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Ki thi Olympic 30 thang 4 do S& Gi&o duc va Dao tao, Trudng Trung hoc
phd thdng Chuyén Lé Héng Phong Thanh phé Hé Chi Minh 8 chic da
dién ra dugc 19 ki (1995 — 2013). Ki thi da nhan dugc sy tin cay va hop
tdc clia cac trudng Trung hoc phé théng chuyén & céac tinh phia Nam
cling nhu céc trudng Trung hoc phd théng clia Thanh phé H& Chi Minh.

Nham gidp gido vién cé thém tai liéu tham khao trong viéc béi
dudng, ren luyén nang khi€u cho hoc sinh gidi va gitp cac em hoc sinh
co tai liéu tu nang cao kién thic, trong nhiing ndm qua, Ban T4 chiic Ki thi
da phoi hgp véi Nha xuat ban Gido duc va Nha xuét ban Bai hoc Su Pham
xudt ban bo sach "Tuyén tap dé thi Olympic 30 thang 4" hang nam.
Bo sach da dudc su tng hd cla céc thdy gido, ¢d gido va cac em hoc sinh.

Dé nang cao chat lugng cla bd sach, nam hoc 2014, cac gido vién
clia Trudng Trung hoc phd théng Chuyén Lé Héng Phong Thanh phé
H& Chi Minh da tuyén chon céc dé thi chinh thic va cac dé thi dé nghi
cua céc trudng tham gia 19 ki thi Olympic vira qua thanh bo "Tuyén tap
20 nam dé thi Olympic 30 thang 4". B6 sach nay gém 15 cudn lién
quan dén 8 mdn hoc: Toan, Vat li, Hoa hoc, Sinh hoc, Van hoc, Lich s,
Bia Ii, Tiéng Anh.

Gidi thiéu bd sach nay, chung téi ton trong ndi dung, két cau va dap
an hodc hudng dan giai cla cac trudng dé nghi.

Chung t6i mong nhan dugc su déng gbép clia quy thay cd va cac em
hoc sinh dé bé sach sé hoan chinh hon, cho Ian tai ban sau.

TM. BAN TO CHUC KI THI
HIEU TRUGNG
TRUONG THPT CHUYEN LE HONG PHONG, TP. HO CHI MINH
VO ANH DUNG
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: BE THI CHINH THUC

NAM 1998

Céau 1

V@i nhitng gid tri nao clia a > 0, thi mién gid tri ctia ham so:

A - +9D
y = ———— khong chita mt s6 nguyén I¢ nao?

a*+3

Ciu?2

Chox>0vio,Be [0; g],w[s

3 X+8in p - \sinfi
2 B! X +sina Sin o
Chitng minh ring: [——- --—*} > (_ -_J

Céu 3
Tim diéu kié¢n cdn va dii d6i vdi a va b dé hé
sinx +sin2x =a
{cos X+cos2x=Db
¢ nghiém.
Ciaud
Cho hinh chép OABC ¢6 gée tam dién dinh O 1a tam dién vudng. M 12 mot
diém thude mat diy ABC.
AM? BM? CM?

Tim gid tri nhd nhat clia —— +

A0* " BO* ' 0O

NAM 1999

Céul

Giai phuong trinh: A IR S el =1 vdi tham sd a € (0: 1).
2a 2a

Cau 2
n ‘sinx )’
Cho 0 < x < — . Ching minh: ( —~~) > €COS X
2 A - o

&7 ]



Ciu 3

Cho day (xi) dudc xdc dinh bdi: x, = % ¥ g“, FmvE (k 41-[1)! :

Tinh: lxl_'n} dx}‘ Fxo it X
Céu 4

Cho hinh chép S.ABC ¢6 ddy ABC c& dinh va AB = AC =a, ACB = 20". Goi
M, N 14n lugt 12 hinh chiéu ciia A, B 1én SC va thoid man & gitta C va N. Khi
S bié&n thién, tim gi4 tri 16n nhat cda thé tich khéi 1 di¢n ABMN.

Cau 5
Tim bic cao nhét cia k ctia 1999 d&€ 1999* 1a wdc s6 clia sd:

L;:lggsw%mwﬁmwMMm

NAM 2000

Céul
Dinh m d¢ phuong trinh sau ¢6 nghiém:

Am-3)vx+3+(Bm-4JVl1-x+m-1=0

Céiu 2
Cho day (u,) dudc xdc dinh nhu sau; :
u, = 2000
=, Y= DA

(o
Tim gidi han lim -2,
nor 1

Ciu3l
Xic dinh moi him s6 f: R — R thod min:
(i) f(—x) =—f(x) véimoi x € R

() fx+)=fx)+ I v8imoix € R

2

/" “
(iii) ftl] = 160 vdi-moi x = 0.
X X



Ciu 4

Cho tif dién ABCD ¢6 d6 dai cdc cip canh d6i lan luot 1a a, a’, b, b, ¢, ¢’. Goi V
va R 1a thé tich va ban kinh mit ciu ngoai ti€p ti di¢n.

Chitng minh ring:
a) C6 mot tam gidc ¢6 do dai 3 canh 1a: a.a"; b.b"; c.c.

b) Goi S 1a di¢n tich tam gidc d6. Chitng minh ring: S = 6.V.R.

NAM 2001

Céu 1

Cho phuong trinh ax’ + 27x* + 12x + 2001 = 0 ¢6 3 nghiém thuc phin biét.
Hoi phuong trinh sau ¢é bao nhiéu nghi¢m thuec:

4(ax’ + 27x° + 12x + 2001)(3ax + 27)
=(Bax’+54x + 12’ (a € R, a % 0).

Céu2

Cho ling try ding ABC.A'B'C’ ¢6 BC < CA < AB. Céc diém M, N, P ldn lugt
di dong trén cdc doan AA’, BB’, CC’, thod mdn: AM > BN > CP va (i s dién
tich xung quanh cta ling tru cut A’'B'C'. MNP va ABC.MNP bing 2001.

Tinh gid tri 16n nhdt cla t s§ thé tich 2 lang tru cut A'B'C’ MNP va
ABC.MNP,

Céu 3
Chitng minh ring trong moi tam gidc ABC ta c6:

343
(1 + sinA)(1 +sinB(l +sinC)< e 2 .

Ciu 4
Cho S=(-1; +m).
Tim 4t cd cdc ham f: S —> S thod man:
*VUX,y € S: flx+ 1(y) + xf(y)] =y + [(x) + yf(x)
2 Tx)

X

don di¢u tang trén (= 1; 0) va tén (0; +0).



NAM 2002|

Céul
Xét cde uf dién SABC ¢6 SA, SB, SC vudng géc vdi nhau tirng d6i mot va cdc
mit bén (SBC), (SCAO, (SAB) theo thif tu hdp vdi mit (ABC) cdc goc a, B, v.

Tim gid tri nhd nhat cla.
M = tg’a + 1g°B + 1g’y + cotg’a + cotg’p + cotg’y
Ciu 2
Cho ham s& [ xdc dinh va 18y gid tri trong tp hgp cdc sd thuc R sao cho véi -
moi X, y thudc R ta déu c6:
£(1975%) = f(sin(30x + 4y)) + £(sin(30x — 4y))
Hiy xdc dinh gid tri clia d(V13 + ¥4 + ¥2002)

Céu 3
Cho phuong trinh X" + X" + ... + x = 1 = 0. Ching 16 riing v6i mdi n nguyén
dudng thi phuodng trinh ¢6 duy nhal moOt nghiém duong x, va (im 11m s

Ciu 4
Cho tir dién ABCD ¢6 cdc dudng cao AA', BB', CC', DD’ ddng quy tai mdt
diém thudc mién trong cta i dién. Cdc dudng thing AA’, BB', CC’, DD’ lai
cit mit cdu ngoai tiép uf di¢n ABCD theo thit tf tai A, By, C;, D,.

AA;?.‘+ BB;é CC¢ DD¢ 8

AA, BB  ©C, DIj.8

Chirng minh:

NAM 2003

Céul

Gidi phuong trinh logzmn——f =

dx* +2 = %
+1 :

Ciu 2
& S
Cho ddy sd (u,) dinh bdi: T |
e Rl LU SR
141 -V2)u,

Tinh w03,



Cédu 3
Cho trudc hai s6 dudng a, b. Hay tim gié tri nhd nhit ctia bicu thitc

2 A € ¥
X y* z°

~ (ay + bz)az + by) .. (@z + bx)ax + bz) _ (ax + by)ay + bx)

trong d6: x, y, z 12 ba s6 dudng tuy .
Céu 4

Goi (P) la mat phﬁng di qua A va tifp xic v8i mit cidu ngoai tiép uf dién
ABCD. Cdc mit phing (ABC); (ACD), (ABD) cit mit phing (P) lin luot
theo cdc giao tuy€n d, b, x. Bi€t d, b, ¢ tao véi nhau thinh 6 géc biing nhau.

Chitng minh ring: AB.CD = AC.BD = AD.BC.
Céau s

Tim tat ¢4 cdc him s6 f: Q — Q thod mén

)=
fixy+y)=fx)f(y)-fx+1)+2 x,yeQ
NAM 2004

Céaul
Cho a, b duong va x, y, z dudng vdi x + y + z = 1. Chitng minh:

4 4 4
[a+~13] +(a+EJ +[a+h) > 3(a + 3b)"
X v Z

Dau ding thdc xdy ra khi nao?
Céu 2
Cho ba s& thye duong a, b, ¢ thod man: 21ab + 2be + 8ca < 12

Tim gid tri nhé nhitcia S = 1 + z 3

alpiie
Céiu 3
Cho phudng trinh: x° — —;—x" -5x* +x*+4x-1=0

a) Chitng t6 phudng trinh (1) c6 ding 5 nghi¢m.
b) Véi x(I = 1,5) Ia nghiém ctia phuong trinh (1).

i)
Tinh t6ng S = e
: ,Z,,:zxux SC%

Caud



Cho tf dién ABCD c¢6 hinh chi€u clia mdt dinh tf dién trén mit doi dién 1a
trifc tAm mit d6. Chitng minh ring tit cd cdc trung diém cia cdc canh tf dién
ciing thudc mot mat cau.

NAM 2005

Céul

2 2005
TinhléngS:[ul—}+ 1148 + ¥ 2
3 2 3 3

Trong dé [x] 14 s6 nguyén 1én nhit khong vudt qué x.

Ciu 2
Cho A, B, C Ia cic géc clia mot tam gide. Tim gid tri nhé nhit ca biu thic

sau
Cot:d[)()ﬁ A 5 cot2005 B i cot2005 C
P= 3. - 2 2
cot A + cotg--B- +cotgq
a 2 2
Ciul
Cho hai diy sd (a,),(b,) duge xdc dinh nhuf sau:
o TS0
a = 2 ;bI ; b, = \/a,.b,
ay= _a_ﬂ'_% : bn = \/an'bn—l

a) Tim limb,_ .

X7

b) Tim lima, .

X7

Céud
Tim moi ham s6 f: (~1; +o) —> (~1; 4+0) thod min hai diéu kién sau
(1) f(x = {(y) + xf(y)) = y + {(x) + y{(x); VX, y € (=1; +0)

(2) @ 12 him s6 ting nghiém ngit trong cdc khodng (-1; 0) va (0; +o).
b4

i0



NAM 2007
53 GIAO DUC VA PAO TAO THUA THIEN HUE
TRUONG THPT QUOC HOC HUE

Céu 1. Gidi h¢ phuong trinh sau:
B L

et

1
y2+l 5

|3log,(x +2y +6) =2log,(x +y +2)+1 (2)
Cau 2. Cho hinh chép déu S.ABCD c6 canh ddy biing d va sd do cla nhi di¢n
[B, SC, D] biing 150". Tinh thé tich cta hinh chép déu S.ABCD theo d.
Céu 3. Cho diy s0 duong (a,).
a) Chitng minh riing v6i moi s& nguyén dudng k:
2 3 k

ka a,..a, < s B e +"‘+TakJ

b) Bict lim) a, =a e R.

i=l
bitb,=2a; + ,/a]az + Jaaa +..+faa,.a vlinz]

Chitng minh riing day (b,) ¢6 gidi han.
Céu 4. Cho ham s6 {(x) = 2x — sinx.
Chitng minh riing tdn tai hiing s6 b va cdc him s6 g, h thod man dong thdi cic
diéu kicn sau:
1. g(x) = bx + h(x) vdi moi s6 thyc x.
2. h(x) 12 ham s& tudn hoan.
3. f(g(x)) = x v4i moi 8 thyc x.
Cau 5. Tim tit ci cdc sd tr nhién m, n sao cho ding thic sau ding:
8" =2"+n(2n- 1)(2n - 2)

NAM 2008

sO GIAO DUC VA DAO TAO NINH THUAN
TRUONG THPT CHU VAN AN

Céu 1. Cho diy s6 (xn) duge xdc dinh bdi cong thifc
=5
e

X, =7
X =X +6x_ +3.2%"

Chiing minh riing x, khong thé biéu dién duge dudi dang 18ng cta lily thita
bic6 cla ba s6 nguyén dudng.

11




Céu 2. Cho ham s f: IN* — IN* thda: f,(x)+503 f(x)=504x + 1560
Vi ky hi¢u f(x) = [(f(f(...(x)))). Xdc dinh f(x).
ﬁ—d
17 lan £

Céu 3. Cho 2008 s6 tr nhién bat ki. Chiing minh rling trong s6 cdc s6 d6, ¢6 mot
s6 chia hé&t cho 2008 hodc ¢6 mot s s6 ma tdng chia hét cho 2008.

Céu 4. Gidi phuong trinh (log, ) §an x.log,(x +3) =log, x[% +2log. (x + 3)]

Céu 5. Cho mot tif dién ABCD ¢6 thé tich V. Mét mat phﬁng « qua trong tdim G
clia tf di¢n cit AB, AC, AD lan lugtai B, C’, D’
+V +V

Tim gid tri nho nhétcda T=V,, .. + Vcp + Vg

NAM 2009

SO GIAO DUC VA PAO TAO TP. HO CHi MINH
TRUGNG THPT CHUYEN LE HONG PHONG

2x°43x* —18=y"+y
Cau 1: Giai h¢ phuong trinh: {2y’ + 3y’ —18=2"+z
2z +32° —18=x>4+x
Cau 2: Cho tir dién ABCD ¢6 hai mit ABC va ABD la cac tam giac nhon. Goi E,
F lan lugt la hinh chiéu vuéng goc cua A 1én céc duong thang BD, BC. Chimng

minh ring cac diém C, D, E, F & trén mét duong tron khi va chi khi cac duong
thang AB va CD vudng gbc nhau.

Cau 3: Xét day s thuc (x,), n € N, xac dinh bai:
X, = 2009
X, = {[6)(“ L, —6sin(x

Jovn =1

n-1/
Chirng minh rﬁng day (x,) co gidi han hiru han va tim limx, .

Cau 4: Tim tat ca cac ham sé f(x;y) thoa man hé diéu kién:

fFy)+f(y:2) +f(zx)=x" +y* +2°, ¥x,y,z€R

F(x* +y —(0:x):0) = x + 7 (y;0) — £(0;y* —£(0;y)),¥x,y € R

Cau 5: Gia sir ham s f: N* —» N* thoa: (fim) + f(n)) | (m + n)™”, ¥m, n eN*.
Chimg minh f(1), f(2), f(3). .... la cip s6 cong c6 cong sai duong.

12




NAM 2010

SG GIAO DUC VA PAO TAO TP. HO CHi MINH
TRUGNG THPT CHUYEN LE HONG PHONG

xX+y—qxy=3
vx+l+Jy+1l=
45" %9 + 0. +{4n—-3)

[1+5+9+...+(4n—3)]2
Céu 3: Cho n va k 1a cac s6 nguyén véi n, k> 2. Chimg minh rang

17f1+££lln(l+LJ+l
S k-1

(voi In la ki hi¢u logarit Né-pe).
Céu 4: Hay tim bén trong mot tir glac 16i mdt diém sao cho cac doan lhang ndi diém dé voi
cac trung diém cia cac canh chia 1 giac nay thanh 4 phan c6 dién tich bang nhau.

Ciu 5: Choham sé f .[{),2010] — R liéntuc vathéa £(0) = £(2010).Chimg minh
rang ton tai 2010 cap s6 (a,:b,).i =1,2.3,...,2010, vdi a, b, thude doan [0;2010] sa0
cho b, — a, lasd nguyén duong va £ (a,) = f(b,) véimoi i=1,2.3,...,2010.

NAM 2011

Céu 1: Giai h¢ phuong trinh: {

Cau 2: Tinh gidi han sau: [im

s3 GIAO DUC VA PAO TAO TP. CAN THO
TRUGONG THPT CHUYEN LY TU TRONG

Ciu 1: Giai phudng trinh sau trén dp sd thyc:

T [(l+x)"~\/(lﬁ-x)"}:2+ 1= x>

Céu 2: Cho p 1a s6 nguyén (6 1¢. Chitng minh riing khong ton tai cdc s6 nguyén

X, y thda man h¢ thie: x" +y" = p[(p - l)!]P .

Céu 3: Qua diém S bt ki thudc mit cdu ban kinh R ta dung cdc dudng thing
ddi mot hgp véi nhau mét gée o, cit mit cdu tai cde di€m A, B, C (khdc S)
sa0 cho SA = SB = SC. Xdc dinh o d€ th€ tich khéi chép S.ABC 16n nhél.

Céu 4: Cho tam giic ABC khong (b néi ti€p dudng trdon tdm O bdn kinh biing 1.
Goi G la trong tam cda tam gidc ABC va A, By, C lin lugt 12 hinh chiéu cia G
1én BC, CA, AB. Cic dudng thing qua A, B, C lin lugt vuong géc véi GA, GB,
GC va d6i mot cit nhau tai Ay, B;,C,; (AeBC ,BeA C,.CeAB,). Goi §,, S,

=

lan lugt 1a dién tich cde tam gidc A B,C,, AB,C,.

000

13




Ching minh 22 <s, 5, <2/ |
27 16
1
XI :Z
Cau 5: Cho day s6 (x,) xdc dinh bdi ,
X +4X; +9%, +...+(n~l) X
A==

n

n’(n-1)
v3i moi s6 nguyén duong n16n hon 1. Tim lim (30n —4n+ 201 ])

Céu 6: Tim tat cd cdc ham s6 [:[k+o0) [ 1+o0) thda man diéu kién
[(xf(y)) = y(x) ¥x.y € [Li+20)

NAM 2012
TRUONG THPT CHUYEN LE QUY PON
BA RIA-VUNG TAU
3 3
e e S
Ciu 1. Giai hé phuong trinh B :
2x"+y —4x+y=0
A ~ A - . 5. x4 +9 *
Céu 2. Cho ddy so (x, ) x4c dinh boi: x, =4, Yo st e N,
b e i 4
Chimg minh ring limx, = +o0.
V&i mdi sé nguyén duong n, dat Y,=) == Tinh limy, .

k=1 xk g
Cau 3.

Che tam gidc ABC déu canh a, tam G. Mét dudng thang d thay ddi ludn di
qua G va cit cac ducmg thing BC, CA, AB lan luot tai M, N, P.

Tim gid trj nho nhat cia biéu thie 7 = GM.GN.GP .
Ciu 4.

Tim tt ca cac cip ham sb f.g:R—> R thoa min df)ng thoi cac diéu kién sau:

f(0)=g(0)=1 g(1)=2.

f()-f(y)=(x-y)g(x+y) VxyeR
Cau §S.

Mot sé nguyén duong n>1 duoge goi la hoan toan khdng chinh phuong né',u n
khong ¢6 uéce chinh phwong khac 1. Chimg minh riang néu »n 1a mot hop so6 va
n—1 chia hét cho ¢(n) thi n hoan toan khéng chinh phuong va n c6 it nhit 3
udc nguyén to (trong dé go(n) la sb cac sb nguyén duong khong vuot qua » va
nguyén t6 ciing nhau véi n).
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Cau 6.
Trén mdi 6 6 cua mot bang 4% 4 6 vudng, ngudi ta dién mat trong hai s6 1 hodc

—1 sao cho tong cac s6 trong mdi hang va trong mdi ¢t déu bing 0. Hoi ¢6 bao
nhiéu cach dién nhur trén?

NAM 2013
Ciau 1.
3y’ -2y =0
Giai hé¢ phuong trinh: i . :
36(xvx + 3y%) - 27(4y® — y) + (2V3 - 9Wx ~1=0
Cau 2.
X, = 1
Cho day sb 2 -14 -51
ho ddy so (Xn) 4 VE X5 ( oy 2)
ox ,+18
a. Tinh X
b. Tinh limx
Cau 3.

Cho tam gidc ABC co d¢ dai cac canh [a AB = 3; BC = 5; CA = 7. Mét duong
thang di qua tim dudng tron ndi tiép tam gidc ABC, cit canh AB, AC theo thir tu
BM.CN

tai M va N. Tim gia tri lon nhat cta biéu thic P = 5
AM.AN
Cau 4.
Tim tét ca cac cap ham sé f,g :R — R thoa man dong thoi hai diéu kién sau:
i f(x-1)+g2x+1)=
i. f(2x+2)+2gdx+7)=x-1,VxeR

Ciu 5. :
o iy B O 3 . % : R0y Sl e % iy kel
Cho x 1a mét so thye. Chirng minh rdng néu {x} = {x } = {x } thi x 1a mot so

nguyén, trong do6 ki hiéu {t} dé chi phan Ié cua s6 thye 1.

Céu 6.

C6 hai déng da, mot dong c6 n hon va déng kia c¢6 k hon. Cir mdi phat, mot
may tu dong lai chon mot ddng c¢6 s6 hon da la chin va chuyen mot nira s6 hon déa
clia dong da duoc chon sang dong kia. Néu ca hai dong déu ¢6 s0 hon da la chin
thi méay s& chon ngau nhién mot déng. Néu trong hai dong s6 hon da déu 1a 1€ thi
may s& ngu‘ng lam vigc. Hoi ton tai bao nhiéu cap sap thi tu (n, k), voi n va k la

céc s6 nguyén duong khéng vuot qué 2013, dé may ty dong sau mot khoang thoi
gian hiru han s& dung?

5



PAP AN

NAM 1998

Cau l
Goi T 12 micn gid tri ham 8. Ta ¢6: Vy € T <> phuong trinh:

x—1
20 ¢6 nghiém x (vdi a > 0) <> a(ya — 1) = 5a — 3a’y ¢6 nghiém.

a* ¥ 3a
= 2
* Khi d6 ta ¢6: a® = S (D
ya-1

52?‘773513/";-0<:>l<y<i (via>0).
ya -1 a 3a

(1) ¢6 nghi¢m <

VayT= (1, 5].
e

L)

T khong chifa s0 nguyén 1¢ ndo <> ( —E] cl2k-1;2k+ 1], Vke Z*
a a

s a -
oy 1 o0kad
a & 5
o
Sk fem e D 1 6k+3
8. B e A LRt
a 5]
kP st a:%
ok 1 g Ly BRitB5 5
a 5 —<ac<l
9
Céu2
3 x+sinf}
Xét ham f(x) = [x—”ﬂﬁ) véi x > 0.
X +sinf
Ta ¢6 In(f(x)) = (x + sinP)ln [m}
X +sinf3
fi(x) ., (x+sina)+sinﬁ~sina
f(x) (x+sinf) x+sina

16



S P {ln[x+ sina] N sinBASina}f(x)

X + sin 3 X +sina

Délg(x):ln[x+sma]+ sinf - sina

X +sinf3 X+ sina
—(sinp - sina)?

Ta ¢6 g'(x) = (x + sina)?(x + sin B)

X 0 +00

g'(x) T

g(X) \
<. 0

Viy g(x)>0, Vx>0.
=Fx)> 0. Ya>0
= {14 ham tdng trén [9; +wx)
= f(x) > f(0)

= x+8in 3 5 sinf
X +sina sin o
=] >l
[x+51n[3] (smB)
Clu3

Gid sif h¢ ¢6 nghiém x. Vi€t hai phuong trinh dudi dang

sinx(1 + 2cosx) =a
cosx(l + 2cosx)=b + 1

a
Tirday su tex = va
iy suy ra 1gx e
c 2a(b +1) b+ <al
2 e e e e T O 2 = — *
e A T e o

K&t hgp hai phuong trinh, ta suy ra
(a - sin2x)* + (b — cos2x)’ = 1

Thay cdc gid tri vifa tim duge § trén vao ta dude

a@ +b*-D[ [(b+D@’+b* -] =

a®+(b+1)>* a’+(b+1)*
Dodé (a’+b* — 1)’ =a’ + (b + 1) (¥*)
Ngudc lai, néu (**) dudc thod min, ta chon duge g6c X sao cho
a(a® + b* - 1) V| 1)Xa® + b* - 1)
2+ (DX a’+(h+1)>*

- a7 IRAL B t1AT
[THU VIER Tin BT THUAS

sinx =

|

N

-

\ i LAMZ L A

N

17




khi dé tgx = ba 5 va sin2x, cos2x tinh dugc biing cong thic (*) va hé
+

phudng trinh s€ dugce thod man.
Viy didu kién cdn va di d€ hé c6 nghiém la
@+’ -1)’=a’+(b+1)
Céu 4
Dit OA =a, OB =b va OC = ¢ 1 cdc véc td cd sd.
Tacé: OM = x.a + ub + z¢ viix+y+z=1

AM=0OM-0A =(x-1).a+yb+zc
suyra AM? = (x - 1)%a” +y2b +2%¢

2 2 2
; 2 b e
do dé =x-1)*+y* 5 +2° =
a a
Tuong ty:
2 2 2 2 2
. 232+(y Wit vﬁ%:xzz—z+y2%+(z—l)z

b* b b? c
Cong céc ddng thic trén v& theo vE ta cé:
AM* § BM?* CM2
AO* BO* CO‘z

STl GO sigfnd: ook s N |
=Xa Bj+? +y°b —C?+? + z%c? ?n&gg

e s iy =1 (=13
_i+_1_+_1_ (2’ + v + 72 - (C + y2 + 2D
o P Xa +y ZC) X +y 2

+(x= 1) +(y =P ¥z L1y

s (% + "B]l2-+ E%)(xza“’ +yb% +2%*) -2x+y+2)+ 3
Bé ¥ trong tf dién OABC néu goi OH 1a dudng cao thi
1l
a’ b* ¢ OHA
AM* BM* CM* OM?
Do d6 — 4 + = +1>22
AOQ* BOP TR0 - OH
Déu ding thitc xdy ra khi OM = OH hay M = H va gid tri nhé nhét cin tim 1a 2.

va x%a® + y’b? + 7% = OM?

18



NAM 1999

Céul
Phudng trinh da cho tudng duodng véi:

Puas x_l_ 1-g2Y)
2a 2a
2 X

2 , ta dudc:
2a

( 2a =YL g% Y
= g -+ =
l1+a 14a
@

Vixe (0;)néntdntaio e [0; %J dé cho lgE = a. Nhu th&, phuong trinh

5 1
Chia hai v¢ phudng trinh trén cho [

¢6 thé dude vict lai:
X

2tg—g 1-tg? 2

l=f———a | g 2| o1= (sin@)* + (coso)™.
1+tg® g 1+tg® g

Ham s6 f(x) = (sing)" + (cosp)* 12 ham nghich bién va ta ¢6 £(2) = (sinp)’ +
(cosp)’ = 1.
Viy x = 2 la nghiém duy nhat cia phuong trinh.

Célu 2
3
Xét ham s6: f(x) = sinx - X + % X ie [0; %] ta suy ra dudc,
smx>x——— VXE[O J
T

Tir do, vdi Vx e [O; —2] ta cé:

. 3 PRL 2 4 6

smx_J Slal b g R B0 (1)

X 6 P i R |

2 X4

Ma x° <9m,nx—< B e e
L 2400 > x"216

4 6
Nervaylfx— e R SO 2)
2= 24 2o 12216
2 4
szilkhzic:cosx<l~x—+x— (3)
Do

19



Cudi ciing, tir (1), (2) va (3) ta suy ra:
[Sinx]3 : ;
> COSX. -
X

Vi Xpo — X = (k +1) >0 = X > Xk Vk, do d6 (x,) 1a ddy ting
(k +2)

=0 <X < X3 < X3... < X999, tr dé:

Céu 3l

n n n n n 3
Koo < Xy ¥ Xg F oot Xigeai< 1990% 20 hay

1
X1999 < dx;‘ + X5 + .ot Xjogs <1999 x 20 (*)

Mait khdc, ta cé:
b o AR | 25
Gl EED R mipl

x—(lﬁgl_‘}.{. l_l l_l]+ +(_1___1—]
¥ 214081 BEk Y81 4t k! (k+1)!
1 1
=1- . Nhu ", r i, fesiy Mt
(k + ! b i s 2000!

Dé&n diy, thay X499 Va0 (*) ta c6 dudc:

1
2OOO'<\F+X2 +x?999<1999“(1— > ]

2000!
Nhung vi:
1 1 1
liml| 1 - ———il = lim10990 ] 1 =—— | = 1 —oi—i
Iin[ 2000.} av ( 2000!) 2000!
nén ta suy ra:
= 1
: £17£I}Jx +Xg +re i Xygoo = b 58001

Ciud
e Goi H, K lan lugt 14 hinh chi€u ciia M, N trén (ABC).
Khi d6: Vapmn = Viase — Vmasc

1S, .. (NK - MH)

S,se-NT (T 1a hinh chi€u ciia M trén NK)

a\3
4

® Sapc = %az sin’ = = const
Suy ra V au~ 10n nhit khi va chi khi NT 16n nhét.

20



e bat ¢ = MCH, o = géc (BA, CK).
Khi d6: NT = MN.singp/
Dung ME // NB va NF // AM (E € BC, F € AC).
Khi d6 mp (AME) // mp (FNB) va SC 1L mp(AME), mp(FNB).
Néu goi I, J 1an lugt 1a giao diém clia duding thing CK 'v6i AE va BF, P 14 hinh
chi€u ctia I trén NJ thi MNPI 13 hinh chi nhét va: S
MN =PI = 1J.cosp = AB.cosa.cos.

Tir d6 NT = AB.singcosg.coso = %sin 2¢.cosa..

Suy ra riing NT 16n nhat

sin2p=1 [¢p=45 "
o =
cosa =1 a = 0° =d
FAN a C
Khi dé: maxNT = 3
A S
va max V,pn = —ad3. F

24
Cdch dung: DE dung khéi ut dién ndy, ta dyng hai di€ém M, N thudc tia
phén gidc cia goc xCy vdi Cx vudng géc vdi mit phing (ABC) vi Cy
song song vdi BC.

Céau s .
Trude hét ta ching minh riing véi moi s6 1é a > 3, moi s6 n nguyén dudng va
khong chia hét cho a, ta cé:

A+val =¥+8 8",
trong d6 S, 12 s6 nguyén dudng va khong chia hét cho a.
Vdin=1,taco:
(1+a)'=(1+Ca+VZ’a®+...+C%a®
=1+a(1+C2+Cla+..)=1+8a°
Vialasglé nén C; i a vd vi th€ a khong 12 uéc s8 cla S, véi
S;=1+C;+Cla+..
Gia st riing khiing dinh diing cho t6i n, khi d6 vdin + 1 ta c6:
(L+a)" L£(1+S 8™
=1+ C;8, g%t C282a%*% 4+ .. |
=1+a"?[S; +C2Sa” +...]

=% n+2
=1 +Sa+la 2

21



Vi S, / anénS,, / a Nhuviy ménh dé trén di dugc ching minh theo
nguyén li quy nap.
Lap ludn tudng ty ta ciing chitng minh dudc.
Vdi moi s6 1¢ b > 3 vd moi s6 nguyén dudng n ta cé:
—Db*=—1 +tb""
vdi t, 12 s0 nguyén chia hét cho b.
Ap dung k€t qua trén ta ¢6 bic 16n nhat k cin tim 12 1999.

NAM 2000

Céaul
Didu kién: -3 <x <1.
Khi d6: (4m - 3)Vx+3 +(Bm-4)V1-x+m-1=0 (1)
_8JVx+3+441-x+1

2
4\/x+3+3rx+1 (2)
2 2
Do: (\/X+3)2+(\/qu)2~4<:>{\/f§J +[ 12_x] w1

Nén ta dit

2
\/x+3 2sing = 21 ; V1-x =2cos¢ = 21 ¥

T
e tan9
2
T
vii: |0< o<~
( ) 2
t < [0;1]
~T2 4 12049
eom=s ————— 3
o —5t* + 16t +7 3)
7| 2
Xétham s (0 = I tihat £ 3 te [0 1]
-bt° + 16t +7
() = _52.1,;" = _602 <0 vt e [0; 1]
(bt +16t+7)
Bang bi¢n thién:
t 0 1
rw % i3
() 9
7 7

22



Tif bing bién thién ta suy ra:
Phudng trinh (1) ¢6 nghiém <> phudng trinh (3) ¢c6 t € [0; 1]
9

stmsw
9 7

Gid tri m cin tim 1a: [z,g:| ”

97
Ciu 2
Tir cdch xdc dinh day ¢6 Vn =0, 1, 2...
3 1
ui*,:uﬁ+3+—%+ﬁﬁ (1
n ul'l.
Dou,>0:Vn=0,1,2... nén tlr (1) suy ra:
ul,>ul+3 (2)

Trong (2) cho lan lugtn =0, 1, 2..., k — 1 rdi cong lai dudc:

ul >ul + 38k (3)
Tir (1) va (3) suy ra Vk € N ¢6:
: : 3 1 1 1
e 48— 4% F e LA
e R N T e e e T g
:,ng,<uﬁ+3+%+$ @

Trong (4) lan Iuot thay k bing 1, 2, ..., n— 1 rdi cong lai duge:
n-1 n-1
L1‘2<u?+3(n—1)+21l lzl

+ AR,
ik 9HK?
n-1 n-1
= ul <ul+3n+ o iz (5)
ik 9Tk
Mit khdc co:
=1 1 1 i
— i e bk =
Sk T 25 n(n —1)
Ll
=l+|1-=|+|=-=|+.% -=
2-53 n-1 n
:>Z~1;<2 (6)
o k”



5 |
:§E< 2n

Tir (3), (5), (6) va (7) c6:

3 3
u
0 < 1

k .k

u

3+ C3

X—=r X-»r

2
ok
3
Vi lim(3+%}~]im[~—+3+ %+%J=3

X—=

3
nén tif (8) suy ra: lim [Pkl] =3

Cédu 3
Trude hét véi moi s6 thuc x # 0 ta ¢6:

f[x+1]=f(1+l}=f(l]+1=f(—’:)+1
X X X X

Mit khdc véi moi x khdc O va —1.

f{x+1J . f[xtlj =(“D2J.f( x

X ( x T ® x+1
x+1

™

|

»

w
o

_(X"Fl}z fix)—1+{x+1)
S e (x +1)?
_ fx)-1+x*+2x+1

X?

Twr (1) va (2) véi moi x khdc 0 va —1 ta cé:
f(x) —f(x) + x* + 2x
+1=

x? x2

+1J2-f[1_ 1 J:(x+1]z.[f(_ 1
x+1 % x+1
() (o) (2 e

X x+1 X (x+1)

(7)

(8)

e

(D

)

Viy vdi moi x khdc 0 va —1 ta ¢6: f(x) + x> = —f(x) + x> + 2x

Suy ra f(x) = x vdi moi x khdc 0 va —1.
Khi x = 0 theo tinh chat (i) ta ¢é £(0) = 0.
Mit khdc f(-1)=-f(1) =-1.
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Viy f(x) = x véi moi x 12 6 thie. Pdo lai khi f(x) = x vdi moi x € R ta d&
dang chitng minh (i), (ii) va (iii) déu thod man. Viy him s& phdi tim 1a f(x) =
X vdimoi x € IR.
Céiu 4
A GiAsTAR =8, CD =25 AC=0'BD =0, A= Bl =¢
bitK =a.b.c.
Trén AB, AC, AD ta 1y lin ludt cdc diém B, C,, D, thoid min
AB;.AB = AC,.AC = AD;. AD =K
AAB,|C, dong dang AABC
K ab.ce’ -
SRHAATT " ab. 0>
Viy B,C, =cc’.
Tuong ty  C,D; =aa”;
B,D, =bb".

Ta c6 A,B,C, la tam gidc cin tim.

@B]C]

b) Goi ® 1a tim mit ciu ngoai ti€p tf dién ABCD, O 12 tim dudng ron ngoai
ti€p tam gidc ACD. M la trung diém CD.
Ta c6 AOM = ACD = AD,C, = T gidc OED,M néi ti&p
= 0AL1CD, = Aol CiDy
Tuong w: Ao L B,C, = Ao L (B,C,D)).
= Ao cit (B,C,D,) tai H.

Ta c6 AH.Ao = AE.AO = AD,.AM = %AD,.AD : %abc
abc
SN L
2R

Goi V, 1a thé tich uf di¢n AB,C,D,. Ta ¢6:
V, AB,AC,.AD, _ (abe)’ _

3 s 2k
VY| ABACAD - fabey —F
Ve AT - 2G50 k. evR
3 3 9R
NAM 2001

Caul
Pat d(x) = ax’ + 27x% + 12x + 2001.
Theo gid thiét ta ¢6: 26(x).£7(x) = ['(X)]
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< 2(x)."(x) = [FX)F =0
bat d(x) = 21(x).f"(x) - [d’(x)])’
Tacé  g'(x) = 2f(x).fV(x)
Goi 3 nghiém cda f(x) la o, B, y (e < B <), ta c6:
g'(x) = 12a%(x — a)(x — B)(x—7)
Ta ¢6 bing bién thién cla g(x)

X —0 a p b2
_g(x) — 6 + (5 - (S +
g(x) | +oo : g(ﬁ)
\ (o) / \g(v) /

fla) #0 = glo) =-[f" (cx)l <0
Tuong tr ta ¢6 g(P) < 0 va g(y) < 0.

Viy phuong trinh g(x) = 0 ¢6 2 nghiém thyc (diéu phéi chiing minh).

Céu 2
a)bit AA'=/,AM=x,BN=y,CP=z(lzx=2y=220)

AB=pe,;BEC =aiCA=b{0<ashse)
Dié¢n tich xung quanh ctia 2 lang tru cut la:
S =(a+b+c)-S
e s e

S ’
2 2
Thé tich 2 ling try cut la: A
Vi=l-Sp=-V
V= RIIE Sasc h
3 B’
b) Ta chitng minh: M
V' _3003b+e) g 7
Vv a+b+c X Vv

’

S
Ta cé: — — 2001
a cd 3

SI
— +1=2002
S +

= 2002

S +8S
<>

< (a+b+c)=2002.85
<> (a+b+ce)l

26

CI



=1001.[a(y + 2) + b(Xx + Z) + c(X + ¥)]
Ta lai co6:
3l P 3003(b + ¢)
X+y+z a+b+c
< 3(a+b+c¢)<3003(b+c)(x+y+2)
< 3003Ja(y +z) +b(x + z) +c(Xx + y) + (X + ¥)
<3003(b+c)x+y+2)
Sa(z+y)+bx+z2)+c(x+y)<(b+c)x+y+12)

(1)

< aly+2z)<by+cz
< yb-a)+z(c-a)=0 (2)
(2) ding suy ra (1) ding.

’

Vay dat gid tri 16n nhat
V' 3003(b +c) : (a+b+c)
— =" -1 &oy=0Az2=0AX= ———
A% a+b+c 1001(b + ¢)
Ciu 3l

Taco: In(l +x)<x, Vx=0
Thit vay: xét ham s6 {(x) = In(1 + x) - X, (x> 0)
it Sl
1+x 1+x
= f(x) gidm trong khodng (0; +)
=f(x)<f(0)=0
=S n(l £ x)<x, V¥>0;

<0,(x>0)

Vi A, B, C la ba goc ctiia tam gidc, nén:
sinA > 0, sinB > 0, sinC >0
Ap dung (2), ta ¢6:

In(1 + sinA) < sinA (3)
In(1 + sinB) < sinB (4)
In(1 + sinC) < sinC (5)

Cong v& theo vE clia (3), (4), (5) ta dugc:

In(1 + sinA) + In(1 + sinB) + In(1 + sinC) < sinA + sinB + sinC
<> In[(1 + sinA)(1 + sinB)(1 + sinC)] < sinA + sinB + sinC
&> (1 + sinA)(1 + sinB)(1 + sinC) < ¢inA+inBsinCl (6)

Ngoai ra, trong tam gidc ABC ta c6:

33

sinA + sinB + sinC < = (7)
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Dau “=" xdy ra khi tam gidac ABC déu.
33
T (6), (7) suy ra: (1 + sinA)(1 + sinB)(1 +sinC) < e 2 .

Caud

Gid sl 16n tai a d€ f(a) = a ta chitng minh a = 0.
Trong (1) cho x =y = a, la cé:
fla + f(a) + af(a)] = a + f(a) + af(a)
= f(a’ +2a)=a’ + 2a (vif(a) = a)
Pitb = a’ + 2a. Xét 3 rudng hdp:
*h=a=a’+2a=a=a=0va=-1=a=0(Wia>-1)
*hb>a=a'+2a>a=a>0va<-1=a>0wi2a>-1)

@ = @ =1 veiliv ﬁx_) don di¢u ting trén (0; +0).
a X

Khi dé

*bca=a’+2a<a=-l<a<0
Vdiae (-1;0)dé thiyb=a’+2a € (-1;0).
Viy-l1<b<a<(.
Khi d6 L = fla) =1vdlivi fx) don di¢u ting trén (—1; 0).

a X
T trén suy ra néu 3a € Sd€ f(a) =a thia = 0.
Trong (1) cho y = x ta dudgc:
flx + f(x) + xf(x)] = x + f(x) + xf(x)
=x f(x)+=xi(x)=0

= f(x) = —
x+1
Thit lai f(x) = ——}—{I thod min cdc diéu kién cia dé bai.
X +
NAM 2002
Céu 1

28

Goi H 1a hinh chi€u ciia S 1én mp(ABC).
AH cit BC tai A",

BC LSH {BCLAA’

BC 1L SA BC L SA’

> SA’H-HSA = a




Ta ¢é H 1a truc tim AABC:
1 1 1 i} 1 1

SHE SA’ 'SA” SA? SB? SC?
2 2 S 2

. Tudng tuf COS2 = —, (:()s2 o ot o
SA® B CORPI= gps s 008 T = g
Suyra cos’a + cos’B+cos’y =1.

Ta ¢6: cos* o =

5 2
bit cos’o = a, cos’p =b, cos’y =c.

. 2
e T sina l-cos’a b+c
Ta ¢6 tg'a = = =

cos” a cos® o a

Tuong tr tg”p = —E-l—;;—c AR = b

c
b+c e+a a+b
- + 26
a b c

Theo Nét—bit 2 + b & § ?§
b+c c+a a+b 2

Theo CH-s1

Suy ra M = g% + tg°p + tg’y + cotg’a + cotg’p + cog’y > 1—25~ :

Viy M dat gid tri nhd nhit <> M = 1—‘;— :

sSsa —b=rcC
e SA=8B= §E.

Céu 2
; n 197567
T *)1ay x = —3 R va datd=f
rong (*) lay x 60 yeRvada [ 80 J
Tacéf(cosfly):}zﬂd,VyeR
1
Suyraf(l)zgd.Vlzl—l;ll (1)

Do sin(30x + 4y) € [-1; 1] VX, y € R nén tr (¥) va (1) c6:
f(1975x) =d, Vx e R

Suyracé f(x)=d,VxeR (2)
(Hva(2)=> %d =) =d=d=0

=H(x)=0 Vx e R

Vay (V13 + ¥4 + ¥/2002) = 0
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Céau 3
it f,(x0 = x"+ x" ' + ... + x — | thi f,(x) 12 hAm s& lién tuc trén toan truc so.
X¢ét

n-1

fo(xy) = [(xy) = (x;‘ - x;) +#(x]7 —x37 )+ ...+ (%, — %x,).

Né&u 0 < x; < x; thi f,(x;) — {4(x,) > 0, hay f,(x;) > fy(x,).

Do d6 ham s& f,(x) 12 ham déng bién trén (0; +0).

(C6 thé dung dao ham dé chitng minh).

Hon nita £,(0) = -1 <0, f,(1) =n - 1> 0, vdi n > 2 nén phuong trinh {;(x) =0
¢6 nghiém duong duy nhat x,.

Vil =x,+ x2 +...+x" nén khi n ting thi x, gidm, tic 12 {xn} 12 diy gidm
va bi chian dudi.

Do d6 xo = limx, t6n tai.

Mit khdc, 1 = s x, vd 0 < x, < | nén cho qua gidi han ta ¢6 BRI
1 =% xn 1 5 xl)
1
hily Xp = *2-

1
Viylimx =—
1y ey

Cau4
Goi H la giao diém clia ba dudng cao cila
uf dién. Hi€n nhién ba dudng thing AB’,
BA’, CD dbng quy tai L.
ABCD la ur dién tryc giao nén A’ 14 tryc
tim tam gidc BCD. Goi J 1a giao diém
ctia Bl véi mit cdu ngoai ti€p uf dién
ABCD thi AT = 1J. B
Do H 14 trye tim tam gidc ABI nén:

A'HA'A=A'B.Al=

-laBag-laaaa = an-1aa,
2 2 2

Tudng tr: B'H = %B'B] s C'He % C'C,;DH= %D'D1
Tu Vimep + Viepa + Vioas + Viase = Vasen

Meis Voo V Viine
necp , Vuepa |, Vipas | Viasc

v ABCD VABCD VAB(‘.D VAB(‘.I)

= =0 |
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HA’ HB’ HC' HD

= + + +
AA’ BB CC DD

A& SHB e DD
+ + + =2

XN BRSO - DY

AA, BB, CC, DD,

oF: i + =6

AN BRY. . 6 - DIY

Theo bat ding thic Co—si:

=1

[AA: BB CC’ DDq(AA1+BB1+CCI+DDq:46
DD’ )~

+ + +

ARk BB CC Db LA BB O
AR BE . 6C . DY B
= - + + > —
AR, BE CC. DD 3

NAM 2003

Céaul

Pita=4x"+2>0,b=x*+x*+1>0. Phuong trinh ¢6 dang:

a 2003°

—_ = &~
b 2008%
(Ham s8 {(x) = x.2003* ting trong R*).

a
l()gzn(gg = b —8a & a=b

Gidi phuong trinh x°® - 3x> — 1 = 0.
Dit u = x* phudng trinh thanh: v’ - 3u - 1 =0.

Vi f(u) =u’ - 3u— I, ta thiy f(-2) = -3; f(-1) = 1; f(0) =—1; f(2) = 1 vau >

0 nén phudng trinh nay chi ¢ nghiém u trong khodng (0; 2) nén dit u = 2cost

O<t< g , ta dugc phudng trinh: cos3t = —;—

Phuong trinh ¢6 nghiém 1a x = i,}2 cosg 2
Céu2
u, =3
Ta cé: =
et w,n =127 (®
1+(1-v2)u,

+ Tinh diing lgrg- =V2-1

]
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I
T s 2tgé
1=tg—:tg(2.§]= :>lg— 9«1
1 2(“}
g 5
un+tgﬂ
+ Tt (%) ta Vi€t dudc u,,, = —SE (1)
1-u_ tg—

8
+ Theo nguyén li quy nap, tir (1) va u, = J3 suy ra

-lg[ +(n-1)— j|

s T b8 T
Va =tg| —+2002.— [=tg| =—=—|=—(2 3
+ Vay ooz 2-,.{34‘ 8] g(s 4] | ( +\/_)

Célu 3
Ta c6 (ax + by)(ay + bx) = ab(x* + yz) +(a’+ bz)xy <

<ab(x’ +y") + %(a2 +b2)x? + ¥?) = é—(a +b)(x* + y°)

.- 2 2
Viy A> 2‘(X+Y+ZJ

(a+b)? | y® 22 » 2 +x* - x* 4 ¥
Ap dung bt ding thitc Nét-bit (Nesbit) —o- + B GSS § vdia,b,c
bise ct+a ash 2
>0 ta dudc A > A
MinA = . = khix=y =27
(a +b)*
Céau 4
Trén AB, AC, AD ta Iy ldn lugt cdc diém B’, C’, D’ thod min:
AB’ = AC.AD
AC’' = AB.AD
AD’ = AB.AC
Ta c6: AB AC’
ARG BB

Suy ra 2 tam gidc (ABC) va (AC'B’) déng dang.
d 12 ti€p tuyén cia dudng trdn (ABC).

Suy ra dAC = ABC (chdn cung AC).

Suy ra dAC = AC'B’ suyrad// B'C'.

32




Tuong b // C'D’, ¢ // B'D'.
b, ¢, d tao thanh cdc g6c biing nhau, suy ra tam gidc B’C’D’ déu.

’ ’

Ta lai c6: g = AD suy ra B'C’ = BC.AD.

Tudng ty C’'D’ = CD.AB, D'B’ = DB.AC
T¢B'C' =2CD =DB
Suy ra BC.AD =CD.AB = DB.AC.
Cius
+ Tir gid thi€t, cho y = 1 ta ¢6:
f(x+1)=2f(x+1)+2 Vxe@
Sfx+1)=1(x)+1 Vx e Q
Biing phudng phdp quy nap ta chitng minh dudc:
fx+n)=fx)+nVxeQ, VxeZ (a)
+ Tir gid thi€t cho y = x ta cé:
(X +x)=F£x) -fx+1D+2 VxeQ
S +x)=f+2x)-f(x)+1 VxeQ (b)

+Vx e Q. d9as5tx = 2 (p e Z q e N\{0}.
q

Ap dung (b) ta ¢é:

:
I‘(£+q] +(—E+qj =f2(2+qj—f(g+qJ+l

q q q q

5 9 2
@f(g +E+q‘+2p+qw:[f[EJ+Q} —f(BJ—QJrl(DO(a))
q q

@f[B i N q2+2p+q:f2[3)+2qf[£]+q2—f[BJ—q+1
q) q q q q
48 5% (EJ+1+q2+2p+q=
q q

=f{p]+2qf[2]+q A [ ] q +1 (Do (b))
q q

@ql‘[E] =p+q
q

Qo

33



@f(EJ:E+1 (Do q#0).
q q

Vayf(x)=x+ 1 Vx e Q

Thit lai ta thdy hAm s6 f{(x) =x + | Vx e (Q thod min dé bai.

NAM 2004

Céul

34

Chitng minh b8 dé sau: a, B, y> 0

=o'+ B +y' > apy(a+B+y) (1)
+ Ap dung bt ding thitc Co—si ta c6:

a’ +' > 20%B%, B* + ¢ 2 28%°, ! +at 2 2y%® va

oB + By > 20y, B + Y'od? > 2By, YRk + o2B 2 a’.p® > 20°By
+ Tl d6 suy ra: o + B*+ y* > afy(o + B + 7).

4
Ap dung (‘1) ta ¢6: [a +ET + (a+h] +(a + ET

X y z

> [a+E)[a+E]{3a+b[-l—+l+1H (2)
X z iy 3
Ta lai ¢é: (a +EJ[3+EJ[3+EJ =
3 y zZ

2o
:A“JrA*.BL—14+—1—+l]+alt>2{—l—+—1—+ﬁ1—J+}33L (3)

X -5 .7 Xy =32 2% Xyz
Ap dung bat ding thic Co-si: 1 = x + y+2>3.3Jxyz (4)
=5 o > 27 )
XyZ
s 20 Dk gEaV e UL 6)
XY WL 2% Xyz XyZ
1+1+£>3. : véké’thqpvéi(éi)lacé:l+l+l>9
Xty {xyz X 4y o¥

:>3a+h[l+l+l]22(a+3h) ' (7)
Ko Nx 0

T (3), (5), (6), (7) ta suy ra dudc:



4 4 4
(a +E) +(a+hj +[aE] > 3.(a + 3b)°
X y z

foudinglht’l’cxéyra@)(:y:z:%.
Céu 2
ODalx=—1—,y:E,z=§.B;‘1ilozinlr6thénh
a b ¢
o Xy =0
2x +4y + 7z < 2xyz
Tim gid tri nhé nhdtciaS=x+y + 7.
-Tl‘r(l)suymx(ny—7)22x+4yhay12M
2xy -7
Thay vao S ta c6
14 14
2x -4y -—+
oszx+y+zx+4y;x+y+ XX
2xy — 7 [ 7]
x| 2y -
X
14 14
2% + 2x + -
2x+y+—2-+ X 2x+g+2xy¥7+—7— X
x 2xy-T7 = 2% 2x 2xy -7
11 o e g
>x+ —+2,/1 + — (dp dung bat dang thic Co—si)
2x X
e Dit: f(x)=x+l—1—+2 1+l2
2x X
PO =1 - 112_ 14
2x SJ 1
X
X
e Ta thdy "(x) ting (x > 0) va
o e
18 36
e Ta ¢6 bang bién thién cia f(x)
X 0 i
f"(x) - 0 I

f(x)
\ E
2

(D
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Vay S dat gif tri nhé nh&ikhi S = L;

x=t3 a:l

14 =8 3

2xy -7 2x+--x-- 5 4

< 9 = Siy=— S 1b==
2x 2xy -7 2 5
Z:2‘.x-|—4_y z=2 C:E
|y T 5

Ciul
a) Xétham s f(x) = x° — %x‘ =%+ x: e duid
f(x) 1a ham s0 lién tuc trén R.

Ta c6 fl=2)y==5<0)

f[31:2>0
2
[y =t it
i'[lJ=—5->0
2 8

1
f()ze— <)
(1) 2<
i) = 21215

2

Phuong trinh f(x) = 0 ¢6 cdc nghiém X, Xa, X3, X4, X5 a0 cho
1
—2<x,<—§<mz<0<xf,<§<::r;,l R T L e

Miit khdc vi f(x) = 0 12 phuong trinh bic ndm nén ¢6 khéng qud 5 nghiém.

Vay phuong trinh trén ¢ ding 5 nghi¢m.
5

b) Téng S = )

5 4
j=1 2X1 =y

e e : &
T , X; 14 nghi¢m cua (1)

Ta ¢d6 x; 1a nghiém cia phudng trinh (1) nén:
% —}2—x.f -5x) +x} +4x%,-1=0

o 2x) - x} -2 =2(5x] - x; —4x,)

ek

X +1
Dodo S = -
,21: 2(5x;‘ - x? - 4x,)
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X+ 1 x'+1

Xét biéu thi = =
PN s . O T
Déngnhﬁ'thaivé’ladu’dc:Az—l;B: ?-;Cz i
4 9 36
c x+1 1 2 5
€

n =——+ - :
x(x —1)(5x +4) 4x 9(x-1) 36(5x+4)

s smtid o ok § i
DOdOS_m8§xi+9§xifl+72§

4
X, 4

o
Mit khdc ham f(x) dude viét lai 1a:

f(x) = (X = x)(x = X2)(X = X3)(X — X4)(X — X5)

Paoham  {(X) = (X — X3)(X — X3)(X — X4)(X — Xs) +
+ (X — X)(X ~ X3)(X — Xg)(X — Xs)
+ o+ (X = X)X = Xa)(X — X3)(X — X4)

Pow. o L4 5
Vi x#xi(i:1,5ladqucf(x):2[ : }
=1

f(x) X-X,
Vi P =5x =2 - 158 + 25 + 4
[ 6§ B T | Bt (1)
fu)*gl—x:>§ G900 P
SO _$ 1 0 _
£0); - 5% f(0)

4 [ 4
_f(sj_i lo. o f{s]:mmm
f(_4] i,_,xi+4 f[_4) 4789

5 5 5

8959
4789

-12v

X;

4

A

Ciud
Chitng minh ring mot t&f dién ¢6 mot dudng cao
di qua tryc tim ctia mot mit d6i dién thi tat ca
cdc trung di€m ciia cdc canh cing nim trén mot
mat cau.
T dién ABCD ¢6 dudng cao xudt phat tir A di
qua truc tdm H ciia ABCD.
AH 1 mp(BCD) = BD 1 AH (1)
Hla tyc tim ABCD =BD L CH  (2)
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Tir(1) va (2) => BD L (ACH) = BD 1 AC
Chitng minh twong i~ AB L CD
BC 1 AD
V& qua mdi canh ciia tf dién mdt mat phdng song song vdi canh d6i dién.

Ta nhin dugc ba cidp mat phing song song tao thanh hinh hop
AB'CD.A'BC'D.

AC// A'CY

C ACB'D’ (ABCD’ 1a hinh thoi
DM BB = YAt = T ABET i ok thot
ACBD 1n 01

Tuong w: AA'DD’ va BC'CB’ ciing la hinh thoi.

Do d6 tit ca cdc canh ctia hinh hop bing nhau.

Viy khodng cdch tif tim O cta hinh hép AB'CD".A'BC'D dén trung diém
canh bt ki ciia tf dién biing mot nita canh ciia hinh hop. Ching han khodng
céch tir O dén trung diém canh AB bling khodng cdch tr tim d6i xing hinh
binh hanh ABC’D’ dén trung diém canh AB nghia 1a bing mot nita canh AD".
K&t ludn: TAL ci cdc trung diém cla cdc canh tf di¢n nim trén mot mit ciu
tam O.

NAM 2005|

Céul

Ta ¢6 bd dé&: Néu a > 0, b > 0; a, b khong 1a s& nghuén va a + b 12 s6 nguyén
thifa}+[b]=a+b- 1. _
m,n e Z
Thét vdy: theo gid thiét ta ¢6 {a * véi x,y€(0; 1)
2 x+y=1
Khidé [a]+[b]=[m-x]+[n-y]l=n-1+n-1=
=m-(x+y)+n-1l=a+b-1

n n+1

Ta ludn c6: — +
S 5
20 21 22 23 -22004 22005
S=—+—-\+—-+—+...+—-—+
[3:1 l:3J 3 3 3 3

20 21 22 23 22004 22005
— et — =1+ —=F+—=—-1 |+t |+ -1
3 3 3 233 3 3
1+243%4 2 4+ 42006 gre %

= -1003 = ——— - 1003
3 3

e N, Vn e N. Ap dung b8 dé ta dugc




Céu2

Chitng minh dudgc

cotg% + cotg = + cotg% = cotg% cotgg cotgg =M

2

Ap dung bit ding thitc Co-si cho 3 s& dudng

2005 A 2005 B

cotg

cotg

cotg
=

2005

C
; cotg ; cotg”™” S dudc:

2005 % +cot g2005 _g e cotg2005£2:_ 5 3.3fM2005

2005 "005

32/W

A+cot‘. B+cot
9 g 9 g

Ap dung bat ding thitc Co-si cho 3 s6 dudng colg

dudc:

M

A B 0 S AR
cotg— +cotg— tg— > 3.3/cotg—cotg—cotg —
0g2 co g2+c0g2 \/0 g200 gzco g2

oM 3YM o M> 343
Suy ra P> (/3)*%
Dau bing chi x4y ra khi tam gidc ABC déu.
Viy gi4 tri nhd nhat cia P 1a (+/3)2%

Céu3l

a) bat

Ta co

[a = 2005, b = 2006

coaa:%(0<a<~g—)

\

ol a+b bcoso:+b =% osza
<
b, =+/a,b = [b2cos?< = beos *
2 2
beos? L + beos &
a, =2 fPe 2 2 — beos = cos? cud
J 2 2 2 2

b, = |Ja,b, = \/bz cos® %cosz% = bcos%cosgg

3.3 M2002

é' cot E cot g ta
o i
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o o o 2 O
8, = DCOE=— COB—...C08 —— .00 =
2 2 2

2[\
b, =bcosg.-::os%...cosi_l.cc)sE
2 2 23 2%
L
Suyrail b= La.sina = 2na bina
2" sin - gin— <
25 2
i b = bsina
n-s+x o
b) Ta laic6 a, = bu.cos;—n
: bsina . a bsina
lima, = -lim cos — =
[ o n—s+x 2 o
Céau4
Thay y bdi x vao (1) ta duge
f(x +(1 +x).f(x)=x +(x + 1).f(x), VX € (-1; +o) (3)
dit u=x+(1+x).f(x) (4)
Tir (3) va (4) ta c6: f(u) =u (5)

Vdi mbi u thod man (4) ta lai thay x bdi u vao (3). Khi d6 (5) cho ta
f(v® + 2u) = u® + 2u.
Viy d(x) ¢6 hai ho diém bat dong 1a u va v’ + 2u.
Theo gid thiét (2) ta xét cdc trudng hgp sau
Truomg hop 1:
~l<u<0=>u’+2u<0

‘Ta cé fix) tang trén khodng (—1; 0) suy ra phuong trinh s 1 ¢6 nghiém
X X

duy nhit. Suy ra phuong trinh f(x) = x ¢6 nghiém duy nhi.

Dodéu=u’+2u<u=0vu=-1 (loai)

Trucng hop 2:

u>0=>u’+2u>0lip luin twong tr ta ciing ¢6 u =0 v u=—1 (loai ca hai)

Truong hop 3:

Khiu =0, ta ¢6 f(0) = 0. Vay f ¢6 di€m bat dong duy nhit 1a 0.

Suyrax + (x + DI(x) =0 Vx € (=1; +m).

Viy f(x) = ——
x+1

Thit lai f(x) thod man dé bai.
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NAM 2007

sd GIAO DUC VA DAO TAO THUA THIEN HUE
TRUGNG THPT QUOC HOC HUE

Ciul.PK:x+2y +6>0vax+y+2>0
Phudng tinh () <y = x> =In(x* + 1) - In(y* + 1)

o+ D+ x> +1l=ny*+1D+y'+1  (3)
Xéthamso f() = Int+tvdit =1
Phuong trinh (3) c6 dang fx*+1)= f(y2 +1) (4)

Ta c6 f(1) dong bién trén [1 ; + ).
Dodé (@) <=>x’+1=y +1lox=ty
* V@i x =—y, tir(2) ta duge logs(6 —x)=1,v8ix< 6
& x=3=y= -3 (thda man h¢)
* V@i x =y, tir (2) ta dudc
3logi(x +2) = 2loga(x + 1) v@i x > -1
x+2=3%"

xxi=2™

:>l+23“=32“¢:>(lj +(§) =1 (5)
9 9

Xét g(u) = [é] +(g] , 2(u) 12 ham nghich bi€n trén R va ¢6 g(1) = 1 nén

bit 3logs(x + 2) = 2logx(x + 1)= 6u = {

u = 1 14 nghi¢m duy nhil cda (5).
Véiu=1suyrax=y=7(théa min h¢)
Viy hé ¢6 2 nghiém (3; -3), (7; 7).
Chu 2. Ta ¢6: BD L SC. Dung mit phing qua BD vudng géc vdi SC tai P.
Ta c6: ﬁ’l\) = 150"
2BP’ -BD’ | BD’
2BP’ 2BP’
Goi M 1a trung diém cta BC. Ta ¢6 SM.BC = BP.SC.
BC =d, goi h 1a chiéu cao hinh chép S.ABCD

2 2
Ta ¢6: SM? = i’ -'r-d—»;Sszh2 + —.
4 2

Ta c6: cos150" =

(b

d’(4h* +d%)

Suy ra: BP? =
3 2(2h* +d?)
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, 3 4 d
(D) trd thinh: - —=—- —— Suyra:h= —
: 2 4h* +d’ 7 2

1 233

Vs ascp = .— h.dtABCD = Z _T_

Céu 3.

a) Ta cé J(a 2)(a, 2 )( a, :2 )....(a, L 1)

Y= IS/aa,a‘ a, (k+1)

32 ! 3?4 k+1)"
k ‘l|"‘1‘i1 ak = T(Tild(al2)(az ?)(a‘ 3_2)-.-.(ak kk_l )

1 3 4’ k+1)"
é(T;l)—k{(21;2)+(az?)+(a33—2)+....+(ak o )

b) Tir cdu a) suy ra
1

b, é(aIZ)(Lt.

—t....+
n(n+ 1)) (22)(23 n(n+1))
+--+('n(n+1.) X 1
n" n(n+1)
Do: w—l-+i + ..+ - =lwi+l—l+... +l— 1 =1- : <l
P z3 n(n+1) et g i | n n+l n+l

nbnhnam(u ) +a,(1+ ) +...+a (1+—) <e(za)
i=1

% e
Yol &= ngntl 0 J
n
(b,) ting va bi chiin trén, do dé co gidi han.
Céu 4. Cho ham s0 {(x)= 2x — sinx.
Chitng minh riing t4n tai hiing s6 b va cdc ham sd g, h thda méin dong thdi cdc
diéu kién sau:
1. g(x) = bx + h(x) v6i moi sd thuc x.
2. h(x) 12 ham sd tudn hoan.
3. f(g(x)) = x vdi moi sd thuc x.
Tir didu kién (3) cho thiy dé chitng td ton tai g, trude hét ta ching t6 f c6 ham
sO ngudc.
Chi ¥: { ddng bién trén (—oo; +o0) nén ¢6 ham sd ngudc g.
Ta ¢6: f(g(x)) = x va g(f(x)) = x v6i moi b thuc x.
Pit: h(x) = g(x) — bx. Ta s& chon b d& h(x) tudn hoan.
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Ham sinx tudn hoan chu ki 27.
Ta s¢ chitng 16 g(x + 47n) = g(x) + 27 véi moi sO thuc x.
That vay: g(x) + 2n = g[f(g(x) + 2m)] = g[2(g(x) + 27n) - sin(g(x) + 2n)]
= g[2g(x) — sin(g(x)) + 4n] = g[f(g(x)) + 4n] = g(x + 4n).
T d6: h(x + 4n) = g(x + 4m) — b(x + 4mn)
=g(x)+ 2n — bx — 4bn = h(x) + 2n(1 - 2b).

- 1 S
Néu chon b =5 thi h(x + 47) = h(x) vdi moi sd thuc x.

Cau5.Patx=2",y=2n- 1 véim, n 1a cdc s6 s nhién.
Tacé: (x,y)=1va2(x' - x)=(y+ Dy(y - 1)
< Wy - 1) =2x(x" 1) (1)
Dom20,n20nénx21vay2 —1.
+ Truong hop x = 1:
Tacom=0. Licdon=0hayn=1.
+ Truong hop x > 1:
Tir (1) va (x, y) = 1 suy ra: y*— 1 chia h&t cho x va 2(x* — 1) chia hét cho y.
Do d6 2(x*— 1).(y* - 1) chia hét cho xy.
Nhung: 2(x*— 1)(y* = 1) = 2[x’y’ - 2xy — ((x — y)’— 1)] nén ciing ¢6: 2((x — y)°
— 1) chia hét cho xy (2)
Chi y: vdix > [ thitir (1) ta cé x’ < y'< 2x*.
That viay: (1) < (y - x)(y1+ Xy + yz— D=x'-x.
Vdix>1tacéx’ - x>0.
Licnayy>0vay +xy+y - 1>0,nény>x.
Ngodi ra: (x> — 1)(2x* - y*) = X[2(x* = )] - (x* = D)y’
=x’(y' - y) - * - )y’
=y(y’ = x)>0.
Do dé:2x' —y* > 0

TUrdé: 0<y-x=x(% - )<x(J2 - ).

X

1

Do d6 (y—x)2<x2(i/5 - 1)’< 5 xy.
Suy ra: 0 < 2((y - x)2 — 1) < xy.
K& hgp vdi (2)
1acé:(y—x)2—l=()hayy=x+l.
Thay vao (1),tacéx=4vay=>5.
Licndaym=2,n=3.
Céc cidp (m, n) thda bai todn la: (0, 0); (0, 1) 3 (2, 3).
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NAM 2008

SO GIAO DUC VA PAO TAO NINH THUAN
TRUONG THPT CHU VAN AN

Céu 1:
XétA=a®+b+ ¢ _
Theo dinh Iy Fermat: x** = x (mod13)

Y20
Sx(xX* =D +D=0 (mod 13) <> | x"=1  (mod 13)
|

Viy bd thing ducia Amod 13 1a: S = {0, +1, £2, £3}
Taco 27 =1 (mod13) = 2™ = 1(mod13) (do 2004:12)
Nen: 22:!\& i 24'220(14 = 24(m0d 13) = 3 — 3-22(}(33 = 9 (mOd 13)

Nén: x__, Ex; +0%: 9 (mod 13)

e {x‘ =382 =5 (mod 13)
Ta co: :

— S0 du cia x, khi chia cho 13 tuin hoan véi
x, =176 =7 (mod 13)

L

chu ki 2.

5
. (mod 13)

n

X

iln

I
il

X, =7(mod13) X
v =
EXIES(nli]d]3) X

I

& X = Xq2 (Mmod 13) <:>{
2n+l
mas 7¢8S
Viy x, khong thé bicu dién dudge dudi dang 0ng cla lily thita bac sdu cia 3
sd nguyén duong.
Céu 2:
Tir £, (x)+5036(x) = 504x + 1560 . Ta c6:
X +1560

503
SIx)<x+4:Vx <452 = f(x)<x+ 3, Vx <452 (*)

Pat: f(x)=x+3+1
Xétx € [1,48]
f(x)<x+3<48+3=51<452

e f(x)<I(x)+3<51+3=54<452
Tir (%) =12

503f(x) < 504x + 1560 < f(x) <x +

:>[”(x)~<\x+51;‘v’x~<\48

f,(x) <1 (x)+3<99 <452
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Ta co:

f,(x)+ 503f(x) = 504x + 1560 < 503{(x) +x +51;V <48
<> 504x +1560<503(x +3+ 1) +x+51<=120
Ma: f(x)=x+3+1<x+3;Vx <48 (x)=x+3;Vx <48

Ta chitng minh quy nap: f(x)=x+3:Vxe N’
*n <48 thi f(n) = n + 3 ding chitng minh & trén
*n>48
Gia sir khing dinh diing ¥n < m ta ¢6:

1'”‘(m -48)=f,(m-45)=..= fl(m -3)=m

= f(m)=f,(m - 48) = 504(m - 48) + 1560 — {(m - 48).503

=504(m —48) + 1560 —503(m —45) =m + 3
Viy [((m) =m + 3
Cau 3:
Goi 2008 sO tr nhién d6 12 a,, a,,..., A
bit: s, =a,
S)=a; + 4

Ss3=a;+a,+a;

Sa008 = @) + Ay + a3 +... + Azo0n
Chia a1 ¢d cdc s6 hang clia ddy cho 2008

TH1: N&u ¢6 mdt s& hang ciia day chia hé&t cho 2008

Bai todn dudc chitng minh.

TH2: Khong ¢6 s hang ndo cla day chia hét cho 2008. C6 tat ca 2008 phép
chia ma s6 du 6i da chi gdm 2007 gid tri ¢6 thé ¢é 1a 1, 2, 3, ..., 2007 do d6 ¢6 it

nhdt 2 s6 hang clia ddy chia hét cho 2008 ¢6 ciing s6 du.

Goi 2 0 d6 1a s, s;
S; =a, +a, +a, k. +a
S, =a, +a, +a,+...+a,
Vdii,je INva l <i<j<2008
=8, =5,:2008=>a, +a,, +a_
Céu 4:
DK x > 0 phudng trinh da cho tudng duong vdi:

+...+ai52(){]8

3

log, x(log, x - %) ~2log, (x +3)(log, x ~ g) =0)
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X
log,x——=0 ]
<~ (l()gl_%)(logz x_zl()g_’(x+3):() e Og‘x 2 ( )

log,x ~2log,(x+3)=0 (2)

2 Inx In2

Gidi (1): (1) &2 =x" & =2 =22 (3)
X
Tanhinthiyx=2vax=41a nghu_:m phudng trinh (3)
That vdy, xét haim s6 f(x) :ll{ tacé 1'(x) = I "lznx
X X

Suyra: f(x)>0vdi0<x<e
f(x)=0vlix=¢
f(x)<0Ovdix>c¢
Nén v€ trdi phuong trinh (3) ddng bi€n (0; 2] va nghich bi€n [2; +o0) trong khi
d6 v€& phai 1a him hiing nén phuong trinh (3) ¢6 nhiéu nhat 2 nghiém.
Vay (3) ¢6 2 nghiém x =2 vax =4 :
Gidi (2):
Pit t=log,x =>x=2'

Phudng trinh (2) trd thanh t = 2log,(2' +3)
4 2 1
& (=) +6(=) +9(=) =2 (4
7) 5 (7) 4)

o1=2ex=2=4
Viy phuong trinh ¢6 2 nghiém: x =2 va x =4.
Céu 5:
Goi AB, =(ABG) N (ACD)
AC, = (ACG) n (ABD)
AD, = (ADG) n (ABC)
AG N (BCD) = {H} = H trong tim ABCD
—5 AB + AC + AD = 3AH

BB S BCam  AD a3 S s et %
AB' AC’ AD 3
Do B', C’, D’ ddng phing nén
AB AC Al
AB' AC AR

iy ABLACAD 3‘[ AB.AC.AD
Md 2B TAC  AD' - \AB'AC'AD'
__AB'.AC'.AD' 27

e L PE

AB.AC.AD 64
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Viits - AN TACADE 9

Suy ra e 2
AB AC AD 64

ABCD
BB <G DD’
Ma T T VHI!‘(“I)‘ * V(‘.Il'("l)' & v]).li'(‘.'l)' o5 .'\H"("Il' AB- 53 AC- + AD‘)
AB “ AC £e AD AB'+B'B e AC'+C'C . AD'+D'D
AB' AC' AD' AB' AC' AD'’
BRI VCEE = DEY
+ + +3
AR AC - AD'
BB/ CC!< Db 27 27
+ +

= ABI Acl ADI % 1 v T 25 V.'\H'(“H' ; a v:\l‘l('l) = a

Mait khdc: 4 =

Viay minT = g \Y%
64

BB' _CC _DD _1 _ Bc'DYy s (BCD).
AB' AC' AD' 3

Diu nay xdy ra khi:

NAM 2009

SO GIAO DUC VA BDAO TAO TP. HO CHi MINH
TRUOGNG THPT CHUYEN LE HONG PHONG

O Cau 1: Dat f(t) =2t + 3 -18 vag(t)=t' +1t

f(x)=g(y)
Khi d6 hé phuong trinh duge viét lai: { f(y) = g(z)
f(z) = g(x)
Xz I(x) 2 / : s .
Gia stir x = max(x, y, z) thi {‘ P {E(X) g‘('\I)(do ham so g dong bién)
X227 g(x)=e(z)
{g(x)zf(x)
o]
g(z)<f(z)

X 4% 2 2x> $3x° =18 (x-2)x% +5x+9)<0 {xsz
e 2 = &>
22 +2<22 +322 -18 222

\ (z-2)7" +52+9)20
Tuwdosuyra: 2€z<x82=>x=2=2.
Thé vao hé phuong trinh ta duge y =2
Thir lai ta thay: x =y = z = 2 thoa h¢ phuong trinh.
Két luan: Hé phuong trinh ¢6 nghiém duy nhatx =y =z=2.

47




Q Cau 2:
+ Ké duong cao CH cua tam gidc nhon ABC (H thuge doan AB va khac A,B).

Taco AB LCH . (L),
A, C, F, H & trén dudng tron duong kinh AC va BH.BA = BF.BC (2)
+ Néu C. D, E, F & trén mot dudng tron thi BE.BD = BF.BC (3):

Tir (2) va (3) suy ra: BE.BD = BH.BA.

Do dé A, H, E. D & trén duong tron véi
duong kinh la AD.

Suy ra AB LDH (4). Tir (1) va (4) ta co
AB L (CHD). Vivay AB L CD.

+ Néu AB L. CD thi AB L (CHD).

Suy ra AB L DH.

Do dé A, H, E, D & trén dudng tron voi
duong kinh la AD. .

Taco : BE.BD = BH.BA (3).

T (5) va (2): BE.BD = BF.BC.

Suy ra C, D, E. F o trén mot dudng tron.

3 B

0 Cau 3: Tacod x - }g <sinx € x,Vx 2 0; diu = xay ra khi va chi khi x = 0 (phai

chirg minh bat dang thic trai)
sinx €x,Vx20 =x,20.Vne N (1);

&3 3
s ESSin X, ¥x20 = sin(x, 1)Z2X,.1> il wn 21

= 6x, ; —6sin(x, )< xf,_,,\;’n 21
=5 X, {/6Tn | —6sin(x,_) €£X,_,Yn21 (2)
T (1),(2) = (x,) ¢ gidi han hiru han.
Goi limx, =a,taco o= Y6o—6sino <>a=0
Q Cau 4: Ta xét diéu kién dau tién
fx:y)+f(yiz)+f(zx)= x> +y*+2> ¥x,y,zeR
Cho x=y=2z=0=1(0:0)=0
C!my:z=0:¢f(0:x)+f(:<:(}):x2 VxeR (H
Cho z=0=>f(x;y)=x"+y’ —f(y:0)-f(0:x)
=f(x:0)+f(0:y) Vx,yeR ()
Xét dieu kién thir hai cua gia thiét:
f'(xl +y._f(0;x);0)= x+f2(y:0)—f(0:y2 —f(O;y)) vx,yeR
Theo (1) ta thu dugc:
fy+£(x:0):0)=x+f (y:0)—f(0:f(y:0)) = x +f(f(y:0):0) ¥x,y R
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Dat g(x)=f(x;0) khi d6 ta viét lai diéu kién:
g(y+e(x))=x+g(g(y)).vx.yeR

Khi d6 do g(0)=£(0,0)=0

Cho )’=0:>g(g(X)): X, VxeR

Cho x=0=>g(y)=g(g(y )):y, VyeR

Taco f(0:x)=x" —f(x 0)=x*-x,¥xeR

Do d6 theo (2) ta co:

f(x;y)=f(x:0)+f(0;y)=x+y’ -y, Vx,yeR

Thir lai ham sb f(x;y)=x+ y? —y théa man diéu kién bai ra.
U Cau 5:

e Trude hét ta chimg minh f I don anh (1). That vay, gia sir f khong 1a don anh

= Ja.b eN*, a <b sao cho f(a) = f(b). Khi do c6

(fla) + fim)i(a + )™ ¥ n eN* va (fla) + fln)) = ({b) + fn))i(b + )™, ¥ n eN*

= f(a) + f(n) 12 mét udc chung cia (a + n)* va (b + n)*™”

ma f(a) + f(n)>2

= ((a+n)", (b+n)*) %1, VneN*

=(@a+nb+n)=l,VneN*

=(at+tn,b-—a)#1,VneN* (o)

Lay p 1a mét sé nguyén té 16n hon b va lay

n=p-ataco(a+n,b—a)=(p,b—a)=1, miu thuin véi (o).

Vay f don anh.

e Lay t tiy y thuge N*, ta xét ft +1) — f(t)

V n eN* ta ¢6 (f(n) + f(t)[(n + )" va (f(n) + ft + D)|(n + t + 1)2°?

mi(n+tn+t+1)=1=((n+0*%m+t+1)*)=1

= (f(m)+ f(t), f(n)y+ f(t + 1)) = 1 = (fn) + K1), ft + 1) = f(t) = 1, Vn eN* (B)

Te(B)=>f(t+1)-f(t)==+1, Vt eN* (2)

Thét vay, néu ton tai t sao cho f{t + 1) — f{t) # + I thi tdn tai sé nguyén t6 q 12
ude cua f(t + 1) —f{(t).

Lay k € N* sao cho ¢ > tvaldy n=q*—ttacé

(f(n) + f)|(n + /" = ¢ = q|(f(n) + (1)) ma ta da c6 q|(f(t +1) — (1))

=> q la mét ude chung cia (f{n) + f(t)) va (it + 1) — (1)), mau thuan véi (B).

Viy ta co (2).

Tu(l)va2)=fit+1)-f({t)=1 Vt eN* hodc f(t + 1) - f(t) =—1, Vt eN*

Mit khéc do fin) eN*, Vn eN* nén khong thé co flt+1)—f(t)=-1, Vt eN*

Vay ta co f(t+1) - f{t) = 1, Vt eN* tie la day (1), f(2), f(3), f(4),... 1a mot cp
$0 cOng cong sai 1.
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NAM 2010

SO GIAO DUC VA DAO TAO TP. HO CHi MINH
TRUGNG THPT CHUYEN LE HONG PHONG

[x+y Jxy=3 (1)
x+l+Jy+1=4 (2)
x2-1
Piéu kién dé hé c6 nghia:{ y > —1
xy =0
Tac('):\/x—ﬁ+\/—;;_]=4<:>x+l+y+l+2\ﬂx+—l)(;+_l)=l6
& x+y+2Jx+Dy+1) =14 (3)
bat t=xy 20.
T (1)tacéd: x+y=3+¢.
Thayvﬁo(3)tac6:3+r+2v‘12+t+4m14<:>2_\ftz+t+4=11—!
0<r<ll
(=3 hayt:—%é(loai)®’=3

43\/;}::3<:>xy=9.
xy =9

Vay hé cé nghiém duy nhit (3; 3)
Cau 2:

: x+y=6
Ta ¢6 hé: R

n(4n —2)

Taco: 1+5+9+...+(4n—3)= =2n’ —n;

P45 49 +..4+@n-3) =) 4i-3)
T

= ij(w —144i* +108i —27) = 6421:? —14425? +108i:i—27n

Mat khac: X“: n(n+l) Z 3 n_(r:}—%(En_—_}—D Z I"("Z‘H)

Do P(n)=1" +5" +9* 4.4+ (4n —3)’ la da thirc béc 4 c6 h¢ s6 béc 4 I:Ei.%:1 =16
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va Q) = [14+5+9+..(4n—3)]' Ia da thirc bic 4 6 hé s6 bic 4 Ia 4,
|’+5‘+9*+m+(Mr~n’_l§_4

Do do: lim —— =
1+5+9+..(4n=3)] 4

Cau 3: Xét bo dé: Va>0;;<ln(a+l)~lna<l.
a+1 a

That vay, xét ham s6 f(x)= Inx xéc dinh va kha vi trén R, f'(x) = ok :
X

Ap dung dinh li Lagrange trén [a, a + | > 0)
1 | DH—1
Ta du'qc: —_— r'(c) — M
c al=a
b 158
Khido; ~———=< =
a-lLbicigaciah
Ap dung bt déng thirc AM—GM, ta c6

=Infa+1)—Ina,voi ce(aa+1).

<]n(a+l)glna<l.
1 a

ke ka2 k+n Jk+lk+2 k+n k+n
—_— —— S B =n3a .

¥ N e ESREr ikdeaa1 k
Ta ciing co
k+1 k+2 k+n 1 1
T+k——+—l+m+—_k+n—]=]+E+l+m+m+l+_k+n—1
:n+[l+—]k+...+*-—~l ]
k k+1 k+n-—1
Ap dung bd dé:

R s i B 6 e L R S k+n | 1 1
; S + FYR Rl Bt e g D
R n[ TR k-+-n—1] n[“+k+k+1+ LTS

<

n+|n[ﬂ;]]=1+l1n[1+ B ]
k1 3 k1

Cau 4:
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Xét tir giac 16i ABCD. Goi E, F, G, H lan lugt 1a trung dlem cua 4 canh AB,
BC, CD, DA. K la trung diém cua duong chéo BD, duong thiang qua K va song

song v&i AC cit 2 canh cia t&r gide tai M, N. Khong mat tong quat, gia st M thude
canh AD, N thudc canh CD.

Ta ching minh doan MN tring vGi tap hop céac diém O sao cho dién tich cua

céc tir gidc EBFO va HDGO bing S":‘ 2

Taco: S,p0 = 2S:a0, V8 SpcoiF 2580
Véy S,pc0 = 25¢nr0 -

Tuong t¢ 8,000 = 28400 -

Gia sir O thuge MN. Vi MN//AC nén S, =

Suyra S0 =

SAK(‘ 3
SAB(‘K z
Mat khac K la trung diém BD nén S, = %sm i e %sm

Do d6 S,k = S“;CD :

Gia st O khong thuge MN. Ki hi¢u O’ la giao diém ctia OB va MN. Vi tinh chét
16i cua tir giac ABCD nén O’ thugc doan thaing MN. Theo ching minh trén, ta

chirng minh duge S — Saaco . Do db S, khong thé bing S"ﬂ
ABCO' D) ABCO g 2

Lap ludn tuong tu voi duong chéo AC.

Vay diém can tim la giao diém cta hai duong thing, ma méi dudng di qua trung
diém cia mot trong hai duong chéo va clng phuong voi duong chéo con lai. Dé
thay giao diém nay nam trong hinh binh hanh EFGH nén nam trong ABCD.

Cau 5: Ta chimg minh bang quy nap theo n € N* ménh dé sau:

“Néu ham sb f: [0; n] = R lién tuc va thoa f(0) = f(n) thi tdn tai n cap sb (a; b))
(1 =1,2,...,n) vdi a, b; thuoc doan [0; n] sao cho véimeii=1,2,...,nta cob;—ala
sO nguyén dlr(mg va f(a;) = f(b,)” (V&i n = 2010 ta c6 bai toan da cho)

e vdin = 1: Ménh dé ding (Lay a,=0,b;=1)

e Gia sir ménh dé dang véi n = k (k € N*), ta chimg minh ménh dé dung voi
n=k+1.

Xét ham s6 f:[0; k + 1] — R lién tyc va théi_f(O) = f(k + 1). Ta chimg minh ton
tai k + 1 cip so (a; b) (i=1,2,..,k+ 1) voia, b thudc doan [0; k + 1] sao cho b; -
a, 1a s6 nguyén duong vafla) = f(b) véimoii=1,2,..k + 1.

Xét ham sb g(x) = fix + 1) — £ (x).

Ta c6 flién tuc trén [0; k + 1] = g(x) lién tuc trén [0; k].

Ma g(0) + g(1) +...+ g(k) = [f(1) - f(0)] + [f(2) — f(D)]+...+ [fik +1) — (k)]

=flk +1)-f(0)=0

— Toéntaii,j € {0; 1; ...; k} sao cho g(i)g(G) <0
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= Ton tai xo € [0; k] sao cho g(xo) = 0 tirc 1a fixo+ 1) = f(xo).
Liy a;= X0, bi=xo+ 1 tacda;, bje [0; k+ 1], b;—a, = 1€ N* va f{a,) = f(b,) (a).
f(x) khi0 < x <x,
f(x +1) khix, <x<k
Ta co flién tuc trén [0; k + 1] va fixp+ 1) = f(x0) = h(x) lién tuc trén [0; k]
~ Mt khac h(0) = f{0) = f(k + 1) = h(k) nén theo gia thiét quy nap, ton tai k cap
86 (ci; d: ) (i =2, 3,4 k + 1) voi ¢;, d; thuge doan [0; k] sao cho voi moi i = 2, 3,
..., k+1, ta co d; — ¢; 1a s6 nguyén duong va h(c;) = h(d;).
Vaimeoii=2,3,... k+1,dit
¢ KhiDe - <%, - - d, khi 0<d, £x,
va = s
¢, +1 khix; <c¢, <k ' |d,+1 khix, <d <k
Tacob,—a;=di—c;hodcb—a;=di—c; + |
= b,—a lasd nguyén duong Vi=2,3,..,k+ 1 (b)
e Néu ¢, <d, < x,:tacda=c; b=d, h(c;) =h(d)
= f(¢) = f(d)) = f(a)) = f(b)).
e Néu x, <c, <d :tacda=c+l,b=d+I,h(c)=h(d)
== f(C, -+—I): f‘(d! +1) = f(a) = f(b)
eNéu ¢, <x,<d :tacé a,=c, b =d +1,h(c)=h(d)= f(c,)="f(d, +1)
— f(a,-) = f(b,)
= Ta ludn co f(a;) = f(b;) vai moi i =2, 3, ..., k+1 (c)
Tir (a), (b), (c) => dpem.

Xét ham sb h(x)—{

1

NAM 2011

S3 GIAO DUC VA DAO TAO CAN THO
TRUGNG THPT CHUYEN LY TU TRONG

Caul
Piéu kién: -1 <x<1
Pit x=<cest;, 0&t <4t

Ta dugc phuong trinh:

J1+ sint[\/(l +cost)’ — (1 - cost)a} = 2 +sint

2
&5 (cosE & sini] cm“fSE % sin3£}2\/§ =2 +sint
2 2 2 2
< [cos"‘E s sin2£J(l % cosisinE 22 = 2 + sint
2 2 2 2
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&> cost(2 + sint)yV2 = 2 +sint < (2+ sint)(\/ﬁcost ~ 1) =0

1 ¥
= 2cost—1:0<:>cost:ﬁ Qx::f_é_'
Ciu 2 :
» Ta ching minh biing phudng phdp phén chifng.
Gia st tdn tai x, y nguyén sao cho x" + y" = p[(p— D!I
= Tir gid thi€l phdn chimg, suy ra: x" + y* = 0O(mod p)
Lai theo dinh 1y Fermat, ta ¢6: x” = x(mod p); y" = y(mod p)
= x"+y"=x+ y(mod p)
Do dé: x+ y = O(mod p) hay x =-y(mod p) (1)
= ‘Ngodira: X" +y' = (x+ Y =2y +x"2y - L +y™) @)

p-2k Eeea p-2k d :
Tir (1) suy ra: E S Yol = mod B) (k nguyén dudng)
xp k+1) - ypu(21+n(m0d p)
Dodé: x™' —xPly+x" y’— . +y™!
=y +y" 2y +y" y* + ..+ y" (mod p)
=py" '(mod p) = O(mod p) (3)

= Tir(1), (2) va (3) suy ra: x" + y* = O(mod p)
T 12: pl(p— 1)!J° = 0(mod p°)
= [(p- D!I" =0(mod p): V& 1y, vi: (p— 1)! khong chia hét cho p
Céu3l

Goi O la tim mit ciu, E i trung diém BC.

— Chitng minh dudc tam gidc ABC déu.

— Ha SI vudng goc vdi mit phing (ABC) va SI
¢t mit ciu tai D. Khi d6 1 1a tim dudng tron
ngoai 1i€p tam gidc ABC va S, O, I thing
hang.

- DPatSA =1

Trong tam gidc vudng SAD c6

2
SA* = SISD = SI = o
2R

~Tac6 BC=2BE = 2£.sin%

9l.sin >
eI e 2

J3ii - JB%;
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— Suyra SI = VSA? -TA? = |1 - %sin""% )

—~Tu(l)va(Qtacod l = 2RJ1 —%si:ﬁ%

— Ta ¢6 di¢n tich tam gidc ABC la

o 3
Sune =5 1pcaAE - EmsnE—AI«stnE

~ Viy thé tich kh&i chép S.ABC 1a:
83

2
VSAHC = TRS.Sinzg.(l = %sinz %)

%
- P4t x =sin® %, xétham so f(x) = x(l s i;—XJ trén khodng (0; 1)

~ Lap bdng bi¢n thi¢én thy f(x) dat GTLN tai x = i— = a = 60"

Chud
Goi A’ 1a diém ddi ximg vdi A qua G.
Ta c6 AA B,C, ddngdang ABA'G, suy ra ti s6 ddng dang la
PO _BG  oraEE bhEEY
A'G AG
Ma

cot AC,G = cot ABG
_ AB’ + BG® - GA®

48,56 Gy
_ 3(AB? + BG? - GA?)
4SAEC
Tuong wr
2 2 2
cotm: 3(AC* + CG* - GA®)
4S spc
Suy ra
cot AC,G + cot AB,G
2 2 2
BC +6a +AY 1a ti s6 dong dang.
2SAB(‘
Ma £
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2 2 247
Sanc = Sanc tal duidc 35, _ [BC + CA* + AB J
3

2SABC
Ta c¢6: BC* + CA* + AB* = 9(R* — OG?) (R Ia ban kinh duding tron (O))
Suyra

ABC

3 ; 2 :
(BC- + CAZ + ABz) " 81(R2 B 0G2)2 = _2:1

- = =—(R*-0G*)* (1
ABC*~1 12 12 4 ( ) ( )
Mat khdc, theo dinh li Euler cho tam gidc Pedal A ,B,C,, ta ¢6
AOBDLO _|R* -0G?|
AB( ‘ 4R2 |

Do diém G ludn nim trong tam gidc ABC nén R > OG
SADB“(.‘,) 55 R* - 0G*

5 @

B A0S ;

2 , 27 R? - 0G? 27(R2 0G?*y
T (1), (2)tacé S,S, = ?(W -0G?)y i Rt (3)
€ 27(R* -0G?*)® ._ 27R* 27
Tacé S,.S, = 168 < el (R=1).
Ding thifc xdy ra khi va chi khi O = G, hay AABC déu. (4)
Trong moi tam gidc ta luén ¢690G* = R*(1 - 8cosA.cosB.cosC)
2
Vitam gidc ABC khong ti nén 8cosA.cosB.cosC > 0 = OG* < i
Ding thifc x4y ra khi va chi khi tam gidc ABC vudng (5)
R*Y
27(R2 : J e

T (3),(5) = S,S, = 16R? = o7 (doR = 1). Ping thifc x4y ra khi va
chi khi AABC vudng. (6)
Tir (4), (6) ta ¢6 diéu phéi ching minh. :

Caus
Tir (1), véin> 1, tacé X, +4x, + 9%, + ...+ (n - l)lsz =n*(n-1)x,
Tdcx, +4x, + 9%, +...+(n -1)’x, , +n’x, =n’x,  (2)

Lai c6x, +4%, + 9%, +...+(n-1)’x, , = (n-1’x_, (3)
T (2)va (3)tacéon’x, =n’x, —(n-10°x_,
Hay(n-1)’x , = (n® -n®)x

n
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(n —1)* (= 2P (n-2)° {3]"’[2}”(1]’*
X, = X, X = 2 =l =1 Y=,
n n n-1) 4 3 2

1
Lo ] X.n — FX]
Viy lim (30n ~4n + 2011)x, =

n-—+r

. (80n* -4n+2011) 1 30
— = lim 5 ——=—
n? 0o n 4 4

= lim (30n? - 4n + 2011) %

n-

Céiu 6
Gid st 6 y,,y, € [L;+0) : f(y,) = f(y,) = xf(y,) = xf(y,) Vx e [1;+x)
= f(xf(y,))) = f(xf(y,)) = y,fx) =y ,fx) =y, =y,
Viy f don dnh
Tir diéu kién bai todn cho x = y = 1, ta duge f(f(1)) = (1) = f(1) = |
Ciing tir diéu kién bai todn cho x = 1dugc [(f(y)) = y Vy € [1;+cn)
Hay f(f(x)) =x Vx € [1;+oo)
Tir diéu kién bai todn, thay y bdi f(y) ta duge
f(xf(f(y)) = f(y)f(x) Vx,y € [1;+)
< fixy) = f(y)f(x) Vx,y € [I;+=)
Mat khdc f ting trén [1;+0), that vy
Vx,y € [L;+0): x>y

A 1 f[-’iJ >1= f(x) = fCy) = £ (y) > f(y)
y y y y

Cudi cling ching minh f(x) = x Vx € [1;+)

Né&u f(x) > x thi f(f(x)) > f(x) = x > {(x). VO li

N¢u f(x) < x thi f(f(x)) < f(x) = x < f(x). VO li

Thit lai f(x) = x Vx € [1;+c0) thda yéu ciu bai todn.
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NAM 2012

TRUONG THPT CHUYEN LE QUY PON
BA RIA-VUNG TAU

Cau 1.
royi=g {x3—8=y3+1
&>

x*+y' —4x+y=0 —6x° +12x =3y’ +3y

x—6x? +12x-8=y" +3y" +3y +1
<>
2+’ —4x+y=0

o
o
{(r2 =(y+1)’ @{x—Z:yH
%

2x +y’ —4x+y=0 2x* +y' —4x+y=0

\-—}+) x=y+3
<>
”(y+3 +y +y—4(y+3)=0 3y’ +9y+6=0
x=y+3 .
: y=2 . %=1
&5 y=- Cown 1a
% _y:_l y y=—2
y=-2
Cau 2
A 9 xl?_3 xﬂ+3
e pun. (53 )(*)

Bing quy nap chirng minh duge x, >3 ,Vn 21

4 i
; x +9 x~ —6x +9
.Xel xn-l_xn: 3 . _—-"xnz‘iix—"—_
X =X 468 X, ~x .46
e B e ( ) . VneN’
- il +6

Do d6 (x,)la day tang va 4 =x, <X, <...

e Gia st (x,) bichantrén = llm % =a>4 .
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4
+
Do do a:—f g =a=3<4 (vo i)
a —a+6

Suy ra (x,) khéng bj chin trén. Vay limx, = +oo

PR b e gy lej=(el

3 3 =
RS G R R G I - ilr, 5 G S T e

| - 1 1 1 1 1
] — — = — = :]_
=2 Y43 Z{xk—f} —3] x-3 x,,-3 x,., —3

n+l

= lim y,,:lim[l— l =1,

Cau 3.
Khong giam tong quat gia sir tam gidgc ABC ¢6 huéng duong.
Goi A”, B” C’ lan luot la trung diém cua BC, CA. AB
va dit (GA',d)=a(mod ).

Khi do ta co:

*(GB.d)=(GB'.GA")+(GA'd) = —2—3”- +a(mod )

(GC.d)=(GC,GA")+(GAd) = %’Tm(mod 7).
e Tir do suy ra:
Y b f Al
T=GMGNGP =GA e OB GO 2
GA' GB' GC!

=
s 6 a3 = a3

( 2::] ( 2n]'_13|cos3a|’ 18
Cosax.Cos| @ — 3 .COs| ¥ + 3
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g2k \ k
e Dau bang xay ra <:>|cos3a|:1<:>sm3a=0<:>a=~:—:£,keZ.

Vay d trung vdi mét trong 3 dudng cao cua tam gidc.
Cau 4.

o f(x)-f(¥)=(x-y)g(x+y) Vx,yeR

pat F(x)=f(x)-1,F(0)=0.

Khi d6 (1) tro thanh F(x)=F(y)=(x-y)g(x+y).
e Trong (2) cho y =0 duge F(x)=xg(x).

Khi d6 (2) tré thanh xg (x)—yg (¥)=(x-y)g(x+y).
e Dit G(x)=g(x)-1.G(0)=0.

Ta viét lai (3): xG(x)-yG(y)=(x-»)G(x+y)

Thay x boi —y duge: —yG(-y)=yG(y).

e Trong (4) thay y bai —y duge: xG (x) -yG (y) = (x + y)G (x —y) ;

Do do: (x—»)G(x+y)=(x+y)G(x-).

Pat x+ y=a, x—y=b dugc: b(}(a)xaG(b).
; (b

(1((!) 5 (1( ) Vu,b 20

a

Suy ra

Vay G(x) =mx Vxe R (mlasd thyc cho trudc)

e G()=g()-1=1=2m=1=2G(x)=x=>g(x)=x+1 VxeR.

Trdoco f(x)=x"+x+1 VxeR

Thur lai ta dugc f(x) =x’+x+1 va g(x) =x+1 la cac ham can tim.

Cau 5.

(1)

(2)

3

4)

e Goi p la mot ude nguyén t6 bat ki cua n. Ta viét n= p"m vd&ir va m la cac

s6 nguyén duong ma (p.m)=1.

Taco: p(n)=@(p")p(m)=p" " (p=Dp(m) va (n-1)=p'm-1
(pPm-1)=r-1=0i(p,p'm-1)=1)

Theo gia thiét: p(n)| (n—1) = p"'

= r =1 (vado dé m >1 vinla mdt hgp sd).

Viy n la mét s hoan toan khong chinh phuong va n ¢ it nhat hai uéc nguyén to.

e Gia sir n= pg véip va q la hai s6 nguyén to khac nhau. Khi do:
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(p=1)(g-1) = p(p)p(q) = p(n)|(n-1) = pg -1
Suyra (p-1)|(pg—1).
Talaico: (p-D|(p-Dg = (p-D|[(pg-D~(p-1)g]=¢-1
Tuong tu, q—l|(p~1); vy p=gq, voli!
Mau thudn dé chimg t6 riing n c6 it nhét ba uée nguyén td, diéu phai chimg minh.
Ciu 6.
Ta thay mdi hang va moi ot déu chira hai so I va hai sé —1. Néu 3 hang dau

tién da dugc dlen s6 sao cho tdng cac sb trong mdi hang bang 0 va trong moi ¢t co
khéng qua hai s6 bang nhau thi ta co duy nhat mét cach dién sb vao hang thir tr.

Do d6 ta chi tim s cach dién sé ba hang dau tién.

O hang thir nhat va hang thir hai, m3i hang c6 C; =6 cach dién sé ma tong céc
s6 bing 0. Trong 6 cach dién s6 ¢ hang thir hai ta chia thanh 3 truémg hop:

® Truong hop 1: Céach dién sé ¢ hang thir hai tring voi cach dién s6 ¢ hang tha
nhat 0 vj tri: ¢6 1 cach. Khi do, co 6 cach dién dong thir ba.

® Trudng hop 2: Cach dién s & hang thir hai tring v&i cach dién s ¢ hang thir
nhét 4 vj tri: ¢6 | cach. Khi dé, ¢6 1 cach dién dong thir ba.

e [ruong ho’p 3: Cach dién so & hang thir hai tring véi céch dién s & hang thir
nhat 2 vi tn c6 4 cach. Khi d6, méi cach dién dong thir hai, c6 2 c4ch dién dong thir ba.

Viy s6 cach dién sd théa man yéu cau bai toan [a: 6.1.6 + 6.1.1 +6.4.2 =90 cach.

NAM 2013|
Céu 1.
x+38y> -2y =0 (1) 0
36(xvx + 3y%) - 27(4y? — y) + (2V3 - OWx -1=0

Diéu kién x> 0. Ta ¢6 (1) <> (V3x)? + 3y —1)? = 1

J3_x = sint

Do do ta dat <3y — 1 = cost.
t e [O;x]

sin®t + cos®t =1
4+/3sin®t + 4(1 + cost)® — 1201 + cost)? +

(e
+9(1 + cost) + (2 — 3y3)sint —1 = 0

t € [0;w]
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A4 4cos’t — 3cost + 4J§sinﬂlt - 3J§sint +2sint =0
t e [0;x]

% {cosSt - \/gsinSt +2sint =0

t e [0;m]
t = —+kn
, Jsin@t -2 =sint ,172  Gmed) { - _7n.191t}
b4 mn SR g R
t=—+— 12°24 - 24
t € [0;n] o R
t e [0;m]

Do d6 hé (I) co ba nghiém la:

L T
: jod 8oty 711;cos€ 2‘\/5 ‘ 1+cos—1—2— 4+J§+J_(~_3
x=—sin"— = —, = vay= = .
3 ;b ERG 2 12 3 12
1 cos7—n J‘
ol §TE 12 4-2+6
24 .3 2 24
Seat 1+ cos 2 _4+\/§(4+~/§_J6)
et i v 12
1 n
ol glon 1 YORREL B Je
x = —sin = —, =
243 2 24
iaien
o FOOSEE _4_J2(47J'2‘+Jg)
: 2 12 '
Cau 2

A4tas =35}

—u_ -3 ( - ) o " 1 TR TR 8
5(u, , —3)+18 5u ,+3 u, 24l

;>_1-+_5__3 1 +E :>__1_+§__ _1_ §3n—1

U e g2 S R

=gt T 4

VR O PR YOO v el T AP 1 TR

u, 4 11.3"7 -10
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Cau 3. -
Goi I 1a tam, r 1a ban kinh duong tron ni tiép tam giac ABC.

S
Taco: MNdiqual =8, +S,, =24 g

ABC
o> Loan s Lran - AMAN Zr(AB +BC + CA)
3G D ABAC 2
ABAC _ABAC
<~ e
AN ' AM
., ABCN ACBM ABCN ACBM

=BC & =1.
AN AM BC. AN BC.AM

Theo bat ding thirc AM — GM

| _ABCN ACBM _, [ABCN ACBM
BCAN  BCAM ~ “VBCAN BCAM

2
SuyraP= BNCN Be yP~<\§

AMAN 4ABAC ™ 84

ABCN ACBM 1
BCAN BC.AM 2
AM _AC 14 . AN 2AB 6

hay — = 2—— =— va .
BM BC 5 CN BC 5

Vay gia tri 16n nhét cta P la —zg khi Lol & 2 1 Va g 59

= AB + BC + CA

Ding thirc xay ra khi va chi khi

BM. & N &

A

63



Cau 4.
Pt 2x+2=u-1=24x+7=2u+1 thayvao(n)taduoc

flu-1)+2g(2u+1) = _5hayf(x—1)+2g(2x+1)= 5(*)
Tur (*) va (i) ta duoce
(2x+1)—75—2:(ﬁ—Z(2x+1)ﬁ%:>g(x)_—i43-x—%
Thay g(2x+1) = —2—5 - 2x vao (i), ta duge
f(x—l):2x—X75+2x=1x+§-=——(x 1)+6:>f(x):—x+6.
e S 2

7 > By |
Viy f(x) = —x + 6; ) = —x ——.
ay f(x) 2x+ g(x 4x 1

Ciu 5.
Ki hiéu [x ] dé chi phan nguyén cua sb thuce x.

Ta cé: x =X— [x], {x } =x2 - [xz}, {xzms} = x 2013 _[sza]
Theo dé bai ta co: {x} = {x*} = x*9].

Suyra: x> =x+a (1)va x**® =x+b (2), trong d6

% :[xz}—[x] [ 2013] Iix]
Tr(l)taco: A=1+4a>0=>a20(doaecZ),dodbaeN
+Néua=0thi x> =x = x=0vx=1 déula sé nguyén.
+ Néu a > 0 thi khi d6 tdn tai 2 s nguyén ¢, >1vad_ >0 saocho:

n

x"=¢ x+d_,Vn23.(*).
That vay, vain = 3 thi tir (1) ta ¢c6:

xX>=x+a = x° :x2+ax:x+a+ax=(1+a)x+a.

Tachon:¢c; =1+a>1d, =a>0.

Giasu (*)dingvoin=k 2 3. -

Tic lataco: x* =¢,x+d,, véic,,d, €Z, ¢, >1, d, >0.(3)

Suyra: x**! =xx* =¢,x’4d x= ck(x f a) +d,x = (ck + dk)x +c,a.
Tachon: ¢, ., =¢, +d,,d, , =c,a.

Do(3)va ae N'nén c >0.

ol €Z vae  >1d,
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Viy theo nguyén li quy nap ta c6 (*) 1a ménh dé ding.

>1lvad

Noi riéng, v&i n = 2013, ton tai hai s6 nguyén ¢ > 0 sao cho:

2013 2013

2013 _
X =CpygX +d

Do do, tir (2) suy ra:

2013 -

: b-d
CopraX +dy s =X+b>x=—2 cQ (do beZ).
Cop1 — 1

Nhu vdy x la mét nghiém hitu ti cia phuong trinh: X? - X —a =0 nén né la
mét s& nguyén. Vay ta cé dpcm.
Cau 6.

Gia sir n = 2%uva k = 2°v, véi u, v la cdc sb 1é. Ta sé ching mmh ring may

tw dong sau mot khoang thoi gian hitu han s& dimg di véi cac cap sé va chi cac
cdp so (n, k) voia=b.

Néua=b=0,nvak lé maydimg.
Néua=b> 0 thi tir cap (n, k) may tu dong cé thé nhan duoc cap
(2a"lu,2“’1(u + 2v)) hoic (2‘*’1(2u +w) 2] v) §

Vi cac s6 (u+2v) va (2u + v) lal la s5 1€, nén may ty dong lam giam sé mii
ctia 2 xubng don vi. Qua a budc thi sb ndy tré nén bang 0 va may tu dong s€ dimg.

Bay gio, xét a # b, khéng mat tong quat, gia sira <b.

e Néu a<b-2, thi tr cdp (n, k) may ty dong c6 thé nhan duoc cap
(2“ @i 2P iny), ot v) véi céc s6 mil trong luy thira ctia 2 khac nhau.

e Néua=Db-1,thitr cép (n, k) may tu dong c6 thé nhan duogc cip
u+v’ 2"v,meN*,vc’r'u

0 20

la sb 1€, lai c6 cac sb mil trong luy thira cia 2 khéc nhau. Dé dang thay ring
trong truong hop ndy may tu dong lam viéc mai mai khong dimng.

Chi con viée dém céc cap s6 (n, k) =(2"u, 2°v) véi 2°.u < 2013,2°.v < 2013

(2“(u +v),2 ) [2“’

+C6 1007 s6 1¢ khong vuot qué 2013, boi vay s cip véia = 0 bing 10077;

+ 503 50 khong vuot qua 2013 chia hét cho 2 va khong chia hét cho 4, bai vay
s6 lugng cap v6i a =1 bang 503%:

+ Cir tiép tuc nhu vay, ta nhan duoc déap sb clia bai toan la:

10072 + 503 + 2522 + 1262 + 632 + 312 + 162 + 8% + 42 + 22 + 12 = 1351709
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i cAC DE THI BE NGHI THEO CHUYEN BE

§1. PHUONG TRINH VA BAT PHUONG TRINIE

A. BE BAI
Bai 1.
Giai phudng trinh: log,(cosx + 1) = 2cosx.
Bai 2.
Giai phuong trinh: V2'°%"* +1 + 3sinx = log,(1 - 9sinx).
Bai 3. '
Tim (4t ci cdc nghiém nguyén ciia phuong trinh
m’n+1=m’+2mn+2m+n
Bai 4.
Gidi phuong trinh sau: x+4n + Vx® +2004 =2004, (n € NY).
Bai 5.
Gidi phuong trinh sau:

1 1+x 1 1+-:ﬁ+1
xln[]_ + -_) +x=x" ln(l 4 7) (v8i x > 0).
X

X
Bai 6.
Giai phuong trinh: (cos72%)" + (c0s36")* = 3.27"
Bai 7.

Giai phudng trinh: logso (30°8¢* + 1) + log,(30"*%* — 25) =
= 1081975 (30'%* + 1946) + 1og,,, (30" * +1975)
Bai 8.
Chitng minh phudng trinh: logx = sinx ¢6 ding mdt nghiém trén [3—;, %J
Bai 9.
Cho phuong trinh:

T T g b T
t — |+t — |+t +— |+..+t f——==0
g[x T 2}+ g[x+ 22]+ g[x 23)+ g(x o0 ]

(n 12 tham s8)
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a) Chimg minh riing v6i mdi n nguyén, n > 2, phuong trinh c¢6 mdt nghiém duy nhét
trong khoang (0; %J . Ki hi¢u nghiém do 1a x,.

b) Chitng minh riing diy s6 (x,) ¢6 gidi han hitu han khi n — 4o,

Bai 10. ’
Cho phuong trinh logas(x* — x) = 0. Goi a, P véi a (B 12 hai nghiém cia
phudng trinh nay. Coi day s§ Phi-bo-na—xi (F,).”, véi Fy=F,=1vaF,, +

F, véimoin € N

Chitng minh: F, = %(B" -a").
Bai 11.

Giai phuong trinh: (1 + cos x)'%e=0% — (] | gjn x)'%eins 05
Bai 12.

Giidi phtong tAnk! X + e = 1,

V1 +x®

Bai 13.

Gidi phudng trinh: l()g;l,[,g# =¥ -3x" -1,

X +x +1

Bai 14,

Tén tai hay khong cdc s& thyc a, b, ¢ d€ phuong trinh sau ¢6 4 nghiém thuc
phan biét:

5 ; ; P
el agp v hetapept = ot
6 4

Bai 15. Gidi phuong trinh sau:

Ziinx | gleon|-5

108,555 (20037 4+ 4) = 2003%%% S (1)
Bai 16.
Cho phuong trinh x'? —4x* J/x" -1 +1=0 (1)
Vi gid tri nao ctia n € N” thi phuong trinh (1) ¢6 nghiém.
Bai 17.

Véin e N va tam gidc ABC nhon. Tim nghiém x clia h¢

£ \xi—x
JE— i)

<1+1

Jn

sin* Acos'™* B + sin* Beos' *C + sin* Ccos' * A < 3.2%!
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Bai 18.
Gidi phuong trinh
o x(x-1) x(x-1)(x-2) i s x(x-1)...(x-n+1) e
1 1:2 1.2.3 n!

0
Bai 19.
Tim cdc s6 a, b, ¢, d sao cho vdi moi x, ta luén cé dﬁng thiic
2x = D¥ - (ax + B)* = (x* + cx + D)™
Bai 20.
Giéi bat phuong trinh:
7. Jtgx(sin® x + 3cos® x) < 64/3(sin® x + 4 cos® x)
Bai 21.
Gidi phuong trinh: /2 — V2 +x) +4¥2x =1 (1)
Bai 22.
Giai phuong trinh:
16 = 1
Jx -1986 /-2002

B. HUONG DAN GIAI
Bai 1.
Diatt=cosx; -1 <t<1
Phudng trinh trd thanh:
loga(t+ 1) =2t
oS4 =t+1
s tatwl
Xéthimso f(H)=4'-t-1;-1<t<1
(1) = 4'n4 — 1
(1) =4'In’4 > 0
Ta c6 phuong trinh f(t) = 0 khong ¢6 qua hai nghi¢m phéan biét. That vy, néu
¢6 it nhdt ba nghiém phin biét thi theo dinh li R6-16 (Rolle), phuong trinh
(1) = 0 ¢6 it nhét hai nghiém phin biét va phuong trinh £”(t) ¢6 nghiém.

=10 - (vx - 1986 + [y —2002) (1)

Ta cé f(0) = f[—%J =0

t=0
Do dé phudng trinh f(t) = 0 ¢6 ding 2 nghiém : 1
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W g +kn
Viy phudng trinh da cho ¢6 cdc nghiém 1a: (k € Z)
2n
X' ==tk
3
Bai 2.
Bl - RE el e
2 3
Phuong trinh trd thanh: 2' - 2t + 1 =log,(3t - 1). (1)

* Datu=1log,(3t— 1) = 2" =3t - 1 va ta ¢6 hé phuong trinh:
2t —2t+1 =14 2'+t=2"+u
=
2" -3t+1=0 2" -3t+1=0

* Ham s6 f(x) = 2" + x ting trong R nén h¢ phuong trinh

s )
e
A S [y

* Ham s8 g(t) = 2' - 3t + 1 gidm trong [é—, 2}, g(1)=0.

Vay (2) ¢6 nghiém duy nhitu=t= 1.
x=a+k2n

* Suy ra: sinx:—l &
3 x=n-a+k2n keZ

(sina:—l, —E<a<0)
3 2

Bai 3. Ta cé:
m’(n-1)=2mn+ ) +n-1=2m@n- 1) +4m+(n— 1)
Ditk =n - 1 thi ding thifc trg thanh
m’k = 2mk + 4m + k ™
Néuk =0, thi m = 0. N6 cho nghiémm=0,n=1. Connéum =0, thi k = 0,
nén ta c6 thé gid dinh m va k déu khéc 0.

Tir (*) m phdi chia h&t k va k phdi chia hét 4m. Pt k = mh. Thé thi h chia hét
4,suyrah=+1, +2 hay +4.

Ta ciing c6 thé viét lai (*) dudi dang

(m*~2m- 1)h-4=0
*Néu h = 1, thi ta dude m* — 2m — 5 = 0, n6 khdng 6 nghiém nguyén.
* Né€u h = 1, thi ta duge m’ — 2m + 3 =0, né khoéng c6 nghiém nguyén.
*Né&uh =2, thim’- 2m + 3 = 0, n6 cho nghiém m = —1 hay 3.
* Néu h = -2, thi m’ - 2m - 2 = 0, khdng c6 nghiém nguyén.
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* N&u h = 4, thi m” — 2m — 2 = 0, khong c6 nghi¢m nguyén.
* n&u h = —4, thi m> — 2m = 0, cho cdc nghi¢ém m =0, 2.
Viy nghié¢m ctia phudng trinh la
(m, n) = (=1, 1), 0, 1), (1, 1), (2, -7), hay (3, 7).
Bai 4.
Pitt=x">0. |
Phuong trinh da cho twong dudng véi:

2 + Jt + 2004 =2004

<:>t2+t+%—t+2004—\}t+2004+%

y 1)
@(t+§) Z(\,‘t+2004—§}
:>1+_;_:Jt_+20041%>0®t+1=\/t+2004

oL+ 1P =1+2004 < +1-2003=0
~1++/8013

sy
t

s

2
= :l_z_ﬁ_ V8013 < 0 (loai)

-1++8013

Nhuviy: L=
1y 2

<X

X = 2n .:}+—_8£1—~3—
w_ 21448018 _ |7 I 2 ol N
4 oy L+/8013
2
Bai 5.

Phuong trinh tuong ducdng

1 1+}: ( 1 1+;}2-
xln(1+f) —xalnk1+——) =1-x

X X2

2

= (x+1)ln(1+lj~1 :xl:(xz +1)1n(1+—12—}—1]
X

(X + 1)1n(1+l]—(x3 +x)ln(1+i=1—x)
X ] X

e
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1 ; /i 1
<> x[(x+ 1)1n(1+ —]—1:| = x‘{(f +1)1nL1+_2J_1}
X X

(Do x > 0). %)

pat )= l[(t i 1)1n(1 +%J —1j|, vdit> 0.

f’([):(2[+ l)ln(1+1]—2:(2t+1) 1n[1+l}_ 1
) t t+ 1
2
: 1 1
=(2t+ 1) g(1) vaéig(t) = ln(l + —] =
t 1
t+—
2
gm= ~ : e - <0,vt>0

THANETIS 1 5 1
t +t+4 4t(t +1)| t +t+-£-I

Vay g(1) 1a him s6 giam trén (0; 40) va

n—=~ n—sxr t + -1
2

=g)>0Vi>0vavi2t+1>0Vt>0=f)>0Vvi>0
= {(t) tang trén (0; +0).
Mit khic (*) & f(x) = f(x) @ x=x o x=1 (vix>0).
Viy phuong trinh ¢6 nghiém duy nhit x = 1.

Hmét) = lim ln(l+%)— L i e

Bai 6.
(cos72)* + (cos36")* = 3.2 (1)
+ (1) < (2c0s72)* + (2c0s36”)* = 3
sin144°

Vi 2c0s72%.2¢0s36" = =1

sin 36"
nén 2co0s72° va 2cos36’ 1 nghiém cla

t+%:3 & t2-3t+1=0 véit=(2cos72°)"

=

3= \g 3+ \.'{5
vi= :
2 2
+ Ta bi€t sin54" = c0s36" < sin3(18") = cos2(18"), gidi ra dugc
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sinlg":‘/_i"_l
Ax
= 2¢0s72" = 2sin18° = ng_ 1
gl R R N s R Y
+ Ta biét = va =
2 2 2 2

5 [J§2_1 : :[\/52—1]‘2

X 2
1= 8-5 & (2c0872%) = 3-V5 =N V5 -1 = V6-1
2 2 2 2
CHx =N
X -2
+t= 8+5 < (2c0s72%) = 8+5 = V5 -1 = V5 -1
2 2 2 2
<o x=-1.
Viy (1) c6 nghiém x = £2.
Bai 7.
Diéu kién : x > 0. Dit t = 30'%*
Phudng trinh twong dudng vdi logm% + log, ‘:_Ilj =
t +1946 t+1975
=1 —_— —— (t>25).
8197 175 T °Bmm go0q 7%
Dé thdy t = 29 14 nghiém clia phudng trinh.
t+1 0 t+1975
Néu t > 29 thi 30 2004
t-25 = t +1946
4 1975
log t+1 e t + 1975 sl t+19756
30 30 2004
e 30 2004 2004 — VT > VP
lo t—25>10 t+1946>10 t +1946
8474 €« 1975 ~ "%B1m o975

t+1 t+1975
< <l

Néut<29thi4 90 2004
t-25 t+1946

g
4 1975

<
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t+1 t+1975 t +1975

log,, < log < log

Y R 2004 T S |
30 2004 L) oo
i 1;—25<lo t+1946<lo t +1946
84 I 84 1975 1975 1975

t =29 < logsx = 10g3029 <> x = 4'%=®
Viy x = 29'8»*
Bai 8.

Nhin xét: vGi x € [3—;;2n] thi sinx < 0 va logx > 0 = phudng trinh vo
nghiém trén {%;ZW]

Do d6 ta chi xét phuong trinh trén [21:; %E} :

Xét ham s8 f(x) = logx — sinx, x € [2n; %:l .

= fix)= lo—gg*cosx;f’(x)z—loie+sinx;f"(x)= 21os‘ge+cosx
X X x
Vx € [271; %‘—} thi cosx > 0; 2103ge > 0= P(x) = 2103ge +cosx >0
X X

= f”(x) ddng bién trén |:2TL'; 5—;}

Lai c¢6 [”(2m) < 0; F’(%J >0=3ce [21:; %ﬂ , ¢ duy nhat sao cho f"(x) = 0.

Diéu d6 c6 nghia 13; Vdi x e [2x; c] thi f(x)<0vaxe [c; %} thi f'(x) > 0.

= Trén [2x; ¢] thi £'(x) nghich bi€n; va trén (c; %} thi f(x) dong bién.

Ma f'(2n)= 1oge_1 <= )<V e@nc)
m
vareo < 2881 .o
m
Trén [c; ﬁ} c6f'(c) <0 va f(@J = 2loge >0
2 o bn

= dde (c; %TE} sao cho f'(d) = 0.
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Ma f'(x) ting trén [ : %1 = f(x) < 0 v6i x € (c; d) va f'(x) >0 vii x €
= |

&

— F(x)<0vdix € 2m;d) vaf(x)>0 vdix € [d; -S-E]

2

Ta ¢6 bang bién thién nhy san:

X 2 d 5n
2
f'(x) - 0 +
f(x) lg2n >0 lg5_7t_1 <0
\ /' 2
fldy<0

Vif(2n) >0, f(%t—} <0 = f(d) < 0= f(2n), f(d) <0

— 3x, € (2m; d) thod man: f(x5) =0

= Phuong trinh {(x) =0¢6 1 nghi¢m duy nhat trén [311 »551

Bai 9.

a) VGi n nguyén, n > 2, x¢t ham s3:

fo(x) = Lg(x + g) + tg(x+%)+... +tg[x +§)

5 ~ . a i s ke
Ham s0 f(x) lién tuc trén (O; Z] va cé:

£ 1 1

£ x) = o 4.t :
cos’ (x + EJ cos” {x + “) cos” (x Faroc 0)
2 9?2 on
VX € [O; E)
4

nén f,(x) ddng bi€n trén (0; Z—] :

Hon nita: lim f, (x) —oo va lim f, (x) = +9°
x-»0" n

X

4

Do d6 phudng trinh f(x) = 0 c6 mot nghié¢m duy nhdt x, € [O; E] :
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b) Theo k&t qud trén vdi n > 2, phuong trinh f,(x) = 0 ¢6 mdt nghi¢m

Xy € [0; :] vi phuong trinh f,,,(x) = 0 ¢6 mot nghiém X, € [o; z—]
% pi T b9
Ta c6: foi(X0) = lg(xn + E] + tg[xn + ?] T (Xn i ? +]

+ lg(xn + 2%2;] = 1:g(1-:n + T‘z%] >0

Suy ra fhr1(Xne1) < Fos1(Xn) = Xaa1 < Xp.
Nhu vy (x,) gidm va bi chidn dudi bdi 0, nén ¢6 gidi han hitu han khi

n —» +oo.

Bai 10.
Phuong trinh twong duong vdi ‘=%~ 1 20x%0vx>1)
Ta c6 B**' = p* + g va o' = o + o= )

Ta chitng minh biing phudng phédp quy nap theo n.
* D& thdy F, = F, = 1: ding.
o ]- k k 1 k-1 k-1 . .
eGidstFr,= — (B*-a) vaF_, = —=( —o*") véimoik=>2.
k \/g B k-1 \/’5* B

Suy ra Fk+i = Fk -~ Fk»l = Jig,[(ak i Bk.-l) iy (ak + ak—l )J

1
5 __‘( k+1 _akﬂ) (dO (*))
N p
* Viy, vdimoin € N, F,= —1—([3n -a").
J5
Bai 11.
Piéu kién: 2kn < x < g + 2kn.

Tacd: 1 +cosx>0; 1 +sinx >0

Phudng trinh <> logesinx.In(l + cosx) = loggncosx.In(l + sinx)

L L e AR S i Y e
Incosx nsinx
(Insinx)*  (Incosx)”

In(1+sinx) In(l+cosx)
Qo t)s: - dnlit
In1+t) In(+1t)
Ham f(t) gidm trén (0; 1)

pat f(t) =
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Phudng trinh <> sinx = cosX <> x = g + 2kn

Bai 12.
3x ax
X + =1 o J1+x%=
v1+x®
Dcx <1
=5 2 1
ol 9x (D
1-x)?

(e +x3)1 +x* - 2x) = 9%
Chia hai v€ ctia phuong trinh cho x* # 0, ta dudgc:

(x2+}§]~2[x+"1—)~7:0 (2)
X X

1 2 1 2
bit t=x4+—22 /8" +— T 40

X %

t=1-J10
t=1+\/ﬁ

Vit>2 nénnhin nghiémt=1+ J10

(2)<:>12—2t—9=0<:>{

©x+l:1+m
X

x:(1+\/ﬁ)u\/7+2\/ﬁ

(a)

2
<>
x__(1 + \/E)+\j7+2\/ﬁ ®)

2
Do 0 < x < | nén phudng trinh nhin nghiém (a).

(1 ++10) -7+ 210

Véy phuong trinh ¢ mdt nghié¢m x =

2
Bai 13.
Pita=4x’+2>0,b=x+6 + x> + 1 > 0. Phudng trinh c¢6 dang:
a 2003"
lo —=b-a < xab = &a=h
ik - 2003*

(Ham s f(x) = x.2003" ting trong R").

Gidi phudng trinh x* - 3x* — 1 = 0. Pt u = x” phuodng trinh thanh:
v - 3u-1=0. Véi f(u) =v’ - 3u - 1, ta thdy f(-2) =-3; f(-1) = 2; f(0) = —1;
f(2) = 1 va u = 0 nén phuong trinh nay chi c6 nghiém u trong khoédng (0; 2)
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nén ditu = 2cost,0<t< g , la dit phuong trinh: cos3t = %

Phuong trinh c6 nghiém 1 x = + }2 cosg

Bai 14.
*Pitt=e " = mbi gid tri t > 0 cho 1 nghiém x = —Int.

1

Phudng trinh trd thanh: .1t — 1 t* - % t*+a+bt+ct®*=0.

* Xéf() = Clnt — it‘ E %t"* +a + bt + ct? lién tuc trong (0; +w0)

() =3CInt- 0 - gtz +b+ 2ct

(1) = 6L.Int — 3¢ + 2¢
()= 6(Int + 1 — 1)
* Chitng minh: (1) <0, Vt € (0; +o0) => f"(t) nghich bié&n trong (0; 40).
* Ap dung dinh li Ro-10:
Va, b, ¢ ta ¢6 [”(1) ¢6 nhiéu nhat 1 nghiém t > 0.
= f’(t) ¢6 nhiéu nhét 2 nghié¢m t > 0.
=> f(t) ¢6 nhiéu nhit 3 nghié¢m t > 0.
Vay f(t) khong thé ¢6 4 nghiém duong (phan biét) hay khong tdn tai a, b, ¢
dé phuong trinh di cho ¢6 4 nghiém thyc phin biét.

Ghi chii: Hoc sinh ¢é thé ddt t = €', va tinh dén f”{t) = 24at + 6b + 1. o

£ .

c6 thé doi ddu trong (0; +c0), tuy theo a, b... nén khing thé két lugn vé s toi
du nghi¢gm ciia f. Truong hop nay khing cho diém hodc chi cho mt diém
tugng trung.

Bai 15.

: Phuong trinh ¢6 nghia véi moi x. Vi:

20032§\inx‘ + 4|cusx| 2‘4\4|p‘.inx| = l4|coex| £ 141005)(\
4 4

i 14\&)5:&[ + 14\cosx| 5 55/44(\sinxl+{cosx{—n :
1 4

ma |sinx| +

cosx | > sin’x + cos’x = 1.

Dodé: 2003211 4 4% 5 5 — 2003215 4 gle! _ 450
Pit 2003‘2isinxl + 4£cosxl L3y bk 0.

Ta c6 phuong trinh (1) trd thanh: logaua(t + 1) = 2003 — 1.
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Lai dit logapes (1 + 1) =y = t+ 1 = 2003, ta duge hé:
2003' =y +1 2003' =y +1
(I: = :
2003 =t +1 2003' —2003" =y -t (*)
Né&u t>y thi 2003' - 2003' > 0>y - t;
Néut<ythi2003' - 2003"<0<y-
Viy (*) ¢6 nghiémt =1
y=t
Viy hé¢ (I) &
2003" =t + 1(**)
Xétham s6 f(1=2003"~ t— 1(t=>0);

1
(1) = 2003102003 = 1 = 0651 = Iogims | et }= ¢
) " 5 "‘3[1112003] :

Ta ¢6 bang bién thién:
1 —00 L | 40 I

(v - 0 + +

f(t)
0 /

Tir d6 t = 0 12 nghi¢m duy nhit cia phudng trinh (¥*) thod min di¢u ki¢n t >
0.

— 20032'sinx 4 4msx; T 0o 20032|Hinx§ + 4icusxl =5
Theo trén ta ¢6: 2003% + 4°°¥ > 5 Ddu “=" xdy ra

2003.! sin x| s 44:sin x|

481n x| 1 4|s'm x|

o GO, | 71 Semy =SS =kt (ke Z)
lsinx| +|cos x| =1
Bai 16.
Piéu kién: x" - 1>0 (2)
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Ta thiy riing:

e x = |1 khong 1a nghi¢m cta (1)

e V@i n chin thi néu x, 12 mdt nghiém cia (1) thi (-x) cling 1a mot nghi¢m
cua (1).

e V@in 1¢ thi x > 1 phudng trinh (1) mdi ¢6 nghia.

Do d6 ta chi can xét vdi x > 1 (*)
Véi(taco  xP+1>2x% (3)



Foxt e l=xtt - D+ 1> 23Vt -1 (4)
Nhin (3) va (4) ta co:
(x* + D -x* Y1) >4x* Vx* -1
TS Sl B B L e | (5)
Tir (5) thi véi n = 4 phuong trinh (1) vd nghiém va do x > | nén vdi n < 4 thi
phuong trinh (1) ciing v6 nghiém.
 +V6in=5. S5
Xétham s6 f(x) =x? + 1 - 4x*'Jx° -1
Ta cé.f(1)=2>0.
Véix=12tacé x?+1<10 va 4x" Vx* -1 > 10
Nénf(1,2)<0
Do dé6: (1), 1(1,2)< 0
Do {(x) lién tyc trén (1; +0) suy ra phudng trinh f(x) = 0 ¢6 nghiém x, €
Cl; 4320
+ V@in>S5.
Xétham s6: f(x) = x* —4x*J/x" -1+1
Taco: f(1)=2>0
Voix=1,21thi x® +1<10 va 4x* Jx" -1 > 4x*'Vx* ~1 > 10
Viy f(1,2) < 0
Do d6 Ii udn nhu trén thi véi n > 5 phudng trinh {(x) = 0 lubn ¢6é nghiém x,

€(1;1,2)
Viy: véin > 5 thi (1) ¢6 nghiém.
Bai 17.
Do Jﬁ+n:é+£+2+2+l+l+...+1>n¥/ﬁ
‘ 2 2 i e e g

n-4
TR TR e
Jn
Do dé tir bat phudng trinh ddu ta ¢6: 0 < x < 1.
V@i 0 < x < 1: Xét bat phuong trinh thit 2:

Do AABC nhon nén 0 < sinA, sinB, sinC, cosA, cosB, cosC < | sit dung bat
ding thifc Co—si suy rong ta c6:

sin A ]x( cos B Jl : e
\sinA +sinB+sinC) \ cosA +cosB + cosC S
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x.sin A (1-x)cosB
" sinA+sinB+sinC  cosA +cosB +cosC

( sin B )x[ cosC )H i

sinA +sinB +sinC ) \cosA +cosB +cosC 24
x.sin B (1-x)cosC

“ sinA+sinB+sinC  cosA +cosB+cosC

sinC ; cos A 5 -

(sinA +sinB + sinCJ [cosA +cosB + cosCJ o

2 x.sinC (1-x)cosA

“ sinA +sinB+sinC  cosA +cosB+cosC
Cong 3 bat ding thifc trén ta dudc:

sin® A cos'™ B + sin* Bcos'™* C + sin* Ccos'™ A <
s (sinA +sinB +sinC
~\cosA +cosB +cosC

] <2 va2 1 < cosA + cosB + cosC

L
= 3’ nén ta suy ra:

sin*Acos' B + sin*Bcos' *C + sin*Ccos' *A < 3.2*"'
Do d6 bt phuong trinh thi 2 ludn théa man véi 0 < x < 1.
K& luan: nghiém ciah¢ A 0<x < 1.
Bai 18.
Pit vE trdi 1a f,(x) c6 bic 1a n, ta s& chitng minh ring phudng trinh f,(x) = 0
connghiémlax;=l;x=2; .. X, =nvéin=> 1.
Véin=1, fi(x)=1-xcénghiém la x, = 1.
Gia st phudng trinh f(x) =0cénnghiémla x; =1;x,=2; ..;X,=nvdin=
L
 X(x-1)...(x-n+1)(x-n)

Ta ¢6 f(x) = fi(x) + (= 1)™ (n+1)!

Suyra f,, (1) =£f(1)+0=0
Chitng minh tuong ty ta duge x; = 1; X, = 2; ...; X, = n 1a nghiém cia phudng
trinh f,,,(x) = 0.

Ta s€ chitng minh ring X,.; = n + 1 1a nghiém cta phudng trinh f,,,(x) = 0.
n+l +(n+1).n ~(m+1)nm-1) i

Tacé fux)=1- ves +
ey 1 1.2 12.3
sy @+ Dn@-1..21
n!
= C?”l & C;H =+ Ciﬂ = Ciq +...= (___1)n+1'cn+1

n+l
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(1 1)n+1 =

Viy phudng trinh f,.+,(x)—0c:on+1ngh1em 1a xl-l > SRS R L e
=n+ 1.
Bai 19.
Pit ding thic cia dé bai 1a (1)
AN §IAB IR .
me:E:(l)::»(§+b] +(Z+§+dj =0 o §+d=—l(2)

Thay a = -2b vao (1) ta dudc:
(2x - 1)* = (=2bx + b)* + (x* + cx + )%, V¥x
Hé s6 x* ciia hai v€& 1a:

2%va2¥bp Y + 1suyra2¥=2"p" 4+ 1 b= i%‘*{)/z“’ =1

ding thirc (1) trd thanh:
(2x — 1)+40 = b*(—2x + 1)+40 + (x* + cx + d)®, Vx
(%% — 1 = b“") =(x*+cx+d)®

<::»(2x—1)‘“’:;L =(x*+cx+d)?,vx
1 40 i 1 2
@[x—é—) =(x2+cx+d)2°<:>(x—§J =+ (x* +cd + d), Vx

s ]
[x—%) =(x*+cx+d),Vxec=-1vad= i» thod min (2)

2
(x - %] = —(x* + ex + d), Vx khong c6 c, d thod man y&u ciu bai toan.

Ké’llu@n:a=—2b.b=i%4{?2“°—1,c=_1 vid= i

Bai 20.
Piéu kién: cosx # 0. Chia hai v& cho cos’x, ta dudgc:
7 Jtgx(tg’x + 8) < 64/3(tgx + 4)
Bit t = tgx > 0, bt phudng trinh trg thanh:

2
7t L *3 <643
te =1
(Vt) ham 7 trén [0; +o)
Pat VT =f(t) vi t > 0, ta c6 243
| t*ed

ham ' trén [0; +x)
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= f(1) 12 ham /" trén [0; +0) va do duge t = J3 thi f(t)= 643 .
t | 0 J3 +00

f(1)
/v 6;‘]5 /

Dua vao bing bién thién, ta thdy () < 643 <1< V3.

Tirdé 0 <tgx < V3 <:>krt5x5—§-+k1t (k € 7).
Bai 21.

Piukién:0<x <2 - 1.

Pt V2 - v2(1 + x) = ¥2.u (1), ¥2x = ¥2.v (2) v6iu>0,v>0.
Y2u+v)=1(*)

Tir (2) suy ra x = v', thay vdo phuong trinh (1) ¢6
u? 4+ v =42 -1 (*%)
1
T (*) = u= —= — v thay vao (*¥*) cé:
2 ’

ks
V2 42

c>(v2+1)2—[v+ﬁ

+vi4vi—V241=0

<:>(v2+1+v+

Bai 22.
Diéu kién x > 1986, y > 2002
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6. o
Jx -1986 [y -2002

=10 - (vx - 1986 + \Jy — 2002 )

=N \/x—lfgse+Jy—lzooz_10+Jx_1986+‘/y_2002:0
& Jx - 1986 — ‘/7+ y—2002—2+ﬁ:
@(m_mﬁ%[ y—2002—2+\/y—%@]=
“[M‘W] *[W m]
%jﬁ:ﬁg @{x=2002
m i 200 y = 2003

§2. HE PIIUONG TRINH

A. DE BAI

Gidi h¢ phuong trinh:

log, V2 + 2001* + 2004* = log, 3 + 12(2002* + 2003)
log, \/2 + 2002 + 2003* = log, {[3 +12(2001* + 2004%)

Gidi h¢ phudng trinh:
i3 1 1
——=+—=+—==3v3 (1)
Vx vy

IX+y+z=1 (2)

x.y+y.z+z.x=% +2xyz (3)

v

2x* +2x-y-D=x*(y+1) (1)

Gidi hé phuong trinh:
VY +4x+1+1In(y*+2x)=0  (2)
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Bai 4.
Gii hé phudng trinh sau trén R vdi x, y, z 12 4n s3:
x=y+xy:zzma + 227
x' +yt =227
x+y)" =(z+2004)"
Bai 5.
Gidi hé phuong trinh:
log, J1+3sinx = log,(3cosy)
{log2 \/m = log,(3sin x)
Bai 6. :
Tim a d€ hé sau ¢c6 mdt nghiém chdn:
sin(3a — 3y) + 3sinx =0
{2 log,(a -y)+ 2log,(2\y) = log, \[57 + 3log, 2x

Bai 7.
Gidi hé phuong trinh:
log,(x+1)=x+y
91+x-y e 61+x—-y ) 3l+x—y g 61~x+y + 31—x+y s 91—x+y
Bai 8.

cosx = x°
ytgy =1

Chitng minh hé phuong trinh ¢6 cip nghiém duy nhdt (x, y) thod mdn 0 < x <
y.< 1z

Bai 9.

Giai hé phuong trinh: {

e sinx

(D

siny
Gidi hé phuong trinh: } 10vx® +1 = 3(y* +2) (2)

bn
= = 3
1r|:x,y<—4 (3)

Bai 10. ;
Gi4i hé phudng trinh sau diy dé tim nghiém (Xo; Yo; o) thod man zo > O:

84



B-x® =yy2

log3L+ log,(y +2) =log , y9+4y
22-y 3 5

log,(x* +2z*) = 2 + log, x

Bai 11.
Cho hai phuong trinh:
(B3+2V3) =(v2-1)*+3 (a) va (V2 + 1) =2cosg (b)

Gid sif x 12 nghiém ciia phudng trinh (a). Chitng minh ring, khi d6 x ciing 12
nghiém ctia phudng trinh (b).
Bai 12.
Chitng minh ring Vm € R, h¢ phuong trinh sau ¢6 nghiém duy nhit.
yx® = m? + v
x'y +2y’x =1’ - y*
Bai 13.
Cho sina, sinb, sinc # 0 va cosa, cosb, cosc khdc nhau d6i mot. Gidi hé
phudng trinh:

xsina + ysin2a +zsin3a = sind4a (1)
xsinb + ysin2b + zsin3b = sindb
xsinc + ysin2c + zsin3c = sindc
Bai 14.

Cho hé¢ phudng trinh:
X+y+z=a
x® +y? + 2% = b?
Xy =z

trong d6 a, b 1a cdc sd cho trudc.

Céc s0 a, b phdi thod min diéu kién gi d€ h¢ phuong trinh ¢6 céc nghiém x,
y, z dudng va khdac nhau?

B. HUGNG DAN GIAI
Bai 1.
s {310g2(2 +2001* +2004%) = 2log,[3 + 12(2002" + 2003x)]
2log, (2 + 2002* + 2003) = 21og,[3 + 12(2001* + 2004*)]
21log, (2 + 2001* + 2004*) = 2log,[3 + 12(2002* + 2003")]
{3 log,(2+ 2001" + 2004 + 21og,[3 + 12(2001* + 2004*)]
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= 3log,(2 + 2002 + 2003") + 2logs[3 + 12(2002% + 2003*)] (2)
Xétham s6 f vdi (1) = 3.loga(2 + 1) 2logs(3+ 12t) véi t € (0; +0)

2 i 24
2+t)ln2 (3+12t)In3
= f uing trén (0; +x).

f ting trén (0; +oo }

Taco: (D)=

>0, Vt € (0; +0)

Vx € R, 2001* + 2004* > 0 va 2002* + 2003* > 0
((2) < 2001 + 2004* = 2002" + 2003%)
Ma: o x = 0 12 mdt nghiém cia (2) do:
2001 + 2004" = 2002° + 2003"
vx € R, (2) < 2004* - 2003* = 2002* - 2001*
Xétham s6 g() = véi x #0 va t € 90; +0)

g thod man di¢u kién cla dinh 1i La—gd—ning (Lagrange) trén (2003; 2004]
va [2001; 2002] nén:

o i, € (2003; 2004) : g(2004) - g(2003) = x.t;*"'
<2004 — 2003* = x.t,*' vdi t; € (2003; 2004)
Tuong w: 2002 - 2001 = x.,* ' vdi t, € (2001; 2002).
Do d6 2004 - 2003™ = 2002 - 2001*
oxG ! =x0 voix20
(vdi t, € (2003: 2004); 2004); - € (2001; 2002))

x-1
Q(t—lj =l =1

t,
Nén (1)
3log,(2 + 2001* + 2004") = 2log,[3 + 12(2002* + 2003%)]
{x e {0; 1}

Khi x = 0, ta ¢6: (3.Jogx(2 + 2) = 2.logs27; ding) = x = 0 1a mdt nghi¢m ctia (1).

x =1, ta cé: 3log,(2 = 2001 + 2004) = log,(4007)"

va 2log,[3 = 12(2002 + 2003)] = log,(48063)°

Do (4007)" > (48063)* = log,(48063)* < log, 948063)* < log,(4007)’

= x = | khong 14 nghiém ciia (I)

Viy x = 0 1a nghi¢m duy nhit ctia hé da cho.

Bai 2.

* Gia st (x; y: z) 1a nghi¢m cioa h¢ phuong trinh. Tir (1) suy ra x > 0,

y >0, 2> 0, k€ hdp vdi (2): x + y + z = 1 ta thdy trong cdc s3 X, y, 2, phdi

86



¢6 it nhat mot s6 khong 16n hon % khéng mét tinh t6ng quét c6 thé gia sir

Zz<—.Viyze [O; l:!
3

*PAtS =x.y + y:Z +2.X — 2X.y.Z.
Tac6S=xy(l-22)+z(x+y)=xy.(1 -22)+z.(l - 2)

x+yY 1i2Y
Do x.y (u-é—zj ﬁx.ys[—z——] . Viay

85[12 )(1—2/+1(1A1) :1-9 223 +z° +1)

|

* X¢ét ham s6 f(z)zi(—2z3+z2:1) vdiz e (0; %]Ta ch:
f(z)= l( -6z° + 2z) = lz(l - 3z)
ik 2
1
Viy fi f( , Vz 0; <.
Waes ) 27" &( 3}

*Dodo S < % . Vay phuong trinh:

G Y

* Thit lai thdy (x; y:2) = (3 3’

Viy hé phuong trinh ¢6 nghi¢m duy nhét (%, %; %J
Bai 3.

Taco: 2(x*+2x - y— l)=x2(y+ 1)
S A=y =2y xi=0
S (X +2) - (y+ DNX*+2)=0
<:>(x2+2)(2x—y— E)i=1)
&2%x-y-1=0
S2x=y+1

Thay vao (2) ta c6: y3+2y+3+ln(y2+y+ 1)=0 (3)

;J thod man hé phudng trinh.
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Pit fiy)=y’ +2y+3+In(y’+y+1)
fy)=3y2 +2 + @’11—
vy +y+1
X 2y* +y+1)+2y+1
yi+y+1
2y +1° +1
vy +y+1
— f(y) ddng bi€n trén R. Mit khéc f(-1) = 0 = y = —1 1a nghiém duy nhat
cta (3).
Véiy = 1 = x = 0 = hé phuong trinh c6 nghi¢m duy nhit (0; -1).
Bai 4. 3

Tirhe: 227 = x* +y* > 2x%y? > xy=2" (1)

= 3y2

=3y’ + >0,VyeR

Laicé: (x+y)’ <2x*+y%)

= (x+y) <4(x? +y?)? €4.2(x* +y*) =162"

= x+y< 22 (2)
(1)va (2)chota: x +y + Xy < z2E 4228
Diu “="xdyrakhix=y= 2%
Tir d6 hé da cho tudng duong véi:
2= y=u=1
{x=y:zzm x:y:ll
g 2
(2x)*? = (z + 2004)* 1
i =X 02002 o
Viy hé c6 ba nghi¢ém (1; 1; 1) v [}», l; i—lﬁJ
2’ 9 22002\/5
Bai 5.
Bit u = sinx, v = cosy O<u,v<l

Hé phudng trinh trd thanh:
log,(1 + 3u) = 2log,(3v)
log,(1 + 3v) = 2log,(3u)

{logz(l +3u)=2=2log, v

1 *)
0g,(1+3v)=2+log,u

suyra logy(1 +3u) — logy(1 + 3v) = 2logsv — 2logsu
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<> logy(1 + 3u) + 2logsu = logy(1 + 3v) + 2logsv
Xétham f(t) = logy(1 + 3t) + 2logst O0<t<l1
3 2
4 >0
1+3t)ln2 tln3
Ham dfmg bi€n nén vdi f(u) = f(v) thin=v
Hé (*) trd thanh: log,(1 + 3u) = 2 + 2logsu
Suyra: . 1+43u= fgeetieg
& 14 3u= 420"
& 1 +3u = 4.2 218
ik 3u= 44uf)e?

f(t)=

< 1 +3u=4u" ! *%
Phuong trinh trén ¢6 nghiém duy nhatu = 1.
That vay (**) < il + u =4

uget T Bt
= u—log:,d A 3u]—log34 s 4

Xétham f(u) = u™ "% + 3y' 1%t O<u<l
f'(u) = (~logsd)u™'"*%* + 3(1 — 1log, 4)u'*¢*
_ —log,4 3(1-log,4)

1-logz 4 log, 4

<0

u u
Ham f(u) nghich bi€n nén u = 1 14 nghiém duy nhat.

Ta dugcu=v=.1.

sinx=1 x =X+ k2n
= 1‘::> 2 (k,l e Z)
cosy = v = 125
Bai 6.
Hé da cho twdng dudng vdi hé sau:
(x>0, y>0 x>0, y>0
a-y>0=a>0 a-y>0
|sin(3a - 3y) + 2sinx = 0 gl e
log,(a - y).2{y) = log, 2\/y x sin(3a — 3y) + 3sinx =0
(x>0; y>0 x>0;y>0 x>0, y>0
i 0 43 &
iz y > g a-y>0 = a-y>0
aty=a x+y=a |x+y=a
2sinx(3 - 2sin®*x) =0 sinx =0 x=kn (ke?)
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Bai todn di cho trd thinh:

Tim a > 0 d& trén dudng thing x +y =a c6 mot s chin diém c6 toa d6 dudng
trong d6 hoanh d6 ¢6 dang km.

2n<a <3n 5
: T
Tirdd thisuyra |4n <a <5n N
.................... N
Vay nhifng gid tri a can tim 1a \\
Tk <a<(2k+1)keZ" LI bn_,
ol = \\\ \\\
Bai 7.
log,(x+1)=x+y (1)
giﬁx—y e 61':& 2 23+x——y = 61—xv‘y 5 31—x+y o 91—x+y (2)

* PiLt = X — y, phuong trinh (2) thanh:
gt Lot gl 6 8" 28 =0 (3)
rd rang t = 0 12 mot nghiém cda (3).
Ham s6 & v& trdi ciia (3) 1a him chdn theo t nén khi t # 0 ta chi can xét t> 0.
*Chirab§ dé khit>0thi Va,be Rvaa>b>1thia'+a'>b +b'va
chitng minh bd dé nay ding.
Ap dung bd d¢ trén 1ap ludn t # 0 khong 12 nghi¢m cua (3).
# (= () ¢>y = x thé vdo (1) dudc:
logs(x + 1) =2x <> 4" -x-1=0 (4) (diéu kién x > -1)
Chitng minh phuong trinh (4) ¢6 khong qud 2 nghiém.

*Chirax;=0vax,= 3 la 2 nghi¢m cta phuong trinh (4) va k&t ludn ding

nghit(mctahé¢ lax=y=0vx=y= :22
Bai 8.
Ham s0 [(x) = cosx — x> 13 ham s0 lién tuc trén R ¢6 {(0) =1 >0 va {(1) =
cosl — 1 <0.
Viy tdn tai s6 thuc a € (05 1) sao cho f(a) = cosa - o’ =0.
Trong khodng (0: 1) ham s8 cosx gidm trong khi ham x* ting suy ra o 1a s0
thuc duy nhal trong khodng (0; 1) sao cho cosa = o’
Ham s3 h(x) = xlgx 1a tich hai ham s& dudng dong bién trén (0; 1) nén
g(x) = xigx — 1 la ham s& dong bicn trén khodng (0; 1) va g(0)=-1<0va

g(l)= 51n1ﬁ£(1§l>0 (do > EJ.
cos 1 4
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Vay ton tai duy nhilt sd thye p € (05 1) sao cho Prgp = 1.
Mait khdc vi sinx < X v@i moi x > 0 suy ra
Slod = g - 1 _ Sina_,  sina
cosa o

-1<0=gP

Do g(x) 1 ham s6 ddng bi€n trén khodng (0; 1) ta ¢6 0 < a < B < 1 (diéu phéi
chitng minh)
Bai 9.
X ey

Pua phudng trinh (1) vé dang bt %)

sinx siny

L

Xétham (1) =

? 5n
vilint<tl<s —
4

sint
e'(sint - cost)
sin’t

) i
Tacor ()= >0 vlin<t< ?n

Suy ra: f(t) luon déng bién trong khodng (n; %) '

Khidé () = (x)=f(y)=>x=y
Thé& vio phuong triinh (2) ta duge: 10Vx° +1 = 3(x* + 2)
Do Vx®+1 = \/(xz + 1 -x" +1)

Ditsi= J;TH, V= \/;”ix2 +1 ta dugc phudng trinh:
10uv = 3(u® + v*)
Gidi ra ta dudc u = 3v hodc v = 3u.
Gidi u = 3¢ theo x ¢6 phuong trinh v6 nghi¢m.
Gidi v = 3u theo x ¢6 x = +V5 =133 so vdi didu kién (3) ta nhin

= 5+\/ﬁ.

Viy h¢ phutdng trinh ¢6 mot nghi¢m 1a x = V5 + /33 .
Bai 10.
% =>f)
Diéu kién: {2z > y
y > -2
H¢ da cho tuong duong:
B-x)*"P =y +2
~log,(2z — y) - log, 9y + 2) = —log, 94y + 9)
log,(x* + z°) = log, 4x
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(8 — %) = y=2

< 1log,(2z - y).(y + 2) = log,(4y +9)
log,(x* = z°0 = log, 4x

(B-x)™ =y +2

<> <2yz+4z-y* -2y =4y +9

sz +2z% =4x

(B-%)*" =y +2

Sy +9+22 +6y-2yz-6z=2> -2z

x2-4x+4=4-%*

(3-x)* =y 4+ 2 (1)
Sy +3-2°2=2-22 (2)
1(;{-2)2 = 40z (3)

e Né&u (Xo; Yo; Zo) 12 nghiém ciia hé ta c6:
(xo-2P=4-20 > 4-2020-2<2,<2 (4)
(yo +3-2,)* =25 -2z, = zw? -2z, > 0
< 7o<0hodc z,>2 (5)
K&t hgp diéu kién bai todn 1a z,> 0 vdi (4) va (5) ta ¢6: zo =0 hodc zy= 2.
+ V@i zy = 0 tir (2) va (3) ta ¢6 xy = 0 hodc xo = 4 va y, = -3 khong thod
man diéu kién bai todn.
+Viizg=21r(2)va(3)tacoxo=2vay,=-1.
Thod man phudng trinh (1) va diéu kién bai todn.
Viy: h¢ da cho c6 nghiém: (2; -1; 2).
Bai 11.
Gia st x 14 nghiém ctia phudng trinh:
1

(3+2V2) =2 -1 43 e (B+D)==_~ ;3 1
2ed (V2 + 1) 58
Pit 2t = (/2 + 1)* véit>0.
Khi d6 phuong trinh (1) trd thanh:
| 1
4t° = — + 3 hay 4t* -3t == )
ot ay 2 (2)

Xétt e (-1; 1), dit t = cosa, o € (0; m) ta dude 4 cos® o — 3cosa —%
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<:>c033a=u;—@(a:ig+%,kez.\ﬁae(0;n)nén

T on 7n}
oLE—; —; —
g 8.0
Tir d6 suy ra cdc nghiém t € (-1; 1) cia phudng trinh (2) la:
n

m 5n
L= COS§ slb=Cc08—; lh =cos—

9 9
Vi phudng trinh (2) 14 phuong trinh bac 3 ¢6 di 3 nghiém t; e(-1; 1), 1=1;2; 3
nén khong cin xét cdc nghiémt € (—1; 1).

Mit khéc t, =cos§1—t < vty = c:os?—?t <0
9 9
Do d6 nghi¢m ctia phudng trinh (1) 1a t; = cosg

Ticla (V2 +1)* = 2cosg.

Viy n€u x 12 nghiém ciia phudng trinh (a) thi x ciing 12 nghiém ciia phuong

trinh (b).
Bai 12.

 SHESE gt B iyt
HE b mz yz Qy(‘x yz) I:l >
Xy +2y°x=n*-y° yx+y)¥=n (2)

x =0

Tl‘r(2):>y>0,(l):>x3—y320<:>x2y>0:>{
y>0

Tr2)=>x+y=—

3
Thay x vao (1) ta dugc: y[(% _yJ _y3] =m?
Tt 3
Ds’_il[: J—);)O ﬁ[z[(zﬂtz] —t6:|:m2

> +mit-(n-t) =0 (3)
Xét f(O)=0C+mit- (n-t) t>0
ft)= 9t® + m? + 3(x - t>)2.2t > 0 vt>0
= f(t) déng bién trén (0; +00).
Tacé f(0)=-n<0
f@¥n) =7+ Yam? >0
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= (3) ¢6 1 nghiém duy nhit t € (0, ),
trong d6 hé phudng trinh da cho ¢6 mot nghi¢m duy nhat.
Bai 13.
Vi sina # 0 nén:
3.4sin*a

e = 4cosacos2a
4cosa-1 e

(1) <> x + 2ycosa + 'l,[
2cos’a -1
<> 8cos’a—~4zcos’a - (4 + 2y)cosa+z—-x =0
Viy cosa 1a nghi¢m cta phuong trinh:
8t® -4zt - (4 + 2yt +z2-x=0
Tuong w con ¢6 2 nghiém khdc 1a: cosb; cosc.
Theo din li Vi-¢d, ta c6:

7
cosa +cosb +cosc = 3

—y -2
ﬁCOS&COSb +cosbcosc +cosccosa = y—2f

oy e

Lccns acosbcosc =

Tir d6 suy ra:
Ix — -8cosacosbcosc + 2(cosa + cosb + cosc)

y = —4(cosacosb + cosbcosc + cosccosa) — 2
12 = 2(cosa + cosb + cosc)

Bai 14.
X+y+z=a (1)
Tacé: {x>+y* +2° =b* (2)
Xy &3 (3)
Tr(l) =a’=x*+y*+2° +2xy+2(x+y)z
2 2
T e T (4)
2 2
x+y=a2+b =18
Tir (1), (3) va (4) ta dudc: . 8%,
(a)._bz)2
Xy = — =P
4a”

Khi d6 x, y 14 nghiém ctia phuong trinh bac hai X’ - S.X+P=0, véi:
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,S - 8 b
2a
2 _ 1,2)2
P - w
L 4a
DéE x, y, z) dudng va khédc nhau, ta cdn phdi c6:
(a#0

S? > 4P a>0
90" " &S 1a* = b’

P50 (3a® - b%*)(3b% -a?) >0

z>0

a>0 a>0‘
e<ad s> b < 1./3 ‘b|

% : — <1<
(a—b—zj.{ab—Q—lJ>0 e
L a a
§3. PHUONG TRINH HAM

A. BE BAI
Bai 1.
Hay xdc dinh 4t cd cdc ham s6 f: R — R thod min ddng thdi cdc diéu kién
sau:
a) f(x) = cosx; v81 0 <x < 2m;
b) f(x + 2n) = 2f(x) + 1.

Bai 2.
Tim t4t ¢4 cdc ham : R — R thod min
f(1) = 2005
{(x —yf(x+y)-x+yf(x-y) =4xy(x* -y*) (1)
Bai 3.

Cho ham f lién tuc trén R va thod min:

f(x+y)+f(x)f(y) = f(xy)+ f(x), Vx,y e R
f(0)=2, f2)#0
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Tinh f(~2004).

Bai 4.
Tim ham f thod min hai diéu kién sau:
f[2004f(x) + f(y)] =2004x +y, Vx,y € R (1)
f bi chdn trén [-1; 1]
Bai 5.

Tim tit ca cdc ham s8 f(x): R — R thod min diéu kién
Vx, y € R f(f(x) + y) = 2x + f(f(y — x)
Bai 6.
..

Tim t4t ca cdc ham s§ f; R — R thod man f(x) —%f[z

)= x?, Vx € Rva f(x)

bi chin trong khodn (—l }-J

} A g g 2’ 3/
Bai7.

Tim tit ca cdc ham s6 kha vi f: R — R thod mdn

f,(x+y _f(y) - f(x)
O it =Y -

,Vx,yeR, xzy

Bai 8.

Tim tit cd cdc ham & lién tuc f: R — R thod min cdc diéu kién:

£(0) = 1, f(1) = 2004 va f(x +y) = f{(x)f(y), Vx, y € R.

Bai 9.
Tim tit ci cdc ham s6 f: R — R thod min f(f(x) + yz) = x = f(y)(f(2),
Vx,y,z € R.
Bai 10.

Tim cdc ham sd f(x) x4c dinh 5x € R va thod min:
£(0) = 2003 va f[%) - 2004

f(x+y) +gx+y)=2f(x).cosy, Vx,y+R
Bai 11.
Cho ham s f: R — R thod
f(x* +v°) = (x+ YEE? - ff) + fy)*?  Vx,yeR
Chitng minh f(2004x) = 2004f(x) Vx € R.
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Bai 12.
Tim cdc ham s6 : R* — R* thod man phudng trinh him:
f(f(x)) + 2f(x) = 15x
Bai 13.
Cho n € N. Tim tt cd cdc ham s§ f(x) xdc dinh va lién tuc trén R thod min
diéu kién: Cof(x) + CLf(x*) +... + C*f(x*") = 0 vx
Bai 14.
Tim tat ca cdc hAm lién we f: R — R thod man:
f(x.f(y) = y.f(x) v6i moi s6 thuc x, y (1)
Bai 15.
Tim (4t ci céc ham s8 [ lién tuc trén R va thod mian cdc didu kién sau:
1) f(x) = —f(x), véi moi x thudc R
ii) f(f(x) = x, vdi moi x thuoc R.
Bai 16.
Tim tat ci cdc ham f xdc dinh trén tdp hgp cdc s& nguyén khong 4m Z*, 1y
gid tri trén tdp hop Z" va thod man diéu ki¢n: f{f(n)] = n + 2 v6i moin € Z".
Bai 17.
Hay xdc dinh cdc ham s6 f: R — R thod min ddng thdi cdc diéu kién sau:
Dix)=sinx —2v8i0—>x<2n
i (x+2n)=3f(x)+4,Vx e R

Bai 18.
Tim (&t ¢4 cdc him s6 f: R — R lién tuc va thod min
{f(l) = 2004
fx+y)=f(x)+f(y); Vx,ye R
Bai 19.

Cho ham s { xdc dinh va 18y gid tri trong tdp hop cdc s6 thue R sao cho vdi

moi X, y thudc R ta déu cé:

f(2004x) = f(sin(30x + 4y)) + {(sin(30x — 4y)) (*)
Hiy xdc dinh gid tri cta f(v13 + ¥4 + $/2002).

Bai 20.

Tim t4t ¢4 cdc ham s6 f: Q — Q thod min
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f(1) =2
flxy +y) =fx)f(y) - fx+1)+2 Vx,y € Q
Bai 21.

Cho him s0 f: R — R thod min:

(1) f(x + y) = f(x)f(a — y) + f(a — X); VX, y € R; a 12 hiing s6 tuy .

1
(2) [(0) = 5
Tinh £ (22003
Bai 22.
Cho ham s8 {(x) thod min:
fxy) +f(x-y)+f(x+y+ 1)=xy+2x+1,Vx,ye R .
L4 1001 1002
fiiiss 2003%2’03 J2003 Sl P[ 2003] 5 P( 2003)

Bai 23.
Cho ham f: Z* — 7" thod man c4c diéu kién sau day:
Ofn+D>f(n):VneZ
(i) f(f(n0) = 3n; Vn € Z*
Hay tinh f(2003)
Bai 24.
Gia sit ham s y = f(x) lién tuc trén tdp R, nhdn cdc gid tri khdc dau. Ching
minh riing tOn tai mdt cAp s& cong a, b, ¢ (a <b < ¢) sao cho f(a) + (b) + f(c) = 0.
Bai 25.
Tim tit ca cdc ham f: R* - R thod min dicu kién:
xf(xf(y) = f(f(y)), ¥x,y € R"
Bai 26.
Tim tdt cd cdc ham s8 f, g (¥ R — R thod min:

fx)-fly)=x+y)gx-y), vVx,ye R
Bai 27.
Tim tit ca f(x) € K [x] thod mén:

(x- DHx)=(x-3)M(x+2), Vx € R (1)
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Bai 28.
Tim tit ¢4 cdc ham f: N*—> N thod min (1) = 1; f(2n) = f(n) va
f2n+1)=1- f(n), Vn € N".

B. HUGNG DAN GIAI
Bai 1.
f(x + 2nm) =2"[f(x) + 1] = 1 (HO,veN,vVxeR
Thit vdy, d& thay (1) ding v6in=0,n= 1.
Gid st (1) ding vin=k > 1.
Xétn=k+1,tacd: f(x+2(k + 1)m) = 2f(x + 2kn) + 1
=2[2Mx) + 1) -1]1+1= 2" (f(x)+1) -1
= (l)ding véin=k+1(k=1)
= (1) ding v6i moin € N.
Xétf(x - 2nm) véix € R,ne N*. Patx’=x - 2nn
Khi d6 x = x’ + 2nn va do vay f(x) = f(x" + 2nm) = 2"(f(x") + 1) - 1
Suy ra f(x — 2n7) = f(x") =27"(f(x) + 1) - 1 (2)
Tir (1) va (2) ta duge f(x + 2nm) =2"(f(x)+ 1) - 1, Vn e Z, Vx € R.

E X 5 AR , 2 A
Vxe R, Jae[0;2n):x=a + {?}.Zn. Do cdch vict cong thifc s6 do x trén
b

duting tron lugng gidc; [a] ki hi¢u 12 phin nguyén cla a nén:

e
f(x) = f(a + [—X—}.an =22(fa) +1) -1
2n
[2] 2}
= 220(cosa +1) -1 = 2% (cosx +1) - 1
re7
Do d6 Vx € R, f(x) = 2% (cosx +1) - 1 (3)

Thir lai, d& thdy ham s6 f(x) xdc dinh theo (3), thod man dé ra. Vay c¢6 duy
nhdt ham ((x) cin tim 1:
3k
f(x) = 2|L2"J(cos x+1)-1
Bai 2.
Thayx=y="1=10)=0
Pita=x+yvab=x-y
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Khi d6 (1) <> bf(a) — af(b) = (a’ — b)ab, Va, b € R.
f) . fb)

Véiabz0,tacé: ——a
a b

O . =fi) =1 9@_
X X
o f(x) = x* + 2004x, Vx 2 0.

Theo trén ta ¢6: f(0) = 0 nén f(x) = x* + 2004x, Vx € R.

b2

Suyra Vx # 0, ta ¢6: x® = 2004

Thif lai ta cé: f(x) = x* + 2004x thod man hé¢ diéu kién da cho.
Viy ham s6 cin tim 1a f(x) = x* + 2004x .
Bai 3.

Tir gid thiét ta c6:
+ Vdix =y = 0: £(0) + £2(0) = 3f90) < 2(0) — 2f(0) =0

< £(0) = 0 (do £(0) # 2)
+Véix =y =2: {(4) + £7(2) = {(4) + 2{(2) <> [(2) = 2 (do £(2) #0)
+Vaix=y=1:12) + (1) = 3f(1) & (1) - 3f(1) +2=0

{f(l) =1
=
fO=2
Truong hgp 1: Néuf(l)=2
Choy=1,x=-1:f(0) + 2{9-1) = 2f(x) + f(I) > [(x + D =f(x) + ] Vx e R
(1)

| <

+ X=uuzLy=

u
l'[u % 1) + f(u).f(z] = f(v) + f(u) + f[—‘i] 2)
u u u
+ x=u(u=z0),y= X+1:
u

f[u+z+lj+f(u).f[i+1) = f[u[erlﬂi- f‘(u)+f(3+1] (3
u u u u

Do (1) nén (3)
PN f'[u + l’-] +1+ f(u).HX] 3 1] = flu+v)+fu)+ f(ij £1
u u

u

<:>f(u+v)+f(u).f[§}:f(u+v)+f(§) (4)

u

(2) va (4) dugc: {(v + u) = f(u) + f(v)
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Vi tdt cd cdc k€t qud trén ta duge: 12 ham lién tuc trén R va thod min:
f(x +y) = f(x) + f(y) Vx, y € R (phuong trinh Co—si)

fxheaisvEeR
Vi {(X) i gl T LR

o EHIE Y
Tir dé6: £(~/2004 = /2004
Bai 4.
Trong (1) cho x =y thi f(2005f(x)] = 2005x (3)
bit 2005f(x) = u, 2005f(y) = v thi (3) = f(u) = 2005x, f(v) = 2005y
nén f[2004f(u) + f(v)] = f[2004.2005x + 2005y] - (4)
Theo gid thift: f12004f(u) + f(v)] = 2004u + v (5)

T (4) va (5):
{2004.2005x + 2005y] = 2004.2005{((x) + 2005f(y)  (6)
Trong (6), th€ x =y = 0 thi f(0) =0
Thé x = 0 thi f(2005y) = 2005(y)
Thé& y = 0 thi £(2004.2005x) = 2004.2005f(x)
Do dé (6) thanh
f12004.2005x + 2005y] = £(2004.2005x) + {(2005y)
Suyra f(x +y) =1{(x) + f(y), VX, y e R (7)

Biing quy nap ta dugc Vx € R, Vn € N: f(nx) = nf(x)
Trdo, Vm, n € Z", x € R: mf(nx/m) = f(m.nx/m) = f(rx) = rf(x)

T (7) = 0= {(0) = f(x — x) = {(—x) + f(x) = f(—x) = f(x)
Dodé Vr e @, x € R thi f(rx) = rf(x) (8)

Ly day s6 thuc (x,) tuy ¥ sao ho limx, = 0 (c6 thé gid sit | x,| < 1).

Ung vdi mdin e N, chon g, € Q sao cho

q,Xx"| < 3|x“|2 = QuXs € [-1; 1]

1 1
—rm— < T X g
;o S
= |f(gxa)| <C, VneZ', (Cla hiing s8)

15 o qdn X,
9,

= limf(x,) — 0 = £(0), viy f(x) lién tuc tai x = 0
va lin;l[f'(x =y)-f(x)] = li].‘Iol f(y)=0
¥ =K J=F

1
Do dé |f(xo)| = = aﬁ|f(qnxn )'
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= f(x) lién tuc trén K.
Vx e [ thi tdn tai ddy sé hitu 4 (r,), sao cho limr, = X.
= f(x) = limf(r,) = limr,f(1). Thi¥ lai f(x) = ax, Vx € R thod man.
Bai 5.
Dé& dang kiém chiéng ring ham s§ f(x) = x + e, vdi ¢ 12 hiing s0 bat ki 1a
nghi¢m ctia phudng trinh. Ta s€ chiing minh ring d6 1a nghiém duy nhat.
Chox e R, dafx' = E(f(O) —x) thé thi x = f(0) - 2x’

Pity = —g(x’), th€ thi:
f(f(x") + y) = £(0) = 2x" + {(f(y) - x), do d6, néu goi z = f(y) - x’, thi ta ¢6 f(z)
=8, &
Suy ra f 12 todn dnh. D3t biét, ta ¢6 f(n) = 0 vdi a nao do.
Tir dé vdi y bat ki, ta ¢6 :
f(y) = f(f(a) + y) = 2a + {({/(y) - a)
Hon nifa, vdi x bat ki cho trudc, ta ¢6 thé tim y sao cho
x =1{(y) - a.
Tacéx:f(y)—a—(2a+l(f(y)4a)—azf(x)+a<3f(x)=x—a
Bai 6. |

p 20y !
€6 fix)= —fl=1%x% 1
6 f(x) 2 {2) (1)
1.(x) 1 X x*
B g St | 000 2
2 [2) 92 [22]+2-’ (2)
1 X 1 X x*
—f| = |==f| = |+= 3
22 [2') 9 [22) 2¢ ©)
lf[i]—-l—f( .. }+52— (m+1)
on on W2n+1 2n+1 2'1n
Cong (1), (2), ..., (n + 1) ta co:
» , 1 T
l(x)=Ff[znx+l)+xz[l+§+...+w2—3—nJ (a)
VoixeR IncN:—L <X o> sdcer: [—";]sc
e 5 2

(vi f(x) bi chiin trong khodng [ ;, ;))
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Do dé tir (a) khi cho n — +o0 ta ¢6 f(x) =

Thit lai f(x) = g—xz thod mén.

Bai 7.
Tir diéu kién dé bai thi Vy # 0 ta ¢6 thé suy ra:
F(x) = xf(x+y)-gx-y)
2y
Ta ¢6 v€ trdi 1a ham kha vi theo x nén:

ey fix+y)-fy-x) _ i[f(x+2y)—f(x)_f(xugy)Af(x))
2y

(xeR)

2y 2y (-2y)
P f(x + 2y) + f(x2— 2y) - 2f(x)
4y
L ) s E x4 2y) + f’(x2~ 2y) - 2f'(x)
45
sl [f(x +4y) - (o) fx-4y)-f(x) flx+4y) - fix —4y)J o
4y* 4y (~4y) . 4y

S>fx)=a={(x)=ax +b = f(x) =ax’ + bx + c.

Vay him s6 cdn tim la y = f(x) = ax” + bx + ¢, vdia, b, c € .
Bai 8.

Ta c6 cdc két qud

I=00)=((-1+1)=1f(-1) 1 f(-1)= ——— =2004""!
O)=[(-1+1) =01 (1) =>f(-1) 5004

f(n)=f(1 + ! +...+ 1) =(f(1))"=2004" vdi moin € N
(-n)=i1-1-..~ ==Y =2004°

= 1
+ Nhu thé 2004 = f(1) = f(n.l) = [f[ln =5 [l) =2004" vdimoine N
n n) n :

f[% [f[ ﬂ (20045T:20043
f(-%Hf( :JJ‘“

+Tém lai ta di chitng minh dude ring véi moir € @ thi f(x) =
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+ V3i mdi x € R, ludn ton tai diy s6 hitu ti (r,) ma r, — x.
Ta ¢6 f(r,) = 2004™ .
Cho n —> o va dé ¥ rling f lién tuc ta c6 f(x) = 2004".
+ Dé thdy ham s6 tim dudc thod man cdc diéu kién ciia bai todn.
Bai 9.

f(f(x) + yz) = x + f(y)f(z), VX, y,z € R (1)
Pit a = f(0)
Chox=0,y=0,z=0, tir (1) ta cé: f(a) = a (2)
Chox=0,y=a,z=0,tir(l)ta cé: f(a) = a° (3)

Tir(2), (3) suyraa=0hoidca=1.

Néua=1thi vdi y = f(x), z = 0, tir (1) ta c6 f(f(x)) = x + f(f(x)),
Vx € R(voli). Viya =0.

Choy=01tr(1)ta cé f(f(x)) = x (4)

Cho x =0, tir (1) ta c6: f(yz) = f(y)fz), Vy,z € R (5)

Choz =1, 1l (5) ta c6: f(y) = f(y), f(1), Vy = f(y) = 0, Vy hoiic f(1) = 1

Do (1) nén f khong thé biing 0. Vay f(1) = 1.

Choz=1,tr(l)tacé: f(f(x) +y) =x + f(y), Vx,y e R (6)

Cho x = f(z) tir (6) ta c6: f(z + y) = f(z) + f(y), Vy,ze R (7)

Tir (5) va (7) ta suy ra d(x) = x Vx € R (d& dang ki€ém tra him nay ludn tho
(1)). ; '

Bai 10.
T f(x +y) + f(x — y) = 2.f(x).cosy (*)
Ta thay:
-v&xn-gy:%vmwy
T T 2 T
f() =t =n)=2.f} t —= [.cos—= =0 1
(I ({19 [ 2)c052 ()

: n s
eViix=—,v=t= — vio (¥):
5 y 2 D)

f+f(n-1)= 2.f[g] .cos[t - %J = 2.2004.sint (2)

eV38ix=0,y=t—-mvio (*):
f(t— m) + f(m — 1) = 2.£(0).cos(t — ®r) = 2.2003(~cost) 3)
T (1) va (2):
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2f() + f(t — m) + f(m — 1) = 2.2004.sint (4)
Tir (3) va (4):
21(1) = 2.2004sint + 2.2003cost
<> (1) = 2004sint + 2003cost
hay f(x) = 2004sinx + 2003cosx
Thif lai: him s6 f(x) thod man dé bai.
Viy: f(x) = 2004sinx + 2003cosx.
Bai 11.
Chox=y=0=10)=0
Choy=0= f(x?) = xf(x)2

1 e
Thé x = x® = f(x) = x3f(x3)* => x va f(x) cing diu.

Xéttap hop A = Pa > 0/f(ax) = af(x), Vx € R}, hién nhién 1 € A.

1 1

Néua e A = axf(x)? = af() = f((a?%)?) = [a®

1
I = f(a3x)*
1 1
x va f(x) cing diu nén f(a®x) = a®f(x).

Gid sitx € A, taching minhn=1 € A.

L L T 2t
Ta coé f(n+ l)x)zf[(n:axa) +(1"x3) }
1 1 e o %ol 11 15T N
= [(ns +1:1)) f(naxa] _f(naxa)f[nsxa]+f(1aan
5 1 ae] 8 i
= (nalﬁ}(n:s S% T 13)x3f(x3)

=9n + 1) {(x)
=>n+leA
ViyZ'c A
2004 € 7.' nén ta ¢6: f(2004x) = 20041(x).

Bai 12.
Pat  u, = f"(x) = (" "(x))
u=0=1-[m(d) = x
uy = f(x) = f(x)

Thé x biing f(x) trong phudng trinh ham ta dudgc:
Uns2 + 2U54; = 150, S Ui + 2044 — 150, =0
X¢t phudng trinh ddc trung t=2 + 2t - 15=0

105



Cho hai nghiém t, = 3, t, =-5.
Viy u, = 3" + B(-35)"

u,=a+B=x
u, = 3a - 5B = f(x)
f(x) + bx
T
= g -1
e B

f: R = fix); R" > R*
u, =0
st C‘(32;1«4 3 B52n+1 > 0

Uy = 0" — B542n >0

2n+1 2n
:>a(§J 2B2_a(§]
5 5

Chon —» o= B=0={(x) = 3x.
Thif lai ta thay f(x) = 3x ] nghiém clia phuong trinh f(f(x) + 2f(x) = 15x.
Bai 13.

n-1

Dat gu(x) = ZC;_lf(xﬂl)
k=0
Tacé: 1.g(x)=0,VxeR

n-1 "
2. guix)y= Y. Ch £(x*)
k=0

n-1 Loy n-1 =
FgaHE YO )= 3 CF f(x )
k=0 k=0

4. gy (%) + gor () = 100 +
= Cf(x) + ECﬁf(xzk )+ CrM(x*) = icﬁf(x‘f )=g,(x)=0
k=0 k=0
Vi lién tyc trén R nén g, ,(x) + gn,,[xz) =g.(x) =0 (1) ludn x;’lc dinh va lién
tuc trén RR.
+NEux =0thig, (0)=0hodcx=1thig, (1)=0.
+NEu0<x<1thitr(l)tacé:

g tlX) = Za YR (@R HEEN0) =0
+Néux>1thiturg, (x)= —gn_l(xz) ta suy ra
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! : ! 1
gn_[(l) =—gu (tz) = gn-l(t4) i (—1)mgn_1(t2m ) -
= gn—l(l) T O
Vay n€u x>0 thi g, (x) =0, Vn e N
+ N&u x < 0 thi tir (1) ta dude: g, 1(X) = —goi(x) =0

=g, (x)=0,Vx e R,ne N"

1

Didu nay chifng t6 g,(x) = go(x) =0, Vx € K, Vn € N".
Ma g(x) = {(x) do d6 f(x) =0, Vx € R. '
Két lugn: f(x) = 0.
Bai 14.
Gia st f(x) 12 mot ham s6 thod man dé bai.
Véix =y =0t cé f(0) = 0.

Miit khdc vdi moi X, y ta co:

f(x.f(y)) = f(1.£(x.f(y))) = x.L(y) (1) (1)
Vva f(y).f(x)) = x.f(y)
Do d6 x.f(y)({(1)- 1) =0 (2)

Chd ¥ f(x) = 0 1a mOt ham thod man bai todn. Ta xét trudng hdp f(x) # 0.
Tt (2) suyra f(1)= 1.
Bay gid ta xét s8 thue t ma (1) # 0. Gid sit f(y,) = [(y2), 1a ¢6
yif (V) = [(LE(y,) = f(t.g(y2)) = y2f ()
Suyraay, =y:
Vay f 1a ham ddn dnh. Ma f 12 ham lién tyc nén suy ra f(x) don diéu, nhung
do £(0) = 0 < f(1) nén f(x) 1Am ham s t8ang.
Trong (1) cho x = 1 ta ¢6 f(f(y) = y v6i moi s5 thyc y.
Né&u f(y) < y thi {(f(y) < f(y) suy ra y < {(y).
Néu f(y) > y thi {(f(y) > f(y) suy ra y > {(y).
Viy ta phdi c6 f(y) = y vdi moi & thuc y.
Thit lai thdy ¢6 hai ham s6 thod di¢u kién bai todn.
Bai 15.
Gi4 stf f 14 ham s0 thod diéu kién bai todn.
Vi x, y € R, n€u f(x) = {(y) thi {(f(x) = f(f(y) hay x = y. Diéu nay chimg 16
ring f 12 don 4nh va do f1ién tuc trén R, nén him s6 don di¢u trén R.
Truomg hop 1: f ddng bién trén R.

Tir gid thiét {(f(x) = x, Vx € R ta suy ra {(x) =x.
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That vay gid sif tdn tai x, sao cho f(x,) # x,. Khi dé:

* NEu f(xo) < X, thi f(f(Xe) < {(Xy) = Xo < f(X) (mau thuin)

* n&u f(xo) > X thi f(f(xy) > f(x0) = X < f(X) (mAuthulin)

Vay trudng hdp f ddng bién trén R thi f(x) = x, Vx € R.
Truong hgp 2: { nghich bién trén R
Bit g(x) = —f(x) thi g(x) dong bién trén R va g(g(x)) = —f(-f(x) = f(f(x) = x,
Vx € R nén g(x) = x.
Suy ra f(x) = -x, Vx € R.
Thif lai ta thdy cdc ham s6 f(x) = x va f(x) = —x thod man diéu kién bai todn,
nén d6 12 tat cd cdc ham s6 can (im.

Bai 16.
Tir gid thi€t ta suy ra: Vn € Z*: f(n + 2) = {[f[f(n)]] = f(n) + 2
Tir cong thifc truy héi trén ta ¢é:
f(2k) = f(0) + 2k
f2k + 1) =f(1) + 2k

Gid st f(0)=2m, m € Z*
Khi dé f[f(0)] = f(2m) = f(0) + 2m = 4m
Mat khéc, theo gid thiét: f{f(0)] = 2
Do d6é 4m =2 (v 1i)
Viy f(0)=2m + I, m € Z*
Khi d6 2 = {[£(0)] = f2m + 1) = (1) + 2m = f(1) = 2 - 2m € Z*
Do d6 chi ¢6 mdt trong hai khé ning:
aym=0: f(0)=1;g(1)=2

TUw(*):f(n)=n+1,Vne Z"
b)m=1:f(0)=3;{(1)=0

n+ 2, nchin

K& hgp (8) ta ¢é: f(n) = g
n-1,n1lé

n +3, n chi
Tém lai: f(n) =n + 1, Vn € Z" hoidc f(n) = ¥ c a
n-1,nlé
Bai 17.
Trude hét ta chitng minh quy nap theo n biing:

f(x+2nm) =3"(f(x) +2)-2,Vne N,Vx e R (1)
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+ Vdin=0,n=1thil) ding.
+ Gid st véin=k > 1, (1) ding.
+Xétn=k+ l,tacéf(x+2(k+ )n) =3f(x + k2n) +4
=3[3%f(x) + 2) - 2] + 4
=3 )+ 2153
Theo nguyén li quy nap (1) dugc chitng minh.
Xétf(x —2nm) vdix € R,n e N*
Pit x;=x-2nt=>x=Xx,+ 2n=n
f(x) = f(x; + 2nm) = 3"(f(x;) + 2) - 2
=3 f(x1) = 37(fi(x) 42> 2
2f(x=2nm)=3"fx)+2)=-2, Vxe R ne N (2)

Tir (1) va (2) ta duge f(x + 2nm) = 3'((x) +2) — 2, Vn € Z, Vx € R.
VGi mbi x € R a e [0; 2n) sao cho x = o + [}—}.Zm
s

([a]: ki hi¢u phin nguyén cla a).
[x1]

Nén f(x) = f(a + {;Jzn )= 32 4f(a) + 2) - 2
T

= SLz“j(sina{rQ =25 =0

= 3% /ginx - 2
Thit lai, dé tha'y ham f(x) cin tim [a f(x) = 3[2“J.sin x-2.
Bai 18.
Tu (1) suy ra: f(0) =0 khi x =y =0, f(-x) = —f(x) khi y = —x (2), f(2x) = 2f(x)
khiy = x (3)
Tir (3) theo nguyén li quy nap ta chitng minh duge:

f(nx) = nf(x); Vx € R, Vn ¢ N 4)
K&t hgp (2) va (4) ta dudc: f(mx) = mf(x); Vx € R, Vm e 7 (5)
X : 4K ; % a X L3
Tu (2) 1(X) — 2[[5} = 2£_f(§2—J = s f[z—n] (\‘/n e N )
Sl 1 : .
éi(g]:z—nf(x);VXeR,VneN (6)

K&t hop tiY (5) va (6), ta dugc: I{ZE“J = 2Enf'(1); Vme Z,Vne N (7)
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St dung gid thiét va (7) ciing tinh lién tue cha ham s f, ta suy ra dudc:
f(x) = 2004x, Vx € R/

Bai 19.
‘ n 2004~
Trong (*) ldy x= —,y e Rvadatd={
rong (*) lay x e iR ( o )
Ta cél‘(cos4y):%d,vy€§g
- )
SUYTal(l)ZEd,Vle[—l;I] %)

Do sin(30x + 4y) € [-1; 1], y € R nén tir (*) va (1)
ta c6: f(2004x) =d, Vx € R
Suyracd {(x)=d, Vx e R (2)
(1) va (2) = %d —f(0)=d =>d=0=1(x)=0,Vx € R
Viy [(+/13 + ¥4 + §2002) = 0
Bai 20.
+ Tir gid thict, choy = | ta ¢6:
fx+D=2fx)-f(x+1)+2VxeQ
Sfx+ D) =f(x)+1 Ve
Bing phudng phéip quy nap ta chifng minh dugc:
f(x+n={x)+nVxe Q,VneZ (a)
+ Tir gid thi€t cho y = x ta ¢6:
(P +x)=Pfx)-fx+1)+2  VxeQ
e f(x + x) = F£(x) - f(x) + 1 Nxedd (b)
+Vx e @, datx = B (p € Z,q € N\{0}.
q
Ap dung (b) ta c6:

(e (g {ge (o

2 2
o f [BJ +£+q2+2p+q =|:f(2]+q} —f[g]—q+1(D0(a))
\a) q q q
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2
= f“gj +R}+q2 :2p+q:f2(gj+2qr[EJ
q q q q

@fz(g]—f(§]+l+q2+2p+q:

q

@qf[E]—p-rq
q

= f2(£)+2qf[gj+q2 —f[gj—q'i'l (DO (b)}

q
Viyf(x)=x+1Vx € Q.

PN f{g]zgn (Do q # 0).
q

Thit lai ta thdy him s6 f(x) = x + 1 Vx e Q thoi min dé bai.

Bai 21.
Thay x =y = 0 vao (1) ¢6: f(0) = {(0) f(a) + f(0).f(a)

K&t hgp vdi (2) ta dudgc: f(a) = %

+ Thay y = 0 vao (1) ¢6: f(x) = f(x) f(a) + (0).f(a — x)

K&t hgp vdi (2) va (3) dude: f(x) = f(a - x)
va: f(y) =fa - y)
T (1), (4) va (5) dudc: f(x + y) = 2{(x)f(y)

(3)

(4)
(5)

")

+ Thay y =a vao (1) ¢6: f(x + a) = f(x) £(0) + f(a) f(a — X)

K&t hap véi (2), (3) va (4) duge: f(x + a) = f(x)
+ Thay x bdi (—x) vao (4) r6i két hdp véi (6) duge:
f(—x) =f(a + x) = f(x)
+ Thay y bdi (~y) vao (1) ta du7oc:
f(x - y) = f(x) f(a + y) + f(~y) f(a - x)
K&t hap vdi (4) va (7) ta c6 f(x — y) = 2(x).1(y)

+ T (*) va (**) suy ra: f(x +y) = f(x - y); Vx,y € R.

(6)

(7

)

Cho x =y thi f(2x) = f(0) = %, Vx € R hay f(x) = % vx e R.

Vay £(2%/2003) = %

Bai 22.

Choy=-Itaco: f(-x)+f(x+ 1) +fx)=x+1

]-q+l
q
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Cho y =0 thi: fO)+fx+D+f(x)=2x+1
= f(-x) - f(0) =-x

Pit t = —x. Khi d6: f(t) - f(0) -t = f(t) - t=1(0)- 0 (D
Pat g(t) = f(t) — t. Tir (1) = g(v) = g(0), vVt € R.
T f(xy) - f(x—y)+f(x +y+ 1) =xy +2x + 1 ta c6:

[fxy) - xy]l +f(x-y) - x-y]+[{x+y+ D -(x+y+ D=0
S(xy)+gx-—y)+gx+y+ DN=0=3g(0)=0=>g(0)=0
=g)=0Vie R=>1()-t=0,Vte R=>f(x)=x,Vxe R

Thit lai: y = f(x) = X, Vx € R thod man h¢ thic dé bai.
Viy f(x) =x, Vx € R.

2003
2003* + /2003
Tacé: x+y=1thi

Nén P(x) =

2003* . 2003

2003 + /2003 2003’ + /2003
_ 4006 ++/2003(2003" + 2003y) _,
" 4006 + /2003(2003* + 2003*)

:A:P(1001}+P[1002) iy
2003 2003

Bai 23.
Tir (i) va (i) = 1 < f(1) < f(f(1)) =3 = (1) = 2.
Tacé: [(2)=1[(f(1))=3.1=3
f(3) = ((f(2)) = 3.2
f(2.3) = f(f(3) =3.3=3

P(x) + P(y) =

Suyra (1) f(2.3")=3"";Vne Z°
(D3N =23 VneZ'
That vy gid st (1); (2) ding dén thif n; xtl:
£(3™") = f(£(2.3M) = 3(2.3") = 2.3™"
[‘(2.311-1-1) v f(f(3n+l)) = 3.3n+] o 3n+2
Viy (1), (2) ding véi moi n.
Ta ¢6 (3" — 1) s& nguyén m nim giita 3" va 2.3" va do gid thiét (i) f(n + 1) > f(n)
nén ¢6 (3" — 1) s6 nguyén m niim giita f(3") va {(2.3") suyra0 <m < 3"
= (3" +m)=3E3" +m).

Viy £(2.3" + m) = 3(3" + m) v4i 0 <m < 3".
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Suy ra n = 2003 = 2.3% + 545 suy ra f(2003) = 3(3° + 545) 3822.
Bai 24.
C6 sO xo € R sao cho f(xg) > 0
Do ham s& f(x) lién tuc trong mdt lin cin cla di€m nay va f(x,) > 0 nén ta
tim dugc mot cdp s6 cdng ag, by, ¢y sao cho
f(ag) + f(by) + f(cy0 > 0.
Tuong t ta tim dude mdt cip sd cong a,, by, ¢, sao cho
f(a,) + f(b;) + f(c;) < 0.
Vditham sd t € [0; 1] ta xét cdp s& cdng a(t), b(t), c(t) xdc dinh nhu sau:
a(t)=ap.(l —t)+a,.t
b(t) = bo.(1 - 1) + by.t
c(t) =co(l - ) =cy.t
Ham s F(t) = f(a(t) + g(n(1)) + f(c(t)) 1a mot ham s6 lién tuc theo t va khit =
0 suy ra F(0) > 0; khi t = 1 suy ra F(1) < 0.

Vay tdn tai s6 1y € (0; 1) sao cho F(ty) = 0. Khi d6 cAp s6 cong cin tim 12 a(ty),
b(ty), c(to).

Bai 25.
+Ditf(l) =a.
1 a
T S —f )= f(f = —
+ Thay x bdi ) T (1) = f(f(y)) = f(f(y)) fy)

hay f(f(x) = T—) JVx e R

f(y) a
Gt FE(y)) = —2—
+ Thay x bdi f( ) ta cé 1f(x)f( Fx )] (f(y)) £y)

2 f(y) f(x) =
\% g *
ay (f‘(x)] a £y) X,y e R (*)

f(f(y)

+ Vit lai hé thie & ddu bai: x =
f(xf(y))

+ Ap dung (*) ta dugc:

i [f(f(y))] fixf(y) _ a

a
=—V R*
f(xf(y)) ks

"HEy T ) x
f(xf(y))

+ D& dang kiém tra dugc ring ham sd thod min ddu bai.

+ Viy til cd cde ham cdn tim {(x) = 2 véia > 0.
X
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Bai 26.

Taco: f(x) - f(y) =(x+y)gx—-y) (1)
Thay y = —x vao (1); f{(x) - f(-x)=0e f(=%)=8x) (2)
Thay x=x+ l,y=xvao(l): f(x+ 1) - f(x) = (2x + DI(1) (3)

Thay x =x+ 1,y =-x vao (1): f(x+1)— f(-x)= 1.g(2x - 1) 4)
Thay (2), (3) vao (4), ta dudc: f{(2x + 1) = (2x + Dg(l)
Viy g(x) =ax
a= g(l’): wyy
Thay y = 0 vao (1): f(x) - f(0) = x.g(x) = ax’
= f(x) = ax’ + £(0) = ax’ + b; b = f(0): tuy ¥
Kétluan: f(x)=ax’+b
g(x) = ax a,btyy.
Bai 27.
Gia st f(x) € R [x] thod man (1)
Suy ra x = 3 1a nghi¢ém boi bick > 2 cua f(x)
Pit f(x) = (x — 3)°g(x), vdi g(x) € R [x] va thay vao (1) ta dudc.
(x - 1%(x - 2)%g(x) = (x — 1)*(x - 3)’g(x + 2), Vx € R.
Do d6 vdi x # 1 va x # 3 thi g(x) = g(x + 2).
— g(x) = c tai v6 s6 diém => g(x) = ¢ vdi ¢ 1 hiing 55 bat ki.
Vi Ve ta ¢6 da thife f(x) = c(x — 3)” thod yéu cdu bai todn.
Viy da thite cdn im 1a: f(x) = c(x - 3)".
Bai 28.

Pit g(x) = f(n) - % vn e N* tir cdc gid thi€t cla bai todn ta c6:

g(l)= % (1); g(2n) =g(n) (2) va g(2n+ 1) =-g(n) 3) Vn € N°.
Xétn e N* bat ki. Gia sit a, ay, ... ay (2); 2o = 1 12 biéu di€n nhj phan cta n.
Khi d6: (2) < g(a,a,..a,0 )= g@ea;..a, )

@A) o glaga, a1 )= -g@a,.a,)

Do d6 hé (2) - (3) &

& gaga, .8y, y) = D™ gaa,..ay ) (4)

k
3
=1

o glay,..al,) =(-1) glaga) = -

114



Kk K
X5k > a, chédn 3 s D a, 18
1 2 i=1l 2 i=1
(do f(1) =g(l)= §)= 1 K 7 1 X
-=néu ) a, 18 -— néu ) a, chin
2 i=1 2 i=1
Nhu vy
g(n) =

1 ar . - . ~ o ” A ~* 2 a~r
5 néu trong biéu dién nhi phan ciia n c6 mot s6 18 s6 1.

: R A L e e ad .,
5 néu trong biéu dién nhi phan ciia n c¢6 mot sé chin s 1.

Viy ¢6 duy nhdt ham f(n) cin tim 1a:
i {1 néu trong biéu dién nhi phan ciia n c6 mot sd 1é s6 1.
n) =

0 néu trong biéu dién nhi phén cia n ¢c6 mdt s6 chin s5 1.

§4. BAT DANG THUC

A. BE BAI
Bai 1.
Cho ba s thic X, y, z thod min x* + y* + 2° = 9. Chitng minh riing 2(x + y + 2)
<xyz+ 10.
Bai 2.
Chitng minh Vx > 0 ta déu c6:
[log2003 2004 + leogm e

> (10g200320041050052004) 182004 2005 5, 1
log,,,, 2005 + x (logaons 82005 )

Bai 3.
Chitng minh riing Vx > 0 ta ludn cé:
log4(4* + 1) > logy(9" + 2%)
Bai 4.
Giai bat phudng trinh sau:

S s W —[cos‘?E—Bsin2 E] <1
4 2cos EJ :
7
Bai 5.
Cho tam gidc ABC, chitng minh:

3 3 3
(1+-_1AJ +[1+ _1 W+(1+ : J >3+6V3

sin sinB sinC
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Bai 6.
Chtng minh néu x, 13 nghiém cla: x> + ax> + bx + ¢ = 0 thi
x;<1l+a®+b®+c?.
Bai 7.
V§i gid tri ndo cia m thi sin’x + cos’x > m véi moi gi4 tri cda x?
Bai 8.
Cho phuong trinh bic ba: x* — px> + qx - p=0,vdip>0,q>0
Chitng minh ring néu phudng trinh ¢6 ba nghi¢m déu 16n hon hay bing 1 thi:
1 2

Bai 9.
Cho n 12 s& ty nhién véi n > 1, hiy so sdnh: log,(n + 1) va log,.(n +2)
Bai 10.
Cho ay, a,, ..., a, € [0; ), khong phai tit cd déu biang 0. X¢ét da thic:
P(x)=x"—ax* —-..-a_,x-a_
DitA = iaj, B = ijaj va goi R 12 nghiém thyc dudng cia P(x).
i=1 i1 j
Chitng minh ring A* <R®,
Bai 11.
Cho a, b, ¢, d 1a d6 dai cdc canh cia uf gidc.
Ching minh ring:
i/abc+abd+bcd+acd ” Jab+ac+ad +be+bd +cd

4 6
Bai 12.
Cho a, b, c 1 chiéu dai ba canh clia mdt tam gidc.
Chitng minh ring: a’b(a - b) + bZe(b - ¢) + c*alc —a) > 0
Bai 13.
Gia sit phuong trinh x* + ax® + bx* + ax +1 = 0 ¢6 nghiém x, > 0. Chitng
minh riing: |b| > 2(1 -|a)).
Vi diéu kién nio clia a va b thi ddu ding thic xdy ra?
Bai 14.
Cho n 1a s6 nguyén duong. Chitng minh réing véi moi x € (0; 1), ta c6:

xX"Adl<x <

1
V2ne
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Bai 15.
Khdng sir dung mdy tinh. Ching minh ring:

2003 10g 5505 2003 qingqoa 1085901 2002
k 2003] m] {[ 2003]‘ 2002}
sin ———— o COS
2002 2002
Bai 16.

Cho cdc s6 thye dudng a, b, ¢, r, s sao cho a > b > ¢ va r > a. Chitng minh
ring:

a"b®*+b".c*+c'.a®>a'b" +b%c" +c'.a’
Bai 17.
Cho AABC ¢6 3 goc nhon A, B, C va dd dai cdc canh BC=a, AC=b, AB=c¢
d6i di¢n cdc goc A, B, C. Chitng minh:
a X b 3 c g otk
A(b+c—-a) B(c+a-b) Cla+b-¢) A B C
Ding thic xdy ra khi AABC déu.
Bai 18.
Cho tf gidc 16i ABCD. Chitng minh riing:

té+tg§+t 9+t ¥ o <4
g4 4 84 34 4+tgA—+th+th gD
2 2 2 2

Bai 19.

Cho 5's0 thie dudng x, y, z, a, b thod min:

azy=2z>0
{a 2b>0
Chitng minh riing ta luén c6 bat ding thic sau:
x(y°" -2")+ y" @ —x")+ 2*(x° - y*) 2 0

Bai 20.

Cho x, y, z> 0 thod man xyz = 3.

1 Lok Xy +yZ+2X

Chilng minh ring: x*.y¥.2* <3 ¢
Bai 21.
Chitng minh riing moi tam gidc ABC déu cé:

A-B B-C C-A R
cos .cos .COS > 8sin —sin — sin —
2 2 2 2 2 2
Bai 22.
2002 1
Chitng minh ring vdi moi X, y ta cé: @2003" 2003" o T e” A

+ e
2003 2003
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Bai 23.

Cho a, b, ¢ > 0 vd thod midn a + b + ¢ = 1. Ching minh riing

1(a® + b’ +¢”) + 3(a® + b* + ¢*) + 12abe >

| o

B. HUONG DAN GIAI
Bai 1.
[2(x +y +2) — xyz]’ = [x(2 - yz + 2(y + )]
<[+ (y + 2)’HQ2 - y2)' + 27)

(Bt ding thitc Bu-nhi—a—cSp-xki)

hay [2(x +y + 7) — xyz)> <(9 + 2yz)(yz’ — 4yz + 8)

Pitt=yztacé [2(x + y =2) — xyz]’ < 2t° + t* - 20t + 72 (1)
,do

Khong mit tinh 18ng qudt ta gid sit |x| > [y| > |z

x®+y?+2> =9nén [x|2>3.

| < y* +2* :9—x2
3 .

Xétham s6 (1) = 2t* + £ — 20t + 72 vdit € [-3; 3]

Ta ¢6 max f(t) = f(-2) =100 (2) (Chitng minh dé dang).

te[-3:3]

Vway|l|=!yx £3

Tir (1) va (2) suy ra di¢u phai chitng minh.
Bai2.
Piat  a = logn:2004
b = log,04 2005
=ab>0.a#b

a-x)" a )
diéu phéi chitng minh & <\ b+ x >(EJ Va b, x>0via#hb,
a>b

* Chitng minh a > b:

Xétham s6 [(x) = log,(x + 1) véi x 5§

Ta ¢6 f(x) = _1n(x 1) o P = xlnx -(x + l)l?(x +1)
Inx x(x+1)In"x

= f{x) nghich bi€n khi x > 1 => (2003) > {(2004)

= 1()g'__1()()_';2004 > l()gzgm2004

\bex b
"=Chﬁngminh(a+b] >(2) Va,b,x>0vaa=b.
b +x b
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Xét g(x) = [2:

b+x
J vdix >0

Ta cé: Ing(x) = (b + x)In ; 2

’ 2
g(x)_lna+x+(b+x) b-a

gx)  b+x a+x (b+x)?
s [b—a a+x](a+ij“
:,g(x): +1n
a+x b+x/)\b+x
Retht= o2 s ip i X
a+x b+x
2
e S L S I U

+ - -
(@a+x)? a+x (b+x)? - (a+xPb+x)
Viy h(x) nghich bi€n khi x > 0. Do d6 Vx > 0 ta déu c6:
lim h(x) < h(x) < h(0) ma lim f(x) =0 = bx)>0, Vx>0

= g'(x) >0, Vx > 0. T 1a g(x) ddng bién khi x >0
Do d6 Vx > 0 ta déu c6 g(x) > g(0).

a+x\ " a\’
s (G22) 2 ()
b+x b
Bai 3.
Véi x> 0: logs(4™ + 1) > logy(9" + 29
<> logy(4* + 1) - x> loge(9* + 2%) — x

o 10 4" ” 1 > 10 9x_+.2_x_
g4 4x g9 9x
e 2y
<> Iog{l - (Z] } > log, |i1 + (QJ }

x20

Tacd 1 -9 :>l+(i) >1+[2] ok

- 1og{1+(ij"} > log, [u(g” 2 1Og{1+(gﬂ

4 -9
Viy, bat ding thic da dude chitng minh.
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Bai 4.

DitL A = 2cos = — 3 (coszg - 3sin® EJ

2cos -4 7
7

[20052;—%—[4cos3g —SCOSEH. -

7§ m

cOoS —
7

[1 2n 31[) 1
g H oo e |

T
2 CcOS —
7
{ |4 o T 2n M 3n
e 2sin—.cos—.A =sin— + 2sin—.cos— — 2sin—.cos —
7 7 T
; FEdnEvilags SR gy ¥ TEDg kR T SNy
= sin— + sin— —sin— — sin— + sin— = sin—
T % 7 7 7 '
A=
COB =
2 =0 e
Ta c6: cos® 52 sin® A Z
COS —

T S
=0< cosz?~—3sm2—<1

m
= 2c085——

>1 (doA=1).
2cos —

Bit phudng trinh di cho dudc viét:

2cos > — 1 _|cos? X _3sin?k| <
7 7

s
2cos—
7
Lt M S SR L (1)
7 b1 7 7
2cos -
7
Xét ham s6:
f(x) = | 2cos > — = (cms2 X _ 3sin? EJ xdc dinh trén R.
9 b 7 7

COSE
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X

.In ZCOSE— .

2 cos L 2cos ©
74 7

= {(X)= 2cos =

& [cos2 X _3sin? E] JIn [cos.2 T _3sin? EJ
7 7 7 7
= f(x) >0, Vx
=> Ham s§ f(x) déng bién trén [R.
= nghiém ciia bit phuong trinh (1) 1a x < 1.
Bai 5.
Ap dung bat ding thitc Béc—nu-li ta ¢6:

sinA >0 = >0

sin A

gy 3
1+ >1+
( sinAJ 2 sin A

3
J 21+ _3
sin B

wong wr (1 +

sin B

3
(l+ _1 ) 21+ ,3
sinC sin C

rdi cong lai ta duge

1 3 1 3 1 3
1 + 11 + |1+ >
[ +sinAJ ( +sinBJ ( sinCJ o

23+3(

1 1 1 J
- + . + -
sinA sinB sinC
Ap dung bit ding thitc Co-si ta c6:

(sinA+sinB+sinC)[ _1 + ,1 + _1 )29
sinA sinB sinC

1 - F i 1 . 9
sinA sinB sinC/sinA+sinB+sinC

3J3

ma sinA + sinB + sinC < Ty

1 1 1
=5 e + > 243
sinA sinB sinC V3

1 3 1 3 1 3
: | 1 l; 23+6+3
D( +sinAJ +( +sinB] +( +sinCJ + 643
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Bai 6. _
Trudng hgp: x% <1 thi x2 <1+ a®+b® +¢?
Trudng hgp: x2 > 1 ta c6 X, 12 nghié¢m nén:
x3 +ax: +bx, +¢c=0
x) = —ax; - bx, - ¢
Ap dung bilt ding thifc Bu-nhi-a—c8p-xKki, ta c6:
(-ax® —bx, —c)® <(a’ +b® +e*)(xg + x5 + 1)
= x5 <(a* +b? +c"‘)[%}
——xg(ﬁ ot (@a*+b* +c)vigd>1
X -

6 2
X(X '_1) ‘ < 9
e A | O L B2, [ B

6
X, -1
8
X, —1 ’ 3
= =2 clad 4B 2
-1
xS
8
R T e S I PO L S
0 = 0 0 1 0

g =
Suyra:x2 <1+ a*+b*+c”

Bai 7.
bat: f(x) = sin’x + cos’x = (sinx + cosx)(1 — sinxcosx)
Pt t = sinx + cosx (4\/5 <t< \/5)

dod()F(t)=——l-t3+§—t
2 2
3 e
SuyraF() =——t* + =
uy r (1) S 5

Flid=0t=~1;1=1

t _J2 =1 1 J2

(1) - 0 + 0 ~

f(v) m =1

J2
_?\A m=-1 /' \A ﬂ
2

Viy sin’ x + cos’ x > m, vdi moi gid tri cda x thim <-1.
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Bai 8. _
Goi Xy, X2, X3 12 3 nghiém cia phuong trinh véi 1 <x; <x; <Xj.

5 St B R, £ X =X XX, =P
Ap dung dinh li Vi-ét ta c6:
X XM X Xy ¥ XX, =

Tdn tai AABC sao cho x; = tgA, X, = tgB, x3 = 1gC
[E cRaa fi % EJ
4 2
Khi d6 bat ding thic

< 1gA.igB.igC> [i + g] (tgA.1gB +1gB.1gC + 1gC.1gA +3)

<> colgA + cotgB + cotgC + 3cotgA.cotgB.cotgC<8 - 4 J2

2sin A cos(B—-C) -cosA
Pat VT =T = cotgA + + 3cot gA
' e cos(B-C) +cos A & cos(B - C) + cos A
< 1A-+31;g-A—_§tg3é
2tg e 2
2
Dﬁll=lgé,ﬁ~1€t<—1~— ([E<K<B<C<EJ.
: =9 J3 4 2
Xét ham s6 l'(L)=%+3t—gt3,le {\@—1; %:l
1 9
fi=—E 531" €0
® 2% 2
nén f(t) <f(+/2 — 1) = 8 — 42 (diéu phai ching minh).
Bai 9. :
{apHsgiA s PE@+1)
log,.,(n+2)
1

hay A =
log,.,(n).log,,,(n+2)

Vin> 1 nén log,  ,n>0, log,, (n+2)>0dodé dp dung bit ding thic Co-si
cho 2 56 log, ., n, log, ., (n+2)tacé:

log,.,n+log,  (n+ 2)J2
2

log, ., n(n + 2))2

log,.,(n).log, ., (n+2)< (

logml(n)‘logn+,(n+2)<( (1)

2
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nnh+2)=n*+2n<@m?*+2n+1) > nm+2)<m+1>* ()
Tir (1) va (2) ta c6:

2 2
log,,,n.log,,,(n +2) < [hﬁi(—;i}
< log. ., n.log, (n+2)<1.
Ma A= . = A > 1 nén két ludn:
log, ., n.log, . (n+2)
log,(n+1)>log,,,(n+2)
Bai 10.
*Xét ()= +224 4% ¢6daoham
Z z" L 52
f(x):_a—é—?%— —na"
Z

= f(z) gidm ti 400 vé& 0 trén (0; +0) = 3! R > 0: fg = 1 hay R 12 nghi¢m duy
nhit cia P(x).

M:

a.
*Di’_ilc_iz 'KJ :>Cj20 é

Haims6y=-Intcéy”" = — > 0, Vt € (0; +).

"’|r—t,_

= y = ~Int 1a ham s6 ¢6 dd thi 16m trén (0; +)

Theo bat ding thifc Zen—-xen (Jensen)
n A n A (T

=>Ye¢. |-In—=|z-Indec.—=-ln) 2+ =-In1=0
2,6 [ R’J 2 R JZI‘ R,

= =1y

:>Zc (~InA + InRHY >0 => Zc InA< ) je;InR
j=1

j=1 j=1
2 Zl:aj InA < Zjai InR = InA”* <InR".
j= j=

= A* <R® (diéu phai ching minh).
Bai 11.
it a=x;,b=x»
=33, 04
Khong mat tinh 16ng quat, gid st x; < x; < X3 < Xa.
Xét da thic P(x) = (x — x,)(x — X)X — X3)(X — Xg) =
=&k (Zx )x® +( Z X,X;)x* — ( 22: XXX, )X XXX,

1<i<j<4 1<i<j<4
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2
= P'(x) =4x’ - 3x* Zx + 2x( Z XX 0y, KE X, (1

1<i<j<4 1<i<jck<d
Truong hop 1: x; < x; + 1
Ap dung dinh 1i La-gd-ring ta c6 3y € (x5 X2) sao cho:
0 =P(x)) - P(x2) = (x; - x2)P’(y1) = P'(y)) =0
Tuodng tv Iy, € (X3; X3) sao cho P'(y;) =0
Jy; € (X3; X4) sao cho P'(y;) =0
Truomg hop 2: néu x; = X;,; thi P’(x) ¢6 nghiém y; = X; = Xj,
Viy vdi cd hai trudng hop trén ta déu ¢6 P'(x) ¢6 3 nghiém y,, ys, ys (v6i x, <
Yi SX2S¥2 < X3 Sy3 S Xy).
Nén P'(x) = 4(x — y1)(X - ¥2)(X - ¥3)
= 4x° —4Zyx + 4( Z YiY;)X = 4y,¥,¥, 2)
1<icj<3
Tir (1) va (2) ddng nhét cdc hé s6 ta dudc:
2
Yi¥a¥s :é Z XXXy
I<icjck<
5 (3)

1
g L,

1<i<j<d <i<jcd

Theo bit ding thic Co-si ta c6:

Yi¥s = Yao¥3 t¥aY, 2 3\13 (Y1Y2Y3)2 4)

2
T (3) va (4) = {/ Z LKA J% > x;x; suy ra diéu phdi ching

1<icjcked 1<icj<d
minh,
Bai 12.
+Pbit: a=x+y
b=y+z
cC=7Z+X

+ Bit ding thic cin ching minh
twong duong:

(x+ y)(y +2)(x —2z) +

+ (y + 7)*(x + z)(y—1z)+
+ (x+z)2(x+y)(z—y)20
o xy + y2d +2x° > xyz(x + y + 2)
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&+ —+—2X+Y+2Z )

+ Ap dung bit ddng thitc Bu—nhi-a—c8p—xki:
2 2 2

(x+y+z)(y—+z—+X—Jz(1~:+y+z)2
T Iy
= (*) ding => diéu phai chitng minh.
Bai 13.
Vi x, > 0 1a nghiém ctia phudng trinh da cho nén:
x; — |a| x} —|b'1xﬁ —la|x, +1 < x} +ax) + bx} +ax, +1=0
= xs+1<falGd + x) + a2 (1)
Do x3 +122x; >0 (2) (theo bt ding thitc Co-si)
X3+12x) =50
(Vi(3) < (xo- DA(x2+x,+1)>0)
Nén tir (1) ta ¢6:
[b]

xp +1<aj(x) + 1)+|12)1(x3 +1) = [|a|+EJ(xf] +1)

b
— |al| + %;1 hay ]b| > 2(1 - |a|)

Diu ding thic xdy ra khi ddu ddng thitc & (1), (2) va (3) ddng thdi xdy ra
a<0vabgO
Xy =1
X 8
Xy +ax; + bx: +ax, +1=0

Bai 14.

*Tacd xPd1—x% <

< 2nx™(1-x) < 1

]
V2ne ©

* Ap dung bit ding thitc C6-si cho 2n + 1 s3 ta dudc

2n+1
Inx® (1L %) = x™(2n - Znx) < [ o J
2n +1

2n+1

* Ta chi cdn chitng minh: ( <=
\2n+1) e

< (2n+ D[In(2n + 1) = In(2n)] > 1
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< In(2n+ 1) - In2n >

1
2n +1 (1)

Xét ham s8 f(x) = Inx, 12 ham lién tuc trén doan [2n; 2n + 1] va ¢6 f'(x) = l :
X

f(2n +1) - f(2n)

nén theo dinh li La-go-ring: dntai C € (2n; 2n + 1) dé =)
2n+1-2n
hay In(2n + 1) - In2n = é (2)

mﬁ2n<C<2n+l:>L>_1—> :

(3
on-  C 2n+1
Tit (2) va (3) = bat ddng thifc (2) (diéu phéi chitng minh).

Bai 15.
3 012003 aon . 2003 2003
Tach: —<——<— =1>sin > COS >0

4. 92002 2 2002 2002

cos 2008 c0s 2008

( . 2003 2002 [ 2003 " 2002

=1 > 8N > | cos (1)
2002 2002

cos-z-g(-)g sinﬂﬂg
2003) 2002 ( 2003) 2002
> | CcOSs

2002

Mit khéc: [cos
2002

(2)

cosg(-)g-'rj sin Ll
2003\ 2002 ( 2003] 2002
>| cos—— >0
2002 2002

Xétham s6: {(x) = logy(x + 1) vdi x> 1.

In(x+1 _, f'(x) = [%ln e 3 In(x + 1)}/1112 X
+X

TU( ), ()= 1> [sin (3)

Sf(x)y=
: X

= f(x) <0, ¥x > 1 suy ra f(x) nghich bién Vx > 1

= 10220012002 > 1080022003 > 0 (4)
Tir (3), (4) suy ra diéu phdi chitng minh.

Bai 16.

Pita=cx,b=cy th€ thix>y> L.
Bit ding thic rd thinh x".y* +y" =x* > x".y" + y* + x

SFX) =x(y'-D+x" (¥ -D+x*QA-y)+y -y* >0
Tacé: F(y)=0

Fx) =rx .y = D+sx7.(1-y)
=[rx"*.(y" - 1) +s.(1-y")]x*"
Laicé6 rx*(y* -D+sl-y)2ry*GF'-D+s1-y)=
=(r-s)y -ry " +s=0G(y)
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Tach [ GMY=D
F(y)=(r -8ty '(y'-1)>0
vliy>1lvar>0
Do dé G(y) ting trén (1; +c0)
= G(y)>G(1)=0 Vy>1
Dox>y>1vaF(x)>G(y).x"'>0
=>Fx0>0,Vx>y>1
=> F ting trén |y; +90] vdi mdi y ¢6 dinh
=>Fx)>Fy) =0, ¥x>y>1.
Viy bt ding thifc dugc chiing minh.
Bai 17.
Goi p 1a nita chu vi va r 1a ban kinh dudng trdn ndi ti€p tam gidc ABC. Trude

. 1 r 1 r 1 t
hét ta ¢6 hé thic tg| —A | = ,tg| =B |= , gl =C | = va
(R st g[2 ] g[2 ] p-b g[Z ] p-¢

bé dé:
&= 1 Z 1
A(p—-a) B(p-b)

Bédé: A>B

Chitng minh b& dé: Xét ham s6 f(x) = 8% ren khodng [0; g] . Him nay c6
X

dao ham cép 1:
o % sin x
2 ¥ o B e
f(x)= (€05 X) cosx _ 2x —sin2x _

x2 2x” cos® x

suy ra f(x) 12 ham s6 ddng bién trén khodng (0; g) suyra A>B

1 1
tg A tg.B
o

1 r ¥
i > &= 2
2 2
1 1
= 2z
A(p-a) B(p-b)
Chitng minh bai todn: Khéng 1am mat tinh chat t6ng qudt clia bai todn, ta gid
sit A> B > C. Theo dinh li ham s6 sin va bd dé ta cé
p—-a<p-b<p-cva i’ > : 2 L
A(p-a) B(p-b) C(p-c)
Ta c6 bt ding thic Tré-bu-sép:
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1 1 1 1
~b - ).

((p-a)+(p-b)+(p-0©) [Agp—a)+B(p—b)+C(pfc)] >

it j T

Khai trién v& trdi ctia bat ding thifc trén ta c6
A b c : S A | ( | e s ]

+ + +t—F+=+=22| —+=+—=
(p-a) B(p-b) Clp-¢) A B C A -Bong

Thay p = %(a +b + ¢) vao bit ding thitc cudi cling va riit gon ta c6 bat ddng

thitc phai chitng minh. Pdng thitc xdy ra khi A=B =C vd a=b=cnghia la
khi tam gidc ABC déu.
Bai 18.
Véix,y,z t>0thi
' R TR TR | 16
—t+—t—t——
e R R ST G T

Ma ABCD 16i nén

Y

ATB-¢E BDea-luaR B clonn
e R ek BB L B U
S2ip gt g Etanln, By ¥ gl

Ta cé X 4+ 1 + 1 - e

Do d6, d€ c6 diéu phai chitng minh, chi cin chitng minh

tgé+-—1—A + th+ 1 - tg9+;c

4 4
1 1+tg— 1+tg
vy, 3 €9

E

2
STOSIEIPY S SO Y
4 g il

3 -

té+ & _1+va’.+)(2—1{3<2x2—xmx3
g A 1a2x~x 14 9% ~x"

4
1+tg—
59

129



Vi: 1+ %2> 2x => x + x° > 2x°. Diéu phdi chifng minh.
Bai 19.

Pit  f(x) = x® [%21] o) {b .- fext
(] Cog
a -1
f(x) = —x®
(x) bx
f'(x) = %(%wl)xbwz >0

= f(x) tdng trén (x"; x")
Theo dinh If La-gd-ring: f(y") — £(z") = £(c))ly" - 2"]
vt -2 = fe,)ly" - 2]
Tuong ty: x* —y" =f “(x X" — y"]
(x* =y )y’ - 7% fr(cz)[xb = yh][yb _ )
(y* - z2)(x" - y°) = £(c)[x" - y*lly" - 2]
Ta ¢6: f(c2) = '(¢))
= (x* -y Ny® - ) > (y° - 2*)(x" _yb)
= x"(y® -2") + y*(® —x") + 22 (x° - y®) = 0 (diéu phdi chitng minh).
Bai 20.
LAy logs hai v&, ta dudgc:
Xy +F Yz + ZX
2xyz
S

= 3[llog3x+llog3y+llog3 z] <1+—+_ (1
X y Z X iyl Z :

1 :: 1
—log3x+—log3y+—log3z\
X J:

Pit a = logsx, b = logsy, ¢ = logsz.
Gia thi€t xyz=3choa+b+c=1.
o A SN S ]

Batdﬁ thirc (1) < 3 et —€ —+—+—=
ng ( ) (34 3b 3c 3a 3!; 3c

<:>3[i_+bb c] (a+b+c)[—+—2—+i)
3t caghanig g g (gt

Ay 1 i~y
Q(a_b)(:%:_é?}-*-(b )( 3c)+(c~a) (E_?_)SO
Bai 21. '
Eew B0 O-A

LI e
cos .cos .Ccos > 8sin —sin — sin —
0 2 oL 2 2] 2
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A B C A-B B-C C—-A
<> Beos—.cos—.cos—.cos .CoS .Cos
2 2 2 2 2 2

- > 8siriA.sinB.sinC
Bl Es sl e A AL A-B B C 0= A
.sin .S1n .Cos .cos .COs >
2 2 2 2 2 2
> 8sinA.sinB.sinC
<> (sinA + sinB)(sinB = sinC)(sinC + sinA) > 8sinA sinB.sinC: Piing.

Bai 22.

<> 8sin

S )

2003 2003
= b =1 - a. Bit ding thiic cin ching minh twdng dudng vaéi:
e™' "7 < ae® +(1-a)e’

Pita taca+b=1.

< e <o’ +ale* -¢”)
<> e"™ Y <1 +a(e*” —1) (chia hai v&€ cho ¢* > 0)
o e'(x-y)-ae*¥ +a-1<0 (*) .
Xéthamss: f()=c"-ac'+a-1;teR
(1) = ac" — ae' = a(e" - ¢
Flti=0es e =g v5t=0
f>0e">c eat>t
Sl-ajt<0st<
Xéthamsé:  f(1)=¢" - ac'=a(e™ - ¢")
f)=0=e"=e'=1=0
f>0=e">c'at>t
(-, 0pt<0
Tuong tv: () <0< et <e' at<tet<0
Bang bién thién:
=1 —a0 0 +00
() + -

(1) / \

Tu bang bién thicn suy ra f(t) < £(0) = 0l Vt € R.

Haye"-ac'+a-1<0;Vie R

Thay t = x — y la ¢6 bal ding thitc (*) dugc chitng minh.
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Bai 23.
Pitab+bc+ca=x;abc=y=> a’*+b?+¢* =1-2x
Tacé: (a+b+c)’=a?+b*+c®+3(a+b+c)ab+be +ca) - 3abe
= 1= a’ kb +e¥ +3x- 3y = a1+ b +eh=1-3x+8y
do d6 (2(a* + b* + ¢*) + 2(a® + b* + ¢*)12abe =
= 2(1 - 3x + 3y) +3(1 — 2x) + 12y = 18y ~ 12x + 5

Ta sé& ching minh: 18y — 12+ 5> . @gx—ysi
3 3 27
Xét fy=@-a)t-b)(t—-c)=t' - +xt-y
f[gJ:[EWaJ(EvbJ(g~c)=_8——é+gx—y (1)
3 3 3 3 2093 .

Via,b,c>0vada+b+c=1nén trong 3 s a, b, ¢ ton tai nhiéu nhit mot s&

16n hon hoidc bing %
Néua> 2 :f{gJ <0
3 3

Néua, b,c< g Ap dung bit ding thirc Co-si ta ¢6
2 3

f[?—)g‘ 33—(a+b+c) o

3 3 27

Do dé f[g] < =
3) 27

Tir (1) va (2) suy ra:

2 1 5 X
o e Bl gle i v - (di8y. phidi chin
Sk 3x y 27x y o7 (dicu p g
minh)

Ping thitc xdy rakhia=b=c= —.

b=

§5. DA THUC

A. BE BAI

Bai 1.
Tim 14t cd cdc da thic df(x) = a,x" + ... + a,;X + a,
(V@ia; #[1;2]:1=0, 1, 2, ..., n) ¢é n nghiém thuc khdc khéng (cdc ngiém co
thé tring nhau).
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Bai 2.
Tim da thitc P(x) vdi hé s6 thire, sao cho:
P(x) - 30 = yP(x* + 4) - 34 (x> 0) va P(2004) = 2034

Bai 3.
Cho (x) 1a da thitc bac n (n > 1) véi cdc he s6 thuc va thoa diu kién:
(kY= —k—,Vk =1,2,3,..,nBiétf(0)=0.
k+1
Tinh £(2004)
Bai 4.

Gid sir a, b 1a hai trong bon nghiém cila da thic
POo= 4 x” =1
Chitng minh: ab 12 nghi¢m cia da thiec Q(x) = x® + x* + x* —x%* -1
Bai 5.

Cho day Fi-b6-na-xi (a,)

A= =1

An2 =2y + 2, Vi Vne N’
va cho da thic f(x) bac n véi hé s& nguyén biét:

f(k) = ay véi Vk = 1002; 1003; ...; 2002.

Tinh £(2003).
Bai 6. :
Chitng minh ring khéng ton tai P, Q la hai da thifc ¢6 hé sd thyc sao cho:
) =1+1+l+...+l vx e N,
Q(x) 2°'3 b
Bai 7.

Cho da thidc P(x) bac n thod man:
P(-x)<0;-P'(-1)<0; P"(-1) <0; ...; (-1)"P"™(- 1)<0
PO > P 20 PAD20: ... P20

Ching minh riing 14t ¢4 cdc nghiém thyc clia da thite P(x) (n€u ¢6) déu thude
khodng (-1; 1).
Bai 8.
Cho da thitc:
Ax) = x* £+4%° —2%* ~19%x + 1
T 2 2x] +1
Hay tinh: S = ;———(x? T1)?

@ do x; 12 nghi¢m va n 12 s6 nghiém ciia da thic f(x).
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Bai 9.
Tén tai hay khong cdc da thite P(x) va Q(x) thod min hé thic:

Sﬁxi _ Jx2 12002, Vx € R.
b4

Bai 10.
Tim (it ¢4 cdc da thie £() thod man diéu kién: x{(x - 1) = (x — 3).f(x)
Bai 11.
Ton tai hay khong hai da thifc P(x), Q(x) khdc hing s8, sao cho:
iy =1% l+...+l,‘§fn eZ
Q(n) 2 n
Bai 12.
Cho k 12 s6 nguyén duong. Tim (4t ¢ cdc da thite P(x) thod mén:
(x — 2001)* P(x) = (x — 2002).P(x + 1)
Bai 13.
Cho da thidc f(x) ¢6 biac 2000 va thod min diéu dién:

f(n) = l Yas 1,2, . 200F

n

Tinh £(2002).
Bai 14.

Pathitc 1 +x + };i + .ot Enl: ¢6 bao nhi¢u nghi¢m thuc?
Bai 15.

Tim da thiic bic nhd nhit ¢ hé s& nguyén nhan 1 — ¥2 + ¥4 1am nghiém.
Bai 16.
Cho f(x) 1a mot da thitc nghi¢m bdc 5 nhdn gid tri 1999 véi gid tri nguyén
khdc nhau'ctia bi¢n x. Ching minh riing phudng trinh f(x) = 2030 khong thé
cd nghiém nguyén.
Bai 17.
Cho bao nhi¢u thifc dang: P(x) = x*+ax+bx+c(a,b,ceR),
sao cho 3 nghi¢m cﬁa nélia,b,c?
Bai 18.
Cho da thic P(x) = x" +a,_x"" +..+ax+a, v |a,|=1 (1=0,1,..,n- ).
Chitng minh ring néu P(x) ¢6 n nghiém thyc thin < 3.
Bai 19.
Cho da thife f(x) bic n ¢é n nghiém thyc phin biét. Chifng minh ring tdp hop
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nghi¢m ctia bat phudng trinh:
f'(x)
f(x)

> 1999

1a mot s6 ¢6 tdng do dai bliing

n
1999

Bai 20.

Cho da thic f(x) c6 hé s6 thuc, degf(x) > 1 va thod min cdc diéu kién sau:
a) Phuong trinh {(x) = 0 ¢6 nghi¢m kép.

2
b) f(x).f(y){f(z—;r—zﬂ ,Vx,ye R

Chiing minh riing phudng trinh f(x) = 0 ¢6 duy nhat mot nghiém thyc.

Bai 21.

Chitng minh ring v6i moi s6 nguyén a, da thifc:
f(x) = x* —2001x” + (2000 + a)x” - 1999x + a
khong thé ¢6 hai nghi¢ém nguyén (phin biét hay triing nhau)

Bai 22.

Cho hai da thdc: f(x) = agx" + ... + a,
Vi g(x) = box" 4 bix™! - bx®? — ... b,
Trong d6 0 <by < |a,|: b, > |a,|: by >

a,); ...;ba> |a,|.

Chitng minh ring cdc nghiém x; ctia f(x) khdng vugt qud nghiém dudng duy
nhit ctia da thifc g(x).

HUGNG DAN GIAI

Bai 1.

Gia stf f(x) ¢6 n nghié¢m khdc khong: x, x, ..., X,. Ta co:
X< ONE= 2, .0 (Vi d el e 23 NG =012 . i)
Theo dinh 1i Vi-é, ta ¢é:

n

ZXai“*‘

i-1 a,

ﬁx :%

n

n
in

i=1
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*Néua,=1 th1 £2va nn}— nQ/_
a“

nénn <2 (do (1))
a,=1
+ Ddu ding thic xdy rakhi {a, =1 =f(x)=x"+2x+1
a, =1
+Néun=1th [f(X) by
fx)=x+2

* Néu an—2lh1 £ THva nn‘— ( >—

nénu‘r(l)suyra%<1 dnn e DSy =]

f(x)=2x+1
f(x)=2x 12

Tém lai ta ¢6 5 da thifc thod man diéu kién dé ra la:

Do dé *ﬁ

f(X)=x+1; f(x)=x+ 2. f(x) = 2x =1 f(x)i=2x 2

f(x)= x* +2x + 1
Bai 2.
Gia sif P(x) la da thic thod man hai diéu kién sau:
{P(x) ~30=JPx*+4)-3¢4 (1)
P(2004) = 2034 (2)
Thay x = 2004 vao (1), ta dudc:
P(2004” + 4) = [P(2004) — 30]* = 34 = (2004° + 4) + 30
Dit x; = 2004° + 4, tir (3) ta ¢6: P(x;) = x; + 30
Pitx, = x; + 4, khi d6 tir (1) ta c6:
P(x? + 4) = [P(x;) - 30 + 34
= [(x; + 30) — 30]° + 34
= (x¥ +4)+ 30
= P(x;) =%+ 30
P(x) =X, + 30 vixg=x} . +4

Biing quy nap suy ra X; < X; < ... < X, <
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Xét da thic Q(x) =P(x) — (x + 30)
= Q(x)) =Q(x2) =...=Q(x,) = ... =0
=> Q(x) c6 vd b nghiém x,, X, ... Xq, ...

Suy ra Q(x) = 0 = P(x) = x + 30.

Thit lai thdy P(x) = x + 30 thod yéu cdu dé bai.

Viy P(x) = x + 30 1a da thic cin tim.

Bai 3.
Xét da thitc g(x) =x + (—x)““.—-—lm—-.x(x A D{x=2)(xLn)
(n+1)!
Tacé: g-1D=0,gk)=k: Vk=1,2,3,..,n
Vay g(x) chia h&t cho x + 1.

Pit h(x) = B(X) 13 h(x) I da thife bic n va h(k) = —=
X+ 1) k+1

kv s e SRR
Do d6 moi da thite f(x) thod man diéu kién bai todn phdi ¢6 dang:
fxy=hix) a0 1= 2)x=23) (X =H)
suy ra £(0) = h(0) + a(0 — 1)(0 - 2)(0— 3) ... (0 - n)

f(0)=(-1)"a.n! (1)
f(ﬂ+l)=h(n+1)+a.n!=M+a.n! (2)
n+2
n+l
o CE VA () A 68 e h Ty @ L+ 1P ¢ £(0)
n+ 2 1"
n+l
AR ROy Onen f sy R DT
n+2
2003+1
Viy £(2004) = (2003 + 1) = 2008+ 1+ (C1)
2003 + 2
f2004) = 2008 _ 4
2005

Bai 4.
Gia sira, b, ¢, d 1a cdc nghiém ciia da thic P(x) = stato .
Tacé:a+b+c+d=-1vaabed =-1 (dinh 1i Vi-ét).
Ta cin chitng minh: Q(ab) = 0.

Tacé:Q(x):'x5+x"+x3—x2—~1:x3[x3+x+1ﬁl_%}
X X

i 1
= Q(ab) = (ab)’ [(abf Shaidoies GFB)"‘J

- (ab)3 [(ab)3 +ab+1+ecd+ (cd)s]
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Ta lai c6:

1
+Pa)=0= al= ———; udng W ta co:
a+1

h.’- 1 3 1 d3 1]

:b+1'C=_c_-+.I’ Sid1
nén (ab)’ = —(1 + ¢)(1 +d) va (cd)’ = —(1 + a)(1 + b)
+ Do do

Qab) =—(1 =c)(1 +d)[—(1 +c)(1 +d) +ab+ 1 +cd— (1 +a)(] +b)]
=—(l+c)Xl+d(-1-¢c-d-cd+ab+1+cd-1-a—b-ab)
= (1 +o)(1 +d)[-1 - (a + b+ ¢ +d)] =0 (diéu phai ching minh).

Bai 5.
Ta chitng minh néuf(k)=a, véiVk=n+2,n+3, ..., 2n+2 thi
1(2[1 + 3) = Aone3 — 1 (*)

+Vdin=1thif(x)=ax+b
Dof(3)=a;=2nén3a+b=2,
f(4)=a,=3nénda+b=3
Suyra: a=lvab=-1,viyf(x)=x-1
Do dé6: f(5)=4=as- 1, vy (*) ding.
+ Gia str (*) ding véin - 1.
Xét da thife g(x) = f(x + 2) - f(x + 1), thi bdc clia g(x) khong vugt qud n— 1.
Ta ¢6: g(k) = f(k + 2) - f(k + 1)
= Ak — A4l
=ap voi Vk=n+1,%.;2n.
Do d6 theo gid thi¢t quy nap thi:
g2n+ D =az,-1=12n+3)-{(2n+2)
Nén {Cn+3)=az—1+{(2n+2)
= @gpet +a2n2— 1
= Aznes — |
Viy (*) duge chitng minh:
+ Tir k€t qué trén ta ¢6 £(2003) = azs — 1.

Bai 6.
: 1 1
Do lim 1+§+...+~ =+ = degP > degQ
X7 X
sl +00
= lim——— = :
x>+x x Q(x) a, a»=0,aelR
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1

1+ +...+

g g =l -2 ek
X—pdir X.Q(X) K247 X

Liy Vke N', ¢ dinhk
vx e N, x>k

—
[y

1+—%i.+
Chok »>o= lim—=— X 0 v6li
X4+ x

Viy khong tdn tai P, Q 1a hai da thifc c6 hé s6 thuc sao cho
M:1+l+"_+l Vvx e N
Q(x) 2 %
Bai 7.
Xétda thie Q(x) =P(=1 - x) =aox" + a,x"' + ... + 2, X + a,
Khi d6 ta ¢6:,a, = Q(0) =P(-10<0
a,.1 =QY0)=-P(-1) <0

g Q"(0) _ (-1)*p"(-1) <0
2! 2!
(n) npinlqg _
e Q"™(0) s, s 1)40

n! n!
= 0X)<0,¥x=20
= P(x) khong ¢6 nghiém x € (—o0; —1].
Tuong ty, xét da thic
R(x)=P(1 +x) =byx"+b;x™' + ... +b,x +b,
Ta cing ¢c6 b, >0
by 20
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=S R@x)>0,vx=0

= P(x) khong c6 nghiém x € [1; +o0)

Vay 14t cd cdc nghiém ctlia da thic P(x) (n€u ¢6) déu thude khodng (—1; 1).

Bai 8.

Ta ¢6 f(x) xdc dinh va lién tuc trén R va:
f(-4).0(-3)<0
f(-3).4(-1) <0
f(-1)f(1)<0
f(1).f(2)<0

Vay f(x) ¢6 4 nghiém datla x, 1= 1,4.

L 2x% +1

Tinh:S= » ————
iR 12x, - 4x°

=24: i U R vk
| 24 xi—\fg Xi+\/§ 12x;

T < 1 T < 1 L 1
=) - — 4
24§xi_\/§ 24§x.+J§ §1zx.
Ta chiing minh dudc:

1 f'(a)
355 Zx-—n f(a)

} 7 f(f) T 108
Viy S=— =

24 £(J3) 24 f(J3) 12 £(0) 2

Bai 9.
Gid st tdn tai P(x) va Q(x) thod min Z((x; =~/x* + 2002 D

X

= Pi(x) = Q (xX)(x* + 2002) = deg(P(x)) = deg(Q(x)) + 1.

Maiit khdc tir (1) suy ra gix; xdc dinh Vx € R = Q(x) khong d&i ddu trén R.
x
=> Q(x) c6 bic 1a 6 tr nhién chin.

= P(x) ¢6 bic 1 s6 tr nhién 1é = Ix, € R: P(x0) =0

= volivi vx® + 2002 > 2002 >0, Vx e R

Viy khong 16n tai cdc da thife P(x) va Q(x) thod mén hé thic bai todn néu ra.
Bai 10.
Ta c6: xf(x — 1) = (x — 3).f(x) (D

140



Trong (1) chox=0=f{(0)=0 (2)
Trong (1) ¢ho x = 1 =1f(l) =10 3
Trong (1)chox=2=1(2)=0 (4)
T (2), (3), (4), suy ra f(x) chia hétcho x, x — 1, x — 2.
Nén: f(x) = xtx= Dx =2).0(x)
Thay vao (1)
(x-Dx-2)(x-3).Q(x- D=x(x- 1(x-2)(x-3).Q9% - 1)
=>Qx)=Q(x - 1)
=> Q(x) 1a him s6 tudn hoan, nén Q(x) =C  (C: hiing s3).
Viy f(x) = Cx(x — 1)(x — 2) véi C 1a hiding s6 tuy y.
Bai 11.
Gid st 10n tai hai da thirc P(x), Q(x) khdc hiing s, sao cho
P(n) 1

i}
Lot hhaok— 1% Yy
QN 2 o

B dé 1: lim (1+%+...+1]:+00

X-»+7 n
1+ ¢ + .t .
B§dé2:|—2  nl_g
n

£ R aA L P(l’l)

Ap dung bo d¢ 1,ta ¢6 lim ﬁ =+, suy ra degP > degQ (1)
X—+7 n

; D s 31, '

Ap dung bd d¢ 2, ta c6 lim =0, suy ra degP < degQ (2)
X=+7 nQ(n)

(1) va (2) miu thudn, vdy khong t6n tai hai da thitc P(x), Q(x) c6 tinh chat
nhu dé bai.
Bai 12.
Gi4 sif da thitc P(x) thod min diéu kién bai todn.
Tir gid thi€t ta thdy x = 2002 la nghiém boi bac 16n hon hodc bing k ctia P(x).
Pit P(x0 = (x — 2002)*.Q(x)
Thay vao ta dugc:
(x — 2001)*.(x — 2002)*Q(x) = (x — 2002)*.(x — 2001)*.Q(x + 1)
Suyra Q(x) =Q(x + 1)
Vi viy: Q(x) = a, vdi a 12 hiing s0.
Do d6 P(x) = a(x — 2002)".
Thir lai ta thdy da thic P(x) = a(x — 2002)* thoa man yéu ciu dé bai.
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Bai 13.

Xét fix) — l =0, Vi:l(n}= l Vn=1, 2,..,2001, nén f(x) - l 0 ed cic
X n x

nghié¢m 1, 2, 3, ..., 2001.
Nhung {(x) - 5 khong phai la mot da thic.
x

Xétg(x) = x.0(x) - 1.

Do 1(x) ¢6 biac 2000 nén g(x) ¢ bac 2001 va nghi¢m cta né la 1, 2, 3, ..., 200

nén g(x) ¢6 dang g(x) =a(x — 1)(x - 2) ... (x — 2001) (2)
T (1) ta c6 g(0) =—
do d6é tir (2) ta c6 —1 = g(0) = a(~1)(-2) ... (-2001) = —a.2001!

=DE =
2001!
(x — 1)(x - 2)...(x - 2001)
= gx) =
2001!
Suy ra:

(2002 - 1)(2002 - 2)...(2002 - 2001)

2002.£(2002) — 1 = g(2002) =
( ) g( ) 20011

1

= 2002.£(2002) = 2 = £(2002) = ——.
1001

Bai 14.
Bali'(x):l+x+£+...+£
2 n
Tac6 F(xX)=1+x+x>+...+x""
x" -1
x-1
f'(x) < OVx € (~o0; —1)
f'(x) > OVx € )-1; +om)
Do dé: f(x) dat cuc tifu tai x = —1.
ma f(— 1)—}—l+i—l + oot
240

nén f(x) >0, Vx.

a) Néu n chin, ta c6: f'(x) =

=R
I

Viy néu n chdn thi phuong trinh f(x) = 0 vd nghié¢m.
b) NéunIé thi f'(x) >0, Vx € R.

v lim f(x) = —o0; lirp f(x) = +o

X—»—7

Viy néu n 1¢ phuong trinh f(x) = 0 ¢6 nghi¢m duy nhal.
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Bai 15.
Taco: x=1-¥2+¥4 =>x(1+¥2)=83 > x¥2=-3-x
=>2°=3-x=>x*-3x2+9x-9=0
Viy 1 - Y2 + ¥4 1a nghi¢m ctia da thitc bac ba
f()=x"~-8x*+9x-9
Néu f(x) ¢6 nghié¢m hitu 4 thi {(x) ¢6 nghiém nguyén 12 udc ciia 9. Céc s6 +1,
+3, +9 khong 12 nghiém cdia f(x) nén 1 — Y2 ¥4 1a s6 vo 1,
do d6 1 - ¥2 + ¥4 khéng la nghi¢m ciia da thirc bic nhat,
Gid st 1 — ¥2 + ¥4 1a nghi¢m ciia da thitc bac hai g(x) véi hé s nguyén.
Chia [(x) cho g(x) ta dudc
f(x) = g(x) q(x) = r(x) vdidegr<2mar(l - ¥/2 +¥4 =0, nén r(x)=0
= f(x) = g(x) q(x), trong d6 q(x) c¢6 bic | ¢ nghiém hitu 1 suy ra f(x) ¢6
nghi¢m hitu ti (v6 1i). Vay da thifc bac ba d(x) = x* — 3x% + 9x - 9 13 da thiic
bdc nhd nhdt ¢6 hé s& nguyén nhan 1 — 2 + ¥4 1am nghiém.
Bai 16.
Theo dé bai ta c6 phudng trinh f(x) — 1999 = 0 ¢6 it nhit 4 nghi¢m nguyén.
Suy ra ta ¢6: f(x) — 1999 = (x — X))(X — Xo)(X — X3)(X — X4).g(X)
vBi X; < X, < X3 < X4 VA g(x) 12 mdt da thic nguyén. Gia sit (dn tai s& nguyén
Xy sa0 cho d(xq) = 2030 thi: 31 = (Xy — X;)(Xg ~ X2)(Xo — X3)(Xo — X4).£(X), Vi
Xp— X > Xg — X3 > Xo — X3 > X — X4 v cdc sO nay déu la s6 nguyén.
Vi 31 1a s6 nguyén (& nén:
31 =311 =(-1).1(-31) = (= 1).(-31)=31.(-1).(1-)
Do d6 31 khong thé phin tich thanh tich ctia 4 s¢ nguyén khdc nhau. Diéu
ndy ching 16 phuong trinh f(x) = 2030 khong thé ¢6 nghiém nguyén.
Bai 17.
abec = —¢ (1)
Theo dinh li Vi-éttacé: (A) sa+b+c=-a (2)
ab+bc+ca=b  (3)
e N&u ¢ = 0 thi gidi (A), ta dugc:
+a=b=c=0:P(x)=x’
+a=1,b=-2:Px)=x(x"+x-2)
o Néuc # 0 thib#0, h¢ (A) twong dudng vdi:

(4)

(B) [e=—-b (5)

b +b’-2b*+2=0 (6)
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Vi (6) c6 thé dugc viét laila (b + 1)(b* — 2b + 2) =0 nén
+b=1thia=1l,c=-1vaPx) =x+1)’
+b#-1,taxéthaimsdy=f(b)=b’—2b+2=0,

ta ¢6 dao ham y’ =3b*> - 2 =0 khib = i\/g, lic nay, vi f[—\/gJ >9 va

f(—\/g] > 0 nén f(b) chi ¢6 nghiém duy nhdt < b, - \[g ma thoi, ta thi
2

lhé’y by # 1, by # -2, do d6 h¢ (B) con ¢6 nghiém by, a = bi TS F =~ Dby,
0 0

vdi by < — \/% 12 nghiém duy nhét clia phudng trinh f(b) =b’ - 2b + 2

Tém lai, ¢6 4 da thitc thod man diéu kién dé bai.
Bai 18.
Gid sit P(x) ¢6 n nghiém 14 x,, X,, ..., X3. Ap dung dinh li Vi-ét ta c6:

n n
T el Sy ol
i=1

i=j

2
anf:(in] —2inxj:3 (1)
i= 1=]

SE L o .. x ’
D€ thdy x; # 0, Vi, va — la nghiém thuc clia da thic
X.

Qx)=ax"+ax" + ... +a, x+1

Mot cdch tuong tu ta cling c6:

2
— i: Zl} L9 ng (2)

Bai 19.

n
Theo gid thiét ta c6 f(x) = a] [(x - x;) va cdc x; duge sdp x&p theo thif tr
i1

tdng dan, tir d6: I'(x) = ai H (x—x,)

j=1 i#j
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Do d6, ta suy ra:

T2 S 1999 & 3L 1999

f(x) o X — X,
Patgx)= ) L g =-Z—»1—2 <0
X—X, (x-x,)
ta ¢6 bang bién thién
X —a0 X X5 Xa +00
g'(x) i & = -
gx) (Q 400 403
\+ \ " :

Do d6 phudng trinh g(x) = 0 ¢6 n nghiém t; thod man diéu kién: x; < t; < x5,
va X, < t,.

Tép nghiém can im 12 S = | J(t; - x,) 6 tng d6 dai la:

i=1

= i =X) =)t D x,

Mt khdc, ta cé:
f'(x)

g(x) = _fFT = 1999 < f(x) = 1999f(x)

@ZH(X x)—al_[(x X,)

J=1 i=j

Déng nhit hé s6 ta c6:

gk
i e, 999Y x, g
1999 1999
1
ViyD = i
o Tee
Bai 20.

Gid sif degf(x) 1a chdn, trong b) ta thay y bdi —x, ta dugc:
f(x), f(-x) <[f(0)), Vx € R.
Cho x — +oo thi f(x).f(~x) — +o0, diéu ndy mau thudn véi (1).

Vay degf(x) 1a 1é. Do d6 phuong trinh f(x) = 0 ¢6 it nhat mot nghiém thye. Ta
chitng minh nghi¢m thyc nay 13 duy nhat.

Khong mét tinh t6ng qudt, ta c6 th€ coi hé s& clia bic cao nhat ciia f(x) 1a 1.
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Goi X; Va X, 12 hai nghi¢m phan bi¢t va 16n nhét ctia phudng trinh
f(x) = 0 (X, < X») thi Vx > X suy ra {(x) > 0 va ¢6 x < x; d€ f(xo) > 0.
Pilt x3 = 2X; — X, do X2 > Xo nén X3 > xo = {(x;3) > 0.

Ta ¢6; 0 < f(x3).0(x0) < I'2|:—;—(x3 + xo)} - f2(xz) =0

Vo li! Vay phuong trinh f(x) = 0 ¢6 duy nhit mot nghiém thuc.
Bai 21.

Trude hél ta ching minh ring néu x, 12 mot nghiém nguyén cla f(x) thi xo

f(x;)=0
f(1) = 2a — 1999 = sd 1é
= f(xU) == l'( l) = 86’ 1é.
Nhung f(x,) — f(1) chia hét cho x,— 1, vAy Xo— 112 58 1¢, do d6 x, chin.
a) Gid sif f(x) ¢6 hai nghiém nguyén x;, X, vdi x; # X, thi
f(x,) - f(x,)
e R ek
+ (2000 + a)(x; + x2) — 1999.
bing thitc nay khong thé xay ra vi x,, x, chdn.
b) Gia st f(x) ¢6 nghiém kép x, (chdn), khi d6 x, cling 12 nghiém cua f(x)
P(x) = 4x° — 6003x + 2(2000 + a)x, — 1999 = 0
Ding thitc nay ciing khong thé xdy ra vi x, chn.
Bai 22.
: e b, b, b,
Pit o(x) = byx |:l - bix - bnxz — e — bnx"}
— Chitng minh dudgc ] f(x) | > o( l X 1 )
— Ching minh dudc ¢(x) 6 mdt nghi¢m dudng duy nhit
xp=0o>0vakhix>a=¢(x)>0

phai 1a s& chdn. Qua vdy {

e 2 2 3 2 2
0 = (X} + X}x, + X, X5 +X3) — 2001(x] + X,X, + X;)

vay |fx)] > o(|x|) > 0 khi x > & nén modun ciia nghi¢m ctia {(x) khong

thé vugt qué a dude.

§6. DAY SO
A. DE BAI
Bai 1.
Cho diy s6 (u,) xdc dinh nhu sau:

0y = %; u, ;= 24u] _12J€uﬁ +15u, —J3,n= 2
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Tim cong thic sd hang tdng quét u, clia diy trén.
Bai 2. '
Tinh gidi han: lim(2004. ¥4 — 2003)".
Bai 3. .
Cho ham s6 f: [0; 1] — [0; 1], f(x) >0 Vx € [0; 1]
a) Chitng minh: Tén tai day (a;), I = 1;2004 thod min.

IS oty « o aan s

2004
[[f@) =1

=1
b) Cho g 12 ham s6 lién tuc: [0; 1] — [0; 1] va f([g(x)] = g[f(x), Vx € (0; 1].
Chitng minh: Tén tai x, € [0; 1: f(xy) = £(Xo) = Xyp.
Bai 4.
Cho day s3 (a,) gdm nhifng s& w0 nhién thoi man cdc diéu kién sau:
B A S Ay
b)ay=a,+kvdik e N'.
¢) Néu a, 1a mot s6 nguyén (6 thi n 12 mdt s6 nguyén (6.
Hay xdc dinh ayg4.
Bai 5.

Oy'= e’

Cho day & (u,) ¢6: {u, = e

U B :u:?, (Vn > 2)

n+l"'n

a) Ching minh riing Vn € Z*, ta ¢6 % <u, <e.
e

b) Lép day so (v,) biét v, = gfu,.u,..u, .

Tim gidi han cia day (v,) khi n — oo,

Bai 6.
¥ 3
UD = g, Ul = 5
Cho day (u,) xdc dinh nhu sau:
u lu2 * 5 u, vneN
n+2 4 n+l 4 n?

Tinh limu,,.
Bai 7.
x, = a (a 12 hing s8)
Cho diy so thuc (x,) xdc dinh bdi: 1 .
X, = 5101 +x}) ~2004, n e N

Chitng minh riing day (x,) hdi tu.
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Bai 8.

Xét day sO (a,): a, =4; a, = 22; a, = 6.2, | — 2, » Vn > 2. Chitng minh riing tén

tai cdc ddy s6 nguyén duong (X,), (¥a)-

2
aadatl wod
Xp = Ya

Bai 9.

Cho hai s& dudng a va b khong ddi thod min a < b va cho day s& (a,):

a; = a;b;b1=\/alb,
a;= a‘;b;bz= Jyab,

Tim lima, va limb,_.

Bai 10.
Cho ddy s6 (u,) xdc dinh bdi v,y = Ingl+ul — 2004, Vn € N va
n > 2. Ching minh (u,) hoi tu. '
Bai 11.

Cho diy s0 (a,) xdc dinh nhu sau a, = 2004, a,,,, = - s (n=0,1,2,3,..)
+a

Tinh [a,000] (phdn nguyén ciia s6 hang a,o00).
Bai 12.
Cho cdc ddy sd (a,) va (b,), Vn € N thod mén cdc cong thifc sau:

a___1+n(1+n) +n“(1+n“) Vne N
3 BRI R
L
bn # ( an ]a(nd) Gt N‘
n+1
Tim limb, .
Bai 13.
Cho day s8 (U,) (n € N*) thod min cdc diéu kién.
2 2 =
DU Ve B it Yath 2o q iy
U1U2
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b) UpoUa= U2, + U ;
Chitng minh ring diy (U,) 12 ddy cdc s6 nguyén.
Bai 14.
Cho day sd thuc (u,) xdc dinh bdi cong thite:
u =aeck
1
u,., = In(1 +u?)? - 2004; Vn e N’
Chitng minh riing ddy (u,) c6 gidi han.
Bai 15.
u =1

u
U = —n_____~__’ (n 2 1)
P LA
Xdc dinh cdng thifc s hang u, theo n.
Bai 16.
Cho day s6 (u,)?™* cdc s& nguyén duong thoi man:
2004 1
3. = 2:/2004
Vo
Chitng minh riing ddy s6 ndy c6 it nhit hai s6 hang bing nhau.
Bai 17.
Cho ddy s6 v han (u,) xdc dinh nhu sau:
u,=3n"+n+7,neN’

Cho day (u,) xdc dinh bdi:

Chitng minh riing khdng c6 phan (¥ nao cla day sd la lip phuong clia mot s
nguyén.

Bai 18.
Tir day (u,) dugce xdc dinh bdi:
iy =2
u? +2003.u, :
U, ,=—-——= nelN
2004
Ta thanh 1ap day (S,) véi S, = Y —
i Uy — 1
Tim lim S, .
Bai 19.
Ba day s&: {x,}_,, {y.}7 12,7, thod man x, y,, 2z déu dudng
VA Xou) = Yn+ —, Yo SZn+ *lﬂzmn =X, + . vdimoin € N.
Z" xn yn
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Chimg minh riing: ton tai cdc hiing s dudng s va t sao cho: svn <x, <tJn
véimoin=1, 2....
Bai 20.
Cho hai ddy s& (U,) va (V,) xdc dinh bdi:
21 1
U, = gi—!,VH—U,ﬁ- =
Chitng minh (U,) va (V,) ¢6 gidi han chung 12 mdt s6 v L.
Bai 21.
Tinh gidi han sau:

Li_Ir’l[cos(Q/n“ +3n* +n+ 1) +sin(xn¥n® + 3n% +n + 1)] (n e N)

Bai 22.
u, =avéia>1

Cho ddy s0 l u, ! dude xdc dinh bdi: g LE,
2003u,,,, =u, +2002u,, Vn e Z

n u
Hay tim: lim ) ——
n-»s E ui-l £ 1

Bai 23.

~ ~ o — "
Cho day s0 u, thod man u,,> = U, — u, (n € N),
n
a o O 2
bats, = Zui .Bitriing u; — u; = 8,05 — Sppes +1
“i=1

Tinh S!!HH- 3
Bai 24.

Cho ddy s0 (u,) dinh bdi: 0 < u, < 1 va u,(l - u,) > %: vdin=> 1.

Tinh limu, .

ner
Bai 25.
2 St ’ o a,=1
Cho day so6 {a,) | _, xdc dinh nhi sau: 3
a,=sina, ,, n>0
va xét diy s6 b, = na’. Tim lim b,
X+
Bai 26.
& =R d i =0
Cho ddy s6 (a,) .. xdc dinh bdi: a ..a .+ gt i~
y N nel £ 8“‘3 = el e p vl p e N
aﬂ

DPinh p d¢ moi s hang cta diy (a,) déu 12 s& nguyén.
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Bai 27

u, =1
Cho day s0 (u,) x4c dinh nhu sau: u’ n=1.23...
== n -+
it i

SO 5 e T u
Tinh lim| —++ 2+ 2 +...+—2
e V| e | R u
Bai 28.
Gid sif ¢é ddy s6 thue {x,} ma vdi da thifc bic hai p(x) ty ¥ c6 cdc hé sd
nguyén khong A&m thod man hé thic
=0

lim(x, + x

n--»r

p(n)

Li¢u tir d6 ¢6 thé suy ra limx, = 0 duge hay khong?

Bai 29.

u, =a(a>0)
Cho diy & (U,) biét 1{ 20032j 2
u ==fu, , + ne#.

[ 2

n-1

Tinh limU

e
Bai 30.
Cho ¢ip s6 nhin uy, u,, ..., U, u; >0, cdng bdi > 0 va q # 1, biét:
U, =Uy +..+u, =a
1

—l—+—+...+—1—:b
R X u

Tinh P=u;.U>... u,thcoavab
Bai 31.

- U, = 2003
Cho ddy s6 (U,) xdc dinh bdi: :
2.0,, =2°U, - |

Tinh lim U, .

Bai 32
Diatfin)=(m +n+ 1) +1
X¢étday s6 (u,) sao cho u, = FALEOHELS). f(2n1)
f(2)f(4).£(6)..£f(2n)
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B. HUONG DAN GIAI
Bai 1.
DitV,=u,v6 - 1 =V, =2,
Tir cong thife truy hdi xdc dinh diy, ta c6:

2
V,M+1_24[v +1] 12J—[ ,,H) BTt _ 06

J6 J6 V6 J6
R e e 4(V2+3V2+3V_+1)
J6 J6
12(V2 +2V. +1) 15(V.+1) 6
SotEaiaigon S L TR
SV +1=4V2+3V +1
= Vo = 4V2 +3V._.
V=2 (1)

Nhu vy d6i véi day (V,), ta ¢6: { :
V., =4V+3V. n=12,..) (2

Xét phuong trinh x* — 4x — 1 = 0, phudng trinh nay c6 hai nghiém x;, x, thod
man hé thic:

{x1+x2=4

XX, = -1

Biing quy nap ta sé chitng minh ring Vn=1, 2, ... ¢6
o 1 go-1 301
V,= E(x1 +x3 ) 3)
e 1 R e
Thét vdy,véin=11ac6: V,=2= E(xl +X,)= E(xl ¥ X, )

Viy (3) diing khin = 1.

Gia sif (3) diing khi n =k, ta ¢6 véin = k + 1, thi theo (2) ¢6:
Nl = 40: + 3V,

Theo gia thi€t quy nap, thi:

1 = x-1\3 1 a -113
Vi =4. 8( + X, ) +3.§(fo + X3 )
= %[(xfk +x3 ) +3(x,x,)"" (xiiH it )} + g(xf’k o ') (4)
Do x;X> = —1 va do 3*"' 1a s& nguyén 1& = (x,x,)* " = -1, vay tir (4) suy ra

3t g*
(X] + X2 )

Via =

DO | =
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= (3) cling ding khi n =k + 1. Theo nguyén Ii quy nap thi (3) ding Vn.

Viy s0 hang t8ng ciia day s6 da cho c6 dang: u, = i(Vn +1)

NG
3 E}/_E[(zh/g)-*’” +(2-V5)""+2, n=1,2, ..

hay

Bai 2.
* Xét bai todn t8ng quit: Tim lim((k + 1).%a - k)" ke Z*,a>0
Cdch 1: * Ap dung bilt dﬁng thitc Co—si:
Yak! 4+ L+..+1>k+D*V¥a*" =(k+1)¥a

k
i [(k+1)d5_k]“ < k! (1)

* Ap dung bat ding thitc Bée—nu-li:

[(k +1)¥a - k]“ &

— | nf ok+1 k+1 k E k+1 k+1 k
_|:a ( _\/— \/akhﬂ_l >a .l_n nak+nak+l

e L —1 kﬂ (k + l)d—k + k
S % =4k \/alu-l

er | n@a -1 +20a% + .+ (k- 1)¥a + k)
doprs )

k+1

Va
Talaics: a=(1+%a -1)'>1+n(%¥a - 1)>n¥a - 1)
=0<n(¥a - 1)’ <a¥a - 1)
lim¥Ya =1 = limn(¥a - 1) =0 3)
* Vay wr (1), (2) va dinh Ii “gi6i han kep” ta suy ra:
lim{(k + 1) ¥ - kJ" = a*"'
Bai 3.
a)*f:[0; 1] - [0; 1], f(x) >0 V¥x € [0; 1] nén f ting va lién tuc trong [0; 1];
1(0)=0,1(1)=1.
*flién tye: [0; 1] = [0; 1] nén 3 (x;) sao cho
0=Xp<X)<...<Xoone = 1 va f(x;) = m = O 2004 .
* Ap dung dinh li La-gd-ring trong cdc doan [x;_,; x;]:
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da; € (xi1X3) ¢ f’(ai) = f{xl) - f(xifl) = g

X -X , 2004(x; - x; ;)

=5 1 = 2004(x. — x;,)
f'(a;)
2004 1
Suyra Y = 2004(x 9, — X,) = 2004
i-1 f’(ai)

* Ap dung bat ding thitc Co—si:
< | J 2004

Z Epeah s 2004
i £ () :ﬂm{/nf'{ai)
i=1
2004

=5 n fia el Ping thic xdy ra khi: "(a;) = 1, VI = 1;2004 .
i-1

b) * Xét F(x) = g(x) - x, F(x) lién tyc trong [0; 1] va F(0).F(1) = [g(0) -
01.1g(1) <0.
Suy ra 3x, € [0; 1]; F(xo) = 0 <> 3%, € [0: 1]; g(X0) = Xo.
# N&u [(X0) = X thi ¢6 diéu cin chirng minh.
* N&u f(xy) # Xo: Xay dung day (a,) nhu sau
[al = Xy
B = f(x;)
a, =f(a,,),n>2
[ ting: [0: 1] — [0; 1] nén ddy (a,) bi chin va ting néu f(x,) > Xo; gidm
néu f(x) < Xo.
Viy (a,) hoi w. Pat x; = lima, = limf(a, ;) = f(lima,_,) = {(x;) € [0; 1].
*# Chitng minh: g(a,) = a,, Vn > | biing quy nap.
gla)) =f(xp) = xg = a,.
Gid str ga, ) =a, 4
= g(a,) = [[[(a, )] = flg(a, )] = {(a, |) = a,. (diu phai ching minh)
* Suy ra: g(x,) = g(lima,) = lim[g(a,)] = lim(a,) = x,
* Vay tdn tai x, € [0; 1] d€ f(x) = f(x)) = X,.
Bai 4.
Vdimoik=1,2,3,..tacd:
A <A <...<an <2x=ay+k
suyra  agg =+ 1
=sa,=a;+(n- 1) Vn e N (diy cip sd cong c6d = 1)

# Néua,; =0thia,=1,a; =2, a, = 3 miu thudn di¢u kién ¢) nén loai.
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*N&ua;=1thia,=nVneN
Day s6 ndy thod man diéu ki¢n ctia bii todn. Vay axes = 2004.
*Néua, >2.. °

Goi p 12 s6 nguyén 6 nhd nhdt thod manp > (a, + 1)! =(a; + 1)

Pitn=p+1=a,(*)tacébn>(a; + 1) +2 (1)
a,=a,+(n-1)=a+(p-a)=p(nguyén 10)

Suy ra n nguyén t6 (do diéu ki¢n c)) (2)
Mitkhdcur (*) suyran<p=1-2=p- 1 (3)

ma (a; + D!+ 2;(a; + 1)! =3;...:(a; + 1) + (a, + 1) 12 nhitng hgp s6 nén 1

()va(2)suyra:n>(a, + D!+(@+2)>p (4)

(3) va (4) miu thuin nhau, vi viy a; > 2 loai.
Tém lai axg04 = 2004,
Bai 5.
a) Ta chitng minh u, >0 Vn € Z".

That vy, u, >0, u; > 0.

/3
e 3 i Oy
Gidsttu,>0Vn>k. Tacod upy = —2->0
Uy
Viyu,>0Vne 7"
\(':! n
% . p cos
eTalaicon. =g —e *
L‘(J:‘n:
Gidstu,=e °%Vngk
/3 V4 C(’Hn-ﬁ x nn (n-Dix (n+l)x
T f u;‘l' e 6 2mﬂﬁcus 5 cos cos— o %
R T e e =1e
n-1 ec«m 6

= l'()ﬂnn Fr
Viyu,=e ® VnelZ'.

Gk i i A P
e Talaico- 1 <cos = <ivahamy =¢" la ham dong bién trén R.

e

S LS

ey 2n nx
COs8 _ +CORCOS +...+COSCOR - — |
biTacd v, = fu, 02 0 =en * 2 -

{ . (2n+)x . 1:]
| sin : —in -

2nsin]f) 12 52
=g S
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1 (n+l)n nn
= 5 A R

sin

= e :
(n+Dn . nn
Mat khéc, ta ¢6 ——— < 12 & oot
n.sin L4 n.sin 2 n.sin- o
12 12 12
PR T Ot MR i B o |
n—s= s T n—» . T :
. S1N — .81 —
1 12
Vay limv, = e’ =1
Bai 6.
Xét day (v,) vdi vy = % Vool = ivﬁ Jrg\/v_n (1)

Biing quy nap ta chitng minh dugc 0 < v, < 1.
. 2 1 2 3 ~ - A +
Ta ¢6 vuy f(v,) véi f(x) = # X+ ZJ; 12 ham tdng trén R".

Do dé néu v, > v, ; thi v,y = f(v,) > f(Va.)) = V.
Suy ra (v,) la day ting va bi chin rén tdn tai limu,=a e R(0<a <1).
LAy gidi han hai v& ciia (1):

e g S o D +1-3)=0

4 4

(véit= JE,O< t<1suyrat=1valimv,=1.
Biing quy nap ta chitng minh dugc 0 < u, < 1.
Ta chitng minh v, < min(uz,, Uzn41) (2)
V@i n =0 thi 2 ding.

Gid st v, < Uy, V, < Uspy thi
B 1 2 3 S 1 2 3 S
Uxpep = Zu2n+1 % Z\fuzn 2 Zvn +Z\JVn =¥

e 3 3 e 3 1in -8
Unnes = —Ugpo + —fUg RV ¥ g 2 =Yoot oAl VL S Vaa
4 4 4 4 4 4
Suy ra v,,; < min(uy,42, Usnes), nén (2) ding ¥n € N.
Dodév,<u;<lvav,<uy,<l.
Ma limv, = 1 nén limu,, = limu,,,; = 1.

Vay limu, = 1.
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Bai 7.
Xétham sd f(x) = %ln(l +%x%)-2004,x € Rcé

X
Ixx*

Sl,xeR

2

4r(x)|=‘

i e ) x*-x+1 > ok
Xét ham s0 g(x) — x = g'(x) = . SN >0, Vx € R. Nén g(x) dong bién
b

trén IR.

Mit khdc g(0).g(-2004) < 0 = 31b € R : f(b) = 0. Theo dinh Ii La-gd-ring

GeeR: [fxa) - i) | = | ()| [x, - b S;|xn~b|

shei

_blsiix, < Bls .. <2 ja_b:
2 2°

Viy limx_ =b.

n—>+=
Bai 8.
2 e a

—& .
Dé[xn= T,yn= nT,H Vélxlz:‘;;}']:l.

Khi d6 ta c6 hé thic:
{xn =3%,, =4¥,.4
Yo =2%,,+3y,,
Theo c4ch dit ta c6 a, = X, + y,. Do d6 ta chi cAn chiing minh:
y2+7
X, = Ya
Ta chiing minh bing quy nap
Khi n = 0 ménh dé diing.
Gid st x° |, =2y~ , + 7. Khi d6 ta c6:
x2 -2y -7=(3x,, + 4yy_,)2 -2(2x, , +3y,,)° -7
~2y0a-1=0
Viy cong thitc diing vdi n. Suy ra diéu phai ching minh.
Bai 9.

Xy + Yo = o x2=2y2+7 ¥n27

= x2

n-1

l-0<a<b::>0<%<1

a b4
biat — = cos O<a< —
* D3 G a (OD<a 2)
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a+b bcosa+b

a
= beos® —
2 2 2
o
b,=,ab= bcos§
a,+b :
ay= ~L_—L =bcos—.cos’
2 2
o o
b= Jah, = bcos—é.cos—g
o a o5 45 /0
a, = bcos — .cos —-.cos 0O~ —
2 2 2
o a a a
bn = bCOS‘z‘ .COST...COSF.COS En—
o
b g n  bsina
eh, = ——a--sma:%‘—. 3
2" sin oh sin g =

: cos o bsina
| e S

+ 2 o
SRS : bsina
e Viy lima, = limb

noser

Bai 10.
Pat f(x) =11+ x* - 2004 = L1n( + x*) — 2004
n

2% 1
2>(X)= —————— = | (x | < -, VxelR
) b + 22) 1 ) 9 I
bat  g(x) =x - f(x) = g(x) 1a ham s6 lién tuc trén R va

Pl e |

— >0,V R 1
n(1+x3)> e ()

Ma g(0) = 2004 va g(~2004) = - In(1 + 2004%) < 0
n
=> g(x) = 0 c6 nghi¢m.

Tir (1) = g(x) = 0 ¢6 nghiém duy nhét 1a a hay g(a) = 0.
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=a-—{(a)=0.
f(u,) - f(a)

n

Do dinh li La-gd-ring: 3c € R : | f’(c)| =

= [f(u,) - f(a)| =

f'(c)||u, —a| < ;—|un —al

1 n
—a|<=u, —a|< S[EJ u, - a

= 1un+l 2

1 n-1
Tém lai: 0 < |u, —a| < (WJ lu, - al, lai c6:

B
lim0 = lim(EJ lu, ~a]=0

nén lim | u,—a l =0. Viy (u,) hoi tu.
Bai 11.
Tir gia thiét d¢ thdy a, > 0, Vn.
» 2
Tacoa,— a1 =d.— Sucis iy =050 (*)
g +l.-a +1

nén (a,) 1a day giam.
a0 =ag+(a; — ap) + (a2 — ay) + ... + (@00 — agg9) =

Tl B R S SRR R
a,+1 a, +1 Bogp +1
1 3
=2004 — 1000 + + ot —
i, +1. a +1 Agge + 1
= aj000 > 1004 (dO an>0) (!)
T (*) ta suy ra
Apy) = Ay — &y >an_1>an—1M2>"‘>-aU_(n+1)
a, +1
= dyyy > 2004 — 999= 1005
1 1 1 1000
=5 + + ot <
a,+1 a, +1 8y +1 1006+1
= d 1000 < 1005 (2)
Tir (1) va (2) ta suy ra [a;p0] = 1004.
Bai 12.
n*(1 +n*) e
Taco: ls———=8d  VneN vdk=1..,n
1+n
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.:>n+lSan52n+1<2(n+l),VneN'

e 4y <2,VneN'
n+l1

i3 1
= 1<b,< 2" < 20 vn e N’ (do cOng thic b,).

1 1
Mi 28 <(21 1. 1 2581 a1
(n-1) s6 n n
=>1<b,<1+ 3
n

n—-= n—=« n n—xa

Do: 1im1=1im[1+£] =1 3 limb =1

Bai 13.

Ta o Ul Ui 5 =10 a4 07 =40 S 412
— Un+3 o Un+1 45 Un+2 s Un

Un+2 Un+1
Dé_.( Vn = Un+2 + Un

n+1
Suwyra V;=Vo=Va=. =V (Ve ?
2

U,,+U U,+U UJUT'E o

Do d6 n+2+ n:Vn:VI: 3+ : gt 1
Um—l U2 U2
SO wiga c7
[SAOP

Suyra U ,=V.U_, -U_ (neN)

ViU,U, VeZnénU;=V.U,, Uy =V.Us - Uy, ... déu thudc Z.

ViyU,e Z,Vne N".
Bai 14.
1
Ta €6: 0, =1n(1l + ufl)é - 2004 :é-ln(l +u?) - 2004
Xét ham s6: f(x) = %ln(l +x%) - 2004

Ham f(x) lién tuc trén R va f'(x) =
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i

= £—:VxelR
2

F+ix®

bit g(x) = x — f(x). Him g(x) lién tuc trén R va c¢é

nén |f'(x)| =‘

g(x)—x—m>0;VerR
Sl |

Do vdy g(x) 12 haim s& don di¢u trén R.

Ta c6: g(0).g(-2004) < 0 = g(x) = 0 <> f(x) = x ¢6 nghiém duy nhit x = b.
Ap dung dinh li La-gd-ring thi 3¢ € R sao cho:

lu,.y = b| = [f(u,) - £(b)| = |f(c)|.Ju, - D]
g :
|Un+1 = bl < E

1 2 1 n
s, <bl< o2y U |unl—b|<...s{§) fa=b]

Do d6 limu, =b.

Bai 15.
Facamh =11 —L
| s U2 2\/5

Theo quy nap u, >0 (Vn € NY)

f \/‘
# i
Pitv,= — vdiv, =1, v2_2\/_

un

Ta dudgc v, = \/ﬁv + ﬁ+—vi
vi, -22v v +vi=1 (*)
T trénsuyra: v, —2J2v, v, ,+v2, =1 (%%
Tir (*) v6i (**) ta dugc: (v,,, —v,,(V,., +V, —22v_, =0
2 =22y
Phlrdng trinh dic trung: x* — 24/2x +1 =0 c6 hai nghi¢m la:

=\/——1 xzzﬁ+1

S6 hang tong qudt v, = A(x))" + B(x,)"

+v, =0 (viv,>0 va déng bién)

n+l
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A=—-=
Tirvi=1, = 2.2 suy ra 2
1
Ba
2
2 1 el -
Sohangvn=—§(\/§ul) +§(J§+1)
Viy sd hang u_ = 2
' B SiGIE A= N 1)
Bai 16.

Ta phdi chiing minh bing phuong phdp phin ching.
Gia sl cdc s hang uy, u,, ..., Uyps déu khdc nhau. Khong mat tinh t8ng quit
ctia bai todn ta gié ST Uy < Uy < ... < Uyges lic d6ta céd u >k véimoik € N,

1 ,
szmr < R D)

2004 2004

Z J_ < Z 2(vk - vk — 1) = 24/2004 ; mau thuin véi gid thiét.

Viy ¢6 it nhat 2 s6 hang clia ddy s6 la bing nhau.
Bai 17.
Dung phuong phdp phdn ching
Gia st tdn tai déu, =a',a e N
Ta ¢6 3(n” +n) + 7 = a’ (1)
Vi 3(n® + n) = 3n(n + 1) 1a s8 chdn, tr (1) = a® 1a s6 1&.
=alasdlé=>a=2k+1,keN.
Thay a =2k + 1 vao (1) ta ¢cé6:
3n®+n)+7=02k+1)? < 3n®*+n+2) =8k’ +12k* + 6k (2)
Do 3(n®+n+2):38 = 8k®+12k® +6k:3
Ma 12k® + 6k:3 = suyra 8k* ! 3
Do(8,3)=1suyrak’i3=>k:3
Suyrak =3l 1 € Nthay vao (2) ta c6:
3(n®*+n+2)=827° +12.9/* +6.3]
hay n®+n+2=6[12° + 61* +1] 3
V& phéi ciia (3) chia hét cho 3, con v& trdi n® + n + 2 khong chia hét cho 3 v6i

% &
moine N .
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That vdy: n =3k thi n* + n + 2 khéng chia hét cho 3.
n =3k + 1thin’+n+2 =9k’ + 9k + 4 khong chia hét cho 3.
n =3k - I thin®+n+2 =9k’ - 3k + 2 khong chia hét cho 3.
Tir (3) = diéu v Ii.
Viy khodng c6 phén tif ndo chia day s8 12 1ap phuong clia mdt s nguyén.
Bai 18.
u? +2003u, u,(u, - 1)
SAeE  E R o

*

Fachn. .=

,nelN
2004 =

NViur=2Znéntach:2=mi<ib<m< o <u,<...

Tic (u,) la diy ting.

Ta gia sir ddy nay bi chin trén, lic d6 ton tai s& I sao cho:
limu, =1 (d€y1>2)

n—x

u? +2002u,

Khi dé limu_, =1lim
n—x n-—s 2004
I* + 2003/ [=0
Eo D
2004 l=1

Di¢u nay vo li vi /> 2. Nhu vdy day (u,) khong bi chin.

; )
Tirdé ta cé: limu, +© = lim— =0

n—x n—x u
n

i u{u =1
T gia thiét ta ¢6: vy — u, = 22—
s i 2004

<~ un(un_' l) = 2004(un+l 2 un)

e S S B
U =1 U =1 u el

n+1

Cho n ldn lugt nhin cdc gid tri 1, 2, 3, ..., n r6i sau d6 cong n ddng thic nhan
dude v& theo vE ta cé:

n

S, 3 M doeandl st S 3 oty =
=3 & 1

i=1 Ui s T R Upar —

limS, =lim 2004(1 S 1] = 2004

n—7* n—-« —
um-l

Bai 19.
V6i mdin € N, dit: t, = max{X,, Yn, Z,)

Vo=min{x, vy, z.}
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(1)

n

+ Tir gid thi€t, d€ thy: t,, <t, + S5l Vne N
P ,
va n+]>Vn+r,VneN (2)

L t— , vneN.

=V,>Vy Vn e N va
5 : Vn+1 Vn
Dodé: Yo <o vneN
Vn V()
Vivay tir (1) va (2) ta cé:
-tﬁ€t§4+2.—t& ist§_1+2ﬂ-+—1—2,w>1
Vn—l anl VO Vr}
4 +—1—J,Vl

‘st =nt2.=2 :
ot 2 (VO Y

1 ] Yl =t Jﬁ{t0+vi},bfnzl

0 0

o V! Vzl+2+L N2 w2, ,Vn>1
n-1 t’[}
2 2 0 VO
= V25 V242n.-252n.—-2 Va>1=V,>Jn
tO t’() 0
Do V,<x,=t, Vn= 1, nén tir (3) va (4) ta dugc
svn < x, <tvn, Vaz 1véis s |20y =g 4 L
tO VO
Bai 20.

o & A 0 gk ol >0Vn e Z" = (U,) ting.
(n+1)!

. i—l,‘v’k22

i
TS e

= 1 1 1
U, <2+ ——-—|=3-=<3;VneZ
U2+ 3T 1]=8-Leaime
Vay (U,) hoi tu.

1 1

*Vou - VosUp-Up b e —
(n+1)! n!

= - ——1—: e £0,VneZ
n+1!-n! m+1)!
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= (V,) gidm. V,>U,>...> U, =2; Vn € Z*. Viy (V,) hdi w.
TNV, =U_ + i va lim—l— =0 nén limV, = limU,,
n! n! :
* Gid sit limV, = imU, = % € Q*, i V,>U,; (V,) gidm, (U,) tAng nén ta c6:
m : e

Un<E<Vn,Vne£.Chon=Nladugc:

I G, S BReER . S ¥ N!

SN SN g < N-DLIs Y
Zk N N! z k! g{;kl

Vay ton tai mdt s6 nguyén m.(N - 1)! niim giita 2 s§ nguyén lién tiép

Z va 1 +Z—k—: mau thuin.

Viy limV, = limU, € Q.
Bai 21.

Dity,= ¥n’ +3n2+n+1. Viy ta c¢in tinh
lim[cos(nn.y ) + sin(nn.y, )]

Do n(n + 1) 1 s6 chdn nén ta c6:
cos(nn.y,) = cos[-mn.y, +n(n + 1)r]

=cosmn(n + 1 — y,)

(n+1)*-y°
m+1)°+y,(n+1)+y?

COSl:TID.

2nn*
= COS 3 L
m+1)"+y (n+1)+y:
2n

= COs

2n

2 2
(1+ 1} +y".(1+ 1]+{y“)
n n n n

Tacé: lim¥n =1, Viy limcos(nn.y,) = cosﬁ eidt
n—x 1) n—s= 3 2

2n \/§

va limsin(an.y,) = -sin=—- = - 22
n—x 3 2

Tuwdng wr ¢6: sin(nn.y,) = —sin
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Viy ta ¢6: lim[cos(nn.y,) + sin(mn.y, )] = — L +2J§

Bai 22.
*Liapludndudca=u, <y <us<.. i,

* Chitng minh day {u,} khong bi chiin trén = iim—l—

=0,
un
n u.
SRt N = e
: :Zl B, =il
* Tl gid thi€t suy ra 2003(u,, — u,) = uy(u, — 1)
—ag0) L oo 1 | i
u'n 3 1 un*l 5y 1 un+1 s 1
* Suyra V, = 2003 LR :
o — 1 un+l 2 1
SuyralimV, = 2od
a—1
Bai 23.
Tir cdch cho day ta ¢6
Uy =U; — 1y
U; = —u J
P St Nig, of) (1)
Us = —U, i1

Ug=-Up + 1,
Bing quy nap todn hoc ta chitng minh céng thifc sau:
U= Ug. Vke Nval=1,6 2)
e Vdi k = 0 hién nhién cong thic ding.
e Gid sif cong thitc diing vdi k = n. Tic 1a
U; = Uggen 1 = 1,_6
Ta chitng minh c6ng thic diing véik =n + 1.

Thét vy ta c6

® Ugn+1)+1 = Ugp,p = Ugnig — Ugns = Ug —Us = U,

® Ugnipez = UYgnss = Ugnsz ~ Ugnig — U1 —Ug = Uy
® Ugni1):a = UYgnsg = Ugnsg — Ugnay = Ug —U; = Uj

Tudng t: @ Uy, = Uy —Uy = U,
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® Uganyes = Uy — Uy = Uy
® Ugin,iyg = Us — Uy = Ug

Viy cong thite dugc chitng minh.
6n
Do (l)va(2)néntasuyra S, => u, =0ne N
i=1
Tir d6: Sz()(}:; = SZ()(M = Upop4 = 0- Ug=U— U, = S§003 - 82003 +1
< Sgoo:; ~ 285003 =1 =0 & Sypn = 1.
Bai 24.

Véi n > 1, 4p dung bat ding thitc Co—si

ter + (1 - ) 22 i, (A~ ) > 2.% L1

=0 ynte i

n+1

= (u,) 1 ddy tang. lai theo gid thiét (u,) bi chin nén tén tai limu, .

n—x

Goia= limu,.

n—=»

Theo gid thiét, Vn € N.

u,,,1-u)> % = limu,,,(1-limu,) 2

|

2
<::'.sa(l—a)2l @(a—l] <0 :>a=limun=l.
4 2 non " 2
Bai 25.
Véi Vx € [0; 1] ta ¢6 sinx <x.
Tacé:a’=1=>0<a, =sinl <1 =2, Quynap =>0<a,<a,;<..<a <a
=1 nén [a,] gidm va bi chin dudi bai 0.

=3lima, =0= hma_ = liml

n—o+r n-=—s+an n—=s»+x» an
Ap dung gidi han:

. 1 1 WO R 2x —sin 2x 1
ligf ——-—<1=lim~——a—=1m = T =—
0\ 8in®x , X -0 x°sin®x n0 2xsin“xXx+x"sin2x 3

W . om=~n=1)
Suyra: lim — = lim ——————~=
n—a+r n—+x 1 1
=3 o g
a'n an an—l
1 1
= hm = lim =—=3
n—+a0 1 1 n=>40 1 1 1
S o LG SR
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Bai 26.
Tir gid thiét ta suy ra:
{an+2'an =8,,N,,2+P
A48, =8p,p8,,3+P

Suy ra: (an+4 i an+2)an+1 & (an+2 B an )an+3
hay a 1y 28 A, = a9 * a, . Vn € N" (*)
a‘n+3 an+l
Tir (*) suy ra:
B ol a.+a = 2
n:2 _n -3 _"1-3 néu n lé

a a,

n+l

a ,+a a, +a +3 e =
P8 278, B néu n chan

an+1 aa
a,.,=08,,6 =8, néu n le
hay _p+3 PRen T
a,,, = 5 a,, —a, néunchin
Téng quét:
890,53 = 38gn,0 — 8pny
_p+3
a2n+2 . 2 a2n+1 = a2n

Do d6 vdi a, = a, = 1; a; = 2, moi sO hang cia (a,) déu 1a s6 nguyén khi
p+3 ;
2

nguyén < p 12 s6 1¢.
Bai 27.
u u,

Tacb ugy — U, = —2— < —2- = 2003 —1—— .
2003 u . B et

n+l

:>[ﬁ+52_+52+...+ ”n J:2003{l— : J=2003[1— - J
u, uy Uy Usn uy Uy, Uni

Tir gia thiét, ta c6 (u") 1a diy don di¢u ting, do d6 néu n6 bi chin thi

limu, =a>1 (1)

n-»x

: : ; u? a’ eem
Suy ra kgguml - }]1_1.1}[2003 +un] =a= 2003 +a = a=0(rdivai (1))

Vay (u,) khong bi chidn, suy ra limu_, = = limi =1)

n—=« n—x u
n
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i3

J = 2003
u

n+l

Vi viy 1im[& P 8808 — } = 1im2003(1 -

T My - My Una s
Bai 28.
Khong thé suy ra dudgc.

Ching han ta xét day x, = cos(mloglogs,), vdi n > 1 va x; tuy y. Ta ching

minhnéua> 1;b>1;¢>01a cdc s6 nguyén thi
lim(x, ¥x_, F=i0)
n—x an

+nb+c
Tacékhin> 1 thi:
Xa+ X , = cos(nlog, n) + cos(nlog, log, n*)
= cos(mlog, log, n) + cos(nlog, log,n + ) = 0

Suy ra }]i"?:x{(:os[:f:l'og2 log,(an® + bn + ¢)] — cos(n log, log, n*)} =0
Thét vy ta d& dang ching minh dudgc | cosx - cosy| < [x - y|. *
Dod6  |cos[nlog, log,(an® + nc + ¢)] - cos(x log, log, nz)l <

< ’:rrlog2 log,(an® + bn + ¢) - nlog, log, n2| <

< Tr(log2 log,[(a +n + ¢)n*] - log, log, n2| <

<n|log,[2log, n + log,(a + b + ¢)] - log,(2log, n)

log,(a +b+c)
2log, n

=t —>0,n—>ow

log, [1 +

Trong khid6 limx # 0 vi |x,| =1khin=2% keN.
Bai 29.
Trude hét ta chitng minh ding thic:
u, - 2003 (a e 2003]2"

u, +2003 |a+2003
+V@in=1
2
*luy + 209801 o003 :
u, ~2003 2 u, 2 —2.2003u, + 2003
5 2 2 2
u, +2003 2008° .00 uj+2.2003u, +2003

0

u[}

_ (U, ~2003)* _ (a-2003)*
(u, + 2003)>  (a + 2003)
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2003 (a-2003)"
+2003 \a+2003

+ Ta chiing minh déng thitc ding véin=k + 1, nghla 1a chimg minh:
u,, - 2003 [a ~ 2003 )2

+ Gia sit ding thirc diing vdi n = k ta c6:

u,,, +2003 \a+2003
2
L o 2003" ) _ 2003 >
T o Ui = 2003 _ 2 u, _ (u, —2003)* _
u, , +2003 _;[ 2 20032J R 2003)*
20 u,

2 +1
_ (v, -2003Y _ (a—zoosf =(a_2003)‘“
~ Lu, +2003 a + 2003 a + 2003

Viy ding thic ding v6i moi n nguyén duong.

2n
Ta c6: B <1va lim a-
a+ 2003 n-=\ a + 2003
hay hm—ﬂ
nox u_ + 2003
P V.= e 2088 e ir e 1T i
u, + 2003 1-V,
Do limV, =0.

n—x

Viy lim U, = 2003

n—x

Bai 30.
u(1+q' +q* +...+q" ) =a

Ta c6
l(1+1+i+...+ = J=b

g g q
a1

a= 1)

u, i (

s [1] =

e ‘i (2)

01

q
n(n-1)
P = uu,..u, =uuquqg’.uq-1=uig"**" =ulq 2
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= p2= afnqn(n—l) 3)

TiY (1) va (2) ta dudc % =u2q™' >0 dog>0

a“ 2n__n(n-
3&} = u"q"™" @

Tir (3) va (4) = p’ = [%J o |P| = [%Jz

dou,:»O\p'z‘iq>0n<~":nP=[%]2

Célu 31.

U, = 2003
(D

2°U,, =[2"U, -1

* Ta chifng minh: U, >2'" (2)
(1) Upyy = Ju, —27

Chitng minh (2) biing phuong phép quy nap:

U, = |U, - 2°| =[2003 - 1| = 2002 > 1

e Gid sif (2) diing vdin =k, ta ¢6: U > 2% (3)
Tacs U, =[U,-2%-2"> 2" =2 (theo (2))

= U,,, >2"" = (2)ding véin=k + 1.
Theo nguyén li quy nap thi bat ddng thite (2) diing Vn € N.
TR (D) vEQY i Yo =< 2™
SU;=0,-2"

U;=U,-27

SR R

Vst s
Cong tirng v& cdc ding thifc trén ta cé:

n-1
Us=Up- D 2% (4)
k=1

?'l'...-i- 2n_1 =

.1(1_ _1_]
% nz:_lz—ruk s l+ 1 1 2 2n—
2

k=1
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=1- 2" (cdp s6 nhin)
1

2:1—1

T (4) = U, =2002 - 1 +2"" =2001 + 2" = 2001 +

= lim U, = 2001 + lim - = 2001

nosir n—sin 90-1
Bai 32.
Tacé: f(n)=[(n’+1) +n]2+ |
=+ 1) +2n(0’+ ) +n’=1
=’ + 1)’ +2n+2) = (0’ + D(n + 1)> + 1]
 f(2n-1)  (4n*-4n+2)4n*+1) (@n-17+1

D()d(’)- - 2 2 X 9
f(2n) (4n° +1)4n° -4n+2) (@n+1)7%+1
Pl 86t 5Ll ilas1" ] 1
Suyrau,= —; i e > ==
S 18T Tul - 2nrlF +1, .. 90° 3 Inid
= nfu = -
" on? iy on +1
Viy limn\ﬁ::hm :
n-»x n—sr Jz = 2 it 1 ¢ 1
n i onald

§7. HINH KHONG GIAN
A. DE BAI
Bai 1.
Cho mot tr dign ABCD ¢6 miit ciu ndi ti€p vdi ban kinh r khong ddi.
Goi Ry, R, Ry lan lugt 12 ban kinh clia mat cdu bang i€p wng vdi dinh A, B
C, D ctia t¢ dién ABCD.
Hay xdc dinh tt dién &y d€ (R, + R + Re + Rp) ¢6 gid tri nhé nhat.
Bai 2.
Cho diém M ¢§ dinh ndm trong géc tam dién Oxyz ¢d dinh. Cdc mit phing
qua M song song véi cic mit tam dién cdt Ox, Oy, Oz lan ludt tai A,, B,, C,.
Mit phing () di dong qua M va cit Ox, Oy, Oz ldn Iugt tai A, B, C khéc 0.
OA, i 0B, OC,

’

a) Chu inh: + =4
ey i OF e
b) Tim vj tri cia (o) sao cho: 1 + . + e Je dat gid tri

omas Yomsc  Vomca  Voasc
I6n nhat?
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Bai 3.
Cho tam gidc nhon ABC, M 1a trung diém BC, P 12 mot diém trén doan AM
sao cho PM = BM. Goi H la chan dudng vudng géc ha tir P xudng BC; Q la
giao diém clia AB véi dudng thing qua H va vudng géc v6i PB: R 1a giao
di€m cla dudng thing qua H va vudng goc véi PC. Chitng minh ring dudng
tron ngoai tiép tam gidc QHE ti&p xiic vdi BC tai H.

Bai 4, :
Cho uf di¢n OABC vuéng tai O. Goi a, B, v 1a gée tao bdi dudng cao xuit
phdt tir O véi cdc canh OA, OB, OC.
Chifrng minh:

gein'a £ ginh 4 350" 5 cos? .32 4 cos? B33P 4 cos? v/ 8%

Bai 5.
Cho tam gidc ABC va di€ém M nim trong tam gidc. Cdc diém A,, B,, C, theo
thit ty thude cdc canh BC, CA, AB va thod min diéu kién A,B, // AM, B,C, //
BM, C,A, //CM.

Chitng minh ring S(A,B,C)) < %S(ABC).

Bai 6.
Cho tf dién vuong OABC v3i OA=ON =0C == a
a) Xdc dinh mit phing (P) sao cho t6ng dién tich hinh chiéu cdc mit cla uf
dién 1¢én (P) dat gid tri 16n nhat.
b) (P) hdp vdi (BOC), (COA), (AOB) cic gécnhon o, B, y. Chimg 16 € + B+ y< .
Bai 7.
Cho (d) va (/) 1a cdc dudng thing chéo nhau trong khong gian. Goi A, B 1a
cdc diém 1an lugt & trén (d) va (/) sao cho AB la dudng vudng géc chung clia
(d) va (/). Goi C, D 1a cdc diém di dong 1an lugt trén (d) va (/) sao cho CD ¢6
do dai khong ddi, dong thdi C khong triing véi A va D khong tring vdi B.
Chitng minh ring tim ctia mit cu ngoai tiép & dién ABCD & rén mot duding
trdn ¢6 dinh va tAm ciia dudng tron niy 12 trung diém clia AB.
Bai 8.
Goi R 1a bdn kinh mat ciu ngoai tiép uf dién ABCD.
Goi G,, Gy, G, Gy la trong tim cic tam giac BCD, ACD, ABD, ABC.
bit: AF, = m,; BG, = my,; €G,. = m.; DGy = m,

Ching minh ring: R > 1_36_ (m, + my + m, + my).
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Bai 9.
Cho uf dién ABCD ¢6 trong tdm G va ndi ti€p trong mit cdu tdim O. Cdc
dudng thing AG. BG. CG. DG lan lugt cit mat cAu tai diém thit hai A’, B’, C’, D".
Ching minh ring:

AA’+ BB’ +CC'+ DD’ > -—J%(AB+AC+AD+BC+BD=CD)

Bai 10.
Cho it dién SABC ¢6 thé tich V. Liy M niim trong tam gidc ABC, qua M
dung cdc dudng thing song song vdi SA, SB, SC cdc dudng thing nay cit
mp(SBC), mp(SCA) 1dn lugt tai A;, By, C;. Xdc dinh diém M biét rling thé
tich MAB,C, dat gid tri 16n nhat.

Bai 11.
Cho tf dién OABC vudng tai O. Goi a, B, 8 1an lugt 1a géc giita dudng cao
OH vdi cdc canh OA, OB, OC. Tim gid tri nhd nhét ctia bi€u thic:
cosa +cosfl cosP+cosd cosd+cosa

T 2o % 2 & 2

cos” & cos” o cos” B

Bai 12.
Cho ti¥ gide 16i ABCD khong chita trong mp(P). Goi A’, B, C’, D’ lan lugt 1a
hinh chi¢u xudng mp(P) thco phép chiu song song cia A, B, C, D. Chiing
minh riing cdc 1 dién ABCD’ va A'B'C’D ¢6 thé tich biing nhau.

Bai 13.
Trong mdt tam gidc ABC, nhitng tam gidc ndo 1am cho biéu thic sau dat gid
tri 16n nhat.

Ysin A + ¥YsinB + ¥sinC

= \/ A J B J C
3Ccos + 3/Ccos + 3/COS -
2 2 9
Bai 14.

Cho ti¥ dién ABCD véi AB = CD =a; BC = AD =b; AC = BD = c. M la diém
wy ¥ trong khdng gian. Tim gi4 tri nhd nhét cha bi¢u thic MA + MB + MC + MD.
Bai 15.
Cho hinh chép S.ABCD ¢6 ddy 1a hinh thoi ¢6 dinh canh a va thé tich khéng
ddi. Tim vi tri ctia S d€ dién tich xung quanh nhd nhat.
Bai 16. _
Cho hinh lap phuong ABCD.A’B’C’'D’ canh a. Piém M thudc doan BC’, diém
N thudc doan AB’. MN tao vdi mat phing (ANCD) mét géc o.
a

Ching minh ring: MN > .
J2 cosa + sina
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Bai 17.
Tit dién ABCD ¢6 canh AB = x, cdc canh cdn lai biing 1. Tim gi4 tri 16n nhat
ciia thé tich ctia 1t di¢gn ABCD.

Bai 18.
Cho hai mit cdu (S;) va (S,) bén kinh khdc nhau ti€p xtc ngodi nhau. Céc
mit cau nay nim trong mdt mat nén (C). Mdi mit cdu iép xiic vdi mit nén
thco mot dudng tron. Trong mit nén cdn ¢6 n hinh ciu nhv nhau x&p thinh
mét vong sao cho mi mjt trong ching ti€p xic vdi mit nén (C), ti€p xic
(S1), (Sz) va iép xic vdi hai hinh cAu hai bén. Tim n?

Bai 19.
Trong khéng gian cho bdn tia Ox, Oy, Oz, Ot sao cho céc g6c tao bdi hai tia
bt ki déu biing nhau. Trén cdc tia Ox, Oy, Oz, Ot 1an lugt 18y cdc diém A, B,
C, D. Chitng minh ring véi moi diém M trong khong gian ta c6;

MA + MB + MC + MD > OA + OB + OC + OD

Bai 20.
Cho hinh 14p phuong ndi ti€p trong hinh cidu S(O; R) véi R = a. Trong hinh
ldp phudng ay lai ndi ti€p mot hinh cdu S,(0; R,). Qua trung diém ciia hai
canh lién i€p ciia hinh 1ap phuong ta dung mdt mit phing (o) iép xic véi
hinh cdu S,(O; R;). Mt phing (c) cit hinh 1ap phuong theo thiét dién 14 hinh
gi? Tinh dién tich cta thiét dién dé theo a.

Bai 21.
Cho tf di¢n OABC ¢6 3 géc phing & O déu vudng. Goi x, y, z lan lugt 1a cdc
goc nhi di¢n canh BC, CA, AB ctia 1 di¢n. Tim gi4 tri nh6 nhit cda bicu thic:

7 (s 1 T 1 o 1
E=  [sin” x + —— + [sin’ y + — PSSl | S
sin” x sin” y sin” z

Bai 22.
Hoi ¢6 thé x&p vao hinh 1ap phuong canh 1 hai hinh t dién déu canh g\@ $a0

cho mién trong ctia hai hinh t& di¢n d6 khdng ¢6 diém chung nio hay khong?
Bai 23.
Bdy hinh chép S.ABCD Ia hinh thang cdn ABCD ¢6 ddy AB = a, gbc nhon
biing o. Puding cao hinh chép SO = h (véi O & ngoai ABCD). AO cit CD tai
trung diém K ctia CD. Tinh goc tao bdi mit bén (SBC) va ddy (ABCD) néu
AO: OK=4:1va AOB = 90°,
Bai 24. '
C6 ton tai hay khéng mdt hinh chop tif gide déu c6 thé tich V = 2004 va cdc
canh, di¢n tich toan phan déu la s& nguyén.
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Bai 25.
Cho mét géc tam dién c6 khong qui mot géc phing 12 vudng. Qua dinh cla
n6 ta vé 3 dudng thing, mdi dudng déu vudng géc véi mot canh cla gée tam
dién va nim trong mit clia tam dién khong chita canh d6. Chitng minh riing 3
dudng thing 4y ciing nim trong mdt mit phing.

Bai 26.
Cho t dién ABCD néi ti€p trong hinh cdu tim O, bén kinh R v6i tim O nim
trong tf dién. Goi A’, B/, C’, D’ lan lugt 1a giao diém cla cdc dudng thing
AO, BO, CO, DO véi cdc mit déi dién (BCD), (CDA), (DAB), (ABC).
Chitng minh: AA” + BB’ + CC" + DD’ > %—

Bai 27.
Cho ut dién ABCD vdi AB=CD=a,BC=DA=bva AC=BD=c.
a) Tinh thé tich tf dién ABCD theo a, b, c.
b) Tim vi tri diém M trong khéng gian sao cho téng ¥ = MA + MB + MC + MD

dat gid tri nhé nhat. Tinh gid tri nhd nhat dé.

Bai 28.
Cho t dién ABCD ndi ti€p mit ciu tdm O, bdn kinh R. Hay xdc dinh vi tri
ctia diém M trén mit cdu sao cho S = MA? + MB? + MC? + MD? dat gid trj
16n nhat, nho nhat.

Bai 29.
Chitng minh ring:
Mot 1 dién thod mén hai diéu kién: nim canh c¢6 d6 dai nho6 hon 1, con canh
thit sdu ¢6 dd dai tuy ¥ thi thé tich cda né nhd hon %.

Bai 30.
Cho hinh chép tam gidc déu S.ABC.

o= (SA,ABC; B = (SBC,ABC:y= (SAB,SBC; a; B;y € [0; %J

Gid st o, B, v thay ddi: a = y > 2P, ddng thdi dung dudc thi€t dién qua BC va
vudng goc vdi SA tai D. Chiing minh:
Vsnen dat gi4 tri I6n nhit < a, B, y 12 cip s6 cong.
ABCD

Bai 31.
Cho t di¢n déu SABC. Qua dudng cao SO ciia tif dién dyng mot mit phing
cdt cdc mit bén theo 3 dudng thing tao véi mit ddy clia tf dién cdc goc a, B, v.
Chitng minh riing: tg’o + tg°p + g’y = 12.
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Bai 32.
Cho u# dién ABCD ¢6 t6ng céc géc phing & dinh A biing 180° va dién tich
cdc tam gidc ABC, ABD, ACD biing nhau va biing S, hinh chiu vudng goc
clia A trén mp(BCD) thudc mién tam gidc BCD.
Goi u, v, ® lan lugt 1a goc tao bdi mp(BCD) vdi cdc mit (ABC), (ABD),
(ACD). Chitng minh riing:

sin’u + sin’v + sinw <

w| oo

Bai 33. .

Cho mdt s6 hitu han hinh cdu giao nhau tao thinh mot hinh ¢6 thé tich 1a 27.
Chu’ng minh ring: hodc tdn tai mot hinh ciu hoic tdn tai mét s& hitu han hinh
cau doi mot khong giao nhau sao cho thé tich ciia né hodc t6ng thé tich cla
" chiing 16n hon 1.

Bai 34.

Cho uf dién ABCD c6 AB.AC.AD = 54081; Liy O 1 di€m bat ki thudc mién
trong tam gidc BCD. Tir O ké cdc dudng thing Iin luot song song vdi AB,
AC, AD ciit (ACD), (ABD), (ABC) lin lut tai B, D,, C,.

Chitng minh riing: OB,, OC;, OD, < 2003,

Bai 35.

Cho uf di¢n ABCD c¢6 tinh chat: mit cdu ndi tiép ciia t¢ dién ti€p xtic véi mit
(ABC) tai tdm dudng trdn ndi ti€p I clia tam gidic ABC, ti€p xiic vdi mat
(BCD) tai truc tAim H ciia tam gidc BCD va (i€p xiic vdi mit (ACD) tai trong
tdm G ciia tam gidc ACD. Chitng minh ABCD i tit dién déu.

Bai 36.

Cho hinh ling try uf gidc ABCD.A,B,C,D;. Mot miit phing (F) thay déi, luén
song song véi hai ddy, cit cdc doan thing AB,, BC,, CD, va DA, ldn lugt tai
cdc difm M, N, R, Q. Hay xdc dinh vi tri ciia (P) sao cho i gidc MNRQ ¢6
dién tich bé nhit.

Bai 37.

Cho tf gidc 16i ABCD, AC cit BD & O. Goi 1y, 1y, 13, 14 ldn lugt 14 bdn kinh
ndi ti€p cdc tam gidsc OAB, OBC, OCD, ODA. Chitng minh ring tf gidc
ABCD ngoai ti€p duge mét dudng tron khi va chi khi:
B R TR
+ +

Bai 38.

Cho ut dién ABCD c¢6 cdc canh xuit phdt tir A doi mot vudng géc véi nhau.

Goi a la canh 16n nhat xuit phat tr va r 12 bdn kinh hinh ciu ndi ti€p i dién.
Chitng minh ring: a > (3 + +/3)r.
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Bai 39.
Cho tit dién ABCD ¢6 AB = BC = 2a, AC = BD =2b, AB.CD = 4c’, Goi M la
diém ty ¥ trong khong gian, dit f{M) = (MA + MB + MC + MD)?. Chiing
minh ring:

f(M) > 8(a® + b® + ¢?)

Bai 40.
Cho t dién vudng OABC dinh O. Goi R, r l4n lugt 1 bén kinh mit ciu ngoai
ti€p, ndi lié'p tf dién.

3f+3

. Khi nao ding thifc xdy ra.

Ching minh: — >
r

Bai 41.
Cho hinh chép O.ABC ¢6 OA, OB, OC dbi mot vudng géc véi nhau va OB +
OC = OA. Goi OAB = m,0AC = n,BAC = p. Chitng minh:
tg’m = tg°n + tg°p > 1
Bai 42.
Cho géc 1 dién Sabed chitng minh:
Mp(Sca) L mp(Sbd) <> coso.cosd = cosp.cos.cos@
Vdi o, B, © 1an lugt 1a goc gita (Sa, Sb), (Sb, Sc), (Sc, Sd), (Sd, Sa).

Bai 43.

Cho tam gidc OAB ¢6 dinh. Ot la dudng thing chuyén dong trong khong gian
v ludn di gia O; goi C va D 12 hinh chi€u ciia B va a trén Ot. Xdc dinh vi tri
ctia Ot sao cho thé tich V agep 16n nhit.

Bai 44. -
Cho ABCD 1a i dién gin déu véi AB = CD = a, AD = BC = b,
A€ = BD =, S la dién tich toan phén cla tf dién, ching minh ring:

1 1 19 9

+ + < —
a2b‘2 b2c2 c2a2 SZ

Bai 45.
Cho hinh lap phuong ABCD.A'B’C'D’ canh a. Goi P, Q 14n lugt 13 hinh chiéu
cia B’ trén mp(BC'D) va mp(A'DC).
a) Chiing minh ring cdc diém B’, P, C’, Q cling n¥im trén mdt mit phing.
b) Ching minh ring PQ vuéng géc véi mp(AB’C’) va tim khodng cdch giita

PQ va AB’.

Bai 46.
Cho tf dién ABCD c6 tdm mit cdu ngoai i€p 12 O. Tim cdc diém M trong
khong gian sao cho 4 trong tdm cla 4 tf dién MBCD, MACD, MABF va
MABC céch déu diém O.
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Bai 47.
Cho hinh chép S.ABCD, goi A’, B’, C’ va D’ 1a trung di€m cia cdc canh bén.
o 12 mit phing cit hinh chép cut A’B’C'D’.ABCD theo mit thiét dién
MNKPQI 12 lyc gidc déu, trong d6 M, N, J, P, Q, I va U ldn lugt 13 giao cia o
vdi cdc canh BC, CD, DD’, D’A’, A’B’, BB’ va A’S.
Tinh ti s6 thé tich cla cdc tf dién UA'QP va UAI.

Bai 48. '

Cho tf dién ABCD c¢6 thé tich V va di€ém M & trong tf dién. Liy M, d6i xing
v6i M qua (BCD), réi ké qua M; mit phing song song (BCD). Mit phing vira
ké tao vdi mit (BCD) va cdc mit con lai cla td dién mot hinh chép cut. Goi
Q:, W1, W3, W, 1a thé tich ctia hinh chép cut tao bdi (BCD), (ACD), (ABD),
(ABC). Tim vi tri cia M sao cho i W, dat gié tri nho nhat.

=1

Bai 49.

Trong mit phing (P) cho hinh vuéng ABCD canh a, tim O. Trén hai tia Bm,
Dn cling vudng géc vdi mit phing (P) tai B, D va cing & mot phia d6i véi
(P); ta 14y lan lugt hai diém M, N sao cho BM=x va DN =y (x >0, y > 0).

a) Tinh thé tich V ciia t&f di¢én ACMN theo a, X, y.

b) Tim gid tri nhd nh4t ciia V khi nhi dién [M, AC, N] 12 mdt nhi dién vudng.

Bai 50.

Cho tit dién A;AA3A, v6i G 1A trong tim. A’,, A%, A’s, A’ 1a céc giao diém
twong tng clia mat cdu ngoai i€p A;A,A3A, v3i GA,, GA,, GAs, GA,. Chiing
minh ring:

GA,, GA;, GA3;, GA, < A}, A", A5 Ay (1)

1 1t i 1 1 1 1 1

GA’, ' GA, GA, GA, GA, GA, GA, GA,
Dédu biing xdy ra khi ndo? Trong trudng hop d6, chitng minh riing:
MA, + MA; + MA; + MA, > 44R v6i M 1a diém tuy § & trong t dién.
Cdc dé bai tiép theo ddy khong cé huéng dan gidi

Bai 51.

Cho tf di¢n ABCD. Ldy H & mién trong i dién, (o) 12 mit phing ty y. Goi
M, N, P, Q lan lugt 1a hinh chi€u vudng géc ctia A, B, C, D trén (A); V,, Vs,
V3, V, 1a thé tich cdc tf dién HBCD, HACD, HABD, HABC. Ta ki hiéu:

x = V,AM + V,BN + V,CP + V,DQ

(2)

Xdc dinh vi tri cia (o) d€ d6 16n j§| ngin nhat.
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Bai 52.

Cho 3 diém A, B, C lan lugt nim trén ba canh Ox, Oy, Oz ciia géc tam dién
vudng Oxyz sao cho OA” + OB’ + OC’ =k’ (k > 0 1a s dudng cho trudc). Goi
D 12 dinh thi trf ctia hinh chit nhat OADB va M la di€ém di déng trén CD.

a) Vd&i mdi vi tri clia A, B, C goi d 14 gid tri nhd nhét cia t6ng MA + MB. Hay

tinh d.
b) Xdc dinh vi tri A, B, C d€ d dat gi4 tri 16n nhat.
Bai 53.

Cho it dién OABC c6 OA, OB, OC vudng géc vdi nhau tirng déi mot. Goi A,
B, C la ba géc clia tam gidc ABC va a, B, y 1an lugt 1a géc tao bdi OA, OB,
OC va mit phing (ABC). Chifng minh ring:

cos’o.  cos’B  cos’y

sin2A  sin2B  sin2C

Bai 54.
Cho it dién ABCD ¢6 canh biing 1. Cdc diém M, N ldn lugt di dong trén céc
doan AB, AC sao cho mp(DMN) L mp(ABC). Xdc dinh vi tri cla cédc diém
M, N dé€ ut dién ADMN c6 dién tich toan phan 16n nhit, nhd nhat.

Bai 55.
Cho hinh ling tru tif gide ABCD.A,B,C,D,. Mot mit phdng (P) thay ddi song
song vdi hai ddy cia ling try, cit cdc doan thing AB,, BC,, CD,, DA, lan lugt &
cic diém M, N, P, Q. Hiy xdc dinh vi trf clia mit phing (P) sao cho tf gidc
MNPQ ¢6 dién tich 16n nhat.

Bai 56.

~ Cho hinh chép S.ABCD. Bdy ABCD la mot tif gidc c6 dudng chéo BD chia

thanh hai tam gidc ¢6 dién tich bing nhau, AB =1, BC=CD, SA + SD = J2.

Thé tich hinh chép biing é

Chitng minh ring hinh ¢iu c6 bdn kinh R = b

b ¢6 thé dat dugc trong

hinh chép.
Bai 57.
Cho tr dien ABCD ¢6 mdt canh 16n hon a. Cic canh cdn lai déu khong 16n hon a.
3
Goi V Ia thé tich clia n6. Chiing minh riing: V < % §
Bai 58.

Cho khéi chép S.ABC c6 ddy ABC c& dinh, thé tich V khong ddi va hinh
chi€u H ctia S trén mp(ABC) niim trong tam gidc ABC.
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Goi x = h.AH.S,, y = h.BH.S;, x = h.CH.S; véi S, S,, S3 14n lugt 1a dién tich
clia cdc tam gidc BHC, CHA, AHB va h = SH.
Xdc dinh vi tri ctia S d€ biéu thic sau ¢6 gi tri 16n nht.
E=(x+y+2)x+y-2)(y+z-x)(z+Xx~-Y)
Bai 59.
Cho tir dién A A;A3As. Goi (O; R); (I; r) 1an Iugt 1a mit ciu ngoai tiép, noi ti€p ti
dién A, AxAsA,. Goi h; 12 duding cao ké tirdinh A; (i= 1,4

X 5 AA)
Ching minh riing: (OI) =R* - r*| %’ Aghy) .
l<icj<d hihj

Bai 60.
Cho hinh hp chir nhit ABCD.A’B’C'D’, canh AB = x thod man diéu kién:
véi R, 1, h, V Ian lugt 12 ban kinh mit cdu ngoai ti€p, ndi tiép, duding cao ké
tr A’ va thé tich clia t& dién A’AB’D’ ¢6
V(h-r) .2
Rizh -8
Bai61.
Cho tam gidc ABC ndi ti€p trong duding tron c¢6 ban kinh R. Tinh theo R thé
tich uf dién SABC thod man cdc diéu kién sau:
(1) SA = BC, SB =AC,'SC = AB!
(ii) Bdn kinh mit ciu ndi ti€p trong hinh chép SABC dat gi4 tri 16n nhat.
Bai 62.
Cho tt di¢n ABCD ¢6 AB=CD=a, AC=BD=b, AD=BC =c. Liy M Ia
diém bén trong uf dién va goi A,, By, C;, D, lan lugt 14 hinh chi€u ciéia M trén
cdc mat phﬁng (BCD), (ACD), (ABD), (ABC). Tinh gid tri nhé nhil cia
MA;} + MB; + MC} + MD? theo a, b, c.
Bai 63. :
Cho ngii gidc déu ABCDE ndi ti€p trong duding tron (O). Trén cung nhd AB
clia O 1dy diém M bat ki (M # A, M # B). Chiing minh;
MA + MB + MD = MC + ME
Bai 64.
Chitng minh riing trong mot tf dién:
Tong cdc géc phdng & mdi dinh tam dién bing nhau khi va chi khi tim mit
ciu ndi i€p va ngoai ti€p cla 1 dién tring nhau.
Bai 65.
Cho ti di¢n ABCD sao cho AB, BC, CA déu nhé hon canh DA, BD, DC. Tim gid
tri 16n nhat va gid tri nho nhét ciia PD. Trong d6 diém P thoi man diéu kién.
PD’ = PA’ PB? + PC*
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Bai 66.
Cho tif dién ABCD, goi o, 0, 013, 0Ly, Os, O 12 6 géc nhi dién cia 6 canh ¥
dién. Chitng minh riing:
COSOL, + COSOL + COSOL3 + COSOLy + COSULs + COSOlg < 2

B. HUONG DAN GIAI

Bai 1.
Dung mit phdng song song vdi mp(BCD)
va ti€p xic vdi mit cau bang ti€p tng vdi
dinh A c¢6 bdn kinh R, cdt cdc dudng
thing AB, AC va AD lan lugt tai By, C,
va D,.
Tit A dung dudng thing vudng géc véi
mp(BCD) cit (BCD) tai H va (B,C,D)
tai Ha.
Pidt: AH = hy, ta co:

AHj =ha + 2R,

AB,C,D; 1 hinh vi tr cia ABCD ¢6 tim A va ti s6 vi tu 1a: ﬁ :

po e CE O S dgter Aalgeedp LR e T oEe
AR Ry paRy - ., R, h,
ERY e
e
R -w ihe

Thuc hién twong o nht trén, hy, he, hp 1an lugt 13 dudng cao cia uf dién ké tf
B,CvaD.

Ta dudgc: i:l—l
Ry r hy
A1 2
R, r hg
1.1 2
R, r hy
1
i L o g bpeateglil S R _1_+_1_]
R, Ry R R, r khA h, h; h,
Ma i+i+i+i
b, e Chigiilg
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> 16

1 1 1 1
W(RA+RB+RC+RD)(w+—+—+—HJ
RA Rli RC RD

Do d6: Ry + Rg + Rc + Rp > 8r (1)
Ra+Rg+Rc=8r<>Ry=Rg=Rc=Rp<>hy=hg=hc=hp
< D(AABC) = S(AACD) = S(AADB) = S(ABCD) (2)
Tu (1) va (2) ta dudc: (Ry + Ry + Re + Rp) dat gid tri nhd nhat khi wt dién
ABCD c6 dién tich cdc mit déu biing nhau.
Viy tif dién ABCD c6 dién tich cdc mit déu bing nhau.
Bai 2.
a) * Theo gid thi€t suy ra OM 1a dudng chéo clia hinh hop c6 canh
0OA,, OB,, OC,.
* Theo tinh chit hinh hop:
OM ¥ OA[ = O_:Eil -+ Oﬁl
_OA, =+ OB, 0OC,
T OA + OB OB+ =2 oC 0C
* Do M, A, B, C dong phing nén ta c6:
OA, OB = 0OC,
OA ' OB ocC

* - -— - = .
b) *bitV, = Vm.lnlcl = VOMA,Bl = Vomalc] 3= VOMClAl ’

OA, _ OB, 0C,
X= — y: V= —

OA '’ OB Db
=XY,z2>0vax+y+ze=1.

=1

* Ap dung tinh chat ti s& thé tich:

= Xyz;
Voasc
VO yz.
= ) y
Vomas 0 B ........
A\ =7Zx
Vonca
ES T = 1 & 1 o 1 3 \/E

\%

OMAB VOMBC VOMCA VOABC
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=i( Vi e W _JEVUJ
VO

VOMAB VOMBC VOMCA VOABC

2= i(xy = yZ+2X — \fé.xyz) = L[x(y +2) + yz(1 - Je.x)]
Y V,

0
* Vai trd X, y, z nhu nhau nén gia thiét ring:

1
DX =<y=<z; x+y+/_l:>0<x<

— S 1 V[X(y +2)+ Z(.Y +2)*(1-+2.x)]

0

- %—D[xu Eariea iuxm S Jex)

(1+ Jex > 0, vx e (0; %],\/E = 2T < 3)

EXeét f(x) =x(l — )+ i(l B iy \/E.x) trong (0; l] g
Ne -2

X

Sy
- o

f'(x) - + 0 -
ix) \ / \

e B s e S ol e
r(x)_-4\/3.x + (e 2)x+2

:
3
I
I
1

4
1
X=§
{ = e
= Je -2
X uw <0
Je
M-I NE 1 il Je
fix) <f| = :———V b= - ——
=S (3} 3 27 317 V(3 27]
*Tdastmax o x=y=z= % <> mp(a) // mp(A,BC;). Khi d6 M 1 trong tim
tam gidc ABC).
Bai 3.

GolE=ABNPC;F=ACNPB;1=QHn BP; K=RH N PC.
Do MP = MB = MC nén BP | PC
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— HQ // CE va HR // BF
_IQ_PE KR _PE

"I pc' kKu pB Y

Ap dung dinh Ii X¢&-va vdi 3 dudng
AM, BF, CE trong tam gidc ABC,
ta cé:

MB FC EA
MC FA EB
EA FA PE PF
: = EF//BC = 2
el sk PC _ PB 2
; : IQ KR
Tir (1) va (2 —2 " S IK//OR 3
()va()suyraIH KH:> Q (3)
T gidc PIHK 12 hinh chi¥ nhat (Vi ¢6 3 géc I, P, K vudng) do d6: QHR = 1v
va PH cit IK tai trung diém ctia IK 4)

Tir (3) va (4) suy ra PH cdt QR tai trung diém O Cla QR ma PH | BC nén
dudng tron ngoai iép tam gidc QHR tiép xic vdi BC tai H.
Bai 4.

Ta c6: e + : + A
COH: 0OR”* OB Oc?
nén cos’a + cos’P + cos’y =
OH - OH* - O
= ~ + o i
DAS o OB D6
Pit a = cos’a, b = cos’p, ¢ = cos’y thi a
+b+c=1vasin’y=1-c.
Bit ding thic cin chitng minh tuwdng
dudng vadi:
S -9 0b. D¢
P i e e gy
iR Ul . e

1 1 g
P ~3?(1733)+§wb(1_3b)+§(1—3c) >0

<:>%(b+c—2a)+%(c+a—2b)+%(a+b—20)20

i 1 1 1 1 1
®f§‘§}“ﬂ“f§‘¥}““)f?“?yw*)

. 1 S TS e
Bit ddng thifc nay luén diing vitacy = I la ham s6 nghich bién nén:
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iﬂ 5 3
i g (ia—ibj(b—a)zo
a<b= % > % &
e o
Ddu “=" xdy ra < a = b = ¢ <> cos’a = cos’p = cos’y hay tf dién OABC
vudng cén tai O.
Bai 5.
ViMB // B,C, nén S(BB,C;) = S(MB,C)).
Viy ta cé:
AB, S(AB,B)
AC ~ S(ABC)
S(AB,C,) + S(BB,C,)
v S(ABC)
_ S(AB,C,) + S(MB,C,)
= S(ABC)
_ S(AB,MC),)
~ S(ABC)
Tudng te nhu vy ta cé:
BC, S(BC,mB,)
BA  S(ABC)
AB, + BC, - CA, _
AC: BA~ CB
S(MB,C,) S(BB,C,) S(BB,C,) S(BB,A)
S(ABC) ~ S(ABC)  S(BB,A) S(ABC)

=10 = 4
GG
S(MC,A)) “CAZBC,
S(ABC) CB BA
S(MA,B,) AB, CA,
SCARC) 9= AC. CB
To(4), (5) = it BG, ABjg .CA -BC, - A, Lagic
S(ABC) BA AC CB BA AC CB
2
< ,];(ABI L BC] CA]J 1

(2)

T (1) va (2) = 1 (3)

Mit khdc ta co:

—

Tudng v c6:

(5)

2L dhebid
“3ACTE T ) g

Suyra S(A,B,C)) < %S(ABC).
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AB
Ping thifc xdy ra < —! L=

Bai 6.
a)

~ (COA), (AOB) cdc géc a, B, y tudng Ung %

BC, CA

= = L ¢ M l1a trong tim AABC.
AC BA CB e

C d
Xét mot phdp tuyén cta (P) 1a dudng
thing d qua O. (P) hgp véi (BOC),

la géc hgp bdi d véi OA, OB, OC.

Goi i, j, k, e 1in lugt 1a cdc véctd don o
vi OA, OB, OC va d. 0. j B
Ta cé: A i

e = cosa’.i + cosP.j + cos vk
véia' = e —2 = cos2a’ + cos’ B’ + cos® ¥’ (1)
Ma a, B, v <90° nén o biing hay bit vdi o, cos’a’ = cos’c. Tudng tu d6i
v6i B, ¥ nén tr (1) = cos’a + cos’p + cos’y = 1 (2)

2
a . 2208 Sk = o 3 5
Do Sois = Soac = Soca = 5 nén t6ng dién tich hinh chiu cdc mat ¢

dién Ién (P) 12
2

S %(cosa + cosP + cosy) + Sapccose vdi @ 1a géc hdp bdi (P) véi

(ABC).

Ma cosa + cosp + cosy < +/3(cos® o + cos® B + cos? v) = 3 vi coso < 1,
2

nén S < J§—3‘2—+SABC

S max khi cosa = cosp = cosy, cosg = 1 <> (P) song song hay triing vdi
(ABC).

b) Ti¥ (2) = cos2a + cos2B + 2cos’y =0 (3)

Gidsto+P+y2m o >y>n—(@+P)>0

= cosy < cos[nt — (a + B)] = —cos(a + B) 4)
nén (Y (3) suy ra cos2a + cos2P + 2cos’(ot + ) > 0
= 2cos(a + B)[cos(a — B) + cos(a + B)] =0

cos(a + B)cosa.cosp >0 (5)
Ma (4) = cos(a + ) <—cosy < 0.
Va cosa > 0, cosp > 0 nén (5) khong thé xdy ra.
Suyraa+pB+y<m.
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Bai 7. B D o

Goi O 1a trung di¢m cla AB va I 1a /

tam cila miit cu. The thi TOA = 90°, 0] P — D" @9
nén I G trén mat phing (P) qua O va P) (f 3=t )
vubng %éc véi AB va I cling & trén |\/

mf}tl phing (?) Vunong’goc vdi AC va A \(d)
qua trung di€ém cua nd. Cc

Goi C’, D’ lan lugt 1a chin dudng vudng géc ké tir C, D dén mit phing (P).

Thé thi mit phing (Q) cit mat phing (P) theo giao tuyén 1a trung truc cia

OC’. Suy ra I phdi § trén trung tryc nay.

Tuong ty, T phdi § trén trung true cia OD’, vi thé né phdi 1a tim dudng tron

ngoai tiép tam gide OC’D’. Nhung ta cé:
CCi=DDi= 04,

rdé  CD”=C'D”+ AB’

suy ra C'D’ ¢6 d6 dai khong doi |CD2 - AB®

Goe C'OD’ ciing ¢6 dinh, vi n€u ta 1dy (d') 1a dudng thing song song vdi (d)
va di qua O rdi 1y (/') 1a dudng thing song song véi (/) qua O, thi (d’) va ()
déu & trong mat phing (P), C & trén (d’) va D & trén (1).
Do d6 Ol = —L , n6 1a s khong déi.

2sinC’'OD’

Bai 8.

Goi O 1a tdm hinh cdu ngoai ti€p ABCD. Ta c6:
4R’ = OA’ + OB® + OC” + OD’ = (OG + GA)* + ... + (OG + GD)?
(véi G 1a trong tim 1t dién ABCD).
Do: GA+GB2+GC+GD =0
= 4R*=40G +GA +GB +GU +GD + 20G(GA + GB + GC + GD)

<> 4R? = 40G* + GA® + GB? +6C*% + CD? (1)
Theo tinh chal trong tAm uf dién:
GASEm, = A8 GB = = m
4 4
GC = §mc; G = En’ld
4 4

(1) < 4R? =4OG2+3(m2+m§+m2+mﬁ)
. SR X
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:>4R221%(mf+mf,+mf+mﬁ)

Mait khéc theo B.C.S.
(m, + my + m + dg)* <4(m? + m} + m? + m?)
= 4R* > i.i(m;l +m, + m_+m,)*
16 4

< R= E(m“+mb =m_+m,)
'3 A G=0
Dang thifc xay ra <
ma = mb e mc £= md

= ABCD la uf dién déu.
Bai 9.

Dit S = AB’ + AC? + AD? = BC? + CD? + BD?

+ Ta ¢6 AA”.AG = (AG + GA)AG = AG* + GA.GA’

Mt phing qua tim O va AA’ cit mat ciu theo dudng tron 16n bén kinh R.

D& thdy GA.GA’ =R’ - OG?
Vi thé: AA'AG = AG? + (R - 0G?) > 2 JAG2(R? - 0G?)
Hay AA’> V4R? - 40G*

+ Do G 1a trong tdm ¥ dién nén GA + GB+ GC + GD = 0
T dé

GAT +GB*+GC% +GD2 =

= (GO + OA)? = (GO + OB)? + (GO + OC)? = (GO + OD)?

= 4GO* + 4R* + 2GO(0OA = OB + OC + OD)
= 4G0* + 4R? + 2G0.40G 4

Viy GA® + FB® + GC? + GD?
= 4R* + 40G? - 80G? = 4(R? - 0G?)(2)

+ Tir (1) va (2) ta duge: AA’ > VGA? + GB? + GC? + GD?
Dé chitng minh
GA’ + GB® + GC? + GD?
1

= Z(ABZ + AC? + AD” + BC*? + BD? + CD?)

Nhv thé: AA’ > %\/ABZ + AC? + AD? + BC® 1 CD? + BD?

2%J%(AB+AC+AD+BC+CD+BD)2
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Thanh thit AA’ > %(AB+AC+AD+BC+BD+CD)

26

Tuong ty, BB > —1—6 (AB + AC + AD + BC + BD + CD)

2.6

cc’> -1 _(AB+ AC + AD + BC + BD + CD)
2./6

DD’'> —-_(AB+ AC + AD + BC + BD +CD)
2.6

* Cong bon bt ddng thitc trén ta c6

AA’ + BB+ CC' + DD’ > % (AB + AC + AD + BC + BD + CD)
+ Dau ding thic xdy ra khi ABCD 1 uf dién déu.
Bai 10.
AMNBC=P,BMNAC=Q,CMn AB=R.
Do dinh li X¢&—va ta co6:
PM+QM+RM:1 S MA, +MB1 +MCI .
PA QB RC SA SB SC
Do géc tam dién S bing géc tam dién M nén:
Viase, MA, MB, MC,

Vase SA SBSC
[1 (MA1 MB, MC, H 1
Sl + + =

1

BUSA 8B NCL At
Do d6é Vy, ., 16n nhat
L MA, _MB _MC 1
SA AB 8C. 8
Két ludn: M 1a trong tdm tam gidc ABC.
Bai 11.

Balx:cosa,y=cos[3,z=cosf§:>x=% ¥y = il HPREAL

OAZ? g " 8o

12 g e e
oa’ "o toct om - YRS

=0<x,y,z< 1dodé a, B, 8 déu nhon.

Vi:

X+y y+z z+Xx

z‘). X2 y2

T et b=
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z X2 ¥

2 2 2
LXEF T B ZHX +(x+yj +[y+z) NEAR:
z X y Z X y

2
Lo2)y(X 2]y, ) 1 xey yra, 2ex
P T X -3 z X y

Z2+2+2+%62=18 (a)

Xét (x+y+2)T= (x+y+?)(x+y+y+z+z+x]

Vv

(Bat ding thic Co—si va B.C.S).
Ngoﬁira:0<x+y+zs\/3(x2+y2+z2 =3 (b)

Tir(a) va (b) suyra T >

S

Dﬁ’ubﬁngxéyra<;>x=y=z<:>OA=OB=OC.

Vay T dat GTNH béng L4 khi t dién OABC vudng cin tai O.

J3
Bai 12.

+ E 12 giao diém cta AC va BD
E 1a giao diém ctia A’C va B'D }
=> E’ 1a hinh chi€u cla E l&n mp (P)
= AA’// BB’ // CC’ // EE'.

+ T dién ABCD’ gdm hai ¢ dién c6
chung ddy 1a ABD’E nén

Vasen = Vasen + Vosep

1. 1
= Viapep = ESABED' hijw ESABED"h2

(V6i h; = AH, h, = CK trong d6 AH 1
(BED') va CK L (BED")

1
= Vasep = E(h1 +hy)S ep - (D
+ Tuong tw i di¢n A’B'C’D gdm hai f dién c6 chung ddy 1a AB’E'D.

Sy ’
= Vipep = g(h 1+ 038 pep
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(Véi h’, = A'H’, h’, = C’K’ trong B B’

d6 A'H’ L (B'E'D) h
va C’K’ L (BE'D) B : B
+Ta c6 AA’ // (BB'DD') va h %\
CC’ // (BB'DD") ]
— h’| = h] va h’l = h3 D E1 81 B’l E’I
1
= Vipep = g(hi +h,).S pep (2)
+ Ta cin chitng minh D0 = Spen
+ViBB’ // DD’ // EE’ nén vé BB,, BB’}, EE,, E'E/; vudng goc vdi DD’".
= B’B’| = BB| = h}, EE| = E'E’; = h4
1 : 1 ’
+Tacd Sypep = Suppp ~ Saspp = EDD b, - 2 DD’ h,
1 7
Spep = 9 (h; —h,).DD (3
1 " 1 4
t S;\B’E‘D E SAB'DD' o SAE'DD’ 7 § DD 'ha =5 EDD -h4 :
1 .
Boas = -2—(h3 —h,).DD 4)
T (3) (4) = SABED, = SAB,E,D (5)
Tt (1), (2), (3), (4), (5) = V,uen = Sape (di€u phdi chitng minh).
Bai 13.
* Ta chitng minh hé thifc sau:
3 3 3
NGHE + b >0 s 20 z(“b
7 2
Ta c6: a® —ab +b? > ab (Va, b)
Mia+b>0=>3(a+b)a®-ab+b?) >3ab(a+b)
= 3(a® + b*) > 3a’b + 3ab®
— a? +b® + 8(a® +b®) > a® + 3a’b + 3aee + b®
3 3 3
— 4(a’=b*)>(@+b)P = 2 ;b >(a;b] (1)
cos A ; & 2%
*PEy
; 2
sin =cos— >0
2
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:>sinA+sinB=25inA;BcosA;BSZCos% (2)

Ap dung (1) & phin trréc ta duge:
] . 3 - -
1:9/sinA + ‘\’/smB} > sin A +sin B g

< cosg do (2)
2 2 2

bl el i :
1 #sin A + ¥sin B . {/cosg 3)
2
b ¥ S = | P
Tudng wy, ta dugc: UsinB ; YsinC < Qjcos% (4)
3l 2 -
\/smC+\/smA<§/;S§ 5)
2 2
Cdng (3), (4), (5) theo V&, ta dudc:
Ysin A + ¥sinB + ¥sinC < g[cos% + {[cosg = %/cosg
<opsl
Diu “=" trong (6) x4y ra <> cos & =8 = coS B = COS o= Aﬁ =1

2 2
< A =B =C < AABC déu.
Bai 14.
Vi ABCD 1a uf dién gin ddu nén trong tim ctia t& dién tring tim O cta
cau ngoai tip ut dién ABCD. Do d6 ta ¢6:
OA +OB+0C=0D =0
OA = OB = OC = OF = R (bdn kinh mit ciu ngoai tiép ABCD)
3 1 . o R
Ta c6: MA = ﬁ‘MAHOAl 2 ﬁMA.OA =

- 1 (MO - 0A).0A - L MG.OA + R
R R

Tudng t: MA > %MO'.OB" +R

MC > %Mo'.oc' ‘R

MD > %.MO'.OD +R

Do d6: MA + MB + MC + MD > %.MO(OA+OB+OC+OD'+4R:4R
0

mat
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Diu “="xdyra <<>M=0
Goi I, J 14n lugt 14 trung di€m ciia AB, CD.
Tacdé: AACD=ABCD(c-c-c)

= Al =JB = AAJB cintaiJ = JI L AB.

y b*+e*¥c® 2a°
TacS: A s g L0

2 4
2 2 2 2
S P=AP-IAZ= e cat-on
2 4 4 B
) 2 Z
e b* +¢ B
8

2 2 2 2 2 2
S OA L OR s e B8 YA

2 2 2
3R=0A:1Juh_+9_
2 2

Vay: Min(MA + MB + MC + MD) = y/2(a® + b® + ¢?) &M = O.
Bai 15,

Thé tich hinh chép V = lhsABCD SHh= khong déi.
3 ABCD

Xdc dinh S chi cin xdc dinh chin dudng cao H.

Dung HM | AB, HN | BC, HP 1L DC, HQ -LAD.

DitHM=x, HN=y, HP =z HQ =t.

SH L (ABCD) => SM ¢6 hinh chiéu HM ¥ AB = SM L AB.

Tuong iy SN L BC, SP L. DC, SQ 1L AD

= Sxq = Ssas + Ssac + Sspe + Ssap

= % (AB.SM + BC.SN + CD.SP + AD.SQ)

S = %(a\rff +h? +ay? +h? +avz? + h? + at? + h?

Sy =
%(\/(ax):* +a’h® + J(ay)"‘ +a’h? +(az)? +a’h® + Jat)® + az.hg)

Ap dung bat ddng thic hinh hoc ta ¢6:

S %(\/(ax +ay +ax + at)® + (4ah)2)

Néu diém H nim ngoai hinh thoi ABCD thi
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ax +ay +az + al > 2S,5cp
N€u diém H nim trong hinh thoi ABCD hay & trén canh hinh
ax +ay+az+at=2 Sapep

Viy  S,> %(\/483“,0[, +16a’h?).

Dau biing xdy ra n€u va chi n€u H niim trong hinh thoi va

ax ay az at

ah ah ah ah’
SHXBY STt
<> H 12 tAm dudng trdn ndi tiép hinh thoi.
<> H triing v&i tdm O ciia hinh thoi.
Vay S,, nhé nhdt khi SO L (ABCD) va SO =h.

Bai 16.
Goi M’ va N’ lan lugt 1a hinh chi€u vuéng géc cia M va N trén mit phing
(ABCD). P 1a giao diém clia (MN) va (M'N’). Ta ¢c6 M’ thudc canh BC, N’
thudc canh AB va theo gia thiét MPM = a. Khong mat tinh t6ng quat, gia st
M gin mit phing (ABCD) hon, tic 1a MM’ < NN,
Ta c6 MM’ = BM’, NN’
=AN’=a - BN’

D C P
MNCcosa = (PN — PM)cosa M’
= PN’ ~ PM’ = MN’ A LN
= VBM’? + BN (1)
MNsina = (PN — PM)sina BNt
=NN'- MM’ = M'N’ N e B e
=a- (BM’'=BN) (2)

AI‘ BI
Tur (1) va (2), ta dudc:

MN(+/2 cosa + sina) = 2(BM’2 + BN’ + a — (BM’ + BN')
>(BM’'+BN)+a—-(BM'+BN’)=a

hay MN> 2 2

~ J2cosa +sina 7 J3sin(a + @)

&

(1go = \/‘E.coscpz ?,sin(pz ?2)

Ding thic xdy ra khi va chi khi:
BM’ = BN’ <> B'M = B'N=BM’ /2.
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Dods: {MNeosa =BNV2 _ b oy @
MNsino = —-2BN’ 2 + J/2tga
Viy diu ding thic xdy ra khi va chi khi BM=B'N= — >
J2 + tga

Bai 17.
Goi M, N Ian lugt 1a trung diém ctia CD, AB, AACD va ABCD la cdc tam
gidc déu nén:
AM 1 CD
{BM ok = CD L (ABM)
1

Vascn = Veasm + Voasm = §S,\BM

J3

Mait khdc: AM = BM = o => AAMB cin tai M

— MN L AB
= 2
o M AN AN = 4"
:>MN=—;— Fox* B

= S;’\BM = ;aB.MN = iX‘VS = X2

Ap dung bat ding thitc Co—si cho hai s6 khong 4m x va V3 - x* :

x4+ (x - x2) > 2xy/3 - x*
2 2
Taco:  Vapen = i%xvsff <1[M] = 1

9 2 8
MaxV:1<:>x= LT o @x:ﬁ
8 2

<> MN = AN <> AAMB vudéng cin tai M < (ACD) L (BCD).

Bai 18.
Gia st ¢6 S;(A. R)), S»(B, R,) va hinh ciu nhd (D, r).
Ha DE L AB.

S, A, B, E thing hang va niim trén tryc cdia hinh nén.

Céc tdm ctia n hinh cdu nhd tao thanh mét da gidc déu phing n canh ¢6 tdm
chinh l1a E.

Tech =sin[EJ (1)
DE

n
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Ap dung cong thitc Hé-rong trong AADB:
ABDE=2/R, +R, + )R R,r
4R, + R, + )R R,r

= DE? = -
(R, +R,)
2
r r(R, +R,)

Tir diy, d€ cho d& dang trong tinh todn, ma
khong dnh huong dén bai todn, ta chon don vi
sao cho: Ry + R, =2,

Ta c6: 1'"—*(1+2JR1R2
sin® n} o
n

Goi a la gée gitta truc hinh né va dudng
sinh cia hinh nén. X¢ét dudng sinh di
qua S va ti€p diém F clia mat cdu (D, )
vdi hinh nén.
Tacé: R, = Al = SAsina;
R, = BK = SBsina
=R, - R, = (R + Ry)sina = 2sina

=R, =1-sina: R, = | + sina

=3 i ) :[1+ chosza (3)
X g(n\ r
sin

n)
Ké AHL1LBK=AH=IF+FK
= JR,+R,’-(R, -R,) =

=JR, +1)’ ~(R, -1 + JR, +1)* (R, ~1)* (Dinh i Pi-ta—go)
= J4R R, = JARr + J4R,r
m % cosa
\/_ VR, R, +|R,
COS ol 3 CDS o

~ 21+ JRR,) 20+cosa)

(4)
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1

Tix(3) va.(4) = cosa=-2 +
sin
n

T 1 : : X el :
DoO<a< E =>0<-2+ n’l 1a diéu kién cin va di d€ ton tai a.

sin
n
N z - A . - ~ 1 . bl 1
Tir d6 ta ¢6 dicu ki€én cian la: 2 < <3<:>§<sm——<§
sin - &
3ol i o . T8 etk o il
Tacé: —=sin— >sin— >sin— >sin—>sin— >0
2 6 7 8 9 10
2 2 0 % E iy e [ At
Mait khdc, ta s€ chitng minh: sin — > — > sin —.
93 10
Thit vdy: sin S = L < =
10108
Xétda thie:  P(x) =4x* - 3x + ‘—2@1
’ 2 1
Ptx) =3@x° = 1)< 0, ¥x € |0; 5
; SEEE 1
=> P(x) nghich bién trén | 0; 5 2
Ma P(sing} =il P[—l—] va0< sinE, 1 <l 15 sinft— > l
9 3 958 -2 I
Viy n chi ¢6 thé 14y cdc gid tri 7, 8 hodc 9.
Bai 19.

Liy cdc di€ém Ay, By, Cy, Dy theo thit tf trén cdc tia Ox, Oy, Oz, Ot sao cho
0A, = OB, = OCy = 0D, = 1 thi AjBCyDy 12 tit dién déu ¢6 O 1 trong tim,
nén:

OA[) + OBn < OCO + Ojjo =)

1 el 1 o 1 e 1 S >
A oR 0Bk OGO
BT Gkt e
e Ta co:
\ia MAOA _ MAOA _(MO+O0K)OA _ 1 54116+ 0a
OA OA OA OA

Tuong tv: MB > LOBMO +0B
OB
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R
MC> - OG.MO + OC
= 0C >

1 N
> —.0DM D
MD > oD 0+0

Tu do:
MA + MB + MC + MD
1 3
>MO| —-0A+ L. OB+ L. 00+ 00 +0A+0B+0CL0D
(OA OB~ 0C T et

hay MA + MB + MC + MD > OA + OB + OC + OD
Ddu ddng thic xdy ra khi va chi khi M= 0
Bai 20.

Hinh lip phudng ABCD.A'B'C'D’ ndi A’ o
tiép trong hinh cdu S(O; R), cdt hinh lip
phudng dé thco mit phing chéo AA'C'C
s¢ cdt mit cdu theo dudng tron Ién qua
tim O (hinh v&) va O la trung diém cia 0
0,0,. R
Ta c6 0,0, = AA".
Goi x la do dai canh hinh ldp phudng. & 0 C

Xéttam gide OAO, vudng tai Oy, ta c6

OA“\[EOO 00 ==
2 2

2 2 2
:>R2:x—+2x o .7 :>x:——2RJ_3—.

4 4 4 3

vi 00? = 0,A? = OA®

Do viy d6 dai canh cta hinh lap phuong 1a x = 2a?:/§
Hinh cdu S,(O; R,) ndi ti€p hinh lip
phuong ABCD. A'B'C'D’ s¢ iép xiic
vdi cdc mat cla hinh 1dp phuong tai
tim cdc mdt d6. Goi M, N la trung
diém cia hai canh lién BC va CD; va
P I giao diém clla MN va AC. Mit
chéo AA’C'C cdt hinh cdu S, theo
dudng trdon 16n. Qua P dung tiép
tuyén PQ véi dudng tron dé, PQ chéo
dai cdt CC’ tai S. Viy thiét dién 1a
ASMN.
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dtACMN . <o

Ta c6 AIASMN = S22 y6i g =
cos @
Nhénthﬁ'yS’I%:O]OQ vi cling bl véi géc m
xv/2 5
G- P 2
Suy ra POO; = A\’ﬁll el Shs by 19_:___
! ‘ 85> PO xSy
2
®
2tg
Vay 1go = 20, 2 :2\/§.Bi<‘:'lc032(p=;2:l
T ok 1+tg’e 9
1-tg 9 1 5

=> gOSP = é— (g6c @ nhon nén cos > 0).

Viy dtASMN = 3x a8
8 2
Bai 21.
(Vi cdc ki hicu di ghi trén hinh vé&), ta
chitng minh dugc:

1 1 basd
SR L
5 h*

Ta chcosx = — =>cosx=—

a a

2 2z g h.i
Tudng o cos’y = F; cos’z = F
Cong tirng v& ¢6:

’ ¢ ; h%: <K wil?
cos’x + cos’y +cos’z=— + 5 +— =1 (do(1))
g b c

Suy ra sin®x = sin’y + sin®*z = 2.
Dit sin”x = a; siny =B; sin"z=y licdéa, B,y (0; Dvaa+B+y=1.
Ap dung bat ding thie Bu-nhi-a-c6p-xki ta ¢6:

91 =

a+9:11.a+-.h
4 «

4.0
Tudng wred P+ 2 < £1 (B* + —12")
ApoNT6l

(9 T
4.y\ R v
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Cong tirng vE ta dudge
E—\/972a+[3+y+g —1—+l+l 22+~€—’.—9—:ﬂ
4 458 H8

4la B vy
SuyraEZl/—g_z—,
2

i
A_g
A

4 ( 4

2
1 e
2
BB 4
128 52=§
Déu “=" chi xdy ra khiw 4 & 1

1 y-2
; 9
P 2
¥ e s v

: 3
a:B:'Y
a+P+y=2

=P = —gaqinx—sin —~:in;f—\/g
=Y 3 8 81Ny = § . 3

o x =y =z=~54"44'8"

r vdi OABC la uf dién vudng can.

Viy MinE =

Bai 22.
C6 thé x& dude hai tf dién déu thod min yéu
cAu dé ra. Ta chi ra cdch sdp x€p nhu sau:
Gia st hinh ldp phuong da cho 1a =
ABCD.A’B’C’I)’. Trén cdc doan AC, AB, B A
AD’ lan lugt 1dy M, N, P sao cho: A -

.....:' ) U
]
Q

A

AM=AN=AP= zJﬁ

Khi d6 AMNP 13 1 di¢n déu canh ;13-\/5 :
Tudng wy, rén C’'B, C’D, C’A’ 1an lugt 14y Q, R, S sao cho:

C’Q:C’R:C’S:%Jﬁ
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Bai 23.
OK =332 0OA=#4x
AK=BK=4x — x =3x
OB = /(8x)? - x* = 2x/2
pit ABO =
Ok 5
AB 6
OBE = ¢ = 180° — o — arcsinp.
k¢ OE L BC, OE = OBsing
= SE 1L BC
— ((SBC),(ABCD)) = SEO

SO h
tgSEO = 2= =
; OE ~ OBsin(c + arsinp)

= sinf =

3
Ma AB=a=2x/6 :>x=_§— :>()B=i
26 3

Viy tgSEO - 8h

a3 sin(o + arcsinp)

Bai 24.
Goi a, b, h, S 1in lugt 12 canh ddy, canh
bén, chiéu cao, dién tich toan phin.

Theo gid thi€t tacé a, b, S € N* va:

2
b= 1/h2+%,\/=a2h:a2h=2004

2

S:az+23\/h2+a— e N
4
2 lal 3
= ix=2nl teN
bat 4
y=a’eN

2

Ta c6: x* -y* =4a’ [h?‘ + aIJ —a’ =4a'h® =4008® = x*-y® chinh

phudng.
x* + y* = 4h%a*2a’ = (2a’b)* = x* + y* chinh phudng (do 2a’b € N).

Do khong t6n tai hai s ty nhién, x, y thod x” + y” va2 x* — y* 1a chinh phuong.
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Viy khong tdn tai mot hinh chép thda man dé bai.
Bai 25.

e Goi a, b, ¢ 12 cdc vectd chi phudng clia cdc dudng thing chia cdc canh
cia goc tam dién, suy ra é., B, ¢ doi mot trong cung phudng. Theo gia
thi€t nén cdc s sau c6 it nhit hai s& khdc 0.
a=a, b, B=h, ¢, y=c a

e Cdc veeld sau: n = Bé—yB, m = yb'~a5, p =ac—Ba (*) khdc 0. Ta c6
nc=ma=pb=0 Cicvéctd n, m, p khic O va ddng thdi ching I
cdc vectd chi phuong cia cdc mit cla tam dién, nén chiing 12 cdc vecetd chi
phudng clia cdc dudng thing ké tir dinh ctia tam dién vudng géc vdi cic
canh ndm trong cdc miit bén khong chita cdc canh Ay,

e T (*) = n+m+p =0 = cdc vectd m, n, p ddng phing = cdc dudng
thdng néi trén cling song song véi mdt mit phing chung, ma ching cing di
qua mdt diém => cdc dudng thing nay ciing nim trong mdt mat phing.

Bai 26.
Goi H, K Ian lugt 12 hinh chi€u vudng géc clia A va O trén (BCD).
Ta coé: Vosen = OK = ok
VABCD AH AA’

(1) A

Tuong tw Voopa O—B, (2)
ABCD BB
YODAB it OC: 3)
VAHCD CC
V()AHC = OD: (4)
VABCD DD

Cong timg v& (1), (2), (3), (4):
OA" 0B -0 0Ly
+ + + Al
AA" BB CC’ ‘DD
AA’-R BB'-R CC'-R DID-E
=N + + +
AA’ BB’ G DD’
1 1 1 1 3
& <= 3 <5 = — 1)
AA BB B0 DD =R
Theo bit ding thitc Co-si:

=}

(AA’+BB’+CC’+DD’)[ i i % + : + s ]216
Sx. BB UC DI
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= AA’+ BB’ + CC'+ DD’ > 1?;—{

Bai 27.
A % AB.CD.dAB,CD).sin AB.CD .

A

Goi H, K, E, F, P, Q lan

lugt 1a trung diém ciia AB,

CD, BC, AD, AC, BD.

Chitng minh HK 1a doan

vudng goéc chung clia AB, B

CD = d(AB, CD) = HK.

+ Ching minh uf gidc EPFQ la
hinh thoi.

= sin(AB,CD) = Z'EFZPQ C
a

Tinh: HK, EF, PQ

= Vi= —i\/—g—.\/(az +b® ~c?)a? #ic® = bF)Ub4ic® ~a?):

b) Chitng minh b3 dé: Néu doan AB song song hodc chifa trong mit phing
(a) vi M 1a mot diém wy ¥ trong mat phing (a) thi:
MA + MB nh6 nhit <> M = M, (M, 1a hinh chi€u clia trung diém H ciia
doan AB 1¢n (a)).
Ta c6: MA + MB>MA + M;B
Goi () 12 mit phing qua M, song song vdi AB va CD. Ta c6:
(o) vudng goce véi HK va (o) cidt HK tai M,
= M, = he(H) = he(K) = he(M)

(ex) (i) (HK)

Ap dung bd dé wén ta cé:

MA + MB + MC + MD > M;A + M|B + M,C + M,D (1)
Goi O = he(M,) ta duge O la giao diém clia hai dudng chéo HK, EF ciia
(EF)

hinh thoi HFKE
=>MA+MB+MC+M,D>0A+0B +0C + 0D (2)
Tur (1) va (2) suy ra
MA +MB + MC + MD > OA + OB + OC + OD = /2(a” + b? + ¢?) .
Viy MA + MB + MC + MD nhd nhit <> M 1a trung di€m ciia doan HK va
min(MA + MB + MC + MD) = /2(a® + b® + ¢?) .
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Bai 28.

Goi G la trong tim i dién. Piatd = OG, 0 <d < [R. Ta ¢6:
S =4GM’ + GA? + GB? + GC? + GD?, VM ¢ R®
Cho M =0 =4R’= 4.0G? + GA? + GB®? + GC* + GD?
= S =4[(R* —d*) + GM?], YM € S(O, R)
Mitkhicecd: R-d=0OM-GO<GM<OM+0OG=R+d
= (R-d)) <GM’ < (R +d)°

NEuGM =R <> d =0 <> G = 0 ¢> ABCD 1a f dién gin déu:
lic d6 s = 8R?, VM € S(O; R).
NEéu GM # R <> d # 0 <> ABCD la uf dién gan déu thi

Smx =4[(R* —=d*) + (r — d)*] = 8R(R - d) khi M 1 giao diém ciia tia OG vdi

mit ciu (G thude doan OM).
Bai 29,
+ X ¢tk dién ¢6 ndam canh bing
1 va canh con lai bing a wy 1
y. Ta ¢6 thé tich clia uf di¢n

A

nayla 'V, < é

=

That vay:

1 V3 et

b,

Vi==.—.AH < - -
3 4 3\ 4 8 5
+ D¢ nhdn thdy uf dién thod min dé bai
¢6 thé tich nhd hon V. suy ra diéu
phdi chitng minh.
Bai 30.
*Bita=AB,h=SH(HIa tim ABC). Tinh dudc tgff = 2tga:
Y - =>siny = gJB S,m,,a—
\/ESmcr. 1+ 3sin”a
*a+y22[3<:>2ﬂ4 o— Y < sin(ZB— €) <siny
%_ 1-tg"B e 2\/53.111:1
1+tg™B - oil % tg’p’ 1+3sin”a

g'a <

w&l\"&

#AD = a—— cosa;

205



SD=SA - AD

a3 savB.eone
3cosa 2

3 aJv3(2 - 3cos’ )
6cosa

D thudc doan SA khi cos® a < £

o tgta > l

Viy di¢u ki¢n ctia bai todn la: r;— < tgha < iz_g
* YM :_S_Q,:___ :gtgza_lg \/571
Y. Al 3 pess

Vay Vancp max < ig'a= E:i Sa=y=2B<> o, B, yla cdp sd cong.
ABCD
* Chi chii: Co thé dua bai todn twong tue cho hinh chép i gide déu. P
Bai 31.

Goi O 1a chan duding cao ciia 1 dién déu SABC

ha tir dinh S va M, N, P lan lugt 1a giao diém

clia mat phing qua SO vdi cdc dudng thing BC,

CA, AB. Ta cé:

+ M, N, P thing hiang,

+ Do a, B. y lan lugt 1a géc tao bdi cic doan
SM, SN, SP vdi cdc hinh chi€u cta ching:
OM, ON, OP trén mp(ABC) nén:

SO SO SO

4§ == o :———;t. = —
e = on 8= on = Oop

a\/6
3

+ Puding cao SO =

(véi a 1a canh cda uf dién déu SABC).

e e B AR -
OM? ' ON? ' OP* ~ &’ o
Vi O niim trong tam gidc nén M, N, P niim v¢ hai phdi ctia O. Khong mal
tinh 18ng quat, ta gid sit M & vé& mot phia, con N va P & vé& phia kia ddi vdi
O (N va P ¢6 thé tring A). K¢ OH L BC, Ol L AC, OK L AB.

Goi @) = H/O\IVI;q)2 = lf)N; (O - KOP.

Do d6 tg’a + tg*B + tg’y =12 &
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a3 ON a3 opP a\/3

Do OH = ,ON = S i pale
6cosq, 6cos o, 6cos @,
Va @, + @, + 9, =120°, ¢, + ¢, =60" nén 9, = 60" — ;, g3 = 60° + o,
Do dé
1 e U e j e 18
oM + op: :g[(cos @, +¢c0s"(60° — @,) + cos*(60 +(p,)]:—a—2

(Vi cos® ¢, + cos*(60° — @,) + cos*(60° + 0,) =

o %[1 + 0820, +1+cos(120” - 2¢,) + 1 + cos(120° - 20,) |

% —g + ;[8052(\[)] +2c0s120°. cos 2@1] = g—)

Viay (*) dugc chifng minh nén bai todn da cho duge chifng minh.
Bai 32.
bit: AB=x,AC=y,AD=%2BC=d,CD=b,BD=c¢

mza,éﬂ):ﬁ, D?fBzy

AJ

Theo gid thiét: o+ B+ = 180"
di(ABC) = di(ABD) = di(ACD)
= Xysina = yzsinp = xzsiny = 2S
_, Sino sinf} _ siny

(D

Z X y
Xét tam gidc AB'C'c6 A’ =, B'C'=2 B =8, 0 =y
sino.  sinf3  siny
g NN
(Dva2)=>A'C'=x,A'B’' =y

Theo dinh 1i ham s& sin:

(2)
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= = AA'B'C’ =AABC =>d =z

Tudng ' b=x%, ¢ =¥y
Viy ABCD i uf dién gin déu.
Goi H = hcA/(BCD), ta c6:
dt(HBC) dt(HBD) dt(HCD)
FEAB0 S S T AR ABDY s 7t
dt(HBC) + dt(HBD) + dt(HCD) _

dt(BCD) i

(ACD)

cosu =

=> COSU + COSV + COS® = 1

Theo BPT Bu-nhi-a-—cop—xki:

; . 7 1 .
cos®u + cos® v + cos® @ = — (cosu + cos V + cos ®)”

A3

(1 + sinu) +(1 -sin®v) + (1 —sin®*) > -

o

s sin‘u + sin®* v + sin® ® € 5

Dau “=" xdy ra khi t¢ dién ABCD 1a 1 di¢n déu.

Bai 33.
Trong tl ci cdc hinh cAu da cho ta chyn hinh ciu Idn nhat. Goi bdn kinh cia
hinh cdu ndy 1a R,.
XEéL AL ¢4 cdc hinh cdu giao véi hinh ciu nay thi chiing tao thanh mot hinh ciu ¢6
thé tich 1a V,. Hinh nay ¢6 thé chifa trong mot hinh cdu ¢6 bén kinh la 2R, va do
s0 hinh c¢au 14 hitu han nén ta ¢6:

V< , n(3R,)’
3

Do d6: —l—VI < é7tRf (1)
i 3
n&u V, = 27 thi hinh ciu 1dn nhit ¢6 thé tich > 1 (*)

néu V, < 27 thi ta bd 141 ca cdc hinh cAu vira xét va ta xét cdc hinh cdu con
lai. Trong cdc hinh cdu con lai ta x¢ét hinh cau 16n nhat. Gid sif bdn kinh ctia
nd la R; ta lai dudgce

Ao

V, < =R} (2
TR il )
. A A < 1 4 3
Li ludn nhv trén ta ¢6: — V, < —nR; (3)
2% 8 &
iVrn < énR"; (m)
27 3

208



Do s& hinh cdu 1a hitu han nén sau m hitu han budc chon cdc hinh cdu di cho
déu duge xét hét.
Cong (1), (2), ..., (m) va k& hgp véi (*) thi bai todn dudc chitng minh.
Bai 34.
Ta c6: OB, // BA = OBy; BA ciing tao v8i (ACD) mdt g6e biing nhau
OB, d(O; ACD) Viacp - Voo

BA d(B; ACD) 3 Viaco.  Vasép

Tudng ty:
— OCI e V().All[) . ODI -2 V().ABC

»

CA: Yasen - DA — Vasen
OB, OC, OD

Né =1 B
o0 BROYTAC VaD

Ap dung bat ddng thitc Co—si ta c6:
OB, OC OD %8s 0B,.0C,.0D, c
AB AC AD AB.AC.AD
OB,.0C,.0D, 54081
——Ll 1 <> 0B,.0C,.0D, <

AB.AC.AD 27 27

< 0B,.0C,.0D, £2003
Ding thifc xdy ra khi O 1a trong tim tam gidc BCD.
Bai 35.
Vil 1a tAm ctia dudng tron ndi ti€p AABC nén
a=IAB=TAC;p=IBC = IBA; y - ICA = ICB
Theo tinh chit ti€p tuyén ta ¢6 AIAC = AGAC;
AIBC = AHBC suy ra a = GAT; p=HBU; vy =
GCA = HCB. Trong tam gidc ABC ta cé: o +
+v=90", suy ra trong ABCD ta c6

o = ABD = HCD . p = HDT: y - ADB 3

Mit khic AHCD = AGCD suy ra a = GCD :
p= GDC.

Goi P 1a trung diém ctia AC ta ¢c6 OGC = o + B suy ra GPC = 180" — (o + B
+y) = 90",

Viy DP 1a dudng cao vira 1a dudng trung tuyén ctia ADAC. Viy ADAC cén
dinh D suy ra AGAC cin dinh G. Tir d6 o = y nghia la HCD = HCB kéo
theo CH la phin gidc clia géc DCB. Tir d6 ADCB cén § C, viy CB = CD. Mit
khic AABC cin ¢ B nén BA = BC. Viy DA = DC = BA. Mit khicd a =y
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nén GCA = GCD viy ACAD cin & C, ngoai ra ACAD con cdn d D nén 13
tam gidc déu suy ra p = 30". Chiing minh tudng t a = y = 30" vdy AABC v
ABCD déu suy ra 6 canh clia tf di¢n biing nhau.
Viy ABCD la uf di¢n déu.
Bai 36.
(P) cit cdc canh AA,, BB,, CC,, DD, tai A’, B/, C', D".
AA" - BB - CC DK
AR 7 HB. CO. DD,
Theo dinh li Ta-1ét
A'M 5 AM : AA’ s
A'B” AB, AA ;
AB AR AR
AD KD A RA
S - AM: AR
8. AN AD

Tudng tf, Sg.nr = X1 225 0.5

Ta cd

=X. GOl < SABC[) = SI\'B'C'D’ 4

=X

= =X(1—X) (1)

B s X8

Spqr = x(1 - X)Spoar- Suy ra

SMNRQ = SA'B’C‘D‘ = SA'MR s SB’MN 5 SC'NQ o S[)’QR
= 8- x(1 = X)S, pp * Spac + Seup + Spigar)

=8 -2x(1-x)S =801 - 2x + 2x*)
2
= S _]; + 2[}{ =4 .}_‘,] 22 §
2 2 2
. S 1 T . 2 » A
minSynrg = E e e 5 <> A’ 1a trung diém AA, <> (P) song song cdch dau
hai ddy.
Bai 37.
Kihiéua,b,c,d, x, v, 2, t 1an lugt 1a do dai cdc doan thing AB, BC, CD, DA,
OA, OB, OC, OD va a = BOC.
Ta c6: _1-+—1—:l+i
| Rebl KN A o
ot YA z+t+x y+z+b x+t+d
xysino ztsina  yzsina  xtsina
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R RS N Bung LR
& —+—F— -+ — =
b e R % A g v R A

& o hh .d
o — =—+—

Xy 7t g Aoeh o ¢
<> axt + cyx = bxt + dyz
< (azt + cyx)’ = (bxt + dyz)’
& a’z’t? + c’y*x® + 2acxyzt
= b*x*t* + d%y®z* + 2bdxtzt

& (x* + y* + 2xy cos )z’t? + (2% + t* + 2zt cosa)x’y? + 2acxyzt =

= (y* + 2° - 2yzcos a)x’t® + (x* + t? - 2xt cosa)y’z® + 2bdxtzt
< 2zt cos a2xy cosa + 2ax = -2xt cosa - 2yzcos.a + 2bd
<> (e? -2 —t?) +(a® = x* - y?) + 2ac
=(d® - x® -t*) + (b* —y% = z%) + 2bd
<(a+e)’ =(b+d)?’ <a+c=b+d
<> ABCD I1a uf gidc ngoai ti€p dugec mot dudng tron.
Bai 38.
Gia st AB = ¢; AC = b. Goi h 1a chi¢u cao xudt phét tir A.

Ta chitng minh h < e D

J3

Thiét viy, d& dang chitng minh khi a = b
a ’

=cthih= —= vanfub<ahayc<a thi
J3 2

a
\/5 i

Goi O la tam cha hinh ciu ndi tiép

hi<

dién va V 1a thé tich ta ¢6: B
V(OABO) + V(OACD) + V(OABD) + V(OBCD) :
V(ABCD) v
££+££_1§£_r\f
b RS A h a
1>(3+J§Jr
a

Suy ra di¢u phdi ching minh. D4u bing x4y ra khia =b = c.
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Bai 39.
Dit AB=m, CD =n = mn = 4¢’
Goi P, Q 1an lugt 1a trung diém cta AB, CD.
AABC =ABAD =19 =DP = PO 1 CD
Tuong twv PQ | AB, do d6 PQ la dudng
vuong géc chung ctia AB va CD.
Goi M’ 1a dnh ctia M qua phép ddi xiing
truc Ppg va I 12 giao diém clia MM’ va
PQ.
Tacé: f(M)=(MA M’A+MC+M'C)*> B
> (2AI + 2CIy’
hay f(M) > 4(AI + CI)°
BitIP =x; 10 =¥,
Néu I niim trong doan PQ thi PQ = x + y, ta c6:

2 2 3 1)2
Al +Cl = 2+~m—+\/2+£2\[ + P A
\/x P R PR b S

(Bat ding thitc Bu-nhi-a-cop-xki)
1

ma Zmz =BQ? 1 PQ? = BQ*+ (x+y)*
2
nén (x+y)+ Mz(x+y)2+é(m2+n2)+ﬂ
=BQ’ =+ ?}nz +%:2&12+2b2+2c2

Suy ra (Al + CI)> > 2(a® + b? + ¢?) va f{(M) > 8(a® + b* + ¢*)
Vﬁy trong moi trudng hgp ta ludn c6 (M) > 8(a* + b* + ¢*)

Bai 40. A
Pit . OA =2,
OB=b,
OC-=ic
= R= l\/m
2 0

1

rs =
SBTP %(ab +be+ca)+ ; \faﬂb‘z rhlerdctn”
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R ab + be +ca + Va?b? + b%? + c?a?
e a’+b? +c*

r 2abc _
o B (3¥a*b?c® + \/SQ/a"b“c“ )\/3Q/a2b202 18./3+3
e 2abce 2
Ding thic xdy ra khi a =b = ¢ = OABC la tf dién vudng cin.
Bai 41. 5

Khai trién di¢én tich toan phin clia
hinh chép x&p lai, ta duge mdt hinh
vudng.

Khid(’)m+n+p=~g

= tgm.tgn + tgn. tgp + tgm.igp = 1 0
Ma (tgm — tgm)’ + (tgn - tgp)’ + (tgp — lgm)2 >0
<> tg’m + 1g'n + 1g°p > tgm.1gh.tgp + tgp.tgm = 1

Didu “="xdyra<>tgm=1lgn=1gp<>m=n=p=

V3

Ll’lCd(’)OB=OC=0A.?:V6HV‘10B+OC:OA.

;A

Viy: tg'n +1g’p > L.
Bai 42.
Goi A, B, C, D lén Iugt thudc Sa, Sh, Sc, Sd va ei, ez, es, es ldn lugt la cdc
vecto don vi thude Sa, Sb, Sc, Sd.
Goi n 1a vectd phép tuyén cﬁ_a mp(Sac)
& n ddng phing vdi ez, €4
¢ X, y khong dong thdi bing 0:
n = xes + yey
(Sac) ¢6 n 1a veetd phép tuyén
= fn:_é} =0 = {(X.éz +yei)e =0
in,eu =1}

Jx.cosa +y.cos¢ =0

X.62 +y.es).e3 =0

I
lx.cosB+y.cos§=O o b c

cosa COSQ®

= =0 (vi hé (I) 3x, y khong dong thdsi bang 0 1a nghi¢m)

cos cosd

<> cosa.cosd = cosP.cose (di¢u phdi chitng minh).
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Bai 43.
; 1 .

Ta ¢6: Vapep = | Vcoas — Vpaos l = 5 SAOB lCE = CFi (1)
Goi OU 1a hinh chi€u cia Ot 1én mit phing (OAB), E va F lin lugt 1a hinh
chidu ctia D va C 1én (OAB); E, F € O, a 1a géc tao bdi Ot va mp(OAB) =
ot 0 :
K¢ CM // DA cit OA tai M, ké DN // CB ciit
OB tai N, AN va BM cdt Ot" tai I va K, ké
DH // EF, DH cdt CF tai H; ké IG // Ot cit
CK tai G.

0O <
Chitng minh

CH = IG.sina = IK.cosa.sina 29
Goi B 1a géc tao bdi Ot va AB.
Chitng minh Ik = AB.cosp 39

Tir (1%, (2°0, (3") = Vagep = %SOI\B.AB.sin 2a.cosP

Suy ra Vapep dat gid tri 16n nhit khi sin2a va cosf cling dat gid tri 16n nhit,
tire 12 khi p = 0" va a = 45", Lic nay Ot = A v6i A qua O va A // AB.
Suy ra Ot niim trong (Q) chifa A va (Q) L (OAB) va Ot hdp vdi A géc 45°.

Bai 44.

Chitng minh: : : } < 2 ()
a

b e S
Goi R 1a bidn kinh dudng tron ngoai ti€p tam gidc ABC, ta c6:
a=2R.sinA.b=2RsinB,c=2R.sinC
Sasc = AR’sinA.sinB.sinC
1 ik
16R" sin’ A.sin’B ' 16R’ sin® B.sin’ C :
- 1 : 9
16R'sin® A.sin’C  16.4R"sin® A.sin?B.sin’C

(1)

©

. 2 iy o
& sinA 4+ sin’B +sin"C < —

S

e Ta d& dang ching minh dudgc sin’A + sin’B + sin’C <

> | ©

Bai 45.
Dung hinh lip phuong BEFC.B’E'F'C bén ngoai hinh 1dp phuong
ABCD.A’B’C’D’ nhu hinh vé
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a) Goi O 1a tdm ctia B'EE'F'C’ va P la
giao diém ci B'F va BO.
Hién nhién C’E’ | (BFF'B’)

nén B’P L C'E’ (1)
Tuong wr: BE” L (B’EFC’) _
hay B’P | BE’ (2).

Tl vi Q=B P L (BCE)
ma (BC'’E") =(BC'D)
nén B’P 1 (BC’D).

Tudng v, dung hinh ldp phudng A’B'C’'D”. A”B”C”D” nhu hinh vé.

Goi O" 1a tim A’B'C'D’ va Q 1a giao di€m cda B'D’ va B’O’, ta ciing c6

B’Q L (A'DC)).

Viy ta ¢6 4 diém P, Q, B, C’ cling nim trén mp(B’DF).

b) Ta ¢6 AB’ L B’C’, DC’ 1 FD” (3)

Ma AB’ song song DC’ nén AB’ L FD” 4)

Tir (3) va (4) ta c6: AB” (B'FD”). Suy ra PQ L AB’ (5)

Mat khdc PQ song song FD”, ma FD” L B'C’ hay PQ L B’C". Tu (5) va (6)

ta c6 PQL (AB'C).

Goi S 1a giao diém ciia PQ va B'C”, :

Khodng cdch giita PQ va AB’ 1a B’S. mit khdc: trong tam gidc B'D”F ta ¢6

B =“BPPQ o Bs -1 1

P e = s =xBE=
BD” BF FD” BC 3 32

Bai 46.
Goi F la trong tdm cia td dién ABCD.
Ta dit x = OM + 40G .
Goi A’, B’, C’, D’ lan lugt la trong tdm cdc ti dién MBCD, MACD, MABD,
MABC.

Ta ¢6: 40A’ = OM + OB + OC + OD = OM +40G - OA = x - OA
Tuong tr ta ¢6 40B’ = & - OB; 40C’ = x — 0OC; 40D’ =x-0D
Theo dé ta ¢6: OA” = 0B’ = OC’ = OD’
<> 160A” = 160B"* = 160C"2 = 160D
& (x-O0A)’ = (x~ OB)* = (x - OC)” = (x - OD)*
< x .0A = x.0B = x.0C = x.0D
Do d6 x =0 < OM +40G =0 < GM = 5GO (1)
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Viy ¢6 duy nhit mdt diém M thod man dé bai xdc dinh bdi (1)
(M = V¢(0)).
Bai 47.

* Do hinh chép cut ¢6 ding 6 midt nén mdi
mit cda hinh chép cut phdi chita ding 4
mt canh cla thiét dién, nén 1J 13 dudng
chéo 1dn cla luc gidc.

Do d6 2MN // = 2PPQ // 1)
=TI BD (1)

* Goi O 1a tdm cida luc gidc va H, H 1a hinh
chi€u ctia O trén hai ddy thi AOHP = AOHM
= OH = OH' (2)

Tit (1) va (2) => I, J 1a trung diém cta BB’, DD".

*DatBD=4a::»B’D’=23.1J=3avéMN=PQ:3%1.

PQ AQ 3 . MN CM 3

= =— Vi —— = —— =

BD. AW - ¥'58D. T eR'8

* Ap dung dinh li Mé-né-la—uft cho ASA’B’ va 3 diém U, Q, 1 ta duge
SU .1

Suy ra

F>_3.= =1 = U la trung diém clia SA’.
UA '3 3
* Vﬁy _V[.'A'QP = 71_‘
. V'ET!\]:] 12

Bai 48.
Goi By, C,, D, tuong tng 13 giao diém clia cdc tia AB, AC, AD véi mit phing
qua M, va song song (BCD). Gid sit MM, n (BCD) = {I}. Ké AH L (BCD)
va gid st AH » (B,C,D)) = {H,}. Ki hi¢u V, = V(MBCD).

Do hinh chép ABCD va AB,C,D, déng dang nén:
V(ABCD, (AH,Y
)

=

VW, _[AH+HH,T _(“ET

A% AH AH
2
l+—v£: 1+—Y‘— -
\% A
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Bai 49.
a) Chitng minh diing AC L (MON)
Li ludn ding

b1
V = Vaomn + Veoun = g AC. Somn

Tinh dudc Soun = (X +Y). % .

(x +y).a®
g
b) Nhi di¢n [M, AC, N] la nhi dién vuong A

_
<> MON = 90°

S : - ) 5 15
Ta c6: MON = 90° < MN’=OM’ + ON’ <> xy = Ea".

Viy: V=

2 3
Theo bat ding thite Co—si: V = X +g)'a 32 (;E .

Diu déng thic xdy ra khi va chi khi x = y = Lt -

2
a2 a2
6 R

Viy: minV = Xsy=

Bai 50.
Goi O va R tong ting 1a tim va bdn kinh mat cdu ngoai ti€p v dicn.
R* - OG*
GA,

Viy: * (1) <> (GA.GAL.GA:.GA,)’ < (R? - 0G*
AR~ DG = (GA.GA,.GA;.GAy) (3)

4

Tacs: Y GA? =Y (OAi -0G)* véi ¥ =%

izl

Ta c6: GA.GA’; = R* - OG? <> GA, = véii=1,4.

= QA% 3062 -20(}2[0(}4%]

0

=4R? + 40G? - 80G’ = 4R - 40G?
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4y GA? > (Y GA)’

>16
GA,

Suy ra:
AR? - 0G?) = Y GA} > i(z GA,)’ > %.16.\@A,-GA2-GA3-GA4

— (R? - 0G?)? > GA,.GA, GA, GA,

Viy (3) diing.

GA. GA,
. nen @ e 2o L >T0a @

g nén (2)<:>
GA’, R? - OG? -0G?)

*Na

Ta co:

- 0G* )2——:~Z (Z

Viy (4) ding.
Déu biing xay ra <> GA, = GA; = GA; = GA,<G=0
* VM, ta ¢6: MA, = l[MAiHOA}] > - MA:.OA;
R R
1

—R?

_ 1 (MO + OA).OA = ~ MO.OA; +
R R R

TMA, >+ 3 MOOA +4R - LMY 04;+ 4R = . MA, > 4R

0
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PHAN 4 3 % .
BE THI DE NGHI MON TOAN

NAM 2007

SO GIAO DUC VA PAO TAO THANH HOA
TRUGNG THPT BiM SON

Céu 1. Cho diy s6 (U,) xdc dinh nhu sau:
U =1

UZ
U =—te 5] viiians=1,23..,
TR 2007 =

Chitng minh day s6 (U,) khong bi chdn va tinh:
U

| B i
lim(—+-—2+—"2+..+ )
TEARTIRA TR |

n+l

Céu 2. Tim ham sd f(x) xdc dinh vdi Vx € R thod man:
£(0) = 30%, r(g) =2007

f(x+y)+f(x-y)=2{(x).cosy vdi Vx,yeR

Céu 3. Cho tt dicn ABCD ¢6 BC = DA =a, CA=DB =b va AB.DC =¢”. P la mot
diém nio d6 trong khong gian.

Tinh gid tri nhd nhat cda bi€u thite: f(P) = PA + PB + PC + PD.
Cau 4. Gidi h¢ phuong trinh:

3

X, = —(; cos(nxz)
3

) TR s o3 1 o2
2 9
3

X, = s cos(mx, )

3 -~
X, = 7;— cos(mx, )

Céu 5. Tim (4t ca s nguyén a, b, ¢ thod min diéu ki¢n | <a <b < ¢ va (abc — 1)
chia h&t cho (a — 1)(b— 1)(c - 1).
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SO GIAO DUC VA PAO TAO QUANG TRI
TRUONG THPT CHUYEN LE QUY PON

Cau 1. Cho [x] 1a s8 nguyén 16n nhat khong vudt qud x, {x} = x — [x]. Tim tat cd
cdc s6 thuc x # 0 sao cho ba s8: x, [x], {x} ldp thinh cdp s6 nhén.

" Cau 2. Trong hinh vudng ABCD 14y cic diém P va Q sao cho (‘)Xi’ =PCO =45

P

(BAP < BAQ , BCP < BCQ ). Chitng minh ring PQ’ = BP? + QD
Céu 3. Cho n la sd nguyén dudng. Chiing minh riing:

[\/Eﬂ/ﬁ}:[\/r;mﬂ

vdi [x] 12 sO nguyén 13n nhat khong vigt qud x.
CAu 4. Cho hai dﬁy 56 A0, Ayl va hu, h], bl

=g +-l+~,b =b +L.
GEeel

Véiay, by>0va a_ 1 s
2a_

¥ 1

Ching minh riing: Max {a,: B0 } > ¥2007.

Céu 5. Cho tap hop X = {15 2; 3; .2 99; 100} va A la tap hdp con ¢6 11 phén i
ctia X. Chimg minh riing (On tai hai tip hdp con khdc rong khong giao nhau
clia A sao cho 13ng cdc phan ¥ clia chiing bing nhau. 7

Céu 6. Cho cdc s6 thue dudng a, b va sd thuc x.

? s
sm- x bun\' X

- Chitng minh: . a <a+b

Céu 7. Cho tam giac nhon ABC ndi ti¢p duding tron tim O, ban kinh R. BH = RV2 Ia
duting cao clia tam gidc ABC. D va E 1a hinh chi€u vudng géc clia H 1én AB v
BC. Chitg minh duting thiing DE di qua O.

SO GIAO DUC VA PAO TAO QUANG NAM
TRUONG THPT CHUYEN NGUYEN BiNH KHIEM

X
Céu 1. Gidi hé phudng trinh sau: i()m =3(y* +2)
Q=xy
Céu 2. Cho(a,, as, ..., axxy) Ia mot hodn vi clia (1, 2, .., 2007). Tim gid tri nhd nhat cla

2007

SE(J(I'? =K Z

Al =g

i il (B0 =8,)
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Céu 3. Cho tam gidc ABC. Goi M, N, L 1dn lugt 1a cdc diém chia doan BC, CA,
AB theo ty s6 -2006, -2007, —2008: P, Q, R lan lugt 1a giao diém ciia AM
vdi BN, BN vdi CL va CL véi AM. Goi I 1a mdt diém thude mién trong tam
gidc PQR; ki hi¢u x, y, z lan lugt 1a khodng cich tir I dén BC, CA, AB ciia
tam gidc ABC. Tim vi tri ctia I d€ cho x.y.z dat gid tri 16n nhat.

Céu 4. Tim 1at cd cdc ham s6 f: R — R thod min:

a) f lién tuc trén R
b) Vi mdi bd gdm 2007 s6 bat ki X; < X> < ... < Xyor, 1 €O

1
f(x > ——(f(x)) + ... + (x + f(x + ...+ f(x5 ;
1(1(14) 200() ( ( I) ( l[?()ﬂ) ( 11)()5) ( (K)?))

Céu 5. Cho hinh chép S.ABCD, ¢6 diy ABCD la uf gidc ndi tiép trong dudng
tron (0). Goi E, F 1an lugt 1a nhitng diém di dong trén canh AB va CD sao
AE, CF AB

0 ——=—— (E#A,F#C). Goi P la diém trén doan EF sao cho E:—.
EB.  FD PE CD

Chitng minh rang ty sO thé tich —>2*2 khong phu thudc vao viéc chon diém
S.BpPC 3

EvaF.
Céu 6. Cho f: R — R khd vi cdp hai. S& thuc dudng a thod min:
a)fay=1f—a)=0
b) fita) <0
¢) £ (x) + £ "(x) > 0, vdi moi x thudc (~a; a).
Chitng minh ring: a > n/2.

Céu 7. Chl?ﬁg minh ring véi moi sd thuc x L g; %} ,la ¢o:
L

sin2x(sinx + 1) | } |f\/g—l ) | sinx.cosx |-

Max { | 2sin’x ! , | cosx.sin2x

L}

SO GIAO DUC VA DAO TAO PONG THAP
TRUGNG THPT THI XA SA PEC

Céu 1.
1) Binh k d€ phuong trinh sau ¢6 4 nghiém phan biét: (x — 1)°=2|x - k|
2) Binh k d€ phuong trinh sau ¢ ba nghiém:
415K 0BG (02 2% 43) 4+ 2% Jog, 2lx— k| +2)=0
: 2
Céu 2. Tim tdt cd cdc nghiém thude doan [ 0; 1] elia phuong trinh:
8x(2x* ~ 1)(8x* - 8x* + 1) = 1.
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Chu 3. Cho i dién SABC, trén SA, SB idy M, N sao cho 2SM = MA; SN = 2NB.
Mot mat phing (or) qua M va N, song song vdi SC chia 1 di¢n thanh hai phan.
Tinh ti s6 thé tich hai phin do.

Y1 21 -1 A N
Céu 4. Tim gidi han sau: A:lim{ el S o },v(ﬂaﬁaﬂto,m, neZ.
X

x—0

Cau 5. Cho i gide ABCD ¢6 ba canh AB = BC = CD = a. Tim gid tri I6n nhat
cua dién tich uf gidc ABCD.
Céu 6. Chitng minh ring ndu dd thi ham s6 y = f(x), x € R d6i xing qua diém
A(Xo, Yo) va qua dudng thing x = b, (b # Xo) thi f(x) 12 ham s6 tuin hoan.
Cau7.Chox,y>0vax+y=1,A>0cho truc. Tim gid tri nho nhat ca:
] A

S:*ﬁ 2"!‘—'.
Xy Xy

SG GIAO DUC VA PAO TAO NINH THUAN
TRUONG THPT CHU VAN AN

Cau 1. Tim 14t ¢ cdc cdp sO (x,y) thoa man phudng trinh:
2007 42007 * =2009 + cos2y.
Céu 2. Cho bit phuong trinh:

log, (Vx* +2ax +20 +2).log,(x” +2ax + 22) + log, 4 >0 vdi a la tham 5. Tim

a d& bit phuong trinh ¢6 nghi¢m duy nhit va tim nghi¢m d6.

Céu 3. Cho uf dién ABCD ¢6 AB, AC, AD ddi mdt vudng goc vdi nhau tai A va
I 1a tAm mat cdu ngoai ti€p ¥ dién. («) 12 mat phdng di qua I va (a) vudng
gbc vdi AL Ching minh diéu ki¢n cin va di dé diém M niim trén mit phing
(o) 1a: MB® + MC? + MD’” = 3MA”.

CAu 4. Cho day s (x,) vdi x, = 4n” + 38n vdin € IN

Tim lim{\f;:}

Vdi ki hi¢u {x} 12 phin I¢ cla x.

CAu 5. Cho tam gidc AABC ¢6 dinh A ¢& dinh. Hai diém B va C thay d6i sao cho
AB =2 va AC = 5. Dung tam gidc déu BCD sao cho diém D & khéc phia doi
véi A d6i vdi BC. Hiy xdc dinh goc o = BAC @& doan AD ¢6 do dii 16n nhd.

Céu 6. Cho ham f: N* —» N* thda man ddng thdi cdc dicu kién:

a) [ ting. b) f(2n) = f(n) + n, Vn € N*
¢) f(n) chinh phudng thi n chinh phudng.
Tinh: £(2007)
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Céu 7. Mot thy vién sau khi khai truong dude ding 10 ngay. Nhin vién thu vién
cho biét:
1) M&i ngiy ¢6 ding 8 ngudi dén doc sdch.
2) Khéng ¢6 ngudi ndo dén thu vién 1 ngiy qud 1 lan.
3) Trong 2 ngdy bat k¥ clia 10 ngay d6 thi ¢6 it nhit 12 15 ngudi khdc nhau

cing dén thu vién.

Cin cif ddng thdi cd 3 diéu kién ma nhin vién thu vién cung cAp. Hiy cho
bi€l s8 ngudi 16i thidu da dén thy vién trong 10 ngay néi trén 12 bao nhiéu?

SO GIAO DUC VA PAO TAO KON TUM
TRUONG THPT CHUYEN KON TUM

Céu 1. Gidi va bi¢n ludn phudng trinh theo tham s& m:

N
¥
lngz—x—x-:Tnﬁgzxvmrxfxz*ﬁh? (1)

el hom (1)
Cdu 2. Gidi h¢ phuong trinh: y +1

3log,(x +2y +6) =2log,(x +y+2)+1 (2)
Cau 3. Mit phing (P) song song vdi AB va CD cdt uf dién ABCD theo mét thiét
dién. Tim ty s6 thé tich giita hai kh&i do thi€t dién chia uf dién theo k, vdi k
1a ty s6 khodng cdch tir AB, CD dé&n mit phing (P).
Céu 4. Cho day s0 {u,} xdc dinh nhy sau:

u =Lu, =2
u,,=ulu -D+2,n=234,..
Bar S == (u:2 ‘ l)(ui +l)(u§ + 1)(uf1 + l)—l T 47 Sl B A
Chitng minh véi moin= 1, 2, 3...., S, 14 s6 chinh phudng.

Céu 5. Cho tam gidc ABC vudng tai A. K& AD vudng géc véi BC. Puding thing
n6i tim cdc dudng tron ndi tiép cla cdc tam gidc ABD va ACD lan luot cit
AB va AC tai K va L. Goi S va T lan lugt 1a dién tich cta tam gidc ABC va
tam gidc ALK. Chitng minh ring: S > 2T.

Céu 6. Chitng minh riing phudng trinh x* + 1 = 4y” khéng c6 nghiém nguyén.

Céu 7. Chitng minh riing trong mot hinh chi nhat kich thudc 10 x 11, ¢6 thé x&p
dudc nhitng diy cdc hinh tron khong chdm 1én nhau sao cho tdng cdc bén
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SO GIAO DUC VA PAO TAO BONG NAI
TRUONG THPT CHUYEN LUONG THE VINH

Céu 1. Cho a, b, ¢ 1a cdc s& dudng sao cho a + b + ¢ = abc.

Ching minh riing: \[1+L2+J1 +—bl; + “14”% 5543
a ‘ c

Céu 2. Cho diy sd Fibonaci: f; = [, = 1; £, = £, + {,1; n > 2. Dt day sd (g.):
g, =300+ 3, 2 + [, s n>6. Tim UCLN {ges66): Zi666) } -
1975 ! 1

Cau 3. Gidi phuong trinh sin®® x —cos"" x = ——— ——0——.
sip’™ %< cos’y X

SG GIAO DUC & PAO TAO LAM PONG
TRUGNG THPT CHUYEN THANG LONG

Juds oy
2+a 2+b 2+c
Céu 2. Chitng minh ring néu mdt hinh tf di¢n ¢6 dién tich cdc mat bing nhau thi
dudng vudng géc chung clia cdc dudng thing chita mdi cdp canh doi dién di
qua trung diém cdc canh dé.

Céu 1. Chitng minh riing n€u a, b, ¢ > 0 va abc = 1 thi

Céu 3. Tim (4t ca cdc ham f: R — R théa man:
f(xf(y)) + {(y(f(x)) =2xy Vx,y € R.
Céu 4. Pinh tham s6 m d& hé phuong trinh sau ¢6 nghi¢m

(x+%). X1+ 2% 43 +(x+%).\lx2 +1 2% +220
logm:”(.’;.@+ < logm_,ﬂ(mfo)

Céu 5. Cho hai hinh ciu ddng tdm O, bdn kinh R = /10, r = 2. Hai diém A, B
nim trén (O,R) va hai diém C, D niim trén (O,r). Tim thé tich 16n nhat cia uf
dién ABCD.

u =5u,=11

Céu 6. Day s0 {u,} dudc xdc dinh nhu sau: {

u = 2un'—3u n=2:3

n-1"
Chitng minh riing uag; chia hét cho 11.

Céu 7. Goi n, k, p 1a cdc s0 nguyén duong sao cho k > 2 va k(p + 1) < n. Hay xéc
dinh s céc cach o thinh hai mau xanh dd, cho n diém duge ddnh diu trén mot
duding tron sao cho: ¢6 diing k diém duge 16 mau xanh va bit ki doan cung nao cé
hai diém dAu mit mau xanh nhung khong chifa di€m mau xanh nao khdc bén
trong ciing phéi chifa it nhat k di¢m mau do.
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SO GIAO DUC VA DAO TAO TP. HO CHi MINH
TRUGNG THPT CHUYEN TRAN DAl NGHIA

Cau 1. Gidi phudng trinh:
2V~ 34x +376)' X - 34x + 376 + 3log, (x* ~34x +376) | =35.

Cdu 2. Cho phuong trinh 2007 +x~[log, . ¢|=0 (1) & day [x] Ia phin
nguyén cla x.

Véi gid tri nguyén dudng nao cia n thi (1) ¢6 nghiém x € (1; 2).

Céu 3. Trong khong gian cho 3 ngi gidc déu ABCDE, ABMNL va AEKPL.
Chitng minh ring AK, AN, AC d6i mdt vudng géc vdi nhau.

Cau 4. Cho ham s6 f lién tuc trén R thda man f(f(x)) = x>, vx € R.

Chitng minh f(x) > 0, ¥x € R.

Céu 5. Cho hai mit ciu (C)), (C,) déng tim O, ¢6 bdn kinh 1an lugt 1a J10 va 2.
Mot hinh i dién ¢6 hai dinh & trén mit ciu (C,), hai dinh kia & trén mit ciu
(C2). Tt dién nhu the ¢6 thé tich 16n nhat 1a bao nhic¢u?

Céu 6.

Xdc dinh ham s f trén tdp cdc s6 nguyén duong thda man: f(1) = 2007 va n(n +
D ftn+1)=n(n+ Dfn)+ 1 +n* +n’, Vn e N*,

Céu 7. Cho 2007 s6 nguyén dudng khdc nhau déi mét va khong vugt qud

13[)()(1

s Chitng minh riing ton tai ba s6 a, b, ¢ trong 2007 s6 d6 thda man

a<b+c<3a.

SO GIAO DUC VA PAO TAO KIEN GIANG
TRUGNG THPT CHUYEN HUYNH MAN DAT

Céu 1. Tim m d¢ phudng trinh:
3 Jog, [x3 “2x 4 3} =9""log,(2[x+m|+2) (*) 6 diing bdn nghi¢m
phén biét.

Céu 2. Tim s3 k b¢ nhét d€ bat phuong trinh sau luon diing

k(|x!+\[l——;?+1)22 T S |xl + N1=x* +2 (1)

Céu 3. Cho hinh tf dién ABCD, trén cdc canh AB, AC, AD, 14y lin lugt diém M,
P, Q sao cho AB = n.AM, AC = (n + 1)AP, AD = (n + 2)AQ, véi n thudc N*.
Véi mdi n thude N*, ta ki hiéu P, 12 mit phing di qua M, P, Q. Chitng minh
ring cdc mat phing Py, P,,..., P, déu di qua mot duding thing cd dinh.
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Céu 4. Cho da thic:

f(x)=apx"+a;x" "+ ... +a, 2,€Q,i= On
« € R sao cho o — a = [f()]} - f(a) = 3
Chitng minh ring: ™)) - () = 32
Trong d6 fV(x) = f(f(...(f(x))...)(n € N*).

2
n lin

Cau 5. Cho tam gidc ABC c6 cdc canh lan Iugt 1a: a, b, c.

£ 5 i Fap 2
Chimg minh: 8 B b o s gl i aeer S P 1+4sin‘?9 :
bo, _caiab 2 2 v

Céu 6. Chitng minh ring véi moi s6 nguyén m, da thifc
f(x) = x* — 2007x> + (2006 + m)x” — 2005x + m c6 khong qud mdt nghi¢m
nguyén (nghi¢m kép dudc tinh 1a 2 nghi¢m).

Céu 7. Trong thu vién ¢6 12 bd sdch gdm 3 b sdch Todn gidng nhau, 3 b sdch
Vit 1y gidng nhau, 3 bd sich Héa hoc gidng nhau va 3 bo sdch Sinh hoc
giong nhau duge x&p thanh mot day sao cho khong c¢6 ba bd nao ciing mot
mon ditng k& nhau. Hoi ¢6 bao nhi¢u cach xEp nhu vay?

s3 GIAO DUC VA DAO TAO BAC LIEU
TRUONG THPT CHUYEN BAC LIEU

! 5
Céu 1. Gidi phuong trinh log, (x™ +1)— logz(x2 +2)=log, &

C4u 2. Vi gid tri ndo cia m h¢ phuong trinh sau c6 nghi¢m:
{ cos’ X +(m+ D(sinx —1)>0

sin® x + (m +2)sinx +2m <0

Céu 3. Cho géc tam dién vudng Oxyz. Goia, b, ¢ lan lugt 1a khodng cdch tir mot
diém 1 & bén rong géc tam dién theo thi w d&€n ba mit Oyz, Ozx, Oxy. Qua
I vé mit phing (P) cdt Ox, Oy, Oz lan lugt tai A, B, C. Phdi chon mit phing
(P) nhv th& nao d€ thé tich 1f dién OABC nhé nhat.

Céu 4. Cho ham s {(x) lién tuc trén doan [0; 1] nhin gid tri trong khodng (0; 2).
Chitng minh riing t6n tai s6 ¢ € (0; 1) sao cho: (1 — ) + [fc) + 27 1P =1

A ~1. A . X ~ vz ~ ~ o - A ~

Cau 5. Chiing minh ring néu tam gidc ABC khong (i va thoa man 1.5 tan— thi

mll

vudng cin tai A. (R, m, ldn lugt Ia ban kinh duding tron ngoai ti€p va do dai trung
tuy&n ké (i A clia tam gidc ABC)
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Cau 6. C6 hay khong ham s6 {: N —» N* thda man hai diéu kién sau:
a) Néum <n thi f(n) < {(m) Vm, n € N.
b) Vn e N: f[f(n)] =n+ 3

Cau 7. Chimg minh ring trong mat phing véi 4 diém bét ki khong nim rén mot duting
thiing ludn tim duge mot tam gidc khdng nhon (c6 3 dinh 12 3 rong 4 diém do).

DAP AN
SO GIAO DUYC VA PAO TAO THANH HOA
TRUONG THPT BiM SON

Céu 1.
U, =1
* T gia thict ta c6: U2 véi Vn e N* = diy s0 (U,) ting
o gtk L andl
i 2007 2 .
Do d6 néu (U,) bi chdn thi n6 s& ¢6 gidi han.
Gia st limU,=akhidéa >U,=1 9
u? 5 2
vilimU,;=lim (——+U ) =>a= +a=a =0=a=0trdl vdi (1)
2007 .

= (U,) 1a ddy s6 khong bi chin = lim U, = o = lim I—JI— &1

n

U2
U U : el
Tach U, Jv-U, = e sie oiangy 2000 2 ogpyint T s
2007 - o st gAn =T
U s s
= —8 = 2007(— ———) v0i Vn € N*
Un+l Un Unfl
SR e g U
=> —+ 2+ =+ L+ —2=2007 L—L):Z)O?(lfL)
UZ U‘ U-l UIHI Ul Un+| Un*l

U

3 4 n+l n+l

YR e b falen U : yo
Viay: lim (— + —*+ —+ ...+ —2-) = lim 2007 (1 - ——) = 2007
5 bl U U

]
vilim —— =0
( T )

n+l

Céu 2. Tir gia thict: f(x + y) +[(x — y) = 2f(x).cosy vdi ¥ x,y € R

i n n
+Ta thay: 2 dude: {0 + £t ) = 26(t - Z)eosZ =0 2)
bl L
S
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+ Thay () + f(n-1) = 2f(§ ).cos(t g )= 2.2007sint 3)
bi4
= I_ —_—
Bawd L
-0
+ Thay {x = f(t— ©) + f(n - t) = 2£(0).cos(l — m) = -2.30%ost (4)
y=t-m

Cong (2), (3) ting v& duge: 2f(1) + f(t - n) + {(x — 1) = 2.2007sint
K&t hap véi (4) dude:

26(1) = 2.30*cost + 2.2007sint => £(1) = 30*cost + 2007sint
hay f(x) = 30%cosx + 2007sinx

Thit lai: Vi f(x) = 30".cosx + 2007sinx ta c6: £(0) = 30%, 1'(% ) = 2007

v [(x +y) = 30" .cos(x +y) + 2007sin(x + y)
f(x—y)= 304.c05(x —y) +2007sin(x — y)
= f(x +y) + [(x — y) = 2.30%cosx.cosy + 2.2007sinx.cosy
= 2(30".cosx + 2007.sinx)cosy = 2.f(x)cosy

thda min dé bai. Vay ham s& cin tim 1a: (x) = 30°cosx + 2007sinx

BC=DA=a
Céu 3. Gia thitco: {CA=DB=b
AB.DC =¢*

Ky hi¢u AB=m,CD =n

Tir gid thi¢t ta ¢6 m.n = ¢. Goi M, N ldn lugt Ia trung di€m ctia AB va CD.
BC =DA

CA=DB

=> ACAB =ADBA =>CM =DM =>MN L CD

Tudng tu ta c6 MN L AB

titc 12 A, B d6i xitng nhau qua MN va C, D ddi xdng nhau qua MN

Véi mbi diém P trong khong gian goi P' 13 diém doi xing véi P qua MN khi

AP—hp
do ta c6 = {(P)=PA+P'A+PC+PC
cp! P

Tir gid thiét: {

Goi Q 1a giao diém clia PP’ vi MN thi AQ Ia trung tuyén clia AAPP' va CQ la
trung tuy&n ctiia ACPP'. Tir do ta co:

AP + AP'>2AQ
{CP +CP'22CQ

= {(P) = AP + AP' + CP + CP' > 2(AQ + CQ) (1)
r

(ddu bing xdy rakhiP=Q =P
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2 2

Ap dung bit ding thic Bunhiacopski la suy ra

2 1 2
\/x:+m7 +Jy’ (x+y) +(g+) J(x+y) (—nl%i (3)

o
2

Mit khdc: — = BN’ - MN? > BN’ — (x + y)°
2 2 2 2 2 2 2
o G P (x +y) > BN’ + LI T Bkl =2 ks
4 4 4 2 %
2 7 A
maimn=c :>_m_n:(:_:>(_rp_j_n_)_+(x+y)32Lb-H,_ (4)
2 4 2
2 a’+b’ +¢ 4 TR
Tir (1), (2), (3), (4) suy ra: {(P) =2 e = \J2(a’ +b* +¢?)
D#u bing xdy ra khi — =2 tc 1a 1o YL
m n QN CD
Viy Min f(P) = /2@* + b° + ¢} khiPe dden MN vl Lo = 08
PN CD
Céu 4. T h¢ phudng trinh ta ¢6 vdi Vi = i = J %

= —-E< X < E::;()‘: cos(nxys 1= 0<x;, < l::»()<7txi< =
2 2 2 2
Khong mat tinh t8ng qudt, gid sif x, > x5 (1)

3 3
=5 ? cos(mx,) > ? COS(TX4) <> cOS(MX;) = COS(TXy) <> MXs < Xy < X2 < Xy

3
:>~«9—3cos (nx;,)S—;—cos(nx,)c:»nx;an, o G (2)
Tir (1), (2) = x; = X3. Thay vao hé ta ¢ x, = x4 (3)

+ Xétham so f(x) =x + ?3 cos(mx)

fn

Fia)=1"= w;-nsm(ﬂ:x)> 1 - —— > 0= f(x) dong bién
Tir h¢ da cho k&t hdp vdi (3) ¢6: X, + Xg = X5 + X,

Ta dudc: x, + ?3 cos(mx,) = X, + ?3 cos(7mx;)
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= X, = X» (4) (Do {(x) 12 haim s6 dong bién)

Dodoxi==X=X =X = _5 cos(mx,;) < cos(nx;) =3V3 x, (5)

Xét trén khodng (O:g ) thi VT (5) 12 ham s6 nghich bi€n va VP (5) 1a ham s&
ddéng bién.

Do d6 (5) ¢6 nghiém duy nhdt 1a x; = %

. < 1
Viy hé¢ da cho ¢6 nghi¢m duy nhat: X, =X, = X3 =X3 = -

Ciu 5.

E abc 1 [@-p+1][o-p+1]c-n+1]-1
T @-Db-DEe-1) (a—D(b-1)(c—1)

] 1 1 1 1 1
=1+ + - + + +

a-l b~l c-1 @-Db-=1) b-Dc-1) (c-Da-1
sl+l+—+l+—l—+—— i<4(V‘1a>2 b=3;c24)

-l ST AT
Honnrad > 1.

Nhéin thiy n€ua >4 thitac64<a<b<c
d<l+l+i+l 1+I 1“12 2
i 55 B 45 534,00

Volidode Nvad>1.Tirdétac6d=2hodcd=3viaa=2hoica=3
Ta ¢6 4 trudng hgp d€ kiém tra sau:
Truomg hop 1: a=2vad=21taco:

-ﬂll—--:2<:>2bc— I=2(b-1)c-1)

(b—Dc-1) )

Vi v& trdi clia phuong trinh naty 1a s8 1& con v& phai chin nén phudng trinh v nghiém

Triimg hop 2: a =2 vad =3,

tacﬁ:ﬂl=3<:>(b—3)(c—3)=5
(b—-D(c-1)
b-3=1
Vib<cnén & .Viya=2,b=4,c=8
e =5
3bc—1
Truomg hop 3:a=3vad=2,tach:————— =2 (b-4)(c-4) =11
2(b71)(c—l)
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ey B
Vib<cnén h l.Véya=3,b=5,c=15
c-4=11

Truong hop 4: a =3 vad =3 ta cé:

4_3})_(:_—11___ =3<3bc-1=6(b-1)c—-1)

2(b-D(c—-1)
Phuong trinh nay vé nghiém vi v& phdi 1a boi cia 3 con v& trdi khong phdi l1a
boi s6 clia 3.

a=2 a=3
Viy cdc nghi¢m ciia bai todn 1a: {b=4 vayb=35
|c=8 c =15

S GIAO DUC VA PAO TAO QUANG TRI
TRUGONG THPT CHUYEN LE QUY BON

Cau 1. x, [x], (x} lap thanh ¢ip s6 nhin < x.{x} = [x]*
& x(x~ [x]) = [x]%,

o X =Xx=[xF=0 &x=

l:x}—r [x}~+4[x]2 % liz\/g[x],

2

: _1£45
ma {x} =x - [x]= — [x]‘()i{x}af.l

:>()¢{x}=[£].[x]<l = Os[x]<\/g+l max=#0

2 2
=>[x]=l= x= J§+£
2
4 Céu 2. B C
Goi M la diém doi xding ctia B qua AP, p
~5 AD = AB = AM ma QAP =45'= M 4
d6i xing vdi D qua AQ. Tudng ty goi N
1a diém doi xing ctia B qua CP = N la
diém ddi xing clia D qua CQ Q
PMOQ + QNP =180° (= B+D) A D

APMQ = AQNP => PMQ = QNP =90’
— PQ’ = PM? + MQ’ = BP? + DQ’
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Célu 3.
Ta c6:

(\/H+\"n+l)2 =2n+1+2yn(n+1)< 2n+1+v4n’ +4n+1=4n+2
= [«/r:+\/n_rllg[\:‘4n+2:1

Né&u [\/; +4n+ 1] < [\/411 + 2} thi tén tai s6 nguyén p théa man:

\/r:+\.’n+l<p5\!4n+2

o 2n<2\}n(n_5<p2 ~2n+1)<2n+1 = p2 —(2n+1)=2n+1
=> p’ =4n + 2 diéu ndy vd Ii vi mot s6 chinh phuong chia cho 4 chi du 0 hoic 1
Céu 4.

a b =( +L)(b _i_L) =ab_ + +1
2b. 2a, "1 4ab,
=4 b+ : + : +2 =
g 4:ln |bn 3| 4a‘nbn
= ab, Z +n+l.Khidé:
i= ()
1
(Max{aztm’ w:mr}) 2 y005-Dyoas > 25Dy + 4 g

0-0

52 fa”bn ; lb +2006 = 2007
a(l (]

= Max{a,,,.: b,y } >2007 (dpem)
Céau 3.

A c6 2" — 2 = 2046 tap hgp con khdc rdng va khdc A. Téng ctia cdc phan tf

ciia mdi tip hgp con nay 14 s6 nguyén dudng khong vugt quéd
91 +92 + ...+ 100 = 955.

Viy tdn tai hai tip hgp con khic réng clia A sao cho tong cdc phdn i clia

chiing bing nhau.

Goi hai tip hgp con d61a Bva C,khid6 E=B\(BnC)vaF=C\(B n ()
la hai tdp hdp con khédc rdng khong giao nhau cla A sao cho tong cdc phan i

clia chiing bing nhau.
Cau 6.
bit m = Max{a; b}

Ta Cé asll‘l- X .b\'“V X S mﬁln_x .m S = m!ﬁll'l’ X+COS™X = m ( a + b
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U Céu 7. B
T gidc BDHE ndi tiép dudng tron
dudng kinh BH nén

BDE =BHE =C, ma AOB = 2C
—s ABO=90"-C
= DE 1 BO. (1) D

Ta cling ¢6 BED=A. A H C
= Dién tich tam gidc BDE la

2
BH RN SRR e R e
S =2[~5—} sinA.sinB.sinC = R’ sin A.sinB.sinC

1 5 :iAC.BH

='2' ABC
DE = BH. sin D’I;fi = BH: sinﬁ = Khodng cdch tir B d&€n duding thing DE la

1
AC.BH
fi = 2y oz i AC
DE BH.sinB  2.sinB

Tir (1) va (2) ta ¢6 O niim trén dudng thing DE (dpem)

=R.(2)

SO GIAO DUC VA PAO TAO QUANG NAM
TRUGNG THPT CHUYEN NGUYEN BINH KHIEM

Céau 1.

y
X

+ Ham s6 y = x.c* 14 ham s8 ting rén R*, nén tire* ¥ =

&S xE = Rel Uy rA X =y

Do d6 n€u (x, y) 1a nghiém ciia h¢ phuong trinh thi x =y
+ Khi 6, ta c6: 10VX® +1=3(y* +2) < 10" + 1= 3(x* + 2) (%)
+Pitu=x*+1,v=x*-x2+1, phudng trinh (*) thianh: i()\/u.v- =3(u+v)

Suy ra: (&—3\/\7)(3\/;—\/;) == \/H:3\/;
Jv=3Ju

+ N&u Vu=3Jv =u=9v = 9x‘- 10x” + 8 = 0, v6 nghiém

+N&u Vv =3Ju = v=9u=x*_10x*- 8 =0 c6 nghiém x = v5+33

thod min diéu kién
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K&t ludn: Hé phuong trinh ¢6 nghiém duy nhét:

(x;y)=(\!5+\/5§; \l5+x/§)
Ciu 2.

+ Ta chiing minh cho trudng hop t6ng qudt S, >2(n— 1), n>2
+ Khong mat tinh t8ng quat, ta gid sita, = 1 (vi d€ thdy hai hodn vi sau: (a;, ay, ..,
A 1o by As 1y @) VA (1, Ay 1y oy Any Ap, 23, .y A1) €6 CUNE gid tri 1Ong S,
# Khi n = 2: C6 hai hodn vi 1a (1, 2) va (2, 1), cd hai déu c6 t0ng
S,=l2-1]+|1-2]=2
*Gid stkhin=ktacé Sy =2(k— 1), khidé vdin=k + | ta cé:

k+1 k
S af =2
i+l i

i=2

i=1 i=

=|a3 = az‘+1a4 53 33|+ +|ak+l = ak|+|az = ak+l|+ Wl =il =
l dy— Ay L 2

D& thdy (a; - 1, a3 — 1, ..., 8,y — 1) 12 mt hodn vi cta (1, 2, ..., k).

Do d6 theo gid thi€t quy nap ta cé:

a

=&
i

i+l

+|a2_all+|al“ak+]l

i —ai1+ g +a—2

ias*ﬂ:l"’ {34“ as +---+|ak+l—ak|+laz_ak+l |+(ak+l +ﬂz—‘az—ﬁk+| | ~2)
=l - D @~ DI+ .. +[@-D-@u-D| +
+(ak+1+az—|az— Ay o 2)
>2(k - 1) + (Zmin(ay, az) — 2) 2 2k-1D+(4-2)=2k
Theo nguyén li quy nap ta ¢6 S, = 2(n — 1), v6i moi s6 ty nhién n > 2.
+ D& thdy hodn vi(1,2,3,...n) 6 Sy=1+1+.+ l+|1-n| =2(-1)
+ K&t qua: Gid tri nhé nhat ctia Sy 12 4012,
Cau 3. Ta ¢6 I thude mién trong tam gidc PQR, nén I ciing thuéc mién trong tam
giic ABC.
Ky hi¢u a, b, ¢ 1a d¢ dai 3 canh BC, CA, AB, ta ¢6:

3

L ——_ax+bysez 28 8S

y@axibyfce) === == 3 ¥F <
\F i e 3 3 y 27abc

Vay gid tri 16n nhil cta tich x.y.z 1a 8S°/27a.b.c, ding thic xdy ra khi chi khi

ax—by=cr

Ta s¢ chiing minh I 1a trong tdm tam gidc ABC.

Thuc viy, gid sir CI cit AB tai D. Pata, B, v, 8 1a cdc gée nhu hinh vé.

Ap dung dinh i ham s sin vdi hai tam gidc ADC va tam gidc CDB ta c6:
AD AC 3 DB  BC

= A% e
sinf}  siny sinot  sind
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Ay hsmB AD. qm'y AD 6.5 Bl ibat)
asino. DB.sind DB

Suyra: AD _ bsinB_by/Cl by C

DB -asine’. ax/Cl - ax
Suy ra: AD = DB khi va chi khi ax = by.
Do d6 ax = by khi va chi khi I
nim trén trung tuyén CD.

Lip ludn wong y, ta ¢6 I nim trén ba
duding trung tuy&n clia tam gidc ABC

D& thdy trong tdm cida tam gidc A D
ABC ciing nim & mién trong
tam gidc PQR
Viy, diém cin tim 1a trong tim tam gidc ABC.
Céu 4. Gid s tdn tai ham sd f: R — R thod man d¢ bai:
+ V6i hai s6 thure bat ki u < v, ta xiy dung dy sé:

(XT)‘(XD """ (XT{JtH)' (xrmﬁ) (X 1tx17)lh0a man:
a) vn, XT < xlzl < x: <. < xmm KU Vs xuxm =< x;cm (05 X o V=K o)
b) XT = U’X; % u‘ HNH = u e x]{l)‘i’v b xl(ﬂﬁ’ V = x’()()'l
Suy ra:
vn, f(u) = 1(x,,,) 2 [f(x ) + PRSI0 WSNE R (QAES (b 2y
+io 1K )]

Ham s6 { lién tuc nén:

1 8
f(u) > -2—&)—611m[f(x R - f(x3)

+.. +r(x10ﬂi)+l(\)+r(xll]ﬂ( -+ f(xzom)}

561& [f(u) + f(u) + ... + f(u) + £(v) + [(V)+ ... + f(V)]

I

L=
E% [1003f(u) + 1003f(v)] = s “(.U) + f(v)]

Suy ra: f (u) > f(v), him s0 khong ting
+ Vdi hai s6 thyc bit ki s < t ta xdy dyng day s0:
(Y1) (¥3)s--s (Y foa ) (F s Dseves (Y300, ) thOd miin:

a) Vn, )’? = y; = Y: S mi:< s<t< yru(15< e < y;(m (s = Y1003, L= Yi004)
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by §, >898, 00 = LY s Y= YRR A G
Lip ludn wong ¢ nhi trén, ta c6: (1) = f(s), ham s6 khong gidm.
K&t ludn: Him s6 f 12 him s6 hing.
Ciu s,

a) Trudng hdp AD cit BC tai T:
Tit gidc ABCD ndi ti€p => AATB va ACTD ddng dang

TA AB
e S (1)

¥CUCh
AE_CF__ AE_EB_AB @

EB. FD _ €F, .FD . CD
Tir (1) va (2) va FCT =EAT => AATE vi ACTF ddng dang
TE TA AB PE —
Lo TE A

SR ¢ B v SICLAL IR - Jgter:
TF. TC.. CD PF

Suyra ATP =BTP, suy ra P cich déu cdc dudng thing AD va BC

b : v
Suy ra: udis Sl e —s _SADP
Dy(BPC) “ BC "'V,

S.BPC

b) Truong hgp AD//BC: Suy ra ABCD la hinh thang cin, véi AB = DC, suy ra
BE = DF. Goi M, N Iin luat 1a trung diém AB va CD. Chitng minh dudc
ME = NF va 0 rang E, F cich déu MN. Suy ra trung di€ém ciia EF niim

= AD khdng phu thudce vao viée chon E, F.

trén MN.
PE AB 2 5 - .
—— =-—— = Prung diém cia EF = P cdch déu AD va BC.
PET G
&) VY.
Suy ra o) DA = R i khong phu thude vao viée chon

DUBPC) BC V

dicm E va F.

S.BPC

CAu 6. Gid slr a < 1/2, xét ham s6 h(x) = sinx.[(x) + cosx.f(x), xe[-a; a].

Ta ¢6: h'(x) = [f(x) + f(x)).cosx > 0, x e(-a; a)
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Suy ra: h(x) 1a ham s0 ting (rén (—a; a) = h(a) > h(-a)
Suy ra: a < /2 vin€u a = n/2 thi h(a) = f(a) = 0 = —f(-a) = h(-a)
Ta ¢6 h(x) <h(a) <0, Vxe(-a, a) => h(x) <0, V xe(-a; a).

Xélhe‘imsﬁ'u(x)——i—) X € [-a, a)

COSX

sinx.f 0s x.{’ j
By 10: o) = sinx.f(x) +:.mx[ (x) 0 e Caa)
cos” X

Suy ra u(x) 12 ham gidm trén [~a; a], nhung u (a) = u (-a) = 0. VO li
Viy a > n/2.
Céu 7.
+ Trudng hgp x = 0:
Khi d6 sinx = 0, lic ndy VT = VP = 0, suy ra k&l qua.

+ Trudng hgp x # 0: Vix e L— ;; g} nén sinx.cosx # ().

Biing cdch chia hai v& cho|2sinx.cosx |, bt ding thitc cin ching minh

dude dua vé:

\/s

max{\mn x|. \cosx\. |sin X + l|} > —

5 = e M St s =
Patr=tanx, s=cosx, vix € {v Z; Z}lcn [r| = |s| < 1. Bai toan thanh:

<1,ls] <1

} 2'\52—1

max{ ¥

Khéng mat tinh (8ng quét, gid st |s| < [r| < 1.

Vacholrs+ 1] < Q—E{—l, thi:

L

B ey e 9oy J5-3
2

o <rs+l< = <rs<

2
<5kt

1t 4t 33 345 | 3-S5
—‘>|F-SI>——;2““ = b lrl >

<0

> ]r.s| >———

Suy ra di¢u phdi chiing minh.

I
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S3 GIAO DUC VA PAO TAO PONG THAP
TRUGNG THPT TH| XA SA PEC

Cau l.’
Dx-1)=2lx-kl e lx-1DP-lx-kl)=0

= [(x-1)P?=2x-KI(x-1)?+2(x-k)]=0
[f(x)=x’-4x+1+2k=0, (a)

=
o x*=2k+1=0, (b)

D¢ (1) ¢6 4 nghiém phin biét thi

(a) ¢6 2 nghi¢m phan bi¢t <> A’ = -2k + 3> 0 < k < 3/2;

- : 1
(b) ¢6 2 nghi¢m phin bi¢t &> A’ =2k - 1>0<> k> 5

va nghiém (b): x = ++/2k —1 khong 1a nghi¢m clia (a) nén f(+v2k —1)#0
<>2k-12442k-1 +1+2k20k+v2k-1 #0

okrtV2k-1 k=1

; 3
K&t hgp cdc trudng hgp ta cé: %< k<= A k=zl

2) 47 log  (x* —2x+3) + 27 Plog, (2x-k|+2)=0 (2)
2
Ta co6:
)4 !‘.lngﬁ(x2 ~2x+3) = 2"‘2‘“.10g2(2|x—k|+2)

P P M.l(‘mgz(x2 ~2x+3) =2 ":*3‘.logl(2’x—ki+2)

e 2"2“4"“.10g2(xz —2x+3) = 2’“’ ’2”'.1(333(21x"k1+2)

& 25 log (X =2x+3) = 22ix‘k|‘1-10g:(21"_ki+2)

& P Jas (x2 2% 43) = 221“"3‘2.10&(2 x—k|+2)
g, 2

a=%=2x+3 .= 2

. it f(1) = 2'.Jogot, t = 2 thi f(1) 14 ham
b=2x-k|+2 > 2 ) B2

Ta thdy: {

ddng bién (vi f(1) 1a tich 2 ham ddng bi¢n khong dm).

Nén Va, b > 2 hé thite 2'log,a = 2"log, b.

Chi xdy ra khia=b.

Khidé(2) & x*—2x+3=2]x-k| +2x-12=2x-k| (1)
Viy d¢€ (2) ¢6 3 nghi¢m <> (1) ¢6 3 nghiém.
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Ta ¢6 cdc trudng hgp sau:
* (a) ¢6 2 n’ phin biét ; (b) ¢6 n” kép khong 12 n” cia (a)

3
2k +3>0 e 1
<
2k -1=0 1
3

Thé vio (a), (b) thda min
* (a) ¢6 n’ kép; (b) ¢6 2 n’ phén bi¢t khong la n' clia (a)

= 1= >
LIRS L Tk Gy o e wia
2k-1>0 2
% (a), (b) ¢6 2 n" phan bi¢t va chiing ¢6 1 n” chung
-2k+3>0 3
—<k<—
= 2k-1>0 &2 St g
f(v2k —1)=Ohodicf(—2k ~1)=0 (k=1
Thé& vao (a), (b) théa man. Viy k = _;, k= %;k =1
Clu 2. 8x(2x” - 1)(8x* - 8x*+ 1) = 1, (%).
Dox € [0; 1].
T
Pitx=cosa=> o € {(); Ej}
' e 8cosa(2cosza - l)(8cus4a — 8cos’a + k=1
Pt 8cosa.m52a[2(2cps"a —“Di-1]=1
&> 8cosa.cos2a|2cos2a — 1] = 1 < 8cosa.cos2a.cosdo = | ()

Ta thiy o = 0 va o = n/2 thi (1) khong thda min = « € [0: g]

(1) < 4.2sina.cosa.cos2a.cosda = sina
&> 2.2sin20.cos2a.cosda = sina

[ 2n
o=—
k2mn 7
o=—
. : i
<» sin8a = sina = SEt
% ki2n 9
:-—+__._ n
059 R
L 3

i3 2 2
Nghiém phuong trinh: x = cos Tn; = cos-g i r:osf;E
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Céau 3.

Goil=MN N AB , a // SC = (SCA) n (SBC)
= (o) N (SAC) = MQ;
() N (SBC) = NP
= MQ /NP // SC. Vi M, N, I thing hang = Q, P, I thing hang.
B PC QA _
Ap dung Menelaus vio AABC ta ¢6 I L T

5 PC_NS Q;QZMAzz:;E:J-:IB:lAB;IA=iAB-
PB NB QC MS IA 4 3 X,

Goih 1a do dai dudng cao xult phat tr S va Vi = Vamonee; Va2 =

VSMNQCP

s 1 1
Taco: V, = VM.-\Q] — Vuppr = E SAQl-hM = ; Spgi.hx

4 1 : 4
1 Saqi = 3 ALLAQ.sinA = :

ABEACQIHA = SSM;C

N | —

1
Sgpi = EBP.BI.sinB = BC. - AB sinB = gsm

3
33
l
a

1
Sasc-hy — —

:>V|= ‘;;

S\BC h\I s E SAB((ShM o hN)

\c:\oc

B2 2 \|
1)0—1:1-_—;31'1_\,1: ;h, R :>hN=*h

5
X E Sms(“ = 6 SARC

. 5 4 D e
Ma V2 = VS.-\BC =7 Vl = VSABC e VSABC = —VS,\BC. Vay —_— ==
9 9 v,
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Cdud4. A= lim

x—+0)

Ta c6: A = lim Y1+ ox 1+ Bx — g1+ Bx + 81+ Bx —1
W1+ Bx —

x —{) X
[\}"Haxul}
A=limyYl+fx=—— +lim—— = 1.

x—0 X x—0 X,

Y1+ ox.Y1+Bx -1
5 ;

Tim gi4 tri 16n nhét cia Saseo: Dat BAC = a; ACD = .
1 ;
Ta cé6: SABCD = Sapc + S:‘\CDz %BHAC o+ 5 AC.CDSIUB

— SABCD < AH.BH + AH.CD

&> Sasenp < AH(BH + CD) = acosafasino + a|

&> Sapep < a’cosa(l + sina) < S* < a’cos’a(l + sina)’
bing thic xdy ra & sinB=1 <P = g

Do cos’a(1 + sina)® = (1 — sina)(1 + sina)’= %(3 — 3sina)(1 + sina)®

Vi: 3 — 3sina > 0; 1 + sinat >0
(3—3sina)+(1+sina)+(l+sina)+(1+sina)
4

> {((Z%-Z‘Ssirlot)(l+sin0t)'1
4 4 4 4
& (3 - 3sina)(1 + sino)® < 3] & 522 g oa(1+sinot)2 T L
2 3 2

el

=

e N

. =t \ o 0
Viy: MaxS= - \/5<:> {B M = {B %)

4 3-3sina =1+sina o =30"

&
-hl\c

(o
(5]
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Céu 6.
+ Goi M(x,y) € (C) 1a dd thi cha f va diém M’ d6i ximg ctia M qua A.

R PR
Ry=es X, =2X, — X
5 = ] = M’(2xo - X, 2Yo— ¥)
= ¥ Yw Yur = 2¥o Y
¥s T 2

y =1(x)

+ Vi dd thi d6i xiing qua A > M’ € (C) =
2y, —y=1(2x, -x)

= Zy{, = l.(x) + f(ZXU o= x) (l)
+ Diém d6i xitng cia M qua dudng thing x =b 1a

Xy T Xy

N(2b - x, y), (do =b=xy=2b- x).

+ D6 thi doi xtmg qua duding thing x =b =N & (C) = [(x) = f(2b—x) (2)
bt {2y“:txx)+f(2x0-x) (1)
f(x)=f(2b-x) (2)
Trong (2) thay x = 2xy - X,
(2) & f(2x0 - X) = f(2b - 2% + X)
(1) <> 2y = f(x) + f(2b - 2x, + X) . 3)
Trong (3) thay x =2b - 2x, + x
< 2y = {(2b - 2x0 4+ X) + [(4b - 4x, + x) (4)
(3) - (4) & f(x) = f(4b — 4%, + X)
Viy f 12 him tuin hoan chu ky T = 4b — 4x,,.
Cau7.batx = L3 + ay y:rl—ﬂ:x .[Dslal-:lJ
2 2. 2

3

2 2
P Sk A e
2 2

X’ +y? —(1+GJ
Ta c6: 2

|
Xy=—-a
: 4
Nén: S= : - A = £ + 4A2
1 3 1 2 1+4l12 | S Yo'
+20 -
2 4

Ditt=4a’ =>0<t< 1.
2 4
-w454eﬂm)

S =Fflt)=
o 1+t 1-t
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- 2 4A  2QA(0+1)} —(1-t))
F(U= =% i

2o i et T §

Nén: (1) 20 < 2A( + 1)> > (1 - 1)°

SV2ZA(l+)2l-,0<t< ) t> 2R
1+v2A

a) NEu: 1 - V2A <0 A > 1/2: (1) thda man Vi € [0: 1)
Do d6: (1) > 0, Vt € [0; 1). Minf(t) = f(0) = 2 + 4A = MinS

b) Néu: 1 - V2A >0<::>A<%

1-v2A 2 4A
Min.f(t) = f| ——— | = MinS = + s
.[H\EAJ L 1-V2A 0 1-42a

S TR T
<> Min$ = (1+\/ﬂ)27

Viy: MinS=4A+2<< A>1/2
MinS= (1 + V2A Y <> A< 12

(1)

SO GIAO DYC VA PAO TAO NINH THUAN
TRUGNG THPT CHU VAN AN

Céu 1.
2007 * +2007°* =2009 + cos2y

¢ 2007 + 2007 - 2008 = 1 + cos2y
20()_7, - —2008 =1+Cos2y (N
T
Pit: U = 2007"*
X eR el U207

(1) trd thanh: U + %@ ~2008 =2cos’ y

< 2007 4

5

U? —2008U + 2007
(:} =

2. c0s"
U Lt
= (Ul)(tjj_‘?()m’) =2.c0s> y (2)

(U~ l)(lLJI~2OO7) <0

Do 1 €U <2007 nén

(3)
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Mit khdc: cos’y >0 4)
Tir (3) va (4) ta c6:

U=1
(U-1)(U-2007)=0
(2) < g < 4| U=2007
cos'y =0
cosy =0
Viy 1a c6: 2007 * =2007 A5 2007 =1
cosy =0 cosy =0
cosX= 0 s (B =0
odc
cosy =0 cosy =0
x=2+kn x=kmn
&b - hoic n vdik,len
n y=—+In
y:5+lﬂ: 2

Céu 2. Bit phuong trinh viét lai:

—log. (vx? +2ax + 20 + 2).log, (x* +2ax +22) +log 420 (1)
Pitt= vx* +2ax +20 ;1> 0 BPT trd thanh:

~log, (1 +2).log (" +2)+2.log, 220
< log32[10g2(1+2).10g6(t2 +2)—2]50 (2)

Truong hop 1: 0<a< 1
Ta ¢6 log,2 < 0. Do d6: (2) <> loga(t + 2).logs( +2) - 220 (3)
Pat: f(1) = loga(t + 2).loge(t® +2) - 2

f(t) hAm ddng bién, do d6: (3) < f(1) 2 f(2) <> 122

Vay: vx© +2ax+20 22

&> x>+ 2ax + 16 > 0; ding Vx (via € (0, 1)) =>a € (0, 1) khong chip nhin
Truomg hop 2: a > 1

log:2 > 0 nén (2) <> loga(t + 2).log(" +2) - 2<0

<> 1 <2 (Tudng wf trudng hdp 1)

ol <0 (4
Ta co: Vx> +2ax+20 <2 & {x AR L]0 @)

x> +2ax+20=20 (5)
bat: g(x)‘ =x*+2ax + 16
h(x) = g(x) +4
*l<a<d4=>A,<0>@)VN=ace (1, 4) khong chdp nhan
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*a>4=>A,>0 = 3x,, X, d€ g(x))=g(x2)=0
. |h(x)=g(x,)+4>0
Ta cé6:
h(x,)=g(x,)+4>0
Viy x;, X; 12 nghiém clia hé. Viy a e(4; +o0) khdng chidp nhin
Hen ==

T48x+16<0
Ta c6: x2+ Kl b g |
X +8x+20=0

Viy a = 4 thi bat phuong trinh da c6 nghiém duy nhét x = —4.
Céu 3.

D

\
\Q

o
F--——p----=

B
Goi 1 14 tim mit ciu ngoai ti€p 1 dién ABCD va G la trong tdm tam gidc
BCD. Ta chitng minh dudc:
*1, G, A thing hang.
* IA=SGA
2
Ta ¢6: MB® + MC? + MD? = 3MA’
& (MI+1B) +(MI +IC)? + (MI + ID)* = 3(MI + IA)?
<> 2MI(IB + IC + ID) + IB? + IC? + ID? = 6. MLIA + 31A? (*)
ViIA=IB=IC=IDva IB+IC+ID=3IG
Nén (*) <> 6.MLIG = 6MLIA <> MI(IG—1A)=0 < MLAG =0 &> MI L AG
<> M thudc mit phdng (o) di qua I va vudng gée vdi Al
Céu 4.
X, =4n" + (4.9 + 2)n
Xi = a4+ +2n < 81
Nén x, > (2n + 9)° vdi n di 16n (1)
Mit khdc: 2n — 81 <2(2n+9) + 1
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Do dé: x, < 2n+ 9 +2(2n +9) + 1
Xy < (20 + 10)° ' (2)
Tr(Hva(Dtacd62n+9)Y7 <x,<(2n+ I())z véi n dua Idn

=2n+9< Jx, <2n+10=>[/x, 1=2n+9

2n-81
J2n+9) +2n-81+2n+9

Viy { \/Z}z J(2n+9)1+2n781 = {20+ 9] =
Suy ra 11{11{\/;7}_%

Céu 5.
Phép quay: Q,'\ml B> B ‘
2,

Xét 2 tam gide: ABCB’, ABDA P
Ta ¢6: BC = BD vi ABCD déu
BB’ = BA vi AABB’ déu
B'BC = ABD vi B'BC = ABD=60" + ABC
—> ABCB’ = ABDA
Viy AD = B’C do d6 AD do dai I6n nhal
<> B C d6 dai 16n nhat.

- Ap dung dinh 1y ham s6 cosin cho AAB’C ta ¢6:
B'C = AB"? + AC? - 2AB".AC.cos B'AC
B'C?=2"+5%- 2.2.5.cosB'AC
B’C” =29 - 20cos B'AC ‘
B’C d0 dai 16n nhit <> cos B'AC = -1 & B'AC = 180" & BAC = 120"
Vay: AD 6 dai 16n nhat khi BAC = 120°
C4u 6. Do  déng bién nén:
flny<fin+ D<fin+1<..<f(Zn)=f(n)+n =f(n+1)=f(n)+ 1 nén
f[(m=fn-1)+1=..=f(1)+n-1
FE(D) + (1) + 2) = (1) + 1)* = £(1) + {(1) + 2 [a mdt s chinh phuong
S =1
Viy: f(n)=n
Thit lai thda man di¢u kién do dé: f(n) = n; ¥Yn € N* = {(2007) = 2007
Céu7.
Goi x; 1a s0 nguthi dén doc sach duge ingay (i=1,2... K) va K < 10.
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Goi n 1a s6 ngudsi da dén thyr vién trong 10 ngdy d6 thi ta c6:

n=X;+X>+. + Xx (1)

80 =x, +2x2 4+ 3x3 + ... + Kxg 2)
Goi y la s6 cdch chon 2 ngdy sao cho khéng ¢6 ngudi nao dén thy vién qud 1
lan trong 2 ngay dé6.
Vi trong 2 ngay bat ky cia 10 ngdy ¢6 it nhit 12 15 ngudi khdc nhau ciing dén
the vi¢n, nén trong 2 ngay bt ky clia 10 ngay dé c6 khong qud 1 ngudi dén
thu vién trong c¢d 2 ngay do.

fiee

Nén ta ¢6::C;, =C2x, +Cix, + AECEx fy . £

Nhan xét: x, -%ixi + %Cfxi = (‘—%Qx. >0

Lay (1) trir % x (2) cOng % x (3)ta cé

~ %oy
nh]_l;‘!:xl+y+z(1 2) QX,EO
3 3 ) 6 '
=>nz -1-1—51+1<:>n239
3]

Viy s0 ngudi 16i thi€u di d€n the vién trong 10 ngay Ia 39.

Bing s6 licu| |1 3 4 5 6 7 T
dén doc sich | | 10 11 12 13 14 | 15 | 16
cia 39 ngudii| . 17 18 e s I N T e
e o 3 inhid@od 117 slm2a” | 25} 260,07
gi”‘l“’znngfg; 2 1} Vg e | g iggot oAy
Ngdy thet | 2 ; 12 L e O S i P B T
Nedy thir 2 6 Goasl BBl e T R 0 RS SE VIR S
Ngdy thi 3 7 AT 337990 1300 Y 96 8
Nedy thit 4 8 15" Blog i Qg T iDggi il AUl bewgin gk
Nedy th S 9 16 {0257 0355 3kt b 20 5hiag 37
Ngay thit 6

Ngay tht 7

Neiy thit 8

Ngay tht 9

Ngiy tha 10
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s& GIAO DUC VA PAO TAO KON TUM
TRUONG THPT CHUYEN KON TUM

ey
Cﬁul.Diéukién:{x Bikkz? (1)
x—m>0
Phudng trinh (1)

< log, Vx* —3x+2 —logz(x—m):x_m_‘/,,;2 gy 35

<> log \/x2 43x+2+\/x2~3x+2:log (x-m)+x-m (2)
2 2

Xét ham s6 (1) = logst + t trén TXD (0; +0)

f200)=

+1>0Vt e (0;4x)
tin2

Suy ra f(t) ddng bi€n trén TXD.
Do d6 PT (2) viét dudi dang (x> —3x +2)=f(x —m)
o VxP-3x+2 =x-me 2m-3)x=m’ -2

Néu2m-3=0<m= % , PT (3) v0 nghié¢m <> (1) v0 nghi¢m.

m?-2

m-3

N6u2m—3¢()<:>m¢%,PT(3)¢>x=

1 : g
So diéu ki¢n ta duge m < 1 v > <m<2

s+ e
m-3

K& ludn: *m<1v % <m<2: (1) cénghiém x =

* C4dc TH con lai (1) vO nghi€ém

Céu 2. Phuong trinh (1) & y* — x> = In(x’ + 1) - In(y* + 1)
o+ D+xX+1=n(’+ D +y'+1 (3)
Xéthamsof()=Int+tvdite D={R/t>1}
Phuong trinh (3) ¢6 dang fx*+ 1) =f(y’ + 1) (4)
Taco (1) = % +1>0 VYt eD = f(t) ddng bién trén D.

Dod(’)(4)<:>x3+ l=y*+lox=zty

* V@i x = -y, tr (2) ta dugc logs(6 — x) =1, vdix <6

¢>x =3 =y=-3(théa man h¢)

* V@i x = y, tir (2) ta duge 3logsy(x + 2) = 2loga(x + 1) viix>—-1
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x+2=3"

x+1=2"

:>1+23"=31”<:>[1J +[§} =] (5)
9 9

Xét ham s6 f(u) = (é} +(g} la ham nghich bifntrén Rvacéf(1)=1nénu=1

Dit 3logs(x + 2) = 2logy(x + 1) = 6u = {

14 nghiém duy nhat cta (5).
V@iu=1suyrax=y=7(théa man h¢). Viy hé c6 2 nghiém (3; -3),(7; 7)
Céu 3. Mit phing (P) cit hinh chép theo thi€t di¢én 12 hinh binh hanh MNEF.
Goi I va J 14n lugt 12 hinh chi€u clia A va D xuéng mit phing (P).
Theo gia thiét ta ¢6 Sl ) k (k12 ty sd khodng cdch tir A, D dén
Pl oMb s BE
mat phﬁng (P)).
Pit AB = a, CD =b va a 12 géc giita hai duding thing AB va CD.

o obias - AMNBR s s %))
(k +

ik

Khodng cdch giita hai dudng thing AB va CD la d = Al + DJ

= A=

d. 2
k+1 (2)

1 abd 1 si 2k

Tuw(l)va(2)tacé V —. ; ino= =Y
3 (k+1y (k+1)

(3)

AMNEF

1 ; S e
trong dé6 V =gahd sina 1a thé tich tf dicn ABCD.

Doy s sy NEW,CDnén diABNE) = _ d(ABCD).
BD k+1 (k +1)
Suyra V, . =2 AHAWABNE)=—AH K qaBCD)
y ABNE T i 3 .(k+l)2 s
=L ~V (v6i AH L (BCD)) (4)
(k+1)
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k2

Tir (3) va (4) ta c6 V/\HMNI:‘!" e VA.MNHF i VA.I!NI-Z £ m(k +3)V ()
3k+1
Tl.r(fné llf COMNEE _mv (6)
A% 2(k )
Tir (5) va (6) ta c6 e K (K+3)
COMNEF 3k+1
Céu 4. Ta chiing minh S, = (u,,, - 1)° (N

Vin=1,8;=(} +1)-1= v =122~ 1)Y=~ 1)
Viy (1) ding véin=1

Gid st (1) ding véin=k = 1, ta ¢6 S¢= (Ugy) — 1)2 (2)
Ta ¢6 Sy, = (uf + l)(ui +l)(u§ +l)"-(“i—+| +l)—! =S (u;, +1)-1

Thay (2) vao (3) ta dugc: Sy = [(Uy — 1)2 +1|(uipI + 1)—1

=1 (uf“I + l)f2um + l](u;"“I +1)—1
(ui.ﬁl)z— ( ) (ui I+1)-1

:(ui-erl)z kl( + ) Y s ( +l_uk+l)2 4)
Miit khdc ta ¢6:

n

u,, + - = ugu - D+ 1
= [ugi(agn — D+ 2] = 1 =ugp - | (3)

T (4) va (5) suy ra Sgyy = (Ugea — 1)’

Vay (1)ding vdin=k + |

Viu,, us nguyén nén u, nguyén Vn nén tr (1) suy ra S, 1a s6 chinh phuong.
CAu 5. Liy E trén AB va F trén AC sao cho AE = AF = AD.

. Phén gidc cia BAD va DAC 14n lugt cit EF tai M va N,

Ta ¢c6 AAEM = ADM (c.g.c) = AEM = P:BEA

Do AAEF vuéng cin tai A nén AEM = ADM = 45".

Suy ra MD 14 phan gidc cta goc ADB .

Suy ra M 1a tim duding tron noi tiép AABD.

Ly ludn twong t ¢6 DN 1a phin gidc cia gc ADC.

Suy ra N 14 tAm dudng tron ndi tiép AACD. SuyraE=K,F=L.

Trdétacd T = Sax. = Sagr = %AE.AF = %ADE. (1)
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=L 1 i 2 243k
Ta ¢o — = > SRR S
AD" - AR = AL ARAC S 28 05

(2)

Theo (1) thi : - e , thay vao (2) ta ¢6 = > = hay S > 2T.
AL "T2Y 2T 'S

Tir (2), ddu biing xdy ra <> AB = AC <> AABC vudng cin tai dinh A.
Céu 6. NCu phuong trinh trén ¢6 it nhdt mdt nghiém nguyén x, y thi x hoic 1a
chin hoidc 12 1¢.

Né&u x 1a s6 chdn ta ¢6 x = 2x,, véi x; 12 mot s6 nguyén. Tir phuong trinh da
cho ta dude (2x,)° + 1 = 4y’ hay 4)(12 +1=4y". Suyra xf + -31 =y". Diéu nay

mau thudn vdi x va y la cdc s6 nguyén.
NEu x 12 s0 1¢ ta ¢6 x = 2x; + 1, véi x; 12 mot s6 nguyén. Tl phuong trinh da
cho ta dugc

(2%, + 1)’ + 2 =4y’ hay 4x;] +4x, +2=4y". Suy ra X +x; + %: y". Diéu nay

mau thudn vdi x va y 1 cdc s6 nguyén.
Vay phudng trinh dang x¢ét khong ¢6 nghiém nguyén.
Céu 7. Ta s¢ ching minh trong hinh vuéng canh 10 ciing ¢6 thé diat dudge céc
hinh tron thdéa man bai todn.
Chia mdi canh hinh vuéng 10 x 10 thinh n doan biing nhau, dd dai mdi doan

>+10 s o A PER X hie T VT :
1A ~-, ta dugc n’ hinh vudng nho, trong mdi hinh vudng nhd vé dudng tron
n
oot SO T ok U ‘
ndi ticp. Ban kinh moi dudng tron [a —.
n

EURORa LY {0 iy
Toéng cdc ban kinh la n°. — = 5n
n

Bé téng cdc ban kinh biing 1000, phii ¢6 5n = 1000 = n = 200.
Nhv vdy, ta chia canh ctia hinh vuéng 10 x 10 thinh 200 doan thing bing

nhau, mdi doan dai 2‘() , ta dugc 40000 hinh vuéng nhd.

Cdc hinh tron ndi GCp cdc hinh vudng nhé Ay duge x&p thanh nhitng day
khong chdm 1¢én nhau va tdng cdc bédn kinh clia chiing bing

40000. =1 = 1000.
40
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sd GIAO DUC VA DAO TAO DONG NAI
TRUONG THPT CHUYEN LUONG THE VINH

Cau 1. Tir gi4 thiét ta ¢o: tOn tai cic goc nhon x, y, 7 sao cho a = tanx; b = tany; ¢ = tanz
] 1 1
. + . + .
sinA sinB  sinC

Dodé Vi =

Ap dung bit ding thitc Jensen cho ham s& f(x) = 1/sinx trén [(): g}

Ta'cél £1(x) = 1+L()‘§X B SebeD
sin” x
f(x)+f(y)+1'(x)>31(ﬁ_yiw 2\/‘

Céu 2. Ta ¢6 cdc tinh chat sau cia day s6 Fibonaci

{5 =Sfg 0+ 2516
fh=8fis+50
fo=21. s+ 130
fove = 1441f, s + 891, ¢

Suyrar g = 2160 s+ 135F .« = 2081, 5+ St %)=2T1,

Ngoai ra ta ¢6 UCLN {1 LY =i o)

Do do6 ta suy ra:

UCLN{ g6 Lieosr} = UCLN{ 27fiss66r; 276061} = 27TUCLN{ fi666); Triose) )

= 2TfucLx re666y: (666)) = 271"‘!‘-\-,.,,,,. 5 271‘,-’. =27My = 27.21 = 567
Cau 3.Bicn ddi ohud snh vé dane: sin™™ 1 s 1975 1
au 3. Bicn do1 phudng trinh ve dang: sin" X ———2e—=C0s T X ————00
sin X COS X

Nhin x¢t riing lsinx | =1 khong 1a nghiém ctia phudng trinh vi néu sinx = +1, thi
phuong trinh khong thoa mén, Tuong wr |cosx|= 1 ciing khong 12 nghi¢m ciia
phudng trinh.

g4 *
Khao sdt ham s0 [( ) =RV, R (8 e 4 SR 4

2007
L

2007

Ta co ['(1)=1975.0"" + —LE B0 Wi mdi t thude (—1; 0) U (0; 1). Nén ham
L

sO ting trén moi khodng. Ngoai ra ham s6 ndy vdi t € (0; 1) s¢ chi nhdn gid
tri Am va vdi t €(-1: 0) chi nhdn gid tri dudng, cho nén mdi gid tri f(1) rén
khodng nay khong thé ¢ng vdi gid tri {(1) rén khodng kia. Cho nén phudng
trinh f(sinx) = f(cosx) twdng dudng vdi

. TC : o et A
sinX=cosx < fanx = L' x = = +7n ,vdi n la s6 nguyén.
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SO GIAO DUC VA PAO TAO DA LAT
TRUONG THPT CHUYEN THANG LONG
Céu 1. Bit ding thirc twong dudng vdi
2 2 L A b c

J=—— 1= +1- > + - =L
2+a 2+b 2+¢c 2+a 2+b 2+4c

Py s B B e Z 3 i :
Ton tai cdc so0 thue x, y, zsao cho a=~.b= X,c =—. Ta phdi chitng minh
X

7z

|

X/y : y/z 2 Z/Xx 4
24+xly 2+¥/e 247/%

X Z
2 36y

2
X+2y y+2z z+2x

Theo bit ding thifc Cauchy— Schwarz ta ¢6
RNy SR | (x+y+2z) 1
X+2y y+2z z2+2x x(x+2y)+y(y+22)+z(z+2x)

\

Ding thifc x4y ra khi va chikhix=y=zhaya=b=c= 1

Céu 2. Gid sif cdc mit clia tf dién ABCD ¢6 dién tich bing nhau. V& duding cao CH,
DK ciia cic mit (CAB), (DAB) va duding vudng goc chung EF ctia AB, CD.
Mit phing (P) vudng géc vdi dudng thing AB tai O (O 1a diém ty ¥ thude
AB) song song véi DK, EF va CH. Ti¥ gid thi¢t ctia bii todn suy ra CH = DK.
X¢ét hinh chi€u ciia ¢ dicn ABCD 1én mit phiing (P) theo phudng AB. Céc diém
A, K., E, H, B ¢6 hinh chiu Ia di¢m O. Hinh chi€u ctia C,E,D A C’, F’, D".
Theo tinh chét clia phép chi€u song song ta ¢é6: OD’ = OC’ = CH.
Gé6ce vudng EFD ¢6 mdt canh song song v6i mit phing chi€u (P) nén dnh cla
no la géc vudng OF'C’.
Tirtam gidc ¢in C’OD’ ¢6 OF' la duding cao, ta suy ra F’ 1 trung dém clia C'D’.
Tir d6 F 14 trung diém ctia doan CD.
Lap ludn twong ty ddi vdi phép chi€u 1én mit phdng vudng géc véi CD theo
phuong CD ta ¢6 E 12 trung di€m ctia AB. Déi vdi cdc cip canh khdc ching
minh tudng (.

Cau 3. f(xf(y)) + f(yf(x)) = 2xy (1)
Trong (1) chox=y=0=f(0)=0
Trong (1) cho x = y = 2f(xf(x)) = 2x* & f(xf(x)) = x° (2)

Ta c6 néu f(x,) = f(x,)
xlf(xl):xlr(xz) ['(),"If(x])):f()(if()(2 )) xlz =f(x]f(x2))
=% o o
x,f(x,)=x,f(x,) f(x,f(x ) =f(x,f(x,)) | x3 =f(x,f(x,))
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Cong v& => x| +x; =2x,x, (xem (1)) < X, =X, = [ don dnh
Trong (2) chox = 1 = [(f(1)) = 1 (3)
=> [(1).A(I(1)) = £(0C1).1(f(1))) = (L(1))
>P1)=1= P(l):l
f(l)=-1
THI: 101).=1
Chon y = 1 vao (1): f(x) + f(f(x)) = 2x
S =x+x-f(x)=x+a (4)
vl a=x=Ixey i =%x—a (5)
Do (5) = fix — a)=f(f(x)) =x + a (do (4))
= f(x+a)=f(f(x-a)=(x-a)+a=x
= fX)={(f(x +a))=x+a+a=x+2a (6)
T (5),(6) >x-a=x+2a=>a=0
Viy f(x) = x thit ding.

TH2: f(1) =-1
(2) cho x bdi —x va vi f don cdch = f(-x) = —f(x)
(1) thay y = | = —f(x) + f(f(x)) = 2x (7)
S ={x)+2x=x+x+f(x)=x+b (8)
Véib=x+f(x)=f(x)=b=x (9)

= f(—x + b) = [(f(x)) =x + b (do (8))
S f—x=-b)=x+b=>-f(x=-b)=x+b (do f1¢)
= f{x 2b)=—x —b = f(=x = b)i=fti(x=b)i=x-b+b=&

=:f(x) = {(f(=x =b)) ==x:<b4+b=—=x (10)
Tir(9), (10) > -x+b=-x,Vx=>b=0
Viy f(x) = —x.

Céu 4.

3 ¢ 3
(l)(x+“5).\lx‘+2x+3+(x+ﬁ;~).\/x‘ +1+2x+220

@ log . 3x* +)<log . (m—2x)

o u=vxXl +1=>u’ =x’ +1 i) R )
a G
v=yxl+2x+3=>v =x*+2x 43 2

(1) (v’ -’ +1).§+(v2 —u"—l).%+(v2 -u?)=0

SV +vVi+1+2uv+2u+2v) 20
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S-uwu+v+ )20 vsuex>-1
Tr(QDtacé: m’ +1>1,Vm=0

@ m=0 m=#0
e S <>
0<3</x7+15m—2x 3{[)(—2+1+2x5m

bDit y:3'\‘/x_2+l+2x.
Viy h¢ phudng trinh ¢é nghiém khi y,i, < m v8i x € [-1; +x)

y :TZ—({/;+I) —0<>x =1 (y’ khong xdc dinh khi x = 0)

¥

Lap bdng bi¢n thién, suy ra Y, = 1 => m > 1 (théa mian m # 0). Pdp s8: m > |
Céu 5. D€ ut dién ABCD ¢6 V,y,, thi dudng thing néi O véi mdi dinh clia 1t dién

phdi vudng géc vdi mit ddi dién cla dinh d6. Vi néu khong, ching han ta ¢6

thé tim duge di€ém A’ # A cdch mit (BCD) mdt doan 16n hon khodng cdch tir

A dén (BCD). Viy uf di¢n ABCD ¢6 cdc cip canh d6i vudng géc. Suy ra,

di¢n ABCD la i dién truc tAm.

Qua AB dung mat phing vudng géc véi CD tai K

O la trye tAm cua t& dién. Suy ra, O € (ABK)

Goi M, L 12 giao diém cia AO, KO véi BK, AB

D¢ thdy KL | AB =» KL la duding vudng géc chung ctia AB va CD.

Vi AM, KL Ia hai duting cao cia tam gidc ABK.

=» AALOw» AKMO
A
S OM = OL.OK :
OA

PatOL=x, OK = y
:>OM=)%;AB:\IRZ—:(2 x

AALO ¢:opAAMB nén: L K
AO_AL AL
AB AM AO+OM

= 2x* +xy = R? M
Tudng ty doi véi CD ta c6: 5
2y’ +xy =1’
2x* +xy =10
Gidi hé phuong trinh: WSy sdnyeg
2y’ +xy =4

— AB=2vVR? -x? =210-4 =2/6:CD =24 -1 =23 : KL = 3
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Viss = (l: AB.CD.KL.sin90" = 62

V... =672
Cau6. D& thiy u; =5;u, =11 u3=7; us =—19; us = —59; ug = —61
Do-19=-2.11+3;-59=-6.11 + 7, nén tr d6 ta c6:
u, =5(mod11)
u, =0(mod11)
u, =7(mod11)
u, =3(modl1)
U =T7(mod!1)

Vi vy néu goi r, 1a phin du ciia u, trong phép chia cho 11, n= 1,2, ... thi t¥
tréntasuyran =56=03=7n=3r5s=17
Ta s¢& chitng minh ring véimoi k = 1,2,....
Fsket = 53 Fska2 = 05 Tsges = 75 Tsged = 35 Eskas = 7 (1)
DE 1am diéu nay ta s& sif dung nguyén li quy nap todn hoc.
Theo trén nhin xét ndy da ding khi k = 1. Gid st nhan xét da ding dén k =p,
tifc la:
Cspel = 55 Tspi2 = 0; Tspis = 7 Ispaa = 3iiTspps = 7
Xétkhik = p + 1. Ta ¢6: Usgpayer = Uspes
Theo cdch xdc dinh day thi: Usgpe e = 2Uspes — 3Uspia (2)
Theo gid thi€t quy nap thi

Lo =10 =T(modl )=,  =11l+7leZ

5p Sp+5

=lls+3,seZ

Loy =30, =3(mod1) = u

Sped
Thay lai vao (2) ta c6
Usgpenyer =200+ 7) = 3(11s +3) = 11(2] -3s) + 5,/ € Z (3)
Do 21 - 3s € Z nén tir (3) suy ra
Usipeiyer = 5 (Mod 11) => I541941 =5
Biing cdch lap ludn hoan toan tudng v ta cé:
I5(p+1)+2 = 0; Is(p+1)+3 = 7; Is(ps1)+d = 3 T5(p+1)45 = 7
Viy nhin xét diing véik =p + 1.
Ta ¢6 2007 = 401.5 + 2, vy raxr = 0, diéu d6 ¢6 nghia 12 uyyy & 11
Cau 7. Ta ¢6 thé ¢6 dinh mot diém mau xanh, két qud tim duge s€ nhin cho n/k.
(Do tinh déi xing, s6 cdc cdch sip x&p tng v6i mdi diém mau xanh ¢d dinh-
nhu thé 12 bing nhau).
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Ta phédn phéi n - k diém mau dd vio k cung tao bdi di€m mau xanh sao cho
mdi cung nhdn it nhdt p diém. N6i cdch khdc, ta phan phdin — (k + 1)p diém
vao k cung (khong han ché).

K = T Tk = ot « A
D¢ ¥ thira sd n/k nhu da ndi trén, ta dudc s6 cin tim la: —C*!
: k n-(k+1)p+k-1

SO GIAO DUC VA PAO TAO TP. HO CHi MINH
TRUGNG THPT CHUYEN TRAN DAI NGHIA

Céu 1. : :
Bitt=x” -~ 34x + 376 (1 > 87), ta dugc phuong trinh wong ducng:
220+ 3logat) < 2'Clog,(2') = 35.2°% = 22% 2567 10g,(27%.256%)
<> 1= 256 (do ham f(1) = 2'’log,(2't’) ddng bicn trén [1; o))

&> x2-34x +376 =256 <>x=30vx=4

Céu 2.
Ine 1
[lﬂgmzmn ) c} ) St [m(zom" - ln(2()07")} 4
g e
2007
Xétham s8: y = Inx véi x € [2007% 2007" + 1], n € N*
e ) I _In(2007" +h-In2007" 1 1

<
X 2007" +1 (2007" +1)-2007" a0
vdi c € (2007"; 2007" + 1)
1

= 2007" < <2007" +1
In(2007" +1) — In(2007")

it (%) = {mg e] =2007"

(142007°")
Xétham sb f(x) = 2007* + x — 2007"
Ta ¢6 f lién tyc va ddng bién trén R.
Phuong trinh f(x) = 0 ¢6 nghi¢m
Xe(1;2)=f(1)<0Af(2)>0¢2007 +1<2007" <2007’ +2 ¢<>n=2
Céu 3.

Goi (Q) 1a mit trung truc clia AL = (Q) ciing 12 mit trung trirc ctia BN va EP
= BE = PN mia BE = PA nén PA = PN

Mit khdc LA = LN suy ra PL ndm trén mit trung truc ctia AN = PL | AN
ma AK // PL = AK | AN.

Chitng minh twong te ta c6 AK L AC, AC I AN
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E

Céu 4. Vx > 0 tdn tai a sao cho

x =2’ = f(x) = {(x™) = f({(f(a))) = (@) 20

VX1, Xa < 0, £(x) = (%) = [(f(x))) = [(f(x2)) = xI™ = 3 2> x1=%

suy ra f don dnh rén R™

f don dnh, lién tuc trén R nén { don di¢u.

Gia sit 3x, < 0 sao cho f(x,) < 0; £(0) > 0 nén { don di¢u ting rén R
Goi x, 1a s0 sao cho xo < X, < 0 = f(xy) < f(x;) < 0 = {(f(x)) < f({(x,))

= X2 < 3™ = —xg <X > X > X (vé 1i)

0

Viy f(x)20Vx e R

Ciu 5. Goi ABCD 14 t dién ¢6 thé tich 16n nhét.

Do A di dong trén mit ciu nén phai cé
OA 1 (BCD).
Chitng minh twong ur ¢
OB L (ACD),
OC L (ABD), ¢
OD 1 (ABQ).
(Do d6 ABCD la uf dién true lAm, (rye
tdm O ¢ trong td di¢n vi néu ngude lai
s& 1On tai mot 1 dién khdc ¢6 thé tich
16n hdn). C
Cho AB € (C)),R=v10;CD € (Cp), r=2.
Dung (ABK) vudng géc CD tai K, vi AO L CD nén O € (ABK), KO cit AB
tal' H_
AKAB ¢6 trye tim O va OA = OB nén 13 tam gidc cén tai K, do d6 H la trung
diém clia AB.
AHCD ¢6 trie tam O va OC = OD nén 1 tam gidc cdn tai H, do d6 K 14 trung
diém cia CD.

e v
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DiatOH =x, OK =y. Ta ¢6 AB =2vR? —-x* ,CD = 2 Jr* _'F
Xy
AAHO xwAKMO = OM = £1

AAHO v» AAMB A

2R =22
D\/ = :HJR 2 :>2X2+xy:R2
R -x- e
R R

Tuong wed 2y’ + xy =1°

2x* +xy =10 x=2 R
3 = ;
2y +xy=4 y =9 B

Do d6 AB =26 ; CD =23, HK = 3

(@]

M

I
Vay Vasen = = AB.CD.HK = 62.
D

Cidu6. Tacof(n+1)="f(n) +

n(n+1)

|
§2) s f(1) = o )
@) 2fil) =

1
(-1 = — %2
)2 =

f(n)-f(n=1)=-
n(n-1)

+n-—1

Suy ra:

Tl i | 1 1
)= KB =6 = D)+ (=) + 4 ( —=)+1+2+..+(n-1
n) - f(l) ] 2) 5 3) e n)+ (n—1)
it ra Bl
i G 5 2
- =, L 2
l’(n)ff(l,-:."_lJr“ 1 _(-D@+n7)
n 2 2n

(n-1)2+n?)

2n

f(n)= +2007.

2006 —l

Cau 7. Ta x&p 2007 s0 trén theo thif tr tang din 1 <a, <as < a3 <. < agyy <

Gid st a,,, 2 3a, — a;, Vn € {2, 3, ..., 2006}
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n-2

Ta chitng minh biing quy nap a_ >~ 2+ ] a, +3"%,Vne(2,3,..,2007}

2-2

Véin=2,a,>a, =Daza;+1= - 1 a, + 3° % (bt ding thifc ding)

Gia sit bat ding thife ding véin = k:

';k--;!
a, == 2+ : a, +37? (2 <k £2006)

3k72 - 3k——l
a“>3ak~a123.[ +la1+3“"}—a}= +la]+3""
¥ 2 2

(bit ding thitc ding véin=k + 1)
Dodé a,,  >— a +3" > & 330 g > e

2000 2 ! i e 2 s 2 2
(trdi gid thicl)

Viy Ji € {2, 3,....2006}: a;,; < 3a;—a,vatachona=a;b=ayc=2a,

sO GIAO DUC VA DAO TAO KIEN GIANG
TRUONG THPT CHUYEN HUYNH MAN DAT

Chu 1.
PT (%) &3% 02 log [(x* ~2x+ 1) +2]=3""".log, (2|x + m[ +2)

X¢étham s6 () = 3" logst vt =2 .
£

>Ovdit=2

Ta c6: 1/ (1) =3"In3.log, L +3" %
: {79 1

Nén ham so (1) = 3" logst vdi t > 2 1a mot ham s6 ddng bicn
—lx2+2x~l:m
Dodé: PT (¥)e>(x*=2x+ ) +2=2|x+m|+2 & 2
—x*+—=m
2 2
g 1, 1 e | Y 2
Xeét (Py)? y=—5x + 2X — 5,(P3):y: Ex + E,(d): y = m 12 dudng thing

cung phudng Ox
Phudng trinh hoanh d6 cia (Py), (P»):
] 2 2 2 s P
—— X+ 2x - . = lx‘-l» o &> X = 2x+ 1 =0 <> x = | (nghiém kép)
2 I, 2

Do d6 (Py) tiép xiic (P,) tai A(1;1) dd thi (nhw hinh vE)
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DitOH=x, OK =y. Ta c6 AB = 2R’ —x* ,CD =2 Jr’ —y?

AAHO »AKMO = OM = %y-

AAHO v AAMB o
o) 2; 2
Syt :“\'[R L =2 +xy=R
' —%* Xy
R+R H R
Tuong W ¢6 2y” + xy =1’ P
2x’ +xy=10 [x=2 R
; = ; y
2y +xy=4 y=1 B
M .
Do d6 AB =26 ;CD=2+3,HK =3
Vay Vanen = -(I)-AB.CD.HK = 6+/2.
Ciu6.Tacof(n+1)=1(n)+ +n
n(n+1)
1
52 2 () = s 41
(2) - £(1) 13
1
f(3)-f(2)= — +2
(3) = 1(2) 23
: ; 1
Hn) = fin= )= = +n-1
n(n-1)
Suy ra:
 Seigl] 153 ] ]
f(n)-f(D=(--=)+(=—)+..c4(— =) +1+2+...+(n—-1
; 1 2) 2.3 n—1| n) 3 )
e R |
f(n)—f(l)=~——+—=(+n-1)
) A 125 2
= 58 i 2
1'(_n)~f(l):-n—l+n ln:(n D(2+n%)
n 2 2n
SN 2
f(ny= BDOARY ey
2n
le)ﬁkl

Cau 7. Ta x&p 2007 8 trén theo thit wriang din 1 <a, <a; < a3 < ... < ayyy <

2
Gid sif a,, 2 3a, - a;, Vn € {2, 3, ..., 2006}
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. ~ - l 2
Ta chitng minh bing quy nap a_ 2 2+ & +37,Vnel2,3,:..,2007]

2-2 ]

Véin=2,a,>a, =>aza+1= a, + 37 7 (bit ding thic ding)

Gia sit bat ding thite ding véin =k:

k-2
a, > -——2—+_1a, 342 (2 <k £2006)

2 e

k-2 1 3k-| 1
a >3ak“a123.[3 2+1a +3""‘}—a|‘ 2+ al-k?:“l

(bt ding thifc ding véin=k + 1)
2005 2 %21)05 4 2006 3 2006
Do d6 a,,, > — a +3%% 2= LAY S el :
¥ 2 2 2 2

(trdi gia thiét)

Viy Ji € {2, 3, ...,2006}: a,; < 3a;—a,;va lachona = a;; b =agiic=4a;

sO GIAO DUC VA DAO TAO KIEN GIANG
TRUOGNG THPT CHUYEN HUYNH MAN BAT

Céu 1.
PT (¥) <>3% 212 Jog_ [(x2 -2x+ 1)+ 2] ~3" Jog (Z‘x + m| + 2)
Xétham s6 f(1) = 3. logst v@i 1> 2.
Ta ¢6: ' (l) =3"In3.]log, t + 3'.J- >0vdit=2
: t.In3
Nén ham s6 (1) = 3 logst vdi t > 2 1a mot ham s dong bi€n

}a 1
——X +2X——=m
Dodé: PT(*) > (x -2x+ 1) +2=2|x+ml+2& 2

—X"+—=m
2 2

v }.ia 1 diyad 3 2l 2

Xcl(Pf):y:—Ex + 2X — 5,(P2):y= Ex + E,(d}:y:mla dudng thang

cung phuong Ox
Phudng trinh hoanh d6 cia (P)), (P,):
chgeas | 5 %x1+ % & x° - 2x+ 1 =0 x = | (nghi¢m kép)

Do d6 (Py) ti€p xiic (P,) tai A(1;1) dd thi (nhy hinh v&)
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(Py)

—
O b

=W e " 3 Q©

X

X R e e ey —
b.8 7 B 9 10 111218 14 15

AR B 3T T ST T e, T, S [ e 1
-16-14-13-12-11-10-9-8 -7 6 -5 -4 -3 -2-1

(Py)

Qua dd thi ta ¢6 k&t ludn phudng trinh di cho ¢6 ding 4 nghi¢m phin biét
Céu 2. Dicu kién x € [-1:1]

@me[l:i]\{l}
gl

Bit phudng trinh wong duong

k(|x| +\/l—x:+l)22|x|\fl—x2 + [x!+ =g’ +2(2)
Patt=|x|+VI-x>, tacé 1 <t<V2 vad=1+2|x|V1-x

e T
+1

Khi d6 (2) rd thanh k(1 + 1) > P+ 1+ 1 <>k > B)te [l v2]

X o T
Tadall(l)zl = L+ -l—:lell: \/5]
L+1 t+1

AR o,
B e T )

fray=1- S0:te(l; V2]

Suy ra f(t) ddng bién trén doan [1; \5 |. Khi dé6 (3) xdy ra véi Vt € [1; \EI
e k>max(f() = (V2 ) =242 - 1 vdite [1: V2 ]
Vaymink=2\6 -1

Cdu 3. B6 dé. Cho hinh binh hanh ABCD, trén doan AB 14y di€ém M sao cho
AB =nAM, cdc dudng thing DM va AC c4t nhau tai P thi AC = (n+ 1)AP.



Chitng minh:
Ké BE // MD (E € AC)

B AE AB AE AB AP+ AE
= =Dl+—=l+— 1+ =

AM AP AM AP AM AP

(*)

Do AP =CE nén th€ vao (*)lacé 1 +n = o P i = AC=(n+1)AP
AP P
Chiing minh bai todn. J

Tir hinh 1t dién ABCD, ta dyng hinh binh hanh ABCL
Gia thi¢t: AB = n.AM (M € AB)
N6&i MI cdt AC tai P.
Theo bd dé ta ¢6 AC = (n + 1)AP.
Suy ra MP di qua L.
Dyng hinh binh hanh ACDJ. B &------ D
Noi PJ ¢t AD tai Q.
Theo b6 d¢ ta c6:
AD:(n+2)AQ::>PQ di qua J. >
Do 1, J khong phu thude vao n nén cac mat phing P, déu di qua dudng thing
1J ¢d dinh. (dpem).

Ciu 4. Xét phuong trinh x* — x = 3**7(1)
Tir gid thidt: o — a = [f(a)]’ - (o) = 37"
=> o va f(e) 12 nghiém phuong trinh (1).

Xét ham sd g(x) = x* - x trén R,

g'(x)=3x37 | :>g'(x)=0<:>x:-_|-L

3

Bing bi¢n thién

| 1
= Vel - 4+
: 3 3
g'(x) + 0 - 0 +
g(x) 2
et +a0
//// NE\\\\ ///z
e 2R
33

Dua vao bang bicn thién, ta thdy PT (1) ¢6 1 nghi¢m thyc duy nhat

) 2
i3> ——)

33
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Tir d6 (o) = a do dé: f(")(o) = ((f(...([(a))...) = &
Vivay : [[C)a) ] = (")) = 37,
Cau 5. Ap dung dinh 1y cosin ta dudc:

2
V=8 —b—+i—2c0sA+i+5—2cosB+E+3—2cosC
€5 b 4 C a=-b

3 . P
—8[ B+£+E+£+E+f1 —2(cnsA+cosB+cosC)
Gl e KN

> 86 — 2(cosA + cosB + cosC)J*
Dit t = 2(cosA + cosB + cosC), ta dude VT = 8(6 — 1)* (1)
VP =9(3 - 2c0sA)(3 - 2cosB)(3 — 2¢osC)
Ta cé: 3 — 2cosx >0 Vx € R,
Ap dung BBT Cosi cho 3 s8: 3 — 2cosA, 3 — 2cosB va 3 — 2cosC:
3 — 2cosA + 3 — 2cosB + 3 — 2¢cosC

>3 {/(3 —2c05A)(3 —2c05B)(3 —ZC'OSC)

< [9 - 2(cosA + cosB + (.‘OSC)]3 227(3 — 2cosA)3 — 2cosB)(3 - 2cosC)

Vay: VP < % -1 (2)
Mit khdc: cosA + cosB +cosC =1 + étsiné sinE sin 5
=> coSA + cosB + cosC > 1

: .
Ta ¢6: cosA + cosB + cosC < E nént € (2; 3].

Xétham sd: y = 8(6 — e % TR

Coy =—16(6-0)+9-1)’=C-2-15=0¢ {12;3
L=

Bdng bi¢n thién:

T =3 2 3 5

y'(L) = 0 - 0 +
0,5
y(1) \0

Ta c6: 8(6 - 1)* - %(9- 0’20Vte (2;3] <= 86-1)°2 %(9 =y (3)
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Tir (1), (2) va (3): VT > VP. Ddu “=" xdy ra <> a = b =c. (dpcm)
CAu 6. Gid sif x, 12 nghiém nguyén cia f(x), ta c6 f(x,) = 0; f(1) = 2m - 2005 la
6 1¢
= f(xy) — £(1) 12 56 18.
Mit khéc f(xo) — f(1) chia hét cho xo— 1 nén x, — 1 12 s8 1& = x, 12 s8 chdn.
Ta xét hai trudng hgp:
Gia st f(x) ¢6 hai nghiém nguyén x,, X, vdi x, # X, .Thé thi
£ f(x,)—1(x,) =
e e =

0 X} + XX, +X X3 +X) — 2007(x] +X,X, +X2) +

+ (2006 + m)(x; + x3) — 2005
Ping thifc ndy khong xdy ra vi x,, X, chdn.
(Gid ST X; =X
Ta ¢6 f'(x) = 4x” — 6021x” + 2(2006 + m)x — 2005
Khi d6 x,, X, cling 1a nghi¢m cta f '(x) hay f '(x;) = '(xz) = 0. Bﬁng thifc nay
khong xay ra vi X, X, chdn. Vay da thic f(x) c6 khong qui mot nghiém nguyén.
Céu 7. Goi A 1a tap hop cdc cdch x&p 12 bd thanh mot day tuy y.

FUTRE 0 BB B A e T SRS R ma 3 bd sdch Todn ditng k& nhau.
Aissuseaih o i ma 3 bd sdch VAt Iy ding ké nhau.
Afis bl o aiabhisnia: ma 3 bo sdch Héa hoc ding ké nhau.
VAt Rk A RS R ma 3 bd sdch Sinh hoc ditng k& nhau.
A e S e T thda man d¢ bai.

Ta ¢6: A*¥= A\gAi :>|A*‘:|A|—’£J]Ai)

!
va [Al = 225 369600
(3

| | | !
PP LI ST L G
(3’ (3!’ (3N 3’

— | A*| = 369600 — 60936 = 308664
Viy ¢6 308664 cich x&p thdéa min yéu ciu dé bai.
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sd GIAO DUC VA DAO TAO BAC LIEU
TRUGONG THPT CHUYEN BAC LIEU

Céul.
Piéu kién: x > -1

(1) 2(x3+2) = 5Vx* +1 (2)
U=Ax+1

=2
bat tacé (2) =2+ v* )—iuvw{ y

v=vx’—-x+1 lv=2u

*u=2ves Vx +1 :2\/x2—x+1 <3 4x* - 5x+3=0 phudng trinh nay vo nghi¢m.
*y=2ue VX' —x+1 =2vVx+1 & —5x-3=0

s+\/_

(théa man diéu kién x > —1)

Sixfﬁ

2

Tém lai: phuong trinh da cho ¢6 hai nghi¢m x =

Céu 2.

H da cho twong dudng véi h¢: { (.20:2 X+ (m + l)(‘sinx -1)>0¢(1)
sin“Xx+(m+2)sinx+2m <0 (2)
Ta thi'y: Néu m = 0 thi: sinx < 0, khong théa man (1)
sinx > 0, khong thda man 2)
Nén trudng hdp nay loai.
N&u m < 0 thi x = kn 1a nghiém ciia hé.
Vay: vdi m < 0 h¢ da cho ludn ¢6 nghiém.

Céu 3. 0
Taco:  Voasc = Vioas + Viose + Vioca
sy VI()\H % Vmuc 3 VHK'A i C
v() ARC v( JABRC v( JARC
A
C b a
= —_—t—t—=
(0]® OB OA B
B OC
Nén: V..o == OAOBOC2E s e G 00
6 Rt S o N o
e abe g abce L abc ik
a b Cr a b c 1 g 2
OA'0B'OC | oA " 0B ' oC 6(3J
3
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Diu ding thifc xdy ra khi: o Bl M zl.
OA OB OC 3

Tém lai: mp(P) qua I cdt Ox, Oy, Oz lan lugt tai A, B, C sao cho OA = 3a,
OB = 3b, OC = 3¢ thi Ve nhd nhit.

Ciu 4.
Vixe[0:1]nénl-(1-x)°20
bt g(x) = f(x) - 2% il —x)l- , la ¢6 g(x) lién tyc trén doan [0; 1].
Vi £(0), f(1) € (0,2) nén: g(0)=0{(0)-2<0
g(H=£(1)>0

Suy ra: tdn tai ¢ € (0; 1) sao cho g(c) = 0 hay: f(c)—2"*+ Jl —(lmc)2 =0

2

= f(c)-2" == 1—(1-c)2 :> [f(c)-2"F =1-(1-¢)

Hay (1 — ¢)* + [f(¢) - 2" = 1 (dpem)

Céu 5.
Tacé: b> +¢’ = 2”14: k%al >2m_.a (1)
'3127&1:3’&2,&“?
2m_ b+ am, o bte
=4 2RsinA & b’ +c? Zbe.cosA @)
m, b +¢
3_‘3__2 i
Vi b e - ht s :lmz—h(f—t—(-)i—Azl—cosA(Z%) nén tir (2) ta cé:
b +¢° b? +¢?
. A A
5 2R sin  cos
8 3t A
hine >]—-cosA hay: R S 4 S PO a .Suy ra iztan—.

2m m,
a4 a

a

3.
Diu diing thiic xay ra khi ddu diing thiic § (1) va (3) dong thdi xay ra, tic 1a khi:

2m’ =—a’ a=2m
M 2‘l = * ¢ AABC vudng cin tai A.
93 ik b=¢
b=t
Viy bai todn duge chiing minh.
Céu 6. Gid sif ¢6 ham s6 { théa min dé bai.
Tirb) ta ¢é [(n + 3) = f{{[f(u)]} = [(n) + 3 Vn
Chitng minh biing qui nap, ta dugc:
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£(0)+3kkhi n =3k
f(n)=4f(1)+3k khin=3k+1 (ke N)
£(2)+ 3k khi n =3k +2
Miit khdc tir b), ta ¢6 f1(0)] = 3 nén:

~N&ufi0)=3a(a e N*)thi3 = fIfO)]=(Ba)=(0)+3a=3a+3a —>>a= i (loat).

~Néuf(0)=3a+1(aeN)thid= fII0)) =f3a+1)=£(1)+ 3a

)= Fil)=3
ma [(1) € N* nén: {l(l) 3 3{ ()

a=0 1‘(0) =1
f(1)=3

Mit khdc trb) ta ¢6 4 = ([f(1)] = £(3)], viy: { (
f(3)=4
(do diéu ki¢n a)) nén loai.
~N&uf(0)=3a+2(aeN)thi3= f1f(0)] = f(3a + 2) = f(2) + 3a
ma {(2) € N* nén: {1(2):3 = {!(2): :
a=0 £(0)=2
(do diéu ki¢n a) nén loai.
Toém lai: khéng ¢6 ham s6 £ nao théa man dé bai.
Céu 7. X¢t cdce trudng hop sau:
Truomg hep 1.
ABCD Ia uf gidc 161, khong mat tinh (Gng quat, ta ¢6 thé gia sir:
ABC 2 90", khi d6 tam gidc ABC 1a tam gidc cn tim.
Truomg hop 2:
Ton tai mot diém thuge mién trong clia tam gidc tao bdi 3 dinh con lai,
chdng han: D thude mién trong tam giic ABC, khi d6
ADB + BDC + CDA = 360"
Suy ra trong 3 gde (rén ¢6 it nhat mot gée 16n hon 90°, chidng han géc
ADB, khi d6 tam gidc ADB la tam gidc ¢in tim.
Truegng hop 3:
Ton tai mot diém thude canh cia tam gidc tao bdi 3 dinh con lai, ching
han: D thudc canh AB ciia tam gidc ABC, khi d6 ADC + BDC = 180"

Suy ra trong 2 géc rén ¢6 it nhat mot gée khdng nhd hon 900, ching han
goéc ADC, khi d6 tam gide ADC la tam gidc cin tim.
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NAM 2008

SO GIAO DUC VA PAO TAO KIEN GIANG
TRUONG THPT CHUYEN HUYNH MAN DAT

Cau 1. Tim m dé phuong trinh: \,/1 +2C0SX + \,/1 +2sinx =m (1) c6 nghiém.

Cau 2. Cho 2003 s0 wf nhién lap thinh mot cap s6 cong véi cong sai bing 2008,
Chitng minh ring ¢6 mdt va chi mot s& hang clia ¢dp so cdng chia hét cho 2003.

Céu 3.

Cho ai, i = 1,2008 12 d6 dai cic canh ctia mot da gidc 18, goi S 1a dién tich da

2008

. ) s
1dc. Chitng minh rang: a> 4Stan ————,
. £ e Z‘ ' 2008
Caud.Chox,y,z #0 vax’ +y +2° = .
. N4 1
Tim gid tri nho nhdtcua P = l F : -+ l T

4 I

r 4 4 2L 2l v
e MR R S A B e

Cau 5. Chitng minh ring phudng trinh sau ¢6 diing mdt nghi¢m

- 2007 e
(Veot) " —2(Vxs1) —x'=3x* -3x-2 =0 (1)
CAu 6. Cho ham s6 f(x): R" — R* théa man diéu kién:

f(x).f(y) = {(x.y) + 2 + 2 vdi Vx, y € R+. Tinh {(2008).
X . oY

S3 GIAO DUC VA PAO TAO THUA THIEN — HUE
TRUGNG THPT QUOC HOC HUE

Cau 1. Gidi phuong trinh (2cos3x + 6cosx +1) = 162cosx - 27,

Céu 2. Cho tam gidc ABC ¢6 A= 60, B= 45", Trén céc canh BC, CA, AB clia
tam gidc ABC ldn lugt 13y cdc diém M, N, P khic A, B, C. Goi O 1 tim
dudng tron qua M, N, P. Chitng minh ring néu NMP = 60", MNP = 45" thi O
cdch déu cdc tric tAm clia cdc tam gidc MNP va ABC.

Cau 3. Ki hi¢u 7 la 1ap hdp tat cd cdc 6 nguyén. Tim tat cd cdc ham s f: Z
> 2 sa0 cho: 2008f(f(x))+2007x =4015f(x), véi moi x € Z.

Céu 4. Gid str a, b, ¢ 12 cdc s6 thuc sao cho vdi moi s6 nguyén duong n va véi
moi bd n s& dudng x,, X,,..., X, ta déu ¢c6
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[~

L 2%

a b
n n n
E : E : 2 3
X X. X.
1 1 1
i=1 i=1 i
g | n f bels 1 |

Ching minhringa+2b+3c=0vab+2c>0,c>0.

Ciu 5. Véi x > 1, dit f(x):@i}_

khong vudt qud x va {x} =x—[x]. Cho x > 1. Xét diy (x,) xdc dinh bai

, trong d6 [x] 12 s& nguyén Ién nhat

x, =f(x, ), véi moi n € N* Chig minh ring diy (x,) c6 gidi han hitu han.

Céu 6. Cho ludi 6 vuéng don vi kich thude (n2 +n+ 1) x (n2 +n+ 1). Trén mdi 6
ctia ludi ¢6 ghi mot s6 0 hodc mdt s6 1, sao cho khong c6 bon s6 1 nio la
dinh cia mot hinh ch@t nhit. Ching minh ring tdng cdc sé c6 trong ludi
khong vudt qud (n + 1) x (0’ + n + 1).

Céu 7. Cho hinh chép S.ABC c6 AB = BC =CA =a, SA=SB =SC = a\[.i.
Chitng minh riing véi moi di€m M trong khong gian thi tdng cdc khodng cich
tir M dén (a1 ¢d cdc dudng thing chifa canh bén hay canh ddy ctia hinh chép
S.ABC ludn 16n hon hodc bing a6 .

SO GIAO DUC VA PAO TAO BA RIA - VONG TAU
TRUONG THPT CHUYEN LE QUY PON

2log, (2x +3y) =log, (2 +2x + 3y)

Céu 1. Gidi hé¢ phuong trinh i
ln(4x2 +x+1)+x‘ +21=9y

Clu 2. C6 bao nhicu s6 nguyén dudng n khong vugt qud 2008 théa min Cs

khong phai 1a boi cua 47
(Trong d6 C¥ 1a s6 16 hop chip k clia n phén ti).

Ciu 3. Cho tam gidgc ABC nhon ¢6 truc tim H. Trén dudng thing d vudng goc
vdi mat phang (ABC) tai A 1dy diém S thay d&i khic A. Pudng thing qua H
vudng goc vdi mat phing (SBC) cdt dudng thing d tai K. Tim gid tri nho nhat
ctia biu thite BK® + CS” khi S thay ddi trén d.

Cau 4. Cho cdc s6 dudng a, b, ¢ thda man diéu kién:
1 1 1 2
+

(ac1) (b1 (cx1) (asD)(br1)(e+1)

Chitng minh riing: abc > 1.
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C#u 5. Cho phuong trinh véi tham s6 n nguyén dudng x + 2% ... +ax" ==~

I. Chitng minh riing phuong trinh trén ¢6 nghi¢m dudng duy nhdt véi moi n
nguy¢n dudng, ki hi¢u 1a x,.

2. Chitng minh riing ddy s3 (x,) ¢6 gidi han hitu han khi n —> +oo. Tinh gidi
han do.
Céu 6. Tim it ¢d cdc ham s6 f: R — R thoa man:

l’(l': (x)+ 1‘(y)) =y+xf(x) Vx,yeR.

SO GIAO DUC VA PAO TAO TRA VINH
TRUGNG THPT CHUYEN TRA VINH

Céu 1.Gidi h¢ phuong trinh:

Y+ \}y +9 ) (l)
Xpa X +9J
al.\(:-h«l--—y2 (2)

L

-{'(x-y)(x“‘ FXY + Y’ L7) -61n

Céu 2. Tim nghi¢m nguyén dudng cta phudng trinh:
420430 %tz sy (1)
Trong d6 x. y, 7 1a cdc s6 nguyén dudng.
Ciu 3. Cho t¢ dién ABCD ¢6 AB = CD; AC = BD; AD = BC. Goi R, r 1an lugt Ii
bdn kinh mit ciu ngoai i€p va ndi ucp i dién ABCD; Ry, 1y lan lugt 1a bdn
kinh dudng tron ngoai ti€p va ndi Lép tam gidc ABC. |

Chitng minh ring: J3(R: -3h) 2 Ro+r. DPang thitc xdy ra khi nao?

Céu 4. Cho tam gidc ABC ¢6 s0 do cédc goc tinh bing radian. Chitg minh riing:

A.B LEE S C.A
e e oy + —< 4
2 2 B 2 B 2 C 2 C N A
cos™  Cos cOs” — cos cos” - cos
4 4 4 4 4
(l)k 1
C4u 5. Cho ddy s0 (u,) xdc dinh bdi: u, = Z_—k——— (n € N*)

Chitng minh riing diy s8 (u,) ¢6 gidi han khi n — +o0 va tinh gidi han dé.

Ciu 6. Tim it ¢ cdc ham s6 lién tuc: [: R — R thda man di¢u kién:

[,-(Eilﬂ =f(x).I(y); Vxiy e R (1)
i
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S3 GIAO DUC VA PAO TAO PAKLAK
TRUGNG THPT CHUYEN NGUYEN DU

Céu 1. Cho day da thirc {P,(x)} duge xdc dinh bdi
P (x)= 2% 2
P (X)=P[P(x)],VneN"
Tim tit ca cdc nghi¢m cia da thic Py(x). Goi S, 1a l(";ng 1At ¢d cdc nghiém
thc cla da thic Pn(X). Tinh Sz()(n-:,
Céu 2. Xdc dinh ham s6 f: N*¥ — N* théa man {[f(n) + m] = n + f(m + 2008) vdi
moi s6 nguyén duong m, n.
Céu 3. Tim da thitc P(x) ¢6 bic nguyén dudng, ¢ tdt cd hé¢ s6 nguyén trén doan
[0: 8] va thda min diéu kién P(9) = 2008°,
Céu 4. Xdc dinh hinh dang cta tam gidc ABC ¢6 3 goc A, B, C thdéa min
: . B SI0 NS
4(51n—/—x—c05E - smE COS— + snnf~cc)s-é~) =tanAtanBtanC.
2 2 2 2 2
Céu 5. Tim at ca cip s nguyén duong (x; y) thda min bt phudng trinh x* > y*
Céu 6. Cho uf di¢n déu ABCD canh a ¢6 G 1a trong tdm cua 1f dién. Mot mit

phfmg (P) thay doi qua G va cit 3 canh AB, AC, AD lin ludt tai M, N, P. Tinh
gid tri 16n nhat va gid tri nhd nhit cda thé tich khéi ur dién AMNP.

SO GIAO DUC VA PAO TAO KHANH HOA
TRUONG THPT LE QuUY PON

m>n>p>0
Ciau1.Cho |mp<n’
DT

+—+—=0
m n p

Chimg minh ring phudng trinh ax’ + bx + ¢ = 0 ¢6 nghiém trong khoang (0; 1).
Céu 2. Gidi va bi¢n ludn bat phuong trinh:

s 1 .
3X“—(a#+3)x+a> 5 (X< 3x)(10g3x)“. Trong d6 a la tham sd.

Céu 3. Day so nguyén {a,} dugc xdc dinh nhu sau:

(mi_lan_‘ —8a, lai,
a=liay=2a;=23;a,= : 2.,n>4,

Ching minh v3i moi n thia, : n.
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CAu 4. Cho A, B, C 1a ba di€m phin bi¢t trong khong gian. (P) la mit phing c&
dinh. Tim M ¢ (P) sao cho S = MA? + 4MB’ — 9MC’ dat gi4 tri 16n nhat.

2000
CAu 5. Tim chir s6 don vi clia: e :
10743

s GIAO DUC VA PAO TAO TP. HO CHi MINH
TRUGNG THPT NGUYEN THUGQNG HIEN

ket

I x+—|=4|y+—|=5|z2+—

C4u 1. Giai h¢ phudng trinh sau: X y 7

Xy +yz+zx=1

Cau 2. Goi A 1a tip hdp gdm 25 s0 nguyén duong dau tién A = { 1,2, 3..., 24, 25}
Chitng minh riing véi moi tp con B gdm 17 phén ¥ clia A thi ludn luén ton
tai hai phin tif (phin bi¢t) clia B ¢6 tich 1a mot s0 chinh phudng.

Chu 3.Cho tf di¢n SABC véi SA = SB = SC = 1. Mit phing (o) thay ddi ludn di
qua trong tdm G cla t di¢n, cit cdc canh SA, SB, SC lin lugt tai D, E, F.
Tim gid tri 16n nhat clia bicu thic:

1 1 |

¥ = EPEWs s §A U

SD.SE SE.SF SF.SD

Céu 4. Cho x > 0 chitng minh ln(1+\/1+x2)<1+lnx.
X

Cau 5. Cho diy (a,), n € N dude xdc dinh bdi: ap = 2; 2,4y =4a, + \{lSai —-60 .

Hay xdc dinh s6 hang tdng qudt cla a,. Chiing minh riing % (aa, + 8) c6 thé bicu

dién thanh 3ng binh phuong ba s6 nguyén lién tifp véi moin > 1.
Céu 6:
' 12 - 6x

= , trong dé x 1a
16x" —219x +249

Tim 14t ca cdc gid tri nguyén ctia bidu thic

bi€n sd thue.

s3 GIAO DUC VA PAO TAO PHU YEN
TRUGNG THPT CHUYEN LUONG VAN CHANH

l +X & ccmx-cusy

Céu 1. Gidi hé¢ phudng trinh { I -y

y=v2x-x* -1
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Céu 2. Tim tit cd cdc tdp con khdc réng A, B, C cilia tip cdc s6 nguyén duong
Z" thdéa min:
(H AmnB=BaC=Cn A=
DAUBUC=T"

(3)Véimoiae A,beB,ceC,tacba+ce A, b+ceB,a+beC.

Céu 3. Cho hinh chép cut tam gidc véi dién tich 2 ddy 1a B, By; dién tich xung
quanh 12 S. Chifng minh ring né€u ton tai mot thiét dién song song véi ddy sao
cho thi€t dién nay chia hinh ch6p thanh hai hinh chép cut méi ngoai tiép dude
mit ciu thi ta s& c6:

(vB +\/_)(\F \/_)

Céu 4. Cho a, b, ¢ 1a ba s6 thyc duong. Chitng minh:

\fabc(\/;+\/g+«£)+(a+b+c)2 >4,/3abc(a+b+c).

: L Wy =a6(—£,0]
C4u 5. Cho day (u,) dudc xdc dinh bdi: { ' 2
u,, =In2-sinu_ )-2.
Chitng minh (u,) hoi tu.
Céu 6. Tim ham f: R — R thod min:
i) f(x + y) <f(x) + f(y), VXx,y € R
f(x)

ii) lim——=1.
=0 x

S3 GIAO DUC VA PAO TAO DONG THAP
TRUONG THPT TP. CAO LANH

Xx-3z2-32’x+2" =0

Céu 1:. Gidi hé phudng trinh: {y -3x -3x’y +x’ =0
z-3y-3y’z+y' =0

Céu 2. Cho 6 s8 X, X3, X3, X4, Xs, X6 520 cho X;XpX3XsX5Xg = 1;

Zx_z sy A = Z—(*)

i=] X l£|<|<6 l<1<|56x K

Chitng minh ring khi d6 cédc s§ (xi ); dugc chia thanh 3 cip, tich hai s& trong
mdi cdp bing 1.
Céu 3. Cho hai dudng thng x, y c¢§ dinh. Hai dim M, N thay déi trén x va hai

diém P, Q thay ddi trén y sao cho MN = a va PQ = b, trong d6 a, b 12 cdc do
dai cho trudc.
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Hay xdc dinh vi tri ctia M, N, P, Q sao cho ban kinh hinh ciu ndi tiép uf dién
MNPQ la 18n nhat.

Céu 4. Cho m 1a s nguyén 1dn hon 4. Tim gid tri 16n nhat, gid trj nhd nhét clia
biéu thite: P = ab™ ' + a™ 'b, trong d6 a, b théa min:

SV sy

Céu 5. Ching minh ring véi mdi sd nguyén dudng n cho trude phudng trinh:
x"*!'_ x — 1 =0 cé ding mot nghiém s6 thue
Goi nghi¢m s& thuc 4y la x,. Hiy tim limx,,
Céu 6. Tim cdc da thic f(x) ¢6 tat cd cdc hé¢ s6 dcu 12 s6 nguyén khéng 4m nhd
hon 7 va théa man: f(7) = 2008.

SG GIAO DYC VA PAO TAO BINH PHUGC
TRUGNG THPT CHUYEN QUANG TRUNG

C4u 1. Cho a, b, ¢ > 0. Gidi hé phudng trinh:

ax —by + 55 ¢ (D
Xy

bz-cx+~lm:a (2)
ZX

éy—az+L:b (3)
yZ

2008
Céu 2. Cho day s (x,) dugc xdc dinh nhi sau: x, =Lx  =-—"2—+x_,vfinl
2008
0 nguyén dudng.
2007 2007 2007 x2l‘.)07
Tim gidi han cla ddy s6 sau: u =——+ -2 —+ =2 —4...4 0
x2 xl xd xrH—l

CAau 3. Tim 141 ¢4 cdc da thife P(x) v6i hé s6 thue thda man ding thic:
P(a + b) = P(a) + 7P(b) véia, b € R va ab(a + b) = 2b’.

2
e +xy+l-:25
3

2 5p#
Céu 4. Cho x, y, 7 1a cdc sd dudng théa mén: y? +2' =9

22 +2x+x° =16
Tinh gi4 tri cia biéu thife sau: P = xy + 2yz + 3zx.
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Céu 5. Cho uf dién ABCD, cédc canh DB va DC vubng géc vdi nhau, duding
vudng géc ha tr D xudng mét phing (ABC) triing vdi trifc tAim tam gidc ABC.
Chitng minh: (AB + BC + CA)’ < 6(AD’ + DB? + CD?).

SO GIAO DUC VA DAO TAO VINH LONG
TRUGNG THPT LUU VAN VIET

| 1+log,(x+3)
o :

Céu 1. Gidi bat phudng trinh (1)

X +1 X
Cau 2. Trong hinh vudng ABCD c¢6 d9 dai canh 1a 4 cho trvde 33 di€m phan
biét, trong d6 khong ¢6 3 di€m nao thing hang. V& cdc dudng tron ¢6 bin
kinh R = /2., tdm Idn lugt 1 33 diém trén.
Hoi ¢6 hay khong 3 diém trong 33 di€m néi trén sao cho ching déu thudc
phin giao cla 3 hinh ron ¢6 cdc tAm ciing chinh 12 3 diém d6.
N&u c6, hdy gidi thich tai sao?
Céu 3. Cho i di¢n ABCD va ditu = AB.CD, v = AC.BD, w = AD.BC.
Chitng minh riing u, v, w 1a d6 dai ba canh cia m{t tam gidc ndo d6.
Céu 4:
Cho ut di¢n ABCD ¢6 AB = CD, AC = BD, AD = BC.
Tim diém M sao cho
f(M) = AM*™ + BM™™ 4+ CM*™ + DM*™® dat gid tri nhé nhat.
Céu 5. Cho day s0 (x,) thda man diéu kién:

X, =5

R (nEN"‘)

n+l

Ching minh V n € N*, x, # 4. Tinh x*®va tm lim (xn).
CAu 6. Tim 14t ¢4 cdc ham s6 f: R —» R thda min
a) f(x) = 2008" ¥YxeR (1)

b) I(x + y) = f(x).f(y) VxelR (2)
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21

St
SRV gl Rt L g e S e
: + — -+ UX YAV Z +ZX
) ’ ) XY+ Y )
9 21

> - -
(X +y +22)Y (X +y +2?)
29421 =30(Vix’+y’ +7=1)
xlyl :yzyz :ZIXZ
x* +yt 42t =X’y +y2 +2°%° S

; X =V

Déu biing xdy ra < :
b y] =2 3

X2 +y? +2* =1

Viy gid tri nhd nhit cia P 1a 30 khi x* =y* =2’ :%.
Céu 5:

(1) &> (JET)M -(Jx_+'1")ﬁ ¥2(\/;:wl)] Db g

Pitt= Vx+1 >0, ta c6 phuong trinh 7 —1* =20 =1 =0 (2)

Ta thay (1) ¢6 nghiém duy nhat <> (2) ¢6 nghi¢m duy nhat t >0

() S = (P + 1P 20 = 203 {50314 1 2P 8 s3]

Xétham s6 (1) = " —t° =20 =1,1> 1.

Ta ¢6 {(1) lién tuc trén doan [ 1; +o0), f(1) = -3 <0, f(2) = 2" — 81 > 0 = phuung
trinh (1) = 0 ¢6 nghiém t, € (1; 2)

Mt khic (1) = 2007¢% — 6¢° - 613
=605 — 1) + 66%(°"™ = 1) + 1995 >0, Vi > |

— f(t) ddng bién trén khodng (1; + 0 ) = phudng trinh (2) ¢6 nghiém duy nhat.

Viy phudng trinh (1) ¢6 nghiém duy nhat
Céu 6:

Thay y = |1 — f(x).f(1) = f(x) + l +1(%
X

f(1)=-1

Trong (*) tha x=1->F1)-f(1)-2=0>
ong Y ) I:f(.1)=2

Do f(x) >0 — f(1) =—1 loai
Chon (1) = 2. Thay vao (*): 2f(x) = {(x) + —1— + 1 f(x) = i + 1
X X

Thit lai: f(x).f(y):(l +1)(l+ Tr= ~lu— + l + l +1 =f(x.y)+ l + l (bing)
X y s SRR Sy Xy
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2 1
Vay f(x)=— +1
X

G
f(2008) = 8. +1= 200).
2008 2008

S3 GIAO DUC VA PAO TAO THUA THIEN HUE
TRUGNG THPT QUOC HOC HUE

Céu 1:
Vi€t lai phuong trinh
(2cos3x +6CcosX + 1)‘ =162cosx -27

3

2 (2(4(:05" X ---3cnsx) +06C0sSX + l)- = 27(6cosx - l)

¢>8cos' x +1=36¢cosx —
Pit t = 2cosx, I <2, tacé t'+1=3Y3t-1.
Lai dat u:ﬂ:,lacéhé {tlzBu—l
v =3t—1
Trir hai phudng trinh theo vE ta ¢6
U -u' =3(u-1) & (t-u)(¢ +w+u’ +3)=0.

Tordésuyra t=uet' —3t+1=0.
Viy 8cos'x ~6cosx+1=0¢>2co83x+1=0

<3c053x=-~l¢:>x:igﬂtH (k € Z).
2 9 3

Céu 2:

+ Goi K 1a trye tdm tam gidc MNP. Ta chitng minh K Ia tdm dudng tron ngoai
liép tam gidc ABC.

Ta ¢6 bon duding tron (MNP), (KMN), (KNP), (KPM) ¢6 cliing bdn kinh R.

Puiing tron (KMN) qua C, KC = 2RsinKNC

Puding tron (KNP) qua A, KA = 2Rsin KNA .

Do sin KNC = sin KNA nén KC = KA.

Tuong ur KA = KB.

+ Do hai tam gidc MNP va ABC déng dang nén
¢6 phép déng dang { bién A thinh M, bi¢n B thinh
N, bi¢n C thanh P. { 1a hdp ctia phép vi wr tdm 1 1
s0 k va phép quay tdm I géc 0. :




Goi M’, P’ 1a hinh chi€u 14n Iugt cia M, P 1én AC.

Ta c6 M'P’ = MP | cosd | va MP =kAC.

+ Chii § AC = 2M’P’. Thit vdy, dudng tron (MNP) cit AC tai Q. Ta c6 tam
gidc CMQ cin tai M, tam gidc APQ cén tai P.

Do d6 AC = AQ + QC = 2QP’ + 2QM’ = 2M’P’. Vi vy 2k | cos0 | = 1.

+ Ta ¢6 f bi€n K thanh O, bién truc tdim H cia tam gidc ABC thianh K nén
OK = kKH va géc giita OK va KH 1a 0.

Goi O’ 1a hinh chiéu cia O 1én KH.

Ta ¢6 2KO’ = 20K | cos0| = 2k | cosd | KH = KH.

Viy O’ 1a trung diém KH. Do d6 OK = OH.
Céu 3:

u
Cho x € Z. X¢ét diy s8 (u,) xdc dinh bdi ¢
ke f(un), neN*

Ta c¢6 hé thife truy hdi

2008u,,, +2007u, =4015u_, <> 2008u_, —4015u_ +2007u_=0

1 2

Diy s6 (u,) la day sai phdn tuyén tinh cip hai ¢6 phuong trinh dic trung
2008t* —4015t+2007 =0.

Phuong trinh nay c6 hai nghi¢m phén biét t =1,t, =%%. Do d6 s& hang

tng qudt ctia day la

w=Ct+C 0 =C+C Lot
% $ 2008
2007 M e S o : .\
Do 3 <l nén limu_=C, .Miu, € Znén C, € Z. Suy ra C, = 0. Viy (u,)

la day hiing. Pdc biét u, = u; hay f(x) = x. Thi¥ lai théa méan diéu kién bai todn.
Céu 4:
Véin=1,chonx;=2>0.Tacé 2°** >1.Suyraa+2b+3c>0 (1)

a+2b+3c
Véin=1, chon x]:%>0.Tacé {5] Tl

Suyraa+2b+3c<0 (2).
T (1) va (2)tacda+ 2b+ 3c =0 (3).
Véin=2, chonxy=1,x =x50:

b TR (1)
Ta cd >t
2 2 o
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a+h+e
Choan,lacé[E] >1.Suyraa+b+c<0(4).

Tx(3)va(d)tacob+2¢c=0.

Véin=2,chon X, =X, =--+=X

[14(n-1)x T [143(n-1)x* +(n-2)(n-1)x*] >1.

: 1 g 5%
Lai chon x =———, tac6 2h[4+ﬂmJ >1 hay [4+liJ Zih.
n-1 n-1 n-1 2

2 =l*x,xn=1+(nrl)x,lac6

Né&u ¢ < 0 thi cho n - +w0 ta cé [4+ ag
n—1

] —>0.V61y. Viyc=0.

Céu 5:
Jutily
J; :
u+v+2\/E=l+2\/E?l.
X X

Patvr=1x]vav =[xk Tdeco 1(x)=

Suy ra (f(x))2 -

Mai Vuv < u;—v :%x (chd ¥ riing u # v).

Do d6 (f(x)) <2. Vay 1<f(x)<v2.

Nhan xétring 1 <x_ <+/2, véimoin € Z* C6 thé xem 1<x, < 2.
N&u xo=1thix, =1, v8i moi n € Z*. Suy ra limx =1.

X¢ét trudng hgp l<x‘}<\/§.V6i l<x<\5 thi[x]=1va {x}=x-1.

1+4x~1
Jx
R0 rang f lién tuc nén néu diy (x,) c6 gidi han 1a a thi a = f(a) (1).

1-vx-1
2x\/x(x -1)
khodng (1, \/E 3

f(1,2)<1,2;1(1,44) > 1,44 .

Do dé f(x)=

Lai ¢6 f'(x)= >0, v8i moi x e (1, V2 ) nén f ddng bién trén

Phuong trinh (1) ¢6 nghiém duy nhit trong khodng (1, \E i
Tird6 suy ra f(x) > x néu 1 < x < a va f(x) < x néu a<x<v2.

+ Né&u x, = a thi x, = a v6i moi n € N*. Suy ra (x,) ¢6 gidi han 1a a.
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+ Néu 1 < x,< athi(x,) la ddy sO ting va bi chiin trén bdi a, nén c6 gidi han 1a a.

+ N&u a<x, < J2 i (x,) 1a ddy s6 giam va bi chidn dudi bdi a, nén c6 gidi
han 14 a.
Céu 6:

PatN=n’+n+ 1. Goi x; 1a s6 s6 1 § hang thiti, i=1,N.

N

bat S= in . Cin chitng minh S < (n + 1)N.

Xéttdp M goém cde cip (k, ) véi | <k <I<N.
: (n2 +n)(n2 +n+ l)

Ta ¢6 [M|=C}, = -

Vi mdii, i=1,N, dat M; 1a p gdm céc cip (k, /) véi 1 <k <I<N, sao cho hai

cOLk va [ cta ludi déu 6 s6 1 & hang thit i. Ta ¢6
rCf X =2 X (xi ——1)
IN’1 | -—
0 0<x, <2 2
Tir gid thiét khong ¢6 bdn s6 1 ndo [a dinh ctia mdt hinh chit nhét nén
M M =@ néui#j.
N N
RO rang UMi <M nén Z\MiislMl , e 1a
=1 i=l

NCX. (xi —1) (n1 +n)(n2 +n+l)
= s E >

ix.l "ixﬁ(nzﬂl)(nz+n+l)s().
Ma (ix] <(n® +n+1)it.

, hay

Suyra S --(n3 +n+ I)Sﬂ(n2 Jrn)(n2 +n+l)2 <0.

n’ +n+l+(2n+l)(n3+n+l)
2

Tirdd S<

:(n s l)(n2 +n+ l) (dpcm).

Cau7:

+ Ba cip mit phing song song lin lugt chita cdc cdp canh SA va BC, SB va
CA, SC va AB tao thinh mdt hinh hop (H) ngoai tiép hinh chép S.ABC.

+ (H) ¢6 cdc mit 1a cdc hinh thoi vdi hai dudng chéo cua hinh thoi nay 13 a va

a6

a3, canh a. Khoang cdch gitta hai mdt song song cia (H) ciing b:’mg+~3-— :
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+ Tdéng khodng cdch T clia bai todn 16n hon hodc biing ba lin khodng cdch

&

giffa hai mat song song clia (H). Vivay T >3 % =48 \/6 . D4u ding thifc xdy

ra trong trudng hdp M 1a tdm cta hinh hop (H).

S
a3
A S
\
\al a3
' al/3
\u a
B, ~ a1
: _a_,, -
' )

SO GIAO DUC VA DAO TAO BA RIA - VONG TAU
TRUONG THPT CHUYEN LE QuY BON

Céu 1:

bat t=log, (Zx - 3y) ES N =T .

Khi do ta ¢6 phuong trinh: 2t = log, (7‘ + 2)

P e g RS R ? +2.—1- =1 (1)
9 9

: 1) =
Ham s6 f(l) = Lg} + 2(3] gidm trén R nén phuong trinh (1)

Si=T2x+3y="7

Thay 3y = 7 — 2x vao phuong trinh thit hai ta thu duge phudng trinh

In(4x* +x 1)+ x' +6x=0 (2)
X¢étham sO
5 8x +1 ;.

s(x)=In(4x* +x +1}+ x' +6x > g'(x)=——————+3x" +6
E( ) ( ) ( ) 4x" +x+1

1 7 A2 ;
g'(x):fix‘ i 2-37-;1-1—4?{ . >(,Vx € R ham s0 g(x) ting trén R.

4x° +x +1

2
Phuong trinh (2) <> g(x)=g(0) <> x =0 tir d6 thu dude y = 5

: ; 7 )
Viy h¢ phudng trinh ¢6 nghiém duy nhét [();--i)l :
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Cau 2:
Véin=11thi C. =2 khong phdi Ia bi ciia 4.
(Zn)!
Vdin22,tacé C =-—.
(n!)

Dit s = [logon], & ddy ki hiéu [x] chi phin nguyén ctia s& x.

Khi d6 s& mil ctia 2 trong phén tich tiéu chuin clia (2n)! va ctia n! 1in lugt la:

s+ 21'1 % s n
a:;[—zr} va b:kzslli:zkjl

Khi d6 s6 mil ctia 2 trong phin tich ti¢u chudn ctia C;_ la:

o (SR ]

+ Né€u n 1a mot lily thira cla 2, gid sirn =2°, m x Z* thi
s—1
=2"-Y"2%=2' (2" -1)=1<2 =C} khong phi 12 bi ciia 4.
k=0
+ Né&u n khong phdi 1a ldy thira ctia 2, gid st n=2"+p;0<p<2’.
Khi dé:

i et )
it el

Do d6 C] 1a mot boi ctia 4.

Viy CI  khong phai boi clia 4 khi va chi khi n 1a mot Ity thita cta 2.

Trong cdc s6 nguyén dudng khong vugt qua 2008 c6 11 sd 1a 10y thita cia 2
théa man yéu ciu bai todn.
Céu 3:

AH ¢t BC 1ai D, ta ¢6 AH 1 BC, SA 1| BC = (SAD) L BC

Pudng thing qua H vudng géc mp(SBC) nim trong mp(SAD) cdt SD tai I va
cdtdtai K.

Taco: CH L AB; CH L. SA = CH .| (SAB)= CH . SB

Ma IK L (SBC) = 1K L SB = (CIK) L SB

= Cl L SB hay I 1a trvc tim tam gidc SBC.

T dién' BCSK 1a ti dién trwe tAm nén ta ¢6: BK? +CS* = BC? + SK*
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Ma BC khong ddi, nén dé BK’ +CS” nhd nhat thi ta cdn tim S d&€ SK nhd

nhitl. X¢t hai tam gidc SAD va AHK déng dang thu dudc:

BC? + 4AD.AH dat dudc tai 2 vi tri S chay trén

Bk DD ARAK < ATUAD

AH AK ‘
Tac6: SK* =(AS+AK) >4AS.AK =4AD.AH

D4u “=" xdy ra khi va chi khi

AS = AK = VAH.AD

Viy gid tri nhd nhat cia biéu thite BK® + CS® 1a

dudng thing d ma AS = VAD.AH.

Céu 4:

o
a+l b+1 c+1

Tir diéu ki¢n baira = e(0;1).

Do d6 ¢6 cdc gée nhon A, B, C sao cho:

cosAz——l—_;cosB:L;cosC:——.
a+l b+1 c+1

Thay vio gid thiét thu dudgc:

cos’ A +cos’ B+cos’C+2cosAcosBeosC =1

o (cosA + cosBcosC)2 = (1 —cos’ B)(l —cos” C)

2 P g

= (cosA - cosBcosC) =sin” Bsin“ C
<> cosA =—-cosBcosC +sinBsinC (do A, B, C la cdc géc nhon)
<:>cosA:—cos(B+C)<:>A+B+C:n
Nhu viy A, B, C la 3 géc ciia mot tam gidc.
o 1—~cosh - e l-cosB X5 1-cosC

cosA cosB ' cosC
Diéu cin chitng minh dua dudgce vé:

(l—cosA)(l —cosB)(] —cosC)zcosAcosBcosC

(l—cosA) (1 —cosB) (1 —cosC)
&

sin A sinB sinC

Theo cdch dat A, B, C thi a

>cotA.cotB.cotC

&> lané.tanE.tan% >cotA.cotB.cotC

<> tanAtanBtanC Zcol%cmgcotg
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A B
&>tlanA +tanB +tanC 2c0l-5-+c015+c015 (*)

Biy gid la co:
sinC 2sinC 2sinC C
> = 2(:0[-5

tanA +tanB = = > =
cosAcosB cos(A—B)+cos(A+B) 1-cosC

B
Tuong tu: tanB +1anC = 2c0l%—; tanC + tanA = 2cot5
Cong cdc bat ding thic theo vE ta suy ra (3). (dpem)
Diu “="xdyra <> AABCdéu<a=b=c=1.
Céu 5:
1. Xét ham s& f (x) =x+2%* +..+nx" —% lién tuc trén R va cé

n-1

l'r'l(x)=1+22x+...+n"'x

£ (x) >0 Vxe (0: +m) nén ham s0 f,(x) ting trén (0; +o0) (1)

‘%
Ma £,(0)=~5<0,£,1)>0

= phuong trinh £,(x) = 0 ¢6 nghiém trong khodng (0; +) (2)
Tir (1) vi (2) suy ra phudng trinh f,(x) = 0 ¢6 nghi¢m duong x, duy nhat vdi

moi n.

n-l
2 Tach I*l'n(l =1+ 2.l+...+n_ l —2
3 3 3 4

Trir theo vE:

|
o [ 1=1+§+n”+[

1
"k3/

Do doé X, >% YneZ’

Ap dung dinh ly Lagrange tontai y, € {;1;- xn) sao cho:

|g(x“yg[%]

Vi f, (y,) >1 véiy, > 0.

1 1
X —= )
3

AYTS

2n+3

o [;(y“n>
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Mat khac lim 2 > = 0 = limx_ =+
L R B n—»x 3

Céiu 6:
Ky hi¢u f(l‘z(x)+f(y))=y+x.f(x) vx,yeR (1)
+ Néu f(x) = f(y), tir (1) ta ¢é:
y +x.f(x)= f(l'2 (x)+ f(y)) = 1’(fl(x)+ 1'(x)) =x+xf(x)=>x=y
Do d6 ham f 1a don 4nh.
+ Pita = {(0). Thay x =0, y = 0 vao (1) dude: f(a’ +a) =0
Thay x =a” +a va y = 0 vio (1) thi:
1'(f2 (az +a) +a)=(a2 +a).f(a2 +a) =0=>f(a)=0
Khi d6 f(a)=f(a’+a)=a=a’+a=>a=0, i f(0)=0
Thay x =0 vao (1) thi f(r(y)) =y VyeR
Thay y =0 vao (1) thi £(f*(x))=x.f(x) VxeR (2)
Thay x bdi f(x) vao (2) thi f(xz):t f(x)l'(f(x)) = x.f(x) VxeR (3)
f(x)zx
f(x):-—x
+ Thif trire ti€p ta thdy f(x) = x va f(x) = —x 12 2 nghiém ham ctia bai todn.

+ Gia sif bai todn ¢6 nghiém khdc 2 nghi¢m trén khi d6 ton tai b, ¢ khéc 0 sao
cho f(b) = b; f(c) = ~c; Thay x = b, y = ¢ vio (1) thi:

b*=b*= b=0
5 ’ ?:> (v6 1y do ta chon b, ¢ khdc 0)
c+b°=c-b° )

Tir (2) va (3) suy ra: l'(f2 (x))z f(xz):> f? (x) =x* :>|: ,VxeR

l'(hz—c):c+b3:>[

=

Viy bai todn chi ¢6 2 nghiém 12 {(x) = x va {(x) = -x.

SO GIAO DUC VA PAO TAO TRA VINH
TRUGNG THPT CHUYEN TRA VINH

Céu 1:
() > x* =2x +6In(x + Vx* +9)=y" =2y +61n(y +Jy* +9) (¥)
Xétham s6 (1) =t 20+ 6In(t+ VI +9): 1e R

f'(1)y=3t> -2+ ——:6: :3[12 +_2mng
Je+9 24+9 3
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Theo bat ding thirc Co—si:

‘+9 1 L 206 26/ 26 ,_29
\/1_+— \/1_4,_ (1 +9)>1+27(: +9)21+27 9 :
2 20% 2
o | +\/[2—+E 320

— f() > 0, Vt € R (D4u “=" xdy ra khi t = 0)
— Ham s6 {(t) ddng bién trén R. Do do6:
o) =)=y, thé& vao (2): X-x*-2x+1=0 (3)
Xétham s6 fix) = x° — x* — 2x + 1 lién tuc rén cdc doan [-2; 0]; [0; 1]; [1; 2] va:
f(-2). f(0) < 0 = (3) c6 nghi¢m x, €(-2;0)
f(0). f(1) <0 =>(3) ¢6 nghiém x, € (0; 1)
f(1). f(2) <0 =>(3) cé nghiém x3 € (0; 2)
Vay (3) ¢6 it nhit 3 nghiém trén (-2; 2)
Vay (3) 1a phudng trinh béc ba c6 khong qud 3 nghiém trén R nén (3) c6 diing 3
nghiém X, X,, X3 V2 X, X2, X3 € (=2; 2)
o Goi x 1a nghié¢m clia (3) =>-2<x<2
— Ju e (0:7) sao cho x = 2cosu. Thé vao (3)
8cos’u — 4cos’u — 4cosu + 1 = 0 (nhin sinu > 0)
&> 8sinu.cos’u — 4sinu.cos’u — 4sinu.cosu + 1 =0

u=k2n (kez)
&> sindu = sinu < ar o
u=—+k—
7 7
WUE(O 7t) nén ta dudc: u—E u=3—n;u:Ejrl
7 7! 7
x=y=2c08—

Viy hé da cho ¢6 3 nghiém: |x=y= 2::1:)527—TE

Céu 2:
Pat fx)=1!+2!1+ 3! +.. +(x+ 1)!
(=23 0025=91{3)= 33
*VEix>3taco f(x)=13) +5!+..+(x+ 1)!
Vi5!, 6!, ... (x + 1)! Béu chia hét cho 10 nén ta suy ra: f(x) = f(3) (mod 10)
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= f(x) = 3 (mod 10) (vi f(3) = 33)
Viy f(x) khong phdi 1 binh phudng clia 1 s6 nguyén.
Suy ra véi z = |, phudng trinh (1) khong ¢6 nghi¢m nguyén duong vdi x > 3.
*Xétz=1;x<3:dé thiy x =2; y=3; z= 1 thda man (1).
Viy (1) c6 nghiém (2; 3; 1)
* Xétz>2 (znguyénduong) =z +12>3
() & f(x) = y™'
V6ix=1,2,3,4,5,6,7 th khi thi tryc i€ ta thiy f(x) | 3 nhung f(x)I27
Mit khdc do f(x)=y"' =y"'i3
Shy:3=ey yt cn gt N0
Viy (1) v6 nghi¢m trong trudng hgp nay.
MO X > T
£(x)=1£(7)+9%...(x +1)1=£(7)(mod 27)
Ma  f(7)i27=f(x)I27. Do f(x):3= y'i3yi3 =y 127
Mit khdc y"'iy' = y"*':27
Viy: (1) khong c6 nghi¢m nguyén duong trong trudng hgp nay.
Tém lai: (1) ¢6 nghiém duy nhat.
x=2y =3 z=i.
Céu 3:
Goi M, N lan lugt 1 trung diém BC,
AD va O 1a trung diém MN thi O 13 trong
@m uf dién ABCD. Goi D’ la trong tdm D
AABC. Ké OH 1 (ABC) tai H.
e AABD = AACD (C.C.C) = BN =CN.
= ABCN cén tai C = MN 1 BC
Tuong tvy MN L AD
Viy MN la trung tryc cia BC va AD.
Ma O 1a trung diém MN
= O 12 tim mit cdu ngoai ti€p ABCD.
Mait khdc:
AB=CD
Do {CA =BD = AABC = ABCD = ACDA = AADB (c.c.c)
AD=BC

Pidt  Sasc = Ssen=Sepa=Saps =S
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N : Vv
V = Vagep, ta c6: —2285€ = O_D, F l:> GABE: Traa
ABCD DD’ 4 dEE

3Vonnc & ?X
S 45

ABC

=5 d(O; ABC) =

Tuong ty: d(O, BCD) = d(O; CDA) = d(0; ADB) = %

Viy O la tdim mit cau ndi tié€p ABCD
Suyra: OH=rva OD=R; OD’ = %

Ta lai ¢6: OD’ 2 OH < % 2r<>R =3 (l).

Do OA =0B=0C = HA=HB=HC
= H 1a tdm dudng trdn (ABC) = HC =Ry
e OC*=OH’+HC? ®R’=r’+ R} & R =R’-r (2)

Tir(1), (2) suy ra; 4R? — 127 2 3R? - 3 <> 2/R? —3r* > 3(R? -r) =R 3.

R
Ma R() > 2['(] DI < —ig"

R, + 3R
Vay: 21 < 0 <3 o \BR -37) 2R, +7,

JR2 =32  2/R? =37
Ping thic xdy ra khi ABCD 1a i dién déu.

Céu 4:

Xétham s6 f(x) = tanx + sinx — 2x vdix € [0; g]

Fix)= 12 +cosx—2 2 1‘ : =0 4ix) déng bi€n trén [O; E]
COSX COSX £)

Do d6: x > 0 = f(x) > f(0) = tanx + sinx — 2x > 0

Suy ra: tané+siné—A>O:> tanfi l+cos.é >A =
2 2 2 2

Tudng w:
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Tir dé: Ao + i + S5

. » B ,C » C 2 A
COS" —--CcOS8" — C€OS" —-COS" — COS —-COoS” —
4 4 4
A B B C [ 55 A
< 4| tan—tan— + tan—tan— + tan—tan— | (/)
2 2 2 2 2 2

tané +tan§-
Mitkhdc: A+B+C=n :>cotg§—ztan[—‘3—+g] = A

C A &
tan— l-tan—tan—
2. 2 2

—~ tan%lang + tanEtanE+ lanEtzamé == ()

Tir (1), (2) suy ra diéu phdi chitng minh.

Ciu 5:
Ta co:
k-1
2o}
B el R e
it S8 “ige Im—=1-2

® Ta chitng minh: In(1 4+ x) < x < ~In(1 - x); x €(0; 1)

e Xétham s6 f(x) =x — In(1 + x); x €(0; 1)
1 s 2

f'(x):l-l——>o, Vx € (0; 1) = Ham f(x) dbng bién trén (0; 1)
+X
. Dodéx>0x =2 (xX)>f(0)=>x-In(1+x)>0. =x>In(l +x)
Xétham sd g(x) = x + In(1 — x); x €(0; 1)
g’(x) :l—%-l—_x— <0, Vx € (0; 1) = Ham g(x) nghich bién trén (0; 1)
-x l-x
Dodéox>0=g(x)<g0)=>x+In(l -x)<0=x<-In(l -x)
Viy: In(l + x) <x <—In(1 — x), Vx € (0; 1) (*)

Ap dung (*)véi x =

——(k=12....m)
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1 1 |
In| 1+ < <=In| 1=
m+m m+m m+m

Cong v€& véi cdc bt ding thic trén ta duge: In

2m +1
<.

=in2
m+1 25

Vi lim (mzm”J:mz nén limu =In2 (1)

m — + = m-+ l m-—»+7
Mit khéc:
2m__](_l)k-a b (ml k-1 (_I)Zm—l :
(*)UvaI = ; k = o k = 2’m = u‘Zm-l _ulm +E

m—+x m-—»+x

= lim u, = lim [uzm +2LJ:ln2 (2)
m

T (1) va (2) suyra: lim u =In2.

n—+x

Ciu 6:
+ Ta thay f(x) = 0, ¥x € R théa min dé bai.
+ Xétham s6 f(x) = 0:

Gia st 3 xy € R sao cho f(x,) = 0.
ThEx =%, vd y = 2X — Xo; VX € R vao (1)
[f(x)’=0,Vx e R=>f(x) =0, Vx € Rvd li
Viy f(x)#0,VxeR
i‘(x)>0,VxeR
{l‘(x)<0,‘v’xeR

Thét viy n€u tdn tai a, b € R, a <b sao cho f(a) < 0 va f(b) < 0

=> [(a).f(b) < 0 va do [ lién tuc nén tdn tai x, € (a, b) sao cho f(xy) = 0: vd li.
Viy f(x) >0, Vx € R hodc {(x) < 0, Vx € R

+Neuf(x)>0,vx e R

X¢étham s6 g(x) = Inf(x) — Inf(0) lién tuc trén R va g =0

() e» ln[f[x;yﬂz =In[£(x)-£(y)]. ¥x,y € R
azm{r[x;yﬂz =Inf(x)+Inf(y) ozg[%x}g(xng(y)

+ 1(x) +g(
Qg[xzy]zgng )

vigliéntucrén R = g(x) =ax+b
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Ma gy =0—=b=0
Viay g(0) = ax
<> Inf(x) — Inf(0) = ax (Pit Inf(0) =c¢)
< Inf(x) =ax +e= f(x) =e¥;
* Né&u f(x) < 0, Vx € R ldp ludn tudng ur ta dudge f(x) = -, Vx,x e R
Thit lai ta thdy cdc him s§ trén théa min dé bai.

f(x)=0, VxeR

Viy f(x) =6

SO GIAO DUC VA PAO TAO PAKLAK
TRUGNG THPT CHUYEN NGUYEN DU

Céu 1: ;
Ta c6 degP (x)=2" - P, (x) =0 c6 khong qud 2" nghiém thue
y:P](x)zx2 -22y'=2x,y'=0x=0.
Bdng bién thién

% ) -2 0 2 +00
y’ - B 0 + +
+20 2 2 +a0
\ B /

Do d6 néu |x| >2 =0y >0 PAX)=P [Pz(x)] >2..TQ:P (x)>2
Nén (a1 cd cdc nghiém ctia phudng trinh P,(x) = 0 déu thudc doan [-2; 2].
bit x = 2cost, t € [0; n]
P (x)=4cos’ t —2=2c0s2t - P,(x) =P*(x) -2
=2c0s2°t,...,P (x) = 2¢0s2"t,Vne N’

Nén Pﬂ(x):o@zﬂt:g+knal=i‘—+ﬁ.kez

n+l 2n

—>X= 2cos(—n]— +£n_) ma
2I1+ 2I‘I

. s kn
le[O;n]—->ke{0;l;2;‘..;2 } B = z 2“’5[22(19 22%}

k=0
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2 (]ﬂ!ﬂ_l
) T T kn
b 21::[»9 mm E Z sin mw cos 22009 o 22003

k=0
2:!18 1

+he . k= sl
Z[ = nzzmjﬂ]—0v151n220w>0—>8 =)

ZIK)H 2008
k=0

(Hoc sinh ¢6 thé& néu da thitc P,(x) 12 ham s8 chdn nén Syps = 0)
Céu 2:
Chon m = £(1) ¢6 f[f(n) + f(1) = n + {{f(1) + 2008]
=n+ 1 + f(4016) = f[f(n + 1) + 2008]
Flf(n) + f(1)] = f{f(n + 1) + 2008] = f(f{f(n) + f(1)] + m)
= f(f{f(n + 1) + 2008] + m)
Nén f(n) + £(1) + f(m + 2008) = f(n + 1) + 2008 + f(m + 2008)

Suyra f(n+1)—f(n)=1(1)-2008=a
n-1

= f(n)=y | f(k + 1)~ f(k) |+ (1) =an +2008
k=1

Thit lai: f(n)=an + 2oos,f[r(n) + m] —n + f(m +2008)

—»a’n+2008a +am + 2008 = n + a(m + 2008) + 2008

et [a = -1 —> f(n) = —n + 2008 —» £(2009) = —1
a=1- f(n)=n+2008
Viy f(n) = n + 2008 13 ham s8 cin xéc dinh.
Céu 3:
2008° = 8096384512 = 1+ 9.899598279 =1 +9. 3 + 81.99955364
=14+93+9%5+9°7+9°8+9°.6+69°+ 9°.8+29°+2.9°<9".
Nén degP(x) < 1 l
Gia st P(x) = Ak ax + 0 oo T am vdi a; nguyén thudc doan [0; 8] vdii
tir 0 dén 10
P(9)=a,, mod(9) =}(mod9) —>a,, = 1

P9 =1

a

mod9 =3mod9 —a, =3

9

3@_—1_i'g-modE)ESmon—m8 =5
P(9)-1-3.9-5.9°
375
9
Tudng wf
ag=8,a5=06,a4=6,2;=0,2,=8,2,=2,8=2.

mod9=Tmod9 —»>a, =7
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VayP(x) =2x""+ 2x° + 8x* + 6x° + 6x° + 8x* + 7TxX* + 5x% + 3x + 1.

Thit lai da thifc trén théa man tdt ca gia thiét cla dé.
Céu 4:

Tir gid thiét ¢6 tam gidc ABC nhon vi

tanAtanBtanC > 0 ma tanA + tanB + tanC = tanAtanBtanC, nén theo bat
ddng thdc Cosita c6 M = tanAtanBtanC > 33 (1). C6 thé gid sir

0<ASB$C<£—_~> siné~sinE cosE—cosE <0
2 2 ) 3 2
L LR L e GRS e g
= sin—co0s— + $in— C0S— < sin—C0s— + 8in—Ccos —
2 2 2 2 2
N :4(sinécosE +sinEcosE+ singcosé) < 4(:05E +2sinB = f(B)
2 2 2 2 2 2

f‘(B)z2(—sing+cosB),[‘(B)=O<:> B=§—)N <33

M = N khi va chi khi tam gidc ABC déu.
Cau 5:
x>y, x;y e N*(1)
e V@i x = 1 va y nguyén dudng thi khong théa man (1).
e Viix=2vay>0.c6(l) = f(y)=2"-y’'>0
Cé f(1)=1>0;f(2) =0:;f(3)=-1;f(4) =0,£(5)=7>0.
Xét f(y)=2" -y*,y>5>f'(y)=2"In2 -2y,
' (y)=2"1n*2-2=2""In*4-2>0.
Do d6 f'(y) > f'(5) >0 - f(y) > £(5) > 0.
Trudng hdp nay (1) ¢6 cdc nghiém (2; 1), (2; y) v6i y nguyén v y > 5
® V@i x >3,y = | thda min (1).
e VGix 23,y=2:(1) < f(x) <0 <> x = 3 (do chitng minh trén va x nguyén)
Trudng hgp nay (1) nghiém (3; 2).

 V6ix,y23.Ta c6 X' >y" € h(0>h(y), hO) =10, te 34e)
1 -Int
12
Tap nghiém cha (1) 1a S = {(x; 1), (2; ¥), (3; 2), (m; n) véi (X, y,m,n e N, x> 1,
y253<m<n}

=>hit)=

<0—>3<x<y

Cau 6: :
Pit AB =xAM, AC = yAN, AD = zAP, goi H 14 trong tim tam gidc BCD.
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Ta cé
AG =2 AH=1(AB+AC+AD)
4 4
- X AM + L AN + £ AP,G e (MNP)
4 4 4
—2>X+y+z=4,x,y,ze[l:4]

(bai tdp 5 SGK HHI11 ning cao trang 91)

Vi V(AMNP) = —— V(ABCD)
XyZ
i t;
1 a]\E> 3 ' a"\/i_a“\/i
Xz 12 iz | TR 98
3
Nén MinV(AMNP) =2 5‘/65 ©x=y=z= % & (MNP)/ /(BCD)

Gidsit 1sx<y<z<4-xyz2ly(x+z-1Ddo(xy—1)z-1)>0

yX+z-D=@-)t-D=-—t2+5t—-4=—(1-2)(1-3)+22>2, t=x+zec][2:3]

a’ \/5
24

MaxV(AMNP) = ox=y=1,z=2M=B,N=C,AP=PD.

SO GIAO DUC VA DAO TAO KHANH HOA
TRUGONG THPT LE QUY PON

Céu l:
Pit f(x)=ax’+bx +¢
Ta ¢6 [(n/m) = a(n/m)’ + b(n/m) + ¢ = n’/m (a/m + b/n) + ¢ = ¢ (mp — n>)/mp
Va f(0)=c¢
Dodé  f(0)f(n/m) = ¢ * (mp — n’)/mp
Né&u ¢ = 0 thi phuong trinh ¢6 nghiém x = n/m thda man dé bai
Néu ¢ #0 thi {(x) = 0 ¢6 nghiém trong khodng (0; n/m)
Do [(0)f(n/m) = ¢ * (mp — n*)/mp < 0, n/m < 1
N¢n phudng trinh ¢6é nghiém trong khodng (0; 1).
Céu 2:

Bilt phuong trinh da cho xéc dinh véi x > 0 va ¢6 thé viét dudi dang
3x=-a)x—1)> %(a — 3x)(logsx)’ < (3x — a)(%(logj XX~ 1] >0

Pat fétx)= % (logsx)* +x — 1; bt phuodng trinh trén duge viét dudi dang
(Exi—a) fix)>0 (1)
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Ham s6 f(x) xdc dinh va déng bién trong khodng (0, +).
Vif(1) =0nén f(x) < 0 véi moi x € (0,1) va f(x) >0 véi moix € (I, +o0).
3x-a=0¢c>x= 2
3
1. N&u a/3 <0, ttic 1a a < O thi dau clia v& trdi clia bat phudng trinh (1) duge cho
trong bang sau:

X & 0 1
3
g2(x) - 0 +
3x—a - 0 + + +
(3x - a)f(x) = 0 4

Nghiém ciia bat phudng trinh dd cho 1 x > 1.

2. Néu 0 < % <1, tc 12 0< a < 3 thi ta ¢6 bdng xét diu:

X 0 = 1
: 3
f(x) S ] = 0 +
3%—:a 53 0 +
(3% — a) f(x) b 0 = 0

Nghiém ctia bit phuong trinh di cho 1a: 0 < x < —; hodcx > 1.
Lép bing xét dau cta (3x — a)f(x) twong tr nhvt trén, ta dude cdc két qud sau:

3. Néu % = I tc 1a a = 3 thi nghiém ctia bat phuong trinh da cho 1a: x > 0: x # 1.
4. N&u % > 1, tifc 13 a > 3 thi nghiém cda bat phuong trinh da cho 1a:

0<x<l;x>%.

Két lugn:

1. N€u a <0 thi nghiém ctia bt phuong trinh di cho Ia: x > 1

2. Néu 0 < a < 3 thi nghiém ciia bt phudng trinh di cho 13: 0 < x < % el
3. N&u a = 3 thi nghi¢m ciia bat phuong trinh di cho 1a: x > 0: x # 1

4. Néu a > 3 thi nghiém ciia bt phuong trinh dd cho 13: 0 <x < 1: x > &

Céu 3:

a
Xét day sau: v,= — ,n=2,3,..

n-1
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: a 6a_a .—8a
Tit ¢ong thifc truy hoi ta ¢6 —2 = —1 -t 02

n-1 an—Zan—3

Suyra:v,=6v,_;—8v,_» (1)
Ta s& chitng minh ring véimoin= 1,2, 3,.. ta ¢6 Vo, =4" - 2"(2)
(2) dugc chitng minh biing quy nap nhu sau:

Véin=1,tacévs= 2 =2=4'-2" viy (2) dingkhin=1
a .
1
; g a, 24 HERRE R 2 /
V(?1n=2,ta0()v3=—':—2—=12=4—2,vay(2)dungkh1n=2
a2
Gid sif (2) dd ddngkhin=k > 2, titc 1a v, ,, =4° - 2° (3)

Xétkhin=k+ 1. Theo (1) ta ¢6 Vi 2 =6V oy — 8vi (4)

Ap dung gia thuyét quy nap (3) ta c6:.

Ve s =~ = o B 2 A
= 4.4% _ 9ok = gk+1 _ gkt

Viy (2) ciing ding khin=k+ 1 -

Theo nguyén 1y quy nap thi (2) ding védimoin=1, 2,...

a‘n an—l al
. TP =Vn.V e |

a'nAI an—2 al

ith&tr (2) suyraa,=(@4""'-2""H@" 2-2""%)...(4-2) (5
V4i moi s6 nguyén (8 p, theo Pinh 1y Fermat ta c6:
(4" '~ 1)=0(mod p); 2> ' - 1) =0 (mod p)
Suy ra: (4° "'~ 2°" ') = (mod p) = (4° ' = 2° ') : p v6i moi s6 nguyén 5 p.

Tacé: a, =

Tirdé suyranéuslaboisdciap—1,thi(4°-2% ip
Gia sit n 12 s6 nguyén dwong tdy ¥, va n ¢6 dang khai tri€n sau n=p;'p; ...p},
(8 diy p; < p2 < ... < Px 12 céc 56 nguyén 13).

TU nip; suyran:py,n:p,.., n:p;
Ticla n=dp, =d,p; =d,p; =...=d, p;
Suyra: d;>d;>.d =>n-d;>n-d;>..>n— drlvatacé:

n-d, =di(p1 - 1)
n—dy=dy(p] - 1)
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n-— drt - drl(p]‘i a0 15
Nhu vdy ta ¢c6 n - dy, n—ds,..., n - dr] 12 r, bdi khdc nhau ctia p; - 1.
Theo trén ta c6: (4" —2"%)ip, Vk=1,2,..,1
Tir d6 dya vao (5), ta c6: a_:p;
Léap ludn tong ty cé: a_ Ep;l (véimoij=2,3,.,k)
Suy ra: a_ip;p;...p; hay a, :n. (dpcm)
Ciud

lhuoc mp (ABC).

S = (MG + GA)? + 4(MG + GB)* —~9(MG + GC)’
~ _4MG" + 2MG(GA + 4GB - 9GC) + GA? + 4GB? - 9GC?
= -4MG’ + GA? + 4GB’ - 9GC’ ‘
Vi GA? + 4GB? — 9GC? khong d8i nén S dat gié tri 16n nhat khi va chi khi MG nhd
nhéit <> M Ia chén duting vudng goc ha tit G xudng (P).
Cdu s

1020(1() 020()0 320 32[)
+
10™+3  10%+3  10™ +3

20
3%0=9"<10"<10%+3=0< 530—3 <1
-+

Mél kha'.C: 10200(1 32[) 102()() 32 ' 101()() ¥ 3

3 21: 1020 :l . 102000 _ 320
10" +3 10" +3
10** -3 200.9 2008 2 200.1 428 , 229
=WUO + 1077 305 ..+ 107737+ 3]
= (10" - 3)(10"™ + 109032 4 4 31%
Ma 3"%=3**?=9381"= 9 (mod 10)

= A= -3.9=-27=3 (mod 10)

2000
Viy chif s6 tdn cling ctia _1??—[ 1a 3.
1 634
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SO GIAO DYC VA BPAO TAO TP. HO CHi MINH
TRUONG THPT NGUYEN THUGNG HIEN

Ciul: :
' I 1 1
3 —|=4 — |=5|z+— 1
L ehmascns T
Xy+yz+zx =1 (2)
-SSR e A3)
A3+ 4 =1y 5z -1)
Xy +yz+zx =1 (4)

Nhén x¢t: cdc thinh phin nghiém ctia h¢ ciing ddu (suy ra t (3)). Néu hé (1)
¢6 nghiém dudng (xo, Yo, 7o), thi (=X, — Yo, —%) cling 12 mdt nghiém ctia hé.
Vi th¢ trude hét ta chi cin tim nghiém duong ciia hé (3), (4)

Ditx = Lan% vy =lang JZ = lang nhu viy 0 < A, B, C < 180"
Tir (4) ta co: lanﬂlanE+lanElanE+langtané:l hay
2 2 2) 2 2 2

A B C B C
tan— [ tan—+tan— | =1 — tan— tan—
2 2 2 2 2

1-t t 2
an zm2 B+C
= tlan— = =cot
2 C
tan-— +tan
2

G B b +C="180"
Juy S
Viy ¢6 thé coi A, B, C 14 ba géc clia mét tam gidc.
Mat khdc tir (3) ta cé:
A B : ¢

= 2 i 2 4 hogin” sinA _sinB _sinC

AY B 2c P e
3[1+[an22] 4(1+{an22J 5(l+tan22]

Theo dinh li ham s6 sin, ta suy ra

(5)

trong do6 a, b, ¢ 14 ba canh déi

|

W
|6

dién clia ba géc A, B, C.

Trdésuyrac’=a’+b’=>C=90"=z= lan%zl.
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A 1 —cosA
n:x:lan—:,f =
2 l+cosA
I3
B [l-cosB STRAE
y:[an—: = =—
2 I+cosB x4
' 5

Tir (5) suy ra sin A = %smC E

u:lw
('“s

1+

Viy [%;%;IJ va do d6 (—% —% AIJ ciing 1a nghi¢m cta hé (1) (2).

Céu 2:

Goi C = A\B, vily C gdbm: 25 — 17 = 8 phin .

Xét cdc sO chinh phuong thude A (5 50) 1,4, 9, 16, 25.

N&u B chifa (it nhdt) hai trong 5 s6 nay, thi B ¢ tinh chat phai tim.

Gid st B khong chifa, hodc cung 1dm 12 chita mét trong 5 s6 trén, viy C
khong chira it trong 5 s& d6. Loai cdc s6 d6 ra khéi C, ta dude tap C, chita khong
quéd 4 phan tir.

Xem cdc cip sd

M (3, 12),(5, 20), (6, 24)

CEDY: (2, 8) 02, 18 (8, 18)

Néu C, khong chita hon hai s8 trong sdu s6 & 3 cdp (1), thi B chita mét cip s
(I) va ¢6 tinh chat phdi tim.

Gia sir C, chifa 3 s6 trong 6 s6 § ba cip (1), loai 3 s& d6 khdi C,, ta dude tap C,
khong chita hon mot phin ti.

Xét ba cip s0 (11) trong d6 chi tham gia ba s8: 2, 8, 18. Ciing 1£m chi ¢6 mot
50 thuge Cs, vdy con hai s& thudce B, ldp thanh mot cip va B c6 tinh chit phii
fim. Tém lai ta ludn tim dugc tip B thda man yéu ciu bai todn.

Ciu 3: :

Vi G la trong tim cla t di¢n SABC nén dudng thing SG di qua trong tdim S’

cla tam gidc ddy ABC v 1a ¢6 hé thifc:

S

SG =%ss}, hay: 4SG =3SS’ = SA + SB+ SC

Tir dé ta dudgc:
45G=Rep . 20 ep  SCip
SD SE SF
Theo gié thi€t SA =SB =SC = 1 nén

301



e 1 opeLlsEs LsEl
4\ SD SE SF

Lai c6 SG = %(515 +SE4+SF) - (2

Tir (1) va (2) = o digge bl Sl L Lieeob
4SD 3 4SE 3 ASF 3
F AT

== =4 (%)
SD ' SE ' SF

z
Tir (*) suy ra: : + : -+ ! < 4 L+_L+L zlﬁ
SDSE SESF SD.SF 318D a8SE.  SF 3

Viy ta dugc: Py = 1—,? < SD=SE=SF= 3—@ G € mp(DEF) // mp(ABC)

Céu4:
Xét ham s0 f(x):ln(1+\/1+x2 )_lnx—l vidix >0
X

Thi £1x) = - 2x z 1 1 \/ x—x
2 1+x2(1+v‘1+x2) x2J1+x%

Viy f(x) 12 ham déng bi€n khi x > 0.

2 L+Vl+x®
M & i L £3 2y hm{ X7

X—»+L x X=+x

(do tinh lién tuc clia ham s& logarit);

laylex’ ]
In————~{-1lim —=0

X +E ¥

Viy lim f(x)= hm

X—#+7T

X

didu nay ching t6 ham 6 y = f(x) ¢6 tiém cdn nganglay =0 1d
Ta thiy y = f(x) I ham ddng bién trén (0; +90), va €6 tiém can ngang Kkhi x — 4.

Viy f(x) < 0 véi moi x > 0 hay 1n(1+J1+x1 )<1nx+l
X

Céu 5:

Theo bairatacé: a’ , —8aa +a2 +60=0 (1)

Tha'y n bdi n - 1 ta dudc: ai ~&a. &+ ai_l +60=0 (2)
Trir (1) cho (2) duge: a’, —al +8a a -8aa =0

n n+l

Hay (@gs1— an-1N@ns1— Ban+2,)=0
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DE thiy tiY a,,; >4a, > 16a,_; suy ra (a,,; — a5.,) > 0.

Do d6 Ag,1 — 8&n+a.,_|

Phuong trinh dic trung ¢6 dang: ¢ — 8t +1=0

V@i hai nghiémt; , =4+ J15 . Ta xdc dinh dugc cong thitc t0ng qudt cla diy
(a2, = (4+V15)" +@-V15)"

Biy gid ta chitng minh é(ah +8) ludn duge bicu dién dudi dang (Sng binh

phudng ctia 3 s6 nguyén lién tiép.
Thit viy, vdimdin > 1, thi 3k € N dé

(4+15) ~(4-V15) = Visk = ((4+\/1_5)n—(4-\/5)"}2 —15k?
hay -(4+Jf§)2" —(4-«/5)2" ~ 15k +2
Do‘véy: %(azn +8):l((4 +\/E)2n +(4~\/E)2“ +8]

5
=3k +2=(k- 1> +K +(k+ D>

Céu 6:

Tacé: 16x* —219x + 249 = (4x* — 7)" + 56x% — 219x + 200

Ma 56x> — 219x + 200> 0 (do A < 0)

Dod6é 16x*—219x +249>0(V x)

12 - 6x

16x* —219x + 249
Ta chitng minh
a) f(x) <2< 16x* - 216x + 243 20 < (4x° - 9> + 18(2x — 3)* > 0.

bat f(x) =

DAu biing x4y ra khi: x = % :

b) f(x)>—-1 < 16x* - 225x +261 >0 ;
<> (4x% ~ 9)" + 72x” - 225x + 180 > 0 diing vi tam thifc
2x* - 225x + 180 c6 A=-1215< 0.

Viay -1 < f(x) £2. Véi x = 2 thi {(x) = 0.

Ham f(x) lién tue nén di qua 4t cd cdc gid tri trong [0, 2].

Viy 3x dé f(x) = 1.

Nhu vy 1t ca cdc gid tri nguyén ctia f(x) 12 0, 1, 2.
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SO GIAO DUC VA DAO TAO PHU YEN
TRUGNG THPT CHUYEN LUONG VAN CHANH

Ciu l:
l + x = c\.‘UNX*L’U.\)‘

. (1
bit z =y, hé di cho twong dudng véi {1+z )

z=1-v2x-x* 2)

g2l z<1
Tacéd (2) = =3

(z—=1Y =2x -x? (x_1)2+(?.-l)2=l

Nén néu (x, z) 12 nghiém thi x, z € [0; 2]

Do hai v€ ctia (1) duong, 14y logarit neper hai vé ta dudgc

In(x + 1) — In(z + 1) = cosx — cosz

< In(x + 1) — cosx =In(z + 1) — cosz < f(x) = {(z) hen ;.
(v@i f(t) = In(t + 1) — cost, t € [0; 2]) '

Ta cé f'(t):ﬁ +sint>0, Vt € [0; 2] nén f tdng trén t € [0; 2].
+

V2

Dodé (3)<>x =2z Thé vio (2)ta gididugcx=z="1 - g,

Viy h¢ di cho c6 nghiém duy nhat [1 —£ £— 1]
Céu 2:

Gia sit A, B, C 1a ba tdp théa min bai todn. Do C khédc rdng nén tdn tai x 1
phan tif nhd nhat clia C,ta ¢6 {1,2,3,.,x- 1} c AUB.

Tir gid thi€t véimoia € A,be B,tac6a+x € A,b+x € Bnén

t+nxe AUB,véimoite {1,2,3...,x-1}.

Do d6 tit c& cdc s6 khong chia hét x déu thudc A U B hay vdimoic € C,cla
bi clia x. Vi vdy, vdimoia € A,b e B,tac6a+b=kx.

Giasix=1,lrace A,beBsuyraa+1eA,b+1 € Bnéntacingcoa+
m € A, b +n € B vdi moi m, n nguyén duong va dod6 a + b € A N B. Diéu niy
mau thudn vdi (1).

Gia sif x = 2. Khong mal tinh 18ng qudt, ta ¢6 1 € A. Tir (3) suy ra moi s6 1¢
déu thuoc A. Gid stb € B,tacé b+ 1 € C, suy ra b 1é (vi C 12 tip cdc sd chidn),
do d6 b € A m B. Miu thuin véi (1).

Gia sit x > 4. Tacé {1, 2,3} ¢ A U B. Do (1) nén khong mat tinh tng quat,
gi4 st ¢6 hai trong ba s6 1, 2, 3 thudc A ma ta ky hi¢u la y, z.
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Liybe B,tacéb+y,b+ze Chayb+y,b+zI1abdi ciiax va do dé
(b+y)—(b+2z)=y- zciling 1a bdi cla x.

Ma |y-z| <2<x,nén trudng hgp nay khong thé xdy ra.

Viy x chi ¢6 thé biing 3. Ta chifng minh 1 va 2 khong thé déng thdi thude A
(va do d6 ciing khong thé ddng thdi thude B). Gid sit 1 va 2 déu thude A, tir (3) ta
¢6 cdc sd ¢6 dang 3k + 1, va 3k + 2 déu thude A, véi moi k nguyén dudng. Liy b
eB,tacéb+ 1thugcCsuyrab+ 113 b@icﬁa?ahaybcédang 3k+2nénb e
A. Méu thudn v6i AN B =@. >

Viy chic thé 1 € A va 2 € B hodc nguge lai.
Dod6A={3k+1/keN},B={3k+2/k e N},C={3k/k € N¥}
hoic A=(3k +2/k € N}, B= {3k + 1 /k € N},C = {3k /k & N*}.
Thit lai cdc nghiém nay ta thay thda yéu ciu cia dé bai.

Céu 3:
X¢t hinh chép cut tam gide A|B,C,.A,B,C,.
bat SA]chl =B,:S B

A,B,C, z
Goi thiét dién song song vdi ddy 14 A'B'C’. Pit Sype = B
S 1a di¢n tich xung quanh hinh chép cut A,;B,C,.A’B'C’.

S 1a dién tich xung quanh hinh chép cut A'B’'C’.A,B,C,.

ry 1a ban kinh mét cdu noi ti€p hinh chép cut A;B,C,.A'B'C".
r; 1a ban kinh mit ciu ndi tiép hinh chép cut A'B'C'.A;B,C,

Ta c6 th,c_n’n‘c" :%rl(S| +B, +#B)= %rI(B] +B'+ /B B’)
= §,=B,+B'+2/B B’
Tuong tyrta ¢6: S, =B, + B'+2,/B,B’
= $=8,+S, =B, +B, +2B'+2VB'(,/B, +/B,)
sw’

Xét phép vi tw: V3 1 AA BC, —>AA'B'C’

el e |
Vi phép vi t nay bi€n mét cdu | thainh mit cdu 2 nén suy ra
SA’

VN AA'BC' > AA B,C, .

2
Do d6: E = %— :& ;
B, SA, B’

Tir day ta c6: B'= JBle
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> S=B,+B, +2BB, +2,\BB, (B, +|B,)

= (B, + B, ) +2¢/B B, (B, +B,)

(BB 2B = (f5 ) 4+ 5
iy 5= ({55 {5 4

Céu 4:
Ta c6 bt ddng thifc di cho tudng dudng véi

\/;+\/E+f (\fa+b+c) J—
\/a+b+c \/;b—

Do va ++/b ++c >3(:/abc)"” nén ta cin chitng minh

3(vabe)"”? (x}a+b+c) S35

2)
\/a+b+c vabc
Thi vy, dat lzJij:f g J*:w“bb;;fz 3, wes
(vabe) apc)

(2)@%“’24\5.

Do t> 0 nén
3 3 3
E+13‘:§+£—+—t— L2—24J_
t t 3
Bit ddng thifc dd cho dugc chitng minh va ddu biing x4y ra khi va chi khi
Ja= JE =e :

=h= va =
3

Q.‘i

""lu
-

Céu 5:
bit f(x) = In(2 — sinx) — 2.
FRoO L =1 VA Z1;
Do f lién tuc nén néu (u,) hoi tu vé o thi a 1i nghiém clia phwong trinh
f(x)=x%x <.In(2 —sinx) = x—2= 0.

Ta ¢6 g(x) = In(2 - sinx) — x — 2 lién tuc va g(~5] >0, f(0) < 0 nén o ton tai.
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Ta ching minh u, € (ug,OJ , V.
That viy, gid sttu, € (—g,OJ A —1 < Shn. <@ =52 <2 —sinu, <3

—1In2 < In(1 - sinu,) < In3 :ﬁg- <In2—-2<In(l —sinu,)~ 2<In3-2<0

hay—g <U,,1 <0

Py ]
Ta c6 f(x)= —COSX ¢ 2 l-sin®x
T I-sinx :>( (x)) (sinx —2)°
2
bit t = sinx, ta ¢6 (f'(x))2 =h(t) vdi h(t) = (tl —;)2 =l<t<0)
(t-2)*
t -0 -1 0 1 2 +00
2
h'(t)
h(t) 1/4
0 il Hy \

Ta ¢6 h(t)s%, Ve (~1,0), suy ra If'{x)ls%, Vxe(-g,O).
Ap dung dinh Iy Lagrange, v6i moi a,be (—%,0) ,a<b,tacé
[f(b)—f(a)lzf'(c)|b*&|$%lb—al (c € (a, b))

Dodé lu -al=If(u_ —f(a)ls%lun_ -l

! 1

<Il |
<—lu ,-a

22

2

1 1
52"“‘ Iy, —alz_—z?jl—!a—ai.

Suy ra day (u, — o) hdi tu va do dé6 (u,) hoi tu.
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Ciu 6:
Thé x =y = 0 vao (i), ta dugc £(0) < 2f(0), suy ra f(0) > 0.
Théy =—x vao (i), ta ¢6 {(x) + f(—x) = f(0) = 0 hay f(-x) = —f(x), Vx € R.
Tir (i) ta cling ¢6 f(nx) < nf(x), Vn € N¥, Vx € R
f(x)
n

Hay f(x)<nf(}),Vne N* Vx e R — <f( ), ¥n e N*, ¥x € R
n

>

Khi d6 vdi x > 0 bat ki, ta ¢6:

X . A
n— -—

X
10~ fe0 )
— — x -
n n

=T

Cho n —» o, st dung diéu kién (ii) va dinh 1y kep, ta dugc
f(x) f(-x)
&l o
Todé ta cé.fix)=x, ¥x =0,
Mait khdc, tif cdc k€t qud trén ta thdy
0<f(0)=11+ (1) <f(1)+f(-1)=0
Viy f(x) = x, ¥x € R. Thif lai ta thdy f chinh 1a ham cin tim.

=[5S¥xe R.

s3 GIAO DUC VA DAO TAO DONG THAP
TRUGNG THPT TP. CAO LANH

Caul:

Héplc}<y(1—3x2)=3x—x3 (I) BK: x,y,z:ﬁii}—_
3
2.(1—33/2):3y—y3

Do qy=

biat: x=tana, a € et E (4) va tana, tan3a, tan9a # * (5).
212 \/‘

Khi d6 tix (IT) ¢6: y = tan3a; z = tan9a; X = tan27a.
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Tir do, (x, y, z) 1a nghiém cida (II) khi va chi khi:

X =tana; y = tan3f; z = tan%a

véi a dude xdc dinh bdi (4), (5) va tana = tan27a (6).
Tacé: (6) <> 26a=kn, ke Z

-y A %;athéad(‘inglh(‘ji (4), (G)ﬁazg,kel:—ﬁskslz

Tét c nhimg gid tri ndy déu thda min (5).
Vay hé¢ c6 25 nghiém:

[x :tanl;—g;y :tanﬂcﬁ;:r.:lang—kn] sl =Rt i2;.'..; + 12

26 26
Ciu 2
[{]
bat §, :in S, = Z %X

el 15i<j<6

S, = Z XXXy S, = Z X XXX
Igi<j<k<6 I1€i<j<k<]<6

S, = Z XXX XX, Sg = X X, X X, XX

ILi<j<k<l<ms=6
Theo dinh ly Viet x,, X,, X3, X4, Xs, X6 1a 6 nghiém clia phuong trinh
X -8’ +Sx* - 8’ + Sx2 - Sx+1=0 (1)

Z S
Tir gid thiét (*) ta dude {Sl 4

2 4

Do dé, néu x, 12 nghi¢m cda (1) thi & cing l1a nghi¢m cia (1). Vay tip
0
nghi¢m cia (1) dugc phan thanh 3 cip ma tich hai s trong mdi cip bing 1.
Céu 3:

Goi V, S va r lan lugt 1a thé tich, dién tich toan phin va bdn kinh hinh cAu néi
tiép ut dién MNPQ. XY la doan vudng géc chung cla hai dudng thing x, y, X
rénxva Y trény, XY:=4d, (X, ¥) = 0.

Ta'ee " 1= A
S

V= éMN.PQ.XY.sin(x, y)= éabd.sin(p = const.

Tir d6 suy ra rmax <> Smin
Ha MM] .Lsz],NN[ J_y=N],PP1 J-X:PI;QQI J_X=Q|
Ta ¢6 25 = MN(PP, + QQ,) + PQ(MM, + NN,) = 2S, + 2S,
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trong d6 28, = a(PP, + QQ,); 25, = b(MM, + NN;)

Ta chitng minh S, = min va S; = min < S = min. Thét vy, chi€u toan bQ hinh
v¢ 1&n mp (P) ndo d6 vudng géc véi x & diém O. Goi y’ 14 hinh chiéu cla y 1én
(P), trong d6 O, H, P, Q' lan lugt 1a hinh chi€u cda X, Y, P va Q trén (P).

D& thdy: OH //= XY =d’ P'Q’ = PQsing = b’ = bsing (hiing s0), cling vay:

PP, /= OP"; QQ, //= OQ’

Tir d6 ta dugc, 2S; = a(OP' + OQ’).

Suy ra: S;min < OP' 4 OQ' = min

ViOH LPQ =H,OH=4d,P'Q =
b’ = bsing nén tam gidc OP'Q’ ¢6 dién
tich khong ddi. Tir d6 dé& thdy tam gide
OP’(QQ’ ¢6 chu vi nhé nhét, ufe 1a OP' +
OQ'= min, khi va chi khi né la tam
gidc cin ¢ O, ufc 1a khi va chi khi P’
vd Q' ddi xing nhau qua H, vido d6 P x
vi Q d6i xing nhau qua Y.

Chitng minh tuong ty, S; = min

<> M va N d6i xitng nhau qua X.

Tém lai, ban kinh hinh cdu ndi ti€p tf dién MNPQ 16n nhét khi va chi khi
dudng vudng géc chung XY ctia hai dudng chéo nhau x va y 1a truc di xing cla
¢ dién MNPQ (c6 canh MN = a trén x va canh PQ =b trén y), nghia la:

XM=XN=2 vaYP=YQ= 2.
2 2
Céan 4:
Tac6P=ab™ '+a™ 'b=a(l-a)" '+a™ '(1 - a)
=a‘""—a’“+(l—a)'“']—(I—a)"‘,3Sasm—2
m m
. m- m Z m—2
Xét ham s f(x)=x"" —=x" +(1-x)" —(1-x)"xe| =;—=
6 ham 56 £(x) =x™" —x* +(1—x)"" ~(1-1) e[m m}
Tacé: f'(x)=(m- Dx™ - mx™ '~
(= D= )T 5+ m )7 (D
_2 m-3 2
£*(x)=m(m-1)x"*| 222 _x |+ m(m-1)(1 - Pt
E [m x] e Bliot) [x m}

Vixe [%1_ 2 _2} nén f "(x) > 0 = f'(x) ddng bién.

m
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0

Vdil<xs
2

2o )>f(2)

= f(x) dong bién trén {l m_g}
2-'m

Véi £<x<l:>f'(x)<f' 1 =O:f(x) nghich bién trén i i
m 2 2 m’2

Do d¢, f :f[lJ:T-m
min 5

el L |
e (m m m m m m
Céus:
Ta thdy x < 1 khong phdi la nghi¢m ctia phuong trinh.
That vay x> —x=xx*-1)=1 -
Néux <-1=x™"2>1, V& trdi Am.
NEuO<x<1thix™"'<0conx+1>0.
Néu-1<x<Othix™"'<0<x+1.
Xétham f(x) =x"*"' —x - 16 f'(X)=2n+ Dx" - 1 >0v8i x> | ma
f(1) = ~1 < 0 nén ton tai duy nhit 1 < x, d€ fix,) = 0.

2n+ 1
Theo BBT Cosi: x_=2nafx +1<0t Xt oy 204!

2n+1 S 2n
Vil<x 52n+l ma liman:I nén-hmx. = 1.
& 2n 2n
Céu 6:

Xét da thic {(x) =a x"+a_ X" +..+aXx+a, v6ia, a, , .., a,, ao déu 12 cdc
s0 nguyén khéng 4m va nhé hon 7.

Do f(7)=2008 = a 7" +a_,7"" +..+a 7+a,=2008

J day, a

Thue hién phép chia 2008 cho 7 duge dur a, = 6, lai 14y thudng chia cho 7, lién
ti€p nhu thé€, ta duge da thic cin tim 1a:

f(x)=5x“ +5x> +6X+6.

a,,a,,...,a,_,,a_la cdc chir s& clia 2008 duge viét trong hé ghi s6 cd s6 7.

SO GIAO DYC VA DAO TAO BINH PHUGC
TRUGNG THPT CHUYEN QUANG TRUNG

Cau 1:
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Diéu kién: x 20, y 20, z # 0. Xem a, b, ¢ nhi 1a cdc 4n, ta ¢c6 hudng gil
quy¢t nhu sau:

Nhin phudng trinh (1) vdi x ta duge: ax® — bxy + e cxX

(4).
4
Thay cx = bz + —l— —atlr(2) vao (4) ta co:
X
2 i} 1
axs +D-bxy+z)=——— _ X
Xy
Nhin phudng trinh (1) vdi y ta dudc: axy — by + % =cy (3).

Thay cy =az — L+ b tir (3) vao (5) ta dudgc:
yz

a(x}'—?-)—b(yz-t- 1)=_l __lu )
%

yz

_ a(x?+1)4)(xy+z)='ifi (i)
K& hdp (*) va (**) ta dude: o

a(xy—z)-b(y2+l)=—%— 1? (i1)

Nhan phudng trinh (i) véi y* + 1 va (ii) v6i —(xy + z) rdi cong lai ta dudc:

s e
a(x2+y2+22+1)zx +y +EZ 4»1:> =H.L
XZ Xz
3 1 1 1 1
Tudng tu ta cd b:_-,c:—::»abc:—z:xyz:i :
Yz X (xyz) abc

Viy nghiém cia hé¢ phuong trinh la:

C a

b a b C
(K-y,Z):[ ; ; J:{— e = J
m vabce \/ﬁ m Jabec m

2008 _I. l xZ(I)T
Tach: Xpi1— % =—"2—,Vnzl= ——

2008 APy S hE L
B 2007 ;

azi’; =2008.Z;[%— . ]zzoos[i—LJ

¥ X, ek

i+!

Céu 2:

1

1 n+l
Mait khdc: X, - X, 2 0= {x,} ld ddy s6 ting V n > 1.
N¢u {x,} bi chin thi limx_ tdn tai.

n—r
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2008

Balhmx =a=da=lvi a= 08+a(v6!9).

n—"

Suyra {x,} bi chdn trén = limx_ = = lim =10
n—» n—» X o2
n_ 52007
Viy: limu_= hmz =2008.
n—= n—% ol X

i+l

Céu 3:

Phudng trinh: ab = (a + b) = 2b’ ¢6 mét nghiém (1; 1), vy bd (x, x) théa min
diéu kién: ab(a + b) = 2b’.

Thay vao phuong trinh ta thu duge: P(2x)=8P(x)<> 3 a 2'x' = 83 a x',

i=0 i=0
trong do: P(x) = i:aixi :
i=l1

Suyra:a;.(2'- 8)=0,vdii#3=>a2,=0=>Px)=kx’, ke R
Thif lai ta ¢6: k(a +b)* = ka’ + 7kb’ <> (a + b)’ = a’ + 7b (diing).
Vay tdt cd cdc da thic cin tim: P(x) = kx>, k € R.

Céiu 4:
Dyng tam gidc ABC va diém I nim trong tam ;
gidc nhu hinh vé 3 V3 150
Ta c6: Saanc = Saias + Saise + Saiac ;
| 1 - 0% X
o EIA.IB + EIB.IC.sinISO“ A 4 C
+ %IA.IC.sian”
2 2 f 92 P08 oiE A AT iy
2yz+——
4f 4\/_ f
Hay: 24\/5 =Xy + 2yz + 3zx. Viy P = 24\/5.
Céu 5:
Ta c6 DH L (ABC) = DH L AB (1)
e H Ia truc tdm AABC nén suy ra CH 1. AB (2)

Tir (1) va (2) = AB L (CDH) = AB L CD
MaDB 1LCD = CD .1 (ABD)=CD .l DA
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¢ Chitng minh twong ty DB L DA
AB? = AD” + BD?
Tacé: BC?=BD’+CD’
Suyra CA’= CD’ + AD?
AB? + BC? + CA?
= 2(AD? + BD? + CD?) (3)
e Miit khdc:

2AB.BC = 2JAD? + BD' /BD? + CD?

< (AD? + BD?) + (BD? + CD?) = AD? + 2BD’ + CcD’
o Tudng : 2AB.CA < 2AD’ + BD? + CD’

2BC.CA < AD’ + BD® + 2CD?

Suyra: 2(AB.BC +BC.CA + CA.AB) < 4(AD? + BD* + CDY) (4)
o Tir (3) va (4): (AB + BC + CA)> < 6(AD” + BD* + CD?)
o D&u bing xdy ra <> AB = BC = CA < AABC déu = DH 1a truc AABC
— D.ABC la hinh chép tam gidc déu ¢6 3 goc & dinh vudng.

s3 GIAO DUC VA PAO TAO VINH LONG
TRUONG THPT LUU VAN LIET

Céu 1:
e Diéu kién: x € (-3; +0) \ {-1; 0}
e Trudng hdp 1: x>0

+ BPT (1) rd thanh: —_1—1 > logs(x + 3) (2)
X

-1
VI=—x<0
& X0 = x-i-l< = (2) vO nghiém.

VP:logl(x+3)>log33=l
o Trudng hop 2: x € (-3; 0)\ {-1}

+ BPT (1) tr3 thanh: —il <logs(x+3) (3)
Xt

YT st
-3 XR-2 = R = (3) v nghi¢m.
VP =log,(x+3)<log,1=0

r

-1
VT =——>1
Mo st ) i — (3) vo nghiém.

VP =log,(x +3)<log,2<1
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+-1<x<0= :
VP:logj(x+3)>log32>log,(gjz~1

= (3) nghiém ding véi moi x € (-1;0)

» Viy tip nghi¢m ctia bt phuong trinh 1a S = (-1; 0)
Céu 2:

o Trd loi: C6 3 diém trong 33 diém sao cho ching déu thudc phan giao clia 3
hinh trdn ¢6 cdc tim ciing chinh 1 3 diém d6.

e Gidi thich.

+ Chia hinh vuéng ABCD thanh 16 hinh vudng don vi (mdi hinh vudng c6
canh bing 1 don vi do dai)

+ Vdi 33 diém chifa trong 16 hinh vudng ddn vi, theo nguyén tdc Dirichlet: ¢6
it nhat mdt hinh vudng don vi chita khong it hon 3 diém.

+ Mit khdc: khodng cdch giita 2 di€ém bat ki trong hinh vudng don vi khong
h vugt qud V2 (d6 dai duding chéo ciia hinh vudng don vi bing /2 ).

+ Goi Oy, 0,, O; 1an lugt 12 3 diém ciing nim trong mot hinh vudng don vi
nao d6. V& 3 dudng trdn ¢6 tam ldn lugt 1a Oy, O,, O; va bdn kinh bing J2 i3
diém O,, O,, O3 déu thudc phin giao clia 3 hinh tron nay.

Céu 3:

o4 Pita=AB Bb=AC c=AD, m=BC, n=CD,p=BIL

Tacé:u=a.n,v=bp,w=cm

+ Goi At;, Ats, Aty 14an lugt 1a tiép tuyén clia cdc dudng tron ngoai ti€p AACD,
AABD, AABC.

+ Trong (ACD) ké Dx, // AC cdt At, tai E, ta ¢6 DE // AC.

+ Trong (ABD) ké Dx, // AB cidt AL, tai F, By, // AD cit At tai G.

Ta ¢6: DE // AB va BG // AD

+ Trong (ABC) ké By, // AC cit At tai H, ta ¢6 BH // AC

Ta dugc: (DEF) // (ABC) va (BGH) // (ACD)

E

c\%n
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[
e + Mit khdc: Aty, A, At; ¢dn 12 cdc ti€p tuy€n clia mit cdu (S) ngoai tiép uf
dién ABCD tai A
= AE, AF, AH cling niim trong ti€p dién (P) véi (S) tai A.

Khi do:
(P) ~(DEE) = EF (P)m(BGH) = GH
(P)N(ABC)=AH; = EF // AH va (P)m(ACD)éAE = GH// AE
(DEF)/ /(ABC) (BGH)/ /(ACD)

Tir dé suy ra AEF = GHA va EAF = HGA

= AGHA = AGHA = Tl A
HA GA

e X¢t hai tam gidc EAD va ACD. Ta c6:
EAD=ACD v ADE =DAC

EA AD €.n

=AEAD=ADCA=> —=— = AE= —
DC CA b

(1)

Lip ludn tudng ty, ta duge: AF = —;

va iy (1) <YER Shp AR me
GA ab

Do d6: AAEF c¢6 3 canh 13 AE = %

Abw —P:pR. 2%
a ab
e itk =— . Ta co
C
AEz%:% = u=AB.CD=an=kAE

AF= SETR — v=AC.BD =b.p=k.AF
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mc2 mc

Bl = = = w = AD.BC = m.c =kEF
ab k
Viy: u= AB.CD, v = AC.BD, w = AD.BC 1a 3 canh clia mét tam gidc, dong
dang vdi AAEF theo ti s6 k = gb_ S0
c AD

Céu 4:
e Chitng minh bd dé:

Néua>0,b>0vane N*th‘llacéza“+b“22(a;b]

+V@in = 1: (1) hién nhién diing

+Vdine N* n>1:xéthims6 f(x) =x"+ (c-x)" c>0
Taco: F'xX)=n| x""—(c-x)"" |20 x=<
a co: ['(x) [ ( )J 5
n=2
fx)=nn-D] x" 2+ c-x)2 | =< |=2xa-D| E] >0
®)=n(n-D[ x"? +(c-x)"? | m ( )[2
2 2

Do dé: f dat cuc tiéu tai x 12 fer = f(g] = Z[E]
; 2

=)= [[%] =5ix e 2% 22[%}

Tird6 véic=a+b va x =a thi ta ¢6: a"+b“22[a;b]

GApdungB(")’dé:Véia>0,b>0,c>0,d>0vénEN*.

Ta c6: a“+h"22{i%9J o Cn+dn22(c;dj

Suy ra:

A reriadn ool [ BB | [e+d hng ghasbRbnd B (i g
2 2 4

e Dit: a = AM?; b= BM% ¢ = CM?’; d = DM? va n = 1004,
Ta.co
f(M} o AMzms 4 BMZO()S & CMZ()UR i DM200H.
= al(l)d + hlmd 4 CltKM + dum

Theo (1) ta duge: {(M) >4 '*(AM?* + BM” + CM* + DM?)'™ (2)
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Y

Al ATAT AT

e Mit khdc \\\\\\\‘/

+ Tt dién ABCD c6 AB = CD, AC = BD, AD =BC
= Tit dién ABCD la tif dién gin déu

— Trong tim G ciia t dién ciing 1a tim mat cdu ngoai ti€p uf di¢n ABCD
= GA =GB =GC=GD=m (m>0)

+G 12 trong tim ciia t&f dién ABCD <> GA +GB + GC +GD =0
+ AM? + BM? + CM? + DM’

L ]

WERCeT & ey 2 S, SRSy ke e _—' N )

= (AG + GM) +(BG +GM) +(CG i GM) +(DG + GM)

= 4GM? + GA? + GB? + GC? + GD? = 4(GM? + m?) (3)
Tir (2) va (3) suy ra f(M) 247 [4(GM’ + m*)]" = 4m™*
vi (M) =4m*™™ &M =G
Viy: f(M) nhé nhét khi M triing véi trong tdm G ctia tf di¢n ABCD

Céu 5:

e Chitng minh V x € N*, x, # 4 bing phudng phép quy nap

Ta cé x, =5 # 4. Gid sif x, # 4. Ta chitng minh x,,; # 4. Thit vy,

5x_+4 X, #—2
xn+I=4<:> . :4<:> <:>xn=4
X, +2 5x, +4=4(x, +2)
Diéu nay trdi vdi gid thi€t quy nap.
5x_+4 X —4 2
e e us Sl e il St L B
X, +2 X &2 K s~ egk, 74 x —4
1
= :1
4 £ YI x|_4
bit y = 4,laco: ¢ g
x_
¥ = =1+ =6y _+1 (1
Ynu X . —4 X o] Yo M
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e Chiing minh b dé:
Né&u diy s0 (x,) théa man diéu kién u,,; =a.x,+b(a,be R) (%)
thi s6 hang tdng quit

y=a"" "5+ @ ?+a" P+ +a+)bpe Nvan>2 (*¥)
+ Theo phuong phdp quy nap, vin=2tacéu, =au; +b
+ Gia st (**) ding véin =k (k € N* k> 2).
Tacé:u=a*""x,+ (@ 2+a**+.+a+ )b
Ta s& chifng minh: u,,; =a"x; + (@' + 2" 2 +... + a + 1)b. That vy,
Us; =au+b=ala* 'x;+@ 2+a*+.+a+1)b]+b

=a" + @ 1+a Ce . xa+1b

« Tir (1) 4p dung b8 dé cho diy (y,) ta dugc:

Yo=6"y; +(6" 7 +6" P+ +6+1)= 9"5_1

Khi dé: y, :__1—4:>x“ —44
X

(‘v’ne N*)

n
n

Viy % =4+ML va lim(xn)=4

2008 62"0“ | n—+xn
Céu 6:
f(x)
e Pit g(x) = . TG0,
it g(x) v
gx)=1 VxelR (3)
g(-x) =1 VxelR (4)
g(x +y) 2 g(x).g(y) &)
e V8ix =y =0, ta lai c6:
g=1 (6)

=g0) <1 (7N
va g(0)>[2(0) ] = g(0).11-(0)) zo} ;

Tir (6) va (7) = g(0) = 1.
e Mit khdc:
1= g(0) = g(x—x)=g(x).g(-x)
g(-x)=21 ,vxeR (do(4))
o Tir(3) va (8) = g(x) = 1, V x € R. Viy: f(x) = 2008"
e Thit lai, ta cé: f(x) = 2008 > 2008"
f(x +y)=2008"" >2008"" = M&.O?_y‘ = f(x).f(y).

f(x) f(y)

}::»g(x)sl ,VxeR (8)
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NAM 2009

S3 GIAO DUC VA PAO TAO PA NANG
TRUGNG THPT CHUYEN LE QuUY pON

Cau 1: Giai va bién luan (theo tham s6 a) hé phuong trinh:
2x(y2 +a2) = y(y2 +9a2)
2y(22 +a"‘) = 2(22 +9az)
2z(x2 +a2) = x(x2 +9a2).
Ciu 2: Tim tat ca cac s nguyén duong n va cac by n s6 ty nhién X, X,, ..., X
2
tuong trng sao cho ixf =1+ 8n8+ ] [ix,] ]

Ciu 3: Cho hinh hop ABCD.A'B'C'D'. Goi M Ia mdt diém tiy y trén dudng thing
AB!, khic A va B'. Mit phing (MCD') cit A'D tai N va cit BC' tai P.
Chiig minh ring cac diém M, N, P thing hang.

Ciau 4: Cho x va y la hai sé thuc duong, khéng dong thdi bé hon 1.

Chimg minh ring x* +y* > x” +y*.
Cau 5: Ham sb f xac dinh trén doan [0; l] duge goi la “cé tinh chét nhan gia tri

trung gian” néu: V&i moi cdp s6 o, BeE [0; l] va véi moi so thuc ¢ thude khoang

X

1+ x

Cho: 0< F(0)<1 va f(x)=(—1)""
: X

gitaf(a) va f(B), ta ludn tim duge sé thuc y thude khoang giira o va B sao
chof(y)=c¢
i/x]
1—(=1)
X P et S
S

khi 0 < x < 1. Chirng minh ring /' c6 tinh chét nhan gia tri trung gian.
Cau 6: Xac dinh tit ca cac da thirc (voi hé sé thue) P, Q va R thoa man phuong

trinh \/P(x) —JQ(x) = R(x) v&i moi sb thue x.

SO GIAO DUC VA DAO TAO BA RIA VONG TAU
TRUGONG THPT CHUYEN LE QuY PON

Cau 1: Giai phuong trinh: sinx.sindx =2 2 cos( % —-x)—4 V3 cos’ .sinx.cos2x

Cau 2: ){ép 6 hoc sinh nam va 4 hoc §inh nir vao mot ban tron 10 ghé. Tinh xéc
suat dé khong co6 hai hoc sinh nir ng6i canh nhau.
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3b% +3c? —3a® + 2bc
(b+c)? —a?

4
Cau 3: Cho AABC thoa diéu kién: 3{ } +4tan°"i;i=7, Vi
a=BC, b= AC, c = AB. Tinh goc A.

3

Cau 4: Cho f(x) la da thirc bac 2008 va f(k) = ” véik e N', k <2009.

2 43k+2
Tinh f(2010).
a; :5
Cau 5: Cho day (a,) xac dinh boi:
1 ot
a,,=—|a,+ {an +— |, Vnz2l,neN
2 4"
Tinh lima,
Céu 6: Cho tir dién déu ABCD canh a.
Trén canh BC, CD lan luot léy M, N sao cho ——M—(-:— — l : —CE = _2“ X
MB a2 2 CD 13

= : 4
Trén trung tuyén AH cua AABD lay P sao cho % = 5
Tinh dién tich thiét dién tao thanh khi cit tir dién ABCD bai mat phang (MNP).

SO GIAO DUC VA DAO TAO TiNH GIA LAI
TRUONG THPT PLEIKU

2
sin2x

Céu 1: Giai phuong trinh: 2tanx + cotx = S+

Cau 2: Tim chir s6 cudi ciing cua sb 234.

Céu 3: Hay tim bén trong mét tir giac 16i mgt diém sao cho cac doan thgamg n‘éi
diém do voi cac trung diém cua cdc canh chia dién tich tir giac nay ra bon phan
¢6 dién tich bang nhau.

Céu 4: Cho a, b, ¢ 1a ba s6 duong.

Chirng minh ring: + 2 et 22
b+c c+a a+b 2
0<U, <l

Cau 5: Cho diy s6 (U, ) xac dinh bai: 1
u,, (- U“)>Z,Vn b

Tinh: lim U,
Cau 6: Tim tat ca cac ham f: R — R thoa man
xf(y)+ yf(x) =7(x +y)f()f (y), vVx,y €R
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{ s3 GIAO DUC VA PAO TAO KON TUM
u TRUGNG THPT CHUYEN KON TUM

Céu 1: Tim tit ca cc cip sb thue duong (x;y) thoa man hé phwong trinh
[ +xy+x =1 ()
YV +xy+x+y=1(2)

Céu 2: Cho X 1a mot tip hop ¢6 n phén tir, va A,,A,,...,A_ la cdc tip con ciia X

thoa man:
@ JAl=3 vl m.
(i) ]Air‘lAJ— <1, véimoi i=j.

Chimg minh ring ton tai mt tap con ciia tip hop X ¢6 it nhat [\/2n] phan ti

sao cho khéng chira A, véi i=1,2,....m .,

Ciu 3: Cho hinh chép S.ABC. Goi A’, B’ va C’ 1a ba diém tuy y lan luot thue cée
canh SA, SB, SC sao cho §i =-|,SB e ] ’£= 2

SA n SB 2n+1 SC 3n+l

Ching minh rang mat phang (A’B’C”) luén di qua mét dudng thang o dinh khi
n thay doi.

Cau 4: Tim so thuc T 16n nhat sao cho véi mdi bo gdbm céac sb thuc duong
a,b,c,d, e thoamén a+b=c+d+e, thi

z 2
\/azérb“rcznlwdere2 2T(\/;+\/E+\/E+\/a+\@) v

Céu 5: Cho day s6 (u,) duge xéac dinh nhu sau
[un =1,

,voine N,n>0.

u, = o’ ,,n>1,alas6 duong cho trude.

i)

b

Chimg minh réng ton tai mot cap sd nhan (v,) va hing s6 B thoa man u, =a "
voimoin> 1.
Céu 6: Tim tat ca cac cip ham sé f(x), g(x) c6 tap xac dinh 1a R va thoa man
cic diéu kién sau: (1) [g(0)| <1.
(2) 6f(x).g(x)+25>0, VxeR.
(3) 3f(x)—2g(x)=10g(y)—30y,Vx,y € R.

S& GIAO DUC VA PAO TAO PHU YEN
TRUGNG THPT CHUYEN LUONG VAN CHANH

Céu 1: Chimg minh ring néu nghiém phuong trinh x* +ax® +bx +¢ = 0 (1) déu
la s6 thuc thi ab < 0.
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Cau 2: Chimg minh réing ton tai vo s6 s6 k nguyén duong chiin sao cho p’ +k la
hop s6 véi moi s6 nguyén td p.
Céu 3: Goi S va R lan luot 14 dién tich toan phan va ban kinh mat ciu ngoai tiép
cua tir dién ABCD.
: 8
Ching minh réng ta luén c6: S<—=R?.

B

Ciu 4: Cho cac sb thyc duong a, b, ¢ thay d6i ludn thoa man abe = 4.
Tim gia tri nhé nhat cua biéu thiec:
a’ i b’ 75 J? :
\f(l +a*a)(1+b*Jb) ‘f(l +b*Vb)(14¢*Ve) J(I +c*Ve)(1+a*Va)
X, = 2009
=x2—5x, +9 (n € N')

Céu 5: Cho day s {x, }:
X

ntl

n

Xét day {y,} lap boi y, =

T T

.Tim limy, .

SO GIAO DUC VA DAO TAO DAKLAK
TRUONG THPT CHUYEN NGUYEN DU

\}x2+2x+22—‘/§=y2+2y+l
VY2 42y +22 —Jx =x? +2x +1

Ciu 2: Cho x, y, z 14 3 s thyc duong thoa man xyz = 1.

32

Cau 1: Giai h¢ phuong trinh:

1
Chini mink: +;’+ L o
NI \/l+y“ V1422 2
: = : 3 =1
Cau 3: Xét day so {x"}“ ,xéc dinh boi: x ,, = (n-lx,,, +x,
n
Chirng minh v&i moi gia tri ban dau x;;x, thi ddy sd {x,} hdi tu. Hay tim gidi

han do.

Cau 4: Tim tét ca cac ham f: R — R thoa man diéu kién:

fixy — uv)=f(x).f(y) - flu)fiv); Vx,y,u,v € R
Céu 5: Cho da thirc f(x)=x"+ax’ +bx+b.
~ Hay tim tat ca cac cap sb nguyén (a:b) dé cho f(x) 1a tich cua 3 da thic voi hé

sO nguyén.

Cau 6: Cho tir dién (A,r)?___l ¢6 chira tam O ciia mit cau ngoai tiép tr dién. Goi m; la
khoang cach trr dinh cta tr dién dén tim dudng tron ngoai tiép mat déi dién
(i =1:4); goi h, la dudng cao tir dién ké tir dinh A; (i =l;_4) va R:r la ban kinh
ctia mit cau ngoai tiép, noi tiép tir dién.
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e g . m m m m R+r
Ching finh ting™" =L § AN g TP B
hp.iohg s hsichy r

(6)

s3 GIAO DYC VA PAO TAO BiNH PHUGC
TRUONG THPT CHUYEN QUANG TRUNG

xyz =1 (M

Cau 1: Giai hé phuong trinh: { 19468 35

X+y+z=X"+y +2z (2)

Cau 2: Cho tdp A v&i |A[>3(v6i | A| la s6 phan tir cia A) chira cac s6 nguyén
duong co tinh chat: Tich cua ba phé'm tor khac nhau cia A 1a mot sd chinh
phuong. Chirng minh rang moi phan tir ciia A déu la s6 chinh phuong.

Cau 3: Cho tam giac ABC, goi tim dudng tron ngoai tiép va duong tron ndi tiép
tam*giac ABC 1a O va I. Ly A, la mot diém bat ky trén duong tron (O), ké hal
day cung A;B; va A,C, cua dudng tron (O) sao cho hal day cung nay cung tiép
xiic voi duong tron (1). Ching minh rang B,C, ciing tiép xic véi dudng tron (1).

Cau 4: Cho da thie: P(x)=x" -2007x"7 + (2008 +a)x***® —2009x +a , véi
alasd nguyén.
Chirng minh rang da thirc P(x) khong thé cé nghiém bdi la s6 nguyén.

Cau 5: Chimg minh ring ton tai day sé thuc (a,), véi a, e [O,g] sao cho

cosa, =a,. Tim gioi han cua day do.
Cau 6: Tim tat ca cac ham s6 f: R — R thoa man
F(xf(y)) +y+f(x)=f(f(x +y)) + yf(x) (1), véi moi x,y € R.

SO GIAO DUC VA PAO TAO LONG AN
TRUONG THPT CHUYEN LE QuUY PON

ol g > —18:y3+y
Cau 1: Giai hé phuong trinh: {2y° +3y* —18=27" + z
22 +322 -18=x> +x

Céu 2: Cho day s6 {x,}:

X, = \/;. % :Jal +./a, +...+\[§ﬂ‘, a, >1(=12,..,n).

Chirng minh rang day {x,} ¢6 gii han hiru han néu lim lIn(ln p.)<lnZ;
A-—2C n

Chu 3: Tim tat ca cac ham sd lién tuc f: R — R thoa man diéu kién:

e
f(xy)f[ o

Y ]+(x—y)2,Vx,y€R
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Céu 4: Cho hinh chop S.ABCD c6 day ABCD la hinh binh hanh.

Goi E la trung diém ciia SC. Mat phing (P) thay ddi, chira AE, cit SB, SD lan
luot tai M, N.

Goi V, V, lan lugt 1a thé tich cia céc hinh chép S.ABCD va S.AMEN.

Chimg minh rang : V, < %V

SO GIAO DUC VA DAO TAO TIEN GIANG
TRUONG THPT CHUYEN TIEN GIANG

Cau 1: Giai phuong trinh: x* + 4ax” + 6b’x* + 4c’x + 1 = 0.

Trong d6 a, b, ¢ la cac sb thue duong, a < 1; biét ring phuong trinh nay co 4
nghiém thyre.

Ciu 2: Hot tir cac chir s6 0; 1:2;3;4 ,taco thé 1ap duoc tat ca bao nhiéu sb ¢6 15
chir s6 ma trong s6 d6 mdi chir s6 déu c6 mat ding 3 1an va khong co chir sb
nao chiém 3 vj tri lién tiép?

Cau 3: Cho hinh chop P.ABCD sao cho ABCD la hinh vuéng c6 canh bing 2 va
duong cao ha tir P di qua tam cua hinh vuéng ABCD. Goi K,O lan luot la tam
hai hinh cdu tuong ung tiép xtc voi cac canh va cac mat cua hinh chép
P.ABCD. Hay tinh thé tich cta hinh chép P.ABCD néu biét K va O cich déu
day hinh chop

Ciu 4: Cho cac s thuc a. b, ¢, d théa man cac diéu kién: a’ + b’ = 4vac+d=4.

Tim gia tri I6n nhat cia biéu thirc: A = ac + bd + cd.

Cau 5: Céac day s6 (uy) va (v,) (n =0, 1,2, ...) duoc xac dinh bai:

ugy =2008;u, =2009

V(]:VI:]

u v
= —n 4 o= ‘-fn =
+2, = 2009 —5055 3 Vo = 2009 —2e, Vn=0,1,2,...
Vil Unii

Chimg minh ring ton tai cac gii han sau va tim céc gioi han do :

lim uy,; um M Ugnas Ilm Vous lim vy,
n-—»+o - n—»+o0

Céu 6: Cho sb thuc a thuge (0 ; ).
Tim tit ca cac ham sé: £ R — R lién tuc tai x = 0 va thoa man diéu kién sau:
Véi moi x € R: fix) - 2f(ax) + fa’x) = x> (1)

S3 GIAO DUC VA PAO TAO TINH BONG THAP
TRUGNG THPT THI XA CAO LANH

Cau 1: Giai phuong trinh: 64x° —96x" +36x” —3 = 0.
Céu 2: Tim tat ca cac s ty nhién x va y théa mén phuong trinh:

(Vx = [y)'=3361-/11296320.
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Cau 3: Cho tir dién ABCD vuéng & D. Goi o,B3,~ lan luot la géc giira dudng cao
DH vai cac canh DA, DB, DC. Chirng minh rﬁng:
cosa + cosf3 3 cos{d + cos~y 2 cos~y+cosa 643 .

cos’~ cos’ o cos’ 3
Ciau 4: Cho a, b, ¢ 12 ba sé duong thoa man diéu kién abc+a+c=b

2 3
ha? olAbd e

Tim gia tri 16n nhét cia biéu thic: S =

n k
Cau 5: Cho day {u,} xac dinh nhu sau:u, = nzn—tlz% { n=123,..)
k=1

Tim gidi han limu, .

Céu 6: Ham sé v = f(x) xac dinh va ¢6 dao ham trén toan truc s6, thoa man didu
kién: f2(142x)=x—-f(1-x), xeR
Hay viét phuong trinh tiép tuyén véi do thi ciia ham s8 y = f(x) tai diém c6
hoanh do x = 1.

SO GIAO DUC VA PAO TAO TINH BEN TRE
TRUONG THPT CHUYEN BEN TRE

Cau 1: Giai h¢ phuong trinh:

x?yz % y222 22X2 3
-x4y2 + xz},2+] y4zz+yzz"+l %2 +722%2 +1
xyz =1 ;

Ciu 2: Tim nghiém nguyén cia phuong trinh: x> +3x* +10y° -16=0.

Cau 3: Cho tam gidc ABC cin vdi AC = BC, tdm dudng tron ndi tlep lal. Goi P la
diém nim trén dudng tron ngoai tiép tam gidc AIB thuge mién trong tam giac
ABC. Cac duong thang P song song voi AB cét CA va CB lan luot tai D va E.
Dudng thang qua P song song véi AB cit CA va CB lan luot tai F va G.

Chimg minh rang cac dudng thing DF va EG cét nhau trén duong tron ngoai
tiép tam giac ABC.

Cau 4: Cho a,b,c 1a d6 dai ba canh ciia mot tam giac c6 chu vi la 2010.

Chirng minh bét ding thirc:
ab be ca

+
1005—c 1005—a 1005 L
Ciu 5: Cho day s6 (u,) thoa mén cac diéu kién sau:

> 4020

= ﬁ; ii)u,,,=2009u,’ +u, ,VneN

Xét day s6 (v,) dinh boi: v, =

T uk+] n—+0cC
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Cau 6: Tim ham s f(x) lién tuc trén R va thoa man diéu kién:
f(4x)+ f(9x)=2f(6x), VxR
f(0)=2009

S3 GIAO DYC VA PAO TAO TINH HAU GIANG
TRUGNG THPT CHUYEN VI THANH

x‘/l—y2 Fyvl=x? =1

)(\/l_)f2 Hy\/]—xz :%

Cau 2: Biét ring sb nguyén duong n c6 tinh chat: n”> +n+1 phan tich duoc thanh
tich ctia 4 s6 nguyén t6. Chimng minh rang: n > 67 .

Cau 1: Giai hé phuong trinh: (")

Céu 3: Cho hinh nén c6 goc & dinh cia thiét dién qua tryc la 333, mot mit ciu S,
ndi tiép trong hinh noén.
o V r A x X5y - 2 21y I3
1. Tinh ti s6 V‘, trong do V,. V lan luot la thé tich hinh cau S, va hinh nén.

2. Goi S, la hinh cau tiép xuc voi tat ca cac duong sinh cia nén va véiS, ; S,
ORI A < A - re LA 2 . 3 . - . \ e s o1

la hinh cau tiep xuc voi tat ca cac duong sinh cia non va véiS,; ... ;S,,, 1a hinh

cdu tiep xuc voi tat ca cac duong sinh ciia ndn va vai S, .

Goi V,,V;.,..., Vi lan luot 1a thé tich cia cac hinh cau S,,S, ..

Chirng minh rang: V, +V, +...+ V., < %V :

b SZOO‘? G

Céu 4: Cho x, y, z 1 céc s6 thuc dwong va c6 tich bing mét.

(I—H{)3 +(]+y)3 +(H—2)3_
yz 7X Xy

Tim gia tri nho nhét ciia biéu thire
Céu 5: Tim tit ca cac ham s6 f{x) xac dinh trén R va thoa mén céc diéu kién sau day
a. £(0)=1969 va f[lz‘n] = 2008.

b. 2f(x +y)+9f(x — y) = f(x).cosy, v&imoi x,y e R.
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SO GIAO DUC VA DAO TAO TiNH AN GIANG
TRUGNG THPT CHUYEN THOAI NGOC HAU

2xy+y\}x2—y2 3 x+y+ ’x—y
14 2 2

x+y Y x—yY
EEEE
2 2
Cau 2: Cho cac sb tu nhién n, i, k.

a) Chirng minh ring néu n chin thi 2" chia hét
CS +3C +..+3'Co +...+3"'C3.

Caéu 1: Giai hé phuong trinh

\ 2
b) Véi 0 <k <n, chimg minh ring 3.4 C3y i <(C3, ) .

Céu 3: Cho tir dle;n ABCD M, N Pla ba dlem lan Iuo‘t thudc ba duong thing CD,

DB, BC sao cho CM = oD, DN = DB, BP = oBC (o € R\{0;1}).

Goi | =BMNCN, J=CNNDP, K= DPN BM.

Hay ching minh hai t& dién AMNP va AIJK ¢6 cung trong tam. :
Ciéu 4: Cho n s6 a;,a,,...a, d6i mdt khac nhau. Tim gia trj nho nhét ciia ham sé

=[x—a [Hx—a[t.. . Hx—a,|
UO :]

Cau 5: Cho day sd(u,) xac dinh béi: |u, :%

Upy-Up

(neN)

u =
n+2
du, +2u, +u, 0,

a) Xac dinh u,.
b) Tim lim(u,.3").
fFly=1
Cau 6: Choham s6 f: R — R thoa man: |f(x +y)=f(x)+f(y).
f[l] w8 hiiing

X X

Hay tinh f(3/2009)

s3 GIAO DUC VA PAO TAO 'rin_m VINH LONG
TRUONG THPT CHUYEN NGUYEN BINH KHIEM

= S 120-4xPe 4
Céu 1: Giai phuong trinh: 2009 ¥* —2009x" +x° __#

X +X

Chu 2: Tim tat ca cdc sb nguyén n sao cho: JBig + e + s = |

2 A 6"
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Cau 3: Dat khéi lap phuong trong hé toa d6 Oxyz sao cho toa do bdn dinh nao do6
cia khéi 1ap phuong la cac sb nguyén. Chimg minh rang tat ca cac dinh cia
khdi lap phuong da cho déu c6 toa do la nhirng s6 nguyén.

Cau 4: Cho a,b,c €(0;2) thoa man diéu kién ab +be + ca +abc = 4.

Chimg minh ring bat dang thirc:
J4—a? +J4—b? +J4-c? <3.3.
x, =1
Cau 5: Cho ddy s0 (x, ) xéc dinh bdi: ek (1)

yei 2+\/3+xi

Hay xéc dinh s6 hang tong quét cia day (x, ).

Cau 6: Tim tat ca cac ham sé f: RY — R! (R!: tap hop cac sb thue duong) thoa

man diéu kién: f'[f-(;ﬂ] = yf(y)f(f(x)) Vx.y €eR!

SG GIAO DUC VA PAO TAO TP. HO CHi MINH
TRUGNG TH THUC HANH DAI HOC SU PHAM

14 L4

4

1) : :
Cau 1: Giai phuong trinh: x” In l+—2] =x® In{l +L4] =1—x" (1)
% X

Céu 2: Cho tdp S gdm 2009 phan tl’r{al.az,...,amg}. Chon 2*® tap con ciia S
sao cho 3 tap bat ki trong chiing c6 ding 1 phan tir chung.
Chimg minh ring 2°°® tap nay c6 ding 1 phan tir chung.
Cau 3: Trong cac tir dién c6 ban kinh mat cau ngoai tiép bing R cho trudc, tir dién
nao co tong do dai cac canh lon nhat?
Ciu 4: Chon € N,n > 1, tim gia tri lon nhét cta
x+x2+“_+x2n 1
(I + x")

Cau 5: Chimg minh ring néu 1 cdp so nhan c6 n s0 hang, n >3, la cac so tu nhién

f(x) = véi x > 0.

phan biét va cong bdi ciing 1a 1 sb ty nhién thi téng cia tit ca n s6 hang d6
khong thé bang 5°

Cau 6: Tim tat ca ham f :(1,00) — R théa mén:
f(x)—f(y) = (y—x)f(xy), vVx,y>1.

009

329




DAP AN

SO GIAO DUC VA DAC TAO DA NANG
TRUONG THPT CHUYEN LE QUY PON

ny2 :y3.
Caul: Véi a=0, he > {2yz’ =7° = 8x’y*x? =x’y’x’ =>xy2=0
22x% = x°

Tirdé, hé <> x =y =2 =0.

x(x2 + 9a2)

Véimdi a #0, dat f(x)= (xeR)
: 2(x2+a2)
(x? —3a? )
suy ra f'(x)= e aly >0 (xe R), hon nita, f'(x)=0 chi tai hai diém
2(x” +a

X =+a\/3 nén f la ham tang trén R.
Vi h¢ khong thay doi khi ta hoan vj vong tron bd (x; y; z) nén, khéng mét tinh
tong quét, ta c6 thé gia sir x > y va x>z

Khi do, do f tang (ngit), (1) kéo theo:
Flyi=x >y ="1(7) V22
=
(f(y)=xzz=f(x) Y 2X;
bang cach nhur thé, ta cingcd z=2x vaz2y. Vay ()=>x=y=2z tirdo,
X Evyee i)

= .:;Z X=y=2
Ilé@{x : c:{ 7 & X.:y:Z:aﬁ

x =f(x) x(x? -7a%)=0
( A7 Yo akiaogs “i g5

2

vl

2
n n n
Céu 2: Déng thic can théa man tuong duong véi: S{nz X *(Z X, ] ] +x
i1 |

n
=8n+18 Y (x-x))"+).x”° =8n+1. (1)
I<i<j<n i=l
Do tinh déi ximg, ¢6 thé xem x, < x, <--<x,. (*)
Khi do, chi ¢6 2 kha nang;: '
I Xy =%; =s-=X_=x.

Lic nay: (1) < nx? =8n +1 <> x? :8+l<::>n=1, x;=3.
n

2.keZ, k<l<n, s Py
Khido, n>2; dat A=Zn[L; k], B=Zn[l+k; n], do (*) ta cé:
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Y (xi-x)= Y (x-x)*2 Y 1=|AB|=ln-D=n-1.

I<i<jsn i€A, jeB €A, jeB

n n
Viy, (D= 8n+128(n-1)+Y x* =Y x> <9; vatirds, x, e{l; 2}.
i=1 i=1
(Trudng hop x,, =3=>x,, | =---=x, =0 khong théa man dang thirc vi n > 1)
2i. Gia st x, = 2. Chi ¢6 4 truong hop nho sau la co thé:
2i1) x, =2, x, , =1 (n>3). Moi s6 con lai (néu c6) phai bing 0 nén ding
thirc tr& thanh

8
9:1+8—_152 <> n=3 va (X3 Xp; X3) =(1; 2;2) (cung cac hoan vi).
n+

(2i2) X, =2, X, =0 (n23). Khido, 8=1+ - i42, khong xay ra!

n+
(2i3) x,, =1. Lac nay, goiala 56 s bang 1 (n >a e N¥), dang thire tré thanh

4+a=1+ (2+a)2:>1+——]—:n—aeN*;
8 a+3 -

8n +1
9 e
nhung E<Z+L51+l=u nén z+“i—=1ﬁa=5, n=06. De thay céac
' a+3 8 4 8 8 a+3

bo sau can tim 1a (1; 1; 1; I; 1; 2) (cing cac hoan vi).

(2i4) x,,_, =0. Khi dé, 4 =1+———22, khéng xay ra!

8n +1

2ii. Gia sir x, =1. Lac nay, goia la s6 sd bing 1 (n >a e N*), taco:

8 1 1

=1+ 2l >——<—=p-(a+1)eN @>0;
8n +1 a-1 8

1 i 1 | A !

nhung ~——<———-—=<l-—<l nén —-—-=0=>a=9, n=10.
8 =8 8 a-1

Dé thay cac bo mudi can timla (0; I; I; 1; 1; 1; 1; I I; 1) (cting cac hodn vj).
Ciu 3: Dit a = AA!, b=AB, c= AD.
Cé: AM =kAB'=k{a+ b), DN =mDA'=m(a—c), BP=nBC'=n(a + c)
vai k, m, nla cac s6 thuce (k khac 0 va 1). Tir do,
MC=AC-AM=(b+c)—k(a+b)=-ka+(I-Kk)b+c
MD'=AD' - AM =(a+c)-k(a+b)=(1-k)a-kb+c A *
MN=AD+DN-AM=c+m(a~c)-k(a+b)=(m-Kk)a—kb+(l-m)c
MP=AB+BP-AM=b+n(a+c)—k(a+b)=(n-k)a+(1-k)b+nc.
Tinh m theo k& MC, MD' khong cung phuong; hon nira, MC, MD, MN
ddng phéng nén ton tai x, v thoa MN = xMC + yMD'
& (m-k)a—kb+(1—m)c=x[-ka+(1-k)b+c]+y[(1-k)a—kb+c]
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m-k ==kx +(1-k)y
< 4-k=(-k)x-ky (N

I-=m=x+y.

(trong (1), cong hai PT dau va ding PT cubi).

T dé:.m=
2(1-Kk)

Tinh n theo k: MC, MD', MP ddng phang nén c6 z, f thoa man:
MP = zMC + tMD’
&> (n-k)a+(1-k)b+nc=2z[-ka+(1-k)b+c]+t[(1-k)a—kb+c]
n—k=-kz+(l-k)t
> 4l1-k=(-k)z -kt
n=z+t :

, ; 1
Tuong tu trén, ta ¢6: n = _i +1.

Cubi cling, voi m va n da tim, thay vao (*) va tinh toén ta cé
(1-k)MN + kMP =0 =>dpem.

Ciu 4: C6 thé xem x > max {1; y}. Khi do:

; )R> 32 .
1. Néu x21>y>01hi{ , = dpem (khong c6 dau “=").
Y3y
X"V —I2y*Y 120 6
2.Néu x>y =1 thi |>[yjy a :xx-.)-_lz(gJ (yx-y_])
> =] >
X
o
éx“ywlzy——y—zx"Ax)’zy"—y"
%) &Y

= dpem (dAu “=" xay ra chi khi x = y).

| 2n khi <X<—;
Ciu 5: Kiém tra truc tiép: [_J = 2]n +1 2n
P O A R
2n 2n—1
nén trén moi nira khoang 1, :( 1 : : J (v6i n nguyén duong), thi
2n+1 2n-1
I iown 1
2n(Cn+1)| x— khi <X<—;
2n +1 2n +1 2n

o 1 1
v2n(2n—l)[x——J khi —<x<
2n -1
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(&)l oeilste)
2n 2n+1 2n -1

Vay . f lién tuc trén mdi nira khodng d6 va tap gid tri cia f trén mdi 1, 1a ca doan
[0: 1]. (1)

Pat x, =1/(2n +1),

Taco lim f(x)=lim f(x)=0=f(x,), nénflién tuc tai timg diém x_ .

X—(Xp) x—(xp )"

Tir d6 suy ra f lién tyc trén nira khoang (0; 1]= 0 I,. vaf c6 tinh chét nhan

n=1

gia tri trung gian trén (0; 1].

Cubi cuing, chi con phai xét truong hop 12a > B=0 va ¢ 1a mét sb thuc thude
khoang gitra f (o) va f(B)=f(0)&[0: 1]. Khin du lon, taco I, < (B: a), nén theo
(1) tim duge ye I, < (B: o) sac cho f(y)=c.

Cau 6: D¢ cho gon, ta ky hi¢u tap tat ca cac da thirc véi hé so thuc (cua bién x) bai
R[x]. va goi of la tap tit ca céc da thirc TeR[x] chi nhan gia tri khong am
(Vx eR, T(x)> 0).

(1) Trude hét, xét truong hgp R =0 (tire 1a R(x)=0):

Khi d6, yéu cau ciia bai toan trg thanh: P=Q e o, va ta nhan dugc bd nghiém
(P.Q.R)=(T. T, 0) nhung chi véi cic da thirc T € 4.

(i1) Truong hop con lai, R # 0:

Ta viét lai diéu Kién cua bai toan dudi dang P + JQ = -2 = P=Q

VP-JQ R

B e S R C )

3 p_Q =
p = P
P a-g(50-r),
- L
suy ra JP va \f(i la cac phén thire (khong am).
Viy ton tai cdc da thice N, S nguyén t6 cting nhau (ta ky hiéu (N, S)=1) trén

: : sy ; 2 N
R[x], hé s ciia luy thira bac cao nhét cia bién s6 x trong S(x) 1a 1, dé VP s

N(x)
S(x)
Tir do, N? =S’PiS*, nhung (N*,S$%)=1 trén R[x] nén S*=1=S. Va ta
duge: VP =N =P =N? véi Nect.
Tuong tu, Q = M? vGi M e ot

va giai hé:

v&i moi x ma S(x) #0).

(tic 1a \[P(x) =
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Thir lai, ta nhan thém bd nghiém
(PO, QEx), RE)) = ((NG), (M), NGO - M(x)).

‘ < v@i cac da thire M, N e dt.
Cudi ciing, ta biét ring néu TeR[x] va néu z=a+iB 1a mot nghiém phic

cua phuong trinh T(x)=0 thi z=o—if cting la mot nghiém phirc cua phuong
trinh do (o, B la cac so thue, B#0).

Lic nay, ta nhan xét: (x —z)(x —;.): x? +bx+c 1a mot tam thirc bac hai véi
cac hé sb thue (b=-2a, c=a’ +B?) va c6 biét thirc dm. Tir dé, sir dung dinh Iy

Bezout va dinh 1y co ban ctia Dai sb, ta dé dang thay ring A chinh la tap tat ca cic
n
dathic Te ]R[x] co dang: T(x)= al—-[(x2 +bx+c¢)).
j=1 ]
Trong d6. a>0 con n 1a mdt s6 ty nhién (khi n=0, tich “rong™ tuong img s¢

duoc hiéu la bang 1): (b)",. (c¢.)"la hai day hitu han cac s thye, khéng nhit
17)=l i7)=1

thiét phdn bi¢t. sao cho A, =c} —4d <0 (Vj).

SO GIAO DUC VA DAO TAO BA RIA - VONG TAU
TRUGNG THPT CHUYEN LE QUY PON

Cau 1: Phuong trinh: sinx.sind4x = 2 \5 cos( % -x) —4 ﬁ .cos’x .sinx.cos2x
<5 sinx.sindx = 22 cos(% =X — J3 cosx.sindx
<> sindx.(sinx + J3 cosx) =:2+/2 cos(—i‘E —X)
=) sin4x.(sing sinx + cos% COsX) = %] cos( 2 —X)
2 n n m e
= sm4xcos(g —X)=2 cos(—6— —X) < cos( 5 —x) = ( hodc sindx = J2

: ] 2n
Kétqua:x = —3—+kn,ke Y4

Cau 2: Co dinh 1 vj tri cho 1 hoc sinh niY, danh diu céac ghé con lai tir 1 dén 9.
Goi khong gian mau 1a Q, ta ¢6 |Q| = 9!.
Goi A la bién cb khong co hai hoc sinh nir ngoi canh nhau. Xét cac truomg hop.

+ 1 hoc sinh nir ngéi ghé s6 2. 1 hoc sinh nir ngéi ghé sb 4 = hoc sinh nir con
lai ngoi cac ghe 6, 7, 8; hoan vi 3 vi tri, ta c6 3.3! cach.

+ 1 hoc sinh nir ngoi ghé s6 2, 1 hoc sinh nir ngoi ghe so 5 => hoc sinh nir con
lai ngoi cac ghé 7, 8 : hodn vi 3 vi tri, ta c6 2.3! cach.
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tad hoc smh nir ngdi ghé s6 2, 1 hoc sinh nir ngdi ghé s6 6 = hoc sinh nir con
lai ngdi ghé s6 8; hoan vi 3 vi tri, ta co 3! cach.

+1 hoc sinh nir ngdi ghé s6 3, 1 hoc sinh nir ngdi ghé sé 5 = hoc sinh nir con
lai ngdi cac ghé 7, 8; hoan vj 3 vi tri, ta ¢6 2.3! cach.

+ 1 hoc smh nit ngdi ghé s6 3, 1 hoc sinh nit ngdi ghé sb 6 => hoc sinh nir con
lai ngdi ghé sb 8; hoan vi 3 vi tri, ta ¢6 3! cach.

=1 hoc sinh nir ngdi ghé s6 4, 1 hoc sinh nir ngdi ghé sb 6 = hoc sinh con lai
ngoi ghé s6 8; hoan vj 3 vi tri ta ¢6 3! cach.

= [Qal =6! (3.3! +2.3! + 31 +2.3! + 31 +31)=10.6!.3!

Két lugn P(A) = 126131 _ 5
9! 42
B W e ’
Céu 3: Tacd: 3 R 23a :2bc +4tan6é:7
(b+c)” —a
5 4
b +¢? —a?
o 2b +l 6 A 3cosA +1Y} 6 A
<3 € +4tan —-7@3[——] +4tan” — =7
b2 +¢? —a’ e 2 1+cosA 2
2bc
AN A
¢:>3(2—tan2—2~J +4tan63=7 *)

4
Mic khac va: (2—tanzgj +l+1+]24.(2tanl%]

4
:3(2—tan2%} +92l2[2*tan2%] (1)

tanf’éﬂ+1231anzﬁ:>4tan6£+82lztanz—é (2)
2 2 2 2

“

4
Tu (1) va(2) :3(2—tan2i:—J +4tan°%27

4
[2h~tan ——) = A
Vay déngthfrc(*)@ 2 = tan25:I S>A=

tan"ﬁzl
2

Cau 4: Xét ham sb g(x) = (x + 1).f(x) -
X+2
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kJ

=> g(x) 14 da thirc bie 2009 va g(k) = (k + 1)ftk) - ~— =0 Vk e N’, k <2009

= gx)=a(x- I)x=2)...(x-2009)
Tacog(l)=0; f(l):% =1; g(-1) = a(-2)(-3)...(-2010)

1
- o3 2 —2009
il Tt "010'(X WX =2) ... (x )
; (2010)° 2009.2008....1 1
: 10)=2011.f2010) — : 2(2010) =— =-
Fo.0d; g8 b s 2010! 2010
3
— f{(2010) = sl DA R U,
2012 2010 | 2011

Céau 5: Ta chimg minh: a, =
) ; S -
+Védin=1,tacda = —cot—=—=(¥) ding
A D

+ Gia sur (*) ding voi n =Kk, tice la: a, :?'COtW

+ Ta chirng minh (*) vain =k + 1, that vay:

| UMS [ et bl n | e 1
ak'IZE a +,/ay +Zk— —5 ?COIW-‘- '4T.C0t +F+F

2 T
o P s RO 08 i
g Tl Sk +2T-' R T e a1
= sin sy 2sin -2k+2 cos 21“2—
BT
s | 14
Vay a,= En"‘COt = Vn2=1
T
o il gt n ool 2| 2
Tinh lima,: lima, = lim — | = lim | cos — ==
n-»w T 2“ n—® 2"” oy AT AT T
Sin el S el
Cau 6:
— Dung thiét dién MNGQ

_ Dumg MK // BD = —= =) (doMK=DE)
DB 3
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— Dung HJ // EQ. Ta co6:
AQ AP 4 4
—=—=—=A0=—-0QJ (
QF-PH 15 Q SQ )
2 BQ_BE__BE

Q) 'HE' 'HD+DE

G ThE
lBD+JBD
2 3
=SB_E:EFB_E_=§ o
SHp- e ?
6 4
4 45 I QA 1
Tr(}va(2Q)= AQ=—=0] s—S0OB=1"0H — = __
(Hyva(2) Q ‘SQ 58Q 2Q =
DoMC:MB=1:2=SM_1
CB 3
Nén Q—Angzl:QM//AC:AC//(QEM)-
AB CB 3

A
= NG // AC = MNGQ Ia hinh thang cin c6 QM = %a, GN =

W

AAQG co: AQ = %a ,AG= %a, ap dung dinh li Cosin ta ¢6 (géc A= 60°)

v. 2 2
e o s ST e 3

Goi dudng cao hinh thang cin MNGQ 1a h

2 1
i 2 —~a-—--a 2
h3=Q(33_(QM GNJ =la2_ Busade B Joa Tl
2 9 2 12 23
2 Iadss 1 2443

SO GIAO DUC VA PAO TAO TINH GIA LAI
TRUONG THPT PLEIKU

2

Céu 1: 2tanx + cotx = /3 + -
sin2x

(M

.:.‘ h A £ mm
Diéu kién: sinx # 0 vacosx 2 0¢> x = T;meZ
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e sinx = cosx 2
Taco: tanx + cotx = + = =
COSX  Ssinx sin2x

Viy : (1) <> tanx = V3o x= §+kn;kez

CAu 2: Moi liiy thira nguyén duong ciia 6 ¢6 tdn cung bang 6 nén 16'1 ciling co tén
cing nhu 6". Nhu vy, moi liy thira bac 4n cua 2 s€& c6 tan cung bang 6. (vi 2%
=16").

= : 4
Ta c6: 3" — 1 chia hét cho 4 nén 2° —1 ¢6 tén cung 13 6.

5 34 34 D e N :
Vay: 2° =227 —1¢6 chir so cudi cung 1a 2.
Cau 3

N
C

Gia sir E, F, G, H lan luot 1a trung diém cia AB, BC, CD, DA.

Goi K la trung diém cia dudong chéo BD; MN la doan thang di qua K va song
song vai duong chéo AC. (MeAD; NeCD).

Ta chimg minh MN triing voi tap hop tat ca cac diém O ndm bén trong tir gidc

sao cho dién tich cta cac tr giac EBFO va HOGD bang %; trong d6 S la dién tich

coa tir giac 16i ABCD. I
Ta cé: Syapo = 2-Sarso Va Sasco = 2-Sapro -
Viy: Dién tich tir gidc ABCO bang hai lan di¢n tich tir giac EBFO.
Tuong tu vai hai tr giac AOCD va HOGD.
Ta sé chimg minh doan thing MN 1a tép hop tat ca céc diem O sao cho dién -

tich tir gidc ABCO bang %

Gia sir O thude doan thing MN. Vi MN //AC nén Suaoc = Saake
— Dién tich cac tir gidc ABCO va ABCK biing nhau.
Mat khac K la trung diém cua BD nén:

| 3 1
SAABK = % “Jaasp V& Sapck = 2 Sasep -

Do dé dién tich t&r gidc ABCK bing % ;

Gia sir O khong thude doan thang MN. Ki hi¢u O’ la giao diém ciia OB va MN
vi tinh chét 15i cta tir gide ABCD nén O’ thude doan thang MN.
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Theo chirng minh trén ta cé dién tich cia ABCO’ bang % :

Do dé dién tich ctia ABCO khéng thé bing % :

Lap luan twong ty dbi vai du'cmg chéo AC.

Vay: Diém can tim la giao diém cua hai dudng thing, ma méi duong di qua

trung diém ctia mot trong hai duong chéo va song song vai dudng chéo con lai.

Caud: Dit: A=b+c,B=c+a,C=a+b
Vay:A>0,B>O,C>Ovéa+b+c=%(A+B+C)

R | b c ( a J b J c )
[aco + “+ - +1 |+ —+1 |+ +1|-3
b+c c¢c+a a+b b+c c+a a+b

—(a+b+c)( : + : + : J—B

b+c .c+a a+b

=1(A+B+C)[i+l+lJ22—3=—3-
2 B 2 2

Déau "=" xay ra khia=b=c.
Céu 5: Véi n >1, ap dung bat ding thirc Cauchy ta c6 :

U k=, ye 29U =1 ) >2\/§:l — Wit A B

=> (U,) la déy sb tang va bi chan trén = Tdn tai gidi han hiru han limU, = U

2
Vey: U=t & 12 b1t <. [U—l) <D & Ues
4 4 2 2

Véy: lim U, =

B | —

Ciu 6: xf(y)+ yf(x)=(x+ )X (y), Vx,y e R (1)
fily=0
Chox=y=1 taco 2f(1)=2(f(1))> = 0
f()=1
a) Xét truong hop f(1)=0
Choy=1vao(l). Ta ¢6 f(x)=0,YxeR
b) Xét truong hop f(1) =1
Choy=1tacd x+f(x)=(x+Df(x) = x(f(x)-1)=0
Do d6: Vi moi x = 0 thi f(x)=1
Két hop ca hai trudng hop ta ¢6
7 lkhi x=0 fin e
f(x)=0,YxeR va f(x)= ; ,alasotuyy
akhi x=0
Thir lai : Vi xy # 0 hodc x =y = 0 thi (1) thoa man.

339



s {xiO {f(x)—l
Vi =
y=0 f(y)=a
Khido xf(y)+yf(x)=ax va (x+y)f(x)f(y)=(x+0)a=ax
Viy cac ham sd trén thda mén (1)

S3 GIAO DUC VA PAO TAO KON TUM
TRUONG THPT CHUYEN KON TUM

Caul:Voix>0vay>0thitr(l)suyra0<x<l1.

1
{-x—x2 =—-x-1

b S

> .
(y+l) X+y)= (——x][——]j—l(Z)

(2)<:>x —2%* 4x+l—
Xétham s6 f(x)=x 3 i —x+1:0 lién tyc trén doan [0;1].

f'(x)=3(x2 —x)——x—l<0, vxe(0;1) va f(—%).f(l)«r.o.

(I«

‘ 1
Suy ra trén (0;1) phuong trinh (27) c6 mot nghi¢m duy nhat x, € [E;i}

ﬁ(i—on£L—l)=lc>L2—L—l+x0=l €))
XO xn XO XO

bat x, = (0<a<§]

3= 8cos’ o —4cos’ o —4coso+1=0
o= 2(4COS30'.—3CDSG.)"~2(2C052 a—l)+2cosa—] &=()
&> 2cos3a0—2cos2a+ 2cosa—1=0

&> 2sina.cos3a — 2sino.cos 20 + 2sina.coso —sino = 0

a=k2n

<:>sin4a=sin30c<:> il kzn

7 74

Vi 0<:CL<E nén
3
2cos——1
o=— =>Xp= :>y0—4—x0—]—x0—x(2):
2cos— X0 4cos’
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| 2cos7_;—1
Vay (x;y) = :

2¢os ﬂ 4cos’ >
7 74

Ciu 2: Gia sir A 1a tap con cia X khong chira bat ky A, nao, va c6 s6 phan tir I6n
nhét thoa man diéu kién bai toan.
Gia sir |[A|=k . Theo gia thiét véi mdi xe X\ A thi tn tai i(x)e{L2,...m}
thoa man A, < AU{x}.

DIt L, =A N A5V Ay A,

Ai(x)

0 =3 nén Al(x):{x,a,b},vé’i a,beA.
Suyra L, co ding hai phan tir.
B&i vi [A; N A | <1vi moi i # jnén tht ca L, déu khac nhau.
Tacé Cj tép con cia tip A ¢6 hai phan tir. Do d6 c6 thé ¢6 nhiéu nhit C? cac
tap L, . Vivdy n—k<Ci hay k* +k>2n.

Suy ra kz%(-1+\/l+8n)>,\/§—%.vay kz[Jz_].

SB.

Céu 3: Tir gia thiét ta c6 SA'=—SA,SB'=—
n 2n+1
Suy ra
n(2n +1)B'A"= n(2SA - Sé) +SA = n(zs'A' . SB') +nSA’
= n(2$A-SE§)+n(Si HIA')= n(2SA-SB+Si)+nlA"

Goi I 1a diém sao cho 2SA —SB+SI=0.

Khidé, n(2n+1)B'A'=nlA".

Suyra A’, B’ va I thang hang hay dudng thing A’B’ di qua diém ¢ dinh I. (1)
2

SC.Suyra
3n+1

Talgi 06 SA'=LSA, SC' =
n

n(3n +1)C'A' = .1(3SA' -sc')+ SA = n(3SA' -SC)+nSA’
=n(3SA-SC)+n(Si+JA")=n(3SA-SC+SJ)+nJA

Goi J 1a diém sao cho 3SA —~SC+SJ=0.

Khi dé n3n+1DC'A'=nJA".

Suy ra A’, C’ vaJ thiang hang hay dudng thing A’C’ di qua diém cb dinh J. (2)
Tur (1) va (2) suy ra mat phing (A’B’C’) luon di qua mot dudng thang b dinh 1.
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J30

Caud:Ldya=b=3,c=d=e=2, tacod =pegoan 2 T.
6(J§+\/§)
\/az+b2+cz+d2+e2 - J30
_ B =
(x/a_+\/5+\/5+~/a+x/€) 6(J§+\/§)
J30

Khido T= oes g
6(\/5 + \5)
Ap dung bat déng thirc Cauchy ta co:

2 2
az_’.bzz(a;l)_)__:x_z_, C2+d2+ezzg_d_-tf)._.:£'

Ta chirng minh

b

2 2 3 3
JE+JES./2(a +b)=\/5<_, JE+JE+J€5J3(c+d+e):£X.
Suy ra \[a2 +b? +¢? +d +¢? 2\/§X (1)

va (\/;+JE+JE+\/E+\/E)ZS(\E+\/§)2X (2)
\/aZH)erchrdzﬂa2 ’ J30 :
(\/;+JE+\/E+\/E+JE)2 6(\/§+\E)2

: e, s,
Déngtht}cxéxyrakhiLa:ﬁ:c:d:e_ Viy T= V30 5
36l 6(J§+J§)

Tir (1) va (2) suy ra

Cau 5: Tur sy xéac dinh cia day sb (u,), ta 6

U 2

n Cobve 7%

2 24 :
Un—l TS

4 4 8
Un—Z IR T
2“"' ak I 2n
2 =l ¥
on = oL 2n+l'
UI ol ug ~

Nhan v¢ theo vé cac dang thire trén, va gian wdc cac thira s6 chung, ta c6
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2 n
2 2n_u2n+1:ul+2+2 +..4+2 ‘

u, =oo” .o ..a g I,

n+l =
u :a2 -1 a¥n ].

_ Trong dé v, = 2" ! 1a s6 hang tong quat cia mot cap s6 nhan va B = -1, va yéu
cau dugc chirng minh.
Cau 6: Tir (3) thay y béi x ta dugc
3f(x)—2g(x) =10g(x)-30x = 3f(x) =12g(x)—30x
= f(x)=4g(x)-10x (4)
Thay vao (3) ta duge 12g(x)—30x —2g(x) =10g(y)-30y, Vx,yeR.
=g(x)=3x-3y+g(y), Vx,yeR (5)
Thay y = 0 vao (5), ta duge: g(x)=3x+g(0), Vxelk.
Thay vao (4) ta dugce: f(x)=2x+4g(0), Vxe R.
Dit g(0)=a tacé f(x)=2x+4a, g(y)=3x+a, VxelR (6)
Thay (6) vao (2) ta duge 6(2x +4a).3x+a)+2520, VxelR
< 36x% +84ax +24a% +25>0, VxeR
<> A'=427 -36(24a” +25)=864(1-a’) <0 > fa| > 1.
Két hop véi (1) suy ra g(0) = 1 hodc g(0) = —1.
+ Vi g(0) = 1 ta duge f(x) = 2x + 4, g(x) = 3x+1 thoa (3).
+ Vi g(0) = -1 ta duge f(x) = 2x - 4, g(x) = 3x—1 thoa (3).
Vay: Cé hai cap ham so6 thoa man de bai la f(x) = 2x + 4, g(x) = 3x+1
hodc f(x)=2x -4, g(x)=3x-1.

SO GIAO DUC VA PAO TAO PHU YEN
TRUGNG THPT CHUYEN LUONG VAN CHANH

Cau 1: Gia sir nguoce lai ab> 0.
Khéng mét tinh tdng quat ta gia sira> 0 va b > 0 (vi néu ngugc lai thi ta ldy —x,
-a, — b thay cho x, a, b).

1. Néu ¢ > 0: Tir phuong trinh x* +ax®> +bx+c=0 ¢6 a, b, ¢ > 0 nén néu
phuong trinh c6 nghiém thi cac nghiém x; <0 hay x;.x; >0
Mit khéc theo viet in X;=0.Mau thuan
i#]

2.Néuc=0: x* +ax’ +bx+c=0 x(x} +ax* +b)=0
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x=il)

o
x3+ax2+b=0(*)

Vi ax® >0, b >0 nén (*) phai ¢6 3 nghiém thyc, am.
Xét phuong trinh x* +ax” + b=0(*) ¢6 Y x;.x; =0 méu thudn véi (¥)
i#]
4

3. Néu ¢ < 0: Tir phuong trinh x* +ax® +bx+c=0 c6 IIx,=c<0 suy ra
P iy

phuong trinh ¢6 1 nghi¢m &m ho#c 3 nghiém am

a. Néu phuong trinh ¢6 1 nghiém am: Goi X; <0 va x,,X3,X4 >0.
Theo Viettacod x; + X, + X3+ X, =-a<0=> —Xx; > X5 + X3+ X,

2
==X (Xg + X3 +X4) > (%5 + X3 +X4)
= XXy — X X3 - XXy > x22 FxE ARy 2X5X3y + 2X3X, +2X,X,
= —X1Xy — X (X3 —X[Xy > XpX3 + X3Xy + XXy = inxj <0 (™)

i#] f
Mit khac theo Viet: inxj =0 mau thudn vai (**).
i#]

b. Néu phuong trinh ¢6 3 nghiém dm: Goi X,,x5,X, <0 va x, >0

Theo viet ta co z XXXy =-b<0
i#j#k
1 1 1
hWMMMMA—FL%—+L<0a—+L+i+l>0
X] x2 X3 X4 x! x2 X3 X4
1 1 1 1
(do x;x;X3x4 <0) hay —>————— Seteg-rif 1)
% Xy Xy Xy
DX (Kt B X )= X KX A KK, (1)
Nhin vé theo vé (1) va (1) ta dugc:
]

1 1
=Xy — Xy — Ry # bl Xy + XX, + XgXy)
Xy X3 X4

1 1 1
Xy Xy %y

X3X, XXy | XK

3Xg | XoXy  X5X3
S Xy + X3+ X, <2(Xy +X3+X,)+ - +

X9 X3 Xy

4 XaX XX X%
0K, + Xy b x, #2228 L 7031 1)
X2 X3 Xy
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: L KaXyt XXy XX 2 135 O o
Ma x, +X3+x, <0 va —2—4 4 2224 L 7273 -0 mau thudn véi (111).

X5 X3 X4
Céu 2: V&i p=2, p* +k 1a hop s6 v&i moi k chin.
Véi p>3.Tacd p? =1(mod3).
Mat khac, néu k la sé nguyén duong chin va k =2(mod3) thi p* +k chia hét
cho 3.
Vi p=3 thi p® +k chia hét cho 3 néu k = I(mod 5).
Vay k thoa man diéu kién ctia bai toan khi va chi khi k 1a nghiém duong cia hé
k =0(mod2)
phuong trinh: 4 k = 2(mod 3)
k =1(mod>5).
Theo dinh ly Thiang du Trung Hoa, k =26(mod30) la nghiém cia hé trén, do
d6 ¢6 vo s k thoa man diéu kién dé bai.

Dang thirc xay ra khi va chi khi M Ia trong tam tir dién ABCD.
Khai trién (1), ta c6

MA? + MB? + MC? + MD? + 2MA.MB + 2MA.MC +
+2MA.MD + 2MB.MC + 2MC.MD + 2MBMD > 0
Ta cé: 2MA.MB = MA? + MB> —(M”A’ = MB‘)2 =MA? + MB? - BA?
= 2MAMB =MA®* + MB? - BA’
Tuong ty
2MAMC = MA? + MC? - CA?;2MA.MD = MA? + MD? - DA?
2MBMC = MB? + MC? - CB?; 2MC.MD = MC? + MD? - DC?;
2MB.MD = MB? + MD? - DB?
Do do, bat dang thire (1)viét lai:
4(MA2 +MB? + MC? + MD2)2 AB? + AC? + AD? + BC? + BD? + CD?
Khi M =0 la tim mit cau ngoai tiép tir dién ABCD c6 ban kinh R, ta cé
AB? + AC? + AD? + BC? + BD? +CD? <16R? (2)
Ding thirc xay ra khi va chi khi tir dién ABCD la tir dién gan déu.
Taco (2) < (A132 +AC? 4 BC2)+(AC2 +AD? + DC? ) +(AD2 +AB? + D‘BI)

+(BC? +BD? + DCZ) <32R? (3)

GOi Sapc> Sach »Sans-Sapc 1an luot la dién tich cée mét (ABC), (ACD), (ADB),
(ADC).
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Xét tam giac ABC, ta co:

AB? + AC? + BC? =4S . (cOt A + cot B +cotC) 2 43S u5¢

Vay AB? + AC? + BC? > 44/3S ,5c . Diing thirc xay ra khi tam gidgc ABC déu.
Tuong tu

AC? + AD? + DC? > 4/3S sy ; AD? + AB? + DB? 2 44/3S s 5

BC2 + BD? + DC? 2 4\/3Sppc

83

. K . 3
Do d6 (3) viét lai: 4v/3 (Sapc + Sacp + Saps +Sepc ) <32R* < S S oE (dpem)

Déng thirc xay ra khi va chi khi tir dién ABCD la tir dién déu.
Cau 4: Vi x > 0, bién dbi va ap dung BDT Cauchy ta cé :

2
gt 3y [ 2% 1 2
14 x —(1+x)(1~x+.\ )S{ 2 J .Suy ra (|+x3)22+x2 *)

Déing thire & (*) xdy ra khi va chi khi: (1+x)=(1-x+x7 )< 2x =x? &> x=2

Tacd 1+a’ a:1+(a\/;)3,I+b4\/E:l+(b\/g)3,l+c4 c=l+(c\[€)3
/\p dung BDT (*) ta co:

Qi) 4a’* X 4p° 3 4¢?
m(‘2+a3)(2+b3) (2+b3)(2+c3) (2+c3)(2+a3)
Diing thirc xay ra khi va chi khi: ava =2,bVb=2.cdc=2¢c>a=b=c=4
Tiép theo ta chimg minh:

4a* . 4b° s 4¢° 2i(1)

(2+a3)(2+b3) (2+b3)(2+c3) (2+c3)(2+a3) 3
That vay BDT (1) twong duong véi:
c:>3[a3(2+c“)+b3(2+a3)+c3(2+b3)}2(2+a3)(2+b3)(2+c3)

@3[2(’«13 +b’ +<:3)+(a3b3 + b’ +c3a3)}2

8+ 4(a3 +b* + 03) v 2(513b3 +b’c® +c’a’ ) +a’bh’
= 2(33 + cl)+(a3b3 +b%c’ + c3a3)2 72(2) (vi abc = 4)
Ap dung BDT Cauchy ta ¢ : 2(a3 +b3 + c3) >2.3abe = 6.4 = 24

a’b’ +bic? + ¢’a’ > 3ab0’ =3a’b’c? =3.4% =48
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Do dé: 2(a3+b3+c) ( b® + b’ +cla )>24 -48 =72 (dpcm)
Déng thirc xay ra khi va chikhi a=b=c =34

Vay minS:—g.datduqckhi a=b:c:§/Z

Céu 5: Tacd : X, = X2 —5%, +9(*) = x,,, - X, :(xn—3)220:>xm]2xn
Suy ra ddy {x,} ting.
Néu day {x,} bichan thi day {x,} c6 gi6i han.

Dit lim x, =a,suyra: a>x, =2009.

n—»oo
Tir(*)suyra: a =a’ —5a+9 & (a—3)" =0 ¢>a=3: Mauthulin véi a > 2009.
Do dé {x,} khéng co gi6i han, tirc x, — o0 khi n — =,
Tir (*) suy ra x,,,, -3 =x} 5%, +6=(x, —2)(x, -3)

1
Sk S S Taare |

= = =
xn*173 ek ey M IS Sy B o s WSTET

: :
=¥ e s 5l Ixueald
g TR g x, =3 ~3 2006 Xy —J

n+l

Vi X, > khi n >, nén limy, =——.
n—»a 2006

S3 GIAO DUC VA PAO TAO DAKLAK
TRUONG THPT CHUYEN NGUYEN DU

VX2 2% +22 - \Jy =(y+1)’

Ciau 1: Hé & ,VO0ix>0;y>0

\/y‘+2y4-—35—x/; x+|)

D_l[u:x+l>l . Vul 21 —Jv—1= (A)
d
¥ ok V421 —Ju—1=u?

[\lu3+2 —v=1=v?
o= g 2

1\/u2+21~\/v2+2]+\/u1w v—1=v*-u?
<3 yul +21 =Jv=1=v} =0 (1)

Vel # 21 +Vu-1+u? =V 21+ =1+V2 (2)
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Xét ham s (1) =Vt* + 21 +Jt—1 +1* trén [l;+00)cd
() Lt S R T
Ji2+21 24Jt-1

f(t) lién tuc bén phai tai t = 1 = f{(t) dong bién trén [1;+0) nén phuong trinh (2):
flu)=f(v); Vuve []_:+oo) SSu=v.

H=v=1

Vay hé¢ =
{\/u2+214\/lig1»u2=0 (3)
Xét ham s6 g(u)=vu? +21 —Ju—-1-u? cé

g(u)= ~2u<0,voi Vu>l; g(u) lién tuc bén phai tai u=1

u fi i
Ju2+21 2u-l
= g(u) nghich bién trén [I;+oo) = phuong trinh (3) néu ¢ nghiém thi nghi¢m do
duy nhat; ta lai co g2)=v4+21-v2-1 ~22=0=u=21a nghiém duy nhit cia
phuong trinh (3)=> (u; v) = (2; 2) la nghiém h¢ (A) = (x; y) = (1: 1) la nghiém cla
hé da cho. :
Ciau 2: Khong mat tinh tdng quat gia sir x = max{x,y, z} >0 <yz <1
Ta chimg minh:
I R Ty 2 a0

1
+ = (M + <
JI+y? V1422 Jl+yz  (iex2 Jl+yz 2

(2)

2
a) Voi(l)taco: ] < I T 12=]+)’2+]+Z2
J+y izz2 | 14y 142 (+y*)1+2)

1-(yz)? 1—(yz) 2

=1+ <l+

Ay )(1+25)  (I+yz) l+yz

2
- 1 . 1 4. 1 7 2
\/l+y2 Vi+22 1+yz \/l+y \/IJrz;2 JI+yz
. V2

NIE R £

1 2
AN T B i s
J14+x2 l+yz " 14x JI+yz ™ I+x Vl+yz ™ 2
22_ e Pomant x' 143x —V2x 21+ x
L 1+ yz 2(l+x) 1+x 2(1 4+ x)
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b) Vai (2): Ta cé:




2
C14+3x—22x(1+x) (xf2x ﬂ/l+><) 3
= 2(1+x) G RNy o
1 1 | 2 1 332
Vay + + < + <
JHx - JIty et s JEyE ol

Déu “="xayrakhix =y =z=1
Céu 3: Tir gia thiét cho:

Xnel ~Xn _ Xp X (X2 —%y)
Mo Sy = ne 0--10 1 :...2(—])n
n n(n-1) n!

Suy ra:

xn+2:(xn+2—xn+l)+(xn+l_x )+ +(x2ﬁxl)+x1:xl+(x2_x!)'Kn
15

Trong do: K, —l—l—+?+ +(— l) —

Xy — X

Tir d6 suy ra day s6 da cho c6 gioi hanva lim x, = x, +

n—>+o0 e
Cau 4: Gia thiét: f(xy—uv)=f(x)f(y)-f(u)f(v),.Vx,y,u,veR (1)
Tir(1)taco f(0)=0 _
Trong (1) cho u=0=f(xy)=f(x).f(y).vx,ye R(2)
Trong (2) cho x =y =1=>f(1)=[f(1)] = f(1)=0 hoge f(1)= I
+Néu f(1)=0 Trong (2) cho y=1=f(x)=0, VxeR
+Xét f(1)=1 Trong (1) cho y=v=1=f(x—-u)=f(x)-f(u)
Véi Vx,yeR tacdé fix)=fix+y-y)=f(x+y)-f{y).
= fix +y)=f(x) +f(y).
Do dé f cong tinh nén f{x) = f(1)x, vdi Vx e Q =f(x) =x, vdi VxeQ.
Bay git trong (1) chox=y;u=v=0
= f(xy)= ( ) [£(x)] 20=> Vx>0 thi f(x)> 0

Dodénéux<ytacoy—x>0va

f(y)=f(y—x+x)=f(y—x)+f(x)= f(y) > f(x) = f(x) dong bién.

+Voixtuyy;ta chon 2 day s6 hitu ti (r,) va (s,) don diéu ngugc chiéu cung hoi
tu vé x:

. <x<g ST ST(E)=r <f(x)<s,

Chon— +wsuyra: x<f(x)<x =>f(x)=xvoi VxeR

Thir lai thay thoa man.

Két ludn: f(ix) =0, VxeR vaf(x)=x, Vxel
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Cau 5:
1) Néub=0= f(x)=x"+ax? =x2(x+a):>(a;b)=(u;0), voi ueZ
2) Vihé s6 cao nhat cia f(x) bang 1 nén ta viét:
f(x)=(x+u)dx+v)(x+w),véi u,v,weZ va uvz=0
uv+vw+wu=b 1 1 1

Theo Viet :>{ = —t—+—=1(%)
uvw =b = V- W

a) Néu u,v,w € Z  thi (*) khong thoa man.

- g : = 1
b) Néu 2 trong 3 s6 u,v,w la am; ching han u,ve7Z = — <l
w

¢) Néu ¢6 2 s6 duong va mot sd am; u,ve Z' ,we Z :khiu=1;u=-w
= f(x) = (X + DX+ V)(Xx — V) = (x + 1)(x° ~v3)
= f(x)=x> + x* - v’x - v* = (a;b) = (I;-v?)

£ EX i 3
d) Néu u,v,weZ sgidst usvsw=l1<==u<3
u

= u=2hodic 3 = (u,v,w) =(3,3,3):(2,4,4):(2.3.6)
Vay (a: b) 1a (u; 0) ; (1: —v?) 5 (9:27) ; (10:32) ; (11;36)
Khi do:

F(x)=x>(x +u); f(x) =(x + DX+ VIX =V) =X +x

f(x)=x> +9x% +27x +27 = (x +3)’

z —\!2)(—‘0’2
f(x)=x +10x* +32x +32 = (x + 2)(x + 4)°
F(x)=x> +11x% + 36X +36 = (x + 2)(x + 3)(X +6).

£ T I
Ciu6: Taco V= 3 ISt phin:

Goi S, la di¢n tich mat ddi dién dinh A; (i =1:4)
m|.Si +!n282 +m383 +|“4S4 SR'*'l'
h|S| thz h3S3 h4S4 r

Ta c6 bat dang thirc (6) <>

4
4 1 (R +r)ZSi 4 4 4

&y m S, (j <t o S RS Y S (a)
i 3V 3V i1 i=1 i=l

Tacod Vi=14:m; = A0, vdi O, la tam dudng tron ngoai tiép mat dbi dién dinh

m; =A,0, £A,0+00, =R +00; =>m,S, <RS, +00,S,, voi i=1;4
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:Zm S, <RZS +ZOO S, —RZS +rZS <(R«|~r)ZSl , nén (a) diing

i=1 i=l i=1

4 .
Viy ta c6 bat ding thirc: Z% < e

=1t

e (dpem)

sO GIAO DUC VA PAO TAO BINH PHUGC
TRUGNG THPT CHUYEN QUANG TRUNG

Céu 1: Do xyz = | nén chi xay ra hai kha nang:
Kha ndng 1: X,y vi z 1a cac s6 nguyén duong thi tir hé phuong trinh trén ta
suy ra:
{/;)E(x+y+z):x2 +y2 +2* QQ/;4yz+%/xy4z+{/xyz4 =x? +y2 +z
Ap dung bét dang thirc Cauchy ta co:
2

¥ i
4x° +y“ +2z
{/x vz _\/Xs 4.4 szxzxzxzyzzz s S BRLS Y

6
2 Y 3 Fyiees 3
,3’ xyd‘z < _x,:_‘{‘g—-bz__;,}’xyz‘t 4 i_-i'%iz_
Cong ba bét dang thirc lai ta co:

Yxtyz+ Yxy'z + Yxyz* <xt+y*+2l ox+y+zsxi+yi+ 2,

Tir (2) suy ra ddu bang phai xay ra & bat dang thirc trénnén x =y =2.

2

Thay vao (1)tacdé x=y=z=1.

Kha nang 2: Hai trong ba sb X,y,Z la s& am va mot s6 1a sb duong. Thé thi:
X+y+2z<x|+|y|+]|z], thi khid6 ap dung lap ludn trén thi:
1)4|+|y|+lz‘|~_§x2 +y2+zz.

Trong truong hop nay dan dén x+y+z< S y2 + 7%, tirc trong truomg hop
nay (2) khong xay ra.
Vay phuong trinh chi ¢6 mét nghié¢m duy nhit la (x,y.z)=(1,1,1)

Cich 2: Dé nhan thay xyz#0. T (1)tacd z= A ;
Xy

1
Thay vao phuong trinh (2) ta co: x +y +L =xt+y*+ 5%
Xy X"y

—-3)=0 (3)

2
@(x1)2+(y—1)2+(L1J +(x2+yt+
Xy Xy

>3 nén (3) xay rakhi x=y=z=1.
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Céu 2: Ta nhan thay rang tap A chira v6 han céc phan tir vi dé dang nhan thiy cac
s6 chinh phuong khic 0 déu nam trong A. Va ta chimg minh tap A ciing chi
chira céc so chinh phuong (khac 0). That vdy, gia sir a 1a mot phan tir bat ky
ciatidp A.Goi b, c,d la ba phan tir khic nhau cia A va déu khéc a.

Theo gia thiét bai toan thi ton tai céc s nguyén dwong m, n, p sao cho:

abc =m’, abd = n*, acd = p’.

abed

Véy a la binh phuong ctia mét sb hitu ti nhung do a la mot s6 nguyén duong
nén a la binh phuwong ciia mot s6 nguyén duong. Vay moi phén tir cia A déu 1a s
chinh phuong.

Cau 3: Trude tién ta chimg minh mét bd dé sau:

Bé dé: Duong tron (1, r) nim trong dudng tron (O, R). Gia sir A 1a mot didm bat
ky trén duong tron (O, R), AB va AC la hai day cung ciia dudng tron (O) cling tiép
xtic vai duong tron (I). :

Khi d6 BC la tiép tuyén ciia dudng tron (1) khi va chi khi 10 = /R(R —2r)

Chirng minh:

Duong phén giac trong géc A cit dudng tron (O) tai D. Néi C véi I va D. Khi
do BC tiép xuc voi dudng tron (1) khi va chi khi Z/BCI = ZACI . Do

ZCID = ZACI + ZIAC = ZACI + ZIAB

= ZACl + £ZBCD
ZDCI = ZBCl 4+ ZBCD
Viy £BCl=ZACI = ZCID = £DCI.
Ticlakhivachikhi DC=DI. =
Goi EF la duong kinh cia duong tron (O) di
quaOval.
Thi DC = DI khi va chi khi:

Tir ddy suy ra: a’b’c’d’> = m’n’p’ = a =[

DLIA = DC.IA = 2R.sin DAC.———— = 2Rr .
sin DAC

Mt khac DLIA = ELIF = (R + OI)R —OI) = R? = O

Viy BC tiép xtic v6i duong tron (1) khi va chi
khi R? —OI” = 2Rr, tirc Ia khi va chi khi

10=,/R(R—2r).

B6 dé dugc chimg minh.

Ching minh bai toan:

Theo bd dé trén tam gide ABC vira ndi tiép
duong tron (O) vira ngoai tiép duong tron (1) nén
10 =yR(R —2r), véi R va r la ban kinh duong
tron ngoai tiép va noi tiép tam gidc.
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Tam gise AB,C, c6 AB, va AC, cing tiép xic véi dudng tron I va co
10 = JR(R —2r) nén theo b dé trén thi B,C, ciing tiép xtc véi duomg tron (1) (dpem).
Cau 4: Néu P(x) c6 nghiém X, , ta chimg minh x, chén

+) That vy gia sir x, I¢, tacé P(x,)=0

& X" —2007x5"7 + (2008 +2) x2°% —2009x, +a = 0
< x5 (xg ~2007) + 2008.x°% +a(x3™ 1)-2009x, +a =0 (1)

Vi X Iénén VT(1) I¢ #0 (v6 ly), suy ra x, chin.

+) Gia sir X, la nghi¢m bgi nguyén = P'(x,)=0

<> 2008.x5"" - 2007°.x3°" +2006(2008 + a)x;™ —2009 =0 (2)

(volyvi VT (2) Ié nén P'(xG) #0)

Viéy: P(x) khong c6 nghiém béi nguyén.

Cau 5:
Xétham s6 f, (x) = x" —cosx. Tacé f,(x) lién tuc trén R . Nhin xét ring

fr(x)=nx""+sinx >0, ¥x e

0;% . Suy ra f,(x) dong bién trén

0;3 :
2

Mit khéc f,(0)=—1<0 va f, 3]: ~La0.
2 2
Suy ra f (x) =0 c6 nghiém duy nhat a, € 0.% , tirc 12 t6n tai duy nhét a, dé

cosa, =a.
Tachimg minh (a,) la day tang. Gia s nguoc lai, tdn tai n ma a_ >a__ .
Khi d6 cosa, <cosa,,, (do a,,a, A €[0,1] vaa’ <a''l <a"
(do a,,, €[0;1]). Suyra a, <a,_,,.Mau thudn véi diéu gia sir trén.

Vay (a,) la ddy ting va bi chdn trén boi 1. Do d6 ton tai lim a, =a.Taco:
I
a, =(cosa,)n => o =(cosa)’ =1. Vay lima, =1.

Cau 6: Trong (1) cho x=0 ta cé: £(0)+y+f(0) = f(f(y)) + yf(0),Vye R, hay
F(F(y) =2f(0)+y - yf(0),Vye R (¥
Laicho x =1 trong (1) ta co:
FEy)+y+fD)=f(f(1+y) +yf(1),Vye R
Sir dung phép thay thé trong (*) ta cé:
2f(0)+y—yf(0)+y+f(I)=2f(O)+(l+y)—(y+1)f(0)+yf(l), YyeR
< y+f(1)=yf(1)+1-1(0),Yy e R
f()=1

< YEM -1+ (1) -1+£(0)=0,vye Rﬁ{f(l)—l +£(0)=0
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Do dé f(0)=0 va thay vao (*) taco: flf(y)l=y, VyeR (Frss)
Thay (**) vao (1) ta dugce: f(xf(y))+y+ f(x)=x+y+ yf(x)
o f(xf(y) +f(x)=x+yf(x),Vx,ye R  (**%)
Trong (***) thay y =1 va sir dung f(1)=1 ta dugc:
2fx)=x+f(x),Vxe R=>f(x)=x,VxeR
Thir lai ham s6 f(x)=x théa man phwong trinh.
Vay f(x)=x langhiém duy nhat cua bai toan.

s3 GIAO DUC VA PAO TAO LONG AN
TRUOGNG THPT CHUYEN LE QUY PON

Cau 1: Dat f{t) = 2t + 3 ~18 va g(t) =t +t thi hé phuong trinh duge viét lai:
g p

f(x)=g(y)
f(y)=g(z)
f(z) = g(x)
Gia sir x = max(x, y, z) thi {x =Y & {g(x) = g(y)(do ham s6 g dong bién )
x2z  (g(x)=>g(z)
g(x)z‘f(X)\ﬁ:’5 i 0’ 40 18
g@)<f(z) |22+z<2z'+32°-18

(x—2)(x*+5x+9)<0 {x<2
-~ A ~
(z—2)z" +52+9)>0 z>2
Trddsuyra: 2 Z<x <P x=2=2.
Thé vao hé phuong trinh ta duge y = 2
Thir lai ta thdy: x =y = z = 2 thoa h¢ phuong trinh.
Két ludn: H¢ phuong trinh ¢6 nghiém duy nhatx =y =z =2.
Cau 2: Dé thay day {x,} la mot day tang.

i a, 3
Pat b, =—2- (n>1) va yn=ﬁ,+,/b2+...+\/l?;.

€

' fa a
Tacdt y, = b|+\/b2+...+ bn_,+—’“—_‘_‘i = b,+Jb2 i _1!:1:1] +—‘£E
e" € €

] SR Fales.
e el / Efn:
s -{;\/a] o Jaz e T o A T e e

e

Tir d6 suy ra: diy {x,} ¢6 gidi han hitu han tuong duong day {y.} c6 gidi han
hiru hj,:n.'

Dé thay day {y,} tang nén ta chi can chirng minh né bi chén trén.

g il e
Talaico: lim —In(lna,) <In2 (gia thict)
n—®n
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Suyra 3n,:Vn>n, :>lln(lnan)<ln2 =In(lna,)<nln2
n

a
L] b <l Vidn,

2!1

e

Dat a = max{b,b,,....b, .1} ,suyra b, <a, Vn

Tacé:yn:\/bl+,fb2+....+\/q s\/a+\la+....+v’; %)

Xét day {z,} : z, =, Z,1=+a+z,, Vn2l

++1+4a

Chirng minh dugc ddy {x,} bi chin trén bai M = : 5

Ket hop véi (*), suy ra day {y,} ciing bi chén trén boi M.
Suy ra diéu phai chimg minh.

2
Céu 3: Choy =1 thi: f(:():f(x 2+I]+(x—l)2

¥ y
<:>f(x)+2x:f{x 2‘”}»2[" ;IJ

X2

3
1 ;
bat: g(x)=f(x)+2x thi g(x)= g[ 2+ J (1) va g lién tyc.
Do g 1a ham s6 chén nén ta xét trén [0;+0) .
Véia > 0 ta xét hai truomg hop:
i)0<a<l]

x,2]+1

Xét day sd {x,} nhu sau: R t8 5 X | = (n'=0.k2,:%)

Vi 0<xq <1, bang quy nap tadugc 0<x, <1, ¥neN
2
S +
Talaicod: X, SXpu © Xy < xnz o (xp-1)220

Tir d6 suy ra {x,} tdng va bi chan trén nén cé gidi han hitu han

2
Gol Timx, Sk thi k=51 & k1. Vgy limx, =1
Tir d6 thé x bai xg, X1, ... .X, Va0 phuong trinh (1) ta duogc
2 2
Xg+1 Xy +1
g(a)=g(xo)=g( "2 J :g(xu):g( '2 }:g(xz):-':g(xn)

= g(a)= lim g(x,)=g(l)

X—x
ii) a>1
Xét day s6 {x,} xdc dinh nhu sau: xy =a,x,,,; = /2x,, - |
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Sir dung phuong phap cua day truy héi ta duge limx,, =1

Xg+|+1

Do x, = , nén thé x bai xg, X1, ... , X, VA0 phuong trinh (1) ta duge:

g(a)=g(><o)=g(x‘2+ }g(xl)zg[xz; ]:g(XzF---:g(xn)

= g(a)= lim g(x,) =g()

Tirdosuyra g(x)=C,Vxe [0; +0) vado ham s6 g chin nén:
g(x)=C,vVxeR
Suy ra f(x)=-2x +C. Thir lai ham s f(x)=-2x + C thoa bai toan
Cau 4: S

Taioh: Vo _ Vsamen _ Vsame + Vsane :l[VSAME + Vsane ]
2

v VSABCD VSABC D VSABC VSA(‘I)

o Yo _ Vsamex _! [SM SE _ SN. SEJ I[SM +SNJ )
VvV VSABCI) SB SC - SD SC /)’ 4\ 5B SD
Goi O la giao diém cia AC va BD. G la giao diém cia SO va AE. Suy ra G la
trong tam ASAC . Chirng minh Ge MN.
Viy SO, AK, MN dong quy tai G.
Ssgm _SGSM 2 SM  S¢gn _SG SN S 28N

Ta lai co: ==
Ssop SOSB TR, Ssop SO SD 3 SD

Suy ra: M—SSGM +MSSGN = Z[SM + SNJ
Ssog Ssop 3\ SB SD
e A S M SN
& —SS(’M b ( o + SN] (do Ssos = Ssop) & —MN = (i— +**)
Sooh 3\SB ' SD Senry T 3L 80 S
<> 3SM.SN =SM.SD +SN.SB <:>~S—E+$=3 (2)
SM SN
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SB SD
Pit —=x>0, —=y>0. Tr (Q)taco:x+y=3 =>y=3—x.
a SM X SN y (2) ¥ y

1
Thayvéo(]).taduqc:xgzr]- l+l =l[l+ ]@h:l 3
Voo aUx -y} #hx 3eex) V. 4(3x-x?

: ; : SB
Dién kién dé mp(P) cit canh SB 1a M 21,suyra x>1.

Max=3-ynén y<2

Tuong tu : %Zzl,suyra yzl.May=3-xnén x<2.

3 1
Xétham s : f (xe[L;2]).
( ) 4 3x ~ x>
Taco: f’(x)zg- 2.a : f'(x)=0<:>x:ze[l;2]
4 24P 2
3x—x )

((3)=5 103 0@-3

Vay : Vo S—% <V S%V (dpem).

v

SO GIAO DUC VA DAO TAO TIEN GIANG
TRUONG THPT CHUYEN TIEN GIANG

Cau 1: Do céc hé s6 cia phuong trinh déu duong va theo gia thiét thi phuong trinh
c6 4 nghiém: x; . X5, X3, X4 déu thuc, nén ca 4 nghiém nay déu am.
Suyra:—x;>0,-%>0,-x;>0,-x,>0

(=x1)+ (=x2) +(—x3) +(—x4) = 4a
(=x1)(=x2)(=x3)(~x4) = |

Sir dung bét ding thirc Cauchy:

(i) (xa) + (x5) + (x0)]" 24 (x1)(x0) () (-x4) (1)

Ta thu duoc: (4a)' > 4 hayaz= 1.

Ket hop véi gia thiét: 0 <a < 1 ta duge: a = 1. Khi d6 thi (1) xay ra déu dang
thirc, suy ra: (=x1) = (-X2) = (=Xz) = (-X4) V& (=X )(—X)(—X3)(~Xs) = |

Vay nén: (-x;) = (- X) = (=X3)=(xg)=1 = XS a =g
Cau 2: Gol A latap hop tat ca cac so thoa man yeu cau bai toan

Goi A" la tap hop tat ca cac s6 ¢6 15 chir s6 dugc 1p nén boi cac chir 50

1,2,3,4 ma mai chir sé déu c6 mat ding 3 lan trong s6 do6 .

Theo dinh 1y Viet thi: {
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Goi A, la tap hop tit ca cac s6 thuge A ma trong mdi sd chitsd i e i e

I £ 4
4} chiém dang 3 vj tri lién tiep = A = A’ \( U Ai]

i=0
Taco |A*]= 12"'54!= 134534400;
(39
| 0| IZIf )|A 101:,vc’rii¢0;
ey @)
Ao N Al =22A A= 210 waiij 20,
(39 (3!)
|AoﬂAiﬂAi|— il 1A NA; ﬂAk‘ 0<|<_|<k<4
(3!) (3 )
47 4.6! 4
Ao NANA;NA|= ,ﬂAI" =4.4!
i
12x14! {1212 10.121 10.10t 2 8.10!
- 3 o+ 4"< 4*—3
(3 (3y* (39 @y ¥ )

3 66 4.6!
[C4() C‘*()J[C4 3 3']44'
Cau 3: Goi R.r lan luot 12 ban kmh cua hinh cdu tam K,O. Gon h 1a chiéu cao cla

hinh chop ke tir P. Do tinh déi xtmg ta ¢6 O va K cling nam trén dudng cao ha
tir PH ctia hinh chop. e

Cét hinh chop bing mot mit phang (o) qua dudng cao va song song AB,
thiét dién nhan duoc 12 tam giac cin dinh P canh day EF bang 2 va canh bén bing
Jh? 41, tam gidc nay c6 duong tron noi tiép la thiét dién cia hinh cau tam O vdi
hinh chép, nén duomg tron nay ¢6 ban kinh bang r.

4

] ]
Sp}:_[: Zpr=5r.(2+2 h2 +]), SPEF ='£2.h=h

e L Vh?+1-1
Vh2 4141 h
Ciing do tinh déi ximg, hinh cdu tim K tiép

xtic AB tai trung diém M cua AB
Vi d(K, (ABCD)) = d(O, (ABCD)) = r

(gia thié) nén R =KM’ =’ + 1 (2)

~ Hon nita néu goi N la tiép diém cua hinh
cdu tim K v&i PA tacd AN =AM = |

e

()
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Khidé:PN=PA—-AN=PA -1==+PH> +HA? = vh? +2 -1
Ta lai ¢6 PK = h + r néu K niam khéc phia véi O so véi (ABCD):

PK = h — r néu K nim cting phia v&i O so v&i (ABCD)

Do vy : PK * = PN’ + NK* = PN’ + MK’

< (h+r)

2
2=(\/h2+2wl) +12+1 (do(2)) & trh=2-vh%+2

<:>i(\/ 14) 2-vh?+2 (do (1)) <:>h:l/;

Viy

Cau 4:
Cach 1

Trén mat phiang toa 46 Oxy.

» Xét diém M(a,b) théa man: o
a’+ b’ =4 thi M thudc dudng tron (C) tim : ’

el d gl
3

V1 _ 7
9 \{.

O, ban kinh: R = 2. ik
e Xét diém N (c, d) théa man: R /
¢ +d = 4 thi N thudc dudong thing (D) c6 L

phuong trinh: x +y =4 (D).

Taco: MN = \[(c—a)’ +(d—b)’

— \Ja? + b7 +(c+d)’ —2ac—2bd —2cd = /20— 2(ac+ bd + cd)

Pudng thing (D) cit Ox, Oy lan luot tai J(4,0) va 1(0,4) .

Dung OB L 1J, OB cit (C) tai A thi cé:

OB=2J2= AB=22-2.

Do MN = AB, v6i V M € (C) va VN & (D) nén:
J20—2(ac+bd+cd) >2¥2 -2 = ac+bd+cd < 4+4V2

Pang thirc xay ra khi: M= A va N = B hay (a; b) = (\/5,\,5} , (e; d)y=(2;2).

Viy gi4 tri 16n nhét cia biéu thirc:
ac+bd+cd 1a 4+4y2 khi a=b=+2 va c=d=2

Cach 2

Pit P =ac + bd + cd, ta co: ac<—[\f—a —j[—_-] bd < — (\sz

2 2
:Ps%(a‘2+b2)+c g +cd = 2 L ) +ch1

\
2)

=
22 - ]
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<(2J§+4J§)+(°+4d) (I%J 1442

Déngthu’rcxéyrakhi:c:aﬁ,d:bﬁ,c=dnén:a:b=\/§,c=d=2.
Do dé: Pyyay =4 +4v/2 dat duge khi: (a,b,c,d)=(v2,v2,2,2)

Cau 5: Nhan xét u, >0, v,>0véimoi n=0,1,2,
Dé don gian ta ky hiéu: a0 = 2009, € R, > .
bat: x,=Inu,— Inv,,n=0,1,2, ....

a1
oo Uns2 :a_n( n+l}
v

Vn+2 Vn n+l

u 1 u o —1 u
suy ra: In [ﬂJ :—.ln(—“J+——.]n {—"ﬂJ
Vns2 a Vn a Vn+l

S a-—1 1 BI 5
Toc la: x5 =——Xp, +—.xn voimoi:n=0,1, 2, ...
o

Cha y: xo=In(a - 1), x; = Inat.

n
Chimg minh bing quy nap theon=0,1,2,.... taco: Xn=A+ B.[—lj (1)
a

T sl e = o LV -1
trong d6 : A———].In[(a 1).a ] B .In ( = )

a+ o+1
(Chiing ta ding phwong trinh dic tnmg ciia ddy s6 (x,) dé tim ra cong thirc trén)
Tuong tu: PBat: y,=Inu, +lnv,, n=0,1,2, ....

u,.vy

(un+l'vn+l)

Taco: uy,s.Vpe2 = o pra e

1 -1
suy ra: In(um_g.vmz)=E.In(un.vn)— 2 In(up.1-voi)

~1 2T
thc la: y,.o =ly,, —a—yml véimoi n=0,1,2, ...
o a

Chiy: yo=In(a—1), y; = Ina. Chimg minh béng quy nap theo n=0, 1,2, ...
1 ;
¥n =C(-1)" + D.;F trong do:

2 I o-—1 1
c:m].ln( s ] D:aﬂ.ln[a(a—])] ()

Tu (1) va (2) ta suy ra:
lim (Inu, ~Invy)=A, lim (Inuy, +Invy,)=C
N—>+00 n—>+w

va: lim (In Uyp.y +1In v2n+1):—C
n—-+w
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Do do:

b ok A;C ¢ 2(a1+ 1)[ln((a—l).a“)+ ln[o;;lJ:l

1

In(e—1)=1n?°192008

o1
e lim lnuzn”:ﬂ=—l—ln(a“)=lnzOI\/020022009
n—»+o0o 2 o+
Do vy nén: lim u,y, =20'%2008 , lim u,,,, = 2°'920092009
n-—»+w n—»+w0

: 1 1
lim vy,

= ——— lim v SN
e 2010/50022009 *nso 21T 20105008

Ciu 6: Tu (1) 1an lugt thay x bdi ax, a’x ,... , a"x ta nhan duoc:
f(x)—2f (ax)+ f(azx) =x? :

f(ax)— Qf(azx) - f(a3x) P LA
f(a"‘x) — 2f(a3x) £ f(a4x) =a'x? .

f(a"x) = 2f(a“"’x) x f(a“'zx) = a’"x?

Cong theo vé cac dﬁng thirc trén va sir dung gia thiéta e (0; 1), ta thu dugec:

+1 T
f(x)=f(ax)—fla®x |+ fla"T %] =" ®/(2)
Sl il gl s

3 _a?.(m-l) |
Nhén xét rang: lim =
T now 1-a? &y

Theo gia thiét, img véi mdi x cho trude, ta déu co:
lim f(a“”x)zf((}) va lim f'(a’”zx) =f(0)

‘N—»a0 n-—»awo
2
Véy nén tir (2) suy ra: f(x)—f(ax)= : 5 YxeR (3)
l—-a
Tiép theo, tir (3) 14n luot thay x bgi: ax, a’x, ..., a"x. ta nhén duoc:
f(x)-f(ax)= : 2xz;
l-a
f(ax)—f(azx)— a’ x?
11§2 :
2n
fla"x)-f(a"x)=2_x2
(a") - £fa""1x) = 2
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Cong theo vé cac dang thirc trén va sir dung gia thiét a € (0; 1), ta thu dugc:
Z(I’lfl)
+1 l1-a 2
f(‘() = f(a” X) :—-—2—2x
(1-2?)

Chuyén qua giéi han khi n — o ta thu duge: f(x)=

2

2+b vai beR.

(ll—a2

2
Thir lai, ta thdy ham s6: f(x)=

- +b, voi b e R, théa man diéu kién
1-a?

ciia bai toan.

S3 GIAO DUC VA DAO TAO TINH DPONG THAP
TRUONG THPT THI XA CAO LANH

Cau 1: Xét ham sb f(x) = 64x® ~96x* +36x% -3 trén R
Trude hét ta chimg minh phuong trinh (1) ¢6 ding 6 nghi¢m thyc phén biét
thuge khoang (—1:1).

Do f 12 ham sd chan va lién tuc trén R nén ta chi can chimg minh f ¢6 3 nghiém
thue phan biét thudc khoang (0;]) . That vay:

i e,
va f(=)f( 1<0
- ( 64]
Nén phuong trinh (1) c6 ba nghi¢m thyc thuge khoang (O;I). Suy ra phuong

trinh (1) ¢6 ding 6 nghiém thyc (do (1) 1a phuong trinh da thirc bac 6) thude
khoang (-1:1).

Dit x =cost, voi te(-mn), phuong trinh (1) trg thanh

64cos® t —96cos* t +36¢cos’ t-3=0 (2)

Ta lai co: cos6t=4cos3 2t—3c052t=4(2c052t—1)3-3(2c052t—1)
=32cos® t —48cos” t+18cos’ t -1

Nén: (2)<:>20056t—}=0<:>c056t:]§<:>6t=i§+k2n
n kn
ot=t—+—(keZ)
18 3 S
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Do te(-mn) nén ta chon te{jE S E -]E lS_n ”T[}

18718°18° %1
Viéy phuong trinh (1) cé 6 nghiém la
T Sn In ”?[ 131 17
€ { COS—}C0S — ;COS—; COS —— ; COS —— ; COS
18 18 18 18’ 18 18
Cau 2:

Nhan thy x va y la céc sb nguyén khong am va 11296320 =2°.41./105 1a sb
vo ti.
Phuong trinh di cho c6 thé viét lai:

(x+y)” +4xy —3361 = 4(x + y)|/xy —328V105 (1)

Vé trai caa (1) la s6 hitu ti nén diéu kién can va du dé phuong trinh ¢é nghiém
nguyén la ca hai vé cua (1) déu bing khong.

(x+y) +4xy -3361=0

4(x + y)/xy —3281105 =0

Khi d6 ta ¢6 hé phuong trinh: {

2

3361 = 2

bat: S = x +y, P =xy ta dugc hé: 3 +4P £1=0 @
SJP =82.105 3)

2
Tir (3) ta rit ra duge: P = 82 105

. Thay vao (2) va thu gon dugc:

s -3361.5% +4.822.105=0 <> S’ = 1681 hodc S> =1680 = 41°
T do ta duge: S=41 va P =420.
Suy ra x, y la nghi¢m ctia phuong trinh: £ — 42t + 420 = 0 < t=20 hodct=21.
Vay phuong trinh c6 hai nghiém 1a (20; 21): (21; 20).
Ciu 3: D

g e Al s e o e i ot

G
= cosct+cosf3 cosP+cosy cosy+cosa
Pat = % i3+ B, Y+" Y,
cos”y cos” a cos” 3
- : DH DH DH
va X =cosa,y =cosf,z=cosy,tacod: Xx=—,y=—; ;z2=—r

DA DB DC

363



Ta duoc: x? +y2 rl LA b
1 1 1
(vi trong tir dién ABCD vudng ¢ D ta ¢6 hé thic: : - =

=1 =
DAY DB DC* DR’
trong d6 0 < x.y.z < | do do céac goc a,B,y déu nhon. Ta co:

(x+y+2)T= (x+y+z)(y+]+z+x+x+y] :

x2 - }’2 Z2

" 2 )
=y+z+z+x+x+y+[y+zj f2rx +[x+y]
X y z X y z
2
S (__) o dbbi s Sl o .
Z ey Xk Yo i) w3 ok ¥ z

>22+2+2+ % 62 =18 (1) (theo BDT Cauchy-Bunhiacopski)

Mat khac, cling theo BDT Cauchy. thi: 0 <x+y+z< J3(x2 + y2 +2° ) =3 (2)

Tir cac BDT (1) va (2) ta duoc: T > J_ 63 .
Ding thire xdy ra & x=y=z
<> DA =DB = DC <> Tt dién ABCD vudng ¢én & D.

. ¢ : a+c
Ciu 4: Dat a=tana,c=tanf,tacd: b :1— =tan(o + ).

Via. b, c>0nén céthéx_em a>0,>0 va a+B<%,khi do:

2 2 3

Pi= 5+ = 2c052a—2c052(a+[3)+ 3c052[3
1+a’ 1+b I+c?
= cos2a —cos2(a+ ) + coszﬁ = 2sinf.sin(2o+B) +3 —3sin2B
LR 3{sm B- 751n(2a + B} ulcosz(Z(x +B) < s
3 3 3
cos(2a +B)=0 2(1+[3:E
Dau "=" xay ra khi { % 5 = , . ;
51“3—551“( o+ B) = P
V2
a=—o
4
Suy ra: ) b =f Viy: MaxP=—
c=+2

364



Caus5: Taco: S

n+1:2n+2 S DA T

U S B g i n+2 n+2
> (—F—+..+—)+ =
2in+1) o0t 1 2 n_ 2n+1)  2(n+1)
n+3
Tuwongtu: S5 =———(S,,,; +1
R 2(n+2)(n! )

_(n+1)(n+3)(S;. + 1) +(n+2)(n+2)S, +1)
L 2(n+1)(n +2)

ok 3N 8-S, 1

¢ 2(n+1)(n+2)

Suy rarang néu S, ., ~S, <0 thica S, -S,,;<0,doS,>0.

5,4 +D

Tirdé: S, ., S

Viée tinh toan truc tiép s& cho ta cac két qua:
3 5 5

5, =18, :?.Sg :;,84 25.84 —83 <0

Quy nap theo n ta két ludn ring day S,,Ss... giam dan.

&~

Vi S, > 0 vdimoi nnén S, bi chin.

Suyra: lim S, ton tai. Ky hiéu gioi han do Ia S.
n—>+.0

n+2

Tu Sn+| = m

k1)

Cho n tién t&i v6 cling trong ca hai vé ta duogce: S = %(s +Ne8=1,

Viy lim S, =1.

N—p 420
Cau 6: Vi x =0 taco f2(1)=f*(1)=f(1)=0 hodc f(1) =1
Léy dao ham hai vé cua (*) ta duoc:
4F(1+2x)F(1+2x) =1+ 37 (1 - x)£'(1 - x)
Voi x =0 taco: 4F(D).£'(1) =143F7(1).f'(1)
Vi f(1)=0 nén f(I)=—1.
I

S i) = —.
uy ra f'(1) 7

Do d6 phuong trinh tiép tuyén c6 dang:

)’=—%(X'|)ﬁl<:>x+7y+6:0.
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s3 GIAO DUC VA DAO TAO TiNH BEN TRE
TRUGNG THPT CHUYEN BEN TRE

Cau 1: H¢ phuong trinh twong duong vai:
1 1 1
2 2 i 2 9 + 2 9 iy
X+z°+1 y' x4+l z0+y +1

xyz=1]

1

pat x’ =a’;y? =b';z2  =¢’ tacd a:b;c>0 vaabc=1

Tacd: (a+b)a—b)’ >0« (a+b)a’ —ab+b’)+abe > (a+ b)ab +abe
c

3

sa’+b +1>abla+b+c)e 30 e
a+b4+l at+b+e

Tuong tur ta ¢o :

] 3 a : ] = b
PP actH 17 adkbbes . ¢ bl Takbide
Do do taco :
1 1 L _ctatb

x’+27° +1 +yz+x2+l+7f’+y3+l “a+b+c
Dangthicxdyra <>a=b=c & X4 =2
xyz =}
Vay hé 064 nghiém la: ;
(G LG H, ChEE=ITE =R
Cau 2: * Néux =0 (mod 3) = y = | (mod 3).
Phuong trinh da cho trg thanh: 3m)* + 3(3m)" + 10(3n+1)* — 16 = 0.
<> 9k = 15: Phuong trinh khong c6 nghiém nguyén
*Néux =1 (mod3)=>y=0(mod 3).
Phuong trinh da cho trd thanh: (3m+1)* + 3(3m+1)* + 10(3n)’ =16 =0
<> 9k = 12: Phuong trinh khong ¢é nghiém nguyén
* Néu x=-1 (mod 3) = y=—1 (mod 3).
Phuong trinh da cho trg thanh: 3m—1)* + 3( 3m=1)* + 10(3n-1)* =16 = 0.
<> 9k = 15: Phuong trinh khong cé nghi¢ém nguyén
{ Vay: Phuong trinh da cho khong c6 nghiém nguyén.
Cau 3: (.jéc tam giac PD!FZ va CGF vj ty, do do cac duong théng FD, GE vi
CP céat nhau tai mot diém.

366



duong tron ngoai tiep AABC. Ta can chimg minh

duong tron.,

Goi Q la giao diém cia duong thing CP va

Q ndm trén cac dudng thing GE va FD.

Vi CFG = CBA = CQA nén tir gidc AQPF ni
tiép duomg tron. Tuong tw, BQPG 1A t&r giac ndi tiép.
Hon nira, hinh thang can BDPG cung ndi tiép
duong tron, kéo theo B, Q, D, P, G nam trén mot

Do dé ta duge: PQF = PAC, PQD = PBA (1)
Vi I 1a tim dudng tron ndi tiép AABC | ta co:

|

CAl -—2—(‘AB a —;-CBA IBA .

Do d6 CA la tiép tuyén tai A véi duong tron ngoai tiép AAIB.
Diéu nay dan dén PAC = PBA (74 25

Tir (1) va(2) suy ra IT(—)T: = FT@ hay F, D, Q thing hang.
Tuong tu, G, E, Q ciing théng hang, ta cé diéu can chimng minh.

Caud: Dit x=a+b-c, y=b+c-a, z=c+a-b.

Tacéx,y,z>0vax+y+z=a+b+c=2010.
Suy ra (x + y)(x + z) = 4ab; (y + z)(y + x) = 4be; (z + x)(z + y) = 4ac.
Bat ding thirc trén trong dwong voi:
4ab 5 4bc . 4ca > 8040
2(1005-¢c) 2(1005-a) 2(1005-b)
o ENNX 2} (y+2Xy+x) (z+x)(z+y)
X y Z

24x+y+2z)

= x(x+y+z)+yz+y(x+y+z)xz+z(x+y+z)xy
X y z

24(x+y+2z)

yz Xy
PO il T 2X+y+z
et N
Khong giam tinh téng quat, c6 thé giasi: x2y2z>0
e 1 :
Khi do is~sl va yZSZX<XY.
- Dl
Ap dung bat ding thirc Chebysev ta c6:
E+E+ﬁ2£+g+ﬂ:x+y+z.
. R Srn e fH

Vay bat ding thirc dang.
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Cau 5: Tir gia thiét (ii) suy ra ddy (u,) tang; u, 2u; >0,VneN",
Do d6, néu diy (u,,) co gidi han hitu han 1 thi | phai la s6 duong.

Nhung tir (ii) suy ra 1=20091? + <> 1=0 méu thun. Vay lim u, =+

n—»+w
Ta cé:
2
2009 - 1 1 1
2009u;2 = uy,; —uy <> ———k = Zktt 78 o, Uk 7B
; Upllge  Wellgs  Upay . 2009 Uy gy
Vay:

e [(LLNLLJ[L L <[ aooe- L
2009 Uy 15} u3 U, Upg 2009 Uni

Do lim u, =+ nén lim v, =1.
n—+0oc n-—>+o00

Cau 6: Dat t =6x <> x :%. Ta co: f(gt)+ f(%t)z 2f(t),Vte R,
hay f(= t) f(t):f(t) f'(-—t) vte R.
Xét ham s6 g(t) = f(t) — f(?).
e 2
Taco: g(gt): g(t),vteR (1)
Tir (1), bang quy nap ta chimg minh duoc:
2y o 35
g(t)= g[[g] t].Vt eR,VneN (2)

Do f(x) lién tuc suy ra g(x) lién tuc, tir (2) cho n — +nc, ta dugec:
. g =g(0)=f(0)-f(0)=0
Tur do: f(t)=f(%t),Vt€R hay f'(—?’—x):f(x),VxeR (3)

Tir (3), bang quy nap ta chimg minh duoc:

n

f(x):f[% x|[,VxeR,¥neN’ (4)

Do ham sé f(x) lién tuc nén tir (4) cho n — 400, ta dugc:
£(x) = £(0) = 2009.

Thir lai thdy ding.

Vay: f(x)=2009,Vx € R.
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SO GIAO DUC VA PAO TAO TiNH HAU GIANG
TRUGNG THPT CHUYEN V| THANH

Céu 1: Dat: x =cosa ;y = cosP, 0<a, B<n khi d6 hé c6 dang:

sin Bcosatcosf sina = | sin(B+a)=1
1

: ; | hay o
sin Bcosa- cosP sina = o sin(B—a) = g

B+a=2nn+£
do vay: -
o vay:

B—an:2mt+~n—iE

2 3

[3+0t:E
Két hop voi diéu kién cia o, B ta dugc: 2
g
i .. 3 1
Tur d6 suy ra nghiém: x=7;y=5.

Ciu 2: Gia sir n> +n+1 = P1P2P3P4, trong dopy;pa;ip3ips la bon s6 nguyén to
vap <py <p3<p;.
Do n’ +n+l=n(n+l)+l la s6 1é nén suy ra py;p2;P3;p4 la cac sé nguyén to
1é, tirc p; 23. : '

Do n(n+1) c6 tan cing 1a 0, hodc 2, hodc 6 nén n?

2

+n+1 cotan cing la 1,

hodc 3, hodc 7. Nhu vdy n°+n+1 khong chia hét cho 5. Tir dob suy ra

p; #5,Vi=1,2,3,4
+ Néu p, :3:>n2+n+l=3p2p3p453:>n:3k+1(keN)-

Khi do6 ta c6: (3k + 1)2 +(3k +1)+1=3p,p3ps = 3k? +3k +1=pypsp4
= pop3p4 khong chia hét cho 3 => p, khong chia hét cho 3.

Mt khac p, khong chia hét cho 5 nén p, >5.

k=7t+1

+ Néu py =7, tacod 3k? +3k+l:7p3p457:>[k=7t+5(teN)

Vi n bé nhat nén ta chon k =7t +1.
Voi k=7t+1, 2]t2+9t+l=p3p4.
Chon py =7, taco 21t? +9t+1=7p,i7 =>t=Tm+3(meN).

Tir do ta duge:
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n=3k+1=3(7t+1)+1=3[7(7m +3)]+1=147m+67,meN
Do n bé nhit nén ta chon m = 0=>n =67.

Khin=67tacé n? +n+1=67 +67+1=3.7.7.31.
Vay n = 67 la sé nguyén duong bé nhét thoa man diéu kién bai toan.
N6i cach khac, ta luén cé n =67 trong d6 n la sé nguyén duong c6 tinh chit
n?+n+1 cb thé phan tich thanh tich 4 sb nguyén to.
Cau 3: a. Goi ABC la thiét dién qua truc ctia hinh nén = ABC la tam giac déu.
Thiét dién ct hinh ciu S; theo 1 dudng tron ndi tiép AABC tam O, béan kinh r,
tiép xtic BC tai H. :
Tinh duge BH = r;+/3; AH =3r.
4

Tink duge Vi = 2md, Ve ledntagcam o2
3 3 V 9

b. Ta chirng minh cho truong hgp 6 n hinh céu. Mt phing (ABC) cit hinh ciu
(S;) theo giao tuyén la dudng tron tam O, va c6 ban kinh r,.

Mat phing (ABC) cit hinh cau (S,) theo giao tuyén 13 dudng tron tim O, va co
ban kinh r,.
1

: ]
Ta chimg minh duge r, = ~ .= 3 Byenisly = Ern_l

1Y 1y 1y
Suy ra: V, —(—] V],V3=[—J Nosivs Vi =[—) Al
\3 3 3

Vs S e % 1
Ta dugce cap sO nhdan Vi, V,..., V, vOi cong bdi q =—

3
Do do:
1 ]
TP 4 5 g 18wy e ok |
VyF Nt N =N =—T . =——|l-— |<—mp
]_717 3 lu,l 13 33n 13
27
\ 3
Suy e VI+V2 +...+Vn - 187!!'] o

\ 1337
: \Y
Dodo V+V,+..+V,< E;Vn eN

Vay bt déng thirc ciing ding véi
n = 2009, nghia la ta c6:

Vi + Vot + Vagge <—]2-V
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Ciu 4:
Ap dung bét ding thirc Cauchy ta co:

3 3
1
M+(1+x)+y+zz4(x+l); (1+y) +(l+y)+x+z24(y+1);
yz Xz
3
gi+(l+z)+x+y24(z+l).
Xy

Cong theo vé ta duoc:

3 3 3
(l+x) +(l+x) +(i+x) 29+x+y+229+3,3/xyz=12
Yz Yz Yz

Vay gia tri nho nhét ciia biéu thirc 1a 12.
Ciu 5: V6i x =0,y = t — 7 : Theo tinh chét b, ta cé:
2f(t —w) +9f (rn —t) = 1969.cos(t — 7)) = —1969.cos t 8))

Véi x :%,y == t—%: Theo tinh chat b, ta co:
2(t) + 9 (n — 1) = 2008.cos(t—%}=~2008.sint )
Véi x = t~g,y = g: Theo tinh chat b, ta co:

2f(t)+9f(t—ﬂ):f(t—g).cosgz 0 3)
Tir (1), (2) cho ta: 2f(t) — 2f(t — w) = 1969.cost + 2008.sint

Két hop véi (3). ta dugce: f(t) = %(l%‘)cpst +2008sin t)

Nhur vay ham s can tim la f(x) = 2—5;(1 969cosx + 2008sin x)

SO GIAO DUC VA PAO TAO TINH AN GIANG
TRUGNG THPT CHUYEN THOAI NGOC HAU

Cau 1: bat
2 2

2\'2=x—y y=u®-v

5 fx+y>
e & {2u2—x+y {xzu"‘+v2
— =

i ﬂzo
2

Hé phuong trinh tré thanh:
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S B e T T
2 +voYu® —v)+(u° —v )W4u“v ks (u+v)(u3wv3—7)=0
14 3 3
W V=9 £aet -:)v .
>
S u
v=0
>0
(u+v=0 w-vi=7
w+vi=9 w v =9
&4 hoac % (v0 nghiém)
u=0
v=0 v=>0
u’ =8

v =1 u=2 .
o= o { i Vay phuong trinh c¢6 1 nghiém (5:3)
5 i 1
Lv >0

Cau 2: a) Véi n chan, tacé: (a+b)" ZC‘ Rzip! (1)
(a=b)"= Z(_?in(fl)ia"‘ibi )
i=0

%
Cong vé theo vé ciia (1) va (2) ta duge: (a+b)" +(a=b)" = 2i g
o g i=0

Do . f
Do d6: €3, + 33 VRTCIR R SRy edos Yiglglt

1 ‘—2n 2n 1 n n
_5[(_”\/5) "+ (1-43) ] =5[(4+2\/§) +(4-248) }
n-1 A 1 n % 2iqinn-2i
=271 (2443) +(2-43) | =2") C¥32
i=0
hay 2" chinhét CJ, 4303, #..+3CH +. .+ P CH
b) Xét day sb (u;) v&i u; = o O3 vOi=0,1,2....k,..{n
Taco: ug :(an )2 s Uk :an+k~cgn—k
Ta s€ ching minh (u;) 14 ddy giam. That vay:
2n+i)! (2n-i)! (2n+1—l)' 2n—i+1)!
n!(n+i)! nl(n—i)! n'(n+1—l)' ‘n!(n-i+1)!

Vaiizl, xétu<u &
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S Cn+i)n—i+D<2n—-i+1)(n+i) < (2i—1).n >0 (ding)

Do d6 uy <uy_; <...<u;Sup ma ug =(Ch)%, up =C5k COn i

n n n 2
hay Cyn.k-Con_k S(CZn)
Cau 3
Ta cén chirng minh:
AA +MIi +NJ+PK =0

& MI+NI+PK =0
Pit-AB=2a,AC=b.AD=¢.

Tacé:m:Wf%-a:—mﬁ—a B
=-aCD+Cl = —ac—b)+CI (1)

Ap dung dinh ly Mé-né—la—uyt vao tam
gidc CDN, trng vai 3 diém thang hang M,[,B
¢ trén 3 canh cua tam giac, ta c6:

IC BN MD IC BD+DNTD-CM
p— +]l & —

e — = of — o — =+l
IN BD MC IN BD MC
<:>[—£_ I—E ! 2“ =+] (2)
IN DB ) | MC
Tir gia thiét CM = aCD, DN = aDB, ta duoc:
&N %
MC a DB
Thé(3)vz"10(2)tac(): £.(]—a).(-i+l]=+l<:>[—_c—= B,
IN o IN (a—l)z

& (a-1)° IC=—a(IC+ON) & (a-1)’ +0[IC=—oCN

& (0’ ~a+1)IC=-aCN e Ci=— = CN (4)
a”—a+l
Thay (4) véo (1) ta duge: Mi=—a(¢b) + ————CN (5)
o —a+l
Lai co:
CN=CD+DN=(c-b)+aDB =(c-b)+a(a—c) (6)
Thay (6) vao (5) ta duoc:
- - - - . 2 - .
Ml="a(c—b)+7—(1—*(c—b)+79—(aAc) (7)
a” —o+l a”—o+1

373



Tuong tu ta co:

. - . a - - az . -
NJ =~a(@re} +-=ptsiifatag)y =Ll i(heg) (8
a”—a+l o’ —a+l
- - . - . 2 - -
PK = ~0(b-a) + ————(b-a)+ ————(c~b) ©O):
o’ —a+l a”—a+l

Cong theo vé (7), (8), (9) ta dugc: Mi+ NJ + PK = 0 <> Hai tir dién AMNP va
AlJK c6 cung trong tam
Cau 4: Dé y ring véi a<b ta co:
T=|x-alHx-b|>|(x-a) — (x-b)|=|b—al=b-a
Dau “="xay rakhia<x<b
Ta gia su: a;<a,<....<a,. Ta xét hai truong hop:
*Truong hgp 1: n=2m
y=|x—a|+x—a|+...+|x—a,|
= (x—a + [x —am]) + (X —a] + |x —an1]) +...F (X = Bu| + X — 3mi])
>(am—a1 )+ (a1 —22) + ...t (a1 —an)
>—(ay+tatta,) t(amtaym +...tana)
Lai c6: (an:8mm¢1) C (80 1:8m2) € ... € (83:8511)
Nén dau “=" xay ra khi a, < x <an:|
Vay miny = —(a; + a + ... + ap) + (2 + @ 1 ...t B)
* Truong hop 2: n=2m + 1
y=|x—ay|t|x—a| ..+ |x—a,|"
=(x—ai| + [x — amii]) + (X — @k H X = Agm) +...+ (X — A| + [X — Ame2]) + X — 2y
> (amn —a) + (@m—a) + ...+ (Ame2 — 8n) T |X — 84
Z2—(atat...tag) t (@1 T ammt ...t apa) T X —an|
2 —(artayt...tay) +(am +amt ...+ an)t0
Dig =" xay ra khi x = ay.
Vay miny =—(a; + ay +...+ ap) + (aane + @ + ... F @nia)
CiuS:a)Taco: u, #0,VneN
Ugiflia I 3 2

> =—
3um—l+2un"’“1wl-un Upi2 Up Upag

+1

Upy2 =

Yo =

O nlw

Bipi= +% . Suy ra (vy) la day sb xc dinh bai | v; =
ul'l.
Vi =3V 2V

= v, =a. +fry (neN)vdir,r, 1 hai nghiém cia phuong trinh dic trung
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x2=2x - 3=0 @S =1ls=3)
= v, =o(-1)"+B3" (neN)

v . a+B—5 0%3
L e Hy :
Do 4 4 1 8 L 3yl e

v b —a+3B—-2 Bf‘z 8 23

e 4 8
o | e - (neN)
n n n
O L o )
8 8

b) lim(u,.3") = lim =2
Sl o
3| | +7-2| -
3 2
Cau 6: Choy =0 = f(x)=f(x)+f(0)=f(0)=0
Ma f(0) = fix + (- x)) = f(x) + f{-=x) = f(—x) = f(x)
fix—y)= fix+(-y)) = f(x) + {-y) = fx) - f(y)

Khi x#0 va x =1, tacé:

(o)

Pl & 2 )
1+(E’;]} =1+(1i‘x)2 f&—lj =1+(]_X)2[f[ﬂ—f(l)J

S x2 (fm_lj Bxy . 2
(

(1-x)° 1-x)?  (1-x)°
(1-x) +f(x)—x2 1-2x +f(x)
3 2 = 2 Q)
(1-x) (1-x)
Mt khéc: f[ ] J f(l- ") _f- f(X) 1-f(x) 2
: Tek ) il —x0% o 1 (s 1) ks ()

1-2x + f(x) =l»f(x)

5 2,Vx¢0vi1 Xl
(1—-x) (1-x)

Tir (1) va (2) ta duge:

S1l-2x+fx)=1-f(x) (xz0va x#) = f(x)=x (x#0 va x#1) ~

vay £(32009) = ¥2009.
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SG GIAO DYC VA PAO TAO TiNH VINH LONG
TRUGNG THPT CHUYEN NGUYEN BINH KHIEM

Cau 1: Tap xac dinh: R\ {0;-1}

=g 34x+4 ;
2000 %> —2npge e’ =20 K T
Xz +X

+1

3
2009%"  —2009% x2+x=4[ 2 —1)

2

X“+x
i 4 Y 4 30

& 2009% +4(—2+1] =2009x" x*+x +4(7+2—) (1
X X X°+X

Xétfity= 2009" + 4t, c6 £(t)=2009'In 2009 + 4, ¥Vt > 0 tirc ft) ddng bién trén R

4 4 30 4 4 30
Tu(Dsuyra f| - +1|=f| 5+—— | —+l=—+——
A (xz J (xz x2+xj x? x¥ < xtiix

X=-—

6 :
&x'+x-30=0« (thoa diéu kién )

A=
Viy tap nghiém ctua phuong trinh S = {—6;5}

Céu 2: Vi vé trdi ciia ding thirc trén am khi n <0 nén ta c6 thé gia sir n >1.
Ding thirc trén co thé viét lai dudi dang

(7n—12)3" +(2n—14)2" 4+ 24n = 6" =3"2",
(2" =7n+12)(3" ~2n+14)=24n+(7n—12)(20 ~ 14)=14(n —4)(n - 3).

Béng qui nap, ta chimg minh duogc bat dang thirc 2" > 9n — 20, véimoi n > 5.
Do do, voi n >5 thi:3" >2" >9n—20>9n 35 :

Suy ra, vai n > 5 thi:

2" —7n+12>2(n—4)>0va 3" —2n+14>7(n—3)>0. Do d6

(2 = 7n+12)(3" —2n +14) = 24n +(7n ~ 12)(2n ~ 14) > 14(n — 4)(n - 3)

Kiém tra tryc tiép vi n =1,2,3,4 , ta nhan duge n = 4 thoa diéu kién bai toan.
Yay n=4.

Cau 3: Gia sir A|A>A3AA;"AAVA, 1a khéi lap phuong da cho. Khi do xay ra
hai truong hop:

a. Ba trong 4 dinh c6 toa d§ nguyén cung thudéc mdt mit. Gia sir do 1a A}, A, A,

suyra A,A, = A,A, tlrc Ay co toa do nguyén .
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néu mot trong 4 dinh A, Ay, As’, Ay’ ¢6 toa dd nguyén thi do
AA'=AA'=AA=AA,

Nén cac dinh con lai ciing co6 toa do nguyén.
b. Khéng c6 3 dinh nao trong 4 dinh c6 toa do nguyén cung thuéc mot mit cia

hinh lap phuong.

Do 4 dinh khong ddng phéng nén chiing tao thanh cac dinh cia mét tir dign déu
o cac canh la cac duong chéo ciia cac mat cua khoi 1dp phuong. Gia sir dé 1a cac
dinh A],Ag,,Ag,A.q’

Taco 2A,A} = 2(A’;A"2' + K,"A';' +AAT)

:(A1A5+A]X3 +A’{A‘;’)
suy ra ZK;/{Z co toa d§ nguyén la (x; v; z)
pat (A7) =(AA;) =(AA;) =a ez

Tact AALA A, SRALA A ~AARAICE <b e Z

b
2
Suyrax’+y’+7z =3a+6b=12b 4

Do binh phuong ctia mét sb 1é chia cho 4 dur 1, nén x. y, z déu 1a s chin, tirc

A,A’ ¢6 toa do nguyén, hay A’ c6 toa do nguyén. Khi do 3 diém A, A%y, Ay clng
thuc mét mét cua hinh 1ap phuong nén theo a) cac dinh con lai ciing c6 toa dé nguyén.
Ciu 4: Bing cac bién ddi dai 6, ta d& dang ching minh dugc ring
1 1 1
. 1 -
a42iobd e+2
Véimoi x € (0;2), sir dung bat dang thirc Cauchy ta ¢6

(x+2) (4—x?) = (x +2)(x +2)(2 +x)(2— x)

ab+bc+ca+abc=4 &

1

= 24 2) (4 2)(x + 2)(6- 3 < L 2L DO ) :

4

=27.

Do dé, V4 —x’ < 3‘52.
Va—a*+V4-b +fa—¢? <3f[ padivygd ]3J§.

a+2 b+2 c¢c+2

2
2443
£8ii 5 Taco, V0 & 7 ___2 —3
Xn+l Xn Xn %
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baty, =xL thi (2) tré thanh: y, | =2y, +\/3yﬁ +1

n
& (Yns1 — 2¥n )2 =3ya +1 e ya 0 +YE =4Yni1 Ya +1 (3)
Thay n+1 boi n ta ciing duge: y2 +y2 | =4y, y,_+1 (4)
Lay (3) trir (4) ve theo vé ta dugc:

Va1 = Yn1=4Yn(Yat1 = ¥o1) © Yor1 —4Yn + Yo =0 (5)

(taCé ¥n+1 >Yn >yn-l )
Phuong trinh (5) ¢6 dang phuong trinh dic trung:

L =2-3

P -4l+1=0
; |2=2+\/§ ;

Khido: y, =CI +C,153 (%)
Thay cac gia tri n = 1 va n = 2 tuong tng c6 hé phuong trinh:

~

1
Ci=—sie

il - O e !
ih +Cyly w3

Cilf +Col5=r4 74— 1°
B
*) :>yn=¥;(2+\/§)2—(2—\/§)2
23
Viy 3= 23 ¥Yn>1

(4B =(2:05)
Céu 6: Choy = 1. Thay vao (1) ta cé: f(f(x))=f(1)f(f(x))
© Vi f(f(x))>0 nénf{1)=1

=5 f'(f'(x)).f(f(x)) = f_)

Trong (1) thay y bdi f(x) ta duge: 1=f(1)= f(x)f(f(x))f(f(x))
|
(x

hay f(f(x))= 1 , véimoi x ERY

f(x)
Trong (1) thay y bai f(y) ta co
f{% :f(ymf(y))f("(x)):f(Y)"jfl(y)'\/f](x): ff_g;,\fx,yeﬁ{f
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s 0
2 psaipn i y
Tir (1) cé thé viét lai: = yf(f .Chox=1tadugcy= —==
f(y) (F() f(y)
Nhu vay véimoiy € R} luénco y= £(u) , Vai uuwl V=Y
f(v)’ y
3 f(u) f(V) | i
Khi do: f(y)———f — = - Srtdale
f(v)) VE()  [rw) Vv
£(v)
hay f(x)=— Vx € R . Thi lai: f ) _gf.! ]: L~y
Jx ; y yVx | =5
yv/x
: 1 1 1 4
ARy by e = Yy
e T
X
e 1 i
Véy hamso cantim la: f(x)=—,VxeRy
ay ham s6 can tim la : f(x) 7 X

s3 GIAO DUC VA PAO TAO TP. HO CHi MINH
TRUONG TH THUC HANH DAl HOC SU PHAM

Cau 1: Paty = x*, phuong trinh (1) tré thanh:

vin S e

2
y

| l+_
H——] )—y31n
b d

y-l-llnl+I

)
y(y+1)ln[ l] ‘
¥

bat f(y)= y[(y i l)ln[l +l] — 1| thi phuong trinh (2) ¢6 dang
L Y

f(y) = f(y?) 3)
o e
¥} Sty 4
2

f'(y)=(2y+I)In[l+—;]—2:(2y+l)

1] (2)
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l i voi y>0.Tacod
+.
e

: = = <0,Vy>0

=
y2+y+4 4y(y+1)(y2+y+-4-)

bat g(v) = In[l +i]
X

1 ): ) +
g

va lim g(y)=0nén g(y)>0 Yy>0.
Y400
Vi2y+1>0Vy>0 nén f'(y)>0 Vy>0= f(y)lahamtingkhi y>0.
Viy(3)e y=y° < y=1(viy>0).
Nghiém cua phuong trinh da cho la x = +1.
Ciu 2: Pat 2™ tap con cta S thoa yéu cu bai toan 18 4, 4,...., A . .
Goi a la phan tir chung duy nhét cia 4, 4,, 4, .
Pat S'=S\{a)
Gia sirtrong 2°**® da cho co k tap con ciia S’ 1a B, B,...., B, .

Khi do 2°°" —k tap con lai c dang {a.C;},C; S

Néu céc tap B,C, déu phan biét ma ching chinh 1a 2°°® tap con cia S'nén
phai ton tai B;,C;sao cho | B, |=1hogc |C,[=1.

Mit khac theo gia thiét 3 tap bat ki trong Ay Ag.....A g <O ding | phan ti
chung nén ta suy ra tat ca ching ¢6 chung 1 phan tir.

Xéttruong hop ton tai B, = C, thitaco | B, "B, N{a,C}|= B, N B, |,Vk #i

Suyra | B, "B, |=1,Vk #i.Ma theo gia thiét 3 tap bét ki trong ApAga A g
co dung 1 phan tir chung nén tat ca chiing phai ¢6 chung 1 phan tir.
22008

Vay ta c6 két luan tat ca tap di cho c6 ding 1 phéan tir chung.

Cau 3: Goi O va G la tam mat cau ngoai tiép va trong tam cua tir dién ABCD, / 14
tong do dai cac canh cua tir dién.
12 < 6(AB? + AC? + AD? + BC? + BD2 +CD?) = 6M .

2

M =(0A ~OBJ| +(0A -O€)" +(0A - 0B’ +(0B -0C)’

+(0B -OB) +(0c oD

=12R? —20A0B — 20A0C — 20A0D — 20BOC — 20BOD — 20C0D

I [ e} e S
~16R2 _(OA +OB+OC+()D) —16R2 —160G% < 16R?
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Suy ra / < 4+/6R . Ding thirc xay ra khi va chi khi ABCD la tir dién déu.
~ Vay trong sO cac tir dién c6 cung ban kinh mat cdu ngoai tiép thi tir dién déu c6
tong d¢ dai cac canh 16n nhat.

x 5% R A x"
+
Text (14x7)

Nhin xét: Voi m > 2,x > 0taco

Cau 4: f(x)=

14+ x™ —x™ "—x=(x—l)2(1+x+...+x’"'2)20 = x"+1>x" "+ x

khi m=1 thi x™ +1=x""+x.
Ap dung: 1 +x" > x4 x"" =x(l+x“ 2)2x2+x“'2=x2(l+x“")2...

=1+x"> (x+..4+x" ')
n—1|
2 n—1 1 2n—1
Ma (1+x") > 4x™. Vayf(x) < +— = ;
( Tis WLIXIS - 2
Ding thirc xay ra khi va chi khi x = 1. Két luan: Max f(x)= 2“4”’ 3
<R e x>0

n

Cau 5: Xét cép s nhan a,qa,...,q _la,q >l,n>3,a>l;a,q,neN.

r'_
nlge 52000 Sy gdl St = Lol _sk ks (1)

q=i
n phai la s6 1é vi néu n 1a s6 chin, n = 2m(m > 2) thi
o :qn—] :q2m_1 :qm_[(qm+l):{qm+155 (v 1),

=1 el s g qM=1i5
Giasir n=2m-+1(m>1).
()=q" =1l(mod5) = q = 0,— I(mod5) .
Néu q=12(mod5)=>q" =+2" =+2.4™
=+2.(-1)" = +2(mod 5) : Mau thudn véi q" = I(mod5).

Giastra+qga+...+q

Viay q=1(mod5) = 1+q+...4+q" ' =n(mod5), nén (1) = n=5h(h>1).

$je-4) g b oo
e dd ((q5) +...+q5+l):>q o
q-1 q-1 q-1

@’ -1 _(a=1+1)

q-1 q-1
1a mot s6 chia hét cho 5 nhung khong chia hét cho 25: Mau thuén.
Vayt=l=ag=1(61¥).

Nhung _]=(q—1)4+5(q—1)3+10(q—1)2+10(q—l)+5
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Suy ra tdng cua tit ca n s6 hang khong thé bang 5.

Ciu 6: Dat g(x) = f'(x)uﬁ, X >1.
X
g(2)=0
g(x) % g(Y) == (y I x)g(XY)vvxsy B I
y=2=g(x)=(2-x)g(2x);
y =7x = g(x) - g(zx) = (xz - x)g(zx’)

Khi do

= (x - 2)g(x) ~ (X~ 2)g(zx) = (x — 2)(xz - X)g(zx")

= (x - 2)g(x) —(2(2) — g(X)) = (x - 2)(xz - x)g(zx")

= (x -z +1)g(x) - g(2) = (x —z)(xz - x)g(zx")

= (x> —D)[(x~ 2+ Dg(x) - 8(2)] = (x — 2)(xz - X)(x* - 2)g(2x”)

= (x —2)(xz —x)(g(z) — g(x"))

X = 2= (4-2)(-g(2)) = 22— 2)(z — )(g(z) - g(4))

= 2(2)((4-2)+2Q2-2)(z-1)) = 22~ 2)(z - 1)g(4)

=e(2)2(53=2z) =22 —-z)(z=-1)g(#)

o o B,
BT 2(2—z)z ])g(4)!z> l,z:ti
Z(5—2z2) 2
2(2-2z)(2z—1)g(4) 5
hay g(2z)= z>lz==
hay g(2z) 225 42) z>1,2% z

Néu g(4) = 0 thi tir g(x) = (2 -x)g(2x)ta cb
2(2—z)(z-1)g(4) _ 2(2-2z)z—1)g(4)

(2-2)

2(5—22) 2z(5 —4z)
2

= ! - = (A ,\fz>l,z::§,E

(5-2z) 2(5—4z) 2.4

Mau thuan.
Viy g(4)=0=g(z)=0.Vz> ],zz%
Két hop voi g(x) = (2 —x)g(2x) suy ra

2
g(z)=0,Vz>1= f(x):-“fﬁzi,‘v’x>l
X X

Ale i a ‘ ! L
Thir lai f(x)=—,Vx > 1,a = const, thoa man.
X :
£ 5 a
Keét ludn: f(x)=—,Vx >1,a =const
; X
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NAM 2010

S3 GIAO DUC VA BAO TAO AN GIANG
TRUONG THPT CHUYEN THOA! NGOC HAU

mx® +m—1=y—[sinx|

Cau 1: Cho hé phuong trinh ‘ (m la tham sd)

tan’x 4+ y* =1
Tim m dé hé da cho cé nghiém duy nhat.

Ciu 2: C6 thé lap duge bao nhiéu sé ty nhién gdm 7 chir sb d6i mot khac nhau va
thoa hai diéu ki¢n sau day?
i. Phai c6 ba chir sb: 3, 4, 5 ding lién v6i nhau;
ii. Phai c6 hai chir s6: 7, 9 ding lién véi nhau.

Cau 3: Chimg minh ring: Néu bdn mat cua mét tir dién co dién tich bing nhau thi
chiing bing nhau

Céu 4: Cho 6 sb duong a, b, ¢, X, y, z thoa: ax + by +cz= XYz .

Chimg minh ring: x+y+2z >+b+c +Jc+a++Ja+b
Cau 5: Cho day s ug, uy, Uy, .... Xac dinh nhu sau: uy = 65
1

Wl s k=012,
u,

SR - 1 ; j
Chimng minh rang: \Ju; +2n <u, <2—w+,/u5 +2mvar Yn=1,23,....
u

0

Céu 6: Tim ham s6 f:(0;+oc) — (0;+00) théa min:

[f(y )] YE(WF (f(x)), VX, y € (0;400) .

SO GIAO DUC VA PAO TAO NINH THUAN
TRUGNG THPT CHUYEN LE QUY PON

Céu 1: Tim m dé hé sau cé mét sé chin nghiém
[ Ssinx + 2sin(y —m)+ 2 = 2¢os 2x + sin 3x

31083(2X)+ ]ogg(\/;): 2log, (m—y)+ 2tog4(2\/;)

Ciu 2: Cho n=2"3"". Héi c6 bao nhiéu sb nguyén duong bé hon n 1a uée cia
n’ nhung khong chia hét n?
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Cau 3: Hai ntra dudng thang truc giao ¢ dinh Ax va By c¢6 AB la dudng thing
vudng goc chung. Mot diém M di chuyén trén Ax va mét diém N di chuyén trén
By. Goix, y, a lan luot 1a d6 dai cia AM, BN, AB.

1) Tim hé thirc lién hé giira X, y, va a dé cho ta c6: MN = AM + BN.

Hé thirc nay sé dugc nghiém ding trong sudt bai toan. Tinh thé tich cia tir dién

ABMN theo a.

2) O la trung diém cua AB, H 12 hinh chiéu ctia O trén MN. Tinh theo x va y:
MH? — NH?.

Tir d6 suy ra ring MH = MA; NH = NB.

3) Tinh theo x va y nhirng khoang céch tir diém H dén nhimg mat phing BAx
va BAy. Ching minh rang H di chuyen trong mot mat phiing cd dinh (P) khi MN di
chuyén. Tim quy tich ctia H trong mat phing nay.

Cau 4: Cho A, B, C 12 ba géc ciia mdt tam giae. Chirng minh ring
: : ; 1

smﬂ——i-smE + T < 3 +—(cosA + cosB + cosC).
2 o B I S
Cau 5: Cho ddy s6 (u,) duoc xé4c dinh boi

; 1 2
LG, R U D S PR C R PR
(n+1)(n +3) n(n+3) n+3
u, =0
u,==3
L—].
LAt 8

Cau 6: Tim tét ca cac ham da thirc f:R— R saocho
f(x—y)+f(y—2)+f(z—x)=2f(x+y+2z),

voi moi X,y,z€ R thoaman xy+yz+zx=0.

SO GIAO DUC VA PAO TAO VINH LONG

X7 ¥

TRUONG THPT CHUYEN NGUYEN BIiNH KHIEM
Cau 1. Giai hé phuong trinh: ;

)
Iy
Céu 2. Cho a,b,c > 0 va thoa man diéu kién a+b+c=3
“h c 3

. a
Chirmg minh rang: —; S ~ P
B . b>+b c*+c a’+a” 2

1+—|=18.
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Ciu 3. Tim tat ca céc sd nguyén t& p va q saocho p> —p+1=g’.
Cau 4. Cho tam giac ABC, c6 AD la dudng cao.

V3

Chirng minh ring néu AB: AC =1:+/3 thi ta c6 bat déng thirc AD < = BC.

Cau 5. Tam giac ABC c6 ABC =2ACB va BAC >90°. Putmg thing vung géc
voi duong thang AC tai C cat dudng thing AB tai D.
ey

Ching minh ring: LEMET =—.
AB . BB BC

SO GIAO DUC VA DAO TAO CA MAU
TRUONG THPT CHUYEN PHAN NGOC HIEN

Ciu 1: Cho n 1a s6 nguyén duong 1€, khac 1.

xy ++2(x* +y*) =1

Giai h¢ phuong trinh sau: 7
xn+4yn + xnyn+4 = —
32
Cau 2: Tim tat ca cac nghiém nguyén duong x, y ciia phuong trinh sau:
Vx+Jy =Jx+y+2
Ciu 3: Cho hinh chép tam gidc S.ABC thay ddi, c6 ba canh bén SA,SB,SC dbi
mét vudng goc. Goi h la dudng cao hinh chép, S,,S,,S, 1a dién tich cac mét bén.
hZ
S, +8, +8,

Hay tim gia tri I6n nhat cia ti s6: y =
Ciu 4: Cho ba s6 thuc duong x, y, z théa: x> +y* + 2> + 2xyz =1.
Chirng minh rang: xy +yz+zx < % + 2xyz. Diu déng thirc xay ra khi nao?
B, =0

Céu 5: Cho & 1a mot s6 duong. Lap day s6 (u_) thoa ]
% g Lép day s0 (u,) oy =l A e N

n

. . 2 by Ty R . u,
Chirng minh rang ton tai hai s0 duong o va 4 sao cho lim [ Ll=A.

N—+0C n

3

m, V(r)'l kEN‘,kSZOOQ

Ciu 6: Cho da thirc f(x) bac 2008 thoa: f(k)=

Tinh f(2010).
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sd GIAO DUC VA DAO TAO TP. HO CHi MINH
TRUONG TRUNG HOC THUC HANH PAI HQC SU PHAM

Cau 1: Giai phuong trinh Y81x —8 =x’ —2x° +§x—2 *

Cau 2: Tim moi nghiém nguyén cta phuong trinh
X’(y—5)—-xy=x—-y+1.
Ciu 3: Cho tam gidc ABC. Ly trén cac canh AB, BC, CA lan lugt cic diém C), By, A,
AB BC CA

sao cho —'— = - —k (k> 0). Lay trén cac canh B.C,:C A ;A B, lan I
A,C B A CIB ( ) Y can 1 ey A Dy ot

-2 ) B—- 2
cacdiem A,, B,, C, saocho s = Gy = CoA :l
iy T AL, - BAG LR Sk
a) Chimg minh AA,, BB,, CC, ddng quy.

b) Tim k dé dién tich tam gidc A,B,C, dat gia tri nho nhat.

: x4y =2

Cau 4: Cho ba s0 thyc x, y, z théa man h¢ phuong trinh sau:{ | A ;

z°+2z(x+y)=8
Tim gia tri 16n nhét cta biéu thire A = z(y —x).

Cau 5: Cho S la tap con c6 it nhat 10 phan tir cia tap hop A = {1,2,3,4,...,99,100} .

Chirng minh rang ton tai cac tdp con khac rong X va Y cua S sao cho Xvay
khong c6 phan tir Lhung va téng cac phan tir cia X bang tdng cac phan tir cta Y.
Cau 6: Trong mat phang toa dd Oxy, cho tam giac ABC c6 hai diém B(-1,0),
C(1:0), A thay déi. Goi H, G lan ot 1a trong tAm va truc tdm cla tam giac ABC.
Tim quy tich diém A biét trung diém K cia HG thudc truc hoanh.

SO GIAO DUC VA BPAO TAO TP. HO CHi MINH
TRUGNG THPT BINH PHU

Cau 1: Giai phuong trinh: X3x+24+V4-x= \/2(x2 +1)(x+3).

Chu 2: Tim tit ca cac nghiém nguyén cua phuong trinh:

——x—\/2x+ =3y— \/4y § %2

1 ;
Céu 3: Cho tam giac ABC c6 AC = AB + 5 BC. M la diém trén doan BC sao cho

MB = 3MC. Duomg phan giéc goc B cit AM tai N. Chimg minh ring tam gidc BMN c4n.
Cau 4: Cho a, b, ¢ 1a 3 s6 duong thoa man abe = 1.
be ac ab
a2 o) + a S + 2 5 o
a’b+a’c b'at+b’c catch

Tim gié tri 16n nhét cta biéu thirc: P =
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Cau5:ChoA,con phé"m tur. Tap hop A, 6 bao nhiéu tap con?
Cau 6: Cho hai diém AB cb dinh.

Tim tap hop diém M sao cho: }NK +MB|= lm@ i W|'

SA GIAO DUC VA PAO TAO LAM PONG
TRUGNG THPT CHUYEN THANG LONG

X' +3x—1+y2x+1=y

Cau 1: Giai h¢ phuong trinh: §
y +3y—-14,2y+l=x

Ciu 2: Gia sir voi mdi sé nguyén n>3 ton tai s6 nguyén duong k sao cho

1997 chia hét cho 2" nhung khong chia hét cho 2°*'. Chimg minh réng s6

19" _97 chia hét cho 2"".

CAau 3: Cho tir dién ABCD. Gei [,J la trung diém AB, CD. M di dong trén AC. Mt

phéng (IMJ) cét BD tai N. Chimg minh: MAruMBroys

MC ND MU =8 -

Cau 4: Cho a.b.c 1a céc s6 thye khong am. Tim gia tri nho nhat cua biéu thirc:

a’ +b +¢ 9(ab+ be +ca)

Q:(a+b)(b+c)(c+a) a’ +b’ +¢’

Cau 5: Cho a la sd thuc duong va day {u"} xac dinh nhur sau:
U, =a
4019 .
u,,, =—+—log,Jl+u,, IneN*
o e el
Tim limu,.
Ciu 6: Tim tat ca céc da thirc v6i hé sé thue P(x) thoa man diéu kién:

P(P(x)+x)=P(x)P(x+1), véimoi xe R.(1)

s3 GIAO DUC VA PAO TAO TRA VINH
TRUGNG THPT CHUYEN TRA VINH

x*+2y° —x:—l+3\/§
Cau 1: Giai hé phuong trinh: ?
y' +2x’ —y=ﬁz—3\/§

= . A i B 3 2 By A
Ciau 2: Tim uéc s6 1on nhit ciasd S, =2 +3 %2+ 5% v4in=0,1,2,

1oei, 018
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Ciu 3: Cho tir dién gan déu ABCD véi AB=CD=a, AC=BD=b, AD=BC=c¢
(a, b, ¢ > 0). M la diém bat ki trong khong gian. Chimg minh ring binh phuong
khoang cach tir M d@;n mot trong cac dinh tir dién khong Ién hon téng binh phuong
khoang céach tir M dén 3 dinh con lai. Goi M, E, K, L 1a bon diém xay ra dau ding
thire. Tim thé tich khéi da dién (H) 1a phdn chung cia tir dién ABCD va tir dién
MEFL theo a, b, c.

Cau 4: Cho n, k la c4c s6 nguyén, k, n > 2.

Chirng minh ring: g1 +~E < l]nll ¥ ;+:]+1 (v6i In 1a ky hiéu logarit Né-pe)
n o
Cau 5: Cho ag,a; = 1 vaa,.;=2a,—a,.;+2 véimoin=> 1.
Chirng minh rfmg: a - l: ay:1.8, vOimoin =0
n +
Cau 6: Tim tét ca cac ham f: R — R thoa man: fix> - v = (x — y) [f(x) + f(y)] véi
moi X,y € R.

SO GIAO DYC VA PAO TAO QUANG NAM
TRUONG THPT CHUYEN NGUYEN BINH KHIEM

Cau 1: Giai hé phuong trinh:

03X A1 =4 13y 4 [y 8y +17
y(x* =1 —4x® +3x —8+In(x* —3x +3)=0
Cau 2: Tim x va y nguyén duong théa man phuong trinh:
x¥ +(x+ 1D =(x+2)¥
Cau 3: Cho hinh lap phuong. Mét\pl’wéng tiép xdc hinh cau ndi tiép trong hinh Iap
phuong cét hinh 1ap phuong theo thiét dién 1a mgt tam gidc. Chirng minh ring thiét
do c6 di¢n tich nho hon mét nira dién tich mat hinh lap phuong.
Cau 4: Cho x, y, z>0 thoéa man x +y + z = 6. Tim gia trj nho nhat cia biéu thirc
] 1 1
= + - .
74+3In(1+x)—y 7+4+3In(l+y)—z 7+3In(1+2)—x

O

Xy =a,0<azxl
Ciu 5: Cho day sb (x,) xac dinh bai: X, +5

Xy ==—"""_VneN
2x, +2)

Ching minh ring diy sb (x,) ¢6 gidi han hiru han va tim gidi han do.
Ciu 6: Tim tat ca cdc ham s6 f: N* — N* thoa man céc diéu kién:
1) f(x + 26) = f(x), Vx €N*; 2) fix’y) = (f(x))’f(y), Vx,y eN*.
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DAP AN

SO GIAO DUC VA PAO TAO AN GIANG
TRUGNG THPT CHUYEN THOAI NGOC HAU

Cau 1:
® Diéu kién can:
Gia str: (Jc0 ;y{,) la nghiém cua hé.
Nhin thiy (—x,:y, ) ciing 1a nghiém ctia hé.
Vi hé c6 nghiém duy nhat nén x, = —x, & 2x,=0x,=0.

Suy ra (03, ) 1a nghiém ciia hé da cho

Yo =m-—1 Yo =m~—1 m=0
=S e &
e Diéu kién du
5 lsinx|=y+1 ~
Véi m =0 hé tvong duong < -
tan® x +y =1
Nhan thay x = k=, y=—1 la nghiém ctia hé Yk e Z .
Suy ra h¢ c6 vo s6 nghiém nén m =0 (khéng théa man yéu cau).
2x* +1+[sinx|= a
V&i m =2 hé tuong duong X ! ' Y @)
tan“*x+y" =1 (b)

(b) suy ra yzgl ¢>|y|2§l @|yf§1 =yl
(a) suy ra vé trai >1, nén vé phai >1
Vay: y=1.

Hé tuong duong

2x* +1+[sinx| =1 %=10
&

d6 1a nghiém duy nhat, vdy m =2 théa man.

Két luan: hé ¢6 nghiém duy nhat khi m = 2.
Cau 2: Goi x 1a nhém gdm ba chit sé: 3, 4, 5:

y la nhém gom hai chir sb: 7, 9.

+ Truong hop 1

Véi 1,2,6,8 ¢o Cf cach chon ra hai chir sé va trong d6 co hai chir sé x va y

V6i moi cach trén c6 P, cich xép thir tir cia ching va véi cach 4y & x va y

¢6 P, P, cach xép vi tri clia 3,4,5,7,9
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‘Do dé ¢6 C;.P,.P,.P, s6 can tim loai khong c6 chir s6 0
+ Truong hop 2:

Vai 1,2,6,8 ¢o (‘l cach chon ra hai chir sb va trong do c6 chir s6 0 va hai chir sb
Xvay.

O vi tri déu tién (bén trai): C6 3 cach chon do né khac 0.

V&i mdi cach chon trén co: P, cach chon cho céc chirs6 0, x va y.

V&i moi cach chon trén co: P; . P, cach chon cho céc chirs63,4.5va 7,9.

Do d6 ¢6 C}.3. P P, s6 can tim loai khong 6 chir 56 0.

+ Tur trudng hop 1 va 2 ta duge: CL.P,.P.P, + C} 3. P . P, =2592 s cén tim
Cau 3:
i. Xét tir dién ABCD vdi P, Q lan lugt la trung diém ciia canh AB, CD. Ta co:
PQ 1a dudmg vudng goc chung cia AB va CD < IAC T
. AF=DBC

Vi: P 1a trung diém AB, Q la trung diém CD nén:
4ABPQ=d* —d? +¢’ —c?

—_——

4CDPQ=d>-d* +¢? =¢’

—

2PQ=AC+BD =

_ [PQLAB _ |4ABPQ=0 _ [d*—d”+c’—c=0
Do do: e i as s R dRlE
PQLCD " |4CBPG=0 |d*—d®+c>—c?=0
d?_d"_‘:o d:d-
= 2 L] =17 o 3 s s
C——C“:O c=c¢

Trong dé: ¢, ¢’, d, d” duge ki hi¢u theo hinh (H,)

Hinh 2
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ii. Xét tir dién ABCD vai ‘S(AABC) = S(AABD) = Duong vudng goc chung
cua AB va CD di qua trung diém cia CD
Vi: Goi tén theo hinh vé (H,), S(AABC) = S(AABD) => DD, = CC,
ACC,D, vuong tai C, bang voi AC,D,D vuong tai D; = CD,=C,D
DD, = CC,
CD, = DC,
— DPuong vudng géc chung cia CD va C,D; lan lugt di qua trung diém cia
CD va CID] ?
=> Puong vudng goc chung ctia AB va CD di qua trung diém ctia CD
iii. Xét tir dién ABCD vadi S(AABC) = S(AACD) = S(AADB) = S(ABCD)
S S(AABC) = S(AABD)
Taco: *
S(AACD) = S(ABCD)

Xét tir dién DCC,D, ¢o {

= Puong vudng gbéc chung cia AB va CD di

i : AC=BD

qua trung diém ctia AB va CD = (1)
AD=BC

N {S(AABC)%S(AACD)

= Duong vudng goéc chung cua AC va BD di
S(AADB) = S(ABCD)

LS

AB=CD
AbZge
AC=BD
Tir (1) va (2) tir dién ABCD c6: {AD = BC
AB=CD

= Tu dién ABCD c6 4 mit la nhitng tam giac b?mg nhau.
Cau 4: Tir gia thiét ax + by +cz=xyz

qua trung diém cia AC va BD = [ 1 (2)

Ta co:
b b a b b:. ez
g L AN TR . LB SIS N .
A Al S GRS N et SN Y % Xy ¥ X
Suyra: x+y+z> b+c+c+a+a+b
y z
: b+c c+a a+b
= 2(x+y+z)> x+ +y + +z+ (1)
X y z
Theo bt ding thire Cosi:
b RO,
x+b+c > 2\/b+c;ny-c—_—‘_—ji 5 2\/c+a;z+i > 2Ja+b.
% y z
Ta dugc:
b+c + +b -
Yt Lyt i 810 sy degalciassfagh - (2)

T (1)va(2)suyra: x+y+z >+b+c++c+a++Ja+b.
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Cau 5:
- % = : 1
i. Tathay 0 < u, <u, <u, <...vividy Yk>0,tacé: u ,—u, =— >0
Uy

| n-l
= U, tu Xu g, —u)> 2uk.;-=2 =u’ —u’>2 :“Z(“iﬂ _u?)>2n

k k=0
=0’ —u;>2n = u’>ug+2n =u >fuj+2n (1)
- o " 1 1
ii.Do0<u,<u <u,<..viviy Vk>0,tacéd: u, , —u, =—<—
U Y

1
:>uk+,+uk—u—<2uk hay
0

1
Upp T Uy _u_](uk-H _uk)<2
0

1 n—l l n—l|
=>u? —u’ —L—(uk+,—uk)<2 =>k2:(uiI k)—— (U —u)<2n
=0

0 0 k=0

u

5 femaiy v 1 1|1 2

D~ W (s 0 )<2ns = e+ = =+ ¥Hu; +2n =)
A T 20, (&N

=u, <L+ 2J4uo +8n+[——4 &

u, u,

r (*) cé: u, <»2—L+Ju3+2n ()
u

0 0

Tir (1) va (2) ta c6: Jui+2n<u < 21 +Jul+2n.
u
Caiu 6: oy
*Chox=y=1:(1) = f(f(l)) f(l)f(f(l))
= f()=1vi f(fQ)=0 = f(fA))=1.

Do uy =

0

Chox=1,y €(0;+00): (1) = f[fs)] yE(f(E(1) = f[$]=yf(y)

i)

e

=f(y) (a)

Mat khéc: f(f(y))=f f_[;]/_ = yf(y)f [f EH= YEE(yE(y))
- yiepr{T0) —yrp L f[y] (f)
y
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Vi f(f(y)) = 0 nén yf(y)éf{ ]=] @f(y)f[ ]:I (b)

.3
y

< | —

Tir (a) va (b) ta cé: f(y)= X , Vy €(0;400).

Jy

* Thir lai thdy ding

Vay ham sb can tim la f(x)= 7]_— , Voi Vx € (0;400).
g

SO GIAO DYC VA PAO TAO NINH THUAN
TRUONG THPT CHUYEN LE QUY PON

Céu 1:
Danh cho ban doc
Cau 2: Bat n=p'.q°, trong d6 p,q la hai s6 nguyén t6 khac nhau.
Thé thi, n® =p™.q™. Vithé, n’c6 (2r +1)(2s +1) uée.
(2r+1)(2s+1)—1

Trir di wdc 1a n, ta phai cé 5

=2rs+r+s udc clia n® va bé
hon n.

Vin c6 (r+1)(s+1) uéce (bao gdm ca n), va moi uéc cia n ciing la ude cia
n’ néntacé 2rs+r+s—[(r+1)(s+1)—1]=rs la uéc ciia n’ bé hon n va khong

la wéc cta n .

£2=53 ; : :
Vay khi o thi ta ¢6 rs =901 s6 thoa man dieu kién dé bai.
N —

Ciu 3: B N y

<
<
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1. Hé thirc gilra x, y va a.

Tir A ké duong thing song song Ay’ véi By. Goi N’ 1a hinh chiéu ciia N trén
mét phang xAy’.

Trong tam giac vudng MAN’, tac6: MN? = AM® + AN?=x’ 4 y°.

Mat khéc trong tam giac vudong MNN’: MN® = MN? 4+ NN”? =x° +y* +a’.

2

Muon cho hé thire MN=AM+BN ta phai c6: (x +y) = x* +y’ +a’

hay: 2xy =a’. '

Nguoc lai, néu ta c6 hai sé duong x va y nghiém ding hé thirc nay ta suy ra
(x+y) =% +y’ +a?

hay x + y = MN.

Ta ¢6 thé coi tir dién ABMN c6 day l1a tam giac ABN va chiéu cao 1a MA.

Tir d6 thé tich V ciia né la: V = % MAS, o = —;-axy

<

a
hay V=—.
4 12

2. Tinh MH® — NH’
Cac tam giac vuéng OHM va OHN cho ta:
MH? =OM? —OH?; NH’ = ON* — OH’.
Tir d6 MH® —NH? = OM® — ON?,
Ta c6 thé tinh OM va ON theo nhiing tam gi4c vudng goc OAM va OBN.

] a 2 2 a 2
OM® =2t %% ONZ = 2o iyt
4 R il

Nghia la, MH® - NH’=x’ —y* .
Hg thic nay con c6 thé viét: (MH + NH)(MH —NH) = (x +y)(x—y).
Ta thay: (MH + NH)=MN=(x+y)
Ta ¢6 céc phuong trinh: MH-NH=x +vy;
MH-NH=x-y.
Giai hai phuong trinh trén ta c6 MH = x; NH =y,
Ngoai ra xét nhirng tam giac vuéng bang nhau nhu OAM va OHM ta con thay:

OH:OA:OB:%

3. Nhitng khoang cach tir H dén nhitng mit phing BAx va Aby.
Goi H' 1a hinh chiéu ciia H dén nhimg mat phing xAy’ va 1.J 1 nhiing hinh
chiéu cia H’ trén Ax va Ay’;
H’I Ia khoang cach tir H dén mat phing BAx;
H'J 1a khoang cach tir H dén mat phing ABY.
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H'l MH' MH

Ta co: = = :
N'A MN' MN

Nghia la: E—l= it L e B ol
¥y x+y x+y 2(x+y)

HJ “N'H' - NH
MA N'M NM’
Pvaras - 4 y : Xy a’
Nghia la: — = = H'l= = :
X X+y x+y 2(x+y)

Nhiing I\hoa\ng= cach tir diém H dén hai mat phiang ABx vao ABy béng nhau.

Vay, diém H ¢ trong mat phing phan giac cia nhi dién (x,AB,y).

Quy tich cia H

Goi (P) 1a mat phang phan giac noi trén. Diém O ciing ndm trong mat phing nay.

Ta da chirng minh: OH = OA = 0B = a.

Viy quy tich cia H o trong mat phang (P) la nira duong tron dudng kinh AB.
CAu 4: Hoan toan ¢ thé chirng minh dugc

Ciing nhu thé ta co:

tani\—sin B+ tan—B—sin A> élsiniﬂ\—.sinE
2 2 2 2
tanEsinC+tan£sinB24sinE.sin§— (%)
2 1 2 )

tangsin A+ tanésin = 4sin£.sin§—
2 2 o 2
Cong vé theo vé ta duoc
tané(sin B +sin C) + lanE(sin C +sin A) gL tang(sin A +sin B)
2 2 2 )

oy B DB € TG LGl
> 4|sin —sin — + sin —sin— + sin—sin— |.
2 2 2 2 2 2

r4 4

Hon nira, ta co bién doi

A
sin
tan—A—(sinB+sinC)= 2 2sin i cosB_C
2 A 2 2
cos —
2
=2cosB;C.cosB;C:cosB+cosC.

Tuong tr:
B : BT ;
tanE(smC ~+ sin A) =cosC + cosA; tanE(smA + sin B) =cosA +cosB.
Thay vao (1) ta dugc
A)

cosA +cosB+cosC>2 sinisinE + singsing-l-sin—gsin_J
2 2 Dot AT, 2 2
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<> Ccos” f{—+cos E+cos E>[smé+smE+sm ] (2)
2 2 2 2 2

LV )

Miit khac, hoan toan co thé chimg minh dugc: sin% + sinE +sin% <= (**%

58]

Ta xét: >0

A Sl ey s
2|sin— +sin— 4 sin—|—73
2 2 )

¢:>4[siné+sin§-+sinc] +9>12{smé+smE+sm ](3)
2 2 2 2 2
T (2) va (3) ta duoc

+92]2[sin£+sinE+sin£]
2 2 2

[ , A B 2
4|cos” — +cos” — + cos” —
2 2 2
A B HEG

< 2(3+cosA +cosB+cosC)+92>12 sm;+sm5+51n5

4:sinﬁ+sinE+sinEgi-{—i(cosA—%—cosB-!—cosC).
2 2 275k

Dau déng thirc xay < déu déng thirc trong (*) va (**) xay ra
< A=B=C <+ AABC déu.

Ciu 5: Trude hét ta s& tim s6 hang tdng quat cua day (un) bang cach giai phuong

trinh sai phan:

2 ; 1 2 2
unr2— (n+2) urlH (n+ )(n+ )un=2(n+ ),Vﬂ>2 (*)
(n+1)(n+3) n(n+3) n+3
v6i diéu kién ban dau u, = 0 vau,=—3.
Nhén hai vé cia (*) véi 2 72 ta dugc
n+2
n+3 2(n+2) n+1
ot gt =2,Vn>2 *
( ) n+2un+-2 H+] n+l un n ( )
Dit n:n—k—l n
n
Thé thi, (**) & v, ,, —2v,,, +v, =2,Vn>2 (**%)
v,=2u,=20=0
a
b SR
o7 Sy | 2

Phuong trinh dic trung X\* —2X\ +1=0 c6 nghiém kép la X\ =1. Do dé,
+ Nghiém tong quat {r: = A+ Bn.
+ Nghiém riéng cua (***) ¢6 dang v, =an’.
Thay vao (***) ta tinh dugc a=1. Vay nghiém riéng ctia (***) 1a v| =n’.
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Viy s6 hang tong quat ciia day (v, ) c6dang v, =v, +v. = A+ Bn+n’

l v,=2u;=20=0 A+B+1=0 PO
3 3 9 = 95
V,=—Uu, =—.[(-3)=—— A+2B4+4=—— 15
gt Lty 2( ) 2 i 2 = PB=—0sy
2
Vi nzl———En+ £
2
n n [13 15 2] 13n 15n° n’
Suyra:u, = = ——=n+4n" |=v. = <
n+1 n+1l2 2 2(n+1) 2(n+1) n+l
8L R A
2 R 1 1
nén 1im£‘1—=lim Ly (r:+) b =13
ﬂ"xn" n-+x n‘

. B
Cau 6: Cho 0 thé thi tir phwong trinh ta c6: £(0)+ f(—2z)+f(0)=2f(z) (1)
y =
Cho z=0 thi (1) & 3f(0)=2f(0) < f(0)=0. Do dé,
(1) f(z)+f(—2z)=2f(z) & f(z)=f(-~z). Diéu nay c6 nghia f la ham chn.
Vi thé, ta c6 thé viét f(x)= g(xz) vGi g:R — R . Thé thi,

g((x~y)2)+g((y——z):)-f-g((z—x):):2g((x+y+z)2).
Voimoi x,y,ze R thoaman xy+yz+zx=0.
rey

Tadét[ gy.Suyra X —z=r+s. Thé thi,
S=y—z
(x+y+z) =x*+y +22 +2(xy +yz+ zx)=x> + y* 4+ x°

(doxy+yz+2zx=0)
=(x2 +3’ +z2)—(xy+yz+zx) =%(r2 +s’ +(—r—s)2) =1’ +s +rs.
Do d6, ta c6 thé viét: g(r)+g(s*)+ g((r+s)2)=2g(r2 +rs+57)
Cho r=s thi 2g(r2)+g(4r2)=2g(3r3)
Dit u=r’, taco: 2g(u)+g(4u)=2g(3u), YVu>0.(2)
Dit g(u)=a, +a,u+..+a,u". Thé thi, tir (2) suyra a, =0,Vj>0.
Hon nira, g(0)=f(0)=0 nén a,=0.
Do d6, tacé g(u)=a,u+a,u’.
Suy ra t"(r)zg(rz)za,r2 +a,r.

Hoan toan c6 thé kiém tra dugc ham da thire trén thoa mén diéu kién bai toan.
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SO3 GIAO DUC VA PAO TAO VINH LONG
TRUGNG THPT CHUYEN NGUYEN BINH KHIEM

1 1
Caul.Pita=—-—.,b=a=—=.
. a4+ +1'=10
Hé phuong trinh duge viét lai duéi dang: ‘(

a+b)(b+1)(1+a)=18
Str dung déng thirc (a—i—b+c)3 A(aj +b’ +c3)=3(a+b)(b+c)(c+a),
var ¢c=1.taco: (a+b+1)3:64©a+b+lz4¢:>a+b=3.

a’+b’ =9

. Giai hé nay ta duoc(a,b)e {(2:1),(1,2);.
=7 G e iy ta duoe (.)€ {(21).1,2)

Ta duge hé¢ phuong trinh {

Tir do suy ra (x:y) € {(1:1/8).(1/8:1)} .

SE AT b
Ciu 2. B dé: Néu a,b.c >0 va abc <1 thi %+ﬁ+22a+b+c.
C a

That vy, sir dung bét déng thirc AM — GM, ta c6

a faa ’
= >3—f >3\j t= 4
+b+ bb a.

Chirng minh tuong tu, ta ¢6 du'orc = + > 3b e P2 >3c
g5 a a

Do dé 3[3+3+3 >3(a£b¥cihay 242+ >arbc!
b Ensa bsac- 8

Tro lai bai toan ban du. Tir két qua vira nhan dugc, cha y ring, sir dung bat
dang thirc AM — GM, tacdé 3=a+b+c>3abc =>abc <1. Két hop voi bat diing
thire Cauchy — Schwarz, ta dugc

a b c (a/b)  (b/c)  (c/a)
3 e e BT = — — ,
b>’+b c¢*+¢ a“+a a+ab b+b/c c+c/a

(a/b+b/c+ c/a)’
“(a+b+c)+(a/b+b/c+c/a)

% (a/b+b/c+c/a) _ (a/b+b/c+c/a)
~(a/b+b/c+c/a)+(a/b+b/c+c/a) % 2

3 3{/(a,fb).(b-’c).(c,f’a) 3

= 3 =

Can 3: Tir diéu kién da cho, ta suy ra duoc: p(p—1)=(q— 1)(q2 +q+ l) (1)
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Do d6 p|(q—1) hodic p|(q* +q+1).

Néu p|(q—1) thi p<q,suyra p>~p+1=q>>p’ hay
(pA!)p>(p—l)(p3+p+l) hay p>p’ +p+1, vo i

Do d6 ta phai ¢6 p|(q* +q+1), hay g’ +q+1=kp,keN" (2)

Tir (1) ta nhan duge p—1=k(q—1) 3)

T (2)va(3),taco q° +q+1=k(kq—k+1)

hay q° +(1-K*)q+(k* =k +1)=0.

Vi q la sé nguyén nén A = (k3 - l)2 - 4(k2 ~k+ 1) phai la sé chinh phueng,

2

Hon nira, ta dé y ring A ~<(k2 - ]): a A= (k2 B, I) (mod2), nén suy ra

A<k -3 & (k=1 (K =3’ <4(k* =k +1)
& 4(k*—2) <4k —k+1) e k<3.

Néu k=2, thi A=—3,khéng lasd chinh phuong.

Néu k=3, thi A=6, vatacéduge q=7.p=19.

Vay cac s6 nguyén td can tim 1a q=7p=19.

Ciu 4. Khéng mat tinh tong quat, giasir AB=1 va AC=4/3.

Khi d6 AD =sinB. Do d6 ta can chimg minh bat dang thirc sinB < ga .

Sir dung dinh ly cosin, ta cé a’ =4 — 23 cosA .

Sir dyng dinh I sin, tace SNA _SinB _ V3sinA

a 3 sin B
Tadé y ring sin A ++/3cosA <2, do do:

2-J3cosA >sinA= a®>2sinA = a.ﬁ‘sul;A 225inA¢>sinB§i§~a.
sin 2

Cﬁu.S:
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Pit ACB = x . Khi d6 ta ¢6
,KEE:ZX,[TKC—,':h, 1’3‘7&‘::1:—3)(, E—C_ff)=2+x,BDC=%—3x.

Ap dung dinh [i sin cho céc tam giac ABC, BCD, ta c6”

Mo Agd S ot in| -3
BC BC SinBACgSiI‘lBDC_Sln(‘ft—3x)_sm[2 x]4:5in3x_cos3x

AB BD sinACB sinBCD sin X sin[lT +x] sin x COSX

_ sin3xcosx —cos3xsinx sin(3x —x) 5

5in X COS X sin X cosXx

s3 GIAO DUC VA DAO TAO CA MAU
TRUONG THPT CHUYEN PHAN NGOQC HIEN

xy +42(x* +y*) =1 (n

+ n n n+ 2
x"y" +x"y “*3,,,,1 ()

Cau 1:

Tir (2), bién dbi duoc: (xy)"(x* +y*)= 3"2“ =xy>0

(n 1a s6 nguyén duong l¢, khéc 1).

1
0<xy< 3
Khi do, tir (1), v&i lru y: 2(x*+y*) > 4x7y?, suy ra:
o y.a (] XY)
2
S
Két hop (1) va (2), ta cé: (xy)"(x* +y*) = (xy)"" xygzx—y)

|- iRy 1 xy i
21 o T oo [y oL
Xy (2 2)+(2 57 -4
3 3n+2'

1
0 O
< (3)

Déu bang xay ra khi va chi khi

db
&%

Vay h¢ da cho c6 cac nghiém: (T e

Cau 2: Phuong trinh da cho tuong duong:
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\/EKZ(I+\/x+y) e xy=4(l+x+y+2{x+y).
Suy ra: \[x +y € N* va \/xy 1a sé chén.

VX +Jy =t+1
Pit \/xy =2t, te N'. Phuong trinh da cho tuong duong W
Jxy =2t

Suy ra v/x,/y 1 hai nghiém cita phuong trinh bac hai:
22 —(t+1)z42t=0 (¥
A=t =6t+1
t>3+242

(*) cé nghiém & A>0«
(=328

ViteN"=t>6.
Khi d6, dé chimg minh duoc:

ADf=gp - qr=s

=5V A= {t-3)
(t—=3) Qx| )=4A=G—M;$t=%€N’

V6it=6, suy raz =3 hodc z=4, do d6 (x;y)=(9;16)
va (x;y)=(16;9) 1a hai nghiém cén tim ctia phwong trinh da cho.
Cau 3: Goi SH la duong cao ciia hinh chopSABC (H € (ABC) ); CH cit AB tail.
Xét tam vudng SIC va tam gidc vudng SAB ta co:
1 1 1 iyl 1 1 1 1 1
SH: S 'SC SA’ 'SB? 'SC h SA TsB Tscr
Dat:

S, = dt(SAB) = %SA.SB;Sz = dt(SBC) = %SBSC;S3 = dt(SAC) = %SA.SC .

2
Khidé: y= = =L- 1
§,+S,+S, 1 §+8,+§,
h2
1 2
= : (1
SRS 4 ! SASB+SBSC+SASC
SA®: . SB* =50
Theo bt dang thirc Cauchy ta cé:
1 1 1 Fands.” 4
2 + + 3 . . 2
7 e i \/SA2 SB* SC* )
SASB+SBSC +SASC >33SA’.SB.SC? 3)
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A

2

-
5

SA*'sBSC*
Ding thirc xay ra <> SA =SB=SC.

1
Tir (1), (2), 3) taduge: y < :
\[ bocd ol aisAkSBASE

Viy gié trj 16n nhatcua y la: y = 4
CAu 4: Ta co nhan xét: ton tai hai so trong ba 56 x, ¥, z ¢O tinh chat cung 1én hon

Z 1 x> 1 pIgy’ A o e
hodc bang 5 ho#c nhé hon hodc bang 3 gia sir hai s0 do la x, y.

: 1
Khi do, ta co (2x—1)(2y#1)20:>x+y—2xySE.
Mt khéc tir déng thic gia thiét ta lai co:
0<x,y<l=>x<x;y' <y=>x+y—-2xy>x’+y’ —2xy>0.
Vay: 0<x+y—2xy§% (1)

Mat khac:
1= +y ) +2° +2xyz > 2xy +2° +2xyz=>1-2" > 2xy(1 +2)

=1-z>2xy=>1-2xy=>2z>0 (2)
~ Tir (1) va(2), ta co:

Z(x+y—2xy)< —12—(1 —2xy) & Xy +yz+ zx < % + 2xyz (dpcm).

Dau dang thirc xay ra khi va chikhi:x =y =z =12 .

Cau 5: D2 thay tir gia thiét ta cé u, > 0, VneN.

i 1 3 1
Taco u,,, =u, +‘T<=>U,3,.| :Ui +3+——3+T (D
u.- u'n n

n
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u, >ul+3=ul>u)+3n (2)
Tur (1) va (2) ta duoge
3 1 8 1

Uy, <u) +3+— == - =u, <u
u, +3n - (u, +3n)° 9n*

=u <y +3(n—1)+2%+52% 3)
=1 R

maz <] Z L —~ﬁ<2vaz <. ilﬁﬂ(

11(|+1) i=1

do dé tir 3) tacé: u’ <u’ +3(n—l)+\/ﬂ+ (4)

Tir (2) va (4) suy ra: u, +3n <u’ <u$+3(n—1)+\/2_n+§

@u—‘3’+3<£<ﬁ+—3(nhl)+ L Bt
n n n n n 9n
Cho n—— 40, ta dugc: ety

3 %
L e
3< lim 2 <3= lim —2=3.

n—+n n n—+3 n
Vay a= A =3 la hai s6 dwong can tim.
Cau 6: Dat g(x) = (x + 1)(x + 2)f(x) —x* = g(x) la da thirc bac 2010.

3
Theo gia thiét f(k)= —,—lL———, voi ke N,k <2009
k®+3k+2
= g(x) c6 2009 nghiém: 1, 2,.., 2009 .
nén g(x)=(x—1)(x—2)...(x—2009)Ax+B) véi A=0,B=0.

Talai cé: g(—1)=1,g(—2)=—8, nén co hé sau:

%
(-2(-3).-2010(-A+B)=1 __ s Fyies v
(3N (~201(-2A+B)=8 " | 16 2

20111 20101

Khi d6 g(2010) = 20091.(20104 + B)=2011.2012.62010) — 2010’

Rl s

Suy ra £(2010)— 2009420104 + B +2010° | =311 20101

2011.2012 e v
20111 2010!
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SO GIAO DYC VA DAO TAO HO CHi MINH
TRUGNG TRUNG HOC THUC HANH DAI HOC SU PHAM

Cau 1: Dt J/81x —8 +2 =3y thi 3x:y3——2y"+gy.
3y=x3—2x2+ix
Két hop véi (*), ta ¢6 hé phuong trinh i
3x=y342y2+§y
Trir vé theo vé hai phuong trinh ta cé
13
(x—y)x* +ay+y* ~2x—2y +-7)=0(**)

Taco

: ; 13l ey s oy

x‘+xy+y —2x—2y+?ﬂ§(x+y) +5(x—2) +E(y42) —i—§>0

nén (**) & x=y.

Tur do ta co 3X=x3~2x2+%x @x:O,x=3i3~2J€.
Cau 2: Tacd xz(y-S)_xy:xﬁyHH
=>y= 5+M 1)
X =x41

Ta thdy x> —x+1>0va x’ —x+1_x(xwl)+l 1a mot s6 1&; ma y 1a mot so

nguyen nén ta co TR AT
Gx-2)i(x* —x+1) )
hay (3x®—2x)i(x> —x+1) (3)
Mait khac 3(x* —x +Di(x* —x+1) 4)
Tr(3)va(d) = (x—3)I(x* —x+1)=Bx—9)i(x* —x+1) ()

T (2) va (5) = 7:(x* —x+1).
Tirdétacd x* —x+1=1 hay x> —x+1=7. Suy ra (x;y) = (0;1), (1;7), 3; 7)

Ciiu 3: 2. Ta c6: AB _AC. .AC, = kAB
I+k T+k
I KAB, +AC _ _AB+30)
I+k (k+l)

Viy AA; la duong trung tuyén cia tam giac ABC.
Twong tir ta cé BB,, CC, ciing 1a dudng trung tuyén cuia tam giac ABC.
Viy 3 duong thing AA,, BB,, CC, dong quy tai trong tim G ciia tam giac ABC.
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KO, L V3 Sh
k+1°  (k+1)°

b. Sma,\?i :SBQA, i SCA,ISI SR

3k 1
5 =]l-————>—(Vk>0).
= SaBC, (k+1)2 _4( )

Déu bang xay ra khik = 1.

S 1
Tuong tu, ta co Spme, 2 A;‘C‘ ZG'

b2 LTl e RT3 o T
Vaiy gia tri nho nhat cua SAzBZCZ Iaﬁ khik=1.

x4y =2 (0]
2’ +2z(x +y)=8 2)

Cau 4: Taco

= 2x + 2y’ 4+ 2° 4+ 2zx +2zy =12 :>[X+§]2+[y+§]2=6 ()
Tir (1) tacd (2y)’ +(—2x)° =8 (4)
pit LI=[x+§;y+§],m(3):>fﬁf':‘~/§;~

v =(2y;—2x); tir (4) =>M= J8.
Tacéd G.;=y2~zx=z(y—x)=A :>.'A§|a).';|:mt4\f§.

Dau “=" xdy ra khi u va v cung huéng, suy ra

x—}-f71 y+5
2l 2 o(xP t yP) = 2 1Y)
2y —2X
Sz(x+Y)=—4,tr Q) =" =16 z=44,
Xt y=xl
A& sl
y{xz+y2:2
143 1-43] (1-43 1443
=(x5y)= : : : :
2 2 2 2
—1443 —1=3][=1-V3 —1+3
b e L T - SR TR

Viy gié tri 16n nhét cia A 1a 4/3

Céu 5: Ta biét tong sb tap con khéc rdng cia S 12 2” —1 véi n 14 sé phin tir cia S.
g p g p
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Ta sé chimg minh trong trudng hgp S ¢ 10 phan tir. Diéu nay khéng lam giam
tinh téng quat vi néu S c¢6 nhiéu hon 10 phan tir thi ta khao sét trén tap con S’ ¢6 10
phan tir (sau khi bo bot di mgt s& phan tir cia S).

Trong truong hop nay thi S ¢6 2" =1 =1023 tap con khac rong.

Mbi tip con ciia S s& co tong khong vuot qua téng 10 phén tir 16n nhit trong tap
A da cho tire 1a phai bé hon 1000. Suy ra cé it hon 1000 tong khac nhau. Trong khi

do6 c6 hon 1000 tép con khéc rong cua S vi vdy theo nguyén ly Dirichlet phai ton
tai 2 tap con X va Y ¢6 tong bang nhau.

Gia sir X va Y ndi trén c6 phéan tir chung thi ta s& x6a di cac phan tir chung dé
trong moi tap hop. Hai tdp mai tao thanh s€ thoa man yéu cau bai toén.
Cau 6: Goi A(m;n), ta c6 G[%g-]

gt

n
Phuong trinh (AB): X—y=
. ! )m+l 4 m + 1

Duong cao ke tir C: x+—-~r—!~1y~1:0 (1

mt
Dudng cao ké tir A: x =m (2)
Trure tam H|m: e ] [2m 5 M]
6n
Taco KEOx@L——:”M——-Oa}E‘;ﬁn—“:I.
6n 3 1
Vay tap hop diém A 13 hy perbol (H) — _VT =4

s3 GIAO DUC VA PAO TAO TP. HO CHi MINH
TRUONG THPT BiNH PHU

Cau 1: Diéu kién: %934.
Pt a=(x1); b=(3x+2;V4—x)
PT < ab= 5.5' s a=kb (k>0)
x =k{3x+2
g
Két luan: S:{2:l+\/—2_}
Cau 2: Diéukién: x,y € Z;x > 0;y > I;x:5.

Sty pA 8y~ T=0.

bit z=l;x—3y——2
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Phuong trinh trd thanh: z = /2x +1 —J4y—l (n
=22 =2x+4y—2J2x + l.,/4y—1

=2z’ —2x+4y—2= 2z.f4y — (2)

Vi 4y — 1 khong phai la s6 chinh phuong nén tir (2) =s7=1{]
]—Ix—3y—2=0 x=35
=15 -~ o

Xx—2y+1=0 5

Ciu 3: Goi (A) la dudng tron tdm A ban kinh AB; (A) cit AC va BC tai E va F.

Tacé CF.CB=CA’- AB’ (= P,

I(A))

= CF.CB = (CA — AB)CA + CB) = CF.CB = % BC.(2AB + %BC)

:>CF=AB+;BC = CF=AB+MC
= MF = AB = AF = tam giac AFM cén tai F
:>NBM=EABC =§AFB:AMF

Két luan: tam giac BMN cén tai N.

be 2 ac 2 ab 2
Céu 4: Ta c6: — 5 2 b . =10
a’b+a’c s ba+bc ol gtaeh 511
+ S +
b Aeie £ a
2 el i
Papx— ,yﬁE =~:>xyz>0 vaxyz =1

Tacé: P=—— + 2 + %
Yoot X Earr X ey

Ap dung bét ding thirc Bunhiacépxki:

\/y+szT+\/t+zJ__+ X+y \/_ <2(x+y+z)P
y

3
:>P2%(x+y+z)22\/_y _%

Ding thirc xay ra khi va chikhix =y =z =1 suyraa=b=c=1.

e T e ey L 3
Vay: Gia tri nho nhat cia P = 3

Ciu 5: Goi A, , ={a;;a,;..;a, 1} €6 n— 1 phan ti;
A = {a,;az;...;an___,;an} ¢O n phan tur.
Giasirsotapconcua A, ;12 S, .
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Vi phan tir thi a, ciia A, néu dem thém Ian lugt vao S, | tap con cia A, ; ta ¢6
S.1 tdp con méi.

Do dé néu goi S, la sé tap con cia A, thi S, =2S_ .
Tuongty: S, , =2S_,
S B8,
Nhan vé va don gian ta ¢6: S, =2"'S,
V6i S 1a s6 tap con cia A, ={a, } .
MaS, =2 (taprongva A)) =S =2""2=2",
Vay A, c6 n phan tir c6 tit ca 2" tap con.

Cau 6: D3t AB = 2a. Chon hé truc toa do Oxy sao cho O la trung diém AB, Oy L. AB.
Khi d6 A(—a; 0) B(a; 0) Goi M(x; y)

3MA + MB| = 3MB - MA|

3MA + MB = (—2a - 4x; 4y)

3MB—MA = (4a - 2x; -2y)
o(-2a—4x) +16y 2 = [(4a—2x)* + 4y’

< 42’ + 16ax + 16x” + 16y” = 16a” — 16ax + 4x” + 4y’
< 12x° + 32ax + 12y? = 12a°

c:>x2+y2+§ax—a2=(}.

Két luan: Vay quy tich M la dudng tron: X + y? +§ ax—o =0

SO GIAO DYC VA PAO TAO LAM PONG
TRUONG THPT CHUYEN THANG LONG

Cau 1: Diéu kién: x 2—%; y z—l ;

2

Xétham sb f(t)=1t* +3t—1++/2t+1 trén

]
—r=roalk
2

= 1 1
Taco f(t)=3t"+3+ >0 Vite|——;4o00| va f(t) lién tuc trén
9 2t +1 [ 2 ] o x

[—%;-I—oo] nén f(t) la ham ting thyc su trén

1
—= kO
3]
Gia sir Lﬂli < x <y, tir h¢ phuong trinh da cho va do f(t) ting suyra x=1y.

Thay vao hé phuong trinh da cho duge x* +2x —14+/2x+1=0. (1)
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Xét ham s g(x)=x" +2x—14+/2x +1 trén

—l;+oo].
2

Tacd g'(x)=3x>+2+ >0 Vxe

1 : 5 .
—5;+oo va g(x) lién tyuc trén

1
V2x +1

nén g(x) la ham tang thuc sy trén ,ma g(0)=20

1
=400
2

1
ek
5 o

nén phuong trinh (1) ¢6 nghiém duy nhit x=0.Suyra x =y =0.
Thir lai hé, ding. Vay hé di cho c6 nghi¢m duy nhét (x;y)=(0;0)
Céau 2: Tir gia thiét ta c6 19 —97=2"a, v6i a 1a sb nguyén duong 1&. (1)
Tacd 194 —97=19"" (19 —97)+ 9719 —1) Q).
Ta chimg minh nhin xét sau bang quy nap: 1977 —1= 2't voit la s&
nguyén duong lé.. :
Vi n =3 khang dinh ding. Gia sir khang dinh dang véi n . Khi d6
19" —1=(19"" 119" —)=22""t, + 12"t =2""t_ véi
S agme o Gy A s6 nguyén duong-lé. Nhin xét duoc chig minh.
Tir d6, két hop vai (1) va (2) ta cé
195477 _97=19""2"a4+97.2"t_=2"(19""a+97t ) chia hétcho 2"*'.
Céu 3:
* Xét phép chieu lén truc d, d L (MINJ) tai O:
A—A'B—B,C—C'D— D,

a2

LJ,M,N— O. 2
Theo dinh 1i Menelaus trong khong gian ta c6:
IA NB JD MC OA' OB' OD' OC' 2 o !
IB'ND IJC MA OB' OD' OC' OA' D
Mit khéc: 1A = —IB;JC=—JD. B
J
Thay vao (1) ta c6: E MC == A = ek 12)
ND 'MA MC ND ¢
Goi K trung diém MN, IK = ﬂ“—;ﬂ 3)
Do (2) = SR BN o AN = hAC:BN =hBD.
'AC  BD

— h(AC+BD)

Tir (3) suy ra: 1K = = hlJ.
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S
Suyra: Kell ¢ﬂ=m=lz>sw — s
SNU KN

Ciu4:Dit p=a+b+c, q=ab+bc+ca, r=abc.
p(p*—3q)+3r ¢
(0 3)+3r o

Taco Q)= - -
pq—r P°—2q
Chuén hoa p:ltac(')(;)zl_3'q+3fqL 9q 5 1 & % —3.
q=it 1-2q gq=r 1=2q
Do g6 Q> o i iR (IaBT e &
q.1-2q q 1-2q
p=1 p=1
Dang thirc xay ra khi {r=0 & |r=0 .
—2aF = 94> 1
(1=2q):=9" |q==
5
Tirdécéazstoﬁ.bzs—lo\g,c=0 va cac hoan vi cia no.
Vay gié tri nho nhét ciia Q bing S.
Cau 5: Xét ham sc‘r
2 ; X3
f(x)=— + log,v1+x" trén (0;+00); f'(X)=—5——.
a 3 5 ( AR (x*+1)In3
3x* x4
Taco: x° +1--———1———+] — < —
2 : \/_ -‘(J—H 3
=0 <fix)€ -\1/4_3<],Vx6(0;+%)
n
Vi Qn L =1(u )-nén néu L 1a gidi han ciia day {un} thi L la nghiém cia phuong

trinh f(x)=x<h(x)=f(x)—x=0; h'(x)=f'(x)-1<0,¥x >0 = h(x) nghich
bién trén (0;+c).
Lai c6 h(2) = 0 nén x =2 la nghiém duy nhét ciia phuong trinh f{x)=x trén (0;+).
Ta ching minh L = 2 la gidi han cua day.

AP dung dinh li La—grang, luén ton tai ¢ ndm gitra hai sb u, va 2 sao cho:
[0, 2| =[f(u,)~ F@)] = [F©u, — 2 <alu, ~2 (q_%)
<q’lu, ,—2|<..€q"|u,—2|—0.

Viy: limu_ =2
N+
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Cau 6: Gia sir bac cia da thirc P(x) la degP(x) Vx > {/% 4

So sanh béc lily thira ciia hai vé cua (1), taduge n° =2n<n=0Vn=2.
i) Khi n =0, ta dugc da thirc hang P(x)=c.
Thé vao (1), ta duge phuong trinh c=¢” & c=0Ve=1.
Vay P(x)=0 va P(x)=1 la cic da thirc hiing thda man bai ra.
ii) Xét n=2.Giast P(x)=ax’ +bx+c,a=0.
So sanh hé sd cao nhét trong (1), taduge a’ =a” < a=1.
Viy P(x)=x>+bx+¢, (b,ceR) (2)
Ta chirng minh moi da thirc P(x) dang (2) déu thoa min bai ra.
That vay, ta co:
P(x)P(x + 1) =P(x)(x* +2x + 14+ bx +b+c)
=P(x)P(x)+2x+b+1)
= (P(x))" + 2xP(x) + bP(x) + P(x)
= (P(x) +x)’ +b(P(x)+x)+(P(x)—x‘: —bx)
= (P(x) 4 x)* + b(P(x) + x) + ¢ = P(P(X) +X)
voimoi x € R, dpem.
Viy céc da thirc can tim la P(x) =0, P(x)=1 va

P(x)=x>+bx+c, (b,ceR).

sO GIAO DUC VA PAO TAO TRA VINH
TRUGNG THPT CHUYEN TRA VINH

B E g A
Cau 1: Tacod 4

y4+2x3—y:—%+3\/§ (2)

Cong (1) va (2) vé theo vé:
_l_ +y4+2y34y+ _l_ =()<::b(x2+x~.}__ )2+(y2+y7]_)2=0
4 4 2 2

-

xX*+axt—x+

x:+x—l:0
I2

2-{» —-—:_0
e

i g
2

; I i %
Phuong trinh t* + t =3 =0 conghiém:t =
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~1+43
2
Spulf
y:

2

N
Thir lai hé cé nghiém:

Ciu2: S,=1+9+25=35=57
230 4 36042 _ o304 gin+l _ o3 (;1)3:1 1 (mod 5)
sy Sn:23n+3 n+2 4 o 6n+2§23n+(_])3n+] (mod 5)
N=1= 8;=9 (mod 5) = 5 khéng thoa.
2" =8"= 1 (mod 7)
9=2(mod 7), 9" =2"=8"= | (mod 7)
30*2=99"=2 (mod 7);
5"2=25.25"=4.4"=4.64" =4.1 =4 (mod 7)
Sp=2"+3""2452 =1 4+244=0(mod 7). Véy sb cn tim la: 7.

Ciu 3:

Khéng mat tinh tong quat, ta chi cin chimg minh mét bét déng thirc:
MD’ < MA’+ MB’ + MC2.

Goi O 1a tim mit cau ngoai tiép tir dién, ta duoc:

MA’+MB?+MC’~-MD’

=(OA-OM )*+(OB~OM )’ + (OC ~OM )’ - (OD —OM )’

—_— e — —

Do ABCD la tir dién gan déu nén O ciing la trong tam do do:
OA +OB+0C +OD =0 <>0A +OB+0C =-0D
MA’+MB*+MC?*~-MD?=2.(OM - 0D )*> 0
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DAu bing xay ra khi va chi khi M di xirng v&i D qua O.
Dung céc cap mit phing song song lan luot chira cac cip AB va CD, AC va BD,
AD va BC tao thanh hinh hp chit nhait AEBM.LDKC tdm O
Bébn didm can tim 1a 4 dinh con lai cia hinh hop chir nhat
Ta c6: EK, EM, ED lan luot cit BD, ABAD tai J, H, I
Goi V,V, lan lugt la thé tich cta hinh hép chir nhat AEBM.LDKC va ciia (H), ta cé:
1 1 1
Venk= — Veasp=— VD.gap=— V
EHIK™ 7 VEABD™ EAB™
1 1
Vasco=VaesmLokc — 4Vpa =V — 4. 5 V=§ \4

1 1 1
Vi=Vasen— 4. VEHIKZSV - 4L V =g V :E EA.EB.ED

24
ED? 4 EB® =¢*
Tacod {EA* +EB*=a’
ED® + EA’ = b’
3 g Sy 2 T2 2 e
—~ED= /c +b"—a EA — ’a +b c EB— 'c 4+a —b
s 2 o A 2
\/5 2 2 2 2 2 2 2 2 2
V.=~2—4~ \/(c ¥t ).(a +b-=c )(c +4°=b )
Chu 4: Bé dé: Vi moi s6 a >0, ta co: <In(at1) — Ina < — . Chirng minh:
l+a a
£ LR ;5o e 1
Thét vay. xét ham so f(x) = In x xac dinh va lién tuc trén R, f*(x) = —
X
Nén 4ap dung dinh 1i Lagrange trén [a,a+1] (a > 0)
ta dugc: o (x) B L S In(a+1) — In a v&i ce(a,atl).
c (a+1)—a

S DR e ey 1 E
at=lisg s a l+a a

Ap dung bét ding thirc AM—GM, ta co:
kAT ktd- - An >n§/17+1 k+2  k+n _n{/k-}-n

Khi do:

ko okl kRl Kiiik 4T ka1 k
Ta ciing co:
__k+]+_k+2+m+—k+n =1+l+1+—l +_..+1+—1
k k+1 k+n—1 k k+1 k+n-1

=n+[l+ 1 +. ..+ ! ]
k k+1 K+n-—1
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A

k+1+k+2+ < k+n ]

: T k+n 1
Ap dung b dé: 3| %
e ot L e R A5 kinol

n+l+ Bt : ]<ln+ln[k+n] = | 4 1{1+ﬂ_ﬂ]
k k+1 k+n-—I n k—1 n k-1

Bt ding thirc da dugc chimg minh.
Cau 5: Tacod: ap + a8, =2a,+2
Nén: a,+ ap=2a;+2

aztay= 232+ 2

n

8, + ag 3 =2af.r+2
ata, = Zan+ 2
Cong ve vai veé:

agt+a; +2(aytast ... tapg)ta,tan: 1 =2(a; ta)+ e e R

Viy a, ) =a,+2n

hay a,.,—a,=2(n-1)
dr— 31':0
a—a,=2
a4 — 33;4
a,1—a,= 2n

Ay i1~ a.—n(n"‘-l):a“” 1+n+l

Maa,, ;=a,+t2n=a,=n" —n+!

a *(n + 1P ~(n*+ D+l =[(n+ 1 ~(n+ 1) +11(n? = n + 1)= ap.1.8,.
Cau 6:
Cho x =vy. tadugc f(0) =0
Cho x = -1,y =0 ta dugc f(1) = —f(-1).
Chox=a,y=1vachox=a,y=-1taco:
fa’ 1)=(a - 1) [fta) + ()] (1)
fla’~ 1) = (a + 1) [f(a) ~ f(1)] (2)
Tir (1), (2) ta duge (a — 1) [f(a) + f(1)] =(a + 1) [f(a) — f(1)]
< fla)=f(.avoimoiae R
Vay f(x) = kx voi hing so k nao do.

Newge lai, bat ki ham sd nao c6 dang f(x) = kx véi hang s6 k nao do déu thoa
yéu cau dé bai.
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sS4 GIAO DUC VA PAO TAO QUANG NAM
TRUGNG THPT CHUYEN NGUYEN BINH KHIEM

Ciu 1: Diéu kién: x>0,y>4.Datz=y -4, z>0. Khi d6 hé (1) c6 dang;

45796 43X X2 1 =47 1 3JZ 42 +1Q)

x>+ 3x—z-124+In(x* =3x+3)=0(2)
Ham f(t) = 4" " 4+ 3Vt +t* +1 ¢6

) 3 t
fi@)=2t4" "4+ —+—=—>0,¥t>0
y N TR [

Va f(t) lién tuc trén [0, + o0 ) nén f(t) déng bién trén [0, +00)
= ()codang f(x)=f(z) & x=2z >0.

(1)

Thé z = x vao phuong trinh (2) ta cé: x* +2x —12+ In(x* =3x+3)=0 (3)
Pit g(x) = x* +2x — 124 In(x* —3x +3), v&i x> 0.

Taco g’(x) = 3x’ +2 +£ =3y 2x* —4x +3

5

X L gy 3 T E X Z3x 43
g(x) dong bién trén [0, +0) va g(2) = 0 nén x = 2 la nghiém duy nhat cua (3).
Hé (1) ¢6 nghiém x =2 va t = 2 nén hé (I) c6 nghiém duy nhét (x ; v) la (2, 6).

Cau 2:
+Néuy=1:TacoxX’ +(x+1)’=(x+2)’ <& x*-2x-3=0

<> x =3 hodc x =-1 (loai)
+ Xéty > 1: Cac s6 x™ va (x +2)” cling chin hoac cling lé.
S6 (x+1)” = (x+2)” — x™ phai chdn = x+1 chiin = x +1 =2x,.
Nén ta ¢: (2x1)” = (2x,+1)% = (2x, - D¥ (1).
+ Dung cong thirc khai trién nhi thirc Niuton, khai trién vé trai ctia (1) ta dugce

2y 2y
Zx =S iek =y e R e
k=0 k=0

>0, moi x>0.

= 2(C}, (2x)? " +C3,(2x )7 +..4+C2 7' (2x)))
Suy ra:
22y2x,= (2%)>=2(C,, 2% ) HC;, (2%,)7 . +CX2KY) @

Viy>2=>2y>4. Tét ca cic sb hang vé phai ciia (2) déu chia hét cho (2x,)’ tir
dé suy ra y chia hét cho x; . Khi chia hai vé cta (1) cho (2x,)™ ta duge:

2y 2y
1 1
=l —| - | =
2%, 2%,

2y

o

2x,

e
]——] <2
2"1,
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2y
>1+2y.—~L . Suyra 1+l<2:>y<x1.
2x, X,

Al
%

Theo bét dang thirc Becnuli:

Piéu nay mau thudn vai y chia hét cho x; .

Vi thé phuong trinh khong c6 nghiém khiy > 1.

Viy phuong trinh chi ¢ mot nghiém duy nhét nguyén duong lax =3,y = 1.
Céu 3:

N yA
A
C!
X
@) B )

Gia sit ABC la thiét dién tam giac ctia hinh 1ap phuong canh bang 2 (dién tich
mat hinh 1ap phuong 1 4) tiép xic hinh cau ndi tiép hinh Idp phuong tai diém H.
Goi C*, B*, A’ 1a céc tiép diém ciia hinh cau v&i 3 mit cia hinh lap phuong trén d6
c6 cac doan thing AB, AC va BC tuong tmg. Khi d6 C*, B’, A’ 1a tdm cac mt cia
hinh 1ap phuong.

+ Tinh chét tiép tuyén = AC’ = AH, BC’ =BH=> AAC’B = AAHB.

Tuong ty ABA’C = ABHC, AAB’C= AAHC.

Vay dién tich tam giac ABC bing tong dién tich cac tam giac AC’B, BA'C,
CB’A.

Goi O la dinh hinh lap phuong chung cho 3 mit chira cac doan AB, BC, CA.

+ Pit OA =a, OB=b, OC =c¢ (0 <a, b, ¢ <2). Tinh dién tich tam giac C’AB
bang phuwong phép toa do: Chon hé truc Oxy sao cho B(b;0), A(0;a) thi C’(1;1).

Ta ¢6 phuong trinh dudng thang AB: % -3 L.
a

+b—ab| . 1
P-a—ZJTTi' suy ra Scoap = §‘a+b—ab|.

Tuong tu: Sppe = %[b +c—be| va Spac = —;—|a +c—ac|.

+ Khoang cach tir C’ @én AB lad =

+ Ta chirng minh: %|a+b~abl+12|b+c—bc|+%|a+c—ac|<2

& [a+b—ab|+|b+c—be|+|c+a—ac <4 (1)

2 2
(a+b) @+,
4
(vi0<a,b,c<2)

+ BDT C6-Si ta co:

>ab=a+b—-ab>(a+b)—
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Tuongtu:b+c—bec>0vac+a—-ca>0
+BDT (1) 2(a+b+c)—(ab+bc+ca)<4(2)
+Taco(2-a)2-b)(2-¢c)>0 <> 8—-4(a+b+c)+2(ab+ bc + ca) — abc > 0.
Suyra8-4(a+b+c)+2(ab+bc+ca)>0hay2(a+b+c)—(ab+bc+ca)<4.
Vay (2) ding.
Céu 4:
+Vix,y,z20vax+y+z=6nén 0<Xx,y,2<6.
Suyra: 7+ 3In(1+x)-y>0,7+3In(1 +y)—z>0va7+3In(l +z)—x>0.
+ Bét ddng thirc Bunnhiacopxki ta cé:
SL(7+3In(1 +x)-y)+(7+3In(l1 +y)—2z)+(7+3In(1 +z)—x)] = 9
N 9
T 214314+ x)—x+3In(l+y)—y+3In(l+2) -z
= 9
154 3In(1 + x)(1 + y)1+2)

l+x+1+y+ltz

+ Theo bét ding thirc Co-si: 3(1+x)(1+ y)(1+2) < - 3
= In(1+x)(1 +y)1+2)<3In3 ok
9 GzU8 3

— o
15+3In(1+x)14+y)1+2z)  1549In3 5+3In3

, ddu déng thirc xay ra khi va chikhix=y=2z=2.

5+3In3
3

543In3"
Cau 5: + Nhdn xét: Vixp=a,0<a# 1 nén0<x, # 1.

+ Ta co: xM:x;_—}-S:l L : :
Ux, +2) -2 X2

Vay Min S =

Ap dung bat ding thirc Co-si: x_ + 2+ > 6, ddu dang thirc xay ra khi chi

X. 74

n

khix, =1

>6

Véy x, +2+
2 X +2

n

1
S®assRi-2t )>1 = x> 1, VneN*.

X +2

n

1
ol b e e TS, el R R B
n+l n 2 n 2()( +2)
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9

Xét ham f(x) = —%x—l«l—

e B
TS e 1 9
Taed (k)= == ta e 2 20V el 400)
2 2(x+2)

= f(x) nghich bién trén (1, +~c)
X0 > 1= (%) < (1) =0 = Xpe1 — Xo < 0= Xpiy < X, VN E N,
Day (x,) vi ¥n € N* giam va bi chin dudi bdi 1 nén cé gidi han hiru han lab> 1

% 45

Tir x_,, =—""—"— chuyén qua gi6i han ta dugc
n+l 2(Xn+2) y q g B q
Bl BUES S Ty
2(b+2)
(b=1 : s
< 2 5.\/1b€[1;+00) nénchonb=1.Viy lim x, =1.

Cau 6:
+ Tir diéu kién 1) nén ta chi can xac dinh gia tri ham s6 tai xe€ {l, 2,3,...,26}

Chox=y=1taco f(1)=(f(1)) =>1f(1)=1.

+ Vi mbi sb tur nhién x (2<x <26) va x# 13 va x# 26.
Ta xét 2 trueong hop:

a) Néu x chiin (x = 2m) thi ludn tdn tai ke N* (k 1) sao cho 1 + 13k :x, tirc ton
tai he N* sao cho 1 + 13k = hx=>hx’ = x +13kx = x + 26km.

Ta c6: f(x) = f(x + 26km) = f(.@h) = (f(x))".f(h)= 1= f(x).f(h)

= f(x) = 1 (vi f(x) va f(h)e N*).

b) Néu x 1& (x = 2m + 1) thi ludn tdn tai ke N* sao cho 1 + 26k x, tirc ton tai*
he N* sao cho 1 + 26k = hx=> hx’ = x + 26kx.

Ta co:

f(x) = f(x +26kx) = f(x’h) =(f(x))’.f(h) = 1= f(x).f(h) = f(x) = 1(vi f(x)

va f(hye N*)

Vay voi moi s6 tu nhién x (2<x <26) va x# 13 va x# 26 ta ludn c6 fix) = 1.

+Taxétx=13 vax=26:

Ta c6 f(26) = f(26+26) = f(52) = f(22.13) = (fR)’.f{(13)=f13) (1)

Lai cé: f(13°.2) = (f(13))°.f(2) = (f(13))’ (2)
va f(13%.2) = f{26+12.26) = f(26) = f(13) (3) ( theo (1))

Tir (2) va (3) suy ra (f(13))* = f{13) = f(13) = 1 = f(26) = f(13) = 1.

Vay f(x) = 1, Vx e N*.

Thur lai ding
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NAM 2011

SO GIAO DUC VA PAO TAO TP. HO CHi MINH
TRUONG THPT CHUYEN LE HONG PHONG

it )

CAu 1: Gidi hé bat phudng trinh { AL { gt
xln(l+-) * —x'In(l+—=) ¥ >1-x
X

Céu 2: Tim 141 cd cdc s6 nguyén X, y, z, L thdéa 1 < x <y < z sao cho:
xyz—l=t(x-I)(y- I)(z-1)
Céu 3: Cho uf dién SABC c¢6 tam gidc ABC vudng tai B, AB = BC = a'\E , tam
gidc SAC déu, mat phing (SAC) vudng géc vdi mit phing (ABC). Goi M 1 trung
diém BC, (ct) Ia mat phing qua M va vudng géc véi SA. Hay dung va tinh dién tich
thi€t di¢n do mit phing (o) cit tirdién SABC.
Céu 4: Choa, b, ¢ la céc s3 thyc khong dm thda a + b + ¢ = 3.
Tim gid tri 16n nhét cda bifu thie:
P=val+a+4+Vb +b+4+c? +c+4

e ., |u,=4m’-12m+11
Céu 5: Cho m e R. Day s0 (u,) thoa :
u, =u’-u VneN*

Tim m dé diy (u,) co gidi han hitu han
CAu 6: Tim 14t ca cic da thic P(x) hé so thuc thoa: P(x).P(sz) = P(3x* + X), Vx.

SO GIAO DUC VA PAO TAO TINH AN GIANG
TRUONG THPT CHUYEN THOAI NGOC HAU

X’ +y + 28 +2xy-7zx—zy=3

Céu 1: Gidi hé phuong trinh { (D).

x*+y? +yz—zx —2xy=-1
Céu 2: Tim nghi¢m nguyén cia phuong trinh:

E-DER-2(=PN=y"
Cau 3: Cho uf di¢n déu ABCD c6 canh biing 1. Mit phing (P) thay ddi di qua D,
vudng géc véi mit phdng (ABC), cdt cdc canh AB, AC 1n lugt tai M, N. Tim vi
tri ctia M, N d€ di¢n tich toan phén cla ¢ dién DAMN dat gi4 tri 16n nhdt va gid
tri nh6 nhat. Tinh cdc gid tri d6.
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Chu 4: Cho ba s6 duong a, b, c thay déi.

Jbe : Jea ¥ Jab
a+33bc.. b+3vca . .c+3ab

Céu 5 : Cho diy sd: (U,) xdc dinh nhu‘ sau:

VS B =123

Chu’ng minh réng U] + Uz + U3 o Uzm() < @'

1006

Céu 6: Gia sit mdt trong cdc nghiém clia da thitc P(x)=x"+ax’ +bx+c (vdi

Tim gid tri I6n nhét cia biéu thitc: P =

a, be 7 ) bing tich ciia hai nghiém kia.
Chitng minh ring s& 2P(—1) chia hét cho s P(1) + P(=1) — 2(1 + P(0)).

SO GIAO DUC VA PAO TAO NINH THUAN
TRUONG THPT CHUYEN LE QuY PON

2

Céu 1: Gii bit phuong trinh v1+x +v1-x 52—% (1)

Céu 2: Chitng minh ring véi moi s6 t¢ nhién n>2 ta ¢6 E:Cz‘" o C' chia

2n+l1 n-k
k=0

hét cho 4",
Céu 3: Cho tf dién ABCD vdi tam dién vudng dinh A. M 1a diém tdy §. Chitng
minh ring V3MA + MB+ MC+MD > AB + AC + AD.

Céau 4: Cho n s6 doi mot khdc nhau a,, a,, ...,a_. Tim gid tri nhd nhét clia him

$O y =Lx —ali+lx —a2}+...+|x—an|
Cau 5: Cho day s (u, ), n=1,2,3,... xdc dinh bi

;=1
2

u.,=u + L
g 220k

A u u u
Hiy tinh hm[—'—+—2+...+ n J
u u3 un-+-]
Cau 6 : Hay (im t41l ¢4 bd ba s6 hitu (i (a, b, ¢) 12 nhitng nghiém ciia phudng trinh

x'+ax’ +bx+c=0.
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S3 GIAO DUC VA PAO TAO HAU GIANG
TRUGNG THPT CHUYEN VI THANH

y+xy’ =6x* (1)

Céu 1: Gidi h¢ phuong trinh:
A {I+x2y2 =5 '(2)

Céu 2: Tim tat cd cdc s6 nguyén duong n sao cho 2" — 1 12 mot bdi s6 ciia 3 va

Fpe ) SRR 8 : g AL
1a udc s6 clia 4m” +1 v6i m 12 s6 nguyén nao dé.

Céu 3: Cho hinh ling try diing ABC.A'B'C' ¢6 ddy ABC la tam gidc vudng cin
tai A, AB=AC=AA". Goi M la diém trén canh AB, xdc dinh vi tri cia M sao
cho géc giita AB' va mit phing (A'MC) 1a 60°.

Ciud: Chox,y,z, t>0va X’y +yZ* + 2 + %% =1. (®)

x‘:‘ y9 ,‘9 tg
Chiing minh ring: — + *—+ — 4+ ——>1 (1)
yzi- Xzl - Xyl _ XVZ

Cdu 5: Cho ddy s6 (a,) dude xdc dinh béi

1 a_ +l-tan’a T T
a,= ,a = GEl——i={l
cos2a a_ cos2o+1 242

Tim s8 hang 10ng qudt ctia ddy va x4dc dinh gidi han cia day.

Ciu 6: Tim 1t ca cdc ham lién tuc f: R — R théa min diéu kién:

xf(x) - yf(y) = (x = y)f(x +y), vdi moi x,y e R(1)

SO GIAO DUC VA DAO TAO PONG THAP
TRUONG THPT THANH PHO CAO LANH

L s
Céu 1: Gidi hé phuong trinh ‘

4" +4" +27 ~7.2" -6.2" +14=0

Ciu 2: Chotdap hop X = {1, 2, 3,4, 5, 6, 7, 8}. Lip mot s6 N gdm 2010 chir s6
thda man N chia h&t 99.999 va céc chi¥ s§ ctia N dugc 14y tir cdc s§ thude tip X.
Tinh trung binh cong tit ci cdc s6 N tim dudc.

Céu 3: Cho tf dién ABCD, M 12 mét di€m bat ki niim trong tam gidc ABC. Céc
dudng thing qua M song song vdi AD, BD, CD twong dng cdt cdc mit phing
(BCD), (ACD), (ABD) tai A’, B’, C’. Tim vi tri diém M sao cho MA’ . MB’.MC’
dat gid tri 16n nhat.
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Ciu 4: Cho X, y. z 1a cdc s§ duwong théa man xyz = 1. Chitng minh ring:

4_14 4,4 4_4
X z X
Y + Y + <1

X +y +xtyt Y eyt P+
Céu 5: Cho day s6 (xn) théa min ddng thdi hai diéu kién:
i x, =2

X, +2X, +...+(n-1Dx % 5
ii. x_=—1 e ( Mo vdin 1a s0 ty nhién 16n hon 1.
n{n- —1)

Tinh limu, vdi u, = (n+1)*.x .
Céu 6: Tim tat ¢4 cdc ham f:R — R thda min cdc diu kién sau day:
i f(x+y)<f(x)+1f(y) Vx,yeR.

ii. iim@ =1
=0 x

s3 GIAO DUC VA PAO TAO BINH PHUGC
TRUONG THPT HUNG VUONG

Cau 1: Gidi phuong trinh:

Jix+6) +Jx+6-x° —12x° —48x* —64x" —x* —4x =0
CAu 2: Tim 14t ca cdc s6 nguyén dudng p sao cho phudng trinh
pm =v + [ + 1+ ¢,cé.nghiém nguyén dudng v, [, t, ¢
Céu 3: Cho diém P nim uén mdt cdu (S) bdn kinh R. Xét cdc hinh chdp
P.ABC c6 goc tam dién vudng tai dinh P va ba diém A, B, C niim trén mit ciu dé.
Chitng minh riing cdc mat phéng (ABC) ludn di qua mot diém c6 dinh. Tim
gid tri I6n nht clia dién tich tam gidc ABC.

Cau 4: Xét cdc s6 thue dudng v, [, t théa man hé diéu kién sau:

% o B min{v, I}

4
vt2—
] 15

1[2-1—

L

o o Ze oty ; Yie2
Hay tim gid tri 16n nhat cua bidu thite E(v, l, t.) =—+ 7 + E:—
v
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Cau 5: Cho s6 thyc a. Xét day s6(x, ), (n=122,3....) dudc xdc dinh bdi:
xn(xn2 + 3)
=R AR emee— VHB =1, 205,
3x,°+1
Chitng minh diy sd trén ¢6 gidi han hitu han va fim gidi han dé.
Céu 6: Tim (it ca cdc ham f: R — R thda phudng trinh ham:

f(x*)—£(y*) = (x + y)(f(x) = f(y)) v6i moi x, y thudc R

S3 GIAO DUC VA PAO TAO TiNH GIA LAI
TRUONG THPT PLEIKU

Céu 1: Gidi phuong trinh: sin®'’x +cos*’x =1 (1)

C4u 2: Cho n 12 s& nguyén dudng chin.

Chitng minh riing: 2°C) +2"?C2 +2"*'C! +..+2°CI? +C" = ik

Céu 3: Cho tam gidc ABC c¢6 cdc géc déu nhon, Goi I 12 tAm duding tron ndi tiép
tam gidc ABC. Mot duding thing d thay déi, ludn di qua I, cit hai canh AB va AC lin

It tai M va N. Chitng minh riing t8ng L - 2 ¢6 gid tri khdng ddi.
AM AN

Céu 4: Cho a, b, ¢ la ba s& dudng théa midn a + b + ¢ > 3abc.
Chiing minh riing: a> + b” + ¢’ > 3abe.
Céu 5: Cho ddy s0 (x,) théa min X, =4; X, = X2~ 2; Vn21

: xn +1
Tim lim —2—,

X Xy X

Céu 6: Tim tit ca cdc ham f: R — R thda min
xf(y) + yf(x) =(x + y)f(x)f(y), VX, y e R.

SG GIAO DYC VA DAO TAO TINH KON TUM
TRUGONG THPT CHUYEN NGUYEN TAT THANH

——e

Céu 1: Gidi hé phudng trinh:
Jy: +4
[(x - )/)(2)(2 +2xy + 2y’ - 3) B A, | d
T X+vVx*+4 |-
|x'y -3xy-1=0
Céu 2: Cho bang hinh chir nhat ké 6 vudng ¢6 2010 hang, 2011 ¢dt. Ky hi¢u (m, n)

12 6 vudng nim & giao cia hang thd m va ¢dt thit n.
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T6 mau cdc 6 vudng clia bing theo quy tdc: 14n thit 1 6 3 6 vudng (r, s), (r + 1,
s+ 1), (r+2,s+2)vdir, s 1a 2 s6 cho trude thod man 1 <r <2008, 1 <s<2009.

Tit 1an thit 2, mdi 14n 16 ding 3 6 chwa c6 mau niim canh nhau trong cling mot
hang hoidc cling mdt cdt. Hoi biing cdch d6 ¢ thé 16 mau duge hét tat cd cdc 6
vudng ciia bang hay khéng?

QCau 3: Cho hinh chép S.ABC trong d6 SA, SB, SC dbi mot vudng goc. Lay A,
B’, C’ wong tng trén SA, SB, SC sao cho SA’.SA = SB’.SB = SC’.SC. Vé SH
vudng géc véi mp(A’B’C’) tai H; SH cdt mp(ABC) tai G.

Pt SA=a SB=b. SC=cviig=b=¢C

a) Chitng minh riing G 1 trong tdm tam gidc ABC.

b) Chitng minh riing a>(3++/3)r vdi r 1a ban kinh mat cdu noi ti€p hinh

chop S.ABC.
Céu 4 : Cho cdc sd thuc a,b,c thude trong khodng (1; 2).

bsf; 4 c«/g 2 a\/E >1
abvec—cva 4dca-avb dab-bvc

Céu 5 : Gid st mot day s (a_) bi chin thda man

Ching minh riing

2n+2010 ak l

e < + , N
y o k+1 2n+2011

=1,2.3, ..

Chitng minh r%*lng a <l, i e 15 b
n
Cu 6 : Tén tai hay khong ham s§  : (0;+90) —> (0;+o0) théa mén diéu kién
gkl

f*(x +2011) = f(x + y)(f(x +2011) + y —2011); Vx > 0; y > 2011 (¥).

SO GIAO DUC VA PAO TAO BAC LIEU
TRUGNG THPT BAC LIEU

Céu 1: Tim a d€ bat phuong trinh a*x* + 6a’x* —~x +9a +3>0 ding v6i moix e R.
= - =2
Céu 2: Gidi hé phuong trinh sau trén tip s6 nguyén: 5 2y g
2x° —xy+x-2z=1
Céu 3: Cho hinh 1ip phuong ABCD.A’B’C’D’, canh 1a a. Trén canh AA’ kéo
dai vé& phia A’ 1dy mot diém M, va trén canh BC kéo dai vé phia C 1dy mdt diém N
sao cho MN cit canh C’D’. Tim gi4 tri nhd nhit cia doan MN.
Céu 4: Cho x, y 1a cdc s8 thyc thda man diéu kién:0<x,y<2,1<x+y<3.Tim

gid tri 16n nhat va gi4 tri nhé nhit cia biu thife: A = x* +y* +xy —3x -3y
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Céu 5: Ching minh ring (6n tai ddy s& duy nhit {un}, u, e|:0; g}, sao cho

cosu_=u. Tim gidi han cia day dé.
Céu 6: Tim tdt cd ham s6 f: R —» R thdéa min
f(f(x)+y2)= f’(x)—f(x)f(y)+ Xy+x, Vx,yeR.

SO GIAO DUC VA BPAO TAO CA MAU
TRUGNG THPT CHUYEN PHAN NGOC HIEN

2}(2}’2 (s xaya — x2010 yz (1 18 yznm)
Céu 1: Gidi hé: :
1+ (x + y) + 3,r(2x'"“5 + yZ””) <0

Céu 2: Tim cdc ciip s6 nguyén dudng (x; y) thda hé sau:

x> +y’ +xy <49 (1)
xy(x + y) =Tp+r (2)_vdi. p.q.re N, r<7
(Jn:+y)7 —(x7 +y7):75.q (3)

Céu 3: Cho tf gidc 16i ABCD noi tiép trong mot dudng trdn. Goi F Ia giao diém
cia hai dudng chéo AC va BD, E 1a giao diém ciia hai dudng thing AD va BC. Gii
stt M, N 1dn lugt 12 trung di€m ciia AB, CD.
MN 1[AB CD|
EF 2/CD AB|
Céu 4: Chiing minh riing véi moi s& duong a, b, ¢ ta ¢6:
ab be ca a+b+c
+ + <
3a+4b+2c 3b+4c+2a 3c+4a+2b 9

D4u ddng thic x4y ra khi nao?
Céus:

1. Cho phudng trinh x*""' =x +1.

Chitng minh ring véi mdi s6 nguyén dudng n, phuong trinh di cho c¢6 duy
nhit mjt nghiém thyc goi la u_.

Ching minh riing:

2. Xétday {u },n=1,2,... véi u, dugc xdc dinh trong céu 1. Tim limu_?

QCéu 6: Cho hai ham s6 bién s6 thuc fva g xdc dinh trén R thda
f(x +y) + f(x - y) = 2f(x).g(y), Vx,yeR.

Chiing minh ring n€u f khong ddéng nhit bing 0 va |f(x)’£1,\'fxeiR thi
g <1, VxeR.
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DAI HOC AN GIANG
TRUONG PHO THONG THUC HANH SU PHAM

QC4u 1: Giai hé phudng trinh W (*)

Cau 2: Gidi phuong trinh trong 6t nhién £+i—? e (1)

£ et © 1079
Céu 3: Cho tt dién ABCD c6 DA vudng géc vdi mit phing (ABC), tam gidc
DAB ¢én va ddy ABC la tam gidc vudng tai B c6 BAC =o. Goi B 1a géc tao
bdi hai mit phing (DAC) va (DBC).

VJ1+costa

CosQ

Ching minh ring: tanc.tanf =

Céu4: Cho f(x)= X1

X
Vx+1
2

a) Chitng minh ring: x-%< f(x)<x. Vx>0

b) Tinh lLim {f{%\ + f(ij P f[—“;D
n—»+ n j‘ n.. n

!(u";l\ s u u u
CﬁuS:Chodéysﬁ'{un}: u? -PaeS,= L4214 42,

W sl =it u, U LI
1"“ Sr-20 1]

Tinh lim$,
Ciu 6: Tim 14t cd ham s6 f xdc dinh va ddng bién trén R thod

f{%f(y)+2x]=4x+y+l 1) Vx,yeR

sd GIAO DUC VA DAO TAO TP. CAN THO
TRUGNG THPT VIET MY

Cau 1: Giai phudng trinh:
27x* +54x% +39x +10=(x2 + x + 2)Vx* + x +1
X =1

x—1

Cau 2: Tim tit ca cic nghiém nguyén duong cla phuong trinh =y’ -1
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Céu 3: Cho uf dién ABCD va diém P niim trong tf dién. Cdc dudng thing PA,
PB, PC, PD lin lugt cdt cdc mit d6i dién twong wng tai A°, B’, C’, D’.

PA- PB_PC PD
PA' PB. PC'" PD'
khong bé hdn 3 v ¢6 it nhidt mot ti s6 khong 1dn hon 3.
Céu 4: Cho tam gidc ABC khong ti ndi tiép dudng trdn tim O bén kinh bing 1.
Goi G 1a trong tdm ctia tam gidc ABC va Ay, By, Cy 1an lugt 1a hinh chi¢u cia G
1én BC, CA, AB. Cic dudng thing qua A, B, C lin lugt vudng goc vdi GA, GB, GC
va ddi mot cdt nhau tai A;, B, C, (AeB,C,,Be A C,CeAB,). Goi Sy, S, lan

e g e g

lwgt la dién tich cdc tam gidac A B,C, ABC,.
2 2

Chitng minh 2 <§,8 < —7

27 16

Chitng minh riing trong bon t s& ¢6 it nhdt mot 4 so

: : 2
CAu 5: Cho céc s0 thuc duong a, ag thod O<a <—
a

a =a
Xétday (a )dude xdc dinhbdi § ' "
a_  =a(2-aa)n=l, 230

n

Ching minh day (a_)hi tu va im lima_ ™

Cfiu 6: Tim it ci cdc him s8 £ : [1; +90) — [1; +0) thdéa mén dicu kién
f(xf(y))=yf(x) Vx,ye [l;+oo)

PAP AN

SO GIAO DUC VA DAO TAO TP. HO CHi MINH
TRUGNG THPT CHUYEN LE HONG PHONG

Céu 1
o P ox+2( e 2 —8x-2<0
Xét f(x) =2**" - 3x - 2. Tap xdc dinh R.

fx)=2"*""In2-3;f’x) =0 2 = —
n2

3 3
1:1 o] —— :'—l +1 = .
& X+ Og"‘(lnz]@ X 0g2(1n2) a

f'X)>0=x>a; '(x) <0 x<a; f(0)=1(2)=0.

X —0 0 o 2 + o0

f'(x)

f(x) \_sO/O\Jr; O/
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TortréntacHo (1) =2 f(x)<0=0<x<2.
fl 1+-!-
° xln(1+l)] x mxﬂln(1+i2) = 51-x (2).
X X
Do (1) < 0 < x <2 nén chi can xét (2) vdi x > 0.
Vx>0taco (2) < x(1 +l)ln(1+l)—x3(1 +l2)ln(1 +i2) >1-x
X X % X

< (x+1DIn( + l) -1>x[(x* + DIn( + iz) -1]
x x

i b - LAGL ) 11> x*[(x* + DA + iz) - 1]
X X

Xétg() =t[(t+ DIn(1 + %)— I]=(t2+l)1n(l + %)—Lvdiwo.

=
o
Tacog(l)-(2l+1)ln(1+—)+(t2+t) e =1
15t
t
~(2l+l)ln(l+—) 2= (2t+1)[1n(1+—)——2—]
2t +1
Xélh(l)zln(l-f-—)* 2 vait> 0.
t 2t +1
ad
£2 4 4 1
h'(t) = —t-+ s S
141 @+ @2t+D) t+t,vt>0
$ine=tul Lo
4 4 <0

TAtT+4at+ 1 4+ 4t
=» h(t) nghich bién trén (0, +w).
Ma limh(t) =0 = h(1)>0, Vt>0= g’(t) > 0, Vt > 0 = g(t) dong bién trén

t—o+x

(0; +<0)

i O o
x>0 x>0 x>0

2 2

{(2) o {g(X) >gx") {x > X
Viy nghiémcia(D1a0<x < 1.

Céu 2
Vilex<y<zvx v 2eZ 5322 y=>3 254
Tir (1) ta suy ra:

2 xyz — 1
T x-Dy-Dz-1)
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[x-D+1[y- D+ D)[z-1) +1] -1
S (x -y -D(z-1)
1 1 1 1
+ + +
x-1 y-1 z-1 x-1(y-1)
1 1
+ o+
(y-1)z-1) (z-1)Xx-1)
S o ol o

=I<t=l4 I+ =t =4—p= <4
Z S5 2388

=14

Né'ux.>_4lh‘11£1+l+l+l+i+i+—1~ < 2 (loai)

o SR bt s DB TR B
=t=2hodct=3Vax=2hodcx=3.

@ Tnimg hop 1: x = 2 va t = 2: (1) thanh: 2yz — 1 = 2(y — I)z — 1):
vO nghiém (v& trdi 12 s6 1€, v& phéi 1a s6 chdn)

& Truong hop 2: x =2 va t = 3: (1) thanh 2yz - 1 = 3(y - 1)}z - 1)
< (y-3)(z-3)=5
<:>{y—3:1(d00<y—3<7—3)<:>{

z-3=5 2 St H
Nhan nghiém (x; y; z; ) = (2; 4; 8; 3).

@ Truong hgp 3: x=3vat=2:(1)thanh3yz-1 =4(y - I)(z- 1)

S(y-dHz-4=11

-4=1
@{y (doy—4<z—4vﬁzk420)<:>{

y=95
z-4=11 2=15"
Nhén nghiém (x;y; z; 1) =(3; 5; 15; 2).
@ Truong hop 4: x =3 va t = 3: (1) thanh 3yz — 1 = 6(y — 1)(z — 1): vb
nghi¢m (v€ phdi 1a boi clia 3 con vE€ trdi khong 1a boi clia 3).
Viy (1) co nghiém 1a (x; y; z; 1) € { (2;4; 8; 3), (3; 5; 15; 2)}.
Cau3
Goi H la trung diém AC, ké HK L SA tai K. S
Ta cé BH L AC (BA =BC), (SAC) L (ABC)
= BH | (SAC) = BH 1 SA, ma HK | SA
= (BHK) L SA => (BHK) // ().
Tir d6 ¢6 (o) N (ABC) Ia duding thing qua M va
song song BH cit AC tai N (Suy ra N [a trung diém A
HC); (@) N (SAC) 1a duding thing qua N va song
song HK cidt SA tai P; (o) N (SAB) la dudng
thing qua P va song song BK cit SB tai Q.
Tit gide MNPQ 12 thiét dién do mp (o) cdt uf dién SABC.

P

§

=
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Goi SH NP = {T}. Ta ¢6 (SBH) na = QT, BH // MN.
=> QT // BH // MN = QT L (SAC).
Do d6 tam gidc PTQ vudng tai T vd MNTQ 1a hinh thang vudng tai N va T.

Ta c6 AC = ABY2 :2a;AH=BH:f§2—Q RN L 8

St -
AAHK]énfralamgiécdéuiAK:;AHzg;HK-—*A};‘B=E§.
AP _AN 3 psdmec B
AK AH 2 2 4
S SPoag U oRteel SRR B TE MED
4 4 2. S 6
By 8P 8 QT:>PT=§HK—
HK SK Sib-BRH 6 1
a
5 HN o av3
T=_BHe S@:TN= — =i V%
g 6 V8 3 8
2 2
Dodd: S # Suien s Sy = —%( +TQ)TN+—TQPT
V8 "B ads L5 Baus 1BaNS
=—(—= +—a)— + —.—a. N :
2-9. - § 3 9°4¢. 1Y 48
Ciud

Ta c6: a, b, ¢ 12 cdc s6 thuc khong 4m thdéa a + b + ¢ = 3 nén a, b, ¢ thudc
doan [0; 3].

Vdi vx € [0;3],tacd VX +x+4 < 2X3+6 £

That vay:
(%) «> 9(x* + x+4) <4x* + 36+ 24x & 5%’ - 15x < 0> 5x(x — 3) <0

(ding)
Ap dung (*) ta ¢6 :
P=+a’+a+4+Vb>+b+4 +c +c+4
s2a+6+2b+6+2c+6_2(a+b+c)+18

3 3 844 3
_2(3)+18
==
Ddu "=" xdy ra khia = 3; b= ¢ =0 va cdc hodn vi.

Viy Max P = 8.
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Céus

c : u, =(2m-3)’ +2

Xéthamsoi(x)=x" —xtaco..
u,, = f(un), Vn e N*

Tach: T =211 =08 x= 112112 =~
iR =40 i) =0 =0V =1,

Bing bi¢n thién:

X -0 _ 172 +00
f'(x) % 0 3

, +
f(x) \_”4//"

f(x):x<:>x2—x=x<:>x(xf2)=0<:>x=0hoécx=2.

+00

Do u, . = f(u,), ¥n € N* va f lién tuc trén R nén néu (u,) hdi tu vé L thi ta ¢6
L = f(L) uie 14 L 14 nghiém clia phuong trinh f(x) =x = L €{0; 2}.
C6 2 trudng hop:
@ Truomg hop 1: 2m —3)* +2=2 <> m=3/2.

Tacéu =2 _

Gid sttu,=2,khidd u,, = {(u)=(2)=2

=Su=2.¥Vne Nt =hmu,=2.
& Truong hgp 2: (2m -3)*+2 > 2 <> m # 3/2,

Ta c6 u; = (2m —3)* + 2 > 2, f((2; + 0)) = (2; +o0)

= u, € (2; + o), Vn € N¥,
Mai f(x) > x, Vx € (2; +0)
=AUy, VRiE s

yd

= (u,) tdng.

Né&u (u,) bi chiin trén, k€t hgp \ 9 bocemomemeeee

(u,) ting ta c6 (u,) hoi tu vé
L e {0; 2} (*).

Ma (u,) tdng

= u,=u, Vne N*

=Lzu=QCm-3+2>2:
mau thuin vdi (*).

I )

P 8

Viy (u,) ting va khong bi
chin trén.

Tir d6 ¢6 lim u, = +co.

7 Két lu@n: (u,) c6 gidi han hitu han <> m = 3/2.
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Céu 6

P(x).P(3x*) = P(3x’ + x), Vx € R (1)

e Trudng hdp P(x) = ¢ (c 12 hiing s6 thuc)

432

=0

c=1"

Trudng hgp degP=n2>1

Gia sit P(x) thoa (1).

V@i mbi da thitc F(x) khdc da thitc khong, ki hiéu F* hodc (F(x))* chi hé
s& bac cao nhat cia F(x)

(=P PE3" =P 3 Pt

P(0) =0

P(0)=1"

Néu P(0) = 0 thi P(x) = x"Q(x) vdi m nguyén dudng va Q(x) la da thirc h¢
s0 thue thda Q(0) # 0.

Khi d6: (1) < x"Q(x)3"x*"Q(3x?) = (3x* + x)" Q(3x" + %) ,Vx.

Khidé(1)®c2=c¢>[

(1) ;P2(0)=P(0)<:> [

< Q(x)3™ xz’“Q(3x2) = (3x2 + l)m Q(3x® + x), Vx € R\{0}.

< Q(x)3™ xzmQ(3x2) = (3):2 + l)m QB8x® +x),Vxe R
(Do Q(x) la da thic)
Tir day 1dy x = 0 ta ¢6 0 = Q(0) méu thuin véi gid thi€t dang xét 1
Q(0) =0
Viy khong thé ¢6 P(0) =0 titc 1a phdi c6 P(0) = 1.
Goi o I1a nghiém phifc cia P(x) ¢c6 mddun 16n nhit
Do P(0) # 0 nén suy ra |0L| >0.TacéP(a)=0néntir (1)
= P(3a’+ ) = 0.

= 3a’ + a ciing 12 nghiém ciia P(x) = |3a3 + a| <|of.
= 2o 2 |of + '3(13 + a‘ = |of + |~3a3 - a' > |0L =90 = ul = 3|a[3
= fof <2 = <1 o <1

Goi a,,0,,...,0, 12 n nghiém phifc clia P(x)
Ta ¢6 P* = P(0) = 1 nén theo dinh ly Viet cé
P(0)

0 ||| o[l | = [0, 0p. 0| = =
oo o -fexa| = | b

=1= 1= fofjoty|--Jor|< ol < 1: vo i

= Khong c6 da thite P(x) ndo c6 bic > 1 ma thda (1)
Viy P(x) 14 da thitc hé s6 thuc thoa (1) <> P(x) = 0 hodc P(x) = 1.



SO GIAO DUC VA DAO TAO TINH AN GIANG
TRUGNG THPT CHUYEN THOAI NGOC HAU

Ciaul

A 2__ e
Tacé(l)c:{(x+y) Z(x+y)+z°-3=0 )

(x—y)l -z(x-y)+1=0

X_U+V
u=x+ -
Dat{ y<::> 2 ;
V=X-Yy S e

e

w-zu+z*-3=0

viezv+1=0

£ o 2z’ <4
HE¢ (3) ¢6 nghiém < q | &g =42,
z- 24

H¢ (2) trd thanh { 3).

=1
0"

Vdiz:—2c6(3)<:>u:v=—1:>{x e,
y=0
Vay hé phudng trinh da cho ¢6 2 nghiém 1a (1; 0; 2); (—1; 0; =2).
Ciu2
Tacé ¥y =(x"-3x)x’-3x+2)
=x’-3x+1-DE*-3x+1+D=2(x’-3x+1)2- 1
o K -3X+1-yE-3x+1+y)=1
*){x2—3x+1~y=“1
x*-3x+14+y=-1

Vdiz:2c6(3)<:>u:v:13{x_
y

I

c6 nghiém (1; 0) va (2; 0).

¢6 nghiém (0; 0) va (3; 0).

& x2—3x+1—y_=1
x*-8x+1+y=1

Céiu 3l
* (P) L (ABC) va (P)N(ABC) = MN
Trong mit phing (P) k¢ DH L MN thi DH L (ABC). Do ABCD la uf dién
déu suy ra H 1 tdm dudng tron ngoai tiép AABC.
* pit AM =x;AN =y,x,ye[0; 1]

Sip = Samp + Sanp + Samn + Spm
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. %AM.AD.sinGOU i %AN.AD.sinSO" B %AM.AN.sin(iO" 3 %MN.DH

V3 O T
:T( +y+xy)+F.Jx +yl~xy
= —?(x +y+xy)+ —"é—g.\/(x +y) - 3xy

* q A =
Ta ¢ Syyy = Samu +Sawu hay

Céu 4

?.xy = %x.AH.sin30° + %y.AH.sin30° =

Viy S, = J3xy + —\%—6.43xy.(3xy -1)

S,,16n nhat khi va chi khi tich x.y 16n nhat, S, nhd nhat khi va chi khi

tich x.y nhd nhét, 0<x,y<l.

&

.rg.(x+y):>x+y=3xy

| =

bit xy =41 6[0; 1] thi x +y = 3t. Khi d6 x va y 1a nghiém ctia phudng
trinh bic hai f(z)=2* - 3tz+t=0 (1). Nhing gid tri c6 thé ca L I
nhifng gid tri 1am cho phuong trinh (1) ¢6 hai nghiém t;; t théa min diéu
kién 0<t, <t, <1

Theo dinh li ddo clia tam thic bdc hai ta c6:

(A>0

(9t 4t >0
3 4 1

af(1)20<41-2t>0 <:>§sts§
$ : :
S \ ——_
— <1 0<—3ﬁ<1
2 2
§>0
2

Vay
MinS, :§(4+\/§)<:>t=%<:>x:y=§. Khi 46 M, N Iin lugt 2
giao diém cia AB, AC vdi dudng thing di qua H song song véi BC.

1 1 x=1,y:i<:>MEB,NEK
MaxSlp=Z(2\/5+\/§)<:>l:5<:> : 2
sz,yzlaMsl,NsC

Vi1, K 1dn lugt 12 trung di€m ctia AB, AC.

Pat x:\/;,yzxfg,z=\/z;x,y,ze(0.+oo).
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Rhids Pezote oy oCliy o8
x“+3yz y +3zx z° +3xy

3yz 3zx 3xy
2 gt G =
X°+3yz y +32zx 2z +3xy

2 2 2
=8~ 2x + zy +2z =3-Q
x“+3yz y +3zx z°+3xy

Facos 3P =

Ap dung bt ding thic Bunhiacopxki cho hai bd sd:

TRl FaaRIRA )
Jx° + 3yz ,\/yz + 3zx JZ* + 3xy
va (\/xz + Byziy® + 8zx;\z* + 3xy)
Ta dugc:

[m Ax* +3yz+m\/y +3zx+JzT3xy gzt +3xy

sQ.(x +y +22+3xy+3yz+3zx)

—— N

(x+y+z)2
Viixy+yz+zx<~——"

Suy ra Qz% do d6 3Pz3—QS%:>PS§Dﬁ’u “=" x4y ra khi va chi khi

x=y=z hay a=b=c. Viy minPs%.

Clu s
% 2 L2k 1 -k)
Taeo 1=
(2k+1)(Jk+1+J_) 2k +1
260k +1 k+(k+1) 2k +1
STk < ,do VEk(k +1)
A 2~/k(k 1 : 2
1 1
= lhae i oo
, JE LY
1 1
Dodé: Uj+U,+..+Ug< (]~ 4
1 2 k ( \/5) (\/5 \/—
+ +L—L:U +Us+. +Up<1- ]
ool e T SR R k+1
Vil 1 ¥ 2 2 £, 2 k

=1- <l- =1- -
Jk+1 Jdk + 4 Jk2 + 4k + 4 ki#2 “k+2
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Vﬁy U] + U, +Us+ ..+ U<

k+2
2010 1005

Khi k = 2010 thi: U, +U2 Gy e o Uzm()( = i
2010+2 1006

Céau 6
Gid st u, v va uv 1a cdc nghiém cia da thitc P(x), theo dinh ly Viet ta c6:
u+v+uv=-a,uv(l +u+v)=b,u2v2=—c
Xét trudng hgp a # 1, ta nhén dugc
b-c=uv(l +u+v+uv)=uv(l —a)

Suy ra uv = 1a s8 hitu ti. Vi u’v’ = —c 13 s§ nguyén nén uv ciing

l1-a
nguyén.

Do dé ta ¢6 P(1) + P(~1) — 2(1 + P(0))
=(l+a+b+c)+(-1+a-b+c)—2(1 +c¢)
=2(a-1)=-"2@w+v+uv+1D==-2(1+u)(l +v) # 0

Va2P(-1)=2(-1-u)(-1- v)(-1 - uv)

2P(-1)

P(1) + P(-1) -2(1 + P(0))

e Trong trudng hgp a = 1 ta c¢6 ddng thite

O=u+v+uv+1l=(1l+u)(l+v)

Do d6 mdt trong cdc nghiém bing —1, hay s6 2P(-1) = 0 chia hét cho moi

s6 nguyén.

Suy ra diéu cin ching minh.

-

Suy ra =1+ uvla s6 nguyén.

SO GIAO DUC VA PAO TAO TINH NINH THUAN
TRUGNG THPT CHUYEN LE QuY PON

Céu 1
Piéu kién -1 < x <1, dit x = cosa., ae[O, n]. Khi d6;

2
(1) > 1+ cosa ++/1-cosa <2252
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Chii ¥ riing (2) ludn ding véi moi o e {0, 11:] 3
Viy nghiémctia (1)1a -1<x<1.
Céu2
Toos,  SOSREL Z(n E)CE zkczm,
k=0

- 2k(2n+1)T 2n+1202k1
~2.(2k)!(2n — 2k + 1)! 2 ;

O

Mit khdc 4" = (1+1)" —(1- 1)""“ = 2202“ pi

Do dé6 20;‘,;11‘” D 2n2+ : %—4“ (2n +1).4™" chia hét cho 4.
k=0

Céu3l
Goi B,,C,,D, 1an lugt 1a hinh chi€u vudng géc ciia M 1én AB, AC, AD. Ta

c6V3MA = {/3(AB? + AC? + AD?) > AB, + AC, + AD,

va MB>B B, MC>C,C, MD>D D

do d6 V3MA + MB + MC + MD
>(AB, +B,B)+(AC, + C,C) +(AD, +D,D) > AB + AC + AD

ding thitc xdy ra khi M triing A.
Ciau4
Khéng mét tinh t6ng qudt, ta gid st a, <a, <..<a,_.

£ TR

e Néun=2m,

= (x—a,|+x—ay,[) + (x—a,| +|x - Bpp) + o+ (x—a,|+|x -2

2 (8y, —8;) + (Bpmy —85) + oot (Byy — a,)

—(a, +ay +..+8,) # (8, + 800 F ot 8yy)

m+1

).

a, <x<a,.

et : sy JA2 SX S8y,
Ding thic x4y ra khi va chi khi g Lxta,
am sxsa m+1
Viyminy= —(a, +a, +..+8, ) +(a,, + 85, +..+a,,)

khia, =sx3a,.,
eNéun=2m + 1,
= (lx 55 a]-| + lx = a2m+1|) iH (|X % 3'2] & IX 5T a2m|)

tot(x-a,+x-a,,)+|x-a

m+1
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(a”m+] = 1) (a.&m ) Gink (am+2 s, am) i Ix 2 am+l
> (Byme; — 8;) + (Agm —85) + oo +(8p,, —8,)+ 0
—(a, +8y +...+8,) +(Bpp 8+t Bog)

Ping thifc x4y ra khi va chi khi

a,<x<a
2 2
T am£X<am+2
K iea b = CEx =g
X =
m+]
B S KR
X‘Aamﬁ e

Viyminy= —(a, + 8, +...+8,) +(8pg +8g,y+et+8y,,,) kKhi x=2a_,
Caus

' 2 2011y, -
Th.cb —hotis o 011(u,., )=2011[i_ ; J
u U, u, u

n n+l

Do d6 —L 422 & —2011(1— ~ J
u2 u3 un+l l‘l|';+l

Mit khdc ddy s6 (u,) don di¢u ting va bi chdn dudi bdi 1.
N&u (u,) bi chin wén thi tdn tai mOt gidi han hitu han bing a, suy ra

2 2
limu,,, =limju, + Y lsa-a+ < a=0 (vdly)
: 2011 2011

Vi vay diy khong bi chan trén kéo theo limu, = o hay lim

n+l

Viy 1im[ﬂ B G ] =2011.
uz u'.'! un+l
Cau 6

a+b+c=-a
Theo dinh 1y Viet ta ¢6 (I)sbc+ca+ab=>b

abe = —c¢
L 24 +b=0iwu" ,
*Neuwe=0 ()< Lo , gidi ra ta dugce (a, b) € {(0,0), (1,-2)}.
a e
atb+c=-a a+b+c=-a
“Néuc#0, () e1{bc+tca-1=b<><c(b+a)-1=b
ab = -1 ab=-1
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c=-a a=1
+Néua+b=0,hé¢rdthainh {-1=b < <{b=-1

ab=-1 1
+Néua+b#0,

v

1
a+b+c=-a c=-2a-b 02‘234‘; (1)
(M < ic(b+a)-1=b<<c(b+a)-1=beqc(b+a)-1=b (2
.t a5 o bk @)
L a L a

Thé (1), (3) vao (2) ta din dén phuong trinh 2a® + 2a® —1 =0, khong ¢6
nghiém hitu ti.

Viy bd ba s8 ¢in tim 1a (0, 0, 0), (1, -2, 0), (1,1, =1).

s3 GIAO DUC VA BAO TAO HAU GIANG
TRUGNG THPT CHUYEN VI THANH

Céaul

Nhén thdy x = 0 khdng thda phuong trinh (2)
Chia 2 v& ciia hai phudng trinh cho x*, ta cé:

: 1
S +-=6 X(—+y)=6

il

xl o JX\X
?+y"‘=5 —Z+y£:5
y uv =6
Pit u=—+y,v==.Suyra§
u"--2v=>_5
[(x=1
6 : =
. = =y =3 gay=2
V=— = X
= u <:>{ _2::» = 1
u’ ~5u-12=0 y -2 e
X
[y =4

Viy hé da cho c¢6 nghiém la: (1; 2); [%, 1]
Céu?2
Trude hét, lvu ¢ 3 12 wéc cha 2" - 1 khi va chi khi n 14 s6 chin

Bay gid, gid st ¢ > 3 1a mdt udc s8 duong 1€ cha n. Khi d6 2" —1 khong chia hét
cho 3 nhung 12 mdt udc s clia 2" —1, vi vy n6 1a mdt ude s6 clia 4m?* + 1.
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Ciu3l

Mit khdc, 2 —1 ¢6 mdt udc s6 nguyén 0 p c6 dang 4r + 3.
Lic d6 ta ¢6 (2m) =—1(mod 4r +3).

Tuy nhién binh phuong clia mdt s& khong thé nao = — 1(mod 4r +3).
Nhu vy n c6 dang 2* véi k > 1. Véisd n nhy thé ta c6:

? 1. (22’ ) 1)(221 + 1)(22’ ; 1)...(22"‘ 5 1) .

Céc thira s6 & v& phdi clia ddng thic trén déu nguyén t6 ciing nhau véi 2 bdi
Vi 14t ¢4 cdc s6 déu 1a 1. That vy, gid sif cdc so trén khdng nguyén 8 cling
nhau. Khi d6 tén tai s6 nguyén t8 psao cho p chia hét déng thdi cd 2% +1
1in 2% +1 véi a <b.
Lic d6 2% +1=2> +1=—1 (mod p).

b a oh 2 !
Suy ra —1=2° 5(22 ) E((—l) ) = —l(modp) suyra p = 2.
Diéu ndy miu thuin.
Chiing ciing 1 cdc s6 Fermat, nhitng s6 d6 1a cdc s6 nguyén t§ ciing nhau. Vi
viy theo dinh li thing dv Trung Qudc, ton tai s§ nguyén duong c sao cho
¢=2""(mod2% +1) v6ii=1,2,...,k—1 va ¢ = 0(mod2)

Pit ¢ = 2m thi 4m? + 1 12 mdt bdi s cia i 5
A’
Ta c6 thé gid s e e &
AB=AC=AA'=1, v o Lk iy
goi N=AMnAB va dat Ry
AM =x. Nhian thdy tam gidc N %
AMN dong dang v6i tam gidc N’-'\\ ‘\\

R A Sy \
B'AN nén -._ ~x Mf:_':::iﬁ’f““--u\\
Ma ta cd AN+NB'=\/§t|‘Id(’)suyra B” G C

AN = 2¥2 _ 4(a, (A'MC)) = 46z
x+1 2(x+1)
1

Goi V 1a thé tich cila & dién A’AMC thi V=-AA'S,,. == (1).
3 6
Mit khéc ta lai co:

CM=A'M=v1+x}A'C=v2>8,, :%\ll+2x2
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4 6(2x2 +1
suy ra: V=§.d(A,(A'MC))S I Jox V2x’+1 "JT

i 32(x+1) 2 3 12(x+1)
6(2x% +1
T () () o2 N
6 12(x+}) 2

K&t luan: Viy M la trung diém AB.
Céu 4
Pita=x*,b=y*,c=2,d=¢°
Khi d6 (*) < ab+be+cd +da =1 va (1) trd thanh:
a’ b? ¢’ d?
+ - + >
Ybed Yacd Yabd Yabe
Ap dung BDT Cauchy, ta c6:
a’ b? ¢’ d?
+ =, +
Ybed Yacd abd abe

3 3 3 3
=3 a - 8 =5 + d
b+c+d a+e+d a+b+d a+b+c

Do d6, ta cAn chitng minh:
a’ b? c? d® 1
+ + + i
b+c+d a+c+d a+b+d a+b+c 3
a’ a(b+c+d) 2,
£ 28

(2)

Ta co:

b+c+d 9 o

3

b +b(a+c+d)ng2
a+c+d 9 3

3

c +4a+b+d)23&
a+b+d 9 3

3

d +d@+b+ﬂzz¥
a+b+ec 9 3

3 3 3 3

Khi dé: 2 b s d

+ + x
b+ctd atc+d. atbhrd.  ms+bite
2§(a2+b2 +c"’+d2)—§(ab+ac+'ad+bc+bd+cd)

Miit khédc ta d& dang chitng minh dudc:
2(ab + ac + ad + be + bd + cd) s3(a2 +b? +:¢® +d2)

Va: a® +b? + ¢ +d? = Va® + b? +¢® +d*Vb? +c* +d* + &’

>ab+bc+ed+da
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3 3 3 3
Viy 2 + b R + d 2l(a2+b2 +c? +d2)2
b+c+d a+c+d a+b+d a+b+c 8

o=

Déu biing xdy ra khi a=b=c=d=%.
Céu 5: g
Gid sif X,, Y, 12 mOt nghiém cla hé phuong trinh
x, =x,, +(1=tan’a).y, §i’x'=1 “
Yy, =X,,c0820+y, ,, ¥, = cos2a -

Khi d6 a, =~ 1a s6 hang (3ng quat clia day di cho.
Ya

r

2 x Y X s
Thit vdy, véi n=0tacéa, =—>. Gid sit a, = —= . Khi d6
Yo Ya

%2 1 1-tan’a
7 Ry +(1 —tan‘a).yn < iyl bt +1-tan’a

oK

n+l

a

n+l

¥ais X,cos2a +y, a, cos2a +1

% cos2a +1
Ya

T h¢ (*) taco x, + Ay, = (1+Acos2a)x, , + (?L +1 - tan® on)yn_1 Y
Chon A saocho: A +1—tan®a = A(1 + Acos2a)

1
coso

e
Khi dé (**) <> x, + Ay, = (1+ Acos2a)(x, , + Ay, ,)
= ... = (1+xcos2a)" (x, + Ly,) = (1 + Acos2a)’

< 1-tan®a = A%.cos2a => A =+

#1

Léan lugt thay A = + vao ding thic trén ta dudce

coso
1
cos20t]“+
x + y. =|1+
n n
coso. cosa /
<
1
| _[4 cos2a "
X, ~ Fni =
coso cosa

-]

1 ( cos20 )" cos2a "™
X, =—|{1+ +1 1~
2 k cosa cosa

n+1 n+l
cosa cos2a cos2a
Yo = 1% =11~
2 cosa cosc
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cos2a )" cos2a )"
T4 $1 ¥ 2=
S 1 cosa cosa : 1

y, cosa cos2a )" cos2a )™ cosa
el EiaL
CcCOosSQ

Ciu 6:
Thay y bdi x +y vao (1), ta cé:
xf(x) - x+y)fx+y) =-yf(2x +y)
o xf(x)-(x -y +2y)f(x+y) = -yf(2x + y)
o xfx) -x-yfx+y)-2yf(x+y) = -yf@2x + y) (2)
Tir (1) va (2), véi moi y # 0 ta thu dudc:
f(y)-2f(x+y) =-2f2x +y)

Suyra: f(x +y) = fly) + f;2x +y) =
Chon x = Y véi y # 0, ta dugc: f(Z) =2 f(y % O) 4 f(y) + £(0) »
2 - 5 :
i gles
L Mo D
Vdimoi z, t e R va t # 0 tachon 2
y=t

khi d6 (3) ted thanh £(Z sz bys f(z) ; f(t)

Tir (4) va (5) ta suy ra riing Vx, y € R ta ludn c6:

(5)

f.(x+ Yys f(x)+ f(y)
2 2
x+y) £ f(x)+ f(y)
2

Vi f lién e théa f(

nén f(x)=ax+b,vVxekR

Thit lai, nhin thdy f(x) thda man yéu ciu bai todn.
Viy: f(x) =ax+b, Vxe R.

SO GIAO DUC VA DAO TAO DONG THAP
TRUGNG THPT THANH PHO CAO LANH

Céu 1
Gidi h¢ phuong trinh

1 1
[4"'2 4}[4”5 4}:7.2*”" )

4 +4 + 27 -7.2" -6.2' +14=0 (2)
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=9
Pat { - didukiénu>0;v>0
v =2

Khidé (2 ouw’+(v-Tu+v:-6v+14=0
D& phudng trinh ¢6 nghiém thi

=(v-T7)?-4v? +24v-56>0 -3v* +10v-T7201<v<

w|=~3

2o vi+U-6v+u*-Tu+14=0
A =(u-6)"-4u® +28u-56=>0

<:>—3u2+16uf2020<:>25u£%

1) < (2u = l][2v = l] = Z
u v 2

Xét ham sd z_2t—% véit=>1;z2'=2+->0 véit= 1.

= 7 dong bicn khit> 1

Khi dé u22::>2u—lzZ
et
1
vzl=2v-—21
v
Suy ra £2u—1][2v—l) z
u S
= x=1
Viy (1) < { { 1a nghiém duy nhit cia h¢
V= y= :

Céu 2
Goi M 1a tap hop cdc sd N thoa diéu kién dé bai.
Ta xdy dung dnh xa f nhu sau:
Néu N =a,a,...8,,, thi f(N) =Db,b,.ciby
vii b, =9 -a, (i€1;2010).
" Vdi cach xiy dung nhu vay, ta ¢6: N+ f(N) =99.. 99...9 chia hé&t cho 99.999
L__V_J

2010

Suyra f la songdnhtr M > M

Tirdé ta cé
2 N= Y (N+f(N) 99...9)=99...9=10"" -1
SN= 3 (N+f(N)=[M(99..9)=99...9

2010 i

1020]0 L 1
Suy ra trung binh cdng tat cd cdc s& N tim duge la: ———
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Cau 3
Trong mit phing (ABC):
AMNBC={A;}, BMNAC={B,},CM N AB = {C,}
Trong (DAA,): Ké dudng thing qua M song song véi AD cit DA, tai A’

Xét tam gide DAA, ¢c6 MA’ // AD nén M = M = S aanc
AAI SAABC
Tutong ti ta c6 MB a MB, > B : MC ¥ MC, 0 Sibn
DB BB B g5 W (3 MR -
MA' MB' MC
Suyra DA i D ; be - | (do L M + 8, 0 :Sm«:)
MA' MB' MC' MA' MB' MC'
Tacod + >33

+ - -
DA DB DC DA ‘DB DC
Suy ra MA’.MB’.MC’ < % DA.DB.DC (khéng d8i)

Viy gid tri 16n nhit MA’MB’.MC’ la 2—]:7DA.DB.DC, dat dugc khi

MA'_MB' _MC 1_MA, _MB- MC 1

= = =
DA DB PUHS S AA

i BB CE S
Hay M la trong tim tam gidc ABC.
Céu4
bat — I -1—=b'l—c khi a, b, ¢ dudng va abc = 1, bai todn trd thanh:
X y zZ

Cho a, b, ¢ 1a cdc s6 duong thda man abe = 1, chiing minh:
ab 4 be L ca
a®+b®+ab b®+c®+be c®+a’+eca

<1

Ta c6:
ab = ab > 1 5 1
a’+b°+ab ~ a’®® +a’’+ab a’b+ab®+1 a’b+ab?+abe
i 1 i ¢
ab(a+b+c) a+b+c

Hodan toan tuong tu ta cé:
be - a e ca i b
b®+c®+bc  a+b+c  c®+a’+ca a+b+c
Tir d6 ta dudgc:
ab s be ¥ ca
a®+b°+ab b°+c®+bec c®+a’®+ca
DAu « = » xdy ra khi va chikhia=b=c.

.
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Céu 5

Tacox,= l
3
Vc’iin23tacécx,+2x2+...+nx“=n3xn. (1)
X+ D k= DG E = D% 2)

T (1), (2) suy ra: n X, = wx,—- 1) %,

(@=21) 34 :(n = 1]2 n

=% B

X

n’ —n h Jendl
n—12n—22 22nn—1 3
=X, = | —— =1 —— R
n n—1 3) n+l n 4
4
jxn:‘2—m
n“n+1)
L . 4(n+1)°
Do d6 limu, = lim———~— =4,
n

Clu 6
Tiri) ta ¢6: f(nx) = nf(x), vne N
Suy ra f(x) < f(nx); fl0) >0
Do dé6: 0 < f(0) < f(x) + f(-x)
Thay vay: x =y = 0 = f(0) < f(0) + £f(0) = f(0) > 0
Thay y bdi —x => f(0) < f(x) + f(-x)
Do d6: 0 < (0) < f(x) + f(-x)

g v
f(on f(x,) : ; f[_fq
Vdi x, > 0 thi: LEE e T (x,) 2 o) > =
0 X Xy X .
n ¥ n
), 13
Mat khdc: lim—22 = lim— 2 =1 (do ii)
n-—r )_{0- n—== £ 0
n n
Suy ra:
f( f(=
1000} _2Co) or e 0w 800 = % R0
6, X

0 0
Choxy#0tacd: 0<f(0)<f(x) +f(-=x) =x0—x,=0
Nén f(0) = 0.
Viy f(x) =x Vx € R.
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SG GIAO DUC VA PAO TAO BINH PHUGC
TRUONG THPT HUNG VUONG

Céu 1l
Pbiéu kién: x > -6.
Phudng trinh da cho twong dudng vdi phudng trinh sau:
JE+6)? +Jx+6 = (x2 + 4x)3 +(x* +4x) (D
Pt f(t) =t* + t taco £'(1)=3t" +1>0, Vt € R suy ra ham s ddng bién trén R
Phuong trinh (I) < f(Jx+6) = f(x* +4x) & Vx+ 6 = x* + 4x (1)
PDit Vvx+6=y+2,y>-2

X=y
2)' = 2 5=0 {2+3 ~2=0
an < (x+2)°=y+6 _ |(x y)§x+y+ y=0_ A1y 3y
(y+2) =x+6 (y+2)' =x+6 X=—y-5
y> +5y-1=0
r ,‘_,5\ .
X=-y-
ES Ly
= zm_zi y~_5+‘/§5
-3-v}7 .
x:y:—J;—_ (loal) _5_\/59‘ ;
;. Y=o 1 dosd)

3+J17 _-5-429
e :

Vay phudng trinh ¢6 nghiém: x = 5

Céu 2
Véi v,1,1,ceZ" ta c6 thé viét lai phuong trinh clia bai todn dudi dang tudng
dudng sau

(v+l+t+c)2 =pivitc & v + 2+t +e)v + (I + t + ¢)? = p2vite (1)

Gié st p 1a s0 nguyén dudng sao cho (1) ¢6 nghiém nguyén duong v, I, t, ¢. Goi
(Vos L, ty, €) 12 nghiém nguyén dudng clia (1) ma tdng v, + 1, + t, + ¢, c6
gid tri nhé nhat va khdng mat tinh (dng quét gid st v, > 1, > t, > ¢, (*)
Nhin thay:
(i) (4, +t, +¢,)° chia hét cho v,;
(i) v, la nghi¢m cia tam thic bic hai

£(v) = V2 + (2, + ty + €5) = PhtyCo )V + (4 + £, +¢,)*.
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Tir (i) va (ii), theo dinh li Viet ta thiy ngoai nghiém v, tam thic f(v) concé
(L, +ty + )

Vo

nghi¢m nguyén dudng v, =

biéu nay ching t6: (v,; [;; t,; ¢,) 12 nghi¢ém nguyén dudng ciia (1).
T el v . 2¥ 28 2t 2 12)
Theo dinh li vé ddu tam thife bac hai va tir (2) ta dudc
0 < f(ly) =I5 — p°Lotocy + 20, + b, + codly + (4 + t, +.¢,) < 16L; — p°ltye,
Suy ra: p’Iit,c, < 16l = p® <p*tye, <16 = p € {1; 2; 8; 4}
Vi p=1(1)conghiém nguyénduong v=Il=t=c=4
p=2(1)co6 nghiém nguyén duongv =I=t =c =2
p=3(1)cé nghiém nguyén duong v=I[=1,t=c=2
p=4(1)cénghiémnguyénduong v=I=t=c=1
Viy cdc gid tri clia p théa man bai todn 1a p € {1; 2; 3; 4} .
Céu 3
Goi E 1a trung diém ciia BC.
Ké duding thing
Ex // PA thi Ex L (PBC) va moi diém '
trén Ex cich déu P, B, C.

L4y Q thude Ex sao cho EQ = %PA

THQA = QP SOR= OO0 S T vt
nén Q 12 tim mit ciu (S)
ngoai i€p uf di¢n ABCP.

Trén (APEQ) ldy F = AE nPQ 7
Vi EQ // PA
nén E:£=2:>PF:2FQ:>P?=£PT§
FQ QE 3
Suy ra F ¢d dinh va thudc mat phﬁng (ABC) B
PitPA=a,PB=b,PC=c. Ké AK 1 BC = PK L BC

Tinh § = 8, = %BC.AK — 8= %BCzAKQ 2 iBCZ(PAZ +PK?)

- i((PB2 + PC2)PA2 + (BC.PK? )) s %(az.bz Gtk o b2c2)

trong d6 a® + b + ¢* = a® + BC* = 4QE? + 4BE* = 4R?
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(x +y+2)° _16R’
3 3

Ap dung bat ding thic:  xy + yz + zx <

4 2
=8 < —_R' =8<-=R?
3 J3

Viy 8. = wgsz xdyrakhia=b=c= ZR

NE N
Cau 4
B By anin udih nuy v i
Tiur diéu kién thit nhattacé: — < —; — <1 (1)
Y 2 W
Tit didu kién thit hai ta co: el b o ‘/E\/E )

Tir (1) va (2) ta c6:
o3 R cR ) Ty 2J1_5\f5 t

Trh Attt et T o Aelen s SELRINC N @
vtvtv\/;J;t(v)\/;Q 2(v)()
Ap dung bat ding thitc Cosi ta dudgc: Eﬂ@\/{ e

e 2 v
Do d6 tir (3) ta cé: = ls—S- i é(l—i)— 4)
t w22 2% o2
Loy
Tuong trta cé: —+— < — 5
= I 72 =
Tir (4) va (5) suy ra P(vlt)——l— 2+§*l 2(= 1)5313
R B T TR S - t
Hon nita, tif cdc két qua trén ta thdy
P(v,l,t)=13<:>v=g,l=l,tzg.
3 2 5
Céc gid tri v, [, t trén thda min diéu kién bai todn.
Viy maxP(v, , t)='18.
Céau s
2
3
Xétday x,=a,x,,, =200t ygin=1,2,3,. 1)
3x +1

ayN€ua=0thix, =0,;,vn=1,2 3, .. = limx_=0

n-»+x

b Nénazlthix. =1L vn=123.  =2limx =1

c)Xéta>0va a # 1 theo (1) thi x,,, cing ddu véi x, nén x, > 0,Vn.
3

Tasosdnh x_,, va l: x_, 1= (x“z—l)— (2)
3x; +1
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Tit(2) suyra x,,, —1 va x, -1 cling ddu véi moi n.

+)NéuO<a<1thi x <1 vdimein (2a)
+)Néua>1thi x_> I vdi moin. (2b)
ke 2x_(1-x?)
Tasosdnh x . VA X_: X, — X = W (3)

Tir (3) va (2a) ta ¢6 x,,, >X, vdi moin.

Suy ra: néu 0 < a < 1 thi ddy (x,) 1a ddy don di¢u ting va bi chin trén bdi
1 nén day (x,) c6 gidi han.

Tir (3) va (2b) ¢6 x,, <x, v&i moi n. Suy ra néu a > 1 thi day (x,) la day
don di¢u gidm va bi chin dudi bdi 1 nén day (x, ) c6 gidi han.

Gid st limx_ =b. Theo (1) qua gidi han ta dugc

b(b* + 3)
b mrange
3b° +1
Viy limx =1

n—»+r

< 2b(b*-1)=0=>b=1 (vib>0).

d) Néu a < 0. Xét day (y,) xdc dinh bdiy, =-x,, Vn (4) thi ta duva vé

trudng hgp c).
Khi d6 day (y,) c6 gidi hanva limy =1.

Tir (4) két ludn duge day (x,) c6 gidihanva limx, =-1.

n—+x

Ciu 6

Choy=0:

- ———

f(x*) - £(0) = x(f(x) - £(0))
o f(x*) = £(0) + x(f(x) - £(0))

Cho x = 0: f(y?) = £(0) - y(£(0) - £(y)) = £(0) + y(£(y) - £(0))

Suy ra: f(x*) - f(y?) = xf(x) - yf(y) - f(0)(x - y) (1)
Mit khéc:

£x?) - £(y?) = (x + y)(E®) - £()) = xF(x) - yE(y) - x£(y) + £(x) (2)

T (1) va (2): xf(y) - yf(x) = f(0).(x - y).
Choy=1: xf(1)-f(x)=f(0).(x-1)

& £(x) = x(£(1) - £(0) + £(0)

Viy f(x) = kx + b véi k = f(1) - f(0), b = £(0).
Thit lai ta thdy f(x) = kx + b thda bai todn.
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SG GIAO DUC VA PAO TAO GIA LAl
TRUGNG THPT PLEIKU

Céaul
(1) < sin®™x+cos™’x =sin’x + cos®x
< sin® x(sin®”® x — 1) = cos?x(1 - cos™® x) (2)

547

Lo |sHiex =0 . : s

Ta thay = sin*x(sin™™®x — 1) <0, Vx
= 2008

i |
‘x20
Misoo = cos’ x(1 —cos™®x) >0, Vx
1—-cos™x =0
Do dé
'x =mn
sinx =0
sin x(sin®™ x —1)=0 sinx = £1 =TT
2) e sin” X(sin xl ) e ot (m.neZ)
cos’ x(1-cos™x)=0 cosx =0 T
X == 4.n%
cosx =1 2
| X =nn
Viy nghiém cia phuong trinh la: x = kg(k eZ).
Céiu 2 ‘
Xét X+ =Cx"*Cx*" +Cx" "¢ ..+ CxiC" ™
(x— DP=Cox" —Clx"" +C2x™* - ..~ C*'x + C" (**)

Cong (*) va (**) theo v€ ta dudgc:

X+ D" Fx=D2=2Cox>+ C2x"% + ...+ CF) (¥*%)
Trong (***) cho x = 2 ta dudc

341 =202°C2 +2°°C2 + ..+ 2°C" % & C)

Tird6 ta dugc 2°Ch +2°2C2 + 2L +..+ 201 + €7 = 2 ;1.

Cén3
Qua I, v& dudng thing song song
vdi AC, cit AB tai D, va vé
dudng thing song song vdi AB,
cit AC tai E.
DE thdy ADIE I hinh thoi.
PitAD=DI=IE=EA =k
(v6i k khong d6i).
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Tacé: EIl/ AM

NI El ik

2 = =
| o | e 2
. NM AN AN
T

Vi g&nﬁ:ﬁfﬁ;ﬂnenm(l)vﬁ(zﬁ“é‘ﬁ“L%:l’
iz jJri_ﬁ:% (khong ddi).

(1)

DI/ AN=>

Ciu4
Véia,b,c>0,tac6a+b+c > 3 3abe =(@+b+c)® = 27abc.
Gia thi€t bai todn cho: a + b + ¢ = 3abc (2)
Tir (1) va (2),tacé: (a+b+c)* > 8la’b?c®.
Hay (a +b+¢)* > 9.abc. (3)

Talaic6 a?+b? +c2—%(a+b+c)2

=a? +b? +¢%- %(a2 +b?% +c? + 2ab + 2bc + 2ca)

=%(a2+b2+c2—ab—bc—ca)
=%é.[(&—b)z+(b_c)2+(c—a)2 ]
- L @a-b? + b~e)c-a)] 20
2 2 2 1 2 1
Suy ra: a‘+b" +c¢ 2§(a+b+c) 25 9abc > 3abc
Viy a’?+b?+c?>3abe.
Céu s

Rorangx , >4,Vn=1.

Tacé: x5,-4=(xi -2)°-4=x,-4x; +4-4
=x,(x;-4)
=x2[(x2, -2)* 4] =x2 [x} ,— 4x]  +4-4]

=x5 [x2,(x2, —4)]

S A =xx.xx ~1) (1)
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Thay x, =4 vao (1) ta cé:

2
X, -4
X, —4=xixixl12o Bl -9
XXX
2
X 4
= . 2 o i V2
Xy &g XXy X
x 4
A= 12*"77
3% e B Sl A
X, 4
:>———— 12+——ﬁ—2
> & (X% )

Nhin xét: x _,, —x =x"—xn -2=(x, +D)(x_-2)>0,vnz1.
= 4=X,<X,<X3<..<X, > + o khin— +o.
viy lim x,::—lx = 243.
Céu 6
x[(y) +yf(x) = (x + PIOfeyy ¥x,yeR (1)
> 5 f1)=0
Chox =y =1 tacé 2f(1) = 2(f(1))* = [f(l) e
a) Xét trudng hop f(1) =
Choy=1vao(l). Tacé f(x) =0,vxe R
b) Xét trudng hop (1) = 1
Choy=1ltacéd x+f(x)=(x+1)f(x) > x(f(x)-1) =0
Do d6: Vi moi x #0 thi f(x) =1
K&t hgp cé hai trudng hdp ta ¢6
1 khix=0
f(x)=0,VxeR va f(x)z{&l e
Thit lai: V@i xy # 0 hodc x =y = 0 thi (1) théa man.
Jx;tO Jf(x):l
ly=0 " |fly)=a
Khi dé xf(y) + yf(x) = ax va (x + y)f(x)f(y) = (x + O)a = ax

Viy cdc him s6 trén thda min (1).

véia la s6 ty y

Vi
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SO GIAO DUC VA DAO TAO KON TUM
- -~ = ~r ~
TRUONG THPT CHUYEN NGUYEN TAT THANH

Céiul
} 2
Tir (x - y)(2x* + 2xy + 2y° —3) = 6In g
{ x+Vx’+4

&5 2% —3x +61n(x +Vx? +4)=2y'1 —3y+6ln(y +4y’ +4) ()

Xét  f(t)=2t" -3t +6In(t+ vt +4) teR

‘ 6 1
f'(t) =6t> -3+ =6|t* + ]
(® \/t2+ [ \/2+ e
: 1 1 gef o I B 1 1 15 9
Taco t* + —— = 4= t* +4
P 4 72 1 2t% +4 2\/t2+4 16( % 2
2§+—1§(t2+4)—22§+g)-fg=0
4 16 A B

Suyra f'(t) > 0 Vt = ham s6 dong bi€n va lién tyc trén R
Ma(l) o f(x)=f(y)ox=y
Thay vao phudng trinh con lai ciia h¢ ta ¢6 x° -3x* -1=0 (2)
Pitx* =u(u20) suyrau’-3u=1 3)
Xét gu)=u’-3u-1vdiu=0 '
g'(u)=38u®-3 c6 g'luf=0& u=+l1
Bang bi€n thién
u —1 0
g’(u) + 0 - -

g(u) \
-1

Cin cf vio bang bién thién phuong trinh (3) ¢6 nghiém duy nhat thude (0; 2)

el o e
+

+a0

\

iy g

it u = 2cosa véi o E(O; g]

(3) trd thanh cos3a=-1— o=’ a:£:> Ko i,f2cos£
2 9 9

Viy h¢ cé nghiém
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’ , [
2COS£; 2::05E 4 —JZCOSE; ——JZCOSE :
9 9 9 9
Céiu 2

Gia sif biing cdch 16 ciia bai, ta ¢6 thé t6 mau duge hét tat ca cdc 6 vudng cia
béng da cho khi dé lé’ng sO 14n 1 s& 1a (2011.670)
Dién cdc s& vao cdc 6 vudng cla bing theo cdch: Tai 6 (m, n) dién s& m.n.
Goi S 1a tong s6 tat cd cdc s6 di dién ta ¢6

S=(l+2+..+2010)(1 +2+..+20]1)= 0(mod3).
Mit khdc goi S; 1a t6ng cla 3 s§ nim tai 3 6 vudng & lin tht i
(1<i<2011.670)
Tathdy S;=rs+(r+ )(s+ 1)+ (r+ 2)(s +2)
VaSi=ab+(a+1)b+(a+2)b

(2<1<2011.670) (1 <a<2009;1<b<2011;a,be N")

=S, =2(mod3)
S, =0(mod3) Vi=2,3,..,2011.670

=8=S,+8, +...+S,, o, =2(mod3) = vo .

Viy khong thé 16 mau hét tit cd cdc 6 vudng ciia bang theo cdch t6 di dudc
chi ra trong dé bai.
Céiu 3

a) Trong tam gidc A'B'C’, goi N, L l4n lugt 12 chdn c4c duding cao ké tir A', B'.
Trong mit phdng (SBC), goi M
1a giao diém ciia SN vdi BC.
Trong mit phing (SAC), goi K
1a giao di€m ciia SL véi BC.
Tacé: SH L (A’B’C’)nén H
1A tryc tAm cla tam gidc A’'B’'C’.
Vi
SB’.SB =SC’. SC

nén tf gidc BB’C’C ndi ti€p,

do d6 B'BC = SC'B' ot
Ma SC'B'= B'SN (g6c ¢6 canh widng Wng vudng géc)
nén B'BC = B'SM.
Suy ra SM = MB. Chitng minh tudng ty SM = MC.
Suy ra AM 12 dudng trung tuyén cta tam gidc ABC.
Chitng minh tudng ty, suy ra BK 1a dudng trung tuyén.
Suy ra G 14 trong tdm tam gidc ABC
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b) Ta cé:
= Ve abe abc

8. 280+ Siesc + Siscs * Sume)  AbFBEY AT 25,00
Ta cin chitng minh: ab + be + ca + 28,5 = be(3 + /3) (1
Tir gid thi€ta > b > ¢, ta cé: ab+be +ca > 3be (2)

Trong mdt tam gidc ¢6 it nhat mdt géc 16n hdn hodc bing 60°, maa > b > ¢
nén BAC > 60°
Suy ra:

B é\/(a"" +b?)(a? + ¢*).sinBAC > %\l4a2bc.w\[2§ > bc2\/§ (3).

Tir (1), (2) va (3) suy ra diéu phdi chitng minh.
Ciu4
Véi a,b,c thudc trong khodng (1; 2) ta ¢6 4bvVe —cva,4cva —avb,
4av/b — by/e 1a cdc s6 duong.
Khi d6 4bJ2€:J§ > a+i+c < b(a+b+c)>a(4bVe - cVa)
< (a+b)(b +c) > 4bv/ac,
Ap dung bit ding thic Cbsi cho hai s& duong, ta c6 a+b>2ab va

bva a

b+ ¢ >2vbe . Suy ra bit ding thitc > (1) da duge
Y 5 4bJe -cJa a+b+e
chitng minh. :
oo
Tudng v ta ¢6: £ > (2)
4(:\{. i aJE atbhic
va aVe o 3)
4aJB = b\/E a+b+c

Cong theo vé 3 bat ddng thic (1), (2) va (3) ta c6 diéu phai chiig minh.
Ping thifc xdy rakhi a =b =c.
Céaus
2n+42010

bitb, =a, e u il ching minh b, < ' 2 "l,nzl. 2,340
n

k=n

1

1 202010 o £ ‘ 2042010 g ]  20:200)a _ 1 _k+k
(e ass dap k(k+1) &  k(k+1)

_‘“’"ﬁ‘:’“’[ a, _l+ 1 ]
B patnskrile e
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2n+2010 ak —l+ 1
& k+1 n 2n+2011

2n+2010 ak i 1
=okrl 2011
Ta chitng minh b, < 0. Vi (a,) bi chdn nén ¢6 s6 M théa mian b, < M.

Khi n > 100000, ta c6

ELY
2n+2010 b 2n+2010 1 2 | ] 2n+2010 1
b < X <M = M& + M 14 3 2u,
5 kz:,:, k+1 1; k+1 ool 0] k[‘;} k+1

SR, <

Viy (1) ding.

{1,

g 1 2010
<M.—+M.23——

2 —22+1

. 1.0-02999 2010
< M.§+M. 3100000 < 7M.

bk S
2 ety 4]

Khi thay M bdi gM va ldp lai quéd trinh trén m ldn, v8i moi s6 m e N ta

duge b, < (g} M,

Suyra b, <0khi n > 100000 (2).
Thay (2) vao (1) ta duge b, < 0 khi n > 100000 .

Ta chi y trong (1) ring, néu véimoi n >N +1, b, <0 thi b, <0

2(N+1)+2010
bk bN+1

k=Nl k+1 N+1 k=N+2 R
2(N+2)+2010
bN+1 < b
N+1 k=N+2 k+1
do b, <0, ¥Yn >N +1). Biéu d6 c6 nghia la b, <0, v8imoi n =1,2,3,.

2(N+2)+2010 b
k

(Vb

= bN+l = 0

Viy a, < l, n=1;2-3..
n

Céuo
Gid sif 16n tai ham s6 f : (0;+c0) —> (0;+c0) théa man diéu kién (*).
+ V8imoi z>t>2011, thay x =t-2011, y =z—t + 2011 vao (*) ta dudc

f%(t) > f(z)(f(t) + z - t) suyra G )i() > f(z).
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f2(t)  (z-tf(t) Z
ft)+z-t fH)+z-t
Tir 46 suy ra f(t) > f(z) vdi moi z >t > 2011, hay f 1a ham gidm trén
(2011; +o0).
+ C& dinh x, thude (2011; +o0) va chon n € N” sao cho nf(x, +1) 21 ufc Ia

Q=(1).

Do d6 f(t) - f(z) = f(t) -

f(xu+l)2l
n
Vaik =01 ..o0=01;3
ta c6 x,]+1>x0+k:>f(xn+kaf(xo+l)2
n L n

Ap dung (1), ta cd

Xétham sd @(t) =—l—, t € (0; +o0)
nt+1

c6 @'(t) = —1-3 > 0,Vt € (0;+00) nén @ (1) 1a ham so ting.
(nt+1
k 1
f(xﬂ +) i
Do d6 f[x0+E)—f(xo+k+l]2 > kn > 1n :51.;
i e nfix0+-—-J+1 Bkl
RS L n n

k=01, .5 n=1I'(2).
Cong tit ¢4 n bit ding thifc cla (2) v€ theo vE ta duge

£x,)-fix, +1)2% hay f(x, +1)gf(x0)4_%_

+Chon m € N sao cho m = f(x,) suy ra
f(x, + 2m) < f(x, +2m—1)—%$f(x0+2m—2)—2.—12—
s...sf(xo)Zm%=f(xu)—mSO

Piéu nay miu thuin vdi f(x) € (0;4+),Vx € (0;+0).

Viy khong ton tai ham s& f(x) thda man dé bai.
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SO GIAO DYC VA DAO TAO BAC LIEU
TRUGNG THPT BAC LIEU

Caul
Trude hé&t ta phdi ¢6 a > 0.

BAt phuong trinh da cho dugc viét lai a(ax® +3)° + 3> x
Pat f(x) = ax® + 3, bat phudng trinh dugc viét lai: f(f(x)) > x
Do x < 0 bit phudng trinh ludn diing, nén ta chi xét x > 0.

- g 2 .
Xét x, > 0 bt ki. Néu ax; + 3> x, thi a(ax; +3) +3>ax} +32>x,.
- - 2
Tuong e, néu ax; + 3 < x, thi a(axﬁ + 3) +3<x,

Do d6: f'(f(x))zx < f(x) 2x,vx >0

oax* +32xVx>0 <:>ax+w3-21,Vx>0(*)
X
ki 3 % A 3 3
Ta c6: ax + — > 2/3a , ddu bing xdy rakhi x = [—.
X h b XA a

Do viy (*) < 2\/§a_21 <:f>a2—115.
Céu 2
{x—y+z:2 (1)
2x° —xy +x-2z=1 2)
Tir(1),tacd z=2+y —x. Thé vio (2) ta dudgc:
2x® —-xy+x-4-+2y+2x=1
2x* +3x-5=y(x+2)

Do x = -2 khdng théa man phuong trinh trén nén

x+2 x+2
y nguyén khi va chikhi x + 2 1a ufc ca 3. Suyrax +2 = +1; hodc x + 2 =43,
Viyx e {-1;-3; 1, -5}
Tir d6, ta cé cdc nghiém nguyén cia hé phudng trinh la
x;y; z)e{(—l; =65 —3), (—3; —4; 1), (l; 0; l), (——5; ~10; —3)].
Céu 3:
Giast MNNCD'=1', ANNCD =1.
Do II'=(AMN)n(CDC'D')
AM = (AMN) n (ABB'A))
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Mai (CDD'C') // (ABB'A") nén II' // AM .
Theo dinh li Talct ta c6: M

AM_ MI Al BC
AM MN AN BN D’ I o

x—-a a N i
= e =+ B

> SRS Sl <high S

é(x+y)2(l+l)2216 At B
b :

= (x +y)* > 168’ ALY oif

= x'+y 282"

Dédu bing xdy rakhi x =y = 2a

Tirdé6: MN? = x* + y* + a® > 9a* A B

Do viy gid tri nho nhit cia MN 1a 3a, xdy ra khi x =y = 2a.
Céu4 '

Pitt=x+y

ta c6 A:i[3(x+y)2 +(x7y)2}~3(x+y) :gt2 —3t+%(2x—t)2,
veiD=x<2ib<t<3.
bat f(t,x) =§t2 —3t+i(2x—t)2 véi 0<x<2,1<t<3.

Tachr

3.2 1 Bt 3 2
A=—t*-3t+—(2x-t) 2-t*-3t=—(t-2) -32>-3.
4 4 4 4

Diu bing xdykhit =2 va x =y =1.

Vay gid tri nhd nhit ctia A 12 -3 datdugc khi x =y =1.

DE (im gid tri 16n nhat clia A, ta dya vao nhan xét A 16n nhét khi x nhd nhit

hoic 16n nhat ¢ thé, véi mdi t ¢6 dinh ta c6:

max (0,t — 2) < x < min(2,t)

Do dé:

+Vdi t <2 ¢6 dinh thi A, = max(f(t,0),f(t,t)) =t* - 3t, nhu vy, trong
trudng hgp niy gid tri 16n nhat cia A dat dudc biing —2 khi t = | hodc t =2.

+V6i t > 2 cddinh thi A, = max(f(t,t - 2),f(t,t)) = t* -5t + 4, nhu vay
trong trudng hdp ndy gi4 tri 16n nhét clia A dat dugce bing —2 khi t = 2 hogc t = 3.

Tém lai, gid tri 16n nhat cia A dat dugc biing —2 khi x 1a cdc dau mit
chinghanx =0,y = 1.
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Céus
Xétham s6 f, (x) = x" —cosx, f,(x) liéntuc rén R.

Ta thdy f’ (x) =nx"" +sinx>0,Vx e [O; g] ,nén ham s§ f, (x) dong bién.

Mt khc, f,(0) = -1<0 va f, (g] = (g) >0.

Nhu vy, véi mdi n, tdn tai duy nhat u,_ sao cho cosu_ =u”.

Ta ching minh {u_} 1a day ting. Gid sif ngudc lai tOn tai u, >u,,,.
Khi d6 cosu, <cosu,, (dou ,u E[O; 1] ).

+1 (d() un+1 € [0;1] )

Do dé u, <u,,, (miu thudn).

Hay u® <u, S

Viy {u,} 1a day ting va bi chin trén bdi 1 nén tdn tai limu, = L.
1
Ta ¢6 u, = (cosu,)n

Cho n — +w, ta duge L = cos’L = 1. Vay limu, = 1.
Céu 6
Cho y =1 va y = -1, ta thu dudgc:
f(f(x) ¥ l) = f? (x) - f(l).f(x) +2x,VxeR
£(£(x)+ 1) = £ (x) - £(-1)£(x), Vx e R
Suy ra: f(x).[f(l) - f(—l)] =2x,VxeR.
Néu f(1) = f(-1) thi thay lan lwgt x =1 vd x = -1 vdo phudng trinh ban
dau, ta dudgc: -
£(1(-1)+y*) = (-1) - £(-1)f(y) -1-y, VyeR.
f(f(-l)+ y2)= fz(l)—i'(l)f(y)+l+y, VyeR.
=>y+1=0,VyeR.(VOli)
o Suheg)
f(1)-f(-1)

Thay x =y vao phudng trinh ban diu ta dudc: f(f(x) + x2) +ix¥yx,

Viy suy ra: f(x) =cx,vdic=

Tuwdo,suyra: e=1.

Khi dé, ta c6: f(x) =x,

Thay vao phudng trinh ban diu, ta duge x* = y*, Vx,y € R (khong thda min).
Viy khong ¢6 ham théa méan phuong trinh trén.
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S3 GIAOC DYC VA PAO TAO CA MAU g
TRUONG THPT CHUYEN PHAN NGOC HIEN

Céaul
szyz E x"y" = %2010 yz i yzmz
H¢ da cho twong ducng:
2 1005 2012

2
1+(x+y) < y-y
Tacé: 0< (x’"”ir’ + y)2 ol o L e,

2010 +y 2012 I: 2% 1oo5y yzmz:l

ey (xum o3 y)2 < x2010 + yz y2012 1 (x - y)
:>OS % 1’ 1 xy ,!1+(x+y <0
1005 y=0

—(l—x y) =(x+y)2

UI 5 £ y 0 = 1
y=-1
i Dyt ¥ £ § =
x=-1
x+y=0
{y =1
Thit lai, ta nhdn cd hai nghi¢m trén.
Viay hé da cho ¢6 2 nghiém: (Iy =1yva (-1; 1).
Céu 2
i (205 xy(x + y) khong chia hét cho 7

Dau «=» xdy ra khi va chi khi: {

T (3) = (x + y)7 —(x"' + y7) chia hét cho 7°
hay Txy(x + y)(x2 + Xy + y2)2 chia hét cho 7°
2 gRhAT S e 4

= (x + Xy + y“) chia hét cho 7

= x* + xy + y* chia hét cho 7*

= x° eryﬂi-y2 >T7* =49 (4)
Tr()va4) = x> +xy+y° =49 o x* +yx+(3,r2 _49)= 0

A=y -4(y*-49)20

o y° <4:9~65,3<66

Do yeN‘3y6{1;2;3;4;5;6;7;8}
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Thit lai: y =1 (loai)
y = 2 (loai)
y =38 = x =5 (nhin)

y =1 (loai)
y =5 = x =3 (nhén)
y = 6 (loai)
y =7 (loai)
y = 8 (loai)
Viy c¢6 hai nghi¢m cAn tim la: (3;5) va (5; 3).
Ciu3l
C
bat -

AEB =v; EC = c; ED =d; i’=%Ec}j=ﬁ-ED'

Vi tif gidc ABCD la uf gide ndi ti€p nén
AB AE BE
CD CE DE._

Suyra EA = kej va EB = kdi .

Vi F € AC;F € BD nén tdn tai cdc s0 x, y thda man:
EF = xEA + (1 - x).EC = xkej+ (1 — x)ci
EF = yEB + (1 - y).ED = ykdi + (1 - y)dj

So sénh cdc hé sd clia i va J tiY cdc ddng thife trén ta dude:
xke =(1-y)d va ykd = (1 -x)c

Trdo suyra x =—k,—d—_—5ﬁ
(k* —1)e
Viy EF = kzk 1((kd —¢)j + (ke —d)i), suy ra
2
EF? = (kzk 1] [(kd —¢)* + (ke —d)* + 2(kd - ¢)(ke — d).cosﬂ
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Mait khdc, ta co:
MN - 2(AD + BC) :%(ED—EA'+E—E_B')
1 E
= E[(d -ke)j+(c— kd)l]

Suyra  MN? = 2((d~ke)* + (c ~ kd)" +2(d - ke)e - kd).cosy)

: SMNE IRl e AT
ke o ZZ[ k J :Z(k—i}

MN 1|AB CD|

Suy ra = = .
EF 2/CD AB|
Ciud
Bit ding thifc cin chiing minh twong dudng
9ab 9be 9ca
+ + <a+b+c.
3a+4b+2¢ 83b+4c+2a 3c+4a+2b
Ap dung két qua: l+l+12 3 (X,y,2>0)
X y Z X+y+z
J 1 1 1 9
ta co: + + =
a+b+c a+b+e a+2b 3a+4b+2c
9ab ab ab ab

= < e i
3a+4b+2¢ a+bitc a+b+ec a+2b

Cong v€ theo v& bat ding thic trén va hai bit ddng thifc twong ty ta dudc:

9ab % 9be 5 9ca
3a+4b+2c 3b+4c+2a 8c+4a+2b
2(ab + be + ca) ab be ca
< + + &
a+b+ec a+2b  ‘b+2c e+2a
Ta s¢ chitng minh:
2(ab + be + ca) ab be ca
. 5 g <a+b+e
a+b+ec a+2b b+2c c¢+2a

That vay, ta c6:

2(ab + be + ca) 3 2@+b+ce)
aHbFols - 3

ab 2 b+ 2a

+2b 9

3(ab+bc+ca)<(a+b+c) =

(a+2b)b+2a)=(a+b+b)b+a+a)>9ab =
a

be c+2b: Sea a+2c
< > <

Tuong w: < : <
b + 2¢ 9  c+2a 9
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2(ab+bc+ca)+ ab g be ,_ca
a+b+c a+2b b+2c c+2a
s2(a+b+c)+(b+2a)+(c+2b)+(a+2c):a+b+c
3 9
Bit ding thirc dude chitng minh.
Dau ding thifc x4y ra khi va chikhia=b=c.

Céu s
1. Xét phuong trinh: x*™*' = x +1 (1)
Phudng trinh (1) viét lai nhu sau: x(xZ“ - 1) =] (2)

Ta xét cdc trudng hdp sau:

a) Néu x < -1 thi x* > 1= VI(2) <0, viy (2) khong c6 nghiém x < 1.
b) Néu 0 <x <1 thi x* <1= VT(2) <0, vdy (2) ciing khong c6 nghiém

Bz x <]

¢)Néu -1 <x <0, thi x**"' <0< x+1,viy(2) khdong conghiém -1 <x < 0.

d) Néu x > 1. Xét ham s6 sau: f(x) = x> -x -1
Tacé: f(x)=2n+1)x*™ -1 :}_f;(x\)~> 0 vx>1
Mit khdc f(x) 1a hAm s6 lién tuc trén [1;+oo) vafill)=-1<0
f(2) =21 -3>0, ¥neN’.
Suy ra phudng trinh f(x) = 0 ¢6 duy nhat nghiém u_ > 1.
2. Xétday {u,}, v6i u, dugc xdc dinh & phin 1.
Tacé ul' =u, +1,vith€ u, =2fu +1
Tir (3) va theo bt ding thitc Cauchy, ta cé
(w, +D+1+1+...+1

= 2n+] 2n
u, =2yu +1<

2n+1

u, +(2n +1)
hay <t

> 2n +1
< @2n+Du, <u, +2n+1 ©u, <2I;+1
n
K&t hgp v6i u, > 1, vdi moi n=1,2,... ta c6 bat ding thic kép sau:
ik 3 2n +1 @)
2n
. 2n+1 = A Ry 3 :
Do lim i 1 nén theo “nguyén Iy kep” suy ra limu, =1.
n—+x n n—+x
Céu6

f(x +y) + f(x - y) = 2f(x).g(y), Vx,ye R (*)
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Theo gia thiét, t6n tai x, € R sao cho {(xp) # 0.
V@i mbi s6 thuc vy, ta dinh nghia day (x,) (k =0, 1, 2,...) nhu sau:
; A Y khi [f(x, +y)| = [f(x, —y)
et {xk —-y khi [f(x, +y) < [f(x, —y)
Khi d6 k&t hgp véi (*), ta c6: [f(x,.,)| = [g(y)|f(x, ).
Quy nap theo k, ta dudgc: [f(x,)] = lg(y){k fx,), Vk e N°.
Vi [i(x, )| <1, Vk e N* nén [g(y)| < 1. Bai todn dugc ching minh.

DAl HQC AN GIANG
- P - ~
TRUONG PHO THONG THYC HANH SU PHAM

Céu1l
fix,)=x,
f(x,) =x.
el T =X ey BitolteR
f(x,) = x,
fix,)=x

-y

Ao . = 1 it "
RG rang, f ting trén —§;+ o |, giam trén | —o0;— —

[Sv]

va f(t) = f(—l] = —é,‘v‘t € R nén x; > —é,in =14
o 4 4

&, Truong hop: x, 2 —% thi tr 4) = f(x,) > —%

e i iy s [ s, (4 P

5Jﬁ25 5 5 oo
10 4 Bl

Hon nira: f(———
4

:)f(—%}<f(4) ma X, g—g:n:4 >ﬁ%

e o i % 1
Lép ludn tuong o ta cling ¢6: X,,X, > =5

Néu x, < x, = f(x,) < f(x,)
=5 xe S s f(x. VS T )
Lx, < x, =i ysilx)

X, SEDE S I SX, SX DX SR BX, =X, =1

&, Truong hop: x, < e
2
Néucok € {1,2, 3,4} dé kk > —é thi theo trén:
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X, 2—%. vie{l,2,3,4}

Bk S —;— (mdu thudin). Viy x < %, Vie{l,2,3,4]

Néu x, < x, thi f(x,) > f(x,)
=X, 2%, 2f(x,) <f(x,) = x, <x, = x, = X,

Lap luédn tuong wy, ta duge X; =X,

X, =X
X g i >
Hé phuong trinh trd thanh = x, +f(x,) = x, + f(x,)
(x,)=1x,
Fix =%,

=X +2x -1=x} +2x, -1
o (%, +12 = (x, + 1) = [x’ 27
X, =X, -2
=2X =Xl =x, =Xy =X, =%1

Viy, h¢ (*) ¢6 nghiém la X, £X, = xﬂ = X, = +1
Céu 2

(1) < 197919y* + 79x%) = zx’y? (2)

= zx’y’ 11979

Vi s6 1979 1a mdt s& nguyén t8, nén xay ra céc truding hdp sau day:
1. 2:1979 = z = 1979z, (¥)

Thay (*) vao (2) ta duge 19y* + 79x? =2,x’y’ =19y? i x? va 79x7 i y?

Vi19va791a s6 nguyén 18 = x> 1y’ vi y*i x> = x = y(**)

Thay (**) vao (2) ta duge

98x” = z,x" hay 98 = z,x*
Vi 98 = 2.7 = 98.1%, ¢6 thé xdy ra
x=7, 1z =2suyraz=2.1979,x=y=7

hodc x =1, z, =98 suyraz=98.1979,y=x =1.
2.x:1979 > x = 1979x, , thay vao (2) ta duoc y:1979 hayy = 1979y, , lai

thay vao (2) va chia hai v€ cho 1979°x%y?

ta dudc —1—?- + E? =z.1979

ST A

Tabitrx >3y, 51
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vazz=1 :>E B <19+79 =98 <1979 <1979z
x] Yi
Diéu nay vé Ii vdi két qud nhén dugc § trén.
Viy néu x : 1979 thi (2) khong xdy ra
3. y : 1979 wong w nhu trudng higp (2).
Kétludn: x =y = 7; z = 2.1979 hodic x = y = 1; z = 98.1979 12 nghi¢m cta
phuong trinh.
Céaul
Goi E, F lan lugt 1a hinh chi€u cia A 1én DB va DC.
Khi doé:
BC L AB
BC L DA (DA 1L (ABC); = BC 1 (DAB)
AB,DA < (DAB) D

Ma AE c (DAB) suy ra BC L AE
Mit khdc AE L DB

Suy ra AE L (BDC), suy ra AE L (DBC)
suy ra AE L EF (hay tam gidc AEF
vuong tai E).

Ngoaira AE L DC (AE L (DBC), DC

1L AF suy ra DC 1 EF.

Do d6 géc gitta (DAC) va (DBC)

Ia géc AFE, AFE = .
Dit DA = AB =Xx.

A&

o R

Trong tam gidc vudng cdn DAB: AE = %DB =—

: - AB
Tam gidc ABC vudng tai B: AC = gl
cosa  coso

Trong tam gidc vudng DAC:

1 1 1 1 cos’a l+cos’o
AF2 =DA2+AC2 :“F"' x2 = X2
Hay AF = .—X=
V1 +cos®a
Trong tam gidc ADF: DF = AT ARt S
V1 +cos®a
ADFEw ADBC = DF LB TS BCDF _ (xtana)xcoso
FE BC BD J1 + cos?a./2x
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AE x\E J2x A1+ cos?a VJ1+cos’a

tan ; = tana.tan=———(dpcm)
g EF 2 x’.tana.coso b cosa s
Cau 4
V=0 Vx4l1>1 = — ExDflxj<x D

J— J_

Mit khdc xét  g(x) = ﬁr\/:l—? = (1 ~ %J véix>0
X+

T L
g(x)_2{1 m}>0,Vx>O

= g(x) dong bi€n trén (0;+00) = g(x) > g(0), Vx>0

1 X
Ha —(1-=1>0,vx>0
yx/x+1 [ 2]
1 X X x?
=5 >1l-=,¥x>0=> >x——, x>0
Jx +1 2 ‘x+1 2
2
:>f(x)>x—%,Vx>0 2 NS (2)

2
Tir (1) va (2) suy ra x—% < f(x) <x, Vx >0 (dpcm)

bBg B, —f( )*f(nJ +f[n£]

2
X
Tir ciu a ta c6 x——2—<f(x)<x, Vx>0

- <2 . .
:Lz_‘—4<f[i2]<%(i=1,n)

n 2n n n
B SRR S T o n(n+1)
2 51 4 < Sn = 2
n 2n 2n
o, n(n 21) n(n+1)2n +1) o8 n(n -; 1)
2n 6.2.n* 2n
z n+1 _(n+1)(2n+1) B w+ 1
2n 12.n* 2n
Vi 1im[“+1—(“+1)(2‘;+” = it = néri imS, = =
n-»+x 2n 12n n-—s+% 2n 2 n—s+x
Céus
2
TaCotg, = Uy = VR b ea T8ee W s W - Ve Uy
2011 by 2011 AT SO NN !5 Y
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Vis snzm.[LL+L...+-Lﬁ;}=zon[hﬂ

u
CRACO U =1 4 L _>u_ nénday {u { ting.
¢l 201k ¥ {u,} tang

Gid sit {u_} bi chan trén, suy ra tén tai giéi han hitu han limu, =a (a > 1).

u’ u’
Dodé: ur v, =u +—"— suyralimy,=lim (u_+—"—)
" e 204 e 201

2

B e, l:>a=0(v6 If)

Viy {un} tdng va khong bi chin trén nén:

: s ]
limu, =+ = 1lim—=0

un*l
Do d6 lim S, =2011.
Ciu 6
1 i 1 1
Thay x =——y vao (1), ta dudge f| —f(y)-—=y |=1 (2)
4 4 2
Thay x =y =0 vao (1), ta dugc f(%f(())) =], (3)

ey e s
Tir (2) va (3) s ~f(y)-=y =1~
(2) va (3) suy ra f(4f(y) zy) f[4f(0)J

Do [ d6ng bién nén %f(y) -n—;y =;l~f(()):> f(y)=2y +1(0), Vye R

Thay y:(),x——%o) vao (1) :f(()):g

Viy f(y)=2y +i . Thit lai thdy {(y) thod min d¢.

S3 GIAO DUC VA BAO TAO CAN THO
TRUGNG THPT VIET MY

Céaul
Phuong trinh da cho tudng dudng véi

3
(3x+2)"+3x+2:(\/x2+x+1) +Vx +x+1

470



Xét ham s6 f(t) = € + t ting trén R.
Khi 6, phuong tinh da cho duge viét dang £(3x +2) = f(\/ﬁ Fx+ 1)

Suyra 3x+2=vx’+x+1

Gidi phudng trinh nay ta duge nghiém x = —%

Céiu 2
Pi¢u kiénx # 1
Trude hét ta chitng minh khdng dinh sau;
7

“Goi p 12 mdt udc nguyén (3 cia 22X . P x4l

x-1

thi p =0 (mod7) hay p= 1 (mod7)”
Thét vay,

7
; i
N&up |x— 1 thix =1 (mod p) =~

=x°+x’ +...+x+1 =7 (mod p)

£ <1

Tacod p nénsuyrap|7:>p;_7_. &

x—1

Vay p =0 (mod7)

g
Néu (p,x— 1)=1thivi p

11 nén pl(x—l)(x“ PXELF XD
x_

Hay x’ =1(modp)

Tt plx" ~1 tacé (x,p)=1

Vay x"' =1(modp)

N&u(p—-1,7)=1thicé m, nnguyénsaochom(p— 1) +n.7=1
Ti donk = x "Il = (x“”)m.(x’)n = I(modp)

Suy ra x — 1 chia hét cho p. V& li
Vay p— 1 :7 hay p = I{(mod7).

7 e
- 11 thda d = 0 (mod7) hay d = 1 (mod7).

Tir d6 ta suy ra moi udc duong d clia

Bdy gid ta gid st (x; y) 1a mdt nghiém cta phudng trinh di cho.
x'=1

x-—1

Tacéy-1va y'+y* +y* +y+1 chia hét

Suy ra y = | (mod7) hay y = 2 (mod7) vd y*+y' +y* +y+1 dbng du 0
(mod7) hay 1 (mod7).
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Tuy nhiény = 1 (mod7) din dén y* +y’ +y* +y +1 =5 (mod7).
y =2 (mod7) dindén y* +y’ +y* +y+1 =3 (mod7).
Piéu nay khong thé xdy ra. Viy phuong trinh v nghiém.
Ciu3
PR PR BE S PP
+ ;- eE =1
AKX VRBY.CCHI DD
JFA L FB - BC . PO
PR R O
1 1 1 1
+ K v
a+l b+l ¢+l .4+l
Néua>3,b>3,c>3,d>3suyra VI(l)< 1. Vo ly
Néua<3,b<3,¢<3,d<3suyra VI(l)>1.Valy
Viy trong a, b, ¢, d tdn tai it nhat mot dai lugng khong 16n hon 3 va va it nhét
mot dai lugng khong bé hon 3.

Ap dung ti s6 thé tich ta ¢6

Dit

=1(1)

Céu 4
Goi A’ 1a diém d6i xing véi A qua G.
Ta c6 AA B,C, ddng dang ABA'G, suy ra ti s§ dong dang 1a
BC < BC = ==
=12 251 ot AC,G + cot AB.G
A'G G

Ma cotAC,G = cot ABG
AB? + BG® —-GA® e
4S

ARG
_ 3(AB? + BG? —GA?)
48

ABC

Tudng o

= 2 3L end
colAB G = 3(AC +4(SZG GA”)

ABC

Suy ra

—

CO[@ + COIABIG

BC*+CA*+AB* | ..,
= 1a ti s6 dong dang.
28 h
2
S 5 BS 2 2 2
MES =R g SO T BC® +CA" + AB
3 S 28

A'BG
ABC

ABC
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Tacé: BC? + CA” + AB® = 9(R* - OG?) (R Ia bén kinh dudig trdn (0))
2
(E.(:2 +CA 4 AB’)

Suyra §,,..S, = 5
2 _alye
ML L e T (1)
12 4

Mait khéc, theo dinh li Euler cho tam gidc Pedal A B .C

(B:6,
SA,,H“Cn & |R2 - OGZ|
SABC 3 ! 4R2 |
Do diém G ludn nim trong tam gidc ABC nén R > OG
Sphc,  R®-0G?

ta co

= = 2
SRR G
27 R’-0G’* _27(R*-0G?)’
Tir (1), (2) ta c6 S,S, = —(R*> - 0G*)’ ® 3
(1), (2) 0> 4( ) IR ey (3)
SEEL 25d 4 :
P S e b T G BN (L
16R* 16 -—~16- .
chi khi O = G, hay AABC déu. (4)
Trong moi tam gidc ta ludén ¢690G* =R*(1- 8cosA.cosB.cosC)
2
Vi tam gidc ABC khong ti nén 8cosA.cosB.cosC >0= OG> s% :
Ding thic xdy ra khi va chi khi tam gidc ABC vuong (5)

K}
27(1{2 —l—{f}
9 .
T (3), ()Y => 5§, z————+—% =%(d0 R = 1). Bang thic xdy ra khi va

16R?
chi khi AABC vudng. (6)
Tir (4), (6) ta c¢6 diéu phai chitng minh.
Céus

Tacéd a_, =a (2-aa )<aa_ =aa (2-aa )
b.=aa, =aa
Xétday (b,) véiq ' TN T
b =aa v6in=1,23.
Tacé b, =b (2-b )=-b+2b =—(b_-1)’ +1
Suyra b ~1=~b, 1)’ =—(—(b_, ~1)*)’

=ab, =) =...= (b, ~ 1 =~(aa, -1
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Ta cé 0<aau<2:>—1<aa“—1<1:>]aan—l|<:l

Do d6 lim(aa, —1)* =0=limb_, =1

n—7 n—x

Viy lima = 2
a

n—r

Céu6 ;

Gid sicé y,.y, € [l;+oo) iy =1(y,)

= xf(y,) =xf(y,) Vxe [1;+m)

= 1'(:(f(yI )) = l'(xf(yz)) =y fx)=y,l(x) =y, =Yy,
Viy f don dnh
Tir diéu kién bai todn cho x = y = 1, ta duge f(f(1)) = f(1) = (1) = 1
Ciing tir diéu kicn bai todn cho x = 1 dudc f(f(y)) = y véi Vy €| L;+o0)
Hay f(f(x)) = x v6i Vx e [l;+w)
Tir diéu kién bai todn, thay y bdi [(y) ta dudc

f(xf( f(y))) =f(y)f(x) véi Vx,y € |:1;+oc)

& f(xy) = [(y)f(x) Vi Vx,y €[ L;+0)

Miit khéc f ting trén [ Li+0), that vy véi Vxy [L+e0) vax >y

<:>-x->1:>f(}—
y y

Cudi cing chitng minh [(x) = x ¥i.Vx € [l;+oo)

] >I=Hx)= 1‘(§.y) = f(%)f(y) > £(y)

Né&u f(x) > x thi {(f(x)) > {(x) = x > f(x). Vo li
Néu f(x) < x thi f(f(x)) < f(x) = x < {(x). VO li
Thit lai f(x) = x vdi Vx e [1;+oo) thda yéu ciu bai todn.
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NAM 2012

TRUONG THPT CHUYEN THOAI NGOC HAU - AN GIANG

Cau 1
(3x+y)(x+3y)\/5=14
Giai hé phuong trinh: S
()H—y)(x2 +14xy+y“): 36
Ciu 2
n+l2 2 2

Xétday s6 (u,) chobdi u, =——| —+—+-+— |,n=1,2,3
ARG o n

Ching minh day sé (u”) ¢o gidi han hitu han va tim gidi han do.
Ciu 3

Cho hinh binh hanh ABCD c6 AB=a,AD =1, BAD=a , tam gidc ABD
c6 tat ca cac gde déu nhon. Hay chimg minh ring cac hinh tron ban kinh bing 1 ¢6
tam lan luot 1a A, B.C, D sé& phu kin hinh binh hanh nay néu :

cosa++3sina=a.

Cau 4

Timhamsé f: Q" —> Q" théa min: Vxe Q"

fx+1)=/(x)+1
f(2)=[f(x)- 1] +1

Cau 5

Tim nghiém tu nhién cta phuong trinh 27 = T rxt+x+l.
Ciau 6
Xét bang 6 vuonb 4x 4. Ngubdi ta dién vao mdi 6 cua bang mot trong hai s6 1

hodc —1 sao cho tong céc sd trong mdi hang va tong cac so trong mdi cot déu bing
0. Hoi ¢6 bao nhiéu cach ?

TRUONG THPT NGUYEN DU - PAKLAK
Cau 1
5111,\' = 7|n,\‘

Giai hé phuong trinh: : =
(7x)h'l = (Sy) ns
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Ciu 2
u, =2011;v, =2012

: 1{ wyv,
Cho 2 day (uy), (va) thoa man: |u,,, = —| ——"=+v,sinu,
3 2\ v +1

H'

1 u,v,
Vg =—| =2 +u_cosv,
2 u #1

Chirng minh ring cac day (u,), (v,) ¢6 gidi han hiru han.
Cau 3

Cho 2 da giac déu n canh ndi tiép va ngoai tlep cung mot dudng tron. Chirng
minh ring tong chu vi 2 da giac dé luén 16n hon 2 lan chu vi dudng tron dé.

Cau 4
Tim tat ca cac ham f: R — R thoa man:
fix+y)+fly+2z)+fz+x)+x+4y+ 722 3f(x + 2y + 3z);Vx,y.ze R.
Ciu s
Tim céac s6 nguyén duong a, b, ¢ va sé nguyén t6 p thoa man:

(2a+3b)(3a +2b) = p°.

Cau 6
C6 bao nhiéu song anh f: {1;2;3;...;]0} —){1;2;3;...;]0} thoa man:
|f(x)—x$$1;‘v’xe {1;2;3;...;10} ;

TRUONG THPT CHUYEN-HUYNH MAN PAT - KIEN GIANG

Cau 1
2x +xy=1=0(1)
Giai hé phuong trinh: x2 e 21(2)
20-x)* 6(0-x)) 9
Ciu 2 ’
Cho a la so ty nhién khong nho hon 3.

u =a

Xétdﬁysé: u ;
u,, =u —[?"}+1 Vn21

-+ n

s Ul e U
2 2

Tim limu,.
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Ciu 3

Trong’tét ca cac tam giac co cung ddy va cung goc ¢-dinh. Tim tam giac c¢6 chu
vi 1on nhat.
Ciu 4

Cho k> 1. Hay tim tit ca cac ham tang thyc sy f :R — R théa man

F(3f (¥))=2f (k) Vx,ye R (*)

Cius§

Tim s6 nguyén duong b thoa man:

I) b c [420!2 ;302012]

i) b=1(mod31)

iii) Vi mdi sb6 nguyén duong k, ton tai @, thoaman a;’'> —b chia hét cho k.
Cau 6 :

Xéc'dinh s0 cac hoan vi (ay, a, . - az2) cua tap {1; 2; 3; ...;2012} théa man
tinh chat: 2(a; +a, +...+ay)chiahetchok,véimoik=1,2,...,2012.

TRUONG THPT KON TUM
Cau 1l s
x+y+l+xyx’ +2+(y+1)y)y* +2y+3=0

Giai hé phuong trinh sau:
307 +47 =41 (x — y) +5

Céu 2
: 1 u
Cho day so (u,) dugc xéc dinh nhu sau: u, = —,u,,, = ——F——= (n € N¥),
g 2++J2u; +3
Tim limu, .
Céu 3

Chimg minh riang néu mot tir giac c6 ba canh khong I6m hon 1, thi dién tich coa

343

n6 khong 1é6n hon ——.
Cau 4

Tim tit ca cac da thire hé sd thue P(x) thoa mén diéu kién sau:

P(P(x)+y2)= P*(x)-P(x)P(y)+xy+x

Céiu 5

Giai phuong trink sau trén tap s6 nguyén: x! +x) +xi +...+x, =2012.
Cau 6

Cho tdp hop M gdm 2005 s6 duong: @,,d,,...,dyy,; - Xét tit ca céc tap hop

con T khéc rdng cia M, goi s, la tong cac s6 thude mot tap hop con T, ndi trén.
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Chimg minh ring c6 thé chia tap hop tt ca cac s6 s, dugc thanh lap nhu vay
thanh 2005 tap hop con khac réng khéng giao nhau sao cho ti s cta hai sb bt ki
thude cung mét tap hop con vira duge phan chia khong vugt qua 2.

TRUONG THPT CHUYEN LUONG THE VINH - DPONG NAI

Cau 1
y(’ +y3 +2x7 = ny—)cz_y2
Giai h¢ phuong trinh (1)
3 3.1 2 2
dxy’ +y +5:2x +y1+(2x-y)

Ciu 2
; : u, =lu, =-1
Cho day so6 (u,) xac dinh nhu sau :
u, =-u, ,—2u, ,,n=3,4,..

2012

Chirng minh ring 4 =2
Cau 3

Cho tam giac ABC, trén cac phéan kéo dai AB, CB vé phia B lay M, N sao cho
AM = CN = p (p nira chu vi tam giég ABC). Goi [ 1a tdm duong tron ndi tiép cla
tam giac ABC va dudng tron ngoai tiep tam giac ABC duong kinh BK.

Chirg minh: K/ 1 MN.
Cau 4

Tim tit ca cac ham sé £ N — N thoa :

Vmne N taco: f{fim)+ fin)] =m+n.

Cau$ SINeie e

Tim tat ca bd ba sd nguyén duong (x, y, z) sao cho tong :

2012 201 2 201 LR : z
la mét sO nguyén duong chan.
X +y y+z z :

Cau 6

Cho A 1a tap hop goém 200 sé nguyén duong phéan biét va bat ki 3 s6 nguyén
duong phéan biét cia A 13 dé dai 3 canh cia mt tam giac khong ti . Trong trudng
hop nay , ta goi la mot tam gide xac dinh bai tip A va ki hiéu S(A) la tong chu vi
cla tat ca cac tam giac khac nhau xac dinh boi tap hop A. Tim min (S(A)). (Hai
tam giac bing nhau dugc xem la nhu nhau).

—Tuly,, 14 56 chinh phuong

TRUONG THPT PLEIKU - GIALAI
Cau 1
Giai phuong trinh : sin™'’ x +cos™’ x =1 (1)
Cau 2
Cho n Ia s6 nguyén duong chin.
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3 2 e o o "4+
Chimg minh rang: 2"C) +2"2C} +2 w0 St +C" = a4 3

Cau 3
Cho tam gidc ABC c¢6 cac géc déu nhon, Goi I 1a tam dudng tron ni t:cp tam

giac ABC. Mgt dudng thing d thay ddi, luén di qua I, ct hai canh AB va AC lin
luot tai M va N.

3 ] 1 3
Chirng minh ring tdng —— +—— ¢6 gia tri khong dbi.
g g tong e g ammn g

Ciu 4
Cho a, b, ¢ 14 ba s6 duong thoa man a + b + ¢ > 3abc.
Chimg minh rang: a’ + b’ + ¢’ > 3abe.

Cau §
Cho day s6 (x,) thoa man TR S O xi— L ¥nEL

Tim lim g .
S % LA o)
Céiu 6
Tim tit ca cdc ham f: R — R théaman~ =

M+ () =(x+p)f(x)f(y) Vx,yeR
TRUONG THPT HUNG VUONG - BINH PHUOC

Cau 1l
Jx+4B32-x -3y =3
Yx+B32-x+6y=24

Giai h¢ phuong trinh sau: { (x,y e R).
Cau 2
Cho day s6 {u,};n=0;1;2;...

. u,=a
Xac dinh nhu sau:

n+§

=u,+cosu, v6in=0;1;2;.

Tim lim u, .

Cau 3
Cho duong tron (C) ¢6 tam I ban kinh R va diém O c6 dinh sao cho OI=2R. Goi

(C1), (Cy) 1a hai duong tron thay dbi qua O, ttep xuc voi (C) ca tryc giao vai nhau.
M la giao diém thir hai cta (C,), (C,). Tim tap hop diém M.

Cau 4
Tim tat ca cac ham sé lién tuc £ R — R thoa man cac diéu kién sau:
() =1 va fix +y) = f(x) + f(y) + 2xy, v&i moi x, y thude R .
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Cau 5

Cho n, d 1a cac s6 nguyén duong sao cho d chia hét 2r°.

Chimg minh ring n” + d khong thé 1a sé chinh phuong,
Cau 6

C6 bao nhiéu sb tw nhién c6 10 chir 5‘6 khac nhau d6i mot, trong dé cac chir s6
1,2, 3, 4,5 dugc xép theo thir ty tang dan tir trai sang phai nhung céc chir s6 1, 2,
3,4, 5, 6 thi khong dwoc xép nhu vay.

TRUONG PHO THONG THUC HANH SU PHAM
AN GIANG
Cau 1
X (y+z) =Bx*+x+1)y*2’
Giai hé phuong trinh: { > (z + x)* = (4)” + y +1)2°x’
2Z(y+x) =52 +z+1)x’y’
Ciu 2 : :
Cho a la so thuc duong, xét day so (x,):
X =a
e RS —it:k.xk Vrn=1.Tim limx,
Ciu 3
Cho ba duong tron O, O., 02 ban kinh r, r;, R tlep xic ngoai tirng d0| mot. Tim

do dai coa day AB ma tiép tuyén chung cia hai duong tron O, O, tai tiép diém cit
dudng tron Os.

Cau 4
Cho ham s6 f(x): R* — R" thoa man diéu kién:
: R
S(x).f(Y) = f(x.y)+—+— , Vx,yeR". Tinh f{2012)
Xy
Caus

Chimg minh rang ¢6 v han cac s6 ¢6 dang a, = 2" — 3 (n>2) ddi mot nguyén t6
cung nhau.

Ciu 6
Chimg minh ring trong moi khdi da dién 16i tn tai it nhét hai mat c6 cing s canh.
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PAP AN
TRUONG THPT CHUYEN THOAI NGOC HAU - AN GIANG

Céiu 1

(3x+y)(‘c+3y)\/_—l4 (1)

(x+y)(x“ +l4xy+y‘)=36 (2)
bat \/_:1420;\/;=v20.taduqc

(1)-(2)@*{

{311 v+10u’y + 3w’ =14

w® +15u* v +15u°v* +v° =36

He¢ phuong trinh{

uv(3u" +10u°v” +3v* ) =14

u® +15u*v +15u°v +v° =36

~

{36+2 14 =u® +60°v+15u"v + 206V’ +151°v + 6uv® +4°
o

36—2.14 =u® — 61’y +15u*v’ =200’V +151%v" —6uv® +v°

(u —64 26 u+v=2 ”+V=2 O
<:> < 1 4 (vi u,v=0)

(u v) (ﬁ)ﬁ TRl PR S 5

( JE JE
Lo T vV

V2 V2
v‘"l—'—— 1’:1-{-‘,.*_
i 2 B

Vay hé co cac nghiém : (%4-\/5%—\5] va {%hﬁ,%-}_ﬁ]
Cau 2
R& rang: u, >0,Vne N’

Ta co:

o) o n+l %)
; RFIE] g1 Uiy ?(n+1) ’ :

2 n+l

3 (M+2)2 (u,“, i —(u" +1)
i 8 2(n+1)(n+2)

nen=y - —uy
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<0.

n+l —

Viu, >0,Vne N nénnéuu, —u, <0 thiu,,6 —u
e i 3 e ;

Nhung u, =~ va u, = —,nghiala u, —u, =0.
A 3

Do dé: uy—u; S0, ~u 50,..5u,,, 4. 50

Chimg to, day (u, ) la day s giam véi moi n>3.

Ma né bj chan dudi bai 0. Do dé, day (u,) héi tu.

bat limu, =a.

: 1
Tir hé thirc (*), chuyén qua giéi han ta duoc: a = §(a+ Nea=1

Vay limu, =1.

Cau 3

Trude hét, ta chimg minh bd dé sau:

Bé dé: Goi O latdm va R 14 ban kinh duong tron ngoai tiép tam giac ABC.
Khi d6, cac hinh tron tim A4, B,C vai ban kinh x sé pha kin AABC néu va chi
néu x> R.

Chimg minh bé dé: A

1/ Piéu kién can: Céac hinh tron tam 4, B,C ban
kinh x phi A4BC = cac hinh tron nay phai phu I K
(=522 R,

2/ Diéu ki¢n du: Dao lai, gia sit_x=R voi B 3
(()._R) la duong tron ngoai tiép AABC . Ta xét cac v
vong tron tam A, B,C ¢6 ban kinh bang R . Khi do,

goi 1.J,K lan luot 1a hinh chiéu cia O xuéng AB, BC,CA thi hinh tron tim 4
ban kinh R sé phu t& giac OIAK . Tuong ty hinh tron tam B,C ban kinh R lan
lugt phu kin tir giac OIBJ, OJCK . Do d6 cac hinh tron tam 4, B,C ban kinh R
phu kin AABC .

Theo gia thiét ta c6 x > R nén hién nhién cac hinh tron tim A, B,C ban kinh
x phi kin AABC. Diéu kién dii dugc chig minh.

Chirng minh bai toan:

Cac hinh tron tam A,C,B,D ban kinh bﬁng 1 pht kin hinh binh hanh
ABCD <> 3 hinh tron tim A, B, D ban kinh bang 1 phi kin tam gidc A4BD .

Goi R 1a ban kinh dudng tron ngoai tiép A4ABD ; ap dung bd dé trén ta c6 diéu
kién can va di dé 3 hinh tron don vi tim A4, B, D phu kin AABD 1a R<I.

Taco: BD=2Rsina
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B C

va BD’ =a’ +1-2acosa

Nén 4R’sin’ @ =a’ +1-2acosa H
Do do:

4sin’a>a’ +1-2acosa vil=R) A

< 3sina>a’ +1-2acosa +cos’ a—1
o 3sina>a’ —2acosa +cos’ a <:>\/§sina'2|a—cosa]
(do AABD nhonnéncdé AB> AH =cosa < a>cosa )

< +3sina >a-cosa <:>cosa+\/?;sina >a
Ciu 4

Vi f(x+1)= f(x)+1 Vxe Q" (gia thiéy
nén f(x+n)=f(x)+n ¥xeQ'.VneN" (1)
(Chimg minh dé dang béng phuong phap quy nap)

Vxe Q" dat x=£;p,qu*,tac6:
q

AE+91=11E + ) 17 +1 (gia thiéh)
q q SN

c»f(;’; +2p+q2)=[f<§)+q—tf +1 (do (1))

o f{(—f;f]+2p+q2 =f2(§)+2(q—l)f(§)+(qﬁ1)2 +1(do (1))
o) -1 +1+2p+¢’ = L D)+ 20/ E) -2/ E) + 4 —29+2 (do gn)
q q q q
o B -2y +2+2p+¢ = D)2 B =20 By + g2 - 29 42
q q q q q

o2f@y=2p+29 r)=L 11
q 9 q

Viy f(x)=x+1 VxeQ"

Thirlaitacd f(x)=x+1 Vxe Q" la ham sb can tim.
Cau §

Tac6 2 =x’ +x* +x+1 & 2" =(F* +1)(x+1)

Suy ra (x* +1),(x+1) la cac udce tw nhién coa 2.

x+1=2" (1)
Dodétaco ¢x* +1=2" (2) (m,ne N)
m+n=y
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Tu(Dva@2)suyra (2" =1 +1=2" < 2" 22" p2="2" (3)

Néu m > 2 thi 2°"va 2" chia hét cho 4 nén theo (3) thi 2" chia cho 4 dur 2.

Mat khac m >2néntir (1) suyra x >3, tr (2)suyra 2" =x>+1>3*+1=10
nén n>4, dodo 2":4 (khong théa min).

Néu m=1 thitr(1)suyra x =1.Khidotaduge 2° =4 nén y=2.

Néu m=0thitir (1)suyra x=0,suyra y=0.

Viay nghiém ( x: y ) tu nhién cua phuong trinh da cho la (1:2), (0;0).
Ciu 6 :

Néu 3 hang dau tién da duoc dlen s6 sao cho téng céc sd trong moi hang bang 0

va trong moi ¢dt c6 khong qua hai so bing nhau thi ta c6 duy nhét mot cach dién so
vao hang thir tr. Do do ta chi tim s6 cach dién s6 ba hang dau tién.

O hang thir nhat va hang thir hai. mdi hang ¢6 (: =6 cach dién s6 ma tong céc
50 bang 0. Trong 6 cach dién s6 & hang thir hai ta chia thanh 3 trudng hop:

Truong hop 1: Cach dién sb & hang thir hai trung voi cach dién s6 & hang thir
nhat 0 vi tri: ¢d 1 cach. Khi do, ¢6 6 cach dién dong thir ba.

Truomg hop 2: Cach dién s6 & hang thit hai tring v6i cach dién s6 ¢ hang thit
nhat 4 vi tri: ¢d 1 cach. Khi do, C(') 1 cach dién dong thir ba.

lrucmg hqp 3: Cach dién s6 & hant, thir hai trung vai cach dién s6 & hang thir
nhat 2 vi tri: ¢6 4 cach. Khi do, mdi cach dién dong thir hai, ¢6 2 cach dién dong
thir ba.

Viy s6 cach dién s6 thoa man yéu cau bai toan la: 6.1.6 + 6.1.1 + 6.4.2 = 90 cach.

TRUONG THPT NGUYEN DU - DPAKLAK
Cau 1
Piéu kién x > 0: y > 0.
Slnr =7ln_r ln Slnx =ln 7]1\,\'
{ In7 Ins o ( |“)7 ( |) 5
(7x)"" =(5y) In(7x)"" =In(5y)"™
InS.Inx=In7.lny
(In7+Inx).In7=(In5+1In y).In5

InSu—-In7v=0 u=-In7
bitu=Inx; v=Iny, cé: < .
In7u-InS5v=In"5=In"7 v=-In5
L
Inx=-In7 i3
Thay vao, ta dugc: & :
Iny=-In5 g
it
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5
1 uv : = v : 5
. o=—| =21 4y sinu <—(u? +v* o +sintu. | € =—{u? +?
n+l 4 2 ] n n 4 n n 2 2 n 16 n n
Vs 1 (V +l)

2 1 u,v, : 135240 5 u, 5
Vou =H[u +l+u cosv, J sz(v" +un){(—+cos v, J E6(14f +v; )
+v

LS ge(u2+7)

Do d6 day (u’ +v’ ) ¢6 gi6i han bang 0.
y n n

:>ll

n+l

Do dé cac day (u,). (v,) ¢6 giGi han biang 0.
Cau 3

Goi ban kinh duong tron do la R. a,, b, 1a canh 2 da gidc déu do. Py, P, P; la
chu vi ctia hai da giac déu do va duong tron.

il 3 A o n
laco: a, =2Rsin—;b, =2Rtan—.
n n

- e

P +P,= Z-H-R-(Sinﬁ+tan£]; P; =2zR.
n n

: {5 i
Vin>2=>0<—<— nén

2n
i1
/4 T 4tan7 /4 B 5
sin—+tan——:—-'}r>4tan3—>4.*=w— =P, 4P, > 2P,
n B as i 2n P S
2n
Ciu 4

bat g(x) = f(x) - X . Ta ek

gix+y)+g(y+2)+g(z+x) 23g(x+2y+32);Vxy,ze R
Chon x —y—% 'J:—% co: g(a)2g(0);VaeR.
Do dé: g(0) = ming(x). (1)
Chon x =-y:iz=0 ¢é: g(x)+g(—x)+g(0)=3g(-x):Vxe R

= g(x)+2g(0)22g(-x);VxeR (2)
T (1), (2) = g(x)2g(-x):Vxe R = g(x) =g(-x); Vx e R.
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Tir (2) ﬁg(O)Zg(—x);VxeR
Tir (1) = g(0) =g(-x);VxeR.
Vay g(x)=g(0)=C;VxeR.
Do dé: f(x)=x+C;VxeR

Cau s _

Gia str co bd 4 sb (a, b, ¢, p) thoa man dé ra, ta c6:

; 2a+3b=p"
(2a+3b)(3a+2b)=p =1 iy

{3a+2b=p"

Qo3P —2p
- tiemnit

e P—2P

5

Néu p khéc 5 thi tir (1) = m, n >1 va m khic n (vi p khong chia hét cho 5)
= ¢>2 vatir(2) = a, bchia hét cho p.

S oigab : :
Do d6 bd bén sé (2,2, c~2, p) ciing thoa man dé ra. Vay ¢6 vd sé bd (a, b,
p'p

¢, p) thoa man dé ra véi gid tri a, b nguyén duong giam dan (v 1i). Vay p= 5.
as3.5 =28
) ;
b R a8 i1 mas

Néum>nthia<0vélinfum<nthib<0voli. Viaym=n=k+1.

Do d6 tit ca cac bd 4 sb (a, b, ¢, p) tim duge 1a (55, 5% 2k+2, 5) véi k 1a s6
nhién bat ki.
Cau 6

Goi S, la s6 song anh f: {1;2;3;...;n}——){1;2;3;.,.;n} thoa man:

f(x)—x|<1;Vxe{1;2;3;...;n}.
Tacéd: S, =18, =2.
V&in > 2 ta co: néu f{n) = n thi sé song anh nhu vay 14 S, .

néu f{in) =n — 1 thi fin — 1) = n do d6 s6 song anh nhur vay 1a S, >
Dod6 S, =8_,+S_, véin>2.

Tir d6 tinh dugc dap s6 bai toan 1a Sy = 89.
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TRUONG THPT CHUYEN HUYNH MAN DAT - KIEN GIANG

Cau 1
Xét phuong trinh : 26 +y.t—1=0 = t;=x 1a | nghié¢m

2
Phuong trinh thir (2) < 2 eid =4y i s 1—1=0
2(1-x) 2(1-x)

X, =

5 ty= ——% _ 12 nghiém thtr 2
2(l-x)"
; 1 3x 1
Apdung dinh li Viét:tj.th=— — < x(— —)==—=
p dung 1 ( Z(I—x)“) 5
& 2+ 2x-1=0=
X,
: > 122x’
Tu(l)tathayx # 0 => y= —
X

e ShEh \ ey LR
Véi x, = 5 ﬂylz{l'—2( 3 }} _1+\/§)_2

2-'2
Véi:x,=_1+\[§ =y, =|1-2 -1+43 5 )=2

5 2 2 b

S50 e a2
Viy'he b2 nghibei: | =2 ‘E;z va 1+‘/—j;z
2 2
Céu 2

TH I:a=3.Taco u, =3 Vne N* = limu, =3.

TH2: a=4.
Néu u, 24

e

p
_—1+\/§
2

Ta co: u,r=u—”+ﬁ2£‘i’-+22 ] s =, wu %123,
s MR 2 2

Va Do ,ﬁ Al u i s +1<lt,,
. 2 2

Viaynéu u, 24 thi u, >u, 23 . Matkhac u,€Z, VneN*.
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Giast u, 24 VneN*tacou, >u,>..>u,>..23
va u, € Z, YneN* diéuniy vé i vi cac gid trj clia u, 12 hiru han.
Viy ton tai u, =3 voi ke N*,
Khido u, =3, Vn=k.Suyra limu, =3
Cau 3

A B

Dung cung chira goc @ cing day AB. Xét hai tam giac ndi tiép cung chira géc
do la tam giac cdn ADB va tam giac thuong ACB taco ADB = ACB = 7]
Dung dudng tron tdm D béan kinh DA . Goi M 14 giao cua AC vai (D)

Ta ¢6: AD + DB = AD + DM >AM = AC + CM: )
Tacd WB+ J’L‘IE’Z‘ = z@ Gl (2)
Ma WB=%E§B=%‘@ 3)

s | R AL
Tiur (2) va (3) suy ra AMB = MBC = 3 ACB

= Tam giac MBC la tam giac cam tai C = CM =CB

Theé vao (1) ta cd: AD + DB > AC + CB = Chu vi tam giac ABD 1én hon chu
vi tam giac ABC.

Viy trong tat ca cac tam gidc c6 ciing ddy va cliing goc ¢ dinh bing ¢ tam gidc
can ¢6 chu vi 1én nhat.
Cau 4

Gia sir f 1a ham so thoa dieu kién bai'toan

Thay x =y =1 vao (*) nén co f(f(l)) = f(k)

Vi f tang thuc su nén f(1)=k va f(k)> f()=k>0
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Thay x=1 vao (*) ta dugc:

F(fF(y))=w (k)VyeR
= f(S(F ()= 1 (f (k) vy
= [(y)./ (k) =k (ky)Vy = [ (x).f (k) = kf (kx) Vx

Ta chirng minh chi ¢6 duy nhét ham s fix) = kx Vx thoa diéu kién bai toan
That vy f(x) = kx la ham s6 thoa man diéu kién bai toan
Gia sir ton tai f(x) thoa diéu kién bai toan va f(x) # kx,

Xy ) > kx
Suyra 3x, € R: f(x,) # kx, hay Ix, e R: I (%) 0
f(xﬂ)<k‘-u

Néu f(xn)> kx, . vi f tang thuc su nénf(f(xn)) > f(kx,).

Khi do suy ra x, f (k) > f(kx,)

= lox, £ (k) > kf (ke,) = £ (x,).f (k) = kx, > £ (x,) , mau thudn

Néu f(x,) < kx, ., vi f tang thyc sy né_nf(\f(xd) < f(kx,).

Khi do suy ra x, f (k) < f(kx,)

= kx, f (k) < kf (kxy) = f(x,).f (k) = kx, < f(x,). cling vo li

Viy chi ¢6 duy nhat ham s f(x) = kx théa diéu kién bai toan.
Cau 5

Trude hét ta chimg minh diéu kién iii) tuong duong vai b= A" (A la s6 nguyén duong)

a

Gia sith = p™...p% (pi la céc s6 nguyén td khac nhau ; @, >0)
Ap dung diéu kién ii) cho k = b’ taduge : @, =b (modb’)
Suyra: @ =b =0(mod p*)
va @' =b #0(mod p*™) (do 2a, = a, +1) (véi moi i)
Tir diéu nay suy ra lily thira 16n nhat cua p; 1a udc cia @, la p* .
Suy ra 2012‘0:, voi moi i
@ a,

iy b=A"" %61 = p22 . g7
Nguoc lai vai b= A"",
Vi mdi sb nguyén duong k. xét a, = A+ k , khi do

a’ -b=a"" - A" =(a, — AYM = kM = 0(mod k)

Tir diéu kién i) suy ra 4 € {4;5;:...:30}

489



2

Tacs A% =(4")" A = A (mod31)

Vay b=1(mod31) & A’ =1(mod31) & 31|(A-1)(A+1) < 4=30
Viy b= 30"~

Cau 6
Dit S, tap cac hoan vi (a;, a, . . ., a,) ca tap {1: 2; 3; ...;n} théa mén tinh chat:
2(a, +a,+...+a)chiahétchok,véimoik=1,2,...,n (*)
Ta co WS, =1, 15,[=2, IS_J =6. Ta ching minh ]SM‘ = 2[5’,,_,[ vaimoi n =4

Trude hét ta ching minh rang, moi hoan vj thoa (*), phai c6 a, = 1 hodc a, = n.

That vay:

Vai mdi hoan vi (ay, ay, . . ., a,) thoa man (*), ta co:

2Aa +ay+...+a, )=2@ tat...+ta)—2a,=2(1+2+...+n)-2a,
=p(n+1)-2a,=(n+2)n-1)+(2-2a,)

ma 2(a, + a, + . .. +a, 1) chia hét cho (n— 1) nén (2a, - 2) chia hét chon - 1.

+1

: n 4 Xt
Suy ra a, = 1 hodc a,=nhodc a, = (néu n la so le).

% n+l Sob el :
Neu a, = T (n 1a 50 l¢), ta co:

2a,+a, +...+a,,)=2a +a,+...+a,)—2a, ,—2a,
=2(1+2+...+n)=2a, | —(n+1)=(n-2)n+2)+(3~2a, )

ma 2(a, + a, +...+a, ,) chia hét cho (n—2) nén 2a, | — 3 chia hét chon -2
Do 2a, ,-3<2n-3<3n-6 khin>3nén2a, -3=n-2

hodc 2a, | —3=2n—4 (vd li vi 2a, , — 3 1a 55 1¢)

n+l 3
Suyraa, = T = a, (mdu thuan)

bat S, = {(a,,a:,...,an)|(a,,az.....an) €S,,a,=n};

S, = {(a,‘az,...,a”)|(a,,az,...,a") €S, a, =1}

n?

Néu a, =nthi(a,ay,...,a 1) ciing 1a mdt hoan vj cia {1;2;...;n— 1} théa
man tinh-chat (*)
Suy ra anh xa f sau day la song anh:
Fi S8
B R R 3 o 3 R Ny
Néua,=1,xét(a;—1,a—1,...,a, ;—1)lamothoan vicia {1;2;...;n—1}.

Taco2((a— D+ @-D+.. + @ 1)=2a+a+...+ a,) — 2k chia hét
cho k khi va chi khi 2(a; +a, +. . . + a;) chia hét cho k.
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Suy ra anh xa sau day la mgt song anh

g1 8 8
(4,,8,5:-,a, ;D (5,5;,...8,) =4, La, —1,....a,., —1)
Vay [, =[S, +[S,2| = 2[S,..| - Suy ra: 12 =327
TRUONG THPT KON TUM
Cau 1
Ki hiéu: Jx“"””ﬁﬂy“)m ~0 (1)
(307 +47 = 41(x=y)+5 )

Pat @ = x — y phuong trinh (2) trg thanh 307 + 4! —41q-5=0

Xét f(a)=30"+4""—4la—5trén R ¢6
f(a)=30"In30+4"In4-41
F"a)=30In’30+4""In’4>0Va

Suy ra f'(a) 1a ham dong bién, vay f "(;1) ;6 khéng qua mot nghiém.

Khidé f(a) co khéng qua mt cye tri hay f(a) co khong qua hai nghiém (3)

Ma f(0)=/(1)=0 (4
: x—y=0
Tir (3) va (4) suy ra phuong trinh (2) < :
X=y=
*Véi x—y=1e y+l=x (1)<:>2x(1+\/x2+2):0<:>x=0

Suy ra (x: y) = (0; —1) la nghiém h¢ da cho
*Voi x-y=0y=x

U)csx(L+J;?IE)+(y+J)(1+J(y+lf-+2j=0
c>x(%+J;;:E)+(x+1)(l+‘Kx+lf-k2)=0

2 2 :>
Vx4 2x+3 Xz

Tn
{u=\}x2+2,u>0 {uz::xz+2 e =2l
bat: =

v=ax"+2x+3,v>0

PT (1) tr¢ thanh (v—u){(v%»u)(l%—-‘fzﬁ}réjl-—-o Sv-u=0

2

Viu>0,v>0

$0 O
jo =~ —1
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> 3 1
Khi do ta co: PT(1) < \/x'+2x+3 =\/x' +2 & x=——2—

Suy ranghiém h¢ (x;y)= [_%;_%J

Luu y: Truong hop (2) hoe sinh ¢6 thé sir dung phuong phéap danh gia.
Céau 2

3
Taco u, =3u, = . Theo quy nap u, > 0, Vn € N* va (u,) tang.
244121

.« A At A ] 2 3
Bién doi vé —— = —+ 2+—.—3.
“ml H” un

1 1 '>+\/—

Bitv, =—vhivi=—,v= —

u, 3 2
T« ] = D% 2 2 —_ = 2
Faduge v,,, =2v, +4/2+3v; = v —dvv, +v =2 (%)
Tir do suy ra

2 2 .

= AT y + y5 g =) * %

vn-l 4‘ nvl‘ne] +\'n+l WL ( )

Trir (**) cho (*), ve theove : (v, .5 =¥, (v, , =4v,,, +v,)=0

hay v, , —4v,., +v, =0 (vi (u,) ting).

Phuong trinh dic trung x” —4x+1=0 c¢6 hai nghiém la % =2-3;

.\'2:2+\/§. S KRG

S6 hang tong quat ¢6 dang v, = A.x!' + B.x) .

| priera o
Ta lai co HHB = 6(‘/_ ?
; 2+421 Ja st
= |B=Y T
3 6(~/3 +2)
J7-1 J7 +1
Suyra v, =———.(2— \/g)"+——.2+\/§"
1 \ﬁ 6(J§+2)( )

hay-u = N*).
S e
6(\3-2) 6(\3+2)

Vi lim(2-+/3)" =0 va lim(2++/3)" = +c0 nén limu, =0.
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Cau 3
Gia sir AD la canh duy nhét cta tir giac lom hon 1.
Dat AC = a, va goi M la trung diém cua canh AC.

2

9 ¥2 5 a
Theo hé thire lugng trong AABC, tacé BA™ + BC™ =2BM~ +-—- <2

2
4
<:m4<—ﬁqn -
4
s d
C:’S:m( =5.B][. A H M
'I’ir(l)suyraBH<BM5% 4-a \B[/

Vay S0 5

Vad-a’ :%.\14—03 )

Thot S L & ,1} ACCD.sin ACD < % ACCD S%

1
12

SRS

ACD

:>S;,H(.,,S%+£\/4—a" (3) s
1aco—+—\/4f 2a+a 4-d’ :(1 +l+Vd-a’ )(4)

b i il
Theo BD I Bunhlacopskz, ta co

(1+1+\I4—a: )1 S3(1+1+4_a2) o 2+v4-a’ S\/g.\l6-~al

-

Ta3)va(S)suyra S, ., < ﬁ\{iuxlé—a2

_'_’+ 6_ 2
Theo DT Co M ab g £2 00 9 )y

9
3V3

Thay (7) vao 3) tacd S, 5 < e (8) (dpem)

Dau dang thirc trong (8) xay ra khi va chi khi dau trong (1) xay ra, H = M,
sin ACD =1, CD = 1, ¢6 ddu bing trong (5), ¢6 ddu bang trong (7).

Déu dang thite (1) < BA=BC =1; sin ACD=1¢< AC LCD

Dau ding thire (5), (6) xay ra <> a = 3
Tom lai dau déing thic trong (8) xdy ra
& AD=2,AB="BC =CD =1, ACD = 90".
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Ciu 4
Tir (1) thay y boi — y ta duge

P(P(x)+(—y)2)= P (x)-P(x)P(-y)+x(-y)+x Vx,yeR (2)

Két hop (1) vai (2), suy ra 2xy = P(x)(P(y)—P(—y)), Vx,yeR (3)
Thay x =y =— 1 vao (1), ta thu dugc
P(P(-1)+ (1)) = P’ (-1)-P(-1) P(-1)+1-1=0 (@)

Tiép tuc thay x = P(—])+1 vao (3), ta nhan dugc

2(P(-1)+1)y =P(P(-1)+1)(P(y)-P(-»))=0 VyeR.
Suy ra P(—])= -1.

Tiép tuc thay x = —/, y = 0 vao (1), ta nhan dugc P(O) = P(—l) =] (5)

Tiép theo. thay x = 0, y = ~ 1 vao (1), ta nhan duge P(0) = 1 + P(-1) =0  (6)
Ta lhéy (5) va (6) mau thuan vai nhau, suy ra khong ton tai ham s6 thda man (1).
Cau §

Néux=2kthi x' =16k": 16

Néux=2k+ 1thi x' 1= =1)(x* +1) =(x=D(x+D(x"+1)

Vi (x —1). (x +1) 14 2 s6 chin lién tiép nén tich cia ching chia hét cho 8.

E+ D)=k + 1)1 +1=4K+4k+2=202K*+2k+ 1) i 2 .Suyra (x* -1) 16

Nhu vy khi chia x;' + x5 +x] 4.+ X!, cho 16 ¢ s& du bang sb céc s6 1é trong
x'ixdixi x|, tie 12 khong vuot qua 11.

Ma 2012 = 16. 125 + 12 = 12 (mod 16)

Viay phuong trinh da cho khong c6 nghiém nguyén.
Ciau 6

Dat n = 2005 . Ki hi¢u cac phan tircia M 1a ¢, <a,<...<a,.
Dit S, =a,+a, +...+a,, S, =0 (0<m<n).Goi P={s.T, c M}.
Kihiéu P, ={s e P|S,  <5<8§,} vé6im=12,...n.
Ta chimg minh réng cach chia P thanh cac tap P, nhu trén thoa man diéu kién

m
bai toan.

m

Mubn vay ta chi can chimg minh néu he P, thi 26> S, .

h
That vay,do b> S, ,=a,+a,+...+a, , va b= Zaﬁ
k=1
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nén ton tai i, (k=1,...h) ma i >m.
Véy bza, 2a,=S§,-S,,>S,-b=>2b>S§,.

m-1

Bai toan dugc chirng minh.

TRUONG THPT CHUYEN LUONG THE VINH - PONG NAI

Cau 1
Tir diéu kién xy —x")’ 20 0<xy <1,
Ser+(1—xy) 1

oy 2

Tacod \/xy~x2y2 = ny.(] -xy)

" ooy
Tir phuong trinh thir nhét cia hé, suy ra y° + 3" +2x” < 5 (1)

Mt khac, \[1+(2x— )’ > 1. nén tir phwong trinh thir hai ciia hé, ta suy ra:

4xy3+y3+%22x2+1
S e
Hay 2x" —4xy -y S~E. (2)
Tir (1) va (2 taco y* —dxy’ +4x’ <0 (' ~2x) <0 ) =2x.

Thay vao (1) va (2), ta dugc 6x° +2x S—% va —6x> —2x < —% ‘

Tir d6, 6x° +2x = )
xX=—.
6
e ) 3 1
Vi y" =2x,néntacod y':—l.y:ﬁ.
Thur lai, hé phuong trinh ¢6 nghiém duy nhat (-1/2; -1).
Cau 2

Pty =20 < T i dev,, =20yl

n-l
Ta s& chimg minh rang v, =(2u, +u, , )2 voimoi n=2,3,... (n
Ta s& chimg minh (1) bing quy nap nhu sau:

Khi n = 2, theo céch xac dinh day thi v, =2° -7} =8-7 =1
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Mit khac (2u, +u,)" =(=2+1)* =1.

Do d6 v, = (2u, +u,)’ hay (1) ding khin =2

Gia sir (1) dang khi n=k (k >2) tirc 1a v, = (2u, +1, ).

Ta can chimg minh (1) ding khi n = k +1 , nghia 1a can chig minh
Ve = (20, +u, )2

That vay theo cach xac dinh day thi v, , = i 711,3

Tir cong thire xac dinh day (u,) thi

2 2 2 ‘ 2
(2., +u, ) =[2(-u, =20, )+, | = (-, —4u, ) =u; +8uu,_, +16u;
W 412 2 2 2 2 2 2
:_( u, +duu, | +u; ])+|4uk V=T =2(2u, +u, )+ 14w, - T,
R LRSS UL S e R e T et e et T M
=2v, +14u,_, -Tu, = 2(2 711,¢_])+}4uk_, Tu, =2 Tu, =v,,,

Vay v,., =2 —7u; nghiala (1) ding véin=k + 1.
Theo nguyén li quy nap thi (1) ding voimein =2, 3,...
Tir (1) suy ra moi s6 hang cua day (v,) déu 1a s6 chinh phuong.

re em 2012 2 s K .
Noéiriéng A =v,,,, =27 =Tuy,, la so chinh phuong.

Cau 3

K

Dudng tron (1) tiép xic AB, BC lan luot tai E, F.
Cac tam gidc MAK va NCK vuong tai A, C ta co:
KN? —KM? = (KC* +CN*)—(KA* + AM?) = KC* - KA*
=(KC* - KB*)+(KB* — KA*) = AB* - BC? (1)
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Mit khac cac tam gide IEM va IFN vudng tai E, F ta co:
IN? - IM? = (IF? + FN*)—(IE* + EM?) = FN? — EM?

= (CN - CF)? —(BM - BEY’ . @)
Mk ENPsEpe g h +32c SAE G
BM—BE:,;—AC”ZB_BC:BC.‘ 3)

T (1)2)3) tacod -
KN —KM?*=AB*-BC*=IN* —IM*.
Suyra KI L MN

Cau 4

1. Taem: fla 1 don 4nh.
That vay:
Vmy; mp € N ma f(m;) = f(m,) thi f{lm,) + f(t) = f(m,) + f(t) véite N
= f [f(m)) + f(1)] = ff(my) + f{t)]
Tur gt cho: m; +t=m; + t nén m; = my do dé: f1a 1 don anh
2/ Vm;n;t;k € N thoaménm + n=t+k thi {{f{im) + f{n)] = fIf(t) + fik))

= f(m) + f(n) = f(t) + f(k) (vi f don anh)
Moim;ne N thi(m+n-1)+1=m+n

nén do trén flm +n— 1) + f{1) = f{m) + f(n)
Chonm =2 thi f(n + 1) = f(n) + [f(2) - f(1)] ; moine N (2)
Dat f(1) =u: fi2) - f(1) = v thitr gt choue N;ve Z
Thay vao (2) cho : f(n + 1) = f(n) + v ; moi n.
Ta cm: f(n) = v(n— 1) + u; moi n (3) bang quy nap.
Taco: f(2) =u+v=v(2-1)+unén (3) ding khi n = 2.
Giasur:f(n)=v(n—1)+u;taco:
fn+1)=f(n)+v=v(n-1)+u+v=v.n+u
Vay: (3) dung v&i moin .
Ta c6: ff(m) + f(n)] = flv(m — 1) +u+ v(n—1) + u]
=flv(m +n) +2(u-v)] =v[v(m +n)+2(u-v)—1] +u
=v2(m+n)+(2v+ Iu-v)
Ta lai co: f{f{m) + f(n)] = m + n nén co:
vz(m+n)+(2v+1)(u—v-)=m+n;véri moi m + n ty nhién

Déng nhit thi ¢ trén cho

azzlvé(2v+ N(u-v)=0;dodéa=1hoiica=-1.
Néua=—1 thi fln)=-n+u-1
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Luac do: lim f(n)=—oo béi vay khi n di lém thi f(n) ¢ N

(mau thudn véi f: N - N)
Do d6: a= 1 ;ddng thoi 3(b—1)=0hay b=1chonén f(n)=n; Vne N
Kiém tra ham s6 f(n)=n; ¥ne N thoa dé bai .
Két luan : 6 duy nhit 1 hamlaf(n) =n; Vne N
Cau s
Truéc hét ta chirng minh bd dé sau: Néu: p, g, r la nhiing s6 hiru ti khong 4m va

Jp +Jg+r lamot sé hiru ti thi \/p : \fg : Vr cling I nhing s8 hiru ti.
Chimg minh b6 dé : Dat \[p +Jg +r =5 .
Néus=0thi \/p 1 /g : Vr ddng thoi biing 0 va bd dé ding .
Néus#0taco \p+Jg=s—r < p+q+2pg =5 +r-2s\r
& 2\/;(;=s2+r-—p-—q—2s\/r_'(l);

datT=s’+r-p—q :>T>0;binhphuo'nngé(l)tacé:

; ¥
4pq =T + 4rs’ ~ATs\r = I=T +4‘:‘;‘ 4pqe@,
s

chirng minh tuong tu thi \/; : \/E ciing la nhimg s6 hiru ti

— bd dé duge chimg minh.
Tré lai bai todn : Theo yéu ciu bai todn ta ¢6 :

b ety
J2012 \/2012 2012 =2m (1), v6i m la mot s6 nguyén dwong nao dé
x+y \Vy+z Vz+x

Ta bién ddi (1) vé dang :
\/4.503 \/4.503 \j4.503 Jso:& \[ 503
+ + =2m< =
xty y+z Z+X xX+y y+z z+x
va theo bd dé thi : HS(B 2 fﬁOB;JS(B la3 sbhiuti.
x+y \y+z Vz+x

503 :
Gia sir ~ 9 \sia,bla2 sénguyén duong thoa (a,b) = |
x+y

— 503.b> = (x + y).a’ = a’ la udc ciia 503, dé y 503 12 s& nguyén t6

A Jso:s 1
=8>l acF= =—;
x+y b
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Lép luan tuong ty ta thy : ton tai cic s6 nguyén duong c.d sao cho :

[503 1 / Ty | \/ 503 \/ 503 503 A
=—; =—=p ol 200 (2)
y+z ¢ Vz+x d

x+y y+z z+x b e
Dé y : b,e.d nguyén duong nén 3+ +-<3 va do m nguyén duong nén tir (2)
c
< R I : S
co:]S-—+++JSS;XayraBkhanangsau:
¢

Kha ndng 1 : }1)—+l+:1i-=3<:>b=c=d=1 khi do tir (2) 6 :

¢
x+y=503

s 503_ Bl =14 {y+2=503 cong theo vé
x+y y+z z+x s ey

= 2(x +y+2z)=1509: PT nay v6 nghiém vi:
VT chin VP Ié => kha nang 1 khong xay ra
= I e
Khindng2: —+—+—=2 .
B d e
=> mQt trong 3 sd b.c.d béng 1,2sbcon lai b?ing 2
lap ludn trong tu nhu kha nang 1 = (2) vo nghiém .

et : 3
Kha nang 3 : 3 +—++ 7 =1, khong giam tinh tong quat ta gia sir ring :
s

b2c2d>1 :%21 =>d=3hodcd=2;

Néud=3=b=c=3,tr(2)chd

503 503 503 s ares
e =5y +2=9.503
3 +z  Z#

o o ¥ z+x=9.503

theo vé = 2(x +y + z) =27.2011 : pt nay vo nghiém vi: VT chin VP I¢;

; | A b=4 D=0 .
Neud=2= —+—=— hoac (deyb>c>d),
b - c=3

c =4 =
B=4 x+y=16.503
img y¢ =4 thay vao (2)c6 { y+2z=16.503
d:2 Z+x:4.503

=>x+y+z=17503 =>2z=503 ;y=13.503 ; x = 503.
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b=0 x+y=236.503
mg {¢ =23 thay vao (2)c6 { ¥ +2z=9.503
d=2 z+x=4.503

= 2(x +y +2) = 49.503 = vo nghi¢m
Cau 6:

Dt A={a,:a,3....38000} (4 <8y <. <y )38, € 251 £ 1,2;...5200

Ta biét réng ajaja(lsi<j<k <200)1a do dai 3 canh cua mot tam
giac khong ti khi va chi khi g +a; 2 q; .

Diéu d6 trong duong voi a +a; = dayy .

Do do,

al > aly, - >(a, +198)" —a’ =396a, +198° >396(a, +1)+198’

= a; —396a, —39600 >0

e 198 +v198° +39600 > 478,7 = a, 2479
=a 2478 +i(i=1;2;....:200)

kién cua bai toan . ta can a, > 478 +i(i =1;2;...;200)

Khi d6 S(A)> S(4,). Mat khic hién nhién ring 4,thoa man diéu kién
cua bai toan (b vi voi bt ki 3 s6 a;a,;a, (a, <a <a, ) € A4,; taco

a’ +a =479° +480° > 678" > q; .

Cho nén GTNN cua S(A) bang: S(4,)= Y, (a+b+c)

ahced,.
azb.h#ccra

Vi bt ky a e 4,:56 cach chon b.c 1a C2,. Nhu vy a duge dém C, lan
trong S(4,). Viala s& bat ki trong 4,, nén mdi s trong 4, dugc dém
Ch, lan trong S(4,).

678
Do do, S(4,)=C D, a=%x199x198x > i=2279405700.

aed, 1=479
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TRUONG THPT PLEIKU - GIALAI
Caul

+ 2010 201 . 2
(1) < sin™" x +cos™"’ x =sin® x + cos’ x

2008 008

< sin’ x(sin”™ x 1) = cos’ x(1 — cos®™® x) (2)

. 2
sin- x>0

2008

e . 200
; = sin” x(sin®”® x-1) < 0, Vx
sy xel

Ta thay {

. |cos"x=0 3 St
Ma 9% o8- p{l=008 7 x)=0,Vx
l—cos™ x>0

sin® x(sin™® x-1)=0
Dodo Q)<=

cos’ x(1—cos™® x) =0

sinx=0 &
sin x =+1 4 0 +\m;r
=4 = 2 “(m,neC)
cosx =0 T
X=—+nmw
[cosx=i1 2

| X=nr

Vay nghiém cta phuong trinh 1a; x = k%(k--e 7))

Cau 2
Xét(x + 1)'=C)x" +Cox"' + Cix!? + 4+ C '3 %G1 ()
(x=1D)"=Cox"-Cx"" +C2x"? —....=C"'x+C" (**) (do n chin)

Cong (*) va (**) theo vé ta duoc :

(x+ D" +x = 1D)"=2(Cox" + C2x" 7 4.+ C") (**%)
Trong (***) cho x = 2 ta dugc

3"41=2(2"C, +2"*C} +..+2°CI? +C1)

Tirdé ta duoc 2°Cp +2"°C2 +2"*C} +..+ 22CI 2 4 C" = 3

Ciu 3

Qua I, v& duong thing song song véi AC, cit AB tai D, va vé dudng thing song
song vdi AB, cit AC tai E.

Dé thay ADIE la hinh thoi.
bit AD = DI = IE = EA = k (v6i k khong déi).
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o . | k

Taco: E1// AM = = = (1)
NM AM AM
DI/ AN = 344 = s = i (2)
NM AN AN

vi M IN _MN

i + = =1 néntir(1)va(2)
NM NM MN

Taco: __+i:1’
AN R 4
Hay L+ g (khéng di)
AM AN &k
Ciu 4

Véiab,c>0.tacoa+b+c > 3Yabe =(@@+b+c)’ = 27abe. (1)
Gia thiét bai toan cho : a+ b + ¢ = 3abc (2)

T (1)va(2).tacé:(a+b+c)* > 8la’b’c?.

Hay (a+b+c)” > 9.abc. (3)

Ta lai co

2 ) ] 1 3 3 1 3 bl
& +h +o ~—~fat+hic); '—‘az+b'+c2—5(a"+b"+cz+2ab+2bc+2ca)
3

= i— (a’ +b* +c’ —ab —bc — ca) =%.%.[(a-—b)2 +(b-c)’ +(c—a) ]
1 )
= [(a=b) +(b-c)*He—aR |20

Suyra: a’+b’+c’ 2?];(61+b+(:)2 2% 9abc >3abc

Vaya’+b’+c’ > 3abc

Cau §
Rorangx, 24,Vn=1.
Tacod:
xi_,—4=(xi 22y -4=x:~4xi+4—4

=x, (x,—=4)
w2 [, -27 4 ] =i [xh o 44 |
) Xi [x,%q(x;?—I —4) ]

2 2
=xtx dox0n -

I el 2 Bidgosd|
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2 2 27l
=X, 4~ B w XXl X 5~ (N
Thay x,=4 vao (1) taco:
2 ; ¥
x., —4 X 4
Xigd=xix.x 2 =12 o =2
ot A LA AL i - H
X 4 X, 4
=S (—2 )Yt e = 12—,
XX ik, XX X XX (... x)

Nhanxét:x,,, —x,=x—x, —2=(x, +1)(x, -2)>0,Vn2>1.

n+l

DAEX K, Xy €S X, ~EFOKh A —¥ 100,

Viy lim B T L8]
i xlxl‘. o xn
Cau 6
xf()+yf(x)=x+»)f(x)f(y) Vx,yeR (1)

{f(l) =0

Chox=y=1taco 2f(1)=2(f(1))’ = =1

a) Xét truong hop f{(1)=0
Choy=1vao(l). Taco f(x)=0,VxeR

b) Xét truong hop f(1) =1
Choy=1tacod x+ f(x)=(x+1)f(x) = x(f(x)-1)=0

Do d6: Vai moi x # 0 thi f(x) =1
Két hop ca hai truomg hop ta c6

1 khi x#0
f(x)=0,VxeR va f(x):{
a

khi x=0
Thir lai : V&i xy # 0 hodc x =y = 0 thi (1) théa man.

il {x?&O = {f(x)zl

alasotayy

y=0 f(Y)=a
Khido xf(»)+yf(x)=ax va (x+ ) f(x)f(y)=(x+0)a=ax
Vay cac ham s6 trén thoa man (1)

TRUONG THPT CHUYEN VI THANH - HAU GIANG

Cau 1l
bk:x,yeR
Tir (1) ta bién déi thanh :
(8x°) +3.8x" = (6x +1)’ +3(6x+1)
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Xéthamsd f(1)=r +31,1eR ,tacé f(1)=3+3>0VieR
Suy ra f{1) déng bién nén ta co:

8x' =6x+1 4x° —3x=% dat 1 =cosa, ae|0;7]

T
Ta duge: 4cos’a —3cosa = cosg

k2
& cosda =052 g =+ L3558 (keZ)
3 9 3
. BF S T Sm T
Vay ta co cac nghiém cos—g—,cos?,cos—g’—

2

Ta c6 ding thirc: 2()(4 —x2y+y2)_ =x*+y' +(y-x*)*

8 4

SVTQy=x'=x'y+y* 2 E

=VP(2)
ddu “="xay rakhi y=x’.Vay S = {(x];x,z):(xz;xzz);(xz;x_f)} .

Va Sx Tr
Vai x, =c056.x2 =cos?,x3 =COS—

Cau 2

2 SR
.cos Z
2 1
bat x =\2= 1 suy ra X, = <SR =
T 1 T T
cos4 e M e 1+cos4 cos
coSs
Chirng minh bang quy nap ta duge x, = = (1)
COsS=yx
2
Khido: [ [x, = NSO B e
> T T /4 £ Y
CO8— €08~ COS CO8 —
4 8 16 2
R /4 T T pns
=S ——=.4 = C0S—.COS —.COS —....CO8 ——.8in —
2 4 8 16 2 2
1 /4 T T T
=—C0S—.COS—.COS—...COS —-.SIN —
< 4 8 16 i 2
1 T /4 b4 # A B
:—zcos—.cos—.cos—...cosT_l.sm?...:—nsm—
2 - 8 16 2 2 2
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2 2 - n
Suyra lmA4=—= hmnx” X
T | 2

Ciu 3
Trong tam giac ABC , goi a,b,c lan luot la d6 dai canh BC,CA, AB tuong (mg

va m,,m,,m_ lan lugt 1a ¢ dai dudng trung tuyén ké tir dinh A, B,C tuong (mg.

Ta co: 5A+6§+66*—=0 i

As

= MA® + MB® + MC? = (MG + GA)? + (MG + GB)? +(MG + GC)’
=3MG’ +GA* +GB* +GC? +2MG(GA+GB + GC)
=3MG? + GA* + GB* +GC?

=3MG’ +%(m”2 +m,’ +m’)=3MG’ +%(a2 +b’ +¢%)

= MA> + MB* + MC? =3MG’ +%(al +b+¢?) (1

Nhu vay khi ta thay M bai diém O thi:
(n

= 04> + 0B +OC? =30G" +- (@ +b* +¢?)

3
=a +b +c’ =R’ -0G?) )
Ma: MA.MA' = MB.MB' = MC.MC'= R> —-OM*

MA MA® MA
8 >

MA'

MAMA' RE—OM®
505



. MB MB’ . MC MC?
Tuong tu ta co: =—— - va = 3
MB' R -OM~ MC' R -OM

Gia thiét co: :
MA  MB MC _, MA®> + MB® + MC?

=3 = E z
MA' MB' MC' R - OM
(N

=3MG’ +— (a +b* +c})=3R* -30M*

(2)

—3MG? +3(R> - 0G*)=3R’ -30M’

= MG® + OM? = 0G’
Hay diém M nam trén dudng tron duong kinh OG
Ciau 4
I Ldy @ <x, <x, < . thi 4x,” —4ix, ~1<0,4x," —4tx, -1<0

Do dé: 4(x] +x3)—41(x, +x,)-2<0

1
2%, — 16, +x3)—§ <0

2%, =4 A== (x, — x)t(x, +x,) - 2x,x, +2]

Nt x)-fx)=— 2 :
umg f(x,) = /(%) PR (x5 +1(x +1)

Va t(x, +x,)—2xx, +2>1(x + X, ) —2%, X5 +]2 >0

Vithé f(x,)- f(x)>0 i
Viy. f(x)laham tang trén doan [a;ﬂ].

/i =1-va :—l nén
Via+p=1 va af 2’
g()=max f(x)-min f(x)= [ (B)- f(@)
Ve + [ ] 8\t + (21 +5)

L iR S

- e 3
cosu, \ COS™ U,

16
2
cos’u,

2. Taco: g(tanu,) =
+9
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16

——+24cosu
_cosuy, iy s WOX24 - 166 (i=1,2.3)
16+9cos’u,  16+9cos’u, 16+9cos’u, 3

Suyra

3 1 1 3

16+9cos’u J=——|16.3+9.3-9 sin’ u
2g(tanu) 16IZ( ) 16\/5( Zl J
Vi Zsinu, =1,va u, E(O;%),iml.l&

1=l

2
3 5 B
: S P
ta co: 32 sin” u, >(§ smu,J =1
i=1 i=]

: 1 1 1 1
n + + < 79
g(tanu,) g(tanu,) g(tanu,) 16\/6
Cau 5
Dit x=y+z,z€eZ
Phuong trinh tro thanh (3z+9) ) + (32l +‘92)y +(z" + 127) =0
Phuong trinh trén 1a phuong trinh bac hai theo y.
Taco:
A=(Bz+9) 2> —43z+9)(2* +127) = (32 +9)(z’ -9z" + 508)
Va z' =9z +508 = 2° (2 —9) + 508 khong am khi va chi khi z # -5
A20¢ z=-5-4;:-3 ma z° +127 =0(mod 3) do dé ta chi nhan z = —4
Cho ta cic nghiém cia phuong trinh 1a (x3 ) = (3:7):(x;¥) = (-7:-3)
Ciu 6 '
Gia sir N la so ABCDE va 2N la FGHU trong d6 A, B, C, D. E, F, G, H, 1. J la
céc chir s6 khac nhau lay tir cac chirs6 0, 1, 2,3, ....9
S6 nho nhat ma A c6 thé nhan dugc 1a 1. : :
 XetA=1. Khido F =2. 580 nhf’) nhat ma B ¢6 thé nhan 'duc_rc la 3 (B khong thé
bang 0 vi hodc s€ bi trung 2 lan s6 0, hoac bi trung 2 lan so 1), luc d6 so nho nhat
ma C ¢6 the nhén 1a 4, tuong tng ta duge G = 6.

Bay gio, 5O nho nhat ma D c6 thé nhan 1a 5. SuyraH=9,viH=2C+ 1.

Tiép theo, sb duy nhat ma E s& nhan la 8 (vi néu E = 0, 7 thi bi trung s6), nhung
khi E=8thil=1 (vollwA 13

Nhu thé D khong thé bing 5. Gia sit D nhan s bé nhiét tiép theo la 7 (do da c6
G=6). Khido H=9 (=2C + 1) nén E = 8 nhu trén.

Nhung bay gior ta lai gap mau thudn vi J = 6 (tring 50).

Gia su D = 8, suy ra H=9. Lic nay, s6 nho nhat ma E ¢6 thé nhan 1a 5.

Taco2E=10nénJ=0,trdo1=7vi2D+1=17.

Tom lai, ta duoe sé N thoa man dé bai 1a N = 13485, 2N = 26970.
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TRUONG THPT CHUYEN QUANG TRUNG

BINH PHUOC
Cau 1
+ Nhan xét: x =0 khong 1a thoa man hé phuong trinh, chia hai vé cta phuong

L b B (R 5
trinh (2) cho 4x” > 0. ta dugc pt: 15{( 2x) ] +2( x) _;’—_—9(3)

L 2x

(1=3x) =
+Dat t = T AL thay vao (3) taco pt: 15¢° + 2at = 9(4)

xX=t
15x+15t+2y =0

Yonf2 188 +45+/2
= y=— =

}, e ————
7 7(3~J5)
R 188 — 452
XY=y =

+Tir (1) va (4) co: (x—r)(15x+15t+2y):0<:>[

+Voi x=1 T —6x+1=0

7 : 7(3+J§)

+ T 15x+15t 42y =02y =-15x—15¢, thay vao pt (1):
~ X —6x+14 - )
15x° —15x(.\‘+ %$7:9 <> 45x" —30x+11=0 (v6 nghiém)
X
3-2 188+45V2 | | 3+42 188-45V2
7 1(3-v2) JL 7 7(3+42)

+Vay hé ¢6 nghiém:

Cau 2

2k 4
Ta chirng minh (2 + \/g) = g, Wl J5 bang quy nap.

k = 1'ménh dé dung.
Gia str ménh dé ding vai k.

Taco: (2+ \]g).’.rkm = (2+\/§)H (2+ \/5)3
= (a, +5,3/5)(9+ 435 ) = (9a, +20b,) + (4a, +9b,)5

Do /5 1a sé vo ti nén suy ra: a,,, =9a, +20b, (1); b,,, =4a, +9b, (2)
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Tir (1) va (2) c6: a, , =9a,., +20b, , =9, , +20(4a, +9b,)

=9, + 20[4ak +9Mi)
20

=18a,,,—a,véi a,=9,a, =161.
Tuong twcod b, , =18b, ., —b, voi b, =4,b, =72.
Dy la céc hé thic truy hdi xac dinh {a, |. {5, }.
Tu (1) va(2) taco: a, , =5a, =12b, .
Vay: a, a,., —5h; =(9a, —20b,)(9a, +20b,)~5b]
=81(a; - 5b)) =81(a, +/5b, ) (a —/5b, )

=81(2+\/§)2k(2—\/§)2k =81.(-1)* =81
Thanh thi: a, \a,., —5b; = 81 véimoi k>2.
Cau 3

Xét phép nghich dao tam M ti s6 k = MAMC
I}, :A—>C,B—> D,U -V nén BC - (AMD), AD — (BMC)
va UV — UV ((AMD) ky hiéu la duong tron ngoai tiép tam gidc AMD).

Do X la giao diém cua BC véi UV nén X —> F (véi F 1a giao diém ciia UV voi

duong tron (AMD), twong tu ¥ —> E (voi E la giao diém cia UV véi dudong tron
(BMQ)).

Theo tinh chat phép nghich dao thi
1 1 1 1

——=MF,——=MU,—=ME, — =MV .
MX MV MY MU
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Vay bai toan can chimg minh tuong duong véi chimg minh:

MF + MU = MV + ME , tic 1a can chimg minh EU =VF .

Goi 0,,0, lan luot 1a tm céc dudng tron (BMC) va (AMD).

BC la day cung ciia ca hai dudng tron (O) va (O, ) nén OO, L BC (1).

Mat khac theo tinh chat phép nghich dao thi:

Goc gitra O,M voi BC bang va&i goc gitta O,M véi duomg tron (AMD)(vi
O,M bat dong qua phép nghich dio nay) va bing 90°, vay O,M L BC (2).

Tir (1) va (2) suy ra O,M //O,0 tuong tu ta chimg minh duge OO, / /MO, .

Vay MO,00, la hinh binh hanh ¢6 tdm la N.

Goi I va J 1an luot 1a hinh chiéu ciia O, va O, xuéng UV .

Ti giae O,0,J1 l1a hinh thang vudng, N 14 trung diém cia 0,0, nén ta cd
NI = NJ . Hai tam giéc EMO va FMQ ¢ IN va JN tuong ung la duong trung binh
nén tu NI =NJ dan dén OF = OF .Kéthop véi OU =0V suyra EU = FV .

Viy ta co dicu phai chirng minh.

Cau 4

Néu deg P =0, tirc P(x)=c, thay vao ta dugc P(x)=0 hoic P(x)=1 la
hai da thire hiang sb théa man yéu cau

Néu deg P =m, m 1é thi da thirc P(x) luén c6 mot nghiém x, € R .

Tir quan hé bai toan ta suy ra xj +2 ciing la nghiém cia P(x).

Xét day sb u, = x,,u, =u, , +2.

Ta co day nay la day tang , ngodira: P(u,)=0,Vne N,

Viy da thie P(x) c6 vé sd nghiém, vo li.

Vay bac ciia P(x) chin. Dat deg P =n =2k, ke N*.

Taviét lai: P(x)=a,,x" + -ax+a,.

Dong nhat hé s cia x*" & ca hai vé phuong trinh hiam ta dugc

afn =a,, =>a,, =1

Dit P(x)=(x" —x+2)" +G(x).deg G <2n.

Dya viio hing déing thirc (x? = x +2)(x* + x+2) = (x> +2)’ = (x> +2) +2

tacd P(x).P(x+1)=P(x’ +2)

o [G(x) P =X+ 2)"J[G(x +DHP+x+ 2)”]
: =G> +2)+[(x* +2)-(x* +2)+2)"
& GX).Gx+D+G).(x +x+2)" +Gx+D).(x* —x+1)" =G(x* +2).
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Vi deg G = k < 2n nén ta nhén thay bac cia vé trai clia dang thire trén 2n+k
trong khi bac cta vé phai la 2k, nhung 2n+k > 2k .

Do d6 phai c6 G(x)=0.

Tir d6 ta tim duge P(x) = (x> —x+2)".

Vay tacé P(x) =0 hoic P(x)=(x’—-x+2)".
Ciu s

Diéu nhan xét diu tién 1a @ > 0 vi véi a <0 thi khi n— +oo thi

2"a+b —> — va khong thé 12 s6 chinh phuong.

Xét a>0,do 2"a+b la sb chinh phuong véi moi ne N nén sb 2" ’a+b
cting la s6 chinh phuong, tirc la

" avb=x" xeZ (D
Mit khac do 2"a+b 1a sé chinh phuong nén 4(2"a+b) ciing la sé chinh
phuong, tirc la
2"g+d4b=y*, yeZ'(Q2)
Tir (1) va(2)taco
3b=y?—x* =y’ =x*+3b.

: : 3
Néu >0, vi a >0 va n tuong doi 1on thi tir (1) ta nhan duoc x>?2—b.

Dovay: (x+1 =x*+2x+1>x* +3b=y* > x%.

Diéu nay vo li. Néu b <0, 1ap ludn tuong tw ta c6 (x —1)" < y* <x’,

vo li. Vay b=0, bang viéc cho n=0,n=1 ta nhan dugc a va 2a déu 1a sb
chinh phuong thi a =0.
Cau 6

Goi S, 1a s6 cac hoan vi thoa diéu kién bai todn.

i)Sdcachoanvima a,=n 1a S, .

i-1

i) So cac hoanvima ¢, =n (Isi<n-1)1a C, |

Cho i chay tir 1 dén n—1 tacéd
n-1

Sﬂ . Snfl ¥ Z C::l > Su-l =+ 2"4 -1,
i=1

Dé thay S, =1.

Tedétacd S, =2" —n-1.
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TRUONG THPT HUNG VUONG - BINH PHUOC

Cau 1
Jx+432-x- 3y} =-3 1)
Yx+V32-x+6y=24 (2)

Giai hé phuong trinh sau: {

Piéu kién: 0 <x <32
Cong hai phuong trinh cua hé lai ta dugc:
Jx+32-x+¥x+4B2-x =3* ~6y+21=(y-3) +12 (3).

Taco: Vé phai cua phuong trinh (3): V'P(3) 212(4)
Ap dung bit dang thie Bunhiacovski ta co:

Vx+32-x < 2(x+32-x) =8
Yx +4B32-x < 2(x +B2-x) <4

Suy ra vé trai cia phuong trinh (3): VT(3)< 12 (5)

\/;:\f32-—x<:>{x:16
y=3

Tir(4)va(5S)suyra(3) < {
A=

Thay vao hé thoa man. Vay hé cé nghi¢m duy nhat: (x;y) = (16;3)
Cau 2
Ta xét hai truomg hop sau:
Truomg hop 1: a= % +kr (k € Z). Khi d6 theo cong thire xac dinh day, ta

e

/s /1 /4
co: u =a+cosa=—+kmw+cos| —+kx |=—+kn.
2 2 2
Bang quy nap ta chimg minh duge u, = % +kn,n="0;1;2...
Do dé, limu, = % +km.

Truong hop 2: a # % t+hkn (kel).

Xét ham s6: f(x) = x+cosx
Tacod f'(x)=1-sinx>0,VxeR . Suy ra ham s f{x) dong bién trén R .
Day sd duoce viét lai nhu sau:

u,=a
w. i = flu) véions03152; 5
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i w r
— Néu —E+k27r<a<5+k2n (ke 7). Khi do, cosa>0.
Taco u, =a;
u=a+cosa>a=u,=>u >u,= f(u)> fu)=>u,>u,...

Tiép tuc qua trinh trén ta co: Uy <u; <U, <U,... suy ra diy {u"} tang.

Ta chirg minh bing quy nap: —%+k27r <u, <%+k27r i B8 R
Ta co: —£+k27r<u0 wig & kAt
2 2
: ¢ /4 T
Gia sur (1) dang vai n = m tic 1 ta co: ——2~+k27r<um <E+k2ﬂ: F
/4 T
:>f(—5+k27r)<f(um)<f(5+k27r)

=2 —£+k2ﬁ+COS[—£+I(2”) 4 <Zikan+cos| Zikon
2 2 A 7.8 2

-

T T
=D ——+k2r <u,,,<—+k2x.
2 2
Vay (1) duge chimg minh. Do {u, } tang va bi chin trén nén ton tai giGi han.

Dat limu, = 1. Khi d6 —525+k2;r<13325+k2;z %
Tir cach cho day sé suy ra: 1=!+cosl:>l:0:>l=§+k27r

~Néu :‘32—”+k27r<a‘<l:2£+k27r (keZ).

Khi do, cosa <0. Tuong ty truong hop trén ta chlmg minh duogc didy giam va
bi chan. Do do ton tai giGi han limu, =1 .

-3
Lap ludn tuong tutaco [ = % + k27r -

(7

Zvkn néua="+kx (kelZ).
2 2

Viay taco: limu, = —§+k2:r néu—%+k27t<a<%+k2x (keZ).

Z%’erz;r né'u:?+k2ﬂ<a<%+k27r (keZ).

L
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Xét phép nghich dio f cuc O phuong tich k=F,, . = OI* = R* =3R* bién
duong tron (C) thanh dudng tron (C).

Goi P, Q la diém tiép xiic ciia (C)), (C>) vai (C). Khi do ta co:

Phép nghich dao fcuc O phuong tich k bién P, Q thanh P',Q".

Phép nghich dao fcyre O phuong tich k bién dudng tron (C)), (C,) lan lugt thanh
hai duomng thing (d,), (d,) theo thir ty 1 hai tiép tuyén ctia(C) tai P',Q’.

Vi (C)), (C,) tryc giao vdi nhau nén (d;), (d,) ciing tryc giao véi nhau tai M’
(M' 1a anh cia M qua f).

Ta co: IP’M'Q' 1a hinh vudng canh R nén IM' = RJ2,dodotacé M' thude
duong tron () tam I, bén kinh Rv2 .~ - '

Lai ¢6 M 2 anh ctia M’ qua fva () khong di qua O nén ta c6 M thudc dudng
tron (') la anh cia (y)quaf

Xac dinh tdm va ban kinh duong tron (}f') :

Goi N la giao diém cia O M' va (y)ta co:

P,y =ONOM' =0P -(R\2) =2R°

Ta lai c6: OM.OM' =3R?

Do do ta co: OM =%(7’\7

Tirdé taco (') 12 anh cta () qua phép vi thy tam O ti 56 3/2.

. 3R — 3=
Viy tap hop diém M 1a duong tron tdm J, ban kinh —\/__27 vai OJ = —2—01.
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Cau 4
Cho y = 0 ta dugc f(x) = f(x) + f(0), suy ra f(0) = 0.
Viét lai hé thirc dugi dang:
fix +y) - (x+y)’ = 2(x+ y) = fix) - x* - 2x + f(y) - y* - 2y.
Pt g(x) = f(x) — x” — 2x, suy ra g(x) lién tyc trén R.
Taco: g(1)=M(1)-3 =-4vag(x+y)=gx)+g(y), voi moi x, y thuée R.
Do g(x) cong tinh nén c6 dang g(x) = kx.
Ma g(1) =—4 nén k =—4. Suy ra g(x) = 4x
Suy ra: f{x) = x’ - 2x, v&i moi x thuée R.
Thir lai thiy thoa man yéu cau bai toan.
Cau s .
Dat 2n” = dk. Gia sir ¢6 s6 nguyén m sao cho m” = n’ + d. suy ra
m’k? = n’k® + 2n’k = n’(k® + 2K).
Do d6 (mk/n)’ = k” + 2k 1a sé nguyeén.
Viy mk/n 1a s6 nguyén. Suy ra k> + 2k 12 s6 chinh phuong.
Diéu nay khong thé xay ra, vi k* + 2k ndm giita hai sé k* va (k + 1)
Ta c6 diéu phai chirng minh.
Ciu 6 .
Goi s6 ty nhién ¢6 10 chir s6 1a a,a,...a,, (a; khac 0)
Theo ycu cau bai toan thi cac chir s 1,2, 3, 4 va 6 phai dimg trude sb 5 nen
chit chit s6 5 chi ¢6 thé & céc vi tri G By s s a,, . Ta xét vi tri ciia chir s6 5,

roi dén vi tri cia chir s6 6, roi dén vi tri cia bo (1, 2, 3, 4) va cudi cung la vi tri cac
chit con lai.

Truong hgpajg=15
Chir s6 6 ¢6 9 vj tri, bo(l 2.3, 4)co C vi tri va bon chir s6 0, 7, 8, 9 c6 4! Vi
tri, nhu vay tat ca c6 9.4! cach sip xép ké ca khi a; = 0.

Ta s& bo di cac truong hop a; = 0 (c6 8.C; 3! cach sip xép)
Nhur vy, trong trudng hop nay c6 9. C; . 41— 8. €3 56
Trudong hop ag=5tacé 8. C; . 4!~ 7.C; 3! sb.

Truong hop ag=Stacd 7. C, . 41— 6.C7 3! s.

Trudng hop a;=5tacéd 6. C; . 41~ 5.C;.3! sb.

Trudng hop ag= S taco 5. C; . 4! s6.

Cong cac két qua trén ta co dap sb 1a 22680 sb.
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TRUONG PHO THONG THUC HANH SU PHAM

AN GIANG
Cau 1
A. Truomg hop 1 trong ba 4n x, y, z bang 0:
1. Néu x = 0: Ta ¢6 hé phuong trinh:

0 S yzzl
y'.’z'—‘_ = O
2’y =0

Suyra:y=0,z=te R hayz=0,y=te R, trong truong hop nay hé c6 nghiém
(x,y,2) € {(0;0;1),(0;1;0),t e R}

2. Néu y = 0: tuong tu ta c6 nghiém (x, y,z) € {(£:0;0),(0;0;¢),1 € R}
3. Néu z = 0: ta c6 nghiém: (x,y,z) € {(1:0;0),(0;;0),7 € R}

B. Truomg hop xyz # 0 : chia mi phuong trinh trong hé cho (xyz)’ ta co:

I 1]3 =e 3
—+— | =3+—4+—
A - SEY
l+]~] =4+i+ 11
Eung Ve
l+l :5+~1*+—]—,_
yoix FIRgANE S
$ 1 1 1 S h
bat x, =—.y, =—:z, =—, tacd h¢ sau:
X z
(Zo+1,) =3+x,+x; (1)
(x, ‘*'30)2 =4+, +y§ (2)
(o +3%) =5+2,+2 (3)

Cong 3 phuong trinh cua hé nay ta co:
(%o + Yo +2,) =124+ (x5 + ¥y + 2,)

=X+ Y, +2,=4 (4) hay x; +y, +z, =-3 (5)

~Tu(l)va(d)tacod: x, =§,1&(2)vé(4)
: %, RN :
ta co y{):E.tu(3)va(4)taco T
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— Tuong tu, két hop (5) vai (1), (2), (3) taco: x, =:5§;y0 =-l;z,=—

Két luan: :
.39 S
o e [ B 0. 0),00..0)000,.0. ) Ffe R
(xyZ)E{(134]1J(6 4]( ) ( )s( )te }
Ciu 2

—Ta chimg minh quy nap: x,., > ) kx, :Vn=>1 (1)
n+l k

k=1
~Khiti= L,'tacéd x;' 23 >x=a

— Gia sir (1) dang véi n, ta co:

n
X, 2(n+3)x, . — Z k.x,

n+l

=(n+l)x,, +2x, - ka >(n+1).x,, +2kak kak kak

Theo nguyén 1y quy nap, ta duoc: x, , > Z k.x,
k=1

Do x,> 0 nén tir d6 x,> 0, Vn
Gia sir: x> an! ,taco: x, , >(n+)x,,, >(n+.an'=(n+1)a
Vay: x,,, >an!VneZ"; va liman!=+w nén limx, =+

Ciu 3

Goi K la tiép diém cua hai dudng tron ¢6 ban kinh r va r; vatam 0,0, .
Goi P la chan dudng vudng goc ha tir tim O, cia dudng tron thir ba xubng 00,.
Dat KP = x. Tur tam giac vuong O,MB ta co; *

si B
pm2= 48

=0,B’ - O,M* =R’ - x> = AB?=4(R*-x*) (1)

517



Tinh O,P tir hai tam giac vudng O,PO va O,PO, ta dugc:
0,P? = 0,0% — OP* = 0,0,> — O,P? hay (R + 1)’ —(r + x)’ = (R + 1)’ = (r; - x)’

bl

Rat gon déng thirc trén ta duge x =
r+n

: 4
16rR" hay 4B 4

Thay gia tri nay cta x vao (1) ta dugc: AB’ = z
(r+r) F+n
Cau 4
1
Thayy=1,tacé: f(x).f(1)=f(x)+—+1 (*)
x

-

F)=-1

Trong (*) thay x =1,suy ra FH)-fH)-2=0«< [f(l) iih

Do f(x) > 0 nén f(1) =2

Thay f(1) = 2 vao (*), ta dugc: 2f(x)=f(x)+l+1 :>f(x)=f14+l
X X

Thir lai: f(x)-f(y)=[l-+1].[i+1]=L+l+l+l
: X y Xy 68 ¥
| s |
= f(x.y)+—+— (Ping)
x ¥y

1, 12013
iNe - BT

Vay f(2012) =

Aad -
Gia sir c6 k s6 doi mot nguyén td cling nhau:
vy =n2_ :"*— 5
a,ﬁZ 3_.a2 B 3""’“* - 3‘trongdo2:n|<nz<..<nk.

Ta tim duoc s6
= 2" —3 nguyén té vai tit ca k sb & trén.
Dat m = a,.a,..3, = trong (m + 1) s 2°, 2', ..,2™ ¢6 hai s 2° va 2° ma hiéu chia
het cho m.
Y P =2~ Dim(n>=5)
2,m=1=>2"°~-1:mhay2"° - 1 =mt.
Ta ldy a,; =22 = 3(= 4mt + 1 >a,)
=>(ay.; , m) =1 = ay,; nguyén td vGi ay, ay,..,ax
Tiép tuc qua trinh trén day, ta c6 vo s6 cac sd co dang 2" — 3 doi mot nguyén to
cung nhau.
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- Cau 6

Ki hiéu M la mat c6 sé canh Ién nhét cua khéi da dién. Gia sir mat M c6 k canh.
Khi d6 vi ¢6 k mit c6 canh chung vdi M, nén da dién c6 it nhat k£ + 1 mat. Vi M la
mit c6 s6 canh lon nhat bang & , nén moi mit cia da dién ¢ sé canh nhan mot
trong cac gid tri {3,4,.... k}. Da dién cé it nhat k + 1 mat sb canh cia né nhan mét
trong k — 2 gia tri. Vi thé theo nguyén i Dirichlet suy ra c6 it nhat hai mit cia da
dién c6 cung s canh.

NAM 2013

TRUONG THPT HOANG HOA THAM - TP. HO CHI MINH
Cau 1.

3
Giai phuong trinh: (8x3 + 1) -162x+27=0
Cau 2.
Cho day sé (u, ) thoa man céc diéu kién:

0<un<1

véimoin=1,2,.
(1= u)>-ji— CER

Tinh limu_. A
Cau 3.

Cho tam gidc ABC va M la diém bat ki thudc
mién trong clia tam giac do. Cac dudng thing c, B,
AM, BM, CM theo thir trr cat BC, CA, AB tai A,
B,, C,. Hay xac dinh vi tri cua diém M dé dién
tich tam giac A,BC, 1on nhat.
Ciu 4.

; A, C

Cho ham sb f: R — R thoa: f(x + 1)+ f(x ~ 1) = \/_f(x) vVx e R

Chirng minh rang: f(x +2013) = —f(x+1),vx e R
Ciu 5. |

Tim tat ca céc s6 nguyén duong n sao cho n* + n’ + 1 1a s6 chinh phuong.

Cau 6.

Mot bang hinh chir nhét ké 6 vudng c6 2012 hang va 2013 cét. Ki hi¢u 6 vudng
nam & giao cia hang thir m (ké tir trén xudng dudi) va cot thir n (ké tir trai sang
phai) 1a (m;n). Té mau cic 6 vudng clia bang theo cach sau: lan thir nhat t6 3 6
(r;8),(r+1;s+1),(r+ 1;8+2), vdi r, s 1a hai sd tu nhién cho truéc thoéa man
1<r<2010 va 1<s<2012; tir lan thir hai mdi lan t ding 3 6 chua c6 mau

nam canh nhau hogc trong cung mot hang hodc trong cling mdt ¢6t. Hoi bing céch
do6 c6 thé t6 mau duoc tat ca cac 6 vudng cua bang da cho hay khong?
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TRUONG THPT CHUYEN NGUYEN TAT THANH - KON TUM
Cau 1.

Giai phuong trinh: w/5x2 +14x+9 - sz ~x-20 =5vx + 1.
Cau 2.

Cho hai day s6 (a,)va (b, ) xac dinhboi a;, =2,b, =3,a, =3,b
2,b =a, ;+b ;VneN,n=>2.

via =a ,+b
n n

it u, Z( D*——neN.
a, b,
Ching minh day (u ) c6 gidi han va tinh gidi han do.
Céu 3.

Cho tam giac ABC. Goi E, F lan lugt la tiép diém cia dudng tron ndi tiép (I)
voi cac canh AC, AB va M la trung diém cua BC. Goi N la giao diém cia AM va
EF, X la giao diém cua BI va EF, Y la giao diém cia CI va EF. Ching minh ring
NX.AB = NY.AC.

Ciu 4.
Ching minh rang, néu da thirc véi nhiing hé sé nguyén
P(x)=a x"+a

n-1
i lx e a1x+ao

nhan gia tri 1a luy thira ctia mot sé nguyén véi vo han gia tri nguyén cia bién x, thi
P(x) = (x + ¢)", v&i ¢ 1a hing s nguyén.
Céu 5.

n

, i n = B ,o A A
Cho da thire P(x) = ax'+a X' +.tax+a; voi h¢'so-a .8 5a,,..8

la cdc s6 nguyén va o = =i sO-hikyg ti, (u, v 12 cac s6 nguyén va u, v nguyén t6
v

cting nhau). Chirng minh rang, néu o 1a mét nghiém cia P(x) thi vai moi s6 nguyén

m, P(m) chia hét cho u — nv.

Cau 6.

C6 hai déng da c6 n hon va déng kia c¢6 k hon. Cir mdi phat mot may ty
dong lai chon mot déng co sé hon da la chdn va chuyén mgt nira sd hon da cia
dong da dugc chon sang déng kia. Néu ca hai ddng déu c6 s6 hon da 1a chén thi
may s& chon ngiu nhién mot déng Néu trong hai déng s6 hon da déu 1a 1¢ thi
may s& ngirng lam viéc. Hoi ton tai bao nhiéu cap sap thir tu (n, k), véin va k la
cac so ty nhién khong vuot qua 2013, dé may tu dong sau mot khoang thoi gian
hiru han sé& dirng?

TRUONG THPT CHUYEN LE QUY PON - BINH DINH

Cau 1.
Cho tam thurc bac hai f(x) thoa man 'f X | <1 voimgi x € |}1;1:|.

a) Chimg minh rang phuong trinh f ( ) 3x? — x — 1 ludn ¢6 hai nghiém phan biét.
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b) Ching minh ring f(g—} < 3.

Cau 2.
Cho a la mt sé thue duong va day (x, ) duge xéc dinh:
1 X e
X, S=x = & YneN .
2a

1+ax +Ja2x +4ax
n

bat S = Zxk . Tim 1lim§ .
k=1

Cau 3. ‘
Trén nira dudng tron (O) ldy cac diém M, N, P, Q phén biét. Goi m, n, p: q lan
luot la cac tiép tuyén vai duong tron (O) tai M, N, P, Q. Gia sir A, B, C, D lan luot
Id giao diém cua céc cap duorng thang (q, m), (m, n), (n, p), (p. q). Chirng minh
ring AC, BD, MP, NQ ddng quy (tai diém I).
Cau 4.

Tim tét ca cic ham f : R —> R thoa man

fEx) +y) = f(x* —y) + 8yf(x)((f(x2)2 + yﬂ,Vx,y € R.
Cau 5.

Cho da thirc: P(x) = x*'7 + ax® + bx + ¢, vdi cac hé sb nguyén a, b, c va co

ba nghi¢m nguyen T G A

Chirng minh ring:

(a+b+ec+ (x; —x,)(x, —x,)(x, —X,) chia hét cho 2017.
Ciu 6.

Cho hai don;: da, mot dong co a hon da, dong kia ¢6 b hon dé. Hai ngudi choi,
mdi ngudi dén lugt minh duge ldy mot hon da tir mot trong hai dong, hodc lay
phén nguyén cua mot nira s6 hon da tir dong thi nhal hodc lay phin nguyén maot
nura sO hon da tU’ ddng thir hai, hodic lay tir hai ddng s6 hon da nhu nhau. Ngudi lay
duoc hon da cudi cuing la ngudi chién thing.

Hay tim tat ca cac cap (a,b) trong d6 a < 8,b <13 sao cho ngudi di sau co

chién thuat thing.

TRUONG THPT CHUYEN LE QUY DON - NINH THUAN

Ciau 1.
Giai phuong trinh sau trong khoang (0; 1) : 32x(x = 1)(2){ - 1) =1-——.
X

Cau 2.

. S 3 . |X =2
Cho day s6 {xn} , Xac dinh boi
N, X TR+ LNNET

n+
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: <—1—+i+...+i<1w—1T,Vn21

nl
2° X X X, S

Chimg minh rang: 1 -

Chu 3.

Hai duomg tron (O), (O') cdit nhau tai hai diém A, B.

Trén tia déi Ax cia tia AB ldy diém M. Tir M ké t6i dudmg tron (O') hai tiép
tuyén MC va MD (C, D 1a céc tiép diém va D nam trong (O))

Puong thing AC cat (0) lan thér hai tai Q. Ching minh ring duong thang PQ

di qua mot diém c6 dinh khi M thay ddi trén tia AX.
Cau 4.

Tim tit ca cac ham sb f : R" —> R sao cho f(x + f(y)) = f(x K y) + f(y) voi
moi x,y e R".

Ciu 5.
Tim tat ca cac sd nguyén duong n sao cho phuong trinh
X +y +2+t=nyxyzt c6nghiém nguyén duong (x,y, z, t).
CAu 6. |
Cho tap hgp A, ki hi¢u lAI va S(A) lan luot 12 s6 cac phan tir va tong tat ca céc
phén tr cia 4 (néu A = @ thi [A| =s(A)=0).Cho S 1 tap hop con ciia N* thoa
man hai diéu kién sau:
i) Ton tai hai s6 x,y € S sao chq uge chung lén nhét bang 1.

i) NbuuveSthiu+tveS.

Goi T'1a phin bt ctia S trong N*. Chirng minh ring 7 hitu har; va s(T) < mz

TRUONG THPT CHUYEN LONG AN - LONG AN
Cau 1.

x(x—2 y—1 —l):(l—x)y#l

Giai hé phuong trinh: (D
xz(x+3 y—1 ~6)=16—1f(y—])3

Cau 2.

Z u, >0
Cho day s0 (u,) xac dinh boi

u_u -3=3u’+8u, +9,¥n>1

Chirng minh rang (u,) ¢ gidi han hitu han va tim gidi han do.
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Cau 3.
Trén duong tron tam O, ban kinh R Iéy sau diém D, E, F G, H, K theo thir tu do
sao cho DE = FG = HK = R. Goi M, N, P lan luot 1a trung diém cta EF, GH va KD.
Chirng minh ring tam giac MNP la tam giac déu.
Cau 4.
Tim tit ca cac ham sé lién tue  : R — R thoa man

ol
f[x ;y ]: flxy)+(x—y)?,Vx,yeR

Cau 5.

92013 e
2 — 78 — n la so chinh phuong?

Ton tai hay khong sé nguyén n dé n.
Ciu 6.

M@t hoang tir di ciru cong chiia va gip mot con ran co 100 cai dau. Hoang tir co
hai thanh kiém:

Thanh kiém 1 cho phép chit ding 21 cai déau;

Thanh kiém 2 cho phép chat ding 4 cai ddu nhung khi d6 con rén lai moc thém
2013 cai dau khac.

Biét réng hoang tur cru dugc cong chua néu nhu con ran bi chit hét dau.

a) Hoi hoang tir ¢6 ciru dugc cong chiia khong?

b) Néu tir 100 cai dau thi con ran sau moi Ian\El chat co thé ¢6 bao nhiéu cai dau?

DAP AN
TRUONG THPT HOANG HOA THAM - TP. HO CHi MINH
Cau l.
Pitu=2%

3
Phuong trinh tré thanh: (u3 + 1) = 27(3u - 1) Sut+1=3Y8u-1

Pitv=33u-1<v¥i+1=3u

Ta ¢6 hé phuong trinh:
{u3+1ﬁ3v (u®+1=3v u’+1=38v

v3+1:3u¢> ua—v3:3(v—u)¢> (u—v)(u2+uv+v2+3)=0
Q{u3+1=3v (dou2+uv+v2+3>'0;Vu,v)<:>u3+1=3u.
U=

Hay 8x® —~6x+1=0 (*)

Taco: 8x® —6x+1=2x> +6x(x* -1)+1>0,vx>1.

Mit khac: 8x® - 6x +1=2(x+1)(2x-1)> -1<0,vx < -1.

Xét phuong trinh (*) trén khoang (-1;1)

Do x € (-1;1) néntaco thé dit x = cost(0 <t < n), khi do (*) tré thanh:
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2(4cosat - 3cost) = -1 ¢> cos3t = —é- <t = 8 +k—§E (k € Z)

i)

3 BT
=> Phuong trinh da cho cé nghiém: | x = cos—

Ciéu 2.
Ap dung bit dang thire Cauchy cho hai sé dwong u_, va (1-u_):
W oAl S0 e Z,fuml_(l -u)>1=u, ,>u,Vn= 152,08
= (u ) laday tang.

Mat khac, theo gia thiét thi (u,) bi chdn trén bdi 1, do d6 ton tai gidi han cia
day so (u ). Dat u, = limu, .

1 1
D d=u )>—=>1i (1 - > —
o un*l un 2 4 lm(un'l ( un )) 4
1 2 1
c-:uo.(l—uo)zza(Quo —1) <0<uy, :—2—
Viy limu_ = X
dy n 2 E:
Ciu 3. Sie T A
bat §=85,5.,5, = SMBC’SZ i SMAC’Sa & SMAB
Ta co: -S—l—— = MA = e = i : B 0
S AAl S— S1 MA
oy 82 MB, S3 MC,
T'uong tu: = ; = B . &
S - S2 MB S- S3 MC A
S MA  MB S '
Mat khc; ——b = —1_ 1§ o = R S,
S3 MA MB it - 7 g B
: Sl Sa Sz Sa
Tuong tu: SMA]C] = "é—;—'é—l-.s—_?s.sg ’SMBlCl = STS;S - Sa .S]
Suy ra:
1 1 1
SA1‘31C1 =55,8

PRI = %
(S-S)S-5, (S-8,(5-8S, (S5-8,)5-8)
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g 8,'S,.S;
ABIC; (S, +8, )(s +8,)(S, +S)

5 : At Lehi 5,5,.5; 3 z
Nhu vdy: S, , . lon nhat khi 16n nhat.
gt (S; + S, XS, +8,)5, +8,)

Ap dung bat ding thirc Cauchy, ta co:
58,8 S,8,S, i
(S, +8,)8, +S,)(S, +8)) 2‘]3132 2\/3 2,/S,S,

|

Diang thirc xay ra khi

= . : i
g =5, =8§; = 3’ khi M tring vai trong tam tam giac ABC.

Cau 4.
Taco: flx+1)+f(x-1) = \Ef(x),Vx eR

1 3
o f@)=—|f(x+1)+f(x-1)
L ]

LF
V242
< fx+2) = f(x-2)(1)
Thay x boi x + 2 vao (1) ta duge f(x +4) = f(x) (2)
Tir (2) ta ¢6

f(x +2013) = £((x +1) + 53.4) = (-1 f(x + 1) = f(x + 1) (dpem)

I,

(£ +2) + £0) + —=(£0) + £(x - 2))}

V2

e () =

Cau 5.
neli®
(D

Ta tim n thoa man % z :
n“+n" +1=m" (me N¥)

Tacom’=n'+n'+1>n'=>m>n’

s>m=n"+k(keN*) =>n'+n’'+ 1=’ +kP=>n’(-2k=K>-120

Néuk’~1>0thin-2k e N*= k-1 20’ = K> n?

= n <k mau thudn véin -2k e N*

Viy phai c6 k> - 1=0=>k=1van’(n-2)=0=>n=2 (khidé m=5)

'Vz_"ly ¢6 duy nhat mot sé nguyén duong n thoa man n' + n' + 1 1a sé chinh
phuong, do lan=2.

Céu 6.
Ta ghi vao mm 4 vudng ctia bang mét 56 ty nhién theo quy tic sau: & mdi cot,
lan luot tir trén xudng dudi, ghi céc s6 tu nhién tir 1 dén 2012,
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Nhu vay ba s6 duge ghi vao ba 6 canh nnhau trong cung mot hang la ba sb ty
nhién bang nhau, trong cting mét cét la ba s6 tu nhién lién nep

Suy ra, ké tir lan thir hai, mdi lan t6 mau ta s& xo6a di ba s& o tong chia hét cho 3.
Con ba s6 dugce ghi vao ba 6 (rs)(r+ls+1)(r+ls+2) larr+1r+1 ma

tong cia ching la mot s0 chia cho 3 du 2. Vay néu t6 mau dugc hét cac 6 vudng
ctia bang da cho thi tdng S cia tat ca cic so da duge ghi vao bang phai la mét so
chia cho 3 du 2.

Nhung S =2013.(1 +2 + 3 +...+ 2012) 1a mot so chia hét cho 3 (2013 chia hét
cho 3). Mau thudn. Do d6 khong the t6 mau duoc tit ca 6 vudng cla bang da cho
theo cach trén.

TRUONG THPT CHUYEN NGUYEN TAT THANH - KON TUM

Cau 1.
Diéu kién: x> 5.
Vi diéu kién trén, phuong trinh da cho twong duong voi

\/5)(2 +‘14x+9:5\[x+1+\}x2~~x—20

2% -bx+2= 5\/(}(2 —x-20)(x+1)

& 2(x® ~4x - 5)+ 3(x + 4) = B5y(x® — 4x - 5)(x + 4)

3= Az <5
x® ~dx-5 - {x®-4x =5 s
s 2 -5 +3=0 g
; x+4 x+4 X2*4X—5 3
aah \/ x+4 g
2 -
i)1fx—'-ii§—-§:1<:>x2—4x—5:x+4
x+4
_5+\/—tﬁ
2
5-461
2

e x2-bx-9=0c

5+JEI

Két hop vai diéu kién ta ¢ nghiém ctia phuong trinh la: x = g =i
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Cau 2.
Tir gia thiéttacd a_
+ Ta chirg minh déng thire sau bang quy nap

aa a? =(-1" VvneN (*).

o AR TS |

b =g Vn € N.

n+l? Tn n+1?

=6 T

V&in=0;n=1thi(*) ding. Gia sir (*) ding téin(n e N'), taco

2
2 — =2
n+1an+3 e an+2 B (an—] + an)(an+l + an+2) (an + an+l)

£ S g
=a a an+aa am1+aa

n-1""n+1 n n+2 n n+l

a

2a _a

+a REDE - n-n+l

a

n-1

e, n-1 S enn = e =

% (_-1) +( 1) y anflan+2 anan+1 ™ an—l(an 53 au+1) an (an < an—l)
o n=k e e gin+]

nn-lan+1 o an o ("1) ¥ ( 1) 5

Suy ra (*) ding v&in + 1. Vay (*) duge chirng minh.

=a

2
; : 31 aa ,—a a a
4 Ap dung (*) ta cod (_1)k = Kk ka2 el —okdd - Tkl ,Vk eN.
aby Aedy Bga - oy
a a a a a a a S
Suy ra un:[—2———1—J+[-—3f—2J+‘..+[ n:2 _ “*l]z n:2 _
al aO a2 al - Y Eln+1 an am-l 2
a = a CRERE 1 1 3
Dt v, =—2L thi v, =2l o1y Sl el W =
an am—l an +1 au+1 Vn 2
aﬂ
Taco (v )laday s6 duong va v,.<2;VneN.
Xéthaiday x =v, ,y =v, ..
Ta cd 3 == Lo sy o 1
1+— 1+—
X, ¥n

Viham s6 f(x) =1+ = la ham s6 giam trén (0;+ o) .
X

3

va VO - E,V

5 8
= E,V2 = E,VS

Suy ra ddy s6 (x,) ting va bj chan trén boi 2 nén ton tai limx_ =L v6i L <2 va

1

&
=€ trc la vy < vy, v, /5 v,

ddy s0 (y,) giam va bi chin dudi bi 0 nén ton tai limy, = K véi L, K>0vaL, K

déu la nghiém cta phuong trinh:
1+ \/_5-

nénL=K = !
2

x=1+

1+l
X
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: 1++/5 : g .
Suyra limv_ = +2J_ . do do day so (u, ) ton tai gioi han va

1445 3 52

hmun =

2 2 2

Cau 3.

T B D M C

* Goi D la tiép diém cua duong tron (1) véi BC, ta chimg minh D, I, N thang
hang. That vay:

Goi d la dudng thing qua A va song song voi BC, Z la giao diém cia d va EF.

Vi M la trung diém cia BC nén hang diém (Z, N, E, F) la hang diém diéu hoa.

Xét cue va ddi cuc ddi vai dudng tron (I):

Ta ¢6 Z thude ddi cuc cia N.

Ma N thudc EF la dbi cuc cia A nén A thude ddi cuc cia N.

Tir do AZ la ddi cuc cia N, suy ra IN L AZ hay IN L BC.

Mat khac DI L BC nén D, I, N thang hang.

* Goi T la giao diém cua EF va B viAD, BE, CF dong quy (theo dinh li Céva)
nén ta co (T, D, B, C) la hang diém di¢u hoa.

Ma ABFX = ABDX (¢c-g-¢c) nén TXB = DXB do d6 BX L CX.

Tuong tu ta chimg minh duge BY L CY.

Tur do suy ra X, Y cung thugc duong tron (o ) duong kinh BC.

+ Xét cue doi voi duong tron (o ):

Do (T. D, B, C) la hang diém diéu hoa nén D thude doi cyre cia T.

DN | BC nén DN la déi cuc cia T, suy ra (T, N, Y, X) la hang diém diéu hoa.

Do dé D(T, N, Y, X) la chum diéu hoa, ma DT L DN nén DN la phan giac
goc XDY .

NX DX sinDYX
NY DY DXy

+ Mit khac, ta ¢ BDIY va CDIX la cac t@ gide ndi tiép nén

Suy ra

%ABC _ DBI = DYI - %DYX
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(hai tam gidc CDY va CEY bing nhau), do d6 ABC = DYX .

b BN oA AR e | o AR L NYAC .
NY DY . nDXY sinacB AB

Suyra

Cau 4.

Khéng mét tinh tépg quat, ta c6 thé gia thiét P(x) 1a luy thira bic » cia sb
nguyén y cho vo han s0 nguyén duong x.

Cho x> 0 va du lon, ta c6 P(x) =y" > 0, vai y >0.

Xét hiéu y"—x", tacod |y“ b= |y oF LR s SRR T g - x:Ix“'l,
tir d6 ]y xi at 3
oy o s P2 o AR

= |an—1

Suy ra, cic s6 nguyén b =y - x bi chan, do dé ton tai s6 nguyén ¢ sao cho ding
thirc P(x):(x+c)n dung véi v han nhiing gié trj cia x.

Vay P(x)=(x+¢)", véi ¢ 1a hing s6 nguyén.
Cau 5.

u R , A
Vi a = — la nghiém cua P(x) nén
v

n n-1
P[E]: B(E] +anm1[EJ +...+a1(EJ+a0=0,
v v A4 v

n
u u iy u
hay P| —|=a —+a +..+a,—+a,=0.
n n n=1 p.1 1 0
v v v v

Khi do, vai moim € Z, ta ¢d

P(m)= P(mrp[ﬂ]
v

v v Y

3 u” s un—l u
g B bt i PP R SR ot L L H B R
v" v v
Suy ra

v'P(m)=a_ (m“v“ - u“)+an_

n n-1
=a m"+a,_m"'+. +amia,~|a ——4a 2 4 18 Yia
Tl n-1 i 0 n n n- | s 0

1\z(m“'1v“’1 - ut“'l)+...+£|1v“"1 (rnv— u) .



Tir m*vE—u*= (mv— u)(mk’lv“’1+ e uk"’), suy ra

akvr"k (m"vk - uk)Emv— u, hay v"P(m) chia hét cho u -~ mv.

Mat khac (u, v) = 1, suy ra (v, u — mv) = 1, suy ra P(m) chia hét cho u — mv.
Céu 6.

Giastr n = 2%uva k = 2°v, vdi u, v 1a cc sd 1é. Ching ta s& chimg minh ring
may tu dong sau mdt khoang thoi gian hiru han sé dimg doi voi cac cdp so va chi
cac cip so (n, k) véia=b.

- Néu a = b thi tir c@p (n, k) may tir dong co thé nhéan dugc cap

(2*'y, 2 (u+ 2v)) hodc (2“"1(2u + v),za-‘v) .

Vi cac s6 (u+ 2v) va (2u + v) lai 1a s 1&, nén may ty dong 1am giam so mii ctia
2 xudng 1 don vi. Qua a budr thi s6 nay tro nén bing 0 va may tu dong s& dimg.

- Bay gid gia sir a < b (tuong ty a > b xét tuong tw). Néu a <b -2, thi tir
cap (n, k) may tu dong c6 thé nhan duge cip (2a(u i ghnkehg ) 2b‘1v)vc’ri cac sd
mi trong luy thira cia 2 khac nhau. Néu a = b -1, thi tir cép (n, k) méy tu dong

2 Ly RaG aiata o 2
¢6 thé nhan dugc cip (2“(u S e v) = [2‘*‘1%, D v} lai cac so mil trong luy
thira ciia 2 khac nhau. Dé dang thay ring trong trudng hop ndy may tu dong lam
viéc mai mai khong ding.

- Chi con viée dém cac cap s (n, k) = (2%.u, 2°.v), voi 2".u <2013, 2°.v < 2013.

+C6 1007 sb 1é khong vuot quéa 2013, bai vy sb cap (n, k) voi a=b=0 bang 10077
+503 sb khong vuot qua 2013 chia hét cho 2 va khéng chia hét cho 4, bai vay
s6 luong cip voia=b= 1 biang 5037, ...
HET tiép tuc nhu vay, ta nhan dugce dap sd ciia bai toan
10072 + 5032 + 2522 + 1262 + 63% + 812 + 162 + 8% + 42 + 2% + 1% = 1351709.

TRUONG THPT CHUYEN LE QUY PON - BINH DPINH
Cau 1.

a) Gia sir f(x):ax2 +bx +c trong d6 a,b,c e R(a;tO).

f(O) 2 C
Khi do: f(l) =a+b+c =4¢b= _.._f(l) 3 f(_l)
f(-1)=a-b+c’ | 1)+ £(-1)-26(0)
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Suy ra ‘2a| < [f'(l)' + |f'(ﬁ1)| + 2{f(0)| <4 = Ia{ <2va a=0.
Ham sb g( ) 35 kel f( ) lién tuc trén R va

g(0) = -1-f(0) < 0;g(1) =1- (1) > 0; g(-1) =3 - £(-1) > 0
Suy ra g(—l)g(O) <0 va g( ) (O) < 0 nén phuong trinh g( ) 0 1uén ¢ hai
nghiém phan biét thudc (-1; 1) ;

b) Vi |a| <2 nén g(x) = 3x® —x ~1-f(x) Ia ham sb bac hai ¢6 h¢ sé bac

hai duong.

Hon nira, theo cau a) g(x) = 0 ¢6 hai nghiém phén biét thudc (~1; 1) i
Do d6 ham s g(x) o e [ f(x) dong bién trén [1; + oo) .

Suy ra: g(x) >0,vx e [1;+oo) <> f(x) £ BT s =diver 11

2
Véy:fi <3£ —1—1:3.
3 3 3 L5

Cau 2.

e . g 1
Tu giathiettaco: x, >0,vne N . Dit — = ¥i

xl’l

Tur cong thire xac dinh day (x_), ta co:

y,=2ava y A =y +a+\fa2 +4ay Vne N (1

Nhan hai ve cua (1) v6i 4a va cong hai vé véi a2, ta duoc:

a’ +4ay,  =a’+4ay_+4a’+ 4a\a’ +4ay_ VneN’ (2
Datu = \/az +4ay_,u >0.
Tir (2) suy ra: uz*l =(u, + 2a)’¥n e N*. 3)

Do u, >0Vne N'va a>0, tacod (3) ®u,,,=u +2a Vne N 1a mot

cap sO cong co cong sai d = 2a va u, = 3a.

Vyu, =2an+a=y =a(n’®+n), vneN"

1 j i 1
X =—— | — =
Yo oantn+l) alR A+l

. J:alimS =—
1 o
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Cau 3:

Dung dudng thing qua C song song voi AB cat PM ta1 L, AB cat CD tai J.

Dé thdy ACPL cén tai C (LPC JMP AML PLC)
AM_ AM 1A

GlasuPMcatAC tai . Taco: —— = — n
CP' CL% -IC
i AQ TA
i & tyr, ta cil asi: NOQcat ACtai I T —_—=— 2
uong ty, ta cling gia su O ci ai a cling co: N TC 2)
Tur (1) va (2) suy ra: % = —II—% — I =I' (chia trong doan AC cung ti 50) :

— AC, MP, NQ dong quy.
Tuong tu ta ciing c6: BD, MP, NQ ddng quy.
Viy AC, BD, MP, NQ dong quy tai I. ©

Cau 4. '

Tir gia thiét: fF(f(x) +y) = f(x* —y)+ Ei_';ff'(:q:)[(f'(x))2 + yz), vx,ye R (1)
Thay y = x* vao (1): f(f(x) + x4) = f(0) + 8x4f(x)(f2(x) & xs),\'/x ER" (2)
Thay y = —f(x) vao (1): £(0) = f(x4 + f(x)) ® sz(x)(fz(x) bt f2(x)), vx e R (3)

Tir (2) va (3), ta co: 16f*(x) = 8x4f(x)(f2(x) + xs),‘dx eR

2
& (£ - x4)f(x)[f2(x) : gxs . [f(x) § %x‘*] 1 _0,VxeR @)

Thay x = 0 vao (4) suy ra £(0) = 0.
Gia sir ton tai a # 0 sao cho f(a) = 0. Ta chimg minh f(x) =0,Vx e R
Thay x = 0 va y tily y vao (1), ta dugc f(y) = f(-y).
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Thay x =a va y tily y vao (1), ta duge f(y) = f(a* - y).
Suy ra: f(y) = f(-y) = f'(a4 Ly) =f(y-a%),YyeR

= £(fx)) = f(-f(x)) = f(a* + f(x)), vx € R L 3(5)
va fiyH) = f(y* —a*),vye R (6)
Thay y =0 va x tily y vao (1), ta duge f(f(x)) = f(x*). (7
Thay y = a* vao (1), ta dugc
f(f(x) +a*) = f(x* < a'y+ 8.51“f'(1i:)[(f(x))2 + aBJ, Ve R (8)
Tir (5), (6) va (8) suy ra
£(£x) = £(x') + 810 (o) 4 a') vxeR ©)

Tir (7) va (9): 8a4f(x)[(f(x))2 + asj =0=>f(x)=0,vxe R

d e N,

va tir (4), néu 3x; € R:f(x,) # 0 = f(x) = x*, Vx e R
Thir lai, ta thiay f(x) = 0va f(x) = x* la nghiém cta phuong trinh.
Cau 5.

Da thirc da cho dugc viét lai: P(x) = (xzon = x) + [axz +(b+Dx+ c]

Dit f(x) =ax? +(b+1)x+ec.
Theo dinh li Fermat nho: x*'" — x,12017,Vi = 1,2,3
nén f(x,):2017,vi =1,2,3
Néu (x, — x,)(x, ~ X, )(x, — x,)2017 thi bai toan dugc chimg minh.
Néu (x, = X,)(x, — X,)(x, — x,) khong chia hét cho 2017 thi theo trén ta dugc:
{f(xl) ~f(x,)2017 _ {(xl - x,)[a(x, +x,) + b +1]2017
fix,) - £(x,)i2017 * |(x, - x,)[a(x, +x,) + b+1]2017

a(x; +x,) +b +1:2017 ; r
=h = al(x, - x,):2017 = a:2017

8K, PR b 1:2017

Tir d6 suy ra, b +1:2017 ma f(x,) = .t-l.xl2 +(b+ 1)x; +¢:2017 nén ¢:2017.
Tirdé, a+b+c+1:2017. '
Viv (a+b+c+ D) R, (X %y )X 1= X))201T
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0 2345678910111213

O trang thai mot dong c6 a hon da, déng kia c6 b hon da ta dat tuong tng vai
mét diém trén mat phing toa do (a, b) :

Theo gia thiét bai toan, dén luot mot nguoi choi nao do thi chuyén mot diém
(a,b) thanh mot diém (a s ihid i) trong d6 1<i< min{a, b} . hogc diém

(a -1, b) , hodc diém (a, b - 1), hodc diém {[%},b}, hodc diém [a,{-g—D.

Néu ngudi choi nao chuyén vé diém (0,0) trude thi ngudi do chién théng.

Mot diém (a,b) duge goi diém “thua” néu ngudi nao phai chuyén diém nay,
lubn ludn tao ra diém ma ngudi choi tiép theo ¢6 chién thuat chuyén vé diém
(0,0). Diém nhu véy ki higu la L.

M¢t diém (a,b) duge goi diém “thiing” néu dén lugt nguoi ndo phai chuyén

diém nay, ludn ton tai it nhat mot kha nang dé chuyén diém d6 vé diém “thua”.
Diém nhu vay duge ki hiéu la W.

Nhu vay, néu (a,b) la diém “thua’ thi ngudi di sau luén co chién thuat thang.

Bai toan tro thanh tim tét ca cac diém “thua”. Bay gio biéu dién tat ca cic diém
(a,b) trong d6 a < 13,b < 8 thanh cac diém W hay L trén mit phang toa d¢ va
tim tit ca diém tuong ang voi L.

Dua vao hinh vé ta thay cac diém thoa mén bai toan la:

(2,0); (5,0); (7,0); (11,0); (4,1); (9,1); (13,1); (0,2);
(3,2); (8,2):(11,2); (2.8); (7.3); (1,4); (0,5) (0,7); (3,7); (2.8).
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TRUONG THPT CHUYEN LE QUY PON - NINH THUAN

Cau 1.
5 1
Datx:cosa,0<(x<-2—.

Phuong trinh da cho tré thanh

1
cosa

32cosa(coszu ~ 1)(20052a = 1)2 =1-

2
&> 32¢c0s? a.sinza(2cos2a = 1) =1-cosa

<> 8sin?2a.c08%2a = 1 - cosa <> 1 — 2sin®4a = cosa

2n
a=k—
< cos8a = cosa <> 8a = +a + k21 & g(keZ)
2n
o=k—
7

Vay nghiém cta phuong trinh la x :_cgs[&{%j hodc x = cos[kz—;), (k € Z) :

Cau 2.

Taco %, ,-1= :e»zn(xn - 1) va X, =2 nén {xn} la day ting.

Ma x —-1=#0 nén . = : -—1-.
Bt ] o R mdin R
Hay—l—: e :>—1-+i+...+—1-:1— :
X el R ] - S X » S
Do d6 ta chi can chirng minh:
1- 11<1— . <1—L¢:>22"l<xm1ﬁ1<22“
22ll xm—l =1 2211

Ta chirmg minh (*) bing quy nap.

Véin=1: () ding Giasr 2 ' <x,, ~1<2%.

“ . ot 2]’&] 2k 1 s 2k
Taco xk+2h1—xk+l(xk+1—l)>2 27 =2°.

k k
Hon nfra x, | < 2° = x,,,-1<2% -1

1 1

1

= X0~ = xku(xk+1 = 1) < 22k (zzk ¥ 1) . 22k» -

k k+
Suyra 2% < s R L 92 =>dpcm.

(*)

535



Ciau 3. x
Tir PBQ = PAQ

—

va CBD = PAQ.

Suy ra: PBQ = CBD.
Hon nira
BCD = BAQ = BPQ
Nén ABPQ # ABCD
B R
BC R
Goi E = CD ~BP,F = MD N BQ
Ta thiy tir giac BDEF noi tiép nén

voitiso k =

BDF - BEF va BEF=BCD=BPQ  ©
Suy ra EF // PQ
Do BDEF néi tiép nén phép quay Q, — , bién duong thing CD thanh dudng
y (B,CBP)

thing C'D' // EF.

. . P 24 BP L=y R . A . = ™y + 5
Phép vi tu V(B‘k) (voi k = BC ﬁ-") bien duong thang C'D’ thanh dudng
thang PQ
Céc tiép tuyén tai C va D clia (O') cit nhau trén AB, cac tiép tuyén tai A, B cla
2 -o.\ S

(0’) cat nhau tai diém ¢b dinh I va | nim trén CD.
Do do V(B'k) Q{B,cgp)(l) =J ¢b dinh nam trén PQ.
Cau 4.

Cha y ring f(x) >R VK.

That vy, néu f(y) <y voi gid tri y nao do, dit x = y - f(y) > 0.
Phuong trinh ham d cho tré thanh f(2y = f(y)) =0 (vo i)

Néu cé y = f(y). phuong trinh ham da cho tr thanh f(y) = 0 (v& 1i).
Ta sé chimg minh f(x) —x la don énh.

That vay gia sir f(x) - x =f(y) -y voi x # y

o x+8(y) =y + £(x) > £(x + y) + £(5) = £(x + y) + £(x)

= f(y) =f(x) > x=y (voli.
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Tir phuong trinh da cho thay x = f(x) , ta duoc

f(f(x)+f(y)) = f(f(x)+y)+f(y).

Hoén dbi x, yta dugc

£y + £(x)) = £(x +y) + £(x) = £(£(x) + £(v)) - (£(x) + £()) = £(x + ).
Lay x+y=x"+y

= (6(5) +£(5) -~ (6) + £9) = £(6() + £) - (eo) + 1)

Ma f(x) —x don anh nén f(x) i f'(y) = f(x') + f(y').

Chon x' =y’ = x;y.tacé £(x) + £(y) = 2f[x;y).

Bay gid¢ ta chirng minh f don anh.

Néu f(x) = f(x + h) véi h > 0 = f(x) + f(x + 2h) = 2f(x + h) = 2f(x)
= f(x) = f(x + 2h).

Biing quy nap ta c6 £(x + nh) = f(,;),;m‘e N

=> 0 < f(x + nh) - (x + nh) = f(x) - x ~nh,vn € N (v6 Ii)

— f(x) don anh.
Ta lai ¢6 f(f(x) + f(y)) & f(f(x) + y) - f(y) = Qf{—f—gﬂ + y}

f
Va do tinh déi ximg nén f(f(x) + f(y)) = Zf[gl + x}

fx) 1) f(x)

>t iy 0y =2 _x=c (hingsd) = f(x) =2x + 2.
S 5 (hiing s6) = f(x)

Thay vao phuong trinh da cho ta dugc ¢ = 0.

Vay f'(x):2x.
Cau 5.

2
X+y+z+t=nyxyzt < (x+y+z+t) =n’xyzt
*

<:>x2+2x(y+z+t)+(y+z+t)2:nzxyzt

2

c;>x2+{2(y+z+t)—n2yzt]x+(y+z+t) =0 (*)
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e Diéu kién can
Gia sir (*) c6 nghiém. Goi (X,,,,2,,t,) & nghiém c6 tong nho nht.
Khéng mat tinh tong quat, gia str x, 2y, 2z, 2 t,.

Tacod xg + [Z(yo + 2z, + tn) b nzyozotn]xo i (yo 2+ to)z B

2
Do do f(x) =x%+ [Z(yo + %, + to) - nzyozoto]x i (y0 £ %+ to) =)
c6 nghi¢m x = x, suy ra c6 nghiém x = x,, do do6

X, +X, = 72(y0 + B, * to) + n2y020t0

2

X X, = (yO +Z, + to)
Do x,,y,,Zy,t, 12 cac s6 nguyén duong nén X, nguyén duong.
Suy ra (xl,yo,zo,to) la nghiém nguyén duong cua (*)

DXZE DX R 2V, 22, 28,
=3 f‘(yo) >0
: 2

<> yg . 2(y0 + 5. to)y0 - ngygzot0 + (yo + 25 # to) >0

s 2
== nzyézoto < yg + 2(y0 S to)y0 4 (y0 + g+ to) < 16yg
ezt <16 nlx nzzeto\s 16.
Vay n e {1; 2:3; 4}.
e Diéu kién da:
Véi n =1 phuong trinh x +y+z+t = ,/xyzt c6 nghiém (4;4;4;4).
Voi n = 2 phuong trinh X + y +z + t = 24/xyzt c6 nghi¢m (2;2;2;2).

Véi n = 3 phuong trinh X + y + 2+t = 3yxyzt c6 nghiém (2;2;1;1).

Véi n =4 phuongtrinh x+y+z+t= 4\/xyzt c6 nghiém (1;1;1;1).
Cau 6.

e Véimdin = xy.

Vi (x,y) =1 nén 3b,0 < b < x sao cho by =n (modx).

—b
Data:n Y

eN=>n=ax+by véiabeN.
X

538



Theo diéu kién cia S, n e S0 > xy M F & {O,l,...,xy} => T hitu han.
. Gﬁs&Tz{qmwmﬂ%\@ih<t2<m<tm.
Vi t, &S nén hai sé mva t, ~ m c6 it nhét mét sé khong thude S véi

-
lemz<|—
E

Ma chic6 i — 1 s6 nguyén duong nho hon t, khong thuge S(dola t,,t,,....t, )

I
nen{tz]:l—ljt < Ty 1::>Zt < 1(2i—1):|T12:>s(T)$"I12.

TRUONG THPT CHUYEN LONG AN - LONG AN
Cau l.

Pit t =y -1 (t>0).

2 2= 49
~t°-2xt =0 1
Khi dé hé phuong trinh (1) tré thanh: {X\' * 5 . ()

8t 6a¥ Pt L1650 (2)

Nhan hai vé phuong trinh (1) v&i 3 rdi cong véi phuong trinh (2), ta duogc
phuong trinh:

(x+t)3 —3(x+t)2 -16=0 o x+t=4t=4-x.
Thay vao phuong trinh (1), ta dugc:

x’-6x*+16x-16=0 <> x=2. Suyrat=2 (nhin) > y=5.
Vay h¢ phuong trinh c6 nhi¢m duy nhat (x, y) = (2, 5) 1

Ciu 2.
3+ ‘f3u[2 +8u_+9 3
Tacé: u ;= - la day so duong va
u[l
u[m: 3 }3+i+——>\/_kfn>1
Mt khac: u :-—-+ 3+i+—< g 9

+1

u, .

Nhu vay (u,) la day ) duong va bi chan.

Xét ham sé: f(x) =—3-+ "3+§+%, x5l
- X X =
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f'(x):_—g—[—%+~l-§-}.——-1 i i
X $o f 819
2,34+ —+—
X x2

Suy ra ham f(x) nghich bién trén (0;+ oo) hay ham f(f(x)) 1a ham déng bién trén
(0;+ r)

Taco:u , = f(uml) = f(f(un)),\:/n 27,

Tur d6 suy ra hai day (u2k), (um“l) ¢6 gidi han hiru han. Goi hai gi¢i han do

lin lrot la ava bthi Y3 <ab < A . Ta co:

3 8 9 3 8 9
Uoy s Sad At~ =i + [3+ Far
u2k u2k uzk u2k$1 u2k+] u2k+1
a:%+ ,3+—g+b—92:f(b)
b:§-+ ’3+§+-9?=f(a)
a a a

Do f(x) la ham nghich bién trén (O;+ m) néna = b.

Nhu vay: a:§+ ’3+§+%:>a2—3:\1332+8a+9
a 4 a

o a@a+1)a®-a-8=0

~:1+J3_3va:1ﬂ/£
o

2

Qua gioi han, ta dugce hé phuong trinh sau:

Sa=0va==1va

Do s/ﬁ <a,b < A nén (u,) c6 gidi han va gidi handd 1a a =
Ciu 3.

Diat: ZEOF = 2a, ZGOH = 2f, £ZKOD = 2y thi:

OM = R.cosa,ON = R.cosf,OP = R.cosy .

Do #DOE = /FOG = ZHOK = 60°,

nén diém O thude mién trong ciia luc giac DEFGHK.

Tirdé suy ra: a + B +v =90°.

Ap dung dinh 1i Césin, ta dugc:

PM? = R%cos®a + R?cos®y - 2R2cosa.cosy.cos(0t ¥y 600)

= R*cos” o + R*cos®y — 2R”cosa.sin(o + B).COS(1500 - B);
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NP? = R%cos?B + R*cos®y — 2R? cosﬁ.cosy.cos(B +7+ 600)
= R®?cos®B + R®cos®y — 2R*cosp.sin(a + ﬁ),cos(150° Y a).

Suy ra:
PM? - NP?
= R* [cos2a ~cos”P — 2sin(o + B).(cos.:x.cos(150n ~ ) - cosp.cos(150° - ‘I)ﬂ

2RSS [cosza — cos”B + sin(a + B).sin(o — [3)} =0

Do d6 PM = NP va chirng minh tuong tu ta dugec NP = MN.
Vi vy tam giac MNP la tam giac déu.
Cau 4.

il |

Choy =1 thi: f[ ]:f(x)+(xh1)2

2 2
r‘:::»f'(x)—errif[x 2+1J—2(x +1J

2

i
%% +1

bat: g(x) = f(x) - 2x thi g(x) = g[ J (1) thi g lién tuc.

Do g la ham s chan nén ta xét trén [0; + ),

Vaia = 0, ta xét hai truong hop:
i)0<a<l

s . ke %
X¢ét day so (x,) nhu sau: x, =a; x| = “2 v=-0,1, Z5)

1
Vi0<x, < 1, bang quy nap ta duge 0<x <1, Vnel

e |
n

Aa: 2
Talaico: x <x , <> X < < (x -1 .=0.

Tir d6 suy ra (x,) ting va bi chin trén nén co gidi han hitu han

2
Goilime, =2 thil-"tlegog

Viay limx = 1.

Tir do thé x bai xo, Xy, ....X, vao phuong trinh (1) ta duoc

2 1 2 1
gla) = g(x,) = g[x°2+ ] =,cg,r(xl)=,cg[Xl;r ]:g(xz)z--.-_-g(xn)

= gla)=limg(x,) = g(1)
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i)a>1
Xét day sO (x,) xac dinh nhu sau: X, =a,X = \f2x“ -1.

Str dung phuong phap cua day truy hdi ta duge limx =1.

2
b g : { ] !
Do x = “‘12 , nén the x bai xg, X, ....X, vao phuong trinh (1) ta dugc:

xf +1 xg +1
gla)=g(x,) =g 5 =g(x,)=¢g S0 =g(x,)==g(x )
&% g(a):limg(xn) = g(1).
Tirdosuyra g(x) =C, Vx e ‘:O; + oo) va do g ham s6 chin nén
gx)=C,vxeR
Suyra f(x) =2x+C.

Thir lai ta thay ham sé f(x) = 2x + C thoa man bai toan.
Cau 5.

Vk e N A=22 _1- (22“ i 1)(22k ' 1) = (22“ Xig 1)(22“ o 1]...(22" > 1)
A -2 1:3?_1:(? +1)

A:(sz ‘ +1)-2

Goid = (22’ 11,27 4 1) = 92id =>d=1d=2

Ma 27 +1,22" +1 lénénd=1

Do do cac sb 27 + 1(! =L k- 1) nguyén t6 cing nhau nén theo dinh 1i s6 du

Trung Hoa, ton tai s6 nguyén ¢ sao cho:

c=2?" (mod22’ { 1),%// Y

=5 6% ] = (22’ + 1)(mod22f + 1) >c?+12%7 11vi=Lk-1

Dodb: b+ 1 kot Bloh i Btih = Sine £ 2 100 i Dha st 2l
—{9e) +3=02% n T8

Vay khong thé ton tai sé nguyén n nao dé n.22"" _ 78 —nla sb chinh phuong.
Cau 6.
Danh cho ban doc
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Lo ntha sdct

Quy thay cé kinh mén!
Cac em hoc sinh yéu quy!

Aai mot ki thi Olympic sdp dén. C6 I& cac ban
hoc sinh cling dang hi vong minh sé la ngudi dat
danh hiéu cao nhéat trong ki thi quan trong nay. pé
g6ép mot phan nho trong thanh tich 8y, Nha sach
Héng An véi phuong cham xu&t ban nhiing &n
pham that su bé ich cho viéc day va hoc da manh
dan lién két xudt ban bo séch “Tuyén tap 20 nam
dé thi Olympic 30 thédng 4”. V6i mong mudn g
dén Quy thdy c6 va cac em nhiing kién thic quy
gia, déng thdi cling luu gilr lai cac tu liéu ma Ban
t8 chuic ki thi da tén rat nhiéu cong suc, tam huyét
theo dudi va duy tri dén hém nay.
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