy nh6t. n

Hinh 91



Biri tor{n 3

Cho hinh hAp ABCD.A'B'C'D'. Xit cric didm M v,,d N ldn luo.t thuQc cdc dtdng

thdng A'C vd C'D sao cho MR = kft, W = tffi ttc vd I ddi khd.c l).

Dqt BA=d, BB'=b, BC =d.

a) Hdy bidu thi cdc vecto Efr vd Efr quo cdc vecto A, i, d.

b) Xlc dinh cdc sd k, I dd dtong thdng MN song song voi dudng thdng BD'.

Gidi (h.ez)

a) Tt gii thiOt ta c6 :

Efr =Er',- +Ee , do d6 Bt-k
1l+bBM= ' A+ - b- " d:t-k t-k t-k

BT=fr:F,dod6t-l
t1+BN=- A+ b+t.l-l t-l

b) \n BD' vd. C'D ld hai dudng thflng ch6o nhau vd N thuQc ducrng thing C'D
n6n dudng th8ng MN kh0ng thd tring vdi dudng thing BD'. Ydy dudng

thfrng MN song song vdi du&rg thing BD'ldtivd chi khi Mil = pdfr.

Do MN. = BN - BM nOn ta c6

prrt =(-t-a)a *(L--L); *(r*-L)a.\ r-t t-k) \l-,/ t-k) \ r-k)
Mat kh6c BD-'=d+B +d (quy tic hinh hop) md d, i, d li ba vecto

kh6ng ddng phang nOn

B' C'

Hinh 92

MN=Orr,*1

ll
r-l t-k

1-t 1-k
l+ k =,t-k

1
4

90
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1.

2.

VQy khi k: -3,1 = -l thi duong thing MN vitduong thing BD'song song

v6inhau. tr

' c6u n6i vd bdi tQp

Bavecto d, i, d c6 d6ng phing khOng nOu mOt trong hai didu sau dAy

xhy ra ?

a) C6 mOt vecto trong ba vecto d6 bing d.

b) C6 hai vecto trong ba vecto d6 cing phuong.

Cho hinh ch6p S.ABCD.'

a) Chtmg minh rang n€u ABCD li hinh binh hhnh thi M * S : M * M.
Didu ngugc lai c6 dring kh6ng ?

b) Gqi O li giao didm ctra AC vd BD. A{tng t6 ring ABCD la hinh binh hanh

khivdchikhi M * S * sd + Srt = ai6.

Cho hinh lf,ng tru tam gi6c ABC.A'B'C'. Ggi G vd, G'ldn luot ld trong tam

cira tam gi6c ABC yd,A'B'C',IIi giao didm cira hai dudng thing AB'vd
A'8. Chitngminh rang c6c du&rg thing GI vd' CG'song song vdi nhau.

Cho hinh hop ABCD.A'B'C'D'. Ggi M vi N ldn luot lI tmng didm ctra CD vi
DDt ; G vd G' ldn lugt li trong t0m ctn cdc trl diOn A'D'MN vd. BCC'D'. Chrmg

minh rang duong thing GG'vdmit phing (ABB'A) song song vdi nhau.

Trong kh6ng gian cho tam gi6c ABC.

a) Chung minh rf,ng ndu didm M thu6c mp(ABC) thi c6 ba sd x, y, z md

x + y + z : I sao ctto OU = xOA + yOB + zOC vdi moi didm O.

b) Ngugc 1?i, nOu c6 mQt didm .O trong kh0ng
+ + +

OM = xOA+yOB+zOC, trong d6 x + y + z = 1 thi

mp(ABC).

6. Cho hinh ch6p S .ABC . Ldy cdc didm A ', B' , C' ldn luot thu6c cdc tia SA, SB,

SC sao cho SA = aSA', SB = bSB', SC = cSC', trong d6 a, b, c ld' cdc sd thay

ddi. Chring minh rang mlt phing (A'B'C) di qua trong tAm ctra tam gi6c

ABC khivd chi khi a + b + c =3.

_3.

5.

Eran

didm

sao cho

M thuilc

9t



HAI DUONG TH,E,NG VUONG GoC

1. G6c gifra hai dudng thEng

Cho hai duong thing L,1, Lzbat ki trong kh6ng

gian. Tt didm O nio d6, tav6 hai duong thing
A'1, A'2 ldn luot song song (hof,c trirng) vdi

L1, L2. D6 thdy rang khi didm O thay ddi thi

g6c gifra A'1 vd A'2 kh6ng thay ddi (h.93). Vi
vAy ta c6 dinh nghia sau

/^'

DINH NGHIA 1 Hinh93

ll OOt gifra hai dudng thdng A1 vd L2 td g6c girta hai dudng

ll *dnS L,'1 vd. L'2 cfing di qua m1t didm vd tdn lttot song song

ll (ho,4c trilng) vdi A1 vd A'2.

Nhdn xdt

1) Dd x6c dinh g6c giffa hai dudng thing A1 vi L2, tac6 thd ltty didm O

n6i tr0n thuOc mOt trong hai du&rg thing d6.

2) G6cgifra hai dudng thing khong vuot qu6 90o.

3) Ncu ilt, ilz ldn lugt ld vecto chi phuong ctia c6c duqng thfrng A1, A2 vd

(4,il) =a thi g6c gitahai dudng thfrng A1 vd A2 bang an€u a<90o

vdbang 1800 - a n€u a > 90o.

Vidul
Cho hinh ch6p S.ABC c6

SA=SB=SC= AB=AC=avd BC = oJi. A

Tinh g6c gifta hai duong thdng SC vd AB (h.94). .

fl Cac mdt crta hinh chdp S.ABC ld nhrtng mm

Hinh 93

Hinh 94gidc c6 gi dQc biQt ?



Gitii

Cdch 1.Ta tfnh g6c gifra hai vecto E va aE.

Ta c6

cos(ffi, fr)=P-tM+4Zl'D
ECIIZ'I 

_T
o2

sl.m *ft.eE _-T *o 
1

=_=__t

a2t22
Suy ra tMr El =r20o.

VQy g6c gifia hai duong th&ng SC vi AB bang 600.

Ctlch 2. Goi M,N, P ldn lugt li trung didm ctra SA, SB, AC.Khi d6 MN ll AB,

MP llSC. Dd tinh g6c gifra hai duong th&ng SC vd AB,tacdn t(nh ffiF

' Ta c6 MN = MP = !, SP2 =t, BPz -''o' ,244

BPz + SPz = 2NP2 * tB' 
.

2

- --) 3aZ
YQY NPz = 

-'4
M4t kh6c

,2

do d6 
"orffiF = -fu_= -:, suy ra ffiF = t2oo.

22
VAy g6c gifia hai dudng th8ng SC vi AB bang 600. n

2. Hat duong thing vu6ng g6c

DINH NGHIA 2

ll nri dtdng thdng duqc gqi ld vuilng g6c vdi nhau n€lu g6c

ll sina chring bdng 90o.

g3



Khi hai duong thing a vd b wOng g6c vdi nhau, ta cdn n6i go.n th hai duong

thfurg a vd, bvu6ng g6c, vi kihi0u a L bhay b L a.NhuvAy a L b e il.i : 0,

b d6 il vi i ldn luot ld c6c vecto chi.phuong cia a vh, b.

Ti tlinh nghia tr0n, ta c6 nhin x6t sau

Nhrfrn xdt

Mgi auong thing vu6ng g6c vdimOt trong hai dudng thing song song thi
vu6ng g6c vdi ducrng th&ng cdn lai.

1

Cho hinh hQp ABCD.A'B'C'D' c6 tdt cA c5c canh bSng nhau (hinh hQp nhu thd goi

tit hinh-h9p thoi). Hdy giai thfch tai sao AC L B'D'.
\

Vidu2
Cho hinh hhp thoi ABCD.A'B'C'D' c6 tdt
cd cdc canh bdng a vd

fre = 6EA = FEe = 6oo. B

Tinh di1n tich trl gidc A'B'CD.

Gidi (h.gs)

Trudc hdt ta d6 thdy A'B':D ld hinh binh
hinh, ngoii ra B'C = a = CD nln A'B'CD
ld hinh thoi. Ta sE chrlng minh A'B'CD lit
hinh vu6ng.

ThAt vAy, ta c6

c*Ef : (eE *EEIEA --1E.EA *EF.Ei

Vfly c6 CB' L CD, do d6 A'B'CD li hinh vu6ng.

Ttd6 dien tich hinh wong A'B'CDaing t. a

Vidu3
Cho hinh tft di€n ABCD, trong d6 AB L AC,

AB L BD. Gqi P vd Q ld cdc didm l,in lwot B
thuOc cdc dudng thdng AB vd CD sao cho

FA=kFE, &=Wfi G + l). chttng

minh rdng AB vd PQ vu1ng g6c voi nhau
(h.e6).

B'

Hinh 95
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2 (Dd giSi vi du 3)

Bi6u thi PQ theo. PA, AC, CQ vA PQ theo PB, BD, DQ dd c6

e - bVA =ft - rEi.
Tinh tich v6 hrJ6ng c0a (1 - k)FA v6i fr. Tar tl6 suy ra didu phii chrrng minh.

Vidu4
TInh cdc g6c gifra cdc cdp duong thdng DA vd BC, DB vd AC, DC vd AB
cfta tfi diQn ABCD, biAl rdng DA = BC = a., DB: AC = b, DC = AB = c.

(irun

Theo kOt qui 6 vi du 2 $ 1, ta c6

. cos(Bd, oA) =ry
a'

VAy g6c gifra hai duong thing BC vit AD lil a md" cosd = ry
o-

Tuong tu nhu trOn, neu ggi B vd yldn luot II g6c gifa cdc clrp dudng thing
AC vi BD, AB vi DC thi

^ lo2 - r'l lo2 - *lcos/r- 
b, , CoS/=--Z-

7.

cdu n6i vd bdi tQp

M6i khing dinh sau c6 dring khOng ?

a) Hai duong th&ng cing vuOng g6c v6i duhng th&ng thrl ba thi song song
v6i nhau.

b) Hai duong thing cu'ng vuOng g6c vdi dudng thing thrl ba thi vuOng g6c
vdi nhau.

a) Cho vecto i khdc d vI hai vecto d, E l<hOng ctng phuong. Chfng minh

rang n0u vecto i vu6ng g6c vdi ci hai vecto d vit i thi ba vectd fr, d, i
kh6ng ddng phing. :i

b) Chung minh r[ng ba vecto cing vu6n g g6c vdi vecto m +d thi ddng
phing. Tn d6 suy ra c6c dudng thing ctng w0ng g6c v6i m6t dudng thing
thi cing song song vdi m6t mit phing

95



9.

10.

11.

Cho hinh ch6p S.ABC c6 SA = SB = SC vd ffi = '8d = &. Cn,fng minh

r[ngSA LBC,SB LAC,SC LAB.

CLro hinh trl diQn ABCD. Chung minh ring n6" tE.fr =ft.fr =fr.fr
thi AB L CD, AC I BD, AD L BC. Didu nguo. c lai c6 dring khOng ?

Cho hinh rtl dien ABCD c6 AB = AC : AD vd fu = 600, ffi = 60o,

CAD = 90o. Chtmg minh ring :

a)ABICD;
b) Ndu I vd J ldn lugt li trung didm ctra AB vit CD thi IJ I AB vd IJ L CD.

pUONG TH,E,NG VUONG COC

VOI trltAl PH,E,NG

1. Dlnh nghia dudng thEng vu6ng g6c v6i m{t phing

Bii to6n 1

Cho hai dadng thdng cdt nhau b vd c cilng ndm trong mdt phdng (P).

Chfing minh rdng nA'u dadng thdng a vuAng g6c voi cd b vd c thi n6 vubng

gdc vdi mqi dadng thdng ndm trong (P).

1 (Dd giAi bdi todrn 1)

. K( hi6u i, i, i,, i ldn h.rot lir vectd chi

phudng ctia c6c drrong thtng a, b, c, d,

trong d6 d lir drlong thEng bdt ki nim trong

(P) (h.97). Gia thidt c0a bdi to5n c6 nghla

ld il.i = il.fr = O.

Hdy chtlng 16 il.V = O.

Khi a vu6ng g6c vli mgi duong thing ndm- trong mat phfing (P) thi ta n6i

rang dudng thing a vuOng g6c vdim4t phing (P). Vfly ta c6 dinh nghia

Hink 97
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DINH NGHIA 1

ll tntOt duong thdng goi ld vuLng gdc voi m1t mdt phdng n€u n6

ll vu1ng g6c voi moi dudng thdng ndm trong m(t phdng d6.

Khi duong thing a vuOng g6c vdi m4t phing (P); ta cdn n6i m4t phlng (P)

vu0ng g6c v6i a hodc a vi (P\ w6ng g6c vdi nhau, vi ki hiQu a -l- (P) ho4c

(P) I a.

Tt bei todn 1 vi dinh nghia trOn, ta c6 dinh li sau n6i yd,didu kiQn dd

dudng thing vi mat ph&ng w6ng g6c vdi nhau.

DINH LI 1

N€'u dadng thdng d vu1ng gdc voi hai dudng thdng cdt nhau
a vd b cilng ndm trong mgt phdng (P) thi dudng thdng d
vuOng g6c voi mdt phdng (P).

2

Chr"tng t6 ring ndu m6t drrong thtng vu6ng g6c v6i hai
canh c0a m6t tam gi5c thi n6 cUng vu6ng g6c v6i canh
thf ba, trSc lir phAi cht/ng minh (h.98) :

a]-en\=aLBC.
aLAC)

2. Circ tinh chdt

Tt dinh nghia n6u trOn, ta c6 cdc t(nh ch0t sau :

Tinh chdt I

C6 duy nhdt milt mdt phdng (P) di qua mQt didm O cho trudc
vd vuAng g6c voi m1t dudng thdng a cho trudc.

Tinh chdt 2

C6 duy nhdt mot dudng thdng L, di qua mat didm O cho

trtdc vd vuOng g6c vdi mQt mdt phdng (P) cho trudc.

NhSn xdt
. M?t phing (P) n6i trong tinh chdt I duo. c xdc dinh b&i hai duong thing phan

bict t vi c cDng di qua didm O vi ctng vuOng g6c vdi duong th8ng a (h.99).

Hinh 98

z. xlxntrruc-R 97



Hinh 99

. Dudng thing A trong tinh ch6t 2ld giao tuyOn

cira hai mlt phing (Q) vd (R) ctng di qua O vI
ldn lugt vuOng g6c vdi hai dudng thfrng c6t nhau

a vd b nim trong m[t phing (P) (h.100).

. Til tfnh chdt l, ta thay c6 duy nhat mot mat
phing w6ng g6c vdi AB taitrung didm O ctra doan

ifrang AB. Mrdt phing d6 goi ld mdt phdng trung
truc ciado4n thang AB (h.101)

D6 thdy ring mdt phdng trung truc crta doan
thdng ld tdp hop cdc didm cdch ddu hai ddu milr
ctia doan thdng d6.

3

Hinh 100

Tim tip hop cdc didm cSch d6u ba tfinh c0a tam gi6c ABC.

Trong chuong II, ta dd dd cQp ddn quan hO song song gifia hai.duong thing,
gita duong th8ng vI m6t phang, gifra hai m4t phing. Kdt hqp v6i c6i tinh chat

.r0u trer, ta c6 thd chrlng minh duo.c mOt sd tinh chdt n6i vd mdi liOn hQ gifra

quan hQ song song vi quan hQ vu6ng g6c cria ducrng th8ng vd mit phing.

3. Li6n hQ giira quan hQ song song vi quan hQ vu$ng g6c cfra drrdng

thEng vdr mit ph8ng

Tinh chdt 3 (h.102)

a) Mdt phdng ndo vuAng g6c vdi mdt trong hai itudng thdng

song song thi cfing vu1ng gdc vdi dudng thdng cdn lqi-

b) Hai iludng thdng phdn biAt cilng vudng 86c v1i m1t mdt

phdng thi song song vdi nhau.

z. Hit'tHttNc-e

Hinh 101
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Tfnh chdt 3 duo. c viOt ggn li :

. allb Il+(P\Lb;
(P) L a)

. a -l- (P)l

b L(P)l+ atlb.
Ialb ) Hinh 102

Tfnh chdt 4 (h.103)

a) Dudng thdng ndo vuOng g6c vdi m1t trong hai mdt phdng
song song thi cfrng vu1ng g6c voi m\t phdng cdn lai.
b) Hai m\l phdng phdn biQt cilng vuAng gdc vdi mOt dudng
thdng thi sotng song vdi nhau.

Tinh chdt 4 duo. c vi6t ggn ld :

. (P)il(0)'-'l=aL(Q):
a I(P))

. (P)La I
I(Q)La 
l+Q)rr(Q).

(P) z (0)

NhQn xdt

Trong t(nh chdt 3, ndu ta thay cdc cum tt
"mit phing'l thinh "dudng thing", "du&rg

thing" thlnh "mat phing", cdn cdc ti kh6c git nguyOn thi ta c6 tinh chdt 4.

Tinh chdt 5 (h.104)

a) Cho dudng thdng a vd mdt phdng (P) song song voi nhau.

Dudng thdng ndo vubng g6c voi (P) thi crtng vuilng gbc.voi a.

b) Ne'u mdt dudng thdng vd milt mnt phdng fth1ng chfta

dudng thdng d6) cilng vuOng g6c voi mAt dudng thdng thi
chring song song voi nhau.
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Tinh chdt 5 duo. c vi0t gon ld :

'att (P)1=, La;
b L (P))

. oqe))
aLb l=rll e).
e) Lb)

4. Dinh li ba dudng vu6ng goc

Ph6p chi6u vu0ng g6c

M6t trudng hqp thudng gap cira ph6p chidu song song 1I ph6p chidu
vu0ng g6c.

DINH NGHIA 2

ll pn p chidu song song l€n mdt phdng (P) theo phwrng I vuhng g6c

ll "A 
mdt phdng e) Sqi ld phdp chidu vuOng gdc l€n m\t phdng e).

Vi ph6p chidu vu6ng g6c 10n mat phing (P) ld trudng hqp d+c biOt cia ph6p

chiOu song song nOn n6 c6 moi tinh chdt cfia ph6p chiOu sortg song. Phdp

chidu vuilng g6c l1n mdt phdng (P) cdn duo. c ggi don giin ld phdp chidu bn
mdt phd.ng (P). NOu ,1( ' li, hinh chidu vu0ng g6c ctra tinh {/(trAn mp(P) thi ta

cfrng n6i#('ld hinh chidu ciua &hren mat phing (P).

Dinh li ba iludng vuOng g6c

DINH Li2

Cho dadng rhdng a kh1ng vu)ng g6c voi mdt phdng (P)'vd
dtdng rhdng b ndm trong (P). Khi d6, didu ki1n cdn vd drt dd b
vudng g6c voi a ld b vubng g6c voi hinh chidu a' cila a tr€n (P).

Chitng minh .t

Ndu a narn nong (P) thi kOt qui 1I hidn nhiOn.

Ndu a kh6ng nEm trong (P) thi ta liy hai
didm phAn biet A vi B thuQc a. Goi A'vi
B' ldn lugt ld hinh chidu c:frla A vd B tr0n
(P), khi d6 hinh chiOu a' clta dudng thing
a ftan (P) chlnh li duong thing di qua hai
didm A'vi B'(h.105).

Hinh 104

B'
a'

Hinh 145
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Vibc(P)nOnbLAA'.

. VQy ndu b l- a thi b I mp(a', a), do d6 b L a'.

Ngu-o.c lai, nOu b La' thi b I trrp(a',a), do d6 b Ia.

5. G6c gitra dudng th8ng vd m{t phEng

Cho duong thing a vi mdt phing (P). Ta c6 dinh nghla sau (h.106)

Hinh 106

DINH NGHIA 3

Ndu dudng thdng a vubng g6c vdi mdt phdng (P) thi ta n6i

rdng g6c gifra dtdng thdig a vd mdt phdng (P) bdng 90o.

N€'u drdng thdng a khbng vu1ng g6c vdi mdt phdng (P) thi
g6ic gifra a vd hinh chiA'u a' cr)a n6 trAn (P) Sqi ld g6c girta
dudng thdng a vd mdt phdns e).

Luu y ring g6c gifra dudng thdng vd mdt phdng khbng vtrot qud 90o.

Vf du
:

Cho iinh chdp S.ABCD c6 ddy ld hinh vuhng canh a; SA I mp(ABCD),

1. 
!o.*i 

M vd N ltin tuqt ld hinh chidu ctia didrn A tr€n cdc dudny thdng SB

vd SD. .'
a) Chrlng minh rdng MN ll BD vd SC L (AMN).'

b) Gqi K ld giao didm cfia SC vdi mp(AMN). Chilmg minh tt gidc AMKN
cd hai dudng chio vubng gbc.

2. Tinh g6c gifra duong tkdng SC vd'mdt phdng (ABCD) khi SA = ali,
AB=a,

n
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Gidi (h.107)

1. a) Hai tam gidc vuOng SAB vd SAD

bang nhau c6 cdc dudng cao tuong

ung ln AM vd AN n€n BM = DN. M{t
khdc, tam gi6c SBD c6n tai dinh S

n}n MN song song vdi BD.

Ta c6 BC I (SAB) nOn BC L AM ; mdt

khdc SB L AM, do d6 AM L SC.

Tuong tu, AN l- SC. Vay SC L (AMN).

b) Do MN ll BD mir BD L(SAC) ncn 
B

MN L (SAC), tt d6 MN L AK.

2. Ta c6 AC li hinh chidu ctra SC trOn m[t

AC = ali, sA = aJ2 ncn ,G = 45o. vay,

(ABCD) bing 45o.

C

Hinh 107

phlng @BCD). Mat khdc

g6c gitra SC vi ,r* ,n"5

c6u n6i vd bdi tQp

12. Khing dinh "MOt duong thing vuOng g6c vdi hai duong thing phAn biOt

trong m4t ph8ng (P) thi n6 w6ng g6c v6i (P)" c6 dring kh6ng ? Vi sao ?

13. Cho hai duong thing a, b vd,m4t phing (P). C6c mQnh dd sau dfng hay sai ?

a) Ndu a ll @\vi b I (P) thi b L a.

b)Ndu all Q) vibl ath\b I(P).
c) Nou a ll G), b ll a th\ b ll e).

14. Cho didm S c6 hinh chidu tr€n mp(P) ld 11. Vdi didm M bttt ki trOn (P)

(M kh6ng tring H), tagoi doan thing SM ld itudng xiAn, doanth&ng HM lil
hinh chiAu cfia dudng xiAn d6. Chtrng minh rf,ng :

a) Hai dudng xiOn bang nhau khi vi chi khi hai hinh chi€u cira chring

bing nhau

b) Vdi hai duong xiOn cho trudc, duong xiOn nho dii hon thi c6 hinh chidu

dli hon vi nguo. c 14i, dudng xi€n nio c6 hinh chidu dii hon thi dhi hon.

(irCfro fildiQn ABCD,Tim didm O cdchddu b6n dinh cira trl diOn.

t02



116. Cho hinh trl dian ABCD e6 AB, BC, CD doi mot vu6ng g6c vi AB = a,

BC:b,CD:c.
a) Tinh do dei AD. b) Chi ra didm cdch ddu A, B, C, D.

17. Cho hinh trl dian OABC c6 ba canh OA, OB, gC. d6i mQr vudng g6c.

a) Chung minh tam gi6c ABC c6 ba g6c nhon. , I L rl i
b) Chrlng minh ring hlnh chidu H ciua didm O ffOn mp(ABC) tring vdi trgc
t6m tam gi6c ABC.

c) chrlng minh rang -+ + * + * +.oH' oA' oB' oc'
f$ Cno hinh ch6p S.ABC c6 SA L mp(ABC) vi tam gi6c ABC khong w6ng. Goi

a) AH, SK, BC ddng quy ;

b) SC I mp(BHIQ ;

c) HKI mp(SBC).

19. Cho hinh ch6p S.ABC c6 ddy li tam gi6c ddu canh avd SA = SB : SC = b.

Gqi G li trong t0m tam gi6c ABC. t:.,.. :., .l:,, ),,, ,.,

a) Chung minh ring SG L (ABC). Tinh SG.

rb) X6t mat phing (P) di qua A vd vuOng g6c v6i duong thing SC. Tim h0

,ttrrlc ticn h0 gif,a a vd b dd (P) cit SC tai didm C1 nam gifra S vi C. Khi d6

hdy tinh diOn tfch thidt di€n cira hinh ch6p S.ABC khi c6t boi mp(P).

20. a) Cho ttl dian ABCD c6 AB I CD, AC L BD. A{mg minh rang AD L BC.

V0y, c6c c4nh doi diOn ctra trl diOn d6 vuOng g6c vdi nhau. Trl di6n nhu thd
goi ld tit diQn truc tdm.

b) Chung minh ci{c mOnh dd sau day li tuong duong :

i) ABCD ld trl diOn truc tam.
.'ri

ii) Chan dtibng cao ctra ttl di€n ha tt mOt dinh trirng vdi truc tAm cira mit.
ddi di0n.

iiD AB2 + CDz : ACZ + BDz = AD2 + BCz.

c) Chrlng minh rlng bOn duong cao cita trl diOn truc mm ddng quy t4i m6t
didm. Didm d6 gqi ld trqre tdm cfia t{r diQn n6i tron.
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HAI MAT PH,E.NG VUONG GoC

G6c giira hai mit phEng

Cho hai mn phing (P) vd (Q). Ltty hai
duong thing avdb ldn lugt w0ng g6cvorr
(P) vn (0) G.108). Khi d6, g6c gifra hai
duong thing a vd b kh6ng phu thuQc vio
c6ch lua chon chring vi duoc goi ld g6c
gifra hai m4t phing (P) va (0).

DINH NGHIA 1

G6c gifra hai mdt phdng ld
g6c gifra hai dudng thdng
ldn luqt vu1ng g6c vdi hai

- t3
mat pnang do.

Cdch xdc dinh g6c gifta hai mflt phing

fl rcni hai mdt phdng @) vd (Q) song song hodc trr)ng nhau thi g6c girta

chilng bdng bao nhiau ?

BAy gid, gii sir (P) vI (Q) cit nhal
theo giao tuydn A. Ta vE mOt mdt
phing (R) vuOng g6c v6i A vi goip,
q ldn lugt li giao tuydn cira (R) v6i
(P) vd (R) v6i (0). Khi d6, g6c gifra
(P) vn (0) bing g6c gita p vd q.

That vAy, ffong -p(R), xdt cdc
duong th8ng a vd b ldn luot vuOng
g6c vdi p YiL q thi a J- (P), b L (Q)
vi d0 thdy g6c gif,a hai duong thEng
a, b bing g6c gita hai dudng th8ng
p, q (h.109). Nhu vAy ta c6 :

r-\s cHU'7

Khi hai mat phfrng (P) vh (Q) cit nhau theo giao tuydn A, dd tinh
g6c gita chring, ta chi viOc x6t m6t mf,t phing (R) vuong g6c v6i
A, ldn luot c6t (P) vd (C) theo cdc giao tuydn p yd q.Ll .c d6, g6c
gifia (P) ve (0) blng g6c gifra hai dudng thhrtg p, q.

to4

Hinh 108
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VidU 
{

Cho htnh ch6p S.ABC c6 SA L (ABC\. Gqi q
ld g6c gitta hai m,{t phdng @BC) vd (SBC).

Chfing minh rdng SAaC = S5s6'.cosp, d dAy

kt hiQu SABC ld di€n tich tam gidc ABC. 
A

Gidi (h.tt})
K6 dudng cao AH cira tam gi6c ABC. Do

&4 J- mp(ABC) non SFI L BC. Suy ra frA = p
vd AH = SH.coscp. Ti d6 tac6

B

Hinh 110

^ 1,BC.AH 
= !ac.stt.cose = s566,.cosp.JABC=2 

z

M& rQng kdt qui cfra vf du trOn, ta c6 dinh li tdng qu6t sau dAy :

n

DINH LI 1

Gqi S ld diQn ttch cila da gidc ,fftrong mdt phdng (P) vd S'
ld di€n tich hinh chiAlu ,ff' cila ,fftrAn mdt phdng (P) thi
S' = S.cosp, trong d6 rp ld g6c girta hai mdt phdng (P) vd (P).

2. Hai m{t phEng vu6ng g6c

Khi hai m4t phEng (P) vn (0) vu6ng g6c v6i nhau
thi ta cdn n6i ggn lh hai mqt phdng (P) va (0)
vudng g6c,ki hiQu (P) r Q) hay (Q) r (P).

1

Cho hinh trl di6n ABCD c6 AB, AC, AD dOi mdt vu6ng
g6c (h.1 1 1). Hiy chi ra c6c tlrtong thtng ldn luot vu6ng
g6c v6i c6c mit phtng @BC), (ACD), (ABD) vir trr d6
suy ra c6c mit phtng 5y d6i mOt vu6ng g6c.

Diiu kiOn ad nai mnt phing vudng g6c

DINH Li 2

N€lu mQt m\t phdng chfia mQt duong thdn'g vwAng g6c vdi mQt
mdt phdng khdc thi hai mqt phdng d6 vu1ng g6c voi nhau.

105

DINH NGHIA 2

ll nai mfi phdng goi ld vudng gdc vdi nhau n\u g6c gifia chring

ll udns eo". B

Hinh 1l I

Dinh lf du6i day n6i vd mot didu kiQn dd hai mf,t phing vuong g6c.



Chitng minh (h.112)

Gi6 srl (P) 1A mat phing chrla duong th&ng a
md a vuOng g6c v6i mp(Q).Gqi H li giao
didm cria a vd (Q) thi H thuOc giao tuydn c
ctra (P) vil (Q).Trong (Q), ke duong thing b
di qua H vit vu6ng g6c vdi c. Khi d6, g6c
gifra (P) va (0) chinh li g6c glfta a vd b. Vi
a L (Q) nAn a J- b, tt d6 suy ra hai mdt
phing (P) vi (Q) vuOng g6c vdi nhau. tr

thu6c (0), suy ra a L (Q).

Tt dinh Ii 2 vd dinh lf 3, ta d6, ding suy ra c6c h0 qui sau :

Nguo.c lai, ndu cho hai mit phing vuOng g6c Hinh 112

vdi nhau thi mlt phing nly c6 chrla dudng thfrng vu6ng g6c vdi mit phing
kia hay kh6ng ? Dinh li 3 sau d6;y tril ldi cAu h6i d6.

Tinh chdt cfra hai m4t phing vuOng g6c

DINH Li 3

Ndu hai mdt phdng (P) vd (Q) vuOng g6c v6i nhau thi bdt cfi
dudng thing a nlo nf,m trong (P), vu6ng g6c v6i giao tuyOn
cira (P) ve (O) ddu vu6ng g6c v6i mat ph8ng (Q).

Chitng minh (h.112)

Ggi c ld giao tuydn ctra (P) ve (0), H ld giao didm ctra a vd c. Trong
rnp(Q), k6 dudng thfrng b di qua didm l'1 vi vuOng g6c v6i c. Khi d6, g6c

gif,a (P) ve (0) chinh ld g6c gifta a vi b. Vl (P) a (0) ncn a L b. Nhu vfly,
ta c6 dudng thing a vuOng g6c vdi hai dudng thing b, c cit nhau cing

n

nE ouA 1 (h.113)

N€'u hai mdt phdng (P) vd (Q) vu1ng g6c vdi nhau vd A ld
mAt didm ndm trong (P) thi dudng thdng a di qua didm A vd
vuOng g6c vdi (Q) sd ndm trong (P).

H0 qui I duo. c vidt gon lh :

(P) r (0)
Ae(P)
A L(Q)
Aea 1=, 

c (P)

Hinh 113
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uE ouA 2 g.tt4)

N€lu hai mdt phdng cdt nhau vd cilng vudng g6c voi mqt phdng
thtba thi giao tuy€h cfia chilngvu1ng g6c voi mdt phdng thtba.

H0 qui 2 dttgc vidt gon li :

(P) r (R)

(0) a (fi) )=, 
a (R)

(P)n(Q)=a

Til dinh li 2, ta nhQn thay ndu dudng
thing a w6ng g6c v6i mat phing (P)
thi qua a c6 vO sO mf,t phing
vuong g6c vdi (P) (h.115). Vay
khi a khOng vu6ng g6c v6i (P) thi
c6 bao nhi0u mat phing chtta a vd
vu0ng g6c vdi (P) ?

H0 qui sau sC tri ldi c0u h6i d6.

He OUA s

Qua dudng thdng a khbng vubng g6c vdi mdt phdng (P) c6
duy nhdt mQt m\t phdns (Q) vubng gdc vdi mqt phdns (P).

2 (Dd ch(rng minh hQ qu6 3)
. Ldy didm O thu6c a, drrng drrong thEng

b di qua di6m O vd vu6ng g6c v6i (P).

Hdy chutng t6 mp(a, b) chinh h mp(Q)
phai tim (h.1 16).
. S[t dung hE quA Z dd chrtng mihh tinh
duy nhdt c0a mdt phtng (Q).

Hinh 114

Hinh 115

I

I

I

-t-
I

I
I
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3. Hinh ling trrp dti'ng. Hinh h6p chir nhit. Hinh lfp phuong
Trong chuong II, ta dA nOu dfnh nghia hinh lang trg. 6 phdn nhy, ta sE x6t
m6t so hinh lang tru dic biOt.

DINH NGHIA 3 HiNH VE M
Ilinh lang tru dfrng

Ld hinh ldng trq c6 canh

b€n vuhng gdc voi mdt

dny &.117).

E' D'
Hinh 117

. Cdc nt@ bAn c,ia hinh
ldng trry dfing ld hinh gi ?

. Cdc mdt b€n crta hinh
ldng tru dftng c6 vubng
g6c voi mqt ddy khdng ?

Ilinh lf,ng tru ddu

Ld hinh ldng trry dung c6
ddy ld da gidc ddu
(h_118).

A'6

Hinh 118

. t-lA 3
-v(- - -.,?'".

Cdc m|t b€n cfia htnh
ldng trry ddu c6 bdng
nhau khbng ?

Hinh hOp drhtg

Ii hinh ldng tru dilng c6
ddy ld hinh binh hdnh
(h.119).

Hinh 119

- t'
I
I

Hinh h1p drhng

nhi€u mqt ld
chrttnhdt ?

c6 bao
hinh

Ilinh hOp chfr nh{t

Ld hinh hQp d,it S c6

ddy ld hinh chfr nhdt
(h.120)

Hinh 120

I

I

I

Il------r---

Sdu mdt cita hinh hbp chrt
nhdt c6 phdi td nhrtng
hinh chrt nhdt kh1ng ?

Ngrnc lai, milt hinh hbp
mi sdu mh crta n6 ld hinh
chrt nhQt c6 ptuii ld hinh
hbp chfrnhQt khbng ?

r08



DINH NGHIA 3 uiNu vE EZ

Ilinh lap phuong

Ii hinh hQp chrt nhdt c6
tdt cd cdc canh bdng
nhau (h.l2I ).

I

)----

Hinh 121

Hinh hdp chfr nhdt md
di€n tfch cdc mdt ddu
bdng nhau cd phdi ld
hinh l,ip phaong hay
khdng ?

Bii to6n

Tinh.dQ ddi duong ch\o cila hinh hhp chfr nhdt khi bie? dO ddi ba canh xudt
phdt til mbt dinh ld a, b, c (a, b, c goi ld ba kich. thudc cfia hinh hilp clifi nhdt).

Gidi (h.122)

Tt AC':AB+AD+AA'
;,

vi AB.AD - AB.AA' - AD.Alq' - 0

tac6 AC'':at +b2 +c2

hay AC' = ,1o2 * b2 + c2 .

Tuong fi4 cdc du&rg ch6o cdn l4i cfrng bang

,lD
in')v----)--- C'

A' D'

Hinh 122

I o )., .!a'+b"+c'. tr
W OO ddi duong chio cila hinh ldp phuong canh a bdng bao nhi€u ?

4. Hinh ch6p ddu vi hinh ch6p cr,rt ddu

DINH NGHiA 4

ll UO, hinh ch6p duoc goi ld hinh ch6p iIA'u nAu ddy cila n6 ld
ll a" gidc ddu vd cdc canh b1n bdng nhau. s

-tH-)
t. i ,'
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Ta bidt rlng ddi vdi m6t hinh ch6p bat ki, duong th&ng vu6ng g6c v6i mlt
d6y k6 til dinh goi li dudng cao crta hinh ch6p.

@ Ca, k€'t qud sau ddy vd hinh ch6p ddu c6 dfing khdng ? Vi sao ?

. MQt hinh ch6p ld hinh ch6p dda khi vd chi khi ddy crta n6 ld da gidc ddu

vd dudng cao cfia hinh ch6p di qua tdm cila ddy (tdm cila da gidc ddu

ch{nh ld tdm dadng trbn ngoai tidp vd nQi tidp da gidc d6).

. M1t hinh ch6p ld hinh ch6p ddu khi vd chi khi ddy cila n6 ld da gidc ddu

vd cdc canh bAn tuo vdi mdt ddy cdc g6c bdng nhau.

Doan ndi tam ctra hai d6y duo.c goi th
dudng cao ciahinh ch6p cut ddu.

DINH NGHIA 5

ll Xni cat hinh ch6p ddu bdi m1r

ll *qt phdng song song vdi ddy

ll aa dtroc mot hinh ch6p cut thi
ll nirn chdp cut d6 dtrqc goi ld
ll ni"n chdp cut iliu.

W f qi sao trong hinfu ch6p cut ddu, cdc mdt

bAn ld nhtrng hinh thang cdn bdng nhau ?

Em eo bid,t

Nhidu Kim ttr th5p (tir
H6n - Vi6t nghia ld c6i

th5p hinh 
"66 

L;rn 6,
trlc ld hinh ch6p) da alugc
x6y drJng 6 Ai CQp b5t
ddu khoAng 2500 nim
trtl6c c6ng nguy6n. C6c
th6p d6 lir nh0ng ngOi mO

c0a vua, hodng h?u, ...

Hinh 124
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Kim tU th6p Ke-6p (Cheops) (6 hinh tr6n) li th5p l6n nhdt. N6 dtloc coi ti m6t
trong b6y ki quan c0a thd gi6i. D6 lir m6t hinh ch6p t0 gi6c cldu, d5y td mOt hinh
vu6ng c6 canh ddi khoAng 230m, ngdy xrla c6 chidu cao khoing '147m, ngdry
nay chi cdn cao 13Bm do bi x6i mdn 6 dinh. Trong hon 4000 ndm, d6 ti kiSn tr0c
cao nhdt thd gi6i. Mii ddn thoi Trung cd m6i c6 m6t sd nhd tho cao hon. Th6p
ning khoing 6 tri6u tdn vA dr.roc tao thiinh b6i hon 2 300 000 tAng di.
d OCn tr:ong kim trr th6p K6-dp c6 "budng crja vua" dang hinh h6p chf nh6t, ddi
20 "c5nh tay", r6ng 10 "c5nh tay", cao 11,18 "c6nh tay" ("c5nh tay" la tlon vi d6
daithdicd, xdp xi 52,5cm). Sddo kh6 16 11,18 ndy da hdp d6n c5c nhi khAo curu :

phii chdng c6 thd giai thich didu niry khi tinh dO dai dr.rong ch6o hinh h6p vd d6
dai dLldng ch6o mit bdn c0a hinh h6p d6 ?

cau n6i vd bdi rQp

21. Cdcm0nh dd sau dring hay sai ?

a) Hai mdt phing cing vuOng g6c vdi mdt phing thrl ba thi song song
v6i nhau ;

b) Hai mdt phing cing vu0ng g6c v6i mf,t phing thrl ba thi vuOng g6c
vdi nhau ;

c) Qua mQt dudng thing cho tru6c c6 duy nhat m0t mat phing vu6ng g6c
v6i m6t mlt phing cho'tru6c ;

d) C6 duy nhdt mOt mat phing di qua m6t didm'cho trudc vi vu6ng g6c v1i
hai m6t ph&ng c6t nhau cho trudc ;

e) C6c mlt phing ctng di qua m6t didm cho trudc vh vu6ng g6c vdi mOt
mlt phing cho trudc thi 1u0n di qua m6t dudng thing cd dinh ;

0 Hinh lf,ng tru c6 hai m6t bOn ld hinh chfr nh6t ld hinh lang tru drlng ; q\

g) fnnh ch6p c6 d6y ld da gi6c ddu vi ba canh bOn bang nhau li hinh ch6p ddu. i i

Cho hinh h}p ABCD.A'B'C'D' c6 AB = a, BC = b, CC' = c. NOu

AC'= BD' = B'D = "tl7 . b' . J
thi hinh hQp d6 c6 phii ld hinh hQp chfi nhAt kh6ng ? Vi sao ?

Cho hinh 10p phuong ABCD.A'B'C'D'c6 canh bing a.

a) Chrlng minh rang AC'vu6ng g6c vdi hai mat ph&ng (A'BD) vit (B'CD).
b) Cit hinh lAp phuong b&i m4t phEng trung trUc ctta AC'. Chrlng minh thidt
diOn tao thinh ld m6t luc gi6c ddu. Tinh diOn tich thidt diOn d6.

Cho hinh ch6p S.ABCD c6 ddyll hinh vuOng canh avd SA L (ABCD), SA = x.

Xdc dinh x dd hai mat phing (SBC) vn (SDC) tao vdi nhau g6c 60o.

? ,.,

),,

23.
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'25. Cho hai mf,t phtng wOng e6c (P) ve (0) c6 giao tuydn A,.Ltty A, B cing thuQc

A vd lay C e (P), D e (Q)sao cho AC L AB, BD L AB vir AB = AC = BD.

X6c dinh thidt diOn cira trl di€n ABCD ktri cit boi mat phing (a) di qua

didmA vd vuOng g6c v& CD.TinhdiQn t(ch thict diOn khi AC = AB = BD = a.

26. Hinh hlp ABCD.A'B'C'D' lh hinh hQp gi nOu thofr: mdn mQt trong c6c di6u

kiOn sau ?

a) Tr1 di)n AB'CD' c6 cdc canh ddi b[ng nhau ;
...;,

b) Tf diAn AB'CD'.c6 cdc canh dOi vu6ng g6c ;

c) Tri didn AB'CD'li trl dien ddu. i , , '

\.

i,.Zl'. Cno hai tam grde ACD, BCD nim tren hai mat phing vuong g6c vdi nhau

vd AC = AD = BC = BD = a, CD = 2x. Ggi 1, .I ldn lugt ld trung didm cria

AB vd CD.

a) Tfnh AB, IJ theo a vh x.

b) Vdi gi6 tinho cira x thi hai mlt phing (ABC) vd (ABD)vuOng g6c ?

28. Cho tam giSc ABC vit mat phing (P). Biot g6c gifra mp(P) vd mp(ABC)

le A (A + 90o) ; hinh chiOu ctra tam gi6c ABC tron mp(P) li tam gi6c A'B'C'.

Chung minh rang

Se,n,C,= SlnC. cosp.

Hxdng ddn. Xdt hai trudng hqp :

a) Tam gi6c ABC c6 mOt canh song song hof,c nf,m trong mp(P) ;
b) Tam gi6c ABC khOng c6 canh nlo song song hay n6m'trong mp(P).

?

KHOANG CACH

Khoing c6ch tU mQt didm ddn m6t mit phEng, d6n mQt dudng thEng

Dd di ddn kh6i niem khoing cdch ti mOt didm ddn m6t mrt ph{ng hoac

m6t duhng thing, ta xdt hinh ohidu vu6ng g6c cria didm d6 trOn mat phing

tt2
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ho4c dudng thing.
mp(P) vh tren hinh

TrOn hinh 125a), ta c6 H ld hinh chi0u cia M tran

l25b), ta c6 H li hinh chiOu cia M trOn dudng thing A.

M

Ta c5 dinh nghia sau : 
Hinh 125

DINH NGHIA 1

ll Khodng cdch til itidm M ddn mfit phdns (P) (ho\c ilAn dudng

ll tnd"S L) ld khodng cdch gifra hai didm M vd H, *ong d6 H ld

ll :;x;li'du 
cfia didm M tr€n m'dt phdng (P) (hodc tran dudng

Khoing c6ch tt didm Md6h mat phing (P) duo.c ki hiOu liL d(M; (P)).

Khoing c6ch ti di6m M den dudng thing A dugc ki hiOu ld d(M ; L).

F71 Trong cdc khodng cdch ttl M ddn mQt didm bdt ki thuOc mqt phdng (P),

khodng cdch ndo ld nhd nhdr ?

@ CArg cdu hdi nhu trAn n6u thay mdt phdng (P) bdi dudng thdng L"

2. Kho6rng c6ch gii?a dUdng thEng vdr m{t phEng song song, gifia hai

mit phEng song song

Cho duong thing 4 song song vdi mdt phing

(P). Vdi hai didm A, B bdt ki tron a, hidn

nhien ta c6 d(A; (P)) -- d(B ; (P)) (h'126)'

Nhu vQy, d(A; (P)) khong phu, thuQc vdo vi

tri cira didm A khi A thay ddi ttdn a. Tt d6 ta

c6 dinh ngtiia

DINH NGHIA 2

ll xnoans ctrtch giim iluong thdng a vd mfit phdng (P) song song

ll r* a ti knalng cdch tt| mQt didm ndo d6 cria a d€h mqt phdns e\
s. HlNrHt*,c-R 113
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@ Xni dudng thdng a song song vdi mqt phdng (P), trong cdc khoting cdch til mAt

didm bdt ki cfia a d€n mOt didm bdt ki cila (P), khodng cdch ndo ld nhd nhdt ?

Cho hai m4t phing song song (P) vd (O). Khi
dy, dd thdy d(A; (QD = d(B ; (D) va A, B ld,
hai didm bat ki thuoc (P), tfic ld d(A ; (Q))
kh6ng phu thu6c vdo vi tri cria didm A khi A
thay ddi tren (P) (h.127).

Til d6 ta c6 dinh nghla

DINH NGHIA 3

ll Xnodng cdch girta hai mdt phdng song song ld khoting cdch
ll nf mor didm bdt ki cila mdr phdng ndy dln m& phd:ng kii.

Kf hiOu khoang cdch gifra hai mdt phing song song (P) vn (0) l} d((P) ; (Q))
thi d((P) ; (q) = d(A; (0) = d(C ; (P)), trong d6 A la mot didm nio d6
thu6c (P) vI C li m6t didm ndo d6 thuoc (Q).

@ Trorg cdc khodng cdch gifra hai didm bdt ki l,in luqt thudc hai mdt phdng
song song, khodng cdch ndo ld nh6 nhdt ?

3. Khoing cech gitta hai dudng thSng ch6o nhau

Bii to6n

Cho hai dudng thdng chio nhau a vd b..Tim dudng thdng c cdt cti a vd b
ddng thdi vubng g6c vdi cd a vd b.

Gidi

Do a vd b ch€o nhau nOn c6 duy nhAt

mlt phing (Q) chfia dudng thing b vd
song song vdi dudng thhnga.

M4t phing (P) di q\a a vi vu6ng g6c'
vdi (Q) c6t dudng thing b tai didm J.
Ggi c ld dudng th6ng di qua,I vi vuOng
g6c vdi (0) thi c nam trong mp(P), do
d6 c cat a tai didm 1. Khi dy c ld duong
thing phii t)m (h.12S). tr

Ki hiQu khoing cr{ch gifra duong th8ng a vd. mdt phing (P) song song vdi
n6ld d(a; (P)).

(i--+ /
,r/ )
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ft 
CnrrnO minh tinh duy nhdt c0a dudng thEng c trong biri to6n tr6n.

ThuAt ngir

Dudng thing c n6i trOn gqi ld dudng vuilng g6c
chung c,rta hai dudng thdng ch6o nhau a vd, b.

Ndu duong vu6ng g6c chung cat hai dudrng th&ng
ch6o nhau tai / vd,I thi doan thing IJ ggrld, doan
vuilng gdc chung cfia hai iludng thdng d6 (h.129).

DINH NGHIA 4

ll Xnodng cdch giita hai itudng thdng ch6o nhau ld d6 ddi
ll doqn vudng gdc chung t'ila hai dudng rhdng d6.

FA Trong cdc khodng cdch girta hai didm btit ki tdn tuot ndm tran hai dadng
thdng ch6o nhau, khodng cdch ndo ld nhd nhdt ?

N0u goi (P) vd (O) le hai mat phing song
song vdi nhau ldn luot di qua hai dudng thing
a vd b thi rd rdng :

IJ = d(a : (q) = dlb; (p))

= d((P); (0) G.130).
VAy ta c6 :

Nhdn xit
t) Khodng cdch gifra hai dudng thdng chdo nhau bdng khodng cdch gifra mlt
trong hai duong thdng d6 vd mdt phdng song song voi n6, chta drdng thdng
cdn lai.

2) Khodng c:dch girta hai drdng thdng ch6o nhau bdng khodng cdch girta

. hai mdt phdng,song song ldn luqt chta hai dudng thdng d6.

Vidul
Cho hinh hdp chrt nh(it ABCDA'B'C'D' cd AB = a, AD - b, AA'- c.

a) Tinh khodng cdch til didm B ddn mdt phdng (ACC'A).

b)Tinh khodng cdch gifia hai dudng thdng BB'vd AC'.

c)Ttnh khodng cdch gifra hai mdt phdng (AB'C) vd (A'C'D) trong trudng
hWa=b=c.

Hinh 129

Hinh 130
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Gitii (h.131)

a) K6 BIl vu6ng g6c vdi AC, do

BH L AA'

nOn BH L (ACC'A).

YQy d(B ; (ACC'A)): BH. Ta c6

BH'. AC : BA . BC.

hay BH =

b) BB'vd AC'ch6o nhau mit BB' ll @CC'A) 
B'

n0n

ab
lo ",

",1 a' + b'
c) DC thay mp(AB'C) vd mp(A'C'D) song song vdi nhau. Do a = b = c nln
ABCD.A'B'C'D'ld hinh 10p phuong. Khi d6, ggi K vi K'ldn luot ld t0m ctra
hai hinh vu6ng ABCD vd A'B'C'D'thi mp(KK'D'D) liLmat phing trung truc
ctia A'C'. Tt d6 suy ra mp(KK'D'D) vu6ng g6c vdi mp(DA'C). KA KI
vuOng g6c vdi giao tuydn DK' cia hai mf,t ph&ng d6 thi K1 J- mp(A'C'D).
Vfly khoing c6ch gifra hai mat ph8ng (AB'C) vd,,(A'C'D) bang KI.

Ta c6 tam gi6c KK'D vu6ng tai K n€n

trlc l) KI : oJj
3

Chf y ring BD'vu6ng g6c vdi hai mat phing (ACB'), (DA'C') vd di qua

tdm G, G' c:0ra hai tam gi6c ddu AB'C , DA'C'. Tt d6 suy ra khoing c6ch cdn
I

tim cfing bdng GG'vi blng l BD' .'
.,

Vidu2
Cho hinh ch6p S.ABCD c6 ddy ld hinh vuong cqnh a,SA I (ABCD) vd

SA = a.Tinh khodng cdch gifra hai dudng thdng

ab
l.t 1!a'+ b"

C'

Hinh 131

' d(BB' ; AC) = d(BB' ; (ACC'A)) = d(B i (ACC'A)):

111113
-= 

!-=-l---

Kr2 nrcz 
', KK'z ( ,Jr\' o2 o2',

\2)

n

tL6

a)SBvdAD; b) BD vd SC.



Gitii (h.t32)
a) Ta c6 AD J- (SBA), ke AH vu6ng g6c v6i
SB thi AH ld. dudng vudng g6c chung cira SB
vd AD. V0y

d(AD;SB)=117.
Y\ AH lb duong cao cria tam gi6c vuOng cAn
SAB n6n

AH= oJz
2

TU d6 d(AD ;SB) = +2

b) Ta c6 BD vu0ng g6c vdi mp(SAC) tai tOm O crta hinh vu0ng ABCD.
Trong mp(SAC), ke OK vu6ng g6c vdi SC rhi OK lit duong vuOng g6c

chung cha BD vi SC. Dc thay d@D; SC) = OK = )et fU li dudng cao

cira tam gi6c vu6ng SAC). Ta c6

I - I * 1:1* 1

Nz AS2 
' AC2 o2 2a2

nan AI : *, fi d6 d(BD; .sc) = +
c6u h6i vd bdi top

29. Cho ttl diOn ABCD c6 AC = BC = AD = BD = a, AB = c, CD = c'. Tinh
khoing cdch gitra hai dudng thing AB vd CD.

30. Cho hinh l[ng tru ABC.A'B'C'c6 t* ce c6c canh ddu bang a. G6c tao boi
canh ben vd mit phfng d6y bing 30o. Hinh chidu H cia didm A rren mdt
phing (A'B'C) thu6c duong thhngB'C'. ';:

a) T(nh khoing c|,ch gittahai mat phing d6y. ': i i '

b) Chung minh rdng hai dudng thlng AA' vd,BC'vuOng g6c; tfnh khoing
c6ch gifra chring.

31.', Cho hinh l0p phuctng ABCD.A'B'C'D' c6 canh bang a. Tinh khoing c6ch
gifra hai duong thing BC' vd. CD'.

32. Cho hinh h6p chfr nh0t ABCD.A'B'C'D' c6 AB = AA' : a, AC' = 2a.
a) Tfnh khoing cdch tt didm D dOn mdt phing (ACD).
b) Tim duong vu6ng g6c chung c:ioa cdc dudng thing AC' vir CD'. Tinh
khoing cdch girtahai dudng thhng {iy. 

tt7
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-BAD 
= 3lr4-' = fu = 600. Tinh khoing c6ch gifra hai mat ph&ng d6y

(ABCD) vh. (A'B'C'D').

34. Cho hinh ch6p S.ABCD c6 ddy th hinh chfr nh6t vit AB = 2a, BC = a. Cdc
'' canh bOn cfra hinh ch6p bang nhau vI bang a.E.

a) Tinh kho&ng cdch ti S ddn mat ph&ng ddy (ABCD).

b) Gqi E vd F ldn luot li trung didm ctra c6c canh AB vitCD ; Klh didm bat
ki thu6c duong thing AD. Chftng minh rf,ng khoing cdch g1ffa hai dudng
thing EF vdsl( khOng phu thuQc vlo K, h6y tfnh khoing c6ch d6 theo a.

35. Cho trl di€n ABCD. Chfng minh r[ng ndu, AC = BD, AD = 8C thi duong
w0ng g6c chung cia AB vd CD th duong thing ndi trung didm cira AB vit
CD. Didu ngugc lai c6 dfng kh6ng ?

ON TAP CHUONG III
I - Tom tit ntrirng kiSn thr?c cdn nh6

1. Dinh nghia vecto vd c6c phdp toSn vecto trong kh6ng gian cfrng giOng nhu
trong mlt phing. Ngodi ra :

a) Ba vecto goi ld ddng phing khi cdc gi6 cira chring ctng song song v6i
m6t mit phing.

b) Didu kiOn cdn vd dtr dd ba vecto A, i, c- ddng ph&ng li c6 ba sd m, n, p

kh6ng ddng thdi bang 0 sao cho md + ni + pd =d.

c) Ndu ba vecto A, i, d khong ddng phing thi m6i vecto 7 Adu c6 thd

viet dudi dang i = md + nB + pd, vdic6c s6 nt, n, p duy nhdt.

2. Hai dudng th&ng goi th vu6ng g6c vdi nhau nOu g6c gifra chring blng 90o.

3. - MOt dudng thing goi li vuOng g6c vdi m6t mat ph8ng ndu n6 vu6ng g6c

vdi moi dudng thing trong m4t phing d6.

- Duong thing a vu6ng g6c vdi mp(P) khi vh chi khi a vu6ng g6c vdi hai
du&rg th&ng cit nhau cing nam ftong (P).

- Dinh li ba dudng vu6ng g6c : Dudng thing b ndm tren mp(P) vu0ng g6c

vdi du&rg th&ng a (a khOng vu6ng g6c v6i (P)) khi vd chi khi n6 vudng
g6c vdi hinh chidu (vu6ng g6c) cia affAn(P).

- G6c gifra dudng thEng vi mf,t phing ld g6c gifra dudng thing vd hinh
chiOu cira dudng thing d6 trOn m4t phing (ndu hinh chidu d6 ld mOt didm

thi xem g6c gifra duong thing vd mf,t phing bang 90o).
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4. - G6c gifra hai mat phing ld g6c gifra hai duong thing ldn luot vu6ng g6c
vdi hai mlt phing d6.

- Hai mat phing goi ld vu6ng g6c vfiinhau nOu g6c gifra chring bang 90o.

- Didu ki€n cdn vi dri dd hai m[t phing *Qng g6c vdi nhau li mar phing
nly chfa dudng thing vu6ng g6c v6i mat phing iia.

5. - Khoing.cdch tt mot didm ddn m6t mat phing (dudng thing) ld khoing
c6ch tt didm d6 ddn hinh chiOu cira n6 tron mff ptrfrng (Juong lriingl.
- Khoing c6ch gifra du*g thing a vh mar pt ing ti)'.ongl. onr1u, o ,u
khoing c6ch tt m6t didm nio d6 c:iia a ddn mf,r phing (p).

- Khofrng c6ch gifra hai mlt phing song song li khoing c6ch tir m6t didm
bat ki ctra mf,t phing nhy dOn mat phing kia.

6. - Khoing c6ch gifra hai dudng thing ch6o nhau a vd b le d6 dei cira doan
vuong g6c chung Il, trong d6 I, J ld cdc giao didm ctra dudng wOng g6c
chung ciaavdbvdiavdb.
- Khoing c6ch gifra hai dudng thEng ch6o nhau bang khoang c6ch gitta
mot trong hai duong thing dd vi mat phing .ong rorg v6i n6, 

"rr*u 
oub"g

thing cdn lai.

- Khoing cdch gifra hai dudng thing ch6o nhau bing khoing c6ch gifra hai
m4tphingsongSong1dnluotchfahaiduongttringIo.

7. - M4t phing di qua trung didm o cioa doan thing AB vitvuOng g6c va AB
goi li mlt ph&ng ffung truc c:iua AB. i

- lrt4l phing trung truc 
^cira 

m6r doan thing li tap hqp cr{c didm c6ch ddu
hai ddu mrit cira doan thing d6.

- TQp hqp c69 didm c6ch ddu ba dinh cfia tam gi6c ABC lil duong thing
wOng g6c v6'i mat phing (ABC) vd di qua tam dudng trdn ngoai tlep tu*
gi6c ABC. Duong thing d6 duo. c goi li truc cfia tam gitdc ABC.

ll - Ciu n6i tr.r kidm tra

1. cho trl dian ABCD. Goi G lh trong ram ctra tf diOn vi A'ld rrong rxm tam
gi6c BCD. C6c khing dinh sau dring hay sai ?

ilGA+cE+cd*cD=d:
D m + UE * tute + tWD = 4Md vdi M l) m6r didm tu),f ;.,-
c) GA - -a Au|' :

3

il AE *M *M:3fr.
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2. Trong kh6ng gian, hdy nOu c6ch chrtng minh :

a) Dulng thing vu6ng g6c*6rduong thing ;

b) Duong thing vuOng g6c v6i mpt phing ;

c) Hai mdt phing wOng g6c v6i nhau.

3. Hdy nOu c6ch t(nh :

a; knoing cdch tr) mQt didm ddn mQt duong thing ;

b) Khoing cfch til m6t didm ddh mOt m6t phing ;

.i ff,o*i c6ch gita mot dubng thing vd mot niat ptring song song v6i n6 ;
d) Khoing c6ch gifra hai mdt phing song song ;

e) Khoing c6ch gifra hai dudng thing ch6o nhau.

Ill - Bdri t?p

Tf dien OABC c6 OA = OB = OC = avd. m = fre = 60", ffie = 90o.

a) Chung t6 rang ABC liltam gi6c vuOng vd OA L BC.

b) Tim duong vuong g6c chung IJ ctn OAvd BC ; tinh khoing c6ch gifa
hai dudng thing OA vd BC.

c) Chung minh rf,ng hai mdt phing (ABC) vd (OBC) vuOng g6c v6i nhau.

Cho hinh ch6p S.A.BC c6 SA = SB: SC = o, RE=1200, ffi=60o,
6M = 90o.

a) Chfng t6 ring ABC littam gi6cvu0ng.

b) Tinh lnoerg 
"a"n 

tt S dOn m4t phing (ABC).

3: Cho hinh ch6p sABCD c6 d6y le hinh vu6ng canh a, sA L (ABCD). Hai didm

M vd N ldn lugt thay ddi tren hai cqnh CB vd, CD, d4t CM = x, CN = y. Tim

:i;T'j',',T:^ilA;;1,'l' r, tao vdi nhau g6c 45';
b) Hai mnt phing (SAM) vn (SMN) vuOng g6c vdi nhau.

4. Tam gi6c ABC vu6ng c6 canh huydn BC n[m trong mp(P), c4nh AB vd AC

ldn lugt t4o vdi mp(P) cdc g6c 0 ui, y.Gqi a th g6c t4o b&i mp(P) vh

mp(ABC).Chung minh rlng sinza = sin2F + sin2y.

5. Cho ttl diQn \ABC c6 OA, OB;OC dOi mOt vu$ng g6c v6i nhau vi oA = a,

oB = b, oc = c. Ggi H lh hinh chieu crta o tron mf,t phing (ABC). Tinh

diOn tich cdc tam gi6c HAB, HBC vit HCA.

6. Cho hinh lang tru dfug ABC.A'B'C' c6 d6y ABC lil tam gi6c vu6ng tai

dinh C, CA = a, CB *. [ ; mQt bAn ABB'A' li hinh w6ng, Gqi (P) li mat

pbing dLqua C vi vu6ng g6cvuAB'.
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a) Chrlng t6 hinh khai tridn ctra trl diOn gdn dd:u ABCD tr€n mp(BCD) llm
thanh m0t tam gi6c nhon.

b).Ding bia crlng cit vh d6n dd c6 mOt tri diOn gdn ddu-

lV - C6c ciu h6i tric nghiQm

L. Cho hinh trl dien ABCD c6 trgng tamc. Menh dd nho sau dfly lI sai ?

(A) OG =llol,+OB+OC +OD); (B) GA +GB+GC+GD='0l'
4
)/- +\

(C) AG =AIAB+AC+AD) ;
3

2. MQnh dd nio sau dAy ld dfng ?

(A) Hai dudng thing ctrng vu6ng g6c vdi mOt duong th8ng thi song song

v6i nhau i
(B) Hai duong thing cirng vu6n E g6c vdi m6t duong thing thi vuOng g6c

vdi nhau ;

(C) MEt duirng thing vu6ng g6c vdi m6t trong hai dudng thlng song song

thi vu6ng g6c vdi duong thing kia ;

(D) Mot duong thing vu6ng g6c vdi m6t trong hai duong thing vu6ng g6c

v6i nhau thi song song vdi dudng thing cdn iai.

3. Cho hai duong thing ph0n biOt a, b vd' mit phing (P), trong d6 a L (P).

MOnh d6 nio sau d6y 1I sai ?

(A) Ndu b ll,(P) th\ b L a;
(C)Nou bll ath\ bL(P);

4. Tim mQnh dd dring trong c6c mOnh dd sau :

(A) Hai dudng thing cing vuOng g6c vdi mOt mat phing thi song song ;

(B) Hai dudng th&ng phan biQt cr)ng vu6ng g6c vdi m6t dudng thing thi
song song ;

(C) Hai m4t phing phAn bi0t ctng vudng g6c

song song ;

(D) Hai mf,t phfrng phan biQt ctng w6ng g6c v6i m6t mat phfrng thi
song song.

5. MOnh dd nho sau dAY ld dring ?

(A) Hai mlt phing vuong g6c vdi nhau thi moi dudrng thing nf,m trong mit
phing niy sO w6ng g6c v6i m4t phing kia ;

(B) Neu b L (P) th\ b ll a;
(D)NcubLath\bll @).,

vdi m6t dudng thing thi
\

r22 g. HiNHttNc-e



(B) Hai mlt phing ph6n biOt ctng vuOng g6c v6i mOt
vuOng g6c vdi nhau ;

(C) Hai mat phing phan biQt cing vuOng g6c vdi m6t
song song vdi nhau ;

(D) Ba mOnh dd tr0n ddu sai.

Trong c6c m0nh dd sau, m€nh dd nio dring ?

(A) C6 duy nhat mOt dulng thing di qua m6t didm cho rrudc vd w6ng g6c
v6i mOt duong thing cho trudc ;

(B) C6 duy nhdt mQt m4! phing di qua mOt duirng thing cho trudc vd
vu0ng g6c v6i mOt m6t phing cho trudc ;

(C) C6 duy nhdt m6t mat phing di qua m6t didm cho trudc vi vuOng g6c
vdi mOt mat phing cho tru6c ;

(D) C6 duy nhdt m6t mit phing di qua m6t didm cho trudc vd w6ng g6c
vdi m6t duong thing cho trudc.

Tim mOnh dd dring trong c6c mOnh dd sau :

(A) Ndu hinh hOp c6 hai mat li hinh chfr nhat thi n6ld hinh hQp chfr nh6t ;

@) Neu hinh hop c6 ba mat le hinh chfr nhat thi n6 ld hinh hop chfr nhfit ;

(C) Ndu hinh hop c6 bdn mat le hinh cht nh0t thi n6 lh hinh hQp chfr nhQt ;
(D) Ndu hinh hQp c6 nam mat li hinh cht nhdt thi n6 li hinh hdp chfr nhAt.

Trong c6c mOnh dd sau, mQnh dd nio dring ?

(A) Ndu liinh hOp c6 hai mat li hinh vuOng thi n6'li hinh lAp phuong ;

(B) Neu hinh h6p c6 ba m6t chung mOt dinh li hinh vu6ng th-i n6 li hinh
IAp phuong ;

(C) Ndu hinh h6p c6 sdu mlt bang nhau thl n6 ld hinh l1p phuong ;

(D) Ndu hinh hOp c6 bdn duong ch6o bang nhau thi n6 lI hinh lAp phuong.

Cho hinh ch6p S.ABC c6 ddy li tam gi6e ddu. Tim mOnh dd dring trong c6c
m€nh dd sau :

(A) S.ABC ld hinh ch6p ddu nOu c6c mat bOn c[ra n6 li tam gii{c cAn ;

(B) S.ABC le hinh ch6p ddu ndu c6c m6t bOn cta n6 li tam gi6c cAn v6i dinh S ;

(C) S.ABC li hinh ch6p ddu ndu g6c giira cdc m[t'ph&ng chfta cic m6t b€n
vi mdt phing chfa d6y bang nhau ;

(D) S.ABC ld hinh ch6p ddu ndu c6c m6t bOn c6 diOn tfch bang nhau.

Tim m0nh dd dring trong c6c m6nh dd sau :

(A) Dudng vuOng g6c chung cira hai duong thing ch6o nhau thi nlm trong
mlt phing chrla dudng thing niy vd vu6ng g6c vdi du&rg th8ng kia ;

r,-=-]q*=!!:i eFFffi'l

m[t phing thi

mlt phing thi

7.

9.

10.
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(B) Duong vu6ng g6c chung ctra hai duirng thing ch6o nhau thi vuong g6c

vdi m{t phing chrla dudng thing niy vi song song v6i du&rg thing kia ;

(C) MQt du&rg thing li ducrng vu6ng g6c chung ctra hai du&rg thing ch6o

nhau ndu n6 vuOng g6c vdi ci hai duong thing d6 ;

(D) C6c menh dd trcn ddu sai.

L1. Ifinh trl diQn ABCD c6 AB, AC, AD doi mot vuong g6c vi AB 
= 

AC = AD = 3.

Di0n tich tam gi6c BCD beng

o)+; (rr*; (c)27; @T

12. Fnnh 1WABCDA'B'G'D'c6AB=//'- AD- avirffi =fu =ffi = 60o.

Khi d6, khoing c6ch gifia c6c dudng thing chtta cdc c4nh ddi diQn cira trl
diQnA-ABD bang:

@*; @+; G)aJi; (D+

BAI TAP ON CU6I NATT,T

1. Cho tam gi6c ABCvd c5c didm M,N, P 1dn luot ld ffung didm cira c6c c4nh

BC, CA, AB.

a)X6tbon tam gi6c APN, PBM, NMC, MNP. Tim ph6p ddi hinh bien tam

gi6c APN ldn lugt thanh mQt trong ba tam gi6c cdn lai.

b) Ph6p vi tlr nio bidn tam gi6c ABC thdnh tam gi6c MNP ?

c) X6t tam gi6c c6 ba dinh li truc tAm ctia ba tam gi6c APN, PBM vit

NCM. Chung t6 r[ng tam gi6c d6 bang hm gi6c APN. Chrlng minh didu d6

cfrng dfng ndu thay trtc tAm bdng trong tdm, hodc tdm dtdng trdn ngoqi

tidp,hodc tdm dudng trdn nOi tiAP.

2. Cho tf gi6c ABCD nQi ti6p duong trdn (O). Goi M, N, P, Qldn lugt li
trung diEm cira c6c canh AB, BC, CD vd DA. ,Ke MM', NN', PP', QQ' ldn

luot vu6ng g6c v6i CD, DA, AB, BC.

a) Goi / li giao didm cira MP vd NQ. Ph6p ddi xrmg An Dr bi6n cdc

dudng thing MM', NN', PP', QQ'thdnhnhfrng dudng thing nlo ?

b) Chtlng t6 rang bdn du&rg thf,ng MM', NN', PP', QQ' d6ng quy t4i mQt

didm. NhQn x6t gi vd vi trf didm d6ng quy vi hai didm I, O ?

t24



7.

Cho tam gi6c ABC vd hai hinh vu6ng ABMN, ACPQ nhu hinh 134.

a)Xdc dinh ph6p quay biOn tam gi6c ABQ thinh tam gi6c ANC.

Hinh.l34

b) Chfng t6 rang hai doan th&ng BQ, CN b[ng nhau vi vu6ng g6c v6i nhau.

c) Gqi O, O' li t6m'c:tra'cdc hinh vu6ng, 1li trung didm criaBC. Chfng
minh r[ng tam gi6c OIO'ldtam gi6c vuOng c1n.

Cho ttl dian ABCD. Goi M, N ldn luot li trung didm cira BC vd BD ; P lit
mqt didm thay ddi tren doan thhng AD.

a) Xdc dfnh giao didm Q ctn mp(MNP) vi c4nh AC. Ttl gi6c MNPQ liL
hinh gi ?
b) fim qu! tich giao didm I ciua QM vi PN.

c) Tim qu! t(ch giao didm I ct:. QN vd PM.

Cho hinh hhp ABCD.A'B'C'D'.Didm M nim girta Avd D, didm N nim gifra

c vd, C'sao cho 
M - cN 

.

MD NC'
a) Chung minh rlng dudng thing MN song song vdi mp(ACB).

b) X6c dinh thict dien cfia hinh hQp khi c6t b&i m4t phfrng di qua MN vit
song song v(nmp(ACB).

Cho ba tia Ox, Oy, Oz khdng ddng phing. Chrlng minh rlng c6c tia ph6n

gi6c ngoii cia cdc g6c xOy, yOz vi zOx ddngphing.

Cho hinh ch6p S.ABC. Ggi K vI N ldn luot li trung didm cria SA vd BC ;

M li didm nam gifra S vi C.

a) Chrnrg minh rlng mqt phing di qua K, song song v6i AB vi SC ihi di qua

didm N.

b) X6c dinh thiet di€n cira hinh ch6p S.ABC khi c6t boi mp(KMN).
Chrrng t6 rang KN chia thidt dien thinh hai phdn c6 diQn tich bang nhau.
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8. Cho hinh ch6p trX gi6c ddu S.ABCD c6 canh d6y bang a vd c4nh ben

bans ali.
a) Tinh khoing c6ch tU S dOn mp(ABCD).

b) Tinh kho6ng cdch gifra duong thing AB vdmp(SCD).

c) Tinh khoing c6ch gifra hai dudng thing AB vh,SC. '

d) Goi (P) In mlt phing di qua A vi w6ng g6c v6i SC. HEy xdc dinh thidr
diOn cria hinh ch6p khi c6t b&i (P). T(nh diOn tfch thiet di€n.

e) Tinh goc gifra duong th8ng AB virmp(P).

9. Cho tam gi6c ABC vu6ng t4i A, AB = a, BC = Za.Hai tia Bx vd,Cy cing
vu6ng g6c vdi mp(ABC) vi nim vd mOt phfa d0i vdi mit phing d6. Tr0n

Bx, Cy ldn luot ldy cde didm B', C'sao cho BB' = a, CC' = m.

a) V6i gi6 tri ndo cfia m th\ AB'C'li tam gi6c vudng ?

b) Khi tam gi6c AB'C' vu6ng tai B',ke AH I BC. Chrlng minh rdng B'C'H
ld tam gi6c w0ng. T(nh g6c gifia hai mdt ph&ng @BC) vir (AB'C).

.,,.i.''

'',},i,i,:t
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nu6xc oAtt cAt - snp sd

Chuong I

l. d trirng d'khi d song song vdi gi6 cila il.

d song song v6i d'khi d kh0ng song song

v6i gi6 c:iua il.

a *rong bao gid c6t d'.

2. Ldy hai didm A vd. A'ldn luot nim tr€n a

vh a'. Ph6p tinh tidn theo vectd fr Aign
a thhnh a'.

4. QuI tich M',ld inh cta dudng trdn (o) qua

ph6p tinh tidn theo vecto ZE.

s.b) d = d'= ./{*1 - x2)2 + (\ - y)2

c) F ld ph6p ddi hinh.

d) Khi a = 0, F l) ph6p tinh tidn theo
vecto ila: b).

6. 4ld, ph6p diri hinh.

7. a)Khi d ll a.

b) Khi d I a hoac d fiing vli a.

c) Khi d cat a nhung kh0ng ru0ng g6c va a'
Khi d6, giao didm c&a d vd d' nim nan a.

d) Khi g6c gifia d vir a biing 45o .

8. Anh cira (6) ld duong trdn (G') :

*2 *y2 +4x+5y+1=0.

Anh cft a 1Gr1 cninn h (6).

9. Ggi X li didm ddi xrlng v6i A qua Ox, Y lir
didm tldi xtng v6i A qua Oy. Doan th&ng
)tr c6t Ox, oy ldn lugt tai B vh C. Tam
gi6c ABC c6 chu vi nh6 nhdt..

11. b) Chf f rang ndu hhm sd y -/(x) ch6n

thifl-x) =/(x).

13. Ding ph6p quay tam .O va goc quay 90o thi
G bidn thanh G'.

16. a) Giao didm cira hai duong thing d6.

b) Nhfing didm cdch ddu hai rluong th&ng d6.

c) Trung didm doan thlng ndi tam hai
dudng trdn.

d) Trung didm cira do4n thing ndi hai tiOu
didm cira elip.
e) Trung didm cfra doan thing ndi hai tiOu
didm cria hypebol.

19. Phuong trinh cfra A'ld :

ax + bv + c - 2(axg + byg +r') = 0.

21. c) C6 thd kirong bang nhau.

23. Hly chrlng minh hai tam gi6c O1O2O3 vit

111213 b{ng nhau.

24. Duong thing di qua hai t6m cria hai hinh
binh hinh.

28. Ding ph6p vi tu tam A, ti sd 2 dd bidn
didmM thlnh didm N.

29. Ding ph6p vi tU mm I bi€n M thenh N.

30. Dudng thing BC di qua t0m vi tqr ngohi
cria (O) vi (O).

On tflp chuong I
1. Dtng ph6p ddi xrlng qua dutmg thlng d.

2.TAm ddi xrtng lh giao didm cfra hai truc ddi
xfng.

3.LdX didm A' sao cho fr =FA.

5. M vit M3 ddi xrlng voi nhau qua didm /,
trong d6 ABCI lil hinh binh hbnh.

6. F la ph6p tinh tidn khi k = I vi lh ph6p vi
tu khi /< + l.

9. HEy tim quy tfch trung didm cira BC, tt d6
suy ra qu! tfch G.

Cr{c cau tr6i tr{ctt$hl$ttr chuons I ,

1.(D) ; 2.(B) ; 3.(C) ; a.(D) ; 5.(B); r.ltsl ;

7.(D) ;8.(D) ;9.(D) ; r0. (A) ; 11.(C) ir2.'(q.
l

Ghuong ll

9. Sir dung phuong ph6p phf,n chrlng.

10. H6y ch(rng minh giao tuydn cira hai mf,t

philng (M, a), (M, b) nim tr€n mP(O, c).
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11. a) Hiy chfng minh giao didm I cia CM
vi SO li giao didm champ(CMN) v6i SO.

b) Srl dqng kdt qui cAu a).

16. Goi N li giao didm cria SM vi CD ; O ld
giao didm cia AC vd BN.

a) mp(SBM) n mp(S,{C) = SO ;

b) Giao didm cria BM vdimp(SAC) ld giao
didm cria BM va SO ;

c) Srl dung kdt qui c6u b). .

19. a), b) : St dung dinh lf vd giao tuydn cria
ba mdt phing.

21. Goi / li giao didm cfra RQ vdi BD. HZy
chrlng minh S lh trong tam tam gi6c ABL

22. a) Goi P, S ldn luot lh tmng didm cia AB
vd, CD ; A' ld giao didm cria AG v(i BQ. Ke
PP' ll AA' (P' e BQ). Hny chfng minh A'li
trgng tem tam gi6c BCD. Ti, d6 suy ra b).

27.Thidt di€n li hinh thang c6 hai cqnh d6y
song song va AB.

28. Thidt di€n li mOt ngfl gidc c6 mQt canh
song song udt BD vi c6 hai canh song
song v6i SA.

35. Goi Mo, No lh hai didm cd dinh ldn lugt

nim tron (P) vn (Q) ; Io lh didm thuoc

doan M6Ns sao cho ffi =t. Tap hgp

cdc didm 1 li. m4t phing (R) qua 16 ddng

thdi song song vdi ci (P) vd (Q).

37.b),c) X6t mat philng(ACC'A').

38. S& dgng tinh chdt : Tdng binh phuong c6c

dudng ch6o cira mor hinh binh hinh bing
tdng binh phuong c6c canh.

42. Hdy chfng minh c6c trung tuydn cta tam
gi6c A'B'C'li hinh chidu cta ci{c trung
tuydn cria tam gi6c ABC.

47. T\uc hicn ph6p chidu song song l€n

mp(ABCD) theo phuong BC1. Ggi Bi li
hinh chidu cfra 81. Khi d6 -r li giao didm

128

ctn DB'1 v$iAC. Trong mp(Q B'p), kC tt

song song va B'fi1 ( e B1D). 
# = :

O" Bp chuong II
3. Cr{c hinh a), b), d), f), g), h).

4. a) Hdy chrlng minh DM vit EN cit nhau tai
trung didm I cla AB.

b) Hay chfng minh Mr\llDF.
c) Srl dung a) vi b).

5. b) St dung ph6p chidu song song lOn

mp(ABrcr) theo phuong AA1.

c) Goi L, L'ldtr lugt lh trung didm cia AG,
AG'vd /-1 h giao didm cta LL'vd \G1.
Srl dqng tinh chdt du&rg trung binh cfra
hinh thang dd suy ra bidu phii chrlng minh.

7. Sft dung dinh lf Ta-l6t dio.

8. a) Goi Ms, N6 ldn lugt li hai didm c6
dinh thu0c cdc tia Ax vd 87 sao cho
AMN

=::s = t. Hdy chrlng minh MN song
BNo

song vdi mat phing c6 dinh chrla MsNs

vi song song v6i,4B.

b) Ggi O ld' didm thu0c doan A,B. sao cho

! = o ; Ox', oy' ldn luot li c6c tia song
OB

song'vdi Ax vir By. Tlp hqp cdc didm 1li tia
phnn gi6c Ot eiua g6c x'Oy'.

Cic cflu h6i trdc nghiQm chuong II
1.(B) ;2.(B); 3.(B) ;4.(D) ;5.(C);6.(A) ;

7. (B) ; 8. (B) ; 9. (C) ; 10. (C) ; 11. (D) ;12. (A).

Ghuong lll

l. a), b) : C6.

2. b) H€ thrlc

M+M+5d+S=+5d
od*oE*oe*o6=d



e z(Oil + AF) =6 (M vi N ldn lugt li
trung didm cia AC vir BD). TU d6

'O=M=N.

3. Dat rt =d, AE =8, fr =d. Tinh d
ve d theo d, d, c-, tt d6 suy ra didu
phii chung minh.

4. DqtAB=d, AD=b, AA' =d vichring
I

minh GG, = :(5a _ e).
8'

5.b) Tt Ort=*Oi+yOE*rod vdi

x + y +z = 1, suy ra x= | - ! - z,ttd6 di

ddn Art = yfr + rft.
6. Srl drpg kdt qui bei tap 5.

8. a) Chrlng minh bing phin chtlng.

b) Gie st ba vecto A, i, t cinj; vuong

g6c vdi i. Ndu d, D thong ctng phuong

th\ A, E, i khong d6ng phfing,.t& d6

C =)Gl+yb+Zn. lV A.n = b.n = C.n =U
sulraz=0.

9. Vi6t BC.SA=(SC-SB).SA vi srl dung

sA = sB = sc, ASB = ASC.

to. AE.fr =ft.fr o ft.r,crt -fr1=s
e AC.DB = 0 <+ AC LDB.

1-
11. b) C6 IJ = +(AD + BC). Tinh AB.IJ vd

2',

CD,IJ,

13. a) Dring ; b), c) Sai.

16. Chrlng minh ffi - frD = 90'.

17. a) Chfng minh :

BCz <AB2 + ACz,

ACz<AB2+8C2,

AB2<ACz+8C2.
b) Ding dinh li ba du&ng vu0ng g6c.

c) S& dung cOng thfc tinh dudng cao ring
vdi canh huydn trong tam gi6c vudng.

19. a) K6 SIl I mp(ABC). Do SA = SB = SC
vir ABC li tam gi6c ddu nOn H trirng.vdi
trong mm G cfia tam gi6c ABC.

b) K6 Aq L SC thi (P) chfnh la

mp(ABC1). Vi SAC li.tam gi6c c0n, mh

ACr L,SC n€n C1 nim gita S vi C khi vd

chikhi ft.90o hay o2 <2b2.

c_oABCt - 4b

20. b) i) <+ iii) : ABz + CD2 = ACz + BD2
_2 _2€ AB +(AD-AA" =AC +(,AD-AB)'

€ AD.CB = 0. Tuoyrg tu ta c6 dpcm.

c) Chrlng minh ba dudng cao cta tf di€n
d6i mOt cit nhau vi kh0ng cing nim
trong m6t mat phfing.

21.a), b), c), fl) : Sai.

d), e), g) : Dfng.

22. St dung

AC'2+A'C2+BD'2+B'Dz

= 4(az + b2 + c21

dd di ddnAC'= A'C = BD,= B,D.

23. a) Chring minh AC'l- BD vi AC' L BA'.

b) Canh cta thidt aienAane &.

Di€n tich thidt diQn a*c f ,2.

24. Ggi O li giao didm cfia AC vir BD. Ke
OOt t SC thi SC -l- mp(BO1D). Hdy

chrlng minh 6@ ,90o vi quy bhi to6n

vd x6c dinh x de ffiD = 1200.

D6psd ix=ct.

25. Gqi 1 lh trung didm ctra BC. Ke IJ L CD
thi thi6t di€n li tam gi6c vu0ng A1,I.

o2

^ o2JlJNJ= 
n.
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26. a) Hinh hQp cht nhflt.

b) Hinh hQp thoi.
c) Flinh lQp phuctng.

27. a) AB = J2@' - h, (a >.r > o) ;

IJ =!,,
t:

ctt 5
b) x = --;.

J

28. b) Bang. cdch xdt mp(P) di qua A sao cho
B, C ndm vd cing mQt phia ddi v6i (P),
sau d6 goi D li giao didm cfia (P) vdi
duong thing BC vh srl dgng kdt qui cfia
cau a) dd di ddn didu phii chfng minh.

29. Gqi 1 vh ,I ldn lugt li trung didm cia AB,

CD thi IJ L AB, IJ'L CD, Khi d6

vdai>12+r'2.

30. a\ AH = 9.

b) K6 duong cao HK ctta tam giiic vu0ng
AHA' th\ Hr( la ducmg vudng g6c chung

r=

cia AA' vir B'C'.Tfnh duoc r* = +
l;

31. 
a!5 

.

3

32. a) Xdt DACD'li tri diQn c6 DA, DC, DD'
dOi mQt vuOng g6c ; tt d6 tfnh duo. c

d(D;(ACD'r, = 'fo.
b) Chrfoig minhAC'I CD'. Duttrg vuOng g6c

chung crla AC' vd CD' ld IJ, b d61 ld trung
didm cria CD' vitJ li ch6n duirng wOng goc

k6 rt1 xudngAC'. Tatinh dr,tOc IJ = !r.

33. Chung minh A'ABD lI trl diOn ddu vh suy

ra khoAng c6ch phii trnn n 4f 
.

J

34.a) sH =+
130

b) d(EF ; SK) = d(H ; (SAD)) = HJ (HJ td
dudng cao cfia tam gi6c vuOng SH/ v6i 1

li trung didm cira AD) vit HJ =

35. a) Gqi 1ld trung didm cfia AB, J lh trung
didm cria CD. Sir dung tfnh chdt : Trong
tam gir{c c0n thi duong trung tuydn ve tU
dinh cflng li duong cao ctra tam gi6c.

b)TU AC2 + ADz =2AJ2 *'4 ,,2

BCz + BD2 =znr2 *cD2-LN - 
2

suy ra ACz.+ AD? = BC? + BD2.

HQ thrlc CB2 + CA2 = DB2- + DA2 citng
duo. c suy ra tuong tg nhu tren ve fi do di
ddn didu phAi chrlng minh.

0n tAp chuong III
2. a) AC = oJi, BC = a, AB= crfi nen

tam gi6c ABC vuOng tai C.

-ob) _.'2

3. a) 2o2 + xy = 2a(x + y).

b) aY = x(a - x).

4, 0 = ABA', y = ACA', a = AHA' W' L(P),

AH L BC) vi ding cOng thrlc

111
Nr:-= A* - AC'

o2b2
5. Saar = ,w7;tt

b2c2

oJzt

tt =!
2

c_OHBC -

c_OHCA _

zJTb'*b'?t *tr'z
'))c'a-

z^lo2u2 +b2c2 +r2o2

6. a) Thidt diQn li tam gi6c w6ng CHK, & d6

CH LAB, HK LAB"

- x2).

4a2 -1c2 +c



o3uJz
b) sncx = 2(l + b\'

7. a) a d) . Srl dpng tinh chdt birig nhau c&a

hai tam gi6c vh tdng c6c g6c trong cfra

mQt tam gi6c bing 1800.

. Trii c6c m{t ABC, ACD, ADB l9n
mp(BCD) vl kh&ng dinh hinh khai tridn
cira tf di1n ABCD trOn rnp(BCD) li tam
gi6c nhQn BC , eD, DB ld ba dudng trung
binh cira tam gidc d6 va tU d6 suy ra di6u
phii chrlng minh.

8. Theo kdt qui bii 7, hinh khai tridn cria trl
'dian 

ABCD tr€n mrt phing (BCD) lh tam

gi6c A1A2A3 trong d6 BC, CD, DB ld ba

duong trung binh cita tam gi6c niY.

Chrlng minh tr1 dian AA1A2A3 c6 AA1,

AA2, AA3 dOi mQt vu0ng g6c, tt d6 suY ra

didu phii chring minh.

Cic ciu h6i tr6c nghiGm chuong III
1. (C) ; 2. (9 ;3. (D) ; 4. (C) ; 5. @) ; 6. (D) ;

7. (D) ; 8. (B) ; e. (B) ; 10. (B) ; 1r. (A) ;

12. (A).

6n tqp cudi nem

1. b) Ph6p vi ru tam G, ti so t = -] tC ta' 2 i

trgng tam ctta tam gi6c ABC).

2. a) Ph€p dOi xrlng t0rm D, bidn : dutrng

thing MM'thdnh du&rg thing PO, du&rg
thing NN'thhnh dudng'thhng QO, dudng

thing PP'thinh dulng thhng MO, duong

thhng QQ'thlnh duong thing NO'

3. a) Ph6p quay tAm A, g6c quay Q = -90o.

5. a) S& dung dinh li Ta-l6t dAo.

7. b) TrudnC hgp M khOng ld trung didm
cria SC thi thidt di€n ltr MKPN, trong d6

P =QN aAB,Q= MK aAC. Do

Sf,Ur,f = Spr,v

aOM=OP(O=MP^KN)
+ d(M; (a)) = d(P ; (a)) ((d la m{t Phing
qua K, song song v6i AB vh SC), vi do

d(M ; (a)) = d(S; (a)),

d(P ; (a)) = d(A; (a)),

d(S ; (a)) = d(A; (a)),

nOn suy ra k& IuAn cira btri to6n.

8. a) sH =+
b) d(AB; (SCD)) = d(E;(sCD)) = +
(E lh trung didm cfra AB).

c) d(AB;SC) = d.(AB ;(SCD)) = +
d) Thidt diQn ln ABrCrDr trong d6 C1 li
trung didm cta SC, Bpr ll BD, Bpr di

qua giao didm cira AC 1vd SH.

s*,qq =+
e) K6 HI tt SC,Wy didm "I sao cho BHIJ lit

hinh binh henh. Khi d6 N L (4 nen ffi
li g6c gitra AB vn (P).

. :-:-: J,sinBd/ = i.
9.a)m=2aim=0..

b)Chfng tb B'Hz =+, C'r'=25!o '

B'C'Z = 5a2, tit d6 B'C'H ld tam gi6c

vu6ng t4i B'.

Tt hQ ttllc SNc = Sss,.cosrp (vdi / li giao

didm cira B'C'vd BC, pld g6c giiia mp(ABC)

vimp(A.BC)),tac6 ior, = f.

t3t
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