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PHAN I. PAT VAN PE
1. LY DO CHON DPE TAL

S6 phitc dugc dua vao cudi chuong trinh mon Toan THPT véi thoi lugng rat
ngén, do d6 rat nhiéu hoc sinh tham chi 1a hoc sinh kha, gi61 sau khi hoc xong
phan s6 phirc ciing chi hiéu mot cach rat don so nhu tinh toan cac phép toan, giai
cac phuong trinh don gian, khi giai cic bai toan vé s phirc, hoc sinh chua hiéu
va khai thac duge mbi lién hé gitra sb phutrc vo1 hinh hoc, voi cac kién thirc da hoc
dan dén hoc sinh s& thuong gidi bai toan theo hudng tryc dién va sé gap khoé khan,
phtc tap, tham chi 1a khong giai duoc.

C6 nhitng bai toan hinh hoc dugc giai quyét dé dang hon nhd cong cu cua dai
sb va giai tich. Nguoc lai, c6 nhirng bai todn dai sb hodc giai tich, nho ¢6 hinh hoc
ma nguoi ta théy duoc cach giai dﬁy tha vi ciia n6. Hon nira, viéc nhin nhan mot
van dé theo nhiéu khia canh khac nhau con khién cho hoc sinh ¢6 thé phat trién
duoc ca tu duy sang tao cua minh.

Sau nhiéu nim giang day t6i nhan thiy rang bai toan vé s phtic c6 nhiéu mdi
quan hé véi kién thirc ctia chuong khac trong chuong trinh toan trung hoc phd
thong dic biét 1a hinh hoc toa &6 Oxy va hinh hoc phang, soi day lién két vo hinh
d6 tao ra rat nhiéu bai toan hay vé sé phirc trong ki thi trung hoc phd thong quéc
gia va thi chon hoc sinh gioi.

Khai thac tinh chat hay cua sé phtic nim trong ¥ nghia hinh hoc cua sb
phtec, tinh chit vé modun s phire, s6 phite lién hop duogc toi trinh bay kha chon
loc trong sang kién nay. Su gop mit ciia nhiing tinh chat d6 di lam nén yéu to tha
vi, bt ngd ddi vai hoc sinh va gbp phan khong nho trong viéc phat trién tu duy,
phat huy t6i da kha ning tim toi sang tao ctia hoc sinh. Khong nhiing thé cac tinh
chat nhu mot lan gié mai thoi vao bai toan thuan tiy sd phirc tao ra nhiing bién
doi diéu ki.

Tinh méi tinh sang tao cua sang kién 1a hé thong twong ddi ddy du nhirng tinh
chat hay ctia sb phitc c6 méi quan hé dic biét v6i cac chuong khac ciia chuong
trinh toan THPT. Cach sap xép cac bai tap c6 trat tu hop li gitp hoc sinh dé xau
chudi céc tinh chat v4i nhau, phat trién t6t cac thao tac tu duy twong tu hoa va
tong quat hoa. Cap nhat hinh thiec thi tric nghiém méi d6i véi mon Toan cia Bo
gido dyc va dao tao, sau mdi chuyén muc 3.1.2 va 3.2.2 ching t6i déu xay dung
cac bai tip tric nghiém dua trén cac ¥ tuong ciia cac bai tap tu ludn ching toi di
trinh bay trong muc d6. Sang kién rat phit hop cho hoc sinh chuan bj tham gia ki
thi trung hoc phé thong qudc gia va cac ki thi chon hoc sinh gioi.
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2. MUC PiCH NGHIEN CU'U.

Tim to1 co s& 1y ludn, thyc trang viéc day va hoc sb phtic trong chuong trinh
THPT, cac cach tiép can bai toan. Xay dung hé théng cac bai toan nham giup cho
viéc day va hoc sb phirc trong nha trudng tro nén dé dang va tha vi, tir d6 gitp
hoc sinh c6 thdi quen dao sau mdi lién hé gitra kién thirc cac phan mon Toan va
Toan vé1 mon hoc khac.

3. POI TUQNG NGHIEN CU'U.

Nghién ctru sach gido khoa, chuong trinh, sach tham khdo, cac dé thi
THPTQG, hoc sinh gioi cac cip, mot s6 kién thirc thudc cac mon khac lién quan.
Tim hiéu kha nang nhan thuc thuc té cua tung doi tuong hoc sinh dé tir d6 dua ra
duoc hé théng bai tap, cac budc phan tich tim 15i gidi, cac budc hudng dan giai
phu hop.

4. POI TUQONG KHAO SAT THUC NGHIEM.
La céc hoc sinh 16p 12 ndm hoc 2018 — 2019.

5. PHUONG PHAP NGHIEN CU'U.

Nghién ctru 1i ludn vé chuan kién thic k§ nang, cac tai liéu vé tim 1y hoc
Iira tudi, vé phat trién tu duy cho hoc sinh...

Piéu tra - quan sat: Tim hiéu kha ning phan tich, tong hop, khai quat hoa,
dac bi€t hod, tuong tu hoa, tu duy dai sb va tu duy hinh hoc ctia mdi hoc sinh.

Tong két kinh nghiém: Tong két nhitng kinh nghiém rit ra tir thuc té giang
day va qué trinh nghién ciru cta ban than, qua trao dbi véi nhirng gido vién day
khac va vd1 hoc sinh.

6. PHAM VI VA KE HOACH NGHIEN CU'U.

Nghién ctru li luan va hé thong céac kién thirc, k§ ning, cac thao tac tu duy
tir thang 1/2019; Trién khai vao giang day tir thang 2/2019; Kiém tra danh gia vao
thang 4/2019 va tong két kinh nghiém vao thang 5/2019.

PHAN II. NOI DUNG.
1. CO SO Li LUAN.

Theo cach tiép can thir nhat, sd phtrc dugc xem la mot biéu thirc dai s6 c6
dang z = a + ib va & day thi cac tinh toan trén sé phic duoc thuc hién theo k¥
thuat bién ddi da thirc mot bién trén trudng sé thuc. Ching ta goi day l1a cach tiép
can dai sb. Trong cach tiép can tht hai, ching ta goi la tiép can hinh hoc, s6 phtic
dugc biéu dién boi mot diém trén mit phang phirc. Vi cach tiép can ndy, nhiing
tinh chat va quan hé trén sb phitc dugc chuyén dich sang cac quan hé hinh hoc,
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cac phép toan trén sb phurc lién hé mat thiét voi cac phép todn vé vecto va céac
phép bién hinh trén mit phang phic. Cau hoi dau tién ma chiing ta tu dit ra cho
minh la: Trong toan hoc, tai sao lai can c6 hai cach tiép can d6 ? Chung c6 quan
hé gi? Trong thyc té day hoc toan ngay nay, quan hé d6 duogc thiét 1ap ra sao?
Nhitng cdu héi nay 1a ngudn gbc hinh thanh nén chu dé nghién ctru: “Quan hé
giita hinh hoc va dai sb trong day hoc s6 phuc ¢ 16p 12”. “Giita “hinh” va “sd”,
giita cac phép bién hinh va cac phép bién d6i vé s6 c6 quan hé sau sic...hinh hoc
tryc quan hoa dai s6 nghia 14 1dm cho nhiing quan hé dai s6 triru tuong trd nén cé
hinh anh con dai s6 cho thiy moi quan hé sau xa bén trong giita nhitng hién tugng
hinh hoc bé ngoai nhiéu khi rat khac nhau”

2. THUC TRANG VAN PE NGHIEN CUU.

Khi day khoi 12 6n thi trung hoc phd thong qudc gia téi nhan thay hoc sinh
c¢6 phan han ché trong viéc dinh hinh hudng cach giai cho bai toan vé sd phirc voi
mirc do van dung thap va van dung cao. Xuat phat tir thuc trang d6 ching t6i thiét
nghi can rén luyén cho hoc sinh k¥ ning phat hién y nghia hinh hoc ctia sé phirc
va cac tinh chat vé s6 phuc lién hop, modun ciia s6 phirc dong thoi huéng dan
hoc sinh cach khai thac cac tinh chat 6 nhu thé nao. Trudc hét hoc sinh can trang
bi cho minh kién thirc hinh hoc phang va cac phuong phap tim gia tri 16n nhat va
nhé nhat ctia ham s mét bién.

3. NOI DUNG CHUYEN DE. v
3.1. Y nghia hinh hoc ciia s6 phirc:
3.1.1. Mot s kién thirc co ban:
+ Cho s6 phuc z=a+bi v6i a,b€ER. [ °° k
Piém M(a, b) 1a diém biéu dién cta sb phirc i
z trén mit phang toa do Oxy. E
Khidé : |z| = OM = VaZ + b?
+ Cho z; = a; + byi(a,, b; € R);

z, = a, + byi(a,, b, €R).
Piém A;(ay, by); A,(a, by) 1a diém biéu dién

cua zq,Z,. Ta co:

Z1 — Zy = ay — ay + (by — by)i 2"7A2
= |z — 75| = /(ay — az)? + (by — b,)? T
m=(a1_a2}b1_b2) o i i A
= A4, =/(a; — a;)* + (by — b,)? " -

DO dé |Zl - Zzl - A1A2;
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So phtc z; — z, dugc dit tuong ing voi toa do vec to A
AxAq
+ Cho hai sb phtc z;, z,. Tap hop diém biéu dién cua

sO phirc z thoa man: A A,

|z — z,| = |z — z,| 1&a mot dudng thang d6 13 dudng

trung tryc ctia doan thang A;4,.
+ Cho s6 phirc z,. Tap hop diém biéu dién cua y
s6 phtic z thoa méin: |z — z5| = R 1a mot duong
tron tam I ban kinh R trong d6 I 14 diém biéu
dién ctia s6 phuc z,

bob= =

3.1.2. Khai thac y nghia hinh hoc ciia s6 phirc
vao giai toan:

Bai toan 1.1. Tim tip hop diém biéu dién cia sd

phirc z thoa méin diéu kién sau:

a) |z—i|l=z+i]. b)lz—1-1i]=2.
Loi giai:
a) Trén hé truc Oxy, ta c6 diém biéu dién cta s6 phire i 1a diém A(0; 1) va —i 1a
diém B(0; —1). Theo tinh chat néu trén thi tip hop diém biéu dién cta sd phirc z
la dudng trung truc cia AB va dé chinh 1a truc hoanh c6 phuong trinh :y = 0.
b)|z—1—-i|=2¢e |z— (1+i)| = 2. Trén hé tryc Oxy, ta c¢6 diém biéu dién
ctia s6 phirc 1 + i 1a diém I1(1; 1).Theo tinh chat néu trén thi tip hop diém biéu
dién ciia s6 phuc z 1a mot dudng tron tam 1a diém 7 va ban kinh bang 2. Phuong
trinh duong tron la: (x — 1)2 + (y —1)? =4
z+3+2i

Bai toan 1.2. Tim tap hop cac diém biéu dién ctia sé phirc z biét s6 phic ———

13 mot sb thuc am.

Loi giai:

Bai toan nay c6 thé dung cach dit z = a + bi(a, b € R)nhung hoc sinh can phai

thirc hién phép chia hai sb phtic kha phirc tap, trong khi d6 néu sir dung tinh chat

hay ctia s6 phitc vé diém biéu dién thi rat nhanh dua ra két luan.

Z43%20 13 mot s6 thuc am & 3k € R/ z+ 3 + 2i = k(z — 3 — i)
©z—(-3-20) =klz— B+ ()

Goi M la diém biéu dién cta sb phuc z, A(—3; —2) 1a diém biéu dién ctia sd phirc

—3 — 2i, B(3; 1) 1a diém biéu dién cua 3 + i.

() © AM = kBM véi k < 0. Suy ra M nim trong doan thang AB

Phuong trinh duong thang (AB): —x + 2y +1 =10

z—3—1
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Vay tap hop diém biéu dién cua sd phirc z 1a phan dudng thang c6 phuong trinh
—x+2y+1=0v61-3<x<3 HHH+- . H+4
Bai toan 1.3.

a) Cho s phitc w = 2z — i + 3. Tim tap hop diém biéu dién cta s phirc w

néu sd phirc z théa mén |z — 2 — i| = 4.
b) Cho s6 phitc w = (1 + i\/§)z + 2. Tim tap hop diém biéu dién ctia sd phic
wnéu |z — 1| < 2.
Loi giai:
ayw=2z—i+3ow=20zZ-2-0)+7+i
ow—-(7+)=2z-2-)=>w—-(7+i)|=2|z—-2-i| =8
Vay tap hop diém biéu dién cta sd phirc w 13 dudng tron tam 1(7; 1) va ban kinh
bang 8. Phuong trinh dudng tron 1a: (x — 7)% + (y — 1)? = 64.
bw=(1+iV3)z+2eow=1+iV3)(z-1)+1+iV3+2
ew-3+iV3)=(1+i3)z-1
=>|w-0B+iV3)|=[1+iV3]lz— 1] < 4.
Vay tap hop diém biéu dién cta sd phitc w 13 hinh tron tam I (3, \/§) va ban kinh
bang 4, thoa man bat phuong trinh: (x — 3)% + (y — \/§)2 < 16.
Bai toan 1.4. Tim s6 thuc m dé ton tai duy nhat s6 phic z théa man diéu kién
{lz -3i—-1|=1

lz+i—1| = |z —m|
Loi giai: !
Goi M(a;b),a,b € R,1(1;3),4(1; —1),B(m;0) 1a
diém biéu dién cua sd phic z,1+3i,1—i,m ) A

Tur gia thiét ta co:

M thudc dudng tron (C)tdm 7 ban kinh bang 1 va M thudc duong thang (4) 1a
duong thang trung truc cua doan thang AB.

Pé hé trén c6 nghiém duy nhét thi duong thang (4) tiép xtc v6i dudng tron (€) &
d(,4) = 1.

Taco AB = (m — 1;1),] (m+1 —

—; —) 1a trung diém ctia 4B.
2 ' 2
Phuong trinh ctia dudng thang AB 1a: (m — 1) (x - mTH) +1 (y + %) =0
e2m-1Dx+2y—-m?+2=0

S 4. 4) = 12(m —1).1+ 2.3 + 2 — m?| _
' Jm—-124+4

(:)|—m2+2m—6|=2\/m2—2m+2
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& [8—(m?-2m+2)]? =4(m? -2m + 2)
m —2m+2=4 _ |m=1%V3
m?—-2m+2=16 m=1++V15
Bai 1.5. Cho s phtic z : |z — 6 — 8i| = 5.

a) Tim gia tri nho nhat va 16n nhat cua |z|

L=

b) Tim gia tri nho nhat va 16n nhét cta |z — 1 — 3]
Loi giai i
a) Goi M(a;b),a,b € R,1(6;8) 1a diém biéu dién
ctia s6 phtc z, 6 + 8i. B -=o-===A |
Ta c6 M thudc dudng tron tim / ban kinh bang 5: '
IM = 5,01 = V62 + 8% = 10; |z| = OM u,

Ta sir dung bat dang thirc tam gidc quen thudc dé

tim Min, Max cua |z| o
|0l —IM| <OM <0l +IM & 5 < |z| < 15
Vay |z| dat Min bang 5 va dat Max bang 15 khi M 13 giao diém ctia duong thiang

Olva dudng tron.
b) Trong cdu b ta thay diém 0(0;0) bai diém A(1;3) = Al = 5v/2
Tacod: |z—1-3i| = AM.

Al —IM| < AM < A+ IM ©5V2-5<|z—1-3i| <5V2+5
Vay |z — 1 — 3i| dat Min bang 5v2 — 5 va dat Max bang 5v2 + 5 khi M la giao
diém ctia dudng théng Alva dudng tron.
Bai toan 1.6. Cho sb phtc z thoa mén |z — 4| + |z + 4| = 10. Tim gi4 tri nho
nhat va 16n nhit cta |z|.

1
Lo1 giai:

Goi M(a;b),a,b € R, F,(—4;0),F,(4;0)1a diém - \
< A X 5 A Ja 5 O 5 x

bi€u dién cua sb6 phuc z, —4,4 {

Taco:|z+ 4| =|z—(—4)| = MF,, |z — 4| = MF, k
|z—4|+|z+ 4| =10 © MF, + MF, = 10 :

Theo dinh nghia dudng Elip thi tip hop M 1a duong Elip c6 hai tiéu diém 1a F;, F,:

c=42a=10=a=5b=aZ- % = 3. Phuong trinh (): 5 + % = 1.

Matkhac |z| =0OM = b < |z|<a e 3<|z| 5.

Vay |z| dat Min bang 3 va dat Max bang 5.

Bai toan 1.7. Cho s6 phtic zthéoa man |(z + 2)i + 1| + |(Z — 2)i — 1| = 6. Goi

K; k 13 gié trj 16n nhat va gi4 tri nho nhat cua |z|. Tinh T = K + k

Lo1 giai:
batz=x+yi;x,y €ER
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(z+2)i+1+|(Z-2)i—-1=6 y
e Jx+2)?2+ @y —-1)2
+Jx—-22+@-1)2%=6
Goi M(x;y),A(=2;1),B(2;1)
Ta co MA + MB = 6. Suy ra tap hop M 1a elip
c6 hai tiéu diém 1a A, B

2a =6 a=3

2c =4 =1c =2

b =+a?—c? b=+5
x?  (y-1)?

= 1 tam dbi xtmg 1 1(0; 1)

Phuong trinh elip 1a : 5t

Ta c¢6 |z| =OM >IM —0[ >b— 0] =5 —1= Min|z| =k =+5—1 dat
duoc khi M = E(0; 1 —+/5)

. (y-1)?
Xet|z|2=x2+y2=9[1— y5 ]+y2=f(y)

) = 2 18( D -8 +18 ‘&) = 0 9 9 180
= —_— — = — —_— = Lt = - - = —
fQy y—= U 5y5fy y4f<4) 2
Iy " 180 3+/5
= = = e
ax|z| 1 >
ViyT =K + k=222

Bai toan 1.8. Cho hai sé phiic z4, z, théa man z; = a + bi;, z, = c + di; a® +
b?> =4;c+d =4,a,b,c,d € R. Tim gia trj nho nhat cua |z; — z,|.

Loi giai

Goi diém M 13 diém biéu dién cta s phic z;,
N 1a diém biéu dién cua sd phicc z,. Ta cb
|z, — z,] = MN.

Theo gia thiét M thudc dudng tron tim O ban
kinh R = 2 con N thudc dudng thang (4): x +
y = 4.

Qua O ké duong thang vudng goc véi (4)cat

duong tron tai hai diém E, F va cat (A) tai H véi

diém E nam gitra O va H .
MN > d(M,A) = MK = EH = OH — OF =d(0,4) — R = 2v2 -2
Déu bang xayrakhiM = EvaN = H
Vay gia tri nho nhat cua |z, — z,| bang 2v2 — 2.
Bai toan 1.9. Cho hai sb phtic z;, z, théa min z; = a + bi; z, = ¢ + di; véi
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a®? + b% = 4;c? + d? = 9. Tim gia tri nho nhat va 16n nhét cta |z; — z,|.
Loi giai: ?
Goi A, B 1a hai diém biéu dién cua sb phtc
Z4,Zy. Ta co: A thudc duong tron (0; 2)va B
thudc duong tron (O0; 3).

Suy ra: |z; — z,| = AB dat min bang hi¢u
hai ban kinh va dat max bang tong hai ban
kinh.

Vay Min|z; — z,| = 1, Max|z; — z,| =5

Bai toan 1.10. Xét cac s6 phitc zthdoa mén
|z — 4 — 3i] =+/5. Tim gia tri 10n nhat cta
lz+1-3i|l+|z—1+1].

Loi giai:

Cach 1: Goi M(a; b),a,b € R, 1(4;3),
A(—=1;3); B(1; —1) 1a diém biéu dién cta sd
phic z,4+ 3i,—1+3i;1 — L.

Ta c6: M thudc dudng tron tdm / ban kinh
R = 5.

IA > R,IB > R nén diém A va B nam ngoai
duodng tron.

lz+1-3i|+|z—1+i| = MA+ MB
Goi (4) 1a duong thang trung truc cta AB thi phuong trinh cta A di qua trung
diém cua AB 1a J(0; 1) va nhan AB = (2; —4) lam vecto phap tuyén 1a:
2x—4y+4=0x=2y—2
Ta tim giao diém ctia 4 va duong tron
x=2y—2
(x—4)?2>+(y—-3)2=5
:>(2y—6)2+(y—3)2=5@[§;§@[§zg
Suy ra giao diém ctia A va duong tron 13 hai diém € (2; 2) va D(6; 4).
Ta ching minh : MA + MB < DA + DB(x)
Thatvay: D € A & DA = DB. PacbiétI1(4;3) € 4
Lay diém K d6i xting v6i A qua dudng thang (DM)
Tac6 : MA = MK, DA = DK, MK 0 DB = {E}
> MA+ MB = MK + MB < MK + ME + EB < EK + EB < DK + DE +
EB = DK + DB = DA + DBSuy ra (*) dugc chirng minh
Ta c6 DA + DB = 10/2.

Xét hé : {
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Vay gia tri 16n nhit cta biéu thie |z + 1 — 3i| + |z — 1 + i| bang 10+/2.
Cach 2: Goi J 1a trung diém ctia AB. Theo cong thirc duong trung tuyén ta cd
2(MA? + MB?) — AB? AB?

7 :)MA2+MBZ=2M]2+T

Ma (MA + MB)? < 2(MA? + MB?) = 4MJ? + AB>.

M chay trén dudng tron tam I ¢ dinh néi trén, diém J c¢b dinh nén /M 16n nhat
khi diém I nam giita J; M. Suy ra M = D(6,4).

Vay MA + MB dat gia tri 16n nhét khi tam gidc MAB can tai M va diém /nam
gitta J, M. Suy ra M = D(6,4) (théa mén ca hai diéu kién).

MJ?

Bai toan 1.11. Cho s6 phirc zthoa méin |Z + §| = 2. Tim gi4 tri 16n nhat cua biéu

thacT = |z — 1|+ |z + 1]. !
Loi gidi: :
1 z#0 y
Z+;=2‘:’{|22+1|=2|z|
Pitz =a+bi;a,b € R = M(a; b) 1a diém bidu dién z S g e
122 + 1| = 2|z| © |(a + bi)? + 1| = 2|a + bi| :
& (a? — b* + 1)? + 4a*b? = 4(a® + b?) .

& a* +b* +2a’b* + 1 —2a*> — 6b* =0
a*+b*—1=2b [a2+(b—1)2=2
=
a’?+b*—1=-2b a2+ Mb+1)?%=2

Mit khac néu z = 0 © M = 0 va diém O khong thudc hai dudng tron trén

:»(a2+b2—1)2=4b2=>[

Suy ra tap hop diém M 1a diém biéu dién cia s6 phirc z1a hop cta hai dudng tron
CHx*+(y—12=2va(C):x*+(y+1)? =2,

Hai duong tron trén déu c6 ban kinh bang v2 va cat nhau tai hai diém
A(1;0),B(—1;0) =T = MA + MB.

Ta thiy bai todn nay c6 ¥ tudng tuong tu bai toan 10. Chirmg minh tuong ty bai
toan 10: T dat gia tri 1on nhat khi tam giac MAB can tai M. Khi d6 M 1a trung
diém ctia cung 16n AB & M = Ml(O; 1+ \/E) hodac M = MZ(O; -1 - \/E)

Vay MaxT = M;A + M;B = 244 + 2+/2.

Bai toan 1.12. Cho ba s phitc u, v, w théa méan:|u| = |v| = |w| = 1vau + v +

w = 1. Chirng minh rang trong ba s6 u, v, w ¢6 it nhat mot s6 bang 1.

Loi giai:

Trén mat phang toa d6 Oxy ta dung 04, AB, BC 1an luot biéu didn cho cac sb phurc

u,v,w.

Ta c6 OC = OA + AB + BC

nén 1a OC vecto biu dién cho sophtcu+v+w=>0C=|lu+v+w|/ =1
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Mau+v+w = 1suyra diém C € Ox. '
Tk gidc OABC c6 OA = AB = BC = 0C
nén tr giac trd thanh hinh thoi A _

= AB = 0C = 1, tic 1a c6 it nhit mot s6

phic bang 1.

3.2. Tinh chat vé s6 phic lién hop va c

modun ciia s6 phire:

3.2.1. Céc tinh chit co bén :

+ Véi moi s6 phirczta co: z = Z
z = Z thi s6 phirc z 1a s6 thuc; z = —Z thi s6 phuc z 1a s6 thuan 4o

2.7 = |z|% = |Z)?

+ V&1 moi sO phirc 74,z tacod: 21+ 2, =2, + 2y , 21 — 2y = 21 — Z,

— —— (4 Z1
Z1Z9 = Z1.2Z9, Z_ = =
2

(z™) = ()" voi moi sé nguyén duong n.

+Néuz = a + bi véia, b € R thi |z| = Va? + b?

+ Véi moi s6 phc z4, z, ta co:

A _lal
2 B |,

||Z1| - |Zz|| < lzy — z3]; |21 + 23| < |z1] + |z,]

Z1
|21. 2| = |z4]. |2,];

+ Bat dang thirc Bunhiacopxki voi bon sé thuc bat ki: a, b, x, y(x,y # 0)
(ax + by)? < (a? + b?)(x? + y?)

A M ) .a b
Dau bang xay ra khi =

3.2.2. Khai thac cac tinh chat trén vao gidi toan

\e o s A , —iv3 rs \ z =
Bai toan 2.1. Cho s6 phuc z = mz—l\/__vcn meR Timmdéz.z=1
1-m<+2mi

Loi giai:
Tacé:z.z=1e|z|?=1o|z| =1

|m - l\/§|
|1 — m? 4+ 2mi]|
Bai toan 2.2. Cho hai sb phtic z;, z, théa méin diéu kién
|z; + 32z, = 4,|z4| = |z,| = 1. Tinh |32z; — z,|

Loi giai:

=lem?+3=0-m?)?+4m? s m==+1

T =13z — z3|% + |z + 32,2
= (321 — 2,) (32, — z,) + (21 + 32,) (21 — 323)
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Ap dung tinh chat cua s6 phirc lién hop néu trén ta c6 :
T =10z,2; + 102,.2, = 20 = |3z, — 2z,|*> = 20 — 16 = 4.
Viy [3z, — z,| = 2.
Bai toan 2.3. Cho sb phtc z théa man: % 1a s6 thuc, chirng minh z 1a sb thuc

2z—-1 .. ¢«
la so thuc

Loi giai: 22
27+ 1IN 2z+1 2241 2z+1 254 10— 2)
1 = 1 = 1 —_
<z—2) 7—2 7-2  7-2 z z
=(z-2)(2z+1)>5z=5z

Vay z la s6 thuc.

Bai toan 2.4. Cho hai s6 phuc z, w thoa mén: |z| = 1; |w| = 1;zw # 1. Ching
+w

. J Z A
minh rang: 1a s thye.
1+zw
N , — - 1
Loigiai: Taco:|z|=1=>zz=1=>Zz=-
zZ
— 1
Tuong ty: w = —
w
_ 1 1
, Z+WwW Z+w P Z+WwW A Z+W . 4
Xet( ) = ——=< = . Vay 1a so thuc
1+zw 1+zw 1+E 1+zw 1+zw

Bai toan 2.5. Cho z,w,u 1a ba sb phitc phan biét sao cho |z| = |w| = |u| = 1.
Chtrng minh rang :|zw + wu + zu| = |z + w + u|

Loigiai: Tacd:z.z=w.w=u.u=1nén
1 1 1 1 1 1 1 1 1 1 1 1
|z+w+u|=|:+:+:|= 4= <—+—+—) = —+—+—|
Z \"\% u Z \"\% u Z \"\% u Z \"\% u

|zw + wu + uz|
= = |zw + wu + uz|
|zwu|
Bai toan 2.6. Cho hai s6 phtic z, w thoa min: |z| = 3, |w| = 4, |z — w| = V37.
Tinh = =?
w
ZW ZW

N eoe , Z
Lot giar: Taco:—=—==—
w w.w 16

Theo dé bai: |z—w|=V37Te (z-wW)Z-W)=3722Z—2zW—-—wW.Z+
ww=37>zw+zw=-12

Ma (z.w). (z.w) = |z|?. |w|? = 144.

Suy ra z. w; z.w la nghiém ctia phuong trinh:

z —3%3V3i

t2+12t+144=0<:>t=—6i6\/§i:>w= -

Bai toan 2.7. Tim modun cua z biét z — 4 = (1 + i) |z| — (4 + 32)i
Loi giai:
Ta sir dung tinh chat rat don gian cta sb phuc, d6 13 |z| 1a mot sb thuc
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Gia thiét © z(1 + 3i) = 4 + |z| +i(|z| — 4)
Lay modun hai vé ta dugc:
|z|. 11+ 3i| = V(4 + |z])? + (|z| — 4)?
bita = |z| = a € R". Ta c6 phuong trinh:
\/1_0a=\/(4+a)2+(4—a)2<:)a=2

Vay |z| = 2.

Bai toan 2.8. Cho z 1a s6 phirc khac 0 thoa man: |23 + =

<.

Chung minh rﬁng: |Z + §| < 3.

Lo1 giai:

Ta co: (Z+§)3 =Z3+Z%+ 3.2.3(z+§) =>Z3+Z%= (z+§)3—6(z+§)

VA

233 2 213 2
<z+—) —6<2+—) z+-| —6.|z+-
Z Z

z z
>a’-6a-9<0e (a—3)(a*+3a+3) <0 a<3(dpcm).

8
9> Z3+—3_ =
Z

Da_’lta=|z+§|:>aEIR.

xe 4 7 ;A , ) ~ 1 oo o A , .
Bai toan 2.9. Trong céc s phuc z théa man: |Z + ;| = 2, hdy tim s0 phtrc co

a) |z| nho nhat? b) |z| 16n nhat ?

Loi giai:

1,2 N/ 1\ z2+1 2241
zZ+ - =<Z+—)<Z+:)= —— =4
Z Z Z Z Z

SlzI*+22+Z2° +1—42.2=0
& |z|* =622+ 1=—(z+2)? < 0(viz+ z1a mot sb thuc)
|zt -6.0zP+1<0e3-2V2<|z]2<3+2V2

eV2-1<|zl<V2+1
Vay Min|z| = V2 — 1 dat duoc khi z = (\/E— 1)i
Max|z| = V2 + 1 dat duoc khi z = (\/§+ 1)i
Bai toan 2.10. Cho sb phtic z = x + yi(x,y € R) sao cho
|z + 4+ i| = V2|z + 3 — i|. Tim gi4 tri 16n nhat cta x + y.
Loi giai: Gia thiét

Slx+yi+4+il=V2.|x+yi+3—i
S x+4)*++1%=2[(x+3)*+ (y—1)7?]

e x+2)X+@-3)2=10

XtM=x+y=1(x+2)+1.(y-3)+1
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SM-1D)2=1x+2)+1.4H-3)]*<1*+19)[(x+ 2)* + (y — 3)%]
< 20.
(Bét dang thirc Bunnhiacopski)
©1-2V5<M<1+2V5
(x+2)2%+(y—3)2=10

Vay Max(x +v) = 1 + 2V5 dat duoc khi
Ay (x+y) at dug {x+y:1+2\/§

@{;zﬁ_\é:}z=(\/§—2)+(3+\/§)i.

Nhitng bai todn trong muc 3.1.2 va 3.2.2 néu trén déu rat phit hop voi ki thi
THPT quéc gia hién nay bang cdach chuyén héa nhitng y twong dé thanh nhitng
bai tap tric nghiém va tién hanh thuc nghiém trén 2 doi twong hoc sinh theo de:
Caul. Tap hop biéu dién cia s6 phirc z théa man: |z—:| =1 la:

A. dudng phan gidc goc phan tu thir nhat. B. truc tung.
C. truc hoanh. D. dudng phan gidc goc phan tu thir 2.
Cau 2. Tim s6 thuc m dé ton tai duy nhét s6 phirc z thoa man:
|z—-3i—-1|=1;|z+i— 1| = |m — z|
A.me {1++3;1+15}. B.m € {1++5;1+V15}.
C.m € {1 +£+3;1+10}. D.m € {1 +5;1 +10}.

Ciu 3. Cho sd phtrc z thoa min :|z — 4| + |z + 4| = 10. Tim gié tri 16n nhat va
gi4 tri nho nhat cua |z|.
A. 10 va 4. B.5va4. C.4va3. D. 5va 3.
Ciu 4. Trong mit phang toa d6 Oxy, tip hop cac diém biéu dién cac s6 phuc z
thoaman |z — 3 — 2i| = |z — 1 —i] la:
A. mdt cung tron. B. Mot doan thang. C. mot dudng tron. D. mot dudng thang.
Ciu 5. Cho s6 phirc z théa min |z| = 1. Tim gia trj 1on nhat cta |23 — z + 2|
A. 3. B. 4. C.V/13. D. V15.

Cau 6. Biét sd phirc z théa mén |z — i + 1| = 2. Tap hop cac diém biéu dién céac
s6 phitc w = 2z — 3i + 5 1a mot dudng tron ¢ ban kinh bang:

A. 16. B. 2. C.4. D. 3.
Cau 7. Cho hai sb phtic z;, z, théa mén cac diéu kién |z,| = 1; |z,| = 4;

|4z, + z,| = 8. Tinh |z; — 2z, |

A. /3. B. 2. C.3. D. V2.
Ciau 8. Cho z théa mén |z — 2 — 2i| = V2, va |z| dat gi4 tri 16n nhat bang
A.V10. B. 3. C. 2V3. D. 3v/2.
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Cau 9. Cho z4,2z,,23 c6 ba diém biéu dién 1a ba dinh A, B, C cua tam giac déu
canh 1 va nhan géc toa do O 1a trong tam. Ménh dé nao sau day la sai?

A. Z1 +Zz +Z3 == 0 &|Zl| + |Zzl + |Z3| == 3
C.lzi| + 25| + |z3] = V3. D.0A + OB + 0C = 0.

Cau 10. Cho sb z thoa méan dé)ng thoi cac diéu kién |z —1 —2i] < /5 va
|z — 5 — 2i| <+/13. Tim max|z|.

A.T = 24/5. B.T =35 C.T = 4/5. D.T =+/5.
Cau 11. Cho z 13 s6 thyc théa min |z +m| = |z— 1+ m| vasé phic w =1 +
i. Xac dinh tham sb thuc m dé |z — w| dat gia tri nhé nhat

A.m=1. Bm=_—1. C.m=l. D.m=1.

20 = 2 3
Cau 12. Cho 24, Z,, 23 1a ba s6 phtic ¢6 dinh c¢6 cac diém bicu dién trén mat phang
toa do 1a ba dinh cua mot tam giac déu c6 canh béng 1.
Tim Min|az, + (1 — a)zz — z;| v6i a 1a mot so thuc thay doi
2 3 1

A. NS B.1. C. \/7_ D. p
4. KET QUA.

Véi viée 4p dung nhuan nhuyén biéu dién hinh hoc ctia s6 phirc va tinh chat
modun, s6 phirc lién hop thong qua céc bai toan cuc tri sé phiic quy vé cy tri hinh
hoc va mot sb bai toan tim tip hop diém bicu dién sé phuc ciing mot sb bai toan
khac trong qué trinh hoc va 6n luyén, tu duy ctia cic em phat trién ro rét. Cac em
c6 nhirng cach nhin bai toan da chiéu hon, khong nhiing tim dugc 161 giai ma con
tim duoc nhiéu cach giai khac nhau theo nhitng cach tiép can khac nhau: Pai s,
ham s, hinh hoc, lugng giac,... va tim dugc cach giai ngén. Cac em khong con
so khi phai giai cac bai toan s6 phirc, ké ca nhitng bai kho.

PHAN III. KET LUAN.

Bai toan vé s6 phtc & muc do van dung va van dung cao 1a mot mang khoé
trong dé thi trung hoc pho thong quéc gia. Thong qua céac bai toan duoc sip xép
mot cach co chu dinh voi muc dich tang dan liéu luong tir dé dén kho, tir don gian
dén phtrc tap, da timg budc kich thich niém say mé hoc toan ctia hoc sinh.

Két qua thu duoc sau khi 4p dung sang kién ndy 13 hoc sinh khéi 12 tu tin
hon khi giai bai toan vé s6 phirc trong dé thi THPT Qudc gia. Cac em hoc sinh ¢6
dinh hudng t6t hon hudng giai ciia cac bai toan d6 va hoan thanh tét bai thi cua
minh.

Trong thoi gian ¢ han, sang kién con nhiéu thiéu sét, rat mong nhan dugc
su gop ¥ cla cac ban dong nghiép!
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PHIEU KHAO SAT
(Ndi dung khao sat sau khi wng dung cac giai phap méi ciia dé tai SKKN)

Nguoi viét: Nguyén Nhur Tung.
Tén SKKN: Khai thac biéu dién hinh hoc va tinh chit ciia sé phic dé 1am don
gian héa cac bai toan vé so phirc
Mon (nganh, nghé): Toan.
To/nhém: Toan — Tin.
Noi dung khao sét, két qua sau khi tmg dung cdc giai phap moi ctia dé taii SKKN:
+ Pbi twong: 30 hoc sinh 16p 12A3 trudng THPT Phan Pinh Phung.
+ Noi dung khao sat: Hoc sinh 1am dé tric nghiém 10 cau dau (trong SKKN)
trong thoi gian 45 phat.

+ Két qua:
biém 0 dén 2 3 dén 4 5dén6 7 dén 8 9 dén 10
S6 lugng 2 3 8 10 7
Ti 16 % 6,7% 10% 26,7% 33,3% 23,3%

Ngay thang nam 2019
Ngudi viét
(ky va ghi ro ho tén)

Nguyén Nhw Ting




PHIEU KHAO SAT
(Ndi dung khao sat trwée khi ing dung cac giai phap méi ciia dé tai SKKN)

Nguoi viét: Nguyén Nhur Tung.
Tén SKKN: Khai thac biéu dién hinh hoc va tinh chit ciia sé phic dé 1am don
gian héa cac bai toan vé so phirc
Mon (nganh, nghé): Toan.
To/nhém: Toan — Tin.
Noi dung khao sét, két qua sau khi tmg dung cdc giai phap moi ctia dé taii SKKN:
+ Pbi twong: 30 hoc sinh 16p 12A2 trudng THPT Phan Pinh Phung.
+ Noi dung khao sat: Hoc sinh 1am dé tric nghiém 10 cau dau (trong SKKN)
trong thoi gian 45 phat.

+ Két qua:
biém 0 dén 2 3 dén 4 5dén6 7 dén 8 9 dén 10
S6 lugng 8 8 9 4 1
Ti 16 % 26,7% 26,7% 30% 13,3% 3,3%

Ngay thang nam 2019
Nguoi viét
(ky va ghi 10 ho tén)

Nguyén Nhw Ting




