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GIOI THIEU CHUNG

Xin tran trong gioi thiéu tai ban doc cuén sach:
CAC DANG TOAN DIEN HINH GIAI TICH 12
do Nhom Cu Mon bién soan. Cudn sach dicoc viét dua trén y neong trinh bay ciia hé
sdach Phuong phap gidi Todn (gom 11 tap) do Lé Hong Ditc chit bién va da dicoc
NXB Ha Noi an hanh.
Cuon sach bao gom 2 chuong:
Chuong I - NGUYEN HAM, TICH PHAN VA UNG DUNG
Chuong IT —=SO PHUC

O méi chiwong chita dung cdc bai hoc (chi dé 1, chi dé 2,...) theo néi dung
chuwong trinh cua sdach gidao khoa mai.

Moi bai déu dicoe chia thanh 4 muc:

I.  Tom tat li thuyét: Trinh bay ¢é trat ne noi dung kién thic lién quan.

II. Phuong phdp giai toan (hodc cdc vi du mau)
Gom cdc vi du degce tuyén chon ¢6 chon loc nham giip hoan thién kién
thite co ban va ndng cao ki nang gidai Todn.

I11. Bai tap tu giai .

Nhie vay, o méi bai:

1 Vi viéc trinh bay muc tém tde li thuyét, sé giip cdc em hoc sinh hiéu rang can
phat nam vimg nhimg néi dung gi ?

2 Tiép do, toi muc phuong phap gidi todn, sé giip cdac em hoc sinh hoan thién
kién thitc.

3 Ddc biét la néi dung cua cdc chi y, nhdan xét va yéu cau sau moi vi du sé giip
cac em hoc sinh ciing ¢6 nhitng thiét sét va cach nhin nhdn, danh gid cdc van dé
dat ra.

4 Ngoai ra, con ¢é rdt nhiéu vi du dicoc gidi bang nhiéu cdach khdc nhau sé
gitip cdc hoc sinh trd nén linh hoat trong viéc lua chon phuwong phdp gidi.

Chiing 101 ciing xin tran trong cam on cdc ban dong nghiép da nhdn loi doc ban
thao, nhan loi tai die gior trong cac tiét giang thit cua chiing toi theo gido trinh nay va tr
do dong gop nhimg nhdn xét quy bau dé giip chiing toi téi ngay hém nay hoan thién
diuoc cuon sach nay.

Cuoi cing, cho du da rdt cé gang, nhung cuén sach khé tranh khoi nhing thiéu
sot boi nhimg hiéu biét va kinh nghiém con han ché’ ciia nguoi viét, rdt mong nhdn
dicoc nhitng y kién déong gop quy bdu ciia ban doc gan xa.

Moi y kién dong gop xin lién hé:

Trung tam sdch gido duc Anpha, 225C Nguyén Tri Phuong, P9, Q.5,Tp. HCM.
DT: 08.62676463, 38547464.
Email : alphabookcenter@yahoo.com

Xin tran trong cam on!



cnvu BE 1

CHUONG I
NGUYEN HAM, TICH PHAN VA UNG DUNG

NGUYEN HAM
A. TOM TAT Li THUYET

1. KHAI NIEM NGUYEN HAM
Dinh nghia

Cho ham s6 f(X) lién tuc trén khoang 1. Ham sé F(x) duoc goi la nguyén
ham ciia ham 56 {(x) trén 1 néu F'(x) = f(x) vdi moi x thuéc 1.

Pinh li 1. Gia suw F(x) la mét nguyén ham ciia ham so f(x) trén khodng 1. Khi do:

a. Vai moi hang sé’ C, ham s6' G(x) = F(x) + C ciing la mét nguyén
ham cua f(x).

b.  Nguoc lai, néu G(x) la mor nguyén ham bat ki cua f(x) thi ton tai
hdang s6 C sao cho G(x) = F(x) + C vai moi x thuéc 1.

Ki hiéu jf(x)dx dé chi ho tét ca cic nguyén ham ctia ham s6 f(x).

Vay ta viét:

Taco:

jf(x)dx =F(x) + C.

jf(x)dx =F(x) + C & F '(x) = f(x)

Dinh li 2: Moi ham s6'f(x) lién tuc trén doan [a; b] déu c6 nguyén ham trén doan do.
2. NGUYEN HAM CUA MOT SO HAM SO THUONG GAP
Jodx =C, [dx=x+C.

l.

2

o [x%dx =

Idx

— —

X

[e*dx = e+ C

[a*dx =

a+l

o+ 1

+C,a#-1.

lnlxl +C,x#0.

X

a

Ina

+C,0<a=#1

V6i k 1a hdng s6 khéc O:

i fsinkx.dx = —

b. Icoskx.dx =

cos kx

sinkx

+C.

+C.

kx

c. fc"".dx:—e—+C.
k
d. Ia"dx:—a—+C,O<a¢l.
Ina
e f ; = tanx + C.
cos’ X
6. | .d): = - cotx + C.
sin” x
7. £= x +C.

2Jx



3. MOT SG TINH CHAT CO BAN CUA NGUYEN HAM
Dinh li 3: Néu F(x) la mét nguyén ham cua ham sé f(x) va G(x) la mot nguyén
ham ciia ham sé g(x) thi:
a. I[f(x)ig(x)]dx = jf(x)dx + Ig(x)dx =F(x) £ G(x) + C.

b.  Véimoi s6 thuc a # 0:
jaf(x)dx =a jf(x)dx =a.F(x) + C.

B. PHUONG PHAP GIAI TOAN
Viandé 1: TIM NGUYEN HAM BANG DINH NGHIA
Vi yéu cau "Chung minh ring F(x) Ia mot nguyén ham cua ham s6°
f(x) trén (a; b)", ta thuc hién theo cac buoc sau:
Budc 1: Xac dinh F '(x) trén (a; b).
Buoc 2: Chung to ri’mg F'(x) =f(x) véi Vx € (a; b).

T Chu y: Néu thay (a; b) bang [a; b] thi phai thuc hién chi tiét hon, nhu sau:
Buoc I: Xiac dinh F '(x) trén (a; b).
Xacdinh F(a") vaF(b").
Buoc 2: Ching to rang:
F'(x) =f(x), Vx € (a;b)
F'(a™)=1(a)

F'(b")=1(b)
Vidyg 1:

I. F(x) =x’+ Cla ho nguyén ham ctia ham s6 f(x) = 3x’ trén R, vi:
(F(x))' = (x* + C)' = 3x* = f(x).
Tir d6, c6 thé tong quat hod:
*» Ham F(x) = x* + C v6i k # 0, C = const la ho nguyén ham ctia ham s6
f(x)=kx*"'tréen R.

a+l

X
a+1
2. F(x) = cosx + C la ho nguyén ham cta ham s6 f(x) = —sinx trén R | vi:
(F(x))' = (cosx + C)' = =sinx = f(x).
Tir d6, c6 thé tdng quét hoa:
* Ham F(x) = cos(ax + b) + C véi a # 0, C = const la ho nguyén ham cta
ham sé f(x) = —asin(ax + b) trén X .

* Nguoc lai, ham s6 f(x) =x” , a # -1 ¢6 ho nguyén ham la F(x) = +C.



* Nguoc lai ham sé f(x) = sin(ax + b), a # 0 c6 ho nguyén ham la
1
F(x) =—— cos(ax +b) + Ctrén R .
a
3. F(x)= e"+ Claho nguyén ham cla ham s6 f(x) =¢* trén R, vi:
(F(x)) =(c*+C) = & =f(x).
Tir do, c6 thé téng quét hoa:
*  Ham F(x) =e¢* + C vadi C =const 1a ho nguyén ham cua ham f(x) =e* trén R.
. \ ”’ ~ ~ 1 ax +
*  Nguoc lai ham s6 f(x) =e™*°, a# 0 ¢6 ho nguyén ham A F(x) = — e*** +C
a
trén K.

Yidug 2: Chimg minh rang ham sé F(x) = In(x+Vx* +a ) véi a > 0 la mot

~ . L] . ” l -
nguyén ham cia ham so f(x) = ——=—— trén R.
x’ +a
&S Giai
Ta co:
1+ X
2 '
. : X+vx“ +a Vx?
F'(x) = [In(x + \/x2+a)]=( ) = 2Vx*+a
x+Vx*+a x +vx* +a

_ vxl+a+x _ 1
V' +a(x+vVx*+a) Vx*+a

Vay, ta ¢6 F(x) véi a > 0 la mot nguyén ham cla ham s6 f(x) trén R .
Yidwp 3: Chimg minh rang ham so:

e’ khi x>0
F(x)=1 ,
Xx“+x+1 khix<O

= f(x).

la mét nguyén ham ciia ham sé-

e’ khi x>0
f(x)= _ trén R .
2x+1 khix<O
5 C}I‘(l’l.
D¢ tinh dao ham cta ham s6 F(x) ta di xét hai trudmg hop:
Triomg hop 1: Véi x # 0, ta co:

¢ khix>0
F'(x) = .
{2x+1 khi x <0



Truong hop 2: V61 x =0, ta ¢c6 :
*  Pao ham bén trdi cua ham s6 tai diém x, = 0.

F(x)-F(0) _ lim x> +x+1-¢°

F'(0) = lim =1
x—0" X — O x—0" X
*  Pao ham bén phai ciia ham s6 tai diém x, = 0.
X 0
il D = fay St o,
x—0* x—=0 x—0" X
Nhan xét rang F'(00) =F(0") =1 = F(0) = 1.

Tém lai:

X

i x>
F'(x) = e khlx_():f(x)_
2x+1 khix<0

Viy, ta dugc F(x) 1a mot nguyén ham cua ham s6 f(x) trén R .

P Chity: 1. Véiyéu ciu "Xic dinh cic gid tri cia tham s6 dé F(x) 1a mot
nguyén ham cua ham s6 f(x) trén (a; b)", ta thuc hién theo
cac budc sau:

Buoc 1: Xiac dinh F'(x) trén (a; b).
Buéc 2: DéE F(x) 1a mot nguyén ham cia ham sé f(x) trén
(a; b), diéu kién la:
F'(x) = f(x) v6i VX € (a; b) = gia tri cua tham s6.
2. Neéu thay (a; b) bang [a; b] thi phai thuc hién chi tiét hon, nhu
sau:
Buoc 1: Xac dinh F'(x) trén (a; b).
Xac dinh F'(a*) vaF'(b").
Budc 2: Dé F(x) 1a mot nguyén ham ctia ham s6 f(x) trén
(a; b), diéu kién la:
F'(x) =f(x), Vx € (a; b)
F'(a*)=f(a) = Gia4 tri cua tham s6.
F'(b™) = f(b)
Vidwp 4z Xdc dinh a, b dé ham s6:

s ix<1
F(x) = X khi x
ax+b_ khix>1

la mot nguyén ham cua ham so:

2x khi x <1
f(x) = _ trén K.
2 khi x > 1



&5 Gidi
P¢é tinh dao ham ctia ham s6 F(x) ta di xét hai truong hop:
g. Vinx=l,iach:
2 khi x <1
{2 khix>1
b. Vi x = 1: dé€ ham s6 F(x) ¢6 dao ham tai diém x = 1, trudc hét F(x) phai lién
tuc ta1 x = 1, do do:
lim Fx) = limFx)=f(1)@a+b=1<b=1-a. (1

X1 x—!1"
Dao ham ctia ham s6 tai diém x = 1, ta di x4c dinh:
*  Dao ham bén trdi cha ham s6 y = F(x) tai diém x = 1.

Fix)=

- ¢ =1
F'(]—) = ]]mE_(X_)_F(_]_)_ = lim = =2
x—=1" x-1 x=1" x—1

*  Dao ham bén phdi cha ham sé y = f(x) tai diém x, = 0.

- - —a-1
F(1*) = lim F(x)—-F(l) - lim ax +b-1 = lim ax+1-a _—
x—1* x=1 x—1" X —1 x—1* x — 1
Ham so y = F(x) ¢6 dao ham tai di€ém x = 1 diéu kién la:
Fil) =F(1" )y &Sasl (2)

Thay (2) vao (1), ta dugc b =-1.
Khi dé: F'(1) = 2 = f(1)
Vay, véi a =2, b = —1 thi F(x) 1a m6t nguyén ham cta ham s6 f(x).

Vin dé 2: TIM NGUYEN HAM SU DUNG BANG NGUYEN HAM CUA
MOT SO HAM SO THUONG GAP VA CAC TiNH CHAT CO
BAN CUA NGUYEN HAM
Str dung:
* Bang cac nguyén ham.
* Cac tinh chat cia nguyén ham.
» Cac phép bién d6i dai s6.
Yidwp k: Tim nguyén ham cua cac ham sé sau:

a. (Bai 1.d/tr 141 — Sgk): f(x) = x °. b. f(x)=(2x + 3)*.
&5 Gidi
a. Taco:
] x_%“ 3 2
If(x)dx = Ix 3dx = +C =—x}+C.
1 2
—§+1



b. Taco:
If(x)dx = I(Zx +3)dx = —;— I(Zx +3)™d(2x +3)

2009+1 ) 2010
___l'(2x+3) +C=(..x+3) iC.
2 2009 +1 4020

¥ Nhdn xét: Nhu vay, dé tim nguyén ham ctia cic ham s6 trén:
» O ciu a) chiing ta chi viéc sir dung cong thic sin trong
bang nguyén ham la chi ra dugc nguyén ham ctia ham sé.
« O cau b) cic em hoc sinh c6 thé hiéu theo cach thay x
bang u thi:

a+l

fudu = =

+C,a#-1.
a+l

Yidy 2: Tim nguyén ham cua cdac ham sé sau:
a. (Bai l.e/tr 141 — Sgk): f(x) = 10*.
1

b. f(x) =r—m.
(x) 2x -1
&5 Giai
a. Tacoé:
jf(x)dx - jm“dx = ljw“d(zx) __10% +
2 21n10
b. Ta cé:
[foodx = = jd(zx") %ln|2x—l|+C

® Chi y: Vi du tiép theo sé minh hoa viéc tim nguyén ham dua trén céc tinh
chit cung véi bang nguyén ham.

Vidp 3: (Bai l.a, 1.bva l.c/tr 141 — Sgk): Tim nguyén ham cua cdac ham so sau:
a. f(x)=3x* +§ . b. f{(x)=2x*-5x+7.

1 1
c. )= —~x'=—.
(x) = E

&5 Gidi

a. Tacoh:

2

If(X)dx = J(sz +§—de = 3Ix2dx +—1- dex =x’+ w3 + C.
Fs 2 4

10



b. Ta co:

jﬂ x)dx = [(2x* = 5x + 7)dx = 2[x*dx — 5[xdx + 7/dx

4 2
=f——§§—+7x+C
2
¢ Taco:
5 ‘—I 3 ] 3
froodx = L —x‘—-l—)dx = o P B B W L
X* 3 -1 3 3 x 3 3

¥ Chii y: O cau ¢) chiing ta dd bo qua viéc tich nguyén ham ban dau thanh céc
nguyén ham nho va diéu nay sé duoc ap dung & cac vi du tiép theo.
Vidpd4: (Bai2.a, 2.b/tr 141 — Sgk): Tim:

a. J'(\/;+Q/;)dx. b. J.E—E—t\/—;—dx.

2

X
&5 Gidi
a. Taco:
| |
Lol L 2 3 3 ¢
j-(\/;ﬂv\‘/;)dx = _[(x2+x3)dx= l +] +C = =x?+—x*+C.
—+1 —=+1 2 3
2 3
b. Ta cé:
\/_ \/_ 2 2 3 ——l+l —34-!
2 2 ! 3 2 2
J.—)(——E#dx=jx +2x dx=J‘[x3+x2]dx= xl . x3 +C
= : . —§+l ——+1

| |
2x2=-2x 1 4+C = 2\/;——2—+C.

Jx

® Nhdn xét: Nhu vay, dé tim nguyén ham cua cic ham sé trén:

]

« O caua) chiing ta bién déi céc todn tir chita can vé dang x“
dé tir d6 xéc dinh dugc nguyén ham cho ching.

» O ciu b) chiing ta thuc hién thém dong tic tich biéu thic
ban ddu thanh cdc todn tir nhd ma cé thé xic dinh duoc
nguyén ham cua chiing dua vao bang nguyén ham.

Yidu 5: (Bai2.c, 2.d/tr 141 — Sgk): Tim:
J-] + cos4x .

b. I4sin2 x.dx .
2

11



&S Gidi

a. Taco:
] Sin ¢
I_—]+C054xdx = —l-J'(l+cos4x)dx = — x+9m4x +C.
2 2 2 4
b. Tach;

sin2x

_[4sin2 xdx = 2j(l—c052x)dx = 2(x— )+C =2x —sin2x + C.
F” Nhdn xét: Qua vi du trén, chiing ta bit ddu 1am quen véi viéc tim nguyén
ham ctia ham s6 luong gidc cu thé:

« O cau a) chiing ta thuc hién tach biéu thiic ban diu thanh
cdc todn tr nho ma c¢é thé xédc dinh duge nguyén ham cua
chiing dua vao bang nguyén ham.

» O cau b) chiing ta can sir dung cong thiic ha bac dé chuyén
biéu thitc ban ddu vé dang bic nhat.

Yidp 6: 7im:
tan x
a. Jcot*x.dx. b. [tanx.dx. C. I —dx .
cos” X
25 Gidi
& J8ch
g |
Jcot’x.dx = f( — —ljdx =—cotx = x + C.
sin” X
b. Tac6é:
sin X d(cosx)
ftanx.dx = I dx = —j- = —In|cosx| + C.
COS X CcoS X
¢. Tach:
tan x inXx. d 1 5 1
j —dx = Ismxddx =- (co;sx) =+—cosx+C=+ —+C.
COS™ X cos” X cos” X 3 3cos’ x

& Nhdn xét: Nhu vay, dé tim nguyén ham ctia cic ham s6 trén:
» O céau a) ching ta khong sir dung cong thiic ha bac ma tan
, =1 + cot’x boi —
sin” X sin” X
nguyén ham co ban.

dung héng dang thiic

thudc

« O cau b) chiing ta nhan thay ban than ham tanx khong c6
trong bang nguyén ham, xong ta da sit dung phép bién déi

sinx .. ... u
dé xuat hién dang —.
COS X u

thong thuong tanx =

12



« O cau c) 1a md rong tu nhién két qua ctia cau b).

Céc phuong phdp dé tim nguyén ham cho céc ham s6 luong
gidc chiing ta sé dugc thdy cu thé trong chu dé 2.

Yidp 7z Tim:
a. fer(1 +e™)dx. b. [Ve'+e™ +2dx.

&S Gidi
a; Taco

Jex(1 +e™dx =J(e* + dx =e* +x + C.
b. Taco:

'[ e'+e " +2dx = 'W(e§+e-3)2dx = I(e5+e_5)dx =2(e?-¢ 2)+C.

®” Nhdn xét: Qua vi du trén khing dinh thém tim quan trong ctia ham e’
boi tinh bét bién ctia né déi véi phép toan vi phan.
« O cau a) bing phép khai trién biéu thic duéi ddu tich phan
ta nhan dugc cdc todn tir ¢ nguyén ham trong bang.
» ( cau b) ta khir can thiic biang viéc bién ddi n6 vé dang:

JA? =AViA>0.

Yidu8: 7im nguyén ham cua cdc ham sé sau:

d d
= I:—:Z' b J’)(2--47;+3'
&5 Gidi
a. Taco:
[ ———jd("") ~2h[t-x+C
b. Ta bié&n déi:

1 B 1 _1[ L1 )
x> -4x+3  (x-Dx-3) 2{x-3 x-1)
Tir do, suy ra:

I————, o s : : )dx=l(ln|x—3|—ln|x—l|)+C
x"=4x+3 24 x-3 x-1 .
:llnx_?, +C.
2 |x-1

13



F” Nhdn xét: Qua vi du trén ching ta biat diu lam quen véi viéc xdc dinh
nguyén ham cua cic ham hitu ti, cu thé:
* O cau a) ching ta da sir dung phép bién déi dé xuat hién

dang =
u
« Ocaub) chung ta thuc hién phép tach da thuc:
1 1 ( 1 I
x-4x+3 2{x-3 x—l)'
Chung ta s€ gap phuong phdp lai phuong phip phan tich

nay trong van dé 3 cua dé nay.
Dai véi ciac ham s6 hitu ti, chiing ta ¢6 hai ma rong:

I):dx =-l—ln|xliaI+C
X“ta
d 1 - .
- = — 28 +C, v6i,a=0.
X"—a~ 2a |x+a

Céc phuong phép dé tinh nguyén ham cho cdc ham s6 hiru ti
ching ta s& dugc thay cu thé trong cha dé 2.
Dé tang do khé nguoi ta thay yéu cdu tim ho nguyén him cta
ham s6 thanh viéc tim mét nguyén ham trong ho dé thoa man
diéu kién K cho trudc.
Yidu9: Tim mot nguyén hiam F(X) cua ham s6:
a. f(x) = cosx, biér F(0) =0. b. f(x)=2x+ 1, biét va F(2) =2.
&5 Gidi
a. Véi ham s6 f(x) = cosx thi F(x) = sinx + C.
Khi dé, dé F(0) = 0 diéu kién la:
0 =3sin0 + C & C=0= F(x) =sinx.
b. Véiham s6 f(x) =2x + 1 thi F(x) = x*+ x + C.
Khi d6, dé F(2) = 2 diéu kién Ia:
2=4+2+CeoC=-4=>Fx)=x"+x-4.

® Nhdn xét: Nhu vay, dé lua chon duoc ddp dn ding cho dang toan trén ta
thuc hién theo hai budc:
Buoce 1: Tinh nguyén ham cta ham so.
Buoc 2: Xac dinh C bang viéc sir dung gia thiét con lai.

Vi dg 10: (PHQG HN Khéi A —1996): Tim mot nguyén ham F(x) ciia ham
56 f(x) = 2sin5x+~./;+% sao cho do thi F(x) cdt f(x) tai mot

diém thuoc Oy.

14



&5 Gidi

Ta o

, . -
Fix) = J(251115x+\/;+§)dx = [{2sin5x+x’/'+§)dx

2 2 3
=—-—cCcosd5x + —xvx + —x+ C.
5 3 5
Khi d6 do thi F(x) cat f(x) tai mét diém thuoc Oy diéu kién la:
(M=fD)=C=1,

Vay, nguyén ham can tim la F(x) = —%cosSx + %—x X + %x + 1.

F Chu y: C6 nhiéu ham s6 ma viéc xédc dinh nguyén ham phu thudc vao
khoang dang xét trén mién xac dinh, dé¢ minh hoa chiing ta xem
xét vi du sau:

o ian : 1
Yidwg Lhz 7im ho nguyén ham F(x) cua ham sé f(x) =

\/x(l +X) -
&S Gidi
Tir diéu kién ton tai cua ham so6 f(x) la:

x>0
x(l+x)>0<::>{
x < -1

ta di xét hat truong hop:
Truwong hop 1: Véi x > 0, ta duoc:

[t e d(x) =2n(vX + Vx+1)+C.
\/_\/1+x ‘f( x) +1

Truong hop 2: Véi x < -1, ta dugc:

dx d(x/—x D _ o d(v-x—1)
N N = Y o SO

=—2n(J-x-1 + J=x )+ C.

F Chu ¥: DE tim nguyén ham cia ham sé dang [f(x) + f'(x)]e* ta thuc hién
theo cic budc sau:
Budc 1: Xét ham s6 F(x) = f(x)e*, nhan xét rang:
F'(x) = f(x)e* + f(x).e* = [f(x) + f'(x)]e".
Budc 2: Vay F(x) = f(x)e* + C la ho nguyén ham ctia ham s6 da cho.
Phuong phép trén cling duge ap dung cho cac ham s6 dang:
1. Ham s6 [f'(x) — f(x)]e* ¢6 ho nguyén ham la F(x) = f(x)e™.
2. Ham s6 [f(x) + af(x)]e™ " c6 ho nguyén ham 1a F(x) = f(x)e™*".
3. Ham s6 [f(x) + o' (x)f(x)]e”™ c¢6 ho nguyén ham la F(x) = f(x)e™".

Jf(x)dx =]

15



Yidwp 12;: Tim nguyén ham cua cdc ham sé sau:
a. f(x)=(x*+3x + 2)e~. b. f(x) = 2 cos(x + g).e".

£S5 Gidi
a. Tabién déi f(x) vé dang:
fX)=[Rx+ D+ +x+ D" =[(x>+x+ 1)+ xX*+x + 1)]e".
Xét ham s6 F(x) = (x* + x + 1)e*, nhan xét ring:
F(x)=2x + e+ (x> + x + 1)e* = (x* + 3x + 2)e* = f(x).
Viy, ta dugc F(x) = (x* + x + 1)e* + C la ho nguyén ham ctia ham s6 da cho.
b. Ta bién déi f(x) vé dang:
f(x) = (cosx — sinx)e™ = [cosx + (=1)sinx]e™".
Xét ham s6 F(x) = sinxe™, nhan xét ring:

F'(x) = cosx.e ™ — sinx.e™* = (cosx — sinx)e* = ﬁ cos(x + %).e"‘ = f(x).
Viy, ta duge F(x) = sinx.e " * + C la ho nguyén ham ctia ham so6 da cho.

Vidwy 13z 7im nguyén ham cua cac ham sé sau:
2
(x“+x+1)e” (x =1)e”
" =

b. f(x)=
VX +1
&5 Gidi

a. Tabién déi f(x) vé dang:

[x +(x? 4+ 1]e* ( X z ), 3 , o
f(x) = =| 2+ xT+1 |e* = [+ D) +VxE 1)
Jx2 +1 Vx2+1

Xét ham s6 F(x) = vx* +1 .e*, nhan xét rang:

2 X
F'(x):(——z—’f—+ij2+lJe" sl PR
2Vx? +1 Vx?+1

Vay, ta duoc F(x) = vx* +1 .¢* + Cla ho nguyén ham ctia ham s6 da cho.
b. Ta bién déi f(x) vé dang:

0= (L +L)e- [(L)‘ iJ
X X X X

x

Xét ham s6 F(x) = o , nhén xét rdng:

a. f(x)=

: 1 - x —1)e”
Fo)= (- o + )¢t = &)
X X X

= f(x).

4

Vay, ta duogc F(x) = — + C 1a ho nguyén ham ciia ham s6 d cho.
X

16



F Cha y: DE tim nguyén ham ctia ham s6 dang u'v + v'u, ta thuc hién theo
cac budc sau:
Budc 1: Xét ham s6 F(x) = uv, nhan xét rang:
F'(x) = u'v+ vu.
Buoc 2: Vay, ta dugc F(x) = uv + C la ho nguyén ham cua ham
s6 da cho.

, . 8-3
Yidy 142 Tim nguyén ham cua ham sé f(x) = > .
- X
&5 Gidi
Ta bién doi f(x) vé dang:
2(4—-x)—x -1
f(x)= ——— =+v4-x + X=(x).v4-x +(V4-x)'x.
244 —x 24 -x
Xét ham s F(x) = x4 —x , nhan xét rang:
-1 8-3
F(x)=xJ4-x + = L =f(x).

2Ja-x  2a-x

Vay, ta dugc F(x) = x Ja-x +Cla ho nguyén ham cua ham sé da cho.
Vin dé3: TIM NGUYEN HAM BANG PHUONG PHAP PHAN TICH

Phuong phap phan tich thuc chat la viéc sut dung cac déng nhat
thicc dé bién d6i ham s6 ban ddu (hodc goi la ham s6 dudi dau tich
phan) thanh t6ng cac nhan t ma nguyén ham ctia méi nhan tu dé cé
thé nhan dugc tir bang nguyén ham hodc chi bing cac phép bién doi
don gian da biét.

Dé tim nguyén ham cta ham s6 y = f(x) bing phuong phap phan
tich, ta thuc hién theo cac budc sau:

Buéc I: Bién déi f(x) vé dang:

f(x) = Za f.(x),

véi f,(x) c6 nguyén ham trong bang cong thic va o la cac
hing s6.
Buoc 2: Khi d6:

[f(x)dx = Iiaifi(x)dx = icxi [£.(x)dx

& Chai y quan trong: Diém mau chot la phép phan tich trong budc 1, cac

em hoc sinh c6 thé rit ra y tgé 5t varmynh hoa sau:
DAIHOC QUOC GIA H. 1O

TRUNG TAM THONG Titv THU VIEN

T T

L/ 23%4
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*  Vaif(x) = (x’ — 2)” thi bing viéc sir dung hiang dang thiic ta viét lai:
f(x) = x® - 4x’ + 4.

= Véif(x)= —)(—:“—4x—lt~§ thi bang phép chia da thic ta viét lai:
x -_—
fx)=x-3+ —2—1
= Véif(x)= —,,——]—— thi bang phép phan tich da thitc thanh nhan ur
X" —-35x+6
ta viét lai:
f(x) = 1 _ (x-2)-(x-3) = . |
(x=3)(x-2) (x=3)(x-2) x—3 X-2
= Voif(x) = : thi bang sir dung phuong phéap nhan lién
Vx+1-+x-1

hop ta viét lai:
\/x+l+\/x-l
f = 1 -1).
(x) = xtD)—(=D) 2(\/;(+ +x )

*  Vai f(x) = cos3x.sinx thi bang viéc sir dung cong thitc bién déi tich
thanh tong ta viét lai:

f(x) = % (sindx — sinx).

Yidg l: Tim nguyén ham cua cac ham so sau:
a. f(x)=(x-1(x=-2). . e f(x) =x(1 = x) %2,
b. f(x)=(x - 1)2™%(x - 2).
LS Gidi
a. Ta c6 thé lua chon hai cach trinh bay sau:
Cach I: Ta bién déi:
Hm:kx-nu—zmxzkﬁ-3x+mm<=%x%-%ﬁ+2x+c
Cdch 2: Ta bién déi:
F(x) = J(x = 1)(x — 2)dx = kx~1nu-4)—1wx-fux—1)—wx-lndx
—Jx—lf—u—lﬂdx—n*—w —)-——(—1)+(

b. Sirdung dong nhit thic: x-2=(x—-1)-1
ta duoc:

fx)=(x = 1D*8[(x = 1) = 1] =(x = 1) = (x = 1),
Khi dé6:
F(x) = [[(x = 1) = (x = 1)®®)dx =[[(x = 1)*** = (x = )*™]d(x - 1)
~ (x_l)zulo _(x ~ 1)
© 2010 2009

18



€™ Nhan xét: Qua vi du trén chiing ta bat ddu lam quen véi viéc xdc dinh
nguyén ham cua cdc ham da thic bang phuong phap phan tich,

cu thé:

I. O cau a) ching ta nhin thay:

Cach 1 sir dung phuong phap nhan da thic dé bién déi
tich thanh tdng cdc nhan tr ma nguyén ham cta moi
nhan tir d6 ¢6 thé nhan dugc tir bang nguyén ham.
Cach 2 sir dung déng nhat thic x =2 = (x = 1) — 1 dé
bién d6i nguyén ham vé dang téng cta cac [u“du. Tuy
nhién, cic em hoc sinh sé thdy ngay rang cach giai
nay dugc trinh bay chi mang tinh minh hoa boi né
phtic tap hon nhiéu so véi cich 1.

2. O cau b) chiing ta sirdung ¥ tudng da trinh bay trong cach
2 cau a) va dé thay do 1a loi giai tot.
3. O cau c) ching ta c6 thé tdng quat véi nguyén ham:

I = [x(ax + b)*dx, véia # 0.
|

Str dung dong nhat thic: x = l .ax = —[(ax + b) — b]

a a

ta dugc:

x(ax + b)* = : [(ax + b) = b](ax + b)*
a

= L [(ax + b)“*' = b.(ax + b)“].
a

Khi dé:

I= L] [J(ax + b)**'dx — [b.(ax + b)*dx]
a

- _'.. [J(ax + b)** 'd(ax + b) - [b.(ax + b)*d(ax + b)]
a

Ta xét ba truong hop:
Truong hop 1: Véi a = -2, ta dugc:

[ = iz [[(ax + b)'d(ax + b) — [b.(ax + b)*d(ax + b)]
a

1 :
= — [Inlax + bl + =

]+ C.
a ax+b

Truong hop 2: Vi o = —1, ta duoc:

1=

'2 [[d(ax + b) = Jb.(ax + b)'d(ax + b)]
a

= —1; [ax + b — b.Inlax + bl] + C.
a2

9



Truong hop 3: Véi o.e R\{-2, —1}, ta duoc:

1 ’ a+2 : a+l
I=_?[(ax+b) +b(ax+b) J+C.
a o+2 o+1
Yidwp 2: Tim nguyén ham cua cac ham sé sau:
. X
a. fx = i b- fx i e —
() 2x +1 ) x> +2x+1
£S5 Gidi
a. Tacé:
xdx ] ] 1 e
f(x)dx = Il }= dx = —| (dx -
I()X f 11 2]( 2x+l)x 2[[x I2x+])
1
= — Idx-ljm - __l_x_ llﬂ|2X+ 1|+C
2 27 2x+1 2 4
b. Ta cé:
If(x)dx = [— [(X+1)—1]dx 2 dx | dx ,
x2+2x+1 (x+1) x+1 (x+1)

zln|x+l|+—l—-+C.
x+1

Vidy 3: Tim nguyén ham cua cdc ham so sau:

x> —x+1 ]
i ) m e, T b T R —
) X | ) x> +3x+2
&5 Gidi
a. Tachd:

2—
If(x)dx = j(x R j’(x—l+l]dx = %xz—x + In|x| + C.
X X

b. Ta cé:
jf(x)dx =] =] a dx = | LS. dx
X +3x+2 (x+D(x+2) X+1 X+2 _
=Inx+1]=Injx +2|+C =1In i e
X+2

& Nhdn xét: Qua vi du trén:

1. O cau a) chiing ta chi cn thuc hién phép chia da thiic 1a da
bién d6i phan thic hiru ti ban ddu thanh téng cidc nhan tu
ma nguyén ham ctia méi nhan tir d6 ¢6 thé nhan dugc tr
bang nguyén ham.
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2. O caub) chiing ta nhan thdy:
1 1

x+3x+2 (x+D(x+2)
A i B _(A+B)x+2A+B

x+1 x+2 (x+1)(x+2)
Ta duoc dong nhat thic:
l1=(A+B)x+2A +B. (1)
Dé xdc dinh A, B trong (1) ta ¢6 thé lua chon mot trong hai

cach sau:
Cdch 1: (Phuong phdp dong nhat hé sé): Dong nhat dang
thiic, ta duoc:

A+B=0 A=1
= :
2A+B=1 B=-1
Cdch 2: (Phuong phap tri s6 riéng): Lan luot thay x = -1,
X = -2 vao hai vé cua (1) taduoc A =1 va B=-1. Tic la:
1 1 1

x2+3x+2 x+1  x+2°

Yidyp 4z Tim nguyén ham cua cdac ham s6 sau:

a f(x)= xV2x+1. b. f(x)= x(\/x+l+§/l——x).
&5 Gidi
a. Taco:

|
Jf(x)dx = de2x+]dx = %_ﬂ:(Zx+l)—l:|(2x+l)5 dx
I : Naxe 2025 415 — 2025211 |4 C
= 2 - 2 | 2 —— 2
zf{(2x+l) (2x+1) } X 2[5( X +1) 3( x+1) ]+

b. Ta co:

Jreodx = Jx(Vx+T+¥T=x)dx = fx/x+Tdx+ [x¥T-xdx
)

—[[x+] ]x+] ;dx+][1—(1—x)](l—x)édx
= j[(x+1)3 (x+1)z]d(x+1)—j[(1—x)é —(l~x)ﬂd(l—x)

S 3 6 11
= 2(x+1)2 _§(X+1)z _g(l_x)z +1—51-(1—x)? +C.

5
Vidwg 5: Tim nguyén ham cua cac ham sé sau:
: 1 X
a. f(x)= . b. f(X)= ——.
Jx+347x41 vxi+1-x

2]



&S Gidi

B Tach:
dx (\/x+3—\/;+l)dx
f(x)dx = =
Jreds ‘[\/x+3+\/x+l x+3-x-1
1 | 3 3
= %J{(x+3)5—(x+])5}dx = %[(x+3)5—(x+])5]+c.
b. Ta cé: :

Vxi+1 +x)dx

-l N e

d X
_[f(x)dx = IJX—:(T’;—X = I (
|

= %J'(.xz +1)2d(x* +1)+ _[xzdx = %(x2 +l)§ +%x" +C.

Ix x? +1dx + szdx

" Nhdn xét: Dé tim nguyén ham cua ciac ham sé ¢ vi du trén chiing ta déu
str dung phép nhén lién hop bac hai, cu thé:
JA ++/B c6 lién hop 1a /A —+/B va nguoc lai.
Tuy nhién: |
1. O cau a) sau phép lay lién hop chiing ta nhan dugc ngay
tong cdc nhan tr ma nguyén ham cta méi nhan tir dé ¢
thé nhan dugc tir bang nguyén ham.
2. O cau b) ching ta can thuc hién thém viéc tich ham so
nhin duoc thanh hai ham s6 nho boi cin t6i hai dang
[x“dx va [u”du.

Yidp 6: 7im nguyén ham cia ham so:
f(x) =

I
Yx+12 +¥x2 =1+ Yx =17
&S Gidi

Ta cé:

. (i/x+l—%/x—l)dx
I(X) 5 " ‘[[Q/(xﬂ)z +%&2_1+§/(x_1)2:|(\3/x+1—Vx—l)

- %J{(m)i —(x—l)ﬂdx . %[(m)% _(x-1)3]+c.

" Nhdn xét: Dé tim nguyén ham ctia ham s6 & vi du trén ching ta st dung
phép nhan lién hop béc ba, cu thé:

YA +B c6lienhop 1a YA? —YAB +IB? vanguoc lai.




YA -YB colienhopla YA® + YAB +YB* va nguoc lai.
Yidyp 7z Tim nguyén ham cua cac ham so sau:
a. f(x) =cos2x.cosx. b. (PHLN - 1997): f(x) = cos’x.
&5 Gidi

a. laco:

D)

P -—

1 . .
If(x)dx = —[(cos3x + cosx)dx = ésme + —;smx + C.

b. Ta c6 thé trinh bay theo hai cich sau:
Cach [: Ta bién doi:

If(x)dx = [cos’xdx = %I(cos.”x + 3cosx)dx = -j:(% sin3x + 3sinx) + C.

— isin3x - 1sinx + C.
12 4

Cach 2: Ta bién doi: )
'ff(x)dx — fcos’xdx = Jcoszx.cosx.dx = J(l - sinzx)cosx.dx

= [cosx.dx — [sin®x.d(sinx) = sinx — % sin’x + C.

T Nhdn xét: Nhu vay, dé tim nguyén ham cho cic ham s6 luong gidc trén
chiing ta sir dung phuwong phdp phan tich, cu thé:
1. O cau a) chiing ta sir dung cong thiic bién déi tich thanh
tong. Cac em hoc sinh hiy nhé lai:

COSX.COSY = % [cos(x +y) + cos(x — )]
sinx.siny = % [cos(x = y) —cos(X +y)]
sinx.cosy = % [sin(x +y) + sin(x — y)]
cosx.siny = % [sin(x +y) = sin(x — y)]
2. O céch 1 cau b) ching ta sir dung cong thifc ha bac dé
nhin dugc mot da thic gébm cdc ham sé lugng gidc bac

nhat va viéc xdc dinh nguyén ham ctia né khéng phai khé
khan. Cac em hoc sinh hdy nhé lai:

. 2 l-cos2x 3 1+ cos2x
Sin°X = —————— Va COS$X = — .
¥ 4 2
. % 3sinXx —sin3x . s 3cos X +cos 3x
5in'x = VA cos’x = i
4 4
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Yidu8: 7Tim nguyén ham ciia ham s6 f(x) = tan’x.
&5 Gidi
Str dung déng nhat thic:

] sin X
-1 [tanx =tan X.—— — -

2

Cos X

tan’x = tan ’x.tan X = .
COoS™ X COS X

Ta duoc:

d(cos
[£(x)dx = Jtan x. L e P2 e = e dimnig 4 s
Cos™ X COSX cos X

sin X

tan %X + Inlcosx! + C.

|
2
" Tong quat: Pat 1, = [tan"dx, v6i n > 2, dé tinh I tir dung déng nhat thiic:

n—2

. 1 5 =5 1
tan"X = tan’x.tan" 1x=(' = Ifan ?x =tan""X.——— ~tan""x.
cos” X cos” X

Khi dé:
1 _ )
[ & tan" 'x — Jtan" Mdx < I =
n-1 n-1
D6 1a cong thic truy hdi ma ching ta s& con gap lai trong phan tich phén
truy hoi.

tan" 'x -1 _ .

Yidu9: 7Tim nguyén ham ciia ham s6 f(x) =

cos” X
£ Gidi
Sir dung két qua:
d’; = d(tan x)

cos” X

Ta duoc:
1 dx 3
If(x)dx = | e, = (1 + tan*x)d(tanx)
cos” X cos” X

= Jd(tanx) + [tan*xd(tanx) = tanx + % tan’x + C.

Yidwp 10z Tim nguyén ham cua ham sé f(x) = :
+e

=5k

L5 Gidi
Str dung déng nhét thic
1=(1 +e")—¢

Ta duoc:
1 _(l+c‘)-—c"_1_ ¢*
1+e’ 1+¢” 1+
Suy ra:
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If(x)dx =I(l -

X

l+e l1+¢e*

Vandé4: TIM NGUYEN HAM BANG PHUONG PHAP SU DUNG
NGUYEN HAM PHU
Ta thuc hién theo cac budc sau:
Budc I: Tim kiém ham s0 g(x).
Buoc 2: Xac dinh cac nguyén ham cda cac ham s6 f(x) + g(x), tuc la:
F(x)+G(x) =A(x)+C, I
{F(x)—G(x)=B(x)+cz' £
Buoc 3: Tu hé (I), ta nhan duoc:

F(x) = % [A(x) + B(x)] + C
la ho nguyén ham cua ham s6 f(x).

Yidwp bz Tim nguyén ham cua cac ham so sau:

. 4
sin X cos X
a. f(x)=— . b. f(x)=— =
SIN X —COS X sin” X +cos” X
&5 Gidi
a. Chon ham so phu:
CoS X
U e ———
SINX —COS X
Goi F(x) va G(x) theo thit tu la nguyén ham cua cac ham s6 f(x), g(x). Ta c6:
‘ SinX + cos X N
f(x) +gx) = ——
SinX — cos X

d(sinx —cosx)

= F(x) + G(x) = IM dx =] : = Inlsinx — cosx| + C,.
sSin X — cos X Sin X —COS X
f(x) — g(x) = 22 "% _ | = F(x) - G(x) = Jdx =x + C,.
sin X — cos X

Ta duoc:
F(x)+ G(x) =Inlsinx —cosx | +C,
F(X)-G(x)=x+C,

= F(x) = %(lnlsinx - cosxl + x) + C.

b. Chon ham s6 phu:
sin® x

g(x) =

Tk &
sin® x + cos” x
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Goi F(x) va G(x) theo thit tu 1a nguyén ham cua cac ham s6 f(x), g(x). Ta c6:
i & 4
f(x) + g(x) = 22 XTCB8 X _ | o Fx) + G(x) = Jdx =x + C,.

sin® X + cos” x

4 . .
cos*x —sin*x  cos*x—sin®x cos 2x

f(x) - g(x) = — = =

3 4 . 4 4
sin‘x+cos' x  sin®X+cos’ X 1_%sinzv2x
2cos2x d(sin2x)
= F(x) -G(x) =] ————dx =]
) (X) 2—sin22X sin®2x —2
_ 1 Il sm2x—\/_l
2\/— sm2x+\/_|
Ta duoc:
F(x)+G(x)=x+C,
F(x) - G(x) = In \/5+sm2x +C,
J_ J2 —sin2x
\/5+sm2x

=» F(x) = )+ C.

\/— \[_ 2 —-sin2x
Yidp2: Tim nguyén hdm cia ham so'f(x) = 2sin’x.sin2x.
&5 Giai i
Chon ham sé phu:
g(x) = 2cos’x.sin2x.
Goi F(x) va G(x) theo thit tu 1a nguyén ham cua ciac ham so f(x), g(x). Ta cé
f(x) + g(x) = 2(sin’x + cos’x).sin2x = 2sin2x
= F(x) + G(x) = 2[sin2xdx = —cos2x + C.
f(x) — g(x) = 2(sin’x — cos’x).sin2x = —2co0s2x.sin2x = —sindx

= F(x) — G(x) = —[sindx.dx = %cos4x +C,.
Ta duoc:

F(x) + G(x) = —cos2x + C,

] = F(x) = . (—cos2x + lc:os4x) +C.
F(x)—(}(x)zzcos4x+c2 2 4

X

Yidp 3: 7Tim nguyén ham cia ham sé f(x) = =

e —e
&S Gidi
Chon ham s6 phu:

=X

QU)= —n

e —e
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Goi F(x) va G(x) theo thi tu la nguyén ham cta cac ham s6 f(x), g(x). Ta ¢é:

, e' +e”
f(X)+ g(‘() B ——
€ =E
S F) = Gy =[S ax=[XE " ) it — e+ C,
g = e —¢
. . e —e’
(1) BR)= =1zF(x)+G(x)=Idx=x+C2.
e —¢€

Ta duoc:
fl-‘(x)+G(x):lnle‘ -e " 1+C,

| = PFix)= l(lnle‘ -e'l+x)+C.
|F(x)~G(x)=x+C, 2

BAI TAP TU GIAI
Bai tap 1: Tim ham so6 y = f(x), biét dy = 12x(3x* = 1)’dx va f(1) = 3.

x:—xv2 +1

Bai tap 2: Ching minh rang ham s6 F(x)=In — la moét nguyén ham
X"+ x\/i +1

W22 -1) .
—_— (TN
x? +1

cua ham so f(x)= R.
Bai tap 3:

a. Tinh dao ham ctia ham so g(x) =

X
\/x2+l-

b. Tim nguyén ham cua ham sé f(x) = ———.
JixF+1)

l+4%" +a

X

—

Bai tap 4:

~

a. Tinh dao ham cia ham s6 g(x) = In ,voix #0,a>0.

: 3 . a s '
b. Tim nguyén ham cla ham s6 f(x) = ——==,voix #0,a> 0.

xvx® +a
Bai tap S:

a. Tinh dao ham clia ham s6 g(x) = xVx* +a,a#0.

b. Tim nguyén ham ctia ham s6 f(x) = Vx* +a,a#0.

¢. Tim nguyén ham ham s6 h(x) = (x + 2)Vx* +a ,a#0.
Bai tap 6: Chimg minh ring ham s6:

] .
x*sin— khix#0

F(x):J X
lo khi x = 0
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la mot nguyén ham cia ham sé:
1 1
2xsin——cos— khix #0
f0x)= Xsin - cos > i X e
0 khi x =0

a.sinx +b.cosx

Bai tap 7: Ching minh ring ham s6 f(x) = ,véic?+d*>0c6 ho

c.sinx +d.cosx
nguyén ham la F(x) = Ax + Blnlc.sinx + d.cosx| + C.

Ap dung: Tim ho nguyén ham cla cédc ham s6 sau:

. :
a. f(x)= — : . )= M—
\Esinx+cosx SIN X + COS X
i SINX — COS X
B W 4§mx+3cosx . d. f(x)= - _
sinX + 2cos X sinX +2cos X
Bai tap 8: Tinh:
' 1
a. I[xz +3+c’“']dx. b. f(sin2x+cos3x+ . )dm.
X CcOoS X
Bai tap 9: Tinh:
a. I(2x+3)3dx. c. J‘cos4 X.sinxdx .
X o) 2
b [=—dx. d. [CREED 4.
e +1 X
Bai tap 10: Tinh:
a. o -3x + L )dx. c. 12 lax.
X X
4 4 2
b, [2X*3ax. d. (& g
X X

Bai tap 11: Tinh:
a. J(Vx +2¥x -4¥x)dx. d. I"J.‘ dx.
b [0
X

SINX + COSX

g AR
&. ftanzx.dx. Jsinx —cosx

Bai tap 12: Tinh:

dx .

a. Je(1 -e™dx. b. [Ve* +e™* -2 dx.
Bai tap 13: Tinh:
X ]
a. dx. b. | —dx.
j]4-)(2 J‘)(2—3)'(+2
Bai tap 14: Tinh: :
dx x: -1
J-3x2—4. b. Ix4+ldx.
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Bai tap 15: Tinh:
& j dx b j‘ dx )

] +sinx SIn X

Bai tap 16: Tim ham s6 f(x), biét ring f'(x) = 85in2(x 4 %J va f(0) = 8.

Bai tap 17: Xdc dinh a, b, ¢ dé ham s6 F(x) = (a + 1)sinx + ;sin2x + -stin3x la

mot nguyén ham cua ham s6 f(x) = cosx trén R .
Bai tap 18: Xdc dinh a, b, ¢ dé ham s6 F(x) = (ax’ + bx + c)e™ la mot nguyén
ham ctia ham s6 f(x) = (x* = 3x + 2)e ™.
Bai tap 19: Xéc dinh a, b dé ham s6:
~bx .
X+a khi x <0
F(x) = ( )e 1
ax’ +bx+1 khix>0
la mOt nguyén ham cia ham s6:

e

Bx)e= X 2\/; trén R.
2x+% khi x >0

Bai tap 20: Tim nguyén ham cua ciac ham s sau:

a. f(x)=(2x = 1)x +2). c. f(x)=(2x-1)"%x - 2).
b. f(x)=(x - 1)(x +2)(x +5). d. f(x)=x(x+ 1),
Bai tap 21: Tim nguyén ham cua cac ham sé sau:
X X
a. f(x)= —. LR T —
k) x+1 ks A X’ +4x+4
. X X
b. f(x)= ; d. f(x)= ——.
N o i 9x* +6x +1

Bai tap 22: Tim nguyén ham cua cac ham s6é sau:

a. f(x)= x\/;——Z. c. fix)= x(\/x—1+Jx—2).

b. f(x)= xJ1+x. d. f(x) = x(V1-2x +¥x+1).
Bai tap 23: Tim nguyén ham cua ciac ham sé sau:
2 2
a. f(x)=X +x_ b. f(x)=x——-§1£.
X ' X+2
Bai tap 24: Tim nguyén ham cua cic ham sé sau:
1 3x-2
a. fx)= ——. b. f(x)= ————.
: x?=3x+2 ) 2x* =3x+1
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. . 3x%+3x+3
Bai tap 25: (DHQG HN Kh6i D - 95 ): Cho ham s§ y = —— ——~

x° =3x +2
# 4 ” & ” -4 a b C
a. Xac dinh cic hang sé a,b,cdé: y = — + + :
(x-1)> x-1 x-2
b. Tim ho nguyén ham cuay.
Bai tap 26: Tim nguyén ham cua cic ham so sau:
] , X
a. f(x)= : c. f(x)=-= :
Jx —x-2 v +1+x
1 X
b. f(x)= : d fx)= ————.
V2x +1++/2x -1 x> +2-x
Bai tap 27: Tim nguyén ham cuia cdc ham sé sau:
a. f(x)= 1
Yx+2) +¥x? -4 +Y(x-2)
1
b. f(x)= .
It +ifx(x=1) + Yix -1y
Bai tap 28: Tim nguyén ham cua cac ham sé sau:
a. f(x) = sin2x.sin6Xx. ¢c. f(x)=cosx.sin3x.
b. f(x) = cosx.cos3x. d. f(x)=sin5x.cos3x.
Bai tap 29: Tim nguyén ham cua cdc ham s6 sau:
a. f(x)=sinx.sin2x.sin4x. b. f(X) = cosx.cos2x.cosdx..
Bai tap 30: Tim nguyén ham cua ciac ham soé sau:
a. f(x)=sin’x. c. f(x)=sin’x.
b. f(x) = cos'x. d. f(x)=cot’x.
Bai tap 31: Tim nguyén ham cua cac ham sé sau:
a. f(x)=sin’2x + 2cos’x. b. f(x) =cos’x + 2sin’X.
Bai tap 32: Tim nguyén ham cua cdc ham sé sau:
a. f(x)=cos*x — sin’x. d. f(x)=cos®x — sin®x.
b. f(x) = cos*x + sin’x. e. f(x)=cos®x —sin®x.
c. f(x)=cos®x + sin®x. f. f(x)=cos®x + sin®x.
Bai tap 33: Tim nguyén ham cta cac ham s6 sau:
k]
1
. oS X b, — .
sin X SINX.COS~ X

4sinx +3cosx

Bai tap 34: Cho ham s6 y = — ,
sinX + 2Cos X

a. Xic dinh céc hing s6 a, b dé:
4sinx + 3cosx = a(sinx + 2cosx) + b(cosx — 2sinx).
b. Tim ho nguyén ham cuay.
Bai tap 35: Tim nguyén ham cua cac ham sé:
JL_ c. f(x)=— e ‘
SInX + cosX e +e’
b. f(x) = sin’x.cos2x.

a. f(x)=
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cuU ®E 2 MOT SO PHUONG PHAP TiM
NGUYEN HAM

A. TOM TAT LI THUYET
1. PHUONG PHAP BOI BIEN 8
Co so cia phuong phip déi bién s la dinh i sau:
Pinh li 1: Gia situ = u(x) la moét ham sé ¢o6 dao ham lién tuc trén 1 sao cho ham
50 hop flu(x)] xdc dinh trén 1. Khi dé, ta cé:
[flu(x)].u'(x)dx = Flu(x)] + C. (1)
o doé F(u) la mot nguyén ham cua f(u).
Nhan xét rang:
u=u(x) = du =u'(x)dx va flu(x)].u'(x)dx = f(u)du
do dé, cong thie (1) duge viét gon dudi dang:
j f(u)du = F(u) + C.

Pé tim nguyén ham cta ham so6 f(x) bing phuong phédp doi bién ta thuc hién
theo cac budc sau:

Buoe [: Chon u = u(x), trong do u(x) la ham s6 ma ta chon cho thich hgp, roi
xac dinh x = @(u) (néu c6 thé).
Buoe 2: Xéc dinh vi phan dx = ¢’ (u)du.
Buoe 3: Biéu thi f(x)dx theo u va du. Gia sir rang f(x)dx = g(u)du.
Buoe 4: Khi dé:
[f(x)dx = [g(u)du.

T Luu y: Cic dau hiéu din t6i viéc lua chon 4n phu kiéu trén thong thudng la:

N Diu hiéu Cé thé chon
Ham c6 méu s6 u la miu s6
Ham f(x, o(x) ) u= @(x) hoacu = \/(p(x)

e Véaix+a>0vax+b>0,dat

Hi\mf(x)= I u= \IX+8+\/X+b

J(x +a)(x +b) o Véix+a<Ovix+b<0,dat:
u=v-x-a +vJ-x-b
.SinXx +b.cosx
Ham f(x)= a.smx — uztanl(- (vo cosit())
L c.sinx +d.cosx +e 2 2
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2. PHUONG PHAP LAY NGUYEN HAM TUNG PHAN
Co s¢ ctua phuong phép la dinh Ii sau:
Pinh li 2: Néu u(x), v(x) la hai ham sé ¢é dao ham lién tuc trén 1 thi:

fu(x).v'(x).dx = u(x)v(x) - Iv(x).u'(x).dx
hodc viét  fu.dv=uv - [v.du.

Pé tim nguyén ham cta ham sé f(x) bing phuong phap 14y nguyén han tinng
phén ta thuc hién theo céc budce sau:

Buéce 1: Bién déi:
[f(x)dx = [f,(x).f,(x)dx.

u=f(x) du
— :
dv =f,(x)dx %
[f(x)dx = uv - [vdu.
S Luu y: Khi sit dung phiong phdp ldy nguyén ham timg phdn dé im nguyém
ham ching ta cdn tuan thi cdc nguyén tic sau:

a.  Lua chon phép dat dv sao cho v dugc xdc dinh mot cach dé ding.

b. Tich phan bat dinh Jvdu duoc xédc dinh mot cach dé dang hon sso
véi tich phan ban dau.

Buoc 2: Dat:

Buoe 3: Khi dé:

B. PHUONG PHAP GIAI TOAN
Vindé 1: PHUONG PHAP POI BIEN

St dung kién thic trong phdn phuong phap doi bién.
Yidg 1z  Tim ho nguyén ham cua cdc ham sé sau:

X+2
a. fx)= ——%
*x) x?+4x+3
b. (Bai 41.d/tr 175 — Sgk): f(x) = X +1)

cos’(2x+1)
&5 Gidi
a. Ta c6 thé trinh bay theo cic cich sau:
Cdch 1: Dat u = x* + 4x + 3, suy ra:

du=2x+4)dx=2(x+2)dx & (x + 2)dx = %du .
T dé: .
I (x + 2)dx _ 1 du

— |— = =Inlul+C =lln|x2+4x+3|+C.
x> +4x+3 u 2 P
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Cach 2 Thuc hién phep bién déi:

2
j..(l‘+2)dx _ 1 p@x+4)dx =1J'd(x +4x+3) =-;—]n,x2+4x+3|+C.

x?+4x+3  27x7 +4x+3 x* +4x +3
b. Ta ¢6 thé trinh bay theo cic cch sau:

Cdach | Datu = cos(2x + 1), suy ra:
du =-2sin(2x + 1)dx & sin(2x + 1)dx = —%du )

T do:
'{sm(2x+l)dx _ lgdu _ 1 1

: + +C
cos"(2x +1) 27u 2u 2cos(2x +1)
Cdch 2 Thuc hién phép bién doi:

+C.

J-\m(2x+ Ddx _ 1 Id[cos(2x+l 1

cos"(2x +1) B cos’(2x +1) 2cos(2x +1)

& Nhdn xét: Nhu vay, dé tim nguyén ham ctia céc ham sé trén:

1. O cau a) chiing ta nhan thay:
» Cich 1 dugc dé xuat dua trén dau hiéu thit nhit trong
bang dau hiéu.
» Cich 2 ching ta trinh bay dua trén nhan xét ¢ sau vi
du 1/van dé 2 cha chu dé 1.

2. O cau b) chiing ta nhan thay:
* Cach 1 khong lua chon viéc dat t = MS boi né cé dang
v’ nén (u¥)’ = 2u’.u khong phit hop véi TS. Lai giai
nay duoc dé xuit dua trén nhan xét dao ham cua cos
thi bang sin.
» Céch 2 ching ta trinh bay dua trén nhan xét ¢ sau vi
du 1/vdn dé 2 ctia chu dé 1.

Vidw 2:  Tim ho nguyén ham cua cdac ham sé sau:
a. (PHQG HN Khoi A - 98): f(x) = x(1 —x)® .

3

b. (CDKS Phia Bic — 2000): f(x) = — =
x -—

& Gidi

a. Tuac6 thé trinh bay theo cic cdch sau:

Cach 1 DBatt=1 - x, suy ra dt = —dx. Khi dé:

Jx(1 = x)®dx = =J(1 — )¥°dt = —f(t° - ")dt
2 21 Y, - )2
=1l ,c- Lint. )Y ., +C.

22 21 22 21
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Cdch 2: Thuc hién phép bién déi:
fx(1 =x)®dx = J[1 = (1 = x)](1 = %)?dx ==J[(1 = x)** = (1 = x)"']d(1 - x)
(]_x)21 (l_x)zl

=- + +C.
21 22

b. Datt=x*suyradt = 4x’ dx. Khi dé:
I x'dx 1

-2 4It -2 8\/_J(t—f t+\/‘]
plnke e ) = o 2

8\/_ t+2
nE 2|,
8\/— |x +2 |
Vidgp 3: (Bai5.ava 5.c/tr 145 — Sgk): Tim ho nguyén ham cua cac ham so sau:
a. f(x)= xﬁ. b. f(x)= 9%’

Ji1=x |
&5 Gidi
a. Ta c6 thé trinh bay theo céc cich sau:
Cdch 1: Datu= J1-x*, suy ra:
u =1 -x?= 4u’du = -2xdx © xdx = -2u’du.
Tir dé:
ij‘ 1-x"dx = —2j'u.u’du = —2ju“du =—§u5 +C= —% #il=x"y +C.
Cdch 2: Patu =1 — x?, suy ra du = —2xdx.
Tir dé:
|
l 5“
Ix‘ 1-x%dx = —ljﬂdu - Iu“du = —l. B
2 |

2—+]
4

+C

5
=—-—§-u“ = —-ﬁ- Ja-x*® +C.

Cach 3: Tacé6: ,

—x2)4
j’x\/l- 2 dx ——-j(l X )“d(l x)_--'- L 9
=—-§—“(1—-x2)5 0.
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b. Ta coé thé trinh bay theo céc cach sau:
Cach 1: Datu= Jy1-x’, suy ra:

w=1-=x}=2udu=-3x}dx & x’dx =-

2udu
T
Tur do:
j{;-_’"—d"— =9( 3) Lo = =6 [du =—6u+C=-6\I-x +C.
Cdch 2: Patu=1-x*, suy ra du = -3x%dx.
Tu do:

Ox'dx du du
=-3[—==-6|—==-6Vu +C=-6Vy1-x' +C.
J I\/E IzJTI
Cach 3: Td cO:

2 3 l
J'9x dx‘ _ _3Id(l—x .) = -3[(1-x") 7d(1-x")
Vi-x (1-x%)?

1-x)7"

—l+1

2

|
= -3, +C = -6(1-x*)2+C =-61-x* +C.

@& Chu y: Nhu vay, dé tim nguyén ham clia cic ham sé trén:
= Cich 1 va cdch 2 duoc dé xuat dua trén dau hiéu thit hai trong
bang dau hiéu.
» (Céch 3 dugc trinh bay dua trén ¥ tudng déi bién ctia cach 2.

Yidp 4: (Bai5.b va 5.d/tr 145 — Sgk): Tim ho nguyén ham ciia cdc ham so6 sau:

1 1
a. f(X)= ———. . —
J5x +4 Jx(1+Vx)?
&S Gidi
a. Ta c6 thé trinh bay theo cdc cdch sau:
Cach I: Datu = J5x +4 , suy ra:

u’=5x +4 = 2udu = 5dx < dx = 2udu.

Tt do:

jm —gjl—t-‘-d—u -—-Idu —%u+C-§\15x+4 + C.

Cdch 2: Diat u = 5x + 4, suy ra du = 5dx. T dé:

jm IJ— =£j£}___f+c_§m+c
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Cach 3: Ta c6:

I de _4 . gjd(SX+4.) - %J‘(SX+4) 2d(5x+4) i 5x+4 +C.
VIX +
(Ox +4)?

b. Ta c6 thé trinh bay theo cic cach sau:
Cach I: Patu = Jx | suy ra u®* = x = 2udu = dx.

Tir do:
2udu d(1+u) 2 2
— — = - +C = — +C.
js/—(l+\/_) '[u(l+u) I(1+u)2 l1+u 1+x
Cach 2: Patu = l+\/; suy ra:
dx
— = 2du.
"ok J_
Tir dé:
dx 2du 2 e 2 2
= =2 |Ju"du=2 +C=-——+C=- +C.
I\/;(H\/;)’ qu J -2+1 u 1+ Vx
Vidy 53 7im nguyén ham cua cdac ham sé sau:
. . 2x
a. (bé 71 -Bo dé 1996): f(x) = ———.
x+vVx: -1
1
b. f(x) = = = ‘

x Jx+(x+2)
£S5 Gidi

a. Ta cé thé trinh bay theo cic cich sau:

Cdch 1: (Sir dung phuong phdp doi bién s6): Datt=x + Jx* -1, suy ra:

2 2
-1
t—-x=vx>-1 =>x=t ie =dx= t2 dt.

2t t*
Khi dé:

t+lt—1

——dt
2 2xdx I ?_tz _ j»(t ) lj(l—let
X +Vx? - (
1
=—(t+——)+C=—(x+ Vxi-1)+ -
v N 2 6(x +x: —1)’

Cdch 2: (Suw dung phucong phap bién dor): Ta cé:

I I2X(X"\/x I2x2dx - IZx\/;_—ldx

2
x+x— X =X

_—-x—jJ —1d(x? —1)+C_—x—3f_ )Y +C
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b. Patt=x+ vx’+a suy ra:
, k

Vxi+a+x dx dt

dX = —F——dx &

X
vxi+a, Vx* +a x’+a

dt =1+

Khido:
j—L =IgE =Inlt|+C=In|x + Vx* +a |+ C.
\/j\’2 +a t
c. Tasét hai truong hop:
Triconghop 1: Véi
{rx +1>0

x+2>0

&S x> -1,

biatt= Vx+1 + Vx+2, suy ra:
dt:( 1, )dxz(\/x+l+\/x+2)dx
Wx+1  2Jx+2 2 (x + 1)(x +2)
dx 2dt
s, =
\/(x+1)(x+2) t

. 2n|Vx+1 + Jx+2|+C.

dx
ol
JE+1)(x +2) t
Tricong hop 2: Véi

Pat= \/-—(x+l) + J—-(x+2) , suy ra:

o D SR [ S = L T
2y=(x+1)  2y=(x+2) 2J(x + 1)(x +2)

dx 2dt
~ =

Jx+Dx+2)

dx dt
=-2]—==2Inlt| + C=-2In| /- 1 - g C.
P I\ﬁx+l)(x+2) It It| + IV=(x +1) +/—=(x +2) | +

& Nudin xét: Nhu viy, dé tim nguyén ham ctia cic ham s6 trén:
1. O cau a) chiing ta nhan thay:
» Cich 1 dugc dé xudt dua trén ddu hiéu thi nhét trong
bang déu hiéu.
» Ciéch 2 chiing ta trinh bay dua trén nhitng kién thiic vé
phép truc can thitc ciia cdc ham sé vo ti.
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2. O cau b) cic em hoc sinh chi ¢6 thé nghi ra duoc cich déi
bién nay khi da thuc hién tot cac bai tap 2, bai tap 3 va bai
tap 4 trong chu dé 1.
3. O cau c) chiing ta trinh bay theo dé xuat dua trén diu hiéu
thit ba trong bang dau hiéu.
Yidp 6 7im nguyén ham cua cac ham so sau:
I 3 .
a. (Baidl.c/tr 175 —Sgk);, y = x*sin(x? +1).
. | B 1
b. (Bai 8.b/tr 145 — Sgk): f(x) = —sin—cos—.
XX X =&
£5 Gidi
a. Tacé thé trinh bay theo cic céch sau:
3 1 1
: 1 L .3
Cach 1: Datu= x?> +1,suyradu= %xzdx <> x2dx =§du :

Tur do:
' I 3 3
Ixzsin(xz + 1)dx =§Isinu.du =—%cosu+C = —%cos(x2 +1)+C.

Cdch 2: Thuc hién phép bién déi:
I 3 3 3 3

Ixi sin(x5 +1)dx = %jsin(x5 . l)d(x5 +1) = —%cos(xs +D)+C.
b. Ta c6 thé trinh bay theo céc céch sau:

. 1 )
Cach I: Datu =cos—, suy radu = -—zsm—l—dx.
X X X

Tur dé:
2
I—lz—.sinl.cos—’-.dx = Iudu =% ic= l_coszl+(j_
X X X 2 2 X

Cdch 2: Datu = sin—]— , Suy ra
X

du= —chosldx = chosl dx = —du.
X X X X
Tir dé:
2
I—l—z.sinl.cosl.dx = —|udu = -E-+C = —-]—.sinzl+C.
X X X 2 2 X

Cdch 3: Batu = l suy ra:
X

du= —dex o dex = —du.
X X

38



T do:

1 ¢.
J—L-.sinl.cos—]—.dx = —Isinu.cosu.du = —— |sin2u.du
X X X 2
1 1 2
= —cos2u+C = —cos—+C.
4 X

1 1 1
Cach4:Datu= —,suy radu=-—dx & —dx =—du.

X X 3
Tu do:
11 1 . : :
I—;.sm——.cos—.dx = —Ismu.cosu.du = — |sinu.d(sinu)
% X X
1
= el i o R 4 .
2 X
, ; 1 1 1
Cdch 5: batu=—,suyradu=-—dx & —dx =-du
X X X
Tu do:
| I 1 .
j—,ﬂ..\'m—.cos—.dx — -Jsm u.cosu.du = Icosu.d(cosu)
i X X .

= —cos’u+C = l.cos2—I-+C.
2 X
Cach 6: Ta co:

1 1 2 1 2,02

1 : . 2
I—!,—.sin—.cos—.dx = — Jllz.sm—.dx = —— sm—.d[-) =
X 2%

|
—cos—+C.
X 4 X 4 X X 4 X

& Nhan xét: Nhu vay, dé tim nguyén ham ctia cdc ham s6 trén:

1. O cau a) chiing ta nhan thay:
» Cach 1 duge dé xudt dua trén cong thic trong bang
nguyén ham, cu thé:
[sinx.dx = —cosx + C
& —cosu + C = [sinu.du = [u'.sinu.dx
Tir d6, ta lua chon 4n phu t = u(x).
» Céch 2 dugc trinh bay dua trén y tuong déi bién cla
cach 1.
O cau b), viéc Iua chon nguyén ham nay nhim muc dich
dé cac em hoc sinh hiéu ring d6i v6i cdc ham s6 luong
gidc c6 nhiéu céch dé lua chon phép déi bién, va két hop
v6i céc phép bién déi luong gidc khdc nhau ching ta sé
nhin dugc nhimg cach giai khic nhau.
Bon vi du tiép theo, dugc trinh bay véi muc dich xay dung cho
cac em hoc sinh tu duy lua chon phép déi bién thich hop cho
ciac ham s6 luong gidc. Cic em hay tra 10i cau hoi "Vi sao
nguoi ta lia chon phép doi bién nhue vay 7"

9
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Yidp7: Tim ho nguyén ham ciia ham so f(x) = sin’x Vcos X .
&5 Gidi
Ta thuc hién phép bién déi:

Isin’ x.cosx.dx = Isinz x.Ncosx.sinx.dx = I(I —cos? x).J/cosx.sinx.dx
Datt = Vcosx , suy ra:

t? = cosx = 2tdt = —sinx.dx < —2tdt = sinx.dx.
‘Khi dé:
j sin® x.//cosx.dx = J(1 — t*).t.(=tdt) = 2J(t® - *)dt.

=2(lt7— -1—t3)+C= i(3t6—7r2)t+C= 2-(3(:053)(—7005)() Jeosx +C.
7 3 21 21

& Nhdn xét: DE tra 161 cau hoi "Vi sao nguoi ta lua chon phép déi bién nhie
vdy 7", cdc em hoc sinh c6 thé bat diu nhu sau:

Vidp8: Tim ho nguyén ham cia ham sé f(x) =

£5 Gidi
Ta c6 thé trinh bay theo c4c cich sau:

Cdch I: Ta thuc hién phép bién déi:

cosx.sin’ x.dx _ Isinz X.cos X.sinx.dx
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1.

Ham s6 f(x) = g(sinx, cosx) dan téi viéc lua chon phép
déi bién thong thuong la:

» t=sinx, dé khir cosx bdi khi d6 dt = cosx.dx. (1)
» t=cosx, dé khir sinx boi khi dé dt = —sinx.dx. (2)
Ching ta khong lua chon cach doi bién (1) boi trong ham
s0 f(x) khong c6 cosx (ma chi cé vcosx ). Nhan xét nay
din tGi viéc lua chon phép ddi bién theo (2) va khi dé6 tr
sin’x ching ta s& con lai sin’x. Van dé dat ra la can bién
déi sin’x theo cosx va diéu nay duoc thuc hién kha don
gian boi sin’x = 1 — cos’x — Cdc em hoc sinh hay thuc
hién lai bai todn trén theo cdch nay.

Trong 1oi gidi trén ching ta lua chon phép déi bién
t = Vcosx dé trdnh gap phai Jt, gitip cho da thiic (theo t)
nhan duogc cé bac nguyén. D6 chinh la kinh nghiém lua
chon phép déi bién t6i wu. Cic em sé thiy thém diéu nay
o vi du tiép theo.

cos X.sin’ X

1+sin’ X

J

1 +sin®x

1+sin®x

bat t = 1 + sin’x, suy ra:

dt = 2sinx.cosx.dx < sinx.cosx.dx = -jlzdt.



Khi do:
A I ((t—1)dt
€Os X.5in x.dx j(t )d =l 1_1 dt _-:—l-(t—ln|t|)+C
t 2 t .

= [1 + sin’x = In(1 + sin’x)] + C.

1+sin’x 2
1

Cach 2: Dat t = sin’x, suy ra:
. . |
dt = 251nx.cosx.dx & sinx.cosx.dx = «z-dt.
Khi do:
cosX.sin’ x.dx _ J-sinz x.sinx.cosx.dx _ 1 ctdt 1 J-(l 1 )dt
1+t

[ +sin®x 1+sin?x 271+t 2
1 "
= E[t —In(1 +1)]+C= %[sinzx —1In(1 + sin*x)] + C.

Cach 3: Dat t = sinx, suy ra dt = cosx.dx.
Khi do:

‘osX.sin’ x.d dt t
[ - j‘ == | t-— dt = 18- Zin(1+1)+C
| +sin”x 1+t 1+t 2 2

= %[sinzx —In(1 + sin*x)] + C.

& Nhdn xét: Nhu vay, dé tim nguyén ham ctia ham sé trén:
1. Cach 1 dugc dé xuit dua trén ddu hiéu thir nhat trong
bang dau hiéu.
2. Céch 2 duogc trinh bay dua trén nhan dinh:

. . . 1 . .
cosx.sin’x.dx = sin’x.cosx.sinx.dx = Esm2 x.d(sin” x) .

3. Cach 3 duoc dé xuit dua trén kién thitc da thu nhan duoc
O nhin xét sau vidu 7.

Qua hai vi du trén, cdc em hoc sinh cin it ra thém moét nhan
dinh quan trong la:

» Pé chon t = sinx thi cidn cé cos™**'x, k € Z.

» DPéchont=cosx thicincésin®**'x,k e Z.
Trong nhitng truong hop con lai (sin va cos cé bac chan) phép
déi bién thudong duoc lua chon la:

* t=tanx khi dé:

d
dt = df =(1+tan2x)dx=(l+t2)dxc>dx=—t—2—;
cos” X t
* hoac t = cotx khi dé:
dx - dt
dt=——— =1 +cotx)dx =1 +)dx & dx =— =,
sin” X I+t°-
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Vidg 9: Tim ho nguyén ham ciia cac ham sé sau:

1 .
a. f(x)= ——. b. f(x)= .
cos' x sin” X
£5 Gidi |
a. Ta thuc hién phép bién déi:
dx 1 dx f dx
= x =(1+ tanzx)
Jcos“x Icoszx cos’® x ( cos’ x
d
Dat t =tanx, suy radt = )2
cos’ x
Khi dé:
d
I ): =0 +®)dt=t+ —l-t3+C=tanx+ —l-tan3x+C.
cos” X 3 3
b. Ta thuc hién phép bién déi:
2 2
J‘E‘ES.__B’Q_ = Icf’sz = _14 . 'd): = Jeot’x.(1 + cot’x)* —— .
sin® x sin’x sin*x sin® x sin” X
bit t = cotx, suy ra:
dt=- _d’z‘ e e
sin” x sin’ X
Khi dé:
2
J 1
I__...____.cogf = I (1 + )t = =+ 2t + Ot = (21 + 264+ L)+ C
sin” X 7 5 3

= —%5 (15cot’x + 42cot’x + 35¢cot’x) + C.

1
sinXx +cosx +1

Yidw 10: Tim ho nguyén ham ciia ham sé f(x) =
&S Gidi

x
bitt = tan-z- , ta dugc:

t

dt=l. : dx = l(1-+-tan:"i)dx= l(1+t2)dx_—_>dx=—2—d—,.

2' X 2 2 2 78

Khi dé:
2dt

d b dt
J‘. : - =I I'H_ ; =I =Injt+ 1| = |ntan§-+—l|+C.
sinX +cosx —1 2t +l t &1 t+1 2

1+ 1+t
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F” Nhdn xét: Nhu vay, dé tim nguyén ham ctia ham s6 trén chiing ta lua

chon phép déi bién dua trén dé xuat cua dau hiéu thit tu trong
bang dau hiéu.

Tuy nhién, do tinh dac thu cia cac ham s6 lugng gidc nén
néu biét van dung ding cic phép bién doi luong gidc chiing
ta c6 thé nhan duoc mot 1oi giai don gian hon. Vi du sau sé

minh hoa cho nhan xét nay.

Vi dy L1z Tim ho nguyén ham ciia cdc ham sé sau:

| 1
—_— b. f(x)=——mn.
1+cos2x sin X

g, Iix)=

&5 Gidi
a. Ta c6 thé trinh bay theo cic cdch sau:
Cach [: Dat t = tanx, ta dugc:

gy = ], dx = (1 + tan’x)dx = (1 + )dx => dx = dtz.
Cos” X 1+t
Khi dé:
dt
d 2
. — ﬁL—Z-=lIdt=lt+C=ltanx+C.
1 +cos2x 1-t 2 2 2
1+ -
1+t
Ccch 2: Ta bién doi:
dx 1 dx
= —[——— = —tanx +C.

l+cos2x 2 cos’x
b. Tacd thé trinh bay theo cic cich sau:

Cdch l: Ditu= tan% , suy ra:

dt = —I- L dx = l(1 +tan2£)dx= l(1 +t)dx = dx = 2dt2 :
7. 2 X 2 2 2 1+t
cos” —
2
Khi dé:
2du
o il o g4 e infian | +C
siNX 2u u y. )
1+0
Cdch 2: Ta bién déi:
X
d| tan—
dx dx 1 dx (anzj X
[— = | x=—j’ x= = In|tan—|+C .
WX 2sin —.cos — 2 tanz{-.cosz— tan-’E .
2 2 - 2 Z
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(“dch 3: Ta bién déi:

(sin2£+coszi dx S5

dx 2 2 1 g 2
- = j = —I + = dX

SIn X 2si X X 2 X o 1K

sin—.cos— cos— sin—

y. p

=|-In cosi +In sini +C =1In tan-)-(- +C.
2 2 2

& Chu y: Tiép theo, ching ta sé quan tim téi viéc tim nguyén ham cia céc
ham s6 mi va logarit.
Vi dwp 12z Tim ho nguyén ham ciia cdac ham so sau:

a. f(x)='l(f_:_;-ﬂ. b. f(x)= 5
e

&5 Gidi
a. Ta c6 thé trinh bay theo cic céch sau:
Cach I: Datu = 2x + 4 suy ra du = 2dx.

Khi dé:
Iln(2::24)dx _ Iln tdu _ Iln ud(lnu) = %lnzu +C= %hﬁ(zx ) +C
Cdch 2: Datu =In(2x +4) suy radu = zid:(4 _ xd:2 |
Khi dé:

R T o i = Dk gs LI 4
X+2 2

Cdch 3: Thuc hién phép bién déi:

(In(2x + 4)d . 2

WIES O o finczs + Hann@s+ )] = Loz + 8+ C.
X+2 2

b. Ta cé thé trinh bay theo céc cich sau:

Cdch 1: Dat t = e*?, suy ra:

dtzlc"ndx=lt.dx¢:>dx= -ZE.
t
khi do:
d =hL
I‘ xn:zj 2dt =2j2dt =2[t 2(t 1)]dt
e —e t(t* —=1) t°(t-1) t(t—-1)

=2J1: : ——],—]dt=2 -—l——-l-—-!z-]dt=2[]n|t—l|—]n!t|+lJ+C
t—1 t t t

t(t=1)
x/2 _
. ]|+ ] J+C.

t—1
- 2(111 x/2 x/2

t

+%) +C= Z{In

e e
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, : 2
Cdch 2: Dat t =e™?, suy ra:

dl:—le_‘”dx@—2dt=—d’f—,.
2 e’
Khi dé:
e M t.dt 1
e o, L,
e e(l 1-e?) L=t f =1

= 2+ ]n|t -1)+C= 2(&:""2 + ln|c_""2 - 1)+ C.

" Nhan xét: Nhu viy, dé tim nguyén ham ctia ham s6 trén:
1. Vaéicau a):
» Viéc lua chon an phu ¢ cach 1 chi mang tinh d6i pho,
chinh vi thé né cdn thém phép bién doi dé chuyén

nguyén ham vé dang [tdt = %tz +C.

= Céch 2 bao dam tinh ding dan trong viéc lua chon phép

déi bién doi véi dac thi cua ham s6 dudi diu tich phan.
2. Véicaub):

» Cach | duoc dé xuat dua trén kién thic vé phép dai s6
héa mot biéu thitc mii (dat t = a* thi a** = t*) dé chuyén
ham s6 ban diu vé dang phan thac hiru ti. Tu d6, dua
vao viéc tich da thic dé nhan duogc cic ham don ma
nguyén ham cta né dugc suy ra mot cach dé dang tur
bang nguyén ham.

» Cach 2 véi viéc lua chon 4n phu khic (dua trén tinh
bat bién cua ham s6 y = e* qua cac phép tinh vi tich
phan) ching ta da nhian dugc mot 161 giai ngan gon
hon rit nhiéu.

Qua 12 vi du trén chiing ta déu sir dung mot phuong phap doi

bién do la dat t = u(x), cau hoi dit ra la "Cé chiéu ngioc lai

khong ?", cu thé doé la viéc dat x = u(t). Hién nhién la c6, boi

vi du nhu viéc chuyén moét bai toan dai s6 vé dang lugng gidc

dé giai (dat x = sint néu cé diéu kién |x| < 1), phép déi bién

nay thuong duoc goi 1a phép déi bién dang 2 va dé tim Jf(x)dx

bang phuong phdp nay ching ta thudng thuc hién theo céc

budc sau:

Buoc 1: Chon x = ¢(t), trong dé ¢(t) la ham s6 ma ta chon
cho thich hop.

Buoc 2: Ly vi phan dx = @'(t)dt.

Budc 3: Biéu thi f(x)dx theo t va duong thiang, gia sir ring:

f(x)dx = g(t)dt < [f(x)dx = Jg(t)dt.
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Luu y: Cic dau hiéu din t6i viéc lua chon 4n phu kiéu trén

thong thuong la:

Dau hiéu Cach chon
[ |a|smtvu‘1— Shes
a?-x? B 2° 2
| x=|a|costvaiO<t<n
a|
X=—-—— viite[-—,=]\ {0
sint [ 2 ] (0}
x? -a? la| ..
X = vdlte[O,n]\{—}
cost 2
I n n
2 o3 x=la|tgt vii—-—<t<—
a‘+x la|tg 2 >
| x=|a|cotgt viiO<t<m
aLX boic. (2=X | x=acos2t
a-x ’ a+x
(x-a)(b-x) X =a+ (b —a)sin’t
l!i_dn_l;h Tim ho nguyén ham cua cdac ham sé sau:
1 1
a. i b. —p—
1-x? (1-x%)

£ Gidi
a. Ta c6 thé trinh bay theo cic cich sau:
Cadch I: Dat x = sint véi —g L4 £ g , suy ra dx = cost.dt.

Khi dé:

dx _ rcost.dt
Cdch 2: Dat x = cost v6i 0 < t < 7, suy ra dx = —sint.dt.
Khi dé:

dx
e

b. Ta c6 thé trinh bay theo cic cich sau:

= Idt =t + C = arcsinx + C.
cost

= ..J‘M _.—Idt =—t + C = —arccosx + C.

” . . T[ Tt
Cadch I: Dat x = sint véi —— <t< —, suy ra dx = cost.dt.

Khi dé:

e - |

dt

cost.dt _[
cos’ t

sint

Cs=

=tant +

COS t cost
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Cach 2- Bat x = cost va1 0 < t < 7, suy ra dx = —sint.dt.

Khi do:
dx sin t.dt dt cost X
j—————~—=—j : =—-I — =cott+C= — +C= +C.
\[(1,,(3)-‘ sin” t sin” t sint 1 —x?
Cdohti3: DXl= - , Suy ra:
VI-x?
V1-x? +_2X_27 .
2Vl —x X
dt = = dx = ——.
Khi do:
dx X
I——————=Idt=t+C= +C.

\/a_xz)s /l_xz

& Nhdan xét: Nhu vay, dé tim nguyén ham ctia ham s6 trong cau b) ta thay:
1. Phép doi bién ¢ cach 1 va céch 2 duoc dé xuat dua trén
diéu kién c6 nghia cho can thic la:
1-x*>0& x| < 1.
Tu dé:
o : EoP B =y s
» Neéu dat t = sinx thi can diéu kién == Lt > de lap

ddy tap gi4 tri cia x va ciing nhoy d6 dé khang dinh:
X

V1=x?

(1-x*)’ =cos’t vatant=

boi ta co cost > 0 nén:
Jcos’t = cost

cost = 1-sin?t =v1-x?
» Néu dat t = sinx thi cdn diéu kién 0 <t < n dé 1dp ddy tap
gi4 tri clia X va cac phép bién déi luong gidc nhur trén.
2. Céch d6i bién & cach 3 dua trén kinh nghiém khi da thuc
hién t6t bai tap 2 trong chu dé 1.

Yidp 14z Vi x > 1, tim ho nguyén ham cua cdc ham sé sau:

2
a. 1 : b. . :
x> -1 x2 -1
&S Gidi )
a. batx = — vGi0<t< = suyradx=—M.
sin 2t 4 sin” 2t
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Khi dé:

cos2t.dt ; :
j- I sin’2t _ 5 — I(Cos F+sm' tydt
,/x = \/ sm2t 2sint.cost
sin’ 2t
=— J(C?St g )dt = —In|sint| + In|cost| + C
sint cost
(1 1 1 1
= —In|sin| —arcsin— ||+ In|cos| —arcsin— ||+ C .
- ) 4 2 X
s T
b. Datx = — voi 0 <t < — suyra:
sin 2t 4
dx = — 2c?s22t.dt .
sin” 2t
Khi dé:
1 cos2t.dt
s 3 a0
I x*dx zjsm 2t sin®2t - _2,[ .d; = (Cos2'tw:sm )dt_
Jx? - (1 1 sin” 2t 8sin” tcos't
sin® 2t
=—lf(cott. —— + tant. 12 . - = ydt
4 sin“ t cos“t  sintcost
———1~I(cott e e s
4 “sin’t cos’t tant cos’t

= —l(—l cot?t + tan’t + 2In|tant|) + C
4 2 2

. (cot’t — tan’t) — l1n|tamt| +C
8 2
= -;—x\/xz—l - %lnlx— vx*-1|+C.

@ Cha y: Trong vi du trén s& di ta c6:

cot’t — tan’t = 4xvx*—1 vatant=x - Vx’ —1
1a boi:

cos't—sin“t _ 4cos2t

cot’t —tan’t = ————— = ——
cos” t.sin“t .sin” 2t

4+/1-sin’ 2t 4 [ 1 e
= = -1 =4x X2 ~1.
.sin’ 2t .sin2t Vsin? 2t
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sint sin’ t ]l —cos2t

tant : -
Cost sintcost sin 2t

_ 1—+f1-=sin* 2t _ f \/’X—T
sin 2t 51n2t sin 2[

Yi dwy 135: Tim ho nguyén ham cua ham sé ——\/_—._—_- :

(1+x°)
&5 Gidi
,. T m dt
bat x =tant véi —— <t< —,suyradx = =
2 2 cos 't

Khi dé:
+ C.

3 Icos t.dt X

I_ dx = = Jcost.dt = sint + C =
\/(l+x2)3 cos’ t V1+x?

& Chui y: 1. Trong vi du trén so di ta co:
1 : X

= cost va sint =
Vv1+x’ V1+x?
1a boi: _
«./cos2 t =cost
) ’ X
sint=tant.cost =
VJ1 =%

2. Phuong phép trén duoc dp dung dé giai bai toan téng quat:

T s
—— <t< — Dcost>0>

1=I\/ 2 d"z — , véike Z.
(a® +x°)™
] A \ ? \ A ] + X
Vi dw 16;: 7im ho nguyén ham cua ham sé f(x) = —
| -X
& Gidi
Patx =cos2t,0<t < —;E suy ra dx = —2sin2t.dt.
Khi dé:

”'“‘dx = —of [LHoosdt o oidt = -2 [cott.sin2¢.dt
l—-x 1 —cos2t

= —4 |cos’* t.dt = —2j(l+cos2t)dt = -2t —sin2t + C

=-2t— \VJ1-cos’*2t + C=—-arccosx — v1-x> +C.
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Yidwy 17z Tim ho nguyén ham ciia ham so'f(x) = \ﬁx -D(2-x).
&5 Gidi
batx=1+ sin’t, 0 <t < —;E suy ra dx = sin2t.dt.
Khi dé:
[Vx=D@=-x)dx = [{sin’ t.1-sin’ ).sin2tdt = [sin 2tdi

= lj(l—cos4t)dt = l t—lsin4t L = lt—lSiIIZI.C052l+C
2 2 4 2 4

= i—arccos(?} - 2X) - %(3-—2x)\/1 =(J=1x) + €&

% Cha y: Trong vi du trén ta da sit dung phép bién déi:

) 1
x=1-sint=1+ 5(1 — cos2t) & cos2t = 3 — 2x

& 2t=arccos(3-2x) &t = -;— arccos(3 — 2x).

Vin dé 2: PHUONG PHAP LAY NGUYEN HAM TUNG PHAN
St dung kién thitc trong phén 14y nguyén ham titng phén.

Vidg 1z (Bai 12.c/tr 213 — Sgk): Tim nguyén ham cua ham sé f(x) = Xﬂ

Cos™ X
&5 Gidi
bat:
u=Xx
du =dx
dx  — i
dv = = v=tanx
cos” X
Khi dé:
xdx sin x.dx
I — =X.tanx — Itan x.dx =x.tanx — I = x.tanx + In(cosx) + C.
cos” X COS X

" Nhdn xét: Day 12 vi du m& ddu minh hoa phuong phap 14y nguyén him
timg phén va hai cau hoi dugc dat ra la:
1. Cau 1'"Tai sao lai lua chon phuong phdp lay nguyén ham
ting phan ?", dé tra 13i cau hoi nay ching ta sir dung
nhéan xét: S
= Ham s6 f(x) khong c6 trong bang nguyén ham cac
ham s6 thuong gap, do d6 can nhimg phép phan tich
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dé chuyén né vé dang mat biéu thitc chita cidc ham s6
c6 trong bang nguyén ham. Tuy nhién, vé1 nhitng phép
phan tich dai s6 thong thuong s& khong thé thuc hién
duoc yéu cau trén boi f(x) 1a mét ham khong thuén
nhat (thuong ctia ham da thic vé1 ham luong giac).

» Phuong phap déi bién ma chiing ta da biét cling khong
thé thuc hién dugc boi khong c6 phan tr trung gian
chuyén déi gitta ham da thic va ham luong gidc.

Cau 2 "Tai sao lai lva chon cach dat v va dv nhu vay 7",

dé tra 16i cau hoi nay chiing ta su dung phan tich mang

tinh chu quan sau: o

1
f(x) = —— & R—75—-
Cos X COosS™ X

Diéu nay cho thdy u chi c6 thé 1a x hoac

—— va phan
cos” X

con lai sé la dv. Lua chon trong 10 giai trén la u = x boi:

» Khi d6 dv = dx nén v = tanx, tic thoa man

2

cos” X
"Phép ddt dv sao cho v dugc xdc dinh mét cdach dé dang".
Tuy nhién, s& c6 hoc sinh dat cau rang trong truong hop
trdi lai (dv = xdx) thi v cing duoc xdc dinh mot cach dé

1,
dang (v= —x°).
g ( 5 )

» Cau hoi rat ding, nhung céu tra 16i 1a khéng boi khi do
viéc tinh du tr¢ nén phic tap hon va tich phan méi xuét
hién Jvdu khong duge xac dinh mot cach dé dang (vi v vin
2 ham hop).

Vidp2: Timl= [———dx.

&5 Gidi
bat:

u = In(cosx)

dv =

Khi dé:

dx

cos’ X

In(cos x)
cos” X
sin X
du=- dx
= COsSX
v = tanx

1
I=ln(cosx).tanx+]tan2x.dx=ln(cosx).tanx+I( g —l]dx
cos” X

= In{cosx).tanx + tanx — X + C.
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& Nhdn xét: Vi du trén di cho thiy chi c6 mét cach lua chon duy nhit cho
viéc dat u va dv trong phuong phép 1ay nguyén ham timg phan.
Yidp3: 7imI=[cos(Inx)dx.
£S5 Gidi
bat:

u = cos(Inx) du = —lsin(ln X )dx
= X
dv =dx

v=X
Khi dé:
I = xcos(Inx) + Jsin(Inx)dx. (1)
Xét J = [sin(Inx)dx, dat:

{u =sin(Inx) du= lcos(ln X )dx
=

x "
dv =dx
V=X

Khi dé:
J =x.sin(Inx) - Icos(lnx)dx = x.sin(Inx) — L. (2)
Thay (2) vao (1), ta duoc:

I =x.cos(Inx) + x.sin(Inx) - I < 1= % [ cos(Inx) + sin(Inx)| + C.

" Chu y: Néu bai todn yéu céu tinh gid tri cia mot cap tich phan:
I, = [sin(Inx)dx va I, = [cos(Inx)dx
ta nén lua chon céch trinh bay sau:
* Sir dung tich phan timg phan cho I, bang céach dat:

{u =sin(Iln x) du = -—lwcos(ln X )dx
= X .

dv =dx
v=X

Khi dé:
I, = x.sin(Inx) — Jcos(Inx)dx = x.sin(Inx) — L. (3)
*  Sir dung tich phan timg phan cho I,, bang cach dat:

{u = cos(Inx) du = —lsin(ln x)dx
=

X .
dv =dx
v=X

Khi dé:
I, = xcos(Inx) + fsin(lnx)dx = xcos(Inx) + I,. (4)



* Tu hé tao boi (3) va (4) ta nhan duoc:

I, = %[ sin(Inx) — cos('nx)] + C.

L= ; [sin(Inx) + cos(Inx)] + C.

Tiép theo, chiing ta s& quan tdm t&i cic dang ham s6 ma viéc tim
nguyén ham cua né thuong duge thuc hién bang phuong phip lay
nguyén ham timg phan.

DANG 1: Tinh [ - IP(x)sin(ax)dx hotc jP(x)cos(ax)dx vl P la mot da
thic thude R[X] va ae R".

Ta lua chon mét trong hai cédch sau:
Cach I: (Sit dung tich phdan timg phan) Ta thuc hién theo cic budc sau:

Buoc 1: Dat:
1= P(x) du = P'(x)dx
. = 1 .
dv = sin axdx V=——Cosax
a
Buoc 2: Khi do:
| ]
[ = ——P(x)cosax + — [P'(x).cosax.dx.
- o o

Budc 3: Ti€p tuc thu tuc trén ta s& " khir " duoc da thiic.
Cdch 2: (Sit dung phitong phdp hang sé bat dinh) Ta thuc hién theo cic budc sau:
Budc 1: Ta co:
I= _[P(x)cos axdx = A(x)sinax + B(x)cosax + C. (1)
trong dé A(x) va B(x) la ciac da thiic cuing bac véi P(x).
Budc 2: Lay dao ham hai vé cua (1), ta dugc:
P(x).cosax = [A'(x) + B(x)].sinax + |
+ |A(x) + B'(x)].cosax. (2)
Sir dung phuong phéap hé s6 bat dinh ta xdc dinh dugc cic da
thirc A(x) va B(x).
Budc 3: Két luan.

F” Nhdn xét: Néu bac ciia da thic P(x) 16n hon hoac bang 3 ta thdy ngay
cdch 1 to ra qud cong kénh, vi khi dé ta cin thuc hién thu tuc
lay tich phan timg phan nhiéu hon ba lan. Do dé, ta di t6i nhan
dinh chung sau:
= Néu bac ctia P(x) nho hon hodc bang 2, ta lua chon céch 1.
= Néu bac cua P(x) 16n hon 2, ta Iua chon céch 2.
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Yidwu4: 7im nguyén ham cua cdac ham so:

a. (Bai6.a/tr 145 — Sgk): f(x) = x.sin% , b. f(x) = x.sin’x.
£5 Gidi
a. Tacé thé trinh bay theo cic cach sau:

Cach I: Dat:
(u=x du =dx

X, = X
dv=sm5dx v=-2Cc0s—

.

Khi dé:

'f(x)dx = —2x.cos%+2 cos%dx = —2x.cos§+4sini+c.

Cach 2: Ta cé:

f(x)dx = Ix.sin%dx = (a,x +b,)cos-g- +(a X + bz)sin% +C.
Lay dao ham hai vé ctia (1), ta duoc:

. X X 1 o /5 . 'K 1 X
X.sIn— =a,.cos— — —(a,Xx + b,)sin— + a,.sin— + —(a,X + b,)cos —
2 2 2 2 2 2 2

- (-—%a,maz—%b,)sin%+(%a2x+a, +%b2Jcos-§. 2)
Doéng nhét ding thic hai vé clia (2), ta duoc:

(1

) —Ea, =]
1 ’a, =-2

a, —-2—b1 =() b| &=

4 =

%az =0 A=

b, =
a, +—=b, =0

Khi dé:
- X o
f(x)dx =-2x.cos§ + 4sin— + C.

b. Trudc tién, ta co:

- 1 1
f(x)dx = Ix.sinz x.dx =l Ix(l -cos2x)dx =— Ix.dx -— Ix.cos2x.dx . (3)
* 2 2\._\,_._.0 2 — ———
I, I,
Ta lan luot cé:

I, = lesc, , (4)
4
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Vi nguyén ham 1, ta c6 thé trinh bay theo céc céach sau:
Cach [I: bat:

= i

= 1 .
|dv = cos2x.dx v =—sin2x

Khi do:

] = isian - %fsian.dx = %sin'lx + ?l—cos?.x + C. (5)

Thay (4), (5) vao (3) ta duoc:
If(x)dx = Bras b IR
4 4 8
Cdch 2: Ta c6:
[xcos2xdx = (ax + b,)cos2X + (a,X + b,)sin2x + C. (6)

Lay dao ham hai vé€ cua (1), ta duoc:
X.c0s2X = a,.cos2X — 2(a,x + b,)sin2x + a,.sin2x + 2(a,X + b,)cos2x

= (2a,x + a, + 2b,)cos2x + (—2a,x + a, — 2b,)sin2x. (7)
Dong nhat dang thiic hai vé& cta (7), ta dugc:
e [T
a,+2b,=0 4= ' 1 X .
$ - =5 4 =1, = —cos2x + —sin2x +C. (8)
-2a, =0 1 y.
a,=— &b, =0
la,~2b, =0 ' 2

Thay (4), (8) vao (3) ta duogc:

If(x)dx = -]-x?' - isin2x - -1-00527( + C.
4 4 8

@ Cha y: Trong mét s6 truong hop cin thuc hién nhiéu 1dn phuong phép
nguyén ham timg phdn dé tim nguyén ham. Vi du tiép theo sé
minh hoa truong hop nay.

Viduy 5: (Bai 6.b/tr 145 — Sgk): Tim nguyén ham cua ham sé f(x) = x*.cosx.

£S5 Gidi

Ta cé thé trinh bay theo céc céch sau:

Cach I: Dat:
u=x> du = 2xdx
dv = cos x.dx VvV =S8InXx
Khi dé:
If(x)dx = x2.sinx — 2 Ix.sin x.dx . (1)
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Xét tich phan J = Ix.sin x.dx , bing cach dat:

u=x du =dx
— s
dv =sin x.dx V=—COSX
Khi dé:
J=—x.cosx + |cosx.dx =—x.cosx + sinx + C. (2)
Thay (2) va (1), ta dugc:
If(x)dx = x%.sinx — 2(—x.cosx + sinx) + C = x%.sinx + 2x.cosx — 2sinx + C.
Cach 2: Ta cé:
Ixz.cosx.dx = (a,x* + b;x + ¢,)cosx + (a,x* + b,x + ¢,)sinx + C. (3)
Lay dao ham hai vé cua (3), ta dugc:
x2.cosx = (2a,x + b,)cosx — (a,x* + b,x + ¢,)sinx +

+ (2a,X + b,)sinx + (a,x> + b,x + ¢,)cosx
= [a,x* + (2a, + b,)X + b, + ¢,]cosx +

+ [-a,x* + (2a, = b))x + b, — ¢,]sinx. (4)
Déng nhit ding thirc hai vé clia (4), ta duoc:
raz =1
2a,+b, =0
b, +c, =0 a,=0&b,=2&c, =0
< — .
—a, =0 a,=1&b,=0&c,=-2
2a,-b, =0
b, —¢c, =0
Vay, ta duoc:

If(x)dx = 2x.cosxX + (x? = 2)sinx + C.

F Chit y: Trong mot s6 truong hop cin két hop déng thoi phuong phap déi
bién v6i phuong phip nguyén ham timg phdn dé tim nguyén ham
cho dang ham s6 nay. Vi du ti€p theo s€ minh hoa truong hop nay.

Vidp 6: (DHMDC - 1998): Tim nguyén ham ciua ham sé f(x) = x.sin Jx dx.

£ Gidi

Patt=Jx, suy ra:

x =t =dx =2tdt vd x.sin Vx dx = 2sintdt.
Khi dé:

j f(x)dx = 2/tsintdt.
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bat:

lu=2 = {du =3t’dt

= I = 2(=t3cost + 3[t2.costdt). (1
]dv = sintdt

vV = —Ccost

Xét tich phan J*= [t*.cost.dt bang cach dat:

u=t° du = 2tdt i < )
& . = J = t’sint — 2[tsintdt. (2)
dv = costdt v =sint
Xét tich phan K = [t.sint.dt bing céch dat:
la=1 du =dt )
$ _ — = K = —t.cost + [costdt = —t.cost + sint + C. (3)
| dv = sintdt vV = —cost

Thay (3) vao (2) r61 vao (1) ta dugc:
= 2{—t’cost + 3[t’sint — 2(—t.cost + sint)]} + C
= —2t’cost + 6t’sint + 12t.cost — 12sint + C

=—2\/x_3cos\/; +6x.sin\/;(_ - 12\/;cos X -l2sin\/; + C.

@ Chu y: Tich phan I = [t'sint.dt ciing ¢6 thé duoc xac dinh bang phuong
phap hé s6 bat dinh — Pé nghi ban doc tu gidi.

DANG 2: Tinh [ - [D(x)e®*dx v&i D la mot da thic thudc R[X] va aeR".
Ta lura chon mét trong hai cich sau:
Cach 1: (Sit dung tich phan titng phdan) Ta thuc hién theo cic budc sau:
Buéc I: Dat:

{u = P(x) du =P'(x)dx

dv = e“*dx v=—e™
o

Buoc 2: Khi do:
I= —I-P(x)e“" - lIP'(x).e“*.dx.
o (04

Buoc 3: Tiép tuc thi tuc trén ta sé " khir " dugc da thitc.

Cdch 2: (Sir dung phuong phdp hdng sé bat dinh) Ta thuc hién theo céc budc sau:
Buoc 1: Tacé:
I=[P(x).e™.dx = A(x)e™ + C (1)
trong dé A(x) la da thic cung bac véi P(x).
Buoc 2: 1Ay dao ham hai vé ctia (1), ta dugc:
P(x).e™ =[A'(X) + aA(x)].e™. (2)
St dung phuong phép hé s6 bat dinh ta xac dinh duoc A(x).
Buoc 3: Két luan.
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@ Nhdn xét: Néu bac cia da thic P(x) 16n hon hoidc bing 3 ta thdy ngay
cach 1 to ra qua cong kénh, vi khi dé ta can thuc hién thu tuc
ldy tich phan timg phin nhiéu hon ba lan. Do dé, ta di t6i
nhan dinh chung sau:

* Néu bac ciia P(x) nho hon hoac bang 2, ta Iwa chon cach 1.
* Néu bac cua P(x) 16n hon 2, ta lua chon céich 2.

Yidg?: Tim nguyén ham cia cdac ham sé sau:
a. (Bai6.c/tr 145 — Sgk): f(x) = x.e".
2x
b. (Baid2.c/tr 175 - Sgk): y=

X¢

3

&5 Gidi
a. Dat:
u=x du =dx
=% = If(x)dx =x.e" ~ Ie“dx =x.e"—¢*+C,
dv=e"dx v=e"

b. Tacé thé trinh bay theo céc cich sau:
Cach I: Dat:

X du = -I-dx
u=-— 3
3 =Y l
dv =e*dx v=—e*
Khi do:
Ixe‘ .. —l-x.cz" o | J.cz"dx = lx.cz‘ - Lez" +C.
3 6 6 6
Cach 2: Gia sur:
2x
F(x) = Ixc e = (ax + b)e* + C. (1)
Lay dao ham hai v€ cta (1), ta dugc:
X = (2ax +a+ 2b)e™. | (2)
Péng nhat hé s6, ta dugce:
!
1 a=—
2“‘"3 & 0 :>F(x)=lx.e2"—-]—e2"+c.
1 6 12

a+2b=0 b=——
12

% Chia y: Trong mét s6 truong hop can két hop déng thoi phuong phap déi
bién véi phuong phép nguyén ham timg phan dé tim nguyén ham.
Vi du tiép theo s€ minh hoa truong hop nay.



Vidyp 8 (Bai 8.d/tr 145 — Sgk): Tim nguyén ham ciia ham s6 f(x) = e V39

&5 Gidi
batt = J3x -9, suy ra:

F=3x-9 = 2tdt = 3dx & dx = %tdt.
T do:
J.e\ n'_'odx = -2- Ite'dt .
3
bat:
=1 du =dt
= .
dv =e'dt v=e'
Khi do: .
je*‘:‘idx = 3(te' : je'dt) = Z(\/3x—9 —1)eﬁ7'—" +C.
3 3
Yidp 9: (Bai 8.c/tr 145 — Sgk): Tim nguyén ham cria ham sé6"

a. (Bai42.d/tr 175 — Sgk): f(x) = x’".
b. (Bai 8.c/tr 145 — Sgk): f(x) = x’.¢*.
&5 Gidi
a. Tac6 thé trinh bay theo cic cich sau:
Cach I: Dat:

=x? du = 2xdx
{u = { ] = J'f(x)dx =x%e" -2 jxe'dx :

dv =e".dx

Xét tich phan 1, bang cach dat:

v=e N —
I

=X du =dx . . .
=> =], =xe"- |Je'dx =xe*-e*+C.
dv=e"dx v=e' .

Thay (2) vao (1), ta duoc: :
If(x)dx = xle* —2(xc" —e")+C =(x*-2x+2)e" +C.
Cach 2: Ta di xdc dinh nguyén ham ctia ham sé f(x) = x’¢*, gia sir:
F(x) = [x%* = (ax* + bx + c)e* + C.
Lay dao ham hai vé cta (3), ta dugc:
x’e* =[ax?+ (2a + b)x + b +cle.
Doéng nhat hé s6, ta duoc:

a=1 a=1
2a+b=0 & {b=-2 = F(x) =(x>*-2x+2)e*+C.
b+c=0 c=2

(1)

(2)

(3)

4)
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b. Ta c6 thé trinh bay theo céc cach sau:

Cach I: Dat:
u=x’ du = 3x’dx
=5 = If(x)dx =x’e -3 Ixze‘dx :
dv = e dx v=e" - S—

Xét tich phan I,, bang cach dat:

u=x’ du = 2xdx
{ :>{ . =>I,=x2.c‘—2jxc“dx.

X —_
dV=C.dX V=¢ S

lIl

Xét tich phan I, ,, bing c4ch dt:
{u =X {du = dx
=> =I,=xc"- |e'dx =xe*~-c*+C.
dv=e"dx v=e"
Thay (3) va (2) réi vao (1), ta dugc:
ffoodx =x'e'- 3[x2c' ~2(xe" —c‘)] +C = (=32 +6x —6)e* +
Cdch 2: Ta di xdc dinh nguyén ham cta ham sé f(x) = x’e*, gia sir:
F(x) = [x%* = (ax’® + bx? + cx + d)e* + C.
Ldy dao ham hai vé& cua (4), ta dugc:
x’e* =[ax® + (3a+b)x*+ (2b + c)x + ¢ + dJe*.
Poéng nhit hé s, ta duge: ’
(a=1 a=1
3a+b=0 b=-3
= :
2b+c=0 c=6
c+d=0 d=-6
Khi dé:
F(x) = (x> =3x*+6x —6)* + C.

(1)

(2)

(3)

4)

(3)

DANG 3: Tinh [ - Ip(x).lnaxdx véi p la mét da thic thude R[X] va az R”.

Gia sir p(x) c6 nguyén ham 1a P(x), ta thuc hién theo cac budc sau:
Buoc 1: Dat:
1

{u=1nax du = —dx
& X
dv = p(x)dx v=P(x)
Khi dé:
[ =P(x)lnax — IP(x)dx :
N

I

Budc 2: Nguyén ham I, duoc xdc dinh bang cach chia da thiic.
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Yidy 10z Tim nguyén ham cua cdac ham so sau:
a. (HVQY - 1999): f(x) = x’Inx.
b. (Bai 9.b/tr 146 — Sgk): f(x) = V/x Inx.

&S Gidi
a. bat:
- du :_d_x
u =Inx X
3 = 4
%dv =x"dx X
vV=—
4
Khi dé:

4 4 4
If(x)dx = E—-.lnx - l.|‘x3’d)c = L.lnx = + C.
4 4 4 16

b. Dat:

du=—

u=Inx X
= 9 .
{dv=\/;dx 2 3

Khi do:

1-x x2dx
y R
2(1-x%)

1+x i

1
—X
2

1
—X
2

—

_+_

>
o

1})( +C

2, 1=-X 1
1+x 2(1-x7) 2
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DANG 4: Tinh [ - Ie“" sin(bx)dx hofic Ie“ cos(bx)dx v&ia, b # O.

Ta lura chon mét trong hai cédch sau:
Cach 1: (Sit dung tich phan titng phan) Ta thuc hién theo céc budc sau:
Buoc 1: Dat:

S du = -bsin(bx)dx
, - 1
dv =e™dx v=—e®
Khi dé:
oy =
I= —e™cos(bx) + — [e™sin(bx)dx. (1)
a

a
Budc 2: XétJ = [e™sin(bx)dx, dat:

R du = b cos(bx)dx
dv =e™dx v=—e”
Khi dé:
] b, L b
J = —e™sin(bx) — — Je®cos(bx)dx =—e™sin(bx) ~ —I. (2)
a a a a

Buoc 3: Thay (2) vao (1), ta dugc:

I= lc“"cos(bx) + P—[—]-e“"sin(bx) - EI]
a a a a

_ [a.cos(bx) +b.sin(bx)]e™
- a’ +b?
Cdch 2: (Su dung phuong phdp hang s6 bat dinh) Ta thuc hién theo cic budc sau:
Buoc 1: Ta co:
I = [e®cos(bx)dx = [Acos(bx) + Bsin(bx)le* + C  (3)
trong d6 A, B la cic héang s6.
Buoc 2: Lay dao ham hai vé€ cta (3), ta dugc:
e™.cos(bx) = b[-Asin(bx) + Bcos(bx)]e™ +
+ a[Acos(bx) + Bsin(bx)Je™.
= [(Aa + Bb).cos(bx) + (Ba — Ab)sin(bx)]Je".
Déng nhat dang thiic, ta duoc:

- | + C

;
a
Az—m——r0
Aa+Bb=1 - al+b |
‘" |Ba-—Ab=0 b
B=—a—s
| a“+b

Buoc 3: Vay, ta duogc:
_ [a.cos(bx) +b.sin(bx)]e™

|
a’ +b’

+ C.

62



" Chuy:
I. Néu bai todan yéu cau tinh gia tri cia mot cap tich phan:
I, = [e"cos(bx)dx val, = Je™sin(bx)dx
ta nén lua chon cach trinh bay sau:
*  Sirdung tich phan timg phan cho I,, bang cach dat:
{u o du = -bsin(bx)dx

I 1 § ,__l
dv =e¥dx v=—¢
a

ax

Khi do:

] b 1 b
I, = —e"cos(bx) + —fc“‘sin(bx)dx = —e“cos(bx) + — 1.

a a a a
*  Sir dung tich phan timg phan cho I, bang cach dat:
du = bcos(bx)dx

u =sin(bx)
. = ]
dv = e™dx v=—e”
a
Khi da:
1 . b, . ] . b
I, = —e*sin(bx) - — Je*cos(bx)dx = —e™sin(bx) — -1,
a a a a

*  Tu hé tao boi (4) va (5) ta nhan dugc:
_ [a.cos(bx)+b.sin(bx)]e™

| - +C;
' a’ +b’

- [a.sm(bx);b.c:)s(bx)]e +C.
a“+b’

2. Phuong phédp trén ciing duoc 4p dung cho cac tich phén:
J, = le®sin’(bx)dx vaJ, = Je*cos’(bx)dx.

Vidy 12; 7im I = [e* sinx.dx.
&5 Gidi
Ta ¢6 thé trinh bay theo cdc cdch sau:
Cach I: Pat:
u = sinx du = cosx.dx _
= = [ =e*sinx - Ic"cosx.dx.
dv =¢"dx v=e'
Xét J = [e*cosx.dx, bing cich dat:
U =cCcoSsX du = —sinx.dx
- .

dv = e*dx v=e'

(4)

(3)

(h
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Khi do:
J =ecosx + fe"sinx.dx =e*cosx + [.
Thay (2) vao (1), ta dugc:

[=esinx —(e*cosx + ) & 1= %(sinx —cosx)e* + C.

Cdch 2: Ta cé:
Je*.sinx.dx = (a.cosx + b.sinx)e* + C.
Lay dao ham hai vé ctia (3), ta duoc:
e*sinx = (—a.sinx + b.cosx)e* + (a.cosx + b.sinx)e’
= [(a + b)cosx + (b — a)sinx]e”.
Déng nhét dang thitc & (4), ta duoc:

a+b=0 a=-1/2 1 _
= = [ = —(—cosx + sinx)e* + C.
b-a=1 b=1/2 2

Yidup 13s Tim I = [e* cos’x.dx.
£S5 Gidi

Ta c6 thé trinh bay theo cic cich sau:
Cach I: Viét lai I duéi dang:

]= %Jc"(l + cos2x)dx = —;—(fc"dx + Je*.cos2xdx) = %(c" + [e* cos2xdx).

Xét J = [e*.cos2x.dx, bang cach dat:
u = cos2x du = -2sin2xdx
=
dv =e*dx
Xét K = Je*sin2x.dx, bang cich dat:
{u =sin2x {du = 2cos2xdx
= .

) = J = e*cos2x + 2Je*sin2x.dx.
v=e

dv =e*dx
Khi dé:

K = e'sin2x — 2Je*cos2x.dx = e'sin2x — 2J.
Thay (3) vao (2), ta dugc:

v=e"

J =e*cos2x + 2(e*sin2x - 2]) = J = é(cost + 2sin2x)e* + C.

Thay (4) vao (1), ta dugc:

(2)

3)

(4)

(1)

(2)

3)

“4)

I= %[c" + %(cos2x + 2sin2x)e*] + C = % (5 + cos2x + 2sin2x)e* + C.

Cdch 2: Viét lai I dudi dang:

I= %Ie"(l + cos2x)dx = (a + b.cos2x + c.sin2x)e* + C.
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Lay dao ham hai vé cua (5), ta duoc:

1 ‘ . .
5 e’ (1 + cos2x) = (=2b.sin2x + 2c.cos2x)e* + (a + b.cos2x + c.sin2x)e”

-

= [a + (2¢ + b)cos2x + (¢ — 2b)sin2x]e". (6)
bong nhét dang thirc, ta duoc:
2a =1 =Ll

2Ze+hi=]1 =x<b=1410 :>I=-]—16(5+c052x+23in2x)c"+C.
]2((:—2b):0 g=1/5

Vi dy 14z 7im nguyén ham cria ham s6 f(x) = (tan’x + tanx + 1)e*.
&5 Gidi
Ta bién doi:
F(x) = f(tanzx +tanx + 1)e* = I(tanzx + 1)e* + [e*tanxdx. (1)
Xét tich phan J = [e*tanxdx, bang cich dat:
d
u = tanx du= )f = (1+ tan® x)dx
= cos” X :
ﬁdv =e"dx .
v=e
Khi do: |
J =e’tanx - f(tanzx + 1)e’. (2)

Thay (2) vao (1) ta dugc F(x) = e*tanx + C.
Vidyp 15z Pdr] = [x"e’dx (ne N)

a. Chimg minh rang 1 =x"e"* —nl__,.
b. Tim1, 1, L.

&S Giai
a. Dbat
u=x" du = n.x""
Y .
dv = e*dx v=e
Khi do:

[,=x".e*-n Ix"".e‘dx =x".e* - nl_-,, dpcm.
b. Ta lan luot c6:
» Véin=1thi
[[=xe*=p=xc"— |e’dx =xe*—-e"+C,
= VGin=2thi
I, =x%e* - 2I, = x%.e* — 2(xe* — e*) + C = x%.e* — 2xe* + 2e* + C.
*» Véin=3thi
I, =x’e" — 3, = x’¢* — 3(x%.e* — 2xe* + 2e*) + C
=x'e* — 3x*.e* + 6xe* — 6 + C.
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Vin dé3: PHUONG PHAP TIM NGUYEN HAM CUA CAC HAM SO
HUU Ti
D& im nguyén ham cac ham s6 hiru i ta can linh hoat lua chon mot
trong cac phuong phap co ban sau:
1. Phuong phap tam thurc bac hai.
2. Phuong phap phan tich.
Phuong phap d6i bién.
Phuong phap tich phan ting phan .
Stt dung cac phuong phap khac nhau.
Sau day chung ta cung di xem xét tung dang,.

e TR

DANG 1: Tim nguyén ham céc ham hifu t dua trén tam thic bac hai
Trén co s& dua tam thite bac hai vé dang chinh tic va dung cic cong thic sau:

xdx 1 )
1. - = —Inlx"tal+C 1
Ix“ia ()
2. == = L2234 4 c véi, a0 2)
X"—a~ 2a ([x+a

ta c6 thé xdc dinh duoc nguyén him cta mét 16p cidc ham hiu ti. Tuy
nhién hai cong thic trén khong duoc liét ké trong bang nguyén ham cua
sgk nén khi sir dung cdc em hoc sinh can ghi thém vao o1 giai mot vai
phép bién déi dai s6 thong thudong. Vi du sau sé minh hoa diéu nay.

Yidpl: 7Tim:
. g
X" +1 4x° —4x

&5 Gidi
a. Ta cé thé lua chon cac¢ cach trinh by sau:
Cdach I: Ta bién déi:

J"‘dx = ljd(—xziﬂ & alnliP 2y
2

+1 2
Cdch 2: Patu =x*+ 1, suy ra:

du =2xdx & xdx = —l—du .

Tir dé:

Ide = lfiu‘i =—;—lnlu|+C =";'l"|x2”|+c'

x2+1 2
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b. Ta co thé lua chon cac cach trinh bay sau:
Cach |- Ta bién doi:

Vo — d 2 _ :
_‘;"‘1 Ldx = lJ-_____‘(4X7 = = l]n'4x'—4x‘+C.
4x° —4x 47 4x° —4x 4

Cdch 2: Ta bién doi:
(2% = 1)dx I (2x ~1)dx I(’X—l )d(2x)
4x* —4x (4x° —4x+])—l (2x-1)* -1

Cdch 3: Dat u = 4x* — 4x, suy ra:

du=(8x -4)dx=42x - 1)dx < 2x - 1)dx = %du .

T do:
2x - 1)d 1 ¢d 1 2
J-(—x, )X = —I—E = —Inlul+C = lln’4x'—4x|+C.
4x° —4x 4°u 4 4
Vidu2: Tim:
dx dx
. 2. [ |
x* —4 4x° —-4x -3
5 (;I'cfl'
a. Ta bién doi:
d: d B 1
S ey =3
x°—4 (x-2)(x+2) 4°\x-2 x+2
1 =
(ln|x 2‘—-ln|x+2|)+C ———ln +C.
4 |x+2
b. Ta c6 thé lua chon cdc cich trinh bay sau:
Cdach I: Ta bién déi: |
J- dx ] dx ___l_Jo d2x —-1)
4x* -4x-3 T (2x-1*-4 2 (2x-1)'-4
Iy — 1= B oo
S 1Y et [ PN )
2 4 [2x-1+2 8 2x+1
Cach 2: Ta bién doi:
d d 1 1 1
_[ 2 X =,[ X _1 B dx
4x* —4x -3 2x-3)2x+1) 4\ 2x-3 2x+1

d(2x +1)

_1 _ 1 1[ d@2x-3)
sz 3 sz+1)_4'2[j 2x -3

J

2x +1

+ C.

= -(1n|2x—3|—1n|2x+1|)+ = 1p|22=2
8 8 |2x+1
! 2
DANG 2: Tim nguyén ham cta ham 86 f(x) - ,VOia#0.

(ax +b)

— lIn‘4x2 —4x‘+C.
4

|
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Str dung déng nhat thl’rc
1 2,2
tm —, -—[(ax+b) bJ’ =Lz[(ax+b) —2b(ax+h)+b]
a

ta duoc:
2

X (ax + b)> —=2b(ax + b) + b’

1
(ax+b)* a’ (ax + b)"

1 1 2b : b’

a’ | (ax+b)*? (ax+b)“" (ax +b)* |

Khi do:

1 [ dx 2bdx b?dx
#

o=
a’ | I(ax +b)*? " (ax+b)*”’ (ax +b)"

_ i I d(ax+b)  (2bd(ax +b) N J»bzd(ax+b)
a’ | J(ax +b)*” (ax +b)*”" (ax +b)*

Ta xét bén truong hop:
Truong hop 1: Vé6i o = 1, ta duoc:
d(ax +b)

I= —1? .[f(ax + b)d(ax + b) — 2bfd(ax +b) + b ———]
a ax +b

2
13 (OEED) . s By Wi ]
a

Truong hop 2: Vi o = 2, ta duoc:
d(ax +b) 5 d(ax +b) ]

1
= — [Jd(ax + b) —2bf
a’ Ll ) ax +b (ax +b)’
1 b’
= —.[ax + b — 2blnlax + bl — ]+ C.
a’ ax+b
Truong hop 3: Vé6i o = 3, ta dugc:
d(ax +b) d(ax +b) d(ax + b)
1=_;{I———2bj—— bj-——;
a ax+b (ax +b)’ (ax +b)
2
= —13— [Inlax + bl — L - 2 =
a ax+b  4(ax+b)
Truong hop 4: Véi ae R\{1, 2, 3}, ta duoc:
(< 1| (ax+b)™ 2b(ax+b)"™  b'(ax+b) " | .
a 3-a 2—-a l-a

68



Yidg 3:  Tim ho nguyén ham cua cac ham sé sau:

‘ X X

& Hxi= e B HKx)= =,
(1-x) (=1

£S5 Gidi
a. Sir dung dong nhat thic:
x!=(1-x)*=-2(1 -x)+1

ta duoc:
X (1=x)=20-x)+1 1 2 1
(1-x)* (1-x)” U= (1=0*  d-0"
Khi do:
Jf(x)dx =J‘ dx = o 2dX38 4 dx -
(1-x) (1-x) (1-x)
1 2 1

- - + C
36(1-x)°  37(1-x)"  38(1-x)"

b. Sirdung dong nhatthic: x*=1+3(x=1)+3(x - 1)*+(x = 1)
ta duoc:

X 13 =D +3(x D+ (x = 1)
(x—1)"° (x=1)"
v .3 3
x=-D"  x=1"  x=1D)"  (x=17
Khi dé:
| 3 3 1
jf(x)dx =“(x—l)'° < o - P + P Jdx

1 3 3 1
- - - - +C
9x-1° 8x-1)* 7x-1 6(x-1)°

& Chii y: Cic em hoc sinh c¢6 thé nhan thdy ngay ring ham s6 trong ciu b) la
mo rong tu nhién cua ham s6 trong a) nén cic em can c6 kién thiic
trong viéc tach da thitc (thuc chét dé chinh la cong thiic taylo).

DANG 3: Tin I, = [—S%

(ax“ +bx+c)
Ta xét cac truong hop sau:

Truong hop 1: Néu n = 1 thi A = b® — 4ac va ta c6 ba kha ning:

Kha néang I: Néu A > 0 thi:

1 1 1 (x-x,)-(x-x,)

, V3ia# 0 va n nguyén duong,

ax’ +bx+c a(x —x,)(x-x,) N a(x,—xz)' (xX-x,)Xx-x,)
1 ( 1 1 )

a(x,-x,) x-x, x-X,
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g 1. 1 1 Jdx
alx,—x,) X-X, X-X,

= ———1—— [Inlx = x, = Inlx = x,I] + C= -——l——— In
a(x, —x,) a(x, —x,)
Kha nang 2: Néu A = 0 thi:

I

ax’ +bx+c  a(x-x,)*

Do dé:

1 d

LY . S ' _.c

a (x —x,)’ ‘_a(xﬂxo)

Khd ndng 3: Néu A < 0 thi thuc hién phép d6i bién x = tant véi t € (__n_; —TEJ .

2 2

: : 55 b
Truong hop 2: Néu n > 1 thi bang phép doéi bién t =x + By ta duoc:
a

_ 1 dt
"at (k)"
Str dung phuong phap 14y nguyén ham phéan timg phén véi phép dat:
1 2ntdt
u = 2 n d i 2 n+l
(t"+k)" = (t“+k)
dv=dt v=t

Khi do:

t i
0 +2n [t -
a" | (" +k)" (t°+k)"

=__1_{ t +2nj[(t +k) - k]dt
([Z+k)ux+l

1 t dt dt
T at {(t2 +k)" L2 2n[I(t2 +k)" K j(tz +k)*" }}

1 ( t

t n
TR +2n(I, -kl ,,)] < 2nkl_,, = R +(2n—a")l

t -
@2(n—l)kI,,=W+(2n—2—a | . (1)

;n_
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%~ Chu y: Vi cong thic (1) khong duoc trinh bay trong pham vi sich gido
khoa 12, do dé cdac em hoc khi lam bai khéng duoc phép str dung
no, hoac néu trong truong hop duge sir dung thi dé la mot cong
thirc qua cong kénh rat khoé ¢6 thé nhg duge mot cach chinh xac.
Do vay, trong truong hop n > 1 tét nhat cdc em nén trinh bay bai
theo cic budc sau:

Buoc 1: Xac dinhlI,.
Buoc 2: Xac dinh I theo I, -, (Chitng minh lai (1)).
Budc 3: Biéu dién truy héi I, theo I, ta dugc két qua can tim.

1

Vidud:i Cho ham so'f(x) = — .TimI= jf(x)dx biét:
X 4+2mx+3m+4
a. m=-5. b. m=-1. g m=
&5 Gidi
a. Vdim=-5, taco:
d
froodx = [ s = | ) LI }dx
x"=10x-11 (x=11)(x+1) l" x=11 x+1)

_ 1 (pdxpdx ) _ dx-11)  d(x+1) |
'12Ux~11 Ix+1J 12{I x—11 I.~<+1 J

1 1
= l—2~(ln|x—ll|—ln|x+l|)+C = E1n

x—11
X +1

+C.

& Chu y: Sau khi di c6 kién thitc & dang 1, ta cé thé trinh bay theo céch:

dx dx dx
f(x)dx = = = = =
Jrooax '[x'—l()x—ll I(x—5)2--36 j(x~5)'—62
NS IO ST
26 x=s)re| 12| x+1

b. Véim=-1,ta co:

[roodx = j

5 —2x+l J‘(x—l)z x—1

c. Vaim=0tacé:

[roodx = j

x*4d4
2dt

T
cos't

o K s
bit x = 2tant vm—E 4 £ E,suyra dx =
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Khi dé:
2dt

1 4
- COS t i e
If(x)dx I4t 2 . 4 Idt e arctan = +C.

1

Ti uyén ham ciia ham sé f(x) = .
SRS <Eng, ( (x* +4x+3)’

&5 Gidi
dx

Xét tich phan J, = [— , ta 14n luot c6:
(x" +4x+3)"

a. V6in=1th‘r
J, = =] =] i lf L— : de:-‘»ln'
x:+4x+3 (x+D(x+3) 2 \x+1 x+3
b. Véin>1, bangphcpdélblént—x+2,taduqc:

—I
1)
Str dung phu’O’ng phdp tich phan timg phéan véi phép dat:
1 2ntdt
- G
(t“-D" = (t“-1)"
dv =dt v=t
Khi doé:
2 r d
n= T3 +2nJ‘ 2tdt+|= 2t +2n [(tz])+11] :
=1y (" =1" (t"=1)" it )
t dt t
=———— +2n + = +2n(J_+1J_,
(t" -D" U(t’-l)" I(tz-l)“+'] (t* -1)" Untdasd)
t t
CbszrH,l:‘-(tz—])n —(2n—l)Jn<:>2(n—l)J“=-Et—2Tl—)F -‘(2]’1—3).]"_'.
1 t
<) =- +(2n-3)J], -
2(n—l)[(t2—1)"" ( Ha-1]
Do dé:
1
=‘5(t2 1.
1
i +3L] = -— + 1)
N 2x+2 ek ?;(x+2) +ilnx+l +C
4(x° +4x+3) 8(x“+4x+3) 16 |x+3
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(Ax +p)dx
(ax* +bx +¢)"

DANG 4:Tim [ = I , Vi a # 0 va n nguyén ducng.

Ta di phan tich:

) Ab
Lx+p=-7-(2ax+b)+p-—.

2a 2a
Khi do:
A (2ax + b)dx Ab dx
ln e 7 T T (p' - 2 n’
2a (ax” +bx+c) 2a (ax“ +bx+c)
a Mol = —K« (2ax +b)dx thi:

2a (ax’ +bx+c¢)"
* Néun =1, ta duogc:

J,=LIQw=ilmax2+bx+cl+C.
2a ax“+bx+c 2a

* Néun > |, taduoc:

(2ax +b)dx A 1
n . 2 n = . > = + C.
2a (ax” +bx+c¢) 2a(n—1) (ax“+bx+c¢)
b. VGiK, =] L ta da biét cach xac dinh trong dang 3.

(ax’ + bx +¢)"

& Tong qudt hep: Trong pham vi phé thong chiing thudng gap tich phan bat

dinh sau:

[ P(x)dx
ax’ +bx +c

Ta thuc hién theo cic budc sau:

Budc 1: Thuc hién phép chia da thic P(x) cho ax® + bx + ¢ ta dugc:

I =

, vGi a#0 va bac cua P(x) 16n hon 1.

P(x) AX +
=Q(x) +
ax’ +bx +c¢ Q@) ax2+bx+c
2ax+b Ab 1
= Q(x +(n—
Qlx) + 2a ax’ +bx +c (u 2a " ax’+bx+c

Buoc 2: Khi dé:

Vs IQ(X)dX —-—I (Zax T b)dx ( Ab )}- dx

2a ax’+bx+c 2a " ax’+bx+c

Tuy nhién, trong trudng hop ax’ + bx + ¢ ¢c6 A = b’ — dac > 0 (ta dugc hai
nghiém x,, x,), chiing ta thuc hién phép phan tich:

_Ax4p 1 A : B
ax’ +bx+c a (x-x, x-x,)
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: , 2x° —10x* +16x - 1
Yidg 6: 7Tim nguyén ham cua ham so f(x) = : Ml :

x> =5x+6
&5 Gidi
Bién déi:
2x* -10x? +16x -1 4x —1 A B
z =2X + =2x <+ +—
X" —-5x+6 (x=3)(x-2) x—-3 X—2
o A(x—2)+B(x~3)'
(x=-3)(x-2)

Ta dugc dong nhat thic:
4x - 1 = A(x - 2) + B(x - 3). (1)
D€ xac dinh A, B trong (1) ta c6 thé lua chon mot trong hai cach sau:
Cdch 1: (Phuong phdp déng nhdt hé s6): Khai trién vé& phai cua (1) va sip xép da
thitc theo thit tur bac i dén, ta cé: )

4x - 1=(A +B)x -2A - 3B.
Déng nhat dang thic, ta dugc:

A+B=4 A=11
— :
-2A-3B=-1 B=-7
Cdch 2: (Phuong phdp tri sé riéng): Lan lugt thay x = 2, x = 3 vao hai vé€ cia (1)
ta dugc hé:

A=11
B=-7
Tir do suy ra:

2x’ —10x* +16x -1 _ L 7
x’-5x+6 x-3 x-2

Do dé6:

If(x)dx =f[2x+ n - & Jdx =x*+ 11Inlx =31 = 7 Inlx - 21 + C.
x-3 x-2

& Nhan xét: Trong vi du trén viéc xdc dinh cdc hé s6 A, B bang hai cich c6
do phic tap gan giéng nhau, tuy nhién véi bai todn cin phan
tich thanh nhiéu nhan tir thi cich 2 thudng to ra don gian hon.

(a,x’ +b,x +c,)dx
(x —at)(ax’ + bx +¢)

DANGS:Tin [ - | ,VGia#0.

Ta xét ba khé ning clia A = b’ — 4ac.

74



Khd nang I: Néu A >0, khi dé ax* + bx +c = a(x — X (X = X,).
Ta ¢6 phan tich:

ax’+b,x+c, _ A 5 B " C
(x —a)(ax’ +bx+c) x-o X-X, X-—X,
Do d6:
A B <
1= + + ydx
X—0  X-—X, X-—X

2

= Alnlx — al + Blnlx = x,! + Clnlx - x,| + C

Khda nang 2: Néu A = 0, khi d6 ax’ + bx + ¢ = a(x — x,)".
Ta co6 phan tich:

ax’+bx+c A N S &
(x—a)(ax’ +bx+c) x-a  x-x, (x-x,)
Do dé:
A B
I=]] + P _]dx
X=u X=X [(X=%]
C
= Alnlx — al + Blnlx — x| - +C.
X — X

0
Kha ndang 3: Néu A <0
Khi dé phan tich:
| ax’+bx+c, __A N B(2ax +b) 2 C |
(x —a)(ax’ +bx+c) x-a ax’+bx+c ax’+bx+c

Do d6:
[ = I[ A = B(2ax +b) 5 C

X—o ax’+bx+c ax’+bx+c

]dx

= Alnlx — o +Blnlax® + bx + ol + Cf — &%
ax“ +bx+c
Trong do tich phan J = ] = L duoc xac dinh bing phép déi bién
ax" +bx+c

" m T
Xx=tant vl te| ——; — |.
( 2 2)

@ Tong qudt: Dé tim nguyén ham:
P(x)dx
(x —a)(ax’ + bx +¢)

I=] , V6i a # 0 va bac ctia P(x) 16n hon 2.
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Ta thuc hién theo cac budc sau:

P(x)

o2

: = a,x +bz,x+c|
(x —a)(ax” +bx +c¢) (x—o)(ax” +bx +c¢)
Buoc 2: Khi do:

2
[= fQ(x)dx +J-((a‘x +b,x+c,)dx

Budc 1: Thuc hién phép chia da thitc P(x) cho (x — a)(ax’ + bx +¢) ta diroc

X —a)(ax’ +bx +c)
Yidp 7z Tim ho nguyén ham cia cac ham sé sau:

a. (DHQG HN Khoéi D - 1999): f(x) =

x(x+1)%
,
b. (PHNT HN - 1998): f(x) = —
X —X
&5 Gidi
a. Ta bién doi:
2
f(x) = | : =i+ b o ¢ 2=(a+b)1h( +(2a+b+c)x+a.
X(x +1)° x x+1 (x+1) x(x =1)(x+1)
béng nhét dang thic, ta duoc:
a+b=0 g=]
2a+b+c=0 & <{b=-1.
a=] c=-1
Khi dé:
1 __1__ 1 B 1
x(x+1)}  x  x+1  (x+1)?
Do dé:
1 1 1 1
fx)dx=) —— =)|— - - dx
_[()x jx(:v(+1)2 I[x x+1 (x+1)2]

=1n|x|—lnlx+l|+—]-—+C=]n 5 I+ 1 +C
x+1 x+1| x+1
. Ta bién déi:
x' -2 P - x* -2 x* -2
3 =X+ =X z =X+
X =X ) D x(x“=1) x(x-D(x+1)
2 sl PR
=x+_a1_+ b . > =(a+b+c)x +(b-c)x—-a
X x—1 X+1 x(x=D(x+1)
Déng nhat ding thirc, ta dugc:
a+b+c=1 =7
g x* -2 2 1 1 1 1
b-c=0 = 1 = — =X+ — - — - = —
b=c=—— X" =X x 2 x-1 2 +1
—a=-2 2



|
J‘f(x)dxzjx x—f —~l L—l——)dx
X 2 x-—1 2 x+1
|

— ;x3+2ln|xl - %(lnlx —1ll+Inlx+ 1)+ C

-

1 _s ] .
= —X"4+2Inlxl— =Inlx* =11+ C
o) 3

—_ F&

. 2
Vidus: (DHQG HN Khéi D - 1995 ): Cho ham 6 f(x) = 3"3 +33" +23
X —3IX+

” . ” - a” . a b C
a. Xdc dinh cdac hang so a, b, ¢ dé f(x) =

b. Tim ho nguyén ham cua f(x).

&S Gidi
a. Vo gia thiét:
3x* +3x +3 3 a b C

— 5 + +
-3x +2 (x=1) x-1 x+2
_(b+c)x*+(a+b=2c)x+2a-2b+c

(x +2)(x =1)?
béng nhét dang thic, ta duoc:

b+c=3 a=3
a+b-2c=3 S ib=1.
2a—-2b+c=3 c=]
b. Khi dé:
3x +ix+3 3 2 N 1
x—3x+2 (x—l) x-l X+2
Do dé:
'ff(x)dx =] . =+ £ + 1 ]dx=——3—+21nlx—l|+lnlx+2l+
(x-=1) x-1 x+2 x-—1
Yidwy 9 Tim nguyén ham cia ham so f(x) = 52%2—%*—2
&5 Gidi
Bién déi:
x*+2x-2 _ x’+2x-2 A B(2x 1) ®
X’ +1 _(x+1)(x2—x+l)—x+1 x:-x+1 xz—x+l
(A+2B)x —-(A-B-O)x+A- B+C

X’ #1

+ + .
(x=1 x=1 x-~2

%
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Péng nhat déng thiic, ta duoc:
A=-1

A+2B=1

-A+B+C=2 &

|A-B+C=-2
Khi dé:

x? +2x -2 1

B=1

C=0

2x -1

x® +1 X +1
Do dé:

% =x4 i

x

-1

[f(x)dx =J( =

X +1

= In

DANG 6: Tim nguyén ham cla ham 86 f(x) -

e T
x+1

Str dung déng nhat thic:
l:(x+a)—(x +b)]2 3

a-b

I
(x+a)’(x+b)® [

x2—-x+1

+ C.

1

(x +a)’(x+

b)*’

)dx=—ln|x+l|+lnlx2—x+ 11+ C

viia#b.

(x+a)—(x+b) 2_ 1
(a-b)(x+a)x+b)|

I W
(5=k)"* [x+b.—x+a}

1 1 2 1
" (a=b) | (x+b)’  (x+a)x+b) (x+a)l}
3 1 - 2 L 2 (x+a)—-(x+Db) " 1]
(a=b)’ | (x+b)> a-b (x+b)(x+a) (x+a) |
o [y 2 ( 1 )+ .
(a=b)’ [(x+b)> a-blx+b x+a) (x+a) |
ta duoc:
I 1dx 1dx Idx ldx |
ffx)dx = | [—= U - ;
(a—b) (x+b) a-b\’x+b X+a (x+a) |
= 1 = - : - £ (Inlx + bl — Inlx + a)l — I +C
(a—-b)” X+a a-b X +a
B ’ _
_ 1 : F J In X+a|  2x+a+b +C
(a—=b)" |a=b |x+b (X+b)x+a)
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1
(x+3)(x+1)*

Vi dy 00z Tim nguyén ham cua ham sé'f(x) =

& Guii

Str dung déng nhat thiic:
[(x +3)-(x +I)T =0

1 Jex+y-+nT a1 1 T
(x +3)%(x +1) 2(x +3)(x+1) 41 x+1 x+3

1 o 2 L]
4 (x+D*  (x+D(x+3)  (x+3)

1 B (x+3)—(x+1) i ]
L(x+1)Y (x+D(x+3)  (x+3)

|-

1 ] 1 1 ]
- — o + + > |-
4 | (x+1) X+1 X+3 (x+3)

ta duoc:
If(x)dx- 1 J- dx = dx N dx N dx :
417x+1) T x+1 Tx+3 T (x+3)
LY DR ST O T }+c
4 X + X+
a . 3
_1 lnx+3|_ P-4 . C
4| x4+l (x+D(x+3)
& i % 3 2 . 'P(X) s p .
Tong quat: DBé tim nguyén ham [ = )dx bang phuong phéap hé s6
i B 1

bat dinh ta thuc hién theo cic budc sau:
Bude 1: Phan tich Q(x) thanh cédc da thitc bat kha quy, gia st la:
Q(x) = A"(x).B™(x).C¥(x), véin, m, ke N .
trong d6 A(x), B(x), C(x) la da thic bac hai hoac bac nhat.
Broc 2: Khi do6 ta phan tich:

P(x) _ D(x) + E(x)
Q(x) A"(x).B"(x).C*(x)

B 2l a)A'(X)  a
"D(X)J'Z.:[ A(X) A*(x)]

m | bB'(x) b klc.C'(x) ¢
+Z[ B'(x) B’(x)]+z[ C'(x) +C‘(x)}

)=1 t=1
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Xiéc dinh dugc cdc hé s6 a), a),bl,b),c|,c} bang phuong phip
hé s6 bt dinh..
Buoc 3: Xic dinh:

1= fD(x)dx+Z A0, 2 |,
A'(x) A‘(x)
2 4 bl B(x) b) ¢ C(x) B,
e Z ] J Z 1
~) B P &) cw Tl
. : T 7x -4
Vi dw 114z Tim nguyén ham cua ham s6 f(x) = —————.
| X =3x+2
£5 Gidi
Ta bién doi:
7x-4 Tx -4 B a b 2 ol

= = +
x-x+2 x+2Ux~-1D -1 x-1 x+2
_(b+e)x’ +(a+b-2c)x+2a-2b+c
(x +2)(x —1)?

Ta dugc déng nhat thic:
Tx-4=a(x+2)+bx—=1(x+2)+c(x—-1)>~. (1)
Dé xdc dinh a, b, c trong (1) ta cé thé lua chon mét trong hai cdch sau:
Cdch 1: (Phuong phdp dong nhdt hé s6): Khai trién vé€ phai ctia (1) va sip xép da
thitc theo thit tu bac lui dén, ta c6:
Tx —4=(b+c)x*+(a+b—-2c)x +2a-2b+c.
Déng nhat ding thic, ta dugc:
b+c=0 a=1
a+b-2c=7 & <b=2 .
2a-2b+c=-4 c=-2
Cach 2: (Phuong phdp tri sé riéng): Lan lugt thay x =0, x = 2, x = 3 vao hai v&
cua (1) ta dugc hé:

a=1
b=2 .
c=-2
Khi dé:
Tx -4 1 2 2
= -+ — .
x*=-3x+2 (x-1 x-1 x+2
Do daé:
1 ¥ s 1
[fodx =fl—— + —— - —=— Jdx=——— +2Inix— 11 2Inkx + 21+ C
(x-1) x—=1 x+2 x—1
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Vi dy 12;: (DHQG HN Khoi A — 2000 ): Tim nguyén ham cua ham so-

2001
f(x) = ——————.
ol )
&5 Gidi
Ta bién déi:
XlUOO X
f(x) = — — ~
(x2 + D' (x? +1)°

Khi do:

I X ]J 2 ) x*?
f(x)dx =] — — . — dx = — - d
I(x (x* +1)™ (x*+1) 2 (x“+|] [XZ+IJ

] l x-__, 1001 1 xz 1001
= —. . = +C= ; 3 + C.
2 1001 (| x“+1 2002 | x° +1

DANG 7: (Phuong phdp déi bién): Tim nguyén ham cia ham 0:
. x" 7 P(x*
flx) « 2K
Q(x")
Ta thuc hién theo ciac budc sau:
“Budc 1: Datt=x" suy radt=kx""'dx. Khi dé:
P (t)dt
(=1 [ (Dt
k Qb
trong dé P,(x), Q,(x) la da thitc c6 bac nho hon P(x) va Q(x).-
Buoc 2: Tinh tich phan trong (1).
@& Chit y: Ta nhan thay su m& rong tu nhién véi dang:
=] ¢'(x)-Plo(x)ldx
Qlo(x)]
Khi dé dat t = @(x).

(1)

trong d6 ¢(x) 1a mot da thiic bac k cua x.

x3

Vi dw 13z Tim nguyén ham ciia ham sé f(x) = E8—4—)5-
x —

&5 Gidi

Pat t = x*, suy ra:

3
dt=4x3dx&-%f"—2=l. z‘f -
. (x"—4) 4 (t°-4)
Khi do:
1 dt
f(x)dx = — ,
R 4I(t2--4)2
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Str dung dong nhat thirc:

1= [@+2)- (-2

16
Ta duoc:
If(x)dx— f[([+2) (t—2)] i : - - + : dt
(t* —4)? (t-2) t*-4 (@+2)
=_1_[_._1__lnt_2| J
64 t-2 2 |t+2| t+2
1 — 4 4__»)
=——[22t -t-—]-lnt———2 +C=—i fx +llnx4 en
64 \(t"-4 2 [t+2 64 x" -4 2 |x"+2

%=
)

Vidwp 14z Tim nguyén ham cua ham so f(x) =

&5 Gidi
Bién déi:

ffoodx = [—2dx =[—Xax.

1
batt=x+ — suy ra:

X
L
dt=(1- 1 ydx& — X =4
X
Khi deé:
112
If(x)dx=f zdt l I_\/—l C= : ]n + C
-2 H“/—' X+— +\/—

1 x? —x 2+1|

= In
242 |x +x\/—+l|

® Nhdn xét: Nhu vy, dé tim duogc nguyén ham clia ham s6 trén ching ta
cin téi mot phép bién déi dai s€ d¢ Jam xuét hién an phu.
Nguoc lai, ching ta doi khi can sit dung 4n phu dé chuyén
ham s6 f(x) vé dang don gian hon trude khi thuc hién cic phép
phan tich dai s6.
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x® =3

xix* & I" v

Yidy 13: Tim nguyén ham cua ham sé f(x) =

&S Gidi
bat t = x* suy ra:
dt = 2xdx & 4x‘—? dx = -0t dt.
X(x" +3x° +2) t(t+D(t+2)
Khi dé:
J’f(x)dx W i
tt+D(t+2)
Ta c6:
bty _a b L C _(a+b+c)* +(3a+2b+c)t+2a
t(t+1)(t+2) t t+1 t+2 t(t+1)(t+2)
Bong nhat ding thirc, ta duoc:
Ju+b+c:0 a=-3/2
BRIy e s fi g 8 8 T
t(t+1)(t+2) 2t t+1 2 t+2
‘2;1:—3 g ==5[2
Do do:
4 5 3 5
jﬂxwx=k-31~+——-——-l—yn=—-mM+4mm+n-_hm+m+c
2t t+1  2t+2 2 F

g
= ——;—!n(xz) +4In(x*+ 1) - —”ziln(x2 +2)+C.

l=x*

Vidiyg 16 7im nguyén ham cua ham so f(x) = —(]——43 :
x(1+x

£S5 Gidi
Pit t = x4, suy ra:
4
dt=4x'dx & 29X = 1,
x(I+x") 4 t(1+1)

Khi do:

If(x)dx =lf =]
4 t(l+1)

dt.

Ta co:
1-t a b (a+b)t+a
= — 4+ —
t1+t) t  t+1 t? +1)°
Dang nhat ding thic, ta dugc:

[a+b=-1 {a=l , = 1 .
PN

1a=l B

= .
b=-2 t(l+t) t t+1
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Do dé:
It

ffoodx =2 = == )dt=1Inli—2Inlt+ 11+ C= In—— +C
t t+1 (t+1)°
4
- ln—-——“-i-—z- +C.
(x* +1)

DANG 8: (Phuong phdp nguyén ham timg phan): Tim nguyén ham cua ham s&
x) - P(X?\Q (x)
Q" (x)
Ta thuc hién theo cic budc sau:
Buoc 1: Dat:

u = P(x)
' du
dv=Q (x)dx = { ;
Q"(x)

Buoc 2: Khi do, ta dugce:
If(x)dx = uv - Jvdu.

4

Vi dw 17z Tim nguyén ham cua ham sé f(x) =

(x*=1)°
&5 Gidi
Bién déi:
X~ .xdx

f(x)dx =

J‘( ) XZ_I)J
bat

u=x’ du = 3x*dx

xdx = 1
fpm=mas |[YE—pne
(x“ =1 4(x° -1
Khi do:
x’ 3 ¢ x’dx
f(xydx = ~——— + — |—5——. (1
frex 4x'-1" 4 I(x--l)2 )
J
Xét tich phan J bing cich bién doi:
2
_ & [(x+l)+2-(x—2l)] dx=lI 1 _+ 22 . 1 _ikdly
4 (x -1 4 | (x=1" x" =1 (x+1)
ey o |x ll +C=l lnx—ll— 2 +C (2
4 x-1 |x+1| X +1 - x+l| X" =1
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Thay (2) vao (1), ta dugc:

'S 3
J’f‘f X )d\ = B T + — ln
4(x" -1) 16

x—1

x! =]

- 28 ]+C.
x+1

T Chii y: Dé xac dinh tich phan J ching ta ciing c6 thé tiép tuc sir dung tich
phan timg phan, nhu sau:

Dat:
B=% du = dx
xdx = |
dv=———" |v=-
(x" =1y 2(x*-1)
Khi do:
X 1 dx ) 4 ] X -1
=———,,——'+— = =—-——2———+—ln—.
2(x°=1) 2 x" -1 2x°=-1) 4 |x+1

Vin dé 4: PHUONG PHAP TIM NGUYEN HAM CUA CAC HAM 80
VO TI
Dé tim nguyén ham cac ham s6 vo t ta can linh hoat lua chon mot
trong cac phuong phap co ban sau:
1. Phuong phap tam thurc bac hai.
Phuong phap phan tich.
Phuong phap daéi bién.
Phuong phap tich phan ting phan .
Str dung cac phuong phap khac nhau.
Sau day chung ta cung di xem xét titng dang.

S e TR e

DANG 1: Tim nguyén ham cac ham vo ti dua trén tam thic bac hai
Trén co so dua tam thiic bac hai vé dang chinh tac va dung cac cong thic sau:

1. ——de= =+x’ta +C,
'\/;'ia

2. -\/_(}x =ln}x+\/xzia
"NEXA

—_—

3. [Vx*tadx =%\/x2ia i%lnlx+ x*+al+C.

+C.
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Yidyg Iz 7im:
& J-xdx b. I(2x+l)dx

Vxi+1 V2xi+2x

£ Gidi
a. Ta c6 thé lua chon céc cdch trinh bay sau:

Cdach [: Ta bién déi:

iy _ jECED S riec
Ly ol P e

X" +1
Cdch 2: Datu = x* + 1, suy ra:

du=2xdx & xdx = -;-du .
Tur dé:

d
I S J' s -JETC %t 40,
ox* 41
Cdch 3: Patu = vVx* +1, suy ra:
' =x*+ 1 = 2udu = 2xdx < xdx = udu.
Tir do:
I X IUdu—Idu=u+C=Jx2+l+C.
vx? +1
b. Ta c6 thé lua chon céc cich trinh bay sau:
Cach 1: Ta bién déi:

(2x + 1)dx = d(2x* +2x) m+c
'[\/2)( +2x 2v2x? +2x

Cdch 2: Dat u = 2x* + 2x, suy ra:

= (4x + 2)dx = 2(2x + 1)dx & (2x + 1)dx = %du |

Tt do:
J-(2x+l)dx = Idu

V2x® +2x 2Ju
Cdch 3: Datu = v2x* +2x , suy ra:

u’ =2x% + 2x = 2udu = (4x + 2)dx = 2(2x + 1)dx < (2x + 1)dx = udu.
Tur do:

(2x + 1Ddx udu \/_2—_
j = = |du =u+C = Vy2x"+2x +C.
W2z 2= I u I

u+C = 2x*+2x +C.
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Yidg 2: Tim nguyén ham cua cac ham so sau:

I
b. (DHY TB - 2000): f(x) = l

X" —a I ]
&5 Gidi

a. Datt=x+ VJx’ —a suyra:
d[—{l+ X dez\/x —d+x tdx dt
X -a e Tl \/_

}—_mm+c Injx + Vx> —a |+ C.

b. Ta c6 thé hra ch(_)n cac cach trinh bay sau:
Cach I: Ta cé:

ﬁumx=

a. f(x)=

Khi do:
Jf(x)dx =

“ dx _
“Ixt—x-1 i &
x_.._ T
( 2) 2
Df_ll[=X‘-—;—Ddl=dX.
Khi dé:
dt
Jf(x)ux =,[-———5— = In

2

2 3
l+Jt -=
4
4
J- dx =I dx .
Jxi-x-1 ( lz §_
V2 7%

Patt=x - % + Vx*—=x—1 suy ra:

+C =In

x—-;—+\/x2—x—] 3,

Cach 2: Ta co:
jf(x)dx =

x.__
dt=[l+ el ]dx=l+—2—i— dx =

2\/x2—-x—1 Jx* -x-1 VX =x-1
- dx _dt
vxl-x-1 t
Khi dé:
dx dt 1 -
f(x)dx = |[=—=—== = |— =In|t|+C= Injx ——+Vx* —x-1|+C.
I J'/xz—x—l '[t 2
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P dx p— .
Yidud: (PHY HN - 1999): Biét réng j\/_ =In(x + Vx*+3)+ €
x*#3

Tim nguyén ham 1 = I\/ x° +3dx .
&5 Gidi
Sr dung phuong phap tich phan timg phan bang cach dat:

{u=\/x2+3:> du = ——— dx

x+3
dv =dx

v=X
Khi do:

2dx (x? +3-3)dx
[=xvVx?+3 - [—= =xvVx*+3 =]
vx? +3 Vx*+3

3dx
=xvx*+3 =[Vx?+3dx+ |
Vx*+3

& 2A=xvVx*+3 +3Inx + Vx* +3) +C.
<:>I=%—X\/x2+3 + % Inx + Vx*+3)+C.

@ Cha y: Véi cic em hoc sinh di cé kinh nghiém trong viéc tinh nguyén
y . ghic g VI guy
ham c6 thé trinh bay theo céch sau:

\/2+3—-1— 2x 46 Vx'+3+ .
" 2x+2x \/+32x3+3

y e m

Khi dé:

1_-1( Jx2 +3)dx + = I
! ) m

= —;—X\/x2+3 + 5 In(x + ¥x*+3) +C.
2

X
Jxi+1

Yidgp 4z Tim nguyén ham cia ham sé f(x) =

&5 Gidi
Ta cé:

o= e = PR

vl
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J-\ﬁ( fldx—j\/,‘_(Ci_)(Jr_]

\/ 1+—lnx+\/x +1
vV X —-—lnx+\/x +1

- In

x+\/x2+l‘+C

B | > o Fx

+ C.

DANG 2: Tim nguyén ham clia ham 80 f(x) - ,V3ia>0.

X+a
Ta ¢6 thé lua chon mot trong hai cach sau:
Cach I: Vi diéu kién:
X —a

—20¢& .
X+a

ta x¢t hai truong hop:
Truong hop 1: V6i x 2 a thi:

) 3 x—a, _ c(x—a)dx _ 2xdx
If(x)dx— -Hx+adx = j—————-—m I I

+ C.

x> i —ln'x+ e

Truong hop 2: V6i X < —a thi:

jf(x)dx-—j J-(x —a)dx ="I 2xdx

X+d
=—vx'-a’ + ln|x+\/3ic2—a2 +C.
Cach 2: Dat:
2
- § - 4at dt
(o [XTB L a_ X a:)x___a(1+t2) 2= dqz.
X+a X+a 1-t (1-1t7)
Khi do: :

, - 4at? dt (> =1)+1|.dt
If(x)dx= I z+:dx = J‘(la—tz)z = 4aI[ (t2_1)2:|

=4ajldt +J- dt

-1 (@ -1)
I 1

Cac nguyén ham I, va I, chiing ta da bi€t cach tim.



x—1

Yidw bz Tim nguyén ham ciia ham so f(x) = 8
X +

£S5 Gidi
s ¥ x—1 x21 I
Vidiéukién: — >0 < , ta Xét hai truong hop:
x+1 ) S|
Truong hop 1: Véi x > 1 thi:

- (x—l)dx 2xdx X
f(x)dx =
I o = [ Ix:_l
= Jx’ -1 - lnx+\/x'-l‘ +C.

Truong hop 2: Vi x < —1 thi:

J'f(x)dx = -Hx+ _J»(x—l)dx =—J' 2:?i1 +J' r__—;x__l
X+Nx = ‘+C
dx

DANG 3: Tim nguyén ham cla ham 86 f(x) = véia # 0 va
\/ax+b +Jax+c

—x—l+|n

b-c#0.
Khir tinh vé6 ti & miu s bang céich truc can thie, ta dugc:

ax+b + vax+c

[[(ax + b)'?d(ax + b) + [(ax + ¢)"*d(ax + ¢)]

- a(b—c)

—_— ax +b) + J(ax+c + C.

= C)[\/( )+ Jax+c) ]
Yidg l: (DHKTQD HN — 99): Tim nguyén ham ciia ham so:

1
f(x) = tanx + .
V2x+1+2x -1
&5 Gidi
Ta cé:

1
f(x)dx = [ftanx+ }1
| V2x+1+v2x -1
sinx.dx  pV2x+1-v2x-1
I +I dx
cos X D)
= —In|cosx| + %[(2,(“)3/2 -(2x—1)3/2] +C.

90



Yidg 2: (D¢ 71— Bo dé 1996): Tim nguyén ham ciia ham sé-

2x

x+\/x2—1.

f(x) =

/6 (’»['”'
Ta ¢5 thé lua chon mot trong hai cach sau:
Cach 1:(Sur dung phuwong phap bién doi): Ta ¢6:

[r(x)dx j———\/;—d jzxi"_x" +1”dx=j2x3dx —j2x x* —1dx
X +vVx —1 =

= gx-‘— j\/xz—ld(xz—l) +C= %x’— % st =1 #C

Cdach 2:(Sit dung phicong phdp déi bién s6): Patt=x + Vx’ =1 tacé:

9

t* 4 - =1
l~X=yX‘'=] _X=— SHdx = - dt.
2t 2t
Khi do:
ol =l

—.——dt 4 ;
[roodx =/ S S N THR T L _:)dt =%[(1“ ] Jdt

x+vVx’ -1 t 2t 4
=%(t+ 51—3)+C=%(x+\/x2—1)+
t

t

1
+C
6(x +vx*-1)
DANG 4: Tim nguyén ham cla ham ¢6 vo ti sl dung céc dong nhat thic.
Vidg lz: (HV BCVTTPHCM - 99): Tim nguyén ham ciia ham so:

X
fix)= i
X +1
&S Gidi
St dung déng nhit thic x = x + 1 = 1, ta dugc:
x+1-1
f(x) = = (x+1)"° - x+1)""°,
Vx +1
Do d6:

froodx =[x+ D™ = (x+ 1) Jdx = %’ (x+ 1) - % (x+ 1) +C.

v(x)dx

\/uz(x):*:a .

DANG 5: Tin nguyén ham cla ham 86 f(x) =
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Ta thuc hién theo ciac buéc sau:
Buoc 1: Phan tich:

v(x) a[u (x) +a] bu(x) ¢

\/u (xX)+a \/u (x)+o \/u (x)+a x)+a

Str dung phuong phép hang s¢ bét dinh ta xdc dinh dquu &b, e
Buoc 2: Ap dung cic cong thic:

1. I\/ffi =Jx*ta +C.
XX

dx

\/xzia
3. [Yx*tadx= %xlxziai%lnlx+ Vx*zal+C.

2x% +1

Vx?+2x -

2. | =Inlx + Vx*tal+C.

Yidw 1z Tim nguyén ham cria ham so".f(x) =

&5 Gidi
Ta cé:
25" 41 2x% +1 a[(x+1) -1] _ b(x+1)

Jir2x Jxr -1 Jaeli-1 \/(x+1‘) = J_x+1) 21

ax’ +(2a+b)x+b+c

\/x +2x
Péng nhét ding thic, ta dugc:
a=2 a=2
2a+b=0& {b=—4.
b+c=1 c=5
Khi dé:
2x2 +1 PN reTc 4x+1)

5
Jx? +2x - Jxe - \/(x+1)2—1 '
Do dé: .

jf(x)dx =2Jx+1)* -1 - — . ]dx
Jox+1y -1 J(x+ 1) -1

=(x+ DVx*+2x =Ilnlx+ 1 + Vx> +2x | -4 x2+2_; -
+5lnx+ 1+ vx2+2x 1+C

=(x + VX2 +2x +4lnlx+ 1+ Jx2+2x 1-4yJx? +2x +C
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DANG 6: (Plurong phdp ddi bién): Tim nguyén ham cia ham so:
1
\/(x +a)(x+b) .
Ta x¢t hat truong hop:
Truong hop I: Voi:

Y=

Xx+a>0
X+b>0
batt= Vvx+a + vx+b, suyra:

1 1 (WVx+a++x+b)dx

al= + dx =

2Wx+a  2Jx+b 2,/(x +a)(x +b)

dx 2dt

& =

\/(x+a)(x+b) t

Khi d6:
J-f(x)dx =2f%t- =2Inltl + C=2InlvVx+a + Vx+bl+C.

Truong hop 2: Véiu:

x+a<0
Xx+b<0
Datt = \/—(x+a) + y—(x+b), suy ra:
[ 1 1 [J=(x +a) +J=(x + b) ]dx
di=| - — dx=-
2-(x+a) 2—(x+Db) 2.J(x +a)(x +b)
<> a% =—§—t-
J&+a)(x+b) E

Khi dé:
If(x)dx = —2]%1 = =2lInltl + C=-2Inl{/—(x+a) + y—-(x+b)1+C
1

Yidy k: Tim nguyén ham cia ham s6 f(X) = ———.
Vx?=5x+6
£S5 Gidi
Bién doi I vé dang:
If(x)dx =] d

(x=2)(x-3)
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Ta xét hai truong hop:
Triwong hop 1: Véi:

x—2>0
& x>3
x—-3>0

Patt= Vx-2 + Vx -3, suy ra:
dt:( 1, ]dxz(\/x——i+\/x——_3)dx
-2 2Jx-3 2J(x-2)(x -3)
dx _2dt
Jx-2)x-3) t

—

Khi dé:
If(x)dx =2J’§—t— =2Initl + C=2InIVx -2 + Vx-31+C.
t

Tricong hop 2: Véi:

x=-2<0
— 5 4 B
{x—3<0
Patt= v2-x + VJ3-x , suy ra:
dt_[_ 11 ]y o V2-x+v3-x]dx
2V2-x  2J3-x 2,/(x —2)(x - 3)
dx 2dt
~ == - - .
Jx-2)x=3)
Khi dé:

_[f(x)dx =—2f—d[—t =2lnltl + C==2Inlv2-x + V3-x1=+C.

DANG 7: (Phuong phdp déi bién): Tim nguyén ham clia ham 0.

I=|R(x, Va? —=x* )dx, v&ia> 0.

Ta thuc hién theo cédc budc sau:
Buoc 1: Dat:

T T
X =lalsint v61 ——<t<— , e
2 2 (hodac c6thét=x++va —x ).

X=lalcost voi 0<t<n
Budc 2: Bai todn dugc chuyén vé I = [S(sint, cost)dt.

x3

\/l—xz.

Yidg 1z Tim nguyén ham cia ham sé'f(x) =

&S Gidi
Ta c6 thé trinh bay theo hai céch sau:
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Cach |: Dat x = sint, S ;:— , suy ra:
3 P
X dx sin” t.costdt : .
dx = cost.dt & = 2 = sin*t.dt = l(3sml — sin3t)dt.
\/l —x? cost 4
Khi do:
i ] . . 3 ]
jt(x)dx = ZJ(‘BS”]I —sin3t)dt = —Zcost + —cos3t+ C

!
= _ZCOS[ + = (4cos’t — 3cost) + C = — cos’t — cost + C

=(§coszt —1l)cost+C= [%(l —sin’t) — 1]cost + C
1

:[5(1 - x%) = 1]V1-x* +C=—%(x3+2)\/1—x2 +C.

T~ Chu y: Trong cach giai trén ta cé:

\J‘COS2 t =cost

costzx/l—sin2 t =\/1—x2
Cdch 2: Datt= \J1-x* ,suyrax’=1-t tir dé:

3 2 5
2xdx = =2tdt & X dx X”.xdx - (1-17)(-tdt)

T
—— <t< —=cost>0>
A 2

s

- = (- 1)dt.
Ji-x?  1-x? t )

Khi dé:
If(x)dx =[(2 = dt= %t"-HC: %(t2—3)t+C
=—%(x2+2)\/1—-x2 +C.

DANG 8: (Phuong phdp ddi bién): Tim nguyén ham cla ham so:
I=[R(x, va’+x?)dx, v3ia>0.

Ta thuc hién theo cac budc sau:
Buoc I: Dat:

. T T
Xx=laltant véi ——-<t<—

2 (hoaccé thé t=x + vVa’ +x7).

Buoc 2: Bai todn dugc chuyén vé [ = fS(sint, cost)dt.

x=lalcottvoi O<t<m

Yidu l: Tim nguyén ham ciia ham so'f(x) = \1+x* .
£ Gidi

Ta ¢6 thé trinh bay theo hai cach sau:
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g s n |
Cach I: Dat x = tant, —5 - § € - 5,suy ¢

&[_—dx_ dt

" cos’t cos't
Khi dé:
tdt cos tdt
f(x)dx "I —ICOS =I .
'[( ) cos:”t cos*t (1-sin®t)?
Dit u = sint suy ra:
du=costdt& U
(1-sin”t) (u+1)(u-1)
Khi dé:
J'f(x)dx _ czlu o L) lu+1| 2u g
(u+1)*u-1) "a=1| ~ wetu-Dn
_ X[ [sint+1) 2sint
4 | sant—ll (sint+1)(sint—=1)
X X i
+1 2
=3 V1+x? V1+x?
= 'Z ln = = % x +C
-l (=—=+D(F—=-
| [V1+X v1+x? V1+x?

NEN

2
LI Lk L. 3 A g
x-y1+x*

—i- 2Inlx + V1+x* 1+ 2xV1+x* )+ C
=E(lnlx+ Vi+x2 1+ xvV1+x2)+C

Cdch 2: Patt=x + V1+x* , suy ra:
t> -1

t-x=V1l+x* 2 (t-x)’=1+x*=>x= =

-1 _ t*+1
2t 2t

X +v1+x2 v ia Rt ¥

Jx = — 2= dx= ——dx & dx = ——dt,

\/l+x V1+x? t+1 2t

P | 241y’ 1 2 1
1+x? dx=t +l.t ":ldt=l(t tl) dt=— (t+ = + —)dt
2t 2t 4 t 4 t ot

1+x* =t-

=dt=(l+
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Khi do:
1 2 1 1.1, 1
fix)dx = =J(t+ = + =)dt=—(=t?+2Inltl- — )+ C
-[X 4( t t") 4(2 2t2)

—

2 ] =
g v N
=%(lnlx+ 1+x* l+xv1+x*)+C.
Cdch 3: (Sit dung phuong phdp tich phan timg phan): Dat:

xdx
_ du =
Ju_ x2+l: u m
ldv = dx
Khi do:

2

= II’(x)dx =xVyxt+1 = [— - . (1)
Nx? 1 _

Trong dé:

2 2 e
f x_ei___ﬂ(x +1)—1]dx =fﬁdx—f dx
Ix2 +1 Jx? +1 x% +1

=I-Inlx + Vx*+11+C. (2)

Thay (2) vao (1) ta dugc:

[=xvx’+1 —(I-alnlx + Vx*+11+C)
&2l= xVxiP+1 +Inlx+ Vx> +11+C

V=X

&= -3 Vi +1 + %lnlx+ vx* +11+C.
& Chu y:
I. Trong cich giai thit nhat so di ta c6:
\/I+x2- l va sint = :
| cost J1+x2
la boi:
Vcos’ t = cost
T !

—— <t< — =>cost>0=>
2 2

; X -
sint =tgt.cost =
V1+x’ )
2. Ca ba phuong phép trén (t6t nhat 1a phuong phéap 2) duoc dp dung dé tim
cdc nguyén ham:

. a X
| X'+adx=—2— Inl x + x2+al+§\/x2+a 0

f & = Inlx + Vx> +al+C.

x*+a
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dx

@2 ” x2)2k+1

3. V6i nguyén ham |

phéap 1.
4. Véinguyén ham I = [(/(x +a)(x +b) dx ta c6 thé thuc hién nhu sau:
batt=x+ L & A . , Suy ra:

dt =dx & (x+a)(x+b)dx = Vt* + A dt.
Khi dé:
[ =] t2+Adt=%lnlt+ t2+AI+%\/t2+A $C.

2
_(b a) Inlx + a+b

+ J(x+a)(x+b) 1 +

, Vi ke Z t6t nhat 1a sir dung phuong

2x+a+b
 —
4

DANG 9: (Phuong phdp déi bién): Tim nguyén ham cua ham 6:

I=[R(x, Vx*-a? )dx, v3i a> 0.

Ta thuc hién theo céc budc sau:
Buoc 1: Dat:

Buée 2: Bai todn duoc chuyén vé I = [S(sint, cost)dt.

Vidy 2: Tim nguyén ham cia ham sé f(x) = )

£ Gidi
Ta ¢6 thé trinh bay theo hai céch sau:
Cdch I: Datt = Vx* -1 thit* = x> -1, suy ra:

2x—1+3x* -1

J(x +a)(x+b) +C.

x=-20 véite-Z. B\ (0

Smlt 22 (hodc c6 thé t = \/—XT:;_Z)-
X = : Vé‘itG[O,T[]\{‘TE,
| cost 2

tdt

2tdt = 2xdx & 3dx = . = —
2x:—143Vxt =1 23 =D+3Jxi—1+1 2t +3t+1
Khi dé:
tdt
T
Jfxax j2t2+3t+1
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Taco:

2t +3t+1 h(2t+])(t+l)—2t+l t+1 2t+1)(t+1)
Poéng nhat dang thire, ta duoc:

a+2b=1 a=-1
= :
a+b=0 b=}

t B t _a . b (a+2b)t+a+b

Khi do:
t 1 1
= = — + 5
20° 3t +1 2t +1 t+1
Do do:
. 1 1 |
jf(x)dx =](- + ydt=—=—1Inl2t + 1l + Inlt + 11+ C
2t +1 t+1 2

1] (t+1) +C= (\lx ~1+1)

n
2 |2t+1| 2\/){ -1+41

Cach 2: Vi diéu kién IxI > 1, ta xét hai trudng hop:

Truong hop 1: Vi x > 1 thi dat x = ,te[O;E)suy ra dx= smt;dt
cost 2 cos t
Khi do:
I sint
wdx L.
[= J'f(x)dx — J' 2 2 =J‘ c203t cos” t
2x" =1+3Vx" -1 ——1+3tant
cos't
"I (1+tan’t)tant.dt _ (1+tan’ t)tant.dt
2(1+tan’t)—1+3tant 2tan’t+3tant+1
bit u = tant suy ra:
du = dtz =(1 + tan’t)dt.
cos i
Khi dé:
u.du 1 1
= I——,———- = (- + dt=——=Inl2u+ 11+ Inlu+ 11+ C
2u” +3u+l 2u+1 u+1 2
2 2
=-I~l (u+1)>° +C=lln(tam+l) +C=llnwx 1+1)
2 |2u+l1]| 2 |2tant+11| * S e (|

Truong hop 2: V6i x < =1 Dé nghi ban doc e lam.

® Nhdn xét: Nhu viy, cho du trén phuong dién 1y thuyét cich giai 2 rat
tuong minh xong trén thuc t€ lai kha cong kénh cho dii né tuy
thudc nhiéu vao dic thi cia ham s6 duéi ddu tich phan, diéu
dé chi nham muc dich dé ciac em hoc sinh luén dinh huéng
mot cach ding dan lua chon ctia minh.
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DANG 10: (Phuong phdp doi bién): Tim nguyén ham cta ham 6.
I=[R(x, \/(x-a)(b-x) )dx.
Ta thuc hién theo cic budc sau:
Buoc 1: Patx =a+ (b - a)sin’t.
Budc 2: Bai toan duoc chuyén vé: I = [S(sint, cost)dt.

Yidg 2: Tim nguyén ham ciia ham sé f(x) = : =, vor a <b.
JI(x—a)(b—x)]

&5 Gidi
: ” n
Pat x =a + (b —a)sin’t, véi 0 <t < 5 suy ra:

dx = 2(b — a)sint.cost.dt = (b — a)sin2t.dt,
(b—a)sin2t.dt

dx
JI(x=a)b-x)J B \/[(b—a)sinz t.(b—a)cos’ t]’
_ (b—a)sin2t.dt _ 1 dt
" (b-a)lsin’2t  (b-a)’ sin’2t

Khi dé:
—Ix
If(x)dx= | I dt _ cot 2t C a+b—-2x

- +C=- o
(b—a) "sin’2t  2.(b-a)’ 2,/(x —a)(b-x)

DANG 11: (Phutong phdp déi bién): Tim nguyén ham ctia ham s&:

I=[R(x, Vax® +bx +c )dx.
Ta c6 thé lua chon moét trong hai cich sau:
Cdch 1: (Pua 1 vé cdc dang nguyén ham co ban da biét): Ta xét cic truong
hop sau:
Truong hop 1: Néu a > 0 va A <0 thi ta thuc hién theo cic budc:

Buoc 1: Taco:
axl’+bx-!-c=—-A 1+ 2ax +b .
da J=A

-—

2ax+b
J-a

Budc 3: Bai toin duoc chuyén vé I = [S(t, V1+1t )dt.
Truong hop 2: Néu a <0 va A > 0 thi ta thuc hién theo cic budc:

Buoc 1: Tacé:
ax2+bx+c=-A ) = sax+b .
4a JA

Budc 2: Thuc hién phép déi bién t =
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Bute2: Thic hien phép dbibignt= 2212
Ja

Buoc 3: Bai toan duoc chuyén vé: I = [S(t, V1-t* )dt.

Truwong hop 3: Néu a >0 va A > 0 thi ta thuc hién theo cac budc:

2ax+b
ax’ +bx+c-—— -1].
, 4a \/K

Budc 2: Thuc hién phép déi bién t = iad .
Ja

Buoc I: Ta co:

Budc 3: Bai toan duge chuyén vé I = [S(t, Vt* =1 )dt.
Cach 2: (Sit dung phép thé Euler): Ta xét cac trudmg hop sau:
. Néua>0,dat \[ax2+bx+c =t-x+a hoact+x\/g.

2. Néuc >0, dat \[ax2+bx+c =tx + v/c hoac tx — e .
3. Né&u tam thitc ax® + bx + ¢ ¢ biét s6 A > 0O thi:
ax’ + bx + ¢ = a(x — X,)(X — X,).

Khi d6, dat Vax® +bx+c =t(x —x,).

= VX +2x+2.

Yidwp 3z Tim nguyén ham cia ham so f(x) =
£ Gidi
Ta c6 thé trinh bay theo hai c4ch sau:
Cdch [: Sttdung phép déi biént=x + 1 suy radt =
Khi dé:
=V +1dt.

Tich phan trén chiing ta da bi€t cidch xac dinh.

Cdch 2: Str dung phép déi bién:

VXP+2x+2 =t=-x = x> +2x + 2 = (t — x)?

t* -2 _ (P +2t+2)dt

=dx= .
2(t+1) 2(t+1)

—_—
—

Khi dé:
(t +2t+2)dt 1 (t* +4)dt
fd—\/+2+dxt— -y &, A
I(x) Rl I +1) 2(t+1)? 4" (t+1y
Str dung déng nhat thic:

t+d=[t+1) =11 +4= (t+ 1) =4+ 1) +6(t+1)>°-4(t+1)+5
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Do dé:
6 4
t+1  (t+1)?

jf(x)dx = %j[t-ﬁ- J =i

=-1-[-t——3t+61n|t+1|+——4—-]+C
4 2 t+1
/2 2
=%[( - +2);+2+x) ~3(VxP+2x+2 +x) +

+6InIVx? +2x+2 +x+ 11+ . jall.
VX +2x+2 +x+1

DANG 12: (Phuong phdp déi bién): Tim nguyén ham cla ham &&:
dx

(A + ;1)\/ax2 +bx+c
Ta thuc hién theo cic budc sau:

f(x) =

Buoc 1: Datt= 3
AX + 1

dt

Joat? +pt+y '

& Cha y: Phuong phap trén c6 thé duoc 4p dung cho dang téng quét hon la:
(Ax + B)dx

(Ax+p)"Vax® +bx +c¢ '

Vidwg 1z Tim nguyén ham cia ham sé'f(x) =

Budc 2: Bai toan duoc chuyén vé I = |

1=]

1
(x+DVx? +2x+2 '

£ Gidi
Datt=Lth‘1x=1—lsuyra:
X+] t
dx=—tl2dt,
[ dt
1 ~ khit>0
dx L < J1+¢
- :
(x + IWx? +2x +2 12_,'_1 g i2+1 dt khit<O
t t (V1+t

Khi dé, ta xét hai truong hop:
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Triomz hop 1: Véi t > 0, ta dugc:

J.f( x)dx = —I

=—nlt+ V1 +t* 1+C= —lnl—- : I+C

V1+t° (XH)Z
{daln=+ 343

=l = 2 S e
x+1 l+\/x +2x +2 |
- l-\/x2+2x+2| i
X +1 |

Triong hop 2: Véit <0, ta duoc:

[f(x)dx—f = Inlt+ Y1+ 1+C= Inl : 1+ 12I+C
,/1“ x+1 (x+1)
1-vx? +2x+2
=In 1 +C.
X +

[om lai vai t # 0 < x # —1 ta ludn co6:

2
[reodx L +]2“2 +C.
X +

DANG 13: (Phicong phdp doi biéh): Tim nguyén ham cia ham 6:

I=fR(x, s )dx v6i ad = be # 0.
cx+d

['a thuc hién theo cic budc sau:
Buoc 1: Dat:

ax +b ., ax+b b —dt"

=2pn ] &oOX=

cx+d cx+d ct"—a

Bugc 2: Bai toan dugc chuyén vé:
I = [S(t)dt.

F Cha y:
1. V61 hai dang dac biét:

I=[Rx, |22 ydx hodc T = [R(x, ,|2=% )dx
a-—-x a+x
ching ta da biét véi phép déi bién x = acos2t.

Ia+x

Trudng hop dic biét, véi I = | \
a =X

dx, ta thuc hién:

a+Xx
Vi

céﬁghiakhi-an<anénx+-a>0,dod6 \/(a+x)2 =a+X.
a-—x
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Khi dé:

=] a+xdx_.[ a+x dx-aj j xdx

LLLIN =

Trong do:
J‘____zdx_z duoc x4c dinh bing phép déi bién x = a.sint.
a —Xx
I__Xd_x, i b
a? —x?

2. Tong quat

I=Rex, (ax-&-b)b. . (ax+b)bk dx,
cx+d cx+d

voia, b, (i= T,-E) 1a cdc s6 nguyén duong va a, b, ¢, d la cdc hang sé.
Ta thuc hién phép déi bién:
ax+b . —

= t", véi m 1a boi s6 chung nho nhat cuacac b, 1= 1,k.
cx+d
DANG 14: Tim nguyén ham cla ham 86 f(x) = (I;((x)) o , trong do
X)'y

= Jax® +bx +c .

Ta thuc hién theo cic budc sau:
Buoc 1: Phan tich ham hiru ti (l;((x)) thanh céc phan so toi gian.

X

Budc 2: Lua chon cic phuong phép phit hop cho méi tich phan mdi.

6x’ +8x +1

Gx:+40Wx2 +1

Yidgp 1z Tim nguyén ham cia ham sé'f(x) =

&5 Gidi
Ta cé:
6x° +8x +1 1
———— =Xt — )
3Ix“+4 3x"+4
Do do: .
1 xdx dx
I= f(x)dx=1(2x+ dx— .
J 3x* +4 I x4l !(3x2+4)\/x2+|
g
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Trong dé:

[, =] del =Vx’+1 +C.
V X

Vi 1, ta thuc hién phép déi bién t = thi x*= — suyra
2 . -
x°+1
d
de = - .
(x2 +DVx* +1
Khi do:

d
[ - _[ dx _ I(x +1)\/x’+ dt (l—t J t _ I
TGk + AWK +1

2

1 [e-2 1 [t+2 x+2Jx+|
=——In|—| +C= —In|—1 +C= —l
4 |t+2 4 |t-2 — N +|
Thay (2), (3) vao I ta duoc:
2
- N, 1
[= vx° +1 +—1—ln§i—2—x—i— + C.
4 |x-2Vx?+1

DANG 15: Phuong phép nguyén ham ting phan

(3x* +4)0Wx? +1 e 40

Vi cac ham vo ti, trong pham vi ph6 thong phuong phép tich phan timg phin

it duoc st dung, tuy nhién ching ta ciing cAn xem xét mot vi du dé minh hoa.

Yidg 2: 7Tim nguyén ham ciia ham s6' f(x) = Vx* +a .

&5 Giai
bat:
xdx
. du =
u=+vx“- +a o \/xz_-ka--
dv =dx
<
Khi do:

dx
= |f(x)dx =xvx*+a - < :
I I\/X +a

Bién déi J nhu sau:

x2dx [(x* +a)—a]dx dx
J=] =] =[Vx?+adx —al
vx*+a Jx* +a ne Vx*+a

=]-alnlx + Vx*+al+C.

(1

(2)
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Thay (2) vao (1) ta duogc:

I=xvx’+a —(I-alnlx + VxX*+al+ 0O
<:>I=%\/x2+a +%ln|x+ vx’+al+C.

@ Chu y: Chiing ta di biét tinh tich phan bét dinh [ -2

, vO1 a # 0 bang

Xz +a
phuong phdp déi bién s6.
Mo rong bai todn trén ta tinh duoc tich phan bat dinh:

I=[x>Vx®+adx

bang céch thuc hién:

Viét lai I dudi dang:

I=[xxvVx*+a dx.
bat:
du =dx

u=x
— 1 1 — .
{dV-x\}x2+a.dx v=§\/(x2+a)3=§(x2+a)\/x'+a

Khi dé:

I=%—x\/(x2+a)3 —%I(x2+a) x* +a dx
=%x\/(x2+a)3 ——;Ixzdx2+adx-%awxz+a dx
. S
=%x\/(x'+a)3 —%I—Eaf x> +a dx
o I= = x(x* +a) —-}Iaf x* +a dx

X (x* +a)’ —-%a[% vx*+a + %lnlx+ Jxi+al]l+C
2
X/(x* +a)’ —%\lx2+a . a?lnlx+ vx*+al+C

1
4
1
4
1
4

Vin dé 5: PHUONG PHAP TIM NGUYEN HAM CUA CAC HAM SO
LUONG GIAC

? : R
Viéc xac dinh nguyén ham ctia cac ham s6 lugng giac rat pho bién trong
cac dé thi tuyén sinh vao cac trudng dai hoc va trung hoc chuyén nghiép.
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D& xac dinh nguyén ham cac ham lugng giac ta can linh hoat lua
chon mot trong cac phuong phéap co ban sau:
|. St dung cac dang nguyén ham co ban.
2. St dung cac phép bién d6i lugng giac dua vé cac nguyén ham
cd ban.
3. Phuong phap d6i bién.
1. Phuong phép tich phan titng phan.

1
sin(x +a)sin(x +b) :

DANG 1: Tim nguyén ham cla ham s6 f(x) =

Ta thuc hién theo cac budc sau:

Budc 1: St dung dong nhat thic:
sinfa—b) _ sin[(x+a)—(x+b)]
sin(a—b) sin(a—b) '
Buoc 2: Ta duoc:

[fexdx =] e dx
sin(x +a)sin(x +b)

1 J'sin[(x+a)—(x+b)] s
sinfa—b) sin(x+a)sin(x+b)

1 - sin(Xx +a).cos(x +b)—cos(x +a).sin(x +b) dx
sin(a—b) sin(x +a)sin(x +b)
1 |: ICOS(X +b).dx B ICOS(X + a).dx:l

sin(x +b) sin(x +a)

sin(a—b)
= ——-]— [Inlsin(x + b)l — Inlsin(x + a)l] + C
sin(a—b)

1

sin(a—Db)

sin(x +b)|
sin(x +a)|

+ C.

® Chit y: Phuong phap trén ciing duoc duge ap dung cho céc dang:
ex . i dlab it tite s =
cos(x +a)cos(x +b) sin(a—Db)
I:I : e hOE'_'lCI=I dx )
sin(Xx +a)cos(x +b) cos(x +a)sin(x +b)
cos(a—b)

cos(a—b) '

I 1=]

(O]

str dung dong nhat thirc 1 =
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Yidg 1z Tim nguyén ham cua cdc ham sé sau:
1

. )
sinX.cos| X +—
( 4)
1

b. (PHQG HN Khéi D - 2000): f(x) = Bx
&5 Gidi

T
COSX.COS| X + —
()
a. Ta c6 thé lua chon cic céch trinh bay sau:
Cach 1: (Sir dung phuong phdp trong dang todn co ban): St dung dong nhat thic:

coE cos[(x +E)—x}
v . 4

V2

i
COosS— —

2

a. f(x)=

= ﬁcos[(x + %)—-x].

Ta duoc:

P Icos[(x%—%]—x}dx N

. T
SINX.COoS| X +—
[x3)
L . w1 .
COS(X-*—Z)COSX+SIH(X+ZJSIHX
=\/§I d

» T
sSinx.cos| X +—
4

. N4
sin(x +—).dx
( 4)

X

1 \/5 Icosx.dx 4
SinX cos(x + -g)

sin x

=2 [Inlsinx| = Inlcos(x + 2 N+ C= V2In —A + C.
4 cos(X + -TE)
4
Cdch 2: (Dua trén ddc thu cua ham f(x)): Ta cé:
fitcide = Ay B
sinX.(cosx —sinXx) sin” X.(cotx —1)
E —ﬁId(COtx) =-\/EIM = —+/2 Inlcotx - 11 + C.

cotx —1 cotx —1
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b. Tac6 thé lua chon céc cach trinh bay sau:
Cach I (Sir dung phwong phap trong dang toan co ban): St dung dong nhat thiec:

il sin[[)u-g)—x}
1= —4

— =\/§sin[(x+§)—x].

B
ffxox = 2 ;[( ol

.
T
cosx.cos[x +Z)

sin[x - %)cosx—cos(x - %)sinx
=2 J' d

T
COSX.COS[X + ZJ

sin(x + E).dx

. T
SIn —

Ta duoc:

&3

X

in x.dx
- 4 _sinx
I n '[ COSX
cos(x +—)
4
=2 [~Inlcos(x + . )+ Inlcosxl] + C = V2 1In IS P
4
cos(x +E)
4
Cdach 2: (Dua trén ddc thi cua ham f(x)): Ta c6:
[T TR S SR f -
cosX.(cosx —sinx) cos” x.(1 —tanx)
= S [Sax) | _ peloend) | _ 5wl -tanxi+C
I —tanx | -tanx

1
SInX + sin o

DANG 2: Tim nguyén ham cta ham 86 f(x) =

Ta thuc hién theo cic budc sau:
Budc I: Bién déi I vé dang:
dx 1 dx
[ =]— P | _
sinx+sina 2 . X+o X=o
sin 5 .COS 5

Budc 2:  Ap dung kién thic trong dang 1 dé giai tiép.
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& Cha y: Phu0ng phap trén ciing dugce duge dp dung cho cic dang:

I=/———— véilml <1,
smx+m
2 [=f_ %% Bl cilil2 1,
COSX +COosSQOL COoSX+m

Yidw 1z Tim nguyén ham ciia cac ham so sau:
1

. f(x) = ———.
L 19 2sinx +1

1

s/i+sinx—cosx

b. (PHBK HN Khéi A — 2000): f(x) =

25 Gidi
a. Bién déi f(x) vé dang:
1 1 1
f(x) =—-—l——=—.——1—=—. . (1)
2(sinx + —) 2 sinx+sinE 4 sin6x+1t 056)(_7—t
. 6 12 2
Str dung déng nhat thirc:
T 6x+m 6x-—m7
cosg cos( 12 B 12 ) ;) 6x+m 6Xx-—-T7
1 = - = cos( - ).
cos 3 iooozon
p
Ta duoc:
6x+m 6x-m7
I 1 ICOS( 2 12 )d
f(x)dx = X
2.3 Sin6x+1t . 6x -7
12 12
6Xx+ 7 6x - 6x+m 6Xx —7
cos .CO i sin
12 1 12 12 4¢
2V3 sin6x+‘u.cos6x—7t
12 12
6x+m 6x—m
I [COS 12 o 12 gy
[ dx + X
zf [ bx+m cos6;(—1:
g 12
sin()*x+7t
1 6x + 1 12
= —— [Inlsin | — Inlcos +C= In LI Y ¢
Nk 12 V3| Ox-
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b. Bién déi f(x) vé dang:
1

Ji[l_cos(ﬁg]] 2(8,,,»% )

f(x) =

Khi do:

DANG 3: Tim nguyén ham cla ham 8 f(x) = tanx.tan(x + ).
Ta thuc hén theo cdc bude sau:
Buoc 1: Bién doi I vé dang:

sin X.sin(X + ) d

Jf(x)dx = Jtanx.tan(x + o)dx = |
COSX.COS(X + o)

B J( cosX.cos(X + o) +sinX.sin(X +a)

- 1)dx
cos X.cos(x +a) ’
oF g — [dx = cosa/ = X
COSX.Ccos(X + o) cosX.cos(x + o)

Budc 2:  Ap dung kién thiic trong dang 1 dé giai tiép.

& Chti y: Phuong phép trén ciing dugc duoc ap dung cho cac dang:
I= Itdn(x + o).cot(x + ﬁ\dx
2. I= fcot(x + ot).cot(x + B)dx.

\ A . | 4 ~ a” N n
Vidy Lz Tim nguyén ham cia ham sé f(x) = tan x.tan(x K Z) :

£5 Gidi
Bién déi f(x) vé dang:

. . n ) .. T
siInx.sin| X +— COSX.COS| X +— [+sInXx.sinf x +—
( 4) ( 4) ( 4)
f(x) = = -1

T n
COSX.COS| X +— COosX.Cos| X +—
) )
L
~ COSZ e \/i 1 3

" on T
cosx.cos[x+z) cosx.cos(x+z)
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Khi dé:
\/_2— J' dx

[fdx = T f L
T p s T
COSX.COS| X + — COSX.COS| X +—
( 4] [ 4)
- J
Ta cé:
d
T=+2] dx . -2 : X
COsS X.(COsX —sInx) cos” X.(1 —tanx)
= \/—J-d(tanx) \/—J-d(l-—tanx) — V2 Inll - tanx| + C.
1 -tanx 1 —tanx
Vay ta dugc:

If(x)dx = —x — Inll — tanx| + C.

1
a.sinXx +b.cosx

DANG 4: Tim nguyén ham cla ham 6 f(x) =

Ta lua chon mét trong hai cich sau:
Cach I: Ta cé:

J‘f(x)dx _ 1 I : dx — 1 I dx -
\}a2+b2 Sln(x+a) a2+b2 Zsinx;acos.x-*_a
X+a
_ 1 dx _ 1 j d(tan -—5—~)
a2’ +b’ 2 Xt %02 2T Val+b? gy XFC
2 2 2
=—1—lntanx+a + C.
Va® +b?

Cach 2: Ta co:

1 dx | sin(X + a).dx
Jiexdx = —1~ = =
JaZ+b? sin(x+a) fal4+bp? sin*(x+a)
- 1 dlcos(x +a)] _ 1 e cos(x +a)—1 +C.

Jat+b? cos’(x+a)—1  2Ja1b?

% Cha y: Chiing ta ciing c6 thé thuc hién: bing phuong phép dai s6 hoa véi

cos(x +a)+1

viéc d6i bién t = tan-g- .

2
\/gsinx+cosx

Yidp 1z Tim nguyén ham cia ham sé f(x) =
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&5 Gidi
Ta co:

2 d
Jf(\)dx =J' dx _ dx X

J3sinx + cosx ol Gl B o T TR . B
6 2 12 12
d tan(i+ij
j' dx B 2 12
2tan( oL cosz(i-%i) tan(i+1)
12 2 12 2 1

tan[-)-(-+1 +C.
2 a2

DANG 5: Tim nguyén ham cla ham s6 f(x) =

o | >

In

a,sinXx +b, cosx

a,sinx+b, cosx
Ta thuc hién theo cic budc sau:
Buoc 1: Bién doi:
a,sinx + b,cosx = A(a,sinx + b,cosx) + B(a,cosx — b,sinx)
Buoc 2: Khi dé6:

jf(x)dx =]

A(a,sinx +b, cosx) + B(a, cosx —b, sinx) e

a, sinx+b2 COS X

a, cosx —b, sinx

= Aldx + B/ dx

a,sinx+b, cosx
= Ax + Blnla,sinx + b,cosx| + C.

A bR g y 4sinx +3cosx
Yidwp lz:  7Tim nguyén ham cua ham so f(x) =

sinX+2cosx
&S Gidi
Bién déi:
4sinx + 3cosx = a(sinx + 2cosx) + b(cosx — 2sinx)

= (a — 2b)sinx + (2a + b)cosx
Pong nhét ding thic, ta duoc:

a—-2b=4 a=2
~ ‘
2a+b=3 b=-1
Khi dé:

)= 2(sinx +2cosx)—(cosX —2sinXx) _ COSX —2sinXx

2~ '
sinX + 2cos X sinX +2cosx
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Do dé:
jf(x)dx =[(2-

COSX —2s8inXx d(sinx + 2cosx)

)dx = 2/dx - |

sinX +2cosx sinXx + 2cos X
= 2x — Inl sinx + 2cosx | + C.

“cos’ x.dx

Vidu2: (HVNHHN - 99): TimI = J' _ .
sinX +v3cosx

£S5 Gidi
Bién déi:
cos?x = (asinx + bcosx)(sinx + /3 cosx) + c(sin’*x + cosx)
= (a + c)sin’x + (ax/§ + b)sinx.cosx + (b\E + c)cos’X.

Déng nhat déng thiic, ta dugc:

a+c=0 a=-1/4

av3+b=0 & {b=+3/4.

b\/g +c=1 c=1/4
Khi dé:

| 3 , 1
——SIinX + —cosX |(sinX +cosX)+ —
4 4 4

J=
sinx+\/§cosx

dx

sinx+\/§cosx

= lIc:os(x +E)dx + 2 I———-—dx
. 6 8 T

= f(—%sinx + if-cosx)dx - lf

X
_1 ys
2 8 (x n)
tan| = +—
2 6
1 o (x =
=—sin| X+— |+ — Inftan| —+— ||+ C.
2 6 8 \2 6
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s - . 9 . - 1 5
DANG 6: Tim nguyén ham cta ham 86 f(x) = a,sinx +b, cosx

(a,sinXx +b, cos x)2
Ta thuc hién theo cac budce sau:
Buoc 1: Bién doi:
a,sinx + b,cosx = A(a,sinx + b,cosx) + B(a,cosx — b,sinx)
Buoc 2: Khi dé:

A > " ~q + o . 5 — :'
If(x)dx _ ] (a,sinx +b, (.f)s x)+ B(a, COZ X —b, sinx) dx
(a,sinx+b, cosx)
- dx + Bl azc':osx—bzsinxzdx
a,sinx +b, cosx (a,sinx +b, cosx)
_ A J dx B B
}ai 4 bi sin(x+a) a,sinXx+b, cosx
A - i
= Inltanx == - = + C.
a§+b§ 2 a,sinXx +b, cosx
trong dé sina 5 Va cosaL !
(8) = = -
Ja; +b; Ja; +bJ
. W T sin X
Vidgp 1: (HVNH HN - 2000): Tim nguyén ham cua ham sé f(x) = - ;
1 +sin2x
&5 Gidi
Bién déi f(x) vé dang:
fox) o 55 sinx ”
(sinX +cosXx)
Bién doi:

sinx = a(sinx + cosx) + b(cosx — sinx) = (a — b)sinx + (a + b)cosx.
P6ng nhat dang thiic, ta duoc:

a-b=1 a=1/2
— :
a+b=0 b=-1/2
Khi dé:

—]-(sinx +COSX)— —l—(cosx —sinx)dx
If(x)dx =] 2 2

(sinx + cosx)’
1 dx 1 (cosx —sinx)dx
242 sin(x+7m/4) 2 (sinx +cosx)’

X ™ 1
tan| —+— || + —
(2 8] 2(sinX +cosx)

+ C.

In

1
28
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1

a.sinX +b.cosx +¢

DANG 7: Tim nguyén ham cua ham 86 f(x) =

Ta xét 3 kha nang sau:

Khd ndng I: Néu ¢ = Va’ +b” thi ta thuc hién phép bién déi:
1 1 1 1

S

asinx+bcosx+c c[l+cos(x—a)] - “Z;'Coqz X-a '
S 2
trong doé sina = — 2 Vicosa= s
va? +b? va’ +b’
Khi do:
1 d 1 d(X;a 1
If(x)dx = —I——’E——— g N, WL A —tan2—% 4+
2c 2 X—0O s : X—O c
cos cos

Khd ndng 2: Néu ¢ = —+/a’ +b? thi ta thuc hién phép bién déi:

1 1 1 1
asinx+bcosx+c  c[l-cos(x—a)] Z'Sinz Xx-a -
2
trong dé sina = - va cosa = b
va® +b’ Va’ +b’
Khi dé:
1 d 1 d[x;a) 1
If(x)dx = ——I———x— o fratiat: o ~cot> = +C.
c .2X—0 C X—Q C 2

sin’

Khd ndng 3: Néu ¢*# a* + b* thi ta thuc hién phép ddi bién t = tan-’zi . Khi dé:

2
dx=—2—dt7,sinx= 2t2&cosx=1 t2.
1+t 1+t 1+t
2dx

2sinXx —cosXx + 1

Yidyp 1z Tim nguyén ham ciia ham sé f(x) =
L5 Gidi

x
biatt= tanE , ta dugc:

t
dx = l(1 +tan2£)dx = l(I +t)dx = dx = -id—
2 2 2

] 4+t°
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Khi dé:

_4dt
If(\)dX =J. : L+t = .‘:I jzdt =2j—.(.:.l..(..t—+’.:]_)._ -_—_Inl_:._]_ +C
4t _l—rJrl t°+ 2t (t+1) -1 t+1
CH ol ET
X
tan——1 <
= In——g-—— +C=In tan(———J+C
tan—;—+l 2 4

. : .= i . a,sinx+b, cosx+c
DANG 8: Tim nguyén ham cia ham 86 f(x) = —— ! L.
a,sinx+b, cosx +c,

Ta thuc hién theo cac budc sau:
Buoc I: Bién doi: -
a,sinx + b,cosx + ¢, = A(a,sinx + b,cosx + ¢,) +

+ B(a,cosx — b,sinx) + C
Budgc 2: Khi dé:

If(x)dx:IA(az sinx+b, cosx+c,)+B(a,cosx—b,sinx)+C

a,sinx+b,cosx +c,

a,cosx—b, sinx
= AJdx + B[—= : dx +
a,sinx+b, cosx +c,

dx

dx
a,sinx +b, cosx +c,
dx

a,sinx+b,cosx +c,

+CJ

= Ax + Blnla,sinx + b,cosx + c,| + CJ

. dx : ;
trong do [ dugc xac dinh nho dang 7.
a,sinx+b, cosx +c,
T 5sinx
Yidwy Lz 7im nguyén ham cua ham sé6 f(x) = — :
2sinx —cosx +1
&5 Gidi
Gia sur:

5sinx = a(2sinx — cosx + 1) + b(2cosx + sinx) + ¢
= (2a + b)sinx + (2b — a)cosx + a + c.
Déng nhét ding thic, ta duoc:
2a+b=5 a=2
2b-a=0& {b=1

a+c=0 C==3
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f(x) = 2(2sinx —cosx + 1)+ (2cosx +sinx)—2

2sinXx —cosx +1

=il o 2CcosX +sinXx 3 A
2sinX —cosx + 1 2sinX —cosx +1
Do dé:
If(x)dx _ f2dx+f 2.cosx +sin X dx—f | s .
2sinx —cosx +1 2sinX —cosx + 1
=2Idx+1d(2s.mx—cosx+l) _ . 2dx
2sinx —cosx +1 2sinX —cosx + 1

= 2x + Inl2sinx — cosx + 1l = In +C.

X 7
tan| — ——
(5-3)

® Cha y: Trong loi giai trén ta da tan dung két qua:
2dx
2sinx—cosx +1

= ntan(X - 2y +C.
2 4

DANG 9: Tim nguyén ham cla ham 8o

; ‘ 2
a, sin’ X + b, sinx cosx + ¢, cos” X

f(x) =

a,sinx +b, cosx
Ta thuc hién theo cac budc sau:
Buoc 1: Bién doi:
a,sin’x + b,sinx.cosx + ¢,cos’x

= (Asinx + Bcosx)(a,sinx + b,cosx) + C(sin’x + cos’x)
Budc 2: Khi do:

If (x)dx

_I(Asinx+Bcosx)(a2 sinX+b, cosx)+C

. dx
a,sinx +b, cosx

dx
a,sinx +b, cosx

d
= — Acosx + Bsinx + C-—-—I :

2 . hn? sin(
a2 +b? sin(x +a.)

= J(Asinx + Bcosx)dx + CJ

b ]

= — Acosx + Bsinx + ————Inltan
aj +b’

X + O
| + C.

~

o
)
j=¥]

~

trong dé sina =

=4
[V

.+.
o
(%)
nmru

+
uo:‘u
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4sin’ x +1

Yidu Lz Tim nguyén ham ciia ham so f(x) = 7 :
3sinx +cosx

&5 Gidi
Gia sur:
4sinX + 1 = 5sinX + cos’X = (asinx + bcosx)( v/3 sinx + cosx) + c(sin®x + cos>X)

= (a\ﬁ + ¢)sin’x + (a + bx./g )sinx.cosx + (b + ¢)cos’x.
Dong nhat dang thic, ta dugc:

av3+c=5 Ja:\/g

a+by3=0 & {b=-1.

b+e=] lc=2
Khi dé:
(\/Esinx—cosx)(\/gsinx+cosx)+2

\Esinx+cosx
2

J3sinx + cosx

fix) =

= +J3 sInxX — cosx +
Do dé:

If(x)dx — J( \/’3; sinx — cosx)dx | =

xfisinx+cosx

X T
tan| —+—
(2 12)

&~ Chu y: Trong 10i giai trén ta da tan dung két qua:

2dx 1 X =
| tan| — + —
2 12

= —In
\/5 sin X + CcOs X
DANG 10: Tim nguyén ham cla ham 6o
1
f(x) — o 2 = 2 =
asin” X +bsinxcosX +ccos” X
Ta thuc hién theo cdc buéc sau:
Budc 1: Bién doi I vé dang:
dx

(atan’ x + btanx +c)cos’ x
Budc 2: Thuc hién phép déi bién t = tanx, suy ra:

| dx dt
dt - 3 dX & 2 2 - 7 4
cos” X (a.tan" x+b.tanx +c)cos”"x  at” +bt+c

+C

= —+/3 cosX — SInX — lln
2

+C.

I=]
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Khi dé:

dt
jf(x)dx =I—,———.
at” +bt+c
Vidw 1z Tim nguyén ham cia ham sé' f(x) = ——; ‘ ] — .
3sin” X —2sIiNnXCOsSX —cos” X
£5 Gidi
St dung déng thitc —— = d(tanx), ta c6:
cos” X
If(x)dx=f : dx : _1 d(tangg
(3tan"x —2tanx —I)cos'x 3 ( 1) 4
tanx —— [ ——
9
1 ] 2
| d tanx_g i tanx — — ——
=—] = = —In 3 3l4c
. t: l n X tanx—1+z
r=3] 7% 33
=lln tanx —1 +C=—]—ln snr1x—cosx|+c.
4 |3tanx +1 + 35mx+cosx|

SIn X.COS X

DANG 11: Tim nguyén ham ctia ham s0 f(x) =

(a’sin’ x + b cos® x)*
Nhan xét rang:
1

SINX.COSX = ;
a

7 d(a’sin’x + b’cos’x).
Ta di xét hai truong hop:
Truong hop 1: Véi o = 1, ta dugc:

[ sinx.cosxdx 1 d(a’sin® x + b* cos’ x)

. o . 2
a’sin’x+b’cos’x  2(a*-b*)" a’sin’x+b’cos’x

= % In(a’sin’x + b’cos’x) + C.
2(a” -b")
Truong hop 2: Véi o # 1, ta dugc:
1 d(a’sin® x + b* cos® x)

jf(x)dx =

2(a’* -b?) (a’sin’ x +b* cos’ x)*
1

=— (a’sin’x + b’cos’x) “*' + C.
2(a” =-b* ) (1-a)
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DANG 12: Tim nguyén ham cla ham 6 luong gide st dung céc phép bién
déi luong giac
Str dung cédc phép bién doi lugng gidc dua biéu thic dudi diu tich phéan vé
dang quen thuoc. Cac phép bién déi thudng dung bao gém:
*  Phép bién doi tich thanh téng (ching ta da thay trong phuong phép

phan tich ). O day ching ta nhd lai cdc cong thic sau:

COSX.COSY = -%— [cos(x +y)+cos(x —y)]
sinx.siny = % [cos(x —y) —cos(x +y)]
SINX.cosy = % [sin(x +y) + sin(x — y)]

cosx.siny = % [sin(x +y) +sin(x = y)]

* [a bdc. O day ching ta nhé lai cic cong thic sau:

. 2. 1-=cos2x ,  1+cos2x
sin‘X = ———; COSX = —— .
2 -
. 3. 3sinx-sin3x ;. 3cosx+cos3x
sinX = y COS'X =
+ 4

duoc sir dung trong céc phép ha bac mang tinh cuc b, con hiing dang thiic:
sin’x + cos’x = 1.

duge sir dung trong cic phép ha bic mang tinh toan cuc cho cdc biéu

thic, vi du nhur:

. ) ) | I
sin*x + cos*x = (sin’x + cos’x)* — 2sin’x.cos’x = 1 — = sin’2x

3

=1- —l-(l —cosdx) = lcos4x + —.

4 4 4
sin’X + cos®Xx = (sin’x + cos’x)’ — 3sin’x.cos’x(sin’x + cos’X)

=1]- g'asin22x= 1 - 3(1 — cosdx) = —3-cos4x + +5~

4 8 8
*  (ic k¥ thuat bién déi khac.
Yidw 1z 7im nguyén ham cia ham sé

a. (DPHAN - 1997): f(x) = cos3x.cos5x.

b. (PHBK HN - 1999): f(x) = sinX.sin2x.cos5x.
&5 Gidi
a. Slr dung cdc phép bién déi tich thanh tdng, ta dugc:

f(x) = %(cosSx + c0s2X).
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Khi dé: ‘
1 1 1 }
f(x)dx = —J(cos8x + cos2x)dx = — (— sin8x + —sin2x) + C.
Jroodx = I Jx = (5 ~ sin2x)
b. Sirdung cic phép bién déi tich thanh téng, ta dugc:

f(x) = %(sin6x — sin2x)sin2x = %(sin6x.sin2x — sin’2x)

(cos2x — cos8x) —% (1 = cosdx)| = i—(cost + cos4x — cos8x — 1).

N | -

1

2

Khi dé:
If(x)dx = %I(cost + cosdx — cos8x — 1)dx

= -1—(l sin2x + lsindfx == sin8x) + C.
4 2 4 8

Vidp2: (HVQHQT - 1997): Tim nguyén ham ciia ham so:
f(x) = (sin*’x + cos*x)(sin’x + cos’x).
&5 Gidi
Ta cé: .

" : : |
sin*x + cos*x = (sin’x + cos*x)? — 2sin*x.cos’x = | — EZ- sin2x

=]- l(l - cosdx) = -3- + lcos4x = l(3 + c0s4x).
4 4" 3 4
sin®x + cos®x = (sin’x + cos’x)® — 3sin’x.cos’x(sin’x + cos’x)

=1- —3—sin22x= 1- E(l — cosdx) = > + Ecos4x
4 8 8 8

= %(5 + 3cos4x).
Do dé f(x) duoc bién déi vé dang:
f(x) = % (3 + cos4x)(5 + 3cosdx) = 515 (15 + 14cosdx + 3cos’4x)

=% [15 + 14cosdx + g EoviE C;SSX )= = (33 + 28cos4x + 3cos8x).

64
Khi dé:
If(x)dx - —6121(33 + 28cosdx + 3cos8x)dx

= ~l- (33x + 7sin4x - 2 sin8x) + C.
64 8

@ Cha y: Nhiéu bai toan cin van dung déng thoi hai k¥ thuat bién déi tong
thanh tich va ha bac.
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Vidg 3: (HVQHQT - 1998): Tim nguyén ham cua cdac ham sé sau:
a. f(x) = sin’x.sin3x.
b. f(x) = sin’x.cos3x + cos’x.sin3x.

&5 Gidi

a. Bién déi f(x) vé dang:

° 3sinx —sin3x - . | I
f(x)= 0 SIn3x = —sin3x.sinx — —sin“3x
4 4 4

3
=-§ (cos2x — cosd)x — % (1 = cosbx) = % (3cos2x — 3cos4 + cosbx — 1).
Khi do:
'[f(\')dx = éf(3c052x — 3co0s4x + cosbx — 1)dx

1 , 3. I .
= — (—3-—sm2x — —sindx + —sin6x — x) + C.
8 2 4 6

b. Bién déi f(x) vé dang:
Rii= 3sinXx ;sm?)x cos3x + cos 3x ;3cosx Sin3x

3(cos3x sinX + sin3x.cosx) = i—sm4x

4

Khi dé:
3. 3
If(x)dx = = [ sindxdx = - — cosdx + C.
4 16
Vidy 4: (PHNT TPHCM - 1999): Tim nguyén ham cia cdc ham sé sau:

SIN X —COS X cOS 2X
a. f(x) = — " b. f(x)=— .
SIN X + COS X SIN X + cos X
&S Gidi
a. Taco: )
smx Ccos X d(sin X + cosx )
jf(x)dx = J- = —I (_ ) = —In(sinx + cosx) + C.
SIN X + COS X SINX + COs X
b. Tacé:
2 2
cos2x cos” X —sin” X
[f(odx = [——=——dx = [= ~dx
SinX 4+ cos X sinX + COSX

— I(cosx~sm x)dx =sinx + cosx + C.

Yidw 5 Tim nguyén ham cua cac ham so sau:

sin’ x

(DHSP II HN - 1999): f(x) =

3sin4x —sin6x —3sin2x

b. (PHNT HN — 1997): f(x) = sin 3x.sin 4x

tan X +cot 2x
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&5 Gidi
a. Bién déi f(x) vé dang

sin’ X sin® x

f(x) = = —
x) 3(sin4x —sin2x) —sin6x 6cos3x.sinX —2sin3x.cos3x
B sin’ x _osinx ]
2cos3x(3sinx —sin3x)  8cos3x.sin’x  8cos3x .
Do dé: ‘
If(x)dx _ —I ljcosixdx _ _I_J' c.i(§m3x)
cos3x 8 cos"3x 24 sin“3x-1
_ lnanISx—l +C
48 |sin3x+1

b. Bién doi f(x) vé dang:

e b e o I |
S0 NIRRTl E(COSX - c0os7x)sin2x

tan X + cot 2x COSX
COs X.SIn 2X

= l (sin2x.cosx — cos7xX.sin2x) =-i— (sin3x + sinx — sinYx + sinS5x)
Khi dé:

If(x)dx = %I( sinX + sin3x + sin5x — sin9x)dx

= —l(cosx + %cosBx + %cosSx — —;-cos9x) +C.

DANG 13: Tim nguyén ham clia ham &3 luong gide béing phuong phap doi
bién
Véi nguyén ham:
I = [R(sinx, cosx)dx, trong dé R 13 ham hitu ti.
Ta lura chon moét trong cac huéng sau:
Huong I: Néu:
R(-sinx, cosx) = —R(sinx, cosx)
thi sir dung phép déi bién tuong ting l1a t = cosx.
Huong 2: Néu:
R(sinx, —cosx) = —R(sinx, cosx)
thi sir dung phép déi bién tuong ing l1a t = sinx.
Huong 3: Néu:
R(—sinx, —cosx) = R(sinx, cosx)
thi sir dung phép déi bién t = tanx (d6i khi c6 thé 1a t = cotx).
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Do d6, v6i ciac nguyén ham dang:
. 1=]tan"xdx, v6in € Z thi dat t = tanx.
2. 1=]cot’xdx, véin € Z thi dat t = cotx.
Huong 4: Moi truong hop déu c6 thé dua vé tich phan cdc ham hitu ti bing
phép d6i bién t = tan~~ .
Yidy 1: (DHNT TPHCM - 1997): Tim nguyén ham ciia ham so:
COS X +SINn X.COS X

fix) =
2+sinXx
&5 Gidi
Bién doi:
If(x)dx - _[(] +smaf)cosx -
2 +sinx
bat t = sinx suy ra
=l L NRcOsX e - T
2 +sinXx 2+t
Khi do:
1+t
If(x)dx = I——dt = j'[lu——}it =t—In2+tl+C
2+t

= sinxX — Inl2 + sinx| + C.
& Nhdn xét: Trong bai toan trén s di ta dinh huéng duoc phép bién déi nhur
vy 1a boi nhan xét rang:
R(sinx, —cosx) = —R(sinx, cosx)
do dé sir dung phép déi bién tuong ting 1a t = sinx.

B AR A 5 ? Ny a” ]'
Yidwg 2: Tim nguyén ham cua ham sé f(x) = ————.
sin X.cos” X
&S Gidi
Bién déi:
If(()dx = I——-——--
tan x.cos’ X
it t = tanx suy ra
d 1 d 1+tH)dt 1
YL S . S S P PR O S LS
Cos™ X tanX.cos X tanx .COS™ X t t
Khi dé:

If(x)dx = I(l + t)dt = Inltl + -;—tz + C = Inltanx| + —;—tanzx +C.
t
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& Nhdn xét: 1. Trong bai toan trén s& di ta dinh huéng duoc phép bién déi
nhu vdy 1a bai nhan xét rang:
R(-sinx, —cosx) = R(sinx, cosx)
do d6, sir dung phép déi bién tuong ting 1a t = tanx.

2. Viéc danh gid ham s6 duéi diu tich phan nhu trén dé lya
chon phép dit an phu thich hop luén to ra rat hiéu qua déi
v6i bai toan xdc dinh nguyén ham cia ciac ham luong giac
chita can. Ta di xem xét vi du sau:

Vidp 3: (DH TCKT HN - 1996): Tim nguyén ham ciia ham so:

R G SR
Usin® x.cos” x
&5 Gidi
Bién déi:
d d
[fexdx =] : = B .
#tan® x.cos® x cos? x.4tan’ x
dx

bPat t = tanx suy ra dt =
Khi do:

C()S2 X

dx dt
If(x)dx = Icoszx.m —\/= =44t + C=4%tanx +C.

Vidgp 43 (DHHH — 1999): Tim nguyén ham ciia ham sé f(x) =

|

sin2x —2sinx

&5 Gidi
Bién déi I vé dang:
dx sin xdx 1 sin xdx
[fodx= [— = [~— =— E .
2sinx(cosx—=1) “?2sin" x(cosx—1) 2 “(1—=cos” x)(cosx —1)

Pat t = cosx thi dt —sinxdx, khi dé:

1 dt
If(x)dx I1-t)(t—1) 2j(t—1)2(:+1)'
Ta c6:
] G o b ; & =(b+c)t2+(a—2c)x+a~b+c
(t=D*t+1) (=1  t=1 t+1 (t=1*(t+1)
Déng nhét dang thiic, ta dugc:
b+c=0 a=1/2

a-2c=0 & b=-1/4.
a—-b+c=1 c=1/4
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Khi do:
1 1 1 11 1 1 1 2 1 1
(Ht_u'l)z(t+l) _
Do d6:

.
jf(x)dx =lj[ =S L o
8" t=1 1=l b#l

S s R — + ]

27 (=12 4 t=1 4 t+1 4 (t=17 t—-1 t+1

Jdx

|
= g(__z_ —Inlt=1+Inlt+ 1)+ C
t_

.
L] +C=l[ —— +1In
8 \1—-cosx

t—1

cosx +1

cosx —1

-2~

]+c_

DANG 14: Tin nguyén ham cla ham 86 luong gide béng phuong phap lay
nguyén ham tiung phan
Chiing ta da dugc biét trong phin Xdc dinh nguyén ham bdng phwong phdp
tich phan timg phan , d6i v6i cac dang nguyén ham:
Dang I: Tinh:
IP(X) sin oxdx hoac IP(x) cos axdx
véi P 1a mot da thite thuoc R[X] va aeR’.
Khi dé, ta dat:
u = P(x) ~ |u=P(x)
_ hoac .
dv = sinaxdx dv = cosaxdx
Dang 2: Tinh:
fe™cos(bx) ( hoac fe™sin(bx) véi a, b # 0.
Khi dé, ta dat:
{u = cos(bx) {u =sin(bx)
hoic

dv = e"dx dv = e™dx

Vidyg 1: (HVQY - 1998): Tim nguyén ham cvia ham sé f(x) =

sin®x
&5 Gidi
Str dung phuong phép tich phan timg phén, bang cach dat:

e = du =dx
dv = dx

sin’ X

vV =-—cotgx .
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Khi dé:

If(x)dx = —X.cotx + fcolxdx = —X.COtx + IC?SX dx
SIn X
d(si "
= —X.COtX + | (%m x) = —X.cotx + Inlsinx| + C.
sinXx :
. . cos’ X
Yidp2: Timnguyén ham cua ham s f(x) = ——.
sin” X
&5 Gidi
Bién déi:
If(x)dx _ ICOS x'.dgsm x) .
sin” X
bat:
Juzcosx du = —sin xdx
i =
dv:d(_m?x) N l2
L sin” X sin” X
Khi dé:
. COSX dx COS X X
f(x)dx =— - =- — Jd(Inltan = )
- 2sin’x  sinx 2sin’ x 2
= - C(_)S;( = In tani +C.
2sin” X .

% Cha y: Bai toan trén ciing c6 thé giai dugc bing phuong phép déi bién sé,
bang cdch nhan xét rang:
R(-sinx, cosx) = —R(sinx, cosx)
ta sir dung phép déi bién tuong iing 1a t = cosx.

Vandé 6: PHUONG PHAP TIM NGUYEN HAM CUA CAC HAM SO
MU VA LOGARIT
D€ xac dinh nguyén ham cta cac ham s6 mi va l6garit ta can linh
hoat luta chon moét trong cac phuong phap co ban sau:
1. St dung cac dang nguyén ham co ban.
2. Phuong phap phan tich.
" 3. Phuong phép déi bién.
4. Phuong phap tich phan titng phan.
DANG 1: Tim nguyén ham cla ham s mi va logarit dva trén céc dang
nguyén ham co ban
Béng cdc phép bién déi dai s, ta bién déi biéu thic duéi diu tich phan vé
cac dang nguyén ham co ban da biét.
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Yidy 1z 7im nguyén ham cua cdac ham so sau:

»')2\( '3
a f(x)= ] . R — 3 .
e' —e™ 16 —9*
5 (J(l.l
a. Taco:
d * -
If(x)dx = j ) =—]—ln ifealL + C.
e 2 le*+1

b. Chia tlr s6 va miu s6 cia biéu thitc duéi dau tich phan cho 4%, ta duoc:

jﬂx)dx:j,——i—-—dxz 1 I 5 dx = ——1—.lln—3—— +C.
4)-’( l 4 (4 X 4 2 4 X
= =B = {21 .1 In— 2 +1
(3 ° 3) 3 (J

~ 1 . g
2(In4-1n3) |4 +3

Yidw2: Tim nguyén ham cia cdac ham so sau:

a. (HVNH HN Khéi A — 2000): f(x) = 1—1—8— .
+

b. (HV QHQT — 1996): f(x) = —2X)_
3+xInx
&5 Giai
a. Taco: _
J.f(x)dx=J'——l—dx= 1 - J x=x—M—)+C.
1+8" 1+ 8" In8
b. Ta cé:
If(x)dx =fmdx =Id(xlnx) =Id(3+xlnx) =Inl3 + xInx| + C.

3+xInx 3+xInx 3+xInx

DANG 2: Tin nguyén ham cla ham & mil va 16garit bang phuong phap
phan tich
Chung ta da dugc lam quen véi phuong phdp phan tich dé tinh cédc xéc
dinh nguyén ham noéi chung. Bay gio di xem xét chi tiét hon vé viéc sir dung
phuong phap nay dé xdc dinh nguyén ham cuia cic ham s6 mii va logarit. Can
hiéu rang thuc chat né 1a mot dang cia phuong phap hé sé bat dinh, nhung &
day ta sir dung cac dong nhat thic quen thudc.
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Yidg 1z Tim nguyén ham cia ham sé'f(x) =

1-¢’

&5 Gidi
Str dung déng nhat thirc 1 = (1 —e*) + ¢*, ta duoc:
1 ___(l—c)+c - e |
1-¢ 1-¢e” 1-¢"
Suy ra:
If(x)dx -J(l 4 )dx—fd —Id(l e) =x—Inll —e'l + C.
—e’

Yidwp 2: Tim nguyén ham ciia ham sé f(x) = e* \[cz’ -2e" +2.
L5 Gidi
Ta c6:

J’f(x)dx =ler (e =1 +1dx =J(e' = 1)* +1 d(e* - 1)
el (e -1 +1 + %lnl(c‘— D+ e -1 +11+C

2

= e‘2—1 x/ez"—-2e"+2 < —;—]nlc"— 1 + Vye* -2 +21+C.

—

" Chii y: Néu cic em hoc sinh thdy khé hinh ding mot cich can ké cécl
bién d6i dé dua vé dang co ban trong bai todn trén thi thuc hiér
theo hai budc sau:

Budc 1: Thuc hién phép déi bién t = ¢*, suy ra:

dt = e*dx,
e Ve —2¢* +2dx =t' —2t+2dt = J(t—-1)? + 1 dt.
Khi dé:

Jfodx =[ye-1y7 +14t
Budc 2: Thuc hién phép déi biénu =t — 1, suy ra:
du=dt & J(t-1)> +1dt = Vu®>+1du.
Khi dé:

jf(x)dx =[Ju?+1du
=% u’ +1 + %lnlu+ vul+11+C

(t-1D*+1 + %lnlt— 1+ \/(t——l_);:l_HC

_e' =1

\/ez" -2e* +2 + %lnle‘— 1 +\/ez" ~2e*+21+C
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DANG 3: Tim nguyén ham clia ham s5 mil va ldgarit béng phuong phap doi bién

Phuong phdp doéi bién duoc sir dung cho cac ham s6 mi va logarit véi muc
lich chi dao dé chuyén biéu thic dudi dau tich phan vé cic dang hitu ti hoac
/0 ti, tuy nhién trong nhiéu truong hgp can tiép thu nhitng kinh nghiém nho da

luoc trinh bay bing cdc chu y.

: ; ) 1
Vidw L:  7im nguyén ham cua ham so f(x) = ——.
vi+e™
&S Gidi

Ta c6 thé lua chon céc cédch trinh bay sau:
Cach [ Ta co;

dx dx _ tix B d(e™)
dee® SN2l el "l
Khi do:
d -X
jf(x)dx =—J—£—)— =—In(e™*+ Ve +1)+C
e +1
Cdch 2 Patt= \1+e™ | suy ra:
) > > dt
C=1+e™ = 2dt = 2e*dx¢>dx——‘——l.
t'_
Khi do:
dt 1, [t=1 1. [V1+e** =1
J(x)dx-'l. =[— =—In— +C=—-In—
—1) t'=-1 2 [t+] 2 invie®™ el
Cdch 3: Dt t = €*, suy ra dt = e*dx.
Khi do:
o 4
j(x)dX~I == -] ]
tV1+t +l LY
s t

=—ln|% + 1Hy+1 |+C==Ine ™ *+ Ve +1)+C.

Cach 4: Pat t=e™, suy ra:

d
dt=—e"dx & —dt = _x

ex
Khi de¢:
—dt

J'(x)dx-,[\/1+_ I 2% 2x+1 IJT I\/;T
o

=—lnlt+ Vvt +11+C==Inle™ + Ve +11+C.

+ C.
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Vidp 2: (PHQG HN Khéi D — 1999): Tim nguyén ham ciia ham so:
1

f(x)= ———.
=) e’ —4e™
£ Gidi
bate* =t,suyrae’dx = dt
Khi dé:
dx e'dx dt t-2
f(x)dx = |—— = = |——=In &
I( ) J-c"~4e"‘ Ic2‘—4 t" -4 t+2
= |In B =2 + C.
e’ +2

DANG 4: Tim nguyén ham cla ham 6 md va ldgarit bang phucng phap lay
nguyén ham ting phan
Chiing ta da dugc biét trong phan Xdc dinh nguyén ham bang phicong phap
tich phdan ting phan, d6i véi cac dang nguyén ham:

- Dang I: Tinh:
Je®cos(bx) ( hodc [e™sin(bx) véi a, b#0.
Khi dé, ta dat:
u = cos(bx) u =sin(bx)
hoac , :
dv =e™dx dv =e™dx

Ngoai ra ciling ¢6 thé sir dung phuong phép hang s6 bat dinh.
Dang 2: Tinh:

[P(x)e™dx véi aeR’.

Khi doé, ta dat:
u=P(x)
dv =e™dx

Ngoai ra cling c6 thé st dung phuong phép hing s6 bat dinh.

Vidgl: (PHHH - 1998)Tim = _[x It

1+Xx
&5 Gidi
bat:
-1
1-x du = dx
u=In Lot
l+x <
dv = xdx v=—X’
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1= ’ 2, 1= 1 1
L= ~|-x'ln x i I « —dx =lx'ln =5 J{———,——~ X+ C
2 1+ x 2(1-x7) 2 1 +x 2(1-x7) 2 .

— I—lenl_X lln1+x -—lx + C.
: l+x 4 |1-x P
Yidy 2: 7imnguyén ham ciia ham s6 f(x) = (tan’x + tanx + 1)e”.
&S Giai
Ta co:
If(x )ax = I(tanzx +tanx + 1)e* = f(tanzx + e* + [e*tanx.dx. (1)
Xét tich phan J = Ie"lanx.dx, dat:
Ju =tanx du= d’: = (1+ tan® x)dx
: — cos” X :
[dv =e"dx ;
V=
Khi do:
J = e'tanx — [(tan’x + 1)e*. (2)
Thay (2) vao (1) ta duoc:
If(x)dx =e"tanx + C.
BAI TAP TU GIAI

Bai tap 1: Tim nguyén ham ctia cic ham s6 sau:

a. f(x)=3x+7-3x%. d. f(x)= ]

b. f(x) =cos(3x + 4). cos’(3x +2)
o[ X° s e. f(x)= sin’ X cos X
. f(x)=x°] —-1]. : - M™%

¢ ( T ) 3003
Bai tap 2: Tim nguyén ham clia cic ham s6 sau:

a. f(x) = sin*x.cosx. b. f(x) = x.cos(x?).
Bai tap 3: Tim nguyén ham ctia cdc ham s6 sau:

s Teh=a%1 -2 . _Inx

b. f(x)=x(1 +x%?. d. f(x)= x

1 | 1
c. f(x)= " Cf(x) = — LEL
F“_] o e. f(x) = cos(x l)

Bai tap 4: Tim:

a. 1=/x32-3x%%kx. b. I=
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Bai tap 5: Tim nguyén ham ctia cdc ham sé sau:

a. f(x)=x*cos2x. b. y=xe*
Bai tap 6: Tim:
P _ In(sinx)
I=len(x+ . Jrl)dx. b. I_'[sinzx o

2
VX +1 c. I=/sin(Inx)dx.
Bai tap 7: Tim nguyén ham ctlia cac ham so6:
a. f(x)= x.cos% . b. f(x) = x.cos’x.

Baitap8: TinhI= Ix.sin X.cos xdx .

Bai tap 9: Tim nguyén ham cua ham sé f(x) = x*.sinx.
Bai tap 10: Tinh I = [(x* —x*> + 2x — 3)sinx.dx.
Bai tap 11: Tim nguyén ham cia cac ham sé sau:

a. f(x)=x.e™ b. f(x)=(x+1).e".
Bai tap 12: Tim nguyén ham ctia cdc ham s6 sau:

a. f(x)=x%*. b. fx)=x*+x*+x+1).e"
Bai tap 13: Tim nguyén ham ctia cac ham s6 sau:

a. f(x)=x.Inx. b. f(x)=(x*+x*+x + DIn(2x).
Bai tap 14: Tim nguyén ham ctia cdc ham s6 sau:

a. f(x)=x.In(x+1). b. f(x)=(3x>+2x + 1).In(x + 1).
Bai tap 15: Tim nguyén ham ciia cidc ham s6 sau:

a. f(x)=e".sin2x. b. f(x) =e*.cosx.
Bai tap 16: Tim nguyén ham ciia ciac ham sé sau:

a. f(x)=e*.sin’x. b. f(x) = (tan*x + tanx — 1)e".

Bai tap 17: Dat [, = [sin" xdx (ne N").

sin"'xcosx n-1

a. Chimg minhring I = — + e
n n
b. Tim I,.
Bai tap 18: Tim nguyén ham ctiia cac ham s6 sau:
X X
. (%) = —— c. f(x)=—4—5—.
a. f(x) Sy (x) o — 2%’ 2
3
X X
b. f(x)= ——. d f(x)= ———.
: ) x*+3x+2 k%) T e
Bai tap 19: Tim nguyén ham ctia cac ham sé sau:
2 o
a. f(x)= ———. b. f(x)= ——.
= ™ (x+ 1™

|
xz—(m+2)x+2m'

Tinh tich phan bat dinh I = Jf(x)dx biét:
a. m=1. b. m=2.

Bai tap 20: Cho ham s6 f(x) =
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Bai tap 21: Tim nguyén ham cua cdc ham sé sau:
1 I

2 Hx)= = o _ = _
(x*=3n%2} % Hx) x*=x

- ]
) d. f(x) = ——.
(x* =2x~3) X' +X
Bai tap 22: (PHTM - 1994): Cho ham s6 f(x) = 2)(3- sy .

X —3x+2

m n p

a. Timm,n, pdé f(x)=

(x=1F x=1 x+2
b. Tim ho nguyén ham cua f(x).
Bai tap 23: Tim nguyén ham cua cdc ham sé sau:

3 2 Y gt -
2 f(x)= X 3 X w+x+6' b R X x4 43x 1
X" —5x° +6x X +X
Bai tap 24: Tim nguyén ham cta cdc ham sé sau:
2x +1 1
8. Hx)= - . b. f(x)= ———.
b 1 x*+2x° +3x* +2x -3 x(x° +1)°
Bai tap 25: Tim nguyén ham cua cdc ham s6 sau:
x> -1 x* =1
a. f(x)= - b fix)= — :
x(x® -4)(x*-4x+1) (x) x*+2x* —x* +2x +1
3 2
Bai tap 26: Tim | = (8x” +24x” +15x)dx .
(8x* +16x — DVx? +2x
Bai tap 27: Tim:
. j xdx b _[ (4x + 1)dx
Vx? +4 Vax? +2x +1

Bai tap 28: Tim nguyén ham cia cac ham s6 sau:

| 1
Jx? -4

Vx?=2x+2
Bai tap 29: Tim nguyén ham cua cic ham s6 sau:

2 xZ
: b. f(X) = ——.
vx2 -1 Vx?—x+1
Bai tap 30: Tim nguyén ham cua cdc ham so sau:

X x*+1
—. b. f(x) = ———.
VIx® —6x Ix 1 Vx* +1
Bai tap 31: Tim nguyén ham ctia cic ham sé sau:

X Ll
2

5 X
\/1+x2+\/(l+x2)’ b. f(x)= T+x"?

a. f(x)= b. f(x)=

X

a. f(x)=

a. f(x)=

a. f(x)=

135



Bai tap 32: Tim nguyén ham cia cac ham s6 sau:

‘ Vx* +2
a. f(x)= ———u _ Vx4
2xV2x +1 b UK x: -1

Bai tap 33: Tim nguyén ham ctia cac ham s6 sau:
_Ix
Bai tap 34: Tim nguyén ham ctia cac ham s6 sau:
1+'.2x\/ﬁ;&-_r2x2 b. f(x)= P
l+x+yVxi+1 S+ 1Rx+ 17 +1)

Bai tap 35: Tim nguyén ham ctlia cac ham s6 sau:

a. f(x)=sin®2x. c. f(x) = cosx.sin2x.cos3x.

b. f(x) = sin®x + cos’x. d. f(x) =cos’x.sin8x.

a. fix)= b f{x)=

1
]+\/;+\[):+:l

a. f(x)=

Bai tap 36: Tim nguyén ham ctiia cdc ham s§ sau:

a. f(x)=sin(x - % )2 + sin2x). b. f(x)= tanxtan(g -X) tan(-;{— + X).
Bai tap 37: Tim nguyén ham cua cac ham sé sau:
i T sin X b, Ay 8cosx

2+ ﬁsin 2x—-— cos2x

cosxvsin? x +1

Bai tap 38: Tim:

X dx dx
a I= . b. I = .
J.cos?‘ X " jsinJ X
Bai tap 39: (DHNT TPHCM Khéi A,D — 2000): Tim:
ICOS x —sin X b, H = I d-x .
| +sin2x | +sin2x

Bai tap 40: Tim nguyén ham ctia cac ham sé sau:

a. f(x)=(x*+3x+2)e" 2 x

h, fx)= ——

b. f(x)=(3*+2") 12
c. f(x)=2%3%4%
d

. Inx
. f(x) = sin(Inx). Lo f(x)= x\/-—l—:T: .
i xlenx ‘x—l i f(x)= (1+sinx)e”
f. f(x)= 2—-1—;‘5—“ ' 1+ cosx
(-1 k. 1) = o)
g. fix)= . ) cos” X
X
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caupi3 TICH PHAN
A. TOM TAT Li THUYET
1. KHAI NIEM TICH PHAN

Pinh nghia
Cho ham so f(x) lién tuc trén khoang 1 va a, b la hai so bat ki thuéc 1.

Néu F(x) la mét nguyén ham cua f(x) thi hiéu so F(b) — F(a) duoc goi la

b
tich phan cua f(x) tir a dén b va ki hiéu la j f(x)dx .

Ta co6 cong thitc Niuton — Laipnit:

[f(x)dx =F(x)|: =F(b) - F(a).

b
& Chii y: Tich phan _[f(x)dx chi phu thudc vao f, a, b ma khéng phu thuéc
vao cdach ky hiéu bién s6 tich phan. Vi vdy, ta c6 thé viét:
b b b
F(b) - F(a) = [f(x)dx = [f()dt = [f(u)du = ...

Dinh li 1. Cho ham 56’y = {(x) lién tuc, khéng am trén khodng 1 va a, b la hai sé
thuoc 1 (a < b). Dién tich S cua hinh thang cong gioi han boi dé thi
ham s6'y = f(x), truc hanh va hai dwong thang x = a, x =b la:

S= ]‘f(x).dx :

2. TINH CHAT CUA TiCH PHAN
Dinh It 2: Gia sit cac ham s6 {(x), g(x) lién tuc trén 1 va a, b, ¢ la ba sé bat ki
thuoc 1. Khi do ta cé:

a

Tinh chdat1:  [f(x)dx =0.
Tinh chdt 2: .f(x)dx =- If(x)dx .
b

b c
Tinh chdt 3:  [f(x)dx = j'f(x)dx + jf(x)dx.
a b

b b
Tinh chdt4: [kf(x)dx =k jf(x)dx . véi keR.

a

b b b
Tinh chdt 5: ..[f(x)ig(x)]dx = j'f(x)dx + jg(x)dx.

a
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b
bé tinh If(x)dx ta sir dung:

a. Bang nguyén ham cdc ham s so cip co ban.

b. S dung mdy tinh CASIO fx — 570MS, bing céich thuc hién theo cic
budc:
Bugc 1: Thiét 1ap méi trudong bing cich an:

MODE [ 1]

Buic 2: Détinh ['f(x)dx , ta khai bdo theo c phip
M <nimss i) >RaBo DB

B. PHUONG PHAP GIAI TOAN

Vandé 1: TINH TICH PHAN SUDUNG CAC TINH CHAT CUA TICH
PHAN VA BANG NGUYEN HAM CUA MOT SO HAM SO
THUONG GAP
Yidwy 1z Tinh cac tich phan sau:
a. I(xz—Bx")dx. b. I(x\/_—x)dx.
| 0
=1 B 2
c. [x'(x+1)dx. d. j(\/;—l) dx .
0 |
&5 Gidi
a. Taco:
I(x2 —3x"')dx = [lx3 +x'3]|f = (§.+l)_[l ) - 35
| 3 8 3 24
b. Ta cé:
2 z 2 2 1 2 I g2
_ dx = 2 _ dx =| = 5/2___ 2 2=_25/2___-2.,:_______2
(j;(x X x) X g(x X )dx [Sx 2x J|0 : g ;
c. Tacé:

X X+1dx— X +X dx— S +— —-——t— = —.

d. Tacé:
?(‘/;—1)2 dx = I(K-Z&H)dx = [%xz -gx%

16 32 1 4 7
LR L SN Y | RS
2 3 2 3 6
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& Nhdn xét: Nhur vay, dé tinh céc tich phan trén:
« O cau a) ching ta chi viéc sir dung cong thiic sin trong
bang nguyén ham la chi ra dugc nguyén ham ctia ham s6.
Tir dé nhan duoc gia tri cua tich phan.

| W

P4

de

| -

« O cau b) chiing ta cin chuyén xVx =x.x2 =x str dung

xu+1
cong thiic [x%dx =
o+1
« O cau c¢) va cau d) ching ta cAn chuyén biéu thic dudi dau
tich phan vé dang toéng cua cdc don thuc.

Yidg 2: 7inh cdc tich phan sau:

+ C, o # —1 trong bang nguyén ham.

3

2 l_.') 3 3 _ 2
[ b, ([
| X 1 X
&5 Gidi
a. Tacé:
22 _ 2 o) ,
jg—»—ad—x =j(x—-‘1)dx= —]—X'—Zlnlxl |,2=(2—21n2)——l- . —2In2.
n 3 | X 2 T 2
b. Tach:

3(X3_XZ+X)dx 3 2 (1 3 1 ) 3
= |(x"=x+1)dx =| =X —=X"+X
1I X {( ) 3 2 "

¥~ Nhdn xét: Nhu vay, dé tinh céc tich phan trén chiing ta chi cin tich ham
s6 dudi diu tich phin thanh cac ham s6 nho roi sit dung cong
thitc ¢6 san trong bang nguyén ham.

Yidw 3: 7Tinhcdac tich phdan sau:

I 2 :
a. [[e“ b )dx. b. | (104 —sin nx}ix .
0 X +1 )

&5 Gidi
a. Taco
1 2
[(ezw = )dx= lc2*+3|n|x+1| 5 =< +3n2-=.
0 X+ 1 2 2 2
b. Taet:

2 36

-2 J10.1n10°

T ]0§-sinnx X = 107 il
i 4In10 T
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Vidu4: Tinh cdc tich phdan sau:

2 4 |
a. [——dx. b. [(We* —1)dx.
1€ 0
&5 Gidi
a. Tacé:
2 2
I%—dx = 4[edx = 2¢|? = —Z(e'4 —e’z).
1 € | _
b. Ta co:

(e —ydx = [(e2 —1)dx = (2¢2 -x)|y = 2Ve-3.
0 0

" Nhdn xét: Vi trong bang nguyén ham céc ham s6 thuong gap chiing ta chi
kx
e
c6 cong thic Je.dx =

+C nén can thuc hién cac phép

w]x

biéh d6i —= = de™™ va Vo' =

e
b 1/Je dx ]
Yidu3: a. Timb, biét I(2x—4)dx =0. b. Tim aduong, bét j e
¢ x 2
n/6
c. Timn, biét Isin" X.cosx.dx = —
0
25 Gidi
a. Tacé:
. b=0
0= j(2x-4)dx = (x* -4x)|: =b2—4b®[ .
0
Vay, véi b = 0 hodc b = 4 thoa man diéu kién dau bai.
b. Tacé
1 " ax - I | 20
— = j— =(nIxh]" =In—=-Inlal S lnjaj=-1 = fa|=~ = a=—.
2 ! x * \/; e e
1

/4y, v6i a= — thoa man dicu kién dau bai.
€

¢c. Tach

1 n/6 n/6 on+l

—= Isin“ x.cosx.dx = Isin“ x.d(sinx) =
64 ,

n+l |0 (n+l_)h?.£mT

Sh+ D2 '=64n=3.
Vay, véi n =3 thoa mén diéu kién dau bai.
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|
Yidu6: /am séf(x)=asinnx +b thoa man f(1) =2 va jf(x)dx =4.Tima,b.
0

Es Grian
Talan luot xét cac gia thiét:
* Véif(l)=2thiasinn+b=2<b=2. (1

= VG fﬂx)dx =4 thi:

]

1 c . (n
4= J’(a.sin X + b)dx = (——lcosnx + bx) 2, - E +b = a=m.
0 T 14
Viy, v6i a =, b = 2 thoa man diéu kién dau bai.
b
Yidu 7: (Bai 45/tr 176 — Sgk): Xic dinh s6 b dicong dé’ tich phan _[(x —x%)dx
0

co gid i lon nhat.
&5 Gidi
Ta co:
2 3

b b
2 X X
(X—-X)dx = | ———
\j ) (2 3)0

2 3
Xéthaimsoy = ] trén tap D(0; +0), ta cé:

b* b’
S

3

y'=b —b? y=0b-b'=0&b=0hoicb=1.
Bang bién thién:
X | — 00 0 1 400
O r 0 -
/ ol CD\
y /A 0 0 —0

Viy, ham s6 ¢6 gia tri 16n nhat khib = 1.

 Chu y: Trong cic vi du trén, ta di sir dung dinh nghia ciin: cdc tinh chat
4 va 5 dé tinh tich phan. Vi du tiép theo sé minh hoa vice su dung
tinh chat 3 dé tinh tich phan.

9 9
Vidw 8 (Baido/tr 176 - Sgk): Cho biét [f(x)dx =—1, [f(x)dx=5. | ()0 =4,
| 7 7
Hay tim:
3 I~2f(x)dx. b. f[l'(x)+g(x)]dx
N -
o J‘[2f(x)- Je(x)]dx . ‘ d. fl‘(\ dx
7 1
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&5 Gidi

a. Tacé;
9 9
j—zf(x)dx = -2 [f(x)dx =-2(-1)=2.
b. Ta cci): |
9 9 9
fifeo+gooldx = [f(x)dx + [ax)dx =5+4=9,
c. Ta cé: ' 7
9 9 9
Jl2f(x)-3g(x)1dx = 2 [fx)dx - 3[g(x)dx =25-34=-2.
d. Ta cé: 7 7

Sj[f(x)dx = ]f(x)dx +9J-f(x)dx T ]f(x)dx =]‘f(x)dx - ]’f(x)dx =-6.
1 1 7 | | 7

" Chu y: Trude khi thuc hién vi du 9, cdc em hoc sinh can nhé lai rang:

F(b) — F(a) = I]f(x)dx = t].f(t)dt = l]'f(u)du =...

3 4 4
Vidy® a Giast [f(z)dz =3, [f(x)dx =7.Tinh [f(0dt.
0 0 3

I 3 3
b. Giasu [f(t)dt =5va [f(r)dr =6. Tinh [f(u)du.
-1 =] 1
&5 Gidi
a. Tacé:

]‘f(x)dx = 3J‘t’(x)dx + ].f(x)dx = ]'f(z)dz + ]f(t)dt
0 0 3 0 3

4 - 3
s If(t)dt = J’f(x)dx - [f(z)dz =7-3=4.
3 0 0
b. Tacé:
3 3 1 3 |
< [f(u)du = [f(u)du = [f(u)du = [f(r)dr — [f(t)dt =6-5=1.
I -1 -1 -1 -]
@ Chity:  Tinh chat con duoc sir dung trong viéc tinh tich phan ctia cic

ham s6 chia dau tri tuyét déi. Vi du tiép theo s€ minh hoa cho
dang todn nay.

Yidy 10z Tinh cac tich phan sau:
a. Ill—xldx. b. [llnxldx. c. [lcosxldx.
0

1 0

(4
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&5 Giai
a. Xéthamsoy=|l —x|trén doan [0; 2], ta c6:
=330 &x< |, l -x<0&x>1.
Tir do, suy ra:

fll-xldx = }Il—xldx+}|l—x|dx = }(l—x)dx—jz'(]—x)dx
) 1

0 1 0

X’ x° 12
SN ) A
b. Xét ham s0 y = Inx trén doan {—; cj‘, ta co:
e
Ixshaesx>], Inx<De=x%x< 1.
Tir dé, suy ra:
¢ 1 e 1 e
[lInxldx = [IInxldx + [l Inxldx = —[Inx.dx + [Inx.dx
! 1 ' L !
1 /: c h 2
= —x(Inx=1)|,,. +x(nx~=1)[j*=2-—.
-
¢. Xét ham sO y = cosx trén doan [0; ‘{;]}ta co:
s n
coxx>0<:>x<5, cosx<0®x>—2—.
Tir do, suy ra:
s n/2 n n/2 n
[lcosx1dx = [lcosxldx+ [ lcosxldx = [ cosx.dx— [ cosx.dx
0 0 7/2 0 /2
. n/2 . n _
= sinX|[y ~ —sinX|;, =2.
Yidwp 11z Tinh cdc tich phdn sau:
ij dx b ? dx
a. . |
0 Jx+9 -vx 20X +2 +4x =2
&5 Gidi
a. Ta cé:
i dx 116 2 3/2 32 |6
e =—[(Vx+9 +Vx dx=—-—[x+9 +X } =12.
ﬁ\ﬁ+9—J§ 9£( ) L5 +9) ;
b. Taco
: dx

[Wx+2 -Vx=2)d
JJ)T+2+«/X—2 i[( x+ e

% [(x+2" - (x=2)")|; = % (797 = 32 _ 431,
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& Cha y: Viéc sir dung diing din céc cong thiic cho phép ta xdc dinh duoc
chinh xdc céc tich phan chira tham s6.

Yidw 12: T'inh tich phan 1 = T(l +x)"'dx vdin eZ’.
0

&5 Giai
Ta cé:
a n+l |2 ) n+l _
b filidz =Bl S BF 21
0 n+l IO n+l

b
@ Chu y: V6i ham s6 f(x) dugce cho bdi cic khoang, khi d6 dé tinh [ f(x)dx

truéc hét cin khéng dinh ham s6 lién tuc trén [a; b] roi sir dung
tinh chat 3 dé tinh tich phan.
Yidy 13: Cho ham so:
..
cos— khilxI<1
f(x) = 2 :
Ix=11 khilxI>1
a. Chitng 16 rang ham sé'lién tuc toan truc so.
3

b. Vi két qua nr a) hay tinh | f(x)dx .

-2

&S Giai
Viét lai ham s6 du6i dang:
(x -1 khix>1

f(x) = «cos%5 khilxI<1.

I-x khix<-I
a. Ham s6 lién tuc trén céc khoang (—o0; —1) U (=1; 1) U (1; +0).
»  Xét tinh lién tuc chia ham s6 tai diém x = 1, ta c6:
lim f(x) = lim (x - 1)=0va lim f(x) = lim cosfzi =0

T x—>1 x—1" x—1"
f(1)=0
Suy ra, ham s6 lién tuc tai diém x = 1.
»  Xét tinh lién tuc ctia ham s6 tai diém x = —1, ta cé:
. . T , .
Iim f(x)= lim cos% =0va lim f(x)= lim (1-x)=0
x—=-1* x—-1" Xp=1" x——1"
f(-1)=0
Suy ra, ham sé lién tuc tai diém x = —1.
Vay, ham s6 lién tuc trén toan truc so.
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b. Taco ngay:

3 - ! 3

[foodx = [f(x)dx + [f(x)dx + [f(x)dx
=2 -1 1

-2

-1 I 1
= J(]—x)dx + j'cos?dx + J'(x—l)dx
=7 =] |

=(X—-=Xx9)|_;, +—sm— | _
2 : 2

T

9 4
2 o
& Cha y: Mot dang toan ma cac em hoc sinh can quan tam la " Pao ham

cua ham so xdc dinh boi tich phan . Ta ¢é cac dang sau:

Dang1. V6iF(x)= [f(t)dt thi F(x)= f(x).

Véi F(x) = | f(D)dt thi viét lai:

F(x) = - [f()dt = F(x) = — f(x).

ui(x)

Dang 2. VéiF(x)= [ f(t)dt thi F(x) = u'(x)f[u(x)].

u(x)
Dang 3. VéiF(x)= [ f(t)dt thi viét lai:
v(x)
u(x) v(x)

F(x) = j f(t)dt — f f(t)dt

= F(X) u (x)f[u(X)] = V(x)f[v(x)].
Yi dy 14z Tinh dao ham cua cac ham sé:

x2 tzdt sinx?
a. F(x)= j b. G(x)= | (sint’+cos2t)dt.
‘\“ +1 sin? x
‘QS Gl'd'l'
a. Ta bién doi:
0 t3dt <t 2 24y "ztdt
F(x)= |

R el e W el Wik

T do, suy ra:

- 2x°
F0 = o) 2 oy 8« B
Jeor+1 ol Jx3)2+1 Jax? +1 ,/? +1
b. Ta bién déi:
smx2
G(x) = f(smt +cos2t)dt + f(smt +0052t)dt
2!
smzx Slﬂx2

j(sintz +cos2t)dt + I(sintz +cos2t)dt .
0 0
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Tir dé, suy ra:
G'(x) = —(sin’x)'[ sin(sin® x)* + cos2(sin® x) ] +
+ (sinx?)'[sin(sinx?) + cos2(sinx?)].
= —2cosx.sinx[ sin(sin® x)* + cos2(sin’ x) ] +

+ 2x.cosx’[sin(sinx?) + cos2(sinx?)].

Vin dé 2: TINH TICH PHAN BANG PHUONG PHAP PHAN TICH

St dung kién thitc da thu nhan dugc trong phan " 7im nguyén ham
bing phuong phdp phan tich".

Yidy d: Tinh cdc tich phdn sau:

' xdx
. (HVKTQS - 1995): 1 = .
e Q ) (;[(x+1)2
4
b. (DHTM - 1999): = [———dx.
TxT(x+1)

&5 Gidi
a. Strdung dong nhat thic:
x=x+1-1
Ta duoc:
' 1
fi= I( AN zjdx=[lnlx+ll+—l—] =In2 —
o\Xx+1 (x+1) x+1 |0
b. Sir dung déng nhit thirc:
l=x2=x*=-x+x+1.
Ta duoc:

4

1

I = ——l+—-12—)dx= In
AE¥L XK

4 5

X +1 3
= In— + —.
| 8 4

X

B

2
Vidg2: (DHY HN - 2000): Tinh tich phan1= [——

= X
X =Ix+12

2

&5 Gidi
Ta di bién déi:
x? Tx~17 T 12 A B
—— ] + ——————— = 1+ =1+
X" =Tx+12 X" =Tx+12 (x=-3)(x-4) Xx-3 x-4
1+ (A+B)x—-4A-3B
(x=3)(x-4)
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bong nhat dang thirc, ta duoc:

JA+B:7 A=-9
e .
|-4A-3B=-12  [B=16
Khi do:
: 2
1=j'(1- ) 10 de=(x~91n|x-3|+16|n\x—4|) =1+25In2 — 16In3.
: X=3 K=4 ' I

Yidu3: Tinhcactich phan sau:

n/2
a. (CDHQ TPHCM - 2000): I = hm&m”
0
" dx
b. (DHTM - 1995): 1= [——.
2 608" X
&S Giii
a. Tacé:
n/2 n/2
2
l & J-sinjxdx= Il(Bsinx—sinBX)dx=1—(—3cosx +lcos3x) i E Z
0 o 4 4 3 0 3
b. Tacé:
/4 n/4
1 dx 1 4
= . = | (1 +tan’x)d(tanx) = (tanx + —tan’x)|/* = —.
Jcoszx cos’ x 5[( BR =t 3 o 3
Yidp4: (Dé 91 —Bo dé 1996): Cho ham sé f(x) = e A
COSX + Sin X

a. Tim hai s’ A, B sao cho f(x) = A + B(M).

COS X + SIn X

n/2

b. Tinh jf(x)dx .
0

&5 Giii
a. Tacé:
sin X = & +B(cosx—sinx) = (A +B)cosx + (A —-B)sinx
cosX +sinXx COSX + SinX CcOSX +sinx

Péag nhét déng thirc, ta dugc:
.
A+B=0 )
&
A-B=1 1

B=——
= 2
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b. Vaikét qua ¢ cau a) ta duoc:
n/2 n/2

If(x)dx =I[lﬂ it S }ix:[lx—ln(cosx+sinx)]ﬂ —

2 =
2 2(cosx +sinx) 2 0 4

F Cha y- Thong thuong cac dé thi khong dua ra cau goi y a) nhu trén, khi
dé vai céc tich phan dang:
i} .
b= Ia, s‘mx+b, CosX +c, e
a,sinx+b,cosx +c,

cdc em hoc sinh can hiéu ring ta phai thuc hién phép phan tich:
a,sinx + b,cosx + ¢, = A(a,sinx + b,cosx + ¢,) +
+ B(a,cosx — b,sinx) + C.
o do A, B, C duoc xdc dinh bang phuong phap hé so bat dinh.
sinx +7cosx + 6

r/2
Yidy5: (DHTCKT - 1999): Tinh tich phan1= | 2 dx.
0

4sinx +3cosXx +5

&5 Gidi
Gia sur:
SINX + 7cosx + 6 = a(4sinx + 3cosx + 5) + b(4cosx — 3sinx) + ¢
= (4a — 3b)sinx + (3a + 4b)cosx + 5a + c.

DPéng nhiét dang thic, ta duoc:
4a-3b=1 a=1
3a+4b=7 & {b=1.
Sa+c=6 c=1

Khi dé:

n/2 3
[= I[]+ 4cosx —3sinx " 1 }ix

- 4sinx+3cosx+5 4sinx+3cosx+35

) %/2
=(x+ln|4sinx+3cosx +5|)ﬁ/ + _[ : -
0 o 4sinx +3cosx +5
n/2 .
= i +1In3 + I ‘ = 6 (1)
2 o 4sinx +3cosx +5

v~

J

Vi tinh tich phéin J ta datt = tan% , suy ra:

2dt 2t P

dx = - & Sinx = & cosx =
|+t 1+t

2 g

1 +t°
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Poi can:
= Véix=0=>t=0.

L T
= Voix=—=2t=1.
-

Khi do:
‘ 2 e 1
.l=.|' : —dt = [——dt = - = (2)
S8t+3(1-t")+5(1+t") s(t+2) 20 6
’ " s 1
I'hay (2) vao (1) ta duoc I = = +1In3 + g

Vin dé 3: Y NGHIA CUA TICH PHAN
Su dung kién thic trong bai toan vé dién tich hinh thang cong va
quang duong di caa mot vat.
Vidg 1z (Bai 10/tr 152 — Sgk): Hay tinh cdc tich phan sau:
4 X 2 3 .
a. I(E+3)dx. b :!‘ledx. g hJ; 9—x"dx.

-2
&5 Gidi
4
a. Tich phéan I(%Jﬁ%)dx la dién tich hinh thang

=f
ABCD gi6i han bdi dé thi ham s6 y = -;-+3 , truc hoanh

va hai duong thing x = -2, x =4.
Ta co:

f(%+3)dx = Sypep = %(AB+CD)AD - j;-(2 +5)6=21.

-2

b. Tich phan [IxIdx I dién tich cta hai tam gidc OAB Y4
-1

viae OCD gi6i han boi do thi ham s6 y = ||, truc hoanh va
hai duong Ih:‘\ng K=l g
Ta co:

II x 1dx =Spoup+ Saop = %AB.OA+ -;—CD.OD
-1
= l.l.l+ —]—.2.2= §
2 2 2

149



c. Hims6y= v9—-x* 1a mot ham s6 khong am lién tuc trén [-3; 3] va ¢6 d6 thi
la nira dudng tron tam O bén kinh R = 3 (goi la (C)) trén mat phéing toa do. do dé
tich phz‘m trén la dién tich cia nira duong tron (C).

Vay I = EnRZ i)

Vidp 2: (Bai 48/tr 176 — Sgk): Gia suw mot vdt nit trang thai nghi khi t =0 (s)
chuyén dong thang véi van téc v(t) = t(5 — t) (m/s). Tim qudng
duwong vat di dwoc cho toi khi né dirng lai.

£5 Gidi

Trudc tién, ta cé thoi diém vat dimg lai duoc cho boi:

120

t(5-t)=0 & t=5.
Quing duong vat di dugc trong khoang thoi gian 5 giay dugc cho boi:

5 S 2 3 "
S5t ot | .o
L= |t(5-t)dt = |(5t—-t*)dt = | —-—| = —.
e
YVidp3: (Bai 15/tr 153 — Sgk): Mot vat dang chuyén dong vai van toc 10m/s
thi tang toc véi gia téc a(t) = 3t + © (m/s®). Tinh quang diong var
di dugc trong khodng thoi gian 10 gidy ké nit lic bar dau tdang toc.

&5 Gidi
Cong thite tinh van téc duge cho boi:
v(t)=10 + ](3t+t2)dt =10+ £+f_ :
0 2 3 !

Quing duong vat di duge trong khoang thoi gian 10 gidy ké tir lic bat diu
tang t6¢ dugc cho boi:

3 3 a4 \"°
L= j10+——+3‘— FApal L o (.0 N
2 12)

=10+—+—.
3

3

Vindé4: MO DPAU VE BAT DPANG THUC TICH PHAN
Vidg L: (Bai 13/tr 152 - Sgk):

b
a. Chitg minh rang néu f(x) >0 trén [a ; b] thi If(x)dx >0,
b ’ b
b. Chitmg minh rdang néu f(x) > g(x) trén [a; b] thi If(x)dx o Ig(x)dx.

&5 Gidi

a. Goi F(x) la mot nguyén ham cua f(x) va véia <c <b, ta co:
b

[f(x).dx =F(b) - F(a) = F(c)(b - a) = f(c)(b — a) > 0, dpem.
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b. GoiF(x), G(x) theo thit tr la mot nguyén ham cua f(x), g(x) va véia <c < b,

ta cO
Jiodx = [g).dx = [F(b) ~ F(a)] - [G(b) - G(a)]

=F'(c)(b-a) - G'(c)(b-a) =f(c)(b—-a)—g(c)(b—a)
= [f(c) — g(c)](b—a) > 0.

b b
== jf(x)dx 2 Ig(x)dx,dpcm.

Vidw2 a  Gid st M va m theo thit tie la gid tri lon nhdt va nho nhat cia
f(x) trén doan [a ; b). Chitng minh rang:

m(b—a) < tj)f(x)dx < M(b — a).

b. Sir dung bdt ddng thitc ¢ trén dé danh gid cdc tich phan:

1 d 0,5 1 d
=2 y= T2 L= |
ol+x° o 1+x° osl+x°
c. Twcong thiee 1 =J + L, hay dwa ra mét danh gia chinh xac hon

cho 1.
&5 Gl
a. Go F(x) la mét nguyén ham cua f(x), ta cé:
b

[f(x)dx =F(b)—F(a) =F'(c).(b—a)=f(c).(b—a),vGia<c<b.

a

b
Turzia thi€ét m < f(c) £ M, suy ra: m(b—a) < [f(x)dx < M(b — a), dpcm.

b. Talan luot co:
» Vagix € [0; 1] thi:

1 1
-~

2 1a+x*

m Vgl xe 0;]] thi:

dx
2

! Lo . 1
- sidx 3 EXIOSISXLJ = Eslsl R

1 1
<l = [—<]
0 0
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Yidu3: Chimg minh rang:
n/2 ] / 2

< [ V3+2sin® x dx< n\/g. b. 1< | sfu d\'s\/—s_.
n/4 0

a.

&S Gidi

. m = 2 5
a. Voix e [Z; E] ta c6 nhan xét:

—2—255inx£l=>% <sin’x<1e4<3+2sin’x<5

n/2 n/2 n/’
&2<3+2sin%x <5 = [2dx < [ V3+2sin’x jx/_qd\

n/4 1!/4 /4

n/2
:;: < \/3+7sm x <45 x
nl4
n/2
\/3+2sm X <——— , dpcm.

0
2 n/4
b. Véix € [0; 1] ta ¢6 nhan xét:

n/2

o2 il

0<x’<1=24<4+x’<51<

1 1 / 2
= [dx < | K
0 0 f
1 f 2
1< | 4_2”
0

V4 +x* . Js

2 - 2
V4 +x? £‘,
2 I®

| 5 |
dx SJde = x|o SJ —dx <

5
dx € —, dpcm.
> p

Vidgp 4z (Bai 47/tr 176 — Sgk): Cho ham sé f(x) lién tuc trén [a; b). Ti s6
] b

doan [a; b] va duoc ki hiéu la m(f). Chitng minh rang ton tai diém
¢ € (a; b) sao cho m(f) = f(c).
£S5 Gidi
Goi F(x) la moét nguyén ham cua f(x), ta cé:
b
[f(x)dx = F(b) - F(a).
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Theo dinh Ii Lagrange thi tén tai mot diém ¢ € (a; b) sao cho:

F(b) -

F(a)

—F(a)=F'(c).(b—a) & f(c) =

—a

BAI TAP TU GIAI

Bai tap 1: Tinh cdc tich phén sau:

a [(x +~x—2><')dx. g
!
I
b. [( 2 fx - x+])dx d.
Bai tap 2: Tinh céc tich phan sau:
" [fx ~2x2 +x+3)dx- b
| X
Bai tap 3: Tinh céc tich phan sau:

o x ;J u

Bai tap 4 Tinh cdc tich phan sau:
B } (e* —e ™) dx. b.

Bai tap _SI: Tinh cdc tich phan sau:
i )= }(3;( —cg)dx : b.

Bai tap 6: ql’inh cac tich phéan sau:
I

a. J=| dez . b.
04-x
Bai tap 7: Tinh céc tich phén sau:
n/2
a. I'=[sin7x.sin2xdx. b.
-n/2

)

Q)

) ox

jx (x* +1)dx .
1

j( -

(Bx" 4x* +2x+1)dx

|

(\/e_"—+x)dx.

O —n

(x2 -2x)dx
x3

2
e e
1

1 .2
I=dex2.
04—x

n/4
[ sin (——x)dx.

Baitap 8: a. Giasir J'f(z)dz =1, jf(x)dx = 4. Tinh j’f(t)dt

b. Gia su [f(t)dt =3 vi If(r)dr 9. Tinh j'f(u)du

Bai tap 9 Tinh céc tlch phan sau:
a. Ill—lnxldx. b.
|

Bai tap 10: Tinh céac tich phan sau:
3 dx

0\/;(+l—\/_

®/2
[ Isinxldx.

-n/2

dx
Jx+2——Jx+l '

|

] b
= f(x)dx .
b~ad'[(
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2 5 5
Bai tap 11: Chobiét [f(x)dx =—4, [f(x)dx =6, [g(x)dx =8. Hdy tinh:
1 1 |

5 5
I[f(x)—g(x)]dx. b. I[4f(x)—g(x)]dx.
1 |
Bai tap 12: Tinh céc tich phan sau:
n/2 n/2
a. I= Icos’xdx . g 1= Icost(cos“x +sin® x)dx .
0 0
n/4 n/2
b. 1= J.sin4 xdx . g 1= J‘cos3 x.sin’ xdx .
0 0
Bai tap 13: Cho f(x) = ——X
SinX + cosXx

a. Tim A, Bsaochof(x)=A + B[M)

COSX +sInX
n/3

b. TinhI = j’ f(x)dx .
0

Bai tap 14: Xac dinh céc hing s6 A, B, C sao cho:
sinX — cosx + 1 = A(sinx + 2cosx + 3) + B(cosx — 2 sinx) + C.
"t sinX —cosX + 1

Dya vio két qué d6 tinh tich phan T = |- dx
5SInX+2cosx +3

Bai tap 15: (BHXD HN - 97): Cho ham s6
f(x) = 4cosx + 3sinx; g(x) = cosx + 2sinx:
a. Tim A Bdé g(x) = A.f(x) + B.f(x).
n/4
b. TinhI = jg(")
f(x)

, . , 244
Bai tap 16: Mot vat chuyén dong vaéi van toe v(t) = 1,2 + 't +3
+

(m/s). Tim quang

duong vat dé di duoc trong khoang thoi gian 1,5 gidy (chinh xdc dén 0,01m).
Bai tap 17: Tinh dao ham cua cac ham sé sau:

X a
a. F(x)= [(e"+cost?)dt. b. G(x)= [(t?+Vt*+1)dt.
a XE
Bai tap 18: Lap bang bién thién ctia ho ham s6:
y=x+ I(4)c2 +e*)dx .
Bai tap 19: Ching minh rang:
n/2 n/2 3n/4 dx

a. [sin2xdx £2 [sinxdx. b. = 1

n < m
0 0 4 n/43—2sin2x 2
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CHUBE 4 N 5T SG PHUONG PHAP TINH TICH PHAN

A. TOM TAT Li THUYET

1. PHUONG PHAP DOI BIEN 58
Co so ctia phuong phap déi bién s6 la cong thirc sau:

b p
If[u(x)]u'(x)dx = If(u)du , Vi oo = u(a) va 3 = u(b).

Tir do, chiing ta thay c6 hai phuong phép déi bién:
Phuong phap I: Dé tinh tich phan:

b

= Ig(x)dx

a

ta thuc hién cac budc:

Buoc I:

Buoc 2:

Buoc 3:

Chon:
®* Phan tich g(x)dx = flu(x)Ju'(x)dx = fl[u(x)]d[u(x)].
*  Pat u=ux).
Thuc hién phép doi can:
* Véi x =athiu=u(a).
= Véi x =b thiu=u(b).
Khi dé:
u(b)

l]-g(x)dx = I f(u)du .

u(a)

Phuong phdp 2: Dé tinh tich phan:

b
I= [f(x)dx, véi gia thiet ham s6 f(x) lién tuc trén [a, b]

ta thuc hién theo cic budc:

Buoc I:

Buoc 2:
Buoc 3:

Chon x = ¢(t), trong dé @(t) 1a ham s6 duogc lua chon moét cich

thich hgp (anh ctia @ nam trong tap xac dinh cua f).

Lay vi phan dx = ¢(t)dt, gia st @'(t) lién tuc.

Ta Iuya chon mot trong hai hudng:

Huong I: Néu tinh dugc cic can a va B tuong ting theo a va b (vai
a=@(a) vab=¢@(pB)) thi ta duogc:

1= [fom)e'tydt.

Hudng 2: Néu khong tinh duge dé dang cac can tuong tng theo a
va b thi ta lua chon viéc xdc dinh nguyén ham, tir dé suy
ra gia tri cta tich phan xdc dinh (trong truong hop nay ¢
phai 12 don dnh dé dién ta két qua ham s& cla t thanh
ham s6 cia x).
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T Chi y: D€ minh hoa viéc lua chon moét trong hai huéng trén, ta c6 vi du:
1/2

a. Vail= If(x)dx, viéc lua chon 4n phu x = sint, —
0

oA
A
IA

oA

cho phép ta lua chon huéng 1, boi khi dé:
" Véix=0,suyrat=0.

. 1
* Véix=—,suyrat= E.
2 6

1/3
b. Véil= If(x)dx , Viéc lua chon an phu x = sint, #7_21_ <t< -;E ta
: 2
thuong lua chon huéng 2, boi khi dé:
*» Véix=0,suyrat=0.

. 1 , " ;
* Véix= g ta khong chi ra dugc s6 do goc t.

2. PHUONG PHAP TiCH PHAN TUNG PHAN
Co so clia phuong phdp tich phan timg phén la cong sau:

b

Iu(x).v'(x).dx = u(x).v(x)

a

b
i Iv(x).u'(x).dx. (1)

b
DE sir dung (1) trong viéc tinh tich phan I = If(x)dx ta thuc hién cic budc:
Budc 1: Bién déi tich phan ban ddu vé dang:

I= l]-f(x)dx = ]‘f,(x).fz(x)dx.

{u =f,(x) {du
= .
dv =f,(x)dx v

Budc 3: Khi dé:
b
I= uv|: - Ivdu.

Buoc 2: PDat:

® Cha y: Khi sit dung phuong phdp tich phan timg phdn dé tinh tich phan
ching ta cén tuan thi cidc nguyén tic sau:
1. Lua chon phép dit dv sao cho v dugce xac dinh mot cach dé dang.

b
2. Tich phén Ivdu dugc xdc dinh mot cach dé dang hon so vai 1.

3. Chiing ta cAn nhd céc dang co béan sau:
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Dang 1: Tich phan I = [x“Inxdx, véi aeR\{-1} khi dé dat
u = Inx.

Dang 2: Tich phan I = [P(x)e™dx (hodc T = [P(x)e™dx ) véi P 1
mot da thite thuoe R[X] va ae R” khi d6 dat u = P(x).

Dang 3: Tich phan I = IP(x)sinaxdx (hoac IP(x)cosaxdx)
vGi P la mot da thiic thuoe R[X] va aeR” khi dé dat
b= P(x).

Dang 4: Tich phan I = [e®cos(bx)dx (hodc [e™sin(bx)dx) véi a,
b # 0 khi d6 dat u = cos(bx) (hoac u = sin(bx)).

B. PHUONG PHAP GIAI TOAN
Vandé 1: PHUONG PHAP POI BIEN DANG 1

Su dung kién thic trong phuong phap 1 cta phan phuong phéap

Doy 5 A% A7
doi bién so.

Yidy 1z (Bai 17.c va 17.d/tr 161 — Sgk): Tinh cac tich phan sau:

l_[ JXax

1
a. [+ de. —_
5[ =il (x> +4)°

0
&5 Gidi
a. Ta co thé trinh bay theo cic cdch sau:
Cach I: Batu =1+ t*, suy ra du = 4t°dt.
boi cin:
* VGit=0thiu=1,
= Végit=1thiu=2.

Tu do:
| 2 2
Jt’(l +t*)’dt = lIujdu = —]-u4 = -12
- 4 16 | 16
Cdch 2: Thuc hién phép bién déi:
I 3 ] 43d ll 1 4)3dl 4 l (] 4)4|| ]5
21 +t*)Ydt = — |(1+t +1') = —[1+t =,
Oj il 4J( (1+t) 16 ° 16

b. Ta c6 thé trinh bay theo cic cich sau:
Cdch 1: Dat u = x* + 4, suy ra du = 2xdx.
Dai can:
= V6ix=0thiu=4,
= Vgix=1thiu=5.

Tir dé:
L Sx 5 %du 51 1
j ——dx==[5=-— =-.
alx” +4) 2:u 2uf, 8
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Cadch 2: Thuc hién phép bién doi:

¢ 5x do’+4) 5 |
[——dx = —j - ==
5 (x* +4)’ xX*+47  2x*+4)|, 8

" Nhdn xét: Nhu vay, dé tim nguyén ham cla cic ham sé trén:

1. O cich I ching ta sir dung phuong phap déi bién dang 1.
2. Océch?2 chiing ta luva chon cich trinh bay theo kiéu:
b

[f(u)du =F(u)[ =F(b) - F(a) .

dua trén ¥ tuong cua cich 1 va sé tranh duoc bude déi
cén, do dé 10i giai ngan gon hon.
!
Vidyp2: (PHKTHN - 97): Tinh tich phan 1= jx-‘(l —x*)%dx .
0
&5 Gidi
Ta c6 thé trinh bay theo céc cich sau:
Cdch I: Viét lai I duéi dang:
1
I= jx3(l -x’)°x%dx .
0
batt = 1 — x? suy ra dt = -3x%dx.
Péi can:
= x=0thit=1,
= x=1thit=0.
Khi dé:

I % 1!
[=—— |(1-Ot°dt=— [(1-t)tdt=
3 .I( pode== fa-n

0

’ b.s T
6[(: —t)dt = [—l = ]

le—

Cdch 2: Viét lai I duéi dang:
1 |
= jx’(l—x’)°x2dx = J'[l—(l—x’)](l-x’)"x’dx
0 0

e A Ma—xy — = ht—x= Lo xty7 — L=t | !
= -3-4[(1 X)° = (1-x") Jd(1-x")= 3|7 A-xY —g=x)

0
1

168
Yidwp 32 Tinh cac tich phdn sau:

|
a. (Bai 17.a/tr 161 -Sgk): [Vx+1dx.
0
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V3
b. (Bai 24.c/tr 162 - Sgk): [xv1+x*dx .
0

V3
¢. (PHGT - 1996): jx\/l +x2dx .
0

&S Gidi
a. Tac6 thé trinh bay theo cic cdch sau:
Cach I: Patu = Jx +1, suy ra:
| u’=x + 1 = 2udu = dx.
boi can:
* Véix=0thiu=1,
* Véix=1thiu= 2.

Tir do:
[Waviax = 2 fwan = 20| =222
Jx+]dx=2lj‘udu=§u | =§(2 2—1).

Cach 2: Batu=x + 1, suy ra du = dx.
boi can:
* Vgix=0thiu=1,
" Véix=1thiu=2.
Tir d6:

1 2 3
I\/x+]dx = J\[ﬁdu = %ui
0 1

2
1

=§(zﬁ_|).

Cdch 3: Thuc hién phép bién déi:

3!

| 1 |
j\/x+ldx = j(x+1)5d(x+1) = %(x+1)5
0 0

0
b. Ta c6 thé trinh bay theo céc cich sau:

Cdach I: Patu = Jx* +1, suy ra:

u’ = x% + 1 = 2udu = 2xdx < udu = xdx.
Déi can:

= Vgix=0thiu=1,
* Véix=+3 thiu=2.

Tur do:
i : o 7
Ix\/l+x2dx = juzdu =] ==
. : 3, 3
Cdch 2: Datu =x* + 1, suy ra du = 2xdx.
Déi can:

= Vgix=0thiu=1,
= Véix=+3 thiu=4.

= —i—(zﬁ—l).
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¥ 1 2 7
Ix 1 +x"dx =—J-\[L;du=—-u2 = —.
] 2 : 3|3
Cdch 3: Thuc hién phép bién déi:
V3 V3 V3 !
Ix ]+x2dx=%_[\/1+x2d(l+x)=—;—_[( 1+x%)2d(1 + x?)
0 0 0

c. Pitu=V1+x? ©uv*=1+x*= 2udu = 2xdx.
Péi can:
® x=0thiu=1,
* x=+3thiu=2.

Khi dé:
NE] 2 2
jxs 1+x%dx = _[(u"—l)zuzdu = J’(u°—2u“+u2)du

0 1 1

=[Lla? —Zu5+]u3)
F i n’ 3

@ Chi y: Nhu vay, dé tim nguyén ham ctia cdc ham s6 trong a), b):
» Cich 1 va cich 2 dugc dé xuat dua trén dau hiéu thit hai trong
bang diu hiéu ¢ chu dé 2.
» Céich 3 duoc trinh bay dua trén y tuong d6i bién ctlia céch 2.
Vidp 4: (Bai 17.e va 20.b/tr 161 = Sgk): T'inh cac tich phan sau:

_[ 4x e
0 \/X2+l

2 848
1 105

o

£5 Gidi
a. Ta cé thé trinh bay theo cac cdch sau:
Cdch I: Datu = yx* +1, suy ra:
u? =x2+ 1 = 2udu = 2xdx < udu = xdx.

Péi can:

* Véix=0thiu=1,

» Véix=+3 thiu=2.

T do:

*udu : 2
T dx = 4[— =4 [du = duf =4.

X +1 1 u 1
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Cdch 2: Patu =x*+ 1, suy ra du = 2xdx.
Péi can:
8 Voix=0thiu=l,
* Véix =3 thiu=4.
Tu do:

dx = 2]—d—u~

4
Jul =4.
|

b
% 41
Cach 3: Thuc hién phép bién déi:
Iy i V8
\/_ el | 0 2V Xz +1
b. Ta c6 thé trinh bay theo cic céch sau:
Cach 1- Patu = Vx* +1, suy ra:

u’ =x’+ 1 = 2udu = 2xdx < udu = xdx.
Péi can:
» Véix=0thiu=1,
* Véix=+3 thiu=2.
Tir d6:

% 5 (u® = udu (v’
o= S = Jo-vae = (50

1

Cdch 2: Datu = x* + 1, suy ra du = 2xdx.
Péi can:
» Véix=0thiu=1,
= Véix=+3 thiu=4.
T dé-

fJ::“" "f(u}nduzlf‘zfm}“=[%“%' )

Vidp 5: (Bai 17.f va 20.a/tr 161 — Sgk): Tinh cdc tich phan sau:

: : \
j(l —cos3x)sin3x.dx . b. 15(5—4co:)st)4 sint.dt.
0 . 0

&5 Gidi

a. Taco thé trinh bay theo céc cich sau:

Cdach I: Dat u = 1 — cos3x, suy ra du = 3sin3x.dx.
Pdi can:
= Véix=0thiu=0,

) .
. V6|x=—6- thiu=1.
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Tir dé:

n

6 1
j(l —cos3x)sin3xdx = %Iudu’ =—u
0

0
Cdch 2: Thuc hién phép bién déi:

n/6 u/b

I(l —cos3x)sin3x.dx =— I(l —co0s3x).d(1 — cos 3x) ——(] —cos 3x)’

b. Tacé the trinh bay theo cac cach sau:
Cach I: DBatu =5 — 4cost, suy ra du = 4sint.dt.
Déi can:
* V6it=0thiu=1,
* Véit=nthiu=09.
Tir dé:

n 1 9 L
J.5(5—4cost)4 sint.dt = %Iu“du =u
0

Cdch 2: Thuc hién phép bién déi:
57 3

n 1
I5(5—4cost)‘ sint.dt = — J'(5—4cost)“.d(5—4cost) = (5—4cosx)*
0

4

0

3
=04 -1.

Yidy 6: 7Tinh cdc tich phan sau:

3
a. (Bai 17.b/tr 161 - Sgk): [~ .Y
s cos’x
b. (Bai 24.c/tr 162 - Sgk): J‘M.
5 1+sinx
&5 Gidi
a. Ta c6 thé trinh bay theo cdc céch sau:
Cach I: Dat u = tanx, suy ra du = d’;
cos’ X
béi céan:
= Véix=0thiu=0,
. vam:% thiu= 1.
Tu do:
Y 1 1
J-lanzx dx = Iudu = lu2 = l
5 €os” X 2 | 2
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Cach 2: Thuc hién phép bién doi:
e/ n/4
Stanxdx T 1
- = Itzm x.d(tanx) = —tan” x = —.
e : 2 . 2

b. Tacd thé trinh bay theo cdc cach sau:
Cach I: Pat u = sinx, suy ra du = cosx.dx.
bar can:
* V6oix=0thiu=0,

« Véix=2 thiu=1.
2

Tu do:
n/2 ]
cos Xxdx B J~du

5 1+sinx

= lnll+ul|1 =In2 —Inl =In2.
Jl1+u 0

Cach 2: Patu =1 + sinx, suy ra du = cosx.dx.
Poi cén:
* Voix=0thiu=1,

i T .
* Vaix=-— thiu=2.
2
Tir dé:

j“’“"d" j = Inlul =In2.

] +sinx

Cach 3: Thl_IC hién phep bién doi:

n/2 72 .

“tcosxdx  “Fd(l+sinx) . /2
J' _ I+—=lnll+51nxllo = In2.
o 1+sinx o l+sinx

Yide 7: Tinh cdac tich phan sau:
/6

d
a. (CDSP TPHCM — 1997): I = e

: 6 —SsinX +sin” X
/2

d
b. (HV BCVT HN - 1998): 1 = ¢ sin x.cos” x.dx
5 1+ cos® x
&5 Gidi
a. Patt=sinx, suy ra dt = cosx.dx.
Péi can:
= x=0thit=0,
w =l st
6 2
Khi do:
b 't -31(1/2
e 2 - j(_l___l_ t=lnlt 3‘ f2_ 10
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b. Dat t = cosx suy ra dt = —sinx.dx.

Déi can:
® x=0thit=1,
» x=2Z thit=0
¥
Khi dé:
g .3 1 3 |
t'd dt t 1 1 e Jil
I=_J' tz % It — = [[t- > [dt =[<t* — —In(1 + )]
=141 Fakt 3 1+t 2 2 0
1
=l——ln2.
2 2
Yidp 8 Tinh cdc tich phan sau:
" sin2x.dx /6 dx

0
o
Sy,

3 2sin’ x +cos’x 0 cOS2X
£5 Gidi
a. Datu = 2sin’x + cos’x suy ra:
du = (4sinx.cosx — 2cosx.sinx)dx = sin2x.dx.
Péi can:
= x=0thiu=1,
o x=2thit= 2
6 4
Khi dé:

n/6

J- sin2x.dx _ S'f dt

4 2sin® x + cos® x
b. bit u = tanx, suy ra:
du

du= d‘; =(1 +tan’x)dx = (1 +uv)dx = dx = ~.
COS X ]+u"

Péi can:
= Véix=0thiu=0,

= Véix=— thlu-%

Tir dé:

1:/6

143
o cost 5[

l+u
113

= —%(lnlu—ll-—lnlu+ll)

.
2
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Yidy9: (Bai24.bva25b/tr 162 — Sgk): Tinh cac tich phan sau:

3 |
j—un x)>dx . b. j—(———)dx .
K L
&5 Giai
a. Tacé thé trinh bay theo cédc céch sau:
Cach |: Patu =Inx, suy radu= 3 :
X
Por can:
= Vaix=1thiu=0,
= Vé&i x =3 thiu=In3.
Tu do:
3 In3 3 In3 3
] )
I—(lnx)‘dx = |u’du = ool ln 3.
X . 3 L 3

Cdch 2: Thuc hién phép bién doéi:
(nx)’] 3
L3

3 3
J'—]—(lnx)zdx = J.(Inx)zd(lnx) =
1 X 1

b. Ta c6 thé trinh bay theo cic cach sau:

Cach I: Dat u =1In(2 - x), suy radu = - L .
-X
Poi can:
s Vaéi x =0thiu=In2,
= Véix=1thiu=0.
Tu doé:
| B 0 2|° 2
In(2 x)dx=—fudu=—£- =an
0 .2-’)( In2 2 In2 2
Cdch 2: Thuc hién phép bién déi:
L 2
_[Eiz—x—)dx = jln(z x).d[In(2-x)] = ——ln 2-x)| = 1"22
o0 <~ X 0

Vi dy 10: (Bai 24.a va 24.d/tr 162 — Sgk): Tinh cac tich phan sau:

a.

—g__'ld

2 x° 2 3x*
x‘e* dx . b. I ¥

&5 Gidi
a. Tacé thé trinh bay theo cic cich sau:
Cdch I: Pat u = x3, suy ra du = 3x%dx.
Péi can:
» Vix=1thiu=1,
= Véix=2thiu=8.
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Cdch 2: Datu = e* , suy ra du = 3x%e* dx.
Déi can:
= Véix=1thiu=e,
* Véix=2thiu=e®

Tir dé:
2 e* e
Ixze"‘dx -y du = o = -]-(e8 -e)
| 3 c 3 e 3
Cadch 3: Thuc hién phép bién déi:
4 . 2 » 2 l
Ixzc"'dx ==~ led(x’) = — =—(c’—¢)
| 1 1 3
b. Ta cé thé trinh bay theo céc céch sau:
Cdch I: Pat u = 3x’, suy ra du = 9x*dx.
Déi cén:
= Véix=0thiu=0,
® VGix=1thiu=3.
T do:
| . 1 3 u 3 1
Ixze” dx = — Ic“du =—| =—(e’-1).
0 9 0 0 9
Cdch 2: Patu = e* | suy ra du = 9x%e* dx.
Péi can:
= Véix=0thiu=1,
= Véix=1thiu=¢e’.
Tir dé:
1 ¢ 1
2% 4y = — [du = o =—(e’-1).
J I 9], =9
Cach 3: Thuc hién phép bién déi:
3 |1
| e 1
x’e™ dx = — [e™d(3x’) = =—(e’-1)
I 9! Sl b 9

Yidwy 11z Tinh cdc tich phdan sau:
A T = I(l-i-ln' x)dx -
X

1
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&S Gidi

1. Patt=Inx suyradt= _d_x
X

Poi can:
v x=l=si=0
P X=e=t=1.
Khi do:
T 1 |
I=I(t'+l)dt=[~t3+{) = —
2 3 0
). batt= Jer +2 suy ra:
f=e'+2=>2tdt=c"dx & dx = 3tdt2.
t —

P61 can:
B x=0=>t= \/5,
" x=In2=1=2.
Khi do:

2

Ji-v2
"leval,

1, Q- J2)(V3 +2)
"z 2B

-2 f

47. 9
J

Vin dé 2: PHUONG PHAP POI BIEN DANG 2
Stt dung kién thuc trong phuong phap 2 cua phan phuong phap

16i bién s6.

Vidgp 1z (Bai 14.a va 14.b/Tr. 213): Tinh cdc tich phan sau:
V272 2
x“dx

==

a. (DHTCKT -1997):1=

2
b. 1= Ixz 4-x2dx.
|

&5 Gidi

1. Ta c6 thé lua chon mot trong hai cich trinh bay sau:
sl : . m n

Cach I: Datx =sint, —— <t< 5 suy ra dx = cost.dt.

Péi can:
= x=0thit=0,

V2

= x=-— thit=
2

1
4 i
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Khi dé:
x/4 x/4

| " sin® t.costdt B Isinz t.costdt _ jsinzt.costdt

5[ J1—-sin®t o lcostl : cost

n/4

e 1 1
I(l—cos2t)dt = — (t——sin2tj
2 2 2

L L.
2 , 8 4
Cadch 2: Dit x = cost, te[0; ] suy ra dx = —sint.dt.

Déi cén:

s x=0thit==~.
2

V2

s x=2Z thit= 2.
2 4
Khi dé:
[= ”f cos’ t.sint.dt B “Tcoszt.sint.dt B _“Tcoszt.sint.dt
2 V1-cos’t 7, Isintl - sint
n/4 n/4
1
= —l I(1+0032t)dt =—l (t+lsin2t) =3 _ —.
21!.’2 2 2 n/2 8 4
. n m
b. Dit x = 2sint, _E St = suy ra dx = 2cost.dt.
Déi can:
= Véix=1 th"lt-'%,
= Véix=2thit= g
Khi dé:
x/2 n/2 n/2

-

I= j4sin2 tJ4 —4sin’t.2cost.dt =4 jsirﬁ 2tdt =2 J’ (1 = cos4t).dt

=x/6 n/6 n/6

n/2
=2 t—lsin4t) =l £+£ :
4 3

8
. ) i . dx
Yidyw2: Tinh tich phan 1= j———
. /(1_x2)3

n/6

a. Véia=0véb=—22. b. VéiazOvéb=%.
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&5 Gudi

: Y e
bt x = sint, == il & suy ra dx = cost.dt.

a. Do can: .
= Véix=0thit=0.

- : T
= Voix=—thit=—.

Khi do:
i Cjz A B L S ~ n]-JCOSl.dI B n]: dt
o J1-x*y 6 J(1=sin’t)’ J cos’t 3 cos’t

= tant

R,

b. Talua chon huéng xac dinh nguyén ham:

; s t.dt d int
[_—ii;__J Sl 3 . ST L, PO )

ya =N cos’ t cos’ t cost 1=x?
Khi do:
1/3 ,
X
I= . = —
vIi=x°|, 292
& Cha y:

1. Trong Ioi giai cua cau b) so di ta c6 /(1 -x*)’ =cos’t vatant =

X
v1-x?

la boi:
Jeos®t =cost

cost = \ﬁ—sinzt =y1-x?
Tuy nhién, chiing ta hoan toan c6 thé thuc hién theo huéng 1, that vay:

-— -

T
<t<5 =5 oozt > ) =

[V |

[= ”j?-—dx— | = j’i- =tant|" = tant
5 (1 =x32) [xesint | Jcos’t P :

Ostst,,véisint, =—
3
_sint, 1
Ji-sin’t, 232

2. Can dé y rang, dung huéng 2 thi khi déi bién s6 cdn don 4nh t = x = @(t)
dé doi két qua tir t sang x, con véi huéng 1 thi khong cén.
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x 2dx

b
Vidy3: Tinhiichphinl= [ —
s Vxi-1

a. Véia=V2 vab=+5. b Vdia=-2vab=-2.
£ Gidi

,v‘nxe[\/i, JE] nén:

a. Pitx= _]
sin 2t

\/§< : <\/_¢::'>-——<sm2t<L

sin2t Js 2

do d6, dé thoa man tinh chat don 4nh ta chon 0 <t < % .

2 cos 2tdt

Tacédx = — g rral va lua chon huéng xac dinh nguyén ham:
sin

[ x*dx _ 2dt. _Jc2(coszt+sin2 t):dt
x?—1 sin’ 2t 8sin’ tcos’ t

1 2

—ip BERE —ri )dt
sin” t cos't  sintcost

| ] a 1
= ——J(cott. e s (N e -
4 sin“t cos’ t tant cos” t

- [ - [cott.d(cott) + [tant.d(tant) + 2] d(tant)
) tant

= —lI(cott.

]
| l 2 1 2

=——(— —cot‘t + —tan“t + 2lIntant|) + C
4 2 2

= -;— (cot’t — tan’t) — %ln[tanﬂ +C

= %x\/xz—l - %lnlx— vx*=1|+C.
Khi dé:

I=(%X\/x2—l—%ln|x— x*=] ——(2\/— \/_)+\/-ln—\/:——

52

t. Dé nghi ban doc tw lam — Theo huéng déi can.
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F Chu y: Trong 1oi gidi cau a) s6 di ta cé:

cot’t — tan’t = 4X\/X -1 vatant-x—\/xz—l
441 —sin’ 2t

]ci t)(fl.

cos' t—sin*t 4cos 2t

cot’t — tan’t =
cos’ t.sin’ t sin” 2t

sin? 2t

= .4 = 12 -1 =dxx’-1.
sin2t \sin® 2t

- sint sin’ t l1—cos2t 1-+1-sin?2t
ant = = = =
cost sintcost sin 2t sin 2t

=x - vVx’-1.

~/5dt

. T T
Dat2x+1=\/§tant,—5 <t<5 suy radx = -

2cos 't
Péi can:
s x=0thit= 2.
6
. x—lthll=—TE
3
Khi do:
n/3 x/3
\/im tan’ t + 1 J3

/3
i

Vidu 4: (Bai 14.a va 14.b/Tr. 213): Tinh cac tich phan sau:
|
dx dx
& J‘x ol B j_z———l
. IX°+x+
&5 Giai
a Ditx= tam,—E B suyradx = - = (1 + tan’t)dt.
2 2 cos’ t
Poi can:
* x=0thit=0.
« x=1lthit=2Z.
4
Khi dé:
n/4 n/4
t
= g;w Jao=is = .
5 tan it} 4
b. Bién doi u'ch phan vé dang:
| | |
4d
I = [ =
X +x+1  J4x’+4x+4 0 2x+1

= ‘f (1 + tan*t)dt.
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Vidw5: (DH TCKT - 2000): Tinh tich phin1= | it

4

&5 Gidi
bat t = x* suy ra dt = 2xdx.
Déi céan:
= x=0thit=0,
= x=1thit=1.
Khi dé:
tdt 1 dt

1
—5 0 lzé
(t+2)+4

J3 Y3 du \/—

tanu suy ra dt =

Datt+l=—— L
2 ' 2 “cos*u

Déi can:

» t=0thiu=

8 i=lthin=

Khi dé:

wl:l O\I:l

3—23(1 + tan’ u)du

] ® e |4
= I T=ulie = —¢
: “tan’u+= =i f ‘/5
4 4
Yidgp 6 Tinhtich phanl=
I\/(l+x
& Vaza=0vab=\/—. b. Vna=0vab=2.
&5 Gidi
_ ) T dt
Patx =tant, -— <t< — suyradx = S
- 2 cos 't
a. 1di can:
s x=0thit=0,
" \/5 thil= %
Khi dé:
Jj‘ ﬂf i = n]}cost dt =
o V(A +x2)‘ 5 cos’ty(1+tan®t)’ ¢
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b. Talua chon hudng xdc dinh nguyén ham:
f dx Icos’ tdt X

SO o — J‘cost.dt =sint+C=
(1+x2)  cos’t J1+x
Khi do:

+ C.

2

[ = J- dx 3 X B i
n\f(l+X2)3 \}1+X2 0 \[5_
G Chu y:
1 X
1. Trong loi giai cau b) so di ta cé = cost vasint =
v1+x? V1I+x?
Vecos’t =cost

) % .
sint = tgt.cost =
J1+x2

2. Phuong phép trén duoc ap dung dé giai bai todn téng quat:

la boi:

T T
—_ <t<—2— =cost>0=>

g ,Vor1 ke Z.
\/(d +x 2k+l
Vidg7: Tinh tich phan1= j,/a”dx, véia>0.
“Va-x

£ Gidi
bat x = a.cos2t, te(0; —721] suy ra dx = —2a.sin2t.dt,
béi can:
» x=-athit=Z.
2

. s
® x=0thit= —.

4
Khi do:

n/4 n/2
=-4a Icosz t.dt=-2a I (1+cos2t)dt = —Za(t —%sin Zt)

+ 2t
1= _[Ja s (—2a.sin2t.dt) = — Ilcotgtl sin2t.dt
.2 Va—a.cos2t
n/2 n/4

n/2 -
=a[1 ——).
n/4 4
s

2
Vidy8: Tinhtichphanl= [ J(x-a)(b—x)dx vdi 0 <a<b.
3a+b
4

173



£S5 Gidi
Pit x = a + (b — a)sin’t, te[0, g ] suy ra dx = (b — a).sin2t.dt.
Déi can:

2Nt thit:E.
6
g = i thil=£.
2 4
Khi dé:
\ n/4 2 n/é
b-a)
I= ( in’2t.dt = (b . I(I—cos4l)dt
n/6 n/6
(b—a)z[ - )“” (b —a)? 43
= t ——sin4t ———
8 4 o7 8 12 8

n/2 :
Vidg®s (CDHQ TPHCM — 1999): Tinh tich phn 1= [ —xX

5 N7+ cos2x '

L5 Gidi
Viét lai I duéi dang:
/_[ cosx.dx

s ¥8~2sin*x

Pat t = sinx suy ra dt = cosxdx.

Déi can:

s x=0thit=0.
= X Eth‘nt 1
2

Khi do:

I'I a1 'I dt
JVe—2t  V25Va-r
Pat t = 2sinu suy ra dt = 2cosudu.
Péi can:

= t=0thiu=0,

* t=1lthiu==.
6
Khi dé:
n/6 n/6
[= 1 _[ 2 cosudu _ | J.du=Lug”'= L
\50 4—4sin’u \/50 \/5 6\/5
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% Nhdn xét: Nhu vay néu chiing ta di c6 duoc chiit kinh nghiém thi cé thé
chi can thuc hién mot phép déi bién, cu thé:
Pat sinx = 2sinu suy ra cosxdx = 2cosudu.
Poi can:
= x=0thiu=0,

T .. o
® x=—thiu=—.
2

Khi dé: "
I_n/z 2cosudu 1 "’f cosudu 1 ﬂfdu
o V8—8sin’u 43 o V1=sin’u 42 -
| x/6 T

—=uf, = —=.
\/5.0 6\/5

Vin dé 3: PHUOGNG PHAP POI BIEN CHO LGP HAM SO DAC BIET

Dua vao viéc xem xét can cua tich phan va tinh chat cia ham s6
dudi dau tich phén ta c6 thé lua chon phép dit an phu, thong thuong;:

= Véil= If(x)dx c6 thé lua chon viée dat x = —t.

n/2
Voil = J f(x)dx co thé lua chon viéc ddtt = g - X.

0

Vail= If(x)dx c6 thé lua chon viée ditt = - x.
0

Voil = If(x)dx c6 thé lua chon viéc dat t = 2n — x.
0

b
Voil= Ixf(x)dx 6 thé lua chon viéc datx=a+b —t.

a

1 0
vidyg Iz (Bai 23/tr 162 — Sgk): Cho J’f(x)dx = 3. Tinh J’ f(x)dx trong cdc
0 -1 ‘

truong hop sau:
a. f(x) la ham so'lé. b. f(x) la ham s6 chdn.
£ Gidi
Thuc hién phép d6i bién u = —x, suy ra du = —dx.

175



Péi can:

= Vgix=0thiu=0,
= Végix=-1lthiu=1.
Tir dé:

0 0 ' I 1
If(x)dx = —If(—u)du = If(—u)du = If(—x)dx.
-1 | 0 0

a. Néun f(x) la ham s6 le thi ta duoc f(—x) = —f(x) nén:

(].f(x)dx =— ]'f(x)dx = -3.
-1 0

b. Néun f(x) la ham sé chan thi ta dugce f(—x) = f(x) nén:

(i[f(x)dx = I-[f(x)dx =3,
-1 0

1
Yidw 2: Tinhtich phinl= J'xm‘ sin xdx .
-1
£S5 Gidi
Viét lai I du6i dang :
0

1
g . .
I= Ix'om sinxdx + _[xmm sin xdx .
=] 0

-

J
Xét tinh phan J bang phép dat x = —t suy ra dx = —dt.
Péi can:
= x=-=1thit=1.
= x=0thit=0.
Khi do:

0
o j(—t)m sin(=t)dt = — J'tz"o“ sint.dt = — Ixm sin xdx .
1

0 0

Thay (2) vao (1) ta dugc I = 0.

@ Nhdn xét: V6i bai tosn trén, cic em hoc sinh chua cé kinh nghiém

thuong suy nghi theo hai huéng sau:

(1)

Hucng 1: St dung phuong phép tich phan timg phin, boi nd

c6 dang IP(x)sin axdx song khi do ta cin thuc

hién 2004 lan tich phan timg phan va diéu do

duong nhién khong thuc té.
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Huwong 2: Sit dung phuong phap tich phan timg phéan cho
1

cong thic tong quat jx“ sinxdx , tir d6 béng
-1

phuong phdp truy héi nhidn dugc két qua cua
1

[x*** sinxdx , tuy nhien diéu d6 han chua phai Ia
=)
mot cach giai don gian va ngan gon..
Tir d6 cé thé thay tinh wu viét cua thu thuat déi bién, cho du
khong phai bao gio n6 cling dan dén két qua.
Qua vi du trén ching ta cé:

jf(x)dx =0 néu f( - x) = — f(x).

cos”® x.dx

/2
Vidy 3: (DHGT TPHCM - 1999): Tinh tich phin 1 = j
3 cos* x +sin’ x|

&5 Gidi
) n
batt= S — X suy ra dx = —dt.
boi cén:

. x-()th|t=1t-
2

- x=£th‘|t=0.
2

Khi do6:
4,
cos’ (= —t)(- ‘ ‘
- 0 (2 t)(=dt) 7 Gntedt f .
- 1L . T B 4 T 4 a A
12cos’ (= —t)+sin*(=—t) 0 cos t+sin’'t  J cos X+sin” X
2 2
Do dé:
o = "]-lcos‘x+sin4x ’J- o n
J cos® x +sin* x i M el ik

0

Yidyg 4z (HVNH HN - 1998): Tinh tich phdn 1= |x.sinx.cos’x.dx

Gl._.‘ﬂ

&5 Gidi
Ta c6 thé trinh bay theo céc cich sau:
Cdch 1: (Swdung phuong phdp doi bién): Datx =n —tsuyradx = —dt.” *
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Déi céan:
s x=xnthit=0,

» x=0 thit=n.
Khi dé:

0 n
I=- I(Th—t).sin(n-t).cosl(n—t)dt = J‘(n—t).sinl.cos2 tdt

0

n n

' x
: . e ® T
= [sint.cos’ tdt — It.smt.cosz tdt = — |sin2t.costdt — 1]
0

0 0

PO (g j(sin3t,+sint)dt 1= E(— lCOS3I - cost)|y = -
4 . 8 3

Cdch 2: (Sit dung phicong phdp tich phan timg phdn): Bién déi I vé dang:

I= L Ix.sin 2x.cosxdx = L Ix.(sin3x +sinx)dx .
. 2 0 B 4 0
bat:

du =dx
n=x
: . g 1 .

{dv = (sin 3x + sin X )dx V=——C0s83X —CcosX

Khi dé:

| 1
I= —[x(—= —cos3Xx — cosx
4[( 3 )

\

1
"+ |(=cos3x+cosx)dx | = —.
: OI(3

2n
Yidw 5z Tinh tich phan 1= Ix.cos’ x.dx .
0
£5 Gidi
bit x = 2n — t suy ra dx = —dt.
Péi can:
= x=2nthit=0,
* x=0thit=2n.

Khi dé:
0 2x
I= J’(zn-t).cos’(zn—t)(—dt) = J’ (21 - t).cos" tdt
2n 0

2n

2n 2n
=2n Icos3 tdt — Itcos’ tdt = — I(cos3t+3cost)dt -1
0 0 2 0

e ll= g(é—sin3t+3sint) g* =01=0.

Vin dé 4: PHUONG PHAP LAY TICH PHAN TUNG PHAN
St dung kién thic trong phdn phuong phép tich phan ting phan.

178



Yidw iz 7Tinh cac tich phdn sau:
n/2
a. (HVKTQS - 1999): T = jcosx. In(1 + cos x )dx

0

“In(1 +
b. (PHHH TPHCM — 2000): I j ut ") ol
]
&5 Gia
a. Pat:
u=1In(1+cosx) du=—"7 4k
’ = 1 +cosx
| dv = cos x.dx .
: vV =sinXx
Khi do:
n/2
I =sinx.In(l + cosx)|; il * I—Sm—xd I(I —cosx)dx
1 +cosx
. . m
= (X — SInx) 0( =5 - 1.
b. Pat:
Ju:ln(l+x) e 1 2%
dx -~ 1+x
dv =
l x" A"/ :'-l/x
Khi do:

1 2
=——In(x+1)| +
X

2 2
—l—dx =—l]n3 +1In2 + J(l— : }jx
X(x+1) 2 Ik 1+X

| 2
=_z]n3 +1n2 + (ln|x| —lnl" 4 ll) 1

=—E In3 + 3In2.
2

Yidp 2: (PHGTVT HN - 1997): Tinh tich phan sau:

1/9

» I(S”"+ — X + l—)dx
. sin“(2x+1)  34x-1

&5 Gial
Bién doi I vé dang:
1/9 1/9
[= IS”‘ dx + I

xdx v
. 2 +
o sin“(2x +1)
I

J' dx
F: J54x—11'
!

k]

0
e
I 2

* Tinh tich phan I, bang cich:

1/9 3x 1/9 13 _
s Il = J‘53‘dx - 5 / s 5 ]

0

3In5 |0 3In5

(1)

(2)
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* Tinh tich phén I, bang céch dat:
n=x du = dx
dx <

1 :
Zm v=—-—2—cot(2x+l)
Khi do:

| 1/9

X
LL=—=cot(2x + D|° + — |cotg(2x + 1)dx
== cot2x+ 1 20] g(2x +1)

= [—% cot(2x + 1) + %]nlsin(Zx * 1)”“1/9

=——cot— + —In
18 9 4

* Tinh tich phan I, béng céch:

1/9 1/9

3)

sinll1/9
sinl |

L= I I(4x H'Pdx = —5—(4x+ | jpae S I (4)
{/Zx_ 16 36

Thay (2), (3), (4) vao (1), ta duqc.

51/3 __] ~ _1' IJ—! _‘l

3In5 18 9 4
Yidp 3: Tinh cdc tich phan sau:
n/2
a. (Bai18.d/tr 161 —Sgk): [ x.cosx.dx.
0
/

36

sinll/9\ 5

sinl

w

n

b. (Bai25.c /tr 162 - Sgk): [ x’cosx.dx .
0

&5 Gidi
a. bat
S du =dx
<> =
dv = cos x.dx vV =sIinX
Khi do:
/2 n/2

. n/2 . T
Ix.cosxdx = x.smx|0 - Ismxdx = —2— + cosXx =
0 0

u=x’ du = 2xdx
= ) .
dv = cos x.dx V=sInX

Khi dé:

b. bit:

2

X
2 ;

x* cosxdx = x%sinx|}/? — I .sinxdx . ()
0

SR S—

J
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Xét tich phan J bang cach dat:

(u=x du =dx
= .
dv = sinx.dx V=—COSX
Khi dé:

n

2
J=—x.cosx|;"? + [cosxdx =sinx|}? =1.

0

Thay (2) va (1), ta duoc:

sz cosxdx = n——Z.
0 4

Yidy 4: Tinhcac tich phan sau:
n/2
a. (Bai 19.b/ir 161 - Sgk): T= [ x.sinx.cosxdx.
' 0
n/4

b. (PHTCKT — 1998): I = Ix(Zcoszx—l)dx.
0

&5 Gidi
a. Viétlai tich phan duéi dang:
x/2 n/2
S ] .
I= jx.smx.cosxdx = — Ix.stxdx.
0 2 0
bat:
du=dx
=X
. = | .
{dv = sin2x.dx V=——C0S2X
Khi dé:
n/2 n/2
I= —lx cost = -‘— I cos2xdx = — + —l—sm2x = Zt—.
4 e 8, 8

b. Viét lai tich phan dudi dang:

n/'4

I= chos2xdx }

O

bat:
du =dx
u=1x
= 1 .

{dv = 08 2xdx V= Esin2x

Khi do:
4 4 -
I= %xsian n/ — —cos2x ﬂ/ = n82

(2)
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Yidwg 3: Tinh cdc tich phan sau:
1

I(x +1)e'dx . b. J-xze’dx .
) 0
&5 Gidi
a. bat:
u=x+1 du =dx
o .
dv =e*dx v=e"
Khi dé:

1
I(x+l)e'dx = (x+1)c"|:) - Ie"dx =2e-1-¢"| =e.
0 0

b. Ta c6 thé trinh bay theo cic cich sau:

Cach I: Dat:
u=x’ du = 2xdx
=
dv =e¢”.dx y=g"
Khi dé

| 1

Ix'e"dx =X ElL =2 Ixe‘dx. (1)
0 0

Xét tich phan I, bang cach dat:

=X du =dx
= .
dv =e*dx v=e"

Khi dé:
’ |
I,=x.e":)—'[e"dx=e-c":,=1. (2)
0
Thay (2) vao (1), ta dugc:
Ix e'dx =e -
Cach 2: Ta di xdc dinh nguyén ham clia ham s6 f(x) = x%*, gia sir:
F(x) = [x%* = (ax® + bx + c)e* + C. (3)
Lay dao ham hai vé cua (3), ta dugc:
x’e* =[ax*+ (2a +b)x + b +c]e”. (4)
Dong nhat hé s6, ta dugc:
= a=1
2a+b=0 & {b=-2.
b+c=0 =l
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Khi do:

1
F(x)=(x*-2x+2)e*+C=> J‘xze"dx =(x*=2x+2)e*|} =e—2.
0

Yidy 6 7inhcac tich phan sau:
a. (Bai18.a/tr 161 — Sgk): ].xs In xdx .
1

!
b. (HVNH TPHCM Khsi D — 2000): j x In(x* + 1dx .
0

25 Gidi
a. bat
' du:ldx
Ju:lnx 2
—~
[dvzxsdx x®
V=—o
6
Khi dé:
i 6 : 2 6 I2
Ixs Inxdx = x—_]nx = lJ-Xde _ 32In2 _Xx| 32ln2__7_
1 6 I 6] 3 36!] 3
b. bat:
u=In(1+x?) du = 2xzdx
. - 1+x
dv = xdx 1 ,
v=—X
2
Khi do:
I= 3(—2ln(| +x2)] - ]-.de - l]nz_ IJ’(X— X \x
z 0]"')‘2 2 0 ]+x2
I 1
=—IT‘Z—[l)(z—lln(l+x2)] = In2 .._1__
2 72 2 0 p)

Vidy 7: (PVBCTT - 1998): Tinh tich phan 1= [(x.Inx)"dx.
1

25 Gidi
bat:
( Inx
5 du = —dx
u=In"x X
L .
dv = x*dx 1,
vV=—X

1
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3 c 3 l € N
1= X x| - L] Ilenxdx= N Ix‘lnxdx :
301 3 3 3
J
Tich phén J dugc tinh bang cach dat:
_ du =—]—dx
u=Inx X
=
{dv =ix"dx L
V=—X
3
Khi dé:
X’ s X 2¢ 1
J= —Inx| - — J'x’dx =(—Inx-—)| =— + —.
3 , o'l 9 "9
Thay (2) vao (1), ta dugc:
3 3 3
el ot gl G
3 3 9 9 7. S
Yidp 8 7inh cac tich phan sau:
a. (Bai18.c /tr 161 — Sgk): Ie" cos xdx .
0
72
b. (PHNNTHN-1998):1 = [e sin3xdx.
0
&5 Gidi
a. Dat:
u = CcosX du = —sin xdx
= .
dv=e"dx v=g
Khi dé:
I=ecosx|; + _[e" sinxdx =—<"—-1+ .fe"sin xdx .
0 0
J
Véi tich phén J, dat:
u=sinx du = cos xdx , .
L = J=¢’sinx|; — |e" cosxdx =-I.
dv =e*dx v=eg" 7

Thay (2) vao (1), ta duoc:

I=—c“—1—I<:>21=—e"—1c>1=—é—(c"+]).
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b. Dat:
du = 3cos3xdx

Ju = sin3x
) Ix ~ 1 )
1(1\' = dx y=—g"
Khi do:
] , ‘ T[ 2 31'[/2 , .'l/?. L
= =2*5in3x / - — Ie" cos3xdx = — leﬂ - E je'“ cos3xdx .
2 e 5 2 2 2

J

Vi tich phan J, dat:

, du = -3sin3xdx
u = cos 3x

. = 1 ;
{dv = e""dx v=—e™

2
Khi dé:
2 1!/2
I1= iez"cos3x n/ + E Ie“ sin3xdx = - —]- + -?il.
2 % 2 2 2

J

v~

I
Thay (2) vao (1), ta duoc:
I = —lc“ — 3(_1 + 2])@]:
2 2 2 2

3-2¢"
13

Vidy 8 (Dé 37— Bo dé 1996): Tinh tich phan 1= [e™ sin’ xdx .
. 0

&5 Gidi
Bién d6i I vé dang: ‘
n 1 n n
I= | J'cz'(l —cos2x)dx = —( jez’dx - Icz‘ cos2xdx).
2 0 2 0 0

| — . 2 s
I I

* Tinh tich phan I, bang céch:
I = rje“clx = lez"g = < - .4
; 2 R
* Tinh tich phan I, bang céch dat:
{ du = -2sin2xdx

u = Ccos2X

1321

2

dv = e?*dx v=

R 2n 1
e™ cos2x n + Iez‘ sin2xdx =<— ——
0] 2 2

(1)

(2)

(1)

(2)

(3)
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* Tinh tich phan I, , bang cach dat:
du = 2cos2xdx

u =sin2x
, = 1
dv =e™dx v=—e™
Khi dé
| —!-ez‘smx g ].ez" cos2xdx =-I (4)
2= 3 0 2

4

Thay (4) vao (3), ta dugc:

T S W ST . . (5)
g 2 4 4
Thay (2), (5) vao (1), ta duoc:
1 e™ 1 " |1 i
=== —-==(—=-=)]==("-1)

Vindés: PHUONG PHAP TINH TICH PHAN CUA CAC HAM SO

HUU TI
1
Vidg 1: (DHKT TPHCM - 1994): Tink tich phan1 =" [( "2 :
J(1+2x
&5 Gidi
Str dung d6ng nhat thiic:
1
x=—(1+2x-1
2( )
ta duoc:
S || T
(1+2x) 2| (1+2x) (Q+2x)
Khi dé:
| 1 1
(A R TN S Y0 | N — ‘, .y
21 (+2x)y (1+2x) 21 2(1+2x) 4(1+2x)° 1R
'(4x+ll)dx
Vidu2: (DHSP TPHCM Khéi A - 2000): Tinh tich phan 1= [*5———.
dX +3x+6
&5 Gidi
Bién déi:
4x+11 4x+11 _ A N B _(A+B)x+3A+2B
X2 +5x+6  (x+2)(x+3) x+2 x+3 (x+2)(x +3)
Doéng nhat ding thic, ta dugc:
A+B=4 A=3 4x +11 3 1
o, =% = B :
3JA+2B=11 D=l x*+5x+6 'x+2 X+3
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Dc) d()ﬁ

I
/ 3 ] (
[ = ﬂ + ] }1x.—r(3lnlx+2l+lnlx+31)1 =In-
0 2

 X+2 x+3

—

Yidy 3: 7Tinhcac tich phan sau:

(x* +3x +10)dx

a. (PHNT HN - 2000): I = -
X“+2x+9

1 3 2
b. (PHNTHN - 2000): I = j“‘ b el Ul oL
0

x> +2Xx+9
&5 Gidi
a. Bien doi:
x? +3x+10 . X +1 B +_l_ 2% 4% 2
x° +2x+9 . x> +2x+9 2 *32e 49
Khi do:
‘ 2X +2 (— 1. 4
=jl+—— s )d(=(x+—lnlx‘+2x+9i)(’,=x+—-]n—.
32 xP4+2x+9 2 2 o
b. Bién déi:
X +2x* +10x +1 X + 1 1 2x +2
= =X+—;————=X+—.2——-'—.
X $2%x49 X“+2x+9 2 x*+2x+9
Khi dé:
2x +2 I ;| i 1
I= + X =(=x*+ =Inlx*+2x + 9|, = = +
I( 2% +2x+9)d (2 2 )l" 2
' 3&x
Vidg4: (DHXDHN - 2000): Tink tich phan = | —.
+X
. 0
&5 Gidi
Bién déi:
33 _ A L Bax-)

X+l AR =x+D) x4l x=xtl w=xl

(A+2B)x -(A-B-O)x+A- B+C

x*+1
Déng nhat déng thic, ta dugc:

A+2B=0 A=1
-A+B+C=0 & {B=-1/2.
A-B+C=3 - C=3/2

L
2

w| s
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Khi dé:
3 1 1 2x-1

1 1

3
X +1  x+1 2 xP-x+1 2 x*-x+1’
Do dé:

4 1T 2=1 3 I Jd
1= fl——c s X
S lex 2 X =x+l 2 X" =x+]

] : 3 ' dx
= (Inlx + 11 = =Inlx? = x + 1)){]
2 o + Jx

-x+1

|
=2+ 3. IL (1)
4 SX =X¥]

L —
J

Ta di xac dlnh tich phan J biang céch bién doi:
4"
J= j & f .
0 —= of 2x—1
(x ) 4 +l
J3

o 2x-1 T T
bat =tant,—-— <t < — suy ra:
V3 2 2

t ’
2 k=2 o1+t
3 cos’ t
Péi can:

= V6ix=0thit=0,

« Véix=1thit=2.
6

Khi dé:
n/6 2 n/6
=_4_1_\/-3_ (l+tz:n tdt Idt o - m 2)
3 & ¥ i+l \/_ 3J3
Tha (2)véo(1)taduqcl—ln2+—
d 23
Yidp 52 Tinh cdc tich phan sau:
1 4 - | 2
" . - dx
(= (LI peao-Bode 19961 = [L DX
0 l+x s 1+x
&S Gidi
a. Bién doi:
1+x* wtaxt e lax’ 1 %

= — = + .
1+x*  x*+D*=x*+1) x*+1  x°+1
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| | 2
dx X “dx
I = - - . 1
[_;'.x“+l ‘[x°+l (h
\_ﬁ_,__J —_—

Sy . i .o x F B e Tt
< Tich phan I, duogc xdc dinh bang cach dat x = tant, == <t< = > suy ra:

-

dx _ (1+tan’ t)dt

dX = —— = (1 + tan’t)dt & —— = . = dt.
cos“t X“+1 tan” t +1
P cén:
* V6ix=0thit=0,
= Véix=1thit= 2.
4
Khi do:
n/d F
n/4
I, = Id[=t0/ =Z. (2)

4 Tich phan 1, duge xdc dinh bang cach dat x* = tant, -g <t<g g , suy ra:

2
3x3x = % = (1 + tan’t)dt & Xdx _1 (+nnydt 1,
cos t x®+1 3 tan"t+1 3
Daéi cén:
" VGix=0thit=0,
. Vor:x--lthlt-E
4
Khi do:
]n/4 » 1
— |dt = . - (3
o 30I 12 )
n n n
Thay (2), (3) vao (1) tadugc: = — + — = —.
ay (2); {3) (1) 271"
b. Xét hiim so:
1 — 1
F(x) = In X°—Xxv2+
22 xE4xV2+1
ta cO:
, 1 =mal2 el _ ¥
F(x)= (In = —
2J2  ®Pexd2El x* +1
Do dé:

x-xv2+1] 1 22
Tanj2

I=Fx)|, = In -
ls 2J§ X +xV2+1| 242
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1

| d

Vidu6: (DHMDC - 95/Dé 85): Tinh tich phan 1= [——=—
JXT+4x°+3

&5 Gidi

Bién doi:

1 1 1 1 |
x!+4xT+3 (X +D(x2+3) 2(x2+l x2+3)'
Khi dé:

1 dx 1
=3 RS 5

<+ Tich phan I, duge xdc dinh béng cich dat x = tant, —g £t < g , suy ra:

p. f t
dt2 = (1 + tan’t)dt & fix _ (1+tan“t)d

cos“t X“+1 tan’t+1

ax = dt.

Doi cén:
= Vaix=0thit=0,

= Véix=1thit= =~
4
Khi dé:
n/4
n/4 -

I, = j’cit+t0 2)
0

ki
7

+ Tich phan [, duge xac dinh bang cédch dat x = J3 tant, ——725 <t< % , Suy ra:

2
. t
dx = \/5(,“ =J§(l+tan°t)dt& ,dx = 1 (]Him i = ! dt.
cos” t X“+3 ﬁ tan“t +1 J§
Péi can:
= V6ix=0thit=0,
= Véix=1thit= =,
6
Khi dé:
] e /6 m
_ RE = . B
\/_OI Bl Teh
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Van de 6:
TI
Vidu 7: (PHQGHN Kho6i B — 97): Tinh tich phan 1 =
&5 Gidi
Bién doi T vé dang:
|
[ = j(\/x +1=+x)dx =§[(x + 12 x| = -;1(\/5 = e
0

Yidw 8: 7inh cac tich phan sau:
4
dx

a. (PHAN Khéi A — 1999): I = j

G xvx*+9 -

1
b. (PHQG HN Khéi B — 1998): I = jx3 1+x>dx

&5 Giai
a. Patt=Vx’+9 =dt= Lo
x2+9
Poi cén:
- Véix=+7 thit=4,
- VOoix=4thit=5
Khi dé:
]dx _Int—ss_llnz
-9 t+3, 6 4
b. Patt=Vx*+1 =dt= B & dx it
Vx? +1 X
Déi can:

- Véix=0thit=1,
. Véix=1thit=2
Khi dé:

i J3 1
= [(*=Dt*dt = |[(t* =)t =(=t'- =
.I( ) .I( dt = (20— 2

It

5 )
= — (4 1)
15(2+)

1dé 6: PHUONG PHAP TINH TICH PHAN CUA CAC HAM SO VO
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Yidyg 92 Tinh cdac tich phan sau:

2
dx
a. (DHSP IT HN Khéi A — 2000): I =
.'[xxll+x
a1
b. (DPHGT HN — 1998): I = j—dx
J3x +1
&5 Giai
. tdt
a. Datt=vx’+1 suyradt=—§—x—éx— ¢:>dx=2—2.
2Ux +1 3x
Péi can:
= Véix=0thit=+2,
* Véix=1thit=3.
Khi dé:
fo (L8 1 el 1 3422
=12 |t+lf; 2 3

b. Ta c6 thé lua chon mét trong hai céch dat an phu sau:
Cach I: Dat t =3x + 1 suy ra dt = 3dx.

Péi can:

- Véix=0thit=1,

- Véix:% thit=8.

Khi dé:
8

(t+ 2)dt 1

1 .
- B 3 9
Cdch 2: Dat t= /3x+1 suy rat’ =3x + | = 3t’dt = 3dx.
Déi céan:
* Véix=0thit=1,

|

—_r o

2 1

. Vdix=—;-thit=2
Khi do:
1 3@ +2)t%dt 1} 11
e, fa—t = M 2000 == (=%
fF— 3.I( dt = 2 (S0 +0)
Yidwy 10z Tinh cac tich phan sau:
1

a (HVKTQS-1998): 1= | o .
e 1+x+\/1+x2

, 46

15

b. (HVNH TPHCM Khéi A — 2000): I = J’——-—-dx.

o X #+4x*+1
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5 G({i!

a. Patt=x+ \/]+X3 suy ra:

-

t-x=VI+x? =2 @t-x)?=1+x% :>x'-t—-2—:—l
— 2_ 2 2
VIO il L i YO e 7Y
2% 2t 2t
Poi can:
" Véix= -lthit=+2 -1,
« Véix=1thit=+2 +1.
Khi do:
_lJ-I*‘(: +1ydt
2 = t(t+1)
Bién doi:
t+1 _A B _C _(B+OU+A+Bt+A
cti+1) ot t+l t2(t+1)
Pong nhat dang thic, ta duoc:
B+C=1 A=1 2
A+B=0¢& B=-—1:>t;t+l1 =tl2—%+%
A=1 C=2 (t+1) *
Do do6:
(200 i 3 11 G
== [(z-=+-—")dt==(-= -Inltl+ 2t + 1)[3" =1
2.t t t+l] 2 t

b. Bién doi I vé dang:
=_[ ‘(x-Vx*+1)dx = dex-_[x x? +1dx .

1I ll
# Tich phan I, dugc tinh bang cach:
) 1
1= Ix"dx = -l—x"’lo S,
2 3 S

+ Tich phan I, duoc tinh bang cich dat t= vx* +1 suy ra:

£=x2+1=>dt=dx & x*Vx> +1 dx = (& = 1)&dt = (¢ - P)dt.

Déicf_m::
s Véix=0thit=1,
= Véix=1thit=+2.

(1

()
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Khi dé:

2

i 1 d=22
L= [(t*=t*)dt =(=¢ — -2 = .
= [ -thdt = (of - 20)

o W7
15

: 15

Thay (2), (3) vao (1) tadugc I =

()]

Tood
Vi dy 11: (PHBK HN — 1995): Tinh tich phdn 1 = :

&5 Gidi
Ta c6 thé trinh bay theo cic cdch sau:
Cdch 1: Patt= VJx* -1, suy ra:
xdx dx xdx dt

\/x - X\/xz-l - x*Nx* =1 S+l

Déi can:

. me—ithlt=—

Vi 4

s Véix=+2 thit=1
Khi dé:

|

dt

e It2+1'
1\3

. T m
Dz_ltt=tanu,—5 U< —2—,suy ra:

du dt (1+ tan’ u)du

dt = —— =(1 +tan’u)du & — = : = du.
cos“u t“ +1 tan“ u +1

Déi can:

R ke

J3 6’

« Véit=1thiu= =
4

Khi dé:

1:]4 T
I= |du =u:;: = —,

J 12

Cdach 2: Datx = ,te(0; ) suy ra:
cost
sint dt
. ; ,

s sin tdt & dx  _ cos’ t " tan t.dt = i

cos’ t x~/x2 -] 1 1 tant

s O =i
cost Ycos™t
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Poi can:

2
= Vdix=— thlt-zt—
43 6
s Véix=42 thit—g
Khi do:
n/4 p
[= |dt =t|"} ==
‘1;[’ /6 12
Yidup 12: Timk, biét jlnkdx <e-—2.
X
1
5 (}I(il
Ta co:

<k .
In—dx = |(Ink-Inx)dx.
Inx X Ij.(n nx) X

pat:
u=Ink-Inx du=—-(—ji
= X .
dv = dx
W=
Khi do:

]mfdx = x(Ink —Inx)[ +]dx =e(Ink — 1) —Ink + x|
X 1

=e(lnk=1)—-Ink+e-1=(e+ 1)lnk - 1.
Tu do, ta duoc:
e-l

(e+ Dink-1<e-2&Ink< e—i o k<e =>ke {12}
e+

1

d
Vi du 13: (DH Thii Nguyen — 2000): Tinh tich phan I, = | - .
(1+x")¥1+x"

0

&5 Gidi
Bién doi I, vé dang;
L1+ x")—x"]dx "dx

X
=
5 (1+x")¥1+x" '[\/"]4-)( oj(l+x)f+x

Tinh tich phan J, bing céch dat:

(1)

1 3,
= n"l+xn P du_—xn |(1+X ) R dX
dv = dx e
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Khi dé:

b x"dx ] ‘
o
0

X
J, = +
V1+x"|, J(1+x“)\f" I +x" \/"2

1
Thay (2) vao (1), taduoc: I, = .
2
@ Chut y: Hau hét céc tai liéu tham khao trude day giai bai todn trén bang
phuong phép bién déi nhu sau:

1 -(n+1) 1 |

X dx | - (1+-)

I = =—-— |(1+x™") d(1+x™")
6[(1+x‘“)\/" 1+x™" '[

X I 1
Y1+x"|, 2

Cho du dép s6 bai toan la hoan toan chinh xdc, xong phép bién

déi trén 12 khong tuong duong boi x nhan gia tri bang 0 theo can.

Yidy 14: (DHAN - 1996): Tinh tich phdan 1 = J-)(z\/x2 +a’dx, vdgia>0.
0

&5 Gidi
bat:
du =dx

u=x
= ,
{ o Ty \% =-§\/(x2 +a%)’

dv =xvx“ +a“dx
Khi dé:
=—X \f(x2+a2)3 |3 —% I(x2+a2) x? +a’dx
0
- 2a*\2 Y ) ]‘xz W T —al J‘\/x2+a2dx
‘ 3 - K.
4 234\[— I\JX +a dx (])

@—1=—---_
3 3

Ta biét rang:

I= I\/x +a’dx —(— vx? +a’ +—2—ln|x+ vx® +a’
2 2
;/—+a—-lnll+\/_l

Thay (2) vao (1), ta duoc:
3 2a4\/_ 1, 22 a

__[ 3

(l

(2)

Inll ++/2 1] =% 3v2=1In(1 + V2.
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" Cha y: Boi han ché chuong trinh trong sdch gido khoa nén khi thuc hién
bai thi cac em hoc sinh can chitng minh lai cong thic:

Nxziadx=%\/x2ia i%lnlx+ Jx*tal+C.

ndé 72 MOT SO PHUONG PHAP TINH TICH PHAN CUA HAM SO
LUONG GIAC

Yidwy 1z 7Tinh cdc tich phan sau:

I<

"2 1 +sin 2x + cos 2X

a. (DHNNIKhoi A —18): 1= j : "dx .
/6 SINX +COS X

b. (PHGT TPHCM — 2000): I = js'" o
1,r/‘f’COS X

2n
c. (PHNT HN - 1994):T = j\/l +sin xdx .
0

&5 Gidi

a. Bién doi I vé dang:

n/2 . n/2
1 +sin2x cos 2x : :
I= _" . +— X = I(smx+cosx+cosx—-smx)dx
Je\SINX +COSX  sinX +COSX w06

/2
— 3 jcos xdx = 2sinx
6
b. Bién d6i I vé dang:
n/3 n/3 n/3

1
[ = .[tan X.——dx = Itan X.— dx = Itanzx(tan2x+l)d(tanx)
cos’ x cos’x cos X

%z -
n/6 =1

n/6
n/3
423 -8
I(tdn X + tan® x)d(tan x) —(—tan X + ;tan X)|¥e = —2—\{—;——
n/6

c. Bién déil vé dang:

21 2n 2n
. X X .3 o X e
= sin—+cos—=)"dx = |lsin—+cos—|dx = Ji | sin(—+—=) 1 dx
6[\/( 2 2) (;[ 2 2 5[ (2 4)

3n/2 2n
=21 J‘sin(i+£)dx - Isin(—;-+£)dXI

0 In/2

= f{—Zcos(— - —) sm 4\/-

ke +2cos(— + — 4
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n/3
Yidp2: (DHMDC — 2000): Tinh 1= | .
/6 sinx.sin(x+g)

dx

£S5 Gidi
Str dung déng nhét thirc:
. T
sin— -
1= 6 = 2sin[(x + —) — x].
. T 6
sin—
Ta duoc:
e ) 2sin[(x + g) -Xx] : 2[sin(x + g)cos X —Sin X.cos(x + g)_]
sin X.sin(x + %) sinX.sin(x + g) sin X.sin(x + g«)
m
cos(x +—)
cos X
== - — 6
e sin(x +g)
Khi dé:
;- cos(x + E) & 3
1=2 [[=— - 6 1dx = 2[ Inlsinx! - Inlsin(x + =)I]|*/} =2In> .
w6 SMX T gin(x +E) 9
6
: i : sin 2x
Yidg 3: (DHBK HN - 1999): Cho ham s6 h(x) = ————-.
(2 +smx)

a. Tim A,Bdé h(x) = AC?SX — + BCO.SX .
(2+sinx)”  2+4sinx

0
b. TinhI= [ h(x)dx.
-n/2

£S5 Gidi
a. Tacé:
sin2x _ Acosx Bcosx
2 +sinx)®>  (2+sinx)®  2+sinx
2sinx.cosx _ (A +2B)cosx + Bsinx.cosx
(2 +sinx)’ - (2 +sin x)°
Déng nhat ding thic, ta duoc:
{A +2B=0 {A =—4
~ :

B=2 B=2
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Khi d6:;

sin2x 4cosx 2cos X
2] = . 2 +- . : (] )

(245 mx) (2+sin x)° 2 +sinXx
b. Sudung (1) ta dugc:
0 . - 0
[ = J~ __4cosx g 2cosx dx = J» B 4 . 2. d(sinx)
(2+sinx)” 2+sinx L (2+sinx)” 2 +sinx

-n/2

4 .
= —+ 2Inl2 + smxl)'t_’ﬂ/z =2In2 - 2.
2 +sinXx

& Cha y: N&u bai toan duge phat biéu téng quat hon, nhu:
sin 2xdx
(2 +sinx)?

0
" Tinh tich phan 1= |
-n/2
Pé cic em hoc sinh dé nhin nhin ra phuong phéap thuc hién, ta
trinh bay nhu sau:
Bién déi I vé dang:

[= []- 2sin X.cos xdx
(2 +sinx)’

-n/2
bat t = sinx, khi do: dt = cosxdx
Déi cén:

s vaix=0=>t=0,

. 18
" VoiIX=—— =t=-].
2

Khi do:

2 41)= 2, 1
=2 fio

0
1=2 d
'[(2+t) L (2+t) it

(2+t)

=2(Inl2 + tl + _—)| =2In2 - 1.

Trong bai toan trén s& di ta dinh huéng dugc phép bién dOl nhur
vy la bai nhan xét rang:
R(sinx, —cosx) = —R(sinx, cosx)
do do sir dung phép déi bién tuong ting 1 t = sinx.
2 .
sinXx+7cosx+6

Vidpd4: (PHTCKT - 1996): Tinh tich phdn 1= j , dx..
o 4sinx+3cosx +35

&5 Gidi
Gia st
sinx + 7cosX + 6 = A(4sinx + 3cosx + 5) + B(4cosx — 3sinx) + C
= (4A - 3B)sinx + (3A + 4B)cosx + 5A + C.
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Déng nhat ding thic, ta dugc:

4A -3B =1
3A+4B=7T < A=B=C=1.
5A+C=6
Khi dé:
n/2 ; .
- 1
- I(1+ 4-cosx 3sinx o i
: 4sinx +3cosx+S5 4sinx+3cosx+5
_ m:fdx . "/f(4ctosx—3sinx)dx B "’f | dx | )
: 5 4sinx+3cosx+35 o 4sinx +3cosx +3
I % N
Trong dé:
n/2 .
I, = de =xg/'=5. (2)
I = "’f(4cosx—3sinx)dx B "/f d(4sinx +3cosx +5)
’ 5 4sinx+3cosx +35 o 4sinx+3cosx+35
= Inl4sinx + 3cosx + 5l|;2 =ln-§—. (3)
n/2 n/2
= i |
L= I g% =—1— ———Elx—-—=—-l—tanx - g"'-_—-.(4)
5 [1+cos(x—a)] 10 | cos? x=a 10 2 6

Thay (2), (3), (4) vao (1), ta duge I = g & '"% "

1
e
T Cha y:

: ; : b 4 J
1. Gia tri a trong 161 giai trén dugc xac dinh boi: sina = % & cosa = e
. 2. Loi khuyén danh cho cdc em hoc sinh trong viéc tinh gia tri cuz I, la su

dung phép dat an phu t = tan% , cu thé:

X
batt = tani , ta duoc:

dt=l. : dx=l.(l+tan2"2_)dx=l.(l +t2)dx:>dx=-'-'—d—-
¢ 2 1+

X 2’
cos’ =
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Do can:
*» VGix=0thit=0

i VEig== ilit=1
2

Khi do:
| 2dt 1 :
I, = I | +t° _J' dt : __1_
04§L_+3““* ) S+L) t+2|,
141* 14t

Yidy 32 (PHQG TPHCM - 1999): Tinh tich phan:

I = Icospx.cosqxdx khi {pzq
0

&5 Gidi

Truong hop 1: Véip = qth‘l

2n

0

Truong /lUp 2 Véip+#q lhl.

— I[cos(q + p)x +cos(q —p)xJdx

2
1 :
= —| sin(p + q)x +
2 p+
Vay, ta dugc:
(= /® Néu p=q
0 Néup=q
Vidg 6: Tinh cdc tich phédn sau:
n/2 dx /3 d
T b f——.
o 1+cosx n/4 SIN2X

& Gidi
a. Ta c6 thé trinh bay theo céc cich sau:

X
Cdch |- Datt= tanE , ta dugc:

d(:—l—. 1

X
cos’ =

Déi can:
= VGaix=0thit=1,

" n .
. V(TIX=-f)—thlt=].

=

pP#q.

[= |cos’qxdx = — (l+cos2qx)dx = —(x + —l—sm2 x)
2q 1

dx = l(1 + tanzi)dx= l(l +t)dx = dx =
2 2 2

2dt

1+t

7 -
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Khi do:

2dt
"2 dx ' 2 ‘
f =J—1it—2—=_[dt=t|},=l.
o l+cosx : -t :
1+ -
_ 1+t
Cdch 2: Ta bién déi:

®/2  dx _ /2 dx _ tani 3,2 -1
o 1+cosx B gt X X 2

b. Ta c6 thé trinh bay theo céc céch sau:
Cdch I: Dat u = tanx, suy ra:

2 2 d
du= — = (1 +tanx)dx = (1 + O)dx = dx = —2
cos” X l1+u’
Déi can:
2o B s
* Véix=— thiu=1,
4
& Vc’rix=§th1u=\/§.
Tir do:
L A ¥
n/3 2 1 3
.dx = J'1+u =—Id—u——ln|ul =—1-(]n\/§—lnl)=yl—.
rasin2x 7 2u 27 p e 4
1+u?
Cdch 2: Ta bién déi:

& .17

1
2aSiN2X 2 ./48iNX.COSX 2 g/4tanx.cos’ X Lwuih talix

n/3

=%lnltanx| (lnx/— ln]) hf

n/4

Cdch 3: Ta bién déi:

/3 dx _ lm(sm X + cos’ x)dx _1 f (smx cosx)dx
x/aSIN2X 2. Sin X.cos X 2 x4 cOSX  sInX
n/3
=~]-(—ln|cosx|+ln|sinxl) = E
2 - 4
Yidp 7: (PHQG TPHCM Khéi A — 1998): Tinh tich phan:

n/2
3 .
I= jcos X.sin® xdx .
0



£S5 Gidi
Bien doi I vé dang:
/2 /2
= I(l —sin® x).sin® x.cos xdx = J‘(sin2 X —sin® x).cos xdx .
0 0
bat t = sinx, khi dé: dt = cosxdx
Doi cén:
» Véix=0thit=0,
- T ..
* Voix=—thit=1.
Khi do:
|
: 1 1 2
I= |(*=-tYdt = (=P =-=-P) | =—.
J 35 h 15
& Nhdn xét: Trong bai toan trén so di ta dinh huéng duoc phép bién déi nhu
vay la boi nhan xét rang:
R(sinx, —cosx) = —R(sinx, cosx)
do d6 sur dung phép doi bién tuong ing 1a t = sinx.
Ngoai ra bai todn trén con c6 thé duoc giai bang viéc bién déi biéu
thiic: cos’x.sin’x vé dang tdng cua cac ham lugng gidc, cu thé:

. ' ]
cos’X.sin’x = I sin’2x.cosx = —87(1 — c0s4x).cosx

=% (cosx — cos4x.cosx) = 3 [cosx — —;- (cos5x + cos3x)]

= —l-lg (2cosx — cos5x — cos3x).

VYidg 8: (HVNH TPHCM Khoi D — 2000): Tinh tich phan:
4
f= J' sm X

-

1+cos’ X

£S5 Gidi
Biéen doi I vé dang:

dx =
2 l+1+c052x d 3+cos2x

dx

[ “/Jf 2sin2x.cos2x "’:f4sin2x.c052X

bat t = cos2x, khi dé: dt = — 2sin2xdx
béi can:
» Véix=0thit=1,

o Véix=2Z thit=0.
4
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Khi do:
—2tdt % tdt C(t+3)- 34
= j 2 _7J'

3+t t+3 ¢ X439

: 143

= —2(t - 3nlt +3|)| 2+6In%

&= Nhan xét:
1. Trong bai todn trén so di ta dinh huéng duoc phép bién doi nhu vay la bai
nhan xét rang:
R(-sin2x, cos2x) = —R[sin(—2x), cos(—2x)]
do d6 sir dung phép déi bién tuong tng la t = cos2x.
2. Viéc lua chon 4n phu & mot vai bai toan cin dugc dinh huéng sau mot vai
phép bién déi.

n

/2
d
Yidgp9 (DHLN - 2000): Tinh tich phan 1= | e
5 1+cosx +sinx
&5 Gidi
batt= lan% ,la dirqc:
o dt
dt = —1— 1 dx = l.(l +tan25)dx= —]-.(l +t2)dx = dx = —2———
2 2 X 2 2 1 +1t?
COS —
2
Péi can:

. vmx—omn~0

. Véix— thit=1.
2

Khi d6
2dt |
1 1
P BN FYCHN S S )
Tlo-2 . 2t Je+2t43 0 142, 6
1+ =+ 2
1+1° 1+t

sin X.cos x.dx

n/2
Vi i\ 10: (DHTCKT — 1995): Tinh tich phan 1= | —
3 Vb2 cos® x +c?sin? X

&5 Gidi
Ta di xét hai truong hop:
Truomg hop 1: Néu b? = c? <> b = #c.
Khi do:
/2

I=Ljsin2xdx=— 1 cos2x|5"?
21b1 ; 41bl 2

‘

o
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Truong op 2: Néu b’ # c® < b # +c.
Paitt= \[hz cos’ x +c’sin’ x , khi dé:

(¢’ —b*)sinx.cos xdx

\/—‘LOS X +c’sin’ x

Poi cén:

= Voix=0thit=Ibl,

dt =

y - - T[ ~
B \01x=5 thit =lcl.

Khi do:

B 1 |-1b
jdt —;——,.t:;:zlc., .,I= ] .
c —b° c —-b° lcl+1bl
Tom lai ta duoc:
—]—— khi b=1c
21bl
1

lcl+1bl

l= '
khi b # *c

& Chu y: Ciing c6 thé sit dung phép déi bién t = b’cos’x + c¢’sin’x.
't 3sinx +4cosx

Vi dy 11z (DHTL — 2000): Tinh tich phan 1= [-—; —dx.
5 3sin” X +4cos” X

£ Gici
Biér déi I vé dang:
Y 3sinxdx "t 4cosxdx
=[5 % e M
5 3sin“x+4cos"x 7 3sin" X +4cos” X
\ ! I
a. Tich phan I, dugc tinh bang céach dat t = cosx, khi dé dt = —sinxdx.
Péicén:
= Véix=0thit=1,
. vaix=32‘—thit=o.
Khidé:
0 1
II=J' -f:dt =3 dtz.
'3(1-1")+4t 33+t
Dait= \@tanu,—-g <u<§ suy ra
t 1 (1+tg’u)d 1
gr=30 B (1 + artuin & L G 1), P
cos’ u 243 3  tglu+l V3
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Péi can:
= Véit=0thiu=0,

s Véit=lthiu=£.
6

Khi dé:
n/6
jdu_— u|>® _m3 2)
6
b. Tich phan I2 dugc tinh bang cach dat t = sinx, khi dé dt = cosxdx.
Péi can:
= Veix=0thit=0,
" Véix=— thit=1.
2
Khi dé:
1 1
= |5 =4 [-= i = In3. (3)
5 4(1 ~t%) 54— [

Thay (2), (3) vao (1) ta dugc I = # +1n3.

Vi dy 12: (DH TCKT HN - 1999): Tinh tich phan 1= [x.cos* x.sin’ xdx.
0

&S Gidi
Ditt = 1 — x, khi d6 dt = — dx
Déi can:
= V6ix=0thit=mn,
* Véix=nthit=0.
Khi dé:

0 =
I= j(n —t).cos* (m—t).sin’ (T —t)(=dt) = j(n —t).cos* t.sin’ tdt
0

"
T .4 n
=N I.cos‘ t.sin’ tdt — It.cos4 t.sintdt =7 J‘.cos4 t.sin®tdt =1
0 0

n

n
&a2A=x j.cos“ tsin‘tdt 1= I.cos‘ t.sin’ t.sintdt .
0

T
2
Pat'u = cost, khi d6 du = - sintdt

Péi can:

= V6it=0thiu=1,

= Véit=nthiu=-l.
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Khi d6:

nt 1 ]

=1 -1
T |

l=- = Iu4(l—u2)du=—; j(u4—u°)du=-—(—u5——u7)
= 1 =T

. 7
Yidwy 13: Tinh cac tich phan sau:

|

a. (HVKTMM - 2000): I = J'x tan® xdx .
0
r/2

b. (DHBK HN - 1994): 1 = j X cos’xdx .
0
;éﬁ; (fhfi
a. Bien doi I vé dang:

i 1 xdx
- '[X(coszx_l)dx B -[cos X Ide
ﬁ_’

Xic dinh I, bang phuong phép tich phan timg phén, nhu sau:

0

A du = dx
dx < :
dv =— =tanXx
cos” X
Khi do6:

]
I, = xtanxlf, ~ Itgxdx = (xtanx + Inlcosxl)|; = tanl + In(cos1).

0
Ngoai ra:
1

Iz=_leo = —.

2 . 2
Thay (2), (3) vao (1) ta duoc I = tanl + In(cos]) - %
b. Bién d6iI vé dang:

n/2 n/2 n/2
1= L4 Ix(l+cost)dx = l( dex + IXCOSZdeJ'
2 0 2 0 0
i i L

trong dé:

Vé tich phan L duqc xac dinh bang phuong phap tich phan timg phén:

du = dx
{uzx

— 1 :
dv = cos 2xdx y= Esin 2x

_2n
35

(1

(2)

3)

(1)
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Khi dé:

L= 3 Xsin2x :

n/2
Mz - Isiandx = -]—(xsin2x+ lcos2x) ve o8 (3)
. 2 2 2

Thay (2), (3) vao (1) ta duoc:

2

=, r_1
1 4 2
"2 X +sin X
Vidy 14: (HVNH TPHCM Khéi A — 2000): Tinh tich phan 1 = j ——dx .
5 €OS" X
&5 Gidi
Bién doi I vé dang:
n/3 /3 .
e I xdzx P J-smxz.dx. 0
o cos”x 5 cos’x
T I
trong doé:
n/3 . n/3 x/3
fia J- smzx F— J-d(cozsx) _ 1 =4 2)
5 cos” X cos” X cosxl0

0

Vi tich phan I, dugc x4c dinh bing phuong phép tich phan timg phan:

it du =dx
dx <

dv =— v=tanx
cos’ x
Khi dé:
n/3 3
I, = xtanx|;” - Itgxdx = ( xtanx + Inlcosx) [} = n_3\/; +In— (3)
0
Thay (2), (3) vao (1) ta dugc I = 1‘-‘35- + In% 24,
72
Vi dwy 15z Tinh tich phdan 1= I cos’ X.cos’ 2xdx .
0
£5 Gidi
Xét tich phan:
%/
I= Isinz x.cos’ 2xdx .
0
Ta c6 nhan xét:
n/2 n/2 1

I+])= Icosz 2xdx = g I(l+cos4x)dx =
2 0

(x + lsin4x) =
; 4

2 n
3 4
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n/2

n/2
I-]= I0033 2xdx = I(coséx +3cos2x)dx
0

]
4

Sin6bx + %sian) g’z =)

& Nhdn xét:
I. Ta hoan toan c6 thé xac dinh tich phan da cho bing phuong phap bién déi
luong gidc thong thudmg, cu thé:

Ta co:
cos’X.cos’2x = %(1 + cos2x)(1 + cos4x)
= L (1 + cos2x + cos4x + cos4x.cos2x)
4
= -214— [1 + cos2x + cos4x + —;:(0086)( + cos2x)
= —:;-(2 + 3cos2x + 2cos4x + cos6x)
Khi do:

/2
I= % J-( 2 + 3¢os2x + 2cosd4x + cosbx)dx = %
0

2. Ngoai ra bing viéc sir dung phuong phdp déi bién, ta ¢6 thé nhin nhén
duoc nguyén ham phu (nhu trong chii dé 6). Ta nhéc lai hai phép d6i bién
rit phé bién la:

n/2
* Véil= [fdx c6thédatt= 12‘- - x.
0

" Vé6il= n[fdx c6 thé datt=m — x.
Vi bai toein0 trén ta thuc hién nhu sau:
Dat t = -’25 — X, khi d6 dt = —dx.

Péi can:

= Voix=0thit=

’

T
2

. Vdix=12t—th‘|t=0.
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Khi dé:
n/% 0
I= |cos®x.cos’2xdx = Icos"‘(—’z— t).cos’ 2(E —1)(=dt)
3 o2 2 -2
n/}.!
= |sin’x.cos*2xdx =7J.
0

Ta co:
n/2 x/2 1 n
I+])= I cos’ 2xdx =—— j(l+cos4x)dx -—(x+ :1-51114)\) B =
0
s
Suyral= —
4 8

/2
Yidy 16: (DHTM HN - 2000): Tinh tich phan 1 = I i —dx..
o (sInX +cos x)’
&S Gidi
Ta c¢6 thé trinh bay theo cic céch sau:
Cach I: Gia sur:
4sinx = A(sinx + cosx) + B(cosx — sinx) = (A — B)sinx + (A + B)cosx
DPéng nhit ding thic, ta dugc:

A-B=4 A=2
== .
A+B=0 B=-2
Khi dé:
[= "/f 2dx : ZnT (cosx —sinx)dx
o (sinx +cos x)?
n/2

o (sinx +cos X

2dx ~ "’f 2d(sinx + cosx)

. 3
: T X + COS X
0 2sin*(x+ %) o (sinX + cosX)

1
(sinX + cosx)’

1| =2.

= [—cot(x + %)-!—

Cdch 2: (Su dung nguyén ham phu): Xét tich phan:

n/2
¥ _[ 4cosx il

J (sinx +cosx)’

Ta c6 nhéan xét:
n/2

I+)= j 4 T

-dx = I———-—— = —cotan(x + —) 2 =4,
. 2 I 4
0 sin (x+z)

(sinx + cosx)’
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n/2
dx = -

n/2 — U

Joq= J~4(cosx—sinx) 2

. . 0
. (sinx + cosx)’ (sinx +cosx)’

Sinal=2

Vin dé 8: PHUONG PHAP TINH TICH PHAN CUA CAC HAM SO MU

P

VA LOGARIT
Yidy 1z Tinh cac tich phan sau:

1
a. (DHCP - 2000): 1= j o
e +3
o dx
b. (PHY HN - 1998): 1—j —.
o€ +e
&5 Gidi
a. Bién doi I vé dang:

2

_%'I(l_

b. Bién doi I vé dang:

C

: I ]
X = —(x— —Inle”™ + 3l)|, =
+3)d 3( 2 )|°

] 4
—In - )
6 e +3

.
3

I*lj dx j-[(c +l)—-e"]dx='JA[_l__ 1 }dx
e’ (e" +1) e*(e" +1) sLe* €'+l

0

= _I_.—_E_t_!—_e._ dx_—_ e_"_]+ le
s e* e’ +1 e e" +

e-—1 -

= (—e™ = X + Inle* + ll)l,; =

&5 Gidi
Bién déi I vé dang:

0 2
[ = Iln(x+\/xz+l)dx + Iln(x+\}x2+l)dx.
) 0

0
Xét tinh phan J = J.ln()(+\/x2 +1)dx .
-2

bit x = ~t suy ra dx = —dt.
béi can:

* Véix=-2thit=2,

* Voix=0thit=0.

=i .

]dx
1

2
Vidu2: Tinh tich phan 1= jln(x +Vx2+1)dx .
-2

(1)
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Khi dé:
0 2 2
=—pm4+Jﬁ+nm=—jmu+h?nyn=~ﬁmx+ x> +Ddx. (2)
0 0

2
Thay (2) vao (1) ta dugc I = 0.
Yidp 3: (PHBK HN - 99): Cho ham sé g(x) = sinx.sin2X.cos5x.
a. Tim ho nguyén ham cua g(x).
" g(x)dx

b. Tinhl= )
e +1

-n/2
&S Gidi
a. Sirdung cdc phép bién déi tich thanh t6ng, ta dugc:
g(x) = %(sinGx — sin2x)sin2x = %(sin6x.sin2x — sin’2x)

1.1 1 ]

=—[— (cos2x — cos8x) —— (1 — cosdx)] =— (cos2x + cos4x — cos8x — 1
5 [2( ) 2( )] 4( c = 1)
Khi dé:

G{x) = ?}I(cos2x + cos4x — cos8x — 1)dx
1. 1 . |
= — (—sin2x + — sindx — — sin8x —x) + C
4 2 4 8

= é (4sin2x + 2sindx — sin8x—x) + C.
b. Bién déi I vé dang:

X )dx X)dx
J‘g( ) J‘g( ) _ %
m_e +] 0 € +1
§ i
Xét tinh phan I, bang cédch dat x = —t suy ra dx = —dt.
Péi can:
« Véix=-=thit= =,
2 2
= V6ix=0thit=0.
Khi dé:
t)(—dt /2 _t [dt x/2 «x d
1 Ig( )(=dt) _ IC%() = Iegx(X)x' 2)
e +1 e +1 e +1

/2

Thay (2) vao (1), ta duoc

/2 «x n/2 /2
X)dx x)dx _ e’ +Dg(x)dx _
[= I_gLL_+_ g (x) I 3%) fgxMx
§ &+l g o+l - e’ +1 :
= -512- (4sin2x + 2sindx — sin8x)|3"* =0.
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) 1
Yidy 4z Tinh tich phanl= J-xze"‘dx ;
0
25 Ga
Taco thé trinh bay theo cdc céch sau:
Cach ! Pat:
J’u =X du = 2xdx
= .
| dv = e *dx

=X

v=-—¢
Kti d6:
| 1 |
[==R'e™"p +2jxe“dx =—l +2Ixc"dx. ' (1)
0 ¢ 0
J

Xét tich phan J bang céch dat:

Ju =X do =dx

Loy .

l‘dv =e "dx v=—e dx

Khi do6:
| |
J=—xe“0+Ie"dx =—l—e"‘:)=l——2-. (2)
. e ¢
i " 5
[hay (2) vao (1), tadugc I =2 - —.
e
Cdch 2: Ta di xac dinh nguyén ham clia ham s6: f(x) = x%¢™, gia sir:

F(x) =/x%™ =[x%™dx =(ax’*+bx +c)e™ +C. (3)
Lay dao ham hai vé cua (3), ta duoc:

x%e™ =[-ax*+(2a-b)x + b—cle™. (4)
Péng nhat ding thic, ta duoc:

[a = -1 a=-1

2a-b=0&={b=-2 =2 Fx)=(-x>-2x-2)e*+C.

1b =g =0 c=-2

Do dé:

1= (—x*-2x-2)e”|; =P
c

n/2

Yidp 5: Tinh tich phdnl= j e” cosxdx .

o

&5 Gidi

Ta c6 thé trinh bay theo céc cich sau:
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Cach I: Pat:
{u = COS X {du=—sinxdx
= .

X

dv =e*dx Y=g
Khi dé:
n/2 n/2
[ =e*cosx|;? + Ie" sinxdx =-1+ J.e‘ sinxdx .
0 0
—— —— — —
]
Xét tich phéan J bang cach dat:
u=sinx du = cosxdx
Lo y
dv = e*dx v=eg"
Khi dé:
n/2
J =e'sinx|y? - Ie" cosxdx =e™ -1.

0
Thay (2) vao (1), ta duoc I = %( e™ —1).

Cach 2: Ta di xac dinh nguyén ham cua ham s6: f(x) = e*cosx, gia str:
F(x) = [e*cosxdx = (a + b.cosx + c.sinx)e* + C.
Lay dao ham hai v€ cua (3), ta duoc:
e*.cosx = [a + (¢ + b)cosx + (¢ — b)sinx]e".
Déng nhat ding thic, ta dugc:

a=0 a=0
c+b=1 = 1 &= FX)= l(cosx+sinx)e"‘ + C.
b=c=— 2
c—-b=0 2
Do dé:
1 n/2 1
= —(cosx + sinx)e*|0 = —(e™ -1).
2( ) 2( )

Yidgp 6 Tinhtich phinl= Ix In(1+x%)dx .

o

&5 Gidi
bat:
- 2xdx
" 2 - 2
u—ln(1+x)<:> 1+x ‘
dv = xdx |
V=—X
2
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! 3
y ) d I2 1)—x]d
1= Sxin(l 4y, - 2 -2 j"‘(" D =xlex
2 J1+x’ [+ x?
In2 ' X In2 1 1
=— - |(x- _)dx = — - [=x? ——lnl+x) =I|n2 - —.
2 ﬁ P > 15 2 It 2

1
Yidw 7z Tinhtich phanl = Ie”"dx :
0
25 GIVU,II
Viet lai I duéi dang:
|
| = Ie"c“dx :

0
Datt=¢"suyrae’dx =dt.
Doi can:
® Véix=0thit=1,

" Vaix=1thit=e.

Khi dé:
I = J-te‘dt
bat:
=i du =dt T | : an
=>I=te'|] - Ie dt =e*"' —e—¢'|] =" —¢°
dv =e'dt V=g !
n/2
Vidus: (DHKTHN - 99): Tinh tich phdn 1= [e™* sinx.cos’xdx
0
&5 Gidi
Dat t = sin’x suy ra dt = 2cosxsinxdx.
béi can:

" Véix=0thit=0,

2 LA
" Véix=_thit=1.

‘.-

—“I | 1— d --“"'1 | td = | 'd —_1 |I - | d
- t — t 0 t ’ t

|
I
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Ta di xdc dinh tich phan I, bang céch dat:

=t du = dt . & iy
— :>I,=te'l0-J‘cdt=c-—e(,=l.
dv =e'dt v=e :

Thay (2) vao (1), tadugc [ = %(c - 1).

]-ln\/3 1+1In*x

X

Yidu9: Tinhtich phinl = % .

1
&S Gidi
Bién déi | vé dang:
TIn(1+In*x)

I= - |——dx
3 : X

Patt=Inx suyradt = 2’—(—
X

Déi can:
" Vgix=1thit=0,
= Véix=ecthit=1.
Khi dé:

1! :
— |In(1+t°)dt
301( )

bat:
{u =In(1 +t*) du = 2tdt2
g I+t
dv =dt
v=t
Khi dé:
1 ' tidt In3 2 (P +1-1)dt
=—t.|nl+t2'—2 2 -=
lLin1 + ], OI t’ 3 3J 1+¢
s 2 ! ' 2., 2% dt
—-——-— dt — = - =t|, + = -
3(! OI 7" 3|° 35[1+r

2

ln3 2, 2 d
3

01+t

Ta di xdc dinh tich phén I, bing céch dat t = tanu, —g AL g suy ra:

L2
dl; il e it dt _ (I+tan” u)du

cos‘u 41 tan’u+1

dt = = du.
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Poi can:
® Vort=0thiu=0,

. X T
= Yoit=1thiu= —.
4

Khi 16:
= jdll-tl'”a:%. (2)
Tha' (2) vao (1), taduoc I = Liiet + 1;-

Van dé9: PHUGNG PHAP TINH TICH PHAN CUA CAC HAM SO
DANG PAC BIET

Troig chu dé nay, ching ta cing nhau di chimg minh mét s6 tinh chat cho
nhitng 15p tich phan dac biét, bao gébm:

Tinh chat 1: Néu f(x) lién tuc va 1a ham 1¢ trén [—a; a] thi:

]f(x)dx = 0.

Tirh chat 2: Néu f(x) lién tuc va 12 ham chan trén doan [—a; a] thi:

aJ‘f(x)dx =2 ]f(x)dx :

Tirh chat 3: Néu f(x) lién tuc va chin trén R thi:
'] f(x)dx

a” +1

~

= If(x)dx véi VaeR "™ vaa>0.
0

-

Tith chat4: Néu f(x) lién tuc trén [0, 12‘-] thi:

n/2 n/2

If(sin x)dx = If(cos X)dx .

Tith chat5: Néu f(x) lién tuc va f(a + b — x) = f(x) thi
a+b

Ixf(x)dx = If(x)dx
Hléqua 1: Néu f(x) llén tuc trén [0 1] thl

j xf(sin x)dx = 5 j f(sin x)dx .

a
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Hé qua 2: Néu f(x) lién tuc trén [0, 1] thi:

2n-a n-a
I xf(cosx)dx =m I f(cosx)dx .
Tinh chat 6: Néu f(x) lintuc vaf(a + b — x) = — f(x) thi
J'f(x)dx =

Tinh chat 7: Néu f(x) lién tuc trén doan [0, 2a] véi a > 0 thi
j f(x)dx = J'[f(x)+f(2a-x)]dx .
0

Tinh chat 8: Néu f(x) lién tuc trén R va tuin hoan vai chu ky T thi
a+T

If(x)dx If(x)dx

a

Dé tién cho viéc minh hoa, ta phét biéu cdc tinh chét nay theo dang 1, dang
2, dang 3,..

DANG 1: Néu f(x) lién tuc va [a ham I& trén [-a; a] thi T= _[f(x)dx = 0.

&5 Chitmg minh
Bién déi I'vé dang:

I= ]f(x)dx = (]‘f(x)dx “+ nj'f(x)dx. (1
-a 0

=a
S
J

Xét tinh phéan J bing cach dat x = —t suy ra dx = —dt.
Péi can:

= x=-athit=a.

s x=0 thit=0.

Mat khéc vi f(x) 1a ham l¢ nén f( - t) = — f(t).

Khi dé:

0 a a
J= - jf(—t)dt = - jf(t)dt = - jf(x)dx. (2)
a 0 0
Thay (2) vao (1) ta dugc:
I= - jf(x)dx + jf(x)dx =0.
0 0

X+CosX

VYidypl: (PHGT - 2000): Tinh 1= j ——dx.

n/l = SII] X
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5 Gai
Vit lai T duéi dang:

n/2

_pd-sin x5 4-sin"X
a. Tacd:
/2 0 n/2
xd
L= [ = [ j 2)
g d—sin” X _n/,4—sm X 2 4 —sin’ x
0
d
Xét tinh phan I, = j - .xﬁ :
' _n/14—sm‘x
it x = —t suy ra dx = —dt.
Doi can:
« Véix=-— thit= =,
2 2
= Vaix=0 thit=0
Khi dé:
% —t(=dt) T tdt T xdx
I:J -2 =—J. -2=_.[ el 3)
Jad—sin(=t) 5 4—sin"t 5 4-sin” X
Thay (3) vao (2) ta dugc I, =0. (4)
b. Ta cé:
n/2 /2 . .
- 1
k= _[ cos?(dlx _ J- (‘i(fmx) _ ——l—ln sTnx 2 =1, 5
g 4—sin” X _qpsin“x—4 4 |sinx+2|_, 4
Thay (4), (5) vao (1) ta dugc
1= 2.lln9 = l_n_g
4 2

DANG 2: Néu f(x) lién tuc va 13 ham chén trén doan [—a; a] thi:

I= ]f(x)dx = 2 ]f(x)dx :

&5 Chitng minh
Bién déi I vé dang:
a 0 a
I= If(x)dx = j'f(x)dx ks If(x)dx. (1)
b4 i 0
J

Xét tich phan J bang cdch dat x = —t suy ra dx = —dt.
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Péi can:

= Végix=-athit=a.

= Véix=0thit=0.

Mait khac vi f(x) 1a ham chan nén f(—t) = f(1).

Khi dé:
0 a a '
J=—[f(-t)dt = jf(t)dt = jf(x)dx. (2)
a 0 0
Thay (2) vao (1) ta dugc:

I=2 ]f(x)dx :
0

T Chu y:
1. Trong pham vi phé théng tinh chit trén khong mang nhiéu y nghia iing
dung, do d6 khi gap céc bai todn kiéu nay chiing ta tot nhat cit di xdc dinh
I= [f(x)dx

bang cach théng thudng, thi du vdi tich phan:

n

I= Icos x.dx.

-

Ta khong nén sir dung phép bién déi:
I[=2 |cosx.dx =2sinx|; =0.

0
bai khi d6 ta nhit thi€t phai ching minh lai tinh chat 2. Piéu nay khién bai
todn trg 1én cong kénh hon nhiéu so véi cdch 1am thong thuong, cu thé:
* =0
2. Tuy nhién khong thé phii nhan su tién lgi ciia n6 trong mot vai trudng hop riéng.
Yidg 2: (PHSPHN II - 1998): Cho f(x) lién tuc trén R va thoa man:
f(x) + f(-x) = ¥2-2cos2x VxeR.

I = sinx

In/2

Tinh tich phdan 1 = I f(x)dx .
-3n/2

&S Gidi
Bién d6i I vé dang:
0 3n/2
I= I f(x)dx + J"f(x)dx. (1)
-3n/2 0

J
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Xét tinh phan J bang cach dat x = —t suy ra dx = —dt.
Pai can:

= Vi x=—3—n thit = zt—
2 2

" Véix=0thit=0.

Khi do:
0 3n/2 In/2
[ f(=t)=dv) = jf(—t)dt = [ f(-x)dx. (2)
In/2 0 0

Thay (2) vao (1), ta duoc
In/2 3n/2 3n/2 Inf2

[= [ f(-x)dx + jf(x)dx = I[f(——x)+f(x)]dx = sz—zcoszxdx
0 0 0 0
In/2 1 3n/2
= [21sinxldx =2( [sinxdx = [ si " +cosx|*?)=6.

0 0 n

DANG 3: Néu f(x) lién tuc va chdn trén R thi:

[= (]f(x)dx
a’ +1

- If(x)dx voi VaeR* vaa>0.

&5 Cluimg minh
Bién d6i 1 vé dang:
% f(x)dx f(x)dx f(x)dx
[= = :
J‘a"+1 J‘a +I Ia“+1

-a

]|
Xét tich phan I, bang cich dat x = -t suy radx = —dt.
béi can:
*» Vgix=—athit=a
* Vgix=0thit=0.
Mat khac vi f(x) 1a ham chan nén f(-t) = f(t).
Khi dé:
f(-t)ydt  %a'f(dt  “ea'f(t)dt
I, = — = = :
ja "+ J.a‘+l Ia'+l
Vay, ta dugc:
fa'f(hdt  ef(x)dx  (a* + Df(x)dx
I — - [
(;|'a'+l Ia"-&-l I a* +1

0 0

= ]‘f(x)dx.

\/—2_

Vidg3: (BHPCCC —2000): Tinh tich phin 1 = j =
+

¥4



£S5 Gidi
Bién doi I vé dang

I- J-I—x

_ﬁ,—b—u—d
II

Xét tich phan I, bing cdch dat x = —t suy ra dx = —dt.
Paéi can:

s Véix=-1thit=1.

= Véix=0thit=0.

Khi do:
% (1) 2112, 02" J1-x2.
= e D i (RN o BT
1+2 s 1+ g T#2
Vay,tadu'qc.
I Ax 2 1 _ _ 2 ’ 1
I=J‘2 1 Xx.dx+j\/1 x —I(1+2)\“xx°dx=j\/’]—f_x‘z.dx.
g ¥ad g 144 1+2 :
G , m . .
bit x = sinu, g SuS—z— thi dx = cosudu.
Péi can:
. Véix:]th‘:t=g.
= Véix=0thit=0.
Khi do:
n/2 n/2 12
I 1 —sin’u.cosudu = Ilcosulcosudu = Ic052 udu
0 0 0
1 n/2 1 T T
- I(l+cosZu)du —-(u+ —sin2u)|,* = —.
) - 2 2 4
n/2
Vidu4: (DHD HN - 1996): Tinh tich phan 1= | e
+
-n/2
25 Gidi

Bién d6i I vé dang:
0 2 1.
- j-x.lsmxlx+ J-

. 1+27 3

N xz.‘sin x|

1+2*
= (]' x2.sinx.dx : "/f x*.sinx.dx
1+2° 1+2*

—

(1)

-n/2 0

v

I
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X¢ét tinh phan I, bang cach dat x = —t suy ra dx = —dt.
boi can:

g 1L . T
= Voix=—— thit=—.

= Vaix=0thit=0.

Khi do: '

[ = [""(—l)z.sin(—l).(—dt)__n/f 2.7 sint.dt __“/f 2" x*.sin x.dx

e |52 Jo1+2 1+3*
Thay (2) vao (1), ta dugc:

[ ‘T 2*x’.sin x.dx +“/J-2 x”.sinx.dx _’/2 (1+2%)x*.sinx.dx

e I+2° s Ll : 1+2°
bat:
u=x’ du = 2xdx
~ :
dv = sinxdx vV =-—CosX
Khi do:
n/2 n/2
[ = —x%cosx|}? +2 Ix.cosxdx =2 Ix.cosxdx .
0 0

bat:

Ju =X du =dx

=5 T s

1dv=cosxdx vV =sInX

Khi do:
n/2 T
[ =2(x.sinx|}? - J'sinxdx ) =2[5 —(=cosx)|*]=m-2.

DANG 4: Néu f(x) lién tuc teén [0; g] thi:

n/2 n/2
j f(sinx)dx = I f(cosx)dx .
0 0

&5 Chitng minh
batt= g — X suy ra dx = —dt.
béi can:
. . n
= Vgix=0thit= =

. Véix:% thit=0.

/2
2 .
= I X~ sin xdx
0
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Khi dé:

%/2 0 x/2 "/2
If(sinx)dx = - jf(sin(—E—t)dl = If(cost)dl = J‘f(cosxwd) :
0 n/2 2 0 0

& Chi y: Nhu viy, viéc ap dung tinh chat 4 dé tinh tich phan
n/2 n/2

= I f(sinx)dx (hoaclI= J f(cosx)dx ).
0
thuong duogc thuc hién theo ciac budc sau:
Budc 1: Bing phép ddi bién t = 32‘- — x nhu trong phan ching minh tinh

chat, ta thu duoc:
n/2

I= j' f(cosx)dx .

0
Buoc 2: Di xac dinh kI (n6 dugce phan tich
n/2 n/2
ki=o If(sin x)dx + 3 J'f(cosx)dx ),
0 0
thuong la:
n/2 n/2 n/2

2] = jf(sinx)dx+ jf(cosx)dx= j[f(sinx)+f(cmx.)]dx
0 0 0

Tir d6 suy ra gia tri cua L.

n/2

Vidg5: Tinh tich phan 1= j

: cos" X +sin" X

cos" xdx

&5 Gidi
Dattzg — X suy ra dx = —dt.
Péi can:

. vam:omn:%.

s Véix= = thit=0.
<
Khi dé:
W T
0 cos' (— —t)(—dt) /2

I= | 2 =0j

iR sz 00
*/2 Cos (5—t)+sm“(——t)

n/2

sin” x
I dx .
5 cos" X +sin" x

sin” tdt

cos"t+sin"t

224



Do d«:

dx = [ dx =2 =1="

b=

5 J' cos" X +sin" X

(3]

2 cos" x +sin" x

DANG : Néu f(x) lién tuc vaf(a + b = x) = f(x) thi:

b
a+

= fo(x)dx = -2—;[f(x)dx :
&5 Ching minh

Pit x=a + b — t suy ra dx = —dt.

Péi cin:

®* Viix=athit=b.

*» Vix=bthit=a.

Khi ©:

a b
I= j(a+b-—t)f(a+b—l)(—dt) = I(a+b—t)f(t)dt

b

b b b b
= [(a+b)f(dt Itf(l)dl =(a +b) jf(:)dt - jxf(x)dx =(a+b) If(t)dt -1

d

& 20=(a+b) jf(:)dt 1= —-jf(x)dx

Hé qua : Néu f(x) hen tuc trén [0; 1] thi:

bioad 4

= (;[ xf(sinx)dx = E &[f(smx)dx.

Hiecng dan chimg minh: DPat x = 7 — t thi dx = —dt.
Hé qua : Néu f(x) lién tuc trén [0, 1] thi:
2n-a 2n-a

l= I xf(cosx)dx =n I f(cosx)dx.

Huwéig dan chitng minh: Dat x = 2m — t thi dx = —dt.
Yidw & 7inh cac tich phan sau:

n . d 2n
a. I= IM b. I= Ix.cos3 xdx .
o 4—cos”x 3
&5 Gidi
Giai
a. Bi&n 1611 vé dang:
n n . d n )
I= J- X sin xdx Ixsm.xzx " Ixf(smx)dx.
R~ (1-sin® x) 3+sin°x

0
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biat x = - t suy ra dx = —dt.

Déi can:

= Véix=nthit=0.

= Vgix=0thit=n

Khi dé:

I__o(n—t)sin(‘rt-t)dt ) ]-(n—t)sintdt

? 4-cos’(m—t) 4 —cos’t
B ’] nsin tdt ] tsintdt _ Id(cost) 7
$9~ cos’t 04— cos’t 4 —cos’t
SR I d(cosl) e J- d((;ost)
4 —cos’t scos"t—4
n t e n
i n Id(cos ) =-1E.—l-]n cost 2| = nln9.
2 Jcos’t—-4 2 4 cost+2|0 8

b. Ditx =2n -t suy ra dx = —dt.
Déi can:
= Véix=2nthit=0.
= V6ix=0thit=2n.
Khi dé:
I= I(Zn—t) cos’ (2 —t)(—dt) = I(Zn—t) cos’ tdt

2x

= 2R Icos’ tdt — Itcos’ tdt =% I(c033t+3cost)dt -1
0 0 0

<2 = g(—%sin3t+3sint) ®*=01=0.

b
DANG 6: NEu f(x) lién tuc va f(a + b —x) = —f(x) thi I = J'f(x)dx =0

&5 Chitng minh
Diatx =a+ b —tsuy radx = —dt.
Déi can:
= Végix=athit=b.
= Véix=bthit=a.
Khi do:

a b b
I=j'f(a+b—t)(—dr)=—jf(t)d::—jf(x)dx:—l & 2=0«< 1=0.
b a a
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& Chu y: Néu ta phat biéu lai tinh chat 6 duéi dang:
" Gia su f(x) lién tuc trén [a, b], khi do:

t]f(x)dx = ]f(a +b-x)dx ".
a b

thi diéu do sé gitip chiing ta c6 dugc mot phuong phap déi bién méi.
Vidu 7: Tinh cac tich phan sau:

n/2 . n/4
1+
a. I= Jln[—mﬂ}ix. b J== Iln(1+tanx)dx.
. 1 +cosx :
&5 Gidi
a. Datt = g — X suy ra dx = —dt.
Poi cin:
« Voix=0Othit= =.
2
. vm:% thi t = 0.
Khido:
T
0 1 +sin(——1) /2 /2 .
1 +sint
[= [In 2 |-dy= [ln[”cf”t}n:— ln( o }it
! 1+cos(E—t) : 1 +sint 3 1+ cost
2
n/2 .
= jln(l”'“"}tx =1 2l=01=0.
s 1 +cosx

n
b. batt= ) — X suy ra dx = —dt.
Poi cin:

» Voix=0thit=

H|a

s Viix== thit=0.
4

Khi do:
1 T s ] —tant wie
1= — [Inll+tan(—-0dt = [In(1+ ydt = [In dt
s 4 2 1 +tant 5 l+tant
n/4 n/4 n/4
= I[InZ—ln(]+tant)]dt = In2 jdt - j’m(1+tam)dt =In2.t|;/* -1
0 0 0
o ntin2 . nln2'

R 8
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DANG 7: Néu f(x) lién tuc trén doan [0, 2a] v&i a > 0 thi:

-If(x)dx = ‘J-[f(x)+f(2a—x)]dx .

&5 Chitng minh

Ta cé: |
hj[f(x)dx = aJ‘f(x)dx - —j‘f(x)dx.
a 0

a
—_——
I!

Xét tich phan I, bing cich dat x = 2a — t suy ra dx = —dt.
Péi can:
= Véix=athit=a.
* Véix=2athit=0,
Khi dé:
0 a a
I=- jf(za ~t)dt = jf(za ~0dt = [f(2a-x)dx .
0
Thay (2) vao (1), ta duoc:
jf(x)dx = jf(x)dx - If(Zd x)dx = [[f(x)+f(2a—x)ldx .
0

In

Yidu®8: Tinhtich phdinl= Isin X.sin 2X.sin 3x.cos Sxdx
0
&5 Gidi
. Viét lai [ dudi dang:

3In/2 In

1= _[ sinX.sin2x.sin3x.cosSxdx + I sinX.sin2x.sin3x.cos5xdx .

0 In/2

—

) J
Xét tich phan J bang cich dat x = 3w — t suy ra dx = —dt.
Doi can:

. me_}_th”_3_7r

= VGix=3nthit=0.

Khi do:
0
J=- jsin(31r—t).sin2(31t-t).sin3(31t—t).cosS(Bn-—t)dt
In/2
In/2 n/2
=- Isint.sin2t.sin3t.cosStdl =- I sinx.sin2x.sin3x.cosdxdx .
0 0

Thay (2) vao (1), ta duoc I = 0.
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DANG 8: Néu f(x) lién tuc trén R va tuan hoan véi chu ky T thi:
a+T T
'[f(_x)dx = jf(x)dx
a 0

&5 Clumg minh
TLI g(l)i
i a+T
[foodx = jf(x)dx + jf(x)dx + jf(x)dx. (1)
0 a+T
I
X<t tich phén 1, bang cdch dat t = x — T suy ra dx = dt.
Poi can:
® Véix=a+Tthit=a.
® Voix=Tthit=0.
Khi do:

= ‘j-f([ +T)dt ——]f(t)dt = - ]f(x)dx. (2)

0

Th: 1y (2) VdO (1), ta duofc

a+T

If(x)dx = If(x)dx.

0 a
2004 n

Vidw 9: Tinh tich phin 1= IJI—COSZde.
0

&5 Gidi
Viét lai I dudi dang:

2004n

=42 j Isinx | dx

2004 n
-\/—(Ilsmxldx+ Ilsmxldx+ .+ _"Ismxldx) (1)
2002n
Theo tinh Chat8 ta duoc:
2 n 2004x
flsinxidx = [isinxldx =..= [ Isinxldx.
2002

0
Vay, ta dugc:

(e l= 100’7«/— _[Ismxldx = 1002( _‘-Ismxldx - Isnnxdx)

+ cosx|’") = 4008\/_

= 10022 (

& Nhin xét: Nhu vay néu bai thi yéu ciu tinh tich phan dang trén thi cic em
hoc sinh nhat thiét phai phat biéu va chiing minh duoc tinh chét
8, tir d6 ap dung cho tich phéan can tim.
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BAI TAP TU GIAI

Bai tap 1: Tinh cac tich phan sau:

a. Ix(2x2 + 1dx .

1
b. j(l +3x)(1+2x +3x%)"%dx .
0

Bai tap 2: Tinh céc tich phan sau:

|

a. Ix(l -x)"’dx .
0
|

b. —dx
x +1

Bai tap 3: Tinh céc tich phan sau:

]xxll—xdx.
0
]\/l—-xzdx.

-1/2

Bai tap 4: Tinh céc tich phan sau:

wf Jx* —d.dx
2 3 -
2/\3

b.lj

XX—

Bai tap 5: Tinh céc tich phan sau:

n/3

a.J.

n/6

cos xdx

sinx—5sinx +6

Bai tap 6: Tinh céc tich phén sau:

n/4

a. I X cos 2xdx .

0
n/2

b. Ix.cosz xdx .

0

Bai tap 7: Tinh cac tich phén sau:

1

a. Ic" sin® (rtx )dx .
1
n/4

ISc‘ sin 2xdx .

230

A

x2J1+x’dx .

(x—])e""z’dx .

[ I = Og_.—

-

”} dx
J’X\/X2+| -
_[ X dx

o ¥14+x?
I_[\/(l—xz)“dx.

ljx 1+x*dx.

0

B Jo+3x%dx
=

j x+l

Prx+2

3 . 3
"2 sin® xdx
o COSX +2

-

O‘_""l:.} S T

A

by ) .
X~ sin 2xdx .

n/=

/7
Ic‘ cos’ xdx .
0

e

_[xz.lnxdx.

(x* + )sinxdx .



Bai tap 8: Tinh cdc tich phén sau:

—~————dx
I +sin®x

J' sin2x
.

/2
COS X
b. _ —dx .
J11=7sinx —cos” x

Bai tap 9: Tinh céc tich phén sau:

o dx

(3]‘\]6‘ + 1 .

d.

Bai tap 10: Tinh cdc tich phéan sau:

xdx
a. J-_-i_f_—l—_-
2X +4x°+3
e T
b. j ———dx
64J—l+x

Bai tap 11 Tinh cdc tich phan sau:

3x° +
: X ¥l
Bai tap 12: Tinh cdc tich phan sau
=3
X 1
a —dX.
5[\/;+l
V1 X
b [~ dx.
3 2
0o VI+x
Bai tap 13: Tinh cdc tich phan sau:
2n/3 dx
a. I —.
2 SINX

Bai tap 14: Tinh cac tich phan sau:

J-cosx +smx
3+sm2x

/2
COsSX

b. j———————dx.

0 \/1+coszx

n/2

J»\[sin3 X —sin X

sin” X

n/3

I X Sin X -
9 +4cos’ x

lj.c’[;dx .

In2

'J‘ dx
Ix*+5x+6

7 dx
§1+cosx '

2 .
"”I sin® x

sm X+COS X
3
n/J- dx

gl »
ﬂ/.(,’Sll'\ XCOSX

cotxdx .

-dx .
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Bai tap 15: Tinh cac tich phén sau:

/2 n/2
a. Isin 2x(1 +sin® x)'dx . b. Jcos 2x(cos*x +sin® x)dx .
0 0

n/3
Bai tap 16: (DHMDC - 2000): Tinh tich phan: I = J.\/tgzx +cotg’x —2dx .

n/6

Bai tap 17: (PHXD HN - 2000): Chimg minh rang v&i m, n khac nhau thuoc N:

n n
Icos nx.cosmxdx = Isin nx.sinmxdx = 0.
-R

=%

Bai tap 18: (DH Thai Nguyén Khoi A, B — 2000): Chitng minh rang:

2n
Isin(sin X + nx)dx =0.
0

Bai tap 19: (DPHGT TPHCM - 1999):

7 cos'x - sin® x
a. Ching minh rang I ———dx = I ——dx
J cos” X +sin” x J cos’ x+sin” X
n/2 4
’ cos” X
b. TinhI= [—————dx.
cos’ X +sin” X

0

Bai tap 20: (DHQG TPHCM Khéi A — 1998):

n/2

n/2

in2xd . sin 2xdx
a. Tinh céc tichphan I= I—S—m—}d—x vi 1= Ifﬂ]—T—
5 1+sin"x s L+o08" X
Vi COS X.SINX T
b. Chiing minh ring [—————— el e
5 (I+sin” x)(1+cos” x) 12
SIN X

Bai tap 21: (DPHSP TPHCM - 1995): Cho ham s6 f(x) =

SinX + cOS X

a. Tim A,Bsaochof(x)=A + B[M)

COSX + SIn X

n/3

b. TinhI= jf(x)dx .
0
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Bai tap 22: Tinh cdc tich phén sau:

j dx
a. . ==
* [ +sin2x

b. J‘smxcosx(l +cosx)dx .

Bai tap 23: Tinh cic tich phén sau:

J COb 2%

]+c05x

J- sm X
1 + cos? x

Bai tap 24: Tinh cac tich phén sau:

]'\/2 +Inx
a.

——dx.
l 2X
' T4
b. L =.In xdx.
sd-x" 2-x

Bai tap 25: Tinh cac tich phan sau:

1

a. ——»—d)\
4
In2 2x

b. J‘—ui——dx.

0 VCK"f‘]

Bai tap 26: Tinh céac tich phan sau:

a. Ix eX*dx .

o

2
Ix ¢ de

Bai tap 27: Tinh cac tich phan sau:

A
sin” X

a. '[—‘—-—dx
A o o

5,———(1)(.

''x* +sinx
b. j |
X +1

Bai tap 28: Tinh cac tich phan sau:

2 .
a. j‘(cx sinx +e2.x%)dx .
-1

n/4

/_[ 4sin’ x

dx

i
Ccos X

. 1+ cos* x

n/4

. 4
Ism xdx .
0

IJ] +cos2xdx .
0

J'(]+C )

lnf \/;T

In2

jx/e_x_—_ldx.

0
(1+e)
1+e*

|
dx
Je‘-kl'

]ln x32+1Inx
1

X

dx .

| 4

frrsgis
sh+3

}cosxdx
o]

1
Iln(x+\/x2 +1)dx .
-l
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Bai tap 29: Cho ham s6 f(x) thoa man:

= Lién tuc trén R.

» VYxeR luon cd f(x) + f(—x) = V2 —-2cos2x .
In/2
Hay xdc dinh I = I f(x)dx .
-3n/2
cos‘4 X

Bai tap 30: (DHGT TPHCM — 1999): Cho tich phan I = j —dx .
0 X + sm X

n/2 . 4
: - sin” X
a. Chung minhrang I = I - sl
J cos” X +sin” X

b. TinhI.
n/4

Bai tap 31: Cho tich phan [ = Iln(1-+ tgx)dx .
0

n/4 2

a. Ching minh rang I = jln dx .

1 +1gx
b. Tinh L

2 5

Bai tap 32: (DHKTQD HN — 1995): Tinh I = I[ln(x 5 )] a

-2

Bai tap 33: (DH Hué — 1997): ChS ham s6:

f(tgx) néu 0 < x <X
g(x) =
f(0O) néux =g

a. Ching minh rang g(x) lién tuc trén [0; —121].

n/4 n/2
». Chitng minh ring jg(x)dx = J'g(x)dx.
0

/4
Bai tap 34: (DHBK HN - 1999): Cho ham s6 g(x) = sinx.sin2X.cos5x.
a. Tim ho nguyén ham cua g(x)

b. TinhI= ﬂ/'f

-n/2

g(X)
e+]
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cuipis UNG DUNG TiCH PHAN
Pf TINH DIEN TICH HINH PHANG

A. TOM TAT LI THUYET

1. DIEN TiCH CUA HINH TRON VA CUA HINH EL{P
a. Hinh tron ban kinh R ¢é dién tich S = nR*.
xl 2 o )
— + y, =1 codién tich S = nab.
a~ b’
2. TINH DIEN TiCH HINH PHANG GIOI HAN BOI CAC PUONG CONG
a. Dién tich hinh phang gior han boi do thi ham s6'y = f(x) (f(x) lién tuc trén doan
[a; b]), truc Ox va hai dicomg thang x = a va X =b dugc cho boi cong thiic:

b
S= [If(x)ldx.

b. Hinh elip (E): -

b. Dién tich hinh phang gici han béi hai duong thiang x = a, x = b, va do thi
cua hai ham sé'y = f,(x) va y = f,(x) (f,(x) va f,(x) lién tuc trén doan |a;
bl) dicoc cho boi cong thiic:

b
S= [If,(x)-1,(x)ldx.

B. PHUONG PHAP GIAI TOAN
Vandé 1: TINH DIEN TICH HINH PHANG DANG 1

Vi yéu cau:
" Tinh dién tich hinh phdng giéi han bdi doé thi ham s6'y = f(x) (lién
tue trén doan [a; b)), truc hoanh va hai dwong thang x = a, X = b va
truc Ox "
ta thuc hién cac budc sau:
Budc 1: Goi S la dién tich can xac dinh, ta co:

S= J’lf(x)ldx. (1)

Budc 2: Xét dau biéu thite f(x) trén [a, b].
Tt &6 phan dugc doan [a, b] thanh cac doan nhd, gia su:
[a,P] = [a, c,JUlc,, c5] L. Vg, b
ma trén méi doan f(x) chi c6 mot dau.
Buoc 3: Khi do:

8= 'j|f(x)|dx - :”f(x)|dx o [0 (2)
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¥ Chuiy: Néu bai toan phat biéu duéi dang:
" Tinh dién tich hinh phdng gici han bdi do thi lam sé
x = f{y) (lién tuc trén doan [a, b]), hai ducmg thany v = a,
y=bvatruc Oy"
khi dé cong thic tinh dién tich 1a:

b
S= [If(y)ldy.
Yidwp bz Tinh dién tich hinh phang gidi han bdi:
a. (Bai 26/Tr 167 — Sgk): D6 thi ham sé'y = sinx + 1, truc hoanh
va hai dwong thang x =0 va x = —76—n

b. (Bai 27.a/Tr 167 — Sgk): D6 thi ham s6'y = cos’x, truc hoanh,
truc tung va ducng thdng x = .

&5 Gidi
a. Tacé:
Tn/6 n/6 - .{ ’
S= I Isinx +11dx = I (sinx +1)dx = (—cosx +x)["" = £—+zr£ﬁ 1
0 0 2 6
b. Ta cé:
n n 1 n 1 7 1 K T
S= II cos’xldx = Icosz xdx = —I(1+c032x)dx =—’ X +—Sil12X) =—,
0 0 2 0 2 N 2 0 2
Vidgp2: (DHTM - 1999): Tinh dién tich hinh phdng gici han bdi:
x=-1;x=2;y=0;y= x*- 2x. \\ YT
£ Gidi ")
Goi S la dién tich cdn xdc dinh, ta cé:
2
S= [|x?-2xkdx
Fa-nfs
Ta di xét dau ham s6 f(x) = x* - 2x trén [~1; 2], duge: LR L
X | =] 0 2 : '
y | + 0 — o A,
.Thi dé: 2
0 2 1 0 1. 3% 2 8
Ss= -jl(x2-2x)ix + (])(Zx—xz)ix = (-gxs—xz) i + (xz—%—x J b = -;(dvdt)

Vidgp 32 (PH Hué€ - 1999): Tinh dién tich hinh thang cong gioi han boi:
In x

2Jx

x=1l;x=¢;y=0;y=
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5 (;1(1'[

Goi S la dién tich can xac dinh, ta cé:

. ¢l Inx
S= | dx. (])
112Vx
. Inx Inx 3
Boi xe[l:e]=>Inx20=> B e PR
[1; €] 7 (Y
. ¢Inxdx
S=] ; : (2)
: 2%
bat:
u=Jnx du=—1—dx
N 1 dx & X .
uav = 1 |
24x v=vx
Khi do:
. e t‘\/; e
S= J;lnxl — [Xdx = (Jx Inx - 2&)1 =2 — Je (dvdt)
1 xX

Vandé 2: TINH DIEN TICH HINH PHANG DANG 2
Vi yéu cau:
" Tinh dién tich hinh phdng giéi han boi do thi hai ham s6'y = f(x),
y = g(x) (lién tuc trén doan |a; b]), hai duong Ihd’ng E=ixEeh
ta thuc hién cac budc sau:
Buéc 1: Goi S la dién tich can xac dinh, ta co:

S = Ilf(x)—g(x)ldx. (1)

Budc 2: Xét dau biéu thic f(x) — g(x) trén [a; b].
Tir d6 phan dugc doan [a, b] thanh cac doan nhd, gia su:
[a;~b] = [a; ¢,]U[c;; c,] L...U[c,; b].
ma trén moi doan f(x) — g(x) chi c6 mot dau.
Buoc 3: Khi do:

S

c, b
I = I|f(x)—g(x)|dx + ..+ j]f(x)—g(x)}dx. (2)

& Chu y: Néu bai todn phat biéu dué6i dang:
" Tinh dién tich hinh phang gici han boi do thi hai ham s6'x = f,(y)
va X = f,(y) (lién tuc trén doan [a; b)), hai duong thangy =a,y=b
va truc Oy "
khi d6 cong thirc tinh dién tich la:

S= [I,(y)-f,(y)Idy.
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Yidyp 1z (Bai28.a va 28.c/Tr 167 — Sgk): Tinh dién tich cac hinh phang gici

han bai:
a. D0 thi cdc ham s6'y = x> — 4,y = —x* — 2x va hai diwong thang
x=-3,x==-2.

b. Do thi ham s6'y = x> — 4x, truc hoanh, dwong thing » = =2 va
duomg thang x = 4.
£ Gidi
a. Hoanh d¢ giao diém cta hai dé thi 1a nghiém clia phuong trinh:
A x=1
x2—4=—X'—2x<::>2x2+2x—4=0<:>[ 5"
X=-
Khi dé:
-2

S= -i|x2 —4 —(~x? —2x)|dx = j'|2x2 +2x —4|dx = 2T(x2 + X —2)dx
-3 -3 -3

-2
= 2(lx’+lx2—2x) u
37 2 L3

b. Hoanh dé giao diém ctia do thi véi truc Oxla nghiém cua phuong trink:

xX}-dx=0x(x*-4) & [X:O .
X =12
Xét diu x* — 4x trén [-2; 4], duoc:
X Wy | 0 2 4
x® — 4x + 0 - ¥
Khi dé:

S= ]|x3 —4x|dx = (]‘Ix’ —4x|dx + iﬂx3—4x\dx + ]]x3 —4x|dx
=2 -2 0 2

0

= J‘(x3 —4x)dx - T[(x’-4x)dx - l;f(x3 -4x)dx

-2 0
0 2
(o] 5
4 4 4
-2 0 2
Vidp2: (Bii27.b va 27.c/Tr 167 — Sgk): Tinh dién tich cdc hinh phing gidi
han baoi:
a. D6 thi cac ham s6'y = Jx vay = Ix .
b. D6 thi cic ham s6'y = 2x* va 'y = x* — 2x* trong mién x2 0.
25 Gidi
a. Hoanh do giao diém cta hai do thi la nghiém ctia phuong trinh:
x=0

4

=44,

x =% exl=xtexx-1)=0
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Khi dé:

1
S= J'I\/;—i/;Idx

12

({/—-\/;)dx = (Ex: —EX;J
4 3

0 0

b. Hoanh dé giao diém cua hai dé thi 1a nghiém ctia phuong trinh:
5 3 5 g 2 2.3 X = x>0 1x=0
=== xx'—-4) =0 o :
Xx=12
Khi dé:

E& iﬂlxz—(x4 —2x2)ldx = ]]4)(2 —x“ldx = ](4){2 —x4)dx
0 0 0

64
15

0

Yidmp 3: (HVKTQS — 2000): Tinh dién tich hinh phang giéi han bdi:

., 1 _r. ._T
i sinzx’y ’ 6 3

&5 Giai

Goi S la dién tich can xdc dinh, ta cé:

3
el 1
i 2 X
Sin X COS X

s= |
Ta biét riing:

n/6

L. T 1 . | 1
* V6i — <x<— =0 <sinX <cosx & —— - == >0,
6 4 sin“x cos” X
L. T 018 . 1 |
* Vbl — <x<— =20<cosx <sinX & —— - — <0.
4 3 SIN~X cos” X
Do dé:
= 1 1 ¢ | 1
S = I T pa— X + I e -
Je\sIN“ X cos” X 74\ COS" X sin” X
n/4 n/3 8

= — —4 (dvdt).

/4 3

& Chit y: Nhiéu bai toan thuoc dang trén dugc phat biéu: " Tinh dién tich
hinh phing giéi han boi:
y=fx),y=gx)&x=a."
Khi d6 can con lai duge tim thiy tir viéc giai phuong trinh
f(x) — g(x) = 0. Cu thé ta xem xét cic vi du sau:

= (—cotx — tanx) + (cotx + tanx)

/6

239



Vidgp 4z (HVBCVT - 1999): Tinh dién tich hinh phdang gici han boi-

=2"; y=3-x; x=0.
- { )- \ﬁy ¥y=1
£5 Gidi _ )
Hoanh do giao diém la nghiém cta hé phuong trinh: : Hiy
2"=3-x. A

- V& phai cta phuong trinh 1a mét ham nghich bién.
- Vé&trii cha phuong trinh la mét ham nghich bién.
- Do vay, néu phuong trinh c¢6 nghiém thi nghiém d6 1a duy nhat. Y= ~ X
- Nhan xét ring x = 1 1a nghiém cta phuong trinh vi 2' =3 - I.

Vay x = 1 Ia nghiém duy nhat cta phuong trinh.

Goi S la dién tich cédn xac dinh, ta cé:

2\ 5 2
S= 3 x—=2"dx = 3x—-—x— = — - — (dvdt
I )d ( anNO 2 In2 ( )

1 e : .
@ Chi y: Trong bai ton trén s& di ta c6 ngay S = [(3-x-2*)ix 1 bdi d6 thi
0

clay =3 — x & phia trén dé thi cia y = 2" trén doan [0; 2].
Nhu vy trong nhiéu bai toin néu mo ta dugc hinh vé ta ¢6 thé
xac dinh ngay duge dau.

Vin dé 3: TINH DIEN TiCH HINH PHANG DANG 3
Véi yéu cau:
" Tinh dién tich hinh phdng gici han boi do thi ciia ba ham so
y=f(x),y=glxvay=h(x))"
ta thuc hién cac budc sau:
Budc 1: Giai cac phuong trinh:
f(x) — g(x) = 0 va f(x) — h(x) = 0 hoac g(x) — h(x) =
Budc 2: Thiét lap cong thirc dién tich.

Vidp 1z (PHHH TPHCM - 1999): Tinh dién tich hinh phang gici han bdi:

y=x*-2x ; y=—x’+ 4x. yA
& Gidgi P,

Hoanh do giao diém la nghiém ctia hé phuong trinh:

=0

K- 2x= - X2+ dxoxi- x=0e|" .

x=3 O
Dién t:'ch hinh phang cén tinh la: .
O s WY
S= j( x? +4x —x* +2x 5[ 2x'+6x)dx = [—-3—)( +3x‘) .
—9 (dvdt).



F (Cha y: Néu cac em hoc sinh thay khé khan trong viéc vé hinh thi chi con
cach xét dau biéu thic dudi dau tich phan, tuy nhién trong nhiéu
truong hop dé la van dé rat don gian.

Ngoai ra nhu da chu ¥ sau bai todn 1, déi khi ta can tinh tich phan
theo dy.

Yidy 2: (DHXD — 1995): Tinh dién tich hinh phang gioi han boi:

y'=2y+x=0 va x+y=0.

ES Giai

Tung do giao diém la nghiém cua hé phuong trinh

V=3

y=0

Goi S la dién tich can xdc dinh, ta c6:

>’3—2y=y®y2—3y=0©{

3 3 "
. 2 2 1 3,13 9
S= .[l —y’+2y+y|dy=j|—y'+3yldx=_[(-y‘+3y)dx=(_§y‘+5y2) 0=_£
0 o 3

Vidg 3: (Bai 52.b/Tr 177 — Sgk): Tinh dién tich cua cdac hinh phdng gidi
han boi:
a. Parabol y = x* — 2x + 2, tiép tuyén vdi né tai diém M(3; 5) va
fruc tung.
b. Parabol y = —x* + 4x — 3 va cdc 1iép tuyén véi né tai cdc diém
A(0; =3) va B(3; 0).

&S Gidi — Ban doc cin phac thio hinh vé
a. Taco dao ham:
y'=2x - 2.
Phuong trinh tiép tuyén cta Parabol tai diém M c6 dang:
d):y=y3)x-3)+5Wd):y=23-2)(x-3)+5<d):y=4x-T7.
Khi doé:
3 3
S= J‘[(x2 -2x+ 2) —(4x —7)]dx = J'(x2 —6x +9)dx
0

0
3

= (%ﬁ =gt +9xJ =9,

0
b. Ta cé dao ham:
y'=-2x +4.
Ta lan lugt co:
*  Phuong trinh tiép tuyén ciia Parabol tai diém A c6 dang:
(dp): y=y'(0)x=-3 e (dy): y=4x-3.
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*  Phuong trinh tiép tuyén cua Parabol tai diém B c6 dang:
(dp): y = y'(3)(x -3 (dy):y=-2(x—-3)=-2x + 6.

* Hoanh do giao diém cua (d,) va (dg) la nghiém cua phuong trinh:
4x -3=-2x+6&x= -2—

Dién tich hinh phing giéi han bdi Parabol va hai tiép tuyén dugc cho bai:
S=8§,+S5,

3/2

I(4x 3+x?—4x+3)dx + I( =2x 464 x* =4x+ 3)dx

0 3/2
1 32 ]
= Ix dx + J.(x -6x +9)dx = —x’ +(—x“—3x: +9x)
3 3

3/2 0

Yidp 4: (DHMDC — 1998): Tinh dién tich hinh phdang gici han boi:
2 . 5 27

3/2

&5 Gidi

Hoanh do cac giao diém la nghiém cua:

(l?l): Y F
. x=0
" X=— O :
27 x:3 \
2 :3
. X _2 Q[x 0

277 x x=9
Goi S la dién tich can xdc dinh, ta c6:

T L s

= —X’ ——x 27Inx-——x
3 81 0 81 3

F Cha y: Véi bai toan trén viéc ¢6 duoc do thi cac ham s6 la rat can
thiét, boi chi ¢6 nhu vay ching ta mdi c6 thé xdc dinh duoc moét
cdch chinh xdc hinh phang cén tinh dién tich.

= 27In3 (dvdt).

BAI TAP TU GIAI
Baitap 1: Tinh dién tich hinh phing gi6i han bi:
a. y=sin2xcos3x;y=0vz‘1x=0;x=E.
b. y*—4x=4vadx—y=16.
c. Xx+4y'=4x+y'=1.
g i i
d. (PHTL -1999):y=x"+ Ex—% vay = x|

&
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Bai tap 2: Tinh dién tich hinh phéng gii han boi:

I
a. (DHBK - 2000): y = sin 2xcos’x : y=0vax=0; x—;
b. (DHTCKT -2000):y=¢";, y=¢ *; x=1.
i & 12 s
c. rHVBCVT-2000):y=|1—2sin-7")t;y=1+~—";x=o,x=—
n

Bai tap 3: Tinh dién tich hinh phang gi6i han boi:
a. (HVBCVT-1997):y=—-x*+2x ; y=-3x.
b. (DHTM - 1996): y = x*; x = -y*.
c. (DHKT-1994):y=Ix>-4x+ 3l vay=3 - x.

; 5 % 8
d. (DHCD-1999):y=x"y= -8—; y=—.
X
Bai tap 4: Tinh ti s6 dién tich ma Parbol (P): y* = 2px (p > 0) chia dudng tron
(C): x* + y* =8p~.

Bai tap 5: Ching minh ring téng dién tich ctia hai Elip:

2 2 2

Xy X" y
E) —=+==1,(E) —+ — =1 (a>b
E): or+7 =L E): 742 =1(>b)

bang dién tich cia duong tron (C) bin kinh bang a.
Bai tap 6: Tinh dién tich phan chung cua hai Elip

2 2 2 2

(E,): —+1——1va(E,) L A
b’ a°
i A : . x*+3x+1
Bai tap 7: (DHLN = 1998): Cho ham s6 (C): y = ——8 —.
X+m

a. Khao sit va vé doé thi ham s6 vdim = 1.
b. V&im = 1, tinh dién tich hinh phéng giéi han boi: x =0; x = 1, y =0 va (C).
2

Bai tap 8: (DHBK — 1993): Cho ham 6 (C): y = —- -.
), Gl

a.  Khao sdt va vé dé thi ham sé.
b. Tim b sao cho dién tich hinh phing gi6i han b&i (C) va cdc dudng thing

y=l,x=0,x=bbz‘mg§.

Bai tap 9: (DHKT - 2000): Cho ham s6 (C): y = f(x) = f"l
X

a.  Khao sat va vé dé thi ham sé.
b.  Tinh dién tich hinh phing gii han bai (C), Ox va hai duong thing x = £1.
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omi pE 6 UNG DUNG TICH PHAN
pE TINH THE TiCH VAT THE
1. THE TicH CUA VAT THE
Gia str vat thé T duogc gisi han bai hai mat phang song song (o), ().

Ta chon truc Ox sao cho:

{Ox_L(a) va gid sir Ox N (at) = a yA

Ox L (B) vagiasr Oxn(P)=b

Gia sir mat phang (y) L Ox va (y) N Ox = x
(a < x £b) cit T theo mot thiét dién ¢6 dién
tich S(x) (1a ham sé lién tuc theo bién x). Khi
do, thé tich V cuia vat thé T dugc cho bdi 0
cong thiic:

V= l]‘S(x)dx.

2. THE TiCH CUA VAT THE TRON XOAY

a. Thé tich ciia vat thé tron xoay sinh boi mién (D) gidi han bai y = f(x), X = a,
X =b, y =0 quay quanh truc Ox diwoc cho boi céng thiic:

b b
V=mn[y’dx =n [f*(x)dx.

b. Tinh thé tich vat thé tron xoay sinh boi mién (D) gici han boi x = {(y), y
y =b, x =0, quay quanh truc Oy dicoc cho boi céng thiic:

b b
V=mn[x*dy == [f*(y)dy.

Il
»

3. THE TICH KHOI NON VA KHOI CHOP, KHOTNON CUT VA KHOI CAU
a. Thé tich khéi nén (khéi chdp) cé dién tich ddy bang B va chiéu cao h dicoc
cho boi V = —;—Bh.

b. Thé tich khoi nén cut (khéi chép cut) cé dién tich hai day la B,, B, va
chiéu cao h dicoc cho bai:

V= %(B, +B,+ /B, B, )h.

c. Thé'tich ciia khéi cau cé ban kinh R dicoc cho bai:

V= i1tR3.
3
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B. PHUONG PHAP GIAI TOAN
Vandé I: TINH THE TICH VAT THE

Su dung kién thiic trong phan "Céng thiic tinh thé tich' va hay hiéu
can thuc hién theo hai budc.

Yidup ks (Bai 29/tr 172 — Sgk): Tinh thé tich ciia vdt thé nam giita hai mat
phang x = =1 va x = 1, biét rang thiét dién ciia vat thé bi cdt boi
mat phang vuéng géc voi truc OX tai diém c6 hoanh do x (=1 <x < 1)
la mot hinh vuéng canh 21-x°

5 Giai

Dién tich thiét dién S(x) duoc cho bai:
2
S(x) = (2 1—x2) = 4(1 - x%).
Khi d6, thé tich vat thé duoc cho bai:
|
16
-

Yidw 2: (Bai 30/tr 172 — Sgk): Tinh thé tich ciia vdt thé nam giita hai mdt
phang x = 0 va x ==, biét rdang thiét dién ciia vat thé bi cdt boi mat
phang vuéng géc vai truc OX tai diém c6 hoanh do x (0 < x < 1) la mot
tam gidc déu canh la 2\/sinx .

: ‘ 2 I
V= |Sx)dx =4 |(1-x")dx= 4[x——x'J
[sooax =4 ;

&5 Gidai
Dién tich thiét dién S(x) duoc cho bai:

a’\3

S(x )—--————-— 3sinXx.

Khi do, thé nch vat thé duoc cho bai:

V= jS(x)dx = \/gj‘sinx.dxz - 3cosx: =2J3.
0 0

Yidwp 3: Tinh thé tich var thé dinh S, chiéu cao h, day la mét vién phan
Parabol cé ddy bang chiéu cao va bang 2a.
&5 Gidi .
Chon hé truc toa do sao cho vién phan Parabol
ddy ¢ trong mat phing Oyz nhan Oz lam truc d6i  2a/A
ximg va day cua vién phan thudc truc Oy, khi dé:
*  Phuong trinh Parabol ddy (ABC) duoc cho boi:
z=my’ +2a

Mat khac: y=ia;z=0:>m=-.3
a
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Viy phuong trinh Parabol diy (ABC): z = — y* + 2a
a

* Dién tich ddy duoc cho boi:

T2, 2 8a’
B= |[(—=y’+2a)dy = (-—y’ +2ay)|’ =
f( = y = (v +2ay)7, = =
* Dién tich thi€t dién duoc cho boi:
Sx) (h-xY 8a’ ,
= & S(x)= — .(h—=x)".
B ( ; ) (x) 30 ( )
= Thé tich vat thé duoc cho béi:
h 2 h 2 2
8a 2 8a h 8a“h
V= [S(x)dx = — |(h-x)’dx = — (h—x)*|o = —.
OI( X = Oj( ) onr %) 9

Vindé2: TINH THE TICH VAT THE TRON XOAY DANG 1
Ta co hai dang sau:
Dang 1: V&i yéu cau " Tinh thé'tich vdt thé tron xoay sinh bdi mién (D)
gioi han boi y =f(x), x =a,x =b, y =0 quay quanh truc Ox"
ta ap dung cong thuc:

V=n .]yzdx =7 l]‘fz(x)dx :

Dang 2: Vd§i yéu cau "Tinh thé tich vdt thé tron xoay sinh bot mién (D)
gidi han boi x =f(y),y=a,y=b, x =0, quay quanh tru- Oy "
ta ap dung cong thuc:

: b
V=mn Ixzdy =7 Ifz(y)dy :

Vidp l: (Bai 31/tr 172 — Sgk): Cho hinh phdng A giéi han bdi cic dicong
y=0,x=4vay=Jx — 1. Tinh thé tich ciia khéi tron xoay tao
thanh khi quay hinh A quanh truc hoanh.

L5 Gidi

Diéu kién:

Jx —120 Jx 21ex21.
Khi dé, thé tich vat thé duoc cho bai:
4 4 4
V=mfyldx = [(/x-1)dx = 7 f(x-2Vx +1)dx
1 1

|
4

n

—_——

=n| —x’ ——x? +x
| 2




Yidyp 2: (DHXD - 1997) Tinh thé tich vat tron xoay do hinh phdng
S ={y=xInx; y=0; x =1; x = e} quay quanh Ox.

&5 Gidi
Thé tich vat thé tron xoay can tinh [a V = TII(X Inx)*dx .

!
De tinh tich phan trén ta stir dung phuong phip tich phan timg phén, dat:

2 du:zlnxdx
[u:ln X X
: &
ldv:xzdx |
v=—X
3

Khi do:
V=n —l-x“lnzx ® - 28 X~ lnxdx*ni— —23 x* In xdx . (1)
3 1 3 3 3

1 1
Xét tich phan I = Ixz Inxdx , dat:
!

du=—]—dx
B=lnx X
— A :
{dvzxzdx L s
V==X
3
Khi dé:
q 1 L|e 2 1
= -lxlnx —lszdx=e———x31=—c—+—. (2)
E, ER 3 9 9 9

Thay (2) vao (1), ta duoc V = -2’-‘_7(58 ~3) (dvtr).
Vidu3: 1. (Bai 32/tr 172 — Sgk): Cho hinh phang A gidgi han bdi cdc

duong x = £ ,y = 1vay=4.Tinh thé tich ciia khoi tron xoay
XY

tao thanh khi quay hinh A quanh truc tung.
2. (Bai 56/tr 177 — Sgk): Cho hinh phang B gidi han boi duong
cong cé phuong trinh x(y + 1) = 2 va cdc duong thang x = 0,
y =0, y = 3. Tinh thé tich khoi tron xoay tao diwgc khi quay B
quanh truc tung.
&5 Gidi
a. Taco ngay'
dy dnf
+ 4 Yl

—njx dy = 4n = 3m.
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7
b. Viét lai ham s6 dudi dang x = —— | khi dé:

y+1
3 3 3
; d 4
V= njx‘dy = 41tJ‘ Y = = = a =—4n(l—lj = 3m.
2 3 Ly 1y y+1j, 4

Vin dé 3: TINH THE TICH VAT THE TRON XOAY DANG 2
Ta co hai dang sau:
Dang 1: V&i yéu cau " Tinh thé tich vat thé tron xoay sinh bdi mién (D)
giol han boi 'y = f(x), y = g(X), x =a, X =b quay quanh truc
Ox" ta ap dung cong thuc:

V=n J‘Ifz(x)—gl(x)ldx.

Dang 2: Vi yéu cau " Tinh thé tich vt thé tron xoay sinh bdi mién (D)
giol han boi x = f(y), x = g(y), y =a,y =b quay quanh truc
Oy" taap dung cong thuc:

V= njlf (y) g (y)ldy

Yidg 1: (PHQG HN - 1999) Tinh thé tich khi S quay quanh Ox, biét:
={y=x*-4x+6,y=—-x*—-2x + 6.

£S5 Gidi
Hoanh do giao diém 1a nghiém cia phuong trinh:
2 2 X =
x‘—4x+6=—x*—2x+6¢:>x2—x=0<:>{ ;
X =

Thé tich vt tron xoay cén tinh la:

V= Ttlﬂ(xz~4x+6)2 ( x2=2x+6 Idx —nlj‘12x3——36x2+24x)dx
0

0

= (3x —12x° +l2x2\| = 31 (dvtt).

Vin dé 4: TINH THE TICH VAT THE TRON XOAY DANG 3
Véi yéu cau " Tinh thé tich vdt thé tron xoay sinh boi mién (D) gidi han
bdi mot dwong (C) kin" ta xét hai truong hop sau:
Truong hop I1: Khi quay quanh Ox, ta thuc hién hai budc sau:
Buoc 1: Phan duong cong kin (C) thanh hai cung
Ch:y=f(x)=y,va(G)y=Hx) =y,
vdia < x <bva f,(x), f,(x) cung dau.




Buoc 2: Thé tich can xac dinh dudc cho bdi:
b
V=n Ilyf—yi |dx .

Truong hop 2: Khi quay quanh Oy, ta thuc hién theo hai budc sau:
Buge 1: Phan duong cong kin (C) thanh hai cung
(C):x=f(y)=x,va(C): x=1f,(y) =x,
voia <y <bva f(y), f,(y) cung dau.
Buoce 2: Thé tich cAn xac dinh dudc cho bdi:

b
V=nj'|x|2—x§|dy.

Yidy 1z (DHXD — 1994): Tinh thé tich hinh xuyén do quay hinh tron (C) ¢é
phicong trinh x* + (y = 2)* = 1 khi quanh truc Ox.
&5 Giai
Xét (C): x* + (y = 2)* =1 ¢6 tam 1(0,2), bain kinh R = 1.
Viy, ta co:
* Nua (C) ¢ trén ting véi 2 <y <4 ¢6 phuong trinh:
y=f(x)=2+ V1-x* véixe[-1,1]
* Nira (C) 0 dudi ng v6i 0<y<2 c6 phuong trinh:
y=f,(x)=2-+J1-x* véixe[-1,1].

Khi dé thé tich vat thé tron xoay cén tinh la:

e n'j[(mﬁ)z —(2-\/1—7)2]dx = Sn_Imdx

=l

Thuc hién phép déi bién x = sint = dx = costdt.
Péi cén:

*» Véix=-1thit=-2.
2

* Véix=1thit= g
Khi dé:
n/2 n/2 1
V=8n I Veos® tcostdt =47 I (1 +cos2t)dt =4n(t+ EsinZt) fsz =47,
~-x/2 -x/2

Yidn 2: Goi (d) la duong thang qua M(1; 1) véi hé 56 goc k < 0. Gia s (d)
cat Ox, Oy tai A vab.
a. Tinh thé tich khoi tron xoay sinh boi AOAB khi quanh truc OX.
Xic dink k dé khoi tron xoay dé cé thé tich nho nhat.

b. Tinh thé tich khéi tron xoay sinh boi AOAB khi quanh truc Oy.
Xdc dink k dé khot tron xoay dé cé thé tich nho nhat.
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£ Gidi
Phuong trinh dudng thang (d) dugc cho bai:
d:y=k(x-1)+1.
Vi (d)nOx = {A}, toa do A la nghiém hé phuong trinh:
y=k(x-1)+1
{y = -

k-1
A(—,0
(=0

Vi (d)nOy = { B}, toa d6 B la nghiém hé phuong trinh:
y=k(x=1)+1
{x 0
a. Goi V, la thé tich sinh béi AOAB khi quanh truc Ox, dé xdc dinh V_ta c6
thé lua chon mét trong hai cch sau:
Cach 1: Stt dung hé qua cua bai toan 1, ta duoc:
k-1

= B(0,1-k)

1 n ]
V, =—-n(1 -k)> = —(k2-3k+3--)

Cdach 2: Str dung bai toédn 2, ta duoc:
k-1

K N

1
V. =n [vidx = [[k(x=1)+1dx = Z&2-3k+3-—).
- ij Oj[( )+1] 3 )

»  Xic dinh MinV,: Xét ham s6 f(k) = k* =3k + 3 - Il(- vl k<O.

Pao ham:
1 R k40 1
fk)=2k-3+ —; fk)=0=2k-3+ =0 k=——.
k K 2
Bang bién thién
k 0 - 12 +
f'(k) 0 - 0 +

f(k) +oo——n_, 27/4 __—Y 4+
Vay MinV,, = %’t , dat duoc khi k = —%.

b. Goi V, la thé tich sinh béi AOAB khi quanh truc Oy, dé xac dinh Voy ta c6
thé lua chon mot trong hai cach sau:

Cach 1: Sit dung hé qua cua bai todn 1, ta duoc:

1 (k-1 3
v0y=§n( : ] (1-K) = (——E-—k+3)
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Cach 2: Su dung bai todn 2, ta dugc:

-l

* Xic dinh MinV,: Xét ham s6 g(k) = RIS k +3 véi k<0.

kZ

| w

Pao ham:

g’(k):——kz—3 + k33 -1; g'(k)=0<::>—1(2—+k2 -1=0& k=-2
Bang bién thién
k 0 -2 +
;RKA)+ 0 - 0 +
R
Vay MinV,, = 2471 , dat duoc khi k = -2.

BAI TAP TU GIAI
Bai tap 1: Tinh thé tich vat thé dinh S, ddy 1a mot Elip c¢6 ntra do dai hai truc
bing a, b, chiéu cao h.
Bai tap 2: Tinh thé tich phan hinh tru ban kinh ddy R, gi6i han bai ddy véi phén
phia dugi cta hai mat phing (P) va (Q), biét:
a. Mat phang (P) di qua mét dudng kinh ctia ddy hop v6i diy mét géc a véi

0<(1<E.
2

b. Mat phiang (Q) cat hinh tru, song song va cidch diy mot khoang bang
h <R.tana.
Bai tap 3: Tinh thé tich cla vat thé tron xoay sinh ra boi phép quay xung quanh
Ox ctla hinh giéi han boi truc Ox va Parabol (P) y = x* — ax (a > 0).

Bai tap 4: Tinh thé tich cla vat thé tron xoay sinh ra bdi phép quay xung quanh
2

Oy cua hinh gigi han bai Parabol (P): y = -);— , ¥ =2,y=4va truc Oy.

Bai tap 5: Cho hinh phing A dugc gii han boi duéng cong c6 phuong trinh
1 x

y = x’e? vacdc duong thang x = 1, x = 2, y = 0. Tinh thé tich khéi tron xoay tao

thanh khi quay A quanh truc hoanh.

251



Bai tap 6: Cho hinh phing A duoc gii han boi duong cong ¢6 phuong trinh x -y =0
va cdc diém y = 2, x = 0. Tinh thé tich khéi tron xoay tao thanh khi quay A.

a. Quanh truc hoanh. b. Quanh truc tung.
Bai tap 7: (PHTS TPHCM - 2000): Cho hinh phang G giéi han bdi y = 4 — x%;
y = x* + 2. Quay hinh phing (G) quanh Ox ta dugc mot vat thé. Tinh thé tich vat
thé nay.

Bai tap 8: (HVQY - 1997):Cho hinh phang gi¢i han béi D= {y =x" y = Jx §.
Tinh thé tich vat thé tron xoay khi D quay quanh truc Ox.
Bai tap 9: (PHNN I - 197): Cho hinh phéng gii han boi:

D=[y=tanx;x=0;x=§;y=0].

a. Tinh dién tich hinh phang gii han bai D.
b. Tinh thé tich vat tron xoay khi D quay quanh Ox
Bai tap 10: (HVKTQS — 1995): Tinh thé tich do D quay quanh truc Ox

D= [y=0y= \/]+cos4x+sin“’x;x=-g;x:1t }:

Bai tap 11: Tinh thé tich cta khdi tron xoay tao nén khi ta quay quanh truc Ox
hinh phang S gigi han béi cdc dudng: y=xe*, x=1,y=0(0<x <1)

1 , x—4 ’
Bai tap 12: (DHXD - 1998):Tinh thé tich vat thé tao bai hinh (E): ( 3 —)— L <1

quay quanh truc Oy.

Bai tap 13: (DHNN I - 1999): Cho hinh phang giéi hanboi D= { y = " '+ i %
a. Tinh dién tich hinh phing gidi han béi D.
b. Tinh thé tich vat tron xoay khi D quay quanh Ox.
Bai tap 14: (DHY — 1999): Tinh thé tich hinh Elip tron xoay sinh ra bai:
x2
2

(E):
a

2
y _
+—5'-—-]

khi né quay quanh truc Ox.
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CHUONG II
SO PHUC

cnv bk 1 SO PHUC

A. TOM TAT LI THUYET
1. KHAI NIEM SO PHUC

DPinh nghia 1
Mot s6 phire la mot biéu thitc dang a + bi trong dé a, b la cdc s6 thuc va
s6'i thoa man i* = =1. Ki hiéu s6 phitc d6 la z va viét z = a + bi.
| dicoc goi la don vi ao, a dioc goi la phan thuc va b dwoc goi la phan do
clia sO phitc z = a + bi.
Tap hop cac s6 phuc duoc ki hiéu la C.
& Chu y-
1. So6 phiic z = a + 0i ¢6 phéan ao bang 0 dugc coi la s6 thuc va viét la :
a+0i=a,ae RcC.
2. S6 phic ¢6 phan thuc bing 0 duge goi la s6'do (con goi la thuan ao):
z=0+bi=bi(beR);i=0+ li=1i.
S6 0 =0 + 01 =01 vira la s6 thuc vira la so ao.
Pinh nghia 2
Hai so6 phitc z=a + bi(a,beR),z =a"+bi(a,b'eR) bﬁng nhau néu
va chi néu:

a=a, b=b.
Khi do, tavietz=172".

2. BIEU DIEN HINH HOC 6 PHUC
Mai s6 phiic z = a + bi (a, be R ) dugc biéu dién boi diém M(a; b). Khi dé, ta
thuong viét M(a + bi) hay M(z). Goc O biéu dién s6 0.
Mt phing toa do véi viée biéu dién s6 phiic dugc goi la mdt phdng phiic.
* Truc Ox goi la truc thuc.
= Truc Oy goi la truc ao.

3. PHEP CONG VA PHEP TRU sO PHUC

Pinh nghia 3
Tong cua hai s6 phitc z, =a, +b,1,z,=a, + b,i (a,, b,, a,, b,e R) la s6 phiic
z,+2z,=(a, +a,) + (b, +by)i.
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Nhu vay, dé cong hai s6 phuc, ta cong cdc phan thuc vdi nhau, cong cac phan
a0 vd1 nhau.

Tinh chat cua phép cong so phiic
1. Tinh chat két hop:
(z,+z)+2,=2,+(2,+7;) vOi mo1 2,,2,, 2, € C.
Tinh chat giao hodan:

(§8]

™

z,+2,=2,+z, vdimoiz,z, € C.
3. Congvoi:
z+0=0+z=zv6imoiz e C.
4. Véi mbéi s6 phiic z = a + bi (a, be R ), néu ki hiéu s6 phic —a — bi la —z
thi ta co:
z2+(-z)= -z+z =0.
S6 —z dugc goi la so doi cua s6 phuc z.

Pinh nghia 4
Hiéu cua hai sé phirc z, = a, + b|i, z, = a, + b,i (a,, b,, a,, b€ R ) la téng
cua z, voi —z,, tic la:
2, -2,=2,+(-2,) =(a; —a,) + (b, — by)1.

Y nghia hinh hoc cia phép cong va phép trit s6 phitc
Mbi s6 phiic z = a + bi (a, be R) dugc biéu dién bai diém M(a; b) ciing c6
nghia la vecto OM .

Khi d6, néu u, , u, theo thit tu biéu dién sé phiic z,, z, thi:

l ?

+ u, biéu dién s6 phiic z, + z,.

=

|

=

| — u, biéu dién s6 phiic z, — z,.

4. PHEP NHAN s PHUC

Pinh nghia 5

| Tich cua hai sé phitc z, = a, + bji, z, =a, + b,i (a,, b, a,, b,e R ) la s6 phiic

& Nhdin xét: Tu dinh nghia, ta c6:
* Véi moi s6 thuc k, va moi s6 phic a + bi (a, be K ):
k(a + bi) = ka + kbi.
* 0z =0 véi moi sé phiic z.

Tinh chat cua phép nhan sé phiic
1. Tinh chat giao hoan:
2,2,=2,2, V6imoi z,,z, € C.



!J

T'inh chat két hop:

(2/2,)2, = 2,(2,2;) vOI MoO1 2|, 2,,2, € C .

(S}

Nhdn voi 1:
l.z=z.1l=zvéimoize C.
4. Tinh chat phan phoi (ctia phép nhan déi vaéi phép cong):
2,(2, + 2;) = 2,2, + 2,2, V61 moi 2,, Z,, 23 € C.
5. O PHUC LIEN HOP VA MODUN CUA s PHUC

Pinh nghia 6

So phirc lién hop cua z = a + bi (a, be R) la a — bi va dwoc ki hiéu
bhoi z .

Nhu vay, ta co:

z=a+bi =a—bi.
& Nhdn xét: Tir dinh nghia ta théy:

L. S6 phuc lién hop ciia z lai la z, tic 1a z = z. Vi thé ngudi ta con néi z va
z la hai s6 phuc lién hop voi1 nhau.

2. S6 phic lién hop khi va chi khi céc diém biéu dién cua ching df)l Xung
nhau qua truc Ox.
Tinh chat

1. Véimoiz,z, € C tacé:

1. 4%, =0 4%, 1 ELL, .
2. V6i moi s6 phic z, 6 z.z 1luon 1a mot s6 thuc, va néu z = a + bi (a, be R) thi:
7.7 =a> + b
Pinh nghia 7
I Moédun cia sé phitc z = a + bi (a, be R) la s6 thuc khéng am \a* + b’

va duwoc ki la |z|.
Nhu viy, néu z = a + bi (a, be R) thi:

|z|=\/; = Va’+b*.

& Nhdn xét:
1. Neéu z 1a s6 thuc thi moédun cta z 1a gia tri tuyét déi cua so thuc dé.
2. z=0Kkhivachikhilz=
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6. PHEP CHIA CHO SO PHUC KHAC 0

DPinh nghia 8

P e o PR e I =
86 nghich ddo cuia sé phitc z khdc O la s’z ' = il
e

z’ - o a’ ” 1 a’ ' ’ Y ’ ’ ]
Thuong — cua phép chia sé phiic 2’ cho s6 phiic z khac 0 la tich cua z
z

L a’ - . ? ? - hy Z ] -—
voi s6 phiic nghich dao cua z, ticc la — =7'.7"".

z
& Nhdn xét: Nhu vay, néu z # 0 thi:
z' z'z
z Izf
P T 7'z 7'z o memi o B o R
& Chi y: C6 thé viet = = e nén dé tinh — ta chi viéc nhin ca tir va
z z z.z 4

A* e . g 7 3 & 2
mau sO vGi z vadé yrang zz = |zJ°.
F Nhan xét:

1. Véiz#0,tacé L 1.z7'=2"".
Z ‘

Ll

2. Thuong Z las6 phic w sao cho zw = z'. Tir d6, cé thé néi phép chia (cho
z

s6 phitc khic 0) 1a phép todn ngugc cia phép nhan.

B. PHUONG PHAP GIAI TOAN

Viandé 1: SO PHUC VA THUOC TINH CUA NO
Vi s6 phic z = a + bi, cac dang cau hoi thuong duoc dat ra la:
Dang 1: Xac dinh phan thuc va phéan ao cta s6 phic z
Khi do¢, ta cé ngay:
# Phén thuc bing a.
# Phén ao bang b.
Dang 2: Hay biéu dién hinh hoc s¢ phitc z
Khi dé, ta sir dung diém M(a; b) dé bicu dién s6 phiic z trén mat
phang toa do.
& Cha y: Mot cau hoi nguoc 1a "Xdc dinh s6 phitc dicoe biéu dién
boi diém M(a; b)", khi d6 ta c6 ngay s6 z = a + bi.

Dang 3: Tinh m6dun cua s6 phiic z, khi d6, ta ¢6 ngay |z| =+a’ +b” .
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Dang 4: Tim s6 d6i cua s6 phtic z, khi d6, ta c6 ngay —z = —a — bi.
Dang 5: Tim s6 phuc lién hgp cua z, khi dé, ta ¢6 ngay z =a- bi.
i -

Z s
2
1§

Dang 6: Tim sO phic nghich dao cta z, khi dé, ta c6 ngay z™' =

Yidu l: (Mo rong bai 1/tr 189 — Sgk): Cho cdc s6 phitc:
2+ 3i; 1+2i; 2-1i
a. Xdac dinh phan thuc, phan do va tinh médun cia méi sé do.
Biéu dién cdc sé dé trong mdt phdng phiic.
b. Viét 5o phitc lién hgp ciia méi s6'dé va biéu dién chiing trong
madt phang phiic.
g, Viéit s6" doi cia moi s6 phitc dé va biéu dién chiing trong mdt
phdng phiic.
&5 Gidi
a. Talan lugt co:
= S6 phirc 2 + 31, ta ¢é:
— C6 phén thuc bing 2 va phan 4o bang 3.

- C6 modun bang v2* +3* =4/13. )3’0 :
- Duoc biéu dién bing diém A(2; 3). B
= S6 phiic 1 + 2i, ta c6: .
~ (6 phén thuc biang 1 va phan 4o bang 2. G : C,
- C6modun bing VI* +2° =15 . =5
- Duoc biéu dién bing diém B(l; 2). y C
= S6 phic 2 —1i, ta cé: gt
- €6 phén thuc bing 2 va phin do bang —1. F : : ’ 4
2 - |
~ €6 modun bing 2% +(-1)* =4/5.

- Duoc biéu dién bing diém C(2; —1).

b. Talan luot cé:

»  S6 phiic lién hop cua 2 + 3i la 2 — 3i va dugc biéu dién bang diém A, (2; -3).

» S phiic lién hop ctia 1 + 2i 1a 1 — 2i va dugc biéu dién biang diém B,(1; - 2).

* S6 phic lién hop clia 2 — i 1a 2 + i va duoc biéu dién bing diém C,(2; 1).
c. Talan luot cé:

= S0 d6i clia s6 phitc 2 + 3i1a =2 — 3i va duoc biéu dién bing diém A,(-2; -3).

= S6 d6i clia s6 phiic 1 +2i 1a —1 - 2i va dugc biéu dién bing diém By(~1; -2).

s S6d6i cita 56 phic 2 — i 1a 2 +iva duge biéu dién bing diém C(-2; 1).
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Vidp 2: (Bai 3/tr 189 — Sgk): Xdc dinh cac sé phitc biéu dién boi cdc dinh
ciia mot luc gidc déu cé tam la goc toa do O trong mdt phang
~ phitc, biét rang mot dinh biéu dién s6'i.
£S5 Gidi
Gia stt luc gidac déu ABCDEF (nhu trong hinh v&) thoa man diéu kién dau bai,
khi do:
= Vi dinh A(0; 1) la s6 phiic .

5 1) N

;— | 1a 86 phiic — + —1.
L 22

/
= Vé6idinh C Ii; L la s6 phic "—F{ - li.
2 2 2 2

= V@i dinh D(0; —1) la sé phuc —i.

V3

* VéidinhE| —; —l] 1a s6 phic —? . L.

* Vé6idinh B

2 2 ¥
p

= Véidinh F —ﬂ; L la s6 phirc —ﬁ + i i
2 2 2 2

S Chau y: V6i cau hoi "Tim diéu kién dé hai s6 phitc z, va z, bang nhau", ta
sir dung két qua trong dinh nghia 2.

Yidp3: Xic dinh m dé hai s6 phitc z,=1+2ivaz,=m +ivm’ +3m :
a. C6 modun bang nhau.
b. Bang nhau.
&S Gidi
Trude tién, ching ta can ¢ diéu kién:
m20
m’+3m20& .
m < -3
a. Dé z, va z, c6 modun bing nhau diéu kién la:

J12 +22 =\/m2+(m2+3m) oS=2m*+3me2m’+3m-5=0

& m=1hoic m= —% (loai).

Viy, véi m = | thoa man diéu kién dau bai.
b. Dé z, = z, diéu kién la:

1=m m=1 |
= & m=1.
2=+m’+3m m’ +3m-4=0
Viy, véi m = | thoa man di€u kién dau bai.
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T Chi y: Rat nhiéu em hoc sinh di khong dé y t6i diéu kién c6 nghia cla
can thitc va dan tdi sai trong cau hoi a).

Yidwod: 7im so phite nghich ddo cua cac sé phitc sau:

4 +3i; =iz 2i.
&5 Gidi
Ta lan luot co:
» Véiz=4+3ithiz' = 12.2= ,l =4 —i)—--4——i1
lz| 4 +3 25 25
,oe . . = l - 1 . 1 1.
s Voiz=1l-1thiz =—z=———.(1+1) = —+—i.
ik 1° +(-1) 2 &
” N I = 1 . 1.
s Voiz=2ithiz =——2 = —.(-21) = ——1.
Lz} v 2

T Chi y: Boi mbi s6 phiic z = a + bi dugc biéu dién biang diém M (hoac

vecto OM) nén mot s6 bai todn vé s6 phiic duoc chuyén vé bai
toan vé toa do trong mat phang.

Vido3: (Bai 15/tr 191 — Sgk):
a. Trong mdt phang phirc, cho ba diém A, B, C khong thang hang

theo thit ne biéu dién cdc s6 phiic z,, z,, z,. Hoi trong tam cia
AABC biéu dién sé phitc nao ?

b. Xét ba diém A, B, C ciia mdt phdang phitc theo thit tie biéu dién

&5 Giai

ba so phitc phdn biét z,, z,, z, thoa man |zI | = |Z2| = |z3 |
Chimg minh rang A, B, C la ba dinh ciia mét tam gidc déu khi
vachi khiz, +z, + 2, =0.

a. Vo1 ba s6 phirc:
z,=a, +b,i, z, =a, + b,i, z; =a; + byi (a,, b;, a5, b,, a;, b€ R ),

ta 14n luot co:

A (a,; b)), Ay(a,; by) va As(ay; by).

a,+a,+a, b, +b,+b,

Khi do, trong tam G cua AABC c6 toa do G( - 3 ) nén no

3

biéu dién s6 phiic:

a +a,+a, +b,+b2+b3.

W =

b. Tu gia thiét

|,ta duoc:
,/af +b]2 = \/ag +b;, = \/ai +b§

L

3 3
|2,] = |z,] = |2,
2

< A, B, C thugc dudng tron tam O bén kinh R = \/aj + b} .
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Do dé, dé AABC déu diéu kién la:
a, +a, +a,
s a +a,+a,=0
3 e b
b, +b,+b; b,+b,+b, =0
3
< (a +a,+a) +(by+b,+by)i=027,+2,+2,=0, dpcm.

G=0&
0

Yidp 6 (Bai 16/tr 191 — Sgk): Trong mdt phang phitc cho cdc diém O (goc
toa do), A biéu dién s6 1, B biéu dién so phitc z khéng thie, A
biéu dién s phitc z' # 0 va B' biéu dién so phiic zz'. Hai tam gidc
OAB, OA'B' ¢6 phai la hai tam giac dong dang khong ?

&5 Gidi
Nhan xét rang: ,
OA _ IO_'_AI - i)
OA' |0A'l Iz'l '
OB I0BI Izl 1
OB 0B Izl 1zl (2)
AB _ 1ABI _IOB-0Al _lz-11 _ lz-1| 1 a3)

A'B' IA'B'I —|OB'—0A'|_|ZZ'-Z'| Tzl dz-11 =Iz'|'
Tw (1), (2) va (3) suy ra:
2L . AB' <> Hai AOAB va AOA'B' dong dang véi nhau.

OA' OB' A'B

Vindé2: CAC PHEP TOAN VE SO PHUC
Stt dung dinh nghia cling véi tinh chat cta cac phép toan (cong, triv
nhan, chia) trén tap s6 phuc.
Chiing ta c6 cac hing ding thiic:
Ca*+b*=a’ - (bi)*= (a+bi)(a-bi) = zz.

\_—.v-.._/
(a + bi)> = a> — b* + 2abi; (a — bi)’ = a’ = b* — 2abi.
(a+bi)j’=a’-3a+ (3a’b-b’)i; (a—bi)’=a’+3a-(3a’b+ b
Yidg 1: (Bai 5/tr 190 — Sgk): Choz = —?12- + -—\{)}_- i. Hay tinh:
z: —l—; 7% (z): l+z+2%
z
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&5 Giai
Ta 14n luot co6:

: 1 3. Ly

= ———4—] =— - ——

\
/ ]3 \2 3
=|-—=| +3 5 —ﬁi +3 > ——\/El + ——\/—51 =1
2 2 2 2
lezezel— L ¥ _1_ B,
2 2
Vidp 2: (Bai 4/tr 189 — Sgk): Thuc hién phép tinh:
11 3-2i 3-4i
2-3 "1 3.7 i T 4=’
2 3
&5 Giai
Ta lan luot c6:
= 21 ,.2-3i=-1—(2+3i)=1+3-i.
2-3i 2°+3° 13 13 13
1 I | 5. I @,
= . s =] B =4,
l-ﬁi 1)~+£ 2 2 3 2
2 2 2 2
i 2 T T
1
o4 G- 1 goseen=2-1
4-i e 17 17 17

@ Chi y: Thong qua cic phép toan trén tap s6 phiic, ching ta sé nhan duoc
mot s6 phitc méi tir mot biéu thitc ban diu. Diéu nay din t6i nhing
cau hoi nhur trong bai toan 1.
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Vidp3: (Bai 11/tr 191 — Sgk): Hoi méi s6 sau ddy la s6 thiee hay 56 do (z la
s0 phitc tuy y cho truée sao cho biéu thitc xdac dinh) ?

B = z? - Zz
ZJ+(Z) l+ZZ
&5 Gidi
Véisé phicz=a+bi(a,b e R).
a. Taco:

2 +(Z) = (a+bi) + (a+bi)2 = (a? — b%) + 2abi + (a? — b?) — 2absi

= 2(a? - b?).
Vay, s6 22 + (z)? 12 mot s6 thuc.
b. Ta cé:
z-z _ (a+bi)—a+bi _  2bi b

2z’ +(2)3 ) (a+bi)’ +(e_n—+_l;)3 ~ 2(a’-3ab’) "’ 3ab? '

_

Vay, s6 —z% la mat sé ao.

z3+(z
c. Tacé:
| 2
Zz—(Z) _(a+bl)2—(a+b1) B (a+bi)2-(a—-bi)2 ~ 4ab °© I
1+2z 1+ (a +bi)a + bi l+(a+bi)a—bi) l+a’+b®

2 —\2
7 () y
Vay, s6 ———=— la mét s6 ao.
1+2zz
Yidw 4: Hoi moi sé sau day la s6 thuc hay sé do (z la sé phitc tuy y cho
trudc sao cho biéu thitc xdc dinh) ?

-2005_ _ 3_ . _
o= ! _2+G@yrvap=21"% +(2)+z.
z-1 Z-
&S Gidi
Giasttz=a+bi(a,b € R), ta lan luot cé:
i2w5_i s l—i - ) 9 )
o= — -2+ (z) = =— -z + |z =—=(@* - b*) + (a’ + b))
z-1 z—1
= 2b2, 1a 56 thue,
-z - - - -
S : +(zV+z=2+z+1+(z) +z
z_

=(@*-b)+(@+bi)+ 1+ (@ +b%)+(a-bi)=2a>+2a+1,1as6 thuc.
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Yidy 3: 7Tim phan thuc va phan do cua cac so phitc sau:
. 13
a. (iﬂ F =)0+ 24302 =3)+ .
[ 1
b. 1+4(1+D)+0+D)2+(+i)+...+(1+1%
£S5 Gidi
a. Talan luot co:
i ‘ " 33
71+I_(|+])(l+l)=i:> il_ oo
1—1 . i—1

(1=1)==2i= (1 -1)'° = (=2i)’ = -2% = -32i;

= -1

(2+3i)2-3))=4+9=13; l
i

Do dé6:
. 33
(1+1 10 y : 1 ;
L'_“T +(1-D"+@2+31)(2-3i) + i 13 - 32i
l —
. Phan thuc bang 13
Phinao bang 32
b. Xétcip sé nhan (u ) céu, =1vaq=1+1,tacé:

Z,=Uu,q

Sy=l+z+z22+..+2" = Q" -1 _ (4" =1 . (1+i)" -1
- q-1 Y=} ;
Phan thuc biang —2"
Phinao bing 2'° +1
Yidw6: Don gian cdc biéu thitc sau:
a. (3 ++(3 - b (VB 4 (B 1P

=—[(1+i)2'—]]i=>{

&5 Gidi
a. Ta c6 thé trinh bay theo céc céch sau:
Cdch I: Ta bién déi:
(V3 +i)+ (3 —i)?=3+2i3 +i2+3-2i3 +i’=4.
Cach 2: Ta bién déi:
(V3 +i)+ (V3 —i)P=(PB +i+ 3 =) =23 +i)(V3 -i)?
=12-23-i%) =4.
Cdch 3: Ta bién doi:
(V3 +i)+ (VB =i =(V3 +i- V3 +)P+2(V3 +i)(¥/3 —i)
=42 +2(3-?) =4,
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b. Ta c6 thé trinh bay theo cic cich sau:
Cach 1: Ta bién déi:
(V3 +iP= (V3 =)= 33 +9i+3iV3 += (33 =9+ 3iV3 - i)
= 18i + 2i* = 18i — 2i = 16i.
Cdch 2: Ta bién déi: |
(V3 +P = (V3 =iP=(V3 +i- B +iy'+
+3(V3 +)(V3 =) (3 +i- V3 +i)

=81’ + 61(3 — i¥) = -8i + 24i = 16i.

Vin dé3: CHUNG MINH TICH CHAT CUA SO PHUC
St dung cac phép toan trén tp sd phitc ciing nhimg tinh chat ctia chiing,
Vidwp 1z (Bai 6/tr 190 — Sgk): Chitng minh:

~ ? g ’ - l i ~ ? ? A’ ’
a. Phan thuc cua sé phitc z bang E(Z + z), phan do cua so phitc
o1 -
z bang ?(z— £
i

b. S6 phitc z la s6' do khi va chi khiz = -z .

— ——

c. Véimoiséphicz,ztacé z+z'=2+2"; z2'=22".
&5 Gidi

a. Véis6 phicz=a+bi(a,be R), taco:

%(z+2)=%(a+bi+ a+bi)=%(a+bi+a—bi)

= a — la phan thuc cua z.

1

—-l-(z— z)= -;—(a+bi— a+bi)(=1)= E(a+bi—a+bi)(—i)

2i
=b — la phin ao cta z.
b. Tir gia thiét:
= z=—2.¢:>a+bi=—a+bi=—a+bi<:>a=0<:>S6pht’rczIés6éo.
c. Véihaiséphiicz=a+bi,z =a'+b'i(a,b,a,b'eR),talan luot co:
z+z' = (a+bi)+(a'+b'i) = (a+a)+(b+b)i =(a+a)—(b+b’)

=(a—bi) + (@' —bi)=z+z', dpcm.
zz' = (a+bi)a'+b'i) = (aa'—bb')+ (ab'+a'b)i
= (aa’ - bb) — (ab' + a’b)i = (a — bi)(a' — b'i) = zz', dpem.
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Vidu2s (Bai8/tr 190 — Sgk): Chiimg minh rang:
a. Néu vecto u cia mdt phang phitc biéu dién so phicc z thi do
dai ciia vecto u 12 | u | = |z| va tir dé néu cdc diém A,, A,

theo thit e biéu dién cdc s6 phitc z,, z, thi | BQX = | Z,—-2, .
b. Vi moi s6 phitc z, 7', ta ¢é |z + z'| < |z| + Iz' .
&5 Giai
a. Vi s0 phicz=a+ bi(a,beR), taco:
ua;b)= |ul=vVal+b* = |z, dpem.
Vi hai s6 phic z, = a, + bji, z, = a, +b,i (a,, b;, a,, b,e R ), ta lan luot cé:
. A(a; b)) vaAy(a,; b)) = rAz (a, —a,; b, —b,);

|AA, | = J@, -2, +(b,-b) =lz,-2,], dpem.

b. Néu u, u' theo thi tu biéu dién s6 phiic z, z' thi u + u' biéu dién s6 phic z
+ 2, suy ra:
|z+z'|= |;1 +u—'|S|ﬁ]+|u—'|=|z|+|z'|,dpcm.
Dau "=" xay rakhi u =ku' & z=kz\

Yidp3: Goi A, B la hai diém trong mdt phang phitc biéu dién theo thir ti
hai s6 phiic z,, z, khdc 0 thod man ddng thitc z; +z} = z,z,. Chimg
minh rang AOAB la tam gidac déu (O la goc toa do).

&5 Gidi

Bién doi gia thiét:
Zo+2 TIZ S Z

L]

| = (2 - 292 = |2 = |(z) - 20z = |z, — 7| |2
2o +2, = 22,6 2, = (2~ )7, = |z’ = |(z, — 29)z)| = |2, — 7|.|2)|
Tir d6, suy ra:

2
|z, = 7| = |ZI =|“ZO_ = |z, = 2ol = Iz, = 20| = |2)] = |z,
|z0| |z,|

92

<> AB = OB = OA < AOAB la tam giac déu

Yidpd4s Cdc vecto u; u' trong mdt phdang phiic theo thit tie biéu dién cdc sé
phitc zva 7.

a. Chimg minh rdng tich vé hiéng wu' = — (27 +2.2').

b | —

b. Tir cdu a) suy ra rang néu u =0 thi u; u' vuong goc khi va chi
A e b
khi — la sé6 ao.
z

c. Chiing minh rang u; u' vuong géc khi va chi khi lz+7]| = lz-2].
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£S5 Gidi

a. Giasuz=x+yi(x,yeR),z'=x"+y'i(x', y'e R). Khi dé:
wu' =xx' + yy',
27 +2.7 = (x =yD(x'+y'D) +(x +yi)(x' = y'i) =2 xx' + yy',
= uu' = %(Ez' +2.2'), dpcm.

b. D& u;u’ vuong géc diéu kién la:

R e e o il - 2z
—(zz'+2.2')=0 22 +2.2' =0 —+= =0
2 £ 2

z' [z e s
S —+|— | =0 — laso ao.

z z z

c. Nhan xét rang:

|z+z'|=Iz—'z'|¢:>(z+z‘)(z+z')=(z—z’)(z—z')

& zz +z.2' =0& u;u’ vuong goc.

Vin dé 4: TAP HOP PIEM
Cau hoi thuong dugc dat ra la "Xdc dinh tip hop cic diém trong mat
phang phiic biéu dién cac s6 phiic z théa man diéu kiénK". Khi do:
Dang 1: S6 phic z théa man biéu thic vé d6 dai (modun). Khi do, ta
st dung cong thic |z| =Va’ +b’ .
Dang 2: S6 phuc z 1a s6 thuc (thuc am hodc thuc duong), s6 ao. Khi
dé, ta sur dung két qua:
a. DE z1as6 thue diéukiénlab=0.
b. Dé z1a s6 thuc 4m diéu kién la:
a<0
{b=0'
c. Dé z1a s6 thuc duong diéu kién la:
a>0
{bzo'
d. Dézlas6dodidukiénlaa=0.

9= Cha y: DE tang do khé cho véu cdu vé tap hop diém, bai toan thuing duoc
cho duéi dang mot biéu thirc phiic.
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Vidp 1: (Bai 9.a va 9.c/tr 190 — Sgk): Xdc dinh tap hop cdc diém trong mdt
phang phitc biéu dién cdc s6 phitc z thod man timg diéu kién sau:
a. |z-il =1. b. |zl =1z -3+4il.

5 (;114"/

V@i <6 phitc z = x + yi (x, ye R ) duge biéu dién bai diém M(x ; y).
a. Taco:

= |z-i| = |x+yi—i| = |x+(y—l)i| = Jx2 +(y-1)°

»xT+(y=-1=1.
Vay. tap hop diém M thuoc dudmg tron tam 1(0; 1) ban kinh R = 1.
b. Ta co:
2| = |z -3 +4il
e | X +yi | = | X + i —3+4i| = Ix—yi-—3+4i| = |x—3+(4—y)i|

> \/rx2 +y! = \/(x -3 +(4-y) < 6x+8y-25=0.
Vay. tap hop diém M thuéc dudng thang (d): 6x + 8y — 25 =0.

Vidw2: (Bai12.c va 12.d/tr 191 — Sgk): Xiic dinh tdp hop cdc diém trong mdt
phang phitc biéu dién cac sé phitc z thod man ting diéu kién sau:

a. 22=(z) b. —— Jas6 do.
z—1
Giail
VGiso phucz=x +yi (x,ye R).
a. Ta co:
gl = \2 . L - 2 " ) .
r=z) o x+yi)i= (x+y1) & (X2 -y + 2xyi = (x> — y?) — 2xyi
, x=0
= 4xyi=0& [ ;
y=0
Vay, tap hogp diém M thudc truc thuc va truc ao.
b. Tacoé:
1 1 1 o K=ly=]}

W= - —

Z—i  x+yi—i x+(y-Di x*+(@y-1’
Khi dé, dé w 1a s6 ao diéu kién la:

x=0
y#1

Vay, tap hop diém M thugc truc Oy (truc o) trir diém I(0; 1).
Vidw 3: Xic dinh tap hop cdc diém nam trong mdt phang phitc biéu dién

i oo ey £ . P
cdc s6 phitc z thod man|—| =k, K la s6 thuc duong cho trudc.

=1
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X Gidi
Véi s6 phitc z = x + yi (x, ye R ) dugc biéu dién bai diém M(x ; y).
Ta cé:
k=| - |= x+yi | — 3 o T LE S—
|z—il X +yi-i| x’ +(y-1)°
Xét hai truong hop:
Truong hop 1: Néuk =1 thi:

x* +y?

(*)

MexXt+@y-1)V=x+y’ey= %
Tdc 13, diém M thuéc dudmg thing y = % |
Truong hop 2: Néu k # 1 thi:

2ky 2K , k* Y k2
Neoxi+y - - =0ox+|y-— | =——
) y k*-1  k*-1 ( k'—l] (k*=I1)*

’

Tiic 13, diém M thuéc dudng tron taim I(O;

: k

2

k*-11
Yidg 4z Xdc dinh tdp hop cdc diém M trén mdt phang phitc biéu dién cdc
56 phitc théa man (1 +i3)z + 2, trongdé |z -1/ <2.

kl

J ban kinh R =

&S Gidi
Ta bién déi:
(1+iv3)z+2=x+yi(x,yeR)
X—=2+yi

1+iv3

& (1 +i\[§)z=x—2+yi@z=
Khi dé:
X—-2+yi _Ix—3+i(y+\/§)
1+iV3 | 1+iv3
_|ix=3+iy + V30 -iV3)
| 4
|z—1| <2& |x+y\/§+i(y—x\/§+3\/§)‘ss

|z-1] = i

x+y\/§+i(y—x 3+3@
4

= J(x+yJ§)2+(y—xJ§+3J§)z <8

N J4[(x-3)2+(y—J§)’] <8 (x—3)0+(y— V31 <16.

Vay, tap hop diém M thuoc hinh tron tam 1(3; +/3) ban kinh R = 4.
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Yidy5: (Bai 14/tr 191 — Sgk):
a. Chosophitcz=x+yi(x,y € R). Khiz#1, hay tim phan thiec
T T
va phan dao cua so phirc — .
z-1i

b. Xdc dinh tap hop cdc diém trong mdt phang phiic biéu dién cdc

o a y o s wuw . BE) as .u
so phite z thoa man diéu kién —— la s6 thiee duong.

Z—1
&5 Gidi
a. Taco:

- z+i _ x+yi+i _ x+(y+Di _ [x+(y+Dil[x-(y-Di]

z—i  x+yi—-i  x+(y=Di X’ +(y—1)

N (x2 +y2 - 1)+ 2x1
)(2+(y—l)2 '

2 2___ o 2
LSl RS T S
X" +(y-1) x“+(y—-1)

b. D& w la s6 thuc duong diéu kién la:
ryl-1>0 lyl>1
{x +y'-1> Q{ y>1

Do do, s6 phic w ¢6 phan thuc la

2x =0 x=1

Vay, tap hgp diém biéu dién s6 phitc z thudc truc Oy (truc ao) trir cac di€ém c6
tung do |y| < 1.

Vindé 5: MO DAU VE PHUONG TRINH PHUC
Vidwp 1z (Bai 13.ava 13.b/tr 191 — Sgk): Giai cdac phiwong trinh sau (voi an z):
a. z+2-i=0. b. 2+31)z=z-1.
£5 Gidi
Véi s6 phitc z=a + bi (a, be R ).
a. Ta c6 thé thuc hién theo hai cich sau:
Cdach I: Ta cé:
O=i1z+2-i=1(a+b))+2-i=2-b)+(a- 1)
— {24):0 = {bzz z=1+2.
a-1=0 a=1
Cdch 2: Ta bién déi:

B4 2= (al0 S irmi=2 s as T o =25 = T4 3k
1



b. Ta c6 thé thuc hién theo hai cach sau:
Cach I: Ta cé:
R+3)z=z-12+3)@+b)=a+bi-1

Pa=Tb=a—i
e2a-3b+(Ba+2b)iza—1+bic{ " )
3a+2b=b
a-3b=-1 [a=-1/10 A P
= = ~FI=—— + —1.
Ja+b=0 b=3/10 10 10
Cadch 2: Ta bién déi:
G Spnzles (4 Mpn-f ez — _1(1—31)--——]—+—3—i.
1+3i 12 +3° 10 10
Vidgp2: (Bai 13.c va 13.d/tr 191 — Sgk): Gidi cdc phicong trinh sau (voi in z):
a. 2-i)z -4=0. b. (iz-1)(z+3i)z =2 +3i)=0.
&5 Gidi

Véi s6 phitc z=a + bi (a, be R).
a. Ta c6 thé thuc hién theo hai cch sau:
Cach I: Ta cé6:
0=(2-i)z —4=(2—i)a+bi —4=(2-i)a—bi)—4
= (2a—b—4) - (a + 2b)i

2a-b-4=0 2a-b=4 a=8/5 8 4
~ Lo = ~FZI=—-— ——1
~(a+2b)=0 a+2b=0 b=—4/5 5 5
Cadch 2: Ta bién déi:
i - = - 4
Q2-i)z-4=0Q2-i)z=4c12= 4_=4(22+'2)=§+—|
Jul “ el 5 3
= 8§ 4 8 4.
Pi=z=—+—i==— - —1L
8.3 5 5
b. Ta cé:
(iz— 1)z +3i)(z -2+3i)=0
iz—1=0 z=i"==i [z=i"=-i
&Olz+3i=0 & |z=-3i & | z=-3i1
z-2+3i=0 |z=2-3i z=2+3i
BAI TAP TU GIAI

Bai tap 1: Cho cic s6 phic:
3+2i; 2-31; 4 - 3i.
a. Xic dinh phin thuc, phin 4o va tinh modun ctia m6i s6 dé. Bicu dicn cdc
s6 d6 trong mat phang phuec.
b. Viét s6 phiic lién hop clia méi s6 dé va bi€u dién chiing trong mat phdh g phiic.
c. Viét s6 d6i clia mdi s6 phitc d6 va biéu dién chiing trong méat phang phic.
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Bai tap 2: Xdc dinh cdc s6 phic biéu dién bgi cac dinh cia moét luc gidc déu cé
tam la ga¢ toa do O trong mit phing phuic, biét raing mét dinh biéu dién s6 1.
Bai tap 3: Xdc dinh m dé hai s6 phiicz, =2 +ivaz, = Vvm’ +3m + mi:
4. C6 modun bang nhau.
b. Bing nhau.
Bai tap 4: Cho hai s6 phuc:
z,=V3m’-3m -2ivaz, = Jm? +3m-4 + (m* = 3m)i.
Xdc dinh m dé hai s6 phic z, va z,:
4. €6 modun bang nhau.
b. Bang nhau.
Bai tap 5: Tim so6 phic nghich dao cua cac s6 phuc 3 — 4i; 3 + 2i; 1.
Bai tap 6: Xac dinh phéan thuc va phan ao cta cdc s6 sau:
a1+ 3-21)-2-31); (V2 - 3i)%
b. 3-2D3+2i);13-1)(2+1).
Bai tap 7: Tim phén thuc va phan ao cta cic s6 phiic sau:
a. G-D+2+31)-(5+1i). c. 2+1)-3-i)
B, %1+ = -i~ d (Q+)*-Q0-i*
Bai tap 8: Tim phén thuc va phin ao cua céc s6 phic sau:

\[-;’—i_\/i+i b l(f"ij
I +i i 2 i’
Bai tap 9: Cho so phitc z=x + iy (X, y € R ). Tim phén thuc va phén ao cua cac
s6 phic:

a.

a. Z~z+1. ;+|
: G :
b. 7z -2z+4i. iz—1
Bai tap 10: Ching minh rang véi moi s6 nguyén m > 0, ta c6:
i4m= 1: i4m+l =i i4m+2=_l ; i4m+3=__i

Bai tap 11: Ching minh rang véi moi s6 phic z # 1, ta cé:
2009
-1

Z
l+z+Z22+..+722%% =

z—-1
Bai tap 12: Ching minh ring hai s6 phic phan biét z,, z, thoa man |z, | = |z,|
ZI +22

khi va chi khi 1a s6 ao.

z,-2,
Bai tap 13: Xdc dinh tap hop cic diém trong mat phang phic biéu dién cic s6
phtic z thoa man timg diéu kién sau:
a. I z—il =2.
b. lz| =]z -24+3il. z+i
Bai tap 14: Xdc dinh tap hop cdc diém trong mat phing phic biéu dién cic s
phiic z thoa man timg diéu kién sau:

z—1

B =1.

a. z*)as6 thuc am. c. (z-if=(z)
2 \ a” 2 - -

b. z"lasé ao. 1

c. (z—-1)"1asé ao. f. —— lasd ao.

M Z+1
d. (z-1)"1as6 thuc am.
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Bai tap 15: Xdc dinh tap hop cic diém trong mat phang phiic biéu dién cic s6
thoa man méi diéu kién sau:

a. |z+§+3|=4. d. (2-2)(i+ z)1as6aotuyy.
lz-z +1-il =2, e. 2|lz-il=|z-z +2il.
c. (2-2)(i+ z)Ias6thuc tuyy. £ |2-(z)| =4

Bai tap 16:

a. Cho s6 phitc oo = a + bi (a, b € R) khdc 0. Chitng minh rang tap hop cic
diém trong mat phang phitc biéu dién céc s6 phitc z = x + vi (X, y € R)
saocho az+az =k (k1as6 thuc cho trudc) 1a mot dudng thing.

b. Tim o va k trong ciu a) dé dudng thing néi trén di qua cic diém biéu dién
6 2 va 3i.

Bai tap 17:

a. Cic diém A, B, C va A', B, C' trong mit phiing phiic biéu theo thi tu cic
s6 1 —1; 2+ 3i; 3 +1va 3i; 3 - 2i; 3 + 2i. Ching minh rang ABC va A'B'C
la hai tam gidc c6 cung trong tam.

b. Biét cic s6 phic biéu dién badi ba dinh nao dé cia mot hinh binh hanh
trong mit phing phic, hdy tim s6 biéu dién bdi dinh con lai.

Bai tap 18: Biét A, B, C, D la bon diém trong mat phing phitc biéu dién theo thit
tu cdc s6 —1 + i; —1 — i; 2i; 2 — 2i. Tim cdc s6 z,, Z,, Z,, Z, theo thit tu biéu dién boi
cic vecto AC, AD, BC, BD. Tinh % %3- va tir d6 suy ra A, B, C, D cuing nam
2 -

trén mot dudmg tron. Tam dudng tron d6 biéu dién s6 phiic nao ?
Bai tap 19: Biét A, B, C, D la bon diém trong mat phang phiic theo thi tr biéu
dién cdc s6 phic 1 +2i; 1 + /3 + 1; 1+ /3 —i; 1 - 2i. Chitng minh ring ABCD
1a mot tf gidc noi tiép dudng tron. Hoi duong tron d6 biéu bién sé phiic nao ?
Bai tap 20:

a. Choso phu’c . Chu‘ng minh rang véi moi s6 phiic z, ta c6:

Zz + 0zZ+0Z = |z+a|2—aa

b. Tir cAu a) hdy xic dinh tap hop cdc diém trong mat phiang phic biéu dién
chc s6 z thod man zz + oz + az + k = 0, trong dé o 13 s6 phitc cho
trudce, k la s6 thuc cho trudc.

Bai tap 21: Giai cdc phuong trinh sau (véi 4n z):

a. iz—2+3i=0. c. (1-2i)z-4=0.
b. B+2i)z=z-1. d. (iz=1)z+2i)(z-3+2i)=0
Bai tap 22: Gidi cdc phuong trinh sau (véi 4n z):
a. 72+4=0. . [z=1 “_l
b. Z2+2z+2=0. “ k) T
Bai tap 23: Tim s6 phiic z dong thoi thoa man:
Lind RO i RS g | RO il | PRPY
z—i zZ+i z-3 Z+i
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mUBE2 XN BACHAI CUA S6 PHUC

VA PHUONG TRINH BAC HAI

A. TOM TAT Li THUYET
1. CAN BAC HAI CUA SO PHUC

DPinh nghia 1
|‘ Cho 56 phite w. Méi s6 phitc z thoa man z° = w dugc goi la m¢t cdn bdc

hai ciia w.
Néi cach khac, médi cin béic hai cia w 1a mot nghiém cua phuong trinh:
7’ — w =0 (véi 4n 2).

@ Cha y: PE tim can bac hai cua s6 phitc w, ta ¢6 hai truong hop:

Truong hop 1: Néu w la so6 thuc (tic la w = a):
® Véia> 0 thi wcé hai can bac hai 1a ++/a .
®  Véia<O0 thi wcé hai can bac hai la iv—a .

Truong hop 2: Néuw =a+bi(a,be R vab#0)thiz=x +yi (x,ye R) la can
béc hai cia w khi va chi khi:

Z?=we (X +yi) =a+bi
& (xP-y)+2xyi=a+bi < = et
|2xy =b

Ghi nhé vé can bac hai cta sé phic w:

<4 w =0 c6 diing mot can béc haila z=0.

4w # 0 c6 ding hai can bac hai la hai s6 doi nhau (khéc 0).

Dic biét:

< S thuc dwong a c6 hai can bac hai 12 ++/a .

4 56 thuc am a c6 hai can bac hai la +iv-a .

2. PHUONG TRINH BAC HAI
Cho phuong trinh:
Ax*+ Bx + C =0, véi A, B, C la nhilng s6 phiic va A #0.
Xét biét thitc A = B* — 4AC, ta c6 cic trudng hop:
Truong hop I: Néu A # 0 thi phuong trinh ¢6 hai nghiém:
-B+8 -B-o

2A g 2A

trong dé & la moét can bac hai cua A.

Pdc biét:

= Néu A Ia s6 thuc duong thi phuong trinh ¢6 hai nghiém:
-B+JA ~-B-JA

e e 2:

2A 2A

] -
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* Néu A la s6 thuc 4m thi phuong trinh ¢6 hai nghiém:
-B+iV-A , _ -B-iJ-A
——vaz,= ————— .

2A 2A

Truimg hop 2: Néu A =0 thi phuong trinh c6 nghiém kép z, = 7, = —?B{ |

& Cha y:
1. Moi phuong trinh bac hai (véi hé s6 phiic) c¢6 hai nghiém phic (¢6 thé
tring nhau).
2. Moi phuong trinh bac n:
AZ"+AZ "+ +A _z+A, =0
trong dé A,, A, ..., A, lan + 1 s6 phic cho truéc, A, # O va n la mot s6
nguyén duong ludén cé n nghiém phic (khong nhat thiét phan biét).
B. PHUONG PHAP GIAI TOAN
Vindé 1: CAN BAC HAI CUA SO PHUC
St dung kién thitc trong phan can bac hai cta s6 phiic va luu y tdi
cac truong hop déc biét.
Yidy 1z Tim cdc cdan bdc hai cia méi s6 phirc 1 va —4.
&5 Gidi
a. SO 1 c6 hai can béc hai la £1.
b. S6 —4 c6 hai can bac hai 1a +i/—(—4) = +2i.

& Nhan xét: Nhu vay, véi s6 thuc a chiing ta nhanh chéng tim duoc can bac
hai cia né. Véi cic s6 ao ching ta s€ thay trong vi du tiép theo.
Yidgp 2: (Bai 17.a va 17.b/tr 195 — Sgk): Tim cdc cdn bdc hai cua sé phirc —
va 4.
&S Gidi
a. Giasrsdz=x+yi(x,yeR)lacan bac hai cha -i.
Ta c6:

2 _2_ e
—i=(x+yi)2=x:"—y2+2)(yif::{x y O<::>{x )

2xy = -1 2xy =—1lvax,ytraidiu
x=-y |77 x=_y=iz_2_
— = — :
- =y

Vay, s6 —1 ¢6 hai can bac hai la i—\/zz (=1 +1).
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b. Giasrsé z=x+yi(x,ye R) lacan bac hai cua 4i, tic 1a ta cé:
P_yl= x=g
X -y O@ y ‘
2xy =4 Xy =2vax,ycungdau

@{X:y P L x=y=\2
X2: xzi\/'i x:)[:‘—\‘/5.

Vity. s6 4i ¢6 hai can bac hai 1a £4/2 (1 +i).

4i=(x+yi)2=x2—y2+2xyi¢:>{

¥~ Nhdn xét: Nhu vay, véi s6 ao dang z = bi chiing ta cin biét danh gid vé
ddu cia x va y dé nhanh chéng tim duoc nghiém ciia hé
phuong trinh. Véi cic s6 phic téng quat z = a + bi (a, b khic 0)
chung ta sé thay trong vi du tiép theo.
Yidp 3: 7imcdc can bdc hai cua cdc sé phiic:
a. (Bai 17.d/tr 195 - Sgk): 1 +4+/3 1.
b. -8 + 61.
&5 Gidl
a. Giasrs6z=x+yi(x,ye R)lacanbachaictal + 4\/§i, tuc la ta co:
I +4+/3i=(x +vyi)?=x2 = y? + 2xyi

243
§ o = 2\/5
= {X —y —] X i y:——
= 9 2 X
IXY = %
2xy =43 xz-{ﬁj = x‘ =x?=12=0
X
& X = X < . \/_
(X -4)x*+3)=0  |x*=4 S

Vay, s6 1 +4+/3 i ¢6 hai can bac hai 1a +(2 + i+/3).
b. Giasurséz=x+yi(x,yeR)lacanbic hai cia -8 + 6i, titc 12 ta cé:
-8 + 61 = (x + yi)? = x* — y? + 2xyi

Y—E 3
{xz—y:’:—S X y==
= & , = X
=g xz—(z) =-8 x*+8x2-9=0
X
.

Vay, s6 —8 + 61 c6 hai can bac hai la (1 + 3i).
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Vidyp 4: (Bai 18/tr 196 — Sgk): Chiing minh rdang néu z la mét can bdc hai
cua sé phirc w thi |z| =lwl.
£S5 Gidi
Véi gia thi€t z2 = w vA gid st z=a + bi (a, be R ), ta cé:
w = (a + bi)> = (a’ — b?) + 2abi
=5 = \/(212 -b’)’ +4a’d’ =a’+b’ < JIwl = Va® +b’ =|z|, dpem.
Vidg 5: (Bai 22/tr 197 — Sgk): Mot hoc sinh ki hiéu mét can bac hai cua -1
la -1 va tim cdch tinh -1 .J-1.
a. Theo dinh nghia ciia can bdc hai cia -1 thi -1 .J-1 = -1.
b. Theo tinh chdt cuia can bdc hai (tich ciia hai can bdc hai ciia
hai s6"bang cdn bdc hai ciia tich hai s6 doé), ta co:

J-1.441 = Jn.-n=v1 =1.
Hoc sinh do suy ra 1 = -1.
Hay tim diéu sai trong ldp ludn trén.

£S5 Gidi
Sai & ché \/(=1).(-1) = 1.
Yidp 6: (Bai 26/tr 199 — Sgk):
a. Dung cong thitc cong trong lwong gidc dé chimg minh rang voi
moi s6 thuc ¢, ta co:
(cos® + i.sing)’ = cos2 + isin2¢.
Tir dé, hdy tim moi cdn bdc hai ciia sé phitc cos2@ + i.sin2¢.

N ” - ~ . ? 2 - - . ” ”, " » A
b. Tim cac cdn bdc hai cua = (1 = 1) bang hai cach noi o cau a).

£ Gidi

a. Tacé:
(cos@ + isin@)* = cos’p — sin’@ + 2i.sin@.cos@ = cos2 + isin2¢p, dpem.

Tir do, suy ra cos2@ + 1sin2¢ ¢6 hai can bac hai la:

*(cos@ + 1sInQ).

b. Ta bién doi:

ﬂ(l -1)= cos-TE - i.s;inE

2
suy ra, n6 ¢6 hai can bac hai la i(cosg + isin% )
@ Nhdn xét: Vi du trén di minh hoa dang luong gidc clia s6 phic va tng

dung né dé tim can bac hai. Ching ta sé c¢6 duoc kién thitc nay
trong bai hoc 3.
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Yidg 7z Hoi khi s6 thuc a thay doi tuy y thi cac diém cua mdt phang phiic
biéu dién cac can bdc hai cua a + i vach nén dwong nao ?
&5 Giai
Gia sirsd z=x + yi (x, ye R ) la can bac hai cua a + i, tic la ta c6:
2 2
i . ) . X = =a
a+i=(x+yi)l=xt-y +2xyi & Y :
2xy =1

Tir phuong trinh 2xy = 1 chimg to diém M biéu dién z phai thudc hypebol y = 5!—
X

Vi v6i méi diém (x; y) clia hypebol nay, tim dugc a = x> — y> nén M vach trén
toan bo hai nhanh cia hypebol dé.

Vin dé 2: PHUONG TRINH BAC HAI
Sur dung kién thic trong phan phuong trinh bac hai.
Vidwp 1z (Bai 23/tr 199 — Sgk): Giai phuwong trinh z + L k trong cac
Z

truong hop sau:

a. k=1, b. k=+2. c. k=2i.
&5 Gidi
Bién d6i phuong trinh vé dang:
Z2-kz+1=0. (*)

a. Voik =1, phuong trinh (*) cé dang:
1+iv3

b. Véik = /2, phuong trinh (*) c6 dang:
\[2_11:1\/—2_ " \/5(1 + ).
2 2
c. Vaik = 2i, phuong trinh (*) c¢6 dang:
z=2iz+1=0
Ta c6 thé lva chon mét trong hai céch sau:
Céch I- Phuong trinh ¢6 A = (=2i)* — 4 = -8 = A ¢6 hai can bAc hai 1a +2iv/2 .
Nén phuong trinh d6 c6 hai nghiém phan biét la:
2i+2i\2

Zl.'.!:_?_ =(1i \/5)1

Cdach 2: Bién d6i phuong trinh vé dang:
2 liz-l=2e@-il=2oz-i=tif2 &z,,=(1+2)i
Vay, phuong trinh ¢6 hai nghiém z, , = (1 % V2)i.
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" Nhdn xét: Nhu vay:

a. Véi phuong trinh bac hai hé s§ thuc (cau a va b) thi
nghiém cua phuong trinh dugc xac dinh moét cach don gian
bai ludn c6 A 1a s6 thuc va khi do:

4 Néu A > 0 c6 hai can bac hai 1a +VA .

% Néu A <0 c6 hai can bac hai [a +iv/—A .
biéu nay ciing duoc sir dung ngay ca véi phuong trinh bic
hai c6 hé s6 phitic nhung c6 biét s6 A la s6 thuc (cau c).
b. Véi phuong trinh bac hai c6 biét s6 A 1a s6 phic ching ta
thuc hién theo céc budc sau:
Buoc 1: Tinh biét s6 A = a + hi.
Budc 2: 'Tim hai can bac hai ctiia A (gia su £3) theo thuat
toan da biét trong véin dé 1.
Budc 3: K&t luan, phuong trinh ¢6 hai nghiém:
-B+§

Z,,= ;

2A

Yidp 2: Gidi cac phuong trink sau:
a. z2-4iz-4-2i=0.
b. (Bai22.a/tr 214 —Sgk): 2 -3z+3 +i=0.

£S Gidi

a. Ta cé thé lua chon mot trong hai cich sau:

Cdch 1: Phuong trinh ¢6 A = (—4i)* + 4(4 + 2i) = 8i.

Gia slirs6 0 =x + yi (x, ye R ) la can bac hai ctia A = 8i, tifc la ta cé:

x* -y’ =0 {x=ty

o

8i=(x+yi)2=x2—y2+2xyi¢:>{ . \ ,
xy =4 vax,ycungdiu

2xy =8
X= ’ — =y =
=4 * - s =4 x=y=2 :
x’=4 x =12 X=y=-2
Tiic 14, biét s6 A c¢6 hai cian bac hai la (2 + 2i).
Nén phuong trinh dé cé hai nghiém phéan biét la:
zl=4H—(2+21) il 3is Zfz=4l_(2+2l) _
p/ i
Cdch 2: Bién déi phuong trinh vé dang:
2 -4iz-4=2ie (z-2iP=2i=(1+i)

-1 +1.

i . z, =1+3i
z-2i=H(l+1) 5
z,=-1+i

Vay, phuong trinh ¢6 hai nghiémz, =2 -ivaz,=1+1.
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b. Ta co thé lva chon mét trong hai céch sau:
Cdach I: Phuong trinh ¢6 A =3* - 4(3 + i) = -3 - 4i.

Glastrsé d =x +yi (x, ye R) 1a cin bic hai cua A = =3 — 44, tic 1a ta ¢6:
“3-4i=(x +yi) =x* - y* + 2xyi

2
(x'» 1‘_ ,; y:—-; _‘_2
e Yy =7 o) .3 =TT
== x’-(—zJ =3 [x*+3x*-4=0
X
2
=-= =1 vay=-2
el st et

Tirc 12, biét s6 A c6 hai can béc hai la £(1 — 21).

Nén phuong trinh dé c6 hai nghiém phén biét la:

_ 3+ll-=-2i) 3-(1-2i) _
e ——— L
Cach 2: Bién déi phuong trinh vé dang:

g 9 3 3V 3 . (1 Y
=32+ —=—— -1 |2-—=| =——-1 =| ——i
4 4 2 4 3

3 1 . Z, =2~1
oS z—-——=1 -1 & :
2 2 z, =1+i

Vay, phuong trinh ¢6 hai nghiémz, =2 -ivaz,=1+1.

& Nhdn xét: Nhu viy, véi mot s6 phuong trinh bac hai dang dac thit ching ta
con ¢6 thé tim dugc nghiém clia né bang cac phép bién déi dai so.
Vidp 3z  (Bai 19.¢c/tr 196 — Sgk): Giai phirong trinh sau:
2+ (1=3i)z-2(1+1)=0.

7 =2 -i; Z,= 1+1.

&5 Gidi
Phuong trinh cé: -
A=(1-31)+8(1 +i)=-8-6i+8 - 8i=2i.
Giasrs6 8 =x +yi (X, ye R) la can bac hai cia A = 2i, tifc la ta cé:
2i = (x +yi)* =x? — y* + 2xyi
1

T il
L= g 0 — * 4 = =y ”
2xy =2 xy =1 x=y=-I
Tc 14, biét s6 A ¢6 hai can bac hai la £(1 + i).
Nén phuong trinh dé c6 hai nghiém phén biét la:
Ii-1+(1+1) . 3i—-1-(1+1)
= ) = 21 , = =

-

Il

1 —]+i.
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Vidp 4z (Bai 20.c/tr 196 — Sgk):
a. Hoi cong thitc Vi-ét vé phuong trinh bac hai voi hé so thue ¢6 con
diing cho phuong trinh bdc hai véi hé sé phitc khong ? Vi sao ?
b. Tim hai s6 phitc, biét téng ciia chiing bang 4 — i va tich cuia
chiing bang 5(1 - 1).
c. C6 phdi moi phwong trinh bdc hai 2 + Bz + C = 0 (B, C la hai
5O phitc) nhdn hai nghiém la hai s6 phitc lién hop khong thic
phai ¢6 cdc hé s6' B, C la hai s6 thuc ? Vi sao ? Piéu nguoc lai
co dung khéng ?
£S5 Gidi
a. Cong thic Vi-ét vé€ phuong trinh bac hai véi hé s6 thuc van ding cho phuong
trinh bac hai véi hé s6 phic khong, vi:

( -B+8 -B-8 B

Z,+2,= + = —-—

< 2A 2A A

, , - "B+3 -B-5 B’-3" B’-A 4AC_C
L T 4A 4A  4A* A

" a 3 +2Z, :4’i
b. Véi hai s6 phic z,, z, thoa man diéu kién ddu bai, ta cé: {Z' % ot
ZI.Z2 =. =
suy ra z,, z, 1a nghiém ctia phuong trinh: 2> - (4 - i)z+5(1 =) =0
phuong trinh c6 A = (4 — i)* = 20(1 — i) = =5 + 12i.
Gia sirs6 6 =x +yi (X, y€ R ) 1a can bic hai cua A = -5 + 12i, tiic 1a ta co:
-5+ 12i = (x + yi)* = x* — y* + 2xyi

6
y=— 6 g
2 _ 2=___5 X = -
2xy =12 xz‘(_) =l x*+5x*-36=0 X" =4
X

x=2 vay=3
[ = ‘
X=-2vay=-3

Tiic la, biét s6 A c6 hai can bac hai la (2 + 3i).

Nén phuong trinh dé c6 hai nghiém phén biét la:

—4_I+(2+3|)=3+i; z,2=4_1-(2+3l)=1—2i.

2 2
Vay, hais6cantimla3 +ival - 2i.

c. Moi phuong trinh bac hai 2> + Bz + C =0 (B, C 1a hai s6 phiic) nhan hai nghiém z
va z 12 hai s6 phiic lién hop khong thuc phai c6 céc hé s6 B, Cla hai s6 thuc.
That vay:

-B=2z+ z las6 thuc = Bla s6 thyc.
C=2z2z las6 thuc = C la s6 thuc.
biéu ngugc lai van ding.
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& Nhdn xét: Nhu vay, qua vi du trén:
a. O cau a) ching ta khing dinh dugc ring dinh Ii Vi—ét
A ding vé&i moi phuong trinh bac hai.

b. O cau b) chiing ta sir dung dinh 1i Vi—¢ét d€ thuc hién mot
dang toan quen thuoc 1a "Tim hai s¢ biét tong S va tich P
ctia chiing".

c. Ocauc) chiing ta sur dung dinh 1i Vi—€t dé thuc hién yéu
cau vé tinh chit hé sé cua mot phuong trinh bac hai thoa
man diéu kién K cho trudc.

Vi du tiép theo sé minh hoa viéc sut dung dinh li Vi—ét dé thuc

hién dang toan "Tim diéu kién ciia tham so dé phicong trinh c6

nghiém thoa man tinh chat K".

Yidgp 5: (Bai 21.c/tr 197 — Sgk): Tim s6 phiec B dé phuong trinh bdc hai
z* + Bz + 3i = 0 ¢6 téng binh phiong hai nghiém bang 8.
&5 Gidi
Gia str hai nghiém cua phuong trinh la z,, z,, suy ra:
z,+z,=-B
{zl.z2 =3
Khi dé:
8=z +z; =(2,+2,) -22,2,=B*-6i & B*=8 + 6i=(3 + i)’
&S B=3(3 +1).
Viy, v6i B = £(3 + i) thoa man diéu kién dau bai.

~

Yidw 6 (Bai 25.b/tr 199 — Sgk): Tim cdc sé thuc a, b, ¢ dé phuwong trinh
(véidn z)Z' + az’ + bz +c =0 nhdn z =1 + i lam nghiém va ciing
nhdn z =2 lam nghiém.

&S Gidi

Ta 1an luot cé:
* PEz=1+1lam mot nghiém clia phuong trinh diéu kién la:
O=(1+i+a(l+1)’+b(l1+i)+c=(b+c—-2)+(2a+b+2)i
[b+c-2=0 b+c=2
2= & :
2a+b+2=0 2a+b=-2
*  PéEz=2]am m6t nghiém cia phuong trinh diéu kién la:
0=2'+a2’+b2+c=4a+2b+c+8. (*)
Giai hé tao boi (I) va (*),tadugca=-4,b=6,c=-4.

(D
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@ Chi y: Tiép theo, chiing ta s€ quan tdm téi cac phuong trinh bic cao doc
giai nho kién thic vé phuong trinh bac hai. Trudc tién la cdc
phuong trinh bac ba giai duoc bing cach chuyén vé dang tich.

Vidg 7z Gidi cdc phiuong trinh sau va biéu dién hinh hoc tip hop cdac

nghiém ciia méi phwong trinh (trong mdt phéang phitc):
a. (Bai24.a/tr 199 — Sgk): ' + 1 =0.
b. 22-322+42-2=0.

&5 Gidi
a. Ta bién déi phuong trinh vé dang:
A e et i A
A L -7 =0 L - 7
22 —z+1=0 zu:li;/5

Vay, phuong trinh c¢6 ba nghiém z,, z,, z, va chting theo thit tv duoc biéu dién

bing cic diém My(-1; 0), M, [%, _\/ZEJ va M, (% —%] trén mat phang phic.
b. Ta bién doi phuong trinh vé dang:
z—-1=0 z, =1
5 =
z°-2z+2=0
Vay, phuong trinh c6 ba nghiém z,, z,, z, va ching theo thir tu dugc biéu dién
bing cac diém M,(1; 0), M,(1; 1) va M,(1; =1) trén mat phing phiic.

& Nhdn xét: Nhu vay, qua vi du trén:
a. O cau a) ching ta sit dung hing ding thiic dé bién déi
phurong trinh ban dau vé dang tich.
b. O cau b) chiing ta sir dung két qua a + b + ¢ +d = 0 thi
phuong trinh az’ + bz* + ¢z + d = 0 (v6i a, b, ¢, d la nhing
s@ thuc) c6 nghiém bang 1, do d6 né duoc phan tich thanh:
(z-1)AZ2+Bz+C) =0.
Tuong tu, néu phuong trinh az’ + bz’ + ¢z + d = 0 ¢6:
a-b+c-d=0
thi né c¢6 nghiém bang —1, do d6 né dugc phan tich thanh:
(z+ 1)(AZ* +Bz+C) =0.
c. Cic em hoc sinh hdy chimg minh rang "Kér qua trén van
diing vai phuong trinh bdc ba cé hé so phirc".
Vidu8: Chophuong trinh: z2 =2(1 +1)z° + 3iz+ 1 —i=0.
a. Do ddu c6 thé nhdn thdy nhanh chéng rang z = 1 la mot
nghiém cua phwong trinh dé ?
b. Tim cdc s6 phitc o, B dé cé phan tich:
-2+ +3iz+1-i=@z-1)Z*+0z+p)
roi giai phuwong trinh da cho.

(z- 1)(22—22+2)=0<:>[

Zl_2=li‘l

282



&S Gidi

a. Tacora+b+c+d=1-2(1+i)+3i+1-1i=0nén phuong trinh nhan z = 1
lam mot nghiém.
b. Ta co bién doi:
2 =201+ 1)Z2+3iz+ 1 -i=(z-1)Z+az+P)

N

l]—i:—B

=z -(1-Z+P-a)z-P

20+1)=1-a .
_ oa=-1-2i
Ji=B-a <:>{ i

B=-Fk+i

Khi do, phuong trinh ¢é dang:

(/.—l)lzz—(1+2i)z—-l+i]<:>{

z, =1

22 —(1+2i)z-1+i=0 (*)

V6i phuong trinh (*), tacé: A= (1 +2i)*+4(1 -i) = 1.
Nen phuong trinh dé ¢6 hai nghiém phén biét la:

1+21+1
7z, = ——

_1+2i-1 =

=1+ Z,
i 2

Vay, phuong trinh ¢6 cac nghiém 1, 1 +ivai.

& Nhan xét: Tém lai dé€ giai phuong trinh béc ba:

az’ + bz’ +cz+d=0,véia=0. (1)
ta thuc hién céc budc:
Buoc 1: Doan nghiém z, cua (1).
Buoc 2: Phan tich (1) thanh:
(z—2z)(az" + b,z +¢,) =0
z2=12,

~

= : :
g(z)=az" +bz+c, =0 (¥)
Buoc 3: Giai phuong trinh (*) réi két luan nghiém cua
phuong trinh.

Luu y:
1. Du dodn nghiém dua vao cic két qua sau:

a. Néua+b+c+d=0thi(l)cénghiémz=1.

b. Néua-b+c—-d=0thi(1)cénghiémz=-1.

c. Néua, b, c, dnguyén va (1) cé nghiém hiru ty P ihi

q
P, q theo thit tv la udc cua d va a.

d. Neéuac’=b'd (a,d # 0) thi (1) c6 nghiém z = -% .
2. Véi c4c phuong trinh cé chita tham s6 c¢6 thé coi tham s6

1a 4n dé thuc hién viéc phan tich da thic.

283



Yidgp 9: Giai cac phuong trinh sau:
a. 32 -82+10z-4=0.
b. Z2+22-zv2 -2V2 =0.
&5 Gidi
a. Nhan xét rang:
a=3céudclatl,¥3vad=—4c6udcla+l, +2, +4
do d6 phuong trinh néu c6 nghiém hitu ty thi chi c6 thé la mot trong cac gid tri

il,i’2,il,iz,ii.

3 ¥ 3

Nhan thdy z = % 1a nghiém cla phuong trinh, nén phuong trinh ¢6 dang:

3z-2=0 —
(32—2)(22—2z+2)=0©[ o |73

2 p—

Vay, phuong trinh c6 ba nghiém phan biét z, = % 2,,=1%i.
b. Nhan xét rang:
ac’=1.(-V2)=-22 =bd
’ bk =ui ool c .
do dé phuong trinh c6 nghiém z = “ =2.
Bién déi phuong trinh vé dang:
2= V2)[Z+ (V2 +1)z+2]=0

B sl i . 2, =2
2+ 2+1)z+2=0 7 _-__(‘/E“Ll)iiVS_?"/E-

1,2 2

Vay phuong trinh cé ba nghiém.

@ Cha y: Khi di thanh thao cic phuong phap nhim nghiém cic ban hoc
sinh khong cin néu nhan xét trong 18i giai cho méi phuong trinh.

Yi dy 10: Cho phuong trinh:
Z-2m+ 1)+ 3(m+4)z-m-12=0. (1)

a. Giai phuong trinh véi m = % - 12i.

b. Xdc dinh m dé phuwong trinh cé 3 nghiém phdn biét.
c. Xdc dinh cdc gid tri thic ciia m dé phiong trinh c6 2 nghiém
khong thuc phdn biét.
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&5 Gidi
Bizn doi phuong trinh vé dang:
(z=1)(z"-2mz+m+ 12)=0

[ =1
2 : (D
18(2)=2"-2mz+m+12=0 (¥
| I is \ ,
a. viim= 5 12i, phuong trinh (*) cé dang:
2 | : l .
7 *2(——121)2-% —=12i+12=0
2 2
=27 -2(1-241)z-24i+25=0 (¥%)

phuong trinh c6:
A’ = (1 = 241)* + 2(24i - 25) = —625 = A’ ¢6 hai can béc hai 1a +25i.
Nén phuong trinh (¥*) ¢é hai nghiém phan biét la:
_1-24i+25i _ 1+i 1-24i-25i _ 1-49i

Z, = — 3 -
' 2 ) “ 2 2

1
Viy, véim = == 121 phuong trinh c6é ba nghiém phan biét z,, z, va z,.

b. Dé phuong trinh (1) ¢ 3 nghiém phan biét diéu kién la:
(*) ¢6 2 nghiém phan biét khic 1
A' 20 m’-m-12#0
= =
g(h=0 13-m=#0
Vay,véim ¢ {-3; 4; 13} phuong trinh c6 ba nghiém phan biét.
c. Dé phuong trinh (1) c6 2 nghiém phiic phan biét diéu kién la:
(*) ¢6 2 nghiém phan biét khac 1
S A, <0eom-m-12<0&-3<m<4,

ome (-3;4; 13).

Viy,v6im € (-3; 4) phuong trinh c6 2 nghiém phiic phan biét.
& Nhdn xét: Nhu vay, qua vi du trén:

a. O cau a) ching ta sir dung A’ = B’> — AC thay cho A va

khi d6 phuong trinh Ax* + Bx + C = 0 ¢6 hai nghiém:
| -B'+6 -B'-4&
zZ, = vaz, =
A

trong d6 8 1a mot can bac hai clia A’.

b. O cau b) ching ta sir dung diéu kién A’, # 0 dé phuong
trinh bac hai c6 c6 hai nghiém phéan biét.

c. O cau c) ching ta sit dung diéu kién A’, < 0 dé phuong
trinh bac hai ¢6 c¢6 hai nghiém phic phan biét.
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Yidwy 11z Cho phuong trinh:
2(m-2)2 - (5m-2)Z2+2z-m—-1=0. (1)
a. Giai phuong trinh voi m = —%i :
b. Xdc dinh cdc gid tri thic cia m dé phiong trinh ¢6 diing mot
nghiém thuc.
&S Gidi
Bién déi phuong trinh vé dang:
(2z- D[(m=2)zZ-2mz+m+1]=0
1
Z, =—
L~ 2 : (I)
g(z)=(m-2)2" -2mz+m+1=0 (%)

a. Vdim= —Ei , phuong trinh (*) c6 dang:

[—%i—2)22+3iz— —%i +1=0(3i-4)Z+6iz—3i+2=0 Rl

phuong trinh c6 A’ = (3i1)* = 3i +4)(3i=2) =-9 = (-9 — 8 + 6i) = 8 — 6.
Gia sirso 6 =x + yi (x, ye R ) la can bac hai cia A = 8 — 6i, tic la ta c6:
8 — 6i = (x + yi)* = x* = y* + 2xyi

3
o W 3 3
@{xl_yzzsc:w e eoi’TTx {77 7%
Xy =-6 xz-(-i) =8 |x*-8x*-9=0 [x*=9
X
x=3 vay=-I1
[x=—3vity=l

Tirc 1a, biét s6 A’ ¢6 hai can bac hai la £(3 - 1).

Nén phuong trinh (*¥*) c¢6 hai nghiém phén biét la:
oo=3i4+3-i _4i-3. _ (4+3i)i _ .
'TO3i-4 443 4430
_=3i-340 3421 _ (3+2i)(4-3i) _ 1

_ " 1 as—i.
2= THCd T o 3 1 47 25 (18—

Vay, v6im = —%i phuong trinh ¢6 ba nghiém phan biét z,, z, va z,.
b. Dé phuong trinh (1) ¢6 ding mét nghiém thuc diéu kién la:

, ; ]
(*) cé hai nghiém phic hoédc c6 duy nhat nghiém z = 3"
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Triuonghop I: Neum-2=0<m=2
Khi do:

; 3
4‘)<::>—J,z+3=U<:>z=Z ¢%:>m=2kh(‘)ngthoémﬁn.

Triongop 22Neum—-2#0< m #2
Khi d6, diéu kién la:

A' <0
. m+2<0
= S| m+2=0&© m<-=2.
g(.l_):() m+2=0
2

Vay. véi m < -2 thoa man diéu kién dau bai.

& Chi y: Cac em hoc sinh can biét:
1. Phuong trinh (**) ciing c6 thé duoc gidi bang céch bién ddi tiép:

@+ 32 =6iz+3i-2=07--2 74 12 9
4+ 31 4+ 31
Pone 61(’4-321)2_‘_ (3|~;.2)(4:3|) -0
3 +4 37 +4
& 2522 -2(121+9)z+ 18i+1=0 ()

phuong trinh c6:
A’ = (12i+9)*—25(18i + 1) = —88 — 234i.
Gia strs6 6 =x + yi (x, ye R ) 1a can bac hai cila A = —88 — 234i, tic

la ta co:
—88 — 234i = (x + yi)’ =x* - y* + 2xyi
17
xz—y2=—88 X
laxy=-23¢ ) 17\
= xz—[——) =88
X
el y=-21  x=9 vay=-13
— X = x < } :
|x=-9vay=13

x* +88x?-13689=0 x? =81
Tuc 14, biét s6 A’ ¢6 hai can bac hai la £(9 — 131).
Nén phuong trinh (***) c6 hai nghiém phan biét la:
I -131 A 1 -9 +131
- 121+9+9-131 _ l(lS—l); 2,= 12i+9-9+131
25 23 a3
2. Néu phuong trinh ¢6 chita tham s6 m, ta c6 thé coi m 1a 4n, con x
1a tham s6 dé tim nghiém m. Sau d6 tim lai x theo m.
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Yidwy 12: Cho phuong trinh:
m’z' =3mz’ + (m*+2)z-m =0, véim # 0. (1)
a. Giai phuong trinh voi m = 1.
b. Xdc dinh cdc gid tri thuc cia m dé phiwong trinh ¢é ba nghiém
thice phan biét.
Giai
Viét lai phuong trinh vé dang:
(Z+2m* =B+ 1)m+2z=0
Coi m la 4n, con z 1a tham s6, ta dugc phuong trinh béc 2 theo m. Giai ra ta duoc:

1
m=—
X
2x
m = —;
L X" +1
Do d6, phuong trinh dugc chuyén vé dang:

mz—-1=0 (2)

(mz-1(mz*-2z+m)=0& : .
g(z)=mz" -2z+m=0 (3)

(D

a. Vdim =1, talan luot co:
* Phuong trinh (2) c6 dang:
1

1

Z-l=epaslozs

®* Phuong trinh (3) c6 dang:
iZ2-2z+i=0-22-2iz-1=022+2iz+1=0
& @z+if=2ez=-it V2.
Vay, véi m = i phuong trinh c¢6 ba nghiém phan biétz=—-ivaz=-1% iv2.
b. Phuong trinh ¢6 ba nghiém thuc phéan biét diéu kién la:

Phuong trinh (3) c¢6 hai nghiém thuc phan biét khac 4

m
a=l) m=#0
, . m# 0
a4 A >0 S <l-m>0 & .
, Im i<
g(——l-);t() m——=z0
\ m | m

Viy, véim € (—=1; 1)\ {0} phuong trinh c6 ba nghiém thuc phan biét.

F Cha y: Tiép theo, ching ta s€ quan tam t6i cac phuong trinh bac bon duoc
bing cdch chuyén vé dang tich. D€ thuc hién giai phuong trinh
ax' + bx’ + cx’* + dx + e = 0 (a # 0) theo phuong phap nay cac
em hoc sinh cin nam chic cac phuong phiap doan nhan nghiém
dua vao cédc két qua sau:
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*-

Néua + b + ¢ +d + ¢ = 0 thi phuong trinh ¢6 nghiém x = 1.
4+ Néua-b+c—d+e=0 thi phuong trinh c6 nghiém x = —1.
+ Néu a, b, ¢, d, e nguyén va phuong trinh c6 nghiém hir ty

P hi p, q theo thit tu la udc cua e va a.

Yidu 13: (Bai 24.b, 24 ¢ va 24 .d/tr 199 — Sgk): Giai cdc phwong trinh sau va
biéu dién hinh hoc tap hop cdc nghiém cia méi phwong trinh
(trong mdt phang phitc):
i 2 —1=0 b. z2+4=0. c. 82'+82=z+1.
&5 Gidi
a. Bién doi phuong trinh vé dang:
Z-DZ+1)=0z=tlvaz=+Hi
b. Bién doi phuong trinh vé dang:
p . § . 5 ? =2i I
-4t =0 (2 -2)Z2+2)=0e |- " ol
z' =-2i (2)
Ta lan luot:

* Vi phuong trinh (1), gia sirs6 z=x + yi (x, ye R) la can bac hai cua 2i,
e la ta co:

2i=(x +yi)  =x" - y* + 2xyi

2 _yi= =T =
- X =y =0 . X =1ty . s X=Y
2xy =2 xy = lvax,ycungdau

<:>{x=y c:»[xzy:] .
1 x=y=-1
Suy ra, phuong trinh (1) c¢6 hai nghiém la (1 + 1).

* Véi phuong trinh (2), gia stts6 z =X + yi (x, ye R ) 1a can béc hai cta -2i,
tire la ta cé:

=2i=(x+yi)  =x* -y + 2xyi

x?-y?=0 X =1y 3 |
— — P
2xy =-2 xy = —lvax,ytraidau x: =1
= x=—y<:> S .
x =zl X=-y=-]
Suy ra, phuong trinh (2) ¢6 hai nghiém la (1 - 1).
Viy, phuong trinh da cho c6 bon nghiém la £(1 + 1) va £(1 —1).
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c. Tabién d6i phuong trinh vé dang:
8Z’(z+ N=z+ 1+ 182 -1)=0

&S+ 1DRz-1D)E2+22+1)=0 z=—1—

(42 +22+1=0. (%)

‘ o —1%i3
Phuong trinh (*) ¢6 biét thitc A' = =3 nén né co6 hai nghiém —

1 =140

Viy, phuong trinh c6 cdc nghiém z, =-1,z, = e Zy 4= 3

% Nhdn xét: Nhu vay, qua vi du trén:
a. O cau a) ching ta sir dung hing ding thic dé chuyén
phuong trinh ban diu vé tich cta hai phuong trinh bac hai.
b. O cau b) chiing ta sir dung tinh chat i’ = =1 dé lam xuat
hién dang A’ — B’ = (A — B)(A + B).
c¢. O cau c) chiing ta két hop sir dung phuong phép phm tich
da thiic thanh nhéan tir va hing ding thic dé chuyén phuong
trinh ban dau vé dang tich.
Yidwy I4: (Bai 39.c/tr 209 — Sgk): Giai phuong trinh sau:
Z+1)’+z+3)°=0
&S Gidi
Bién déi phuong trinh c6 dang:
Z+ 1) =-iz+3)=0[Z2+1-iz+3)][Z2+1+iz+3)]=0
[zz+1=(z+3)i [z’-iz+1—3i=o (1)
= & :
2 +1=~(z+3)i z’ +iz+1+3i=0 (2)
Khi dé:
® Véi phuong trinh (1), ta cé:
Ay, =12 —4(1 = 3i)=-5 + 12i.
Gia sirs6z=X + yi (X, y€ R) 1a mét cin béc hai cta =5 + 12i, ta co:
(x+yi)=-5+12ie x> —y* + 2xyi=-5+ 12i

’

y_E 6
x2__y2=__5 X y_____
= 2 —12 = 9 6 2 = X
= xz—[—-J =-5 x*+5x?-36=0
1 X
6 6
= — = — X=2 Vi :3
~ d a < y X <:>|: ) ?y 3.
x2=4 x=%2 S S A

290



Tuc 1a, biét s6 A,;, ¢6 hai can bac hai la (2 + 31).
Nén phuong trinh (1) c6 hai nghiém phan biét la:
z,zl—j—(—%ﬂ=l+2n, g S
* Vai phuong trinh (2), ta co:
Ay =i -4(1 +3i) =-5 - 12i.
Gla strso z = x + yi (X, ye &) la mot can bac hai cua =5 — 121, ta cé:
(X +yi)=-5-12iex* -y’ + 2xyi=-5 - 12i

( 6
2 2 __ 5 y:_; __E
{x ¥ = = 6\ - d X
A=l xz—[-——J =-5 x*+5x*=36=0
X
6 6
e =—— =2 vay=-3
5 1 x & {7 e [x - d -
x? =4 =1 W T
Tic la, biét s6 A,, c6 hai cén bac hai la (2 — 3i).
Nén phuong trinh (2) c6 hai nghiém phan biét la:
23:'—+—(—2———ﬂ=1—i; 24:'__Qﬂ=_1+2i_
2 2

Vay, phuong trinh da cho cé bon nghiém la 1 + 2i, =1 =1, 1 =iva-1+2i.
T Chu y: Tiép theo, chiing ta sé quan tim t6i viéc gidi cdc phuong trinh
bang phuong phép dat 4n phu.

Vi dy 15z (Bai 39.a va 39.b/tr 209 — Sgk): Giai cdc phuong trinh:
a. (z+3-1)’-6(z+3-1)+13=0.

. 2 .
" [|z+3) _3nz+3_4=0.

z—-21 z-21

&S Gidi
a. batt=z+ 3 -1, khidé phuong trinh c6 dang:

—3_9i _i_a_9 _
t2—6t+13=0<:[t 2|®[z+3 i=3 21@[2 1

t=3+2i |z+3-i=3+2i |[z=3i
Vay, phuong trinh cé hai nghiém z = —i va z = 3i.
b. Patt= = +23_ , khi d6é phuong trinh ¢6 dang:
z-2i

t=-1

t2—3t-4=0<=>|:
t=4
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® Vit =-1, taco phuong trinh:

lz+?f ==-11z+3=-2+21(1+1)2=-3+2i
z—2i
i -3+2i _ (=3+21)(1-1) _ —1+5i_
1+1 2 2
= Véit=4,tacé phuong trinh:
'“23_ =4 eiz+3=4z-8ic (4—i)z=3+8i
Z— 41
_3+8i _ (3+8i)(4+i) _ 4+35i
4-i 17 17
) . - 1. 4 + 351
Vay, phuong trinh c6 hai nghiém z = ikl vaz= s =

17

@ Chiu y: Ching ta déu biét ring cic phuong trinh tring phuong dang:
az' +bz’ +c =0
duoc giai bing viéc sir dung 4n phu t = 2.
Vi dwy 16: Giai cac phuong trinh sau:
a. 2'-322-4=0. b. 2-(2-1)2-2i=0.
£S5 Gidi
a. Pat t = 7%, phuong trinh duoc chuyén vé dang:
' ?-3t-4=0t=4hoict=-1.
Ta lan luot:
= Vaéit=4,taduoc:
=4 éng =12,
= Véit=-1, ta duogc:
=17, y=4i.
Vay, phuong trinh ¢6 bon nghiém z, , = +2 va z, , = *i.
b. Datt =2z’ phuong trinh dugc chuyén vé dang:
2-(2-it-2i=0
phuong trinh cé:
A=2-i) +8i=3+4i=2+1i)
nén noé cé hai nghiém phan biét la:
t,=2_i+(2+i)=2; t2=2—i—(2+i) _
2 2

Ta lan luot:
= Véit=2,tadugc:

=26z, =%iV2.
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= Véit=i,taduoc:
z’ = —i. (*)
Giasirsd z=x +yi (x, ye R) la can bac hai ctia —i, ta cé:
—i= (X +yi)’ =x" -y + 2xyi

x’-y’=0 _ [x=ty X =—y
2xy = -1 12xy:—lviix,ytré:dﬁu {2){':1
| 2
X:—y x:—y:%
L= L= ;
x—_iﬁ \/E
?_ x:—y:——
L 2
Suy ra, phuong trinh (*) c6 hai nghiém la z; , = iﬁ— (=1 + 1)

;.

Viy, phuong trinh cé bén nghiém z , = +iv2 va Zy 4= i—\/—z (=1 +1i).
Yidwp 17: Tim diéu kién can va dii vé cdc s thic p, q dé phuong trinh:
z' +pz'+q=0. (1)
a. Chi co nghiém thuc.
b. Khoéng co nghiém thie.
c. Co ca nghiém thuc va nghiém khong thuc.

&5 Gidi
bat t = 7>, phuong trinh dugc chuyén vé dang:
t! +pt+q=0. (2)

a. Pé& phuong trinh (1) chi c6 nghiém thuc diéu kién la:
Phuong trinh (2) chi c6 nghiém t20 (0 <t, <1t,)
A20 p-—4q=20 [p2—4q20
<8520 & {-p=20 < p<0
P=>0 q=0 1(.] 20
Vay, véi p* —4q >0, p <0 va q > 0 thoéa man diéu kién ddu bai.
b. Pé phuong trinh (1) khong c6 nghiém thuc diéu kién la:
Phuong trinh (2) khong c¢6 nghiém thuc hodc chi cé nghiém t <0 (t, <t, <0)

[A<0 (p? —4q<0 (p> —4q<0
A=>0 2_4q20 o820
- - p q . P q _
S<0 -p<0 p>0
i P>0 q>0 q>0

Vay, v6i p* — 4q < 0 hoic p* —4q >0, p >0 va q >0 théa man diéu kién diu bai.
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c. Dé phuong trinh (1) c6 ca nghiém thuc va nghiém khong thuc diéu kién la:
Phuong trinh (2) chi ¢c6 nghiém t théamant, <0 <t,
<> Phuong trinh (2) chi cé nghiém t thoa mant, <0 <t, hoict, <0=t,

P<( q<0 q<0
< ||P=0<]|q=0 < |[|q=0.
S<0 -p<0 p>0

Vay, voi q <0 hodc g =0 va p > 0 théa man diéu kién dau bai.
F Chi y: Chiing ta déu biét ring dé giai cic phuong trinh héi quy dang:
az' +bz? +cZ2+bz+a=0(a=0). (1)
ta thuc hién theo cac budc:
Budc 1: Nhan xét rang z = 0 khong phai 1a nghiém cua phuong
trinh. Chia cé hai vé& cua phuong trinh cho z°# 0, ta duoc:

a(zz+i,J+b[z+l)+c:0. (2)
z! z

Buoc 2: Datt=z+ L suy ra z° + l,, =t'-2.
z z
Khi dé, phuong trinh (2) c6 dang:
att +bt+c—-2a=0. (3)

Budc 3: Giai phuong trinh (3) dé tim t, tir d6 suy ra gid tri cla z.
Véi nhitng bai todn c¢6 tham s6 yéu cdu thuong duoc dat thém ra
1a tim diéu kién ctia tham s6 dé phuong trinh:
a. Chi c6 nghiém thuc.
b. Khoéng c6 nghiém thuec.
c. (6 canghiém thuc va nghiém khéng thuc.
Khi dé, cic em hoc sinh cén luu y t6i diéu kién cua t trong tap so
thue 12 |t 2 2.
Vi dwy 18: Gidai cac phuong trinh sau:
a. 22' -7 +922-T72+2=0.
b. Z2+(1+2)2 +2(1 + )22+ (1 +2i)z+ 1 =0.
c. 22 -(T+)2+25+1)Z-(T+i)z+2=0.
&5 Gidi
a. Nhan xét ring z = 0 khong phai 12 nghiém ctia phuong trinh. Chia ca hai vé
ctia phuong trinh cho z*# 0, ta dugc:

222—7z+9—Z - % = [} &5 2(zz+iz~)—7[z+—1—J+9:0.
zZ Z zZ z

1 1
bat t=z+— suyra 2’ + 5 =t* -2.
z z
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Khi dé, phuong trinh c6 dang:
200-2)-Tt+9=020-Tt+5=0<t=1hoict = %

Talan lugt:
* Voait=1I,taduoc:
1 2 i
z+—:l<:>2'—z+1=0<:>z|2=l l\/g.
z ‘ 2
" 5
. V01[=;,taduqc:
L 5 o : 1
Zz+—=—227-52+2=02z,=2vaz, = —.
z 2 2
. ’ s e 1£iV3 : 1
Vay, phuong trinh ¢6 bon nghiém z, , = 1\/—,z3=2vaz4=—.

b. Nhan xét rang z = 0 khong phai la nghiém cta phuong trinh. Chia ca hai v&
ctia phirong trinh cho z*# 0, ta duoc:

2t + (1 +2i)z+2(l+i)+(]+2i)l +—17=O
z T

& (zz +—12-)+(1+2i)(z+l]+2(1+i)=0.
Z

Z

Pat 1 :z+l,suy ra zz+l2=t2—2.
z z
Khi d6, phuong trinh ¢é dang:
C=2+(142Dt+2(1+1) =0+ (1 +2Dt+2i=0
phuong trinh nay ¢6 a + b + ¢ =0 nén c6 nghiém t = -1 hoic t = -2i.
Talan luot:

* Vit =-1, taduogc: o

z+—]~=—l <:>zz+z+l=0¢:>z,,2=—:l%\/§.
z

* Vait=-2i,taduoc:

i 49
z+—]—=-—2i <:>22+2iz+1=0c>23_4=ﬁ:22;\/_2— = (-1 2)i
z

141
Viy, phuong trinh c6 bon nghiém z, , = ——1_21—\/3 vaz, ,=(-1% J2)i.

c. Nhan xét ring z = 0 khong phai 1a nghiém cta phuong trinh. Chia ca hai vé
cua phuong trinh cho z*# 0, ta duoc:

22— (T 4102+ 25 +1) - T+~ + =
Zz

ZZ

0

A Z

= 2(;:2 +—12—J—(7+i)(z+l)+2(5+i)=0.
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] , 1
bat t=z+— suyra 2’ +==1"-2.
z z

Khi dé, phuong trinh cé dang:
2 -2)-(T+it+25+i)=0=208-(7+i)t+2i+6=0
phuong trinh nay cé:
A=(T+1)-42Q2i+6)==2i=(i—-1)
nén né c6 nghiém:
» T+1+(1-1) l(i+3) o T+1—=(1-1)
4 2 i 4
Ta lan luot:

=2.

= Véit, = %(i +3), ta duoc:

11 T
Z+— =E(i+3) 2 -10+3)z+2=0
z
phuong trinh nay co:
A=(+3)\-422=-8+6i=3i+1)
nén no cé nghiém:
g 1+3+@3Bi1+1) = il = 1+3-31+1) _

(1-i).

|
4 4 2
= Véit=2,taduogc:

z+l=2 Sr-+l=0g=1.
2

Vay, phuong trinh c6 ba nghiémz, =1+1,2, = ?12—(1 -i) vazy;=1.

F Chu y Tiép theo, ching ta quan tam tdi dang mo réng cuia phuong trinh
hoi quy la:
4 3 2 o s € d)
az’ +bz’ +cz’+dz+e=0voia#0va — = (B) .
a
Yidwy 19: Giai phuong trinh:
2 -C+)2+@+31)2"-23+1)z+4 =0.
£ Gidi ,
Nhan xét ring z = 0 khong phai la nghiém cta phuong trinh. Chia cé hai vé

cua phuong trinh cho z*# 0, ta duoc:

7.2—(3+i)z+(4+3i)—2(3+i)l +-ft— =0
 / Z

— (22 +iz)—(3+i)(z+z)+4+3i=0.

Z A

. 4
batt=z+—,suyra z2+—2=t2—4.
z z
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Khi d6, phuong trinh ¢6 dang:
FP=4-CB+i+3i+4=0=-3+it+3i=0
phuong trinh nay co:
A= +i)’-43i=8-6i=(3-1)
nén no cé nghiém:

: _ 3+ 144{3—i)

3+i—(3-1) .
I —_— -

=3 hoict, =

2 2
Ta lan luot:
* Vait, =3, taduoc:

2 2
z+—=3o2-32+2=0¢2=1hodcz,=2.

z
* Vait, =i, ta duoc:
S . .
z2+—=172-1z+2=0
z
phuong trinh nay ¢6 A = (-1)* = 4.2 = -9 = (3i)* nén né c6 nghiém:
1+ 31 1-31

Véy, phuong trinh ¢c6 bon nghiémz,=1,2,=2,z,=2ivaz, = —i.

& Cha y: Nhiéu phuong trinh & dang ban diu khong phai 1a mét phuong
trinh héi quy, tuy nhién véi phép dat 4n phu thich hop ta c¢6 thé
chuyén chiing vé dang héi quy. Tir dé, 4p dung phuong phéap da
biét d€ giai. Vi du sau sé minh hoa truong hop nay.

Yidw 20: Giai phicong trinh:

(z-2)'+(z-2)52"- 142+ 13) + 1 =0. (1

&5 Gidi

Nhin xét rang diay khong phai la mot phuong trinh héi quy, tuy nhién néu dat
an phu thich hop ta s& c¢6 mot phuong trinh hoi quy. '
That vay, dat y = z — 2, phuong trinh duoc bién déi vé dang:
Y+ y[S(y +2)7 = 14(y +2) + 13]+ 1 =0
&y + 5y +6y°+5y+1=0. (2)
Nhan xét rang y = 0 khong phai la nghiém cua phuong trinh. Chia ca hai vé
clia phuong trinh cho y?# 0, ta dugc phuong trinh trong duong:

(y2+—17} +5(y+lJ+6=O. (3)
¥ y

12 =t'-2.

patt=y + l,suyray3+
4

Khi 6, phuong trinh (3) ¢6 dang:
?+5t+4=0&t,=-1hoict, =—4.
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Ta lan luot:
= Véit, =-1, ta duoc:

1
y+—=-1y'+y+1=0.

. N rd . 2
phuong trinhnay c6 A=1-4=-3= (I\/g) nén né c6 nghiém:

y, = —l+1\/3 =z -2= —l+1\/—3- — 3+1\/§;
2 y 2
~1-i3 - - Yeoididd
b R 7 =z,-2= 5 S z,= 5

= Véit, =—4, ta duoc:
y+_1. =—4c>y2+4y+1=0<:> yu:—Zi\.@ = i\/g

3i21\/§ VazZy = +J3 .

Vay, phuong trinh ¢6 b6én nghiém phan biétla z, , =

@ Chit y: Chiing ta déu biét ring dé giai cic phuong trinh phan héi quy dang:
az' +bz’ +cz -bz+a=0(a=0). (1)
ta thuc hién theo cac budc:
Budc 1: Nhan xét rang z = 0 khong phai 1a nghiém cta phuong
trinh. Chia ca hai v& ctia phuong trinh cho z°# 0, ta duoc:

a(zz+l2J+b(z—l)+c=O. (2)

Z Z

Buoc 2: Datt=z- L suy raz’ + —15- =t'+ 2.
z z .
Khi do, phuong trinh (2) c6 dang:
at’ +bt+c+2a=0. (3)
Budc 3: Giai phuong trinh (3) dé tim t, tir d6 suy ra gid tri ca z.

Vi dw 21z Giai phicong trinh:
. 4z — (6 + 101)Z* + (151 = 8)Z* + (6 + 101)z + 4 = 0.
25 Gidi
Nhan xét ring z = 0 khong phai 12 nghiém cta phuong trinh. Chia ca hai vé

clia phuong trinh cho z*# 0, ta dugc:
4

422~ (6 + 10z + (151 = 8) + (6 + 10) - + & =0
Z Z

= 4[;52 +—12—)—(6+10i)(z—-1-)+]5i—8=0.
Z Z

1 1
bat t=z-—,suyra 2’ +— =t* +2.
z z
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Khi do, phuong trinh c6 dang:
HE+2)—(64+10Dt+151-8=0=42 - (6+ 10Dt + 151=0
phuong trinh nay co:
A= (3 +5i)’ - 4.15i =-16 — 30i = (3 - 5i)’
nén no co nghiém:
___3+5i+(3—5i) 3 3+51-(3-51) =5i

L, = — hoact, = —1.
4 2 4 2

Ta lan luot:

= Vot = % ta duoc:

z—lzg<:>222—3z—2=0<::>z,=2h0acz,3=——
z
- - I
* Vait,=—1i,tadugc:
¥
- .
z—-——=—122"-51z-2=0
z
phuong trinh nay ¢6 A = (51)* + 4.2.2 = -9 = (3i)* nén né c¢6 nghiém:
51+ 31 ' 51-31 1
= =2ihoacz, = —— = —1.
3 AC Z, 4 5

. . : 1 . :
Viy, phuong trinh ¢6 ba nghiém z, =2, z, = =3 zy=2ivaz, = —2—1 ;

F” Chu y: Chiing ta déu da biét cdch giai phuong trinh véi hé s6 thuc dang:
(z+a)z+b)(z+c)z+d)=m (1)
vGi a + b = ¢ + d thong qua viéc thuc hién theo cac bude: -
Budc 1: Viét lai phuong trinh du6i dang:
[+ (a+ b)z + ab).[Z + (c +d)z + cd] =m. (2)
Budc 2: Datt=7"+(a+b)z + ab, suy ra:
2+ (c+d)z+cd=t—ab +cd.
Khi do6, phuong trinh (2) c¢6 dang:
t(t—ab+cd)=m < P = (ab—cd)t —m =0. (3)
Buéc 3: Giai phuong trinh (3) dé tim t, tir d6 suy ra gid tri cua z.
Vi du tiép theo s& md rong cho dang phuong trinh trén véi nghiém
phitc va cac hé s6 la nhiing s6 phiic.
Yi dwn 223 Giai phuong trinh:
zZ(z-1)z+2)z+3)=10.

C
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&5 Gidi
Viét lai phuong trinh duéi dang:
(22 +22)(Z* +2z - 3) = 10.
Dit t = 2% + 2z, phuong trinh ¢6 dang :
t(t-3)=10=t*-3t-10=0&t,=-2hoict, = 5.
Ta lan luot: e
= Véit, =-2, ta duoc:
Z’+22=-27+22+2=0
phuong irinh nay c6 A’ =1-2=-1 =1 nénné cé nghiémz, , =1+ 1.
« Véit, =S5, ta duoc:
' 2+22=524+2-5=012,,=-1%+6.
Vay, phuong trinh c6 bon nghiém phan biét 1a z, ,=—1 +ivaz, , = —1+6 .

® Chit y: Ching ta déu da biét cach giai phuong trinh véi hé s6 thuc dang:

(z+a)'+(@z+b)=c (1)
thong qua viéc thuc hién theo cac budc:
+
Buoc I: Datt=x+ = b,suyra:
i a-b
X+a=t+—
ﬂ 2
-b
x+b=t-2

Khi dé, phuong trinh ¢6 dang:

2 4
2+ 12[ 222 242 a_b) =c. (2)
2 2
Budc 2: Datu = %, phuong trinh c6 dang:
2 4
2u2+12(ﬂ) .u+2(a_b) =c. (3)
2 2

Bude 3: Giai phuong trinh (3) dé tim t, tir d6 suy ra gia tri clia z.
Vi du ti€p theo s&¢ md rong cho dang phuong trinh trén véi nghiém
phirc va cac hé sé la nhitng s6 phiic.

Vi du 23z Gidi phuong trinh (z + 4)* + (z + 6)* = 82.

£ Gidi
Datt=z+f;—6=z+5,suyra:

z+4=t-1
z+6=t+1
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Khi do, phuong trinh duge chuyén vé dang:
=1+t +1) =822+ 120+2=82t+61°-40=0

2 =4 )= 2
- LJ =-10 - {tu =+iV10
Ta lan luot:
® Véit,=2,tadugcz, +5=2 &z, =-3.
s Vaiy,=-2,tadugcz,+5=-2&2,=-7.
s Véit, = ii\/—lﬁ,taduqcz_‘_4+5= +iv10 = ~5+iV10 .

Viy, phuong trinh ¢6 bon nghiémz, =-3,z,=-7vaz, ,= -5% iv10 .

BAI TAP TU GIAI
Bai tap 1: Tim can bac hai cia méi s6 phuc 1; —1; i; —4i.
Bai tap 2: Tim can bac hai cua moi s6 phic sau:
a. -1+43i. c. 4+645i.
b. 1- 4431 d. -1-26i.
Bai tap 3: Hoi khi s6 thuc a thay déi tuy y thi cic diém ctia mat phéing phiic biéu
dién cdc can bac hai cia a — i1 vach nén duong nao ?

Bai tap 4: Giai phuong trinh z — L 4= k trong céc truong hép sau:
z

i K=l b. k=+2. . k=2
Bai tap 5: Tim céc s6 thuc b, ¢ dé phuong trinh (vé6i 4n z) z* + bz + ¢ = 0 nhan
I + 1 lam moét nghiém.
Bai tap 6: Giai cic phuong trinh sau:

a. Z’=z-1. c. Z2+@B-i)z-2(1-1)=0,

b. z2+22+3=0. d. Z+1)(z-2iz-1)=0.
Bai tap 7: Cho phuong trinh bac hai Az* + Bz + C =0 trong dé A, B, C 1a nhiing
s6 thuc A # 0. Chiing minh ring néu z, € C 1a mo6t nghiém cua phuong trinh thi
E; ciing 1a mét nghiém cua né.
Bai tap 8: Tim hai s6 phic, biét téng cua chiing bang 3 + i va tich ciia chiing
bing 4 + 3. '
Bai tap 9: Tim s6 phiic B dé phuong trinh bac hai z* + Bz + 1 = 0 ¢6 tdng binh
phuong hai nghiém bang —1.
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Bai tap 10: Giai cic phuong trinh sau va biéu dién hinh hoc tap hop ca: nghiém
clia mbi phuong trinh (trong mat phang phic):
a. z-1=0. c. Z2+522+62+2=0.
b. 22-222+32-2=0. d z22-2z2-4=0.
Bai tap 11: Cho phuong trinh:
Z2-QRi-1DZ2+(B-2iz+3=0.
a. Do dau cé thé nhan thdy nhanh chéng ring z = —1 la mot nghiém cla
phuong trinh dé ?
b. Tim cdc s6 phic a, B dé c6 phan tich:
Z2-QRi-N2+B=-2)z+3=@z+ 1)(Z+az+p)
réi giai phuong trinh da cho.
Bai tap 12: Tim s6 thuc a, b dé c6 phan tich:
222 -922+142-5=2z-1)(Z* +az + b)
réi giai phuong trinh 2z* — 92 + 14z - 5 = 0.
Bai tap 13: Giai cdc phuong trinh sau va biéu dién hinh hoc tap hop cdc nghiém
ciia mbi phuong trinh (trong mat phang phic):
a. z'-4=0. c. Z+2=z+1.
b. Z+1=0. d z'-zZ=z-1.
Bai tap 14: Giai phuong trinh:
(ZZ-1>+(z-3)*=0.
Bai tap 15: Tim céc s6 thuc a, b d€ ¢6 phan tich:
' —-422-162-16=(22-22-4)(Z* + az +b)
roi giai phuong trinh z* — 42> - 162 - 16 =0.
Bai tap 16: Giai ciac phuong trinh:
a. Z+)Z+4)Z-i)=0. b. @-27%+4(Z-2)-12=0.
Bai tap 17: Giai cic phuong trinh:
a. (z+2-3i)-6(z+2-3i)+13=0.
b. (zi+1)Y=8(zi+1)+15=0.
Bai tap 18: Giai ciac phuong trinh:

' | N 2 "
[-z—?-'-J Bt FUTI Y b. [""3) _22-3 5.0

Z+1 zZ+i z+2i Z+2i
Bai tap 19: Giai ciac phuong trinh:
a. z'-822-9=0. c. Z2+(1-3i)22-2i-2=0.
b. z2-22+1=0.
Bai tap 20: Giai ciac phuong trinh sau:
a. 22°+72+922+72+2=0.
b. 2 -1 +2)Z2+2(1 +)22-(1 +2i)z+1=0.
c. 22 -(3Bi-42+22-31)22-3i-4)z+2=0.
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Cllil ﬁ P ? ’
PEt  DANGLUONG GIAC CUA & PHUC

VA UNG DUNG

A. TOM TAT LI THUYET
1. sO PHUC DUOI DANG LUONG GIAC

Dinh nghia 1
(Acgumen ciia s6 phitc z # 0): Cho s6 phitc z # 0. Goi M la diém trong
mdt phdang phiic biéu dién s6'z. S6 do (radian) ciia moi géc luong gidc tia
dau Ox, tia cuoi OM duoc goi la mét acgumen cua z.

F Cha y:
I. Né&u ¢ la mét acgumen cua z thi moi acgumen ctia z c6 dang ¢ + 2kn, ke Z .
9

2. Hai s6 phitc z va 1z (véi z # 0 va | la s6 thuc duong) ¢é cling acgumen.

Pinh nghia 2

(Dang licong gidc cua so phitc): Dang z = r(cos¢ + 1.sinQ), trong dé r > 0
duoc goi la dang luong giac cia so phitc z # 0. Con dang z = a + bi (a,
be R) duwoc goi la dang dai sé cua sé phiic z.

& Nhdn xét: Dé tim dang luong gidc r(coso + i.sing) clia s6 phiic z=a + bi (a,
be R ) khac O cho trudc, ta thuc hién theo cic budc:

Budce 1: Tim r: d6 1a modun cia z, r = va® +b? ; s6 r d6 ciing la
khoang cach tir goc O dén diém M biéu dién s6 z trong
mat phing phuc.

Budc 2: Tim ¢: d6 la acgumen cia z, ¢ 1a s6 thuc sao cho
cosp = 2 va Sing = E; s6 @ do ciing la s6 do mot géc

r r
lwong gidc tia dau Ox, tia cuéi OM.
& Cha y:
1. |z| =1 khi va chi khi z = cos@ + i.sing (pe R ).
2. Khi z = 0 thi |z = r = 0 nhung acgumen cua z khong xdc dinh (do6i khi coi
acgumen cua 0 la s6 thuc tity y va van viét O = O(cos + 1.sinQ)).

3. Can dé y doi hoi r > 0 trong dang lugng gidc r(cosg + i.sin@) cua sd phuc
Z£0
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2. NHAN VA CHIA sO PHUC DUGI DANG LUONG GIAC
Dinh li: Néu z = r(cos@ + 1.sin@) va z' = r'(cos@' + i.sin@"') véi r, r' > 0 thi :

zz' = 1r'[cos(@ + @) + L.sin(p + ¢')]
Z = L (cos(q - @) +isin(@ - ¢)] khi ' > .
Z r

T Chit y: Néu céc diém M, M' biéu dién theo thit tu céc s6 phiic z, 7' khac 0 thi

acgumen cia — la s6 do goc lugng gidc tia dau OM', tia cu6i OM.
z

3. CONG THUC MOA-VRO (MOIVRE) VA UNG DUNG
Cong thitc moa—vro: Vi moi s6 nguyén duong n, ta co:
[r(cos@ + i.sing)]" = r"(cosn@ + i.sinng).
Khir =1, ta duoc:
(cos@ + 1.sin@)" = cosn@ + i.sInnQ.
Ung dung vao luong gidc: Ta cé:
(cos@ + i.sin®)’ = cos3¢ + i.sin3¢.
Miit khéc, sir dung khai trién ldy thira bac ba ta dugc:
(cos@ + i.sin@)’ = cos’@ + 3cos’.(i.sin) + 3cos@.(i.sing)’ + sin’@.
Tu dé,. suy ra:
cos3¢ = cos’@ — 3cos@.sin’p = 4cos’@ — 3cosy,
sin3¢ = 3cos’@.sing — sin’g = 3sing — 4sin’.

Cdn bdc hai ciia s6 phitc dudi dang luong gidc: S6 phic z = r(cosg + 1.sing), r > 0
¢6 hai can bac hai la:

i cosisin)
r| co 5 i |n2
vé—\/;(cosizp-ﬂ.sin(—;-) = \/-r-[cos(%+1r)+ i.sin(—(g+nﬂ.

B. PHUGNG PHAP GIAI TOAN
Vindé 1: ACGUMEN CUA SO PHUC
Stt dung dinh nghia vé Acgumen cta s6 phic.
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Yidw s 7im phan thice va phan do ciia sé phitc z, biét acgumen ciia z bang
n
= + 2th,k FA/I.
£5 Gudi
Giasutz=a+ bi(a,b e R) thi:

—EJ:O va b:sin[—z):—l.
2 s

\ v

d = COS

Do d6, viec lua chon ddp dn B la ding dén.
Yidw2s 7Tim acgumen ciia so phiic z, biét:
a. z=-1+1.
b. z=cosp — 1.sing. C. Z=-SIng — 1.cosQ.
&S Gidi
a. Ta co thé lua chon mot trong céc céach sau:
Cdch 1: Ta bién déi:

“l+i= [-£+.£) \/i(cosi:-ﬂsm%’fJ

-

::»(p-—-':L = Acgumen cua —1 +ib5ng§4£ +2kn, ke Z.

Cdch2: Tacor = \/(-—1)2 +1% =2 nen:
]

COSP = ——=

{ : :>(p=§:Acgumencﬁa—-lﬂbéng}f—+2k1t,ke ZL.

SinQ = 75—
b. Ta bién doi:

Z = cos® — Lsing = cos(—@) — isin(—p)

=> Acgumen cua z bang —¢ + 2kn,k € Z.
c. Tabién doi:

Z = =sInQ — 1.cOSY = cos —E—(p +isin[-—£—-(p)

=> Acgumen cua z bing —g- —@+2km ke Z.

Vindé2: DANG LUONG GIAC CUA CUA SO PHUC
St dung kién thitc dugc trinh bay trong nhan xét cia phan 1.
Tuy nhién, trong thuc t& d€ tim dang lugng giac ctia s6 phitc z = a + bi
ching ta st dung phép bién doi:
1 a b 1

z= i|= cosP+L.sing) .
\/a3+b2[\/a2+b Jal+b? J \/az+b2( )
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Vidg 1z (Bai 27/tr 205 — Sgk):
a. Gia su s6 phitc z # 0 ¢6 dang lwong gidc z = r(cosp + i.5iNQ).
Hay tim dang luong gidc ciia cdc sé phiic:
z: -Z; —L; kz(k e R").
z
b. Xt riéng truong hopz=1+i/3.
£S5 Gidi
a. Talan luot c6:

* SG phitc z c6 modun r va acgumen bang — nén c6 dang:

z = r[cos(—@) + 1.sin(—@)] = r(cosp — 1.5InQ).
S6 phitc —z ¢6 modun r va acgumen bing ¢ + 7 nén ¢6 dang:
-z =r1[cos(¢ + 1) + i.sin(Q + m)] = —r(cosp — 1.sInQ).

= S6 phic L _Lz c6 modun lzr= : va acgumen bang ¢ nén c6 dang:
Z Z.Z r r
1 ] g i
= = —(cos + 1.SIn@Q).
z T
* S phitc kz ¢6 modun |kz| = [k|r va acgumen bang @ néuk >0 vala ¢ +n
néu k <0 nén c6 dang:
K kr(cos@ + 1.sin @) néuk >0
Z=
—kr[cos(p + 1) + i.sin(p + m)] néuk <0

= kr(cos + 1.sin@).
b. Ta c6 thé trinh bay theo hai cédch sau:
Cdch 1: Véiz=1+i3 ,tacé:
Modunr = V1+3 =2,

e 2 S 3 n
Acgumen ¢ thoa méan cosg = s va sing = = = chon ¢ = 5

Tiurdé,suyraz= 2(cos§ - i.sing-) va khi dé:
z=2 cosE—i.sinE =2 cos(—lt- +i.sin[—£) :
3 3 3 3
-2 cos£+i.sin—1E = 2| —cosZ—isint | = 2 cosﬂt—+i.sinﬂ);
3 3 3 3 3 3

1 1 T .. 7 1 | PR -
=2z = —.2| cos—+1.8siIn— | = —| cos—+ 1.SIn— |;
z.2 -+ 3 3 2 3 3

Z

L
z
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\
2k(c0<—+ 1.sIn %J néuk >0
kz=

—2k[cos4—3Tt + i.sini?) néuk <0

Cdch 2: Ching ta thudmg st dung ngay phép bién doi:

z=l+i\/§=2{l+|£) = (cos—ﬂ—ﬂsinf—);
7 3 3 %
£=1+1\/§-1—1\/§-2(l-' = 2| cos =5 +1.8In L .
2 2 3 3
-z=-1-1+/3 =2(——1-—i—\/—§— =2(cosﬂ+|smﬁ}
2 2 3 3

1 1-iv3 1+iv3 11 B) 1 n . . =«
—-— = = =E COS§+I.Sln§ "

(B9

—

1

z 1-iY3 143 4 2

F Chui y: Vi du tiép theo sé minh hoa viéc tim dang ctia nhimg s6 phitc duoc
cho boi mot biéu thite phiic.

Yidp 2: (Bai 28.b va 28.c/tr 205 — Sgk): Viét cac s phitc sau dwoi dang

luong gidc:

2 2

1

. b. 2i(+/3 -i).
2+ 2i
&5 Gidi
a. Tabién doi:
] 2-21 | .
= =—(1-1i
2421 8 ( )

) o (3]
b. Tabién doi:

23 —i)=2+23i= (EH{B—J = 4[cos§+i.sin§).
Yidn 3: Viét cac s6 phitcc sau dudi dang luong gidc:

Jimeal & et E (l—iﬁ)(l«l—i); l-—i\/§.

1+1

&5 Giai
Ta 1an luot co:

=it {‘5‘{3}:2[(5)(3)]
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l+i= ‘/5(['2‘4' 1-\/—5) = ﬁ(cosﬁ+i.sin£).
¢ 4 2 4 4

(1 - iv3 W1 +1)= 2|:cos(—-1£)+ i.sin[—E)

3 3)]
[ T T (

=22 COS(——+—)+i.sin —£+EH
3 4

- L Y (_it_

=22 _cos( 12)+ i.sin )]

1_aJ5=2[°°S('§)”Si“[‘§)]= ‘Ei ( 7n] N ( 77‘)]

at \/i(cosz+i.sinﬁ]
4 4

.\/E(COSE + i.sinﬂ)
4 4

Vidp 4: (Bai 36/tr 207 — Sgk): Viét dang lwong gidc cua cac so phiic:

&

a.

308

a. 1—i.tan£. b. tan—s-E + 1.
5 8
c. 1-cosp—ising(pe R, #2kn, ke Z).
Giai
Ta cé:
T sin< 1 T n
l-itan— =1 -1. D = cOS— —i.sin—
5 m T 5 5
COS— COS —
5 5
1 | .. 1:
= cos| —— |+ i.sin| ——|].
"[ ( 5] [ 5”
COS —
5
Ta c6:
S - .. T Sm ) 0 . n .
tan— +i=cot| ——— | +i=cot| —— | +1=cot— +1
8 2 ‘% 8 8
n
g sak S 1 In . . =
= is= cos— +1i.sin— |.
. In . In 8 8
sin — sin —
8 8
Ta co:

l—cosw-i.simp:Zsinzip- ~2isin? cos? =2sin2 | sin2? —i.cos >
2 X 7. 2 .

2
=28in2 cos > - ~c-i.cos[$—E )
2 2 2 2 2



YidpS:s (Bai 40/tr 209 — Sgk): Xer cac so phiic:
=46 =02, Z=-2-2 z=2L,

a. Viétz,, z,, z, duci dang liong gidc.

S . ix ... T
b. Tircdu a) hay tinh cosl—7 va smﬁ.

e

&5 Gudi

a. Tabién doi:

7= \/6—; % J = ﬂ2\/_(cos—+1sm5?nj

Al B
2
£

h.)‘%l

2y S-S \/_( J = —2\/_(cos——+1 smE)
4 4
z, —2ﬁ(cos%+i.sin%) = o
ys—= = =COSE + i.sin—
% —2\/§[COSE +1.s1n E}
4 4
b. Taco
s =B V6 -iv2 (N6 -iv2)(-2+2i) _ (\/g-'i\[Z—)(—lH)
Tz, 22 2 2
—J6 +2+(V6 +2)i
= ; .

Tir do, suy ra:

In_ —J6+2 . 7n_\/g+\/§

—
—_— —_— —_—
—_—

12 4 13 4

Vidwn6: Giai phuwong trinh:
Z’ — (cos + ising)z + i.cos@.sing =0

trong do ¢ la so' thuc cho truoc.
£5 Gidi
a. Phuong trinh cé:
= (cos + ising)? — 4i.cos@.sin® = (cos — ising)®.
Nén phuong trinh d6 c6 hai nghiém phan biét la:
cos@ + 1.sInQ + (cos @ — 1.sin Q)

Z, = 5 = COSQ;
. cos@ + l.sm(p—z(costp—:.sn‘up) =1.8ing.
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Vandé 3: CAC UNG DUNG

Vidg 1z (Bai 30/tr 206 — Sgk): Goi M, M' la cdc diém trong mar phdang
phitc theo thit tie biéu dién cdc s6"

z=1-2i,2=1+ 6 +(\3 - N2)i.

a. Tinh z .
z
b. Tim s6 do géc luong gidgc (OM , OM').
£5 Gidi
a. Tacé:

2 _1+V6+(B-V2)i _(-iv2)+V3(2-i) _ V32
z 1-iv2 1-iv2 =Y
1 PO e

1+2
b. Goi ¢ la acgumen ctia s6 phic 1 + i3, suy ra:

cosp = —]— va sing = ——3— = chon ¢ = e
9= == ne= <.
Tir d6, suy ra (OM , OM') = g +2kn, ke Z.

Vidu2: (Bai30/tr 206 — Sgk):

a. Xeét cdc diém trong mdt phdng phitc biéu dién cdc s6'2 +1,3 + i

|

Ml;i

a7 » . > a’ l ] e
dé chitng minh rang néu tana = i tanb = 5 vdia, b e (

. n
thia+b=—.
4
b. Xét cdc diém trong mdt phang phitc biéu dién cdac s6'2 +1, 5 + 1,

puas a4 . - 1 1 I
8 + i dé chitng minh rang néu tana = 5 tanb = e tanc = < vdi

a, b, ce( 2) thia+b+c=

.nl:a

L5 Gidi
a. Ta lan luot cé:
* DPiém M(2; 1) biéu dién s6 phtic 2 + 1 thi:
tan(Ox, OM) = -;- = tana.
* Piém N(3; 1) biéu dién s6 phic 3 + i thi:
tan(Ox, ON) = % = tanb.
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Do M, N cung nam trong géc phan tu thi nhat cia hé toa do Oxy va

LS A ~ ) . & i " " s
e (():7) nén moét acgumen cua 2 + 1 bang a, mot acgumen cua 3 + 1 bang b.

Tur d6 mot acgumen cua (2 +1)(3 +1) bing a + b.
Tua ¢06:

(2+1)(3+1)=5+51=5(1 +1) c6 acgumen béng g—

Tur dé, suy ra:
O<beac<t
4

) m
a+b=—+2kn & a+b=—.

4 4
b. Ta lan luot ¢é:

*  Piém M(2; 1) biéu dién sé phirc 2 + i thi tan(Ox, OM) = — = tana.

:
2

*  Piém N(5; 1) biéu dién s6 phiic 5 + i thi tan(Ox, ON) = — = tanb.

L
2
* Piém P(8; 1) biéu dién s6 phic 8 + i thi tan(Ox, OP) = % = tanc.

Do M, N, P ciing nam trong géc phan tu thit nhat cia hé toa do Oxy va a, b, ¢

r T[ S - Kl . b < 2 . b ~
€ (0;-;} nén mot acgumen cua 2 + 1 bang a, moét acgumen cua 5 + 1 bang b, mét

acgumen cua 8 + i bang c¢. Tr d6 mot acgumen cua:
(2+i)(5+i)8+i)banga+b+c.
Ta co:

2 +1)(5+1)8+i)=(9+7Ti)® +1i)=65(1 + i) c6 acgumen biing % :
Tir do, suy ra:

0<c<b<n<E
4

a+b+c=%+2kn & a+b+c=

& A

Vidp 3: (Bai 32/tr 207 — Sgk): Tinh sindo va cosdo theo cdc luy thita ciia
SINQ Vd COSP. '
&S Gidi
Ta c6:
(cos@ + i.sin@)* = cosd + i.sinde.
Mat khéc, sir dung khai trién lily thira bac bon ta dugc:
(cos@ + i.sing)* = cos*p + dcos’¢.(i.sing) + 6¢os’@.(i.sing)” +
4cos@.(i.sin@)’ + sin‘p.
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Tir d6, suy ra:
cosd@ = cos*@ — 6cos’@.sin*p + sin‘o,
sind@ = 4cos’p.sing — 4cos@.sin’Q.

” . A ? a’ . Z + l + A’ ~ .
Vidp 4: a. Xdc dinh phan thuc cua sé phite ——T,btet rang z| =]vgz#1.

Z_

” . - Pl Z +l .\ aAr ? .
b. Chitng minh rang néu g | la sé'dothi |z] =1.
Z —_—

&S Gidi

a. Ta c6 thé lua chon mot trong hai cich sau:

Cach I: Tu gia thiét, ta dat z = a + bi v6i a’ + b’ = 1, khi dé:
z+1 _a+bi+1 _a+1+bi _ (a+1+bi)(a—1-bi)

z-1 a+bi—-1 a—1+bi (a—1)* + b
Khi dé, phan thuc cta s6 phitc d6 c6 dang:
——[(a+ e~ D+ =212 = ¢
(a=1)"+b (a=-1)"+b°

Cdch 2: Tix gia thiét, ta ¢6 z = cosa + i.sincat, khi dé:
z+1 cosa + i.sina + 1 _cosa+l+isina

z-1 coso + i.sino — | cosa—l+1isina
_ (cosa+1+isma)(cosa—1—i.sina)

(cosa —1)* +sin’ o
Khi d6, phan thuc ctia s6 phic dé c6 dang:
1
(cosa—1)* +sin’a
b. Tur két qua cau a) suy ra:

[(cosoL + 1)(cosat— 1) +sin‘a] =cos’a — 1 + sinfo,=0.

- BT
L la s6 a0 & —3—#]-2- =0 a+bl=1o |z| = .
z-1 (a=1)"+b
Vidp5: (Bai 38/tr 209 — Sgk): Chitng minh réng néu |z| = |w| =1 thi s¢
Z+W

la s6 thuc (gia sw 1 + zw # 0).
1+ zw

&S Gidi ,
Tir gia thiét, ta c6:
z=cosa + i.sinat va w = cosf + i.sinf3,
z+w _ cosa+isina+cosB+isinfd  (cosa +cosP)+i(sina+sinf3)
l+zw 1+ (cosa + i.sina)(cosP + i.sin3) T I cos(o + B) + L.sin(a + )
Khi dé, tir s6 clia phén ao cta sé phirc d6 c¢6 dang:
—(cosa + cosP).sin(o + B) + [1 + cos(a + B)](sinat + sinf3) =0

Vay, s6 Z+wW

la s6 thuc.

1+zw
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Yidy 6: (Bai 34/tr 207 — Sgk): Cho so phirc w = ——2-(1 +13). Tim cdc so
nguyén dicong n dé' w" la sé thice. Hoi ¢6 s6 nguyén dicong m nao
dé w™ la s6' do ?

&S Gidi

Ta co:

) ) .. ( 2n)\| ( Znn) o ( 2nn)
= W =|Cos| —— |+ LSIN| —— =cos| —— |+ L1.sSIn| — |.
3 3 3 3

Khi do, dé w" 1a sé thuc diéu kién la:
sin(—-g%E] =0& —ZITm =km <> nla boi cua 3.

Khi do, dé w™ la s6 ao diéu kién la:

<

cos(—z—?EJ =0 & _2r;m = g + kn = Khong ton tai m.

Yidw 7z Viér dang luong gidc ciia sé phitc z va cdc can bdc hai cuia z cho
moi truong hop sau:

| & o 6 d s O%
a. ’z =3 va mot acgument cua iz la i

2] | — y T 3, 3m
b. |z| == va mét acgument ciia — la —— .
3 1+1 4
&5 Gidi

a. Gia sirz =a+ bi véi moédun r va acgument @, ta co:

|z| = Va?+b? =3, iz=i(a+bi)=-b +ai

a . S5n 3n
= COS(P) = ———= =SINn— =COoS—.

Vva’ +b’
T 3Jn . 3wy - 3
Tudo, suyraz= 3(cos—4— . LSmT] va cic can bac hai cua z la:
\/5 cos—3—n+i.sin§£ - J§ c:os-lﬁﬂ.sinHE :
8 8 8 8

b. Gia sz =a + bi véi médun r va acgument @, ta cé:

|z|=m=l, - =(a—b|)(l-—|)=a+b(1_i)
3 1+1 2 2

::>coscp=—3-— =0.

va® +b?
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Tudé,suyraz = % (cos—g+ i.sing) va céc can béc hai cua z la:
J3 t .. n) 3 5n . . SnJ
——| cos—+i.sin— |; —| cos— +i.sin— |.
3 4 4 3 4 4
Yidg 8: (Bai 33/tr 207 — Sgk): Tinh:

3 - i) (;)2""“ [5+3i~./§]u.

1+i N

£5 Gidi

a. Ta lan luot véi:

L 2(:_2@ #%i] - 2l cox( - Joisin( -2 |

= 2 [cos(—n)+ i.sin(—n)] = -2
b. Ta c6 thé lua chon mot trong hai cich sau:
Cdch 1: Ta lan lugt cé dang lugng gidc cia cac s6 phic:
T, . W
. cos— + i.sin—
1 ) 2

\/5 T .. X
141 e = 1r = 2 COSZH'San
. \/E[coszﬂ.sinz)

r 2004
[ P\ \E( T .. W
=t | e = | —=| cos— +i.sin—
141 _2 4 4
i
2

\

E |
J (cosSOln+ i.sinSOln) s

2!002 :

Cach 2: Ta cé:
i i1=i) 1+ \/2(\/2 .\/2} \/2[ T n)
- - = 3l = cos— + 1.sin—

" 2 2 2

2004
V2( @ .. m
—| cos—+ Lsin—
| 2 R -

(3

2004
-2—] (cos501m+i.sin501n) =~

1+1 2 2 é

-

U
- A
—
v |-
- :
]

1

7

\
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c. Talan luot voi:
5+3iV3 _ (5 +3iv3)(1 + 2iV3) P, - =_2[1 .\/EJ

—_l_———
| =2jf3 13 5

. 3
-[58) -t
= (-2)"'[ cos(~Tn) + isin(-Tn) | =2*".

4i J“ i 3 +1)°
1+iV3 {=idn"

Yida9 [inh (

&S Gl
a. Taco thé lua chon mot trong hai céch sau:
Cach I: Talan lugt c6 dang lugng gidc cla cdc s6 phic:

4i= 4(COS£+ i.sinz) :
2 .

1+i1v3 =2 lJri.-\/—5 =2 c:oslt—+i.sinE .
7_2 2 3 3

n .. =

) 4| cos— + 1.sIn—
4i ( 2 2) [ no,.n
= = 2| cos— +1.sin—
( 6 6

. ... %
cos— +i.sin—
3 3

6 6
41 t 4
=5 = 12| cos=+isin— || = 2%(cosm+i.sinn) = —64.
(1+i\/§) { ( 6 6” ( )

Cdach 2: Ta cé:

| o (
4 _ 4id iv3) = Bri=o ¥4l =2(005£+i_sin_’£)
Uit 143 | 3 2 6 6

. 6 16
— [ i ) = 2[cos£+i.sin£) = 2°(cosm+i.sinm) = —64.
1+iV3 6 6)
b. Talan lugt c6 dang lugng gidc clia cac s6 phic:
Bri=i £+—l-i = 2(cos£+i.sin—1£)
S & 6 6
5 5
= (ﬁ+i) = [2(cos%+ i.sinl(:-)] = 25(cos%+ i.sin%). (1)
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B =2[%‘"igj =2[cos[—§]+i.sin(—§)]
= (1-iv3) = 2" [—%\[%ﬂ |

L /
= 2" cos(—i"r-t-]ﬂ.sin(—s—n) . (2
i 3 3
T (1) va (2) suy ra:
4 c:oszT-[-+isir15—1r
(3 +i)’ 6 6 1( St .SnJ i
- = C0f=——4 Lilfl— | = ==
64

Vidwy 10: (Bai 30/tr 206 — Sgk): Cho cdc sé phiic:
w= g(l sivdes %(-1 +iV3).
Chitng minh rdng z, = cos% + isin%; L Bnd: Lheie Idede
nghiém ctia phicong trinh 2’ = w = 0.
L5 Gidi

Trudce tién, ta co:

w=-‘/:(1+i)=—‘@+;£=cos-’5 +isinX
2 2 2 4 4
1 . R £ 2n . . 2«
e=—(-1+1¥3)=—-— 41— =cos— +1.sin—,
5 ¢ V3) 2 ' 3 T

2 an .., 2% 4n . . 4n
€°=| cos— +i.sin— | =cos— +i.sin—.
3 3 3 3
Ta lan luot véi:

. V6i20=cos%+isin]—n2— thi:
3 L A T .. =N
Z—-wW=|cos—+isin— | —cos— —1.sin—
12 12 4 4

T .. % T .. T
=CcoS— + 1.sin— —cos— —1.sin— =0
4 4

Suy ra z, 1a mét nghiém ctia phuong trinh.
" Véiz, =z,¢ thi:

% .. = 2 . . 2w In .. =
Zl= COS— + 1.SIn— COS— + 1.SIN— | =CO0S — + 1.81Nn —
12 12 . 3 4 }
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3
3 in . . 3n | o 2 WL
Z —W= C()S—i—+l.,\'ln——— — COS— —1.SIn—

/

Or . . 9¢ | . . T
=COST +1.58IN— —cos— —1.sin— =0

Suy ra z; 1a mot nghiém cua phuong trinh.

" Vdiz, =2z,€ thi

[ T n][ 4n . . 4nm 17n . . 17n
Z, =| COS— + L.SINn— || COS— + 1.SIN — |=CO0S —— + 1.S1In ——
. 12 12 12

3
3 ( 1707 . . 17n T .. T
Z’ —w=| cos— +i.sin— —cos— —isin—

A
n . . 17n m . . 7
=COosS—— +1.8In—— —cos— —1.sin— =0
4 4 4

Suy ra z, la mot nghiém cua phuong trinh.
BAI TAP TU GIAI

Bai tap 1: Tim mét acgumen clia méi s6 phiic sau:

a. —2+2 1. .5 . T
+243i c. =sin— —icos—.
8 8

b. cosX —isinZ. -
4 d. 1 —=sing +icosp (0 < (p<§).

Bai tap 2: Tim mot acgumen cua moéi s6 phic sau:
a. (a+1)’ +(a—i)® (alas6 thuc cho trude).

b. z—(1+i+/3)biét acgumen cua z bang g-
Bai tap 3: Hay tim dang luong gidc clia cdc s6 phiic z, z, -z, l , biét:
z
a. z=1+1 b. z=1-i.
Bai tap 4: Hay tim dang luong gidc cia cic s6 phiic z, z,-z, l , biét:
z
a. z=3 +i. b. z=1-i3.

Bai tap 5: Vi€t cic s6 phic sau dudi dang lugng gidc:

B i 1=i3: (f5 =il —i3y Ya-i, 1=
1 l'\/— (\/. 1)( l\[_) l—l\/§ \/3_1

Bai tap 6: Vi€t dang luong gidc cua cic s6 phic:

a1+ i.tan%. b. tan-$E - 1.

c. 1+cosp+ising(pe R,p #2kn, ke Z).
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Bai tap 7: Viét dang lugng gidc cua céc s6 phic:

) T Sm .
a. 1 —1.cot—. b. cot—g— + 1.

c. 1=sinp—icosp(pe R,o ¢§+2kn,ke 7).

Bai tap 8: Cho hai s6 phiic khac 0 la:
z =r1(cos@ + isin@) va z' =r'(cos® + isin@’), vair, ', ¢, ¢ € K.
Tim diéu kiéncAnvadu vér,r,p,¢' déz=7.
Baitap9: Choz= (/6 +2)+i(V6 — V2).
a. Viét z* du6i dang dai s6 va duéi dang luong gidc.
b. Tir cau a) hay suy ra dang luong giac cua z.
Bai tap 10: Dung cong thic khai trién nhi thic Niuton (1 + 1)'” va cong thic
Moavro dé tinh C), -C}, +C;, —...+ C;3 —C,; .

. \2009 _ 2
Bai tap 11: Tinh (V3 + i)5; [Tl_) ; (5—31\/5]

-1 1+2i\/§

Bai tap 12: Viét dang lugng giac cua cédc s6 phic:
1—(cos@+1isin@)

1+ cos@+i1sin@
b. [I =(cos@+ising)](1+ cosp+ising).
Bai tap 13:
a. Cho céc s6 thuc a, b sao cho sin% # 0. Vi mdi s6 nguyén n > 1, xét cic tong:

S = cosb + cos(a + b) + cos(2a + b) + ... + cos(na + b);
T = sinb + sin(a + b) + sin(2a + b) + ... + sin(na + b)
Tinh S+ iT, trdé suyraSva T.
b. Ching minh ring v6i méi s6 thuc a # kn (k € Z), mbi s6 nguyénn = 1, ta cé:

o 2
" 2 . SIn na
sina+sin3a+ ... +sin(2n - 1)a= —
sina
' sin2na
cosa+cos3a+..+cos(2n—-1l)a= ——.
2sina

Bai tap 14:
a. Cho z=cos@ + ising (¢ € R). Chimg minh ring véi moi s6 nguyénn > 1,
taco z" + —17 = 2cosn@Q ; 2" — Ln = 2isinng.
z z
b. Tircau a), ching minh rang:

cos’p = % (cosdq + 4cos2@ + 3).

sin’Qp = 1—1(; (sin5¢ - 5sin3¢ + 10sing).
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