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Ld¢ nol dze

Cubn sach Béi dudng Todn Hinh hoc 10 nay dugc bién
soan nhim muc dich hé tr¢ cho cdc ban hoc sinh tu rén
luyén thém sau khi ndm viing cac kién thic va bai tap
can ban 6 SGK. Vi 1é d6, mic du thu tu cdc chuong giéng
voi SGK (2006), nhung cac muc va tiéu muc doi khi ducc
gop lai, hodic bd qua vi xét thay khong can thiét. Dic biét,
chuong ba dai nhat, bsi né 1a su tich hop cac kién thuc
trudc d6, va moét khi da c6 nhiéu kién thic duge chuan bi
trude d6, thi cdc van dé md rong, cac bai tap nang cao sé

phong phu hon...

Nhiing ngudi bién soan hi vong cdc ban tim thiy mot doi
didu bé ich khi st dung sdch nay. Cudn sach cé thé con
nhiéu thiéu sét vé cd noéi dung lan hinh thic, va nhém
bién soan chan thanh cdm on vi nhiing gép ¥ c6 thé cé cla
cac ban trong tudng lai.

Nhiing nguoi bién soan

_ TRANBAHA
NGUYEN SINH NGUYEN
NGUYEN VAN NHO

LE HOANH PHO
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VECTO

§1.

1.1.

cONG, TRU VECTO, NHAN VECTO V31 MOT SO
T6m tat kién thic can nho

Néu vecto cé diém dau 1a M va diém cuéi 1a N thi ta ki hiéu vects dé
1a MN . Vectd ¢6 diém ddu va diém cubi trung nhau dudc goi la vecto-
Ehéng, ki hieula 0. D6 dai ctia AB 1a khodng cdch gida hai diém A
va B. Do dai cua vecto a dugc ki hiéu 1a |5 . Nhu vay, tacé |0]|=0.

Hai vecto to duge goi la cing phudng néu ching nam trén hai dudng
thing song song, hoic cling ndm trén moét duong théng. Néu hai
vectd cung phudng thi hodc chung cung hudng, hoic chiung ngudc
hudéng. Ngudi ta quy udc: Vecto-khéng cung phuong va cung hudéng
vGi moi vectd. |

—

Hai vects a va b dugc goi la bdng nhau, ki hiéu a = b, néu ching

cung hudng va cung d6 dai.

Cho hai vects a va b. T mot diém A nio d6 ta vé AB=a, réi tu
. 2 ~ .- T T . ’ __:‘ . iy f @ . -

diém B veé tiép BC =b. Khi do, AC dudc goi la téong cua hai vectd a

va b. Ki hiéu: AC=a + b.

Vecto déi cia vectd a #0 la vects ngudc hudng véi vectd a va ¢é

cung dé dai vdi vects a. Vecto déi ctia vects 0 1a vecta 0.

Hiéu ciia hai vectd la tdng clia vecto thi nhat véi vecto déi cia vects

thu hai.

Tich cia vectd a véi sb thuc k 1a mot vects, ki hiéu la ka , duge xac

dinh nhu sau:

a) Néu k > 0 thi vecto ka cung hudng vdi vecto a.
Néu k < 0 thi vectd ka ngudc hudng véi vecto a.
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b) D6 dai veeto ka bing Ik| lan do dai vectd «:
Ika | =1kl lal.

Tinh chdt: Vé mat hinh thic, ciac phép toan cong, tri vecto va nhian
vects vGi mot sé voé hudng ¢6 nhing tinh chat giong nhu cdc pheép
toan cong, tru va nhan (,J.C s6 thuc da biét:

a+b=b+a

(d + b)+c = a+(b+c)

a+0=a

k(ha ) = (kh)a

(k+h)a =ka +ha

kld + h;_kd +kh

l.a=a;( 1) Ja = —a -

0.a = = ) k. 0 = ()

Mot sé két qua thuong duoe vin dung trong gidi todn:
Néu M la trung diém NP thi MN + PN = 0.
Véi bt ki ba diém M, N, P ta luén luén c6 MN + NP = MP. Mg

: ‘. Vi £ . & .
réong ra, voi ndiém batki A, A,...., A, taludn co

— S, -~ .

A A7+A A+ . +An 2 A - l+An IA =AA,

Néu OABC la hinh binh hanh thi ta ¢6 OA+0C=0B (Quy tic
duong chéo hinh binh hanh).

Néu MN la mot vecto da cho, thi vai diém O bat ki ta ludn co ‘the
viét: MN = ON - OM..

Vecto b cung phuong véi vects a (khac 0) khi va chi khi tén tai $50k

sao cho b = kd

Dé ba diém phan biét A, B, C thing hang, diéu kién can va di Ja tin
tai s6 k sao cho AB=KkAC .

Didu kién can va di dé C 1a trung diém AB 1a AB = 2AC .

Cho hai vecto khong cung phuong a va b. Khi d() moi veeto x i
¢6 thé bicu thi mét cach duy nh(lt qua hai vecto a va b. Nghia lau: ©
duy nhat cip so m va n sao cho X =ma+nb.

G la trong tam tam giiac ABC khi va chi khi



GA+GB+GC =0,

e Néu I 1a diem bat ki va G la trong tam tam giac ABC thi

3GT = Al+ B+ Cl, hay 3G = 1A + 1B+ 1C
e Diéu kien can va du dé hai tam gidc ABC va AB'C ¢6 trong tam tam

trung nhau la AN+ BB+ CC =0,

Chung minh. Gia su G va (¢ lan luat 1a trong tam tam gide ABC va
AB'C.ViG' Iatrong tam tam giac AB'C' néen:

GG = GA'+GB + G

= GA+AA +GB+ BB+ GC +CC = AN + BB +CC"
(GA+GB+GC=0 doG la trong tam tam giac ABC). Vay

3GG = AN+ BB+ CC.

Tu d6 suy ra ring didu kién can va du dé hai tam gide ABC va A'B'C’ ¢d
trong tam trung nhau la AA + BB+ CC =0,

1.2. Mét sé dang toan

Bai 1. Cho 6 diém A, B, C, D, K, I. Chiing minh:

Giai
Cach 1. Ta co
AD +BE +CF = AE + ED+ BF+ FL + CD + DF
= AL+ BE+CD+DE+FE+ LD = AL+ BF + CD+ DD,

suyra AD+ BLE + CF = AE + BF+ CD.

Dﬁng thue con lai duge chung minh tuong tu.

Cdch 2. Lay mét diém O niwo d6 tuy v, phan tich méi veeto thanh
hi¢u hai vecto o diém dau 1a O, ta dugc:

AD + BE + ClF = 0D - 0A + OE = OB + OF - OC,

AF+BD+CE =0F = OA + 0D -0B+ 0L - OC.
Tt do suy ra diéu phai ching minh.

Nhdn xét. Trong bai trén, ta da sd dung quy tic chen mét hay

nhicu diem dé chung minh mot dang thudc vecto.

~I1



Bai 2. Cho tam giac déu ABC ndi tiép duong tron (O).

a) Chung minh ré‘mg cac. diém M, N, P nim trén dudng tron (O)
néu: OM=0A+0B; ON=0B+0OC; OP=0C+O0A . Khi dé, c6 thé
ndi gi vé vi tri cua cdc diém M, N, P tu?dng ung so vdi cac diém C, A, B ?
b) Ching minh ring: OM +ON +OP =0, véi cac diém M, N, P

nhu trén.

Giai

a) Ta c6 OM = OA + OB nén OAMB la hinh thoi. Suy ra AOMI la
tam giac can tai A, ngoai ra, AB la trung truc cua OM. Tu d6, AOM! la
tam gidc déu, suy ra OM = OA. Vay M phdi nim trén dudng tron ((O).
Tuong tu nhu thé cho N va P.

Do tam gidc ABC déu nén CO la trung truc AB. Suy ra M 1a diém
d6i tam cda C. Tuong tu, N, P tuong tng 1a diém déi tam cla A va B.

b) Ta c6 OA + OB +0OC = OA +ON =0. Suy ra

(_)—I"(/I“+(T\I.+(i5=—(OA+OB+OC):5.

Nhdn xeét. Quy téc.chﬁ yéu dé gidi bai toan trén (cau a) la quy
tdc duong chéo hinh binh hanh cia phép cong hai vecto.
Bai 3. Cho tii gidc ABCD. Goi M va N lan lugt 1a trung diém ciia AB vi
CD. Ching t6 ring

N=%(AD+I§)=%(X6+I§T)).

Giai
Ta co
MN =MA + AD+ DN,
MN = MB + BC + CN.
Do MA +MB=0 va Hﬁ+€ﬁ=(), nén

MN = —(AD+ BC).

Tuong tu nhu trén, ta co

R

Nz%(Xé+E5).



Nhan xét. Trong bai toan trén, ta da chen diém dé c6 the ap
dung dugc tinh chat trung diém:

Néu M la trung diém NP thi MN + PN = 0.
Bai 4. Cho tam giac ABC. Goi I 1a diém thod man diéu kién:

IA+2IB+31C=0.

a) Chung minh ring I 1a trong tam tam gidc BCD, trong d6 D la
trung diém canh AC.

b) Biéu thi vecto Al theo hai veéts AB va AC.

Gidi

a) Ta co:

Té+f6+f’f5:fﬁ+ﬁ+%(ﬁ+ﬁ):%(i&+zﬁé+3f‘)=6.
Vay I la trong tam tam giac BCD.

b) IA +2IB+3IC =0 < IA + 2(IA + AB) + 3(IA + AC) =0

& 6IA +2AB+3AC=0.

Bai 5. Cho tu gidc ABCD. Goi G 14 diém sao cho
GA+GB+GC+GD=0. |
Ching minh ring G dudc xdc dinh mét cach duy nhat. Khi dé, G dudc
goi 1a trong tam cta tam gidc ABCD. Hay dung diém G.
| Gidi
Liy mét diém O x4c dinh nao dé, ta cé:
GA+GB+GC+GD=
= OA-0G +OB-0G +0C-0G + 0D - 0G
=0A + OB+ 0C + 0D -40G.

Dodé—()—f}.:?i—(OA+OB+OC+OD).

Suy ra diém G duge xdc dinh mot cach duy nhat.
Dé dung diém G ta c6 thé chon O tring véi D. Khi dé:

ﬁ:%(DA+DB+DC).




Suy ra cach dung nhu sau:

Goi H, K 1a hai diém suo cho DAHB va DHKC 1a hai hinh binh
hanh. Tu do, DK = DA+ DB+ DC. Sau cung, chon G trén doan thiing
DK sa0 cho DG = 1/4DK. Ta ¢6 G 14 diem phai dung.

A

H

Bai 6. Cho dudng tron (O, R) va mot diém 1 khac véi O. Mot diem M tuy

y nam trén duong tron. Tia phan giac cua goc MOI ciat IM tai N. Gia su
d

10 =d (# 0). Chung minh IN= ——1IM.
d+R
Giai
Theo tinh chat dudng phan gidc cia tam giac MOI ta ¢6
IN 10 _d
NM  OM R
IN 1 IN d o .-
Suy ra ——--— = - &> = -—m—. Vi hai veeto IN va IM cung
IN+NM d+R IN d+R
hudng nén diang thic trén ¢6 nghia 1 IN = - 4 M.
d+R

Bai 7. Cho tam giac ABC.
a) Chidng minh r:ing* vil moi diém M, cic diém D, 5, F trong cic
diing thuc vecto sau déu la cde diém ¢6 dinh:
MD = MC + AB ; ME = MA + BC ; MF = MB 4 CA.
b) Chung minh rang MA « MB + MC = MD « M+ M.
Giai

a) Tu MD-MCrAB ta ¢o | ek

MD - MC - AB. <2 CD - AB. Nhu vay. T~_
- e l'/ \"?I(‘
D khong phu thuac vao vi tri cua diém /’/
M va la dinh thu tu cua hinh binh B 4
D
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hini ABDC. Tuong tu, MI5 - MA - BC = Al BC nen £ 1o dinh thy tu
ctahinh binh hanh ABCE. Sau cung, vi
ME-MB-CA < BF-CA
n:nl la dinh thu tu cua hink binh hanh ACBI.
Vi A, B, Ccodinhnen D, B, Feo dinh.
b) Theo gia thict ta co:
D OME s ME = MC+ MA+MB = AB -« BC+ CA

= MA + MB MO

P1. Cho tam giac vuong can OAB v6i OA = OB = a. Tinh do dai cua:
21 1 ] - 3 —-
=" OA +2508 S OA T OB,
4 4 7
P2.  Got G la trong tam tam giac ABC. 1ay biéu thi cac vecto sau day
quacac vectd GA va G AB. GC. BC, CA.

P3. Cho hinh binh hanh ABCD.
1) Tinh d6 dai cua vecto u=DBD+CA+AB+DC.
b) Goi G la trong tam tam gidc ABC. Ching minh:
GA +GC +GD = BD.

P4. Cho tam giac déu ABC canh a. Goi I la trung diém AC.
a) Xac dinh diém M sao cho AB+IM = IC.
b) Tinh dé dai cua vecto u=BA+BC.

P5. Cho G la trong tam, Il la truc tam, | va O la tam duong tron
noi, ngoai tiép tam giac ABC . Ki hiéu a, b, ¢ lan luot 1a do da ba canh
déi dia cic dinh A, B. C. Ching minh:

a) alA +bIB+¢IC =0,

b) (a+ b+¢)Ol =aON + OB +cOC

¢) (a+ b+l =allA i BB +cliC .

P6. Cho tu giac ABCD. Goi M va N lan luot 1 trung diém cta AB va
CD.Lay cic diem P, Q lan luot thuoe cac dudng thang AD va BC sao chio
PA--2PD. OQB-= CQC. Hay bicu dién veets MN qua cac veceto

——— S e

MP MQ).

11



P7. Cho hai diém A, B va hai s6 thuc a,bsaochoa + b # 0.

a) Ching minh ring ton tai duy nhit mot diém M thoa
man aMA + bMB =0.

b) Chung minh ring véi diém M xdc dinh nhu trén thi moi diém
Ntadéucéaﬁ«kb@:(awhb)m. .
P8. Choba diém A, B, C va ba sé thuca,b,cmaa +b +c#0.

Chiing minh ring tén tai duy nhiat mét diém M théa maén
aMA +bMB + ¢MC =0, va néu goi N la diém tuy y, ta luén cé

aNA +bNB +cNC = (a + b +c)NM.

P9. Cho ABCD la hinh binh hanh. Hay xéc dinh sb thuc m va ot
diém M cb dinh sao cho méi hé thuc sau day dudc thoa man véi rnoi
diém N: |

a) NA +2NB=mNM;

a) 2NA + NB—NC =mNM .

P10. Cho dudng tron (O ; R) va hai diém A, B c6 dinh.Véi méi diem M
ta xac dinh diém M' sao cho MM' = MA + MB. Ching minh ring khi
diém M chay trén (O ; R) thi diém M’ chay trén mét dudng tron ¢b diinh
ban kinh R.

P11. Cho hé hitu han cdc diém A, , A, , . . . A,. Ching minh ring cb
duy nhit mét diém G sao cho GA| + GA, +..+GA, = 0. Diém G duice

gol la trong tdém cua hé diém di cho. Chung minh ring véi moi diém K

ta déu cé: KA; + KA, +..+ KA, =nKG.

P12. Chonbd (A;,m;), véii=1, 2,.., n, trong dé6 A; la cac diém con
m; la nhing s6 thuc duong. Ta ndi trong tam cia hé n bd (A;,m;) la

mot diém T sao cho:
mlTA] + szAz +...+ mnTAn = O “

Chung ‘minh ring véi moi n bé nhu da ndi trén, trong tam ludén luén t:0n

tai va duy nhat.

P13. Cho dudng tron (O, R) va diém A c¢b dinh thudc duong tron. Tt
diém M n3m ngoai dudng tron, ta ké ti d6 téi dudng tron tiép tuyén M7



(T 14 tiép diém). Tia MA cit dudng tron tai A Gia st A khdc A’ va

MT = kMA . Ching minh ring AM =

[ k>
P14. Cho hinh vuéng ABCD canh biang 1 va cdc tam g‘lac déu CDE,
BCF sao cho E ndm trong va F ndm ngoai hinh vudéng. Pit a=DA va
c=DC.

a) Chung minh DE= Y2at—c , DF=—a+|1+—|c
2 2 2 2

“

3. ls == 1= ( \/5}.

b) Hay biéu thi cac vectd AE va EF theo céc vects a , c.
¢) Ching minh ba diém A, E, F thdng hang .
d) Tinh dé dai doan thing EF.

§ 2. TICH VO HUONG CUA HAI VECTO

2.1. Tom tit kién thiic can nhd

e Trong chuong nay, cdc ti sé luong gidc da biét & 16p 9 cho mot goc
nhon dude mé rong ra cho cdc géc tu theo quy tic: Hai géc bu nhau
¢6 sin bdng nhau, con cosin, tang va cotang ciia chiing déi nhau.

e Cho hai vects @ va b dédu khdc vecto-
khong. Tu mot diém O (tuy y) nao do ta \
vé cdc vectd OA = & va OB = b. Khi dé: B
Sb do cda géc AOB dudc goi 1a sé do géc b
hop bdi hai vects @ va b, hodic don gidn,
la géc gida hai vectd 3 va b. Géc gitia Q
hai vectd @ va b dudc ki hiéu la (a, b).

Trong trudng hop cé it nhat mot trong hai A
vectd @ va b la vecto-khong thi ta cé thé xem géc giita hai vecto dé
1a bao nhiéu cing dugc. Néu (4, b) = 90° thi ta néi rang hai vecto a

va b vuéng géc véi nhau, ki hiéu a 1 b.

13



Tich vo hwong cua hat vecto a va b Ia mot so, ki hicu la a . b, duoc

[ ]
xac dinh bor cong thuc:
5 " T . :
a.b=jai.:bicosta, b
e Voivecto a tuy y, tich vo huéng a.a duoc ki hicula (a)” hay dion
. v : .3 . - N . & ” k] - x ; N
gian hon, a~, va goi la binh phudng v6 huéng cua a. Binh phudng vo
hudng cua mot vecto bing binh phuong do dai cua veeto do: 4= =
Ld L la leosO = d (¥
Cho vecto @ = AB va duoing
B 2 , W . 3 . i
/' thang (d). Goi A" va 3 la
- hinh chicu vuong goc cua A
A~ e
- va DB trén (d). Khi do vecto
a' = A'B duoc goi la Ainh
i - Y . & N
= i = chicu cia veeto a tren duong
thang d.
e Vi1 hai veetd a va b bat ki ta cocong thue hinh chiéu:
a.b = a.b'", trong do b la hinh chicu cua vecto b trén duong
thiang chua vecto a
e Cho vecto OB # 0 c¢o dinh. Khi do. tap hop nhiing diem M sao cho
OMOB =k, trong do k la mot so khong doi, La duong thing vudng
goc voi AB tai H, vai H la hinh chicu cua diem M trén duoing
thing OB.
o Cuac tinh chat cua tich vé huong
a.b=b.a;(karb=kta.b);ath+cri=a.b+ a.c,
TR e - T R
(a+b)y =a +b +2ab; (a-b)"=za +b =2ab
g ¢ oss o m R s &
= - V fa 1 [}
(a+ba-h)y=a -b =fai”--;bl=
2.2. Mot s6 dang toan

Bai 8. Cho 1 1a truc tam. | 1a tam duong tron noi ticp tam giic ABRC

Ki

hicu a. b, ¢ Ian ludt 1Ta do d:a ba canh do1 cua cac dinh A, B, C. H.an

chung minh he thic

14
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Giai

Tu hé thue o bai tap P7, ta co:

!

thu:

ta cuoc

Bai 9.
"
AMY

o)

(a+h e =allA+ BB ellC

Jinh phuong vo hudng hai vé diang thue trén va su dung ciae he

SHALE = LA™+ 1B (1LY 1)
= A £ 1 = BAS =I1A7 #1137 e o
DHCTHIB = HC™ + B —a”: 2HANC < 1A £ 1O = b7,

(a+b+o) L =a A =h 1B - cHce
+2ab AT 4 2ac HALIC + 2he LHBC
=a[IA~ + b 1B~ +¢7HCT ~ab(HA” + 1B ~¢7)
tac(HA” + HCT - b7y +be(1B + 1107 —a)

=(a+ b+c)(all/\: +bHB +cl1C™) —abe(a + b+c¢).

Cho tam giac déu ABC canh a va cho hai diem M, N sao cho

AB va AN=KAC.

Hay tim gia tri k trong moi truong hop sau:
a) BN L CN ;

b) Géc hop béi BN va CM bing 120°.
Giai
Ta cé: BN = AN-AB - kAC .-\H;

CM - AM- AC - LAB AC.

Viy BN.OM - (kAC AR AR AC) =

)

- o
k c.‘ . & = g = oy ..‘
= SACAR - KAC AB ¢ AR
; 5]
.l{ i) ) D) ) N
= LaZcosGO kaT 1 a1 a“.coshOi)
3 3
( ko~ ] i ka”  Gka®  2a” 3
= ka 0
0O ) 2 0



o= 2
Suy ra ta ¢ BN.CM = "-(1-5k). (1)

9 — -— 2
a) Dé BNLCM thi BN.CM = 0 hay %(1 - 5k) =0, suy ra
D

1-5k=0= k=~15;.

b) Vi géc hgp bdi BN va CM 1a 120° nén:
BN.CM = BN.CM c0s120° =

- - 'BN.CM. (2)
C 2

—_ 2 —— —
Theo trén: BN = (k. AC— AB)* = az(k2 -k+1)

— BN=a.ykZ-k+1.
4 1 o _\/z
=

CM =(-AB-AC) = ———4+1D=a*—=>CM-=a
(3 ) a (9 3+ EF) 5

Tu (1) va (2) ta co:

2
%—(1—5k)z~ —lz—.a\/kz—kﬁ—l.a‘—gz
5k-1= Vk2—k+1+7 - (3))

Vik?-k+ 1luén duong véi moi gid tri cia k nén diéu kién ciai

vé trai phai la: 5k - 1> 0 hay k > ?1; Binh phudng hai vé cuia (3) ta

duge: 6k% — k — 2 = 0. Gidi phuong trinh nay, loai nghiém am ta dudgc::
2

k==,
3

Bai 10. Goi O la tam dudng tron ngoai tiép va G 1a trong tam cua mott
tam gidc ABC. Goi R 1a bdn kinh dudng tron ngoai tiép cta tam giac do,,
dat a = BC, b = CA, ¢ = AB. Ching minh ring
: °
R?-0G? > 53 a’b%c? |
Giai
Goi cic vects OA, OB, OC lan lugt 1a a, b, ¢ . Khi dé

(TG":E%E_
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2 =D TR =2 P sy .
Suy ra 90G™ =a” +b" +¢ +2(ab+bc+ca). I'a co

2 b =8> =R2,
24b = 2R % cos2C = 2R - AB? =2R? - ¢?
va cac hé thuc tuong tu: 2b¢ =2R” —a’, 2éa = 2R —b%. Tu do,

90G® = 9R? - (a® + b + ¢ |
Ta lai ¢6 (a® + b® + ¢%) > 33/a’b2c? (bat ding thic Cauchy cho ba

3 2.2
\/azb‘c )

P15. St dung tinh chét tich vé hudng, hay ching minh rang ba duong

cao trong moét tam giac giao nhau tai mét diém (truc tam).

s6). Do do R - 0G? >

G | —

P16. Cho doan thing AB.
a) Xdc dinh diém I sao cho: 2IA +31B=0.

b) Chiing minh ring véi moi diém M ta co:
—_— ) 3

MI = ZMA + = MB:
5 5
¢) Tim tap hop nhing diém M sao cho 2MA? +3MB? = k2, véi k 1a
s6 khong déi.
P17. Cho hinh binh hanh ABCD. Tim tap hop nhiing diém M sao cho
MA? + MB2+ MC?+ MD? = k?, véi k 1a mét sé khong déi.

P18. Goi I, O lan luct la tAm duong tron néi va ngoai tiép tam gidc
ABC, R 12 ban kinh dudng tron ngoai tiép, a, b, ¢ 1a cdc canh.

Chiing minh O =R? - —22¢
a+b+c
P19. Cho hai diém M, N nim trén duong tron ducng kinh
AB = 2R. Goi I 1a giao diém cla hai dudng thing AM va BN.
Tinh AM.AI + BN.BI theo R.

P20. Cho tam gidc ABC c¢6 O la tam dudng tron ngoai tiép. Goi D la
trung diém AB, E la trong tam tam giac ACD. Chung minh ring OE
vudng géc CD néu va chi néu AB = AC.

DAl HQ(’ Qudc GIA HA NOI
TRUNG TAM TF O;‘x G TIN THU VIEN
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P21. Cho hai tam giac vuéng cian ABC va AB'C' cung can tai dinhh
chung A nhu hinh bén. Goi I va J lan lugt 1a trung diém cda hai doann
thing BB' va CC'. Chiing minh ring AI 1 CC', AJ 1 BB'va BC' L B'C.

P22. a) Cho tu gidc ABCD véi hai dudng chéo la AC va BD. Chingg
minh ring: AB?+ CD?-BC?-AD? =2ACBD. T d6 héy suy ra diéuu
kién dé hai dudng chéo cla t gidc vuong goc.

b) Stt dung két qua nay, ching t6 ring didu kién can va dd dé haiii
trung tuyén ké ti B va C vudng géc nhau la b%+c?=5a (véi a, b, cc
tuong ung la d6 dai ba canh déi cla céc dinh A, B, C).

P23. a) Ta néi diém M chia doan thing AB theo ti sék # 1 néu
mzkﬁﬁ,hay M_—.é=k.
MB
Theo dinh nghia nay, M la trung diém AB khi va chi khi M chia doann
théng AB theo ti sé k = —1. Néu M chia doan thing AB theotisék # 1],
ching minh ring véi moi didém O ta c6
OM = OA -kOB '
, 1-k
b) Goi G la trong tim cua ti giac ABCD va A, B', C', D' lan luott
la trong tam cda cac tam giac BCD, ACD, ABD, ABC. Ching minh ringg
cac doan thing AA', BB', CC', DD’ ddng quy tai G.
¢) Tim cdc ti s6 ma diém G tuong vng chia cic doan thing AA',,
BB', CC'. ' -
d) Chiing minh ring G ciing 1a trong tam ti gidc ABCD".
P24. Cho ba sb thuc «, £, > 0. Ching.minh ring véi moi diém J thdesa
man a.JA + [i.jﬁ + 7.J—C =0 ta luén c6
_aMA?+ BMB? +yMC? ap.AB? + By BC? + ya.CA?

MJ?2 ;
a+pB+y (a+ﬂ+;/)
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S1.

S3.

S5.

LOI GIAI HOAC HUGONG DAN CAC BAI TAP CHUONG 1

HD: Dung dinh i Py-ta-»go Dap so:

V541

|u|—l 0A+2sou\u—z—a,

44 11 6063

|V | = OA——UBL~—
4 7 28

HD: AB=-GA+GB ; GC=-GA-GB ;

BC = -GA - 2GB; CA =2GA +GB.
a) u=BD+CA+AB+DC=

= AB+BD+DC+CA=AC+CA=0.
Vay do dai ctia vectd u bing 0.
b) Vi G la trong tAm tam giac ABC nén

GA +GB+GC =0.

Dodéo: GA+GC+GD=GA+GC+GB+BD=BD.

a) AB+IM=IC < AB=IC-IM =MC.

Vay M la dinh cua hinh binh hanh ABCM.

b) Theo quy tic hinh binh hanh ta cé u=BM.
Vay |u|=BM=2BI=a+/3.

a) Theo tinh chit dudng phan gidc ta ¢b

—QE:E hay DB=-=DC.
DC b b

Suy ra fﬁbﬁzﬁz—%bfz—%(f—f)) hay

b@+cf5¥(b+c)rﬁ.

B
A b, DB_c D

(1)

C

hay DB = ac
b+c

——=— nén =
DC b DC+DB b+c
—. Vi BI la phan gidc

cua goc B nén lai 4p dung tinh chat

duong phan giac cho tam giac ADB




ta co = . Vay
[A BA C b+c
D =—2JR. (2)
b+c

Thay (2) vao (1) ta di dén bIB+cIC = (b+c)ID =-alA, hay
alA +bIB+cIC=0.
b) Theo ciau a) ta co
(a+b+c)6i =a(m—ﬁ)+b(5§—ﬁ3‘)+c(0—é-—fé)
=a0A + bOB + cOC - (alA + bIB + cIC) = aOA + bOB +cOC.

c¢) Theo cau b) taco
(a+b+c)ﬁi=am—aI_A,+b—H—l‘3—bI—I§+cHC—cIC

— aHA + bHB + ¢cHC — (alA + bIB +¢IC) = aHA + bHB + cHC. |
' ' A

S6. Ta cé
MN = %@ +BO)

- -2 (AP + BQ)

W N

= —(AM + MP + BM + MQ)

.

-2 (MP+MQ).

5N

S7. a) Bién déi tuong duong hé thic & dé bai, ta c6
aMA +bMB =0 < aMA + b(MA + AB) =0

< (a+b)MA +bAB=0< MA =

a+b
(do gia thiét a + b # 0). Vi A, B ¢é dinh va a, b cho trudc nén ding
thuc trén ching t6 ring diém M dugc xde dinh mét cach duy nhat.
b) aNA +bNB =aNM +aMA + bNM + bMB
=(a+b)NM +aMA + bMB = (a + b)NM..

§8. HD: Tuong tu bai trén. Diém M dudgc xdc dinh duy nhat tu
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. AB +cAC |
hé thuc AM =P———%£. (Trong truong hdp a=b=c=1, M
a+b+c -

trung véi G, trong tam tam giac ABC).
S9. a) Goi M la diém cé dinh xdc dinh mét cich duy nhat theo

hé thuc MA = —1———22AB & MA +2MB = 0. Stt dung két qud bai 7
+

ta c6 NA +2NB = (1+2)NM =3NM . Vay ta chon M nhu d3 ndi va
chon m = 3.
b) Tudng tu, chon M la diém cé dinh thoa man
2m+1.ﬁ1§+(-1).ﬁf‘ =0,
va chon m = 2, vi ta co iNA4 NB—NCA—(2+1—])NVE\_/‘1=ZW‘
theo két qua bai 8.

S10.
Goi I 14 trung diém AB thi I ¢b dinh
. va MA + MB = 2MI .
Do d6, MM' = MA + MB khi va chi
khi MM' = 2MI, tiéc 14 MM' nhan I
lam trung diém.
Goi O' 1a diém déi x1ing ctia O qua diém I thi O’ ¢b dinh va
MOM'O' 14 hinh binh hanh nén OM = O'M = R. Suy ra M' nim
trén dudng tron cb dinh tam O' ban kinh R.

S11. Lay mét diém O xac dinh nao dé, ta c6 :

0 =GA1+GA, +..GA, = OA|-0G +0A, -0G +..0A, -0G,

tu do suy ra OG = ~l-(OA| +0A, +..+0A,).
n
Suy ra diém G dudc xac dinh mét cach duy nhat. Phan con
lai hién nhién, khi thay O bing mot diém K tuy y.
S12. Chon O la diém cé dinh trong mat phing, dé théy
mITA! + szAz +...+ mnTAn = 6
& my(TO+0A,) +m,(TO +OA,) +..+m, (TO+0A,)=0

= (m‘ o 107, T ST mn)r—f_é +m|OAl +szA2 L PR & mnOAn =6
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25 O = m;OA; +m;0A, +..+m 0A

m] +m2 +...+ mn

Nhu thé, T ton tai va duy nhat.

S13. Tacé MT? =MAMA’ & MAMA' =k> MA?
o MA(MA'-K2MA) =0 & MA' =k MA
& MA'=k2 MA
& MA+AA =k2MA < AA =(1-Kk2) AM.
Vi A’ va A khong trung nhau, M va A khéng trung nhau

nén phai ¢ k #1, do do /_\I\—/Izl lkzﬁ'.

S14. a) Goi E, va E, 1an luct 1a hinh chiéu cia E trén hai dudng
thing DA va DC , ta c6

DE = DE,+DE2 = £5 iz,
2 2
EA —F B Tuong tu, goi F, va F, 1an lugt
! | 14 hinh chiéu cia diém F trén
F F' hai dudng thing DA va DC ta
co :
D E, ¢ F, Bi*“.:'D_F;—rf)FI:“;:-I—5+ 1+—[3— c.
272
b) AE<BE_DA= Yi.li 7 (B-2axc
2 2 2
FF-DF-DE- las[1+ 3] 5L
2 2 2 2
_(1-B)a+(1+3)
- 5 .

c¢) Tu ciau (b) ta co :

{1+ TPl = 2)a+(l+-f_)c
) (1—f)a+(1+.f)c =

=EF.
2

(1++/3)AE =

22



Vay ba diém A, E, F thdng hang.

:
. (1—J§)5+(1+\/§)E ) (1w\/§)2 +(1+ \6)2
d) EF? = = =2,
2 4
Vay EF =+/2.
S15. A
Trudc hét, véi bén diém A, B,
" C, H bit ki, ta ludn c6
HA.BC + HB.CA + HC.AB=0.
That vay, vdi diém O tuy y, ta co:
B C

HA.BC + HB.CA+ HCAB=

= (OA - OH)(OC - OB) + (OB-0OH)(OA - OC) + (OC - OH)(OB-0A).
Dung tinh phan phéi cda tich vé hudng dé khai trién réi rut gon,
ta dé thay vé phai bing 0.

Bay gio, xét tam giac ABC, gia st hai dudng cao ke tu A va

B cit nhau tai H. Khi d6, HABC =0 va HB.CA =0 nén tir ding
thuc trén ta suy ra HCAB=0 , noi cach khac, CH 1 AB. Suy ra
diéu phai ching minh.

S16.

s B

a)2[7§+3f§=6<:>—2Xi+3(ﬁ§—7ﬁ)=6c>AI=—AB.

(94 ]

b) 2MI + 3MB = 0 <> 2(MA - MI) + 3(MB-MI) =0
& 2MA +3MB - 5MI = 0.

—_ 3 —

Suy ra R/ﬁ :EMA-FEMB.

c) 2MA? +3MB? = k?

2 2
< 2MA” +3MB” =k?
< 2MA +3MB < 2(MI+IA )2 +3(Mi+1B)? =k’

& SMI? +21A% +31B? + 2MI(2IA +3IB) = k2
o MI? = %(k2 ~2IA% -3IB?)

T 406 :
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* Néu k2 > 2IA? + 3IBZ, tap hop cédc diém M la dudng tron
‘ 2 2 2
tam I ban kinh \/k 21}3;_ S0 :
* Néu k* = 2IA? + 31IB?, tap hop cdc diém M chi gom duy
nhat mot diém 1. _
* Néu k%< 21A%+ 3IB?, tap hop cac diém M la tap rong.

S17. Goi O la tam hinh binh hanh ABCD ta c¢:
MAZ + MB? + MC?+ MD? = k?
< (MO +0A)? +(MO + OB)? + (MO + OC)? + (MO + OD)? = k?
< 4MO?%*+ OA? + OB? +0C? + OD?
+2MO(OA + OC + OB + OC) = k?

& MO? =%(k2 ~20A% -20B%).
Tu do:
* Néu k” >20A% +20B?, tap hop cdc diém M la duong tron
tam O ban kinh -21—\/1<2 _20A%-20B? .

* Néu k> =20A%+20B?, tap hop cac diém M chi gém duy
nhat mot diém O.
* Néu k® < 20A% +20B?, tap hop cac diém M la tap réng.

S18. T Cau (b)»-S5tacéd: (a+b+¢)Ol =aOA +bOB+cOC . Binh’
phuong v6 hudéng hai vé ding thic ndy va tuong tu nhu phan
chung minh 6 Bai 10 ta dugc :

(a+b+c)*Ol° =
=(a?+b” +cHR? +ab(2R? - c?) +ac(2R? =b*) + bc(2R? —a?)
=(a+b+c)’R? —abc(a+b+c). /
Suy ra O’ =R*- abe . .
y ' a +b+c__* 4 A
S19. Dé: y, hinh chiéu c%ﬁvecto‘ AB trén U
duong thiang Al la vectc AM, do vay theo £

cong thic hinh chiéu ta cé:



M AM.AI = ABAL

Tuong tu,
! BN.BI = BA.BIL

—— s

AM.AI + BN.BI = AB.AI + BA.BI
= AB.(Al +IB) = ABAB = AB? = 4R? .

S20. Diat OA=4, OB=b

véi P 1a trung diém AD. Tir dé,

6E=-§-(%5+lb]
Ta lai c6 CD=0D-0C = lé’+56—6. Do d6, OE L CD néu va
chi néu (5+B~25).(35+B+26)=0. Khai trien va dé y

o

i’ =b> =¢2, ta duge d(b-¢) = 0, ding thiic nay xdy ra néu va
chi néu OA L BC. Suy ra diéu phai ching minh.

S§21. Tacé AILCC' = %(AB + AB)AC' - AQ)

_ %(AB.AC' _ABAC + AB'AC' - AB'AC)

_ %(AB.AC' ~ AB'AC)

c . __
- (ABAC'.cos BAC' - AB".ACcos B'AC) = 0

(vi AB = AC, Ab' = AC’
va hai goc BAC' va
B'AC bang nhau). Vay
A | Al | CC'. Ching minh
tuong tu ta co
AJ | BB
Tiép theo, ta co
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BC'B'C =(AC'- AB)(AC-AB")
=AC'AC-AC AB'- ABAC+ AB.AB'
=AC'AC - ABAB'
= AC'.AC.cos CAC' — AB.AB'.cos BAB'
= 0 ( vi hai goc BAB' va CAC' bu nhau).
Vay BC' 1L B'C.
S22. a) Taco
AB? +CD?~BC? - AD?=AB -BC +CD - AD =
=(AB+ BC)(AB-BC)+(CD + AD)(CD - AD)
= AC(AB-BC)+(CD + AD)CA
= AC(AB-BC-CD-AD)
= AC(AB-AD-BC-CD)=AC(DB-BD)=2ACDB.
T d6 suy ra ring tu giac cé hai dudng chéo vuéng géc khl

va chi khi tong binh phuong cdc ciip canh déi bang nhau.
b) Goi BM va CN la hai trung tuyén cia AABC. Vi MN la

dudng trung binh ctia AABC nén MN = 2 B
2 .

Theo két qué cau trén,
diéu kién can va du dé tu gide
BCMN c6 hai dudng chéo vuéng
goc la: b ’ M

' 2 2 2
MN? + BC? = MC? + BN? & [-;-] +a2 = [9] +[E] .

< 5a? = b2 + 2.
S23. a) T MA =kMB tacé6 OA — OM = k(OB-0OM), suy ra-

OA~kOB=0OM -kOM < OM = w

-k
b) Vi G la trong tdm cua ti gidc ABCD nén:

GA+GB+GC+GD =0 . (1)
Mit khac A' l1a trong tAm cua tam giac BCD nén

GA' = %(GB+ GC+GD) hay GB+GC+GD = 3GA".
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Thay vao (1) ta co: CA+3GA" - 0 hay

GA = —3GA’, (2)
nghia la A, A', G thing hang.
Chung minh tuong tu, ta cing
¢6 B, B, G thiang hang ; C, C/,
G thiang hang ; D, D', G thing
hang. Vay G la diém chung
cia bdén doan thing AA', BB/,
CC, DD.

¢) Tu (2) ta c6 diém G chia cdc doan AA', BB', CC', DD’
theo ti s k = -3.
d) Mit khac, tu (2) ta co:

_3(GA'+ GB'+ GC'+ GD") = GA+ GB+ GC+GD = 0
hay GA'+GB'+GC'+GD' = 0 .
Vay G ciing la trong tam cla td gidc ABCD'.
(a + 0+ y)M] +aJA+ ﬂj§+}/rf‘
a+pf+y ’
_ a(MI+]A +B(MI+IB)+y(MI+IC
VTR p(NT B (¥4 1C)
a+ﬂ+y
_ aMA + SMB+yMC
| a+p+y
vOol X = ¢ Y= A ,z=——l;——véx+y+z=1.
ax+pf+y a+pf+y a+p+y

—2 2
Tir d6, MJ” =(xMA +yMB+zMC) =

S24. Tacé Ml =

= x.MA +yMB +zMC,

= x’MA? + y’MB? + 2°MC? +

+2xy.MAMB + 2yzMB.MC + 2xz.MC.MA
Ta lai cé:

2. MB.MC = MB? + MC? - BC?,



2MC.MA = MA? + MC? - AC?.
Do vay, |
MJ2 = x2MAZ? + y>MB? + 22MC? + xy(MA2 + MB2 —»ABZ)+
+yz(MB2 +MC2 - BC2)+ xz(MAz +MC? - AC?)
= x?MA? + y2MB2 + z22MC2 u[xy.ABz +yzBC2+ xz.ACz]

_aMA® + MB? +yMC®  aBAB’ + ByBC? +ayCA*
a+pf+y (a+ﬂ+y)2 .




BAI TAP TRAC NGHIEM CHUONG 1

1. Vecto c6 diém dAu va diém cudi tring nhau:
| (A) dugc goi la vecto-suy bién.
(B) dugc goi 1a vectd-co phuong tuy y.
(C) dudce goi la vecto-khong, ki hiéu la 0.
(D) l1a vecto c6 d6 dai khong xac dinh.

2. Chon cdu sai: Trong mot bai toan Hinh hoc, khi ecan ching minh
hai diém M, N trung nhau, ta co thé ching minh
(A) MN = 0.

(A) Vectd MN c¢6 phuong trung véi phuong cua hai vects khac
nhau khoéng song song.

(C) MN = NM..
(D) MN =—NM.
3. Chon cdu sai:

(A) Méi vectd déu c6 mot do dai, d6 la khoang cach giga diém dau
va diém cuébi cila vecto dé.

(B) D6 dai cua vects a dugc ki hiéu la |5 |.

(€)]0]=0, |PQ|=PQ.

(D) ]AB| AB = BA.

oy
I
ol
o)
(¢
=

4.  (A)Hai vecto a va b dude goi 1a bing nhau, ki hiéu
chuing cung hudng va cung d6 dai.

(B) Hai vectd a va b duge goi la bing nhau, ki hiéu a = b, néu'
chung cung phuong va cung d6 dai.

(C) Hai vects AB va CD dudec goi la biing nhau khi va chi khi td
giac ABCD la hinh binh hanh. .

(D) Hai vecto AB va CD dudc goi 1a bing nhau khi va chi khi td
giac ABCD la hinh vuéng.
5. Cau nao sai trong cac cau sau day ?

(A) Vecto déi ctia vects a # 0 1a vecto ngudc hudng véi vecto a va
c6 cng d6 dai véi vectd a.

(B) Vecto déi ctia vects 0 1a vecta 0 .
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(C) Néu MN la mot vects da cho, thi véi diém O bat ki ta luén co
thé viét: MN = OM -ON.

(D) Hiéu cia hai vects l1a téng cta vectd thd nhat véi vecto déi
cua vectd thif hai.

6. Dién ddu x vao 6 thich hop

MENH DE PUNG | SAI

> -

, = - - - > -
Néua/ bvab/cthia/c(cz0).

- — - -
a// beolal=]b]l.

Co hai vectd sao cho chung khéng cung phuong
nhung ngudc hudng.

Diéu kién can va du dé tu giac ABCD 13 hinh binh
hanh1a AB = CD.

Cho hinh binh hanh ABCD, vectod AB c6 hai vecto

déila CD va BA.

7. Cho tam giac déu ABC. Ménh dé nao sau day sai ?

(A) AB = BC ; (B) AC = BC ;

© |AB|=|BC|; (D) AC khong cing phuong BC .
8. Cho tam gidc déu ABC, canh a. Ménh dé nao sau day ding:

(A) AC =a; ®B) | AC | = BC ;

(C) |AB| =a : (D) AB cing huing BC.
9. Cho doan thdng AB, I 1a trung diém ctia AB. Khi dé:

@ B =]1Al; (B) BI = Al ; |

©) |BI| =2|1A| ; (D) B vé AB. ciing btdng -
10. Chon ééu sai:

(A) a+b=b+a.
(B) Néu M 14 trung diém NP thi MN + NP = 0.
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(C)(a + b)+c =a+(b+c).
(D) a+0=a.
11.  (A)Néu MN + NP = MP thi ba diém M, N, P thing hang.
(B) Néu MN + NP = MP thi ba diém M, N, P trung nhau.
(C) Véi bat ki ba diém M, N, P, taco MN + NP = MP.
(D) Véi bat ki ba didm M, N, P, ta c6 MN + NP = MP chi khi

nao ba diém M, N, P tao thanh mét tam giac.
i

12. Cho ba diém A, B, C khéng thing hang, M la diém bat ki. Ménh

dé nao sau day dung ?

- -y =5 =5 =
(A) VM, MA = MB ; (B)IM, MA = MB = MC :
(C)VM, MA = MB # MC: (D)3M, MA = MB.

13. Cho vecté a . Ménh dé nao sau day duing ?

3 - - -
(A)Covbsovectd u ma a = u ;

; - — -
(B) C6 duy nhat mét u ma u = a ;

) - - -
(C)Coduynhatmét u,ma u = - ay;

> - -y

(D) Khong c6 vectd u nao ma u = a.

14. Ménh dé nao sau day ding ?
(A) C6 duy nhat mét vectd cung phudng véi moi vectd ;
(B) C6 it nhit hai vectd cung phudng véi moi vectd ;
(C) C6 vb s6 vects cung phudng véi moi vectd ;
(D) Khong c6 vectd nao cung phucng véi moi vectd.
15. Cho hinh vuéng ABCD c6 canh bing 2 cm. Khi d6:

- -
(A) AB =2; (B) |BA| = -2;
- - -
(C) BA =-2; D) |BA|.V2 =|AC]H.
16. Cho ba diém phan biét A, B, C. Khi dé:
(A) Diéu kién cin va dd dé A, B, C théng hang la AB cung
phuong véi AC;
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| (B) Diéu kién di dé A, B, C thing hang 1a véi moi M, I\/?/\ cung
phuong véi /{)B;
(C) Didu kién cin d¢é A, B, C thing hang la véi moi M, l\/"I“)A cung
phuong vé6i A_)B;
(D) Didu kién cin va dii 48 A, B, C thing hang 13 AB = AC.
17.  Cho vectd ;. Khi do:

‘__.)
(A) C6 duy nhat mét vects doi cua a ;
—.-.)
(B) Co dung hai vects d6i cua a ;
_)

(C) Cd vo sb vecto doi cua a ;

- 1 -
(D) Vecté 0 la mét vecto doicua a .

18.  Cho hinh binh hanh ABCD véi giao diém hai dudng chéo 1a I.. Khi
do:

(A) AB + AD = BD ; (B) AB + IA = Bl ;
- - — - - -
(CrAB+CD=0; (D) AB + BD = 0.

19. Cho bén diém M, N, P, Q bat ki. Ding thiic nao sau day luom
dung ?
- - - -
(A) PQ + NP = MQ + MN ;
- - - -
(B) NP + MN = QP + MQ ;
- - - ~»
(C) MN + PQ = NP + MQ ;
- - - -
(D) NM + QP = NP + MQ.
20.  Xét cac ciu sau:
(1) Néu k > 0 thi vectd ka cung hudng véi vects a .
(2) Néu k <O thi vecto ka ngugc hudng véi vectd a.
(3) D6 dai vectc ka bing k 14n dé dai vects a .

Trong cac cau trén:
(A) Co 1t nhat mat cau sai.
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21.

22.

(B) Chi1 ¢6 cau (1) dung.
(C) Chi c6 cau (2) dung.
(D) Chi co cau (3) dung.

Viéi moi vecto 2 , b va moi s6 thuc k, h, ta co:
(i) k(ha) = (kh)a

(i) (k + h)a =ka +ha

(iii) k(a + b)=ka +kb.

(iv) l.a=a ;(-l)a=-a ;0.a =0; k.0 =0.
Trong cac cau trén:

(A) Khong c6 cau nao sai.

(B) C6 it nhat mét cau sai.

(C) Chi ¢o hai cau dung.

(D) Chi ¢6 cau (i) dung.

(1) Dé ba diém phan biét A, B, C thang hang, diéu kién can va du

13 ton tai s6 k sao cho AB=KkAC.

(2) Dé ba diém phan biét A, B, C thing hang, diéu kién cin va dvi

14 ton tai sé k sao cho AB = —kBC .

(3) Dé ba diém phan biét A, B, C thng hang, diéu kién can va di

1a ton tai sb k sao cho kBA =AC.

23.

Trong céc cau trén:

(A) Cau (2) 1a cau sai.

(B) Kh()ng ¢O cAu nao sai.

(C) Chi ¢6 cau (3) sai.

(D) Chi c6 cau (1) dung.

(1) Diéu kién cin va du dé C 1a trung diém AB la BA = -2AC.
(2) Didu kién cin va du dé C 1a trung diém AB la CB=CA.
(3) Didu kién can va du dé M la trung diém PQ la PQ =2PM.
Trong cac cau trén:

(A) Cau (1) la cau sai.

(B) Khong ¢6 cau nao sai.

(C) Chi ¢o cau (3) sai.

(D) Chi ¢6 hai cau (1) va (3) la cac cau dung.
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24. Cho hai vecto kh()ng cung phuong a va b. Khi dé:

( 1) Moi vecto x déu c6 thé bidu thi mét cidch duy nhat qua hai
vectd a va b.

(2) V6i moi vectd ;, ¢6 duy nhat cip sé m va n sao cho

—Xx=ma+nb.

Trong hai cau trén:

(A) Cau (1) va cau (2) cung dung.

(B) Khong c6 cau nao sai.

(C) Chi c6 cau (1) ding.

(D) Chi c6 hai cau (2) dung.

25. Cho hinh chi nhiat ABCD, khéng phai hinh vuéng, véi I la giao
diém hai dudng chéo. Khing dinh nao sau day la dung ?

(A) |AB + AD | = |BD | :
- > -
B)|AB + BD| =|AC| ;
- - — -

) |IA +ID| =|IA +IC | ;

- - - -
(D) |BD + AC| = |IA + IB].
26. Cho tam gidc ABC. Tim diém M thod man diéu kién
- - -
MA - MB = AB.
(A) M la dinh thi tu hinh binh hanh ABCM ;
(B) Khéng ¢6 M nao thoa man ;

(C)Mtuyy;
(D) M la trung diém AB.

27.  Cho hinh binh hanh ABCD. Tinh téng AB + AC + AD.
(A) i AC; (B) AC ; (C)2AC:; (D)O.

28. Cho tam gidc ABC. Goi M la diém & trén canh AB sao cho
. . - - - :
MB = 3MA. Biéu dién AM theo AB va AC.

(A)%AB+3AC; (B)—AB+-16-AC



©) ' AB +0. AC : D) L AB + L AC.
4 4 6
29.  Cho tam gic déu ABC canh 1. Tinh | AB —CA |.

(A)3V10 ;. B)3V2 +J10 ;. (C) 3 ; (D) 10.

30. Cho tam gidac ABC. Goi N la diém trén canh AC sao cho
NC = 2NA. Biéu dién AN theo AC.
g s — 1 .

(A) 5 AC; (B) AC; (C) g AC; (D)2AC.
31. (A)Néu o = 0°thi:

sin0’ = 0 ; cos 0°=1; tg0%= 1 ; cotg0°khong xac dinh.

(B) Néu a = 90° thi:

sin90° = 0 ; c0s90° = 1 ; tg90° khéng xdc dinh ; cotg90° = 0.

(C) Néu a la goc tu hoic bet (90°< o < 180°) thi

sina = sin(180° - a) ; cosa = —cos(180° — o) ;

tgo = ~tan(180° - a) ; cotga = —cotg(180° — o).

(D) TAt ca cac cau trén déu sai.
32. Gia tri ciia cdc biéu thiic

(2sin30° + cos135° — 3tg150°)(cos180° - cot60°) la

N2 +303 L2 +383
(A) 1 - Y= oN° i il
2 2
)\E—:«E

2
33.  Tinh gid tri clia cc biéu thic:
B = sin%90° + cos?120° + cos®0° — tg”60° + cotg®135°,

(A) % (B) __% (C)2 (D) Mét két qua khdc.

(B)

(C D) ~
2

34. Pién diu x vao 6 (ding, sai) thich hop (néu tat ca cac sb lidu

trong hang déu ding).



CAU | Géc | 90° |120° | 35° |150° |180° | PUNG | SAI
A |sin 1 | V3|2 1 0
2 2 2
B | V2 | =43
cos 0 2 2] 2 1
C —3 -1
tg kxd -1 \/5 0
D -1
cotg 0 ﬁ -1 -3 | kxd

Trong bang trén, kxd la viét tit cia nhém tu khéng xdac dinh.

35. Trong trudng hop cé it nhat mot trong hai vects a va b 1a vecto--
khéng thi gbc gitra hai vects do6 la -

(A) 45° (B) 60° (C)90° (D) mot gia tri tuy y.
36. Tich v6 hudng ctia hai vects 3@ va b la mét sb, ki hiéu la 3 b, vaa
dugc xac dinh bdi cong thuc:

(A)d.b= |a|.|blsin(d, b)

B)a.b= lal.|bltgd, b).

(C)a.b=-|da|.|blcos(h, @).

(D) TAt ca cac cAu trén déu sai.

37. (D) Binh phuong v6 huéng cia mét vectd bing binh phuong db daii
ctavecto dé: a2 = |a|.|a |cos0®=|a |2 |

(II) Véi hai vects a va b bat ki ta cé céng thifc hinh chiéu: a.b
=a.b, trong do b' 14 hinh chiéu cia vecto b trén dudng thing chita
vecto a . |

Trong hai cau trén:

(A) Chi ¢6 cau (I) dung. (B) Chi ¢6 cau (II) dung.

(C) Ca hai cau déu ding. (D) C4 hai cau déu sai.
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38.  Cho vects OB # 0 cé dinh, k 1a mét sé khong déi. Khi dé, tap hop
nhiing diém M sao cho OMOB =k la

(A) Duong thing song song vdi OB.

(B) Pudng tron tam O, ban kinh %k.

(C) Dudng thing vuéng goc véi AB tai H, véi H la hinh chiéu cuia

diém M trén dudng thing OB.
(D) TAt ca cdc cau trén déu sai.

39.  V6i moi vecto a, b, ¢ va moi sé thﬁc k, ta co:
98] a.b=b.a :
(I) (ka).b=k(a.b);
(III) a(b+c)=a.b+ a.c.

Trong cac cau trén:

(A) Chi c6 hai cau (I) va (I1I) dung.
(B) Tat ca 3 cau déu sai.

(C) C6 it nhat mét cau dung.

(D) Chi ¢6 hai cau (IT) va (III) dung.

40.  Xét cac cong thuc sau:
SR =8 =l -
(a+b)’=a +b +2ab
PR =D = e
(a-b)?’=a +b —2ab
I T - ”
(a+b)a—b)=a -b =|al2-|b]%
(A) Dé chiing minh ching, ta chi can st dung cdc tinh chat cua
phép nhan dai sé thong thuong.
(B) Dé chiing minh chiing, ta phai sii dung cdc tinh chit cda tich
v huéng.
(C) Dé chiing minh chiing, ta chi cAn st dung cdc tinh chat cda
tdng va hiéu vecto.
(D) Cac cong thuc trén hién nhién theo tinh chat khai trién mot
biéu thiicbac hai thong thudng.

41.  Xét cac céng thuc:

a) sin’x + cos™x =1
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sin X COS X
b) tgx = ; cotgx = — ;

COS X Sinx
. 1
c) 1+tg’x= 5 : 1+ cotg’x = —— }
COS” X sin”“ x
sin® x cos® x .
- — = SInX + COSX ;
cosx(1 + tgx) sin x(1 + cot gx)
sin X ' 1
e) (tg X + cotgx + = —
1+smx 1+ cosx SIN X COS X

(trong diéu kién tgx va cotgx dugc xdc dinh cho céc cau b, c, d, e).
(A) Céc cong thic trén déu dung.
(B) Trong cac cong thiic trén, chi co e) va d) sai.
(C) Trong cac cong thic trén, chi co d) sai.
(D) Trong cac coéng thic trén, chi cé e) sai.

42. Cho tam giac ABC vuoéng 6 A va géc B = 30° Tinh giad tri cua::

cos( K_é,l_B_C‘) + sin( ETA, B—C.) + tanw.

(A) 1+33 (B) 343
2 2
(C)l_gﬁ (D) 9-‘5—@

43. Cho tam g1ac ABC vudng 6 A va géc B = 30°% Tinh gaa tri cua::
sin (AB AC)+ cos(BC, BA)

1+3{ 2+J§
2

(B)

2+\/§ . SJ—
2 |

(A)

(C) (D) e

44. Néu diém M chia doan thing AB theo ti s6 k # 1 thi véi moii

. z ’ ~ ”
diem O, ta sé co:

(A) MO = kAB. (B) OM = Al"l;OB
() OM = 2A—kAB (D) OM = 2A+k0B
1+k 1+k
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Cho tam giac déu ABC canh 1. Tinh tich vé huéng AB.BC.

45.
3 1 3 l
(A) - = (B) - — (C) = (D) - —.
8 6 2 2
46. Cho AB =2, AC = /6 va A, B, C thing hang. Khi dé:
(A) ABAC = —/6 (B) ABAC =6
(C) ABAC =3 (D) ABAC = +6 .
47. Cho hinh vuéng ABCD canh 2. Goi M la trung diém AB. Tinh
AM .DB.
' 1
(A) 1 (B)8-v2 (C)2 D)~ <
48. Cho tam giac déu ABC canh 1, tam O. Tinh dA .OB.
1 | 1
(A= = ®) > ©- L D) -
6 2 2 3
49. Cho doan thing AB = 2 ; I la trung diém AB. M la diém trén

dudng thing AB kéo dai vé phia A sao cho MI = 3. Tinh MA.MB.

50.

(A)8 (B) 1 (C) 4 (D) 2.
2 7

Cho tam giac can ABC ; AB = AC = 1, goc BAC = 120°. Tinh tich

v huéng AC.BC.

S1.

3 1 3 1
(A) - = (B} — ~ (C) = (D) - —.

8 6 2 2
Néu A, B 1a hai diém phan biét va MA + MB = AB thi
(A) M trung B. (B) M trung A.

(C)M trung H, véi H la trung' diém AB.
(D) Cac cau trén déu sai.
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%&my ©
HE THUC LUGNG TRONG TAM GIAC
VA TRONG DUONG TRON

§1. CAC HE THUC TRONG TAM GIAC

1.1. Tom tat kién thic

o H¢ thuc lugng trong tam gidac vuong

e Dinh li cosin trong tam gidc

a® = b? + ¢® - 2bc.cosA

L) 9
b%=a’+ ¢® - 2ac.cosB

c? = a2 + b? - 2ab.cosC

2 2 2 2 2 2 2
b” +c“ —a a“+c“-b :
cosA = ; cosB= —— ; cosC =

2bc 2ac

e Dinh li sin trong tam gidc

o e = e IR
sinA sinB sinC
a = 2R.sinA, b = 2R.sinB, ¢ = 2R.sinC.

e (Cong thuc trung tuyén

’ 2
2 b%+c? &2 2 a’+c b2
iy = ——; mg = -

—_ mc
2 4 2 4 2 4
trong d6, m, ., m,, m, lan luot 1a d6 dai ba trung tuyén xuat phat tu

2_212+b2 C2

’

A, B, Cvaa, b, c la d6 dai ba canh déi tuong tng cua ba dinh A, B, C
trong tam giac ABC.
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Céng thuc tinh dién tich tam giac

S = la.haz lb.hb= lC.hc
2 2 2

S= —l— ab.sinC = %ac.sinB = %bc.sinA

Sza—bg; S=pr
4R

S = p(p-a)p-b)p-c) .
(p 1a ntfa chu vi, h,, hy, , h, lan lugt la cdc duong cao ké tu cdc dinhh

A, B, C ; cong thic sau cung thudng dudc goi 1a cong thiic Héréng.)

e Giai tam gidc
Giai tam giac l1a tim cdch xdc dinh cdc yéu té con lai cia tam gidce
(cdc gbe va cdc canh con lai) theo ba yéu td da biét. Trong cac yéu t66

da biét, co it nhat mot yéu to ve canh.

e Gidi tam gidc khi dd biét ba canh
Khi biét ba canh a, b, ¢, ta sit dung dinh li sin dé tinh cdc goc. Chingg
han, dé tinh goc A, ta co ,
b% +c? —a?
2bc
Goc B cing dudc suy ra bidng cdch tudng tu, hodc sau khi da tinth
dude géc A, c6 thé dung cong thdic nhan duge ti dinh li sin:
bsin A

asinB=bsinA = sinB = )
a

e Gidi tam gidc khi da biét hai canh (b, ¢) va goc (A) xen gia ching::
Dung dinh i cosin dé tinh canh a:
a? =b% +¢% = 2bc.cosA .
Dé tinh gbc B, ¢ thé st dung:
cosB = a’+c’-b’ hoic sinB z_bsmA ;
2ac a

Gidi tam gidc khi dd biét mét canh va hai géc
Khi biét moét canh va hai géc, ta dung dinh li sin dé tinh hai canh

a?=b2+c?-2bc.cosA <>cosA =

con lai.
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o Gidi tam gidc khi dd biét hai canh (b, ¢) va goc (B) khéng xen gida:
Khi biét hai canh va mot goc khong xen gita, ta dung dinh 1i sin dé
tinh mét trong hai géc kia, va cing ding dinh li sin dé tinh canh con
lai (hodc dung dinh li cosin sau khi da tinh goc).

1.2. Mot sé dang toan

Bai 1. Giai tam gidc ABC, biét:
a)c=14, A=60° B =40° bib=45;A=30°C =175
c)c=35,A=40°5C=120° d)a=1375B =83, C =57

Giai
a) Ta co C = 180°- (A + B) = 180°- (60° +40°) = 80",
a b ¢
sinA  sinB  sinC
Do c?inB _ l4sin 40° 0.1,
sinC sin 80°
. cémA _ 14.sin 60° ~ 123
sin C sin 80"
_bsinA  45.sin30° _

, suy ra

b) B=75°% a : —— ~ 2,3.
sin B sin 75
c=b= 4,5.
. . O
) B=20 ac c.sinA =35.sm40 ~ 26.0,

sinC sin120°
. . 0
b o c.émB __ 35..sm28 ~ 13.8
sinC sin120

asinB_ 1375.sin 83’

d) A=40°. b= — == : = ~ 212,3,
: sin A sin 40
si 137,5.sin57°
c=a.smC== : sm07 ~ 179.4.
sin A sin 40

Bai 2. Xét tam giac AOB can tai O. Vé dudng cao OH va AK, dat OA = a
va AOH=q«.
a) Tinh cac canh cua A AKB theoava a.

b) Tinh cac canh cua cdc tam giac OKA va AKB theo a va 2o.. Tu

do, hay suy ra cac cong thuec sau:
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sin2a = 2sinacosa. (1)

cos2a = 2cos?a - 1. (2)
Giai
y e . AH
a) Ta co KAB=AOH=a. AOAH cho: sina = ;XB suy ra
O AH = asina, AB = 2a.sina.
A AKB cho: sina = —I-S—Ii . Suy ra
AB

BK = ABsina = 2a.sin’ o0 va cosvoc o %, do d6:

K AK = 2a.sina.cosa .
b) Ta co AOB=2a. AAOK cho:

sin2o. = ——, suy ra
OA

AK =asin2a, va cos2a =%,
OA

H B

suy ra OK =acos2a.
Vi1l AAKB, tada co AK =a.sin2a, con
BK =OB-0OK =a-acos2a =a(l—cos2a).
Theo dinh i Pi-ta-go ta ¢
AB®* = AK? +BK’ = .
=a’sin® 2o +a%(1-cos2a)? =a’[sin? 2a.+ 1 -2 cos 20 + cos’ 20]
=2a%(1-cos®20) (vi sin®2a +cos? 20 =1).
Cudi cung, khi so sanh céc gia tri da tinh cia AK ta co:
asin2a =2asina.cose. hay sin2a =2sinacoso,
nhu vay ta dudc céng thuc sin2a = 2sinocosa.

So sanh céc tri sé cia BK, ta dugc: cos2a =1-2sin® o, nhu vay
ta dudc cong thiic cos2o = 2cosa - 1.

Nhan xet. Cac cong thuc trén sé dude hoc va ching minh béng
cdc tinh chat luong gidc. Tuy nhién, & day, ching ta ching minh bing
phuong phdp hinh hoc dé sit dung trong cdc bai toan
khac, ching han, bai 5 dudi day.
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Bai 3. Ching minh l:i+1+i, véi r, r,, r,, r. la ban kinh dudng
ror, I, I,
tron néi tiép va ba dudng tron bang tiép.
Giai
Tu cong thic dién tich ta co
S=pr=r(p-a)=r(p—b)=r.(p-c), suyra

I p. 1 _(-a) 1 _(-b 1_(¢-o

—=—Vva —=——— —= " —

’

S I, S I S

C

L a2 ) 1 1 1
Cong cac dang thuc trén ta dude —+ —+—= P )

r, , r. S r

Bai 4. Cho tam gidac ABC noi tiép trong duong tron tdm O, ban kinh R.
Goi D, E, F 1a chan dudng cao ha ti A, B, C. Ching minh ring:

a) OA L EF, OB L FD, OC L DE. ,

b) Dién tich tam gidc ABC bang tich sé cda R véi chu vi tam gidc
DEF. '

¢) Trong tam gidc lay diém P sao cho cac tam giac ABP, BCP,
ACP ¢6 dién tich bing nhau. Chung minh ring P la trong tim cda tam
giac.

Huéng dén

a) Chung minh EF song song véi tiép tuyén cua dudng tron tai A.
Hai truong hgp kia tuong tu.

b) Truéc hét, ta c6 két qua sau day: Xét tid gidc ABCD, gid st ¢
la goc gitta hai dudng chéo AC va BD, khi dé:

SABCD = %AC.BD.sin(b . (*)

Dic biét, khi AC L BD, ta ¢6 Sapep = %AC.BD. Pé chiing minh (*), hay

goi O lfxv giao diém AC va BD, dé y rang hai géc bu nhau thi c6 sin bang
nhau, st dung céng thic Sion = —;—OA.OB.sincb , va

cac hé thic tuong tu.
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Ap dung két qua (*) cho cdc tu giac OEAF, OFBD, ODBC ta suy
ra diéu phai ching minh.

¢) Hai tam gidc ABP, ACP c6 chung day AP va c6 dién tich bing:
nhau nén hai dudng cao BM, CN bing nhau, suy ra hai tam gisc BMI, ,
CNI bing nhau, do d6 I 1a trung diém BC.

Nhdn xét. Trong cau (b), ta da su dung cong thuc dién tich cua 4!
tam giac AOB, AOD, COB, COD dé di dén cong thuc

SABCD = —;—ACBDSIH(Z} ;

Két qua nay rat thudng dudc st dung trong nhiéu bai toan.

Bai 5. Chung minh hai cong thic vé dusng phan gidc sau day:

A
2bccos§ o ~2fbep(p-a)

a)l =— 2

b+c b+c¢
Giai
2bccos é
a) Chung minh /, =
: b+c

Cach 1. Goi AD la phan gidc goc A ciia tam gidc ABC, theo cong’
thuc tinh dién tich ta ¢6 S g =Sspp +Sacp hay

—l—bc SinA = —l—b.lu sin—p1+ —l—c.lu sin é
2 2 2 2 2

. . A A 2 ’, 9 N
Do sin A =2sin —-wcos—z— nén dang thic trén tro thanh

-]—Zbcsiné-cosé = l(b+c)1Ll siné—.
2 2 2. 2 2

2bc cos A—
Suyra /, =
Y A b+c
Cdch 2. Ap dung Dinh li ham sé sin cho tam gidc ADB:
I, DB
sinB A
2



DC b

Vi AD la phan giac nén — =—. Suy ra
P g1 DB y

C
DC+DB:b+C hay DB = ac |
DB Cc b+c¢

DB.sinB_ acsin B ‘_C.ZRSinA.sin B

siné (b+c)sinA (bJrc)sin-A
2 2 2

c.2sin A cos A (2RsinB) 2bccos A
2 2 2

(b+c)sin ’; (b+c)

AE_DE_CE_AC-AE_ _AE
AB AB AC  AC AC

 AE

Supry Sy g e AB= be
C b b+c

Goi K 1a trung diém AD. Do tam giac ADE can nén

2
I, =AD=2AK = 2AE.COSé = e cosﬁ.

b+c 2
b) Chiing minh [, = Y P(P=3)

b+c

T dinh li ham sé cos ta ¢6 cosA = = Suy ra
| C

bz+c:2—az_(b+c)2—a2
2bc  2bc
_(b+c+a)b+c—a) 2p(p-a)
- 2be  be

1+cosA =1+

giac AED can vi1 co goc

Cach 3. Ke DE song song véi
~ AB c¢it AC tai E. Khi ay tam
ADE
bing géc DAE (cung béang
DAB). Suy ra AE=DE. Ap
D ¢  dung dinh li Ta-lét ta co
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A » ’ . v g _—
Do 1+cosA =2cos’ Bl (st dung cong thuc cosZo = 2cos’a - 1 & bai 22)

nén cosﬁz M.Véxytacé
bc
2bccosf\—
_ 2 _ 24/bep(p—a)
“ b+c _ b+c '

Bai 6. Cho tam giac c6 d6 dai ba canh la a, a + d, a + 2d va co dién tichh
S. Tinh cac canh va cac goc cua tam giac nay theo d va S.
Tinh ra sb cu thékhid=1,S=6.
Huéng dén.
Pitb=a+d, c=a+ 2d =b + d. Theo cong thiic Heron ta cco
S? = (3b?/4)(b?*/4 - d?). Pay la phuong trinh bac hai theo b Phuongg
trinh nay phai c6 nghiém dudng, do do6

b2 = 2(d2 +vd* +48%/3).

Tu d6 suy ra cac canh theo a va S. :

Ta c6 sinA = 2S/bc, sinB = 2S/ac. Vi ¢ 14 canh dai nhat nén haii
géc A (déi dien canh a) va B (déi dién canh b) phai la cac géc nhon. Cudii
cung, C = 180° - A - B.

Khid=1,S=6, tinhdusgcb=4.Suyraa=3,¢c=5, A= a, vii

a la géc c6 sin bing 3/5. Suyra C=90°, B=90°- «.
o Trong hai bai toan sau day, ta st dung céng thic trung tuyén.

Bai 7. Cho tam gidac ABC. Ching minh ring: Diéu kién can va du dé
tam giac ABC vuéng tai Ala mi +mZ=5m?.
Giai
Ap dung cong thiic tinh trung tuyén trong tam giac ta dugc:
a2+cz_ﬁ aZ+b% o2 b? +¢?  a?

— +
7/ 4 2 4 2 4

2 2
mj, +mf? =bm; &

Bién ddi va rit gon dudc a = b? + ¢, d6 chinh 14 diéu kién can va du dé&

tam giac ABC vudng 6 A.



Bai 8. Cho ABC la mot tam gidac sao cho ACB = 2ABC . Goi D la mot
di¢m tren canh BC sao cho CD = 2BD. Kéo dai doan AD va lay E sao cho
AD = DE. Ching minh ring ECB + 180" = 2EBC .
' Giai
Goi H la trung diém ctia CD, dé thay ABEH la hinh binh hanh.
Trén BC kéo dai, liy diém G sao cho CG = CA. Dat
BD=DH=HC=4a/3, CA=b, AB=c¢,
BE=AH=x,AD=DE =y va CE =z
Vi 2\I;( = AEB (7\?} + (,(T\ 2((:?\ ta ¢6 cac tam giac ABG va
CAG dong dang. Vay AB/BG = CA/AG, hay ¢ =bla+b). (1)
A Ap dung cong thuc trung

tuyén vao cac tam giac

/ ACD, ABH va CDE, ta

dudgc

)

5 . ¢ 2a”
B D \ b? + y? = 2x° +——Q——, (2)

H C G

2a°
1:<2+c‘2=2y2 + —, (3)

9

P ; . 2a’
y2+z = 2¢? +—T)—’ (4)

o ‘ , 2a’
X234 e PhE = 4%+ ——2—.
1 , 9 2a a
Keét hgp véi (1), ta co x° =(b+ — )b - g ). (5)
3

Khu y tu (3) va (4) ta nhan dudc:

,
. . 2a“
x2+c‘2+2z2:4(:2 +

Két hop két qua nay véi (1) va (5), ta ¢6 z = b + 2a/3. T day va (5), ta
suy ra x° = z(z - a) hay BE? = CE(CE - BC) = CE.EP, trong d6 P 1a diém
trén CE sao cho CP = BC. Nhu thé, BE/CE = EP/BE. Vay cdc tam gidc
BEP va CEB dong dang, vi BEP = CEB. Suy ra
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ECB = EBP = EBC ——;—(180"— ECB).

Cubi cung, ta dugc ECB + 180° = 2EBC.
Pl. Cho tam gidgc ABC. Ching minh ring:

a) Goc A nhon khi va chi khi a® < b® + ¢

b) Géc A tu khi va chi khi a® > b® + ¢2

¢) Géc A vudng khi va chi khi a? = b? + c2.
P2. Cho tam gidc ABC vudng 6 A. Phan gidc goc B cit AC tai E. Datt
ABE = «. Kéo dai BA, trén tia BA ldy F sao cho AF = BC = a. Goi D la
dinh thu tu cda hinh chid nhat FACD, ta ¢é6 DF = AC = b. Dit AB = c..
Chung minh cac céng thuc :

sina = 2sinocosa. (1))

cos2a = 2cos?o — 1. (2))

P3. Ching minh ring trong moi tam gidc ABC ta déu cé:
a) a = b.cosC + c.cosB ;
b)b%-c? = a(b.cosC - c.cosB) ; ‘

c) (b2 - cz)cosA = a(c.cosC — b.cosB).

P4. Mot tam gidc ¢6 ban kinh dudng tron ngoai tiép R va ba canh a,,
b, ¢ thoa man R(b + ¢) = a+/bc . Tinh cac goc cua tam gidc.

P5. Goi G la trong tim tam gidc ABC. Chiing minh ring
GA? + GB? +G__C2 =%(a2 +b2 +¢?).
P6. Giai tam gidc ABC biét:
a)b = 4,5, A =30°, C = 75°
b) a = 137,5, B = 83°, C =57

P7. Ti dinh C cia mot ngon ddi, ngudi ta dung mot cai thép thing
ding c6 dinh B, cao 100m. Mot ngudi quan sat ding ¢ mat dat, nhim
thay BC dudi mét géc nhin 1a 30°. Cho biét géc nhon ma AB hdp véi mat.
dat la 60°. Xac dinh chiéu cao h cia ngon déi.
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P8. Cho hai dudng thing x'Ox, y'Oy. Mot diém A di dong trén x'x, B
di dong trén y'y sao cho AB co6 d6 dai khong dbi.

a) Tim quy tich tam cdc dudng tron ngoai tiép tam giac OAB.

b) Dudng vuéng goc véi x'x ke tu A va duong vudng goc vii y'y ké
tu B cit nhau tai C. Tim quy tich diém C.

c) Ha AA' vudng goc v6i y'y, BB' vudéng goc véi x'x. Chung minh
Aréng ti giac AA'BB' noi tiép trong mot dudng tron cé ban kinh khong
déi. Suy ra A'B' khéng déi va tim quy tich tAim H cua dudng tron ngoai
tiép tam giac OA'B".
P9. Chotam giac ABCc6a=7,b=8,c=6.Tinh h, va m,.

P10. Cho tam giac ABC c¢6 canh BC bé nhat dén muc cé thé dudc, mién
14 né phdi c6 dién tich bing k khong dbi va géc A = 0 cho trudc. Tinh
cac canh AB va AC.
P11. Tinh dién tich mét tam gidc, biét hai canh a, b va d6 dai ! cua
phan giac goc gita hai canh d6.
P12. Xét tat ca cac tam gidc ABC c6 ddy AB cb dinh, géc C khong tu va
d6 dai tat ca cac dudng cao ké tit C déu bing hing sb h. Trong cdc tam
gidc nay thi tam gidc nao c6 tich d6 dai ba dudng cao 16n nhat?
P13. Goi r,. 1,1, lan ludt 1a ban kinh dudng tron bang tiép vng véi -
cac goc ABC cua tam gidac ABC. Goi S la dién tich tam giac ABC. Chung
minh: ' _

a) S=(p-aj, =(p-b)r, =(p-cr,

b) S = \“Tarbrc = ‘—a&rt—

T, +r

P14. Cho tam giac ABC c6 canh BC = 1. Dit
sA = sin(A/2), cA = cos(A/2), sB =sin(B/2), ¢B = cos(B/2).
Gia st ta c6 sAZcB*® = sB?cA*8. Tinh d6 dai canh AC.

'P15. Cho tam giac ABC c6 dién tich bang 1. Goi AH la dudng cao, M la
trung diém BC va K la giao diém cta phan gidc géc A véi doan thing
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BC. Gia st [AHM] = 1/4, [AKM] = 1 — /3 /2. Tinh céc géc ctia tam gide
(& day, [.]1a ki hiéu dién tich).

P16. Chung minh ddng thuc:

a’+ b’ +c*= 2p2 - 2r% - 8Rr,
véia, b, ¢, r, R, p 1an lugt 1a d6 dai 3 canh, bdn kinh dutng tron néi tiép,
ngoai tiép va nua chu vi cia mot tam gidc.
P17. Ching minh ring trong mét tam gidc bat ki, binh phuong
khoang cdch tu tam duong tron ndi tiép dén trong tam cua tam giac do

. 1
luén luén bang 5(;)2 +5r° —16Rr).
§2. PHUONG TiCH, TRUC DANG PHUONG, TAM DANG PHUONG

2.1. Toém tit kién thic

e Cho dudng tron tam O, ban kinh R va mét diém M ¢é dinh, MO = d.
Mot dudng thing di dong (m) di qua M, cit dudng tron tai hai diém
A va B. Khi dé, tich v6 huéng MA . MB 1a mét sé khong déi, va
MA.MB = d* -R?.
Tich v6 huéng MA . MB dude goi 14 phudng tich cia diém M déi vdi

s S —

duong tron (0), ki hiéu S0, = MA.MB =d* - R®
o Dé tinh phuong tich Yo ta can nho:
a) Néu c6 cat tuyén MAB thi %0, = MA. MB.
b) Néu biét MO = d va ban kinh dudng tron la R thi
P, = d* - R

¢) Néu M & ngoai dudng tron, biét do dai tiép tuyén MT thi
Moy = MT".
d) Ta quy udc: -#yy, = 0 khi va chi khi M nam trén (O).
e) Néu M § ngoai duong tron (d > R), phuong tich 1a mét s duong:
Pio) = MA.MB = MA MB.
) Néu M & trong duong tron (d < R), phuong tich la mét sé am:

Prnoy = MA.MB = -MA MB.
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Dicw kién bon diem cung thude mot ducng tron

Cho hai dudng thing AB va CD cét nhau tai mot diem M. Khi do,
bén diém A, B, C, D cing thude mot dudng tron néu va chi néu
MA . MB = MCMD.

Truc ddang phuong cia hai ducng tron
Tap hop cac diém c6 cung phudng tich doi véi hai duong tron la mot
dudng thang vuéng goc véi duong ndi tam, ta goi dudng thang nay la

truc ddang phuong cia hai duong tron dé.

Cdch dung truc dang phuong

* Néu hai duting tron déng tam, ¢6 ban kinh khdc nhau thi véi moi
diém M, OM* - R? # OM? - 1%, do d¢, tap hop cdc diém M c6 cung
phuong tich véi hai dudng tron la tap rong. Diéu nay cé nghia hai
dudng tron dong tam, cé ban kinh khéc nhau thi khong ¢é truc diang
phuong.

* Néu hai duong tron giao nhau tai hai diém (A va B), truc dezmg
phuong cta hai dudng tron nay chinh la dudng thing ndi hai giao
diem do, duong nay vuéng goc véi duong thang nédi hai tam. (Do A, B
thudc hai dudng tron nén phuong tich cta hai diém A va B déi véi
hai duong tron déu bing 0.)

* Néu hai dudng tron tiép xuc nhau (tai A), truc ddng phuong cia
ching la duong thing di qua tiép diém va vuong goc vdi dudng thiang
noi hai tam, do chinh 1a tiép tuyén chung cda hai duong tron tai
diém A. (Do A thudc hai duong tron nén phuong tich ctia A déi véi

hai duding tron cung bang 0.)



* Néu hai duong tron (O,) va (O,)

khéng giao nhau, ta c6 thé xdc dinh

truc ddng phucng cia ching bing
cach vé mét duong tron thua ba la (O,)
giao vdi ca hai duong tron do. Goi P la
giao diém cia truc ding phuong (0,) va
(O,) véi truc ddng phuong (0,) va (O,).
Khi 406, truc dﬁng'phtmng cua (0,) va
(0,) 1a dudng thing qua P va vuéng géc
véi dudng thang nédi hai tam cua (O,) va
(Oy).
o Tém ddng phuong
Trong truong hdp c6 3 dudng tron (0,), (O,) va (O,) co cac tam tuong
ing 1a O, , O, va O, khéong thing hang, ta cing dé thay 3 truc ding
phuong cia 3 cip dudng tron dong quy tai mot diém (nhu hinh trén,
d6 chinh 1a diém P). Ta goi diém nay 1a tdm ddng phuong cia 3
duong tron. Ta thudng st dung tdm ddng phuong dé chiung minh ba
dudng thing ddng quy.

2.2. Mét sé dang toan

Bai 9. Cho dudng tron tdm O ban kinh R va k 1 mét s6 thuc. Tim tap
hgp cac diém M sao cho 'J?M/(O) = k.
Giai
Punoy =k < MO?- R?=k & MO*=R?+k.



Néu R? + k > 0 thi tap hop dim M 1a dudng tron tam O ban kinh
bing \/}{2 +k.

Néu R? + k =0 thi tap hop diém M 1a mot diém O.

Néu R? + k <0 thi tap hop diém M la tap rong.

Bai 10. Cho (d) 1a dudng trung truc ctia doan AB va diém M di déng

trén (d). LAy diém N trén tia AM sao cho AM.AN = %ABZ. Tim quy tich

diém N.
Giai
Goi O la trung diém AB. Ti gia thiét ta suy N
ra AM.AN = AO.AB. Vay M, N, B, O cung thudc M

mot dudng tron. Ma géc MOB vudng, nén gc’)cA

MNB cling vudng. Suy ra N thuéc duong tron
dudng kinh AB ¢6 dinh. Khi M trung O thi N
trung B, khi M chay xa v6 tan trén dudng trung

truc (d), N tién téi gan A, nhung khong trung véi
diém A.

Dao lai, 1y N tuy y trén dudng tron dudng
kinh AB, nhung khac véi diém A. Goi M la

AQ B giao diém ctia dudng thang AN véi (d). Ta 6

BN 1L AM va MO L AB nén suy ra NMBO
12 ti giac noi tiép. T d6,
1

” AM.AN = AO.AB = — AB?,
2

Vay N la diém thod méan diéu kién dé bai. ‘
Tém lai, quy tich cac diém N la dudng tron tam O, dudng kinh
AB, ngoai trit diém A.

Bai 11. Cho A, B, C va D la bén diém phan biét trén mét dudng thing
va dudc sip theo thit tu dé.



Cac dudng tron duong kinh AC va BD cit nhau tai cdac diém X va
Y. Dudng thing XY cit BC tai Z. Cho P 1a mot diém trén duong thingg
XY khdc Z. Duong thang CP cit duong tron dudng kinh AC tai C va M,/
duong thing BP cat duong tron dudng kinh BD tai B va N.
a) Xét truong hop P=X. P2 Y.
a,) Xét vi tri cta hai duong thing XY va AD.
a,) Chiing minh PM.PC = PN.PB.
a;) Gid st AMN XY ={K} . Chiing minh PM.PC = PK.PZ .
a,) Gia sit DN XY = {K'}. Chiing minh PN.PB = PK'.PZ .
a;) Ching minh riing cdc duong thang AM, DN va XY déng quy.
b) Xét trudng hop P trung X hoidc P trung Y. Két luan (a;) conn
dung hay khong?
Giai
a) Xét truonghop P=2X . P#Y.
a;) XY L AD vi XY la truc ding phuong ctiia hai duong trona
duong kinh AC va BD.
a,) Do XY la truc ding phuong ctia hai dudng tron dudng kinhh
AC va BD nén P c6 cung phuong tich véi hai dudng tron nay, nghia la
| PM.PC = PN.PB. (1))
Déng thoi, XY L AD kéo theo goc PZD = 90°. '
a;) Vi M nim trén dudng tron dudng kinh AC nén cdc géc AMC2
va KMC vuodng. .
- Vay KMC = KZC = 90", Suy ra bén diém K, M, C, Z cung thudcc
mot dudng tron ma ta goi dudng tron do la (v).
Xét phuong tich cda diém P déi véi vong tron (v) ta cé :

PM.PC = PK.PZ. (2))
a,) Tuong tu, néu DN N XY = {K'} thi
PN.PB = PK'.PZ. (3))

— ———

a;) Tit (1), (2) va (3) ta c6 PK.PZ = PK'.PZ .

Do P#7 nén K = K. Vay AM, DN, XY déng quy.

b) Truong hop P = X. Khi d6 M =X va N=X. Do vay AM, DN vaa
XY dong quy. Trudng hop P = Y duoc xét tuong tu.



RBai 12. Cho hai diem D va E tuong ving nim trén cic canh AB va AC
cua tam gide ABC sao cho DE / BC. Goi P 1a diém bat ki niim bén trong
tam giac ABC Cidce duong thang PR va PC lan luot ciat DE tm F va G.
Ncu O, 1a tam duong tron ngoai Liép tam grac PDG va O, la tam duong
tron ngoai ticy tam giac PFE, hay chung minh rang AP L 0,0,

A Gl(ll
Goi M la giao diém thy hai
G D E F cua AB vé6i duong tron ngoai

e ,

/,/ % tiecp tam giac DPG; goi N la

/ B { \ E&C
Dé thay DMP = DGP  va
DGP = BCP, do dé

L o DMP = BCP va bén diém

B, C, P, M cung nim trén mot duong tron. Tuong tu, B, C, P, N cung

giao diem thu hai cua AC vai
duong tron ngoai ticp tam
N giac EPF.

nim trén moét duong tron. Nhu vay bon diém B, C, M, N cung nim trén
mot dudng tron, suy ra WN bu hoac bi‘mg l@ .

Theo tinh chat song song, ta cé BCN = DEN .t d6 bon diém D,
15, M, N cing nam trén mot dudng tron.

Tiép theo, ap dung dinh li vé truc ding phuong cho cac duong
tron ngoai tiép DGP, EPF va DEMN dé ching té6 ring DMNEN = A
nam trén truc ding phuong cia cac dudng tron ngoai tiép PDG va PEF,
tudo suy ra AP L 0,0,, diéu phai chiing minh.
Bai 13. Cho duong tron (O) véi hai day AB, CD cét nhau tai M. Qua
trung diém S ciia BD ké SM cét AC tai K. Ching to ring:

AM® | AK
CcM? CK’
Gidi
Piat x = AI: ,taco
CK

g

g1



MK = MA+_ > MC. (1)
1+ x I+x

Do MK cing phuong véi MS nén cé
sb 1 dé

ﬁﬁ:l.ﬁ:é—(m+@).

nén: R/lm];?o—:— a
M

MA, MD

2

 tu d6 ta dudc

Pén day, (1) va (2) ch

Talaico MAMB=MC.MD=a>0

-2 MC
MK =-—2_MA-—_Wc. (2)
2MA 2MC?
o ta:
(1 al
l+x 2MA?
X al
+x 2MC* '

2
ta

Suyra x = >
CM

c6 didu phai ching minh.

Bai 14. Tam giac ABC néi tiép trong duong tron (0,) ban kinh R. Puong
tron (0,) tiép xuc ngoai véi dudng tron (O,) va tiép xic véi hai canh CA,
CB kéo dai. Ching minh hé thuc: |

r r

b sin(B + 9-)
2

: . C
sin —| sin —
2

2

- 2R )
sin B ( +r)r



Gidi
Goi K 1a diém tiép xic cda (O,) véi CA.
Tu tam giac vuong CO,K ta co:

P "
C02 - (., .
0O, : sin —
2
1 N e —— ~
M Vi AMC = B, nén
i A MAC =180°—[B+—§J.

Theo Pinh }i ham sé sin trong tam giac BCM, ta co:

bsin(B+gJ bsin(B+ _C_]
\ 2 . 37 r 2
CM = , tudo O,M = - ;

sinB sinB

sin —
2

T phuong tich cla diém O, déi véi dudng tron (O,) ta cé:
OzC.OEM = OzN.OQF hay

bsin(BJr%]
S U ST, =(R+r)r.
sin B

. C] . C
sin — | sin-—
2 2

P18. Xét ménh dé sau: Cho hai dudng thing AB va CD cét nhau tai
mot diém M. Khi d6, bén diém A, B, C, D cing thuéc mot duong tron
néu va chi néu MA.MB = MC.MD. Ménh dé nay c6 luén dung khong, tai
sao?

P19. Cho dudng tron (O ; R) va mét diém A cé dinh khéng nidm trén
duong tron. Goi BC 1a mét dudng kinh thay déi cia (O ; R). Ching minh
rang dudng tron ngoai tiép tam gidc ABC luén di qua mot diém cé dinh
khéc diém A. |

P20. Cho hai ti gidc noi tiép ABCD va CDEF. Néu ba dudng thing
AB, CD, FE déng quy thi ti gidc ABFE ciing noi tiép.

P21. Cho tam giac ABC c6 AB =13, BC = 14, CA = 15 va c6 dudng cao
AH.



a) Tinh dién tich S caa tam giac ABC.

b) Tinh ban kinh R cta dudng tron ngoai tiép tam giac ABC.
¢) Tinh AH.

d) Tinh ban kinh r cta dudng tron ndi tiép tam giac ABC.
e) Tinh -f/’“/(M), trong do (M) la dudng tron duong kinh BC.

P22. Cho hai dudng tron ngoai nhau. Chiing minh ring 4 trung diém
ctia 4 doan tiép tuyén chung (tic la doan thing ndi hai tiép diem ciza
cung mot tiép tuyén) nim trén cung moét dudng thing.

P23. Cho tam giac ABC, bén ngoai tam giac nay, vé cac tam giac cam
BCD, CAE, ABF c6 cac canh day tuong ung la BC, CA, AB. Chung minlh
ring ba duong thing vuong goc ké tu A, B; C tuong ung xudng EF, FD,
DE déng quy.

P24. Goi BD la phan giac géc B trong tam giac ABC, D nim trén AC..
Dudng tron ngoai tiép tam gidac BDC cit AB tai E, dudng tron ngoai tiép
tam giac ABD cat BC tai F. Chung minh ring AE = CF.

P25. Trong duong tron (O) cho hai day cung AB va CD ciat nhau 6 1
sao cho Al = 12, IB = 16, CD = 32. Tinh CI va ID.
P26. Goi M la giao diém ctia hai dudng chéo AC, BD cia tu gidc 1i
- ABCD. Dudng phan giac cia goc ACD cét tia BA tai K. Gid stt MA.MC +
MA.CD = MB.BD, chiing minh ring BKC=CBD .

P27. Cac canh cta tam giac ABC thoa man diéu kién
l

BC = AC + — AB.
2

Diém P chia canh AB theo ti sé 3: 1. Ching minh PAC = 2CPA .

P28. Cho tam giac ABC. Mét dudng tron tam O di qua cac diém A va C
va lai ciit cac doan AB va BC theo thu tu tai hai diém phan biét K va N.
Gid su cdc dudng tron ngoai tiép cta cde tam gide ABC va KBN cit
nhau tai ding hai diém phan biét B va M.

Chung minh goc OMB vuéng.

P29. Cho tam giac ABC vuéng tai A c¢o6 dudng cao AH. Dat
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AB = . AC = b Goi (O). (O,). (O Tan hadt T cae dudng tron ¢o ducng
kKinh Ian Tuot T AB, AC, va BC

Tinh 7y " A110,) Vil S0, theo b va e

P30. Cho duong tron (O : R) vao mot diem P niom bén trong duong tron.
Cho har day cung thay doi AB va CD luon Tuon di qua P va vuong goe vai
nhau.

a) Ching minh rang AB” + CD® = (R '7)])/((‘,))-

b) Ching minh rang PA™ + PB* + PO 4 PR khon phu thude
viwo vi trf eun cae diem Po A, B CoD (mién 1a AB va CD luon luén di qua P

va vuong goc val nhau).

P31. Cho hinh binh hanh ABCD, lay hai diém tuy y A" va B’ trén canh
AB. Cac duong thang CA' va DB’ cat nhau 6 P. Ching minh ring duong
thang di qua P va song song voi BC la truc diang phuong cua duong tron

ngoal tiép tam giac PAA' va tam giac PBB'.

P32. Cho diém P ngoai dudng tron (O), mot duong thang thay doi qua
P ¢it (0) tai hai diem A va B. Cic tiép tuyén ctia (0) tai A va B ¢it nhau
06 M. Ké MH vuong goc voi PO.
) Chung minh I‘Eing nam diém O, A, B, M, H nim trén mot

duong tron.

b) Ching minh ring H la diem ¢b dinh khi duong thing PAB
thay doi, tu dé suy ra quy tich cda diém M.

¢) Goi I 1a trung diém ctia AB va N la giao diém ctia MH véi AB.
Chuing minh riing PA.PB = PI.PN.

d) Chung minh: IP.IN = IA®,

P33. Cho tam giac ABC. Goi AH la duong cao, ke HE | ABva HF L AC.
Cho EF ciit BC tai diém 1.

a) Ching minh ti giac BCFE noi tiép.

h) Goi dudng tron (O) ngoai tiép tam gidc ABC va (O') 1a dudng
tron duong kinh AH. Chiing minh I 14 giao diém hai true ding phuong

cua hai duong tron nay.
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¢) Gia stt (0) va (O) cit nhau tai A va D. Ching minh rang I, D),
A thing hang.
P34. GoiDla diém ndm trén canh AC cta tam gidc ABC. Chiing minh
ring AB2.DC + BC2AD - BD?.AC = AC.DC.AD.

Chii y. Két qua cia bai nay sé dude su dung trong P35, P36, P37,
P38 dudi day.

P35. Cho tam gidc ABC cé BC = 2.AC — 2.AB va D 1a diém n3m trén
canh BC. Chiing minh ring ABD = 2ADB néu va chi néu
BD = 3CD.
P36. Cho ABC la mét tam gidc khong can. Cdc dudng trung tuyén ké
tu A, B, C la‘in lugt cit dudng tron ngoai tiép tam gidc tai céc diém thud
hai L, M, N: Gid st LM = LN, hay chiung minh
2BC? = AB% + AC?.
P37. Trong tam giac ABC, ki hiéu A, B, C 1a sé do ba géc va a, b, c 1a
“cdc canh dbi tuong ing, gia st b = é—(a + c), ching minh
cos(A - C) + 4cosB = 3.

P38. Cho bén diém A, B, C, D theo thi tu cing ndm trén mét dudng
thing. Mot dudng tron (k) di qua hai diém B, C sao cho AM, AN, DK va
DL [a cac tiép tuyén cuia (k).

a) Ching minh ring céac diém

P=MN() BCva Q=KL BC

khéng phu thudc vao dudng tron (k).

b) Gia sit AD = a, BC = b (a >b) va doan thé.ng BC di chuyen trén
doan AD, tim d6 dai bé nhait pua doan thfmg PQ.

P39. Cho R, r 14n luct 14 bén kinh dudng tron ngoai tiép va noi tiép
cua mot tam gidc. Ching minh cong thuc Euler sau day:

d? =R?-2Rr.



LOI GIAI HOAC HUONG DAN CAC BAI TAP CHUONG 2

S1. Ta ching minh a). Tién hanh tuong tu cho b) va c). Trong tam
giac ABC, goc A nhon khi va chi khi cosA > 0. Ta co
b?+c?-a’ 5 Al
coSA>0¢ — >0 < a*<b’+ ¢
2bc
S2. HD: Ta co:
2b a+c _ 2b(a+c)  2b(a+c)
BD BD BD? (a+c) +b°
= 2b(a+cz) e 2b2(a+c) =E=~/}£=sin2a.
a“+2ac+c“+b” 2a°+2ac a

Nhu vay ta co cong thuc sin2a = 2sinacosa. Ta ¢o

2sin cosax =

2 p)
2cos2a—1=-2~(f!_—?-w—1= 2(a+zc) 2—1
BD (a+c) +b
7
=__2(a+c) ~I=g = cos2a.
2a(a +c) a

Nhu vay ta co cong thuc cos2a = 2cos’a - 1.

S3.  a) Trong tam gidc ABC, theo dinh li ham sé cosin ta cé:
b% = a? +c? — 2ac.cosB
c? = a? +b? - 2ab.cosC

2 2 2
a c“—-b
c.cosB= +2
< 2 Z 2
b —c¢
b.cosC:a i
{ 2a

Cong vé véi vé hai ding thiic trén ta dugc:
c.cosB + b.cosC
_ a2 +c® —b?+a?+b%-c? _ 2a2 _a
2a 2a

b) Ap dung dinh i ham sé cosin cé:

b2 = a2 + ¢? - 2ac.cosB :

¢ = a2 + b2 - 2ab.cosC.

Tru vé véi vé ta dugc:
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2 2 2 .2
b - ¢"=c¢” - b” + 2ab.cosC — 2ac.cosBB

2(b? - cz) = 2a(b.cosC - c.cosB)

9 9
h® - ¢“ = a(b.cosC - c.cosB).

c¢) Ta co: AH = c.cosA ; HC = a.cosC.
Vib=AH + HC nén
b = c.cosA + a.cosC = c¢.cosA=Db - a.cosC

= ¢%.cosA = be — ac.cosC. (1)

Tuong tu,
c =a.cosB + b.cosA = b.cosA =c - a.cosB

= b*.cosA = bc - ab.cosB. (2)

Ti (1) va (2) ta duge b cosA - c’cosA =

= be — ab.cosB ~ be + ac.cosC,

| suy ra (b* - ¢*)cosA = alc.cosC - b.cosB).

S4. Ta c¢6 a = 2R.sinA, do d6, dang thic R(b + ¢) = avbe tré thanh
1 ,

;)—(b + ¢) = sinA. JE; (1). Mat khac,

%(b+c)2\ﬁ>_c—, (2)

ding thic xdy ra khi va chi khi b = ¢; ddng thdi, cing cd
sinA.Vbe < e, (3)
ding thiic xdy ra khi va chi khi A = 90°,
Do do6, dé (1) xdy ra thi dng thiic § (2) va (3) phéi dong thoi xay ra,
nghia la phaicob=cva A=90°, B=45° C =45".

%y g \ e i , 2 . :
S5. Vi G la trong tdm tam giac nén GA =—m,. Tu cong thulc
‘ 3

4 5 2(b2+c2)—a2

dudng trung tuyén suy ra GA® = P m; 5 . Tuong tu,
) 4 2 22 4 _2 . 2 L, 4 2 P 2 s 2 _ ‘3
GBz :*mi = (2 ¢)-b , GCr = -n]g = (a”+b Jeit
9 9 9

Cong cac dang thuc trén ta suy ra diéu phai chung minh.

S6. a) B =180°- (f\ + 6) = 75° nén AABC can dinh A, suy ra

G4+



AB = AC =4,5.
Theo dinh li ham s6é sin:
a b bsinA 4,5.0,5
= — D> a= patss £
sinA  smB sin B LT
b) A=180°-(B+C)=180° - (83° +57°) = 40°;
b = asinB . 137,5.0,9925
sinA  0,6427
oo asinC _ 137,5.0,8387
sinA 0,6427
S7. HD: Ha AH L BC (kéo dai). Ta can tinh CH.
A ABC la tam giac can, do do AC = CB = 100m.
Xét tam giac vuéng AHC:

CH = ACsin30° = 100.% = 50 (m).

R 1

~179,4.

S8. HD:

a) Quy tich tam I cia dudng tron ngoai tiép tam giac OAB la

dudag tron tam O, ban kinh B, = ——
2sina

b) Quy tich cdc diém C 1a dudng tron tam O, ban kinh
a
R2 =

sina

,via=AB, o = AOB.

¢) Ta c6 AB' = acosa khéong déi. Quy tich cac diém H la duong

o T acosa
trontam O, ban kinh R, = — .

sin o
S9. Taco:

S= Jp(p-a)p—Db)(p—c)
T -

212 2 )2
Vis= Lah, taco hy= 25315 ygp
2 a 2
o b24+c? a? 824+6%2 72 151
m,‘:: —_—— —— T ——
2 4 2 4 4
Vay m, = —— 1251 i

S10. Dit AB=c, AC =b, ta co
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BC2Z =b% + c2-2be.cos® = (b —c)®+ 2bc(1l —cos O ).
Mit khac, k = %bc.sine , do do

BC? = (b - ¢)? + 4k(1 - cosB )/sin® .
Vi 4k(1 — cos® )/sin8 khong d6i nén BC bé nhat khi b = c. Vay

b=c= 1’—2—1(— (dok = —I—bc.sine ).
sin@ 2

S11. Goi tam gidc da cho la ABC, cho phan giac CD = (.
E Piat BCA =2a. Taco

SABC = SBCD +SDCA = ‘;—(a + b)lSln()! .

Ké dudng thidng qua A va song song’
CD, cit BC tai E. Tam giac ACE cin
nén CE = b va AE = 2bcosa. Mit

khac,
] CD_BC_ ,p_ath
AE BE a

bs

a+b

Do d6 cosa = l,suyrasina = 2_15\/;13%2 —(a+b)?1%.
a

2ab
Cudi cung ta dudc:

a+b)/
Spue = 4ab) J4a2b? —(a+b)212 .

S12. Ki hiéu nhu thuong 1¢, ta c6 ¢ va h_ cho trudc, do vay

S=lchc
2

1a hing sé. Suy ra 8S° =(ah, )(bh, )(ch,)khong déi. Nhu thé, dé tich
h,h,h, dat gia tri 16n nhat, ta can c6 tich abc dat gia tri nhé nhat, nghia
la ab dat gid tri nho nhat, vi ¢ dudc cho trude.

Vi S khéng déi nén ta c6 28 = ab.sinC khéng déi. Do dé, ab dat
gia tri nho nhat khi sinC dat gia tri 16n nhat. Theo gia thiét, goc C
khong tu (tuc la nhon ho#c vudéng), ma trong nhiing goc nay thi sin 16n
nhdt 1a bing 1, ung véi géc C vudng.
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Vay tam giac ABC thoa man dé bai la tam gidc vuong tai C.

a) Goi E la tam duong tron bang
tiép tam giac ABC ung véi canh
BC=a; goi P.M,N la cdc tiép diém
cia duong tron bang tiép nay véi
canh BC, AB., AC tuong ung. Khi ay

ta co:

S =Sppa +Seca —Sesc

_ AB.EM X ACEN B BC.EP
P P 2

Tuong tu, taco: S=(p—a)r, =(p-b)y, =(p-o)r..

=(p-a)r,.

b) Theo cong thiuc tinh dién tich trén, ta co
S=pr=(p-a), =(p-b)y, =(p—c)r,.
Suy ra S* = p(p-a)(p-b)(p-c)rr, gt hay S* =rr 1., tic la
S =t .

* Mat khac, ta ciing co
S S

art, p-bp-c aS __ a8 _aS
htr, S . S (p-c)+(p-b) 2p-(b+c) a

p-b p-c

S14. Ta phai c6 hai goc A/2 va B/2 thuoc khoang (0, 7 /2). Trong
khoang nay, ham sinx tdng thyc sy va ham cosx giam thuc sy, do do,

néu A/2> B/2 thi sin(A/2) > sin(B/2) va
1 1

> .
cos(A/2) cos(B/2)
Diéu tuong tu nhu thé cing xéy ra khi A/2 < B/2. Tu 46, suy ra ding
thuc 6 dé bai chi xay ra khi A/2 = B/2 va tam gidc da cho la can. Vay
AC = 1.

S15. GiastiAB 2 AC. Ta cé BK/KC = AB/AC > 1, nén K ndm
giva M va C. bat MH =x.
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Khi do, vi
[AHM] = ?l—[ABC],

nén BC = 4x, suy ra
BM = 2x, HC = x. C HK M B
Vi [AKM] = 1 - +/3 /2 nén MK = (4 - 2/3 )x. Suy ra
AB/AC = (BM + MK)/(MC - MK)
=(6-23)/(243 -2)= 3.
Ta lai c6 AB% - BH? = AH? = AC? - CH?, do d6
ABZ - AC? = (3x)? - %%
Suyra AC?=4x% Tidé, AC: AB:BC=1:+3 :2.
VayA =90°, B =30°, C =60°.
S16. Tu cac cong thic

r=%, R=%, Sz\/p(p—a)(p—b)(p—c) ta co:
2p2—2r2—8Rr=2p2—2§—§-—2211C—
p P
=2p2_2(p—a)(p-—b)(p~c)_2abc
P |y
2p> (a+b+c)—2p(ab+bc+ca)

p
=(a+b+c)2—2(ab+bc+ca)=az+b2+c2.

S17. Cho AABC c6 trong tam G va mét diém M bat ki. Ta c6 két qua

sau:
1
3MG*® = MA? + MB® + MC? - 3 (AB? + BC2 + CA?),

Ap dung két qua trén, khi M = I 1a tam dudng tron noi tiép tam
giac ABC, taco:
31G? = 1A% +1B% +1C? ——;—(ABZ +BC?+CA2)

Ke IK 1 AB thi AK = p — a. Tam gidc AKL vuéng 6 K nén :
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IA? =IK?+KA? = (p—a)’ +r.
Tuong tu ta co :
IB? r:(p—b)z +12,IC* = (p—c)2 +1%. Do dé:

31G2-=(p—a)2+(p—b)2+(p—c)2+3r2-%(az+b2+cz)
=3r2-p2+—§—(a2+b2+02).
Theo két qua & Vi du S16 ta c6 :
2 a2 2.2(y 2 4.2 (2, <2
3G =3r"-p +—3— 2p° —2r" —-8Rr =3 +5r° —16Rr).

vay 1G° =%(p2+5r2—16Rr) (dpem). A
S18. Khong luén ludn
ding. Vi du: Trén hinh vé D
bén, gid st MC = MC. Ro C |

rang hai dudng thing AB va
CD cit nhau tai M va ta cé:

_ MA.MB = MC'.MD = MC.MD.
Nhung A, B, C,D khong cung thuéc mot duong tron.

S19. Xét duong tron (O') ngoai tiép 2

AABC. Vi O 1a diém giita ctia doan BC nén / \
O phai nadm trong dudng tron (0'). Goi A' 1a & > a
giao diém thit hai cia dudng thing AO va o

dudng tron (O'), hién nhién O 1a diém nim
bén trong doan AA'. Ta c6 |
Jonoy = OA.OA'=0B.OC = —RZ.
2
Suy ra: OA' = “éi;{ khong doi. Vi OA va OA' 1a hai tia d6i nhau, O va A
cd dinh nén tu day suy ra A’ ¢d dinh.
' Vay moi dudng tron ngoai ti€p AABC thoa man diéu kién dau bai

luén di qua mét diém c8 dinh khac diém A.
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S20. Goi Q la giao diém ctia ba dudng thing AB, CD, FE. Ta c6

QA.QB = QC.QD = QE.QF.
Vi QA.QB = QE.QF nén suy ra ti giac ABFE cing noi tiép.

S21. HD:
a) S = 84 (Hé-rong). b) R = abc/ 4S = 65/ 8 = 8,125.
c) h,=25/a=12 d)r=5/p=4.

e) Goi M 14 trung diém BC, ta c¢6
Pruan = HM? - MC? = AM? - AH? - MC? = — 45.

S$22. Goi I la trung diém cia tiép
tuyén chung ngoai MN. Ta cé
IM = IN hay IM?= IN?

tuc la -7/1,(0) — .7’1,(0-). Vay diém I ndm trén

truc ddng phuong cia hai dudng tron.
Ching minh tuong tu cho ba trung diém
con lai, ching déu ndm trén truc ding

phuong cua hai duong tron ngoai nhau.

S23.
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Goi (C,) la duong tron tam D ban kinh BD, (C,) la duong tron tam E
ban kinh CE va (C;) 1a dudng tron tam F ban kinh AF. Dudng thing qua
A vudng géc véi EF 1a truc ding phuong cta (C,) va (C,); dudng thing
qua B vuéng géc véi FD la truc ding phuong cua (C,) va (C,); dudng
thing qua C vuéng géc véi DE la truc ddng phuong cua (C,) va (C,). Ba
dudng thing nay dong quy tai tam dﬁng phuong cua ba duong tron, suy
ra diéu phai ching minh.

S24.
Ta c6 AE x AB = AD x AC
va CF x CB =CD x CA, suyra
AE/CF = (AD/CD)BC/AB).
Ngoai ra, AB/CB = AD/CD theo dinh li
vé duong phan gidc. Vay AE = CF.

S25. Taco: IAIB=IC.ID, (1)
CD=CI+ID=CI=32-1D.
Thay vao (1) ta dudgc:
ID* - 32ID + 192 = 0
= ID = 24 hoéc ID = 8.
Vay CI =8, ID = 24 hoac
Cl=24,ID=8.

S26.
Goi N 1a giao diém cia CK va BD. Ap dung
K dinh li vé duong phan gidc vao tam gidc

MCD ta cd
CD _MC oy MCDN.

—_—= &5

DN MN MN
Khi d0, ta dudc
B MB.MD = MA.MC + MA.

= MA.MC. MD
MN

MC.DN
MN

71



hay MA.MC = MB.MN. Do M nim bén trong ti gidc 16i ABCN, tii d6 suy
ra K, B, C, D cung nim trén mét dudng tron.

Vay BKC=CBD.
S$27. Ki hiéu a, b, ¢ tuong tung la ba canh déi cia cac dinh A, B, C
trong tam gidc ABC. Goi (k) la duong tron tam C ban kinh 6. Goi D, E
14n lugt 1a giao diém ctia (k) véi AB, CB.

Khi do: .
,?’M,(k) = BE.(BE + 2b) = ¢/2(c/2 + 2b) = BD.BA = BD.c.
SuyraBD =5 +c¢/4,dod6 PD=BD -c/4 =bvaDC =b.
Vay PD = DC, hay tam giac PDC can.
Suy ra a = 2 /f(xem hinh), hay PAC =2CPA .

'§28. Goi P la giao diém cac dudng thing AC va KN. Do
KMA = BMA - BMK = BCA - BNK =KPA,
nén bén diém M, P, A, K nim trén mot dudng tron. Ngoai ra:
AMP = AKP =180° — ACB =180° - AMB
(tit gidc ACNK noi tiép). Vay diém M nim trén doan BP.
biat BO = b, PO = p va goi R la ban kinh dudng tron ngoai tiép tu
giac ACNK, ta c6: BM.BP = BK.BA = b* - R%;
PM.PB = PK.PN = p? - R”.
Cong tung vé ha
B . ding thic nay te
M dugc:
BP? = b? 4+ 5% - 2R?
L khi dié
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2 2
Bm? - pm? o[ R | [ TR
BP BP
2 2 2 2 2
_ b7 +p 2R2)(b P ):bz_pzzBoz_Pozl
BP
Tii d6 OM L BP.

Chut y: OM L BP do két qud sau: Cho tam giac ABC, H la diém
nim trén canh BC. Khi d6, AH la dudng cao néu va chi néu
' AB? - AC? = HB? - HC>.
Ching minh. Néu AH la dudng cao, tit dinh li Pythagore:
~ AB?-AC? =HB?-HC’. (*)
Ngudc lai, néu c6 (*), ta goi M la diém trén BC sao cho AM la
dudng cao. Khi d6, theo chiing minh trén,
AB’ - AC? =MB* -MC*.
Tu d6 ta dude HB? — HC? = MB2 — MC?, hay
(HB + HCYHB - HC) = (MB + MC)(MB - MC)
<> BC(HB - HC) = BC(MB - MC)
< (HB - HC) = (MB - MC). |
Vay M trung H, suy ra diéu phai ching minh.

S29. Vi H nam trén (O va (Oy) nén
"’7)}{/(01 ) =710y = O-

Ta co

oy =-HB.HC = - HA®,
Vi 25 AABC = a.AH =b.c nén

AH=2¢_ _be
a /bz C2
A/—%\up' B vVay % - ) . b?c?
3 oy = -HAT= b2yl
o 1" S30. a) Goi E, F la trung diém AB, CD.
Ta cé:
£ AB? + CD? = (2AE)? +(2CF)



=4 (AO? - OE? + CO? - OF%)
= 4(2R? - (OR? + OF?)
= 4(2R%- OP?) = 8R? - 4.0P?
= 4R” - 4(OP? - R?) = 4(R* - #py0))-
b) PA% + PB% + PC2 + PD? =
= (PA + PB)? + (PC + PD)* — 2PA.PB - 2PC.PD
= (PA + PB)% + (PC + PD)2 + 2PA . PB+ 2PC .PD
= AB?+ CD? + 4%,
= 8R? — 4P0O? + 4(PO? - R? = 4R? (khong d6i).
Vay PA? + PB? + PC? + PD? khéng phu thudc vao vi tri cla cac
didm P, A, B, C, D (mién 13 AB va CD luén luén di qua P va vudng géc vGi
nhau). : P

S31.

Ta ki hiéu cac dudng tron
ngoai tiép tam giac PAA’ va PBB’
1a (O) va (0). Pudng thing qua P,
song song vdi BC cit cac duong D
thing AB, CD tai.E, F. Theo

dinh li Ta-let ta co: %/}— = EE,

EA'FD = EB'.FC, hay EA' EA = EB'.EB.
Mit khac, ta luon ¢6 EA.EA' va
@Eﬁ' cing ddu du P nam trong
hay ngoai cac doan
CA’, DB’. Tu do6 ta cé

EA .EA' = Eﬁgg' , hay
j)E/(O) = PE10)

Vay E thudc truc dang
phuong cua (O) va (O).
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Mit khac: P thudc hai duong tron trén, nén P thude truc ding
phuong cta hai dudng tron (O) va (0'). Vay PE la true dang phudng cta
(0) va (0.

a) Vi A, H, B déu nhin doan thing MO duéi

mot goc vuéng nén nam diém A, H, B, M, O

S32.

cing nam trén dudng tron (C) dudng kinh

MO.

b) Xét dudng tron tAm O ban kinh R ta cé:
PA.PB = OP? - R% (1)

l)
Xét duong tron duong kinh OM ta c6:

M g = gy RS
PA.PB = PH.PO. (2)
Tu (1) va (2) suy ra: PH.PO = OP? - RZ. Mat khac:
— —— — e o _ OP2 _ R2 . o
PH.PO =|PHI.|PO|cos0° = PH.PO = PH = ———— khéng d&1.

Vi A va B 3 cung phia v6i P nén O, H cling 6 cung phia vé1 P, do dé6 H 1a
diém c6 dinh. Vay quy tich cac diém M la dudng thing A vudng géc véi

2 p2
OP tai H sao cho PH 2%.

c) Vi OI 1L AB, NH 1 OH nén ti giac OHNI néi tiép ducng tron
dudng kinh ON. Ta c6: PI.PN = PO.PH. Theo ciu b) ta c6
PH.PO = PA.PB nén PI.PN = PA.PB.

d) T PA.PB = PL.PN, thay PA = PI - IA va
PB=Pl+IB=PI+IA
ta ¢c6: PA.PB = (PI — IA)(PI + IA) = PL.PN hay PI? - 1A? = PL.PN tdc la
PI2 - PLPN = IAZ Suy ra PI(PI - PN) = [AZ,
Vay PLNI = IA%
S33. HD:
a) AB.AE = AC.AT (cung biang AH?), suy ra ta giac BCFE néi
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c) I, D, A cung thudc truc ddng phuong cta (O) va (O").

S34. |

Dé thuan tién, ta gia su H (chan dudng cao
BH) nam gitta D va C, trudng hop ngudc lai
dugc tién hanh tuong tu. Ap dung hé thiic
luong trong hai tam giac BCD va ABD ta

B

co:
A CH CBC? = BD? + DC? - 2.DC.DH,
, AB? = BD? + AD? + 2.AD.DH.
Tut hai ding thiic trén ta suy ra
BC2AD + AB2.DC = BD2(AD + DC) + DC%AD + AD>.DC
= BD?%AC + AD.DC.AC.

Chii y. Khi D trung mot trong hai dinh, ding thic trén vén
dung, lic d6, hodc AD = 0, hodc DC = 0.
Khi D tring véi M, véi BM la trung tuyén ctia tam gigc ABC, ta
c6 MA = MC = AC/2 va ding thuc trén tré thanh
ABZMC + BC2.AM - BM2.AC = AC.MC.AM

< AB2MA + BC:.AM - AC.MA.AM = BM*AC
= ézg(AB2 + BC?- AC. i%c—) = BM2AC

2
< 2BM? = (AB? + BC? - ézc—),

day chinh la cong thic trung tuyén da biét.
S35.

A * Gia su BD = 3CD. Dit
AC =2b, AB = 2c¢,taco
BC =4(b-¢),BD =3(b-c¢)
B - vé’CD =b-c. ’
E D Néu AD = d thi 4p dung két qua
P34 ta nhan dugc
d? = 2¢(3b - ¢).

Ap dung dinh li ham sin cho cac tam giac ABC va ABD ta c6
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3b-c

e 3b - 5¢ —
cos ABC = va cos ADB = .
4c 24/2¢(3b—c¢)
Khi d¢,
COSZ@ — e )
4¢

Suy ra, hoi#c la 9ADB = A‘I‘%\C, hoic la ABC + 2ADB = 360°. Trong
truong hop sau, ta cé ABC + ADB = 360° - ADB > 180°, diéu nay
khong dung. Vay ABC = 2ADB.

* Dao lai, gia su 2 ADB = ABC. Goi D, la diém nim trén BC sao
cho BD, = 3CD,, thé thi 2AD,B = ABC = 2ADB, do d6 D tring D,. Ta
c¢6 diéu phai ching minh.

S36. A

Goi G la trong tim cua tam giac ABC, khi
d6, cac tam gidc NLG va AGL déng dang
nén LN/AC = LG/CG. Tuong tu, ta cing co
LM/AB = GL/BG.
Do vy, néu LM = LN thi AB/AC = BG/CG.
St dung két qua P34 dé tinh do dai cac
L trung tuyén ta dugc:
AB?/AC? = (2AB? + 2BC? — AC?)/(2AC? + 2BC? — AB?),

hay, rit gon thanh (AC? — AB?)(2BC? — AB? — AC?) = 0. Ma tam gidc
ABC khéng can nén ta c6 2BC% = AB? + AC?.

S37. Néua=cthia=b=c,doddcos(A-C)=1,cosB = % va két qua
can ching minh la lgién nhién. Ta gia sit a # c. Khong mat tinh téng
quat, gid st a > c. Kéo dai CA va ldy diém D sao cho BD = BC: bit AD =
x. Theo két qua P34 ta c6

c?(b + x) + (b + x)bx = a’b + a’x,

suy ra bx® + (c*+ b%- a%)x - b(a?- ¢? = 0.

Thay b = %(a + ¢), ta dudc :
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X2+ —12-(5c—3a).x-(a+c)(a-c)=0, ,

hay (x + 2(c - a))‘(x + %(a +¢))=0. Tudo, x =2(a - c).

Bay gio, do ZABD = A - C nén ap dung dinh li ham cosi:n cho
tam giac ABD ta co

cos(A-C) = —1—(a2+ cZ-x?) = —L(Sac — 3a® - 3c?).
2ac 2ac
Ap dung dinh li ham cosin cho tam giac ABC ta dudc

1
4cosB = 4—1—(az+ c®~b% = —(3a% + 3¢% - 2ac).
2ac , 2ac

Tu d6 suy ra cos(A — C) + 4cosB = 3.

a) Ap dung két qui P34 cho

tam giac AMN va doan AP ta
co

AP?2 MN = AM?.NP + AN2.MP - MN.MP.NP
= (AM? - MP.NP).MN
(6 day, AM = AN theo tinh chat tiép tuyén). Suy ra
AP? = AM? - MP.NP = AB.AC - BP.CP
= AB.AC - (AC - AP)(AP - AB)

= 2.AB.AC - AP(AB + AC) + AP?,
_ 2AB.AC . Tuong ty, DQ = 2DB.DC .
AB+ AC DB+ DC
Cdc ding thuc trén ching td ring vi tri cla cdc diém P’ va Q
khéng phu thudc vao dusng tron (k).
b) Dat AB = x, BC =y va CD = z. Tu ciu (a) suy ra
PQ=AD-AP-DQ =

2X(x+y) 2z(y+z) _

y+2X y+2z

hay

=X+y+2zZ-
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N B 2X ) 2(y+§z
—(x+y)(l y+2xJ+L( y+22}

_ Yi(x+y+2)
(Y +2x)(y+22)
Talaicoy=b,x+y+z=a,dodo
. b’a _bla b’
C(a+x-z)a+z-x) 8% =&~z T a
Vay d6 dai bé nhat cla PQ la ~b(;,dat dudc khi va chi khi

AB=CD=x=2z-= é—(a—b).

Cach 1.

Goi O, I lan ludt la tam dudng tron
ngoai tiép va noi tiép tam giac ABC,
M la giao cua phan giac goc B vdi
(0).

Ta co:

BLIM=R?-0I’=R?-d?. Tam
giac ICM cdn tai M wn

CiM=IicM=B*C,.

Ke duong kinh MK clia ducng
tron (O) va ké ID1BC, suy ra hai tam giac MKC va IBD dong dang

nhau, tu do:
MK IB

MC ID
Nhung MK =2R, ID =r, MC = MI nén:
2Rr=IBMC=IB.IM=R? —d2.
Cach 2.
Goi L la giao cia phan giac géc B v6i AC. Theo tinh chat duong
phan giac trong cac tam giac ABC va BCL ta co:
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LC_a_1c-2b
AL ¢ a+c
BI a a+c
IL LC b
Tu d6 ta dudc:
. bOB OL ——  a.0A+¢.0C
B +(a+¢c).0 i OL=aOA+COC,suyra:
a+b+c a+c

2
— a.0A+b.OB+c.0C ) a.0A +b.OB+¢.OC
Ol = =d° = .
a+b+c a+b+c

Do d6 ta di dén:

d2=——x {(a? +b% +c?)R? +ab(2R? = cH) +

il

4p
+bc(2R? —a?) +ca(2R? -b?)} =R? 12'39.
p

Mait khac, ,
S-_—pr =ilzg_—_3 2Rr =ab;c
4R 2p

nén ta dudc: d?> =R? - 2Rr.



3.

BAI TAP TRAC NGHIEM CHUGNG 2

Trong cac cong thic sau, cong thic nao khéng dung ?

(A) b=+ab'; c=+ac

(B) h? =c'b’
(C)h.a=b.c
] 1 ]
e A
2,2 42
(D) a% = b? + ¢ — 2be.cosA (II) cosB = B +e b
2ac

Trong hai cong thuc trén:
(A) (I) dung va (II) sai. (B) (II) dung va (I) sai.
(C) Ca hai dung. (D) Ca hati sai.

Goi m,, my, m, lan lugt 1a d6 dai ba trung tuyén xuat phat tu

A, B, Cvaa,b, cla d6 dai ba canh déi tuong ng cia ba dinh A, B, C
trong tam giac ABC. Ta co:

3.

g
(A)4m§ = 2(b2 —cz)—az; (B)-mg :_%+%(32 +c2);

aZ-b? 2 ¢ 3
(C) mg = 7 : (D) Tat ca cac cau trén déu sai.

Tim c6éng thuc sai:

(A)S=Lah = bh = Lch,
2 2 2

(B)S = L ab.sinC = - ac.sinB = - be.sinA
2 2 2

(C)S:a—;E; S=pr

(D)S = /p(p—a)(p-b)(p-c) .

(I) Giai tam gidc la tim cach xdc dinh cac yéu to con lai cua tam

griac (cac goc va cac canh con lai) theo ba yéu to da biét.

(II) Ta thuong van dung dinh li cosiz, dinh li sin dé giai tam giac.
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(II1) Khi cho trude ba yéu té, ta chic chén xic dinh dudc ba yéu
t6 con lai.

Trong cac ciu trén:

(A) Ca ba déu ding. (B) Ca ba déu sai.

(C) Chi c6 mét cAu dung. (D) Chi ¢6 moét cau sai.

6. Cho dudng tron tam O va mét diém M.

(I) Néu c6 cat tuyén MAB thi Ry, = MA .MB.

(II) Néu M & ngoai dudng tron, biét do dai tiép tuyén MT thi
Panoy = MT.

(II1) P10, = O khi va chi khi M nim trén (O).

Trong ba cau trén:

(A) Chi ¢c6 mét cdu dung.  (B) Chi c¢6 hai cau dung.

(C) C4 ba cau déu ding. (D) TAt c& cdc cau trén déu sai.

7. Cho dudng tron tam O, ban kinh R va mot diém M cb dinh. Mot
‘duong thang (d) di qua M, cit duong tron tai hai diém A va B.

(I) Tich MA.MB khéng phu thudc vao vi tri ctia dudng thing (d),
chi phu thudc vao vi tri diém M.

(I1) Tich v6 huéng MA . MB 1a mét sé khéng déi, va

| MA.MB = R?-d?.

(A) Ca hai cau trén déu dung.

(B) Ca hai cau trén déu sai.

(C) (I) ddng va (II) sai.

(D) (I) sai va (II) diung.
8. Biét ring tam giac ABC c6 goc A = 23°, a = 14. Ban kinh dudng
tron ngoai tiép tam giac ABC bing (ho#ic gan bang):

(A)17,915; (B)2,735; (C) 5,470 ; (D) 322.
9. Cho hai dudng thing AB va CD cit nhau tai mot diém M. Khi dé,
bén diém A, B, C, D cung thudc mét dudng tron néu va chi néu MA.MB
= MC.MD.

(A) Phat biéu trén luén luén dung trong moi trudng hgp.

(A) 2hat biéu trén luén ludn sai trong moi truong hop.



(C) Phat biéu trén chinh 1a dinh li phuong tich.
(D) Phat biéu trén khong ding trong mot sb trudng hop.

10. Tap hop céc diém co cung phuong tich d6i véi hai dudng tron
(A) la mét dudng tron.
(B) la tap rong.
(A) 1a mot dudng thing song song véi dudng ndi tam.
(D) la mot duong thing vudng goc véi duong ndi tam.

11.  Cho dudng tron (O, R) va mot diém P. V& qua P hai cat tuyén
PAB va PCD véi dudng tron. Dang thic nao sau day khong luén dung ?

(A) PA.PB = PC.PD :  (B)PAPB=PC.PD:
(C) PAPB = PO*- R?; (D) PA.PB = | PO? - R?| .

12. Cho hai dudng tron déng tam, c6 ban kinh khéac nhau.
(A) Truc déng phuong cta chiing 1a duong thing di qua tam.
(B) O 1a diém ding phuong cua hai dudng tron.
(C) Truc ding phuong cla ching la duong thing khong di qua

tam..
(D) TAt ca cac cau trén déu sai.

13. Gia s ¢6 3 duong tron (0,), (O,) va (Oj) ¢b cdc tAm tucng ung la
0,, O, va O, khong thing hang. Lic dé:

(A) C6 it nhat hai truc ding phuong ctia 3 cip dudng tron song
song nhau.

(B) Cé it nhat hai truc ding phuong cda 3 cip dudng tron trung
nhau.

(C) Ba truc ding phuong clia 3 cap dudng tron déng quy tai mot
diémi. Ta goi diém nay la tém ddng phuong ctia 3 dudng tron.

(D) T4t ca cac cAu trén déu sai.

14. Dudng thing nét lidn nao trong cdc hinh sau khéng phdi la truc
ding phuong cta hai dudng tron da cho ?
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(A) (B)

© (D)

15. Tam gidc ABC cé b = 12, c = 23, géc A = 30°. Dién tich tam gidc
bing (hoic gin bing):

(A)97,580; (B)119,511; (C)138; (D) 69.
16. Chotamgidccéa=17,b=8,c=5 GbcAbing:
(A) 30°; (B) 45°; (C)60°; (D) 120°. -
17. Chotamgiaccéoa="7,b=8, c=>5. Dién tich tam giacla
(A) 10; (B)1043 ; (C)2043; (D)20.
18. Cho tam giaccéa="7,b =8, ¢c = 5. Trung tuyén m, bing
129 129 V129 V129
(A) T ; (B) —5— ’ (6] T ; (D) —-2——

19. Tam gidc ABC cé dién tich S, E 1a mét diém trén BC sao cho EC
= 3EB. Dién tich tam gidc ABE bang

1 1 3 1
A) —S; B)-8S; C)—8S; D) — S.
()3 ()4 ()4 ()9

20. Trong tam giac ABC bat ki ta cé:

3
(A)mz +m§ +mg = -2-(a2+b2+c2);



(B)mg +mt2, +m(2:= %(82+b2+c2);

(C)mg +m§ +m§ =-§(az+b2+cz);

(D)m? +m; +m; =3(a®+b* + 2.

21. Tamgiac ABCcob=7,c=5vacosA= % Chiéu cao h, 1a
3. 7.
V2’ V2
22. Cho tam gidc ABC vudng & A, dudng cao AH. Biét AB = 5 cm ;

AC = 1‘2cm. Tinh AH (bing hodc gin bing).
(A)0,600; (B)4,615; (C)0,416; (D) 13.

(A) B)2v2; (©) (D) 32

23. Cho tam gidc ABC vuéng & A, dudng cao AH. Biét AH = 5m ;
HB = 7m. Tinh CH (bing hoic gan bing).
(A) 4,723 ; (B) 4,552 ; (C) 2,331 ; (D) 3,571.

24.  Biét cdc géc A = 20° ; C = 60°, AC = 10. Bén kinh dudng tron
ngoai tiép tam gidc ABC bz;mg (hodic gn béng)
(A) 5,773 (B) 14,619 (C) 5,077 (D) 11.

25. B¢ ba sb nao sau day 1a d6 dai ba canh cta mot tam giac ?

(A)3;7;12; (B)13;7;19;

(C)14,1;11,2;27,4; (D)3;3;7.
26. Tam gidc ABC c6 géc B = 30°, AB = 4. Do dai h, bing (hodc gin
bﬁng)

(A) 3,464 ; (B)2; (C)0,5; (D) 8.
27.  Cong thuc tinh duong cao h, ndo sau day ding ?

(A)RsinA; (B)esinB; (C) i g (D) —S—

2a a

28. Tam gidc c6 canh nao sau day la tam gidc tu ?
(A)a=7;b=5;c=8; (B)a=23,4:b=16,5;c=34,3;
(C)a=11,4;b=13,7;¢c=10,1;D)a=27;b=25;c=19.

29. Cho tam gidc ABC vuéng ¢ A, dudng cao AH. Biét AB = 7 m va

BC = l1m. Tinh BH (bﬁ’lng hoic gan bing). l



(A) 4,454 m; (B)38m; (C)77m; (D) 0,636 m.

30. Tam giac ABCcob=7,¢c=5vacosA= % Ban kinh duong tron

ngoai tiép R bang: .
' (A)—3’—' (B)—s——' (C)l- (D)—9-—~
V2 V2 42 V2

31. Tam giac ABC c6 dién tich S, E la trung diém canh BC. Dién tich
tam gidc ABE bing: '

' 1 1 3 1
(A) =S ; B) -S; C) = S; (D) = S.
)3 ( )4 ( . 5
32. Tam giac ABC c6 dién tich S. Goi E, F 1an lugt & trén AB, AC sao
cho AB = 3AE ; AC = 2AF. Dién tich tam gidc AEF bing
1 1 1 v
A) -S; B) -S; C)-S; (D) = S.
( > ( )3 ( )6 3

33.  Dién sb thich hdp vao cdc 6 tréng, vdi a, b, c va A, B, C la céc
canh va cac goc cua mét tam giac theo ki hiéu théng thuong.

a b C A B C
85 m 52,1m 54 m
5 cm 8 cm 120° |
- 8dm 13dm | 130°
35 cm 12 cm 36°
137,5 cm 83° 57

34. Hai day cung AB va CD cia dudng tron (O) cit nhau tai I. Biét
IA = 12, IB = 16. Tinh phudng tich 3/, clia I d6i véi dudng tron (O).
(A) 192 ; (B)-192; (C)112; (D) - 112.
85. Hai day cung AB va CD cta duong tron (O) kéo dai it nhautai
- 1. Biét IA = 12, IB = 18. Tinh phuong tich %,
(A) 216 ; (B)-216; (C)180; (D) - 180.
36. Hai day cung AB va CD ctia dudng tron (O) cit nhau tai I. Biét
IA = 15, 1B = 20 va CD = 40. Tinh IC va ID. ’



(A) 10va 30 ; (B)-10va 30;
(C)15va 25; (D) -15 va 25.

37. Cho tam gidc ABC noi tiép trong duong tron (O). Tiép tuyén cia
dudng tron tai C cit dudng thing AB tai M sao cho MA = 4,
MB = 9. Biét MO = 2410, ban kinh dudng tron bing

@5,  ®4; - OV D2

38.  Cho hai dudng tron (O, 13), (I, 5). Goi AB la mét duong kinh cua
(I) sao cho A, B § trén (O). Khodng cach gita I va O bang
(A) 7 (B) 12 (C) 18 (D) 19.

39. Hai dudng tron (O) va (O') c4t nhau tai A va B, M la mot diem
trén dudng thing AB, ngoai doan AB. Tt M ké tiép tuyén MT, MT' lin
lugt téi dudng tron (0), (0'). Ménh dé nao sau day dung ?

(A) MT = MT";

(B)MT ?= MA. BM ;

(C) Pudng tron ngoai tiép tam gidc MAB tiép xuc véi OA ;

(D) T4t ca cdc cau trén déu sai.

40.  Cho hai dudng tron (O, 12), (I, 5). Goi AB la mdt duong kinh cua
(I) sao cho A, B & trén (O). Phudng tich cua Ldéi véi (O) biang
(A)-4; (B)-9; (C)-25; (D) 25.

41. . Cho tam giac ABC .Khi d¢:
(A) Géc A nhon khi va chi khi a® < b® + ¢
(B) Goc A nhon khi va chi khi a®> b* + ¢*
(C) Géc A vuodng khi va chi khi a* - b*> ¢
(D) Ca ba cau trén déu sai.

42. Ching minh ring trong moi tam gidc ABC ta déu co:
(I) sinA = sinBcosC + sinCcosB ;
(II) h, = 2RsinBsinC (h, 1a dudng cao ke tu A).
Trong hai déng thic trén:
(A) (I) dung va (II) sai. (B) (II) dung va (I) sai.
(C) Ca hai cung sai. (D) Ca hai cung dung.
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43.  Trong cdc hinh sau, dudng thing lién nét & hinh nao la truc diédng
phuong cua hai dudng tron da cho ?

Hinh 1 Hinh 2

1\
Hinh 3
(A)Hinh 1; (B)Hinh 2; (C)Hinh 3;
(D) Ca ba déu ding.

44. Cho tu gidc 16i ABCD, goi « la géc hop béi hai duong chéo AC va
BD. Dién tich S cua tit gidc cho bdi cong thiic:
(A) S=%AC.BDsin'a (B) S =%AC.BDcosa

©) SzéBC.ADsinoi (B) S=%BC.ADcosa.

o

45.  Cho tam gisc ABC théa mén = Mo . Mst hoc sinh lap lun:
mC
‘ , C m
(I) Tacé —=—L < c’m? = b’m}.
i m,

(I1) Thay céng thic trung tuyén vao, ddng thic trén tuong dutong;

&2 a2+b2_i _ 2 a’+c? b
2 4 2 4

& 2a%c? +2b%c? —¢* = 2a%b2 +2b%c? - bt
& 2a%(c? -b?) = (c? = b*)(c? + b?). (1))

voi;




46.

47,

48.

49.

50.

51.

(ITID) Tu (1) ta suy ra 2a% = b% + ¢

Lap luan trén:

(A) Sai tu giai doan (I). (B) Sai tu giai doan (II).
(C) Sai 6 giai doan (III). (D) Pung hoan toan.

Cho hai tam gidc AKI va ABC c6 géc A chung, v6i K ndm trén
canh AB, I nam trén AC. Khi dé:

() Sa _ AKAI () Sax _ 2AKAI
S,sc 4ABAC Sige 3ABAC

() Sam _ AK ) Saw _ ~AKAL
S,c  AC Sisc —ABAC

Cho tam giac ABC biét: a = 14, b =18, ¢ = 20. Suy ra cac goc:

(A) A =~ 45°, B ~ 60°, C ~ 75°
(B)A #~ 46°, B ~ 64°, C ~ 70°.
(C)A = 36° B ~ 64°, C =~ 80°
(D) A = 36° B =~ 54° C ~ 90°.

Cho tam gidc ABC biét: ¢ = 15, b = 11, gic A = 45°. Tinh a.
(A)a ~12,5 (A)a ~89 (A)a ~10,6 (A)a ~9,62.

Gidi tam gidc ABC biét géc A = 60°, géc B = 45° va b = 4.

(A)a = 3,5;¢c =5,5. (A)a = 3;c ~T.

(A)a = 8,5;¢c ~9. (A)a =~ 1,2 ;¢ =4,5.

Cho tam gidc ABC biét géc B = 60°, ¢ = /2, b = /3. Luic d6:
(A) C=60°; A =60° (B) C =45°; A = 75°

(A) C =30°; A =90° (B) C =40°; A = 80°

Tinh dudng cao ké tu C cia tam gidgc ABC, cho biét
BCA =110", CAB=35", BC = 4 cm.
(A) 2,312cm (B) 3,759cm  (C) 4,207cm (D) 5cm.



TRA LGOI CAC BAI TAP TRAC NGHIEM

1.D |22¢c |3 B |4C |5D |6cCc |7.C |8 A
9.D 10.D | 11.C 12. D 13.C 14.D |15.C |16.C
17.B [18.D | 19.B |20.B 21.C 22.B [23.D |24.C
25.B [{26.B |27.C [28.B |29.A |30.B [31.D [32.C
33. Dong 1: A= 10627 ; B = 36°; C = 37°33".

Dong 2: ¢ = +/129 ecm ; A = 22°24' ; B = 37°36..

Dong 3: a=9,9dm ; B =37%6'; C = 12°04".

Dong 4: b= 26,25 cm ; A = 128°28"; C = 15°32".

Dong 5: a=178,2¢cm ; ¢ = 150,5 cm ; B = 50°.
34.B |356.A|36.A |37.D |38 B 39.A |40.C |41. A
42.D |43.B |44.A |45.C |46.D
47.B [48.C |49.A |50.B 51. B




%Awa/ny.?

PHUGNG PHAP TOA PO
TRONG MAT PHANG
Ty
§1. TOA DO VECTO, TOA DO PIEM
1.1. Tém tit kién thuc cin nhé & I
O >

o Hétruc toa dé

Mot hé truc toa dé Oxy (hay (O;Y, j) ) bao gbm:

- Piém O goi 1a géc toa dé.

- Hai dudng thang Ox va Oy vudng géc véi nhau.

- Mot diém I trén tia Ox, mot diém J trén Oy sao cho:
OI = Od = 1 @on vi dai.

Ta ki hiéu i =0l va j =0J.

Theo tinh chat vectd ta luén cé: iz = }2 =1 va l_] =0.

Pudng thing Ox va Oy lan luct dudc goi 1a truc hodnh va truc tung.

e Toa dé cua vects

D6i véi hé toa do (O;i,]), néu vectd a c6 thé viét dudi dang:

a=xi+ y-]: thi cap sé (x; y) dudc goi la toa d6 cia vects 4 va ki hiéu
a =(x;y) hay a(x; y). Sé thu nhit x dugc goi la hoanh dé, s thu

hai y dudc goi 1a tung 49 cia vects a .
e Biéu thitc tog dé cya cdc phép todan vectd
Cho a = (x;y) va b= (x"jy'), ta cé:
1) a+b =(x+xX;y+Yy');
2) ka = (kx;ky);
3) db = XX'+yy'; )
4) Vdix'# 0,y =0, a cung phudng véi b khi va chi khi
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X
5) [i] = Va2 = x> +y?;

XX'+y.y'
\/xz +)’2 '\/x.z +y,2

* Dic biét, ta co: alb < xx'+ yy' =0.

6) cos(a, 5) =

o Toa dé cua diém E
Trong mit phing toa d6 Oxy, toa N el YN E
d6 cia vectd OM ciing dudc goi la : E
toa d6 cua diém M. Cho hai diém *n o XM X
M(xy ; yu) va N(xy; yn), khi dé:
i) MN=(xy —Xm3 YN —Ym) 5
i) MN =\/(XN —xp) +(yn —ym)* -

e Toq dé ciia trung diém mét doan thdng va toa dé cia trong tim tam

gidc

M 14 trung diém AB khi va chi khi toa dé ctia M 1a trung binh cong
cac toa do tuong tng ctia hai diém A, B.

G la trong tdm cia tam giac ABC khi va chi khi toa d¢ cua G la
trung binh céng céc toa 46 tuong \ing cua ba dinh A, B, C.

1.2. Mot so dang toan
Bai 1. Trén mét phing vdi hé toa dd Oxy cho hai diém
' A=(1;3),B=(4;2).

a) Tim toa d¢ diém D ndm trén truc Ox va cach déu hai diém
A, B.

b) Tinh chu vi va dién tich cia tam giac OAB.

c¢) Tim toa d¢ trong tam tam giac OAB.

d) Pudng thing AB cét truc Ox va Oy 14n lugt tai M va N. Céc diiém
M va N chia doan thing AB theo cc ti s6 nao ?

e) Phan giac trong cla géc AOB cit AB tai diém E. .Tim toa do

cua E.
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Giai
a) Vi D ndm trén Ox, nén D = (xp ; 0).
1 Vi DA=DB nén
Jxp =1)? +3% = f(xp —4)% +2° hay
xh +1-2xp+9=xp +16-8xp+ 4

< 6xp =10 < XD:%'

VayD=(§— . 0).

v -

3 4
b) OA = V1% +32 =10 ; OB = V42 + 22 =20 ;
AB= J4-12+@2-3?2=410.
Dé thdy OB? = OA%+ AB? = 20, vay tam giac OAB la tam giac vudng cin

tal dinh A. Chu vi cia tam giac 1a:
OA+ OB+ AB=210++20.

Dién tich tam giac la: %OA.AB = 5 (dvdt).

¢) Trung diém I clia canh AB c6 toa do

[=(Lt4 3+2]:[§ . _53]
g .8 2 2)
— — =4
VioO =—2uOI,nenG~—-[g.§- : gé]:P— AN
3 3 2 3 2 3 3

d) M € Ox nén M = (xp ; 0). Do d6 NTA=(1~XM;3)VQ

!\XB =4 -xy; 2), I\/fA =kﬁB,tﬁc la:
l-xy =k(4-x)
3=k.2 '

Giai hé trén ta duge k = % .

Vay M chia doan thing AB theo ti s6 % :
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Tuong tu ta c6: N chia doan thdng AB theo ti s6 L]

AN

e) Theo tmh chit dudng phan giic cuia tam giac ta cé

EA_OA _2-
EB OB 2 .
2 S o il g . = Ji~
Vi diém E nam gidta hai diém A, B nén EA == EB. Nhu viy
74 . | 2 LY T \/§
diém E chia doan thang AB theo ti s6 k = — <
Toa d¢ ctia diém E la:
1+—[g.4 3+[g.2
Xp=—2 0 =-248/3 ; yp=—-2— =42,
V2 V2
1+'—2_ 1+—2-

Bai 2. Choba diém A=(4;6),B=(5;1),C=(1;-3).
a) Tinh chu vi ciia tam giac ABC.
b) Tim toa dd tAm cta dudng tron ngoai tiép tam giac ABC 1a
ban kinh ducng tron dé.
Giai
a) AB = J5-4)? +(1-6)* = V26,
AC = J(1- 4 +(-3-6)® = J90 = 3410,
BC = (1-52 +(=3-1)2 = V32 = 42 .
Nhu vay chu vi tam giac ABC 14 /26 +3v10 +4+/2 .
b) Goi tam dudng tron ngoai tiép tam giac ABC 1a I(x ; y).
Ta ¢6: IA =IB =1IC hay:
Vix—aP +(y =62 = J(x—57 +(y -1 = J(x =17 +(y +3)2 .
Giai hé phuong trinh trén tim dudc:

x~—~~;- ,y—-—va IA=1IB= IC——\EZ_‘}E.
Vaytam:(—- ,g) ban kinh R = J12_35

Bai 3. Cho ba diém
A(—-4; 1), B(2; 4), C(2; -2).
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a) Ba diém A, B, C ¢6 lap thanh tam gidc khong?
b) Tim toa dd cua trong tdm, tryc tim va tim duong tron ngoai
tiép tam gidc ABC, suy ra ba diém dé6 thing hang.
Giai
a) Ta c6 AB = (6; 3), BC = (0; —6), hai vecto nay khéng cung
phuong nén ba diém A, B, C lap thanh mét tam giac.
b) Trong tam cua AABC la

G(—4+2+2; 1+4—2J hay G(O: 1),

3 3
Diém H(x; y) 1a true tim AABC khi va chi khi
{AH 1 BC o AHBC=0 ()
BHLAC ~ |BHAC=0 (2

—— B —

Taco: AH =(x+4,y-1), BC=(0;-6),BH =(x-2:y-4), AC = (6
: -3). Khi do:
1N e-6(y-1)=0, y=1va

2)eobx-2)-3(y-4)=0 o 2x-2)-y+4=0.

Thay y = 1 ta dudgc x = —-—3~+2=-;_—‘ Vay H(%; 1).

Piém I(x; y) 13 tom dudng tron ngoai tiép tam gidc ABC khi va
chi khi
{IA =B Q) {(x+4)2 =D =(x=27 +(y-42 3)
B=IC () (x=2)% +(y-4)* = (x-2)*+(y +2)* (4"
Tu(4)suyray-4=-y-2, y=1. Thay y = 1 vao (3') ta dudc (x

+42=(x-272+9, giai ra ta dudc: x=—~3~.V&yI(—i—; 1).

Tu d6 ta co E}ﬁ=(—;— . 0), GE:(—%;O),suyra
—261:[-;-; o):Gﬁ.

Hai vecto GH, GI cing phudng nén G, I, H thing hang.
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Chu y. Dé tim tam dudng tron ngoai tiép tam gidc ABC, c6 thé
xac dinh hai trung diém P, Q cua BC, AC rdi xac dinh toa d6 cua I t hé
thuc:

IP.BC=0
IQAC=0

Bai 4. Cho diém M(x; y), tim toa d6 cta diém M, d6i xtng véi M qua
truc Ox.
Giai

Bing hinh v&, ¢ thé thay toa do cia M, 1a (x; -y).
D& chiing minh chét ché, ta tién hinh nhu sau:

g Cdach 1. Khi M € Ox thi M, va M trung nhau.
| S— M Khi M(x; y) khéng thuéc Ox, khong
' mét tinh téng quat, gia st M thuge
5 xl »  goc phén tu thit nhét, khi d6 M(x;
y) thudc géc phan tu thi tu nhu
| 2.4 s M‘ hinh vé. Ta cé Ox la trung tryc cua
MM, nén suyrax=x, vay = -y.

Cdch 2. M, (x;; y,) d61 xing v6i M qua truc Ox khi va chi khi
(i; OM)=(i;OM,) (1) [i.OM=1.0M,
' = .
IOM’:lOM,’ 2) lom]:‘om,|

Tu d6, vi O nam gitta M, vaM nénx =x,, y, = -y.

Dac biét, khi M € Ox thi M, va M trung nhau.
Bai 5. Cho bon diém A, B, C, D. Goi I va J 14n lugt 1a trung diém cia
AB va CD. Goi P, Q 1a trung diém cta cac doan thdng AC va BD; M va
. N 1a trung diém cac doan thing AD va BC. Chiing minh rdng ba doan
théng IJ, PQ va MN ¢6 chung trung diém.

Chui y: Cé thé chi ra cac.hinh binh hanh réi dung tinh chat hai
dudng chéo dé chiing minh, cach lam nay cac ban terdng lam 0 cac lip
8, 9. O day, ta diung phuong phap toa do.

96



Giai

Ap dung cong thic tinh toa do trung diém cta doan théng néi hai

diém, Ta cé:

XA +XC Cx :XB +XD .

Xp = 5 » XQ 5
xszA;X[);XN:xB;LXC;
yp = }’A;r)/c; yq = YB";”YD;
YMZLA—;—yD- ;yN=——yB;yC.

Tit d6 tinh ra toa d6 trung diém ctia cac doan thing 1J, PQ, MN déu

bing [fAFYXpiXcH+Xp . YatYp+Y¥etID | pg vay cac trung diém

2 2

cta ba doan thang d6 tring nhau.

Béi6. Cho a=(3:7) va b=(-3;—1).

Tinh cos(a b) cos(a+b;a—b) vacos(a,a+b).

Giai
a.b -16
Tu céng thic: cos(a b)_ ta dudc cos(a b)——.
580
Ial Ibl
Via+b=(0;6) va a—b=(6;8) nén

= o 9 0.6+6.8 48 4
cos(a+b;a-b)= \/—xﬁ_()— s
cos (;,;+g)= j'(a: b_)+ = 7 .

lal.la+ bl ﬁ

Bai 7. Tinh dién tich mét tam gidc c6 ba dinh c6 toa d
(0;0),@3;1),va(-1;3).
Huéng ddn
Dép sb: 5.
Cach 1. Gia st O(0 ; 0), B(3 ; 1), va C(-1 ; 3).
D& thdy OB = OC = v10 va OB.OC =0.
Cdch 2. C6 thé tinh ba canh réi ding céng thidc Heron.
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Cdch 3. Cé thé dung céng thic sau diy, tinh dién tich mét tarn
gidc ABC bat ki:

2 2
S = %\/AB AC’ —(ABAC)? .
Cong thic nay dude chiing minh nhu sau:

~ ’ 1 .
Tu cong thuc S = -—2~ bc.sinA, suy ra

48% = b%.c?sinA = AC2.AB%(1 - cos?A)
= ACZ.AB% - AC? ABZcos?A = ACZ.AB? — (AC. AB. cosA)2
= AB%2. AC%2- (AB.AC)2

Bai 8. Cho AABC trong mat phing hé truc toa d6 vuéng géc Oxy, biét
A(-1; 2); B(2; 0); C(-3; 1). Tim diém M trén BC sao cho

S(AABM) = %S(AABC).
Huéng dén
Gia stt M(x, y) 1 diém trén BC sao cho
S(AABM) = % S(AABC).

Ke AH | BC ta c6: S(AABM) = % . BM.AH, S(AABC) = ;—.BC.AH.

Suy ra —;— BM.AH = l(l .BC.AH) . Tu 4o,

BM*%BC@OM OB:—(OC OB) <> OM = -1-66+§(3T3

Sau cing, tu ddng thuc vectd trén, dé dang tinh dude M(1/3; 1/3).

Bai 9. Trong mit phing hé truc toa do vudng géc Oxy, cho ti gidic
OBCD biét 0(0; 0), B(2; 4), C(6; 6) va D(9; 0). Cho diém M(4; 5).
a) C6 nhan xét gi vé diém M ?
b) X4c dinh diém E trén truc Ox sao cho
S(AMOE) = S(OBCD).
Giai

a) Ta co:
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Xgp+Xc _ yBtyc _
— = =Xp, — =
2 2
nén M chinh la trung diém doan thang BC.
b) D& thiy AOME c6 dudng cao MH = 5 nén dé c6
S(AMOE) = S(OBCD),
dinh E budc phai 6 ngoai canh (OD). Gia sii E(x ; 0). Dé thay

S(AMAE) = —;—lxl.

Ym

Mat khéc, dién tich ti gide OBCD biing tong dién tich hai tam
giac vuong OBK, CND va dién tich hinh thang vuong KBCN.

Do d6 S(OBCD) = %.2.4+—1—.(4+ 6).4 +%3.6 =33. Suyra

2
~§~|xf =33 hay|x =13,2.

Vay E c¢o toa dé 1a (13,2 ; 0) hodc (-13,2 ; 0).

3 Y
C
. “4_,...:...3'; 2
ldl’ _ .- . 2 4 6 9 )i_
0] K H N D E

P1. Tim toa d6 cua cdc vectd sau: A
p=—i,4=5j,a=2i+3j;

b-1-5), 8=3(-4],

= 1 - jes — s 2T R g R
d=—2—(J— i), €=015i+13j, f =mi — jcos24°.
P2. Cho ba diém M(-1; -2), N(3; 2), P(4: -1).
a) Ching minh ring ba diém d6 1a ba dinh cia mot tam giac.

b) Tim chu vi tam giac MNP,

c¢) Tinh d¢ dai doan trung tuyén cua tam giac ké ti M.



d) Tim diém E trén Ox sao cho |[EM+EN+EP| dat gid tri nhé
nhat.
P3. Cho a=(x; y). Chiing minh ring cdc tich v6 huéng ai va aj lim
lugt bg.;'lg hoanh d6 va tung dd cua vects a trong mit phﬁng toa do.

o 1 * i —- i i

P4. Cho u=—2—1—SJ , v=ki—-4j.

a) Tim nhing gia tri cua k dé hai vectd 4,V cung phuong.

b) Tim nhiing gia tri cla k dé WLV .

c¢) Tim nhiing gia tri cua k dé |\7| = Iﬁ] :

-

P5. Cho cac vectg ;=(3 g 2),G=(—1 i3 e=(=2;=3).

a) Tim toa d0 cac vecto

- - - > - -

u=2a+b- 4c v_-a+2b+5c w 2(a+b)+4c.

b) Tim cac s p, q sao cho ¢ =pa+qb .

P6. ChobadiémA=(-1;1),B=(1;3),C=(-2;0).

a) Chutng minh réng ba diém A, B, C thing hang.

b) Tim cdc ti s6 ma diém A chia doan thing BC, diém B chia
doan théng AC va diém C chia doan thz’mg AB.

P7. Trong mit phing toa d6 cho ba diém
A(-1; 4), B(-1; 8); C(3; 8).
a) Ba diém A, B, C ¢6 thang hang hay khong?
b) Chiing minh ring tam giac ABC vudng & B.
c) Tim toa d6 trong tdm G cua tam giac ABC va goc AGC.

P8. Trong mit phing Oxy cho A(1; 1); B(3; 3) va C(2; 0)

Tinh dién tich tam giac ABC.
P9. Trong mit phing hé truc toa dd vudng géc Oxy cho AOBC véi
0(0; 0); B(2; 4), C(6; 0). Hay xdc dinh M, N, P, Q sao cho M nim trén

canh OB, N nim trén canh BC, cdc diém P, Q nim trén canh OC, sao
cho tu giac MNPQ la hinh vudng.

100



§2. PHUONG TRINH TONG QUAT, PHUONG TRINH THAM SO VA CHINH
TAC cUA DUONG THANG

2.1. Tém tit kién thuc can nhd

o Phuong trinh téng qudt cua duong thing

Vécts i khdc vectd 0 va vudng géc véi duong thing A dudge goi 1a
vectd phdp tuyén cia dudng thing A. Nhu vay, méi dudng thing c6
v6 s vectd phdp tuyén, nhiing vectd phap tuyén nay song song nhau.
Cho mét diém M(x,; y,) va mét vectd it = 0. Co duy nhat mét duong
thing di qua M va nhan fi 1a vects phap tuyén.

Diéu kién can va du dé diém N(x; y) nim trén dudng théng A di qua
M(x,, ¥,) va cb vects phap tuyén fi (A; B) la
A(X = Xo) + By —yo) =0.

Mdi dudng thing trong mit phéng la tap hgp nhing diém c6 toa do

(x; y) thod man phuong trinh bac nhat déi véi hai an sé Ax + By + C

= 0, véi A, B khong dong thdi bing khong. Phuong trinh
Ax+By+C=0 ,

dudc goi la phuong trinh té’ng qudt cia dudng thing, dudng thing

nay cé 1 (A, B)1a vectd phép tuyén.

o Cdc dang ddc biét cia phuong trink duong thdng

Pudng thing Ax + C = 0 vudng goc véi truc Ox (dudng thing nay

nhén 1 (A, 0) lam vectd phép tuyén).

Puong thing By + C = 0 vudng géc véi truc Oy (dudng thing nay

nhan 1(0, B) lam vectd phap tuyén).

Puong thing Ax + By = 0 di qua gic toa d6 (dudng thang nay nhan

n (A, B) lam vecto phdp tuyén).

e Néu B # 0 thi phuong trinh cta A c6 dang y = ——%x——i—. Khi d6, sb

A .9 A £ s v . N
k= -g 8% la hé s6 gbc cua dudng thing A.
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y
. : XY : $
Duong thing a+b—1(a¢0,b:at0) di qu\bB
hai diém (a; 0) va (0; b). Phudng trinh dang
nhu thé goi la phuong trinh ctia dudng

thing theo doan chén. a -
a 0] AN X
Chu y.

a Wi dudng thang Ox di qua O(0; 0) va vudng géc véi j =(0; 1), tiic

1a ¢ vects phap tuyén 1 (0; 1) nén né c6 phuong trinh 0.(x - 0) + 1.(y
-0)=0,hayy=0.
b) Pudng thing Oy c¢é phuong trinh x = 0 (do Oy qua diém O(0; 0)
va vudng goc voi i= (1; 0)).
¢) Phuong trinh dudng thing di qua M(x,; y,) va song song véi Ox,
véiy,20,lay-y,=0.
d) Pudng thing di qua M(x,, y,) va vudéng géc véi Ox sé nhan
i= (1; 0) 1a vecto phép tuyén nén né ¢6 phuong trinh:
1.x-%X)+0(y-y,)=0=x-x%x,=0.
Vi tri tuong déi cua hai dudng thdng
Trong mit phing toa dé cho hai dudng thing A,, A, c6 phudng trinh:
A, Ax+By+C,=0, (1)
Ay Ax +Byy+C,=0. (2)
Sé diém chung cia hai dudng thing (néu cé) bé’mg sb nghiém cta hé

phudng trinh (1) va (2), ta cé:
a) Hai dudng thing A,, A, cit nhau khi va chi khi:

AI Bl
#0.
AZ BZ
. . 2 . » \ » . Al b
b) Hai duong thing song song khi va chi khi: =0, dong
A By
\e | CI Al
thoi #0.

'1#0 hoic
B, C, .

c¢) Hai dudng thing tring nhau khi va chi khi:

2 2
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Al B] BI CI
AZ Bz B2 C2
Dic biét khi A,, By, C, khéc 0, ta c6:
" A B
* A,A, cit nhau & Lz L
2 A2 82
kel ) St
A_B_G

C:I AI
C, A,

* A A, S

*AEA &

Vecto chi phuong cua dudng thdng

Mdi vects u khdc 0 nidm trén dudng thing A hodc trén duong thing
song song véi dudng thing A dude goi 1a vects chi phuong cia dudng
thing A. Nhu vay, mot dudng thﬁng c6 vo sb vects chi phuong, moi
vectd nay vuong goéc véi moi vects phdp tuyén. Néu n(A:B) la mot

vectd phdp tuyén thi u(-B; A) 1a mét vects chi phuong.

Phuong trinh tham sé cia duong thing

Hé phuong trinh (1) sau day dudc goi 1a phuong trinh tham sé cta
duong thing A, véi tham sb t:

{x =X, +ta o

(a~+b” 20). (1)
y=y,+tb

Ung véi méi gid tri cia tham sé t, ta tinh dudc x va y tif cong thiic
(1), va co dudc diém M(x; y) nim trén A. Nguge lai, néu diém M
nidm trén A thi phai c6 mét sé® sao cho toa do cia diém M thoa
man hé phuong trinh (1).
Phuong trinh (1) chinh la phuong trinh tham sé ctia dudng thing di
qua diém A(X, ; ¥o), biét vects chi phuong ti(a ; b).

Phuong trinh chinh tde cia duong thdng

X =X, +at
y=y,+bt
va b # 0, bing cdach khit tham sé t tif hai phuong trinh trén, ta di dén

Cho dudng thing A c¢6 phuong trinh tham sé: { . Néua=0
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2.2.

phuong trinh (2) sau day, dudc goi la phuong trinh chinh tdc cua
dudng thing A:

X_XOEY_YO. 2)
a b :
e S s 5 s . 1 X=Xy
Neéu a = 0, thi phuong trinh tham s6 cua A la .
y =Yy, +bt

* Khi @6 A c6 phuong trinh téng quat: x — X, = 0 va khong c6 phuong
trinh chinh tic. Tuong ty, néu b = 0 thi A ¢6 phuong trinh téng quat
¥ — ¥, = 0 va khong c6 phuong trinh chinh tic.

Chu 5. _ |
1) Néu bai todn khéng ddi héi dang ciia phuong trinh dudng thing,
th tuy tung truong hdp cu thé, ta nén chon dang phuong tnnh
dudng thing ma c6 thé viét duge nhanh nhat. | _

2) Trong trudng hop cin xéc dinh phudng trinh dudng thing diqua
hai diém A(x,; y,) va B(x,;y,), ma bai toan khong doi héi dang
ctia phuong trinh dudng théng, ta c6 thé ap dung ngay céng thtc

| X—X) _ Y=Y |
Xp=X; Y2-¥1
That vy, vectd chi phuong cia dudng thing AB 1la
AB=(x,-X;; ¥, -Y). Vi dudng thing AB di qua diém A(x,; x,) aén

né cé phuong trinh tham sé
{x =X; + (X5 — Xt
y=y +(y2 -yt
Khtt t, d& dang c6 dudc cong thic trén.

Mét s6 dang toan

Bai 10. Cho hai diém

M (x15 ¥1); Ma(X3; y2),

hay viét phuong trinh dudng trung tryc clia doan thing M;M,.
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Giai
Dudng trung truc cda M;M, di qua trung diém

Mo[ﬁizﬁ; -)—/l—%&) ciia M;M, va c6 vectd phap tuyén la MM, . N6 c6

phuong trinh la

XI+X2 .‘Y'l+y2)=0
2

= 2(5(2“ Xl)x + 2(y2—' YI)y + Xg_ "‘Xlz + y?_ —y% = 0.

(Xg =X )(x~ ) H(y2 — Yy —

Bai 11..Trén mit phing, cho hé toa do truc chuan Oxy va tam gidc
ABC véi dinh A(1, 1). Cac dudng cao ha tit B va C 1an lugt nidm trén cac
dudng thing (d,) va (d,) theo thit tu c6 phuong trinh:
-2x+y-8=0va2x+3y-6=0.
Hay viét phuong trinh dudng thang chda dudng cao ha t A va
xac dinh toa d6 cdc dinh B, C cia tam giac ABC.
Giai
Dudng thing d, c6 vectd phdp tuyén H; =(-2,1), duong thing d,
¢6 vectd phap tuyén ;; =(23).
Dudng thdng AB 1 d,, di qua A(1, 1) va c6 vector chi phuong
u= ;; =(2,3) nén co phuong trinh la:
x -1 =—y-:—]<:>3x-—2y:l,
2 3

binh B la giao diém cia AB va d, nén c6 toa d6 thoa man hé

3x -2y =1 x=-17
2=
—2x+y=8  |y=-26,
do @6 B(~17,-26). Pudng th&ng AC L d,, di qua A(1, 1) va c6 vector chi
phuong v= nT =(-2,1) nén c6 phudng trinh la:

i—i—=——_1<:>x+2y=3.
-2 1

Pinh C la giao diém cda AC va d, nén cé toa 5 thod man he

phuong trinh

phuong trinh
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X+2y=3 x=3
= »
" 12x+3y=6 y=0
do 46 C(3,0). Giao diém I ctia d, va d, co toa do la nghiém cua hé
9

) = =
X+y 81‘;> 4
2x+3y=6 7

.

2

do d6 I(w%-;-] Vi I 1a truc tAm cia tam gidc ABC nén duong thing

chifa dudng cao ha tit I chinh la dudng thing Al, c6 phuong trinh la:

2ol Yol den s 13y =23,
_2_1 1_}
4 2

Bai 12. Trong mat phdng hé truc toa dd vudng géc Oxy, biét dinh

C(4 ; 3), dudng phén giac trong v dudng trung tuyén ké tit mdt dinh
tam giac. ¢c6 phuong trinh lan lugt 14 x + 2y - 5 = 0 va
4x + 13y — 10 = 0. Hay viét phuong trinh ba canh cia AABC.
Giai |

| Ta nhén thdy toa d6 diém C khéng thoa man hai phuong trinh da
cho nén dudng phan giic va trung tuyén khéng qua C. Gia st dudng
phan giac trong va dudng trung tuyén ké tit dinh A. Tu hai phudng
trinh da cho, suy ra toa d6 dinh A 1a (9; -2).

* Phuong trinh canh AC la e ) e
9-4 -2-3

Goi C’ 1a diém d6i xidng cha C qua dudng phan giac thi C' ndm
trén canh AB. Ta di tinh toa d6 C'(x, ; y,).
Goi H 1a trung diém ctia CC’, toa d¢ H la

,hayx+y-7=0.

( x, +4
Xy ==
‘ 43
Vo +
Yoy = 02

Vi H ndm trén dudng phan giac (x + 2y - 5 = 0) ké tit A nén C'C cing
phuong véi vectd phap tuyén ctia dudng thiang x + 2y — 5 = 0, déng thdi
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toa d6 cia H thoa man phudng trinh x + 2y — 5 = 0. Vi lé d6 nén ta c6
hé:

xo—4 y,-3
1 2 x(lz

-
x0+4+2(y0+3]_5=0 {yU:_l'

* Pudng thdng AB (di qua A(9; -2) va C'(2; -1)):
x-2 y+l1
9-2 -1

Goi toa do B 1a B(x, ; v,), Vi M la trung diém cta BC nén:

( x, +4

X =75

y,+3
\J’M = |2
M thude trung tuyén AM nén toa d6 cua M thoa man phudng trinh 4x +

<> x+7y+5=0.

13y —~ 10 = 0, ngoai ra, B(x, ; y,) phai thoa man phuong trinh dudng
thing AB: x + 7y + 5 =0. Do vay ta c6

4[x‘+4)+13 W3 _10=0  (x, =-12
2 2 & | < B(-12;1)

x,+7y,+5=0 &

* Pudng thing BC ¢6 phuong trinh:
x+12 y-1

4412 3-1

Vay ba canh tam giac ABC la: AB: x+ 7y + 5 =0,
AC:x+y-7=0,BC:x-8y+20=0.

& x-8y+20=0

Bai 13. Cho tam gidc ABC c¢6 ba dinh thudc d thi (C) cia ham sé
= 1/x. Ching minh ring tryc tim H cida tam gidc ABC ciing thuéc
d uong cong (C).
Giai
Vi ba dinh A, B, C thuéc dudng cong y = 1/x nén c6 thé goi toa do
ba dinh la A(a ; 1/a) ; B(b; 1/b); C(c; 1/c). Goi toa d6 truc tAm H cia
tam giac ABC la H(x, ; y,). Ta cb
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ATLBC =0 va BHAC =0.
Tt hai biéu thic tich vé6 huéng nay, ta di dén

r

: 1Y1 1
J(Xo "a)(c—b)+(YO —;)(E“E)fo

Trong hé trén, cong vé theo vé cta hai phuong trinh va rit gon,
ta duge x e , tit 46, y, =-abc. Suyra y, =L .
abc ‘ Xg
Vay (X, ; Yo)e 46 thi ham séy = 1/x.

Bai 14. Cho AABC. Gié st M(-1; 1) la trung diém canh BC. Phuong
trinh dudng thing chda canh AB va AC 14n luot la

: X+y=2va2x+6y+3=0.

a) Tinh toa d6 cac dinh A, B, C.

b) Viét phuong trinh dudng cao AH cua AABC.

Huéng dén

Kéo dai AM t6i D sao cho MA = MD.

Toa d6 diém A nghiém ding hé hai phuong trinh x + y = 2 va 2x
+ 6y + 3 = 0. Suy ra A(15/4 ; -7/4).

Tut d6, tinh dude toa dé D. Lap phudng trinh dudng thing DB va
DC 1a dudng thing song song véi dudng thing da cho va biét toa d6 mot
diém cda dudng thdng. Giai hé phudng trinh giao diém AB va DB ; AC
va DC. Suyra B(1/4; 7/4) ; C(-9/4; 1/4).

Pudng cao AH di qua A va c6 vectd phap tuyén la BC. Tu do,
phudng trinh AH la: 10x + 6y — 27 = 0.

C6 thé tién hdanh cdch khde: Gia st B, C c6 toa d6 B(x, ; y1) va
C(x, ; ¥,). Ta phai lap dugc 4 phuong trinh véi 4 dn x,; v, Xg Y. M la
trung diém BC nén viét dudc hai phuong trinh toa dé. Diém B trén
dudng thing AB va C trén dudng thing AC cho ta thém hai phuong
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trinh nda, giai hé 4 phuong trinh nay dé tim ra 4 an va suy ra toa do cac
diém B, C. Phuong trinh AH dugc tién hanh tuong tu nhu cach trén.

Bai 15. Trong mit phing hé truc toa d6 vuéng géc Oxy, cho AABC, biét
phuong trinh canh AB la: 5x - 3y + 2 = 0; phuong trinh dudng cao AH
1a: 10x + 6y — 27 = 0, phuong trinh dudng cao BK la: 7x + 2y — 22 = 0.
Hay lap phuong trinh cac canh cua tam gidac va phudng trinh dudng cao
.con lai.
Huéng dén

Gii hé phuong trinh giao diém (AB) va (AH) s& tim dugc toa do
A, gidi hé (AB) va (BK) sé tim dudc toa d6 B. Lap phuong trinh hai canh
AC va BC khi biét toa d6 mét diém cta dudng thing va vectd chi phuong
ctia dudng thang, vectd chi phuong nay chinh la vects phép tuyén cia
dudng cao tuong ung.

Ddp s6: (AC): -2x + Ty + 5=0;

(BC): 3x -~ 5y + 14 = 0; dudng cao (CE): 3x + 5y — 23 = 0.

" Bai 16. Trong mit phing hé truc toa dé6 vuéng géc Oxy, cho AABC véi
dinh A(1; -1) va cdc dudng trung tuyén ciia AABC xuat phét ti B va C
lan lugt ndm trén cic dudng thingx +y=3; x -3y = 2.

a) Viét phuong trinh dudng trung tuyén AM ciia AABC.

b) X4c dinh toa d6 diém M. ,.

Huéng dén

a) Toa d6 trong tAm G la nghiém phuong trinh giao diém cda hai
dudng trung tuyén. Trung tuyén AM di qua hai diém A, G nén c6
phuong trinh 5x - 7y - 12 = 0. e

b) Toa do diém M 1a M(29/8 ; 7/8), tinh dugc tit ddng thic

GA = -2GM < 0G-0A = -2(0G -OM)
&O0M =(30G-0A)/2.

Bai 17. Trong mit phing hé truc toa dd vuéng géc Oxy, cho AABC véi
dtinh A(0 ; —1) va cdc dudng phan gidc trong ha ti B va C lan ludt nim
trén cac dudng théng —3x+4y=Tvabx+ 3y= -8.

Viét phuong trinh dudng phan gidc géc A.
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Huéng dén
Giao diém I cda hai dudng phan gidc c6 toa do la nghiém heé
53 11

phuong trinh hai phan giac. Suy ra I(——Z-a, -—23) . Duong phéan giac goc A
di qua hai diém A va I ma ta di biét toa do, ti do, tinh dude phuong
trinh cua né la 40x + 53y + 53 = 0.

Bai 18. Trong mit phéng hé truc toa d6 vudéng goc Oxy, cho AABC, biét
A(2; —1) va phuong trinh hai dudng phan gidc trong cta géc B va € lan
lugt lax - 2y + 1 =0 va x + y + 3 = 0. Lap phuong trinh duong thing
chiia canh BC.
Giai

Goi M 1a diém i xing ctia A qua phan giac goc B, suy ra AABM
can tai B, nén M n3m trén dudng thing BC. Tuong tu, goi N la diém déi
xiing cia A qua phan gidc trong géc C thi N ciing nim trén dutng thing
BC.

A Gia st M(x,; yy), goi I 1a trung diém
x+y+3=0 ;
x-2y+1=0 AM, ta co
I(2+X1 . —1-’!-le
% e c 2 2
_ Vi I thudc duong phan giac goc B nén
24 X0 ¥ 120, (1)
2 2

Mit khéc, AM (x,-2; y; +1) cung phuong véi vectd phap tuyén
(1; -2) ctia dudng thdng x - 2y + 1 = 0 nén |

X;—2 _y +I

1 -2
Tu (1) va (2), suy ra toa d0 M la M(0; 3). Tuong tu, ta tinh dugc toa d6 N
1a N(- 2; - 5). Pudng thing chia canh BC qua MN nén ¢ phuong trinh
x-0 y-3
—2ilf —5-3

<:>—2x1+4=y|+1. (2)

< 4x-y+3=0.
Bai 19. Trong mit phing hé truc toa do vudng géc Oxy, cho AABC biét

A(- 1; 3), dudng cao BH nim trén dudng thing y = x; phan gidc géc C
ndm trén dudng thing x + 3y + 2 = 0. Viét phuong trinh canh BC.
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Gidi
Puong thing AC vudng goc véi BH: x — y = 0 nén AC c6 vectd chi

phuong (1; -1), mit khac, né di qua A(- 1; 3) nén ¢6 phuong trinh la
X+ 1 -3
2 Sx+y-2=0.
Toa d6 C la nghiém cua hé:
{x +3y+2=0

Xx+y-2=0

nén C(4; -2). Toa d6 giao diém E cta duiing cao BH va dudng phan giac
CD la nghiém cua hé:

x+3y+2=0

{x~y=0

11

. ’ 14 , N '_1/2""'1/ "‘2
tudo,E[—E,——Z—J.KhoangcachEHla ‘ 2 *: 3

Ji+1 2
Vi E cach déu canh AC va BC nén khoang cach EK = EH. Dudng
thing BC di qua dinh C khéng thé ¢6 phuong trinh x = 4, vi néu thé thi
CD khéng con la duong phan giac cia goc C nita. Do d6 néu goi k 1a hé
sb goc cia dudng thing BC thi phuong trinh BC 1a y = k(x - 4) — 2 hay
kx —y — 4k — 2 = 0. Khoang cach EH la:
l—lk+l—4k-—2l
2 2

=y <> 1.
k* +1 \/5 k=*7'

Véik=-1,tacoy= x+ 2hayx +y- 2 =0, day chinh la
phudng trinh canh AC. Véi & = 1/7, ta ¢6 x — Ty — 18 = 0, day chinh la
phuong trinh canh BC.

Bai 20. (Cujc thi North Dakota Mathematics Talent Search, 2000)
Céc diém O, A, B, C nim trén truc s6 c6 toa d tudng dng la 0, 8,
12, 26. Goi P 1a diém khong ndm trén truc sé nay. Cho Q la trung diém
PA; R 14 trung diém QB; S 14 trung diém PC.
Tim toa d0 giao diém ciia SR véi truc sb dé.
Giai
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Ta dung hé truc vuéng goc cé truc sb da cho la truc hoanh (OC),
truc tung vuéng goc OC tai O. Khi d6 O = (0,0), A = (8, 0),
B =(12,0),C=(26,0). GiastP=(m,n)véin # O.

Do Q la trung diém AP nén: Q = (m/2 + 4, n/2).

Ya

P

O «

Tuong tu, ti gid thiét ta cing co: ,
R=(m/4 + 8,n/4) va S = (/2 + 13, n/2).

Phuong trinh dudng thing RS ¢6 dang y = ax + b. Goi T 1a giao
diém cda dudng thing RS va truc Ox, hién nhién T c6 tung d6 bing 0, do
, , ~ . b , \ ? \ . a
d6 T c6 hoanh d6 la y = ——. Mit khéc, dudng thing nay di qua Rva S

a
nén khi thay toa d6 cua chung vao ta dudc:
n=(m+ 32)a+4bvan=(m+ 26)a + 2b.

Tri hai phuong trinh trén vé theo vé ta c6 6a + 2b = 0 va suy ra
b

toa do diém T trén truc s6 da cho 1a 3 = 3.
Bai 21. Cho dudng thing 3x - 4y + 2= 0.

a) Viét phuong trinh cia dudng thing dudi dang tham sb, dang
chinh téc.

b) Viét phuong trinh cta dudng thing dudi dang phuong trinh
theo doan chén.

Giai
a) Vectd chi phuong cia duong thing la t1(4; 3). Tim mot diém

cia dudng thing, ching han (- 2; -1), khi d6 phuong trinh tham sé va
phuong trinh chinh tic cia dudng thing d6 la

112



X = =244t x+2 y+1

b) Tu phuong trinh chinh tic, suy ra toa d6 giao diém cta dudng
thiag d6 véi hai truc la A(0; 2) va B(—%; 0). Vay phuong trinh theo

doan chin cia dudng thing dé la X % =1,

(VR o)

Bai 22. Cho ba diém A(3; 5), B(-1; 1), C(4; 2).
a) Ching minh A, B, C la ba diém khéng thing hang.
b) Viét phucng trinh dudng cao BB’ cua tam giac ABC.
¢) Tim toa d0 diém A', chan duong cao ke tu A.
Giai

~a) Ta co EIK=(4; 4),?(3.=(5; . Do §¢—? nén BA, BC khéng

cunz phuong, suy ra A, B, C khéng thing hang.
b) Dutng cao BB' di qua B, nhin AC lam vecto phép tuyén. Ta
¢6 AC =(1;-3) = (BB): 1(x + 1)~ 3 (y + 1) = 0 hay
x-3y-2=0.
¢) BC= (5; 1). Phuong trinh tham sé cia BC la:
x=-1+5t
{y =1+t

Suyra A'(-1 + 5t; 1 + t). AA' = (5t—4;t—4). Tacod

AA'_LBCc>5(5t—4)+t—4=0<:>26t=24<:>t=%.
. ; i v 60 1
Thay t vao phuong trinh tham s6 cua BC duge: A' _ﬁ; ik

C6 thé tién hanh cdch khde nhu sau: Viét phuong trinh duong cao
AA'  (d6 la duong qua A va vudng goc BC). Sau do, giai hé phudng
trina dé tim giao diém ctda hai dudng thing AA' va BC.
Bai 23. Cho ba diém A(2 ; 5), B(-1; 2) va C(5 ; 4). Tim phuong trinh
dudng thing d di qua A sao cho hai khodng cach tit B va C dén d bing
nhaa. |
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Giai.
Goi I 1a trung diém ctia BC thi I = (2 ; 3). Xét dudng thing qua
A(2 ; 5) va trung diém 1(2 ; 3) cia BC, dudng thing nay c6 phuong trinh
x = 2. Ta dé thay hai khoang cach tiu B va C dén dudng thing nay bing
nhau.
Vay duong thing x = 2 thoa man dé bai.
Mit khac, xét dudng thing di qua A(2 ; 5) va song song véi BC.
RG rang hai khoang cach tit B va C dén dudng thdng nay cing bing
nhau. Ta ¢6 BC = 2(3 : 1). Phuong trinh cta dudng théng nay la:
{;i?:t}t hay x-3y+ 13=0. |
Tém lai, ta c6 hai dudng thang x = 2 va x — 3y + 13 = 0 thod mén
dé bai.
Bai 24. Trong mat phéng hé truc toa d6 vudng géc Oxy biét toa d6 cac
dinh AABC 1a A(- 6; - 3); B(-4; 3); C(9; 2).
a) Viét phuong trinh dudng phéan giac AD ctia AABC.
b) Tim diém P trén (d) sao cho ABPC 1 hinh thang.
Giai.
a) Ta c6 AB = V4+36 =+/40, AC = /225+25 =+/250.
Theo dinh 1i duong phén giac:

DB/DC = AB/AC = —-‘@- o
| J250 5

NP W, e’ espuen e ey
Suy ra DB:—gDC, tu do, OB—OD=—%(OC—OD) (véi O la goéc toa do

cua hé truc Oxy), hay

( 5 2 2
Lot g g xn:7(—4)+‘7‘(9)=—7
OD=7OB+7OCC$' 5 5 19
=203)+2(2)=
Lyu 7()+7() 7

Tu d6, dé dang tinh dude phuong trinh dudng phan giac AD (di qua A va
D)lax-y+3=0.
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b) Gia st P 1a diém trén (d) sao cho ABPC Ia hinh thang.

e Truong hop 1: AC, BP la day < AC // BP. A
+ Pudng thing BP c6 B(- 4; 3) va c6 vecto m
¢chi phuong la (3; 1) (do AC=(15;5)) nén BP c6 5/ __\D -
phuong trinh tham sé: W
X =-—4+3t

P
{y=3+t

+ Theo cau trén, AD ¢6 phudng trinh x — y + 3 = 0. D& tim giao

diém cua hai dudng thing AD va BP, thay x, y tit phuong trinh tham sé&
cua BP vao phuong trinh x -y + 3 =0, ta dudgc:
(-4+3)-B+1)+3=0=t=2
Tu d6, ta cé giao diém P(2; 5).
e Truong hop 2: AB va CP la day: AB// CP.
+ Lap phuodng trinh téng quat clia
dudng thing CP biét C(9; 2) va vectd chi

A
phuong 14 (1; 3), do K’é:(z; 6): B @C
P

3x -2y - 25=0.
+ Toa do giao diém P 1a nghiém cta hé
gdm hai phuong trinh
x-y+3=0vadx-2y-25=0.
Tu d6, P(14; 17). Vay, néu chon P(2; 5) thi ABCP 1a hinh thang ¢6
day la AC, BP. Néu chon P(14; 17) thi ABCP la hinh thang c6 day la AB,
CP.

P10. Tim phuong trinh tham s va phuong trinh chinh téc caa dudng
thing di qua M va c6 vectd chi phuong U trong mdi trudng hop sau day:
a)M(1;-4)vau(2;3); b)M = O0;0) va u(l;-2).

P11. Xét vi tri tuong d6i cia hai dudng thang A,, A, 1an lugt ¢6 phudng
trinh la:

a) A 2x+3y+1=0va A,:4x+5y-6 =0,

b) A:3x-2y+1=0va A,:2x+3y-5 =0;



X =4+2t . x=7-4t
c) A va A, 5 2t;
= Y=

X =3+4t . :
d) A;: va A, bx+4y-7=0.

P12. Viét phuong trinh dudng thng di qua diém M(-2 ; —4), céit truc
Ox tai A va Oy tai B sao cho tam giac OAB vuong can.

P13. Xét vi tri tuong ddi ctia cac cip dudng thing sau va tim giao ¢iém
ca ching (néu cé):
a) 2x—-5y+3=0va b5x+2y-3=0.
b) x—3y4+4=0 va O,5x—1,5y+4=0.
c) 10x+2y-3=0va 6x+y-15=0.
P14. Haiy xdc dinh toa do diém P trén dudng thdng A ¢6 phucng trimh
X -y + 2 =0 sao cho P cdch déu A(0; 4) va B(4; -9).
P15.- Xét xem ba dudng théng sau c6 ddng quy hay khéng:
(Lx-y+ 29 =0; 2 V3x-y=-+29 ;
B)x-y++32-17 =0.
P16. Cho tam giac ABC c6 phudng trinh cac canh:
AB: 2x-3y-1=0,
BC: x+3y+7=0,
CA: bx-2y+1=0,
Viét phuong trinh dudng cao ctia tam giac ke tit dinh B.

P17. Cho dtfbng thdng d: x -y =0 va diém M(2; 1).

a) Tim phuong trinh dudng thing dai xung vdi d qua M.

b) Tim hinh chiéu ctia M xudng dudng thdng d.
P18. Trong mat phing hé truc vudng goc Oxy, cho diém A(1; 2), B(—1;
2) va dudng thing d c6 phudng trinh x - 2y + 1= 0.

Tim toa d6 diém C trén d sao cho AABC c6 CA = CB.

P19. . Cho dudng thing d c6 phuong trinh tham s6
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x=1+2t
ly=-5+3t
a) Tim giao diém cua d véi truc hoanh va véi truc tung.
b) Cac diém A(1; 1), B(5; 1), C(3; 1), D(3 ; -2), c6 nim trén
dudng thing d-hay khéng?
P20. Cho ba diém A(2; 5), B(-1; 2) va C(5 ; 4). Tim phuong trinh dudng
thing d di qua A sao cho hai khodng cach ti B va C dén d bing nhau.
P21. Tim hinh chiéu vudng goc cta diém M(3; -2) xudng duosng thing

d trong méi truong hgp sau:

X =t X —1 y
a)d: b) d: =—— ¢d: 5x-12y+10=0.
y=1 3 -4

P22. Lap phuong trinh cac canh cia AABC, néu B(-4; 5) va hai ducng
cao ha tit hai dinh con lai lan lugt ¢6 phudng trinh
ox+3y-4=0va3x+8y+13=0.

§ 3. KHOANG CACH VA GOC

3.1. Tom tit kién thuc cin nhé

o Khodng cdch ti mét diém dén mét duong thding
Trong mit phing toa d6 cho dudng thing A cé phuong trinh téng
quat Ax + By + C = 0. Khi d6, khodng cdch d(M ;2 A ) tit diém M(xy;
ya) dén A la '
_|Axy +Byy +C

d . = )
e N

Néu goi M' 1a hinh chiéu (vuéng géc) cia M trén A, ta c6: M'M = tn.

Trong qua trinh ching minh céng thic khoang cach trén (SGK), ta

tinh duge t = Axp ;By“g ¢ :
A“+B

Tuong tu néu c6 didm N( Xy ¥n) vOi N' 14 hinh chiéu cia N trén A
thi ta ciing c6:N'N =t'n, trong d6
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_Axy+Byy+C
© A2+B2 T
Nhdén xét. _ M
* t t' cing du khi va chi khi M'M
va N'N cung huéhg, nghia la M, N
& vé mét phia cda A.

* t, t' khac ddu khi va chi khi »
M'M va N'N nguadc Hu&ng, nghia . "
1a M, N § vé hai phia cta A.
Nhu vay: '

a) Hai diém M, N nim cung
phia déi véi A khi va chi khi:
(Ax,, +By, +C)(Ax, +By, +C) >0,
b) Hai diém M, N nim khdc phia déi véi A khi va chi khi:
(Ax, +By, +C)(Ax, +By, +C) <0.
Vi du: Hai diém (7; 6) va (-1; 2) ndm vé hai phia cia dudng thing y
=x-2.Thatviy,y=x-2& x-y+2=0 vataco
(7-6+2)(-1-2+2)<0.

tl

e Phuong trinh cdc dudng phdn gide
Cho hai dudng thing cit nhau: _
ArAx+By+C,=0vaA;: Ax+Byy+C,=0.
Hai dudng phan gidc cia hai géc tao bdi hai' dudng thing d6 cb

phuong trinh la
Alx+B,y+C| _ A2x+B2y+C2
\/A,Z + B,z \/Ag + B%
hOéC A]x+BIy+C[ -y Azx + Bzy +C2 .
JAZ+B? JAZ + B2

o Cdch chon duong phén gidc trong (hodc ngoai)
Khi lap phuong trinh dudng phan gidc (ching han, AD cia
tam giac ABC), ta duoc hai phuong trinh, mét phuong trinh biéu
dién phan gidc trong va mot phudng trinh biéu dién phan giac
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ngoai. Dé xét xem dau 1a phan giac trong hoic ngoai, ta thuc hién
nhu sau: Chon ra céng thic ding véi dau cong (+) va ki hiéu biéu
thuc la fix; y) = 0. Tinh toa d6 cua hai dinh con lai, B(x, ; y,) va C(x,
. y,). Tiép theo, thay toa d6 vao biéu thtic phan giac, ta dudce fix, ; y,)
va f(x, ; y,). Khi do:

Néu fIx, ; y1).fx, ; y5) < 0 thi fix ; y) = 0 la phan gidc trong.

Néu fix, ; y,).flx, ; y,) > 0 thi f(ix ; y) = 0 1a phan gidc ngoai.

Géc gitta hai dudng thdng
Hai dudng thing a va b cit nhau tao thanh bén gdc, goc nhd nhat
trong bén géc d6 dudc goi 1a gée gitZa hai dudng thdrg a va b, ki hiéu
1a (a, b). Khi a song song hoic trung véi b, ta quy udc rdng goc gida
chiing bing 0°. Ta luén c6 (a, b) < 90°.
Goi :1, v lan lugt la cdc vectd chi phuong cua a, b, ta cé
(a, b)=(a; v) néu (G; ;/)5900;

(a,b) = 180°— (u; v) ndu (u; v) > 90°.
Chu §. Gia sit hai dudng thing cho béi phudng trinh
y =kx +b; vay =k,x + b,. Goi ¢ la goc gitita ching, ta co:
|kiky +1]

Ja+k2)1+k3)

Suy ra cac su kién quen thuéc trong dai s6 sau day: Diéu kién vuong

cosQ =

goéc cla hai dudng thing la k,k, = -1. Diéu kién song song cua hai
dudng thing 1a k, = ky, véi b, # b,.

= Ngoai ra ta con cé cong thic sau khi kk, # -1:

k, —k,

tgp = | —2—*
YT Kk,

sinzgo 1

cos’p  cos’p

2o = LFKDA+KD)  (Kiky +D? _ (ky —k))’
(kiky +1)7  (kiky + 1P (kiky +1)?

Chiing minh. Ti cong thic tg¢p = —1 suyra

suy ra diéu phai ching minh.
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3.2. M6t sb dang toan

Bai 25. Tim quy tich cdc diém cach déu hai dudng thing:
a)bx+3y-3=0vabx+3y+7=0;
b)4x-3y+2=0vay-3=0.

- Giai
a) Diém M(x ; y) cich déu hai dudng thdng 5x + 3y ~ 3 = 0 va 5x
+ 3y + 7 = 0 khi va chi khi
I5x +3y -3 [5x+3y+7 5x+3y-3=5x+3y+7 (1)
a4 < Lx+3y—3=—5x-3y-7 (2)
Tap nghiém cia (1) 1a tap rong, ngoai ra:
(2)=10x+6y+4=0=5x+3y+2=0.
Vay quy tich cac diém M la dudng thing 5x + 3y + 2 = 0, dudng
thing nay song song va cich déu hai dudng thing da cho.
b) Bing cdch tuong tu, toa d6 céc diém céch déu hai dudng thing
la nghiém cia phuong trinh:
4x-3y+2| |y-3 4x -3y+2=5y-15 4x -8y +17=0 (1)
| 5 - 1 ’®{4x——3y+2=—5y+]5 ®[4x+2y—13 =0 (2)

Quy tich cac diém d6 14 hai dudng thAng c6 phuong trinh (1) va (2).

Bai 26. Trong mit phing hé truc toa d6 vuéng géc Oxy biét toa dd céc
~dinh AABC la A(- 6; - 3); B(- 4; 3); C(9; 2). Viét phuong trinh duong
phan giac AD cua AABC.

Chu y. Ta da giai bai nay trong ciu (a), Bai 24, muc 2. Sau day
la céch giai bing cong thic dudng phan gidc.

Giai

Xac dinh phuong trinh canh AB: 3x — y +15 = 0 va phudng trinh
canh AC: x - 3y - 3 = 0, sau d6 lap phuong trinh duong phin giac theo
cong thuc

Bx-y+15 |x-3y-3 <:{3x—y+IS=x—~3y—3 Q[x+y+3=0.

Yo+l Vi+9 3x—y+15=—x+3y+3 |x—y+3=0

Dé chon phéan gidc trong cia goc A, dat fix,y)=x-y + 3.

Thay toa @6 B va C vao f{(x,y) ta dugc:




fixg;yg)= -4-3+3= —4,f(xc;yc0)=9-2+3=10
= flxg; yp)fxc; yc) = -40.
Vay x - y + 3 = 0 la duong phan giac trong (AD) cua AABC.
Bai 27. Trong mat phdng hé truc toa d6 vudng goc Oxy, cho AABC biét
A(1;2); B(3;4). Goi (d) 1a dudng thing di qua A va song song véi Oy.
Tinh goc gitta (d) va AB.

Giai
Ta c6 AB = (2; 2). Vectd chi phuong cta (d) 1a | = (0; 1),
cos(AB. )= 20+l _ V2
V22 e22 o2+ 2

do d6, (AB, j)=45%, suy ra géc gitta (d) va AB 1a 45°.

Bai 28. a) Cho hai dudng thdng A: px +y + 3=0, A" x + py — 5 =O0.

Tinh cos(A, A’).

b) Cho ba diém A(4; -1), B(-3; 2), C(1; 6). Tinh géc BAC va géc
gita hai dudng thdng AB, AC.

Gidi
2
a) cos(AA) = ,(p’ .
p~ +1
b) Tacé AB=(-7;3), AC =(=3; 7),
21

cosBAC = cos(AB, AC) = - = BAC ~ 43"36'.

Cac duong thing AB, AC lan lugt c6 vectd chi phuong E, /_\_é, ma
(AB, AC) < 90° nén (AB, AC) = (AB, AC) ~ 43°36".

Bai 29. a) Tim diém M’ déi xdng voi diém M(2 ; 5) qua dudng thang A: x
+2y-2=0.
b) Viét phuong trinh dudng thdng A’ d61 xtng vdi A qua M.
Giai
a) Gia st diém M’'(x ; y) d6i xtng véi diém M(2 ; 5) qua dudng
thng A: x + 2y — 2 = 0, diéu nay xay ra khi va chi khi MM'L A, déng
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thdi M va M’ céch déu A. Ta c6 MM’ = (x-2 ; y-5), dudng thidng A c6
vectd chi phuong v= -2;1).
o MMIA &cos(MM,A) =0 -2(x-2)+(y-5)=0

& -2x+y-1=0. @)
[x+2y-2| [2+10-2]

V5 g
< | x+2y-2 | =10. (2)
Tu (i) suyray=2x + 1, thay véo_ (2) ta dugc

e M, M cach déu A &

16x] =10 & { .
X=-2
Véix =2,y =5 ta c6 toa dd ctia chinh diém M nén loai, v6i x = -2,
ta dugc y = -3. Vay diém cén tim 1a M’(-2 ; -3).
b) Dudng thing A’ phai song song véi A nén A’ c6 phuong trinh x
+ 2y + C = 0, véi C # -2. Khoang cach tit M téi A va A’ phai bing nhau,

nghia la:
2.1+2.5-2| [2.1+2.5+C|

Jia2 e

dodéb, |12+ C| =10=>12+ C=110 = C =-2 (loai) hoac C = -22,
Vay A’ ¢6 phudng trinh x + 2y - 22 =0, -

Bai 30. Cho m6t hinh binh hanh ¢6 tam 1a diém I(3 ; 5) va hai canh caa
né ndm trén hai dudng thdng x + 3y - 6 = 0 va 2x — 5y — 1 = 0. Hay viét
phudng trinh hai canh con lai cia hinh bih hanh.

Giai

D& thdy hai dudng thdng x + 3y - 6 =0 va 2x — 5y — 1 = 0 ct
nhau, do d6, hai canh cén lai ctia hinh binh hanh 1a hai dudng thing l14n
lugt d6i xing vdi hai dudng thng trén qua diém I(3; 5). -

Goi dudng thdng x + 3y - 6 = 0 1a A, duong thing déi xtng véi A
qua I(3;5)1a A’. Vi A’ phai song song vdi A nén phuong trinh caa A’ ¢6
dang: x+ 3y + C=0vé1 C = -6.

Khoang cach tit I t6i A va A’ phai bang nhau, tic la:
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B+15-6] [3+15+C]
Jre3r 1Pt
suyral2=[18+C| 218+ C=1+12= C=-6 (loai) hay C =-30.
Vay phuong trinh cia A’ la: x + 3y - 30 =0.

Bang cach tuong tu, dudng thing déi xting véi duong thang
2x-58y-1=0qua diém I(3 ; 5) ¢6 phuong trinh 2x - 5y + 39 = 0.

P23. Tim tap hop nhing diém M(x; y) sao cho khodng cach ti M dén
dudng thing Ax + By + C = 0 bing h khéng déi.

P24. Ménh dé sau day ding hay sai: Goi ¢ 12 géc gidta hai dudng thang
chita hai canh AB, AC ctia tam giac ABC, ta c6
AB?+AC?-BC* |

2AB.AC '

cosQ =

P25. Cho AABC trong mit phéng hé truc toa d6 vudéng goc Oxy, biét
A3 ; -7), B(9 ; -5), C(-5 ; 9). Viét phuong trinh dudng phén giac trong
clia géc 16n nhat ciia AABC. |

P26. Trong mat phing hé truc toa dd vudng géc Oxy, cho hinh binh
hanh ABCD c6 s6 do dién tich bang 4. Biét dinh A(1 ; 0); B(2; 0) va
giao diém I ctia hai dudng chéo AC va BD ndm trén duong thdng y = x.
Hay tim toa dd cac dinh C va D.

P27. Cho ba diém A(3; 0), B(-5; 4) va P(10; 2). Viét phudng trinh
dudng thing di qua P va cach déu A, B.

P28. Cho hai dudng thdng A;: x + 2y —3 =0 va Ay 3x — y + 2 = 0. Viét
phudng trinh dudng thing (A) di qua diém P(3; 1) va cdt (A), (A,) lan
lugt & A, B sao cho: dudng thdng A tao véi A, va,A, mdt tam giac cin c6
canh day la AB.

P29. Viét phuong trinh dudng thidng di qua diém A(0; 1) va tao véi
dudng thing x + 2y + 3 = 0 mjt géc bing 45°.
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§ 4. DUONG TRON

4.1.

Tém tit kién thie cin nhé

Phuong trinh dudng tron

Trén mat phing toa d6, cho dudng tron (C) tam I(a; b) c6 bén kinh
R. Diém M(x; y) thuéc dudng tron khi va chi khi
IM =R, hay la: (x -a)? + (y —b)? =R? (*). Ta goi phuong trinh (*) la
phuong trinh cia dudng tron (C).
Nhdn dang phuong trinh duong tron

Phuong trinh (*) tudng dudng véi

| x> +y>—2ax-2by+a+b?-R%=0
Nhu vay, méi dudng tron trong mit phing toa d¢ déu cé phuong
trinh dang: |
x°+y’+2Ax + 2By + C = 0. (**)
Ngudc lai, phuong trinh:
x2+y2}2Ax+2By+C=O

Véi diéu lkién A? + B? > C, 14 phudng trinh cia dudng tron c6 tam
I(-A; -B) va c6 ban kinh R=yA?+B>-C.

Chii §. (**) chi 1a phuong trinh dudng tron khi A? + B2 > C. Khi A®
+ B2 < C hay A? + B2 - C <0, tap hop céc diém M thod man (**) 13
tap réng. Khi A2 + B? = C hay A% + B2 - C = 0, tap hdp céc diém M
chi c6 mot diém cé toa d6 (-A; -B).

Tiép tuyén cia duong tron

Cho duong tron (C) c6 tiam I(a; b), ban kinh R va diém
M(x,; ¥o) ndm trén (C). Phudng trinh dudng thing tiép xic véi (C) tai
M 1a (a - xp)(x — Xo) + (b — ¥o)(y — ¥o) = 0.

Chii .
1) Didu kién dé dudng thing A tiép xic véi dudng tron
(I R) la d(I; A) = R.
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2) DGi véi bai todn tim tam va ban kinh dudng tron néi tiép, ngoai
tiép tam gidc, cAn chud ¥ van dung tinh chit quen thudc: Tam dudng
tron néi tiép la giao diém ba dudng phan gidc, tam nay cach déu ba
canh. Tam dudng tron ngoai tiép la giao diém ba dudng trung truc,
taAm nay cach déu ba dinh. Déi véi bai todn vé dudng tron ngoai tiép,
néu biét ba dinh, ¢ thé thay toa do ba dinh vao phuong trinh téng
quat cia dudng tron rdi xdc dinh cdce thong sb can thiét.

4.2. 'Mét sd dang toan

Bai 31. Viét phuong trinh dudng tron di qua ba diém
M(1; 2), N(5; 2) va P(1; -3).
Giai
Cdch 1. Cé thé tim duge phuong trinh dudng tron néu biét toa dod
cua tdm va ban kinh cta né. Goi I(x; y) 1a tAm cta dudng tron, tu diéu
kién IM = IN =IP, ta c6 hé phuong trinh:
{(x “D24+(y=2)2 =(x-5) +(y-2)° {(x~])2 =(x - 5)
(=D +(y -2 = (=D +(y+3?  |(y-2' =(y+3)"
Dé dang tim dudc nghiém cta hé la x = 3 ; y = -0,5. Vay I(3; 0,5).
Ban kinh caa duong tron: R? = IM? = 10,25. Phuong trinh dudng tron la:
(x - 3)2+ (y +0,5)? = 10,25.
Cdch 2. Gia st phudng trinh dudng tron cé dang:
x®+y?+ 2Ax + 2By + C = 0.
Do M, N, P thudc dudng tron nén ta cé6 hé phuong trinh
5+42A+4B+C=0 (1)
29+10A+4B+C=0 (2)
10+2A-6B+C=0 (3
Tu (1) va (2) suy ra 24 + 8A =0, hay A =-3. Tu (1) va (3) suy ra
-5+10B=0,B=0,5.
Thay A, B vira tim vao (1), ta c6 C= -5+ 6 — 2 = -1. Vay phuong trinh
duong tronla x*+y?-6x+y—1=0.
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Bai 32. Cho hai dudng tron déng tam (O ; R) va (O’ ; R), vdi
R < R’. Tim quy tich tdm I cia dudng tron tiép xuc vdi (0) va (0.

Giai
+ Néu (I ; r) tiép xdc trong véi (O; R)
0 va tiép xuc ngoai véi (O ; R), ta co

I0 = R’ - r. Mat khac IO = R + r. Do way

IO = 5—;—}{— Vay quy tich tdm I la dudng

R'+R

tron tdm O, ban kinh

+ Néu (I ; r) tiép xic trong véi ca hai dudng
tron (O ; R) va (O ; R), ta co
IO =R - r. Mat khac IO =r - R. Do

vay, IO=B-2;R—. Vay quy tich tam I la duong

tron tam Q, ban kinh -R—;B—

Bai 33. Viét phuong trinh tiép tuyén ctia dudng tron (C):
x+1)?+(y-27°=5

bi&t ring tidp tuydn d6 di qua diém M(¥/5 —1; 1).

Nhén xét. Theo sach gido khoa, phuong trinh dudng thing tiép
xtc véi (C) tai M 1a (a — x)(x — Xo) + (b — Y)(¥ — yo) = 0, nhung diéu c:an
nhd 1a diém M(x,; y,) phai ndm trén (C). Do d6, trudc tién phai kiém tra
xem M c¢6 thudc (C) hay khong (hoc sinh dé& nham l4n diéu nay: ap duing
ngay cong thic da hoc ma khong kiém tra diém M nim & dau).

Trong trudng hgp M khéng thudce (C), nhu bai nay, phudng phép
quen thugc 1a st dung tinh chét: DE A 14 ti€p tuyén clia dudng tron, diiéu
kién cdn va da 1a khoang cach tit tim dén A phai bing ban kinh cia
dudng tron.

Giai

Dudng tron (C) ¢6 tam I(-1; 2) va ban kinh R =+/5 . D& thay diém

M khong thudc duong tron (C).
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Duong thidng A di qua M ¢6 phuong trinh:
A@x-~/5+1)+B(y —1) = 0.(v6i A’ + B2 = 0), (1)
& day, (A, B) 1a vectd phap tuyén cua A.
Khoang cach tit tdm I(-1 ; 2) dén dudng thang A la:
: {A(—l-—\/§+1)+B(2—1)l

VA? +B?

Dé A la tiép tuyén cia dudng tron , diéu kién can va du 1a khoang cach

di6 phai bing ban kinh chia dudng tron, tic la:

ACLS 1)+ B 1)’=J§¢:> |54+ B[ =547 + 5B” .
VA?+B?
Bién d6i bidu thic trén, ta duge BB + /5 A) =0, suy ra
B=0hoic 2B+ VSA=0.

Truong hop 1: Neu B=0, vi A2+ B> 0 nén A # 0, chia hai vé
ctia (1) cho A ta duge x —v/S +1=0.

Truong hop 2: Néu 2B + JgA =0, ta c6 thé chon A = 2, suy ra
B=-5.

Tém lai, ta c6 hai ti&p tuyén cin tim la

x-+5 +1=0va2x-J/5y+2-45 =0.

Chu y. Khi c6 mdt biéu thic lién hé giita A va B trong phuong
trinh dudng thing (nhu trén), ta c6 thé chon cho A mét gia tri tuy ¥ roi
suy ra B (ciing vy, c6 thé chon cho B mét gia tri tuy ¥ rdi suy ra A).
Hiién nhién, nén chon thé nao dé thuan l¢i trong tinh toan va dé phuong
trinh tim dugc cha dudng thing c6 dang sao cho cac hé s§ gon nhit. S3
dii c6 diéu nay, vi vecto phap tuyén (A, B) chi 1a mét trong v sé cac vectd
plhap tuyé&n, ma ti méi mot trong cic vecto phap tuyén nay, ta c6 thé tao

vectd phap tuyén khac bing cach nhan cho mét hé so.

Biai 34. Trong mat phéng Oxy cho ho dudng cong (C,) ¢c6 phuong trinh:
x2 +y? +2(m~1)x—2(m—v2)y+m2 -8m+13=0.

a) Tim tat ca cac gia tri cha m dé (C,) 1a dudng tron.
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Tim quy tich tam I ctia ho (C,,) khi m thay déi.
b) Cho m = 4. Viét cac phudng trinh cac tiép tuyén ké tit diém
A(1, 5) dén duong tron (C,).
Giai
a) Phudng trinh cta ho (C,)) dugc viét lai thanh:
[x+(m- l)]2 +[y—-(m —2)]2 =m?+2m-38.
Dé (C,) 1a dudng tron, it c6 va du la
m2+2m-8>0& (m<—-4vm>2). (™)
Dudng tron nay cé tdm 1a I véi toa do(x=-m+1,y=m-2). Khium ¢
hoanh d6 va tung do, két hdp véi (*), ta suy ra quy tich tam I khi mthay
d8i 1a phan dudng thdng x+y-3=0, véi x<-1 hay x>5.
b) Khi m = 4, phuong trinh dudng tron (C,) la:
(x+3)2+(y-2)Y2 =16 x> +y? +6x—-4y-3=0. ()
Pudng tron nay cé tdm 1(-3,2)va ban kinh 1a 4. Ta goi (D) la duong
thidng di qua A. Xét su tuong giao gita (D) va (C,), c6 hai tﬁrc‘jng hdp
sau:
Truong hop 1: (D) 1a duong thing x = 1.
Dé thay khoang cach tit (D) dén tdm I cua (C,) 1a 4. Vay duong
thdng x = 1 1a mot tiép tuyén ké tit A ctia dudng tron.
Truong hop 2: (D) c¢6 phudng trinh y=k(x-1)+5.
(D) 1a tiép tuyén véi (C,) khi'va chi khi khoang cach tu I déa (D)
bing 4:
“3k+S-k-2_-4k+3 _, . T
e 2

Do dé (D) cé phuong trinh: 7x + 24y -127=0.

Tém lai, qua A c6 thé ké dén (C,) hai tiép tuyén 1a x =1 va
7x + 24y ~127=0.

Bai 35. Trong mit phing Oxy cho dudng tron (C) c6 phuong trinh:
x2 +y2~6x+2y+6=0

va diém A(1, 3).
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a) Xace dinh tam I va ban kinh R caa (C) va chiang to A nam ngoai

b) Lap phuong trinh ti€p tuyén cua (C) xuat phat tix A.
Giai
a) Ta viét lai phuong trinh cta (C) duéi dang chinh tac:
(x=3)Y +(y+1)’ =4,
Vay (C) ¢6 tam I(3.—1) vaban kinh R=2.

b) Vi khoang cach IA 151\[(3*1)2 +(~—lw3)2 =+4/20 >2 nén suy

ra A nidm ngoai (C). Ho dudng thing di qua A(1, 3) gdm c6 dudng thang
X =1 vacacdudng y=kx-k+3..

e Thay x =1 vao phuong trinh cua (C) ta dudc:

(y+1)* =0,

phudng trinh nay cho ta nghiém kép y=1.

Vay dudng thdng x =1 tiép xuc véi (C).

e Khoang cach tir tdm I dén dudng thingy=kx -k +3 la

2k +2]

h ,
k2 +1

dé duong théng tiép xuc véi (C) ta phai co:
2k +2|

Vk? +1
15

thay vao phudng trinh y =kx —k +3 ta dugc:y = —%x + .

=2 k2+1=|k+2|<:>k:—%,

h

Vay qua A c6 hai tiép tuyén véi (C):
1 3 15
x=lvay=——x+—.
: 4 4
Bai 36. Cho cac dudng tron:
(C): x*+y2=1,(C,): x*+y?=2(m+1)x+ 4my =35.
a) Ching minh rang cé hai dudng tron (C,,), (C,.) ti€p xic véi
dudng tron (C), Ung vdi hai gia tri m;,m, cua m.
b) Xac dinh phuong trinh cic dudng thing ti€p xuc véi ca hai

duong tron (C,,)), (C,.,) no1 trén.,



Giai
a) Ta viét lai phuong trinh duong tron (C,):
[x —(m+D]*+(y+2m)? =5m? +2m +6,

ta suy ra tam O,, cta (C,) c6 toa @6 (m+1, —2m), ban kinh cua (C,) l1a

By, = [sz +2m+6 . Ngoai ra, 0(0,0) vA R =1 1a tdm va ban kinh cuaa

(C). Pé (C,) tiép xuc véi (C), &t c6 va da la:

R,+R=0_0 \/5m2+2m+6+l=\/5mz+2m+1
] PN :
|Rm—R|:OmO l\/Sm +2m+6 =1

=\[‘Sm2 +2m.+1 .

Vi Sm?+2m+6=4m?>+(m+1?+1>1 nén diéu nay tuong ducng véi:

3
V5m2 +2m +6 +1=+5m? +2m+1, va ta dugc: m=-lm=".

Tém lai, ing véi moéi mdt, trong hai gia tri trén ca m, c6 hai
dudng tron (C_;) va (Cy,5) tiép xtc véi (C).

b) Phudng trinh ctia hai dudng tron (C_;) va (Cy,5) lan lugt la:
x2+(y - 1)2'= 9, (x _.2)2 +(y +—g-)2 =9. Hai dudng tron nay cé cung ban
kinh 1a 3, khoang cach hai tdm M, N ctia chung la

v (4106 < [ <6

nén chiing cit nhau, do vay, ching cé hai tiép tuyén chung ngoai song

song nhau. Vectd chi phuong ctia hai tiép tuyén nay la:

m(ﬁﬁj
5 5

suy ra vectd phap tuyén 1a n =(2,1) va phuong trinh hai tiép tuyén nay
c6 dang 2x +y =c (A). Do khoang cach gitta M hay N dén (A) phai bang

3 nén tu do;

H2+q c=3J§—2
= 3 ;
Js c=-35-2

va phuong trinh hai tiép tuyén can chi ra la:
2x+y+3J/5-2=0, 2x+y-3/5-2=0.
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Bai 37. Trong mit phing véi hé toa do vudng goc Oxy cho hai dudng
tron (C,), (C,) c6 phudng trinh lan lugt la:
x2+y2-2x-2y-2=0, x> +y? —8x—2y+16=0.
a) Ching minh rang (C,), (C,) tiép xic nhau.
b) Viét phuong trinh cac tiép tuyén chung cta (C,), (C.).
Giai

a) Cac phuong trinh caa (C)), (Cy) 1an lugt duge viét lai dudi dang
chinh tic nhu sau:

| (x=D*+(y-D? =4, (x4 +(y-1)* =1,
va ta suy ra (C,) cé tam O,(i,1), ban kinh 2; (C,) ¢6 tAm O,(4,1) ban kinh

1. Khoang cach 0,0, 1a ¥3? +0 =3, bing tdng hai ban kinh nén (C,) va
(C,) ti€p xtc ngoai véi nhau tai T(3, 1).

b) Di nhién, x =3 12 m6t tiép tuyén chung cua hai dudng tron, ta
3& tim hai tiép tuyén chung con lai. |
Xét dudng thing (D) tuy y c6 phuong trinh ax — y+b=0, ta go
d;,d, 1an lugt 1a khoang cach tit O, , O, dén (D), ta cé:
la—1+b| |4a—1+b]
| = —, d2 = —.
2 2

a‘ + a“ +1

Pé (D) trd thanh tiép tuyén chung cta (C,) va (C,) ta phai cé
d,=2, d; =1, hay la:

rla—1+b|_2
< 2ol @{]a—Hb’:Z a +1
I4a—l+b|:l |a-1+b|=2/4a—-1+b]
{ a +1
r{]a»l+b|=2 a®+1 {qaw1+b|:2 2’ +1 )
a+b-1=2(4a+b-1) b=-7a+1
o o
{'a—l+b|=2 a’ +1 {|a—l+b\:2 a’+1 (%)
la+b-1=-2@a+b-1) ||3b=-9a+3

Giai hé (*) ta dudc:
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1 1
1 a= a=
a’=- ( 25, . 34
Sa— 7 7
b=-7a+]1 b=—-——=+1 b=—=+1
[ 22 22

do d6 ta c6 hai tiép tuyé'n chung:

+1=0 va - -+l-0

1
TR PN AN
Hé (**) vd nghiém, vi néu thay b=-3a+1 ti phudng trinh thu
hai vao phuong trinh dau thi ta duge phuong trinh vdé nghi¢m
2]a|=2va® +1.
Tém lai, (C,) va (C,) cé ba tiép tuyén chung la x =3

x =242y +242-7=0 va —x-22y+2J2+7=0.

Bai 88. Trong mat phdng hé truc toa dd vudng géc Oxy cho dudng cong
X*+y*+2mx-6y+4-m=0(C,).

a) Ching minh ring (C,) 1a dudng tron v6i moi m. Tim tap hop
tdm cta (C,,) khi m thay doi.

b) Véi m = 4, viét phuong trinh dudng thdng vuéng géc véi dudng
thdng (A): 3x — 4y + 10 = 0 va cit derng tron tai hai diém A, B, sao cho
AB = 6 don vi do dai.

Giai

a) (C,): (x+m)* +(y=3}=m?+m+5, vm. Do dé, v6i moi m,

(C,) 1a dudng tron ¢6 tam I(—m ; 3) va ban kinh Ym2+m+5.
Suy ra tap hop cac diém I 1a dudng thing y = 3.
b) Véi m = 4, phuong trinh duong tron tuong uing la
(x + 4)° + (y — 3)? = 25,
dudng tron nay ¢ tam I(—4 ; 3) va R = 5. Goi (d) 1a dudng thang can tim.
D’m‘mg thiing (d) L (A) c6 phuong trinh 4x + 3y + ¢ = 0. Dudng thang (d)

cat dudng tron tai A va B véi AB = 6 nén néu ké IH L AB tai H thi ta ¢

AH = é—- .AB = 3. Theo dinh li Pi-ta-go:

[H* = IA*~- AH*=25-9=16
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suy ra IH = 4, day 1a khoang cach tir I dén duong thang (d). Ta c6
|-16+49+¢| . c=-13 [(d):4x+3y—-13=0
——— =4 & - =44 =% e

1649 5 c=27 | (d):4x+3y+27=0

Vay ta tim dudc hai phuong trinh dudng thiang thoa man dé bai:
4x+3y-13=0; 4x+ 3y - 27=0.

Nhan xét. Dé tim quy tich mot diém M(x; y), ta thuong dua vao
cac tinh chi't da cho dé tinh dude x va y, phu thudce viio mot tham so m
nao d6. Sau d6, khit m, ta dudge phﬁ’dng trinh biéu dién dudng chia diém
M, dé chinh 1a phuong trinh cua quy tich. Tuy nhién, cing c6 khi tim
duge ngay phuong trinh quy tich ma khéng can kht tham s6, nhu cau

(a) cua bai trén.

Bai 39. Véi hai dudng tron cé phuong trinh dang téng quat cho truéc,
hay xac dinh phudng trinh truc d‘c%ng phuong caa hai duong tron.
Giai

Trong chuong 2, ta da bidt ring truc ddng phuong cua hai dudng
tron khong dong tam 1a tap hdp cac diém co cing phuong tich d6i véi hai
dudng tron dé. Cho hai dudng tron khong déng tam (C): x* + y% 