NGUT. PHAM QUOC PHONG

(Tai ban lan thi hai)

3 | | \/ /______ﬂ_
* Dung cho hoc sinh T—
| . ban Khoa hoc Tu nhién
/ * On luyén thi Tu tai,
\ Pai hoc & Cao dang

$:3

D[]

EF NI:IA XUAT BAN bAI HOC QUOC GIA HA NOI




NGUT. PHAM QUOC PHONG

Boi duong
DAI SO
10

e Dung cho hoc sinh ban Khoa hoc Tu nhién
e On luyén thi TG tai, PH & CP

(T4i bén |4n thit hai)

NHA XUAT BAN PAI HOC QUOC GIA HA NOI



NHA XUAT BAN DAI HOC QUOC GIA HA NOI
16 Hang Chudi — Hai Ba Trung — Ha Noi
Dién thoai: (04) 39724852; (04) 39724770. Fax: (04) 39714899

* * =
Chiu tréach nhi¢m xudt ban:
Giam déc: PHUNG QUOC BAO

Téng bién tép: PHAM THI TRAM

Bién tdp: NGUYEN QUANG HUY

NGUYEN TRONG QUYEN
Trinh bay bia: ‘THAI HOC

Thue hi¢n lién két: Nha sich HONG AN

SACH LIEN KET

BOI DUGNG BAi SO 10
M3 s&: 1L- 24DH2010
In 1.000 cudn, khd 16 x 24cm tai Xi nghiép In Dung Sit

Gidy phép xudt bdn s6: 119-2010/CXB/09-10/DHOGHN, ngiay 26/01/2010.
Quyét dinh xudt bidn s6: 24LK-TN/XB.

In xong va ndp lw chidu quy |l ndm 2010.




L3i néi dau

Tran trd may chuc nam qua cho méi tiét day, viét quyén tai liéu nay, 10i
muoén chia sé cung cac em hoc sinh than yéu, chia sé cung cac thiy co gido
cac kinh nghiém tich gép duoc trong qua trinh giang day, boi dudng hoc
sinh gioi va luyén thi vao Dai hoc.

Moi van dé trong sich trinh bay nhat quén theo trinh tu : co s ly luan,
thi du minh hoa, lo1 binh, bai tap.

e V& co s& ly luan : Néu khong c6 gi mai, sich chi nhac lai nhimg kién
thic co ban nhat (néu thay doé 1a can thiét).

e Cac thi du trinh bay trong cuon sach duoc chon loc k¥ ludng, co tinh
dién hinh va khai théic toi da cdc goc canh cia méi phan kién thic. Nhiéu thi
du m@i mé, do 1a tuoi tre chia cudn tai liéu.

Néu bat cic dung 12 két qua cua su khdi quét hod vdu chudi nhiéu bai toan;
dua ra cac thudt toan giai ching d6 1a diéu ¢6 ditoe cia quyén sich nay.

e Véi cach dién dat don gian, trinh bay bang nhiéu cdch, dinh kém
nhimg /07 binh, dé 1am ngudi doc hiéu siu sac hon bdn chdt bai toan va y
nghia 161 giai.

e Quyén sich con thau tém cdc bai viét cua tic gia da dang trén tap chi
“Todn hoc & Tudi tré”, tap chi “Khoa hoc™ ctia truomg Dai hoc Vinh.

e Sau méi phin, sich c6é hé thong bai tap tuong thich dé cic ban rén
luyén. Nén nhd rang, ki€n thic chi trd thanh héng cdu trong co thé ban, néu
ban thay minh vuot qua dugc cac bai tap ay.

Mac du da rat ¢d gang, cudn sach van c6 thé con nhimg han ché va thiéu
s6t boi kinh nghiém va su hiéu biét. R4t mong nhan dugc su déng gop y ki€én
cua ban doc. Moi gép ¥ xin lién hé vdi tac gia theo dia chi sau day:

BaHoadng Thi Té

Sé'nha : 239, duomg Nguyén Ai Quoc, thi xd Héng Linh, tinh Ha Tinh.

Dién thoai : 039.835713

Hy vong cu6n sdch 1a tai liéu bd ich gép phdn nang cao kién thitc cho
mo: ngudi su dung no.

TAC GIA
Pham Quéc Phong



Chuong I. HAM SO
§1. KHAI NIEM VA BAl TOAN CO BAN

Dinh nghia ham so

Cho 2 1a mot tap con khic rong cia tap cic o thue R.

Mot ham so F vae dinh trén D la mot quy tac cho img moi phan e xe D voi
maol va chi mor o thiee veR.

® 2 goi La tap vac dinh (hay mién vac dinh ) coa ham sé f.
Phan wr xe D goi 1a bién so doc lap (hay bién so, hay doi s6). S6 thuc y tuong ing
van bién so x goi L gid 101 cita ham so f rai v, KiChiéu La f(x).
Cich viér biéu thi ham sé trén

f:23 >R
x > y=f(x)

Tuy nhién thuomg got tat 1a ham so
y:f(X) hoac ham so f(x)

Nhu viay : Mot ham so duoc xic dinh
néu ta biét duge tap xic dinh 3 va quy
tac y=f(x) cua ham so. Hinh 1
Theo dinh nehia do -

+) Trén 9, khong thé ton tai x ma : Khong tuong img vai bat cir y e R hoac tuong
tmg vai nhiéu hon mot ye R.

+) Trén tip R : Tap hop Y= {ycRly = f(x), x| la mot'tap con cua R. (Khéng
yéu cdu lap day R). Hiennhicn Y # . (h.1)

Bai todn 1. Tim tap xac dinh cua ham sé.

® Ta thuong giap ciac haim s6 ¢o6 dang y=f(x) trong dé f(x) 1a mot biéu thic chia
bi¢n x. Ta not him s6 do6 duoc cho biang biéu thic.

e Khi him s6 cho bang bicu thiic ta ¢6 qui ucc : Néu khong néi gi thém thi t1ap xic
dinh c¢tia haim s6 y = f(x) 12 1dp hop ciic gia tri cua x dé cho biéu thic f(x) c6 nghia. -

o Lruy: y=Jl(x) c6tap xic dinh D={xeRIf(x) > 0}

y= Ll c6 tap xiac dinh 9 = {xeRIf(x) # 0}

(x)
Thidul
Tim tap xac dinh ctia moi ham sé sau -
x4+ 2 o Tx +13 S5x +13
I)y:*" . ~ . Z)y: 3“‘x % 3)y= ‘"")‘ EREEE— 4)y: i e

Loi giai
) Ham so xidc dinh khivichikhi 2x - 102 0<¢> x £ 5.
Vay ham s0 ¢o tap xic dinh 1a 3=R\{5}



2) Ham s6 xac dinh khivachikhi3 x>0<»>x < 3.
Vay ham so0 ¢6 tap xic dinh a2 = ( o ; 3|
3) Ham s6 xac dinh khi vachikhi4x™ 4x+3#0<¢<>(2x 1) 427 0<¢>>c R
Vay ham s6 ¢6 tap xic dinh la R.
4) Ham s6 xic dinh khi vachikhi4  x'>0<¢>x* <4
oOkl<2e-2<x<?2

Viy ham s6 co tap xac dinh a2 = (-2 ; 2).

Thi du 2
Tim tap xdc dinh cia méi ham s6 sau :
x +Vx

l)y={/§x2——2x+3. 2) y - s
X~ —1
3x +1 Jx? —16
3)y= el 4) y= -
X“—ix1+1 IS—-xl+x-395

Loi giai

1) Ham s6 xdc dinh khi va chikhi 5x* -2x + 320 4x"+(x - 1)’ +2>0
¢> xeR = Vay ham s6 ¢6 tap xic dinh la R.

x20 {x >0

2) Ham s6 xac dinh khi va chi khi =
x2-120 |[x#%l

Vay ham s6 c6 tap xdc dinh 1a D ={xeRIx >0,x # 1} (do x > 0)
2
: 1y 3
3) Ham s6 xdc dinh khi va chi khi x*-Ixl + | # 0 <> (le—»z-] + 4 # 0¢nxeR.

Vay ham s6 ¢6 tap xdc dinh 1aR.

R . L. |xP=1620
4) Ham so xdc dinh khi va chi khi
Ix-51+x-5#0
x<—4 x<—4
< <Ix24 O x24 o x>S.

I5-xkS5-x S5-x<0
Vay ham s6 c6 tap xic dinh la 2=(5; +»).
e lal+az20¢& lal+a>0 & a>0
%y:@maiﬂz{qué‘n e lal+a=0 & a<0

e Khong tén tai a thoaman lal+a <0




jl"hidg'j' B _
Tim tap xac dinh cua mér ham o6 sau -
I)y:\ﬁ’x-lJ,x-:l. ?_;y:\/lx—2I+3x—x2 - |
3) y= 4)y:\/2x—?x"—l
7 wl!..x 43( —9
Lai giai

1) Viet lai - y=v/x - 2vx@i|~J(x~n*2\£’7+1—-ﬂ—7;7) =1x =111

Ham s6 xac dinh khi vachi ki x - 1>0 << x>1.
Vay ham s6 ¢6 tap xac dinh 1a 3={1; +x)
2) Ham s6 xac dinh khi va chi khi Ix-2H3x—x"-1>0

[[x>2 [[x>2 [ (x >2
1 <
x> +4x-320 ll—(x—2)2 >0 x-2<1
&5 &> Pt
x<?2 x<2 {x<2
LL~—x2+2x+l20 ﬁl—(x—l)220 Ix -1l V2
[2<x<3 '
<D o l—ﬁs:sl
—\E$1<2

Vay ham s5 c6 tap xic dinh I 3={1—/2;3)
3) Ham s& xac dinh khi va chi khi 12x — 4x- 9> 0 <> -(2x — 3)>0
<> x€@ Viy ham s0 y= :
Vi2x —4x2 -9
4) Ham s6 xic dinh khi vachi khi 2x - 3x° - 120 & 2x'— (x - 1)’>0

<> xe@. Vay ham sm'i)rzwhx—:h’2 —1 khéng ton tai.

khong ton tai.

Thidu 4

Ix+2

2

Tim tap xic dinh ciia ham s6 - y=_[2x” +4x + 5+ >
X" —Xx+

Lo giai
3x+2

Ham s6 xic dinh khi vachikhi & 2x*+4x+5+——— 20
x2 —x+2

3x+2 3(x2—x+2)+3x+2

QZ(X+I)Z+(3+T~—-—) >0 2Ax + 1)+ 2

X" —x+2 X“—x+2

2
<> Ax+1)+ = 36 >0 < xeR.

(=3)

Vay ham s6 da cho o6 tp xac dinh 1a R.




Thidu5
Tim m dé méi ham s6 sau xdc dinh trén 3 = (1; 3] :

l >
a)y= - b)y =V3+2imix - m’x’
X —2m - ‘ N
Ltiglil
a) Ta c6 x—2m=0 <> x=2m. Bai vay : 3 la tdp xdc dinh cua ham s6
2m<I 1 3
< 2me(l; 3] © <> m< — hodcm> —.
2Zm>3 2 ’ 2
b) Tacé 3+ 2Imix —m’x’20 <> 4 —(lmkx - 1)>0 < (Imix- 1)y <2
< 2<lmix - 11<2 -1 <imlx<3 (1
Triuong hop I'm=0tacéo (1) <> -1 <0x <3 < xeR
=> m =0 la mét gia tri phai tim. (2)
3
Tricomg hop2 - m#0 taco (1) & —~~}~—Sx$ — .
iml Iml

1 ] . 3
[)0—|———|<I,Vm # () nén ham so6 xic dinh trén 3 < i~~-~-|4>3<.:>0¢lm|' 1.03)
m m

Tir (2), (3) suy ra gia tri phai timcuam lalml < |

Thi du 6

2
Tim m dé ham 56y=Jx2 —(m+2)x+l-——'%- c6 tap xic dinh la R

2 2
Tacé x’~(m+2)x + 1 - _'3__=( m+2) B m(mz+22

: 2
Ham s6 xdc dinh trén R khi va chi khi x’— (m + 2)x + | - -"i—— >0, xek.

N m(m +2) <0 mm+2)<0m+1)Y<1Iom+ <]

> -1<m+1<1¢> -2<m<0.Vay gii tri phai timciam la -2 <m <0.

Bai todn 2. Khao sat su bién thién cua ham so

1.

Dinh nghia
Cho ham s6 y = f(x) xac dinh trén khoang (a; b)c R
o Ham s6 f(x) goi la dong bién (hay tang) trén khodng (a; b) néw voi ma x,; va

X, thuoc (a; b) : x,<x, = f(x,) < f(x,).

e Ham s6 f(x) goi la nghich bién (hay giam) trén khodng (a; b) néu vaimwi x,

va x, thuoc (a; b) : x,< x5, = f(x,) > f(x,).

8




Chu y 1 : Co nhimg ham so khong dong bién, cing khong nghich bién trén khoing
(a; b). Ta got no 13 ham sé khaong doi trén khoiang ay.

f(x,)-f(x))

Chay 2:Rorang "x <x. > fix <fix)" <> > ().

X*. - Xl

f(x, f
X <x, > f(x >HxL)" <> a0 < 0.
X5 ~x,
Ban vay -
_ , f(x,)-f
* f(x) dong bién trén (a; b) <> Vx,. x-e(a; b) : x, # x-, ( *) ”(}J) >0
f(x,)—f(x,)

* f(x) nghich bién trén (a; b) <> Vx,, x.e(a;b) : x, # x5, ———" <0
Xy = Ky

2. Dang di¢u cua do thi cua ham so dong bién, nghich bién

*) Néu ham so dong bien trén trén khoanyg (a; b) do thi cua né la mot dicomyg lién
net di lén (ké ur trai sang phai).

¥) Néu ham so nghich bién wwen trén khoang (a,; b) do thi ciua né la mor dieomy
lién ner di xnong (k€ ur trai sang phai).

*) D6 thi ham khong dor 1a duomg thang song song véi truc hoanh.

3. Khao sat su bién thién cua ham so

Khao sat su bién thién cua ham so lia chi ra ham so dong bién trén khoang nao,
nghich bién trén khoang nao, khéng déi trén khoang nao, trong khoang xic dinh.

Dai vai ham s6 cho bang biéu thic, viéc khio sat su bién thién co thé trinh bay
theo hai cich sau :

Cach | - Dua vao dinh nghia

Cach 2 - Dua vao chi v 2 o trén

Thudmg két qua khao sit duoc ghi lai bang cich lap bang goi 1a hdng hién thién

i ham so.

’A'l‘hiih—;‘l o B
Khio sit sy thién ciia ham 36 y=f(x)=2x+ Vx
Lai giai
Tap xac dinh - 3=[0; +o).
Vai moi x;, x-€ D: X, #x. 1aco :

f(x.)—f(x,)=2x.x, HJ_ f 2(x+-X, )4+ -

\[x rJx,

o) -fxy) 1

=> f(x)=2x+Jx Ia ham s& dfmg bién trén 2.

9



"Thidu8 ‘
Khao sit su bién thién cia haim s6 : y = f(x) =7 - 5x + 3x" - x'

Lai giai
Tap xac dinh R.
Vai moi x,, x,eR: x,#x,taco :
f(x,) = f(x,) = ~5(x:— x,) + 3(x; = ;) = (x;-x})

=(x,- x5 + 3(x,+ x,) - (x§ + X,X, + X ,3 )]
= m-;-(xz X143 +x; +(x,+x,-3)7]

e SEDZ) ket 370

Xy =Xy

f —f
< &L—«(ﬂl@ véil moi X, X-€R : x;#x,
X-,—Xl

-

—> Ham s6 nghich bién trén R.

Thidu 9

Ko skt sy b thites clia i 98 y=fixp= =T

(1)
x—1

Vit lai (1) < f(x)=5:—l—:;2— o f(x)=l+-—l—-l— )
X - X -

Tap xic dinh @=(—o0; 1N A(1;+w)

. 1
Véi moi x,, Xx-€D: x,# x,tacéd f(x.)f(x,) = -
x, =1 x, -1

X; — X, - f(xz)—f(x|)= ..
(x, —I)x,—1) X, — X, (x, —(x; —1)

o f(x,)-f(x,)=

X2‘"

<0
e V& moi x,, x,€(—o; 1) :>{ <0:::> (x,—1)(x,—1)>0

Xy -~
-1 <0 f(xz)“f(x|)<

(x, —IXx, 1) Xy — X,
=> f(x) nghich bién trén khoang (—o; 1)

0

. . X2“' >0
e Véi moi x,, x,€(1; +o0) = =2>x-I)x,-1N>0
xz‘“ >0
= -~ <0 LS o) <0
(xy = IXx, — 1) Xy — X,

=> f(x) nghich bién trén khoang (1; +)
Vay ham s8 luon nghich bién trén rimg khoang xac dinh cua né.

10



Bai toan 3. Tinh chan—Ié cua ham so
1) binh nghia

Cho ham so y = f(x) xac dinh trén 2
-x €D
f(—x)=f(x)
-x €D
f(—x)=~f(x)

o f(x) goi 1a ham s6 chan néu véi moi xe 3 ta ¢o {
o {(x) got 1a him s6 1é néu véi moi xe D ta co {

Chu y 1 Co nhimg ham s6 khong chan, cang khong lé.
2) Dang di¢u cua do thi cua ham so chan, ham so lé.
DINH LY -

“Ham so chan thi 6 do thi nhan truc tung lam true doi vimg.
Y Ham so'le thi ¢o do thi nhan ¢oc toa doé lam tam doi ximg.

Thi du 10
Xét tinh chan 1é cia méi ham so sau :

ay=fo=x'+1, b y=f0)=vi+x —VI-x o)y=\I+x

Loi giai
a) Tap xic dinh R.
R& rang v6i moi xeR tacé —xcR va f(-x) = (-x)'+ 1 =x*+ | =f(x)
=> y=f(x) la ham sé chan.
b) Tap xdc dinh D=[-1; 1].
R6 ring véi moi xed tacé —xed va f(-x)= Jl=x ~«JL+x =—f(x)
=y =f(x) la ham s6 l¢.
¢) Tap xdc dinh B=|--1; +o).
Ta c6 x,=2€D nhung —x,=-2¢ > = y=f(x) ham s6 khong chan, ciing khong lé.

Thidu 11
Xét tinh chidn-1é va su bién thién ciia méi ham s6 sau :
Ca)y =f(x) =x"+x, b)y=f(x)=x>+1

A Lai giai
a) Tap xdc dinh R
R6 ring v6i moi xeD ta cé —xeD va f(—x)=(-x)"-3(-x) =—f(x)
=y = f(x) 1a ham sé I¢.
V& moi x,, x.€R: x,#x, tacé :
f(x.) - f(x,)*—*—(x';l x':)+(x2fx|)=(x3—X,)(x§+X3x,+ x|2+ 1)
f(x,)—f(x))
:‘:3 ————— e
X) “Xl

“

2 2
=X+ XX+ X, +

11



f(x,)-f(x;) 1
EY— T fe =
Xy — Xy
=> Ham s6 dong bién trén R.
(Do thi nhin truc goc toa do O lam tdm d6i ximg. Dang diéu doé thi nhu hinh 2.1).

2
I(x, +x3)2 +xf+x3+2| >0

O X
Hinh 2.1 Hinh 2.2
b) Tap xac dinh R
R& rang vt moi xe D ta c6 —xe€D va f(—x)=(-x) +1=f(x)
= y=f(x) la ham s6 chan.
Vaéi moi x,, x.eR: x;#x,taco:

f(xz)—f({(_,z:

f(x:)—f(x,)z(xi—xf)z(x:—x,)(xﬁ X,) = = —“x_l X>+X,
V@i moi x,, x,e(—; 0) ta cé x, + x,<0 :ngf—):{(—x’—) <0

=> f(x) nghich bién trén khoiang (—oo; 0) S

V@i moi x,, x,€(0; +0)tacé x,+x,>0 = fxp) ~flx) >0

= f(x) dong bién trén khoang (0; +w)
(D6 thi nhan truc Oy lam truc déi ximg. Ding diéu do6 thi nhu hinh 2.2).

Thi du 12

Xic dinh m dé dé thi haim s6 y = f(x) = mx + (m - l)x3+2\/;&‘2 —1 ¢é truw déi
xing 1a Oy.

-----

e Di¢u kién can : Tacé (1) =2m - I, f(-1) = - 1. Diéu kién cin dé f(x) a ham
sochainlaf(D=f(-) o 2m-1=-1<>m=0.

e Diéu kién du : V&i m = 0, ham s6 trd thanh 'y = f(x) = —x*+2Vx? — 1

Tap xac dinh : D=(-m; - 1) U (1; +>)

R6 rang véi moi xe D = —xe va f(—x) = f(x) => y = f(x) la ham s6 char

=> D6 thi nhan Oy lam truc déi ximg.

Vay m = 0 | gid tri duy nhit thoa man yéu ciu bai toin.

12



Thidu 13
Cho f(x) la ham so ¢6 tap xic dinh trén 3 thod man xc 3 thi —xe D
Chimg minh rang
a) Ton tar cic ham so h(x) 1a him s6 chan, g(x) la ham s6 le sao cho
f(x) = h(x) + g(x).
b) Cich phan tich f(x) = h(x) + g(x) o cau a) la duy nhat.

Lo giai

a) Vamoi f(x)tuc():f(x)— [f(x)+f( x)|+ 1f(x) - f(—x)] .

Goi h(x |f(x)+f( x)], g(x)——[ﬁﬂ A x)]

Dé dang thdy h(x) 1a ham chan. con g(x) 1a ham I¢ va f(x) = h(x) + g(x) (dpem)
b) Gia sirco cap h'(x), g'(x) thoa man yéu cau bai toin, tie 1a f(x) = h'(x) + g'(x)
trong do h'(x) chan, g'(x) le.

Taco f(-x)=h'( x) + g'(-x)=h'(x)  g(x).

, |
| R(x) Fgi(x) = f(x) hi{x) = 2[f{x)+f(x)]
Xét he " ' ; &5 1,

(x) - g(x) - 1( — x) £'(x) f(x) f( x)]

h'(x) = h(x) . o . . .
=2h . Viy cich phan tich né1 ¢ cau a) la duy nhat (dpcem).
g (x) L(X)
Ih| du I4

Cho a, b 1a cac so thue cho trude. Xic dinh tat ca cic ham soé f(x) thoa man moi
mot tinh chit sau day :

1) f(a - x) = f(x), véi mo1 xeR.
__f?_)__fg_d x) + f(x) = b, vdi moi xcR.

lmgm
bat x- 1, tc R suy ra Izg X Va a-x= ; +t. Taco
l)f(a--x):f(x). VxeR <> f[; +1]= {; —-1],V16R (*)

st afi= 12 4
bat g(l)*f[q bt

—

khi do (*) <> g(H)=g(- ), VteR <> g(t) la ham s6 chan trén R.

-~
-

Viy f(x)= g[x voi g(x) 1a mot ham s6 chan tuy y xac dinh trén R.

r |

H

NDf(a x)+Hf(x) =b, VxcR ¢» f{:»ft] h:h

a
2 +:} |
2

s /

t|, Vte R. (**)

bat h(t)=f khi d6 (¥*) <> h(t)=—h(-1), VtcR <> h(t) la ham s6 Ié trén R.

r | T

13



Vay f(x)= h[x - ;] + 5 vai g(x) 1a mot ham s6 chan tuy y xic dinh trén R.

Bai todn 4. Sé dé thi di qua mét diém
Bai toan
Cho ho d6 thi (€,, ) : y=f(m, x) phu thuéc tham s6 m.

Tim quy tich nhimg diém trong mat phang toa dé c6 ding k d6 thi cua ho (¢ ,,)
di qua.

CACH GIAI
e Goi M(x,; y,) 1a mét diém bat ky trong mat phang.
Xem vy, =f(m; x,) (*) la phuong trinh véi 4n 1a m.
R& rang s6 nghiém cua phuong trinh (*) bang diing s6 dé thi cia ho (¢ ) di
qua diém M.
e M la diém c6 diing k dé thi ciia ho (¢, ) di qua khi va chi khi phuong tnnh (¥)
c6 diing k nghiém phan biét.
Dac biét :
+ Phuong trinh (*) nghiém ding Vm, khi d6 diém M dugc goi la dém ¢
dinh cua ho do thi (€ ,).
+ Phuong trinh (*) vo nghiém, khi dé diém M dugc goi 1a diém trdamh hay 1a
diém khong bao gio di qua) ctha ho dé thi (€,,)

1. Diém cd dinh cua ho dé thi
Thidu 15 —_——
Thiws didinr 6 dinih cia o 86 thi (€, Jry=S T X2 G ey -
X—m

Loi giai
Diéu kién x#m

Vietlai (1) = xX’+mx-2=y(x -m) & (x+y)m+x" - xy - 2 =0 (2)
e (x; y) 12 diém c6 dinh ciia ho (¢, ) <> Phuong trinh (2) nghiém véi morm
- =0 _—— o ]; = ]
xﬂf»y - Y‘ % (x =Ly )
X" —xy—-2=0 X" =1 (x =—Ly=1)

PDéy:m#x > m#+l
Viy khi m thay déi, m # +1, ho dé thi (¢, ) luon di qua hai diém ¢> dinh
A(l; =D vaB-1: 1)
Ban can biét thém : Khim = 1, do thi (€, ) di qua B, khong di qua A.
Khim = —1,d6 thi (€_,) di qua A, khong di qua B.
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Thi du 16 o }

Tim diém ¢6 dinh cua ho do thi (¢, ) - y = X'+ (m+Imhx’ 4x  4(m +Iml) j

e iy

Loi giai
Tap xac dinh R.
Datt=(m +Imh), ham so trdthainhy = x '+ 1x” 4x 4

y=(x - MMAXT A (X -A+x Ax-y=0 (1)
e (x: y) ladiém cé dinh cia (¢, ) <> Phuong trinh (1) nghiém Vi

. . . IXK-4=0 [(x — 2y ~0)
<> (x.y) la nghiém cua { &> |

X —4x-y=0 l(x = 2.y = 0)
Vay khi m thay dé1, ho do thi (¢,,) luon di qua 2 diém <6 dinh 13 A(2; 0) va
B(-2; 0).
1r Thidu 17

Chohoddthi(€¢ ):y=(m+2)x  2(m Hx 15 (N
a) Tim diém ¢6 dinh cta ho do thi .
_ b) Vit phuong trinh duomg thang di qua cic diém c6 dinh dy. J

Loi giai
a) Tap xac dinh R.
Victlai (1)<> mx(x - 2)+2x +8x - 15-y=0
Toa dé diém cé dinh li nghiém ctia hé :
x(x -2)=0 x(x —2)=0
{ . <>
12x" +8 - 15-y =0 xx —2)+12x —15-y=0
x = Ohoacx - 2 (x =0y=-195)
&3 )
y=12x - 15 (2) (x=2y=9)

Vay 1ap hop cic diém ¢o dinh cda ho (€,) gom hai diém la A(0; - 15) va
B(2; 9).
b)Toa do hai diém A va B déu la nghiém cia phuong trinh (2) nén phuong trinh
(2) 1 y=12x 15 1a phuong trinh dudmg thang phai tim.

<=2

. binh
(X Yo) nghiem y =fim, x,) (¥) var moi m suy ra (x,. y,) at nghiém (¥) vai nhitmg
gid 1T riéng cita m.
Dé 1a co so dé ta trinh bavy o1 gidi bai toan theo theo diéu kién can va du nie sau .
® Dicu kien can -y =(m+2)x° 2(m  4)x 15
+khim = -2, phuong trinh (1) trdthanh y = 12x - 15
+ Khim = 1, phuong trinh (1) rto thanh y = x" + 10x - 15.

12x 1S y=12x-15  [y=12x-15
| <2 <>
’

Tacohe .
y x +10x

X~ —2x =0 x=0vx=-2

15



l(x 0y 15)
<>
l(x= 2y = 9)
e Diéu kién du - Thay (x=0; y= 15) s€ c6 (1) <> 0.m=0. ding Vm
Tuong tu cap (x=1; y=9) cung nghi¢m phuong trinh (1) Vm.
Vay (0; -15) va (2: 9) 12 hai diém c6 dinh duy nhit caa ho (€, ).

Thi du 1% -
Chimg minh dé thi ham s6 sau c6 3 diém c6 dinh thiang hang
(€,):y=(m+Dx’ 3(m+1)x’ - 6(m Dx+8m. LY

Loi giai
Viét lai (1) ¢>m(x’ 3x" 6x+84x' 3x"+6x y=0

x' 3x  6x+8 0O

Toa do diém co dinh 1a nghiém cia hé | .
. X 3x t6x vy 0

Ll exis 0 o l(x IXx i 2¢x 4) 0 (2)
(x' 3x 6x+8)+12x- 8 y -0 y I2x 8 3

Thiy rang hé (2), (3) ¢6 3 nghiém phin biét, img vaéi x=1, x= 2. x=4.

> Ho dé thi ¢6 3 diém co dinh (4)

Phuong trinh (2) chimg 16 ca 3 diém c6 dinh 3y déu thuéc duimg thing

y=12x §. (5)

Tir (4). (5) két luan khi m thay déi, ho dé thi (¢, ) luén c6 3 diém cb dinh thang
hang. (dpcm)

2. Diém trénh cta ho dé thi
5 . & mx —
Tim diém tranh chahodothi(H, ) y= ——— (n
Lai giai
Victlan(l) >mx 4=y(x m)<>(x+ym=4+xy (2)

K(x: y) 1a diém tranh coa ho dé thy (4,) khi va chi khi phumg trinh (2) vo
fy 0 =X —_—

V3 <> : . e P )

44 xy=0 4 x =0

Vay tap hop cic diém diém tranh cia ho d6 thi (_%,) 1a phin con lai dwmg thang

(A) y=" x sau khi da bo di hai diém A(- 2;2), B(2; 2)

nghi¢m doi voim <>
x g B

Thidu 20"
Tim trén truc hoanh cic diém tranh cia ho parabol
| (P)y=(m 2);“ Cm 1hx  3m+5). h

m

-
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Lok giai
Vietlai () <> y=m(x 2x 3) 2x’+1lIx 15
Goi K(a: 0) Iy mot diém trén true Ox. K 1a la diém tranh cia ho parabol (#,) <>
Phuong trinh m(a~ 2a 3) 2a’+lla 15 20 voi moim
a 2a 30 (aa t Ia - 3) 0O

&5 &% <>a+*l=0<>a l.
2a Hlat 1520 (i 3INS 2ay-0

Viy K=( 1, 0) ladiem trdnh duy nhat cua ho parabol (#,) trén truc Ox.
Thi du 21 (D59)

o 4 2 +(m - 2)x
Tim diém tranh caahodothi (4 ) cy= — —
x—1

s . R SR PR s ol e it e i

l,m giai
N | 9
X¢ét phuong trinh y= = *_“f'!_ i voi an lam. (n
x -
Kix; y) la diém tranh cia ho do thi (H,,) khi va chi khi phuong trinh (1) vo
nghi¢m doi voi m.

Trieong hop 1 - Phuong trinh (1) vo nghiém <> x - 1=0 <> x=1 s

= Pudmg thang (A,) : x=1 1a mét tap hop cin tim cua K. (2)

Trieong hop 2 - x 120 <> x£1.

Vit ki (1) > y(x-1 )=2X"+H(m—2)x <> mx42x  2x y(x-1)=0 3)
. _ x=0 x =0

Phueng trinh (3) vo nghiém <> . <>

2x - 2x yix - 1H)H=0 y~0
<> Puomg thang (A.) : x=0 trir goc toa do ((0; 0) 1a mot tap hop cin tim cua K. (4)
T (2), (4) ket luan : Tap hop cac diém diém tranh cua ho dé thi (_4,) 1a duong
|h;"mg (A)) va (AY) trir diém O(0; 0).

BAI TAP

Bai 1. Tim tap x:ic dinh cua moi him sé sau -
v 2x + 1 2x +3
Py= < Z)y::\/.?ix, Ny=—7—-, Ay=—j=====
X+ 1 X -x+3 \ﬁ) 4x°

Bai 3. Tim tap xic dinh cta moi ham sé sau :

o i

y= \/Hx -"’xii 2) yz‘lf

x -4
+ 2x vx -9
3) y=-, ' h y= - ——
x* x4l Ix-21-x+2

Bai 4. Tim tip xic dinh cua moi ham s sau :

Dy=yx + 20 Jx 1 1. 2)v—\ﬁx~||mw4x o

| :
3) y=-

5; 17



>

Bai 5. Tim tap x4c dinh cia ham s6 f(x)=-—; M. -
Ix’ +2x 3H3 2x X

Bai 6. Tim tap xic dinh ciia ham s6 : y=_[3x~ — 2x 3
x? 3x %3
Bai 7. Tim m dé méi ham s6 sau déu xic dinh trén D=[1; 2) :
I e
a) y=———, b) y= mex -mXx -5
X +3m

i o i GaE men . e o i 1
Bai 8. Khao sit su bién thién cia ham so y=f(x)= -
x

Bai 9. Xét tinh chin-1¢é va su bi€n thién ciia méi ham sé sau :

a) y=f(x)= ; b) y=f(x)= Nnx- J“ 1+ x
—x

Bai 10. Xac dinh m dé dé thi ham s6 y=f(x)=x"+(m" - )x’+ m - | ¢6 1am dai
ximg la goc toa do.
Bai 11. Nhimg diém nao trén duong thing x=1 L diém tranh cta do thi
3 i _ )
:(Mnlil)x m +m ®67)

X +m
Bai 12. Tim trén (®) : y=x" cac diém trinh cua do thi
y=2x"-3(m+3)x"+ 18mx - 8 (D28)

§2 HAM SO BAC HAI
I.KIEN THUC CO BAN
1. Dinh nghia
Ham s6 bac hai lq ham 56 ¢6 dang y=ax +bx+c trong dé a, b, ¢ la cdc hang so

va a 0.

2. Do thi ham s y=ax’+bx+c.
Viét lai y=ax"+ bx + ¢ = a[x +—| ——
2a

> Ham s6 codang y = a(x — p) +q

b A
vlip=——.,g=——
2a 4a

Ro6 rang ta sé thu dugc do thi (P) -
y = a(x - p) + ¢ bang cich tinh tién
dé thi parabol (®)) : v ax” lién tiép hai
lan nhu sau :

— Lan 1: Tinh tién (#,) sang phai p
don vi néu p>0, sang trii Ipl don vi 0
néu p <0 s€ c6 do thi () : y=alx p)

18
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[dn 2 2 Tinh tién (@) 1én trén g don vi néu q > 0, xuong dudi Igl dom vi néu
q<Osc codothi(P:y=a(x p) +phaylay=ax +bx +c.
bicu nay khang dinh :
“® DO thi (# cia ham s6 y=ax +bx+c 1a mot duong parabol giong hét parabol

(P -y ax, codinh I( » ). truc doi ximg x= —— va bé¢ lom huong lén
2a  4a 2a
tren khr a>0. xuong dud khi a < 0. (*)

3 Su bién thién cua ham s y=ax*+bx+c
Tir do thi cua ham bac hai. ta suy ra bang bién thién sau:

k b
a>0 | x - ';,,l WO
o } LBt i ‘ )
E 4o >
! y
{ A
| A "
R B B _4a e e
] b v
a<0 | x 7a
_ _ :5—_ _ o
¥ 4a
y
40 + 00

; , . (o ; b P s o
o Khi a > 0, ham so nghich hién trén khodng (--00;—2—'). dong bién trén
a

- - x;]r[: co gia tri nho nhat la — —— khi x=——.
2a

khodanyg
4a 2a

e Khi a > 0, ham sé dong bién trén khodng (—o0;— —7") nghich bién trén

ha

. gy T . b
khoang — 14+ oc| va co gid tri lon nhat la — — khi x=— —.

2a 4a 2a

Cha y 1. Cich vé parabol

& Xic dinh dinh parabol

e Xac dinh truc déi ximg va hudng bé 16m cia parabol.

e Xic dinh mot s6 diém cu thé cua parabol (ching han, giao cta parabol vdi cic
truc toa do va cac diém déi ximg vai ching qua truc doi leg
Chu y 2. Ban dé dang kiém nghiém cic két qua sau :

e Phuong trinh parabol ¢6 dinh dat trén dudmg thing y=f ¢6 dang
f(x)=m(x a)y+ (m#0) h.4.1)
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%{z’a 5[{1:
Phuong trinh parabol c6 dinh dat tai I(a; B) cé dang
f(x) = m(x—a)+f (m=z0) (h.4.1)
e Phuong trinh parabol di qua hai diém A(x, ; y.). B((xs: yg) thuoc duomg thang
y = px + q c6 dang
f(x) = m(x — x,))(x — xg) + px + q (m=0) (h.4.2)
%55 5(11:

Phuong trinh parabol di qua hai diém c6 tung d6 bing nhau : A(a; v). B((B; v) ¢6
dang
f(x) =m(x — a)(x - B) + y (m=0) (h. 4.3)

ty v - P

\ | \Q\/

\
?

<
*2

- - - -

Rl
”

’ s
O A Ol B X a |O i
Hinh 4.1 Hinh 4.2 Hinh 4 3
Bai toan 1. Khao sit su bién thién va vé do thi ham sé
y = ax*+ bx + c.
Thi du 1 B - ]
Khio sdt va vé do thi him s6 y = x’ - 3x - 4. - S ]
Loi giai
e Tap xac dinh R
e Su bién thién :
b A 25 o :
Tacoa=1>0, —— ::2, ~—=——_Vaydothihaimsdy=x -3x - 4 ]a
2a 2 4a 4

> 3 25 ; 3 _—
parabol c6 dinh I(E;—r—z) , nhan dudng thang x= 5 lam tim d6i xumg va bé lo6m

hudng 1én trén.

Suy ra : Ham s6 nghich bién trén khoang (—oo; %]dﬁng bién trén khoang



Bang bicn thién

X

S T

; y L2 /

e 2! .3
Gia tnn nho nhit bang - i dat duoc khi x:;2 ;

e Do thi
Mot s6 diém khac thuoc dé thi

S B T Y

"Néi” cac diém do lai ta duoc parabol nhu hinh dudi

day (h. 5)

Khao sit va vé do thi ham so y = F(x) =

4
0
4
pad
|
r >
-1 ' 4 X
]
]
4\
1]
B B
4 |
Hinh §

3 1
—X+—.nfux<——
2 2

b 5 l
=2X" 4+ X +3,néux > -5

LA giai

3 .
e Xéthaimso f(x) = -x + £ trén khoang

re

o

D6 13 ham s6 bac nhat co a = -1 <0 = y=f,(x) nghich bién trén @,.

Tai x=- 1 f(—l
) 2 2

e

D6 thi 13 duomg thang di qua hai diém A

=2. Tai xz-3 f[3 =0
! '3

f

o]

o

b 3 M !
e Xét ham s6 f.(x)=—2x"+x+ 5 trén khoang fD{.r-[— i;+ 'x;]

e




Taco a= 2<0,
2a

b S

25 e - 3
x-.szny do thi ham so f.(x) = 2x 4 x ¢

L

. 25 . 1 . .
la parabol c6 dinh l[:l 8]' nhan duong thang x= 4 lam tam dé1 ximg va bé lom

hudng xudng duéi.

Suy ra : Ham s6 y= f.(x) déng bién trén khoang

o)

Buang bién thién

N ATAYAYAY AV AV AV A VAT AYAYAYAY,
+0 gl
2
—an
NS S S S SN YL ‘ e ;

Do thi (h. 7)

Trén hinh ve :

o Nét lién— dam la do
thi ham 56y = F(x)

"o Nét dir—mdanh

la phan cua y = f,(x)
va y = fy(x) khong thuéc
dé thi y=F(x).

Loi gidi dé lai vét phdn
nay dé ban dé theo déi.

' ;; ;] , nghich bién trén khoang

f.x)= 2x’+x+3

|

-
h-—

-~ -

-

~|

Hinh 6

o

-~
3‘
> X

Chi y : Khi vé dé thi, néu khong yéu cdu hé truc toa d6 triee chuan, thi don vi do

dai trén hai truc khong nhat thiét phdi cung mét ti 1é xich.

“Thidu3

Khio sat va vé d6 thi'ham s6 F(x) = x?— 2x +V4x” —12x +9

22
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Lo giai

Vigtlai (1) <>F(x)=x" 2x+J(2x-3) ¢> y=x" - 2x +12x - 3

) 3

X Ix ,‘».néuvf;’

<> KF(x)= -
) B 3
X - 3.nfux> :

® X¢t parabol (#) : f(x) = x  4x+3con -0 dinh 1,(2; 1) khong thuoc

Chod ( 3!,]“ 3”;“3
'Uﬂllgl*\; -!. ;_1|x:~. gxt——"_-
2 1

2]
Suy ra : Bé lom cua (@) humng lén rén, ham s6 f,(x) nghich bién trén khoang
( 3
by
L2
e Nét parabol (#) : [(x)=x"+3 c& a=1>0, dinh 1,(0; 3) khong thuéc khoang
{ 3 }
1=+
{2
Suy ra : Bé 1om cua (@) huong Ién trén, ham s6 f,(x) dong bién trén khoang
‘3 I
Rl 236 &
2
e BRing bicn thién
e e ey st S "
X —a0 <= +a0
N ) 2
e | NAARAAARARARA AR
fi(x) T, AT Ao
P WWWMMM
L) ARSI AR /
[ +00
F(x)
.
S i - S

e 16 thi : Ta lap bang toa dé cua (®,) va (®.) dé vé chinh xdc do thi hon.

X | 3 3 3
(031) - s = -
| y=f,(x) 0 —:‘} —41 0
@l BT[]
| y=h(x) 0 | 213|223 0




Trén hinh ve (h. 7):

A |
e Nét lién— dam la .
do thi ham sé y=F{(x) - ®)
e Nét dit—manh la :'
phan clia( @) ' @)
(@) khong thuoe do '-‘ /
thi y=F(x). '. /
Loi giai khong vod J’"‘\ A /
. 5l o = — t 2 o) 3/
vél phan nay dé ban dé 3\‘ L e ‘}’ X o
theo doi Vo \/ Fi
SO B B
\\~ "l
-3
Hinh 7
Bai toan 2. Viét phuong trimh parabol
Thidu 4 o -

Viét phuong trinh parabol (#), biét rang (® di qua ba diém A(0; 2), Bi( - 1; 7),
C; 1)

- -

Phuong trinh parabol (#) c6 dang f{x)=ax"+bx+c,(a#0)

(n
e (@ di qua ba diém A, B, C <> Toa d6 cic di€ém iy thoa man phuong: tinh (1),
a0+b0+c=2 c =2

cz 2
tic Ia {a(— 1) + b~ +c=7 <>{a—-b=5 <> {b=—3(thich hop). Thay vao
al.+b.l+c=1 at+b=-1 az?
(1) ta c6 phuong trinh cia (# a f(x) = 2x” - 3x + 2.
Thidu 5

Viét phuong trinh parabol (@ : f(x)=ax"+bx+c di qua ba diém
A(©; 1), B(1; - 1), Q-1 1)

Dy :y, = ys= 1= Phumg trinh (® c6é dang f(x)=m(x—x,)(X xz)*y, hay

f(x)=m(x—-0)x—1)-1 <> fix)=mx(x—1)-1

(1
Diém Ce(P (- 1)=1 o 2m-1=1 <> m = 1. Thay vao (1) cé f(x)=xx- 1)1

<> f(x)=x"-x—1. D6 la phuong trinh parabol can tim.

24
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1) Lai grai trén dua vao chi v 2 nong muc 18§82 o trén. Tat nhién bai toin van co
lisi giat theo "1 mon™ nhu Thi du 4. Cic ban theo doi cac thi du tiep theo dé tiép
can vaa ky thudt vict phuong trinh parabol bang “phuong phap chum™.

2y Noi dung “Vier phucome trinh parabol bane phicomyg phap chim™ da dang ta
tén cac an pham

* Tap chi Toan hoc vii Tuot tre, s6 262 thing 4 nam 1999,

* Chuyén dé nang cao toan Dai so va Gian tich THPT, Nhi xuat ban DHSP,
tac mia Pham Quoc Phong.
{ Thidu 6
1 Vit phuong trinh parabol (#) ¢6 dinh dat tai 102: 9) va (@ di qua diem A(1: 4).

Lai giai

Cadcl: 12 Phuong trinh parabol (@) co dang f(x) = ax +bx +c,(a s 0) (h
e Tu g thiet suy ra ¢
~ h 5]
2a b d4a b da b4
f(2) =5 <> {4a+2b+c=5 <> jc 4a=5 <> {a |
ftly -4 atbic 4 c-Xa-4 Gsn ]

(thich hop). Thay vio (1) ta co phuong trinh cua (@) la f(x) = X +4x + 1.
Cach 2 : Phuong trinh parabol (@ co dinh dat tan I(2; 5) 1a f(x)=m(x-2)'+5. (2)
(# di qua di¢m A(1; 4) <> Toa do diém A thoi min phuong trinh (1)
o>m(l 2y +5=4¢>m=-1.
Thay m = | vio (1) ta o phuong trinh cua (@ 1a f(x) = A+ L
[ Thi du 7 ;
Tim ham so f(x)= ax”™ + bx + ¢ biét rang ham s6 dat cuc tri bang | vi do thi la
() di qua hai diém A(2; 0). B( _3: 8).

Lisi giai

Cuach | -
Ham so6 ¢ —uc tri bang 1 v do thi A(2; 0), B( 2; -8) khi va chi khi
. ,
4a 4ac b - 4a dac 4-—4a a—-]=a
f(2)=-0 ¢<>{4a42btc -0 <> {d4atc 4 ¢>{c— Ma+l)
f(-2) -8 4a 2bjc-— -8 b2 b=72

~4a(a +1)—1 =a da +5a+1=0 (a—- Lb=2.¢c0)
<>{c= 4da il <>{c-Ha+ 1 &5 !
b-2 b2 g



Vay cic ham s6 can tim 1a: f(x) = x"+ 2x; f(x)= J‘ x'+2x - 3.

Cach 2 :

e Ham s6 dat cuc tri bing 1 <> Dé thi (@) ctia né ¢6 dinh dit irén duomg thang
y=1 <> Phuong trinh parabol cé dang f(x) =m(x - a)’+ 1, m # 0 (1

e (@ di qua hai diém A(2; 0), B(-2; -8) <> Toa dé diém A, B thoa man phuomg

2—a) +1=0 2-a) =—1
T T i )
m(-2—-a) +1=-8 m(-2-a) =-9
= (2+a)=9(2-a) < (2+a)-9(2-a)’=0
e I
& [24a-32-)] [2+a+3(2-a)|=0 <> d(a-1)2(4-a)=0 <> | | E

a=

'Thay (3) Vflo (2) : Vé“] a=1 Cém s “I,V(‘Yi o= 4(:(‘, m= - (4)

1
1
e Thay (4) vao (3) :
*Voi(a=lm=-1)co f(x)=—(x-1V+1 & f(x)=—x"+2x.

*Vaéi (a=4;m=—-~z§-)c6f(x)=—i—(x ~ 4y + 1 @f(x)zfv}lx# 2%~ 3,

- > b ‘ -
Vay cic ham s6 can tim 1a : f(x)=—x"42x; f(x)=— Z X +2x-3.

Thidu 8
Viét phuong trinh parabol (@ c6 dinh 12 A(l; -2) va (® chin trén dudng thimg
(D) : y=x+1 mot day cung MN=+/34 (don vi dai).

Loi giai
e Phuong trinh chim parabol ditith
A(l; -2)1a(®): y=m(x-1 )’ -2 (m#0) (1)
e Phuong trinh hoanh do giao diém cia (#)va ()
1a m(x—1)’-2=x+1

S m-Cm+1D)x-3+m=0 2)
A=16m+1; A>0 c>m>—;l~6- (3)

Vé 0#m >-——Ilg , phuong trinh (2) c6 hai nghi€m

Hinh 8

phan biét x,, x,~d6 12 hoanh d6 giao diém M, N cua (®) va (D).

A

e Tir (2) suy ra (x,—x,)’=—
m

e M, Ne(D) = y,—y=(X,+ 1)+ 1)=X,—X5 = (X,—X,) (Y, ~Y>) =2X,-X,)
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; A M= A ; I
>MN =2 ¢ =3 <> l7m 16m =0 <¢o>im=1:m= }
m- m 17
(thich hop dk (3))
Thay cac gid tri vira tim dugce cua m vao (1), ta ¢é har phuong trinh parabol can
tim la:

(®): y=x -2x | (img voi m=1 )
| S I
(®) y=- — (x  2x+35) (img vor m= )
17 5 17
_“"du : . e e e e e e

Viét phuong trinh parabol (@), biét ring (® di qua diém A(1: 5) va luon cat
parabol (®,) : y=(m )X +x-3m+| tai cdcdmmco dinh.

Lisi gidi
® (x,; y,) la diém ¢é dinh cua (®,) <> Phuong trinh sau nghiém véi moi m :
yo=(m - 1)x S4x, 3m+l <> (x , 3)m=y,+x f, -x,— 1. Diéu dé xay ra khi va chi khi
Xz A= X, ~3=0

, &>
_\'17 { X X - l = () yn = x(v 2

> Yo = a(x f' 3) + x, ~ 2 > Phuong trinh parabol (®) cat parabol (®,) phai co
dang y=a(x 3)+x -2 (2)
e (®) di qua diém A(l; 5) <> Toa do diém A thoa man phuong trinh (1)
<> a(1’-3)+1-2=5 <> a=-3 (thich hop).
Thaya= 3vio(2)coy=-3(x"-3)+x 2<¢>y=-3x+x+7 (3)
Thay rang (1) luon ¢6 hai nghiém doi véi x, nén (3) la phuong trinh parabol
can tim.

BAI TAP
Bai 1'”. Khao sat su bién thién va vé dé thi cia méi ham sé sau :
2x -7 néu x<2

a) f(x)=1 , , b)y=Ix"+3x + 4l
X —2x—3 néu x >2

Bai 2'". Viét phuong trinh parabol qua ba diém A(-1; 3), B(3. 2). C(4, 3)
Bai 3. Tim parabol f(x)=ax +bx+2 ir(mg mai trudmg hop sau
a) di qua hai diém M(1; 5) va N(-2; 8)

b) di qua diém A(3; 4) va cé truc doi ximg la x=-—g-

.3 ; 4 <
c) di qua diém B(-1; 6) va dinh dat trén duong thang y=— i

Bai 4. Tim ham s6 f(x)=ax +bx +c biét ring him s6 nhan gm tri nho nhit bang 4 tai
x = 2 va dé thi ham sé di qua diém A(0; 6)
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Bai 5. Cho ham s6 f(x)=x"+2(m- 1 )x+m -3m+4.
a) Tim m dé ham s6 ¢6 gid tri nho nhat bing 1.
m=-1 ' m=2  m=3 khic
b) Khio sit va vé do thi khi m=2. Goi dé thi twong img [a (2.)
¢) Viét phuong trinh dudmg thiang () di qua giao diém cta (P vai Oy vi vuong

goc vai duomg thing (2') : y=- : +5

L y=x+2 L y=—x-2 y=2x+42 _ khac
Bai 6". Viét phuong trinh parabol (# c6 dinh 1a I(-1; 3) va (® chan trén duong
thing (2) : y = 2x + 1 mét day cung AB=10 (don vi dai)
Bai 7'". Viét phuong trinh parabol (), biét ring (@) cit hypebol (H#,) : y=- -
< —
tai cac diém c6 hoanh do nghiém ding phuong trinh x*— 4x° - Sx =0

Bai 8", Viél phuong trinh parabol () cé dinh dat trén duomg thang () : y:-‘f‘l va

: 2x ~1 _ B
(@) luén cat hypebol (H,,) : y= 22 pim JJEdm tai cac diéem cé6 dinh.
X —m
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Chuong 11
PHUONG TRINH BAC HAI

‘ §1. PHUONG TRINH BAC HAI

1. binh nghia
Phuong trinh bdc hai mot an la phicemg trinh c6 dang axv’ + by + ¢ =0 (1)
nongdoa, b, clacac sodachovaa #0
Bi¢u thitc A=b" dac duoc goi 1a hict thire ¢ phuomg trinh (1),
bat b = 2b" (b’ 12 mot s nao dé) thi A=4(b” - ac) .
Bicu thie A'=b"" ac duoc goi \a hict thiee thi gon ciua phuong trinh (1).
Nhu viy A= 4A".
2. Cong thic nghiém

ax’+bx+¢c=0 (2)
A=b" dac: (A'=b"—ac)

A<0 (A'<0), (2) vo nghiém.
b :
A=0 (A'=0), (2) c6 nghiém kép x, = x. = - == (hay E)
: a a
A>0 (A>0), (2) c6 hat nghiém phin biét
- b VA’ b VA
=-—-——-— |hay x : — =

xt-‘ * x;
2a & 2a

-.J&]

[hay X = =

3. Dinh ly Vi-et

a) DINH LY THUAN

Néu phuong trinh bac hai ax” + bx + ¢ = 0 ¢6 hai nghiém phan biét x,va x, thi
ching thoa man hé thiic Vie-et sau :

X, % Xy= . va x,.xgz-t-‘ (V)
a a

b) DINH LY DAO

Néu ¢6 hai s6 x,va x, thoa man cic hé thitc Vie-et (V) thi ching 1a cic nghiém
cia phuong trinh ax” + bx + ¢ = 0.

¢)HE QUA
Néu hai s6 c6 1éng 12 S va tich 1a P thi chiing 1a nghiém ciia phuong trinh:
x Sx+P=0.
d) Ung dung : Diu cic nghiém s6.
Cho phuong trinh bac hai ax’+ bx + ¢ = 0. Ki hi¢u S = - b P= = .Taco:
a a

® Plucomg trinh <6 hai nghiéem trdi dau <> P <0



A>0

® Pluconyg trinh o6 hai nghiém diwong <> {P >0

$>0
A>0
® Pluromg trinh 6 hai nghiém am <> {P >0 .
S<0 i
Thidu l - - - ‘ —
Giai phuong trinh 2x" - 2(a+ I)x +a’ - 2a+ 5 =0 e

Loi giai
Taco6A'=(a+1)y-2@-2a+S5)=-a"+6a-9=-(a 3)
Vai a # 3, A'<0 —> Phuong trinh (1) vé nghiém.
B a+l 341

Vaéi a=3 <> A'=0 => Phuong trinh (1) ¢6 nghiém kép x= % = 1 = 5 =2
Thi du 2 - B
Tim m dé€ phuong trinh \/t;(m - 3))(2 +2(m-3)x+ 2\/r_n— =0 (n

1) c6 nghiém xic dinh.

2) c6 nghiém trdi diu. i S

Lai giai
1) Phuong trinh (1) ¢é nghiém xdc dinh trong hai truong hop sau day :
[A=0 |[Vmm-3)=0
o
B=0 m-3=0

Triecomg hop 1 - om=0 (2)

. A=0 vm(m—-3)=0
Triomg hop 2 : { <> .
A'>0 (m-3) —-2m(m -3)>0

Jm(m - 3)=0 Jmm-3)=0
<> <> N s
(m-—3)m+3)<0 m -3 <0

Tir (2), (3) suy ra phuong trinh (1) ¢6 nghi¢m khi vachi khi0<m <3
2) Phuong trinh (1) ¢6 nghiém trdi ddu trong hai truomg hop sau day :

<>0<m<3 3)

m=0
Tromg hop 1: A=B=C=0 <> : (mau thuin) (4)
Trieomg hop 2 : AC<0 <> (\/;):(m -3)<0<¢>0<m<3 (5)

Tir (4), (5) suy ra phuong trinh (1) <6 nghiém trai dau khi va chi khi 0 <m < 3.

Thi du 3 -
~ Tim m dé phuong trinh sau ¢6 hai nghiém Ignhon 1 :x* - x+m 4=0 (1)
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Loi giai
Bax-t4 i x>0 <010 >0 Phuong trimh (1) tro thanh tt+m 4=0 (2)
Pruong triah (1) ¢o har nghicm lom hon | <> Phuong trinh (2) ¢o hai nghiém
duonz. Dicu do ¢o khi vi chi khi ¢
(A >0 I Hm 4)>0
17 4m >0
P>0 <>{m 40 <> ¢>d4d<mc<
m >4
S$>0 10

! Th (il_l 3
| Tinmdé 2 xen ké gitra cic nghiém cia phuong trinh
| (m+3)x - 3m  Dx+4m=0 (1

Loi giai
Treomg hop 1 m = 3, 1a co (1) <> 12x-12=0 ¢> x=1 => m=-3 khong phai la
gia tr phai im. (2)
Treomg hop 2 - m + 3, dat x =t - 2, Phuong trinh (1) tro thanh
m+3)t -2 3m-Dt 2)+4m=0
o >m+3) (Tm -9+ 1lm  6=0. 3)
Ptuong trinh (1) co hat nghiem x, < -2 < x, <> x; + 2 <0 < x, + 2 <> Phuong

) ‘ 6
trinh 3) c¢o hai nghiém triit ddu <> (m + 3)(1lm - 6)<0<¢> -3 <m< lml- 4)
Ti (2), (4) suy ra phuong trinh (1) ¢6 -2 xen ké gitra cic nghiém cua né khi va

chikhi 3<mc« f’lv.

Thi du 4"

Clo phuong trinh x'+ (m - )x' - 3mx +2m  4=0 (n
a)Chimg 10 phuong trinh ¢6 mot nghiém khong phu thuoée m.

b) lim m dé tap nghiém cua phuong trinh (1) cé ding hai gia tri.

(Ban can hiéw k nghiém bang nhau chi chi cho mor gid i)

Lai giai
a)Victlat (D<o>m(x’ 3x+2)+x x  4=0. 2)
e 5, 1a nghiém khong phu thuoe m cuaa (1) <> m(x ;, Ix,+2)+ x,‘, - x(“; -4=0

dung 'Gi moi m. Diéu d6 ¢o khi va chi khi

. X = |
X = 3x, #2=0
. : &> 11X, = 2 €5 Xg=2,
X, X, -4-0 . .
X, X, ~4=0

Viy phuomg trinh luon c6 nghiém x = 2 khong phu thuéc m.
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b) Tir két qua trén suy ra (2) <> (x = 2)fx" + (m + 1)x - m + 2|.
Goi f(x)=x"+(m+1)x-m+2.
e Tap nghiém cua phuong trinh (1) c6 ding hai gia tri khi va chi khn f(x) =0 ¢6
hai nghiém x, . thoa man mét trong hai truong hop sau dy :
f(2) 0

" m+8=0
Trwong hop 1 :2 =%, 4 x, <> b <> <> m=-8§ 3)
-— x4 -m-- 124
a
A=0 5
i m +6m-7-0 [m -1
Trieomg hop 2 12 # x,=x,<>{ p = & (1)
=4 m =4 m.= -7

M

Tir (3). (4) suy ra tap hop cic gia tri phai tim cua m Ia {m =-8 m=-T, m= I}

Khi m > -2, tim nghiém bé nhit (6 thé) cha phuong trinh ‘
Wememomezco
LOI GIAI

Vit lai (1) ¢> f(x)=3x" 23x +22 m(x - 2)=0
Taco f(2) =12 # 0 > Phuong trinh (1) khéng cé nghiém x = 2.

T - 23x +2
Vai x # 2, chia hai vé€ cho x 2tOl;u:é(i)c‘:m:g—‘{_wg—-}vfr2-

X~ 2
.. 3x7 —23x + 22 3 23x + 22
Baoi viym > -2 <> Tt -2 > M Al +22>0
' x—2 x -2
3T 21x 18 X" -Tx+6 _ I 6
<> o >0<¢> o ews >0¢> QUx):= % Thx -0 > 0.
x -2 X -2 ) Sl
-
Can cr vio dau coa Q(x) suy ra Q(x) >0 <> xec [l; 2)]6: +7) (3

Goi x,, 12 nghiém cua phuong trinh (1) khi m > - 2. Tu (3) suy ra min{x.} = {
No6i1 khac di, khi m > -2, nghiém bé nhit (¢o thé) cua phuomg trinh (1) 1a x=1_



§2. HE THUC LIEN HE GIUA CAC NGHIEM CUA
PHUONG TRINH BAC HAI AX2+BX+C=0

i (ho phuong tninh ax 4+ by + ¢ = 0 (a # 0) (1) phu thuoce tham s6 m v Q(x; x =)
£ (2) lamot he thie gira x . x. doc lap var me trong do x ., x. L cie nghiem cuaa (1)
Tim m dé (2) dung.
(Tim m d¢ phuaomg trinh ¢6 nghiem thoa mian he thire cho trudae)
: CACH GIAL
Cacle D teanva diuy
« Dicu kien can.
Q(x.x.) 0O
Tu {S  h(m) Kine v, cho phione il fim)=(0) (2)
P = g{m)
Giai phacong rinh fim)=0 vai an m. Gid sit tap nghiém tim dicoc la (£).
« Dicu kien du. Thay cdc gia i cua me (£) vira tim dieec vao (1),
New 1 (xg xo) thoa (2). thi gia tre neomg thich cua m la mot gia tri phai tim
Cach 2 : (Bicn dor neomy diemg)
A > ()
Q(x,: x,)=0
b

<l

Gid tre phai tme cua e la nghiem cua he 5§

l)

a

Grat leé nav vei bién o

Chuy - Khi xétdan N=am + b’ m+c¢” >0, co thé bien doi A >0
b

2

<> & ‘m } } > e dan rai bat dang thire gia tri tuyét doi.
1 '

Tim m dé phuong trimh X"+ x + m + 1 = 0 ¢6 hai nghiém thoa man :
XoXo4 WX, +x.)+5:=0 , - (1) ]

[ Thidut
l
|

Lan giai
Dico kién can o G s phuong trinh ¢6 2 nghiém x,, x, thoa man yéu ciu bai

X X + . Mx, + 2.3+ 5=0 (1
toan, ta co By FXs | (2)
\ X m i (3)
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Thé (2), (N vao(1)co: m+1+3(-1)+5=0¢<> m=-3

Diéu kién dii: Véim = -3, phuong trinh dachotro thanh x" +x  2=0
x =1

= " Thay cap gii tn {x = 1; x = -2} vao (1) thiy ding.
X =—4

Vay tap hop cac gia tri phm timcuamlam= 3.

Thi du 2.
Tim m dé phuong trinh x*-2(m + 2)x + 4m + 5 = 0 (1) c6 hai nghié¢m thod min :
| o déuduong; bIxxE2

Lai giai
Taco A’ =(m + 2) - (4m+5)=m"- |. Goi x, . la cic nghiém cua phuong trinh (1).
Theo Vi-et x,+x,=2(m+2), x,x.=4m+5
a) Phuong trinh ¢6 hai nghiém déu duong

A'>0 m —1>0 5
——<m<- |
DIP>0 ©14m+5>0 o 4
S>0 2im+2)>0 m> |
~b'+ A’: 2JA
b) Tacé x,,=— \/ > X, —x=- ;jv—:ZJ - ~F.
da d

Bai thé, phuong trinh ¢6 hai nghiém thoa |x,—x.j=2 o2dm’ 122
e mi-l=1 ¢» m’=2 ¢> m=+J2

Thi du3
Tim m dé phuong trinh 3x +4(m - )x+m - 4m + I1=0 (nH
: : P | |
¢6 hai nghié¢m x,. x, thoaman — + — = —(x, +x,) (2)
X, x, 2 i
Lo giai
GoiA'=4m - 1) - 3m -dm+ DH=m+4m+ 1 =(m+2) 3
ML T dmot
Gl =%, xS B Py B T
3 3
] , . h | B
Taes e MIENIn G S8 Ll )y
XX, 2 P 2 P 2
Phuong trinh ¢6 hai nghiém thoa man (3) khi va chi khn
}s-:() {1-m-0
. m |
[[P<0 m o 4mt1<0 ! ) |m 1
{ &5 1 <> m 4dm 1 0 <>/ -
[|P=2 m - dm 12 | ‘ |-m 23\/5
; | (| 8m > 2
’L A>0 l

m +4m+1>0
e Tap hop ciic gid tri phii timcoam 2 fm=1:m=2+ J5}
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[hiass

|

Thidu 4
Tium m dé phuone rinh () - x (m+ 2x +m + 1 =0 (1)
¢o harnghiem x| x thoa man xo + 2x. = 3x X, (2)

Lai giai
Nhan thay f{0) = m + 1 > | m suy ra phuong trinh khong ¢6 nghiém x = 0.

Ban vay dat x, = x.t diéu kién (2) trothanh x5 (10 - 3t 4 2) =0

S Y X, =X,
<o Suy ra (2) <>
{=2 | x, = 2x,
a) Phuong trinh ¢o har nghiem x,. x. thoa x, = x5 ¢> A=0
5 " 4
<>m+2y 4m+DH=0<comEd 3m)=0 ¢<>m=0,m=—| (3)
D) R=2%, <5 AN~ (4)
m+ 2

Thay x, + x.= m + 2, dicu kién (4) ro thinh x.=——

Vay dicu Kién can dé phuong trinh ¢6 hai nghiém x, x, thoa x,=2x, la

“

mi 2 m+ 2

X,=
3

e

D<o >m+1=0 >mcd (5)

Tir (), (5) suy ra tap hop cic gia tri phai tim cua m 1a {m=0; m= 5 |

Ching minh rang : Can va dd dé phuong trinh ax’ + bx + ¢ =0 (a2 0) (1)
¢06 hai nghiém, dong thon nghiém nay bang k 1an nghiém kia la

kb =kt Dac, ks @)
L giai
i o kb’ ‘ ., kb k- b
bév (2)e>ac=— csuyra A=b -dac=b - 4— - =((‘» )}
(k +1 (k +1) k +1
> A= 0 (3)
. o o \ . h c
Goi x|, x. [a cic nghiém cua phuong trinh (1), Ta €O X, +X,=— — X, X,=—
a a
® Phuong trinh (1) ¢6 hai nghiém, dong than nghiém nay bang k 1an nghiém kia
]xl = kX4
&5 Ty (% - kx(x. - kxy)=0
X5 kx|

PRI kG +x0)=0 > (k+1 )X x - k(x, +x,)' =0

& & \ .
e k4 IYE k2. =0 e kbi=lksYac (4)

o d

Tir (3), () ban todn duoc chimg minh.
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BAI TAP
Tim m dé phuong trinh f{x)=0 ¢6 hai nghiém thoa min diéu kién (U)

1) fix) =mx"-2(m-Dx+3(m-2) (U): x,42x.=]

2) fix) =x"-3,75x+m’ (U :x.=(x,)
3) fix) =x"+(m - 3)x—2m+1 (Uy: oy X223
2%, 2%,
4) fix) =x" -mx+m -m-3 (U) : ¢6 2 nghiém phan biét x,. x. thoa man

la dé6 dar cua 2 canh AB, AC cu: AABC
vuong tai A co canh huyén BC =2

5) fix)=x"-2(m-2)x+(m"+2m-3) (U): LN + L5 : =
X, X, :
3 2 B 2
6) f(x)={m t E}X‘--2mx+2 (U s X, 4+x54x,+x.=5;
| ] 5 ) f e e e ,
R 5 (hai cau (U) va (U,)) doc lap).

1 %2

i Baitoan 2 |
i Cho phiong trinh av + bx + ¢ =0 (a #0) (1) plu thuoe tham s m va
O G)=0 (2) la mot hé thire gitta x,, X, doc Lap vai m, trong do vy, v la cac
fnghiém cia (1) ‘
i Biét rang Q(x,; x,) ding v&i moi m. [clua biét cu thé Q(x,: v,)]

Tim lai Q(x,; x.)

(Tim hé thic lién hé gitra cic nghiém doc lap vai tham s0)

CACH GIAI

i [S=hn) ) |
Tu khur m, thu duge mot hé thire : Q(S; Py =0 <> Q(x,; «.) =0

: P =g(m)

| D6 1a he thiic cin tim.
'Thi du 6.
Tim hé thiic doc 1ap vai m lién hé gitra cic nghiém cua méi phuong trimi sau
) x’-mx+2m-3=0 (1)
by m+2)x - (m+4)x+2- m=0. (2)

Loi giai
Goi x,, x- la ciac nghiém cua phuong trinh S =x, + x, , P =x,.x.
m

a) Ap dung Vi-et vio phuong trinh (1) ta ¢6 >P=25- 3
P =2y - 3
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hay x.x; Mz, +x)+3s0

by T he thire hien he g cace nghiem doe Lip van tham so ma ta phai tim.
by e e thie doc lap

Goi x,, x, la cie nﬂhicm cua phuong trinh, S=x,+x,, P=x,.x-

m g
g B ayy B
'II}L'H Vi-ctlta co | m| < m + 2
4
P [
l m it 2 m {2
5 285-P=3 &5 2xi X ) X Ky 3= 3)

Do Lo he thire hien he giira cae nghiem doc lap var tham s6 ma ta phai tim.
o [imlai nighicem kep
Khi x,=x,=t. h¢ thic (3) trg thanh 3t 17 3=0 <> {1=1; 1=3!
“ay phuong trinh cic nghiem kép hoac la x=1 (wng vor m=0), hoac la x=3 (img
B bt
verl by o= )
3
Thidu?7.
Cho phuong trinh x*— (2m + 3)x 4+ 2mx + 2 =0 (n
a) Chung 1o phuong trinh ¢6 mot nghiem khong phu thuoc m.
b) Tim m d¢ phuong trinh ¢6 3 nghiém phan biét.
¢ Tim he thie doc Lap vor my lien hé gitra hai nghiém (khiac vor nghiém noéi o
¢ a)

Loi giai

ay Viet lan phuong trinh (1) ¢ 2mx(x - 1) - x'+3x’-2=0 (2)
Ta co x, langhiem co dinh cia phuong trinh (1)
3 > ) B , X (X, —1D=0
<o 2mx(x, Dox g+ 3x 0 2=0 diang voi mot m <> ‘ ;
X F 3%, = )

<> x,=1 Viy v&i moi gid tri cia m, phuong trinh luén ¢é duy nhat mot nghiém
codinh Ly x=1.
by Vietlai (2)<>2mx(x - ) -(x - I}x” - 2x -2)=0
S (x- DX -2(m+ DHx-2]=0
Goi h(x)=x" 2(m+1)x 2. Phuong trinh (1) ¢6 3 nghiém phan biét khi va chi khi
h(x) =0 ¢6 2 nghiém phan bi¢t khic 1. (3)
Do ac = 2 <0, nén menh dé (3) xay ra khi va chi khi h(1)#0 <>1-2(m+1)-220

3 . : :
<> 2m -3 20<¢>m 7 . Viy phuong trinh (1) c6 ba nghiém phin biét khi

vachii khim #

¢) Theo bai ra, ta tim he¢ thire hén hé gitta cac nghiém cua h(x) = 0 doc 1ap vai
tham s0.
Thay rang <, x.= 2 Dad 1a he thie mi ta phai tim.



| Thi du 8.
Cho phuong trinh (m — 1)x’+ (2m - )x + m + 5 (1)
1) Tim tat ca cac gia tri cia m dé phuong trinh c6 2 nghiém thuc x, vi x.. ,
2) Gia sirrang a la s6 thuc bat ky khic 1.
Tim a sao cho tich U=(x,-a}x,-a) (2) khong phu thuoc m.

Loi giai
1) Ban doc tu giai.
2) Cach I: Viétlai (2) <> U=x,x.—a(x,+x,)+a" 3)
Theo Vi-et x,x;inL; X, + X,= _2m-—1|
m— | m— |
5 L 64 :
Thay vao (3) c6 U = LH +a2m : = Tk |+ s,
m -1 m | m— 1

Bai vay U khong phu thuéc m khi vachikhi 6 +a=0haya=-6
Vay a = -6 la gid tri duy nhat thoa man yéu ciu bai toan.

Cach 2 :
O'I'heon et P=x x1~-T—i—5- 1+ -——ém,Szxﬁ R 5 - i = -2 s
—1 m— 1| m- | m -
Suy ra P+6S+11=0 hay x, X>+0(x,+x,)+11=0 4)
Ta c6 (4) la hé thuc lién hé gitra cac nghiém doc lap véi tham so6.
e Viétlai (2) & xx,—a(x,+x,)+a -U=0 (5)

Theo bai ra (5) la hé thic lién hé giita cac nghiém doc 1ap vdi tham so. Ta biét
rang moi phuong trinh ¢6 duy nhit moét hé thitc lién hé gitta cac nghi¢m doc 1ap vai
a=-6 a=-—06
tham s6. Boi vay so sanh (4) va (5) taco e <>
-U=1Il U=25
e Viy a = —6 la gid tri duy nhat thoa man yéu ciu bai todn.

Thi du 9. |

1) Cho phuornig trinh (m — 5)t" - 2mt + m + 4 = 0. - (1)

Goi S va P la téng va tich cdc nghiém. Trong mat phang toa do Oxy, goi

M = (x; y) la diém cé toa do6 x =S; y = P Chimg minh khi m thay déi, cic diém
M bién thién trén mot dudmg thing c6 dinh ma ta phai tim.

2) Tinh T= (I —\/5)5 +(1+ JE)S

1) Tacé: A’=m’ - (m —5)m + 4) = m + 20. Diéu kién dé phuong trinh cé hai

520 5
nghiem1a | "] 7 > -20<m#5.Goi S=x,+ x,, P = x,xs
A>0 m> 20

Theo Vil : 8220 =94 -2 . p 044 ., 7
m-395 m-5" m-5 m-95

Suy ra 9S —10P = 8 hay 9x-10y - 8 =0 = Tap hop cac diém M(S; P) thuoc dudmg thang
9x - 10y -8=0
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2y Truae hét chimg manh he thiuc V=2 luon co - aS, - +bS, | +¢S, =0 Rt
trong do S,=x7 4 2" x xlanghiemcoaax 4 bx+c=0a7s0n > 2
That vay - Theo gia thact 1a co
bax bx, 1¢ 0 ‘1\ {ax. +bx tc¢) O |;1,\i' " 3 bix. by ex, =10
ax. tbhx, 4c O q'\x*.(.'ui tbx, tc) 0 >];1xff" Fbx" ! fex! =0
Cong theo iimg vé cac dang thirc 1a co dic: o5+« chimg minh
e Pat x =1 \/ﬁ_ g E_ VS5 > x.x b nghiem cua phuong trinh
x-2x -4=0 =» T=S.=x; ¢ «x
Theo Viel P=x,x.= 4:5=x,+x.=2,85.=x, 4 x;—-—Slﬂ - P =4 4 B= ]2
Theéo (*): S~ 28,,,-45,=0 ¢ § = US,,,#+ 25,)
Vain=1: S;=28:4+28)=212+ 4= 32
Van=2: S,=28,+28)=232+24) = 112
Vian=3: Sc=208+2S)=2112 +64) = 352

Viy T = 352
BAI TAP
Bai L
Tim h¢ thuc doc lap vén tham s0 lien hé giira cic nghiém cua phuong trinh :
Iy x mx+3m-8=0 2)mx - 2m+3)x-m-4=0
I x+(m+10)x+m +25=0 4)(m - Dx —2mx +m+ 4 =0.

S)Y(m Ix -Cm-2)x+m+1=0 Om+ DX +2(m-3)x+m+1=0
Bai 2.
Cho phuong trinh mx +mx (4m’- 3m- 3)x+2(m+3)=0
1) Chimg 16 phuong trinh co mot nghiém c6 dinh véi moi m.
2) Tim m d¢ phuong trinh co khéng qua mét nghiém duong.
3) Tim hé thiic doc lap vai m lién hé gitra cac nghiém cua phuong trinh khic
van ighiém no6i g cdu 1.
Bai 3.
Cho phvong trinh(m - 4)x” 2(m  2)x+m 1 =0
1) Chimg t6 phuong trinh ¢6 nghiém véi moi m > 0
2) Goi U = (x, + a)(x,+ a).
Tim gia tri cua U, bi€t ring U c6 gia tn khong d6i,Vm # 4.

3) Tinh T= (1 - J'?)“ H{revr)

Al



§3 UNG DUNG CUA BIET THUC A

Tim mién gid tri cta biéu thic - Tim max f(x:y) - Tim minf(x;y)
D #

Tach bo phan kép - Chimg minh bat dang thiic.

 Thi du 1.
Tim gid tri nh(')_ nhit (GTN N), gia tri (GTLN) lon nhat cua biéu thic
0= x!4\/2x i3 o

X +1

Lai giai -

Cdach 1. Goi a la mét gid tri ciia Q, tic 1 a= L3 *‘4{3:‘ L.
o ax’+ ) =x"+ 42 x+3¢ (a-—»!)x_i A3 xha-3=0 (3)
Truong hop 1: a=l,taco (3) <> x=- ~-;'- Sa=llmotgitncasa Q. (H
Truomg hop 2: a#1,tap gid tricha a langhiémcua A\ >0 <> a #4a+5-0

. —1<a«l i
<9-(a-2)20= la-20<3 (5)
I<a<$

e Tir (4), (5) suy ra: Tap gii tri cua a laae[-1;5] > GTNN(Q)=" I GTLN(Q)=5
| Phuong phap tach bd phan kép bang hé s6 bat dinh
Tur twong cach giai .
S() thuc a gid tri nho phat (hodc gia tri 16n nhat) cua biéu thic Q trén mién Xdc
dgnh (D) <> Q — a <0 (hoac Q — a > 0) véi moi gid tri cha bien 06 thude (D). !
Tir d6 ta di tim s6 thuc a sao cho hiéu Q - a 1a mot biéu thic f(x) > 0 (hoac i
 f(x)<0) ddudang thiccéx =xe(® |

e Tip xac dinh : R
e Vai VaeR luénco : Q—d"‘ : 42k 3 d(‘ +h =“‘) (6)
x’ +1 x +1
voi f(x)=x"+ 4\5 x+3-ax’+1)=(1 —a)x’+ 4\/5 X+3 a
GoiA’=8 - (1 —a)3-a)=-a+4a+5.
e (6) ding YacR —> (6) ding véi nhig gid tri cua a lam A" = 0
o-a+4a+5=0 {a=-1;a=5}

2 2 L a3 :
Vora=-1,Q+ - Ax {\{I_ > (), diu dang thic coé khi x = 2
1
=5 MkinQ =-
2(v2.x - J2
VGia=35, Q-5=—-— ﬁ“——l-— < 0, dau dang thuc <6 khi x= & = Mkax() =5
X"+ 2
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.ot binh

Phav vi phai ciar cac bat plcone teinds Qv > a thodae Qv < a) dé tim cue tri
cua biew thuc, piveone phap "tach bo phan kep™ dica veé giai phieemg tiinh Ma)= 0
Co the noi phuonge phip “rach bo phan kep™ L chiee cau noi guta bat phong irinh

va phacong (rind

| Thidu 2.

i s_— ) v g " ; : ; ) y P

' im gaa trr 1on nhat, gt nho nhat caa ham so

E 3N i mx o+ 3
v ‘

|
2

: (tm s 6) ()
\ t LX 1 1

O —"

Lot giai
Tap vac dinh R.
Cach |
e Vaia=0cov=3 /mecR (
o V1 v 0, chia ca tr thue v mau thite cho x 7, ta cé

(B>

)

oz 1)
.\!X t 1t m
1* T

1

Cbatt=x"+ tz22
X 4 42 X
X

(<> y =

3 : ; i m
Ham so (1) rothanh y= : (3)
1+ 2
Dot>2 <> t+2>4 n¢n (3) <> vt +2)=3t+m <> (y 3)t=m- 2y (4
Theo gia thiét m # 6, suy ra trong (4) phar coy 7 3. 3

. m - 2y m-2v -2y - 3) 6+m-4
B vay (4h) <> 5 =t22> — - AT 50 &> - Y

=3 ¥ 3

>0

y=l 17

<7>(y INO+m - y)>0 &

— <y<3,néu m<6

Diu ding thiic : © =2 & x+— =2 & x=l & x=+#I| (6)
X
Tu (3) va(6) suy ra :
) ) 64+ m
e Néum > 6 thi miny = y(0) =3, maxy =y(+1)= 4—
R R

, 6+
e Néeum < 6tht maxy =y(0) =3, miny =y(t1)= *;m
R R

G an’ §(m 2" +G1a)
(x* + 1y
i m>6 >miny -y(0) -3
®

Cach2 VanVxeRco: y+a=

(m 6)x

- - = (N
(x 41) lm<6 > maxy ~y(0) -3

+ Vi a=-3 co:y 3=
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+ Vaiazs 3, xétA=(m+ 2a) - 4m+3)=(m  6)da+m +6).

Vamz#6: A=0 ¢> a=- m;fy
i Um -
Vaia= oo co a+3=-6 M m+2a= s 0) va
4 4 4
m+6_(G-mix’ - AG—mx +(6-m)_ (6-mXx -l
d 4 4x’ + 1) 4x +1)
-6 : 6
yrr-'-“r?r--ﬁf(),néu()wm<0 y<y(tl)= m; ,néu m <6
Suy ra 46 <> 1 . i
b
Y mj >0.néu6 -m>0 y>y(tl)- mil " néu m>6
+6
[3§y ok )ncu m > 6
Két hop (7) va (8) ¢6 | ] 4 Suy ra :
|m+ -<y<3,nu m<6
| 4
. 6 -
e Néum > 6thi min y=3, max y Bt
R R 4
. . i 6+m
e Ncum<6thi maxy=3, miny=——— -
K K 4
3t t+3
Cick 3. Dast=120, e i il y = JE T T £ 3
CH2tt1
Oy -3+Q2y —mit+(y 3)=0 (9)
ey=3 Taco () <> {t=0,Vm} <> | x=0,Vm }.
Tom lai y(0) =3,V m (10)

(8)

ey # 3. Dé y P = 1> 0 nén phuong trinh (9) c6 nghiém t >0 <> {A >0; S > (]

Qy —m)" —4y-3) 20 (m—-6)m+6-42y)>0

o
— zy_O (y —3)m-2y)>0
y-3
Chuy: A= 0<:>y—m £ kh:dol“m_mzy:,m_(’-mlmx:i-l (12)
4 2y-6 m-—6
. m+6
<
*m>6:Taco (11) & 4 = 4 & 3<y§m+6.
y>3

mkiny =y(0)=3

Két hop van (10), (12) = m+6
m:ixy:y(j:l)=—-:1———

(1)



f m i GO
: . y & mt 0
«m<h Tacod (e sk ’

‘ m+ 6
mimmy  yttl

Kethop vor (10), (12) > K 3
| maxy - y(0) 3
K

" Thi du 3.

|

N SN AU P Y . X+ 2y 41
- Tim gia tri nho nhat, gia tri lon nhat cha bicu thue Q = 7 ;

‘ Xty +7

()

Loi giai

Cdach 1o Tap xic dinh - YxcR VycR.
sVac R luén ¢o :

04 e ax )\\5 ?).f X+ 2y +1 _ ay’ r2)+1x+x b 7a 4|

X° Ay 4 Xty +7

Goifix.y)y=ay + 2y +ax +x + 7a+ 1,
Al=l-afax’ 2+ Ta+ 1z —ax—~aox = To —a+ |
Goi 8, =a’fl +4(1 —a-Ta)]= Ay - i o ).

: I 5
0,=0 <> 5-4a-28a=0 ¢» {a=—-—-vaa= — |
. 14
e Viia= I'f )—ful 2 Gy "+'—z+l-—] -1y 2)’1<0
(m-—:.(x,y— 2) LYy ;;)X X 5 = él(x')ﬂ)/’ | <
] f 1 ) : x::_i
s Qe Y g Qs =, di diing thike ¢6 < (1)
2 Ay +7) 2 y=2
, . 5 .35 5 7Y i
e Vdia= —;f(x)= —y +2y+ — x+x+ —+l=— |[x +A] Jr[y 4 4 >0
14 14 14 14 5 « 5
5 f(x, 5 e o i s
> Q+ —=—o i y) — >0 » Q> -~ dau dang thirc c¢6 khi va chi khi
14 2(x" +y +7) 14
7 14
R e 2
5y 5 (2)

| )
T (1) va (2) két luan : maxQ = r,me:ms_.
R 2 R 14

Cha y

1) Cde thi du xét o trén déu cé tap xac dinh ia R. Ban can hau y khi biéu thie ¢6
tap xdc dinh khéng lap day truc so.

2)Viéc tim gid tri ctia a khong bart buéc trinh bay trong bai lam.
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Cach2  Viétlai (1) <> Qx' x+Qy -2y +70Q 1=0 (3)
DO=0<¢>x+2y+1=0 (4)
2)Q 2 0. Xem Q i phuong trinh béc hai déi voi x.
TacoA,= 4Qy +8Qy -~ 280Q +4Q + 1.
Goi f(y) = -4Q'y +8Qy  28Q +4Q + 1, A,=40Q°( 28Q +4Q +5).
Tap gid tri cua Q Ia nghicm caa A, > 0 <> f(y) > 0. Diéu d6 ¢o khi va cchikhi

5 1

, n
A0 -28Q°+4Q +520 © Qe l H s \O0}. (5)

14
Tie (4),(5) > {minQ=-—; muxQ:J !
R 5 R 2

Thidud.

o s . ax +b L o < :
Tim a, b dé biéu thuc Q = e dat gia tri lon nhat bang 4 va gia ti nho

_nhat bang -1

Loi giai
e Tip xac dinh : R
max(Q -4)—=0
R

e Cic s0 thuc a, b thoa min yéu cau bai toan <> _
min(Q + H=0
R

al A
2x -~-!] F—L1=0

2 max|—
max(—4x~ +ax +b—-4)=0 z
=% o
min{x" +bx+b+1)=0
R

8

4

{ a ] A,
X +=| —=2|=
2] 4

(a=4; b=13)
(a=-4,b=3)
(a=—-4;b=3)
(a=4;b=3)

min
R

< <

A =a’ +16(b—4)=0 - a =16
A, =2 —4b+1)=0 b=3

=> Co hai cip gid tri cua a va b phai tim la

Bai lodn 1
Chimg minh Q:= ax’+ by’ + cxy + dx + ey + f > 0;Vxc R VyeR (%)
CACH GIAI
o i i e s e g e by A
Tach bo phan kép boi cong thire ax™+ bx +c=a|x 4 oo » (I
2a 4a
Biéu thirc (*) sé tro thanh tong cac biéu thite cang da.
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'
Thidu 3

Chimg minhvxe Roove Riluon co Q - 0 von
W) Q=x 4+2xy + 3y + 2x + 6y +3

by Q =4x + 13y 12xy Ay + |

Lo giai
2) Vit kn Q=x +2(v ¢ hx {3y 1 6v 1 3). Xem Q da thie doi van an x.
‘ 1 €
Taco A=y + 1) (3y 46y +3)=-2(v+ 1)

Ap dung (1) 8¢ €6 Q=(xtv 1) +2(y+1) >0 > Q>0 Vxc R.Vyc R idpem)

(
. , x4y~ b= jx=0
Dau dang thae ¢o ihi vachir Khi ’ NP
vil 0 L\' = -
by Vietlai Q=4x 12y x + 13v 4y + 1 Xem Q da thie doi v an x.

Tacd A" =36y H13y - 4y +2)=4[9y - (13y dy+1]=-42v- 1)y
Apdung (I)séco Q=2x 3y) +(2y - 1) >Q>0Vxc R VycR (dpcm).

x—3y=0
<} =1

[ ST o)

Dau d;‘ing thire ¢o Khi va chi khi 1

!
=
~
e
ARSI A—ES.
—

.
[R%]

1 01 binh
Cai trive cra bicu thie O la Q:= MY ax+by+c)+Nia'x+b'y+¢')’+ K'> 0
16 la coi nguon giai ihuch tai sao ta tach (va luon wich ihanh cong) biéw thie Q
thanh binh phicong du
Trone (I-a): M=1; N'=2:K
Tiome(l-b): M'=N"=1. K

1

O; a=b=c=]; a=:b'=2:¢"=1
=), a=2h=-3¢=0; o' =0:h'=2:-¢"=1
Thidu 6. l
Timmde Q=x"+4y + my +3>0, Vxc R VycR.
Loi giai
e Xem Q I tam thide bac hai doi véi x, A= (4y + my + 3) |
Tathay Q > 0,Vxc R Vyc R ¢> A'<0,VycR <> 4y + my + 3 >0, VyeR.
T
y i .
8 16

o fiy)>0, VycR <> &0 ¢>m’ 3.16<0¢>m < 16.3 <> 43 < m<_4\/§
bo L tap hop cac gia trn cua m ma ta phat tim .

Goif(y)=4y +my +3.8d=m 163 Theo(I): f(v) = 4 m

ETTE S S
Timmdé Q=9x"+20y + 47 12xy + 6xz + myz > OVx< R Vyc R VzeR. !

4

LA



Loi giai
o Vit lai Q=9x"- 6(2y — 2)x + 20y” + 42"+ myz. Xem Q da thuc déi vai an x.
Taco A’, =9[(2y - z)" — (20y’ + 42"+ myz)] = 9U,
Voi U=y -2) - 20y +472°+ myz) = - 16y’ — (m + d)zy - 37;
GoiA,=(m+4)7 - 4.1632°=[(m+4)" - 2°3]2

» 1 X
Ap dung (I) s¢ ¢6 0=9[x—-}(2y—:)]* By

R 9
eSuyraQ >0, VxeR,VyeR,VzeR <> A’ <0,VyeR,VzeR
<> U<O0, VycR VzeR (D
awnl A
eLaico U=16 |y + (m +4)2 +-——
32 64

Suyra (1)<>A=[(m+4) - 2°3]2°<0, VzecR ¢>(m+4) - 2"3<0
> m+4<83 > -4-8S3<m<-4+8V3
Thide8
Tim gid trinhonhatcia Q=(x 2y + 1)+ (2x +ay + 5)° (h)
trong dé a la mot 56 thuc cho truse.

Loi giai

5 3 P
bat x -2y + —i‘::!(iR;Qx -2y +l=1- 5;2x+uy+5:2| + (4 + 4)y. Bicu

3 .9
+[2t+ @+ Ay =5+ [Ha+4d)y - 3+ (a+4)y'+ )

3
thiic Q tr6 thanh Q’-——[l =

atdy -3 A A 37 at 4y 43|
<QQ=5L+3Q}i&M}] '4P+%”i4y"} @t By 3]

10 20 10 5
Suy ra :
6 9.9 .o . 3 1
®a=-4Q=5|t+—| +—->-,daudang thic c6 khit=— <>x 2y+ =0
S g 5 10 5
(5)
® a # -4, Q>0 diu dang thic c6 khi
. 3
y= - W 8 y© o
: H4 &5 o at 4 &> a4 - (6)
t=" x—2y+4+1=0 g
2 at 4
9

T (5) va (6) két luan :minQ =, néuas 4; minQ =0, néu a 4.
R R

N
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Bdi toan 2.

- Cho x vay lien hé vai nhau ban he thie Q:= ax’+by +exy+dx+ev+f= 0.
tTim gaa e lon nhat va nho nhat cua U = Ax+ By + C

CACH GIAL

Cach ! NeuBA) Taco () <> y= i X =iy
B B
I'he vao (1) ¢o phuong trinh bac hai W(x)=0 doi von v Xem U la tham s¢
Cure 11 cua U tim dwoe 1rong dicu kién co nehiem cua PT h(x)=().
Cach 2 - Néu o the, ta biéu dien Q=m U +nU+k+[f(x)]
Suvia Q=0 >mU4nU+k <0<¢> U, <U<U. > 'MinU =U_: MaxU =

Thi du 9
Gia st x viy hién hé vai nhau bdi biéu thie Q = 36x™ + 16y - 9 = 0.
Tim GTEN.GTNNcuaU=y 2x+5

L6 i

Viétlai (2) <>y=2x+U -5

Thé vao (1) co - 100x + 64U S)x + 16(U  5) 90

Xem (4) 1a phuong trinh doi vai an x.

A= 32°(U -5 100[16(U 5)° 9]=900 5T6(U-S)’

Phuong trinh (4) ¢6 nghiem <> A™>0 <> 900 576(U 5) >0

oo <9 15 23
S IB((U-5Y <25 < JUSKK— ¢ —<sUgs—
4 4 4
B S(U-5 2 2
s 10 A 2 s s
Dau dang thic : U=~ <> <> | ;
4 um. 58 I 9
x " " —— . i becdl
Y 4 20 4 20
B XU 5 2 2
25 oA 25 : S5
U=s- 2% &
4 TR 5 9 ‘)
y zx - )' e
4 20 20
15 25
* Do viy GTNN(U)= : GTLN(U)=
4 4
Thi du 10.
Cho x, v i cic s6 thuce hién hé vai nhau boi hé thiice
Q =(x" y'+1Y#x’y-x" -y'=0 (1)
j' !
. o ¥ .5 5 1 5
Chimg minh 1\/ <X 4y < th/ (2)

(i
an i

ISR

(n

2

3)
(4)
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L giai
Cach I (T twong cach )
Goi U= x"+ y'. cau tnic biéu thic Q sé c6 dang
3Iv Vs, 3- Vs
ey “ u 3V
2 7

-

Gy Do A )l 209 nén i

g
g 3V

2

o- [u

3+ VS
”)‘/ <0 >co(2). (dpem).

Q:()~>[U ol

Trong (2) xay ra ddau dang thiee <> Q=0 <> f(x, y)=0

e Taco Q=[(x" y)+IJ+xy x vy =(x y)+2x -y i+ I+dxy -y
=Xty T 3(xT+y) + 1+ =U 3U 4+ 14 4x°

i} : - 3} 5. 3 Vs
Vith¢ (Do U -3U+l+4x =0 <> [U - —| =—4x > {U - | < — Vx
2 4 . 2 2
3-Vs . 3445 e _
<> — : <U<- *‘i\/ VxR, dau dang thuc co khi x=0 (dpcm)
x—-0 x 0
o -5 ) ,
eDiudangthuc: U= o { ., B-il5 © Js 1
2 X ~f- y" = ——— y = S
2 2
: x =0 x -0
3+ V5
U= ===t i . - 33 & V51
~ X+ y — ",; Yy - ’)
3-V5 3+ V5
e Do viy : GTNN(U)= —ff,ll[ ; GTLN(U) = »-2‘{-

Cdach 2 (T tuomy cach 2)

3 {’,“/S U] U - 11‘&]

= .

Goi K=[

Dicvi can clumg minh <> K>0¥Yxc R Vyc R

= dp, Ifix;y) : Kep' Q=[f (x; I

Ta 6 ménh dé niome diemg Q=0 <> K=[f (x; y)|'.
Tir do thu ditoc két qud can tim.

3445 35 . . L
5 Goi K =}l . U"U- i f]:u 43U - I= (x4 yY+3x" 4y -1

— -

SQ+K=[(x y+1D)+4xy x Ty (xX+y)Y+3x+y) |
=(2x 7+ 1)1 2y ) +4xy - 1+ 2(x +y)
= Ay 4 2x 7 2y 4 144Xy 14 2(x T4y ) = 4xC

Bai thé Q=0<> K =4x" > K >0, xcR. diu dang thiic cé khi x= 0.
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5 S \,;3 34 \/:’
e K> xc R ¢> U 3U+1>0VxcR<¢> 2 <l < - Vx o R(dpemy).

x 0 X =0

, 3.4
e Dau diang thie @ U= b P . F-J§ Js 1
2 [‘ ty y
2 2
e x 0 X 0
34 W
Us== 8 1, 348 & AR
= X 4 Y 5 y - 2
3 Vs 34 V5
e Do vay - GTNN(U)= : - GTLN(U) = 1\/ :
. - = ]
Thidu 11. i
e Xty tz 8 (h
Cho x, y . 7 la nghi¢m cua he y
Xy tyz t7zx 4 (2)
Chimg minh : <X y:z<

Lai giai
Nhan 2 vé ctia (2) véi 2. roi cong theo timg v€ vao (1) ta co : (x+y+7) =16
PitS=x+y+7z,1ac6S=16.x+y=S 7z (3)
Tu(2) > xy=4 (x+yz=4 (S 2)z=4-Sz+z 4)
T (3), (4) > x, y [ nghiém phuong trinh (An 1) : © (S 2)1+4- Sz+2'=0 (5)
GoiA=(S 7)) 44 Sz+2)=-32+25+(5 - 16)
Hé da cho co nghiém <> phuong trinh (5) cé nghiém <> 1 zthoa min: A >0

¢ 3242548 16)>0 o5 37 +282>0 (6)
bé y: T (6)suy ra Sz >0 > Sz =[S||z| = 4z

G ; 8
Boithe (6) <» 37 +8}/f>0<>{1[<§ Hay ? LIS 3
J J

0 o : 8 8
Por vai tro z 1an luot cho x| v ta thu duoc - 3 <x,y,z< ':; (dpcm)

l"'l‘hidu 12.
Choa+b+c¢=0. (b
(2)

l Hay chumg minh a +b +¢ > 12

-e

Lai giai
Cachl. Taco (1) <> c=6-a b, thé vao (2) cé a - (6-bla+r(b -6b+12)>0 (3)
Xem (3) Ia bat phuong trinh déi véi dna, A = -3(b - 2).
Goi vé tridi cua (3) 12 Q.
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: 6 b] 3 .
Ap dung (1) ta ¢c6 Q——[a 1 3 l $ 4(h 2y >0 >Q>0 (dpem)

b-2-=0
Dau ding thitc co khi: {2a 46 -b -0 <> a=b=c=2
lc=6-a-b
Cdch 2. Theo Bunhiacopskitaco 6 =(a+b+cy <(I'+ 1"+ 1 )& +b + ¢)
> a’+b™+c*>12 (dpem). Déu ding thic c6 khi {" b PP E—
atbtc 6

Cach 3. Vi moi acR luon co :

(a--2) >0 a -4a+4>0

(b-2Y>0¢>1{b - 4bt4>0>a+b+c Ha+b+c)+12>0 @)
(c—=2) >0 ¢ 4c+4>0

Thaya+b+c=6vio(3)co a+b +c - 46+12>0 <> a +b+c> 12
Dau ding thiic ¢6 khia=b=c = 2_(dpcm)

BAI TAP

Mui cic ban dp dung phuong phip trén ciing ciac cich khic co thé dé liam cac
bai tap sau
Bai 1. Ching minhVxcR,VycR luon c6 :

b) Q=xy'-4dxy'+2(x’+2).y +4xy +x >0

c) Q=25(x"+y)+(12-3x - 4y) -72>0
Bai 2. Tim GTNN cia Q = 19x" + 54y + 167 + 36xy - 16xz - 24y~

Huong dan :

Viét lai Q=19x"- 2(8z —18y)x + 54y + 162" 24yz; A’ = 2U

V@i U =351y - 84yz+1202. Xem Q da thix d&i vai in x,

Déy: A =-403562"<0VzeR —> U>0,YzeR

S A <0VzeR > Q20VxcR VyeR VzeR (dpcm)

Dau dang thitc cé khix=y=z=0
Bai 3. a, b, ¢ l1a do dai ba canh AABC. Chuimg minh rang

pa’ + gb’ > pgc’, Vp.qcRthoa:p+q= 1
Bai 4. Ching minh 2+ b +c’ +d 4+ >a(b+c+d+c), vdi moi ab, c.d, ¢
thuoc R
Bai 5. Cho a.h.c.,d.mlacacsothucthcamana+c=b+d via 2m> jac - bel.
Chimg minh (x -~ a}x - b}x-ckx - d) +m >0
Bai 6. Gia sir x va y lién hé véi nhau bor hé thiic x*+ 5y™ 4xy x=+2y 6 =0.
Chimg minh - I<x - 2y + 1< 4
Bai 7. Tim GTLN, GTNN cita U = x +y + 1. bict rang :
XH2xy + Ax+y)+ 2y + 10=0
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Bai 8. Tim GTEN, GTNN cua U = : y1 Plobictrang cx +y Ox +2y +6=0.

Bai 9. Tim tap gid tricna x,y bict ring x"+ 12xy + 4y + 4x + 8y + 20=0

. . _ , X+tytz=35
Bai 10. Cho x_ v, 7 la nghicm caa he ’

xy tyztzx 8

- , 7

Chimg minh 1< x;yi 7«

s )
s ‘ g : . 4y 42 =2
Bai 11. Cho x, y. 7 la nghiem cua hé l
lxy tyz tzx |

) , 4 4
Ching minh <xiy:z<
3 ’ 3
Bai 12 Tim GTLN, GTNN cua cic bicu thic Q sau day -
Iy” - 4xy _ I x’ X oxyty
1) Q= ), - 2) Q= F ) Q= *X'“X:
Xty (I tx) X txyty
X~ hBx 47 2x + 3 2x - |
4) Q= — ~ 5) Q=———— 6) Q=———
X +1 X txtl X x4
< s - 5 i : X tm ; 55 i
Bai 13. Tim m d¢ bicu thue Q = l chi nhan gid i thuoc | 15 1]
Xt x
& TN 2 x omx+41 3
Bai 14. Voi gia trindoctam thy - — < - MBI VxeR.

X" x+ 1
Bai 15. Tim minQ ., véi Q =19x" + 54y + 162" + 36xy 16xz - 24y
3

Bai 16. Cho x, y 1a cic 56 thuc khong am thoa man 2x7+ 2y” - xy = |
Tim GTLN va GTNN cua bi¢u thie Q = 7(x* + y*) + 4x’y’
(Hoc sinh gior lap 10, unh Ha tinh, ndm hoc 1998 - 1999 )

§4. XUNG QUANH DAU HIEU NHAN BIET
PHUONG TRINH BAC HAI CO NGHIEM

I. Cac dau hiéu nhan bict phuong trinh bac hai c6 nghiém
fix)=ax’+ bx + ¢ =0, A =b*-4dac

CAZO A EA A HLHA D)
ac <0 (&%, <0< xy)
atb4e=0 (td>x= ¥l x=4c/a)
Jac R - af(w) <0

fa, Be R e (<0

6. . Bop.geRop+q 70: pllaw) +qf(P)=0
Chiy: Triedan hicu 1, cac dan hiéu con lai dp dung cho moi phicong trinh da

thaic (xem thi din6).

[ N R S

5l



II. Cac thidu

~ Thidu I. (Ching minh dau hieud) | l
Cho phuong trinh f(x) = ax™ + bx+ ¢ = 0, a # 0 v «a 1 s6 thuc thoa af(a) < (.
 Chimg sl phivong frinh #x) =0 co sghigm.

Lii gidi

3 3 = > 4( h
Do a # 0 nén f(x) = a(x" + —bx) +c = a(x + 2x L f- b) M.
a 2a  4a da
<> f(x) = a(x + 2 e a <> af(x) = a'(x + L - a
2a a 2a 4
hl b Al A
< afla)=a(a + — ) -~ —.
2a 4
5 3 ' 3 b .
Suy ra af(a) <0 <> a(a+ ~b— ) - —A— <0 & —A— >a(a+ —) >A>0
2a 4 4 2a

=> Phuong trinh (1) c6 nghiém. (dpcm)

Thi du 2. (Chimg minh dau hié¢u 6)

Cho f(x)=ax’+bx+c,a # 0 va «, B, p, q 1a cic s6 thuc véi p’ + ¢ # 0 thoi min
p'f(a)+q’f (B)=0 (1)

Shung ik phion Gt 190 = 1) 66 BENICA: i

chidl L N
Lai giai

Trueomg hop 1: C6 mét trong hai so p hoic q bang khong. Gia sir g = 0.

Tir gid thi€t suy ra p # 0, va (1) <> p'f(a) = 0 <> f(a) = 0 <> phuong trinh ¢6
nghiém x= a. (c6 dpcm)

f(o) (3 -0 (2.1)
f(a)f(3) <0 (2.2)

- Néu la (2.1) : phuong trinh ¢6 cic nghiém x=a, x=p. (cé dpcm)

- Néu 1a (2.2) : phuong trinh c6 2 nghiém phan biét trong dé diing mot nghiém
thudc (a; B). (c6 dpecm)
Thi dI; .
Chimmg minh cic phuong trinh sau ¢6 nghiém vdi moi a, b, c.

1) x’+(+b)x - 2@ -ab+b)=0
2) x(x—a)+x(x -b)+(x —~a)}x - b)=0
3) ablx ~ i ~ by Y bclx - Wjix ) Fealn e -af=0 .

Truong hop 2: pq # 0. Khido (1) >

Loi giai
1) Goi fix)= X +(@a+b)x- 2 ab+b)
Ciachl: A=(@+b)y+8&a° ab+b)=3@+b)+6a +6b >0, Vab
Suy ra phuong trinh dai cho c6 nghiém véit moi a, b. (c6 dpecm)
Cach?2: f0) = ~2(a’—ab+b)=—(a+b)y a - b
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t Neua=b=0 > fi0)=0 <> Phuong trinh c6 nghiém x = 0.
tNéua +bh 20 1. fi0y=(a b a b<0 Vab

2> Phuong trimh ¢o6 2 nghiem phian biét trin dau.

Ton Lu phuong trinh luon ¢o nghicm var Va,Vb. (dpecm)

2y Gorfix)y = x(x  a)+x(x  by+(x a)yx b)

o Cach - Khai trien f(x) ta co f(x) = 3x 2(a + b)x + ab

4 : " ] , R ,
Taco A'=(a+b) 3ab=a+b ab= 2 [(a by+a+b]>0_Va,b

<> FThuong trinh da cho luon co nghiem. (¢co dpem)
eCach 2 Taco: fl0)=ab, fta) =a( b), fiby =b(b - a).
Su ra [(O) f(a).f(b)y = aba by
to=005¢ o fiD) = fla) = 0 <> Phuong trinh ¢o nghiém x = 0, x=a.
+t=0:s¢co f(0) = f(b) =0 <> Phuong trinh co nghi¢gm x =0, x = b.
+:=bs¢cofla) =f(b) =0 <> Phuong trinh cé nghiém x =a, x =b.
+:20:b 70 a2b:sécof(O)fa)f(b)y= aba b)y <0 ->Trong 3 sé f(0),

f(a), fb) at phai c6 mot so am. Chang han f(a) < 0 (*)
By rang f(x) ¢o hé so cia x [a 3>0 *¥)

Tu(*) va (%) suy ra phuong trinh da cho ¢6 2 nghiém thoa x <a<x,

Ca: ket qua trén chuimg 10 trong mor truong hop, phuong trinh da cho luon cé
nghién (dpcm).

3) Goi f(x) = ab(x - a)(x — b) + be(x — b)(x — ¢) + ca(x — ¢)(x — a)

Tazo : f(a) = be(a -~ b)a <), fib)y =ca(b - ¢)b - a), filc) = ab(c - a)c - b)

Sa)fib)fic) = a'b'c(a by(b ¢)(c a). Suyra:

t:=0hoach=c > fib)=flc)=0 <> Phuomg trinh ¢ nghiém x =b, x =c.

t E=0hoaca=c > fla) = flc) =0 <> Phuong trinh ¢6 nghiém x = a, x = c.

+¢=0hoac b =a > fla) = f(b) =0 <> Phuong trinh cé nghiém x =a, x =b.

+:be(a byb - c)e a) 20 > fla)fib)fic) <0 = Trong 3 so f(a), f(b), f(c) at

c6 ma s6 am. Chang han f(a) <0 (*)
Laco:f(0)=ab +bc' +ca >0 (¥%)

Tu(*), (%) > f(0).f(a)<0 suy ra phuong trinh da cho ¢6 2 nghiém phan biét.
Cac kKt qui tren chimg 16 trong moi truomg hop, phuong trinh da cho luén ¢é
nghién. (dpem)

Thaud -
Chea, b, c, p, q lacic s6 thue thoaman. a+pb+qc=0 (1); q>0;q>p° (2
Cht_l]_g minh phuong trinh f(x) = ;1x‘ +bx+c=0 (3) I_llf)q»céq_n«ghi{{m.w -

Loi giai
Triomg hop I p=0.Khido(l) <>a= qc. 4)
Phrong trinh (3) trag thanh  gex + bx 4+ ¢ = 0. Suy ra:
+ N¢u ¢ = 0, phuong trinh (3) ¢cé nghicm, itralax =0
+ Ncu ¢ 7 0, két hop vor g > 0 va (4) suy ra a # 0. Do vay phuong trinh (3) c6
A=b+4dqc > 0. Suy ra phuong trinh (3) ¢6 nghiém. (dpecm)

N
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Truemg hop 2. p # 0. Khi dé, chia hai vé cho p > 0, ta ¢6

(1) <> (a |‘ +h~lr +c)+(rq, Ne=0 <> fl ; ) + q ',P f10) =0 (5)
P P P P P

+q=p :(5) e f[l}= 0 => Phuong trinh ¢6 nghiém x = ! (dpecm)
P P

f(-l‘) =f(0)=0 (6.1)

+q>p <>q-p>0: (5 > ';
f(-)f(0)<0 (6.2)

P

Suy ra:

; : : I
- Néu la (6. 1) : Phuong trinh c6 2 nghiém phan biét : {x,=0; x.=-- | (dpcm)
P
Néu 1a (6. 2) : Phuong trinh ¢6 2 nghiém phan biét, trong dé mot nghiém nam

]
gita 0 va — (dpcm)

P
Toém lai trong moi truong hop, phuong trinh da cho luén cé nghiém. (c6 dpcm)

Chdng han:
e(1)/ahé thire 2a + 3b+ 6¢c =0 (1

3 3
Ta cé (l’)<:>a+§b+3c=0 =t g—(a+b—2—+3c):0

2

f(=)=1(0)=0
4 2 1 2 1
= (a—9—+b—3—+c)+§c=0c> j(~3F)+ 5ﬂ0)=0 = ”
) f(;)f(()) <0

. . : ; . 2

Phuong trinh cé nghiém hai nghiém x=0; x=—
- - 3 = (dpem)

Phuong trinh c6 hai nghiém trong dé mét nghiém thuéc (0; 1)

b
Cach khac: (1')y © c+(a+b+c)+4 3~+5+c = f(0)+f(l)+f[;]z().

Bdy gio c6 hai truomg hop xay ra :

Trieong hop 1. (0)= f[%] =f{1)=0 = f{x)=0,VxeR
= f(x) nghiém vdi VxeR. Cé dpcm

1

mot sO trdi diu véi 2 s6 con lai.

Truong hop 2. IR0)I+ +lf(1)l#0 = Trong 3 s6 { f(0), f[%] , f{)} at phai co
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“

(1
Netr f(0). /l }<() <> Phuong trinh c6 hai nghiém trong do co mot nghicm

thuoc

|
t ] Co dpem
D

Neau f(0).f(1)<0 <> Phuong trinh co har nghiém trong do ¢6 mot nghiem
thuoc (C: 1). Co dpem

Nea (1) f :
B

I -
(—;), I}.-\odpun

—

<0 <> Phuong trinh ¢o hzi sghiem trong do ¢o mot nghiém thuoc

o (1)la hé thire Sa+ 3b+2c =0

] 2 25 3
Ta ¢« (2’)<>;1+;b+§c:()<> (a: bt

£) =10

NI

5
f(0)=f|-1=0
o1

V‘

S 5
<la—+ bt e
9 3

-0 cof"— LY T
3] 9

|
¥

aJ

f(0).f z <0

: 5
muong trinhco 2 nghiém x=0; x = -

>

muong trinhcoé 2 nghiém trong do 1 nghiém thuoc

= dpcm
0 ]

f(2)=f(1)=0
f(2).f(1) <0

Cach krac - (2'Yy<>(da+2b+c)+(a+b+c)=0<> f(2)+f(1)=0->

furong trinhcd 2 nghi€ém x=1; x =2

= dpcm

fhuong trinhcé 2 nghiémtrong d6 | nghiém thuoc (1; 2)

b .
o (1) a hé thire e + - 4 = =0 (m la sé thuc duong). (3"
m+2 mi l m

Cici 1. Tacé (3°) <> (T*"“E a ., b ¢
m 2

C

m(m % 2}

&

.

b cf+

mH]’ m ¢ |
mi 2 m - 2

! | { "'U‘; -£(0) = 0
T f'm_: ‘i] ¥ i ""_'—2—' f(0) - m
| m + 2




phuong trinhcé 2 nghiécm: x=0; x = Ll ,
m {2
= : > dpcm
phuong trinhcé 2 nghiém trong d6 1 nghi¢m thuoc {(); e ij]
m {2z

Chay: Khi m=1, hé thitc (3°) tro thanh hé thaia (1°).
Thidu 5

Cho a, b, ¢, d la cic so6 thuc thoaman :a<b<c <d.

Chimg minh Vp, ge R phuong trinh f(x) = 0 luon cé nghiém, véi :
1) f(x) =p(x —a}x -c)+q(x - b}Yx - d)

| 2) f(x)=p(x —a)x c)+q(x b)

-----

) Tugiathieta<b<c<d=>(a b)a-d)>0:(c —b)c -d)<0
=>(a- b)(a—d)c - blc-d)<0 (n
Ta co fla) =q(a-b)(a - d),VpeR; fic) = q(c - blc —d) ,\VpcR
=fa).fic) =g (a- b)a-dXc b)}c-d) VpcR
e q =0 -> fla)=f(c) = 0 —> Phuong trinh c6 2 nghiém phan biét x = a, x = c. (2)
e q 20, két hogpvai (1) > fla)ic) <0
=> Phuong trinh ¢6 2 nghiém phan biét x,. x- thoa man :: A /x; B ; ) x; (3)
| S < X, < C
Tur (2), (3) két luan : Phuong trinh da cho ¢6 2 nghiém phan biét Vp,Vq
(dpcm)
2) Tra<b<c<d > (a-b)c b0 (4)
Xét fla)=q(a-b),Vp; fic)=g(c- b),Vp > fia)fic)=q'(a -b)(c b).Vp
e q =0 > fla)=f(c)=0 - Phuong trinh c6 2 nghiém phan biét x=a, x=c. (9)
e g # 0, két hop-vai (4) - fla)fic) < 0 —> Phuong trinh ¢6 2 nghiém phan biét

a<x, <c<x,

X,,X> thoa min (6)

X, <a<x,<c
Tir (5), (6) két luan phuong trinh da cho ¢6 2 nghi¢ém phan biét Vp,Vq.
(dpcm)

Loi binh. Phucong trinh ¢6 nghiém khong phu thuoc vao p, g, ma hai dai lieong nay
khong co diéu kién rang buéc nao dé danh gida. nén ta xét cac gia i dac hiét lam
triét tieu p hode ¢

Thi du 6. (Hoc sinh gioi Iap 12 tinh Ha Tinh, nam hoc 1996-1997)

Chimg minh rang :

Néu phuong trinhax™+ (¢ b)x +e - d=0 (1) c6 nghi¢m Ién hon |,
| thi phuong trinh ax* + bx" + cx” + dx + ¢ = 0(2) ¢ it nhat mot nghiem.
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Laoi giai

Got x> | La nghiem cua phuong trinh( D), e 1 oax CHe byx e d=0

¢ ax, toex, +ce=bx +d (3)
Gorf(x)=ax ' + bx '+ cx 4+ dx +c <> fix) = (ax +¢cx +¢)+ x(bx +d).

Do x,>1 nen l\/x” val  x,<0 (4
Adt f(\/x” ):(alx,.‘+cx“+c)+ \/.\'H (bx, +d) (5
Tray (3) vao (5) co f(\/x:k ): (1+ \;/"-w )(bx, +d) (6)
Teomg tu co f( \/x) (1 \/’,\'!, )bx, +d) (7)

Te (6). (7) dan 1n fl;\/xn } f( \jm.1 ): (1 -~ x )(bx,+d) <0. Suy ra phuong trinh
{2 ce nghicm. (dpcm)
Thidu 7.

Chimg minh tap hop nghiém cia tap hop cic phuong trinh sau day khic rong :

1)Hai phuong trinh x + px +q,=0: x + px +¢-=01trong dé p,. p.. q,. q- 1a
cac so thuc thoa man p,p. > 2(q, + )

2 Ba phuong trinh ax + 2bx + ¢ = 0: bx + 2cx +a=0;¢cx + 2ax + b =0
troeg do a, b, ¢ 1a cic so thue bat ky.

Loi giai
1) GunA,=p, 4q,; A.=ps - 4q..
Tocd A+ A=p 4+ p Qi +q)=p +p. 2pp+ 2pp: 24+ qo)]
=(p, - p) +2pip: 24,440 (n
Treo gia thiét p,p-> 2(q, + ) <> pp- 2q,+q-) > 0. Laico(p, p-) >0
De vay tir (1) suy ra A +A.> 0 Vi thé, trong hai 6 A, A, c6 it nhat mot s6
khong am hay trong hai phuong trinh da cho, it nhit mét phuong trinh co nghiém.
(dpcn)
2) G A',=b ac;A’.=c¢ ab;A’,=a bc

S e | 3 y %
Seco A’ +AHA ,=a+b +c - ab-bec o ca= 5 [a by+(-cy+(c-ayj=0

Sy ratros 3 80 AT, AT AT €6 it nhat mot s6 khong am hay trong ba phuong
trinh Ia cho, it nhat mot phuong trinh ¢6 nghiem. (dpem)

Thidu 8.

Cic phin tr cia A son xanh, cac phan tr cua B son do. Nguai ta xép cac phin
tr cia A va B Ién mot truc s6. Tim m dé AUB c6 4 phan wr va 2 phan ur cung
man cua ching khong dimng ké nhau. Voi:

1) A=ixcR|x" 6x+m=0! (1);: B=!xcRjx" 5x m=0} (2)

2) A={xc R|x x+2m=0}; B=!x¢ Rix +x+m 2=0]!

Tong bai toian ndy hiéu déi trong tap hop la cic s6 thuc.

Hii phan tr khic nhau néu va chi néu cic s6 bic¢u thi chiing khic nhau

)



L giai

1) R6 rang AU B 6 4 phan ni va 2 phan nt ciing mau cia clhiing khong dimg ké
nhav khi va chi khi cac phicong trinh ©~6x4m=0, X" -Syv-m=0 6 nehiem en keé.

o Cdch I (Sit dung dinh Iy dao ciia tam thiie hac 2) ’

Goif(x)=x"—6x +m; g(x)=x"-5x - m. Rérang f(x)=g(x) X +2m.

Lai goi x, - la cic nghiém (nén ¢6) cha g, (x).

Suy ra f,(x, -} = 2m - x, ». Ky hiéu I'l=f,(x,)f,(x-).

- Hai phuong trinh c6 nghiém xcn ké khi va chi khi phuong trinh g,(x)=0 cé hai

nghiém phan biét x,; x. thoa man I'T = f,(x )f (x.) < 0.

+ Phuong trinh (1) c6 hai nghiém phin bi¢t <> A, >0 <> 25 + 4m

25
ESW D~ (2)
4
+11=2m - x)2m - x,) = x,X> - 2m(x, + x,) + 4m° (3)
Theo Vi-et x,x,=-m; x,+x,=5; thay vao (3) c6 [1=4m™- 1Im. (4)

Boi the : [1<0¢>4m’ - 1Im <0 ¢> 0<m < ‘.;

. T T 5 I
Tir (3), (4) két ludn : Tap hop cac gii tri phai tim coam [d O<m < e

o Cach 2 (Dung do thi dé tim mién gid tri)
Viét lai (1) <> m = fix) = X"+ 6x

(2) ¢>m =h(x) = x’ - 5x
Vé cic parabol (P): y= f(x); (Q): y= h(x)

Thay rang (P)(Q)={0(0; 0), A( 1“21_ : %‘—) |

Can cit vao do thi suy ra tip hop gid tri
phai tim cia m la O<m< !;— .(h.9)

o Cich 3 (Tung do giao diém 2 parabol am)
VE ciic parabol (P) : y= x*-6x+m;
(Q) : y=g(x)=x’-5x-m. ' 4)
Phuong trinh hoanh dé giao diém cua (P)
va (Q) 1a x*-6x4+m=x"-5x—m <> x=2m
Thay vao (4) c6 tung do giao diém la
y=4m’-11m.
(®) va (Q) déu 16m nén hai phuong trinh c6 dnr-1lm
nghiém xen ké <> Tung d6 giao diém cuia
(P va (Q) c6 gid tri am <> h(2m)<0<>4m™ 1lm <0

0

1 Hinh 10
<> 0<m <74— (H. 10)

2) Goi fy(x)=x"+x+m - 2; g(x)=x"— x + 2m. R rang f,(x)=g,(x) +2x —m - 2
Lai goi x, , 1a ciac nghiém (n€u cé) cua g,(x) = f(x,,)=2x,,—m--2.
Ky hiéu I'l=f,(x))f,(x,).
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e [{:1 phuong tiinh ¢o nghiem xen ke khr va chi kha phuromg tninh g (x) = 0 ¢o

har ngh em phan biet x ;0 x. thoaman T =1 (x i (x.) < 0.

[
|

+ Ptuong trinh (1) ¢o 2 nghiém phian bict < > A =1 8m>0 ¢ > m< 5

+11=2x, m 2)(2x. 2)=4x,x. 2(m+2Nx,+ x.)+(m+2)
Theo Vi-et x x.=2m; x,+x. =1, thay vao (4) co 1 = m + 10m.

Boih¢ 11<0<¢c>m +10m<0<> 10<m<0

e 10 (3). (5) ket luan - Tap hop cic gia trn phai im cuam la - 10< m <0
Thifu 9.

(3)

(4)

(5)

i

l. Tin a dé phuong trinh x +4x  2[x - a/+ 2 a=0co dung 2 nghigm phan biét t

2. Tm a dé phuong trinh x|x + 2al + 1 — a =0 ¢o6 | nghiém duy nhat.

Loi giai

J

V& cic dudmg thang (D) : y=a; (A): y=x va ciic parabol
, I s 1
(@) y=f0)= (x+1) -1 (P): y=g(x)= - (x43) - 3
J

Chuy: Goi I=(D)rXA). Xet diém M(x; a) (D) € ¢6 -
+ M nam phia trdai diem 1 <3y <a <> M o trén (A).
+ M nam phia phdi diem 1 <> v >a <> M o diii (A).
Bl.")”" '(3\’ §

1) X" #4x-2x-al+2 -a=0 (1 "
Tap :ac dinh - R
‘ | 5 o
X" 42x1 2 +ta=0 (P e(x) —(x+3) - e
3 3 (\’!(YX
X>a -3 2 4/ X
(1) ¢> 3 - -1 -
lx-- F2x 4 - —a=0
3 3 5
l X < d . -
(D):y a |
| x4 -1-a (¢) J ,
1 3) (6): f(x)- -(x‘l)*-l
5 X >a i
| 4)1 3 3 : Hinh 1]
| X < a

SG rghiém cua (3) bang s6 giao diém cia (D) vai phin cua () o khong trén(A).

SG ighiém cia (4) bing s6 giao diém cua (D) vdi phin cua (#.) d trén (A).

Tha' rang (@) (P)={A; B}, trong d6 A=(-2; -2), B=(-1; - 1).

Cancu vao do the suy ra phuong trinh ¢6 ding hai nghiém phan biét khi va chi

khi @< —% hoac a > 2.

2) x|x42al+1-a =0

Tapxic dinh R.

(h
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X"t 2ax 41 a0

Xx>-2a
Taco (1)<» k Goi f(x) = x|x + 2a| + | - &
-Xx"—2ax +l1—-a=0
X< 2a
g 5 ~ % ~ ’ ' i' Jr.%
f(x)=x42ax+1 a . f(x)=-x2ax+]-a; A" \=a+a- 1, A" =0<¢>a  —- g

A'=at-a+l, AT >0, vaiVacR. Ta 6 f(-2a)=f,(-2a)=f,(-2a)=1-a

Hoianh dé dinh cta cic parabol (P,) : y= f,(x), (P5) : y=f.(x) déu bang -a.

Ta ¢6 bang bién thién ctia cac ham s6 f(x), f,(x), f-(x) trong timg truomg hop nhu sau:
o Triomg hop 1. a<0 > -a<- 2a

\ - -a -2a tor
] ) . — v
II‘X)‘ i
1 i B
;, _ |
| ey :
- HX) ~a !
. 1
: A 'Lq
AN v !
i .
[ - _ l-a

Tu a<0:->1 - a>0.Bing bién thién cho thiy phuong trinh luén c¢6 mot
nghiém duy nhit suy ra a<0 thich hgp véi yéu ciu bai toan . (2)
e Triomg hop 2. a>0 => 2a< -a.

| x| -2a -a b |
i I ¥ - o - . 4
g v
‘_/!(‘)'
- [ 3
. | 4
FERY)
I-a +2

| 4 LA
| Ax) ] E
‘ +or =AY _ E

i H . e .

bang bién thién cho thay phuong trinh c6 mét nghiém duy nhat

a>|
|l -a<0

& ' <> 1+ Js (3
—A’>() 0<d*’\'lj’\/~

eTruomg hop 3. a=0,f(x)=x[x|+ 1 =0 ¢<>x=-1
—> a=0 la mét gia tri phai tim. (4)
Tir (2). (3), (4) suy ra : Tap hop ciac gia tri phai tim cuam la

a >

D<ac<

1S
=

—
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Thids 10
Chiisg 16 tip hap A ¢o phan i co dinh var moi m. Tim m d¢ A ¢6 ding 2 phan
ur. Va _‘
a) A= R mx+l m-0)! i
b) A={x: R!.\" (M+DHX 4m m )X m+2m+3-0"
Trorg bin toan nay hicu dor twomg tap hop L cic so thue.
Haiohan tr khic nhau neu va chi neu cice so bicu thr ching khic nhau.

Loi giai

A VErla: x" mx+l m=0 <>x'+ 1 mix+1)=0 (1)
e T hop A ¢o phan tir co dinh véi motr m < > Phuong trinh (1) ¢6 nghicm khong
vl 0

phu thuwe m. Dicu dé xay ra kb va che khe f - e E C
Fy' o

Vaykhi m thay doi, tap hop A luon ¢6 mot phan trco dinh la x= |

T ket quatren suy ra (1) <> (x+ (v x+1 m)=0. Goi f(x)=x" x+1 m .

e A 0 ding 2 phan tr khi va chi khi tap nghiem cua phuong trinh (1) ¢6 dung 2
gid tri. Dicu do dat duoe Khi v chi Khi £f0x)=0 ¢o ciace nghiem x, . thoa man mot

trong ha truomg hop sau diy :

” L EE ;
Fvieeng hop - 1=x,7x. <> { ¢ & &5 m=3 (2)
s 1 - m~

a

&, =0 dm-3-0 "
Trieeng hop I 1 7x,=x. <> b <> ¢y om=- (3)

z | s | &
2 2

T (?), (3) > Tap hop cic gia tn phat tim coa m [ m=3 vaim= 4
b) Yem phuong trinh x' - (m+1)x +(m" m 3)x m+2m+3 =0 (4)

<> mt o (x+Hx 2m4+xT x 3x+3=0
X-1:=:0
Xéne {x fx 2 0 <> x=1
x' x =330
Suy a phuong trinh (4) ¢6 nghicm x=1 kkong phu thuoc m < > Tap hop A ¢6 mot
phin nrco dinh (x=1) vdi moi m.  (dpcm)
Tu Kt qua dé suy ra : (4) <> (x 1)x” mx+m’ 2m 3)=0
Goi (x)=x" mx+m 2m 3.
e A0 diing 2 phan tr Khi v chi khi tip nghiém caa phuong trinh (4) ¢6 diing 2
gia tre. Neu ay dat duoe khi va chi khi xay ra mot trong hai truomg hop sau:

f(h 0 .
. m 3m 2 0 3{\/I7
Triaemg hop 1. { ¢ <> . <> m= (5)
- | m 2m 4 -0 2
a
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A, =0 5
o S 3m 1 8m 4120 21 13
T'ricong hop 2. b <> <> m= (6)
e | m .~ 2
2a

Tur (5), (6) suy ra tap hop cic gia tni phai tim cua m la:

¢

Thi du 11. |
Tim a dé phuong trinh (a + 1x™ - (8a + 1)x + 6a = 0 ¢6 ding | nghiém thuoc
kheimg (0l

Loi giai
o Trieimg hop 1: a+1=0 <> a=—1, Phuong trinh di cho tro thanh 7x - 6 = 0
<> X= 3 c(0; 1) > a = -1 1a gid tri phai phai tim. (1)

ceTriomghop?: azs 1 taco f(0)f(1)= 6a’<0 Va
+ a=0, phuong trinh di cho trd thanh x* x=0 <> {x=0; x=1}

=> a=0 khong phai Ia gid tni phai tim. (2)
+a+0 > fl0O)A1)<0 —> Phuong trinh dia cho ¢6 dung mét nghiem thuoc
khoang (0; 1) (3)

Tur (1), (2). (3) suy ra phuong trinh da cho c6 ding mot nghiém (0; 1) khi va chi
khiaz0

Thidul2.

Cho m > 1. Tim nghi¢m Ion cia phuong trinh x™+(2m-6)x+m - 11=0 (1)

Loi giai
Vietlai (De>m2x + 1)+ x7-6x - 11 =0<¢> (m+1) (2x+1)+x -8x- 12=0 (1)
Thay rang x = - :- khong phai la nghiém cua phuong trinh (1).
Chia hai vé cua phueng trinh (17°) cho 2x+1 ta co
Xt 8x 412
2x 4 1

(1Y <>m+ 1 - B thé: m>-1¢> m+1>0

—x 48 2 (-4 42 -4 - 2AJT
SRR S AN C R RV D C S Ry DR
2x + 1 2x + |

Dau vé triai (VT) cua (2) : 4 lvmﬁ 4+ h/r X
= AN~ = A ’

Can cir vao diu VT(2) suy ra tap nghiém cua bat phuong trinh (2) la

xc(-om; 4 2\[7I u[ : 4 ¢ 2\/'7

<

i (3)
2
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Gor x_langhiem cua phuong tninh (1) véim > 1

T (3) say ra max(v,) =4+ yv7 . Notkhic di, voim > 1, nghi¢m 1dn nhat ¢o
-

m

the cua phwrong trinh (1) la x =4+ V7.

BAI TAP

Bai 1. Chung minh tap hop nghiém cua tap hop cic phuong trinh sau day khic

ong
1) Hai phuong trinh : x +ax+b=0; x +bx+a=0 trong do6 a, b l1a cic s6 thuc thoa
L L
min: -+ - = -
a b 2

2) Ba phuong trinh : x +ax+b 1=0: x +bx+c 1=0; x +cx+a- 1=0 trong d6 a, b, ¢
la cac so thue bat ky.

Bai 2. Chotap hop A=!xc Rlx' (m" m+7)x 3(m" m 2)=0}

1) Chamg 10 tap hop A ¢6 phan ttr ¢6 dinh véi moi m.

Tim m dé A ¢6 diing 2 phan tr.

2) Tim he¢ thire doc Lip vén tham so hien he gira cie phan tr khong ¢6 dinh cua A
(Trong bas tein nay hicu doi tromg tap hop L ciac so thue. Hai phan ur khic nhau néu va chi
néu cac «o bicu thi ching khic nhau )

Bai 3 Tum m bi¢t rang phuong trinh x + 2mx + 2m” 1= 0 ¢6 hai nghiém thoa min

X[ < 1T <|xy
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Chuong III.

_ TAM THUC BAC HAI

§1. KIEN THUC CO BAN VE TAM THUC BAC HAR

Aix)= ax’+bx+c (az0)
A=b’—4ac

Ki hiéu x,. x, la cic nghiém cua f(x) = 0

L. Dinh Iy thuan

e A< afix)>0VxcR

e A=0: afix)>0Vx~#
Z2a
X < X,

af(x)>0<¢»
e A>0(:

X > X,

af(x)<0<¢>»x, <x <X,

2. Dinh Iy dao

e afla)<0 <>

X, <(\<x:

ON<X, <X, nen
af(a) >0 ' .
> ag¢ [x,: x-}:
A>0

>\
L]

SN

X, <X, < nen. - < o

19

o afla)=0 >« la mot nghiém cua f(v)

b
S=x, +%x,= :
3. Dinh ¥ Viéte: o A>0 > .

o




§2. NHUNG BAI TOAN VA PHUONG PHAP GIAI

Bdi todn 1. Giai bat phuong trinh bac hai

[ Thi du 1.
l Tim m d¢ phuong trinh saw co nghiem - (m 2)x +2(2m 3)x+5m 6=0 (]
Loi giai
slruomghop - m=2 Taco (1) <>x= 2 > m=21amot giitrt pload tim

-~

(2)
o lrwomnghop 2 m 2 Taco - N =Cm 3 (m 2}5Sm 6)=m +4m

| <m«< 2

Phuone trinh ( 1y conghiem <> v >0<¢> m +4m 3 >0 <> ()

|
13 2l
Fir (25, (3) suy ra tap hop cic gid trr phat timcuam la [<m < 3
%’f Kl a the so cua v chita tham sé, phicene trinh 6 "dang bac hat”", b,

phm Liem tra trvone hop a=10

24 7x - 15x°

Thidu 2. G bat phuong trinh : -
21 +.3x

f
|
|
|
|

> () (1

~ Laoi giai

Goifixi=2+7x - 15x ; ix)=0 ¢ x==:%5=~]

; I
Gorg(x) =2  7x+3x ; g(x)=0 <> x=- ; x=2

1 I 2
\ . 2 +7
5 3 3
Hix) 0 4 + 0
e(x) ¢ + 0 1() +
fix)
+ )+ o
g2(x)
Can ¢ vao xét dau tren suy ra tap nghiém caa bat phuong trinh (1) 1a
| P 2
XL _§ —wxEd
| s 303
| Thidu 3.
i . . . . 2x -3
r Gaan bat pharomg trinh - 3x0 6x+ 5+ — —— >0 (hH |
I X" ~3x+3 |
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Lai giai

3
Vietlai (1) <> 3(x-1)+|2 + m}f"ﬁ_ —m]>0c3 3(x - I)+ 4x : >()
T -3x+3 x'—3x&3
& 3x - 1)+ :(_’5_# 1 >0&y3x°-3x +3>0 VxeR (doA<0)
?x+ 3
= Bat phuong lrmh(l)cotip nghném laR.
Thidu 4. o
Tim m dé phuong trinh sau ¢6 cic nghiém trii diu :
(m-D+m+)x -m+2m+3=0 ()
L('ﬂgm]
Viétlai (1) <> (m+ Di(m- Dx’+x—(m-3)]=0 (2)

Tricomg hop la - m = -1, Phuong trinh (2) <> Ox=0, diing VxcR
= (1) 6 vo 0 nghiém triai ddu —> m= -1 la mot gia tri phai tim. (3)
Tricomg hop 1b: m =1, Phuongtrinh (2) <> x+2=0 <> x= 2.
=> m = | khong phai la gia tri phai tim. (4
Triomg hop2: -1 #m# 1, goi Ax)=(m - x + x — (m - 3).
Phuong trinh (1) c6 cac nghiém trii dau <> ac <0
~lzm<|

<> (m-1)m-3)<0 < (5)

m >3

B G g . Cm<«<l
Tir (3), (4) vi (5) suy ra : Tap hop ciic gid tri phai timcoam la | -

m .
Tﬁé;ug U O LYy SO, Lt
Giai bat phuong trinh : x : ‘>2 (H
iai gl =
B ET RN

Lai giai
- bl 2 - ~ hl 2 hl » ]
() > x[(x +x+1) (x’~x+l)|,>:~‘i~(x‘ X+IHX+X+]) <> 2x > z [+ 1) x7]

DX EXHIO (XK1Y <0 x=t1

Thi du 6.
G|.u b.n phuqnglrmh (" 7x+3x }\h ix 2\ >() - (_I )

|
l
|
Lai giai
3-5x-2x 0
3 Sx-2x >0
2 Tx +3x >0

(1)<>

|
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[ Q]

|
|
l
|
| |
(2 <] T <
|

Chu y. Bit phuong trinh trén thuoc dang f(x) \/Ez(x) >0 .

Got tap xic dinh cua f(x) 1a D,. Ta cé:

T

x€ D,
N g(x} =0
fx) ya(x) >0 <> :
2(x) >0
f(x)>0
Cinide * D
Vai moia > 0, giai bit phuong trinh a’x*+ 6a'x” - x +9a+3>0 (n

Loi giai
ea=0 Taco (1) <> x<3 (2)
e 4> 0, Nhanhai vé vaiaco (D) <ra'x' +6a'x’ ax+9a+3a>0 (3)
bat t=ax. phuong trinh (3) tro thanh t' + 6at” -t +9a’+ 3a > 0

<> 9at- 32+ l);|+t‘~l:20 4)
A =920+ D) 4900 - D=9 +4t+ 1) =92t + 1)
o b
320+ D32t ¢ T T
VR =l asas ot RO o 3 Suyn
L 1 4t
a, = ———
' 3
{ 2 \ V i 7 ‘ . ]
VPE) =9 - ) il»):‘)lu . 7*;- !, I][u f '}' ]:(r-+t+1+3a)u>s+3a)
Suy ri: (h) <> (C+t+ 1+ 3a)t 1+3a)>0
BUHt+H T +3) 00 1+3a)>0 (5)

T iy 3 )
béy t+l+1+3il:{|}7] i4~+3a>(),\./:\>0.8(nv:'_ly:

()extr-t+3a>0 ¢ aax’” x+3)>0<¢> ax” x+3>0. (6)
A=l=1lagsU ¢az-=.
12
o . 11 12a
cac nghiém néu co cua phuong trinh ax™ x+3=0lax, .= — 5
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a> -l—lz(A <0),s€ co(6) nghiém Vx ¢ R

|- \/! IZ;]

Suy ra : | x < - R
O<a<- (A>0),s¢co (6)<> —
12 1431 - 12a
i DA
e o)

—

Tom lai: e a =0: Bat phuong trinh ¢6 tap nghiém la : x<3

| =+/1—=12a
I Ty
e () < a < — : Bat phuong trinh ¢6 tip nghiém la : R
12 141~ 12a
X ;‘ PSP TR, —
2
®a> . : Bat phuong trinh ¢6 tap nghié¢m la R.
Thi du 8. -
> < 5 - 4x 2px . .
Tim p dé bat phuong trinh sau c6 nghiém : —-———-— +-——+1-p >0 (1)
[4+2x" +x"  1+x
Loi giai
bat =-l—AA§~;— . th < 1. Bat phuong trinh tro thanh f(t): t+pt+ 1 p >0 (2)
+ X7

Bat phuong trinh (1) ¢6 nghiém <> Bat phuong trinh (2) ¢6 nghiem til<[.
e Tu gidi toan hdang plicomg phdp gidn tiép .
Do a = 1 > 0, nén bat phuong trinh (2) vo nghicm wén | -1; 1] <> () <O Vie|-1; 1]

f(-1)<0 [2-p-p <0 [p€(—oc,~2)U(l,+0ox)
< <> s <

f(1)<0 24p-p <0 |pE(—x,—NUQ2,+x)
e Tir (3) suy ra phuong trinh (1) ¢6 nghiém khi va chi khi |p|<2

& 1p| 2. {3)

Viy Ip| < 2 1a tap hop cic gia tri cua p dé bat phuong trinh c6 nghi¢m.
Thidu 9.
Khi m < 2, tim nghiém lém nhat (¢6 11é) cua phuong trinh

7 | (m-2)x"+24 -~ 3m)x + I0m -11 =0

Lai giai

Vietlai(m 23+ 2@4 3m)x+ 10m I1=0<o>m(x” 6x 4+ 10)=2x Ry + 11 (1)
b y . _ ) _ 2% - Bx 411
Thiyrang x - 6x + 10=(x 3y + I > VxcRunén(h)<e> m=
X Ox 10

o 2x7 - 8x + 11 2x7 - 8x + 11
Boivdym=2 ¢y e 265 — s

— e - 220
X —6x 110 X —6x 110
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Pl 2ix

X 06x 410

Gx 1)
<{)

Hx 9

X
Vay nghiem lon nhat ¢o the cua phuong tinh kKhim

<) ¢» x<S.
ox 10

<2lax =5

Bdi todn 2. So sanh nghiém véi mét s6 cho trudc

Muon so sianh so thue « voir nghicm cua phuong trinh bic hai
f(x)=ax + bx + ¢ = 0, ta thue hien theo trinh tu sau day:

) R4 Ty

Tinh fta)

4~ -

Két thue

P
afla)>0
\\
Y
Tinh A
v
A>0
\ v
S S
— < (X =5 2N
2
1 ]
 / v
X <X,<a a<x,<x
.
!
[
7
,l
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Thi du 10. S |

So sinh 1 v6i nghiém cia phuong trin_!l_2__)_(_i; I8 +17=0 | I

Loi giai

20(D=2>0 (1)
Taco {A'=47>0 (2) > Phuong trinh c6 2 nghi¢m x, x.: I< x, <x.
S 9

—=—=>1 3
5 2> 3)

Chi y: Phép (2) va (3) sé€ dicoc thay thé don gian hon néu so sanh dicoc 1 véni mot
sé nao dé d trong khoang hai nghiém.

" L 12f(3) = -38<0 .
Chang han: Tu = l<x; <3 < x.
<3 :
Thi du 11 -
So sdanh -2 vdi nghiém cia phuong trinh
f(x)=(m*+ DxX>’=5(m’+ Dx - m’+m-1=0 - (D
Loi giai
Viét lai (1) <> x>~ 5x + __1=0. Goifix)=x’- Sx+ |
I+ m” l+m
PEy : Vm luon 6 |——— s-l—:>—l'_< m,s-]—
+m” 2 2 l4+m 2
P S V. W R
I+ m” 2
= I 25
=)= ——e 5 e 5
l+m” 2 2

= Phuong trinh c¢6 hai nghiém x,, x, va -2 < x,< 0 < x,

Thi du 12 (Hoc sinh gidi mién Bic, 1968)
Cho hai s6 a va b thoa min diéu kiéna > b > 0, a + b = 1. Chimmg minh phuong
trinh x’- b"x - a"= 0 luon c6 hai nghiém phan biét thuoc (-1; 1)

Lai giai
Tugiathi€ta>b>0vaa+b=1suyra

lae((k 1) O0<a"<l1 O<l-a"<!l _ Ja>a"

= 25 va (1)
be(0; 1) 0<b" <l 0<l-b"<1 b>b"
Goi ix) =x’-b"x — a". Tacé
Hé s6 cia x” 1a duong 1 va (2)
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A0) = a"< OV (3)
fil=1-b"-a"=@+b)-b-a"=(a a")+(b bH")>0 (4)
fO D=1+b" a"=(1 a"+b'>0 (5)
T (2).(3), (). (5) suy ra £(x)=0 [uon ¢6 hai nghiém phan biét : x,; x, thoa man
< x, <0< x. <1 (dpem)

Bai todn 3. Gidi va bién luan phuong trinh Am, x) = 0
(ftmr, =0 la plagomig riind hae hai chia tham so m.)
CACTE GIAI
Lap bang xét diau nhu sau («, f} la cic s0 phai so sinh vai nghiém)

mla | A (o) Y- f(f3) :B

| Nghiém ctia phuong trinh
| Keét qua cua bai todn

-1

g — - - - e S il - I — - P i e st et

“Thdu 13,

- : . 1 1
Gai va bién luan phuong trinh —= = -
Jx' +2mx  V8x —6m -3

Loi giai
Tico
(&5 x* -+ 2mx <:8x-—k6mm3c‘> X 4+2m-4)x+6m+3=0 (2)
8 —6m-3>0 | x>6m8+3
i fix) =X+ 2(m ~ 4)x + 6m + 3 vh @ = -(ng*-.é

Bii todn dan tai tim nghiém cua phuong trinh (2) thoa man diéu kién x>a

Toh : A’=(m-1)(m-13); f(a)= ::g(m + %Xm g 2 g SAIAM

2 2 8
Cic nghiém (néir ¢6) cha phuong trinh (2) 1a x,,=4 - m + JK
Ta cé bang
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N “ . -
A M) y u So sanh nghiém

m ' 5 ' ; . -
m-Dm-EH L e e 5Hf 20 1m | KEL qua duoc dong khung

x e
b &
+ + + a < |x, < [x_, J
/ T
0 \ O=a=x, <| x,=9 |
+ - + X, < a <| X

= : 0 P=a=x, < | x.=8

{
N

+ + + | a< X < x\_:]
I 0 T=a <| x,=x,=3 >
R e B 1-0 -1 fix) =0 vo nghiém
f— + —
13 0
+ + - X, £ x, < «
+
I
m < - "; -
Tom lai: e , - Phuong trinh (1) c6 hai nghiém x,.=4 - m V‘[/\
-—<m<|
22
! 3 ) o
® - <m<- po Phuong trinh (1) c6 mot nghiém : x.=4 m + \/A
em=| Phuong trinh (1) c6 nghiém kép x, = x. = 3
om>| Phuong trinh (1) voé nghiém



BGi todn 4. Tim m dé afim, x) > 0 ,vxecR (Done dau tren toan 1)

-

CACHGIAL . afim.x) >0 Yxe R <> A< 0 :
| Thidu 14
' 10+ x

Jrx)

; m e , .
[ Cho fix)=(l oo m+2)v + 1 Timm de Q(x) = xac dinh Vxe R
1

Loi giai
Cach I Quxy xiacdinh Vxe R <> fix)>0.VxeR (*)
o ot m
e Truomg hop |- | . =) ¢ m=42

+m= 2 /(x) I >0Vx¢R >m= 2lamot giitn phai im, ()

+m=2 fix)= I+ AN)>0 <>1 dx>0 <¢>x<

> m = 2 khong thich hop (2)
a>0
e Truomg hop 2 :m » 12 fix)>0,VxcR <> (3)
A<D
m ;
+a=1 i >0 <>4 m>0 <> 2<m<2 (3.1
+A=(m+2) ¢ -m)=2mim+2) \<0 <> 2<m<() {3.2)
Tu (3. 1), (32)suyra: (<> 2<m<0 (4)

Tu (1), (2) va(4) suy ra tap hop cac gt phan timcoam la: 2 <m<(
Cach 2. (Tiep noi tr (%))
+ Rorang Kinx =0cof(0)y=1>0V m (5)

. _ f(x) ! | t
Vi xsl, fixisties S22 sh 5 o (i { I~ D0
X’ X X 4

o e e )
Gorh( )i . raircaa (6). Do 1a tam thie bac hai déi van -
X X

mi12 @ m)<o0

| A< 2m(m  2)< 0
eh( )>0, Vxs0<> <> m- <>
X b=c=0 m i 2 1 0 [m t2 -0
4
¢> - 2<m<0 (7)

T (5), (7) suy ra tap hop cic gid phai tim tnicotam la - 2<m<(

Lai binh.
Trong bai toan tim fiv) >0OVveR néu > 0, 1a 6 thé chuvén doi hé x6 a va c.
Vai cach av, ban khong phat Dién luan he s6 a

Ban can biét ax’ + by + ¢= 0va e + by + a= 0 ¢6 ciing mot biét thiec
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Thi du 15 | |

g e . 3k mx i S
V& nhimg gia tri ndo cuam thi : I< =3 : <6.VxcR (1)
ZX X

Lo giai
i o a=2>0 iy R e o B
PDéy2x - x+1>0 do . Boi vay. nhan timg vé vé1 2x - x + 1> 0
A=-9<0
taco: (1) <> 2x x+1<3x’- mx+5<6(2x x+1)
2x7 x4 1<3x mx+t5S f(x):x" +(I m)x t4>0
<5 ¢ .
Ix mx +5<6(2x x+ D 2(x):9x" - (6 m)x t 1 >0

Goi A=(1 m) 16;A<0 <> (I m)'<l6 <>l micd <> -3<m<S (3)
Goi A,=(6- m)--36; A;<0 <> (6 -m)’<36 <>I6-mi<6 <> 0<m<|2 (4)

(1)

A <0
Heé (1) nghiém vai Vxc R <> hé (2) nghiém vor VxcR > Al 0 (5)
/ <
T (3) va (4) suy ra (S) <> 0 <m < 5. D6 la1ap hop cic gia tri phai tim cia m.
E Bai toan. (Tich hai tam thic) E
' Cho fim, x)=(x’+px+g)ax’+bx+c) (a # 0) phu thuoc tham s6 m. ‘
+  Timm dé f(m, x) 20 VxeR E
; CACH GIAI :
: Goi h(x)=x"+px+q, g(x)=ax"+bx+c. Nhu vay f(x)=h(x).g(x) :
5 e f(x)>0.VxeR <> h(x) va g(x) khong trdi diu véi nhau VxR :
E | a>0 E
: - Af SO E
E © A, <0 -
: b 5
: I P q :

Thidulé
'l‘lmmdéﬂx)~(x +x l)(x’+x+m)20,VxeR

Goi v€ trii cua (1) 1a fix). Thay rang h(x) = x* + x — | cé hai nghiém jphan biét
khong phu thuéc m . Bai thé fix) >0.VxeR <> Cic phuong trinhx+x -1 =0va
m

» . P
x+x+m=0 latwong duong <> 3 i" " <> m=-1
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1 Thidu 17
Cho fix) = (x" a)  O6x  4x + 2a (h
Iy Vara = |, gian phuong tiinh f(x) =0

2) 'i‘iﬂlr adeé f(x) >0 VxcR

Loi giai
Vietlai (Des>ftay=a 2(x ha+x' 6x  4x
Xem f (o) 1a biéu thie dor var an a.
At = (- 1) -t 6T - 4Ax)=(2x + 1), a,= x4+ 20, a,=x-2x -2
Suy ra T{a) = (a - a; }a - a.) =(a X~ 2xWa X +2x+2)
Hay fix)=(x"  2x -2 - a}x’+ 2x - a).

. X = -1
DVaia= ltaco: fix)=0¢>(x 2x - I(x +2x+ 1)=0<>

x=l%

2) Goih(x)=(x" 2x - 2-a); g(x) =(x" + 2x — a).
. I 2 .
Thay rang : g Boi vay f(x)>0,VxcR
X* - 2x — 2 -—-a>0,Vx A <0 [3+a<0
5 . D o <>3+a<0<¢>a
X~ 4+ 2x - a>0,Vx A, 54 I +a<0
| Tim m dé Q(x) > O,VxcR véi
| 2 . 9 3 ‘ 9
| Qx)=(1- m_ XA (m+ 33X+ (1 + - — X"+ (m+ 3)x + - (nH
. 9 4 9 4

Loi giai

Cach I: Viétla (1) <> Q(x)=(x"+1)

-2 |k t(m +3)x+2
9 4

i (
Goi fix)=(l- M4 (m + 3)x+}—.
LY 4

DEéy:x'+ 1>0VxcR nén Q(x) >0,VxeR <> fix)>0,VxeR (%)

Tiicomg hop 1 | n; =0 ¢<> m=13.

+Vaoim=-3 fix)= 5 >0, VxcR > m = -3 1a mot gia tri phai tim.
" 9 3 ;

+Vaim=3 fix)=06x + z?()ﬁx::«g —> m = 3 khong thich hop.

Tiaeomg hop 2 : 1 2_40 ¢> m#+3. Khi dé fix) >0,VxcR

V2

<-3

(2)

3)
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m.‘.
| ———>0
a>0 9 Iml<3
&5 s’ &5 <> 3<m <0 (4)

A<0 . > Im(m 4 3) < 0

Tir (2), (3), (4) suy ra tip hop cic gia tri phiai tim coam la -3< m <0

Cich 2 (tiép noi tir (¥))

+ Ro rang khi x = 0 ¢6 fi0) = Z>()Vm (5)
_ i 9 |

Vaixz0to20e B g e 2 sment w01 - 520 6
X 4 x X 9

Goi h(—) 1a vé trai cha (6). Do la tam thic bac hai doi vai ——l— )
X X
-h(—lu)ZO,\'/x 20>A<0>(m+3)-9(1- E;— )<02m(m + 3) < ()
X

¢>-3<m<0 (7
__Tu(5), (7) suy ra tap hop cic gid tri phai timcaam la: 3<m <0
Thidu 19
CTimadéfix)=2x"-4x"+ @+ 5%~ @@+ 3)x - (a+ 1)a+2)>0,VxeR (1)

Lis gidi
s Biéndoi fix)=2x"-4x'+(a+5)x - (a+3)x ~(a°+3a+2)
. =-a+(x - x-3)a+2x' - 4x'+5x - 3x - 2
o A= (x-x-3)+402x - 4x ' +5x - 3x-2)=9x" 18x ' +15x” -6x+1=(3x" 3x+I)"
=X +X -2 =2 -2x - I DAX)=(x"-x+2+a)(2x" - 2x -1 - a)
sGoiA,=1-4Q2+a)= da—T:A=1+2(1 +a)=2a+3

A <0 —~4a—-7<0 7 3
A, <0 2a+3<0 | T2°%572
e f(x)>0,VxeR > R lim < T o
~l-a 2* ™ |-3a-5 1.5
— T — ————— I 0 a = -
2 +a | 2+a 3

Bai todn 5. Tim m dé aftm, x)>0 ,Vxel(a; B)

(Dong ddu trén mot doan)
A <)
A>0
Aaffoa) >0 af(3) >0
S 5
o]0

CACH GIAL  aftm, x)>0 Vxela; B] <>
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" Thi du 20
| T tat cam sao cho cos2y 4+ meosx + 4 > 0.V xc (07 1807
Laoi giai
Vict L cos2x + meosx +4 =0 <> 2¢os x 4+ meosx + 3 > ().
bact = cosx. i 1, Bat phuong trinh (1) tr thang 2t + mt + 3 > 0
Bat phuong trinh (1) nghiem Vxe R <> i)y = 20+ mt+ 3 >0 Vie | 101
bicu do ¢ khi vichi khi m nghiem mot trong hai truong hap sau

Uiwong hap 10 A< 0 m M <0<>iml< vfi-i
Trwony hop 2
A0 limi 24 limi> 24
LECL 1) >0 ¢ 51 m>8 <3 {imi<h <> v"24 <Iml<5 (3)
S S § A0 m o 16 -0
1 IX Iy -0
. 2

T (2) va(3) taco: Iml<5 latap hop cac g trr phiar tim cua m

Bdi todn 6. Tim m dé afim, x)>0,VxeR\(a; BY (Dong dau neodar maot khoang)

A <0
E A0
. ‘ _ '\ S af(a) >0
CACH GEAL Af()>0VX <>
|'x >3 4 af(3) >0
S S
-(\J[ it("(l
2 p ,
" Thidu 21
- " . ) \ e l
o Timmde v 2my m+ 220V
- EX g
i |
L.an giai
. {x < 1
Gorfix)=x 2mx m+2 Taco: fix)>0, Vx
' x> 2
A0 [ - ¥ & ey L
' ilm' fm 2<0 Zamzl
A =0 ' : m< 2vm>|
[ m {m 2>0 )
()ijtf( l){") - f lné‘;:() s |'nf> }
H1-f2)>0 f ‘ 6
g ]'S | 6 Sm=>0 m < :
o . 31 i " .
i 2§|}£2 2{<0 I{mél)(m 2} T
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~-2<m<|
<> 6 <> 2<m<— . Do 1atdp hop cic gia tri phar tim caa m.
l<m< ; 5

Baitoan 7. Timm dé’ a.Ax)<0, Vx: a<x< B (Trdi dau trén mot khoang)

w Eodidin 2wl af(e) <0
CACH GIAL afix)<0 Vx: a<x<f} <>
af(3) < 0
“Thidw22 S
Cho f{x) = sin®x + cos"x + asinxcosx .
Tima de hdm sO y—\/f(x) xic dinh VxeR.
Laoi giai
Bién doi fx) = (sin'x + cos'x)' — 3sin’xcos x(sin'x + cos'x) + ; sin2x
3 .., a
: i R, < D
<> fix)=1 3 sin'2x + 5 sin2x.
; T . 3s @
Dat t = sin2x, Itl < 1, fix) tro thanh h(t) = | - it"+ 2 t
Ham s6 xdc dinh Vxc R <> fix) > 0,VxeR <> h(t) >0,Vie[--1;1]
. 20 1o~ 1) <0 34+2a-4<0
<> g() =3 -2at - 4 <0 Vie|-1;1] & <> ey lalg-
(<0 3 -2a-4<0 2

Tom lai : lal < 3 1a tap hop cic gid tri phai tim cua a.

Bdi toén 8. Ching minh bt dang thic

Thi du 23
Cho a 2 0 va n la $6 1 nhién. Ching minh

\/.n\,/.n }\/ ”‘[”4“ (1

n d.lu “an

2 Loi giai
+ Trudomg hop 1: a = 0, bat dang thiic (1) hién nhién ding

+ Truomg hop 2 : a > 0. Dat x,=\/a:, x;=\/;|-{; \/1 \/-.l } f_—~_

] Em an

¢ ) )
Doa>0 »>x,>x,,.Matkhicx,=/a tx , <>x =a+x,, >x <a+ X
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hav X X, wl} (2)

"

Xt fin=t t a. Bat phuang trinh (2) ¢6 dang fix, y<0. (3)
| . e in ot e ok
fifel) e B g, o Theo dinh Iy dao cua tam thue bac hai ta co
- ) :
| \,"‘.] i da
(3 <o <X, ¢x & , (dpem).

| Thidu24. Choa.b.c >0vaabe = 1 Goi Q =a+b +c. Ching minh Q > 3. N

Loi giai
o [u grdi todn bang phitong phap eidan tiep
5 . lasbc>0 . ‘
Guosu Q < 3.t gia thict e o | > abQ < 3ab<¢>ab +afa 3)b+1<0 ()
Xct tam thie fix) = ax +a(a - 3)x + 1. Taco (1) <> afib) <0 > fix) cé hai
nghi¢n phanbigt <> A>0<>aa 3) d4a>0c>aa 3) 4>0<>(@ 1)Y(a-4)>0
<>a>4
=>a+b+c >4 Dicundy trii giad thict. Viay Q < 3 (dpecm)

Thi dy 25
: L I
Chra'> V17 Vililh(::('). (1)
Chmg minh ; +b 4+ ¢ >ab +bc +ca. (2)

Loi giai
a>10 a>0

T () » . : <> .
36abe = 4< 17 <a'=>36abc -a' <0  |[36bc--a° <0

(3)
Vit lai (2) <> ]_% +(b+c)>3bc+ a(b + ¢) ¢ > (b +¢) - a(b+c)+ ; 3bc>0 (4)

S , \ a | \
Xon veé tran (3) [atam thie bac 2 cua(b+c), A=a ¥ ; 3bc) = 3 (36bc-a’).
u(3) > A <0nen (4) ding. Suy ra (2) duoc chimg minh.

Thidu 26
Clo a, b, ¢ 1a ciic s6 thue duong. Chitmg minh a, b, ¢ ¢6 thé 1dy 1am dé dai cic
cant cua mot tam gidc khi va chi khi :
~pa +gb’>pgevai Vipig)ip4q=1. (n
Loi giai
eye<xpa+(1 pb'>pl pxc <> cp (b+c a)p+b>0 (2)
Bo ¢ >0, nén VT (2) 1a mot tam thie bac 2 déi véi p.
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Thi du 27

A=(b'4+c -a) dbc=(b+c-a+2bcb +¢c - a  2be)
=l(b+c) a’ll(b ¢ a]=(b+c+ab+c alb c a}b «+a)
o (l)ding V(p:q) :p+q=1<>(2)ding VpcR <> A <0
Do a.b.c>0nén A<O<¢>(b+c aXb-¢ axb c+a)<0

<>(b+c alc+a b)a+b ¢)>0 (3)

bé y : Trong (3) kha nang co hai thita s6 am khong thé xay ra.

. : b+c-a<0 ) _

That vay: chang han .Comng theottmg vé > 2¢c <0<H>c<0.
cia b<0

Trai gia thiét

e Do vay (3) <> ci 3 thira s déu duong <> a, b. ¢ thoa man diéu kién dio dau cua
mot tam gric. (dpem)

Cho 3 so thue duomg phan biéta, b, c: (0<a<b<c)
Goi P=4a+hb+c).Q=2ab+bc+ca)d=a +b +c.

, l— e
31 4 2] 34 2

L giai
3

Chimg minh : a<

1(r [ Q p
a=_ '-—/d*" L S S
3( 4 \ 2 ) 6
bat —=) o> - 0
1P
ﬂ = —_——: L L i d S
3 4 \r 2 ) ) i }() ek
Taco:
Q s 2 ! : ' :
o d- y S b+ ¢’)-(ab+bc+ca)= S [(a by +(b ¢) +(c a) |>0 (do ach<c)
=> Bai toan co nghia va a <} ()
=> «, B} 1a hai nghiém phan biét cua phuong trinh
. PP
A tr-— 14— —d e ={) 20
6 9116 2
S t+3 P atbic S
e Sl - (TR > a<-<c (doa<b<c) (3)
2 2 12 3 2
P 1P 2a t bt ¢) ab i be t e
eflay=a- — a+ | - df(‘)]:u ‘“f--“')-tlh' il S
6 9116 2} 3 3
a -ab i be - a b)a ¢
= l — L.-—-“ Ma ()>() (do a<b<c) % B
3 3
5 > ~aje- b
e Tuong tu flc) = (c aMce )>() (do a<b<c) ThY)



o T (2), (3). (1), (3) suy ra phuong tninh (1) o cic nghiem «. § thoa man

a<a<f<c. Doladpem

1. binh

De clume munh a<b<e <d_ ta i the lam theo cac cdach san:

I New bict deow a<e thi et PT fixi=v —(a + ) + ac va chimy to

.S
fthy<O<fid. 5 <d

2 New brer diwesc b<d thi vet PT fivi =y (b + d)v + bd va chimg ro

. S
fie )<li<fra). L

S New biet duon a<d thi et PT fv =v —ta + div + ad va clusig o

fth)<t) fler<t), h<.

4 Néu bier dien h<e the vet PT ftvi=v — (b + ¢)v + be va climeg 1o

: . J
S ar>O fidi>, a< R <t/

Thi du 28

Al

— N :
Goi S= (a+a+_+a).S= (a, +a,.+. +a ) Ching minh:

n 11]
S /(u 4 ﬂ‘
S 33

L giai

Cho n+2 sothwe duoomg . .o a . a thoaa <a <, Vi=l,2....n

Tacoa<a, <ficria aKka pPHr<0<> ;1,) (a+Pa,+af <0.

Dxin ding thire €6 khe va chi khi a = « hoac a, = 3.
Tuong - .1 (e + Pra+afy <0

;i: (e + Pra+ aufy <0

:I; (a+ P, +afd <0

Cong theo ting v n bat phaong trinh trén ¢o

(a, +a2. 4 +a_ ) G+ B)a +a.+ . +a) +naf <

o>nS. mu+ 1S, +nafl <0 S+ afl < (a+ S,
Theo bat dang thisc Co si- S o+ et -~ 2 JufS,

e i I S . S, (¥
P2y (B suy ra - 2 JaflS, <ta+fhhS <> <
S 40}

Drau dang thaie ¢6 Khr va chr M o=« hoac a=f vai Va=1.2, .

< ()
(2)
(3)
(dpcm)

n.

(1)
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B&' todn 9.
Tim gié tri nhd nhét va gia ti I6n nhét bang tam thic bac hai

. , 5 . b /
Toa do dinh cua parabol (®): ix)=x"+bx+c la (x,=- 2— Yo=— 4‘3 )
a a
max f(x) 12 gia tri Ién nhat cua f(x) trén mién D
Ki hiéu
' n:jn f(x) 1a gia tri nho nhit cua f(x) trén mién D

Truong hop 1. D=R

Hinh 12.1 ' Hinh 122

b A .
ea>0: maxf(x)=f(——)=——, khong tén tair minf(x). (h. 12.1)
- (x)=1( 23) 4 g 3 mi (

ea<0: minf(x)=f(~—£—)=——A—,kht')ngtfin tai maxf(x). (h. 12.2)
D 2a 4a &

Tricomg hop 2 . D={xeRl x > a} hoac D={xeRI x <}

&
y
= X
HHNIn =
%ﬂu)
S
a>() i !
Hinn 13.1 Hinh 122

+ min f(x)=min{ f( —,: ), f(a)} . hoac min {f(2), f(3)}
o >0 : = ) ' “
+ khong ton tai mé!x f(x)
+max f(x)=max{f(=*), f(a)}. hodc max {f(>).AP)}
e a<(: S
+khong ton tai mDinf(x)
Chii y - Néu =2 ¢D, khong phai xét f{ <>)
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Trwemchop 30 D=|u; |3

\ )
—»
fla)
fla)
()
1t ,’: )
a<)
Hinh 121 Hinh 122

o Mix f(x)=max{f("), f(a), f(B); e N{in f(x)=min}f(=2), f(a), f(B)}
t 4 5
Cliiy Neu -2 gD, duong nhién khong x¢ét f{ 57)
lhl“ll 29 T e
Tim 2id tri lon nhat, gid tri nho nhat cha him s6 fix) = x + 2x + 3 trén
D=[-3: 01, E =(0; 3]

Lai giai

a0 minf(x) — f(- 1) = 2
e bXy: b = ?
e = - €D mlax f(x)- mnx{f(());f(— 3)} = mux{3; 6} =0
2a )

b
e By ja>0; = ~I¢E]}

2a
m'in f(x) - mir1{f(());f(3)} = min{3; !X} —~f(0)=3

2 ' .
I]\.ilx f(x) = max {f(());f(3)} = max {3; I8} =f(3)= 1%

“Thi di 30 - - S
xty-a-I
xy —a —7at14

Tima dé U = x"+ y” dat gid tri nhé nhat.

Giasu x, y la nghiém cua hé (l){

Laoi giai
Trud: hét hé (1) cé nghiém <> S-4P>0 o (a-1)y-4@ - Ta+ 1420
. 1
D -Ja+262-5520 o l: <a<5. GoD =|I}SJ (2)
VictaiU=8- 2P=(a- 1) -2 -Ta +=-a"+12a-27. Goi f(a)=a’+12a-27.
> MinU=minf(a). Bai todn din tdi tim minf(a).
] D
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Taco f

1 32
: ] =i f

f—'-]:ﬂﬁ)} =minl'}g:8]=f{~l—l-] o
3 9 3 9

i 32 . bl
Vay MinU= " dat duoc khi a= 5

Suy ra Muin f(a)=min If

Thi du 31 ]
Tim gid tri nho nhat cua biéu thic: ’
3 3 N > ) . ,

Q= ’EI 1 X;' -»--x~; ~— )’;, e 1 1, (voix #0.y # 0). |
y'oxT y  x oy X l

Lai giai

pat * 4+ Y =1, 1l > 2. Biéu thic Q tré thanh
Y X
Q=" -2) - 2|~ (" - 1= =20 - B4 2 (1)
Péyll>2-50>4 51 3>1.Dovayuwr(l)suyraQ>t'+ 4.
Dau dang thiic ¢6 khi vi chi khi tI=2. Goi fity=t +t 4.
Hién nhién Q" > minf(1) Bai toin din 13 tim GTNN cua f(1) tien
¥

D={tcRIlltI>2]
a=1>0

Tacé: 1 b = minf(0)=min{f(-2); {(2)}=min} -2:2} = 2

1
2a 2
Dau ding thiic trong tat ca cac dinh gia trén dong thai xiy ra khi va ch khi
t=-2<¢> x=vy > mnQ=minf(1)=2.
D

‘_i‘ﬁi”&‘u_.ii."“(Bi—|§ifiis. Noi, khoi A nam hoc 2001-2002)

. ~ 3costx 4 dsin X

Tim GTLN. GTNN ctia ham 56 y= "« -0

3sin”x 4+ 2cos X
Lai giai

Viét lai y--1= 3(cu§;.\' sifl:;\') i 45in:x 2cos X

3sin X+ 2co8T X

Jcos X sin x) ! 4sin’ X 2cos X

> y-l=- i -
3sin"x 4 2cos X
l B . S
>yl - —— DAt sinx=t, te [0; 1], hdm $0 trg thenln
3sm’'x 1 2cos X
I L s
y |- Goi flt)=31" - 2142,

3% ~ 2042
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f(>0ve|0l]dod = 5<0 vaia=3>0

Tha rang b . Suy ra:

|
. ¢ {().I]
2a 3 °
A S , 3 3 8 . )
o Minf(t)= = > max(y - 1) = <> max y=—+l= - ¢o duoc khi
: a 3 v 5 noT 8 S

] hl
vachithit= - ¢» smmx=
3 3
- : . |
o Mixf(t) =max{f(0) fil)}=max{2: 3= fi1)=3 >min(y 1)= :
' D :

, I 4+ . i il Bk s
<> niny = ;+|:“¥ . €6 duoc khi va chi khi t=1¢> sin'x=1.
9]

Tom lai : GTLN cua ham s6 bang S : GTNN cua ham s6 bang %
]’” wl_l'-ll (21]‘337 -
Timgid tri lon nhat cua m thoa man hé sau ¢o nghiém
X 4x 12<0 (H
X 4mx +3mT - 4m - 4<0 (2)

Lai giai
Viétla (1) <> xe D=[-4; 3]
Goi (x) = x" + 4mx + 3m’ - 4m - 4. R6 rang hé ¢6 nghiém <> minyfix) < 0.
bf
Hoarh do parabol la x,=- — =-2m
a
+ Nu-2m<-4 < m>2thi minyf(x) = f(-—4) =3m” - 20m + 12

Ticé : 3m™-20m+12<0 <> = <m <6 . Két hop véim > 2 ¢é

Nin f(x)<0 ¢> 2 <m <6 3)

| 3 ;
t Nu-2m>3 > m< - thi mingf(x)=f(3) = 3m™+ 8m + 5

o - 3 5
Faco: 3Im +8m+5<0 ¢ - %-<m€ —1 .

3 E
Kda hop v m< - 5 coOminyf(x) <0¢> ——<m<—— (4)

3 g
+ Né1 -4< 2m<3¢> — = <m<2 thi minyfix)=-2m)=-(m+2)<0 VmeR

: .3 . 3
K:t hop vai - = <m<2 = minyf(x) <0 <> z <m<2. ; 5

T (3), (4), (5) suy ra mingf(x)<0 ¢> — 3 <m< 6 . Do viy gia tri lon nhit cua m

thoia mar hé phuong trinh ¢é nghiém la m=6
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® Ban hiét thém cach 2:

Viét lai (1) < xeD,=[-4; 3]

Xét PT (2) ¢6 A’=(m + 2)" >0,VxeR. Suy ra BPT(2) <> xeD,=[x,: x.], trong dé
X, 12 nghiém cla f(x): x"+4mx +3m’ -~ 4m -4=0

Hé da cho c6 nghiém <> D,ND,#J. Diéu d6 c6 khi va chi khi xay ra | rong 3
truong hop sau day :

Tricomg hop 1: x, <-4 <x,&> fl-4)<0 <> 3m° - 20m + 12 <0 ¢ % <m<6 (6)

R 5
Tricong hop 2 : x, <3< x, & fi3)<0 > 3m+8m+5<0 5 <m<-1. (7)

f(—4)>0
Tricomg hop 3 : —4<x,<x,<3 < {f(3)>0

S .S
2 +ax2-3)<0
G+HG -3

" ;
m<—vm> —1 m<—§Vm>—|
3 3
4 2 2
o <m<—3-Vm>6 o m<§Vm>6 & —1<m< 3 (8)
© o {@m-4)2m+3)<0 _§<m<2

Tur (6), (7), (8) suy ra hé da cho c6 nghiém <> ~§ <m<6

Do vay gid tri I6n nhit cua m thoa man hé phuong trinh cé nghiém lam =6

Thi du 34 (D601 ). a —]
Tim m dé x’- 2mx +2Ix — ml + 2 > 0 nghiém diingV'x o (y ___J
Lai gidi

Pit Ix — ml =t > 0, bat phuong trinh tré thainh ©+ 2t + 2 - m’> 0.
Goi f{t) = t* + 2t + 2 — m’. Bat phuong trinh (1) nghiém Vx€R <> min f{t)>0

t 0
2 . b' - . b
Dé y -—=-1<0 = minA=A0)=2-m>0 & Iml< 2
a L

Vay bat phuong trinh (1) nghiém VxeR <> Iml<2

Thi du 35 (D143111,). ) -
Chof(x)=x"+(m+ Dx+2x+m -+ m+ 1) (1
Tim m dé mRin f(x) <3

Loi giai
Patix+m-1ll=tox=1-m+tvdidiCukiént > 0.
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ol wonghop 1:x =1 m+t f(x)trathanh f,(1) =t 2(m  2)+2(m+1) (2)

Xély= —=m -~ 2
d
. : § |
41,°0¢>m <2 Séco minf()=f0)=2(m +1)<3 <> 2m <] <> ImI< :/:2: (3)

>0
4120 <> m>2 (4)

. A ; '
Sommfi)=-"—=m+4m  2<32-m +4dm  5<0<¢>-5<m<1(H)
U a

Do chiéu var (4) > két qua (5) khéng thich hop (6)
. 1
Tir 3), (6) suy ra ml{n f() <3 <>Imi< ;/—ﬁ (7)
>0

T wong hop 2:x =1-m - t, f(x) tro thanh f.(1) = t+2mt+2(m+1) (8)

+

XCI l{‘:d —=--M
a .
+r >0 <¢>1,<0.S€cd min f()=A0)= 2m + 1)< 3
>0

m>0 ]

oM< © 0<m< — 9
J2
A' m<()
+m<0¢> 1,50 Sé c6 min f,()= —=m'+2<3 &> m’<l <& -1<m<0  (10)
>0 a
Tir 9), (10) suy ra min f-()<3 <> —1<m< — (1)
e B

_— y . |
Tu 7), (11) két ludn tap hop cic gia tri phaitimciam la —1<m 5-—5

Chi y L. Cdc ban xem tiép §3 chuomg 11 trang4$
Cha y 2. Dang toan thie 10 ciia tam thiee bdc hai la "dau hiéu nhan biét phicong
trinh bee hai ¢é nghiém”. Cac ban xem §4 chwong 11

BAI TAP

1. Tim n dé biéu thuc \/(I —m )X’ —(m—1)x +% c6 nghia VxeR
2. Tim:idé: x*- 10x'-2(a - 11)x"+2(5a + 6)x + a(2 + a) > 0, VxeR.
3. (D5,1,) : Tim a dé phuong trinh sau c6 nghiém thuéc (0; 221 )

(1 - otgx —~~-2-—-— +1+3a=0
COSX

4. (D12, III) Tim m dé bat phuong trinh x*- 2mx 4+ 2lx - ml+2+m°+m- 1 <0
€O ngiém .
5.(P13 1) Tim m dé ham s6 y = mx + Ix” + 4x —3 | ¢6 gi4 tri nho nhat 16n hon 1.
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Chuong IV
PHUONG TRINH BAC CAO

§1. NHAM NGHIEM DUA VE PHUONG TRINH TiCH

I. S0 dé Homer
Cho da thic Q(x)=a x"+a,x" '+a.x" "+._.+a, X +a, ,x+a,
e Ménh de :
So'die trong phép chia Q(x) cho x— la Qfc).
That vay : Goi thuong va s6 du coa Q(x) trong phép chia cho x- ¢ theo thir us Ia
h(x) var,tic la Q(x)=(x —c)h(x) +r. L")
Thay x =c ta cé Q(c) = r (dpcm)
e Viéc tim thuong h(x) va s6 du r thit don gian nhd so d0 Homer nhi sau -
Giasth(x)=bx"'+bx""+bx"'+_4+b, x+b_,
Tur (*)suy ra:b=a, b,=a,+cby b.=a.+cb, ;. b, ,=a, ,+cb_.;r=a,+cb,,

i Ao a) a .. aa 2 a3y | aq —
Cong
| x cb, ¢by ... cba3; cba> cbn 4
C 1 x4 x4« X« xa xa
b, b b by > be: | r
Thi du 1. - T

Cho biéu thic Q(x) =2x*+3x* - x'-Ix + 1Ix +9
a) Tinh gia tri ctia biéu thic Q(x) taix =3
b) Tim thuong cua phép chia Q(x) cho x-3

] - e

Loi giai
Lap so do Horner

2 3 -1 -7 1 9
6 27 78 213 672 Cong
o, J /| A A A a a
S ’ ) 2 s -
I’ ": l\‘\“ __2.,’ 9 ’,’ 26 ” 7' 'l n4 ’l &'
'l ’l \h:-‘ _n-»— T ’-::___. ‘‘‘‘‘‘ - "’ ’,
Nl T T T e - e

- -

Thuat toan Horner cho :
a) So du cua Q(x) cho x-3 1a 681 <> (3)= 681
b) Thuong cta phép chia Q(x) cho x -3 1a h(x) = 2x*+ 9x "+ 26x° + 71x + 224
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 Thidu2

| Tim so dur ciia phép chia Q()=142x 3x+4x+ _+( 1)'nx" cho x+1 |
Lai giai
s : i
Theo Horner ta co r= D=14243+ _4n= LUAAL :
| Thidu3
. Tim 56 dur r ciia phép chia Q(x)=x"+x+1 chox' x 7 |

L. giai
Guasu Qix) =x(x  IXx + Dh(x) 4 r(x) > r(x) codang r(x) = ax’ + bx + ¢
Hay Q(x) = x(x - 1)Yx + Dh(x) + (ax + bx 4 ¢).

! i) ¢ Q) 1
Taco (- 1) ~a brceva{Q(—-1)—3 Theo Horner
i) a+btc Q- -1
r(0) - Q) c=] a=0
(-D-QC DHed{a btrtec 3 <>tb- -2 Viyr(x)=2x+I
) - Q1) atbic 1 ¢ =1
o Chu v

So thuic ¢ duoc goi 1a nghiém cuia da thie Q(x) néu va chi néu Q(c) = 0.

Nhu vay : Néu so du r=0, thi x=c la mét nghiém cua Q(x).

So do Horner cho ta cich phan tich da thic thanh nhan tr (theo nghiém).
Chiing ta img dung ky thuat nay dé bién doi phuong trinh vé phuong trinh tich

Ii. Podn nghiém hau ty
1} Chaing ta ghi nha cac nhan xét sau dé dodan nghiem hin 1y
Choda thilc Q(x)=a x"+a,x" '+a.x" +__+a,.x +a, ,x+a, (a,+ ()
* Da thuc bac n co khong qui n nghiém thuc. Tu diy suy ra :
Néu da thie Q(x) (bac n) trét tiéu tai nhi¢u hon n diém thi Q(x)-=0,VxeR
e Néu da thie Q(x) ¢6 nghiém hiuty x = thi p la ude cua a, g 13 wde cua a,
Dac biet a - 1, thi nghiém hiu ty (néu c6) cua Q(x) thi né ude cua a,
e Néu téng c:ic hé s6 bang khong thi da thiic ¢6 nghiém x = 1.
® Néu 16ng cic hé s6 bic chin bing 1ong cic hé s6 bac 1¢é thi da thic ¢6 nghiém
x=-L '
2) Ngoai ra cac ban tham khao cdc cach tim nghiém ddac biét cua mor vai
phatemyg trinh dvee nén trong cac thi du 3, 6 duoi day.

. Nhdm nghiém dua vé phuong trinh fich
San khi dodn dvoc nghiém hitu 15, ta sit dung thudat chia Horner dé bién doi vé
phitomyg trinh tich
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" Thi du 4.
Giai phuong trinh x* - 8x’ - 3x°+32x -4=0

L . B
Lai giai

+ Dodn nghiém :
Phuong trinh khong c6 nghiém x = +1
Nghiém hiru ty (néu c6) cua (1) phai Ia udc cia 4 tiic x = +2; x = 14
Dung so do6 Homer
1 -8 -3 32 4

2 -12 -30 4

2

il -6 15 2 0

So dé Horner cho thiy phuong trinh c6 mot nghiém x = 2, suy ra
(e (x -2)x'-6x"-15x+2)=0

Xem phuong trinh x* - 6x° - 15x +2=0 2)
. Phuong trinh khéng c6 nghiém x = +1

. Nghiém hitu ty (néu cé) cua (2) phai la udc cua 2 tic x = +2

Dung so d6 Horner
I -6 -15 2
-2 -2 16 -2
(1 -8 1 0

So dé Homer cho thdy phuong trinh c6 mét nghiém x=-2, suy ra
Suy ra (2) © (x+2)(x’-8x+1)=0 Viy (1) &> (x-2)(x+2)(x’-8x+1)=0
Do d6 (1) c6 4 nghiém : x=12, x=41 /15
Chu y
Ban c6 thé phan tich da thic ra thira s bing cic céch :
1) Tich-nhém cic s6 hang : (1) &> x*—4x’-8x* +32x + x’ -4 =0
S x(x*-4) - 8(x’ - 4) + (x’-4) =0 & (xX4)x"-8x+1)=0
2) Déng nhit thic : Gia sit x*— 8x*— x’+ 32x — 4 = (x"+mx+n)(x “+px+q) (3)
Trong d6 m, n, p, q la ciac hé s6 nguyén cin xic dinh.
Viétlai ) o x*-8x'-3x’+32x - 4
=x"'+(m + p)x’(mp + n + g)x’ + (np+ mq)x+nq
m+tp=-8
Suy ra (*) mp+n+.q= _3. Tir phuong trinh cuéi cia hé suy ra cip (n; q)
np + mq =32
nq=—4
chi nhan | trong 3 cip sau day : (2; -2), (1; 4), (-1; 4)
Thay vao cic phuong trinh con lai cua (*). Véi cip (1; 4)co
{m +p=-8

=0 )
<:>[m g Thay vao (3) c6 (1) <> (X —4)x" - 8x + 1) =0.

mp=10
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Thi du 5.

Giai phuong trinh 2x* Tix'+11x 3=0

Lasi giai

Phitong trinh khong co nghiém x = +1

Cac ude cua hang trtrdoa,= 41, +2; 43
Cic udge caa hang tr bac cao nhar a =+1; +2

Bang cich thu ta thay x= e Ia mot nghiém cua phuong trinh (4)

Dung so do Horner

o

I ,
Suy ra (4) <> 2(x- 5 )x -5x+3)=0 <

Thidu6

“~

9 |

2 =] Il
1 -3
2 -10 6

2 2

Tim m dé phuong trinh sau ¢6 3 nghiém duong phan biét :

X Cm+ DX+ Gm+ Dx -(m+1)=0

Lo gidi

! Si.ﬁi]

X =—; X
[ 2

Dé y : Tong cic hé so bing 0, phuong trinh (1) ¢6 nghiém x = |.

Dung so dé Homer

Suyra (1) < (x - Dx-2mx+m+ 1)=0

-(2m+1)

-2m

3m+1)

*,lelm
m+1

X = 1

B

4)
-3
3
0
I L) B
~(m+1)
. m+l
0
(2)

X"=2mx+m+1=0
Goi h(x) = x* - 2mx + m + 1. Phuong trinh (1) c6 3 nghi¢m duong phan biét

<> Phuong trinh (2) ¢é 2 nghiém duong phin biét khic 1.
biéu do xay ra khi va chi khi :

Vay tap gia tri phai tim cham 1a m >

A'>0 m-m-1>0
P>0 m+1>0
D
S>0 2m >0
h(l) =0 2-m=0

[

1+5
-
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Thidu?
| (‘sizi_i_ _pl_l_t_rm1g !ri‘nh x'+4 ;‘5__)5‘()(’ - 2) - 7 (D

\\\\\

Khaitrien (1) <> x* S5x'+10x+4=0 )
e y : Tong cic hé s6 bac chin bing téng cic hé 56 bing 1é (bing 5)
=> Phuong trinh (17) c6 nghiém x = - |

Dung so do Horner :

1 -5 0 10 4
—1 _ -.I 6 —6 -4
1 -6 6 4 0
Suyra: (1) <> (x+1)(x'-6x+6x+4)=0 (2)

Xem phuong trinh x' - 6x°+6x +4=0

. Phuong trinh khong c6 nghiém x = +1

. Nghiém hitu ty (n€u c6) cta (2) phai la udc cua 4 tic x = +2; +4
Bang céch thir ta thdy x=2 12 mét nghiém cua phuong trinh (2)
Dung so dé Horner :

1 -6 6 4
2. 2 88 A
| 4 2 0

Suyra(2)<¢>(x - 2)(x" - 4x - 2) <> {x=2;x =
Vay tap hop nghiém cua phuong trinh (1) Ia : {

th\/—(;
X

Thidu 8
Tim a d€ phuong trinh ¢6 3 phan biét 1ap thanh cap s6 cong
L) 5 - 3
x“—(?;-+23)x*+(23‘—2a+2)x—a‘+ ;a*!=0 (n
Lo gidi
Viétlai (1) <> (2x- I)a:—(2x:+2x-~-% Ja+ x- —;— x42x-1=0 (2)

Goi vé trai cua (2) 1a Q(a)
Phuong trinh (1) c6 nghiém khong phu thuéc vao a <> Q(a) =0 WVa=R.

2x - 1=0

: — ; , 3
Diéu do xay ra khi va chi khi hé sau cé nghiém {2x~ + 2x — = =

X'~ x4 2x— 10

. Vay phuong trinh nghiém dac biét x= -, VacR

19 | —
19 | =—

}
sy xeds Re=24 \/6}




Dung sodo Horner -

| . , 3
| ' 2a 2a-2a+2 el e i |
2 2
| | 03
- a— - a+l
2 2 2
| 2a 2a=3a+2 ()
Suy ra
i 1 I
| : \ | X = () & X
(I)<>(x WX -2ax+2a -3a+2)=0 <> | p, 2
2 [ 5
- X 2ax 4+ 2a 3a+2-=0

Goi fix) =x"-2ax+2a" 3a+2; A= a'+3a 2=(1 aXa-2). A’>0<¢> l<a <2
Goi S=x,+x..P=x,x.. TheoVi-ét: P=2a- 3a+ 2>VxcR:S=a
Thay rang P= 2a’ 3a+42>0 VacR > Cic nghiém cia (2) luon cung diu
Tir (3) > S>1. Boi vay ¢
Phuong trinh (1) ¢6 3 nghiem phan biét lap thanh cip s6 cong

I

<> Phuong trinh (2) ¢6 2 nghiem x,, x. (x,<x,) thoa min x .+ s =

<> 2x.+1=4x, <> 2(n+ YA+ 1=4 VA ) > 6VA =2 1< 36A=(2a 1)

2% 1 376
20)
(thich hop (3))
284 376
20
Cha y I Trong thi du trén, ta da scedung kv thuat tim nghiém cé dinh.

<> 36( -a+3a-2)=4a Ja+! <>40a" - 112a473=0 <> a=

Vavy tap hop cac gia tn phai timcua a la a =

(3)

Cha y 2: Baitoan tim dicu kién d¢ phuong trinh bac 3 : ax’+ bx"+ex +d =0¢6

cac nghiém Lip thanh ¢ap so cong con ¢o cic cach gian Khic nita.

§2. TRAO DOI VAI T20 AN ~-THAM SO,
PHUONG PHAP HAIIG SO BIEN THIEN

e i
t Thidu 1
o Gian va bien fudan theo m <o nghiem cua phuong trimh
| (N X4+1) =X 45 4(5m+1)x+m . 1)
Loi giai
i 5 ) i 1 - 31
Victlat (I)<¢> m +5xm+3x 4+ 2x +3x  x° 1 =0 (2)
Xem (2) 1 phurong trinh bac 2 doi vai m,
Taco A, =4x" - I2x'+ 17x7 12x +4=(2x" 3x+2)

Cicnghicmctia (M my=x" Ix+!l:m= x x |



X’ —4x+1-m=0 (3)
m= x —x-1 [x+x+1l4+m=0 (4)
A=4 l+m=m+3;A.=1-4-4m= 4m - 3.

Cic nghiém néu cé cua phuong trinh (3) la: x, .= 2+ Jm +3

L ~14+V-4m 3
Cic nghiém néu c6 cua phuong trinh (4) la: x, ,= ﬂ—\/z L

—x" —4x +1
Do vay (2) <> mex i <>

e o o : . 3} 7
PDéey' ' m(x—4x+1-m)+(x+x+1+m)=2x-3x+2=2(x Z] *-g»().‘/x

suy ra cic phuong trinh (3) va (4) khong cé nghiém chung.
*Néu m< --3:
e A’ <0 : Phuong trinh (3) vé nghiém.

e A.>0: Phuong trinh (4) c¢6 hai nghiém phan biét x,,= et —J;T =
Suy ra phuong trinh (1) cé hai nghiém phan biét x,,= —— -‘-/;&m -

*Néum = -3:

e A’, =0 : Phuong trinh (3) c6 nghiém kép x,=x,=2

e A,> 0 : Phuong trinh (4) c6 hai nghiém phin biét x;=1; x,=-2
Suy ra phuong trinh (1) c6 nghiém x = 1; x = +2

* Néu —3<m< - 3— 5

e A°,>0 : Phuong trinh (3) cé hai nghiém phan biét x,.=2+\m i 3
_— : 1ty -4m 3
e A.>0: Phuong trinh (4) c6 hai nghiém phan biét x, ;= - \/;)A s
Suy ra phuong trinh (1) c6 bon nghiém phan biét

X, =24 m+3; X,=— = J_:4m ..

3
*Néu m= ——:
4
. . T : 1 7
e A’,>0 : Phuong trinh c6 hai nghiém phan biét x, = o X =
1
e A.= 0 : Phuong trinh (4) c6 mét nghiém kép x,=x,=- 5
; g . o . 1 7
Suy ra phuong trinh (1) c6 ba nghiém phin biét x=t iR

. 3
*Néeum>-— - :
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e \", > 0 : Phuong trinh (3) ¢o har nghiém phan byét x, ., =2 ¢ \/;'-]—i—i

e A.< 0 : Phuong trinh (4) vo nghiem.
Suy ra phuong trinh (1) co hai nghiém phan bi¢t x,,=2 + fm + 3
Tom b -
o . 1tV 4m 3
* Neu m < 3 : Phuong trinh (1) co hai nghiém phan biét x, .= =
* Newm = 3 : Phuomg trinh (1) co nghiém x =1 ;x = +2

. 3 : : :
*New 3<mc< 4 : Phuong trinh (1) c6 bon nghiém phan biét

- 1+v-4 3
Riv=2 § Jm§3; Kyq= = + \/,) s
. 3 . . . . 1 7
*Nemm = p : Phuong trinh (1) co ba nghiém phan biét x:ij;x: 5
3
* Néeuwm > 4 : Phuong trinh (1) co hai nghiém phian biét x, .= 2+ m {3

Chey (')

Néu x,, 12 nghiém chung cua cic phuong trinh f{v)= 0 va h(x)=0 thi x, at 1a
nghiém cua phuong trinh p flo)+q.h(x)=0, V(p. q) eR.

Néikhic di pfiv) + ¢.h(y) 20, vii Vied, p’ + ¢ #0eR 1a diéu kién du dé cic
phuomg trinh f(x)=0 va h(x)=0 khéng c6 nghiém chung trén 2.

" Thidu2.
Gaai va bién luan theo a s6 nghiém cua phuong trinh
2 ATHE ax+@ 2xta a’=0 B L
Lai giai
Vicgtlai (D<¢> a+(x"-x - Da -2x'+4x" - 4x’+2x =0 (2)

Xemn (2) 1a phuong trinh d6i vai an a.
SE V=X ox 1) 244 A +2x)=3x- 3x+ 1)
> Cacnghicmcua (2) 1 a,=x x+1:a.= 2x+2x
x -x+1-a-0 3
2x" -2x+a=0 4 (4)

— ; . ’ Iy 1
Péerv(x x+1 -a)+(2x -2x+a)=3x" 3x+|=3{x —2) + -4~->() VxeR

a - x -x 1
Do ray (2) <> . =
iil = 2x ‘}‘ZX

> Har phuong trinh (3) va (4) khong co nghiém chung. (5)
* X phneomg trinh (3): \'=4a-3

%
« Néu a< 4 <> A\'<0 : Phuong trinh (3) vo nghi¢m.

P |

_ 3
eNéua = 4 <> A" =0 : Phuong trinh (3) ¢6 nghiém kép x =



—

“Thi du 3.

A 3 ) . :
e Néu a > p <> A’ > 0 : Phuomg trinh (3) c6 hai nghiém phan biéa

It V4a -3
X = e
3

—

* Xet plucemg trinh (4) : N'=1

. 1 ' ' ) :
e Néuac< S LA Phuong trinh (4) c6 hai nghicm phian biét
1441 2a
)]

re

e Néua= <> A=) Phll(mg trinh (4) co “gh@m kép X = l

e Néua> i A" < 0: Phuong trinh (4) vo nghiém

Tom lan, 1 cic két qua trén cang vai (5) két ludn :
1+ Vi~ 2a

9

e Néua < _: Phuong trinh (1) ¢6 har nghiém x =

e NCua=

& =

I
: Phuong trinh (4) c6 nghiém kép x = -

| 3 . )
e Ncu z <a< - : Phuong trinh (1) vo nghiém
4

) 3 . o o 1iV1a 3
e Ncua> ¥ : Phuong trinh (1) co hai nghiem phin biét -

V@i moi a, goi x, la nghiém cua phuong trinh
X'+2x+2ax+a+2a+1=0 «1)
Tim a dé¢ x, nhan gii tri bé nhat.
L giai

< o . - ] ¥ M
e x, la nghicm cua phuomg trinh (1) <> x| 42X +2ax +a +2a+ 1 =0)

) b g
ra +Ax,+ DNa+x, +2x_ +1=0 (2
Xem (2) la phuong trinh doy van in a
e Hicn nhicn (2) ¢ nghiém. Diéu do xay ra khi vachikhi v >0
a7 (H2x >0 <> (x i (x>0

<> (N, N HXDEX_ t2)>0 <> 0<x, <1l > miny,=0.

Thay x, =0 vao (1) ¢6 .‘l; 2241 0 ¢5 a=-]
Vay tap hop cac gia tri phan tim cua a co mot gii tri duy nhiat la = - L
| Thi du 4.
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Loi giai
. - ' . O > [
e« Linghiem cia phaong irinh (1) <> x; 7x, + V6 =0

B i / 2 J O
G Xy G+ Dx,+ V6=0 <> x,6 V6 x| +x

0

(: =0 > Jo I nghiem

2 L]

caa phuong trinh sauvdianfaa . x, a0 a x, +x,=0 (2)

Thay rang (1) khong ¢o nghiem x=0 > (2) i phuong trinh bic hai doi vai a vi

Vel XD Hx ) =axE Ax) v 1=2x) 1Y

[§]

S e e o : ~ - x,
. Cac nghiém cia phuong trinh (2) la a,=x; a.= |
X,
b !u 4 i
. E‘l a, | a X,
Suy ria (2) <> e | -xf,<> . .
ta . a —-= X, +ax, - 1=0
X

Ix, a Ix. V6 ’x‘, 1 /6

. e 110 ¢ \/\/10 J6
i . ,., - x(wr i ) 2 .

X,
x = +Y6

Viy ctia phuong trinh da cho ¢6 tap nghiém la J Jl~0 Jﬁ
{x = |
2

;li\/;fi-l <7

P 2

e

L.o# binh
Phuong phap giai giai thi du trén duoc goi la phuong phap hing s6 bién thién.
Cac ban theo doi tiep thi du 5 va 6 tiép theo dua day.

Thi du §
l G phumlg trinh x“‘_: 2_+ \[2_ x - (l) )
- 2-x>0 X < 2
Picu kien 1 | <> v (2)
x <2 J2<x<2

: e . > R
e x,, la nghiém cua phuong trinh <> x , =2+ ﬁ X, <> (x4 —-2)=2-x,
-> 2 la nghiém cia phuong trinh sau véi an la a - (x, -a)'=a x,
' ) s > ? 1
Xy 2&Xpta=a x, a0 (2x,+ D) ex,+x,=0 (3

Ta co(A) = (2x, +1) 4(x | +x,)=(2x, 1)0. Vx, suy ra

2%, + 1+ 2x, —1 R
4, ) -~ X, t X,
' 2
(3) <> u =
2x, +1 2%, + 1 .
a, 5 X + X1

e



. ) > x — I (loaido (2
Vaia, =2co X, +X=2¢>Xg+ X, 2=0¢> 3 (2 1 do ( ),<> x=-2. (4)
" X——
X =- l[i} ---l (loai do (2))
Voia,=2c6 X2+ %0+ 1220 x2 4% 1=0¢> 2
J5- 1
X=——
2
Vs -1
<2 X=—— (S
5 )
: , T, A
Tir (4), (5) két luan phuong trinh c6 hai nghiém lax = -2 vax = -

Giai phuong trinh x + Y3 + ¥x —3 )
Diéukién:0<x <1 (2)
Vi didu kién d6 tacé (1) <> 3-x =y3+ Vx & (G-x)’=3+Jx (3)
bat 3 = a, phuong trinh (3) duac viét (a - x) = aJ;
<> uz-(2x+l)a+(x3—-\/;):0 4)

Xem (4) la phuong trinh bac 2 doi v a.
A=2x+ 1) -4x=vx )= @JYx +1F, a=x+ Jx+ 1, a,=x - Jx
a=x +x+1

a—a
Do vay (4) <> = (5 Thaya=3tacé
a--a, a—X-— Jx
1 JIx =1
3=x tx+41

“tx 220

- o |Wx=-2

x—Vx-3=0 1 Ji3
s

2

Keét hop vai diéu kién (2) c6 x=1. D6 b nghiém duy nhit cia phuong trinh da cho.

Chu y : Gic phuong trinh trong hai Thi du 5, Thi du 6 con co cich biang cich
dat an phu duge trinh bay trong §4 chamng V: Phwomg trinh, bat phicong 1einh vo tf.
Riéng Thi du 6 ban c6 thé dodn nghiém ros chimg minh dé 1a nghiém duy nhat .

BAI TAP

Bail. Chofix)=x'+2x' 2m+4)x" - 2m 2x +(m 2)
1) Giai phuong trinh f(x) = 0khim = 2
2) Tim m biét ring f(x) > 0,%xcR
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Bai 2 Giai va bién luan theo a so nghiém cua phuong trinh
x'10x' 2 1DHx 4+ 2G5a+6)x +2a+a’=0

13. PAT AN PHU PUA VE PHUONG TRINH BAC HAI
e Phucerng rinh triing phucong -~ ax'+ by +c=0) E
o Plhucome trinh (v+a)' +(v+h)' =¢ E
o Plucomg trinh hor quy - a'+ by’ o Hhbvik a=0 :
[ Phucong trinh (av + byt ka)(a’' v +h'vika’ )+ pe g +kpy = 0] E
o Plutomy trinh (an +l':)“‘(u'.\+h')"*-[(rH»u')_\'+-(h+h')f+(' =0 !
o Plucomg trinh a(av'+ by + ¢) + b{av + by + ¢) + ¢ =0 E

I. Phuong trinh tring phuong : ax‘+bx*+c =0 (a=0)

CACH GIAI

biit an phu x’= t >0 dua vé phuong trinh bac hai at® +bt+c = 0

Thi u L T T T
‘ho phuong trinh x* - 2mx"+ 2m — 1=0 (n
Tir m dé phuong trinh ¢6
) Ening mot nghiemduong; = b) BXing ba nghiém. B
Lo giai
bax’ =t > 0, phuong trinh tré thainh - 2mt +2m 1 =0 (2)
bé |, vai méi t > 0 phuong trinh x” = t cho hai nghiém déi nhau x = + Vi
Bavay :
e | Phuong trinh (1) co6 ding mot nghiém duong
i 5 g : ey <0<y,
<> huong trinh (2) c6 hai nghiém t, , thoa man ( ]
=t <t
o 1
Fring hop 1: 1,<0<t, ¢» ac<0 <> 2m-1<0 <> m< p (3-1)
. e = 2m~1=0 |
Tring hop 2: 0=1t,<t, <> <> <> m=-- (3-2)
S>0 2m >0 2

Tur ¢-1), (3-2) két luan :
i
Phumg trinh (1) cé khong qua mot nghiém duong <> m < 5

e 2Phuong trinh (1) ¢6 ding ba nghiem <> Phuong trinh (2) c6 hai nghiém
2m - 1-==0
2m >0

- I
t,, thoman0=1,<1t, <> <> m= -
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Chuy.
Néu cdc 56 X, X5, X1 (X, < X2 < X3) thoa mdan X, — Xs= X5 — Xy RQUT La néi (do 56
X, X3, Xy ldp thanh cap so cong.

Thidu2.
Tim m dé phuong trinh c6 cic nghiém 1ap thanh cip s6 cong :
' 2m+ Dx’+2m+ 1=0 o (n

Loi giai
it x* =t > 0, phuong trinh trg thanh €~ 2(m + 1)t + 2m + 1=0 (2)
Pé y, vi méi t > 0, phuong trinh x” = t cho 2 nghiém déi nhau x = Jt
Bai vay phuong trinh (1) c6 cic nghiém lap thanh cap s6 cOng trong 2 truGng

hop sau day.
* Truomg hop 1 : Phuong trinh (2) c6 hai nghiém t,,thoaman 0=, <.
T 2Zm+1=0 l
Diéu ay xay ra <> & m=—— (2)
m+1>0 p

* Truong hop 2 : Phuong trinh (2) c6 hai nghiém t, . thoa man : ,=91,> 0.
+ Phuong trinh (2) ¢6 hai nghiém t,>t,>0

A'>0 m3‘>0
D {2m+1>0 o | & - ~—<m#0 (4)
m> -—— 2
m+1>0 )

Khi d6 cdc nghiém cia phuong trinh (1) la

xlz‘m\/‘—:;x::”\/rl;x}:\[l_l ’ xd:‘ﬁ?_

+ Cic nghiém cua phuong trinh (1) lap thanh cidp s6 cong

& Xy~ X3 = Xa— X=X, — X, hay \/:'—\ﬁTz\/}?—\/Cz\/“? B ‘/‘T

c:s\[t: = 3\/’T < L,=9t, (5)

. G, +t, =101, 2(m+ 1) =10t ,
Tu (5) = T, o R =94m+ 1) =1002m + 1)
(Lt =9t 2m +1=9t,
g . 4
OYM42m+ D=252m+ 1) <>9m — 32m - 16=0 <> {m -4:m - 9]
(thich hop) (6)
o Tur (3), (4), (6) ta cé tap hop cdc gid tri phai tim cia m la
m = AI- . m:;4;m:_" — il
2 9

“Thidw3d. )

Chimg minh diéu kién cin dé phuong trinh ax*+bx’+c =0 (a 2 0) (1)
_c6 bon nghiém 13p thanh cdps6 cong 1 9b°=100c ()
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Loi giai
bat x' =t > 0, phuong trinh (1) trg thanh at’ + bt + ¢ =0 (3)
D¢ y - van moi t > 0, phuong trinh x” =t cho 2 nghiém déi nhau x = + J .
® Boi viy phuong trinh (1) ¢6 bon nghiém <> Phuong trinh (3) ¢6 hat nghiém
t,.-thoat.> 1, > 0.

Khi do cac nghi¢m cua (1) sé la x, = JI DX, = f;x‘z \ﬁ,ﬂ:x_,z \/}'

* Bon nghu.m cua (1) [ap thanh cip sO cong <> X, - X, =X, X, = X, — X,
es Ju -, =2t \ﬁ\_x\ﬁua_():. (4)

-— = 10t
[l - s [()l' ;’.l !

e Tir(d) > . <> > 9b’=100ac  (dpcm)
£l = 9‘; c y
= 9||
a
Chu y: Con nhé can va du dé phuong trinh (3) ¢6 hai nghiém t,, t, thoa man
t.-= kt, Ia kb’ = (k+ Dac . Vi k=9 1aco(2): 9b" = 100ac

I. PhUOﬂg trinh (X+C)‘+(x+b)‘=c (1)
CACH GIAl
a-b
X+a=I '*‘ —'—‘-)—
bPar an phu t = xtatxth _ =

—
2 a-b
B B S s S

o

1

“b)
: <=0 2)

; a—b
thay vao (1) ¢6 2" + 12| 2| 42 2

2
Phuong trinh (2) Ia phuong trinh trung phuong da biét cach giai.

[ Thidu4.
Giar phuong trinh (x +7})'_‘_+(§7t5)7432 - Rt

Loi giai
X+3+x+5 X+3=t-1
— =l =44
XFS=T41
(- D'4+@+D)'=20204+12042=200+6)=01=0.
Tuwdocox +4=0<¢>x = 4.

bat 1 = Phuong trinh (1) tro thanh

'

Thi du 5.
X+y=m ()
x* +y‘ = m4 (2)
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Loi gigi

Tacé (1) <> y =m - x, thé vao phuong trinh (2) ¢6 : x*+(x—m)*=m" 3)
bat 1= XA k= O (4)
2 - 2 2

Phuong trinh (3) tré thanh
4 4 4
[( + T_] +[tﬂ~m] =m' < 2+3mt -7 =0 (3)
2 2 8

A=16m'>0,Vm.
Trieong hop 1: m =0, phuong trinh (5) mét nghiém duy nhatt =0
Suy ra hé c6 mot nghiém duy nhat x =y = 0. (6)

3 7m’
t-=——— (loai)
4 i

Tritomg hop 2: m #0,tacé (5) & _, =+ 1;‘—
2 = i“; (thich hop)

Thay vao (5) c6 x =0, x =m.

Tiur d6 suy ra khi m # 0, hé c6 hai nghiém (x = 0; y = m) hodc (x=m; y =0). (7)
Trong (7), khi m = 0 cho ta két qua (6). Bai thé tir (6) va (7) cho két lwan:

Tap hop nghiém cta phuong trinh 1a {(x =0; y =m), (x =m; y = 0)} Vm=R.

ll. Phuong trinh hdi quy
ax’*+bx}+cx?+t kbx + k’a=0 (ka=0) (1)

CACH GIAI

Thdy ring phuong trinh khong cé nghiém x = 0 nén chia hai vé€ cho x’ # (,
2

tacé (1) <:>ax2+bx2+(:ikE +k2—az— =0 ax’+ %Hb(xik J+c =0 (2)

X X X X

2 ' 2

- P

Patt=x+ E,khidétzzx3+ 5? +2k = x’+ BT =+ 2k.
X X~ X"
Phuong trinh (2) tré thanh at’ + bt + ¢ — 2ka = 0.
Tiép tuc giai phuong trinh nay theo k.
khi b= 0, phuong trinh hoi quy suy bién thanh phwong trinh tring phwomg dic
hiét)

Thi du 6. R
Giai phuong trinh 2x*+ 3x’ - 16x*+3x +2=0 W

Loi giai
Thay riang phuong trinh khoéng ¢6 nghiém x = 0.
Chia hai v€ ctia phuong trinh cho x*> 0, tacé :

()< 2%+ 3x—16+3+%=0 = 2[x2+

X X

l,]+3[x+£]—l6:0 (2
X X
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, % ! , | \
batt=x+  _t|>2 ). suyrat =x + +2 ¢r> x4+ —=t"- 2,
. . o
gl 4
Phuomg trinh (2) trothanh 20+ 3t 20=0 <> i S (thich hop (3))
' 2
| i
Vait=4co x+ =4 ¢> x 4x+l:n’*<)x:2*\/§ (4)
X
. S I S __— . I
Vait = COX + = <> W+ +2=0 <H>i{x=2;x= -} (5)
2 X 2
Tu (4), (5) suy ra tap hop nghiém cua phuong trinh (1) la :
- I
Ix =2+ ?3_ s 2" = —
ix V3ix DX = }
Thi du 7. N
Cho phuomg tiinh x* - mx'~ 2m + )x +mx + 1=0 (1) '
| Tim m d¢ phuong trinh (1) 6 hai nghiém phan bi¢t va lsnhon 1. |
Lo giai
Thay ring phuong trinh khéng c6 nghiém x = 0. Chia hai vé€ cho x” ta c6:
: | .1 1
(H¢r>x mx 2m+1)+ -E-r — =0 (x+—)m(x-—)-2m+1)=0 (2)
X X X" X
I x -tx—-1=0 (4)
Pat t=x- - (3),suyra: 1 o .
X U =Xx"+—5-2&x +—=t"+2 (5
X X
phuong trinh (2) tro thanh : t-mt-2m+1=0 (6)

Goi v€ trii cua (4) 1a ix). Dé y ac = 1 <0,VieR => phuong trinh (4) luén cé
nghiém hai nghiém trai diu. Bo vy, phuong trinh (4) c6 nghiém x>1 khi va chi
khi l/{i)<0<>-t<0<c>1>0.

e Vi thé¢, phuong trinh (1) 06 hai ngh¥m lén hon 1 <> phuong trinh (6) c6 hai
nghiém duong phan biét :

A>0 m +8m 4>0 m<-4-25
<> -2m>0 <> m(i <> m>--4+2J§
|
50 m>0 0<m< —
2

> 245 - 4<m<;
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Thi du 8.
[Phucomg trinh (ax’ +bhy+ka)a' v +bx+ka’)+py'+q +kpa=0 ; kaa’ 7 0)
Giai cic phuong trinh

a)(x I)(x 2)(x—4)(x 8} 70x2 b) (x +FIx+ )(x x%;) 12x2

Loi giﬁl
aA)Taco(x — INx  2Kx 4Xx - 8)=70x" <> [(x - IXx - $)(x 2)(x H)=70x
&> (X7 9x+8)(x°-6x+8)=70x" (1)
Thay rang phuong trinh khong cé nghiém x = 0. Chia hai vé cho x > ) ¢6 :
8
(1) <:>[x +~§—9][x+§—6]:70 (3), dat t=x+ — (2)
X X
s 8
S& ¢6 lil= x> >42 (3)
x | x
t=-1
Phuong trinh (3) tr& thanh (1 - 9Xt - 6) =70 <> - 151 - 16 =0 <> 6"
t =

+ Gia tri t=—1 loai, do khong thoa diéu kién (5).

+ V6i 1=16, thay vao (4) c6 16=x + 5 > x-16x+8=0 <> x=8+ 214
X

Vay phuong trinh cé 2 nghiém : x=8+ 2\/—-

b) Xem phuong trinh (x +3x+ )(x —X+ — )-—le (1)

Thdy rang phuong trinh khﬁng c6 nghiém x=0 Chia hai vé cho x’>0c6:

(e [x +—~+3][x+“—»—m-l]:l2 (2). D@txfrmlm—:l 3
4x 4x 4x

Diéu kién : |t} > 1. Phuong trinh (1) tro thanh (t + 3)(t - 1) = 12
<> C+20-15=0 <> {t=3;1=-5} (thoa diéu kién |t| > 1). Thay vio (2) :

3
+Voit=3,x+ -i-=3 O A 12x+1=0> x= ﬂi—g\/z
4x 2
" -
+Voit=-5x+ ZI—=—5<:> A +20x+ 1=0 oo x= — f;Jb
X
. 342 -512J6
Viy phuong trinh c6 4 nghiém : _7\/: ;X = z——J
l‘h:du g —
Giai cic phuong trinh :
a) (2x7-3x - 18)(3x"+2x - 27)=41x"+10x*-369x (1%
—10 42 s
b) -7" 4 ,',, Lo JEI O (2+)
+x 4 12
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Lok giai
a) Thay rang x = 0 khong phai Ia nghiem. Chia cic vé cho x > 0 ¢6:

: LY | 27} 369
(1%) <> ll\ 3 .ﬁ_’ix $ 2 E:JIX+IU
« X X
[ () "’1 /f ()L l 4 ()
¢> [2]x g 3 3, P22 Alix ]; 10 2)
i X H X! l g X'’

9 ‘
batt =x (3). phuome trinh (2) wo thanh (2t 3)(3t+ 2) = 41t + 10
X

>3 23t 8.—.()<>§| &1 :}

9

t Thavt =8 vao (3}cHx - -=8 ¢&>x 8x - 9=0{x=-1;x=9)} (4)
X
I 9 | . | JL 325
+ Thay 1 vao(3rcox = <> 3Ix4x-270 <> x=— \/ (5)
3 X 3 6
. -1+ V325 ‘
Viy phuong trinh ¢6 tap nghiem la (x = 16‘/ -——;x=-1x=9}

b) Vict lai (2%) <> (2x + x + I2Mx" x4+ 6)=7x"+ 101x’+ 42x
Thay rang phuong irinh khong c6 nghiém x=0. Vi x # 0, chia hai vé cho x” ta co

2 \ v,
(2*)<>[2x+lilixllv}6 .'h'f—l()li-!
x | X X
i ey I 6
<D 2[)&! i I;gxw' E Iliz*:'ltx +—)-- 101 ()
xj g | X

Datt=x+ 2 _jti>2J6 (6). Phuong winh (5) tré thanh (241 )(t—11)=7t - 101
X

5 5 f =D
<O > - 281+90=0 >t -1 +45=0 & (thich hop (6))
" ) 6 .
+Voit=5,c0 x+ =5¢cr>x mM+6=0<¢> {x=2;x=3}
X
+V(’)‘il:‘§_c6x+6:‘)<> X N+6=0 <> x:9i_2\_/57
X
) 9+ J57
Viy phuong trinh co tap nghiém la: I.x =hx =3 x=— ~~:;-/- l
1Indu iﬂ_ P o
N . ; X 4x
Giai cic phuong trinh - x - x + 1= | ” (n
| , . = B

105



Lai giai

Piéukienx'+ x>0 (2)

Binh phuong hai vé cua (1) tacé: 2(x> - x + 1)y =x"+x 3

Thay rang phuong trinh khéng cé nghiém x = 0.

Véi x # 0, chia hai vé cho x*>0tacé (3) <> 2| x {--l— - l} =x+ : (4)
X X

Datt=x4+- J>2 (10) Phuong trinh (9) tr& thanh 2(t — 1y’ =1
X

1=2

SA-5t+2=0 & I . & t=2
g == = (loai do (2))

e

Var t=2 co Hj =2 (x-1Y=0x =i (thich hap (7)).
X

Viy phuong trinh ¢é | nghiém duy nhét lax = |

Thidu1l.
Tim m phuong trinh sau dé ¢6 nghiém

(2 )
: 2

=mx’ (1)

; I
X+ (m+ Dx 4 —
4

Lai giai
Thiy rang phuong trinh khong ¢6 nghiém x = 0. Chia hai v€ cho x’> 0 ¢é :

(Hhe (2)& —m+ 5‘] =m | * K2)

X

I
X+(m+1)+—
) 4x

1 % .
bat x + ‘—“ = I,M > 1. Phuong trinh (2) tro thanh (2t - m}t+ m+ 1)=m
X

OW+(mM+2D-mm+2) =0 (3)
Goi fiy=2C+(m+ 20— m(m +2); A=(m + 2)’+ 8m(m + 2) =(m+2}9m+ 2)
Phuong trinh (2) cé nghiém khi va chi khi phuong trinh (3) ¢6 nghiém 1, thoa i > 1
Ta gidai bang phuong phdp gian tiép.
Phuong trinh (3) khéng c6 nghiém thoa Itl >1 trong hai trudmg hop sou :
2

-

e Phuong trinh (3) vé nghiém <> A<0 <> (m+2)(249m)<0 ¢> - 2<m< — ‘3 4')

e Ca 2 nghiém cua phuong trinh (3) déu thuéc (-1; 1)

2 2
[A>0 mgi—2-— m¢[‘“2:*~-
oo T )
(N> " =
4 -m--m >0 . - 14+
O {f(-D>0 <> &5 l__‘/l—7<m< . *‘/n
—m(m+3)>0 2 2
S
o L d m+2 -3<m<0
2 —-1< - <l
~-6<m<?2
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i

. <m< 2

&n = (5

2

<m<()
9

-6 -3 -2 -5 0 P
I & i & I
1 17 l+v'17
3 N

Tu (4), (5) suy ra phuong trinh (3) khong ¢6 nghiém thoa III > 1khi va chi khi

L4117
Ll em<0
RN
¢ Tir do suy ra tip hop cic gid tri phai tim cua m la: - p)
m > ()
Thidu 12

Cho ix)=(x" 2mx + I)x +3x + 1)+ 2(m + Dx". Tim m dé
a) fix) =0 co khong it hon hai nghiém duong phin biét. 4

) A0 > 0. Vx ]
Loi gidi

a) Thay rang x = 0 khong phai 1a nghiém cua f(x) = 0. Bai vy, chia hai vé cho

x>0 tacof(x)=0<> [x 1 l~ 2m][x 1 -l +3{+2m+1)=0 (n

X X

Bati=x+ -lr |t > 2, Phuong trinh (1) tro thanh (1 - 2m)(t+ 3)+ 2(m + 1) =0

X
U+ B3-2mit+2-4m=0 (2)
Goih(t)y=( -2m)(t+3) +2(m+ 1)
e Xem phuong trinh t=x+ : = x - 1x+1=0 3)

X

¥ Vai |t] = 2, phuong trinh (3) c6 cic nghiém kép cung dau. (4)
« Vit| > 2, phuong trinh (3) luon ¢é 2 nghiém phan biét cung diu. (5)
¥Laico i(-2)=0Vm, nénh(t) =(t+2)(t - 2m + 1) (6)

o Tir (4), (5), (6) —> Phuong trinh di cho ¢6 khong it hon hai nghiém duong
<> Phuong trinh (2) cé nghicmt>2 <> M(2)<0<¢>12-8m<0 <> m >5

b)e Khix=0,f0)=1>0Vm.

e Vx #0, tacé f(x) = x".h(t) \ /
B&i vay f(x) > 0 Vx <> h(t) >0 V1| > 2 7 N
Do (6)nén(7) <> 2<2m 1<2 & -~%§m§§ N ‘// ’ '
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Thidu 13. (Phuong trinh ax’+Bx+a= \/px' 1 dx’ +tp)

Giai phuong trinh x™+ 3x + 1 =+/x* +x" +1 (1

\\\\\

Thay rang x = 0 12 mot nghiém cia phuong trinh (1)

. Lo
Vai x #0,chia har vé cua (1) chox,co (1) <> x+l+3=in' +—=+1. (2
X b &

I 2 2 ‘ by ! b
biatt=x+ —; || >2 - tt - 2 =x" + —, phuong trinh (2) tro thanh
X X~

B > b 5 .
t+43=4tJt 1 &SU+3)=t-1 t-—-—;(lozgn)

—> Phuong trinh (2) vo nghiém. (3)
Tu (1), (3) , két luan x=0 la nghiém duy nhidt cua phuong trinh da cho.

Chuoy
Phuong trinh dang ax’™+ Bx + a = Jpx"’ +gx 4 p (*) 1amoét bién thé dac biét

cta phuong trinh héi quy bac 4 : ax*+ bx’+cx + kbx + k'a=0 (ka # 0).
Chi khic 1a (¥) c6 nghiem x =0, néu p=a’.

BAI TAP
Bai 1 Giai cic phuong trinh

) (x> + 3x+:|“~)(x3-x+ _‘-l‘-)= 12xY  2) x*-3x'-2x"+6x+4=0
3) x*+6x'+4x° -12x+4=0 4) x*+x'-6x"-2x+4=0

Bai 2. Cho fix) = (2x"+ mx + 2)(x*+ 3x + l)+(?—!0)xz. Tim m dé
1) f(x)=0 c6 khong it hon hai nghiém duong phan biét.

2) fix)>0 Vx
Bai 3. Tim m dé phuong trinh ix)=0 cé nghiém
ﬂx)z(x2 ~mXx +} 4)[)(3 +(m+!)x+4]:x3 4]

. > e 4 ;
Hieomg dan: Chia cho x°, roi dat x + — =t, Itl > 4. Phuong trinh (1) tro thanh f(1)
X

C+t-m(m+1)-1=0 (2) Phuong trinh (1) c6 nghiém <> Phuong trinh (2) c6
nghiém t, thoa Itl > 4.

Ta gidai bang phuong phap gidn tiép.

Tuc 1a tim m dé phuong trinh (2) khéng c6 nghiém thoa Itl > 4. (3)

s - A l 3 3 = L l.f(4) :) 0
bBey: f(0)=-m m-l=-|m+ | — -<0,Vm Vi thé (3) <>
2 4 1Lf(-4)>0
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<> ‘ a3 -m -m 0 & —<m<

19 m om0 135 1+3Vs
I m m >0 2 2

1345
m <
¢ T do suy ra tap hop cac g trn phai tim coa m 1a . -
1435
m >
b
IV. Phuong trinh
(ax+b)’(a'x+b")*+[(a+a')x+(b+b’)}*+c=0
CACH GIAL : Bat an phu t = (ax + b)(a’x + b")
| Thi du 14. '
| Giai phuong trinh ;c"(x ~1yY=(2x-1y+2 | (n
Lai giai
(1) <> x(x DIy=[x+(x D+2 <> x(x )=]x (x D] +4x(x-1)+2
¢ x(x 1)y Ax(x 1y 3=0 (2)

Datt=x(x 1), t> }‘ . Két hop vai phuong trinh (1) > > 7

Phuong trinh ( 2) trg thinh © - 4t 3=0 > 1=2+ JTa3x-%=2 7 =0

I+ \9 + 447
L
2
Thi du 15. '
| : | ° 13
Gidai phwvomgtrinh | - | +|—,— - | =~ (D
pas 6 x“}xH} [x fx!Zl 36
LiA giai

-

Tap xiac dinh R. Dat a = XHx+1l=(x+ ; ) + : > 3 . Phuong trinh (1) tro thanh
1 ] 13
. T =
a (a4 1) 36
<5 36[(a+1)-a] =13a’(a+ 1) 72 a(a+l) <> 36=13 a'(a+1) 72a(a+l) (2)

3.3 21
Datt=aa+ 1) (3), Suyra t>-( +1)="
4 4 16

<>36[(a+ 1Y +a]=13a"@a+ 1)

(4)

. 3 6 .
Phuong trinh (2) trothanh 13t - 72t - 36 =0¢> {t-=6; t— - I? (loai)
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a= -3 (loan)
waxd

145
)

VGit=6,thay vao (3) co: a(a+ 1)=6 <> aA+a-6=0 <>

Via=2.cox"+x+1=2 ¢ x"+x 1=0 ¢> x= —
145

Viy phuong trinh di cho ¢6 2 nghiém x = — 5

Thidu16.
Giai phuomg trinh 2(x - 3)’(x + 2)°=(2x -1y’ - 9

Loi giai
Tacéo (1)<> 2(x - 3)V(x+2y=[(x-3)+(x+2)] 9
D 2Ax-3)V(x+2)=[(x-3) - (x+2)]+4x-3)x+2)-9
' x’—-x—-6=4 X' -x—-10=0

<> (x-3)°(x42)'= 2(x-3)(x+2) 48 <> | .
X"-X—-ﬁt--z x"*x--4r_;0

)lx*}¢ﬂ. 'ﬂJﬁ!,

<<

X =
2 2
Do 1a tap nghiém cia phuong trinh di cho.

V. Phuong trinh a(ax?+bx+c)*+b(ax?+bx+c)+c=x" (1
CACH GIAI

ay’ + by + c=x

ax> +bx4c=y

trir v€ theo v€ ta c6 phuong trinh hé qua (x—y)[a(x+y)+b+1]=0

Dat ax"’+bx+c=y, s€ co hé (I)

lx:_y
ax’ -+ bx llce=y - axz-{-bx-+c;-,y
(x -wax +y)+ b+1]=0 {;.(x Fy)tbil 0

ax’ + bx tc--y

Do vay (I) <>

Viéc giai phuong trinh (1) dua vé giai hai phuong trinh bac hai.

Thi du 17.
Giai phuong trinh 2(2x*- 2x - 5) - 4x"+3x +5=0
- Loigiai
I

3 . . ) 11
ebDity=2x"-2x - 5. béy min(2x - 2x - 5)=--—-~2~ = y=- - (2)
R —

Suy ra - 4x*+3x +5= -2y — x - 5, phuong trinh di cho trg thanh
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Xy Dy - Sox (3)

. Xy
o 2 sy o
Tacobe | ’ >(x y)2x+2-1)=0 <> |
]_’_\ Ty S -0 B
e Thay vao (3)
: ; 5
+ Vaoua=y, co 2y 3y S=0 <> ly=-1,y= ) Vo (thich hop (2))
> Phuong trinh ¢o 2 nghiem (x = 1;x :;) | (5)
‘ 1 V177
+ Vo = : -v. co 4y -y 11=0 <> y= L ;/” (thich hop (3)) (6)
/ o
3| T . 31177
Thay (6) vao (4) co x= V = Phuong trinh c6 2 nghiém x= ;{ s
(7)
¢ Tur (3. (7) két luan phuong trinh da cho ¢6 4 nghiém la :
5 31177
Ix=-1; x=—; x=—-- - 4
2 8
Thidu 18 |
Gidi phvong rinh V16 8x 3¢ =x*+3x 4 M
Lot giai
16 8 3x  (x 13x -4) 2
Taco(l) <>{ | RS Sl wron ) =)
x +3x 4>0 3)
Vietlai(2) ¢> (x +#3x -4y +3x +8x - 16=0
> (X +3x 4 +3x+3x -4) -4=x (2%)
Datx +3x 4=y Dicukién:y>0 (4)
13y -4 -x

Phuomg trinh da cho tra thanh y ' + 3y 4 =x. Taco hé : (¥) y,
X 13x 4 -y

Tnir vé theo vé cic phuong trinh co (x - yXx +y +4) =0,

tly-4-x (5
, (Y (61
3 X =
B viylaco (*) <> y tidy 4o« & . d :
(X yXx +yt+4) O - y 13y 4-x (D
X~ -y-4 (8)
y= -1~ Js (loar)

Xem hé (A): Thé (6) vao (5)co y +2y 4=0 <>

y=-14+5



Cling véi (6) suy ra phuong trinh (1) c6 nghiém x=+/5 |

y- 4 (loai)

y-0

Thé 'y =0 vao (8) co x = 4. Do |a mot nghiém cia phuong trinh (1)
Viy phuong trinh c6 tap hop nghiém 1a {x = -—4: x =5 -1}

Xem hé (B): Thé (8) vao (7) cé fﬂy:ﬂ <>

Chi y. Phuong trinh a(ax” + bx + ¢) + b(ax” + bx + ¢) + ¢ = x & maér tricomy hop
ddc biér ciua phuong trinh f|f (x)] = x. Chiing ta con gap la1 phuong trinh nay trong
§5, chuong I11. Phuong trinh, bit phuong trinh vo ty.

V1 . Phuong trinh x*=ax’+bx+c (n

CACH GIAI
(Tich bic-dua vé phuong trinh tich)

VéimoimcRtaluoncéd (1) <> (x’+m)y=Cm+a)x’+bx +c - m’ (2)
Goi f(x) = (2m + a)x” + bx + ¢ - m". Ta fim m sao cho f(x) & thanh binh phumg]
di <> { A=0;2m +a >0} Khidé Ax)={g(x)] va(l) <> x" +m = tg(x)

Day la cac phuong trinh bac 2.

Thidu19.

_ Gidii phuong trinh : x*=3x"+ 10x +4 AU . | .
Véimoimtaco (1) > (x> +m)y =G +2mix’ + 10x + 4 +m” 2)

Goif(x) =3 +2m)x*+ I0x + 4 + m’
A=25-CG+2m)4+m)=2m +3m’'+8m - 13=(m - 1}2m + 5m + 13)

o - . » . 3
Ta tim gid tri cia m thoa {A',=0; m>- - i

—

e A’ =0 <> (m 1)(2m +5m+13)=0 <> m=LI. Thoa midn diéu kién m>> 2

Thay vio (2) c6: (2) > (X’ + 1)V =5x"+ 10x +5 > (X" + 1Y =5(x + 1)

X"+ 1= \/S(x +1) 3.hH
<>

x4 1= SS(x41) (3.2)

VsaVirads

+ Phuong trinh (3-1) <> x= Wﬁzm

+ Phuong trinh (3-2) vo nghiém, do A<O

Viy phuong trinh (1) c6 hai nghiém la x=-

Sidieals
2
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Chuyl.
Viectimaam=1 cothe lam vén nhap, khone can trinh bay tren bai lane N ghia
la ban Nwoc phep trinh bay ngan gon ahic rong thi du 22 san day.

| Thidu 20. ’ -
Lo _ o 7
| G phuong trinh - x" = 2x "+ 3x (n |
, 16 f
Laoi giai
. S 9 o 3)
Taco (1yes(x +1) =4x +3x+ < (x4 =[2x 4 ]
16 4
1
X"+l =2x i X 2x4-—=10 3
" 4 X=uld :/_
B <> o &> I
3 , 7 -
X il X X"+ 2x4—=0 VN(A' < 0)
4 i 4

f

Viy phuong tninh ¢6 hai nghiem la x=1+¢ 5

Chay ..
2) Bang saw si trinh bay nha trén, ngwoi giai da tim dicoc s6 m=1 1én ban nhap
nlit dicct dav

Véinoimiacé (1) ¢>(C+my=2m+ X +3x +m’- |76

= ’ x T . s 7
Gorf(x)=2m+ I)x +3x+m - ;A =9 8(m+l)[m - ]
16 ] 16
Ta tm gia tn cta m thoa {A';=0; m > -1}. Thay rang vdi m = |, A", = 0, thoa
man m > 1. Nén m=1 1a gid tri twvong thich ma ta muén tim.

2) A, =0 luon la phweong trinh bac 3 doi vai m. Loi giai chi can chi ra maot
ngliem ia no la thanh cong.

g Thi éu 21.

Giaishuong trinh x* 3x° 4x+v2';4 =0 ‘ (n

Laoi giai

3

Viétlar (1) <>(x +2) :7x"+4x+_; <> (x +2)':{xﬁ b

; =2 . o I >
x 2 - X\/-] : 2 . ‘\/7 + 2 — =)
| V7 J7
b 5 <>
C:‘ g 2 » x\/‘? v x3 t X\/? + 2 .. 0

J7 J7

13



Vi -1 2d1-2-0 |y 7 1 V56— 747

. <> TV
VI’ + x4+ 2J7+2=0

VN(A <0)

V7 1 56— 7147 |

Vay phuong trinh c6 2 nghiém x= 14

§4. NHUNG PHUONG TRINH KHAC

Thi du 1. e e S
Gidi phuong trinh  27x'% —5x® + ¥564 =0 - w
Lisi giai

Thay rang x = 0 khong phai I3 nghiém cua phuong trinh. Chia cic vé cho
4'864 1 o x* 2 5

. ) 5
PIxtacé (1) ox' ————+

— = +— = —= (2
J27 V27 x* x* 27 )
3 4 4
, . ” 11 )
ApdungC&-snchoSso—x}— _x}_ '%";J*;T taco:
x' x' xf I

! S
e + i ... SR + ;.

3 3 3 x* J_"fv

4
Dau ding thitc c6 khi %:%C} x°=3 e x=1'3
x

Do vy (2) <> x=+ 3. poha tap nghiém cua phuong trinh di cho..

| Thidu2.
] Glm phuomg trinh (x + D®+(x +J_) =18 - §\/_ S (Il

Ap dung bat ding thiic Ew;» L >[3 i:ll] viia+b>0taco

S R LS A M B T '*5**[‘ _[¥5-1 b
2 - 2 2
iy { S ] l—‘/‘z] «2-J5y=9-45
‘ L
Suyra: (=x- l):;_(" L JS) - >9—4J§<:> (x+l)°+(x+\/§ )’=18 -8 \/%
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, _ ; 1 9
Diu dang thie co kht - x 1=x+ \/5 e N

I % +/5
2

Bai the (1) <» x= . D6 1a nghiém duy nhit phuong trinh da cho

Chuy.
New ban quén cach cluing minh dang thie
n
;l” ' h” "l * h .
- -1 7—] (VneN , Va,beRla+b>0)

+ Dé dang thay (1) ding véi n=0,n=1,n=2

t A k+l
+ Gra s (1) dung vain =k, tue 1a Mol H ?:[d— *—-—-]

(2)
2

Ta ching minh (1) ding voi n=k + 1.

e L ) ' - - - A L - - k k
Ta o6 [H bJ _atb (a4 b.J cath a’+b" 3)

2 p. 2 2 2 ‘
pig LD dkb 2" b7 &7 #b 7 =8 b=ab

2 2 2 4
+Glascta>b ¢<>a b>0, (5)
Kéthopa+b>0<¢<>a> b. Suyraa >bl=>a">b" <>a"-b">0 (6)
T (5), (6) > (a-b)(a"-b")>0 (7)

'lkbhl a“'-{—bh'

Tit (3), (4), (7) suy ra {”2

< Vay (D ding véin =k + 1.(8)

Theo két luan cta phép quy nap, tacé (1) ding VneN',Va, beRla+ b >0.

(dpcm)
Dac biét Khia + b =1, cong thic (1) cho a_‘;-_b_ 2-2%
Gidi phuong trinh : 2~ 2x*~ 5> (x'+ 2+ N~ 2V2 x + 1) (D

Loi gidi
Taco (1) <> 2x - 2x* - S+ (x*+ 27+ D) >(x* + 2x7 + 1)(x* - 22 x + 2)
o> (X0 27 S(CH27H D V2 ) o (FH2CHD(x- V2 ) H(x2-2)<0  (2)
DEY: x4+ 27+ 1 =(x7+ 1)>0: (x- V2 )>0; (x>~ 2) 20

=20 .

X -2 -0

Nén (2) ¢

Cha y .
Iap nghiém khong thay doi, cich giai khong thay déi néu (1) 1a phuong trinh.
2 26 S(x 2N 22 x+1)
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Chuong V
PHUONG TRINH, BAT PHUONG TRINH VO TY
® Phucomyg trinh déi ximg doi voi P(x) va Q(x).
e Phurong trinh dang cdp bac nhat doi véi JP(x) va J—d(x)
® Phuong trinh (ax+h)'=pa'x + b' +qx+r (n=2,3)

e Phuong trinh ax’+bx+c= \/p.rz +qv+r  apA)

® Phép thé trong déi vai plucong trinh 3[ A(x) y B(v) = :‘[(um

e Giai phuong trinh, badt phicong trinh vé 1y hang toa do vecto

e Nhitg phwong trinh khac

§1. MOT SO PHUONG PHAP GIAI PHUONG TRINH VO TY
Phuong phap 1. Nang lén lén luy thua
Co so cua phép nang 1én luy thira 1a dinh ly sau day :
DINH LY

Q(x)>0
° 3\“/P(x)=Q(x) o> -
[P(X) =[Q(X)I .

e 2P =Q(x) <> PR)=IQ)I*"

o Q(x)>0
HE QUA. %/P(x) =2 =
- Q P(x) =3/Q(x) lp(x): i

Trong truong hop nay, ban chon Q(x) sao cho viéc giai Q(x)>0 don giian hon.

Phuong phdp 2. Pit an phu
- Goi y ding nhé :

e Néu biéu thic trong can va biéu thiic ngoai cin c6 hé s6 cic hang tir ciing bac
(khong ké hang s6) ti 1¢é véi nhau thi dit can thic lam an phu.

e Néu biéu thitc chita nhiéu I6p can thi ¢6 thé dat can thic trong cing lam an
phu

e Gap phuong trinh cé nhiéu can thic f(x,,/A(x),JB(x),f('(x)): 0, ban
hdy chi y cic méi lién hé giita cic biéu thicc dudi dudi cin. Mot s6 mai lién heé
thuomg gap 1a : A(x) + B(x) = kC(x), A’(x) — B'(x) = kC(x), A(x).B(x) = k’C’(x),
A(x).B(x) = k°. Ban theo déi cdc loi binh dé sing t6 cdc nhan xét.

Phuong phdp 3. Vects
Phuong phdp 4. Dinh gii
Phuong ph@p 5. Sir dung tinh dong bién, nghich bién ctia ham s
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CThidu 1. .
Gian phuong trinh \,?,x ? E=3- %, (1)
Loi giai
3- x>0

Taco(l)<s -
2x -3=3 x)

X <3

2x 3= x —-6x+9

x<3 x<3

<>

<o
X 8x 12 -0 {x =2 hoacx = 6
<> x=2. D0 la nghiem duy nhat cia phueng trinh di cho.

| ‘Thidu 2.
‘ Giai phuong trinh (2x" + 5x - 3)\/14+5<\’~~){2 =0 ()
Lai giai .
1445 x -0 |07 2hodex=7 X — 2
Taco (13¢5 |[1445x —x* 0 |f¥TX X 20 9
3 1
2x" 4+5x~3=0 x = -3 hodac x =— 1
2 x“‘—z"

Loi binh
Phuong trinh da cho ¢6 dang P(x) \@(x) =0

[Q(x)»-- 0

P 5 nghi

Taco P(x){Q(x)=0 <> (x) cong la.
Q(x)>0
P(x)=10

Trong phuong trinh P(x)=2x"42x-3 c6 nghia véi moi x. Nghiém x = -3 ctia P(x)
bi loai do khong thoa man Q(x)>0.

| T'hi du 3.
| ():;ii phuong trinh x4 1-Jx-2=v2x -1 (D

Loi giai
biéu kien x > 2 (2)
Vigtlai(er Jx t1=vVx 2 +/2x 1
o xtl=(x DH2x-D +2J(x - 2)2x D <> 2x=J(x -2)2x -1 (3)

Tir(3) =» x <2, két hop van (2) suy ra x = 2.
Thav x=2 vao (1) thay ding. Vay x=2 la nghiém duy nhat cua phuong trinh da cho.
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L.oi binh
Néu khong nhan xét, ban tiép tuc giai phuong trinh (3) nhur sau :

2—x2>0 x <2
3) =
2-x)=(x-2)2x-1) {x~2)2x ~1+x~2)=0
x<2 x =1 (loai)
& & x=l
3(x —2)x—-1D=0 X == 2

(Thidua e
| Giai phuong trinh 2x*-5yx” —3x + 5 =6x-7 )

Loi giai
Viét i (1) < 2x=6x+7-5yx* —3x + 5 =0, dat VX1 =3x+5=1>0, phuong
& - 5 5 = ‘_l" (loal)
trinh tro thanh 2t7-5t-3=0 < 3
=3

VGit=3co Vx° =3x+5=3x"-3x+5=9x’-3x-4=0
o {x=-1;x=4}.

Lai binh
e Trong phuong trinh (1), biéu thifc trong can va biéu thiic ngoai can  hé s6

. y o s yda a3 ] =3 ,
cic hang tir cung bac (khong ké hang s6) ti ¢ véi nhau e nén ta dat can thic

lam 4n phu.

e Ta chi cdn dat diéu kién cho >0, khéng cin dat diéu kién d6i vdi x.

e Khi dat t =,/f(x) , diéu kién chdr cha t 1a t > max{0; minf(x)}. Céc tan thay
diéu nay & thi du ngay dudi day.

Thi du 5. _ -
Gidi phuong trinh : 2x 4 2x + 1 = (4x — 1) {1 + X’ (h

Loi giai

Tap xac dinh : R.

Pat V1++2 =12 1 = x2= - 1, phuong trinh (1) tr& thanh
20 - 1D+ 2x+ 1=(@x - 20 - Ax - Dt+2x - 1=0. (2)
Xem (2) 1 phuong trinh déi véi t, tacé A = (4x — 1)* ~ 8(2x — 1) = (4x - 3) nén
: :4x—l—4x+3:|

| — < 1 (loai)
2)= 4 2
4x —14+4x -3
t, = 3 =2x-1
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!

’

_ / 2x 1> 2x 11
Vait=2x 1ceo I x =2x-1¢> . g - . i
lix (2x -1 1+ x 2x - 1)

x>
x> 1
& <> 4 <> X=—

Ix  Ax 0 x 0 hoacx — 3

4 . & . "
Viy x= : la nghiém duy nhat cua phuong trinh da cho.

Cha y. ( hung ta con trs lai Thi du nay o phlmg, phap dinh gla

Thi du 5" -

Giai phuong tr‘mh 3x —ﬁx*6 2\: \/x X '5 (1) |
Laoi giai

Vict lai (1)e>(C+x-3)+ (2x’ - 6x +9) = 2x¥x2 +x -3

bat \[\ 2 40— 3 =120, phuong trinh tré thanh t -2xt + (2x - 6x +9) =0. (2)
Xem (2) 1a phuong trinh bac hai d6i véi t, A= x" - (2x" - 6x + 9) = —(x-3)'< 0.
Phuong trinh (2) c6 nghiém (d6i vén t) <> x=3. Thay x=3 vao (1) ta c6:

353 +6=23V32 +3-3¢> 18=18 (diing)

Viy x=3 la nghiém duy nhat cua phmmg trinh da cho.

Thi du 6. * ]
Gm:phumglrmh \[ —x’ ~I + Jx«l—\/ ~I—2 (D) J
Lol giai
S & SR
Didu kien | Y -120 & x>l 2)
x’—1>0

Cich 1-Taco (1) [Vx - Vx? 1 +¥x + x::] —4

& B4 FY(x—Vx — DR+ Vo = 1) =4 €5 2% 4 2 =4 > x =1, (thich liop)
Vay phuong trinh c6 mot nghaémduynhélx—l

Cach2: Déy fx-\/ ____ 1Hx Ve —1) =1, néndstfx — Vi —1 =150

.z>\/x . \/x" l 2 , phuong trinh da cho tro thanh |+;=2¢> C-2t=1
t

&> (1 -1)'=1 <>t = 1 (thich hop).

45 4 J‘\[x “‘l_l J:'-ITZI 2x =2
Vait=1co e o &> -

X +vVx’ *|~| x+Jf—|-| X+Vvx —1=1
Eyx=l
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Vay x=1 la nghiém duy nhat cua phuong trinh da cho.
L.oi binh
Néu tich hai can thic bang hang sé thi dit mét can thic lam in phu

Thi du7

Giai phuong trinh f +— \[ SO : (1)

Diéu kién : x>1
Taco(l) > \/x"+l +-Jx“—| = 2 <:>_2x"+2 x* —-1=4

' , : 5
N PR [ﬁ e
X

1 Q 3
f e x®—dx 4x" =5 4

B el

5
(thich hop). Vay x-— JE la nghiém duy nhat cua phtmng trinh da cho.

e

| Thi du 8 (DI138).
Giai phu‘o'ng trinh \/—1 2Vx -1 +\f 2Vx — ——}) (H
Loi giai
biéu kién x > 1 (2)
. _ - %3
Vietlai (1) &> J(x—D+2¥x -1 +14y(x—D—2dx -1 + 1=222
T > > 3
@J(\/x—-l + 1) +\/(wa1 -1y =x-;
e x-l+|+|JT—|—1| "+3 3

3
Trieomg hop 1 - Vx—1<l <> 1<x<2, tac6(3)c>2=§%- o x=1. (4

3 .
Truong hop 2 : x >2,tacé (2) & 2Jx - =§-—_2t—~- <> 16(x — 1) =(x + 3)

o x=1x+25= 0<>(x—5)‘—0<:>x—5(thichh0p) (5)
Tir (4), (5) két ludn : Phuong tnnh da cho cé hai gnhaém lax=1;x=5.

Thi du 9 (HVBCV1 2000).

K
|
| x+3
l 1ai phuong trinh \/ +1 - \/: -2 ————S - (n
Lm giai
) 4x +1>0 2
bicu kien : -l = (2
3x-2>0 3
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Nhan hai vé voi SCx (14 d3n 2) > 01aco
SERTRTE NS IR TS SR S TRVE S \/,ix 2)

<3SN F ) (X + 3N \"'4x? I+\/3x ”.3) (3)

o Jud2y >x+ 3>0nen(3) <> fix) = J4x il +\/3x 2 =) ‘4)
Vo x=2colf=5.x>2cd x> =5x<2cof(x)<f2)=5.
Vay x - 2 L ngheein duy nhat caa phuong trinh da cho.

{4n binh

_ b s .
DG A - TLB=3x 2. C=x+3wcoA B= _C.Dolaphuong trmnh
5

dang VA VB = kA B

7
H

VN

2y Bae cinge oo the chung mmh fix) 13 ham so dong bién trén

]
i

|
‘:x%."llldn

sy i x = 2 L nghiem duy ahit caa phuong trinh da cho.

§2. PHUONG TRINH DOI XUNG DOI VOI P(X) VA QOO
a P(x) ¢ Q(uﬁ[i(\f’ﬁ.ﬂ ! JQ(‘X))iZaJP(X).Q(X) +¥=0 (D
(a’+p>0)

CACH GIAI
Da 1= JP(H t \!:Q{x) Suy ra t'=P(x) + Q(x) ¢ BJI’(X).Q(x) .
Phuonge trinh (1) ro thanh at’+ Bt +y=10

Thidu i

Gidi phiong trinh Vx 2 Jx 12 =2Vx’ 4 2x42 (N
Loi giai

BDicu kicn - x >2 (2)

Datt = vx 2 \,{;;ml-J(ﬂ. Suy rat = 2x 2\/;‘ 4. (3)

10y

Phueg trinh (D rgthinh: (=2 <> '+t 2=0 <>1= 2

Thay =2 vho (et 4225 2Vx 4 ¢ »z[\/x 2 2o
<> VJx 2=0 <> x=2 [thichhop (2)].
Viay phuong trinh co mot nghiém duy nhat [a x = 2.



Thidu2
Cho phuong trinh Jx + 1 +vJ4 - x +J(x + IN4 - x) =m (h

a) Giai phuong trinh khim = 5.
b) Tim m dé phuong trinh c6 nghiém duy nhat.

Léi giai

Diéukién . 1 <x<4 7 (2)
Cich 1. Patt=Jx + 1 +J4 —x ,c6 =5+ 2J(x + )4 —x), >3

=5
Suy ra \J(x | )4 B 3)

Phuong trinh (1) tr¢ thanh C42-5-2m =0

a) Khi m =5, phuong trinh (4) trg thanh 42t 15=0 <>t - 3

3 -5
Thay t =3 vao (3) ta céJ(x 1 IX4--x)= 2- <.,>\/(—x N4 x)=2

<> 3x - x' =0 <> {x = 0; x = 3} [thich hop diéu kién (2)].

Vay phuong trinh da cho ¢6 2 nghiém la {x=0; x=3}
Lai binh 3. Trong pliomg trinh (1) khi P(x) + Q(x)= k (const), ban can biét thém
cde cdch giai sau:

Cach2. Pat J1 t x=u>0; V4- x =v>0 tacé hé

u=1
{ wav =5 perv=d e B0 56 i e aghiem ok
utviuv=>5 uv=2 u=2 x=23
vl
phuong trinh da cho.
uw v =S (5)
Cach 3 (Toa do) Dat nhucich 2dantéihé (*)ju+v-—-3 (6)
u>0;,v>0

Trong mét phiang toa dé Ouv, goi (¥) la
duomg tron, () 1a dudng thang theo thir tu lin
luot c6 phuong trinh 1a (5), (6).

Thay rang M(1; 2); N(2; 1) 1a giao ctia ching.

Suy ra hé (¥*) c6 nghiém {u=1;u=2}

Véiu=1tacé JI +x=1¢> x=0

Véiu=21acé Jl+x=2¢> x=3
Vay phuong trinh da cho ¢6 2 nghiém
la{x=0;x=3}.(h. 15)

Hinh 15
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by eDici kicn can Thay rang x,, la nghiem ua (1) thi 3 x, cung 1d nghicm cua
phiton: trinh (1), Bt thé dicu kiéncan d¢ phuong trinh o nghiem duy nhat |3
Xy =3 x,

3 3
<rn= - Thay vao (1) s€ co m= o+ \/I(I (7)

. i S - S
ef)cu kien dit Vo m:; + \/l 0, phuong trinh (1) tro thanh

P

- 5
Jx 14V —x +Jix +-!)(4—x):7+\[13 (8)

P

Thes bat ding thiic Bunhiacopski: Vx +11v4 x < J111J114  J10 (9)
e x'{'_l t 4 X S

The bat dang thic Co s (J(x + 14— x) < 5 5 (i)
Corg ve theo vé cic két qua (9), (10) ta co : )
* kLA x x4 x)<§+\/l_(3
Dar dang thire ¢6 khi trong (9) va (10) dong tho Xi'i_\;’”['ll <>l +x=4 x
<vi= j Suy ra phuong trinh (8) nghiém duy nhat la x = ; (tn

Tu 7), (11) két lnian phuong trinh (1) ¢6 nghiém duy nhét khi va chi khi
5 :
m 2‘2“ + \/ﬁi

L.oi bith 4

Phiong phap  thicong ding gidi bai toan "Tim diéu kién ciia tham sé m dé
phicome trinh f(m, 1) = 0 ¢é nghiém duy nhadt" la phicong phdp can va di.

Vidr dé cot yéu cria diéu kién can la néu ra dicge nhan xét dac trimg cua phitomg
trinky dmg vét. Cdc nhdan xét luon dicoc dé cap 15i la tinh chéan 1€, tinh doi ximg cua

ham f{n, v).
Lii bith §
L lem phuwong trinh f(x). = \/.Y b+ \/b -x+ ) J(r +a)h—x) =m (13)

DE v - vai moi a, b luon ¢é fix)= fib —a — x) bai thé phiwong trinh fix) = m

b-ua

co nghém duy nhadt khi va chi khi x= b-a—v ¢33=— .

“hay vao (13) co m= ﬁz;_z:) + -g(h ta).
2. Néirong ra van dé nghiem duy nhat ctia phicong rrinh
f(m, P(x), Q(x))=0 (14) doi ximg doi vai P(x) va Q(x) chi dat ra khi
phicemg trinh P(x)=Q(x) (15) <6 nghiém duy nhat. Nghiém duy nhat (néu ¢é) cia
phicome trinh (14) chi ¢6 thé la nghiém duy nhdt ctia phicong trinh (15) ma thoi.
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: Cho phuong trinh \ﬁ bx+y8 - x +\ﬁ| +xX8 - x)=m ()

ay Grat khiim= 3.

bi Fim mi dé plucomg trinh o6 nghiem

Lai giai
Da Jlix+y8 x=t>0 >'=9+2J0+x)8 x) >t>3va
-9
\ﬁiiﬂ(i‘ Xx)=- 2 {2)
Laicot < J(l+|)(l+ x+8 —x) =32 suy ra diéu kién cuat t 1a 3<t<3 J2 3
: -9 3
Phuong trinh (3) tro thanh t+ 2 —=m<> r+2t-9=2m (4)
) . 5 t =5 (loa)

a)Khim=3tacoA)otr+2t- 15=0 ;

1=

Var t = 3, thay vao (2) c6 \/(I FxN8- x)=0V<>x= lvax=8
Vay khi m = 3. phuong trinh cé hai nghiém lax = | vix = 8.
b) Phuong trinh (1) c¢6 nghiém <> Phuong trinh (3) ¢6 nghi¢ém thuoc khoang

13: 5V2 L
e . .. b
Xeth;unsof(l):t"+2t‘9.trén.3z|3:3\/§].l)cy - =-]<3

Mzin f(t) - f(3) -6
> Tréen D, (1) la ham dong bién >
Max (1) = f(3¥2) = 9 1 612
Viét lai - Phuong trinh (4) <> 2m = f(1). Phuong trinh (4) ¢6 nghiém kh% va chi
9 |62

-

khi min f(1) < 2m < max f{t) <> 6<2m<9+6V2 < 3<m<

e 9 + 62
Viay - Taphop gia triphaitimcoamla: 3 <m <

Cha ¥. Cic cich khic dé giii thi du 3 danh cho ban doc.
Lai binh 6

Hai cach 3 va 4 ¢6 hiéu hee manh mé trong bai toan tim gid tri cua tham so dé
phutomg trinh 6 nghiem. Do vai cac bai khong ¢é tham sé, ban chi dp dung khi dé
doan 1oa do (dor vai cach 3.

' Thidua |
i .. e {
' Grai phuong trinh x‘+\ﬁl x')' =x Jg(l X)) (h :
Loi giai
Dréukién: -l<x< | (2)
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Coulil: Dart=x+v1 x  (3). Dieu kien ltl< \,/2 . S¢ co

, [ / y oo |
o 1 1+2x VI X s kWl =% = H
2
-frV+ﬁ| X)W N
. T4 t- 1 . 2 3 3t -1
>|:x+\/(l X ) 3t <'>x-+\/(l----,\") =
, 2
\ o . - .
Paong trinh (1) tras thanh =¥t ; a2 032 =0
P,
G UHY20 W V220 o (0 V22 4+ V2 1)=0 (3)
Do itj< V2 51472 4150 nen (5) <> (1 V2t +V2 =0
;‘ \/’2
<> | .. Thay vao (4) :
1. 42
5 SR 4T Ax 110 2x b 0
-\’mtzxflcoxxﬁ X~ == € ok (
2 0<x <l 0<x<i

1

~ (thich hop (2))

—

o \Viit=1 \/2 coxvl  x =1-

¢ > X

1< x <0
3 NN W EETER S
x =
D)

B ;

- 1T<x<0
' x143-242-0

ch 1+ V82 1)

2

Viy phuong trinh da cho co tap nghiem la {x=

Thi du 5

G phuong trinh

bicukién: 0< x| <2

,l,, 1
X \/2 X

—
Al

Lo giai

Taco (1) <» x+ \/27}( ’ 2)(\/’2_“7 —x_‘T

Dat t=x+2 x|, diéukien Jij <2

Suy ra t'=242x \/2~ X ¢>2xV2 - x* =t° 2
2e5 0 -1 -2=0ei=%1= =11,

Phuong trinh (2) tra thanh 1=t

J2
L X=
2

V20 1 V82 1 |

7

(hH

)
J

S



Thay vao (4) :

Vot =2, co x\/"’ x° =1¢> KAL) l<~> (x” 1y
x>0 x>0
A T 4x7(2 -x7) =1
Voit=-1,co 2x\[2~,\'"=-l <> o x)
x<0

Ui
N 4 > x=- ‘ﬁf-‘[l

...

x<(

8x - 4x
<D

x <0

Vay phuomg trinh co tapnghiém la: { x <1 ;x - ———

Chii ¥
1

1
Phutong trinh trén thuée dang -~ + ——==—==b , (ah £0)

x o

D \+\/u -r“b.\\/a - x’ (0< k[ <faf:ab £0)

Day la plumng' trinh 6 dic diém nlas treng loi binh 5. Boi vay, ngoai cdch gidi

o €n no con o 3 cde Ir gidi Hrm nita nlur !In (lu 2

Thl du 6

Giar phuong trinh x  — x :_}3

e

!,m giai
Dice kién = x> |

Véi diéu kién do, dat x = L] ,diéukién (2) <> O<y<l
y
I'huvn" |r'|nh (1) trg thanh

P N

— A l?
[)@IIZ_\'-!-JI--)I' = l'—[+"yf y <S> \\II y R
Dicu kién 1 <1 <2

35(t° - 3
Phuomg trinh (4) tro thanh t = _,(;4__ c <> 356 - 24t -

S
&5 {l = Z 8 B 7 (loai do (6))}. Thay t =;’ vao (5) co:
49 0

= 12 3 5 144
L (R U A s

126

2

35=0

> yhyt-

(4)

(5)

(6)
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. 16 4
Y 5 .
L 1 = [olie > ‘é ’ (7)
| . 9 f }
Y
N 25 A 5
| 4 | 5
% S o
Tu(3), (7) suy ra } : ¢ >I 4 .
\ 3 5
, i
Y s 3

bao Ly ap nghiem caa phuong trinh da cho.

Chuy Plucong trinh trén thuoc dang x + b.(ab #0)
a  x

! |
i { s i e 5
X \/;l2 X

b, (ab #0) b

Dé dane chuven plucong trinh nay vé dang

phep tie x
y

I Thidu 7 (Plirong tinh doi  \1'ng I(‘lc'h).

| Gia phuong trinh 471+ x  1=3x421  x +4/1 - x° (1)

Lai giai
bicikien: 1 <x < (2)
Davl x=1>0 > S6c63x=21+x) (1-x)-1=2(1+x) ¢ I
Phwong trinh (1) tro thanh 4 \/Tr; =l +x)- -1 +N+1 \/I#‘I—_x

es? eV x n#a 1 x 2(14x) =0 . 3)
Xen (3) la phuong trinh bac hai déi vai t ,c6 A= (2 - 3\/1 { ;&)1 !
1201+ x J-x 2J1+x X
< P S
B \/I + X

\/| X 2- \/i I'X.r 7 x — 0
(thich hop (2))

Suyra (3) <>

e Vay shuong trinh da cho ¢6 hai nghiém x =0va x =

Chu y
Phiomg trinh trén thuoc dang
aP(x)+ o Q)+, P(x) +B' JO) +y. {P(x)Q(x) + 1 - 0O
vot La slucong trinh “doi ximg léch”.
Kii Ja'=a 1=} phicong trinh “doii vig léch ™ tra thanh plhuong wrinh doi

umg a P(y) PQ(,\)}+/}(\/P(\) i \/()(\)) t 30\/;;(:.Qm +y-- 0
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® Plucomy trinh doi ximyg gidai dicow theo hai cach deat an phu toan phs

't :(JI)‘ 0 JQ('\ )) . hodc khong toan phan -t = \/6‘;) i

@ Plucemig trinh doi vimg lech khong giai dicew: theo cach dar 1= ( J P(x) ¢ JQ[ X ))

Lin giai trén da wrinh bav bang cach dar 1= J(_)(x) . dica vé giar phitomg 1vinh
theo dan phu 1. Phép gidi chi thanh céng khi biét thitc A, ¢é la hine ti. Clui ¥ 1 trong
bai ra. cde hang ne o ngoai can thite chita c6 dang aP(y)+ a Qv+ n Dé gidi
chaing ta phdi khoi phuc lai 16, khi dé (x)=r

BAI TAP

Bai 1. Chophuongtrinh Jx +1+v3-x Jx +1X3 x)=m
a) Gun khim = 2.
b) Tim m dé phuong trinh c6 nghiém _ .
¢) Tim m dé phuong trinh ¢é nghiém duy nhat.

Bai 2. G cic phuong trinh :

a) 3+2Jx 'x:_=3(\[;ﬂ\/| ~-X)
b) J2x + 34 VX +1=3x + 22X +5x +3 - 16

Bai 3. Tim m dé cic phuong trinh sau c¢6 nghiém duy nhit :

a)Jx i V1 x ¢ 2my/x(1  x) 2{/:&(! x)=m'
bt xrdx 1Vl x=m.

§3. PHUONG TRINH DANG CAP BOI VOI {P(x) VA JQ(x)
a.POO+B.QO0+ 1. /P(x).Q(X) =0 (afy - 0) (I*)

Chdang han -

a) 3(x- 1)+ 2(x"+x+|):7‘f(x CINXT X !l»)> (i)
b) 2(x" x+1)-(x"+x+ l)=J(x: x4+ INx -§; {m;) (2%}
) 2x+DN+3x" x+D=5Jixt1x’ x+ by (3%)
» - - A'V—j

CACH GIAI

P(x)

X)

Chia hai vé cua phuong trinh cho Q(x), dat 1 =J . dicu kién - (*). din

phuong trinh (1*) 16i phuong trinhat” + yt + B =0

Chiy . Tut :JP(X) > f(t,x)=0(@nlax) > dk(¥*)cuat.
Q(x)

SRR
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Thidu 1

Gian phuong trinh 2x + 5x 1=7Vx" | () |
Loi giai
bicu kien x> 1 (2)
Taco (1)es 3x |)+3(‘("+‘(+|):7\/(\ DO 4 x b ) v (1)
D¢ y x = | khong phai Ly nghiém, chia hai vé cho x| >0 ta ¢o
xoox ot Cobx ot
(1%) ¢ 2% 187 +3:7‘/‘ nx (3)
X =- | x |
X ix ot , , .
l).‘]ll-:\/ ¥ > X (L t)x+1+0 =0 (4)
x|
: : : S @ s R L £
A=t 6t 3. Tap g tri coa t langhiem' ' cua & 3 ()< > 1> \/3 1 243 (5)

e ; I
Phuong trinh (3) tro thanh : 2t 7t43=0 <> {1=3;1= 2 ).

K¢t hap var (5) €6 t = 3, thay vao (4) ¢co x-8x+10=0¢> x=4+ \/(: .
(thich hop (2)).
Vay (1) cotap nghiém la : x=4+ J6

L.oi binh 1.

Goi Qtv)=v-1; P(x)=x"+1+1. Mdu chot cia loi gidi la phan tich vé trai ciia
phitong trinh(1) [V'l'(l )] thanh VI'=2P(x)+30(x). Tinh ¥ ban sé thav 2 la hé s6 cua
x trong VT(L). Ciing tie dé suy ra 3.

Ty nhién dé dang tim lai cdac 562 va 3 bang phuomg phdp hé sé bat dinh -

QU4 Sy d=p v DA gin 1) 3 28+ Sx—l=pYH (p+ gyt p
ip=2q=3}
Chu y.
1) Hoan toan binh ddnyg, ban ¢6 thé chia cho P(x) hodc \/P(x).Q( xs
2) Thay cho chia, ban dar J(j(x_) =7 \/P—(xs (hay \/'l—’z;(—i =1JQ(x))

| Thi du 2
Cho phuong trinh x” 3x + l:m\/x; ExC A (1)

J3
3

a) Giai phuong trinh khi m= -

b) Tim tap hop cac gid tri cia m dé phuong trinh (1) ¢6 1€ s6 nghiém thuc.

Loi giai
Cachl: Déyx +x +I=(x+1) x=(x+x+1)x - x+1)>0,VxcR
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Viét lai (1) ¢ 2()(:-—x+l)~—(xz+x+l)=m\[(x2 —x 4+ Ix” 4 x 4 I; ()

Pat Jx’ —x+1l=t.yx  +x+1 . (2)

Phuong trinh (1) tro thanh : 2(x*+ x + DE - (X" + x + D) =m(x" + x + I)

X +x+D2'-mt-D=0<>26-mt-1=0 (3)

biéu kiénl : t>0

Diéu kién 2 :

TacoRQ)ox - x+I=(x"+x+ D & (C-DX’+E@+ Dx+'-1=0 (4)

Thdy rang : t = |, phuong trinh (4) cho nghiém x =0.

Véi 0 < t # 1; (4) 1a phuong trinh bac hai cé A=(E + 1) - 4('-1)" =3 )3 1)

Teec m<|||<f

TapgidtrictatlaA>0¢> |37
t=1 t=1

: e K 1
Tir cac diéu kién 1 va diéu kién 2 suy ra : _\[__3 <3 (5)

NE

3 3
a) Khi m=— —\{;—‘ , phuong trinh (3) tro thanh 2t + —;l -1=0

! V3
{f=— = ———

. Kéthop véi (5) co t= ——(<t>A 0).

5

| . 4
el
Thay vio phuong trinh (4) c6 nghiém kép x = ——F — & x =3
3
&5 x=1

b) Thiy ring, véi mdi t thod diéu kién (5), phuong trinh (4) c6 khong qui hai
nghiém thuc. Boi viy phuong trinh (1) ¢é Ié s6 nghiém thuc <> (4) c¢6 duy nhit mot

t=1
f=| 1 .
nghiém <> ¢> [t = —= Thay lin lugt cac gia tri cua t vao (3), theo thi
A =0 J3
t=+3
¢6 cac gia tri phai tim cua m la me { I T Y.
. A
Cach 2.
*Nhan et 1
Phuong trinh (1) ¢6 mot nghiém duy nhat x = 0 khi vachi khim = 1. (6)
Voir x # 0, chiacho x,datt=x + ! (7)

X
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i — =3 mJt |
¢ : {1 > 2
Diéu kién |t > 2. Phuong trinh (1) tro thanh J
& 2) t—-3=mvt 1
t<-2

* Nhan vér 2. Xem (7) 1a phuong trinh véi dn x.
Va |t] =2, (7) ¢c6 mot nghiém thuc duy nhat.
Vai |t| > 2, (7) ¢6 hai nghiém thuc phan biét
Bgi vay: Phuong trinh (1) co 1é s6 nghiém thuc x # 0 xay ra khi va chi khi

3= m\/l" |

[ =
8 1) e L
=2 V3
e S & (9)
t-3=mvt’ -1 e
8 m = —=
(8 -2) N NE
Tu (6), (9) suy ra tap hop cac gia tri phai tim cuam la :

1 5

{m=l;m:~J 7;

L. binh 2

Loi giai trén dp dung cho phuong trinh dang ax™+ px + a = \/ px' +qx’ +p.
Do la mot bién thé” ddic biét ciia phr((mt; trinh hoi quy bdac 4 :
ax +Bx +1x +1Bx +Aa=0 (aBykiO)

lh:du L (nalphucmgtrmh \/‘ix H4x+9-\/x x4~20 —S\/XTI (1) I

Lm giai
5x" +14x +9>0 (x+DBx+9)>0
bicukien:{x* —x--20>0 <> {(x+4)(x —5)>0 > x>5 (2)
x+1>0 x> | )

Faco (1) <> J5x 4 14x+9 = x> —x 20 + 5Jx +1 3)
Binh phuong cédc vé ciia (2) c6 (3) <> 2x"— S5x + 2 =5J(x“ —x—=20)(x +1)

¢H>2x - S5x +2 = SJ(x +4)Nx —5)x+1) (4)
5 3(x+4)142(x> 4x-5)=5 \J(x + 4)(x" — 4x - 5) (5)
*Vaix =5tacé (5) <> 27 =0"! (mau thuin).
Phuong trinh khong c6 nghiém x =5 (6)
* Va x>5, dat \/\’ + 4= \/x - 4x 5 t >0, phuong trinh (5) tro thanh
t—1
3¢ A U+ 2(x7 - 4x-5)=5(x7 4x-5) <> 30 5142=0 <> 2—;— (thich hop)
t=—
3
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2 ) 5 +6!
eVaoit=1,c0 x+4=x"-4x -5 <> x -5x-9=0 ¢ x= 5\/)' (7)

-~

5+ 6 |
Tir (2), (7) suy ra xz—f—i‘-f—'--- (8)

Véit = % co x+4 =g—(x2~4x ~5) &> 4x7-25x-56 = 0 <> {x=8; x=- ;j f(9)

Tu (2), (8) suyra x =8. (10)
Tir cac két qua (6), (8), (10) két luan tap nghiém cua phuong trinh da cho la

s+61

{x=- 3

Laoi binh 3. Khdc voi cdc thidu 1, 2, 3 cdach phan tich biéu thite nam trong ddu cdn
vé dang P(x).Q(x) la duy nhat, trong phiwong trinh (4) cia thi du 4 o trén sir phan
tich d@y khong duy nhat. Ta ¢6 thé xem Q(x) la mét trong cac nhi thize (x +4), (x - 5)
hodc (x + 1). Trong ba khd nang dy, néu chon Q(x) = x — 4 hodc Q(x) = x + 1
khong ddan phicomg trinh (4) 161 phicong trinh dang cdp. Loi gidi van con khé khan !

=81

Thi du 4. Giai va bién luan theo a s6 nghiém cia phuong trinh

{/()(—Hl)2 +m Y(x —a)’ =(m+1)Vx* —a’ (1)

Loi giai

Thdy rang a = 0, phuong trinh (1) nghiém VxeR, YmeR (2)
Véi a # 0 x = a khong phai la nghiém. Dat Yxt+a=tYx-a (3)
Phuong trinh (1) trd thanh . 3/(x —a)” +mt(x —a)’ =(m + 1)t \‘/(.x Ay
2 4 ) A t = ]
<> {/(x —a) [t+mt-(m+D)]=0 < t+mt-(m+1)=0 <
{--m
+ Thay t =1 vo (2) ¢6 Yx +a =¥x — a <> 0x=2a #0. Vo nghiém. (4)
+ Thay t = m vao (2) ¢6 :/:TFE =mIYx —a <>(m' - Dx=a(m'+ 1) (5)
(m=la=0): (5) vonghi¢m
Suy ra: m' +1 (6)

m=]1:(5) < x=———aVacR
m -

Tu (2), (4), (6) suy ra :
* a=0: phuong trinh (1) nghi¢m VxeR (VmeR)
*a#0,m # | : phuong trinh c6 | nghiém duy nhit x = T‘— : :a
i

*a# 0, m =1 : phuong trinh vo6 nghiém.

Cha y: Khi phicong trinh ddng cap dang xét thod man P(x).Q(x)= k (hdang a)
Loi gidi s€ gon hon bai thudrt dat an phi t=3P(x) . Chding han:



. - 2+
CThidu 5. Giai phuong triinh \/ P R R (1
; 24x VI -x

Lasi giai

Tap xic dinh (I - x)2+x)>0 ¢>» 2<x<| (2)
| =
bat {/ s =130 (3)
24+ %
l 5 y 1 -0
Phuong trinh trothanht+  =2¢>» - 2t+ =0 (- 1)'=0 &=
1

i=x

Thay t = Ivﬁn(fﬁ)cé i/ — =] l-x=2+xx= —-:]z-(thich hop (2)).

24x
l . o s %
Vay x = - 3 li nghiém duy nhat cua phuong trinh da cho.

BAI TAP
Bai 1. Giai cic phuong trinh sau:
h F———_--

1) 2x*+2) =5yx" +1 2) X7+ 2x +4=3x" +4x

3) 2Ax7-3x+2)=3x" +8
Bai 2. Giai vi bién luan theo a phuong trinh :

X+ (CHx+ ) =2+ D +ax’ - x + 1)

Bai 3. Giai cic phuong trinh

h 240 r0 431 +a—x7 =0 2) ﬁ?—J%x+néé;f:2
J2+ 3
§4. PHUONG TRINH (ax+b)"=p Ya'x + b’ +qx+r (I*)
(\-Anso; p,g,roa, b, a’ b lacac hang s6; paa’# 0; ne {2; 3})
r_ - s 3
CACH GIAI
e Dt dn phu : Pat Ya'x + b = 'Bai (ay + b).

pa

(N61 10 hon = dat a’x + b’ =(ay+b) néu pa’' > 0,
dat \/d—x—xlbﬁ = --(ay+b) néu pa' > 0)
Bai toian din dén giai hé phuong trinh hai 4n d6i véi v va y:
h(x)=Ay+Bx + C (0-1)
{h(y) =(A"+Bx+C  (0-2)
e Trong truong hop {A = A’ va C=C"§ (0-3), trir theo timg vé cic phuong
trinh (0-1). (0-2) dan 161 phuong tiinh h(x) + Ax = h(y) + Ay (0-4)

133

S



S ——

Néu g(t) = h(t) + At la ham don diéu thi (0-4) <> x =y, thay vao (0-1) cé
h(x) = (A + B)x + C. (0-5) Bai toin din chiing ta dén giai phuong trinh (0-5).
e Thuat dat 4n phu nhu trén con goi la thuat dat “an phu déi xumg™.

Thidu 1 (pa’ <0)

Giai phuong trinh x = 2 +vV2 - x - (1)
L(‘ri giai
biat V2 —x =—y = y’=2-x, didukieny <0 (2)
Phuong trinh di cho trg thanh x*=2 — y
2 :2_
Ta co hé x’ y
y =2-X 3)

. . . | X:y (4)

Trirtheotimg v€ cO X -y =x -y (x-y)x+y-1)=0c
x=1-y (5)
X ol ) y =1 (loaido (2))
+Thay (4)vaio 3)cdy =2 -y y+y-2=0& 5
y=-
Véiy=-2céx=-2. (6)
I+J (loai do (2))
+ Thay (5) vao (3) ¢6 y’=2+y-1 <> y’'-y-1=0 &
- _1—J§ -
2
) —+/5
Thay (7) vao (5) cé X=l—l 2f= l+2\/§ (8)
S 1445

Tir (6), (8) két luan : Phuong trinh di cho c6 tap nghiém la X=-2;x= _?_,.

Loi binh.

Do bai todn chifa nhiéu d4u hiéu dic tnmg, nén né con cé moét vai cich giai
khéc nita, ching han ban c6 thé dit V2 —x = y hoac sir dung phuong phip nang
1én {uy thira.

Cac ban xem lai 10i giai bai nay da trinh bay bang phuong phép héng s6 bién tluon ’

Thi du 2 (pa’ < 0) N
Giai phuong trinh 4x%+/3x +1 +5 =13x (hH
Loi gidi
Diéu kién: 3x +1>0; Viétlai (1) (2x -3 =-3x +1+x+ 4 (2)

Daty3x +1=—(2y -3) = (2y -3)’=3x + |; Diéu kién: 3x+1 >0 > y < % 3)
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Phuomg trinh(2) tradthanh (2x  3)" =2y + x +1.

o |@2x 3y 2y b x4 (4)
I'a co hé ) :
2y —3) =3x +1 (5)

I'rir vé theo vé cac phuong trinh (4), (5)co: (x - y)(2x +2y 5)=0

v (6 1)
s 5

A - {6~ 2)

5 y

+ Thay (6-1) vao (4) c6 f(y) =4y’ -15y + 8 =0 (7)

; 1 3
béy: f[g] = ——3—(0 —> Phuong trinh (7) c6 2 nghiém y, < S <y

-—

15 7
Kéthop véi (3) coy =— g‘_/(i
—> Phuong trinh (2) c¢6 | nghiém la x = Ej—sigl (8)
+ Thay (6-2) vao (4)c6 h(y) =8y - 18y +1=0 9)

Déy : h[ ;—] = -8 <0 —> Phuong trinh (7) ¢6 2 nghiém y, < % <y,

_9- J_
8

Két hop véi (3) co

11473

" Thay vao (6-2) co 1= —A——é——w (10)

+ Tu (8) (10) = Phuong trinh (2) c6 tap hop nghié¢m la :

5 -\97 Il+\/:l3

x e —— —— e

*

8 8
Loi binh 1

Véi cich dat f;ﬁ_—(zy 3)¢>y_—(3 VIx +1).

Véi méi ye (—oo; ~%; 00) thoa y = u(x). Vi thé trong phuong trinh (2),

3 I'xe
2

; ' 3
dicukién3x+ 120y < % . Nghiém cua hé (*) la cap (x, y) thoa many < — D6

4..

la cu tra 11 tai sao trong phép thé vao phuung trinh (4) ta co y dan ta&i (7), (9) la
cac phuong trinh véi dn y.
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Chu ¥y : Noéi vé diéu kién (0-3)

pa=a'-q r=4
b—-0- .
Af:.A' [ﬂ)’**r:b' > ——[,--aml').:3 fq
; L= Ipa'l a
C;‘—C —‘pa = a'—q , b
pa a'-q r
- —b' b0 —-—vp=—"-T=—
pbtr ipal T a b
Thi du 3 (pa’ > 0) - ’
Giai phuong trinh 32x°+32x =/2x + 15 420 (1)
Loi giai
Didukién: 2x + 1520;(1) < 2(4x +2)  =/2x + 15 +28 (2)
Dit J2x + 15 =4y+2 = (4y+2)’=2x + 15.
biéu kién : 2x+|520<:>y2—%. (3)
Phuong trinh (2) tro thanh (4x + 2)" =2y + 15.
2 - 5 4
Ta 6 hé (4x+2), 2y +1 (4)
(4y +2) =2x+15 ()
Trir vé theo vé cac phuong trinh (4), (5)cé : (x —y)(8x + 8y +9) =0
o= 61
o
X = — ——? ) (6 -2)
8
|
y :*i
+ Thay (6-1) vao (5) c6 16y°+14y-11 =0 <> i
= —— (loai)
Y 3 :
.. 1 = i |
mez—i,lhévao(b-l)coxz—z— (7)
S . , 55
+ Thay (6-2) vao (4) c6 f(y) =16y + lSy-—‘i—:O (8)
o 1 37 . ; y 1
bé y: f[_E] = —-;<O = Phuong trinh(8) c6 2 nghiém y,, y,: y, < 5 <y,.
—9 4221 9 + 221
K¢t hop véi (3) ¢6 v = -9+ , Va0 (6-2) co X = — - 221 )
16 16
P . _ o 9 4 V221
+ Tir (8), (9) -> Tap nghiém cia phuong trinh (1) Ia x :-2- :X = — “'{6‘ .
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Loi binh 2

o Phuremy trinh (V) twomg divong voi heé (3), (S) - do la hé phiomg trinh hai an
dot g kicu 2. Nguon ta néi (V) la “phicong trinh khd nghich™

o [huat dar an phu trén bao gio ciing dan phicong trinh khd nghich dén hé doi
vmg hai an kieu 2. (A=A B=0; C=C").

® Diéu kién can dé phacomg trinh (I') tro thanh phicong trinh khd nghich la ¢ = 0.
| Giai phuong rinh 8x+53x =36x"+/3x 5425 (1

1

1.0i giai
Viet lan (1) <> (2x 3)':{/3)& ~54x-2 (2). bat {/3x -5 =2y-3

Taco (2) <> (2x3) N SR 22)
(2y -3) =3x -5 (2.3)
Trir vé theo vé cac phuong trinh sé co
[
9) 3(2y - 3)
(x-y) [2x ty 2] + -(----:4—-"- 1l =0¢o>x=y
> 1 J
X =2
Suyra(2x 3)'=3x -5 ¢>(x - 2)(8x - 20x + 11) =0 <> 513
s o
Thidi_lS o S ]

Chitng 16 v&i moi a phuong trinh sau luon c6 nghiém : a'cos*x + sinx —a=0 (1)
f 1O VIO IOV TR SOU MR TIcIR c 0 O R T TR TR Y W

Loi giai
Truomghopl:a=0,1acé (1) <>sinx =0<>x =kn k € Z (2)
Trumg hop2: a# 0,1acé (1) <> (a’cos’x)’=a"-asinx

<> (asinx)’=a’- s/a asinx 3)

Dt asinx = X . [X| < a. Phuong trinh tro thanh X?=a>-Va’ X
Dat Va’ - X = Y. Diéukien |X|<|a] <> Y >0.

X =a’ -Y 4.1)
Tacohe: MH{Y a X (4.2)
Y >0 (4.3)
Phuong trinh (3) c6 nghiém <> H¢ (4) c6 nghi¢m
Tu@.1).(42) >X YXX+Y D=0 5|« " G-h
X=1-Y (5.2)
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Vi X = Y, thay vio (4.2)c6 Y+ Y ~a’=0.

Dé thiay Va # 0, phuong trinh lu6n cé 2 nghiém Y, <0<,

= Hé (4) cénghiém X=Y=Y,>0 (6)
Tir (2), (5) du dé két luan (1) c6 nghiém véi moi a. (dpem)

BAI TAP
Bai 1. Giai cac phuong trinh
Lx=V2-x+2 9. x-2x=22x — |
2.x+4x = Jx +6 10. x*+1=22x —1

3.x°-4x+ J2x +5=0  11. (8cos’x +1)' = 162cos2x 27

8’ —15x +9
2

5.x-4x -3=x+5 13. J’Slx~8=x’-2x3+:4§x— -2
6.8x7+ 8x + 1=y/x +1 14. x’—x—1000+/1 + 8000x =1000

4. 2x’+4x= i;g’ 12. 2x3—4x+3:\/

7.x+3+Vx =3 15. (HSG Quéc gia 2002):1/4 — 310 3x = x 2
8.x'+2=3{3x-2

Bai 2. Giai va bién luan theo a cic phuong trinh
Dx'+(2-a%a=2Y2x+(a>—2)a
2)x*+(3-a%a=3ix+(a’-3)a

§5. PHUONG TRiNH ax’+bx+c= \/sz +qgX+r @ap+0) (IH

CACH GIAI

C6 thé giai bing phuong phap dat 4n phu theo hai cich 2 sau day

Cadch 1 : Né& _*.‘,:E, dat 4n phut = Jpx2+qx+r,d5ndén
P 9
gidi phuong trinh bac hai A+ Bt +C=0

p=-b s dat t=ax’+bx+c .
Cach 2 : Néu {q= 2 din dén giai hé phuong ax~ +bxtc-t
a trinh d6i ximg kiéu 2 at? 4 bt 4 e =x
_ c(l+b)
a
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[ Thi du 1. Giai phuong trinh x + 6x 14 = \/‘)H 35x  6x (n |
‘ Loi giai
Dat x + 6x 14 =1t dicukicnt >0 (2). SEco98 —35x - 6x" =x 61+ 14
Phuong trinh da cho tro thanh t = \/; ~6L H 14 <>+ 61 - 14 =x.Tacohe
Lxiex 140 (3)

%)y " _Trir vé theo vé ciac phuong trinh (3), (4) ta co
lt 161 14 -x (4)
. % =1 (5.1
X U46(Xx-)=t-x <> (X - D)x+t+7)=0>
X=—-t—7 (5.2)

(=2 (thich hop(2))

+ Thay (5.1) vao (4) ¢6 U + 61— 14=t <> '+51- 14=0 <> _ |
' t=-7 (loardo(2))

Véit =2 => Phuong trinh c6 nghiém x=2 .
+eThay (5.2) vio (4) ¢6 C+6t— 14= 1 -7 <> C+Tt-7=0
N : V77 (loai do (2))
& B N
= 7A*"2.‘_7.7«‘ (thich hap (2))
= 14

e Tir (6), (7) két luan phuong trinh da cho c6 tip nghié¢m la
l 7477 }
X=2%Xx=——-—

2

(x* +6x - 14)" =98 - 35x - 6x’
x> +6x—14>0

Vi thé nén trong thuat giai phuong trinh trén, ching ta khéng phai tim tap xac
dinh ciia phuong trinh, bai I diéu kién 98 - 35x — 6x* > 0 <> diéu kién 1 > 0. Do
ciing 1a diéu cét nghia tai sao ta luén thé x béi t trong (5.1), (5.2) vao (4) dé din dén
gidi phuong trinh d6i véi 4n t.

Chu y. Phuong trinh (1) <>

Giai phuong trinh  2x>-2x-5= \[“"_z (n

Lai giai
Pat2x’-2x -5=y>0 (2),s€c64x’-3x - 5=2y +x + 5.

A" w 3% —3 J

5 ; .
Phuong trinh (1) tré thanh yzfl—%il & 2y =2y + x4+ 5¢> 2y -2y-5=x
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2x' —2x-5=y (3)

Ta co hé , :
2y’ —2y—5=x (4)
Trir theo timg vé& cac phuong trinh (3), (4)tacod 2(x* -~ y) - 2Ax - y)=y  x
X-=y (5.1)
<> X - yYU2x+2y - D=0 &
y y X ::_—; ~ y (52)

Thé vio (4) :
y = —1 [loai do(2)]
+Voix=yco2y -2y-5=yc2y’-3y-5=0 &

5
Rz [thich hop (2)]
- ” *: 5
--> phuong trinh ¢é nghiém x= 5 (6)

+ Véi x= ! —y co: 2y3—2y—5=—;— —y & 2y-y- _lz_l =0

~3J5
y = L—gi~ (loai do (2))
&5
,I;fi‘_,/i
y 4
Thay y = ! +3‘/§ viao (5.2) co xzt—gﬁ (7)
. , . L s 1-3J5
e Tir (6), (7) két luan phuong trinh da cho tip nghiém la : x = 5 3 A= — w}
“Thi dul B -
Giai phuong trinh x42x+12=6y2x> +4x +4 (1)
Lai giai
Dé y: 2x7 + 4x + 4 = x’+(x+2)>0,VxeR = Phuong trinh c6 tap xdc dinh 1a R.
e Thiy ring % = ;2‘— nén dat t =\[2x3 +4x +4 .Diéukiént>0 (2)
Suyrax:+2x+l2=-%lz+10. (3)

t= 10
(thich hop (2),

Phuong trinh (2) tro thanh %tz +10=61> - 121420=0

e Thay vao (3) :
+Voit=2 c6 x+2x=0 & {x=0;x=-2) 4
+Voit=10 cé x'+2x -48=0 ¢> {x =6; x = -8} (5)
o Tir (4), (5) suy ra tap nghiém cua phuong trinh la {x =-8; x =-2; 1=0; = 6}
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Thidu 4
| Gai phuong trinh 2x 6x45=3 ([x 3% 4 2 (H
L.oi giai

Tap xac dinh R
PR 6 ;\/ 3 ' . :
bey l - néndatt=vx —3x+2 > 2x 6x45=21" +1. (2)

Phuong trinh (1) tra thanh 20 +1=3t (%) <> 2t' —3t+1=0

HJ%

S DR2C+2t- =0 ¢ [N Thay vao (2) :

345

+Vat1=1co2x —6x+5=3¢> x 3x+1=0¢> x= bl (3)

Cha y. Tir (%) suy ra (2) <> 2x" -6x4+5=3t (4), nén thay vi thay vao phuong trinh
(2). ta thay cic gid tri cua t vao phuong trinh (4).

3 S , 134373
FVGit=- *2 ta c6 2x7— 6x + 5 = - "/ 5 Bl G ~od O i)
Vo nghiemdo A’ =9 - (13+33) = -4--—3ﬁ<() (5)

el 3 N —+/3 3-3 ’1
+Vait= - '_21/_ €O co 2x - 6x+5=- 3L;\-f <> 2x7-6x+ By -=0

A=9 -(13-33)=3V3-4: x = %__t_\/?\/% (6)

Tix (3), (5), (6) suy ra tap nghiém cua phmmg. trinh (1) la

) 3+ Vs . 31\/213\f}

3

Thides |
et I

|
x -3 m )

Cho phuong trinh (x  3)(x + 1) + 4(x - 3)J

a) Giai phuong trinh khim = - 3.
b) Vi gid tri ndo cia m thi phuong trinh ¢6 nghiém ?

L gidi

Sy + 1 < H
biéu kién : e >0 <> (2). Patt=(x —3)\/,( 3
x -3 x >3 x 3
Suy ra
X< - 1431 <0 ]
x=14+Va +0 1>0 (4.1
X>3<>1>0 = I 42)
P B i hex -3 oo lx=1-Vareaco @2

141



Phuong trinh (1) tréthanh : 4+ 4t - m =0 (5)

. t=-1<0
aA)Voim=-3,s€co ) o tr+4t+3=0 ¢ )
1==3<0
hay vio (4.2) +V6it=1¢6 x=1- 5 - (6)
ay vao (4.2) :
+véit=-3c6 x=1-13 (7

Tir (6), (7) suy ra tap hop nghiém cia phuong trinh khim = -3 la
{x=1-5:x =1-13}
b) Thay rang véi moi t, phuong trinh (1) luén c6 nghiém hoic (4.1) hoic (4.2)
Bai vay phuong trinh (1) c6 nghiém khi va chi khi phuong trinh (5) c6 nghiém
HGAN 2004+ m>20 m > 4.

-b
Cha y. Phuwomg trinh (PT) trén thuoc dang (x + a)(x + b) + g(x + a) J-’-( i +r=0
X-+4a

e ) b
An phu cua phuong trinh nay la t = (x + a), / e ;
X+a

§6. PHEP THE TRONG VOI PHUONG TRINH

YA®) +3/B(x) =3/C(x) M

(trong do6 A(x), B(x), C(x) la cic da thic bac khong qua 3)

1 <04 x <min(—a;—b)

1> 0 x > max(—a;—b)

CACH GIAI

!r ,
% Lap phuong hai vé€ phuong trinh tacé ° :
() e AW +BK) + 3YAMBX) (YAK) + YBx)) = Cx) 2

" Thé (1) vio (2) ta cé : A(x) + B(x) + 3 YA()B(x) YC(x) = C(x)

;! > A(x) + B(x) ~C(x) = F 3YA(x)B(x)C(x)

| ¢ [Ax) £ B(x) - C(x))* =F 27A(x)B(x)C(x) (3)
Viéc giai phuong trinh (1) dua vé giai phuong trinh hitu ti (3). i

~ Thidul
Giai cic phuong trinh :
a) \‘/2X—-| +wa|:: \‘/3x+l b) Vx }l_*_:/x "‘l:‘ﬁ

-----

a) V2x — 1+ vx -1 =3x +1 (N
Tap xac dinh R .
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(1) <>3x 243Y2x Dx H{V2x 11 Yx 1= 3x41 (2)
¥

Vax el

Thay (1) vao (2) ¢o \:/(Qx l)(x i lh){ﬁx;wI I
, ‘ ,

<> (2x Ix+DBx+1D)=1 <> x(6x - N=0 <> {x=0; x = 6}

¢ Thir L - Thay cic két qua trén vao (1) thay x = 0 khéng thoa man, con gid tri

7 L . ~
X = ; thoa man. Do la nghiém duy nhit ciaa phuong trinh da cho .
)

e Chu y. Phép thé'(2) vao (3) duoc goi la "phép thé trong” Ccin hiéu ring (2)
khong phai la hdang dang thite nén phép thé trong la phép bién doi khéng teony
diwong N6 chi ding voi nhimg gia tri v la nghiém cua phicomg trinh (1) ma théi.
Phicong trinh (3) la phicong trinh hé qua ctia phuong trinh(2). Bai thé khi tim duoc
cac gid i cua x, phdi thie lai.

by Yx +1 ¢+ dx 1= Ysx (1)

Tap xic dinh R. Lap phuong hai vé cac phuong trinh (1) ta co

(1) <> 2xe3¥x" 1|Yxt 14 Y 1] 5x )
s
Thay (1) vao (2) co:
— =0 5
\‘ﬁx' —D.5x =x & X \ , 2 ix =0 x— &+ -Jj
5(x- -1 =x 2

Thay cac gia tri cua x vira tim duge vao phuong trinh (1) thay ding. D6 1a tap
nghiém cua phuong trinh da cho.
" Thi du2 - e
Giii bat phuong trinh 2x + 1 + Yox +1>Y2x - 1

Loi giai
Trudc hét a>b <>a'>b' Va, beR
That vay : Va, beR ludn c6 (a’+ ab + b’) > 0
Nén: a>b ¢>a-b>0 ¢> (a- b)a’+ab+b’)>0¢> (a'- b')>0 (dpcm)
Tacé (1)<> Y2x —1 - Y2x +1 < Yox +1

e>-2-3Y2x- nEx tD(V2x -1 Yax11)<ox+ 1

< Y2x - pEx+ H(Vax -1 - Y2x 1) >2x4 1
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<> Y2x +1 [{[(2)(;“3 +Y2x —D2x +1) + y(2x ¢ l_)"_}‘)() (2)
Péy: [;/(ix : i)';' FJdex - nEx kD Hyex+ l)’l)O,ch_R

Nén (2) & \'/2x +1>0 <> x>~»;— .
b6 1a tap nghiém cua bat phuong trinh da cho.

§7.GIAI PHUONG TRINH, BAT PHUONG TRINH VO Ti
BANG TOA PQ VECTO

©® Céc kién thic sé su dung
s . oy iy a'B =Xy, +x.y,
eTichvo hitomg : Cho a=(x,;y,); b=(x,1y,) = | . - -
Ial-:\/x,' +y,
® Bt ddng thiec:

*lalibl>ab (1) *lal+Ibi>la+bl (2) *lal—IbKlat+bl (3)

Diu ding thic trong (1), (2) ¢6 khi va chi khi a, b ciing huéng
D4u ding thiic-trong (3) c6 khi va chi khi xdy ra mét trong hai truomg hop :
b= 6; hOi:lC; : Bnguq: hudng.
e Quy o :
*) Cdc bat dang thire trén dicoc goi la cdc hdt ddng thite "co bdn".
*) Phwomyg trinh dién td ddu dding thire xdy ra trong cde bat ddang thitc "co hdn”
(0 trén), néu cé mau thite hang khéng thi nt thite ciing bang khony.

© Hai quy trinh st dung toa dd vecto vao gidi
phuong trinh (PT), bét phuong frinh (BPT)
: Quy trinh 1
D¢ giai PT f(x)=g(x) Thoac BPT f(x)2 g(x)]
Ta dong thoi bién déi f(x) thanh v€ trdi (VT), con g(x) thanh v€ phai (VP) tuong
ung cua | trong 6 hé thic :

| ab=lallbl la+bl=lal+1bl lal—-1bl=la | bl
ab>lallbl la+bl>lal +1bl lal—Ibl>la i bl

Két hop véi BDT "co ban" sé din 61 su khdng dinh nhu hai so dé dudi day.
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f(x)=gex)
:{hoz}c i(x)?ﬁ?g(’(_)]

4

uv- Jtu'j;}v’

(1) ;%*;

Hilo -

u.Q >'u

M @ ?'F*J?W*WM“;

U

e e

u, v cang hudng ey = ==2>0 | = ' Tapnghiem |

t [hoac 2f(x) > g(x)]

Clz IG £ Cl (6)_.

:
i
!

i
i

FECECIY

i
|
b

o 1 S |
U
, X.=y. =0 Eantmmen——
!\; (; ‘ - |x. y. : = * Tap nghiém
A wrd | 2 =" 0 :
u,v trdi huing X. Y. :
< Quy trinh 2
D¢ giai phuong trinh f{x)=g(x) [hoade bat phuong trinh f{x)> g(x)]
Trong do
e fix) khong co dang=biéu thiic toa 46 cua tich vé hudng.
e 2(x) bien doi duoc-thanhemiot vé caa t trong 3 ‘BDT "co ban” (2), (4), (6)
Ta danh gia g(x) co:g(x) > h(x) [hoda gtx)<h(x)] (Nho cae BOT trén)
Dau dang thirc ¢6 khi xc E, N
Do vay, tit fix) = g(x) fhode fix) > g(x)] =>3fx) >h(x) {hodc f(x) <h(x)]
¢> xel, (8)
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(Chii v -

Tir (7). (8) két luan : Nghiém ciia PT(BPT) 1a xc E,E.
Néu fix), g(x) la cac ham dai s6 thi trude khi din t6i (8), cic phép bién

doi thudong xuat hién [r(x)]’<0.)

® Cac thidu
' Thidu 1. Giai phuong trinh J9x*  18x’ J’¥6x 9x' =9 ¢ x’ (1)
L(n giai
Tap xac dinh : D=[2; 4] (2)

Xét e vécta w=(1: 1), v= (Jox 18x7: 36X 9% )

Suy ra: lul= 2, M ~V9x 18x” +36x* - 9x" = 3fx|-v2 - 3xV2 (x( D)

Tirdé = lullvi=6x, w.v=+9x'—18x" +v36x> —9x’

Do vay (1) => 94x’= uv <lullvi=6x => 94 x* < 6x 3)
. .- 9x’ — 36x° - 9x"'

Diu ding thic cé khi u,v ciing hudng <> Vox I_'s_’i_ L/L”‘_l 9x’

& Ox' - 18x =36x"-9x' <> x'(x -3)=0 — 4)

Xét bat phuong trinh (3) : Tacé (3) <> (x - 3)’<0 <>x=3 (5)

Tir (4), (5) két luin x=3 1a nghiém duy nhit cia phuong trinh da cho.

Chu y. Chiing ta con tra lai Thi du nay vei loi giai Bang phuwong phap danh gid hoi
Thi du 10, muc UI.&§7 chiromgV .

[ Thi du 2

-

Gidi bat phuong trinh (3~ x)Wx — 145 - 2x >/40 - 34x + 10x™ x* (1)

.. L3R

Loi gia

Dicukién : I<x < —2

Xét har vecto u =3-x; 1), ; — (J)—(T—__I'JS—:‘.'Z_;) s

SEco lul=yx® —6x +10 1vl=V4—x, VI(1) = uv,
lullvi= (1 xx - 6x + 10) =40 — 34x + 10x°

Do vay (1) <> uv >lullvl > u vavla hai vecto cung hudng

3- I 3- x)
e ,9( x) ———'— >0 5> 2x' - 17x’+49x  46=0

Jx -1 J5-2x x -1 5-2x
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; ‘ Ix 2 0
ca(x 2N 2x PAx % 23=0¢»§ . ¢HX= 2
' 22X 13x 1 23 0 (VN)

(thich hap (20 Vay PT(D) ¢6 duy nhat mot nghiém la x = 2.

" T'hidu3
e T 45
J b2x 15 fx 4x!4()| X" | 5 4 (1)

- Giai phuong trinh
Loi giai

Tap vac dinh R,

. @ i 5 N
Dat ) = [Wx 1 2x 15 Jx’ dx 40i :[\/(x P 1 a J2 x) 136

Xétciac vecto u=(x+ 1;-2), v =(2 - x; 6)
v) +3

Se e u vy, lui vl =5 lal=Jx t 1) 14, 1vi={(2-

Ivil<iu ¢ vI=S

Ta o fix)=lul (2)
= (i . hoac v (i, hoac

Dau ding thire ¢o khi xdy ra mot trong ba trudmg hop u
unguoc huong vai v
=6 7 (). (3)

Kha nang u 0.v 0 khong thé¢ xay rado y = 2 £ 0,y

- 2 - : X 2
Khaning u,v nguoc huing <> - B <0 <> x= (4)
' 2-Xx 6 2,
_ 5 45 . 25 S
T (1), (2),(3),(4) »x +5x + 3 <5 <> x +5x + -4--<,()<,>( x+j y <0
&> X= - > (5)
Itr (3), (5) két luan phuong trinh ¢6 moét nghiém duy nhat la x= S
. Thidu4 .
.. . v < L ~ .-
| Gian phirong trinh \ﬁc 2x +3 4 \/; F2x 410 29 (hH
Loi giai
Xt han vecto u. (r x:2), v (I + x;3).
=29

fa ¢co 1ul :\/x‘ 2x | S,I\:I:\/x' $2x 4 10, u i v:(?_;S),IL; bvili=

x 2
>()

Suy i (D) <s>luf4lvi=lu t vlie> uva v cung huong <> e &
X

AN — -

| 5 . . g i
<> x=_ . Viy phuong trinh c6 mot nghiém duy nhat la x =
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T S S S , |

Thidu§
Tim m dé phuong trinh c6 nghiém : \ﬁ bx 4 I \/x X | l=m (1)

13

o - [ 3= e m
Xét cac vecto u = ;4.,(; -], v= : tacolu-t vi=l

Hién nhién V u,v Tuén ¢6 lul=lvi<lu t v, diu ding thiic c6 khi vi chi khi

v - 0 hodc u,vnguoc hudng.

3

Kha ning v=0 khong thé xay rado y . = 5 -0,
I V3

2t

= e D 1+ 2X=- 1+ 2x<>2=0
‘ V3

—X

2 2

Kha nang u,v nguoc hudng <>

bic¢u nay mau thudn.

Suy ra: IG+\7I<I hay tap gid tri caa j(x)-\/x: o Ml ] = \/x: — .x ll Z(- 1. 1)
Bai vay phuong trinh (1) c6 ngh:cm khi va chi khi me(-

“Thi du 6
Gldl bat phum‘lg trmh X+ VX - >3+\/'?x - l()x & 16 ()

Loi giai
Tap xac dinh Vx > |
Viétlai : (1) <> (x —3)+ vx -1 2\/5\/(,( 3 +(x-—1) (

X¢ét cac vecto u — (x »~3;\fx - l), v=(l; 1)

I~
S

Seco uv=(x—3+Vx—1, lullvi=v2y(x 37 +(x 1)

Suy ra BPT (2) c6dang uv>lullvl <> uv=lullvi<> u,v cong humg:

y= 2

- 3 I ' 3 ::":, 2 i g ‘
s X \/x LA (x ) ) Sl o X 7x + 10 - ( s iy s
1 | x>3 x>3 "

<> x =35. Vay x=5 la nghiém duy nhat phuong trinh da cho.

Cha y.
Hai quy trinh trén hoan toan cé thé ap dung cho giai hé phirong trish vo ti.
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BAI TAP
Gt cic phuong trinh va bat phuong trinh sau
Hyx 11idx 2x15 V10
2)Jax - 28x 53 1 AT 12x 113 - 4\2
35 e % 40 4 %7 =g £ ) =2
HV3 o2 x Ve 2% X 10
55 VIO 3x VI8 Tx xD <77
GVx Ex 1Y x p1<2
7)‘\/x 4x 15 x° - 10x %50%>5

8) xx +1 +v3—x >*2\/x2 t1
9) Jx© +2x 4 V2x — 1 >3x° + 4x + 1

§8. NHUNG PHUONG TRINH, BAT PHUONG TRINH KHAC

e Plusong trinh chita nhiéu lop can.

o Bat phuomg trinh fiv) < \Jp—qx — x* , fix) 2> «/p - R

o Plucomg trinh giai bang phiuong phap danh gia.

o Nluing phuwonyg trinh khde.

I. Phuong trinh chda nhiéu I16p can

Khi gap phiong trinh chita nhiéu lop can, ta ¢6 thé dat can thiee trong ciing lam
an phu

Cthiat
. _ 1 1
Cho phuong trinh x+ /x4 [x 2=m (h
| a) Giai phuong trinh khim = 9.
! b) Bien luin theo m s6 nghiém caa phvong trinh.

Loi giai

Tap xdc dinh: x> - ; | (2)
_ ‘l 5 1

Dat \/x b =120 > x=t-~ (3)
4 4
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Phuong trinh (1) tré thanh - il +$3 . 4 : +t=m
1 4 2

h I _;7~‘777‘A bl 2 b
= r~—~+‘/tj +t+1=m & r—»ﬁ!~+ |+1 =m <> - !--+|+l:m
4 4 4 2 4 2

.o [ |]
OU+H+—=m < [t+ —| =m (4)
4 2
a) Khi m = 9, phuong trinh (4) tré thanh [! +%] =9 (5)

Do t>0nén (5) <>+ ; =3 lr-% . Thay vao (3) cé x = 6. (thich hoy)

Vay khi m =9 phuong trinh c6 mét nghiém duy nhat la x = 6.

b)Do t >0 [l+%

1
> i nén tir phuong trinh (4) suy ra :

em< —' : (4) v6 nghiém = Phuong trinh (1) vo nghi¢m.

4
om= :;» (4) < t=0 . Thay vao (3) c6 x—i

| |
om>z (4)c:>l+-~—\/_cot—\/—---2~.

Thay vao (3) cé x=[\/r_r;—-;-] —% & x= m- Jm

|
Cha y. Mot cach trinh bay khdc : Goi A= x+ﬂx+ 1]4 ‘/;-1» i + A
F x+~!~]+ %_—j_| N 4 ‘/*
J 4 4 d
, 1 I[ 1) , 1o f__l’ 1)
A=xF X t—F—=IX+~ |+ ¥+—F—=|dxt+—F4—
4 2 4 4 4 4 2
Dovay (l) ©® A=m o J:T*l
Y ’ 4 2

+Khim=9,tacé (3) < ”H%+%
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=()

. T N BN I IS
VIXy4i)i3”\/x+412 RI_.() .{\/x+4 )

i

I :
<>\}x,‘ <> x=6
4

(R ]

® D¢ la k¥ thuat tach binh phicomg du dé dia biéu thire dicoi can thodt khoi can
thire . Ky thudt nav phi thuoc sie nhay ber ver ki nang tach binh phuony di.
e Trong khi da ky thudat dét an phu khényg do: hoi mot siw khéo léo nao.

~Thidu2
Giai va bién luan theo a s6 nghiém cua phuong trinh

Vb @l o a =i ~ o

Lan giai

_¥a<(, J2a vo nghia. phuong trinh khéong ton tai. (2)
£a=0, (1) <> 2Jx =0 <> x=0 (3)
*a>0, Nhan haivé véi V2a >0, 1acé
() e> J?.ax +2ay2ax —a’ +\/Zax _2av2ax —a’ =2a (4)

SR

Pat v2ax -a’ =t>0 = 2ax=t"+a (5), phuong trinh (4) tr&s thanh
. Jll ;az -+5_—a—l—+\,f[;3 +a —2at=2a <> \/(l +a)3 +\/(l—a)3 =2a

t>a

t+att-a=2a vO nghiém
<>t+at|t-aj=2a o o> o

t<a 0<t<a

t+a—t+a=2a

Vgi0<t<a>0<tr<a’ thay vao (5)c6 0 <2ax - a’<a’ & qcx<a (6)

T (2), (3), (6) két luan
+ a <0 : phuong trinh vé nghiém.
0

+ a > 0 : phuong trinh c6 nghiém véi Vxe il-;a

Il. Céc bat phuong trinh

f(x) < \/p~qx —x’ , f(x) 2 \/P —gxX - x’
(Trong dé f(x) la ham da thic)




Thidul

Cho bat phuong trinh \/-ux2 +6x—5:>m- 2x
a) Giai bat phuong trinh khi. m«= 8z

Lai giai <

(1)

a) Cdch I : Khi m=8, bar phuongdrinh tré thanhey/—x~ + 6x - S >8  2x (2)

8-2x<0 [x>4 s<x<s
—x"+6x—-5>0 1<x<S5. »
(2) < ok == s J1ESH
8—2x>0 x<4. 23
2 g . 3<x<—
—X" +6x —5>(8—2x)i 5x° —38x-+ 69<0r 5
4<x<5
& > 3<x<5 'S
3<x<4 Yl
Cdch 2. V& cic do thi (€), (D) lenz \ |-
trén mot hé truc toa do. Trong d6-: 2\R. -------- p
+(€)1adéthi y=J—x2+6x—5: :
—_ 3 2 2 — 4 3 3
o [E—NFY=F s | AL
y=>0 ol I 3 3\ S x
dudng tron tam 1(3; 0), bdn kinh R"= 2- \ (D). 0)
+ (D) la dudong thing y=8-2x.. R&e
rang (D) chita cac diém M(3; 2), N@#:0). Hinh-16

e Nghiém cua bat phuong trinh:f(x) > h(x) la tap-hop.cac gia tri cua x wng voi
cung AM - phin dé thi (¥¢) & khong«dudi d6 thi(®). Can-cui vao dé thi suy ra bar

phuong trinh c6 tap nghiém la-3 < x < 5: (h.16).
b) Cdch 1: Phuong trinh dudng: thang, (D) // (D)-va chita diém K(1; 0) la
y=-2x-1) y=2-2x_
Bat phuong trinh (1) nghiém Vxe[I; 5] < (€) khong nam dudi (D).
biéu d6 c6 khi va chi khi (@) khéng g trén (@) <> m< 2

Cach 2 : Goi fix)= y—x2+6x -5 ,tacé minf(x) =fi1) =fi5) =0

Goi h(x)=8 - 2x,tacé rr\axh(x)=h(l) =m-2
1: 5}
+ Bat phuong trinh (1) nghiém VxeK =[1; 5] < mite f(x) > max h(x)
LB |1, 8]

S02m-2 O ms?2
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Thidu2: )
Cho blipinamg tinh 8.1 25 % <2 ; L (1)
| a) Gian bat phuong trinh: khi'm = 3. -
bITim m dé.(1) nghiem Vxc K = [ 2:4].
Lo giai
a) KEi m= 3, bdt phuong trinhdrésthanh: 8+ 2x - x° < 3"; : (2)

Caciv § (DG ke

e Vi ¢ic 45 th (€) va (A) lén-
cuny mot hé. yuc toa do trong do
{0 3 3O uhy y::\[g-t 2x - x°
<> Mx - Iy + 5 =97y >0} P6la.
nur duomg troee 2am I(1; 0), ban kinh:

& e

R:3,(4\)Ii(ﬁlhiy::- —————— .

o (An) (A (A)
Do la dwomg thang di qua-cic
diem M(1: 3), N(- 1, 0) :
e Neghiém cua bat phuong trinh (2) la Hinh 17
heanh do 13p hop cac diém ma do thi cha (€) khong trén dé thi (A)
® Can cif vao do thi suy ra bat phuong trinh (2) co tap nghiém la : 1<x <4
[Ung vér cung rom AM, trong d6- A= (4; 0)]. (h. 17)

Cach 2.
¢
Sl < x < <
x+3>0 x> —1 [l x<4
(D> {8+2x x>0 <> {—-2<x<4 ¢:><ix§uf2_;
s ]
; 13x" +10x — 23>0
I8+ 2x x3<[3—x~—+»3] I x2>1
i 2
<> I<x<4
3x +m

bj Goi (A, ) 1a duomg thang -y = ° BN ¢>3x 2y +m=0
[3.1-2.0+m| |m+3|

e Khodang cich tir I dén (A, ) a d= =~ 1 =10 L7
JPs= i3
(A.) tiép xie waik (€) > | '!Q:/‘”J‘ *
® (. XOC vOi < P
- (A )aten (D) 13
.m>3



-

— 343
L om o & '\[ﬁc_) m::—3+3\[l_3—
m>3

e Goi (A,) 1 tiép tuyén ciia (€) img véi m=-3+3 /13
e Bit phuong trinh (1) nghiém Vxe K=[-2; 4] <> (A,,) khong o dudi (A, )
> m> 34313
| Thidu3.
Cho bat phuong trinh 4J(4 —xH24+x)>18-a+2x —x H
a) Giai bat phuong trinh khia = 6.
~b) Tim a d¢ bit phuong trinh nghiém Vxe[-2;4]

a) Tap xdc dinh : R .
Vietlai (1)< 4vV-x7 +2x 4 8 >18-a+2xx°

béy vi!‘::z;; nén datt = \Lxl xi~2x+8=\l9»(x~!)2 =0<t<3  (2)
Bat phuong trinh (1) tréthanh - 4t + 10< a 3)

a) Khi a = 6, bat phuong trinh tr thinh € - 41 + 4 <0 <> t = 2 (thich hop)
Vay bat phuong trinh (1) cé nghiém thoa \!9-~(x —1)y =2 (x-1y=5
> x=l+ \[5 .

b) Ciach I: Goi fit)y=r—41+10. y&?m) =max{fi0); A3)} = 10

Bat phuong trinh (1) nghiém Vxe[-2; 4] <> Bat phuong trinh (3) nghiém
Vte[0; 3] <> a> :{é%f(l)o a>10

Cach 2: Bat phuong trinh (1) nghiém Vxe[-2; 4] <> Bait phuong trinh
h(t) =~ 4t + 10 — a < 0 nghi¢m Vie[0; 3] <> Phuong trinh h(x) = 0 ¢6 hai nghi¢m
h0)<0 10-a<0

<> <>a>10

phan biétthoat, <0<3<t, &
h(3)<0 7-a<0

Chuy _
Ban ciing ¢6 thé gidi bang phuong phap dé thi nhuw cac thidu 1 va 2 ¢ rén.

Il Phuong trinh giGi bang dénh gia
e Dinh gia bang t1ap xic dinh
e Danh gia bing bt ding thic

e Dinh gii bang mién gia tni (phwong phdp ham s0)
(Ddnh gia bang phuong phap vecto da trinh bay riéng trong §6 )
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Thi du

- Giaiphuong trinh - Jx(x - D Jxix i 2) 0 29X (h

Loi giai
Tap xac dinh: D=( oo, 21w 10}U[]; +)
Thay rang x=0 la mot nghiém cua phuong trinh. (2)
+ Var x - 1, chia har vé cho \/x >l co: (1)< >\/x I + VX + 2 2\/)( (3)

Binh phuong har vé ¢o (3)«» 2 \/(x !)(xl é) = 2% -}

: . 9
<> MHX 4+HXx  2)=4x - dx+] <> 8x=9 <o x = K (thich hop) (4)
+ Vaix £-2,datx=—-1,t 22,
l;inm‘ng trinh (1) tro thanh \/l(-l_} B \/t("l —1) = 2\/tT (5)
Chia har vé cho \/?>() co(5)¢ >\/l o+ \/2 ~f = Z\A (6)

Binh phuong hair vé co @ (6) <> 342J(t + D(2 _t_) =4t (7)

Ap dung Cauchy vao vét phatcua (7)suyra: <3+ @+ 1)+(2-1)

[ oL . . .
&y N Tes1L & 5 Trarvar t > 2, suy ra phuong trinh (5) vo nghiém. (&)

, . . : . 9
T (2), (b, (8) két luan : Phuong trinh cé tapnghiém la { x =0; x = s }

| Thi du 2

Giai phuong ifinh Vx4 +V6 -x =x’-10c+27 (D
Lai giai
biéukién 1 4<x <6 (2)
Theo bat ding thic Bu-nhi-a-cop-ski ta c6
Jx =4 +J6—x < JO+1)(x—4+6--x)=2.
. o k=4 6=
Dau ding thic ¢6 khi va chi khi ’-‘—]—~ = w;)-—" >0 e>x=5. 3)
Do vay tir (1) => x =10x +27 <2 ¢>x* - 10x + 25 <0
&> (X -5V <0<>x=5 (4)
TU (3), (4) suy ra x=5 la nghiém duy nhat cua phuong trinh da cho.
Ry _ S
Gidi phuong trinh Vx + X 1 +y/x - x” +1 = x>~ x+2 (*)
Loi giai
= i
. ~J5 V5
Tap xic dinh: D:[I;Y ~;‘/ : 54-1] (1



Theo bat dang thiic Co- qi :
N l hl
f 4 X° (I+x+x 1) =— (x+x°) (2)
2 Z

I 1
gx =% 41 %= (l+x~x+l)—£(xx+”) (3

Cong vé€ theo vé cdc bat ding thuc (2), (3) c6
\/;+x2—l+\[x~x3+ls x+1 (4)
l=x+x" -1 {x:l;x:w2}
s =
l=x—-—x" +1 {x:l;x:—O}
T (*) va (4) suy ra x -x42< x4l © (x-1)<0 & x=1 (6)
Tu (1), (5) va (6) suy ra x=1 la nghiém duy nhat cua phuong trinh (*)

[Tm du 4 (1r¢ lai Thi du 5§I chuong V) ) - J
(h

Giai phuong trinh 3x° - 5x + 6 = 2x Vx* 4 x -3

Loi giai
Dé y3x’ - 5x + 6 >0 vdi moi x (doa=3>0,A=-47 <0) suy ra diéu kién cua

x>0 Vi3 -1
2

. DX > (2)
X" ¥x~-3>0

Theo bat d{ing thic Co-s1: 2x sz +x-3<x+ (X’ +x-3N=2x"+x-3.
Diu ding thiic ¢6 khi va chi khi x>=x*+x-3 ¢> x=3 (thoa man (2)) 3)
Do vay tir (1) = 3x" - 5x + 6 <2x’+ x -3

X -6x+9<0(x-3V<0=x=3 4)
Tur (3),44) suy ra x-3 la nghném duy nhﬁt cua phu‘ong trinh da cho.

'4,._ A - e o U

Thidu 5 :
L Giai phuong trinh x *+1998x'+998001x” +X- \/7x 1 1999 +1000=0 (n J

Dau dang thic ¢6 khi [ <ox=1 (9)

phuong trinh la

Loi giai-

(
Piéu kién x>— l?—;) (2)

Taco: (1) < xX°(x*+ 1998x + 998001) + x— v2x 4 1999 +1000=0
<> x(x7+ 2x999 + 998001) +—;—(2x +1999-22x + 1999 +1)=0

) x(x +999) =0
<> x(x +999)° +%(.\/2x +1999 -1) = 0>

V2x 41999 - 1= 0

XN =0, x = -999(Thich hop diéu kien (2))
X == IC 1ICU KICN (2
2x + 1999 = | opaEn e

Vay phuong trinh ¢6 | nghiém duy nhat la x = -999.
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Thi du 6

Giai phuomg trinh X"+ 4x 4 6x + 4x +\/x‘ t2x + 10 =2 (1)

Laoi piai
Tap xic dinh : R

Viet L - (1) <> x'+4x +0x +dx 41+ qu F2x 410 =3

e (D +x 1 D) 19 =3 (2)
Dé thiy (x+1)'++/(x 4 )" + 9 >3 Dau ding thiic 6 khi x + 1 =0
Boi vay @ (2) <> x+1=0 <> x= 1. Do la nghiem duy nhat ciia phuong trinh da cho.
x 1+V3 x |

| Giai phuong trinh X143 % 455425342 =0 (h

[

Lo giai
Dicukién: 1 <x <3 (2)

eTacs (Vx 143 %] 242y D3 0>2 5k 1433 x> V2.

. X = |
Daiu dang thice ¢o khi s (3)
X =
Suy ra : \/2 4+ X +2x-3 \/5 £0¢s X4d%-350¢ ~Fex<l 4)

T (2). (3) vad4) suy ra x=1. Thay x=1 vao (1) thiy diing.
Viay x = I la nghiém duy nhit cua phuong trinh da cho.

(Thidug

l Ghai phuong trinh \/?x"_fefﬁ f \/sz 10x + 14 =4-2x x° ()
Lai giai
Tap xic dinh : R
Vietlai (1) <> J3(x +1)" +4 4+ JS(x+1) +9=4-2x - x° (2)
VI =y3x + 1) 44+ S(x 11 19 >2+43=5 (3)
Dau ding thic xay ra khi x = | (4)

Suyra: 4 2x-x">8§ <> (x+ 1) <0¢> x=-1
Do vay x = - I la nghiém duy nhit cua phuong trinh di cho.
Giai phuong trinh 2x' x'+ {/2)(‘ 3 4 1 =3x4l4yxT + 2 (1)

Laoi giai
Tap xic dinh : R

Cach 1:Victlai (1) <> 2x" 3x+1+32x" 3xr1=x+24Yx 12 (2)
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Pata=vy2x' - 3x +1, b= \‘/x’ + 2, phuong trinh (2) trgthanha'+ a=b' + b
@ -bY+@-b)=0<¢>(a b)a’+ab+ b +1)=0

| " 5
<> 5 (a- b)j(a+b)y+a+b +2]=0
ha=bora'=b' o 2x' - 3x+1=x"+2¢> 2x" x7 3x 1=0
<> (2x+ 1) (x—x-1)=0

[ | 145
D iIX=—— X = i

. D6 1a tap nghiém cua phuong trinh di cho

Cdch 2 (Tiép i tir (2)
Xétham s6 f(1) =t + V1 . Tap xdc dinh R

Phuong trinh (2) duoc viét : f(2x'-3x+1 )=f(x"+2) (3
fit,)=t, + 31,

ft)=t, + 3,

= f(L)-f(t)= tz--tiﬂﬁzf {/:z(\‘/l o {/l,)(\‘ﬁ } '\‘/ITIZ- + {/l, 4 l_)

e U/ AP TR

Pé y: Vai Vi, ,eR, 1,21, co l

L I
—=> f(t) dong bién trén R
Bai vay : (3) ¢ 2x' 3x+1=x"+2 ¢» 2x'x7 3x 1=0 <> 2x+1)(x "~ x 1)=0

X =—-—; X =-———t.D6 la tap nghiém cua phuong trinh di cho

2 2
Cha y. Trong loi giai trén da st dung kien thiee

Néu f(t) la ham don diéu thi f(t,)=f(1,) <> t,=t,
Cha y 3. Bai todn trinh bay dicgc bhdng phicomg phdap danh gia bang bdr dang

thiee|u || v|> w.v thi ciing trinh bay dioc theo plicong phap danh gia  bang bt
ddng thitc Bunhiakopski va ngiroc lai. Chang han

Thi du 10
Giai phuong trinh V9x ' — 18x> + V36x° — 9x' 9 ¢ x’ (1)

(Xem lovi gidi bang phicong phap vecto da trinh bay trong Thi du 1 §7 ¢hiong V')

Losi giai
Tap xic dinh : D = [2; 4] (2)
94x"= 19" - 18x ) +1.36x" - 9x )

L ER]

<JU+ DO 187 1365 - 9x') = 6x

Dau dang thic c¢é khi V9x' — 18x" = 36x° - 9x' <> x=3 (Thich hop (2)) (3)
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Dovay tir (1) > x #9<6x <>(x 3) <0 <> x =3 (4)
Tu (2). (3). () > phuong trinh co mot nghiém duy nhdt x = 3.
e (ich khac (Co s1).
D¢y x - 0 khong phii 1a nghiém cua (1). Chia hai vé cho 3x # 0, ta ¢o
3 x

(o> ik 24 i) -~ 4= (5)
x 3
anieget. i 2 x|
\fl(x 2) < ! : X S
Theo Cauchy: . ~  Cong vé theo vé co VT(5) < 2.
i+4-x 5%
‘/IH x) < —
2 2
e s [T=x-2 .
Diu dang thace co khi Eryx=3. (6)
' ]l =4-x
3 22 .
Kéthop var (5) co:- — + )_: <2 & (x-3y <0 > x=3. (7)
X

Tie (5), (6), (7) két luan x=3 la nghiém duy nhat cua phuong trinh da cho.

Chuo v 4. Néu i gidgi trinh bay ditgc theo phicomg phap danh gia bang bat dang
thirchul 4 Vvi>la {4 v i cang trinh bav dwoc bang phiong phdp toa do va ngiroc
lai. Chang han

Thidutl
Giai phuomg trinh Jx© 2x +5 +Jx" + 2x + 10 =429 (1)
(Xem 161 gidi hing phitong phdp vecto dd trinh bay trong Thi du 4 87 clutomg V)

Lo giai
Tap xdc dinh : R

Viétlai () ¢> J(x — 1)’ F2 4 JT; Y +3 =29

Trong mp toa do xét cac diém M=(x; 0), A=(1; 2), B=(--1; -3). Séca

Phuong trinh duémg thig ABla - » ¥ Yx
Xg X1 Ys Ya
x-1 y-2
€ - =T 5x-2y-1=0
2 5

MA=vx - 2x + 5. MB=yx’ +2x 1 10 . AB=v29 _ Do vay
(1) <> MA+MB=AB <> M thuoc doan thaing AB > M=AB"Ox

> Toa do M la nghiém cua hé o= &> | & X=-
5x -2y —-1:=0 X =— 5

5
Do la nghiém duy nhit cua phuong trinh di cho.
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IV. Nhimg phuong:trinh khac

“Thidu 1
Tim a dé-phuong trinh cé nghiém : x+y+ \'/Qx(y -N+a=2 (1)

Loi-giai

X —y) S 2x(v - 1
Viét lai (1) <> 2 x-y= sz(y “D+a <> 2 -x-y) X(y-D+a
2-x-—-y=0

o (x 4 y)2 ~4x+y)t+4-—-2xy—-2x +a ex (x - 1) + (y - 2y a4l (2)
x4+y—-2<0 xt+y-2<0 3)

Vai a < - |: Phuong trinh (2) vé nghiém-nén
phuong trinh (1) vo nghiém. (4)
Véia= 1. taco(2)<>(x-1)Y+(y 2)=0

e s
<> {x . khong thoa man bat phuong trinh_(3).
y =

Viy a = —1 khong phai la gid tri phai tim. (5)

Vaia> -1, tacé (2) la phuong trinh duong
tron (€)@ (x A!)3+(y——2)3=a+l cé tam I=(1; 2),
ban kinh R=/a + 1 .

Goi (D) duomg thang c6 phuong trinh x+y- 2= 0.

, ) 3 -21 |
Khoang cich tir diém [ dén duong thang (D) 1a d =|—1—+— g—-z—. s
Jivr 2

Thay rang (0; 0) 1a mot nghiém cia bt phuong trinh (3). Nghiém cua (3} 1a do
cic diém thudc nira mat phing chia diém O (ké ca bo) gigi han boi duimg nghiem
cua hé (2), (3) 1a toa do cédc diém tuong ing véi phin cua (€,) khong nim trén ().

Tir d6 suy ra hé (2), (3) cé nghiém ¢<>R >d ¢>\a + 1 >j- <>a> - : (6;
2

. . 1
Tir (4), (5). (6) két ludn : phuong trinh da cho c6 nghiém <> a> - =

Thidu2 |
"
Tim nghiém nguyén ciia phuong trinh y =x+ Jy" +2(x + Dy +-4x (.
Lot giai
Dicu kién : y > x (2)

Vit lai (1) <> y -~ x =\y’ +2(x + Dy +4x
> (x-yy=y +2(x + By ¥4x <> x’ - 4x=y(4x +2) (3)
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Ducubien can -

: o i ; :
e fhay rang dx 4+ 2 = 0 <> x= khong nghicm phuong trinh (3)
- 3
VX x 9 9 ¥}
N 4> = + <> By=2x -9+ (4)
Ax 2 4 8 82x+ 1) 2% 4

e x nginven y neuvensuvra 928+ Iy > 2x 4 by p i 130497

Dicukien du

Ta co bang sau

. ¥ 1 T = I
! Ix+1 | | . i 3 | 3 i
: t t r 8 !

x o1 0 24 b

! ¢ t * t t
I , |

, o 2| Y

e

|

i

i

()i() {i
2.7
2;“ !

Tu ket qua cua bang. ket hop van (2) say ra - Tap nghiecm nguyen cua phuong

tmhlh (x sy =l x=y= 2}

Thidu 3
Gun phuyong trmh x v Ty v =y

Lot giai
bicukieny 1.y > |

ter

Theo bat dang thiae Co s .V.[H_\ I <

(]

cokhivacli ki I =y ey =2 (thoa man (2))
LW

= | o + - . B o . i
Fuong e v/lx < 7 dau dang thie co khi va chi khi x

3

S X% X

L

N
<> x\yHy

(h
(4
X\ o i .
) < S dau dang thue

(3)

I

9

(thoaman (2)) (4)

Tucdh thsovia vy Teyyx 1< 7 =xv. Dovay (l)<>x =y =2,

S J

e

e L cap neliem duy nhan coa phuong innh & cho

Thidu 4
s s i - e PR i
Gun phuong trimh V' x b \[y t+vz 2= Ly
Loa giai
Dicuhieny -0y > 1722

2Nl x <) - x
Theo bat dane thie Co s r'_’\,f‘lt_\_' D<i+y |

A Y o 3
2glkz <1tz 2

>Nty T4z 2)<ix+y+2)
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s x+,/y- 1 +VJz 2<.;(x+y+z).

=X x =1
dau ding thic c6 khi vachi khi {1 =y -1 ¢>{y — 2 (thich hop (2)).
f=z-2 z=3
x =1
Do vay (1) <> {y = 2. D6 la ciap nghiém duy nhat cua phuong trinh da cho.
Z=3
BAI TAP

Bai 1. Cho bat phuong trinh J(4 + x)6 — x) < x*-2x+m
1) Giai bat phuong trinh khi m = —12.
2) Tim m dé bit phuong trinh nghiém Vxe[—4; 6].
+1

Bai 2. Giai phuong trinh 2x - 8x + 3(5 — x),/" =12
x_

Bai 3. Giii va bién lun phuong trinh V4 - x* =mx + 2
Bai 4. Giai cic phuong trinh

D Jx+8+2Jx + 7 +fx +1-Jx+7=4
) Jxt2dx 1ok —2dx-1 =2 E2

Bai 5. Giai bat phuong trinh 2% 3x + 11 < 3x+4
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Chuong 1V
HE PHUONG TRINH, HE BAT PHUONG TRINH

§1. HE PHUONG TRINH BAC NHAT HAI AN

@ ¢ co nghicm vai gid tri cia tham so .

® g dung dé tim gid tri nho nhat cda bicu thie
Q=l|ax +by +c|+]a’x + b’y + |
Q=(ax+by+c)+(a'x+by+c’)

© 11c¢ hai an ba phuong trinh

I. KIEN THUC CO BAN

ax + by ¢ _— "
O .. - (a +b 20, a" +b" £0)
a'x + by ~¢
a b ' c b ' a c
D= =ab'-a'b, D= =cb’- ¢'b, D,= =ac’ -a'c,
a’ b’ ¢ b St o
. : : D D,
[y D 7 0: He co mot nghiem duy nhat (x; y) trong do x= l)‘ VY= B

HyD=0:

e D, 7 0hoac D #0 : Hé vo nghi¢m.

e D =D, =0 H¢ vo so nghi¢m, tip nghiém cua hé la nghiém cua
phuong trinh ax + by + ¢ =0

Il. CAC BAI TOAN
Bai toan 1
Giai h¢ va bién luan hé phuong trinh bac nhit hai an

Thidu l
8
G va bien luan heé phuong trinh {xy (1)
1% - By = %9
Loi giai
8 1 l
f 17 X -0
D X v X oo X t+Y
Vit (ly < ’ cdat . he¢ tro thanh
I 7 ! , 3X 7Y
| ] Y0
X oy y

17
I

163



8 |1
'l';lc()[):' |:8( 7 -3.1=-5 20,
3 7

p="" e n-coa=ns o=
_'AI 1 A

\

=8(--7)-3.1=-59
7

R
Hé¢ ¢6 mot nghiém duy nhat B 5‘9 hay 9
Voo P oo et y =1
D 59
(2a -x -y =1

Giai hé phuong trinh

x+(@a+Dy=-1

Lai giai

d 0
2a -1 ’
Taco D= =2a-I)a+ D+ 1=a2a+ 1), D=0c¢> |
| a+ |l [
s %,
. | —1 2a—-1 1
Taco D= =(a+ 1)-1=a,D= =(2a-1) I= 2a.
-1 a+1 ' | |
i . ,
Trieong hop 1 : - S rav 0<> D« 0 hé co mot nghiém duy nhat
D, |
T NV SN
D 2a+1
D, .
Y D 2a+l
Tricong hop 2 - a =0 hé tro thanh l <>y = x |, h¢covorsonghicm
X1y-
x tuy y thuoc R
y = —X - l
[ D=0
Triecong hop 2 za=- | l h¢ da cho vo nghiém.
2 1D, S 0

“Thi du 3 (D75)

6mx +(2 m)y 3
Cho hé phuong trinh
(m-I)x my =2
a) Guai bién luan theo tham so m .
b) Tim hé thirc lién hé gitra cic nghiém cia hé doc Lip vor tham so.
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Loi giai
lom 2 m

1)T;|L‘(l|}:’ =6m+m D2 m)=(m+ 12 Sm)

m | m |

2 m’

D=

3 6m
=5 ‘: Im 22 m)= (m+4), D\zl =33m+ 1)
2 m '

m-—-1 2

7
Troiomg hop 1 D20 <> (m+1)2 Sm)<> lrmes ; . hé c6 mot nghiém duy nhat

D, (m 4) m+ 4
D mi2-Sm) (m+5m-2)
B D, 33m + 1)
"D mine sm

7
Lrieong hop 2 - D=0 <> m=-1 hoic m= ; thi D .20 — hé da cho vo nghiém.

m(6x —y)=3 -2y N m(6x  yXx -y)=(3  2y}x-Yy)
m(x —y) - 2+x m(x — yN6x —y)—- (2 + x)(6x —y)

(3 2yHx y) = (2 +HxH6X - y) <> (3 - 2yMx - y)(2+ )6x - y)=0. Do la
he thire lien he gita cic nghiém cua hé doc lap vaoi tham s6 m ma ta phai tim.

b) Viét lai (1) <>

Bai todn 2. Hé ¢o nghiém vai gia tri cua tham so

Thidu I
Tim a dé vai moi b, luén 1on tai ¢ dé hé co nghiém :
bx y -ac :
) cvoim=1;m=2

(b 6)x f mby ¢ I

Loi giai
Vai m=1. co hé

b; ac” b |- b 3
m |)=! “b'+b 6 D=0<>

(b O6)x tbhy c¢il b6 b 2
e Vaimor b: 3sbs2(D20)  He (D) co nghiém vén moi a. (1)

; Ix - ac
eb= 3, Hé tré thanh (I1) SN
Ox -3y =c+1

ac” | 5 -3 ac 5
D= =-3ac +c+ |, D= =3(3ac -c - 1)

¢+ ] 3 ' 9 é41
He (1) co nghiem <> D=D=0 <> 3ac’ ¢ 1=0 (2)
Bai toin dan i tim a dé phuong trinh (2) ¢6 nghiém doi véi c. (3)
+ Neva=0taco(2)y¢>c= 1 >a=01amot gid tri phai tim. (4)
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A}

+ Néu a#0 diéu noi o (3) dat duge khi va chi khi A >0 <> <az0 (8

12

T (4), (5) diéu néi & (3) dat duoc khi va chi khi suy ra a > = (6)

e 2x —y=ac’
e b =2, hé tro thanh (III)

~4x +2y=c +1
ac” 1 5 2 ac’ .
D= N =2ac +c+ 1,D= ol = 2(2ac +c + 1)

c+l 2 -4 ¢
He (II1) ¢é nghiém <> D,=D,=0 <> 2ac’+c+1=0 (7)
5 1 1
['wong tu truong hop trén suy ra a < g (8)

1 o B s i . | |

Tur (1), (6), (8) ta c6 tap hop cic gia tri phaitimchaala: - = <a< y
Cdc ban tie gidi vai m = 2
Thi du 2. ]

. _ . 4+ 3)x 4 4y = 5a +3b i I
Tim a, b dé hé c6 nghiém véi moi m : i s l "

X+ my=ma-2b+ 2m | J
Lo giai
m+3 4 \ m = |
= =m +3m—4; D=0 &
1 m m=—4

e VGi -4 # m # 1> D # 0. Hé 6 nghiém duy nhat véi moi gid trictaavab. (1)
4x 4+ 4y =5a+3b+1

eVGi m = |, hé tro thanh ()
x+y=a-2b+l

5a43b+41 4 4 Sa+3b 1
D= =a+l1b-3, D= =-a-11b+3
a-2b+1 1 1 a-2b+1
H¢ (I) ¢6 nghiém <> D,=D,=0 <>a+ Ilb=3 (2)

~x+4y=5a+43b- 4
X—-4y=-4a -2b- 9
Tuong tu trén, hé (I) c6 nghiém <> a+b=13 (3)
e Tu (1), (2), (3) suy ra hé cé nghiém Vm <> a, b la nghiém cta hé
a+l1lb=3 a=14
&
a+b=13 b= -1

o Vi m = —4, hé trd thanh (ll)[
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Baditodn 3. Tim gia tri nho nhat coa cac biéuw thirc
Q=lax+by+cl+fax+by+c';Q=(ax+by +c)V+(@x+Db'y +¢")

i Thidu L. Tim giid tri nho nhat cua hiéu thuc Q= | 2x +y - }I + b( +ay + 1| '

Loi giai

‘ 2x4y -3 -0 2 N
Xem he () ’ : = | =2a-1:D=0<>a=
: Xtay i1 -0 [t a 2
. ! F e 5
Vo as <> D20 he (D co nghiem do do min P=0 . (1)

4 I . . a e - | .
e Vai a=_ . bieu thue Q tro thanh Q= [2x+y-3{+ - 2x+y+2| Dat 1=2x+y, te R.

-

, [
Tacd Q= 3+ vll f 21 suy ra

31 :
2-—.vd1<-2

<

t
Q={4- -.vei 2<t1<3

[B®]

3t .
loveit >3

Bang bien thicn cho thiy : Q(t) nghich bién trén (-;3), (1) dong bién trén

5
(3. +o0) suy ra minQ =Q(3)= = 2)
R
s N . . . ] ) 5 ) l
e Tu (1) va(2) két ludn : min Q=0, néu az 5+ min Q= > néu a= =

Cha vy L. Ban o thé' tim min[(Q(1)] hdng cdch vé do thi ciia ham sé y=0(1).
Chu y 2. Néu he s6 cua x hoac y trong 2 hang tr trong vé€ phai ¢é gia tri tuyét doi
bang nhau ban ¢6 thé tim min Q theo cic cich danh gid biang bat ding thic
[aj + [b| > Ja t b] . Cic ban theo doi thi du sau.
Thi du 2.
Tim gid trinho nhat cia Q = 3x —ay + 2| + |3x + y + a|

Loi giai

]

. 3x -ay = - 3 -a
Xéthe () > P= =3(a+ 1)
Iy = 3 3 1
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*Vaia 2 —1 <> D20 hé (1) co nghiém duy nhat > MinQ = 0

VoL a= -l taco Q=3x+y+A+Bx +y - 1{>|3x +v+2) (3x +v
Lai ¢6 Q(0; 0)=3. Viy minQ = 3

Tomliaz -1:mnQ=0a=-1: mnQ=3

Thidu3.
~_Tim gid tri nhé nhat cua cic bicu thic Q=(x - 2y + I+ 2x +ay + )
x—-2y+1=0 I —2

Xem h¢ (l){ =a+4; D=0ca= 4.

2x +ay +5=0
e VGi a7 -4 < Dz0 hé (I) o6 nghiém — Min Q=0

e Vi a = 4 Biéu thic Q trothanh Q=(x—2y+1)y+(2x dy+5)
Patt=x -2y +3,1eR: Taco Q=(t - 2) + (} - 2ty

Theo bat ding thic Bunhiacopski ta c6

2 a

9

5 I ; | 1 o
Q=+ )l -2r +a -2 2lr—+—0-20 = Q>
LQ= -2+ =207 > - 20+ i =z=0e

-—

- : 4 1
Dau ding thiccokht t - 2=2(1 - 2t) <> 1= s—ca X -2y + SI =),

9
Suy ra min Q :;

eTomlar: av—4:mnQ=0, a=-4: mi“Q:..z
Bai toan 4. Hé ba phuong trinh hai in
ax+by=c, (1)

a.x+by=c, (2)
a,x+by=c, 3r

hHi=3

(L

Vi he 2 an 3 phuong trinh cin hiéu : Tim m dé hé c6 nghiém 13 tim m d¢ hé han

phuong trinh (ching han (1). (2)) c6 nghiém thod mén phuong trinh con L.
I 'l'hl’ dl.l i‘ N 1 A Y S T ) T )

mx +y=1 (1)
Timm déhé {x + my=1 (2) ©6nghiém.
Xx+y-=1I 3)
Lo giai
x+my -1 (2) I m
X¢t hé phuong trinh J D= =1 -m
x+y=1 (3) 1 1

e m =1, hé conghiém (x=t: y = 1 - 1),VieR. (thoa min phuong trinh (1))

=> m = | la mot gia tn phai tim. (4)
e m+# |, hé conghém(x=1+m:y=-1) (5)
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Ta cod) Lnghiem cua he khhvachikhim(l +my T =1<>m = 2

@ Tom lai: he da cho co nghienrkhi viechi kb jm = Iom = 2.
Thidu2 |
ax t by ¢ ’
Guistur {bx + ¢y a (1) ¢onghiem. Chimg minh: a'+b +¢ =3abc (2) ‘
cx ~ay b |
1

Lui giai
(e the (2) se thu-chee K time nghiem cuo he fiai plusomg mrinh, cho thoa nin

privcdeni s tioddy con lar. Tuv vay chang ta hay 1-ep nhain mot lon giat kha doc dao sau)

1

ta’  a’a - a'(bx cy) —a bx +acy
Fuifssuyta {b° bb--b(cx +ay) bex +bay.
c sec c‘(ux +by) - ¢ ax *va

Come vé theo ve - a'+b +¢ =ab (av + by) +bc (hy + cv) +cater + av)

xa’+ b e = 3abe (dpem)

Thidu 3
ay + bx - ¢ (1)

Guai he (I) {ex +az - b (2).trong do a. b, ¢ 1a 3 canh cua mot tam giac.

bz +cy a (3)

Laoi giai

Do a, b, ¢ 1a 3 canh ctia mot tam gric nén (3) <> z= =t hc?’ , thay vao (2) co
b a
b‘ uy = ; (2‘)
o
bx tay ¢ (1)
o b - o .
Bos vay 1. - (1) <> (1) {bx ay s (2
C
, @ cy ¥
b
_ b a )
Xem hé hat phuong trinh (1) va(2)co D = [h = 2ab < 0. Do do he (1)
5 a
co nghi¢m duy nhat. (4)

sinAcosB { cosAsmB - sinC
Mt khic. trong moi tam giiac luon ¢6 {sinAcosC ¢ cosAsinC — smB
sinBcosC 1 cosBsinC  sinA
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2R(smAcosB { cosAsinB) - 2RsinC acosB i becos A ¢
<> (5 1{2R(smAcosC + cosAsinC) = 2RsinB <> (6){ccosA + acosC - b
2R(sinBcosC  cosBsinC) == 2Rsin A booxC + ccosB -2
Két qua (6) thu duoc nho trong (5) thay a = 2RsinA. b = 2RsimB. ¢ = 2Rsin(
Cic két qua (5) va (6) cho thiy x=cosA, y=cosB. z=cosC Ia mat nghi¢m cua hé
(D). Theo (4) 4 cung i nhiém duy nhdt cua hé ay.
Theo dinh ly ham so cosin thi cap nghiém duy nhat cua hé due viét
b +c¢ —a’ a4c b b ia ¢
X = - e :-v_—_A..__._,_,, — T = - '
Zbe 2ac 2ab
L.¢i binh
o Tim ra loi gidi bai todn nay khong kho, ban o thé 6 no bing cac phiemy
phép: theé. dinh thiee Crame (cap 2: 3).
o Su "phoi canh” gitia hai hé (1) va (Hl) dan ra két gqua la wmot loi giai song
dong, khai thac triét dé "han sac” trong tam gidec.

BAI TAP

X 42by=a

bx +(1-b)=a’
Bai 2. Tim a dé véi moi b, luén ton tai ¢ dé hé o6 nghiém :

Bai 1. Tim a dé hé ¢6 nghiém véi moi b : {

x+2y-a

5 2)
bx +(I ~b)=c¢ +¢

bx +y—ac 3 lbxiy A
x+by -ac il Xxtbhy ¢ tc
Bai 3. Tim gia tri nho nhit cia méi biéu thikc sau -

1) Q=Ix + 3y + 5 + lax+ 2y - 7 2) Q=(ax 2y +3)+(x+2y -1y

§2. HE PHUONG TRINH BAC HAI HAI AN

I. H& gdm mdt phuong frinh bac nhat
va mét phuong frinh bac hai

ax’ 4 bxy+cy’+.dx—l—ey+f~0 4]
Ax |+ By +C=0 2)

CACH GIAI

GiastB#0,tr(2)suyray = —;:x w%lhé'vio(lllaﬂmdmx[hmmg innh Rid

_hai mot an da biét cich giai.
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TR

Lo quan den he nay. cac ban vem lai Bai todn 283 Ung dune cua biet thiee A,

chieen o 1

Th du |

i ‘ Xy iy i2xi3y 40
G he phuong trinh 4 E )
3

Ix 'y -1

Laoi giai
=2x  |.thevao (1) co
N2y D +2x hy+2x+432x 1) 4=0

T mM+b=0¢sx=sivix =6

Faco(2)a>y
X

Thevdo(2): Vaix=léoy=21 1=} Varx=6cHy=20
X 6

Viy he co hanghiem (x =y = 1), I :
y = |

Thidu 2 (bai hoc Thuong mai, 2000)

X xoomy mo 0
Ch> phuong trinh

Ny a0
a) im 1ap hop cac gid tri cua m dé hé ¢o6 hai nghiém phan biét.
by Goi(x:y)). (x5 y) facie nghiém cua hé.

Ching minh (X, X)) +(y, y) <

Laoi giai
@) Jdch fTaco () <r>x=m(l - y)
thovio () com’(1 y)y +y m(l y)=0
m+ by mCmo Dy+m-m=0

(h
(2)

(3)

4)

Va moi y, phuong trinh (1) cho duy nhat mot gia tri cta x. bai thé nén hé ¢6
nghién phin biét <> phuong trinh (4) ¢6 hai nghiém phin biét. Dic¢u ay ¢6 khi va

chikhA>O0¢co>m2m- 1) 4m+ H(m m)>0<>m(4 - 3m)>0

¢ o> amc

Xtmy m-—0

Cah 21 Vier lai (2) ¢ { | ] .
X — —1+4 y' = —
2 4

Ga (D) 1a duong thang ¢6 phuong trinh (1), (¢) la duong tron ¢6 tam |

(4

|
—:071,
2

bin knh R= ; duoc bi¢u thi bai phuong trinh (4). Hé ¢é hai nghiém phan biét < »

P

Dudng thing (A) cit dudmg tron (€) tai hai diém phan biét
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+m.0 m.

2“ - |
\ﬁs m

I S 4
Ll e Pm eVl em® o 0<m< :
b) Cdach 1: Vai moi diém M(x; y,). N(x.: y,) thuoc (€) luon c6 MN < 2R

<> di, (M) <R &

1~

; \ l . .
<>MN < 4R‘:4-:1— hay (x.— x,) +(y-- y,) <1 (dpcm)

Cach2: Tu (3) DX X = rﬂm(y: B yl)

S (X X))+ (Y- y ) = HmOy. - ) (5
., A 4m-3m’
ey, la nghiém cua (4) -»> ly, : ylt = :[—'} &> (YY) =—, == m m
' fal a (m + 1y
; 5 ~3m’ 2m -1y
Thay vao (5) taco (x,-x,)Hy. y,)= inl om =]~ L-P]{- L <l (dpcm).
m- + 1 m~ +1
§3. HE DOI XUNG HAI AN

f(x,y) -0 (1)
h(x,y) =0 (2)

C6 nhimg hé phuong trinh khéng thay doi khi trio déi vai tro x vi y cho nhau.
Nguoi ta ndi ring dé 1a hé phuong trinh déi xung.
Bai 1€ do nén,
+ Néu cap (x,,, y,) 1a nghiém thi cap (v, x,) cang la nghiém cua hé.
+ Diéu kién cian dé hé ¢6 nghiém duy nhat 1a x,=y,

Cac ban lam quen vai ba kién doi ximg sau day.

I. Hé d&i xing kiéu 1

Méi phuong trinh cua hé khong doi, khi trio déi vai tro x va y cho
nhau duoc goi la hé d6i ximg kiéu |.
f(x,y) =0 fy.x) 0
<>
h(x,y) =0 h(y,x) - 0

Phuong phip thiromg diing dé giai hé nay la datdn phu U=x +y, V =xy,
hé s€ trs nén don gian hon.

Thi du 1

1 1 - !
Giai hé phuong trinh (1) [ K4y =1 1
(x + y)8 +xy)=2 (2)
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Loi giai
Nhan phirong trinh (2) vor 3 ror cong vé theo vé vao phuong trinh (1) ¢o
NAY A3 YUE XY =194 06 <X Yy +3XV(X+Y) + 24(n +y) = 25
S (x4Y) 42Hx+y) 25-0
Datx + y =1, phuong trinh trothanh €+ 240 25=0 <> It 410+ 25) =0

! | &)()i
<y ll1|| i I=0¢>1 1=0<>1=1 >x+4y=1|

1 |
xty | xty | (x 3y 2)
Do vay (1) <> ) <> l ? <>! )
(x + yN8 1 xy) - 2 ] Xy 6 ((x = 3)
 Thidu.
‘ o : X4y 20 my |
- Timom de he phuong trinh sau co diing 2 nghiém T |
é x tyy 4 |
L.oi giai
I
xy | m
SN 5 (-’\)I S [
o X 1y) 2xy =2Xl-m) Xty - = (h
Viet ki (1) <> x4 . : &% |
(xtyy 4 xy I m
’ (R -
Xty 2 (2)

Nhan xet :

+ Ncéu (n: yo) I nghiem caa hé thi (y,: x0). C X2y ( y.: ) clng [
nghicm cua he ay.

+ T cac phuong trinh (1), (2) suy ra hai hé (A) va (B) khong thé ¢ cling ¢o ca
2 nghicm chung.

+ S, AP =4 4  m)=4m > Haih¢ cung cé nghicm khi m > 0, cung

vo nghiém khim < 0
Bai the nen heé ¢6 ding 2 nghiém khi v chi khi ca hai he (A) va (B) deu co

nghicmx =y <> S, 4P ;=0 <> m=0

- Thidu 3 |
! . _ ) X byt xy m:| '

Cho he phuong trinh . . (I |
i Xy oEoxy m |

* a) Gt he phuong trinh khim = 2.
| b) Tim m dé¢ hé co nghicm x >0,y > 0. i

Lai giai

s & Jxéyi\_\' m ¢ ,
Vietr L ¢ < > (1D batU=x+ vy, V=xyv,

l(,\ YNy m
o o U:+V |Iim

Bicu kicn U > 4V (2). He () e thimh (1)

UV m
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a) Khi m = 2, hé (III) tra thanh
[U V= 3 >{(U =1V - 2) (loar do (2))
<

uv =2 U =2% =])
.. L Ix+y=2
Van(U=2:V=1) co cxx=y=1l.
Xy
Do 1a nghiém duy nhit cua hé khim = 2.
U=l Xxty-=1
[ wf
V=m Xy ~m
b) Ta co (IIl) <> <>
U =M X 4 ) m
(B)
A\ xy = |
e He (I) cé nghiém x >0, y > 0 <> Hé (A) hoac hé (B) c6 nghiém x>0, y>0
X . . Im>0
+ Hé (A) c6 nghiém x > 0, y > 0 khi va chi khi <> O<m< : (3
1>4m 4
. : L mT >4
+ Hé (b) co nghiém x > 0, y > 0 khi va chi khi 5 <> m>2 (4
m >

e Tir(3), (4) suy ra tap hop cic gii tri cua m thoa man hé (I) co nghiém

1

S 10<m<—

x>0,y>01Ia 4

m>?2
I “Thidwd
Xty -a (1
Giai hé phwongtrinh (D { , ~ . |

X'ty =a (3

Lai giai

Cach I:
Tricomg hop I - x =0 >y =a. Hé luon co nghiém (0; a), VacR. (3)
Trieemg hop 2 : x 2 (. Daty =xt (4), te R. H¢ tro thanh

X +xt - a X(l+v-a (Lot o
’ ! 1 & : 1 ) 1 ! !

X b x a X(hit) a X (1+t')=a
Trir vé theo vé timg phuong trinh ¢ x*[(1 + 1) (1+1)] =0
<> (1+0) (1+1H)=0(dox2Mecr(l+)' -7 - 1=0
T+ H+OU+I+ 0 1 =0+ 314 2)=0

it o
33 I

20 + 3112 0 (VN)
Thay t=0vio(d)coy =0

. . ) [a ~ 0 :hé c6 nghiém (a; 0)
Ihay y =0 vao (1) co x=n'>{ _
ca 0 he vonghiem (dox ~ 0)

S)
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Tu (3 (5) suy ra van Vac R he Tuon ¢o 2 nghicm (0; a). (a; 0)
f

4
X t
2
Cach 2 Dat e R (6)
g i
h 5
. ) a .
Phuomg trinh (2) tro thanh tu - ,[ it - =a
. ¢ X s ¥ a . v, P iy . a .
<> (U+2at + at + at+ p+(C - 2at 4+ - at - at+ } 2=
L 3 16 2 2 16
; .. Ta’ . oa a
<> 2T+ 3ar ~=[) €% F= &y =%
8 4 2
) " .. a - a
Mav vio (6)-vart =  cotx=Orv=a):vont = 7 cox=a,y=0)
\ - ) )

Viy van VacR hé phuong trinh ¢ 2 nghiem la (x =0y =a), (x =a: y =0)
Thidu 3

: ' +y o (1
Giai hé phiemg trinh - - i

X ty =x" ty (2)

Viét lai (1) <> 1=x"+y’ (1)

Nhin v¢ theo vé vén phuong trinh (2) c6
CEVT S YY) o Xy = xT ey y'x 4 y)

Ix - 0 x =0
OAYR+yv)I=0 o Ev =) <> |y -0 . Thay vao (1):
ix' by =0 y X

Vai x=0 > y¥'=1 <> y=I

Vai v=0 > x"=1 <> x=1

Vaiy = x<>v' = x' <> +yv'=0 khéng thoa mian phuong trinh (1) (loai)
Vay hé phuong trinh ¢6 hai nghiem 1a (0; 1) va (1 0)

Il . Hé dGi xing kiéu 2 -

Khi trdo déi vai tro x va y cho nhau, phuong trinh (PT) niy cia hé bién
thanh phuong innh kia va newee lai. Do vay mi hé khong doi.
Mot he nhaf the dusoe got ki he dai vimg Kicu 2.

fix.v) O (D hty,x) 0

<>

h(x.y} 0 2) fty.x) 0
Trir ve theo ve cic PT cua he € o PT hé qua (x y)a(x)=0 (3)
Vice g hé phuiromg trinh di cho dua vé giai he gom phuong trinh (3) vén

| trong ha phuomg innh (1) hoac (2)

mof\

B et s s ——
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x v

-

Gian hé phuonmg trinh () l_ .
y =X

L giai

Trir vé theo vé cac phuomg trinh (1) va (2)co 2x  y) =y Hy x)
r £
O X -y 2Ax ¥I=0<o(x yUx+y 2)=0 y
x+y-2-0
. X 6x 5 0
2y x° 4xt5
. HHy x
Dovay(h<> i v - x 3
: " X" ~2x41=0
iy - X
Hy 2 x
|(.\' INx 5 0
y=x ix =y |
<> <>
(x 1 0 ix v 5
, S A
Viy phuong trinh co hai nghicm la(x =v=1).(x =v =5)
Thi du 2. (Pai hoc Hang hai. 1997) _
lxy Pxoomy 1)
— h

; Cho he phuong trinh l

xyﬁ_\f' n(x 1)

)G hée Khhm= |
b) Tim m d¢ he phuromg trinh co nghi¢m duy nht .

Lai giai

Trirtheco timg vé coa hé tacé x vy =m(y  X) <> (x
xWixooomy 1)
Dovay (ly<> | - g
(X VvIX+ytm) O
N Xy X
e i XV | X l--y
MDKhim= lwaco(l)<> ! - 7 ¢y f_y X
(X vyXx+tv D E
5
! . 'y {
2 SR g2 ex b0 N
.. o E
Hy e & 1N
< .3 ) > 1 <2 b
fpxal xy N I« x) HOX 0 |
! i !
fy 1 x Hy 1 x 5
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Ix =y =1

| | !
Vav he ¢o tap nghiém la : ix y ==
I,(\ tuy y thuoc Ry - 1 - x)

by @ Dicu kicn can. Thay rang néu he €6 nghiem (x,: y,,) thi he cung ¢6 nghicm
(v.: v, Bor vay dicu kien can d¢ he o nghiém duy nhat I x,, = y,. Khi dé he tro
thanh 2x | = m(x, I)<>2x":r mx. +m=0 (3)

Tur (3) suy ra hé ¢o nghiém duy nhat thi phuong trinh (3) ¢6 nghi¢ém duy nhat.
Picu ay co khivachikhi A=0<>m(m &) =0<>m =0hoic m =§.

e e kien du

+) Vairm = 0 h¢ tro thanh

{xyrx 0 L -
l <> x(x+y)=0 h¢ c6 vo s6 nghiém

Xy 4y 0

-

x O:y tuy ¥ thuoe R) e s s
; T > m=0 khong phai la gia tri phai tim. (4)
H(x tuy y thuoc Ry - x)

: Xy 4 x - 8(v 1) (5)
. XV + X = vy |
+) Vi m = § he tro thanh i = Sy =X (6)
(X - yUx +y +8) -0

y s =8 X (7)
Thé (6)vao (S)co2(x 4x  4)=0c>(x  2y=0<¢<>x=2
->hé conghiemx =y =2, (8)
The (Tyvao (5)cod x(B4+x)+x =8 8 x 1) ¢<>0=72(mauthuin) (9)
Tu (8). (9) suy ra khi m = 8, hé co nghiém duy nhat x =y = 2. (10)
T (). (10) kér luan hé co nghiém duy nhit khi va chi khim = 8.
Thidu 3 S - |

i ok o . : ' lyT = xT4xT 4 ax
| [im a d¢ he phuong trinh sau co nghem duy nhat y (h

Lan giai
o Dicu hicn can. Thay rang néu hé cé nghiém (x,; y,) thi hé ciing ¢ nghiém
(y.. x,). Bai vay dicu kién can dé hé co nghiém duy nhat 1a x,=y,. Khi d6 hé tra
= 1)

X, Sx,ta-0

2] 2 Al » x
. v 0
thanh x| =x,—4x , +ax, <> x(x, Sx,+a)=0 <>

Thay rang vai Va, hé luon ¢6 nghiém x=y=0. Boi vay hé c6 nghiém duy nhat thi

dicu Kien can 1a phuomg trinh X7 Sx+3=0 1 1) hoac ¢6 nghiém kép bing 0. hoic vo
nghicm.

Bey: b= S /0, phuong trinh (1) khong the coé nghiém kép bang 0 (2)
5

Phuong tninh (1) vo nghiecm ¢> A <0 <> 25 - 4a <0 <>a> 2

o Ficu kien du. T vé theo vé cac phuong trinh cua hé ta co:
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viox'=x' oyl AxToy)rax y) o> (xy) - 3xT y)+alx v)=0
<> (x-y)Nx+xy+y 3x 3y+a)=0 3)

¢, % 3 3 s 25
Péeyx +y +xy 3x-3y+a=;(2x+y \3)"+i(y 1) +(a 3)>0.v;.>4

Tex AT * Sxta) O
Neén (3) <> x=y. Suy ra(I) <> y =X A *‘“Q x(x X ta)
y;:x y X
51 5
X[X = +a- 2' =0
N ¥ 4 <> x:y:(}
A=Y
4

Viy a > "4 1a diéu kién cin va di dé hé cé nghiém duy nhit va nghiém duy
nhitdy lax =y =0.
§4. HE PHUONG TRINH DOI XUNG KEP

Mot hé doi vimg khong thay déi khi thé x boi a-x. y bai a- y duoc goi 1a hé doi
vimg kép. (a 12 hiang so)

Bai toan.
Tim m dé hé phuong trinh sau cé nghiém duy nhit
T Va b xd ooy m o om0

\/a{y{\/bfx:-m
CACH GIA1

1. Dicu kién can. )
Thiy ring (X,; y,) 12 nghiém cua hé thi cic cap so sau diy cung 13 nghém
cua hé (v x,): (b a x,: ba y,): (b-a y,: ba x,). Boi thé, néu (x,. v.) ha

: . . b a
nghi¢m duy nhit cua hé thi y,=x=b-a x, >y.=x,= 5
Thay vao hé thu duge m = \ﬁ(a t b) (1

2 Dicu kién du.

Gl i Ja b x + Jb —y = Jf—!(_d_ii;)

Véi m= 2(a 1 b) hé trés thanh (I) B
Jaty +vb x 2 by

Cong vé theo vé ¢6 (J.l tx + Vb —x) } (Ja by }\{’b y) ZJ?_(;I ¢ b

Theo Bunhiacopski de bx Vb x)< JZ(a +b) ;

(Vaty +yb y)<J2a+b)
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> (\/1 i x 1 Vb x) i (\/u by d Jh )‘)<2J2(;1 t b)

o Narx Ubox b oa
Dan dang thiee ¢o khi _ Xy
\/I by V/h y 2
TR . b a
Bai the he phuong trinh (1) <> x -y 5 (2)

Tu (1) va (2) suy ra di¢u kién cin va du dé hé di cho c6 nghiém duy nhat la
m = \/2(;1 i b)

Thidu 1.
Tim m d¢ hé phuong trinh sau c6 nghiém duy nhat

Wy d7 x=m

-----

o Dicu kién can
Thay rang (x,; y,,) 1a nghiém cua hé thi cic cap s6 sau diy ciing la nghiém
cua he (yoix)): (6 X336 - y)i(6 - y:6 x).
Bon the, (x,; y,) la nghiém duy nhat cua hé thi phai cé6 y,= x,=6 - x,
> y,=x,= 3. Thay vao hé thu duogc m = 4

J4x +J71-y =4
JIty V7 x=4
Cong vé theo vé ¢é - (Jﬁ: 7= x)+ (Vi+y+7- y) 8 (N
Theo Bunhiacopski | (V14 x +¥7-x)<J1+1J1+7=4

Liy 47 y)<J 11147 -4
Cong vétheové o (It x +V7 x)4 (i vy + T y)<8
e o xmya @

T (1), (2) suy ra hé c6 nghiém duy nhat khi va chi khim = 4.

o Dicu kien chi. Véi m=4, hé trd thanh :

Diau ding thie ¢6 khi

5 e (lu2 . e
| S T ix ey 4=a -Ja-3J10-3a
| Tim a de hé ¢o nghiém duy nhat —
\/Tiyrixfﬂ— x~4:a-—-\/:1-— 3V10 - 3a
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Loi giai
o Dicu kién can.
Thay rang (x,; y,) |a nghiém cia hé thi cic cap sé sau day cang la nghié¢m
cia hé : (Yos Xo); (4-xX; 4"‘)/0); (4-yo 4-x).

Bai thé (x,; y,) 1a nghiém duy nhdt cua hé thi y,=x,=4 — X, > y,=X,= 2.
Thay vao hé thu duoc : a-2=+/4 - %/IE -’%ﬁa bicukién 2<a< l:) . (h
10 - 3a =t-2, t>2 (2)

a-2=3-3(t-2) . (a-2) =10 - 3t (3)
t -2 =+10-3a (t—2) =10 - 3a

. . {
Trirvétheovéco:(a—-ta+t-d=3a-D<>(@a ta+t 7)=0<¢> .
1 a

Ta c6 hé

Thé vao (3) :

. . la- 3 (4
+Vait=a,co(3) > (a-2)=10-3a <> a -a-6=0 <> F )
[z 2 (loai do (2))

+ Véit=7T-a,c6(3) <> (a-2)=10 - 3(7-a)<>a - 7a+ 15 =0, va nghi¢cm do
A=-11<0
Vay a = 3 la diéu kién cin ctia bai todn.

JT1+x 4 11—y =6
J7+y+ Vil-x =6
Cong v¢ theo vé co \/74)( + \fli;x) +"(\/7"* y f \/I ! 5) 12

Theo Bunhiacopski (\/7 ’fmx /l I — x) < \/i v 1 \/7_1 11=6

Ty +11- 2 )< V1417411 =6
Cong vé theo vé ¢o (J’i~+ % sl = x‘) 4(\/7 by \/IAIV-A y)«': 12
J7+x = i1-x

J'I ty = JH -y
Tir (4), (5) két ludn hé c¢6 nghiém duy nhit khi va chi khia = 3.

o Diéu kién dii. Véi a = 3, hé tro thanh : !

Eox=y=2 : (5)

Dau dang thic ¢6 khi l

BAI TAP
Tim a dé hé ¢6 nghiém duy nhat

\/ﬁix}\/%--y-:a \/Il()xiﬁ 6y - a
\/Sp) FV3-x =a \/I{()\ V37-6x - a

3 V3tx 4 Jl-y43-2y2 =a4 34 Va
Sy +dl=x+3-2y2=a+3+a

2)
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§5. HE BAT PHUONG TRINH HAI AN
VE TRAI DANG CAP BAC HAI

Bai toan
Cho he san phu thuoc tham so m

i‘;(Xw)/) "|1x: F h|xy }'Clyj 2, *kl(m)

_ , W (1
f.(x,y) -a,x” +b,xy tc,y" <o, +k,(m)
Tim i dé hé conghiéem.
CACH GIAI
(Lam xudt hién phuong trinh hé qua [fy(x,y)]" < ki(m))
Tu(h > o fuaxy) o fi(xy) <ak(m) - ok, (m). (2)
‘ i fl(x.y),\fut-i-kl(m)
Neu (2) <> [fux,y)] < kdm) thitaco (1)<> {, ] (3)
f0Gy)| <k (m)
= Dién kien can -
s kimy <0 , - . L X
Néu he G Fs 50 ¢o tap nghiém D khic rong thi me D la dieu kién can
tm) =~

cuar bai va biu toin ¢o thé giai tiép tuc nhu sau :
= Pien kien du -
e Vai moi me D, taco
bk (m) f(x.y)=a

suy néu (X, y,) 1a nghiém cua hé ! 4)
k.(m)=>0 d d = | fi(x,y)=0 (

G, 7K

thi (x,: y,) at nghiém hé (3) var moi me D.
e Giai he¢ (4) dé chimg to n6 ¢6 nghiém.

Thi du 1
Sx” +4xy +2y° >3 0
Tim a dé hé ¢6 nghiem (I) | 2a - |
7x° - dxy +2y < (2)
" 2a +5
L.oi giai
" = €
Vietli (2) <> 7x" - dxy +2y < | - ) (3)
2a t 5
B o i : . . ] \ 18
Nhan bit phuong trinh (3) vai -3 c¢co(3) <> -21x + 12xy ~ 6y >-3+ — = (4)
; fa

Cong vé theo ve cic bat phuong trinh (1) va (4) ¢6

18 1

-9
2a 45 2(2a + ¢
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5x° +4xy +2y >3

s (1)
Boi vay : (I) < (II) . _
d 2x - yP < ()
2(2a +9)
® Di¢u kién can. Tir bat phuong trinh (S)suyra2a+ 5<0 ¢<»>a< - (6)
® Dicu kién dii. Ky hiéu d=(-0; —-_5; )
1 2
S5x +4xy+2y =3 [21x*=3 x:“_ff;y” J7
Xét he (IIT) il <:>[ ¥l 7)
2x—y) =0 y = 2x [x——i-'y"" 2]
NN
3>3
Véi moi aed ta cé o< —9 . Bai viy (7) nghiém hé phuong trinh (III) at
2(2a +5)
no nghiém bat phuong trinh (II) véi Vae® (8)
- » ; 3
Tir (6) va (8) suy ra hé bat phuong trinh di cho c6 nghiém khi va chi khia < - 5

Cha y. Hé ddang cap bdc hai chdn déi voi (x, y) bdi thé néu hé 6 nghicm
(Xos Yo) thi hé ciing 6 nghiém (—x,; —y,).

Thi du 2 "
x* +2xy—17 2>—l—_—a— (1)
Tim a dé€ hé sau c6 nghiém (I) R I+a )
3x” + 10xy — 5y’ < -2
L(‘nglél
Viét lai (1) < x*+2xy-Ty’>-1+ 2 & -2x*-4xy + 14y’ < 2- & (1)
I+a 14+ a
4

—2x —4xy + 14y’ <2 - ) L
Do vay (I) < (II) l1+a .Cong vé theo vé cic bat

3x* 4+ 10xy — Sy’ < -2
phuong trinh ctia hé (I) c6 x”+ 6xy + 9y’ < —vl-_%w & (x +3y)' < -
a

b ] 4
—<h‘-w__
Dovay () @ o am {* Y <11

3x” +10xy - Sy’ < -2

® Diéu kién can.

Tur (3) suy ra diéu kién c4n d€ hé cé nghiém la _TL >0 ¢> a< |
+a
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® Dicu kien di

. : (x+3y) 0 X = -3y
Xcem he o . <>
3x ¢+ 10xy Sy 2 3x 4 10xy - Sy 2
3 I
X 3y X 3y X sl =
<> 1 <> i | <> . B i (4)
I
R $ i\ Y 2]
0< - 4
+VYomoia< ltaco 14 a nénkét qua (4) cing 1a nghiém caa he (1)
-2< 2
e Vay a < | la tap hop cac gid tni phai tim cuta a.
BAI TAP
Tim a dé cic hé bat phuong trinh sau c6 nghiém
: » _3a+tl 3x —8xy — 8y’ >2
5x” +7xy + 2y Z-Etm X" —8Bxy —8y” 2
) a+2 2) § . x 423<u+i
3x" txy +y <l TR S e
- - 2
§6. HE LAP BA AN
x = f(y)
M {y =f(2)
7z = f(x)
CACH GIAI
e Co so loi giai 1a ménh dé sau day:
Ménh de

Cho ham s6 f(t) c6 tdp xac dinh D, va tap c6 gid tri AcD,
Néu ham sé (1) dong bién trén tap xac dinh D, . thi =~
f(f(f(1)))=t <> f(1)=t
Thi viy: theo gia thiét AcD, = f{1) va t déu thuoc D,
Giasir f()>1 o> F[f(1)] > (1) > t > (REM))) > (1) >t hay t >t (v 1y)
Vai f(1)<t . thay diu ">" bai ddu "<" trong dong trén ta cé t<t (vo ly)
® Tra lai hé (I). Néu (1) 1a ham s6 thoa man ménh dé thi
x = f(y)

X=y=12
(h <> {y—=f(z) & (I

f(z) =2z

e Nhu vay viéc giai hé (I) quy vé giai phuong trinh (1) =t.
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“Thidu -
y' -6x +12x-8=0 (1
Giai hé phuong trinh (I){z' —6y” +12y —8 =0 (2)
x' -6z +12z—-8=0- (3)

Xét phuong trinh '~ 68+ 121 -8 =0 > =6 121 4 8> 1= Y61 121 + §
Xét ham s6 f(1) =/6t° — 12t + 8 . Goi h(t) = 6~ 121 + §. RS rang

* h(t) co tap gia tri la [2; o) = (1) co tap gid lriA=[{5 ; ao)

* h(t) dong bién trén [1; ©) = (1) dong bién wén [1; )

> (1) dong bién trén A=[¥2 ; ) (do AcH: =)

Nén theo ménh dé ta cé f(f(f(1)))=t < (1) =1

y = f(x) y = f(x) y = f(x) (1"
Victlai(I) & {z=f(y) < {z=~FKy) o (Ihjz- f(y) (29

x = f(z) x = f(f(f(x))) x — f(x) (39
(1"}, (3)=sy=x ) 4
Tu(2°),(3’) >z=y ’ (5
Tir (4), (5), (3’) suy ra -

e i = = XZY:I
(H)@lx Y Z<:>[x‘ y l‘¢:> 3 Ox=y=z=2
. f(x)=x f'(x)=x (x-2) =0

Cha y 1. Khi trinh bay lai gidgi, hoc sink nén trinh bay triec tiép theo"plucong phdap
an chimg" ménh dé (xem thi du 2).
2. Ngoai cdch trén, thi du (1) con cé cach giai doan nghiém roi cluimyg mink
duy nhdt nhie sau: ‘
eTac6(N>x'=62-122+48=6z-1F+2 > x> Y2>0
Tuong tuciingcoy >0,z2>0

y3—8=6x(x~2) (1"
Viétlai (I) <> {z' - 8=6y(y —2) (2
x' - 8=6z(z -2) (3

e R6 rang x = y = z = 2 12 mot nghém cua hé. Ta s€ chimg minh hé chi c6 mot
nghiém dé ma thou.

That vay

e Cong vé theo v€ cic phuong trinh cua hé sé c6 (x -2’ +(y-2)"'Hz- 2)'=0 (4)

e Gia sir hé ¢6 nghiém (x; y; z) # (2; 2: 2) thé€ thi ¢6 it nhit mot trong 3 80 X, y, 7
khic 2.

* Chang han x 7 2.

Taco (x-2)>0suy ra(x - 2 +(y — 2V + (z - 2) > 0, mau thuin vii (4).

* Vai tro binh ding nén y, z ciing khéng thé khaic 2.

e Viy (2; 2; 2) l1a cap nghiém duy nhait cua hé da cho. (dpcm)
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; Thi du 2
| x' 3x FOX 6 y
' Giai nephuong trinh  {y 3y +6y 6 7 (1

1

/. 32 i 67 6 %

Lo giai
Xétbhmsof(y=t 3t +60 6=( 1)V+3t 5
Tap :ic dinh R.
Vamoit,c R t.cRo <t taco
fey fL =1~ 1) +3t, -S} - {1, - 1)’ + 31, - 5]
=k YR D e a1+ 3)
:(lyi,)i!t, - l} Tl »’-}E
| - 4 |
Dor,<t. > (1) £(1,)>0 hay f(1,)<f(1.) > (1) I3 ham dong bién trén R
Theoménh dé (D))=t <> f(1)=1. VieR.

fx)= v fix) v fix) -y ’ 7
Vietar (o> {fty) 72 <> {fly) = <>ifty) 7z <> ’xf A (2)
{x) - x
f(z) - x ffean  x fix) x :

+ Gia phuong trinh f(x)=x <> f{(x) x=0.

Goihx)=fitx) x,tuclah()=x" 3Ix'+5x 6=(x 1) +2x 5

Voinoit,c R t.eR: <t taco

R’ P PSR
T

{ 6, |
h(t.) h(t)) = (1, H!('~ L¥ 9 ] 4 H

Twome 1y (rén suy ra h(x) dong bién trén R.

Lan oo h(2) = 0 suy ra x = 2 [a nghiém duy nhat cuaphuong trinh h(x) = 0 trén R
hay AAx)=x co duy nhat 1 nghiém tren R lax =2

Doviv(2)<rx=v=z=2

Tom ai he 175 cho co mot nghiémduy nhiatlax =y =z =2.

BAI TAP
Gian cic hé phuong trinh sau
2y - 2x 43x+3 0 x -y 1 x' 9y 27y 27 0
{22 2y t3y43 0 iy —z-1 3 {y 92 427z 27 -0
2x'+22 132430 2z = x—1 7 9 127x 27 -0
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§7. HE GIAI BANG PANH GIA

Thidu L. (Danh gui bang tap xdac din)
i /‘” :
\/; + \/x {

Giai hé phuong trinh {

Lai giai
o xz0 x +Jy+1>1
bicéu Kién Suyra § _
y =0 VY HVx +12>1

Dau dang thic xay ra khi va chi khix =y =0.
Do vay hé ¢6 nghiém duy nhat x =y =0.

Thi ¢ du 2. (Dunh gid hcmg it dany thire)
X'y —2x+y =0
7x — 14x + 3y" + !()‘_.()

Giai hé phuong trinh (1) {

L gidi
(x* 4y’ =2x (1

Viét lai (1) <> ; . ,
7x- 1) +30+y)=0 (2)

v (D= Y’=-:g%-sl Shl<I=>1+y'>0
-

3)

Lai cé (x - 1)’>0,Vx nén (2) = I(xﬂ 1) =0 . [x:|

l+y' =0 y=-1
Két qua (3) thoa man (1) = (3) la nghiém duy nhit ciaa k. phuong 'rimh (1).

Pjrhi du 3. (Ddanh gid bang tinh chdn 1€)
Tim a dé hé phuong trinh sau c6 nghiém duy nhat

3x —ayy +1=1

(h I >

Xt+y+——F=——=a"
y +4y +1

(Hoc sinh gioi 16p 10 tinh Ha Tinh, nam hoc 2000 - 2001)

Loi giai
. I —dJy »} l =
D€y ———==y’' + I -y nén he () <> (D)
y+4y +1 x + )’+l:3
Piéu kién can
Thay rang néu co6 nghiém (x,, y,) thi hé ciing c6 nghiém (x,, -y,).
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Bon vay diéu kicn can de he co nghicm duy nhat lay, = 0

fn |
, . i3 -a- . _ |
I'hay y .= O vao (Il) ¢o Co23a o a 4=0¢<> 1
’ X+1:=a a
3
£)icu kien dir,
o x4y 41 =1
e o= 1. he (ID) tro thanh A eyx=y=0
XNhyy B
3 7.
4 3.‘ %ng - . ?
o i =, h¢ (I tro thanh ) <> 9
’ x+f;':ii—|6 y=0
¥ 9

. , 7
h¢ co nghicm duy nhit (x = - vy =0)

Vay tap hop cic gia tri cua a tuong thich vai yeu cau bai toan la

'I;EI’ du 4. (Danh gii bang vni chan Ié)
Tim a dé hé phuong trinh sau c6 nghiém duy nhat
\/x: +3+lyk=a

JY +54ixi=Yx 15443 -a

Lot giai
o Dicu Kien can
Thay rang, néu hé c¢6 nghiém (x,; y,) thi né ciing cé nghiém (- x,; Yo), (-—Xo: Yo),
(Xe: —Yo). Bai thé, nghiém duy nhit caa hé chi cé thé 1a x, =y, = 0. Thay vao hé ¢6

o
a= \[1 -

o Dién kién du

xS 1311y 3 )

Vai a=+v3,hétrgthanh  {° o
By #5+Ixb=Vx" +5 (2)

Dy : Vx* + 34 1y> 3 Dau ding thic c6 khix =y = 0.

Suy ra (1) <> x=y=0. Thdy rang x =y = 0 cing la nghiém cua (2)
= x =y = (0 la nghiém duy nhat cua hé .

Tém lai : Tap hop cic gid tri phai tim chaa la a=+/3 .
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| Thi du 5. (Ddanh gid bang tinh chan 1¢)

XYZ+z=a (1
Tim a, b dé hé cé nghiém duy nhat  {xyz 4 z-b (2)
Xty tz =4 (3)

Laoi giai
® Dicu kién can
Thay rang (X,: yo: Z0) 12 nghiém cua hé thi (—x_; ~y,; z,) ciing li nghiém cua hé.
Bai the, diéu kién cin dé hé c6 nghiém duy nhit 1a x,=y,=0.
Thay vao (3) thuduoc z7=4 <>z=1+2
Thay z= 2 vao (1), (2)thudugca=b=2z=+2
o Dicu kien du

Xyz+z=2 ("
*Vaia=b=2, hétrothainh (II) {xyz' +z=2 (2")

X +y2 +z =4 (3
Trir vé theo vé cic phuong trinh (17) va (27) suy ra xyz(z-1)=0 = z=1

-1 xy =1
-Vaiz= 1.l tro thanh [xy . <> y
X +y == 3 X+y= :i:\/g
xy - |

Xem hé (4

iy dB

R& rang (4) 1a hé d6i xing kiéu 1, déng thai c6 S~ 4P=1>0 suy ra (4) c6 2
nghiém. Suy ra véi z=1 hé ¢6 di cho c6 khong it hon hai nghiém.

Viy (a = b = 2) khong thich hop. (5)
xyz +z=—2 (I")
“Véia=b=- 2 hétrothinh () {xyz' +z - 2 (2")
X %y:}z"‘ =4 (3")
Ro rang 7z = 0 khong thoa man hé (HI).
X =0
Trir v& theo vé ciic phuong trinh (17) va (27) suy ra xyz(z- 1)=0 >y -0
Z = |
Vai :3 dé dang suy ra (Il) & (0;0; -2) (6)

3 x e - >
Vai z = 1, (I) tro thanh y v _ g = (x 4y )'= — 3! (mau thuin) (7)
X +y =1

e Tu (5), (6), (7) suy ra (a = b = - 2) la cap gia tri duy nhat thich hop vii y¢i ciu.
bai toin.
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Thodua 6. (Dac biet hod meor an
Gran he phuong tnnh !

N by 7 iy s 7y 3 |
: : (ly |

Loi giai

(X b v)  Z(x § v /30

Vit i (1) ¢» . ¢2)
(X wy #Hx ¥4 I=0
Uty
o fus x4y = o Ju —~u+z2 ~3=0
b <> 3 = He (2) trothanh - . {.3)
VEX-—Yy v |\' —~ 7V +1 =)
- 2 i
) - _At > () 7 <
He (3) co nghiém <> R & #=42
. >() 7z >4
- ; x| . : "
+VYdiz=2¢6 R¢cru=v=1 , > H¢ di cho co nghiem (1:0: 2)
A# e i)
- ) X i
Yoz = 200 B¢ u=v= .3
y -0
> He dicho ¢o nghiem ( 1:0; 2)

o Tom lai : Hé da cho co harnghiem la (1 0:2):( 1:0; 2)

NEan x¢t :

+ 50 an nhiew hem so plagong winh = ddic biet hod | an. xem la tham sé

+ 30 vang madt hang ne = wony phitonge trinh (2) cho ta thay sie thiéu binh dany
ctid o doi v vva v

+ 5 phan tich trén dan clung ta dac biet hod an =, xem né la tham so.

! Thidu 7. (¢ Dac biét hoda I iy
| (x +3) 3 2y (1)
- Ty 8y (2)
Cian he phuong trinh - (1) s )
2z x}x t3) Sx 116 (3)
7>0 (4)
|

L giai
Xen 7 12 tham s, khi do phuong trinh (2) rd thanh 4y 1) = 72 +4  (2)

Phrong trinh (2') c6 nghiém khi vaichikhi 27 <4<¢» 2<7<2 (5)

Phromge trinh 3) trgthanh - x '+ 2(4 7Z)x + 16 672 =0 (37
(/<0

Phrong trinh (3" conghiecm <> A . 0<> 2z 2)>0 <> | . (6)
x> 2
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-~ z=0
Fir (4), (5). (6) suy ra

res
: _ o g e ci ’ y 0
+ Thay z = 0 vao cic phuong trinh (37).(2) sé lan lugt co x = 4, s
Y = £
Cap gia tni (x = 4; y = (; z = 0) khong thoa man hé phuong trinh (I) (7)
Cap gid tri (x = 4; y = 2; z = 0) thoa man hé phuong trinh (1) (¥)
+ Thay z = 2 vao cic phuong trinh (3°), (2) sé lan lugt co x = -2y = | (V)
Cap gidtri (x = 2,y = |; z = 2) thoa man hé¢ phuong trinh (I) (10)

o Tir (7). (8), (10) két luan hé da cho co hai nghiém 1a (- 4; 2: 0) va( 2:1.2)
Nhan xét

+ 816 ¢6 mdt bt dang thite (4) cho théy tinh dac biét ciia an = doi voi he di cho,

+ Khi = ditoe dac biét hoa. thi €2). (3) theo thir tir tro thanh phucemg trinh mor an
doi vai x, v. Nha do ta thu duee cac danh gid doc lap doi von -

Lad binh. Chiing ta dd gap kiéu bai cdc i todn sau day.

Baitean1 | |
Tim pham vi thay déi cta x, y biét rang x” + I2xy + 4y + 4x + 8y + 20=0 (1)
Mgt phitong trinh 2 dn) _

L giai
eVictlai(D > x +4C8y + Dx + Hy +2y +5)=0 (M
Xem (1') 1a phuong trinh déi vén x. Tap hop cic gia tri eua y 1a nghiém cu
y< |
AN20ABy+ 1) - Uy +2y +5)200 2y +y - 120 <> |
y )'2
1
hay ye A=R\(- |; ~2—)
eVictlai (1) ¢> 4y +43x + )y + X +4x +20=0 2)
Xem (2 la phuong trinh déi véi y. Tap hop cic giad tri cua x la nghiem cue
x -2

AN>20 <> X +x-2>0 > <> xeB=R\(-2: 1)

x>1
T'rd lovi - Pham vi thay ddi chax laB.cuay Ia A.

Bai toan 2
. 5 : o ... Ix+y itz S
Cho x. y. 7 ki nghiém cua hé

xylyztrx =8

Chimgminh 1 < x;y;7z <
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L.i giai

Xty S~z
Viet L () <> (1D = .
Xy -8 {5 2)7

He (1D co nghieém khi vachi khi(5 2y > 48 (5 2)2] <> 37 10,470
<> 2 C=lze |l 2 <? {
3

Tuong o dac biet hoi y, x ta co dpem.

+ Trong hai bai todn trén, cactap hop A, B, C <6 vo han cac phan nie

+ Trone tricong hop cac tap hop A, B, C <o i han cde phan te; bai toan dico
new duot dang ciar plucong trinh. Cac hé plicong trinh trong hai thi du 6 va 7 dioc
chep nhiéu pheaonge trinh nhe the

BAI TAP
Bai 1. Giai cic he phuong trinh sau
2= (3-x) {2 —xH3Ix ~22) =3--x
s (22 yxy +2) 91 dy 2 y‘ P33y - x -3x 2
x4z - A% I by 6z
7z >0 7<3
. X 3-m
Bai 2. Cho h¢ phuong trinh \/)’_ -
y Jx 3-=m

1) Giat hé trén khi m=3.
2) Tim m dé hé co nghiém duy nhat.

- £ g o | MY = .
Bai 3. Tim a dé cic hé phuong trinh = ¢6 nghiém duy nhat.
Xtyt+z-—=a
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Chuong V
BAT DANG THUC

D Phuong phap mén gai (n

C Phuong phap bit ding thuc

@ Phucng phap 1oa do vecto va toa do cua diem
@ Phucng phap su dung dink [y sin, dink [y cosin.

® Su dung dwem ron trong cdc bit ding thec Rec-nu -, (651 ca
Bu whr a-cop ki

© Phuong phap tim gia tn nko nhdt cua hdm s y=ma /iy
(Phucong phip tam thuc bic hai da tnink biy trong chuong 1)

§1. PHUONG PHAP MIEN GIA TR

Plutomy phap nzien gid mi dei duca vet trong §3 Ung dung cvia A. chiomyg |
Pluin nav chi clha tromg phomg phap tach bo phan kép.

B e e e e e e e — i — o o o T o S A A W gy -

1. Dung diéu kién c6 nghiém cua phuong trinh chinmg minh
bat dang thic

Xet ham so v=f(x) trén tap xac dinh D v, la mot gia iri cua ham so fix irén D

 gam.

é
e

Thi du |

N,eD: fix,)=v, hay plutomg trinh fix )=y, co nghiem x D).

Gia st x, y lién hé vai nhau boi hé thic 3x”+ 4xy + 3y = 14. Chimg mirh

| By
!
Lisi giai
Tir giat thiét bai todn suy ra x. y khong dong thii bing 0 . Gor Q(x.y) = x +y
Tricomg hop 1. x = 0 hoac y = 0 dé dang suy raQ = l: (0

Tricomg hop 2. xy 0. daty =x.t:Rtaco:

Q X (141 s Q it

3 R = . (2)
4 x 314 3) 4 3 e
DEY 3+ H+3>0.VIcR nén(2) <> Q30 + 2+ 3)=14(1 +1)
HBQ 1 +4m+3Q 14=0 (3)

Trieemg hop 1a). 3Q-14=0 <> Q= |_: Jkhido(3)<>4Qt=0<>1=0

> y=A), trid1 gia thiét xy 7 (.

Tricong hop 1D). 3Q 1470,Goi A" =4Q - (3Q 14)=(5Q x4 Q)
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g 5=
Ro rang vip gid i cua Q la nghiemcua A" >0 <> l‘4 ‘ (4
<Q-< 14
= Q
_ : _ oy 2Q
Duu dang thie co kKhivachi kKhit= i (5)
Do vay thay vao (5) s€ co .
- : §
+Q = —1 dat duoc khi vachikhit= l<>x=-y 70 (6.1)
>
+ Q=14 dat duoc khivachikhit=1<>x=y 70 (6.2)

14
Tuch. (o h (6.2)ketlwan:  <Q< 14
1

(Chune ta con tres bai the du nay trong plieomg phap “tach bo phan kep”dicoi day)

2. Tach bd phan kép dé ching minh bt dang thic

Thidu?2.
. 2x" t 4xy 4 Sy’ o |
Tim GTLN. GTNN cia cic bicuthic Q=% 11 6ixeys0 |
X +y
Lot giai
k + 2)x +4xy 4 (k + Sy’
Vi ke R tacs @ + ke (K T2 HAxy £kt Sy’ -
X +y
e o (" -+ ZY) o 2 . .
tVark= 1coQ =" 71 >0 = Q>l. Daudang thiic c6 <> x=2y#0
Xty
o . fz‘ _V): n 2 ’ .
+Vaik= 6c0Q-6=—- — " <0 >0Q<6. Daudang thic co <> 2x =y # ()
X" +y

>MmQ = I MaxQ =6

Lai binh
1) Goi A" =4 Ak+20k+S)=-k"-7k~6. Ta 6 (1) ding vai VkeR > (1) ar ching
(k=1
vor gia tri cria k thoa man VP(I) 6 A= ¢> !‘ .

Do b diew grai thich s cé mat cue hat 56 —1 va =6 trong loi giai trén.
2) Viéc tim k thue hién trén grav nhap, khong bat buoc (khong nén) wrinh bay

trony bai lam

Pgﬁ.m,_ﬁmﬁ

: 348410
Thi du 3. Tun GTLN, GTNN ciia biéu thiic Q(x)= __ﬂ({_{ ;"" - X
+ Zx° '



Loi giai
Vai moiaeR tacé :

348xT +12x* +a(l +2x7°) 3 42 4(3 4
Q+a= X X :a:( F2x7) _ffii_*_az’_‘«‘t_( a)x n
(1+2x7) (14+2x7)

+Véi a=-3 tacoQ -3 = _ﬁ;4_x_~*<0 = Q=<3.

(1+2x°)
Dau ding thic c6 khi va chi khi x=0 . Suy ra maxQ =3

XétA' =4[ +ay-B+a)], A’=0R+ay=C3+a)y oa= »f:—

s 2 12
+V0f|¢n---——lacoQ—é {2 l)
2 2 2014 2x°)

5
>0>0Q2> —.
Q 2

Dau ding thiic c6 khi va chi khi 2x’=1 ¢> x = + :}—2: Suy ra minQ = ;

Thidud. (Trolai thidul)
Biét ring 3x’+4xy+3y’=14. Chimg minh ~I—;-‘- <x*+y'<14

Loi giai
eDEéy: 14-Q=2(x+y)’ 20 Q<I 4. Diu dang thiic c¢6 khi va chikhi

=0 -
xj—y g L= * y @xzmyziﬁ
3x" +4xy +3y =14 X" =7

[ ”

eDEéy:14-5Q=-2(x - y)<0<:>Q>15i D4u ding thiic c6 khi va chikhi

x—y=0 X=y J"I_
. s L s oOx=y=+ |-
3x” +4xy + 3y =14 =7 5

Thidu§

s b b- . - -
1) Tim GTNN va GTLN cua biéu thirc Q=9-———a—‘— t———-- vdi(a-+ b >))
a +ab+b’

2) Cho a, b, ¢ la céc s6 thuc duong cé a + b + ¢ = 3. Tim GTNN cuta biés thic
_a b,
a +db h b +bcH' c H:a%a

Loi giai
(1+k)a” —(1- k)b + (1 + k)b’

1) Voi VKo R, taco Q + k= - -
a tab+4+ b

Goi A=(1 -k)—4(1 +k)= (k+3)3k+1). A=0 <> (k= -:;k=~3}
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A 2(a - b) l
F VG k= + tace: Q e \,,,(, 50 &0~
3 3 3a +abtb) 3

vaiY(a, by a+b’ >0
Diu ding thie xay ra khi vichi khia=b# 0. Viay MinQ =% .

+Vark=-3taco Q-3= Ll f~ <0¢>Q <3 vin V(a,b): a+b’ >0
(a- +ab+ b))

Dau dang thite xay ra khi va chikhia=-b# 0. Viy MaxQ =3

4 4 4
% Cach I. Taco Q=——r b - -
a(a 4ab %b) b(b +bc+c) c(c +ca+ta)
Theo Svacxo: Q> ——— (@ +b +L_)_
a(a” + lb+b )+b(b +bct+c)+c(c’ +cata’)
. __(u' +b' ) _(_a“ + b’ jc‘)'
a(atbt+c)+b(a+bt+c)+c’(a+b+c) 3(a +b° +c¢’)
a’ +b’ +c3_
3
_ _ b a+b+c)y 3
Theo Bunhiacopski : Q> & 3 e _(d+3: o "“—“’,;—zl = Q=1
Dau dang thic ¢6 khi va chi khi a=b=c=1. Viy minQ=1.
Cach?
-rb b\ - 3 1_ k]
laco-_,ff_-- oo 5 4 C T8 @ b)+(b-c)+(c-a)=0
a’+ab+b’ b 4+bct+c ¢ +cata
= Qz—a_—lz. 4 + 3 C 5 + 5 2 N
a- +ab+b- b'-ibc+c' ¢ +ca+ta’
~a'tb b +c ¢ +a'
> 20= B T e e
a ‘idh+b' b +bc~|c c‘+ca+a'
b o 2 . 2
&> 2Q = (a+b) ---—-——dlthm +(b+ bC te - +(c+a) C, ca +E;
a +ab+b +bC+c' c +ca+ta

Tir két qua ciu | suy ra: 2Q 2%(;1 +b+btc+c+a)e QZ% (a+b+c) Va, b, ¢ >0.

Két hop vai a + b + ¢ = 3 suy ra Q > 1. D4u déng thic cé khi va chi khi a=b=c=1
Vay MinQ=1
Cach 3 (Ddnl giag phan ne dai dién).
: . L ! 2a—b
Trudce hét, ta chimng minh Va, b>0 luén ¢6 : —; a -2 i (0
a” +ab+b- 3

That vay: Doa,b>0nén (1) <> 3a'~ (2a—-b)a*+ab+b’) >0

- 3a' - (2a'-ab-ab’+ b)Y >0 (a+ b)a-b)’>0 (2)
Bat dang thice (2) diing. Dau ding thiic ¢6 khi vakhia=b.
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Vay (1) dugc chitng minh.
b’ 2b-c 3 2c- a
> . p. Tl .

b>+bct+c’ 3 ' cP4cata 3

Tuong tu ta cung co : (3)

Cong cac BDT cung chiéu trong (1) va (3) tacé Q> %(a+b+c) WVoa, b, cx0).
bén day tiép néi nhu cich 1.

Thi du 6

Tim GTNN va GTLN caa biéu thic : Q= (x +yXI —xy)

A+ x" X1 +y)

Lai giai
(x +y)I —xy)+ k(l + xz)i+ y)
(+x7)1+y)
[k +y) =y + A=y X+ k(A +y )4y
) arox+yy

Goi A=(1 - y')’ = 4[k(1 +y’) — yl[k(1 +y’) + y] =(1 - 4K°)(1 +y")

Suy ra A=0 kai%

Vai VkeR, tac6 Q + k=

3 2 i L1 ]

oVéikzi 6 Q+ iz(l—f-y 2y)x +2(’I y )x’+ I+y +2y
2 2 200+ x* X1+ y7)

_(-yyx 20—y )x+ (1 +y) _ (4 x+y—xy) -
204+ X )1 +y7) 201+ x° )1 +y7)

=>Q2 ——; . Dau dang thic c¢6 khi va chi khi x +y =xy — |

= GTNN cua Q la Q:——lz— \

o Vi ke 0 e O LY SN FEC oy INCOHY, = o3)
4 2 200+ x° X1 +y7)
Uy 20—y k= -y) _ (ox -y )]

214+ x)(1+y*) 20+ %7 )1 +y°)

<0

= Q=< % . Ddu ding thuc c6 khi va chi khi x+y=1-xy

~> GTLN ciia Q 1a Q= ;
(Chiing ta con trd lai Thi du ndy bdngedc phuong phdp bat ddng thic, toa di vcto)
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§2. PHUONG PHAP BAT DANG THUC
I. Céc bét dang thic thudng st dung

e Bdt &iﬂg thuc C6-s1:

+ Beit dang thiie Co-si thonyg thicomy

V@& moi n sé thue khong dm a,, a, ..., a, ta luon ¢o

a, +a, +...+a
e 2 M8 8.0
n

Dau dang thirc ¢6 khi va chi khi a,=a.= ...=a,
+ Bdt dang thice Co—si ma rong
Gia sw ay, a, ..., a,1a nso duong tuy y va o, a,,..

o
"9

a,+ .+ +a = 1. Thé thi aa+a.a.+...aa,> alal’ .a
Dau dang thic ¢6 khi va chi khi a,=a,=...=a,

n

., @, la n s6 thuc duong co

“n

o Bdt ddng thic Bunhiacopski

+ Bat dang thitc Bunhiacopski thong thuong

V& 2n s6 thue (a, a, ..., a,); (b, b, ... b)) taco
(a,b,+a,b-+ ... +a b, )< (af +a§ +...+ai )(bl2 +b§ +...+bi )
a,
| i bll

(Co sdch con goi L bat ddng thic (6si-Svacxo)
+ Bat dang thic Bunhiacopski md rong .
Cho m diy so thuc khong am (aj, a, ...,a,); (b, b, ..., b);...; (c),cy ..., C,)
Tacé (a,b,..c, +a,b,..c, +...4a b, .c )"

Diu dang thic c6 khi va chi khi ;' =—E-f~ =..=

—_——

. e
m so m sO m so

<@ +a¥ +..+al) (b +bY +..+bl) ... (c] +cV +..+cT)

Dau ding thitc ¢6 khi va chi khia,;:by:...c,=a.:bs:...c,=...=a,:b,:...: c,.
e Bdt ding thic Svacxo

Vaéi 2n s6 thue (ag, a, ..., a,); (b, b, ...,b,), trongdé b,>0,Vi=1,2,...,n.

a a a, +... t¢ .
Tacé —+2+..+4 4 O ta+.ta,)
b, b, b, b 4b. 4. +b

1 2 n

Il Cac thi du

~Thi du 7. (DH Ngoai thuong, khéi A, nam hoc 2001-2002)
Cho hai s6 duong x, y ¢6 x +y = |. Tim GTNN clia biéu thiic




Loi giai

A lai ___x—wl+l y—-1+1_ 1 Y e
N \/I— JI—x \[ -y . Sy

Theo Co-si : I & > 2 = =2 \/5 (H
Ji-x Jl o iy \[l:z&tt: y
2
(do x+y=1)

Theo Bunhiacopski \/l —X +\ﬁ—ys\/5.,/l -X+1—-y =\5(do x+y=1) (2)

Trir theo timg vé& cac két qua (1) va (2)tacéd : Q= \/—2—
l-x=1-y

DA4u dang thitc trong c4c bién ddi trén déng thdi c6 khi va chi khi 1
X+y=

< x=y=%. Vay min QzJ—Z_

Thi du 8. (DH Nong nghiép 1 Ha Noi, khéi A, nam hoc 2000-2001)
Cho a, b, ¢ 12 ba s6 duong c6 abc = 1. Tim GTNN cua biéu thiic

bc ca ab
Q=— +— + =3
a'(b+c) b(c+a) c(a+b)
Loi giai

Cachi trinh bay 1: Dat —l—= x>0, %=y >0, 1=z> .Tacéd abc =1 ¢> xyz =1

a c

2 2 z!
Biéu thic Q tré thanh Q=—— + ——+ (2)

y+z z+x x+Yy
Ap dung bit ding thiic Svacxo vao (2) ta cé

, 2 33
> (x+y+2z) x+y+z Xyz Ii — 3)
Y+D)+EZ+x)+(x+y) 2 2
D4u ding thic trong (2) va (3) déng thdi c6 khi va chi kh| x=y=z =1
Vay min Q=—;-

Cdch trinh bay 2: (Can bdng bdc nhdt cho ba bién vai diém roi)

Tiép ndi tir (2)

2 2 2

Tl oo Dl it s B, st el
y+z 4 Z+X 4 x+y 4

Cong vé theo v€ cic bat ding thiic trén ta c6

2 2 2
X +2z Z+X Z+X
+Y + y + + y 4

2 X+y+zZ
y+z 4 z+x 4 z+x 4
2 2 2
X z + 3\/
< + 2 + x+y - xy —-(doxyz=l) (4)
y+z z+x x+y 2
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Dau dang thirc trong (2) va (3) dong thai ¢6 khi va chi khi x = yez=l

3
Viy mi = -
nomin Q 5

[ Thi du 9. (Tro |2}i thi d‘.‘ ()§ '(‘hll(]ﬁg V) 7 R A : |

Tim GTNN cua biéu thic Q= - (x ¥ y) : x”
(l FxC
Lo giai

Theo bat d"m;, thiic Co sita co
l(x + y)(l xy)l‘w-l(x+y) +(1-xXy) '—, (x° +) +1+x y )— (1 + xj)(l+y")

‘-

(x + y)(l xy)l
Ll b1 4 y)
Suy ra

- Ddu dang thic 6 khi va chi khi Ix + yl=I1-xyl.

|
* MaxQ= % dat duoc khi vachi khix +y =11 - xy

1 3
¢ MinQ= e dat duoc khi va chi khi x +y =xy — |

Thi du 10
Goia, b, ¢ la 3 canh cia AABC. Chiing minh
b &

Q="+ + 23
btc—-a ct+a—-b a4+b-c

Loi giai

Cdcn 1. Theo bt dang thitc Co-si ta cé
A._M__i_. SEE. w_b____ A . = >3i[ i abc e (3)
b+4c--a c+a—b a+b-c (a+b-c)a~b+c)b+c-—-a)
b€ y : Vi moi tam gidgc ABC luédn ¢6 :

a>a —-(b-c)y=(a+b- c)(.n—b+c)>.() (4)
Tuorgtu b>(b - a+cib+a-c)>0,c >(c'a+b)(c+a—b)>0
Suy ra(abc)'>(a+ b - t:)(a~b+c)(c+b a)’
>abc>(a+b-c)a-b+c)c+b-a)

... S >1. Thay vao (3) c6 Q > 3. Dau dang thiic c6

(a+tb-cla- b+cKc+b-a)
khi va c1i khi a = b = ¢ <> AABC déu. (dpcm)
Chu y

o ubc 2(a+b —cla -b+ c)c + b =a)véi moi s6 duong a, b, ¢ la mot ude
luong ding nhad. Chiing ta con gap lai udc luong nay trong moét s thi du o sy,

e Cic phép bién déi & (4) duoc goi la phép dinh gid non.

L
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Xx=bt+tc—-a>0
Cach2. Dat {y =c+a—-b>0 Suyra a-.:y;al-‘bzl**ﬁxJ::}‘+ Y v

2 2
z=a+b—-c>0

I ' 4 1 : N
o='[ytz zhx x+y) Ux y) [y z +{.{ ,,L%]
21 x y z 20y xJ 1z y) Ix z)
Dé)'f . Z-?‘.Vx y>0. Dﬁudingthx:ookhlvadukhi ~r—-!<3x:y>0
y X y X

SuyraQ>~2- 2 4+ 2 +2) = 3. D4u ding thic c6 khi vachikhix =y =z>0

<a=b=c
Cdch 3. Dé don gian ciach viét,taditS=a+b+c=>S 2a=b+c a,
S-2b=c+a-b,S-2c=a+b-c

a 1 1] c 1
+—1+ + |+ + =
S-—-2a 2] (S—Zb 2} {Snlc 23

3
Ta co Q+;=

—

S( 1 3
“2(S—2a S—2b s-2c)°2 J(s 2a)S 2bXS 20)
.S 33 _95 9

2(S 2a) +(S—2b)+(S—2c) T8 2

3
—>Q>E-§—3 Dau déing thiic c6 khi va chi khi S — 2a = S-2b=S-2c <> a=b=
Loi binh
q.a, qa,

9,3,
Khi O coédan U,
Q codung Q= U (a,.a,,...a,) U (a,.a,. ., a) U, (a,.a.,. )

trong dé Ufa,, as,....a,), i=1, 2,..., k la cdc bién Iluir bdc nhat, dong !hm cac hedn
vi vong quang cia dy, ds,.. a‘ thi bang cach doi bién x =U{a,,..., a,) . bicu 1l

tro thanh Q' ¢é dang Q’ —p, L+p L. T +p, X Cac danh gid bat danyg thit dé
X, X, .

thay hon trén Q.

Thi du 11 (Bat ding thiic Nestbit)

b C 3
Cho ba s6 duong a, b, c. Chimg minh Q=+ —— +—— >~
L b+c c+a a*["_‘?,_,m,
Lai giai

a b C '
Taco Q43 = — + 1|+ ES L N R ii
Q b+c ct+a ] (a+b ;

[ | 1 Ha+bic)

= (a+b+c) + + > 4 w
+b b+c c+ta ,ﬁubxbuxu i)
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\ 3 3(3 b bt c) 9 9 3
> = > 0 g S 3= —
Jlfbibi‘(.‘i(.‘}d 2 2 2
Diu dang thie ©6 khi va chi khi a = b =c. (dpcm)
Lot binh
e X, . X . : i
Xet breu thi- Q= Py + e sioe 4.+ P2 (p, la cac hang so thiee, =1, 2,0, n)
YE Yl‘ Yu
e Neéu ton tai bé so thin- (q,. @>; .. q,) . q.20VI=1,2....n sao chopX,+q)Y,
6 ciing mot bién thite g chang han p X +qY =r,C
X X +qY C L i
> P +q= Pt T N ngtoi ta thieemg bién doi
Y Y, Y,
“~ g P‘xzf -! ’p’x’ ipnxn
=R p g i p g et T g,
MRS AR N A v,
-C rﬂ e _E;_ i _rE'_
Y, Y. Y,

Bi mat cvia Q dé thavy hom trong biéu thire C[ g By e ]
Y, V. Y
® Bo 36 thue 4, noi o trén dioe goi la ~bo so ding yéu ~ cria biéu thire .
e Trong hii trén ¢=1 la “bd s6 ding yéu” cua vé trdi trong hdt dang thin
Nesthii. Do la diéu gidai thich tai sao ta cong thém 3 dom vi cho biéu thite Q.
C dc ban theo doi thi du tiép theo.

[ Thi du 12
Chon (n 2 3) so thee duomg a,, a.,..., a,, Goi S=a,+ a.+...+a,.
a, a, n
Chimg minh Q:= - = >
= = S-ka, S-ka, S -ka, n-k
: k
trong d6 k Ia mot so thuc thoamian: — <min} a,, a,,...,a,}. (1
n
Lot grai
Véimoiit ' 2 __ n)iaco I - L B0k, =—— 2 .
' S —ka, k k(S ‘ka)) k(S--ka)
s‘l 1 1
-2 Q+ sl ot SVE e o (2)
S - k.a S - ka, S ka,
Déy: Tu(l) >S ka>0. Do vay ip dung bat diang thitc Co-si vio vé phai cua
(2) taco Qt . :__g_ﬂ SR R
k kvuﬁ ka S —ka, ) (’s -ka,)
S.nn

> RPN e e

ki(S—ka,)+(S—ka,)+ .. +(S—ka,)|
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> N . S o

k[nS-k(@a, ta, t..+ta,)| k(nS-kS) kin- k)
n’ n n

B QR e R >\*~ d

Q k- k “n-k Q - (dpem)

Diu dang tiiic ¢6 khi vachi khi S - ka, Ska,=.Skac>a=a=.=a,
(Voi n=3, k=1 cdc ban thay lai hat dang thite Nestbit)

Thidu 13. Goia, b Cla3cmhcuaAABC TimGl'NNcuabléuﬂlm

4 9b 6¢
Chlmg mmh Q=— _a___ S IR TR '- DR £ ” -

bic~a cka_b a+b -C

Lai giai
Cach I - Dé dom gian cich viét, datS=a+b+c=>S-2a=b+c-a> 0,
S-2b=c+a-b>0,
S-2c=a+b-c>0.TacoQ+ g(‘i [—*L——- ] [~-~~* ] i Ll t

S—2

=2y = + (1
S-2a 2(S~—2b) S— 2c 21S—-2a S-2b S 2c

3 >

- - - f' -
2 3 ¥ @+i+e M

— + —+ >
S-2a S-2a2 S-2a (S-2a)+(S-2b)+(S-2c) S

8 _
Thay (1) vao (2) c6: Q+-2_9->~S- ~l Q> E” 29:26(dpcm)
S-2a_S-2b_S-2

2 S 2
Déu dang thiic c6 khi va chi khi — —=- =
2 3 4

4S 9S 88 s[ 2?

Theo Svacxg -

o

2 3o
S-2a S-2¢

2 4

——b-*-(:_ —
6 5

L= p g

e
b+3c=3a 7

Sb+c=15a 2b—c=a
&>
b+3c=3a

- -pw - » ’ ” " * - 9
[L& giai trén da sirdung “ho so dang yéu” coa Q la (2; 2 )]

2x=b+c—-a>0 a=y+z
Cich2. Dit {2y =c+a—-b>0 = {b=z+x .Vt lm
2z=a+b-c>0 c=x+Yy

y 2
20:4(y+z)+9(z+x) 16(x +y) _ {4)’ 19X ] [4*+|6El Iq__ TS ]
x y z 7z}

Ap dung bat d."mg thic Co—si cho timg cép 56 diiong rong diu ngoéc ta oo

e
2\’)2‘2V‘ —! 2\14—— l6—— +2\/9E 161 =12+16+24=52
X

b4 Z
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<> Q> 26 (dpcm) . Dau dang thiic ¢6 khi va chi khi

4y  9x

: i(}: 4y 9x’ 2y - 3x |

= i o142 =16x" {22 =4x < A {'>().
X 7 92 — [6v° 1y - 4 y 4 3

92 16y e A S

y 4

M I3 mot diém thuoéc mién trong cia AABC . Goi A, B, C, theo thu tu la
chan cac duimg thing AM, BM, CM trén canh BC, CA, AB.

MA MB M(‘.
Chimg minh Q= —— — 6 (1)
g Q= 7Y

-----

Goi S, S.. S, S theo thi ar lan !U(_ﬂ la dién
tich cac tam giic AABC, A MBC,
AMCA, AMAB > $=S,4+5,+S,. Ta c6 :

o430 gl M L E
‘ MB, MC,
_AA, BB ks

Pisatried O
TMA,  MB,  MC,

Tir A, M ké cac dudmg thang vuéng géc
vai BC cat BC theo thir tr tai A, M,

(2)

AA, _AA, S B, S CC, S
Rérang —+=-—2="—_Cingvly —-=—, —1="
MA, MMn S, MB, S, MC, S,
Boi lhé thay vao (2) ta co Q+3—"-S—+_§u+_§_—s 3 +_!_+_]_
S, S, §, S, S, S,
Thions Ch-815 Sl bt oD S8 B>
oS, S, .-‘/SSS S, +S,+S8, S

= Q+32>9%5 Q> 6, ddu dang thic c6 khi va chi khi S,=S,=S,
<> M la trong tam AABC (dpcm). (h. 19)

Thidu 15
Cho a, b, c 12 céc s6 thuc thay déi thuéc [1; 2]

Tim GTNN, GTLN ctia biéu thiic Q—(a+b+c)[ + :)+ l]
c

Lo e e - S ceo]
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Loi giai
® G tri nho nhdt :

Theo Co-s1 (a+ b +0¢)

I 1 1
gy _+_ - +, s
a b c

> 3/abc .3 _‘___L_ =9 hay Q>9

Vabc
DAu ding thic cé khia=b=c¢>0. Suy ra MinQ =9.
® Gua tn [on nhdt :

Tu xel0; 1] =>a, b,ce]l; 2] . Suy ra

015352:v[3—l][3—2 <0 |2 —2-—;5‘%!50«‘::»3']~*+SSE n
2 & c 2)lc ¢ v c a 2
Khong mat tinh t6ng quat, giasit ] <a<b<c<2suyra
b b b «
-[l--f’-](i-k +[l—-~}[l—£ & e e o o= 2)
b c a b b ¢ a b c a _
Taco’:(a+b+c)[l+l+—]— =3+ 3+E+E+_€)+(3+E]
a b c c a c a
s3+[2+3+5 + 3+5] 3)
C a C d
" S 5
1u(!),(2).(3)$uyraQS3+2+—5+-i=l(),

Dau dang thiic xay rakhi(a=1,b=c =2).

Tém lai Q < 10 (dpcm). Do vai tro binh ding clia a, b, ¢ nén suy ra déu dang
thiic khi va chi khi trong ba c6 hai s6 bing 2, con s6 kia bang 1.
Vay MaxQ = 10.

s = I
Cho a, b, ¢ > 0 va ab + bc + ca = 36abc. Tim GTLN cua biéu thic
| I i
= + +
2a+b+c 2b+c+a 2c+a+b

Loi giai

e Trudgc hét ta chimg minh véi ¥x, y duong luén cé

That vy : Véimoix,y >0tacéd (x —y)' 20> (x +y) > dxy

o XY o Lot gdpem)
Xty 4xy x+y 4x 4y
1 |
Theo (1) : —*I—*wsl—w«m——»—usa— +-_—]~—+-—~l-—-- (2)
2a+b+c 8a:- 4b+c) 8 16b 16¢
TU’OTIg tu: -ffﬂ*l_.‘m g_!_ +,,_!.._ + _l._ (3)
2b+c+a 8b 16¢c 16a
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| | |
: e v + : (4)
2eta+b RBe 16a 16b

Cong vé theo vé cac bat dang thire (2), (3). (4) ta ¢o

[ . | ab { be o«
0 - l "y _ A ca (5)
4la b ¢ Jabc
2 e 1e o 36abc
Theo gia thiét ab + be + ca = 36abce, thay vao (5) co Q < bdaclO v
4abc
as=b=« ]
Dau ding thie ¢6 khi va chi khi . (Pa=b=c= -— . ViymaxQ =9
3a- - 36a 12
“Thidu1?

Choa>3,b>4,¢>2 Tim GTLN cua biéu thic
Q- dh\/( -2 4 b(\/d -3 4 cavb 4
- ﬂhﬂwﬂ_
Lai giai
Tur gia thiét suy ra cdc s6 ¢6 mat trong can thie déu ¢é nghia.
: , c~7 \/ (c-2) I ahc 2 I
Iheo Co si: —\/— : Vs <

c c\/ 2 ’\/ ’> abe ‘ 2J2

wJZH3 | LMm 4 I

Tuong tu: - — L — -
abc 243 abc 7\[4
. ” ) = . . o2 . » l I I
Cong cac bat dang thice cung chiéutréntaco Q< — + — -+
22 23 24

dEgE~2
Dau dang thirc ¢6 khi vachikhi {3=a -3<>{a=6
4-b-4 |b=8

.&-

Suy ra GTLN cua Q 12 Q= 1

J‘ °J3 VA

has R
Cho x, y la cdc s6 thay déi thoa min diéu kién 0 <x <3,0<y <4,
| Tim GTLN cia biéu thic Q= (3 - x)(4 - y)2x +3y)

Lo giai

ot ot ! 1
Viét lai Q :i 2(3 - x)3(4 - y)(2x + 3y) = ( (6 - 2x)(12 -- 3y)(2x + 3y)
) )
RO ring vai 0 < x < 3, 0 <y < 4 thi cidc s0 (6-2x), (12 3y), (2x+3y) déu khong am.
. 62 2 -3y)+(2x +3y)|
Theo Co s1: Q < - S s ;vyH Xty hay Q = 306.
y | i

205




s o e=2x =123y x =1
Dau dang thic c6 khi va chi khi <>
6 —2x =2x + 3y y=12
Suy ra maxQ = 36.
Lai binh
1) Tiém dan dang sau sie thay doi ciia cdc bién x va y lai la sic khong doi ciia téng
cdc biéu thite (6 — 2x), (12-3y) va (2x+3y)

» hd - - L ”, - * l . - P -
2) Sir mach bao nao dan ta dén cac nhan ur 2 ;3; P trong su bién doi trén’?

Traloi " VaiVa,b>0tua c6Q :Lb [a(3 — x)][b(4 - y)N(2x + 3y). Tu di tim cdap
a

(a; b) sao cho tong sau khong phu thuéc vao x va y : Q’=a(3—x)+b(3-y) + (2x + 3y)

<> Q =3a+3b+(2-a)x+(3-Dby.

2-a=0 {3:2
<>

Diéu doé xay ra khi va chi khi
' 3-b=0

Thidu 19
Tim trén D=I~—2lw%} GTLN cia Q=(2x+1)*(1-3x)".

Laoi giai

.TréenDtaco2x+120;1 -3x>0.

3

9 10
VietlaiQ= — (2x + 1)} |—( —3x
Q= ){9( )

Ap dung Co—si cho 8 s6 khong am gém 5 s6 12 2x+1 va 3 s6 Ia l—‘;»)f(l—}x)

9] 253 B SIJ

10° 23° 927

.
9' |1 10
tac6 Q< “1S2x +DH+3—(1-3 =
resos 2 [tsas 122

Dau ding thic c6 khi va chi khi 2x + 1= L‘?“ -xX)ox= ;;"‘-GD

12

ViyQ = ~95227 la GTLN cua Q trén D.

L@i binh

Ciing nhue thi du 15 o trén, véi YVa> 0 ta ¢6 Q = --l,- (2x + 1)'(a - 3ax)". Tu tim

a
s6 a thoa man Q' =5(2x + 1)+ 3a(l - 3x) <> Q’ =5+ 3a + (10 - 9a)x khong phu
thuoc x. Diéu dé o khiva chi khi 10 -9a=0¢>a= —I;)
3 9 y9xt4s
Thi du 20. (mox>L34*)Tm1GTNNcan:-fmﬂ?_ﬁwfth
x =
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Lo giai
. 48 , 24 24 .
Vet lan Q= 3w 1y + : =3(x - 1)+ — : + I‘V(nx>i,3<>x-l>0.
x X - X -

3(x — ')‘T?f‘-?“

TheoCo sitaco Hx -1y +  — + —— >33~ —n
- (x 1)y

=36

Suov ra Q > 36

Dea dang thie co ki 3(x - 1) = ~24--.- ¢>(x — 1)'=8 ¢>»x =3 (thich hop (%)).
Viy minQ = 36

La bimkh. Biéu thitc Q co dang

. o M . m M 2. -
Q=M(xx+a)"+ - ..E-j‘ < Q= Ay + Lol vs tot - ra
(x + a) . v B P
' P wov;ang
N N
' I

+ s _*_ . + s e s
q(x +a)"  q(x +a)" q(x +a)"

M| (N}
2> 0Q0>Q =(p+ q)'"jli—] [»»] (x +a)™ ™
P)\q

Tadi tim p: gdé Q khong phu thuoc x. Diéu do 6 khi va chi khi mp-ng=0

<3 e Trong thidu trén (m=2; n=1) = (p=1, 4=2)
n m

| Thidw21. (DH Da Ning, khéi A, nam hoc 2001- 2002)

Cho x. y, z 13 cic 56 thuc duong thoa min : x* +y + 7 = |

Tim GTNN ciia bidu thic Q= ————+— %+ %
y +zz z . +x° x +y

Lai giai
Cah I_(Tach bo phan keép)
Tugiathi@suyral<x,y,z< I vaQ =—~--§—_, +— Y“i + ’— (1)

1-x 1y 1-z
LI T

Taco Q S -—Q—fr?(x+y"+2‘)
x 33, y 33, z 33,
o el e el | ) e e
lh-x* 2 -y’ 2 Jozf 3




. - |
= Q>0 Vx,y, z thuéc (0; 1). Ddu dang thuc c6 khi va chi khi x:y=z=;i

3J3

=> minQ = "3

Lai binh

33 33
Ban doc ddt can hoi so = dén nt ddau va tai sao vet hiew Q——- ?

Trd léi- Do tinh binh dang cia cdc bién nén ta dw doin minQ dat dugc khi

Xy \}3 hay minQ= Q(\—;-;UIE—J%]

Vaimoiktac6 Q —k=0Q —k(xr+y+)

R Y T aren)
1-x> 1-y* 1-Z2°
o (WL 5 ) +[~—z-,-—u‘]
1—-x- = A B
l,
o k=minQ -?Dk—Q[' . :'l ; I“]=0 ‘[5 =k' ak:g\_@
I NN AN I T Rt
3
. i . 2l .
Vai k= 3V a6 — 3 =3i3/§5[x LI BV ST
2 1-x> 2 | -x’ N

Cach 2. Tiép noi cach 1 wr (1)

e - ;
Theo Co si : 2x°+ (1 - x) + (1 - x) > 3Y2x°(1 - x°) <> ; > Y2 (1-x°y

‘2 1 3\/3 1\3\[57

8 y. | .7
= o > 2x°(1 - x°) &> x(1-x7)< < 2 P > =K

33 x(1-x%) 2 ¥ 2

3, z _33,
Cing vay : - Lo B 3 ] s J k

- = » - =

-y . |-z 2

33

Q> - (X ty +72)=-_—
@ 2 d r.

. _ _— I _ N
Dau dang thirc ¢o khi va chi khi xzy:z-—.:ﬁ:.V@yme:—: .
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| Thi du 22

Cho bon s6 thue duong a. b, x. y, 7 (a, b khong do).

Tim GTNN cua biéu thiic Q khi x, y, z bién thién, vai
L Yy o T

k (ay t+ bz)(az + hy) (v 4 hx)(ax 1 b/) (ax -1-by)k;1_y { hk)'

Lo giai

Taco (ay + bz)(az + by) =ab(y + 7z )+(a +b)yz< ab(y +z27)+ : (a+b ) (y +7)

1 e B
Tom lai (ay + bz)(az + by) < 5 (a+b)y(y +7)
X" 2x°
> - P e
(ay + bzaz+by) (atb)y(y +277)
Diu dang thiic ¢6 khi va chi khix =y
¥ s 2y°

(u " bx }ax + bz) (a + b) (z° +x° )
7 27

(ax + byMay + bx) (a +b)y(x +y")

Cong vé theo vé cdc bat dang thic trén ta c6

Tuong wr

2 ; : 2
. st Pl = "Ty“ O ';'Z*‘T
(a+b) y 41 7z tx x +y
. e .. a b C 3
Theo Nestbit: Véi Va, b, ¢ duong lubnecé — —+—— -+~ ->> suyra:
btc ct+a a+b 2
3 L. . % g § . 3
Q> - , . Dau dang thic co khivachikhix=y=2 VayMin Q= - .
(a t b) (a tb)
Thi du 23. ( D¢ du bi Olympic Quéc t€ ~ 1993, My dé ngh.) -
Cho bon s6 thue duong thay doi x, y, 7, 1. Tim GTNN cua biéu thiic
= x. i ,;_,y el __;,Zi__,‘, ( S (])
y+2z+ 3 z-i2H3x t+2xi3y x12yl3/

Lot giai
Cach I: Viét lai

X3 y‘ 'I,: l?
MeHrQ=———— e — . il e .
Xy + 2xz 4 3xt yz + 2yt ¢ 3yx A+ 22x + 37y tx + 2ty 4 13z
Theo Svacxotaco: Q> — - (xtytzi ”
' 4(xy|xzixt{y1£yl+1()
2 o (xtytztty 2

>»Q—-—2-
3 4(x) &x/{xl+y/§yl ‘rn) 3
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) (x Yy t(y-2) t(z ) (. x)’] 2
> Q- 2+— — >0 > Q> -
3 I”(xyixz{xl%yz+ yt +21) 3

e ; 5 yo ; 2
Dau dang thiic c6 khi vachikhix=y=z=1t. VayminQ = 3

L.0i binh.
Do tinh binh ddng ctia cdc bién nén ta diw doan GINN biéu thite dar dioc khi

7 : . Y . .
vEy=csf = 3 .Diéu do giai thich suw hién hine cua so 8 trong qud trinh di tim

chan tri civa minQ).

iRt bd—5
B 24
y+2z+3t=a>0 Te td+a- 5b
: y:, e o
z12t43x=b>0 2
Cdch 2 - Dat N 24
t+2x+3y=¢c>0 Z_?d%a'kbr_ﬁc
y+2y+3z=d>0 24
LJatate-De
24

Bieu thirc Q tro thanh :
7b+c+d—5Sa 7c+d+a Sb Td+a+b- 5c+7a+b+c d

Q—"*"——iifw T 24b 2c  24d
: d b b ¢

e S g g B +~-’--—[5+~q+_+3+5+—— oy =
6 24la b ¢ d) 24 a b b ¢ ¢ d d

5 7_4 bcda ¥y _ 7
6 24 \ abed 24 (abcd)’ 6 6 3

. S i ; Y 2
Dau dang thic co khi vachikhia=b=c=d < x=y=z =1 Viy mnQ= -5

Cho x, y. z 12 cic s6 thuc duong thoa man x +y + 7 = |.

1 A 1
x | 7
NP A

o i s + >
”x Fiy 14z 2y +3z +4x 271 3x + 4y

i Thi du 24
| Tim GTNN cua biéu thic Q=
|
|

Lo giai

3 3 -
VT Y o PR IR SIS, S
~¢“x + 3) +41) y(2y+37+4x) 72(2z + 3x 1 4y)

x4y tz )

Theo Svacxosuy ra: Q> -
x(2x k'&y F4z)+y(2y b3z 4 4x)+ 222 1 3x ) 4y)

XAy 42

. 5 _ (h
Ax ty +z )4 Xy t yz+ 7x)

£ Q>
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5

Theo Bunhiac upsk: (Xy +y7z+ /x) X+ \; + 7 nén wr (1) suy ra:

X4 by I D T I

)& -~ ,( ~} et e e f XU Y TN 2
2064y tz2)tx vy +27) 9 9 9

Dau dang thue trong han lan danh gid trén dong thoi xay ra<> x =y =z =

_ |
Viy minQ =
. 9
Lot binh. Ta c6 két qua vai bai todan rong hon.

| Bai toan.

|

- Cho M.a, b, ¢ la cic 56 thue duong cho trude va x, 'y, z la céc s6 thuc duong
-~ thoa man x+y + 7z > M. Tim GTNN cua biéu thiic :

|

!

3 1 A
Q: . X + y . +_A“,,,‘,,§,,,A*._,,
ax + by 1 ¢z ay i bz tex  az +bx rcy
l,m giai
xJ 4 14
ViethiQ=————+- I PR .
x(ax + by + c¢z) y(ay + bz +¢x) 1(‘17 + bx +cy)
Theo Svacxosuy ra Q> rw~~9-:—t —)/:— i?j_zm__‘__“**___,
x(ax - hy { cz)+ y(ay + bz + cx) + z(az + bx + cy)
P Qz T ,,fk.(‘¥— “{y +Z ) (!)

a(x’ £y + 2z )+ (b fc)(xy + yz } zX)
Theo Bunhiacopski: (xy+yz+zx)<x’+y’+z" nén tir (1) suy ra
(' ty +2z7) xﬁ-1y +z' M

[} S .l —— R
n(x'+y'+/)f(bic)(x +y b a+b+c a{~b+c
Dau dang thic trong hai lan ddanh gia trén dong thoi xay ra <> x=y=z= 5
: ; M
Viy minQ = ——
atbtc
8 |
Vai M=1a= 2.b23,cz4tucnme=(-)
 T'hi du 25. | T T
Cho x, y. z I ciic s6 thue thuoc [0; 1]. Tim gia tri 1én nhat cha biéu thic
X z
| Q=———+— y~~~+~~-—-~-~~—+(I - x)(1 = yX1 -2)
| )r/+l xtz+1l y+x+41
Laoi giai
Khong mat tinh tong quit, gid st x=max|x; y; 7} s¢ co
7 7 :
= " (*)
yt+xtl ytzitl
2

3




T ()
x+z+1l y+z+1

S V.. B
ytz+l y+z+1
Cong theo timg vé c6: ~»»~--l(——-~-~+~--—v»—¥r~~~~--+‘ e g SLE {::|+ — I-
yt+tz+l x+z+1 y+x+1 ytzyl y+z 1
Hay Q<1+ ——x;—l— + (1 = x)(1 -yXIl —-2)
yt+z+1

& Q< +(1-x) (-y)l-zy +z+D-1

y+z+1
Theo Co-si: (1 - y)(I —2)(y +z+ 1)< _!;zﬁ;!-“?;} K2 '] _
(1 —x) (I-y)d—z)y+z+1)—1 < = = O |
yt+z+l y+z+1-0
. ., L et HE=x=0 X =il
Dau dang thic xay ra khi va chi khi e
l-y=1l-z2=y+z+] Y < 2 -=4)

Vay MaxQ = 1, dat duoc khi trong 3 s6 x; y: z ¢S | s6 bang 1, con 2 sécon lai
bang 0.

\Cha y. Cdc phép bién dor o (*) dvoc goi i cdch danh gid troi.
Chiing ta con gdp cach nay trong mét s6' thi du o sau.

" Thi du 26
Cho x, y, z 1 céc s6 thuc thay d6i cé x*+y + 2 = |.
Tim GTNN va GTLN cua biéu thic Q=x +y +7 + Xy +yz + zx

Lai giai
1) Gid tri nho nhdt cua Q :
DEY:(X+y+7)=x"+y +72 4+ 2(xy+yz4zx) > (x +y+2)'= | + 2(xy+yz+7x)
: ol

. t -1 .,
D:ft!=x+y+z,ltl<\/§.lacoxy+yz+zx= n vaQ=1t+

=> Q> -1, diu diing thiic ¢6 khi va chi khi t = -1 (thich hop)
Viy minQ = -1
2)Gid tri lin nhdt cia Q

Theo Bunhiacopski tacé: e x + y + z S\/(F ANy Iﬂ;?; & 4

oxy+yz+zXx <X +y +7 = | (2)

T (). (2)suyra Q<1+ J3 . dau dang thic ¢ khi va chi khi x=y = 7= /l%
V-

Viy maxQ=1+ J3.
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Thi du 27. (DH Xay dung, nam hoc 2001-2002)
Tim GTNN cta Q =cos(x +y + 7). trong do x. y, 7z la ba s6 duong thay déi

: 3
tren [0 I vathoaman x +y +7 = . ()

Loi giai
Datt = x +y + 7. Biéu thitc tro thanh Q = cost.
Trudce hét ta tim tap xdc dinh cha Q, tic 12 tap gia tri cua biéu thuc t.
a) Gud tn nho nhdt cda t.

§ . B e S B 5 9 3
Theo Bunhiacopski: (I'+ 1"+ ') (x +y +7)>(x+y + z}“:Z = P i >0(2)
b) Gid tri lon nhdt cua t .
2 s a3 s
Goi P=xy +yz + zx. Taco 4=(x+y+l)":x +y +z2 +2xy + yz + zx)

9
H1=—-2P

Ta di tim GTLN cua P.
Khong mat tinh tong quat, ta gia su x >y > 2> 0, wr gia thi€t suy ra xe | 5 B

5

3 3
(}QiP:xy+yz+zx=yz+x(y+z)=yz+x(§ f-x)=yz+(£ X ~X)

; . 3 ; 1 ] e
bé y : Xem ham s6 f(x) =5 XX Taco f(; =f(1)= 2 , hé s6 cua x'bang -1 <0
siy ramin f -f[—-fl)—l P> l>l
sxymn?‘l? (x)-(é)-( ——5 e _yz+~ér —2
N ) . . |Ix=0 hoic x =1 9 5
diu dang thuc ¢o khi va chi khi ' Dt<——-l=—<n (3)
yz=0 4 4

hidu 28

L R ——

Két hop vii x +y + 7z = ; => dau dang thic c¢6 khi va chi khi trong 3 s6 x; y; z

s

. . ; :
c» mot s6 1a 1, mot so 1a = sO con lan la s 0.

-

35
Tu (2) va (3) suy ra Q ¢6 tap xic dinh la: te —4 ;QICIO; 7d|

Trén

35 : 5 5
“i—1,Q = cost la him s6 nghich bién > minQ = Q( - ) = cos —
A 4} ‘Q ghi Q= 3 7

1) Ching minh v&i moi x, y, 7z khong am luon ¢6 :
Xyz>2(x+y-  z2)(x+z -y)Ny+z  x) (nH

2) Cho a la $6 ¢6 dinh, x, y, 7 la cdc s6 thuc khong amcox +y +z = |

Tim GTNN va GTLN ctia biéu thitc Q =Xy + yz +zx - axyz
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Loi giai

I.Déy: Véaix,y, zkhong am thitrongbasGa=(y +7 - x), b=(x +7 y).

c = (x +y - z) khong thé c6 qua mot s6 am.
ve 5 . . P 2 2 i - = , Xty 7 < ()

Gia str ¢6 hai s6 Am, do tinh tinh binh dang cua x, y, z, ta gia su y "
X-y4z-
Cong vé theo vé€ ta co6 2x < 0, trdi gia thiét x > 0
+ Néu trong ba sd a, b, ¢ c6 mot s6 am thi (1) ding (do xyz > 0 > abc) (2)
+ Néu cda ba s6 déu duong thi tacé x’>x"—(y -z)’=(x+y -2} (x + 7 y)>0.
Tuongtuy’ > (x +y —z)y+z—-x),z2(Xx+z - yNy+z-Xx)
Do viy, nhan vé theo v€ c6 <> (xyz)' > (X +y —z)(x +z - y)(y +7z x)

> Xyz>(X+y-z)(X+z-yNy+z-x) (3)
Tir (2), (3) suy ra (1) duoc chitng minh.
2

1)' G tni lon nhdt cua Q.
Stdung xyz>(x+y-2z)(x+2z- y)y+z- x)kéthopvoix+y+z=11¢6
(D xyz> (1 =2x)1 -2y)(1 —22)=1-2(x +y + 2) + Hxy + yz + 7X) - txyz

9xyz | I 9
DXy +yzZ+2Xx< ——+4+— . SuyraQ< — + |——a|xyz (4)
Y 2 TRty ] 4
Chuy :
3
: ) ]
OSKyZS[i—T_;;E] =§l—7—,da'ud:ingthﬁ'cc6khi vichikhix=y=z=_(5)

Do vay, xét a:

9 1 (9 1 9-a I
ea< — twr(4),(5suyraQ<—+|——a|— =——. Pat duoc khi x.=v=z= -
4 s yQ4(4 ]27.27 " A ' 3
9-a
= MaxQ= (6)
0= 21
°a>—9— n‘r(4)quyr1Q<_|r
4, D € - 4-
Vai x= o z=0thi Q—l su ramax()-—l (7
2 2™ 4
2) Gid tri nho nhat cua Q.
3
Véi xyz > 0, theo Co-sitaco (x +y + 2) . 1 d + L 23Yxyz === =9
X y 7 {ﬁyz
Két hgp véi x +y + z =1 ta co:
: 1 1 I
Xy +yz+zX =Xyz|—+ —+—|=xyz(x +y+z)| -+ + | Z9xyz
X y z X y z
Hién nhién xy + yz + zx > 9xyz ding ca trong truomg hop xyz =0
SuyraQ=>(9 -a)xyz,(Vxyz:x+y+z=1) (8)

Do vay tri s6 cua minQ con tuy thudc vao diu cta Y - a.
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- . 9z 2 . iat m  ama I
ea>Y:Tu(S), (B)ytacoQ - 55 ' Dau dang thic ¢6 khi va chi khi x=y=7=_

“ %,
. M _‘) a 0)
> MinQ = ¥ (
ea< Y Tu@®)suyraQ >0 Virx=y=0z=1coQ=0 >MmnQ =0
Q- a : Y .
néu a < 0 neua <9
- : A 27 E
Fom lar - MaxQ= va MinQ={9 -4 |
| . .9 ——— néua>9
néu a > -
- 27
Chdany han
: ) : |
Vara=10taco0<Q< y
.

Vaha=2taco0<Q< =,
27

%’! Bt dang thiee (1) la mor woe hiomg dang nhé. Chiing ta con gap lai né trony

(Vo dich todn Quoc té€, 1984 -CHI.B Duic)

mot so thi di vé sau.
Thi du 29. (DH Vinh, kh6i A+B, nam hoc 2001-2002) -
Cho a, b, ¢ la 3 canh cua tam gidc ¢6 chu vi bang 3. Chimg minh
Q=3a"+3b "+ 3c +4abc > 13 (hH

Lo giai

Trude hét : ¢6 hai nhan xét sau day

1) Véimoia,b,cluoncéab+bc+ca<a’+ b’ +¢’
¢<>3ab+bc+ca)<(a+b+c) (2)
Kéthopvdia+b+c=3c6(2)<>ab+bc+ca<3

= f;(ab+hc+ca)2—2 (3)
2) Theo két qua thi du 28 & trén suy ra trong moi AABC luén co
abc>(a+b-c)a+c-b)b+c—-a) Kéthogpvsia+b+c=3taco

abc > (3 -2a)(3-2bX3 - 2¢)=27 - 18(a+b+c)+ 12(ab + bc + ca) - 8abc

> 9abc >27 - 18.3 + 12(ab + bc + ca) => 4abc > 12 +l—:2(ab+bc+ca)
: 5 : 16
SuyraQ=>3a"+3b +3¢c 12+ u;-(ab+hc+ca)
. 16
=3[(a+b+c) -2(ab+bc+ca)] 12+ ; (ab + bc + ca)

: 16
= 3|3 - 2(ab + bc + ca)] - 12+ -; (ab+bc +ca)=27 12 -~§- (ab + bc + ca)

=l5"~%(ab+bc+ca) 4)



Thay vao (2) vao (4) c6 Q > 15 - 2=13. Khi va chikhix =y =7 = | thi ldt ca
cic bat ding thic trong cédc bat dang thic trén déu can bang.
Bai vay Q=13 la GTNN cua Q.
Thi du 30. (V6 dich Quéc 1€, nam 2000)

Cho a, b, c la ba s6 duong thoa man abc = |. Ching minh

1
Q=+~ -Ixb+ 1—— I)Xc+ 1~—I)$ |

b C a

Lai giai
Sir dung bat dang thiic xyz > (x +y — zXX +z — YNy + z - x) (thi du 28) cho ba
. 1 a I i l
sO thuc duong x=a,y=—-,z=1tacéo —->(a+--  D(a+1 -)( +1 a)
‘ 5 * b b b : b b e

L

; b
Nhan theo timg v€ cua bit dang thic (1) véi — > 01a co
a

] 1 1 1
(el 2@+ — -Dbatrl——)— (—+1-a)
b b a(b

| | I
> 12@@+ —-D(ab+b-I)}—+ —-1) (2)
b ab a
. o i | 1 | 1
Theo gia thiétabe =1 ¢<>ab= — thay vao (2)co: I > (a+ - -1){ —+b-l)(c+ -1)
c C a
|
) . ) L Ix=y=12 4 =—=]
=> Q < 1. Dau dang thifc ¢é khi va chi khi &S b ¢d>a=b=c=1
abc = |
abc = |
*,”;l a_l".""glﬁ‘""" T T T
Cho ba s6 thuc x, y, z thoa man cic diéu kién :
O<x<y<z<lvadx+2y+z<4 (n
Tim maxQ, v6i Q =3x"+ 2y + - )
» 2
X LX<
3
.. e 0<x<y<z<I 0<6x<4 e
Cach I: Tu gia thiét suy ra iy <y<l (2)
3x +2y +z<4 O<y<z<l B i
7z <z

o l N 5 sy 3.1 10 10
"lnr(mgln_)pI‘O<x§3.9x59w.>3x +2y+1,<_3+2+l_3 >0<3_
Trieomg hop 2. ! <x < . = (X- —l Nx 2 )<0<¢r>x'<x 2 (3)

' 3 3 3 3 9
2 2 2 10
lu(l),(2),(3)suyraO<Q<3(x-6)+2y+z=3x+2y+z 3<4 3=‘
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10
>N <Q<

- G y e o R I s
I'rong ca hai truong hop, diau dang thic co khi ) x= 3" y=z=1{, thoaman (1)

10
Vay maxQ= B

Cacli 2. Tir gid thicet ta co

Iy -x)<2Ay x) 2y 2xy <2y - 2x (1)

l()«ix(_\'<z<| 5
7 > {2z -x)<z7-x <Dz —x2<iZ-X (2)

]Ex t 2y v 7z<4 . , ,
I3 42Xy +x7 < dx 3x° F2xy + x7 < 4x (3)

( ong theo timg ve cac bat ding thic (1), (2). (3) ta co

X+ v+ 7 <x+2y+zhayQ< f\/.?x FJZ\/ly o Y V' (4)
3

Ap dung Bunhiacopski vio veé phai cua (4) co Q < ( 5 +24+ D3x +2y +27)

" 0 10 I ) |
hay Q < : Q »>Q< : (do Q > 0). Dau dang thuic co khi }x = 3:

‘<
I
~N
]

10
Viy maxQ = 3

Thi du 32. (D¢ du thi Quéc 1€ 1an thit 37 nam 1996)
Cho ba so duong a, b, ¢ thoa man abe = 1. Chaimg minh
ab bc ca

Ly Sasues -0 LA ] <l
a +b +ab b +c¢c +bc ¢ ta tca

Laoi giai

Voimoia, b>taco: (a’ bXa - b)>0<s>a’+b'>a'b'(a+b)
¢> a +b'+ab>ablabla + b) + 1]

ab I C

<> <

. : = (do abc = 1)
a tb tab aba it b)+1 at+bic

bc a ca b
Tlf(mg “1' 2% "5 T * g < S
b +¢c +bc atbtc ¢ ta 4ca a+bitc
~E . . 2 5 o . : . . a i h tC
Cong cac bat dang thic cung chieu trén ta co Q < T =1
atbhtc
Diu ding thic trong tat ca cic phép bién déi trén dong thai xay ra khi va chi
khta=b=c =1 (dpcm)



| Thidu33 -

Tim GTLN cua biéu thiic Q= == _x_ - m:, Y , trong do
a

: ] 1 3 1

S g o . ja +b a tb

e a b, ¢ Ia cic s6 thuc duomg, ¢ < min { SR }
a ‘

® X, y 1a nghiém cua phuong trinh asinx + bcosy=c..

Loi giai
Vil Qe ol ATA X pe0s Y Y | Hasox) . (Hoosy)
a b a b a b a b
Do a > 0, b >0 nén theo Svacxo :
(asinx)’ " (bcosy)’ , (asinx + bcosy)” ¢
. a’ b* a'+b a' +b'
1 ¢’
05 U e e
Q< b a'+b'
. : . a'c
sinx _ cosy sinx = - F¥7.
Diu ding thiic cé khivachikhi | a° b & T
asinx + bcosy =c cosy:—»—-‘--b-(: -
a +b

3 l L] 3
J 'b. - K
Véicécdiéukiéna,b,c>0,c£min[a +, —,a tb—}s(k Sl vl

a- .

b’ T ;
0<— :b' < 1 = Hé (1) c6 nghiém hay t6n tai cap (x,; yo) 1a chan tri cma Q.
2+ b

-

1 1 c
Vay maxQ =—+ — -
o Q a b a+b'

Thi du 34
Goi a, b, ¢ 1a do dai cdc canh ciia AABC. Tim GTNN ciia biéu thic
_aA +bB +cC

at+b+c

Loi giai
Véi moi AABCluonco(a—-bYA-B>20<¢>aA+bB-aB-bA >0
Tuong ty bB+cC-bC - cB,cC+aA -cA-aC>0
Cong ba hit dang thic ciing chiéu trén ta cé
a2A B O+b2B-C-A)+c(2C -A-B)>0
<al3A-(A+B+0)]+b[3B- (A+B+(O)]+c[3C-(A+B+(O)] >0
<>aB3A-n1)+b3B-n)+c3C-n)>0>3(aA+bB+cC)>m(a+ b +0)
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aA t bB t cC = . a ‘ oy el B ke .
4> > Dau dang thire trong cac bat dang thie trén dong thai

at bt

vay ra khivachi khia =b = ¢ <> AABC déeu. Viy minQ = ;

Loi banh. Do tinh binh dang cua a, b, ¢ do vay dic dodan chan i ciua Q ¢6 01 5o

n o Foan il : S T - o e 8 ¥
clhing a = h =c=>Q = 5" Vile do, vet iéu Q — — ban cing di 1ot kér qua.
: 3

[
|
|
1

“Thi du 35

Cho x.y. 7 la ba so duomg va xyz < a (a Ia hang so duomg). Tim min Q, vai
SEC NSy 8

° Lo giai
Bicndor Q=1+ (x+y+7)+(Xy+yz+2zx)+xyz

Theo bat ding thiic Co si: x +y + 2> 33Yxyz; xy + yz + 2x > 3 J(xyz)’

Suy raQ > 1 +3Yxyz + 3 (xy7_)v"+ Xyz:(l + {/xyz)::(l«t{[i-l )’

. X -z .
Dau dang thuce ¢6 khi va chi kKhi l COx=y=z= Ja
Xyz =a

Vay minQ = (1 + Ya )"

" Thi du 36. (()lymplc 30-4,1an 8)

1Y Cho a,, fisnes 1. b, by, b, 1acic s6 duong. Ching minh
Jaa, + b, )(a: +by)da, +b) > tha,a, + gbb. b
A (x2 + l)"
2) Tim GTLN ctia Q= —— L vgixcR

2 ) ] ] l hl
lx* + ]{x + ](x +3)
2 3
Livi gidi
l) Theo bat ding thic Co- si
a, ~a, a aa,.a
ey, ff ety e O i s
a, +b +b a +b, (a +b)(a +b)(a ib)

b, N b, _r b, 5 bb..b,
e N —— e e 2 n P e e B
a, +b, a,+b, a t+b, (a, + b Xa, +b)(a +b)

Cong theo timg vé€ ¢o :

 aa.a, .. bbb,
( +b,Xa, +b,).(a, +b)) (a+b)(a,+b)(a +b,)
¢>8fta, +bXa, +b,)(a, +b) > tfaa,.a, 4 gbb. b <>Q<I
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Dau dang thiic ¢6 khi va chi khi :

. T —___a_‘__l e (=— b 4-:!, +"' { A, )
a, tb, a,tb,  a, tb, (@, tb)t(@ +b )+ 4G th)
h' —.__.b_‘_u e b“ —=k (= ——— b Ll_)f_i !_b o )
a,+b, a,+b,  a +b, (@, +b)+(a, +b.)+ t(a, +b )

a t a, a,
& L= Vi=l,2,...n(dok+t=l) > L=~ (gpem
b 11 b, b, b, LEpeE)
" ) 1 1
2) Sudung (1) véia=a,=a,=x";b,= i;b::i:b'::"

Tacéx*+ 1< ;/(x’ -f%)(x’ +%)(x’ +3) = Q<.

Diu ding thic c6 khi 5{- =

»

=% <> x=0 Vay Max Q=1

u.—!”,_,

2

Thi du 37. (()Iympnc Quoc (& 1an thi 42, 2001)
Cho a, b, ¢ Ia cic s0 thuc duong. Chimg minh
a b C

R e > (hH
Jal 1 8be JB + 8ca Jc + 8ab
Lai giai
Cach 1. Trude hét ta 6 nhan xét véi mot a, b, ¢ duong luén c6
4
- a a’
> SR R )
a +8lm a_‘ _*b‘ +c3
4 4 4 h 4 4 4 4 4 4
Tacé:(a’ +b +c’)yY-@')Y=(b+c* Na'+a’+b’+c?)
. » 2 L 2
>2b'c? 4a*b’c’=8a‘be
4 1 1 1 ? 2
>@'+bl+ct)y>@’)y+8a'bc=a’(a’ + 8bc)
1 1 4 1
—Sa‘+bl+c?>a’Ja’ +8bc
A .
a a'
@\r:-»v-wzj—m — (nhan xét dugc chimg minh.)
a + 8bc a' +bY ¢’
4 1
b b' c a'
Tuong tu tacungco apens Busreeenndl s B r—
b +8Cll a‘ib‘%c" c +8ab d‘}b"fﬁl




Cong theo timg vé ba bat dang thite cung chiéu, ta ¢
a A b ' e Cat i bt I
= ~ = = : e T =
> N N ’ 4 4 H
\ﬁl t 8bc \/h t 8ca ﬁ + 8ab i bt !

Dau dang thic ¢6 khi vi chi khia = b = ¢ (dpecm)

Cdch 2: D€ dom gian cich viet, dat X=a'+ 8bc. Y = b + 8ca, 7Z = ¢"+ 8ab
D¢ thiy aX + bY +¢Z =a' + b + ¢ + 2d4abc

a b ¢ (atbtc)

PO <S, , /
WX bYY o7 adX 1 bJY 1 eVZ
Theo Bunhiacopski : avX + bVY +¢vZ = VavaX + VbbY + Jedez

<\/(_£i_+_6'77-)(;;x } h\“'—f cZ;:\ﬁu pbicla +b ¢t 24abe) (4)
Déy:(a+b+c)=a+b +c +3(a+b)b+c)c+a)

>a’+b'4+¢c +38 J(ab)(bc)(ca)
hay (a + b+ ¢) > a'+b +c¢” +24abc, thay vio (4) ¢o :
avX + bJY chZ<\ﬁa tbtcatbte) =(a+b+o).
a’ b’ ¢ _(atbitce)

i, S e R =].
avX bJY 7 @ibio
Dau ding thiic trong cic bat dang thiic trén ¢6 khi vi chi khi a = b = ¢ (dpcm)

Theo bat dang thie Svacxo : (3)

Thay vao (3) ¢o

| Thidu 38 . - ]
Cho a, b, ¢ la do dai cic canh tam giac, chimg minh i
| Q=aba by+bb cj+cialc a)>0 l

Lai giai
Ta clhimg minh vei bai todn 1ong quar hon.
Cho a, b, ¢ 1a do da cac canh tam giac. chimg minh rang véi moi so tu nhicn

n>1 luoncoQ =a"ma - b)+b'c(b c)+calc a)>0 ()

® Truic hét cm vorm = 2.
bata+b-c=2x>0,a-b+c=2y>0,b+c- a=22>0
da=x+y.b=y+z,c=2+x.
Biéu thic Q trv thanh

Q=xy'+yz'+2x’ xyz(x+y+7):.\yz§f—iy }l (x;yu.)
y z X

- . % T (xtytazy
I'heo Svacxo @ — - y § >( ry+z)
y 7 X Xtytz

=X+y+27

Xy oz
=3 I} { x+y+z>0 >Q>0
y 7z x

Daiu ding thic co khivichikhix =y =2 Vay khin =2 tac6 Q >0
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Khéng mat tinh tong quat gia sitc < b < a.
® Gu sit {1} dung vdi n tuic li
a'’bla - b)+bic(b-c)+c"alc - a)>20b%c(b-c)=-a"bla—-b) - c"a(c a)
> b"'c(b - c)>-a"b'(a—-b) - c"ab(c - a)
> a™'bla-b) + b™'c(b - ¢) + c™'alc — a) > a"'bla - b) — a'b’(a - b) - «":b(c a)
+c™a(c -a)=a"b(a b)Y +ca’(c- a)c b)20.
Viy Q > 0 diing véi n + 1. Theo nguyén ly quy nap Q > 0.Vn. Dau ding thic
xay ra khi va chi khi a = b = ¢ ¢<> AABC déu
(Ban cdn biét voi n=2, do ld dé thi vé dich Qudic & 1983)

§3. PHUONG PHAP TOA PO VECTO
VA TOA DO CUA DIEM

Thidu1
Cho x, y, z 1a ba s6 duong va x + y + z < |. Chitng minh

Q= [x’ +—I<-+Jy’+ l, Jf\/z2 + I > 82
; > 2

x y
___(TSDH, khdi A, nam hoc 2003-2004)
Lasi giai

Y A

. l -
Goi azIx; -];b:[y; LS
X y

o L ) D Io1
ie=|z —| > at+bte=x+y+tz - -+ -

o - P i
Taco: |al+{b#HcPla+b+c| Hay()?£+y+z)- +[__ foms 4 ]
: X

y =z
: o)
OQ>2(x+y+z)y+ |-+ —+—| .
Xy z
Diu ding thikc c6 khi v chi khi a,b, ¢ ciing huéng. (5)
s N T I T N |
TheoCo-sitaco Q >ix+y+z) +|—+—+-| >9 \[(xyz)‘ t —pmmns
X Yy 2z {[(xyzt)‘
e 8
—|9yixyz)’ +— — 80 a4 O _ois0-%
9\}" (xyz) (3’ xyz)_ (x+y+zy

Diu dang thitc trong cac dinh gia trén dong thai ¢6 khi va chi khi x =y = 2= :

Viy Q> J82 (dpcm)



Chi

r 1 Trong mar phang cho dicomyg Ihci'n;{ (d) va lmf diem A
- l -, va B khong thuoc (d). M la mor diem thay doi 1rén
,( duemy thang (d).
; Timvi i cia M dé U= MA+MB nhan gia 1ri nho
nhat, hoac U= IMA- MBIl nhan gia tri lom nhat.

Vir 2y lo g’
M chinh la giao diém cua (d) voi | trong 2 doan
thang AB (néu hai diem A, B khac phia hodc A'B,
neu 2 diem A, B cing phia ) so vai (d), trong do A’ la
diem doi ximg cia A qua (d).

Chuyén sany Dai 56, bai todan trén dieoc thé hién trong nhitng thi du sau -

| Thidu2
Tim GTLN va GTNN caa ham f(x) rén D = [3; 4|
f(x) = VAx'  28x 4 53 + J4x® 12x + 13 |

Lai giai
a} Gui tn mho nhdt:
Vietlai (1) o> f()={(2x ~7) +2° +J(2x -3) +2°
R rang ham s co6 tap xic dinh 13 R.
Cdch |. Trong mat phang toa do Oxy, xét cic vecto u=02x-7;2),
v=(3-2x:2).Seco lu t vi=( 4 + ¥ — 42 Ju| = Jax® 28x + 53,
Ivi=yx" 12x + 13 .Va y=lul+Ivl. Vi V u.v luon cé lal+lvl > lut v

- " T R : 2x -7 3- 2x
hay y > lu+ vl, dau dang thic c6 khi u, vcung huong < ~a =

=42 .

Cdch 2. Trong mat phing toa do Oxy, goi A =(7; 2);: B=(3:2); M = (2x: 0)

S co MA=Jax®  28x + 53 . MB=yx' 12x | 13 .AB=42

>0

5]
—

5 5
¢>x= -. Suyra minf(x) = f(»*
2 R 2

-—

Rorangy = MA + MB > AB = 42 a 'y
Hay f(x) > 442 . 3)
Goi K(x,; y,) 1a giao cua AB vai truc Ox. (h. 20) i3 .
(Do A, B khic phia so véi Ox nén K t6n tai) ik S I
. KE AK XM K 7 x
Ddu dang thhiic co khi M- K. Tur -~ >Kla
BB A'A %
rung diemcaa BA' > 2x, =5 >x,= >x= L@ Hinh 20
Tir (3) va (4) suy ra GTNN cua ham so f(x) la a2 dat duoc khi x = :

—

rJ
12
"



b) Gid tn lin nhdt. Goi f(x)=2x -7y +4,f.(x)=(2x 3)y +4

Hé s6 cua x” cuiia hai parabol déu duong.

e Suy ra: max f,(x) =max{f,(3); f,(4)}, max f.(x)=max}f.(3); {(4)]
D

Ta c6 1,(3) = [,(4) = 5; £(3) = 4: f(4) =29

e Max f(x) = max {\/f,m FJRORJL@ + Jmu}
= max {\fﬁ + 2:\/3 + \[2:)}=\/§ + @

Vay m'z)lx f(x)=1(4)= J5+v29 .

" Thidu 3 (Dé8oIl)
Tim GTNN ciia ham 6 : y={x’ —2px + 2p’ +{Jx° — 2qx + 2’ (1

Viét lai (1) <> yz‘[(x p): +ipl +J(q—x): tigh
Suy ra ham sé6 xdc dinh VxeR . (2)

Cach 1. Gia st p < q. Xét cic vecto u=(x - P IpD, v =(g~ X:lgD)
Seco ut v (q—pighilph:ln v Jig pr o dghiiph .

Iﬁ!z‘ﬁx ~p) Hipt . i;lz\ﬂq ~x) +1qF . vay=hiiiv
Véi Vuv luon c6 lulHM>h vl hay y>|u+v|, diu ding thic cé khi

u,vcung huong <> il Ip! >0 (vor quy wiw néu man thiee bang khomg thi ne
g x
thite ciing bang khong) <> Ipltigt <> x, =" T Tir k& gua trén
ipt i gt
p<x<q

suy ra : GTNN ctia ham s6 12 y=y(x,)= J(p —-~q): + (Ipt+igh)’
Cdch 2. Trong mat phiing toa do Oxy. goi A=(p; ip|): B=(q: |g]): M=(x; 0).

Sé cb MA:J(x p) H1pf y
MB= \/(q x) gl ot B
I — A M . B
AB=\J(q Pt dqiiiphy’ . o p Kq x

Ro rangy = MA + MB> AB.
Hay y > \/(q P’ Hdghitph®  (3)

Diu dang thic ¢ khi Mc AB. I 7
bicu do xdy ra trong 2 tnromg hop sau - '

Hinjr 21

‘7’)4



Priceomg hop | X = p=q.

Do pligl e dan > hai diem A va B khic phia so vai Ox nén Mc AB. Khi do
AB = 2p| (4)

Liveomg iep 2 0x 2 p £ g

Gor K 1 giao diém cua AB vai truc Ox

(Do Ipl gl tardau > hai diem A va B khac phia so vai Ox nén K 10n tai )

KA KB’ X X Iql Ipl
Taco eyt PR =P hd i
AA BB Ipl gl Iplilyl
(ot iy e new man thiee bang khong thi ne thiee cing bang khong)
: Iql tqlpl
Viv M. A Bthang hang <> M=K <> xz—p e i (2}
Ipl i 1g!

Tu (3) 4 (5) suy ra trong moi truomg hop luon co GTNN coa ham so [a
=~ ' _ vigl 1 qlpl
vedtg )y dgliph L dat duoe khix= "V TP g o
Ipltlql
o [.01 binh.
#Ciia e p <. Plureong phap trén ol ap dung dwoc khi co dong thai 2 diéu kien.
@ Cac bieu thiie dweoi dan can khong am va hé so ciia < bang nhau.
® Dau dang thic xay ra khi xefp: qf
* Ban chdt bicn dai la "tach binh plieamg di”
¥ Sap vep cho g do cia A va B trdi diav dé doan thang AB cdr true O
* [rong bai toan trén, toa do diem M dige tao thanh khi ta "tach binh phicong
du' va gan cho M=(x; 0) > Me(d)=0x
i . |
| Thi du 4 {
E Tim GTIN cta bicu thic ham so _['(x):' X -2x +5- \[x T 12x 136 | E

Lai giai
X 22X +Sc(x- 1) +4>4VxeR
X I2x 4136 (6 x) 1 100>100.Vx € R

do vay ham so xac dinh vor VxcR.

ey

o Xét cic veeter: a =(x-1; -2), t;z((r-x; 10). Taco la lzﬁ 2x_| 5.
b l=vyx' 12x +136. a +b=(5:8) va la+b |=y5 1 & =89
ath | suy ra fix) < V89 .

Dau dang thite ¢o khi va chi khi a0 hoic b -0 hoiic a, b trii huong (*)

eVéimoi a.btacdla bl<

Han kha nang a 0.b 0 khong xiy rado y- #0, I #0 Vx¢ R suy ra

e . 6 x 4D
() <> atdi huong vai b <> | , <06 x=5x De>x=
X P

Vay max{(x)= J89

r9
2
h



Gy

| i
o ] Trong mul phdng cho 2 dicomg thang song song (d). ( ¢{')
= va hai diem A va B khong thuoc (d)(d°). M la nir diéem

thay doi trén dwomg thing (d). N la mot diém inay doi
trén ditong thang (d’).

Tim vi tri cia M. N dé U= MA+MN+MDB nhan gid tri
nho nhat.

e Bay gior xét bai todn trén dwoc thé hién trongth: du sau :

Thi du 5. (Hoc sinh gii I6p 12, tinh Ha Tinh, 2000)
2a4b -6
2ctd-2

Cho 4 s6 thuc a, b, ¢, d thoa man diéu kién (I)

Hay tim gid tri nhé nhit cua biéu thic
U=sJ@a-47+(®-3) +J@a-cF +(b=d) +J(c+ 1) 4 (d+3’

_ Lot giai
Cidch 1. Trong mat phang toa do toa do xét 4 vecto
u=(a-4;b3) v=(c-a:d-b),w=(-c-1;d-3).SEc6 u+viw=( 5 9,
sy - — — —e — - - |
lu+ v+ w|=\/a, U=lul+ivi+-iwl. Réorang U 2‘u + v+ wl - Jel

- —

Dau dang thiic ¢6 khi cic véc to u,v,w ciing huéng

3- -b 6a-5b -9
o3b_db_3td 6 o 6 Sb 9
4-a c—-a Il+c 5 6c-5d-=9
Két hgp vai (I) suy ra :
: 2a+b=6 3 9
e a, b 1a nghiém cua hé &5 [a i b= ]
6a-5b=9 16 8
2c+d=2 9 3
e Tuong tu hé - ct cho [c-'lv:d:
6¢c—-5d=9 16 8

D — ‘b e -—-,c = —_ TE e
16 3 16 8

Cidch 2 Trong mit phing toa dé xét 4 diém M(a; b), N(c; d). A(4: 3). B( 1. 3)
vi cdc dubmg thing (D) :2x +y=6:(D):2x +y =2
Ro rang khi ., b, ¢, d thay d6i thi :
* M di chuyén trén (D,). N di chuyén trén (D.) va
AM=y@ 4y i 37 : MN=J@ o t(b d :

NB - Jlct1y +(d+3: AB= ol

3
I“w 9 wd }
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o/ =AM + MN + NB > AB = J61  Diu dang thic ¢6 khi M, N thuoc doan
thang AB, nrc 1a khi M-M; N N, trong do M, =(x,. y,) la giao cua AB vi (D),

N.=1X, )|I”|l()LlldABVI(I)) (1)
; ; / 3
e Phuong trinh duomg thiang AB 1a oAt A 5 hay kAP 5
X, Xa Y. Y 5 6
<>06x  Sy=
) . 2x ty = 6 N
X¢ét he phuong trinh M
6x Sy 9
39
Y 39 9
G 16 v h1“ ] ‘A Mo N“ B
9 |6 8) o i 3 \- -
y N (D): 2x+y=6 \ (D,): x+y=2
Hinh 22
2x +y=2 l9 3
Tuong ur hé Y cho N, [ - = } (2)
' 6x - Sy =9 16" 8
e 3 9 . ) .
Ihay rang  -3< 5 < 2 <3 > M,va N, thuoc doan thang AB. (3)

Tw (1), (2),(3)suyra:

o . 3 | :
GTNN cia U la U=+/61 . dat dugc khi {a r: b%, =4 4. ]

>
oW

Thi du 6. (Tré lai thi du 6§ Ichuong V)

-
lllﬂ(l”N\d(llNNLlldhlLlllhllCQ'_(x{y){ xy) (n
(Hx )(lly)
l,mglal
: 2x  Lox") o (1-y 2
X¢ét cac vecto a - x x‘}. b — .y“;.n‘y,.‘.
L Fx 1 x iy 14y

Lal Ibt 1 slal-1bl- 1
> (1 y )iyl x)

. . . l
Tacélabl<lallbl hay 2|Q| < I<>]Q|<7
(11 x)’(ty) )

fabl 2

l n ’ . . . * = ~
& : <Q< S Dau dang thue ¢6 khi va chi khi a va bcung phuong

© : i;I ;‘x' T :-)y)ll | :; <“>szy 12);‘1' Hxil-y ety
<>l Ixy+(xy)y=x" + y"+ 2xy <> (1+ w)’-—(x+ y)Y <>l xy|=|x +y]
Vay GINN cia Q1aQ= . GTLN ciia Q la o._ ~

(Ban co thé” giar bar todn bang phuong phdp luong qun‘}
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“Thidu?
Cho a, b, ¢, d la cic s6 thuc thoa min hai di¢u kién :
a+b +1=2Ga+b)c’+d +36 =12 +d).

Chiing minh : (V2 -1)g@-c)+(b- dy <2 1)
| 2) 74 37J2 <a+b+6c+6d <74 +372
L.oi giai
oA e = a- D4 |
1) Theo gia thiét t } &5 =iy 3 (%)

¢ Hd 136 12 td) (c-6) {(d 6) 36

Goi (€,),(¥¢-) theo thit tu la cic duomg tron tam O,(1:1).0.(6; 6); M(a: b),

N(c; d) la cic diém trong mat phing toa doé dang xét.

Cic s6 thue a, b, ¢, d thoa man (*) khi va chi khi Me(€,). Ne (¢.).

Taco6 MN =/(a ¢)" +(c-d) Dé thay O, O,. O, thang hang.

Puong thang nay cat(¢ ). (¢.) theo thi tu tai M,, M, va N, N..

Dé thiy MaN, < MN < M,N.. (h. 23)

Ciu |. Do 00,=v/2 00,=6y2 nén ta cé

M.N,=ON, -OM,=(00,+O.N.) (00,4O,M)=(6/2 +6)-(N2 - 1)=5v2 +7

Tuong tu M,N.=5v2 7.

Tir d6 suy ra diéu phai ching minh. y

Dau dang thic :

e(@a o+ dy=(2 1)

c6 va chi khi M= M, va N=N,

2-2 6443 ofemeees; "‘
2 : :

!

& a=b=-
N(c:dy

[ RO

e (a<c)+(b-d)’=(v/2 + 1)’ ¢6 khi va
chi khi M= M, va NN,
21-\/2 6 \/3 ol T

o az=b=""Y";c=d=-"—" Vi, 6 A
2 2 - M, o M)

atb= (a +b +1) Hinh 23
2) Taco (*) <> 2l
6c+6d - (¢ +d +16)

t

..>a+h+()(c+d)=;(:1"'+ b+ 1+c+d +306)

"> a+b+6(c+d)=OM 4+ ON’ (3)
® Ro rang OM."'+ON,"<, OM’ + ON"'S()M31+ ON.’ (4)

Mat khic OM™+ON" =(V2 + 1) +(642 + 6) =37(V2 1 1) =111+742 (5)
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Tuong tt OM, + ON, = 111 742

T (3, (4, (5). (6) suy ra 74 372 a4 bt 6e +6d <74+ 372
bo v dpem,

(6)

§4. PHUONG PHAP SU DUNG
DINH LY SIN, DINH LY COSIN

Thidul

Cho AABC noi ticp duomg tron bian kinh R = 1. Goi m,, m,, m_ lan luot la do
diar duomg trung tuyén ke tir cic dinh A, B, C cua AABC.

s _— b il ) sinA smB sinC

I'im GTNN cua bieu thue Q = + + .

i m m, m

Loi giai
Theo dinh Iy him s0 sin ¢o : = RsinA = sinA (do R = 1).

. b . ¢ s 1] a b C
lTuong tr -~ = sinB, =smC Dovay Q = - e it L 4 (N
2 2 2lm, m, m,
4 .+ btc a > 3 T .
Faco m = 5 -~ >4m + 3a =2(a + b +¢’). Theo BDT Co-si
2 4 ‘

3 Y 1 4 5 a \/3,’.—‘
4m |, + 3a > 4&.[“\,\/?’; Sa+b +c>2am V3 ¢ —-> ,L‘“,;,,_:,,
2m, a tb +tc
Dau dang thic ¢o khi viichikhi 4m =30 <> 2(b+¢’) ~a=3a ¢>b +c'=2u0
/ Al o By
. b V3ib c \./30"
F'uong wr o TERVEN, s PO
dm, a4+ b 4c Zm,

P

a +b tc

/ g 3 s
‘ ; : V3a b tce) 2
Thay vio (1) taco Q > (‘ B
a +b 4
b* ¢ =2a’

Dau dang thite ¢6 khi vachikhi {¢” +a’ = 2b" ¢>a=b=c ¢> AABC déu.
a” +b’ =2¢°

Viy minQ = h
Thi du 2
Gia st P 1a mot diém bat ky trong AABC. Ky hiéu x = PA,y = PB, z = PC va
p. . r theo tha ur lan luot 1a do dai ciac khoang cich tir P dén cac canh

BC, CA, AB. Ching minh minQ =2 voi Q = R
ptq+tr
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Loi giai

Cdach I (Dinh ly cosin)

Trong mat phing AABC, tir P ké PC’ L AB,
PA’1IBC vaPB'1CA . N6i B'C'.

Do ZAB'P=ZACP=90" = ABP( latg
gidc noi ti€p duong tron dudmg kinh AP =x. -
Ap dung dinh Iy ham s6 sin vio AAB'C"  §
taco : B'C’=xsinA 7 Hinh 24
Lai 4p dung dinh 1y ham s6 cosin vao

APB'C’ ta cé: B'C?=PC’*+ PB"* - 2PC’ PB’cos/C’PB’

< B'C”=r'+q + 2r.qcosA (do /B'AC’ +/B'PC’=18(0")

< B'C =r+q - 2rqecos(B + C) <> B'C” =r + ¢’ - 2r.q(cosBcosC — snBshC)
<> B’C’? = r’(cos’B + sin"B) + q*(cosC + sin"C) - 2r.q(cosBcosC - sinBsinC)
<> B’C’* = (rsinB + gsinC)’ + (rcosB - gcosC)” > (rsinB + gsinC)’
=> B’C’ > rsinB + gsinC hay xsinA > rsinB + gsinC = x >r- L + r-S;_T('
sin A SInA
Tuong tu ta ciing cd y >pSInC +r$mA 2 qumA +r S
sinB sinB sinC  sinA

Tirdé ta cé

{sin A snB

sinC sinB sinA sinC sinB sinA

Trong AABC ta c6 sinA > 0, sinB > 0, sinC > 0. Do vay

Theo Co—si anB - sinC >2, s‘mC i snlnA >2, _‘.'lé sinB )
_ sinC sinB sinA sinC sinB  sinA

Néntr (*) >x+y+z2>2(p+q +r). (dpcm)

rcosB -qcosC =0

[sinB sinCJ [sinC sinA
X+y+z2p + + + +r

D4u déng thiic c6 khi va chi khi { ) <> AABC déu.
sinA =sinB =sinC

Cdach 2 :

Tir C’, B’ ha ciac dudng thing vuéng géc véi BC.

Goi F, F theo thit tu 1a hinh chi€u vuong géc cua P lin luot trén C'K, B’ L

Sé c6 £ PC'E = ZABC , PB’F = ZACB

(86c¢ ¢6 canh tuong ing vuong géc) A
. .. |PE=PC'sinC'=rsinB
Tu do o . X i
PF = PB'sinB’ = qsinC C B

~5 PE+PF= rsinB+ gsinC | SN S

<> EF= rsinB+ gsinC. E = \}5\\
Hién nhién ta c6 B'C’ > EF = rsinB + qsinC Yy N N
hay xsinA 2 rsinB + gsinC B K A" L C

Hinh 25
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sinB smC
" e + B

<> X>r Dén day. nep nor nhur ciach |

. q .
sin A sinA
Cha y L0 kel qua bai todan gur neuven ki hiéw oy, 2. pog.or)ta co.
X+y+272>2p+q+r) Doéklibatdang thice Ecdorse
| Thi du 3
Cho tam giic ABC va x, y, 7 la cic sé thue khong dong thai bang khong.
Chimg minh: 2xycosC + 2yzcosA + 27 s < x4y 4 7

Laoi giai
Got I la mot diem bat ky trong mién tam gidc ABC, ¢, ¢, ,e, la cic vecto don
vi. (h. 26).
e, co phuong vuong goc vor BC

bat cic vecto [A| = ¢, IX = xe, .

bat cic vecto IB, =e, 1Y - ye, ., ¢, c6 phuong vuong goc vai CA

bit cic vecto IC, — e, 17— ze, , e, co phuong vuong géc vii AB

— e

Taco (FX PIY + 12) >0 ¢ (x c: +yé: +zé; )'>0 Y

<> X +y' + 2+ 2xycos(e e, )

+ 2yz cos( ;E ) + 2zxcos(e,.e, ) >0
<> X'+ y'+ 77 -2xycosC-2yz cosA -2zxcosB>0 (1)
¢>x +y +7 > 2xycosC + 2yz cosA + 2zxcosB
(dpcm)
D ding thite:
(1) <> x'(sin’B+cos’B)+y (sin"A+cos’A)+z
+ 2xycos(A + B) — 2yzcosA--2zxcosB > 0 Hinh 26
<> x’sin’B + x'cos’B + y'sin°A + y'cos B+ z +
+ 2xy(cosAcosB - sinAsinB) - 2yzcosA - 2zxcosB > 0
<> (x'sin’B - 2xysinAsinB+ y'sin'A) + (x’cos’B + y’cos’B + 7" + 2xycosAcosB
~2yzcosA— 2zxcosB) > 0 ¢> (xsinB - ysinA)’ + (xcosB + ycosA - 2)’>0

2 ’ sinB — inA =0 2
Diin ding thiic ¢6 khi va chi khi (|58 Y5 2)
|xcosB + ycosA —z =10 (3)
Tac6(2) >y = XMPB— , thé vao (3) c6 xcosB + }WVS_'W'}B_Cgs_ﬁ =z
sin A sin A

<> xsin{A + B) = zsinA <> xsinC = zsinA

xsinB = ysinA . . _
Do vay (*) < _ _ Hay x:y: 7z sinA: sinB: sinC (4)
xsinC = zsinA

2
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e Lai binh.

|
B9 | e

1) Khi x=y=2=1 ta ¢6 cosA + cosB + cos€ <

Dau dang thiic ¢é khi va chi khi sinA: sinB: sinC=1:1:1 <> AABC déu

2) Trong qud tim di tim chan tri ctia maxQ, ta thay vang gia thiéct A, B. C la ba
goc cria tam gide chi dé c6: cos(A+B)=—cosC._Vi thé’ ta 6 két ludan rong hon -

Néu A, B, C la cic s6 duong thoa min A+B+C=kmr, thi vé1 V(x,y. z)c R

luon c6 2xycosC + 2yzcosA + 2zxcosB < X+y+7 (2)

Dau dang thic c6 khi va chi khi x 1 y : z = sinA : sinB : sinC

3) Voi tam gidc ddc biét, nhién khi nguoi ta ghi trice tiép cdc gid tri cosA =a,
cosB=p, cosC=y cho hdt dang thitc (2) hién hitu dwoi dang
20xy + 2Byz + 2yzx < X"+ Y + 7

J3 J2+J3

Ching minh — TS <x +y 47 trong d6 x, y, 7 1a nghi*m cua
X y
phumu: trinh ax'+ bx"+cx +a=0(a=0)

Chang han:

V(I_V ap dung (2) ¢'ho AABC voi A=45" : B=3U" voi ha v vyz=1, kél qmi den mot
cach nenhién.

A B C ;
4)Khi xyz>01ta co (2) <> sl e Wi < =4 o4 b {2
X y z 2yz. 27zx 2xy
hay thay x bai L , v bai i , z bai 2 la co
X y z
xcosA+ycosB+zcosC<yz = %ﬁ (27)

2x 2y 2z
Dau ding thiic ¢6 khi va chi khi x: y: z=sinA: sinB: sinC

5) Cdc bat dding thiee (2), (2°), (27) cho ta nhan dang tam giic ABC 1éu né
thod man mét trong cdc bt ding thitc:
e 2vycosC + 2yzcosA + 2zxcosB >V + y + 77

cosA cosB cmC X y z
o —+——+ >
X y z 2yz 2z2x  2xy
o \cosA + ycosB + zcosC 2 b i +__ Jo it Xy
2x 2y 2z

Chang han:
Nhan dang AABC, néu né thoa min mot trong cic bit dang thiic sau -

g SosA  cosh cosC. 3 7

3 4 5 12

t—



cosC =
b) cosA+cosB+ = (N)
J3 J3
. . cos A ‘osB osC 3 4 S
Cana) Theo(2Htaco  ——  + con i cos i }
3 4 S 245 235 234 12
cosA cosB 0sC 5 _ ) o
Suy ra (7 e> g e e t im0 ¢corsmA - smBsmC =345
i 3 3 h) 12

<>a:bhb:c=3:4:5 <> \AABC vuong tan C.
Ciub). Theo 2y vorx =y =1.2= 3 taco

cos A cosB  cosC | 1 J3 2
+ o + . e o ! s % = NS
! V3 2093 2043 200 3
cosC 2 : : . ey
Do vy (812> cosA + cosB +_,\/ = ¢> sinA “sinB-sinC=11:43
3 V3

<> \ABCcantai Cva C= 120"
Thidu 5
Cho a. b. ¢ [a do dar ba canh cua mot tam gidce, x, 'y, 7z 1a cic so thuc thoa
sinx siny ! sz

e . 3 e i .

Koo it et il

min x +y +z = _ Tim GTLN cua biéu thiic : Q=" %
. a €
Loi giai
I S ® B ;
l)._n,\—z u.)z IS.I.—Z Yy >a+f+y=m
Bicu thie Q tr thainh Q= — coni { cosT
a b C
a b a’+b +c
Theo(2Htaco Q< - + — L =2 L
2bc  2ca 2ab Dabe
Diu ding thic c6 khi va chi khi sina :sinf3 :siny=a:b ¢ (*

Mt khac trong AABC luon ¢6 : sinA - sinB : sinC = a : b: ¢ (dinh ly sin).

Suy ra véi (a =A: P=B; y—()<‘>(x*§ Aty=" Biz=" ) thi(*) duoc thoa
a b }c
min. Viy maxQ=
1) Q- St
Thidu6. S N
Cho AABC va x. y. 7 la cac s6 thuc khong dong thai bang khong.
Chimg minh = x4+ y + z + 2xycos2C + 2y7cos2A + 27xcos2B > 0

Lo giai
Goi O 1a tam dumg tron ngoai tiép tam gidc ABC, ¢, e, e, la cdc vecto don
v. (h.27)
bit cic vecto ()A; cI ()‘X. = xcl ; c: cung phuong vai OA
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bit cic vecto OB = c .OY - yc e, cung phuomg vai OB
bat cic vecto ()C c, .07 - c- cung phuomg vor ocC

Ta co (()X +OY +()’I) >0 c>€xe~ %ye +ze, )20

— -

X +HYy +7+ 2xycos(e,.e, )+ 7y7cm(c, e, )+ 27xcos(c .€, 1>()
<> X’ +') + o + 2xycos2C + 2yz cos2A + 2zxcos2B >0 (dpcm) ()
Ddau dang thire:
(1) <> x7(sin" 2B + cos 2B) + y'(sin"2A + cos 2A)
+ 7 + 2xycos(2A + 2B) + 2yzcos2A + 2zxco2B > 0
<> x’sin” 2B + x°cos’ 2B + y'sin'2A + y'cos 2B
+ 7" + 2xy(cos2Acos2B - sin2Asin2B) + 2yzcos2A + 2zxc0s2B > 0
<> (x7sin” 2B — 2xysin2Asin2B + y'sin"2A) + (x'cos 2B + y'cos 2B + 7°)
+ (2xycos2Acos2B + 2yzcos2A + 2zxcos2B) > 0
<> (xsin2B - ysin2A)’ + (xcos2B + ycos2B + z) > 0
Dau dang thitc ¢6 khi va chi khi
o |XsiN2B -~ ysin2A =0 (2)
{xcosZB +ycos2A+z=0 (3)
xsin2B
sin2A

sl SSNETHEOER,

sin2A
<> xsin(2A + 2B) + zsin2A > xsin2C = zsin2A

hé vao (5) co

Tacé (4) <> y=

xsin2B = ysm2A
xsin2C = zsin2A
hay x :y:z=sin2A :sin2B : sm2C

Do vay (*)<:>[

Hinh 27

¢ L.Gi binh.

1) Khi x=y=z=1 ta c6 cos2A+cos2B + cos2C >—g—

D dang thite ¢é khi va chi khi sin2A - sin2B - sin2C=1:1:1 <> AABC ééu

2) Bat dang thite <> 2xycos2C+2yz cos2A + 2zxcos2B > v+ y'+ ) (2)
diing voi (x, y, z)eR.

3)Khi xvz>0, chia vé theo vé ta cé
cos2A cos2B  cos2C X y z
+ + >+
X y z

(2) <>



'

[

L

Ty thay «boi v bor 2 hor taeo
X y 7

77X XYy
)* Y

VCOs2A + _\‘c‘u.\_?ﬁ + cos2C 2 (2 ")

2x 2y 2«7

D ddang thiee co khiva cli kln vy ==xin2A-sin2B - sin2C

) Cac bar dang thiee (29,02 7).02 ) cho ta nhan dang tam giddc ABC nén né thoa
ndn miot ron e cac bar dang thii

o 2 \veos2C+2yz cos2A+2:xcos2B<S «( v+ ¥+ 77)

cos2A cos2B X y z

X y z

cos2C
® s e oL

S {, TR s
2yz  27zx  2xy

e oA+ veox2B4cos2C<

yz /X Xy
EPREE

S) Chox=u. v=b, z2=c ta 6 (2) ¢>absin'C + besin A + casimB <p
(trong dia. b, clado dai 2 canl AABC, p la mica chievi)

'7lr‘h7|' du "/'W |
Cho tam aidc ABC. Tim GTNN cua biéu thirc
Q= \/} Cos2A+2c0s2B+2 \ﬁ cos2C

Laoi giai
Viét lai Q=2 V3 c0s2C +/3 cos2A + 2cos2B

= 2xycos2C + 2yz cos2A + 2zxcos2B

X = \5 x: ==

y — - . Theo(2): Q> ~(x"+y' +2)= 4

(R

Ty = 243

=>{ 2y7 = \/3 <>

2xz=2 |

(g
4\‘
[N
U
3O R OS]

é\.
(SR
B | -

_ _ i A = 45°
D @808 thitc cdkhi vachikhy 2024 _S2B_an3C 1y &P

B ——‘/?' S r
‘v s C e 75)
> 2

Viy Q = -4 1a GTNN cua Q.
Thidu8
Cho tam giic ABC. Ching minh Q = \/5 (cos2A - cos2C) + cos2B < ;
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Loi giai
Cach I: Viét L
Q= Y3cos2C 3 cox2A - cos2B = 20cos2C 4 2vz cox2A + 22vmlB

J3 l
AV X - =
- 2 sz
v3 3. .. .5 5
>4 yz = — 5 91y = ~2» Iheo (2)taco Q>HAx"+y +72) = > <>Q< 5
- | l
e - - 7‘"‘: a——
> 5
A lSH
sin2A sin2B  sin2C "
sin2A _sin2B s B 60"

Dau dang thiic ¢6 khi va chi khi — — =

7

P . () . 0 ) . 1
(Chii y sin 2A = sin210"= sin(180"+ 30" =  sin30" =" =]

]

1
\/’2‘ C = 105

[

5
Viay GTLN cua Q 1a Q= e

eChuy
Bat dang thire (2) chi cho chiéu tim gia tri nho nhat. Khi gap bai todn tim gid tri
lén nhdt, dé ap dung (2), can dia vé tim gia tri nho nhat ciia biéu thite doi cia no.

Cach 2. Bién doi
Q=3 (cos2A  c0s2C) + cos2B <> Q = 23 sin(A+C)sin(A C)+1- 2sn’B
¢>2Q = 4+/3 sinBsin(A- C)+2 - 4sin’B

=2+ 3sin’(A-C) - [2sinB + /3 sin(A - O)f

5 i an .
22Q<5Q <. (dpcm). Diu dang thic ¢6 khi

silA - C) = -1

, &> 3 <> IA=15" B = 60" C=105")
2sinB i \/3 Si"(A i (\) =0 sinB = \{’ !

s

sinf(A-C) -1
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§5. SU DUNG DIEM ROI TRONG CAC BAT DANG THUC
CO-SI VA BUNHIACOPSKI

[ : - |
' Dinh nghia |
- Moi eia e cua bién can bang bat dane thice dicoc eoi la diem roi cua bar dian e ;
Vi ay |
i

Theo dinh nghia do

) . ) e P T - P SRUTRR a. & . _, ) )
- Bat dang thue Co si ~yfaa i co duy nhat mot dicm roi
n
Lo bac L ba s
la d= - =4yfaa,..a,
n

- Bat dang thite Bunhiacopski
N ) s Al 3 ) ‘
(X b X b AR S () F . o R0, X, A%+ 44X )

co duy nhat mot dicm roi la ¢ = (t=1. 2, ..., i)

a
| e
" Thidul t
| .
‘ . R " A . B 561 ‘
L OAABC codac diem ginéu s tg” 7 41" 41" < (|
i ) 0 RS |
5 < |
i

: T B '
D¢ don g cach vietdat a=1g . b=1g [ c=1g
2 2 2
o Truaic het ta chung mmha+b+c¢ > J3.
Dau dang dang thiic ¢o khi va chi khi AABC déu. (2)
- ) .. B C « A
Fhat vay : Trong moi tam giac ta ¢ -+ = bl
- ' z2 2 2 2
| B , C
A i
s B C I B, &, I
Suy ra ;g | - &> Y-S
202 WA gl 1
. \ ! "\
A B B C cC A
¢y g lg - 4tg - tg—41g- tg - =] hay ab + bc + ca = 3
g e {‘Z‘DZ*C‘Zlbl | hay ab + bc¢ + ca = | (3)

Laico(a+ b+ ¢y =a+b +c¢ + ab + be + ca)

| g , . s &
= [a+b)+(b +c)+(c+a)]+ 2ab+bc +ca)

>ab 4+ bc + ca+ 2(ab + bc + ca) = 3(ab+ bc + ca) =3

s
>a+b+c>V3.
s o w e o s A B C o
Dau dang thie co khia =b =c¢ hay 1g S =te — 5 I\ 5 AABC déu. (dpcm)
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» bDén day co cic cach trinh bay phin tiép theo cua loi giai nhu sau

(Do tinh binh ddng giita cdic goc A, B, C trong bat dany thic (41 nen ra dw

. e > - » : - ‘ I I & L
doan dau dang thirc ¢6 khi AABC déu < d" = B =" = 55 =5 =5 la dim

“roi” trong hdt dang thicc Co—si. Bai thé'ta 6 10 gidi theo 2 cdch nhie san)

Cach 1. Can bang bién vai diem roi.
Do A, B, C Ia cic goc trong tam giic néna > 0,b>0,¢ > 0.

V

o T T T T a* 2 s
TheoCo si:a®+ —+—+—+ —+— ?6‘/}" =Sa3orat+ - >0 (4
2 21 21 27 21 2 3 27  3J3

- > - ’ . h i {1
Dau dang thuc co khi vachikhi a’=- - <> a=- L <> A=60
27 V3

e D 2b . 5.
Tuong tuco b”+ —- > —— —=
27 33 MY x\/z
2+ b
Cong vé theo vé cic két qua ¢ : a"+b"+¢* + — > - S : (5)
9 W3
Dau ding thic ¢6 khi va chi khi A =B =C = 60"
5 2V3 S 1
T (2),(S)suyra a®+b°+c°+ — > ~\[-: <> a®+b°+ct> % ———=
9 33 3 99
Hay a"+ b"+ ¢"> ; (6)

Diu dang thic 6 khi va chi khi AABC déu

Boi ¢6 (6) nén (1) <> AABC déu
Chuy :
- Néu trong bat dang thiic Co -si ¢6 p bién tham gia dinh gid, vi két qua khai
can tong sO6 mii cta cic bién bang k, khi dé ta néi 1a “cdan bdang bac k ¢ho p bién voi
diém roi”

- Ciich 1 trén day 12 “cdn hdang bac nhadt cho mor bién vai diém roi”.

- Khi néi dén thuat nge “can hdang bién vai diém roi” 1a néi t6i dung diém roi
ctia bat ding thiic Co-si
Caich 2 : (Can bing hic hai cho hai bién vai diém roi)

I I a'b" 2
>

o ik ) ool 2
Theo bat dang thire Co-si: a®+ b+ —+- . +--=4 = 26,[--- = -ab
21 21 27 27 277 3

4 2 s , e
<> a"+b"+ = & 3 ab Dau ding thitc ¢6 khi vi chi khi a"=b"=

— -

¢>a=b= i <> AABC déu.

V3

) 4 92
Tuomgtr b"+c¢"+ > “be,c"+a"+ > - ca.
2 3 27 3
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Dau dang thae o6 khi va chi kb AARC den
Cong ve theo ve cac ket qua tren co

al I
20°+ b+ ¢+ T > T (ab + be 4 ca)
2 3
2
<>a"+ b 4"+ 7 > {ab + be 4 ca) (10)
9 3
2 1
Theo (2) ab 4 be + ca =1, thay \'E‘ni2139(‘(%1;‘:"+h"+c")+‘) e ;
T T T I Y.
ra'+bie > & q:q - Dau dang thac co khi va chi khi AABC dcu. (11)

. .
Baico(ll)nén (4)<> a"+b'+c :() <> \ABC déu
Chuy
Ban ciing ¢é thé can bang bic hai cho mot bién var diém roi sau do ding dinh
gila +b4c >1
Thi du 2. (PHQGHN. khoi A nam hoc 2001-2002)
Cho a, b, ¢ duong thay doi. Chimg minh :

al> (b} [c a b ¢
+ | +1 1 > 4 4
b C ) aj] b ¢ a
Lo giai
; . p . abc P L o
v Do tinh binh dang ciia — . .- co mar trong bat dang thiic nén ta die dodan
' b c a !
1
' . % } > I | b C = .. a h C - N .
Cdan dang thie ca khi = - =— o> a=hb=c danton — =- = =] Suvral la E
' c a b ¢ a '
v diém roi cua it dang thiee Co—si. Bot vav o lon giai can bang bac nhdat cho
< mor bién voi diém ren nlaf san ;
i 1
g . _jafs o 3a |
e Ap dung BDT Co-si11a ¢o | 4+ | #1 >3- <> >
| b b 2b 2
Dau ding thiic ¢6 khi va chi ks l =} ¢ a=b
Tuong wr van cic 86 con las suy ra :
2 3 ? 3 1 i
al> (b2 (e} 3 a b ¢ 3;{;1? bl* (¢
B I I I R A e H R B
b Iy Ta 2b ¢ a 2 1h c a
3a b ¢ 3 a b c a b ¢ 3
2--4- 1 1 -) ={_ 1 U & N G i)
2b ¢ a 2 ¢ a 2b ¢ a 2
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; B b . 3 Ja b c 3 | I b -3
I'heo Co-si (_»li : iL).> ‘/‘L :—»<'.>f'(dr {l) > ()
: 2b ¢ :

2b ¢ = 2¥bt a 2 a 2
o gk T T
Dau dang thie co khi vichi khi - ¢<>a=b=c
¢ a
al” (b} [c a b ¢
Do vay| - I + # =1 24 =4~ {dpcin)
b/ C a ¢ a
Chu y.
. .. a b € o 5 v seegas
Dange sau cdc bién x,= — , x,=— , x;= — la ngam an gia thiét x,x . .=1 (const)
b C a
| Thidu3 - l
| Chox,y, 7 lacic s6 thuc thoa min xy + yz + 7x =15 '
| Timgidtrinhonhitcia Q=x"+y +2 |

, > . - - - - - - -

Y Do vai tro binh dang cua x. v, - nén ta dw dodan ddu dang thitee <6 ki \=v=
' » » > " e o i ao g 5 s Lz . g g
v v =y =0 =8 Suv ra S la diém "roi” irong bat dang thite Co-si. Boa vay o lo
v eiai can bang bac hai cho mot bien vai diem roi nhae sau )

1]

-~

<> x'+y'+50>20xy (h
e : L xr=yi=2s x=y =S
Dau dang thiic ¢6 khi va chi khi y <> !
xy >0 X-y NA
Tuong e v’ + 72° + 50 > 20yz, 2)
2+ X'+ 50 > 20zx 3)

Cong theo timg vé cic bat dang thic (1), (2) va (3) 1a co:
2Q + 150 > 20(xy + yz + zx) —> 2Q+150>20.15 <> Q > 300.

-

Dau dang thirc ¢6 khi va chi khi . Viy MinQ = 300

x y-z- s
| Baitodn |
| Cho ciic <6 thuc duong a(l = 1. 2..... k) thod man a, a.... a, = I. (|

Ching minh rang Vm, neN: m >n ta co

+al 4.4 & 2a; 4a, o a:

m
d '

Lai giai
(Do tinh binh dang ciia cac a, (i=1.2,.... k) trong bat ding thitc nén ta die doa
deiue ding thiic ¢ khi a, =1.V a, Suy ra 1 la diém "roi” trong bat dang
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thice Coose Baivay color erar can bane bac n cho mot bién ven I nhir san)

e Ap dung bat dang thue Co-si cho mso trong doconso a™ . (m n)so | taco

m 0" " { ; B o &
atral o rat bbb b e mfan) lm " = ma,
na’ tm n) cma £}
o Ap dung (2) cho k cic so thue a" (1=1.2_.K) ro1 ¢ong 1at ca cac bat dang

1y

thuc thu duoc taco nea a4+ +al )+ kim my>mla +a 4+ +a)

conta +a 4 4al )y +hom n) onCal+al4 o 4a Hm o n)a talE o +a)
Dau dang thie co kKhivachi khe a1, (3)

. ,f\p dune BDT Co <sichok so

(m n)a, +as o+ a

3

P
) omo o mykatal ag
=(m n)k §/(u:;|...;nh )" =(m nk
Diu (!ii:ag thue ¢ khiva chi Khn o = a ViV ()
e Thay (M vio (3)co:

nCa’ +al+ o 4al )+ kim o n>ataj+ a4 +al)+(m o n)k

w
”

cxal4al v +al > al+al+o4a) Dau dang thike ¢6 khi vichi khia, 1.Va,

(dpcm)
Chuy 1
Ncu thay ltl a =1 bm Zill =k > 0, ket qua bit dang thiic khong thay doi
Chuoy 2 | |
Netoe L neu m. n Fa cae so trnhién vaa, =1, 2., K) 1a cac so thue duong thoa

man {0 " Cthia=l (Yi=l... k)

bas .ot a a, toa, f..‘ink

Co bon vien bi mi tong khoi lugng cua timg cap vién bi la a, b, ¢, d. ¢, f va
thoamin a+b+tc+dtc+f=a'+b +c'+d +c +1=06(dvkl) (3)
Tim khoi luong cua cac vién bi do.

L.on giai
Tera+btcrdre+l=a +b ic +d +c + 0 =6 Wong cdac so khong doi
cehu v D) va tony cde ey thiva bac 3 cria cluinge bangt 1ong cd ching) suy ra
a=b=c=d=c¢="1=2 Goikhoi lwvong cuacic vien b Ly x, v, 7z, 1. Tu gia thict

NyTfax +y=y+z=z+t=1+x=2<¢>x=y=z=t1=1L

Viy bon vien bi ¢o6 khoi lrong bang nhau va bang 1 (dvkl)
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Bai toan 2
Cho k s0 thue duong a,(i=1, 2,..., k) thoa mdn: a,+ a,+...+a, =k (const) (1)
Chimg minh vén moi s6 tu nhién m, n (m > n) luon co

a, a, a,
— -4 b Zatat. 4
n L L]
a, a, a,
I -~ - - e

(Do tinh binh dang cia cdae a, (i=1. 2..... k) trong bat dang thice nén to die dodan
da dang thite <6 khi a, =1.V a, Suy ra 1 la diém “roi” trong hat dang thee Co i
Bai vay co lot gidi can bang bac nhat hai bién voi diem roi nlue sau)

m w

s AN o " d Mmoot H
lheoCo si: ' +a, ta, b ta,+LpL b1 >ma 0 oall "= ma,
N e T mane a,
,lm as
hay ' +na,+(m n- D>ma,¢> - >ma, -na.- (m n 1)
ay . a;
. m P m
Tuomg tv - >ma, na; (m-n)+l: ;% >ma, na, (m-n 1)
L n - o !
a, a,
Cong k BDT thu dugc o trén ¢6
m m Ll
a, al ap
= et >(mo n)agbas bt kK(m n I)
ay ay a;
’] m o m 'l m
(s “ 5 <
>~ >(akat 4aHmen- L@ das oo ba)+k(mo on ) (2)
a, a, a, * 5 :

Thay (1) vio (2) ¢o :

m m m
a e a
(D> el L >(@tat )+ (mon-Dk kim n-1)
a, Ay a,
‘|l" _II“ "m
<> I.. + . +...+- : > (a,+a-+.__+a)) (dpcm)
a, o a, a,
™
, L gL @ .
Dau dang thic co khi ' =a =1 Vije L2, Kk} <> a =a. = =a= |
a

Chuy: Két qua khong thav doi néu thay the gia thiét
d,+ it Ada, =k b a,a, _a=1

He qua

' .
. Néu k so thue dieomg a, (i=1, 2., k) thoa: a;+ a,+...+a,=C (const) (1 !
' m lm In\ AT o :
; . - n - . - [3 [ )
' thivéi moiso tunhienm. n(m>n)luoncé: - + — o e B k[ ] :
' an i, i, < )
L v e n | ka ka, ka :
C(Hueomg dan clumg minh - Dath,= —- b.=-— b = —* ) ;
; C (s C '



C('hu y
Ta thuomg gap nhung bai toian [ truong hop rieng caa hé qua. Chang han:
1) Cho x.y, 7 la ciac so thue duong thoa x 4y + 72 = ¢ vam, n (m >n) la cac so

n m m m n
: Gi ; X / /7 C . . b w4
nr nhicn. Chimg minh 4 - 4 > 3, (Sir dung hé qua voi vor k=3)
y 7 X
2y Cho ¢ic so thue duong x,y, zthoax +y + 7= 2001.
2 ‘N y M) /_‘fl .
Tun GINN cia Q= -+~ + -, (B T3/293, Toin hoc& Tuoi tré so 298
y 5 X
thang 42002y (Swr dung he qua voir vor k=3, m=20,n=11,¢=2001)
3) Cho cac so thue duong x. v, z thoa x + y + 2z >1. Chitng minh
xi }I'i [< }
b St e 222

y' 7z X

(Sudung he quavaivoi k=3, m=5n=4, c=1)

Bai toan 3
Cho & so thue duong a,(1=1, 2, | k). Chitng minh vé1 moi s6 tu nhién m, n

luon co

1 m m
a HIR d = i ; ; ‘
= b fe b= 2" bal " Fa. pag "t (1)
as o, a,

Loi giai

Treomg hop [ m = n, dang thic (1) hién nhién ding.

. ‘
o e o @ Qa
roome hop 2 -m>n.datm=n+p,pc N¥ Taco - =1
N N * n n
al al
Theo Co 81
L "op Shnep B |‘I|l-i‘l
o d, d . . a .
: 5 o i ‘n <d-di +al-F4al S{ndpyer —t = ay’ = (n+p)a,
oy o, o, i N ».\;h.m;_z : \ M| N
" hone
‘“ » '[’l op
hay p ' 4nal >mapral <>p o >(m+p)al nal
an al
w " "l

! - . < N ¥ l' 3
Diw dang thite cé khi viichi khi ' =al <> a=a,

LLIRY

Tueng ur ror cong k bt dang thie thu dugce ta ¢o

[ onop Lonop Ll i“\
“‘ .]" .! i ] ] y ol Al L RN
P f Vet > (npial a4 +al)  n(al+al++al)
Fal % a, '
insju P il': i . ;l: I ‘ & " .
Gl - b= foab e | PC R R G st )
Lt I d d,
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noep

¢yt e g g b >alval+ L al
n n n
. a, a,
. P \-‘Yhany
L, m am Lm
<> _‘_‘_i_,__ +(|: +”-+ t‘._ >;l:“ u+;||‘n !I+...+ ;l:‘ n

L n Ll

d, (l‘ tll

Dau dang thic ¢6 khi va chi khi a,=a,=...=a,.

m
-

g I ., a . 3
Tricomg hop 3: m<n, dava=- (1=1,2... k),s¢co ' =" V. pecil.. k!
L 7 . i n m - '
b, a’ b
h" bl‘l hll
Theotruomghop I: "+ — 4. 4+-% >b'"+b! "+ . +b' "
& x hm hm hm I b b
2 3 1
b b} b, 1 l I
<> - > el ekl SO -
. bl‘“ bl:l h;!! h;l m hr: m ‘): m
_]I“ 'ln'l 'lm
« oy L m n mon n on
€y gt oAl Vday . Aa]
a, a, a, )
e Viy trong moi truong hop, dang thic (1) luon co
m m m
a 1 a, a S m n m on m n
e == F @D 4By a3 (dpem)
a, a, a, '

Chang han : Cho a, b, ¢, d Ia cic s6 thuc duong luéen ¢6
;.f+hf+¢--‘+ d3> IR N B

b ¢ d° a° a b’ ¢’ d’
(D6 14 mot truomg hop cua bat dang thic (F) voim =2, n=5k=4)

Thidu7
o - Wi oo
Cho cic so thue duong x, y. zthoamin x +y + 7 < . Chumg minh :

S T U T RO I
X" 4+ ¥ b+t 2
X y 7 2

, , . N 4 x 17X
Cachl 1. Theo Bunhiacopski J(3 A UX ) > 3x+ - =16 Y { X
X X 34X 3
s I 16 x | 7x
<> x4 -2 e ) ()
X" S 3  4x 15
| 3
Theo Co st . b — 3’2\/ = =\/ (2
3 4x 34x 3
L1163 7x
Thay (2) vao (1) ¢o : \/x b 2 )\/ .
X 15 15
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I 163 7y

\ 15 |

\/ R N T ORVA B
‘Al SR .
7 15 15

Cong theo timg ve cac bat cung chiéu trén ta ¢o:

f" s . ¥ ’ . | : I l()_\,/_? T
Q= V\ b - & A4y o5 ¥ JE 4+ T3 (X+y+7)
X y / 15 1S

1603 7303 53
- A = (dpcm)
S 152 )

Dau dang thire trong tat ca cic danh gia tren dong thon xay ra khi va chi khi

Fromg necta cang ¢o ,f\' f
]

I

X |
3 —1.\ \.ff 3
W3 2

Cach 20Co gran bicn deé lot dung diem dien ron ) - Tiép noi e (%),

Ap duneg Co sicho25sogom9sd6 - val6so-— | taco
Y 16x°
! v ) ~!-.\ X2
5. ok X X X I | 1 X 1
X+ .=l -+ 4.4 = )+( -t gt A ) 225 .
X 9 9 9 16x°  16x° 16x 3 4x
9 e
f o 1 x)(1)" 5 !
> X t > 95 — ] = e -
\ X 3) (4x zfd_}"g’ Jx7

P I i 1 5 3
G Kl EVA W Rer coc g ppaay
E4Y y . 2" 3 (‘ xy,)

S 3 LS 3 53 53 )
S Ty e e S
v R TR

2
Dau diang thire trong tat ¢a cic dianh gia trén dong thai xady ra khi va chi khi
X I
i 4 5
X & %= Viy Q> (dpcm).
T3 2 2
Xbyhz==]
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L.oi binh 1
Sw mach bao nao dan ra
+ cap 86 (9; 16) dé ap dung bat dang thice Bunhiacopshki,
416 x 1 Ix

+ 50 l6vaswbiéndoi 3v+ - = - (4 )
X 5 3 4x 15
Tralo.

W3 33

e Do +}‘+Z,_<u~—2——-- Sy +y+z)2- ;/

Kinh nghiém bao ta so sanh Q vai «(x+y+2) hodac hoac
Xty+tz Xyz

e Do tinh binh ding cia £, v, z trong biéu thicc O cing nhie trong gid thiel

= diwrdoan min Q dat dicoc khi x=y=7= 5 (diém ron cua bat dang thii

5.5 % 7 S 4 ~ i h
e Vaimoia beRtuco [(a” +b )|x +— | >ax + —.
X" X
. I8y
" e o wps ok grepes B 1 N 3 a 3
Dai dang thiec o khi va chi khi ~=---<>x = Vi x= N e,
a bx b 2 h 4

Chon a =3, ta ¢é cap so' (9, 16) rong lon giai trén.
Bat ddang thice Bunhiacopski (mét cong cu e viér) dica biéu thice dang torg cdc

. _ s T on Gl b s e 4
binh phicomg thodat khoi can thite bac hai dan tai biéu thiec hieu ty 3x+ -
X

.. e 4 . . - I
o Voi Co—si hiéu thire 3x+— lai 6 thé so sanh dwoc voi X hoac - .
X X

: N o e g 3 _— 4 X
é duy tri diing diém roi da dinh x = 5 ta khai trién 3x + — theo E i
X :

<X
Pén day c6 hai hudng khai trién :
: o .
Hwomg 1: Triét tiéu hang tu —.
X
Muon vay xem — = 16. o Diéu nay gidi thich siehién hitu ctia x6' 16 va phep
X X
4 x 1 X o ; Ba o s o e 4 o
hién doi 3x + — =16 (— +-—) — — . Dong hanh vai triét tieu hang e — la sie
X 3 4x 3 X

cé6 mdt cua < Cai kho (diém xoay) cua bai toan—chién cua bdt dang thi

3J3 e i o . :
v+y+:< =g khong thudn voi chiéu danh gia tim GINN duwoc thao ga.

Huwong 2 : Triét tiéu hang tur x.

" ih. b 4 I
Muon vady xem 3x =9 X va bién déi 3x+— =9( < 4 — M
3 X 3 4x 4x
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'i | 3.\/‘ 7

x + 1 Phép bicn dor s¢ dan i
\ X 5 0
9Uy 701 1 1) 9d3 7 gty
Q - Yy ! f } > YTy :
5 200 x y ¢ 5 20 x iy tz
OV3 7 33 93 7d3  SY3
> Q- + A = + =
S 20 33 S 2
P
Thidu§

Cho cic so thie duong x, y, zthoaman x +y 4+ 7 <2

|
o mEmee g mein I - |
I''m GTNN cua bicu thie Q= jd4x + _ + 4y +  + [4x § | |
7 i
|

x Ny

Loi giai
Cach T (Sie dine diem roi cua bet dang thiee Bunhiacopski)

Theo Bunhacopski : (8 19
X X 9x

R 9 |
ax’ 4 _!>be+ :xll’f gos
4

. X x.1 1
Theo Co i X + I > QJ 2 - 2)
4 9x 49x 3

(.0 7
Thay (2) vao (1) co: \/|45[4x' + l) > 27 14)5
.

. ] l
Tuong tu ta cang ¢6 : JI45 dy + ’ 227 -—=
. y

\/'45 PN R L

\ z
+JI45(42“+ -
.
7 145
: S (dox+y+7<2)

e

Cong cic bat ding thiic cing chiéu trén ta cé6

\/145 4x” + ,!‘_ +J|45[4y‘ 4 -.,
X Yy

>327 :’(x+y+z)>8l
45 >Jlil§_

.
hay V145 02— ¢
y Q 5 Q 5

2 P ) :
Rérngx =y=2z= : I3 diém roi chung cua 141 ca cic bat ding thirc tham gia

J145

danh gid ¢ trén. Vay minQ= m_z__
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Cach 2 (Co gian bién de lot duny dien 1oi)

. ~ : - - - o X ‘ . | ,
Ap dung bat dang thic Co si cho 145 50 gom 64 5o va 81 s0 a0

16 81x
oo i |
X+  f i g el ulll (P l :
X 16 16 16 81x S1x 81x }
- oy L8 IR ¥
PRI 5
14559 | l ' ol
4’ Ox l‘\Q’{_l;‘u)‘,h X
f
: 1 145 . | 45
>./~lx'4 \'1\/ >J4x9 - > '\/l‘ |
V X ao\‘}:!: s3m x. X 3-4:\721 \(3x)i
Co 15
Tuongwrtaco My ¢+ > Jia v {
yo32 Gy
. 145
J«lz b 2 J
7 3”j‘)l*("l)
Cong theo timg vé ba bat dang thifc cung chiéu trén ta ¢o
NERAER | i | /145
Q> e T e e e = k :
310 sy VK37 B (R 72 l§/2;‘~(3{/*\y/)
., Vs , a5 Jiss INPRYEY
s 2!,‘\'(x *_y i l)! J-,I‘u—,l 2 2
5

Dau ding thikc trong 14t ca cac bat dang thic ¢ trén ¢6 khi vichi khix =y = /= e

Ji4s o
Bx viy Q= . 1a GTNN cua Q.
Lai binh 2
Bai toan trinh bav dwoc bang phuomg phdap danh qm rlwn Iml dan; thie
Bunhiacopski thi ciing ddanh gid dioc theo bat dang thic |u | .| v {> uy (B doc

theo doi cach 3)

Cdch 3 (Toa do vecto):

o ¢ L. . | # 1 - | |
T'rong mat phang toa do. xét cic vecto a =|2x; . b=i2y; ,C =27,
X y | ’
V& moi vecto a, b, ¢ lnoncélal+lbl+lici>la+b+c ! hay
AR e
Q> [Mx+y+z) |-+
X y z
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tDan dange thiec cohkhivache ke a0 b ¢ cunge huong)

{
|

S o . l
Iheo Co sitacoQ = My vy * 7y 4 i A R I E NIES 74 , .
X y A f V’(\-\/) |
68 17 17 07 s
Wy (s - + o, =324 12 a4 :
ENCANVA R L 3uNy7 ) (X 1y /) } 4
20
\‘l|“‘:‘ ) . - = 5 " o 5 - i .
»4) > - Dame danye thire trong ciace danh eia tren done thor co khi va chr kg
.. NI B
N = §F Vin Q- B GITNN cue
N A - »
» g

CThe du 9 0 DHQG Ha Mo kboi D. nam hoe 2000-2001 )
(hera bl cac ~o thie dnmw Cco .:h + b + ca = abe Chunge nunh

PR —

e - s
\ b - 2a 'y 1’h \!;l 1 2( E
#+ + >N

ab bc ca :

I
Cach I- Vietkmaly<> Q= P P SR %
\; a b \ : N e

.

. . I
Theo Bunhiacopskitaco . (1 + 2);

o2 a2 b2 1 2)
llnla\ i e <>/_i »*,i ¢
a iy a b V;t b Jila b
2
Dau dang thie co kb va chir Kin s @b
la  y2b

. / 2
Immgmt\! s B o B
Vb

o2 2
3 f %
C \:‘BEIh c

Cong theo umg ve cac bat dang thiie trén ta co:

1 2 I (y 2 | 2 o I N
> 1 " |+ i =V3
vita b} 3! h C \/} a l a b c
V3ab s bhe e abe B
abc abc -
P, 3 . .. Jla -bc
Dau dang thise co kb va chi ki cra=b=c=3
ab i be t ca abe

Viy minQ- J3 (dpcm)
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I.6i binh.

Can nguveén nao dan ra cap so (1 ; \E’. ) dé ap dung hat dang thice Bunhiae oo ”

Tralon
T Iy : ab t bc t ca
e [ gia thiet ab + be + ca=abc <> =1
abc
A e : ; : .. ab +bc { ca
Do la cai dich dan chiing ta so sanh Q vor T
abc

e Do tinh binh ding ctia a. b, ¢ trong biéu thitc Q ciing nhic trong gia thie

= dit dodan min Q dat dieee khi a=b=c=3 (diém roi cia bat dang thitc)

- > 2 2
e Viimoip geRiaco [(p +q ) - 4 "/— >P, q\/ )
a b a b
o 33 T T P TTO | 2 . ; y
Dan dang thite 6 kli va chi khi — =— khy a=b ta c6 g=p J 2
pa gb

Chon p =1 co cap. so (1; £ ) trong loi giai trén.
Chdac ban hai long voi tinh wu viét ctia bt diang thicc Bunhiacopski d die bién
thitc dang tong cac hinh phitemg thodt khoi can thite bac hai

I' { r
: S LN 2 B L2 I L
Cach 2: Xu cic veclo X - J R P J
a b b c c a
TR I I [N T N6 TN G RN &
Rorang Q=Ixl+lyltlzlvaxtytz=|-+ -1 J t J 1
a b ¢ a b e

% & e o1y (o)
SIx4y+zl= [ =4 ] |-2l g }
a b c a b c¢

_J_[ f(abi-bc%ca_) \/_abc -

abc abc
Véi moi X, y, 7 tacé |x|+|y|+1i|a|x' by +tzlhay Q>3

s o a=>b-—c
Dau dang thitc ¢6 khi va chi khi x, y, z ciing hudng <> ¢

ab - bc t ca  ax

¢>a=b=c=3. Viy minQ=+3 (dpcm)

Nhan xét.

Trong ciic thi du di xét & trén, cic bién déu binh dang véi nhau din 1Gi ching cé
cung mot diém roi chung. Khi tinh binh dang bi phi v, cic bién khong cung chung
mot diém roi. Viéc xic dinh diém roi riéng cua timg bién phu thuoc vao dic diém
riéng cua timg bai todn. Cic ban theo doi cic thi du sau.
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|

Thidu 10

Chocac sothuca ~0.b >0, ¢ > 2thoaman vaab + 2(a+ b) > 5§ (1
_ _ . o9 L 32 L.f) 11419
Churemunh Q=a" + 34a + 6b + ¢ o+ ¢+ 4 j
A2 27 " 432 3

L.oi giai
Fancoda + ¢ >dac. 4b + ¢ > dbe, 2(a'+ b)) > dab.

Suv G+ 6b + 2¢ > Hab + ac + be) = Hab + c(a + by (2)
Do suy radlab + c(a+ b)| > 4jab + 2(a + b)] » 20 (3)
e T €2) (3)suy ra 6a + 6b + 2¢ > 20, (4)

n

Dau dang thie xay ra khi vacchi khi

20 w2z 2 a b 1
¢y
5

ab 4 2(a t by -2
+ 5 <~ &
17 . 27 5 : | s ; 1 81
slfied C AT el 4+ 4l 27.3{/“ AN A (5)
R ol 64 64 64 64 ¢ 16
Dan dang thaie xay ra khi va chi khi = ¢re=2
i o4 ¢

elaicota 1) >0<>a’ 2a > 1. Daudang thic ¢6 khi va chi khia = 1. (6)
& 232 11419

e [u (). () (S)yva(6)suy ra Q=20+ + £
16 27 432

419

; | s o m oh A
Viy Q > e . dau dang thuc co khivaichikhia=b=1,¢ =2

)

Lot binh.

Chac han cdac ban ue hoi co so nao gidi thich cho 1o giai irén ?
+ Truoc tiéen do ¢ 22 = ab + c(a+b) =ab+bc + ca >ab + 2(a + b) >5(7)
+ Trong (7) dau dang thite <6 khi a =b =1; ¢ = 2. Di dodan dé la cac diem roi

(ricng) ctia a, b ¢ Citng vi thé ma ¢o sie xuat hién cia («-1) trong loi giai cua bai toan.

. - » I - = . L *
+ Sirvang mdt cua 4 trong (1) va ciing nhie trong (3) dan toi phai klae né.
c

Dic do dan <hing ta dén kv thuat can hang bac khong, hodae bac nhdt cua bhién ¢
var diém ronr 2 cua no

_ : . Y P s g : E s
R rang me vme + - >3 Nm© . Ddu dang thiee xdy ra khi va chi khi

¢
i l | ~ . 0 . . . - l |
nic- = > m=-— _Dédat diem roi tui ¢=2 phai com=—-- = - -
.1 ‘b + - ')ﬁ 64
C C &
I . 91 s A7
e do dan 1ot tach hang e~ ¢ =2¢+ — .
32 32
Thidu 11
L L. 9
Cho ciic 8o thue duong x, y. 7z thoa man xy + yz + z2x = A (1)
Tim min Q, v6i Q= x’+14y” + 1027 — 4,/2y .




Loi giai
. . X X . e
Theo Co sitaco = 8z > dxz: q +8y > dyx: Uy + 7)) > dxy

Cong theo timg ve cic bt diang thiie ten taco - x4 10y + 10727 > KXy vz s 7x)

o Kéthop vai (1) suy rax + 10y 10z > 9 ()
Xx=dy 4z -2 .
Diu ding thic xay ra khi va chi khi 9 <> |
Xy tyz 1 zx e
4 L
f i o=t . s
elaicody’=({2y) >4 2y 3haydy 42y > 3 ()

Dau dang thie ¢o khi va chr khi \/Ey =] ¢» y= q

e Cong theo timg vé cic bat dfmg thic (2) va (3) ta ¢6
10X + 1y’ +2°- 12y >9 3=o.

X=2
Dau dang thiic xay ra khi vi chi khi I
y ¢ >
X =2
Vav min Q = 6, dat dugce khi 1
..
2

f Thidu 12.Chox >0,y >0, x"+y < I. Tim gii tri I6n nhat cua Q= Vx + fy ].
L giai
Cachl. Voimoia>0tacox +5a=x'+a+u +o+u+a>6 Jx \l‘«; (3
Tuong tu V3 > 0coy'+58 > 6 ‘[)\,/T . Tachon «, f} sao cho '\[%A =2 \/«V\i
e [5=2§Eu, St"céy'+lt)2ﬁ;?? IZQ/:\T ()
Cong vé theo vé cic két qua (3) va (4) ta ¢o
x'+y 4 Sa (14292 ) > 6 (Vx 1 2y)
<> I+Su(l+2§/i)>6§/?§(¢§ 1'2\[;-) %
Dau dang thie xay ra khi vi chi khi

: |
x - i ~
x : 11232
X O X O J
2 5 2 < 3 \4
y 2\/2(\ <> 1y 2\!2(\ <>y . :
. x - 23
X ty I (1 !2:[7_)(\' 1 JI+_V_
l
O
122



hov u

V2 Gatl | 242

1 232

Viy manQ-= '\'/('l | 282

I INA RN

!
|
I«
|

(2} P
N B

coIva 20y ) <y 1422 ) <4232 )

D dang thae xay ra khi v chi khi I J2

Thidu 13

Chox.v. 7. m.n. p licac so thue khong am thoa man :

m+un<p.x+y+z=2a>(M

Tin exi tr lon nhat cua bicu thite Q = mxy + ny

L.ai giai
Vie fai (2) <> Q=m(xXy + 7X) + nlyz + 7x) + (p
=mx(y +7)+nzx +vi+(p
<> Q=x(2a x)Hnz(2a 2 (p m npx
X>0.20 - 221

(v

Tircae gra thict suy ra @ 2a

Ap dung bat dang thiic «f} < o

\ (7 4 X)

(20 = Xy e . M= <a. k£
4

Suyra Q< ma +na +(p m nja =pa

X . 2a-x
T - R X 7

<2

Dav dang thiic ¢6 khi
y--0 y =10

X-+y § #= 24

Vay maxQ = pa”. Dat duoce khi va chi khi 0
\l

m

RIBNAIRIE

7+ prx

m  n)zx

n)zx

Xty

4

d

/ /
; : Gvx t 2{y) ,
; VOO (S)(‘() 6 s ¢S \/\ 12 \/\ « \/(; | _‘1\.’_) )

< .
s } ta Cco

()
()

(3)

Cacli 20 Ap dung BDT Bunhiacopski mo rong cho 6 bo so khong am (mor bo gom

3\(’1'{-{\:\") } {i; U’l}. {l: V2

|
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Chinghanvéim =2 n=3p=7,a=10taco

: %= Z
ax Q=7.10"=700. bat duoc khi

y recmad ()

- 10

[hi du 14 (Hoc sinh gioi 16p 10 tinh Ha Tinh, 2001)
Cho x, y, z 1a cic s6 thuc thoa min x +y +72° < |,
Tim gid tri In nhat cha biéu thic Q = xy + yz + 2zx

. Xtz
Vai Va 7 Otaco Q=ay A

(R

Ta chon a 7 0 sao cho

Lid giai

s piw % . ! \/’:3
Khi do (1) tro thanh Q <

Dau dang thiic ¢6 khi va chi khi

d

ay -«
X — 7

Xty tz |

6
o
\ l
34 ﬁ

Ju:

Viy Max Q=

(X+y+7)<

11"

X ~-2 y
<o ) <>

(14 =)y =I

R
V3
. 6
Vi

o [ x 2]
ay
™ a Cs
ol 2P & : +X +7
a 2
t27)
e | s g
+ X" +2 ==y +(l+ | Yx +2)
9 .
2 i
a
— =1+ <> a-2a’
2 a

2=0 ¢> a’=1+3

l |7\/3 X ()<I b3

2

1}\/3
e |

B o3
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§6. PHUONG PHAP TIM GIA TRI NHO NHAT
CUA HAM SO Y=-MAX|F(X)|

« Dinh Iy
Cho ham so v = f(k, x) xic dinh trén D =[a. b} R vai k [a tham so.
Ky Incu M = max,, fIk. x). m = mang, fik. x) 2 U L tap g tocaa y= fla, x)
mg vork =10 PDat U=U, - Taco dinh ly sau -
DINH LY 4
New ham o v= /f(k.\} [ lién tue trén D thod man 2 dién kien
M m  2C (voi C la hang s6)
U o OO

thi @1t Ion nhat cua y = | f(kx) | trén D nho nhat khi vi chi khi M+ m = 0

Chume munh

Gor i = max, lfik, x)I . Hien nhién néu 16n tai, thi a = max | IMI, Iml}.

Do fik. x) hiéntuc trén Dnéntontan x, ¢ Ddé fix,)= (M +m)

l
.
Ro rang M=f(x 4C . m = fix) Cnén IMi=|[fix)+C’ |, Iml =|fix,) .
Bow vy -

Neu fix,) > 0 thi IM|>C >a>C (1
Neéu f{x,) < 0 thi Iml>C’ =i I (2)
Neu fix) =0thi [Ml=iml=C" >a=C (3)
T (1), (2). (3) suy ra mina 16n tai khi va chi khi fix,)=0 vii gid tri min a0 = C'(4)
Theo dicu kién (2) caa dinh ly U 5] C'; ("'l nén té6n tai x,, dé f{x,)=0 (5)

Tir (H).(5) > giid tnn nho nhit cua Max,, | fik. x) |=C dat duoc khi va chi khi
M+m =0 (dpem).

Thidu 1

Tim asa0 cho gia tri lom nhat trén [ 1 1] clia ham sé y=|f(x)|=] 2X +x+a
1a nho nhi

L giai
I Haanh do dinh parabol f(x) = 2x + x +alax = ) ol I:1]: hé so cua x la

<. Bem vay -

i 41 I
M= max f(x) = i‘ l =a+ —;
¥ 1 8
M=mmf(x)=omn{f( D:f(DH}=mmla 3:a 1})=2a 3
(R
25
SvraMoom= o (const)
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2. Khi a thay doi. hién nhién U >

25 251

16 16
\ 25 23
e Theo dinh ly ta co min(mux f(x )): p daotdimxc Khi M+ m =0 <>a- i
RE ) )

| Thidu2
l Chimg munh gid tn 1on nhat trén [a; b] coa ham so y= X'+ px + g | dar gan
nho nhiatkhivachikhi p+a+b=0

Loi giai
atb b a b .
Pat: x =1+ - Tacox,=a <> = p tXa=beatl=

1<

L o atby as+b

Ham so tro thinh:  f{1)=t +(p+u+h)l+»(~I ] += o Rai todin dan ta ching
: I o b a h—u] B ek " S b Bk B mds e

minh gria tn lon nhat tén o l ctia ham so il dat g1d trn nho hat ka

vichikhip+a+b=0

b a) b
f(r,) f1(0) : Y (ptaith)y— .
i 4 2
Taco . -
b-: b
fer,) f(0) - A 1(ptath) <
4 2
ba) b aj
Hfa)t+ fan > o (ptath)
4 2
> ~
b- a) b
H‘u.)l}lf(())l‘>( —4) t(ptath)
1 -
b a) )
LE) 1 0y ¢ Jl‘) néu ptaib>0 (1)
SRR ”-’-4") néupiat b0 ()
b a)y
AR I RSOSSN IERE (O] ( 4;_) ncupitath 0 3)

Goi «a a gid tri nho nhit (néu cd) cna max 1)l
b ah a

-

- .t b b ap
Tuw (1), (2). (3 suyra achitontaikhip+a+b=0(khido a = ( "
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