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Cdc em hoc sinh ldp 10
yeuwquy!

Sau 4 nam & trung hoc ¢d 58, cac em budc vao Iap 10. & 16p 10,

cdc em s& ¢ thém nhidu hiéu biét todn hoc mdi vé: dai s va dai sé
t6 hgp; hé thidc lugng frong tam gidc, vecta vé phudng phdp toa dé i
trong mat phdng; 1iép tuc tim hiéu séu hon théng ké va xac sudt; tién
hanh nhing hoat dong thyc hanh va trdi nghiém, ddc biét vé nhing
hoat déng tai chinh don gidn, st dung phdn mém toan hoc trong
thifc hénh tinh fodn va vé hinh hinh hoc. Qua dé giup cac em hiéu
biét thém nhing céng cu quan trong clia todn hoc frong viéc gidi
quyét nhing van dé thyc tién.

Todn bd nhiing diéu trén dudc thé hién qua nhang franh anh, hinh
vé, badi tép déc ddo va hdp dén; qua nhing cdu chuyén i tha vé
khoa hoc tu nhién, vé van hod va nghé thudt, kién fric, thé thao va
du lich. T& dé, cac em tién thém mot budc frén con dudng kndm pha
thé gisi bl &n véi dep dé clia todn hoc, ddc biét 1a “lam giau” vé vén
van hod chung va cé cd héi "Mang cudc sng vao bai hoc - Bua bai
hoc vao cudc séng”.

Chiu khé suy nght, trao ddi véi thdy ¢ gido va ban bé, nhdt dinh
cdc em s& ngdy cdang tién bd va cdm thdy vui suéng khi nhan ra y
nghia: Hoc todn rét co ich cho cudc séng hdng ngady.

Chuc cac em hoc té@p that t6t, say mé hoc toan va cé thém nhiéu
niém vui,

Cdc tac gia
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MENH D€ TOAN HOC.

TAP HOP

Trong chuong nay, ching ta sé tim hiéu nhiing néi dung sau:
ménh dé toan hoc, tap hop va cac phép toan trén tap hop.

§1 ' MENH BE TOAN HOC

80 15 chia het cho S. Viét Nam la mot nuée &
khit viee Pong Nam A.

2

Trong hai phdt biéu trén, phdt biéu i % £l {
H Maryam nao la ménh dé todn hoc? '\_’J,\\; Phudng

I. MENH DE TOAN HOC

a) Phat biéu cta ban H'Maryam c6 phai 13 mdt cdu khéng dinh vé tinh chét chia hét trong
toan hoc hay khéng?

b) Phit biéu ciia ban Phuong c6 phai 1a mét ciu khﬁng dinh v& mét su kién trong todn hoc
hay khong?

Phét biéu clia ban H’Maryam 13 mét cu khﬁng dinh v& mét su kién trong todn hoc,

20i 12 ménh dé todn hoc.

Nhu vay, phat biéu clia ban Phuong khéng phdi 1a ménh dé todn hoc.

Chii y: Khi khong sg nhdm 14n. ta thudng goi tit ménh dé todn hoc 12 ménh dé.

Vidu1 = Phét bidu nio sau diy 13 mét ménh dé toan hoc?
a) Ha N6i 1a Tha do cua Viét Nam;
b) S6 = 14 mét s6 hiiu ti;
¢) x = 1 c6 phai 1a nghiém cla phuong trinh £-1=0 khong?
Gidi s
CAu a) khong phai 12 mét ménh dé todn hoc. "1 Néu hai vi du vé& ménh dé
Cau b) 1a m6t ménh d8 todn hoc. todn hoc.
Ciu c) 1a mdt cau hoi nén khdng phai 14 mot ménh dé todn hoc.



Trong hai ménh @& todn hoc sau diy, ménh dé nao 13 mot khfmg dinh dding?
Ménh dé nao 1a mét khing dinh sai?

P: “Téng hai géc d6i ctia mdt tif gidc ndi tiép bing 180°;

0: *J2 1a 58 hitu ti”.

SPr
i “ Mbi ménh @ todn hoc phai hodic diing hojc sai. M6t ménh d& todn hoc khong thé
viia ding, vira sai.

Khi ménh dé to4n hoc 1a diing, ta goi ménh dé d6 1a mot ménh dé diing.
Khi ménh & toédn hoc 14 sai. ta goi ménh dé d6 12 mot ménh dé sai.
Chéng han, trong hai ménh dé & Hoat dong 2, ménh dé P 13 mot ménh dé ding,
ménh d& Q 13 mét ménh dé sai.

Vidu2 & Tim ménh @ ddng trong nhiing ménh dé sau: a
A: “Tam gidc ¢6 ba canh™; 2 Néu vi du vé mét ménh
ol 2 PR dé ding va mot ménh dé sai.
B: *“1 1a sO nguyén t6”.
Giai
Meénh & A 12 ménh d& diing; ménh @ B 12 ménh dé sai vi 1 khong 1 s6 nguyén to.

Il. MENH DE CHUA BIEN

Xét ciu “n chia hét cho 37 vdi n 1a s6 td nhién.

a) Ta c6 thé khing dinh dudgc tinh ding sai clia cu trén hay khéng?

b) V6in =21 thi ciu “21 chia hét cho 3” ¢6 phai 12 ménh d todn hoc hay khong? Néu
12 ménh @ toan hoc thi ménh dé dé ddng hay sai?

¢) Vé6i n = 10 thi cu “10 chia hé&t cho 3” ¢6 phii 12 ménh d todn hoc hay khdng? Néu
12 ménh @ toan hoc thi ménh d& dé ddng hay sai?

é i‘! o Ta chua khdng dinh dugc tinh ding sai ciia cdu “n chia hét cho 37 vdi
e n la s6 ty nhién.

o Véi mbi gid tri cy thé ciia bién n, cdu nay cho ta mét ménh dé todn hoc
md ta co thé khdng dinh ditoe tinh diing sai ctia ménh dé dé.

Cau “n chia hét cho 3” vdi n 13 s8 tu nhién 12 mdt ménh dé chita bién.
Ta thuong ki hiéu ménh dé chita bién n 12 P(n); ménh d& chida bién x, y 1a P(x, y); ...

P

Vidu3 = Trong nhiing ciu sau, cAu ndo 1a ménh d&¢ N s
chia bién? 3 Néu vi dy vé ménh dé
a) 18 chia hét cho 9; b) 3n chia hét cho 9. chifa bién.
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Gidi

a) Cau “18 chia hét cho 9” 12 mdt ménh dé nhung khéng phai 1 ménh dé chida bién.

b) Cau “3n chia hét cho 9” 14 mdt ménh d& chiia bién, ki hiéu 14 P(1): “3n chia hét cho 9™,
1. PHO DINH CUA MOT MENH BE

Hai ban Kién va Cudng dang tranh ludn véi nhau.

Kién néi: “S& 23 1a s nguyén (57

Cudng néi: “S8 23 khong 14 s6 nguyén t6”.

Em c6 nhén xét gi vé hai cdu phat biéu ctia Kién va Cudng?

Pr.r %i‘r
Cho ménh dé P. Ménh dé “Khong phai P” dugc goi ¢nh dC P diing khi P sai.
1a ménh dé phii dinh cha ménh dé P va ki higu la P. Mgénh dé P sai khi P diing.

Vidy 4 = Lap ménh d& phi dinh ctia mdi ménh d2 sau va nhan xét tinh ding sai cla

ménh dé phi dinh d6: 5

T PR . PP At g
A: “16 14 binh phuong cua mdt sd nguyén™; L o 6 g g
B: “25 khéng chia hét cho 5. chia m&i ménh d& sau va
Gidi nhan xét tinh ding sai ciia

ménh dé phu dinh dé.
P: ©5,15 1a mot s6 hifu ti”;
Q: “2 023 1a 6 chén”.

Ménh d& A: “16 khéng phai 12 binh phuong clia m6t s&
nguyén” va A sai.

Meénh dé B: “25 chia hét cho 5 va B diing.

Chii y: D& phii dinh m6t ménh d& (c6 dang phét biéu nhu trén). ta chi cAn thém (hoic bét)
ti “khéng” (hodc “khdng phai™) vao trudc vi ngili ciia ménh dé do.

IV. MENH DE KEO THEO

Cho 7 12 s6 tu nhién, Xét hai ménh dé:
P: “S6 tu nhién n chia hét cho 6; Q: “S6 tu nhién n chia hét cho 3”.
Xét ménh d& R: “Né&u s6 tu nhién n chia hét cho 6 thi s& tu nhién n chia hét cho 3”.
Nhin xét v& cach phét biéu ménh dé R.
() 4
J-" Cho hai ménh d& P va Q. Ménh d& “Néu P thi 0 duoc goi 12 ménh dé kéo theo
vakihiéula P = Q.
Ménh @& P = Q sai khi P ding, O sai va ding trong céc truding hgp con lai.

Nhdn xé1: Tuy theo ndi dung cu thé, ddi khi ngudi ta con phét bifu ménh @& P = Q 1a
“P kéo theo Q” hay “P suy ra Q” hay “Vi P nén Q"...



liduy5 = Cho tam gidc ABC. Xét hai ménh dé:

P: “Tam giic ABC c6 hai géc bing 60°; Q: “Tam gisc ABC déu”.
Haiy phat biéu ménh d& P = Q va nhan xét tinh diing sai ciia ménh dé d6.

Gidi

P = Q: “N&u tam giic ABC c6 hai géc biing 60° thi tam gidc ABC déu”.

Ménh d trén 1a ding.

Nhan xét: Céc dinh Ii todn hoc 1 nhiing ménh d& ding va

thudng phét bidu & dang ménh dé kéo theo P = Q.
Khi 36 ta néi
P 1a gid thiét, O 1a kéf lugn ciia dinh 1f, hay

P 1a diéu kién dii @8 c6 Q, hoiic Q 1a diéu kién cdn a8 c6 P.

V. MENH DE DAO. HAI MENH DE TUONG DUONG

"t|

5 Hay phat biéu mét dinh Ii
toan hoc ¢ dang ménh dé
kéo theo P = Q.

Cho tam gidc ABC. Xét ménh @& dang P = Q nhu sau:
“N&u tam gidc ABC vudng tai A thi tam gidc ABC c¢6 AB* + AC® = BC".
Phit biéu ménh d& Q = P va x4c dinh tinh diing sai ctia haiménh 8 P = Qva Q = P.

kﬁr —= — r—

"s Ménh d& Q = P dudc goi la ménh dé dio cia ménh d& P = Q.
* N&u ca hai ménh dé P = Q va Q = P déu ding thi ta n6i P va Q 12 hai ménh dé

tong duong, ki hiéu P < Q.

Trong toan hoc, nhitng cdu khing dinh diing phét bidu ¢ dang “P < Q" ciing dudc coi 1a

m6t ménh dé toan hoc, goi 1a ménh dé tuong diong.

Nhén xét: Ménh @& P < Q ¢6 thé phit biéu & nhiing dang nhu sau:

* “P tuong duong Q”;

¢ “P 1a diéu kién cén va da dé& c6 Q”;
* “P khi va chi khi Q”;

* “P néu va chi néu Q.

Vidu 6 = Trong Hoat dong 6, hai ménh dé P va Q c6
tuong duong khéng? Néu cé, hiy phdt biéu ménh dé
tuong duong dé.

Gidi

Trong Hoat ddng 6, ta c6:

Ménh dé P: “Tam gisc ABC vuéng tai A”;

Ménh d& Q: “Tam gidc ABC ¢6 AB® + AC*= BC”".

8

A

6 Cho tam gidc ABC. Tu
cac ménh dé:

P: “Tam giic ABC déu”,
Q: “Tam giac ABC can
va c6 mot géc bing 60°7,
hay phat biéu hai ménh dé
P = QvaQ = Pvaxac
dinh tinh ding sai ctia méi
ménh dé dé.

Néu ca hai ménh dé tén
déu ding, hay phat biéu
ménh dé tuong duong.



Theo dinh Ii Pythagore, hai ménh & P = Q va Q = P du ding. Do dé6, hai ménh @& P va
Q12 tuong diidng va c6 thé phat biéu nhu sau: “Tam gidc ABC vudng tai A khi va chi khi
tam gidc ABC ¢6 AB” + AC*= BC?".

VI. Ki HIEU v VA 3
(:" Cho ménh d@ chida bién “n chia hét cho 3” véi 1 12 s6 tu nhién.

a) Phét biéu “Moi s6 tu nhién # ddu chia hét cho 3” ¢6 phai 12 ménh dé khéng?

b) Phat biéu “Tén tai s& tu nhién # chia hét cho 3” c6 phdi 1a ménh dé khong?

* Phdt biéu “Moi s6 ti nhién n déu chia hét cho 37 1a mét ménh dé. Co ‘;\;).‘__.[g —
thé viét lai ménh dé do nhu sau: “Voi moi s6 ty nhién n, n déu chia hét |\
cho 3”. . w

* Phdt biéu “Ton tai Ot nhién n chia hét cho 3”7 1 mot ménh dé. C6 thé
viét lai ménh dé a6 nhu sau: “Ton tai s6 ti nhién n, n chia hét cho 3”.

D& vidt gon phét biéu “Véi moi s6 tif nhién #”, ta ding ki hiéu “Vr € N, & d6 ki hidu
“¢” doc 1a “véi moi”. Khi d6, ménh d& “Véi moi s6 tu nhién n, n déu chia hét cho 3” ¢6
thé viét lai nhu sau: “Vn € N, n d8u chia hét cho 3”.

Tuong tu, d& viét gon phat bi€u “Tdn tai s6 tu nhién #”, ta ding ki hiéu *“In € N”, § d6
ki hiéu “3” doc 12 “ton tai”” hodc “cé mot” (tdn tai mot) hodc “cé it nhat mot” (dn tai 1t
nhét mét). Khi @6, ménh dé “Tdn tai s6 ti nhién a, n chia hét cho 3” ¢6 thé viét lai nhu
sau: “In € N, 1 chia hét cho 3”.

Wi

St dung ki higu “v” dé viét mbi ménh dé sau va xét xem ménh dé d6 1a ding hay sai,

giai thich vi sao?

a) P: “Véi moi s6 thuc x, x> + 1> 07

b) Q: “V&i moi s tu nhién n, n® + n chia hét cho 6”.

Giai

a) Ménh dé P duge viét 1a P: “Vx e R, 2 + 1 > 0.
D& chiing minh ménh dé P 1a diing, ta cAn chiing 6 riing x* + 1 > 0 v6i moi s& thyc x.
That vy, véi moi s8 thuc x, ta ¢6: x° + 1 > 1 > 0. VAy ménh dé P 13 ménh dé duing.

b) Ménh dé Q dugc viét 1a Q: “Vn e N, (n2 +n):6”.
Dé chiing minh ménh @ O 1 sai, ta cAn chi ra mot gid tri cu thé cia n d€ nhan dugc
ménh dé sai.
That vay, chon n = 1, ta thiy n° + n = 2 khong chia hét cho 6. Vay ménh dé Q 1a
ménh dé sai.



Vidu8

St dung ki hiéu “3” dé viét mbi ménh dé sau va xét xem ménh d& d6 1a ding hay sai,

giai thich vi sao.

a) M: “Tén tai s thuc x sao cho x° = — §”.

b) N: “Tén tai s6 nguyén x sao cho 2x + 1 = 0.

Gidi

a) Ménh dé& M dugc vt 1a M: “Ix e R, x* = — 87,
D€ chitng minh ménh d& M 13 ding, ta cin chi ra mot gia tri cy thé cla x dé nhan
dugc ménh d2 ddng. That vy, chon x = — 2, ta thiy (— 2)° = — 8. Vay ménh d& M Ia
ménh dé ding.

b) Ménh d& N dugc viét 1a N: “Ix e Z, 2x + 1 = 0”.

Dé chilng minh ménh d& N 1a sai, ta phdi ching to ring véi s8 nguyén x tuy ¥
thi 2x + 1 = 0. Tht vy, véi moi s6 nguyén x, ta ¢6 2x + 1 khong chia hét cho 2 nén
2x + 1 #0. Vay ménh @& N 13 ménh dé sai.

Chii y: Céch 1am & Vi du 7, Vi du 8 14n 1ugt cho chiing ta phuong phap ching minh tinh
ddng sai ctia mdt ménh dé ¢ ki higu “v”’, ¢ ki hiéu “3”.
Ban An n6i: “Moi s6 thuc déu c6 binh phuong 12 mot s6 khdng 4m”.
Ban Binh phu dinh lai ciu néi cia ban An: “Cé mdt s8 thuic ma binh phuong ctia né 1a
mdt s6 Am”.
a) St dung ki hidu “V”" dé viét ménh dé ciia ban An.
b) St dung ki hiéu “3” d€ viét ménh dé ciia ban Binh.
_-. ..'.‘r_
§ (f ;} SW -
et C An:  “Vx e R, x” la mét s6 khéng am”

T 2 . A - - an
Binh: “Ix e R, x~ la mdt s6 dm

26
Cho ménh @& “P(x), x € X,

* Phii dinh ctia ménh @& “Vx e X, P(x)” la ménh d& “3x € X, P(x)".
¢ Phu dinh ctia ménh d& “Jx € X, P(x)” 1a ménh dé “Vx e X, P(x)".

Tidg 9 = Lap ménh dé pha dinh ctia m&i ménh dé sau:
Q) Vxe R, Ixl2x; b)Ix e R, x>+ 1=0.
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Gidi

a) Phi dinh ctia ménh dé “Vx € R, Il > x” 12 ménh dé
“Grx e R, Ixl <x”.

b) Phi dinh ciia ménh dé “Ix € R, 2+ 1 = 0 1a ménh dé
“Vx € R, P+ 120"

. BAI TAP

Y

7 Phét biéu ménh dé phu

dinh ciia méi ménh dé sau:

a) Ton tai s6 nguyén chia
hét cho 3;

b) Moi s6 thap phin déu
viét duge dudi dang
phén s6.

Trong céc phét biéu sau, phat biéu nao 12 ménh dé todn hoc?

a) Tich hai s6 thuc trdi ddu 12 mot s& thuc am.
b) Moi s6 tu nhién déu 1a s& duong.

¢) C6 sy s6ng ngoai Trdi DAL.

d) Ngay 1 thang 5 14 ngay Qudc t€ Lao dong.

2. L3p ménh dé pht dinh cia m&i ménh d& sau va xét tinh ding sai ctia ménh dé

pht dinh dé:
a) A: 1% 12 mdt phan s67; b) B: “Phuong trinh X +3x+2=0c6 nghiém”;
c) C: %22 + 23 =273, d) D: “S6 2 025 chia hét cho 15”.

3. Cho n 1a 6 tu nhién. Xét hai ménh dé:
P: “S6 tuf nhién # chia hét cho 16”;
Q: ““S6 ty nhién 7 chia hét cho 8”.

a) V6i n = 32, phit bi€u ménh ¢ P = Q va xét tinh diing sai cfia ménh d& d6.
b) Véi n = 40, phét bidu ménh d& dio ciia ménh dé P = ( va xét tinh ding sai ctia

ménh @ do.
4. Cho tam gisc ABC. Xét c4c ménh dé:
P: “Tam gidc ABC cén”;
Q: “Tam gidc ABC c6 hai duding cao bing nhau”.
Phét biéu ménh dé P < Q bing bén céch.

5. Ding ki hiéu “V” hoiic “3” dé vi&t cdc ménh dé sau:

a) C6 mot s6 nguyén khéng chia hét cho chinh né;
b) Moi s6 thuc céng véi 0 déu biing chinh né.

6. Phat biéu cdc ménh dé sau:

a)Vxe]Rx2>O' b)EIxeR—>x

7. Lap ménh dé pha dinh cia m&i ménh d& sau va xét tinh diing sai ctia m&i ménh dé
pht dinh dé:
a)Vxe]R,xZ;th—Z; b)Vxe]R,xZSZ)c—l;

c)ﬂxeR,x+l22; d)EIxe]R,xz—x+1<0.
x



§2 TAP HOP. CAC PHEP TOAN TREN TAP HOP

Khdi niém tip hgp thudng gip trong toan hoc va trong ddi séng. Ching han:
— Tap hop A céc hoc sinh cua 16p 10D.
— Tap hop B cic hoc sinh t8 I ciia 16p 10D.

.

AR

Lam thé nao @€ dién td quan hé giita tdp hop A va tép hop B?

I. TAP HOP

G‘D 3 16p 6. ta d3 lam quen véi khai niém tp hop. ki hiéu va céch viét tap hop,
phén tl thudc tap hop. Hiy néu cdch cho mdt tap hap.

Ngudii ta cdon minh hoa tip hop biing mot vong kin, A
mbi phén ti cha tp hop dude biu difn bsi mot chdm
bén trong vong kin, con phan tit khong thude tip hop dé
dudgc bi€u dién bdi mét chAm bén ngoai vong kin (Hinh I).
Céch minh hoa tAp hop nhu viy dude goi 14 biéu dd Ven.
a) Viét tap hop A trong Hinh I bing cach liét k& cdc phin
t cua tdp hop do. Hinh 1
b) Néu phan tit khéng thude tip hop A.

Vidu1 = Cho tap hop B gdm cdc s6 i nhién cé mét chit s6 va chia hét cho 3.

a) Viét tap hgp B theo hai céch: liétké cdc phén td ctia tip hogp; chi ra tinh chat dic trung
cho cdc phan tit cia tap hop dé.

b) Minh hoa tip hop B bing biéu db Ven.

Gidi

a) Tap hgp B dudc viét theo cdch 1iét k& cac phan tii 1a:

B ={0;3; 6;9}.
Tap hop B dugc viét theo céch chi ra tinh chat dic trung
cho céc phan tu 1a:
B={xeN|x<9vax:3}.
b) T4p hop B diige minh hoa biing biéu d6 Ven & Hinh 2.

Hinh 2

. ~ ~ A 7, 2 oo N
=& Neéu s6 phan tif ciia méi tip hdp sau:

C={xeR|[x*<0}.D={a}, E={b;c;d},N=1{0;1;2; ..}.
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Nhdn xét
* Tap hop khong chita phan ti ndo duge goi 1a tip hop réng (tip rdng), ki hiéu 1a .
* MOt tdp hop c6 thé khong ¢6 phén tii nao, cling c6 the

c6 mdt phin 6, ¢ nhidu phan ti, c6 v6 s& phan t. - T T
1 Neév s6 phan tif cia moi
Chii ¥: Khi tdp hop C la tap hop réng, ta vist C =& tap hop sau:
VﬁkhéﬂgdddCVié’tléC:{@}. G:{)CEZ|)C2—2:0}A

5 - = N ={1:2;3;..).

Il. TAP CON VA TAP HOP BANG NHAU

1. Tap con

Cho hai tap hop:

A={xeZ|-3<x<3},B={xeZ|-3<x<3}.
a) Viét tap hdp A. B biing cich liét ké céc phén tit cha tap hop.
b) Mdi phan tii cta tip hop A c6 thude tap hop B khong?
o
Né&u moi phén ti ciia tp hop A déu I3 phén tit clia tip hgp B thi tanéi A 1a mot
1dp con cta B va vigt la A = B. Ta con doc 1a A chia trong B.

Quy udc: Tap hdp réng & dudc coi 1a tip con clia moi tAp hap.

Chiy:AcB& (Vr,xcA=xe B) o

Khi A < B, ta ciing viét B 5 A (doc 1 B chdta A) (Hinh 3). @
Néu A khong phai 1a tip con cia B, ta viét A Z B.
Vidu2 = Cho hai ép hgp: Hinh 3
E={xeR|x<1],F={xeR|x<2). S

Chiing t6 ring E — F. 2 Cho hai tap hop:

A ={n € N | nchia hét cho 3},
Gidi
Ldy phin td x tuy y thudc E. Tac6: x < 1. Vix g1 B = (7€ N|nchiahétcho ).
nénx<2 Dod6xeF. Chiing t6 ring B C A.
ViyEcF.
[ :

¥~ Ta c6 céc tinh chit sau: 5
* A C A v6i moi tip hap A; @

*NéuA cBvaBc CthiA c C (Hinh4).



2. Tap hop bing nhau

Cho hai tap hdp:

A=1{0:6;12;18}.B={n e N |n <18 vanlabdi cia 6}.

Céc ménh @ sau c6 ding khong?

a)AcBh; b) B c A. "
o
"KhiA < Bva B c A thitandihai tiphgp A vaB 3 Cho hai tap hop:
bing nhau, vi&t1a A = B. E = {n € N | n chia hé&t cho 3
vad4)} vaG={n e N |nchia
Chiy:A=B&= (Vx,xe Ao xe B). hét cho 12}.

Jidu3 = Cho Clatap hop céc tam gidc c6 ba canh ~ Ching to ring £=G.
biing nhau va D 14 tip hop cdc tam gidc c6 ba géc bing
nhau. Hai tdp hgp C va D c6 biing nhau hay khéng?
Gidi
Do m6t tam gidc ¢6 ba canh biing nhau khi va chi khi tam gidc d6 c6 ba géc biing nhau
nén hai tip hop C va D 1a bing nhau.

Ill. GIAO CUA HAI TAP HOP

( \:’:" Lép trudng 1ap hai danh séch cdc ban ding ki tham gia ciu lac bd thé thao nhu
sau (biét trong 16p khong c6 hai ban nao ciing tén):

- Béng @4 gébm: An, Binh, Chung, Diing, Minh. Nam, Phucng;

— Béng rd gébm: An, Chung, Khang, Phong, Quang, Tuén.

Hay liét k& danh sich cac ban dang ki tham gia cd hai cau lac bd.
fal
i.r.r =
Tap hgp gbm tit ca cdc phan ti vira thude tap hgp A HiE o ﬁ B Khi va chd ichy
vita thudc tap hop B dude goi 12 giao ctia hai tap hop xeAvaxeB.
A va B, ki hiuA n B.

VaiyAnB={x|xe Avaxe B}.

Tap hop A n B duge minh hoa b&i phan gach chéo trong
Hinh 5.

1idu4 = Tim giao clia hai tp hgp trong méi trudng hop sau:

Hinh 5

a)A ={xe N |xlaubccual6}, B={x e N |xlaudc cua20}.
byC={xe N|xlabdictad},D={xe N|xlabdichas}.
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Gidi
a) A={1;2;4;8;16},B=1{1;2;4;5;10; 20}. Viy A n B={1; 2; 4}.

Chii y: A 1a tp hgp cédc ude td nhién cta 16, B 1a tip hgp cdc ude ty nhién cta 20 nén
A m B 1a tip hop céc ude chung ty nhién cta 16 va 20.

b)C D= {xe N|xlabdicua4d vaxlabdicias}

= {x e N | x1a boi chung cua 4 va 5}.

IV. HOP CUA HAI TAP HOP

Hai trung dy dinh t8 chic gidi thi ddu thé thao cho hoc sinh 16p 10. Trudng thid
nhit dé xuat ba mén thi dau la: Béng ban, Béng d4, Béng ré. Trudng thit hai dé xuét ba
mbén thi dau 1a: Béng d4, Béng 18, CAu 16ng. Lap danh sach tit ca nhitng mdn thi ddu ma
hai truong da d& xuat.

[
F-r’ (L2
Tip hgp gébm céc phin ti thudc tdp hop A hode x € A v B khi va chi khi
thudc tap hgp B dude goi 1a hop cia hai tp hgp xeAhojcxe B.
AvaB,kihiéuA U B. "
A il
ViyAw B = {x|lx e Ahodc x € B}. .
Tap hop A w B dugc minh hoa bdi phan gach chéo
trong Hinh 6. ALB
v = SN, - Hinh 6
Vidu5 = Cho tip hop Q cdc s6 hiiu ti va tdp hgp { A
cdcsvo . TImQ L, QUL " & Cho hai tap hop:
Gidi A={xeR|[x<0},
Tac6:QnmnI=,QuI=R. B={xeR[x20}.

TimANB,AuB.

V. PHAN BU. HIEU CUA HAI TAP HOP

Goi IR 12 tap hop céc s8 thyc, 712 tap hap céc 56 vo t. Khi d6 I < R.

Tim tip hdp nhiing & thifc khang phai 13 88 vé ti.

Tap hop nhitng s6 thite khong phdi la 56 vo 1i chinh la idp hop Q)
cdc s0 hitu .

Ta néi tap hgp Q céc s6 hitu ti 1a phan bu ctia tip hop I cdce s& vo ti trong tip hop R.



2

"Cho tap hop A 1a tp con cta tip hgp B. Tap hop
nhiing phén tif thudc B ma khéng thude A duge goi
12 phdn bi ctia A trong B, ki hiéu C A.

Tép hop C A duge md ta béing phan gach chéo trong Hinh 7.

Hinh 7

Vidu 6 Tit ca hoc sinh clia 16p 10A d8u ding ki di tham quan & mét trong hai dia diém:
Hoang thanh Thing Long va Vin Mi&u — Quéc T Gidm. Mdi hoc sinh chi ding ki mot
dia diém. Goi A 1a tip hgp cdc hoc sinh ding ki tham quan Hoang thanh Thing Long,
B 1a tip hdp céc hoc sinh ding ki tham quan Vin Mi&u — Quéce Td Gidm, T 1a tip hop
céc hoc sinh 16p 10A. Tim phén bil clia tip hgp A trong tap hop T.

Gidi. Phin bil chia tip hop A trong tap hop T bao gébm nhiing hoc sinh trong 16p khong
déng ki tham quan Hoang thanh Théng Long nén C, A = B.

Cho hai (ap hop: A = {2: 3,5, 7; 14). B= {3; 5. 7: 9; 11}.
Liét k& cdc phan ti thudc tp hop A nhung khong thude tip hdp B.

iur
Tap hgp gdm céc phén ({i thude A nhung khong thude B } x € A\ B khi va chi
dudc goi 1a hiéu cua A va B, ki hiéu A\ B. khixe Avax e B.

VayA\B={x|xeAvax¢g B}.
Tap hop A \ B duge minh hoa bdi phin gach chéo trong Hinh 8.
Chii y: Néu B c A thi A\B=CB.
Jidy 7 = Cho haitip hop: A = (3; 6; 9; 12},
B={2;4;6;8; 10; 12}.

Tim A\ B, B\ A.
g 5 Cho hai tap hop:
* Tap hdp A\ B gém nhiing phan tf thudc A ma khéng 4 — {xeZ|-2<x<3},
thudée B. Vay A\B = {3;9}. s
B={xeR[x"—x—-6=0]}.

* Tap hdp B\ A gébm nhiing phan tii thuc B ma khong T
thudc A. Vay B\A = {2; 4; 8: 10}. m YO
1idu8 = Cho hai tip hop: A = {x € N | 3x — 11 <0},
={xeZ|3*—14x+11=0}.

TimA ~B,AUB,A\B.B\A.

Gidi

Tac6:A=1{0;1;2;3},B={1}.

VayAnB={1},AuB={0;1;2;3},A\B={0;2;3},B\A=0.
16



VI. CAC TAP HOP sO

1. Cac tap hop so dia hoc ?
Ta da bigt N, 7, Q, R 14n lugt 12 tp hgp s6 tu nhién, =
tap hop s& nguyén, tip hdp s6 hiiu ti, tap hop s& thuc. \
Ta c6 quan hé sau: N ¢ Z <« Q < R (Hinh 9).

Hinh 9
2. Mét s6 tap con thuong diung ciia tap hop s6 thuc

Cho a va b 12 hai s6 thifc v6i a < b.

Biéu dién frén truc sé
fnie femsotva ki hies (Phan khéng bi gach chéo)
R Tap hap s6 thic (- o ; + ) %

{xe R|asx<b} Doan [a ; b] -«u—r%
{xeR|a<x<b} Khoang (a ; b) f/vf-/-/-/-/-/-/-ﬂa—zﬂ-ﬁ/-/-fh‘»
{xe R|x>a) Khoang (a ; + o) "'"H'/'/'/'/'/"“u—’
{xe R|x<b} Khoang (-« ; b) h
[xeR|agx<b) Nita khoang [a ; b) r"/-/-/-/-/-/-/-/*a[—[);‘/-/*/-/-h"
{xe R|a<x<h} Nita khoang (a ; b] #f """""""2 l.,
{xeR|x2a} Nita khoang [a ; + o) WA—
{x e R|x<b} Nita khoang (— oo ; ] —};""/"‘"""*’

Ki hiéu — oo doc 12 4m vé cuc, ki higu + oo doc 1 duong vé cuc; a va b dude goi 1a diu
muit cha cac doan, khodng, nita khoang.
Chii ¥: Ta c6 thé biéu dién tip hgp trén tryc s bing cdch t6 mau phin thude tip dé,
chéng han doan [a ; b] c6 thé biéu dién & phin t& mau d6 nhu hinh sau:

[ 1

T I

a b

Vidu9 ChohaitiphgpA={xe R|-3<x<1}vaB={xeR|x+1>0}.
a) Hay doc tén, ki hiéu va bi€u dién méi tip hgp da cho trén truc sé.

b) Hay xdc dinh cdc tdp hop: A n B.Aw B.A\ B, C,B.



Gidi
a) Tap hop A 12 doan [- 3 ; 1] va dudc bidu dién la: HH

Tap hop B 1a khodng (- 1 ; + o) va dudc biéu difn [ sppess—— >
-1
b) Ta cé6:

AnB=(-1:11AUB=[-3;+%),A\B=[-3;-1],CpB=(-o0:~1].

. BAI TAP

Cho tap hop X = {a; b; c}. Viét tat c4 céc (4p con clia tip hop X.
2. Sip x&p cic tip hgp sau theo quan hé “c:
[245], 2 ; 5), [2/55);. (1 5:57-
3. Xdc dinh céc tap hdp sau va bidu dién chiing trén truc s&:
a)[=3;71n 255 b) (-0 0] (=1;2);
)R\ (-o0;3); d) (=3;2)\[153).

4. Goi A 1a tp nghiém cla phuong trinh K +x-2=0,
B 14 t4p nghiém ciia phuong trinh 2x” + x — 6 = 0.
Tim C=AnnB.

5. Tim D = E ~ G biét E va G 1an Iugt 14 tap nghiém cda hai bit phuong trinh trong
mbi trudng hgp sau:

a)2x+320va—-x+520;
b)x+2>0va2x-9<0.

6. Goi A la tip nghiém cta da thic P(x). Viét tp hop céc s& thuc x sao cho biéu thiic

x4c dinh.
P(x)

7. L&p 10B c6 28 hoc sinh tham gia ciu lac bd thé thao va 19 hoc sinh tham gia ciu lac
bd 4m nhac. Biét riing c6 10 hoc sinh tham gia ca hai ciu lac bo trén.

a) C6 bao nhiéu hoc sinh & 16p 10B tham gia cau lac bd thé thao va khong tham gia
cdu lac bdé 4m nhac?

b) Cé bao nhiéu hoc sinh & 16p 10B tham gia it nhit mét trong hai ciu lac bd trén?
c) Biét 16p 10B ¢6 40 hoc sinh. Cé bao nhiéu hoc sinh khéng tham gia cau lac bo
thé thao? C6 bao nhiéu hoc sinh khéng tham gia ca hai cau lac bo?

8. MOdt nhém c6 12 hoc sinh chudn bi cho héi dién vin nghé. Trong danh sich ding ki
tham gia tiét muc mda va tiét muc hat cda nhém dé. cé 5 hoc sinh tham gia tiét muc
mda, 3 hoc sinh tham gia ca hai ti€t muc. Hoi cé bao nhiéu hoc sinh trong nhém
tham gia tiét muc hat? Biét c6 4 hoc sinh ctia nhém khéng tham gia tiét muc nao.



BAI TAP CUOI CHUONG |

Phat biéu nao sau diy khéng 12 mét ménh dé toan hoc?

a) Tich ctia ba s& tu nhién lién ti&p 1udn chia hét cho 3.

b) Néu AMB = 90° thi M nim trén duong tron dudng kinh AB.

¢) Ngay 2 théng 9 1 ngdty Quéc Khanh ctia nude Cong hoa x4 hoi chi nghia Viét Nam.
d) Moi s6 nguyén & déu 1a 8 18.

Lap ménh dé& phu dinh ctia m&i ménh d& sau va xét tinh ding sai cfia ménh d& pha
dinh do:

A: “P3 thi ham s8 y = x 1a mot duding thing”.

B: “D3& thi ham s6 y = x* khong di qua diém A(3 ; 9)".

Cho tii gidc ABCD. Lap ménh & P = @ va xét tinh diing sai ctia ménh dé d6 vdi:
a) P: “Ti gidc ABCD l1a hinh chii nhat”, Q: “Ti gidc ABCD la hinh binh hanh”;
b) P: “Tt gidc ABCD la hinh thoi”, Q: “Ti gidc ABCD la hinh vudng”.

Lap ménh & pht dinh ctia mbi ménh dé sau:

A:“Vxe]R,x2+4x+5;tO”; B: “‘v’xe]R.x2+x21”;

C:“Axe 7,23+ 3x -2 = 025 D:“Ix e Z, P<x,

Ding ki higu dé vigt méi tap hop sau va bidu dién mdi tip hop d6 trén truc s8:
DpA={reR|-2<x<-1}; b)B={xe R|-3<x<0};
c)C={xeR|x<1}; d)D={xeR| x>-2}.

Giai Béng d4 vo dich thé gidi World Cup 2018 dudc t6 chic & Lién bang Nga gdm
32 d6i. Sau vong thi ddu bang. Ban td chitc chon ra 16 ddi chia lam 8 cp d4u loai truc
ti&p. Sau vong d4u loai truc tiép d6. Ban td chiic tiép tuc chon ra 8 d6i chia lam 4 ciip
dau loai tryc ti€p & vong ti két. Goi A 1a tap hgp 32 d6i tham gia World Cup 2018,
B 1a tap hop 16 doi sau vong thi dau bang, C 1a tap hop 8 d6i thi ddu vong i k&t
a) S#p xé&p céc tap hop A, B, € theo quan hé “c”.

b) Ching minhA ~C=Bn C.

¢) Tap hop A \ B gbdm nhiing d6i béng bi loai sau vong ddu nio?

Cho hai tap hop: A =[0; 3], B= (2 ; + o). Xdc dinh A~ B,A U B,A\B, B\ A, R\ B.

Goi E la tap nghiém cua phuong trinh ¥ -2x-3=0,
G la tdp nghiém cua phuong trinh (x + 1)(2x - 3) = 0.
TimP=EnG.



BAT PHUONG TRINH VA
HE BAT PHUGNG TRiNH

BAC NHAT HAI AN

Trong chuong nay, ching ta sé tim hiéu nhiing néi dung sau:
bat phuong trinh bac nhat hai an; hé bat phuong trinh bac
nhat hai an va (ing dung clia chung vao bai toan thuc tién.

§1 'BAT PHUONG TRINH BAC NHAT HAI AN

Nhén dip Tét Trung thu, mét doanh nghiép du dinh
sdn xuét hai loai banh: banh nuéng va banh déo.
Lugng dudng cin cho méi chiéc banh nuéng, banh
déo 1an lugt 12 60 g, 5O g. Doanh nghiép da nhap vé
500 kg dudng.

S8 bdnh nudng va sé bdanh déo doanh
nghiép dy dinh sdn xudt can thod man
diéu kién rang bubc gi dé liong duong
san xudt banh khong vt qud liong
duong da nhap vé?

(Nguén: hitps://shutterstock.com)

I. BAT PHUGNG TRINH BAC NHAT HAI AN

""nib Trong bai todn & phin mé dAu, ta goi x, v 14n ludt 14 s6 banh nudng va s& banh
déo doanh nghiép du dinh san xudt (x, v 14 s& tu nhién). Néu diéu kién rang budc d6i véi x
vay @8 lugng duding san xuit banh khéng vugt qud lugng dudng da nhap vé.

:@’. Diéu kién rang bupc doi voi x va y la: 0,06x + 0,05y < 500.
m Diéu kién trén la mot bdt phuong trinh bdc nhdt hai dn x, y.

&
[Bd't phitong trinh bdc nhdt hai dn x, y 1a bit phuong trinh c¢6 mot trong céc dang sau:
ax+by<ciax+by>c;ax+by<c,ax+by=c,
trong d6 a, b, ¢ 13 nhiing s6 thuc cho trudc véi a, b khéng dbng thi bing 0; x va y la
£ A
céc 4n.
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[ﬁr
'Cho bét phuong trinh bac nhat hai &n ax + by < ¢ (*).
MBbi ciip s6 (%5 ¥ 520 cho ax;  + by, < c dudc goi la mdt nghiém cita bat phuong trinh (*).

Trong mit phing toa dd Oxy, tip hop cic diém c6 toa d6 12 nghiém cha bét phuong
trinh (*) dudc goi la mién nghiém cha bat phuong trinh d6.

Nghiém va mién nghiém cta cdc bit phuong trinh dang ax + by > ¢, ax + by < ¢ va
ax + by 2 ¢ dugc dinh nghfa tuong tu.

Vidu1 = Cip s6 ndo sau ddy 1a nghiém cta bat phuong trinh 3x + 2y > — 5?2

a)(2;-1) b) (=2;0); A-1;-1) K5

Gidi 1 Tim bat phudng trinh

a)Thay x=2,y=-1tac6:3.2+2.(-1)2-51Ia bac nhat hai 4n trong cic
ménh dé ding. bit phucng trinh sau va
Viy (2 ; - 1) la nghiém cta bat phuong trinh. chi ra mot nghiém cua

bét phitong trinh bic nhat
hai an dé:
a) Sx + 3y < 20;

b)Thay x=-2,y=0,tacé:3.(-2)+2.02-51a
ménh dé sai.
Viy (- 2 ; 0) khong 1a nghiém cua bat phuong trinh. 5
¢)Thayx=-1.y=-1,tac6:3.(-1)+2.(-1)2-5 b)3x——>2.
1a ménh d& ding. Y
Vay (- 1 ;= 1) 12 nghiém cta bat phuong trinh.

I BIEU DlEN_ MIEN NGHIEM CUA BAT PHUGNG TRINH
BAC NHAT HAI AN

1. M6 ta mién nghiém cia bat phuong trinh bac nhat hai 4n

Trong mit phiing toa dd Oxy, xdc dinh cdc diém M(x ; v) mi:
a)x>0(1) byy<1(@2).

Dé xdc dinh cédc diém M(x ; y) trong mit phéng toa d6 thoa mén didu kién da cho, ta lam

nhu sau: o

a) Pudng thing x = 0 chinh la truc tung va chia mit
phing thanh hai nifa: niia mit phing bén trai va nta
miit phing bén phai truc tung (khéng ké truc tung). x>0

Mot diém c¢6 hoanh dé duong thi nim & nita mit phing e 1
bén phiéi truc tung va ngudc lai. Vi th&, midn nghiém \
clia bt phuong trinh (1) 14 nia mit phing bén phai
truc tung, dugc mé ti bing nlia mit phing khéng bi .
gach & Hinh I (khong k€ truc tung). Hinh I
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b) V& dudng thing y = 1. §
Pudng thang ¢: y = 1 chia mit phing thanh hai
nifa: niia mit phing bén trén va niia mit phing bén
dudi dudng thing d (khong k& dudng thing d). ; d

Mbt diém c6 tung d6 nhé hon 1 thi nim & ntia
miit phing bén dudi dudng thing d va ngudc lai.
Vi th€, mién nghiém clia bat phuong trinh (2) 1a
ntia mit phing bén dudi dudng thing d, dige mo Hinh 2

ta bing nita mit phing khong bi gach & Hinh 2 37
(khéng ké duong thang d). . g

(S Cho bt phuong rinh 2x -y >2 (3). A

a) Trong mdt phing toa d6 Oxy, v& dudng thing : — ;
d:2x—y=2hayd: y=2x-2. o

b) Xét diém M(2 ; — 1). Ching to (2 ; — 1) 13 nghiém 7 j
clia bit phuong trinh (3).

LT e

¢) budng thing d chia mit phing toa do thanh hai
nita mit phing. Gach di nita mijt phing khong chita Hinh 3
diém M2 : - 1).
g ._‘Q.‘_
Fah YA Mién nghiém ciia bat phwong trinh (3) la nita mdt phédng
» khong bi gach ¢ Hinh 3 (khong ké duong thdng d).

Ngudi ta chiing minh dugc dinh li sau:
Trong mijt phing toa 6 Oxy, phuong trinh ax + by = ¢ (v6i a va b khoéng déng thdi bing 0)
xéc dinh mot dudng thing d nhu sau:

* d c6 phuong trinh 1a x = £ néub=0;
a

* d c6 phuong trinh 1a y = —%x+%n€:’u b#0.

Ngoai ra, ngudi ta ciing ching minh duge dinh 1 sau:
o
““Trong mit phing toa 6 Oxy, duding thing d: ax + by = ¢ chia mit phing thanh hai
nifa mit phing. Mot trong hai nlia mit phing (khéng ké dudng thing d) 1a mién
nghiém ctia bit phuong trinh ax + by < ¢, nita mit phéng con lai (khéng ké dudng
thing d) 1a mién nghiém ctia bat phudng trinh ax + by > c.

Chii y: D61 v6i bt phuong trinh dang ax + by < ¢ hoiic ax + by > ¢ thi mién nghiém 13
mot trong hai nita mit phing k& ca dudng thing d.
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Tidy 2 Niiamit phing khéng bi gach trong Hinh 4 (khong ké duting thing d) bidu dién
mién nghiém ciia mdt bit phuong trinh bic nhat hai 4n. Héi toa d6 hai diém M(- 1 ; 1),
N(4 ; — 2) ¢6 1a nghiém cta bat phuong trinh d6 khong?

Gidi y
* Diém M(- 1 : 1) thudc niia mit phing khoéng M1
bi gach nén (- 1 ; 1) 12 nghiém cua bat phudng NP\
trinh do6. 1 O 3\ A

* Diém N(4 ; — 2) thudc niia mit phing bi gach
nén (4 ; — 2) khong 1a nghiém ctia bt phudng

d &
trinh dé.

2. Biéu dién mién nghiém ctia bat phuong trinh Hinh 4
bac nhat hai an
Céc buéc bidu dién mién nghiém ctia bat phudng trinh ax + by < ¢ trong mijt phing toa
d6 Oxy nhu sau:
[y
P Buoc 1. V& duong thing d: ax + by = ¢. Pudng thing d chia mit phing toa do thanh
hai nita mit phéng.
Bude 2. Lay mot di€m M (x, ; v,) khong ndm trén d (ta thudng 13y géc toa d6 O néu
¢ = 0). Tinh ax, + by, va so sdnh véi c.
Butoe 3. Két luan
* Néu ax, + by, < c thi nita mit phing (khong ké dudng thing d) chifa diém
M 12 mién nghiém ctia bat phuong trinh ax + by < c.
* Néu ax,+ by, > c thi ntia mit phing (khong k& dudng thing d) khong chita
diém M 13 mién nghiém cua bat phuong trinh ax + by < c.

Vidu 3 = Biéu dién mién nghiém ciia méi bat phuong trinh sau: x +y>— L;x +y>— 1.

Gidi

* V& dudng thing d: x +y=—1.

* Ldy diém 0(0: 0). Tac6: 0+ 0=0>— 1.

* Viy mién nghiém cta bt phuong trinh x + y > — 1
1a niia mit phing khong bi gach & Hinh 5 chia diém
O(0 : 0) khdng k& dudng thing d.

Tuong tu, ta c6: Mién nghiém cla bat phuong trinh

x +y = — | la nita mjt phing khong bi gach &

Hinh 5 chia diém O(0 ; 0) k& ca duding thing d.
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Chii y: Thong thudng khi sit dung
phin mém todn hoc d& bidu dién
mién nghiém ctia bat phuong trinh

b
-

\\

¥

\Y
I

PR [y .
2 Biéu dién mién

béc nhat hai 4n, mién nghiém cla i : e : l: nghiém cia moi bat
bét phuong trinh d6 didc t6 mau. - T\l\ | X phuong trinh sau:
Chéng han, mién nghiém cta bat N a)x—2y<4;
phuong trinh x + y > — 1 dudgc o dN\ b)x+3y=6.
mau nhu Hinh 6. S

Hinh 6

Weairie

1.

Cip s6 nao sau ddy 1a nghiém clia bit phuong trinh 2x — 3y < 3?2
a) (0;-1); b)(2: 1); c)(3;1).
Biéu dién mién nghiém ctia m&i bat phuong trinh sau:
b)3x—4y>-3;

dyy<1-2x.

a)x + 2y<3;
c)y2—2x+4,

Nifa mit phéng khéng bi gach (khdng ké dudng thing d) § mbi Hinh 7a, 7b, 7c¢ 1a
mién nghiém ctia bat phuong trinh nao?
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b)
Hinh 7

a) c)

Mot gian hang tring bay ban va ghé rong 60 m%. Dién tich dé ké mét chiéc ghé 1a
0,5 m?, mét chiéc ban 1a 1,2 m”. Goi x 1a s chiéc ghé, y 1a s& chiéc ban dugc ké.

a) Viét bat phucng trinh bic nhat hai 4n x, y cho phin mit sin d& ké ban va ghé,
biét dién tich mit san danh cho luu thong t5i thidu 12 12 m’.

b) Chi ra ba nghiém cta bt phuong trinh trén.

Trong 1 lang (100 g) thit bo chita khoang 26 g protein. 1 lang c4 16 phi chiia khodng
20 g protein. Trung binh trong mot nghy, mdt ngudi phy nd can t&i thidu 46 g
protein (Ngudn: hitps://vinmec.com va hitps://thanhnienyn). Goi x, y 1an lugt 13 s6 lang
thit bd va s& lang cd roé phi ma mot ngudi phu nit nén in trong mdt ngay. Viét bat
phuong trinh bic nhat hai 4n x, y d€ biéu dién lugng protein cAn thist cho m6t ngudi
phu nit trong mot ngay v chi ra ba nghiém cta bat phuong trinh d6.



§2 HE BAT PHUONG TRINH BAC NHAT HAI AN

Quéng cdo san phdm trén truyén hinh Ia
mét hoat ddng quan trong trong kinh doanh
cua cdc doanh nghiép.

Theo Thong bdo s§ 10/2019, gid quang cdo
trén VTV 12 30 triéu ddng cho 15 gidy/1 1an
quang cdo vao khoang 20h30; 14 6 triéu
ddng cho 15 gidy/l 1An quing cdo vio
khung gi¢ 16h00 — 17h00.

Mot cong ty du dinh chi khéng qui
900 trigu déng dé quang cdo trén VIV  Sank “Trong dong” & tru so ciia VIV tai Ha Noi
véi yéu cau quang cdo vé so 1an phat nhu (Nguén: Trinh Hoang Minh Quang)

sau: {t nhit 10 l4n quéng cdo vao khoang

20h30 va khdng qud 50 14n quéang cédo vio khung gid 16h00 — 17h00. Goi x, y 1an lugt 1a
$6 14n phét quang cdo vao khodng 20h30 va vao khung gi5 16h00 — 17h00.

_ P
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Trong todn hoc, cdc diéu kién rang budc déoi voi x va y dé ]
ddp ting nhu cdu trén ctia cong ty duoc thé hign nhu thé nao? -y

I. HE BAT PHUONG TRINH BAC NHAT HAI AN

@ PP Cho hé bat phudng trinh sau:

J x—y<3 e))

[x+2y>-2 (2)
a) M3i bat phuong trinh (1) va (2) ¢6 12 bit phucng trinh bac nhit hai 4n khéng?
b) Chi ra mdt nghiém chung clia hai bt phuong trinh (1) va (2) trong hé trén.

i
[ He bdt phutong trinh bdc nhdt hai dn x. y 1a mot hé gdm hai hay nhiéu bt phuong trinh
béc nhit hai 4n x, y. Mbi nghiém chung cta céc bit phiong trinh trong hé dudgc goi
12 mot aghiém cla hé bat phuong trinh d6.

Vidu1 = Cho hé bt phuong trinh sau: N 3
[x— 2y<3 (1) “1 Chira mot nghiém cua
{ hé bit phuong trinh sau:
(x+y>2 (2) A
3 ; 2x+y>0
Cip s6 (x ; y) nao sau ddy la nghiém cta hé bit phuong st
trinh trén? [ . v‘> o

(35D, (1:-2),(5:-3)
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Gidi
¢ Thay x = 3, y = 1 vao hai bat phuong trinh ctia h, ta ¢6:
3-2.1<31aménh d ding; 3 + 1 >2 12 ménh dé ding.
Vay (3 ; 1) 1a nghiém chung ctia (1) va (2) nén (3 ; 1) [ nghiém ctia hé bat phuong trinh.
* Thay x = 1, y = — 2 vao bat phuong trinh (2) ctia hé, ta c6:
1 + (= 2)> 212 ménh dé sai.
Viy (1 : — 2) khéng 1a nghiém cGa (2) nén (1 ; — 2) khong 1a nghiém cta hé bat
phuong trinh.
¢ Thay x = 5, y = — 3 viio bit phuong trinh (2) ctia hg, ta c6:
5+ (= 3) > 2 12 ménh d@ sai.
Viy (5 ; — 3) khong 14 nghiém cta (2) nén (5 ; — 3) khong 14 nghiém cta hé bat
phuong trinh.

Il. BIEU DIEN MIEN NGHIEM CUA HE BAT PHUONG TRINH BAC NHAT
HAI AN

Ciing nhu bat phuong trinh béc nhat hai an, ta c6 thé bidu dién mién nghiém ctia hé bt

phuong trinh bic nhat hai 4n trén mit phing toa do.

Mién nghiém cta hé bit phuong trinh 12 giao cdc mién nghiém ctia cc bat phuong trinh

trong hé.

Cho hé bt phuong trinh sau:

'x—2y2—2
1Tx—4y<16
2x+y=-4.

a) Trong ciing miit phing toa dd Oxy, biéu dién mién nghiém ctia m&i bat phudng trinh
trong hé bat phuong trinh bing cich gach bo phin khong thude midn nghidm ciia né.

b) Tim mién nghiém ciia hé bat phuong trinh da cho.

Dé biéu dién mién nghiém cia hé bit phuong
trinh d3 cho, ta 1am nhu sau (Hinh 8): 1N

Budce 1. Trong cung mat phﬁng toa do Oxy, 3 A
v& ba dudng thing: i

dpx -2y =-2 dy: Tx - 4y = 16; A
d3: 2x +y=—4. 77 i ’v ol | :F . 7l 2

Do toa d6 diém O(0 ; 0) thod min céc bat il
phuong trinh trong hé nén mién nghiém cta | s
tling bat phuong trinh trong hé lin lugt 1a
nhiing néia mit phing khéng bi gach chia
diém O(0 ; 0) (ké ca dudng thing tuong tng). Hinh 8
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Butée 2. Phan khong bi gach (chda diém O(0 ; 0)) 12 mién nghiém cla hé bat phuong
trinh da cho.

Cuy thé, mién nghiém ctia h¢ di cho 12 tam gidc ABC k& cd mién trong (con goi 12 mién
tam gidc ABC) v6i A(4 ; 3), B0 ; — 4), C(= 2 ; 0).

i .
i Bé biéu dién mién nghidm cta hé bat phuong trinh bac nhat hai 4n, ta lam nhu sau:
» Trong ciing mit phing toa d6, biéu dién mién nghiém cta mbi bt phicng trinh
trong hé biing cdch gach bé phan khéng thudc mién nghiém cia né.
* Phan khéng bi gach 1a mién nghiém cén tim.

Vidy 2 = Biéu difn mién nghiém caa hé bit phuong trinh:
2x+y<4

x+y=<3
’ xz0

y=0.

Gidi. (Hinh 9)
V& cac duding thing:

d1:2x+y=4;d’,:x+y=3;d3:x=012‘1tructung:

d4: y =0 1a truc hoanh.

Gach di cdc phin khéng thudc mién nghiém cta méi 4 i
bit phuong trinh. A
Mién nghiém cta hé bat phuong trinh 12 tf gidc OABC 2 Biéu dién mién nghiém
ké c& mién trong (con goi 12 mién i gidc OABC) véi ctia hé bét phuong trinh sau:
0(0:0), A0 3), B(1;2), C(2:0). e s
lil. AP DUNG VAO BAI TOAN THUC TIEN ‘ -2x+3y<6

2x+ y>-4.

Bai tosdn 1. Trong bai todn § phin md ddu, Gm x va y
sao cho t8ng s& 14n xut hién quang cdo cla cong ty 1a
nhiéu nhat.

Gidi

Goi x, y 1an lugt 1a s6 14n phdt quang céo vao khoang 20h30 va vao khung gid
16h00 — 17h00. Theo gia thiét, tacé: x € N,y € N, x> 10,0 <y < 50.

Téng s8 1an phat quing cdo 1 T=x + .

S& tidn cong ty cin chi 12 30x + 6y (tridu ddng).

Do cdng ty dy dinh chi khong qué 900 triéu ddng nén 30x + 6y < 900 hay 5x + y < 150.

5x+y<150
Ta c6 hé bat phuong trinh: « x > 10 I
0<y<50

72/



Bai todn dua v& tim céc s8 tif nhién x, y 1 nghiém cta hé bat phuong trinh (I) sao cho

T =x+ yc6 gid tri 16n nhat.

Trudc hét, ta x4c dinh mién nghiém (ting véi x, y 12 hai & thuc) cia hé bat phuong trinh (I).

Mién nghiém clia hé bét phuong trinh (I) 12 mién td g1ac ABCD v6i A(30 ; 0), B(20 ; 50),

C(10 ; 50), D(10 ; 0) (Hinh 10). <

Ngusi ta ching minh dugc: Biéu thic T = x + y

dat gia trj I6n nhat tai ciip s& (x ; y) 12 toa 36 mot trong

cdc dinh cua tif gidc ABCD.

Tinh gi4 tri ctia bidu thiic 7= x + y tai cip s6 (x; y) 1a

toa d6 céc dinh cna td gidc ABCD}rGi so sanh cdc gid

tri d6. Ta dugc T dat gid tri 16n nhat khi x = 20, y = 50

Ung véi toa d6 dinh B. =

Vay dé phét duge s6 1in quang cdo nhiéu nhat this6 ——f——D . A

14n phét quing céo vio khoang 20h30 12 20 14n va vao “T1)//20//,30 %

khung gid 16h00 — 17h00 12 50 14n. o r s

Bai toan 2. Ngudi ta du dinh dung hai loai nguyén Hinh 10

lieu dé Cl}ié/t xudt it nhat 140 kg chét A vi\i\ 9 kg Chﬁ} B. o i

Tir moi tn nguyén licu loai I gid 4 ri€u dong. co thé chiét xuit duge 20 kg chat A va 0.6 kg

chit B. T méi tdn nguyén liéu loai 11 gid 3 triéu ddng, c6 thé chiét xuat dugc 10 kg

chét A va 1.5 kg chét B. Hdi phai dung bao nhiéu tn nguyén lidu méi loai d& chi phi mua

nguyén liéu 12 it nhat? Biét ring co sG cung cip nguyén lidu chi c6 thé cung cip khong

qué 10 t4n nguyén lidu loai I va khdng qua 9 tAn nguyén liéu loai IT.

Gidi

Goi x, y 14n lugt 1a s6 tAn nguyén liéu loai I, loai II cin st dung.

Khi dé, ta chiét xuat dugc 20x + 10y (kg) chit A va 0.6x + 1,5y (kg) chét B.

Theo gia thiét, x va y phdi thod man »

c4c diéu kién: {4

0<x<10,0<y<9;

20x + 10y = 140 hay 2x + y > 14; S

0.6x + 1,5y 2 9 hay 2x + 5y = 30. < D C

Téng s6 tidn cAn mua nguyén ligu 1a '

T=4x+3y.

Bai todn dua vé&: Tim x, y 1a nghiém

clia hé bit phuong trinh

0<x<10
0<y<9
2x+y=>14

2x+5y230 2

sao cho T'=4x + 3y ¢6 gid tri nho nhat. Hinh 11

Trudc hét, ta xac dinh mién nghiém clia hé bat phuong trinh (II).

Mién nghiém ctia hé bat phuong trinh (II) 1a mién ti gidc ABCD véi A(S ; 4), B(10 ; 2),

C(10;9), Dfﬁ o\ (Hinh 11).
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Ngudi ta chiing minh dudc: Biéu thic T = 4x + 3y dat gi4 tri nho nhat tai ciip s6 (x ; y) la
toa dd mot trong céc dinh cla it gidc ABCD.

Tinh gi4 tri ctia biéu thic T = 4x + 3y tai cip s6 (x ; y) 12 toa 46 mbi dinh cta td gidc
ABCD rbi so sanh cic gid tri 6. Ta dudc T dat gid tri nho nhat bing 32 khix=5,y=4
ting véi toa do dinh A.

Vay @€ chi phi nguyén liu 12 {t nhat. cin st dung 5 tdn nguyén ligu loai I va 4 tdn nguyén
liéu loai IT; khi d6 chi phi 12 32 triéu ddng.

. BAI TAP i

Ki&m tra xem mé&i cip s8 (x ; ) di cho c6 1a nghiém ctia hé bt phuong trinh tuong
ting khong.

3x42y> -6 [ 4x+y<-3

R (0:2),(1:0); oY L (-1:-3),(0;=3).
x+4y>4 |-3x+5y2-12

2. Biéu dién mién nghiém ciia hé bat phuong trinh:
5 4 4x-2y>8

a}{'x+"\{m b) - x20
| y=x+35;
' : l y<0.

3. Mién khong bi gach 6 m&i Hinh 12a. 12b 1a mién nghiém clia hé bét phuong trinh
nao cho ¢ dudi day?

.\. Y
5..
; 4
[ . d—3 |
| [¥] PR
a) b
Hinh 12
x+y<2 [ y£x yz-—x+1
a)- x2-3 h)1 x<0 C)axx2
’ yz-I ¥z y<l

4. Mét phan xudng san xuit hai kiéu mi. Thdi gian d€ 1am ra mét chigc mii kiéu thd
nhat nhiéu gp hai 14n th&i gian 1am ra m6t chigc mii kiéu thi hai. N&u chi san xuét
toan kiéu mii th hai thi trong 1 gi phan xudng 1am dugc 60 chie. Phan xudng
lam viéc khong qua 8 tiéng mdi ngay va thi trudng tiéu thu t6i da trong mdt ngay 1a
200 chi&e mii ki€u thit nhat va 240 chiéc mil kidu thit hai. Tién 14i khi ban mét chiéc mii
kiéu thit nhat 1a 24 nghin déng, mdt chiéc mii ki€u thif hai 14 15 nghin déng. Tinh s6
luiong mii kidu thi nhat va ki€u thit hai trong mot ngiy ma phan xudng cin san xuit
dé tién 14i thu dudgc 14 cao nhat.
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BAI TAP CUGI CHUONG I

Biéu dién mién nghiém ctia m&i bat phuong trinh sau:

a)3x—-vy>3; b)yx+2y<-4; c)y=2x-5.
Biéu dién mién nghiém ctia mdi hé bit phuong trinh sau: _

2x+5y<10 R-29S3

a) |22 -3y <6 b){ x-y<4 e

[2x +y<2; X2 x>0

. y<3.

Nhu cAu canxi t&i thiéu cho mdt ngudi dang d6 tudi trudng thanh trong mdt ngay

l1a 1 300 mg. Trong 1 lang d4u nanh cé 165 mg canxi, 1 lang thit c6 15 mg canxi.
(Ngudn: hitps://hongngochospital.vn)

Goi x, y 1an lugt 12 6 lang dfu nanh va s& lang thit ma mdt ngudi dang d6 tudi tridng

thanh an trong mdt ngay (véix > 0, y > 0).

a) Viét bat phuong trinh bac nhat hai 4n x, y d& biéu dién lugng canxi can thiét trong

mot ngy clia mot ngudi trong dd tudi trudng thanh.
b) Chi ra m6t nghiém (x, ; Yy véi Kop Ny € N ctia bat phuong trinh d6.

B4c Ngoc thuc hién ché d6 in kiéng qua thic uéng véi yéu ciu t8i thidu hing ngay

1 300 calo, 36 don vi vitamin A va 90 don vi vitamin C. Mot c6¢ db udng an kiéng

thid nhat cung cap 60 calo. 12 don vi vitamin A va 10 don vi vitamin C. Mot c6c d6

udng #n kiéng thi hai cung c4p 60 calo, 6 don vi vitamin A va 30 don vi vitamin C.

a) Viét hé bit phuong trinh mé ta s8 lugng cbc cho dd udng thd nhat va thd hai
ma bic Ngoc nén uéng mbi ngay dé dp dng nhu ciu cin thiét d6i véi s6 calo va
s6 don vi vitamin hap thu.

b) Chi ra hai phudng 4n ma bac Ngoc c6 thé chon lua s8 lugng cdc cho db udng
thi nhat va tha hai nhiim dédp Gng nhu ciu cin thiét d6i vdi s& calo va s& don vi
vitamin hap thy.

M@t chudi nha hang #n nhanh ban db #n tif 10h00 sing d&n 22h00 méi ngay. Nhan

vién phuc vu clia nha hang 1am viéc theo hai ca, mdi ca 8 tiéng, ca I tii 10h00 dén

18h00 va ca II tli 14h00 d&n 22h00.

Tién luong cua nhan - o N N

vién dude tinh theo Khoang thoi gian 1am viéc Tién luong/git

¢id (bang bén). 10h00 — 18h00 20 000 ddng
14h00 — 22h00 22 000 dong

P& mdi nha hang hoat dong dugc thi cin t6i thiéu 6 nhin vién trong khoang
10h00 — 18h00, t8i thifu 24 nhan vién trong th&i gian cao diém 14h00 — 18h00
va khéng qud 20 nhan vién trong khoang 18h00 — 22h00. Do lugng khich trong
khoang 14h00 — 22h00 thuding ddng hon nén nha hang cin s8 nhén vién ca I1 it nhat
phai gAp dbi s6 nhén vién ca I. Em hiy gitp chi chudi nha hang chi ra cich huy
ddng s6 lugng nhan vién cho mbi ca sao cho chi phi tién luong mai ngay la it nhat.



HAM SO VA BO THI

Trong chuong nay, ching ta sé tim hiéu nhiing néi dung sau:
ham sé va dé thi, ham sé bac hai va ing dung, dau ctia tam thic
bac hai, bat phuong trinh bac hai mét an, hai dang phuong trinh
quy vé phuong trinh bac hai.

§1 | HAM s6 VA PO THI

Galileo Galilei (1564 — 1642), sinh tai thanh phé Pisa (Italia),
1a nha béic hoc vi dai cua théi ki Phuc Hung. Ong duge ménh
danh 12 “cha dé cua khoa hoc hién dai”. Truéc Galileo, ngudi ta
tin ring vt ning rdi nhanh hon vat nhe, 6ng da bic bo diéu niy
biing thi nghiém néi ti€ng & thap nghiéng Pisa. Tir thi nghiém
clia Galileo, cic nha khoa hoc sau niy dudc truyén cdm hing
riing chiing ta chi c6 thé nit ra tri thic khoa hoc tif cac quy luat
khdch quan ctia ty nhién, chit khéng phai tii niém tin.

Lam thé nao @& mo td dwoe moi lién hé
giita thoi gian t va quang diong di duoc S
cia vat roi tw do? Lam thé nao dé cé duge
hinh dnh hinh hoc minh hog moi lién hé
giita hai dai luong do?

Thdp nghiéng Pisa (Italia)
(Ngudn: htps://shutterstock.com)

I. HAM sO
1. Pinh nghia

Trong bai toén & phin md du, ta dd biét cdng thifc tinh quing dudng di dudgc S (m) cla
vat rdi tu do theo thoi gian £ (s) 1a: § = %g.fz, trong d6 g 12 gia t6c roi tu do, g ~ 9,8 m/s%.
a) V6i mbi gid tri £ = 1, ¢ = 2, tinh gia tri tuong ting cta S.

b) V6i méi gia tri clia £ c6 bao nhiéu gid tri tudng tng clia S?

& 1)

D€ xay dung phuong 4n kinh doanh cho mét loai sén phdm. doanh nghiép tinh todn 1gi
nhufn y (ddng) theo cng thiic sau: y = — 200x> + 92 000x — 8 400 000, trong d6 x 14 s6
san pham loai d6 dugc ban ra.
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a) V&i mbi gid tri x = 100, x = 200, tinh gi4 tri tuong dng cha y.
b) Véi mébi gia tri chia x ¢6 bao nhiéu gid tri tudng Gng cha y?
M6t céch téng quit, ta c6 dinh nghia sau:

‘ﬁ;‘"r
Cho tap hop khdc réng D — R. Néu v6i méi gid tri ciia x thude D ¢6 mot va chi mot
gid tri tuong dng cha y thudc tip hgp s6 thuc R thi ta cé mdt ham s6.

Ta goi x 12 bién s6 va y 12 ham 56 cla x.
Tap hop D dudc goi la tdp xdc dinh ctia ham s6.
Ki hiéu ham s8: y = f(x), x € D.

Vi du 1

a) Dién tich § cha hinh tron ban kinh r dugc tinh theo ¢dng thitc § = w2, Hoi S ¢6 phai

12 ham s cha  hay khong? Giai thich. -

b) Cho cc‘)n% thdc y2 =x. Hoi y ¢6 phai 1 ham s6 clia 1 Trong y hoc, mot ngudi can

x hay khéng? Giai thich. ning 60 kg chay véi toc do
Gidi 6.5 km/h thi lugng calo tiéu
thu dugc tinh theo cong thuic:
¢ = 4.7t (Nguon: hitps:/firace.vn),
trong d6 thdi gian ¢ dugc tinh
theo phit. Hoi ¢ ¢6 phai la ham
s6 ctia £ khéng? Vi sao?

a) § 12 ham s8 clia r vi mbi gid tri cha r chi cho ding
mot gid tri cha S.

b) y khéng phai 12 ham s8 cta x vi khi x = 1 thi ta tim
dudc hai gid tri tudng Gng cha y1a 1 va— 1.

2. Cach cho ham so

a) Ham s6 cho bing mot cong thiic

Cling véi cich néi ham s6 cho biing cong thic, ta ciing néi ham s8 cho biing biéu thiic.

CEBP Cho hai ham s6y=2x+ 1 (1) vay = Vx — 2 (2).

a) Néu biéu thiic xac dinh méi ham sé trén.
b) Tim x sao cho m&i biéu thic trén c6 nghia.
‘\*-r
“ Tap xdc dinh ctia ham s6'y = f(x) 14 tp hop tit c cic s6 thuc x sao cho biéu thitc
fx) c6 nghia.

Vidg2 = Tim tip xic dinh chia mbi him s& sau: =
" 2 Tim tap xac dinh cta him s6:
ay=—;
x+2
y= 3 :
By=+x-1 o



Gidi
a) Biéu thiic 4 c6 nghia khi x # 0. Vi vdy, tp x4c dinh cta ham s6 da cho 1a:
x
D={xe Rlx=0}=R\{0}.
b) Biéu thiic \/x ——l ¢6 nghia khi x — 1 > 0. Vi vay, tip x4c dinh cua ham s& di cho 1a:
D={xeRlx21}=[1:+w0).

b) Ham so cho biing nhiéu cong thiic
Mot ham s6 ¢6 thé duge cho bing nhiéu cong thiic, nhu ham s6 trong Vi du 3 sau ddy:

Vidu3 = Cho ham s6: \S, N
. 3 Cho ham s6:
—Inéux<0 —xnéux<0
- A s Y= ;
fx) = ’ Onéux=0 anéu x> 0.
1 néu x> 0. a) Tim t4p xdc dinh cia ham
a) Tim tdp xéc dinh ctia ham s6 trén. SO trén.
b) Tinh gid tri cita ham s6 khi x = — 2; x = 0; x =2 021. b) Tinh gid tri cia ham s6 khi

Gidi x=—1;x=2022.
a) f(x) c6 nghia khi x < 0, x = 0, x > 0 nén tap xdc dinh cia ham s&1a D = R.

b A-2)=-1:i0)=0: 2021)= 1.

Chii ¥: Cho ham s8 y = f(x) v6i tip xéc dinh 12 D. Khi bién s6 x thay déi trong tap D thi
tip hop cdc gid tri y tuong tng dudc goi 12 tdp gid tri chia ham s& di cho.

Nhu trong Vi du 3, ta c6: Gng véi cdc gid tri cua x thi fix) chi nhdn mét trong ba gid tri
—1;0: 1 nén tap gid tri ctia ham s& d6 1a tap hop {- 1, 0; 1}.

¢) Ham s6 khong cho biing cong thiic

Trong thic tifn, cé nhiing tinh huéng dan t6i nhitng ham s& khong thé cho bing céng
thic (hodc nhiéu céng thitc). Chﬁng han, trong vi du sau day:

Vidu+4 = Bifu db & Hinh I cho bigt Nhiétdo (°C)
nhiét d§ trung binh & Da Lat theo 25"
ting thang trong nam 2015. G
a) Xdc dinh tip hgp cac thing dugc T

néu trong biéu dé.
b) Tuong tng thang véi nhiét d6 10-
trung binh cla thang d6 c6 phai la
ham s8 khong? Giai thich. 1
i %%

Gidi 4 56 7 8 9 1011 12 Thing
a) Tép hop céc thang 1a (Ngudn: hitp:/fvietnamtourism.con)
D={1:2,3;,4;5;6;7;8;,9;10; 11: 12}. Hinh 1

b) Méi théng chi tuong ting v6i dling mot gid tri nhiét dd trung binh nén tudng tdng dé
x4c dinh mét ham s8. Ham s6 d6 c6 thé dude cho bing bang nhu sau:
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Thang 1 2 3 4 5 6 7 8 9 10 | 11 12

Nhiét do (°C) 16,1 | 16,6 | 182|191 | 189 | 18,6 | 18,5(182 187|177 | 17.6| 15,7

Il. 8O THI CUA HAM s&

Xét ham s8 y = flx) = 1.

a) Tinh cdc gid tri y, = fix,), y, = f(x,) wiong dng v6i céc gid rix =-1,x,=1.

b) Biéu dién trong miit phiing toa dd Oxy céc didm M (x5 ). M,(x,5y,).

Ciing nhut vy, v6i mdi gid tri chia bién s6 x, ta c6 thé xdc dinh dugc diém M(x ; y) v6i

y = f(x) trong mit phing toa d6. Khi bién s& x thay d6i trén tip xdc dinh, diém M(x ; v)

s& thay d6i theo trong mit phing toa dd Oxy v tao nén mdt dudng. Pudng d6 goi 1a

db thi ciia ham s6'y = f(x).

F.r
“Pb thi ctia ham s8 y = f{x) x4c dinh trén tAp hop D 12 tip hdp cée diém M(x ; fix))

trong mat phﬁng toa dd Oxy v6i moi x thude D.

Jidy5  Chohamsdy=2x+4.

a) V& db thi ham s6 trén.

b) Trong mét phéng toa d6 Oxy, cho bon diém: A(-1 ; 2),
B(1;6), C(2020;2021), D2 030 ; 4 064). Diém ndo
thudc db thi ham s& trén? Piém nio khong thude dd thi
ham s6 trén?

Gidi

a)Khix =0thiy=4; khiy=0thi x=— 2. Vay d thi
hams6y =2x+41a dudng thing cit truc Oy tai diém
(0 ; 4), cat truc Ox tai diém (- 2 ; 0) (Hinh 2).

b)Khix=-1;x=1;x=2020; x=2030thi lAn luot y =2; y = 6; y =4 044; y = 4 064.
Vay céc diém A(— 1 ; 2), B(1 ; 6), D2 030 : 4 064) thudc dé thi ham s& va diém
C(2 020 ;2 021) khéng thude @b thi ham s6. =

-

I / - 1
Nhdn xét "4 Cho ham s6 y=— va ba
2 A . X
* Diém M(a ; b) trong mit phiing toa d thudc db thi diém M= 1 : — 1), NGO : 2),
D P(2 ; 1). Biém nao thudc dd thi
ham s& trén? Piém nao khong
thudc d6 thi ham s6 trén?

v ae
ham s6 y = f(x), x € D khi va chi khi
b = f(a).
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* Dé chiing to diém M(a ; b) trong mit phing toa db khdng thude dd thi ham s vy = flx),
x € D, ta c6 thé kiém tra mét trong hai kha niing sau:

Khd ndng I: Chiing t6 riing a ¢ D. \ ) /
Khd nang 2: Khi a € D thi chiing to ring b = fla). T S [ I e /
Vidu 6 © Cho db thi ham s8 v = fix) nhu Hinh 3. A\ " &/ |

vl

a) Trong cic diém c6 toa dd (— 2 ; 2), (0 : 0), (0 ; 1), e B
(2 ;2), (1; 1), diém nao thudc dd thi ham s6?

Diém nio khdng thudc db thi ham s8? i

2

)
3
b

b) Quan sat dd thi. tim f{3) va nhiing diém thudc d6 thi I3 s

% 9

5 tung d0 bang .

€0 fung 4o bing 2 Hinh 3
Gidi

a) Céc didm c6 toa dd (- 2 2), (0; 0), (2 ; 2) thude

db thi ham s6. oy s
) —2). g(0). g(2).

Céc diém c6 toa 86 (0 : 1),(1 ; 1) Khong thuge  BL 884

dd thi ham s6. ;

b) Quan sét db thi, ta c6: fi3) = = |
9 3 / A \{ 3 X
Toa d6 nhiing diém thudc db thi ¢6 tung d6 bing — / \/—\\
2 3 e
5 9 1 9 ) / \"f;
li: 3. — 3.1
\ 2/ 2)
Vidy 7 = Cho d6 thi ham s& v = fix) nhu Hinh 5.
a) Xd4c dinh toa dd cic giao diém cta dd thi d6 véi hai truc toa d9.
b) Ham s6 v = f{x) dugc x4c dinh béi cong thic nao?

5 Dua vao Hinh 4, xac dinh

ro | O

Hinh 4

Gidi
a) Toa d6 giao didm ctia d6 thi véi truc hoanh 1a (1 ; 0).
Toa dd giao diém cla db thi véi truc tung 13 (0 ; 1).
b) Vi db thi ham s6 y = f(x) la dudng thing cit ca hai
tryc toa dd nén ham s6 d6 14 ham s& bic nhait, tic
lay=fx) =ax + b (a = 0). Do hai diém A(1 ; 0),
B(0 ; 1) déu nim trén dudng thing y = ax + b
(a # 0) nén ta co:
{a.1+b=0 {r;+b=!) fa=-1
o &
a.0+b=1 b=1 lb=1.

Hinl 5

Viyy=flx)y=-x+1.
85]



111. SU BIEN THIEN CUA HAM sO

1. Khai niém

Cho ham s& f(x) = x + 1.

a) So sanh f{1) va f(2).

b) Chiing minh ring néu x

X, € R sao cho X, <X, thi f(xl) <f(x2).

Nhu vdy, ham s& f{x) = x + 1 c6 tinh chat sau day: Khi x fdng thi f(x) ciing tdng. Ta néi
ham s& trén 1a dong bién trén khoang (- oo ; + o).

e

Vidu 8

Gidi

Xét hai s6 bat kix, x,€ (0; +w)saochox <x,.

Tacéd: O<x <x

Cho ham s6 y = f{x) xéc dinh trén khodng (a ; b).

* Ham s8 v = fix) goi 14 ddng bién uén khoang (a ; b) néu

Vxl, X, € (a; b), X, <X, :>f(x1) <f(x2).

* Ham s6 v = fix) goi 1a nghich bién trén khoang (a ; b) néu

Vxl,x2 e (a: b),)c1 <x, :>f(x1) >f(x2).

nén 6x7 < 6x2 hay fix)) <fxy).

Chiing t6 ham s6 y = 6x” déng bién trén khoang (0 ; + o).

e
2 7
6 Ching 0 ham s6 y = 6x°
nghich bién trén khoang (— o ; 0).

Vay ham s6 ddng bién trén khoang (0 : + ).

Nhdn xét: Xét sy bién thién ctia mot ham s& 1a tim cdc khodng ham s& dong bién
va cic khodng ham s6 nghich bién. K&t qua xét sy bién thién dudc téng két trong mét

bdng bién thién.

Chéng han, sau ddy 1a bang bién thién cta ham s6 y = 6x*:

X

=00

0

+ oo

+ oo

o i

e

+ o0

 DAu miii t&n di xudng (tif + oo dén 0) dién ta
ham s& nghich bién trén khoang (— oo ; 0).

o Dau miii tén di 18n (ti O dén + o) dién ta
ham sd ddng bién trén khoang (0 ; + ).

2, Mo ta ham s dong bién, ham s6 nghich bién bing dé thi

Cfm Cho db thi haim s6: y = f{x) = x> nhu Hinh 6.

a) So sanh f{— 2), fi— 1). Néu nhan xét v& su bién thién cta gid tri ham s khi gia tri

bién x ting dén tif — 2 dén — 1.
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b) So sanh f(1), f(2). Néu nhan xét vé& su bién
thién ctlia gia tri ham s& khi gid tri bién x ting
din tit 1 dén 2.

Nhan xét

* Ham s6 dong bién trén khoang (a : b) khi va chi

khi @b thi ham s6 “di 1én” trén khodng dé.

* Ham s& nghich bién trén khoang (a ; b) khi va

chi khi d thi ham s& “di xuéng” trén khoang dé.

Khi néi d@b thi “di 1én” hay “di xuéng”, ta ludn

ké theo chidu ting ctia bién s6, nghia 1a ké tit trai Hinh 6
qua phai.

Vidy9 = Choham s8y=£(x)cé ad thi nhu Hink 7. Quan st dd thi va cho biét pht biéu
nao sau day 1a ding. ¥
a) Ham s8 y = f(x) ddng bin trén khodng (- 2 ; — 1). i
b) Ham s6 y = fix) nghich bién trén khodng (1 ; 2).

c) Ham s8 y = fix) d@dng bién trén khoang (- 1 ; 1).

Gidi

a) Phit biéu “Ham s& y = f{x) ddng bién trén khoing
(=2 ;- 1)” la ding vi @6 thi ham s8 da cho “di 1én”
trén khoang dé. Hinh 7

b) Phat biéu “Ham s6 y = f{x) nghich bién trén khoang (1 ; 2)” 14 diing vi d6 thi hAm s&
di cho “di xu6ng” trén khoang dé.

¢) Phit biéu “Ham s6 y = f(x) déng bién trén khoang (— 1 ; 1)” 13 sai vi db thi ham s&

di cho viia ¢6 phan “di 1én” vira c6 phin “di xuéng” trén khoang dé.

B sai Tie

1. Tim tap x4c dinh ctia m&i ham s6 sau:
ay=—1%  by=V2-35 oy=— dy= <hne,‘”e 2
x+1 [0néux e R\Q.
2. Bdng I dudi day cho biét chi s6 PM 5 (bui min) § Thanh phd Ha Nai tif thang 1 dén
théng 12 ctia nim 2019. ki

Thiang

Trung binh
ndm 2019

PM,,
(ug/m?)

(Ngudn: Bdo cdo chét lvong khong khi thé gidi 2019)
Bang 1
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a) Néu chi s6 PM, ; trong thdng 2; thang 5; thdng 10.

b) Chi s8 PM, . ¢6 phai 12 ham s6 cta thing khong? Tai sao?

¢) Bui min PM, . ¢6 dudng kinh nhé hon 2,5 pm (mi-cré-mét) dé dang xam nhép vao
co thé con ngudi théng qua dudng hd hip va giy nén mot s& bénh nguy hiém nhu dot

quy, tim mach, ... Em hiy néu mét s6 bién phdp bao vé ban than trudc bui min.

Theo quyét dinh s6 2019/QD-BDVN ngay 01/11/2018 ciia Téng cong ty Buu dién
Viét Nam, gia cuéc dich vu Buu chinh phd cip d8i véi dich vu thu cd ban va buu
thiép trong nudc ¢6 khdi lugng dén 250 g nhu trong bang sau:

a) S6 tién dich vu thut co ban phdi | Knei lugng dén 250 g | Mitc cue (dong)
trd y (dong) c¢6 la ham s6 cta khoi Dén 20 4000
lugng thu cd ban x (g) hay khong? & =

Néu diing, hiy xac dinh nhiing céng |Trén 20 g dén 100 g 6 000

thic tinh y. Trén 100 g d€n 250 g 8 000

b) Tinh s8 tién phai tré khi ban Duong ) ;
giii th ¢6 khéi luong 150 g, 200 g (khong k& phu phi va thué VAT).

Cho ham s6'y = — 2x°.

a) Tim nhiing diém thudc db thi ham s6 ¢6 hoanh d6 14n lugt bing — 2: 3 va 10.
b) Tim nhiing diém thudc @b thi ham s& c6 tung
d6 biing — 18.

Cho db thi ham s6 y = f(x) nhu Hinh 8.

a) Trong cdc diém c6 toa @6 (1 ; — 2), (0 ; 0), 9 40 F7 ‘ :
(2 : - 1), diém nao thudc d6 thi ham s8? Diém 2 ‘_'\‘l\_ | 1
nao khong thudc dd thi ham s6? \ P

b) Xdc dinh f0): f3).
¢) Tim diém thudc db thi cé tung d6 bing 0.

Hinh &

Cho ham s6 y = L Chiing t6 ham s& di cho:
x

¥
a) Nghich bién trén khoang (0 ; + 0); N ydpd
b) Nghich bién trén khoang (- o ; 0). /—' -\
Cho ham s8 y = f{x) ¢6 d thi nhu Hinh 9. Chi h-p210] | 2 3 =
ra khoang déng bi&n va khoang nghich bién cia / S
ham s6 y = fix). * )
Mot 16p mudn thué mot chiée xe khdch cho chuyén Hinh O

tham quan véi tdng doan dudng cin di chuyén

trong khodng tif 550 km d&n 600 km, c6 hai cong ty dugc tiép can dé tham khao gid.
Cong ty A c6 gid khoi ddu la 3,75 triéu dong cong thém 5 000 dong cho méi ki-16-mét
chay xe. Cong ty B c6 gid khéi ddu 14 2.5 triéu ddng cdng thém 7 500 ddng cho mdi
ki-16-mét chay xe. Lop d6 nén chon cdng ty ndo dé chi phi 1a thip nhét?



HAM SO BAC HAL. PO THI HAM S BAC HAI
VA UNG DUNG

C4u céng Sydney 14 mot trong nhiing hinh
dnh biéu tugng cta thanh phé Sydney va
nuéc Australia. D6 cao y (m) ctia mot diém
thudc vong cung thanh cu céng Sydney
¢6 thé bidu thi theo dd dai x () tinh tu
chin ciu bén trdi doc theo dudng néi vdi
chin ciu bén phai nhu sau (Hinh 10):

y=—0,00188(x — 251’5)2 + 118, (Nguén: https://shutterstock.com)
Hinh 10
« PN
Ham s6'y = — 0,00188(x — 251,5)2 + 118 o gi ddc biét? I(k ﬁ:}v

I. HAM $O BAC HAI
(EFP Cho ham 8’y = — 0,00188(x — 251.5)% + 118.

a) Viét cong thiic xdc dinh ham s6 trén vé dang da thiic theo lu§ thita véi s mil giam dan
cla x.

b) Béc ciia da thiic trén bing bao nhidu?

¢) Xdc dinh hé s6 ciia x%, hé s6 clia x v hé s6 tu do.

" Ham 56 bdc hai 1a ham s§ dugdc cho bing bi€u thic c6 dang y = ax’ + bx + c,
trong d6 a, b, c 14 nhiing hing s& va a khic 0. Tap xéc dinh ctia ham s 12 R.

Vidul = Trong cdc ham s6 sau, ham s& ndo 12 ham s6 bac hai? Véi nhiing ham s& bic
hai dé, xdc dinh a, b, c 14n luot 12 h s8 ciia x°, hé s8 cta x va hé 8 tu do.
a)y=8x"—6x+1; b)y=2x+2021.

Gidi .
a) Ham s6 y = 8x° — 6x + 1 la ham s& bac hai ¢6 hé s6 cia x> | 1 Cho hai vi du vé
biing 8, hé s6 clia x bing — 6, hé s6 t do bing 1. ham s8 béc hai.

b) Ham s8 y = 2x + 2 021 khong phéi 12 ham s6 bac hai.
I1. DO THI HAM S BAC HAI
(“FB» Chohamsdy=2x"+2x-3.

a) Tim gia tri y tudng Gng vdi gia tri cha x trong bang sau:

x -3 -2 -1 0 1
y ? ? ? ? ?
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b) Ve cic diém A= 350, B-2: -3, 0 Li=4, | [ ]
DO ;- 3), E(1;0)ciiadd thi ham s8 y = x* + 2x -3 L
trong miit phing toa d6 Oxy. \ / ."‘

¢) V& dudng cong di qua 5 diém A, B. C, D, E. Pudng _1\ % —1 I / _
cong d6 1a duding parabol va ciing chinh 1a db thi ham A \ 0 /;—. X
$6y=x"+ 2x— 3 (Hinh 11). \ /

d) Cho biét toa d6 ctia diém thap nhit va phuong trinh \ /
truc d6i xtng cta parabol d6. D4 thi ham s& d6 quay B 1
ba 16m 1én trén hay xubng dudi? NI

Nhdn xét: Puding cong (lién nét) di qua 5 diém A, B, C, D, E

(Hinh 11) cho ta @ thi him s§ y = x> + 2x — 3, x € R, Hinh 11

D6 12 dudng parabol quay bé 18m 1én trén, c6 toa do cla " —_—

diém thap nhat 1a (- 1; — 4) va c6 truc d6i xdng 1 duding i

thing x=— 1. 3 /\
Chohams6y=—x2+2x+3. ‘

a) Tim toa dd 5 diém thudc dd thi ham sé trén c6 hoanh \‘
d6 14n lugt 1a — 1, 0, 1, 2. 3 rbi vé& chiing trong mit ;
phing toa d6 Oxy. 3 '/ of |t 2 ‘\ 3

b) V& dudng cong di qua 5 di€ém trén. Pudng cong
d6 ciing 13 dudng parabol va 13 db thi cfia ham s6
y=—x"+2x+ 3 (Hinh 12).

¢) Cho biét toa d6 cta diém cao nhat va phuong trinh truc d6i xiing cia parabol do.
D4 thi haim s6 d6 quay bé 16m 1én trén hay xuéng dudi?

Hinh 12

)
s " D& thi ham s6 béc hai y=ax® + bx+c (a=0)1amot dudng parabol c6 dinh 1a diém
vdi toa d6 |(7 L] o= A ]| va truc d6i xiing la dudng thing x = — L
\ 2a 4a) 2a

Nhdnis#e: Cho hm s6Kx) = @ +b% +¢ (@= 0), tach: — 4A - f[ . zij
a a
Dé v& db thi ham s6 y = ax” + bx + ¢ (a = 0), ta thuc hién céc budc:

- e[ b A
* Xdc dinh toa do dinh: L-— -
2a 4a
- wA_4 b
* V& truc d61 xdng x = — —;
2a
¢ Xdc dinh mot s6 diém dic biét, ching han: giao diém véi truc tung (cé toa d6 (0 ; ¢))
va truc hoanh (néu ¢é), didm d6i xiing véi diém cé toa @6 (0 : ¢) qua truc d6i xdng
b
2a

X =
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* V& duding parabol di qua cic diém di x4c dinh ta nhan
dugc @b thi ham s6v = ax® + bx + c.

Chii y: N&u a > 0 thi parabol ¢6 bé 16m quay 1én trén, néu

a < 0 thi parabol c6 bé 16m quay xu6ng duéi.

Tidy2 = V&b thi ham s6 bac hai y = x* — 2x — 3.
Gidi
Tacé:a=1,b=-2,c=-
— Toa do dinh I(1 ; — 4).
— Truc d6i xdng x = 1.

— Giao diém cua parabol véi truc tung 13 A(0 ; — 3).

— Giao diém cla parabol véi truc hoanh 1a B(- 1 ;
C(3;0).

- Piém d6i xdng véi diém A(0 ;
x=11aD2;-3).

VE& parabol di qua céc diém dudc xdc dinh & trén, ta nhan

dugc dd thi ham s y = x* — 2x — 3 nhu Hinh 13.

3,A=(=2)-4.1.(-3)=16.

0) va

- 3) qua tryc d6i xdng

s
2 Vé db thi m6i ham s6
béc hai sau:

a)y=x—4x—3;
byy=x+2x+ I:
c)y:—x2—2.

Hinh 13

a) Quan sat d thi ham $8 béc hai y = x° + 2x — 3 trong Hinh 11. Xéc dinh khoang déng
bién, khoang nghich bién ciia ham s6 va 1ap bang bién thién cta ham s& dg.

b) Quan sat dd thi ham s6 bac hai y = — x* + 2x + 3 trong Hink 12. Xac dinh khoang déng
bién, khodng nghich bién ctia him s6 va 1ap bang bién thién ctia ham s6 d6.

Nhén xét: Cho ham s8 bac hai y = ax” + bx + ¢ (a = 0).

* Néu a > 0 thi ham s8 nghich bién trén khoang (— ) — A ddng bién trén khoang

2a)

\ 2a J
At
* N&u a < 0 thi ham s§ dbng bién trén khoing [— ;J nghich bién trén khoang
(5. . .)
s . +o0
\ 2a )
Ta c6 bang bién thién ciia ham s& bac hai nhu sau:
a=0 a<(
b b
X — o =t + o X — o0 S + oo
2a 2a
+ o - A 0 + ¢ ﬁ
¥ B b = 4({ . N
da T - o)
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Vidu3 = Néukhoang d6ng bién, nghich bién cia méi him s& sau:

a)y=3x1+5x—2; b)y=—4x2+6x+3.

Gidi 3
g b 5 ) J
a)Tac6:a=3>0,b=5-—=-——. 7z
2a 6 ¢ 5 3 Lap bang bién thién cla
Vay ham s6 da cho nghich bién trén khoang - — - »  mdi ham s8 sau:
/ / 5
ddng bién trén khodng L_ S a)y=x —3x+4;
6’

b)y=—2+5.

N —

b)Tacé:a=—4<0,b=6,fi=
2a 3)
Viy ham s& di cho dbng bién trén khoéng [ w; Z J: nghich bién tén khoing

G)

s

B w

lil. NG DUNG

Cdc ham s8 bic hai ¢6 nhiéu Gng dung trong viéc gidi quyét nhiing vin dé thyc tién.
Chfmg han, ta s& tim hiéu ting dung d6 thong j(m)

qua vi du sau:

Vidu4 = Khi mdt qui bong duge dd lén,
né s& dat dén dd cao nao d6 rdi roi xudng.
Hinh 14 minh hoa quy dao cta qud boéng
la mo6t phin clia cung parabol trong mit
phing toa d6 Oth, trong d6 7 13 thdi gian
(tinh bing gidy) ké tir khi qui béng dugc da
1&n va h 1a d6 cao (tinh bing mét) clia qua béng. Gia thiét ring qua béng dugec
d4 t mit d4t. Sau khoang 2 s, qui bong 1én dén vi tri cao nhit 1a 8 m.

a) Tim ham s6& bic hai biéu thi d6 cao /1 theo thdi gian ¢ va ¢6 phin db thi triing véi quy dao

clia qua béng trong tinh huéng nay.
b) Tinh d6 cao cuia qua béng sau khi d4 1én dugc 3 s.

ol 2 1{s)
Hinh 14

¢) Sau bao nhiéu giy thi qua béng cham dat ké tii khi d4 1én?

Gidi

a) Goi ham s6 bic hai biéu thi d6 cao h (m) theo thdi gian ¢ (s) 12: h=£r) = af +ht+c (a<0).
Theo gi4 thiét. qua béng dugc dd 1én tir miit dét, nghia 13 0) = ¢ = 0, do d6 Aiz) = ar® + br.
Sau 2 s, qua béng 1én dén vi trf cao nhat 12 8 m nén
J—zl;:zc){b:m Q{b=—4a®{la

fay-g  |da+26=8 " |-da=g " b

Vay h=f1) = - 27 + 8t.
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b) D6 cao clia qua bong sau khi d4 1én dudgc 3 s 1a: -

2
h=f(3)=-2.3"+8.3=06(m). 4 Trong bai todn & phan
¢) Cdch 1. Quéa béng cham dat (trd lai) khi d6 cao h = 0, mé dﬁl{, dd cao y (m) cua
tic 1a: mot diem thudc vong cung
(50 thanh ciu cang Sydney dat

) P gia tri 16n nhat 12 bao nhiéu

Lf 262 48=0 mét (lam tron két qua dén
3 o, ) hang phan musi)?

Vi thé sau 4 s qua béng s& cham dat ké ar khi d4 1én.

Cdch 2. Qu§ dao chuyén déng ciia qua béng 13 mét phan ciia cung parabol ¢6 truc

déi xiing 1a duding thing 7 = 2. Diém xuft phat va diém qué béng cham dat (trd lai) déi

xting nhau qua dudng thing ¢ = 2. Vi thé sau 4 s qua béng s& cham dat ké tii khi d4 1én.

. BAI TAP

tn

Trong cdc ham s6 sau, ham s6 nao la ham s6 béc hai? V6i nhiing ham sé bac hai do,

xac dinh a, b, ¢ 1an lugt 12 hé s6 cia % , hé s6 clia x va hé s& tu do.

a)y=-—3x% b) y = 2x(x” — 6x + 1); ¢)y=4x(2x - 3).
Xac dinh parabol y = ax” + bx + 4 trong méi trudng hop sau:

a) Di qua diém M(1 ; 12) vAN(- 3 ; 4); 'Y |
b) Cé dinh 12 I(- 3 ; - 5). At f
Vé db thi cia m&i ham s8 sau: 3 /
a)y=2x2—6x+4; b)y=—3x2—6x—3. :\ /
Cho d thi ham s6 bic hai & Hinh 15. ! 1 /‘

a) Xdc dinh truc d8i xdng. toa d(’f) dinh ctia db thi ham scj)'. 10 |‘\ 3 /
b) Xdc dinh khoang dbng bi€n, khoang nghich bign R e e e

cua ham so. Hinh 15

¢) Tim cdng thiic x4c dinh ham s6.
Néu khoang ddng bién, khoang nghich bién ctia m&i ham s& sau:
a)y=5x2+4x—l; b)y=—2x2+8x+6.

Khi du lich dén thanh phé St. Louis (M), ta s& thiy mdt cdi céng 16n cé hinh parabol
huéng bé 16m xuéng dudi, d6 1a céng Arch. Gia sii ta 1ip mét hé toa 6 Oxy sao cho
moét chan cong di qua gbc O nhu Hinh 16
(x va y tinh bing mét), chan kia cfia cdng
& vi trf ¢6 toa d6 (162 ; 0). Biét mdt diém
M trén cdng c6 toa do 1a (10 ; 43). Tinh

v

‘A 2 . " 43y M
chidu cao ctia c6ng (tinh tit diém cao nhat - s L -

A Py 5 vy 5 N i ¢ " —— — { P
trén céng xudng mdt dat), lam tron k€t  Cong Arch (St.Louis, M) Hinh 16 162 -
qua dén hang don vi. (Ngudn: hips://shutterstock.com)
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§3 ' DAU CUA TAM THUC BAC HAI

D& xay dung phuong 4n kinh doanh cho mét loai sin phdm, doanh nghiép tinh toén lgi
nhuéin y (ddng) theo cong thic sau: y = — 2002 + 92 000x — 8 400 000, trong d6 x 1a s&
san phim dugc ban ra. Nhu vay, viée x4c dinh l4i hay 16 khi kinh doanh loai san phim
trén din (61 viéc xét dau chia y = — 200x> + 92 000x — 8 400 000, tic 12 ta cin xét dfu cia
tam thic bac hai f(x) = — 200x% + 92 000x — 8 400 000.

A
[+~ J
A=

Pa thiic bic hai flx) = ax +bx+c (a #0) con goi la ram thifc bdc hai. Sau ddy, ta s& lam

Lam thé nao dé xét ddu ciia tam thite bdc hai?

quen vdi viéc xét dau cia tam thiic bac hai.

I. DAU CUA TAM THUC BAC HAI

Xét tam thitc bac hai fix) = ax + bx + ¢ (a = 0).

Ta d4 biét:

cax’ + bx+¢>0 Ging vdi phin parabol y = ax® + bx + ¢ nim phia trén truc hoanh.
cax’ +bx+c<0 ting vdi phin parabol y = ax’ + bx + ¢ nim phia duéi truc hoanh.
Nhu véy, ta c6 thé nhin ra diu ciia tam thifc bac hai f(x) = ax’ +bx +clasy” (hoéc “—")
théng qua viéc nhén ra phin parabol y = ax’ + bx + ¢ nim phia trén (hodc phia duéi)
truc hoanh.

a) Quan st Hinh 17 va cho biét diu ctia tam théc bic hai f(x) = x*> — 2x + 2 trén R.
b) Quan sét Hink 18 va cho biét ddu ciia tam thic bac hai f(x) = — x> + 4x — 5 wén R.

¢) Tl d6 riit ra m&i lién hé vé& dau cta tam thdc bac hai f(x) = ax” + bx + ¢ (a = 0) rén R
véi ddu cta hé s8 a trong trudng hop A < 0. ”
v i

Hinh 17 Y Hinh 18
Nhan xét: Néu A < 0 thi f{x) cing d&u véi hé s6 a v6i moi x € R.
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a) Quan sat Hinh 19 va cho biét du cla tam thiic bic hai fix) = x>+ 2x + 1.
b) Quan sat Hink 20 va cho biét ddu ciia tam thiic bic hai f(x) = — x> + 4x — 4.

¢) Tir d6 rit ra méi lién hé v& déu cha tam thic bac hai fix) = ax” + bx + ¢ (a = 0) véi dau
clia hé s6 a trong trudng hop A= 0.

1 9 | X
T 7

Hinh 19 Hinh 20

Nhdn xét: Néu A = 0 thi f{x) cing diu véi hé sd a véi moi x € R \{z—b}
il

a) Quan sat Hinh 21 va cho biét diu ciia tam thic bac hai fix) = x*+ 3x + 2 tuy theo céc
khodng cta x.

b) Quan sét Hinh 22 va cho biét ddu clia tam thdc bic hai f(x) = — x° + 4x — 3 tuy theo
cdc khodng cua x.

¢) Tit d6 it ra méi lién hé v& dau clia tam thiic bac hai f(x) = ax> + bx + ¢ (a = 0) véi diu cia
hé $6 a tuy theo céc khoang ctia x trong trudng hop A > 0.

Hinh 21 Hinh 22
Nhdn xét: N&u A > 0 thi f(x) cing dau v6i hé s6 a véi moi x thude céc khodng (- oo ; x))
Va (x, ; +0); flx) trdi ddu véi hé s6 a v6i moi x thude khoang (x, 3 x,), trong d6 x,, x, 1a
hai nghiém cutia fix) va x <X,
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Ngudi ta di ching minh dugc dinh 1i v& diu ciia tam thiic bac hai sau:
%

” Cho tam thic béc hai f(x) = ax* + bx + ¢ (@ = 0), A=b*—4ac.
+ Néu A < 0 thi f(x) cung diu véi hé s6 a v6i moi x € R.

. ) ~b)
+ Néu A = 0 thi flx) cing diu v6i hé s6 a v61 moi x € R \{Z—Jk
a
+ Néu A > 0 thi f{x) c6 hai nghiém X Xy ()c1 <x,). Khi dé:
fix) cing d&u vdi hé s8 a véi moi x thudc cac khoang (— oo ; x,) VA (x, 3 + o0);

fix) trdi d&u véi hé s6 a v6i moi x thudc khoang G5 355k

Nhan xét: Trong dinh li, c6 thé thay biét thic A = b% — 4ac béing biét thic thu gon
A =) —ac véib=2b".

1. Vi DU e

1 Xét dau ctia mbi tam thiic

Jidul = Xét ddu cia méi tam thic bac hai sau: iy AL
bac hai sau:

a)ﬂx)=3x2—x+1: 2) flx) = — 28 + dx— 5

- PP
b)f(x)=4x2+4x+1. b) fix)=—x"+6x—9.
Gidi

a)Tamthﬁcbéchai_)‘(x):3x2—x+ 1c6 A=—-11<0,hés6a=3>0nénflx)>0
véimoi x € R.

b) Tam thic bic hai fix) = 472 +4x + 1 ¢6 A =0, nghiém kép X, = —-} va hé s6
o [ 1 -
a=4>0nénfix) >0 véimoixe R\ ! = ;]._
2) "
Vidu2 = Lapbang xét ddu ciia tam thic bac hai “@ Lip bang xé& ddu cia
fix)y = X2 —3x+2. tam thic bic hai:
' f)=—2—2c+8.

Gidi
Tam thiic bac hai fix) = % = 3x + 2 ¢6 hai nghiém phén biét x, =1, x, = 2 va hé s6
a=1>0.

Ta c6 bang xét dau cia f(x) nhu sau:

x |- 1 2 + o

fx) + 0 - 0 +
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Vidy3 = Tim nghiém va lap bang xét ddu cla tam thic bic hai f(x) ting v6i @b thi
ham s6 y = fix) dudc cho 6 mbi Hinh 23a, 23b, 23c.

¥ ¥ ¥
i \ 1|
'
L ! T f
, | 1 i 1/ T
ANERE 1]
1—._‘L - - - - . L
AN v LY
f/ | \_\ Nl '
1 i |
I’T =T ."I = ' ({’ ' .
a) b o)
Hinh 23
Gidi
a) Tu @b thi Hinh 23a ta c6 nghiém cia
Y |—ao 1 + oo

tam thic bic hai fix) 1a x = 1. Bang xét
dau cia f{x) la: fix) = 0 =

b) Tit @b thi Hinh 23b ta c6 tam thic bac

hai fx) v nghiém. Bang xét ddu cia | © | i
fixy la: fix) +
c) Tit @b thi Hinh 23c ta c6 tam thic S |5 i T
béc hai f(x) c6 hai nghiém lax =-2va | — i
x, = 1. Bang xét ddu cla f(x) 1a: flx = 0 + 0 =

Vidu4 = Trong bai todn & phiAn mé dau, dua theo s6 san phdm ban ra, cho biét doanh
nghiép c6 14i khi nao, bi 16 khi nao.
Gidi
Xét tam thiic bac hai fix) = — 200x + 92 000x — 8 400 000.
~460 + /43 600
2

—460 - 4/43 600
3

Nhin thdy f{x) c6 hai nghigm la x, = ~125,6;x, = ~3344

va hé 6 @ = — 200 < 0. Ta c6 bang xét ddu ciia fix) nhu sau:

X — o0 X X, + 0

fx) = 0 + 0 5

Vi x 1a s8 nguyén duong nén:
+) Doanh nghiép c6 1ai khi va chi khi fix) > 0, ttic la 126 <x < 334.
+) Doanh nghiép bi 16 khi va chi khi f{x) < 0, tiic 1a x < 125 hodc x > 335.
Vay doanh nghiép c6 13i khi bén tit 126 dén 334 san phim, doanh nghiép bi 1 khi ban
t6i da 125 san phiam hotc bén t&i thiu 335 sin phim.
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. BAI TAP

Trong c4c phat biéu sau, phat biéu nao ding, phét biéu nio sai?
a)x‘—2x—3>0kh1vflch1kh1xe (—o:i=1)w(3;+ o).
b) x> —2x—3 < 0khivachikhix e [-1;3].

Tim nghiém va 14p bang xét ddu clia tam thifc bac hai f{x) véi db thi duge cho & méi
Hinh 24a, 24b, 24c.

48

a) b) )
Hinh 24

Xét diu ctia méi tam thidc bac hai sau:
b) f(x) = 9x% + 6x + 1 o) fix) = 2x% — 3x + 10;
e) flx) = g) fix) =
M@t cong ty du lich théng bdo gia tién cho chuyén di tham quan ctia mét nhém
khach du lich nhu sau:
50 khdch dAu tién ¢6 gid 1a 300 000 déng/ngudi. N&u c6 nhiéu hon 50 ngudi ding ki thi
¢t c6 thém 1 ngudi, gid vé s& giam 5 000 ddng/ngudi cho toan b hanh khach.

a) filx) = 3 —4x+ 1;

d) flx) = — 5x° + 2x + 3; —4x” + 8x — 4 —3x +3x— 1.

a) Goi x 1a s6 lugng khdch tit ngusi thi 51 trd 1&n clia nhém. Biéu thi doanh thu theo x.
b) $6 ngudi ciia nhém khach du lich nhiéu nht 1a bao nhiéu thi céng ty khong bi 16?
Biét riing chi phi thyc su cho chuyén di 1a 15 080 000 déng.

B6 phan nghién cltu thi truding caa mot x{ nghiép x4c dinh tdng chi phi d& san xut
Q san phim 1a Q7 + 180Q + 140 000 (nghin d6ng). Gié st gid mdi sn phdm ban ra
thi trudng 1a 1 200 nghin ddng.

a) X4c dinh Igi nhudn xi nghiép thu dugc sau khi bin hét Q sdn phim d6, biét ring
Igi nhu4n 13 higu ctia doanh thu trii di t8ng chi phi d& san xuat.

b) Xi nghiép cin san xuit bao nhiéu san phim dé khong bi 157 Biét ring cdc sin phim
dudc san xuit ra déu béan hét.



§4 | BAT PHUGNG TRINH BAC HAI MOT AN

" o 2 (32— 2x) @
B4c Diing mudn udn tam tén phang el e 2t
c6 dang hinh chit nhit véi bé ngang A R

32 cm thanh mét rinh din nuée bing /

cich chia tdm tén d6 thanh ba phan 4

S ol D S e
roi gap hai bén lai theo mot géc vudng

(Einh 25). D8 dim béo ki thust, diégn 48 W “'“'I
. %t % = z A — 32 cm —i = 3
tich mét cat ngang clia ranh dan nudc Miit cit ngang
phai 16n hon hoic bing 120 cm’. Hinh 25
. - B P
Ranh dén nude phdi cé o cao it nhdt la bao nhiéu xdng-ti-mét? 65>
- 4

I. BAT PHUGNG TRINH BAC HAI MOT AN

“&EP Quan sit v néu dic diém cta biéu thic & v& trai cda bit phuong trinh

L)

3% —4x -8 <0.

ii’i’
"« Bdt phuong trinh bdc hai dn x 1a bat phuong trinh ¢6 mét trong céc dang sau:
ax2+bx+c<0;ax2+bx+c$0;ax2+bx+c>0;ax2+bx+c20.trongd(’)
a, b, ¢ 1a cic 6 thue di cho, a = 0.
« DGi v6i bt phuong trinh bac hai ¢6 dang ax® + bx + ¢ < 0, mbi s6 x, € R sao cho
axé + bx, + ¢ < 0 dugc goi 1a mot nghigm ciia bat phuong trinh do.
Tép hop céc nghiém x, nhu the con dugc goi 1 1dp nghiém cla bat phuong trinh
bac hai di cho.
Nghiém va tip nghiém ctia cic dang bat phuong trinh bac hai 4n x con lai dugc
dinh nghia tuong tu.

Iidu1 = Cho bit phuong trinh bac hai mét dn x° — 4x + 3 <0 (1). Trong c4c gi4 tri sau
ddy cua x, gid tri nao 1a nghiém cta bét phuong trinh (1)?

a)x=2; b) x=0; c)x=3.

Gidi A

) Véix=2,1ac6:2°-4.2+3=-1<0.Viyr=212 1 a) Cho hai vi du vé bét
nghiém cda bat phuang trinh (1). phuong trinh bac hai mot dn.

b)Véix=0,tac6: 0°=4.0+3=3>0. Viyx=0 b) Cho hai vi du vé bit
khéng phai 13 nghiém cta bat phuong trinh (1). phuong trinh ma khong phai

la bat phuong trinh bac hai
mot an.

©) Véix=3.tacé: 3°-4.3 +3=0. Viy x = 3 khong
phéi 12 nghiém cha bat phuong trinh (1).

Chii y: Giai bat phuong trinh bic hai 4n x la di tim tAp nghiém cta bat phuong trinh do.
49



Il. GIAI BAT PHUONG TRINH BAC HAI MOT AN
1. Giai bat phuong trinh bac hai mot 4n bang cach xét ddu chia tam thire bac hai

a) Lap bing xét diu cla tam thic bac hai f(x) = x° — x — 2.

b) Giai bat phuong trinh x> —x - 2> 0.

Nhan xét: D& giai bat phuong trinh bc hai (mdt &n) ¢6 dang fx) > 0 (fx) = ax” + bx + ¢),

ta chuyén viéc giai bat phuong trinh d6 vé viéc tim tip hgp nhiing gid tri ctia x sao cho

fix) mang ddu “+". Cu thé, ta 1am nhu sau:

Butdc 1. Xac dinh dau cha hé s8 a va tim nghiém cua fix) (néu ¢6).

Bude 2. St dung dinh 1 v& d&u ciia tam thiic bic hai dé fim tAp hop nhiing gid tri cua x
sao cho f(x) mang diu “+".

Chii ¥: Céc bat phuong trinh bac hai c6 dang fix) < 0, fix) 2 0, fix) < 0 dugc gidi bing
céch tuong tu.

Vidy 2 @ Gidi cdc bt phuong trinh bac hai sau: e
5 "2 Giai cdc bit phudng trinh
a)2x"-5x+2>0; 5 ot g

b)—x2—2x+8>0. a)3x2—2x+4S0;

o b)—x +6x—920.
Gidi

a) Tam thiic bac hai 2x% — 5x + 2 ¢6 hai nghiém x =

L

,x,=2vicohes6a=2>0.

2
St dung dinh Ii vé& d&u cua tam thic bac hai, ta thdy (dp hgp nhiing gid tri cia x sao

cho tam thiic 2x° — 5x + 2 mang d&u “+” 1;‘1(7 0} ]-)u (2; + ).
2

\
Viy tap nghiém cia bét phuong trinh 22— 5x+2>01a [_ 0] lJ U2+ o).
2

b) Tam thiic bac hai — x° — 2x + 8 ¢6 hai nghiém x, = -4, x, =2 vac6 h¢ s0a=—1<0.

1
St dung dinh If v& dau cta tam thiic béc hai, ta thiy tap hgp nhiing gid tri chia x sao
cho tam thic — x> — 2x + 8 mang dau “+”1a (- 4 ; 2).

Viy tap nghiém cha bdt phuong trinh — x* = 2x + 8 > 0 1a (- 4 ; 2).

2. Giai bat phuong trinh bac hai mét 4n bing cach sit dung do thi

Cho bt phuong triinh ¥ - 4x + 3> 0 (2).

Quan st parabol (P): y = x° — 4x + 3 & Hinh 26 va cho biét:
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a) BAt phuong trinh (2) biéu dién phin parabol (P) nim &
phia nao cta truc hoanh.

b) Phan parabol (P) nim phia trén truc hoanh tng véi
nhiing gi4 tri ndo cua x.

Bdt phuong trinh (2) biéu dién phan L

parabol (P) ndm phia trén truc hoanh @- A Y
ttong ting vdi x < 1 hodc x > 3. } V ]
Nhdn xét

* Gidi bdt phutong trinh bdc hai ax’ + bx+c¢>01aGm tép hop nhimg gid tri cta x Ung
véi phn parabol y = ax’ + bx + ¢ nim phia trén truc hoanh.

* Tudng ty, gidi bat phudng trinh béc hai ax’ + bx + ¢ <012 tim tip hgp nhiing gia tri cia
x (ing véi phin parabol y = ax’ + bx + ¢ nim phia duéi tryc hoanh.

Nhu vdy, dé gidi bat phuong trinh bac hai (mét 4n) c6 dang fix) > 0 (fx) = ax” + bx + ¢ véi

a #0) biing céch st dung @b thi, ta c6 thé 1am nhu sau: Dya vao parabol y = ax” + bx + ¢,

ta tim tAp hop nhiing gid tri clia x dng v6i phin parabol d6 niim phia trén truc hoanh. D&i

véi cdc bat phuong trinh bac hai ¢6 dang fix) < 0, fix) 2 0, fix) <0, ta ciing 1am tuong tu.

Vidu3 © Quan sit d6 thi 6 Hinh 27, Hinh 28 va giai c4c bit phuong trinh bac hai sau:

a) x> —5x+4<0. b) — x> +3x>0.

.\
4
1]

o

Hinh 27 Hinh 28
Gidi -
a) Quan sét db thi & Hinh 27, ta thily: x> = 5x + 4 < 0 3 Giai méi bat phuong trinh

bidu dién phin parabol y = x” — 5x + 4 niim phia dudi gécﬂ?ai s g el el chimg
6 thi:

truc hoanh, tudng dng véi 1 < x < 4. 2
. . 4 a)x +2x+2>0;
Viy tap nghiém cta bat phuong trinh #-5x+4<0 2
3 o b)—-3x"+2x—1>0.
l1a khoang (1 : 4).
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b) Quan sét dd thi & Hinh 28, ta thiy: — x° + 3x > 0 biéu dién phén parabol y = — x” + 3x n¥m
phia tén tryc hoanh, wong Gng vé6i 0 < x < 3. Viy tip nghiém cha bit phuong trinh
— x*+3x>01a khodng (0 ; 3).

lil. NG DUNG CUA BAT PHUONG TRINH BAC HAI MOT AN
Bat phuong trinh béc hai mét 4n c6 nhidu ting dung, ching han: tng dung vao tinh toan
1gi nhuén trong kinh doanh; tinh to4n diém roi trong phdo binh; ...
Ching ta sé 1am quen véi nhiing ting dung d6 qua mét s6 vi du sau day.

Vidu4 | Gidi bai todn & phin mg diu.
Gidi
Khi chia tAm ton d6 thanh ba phin 18i gdp hai bén lai theo mdt géc vudng nhut Hink 25 thi
kich thude ctia mit ct ngang 12 x (cm) va 32 — 2x (cm). Khi d6 dién tich mat cit ngang 12
(32 = 2x)x (cm?).

Ta thdy: Dién tich mit cit ngang ciia rinh din nudc 16n hon hodc bing 120 cm” khi va
chi khi

(32 = 20)x 2 120 & — x° + 16x — 60 = 0.
Tam thdc fix) = — ¥ + 16x — 60 c6 hai nghiém X, =60, X, = 10vihés6a=-1<0.
St dung dinh 1f v& ddu cda tam thiic béc hai, ta thdy tdp hop nhiing gid tri clia x sao cho
tam théic f{x) mang dau “+” 12 khoang (6 ; 10). Do d6 tip nghiém cla bit phuong trinh
— x>+ 16x — 60> 0 la doan [6 ; 10].
Vay ranh din nude phai ¢6 d6 cao it nhit 12 6 cm.

Jidu5 = Tim giao cdc tdp nghiém cha hai bat phuong trinh sau:
F+2x-8<0(3)vaxr —9<0(4)
Gidi
Ta cé: (3) © — 4 < x < 2. Tap nghiém ctia bat phuong trinh (3) 1a .S_,'= (-4;2);
(4) © - 3 <x < 3. Tap nghiém cta bt phuong trinh (4) 1a 5=0333).
Giao cédc (Ap nghiém cla hai bit phuong trinh trén 1a:

S=S3F\S4=(74;2)ﬁ(73;3)=(73:2).
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Vidu6 = Mot tinh huéng rong huén luyén

phdo binh dugc md ta nhu sau: Trong

mit phing toa d6 Oxy, khiu dai bac dugc biéu thi bing diém O(0 ; 0) va bia muc tidu
dudc bidu thi bing doan thing MN véi M(2 100 ; 25) va N(2 100 ; 15) (Hinh 29). Xa tht

cAn x4c dinh parabol y = — a’x* + 10ax
(a > 0) m6 ta quy dao chuyén déng cia
vién dan sao cho vién dan bin ra tit khiu
dai bic phadi cham vao bia muc tiéu. Tim
gid tri 16n nhdt clia @ d€ xa thn dat dugc
muc dich trén.

a’x® + 10ax

e ————

"

Gidi
Tai vi tri x = 2 100, @6 cao cua vién dan la:

y=-d

.2100% + 10a . 2 100 = — 4 410 0004’

o| 2 100

Hinh 29

+ 21 000a.

Vién dan cham dugc vao bia muc tiéu khi va chi khi @ thod mén cdc bat phuong trinh sau:

2100s9(5);—

o(5)<:>l>210<:>0<a<$ TlIclaae|0 =

o (6)<> 4 410 000a* —21 0002 +2520

4 410 000a” + 21 000a <25 (6); —

4 410 000a” + 21 000a > 15 (7).
0
210

& (2100a-5)" >0.Bat phuong trinh nay diing Va > 0.

1 10 1 10
o (7) = 4 410 0004° 721000a+15<0<:>——£<a£—+£
420 2100 420 2100
L Voo 1 o |
Srae| ————— —
420 2100 420 2100
1 J10 1 \.r10
T va —— < nén
420 2100 420 2100 210
[(,._'_',{1 I W T ¥ D M S N
"210] | 420 2100420 2100 | |420 2100 420 T2100 |
h

Vi thé, vién dan cham dudc vao bia muc tidu

khi va chi khi
1 V1o 1 1o \/ﬁ
420 2, 100 *420 2100
Viy gid tri 16n nhét cta a la L +

420 2100

Jio

4 Téng chi phi T (don vi: nghin dong)
dé san xuat Q san pham dugc cho bdi
biéu thitc T = Q7 + 300 + 3 300; gid ban
ctia | san phim la 170 nghin déng. S6
san pham dudc san xuit trong khoing
nao dé dam bo c6 lai (gia thiét cc san
pham dudgc ban hét)?
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B eiiTap

1. Trong cdc bat phuong trinh sau, bit phuong trinh nio 1a bat phuong trinh bac hai
mot 4n? Vi sao?

a) - 2x +2 <0, b)%yz—\/z(y+l)SO; )y k- 2x 0.

2. Dua vao d6 thi ham s& bic hai y = f{x) trong méi Hink 30a, 30b, 30c, hiy viét tip
nghiém ctia méi bat phuong trinh sau: f(x) > 0; f{x) < 0; fix) 2 0; fix) £0.

\ \‘.
37 31
: RSE O

o \/l g

a) b) c)

B,
51
I

Hinh 30
3. Gidi cdc bt phuong trinh bic hai sau:
a) 2% —5x+3>0; b)—x>—2x+8<0:
C) 4’ — 12x+9<0; d)-32+Tx-420.

4, Tim m d€ phudng trinh 2+ (m+ Dx+m—-8=0c6 nghiém.

5. Xét hé toa 6 Oth (én mit phing, trong d6 truc Or biéu thi thoi gian ¢ (tinh bing
gidy) va truc Ok bidu thi d6 cao & (tinh biing mét). M6t qua béng dudc d4 1én til diém
A(0 ; 0,2) va chuyén dong theo quy dao 12 m6t cung parabol. Qua béng dat d6 cao
8.5 m sau 1 gidy va dat d6 cao 6 m sau 2 gidy.

a) Hay tim him s& béc hai biéu thi quy dao chuyén déng cua qua bong.
b) Trong khoang thdi gian nio thi qua béng van chua cham dat?

o

Céng ty An Binh théng bdo gid tién cho chuyén di tham quan ciia mot nhém khach
du lich nhu sau:

10 khich ddu tién c6 gid 12 800 000 ddng/ngudii. Néu ¢6 nhidu hon 10 ngudi ding ki
thi cd c6 thém 1 ngudi, gid vé s& gidm 10 000 ddng/ngudi cho toan bo hanh khéch.
a) Goi x 1a s6 lugng khdch tit ngusi thi 11 trd 18n clia nhém. Bi€u thi doanh thu theo x.
b) S6 ngudi cha nhém khach du lich nhiéu nhit 14 bao nhiéu thi céng ty khong bi 16?
Biét riing chi phi thuc su cho chuyén di 1a 700 000 ddng/ngudi.
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o ) Tim HiEu THEM
Bang dudi day tdng ket céc trudng hop c6 thé xay ra khi gidi bat phuong trinh bac hai

ax® + bx+c¢>0 (%) (a=0).

bit fix) = ax® + bx +c.

Diu cia a
. a=10 a<\)
Diu cia A

(Mexe-oix)ulni+=)|  (Morxelr ;)

A=0

fix) €6 hai nghigm X, X, (3, <x,)

M= xre RN {— i} (*) vo nghiém
2a

A=1(

Six) ¢ nghiém képx = — —
2a

A<l)
Sfix) vo nghiém

Tuong tu, em hiy 1ap bang t8ng két cac trudng hdp cé thé xdy ra khi gidi cdc bt phuong
trinhbéchaiax2+bx+c<0;ax2+bx+c20:ax2+bx+CSO(a¢0).
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HAI DANG PHUONG TRINH
QUY VE PHUGNG TRINH BAC HAI

vén t8c trung binh nhu nhau 14 40 km/h tif hai
vi tri A va B theo hai hudng vudéng géc véi
nhau dé ciing di vé bén cusi O (Hinh 31). Vi tri
A c4ch bén 8 km, vi tri B cich bén 7 km. Goi
x (gi®) 1a thoi gian hai xe bit d4u chay cho (6i B

khi cichphavu5km. T o7 oo o oo = o — - -

Ban Duodng xac dinh duge x thod man phuong

C A A z PR ~ ot e Py A
Hai 6 t6 xudt phét tai cling mot thaji diém v6i l
|
\i

trinh (8 — 40x)% + (7 - 40x)% = 5.

2 Hinh 31

RN . o P i e .
{ _C_ o Lém thé nao dé tim ditge gid tri ciia x?

. J
L[S

I. GIAI PHUGNG TRINH CO DANG 4/ /(x) = Jg(x) (1)

2

(flx) = ax’* + bx+cva g(x) =mx” + nx + p véi a # m, a hoidc m c6 thé bé‘mg 0)

D& gidi phuong trinh (I), ta 1am nhu sau:

Butée 1. Binh phuong hai v& ctia (I) dén dén phuong trinh fix) = g(x) 18i tim nghiém caa

phuong trinh nay.

Butdc 2. Thay tiing nghiém cia phudng trinh f{x) = g(x) vao bit phuong trinh fix) > 0
(hodic g(x) > 0). Nghiém niio tho4 min bat phuong trinh d6 thi giit lai, nghiém

nao khéng thoa man thi loai di.

Bude 3. Trén co sd nhiing nghiém giit lai & Budc 2, ta két luan nghiém cta phuong trinh (I).

Chii ¥

o Trong hai bit phucng trinh f{x) > 0 va g(x) > 0, ta thudng chon bat phuong trinh c6 dang

don gian hon d& thuc hién Budc 2.

o Ngudi ta chiing minh dugc ring tip hop (s6 thuc) giit lai & Bude 2 chinh 1a tp nghiém

cua phudng trinh (I).

Vidu1 ] Gidi phuong trinh vx2 — 6x — 4 = vx — 4 (1)
Gidi
Binh phudng hai v& clia (1) ta dugc x> — 6x —4 = x — 4 (2)

Tacé: (2) = x° — Tx =0.
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Do d6, phuong trinh (2) c6 hai nghiém lax=0vax=7.

Thay lan lugt hai gia trj trén vao bat phudng trinh x — 4 > 0, ta thiy chi ¢6 x = 7 thod mén
bét phuong trinh.

Viy nghiém cta phuong trinh (1) lax=7.

Vidu2 | Gidi phuong inhv2x2 +3x + 1 = Va2 + 4x + 3 (3)
Gidi
Binh phuong hai v& ctia (3) ta duge 2x° + 3x + 1 =x% + 4x + 3 (4)
Tacé: (4) < x* —x—2=0. '
Do d6, phuong trinh (4) ¢6é hai nghiémlax=-1 va \_
x=2. 1 Giai phuong trinh:

Tzhay lan lugt hai glaxtn Eren .va.o’ ba.t pA\hchng.v tr11~1h \/3x2 CAx 1o \/xg .
X"+ 4x+ 3 20, ta thiy ca hai gi4 tri déu thoa man

bét phuong trinh.

Viy phuong trinh (3) ¢6 hai nghiém lax=-1vax=2.

Il. GIAI PHUONG TRINH CO DANG |/ f(x) = g(x) (II)

(fx)y=ax’* +bx+c va g(x) = dx + e v6i a#d, ahoic d c6 thé bing 0)

D€ giai phuong trinh (II), ta 1am nhu sau:

Bude 1. Gidi bat phuong trinh g(x) > 0 d& tim tdp nghiém ciia bat phuong trinh do.

Butde 2. Binh phuong hai v& cta (IT) din dén phuong trinh f(x) =[ g(x) | réi tim nghiém
clia phudng trinh d6.

’

Bude 3. Trong nhing nghiém cua phuong trinh flx) = [g(x)]', ta chi giti lai nhiing
nghiém thude tap nghiém cta bat phuong trinh g(x) 2 0. Tap nghiém gil lai d6
chinh 14 tdp nghi€m cua phuong trinh (II).

Vidy 3 = Giai phuong trinh
\/xz —6x+6 =2x-1(5)
Gidi
Trude hét ta gidi bit phuong trinh 2x — 1 > 0 (6)
Tacé: (6) & 2x21 <:>x2%.
Binh phuong hai v& cta (5) ta dude x° — 6x + 6 = 2x — 1)* (7)
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Tact:(T) &> —6x+6=4x" —dx+1 &3 +2x-5=0. & &

Do d6, phuong trinh (7) c6 hai nghiém la x=1vax=—, 2 Gidi phuong trinh:

Jax~S=x= 1

Trong hai gia tri trén, chi ¢ gid tri x = 1 14 thod man x = ;
Viy phuong trinh (5) ¢6 nghiém la x = 1.

Jidu4 = Trong bai todn & phin md diu, hdy gidi thich vi sao thdi gian x (git)
d€ hai xe bdt dAu chay cho t6i khi cich nhau 5 km thod min phudng trinh

(8= 40x)% +(7—40x)* = 5. Sau d6. hiy gidi phuong trinh trén,

Gidi. (Hinh 32)

Quing dudng 6 td xuat phat wf A, B di dugc sau x gid (v6i x > 0) 14 40x (km).

Sau x gid, 6 t6 xudt phét ti vi trf A dé€n C c4ch O mét khoang OC = 8 — 40x (km).

Sau x gid, 6 t6 xudt phat ti vi tri B dé€n D cdch O mdt khodng OD = 7 — 40x (km).

PE 8 —40x20va7 —40x20thi 0 <x<0,175. Do tam gide OCD 12 tam gidc vubng nén

€D =NOC? +0D? = \/(8—40x)2 +(7-40x).

A
Ta c6 phuong trinh: \/(8 —40x)2 +(7- 4O)c)2 =5. 3
Binh phuong hai vé ta c6:
2 5 8- 40x 2 km
(8-40x)" +(7-40x)" =25 -

<>1600x? —640x +64 +1 600x% — 560x +49 = 25

< 3200x% —1200x+88 =0
& 400x% —150x +11=0.

Phuong trinh ¢6 hai nghiém la x = 0,1 va x = 0.275. D&i chi€u véi diéu kién
0< x<0,175, tachon x=0,1.
Vay thdi gian tit ltc hai xe bit dAu chay cho t6i khi cdch nhau § km 12 0,1 gis.

Hinh 32

[ sai Tip

1. Gidi c4c phuong trinh sau:
2) V412 —6x— 6 = Vx* - 6; b)\/2x73:\/2x273x71;
oVx+9=2x-3 V-2 +4x-2=2-x.
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2. (Giai cdc phuong trinh sau:

o) P =1 3 S AN T R

3. Péleo&n mdt biic tudng, bic Nam dimg mét chiéc thang c6 chiéu dai cao han biic tuding
d6 1 m. Ban dAu, bac Nam dit chiéc thang ma du trén cla chiéc thang d6 viia cham
diing vio mép trén bic tudng (Hinh 33a). Sau d6, bac Nam dich chuyén chan thang vao
gfn chan twong thém 0,5 m thi bac Nam nhén thdy thang tao véi mit ddt mdt gée 60°
(Hinh 33b). Hoi biic tudng cao bao nhiéu mét (lam tron k&t qua dén hang phan mudi)?

Hinh 33 300 m

4. Mot ngudi diing ¢ diém A trén mot bd séng rong 300 m,
chéo thuyén dén vi tri D, sau d6 chay b dén vi tuf B cich
C mdt khodng 800 m (Hink 34). Van tdc chéo thuyén 1a DI 800 m
6 km/h, vén t6c chay bd la 10 kmv/h va gia s véan t6c dong
nuéc khong déng ké. Tinh khoang céch tit vi trf C d&n D, bigt
tong thdi gian ngudi d6 cheo thuyén va chay b6 tit A dén B
(qua D) 1a 7,2 phat. B

Hinh 34

5. Mot ngon hai ding dit tai vi tri A cich bd bién m6t khoang cich AB = 4 km.
Trén bd bién c6 mot cai kho & vi i C cich B mdt khoing 1a 7 km. Ngudi
canh hai ding c6 thé cheo thuyén tit A d&n vi tri M trén by bién véi van toc
3 km/h rdi di bd dén C véi van toc 5 km/h (Hinh 35). Tinh khoang céch tii vi trf B dén
M, biét thdi gian ngudi d6 di tif A d&n C (qua M) 1a 148 phit.

4 km

B M g

7 km
Hinh 35

(Ngudn: htips://shutterstock.com)
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BAI TAP CUOI CHUONG liI

Tim tip xé4c dinh ctia méi him s& sau:

) ey b)y = V22 —dwet3;
T5—%

D6 thi & Hinh 36 cho thay su phu thudc cia
lugng hing hod dudgc san xuat (cung) (don vi: san
pham) vio gi4 ban (don vi: triéu ddng/san phim)
ddi v6i mot loai hang hod.

a) X4c dinh lugng hang hod dugc sin xudt khi miic
gid ban 1 san pham 13 2 triéu ddng; 4 triéu ddng.
b) Biét nhu ciu thi trudng dang cin 13 600 sén
phim. Hoi véi mifc gid bdn 13 bao nhiéu thi thi
trudng cin bing (thi trudng cin bing khi sin
luogng cung bing san lugng ciu)?

M@t nha cung cp dich vu Internet dua ra hai géi
khuy&n mai cho ngudi ding nhu sau:

Géi A: Gid cude 190 000 dbng/thang.

Néu tra tién cudc ngay 6 thang thi s& dugc ting
thém 1 thang.

Néu tra tién cudc ngay 12 thang thi s& dugc ting
thém 2 thing.

Géi B: Gid cude 189 000 ddng/thang.

1
e e s

Lutong cung hang hod

600

(sin pham)

2 i
= 4 Gid
(triéu ddng/san phim)

Hinh 36

N&u tr4 ti&n cudc ngay 7 thang thi s6 tién phéi tra cho 7 thdng d6 1a 1 134 000 ddng.
Néu tra tifn cudc ngay 15 théng thi s& tién phai tra cho 15 thang d6 12 2 268 000 dong.

Gia st s& thang sii dung Internet 12 x (x nguyén duong).

a) Hay 14p céc ham s& thé hién s& tién phai tra it nhat theo mdi g6i A, B néu thdi gian

dung khéng qua 15 thang.

b) Néu gia dinh ban Minh dung 15 thang thi nén chon géi nao?

Quan sdt @3 thi ham s6 bac hai y = ax’ + bx + ¢ & mbi Hinh 37a, 37b rdi néu;

a) D&u cua hé s6 a;
¢) Khoang ddng bién,

e) Khoang gid trixma y > 0;

b) Toa d6 dinh v truc d6i xtng;
d) Khoang nghich bién;
g) Khodng gid trix ma y <0.



Hinh 37

Vé dd thi cia mbi ham s8 sau:

a)y=x2—3x—4: b)y=x2+4x+4; c)y=—x2+2x—2.

Lap bang xét ddu cia mbi tam thidc bic hai sau:

a) fle)=—3x% +dx - 1; b) flxy=x" —x—12; ¢) fix) = 16x° + 24x + 9.

Giai c4c bat phudng trinh sau:

a) 2> +3x+120; b) -3 +x+1>0;
)4’ +4x+120; d) - 16x° + 8x— 1 < 0;
e) 2% +x+3<0; g)—3x2+4x—5<0.

Giai cdc phuong trinh sau:

a)\/;c+2=x;

b)\/2x2+3x—2=\/x2+x+6:
c)\/2x2+3x—l=x+3.

Mot ki su thiét k& dudng day dién tit vi tri

A dén viti§ vatlvitiS dén vitri C trén :

cu lao nhu Hink 38. Tién cong thiét k& mbi <
ki-16-mét dudng day it A dén SvawiSdén € | ;\..,5'\
14n lugt 12 3 triéu déng va S triéu dong. Biét g DR :
t6ng s6 tién cong 1a 16 tridu ddng. Tinh tdng '
s6 ki-16-mét duding diy dién di thiét ké.

4 km

Hinh 38
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HE THUC LUQNG
TRONG TAM GIAC. VECTO

Trong chuang nay, ching ta tim hiéu nhing néi dung sau:
gia tri lugng gidc cia mot goc tir 0° dén 180°, dinh Ii cosin va
dinh [i sin trong tam gidc, gidi tam giac; vecto, téng va hiéu
hai vecto, tich clla mét sé véi mot vecto, tich vé hudng cla
hai vectg; iing dung vao giai cac bai toan thuc tién.

GIA TRI LUGNG GIAC CUA MOT GOC TU 0° BEN 180°.

S1 PINH Li COSIN VA DINH Li SIN TRONG TAM GIAC

Co6t cd Liing Cd 12 cot c8 Qudc gia. ndm
¢ dinh Ling Cd hay con goi 1a dinh nii
Réng (Long Son) thudc xd Liing Cd,
huyén Ddng Vin, tinh Ha Giang, cich
cuyc Bic Viét Nam khoang 3,3 km.
Thoi nha Ly, cét co Liing Cd chi duge
lam biing ciy sa moc. Ngay nay, cot cd
¢6 d9 cao 33.15 m bao gébm bé cdt cao
20,25 m va can c¢G cao 12,9 m. Chin bé
c6t ¢ c6 8 mit phu diéu bing d4 xanh
m6 phong hoa vin mit cia trong déng
Doéng Son va nhiing hoa tiét minh hoa

Cét ¢y Ling Cii (Ha Giang)
(Ngudn: https://shutterstock.com)

cdc giai doan qua tiing thai ki lich s B
cua dét nudc, cling nhu con ngudi, tap 50°7120.25m

qudn cua cdc dan toc 6 Ha Giang. Trén v R

dinh c6t 13 Quéc ki Viét Nam c¢6 dién
tich 54 m?, bifu tugng cho 54 dén toc
clia dat nude ta.

(Nguén: hitp://baophutho.vn)

h

T chin bé cbt ¢ va dinh bé cdt cd
ban Nam do dugc géc ning (so véi
phuong niim ngang) t6i mot vi tri dudi
chén ndi 14n lugt 12 45° va 50° (Hinh I). Hinh 1

ATy Chiéu cao h ctia dinh Ling Ci so vdi chdn nidi
la bao nhiéu mét?
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I. GIA TRI LUONG GIAC CUA MOT GOC TU 0° BEN 180°
Cho tam gidc ABC vudng tai A c6 A?C =«
(Hinh 2).

a) Nhic lai dinh nghia sin c. cos o, tan ¢, cota.

b) Bidu dién ti s8 lugng gidc cta géc 90° — a theo ti s6
lugng gidc cla goc a.

Hinh 2

; AC AB AC A
SiInay=——,cosa=——_tana=——cola=——
BC BC AB AC

sin(90" — &) = cos o, cos (90° — o) = sina,

tan (90" - ) = cota, cot (90" — a) = tana.

Trong mit phing toa d6 Oxy, nita dudng tron tim O n3m phia trén truc hoanh
bdn kinh R = 1 dudc goi 1a nita duong tron don vi (Hinh 3). V6 mbi géc nhon o ta cb
thé xdc dinh m6t diém M duy nhat trén nda dudng tron don vi sao cho XOM = o. Gid sit
diém M cé toa 36 (xo; Vo) Hay tinh sina, cosa, tano, cot o theo X Yoy

P& tinh sin v, cos c. tan v, cot ¢ theo Xy Yy ta lam nhu sau:

Xét tam gidc vudng OMH, ta cé:

. MH Y, OH X,
sina=——=—L=y cosa=——=—=2X,

om 1 °° @) 1 Y

MH y, OH _x,
tana= ——="—"—,¢colar=——=— =3

OH X, MH Yy,

Hinh 3
M4 rong khdi niém ti s& lugng gidc d6i véi gée
.
nhon cho nhiing géc o tit 0° d&n 180°, a ¢6 dinh
nghia sau day: |
. . e M. G ey

Vi mbi géc a (0° < o < 180°), ta xdc dinh mot diém : : N
Mixg; y,) trén niia dudng tron don vi sao cho J/ : \
fes | ¥ “\'.II |I|
xOM = o (Hinh 4). Khi dé: =T R B | X

Hinh 4
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i

o cOsin cla géc a, ki hiéu 1a cos o, duge xdc dinh béi: cosa = X,

) PRTEPRN o 2 Y
o tang clia géc e, ki hiéu 1a tan a. dugc xdc dinh béi: tano =~ (x, = 0):
X

.
o cOtang clia géc a, ki hiéu 13 cot o, dugc x4c dinh béi: cota = ¥, #0).
Y

Cic s6 sin o, cos o, tan o, cota dude goi 12 cic gid tri lugng gidce cha géc o

Vidul = Tinh cée gid tri lugng gidc cua cde goe: 0°, 90°, 180°.

Gidgi. (Hinh 5)

Véi o =0° Khi dé, M oing véi A(1 ; 0). Do dé sin0° =0,
cos0° =1, tan0° = 0, cot 0° khéng xdc dinh.

Véi o = 90° Khi d6. M trung véi B0 ; 1). Do @6
sin 90° = 1, cos 90° = 0, tan 90° khong xdc dinh,
cot 90° = 0.

Véi o = 180% Khi d6, M trung v6i C(— 1 ; 0). Do d@6
sin180°=0, cos180°=— 1. tan 180°=0, cot 180° khdng
xéc dinh.

Chiy
o tana = 22 (o 2 90%);
cosa
cota =% (0 < o < 180°).

sina

* s5in (90° — o) = cos o (0°< a £ 90°);
cos (90° — o) = sin a (0°< o < 90°);
tan (90° — ) = cot & (0° < @ < 90°);

cot (90° — a) = tan  (0°< o < 90°).

Trén nita dudng tron don vi ta ¢6 day cung
MN song song véi truc Ox va xEM =« (Hinh 6).

a) Ching minh xON = 180° - o,

e sin cia géc a, ki hiéu 1a sin o, duge xéc dinh béi: sina = Yor

3

0

Hinh 5

Hinh 6

b) Bidu dién gia trj lugng gidc cia géc 180° — o theo gia tri lugng gidc cia gée a.

64



[f-

© V61 0° < o < 180° thi:
sin(180° — a) = sinq;
cos(180° — o) = — cos a;
tan(180° — o) = — tan @ (a # 90°);

cot(180° — ) = —cota (o = 0% a = 180°).

Vidy2 = Khong ding mdy tinh cim tay, tinh gi tri cta biéu thifc sau:
T=co0s15° —sin35° + cos 55° + cos 165° — cos 180°.
Gidi
T=co0s15° —sin35° + cos(90° — 35°) + cos (180° - 15%) + 1
=co0s15° —sin35° +5in35° —cos 15° + 1 = 1.
Vidg3 = Viét gid tri lugng gidc cua géc 120°.
Giai

=
Ta c6: sin 120° = sin60° = L; c0s 120° = — cos 60° = — %;

J3

tan 120° = — tan 60° = — \/g cot120° = — cot 60° = — T

Tuong tu ta c6 bang gid tri lugng gide (GTLG) ctia mdt s& gée dic bidt:

hh\""‘-«.% (&3 0 0 o ) o o o () 0
GTLG-H""H.‘______ 0 30 45 60 90 120 135 150 180
; 0 l ii \’/E 1 ﬁ \/_i l 0
sin o ) > 2 ) . 5
N T 2 I VO O I O % BV
Cos 2 9 5 5 5 5 —
tan o 0 83 1 NE) -y -1 |- £ 0
3 3
cota I 3 1 g 0 |- ? -1 =B

Trong bang, ki hiéu “II” & chi gid tri lugng gidc khéng xdc dinh.
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Ta c6 thé tim gia tri lugng gidc (ddng hodc gin diing) clia mot géc (tit 0° dén 180°)
bing cdch sit dung céc phim: [sin}, [cos), [tan| rén mdy tinh cim tay.
Tinh sin75° cos 175° tan 64° (Iam tron d&n hing phén chyc nghin).

D& tinh céc gid tri lugng gidc trén, sau khi dua mdy tinh v& ché d6 “d6” ta lam nhu sau:

Niit an Két qua
$in75° Gin)(7)(5)(=) 0.9659
cos 175° (=) -0.9962
tan 64° tan](6](4](=) 2.0503

Ta c6 thé tim s8 do (diing hodc gin diing) ctia mét gée tif 0° dén 180° khi biét
gié tri luong gidic cua géc d6 bing cach st dung cac phim: [SHIFT) ciing véi [sin: [cos);
(tan| trén mdy tinh cAm tay.

Tim s8 do géc a (tix 0° dén 180°) va lam tron két qua dén hang don vi theo don vi do, biét:
a)cosa =-0,97; b) tan o = 0,68; ¢)sina = 0,45.

Pé tinh gin diing s6 do géc o trong méi truding hop trén, sau khi dua may tinh v& ché
d6 “do6”, ta lam nhu sau:

Nt an Két qua

cosa=—-097 |[SHIFT)[cos)(=](0)(.](9])(7)(=) 166°
tan v = 0,68 SHIFT)(tan)(0](.)(6)(8](=) 34°
sina = 0,45 SHIFT)(sin) (0] (. )(4)(5](=) 272

Chii y: Khi tim géc o (0° < o < 180°) néu da biét sin o, F

trén mdy tinh chi hién 1én két qua goc « trong khoang tir "4 Hay tinh chidu cao &
0° d&n 90°. Gid tri con lai can tim 12 180° — o cua dinh Liing Cu so véi

chén nii trong bai toan §

Chiing han trong hoat déng trén. gia tri con lai cin im N
g & hoat dong g : : phan mé dau.

clia « véi sinar = 0,45 1a khoang 180° — 27° = 153°.
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Il. BINH Li COSIN

Cho tam gidc ABCc6 BC=a,AC=b.AB=c, I;'XC = . Ké dudng cao BH. Thuc hién
cac hoat dong sau:

Cho a1 géc nhon, chitng minh: 2

a) HC = |AC — AH| va BC?=AB® + AC* —2AH . AC; JON\H
b) @ = b + ¢ — 2bccos a. VAN

, , 74 %
D€ chitng minh cdc ding thifc trén, ta lam nhu sau: H%ﬁ

a) N&u géc C nhon thi H nim giita A va C. Do d6
HC=AC - AH =|AC - AH| (Hinh 7). /7A
Néu géc C it thi C ndm gitia A va H. Do d6 p /

/

HC=0=|AC- AHI.
Trong moi trudng hdp, ta déu c6 HC=|AC — AH]. Hinh 8

HC = AH - AC =AC - AH| (Hinh 8). /
Néu géc € vuéng thi C tring véi H. Do d6 B ﬁ/c
Sy

Xét cac tam gidc vudng BHC va AHB, dp dung dinh li Pythagore, ta c6:
BC? = BH” + HC? = BH? + (AC - AH)? = (BH? + AH») + AC? —2AH . AC
= AB’ + AC* —2AH . AC.
b) Xét tam gidc vudng AHB, ta c6: AH = AB cosA = ccoso.
Do d6 BC? = AB? + AC* - 2AH . AC = b*+ ¢* = 2bccos .

Vay @ = b+ —2bccos .

Cho o Ia géc ti. Ching minh:

a) HC=AC + AH v BC*=AB*> + AC? +2AH . AC;
b) @ =b" + " —2bccosa.
Dé chiing minh céc dﬁng thifc trén, ta lam nhu sau (Hinh 9):

a) Xét cdc tam gidc vubng BHC va AHB, ap dung dinh 1 H
Pythagore, ta c6:

BC? = BH® + HC? = BH? +(AC + AH)’

= (BH?> + AH*)+ AC? +2AH . AC
= AB® + AC? +2AH . AC. Hinh 9
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b) Xét tam giac vuéng AHB, ta cé:
AH = AB cos(180° - o) = — ccos a.
Do d6 BC* =AB> + AC? +2AH . AC =b* +¢* —2bccosa.

Viy @ = b + > = 2bccosa.

Cho « la géc vudng. Chiing minh a® = b* + ¢* = 2bccos o
Nhu viy, trong tam gidc ABC tuy y ta c¢6: a® = b* + ¢ = 2bccosA.

Biing cédch chiing minh tuong tu, ta c6 dinh If cosin sau ddy: =
3 (L2
Eﬁ/‘ F b* +c* —a?
2be

) 2 ]
c+a" —-b"

" Cho tam gidic ABC ¢6 BC = a, CA = b, AB = ¢. Khi d6: oA

& =b"+c - 2bccosA,

b> =c®+a® - 2cacosB, SR A= dea
ct=a’+ b’ —2abcosC. &
cosC=————.
2ab
Vidy4 = Chotam gidc ABCcOAB=3,AC=5va A =120"
(Hinh 10).
a) Tinh cos A.
b) Tinh dd dai canh BC. p
Gidi Hinh 10
a) Ta c6: cos A =c0s120° =— cos60° =— %
b) Ap dung dinh Ii ¢6sin trong tam gidc ABC, ta c6:
BC? = AB* + AC* - 2AB . AC . cos A.
Thay s6 ta cé: LSy
1 2 Cho tam giac ABC co
BC2=32+52—2.3.5.[—;J=49. AB=5AC=6,BC=1.
- Tinh cos A.

Do d6 BC = /49 = 7.

Viduy 5 = Hai mdy bay cling xuit phét tli mot sin bay A va bay theo hai huéng khac
nhau. tao v6i nhau gée 60°. Mdy bay thd nhat bay véi vén tc 650 km/h, mdy bay thd hai
bay véi van t6c 900 km/h. Sau 2 gid, hai méy bay céch nhau bao nhiéu ki-16-mét (lam
tron két qua d&n hang phén trim)? Biét ring ca hai may bay bay theo ddng thing va sau
2 git bay déu chua ha canh.
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Gidi

Gia stf sau 2 gid, mdy bay thif nhit dén vi trf B, mdy bay thi hai d&n vi ui C.
Tacé: AB=2.650=1300 (km), AC=2.900=1 800 (km), e
BAC = 60° (Hinh 11).

Ap dung dinh If cdsin trong tam gide ABC, ta cé:

BC>= AB? + AC*~ 24B . AC . cos BAC e
=1300%+ 18007 -2.1300.1800. cos60°=2 590 000. B
Do d6 BC ~ 1 609,35 (km). oo
Viy sau 2 gio hai mdy bay cich nhau khoang 1 609,35 km. A
Hinh 11

lil. PINH LI SIN

Cho tam gidc ABC ndi ti€p dudng tron tim O ban kinh R va ¢6 BC = a. BAC = a.
Ké dudng kinh BD cua dudng tron (O). Thuc hién cdc hoat dong sau:

Cho o la géc nhon. Chitng minh: y

a) BDC = a; b) RO,

sina D

Pé chitng minh déing thifc & ciu b), ta lam nhu sau (Hinh 12): 2

Xét tam gide BDC, ta c6 BDC =a. e

Vi BD 1a dudng kinh ciia dudng tron (O) nén BCD =90°. B v ¢

. BC a a
Do d6 sinDD) =——, tific 1a sincv = — ha =2R. inh 12
BD R y Hinh 1

Cho o la géc th. Chiing minh:

a

sin v

1% —om
Sino =

Dé chiing minh déng thic & cau b), ta 1am nhu sau (Hinh 13):

a) BDC=180° - a: b)

Xét tam gidc BCD, ta c6:
BDC =180° —a va BCD =90°.

Do d6 sinD = 2 . tdc 1a sin(180° - 0) =~
BD 2R

Hinh 13

Ma sin(180° — a) =sina nén sina = ;—; hay =2R.

sin o
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Cho o 1a géc vudng. Ching minh: =2R.

sino

=2R.

Sin &

Nhu viy, trong tam gidc ABC tuy y ta c6:

Biing cdch chitng minh tuong tu, ta c¢6 dinh I sin sau diy:
6' In
[ Cho tam gidc ABC c6 BC=a, CA=b,AB=c va P — 2RsinA
ban kinh dudng tron ngoai tiép 1a R. Khi dé: e
7 b b=2RsinB,

=
= = =2R. .
sinA sinB  sinC ¢ =2RsinC.

Vidu 6 ' Cho tam gidc ABC ¢6 A = 120°, B = 45° vi CA = 20 (Hinh 14). Tinh:
a) sinA:
b) D6 dai canh BC va béan kinh R cla dudng tron ngoai ti€p tam gidc.

Gidi - A

P : o_ i N ; 20
a) Ta cé: sinA =sin120° = sin60° = —. 120°
450
b) Ap dung dinh Ii sin trong tam gidc ABC, ta c6: B . €
BC CA Hinh 14
=——=2R.
sinA  sinB e
L
Do d6 '3 Cho tam gidc ABC ndi
CA .sinA 20 .sin120° ti€p dudng tron (0) c6
BC= : = ; o =10\/g; ban kinh R = 6 va co6 cic
sin B sin45 o -~

goc B =65°, C =85".
R CA _ 20 . 10\/5. Tinh d6 dai canh BC.
2.sinB 2 .sin45°

Vidy 7 = Céc nha khio ¢d hoc tim dude mét manh chiéc dia c8 hinh tron bi v3. D& xac
dinh dudng kinh ciia chi€c dia, ho 14y ba diém trén vanh dia vi tién hanh do dac thu dugc

két qua nhu sau: BC ~ 28,5 cm, BAC ~ 120° (Hinh 15). Tinh dudng kinh cua chiéc dia
theo don vi xiing-ti-mét (1am tron két quéa dén

hang don vi). B
Gidi

Ap dung dinh Ii sin trong tam gidc ABC, ta ¢6:

2R = BG o 285 33 (cm).

sind - 5in120°
Vay dudng kinh ciia chiéc dia khodng 33 cm.

A

Hinh 15
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. BAI TAP

Cho tam gidc ABCc6 AB=3,5,AC=17,5; A = 135°. Tinh d6 dai canh BC va ban
kinh R clia dudng tron ngoai tiép tam gidc (lam tron két qua dén hang phin mudi).

2. Cho tam gidc ABC c6 B= 752, E‘ = 45° va BC = 50. Tinh d6 dai canh AB.
Cho tam gidc ABC ¢6 AB=6,AC =7, BC = 8. Tinh cos A, sinA va ban kinh R cua
dudng tron ngoai tiép tam gidc ABC.
4. Tinh gia tri cda cdc biéu thiic sau (khong ding mdy tinh cAm tay):
a) A =cos 0° + cos 40° + cos 120° + cos 140°;
b) B =sin 5° + sin 150° — sin 175° + sin 180°;
¢) C'=cos 15° + cos 35° — sin 75° — sin 55°;
d) D =tan 25° . tan 45° . tan 115°;
e) E=cot 10°. cot 30° . cot 100°.

5. Cho tam gidc ABC. Ching minh:
B+C B+C A
: b) tan ——— = cot —-
2 2
6. D& do khoang cdch tit vi trf A d&n vi tri B & hai bén bo
mdt cdi ao, ban An di doc bd ao it vi tri A dén vi tri C
va tién hanh do cic géc BAC, BCA. Biét AC = 25 m,
BAC = 59.95°, BCA = 82.15° (Hinh 16). Hoi khoang
céach tii vi trf A @én vi trf B 13 bao nhiéu mét (1am tron két
qua dé&n hang don vi)?

A
a) sin — = cos
2

7. Hai tau d4nh cd ciing xuat phat tit bén A va di thiang déu A 25m
vé hai viing bién khéc nhau, theo hai huéng tao v6i nhau Hinh 16
g6c¢ 75°. Tau thit nhit chay vdi t6c d 8 héi 1f mot gid va

tau thit hai chay véi téc d6 12 hai Ii mot gis. Sau 2,5 gid

thi khoang cich giita hai tau 1a bao nhiéu hai If (1am tron A
k&t qua dén hang phin musi)?

8. Ban A ding & néc clia toa nha va quan sat chiée diéu,
nhin thdy géc nang (géc nghiéng gitta phudng tit mit cia
ban A t6i chiéc diéu va phuong nim ngang) 12 o = 35%
khodng céch tii néc toa nha t6i mdt ban A 1a 1,5 m. Ciing
ldc d6 & duéi chan toa nha, ban B ciing quan st chiéc
diu va thiy géc nang 1a 3 = 75° khoang c4ch tif miit dat
dén mét ban B ciing 13 1,5 m. Bi&t chiéu cao clia toanhala
h=20m (Hinh 17). Chiéc diéu bay cao bao nhiéu mét so Hinh 17
vdi mit dat (1am tron két qua dén hang don vi)?

h

B>
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§2 GIAI TAM GIAC. TiNH DIEN TICH TAM GIAC

TU xa xua, con ngudi da cin do dac cdc khodng cdch ma khéng thé do tric tiép dugc.
Chéing han, d& do khoang céch tit vi tri A tén b bién t6i mot hon dio (hay con tau, ...)
trén bién, ngudi xuta di tim ra mot cich do khoang céch d6 nhu sau:

Tit vi tri A, do géc nghiéng a so véi by bién ‘i i :
t6i mot vi tri C quan sét duge twén ddo. Sau : '
d6 di chuyén doc bd bién dén vi tri B cach A st a2
mét khodng d va tiép tuc do géc nghiéng 8

P N <2 P . . ~ . A I ( ;?h'r"
so v6i bd bién téi vi tri C da chon (Hinh 18). I
Biing c4ch gidi tam gidc ABC, ho tinh dugc Bir bién
khodng cach AC.
Hinh 18
2
AY

Gidi tam gidc dugc hiéu nhu thé nao?

1. GIAI TAM GIAC

Nhu ta dd biét, mdt tam gidc hoan toan xdc dinh néu biét mét trong nhiing dit kién sau:

— Biét @6 dai hai canh va d6 16n géc xen giita hai canh do;

— Biét d6 dai ba canh;

— Biét @6 dai mot canh va dd 16n hai géc ké véi canh d6.

P
Gidi tam gidc 1a tinh cac canh va céc géc cua tam gidc dya trén nhitng du kién

cho trudc.

CFFP Cho tam gide ABC ¢6 AB=c, AC = b, A= ov. Vit cong thiic tinh BC theo b, c, o
Viduyl = Cho tam gidc ABC ¢6 AB =15, AC = 35, :4 = 60° (Hinh 19). Tinh canh BC
(1am tron két qua dén hang phan musi).
Gidi
Ap dung dinh 1f cdsin trong tam gidc ABC, ta c6:
BC?=AB’> + AC*~2 _AB .AC . cosA
=152 +352-2.15.35. cos 60° = 925.

Do d6 BC = /925 ~ 30,4.

Hinh 19
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Cho tam gide ABC ¢6 AB = ¢, AC = b, BC = a. Viét cong thiic tinh cos A
theo a, b, c.
Vidy 2 = Cho tam gidc ABC c6 AB =6, AC = 10, BC = 14 (Hinh 20). Tinh géc A.
Gidi
Ap dung dinh 1f césin trong tam gide ABC, tacé: B
AB® + AC* - BC?

coOSA = —-"———— 14
2.AB . AC ;
2 2 2
- M = 0.5. ?
2.6.10 A 10 [es
Do d6 A = 120°, Hinh 20

Cho tam gidc ABC c6 BC = a. B= o, C = (. Viét cong thic tinh AB va AC theo
a, o, 5.

Vidu3 | Cho tam gisc ABC ¢6 BC = 100, B = 60°, C = 40° (Hinh 21). Tinh goc A va
cdc canh AB, AC (lam tron két qua dén hang phan mudi) clia tam gidc do.
Gidi
Tacé: A= 180° — (B + C) = 180° — (60° + 40°) = 80°.
Ap dung dinh If sin trong tam gidc ABC, ta cé:

AB _ BC _ CA
sinC sinA sinB’

Do d6
AB - BC.. sinC _ 100 . sin40 ~65.3:
sin A sin80°
. . (s}
AC = BC.. sin B _ 100 . sin60 ~87.9.
sinA sin80°

II. TINH DIEN TiCH TAM GIAC
Cho tam gidc ABC ¢6 AB = ¢, AC = b. BC = a. Ké dudng cao BH.
a) Tinh BH theo ¢ va sinA.
b) Tinh dién tich § cua tam gidc ABC theo b, ¢ va sinA.
A

H=A K
H A

B ) C B b) C B &) C

Hinh 22
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P& tinh d6 dai BH va dién tich tam gidc ABC, ta lam nhu sau:
a) Xét cic trudng hgp:
V6i A < 90° (Hinh 22a). Xét tam gidc vudng AHB, ta c6: BH = AB. sinA = ¢sinA.
V6i A= 90° (Hinh 22b). Khi d6, BH = BA = ¢ = csinA.
V6i A > 90° (Hink 22¢). Xét tam gide vudng AHB, ta c6: BAH = 180° — A.
Do d6 BH = AB . sin(180° — ;\) =AB . sinA = csinA.
Nhu vay, trong moi trudng hop ta déu c6 BH = csinA.
b) Ta cé:

S =1AC .BH =lbcsinA.
2 2
Biing cdch chitng minh tuong tu, ta c¢6 céng thiic tinh dién tich tam gidc nhu sau:

&
[ Cho tam gidc ABC ¢6 BC = a, CA = b, AB = c¢. Khi d6, dién tich S cua tam gidc
ABC la: 1 1 |
S=—bcsinA =—casinB =—absinC.
2 2 2

Jidu4 = Cho tam gidc ABC c6 AB = 7.5 AC = 15.5;
A = 75° (Hinh 23). Tinh dién tich § cna tam gidc ABC
(1am tron két qua d&n hang phan mudi).

Gidi

1 y Hinh 23 ¢
Tacéd: S=—AB . AC .sinA i
2 1 Cho tam gidc ABC

=L G5 155 Sines0 6 AB = 12; B = 60%

2 C = 45° Tinh dién tich

~56,1. cua tam gidc ABC.

Cho tam gidc ABC ¢6 BC = a, CA = b, AB = ¢ va dién tich 13 S (Hinh 24).

a) Tt dinh Ii c6sin, ching t6 ring:

: 2 = at+b+c
sind =—=p(p-aXp=b)(p=0). 986 p=———.
G

b) Biing céch sii dung cong thifc S = 5 be sinA, hdy chiing

t6 ting:

S=\p(p-aXp-b)p-c). Hinh 24
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Ta c6 cong thic Heron dé tinh dién tich tam gidc theo d dii ba canh cua né nhu sau:

o
~ Cho tam gidc ABCc6 BC=a, CA=b,AB=c, p
clia tam gidc ABC la:

Bie
“9¥O%C Khi d6, dién tich S

S=\Ip(p-a)p-b)p-c).

Vidu5 = Manh vudn hinh tam gi4c cta gia dinh ban Nam c6 chiéu dai cdc canh la
MN =20 m, NP =28 m, MP = 32 m (Hinh 25). Hoi dién tich méanh vudn cta gia dinh
ban Nam 12 bao nhiéu mét vudng (1am tron dén hang phin mudi)?

Gidi 35
o 20+28+32 2
Ta co: p=f=40 (m). o 28 m
Dién tich manh vudn la:
_ =
§ = J40(40 ~20)(40 — 28)(40 — 32) X m
Hinh 25

~277.1 (m).

lll. AP DUNG VAO BAI TOAN THUC TIEN

Tidu6  Diing 6 vi tr A trén bd bidn, ban Minh do dudc géc nghiéng so véi bd bién téi
mot vi tri C trén ddo 1a 30°. Sau d6 di chuyén doc b bién d&n vi trf B cdch A mét khoang
100 m va do dugc géc nghiéng so vdi bd bién t6i vi trf C da chon 1a 40°.

Tinh khodng céch tit vi trf C trén dao t6i bd bién theo don vi mét (lam tron két qua dén

hing phan mudi). C
Vil
:’ 30°
UL - A H
g Bobién 4 : 100
Gidi Hinh 26
Xét tam gidic ABC (Hinh 26), ta c6: C = 180° — (30° + 40°) = 110°.

AC _ AB

Ap dung dinh I sin trong tam gide ABC, ta c6: — =—
sinB  sinC

AB.sinB _ 100.sin40°
sinC sin110°
Xét tam gidc vudng AHC, ta ¢c6: CH=AC . sin 30° ~ 68.4 . 0,5 ~ 34,2 (m).

Vay khoang cdch tii vi tri C trén dao téi bd bién x4p xi 34,2 m.

Do d6 AC = ~ 68,4 (m).
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Vidu 7 = Trong lan dén tham quan théap Eiffel (& Tha d6 Paris, Phdp), ban Phuong
mudn udc tinh d6 cao cha thap. Sau khi quan sét, ban Phuong d minh hoa lai két qua do
dac 6 Hinh 27. Em hiy giip ban Phudng tinh d6 cao 4 cta thap Eiffel theo don vi mét
(lam tron két qua dén hang don vi). D

h

(Nguon https //pzxabay com) Hinh 27

Gidi

Xét tam gide ABD, st dung tinh chat géc ngodi, ta c6: \-__ -
XBT? = 70° — 50° = 20°. “ 2 Tu trén néc cla mot toa
h nha cao 18,5 m, ban Nam
Ap dung dinh 1i sin cho tam gidc ABD, ta c6: quan sat mot cdi ciy cach toa
nha 30 m va ding gidc k& do
_B!; = _Af;: dudc goc léch gitia phudng
sinBAD  sinADB quan sdt goc cdy va phudng
. 5 nim ngang 13 34°, gdc 1éch
Dods Bp = 248007 545 i) giila phudng quan sit ngon
sin20° cdy va phuong nam ngang la
) L ) 24°. Biét chiéu cao cua chin
Xeét tam gidc vudng BCD, ta c6: gidc k& 1a 1,5 m. Chidu cao

. . - clia cdi cdy la bao nhiéu mét
CD =BD . sinCBD ~ 345 . sin 70° ~ 324 (m). (lam tron két qua dén hang

Viy chiéu cao h ctia thap Eiffel khoang 324 m. phan mudi)?

Vidy 8 = DE tinh dudng kinh va dién tich cia mot giéng nude c6 dang hinh tron, ngudi ta
tién héinh do dac tai ba vi trf A, B, C trén thanh giéng. K&t qua do duge 1a: BC =5 m,
BAC = 145° (Hinh 28). Dién tich clia giéng 14 bao nhiéu mét vudéng (lay 7~ 3,14 valam
tron két qua dén hang phan trim)?

Hinh 28
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Gidi
Ap dung dinh I sin cho tam gidc ABC, ta c6: _{3C
sin A
BC 5
Dodé R = = —~ 4, )
046 R= 5 ina =2 smiaz ~ 430 @
Viy dién tich clia ging 1a: § = 7R% ~ 3,14 . 4,36 ~ 59,69 (m?).

. BAI TAP

Cho tam gidc ABC c6 BC=12, CA=15, C = 120°. Tinh:
a) D6 dai canh AB, b) S& do céc géc A, B: ¢) Dién tich tam gidc ABC.

2. Cho tam gidc ABC c6 AB=5,BC=1, A= 120°. Tinh d® dai canh AC.
3. Cho tam gidc ABC c6 AB = 100, 1§ =100°, 6 =45°. Tinh:

a) D6 dai cac canh AC, BC, b) Dién tich tam gidc ABC.
4. Cho tam gidc ABC ¢6 AB=12, AC =15, BC = 20. Tinh:

a) S8 do c4c géc A, B, G, b) Dién tich tam gidc ABC.

wn

Tinh d¢ dai canh AB trong mdi truding hgp sau:

3.6m
3.6m

40"

A B

> Hinh 29 - Hinh 30 \/
6. D& tinh khoang céch giiia hai dia diém A vi B ma ta ~ K
R R Oy o oy TS gt 5 4

khdng thé di tryc tiép i A dén B (hai dia diém nam & hai
bén bd mot hd nude, mdt ddm 14y, ...), ngudi ta tién hanh
nhut sau: Chon mét dia didm C sao cho ta do dudc cic
khodng cdch AC, CB va géc ACB. Sau khi do, ta nhin

duge: AC = 1km, CB =800 m va ACB = 105° (Hinh 31).
Tinh khoang céch AB (1am tron két qua d&n hang phan
mudi theo don vi mét).

Hinh 31

7. Mbt ngudi di doc bd bién tii vi tri A d&n vi tri B v quan
sat mdt ngon hai ding. Géc nghiéng cliia phuong quan
sat tlf cdc vi trf A, B t61 ngon hdi ding v6i dudng di cla
ngudi quan sét 12 45° va 75°. Biét khoang cach giita hai
vi tri A, B 12 30 m (Hinh 32). Ngon héi diing cach bd bién )

bao nhiéu mét (lam tron két qua dén hang don vi)? A 30m B

Hinh 32 77



Jo! | vim HiEy THim

Cho tam gidc ABC ¢c6 AB=c, AC=b, BC =a.Goi R, r, p v § 1an lugt 12 ban kinh dudng
tron ngoai tiép, ban kinh dudng tron ndi Gi€p. nita chu vi va dién tich clia tam gidc ABC.

1. Cong thiic do dai dudng trung tuyén
Goi m,, m,, m, 14 d6 dai céc dudng trung tuyén 14n lugt xuft phat tit cdc dinh A, B, C clia

tam gidc ABC. Ta cé: g Pl & A
2 4’
2 F+d b
my=——-———;
2 4
2 a+b 7 B Y TR
¢ 2 4 Hinh 33
Chitng minh

Goi D la trung diém cua BC (Hinh 33), ta c6:
AD=m .BD=DC=%.
4 2

Ap dung dinh If c6sin cho tam gidc ABD, ta c6:

n

AD? = AB? + BD> —2AB . BD .cosABD = ¢* + ”7 —cacosB.

Ap dung dinh 1i césin cho tam gidc ABC, ta c6:
2,2 32
cep BE T — iy
2ac

2 _ 2 - N
Suy ra m, =c +— = —

Ching minh tuong tu, ta co:

, c+d b

nm, = —— W,
2 4 2 4

2, Cong thitc tinh ban kinh dudng tron ndi ti€p va ban kinh dudng tron
ngoai ti€p tam giac

Ta c6 hai ¢dng thifc sau:
§_. R abc '
P 48

Em hay ching minh céc cong thic trén.
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§3 KHAI NIEM VECTO

Mii tén xuét phét tit A dén B trong
Hinh 34 mb ta chuyén dong (c6 huéng)
clia mot may bay trén duong bang.

DPoan thing AB ¢6 hiting
ditge goi la gi?

?
[69)

(Ngudn: htips://pixabay.com) W
Hinh 34 .

I. KHAI NIEM VECTO

A A 2 2 Y pa . ~ 7
Trong céng vién, d€ chi dan hudng di va khoang A T
cich ti céng d&n khu vui choi cia tré em, ngusi ta v& g chai

Céng ———
gA

doan thing c6 miii tén nhi ¢ Hirk 35. Hinh dnh vé mdi

tén chi din cho biét nhing thdng tin gi?

Trén Hinh 35, ta co:

* Hudng quy dinh trén doan thing AB la hidng T Hinh 35
xudt phdt tit diém dau A dén diém cudi B:
* Doan thing AB c6 dp dai bdang 200 m.
= o '
Vecto 1a mét doan thing c6 hiiéng.
Vecto ¢6 diém dau la A, diém cudi la B duoc ki hiéu la
AB, doc la “vectd AB”. i b
Dé v& vecto AB ta vé doan thing AB va danh déu Diém dau Diéml cubi
miii tén & ddu mat B (Hinh 36). Hinh 36
Déi voi vecto AB. ta goi:
: . . B
— DPuong thing d di qua hai diém A va B la gid cla vectd ol g
AB (Hinh 37); Hinh 37

_ D6 dai doan thiing AB 14 d6 da cia vectd AB, ki hiéu 1a [AB].
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Khi khong cin chi & diém ddu va diém cudi cha vecto,
(Hinh 38). D6 dai

vectd con dugc ki hidu1a a, b, i, v, ...
clia vects @ dwoc ki hiéu la |al.

Vidu1 = Cho hai diém phan biét H, K. Viét cic
vecto (c6 diém du khic diém cubi) ma hai ddu mit
cta mbi vecto 1a hai diém di cho.

Gidi. Hai vecto thod min yéu ciu dé bai 1a va KH.

Vida2 | Tinh do dai clia céc vects AB, C—D vi MN &

Hinh 38
-
"1 Cho tam gidc ABC.
Viét tit ca cac vectd ma
diém diu va diém cudi 1a
A, B hoiic C.

Hinh 39, biét riing @6 dai canh cfia 6 vudng biing 1 cm. -

Gidi ST I "
‘AB| =4 cm, =4 cm, ‘;/ 1] L
— Ty /'/
MN] = 32+ 42 =5 (cm). M

Hinh 39

Il. VECTO CUNG PHUGNG, VECTO CUNG HUGNG

- Quan sét Hinh 40 va cho biét vi tri tucng déi

giira gia cia vectd CD véi gid cla vecto AB va PQ

ﬁ’ 4 i A
f Hai vecto dugc goi la ciing phirong néu gia l N
cua chiing song song hodc trung nhau. 1 b L I'n
Hinh 40

Quan sat hai bién bdo & Hinh 41a, 41b, cho
biét hai vectd AB va CD c6 ciing hudng hay khéng.
Nhdn xét: Néu hai vecto cliing phuong thi ching cing
hudéng hodc nguge hudng.

Vidu3 = Trong Hinh 42, tim vectd cung huéng véi
vecto E; ngugc huéng véi vectd AB.

Gidi

Vecto 5 ciing huéng véi vecto E, vectd MN ngugc

hudng véi vectd AB.
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Bién bdo hiuéng
di vé bén phdi di vé bén trdi
a) b)

Hinh 41

Hinh 42



lll. HAI VECTO BANG NHAU A B

—_—

Quan st hai vecto AB, CD & Hinh 43. ;

a) Nhan xét v& phuong, v& huéng clia hai vectd dé. 5

—_—— .

b) So sanh d6 dai caa hai vectd do. C Lx
Hinh 43

Hai vecto E va C._I) c6 cung hudng va ciung do dai. V.

A

Hai vecto AB. CD bing nhau néu ching cliing huéng va cing dé dai, ki hiéu:
AB = CD.

Nhdn xét
* Hai vecto 4, b bing nhau néu ching cing huéng va Al | | B
cling d6 dai, ki hiéu @ = b.
* Khi cho trude vects d@ va diém O, thi ta ludn tim dugc
mot diém A duy nhét sao cho OA = a. —
1idu4 = Cho hinh binh hanh ABCD (Hinh 44).
Hinh 44

a) Vectd nao bing vectd AB?

-, o
N ) 9 -
b) Vectd nao bang vectd AD? 3 Cho tam gidc ABC.
Gidi Vé diém D thoa man
a) Vi AB. DC cing hudng va AB = DCnén AB = DC. AD = BC. Td gidc ABCD
14 hinh gi?

b) Vi AD, BC cing huéng vi AD = BC nén AD = BC.

IV. VECTO-KHONG

Cho diém A, ta xét mdt vectd ddc biét, trong d6 A via la diém dAu viia 1a diém cudi.
Vectd nay duoc ki hiéu 1a AA va goi 1a vecto-khong.

S .
" Vecto-khong 1a vecto c6 diém dau va diém cudi tring nhau. ki hiéu la 0.

Ta quy uée 0 (vecto-khong) cung phudng, cing hudng v6i moi vecto va |6| =0. Do d6
c6 thé coi moi vecto-khong ddu bing nhau. Nhut vy, 0 = AA = BB =... véi moi diém
A.B. ..

Nhén xér: Hai diém A, B tring nhau khi va chi khi AB = 0.
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V. BIEU THI MOT SO DAI LUGNG CO HUGNG BANG VECTO

Trong vt I, mot s6 dai lugng nhu: Iuc, van téc, ... 12 dai lugng c6 hudng. Ngudi ta diing
vectd dé biéu thi cdc dai ludng c6 hudng d6, ching han: Mot lic F téc dong 1én xe tai
diém dat A; e F c6 phtiong nim ngang, huéng tu trai

5 A i S A 40N B
sang phdi va cuding d6 1a 40 N. Ta biu thi luc F biing w—
vectd AB nhu Hinh 45. :

Tidy 5 = Khi treo ba vat 1én thanh bing nhiing doan Hirgeo

day manh, khéng din, kh&i lugng khéng ddng k&, mbi
vit s& tic dung 1én thanh treo mdt luc (bing trong
lugng cha vét) nhu & Hinh 46.

Nhian xét dic diém vé phuong, hiéng cha ba vecto
biéu thi ba luc tic dung 1&n thanh treo néi trén.

Gidi

Ba vectd 17] FQ' 173. biu thi ba Iyc tic dung 1én thanh

Hinlt 46

treo 1a cé cung huéng.

. BAI TAP

Cho A. B, C 1a ba diém thing hang, B nim guia A va C Viét cac cap vectd cling

huéng, nguge hudng trong nhiing vectd sau: AB AC BA BC, CA CB.

2. Cho doan thing MN cé trung didm 14 1.
a) Viét cdc vecto khac vecto-kh6ng cé diém dau, diém cu6i 14 mét trong ba diém
M,N, L
b) Trong céc vectd dudc viét 6 ciu a), vectd nao biing vectd MI? ]Vi ?

3. Cho hinh thang ABCD c6 hai ddy 1a AB va CD. Trong cic vectd khic vecto-khong
6 diém diu, diém cudi 12 mdt trong bon diém A, B, C, D. tim vectd ngugdc hudng
véi vectd AB.

4, Cho hinh vuéng ABCD c6 d6 dai canh bang 3 cm. Tinh 1\
d6 dai ciia céc vecto AB. AC. @ II A

5.  Quan sdt rong roc hoat déng khi diing Iyc d€ kéo mét ddu I b ¢
clia rong roc. Chuyén ddng ctia cic doan diy duge mé ta
biing cic vecto @, b, ¢ (Hinh 47). :
a) Hay chi ra cdc cdp vectd cung phuong.
b) Trong cic cdp vectd d6, cho biét ching cling hudng Hinh 47

hay ngugc hudng.
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S§4 TONG VA HIEU CUA HAI VECTO

Quan sét hinh anh hai ngudi cting kéo mot chiéc thuyén
theo hai huéng khéac nhau (Hinh 48). Tuy nhién, chiée
thuyén lai khéng di chuyén theo ciing hudng véi mot
trong hai ngudi 46 ma di chuyén theo mét hudng khac.

Tai sao chiée thuvén lai di chuvén A 2
Ve 7N

nhie viv? L

1. TONG CUA HAI VECTO

1. Pinh nghia x

Mot vit dich chuyén tr A dén B va tié tuc

dich chuyén tit B dén C (Hinh 49). \

a) Biéu dién vecto dich chuyén ctia vat tii A d&én B va by ol
1t B dén C. Hinh 49

b) X4c dinh vecto dich chuyén téng hop caa vit.

Ta c6é dinh nghia sau:

] o
[V(’ji ba diém bat ki A, B, C, vectd AC dugc goi
la t8ng cua hai vectd AB va BC, ki hidu la

AC = AB + BC.

Cho hai vectd @, b. Ly mot diém A tuy y.

a) V& AB = @, BC = b (Hinh 50).

b) Téng cta hai vectd @ va b bing vects nao? Hinh 50
o
Cho hai vecto @, b. Ly mot diém A wy v, vé AB = @, BC = b.

Vectd AC dugce goi 1a tong cia hai vecto d va l;, ki hieu AC =a + b.

Phép 1ay tdng clia hai vectd con dudc goi 1a phép cong vecto.
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. A K m
Vidu1 | Cho tam gidc ABC cb o

trung tuyén AM (Hinh 51). . i b glite A
[ T Goi M, N, P lan lugt 1a
Chiing minh AB + MC = AM. trung diém ciia BC, CA,
N AB. Ching minh
Gidi —_— = e
=—p = B M c PB + MC = AN.
Vi MC = BM nén Hinh 51

AB + MC = AB + BM = AM.

2. Quy téic hinh binh hanh

Cho ABCD 1a hinh binh hanh (Hinh 52). So sénh:
a) Hai vecto E va B_C:

b) Vectd tdng AB + AD va vecto AC. A D

Fﬁr Hinh 52

N&u ABCD 1a hinh binh hanh thi AB + AD = AC.

Jidu2 = Cho hinh chil nhit ABCD. i
p v are Anl = RA 4 R 2 Hay giai thich hudéng di
Chiing minh |AB + AD| = ‘BA +BC | cia thuyén o Hink 48.
Gidi

Theo quy tic hinh binh hanh, ta c6: AB+AD = AC, BA+ BC = BD.

Suy ra |.E§+A_D“=|A—C|=AC, B—A+l?_C" =|E|=BD.

Do AC = BD nén |AB + AD| = |BA + BC.

3. Tinh chat
Véi ba vecto tuy y @, b, € ta cé:
si+b=b+ad (tinh chat giao hoén);

¢ =G+ (b +7) (tinh chat k&t hop);

*(d+b)+ N

©G+0=0+a=a (tinh chat cia vectd-khong). 4 T =
\/ a+(b+c)

(Hinh 53) b E

Chii y: Téng ba vecto @ + b + ¢ duge xac dinh Hinh 53. Minh hoa

theo mét trong hai cach: tinh chdt phép cong cdc vecto

(&'+5)+Ehoéc&'+(g+3).
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Vidy3 = Cho bén diém A, B, C, D. Chiing minh =
3 Cho hinh binh hanh

AB + CD + BC = AD. ABCD va diém E bét ki.
Gidi Chiing minh
Tacé: AB + CD + BC = AB + BC +CD AL A A = AU

:(E+E)+C—D=X5+C_D=E.

II. HIEU CUA HAI VECTO

1. Hai vecto d6i nhau

Trong Hinh 54. hai rong roc ¢6 truc quay nim . 2
. o N S K [EB

ngang va song song véi nhau. hai vat ¢6 trong lugng bang ;1_

nhau. M3i ddy c6 mdt diu budc vio vat, mot ddu bude | | e

vao mot manh nhya cung Hai vét 1an lugt tic dong 1én

H

manh nhua céc luc Fl F2 Nhén xét v& hudng va do dai

ctia mbi cip vectd sau: ['l rl
a) P va P, biéu dién trong lyc cua hai vat: P P,

— — Hinh 54
b) Fva Fy.

(Bé qua trong lugng cha cic ddy va céac luc ma sat)

~ .

¥~ Vecto co cung d6 dai va nguoc hudng véi vecto d dwge goi 1a vecto doi cia
vecto d, ki hiéu 1a — @. Hai vecto d@ va — g dudgc goi 1a hai vecto d6i nhau.

@

12

Nhanxét: * d +(-d)=(-d)+d =0. Cho hai diém A, B. Khi d6,

* Hai vectd a, b 14 hai vecto déi nhau khi va  hai vecto AB va BA la
i e i hai vecto doi nhau. tic 1a
chikhi a+b =0.

7 P sy s ek B_A'=—A_B‘.
* V6i hai di€ém A, B.tacé: AB+BA=0.

Quy udc: Vecto d6i cia vecto 0 1a vecto 0.

Vidy4 = Cho I 12 trung diém cta doan thing AB. Chiing 5 IA va IB 1a hai vecto
déi nhau. Viét déng thiic lién hé gitia hai vecto do.

Gidi
Hal vecto IA 1B 13 hai vecto déi nhau vi chungnguogc hudng va cung d6 da1 =— Té
JA+IB =0.

Chii y: 114 trung diém cia doan thing AB khi va chi khi IA + B = 0.
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Jidy5 = Cho tam gidc ABC c6 trong tim G. Goi M la trung diém ciia BC va D 1a diém

déi ximg voi G qua M (Hinh 55). Ching minh:

a)&+§=G_D'; b)G—A+(?1§+G_C":6.

Gidi

a) Vi tif gidc BGCD c6 hai duding chéo cit nhau tai trung didm
mdi dudng nén td gidc BGCD 1a hinh binh hanh.
Suy ra & + G_C = G_D

b) Vi hai dim A, D cing thudc duong thing GM nén cac
diém A, G, M. D thing hang.
Ta ¢6: GA = GD. Suy ra G la trung diém cta AD.
Vi thé GA + GD = 0. Vay GA + GB + GC = 0.

A

M
D

Hinh 55

B C

Chii ¥: G 14 trong tAm ctia tam gidc ABC khi va chi khi GA + GB + GC = 0.

2. Hiéu cuia hai vecto

Cho hai vecto @, b. Ly mot diém M twy y.

a) V8 MA=d, MB=b, MC =— b (Hinh 56).

b

b) Téng ciia hai vecto a va (— b) béng vecto nao?

F G
" Hiéu cia vectd d va vecto b 12 tong clia vectd d
va vecto déi cta vecto b, ki hidula d—b .

Phép 14y hiéu clia hai vectd con dugc goi 1a phép trit vecto.

Vidi6 | Cho ba diém A, B, O (Hinh 57). Vectd OB — OA 1a vecto nao?

Gidi

A

Tacé:073‘—07=a3‘+(—a)=515_?+ﬁ=@+0—8=ﬁ.

Nhan xér: V6i ba diém bat ki A, B, O tac6: AB = OB — OA.
Jidy 7 = Cho bon diém bt ki A, B, C, D. Chiing minh
AB-AD+CD-CB =0.
Gidi
Tacé: AB — AD +CD — CB = (AB — AD) + (CD — CB)
-~ DB +BD =DD = 0.
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Hinh 57
4 Cho tam giic ABC
c6 M la trung diém AC,
N 1a trung diém BC va
AB = a. Tinh d6 dai vectg
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. BAI TAP

Cho ba diém M, N, P. Vectd i = NP+ MN bing vectd nao sau day?

A. PN. B. PM. C. MP. D. NM.

2. Chobadiém D. E. G. Vectd ¥ = DE +(~DG) biing vectd nio sau day?
A EG. B. GE. C. GD. D. ED.

3. Cho b6n diém A, B, C. D. Chiing minh:
a) A-B + (,_5 = A_.D + CT.B;
b)A—'B+§E‘+55+5;4:(_)'.
4. Cho hinh binh hanh ABCD. goi O 14 giao diém ctia AC va BD. Cic khiing dinh sau
ding hay sai?
a) [aB + 4D = [ac
b) AB + BD = CB;
c) & + 07; = O_C: + Fb

5. Cho dudng tron tim O. Gia st A, B 1a hai diém ndm trén dwong tron. Tim didu kién
can va dud dé hai vects OA va OB dbi nhau.

6. Cho ABCD la hinh binh hanh. Chimg minh MB — MA = MC — MD véi moi diém
M trong mit phing.

7. Cho hinh vudng ABCD c¢6 canh a. Tinh d6 dai ctia céc vectd sau:
a) ﬁ + 55 i
b) AB — AD;
¢) OA + OB véi O 1a giao diém cua AC va BD.

8. Cho ba luc F OA Fq 0B va F3 = OC cung tic ddng vao mot vét tai diém O

va vit diing yén. Cho biét cucng d6 cta Fl, F déu1a 120 N va AOB =120° Tim
cudng d6 va hudng cua luc F; .

9. Mot dong séng chay ti phia bic xubng phia nam vdi van téc 1a 10 km/h. Mbt chiéc
ca nd chuyén dong tif phia déng sang phia tay véi van tdc 40 km/h so vdi mit nudc.
Tim vén t6c cua ca nd so véi bo song.
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§5 TICH cUA MOT s6 VGI MOT VECTO

Hinh 58 minh hoa hai doan tau chay song song
v6i vecto vin toc 1an lugt 1a v, Vi,

Moéi lién hé qii,?u hai vecto
vdn toc 1' 5 la nhut thé nao?

\. (Nguon https: //plxabay com)

v Hinh 58
I. DINH NGHIA

Cho B la trung diém ciia doan thing AC. Quan sét A ¥ T
Hinh 59 va thuc hién cac hoat dong sau: : ;

Chiing t ring AC = AB + AB. Hinh 59
Dé chirng t6 ding thire trén, ta 1am nhu sau: A_C: = AB + BC = AB + AB.

Tuong ty cich vi€t tdng a + a & dang 2a (a € R), ta c6 thé viét tbng AB + AB & dang
2AB.
Vectd 2AB goi 1a tich ctia 56 2 véi vecto AB. Do d6 tich cia s6 2 véi vectd AB la

vectd AC.

Quan sat vectd AB va _C. m&i lign hé vé& huéng va d6 dai cia vecto 2AB
véi AB.

Vecto 24B cung hudng vdi AB va |ZE| = Z‘E
M6t céch téng quit, ta c6:

[ Cho s6 thuc k = 0 va vectd d # 0. Tich cla s& k v6i vecto @ la mot vectd, ki hiéu
14 kd, dugc xac dinh nhu sau:

* Ciing huéng véi vectd 4 néu k > 0, nguge hudng véi vecto @ néu k < 0;
* C6 do dai bing [k . |dl.

Quy udc: 0a = 6, k0 = 0.
Phép 14y tich clia mot s& véi mot vectd goi 14 phép nhdn mdt s6 véi mot vecto.
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Vidy1 = Cho B la trung diém cua doan théng AC.

Tin}jéktrzl.g méi tridng th_&?U: _ 1 Cho tam giaic ABC. Hai
a) CA = kCB; b) CA = kAB. duding trung tuyén AM va BN
cét nhau tai G.
Gidi N g RE
T —— Tim cédc s6 a, b biét:
a) Taco: CA, CB la hai vectd_ciﬁng huéng va AG = aAM: GN = bGB.
cal = 2lcal.

Suyra CA = 2CB. Vay k=2.

b) Ta cé6: a E la hai vectd ngugc huéng va a| = Z‘E}"

Suyra CA = — 2AB. Viy k=—2.

Vidy2 = Vit thit nhit chuyén dong thing déu tii A dén B vdi tdc d6 1a 9 m/s va vt
thit hai chuyén dong thing d2u tii B dén A véi t6c @6 1a 6 m/s. Goi ¥, v, 1dn lugt 1a
céc vecto van téc¢ chia vt thit nhat va vat thit hai. C6 hay khong s& thuc & thod mén
V) = kily?

Gidi
0. F b o X 3 . P .
Do ti $6 toc d6 cuia vt thd nhat va vt tha hai la é = B dong thoi hai vat chuyén déng

ngude hudng nén hai vects van tdc ngugc hudng. Suy ra v, = _73172. Vay k= —.

2
Il. TINH CHAT
Vi hai vectd bt ki @, b va hai s8 thuc . k, ta c6:
k(@ +b) =k + kb; k(@ - b) = kd — kb;
* (h+k)d = hd + ka,
e h(ka) = (hk)a,
*ld=a;(-a=—-a.
Nhén xét: ki = 0 khi va chi khi k = 0 hoic @ = 0. i
Tidu3 = Cho badiém A, B, C. Chiing minh: 2 Cho ba diém A, B, C.
Chitng minh

a) 2AB + 2BC = 2AC; 3(AB + 2BC) — 2(AB + 3BC)

b) 3(5AC) + CB — 14AC = AB. iy
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Gidi
a) Ta c6: 2AB + 2BC = 2(AB + BC) = 2AC.
b) Ta c6: 3(5AC) + CB — 14AC = 15AC + CB - 14AC
= 15AC — 14AC +CB = AC + CB = AB.

1. MOT SO UNG DUNG

1. Trung diém clia doan thiang

(@ Cho 1 14 trung diém ciia doan thing AB va diém M tuy y. Ching minh riing
m + Aﬁ = ZM.

Dé chiing minh ding thic trén, ta 1am nhu sau:

A-Z4+}VI_1§=(VI+Z4')+(AZ+I_B.)=2A71‘+(174+71§)=2A71‘+(_)'=2A_4;.

%
“ N&ulatrung diém ciia doan thdng AB thi MA + MB = 2MI v6i diém M bit ki.

2. Trong tam ciia tam giac

Cho G la trong tAm clia tam gidc ABC va diém M tuy y. Ching minh ring

MA + MB + MC = 3MG.

Dé chirng minh déng thire trén, ta lam nhu sau:

M+ﬁ+%=(m+a)+(%+ﬁ)+(%+§)
=3A7(§+(&+(7?+§‘)=31\7G'+6=3M—G.

O m——
Néu G la trong tim ctia tam gidc ABC thi MA + MB + MC = 3MG véi diém M bat ki.
Vidu4 = Cho ti gidc ABCD c6 M, N lan lugt 1a

trung diém cta hai canh AB va CD. Goi G la trung 3 Cho tam gidc ABC ¢6 G 1a

diém ciia doan thing MN. trong tam. Chiing minh
Chiing minh GA + GB + GC + GD = 0. AB + AC = 3AG.
Gidi

Vi M la trung diém ctia AB nén GA + GB = 2GM.
Vi N la trung diém ciia CD nén GC +GD = 2GN.
Suy ra G_A+G_B+G_C+G_D=ZG_M'+ZG_N=2(G_M+G_]‘V)=26=6.
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3. Piéu kién dé hai vecto cing phuong. Diéu kién dé ba diém thing hang
Cho hai vectd @ va b Khic 0 sao cho @ = kb v6i k1 s6 thuc khac 0. Néu nhan

xét vé phuong cia hai vecto @ va b.

)
F Diéu kién cAn va da @€ hai vecto @ va b (b # () cing phuong la c6 mdt s6 thuc
kdé d=kb.

Cho ba diém phan biét A, B, C.

a) N&u ba diém A, B, C thing hang thi hai vecto E A_(,: ¢6 cung phuong hay khong?
b) Ngugc lai, néu hai vecto A—B, AC ciing phuong thi ba diém A, B, C ¢6 thing hang
hay khoéng?

i
F— Diéu kién cin va di d€ ba diém phan biét A, B, C thing hang 1a c6 s8 thyc k dé

AB = kAC.

Tidy5 = Chotam gisic OAB. Biém M thudc canh AB sao
cho AM = %AB. Ké MH // OB, MK /] OA (Hinh 60). H/_ \

Giasit OA = @, OB = b. (_}Qh
B ®
K

a) Biéu thi OH theo @ va OK theo b. ~ \
) 7 &

b) Bidu thi OM theo & va b. N\

Gidi Hinh 60

a) Ta c6: MK // OA, MH // OB suy ra
OK _AM _2 OH _BM _1
OB AB 3 OA AB 3
Vi OH va OA ciing huéng va OH = %OA nén 4o
E;=la=lﬁ. 4 éHinh 61, tim k trong mbi
trudng hgp sau:

Vi OK va OB ciing huéng vi OK = %OB nén a) AC = kAD;

Ok = 208 = 2i. b) BD = kDC.
3 3 4 B |  C Db
b) Vi tit gidc OHMK 1a hinh binh hanh nén T ] T
_— — — T
OM = OH +0K=%a+§b. Hinh 61
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Nhén xér: Trong mit phing, cho hai vectd @ va b khéng cling phuong. V6i mbi vecto ¢

¢6 duy nhit cip s6 (x ; y) thod mén ¢ = x@ + vb.

. BAI TAP

92

Cho hinh thang MNPQ, MN // PQ, MN = 2PQ. Phit biu nao sau day 1a ding?
A. MN:ZPQ. B. MQ:ZNP. C. MN:—2PQ. D. MQ:—2NP.

Cho doan thing AB = 6 cm.
a) Xdc dinh diém C thod min AC = %A_B'

b) Xéc dinh didm D thoa mén AD = — %ZE.

Cho tam gidc ABC ¢6 M, N, P 1an lugt 12 trung diém cta BC, CA, AB. Chitng minh:

a) AP + JBC = AN: b) BC + 2MP = BA.

Cho tam giéc ABC. Céc diém D, E thudc canh BC /
thoé min BD = DE = EC (Hinh 62). Gid stii AB = 4, /
AC b. Bibu dién céc vecto BC, BD, BE, AD, AE 5

theo a, b. Hinh 62

Cho td gidc ABCD c6 M, N 1an lugt 12 trung diém cha hai canh AB va CD. Goi G la
trung diém cta doan thing MN, E 14 trong tim tam gidc BCD. Chiing minh:

a) EA+EI§+E+E=4E&:

b) EA = 4EG:

—_—

¢) Piém G thudc doan thing AE va AG = IA_E

Cho hinh binh hanh ABCD. Dt AB=ad. AD = b . Goi G I trong tim ciia tam gidc
ABC. Biéu thi céc vectd A_G. CG theo hai vectd a.b.

Cho tam gidc ABC. C4c diém D, E, H thod méin
_— —_— —_— _— —_— Y ——
DB = lBC, AE = lAC. AH = ZAB.
3 3 3

a) Biéu thi mdi vects AD, DH, HE theo hai vectd AB AC
b) Ching minh D. E, H thing hang.



§6 TiCH vO HUOGNG CUA HAI VECTO

Trong vt 1i, néu c¢6 mét luc 1_7 tac dong 1&n mot vat
tai diém O va lam cho vt d6 di chuyén mét quing
dudng s = OM (Hinh 63) thi cdng A cta luc ;7 dugc tinh
theo cong thic A = |;".| 5 ‘O—M‘ . cos @ trong do m goi

Hinh 63

1a cudng d6 cta luc F tinh biing Newton (N), |0_M‘ | la d6 dai cta vectd OM tinh bing

mét (m), @la géc gitta hai vectd O_‘M va I?, con cong A tinh bling Jun (J).

Trong todn hoc, gid tri ciia biéu thitc A = ‘F| } |0_M' | .COS @ -":{c’._f' 3
(khéng ké don vi do) duoc goi la gi? '

I. PINH NGHIA
1. Tich v6 hudéng ciia hai vecto ¢6 ciing diém dau
Trong miit phing, cho hai vecto OA OB khic 0 (Hinh 64).
o :
“e Goc giita hai vecto OA.OBla géc gilia hai tia OA, OB
va dudc ki hiéu 12 (OA, OB).

« Tich v6 hu6ng ctia hai vecto OA va OB 1 mdt s6 thuc, o

ki hiéu OA.OB. dugc xdc dinh béi cong thitc: i
0A . 0B =|04].|0B] . cos(0A. 0B).
Vidu1 = Cho tam gidc ABC vudng cin tai A va AB =4 cm.
a) Tinh d6 dai canh huyén BC. K g
b) Tinh AB.AC: BA.BC. 1 Cho tam gidc ABC
vudng tai 4 c¢6 B = 30°,
Gidi AB =3 cm. Tinh
a) BC = ABY2 = 442 (cm). BA . BC; CA.CB.

b)ré.;é=|A_B-|.|R|.COS(ZB.,E):4.4.COSEXE‘:16.005900 =16.0=0.
E‘i . EE = |E4.| . ‘EE|.C0$(§, EE)= 4.4\/i ; cole-?Ez 16\/5 . cos45°

=16\/5-§=16.

93



2. Tich vo huéng cua hai vecto tuy y ) A
- — a "
Cho hai vectd d. b khic 0. LAy mdt diém O va vé vectd / b
OA =G, OB = b (Hinh 65). 0 5
Hinh 65

>

* Géc gitia hai vectd d, l;, ki hiéu (a ,l;), la géc gitia hai vecto O—A OB.

* Tich v6 huéng cta hai vectd d va b, kihiéu a. b , 1a tich v6 huéng cua hai
vecto OA va OB . Nhu vay, tich v6 huéng cla hai vecto @ va b 1a mdt s& thuc
dude xdc dinh béi cong thic: @ . b = |al.|b] . cos(@, b).

Quy wdc: Tich vb hidng clia mdt vectd bit ki véi vecto 0 1a 56 0.

Chil y

* @.b) = (b, ).

* N&u (@, b) = 90° thi ta néi hai vectd @, b vuéng géc véi nhau, ki hidu @ L b hoic
b 1 Khidé a.b=lal.|pl . cos90°=0.

* Tich v6 huéng clia hai vectd ciing huéng bing tich hai d6 dai ctia chiing.

* Tich v6 huéng cta hai vectd ngugc hudng bing s8 d6i ciia tich hai d dai cda ching.

Ta c6 thé chiing minh chd ¥ thi ba nhu sau:

Néu . b la hai vectd (khdc 0) ciing huéng thi (@, b) = 0°. Do d6, cos(d, b) = 1. Vi vay,
a.b=ldl. |l;| cos (d, 5): |al . ‘I;‘
N&u mét trong hai vectd 4, b 1a vecto Othia.b=0valdl. l_)" =0nén a.b =ldl. l_9|

Chu y thi tu dude ching minh tuong ty nhu trén.

Vidu 2 = Cho hinh vubng ABCD tdm O c6 d6 dai canh bé“mg a. Tinh:

a) 14_B . O_C

b)AB . BD: -"\ . / P

C)A_é .0D. ><+ I

Gidi. (Hinh 66) AT TN
o - 5 i

a) Tacé: (AB, OC) = (AB, AO) = BAO = 45°. Hinh 66
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—— —

Viy AB.OC = -cos(AB, 0C) "2 Cho tam gidc ABC déu
- cosa® — iﬁ _ a_z' ”C[?EE:H’AH la dudng cao.
\/2 \/5 2 : a) C_B I?A
b) V& vects BE = AB. Ta ¢6: b) AH . BC.

R

(AB, BD) = (BE. BD) = EBD = 135°.
Vay E . B_D. 5 |E‘ . |Fb| . cos(?é, B_D')

T
=a.ay?2 ,0(35135":(:‘\/5'—2—:—:12.

¢) Vi AB = BE, OD = BO nén (AB, OD) = (BE. BO) = EBO = 135°.

WP S S, " 2 2
Vay AB.OD =|AB|.|0D)| . cos(AB, OD) = a - cosl35°——~——\E—— 9

JE L 2 2

Il. TINH CHAT

Eﬁ
~ Véi hai vecto bat ki a,

b va sb thue ktuy v, ta co:
«G.b=5b.a (tinh chit giao hoén);
©G.(b+¢)=a.b+a.c (tinh chat phan phéi):;
o (kd).b = k(G.b)=a.(kb);
©d*20,d°=0d=0

Trong d6, ki hiéu d.d = a> va biéu thdc nay duge goi 12 binh phuong v6 hudng cla
vectd a.

Vidy3 = Cho doan thing AB va I 1a trung diém cia AB. Ching minh ring véi méi
diém O ta c6:
a)al'.a+5l..ﬁ¥.=0; 0
—_ — | —2 —2
b) O1. AB=(0B - 0A )
Gidi. (Hinh 67)

R B

a) Vi I 1a trung diém AB nén /A + IB = 0. P

Vay OI. IA+0I. IB=0I.(IA+IB)=0I.0=0.
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b) Vi/la trung diém AB nén 201 OB+0A©0 = B+0—A).

I
2!
Vay &.E:%(5é+55).(0_3—52) =%((ﬁ+a).a§+%((ﬁ+0_m.(— 04)
== — 11— — = — = — 1 —2 —=2
~_OB.OB+-0OA.OB-—OB.OA-—OA.OA=- (OB —0A ).
2 2 2 2 7]

Vidu4 = Cho tam gidc ABC vudng tai A. Tinh: e

1.4_B .AB + :LE .BC. 3 Chiing minh rang v6i hai
vecto bat ki d, b, ta c6:

Giai 527)
O (a+b) =a’+2a.b+b%
AB . AB + AB. BC = AB .(AB + BC) (3—5)2=ﬁ2—25.l;+52'

= AB.AC=0 (@-b).@G+b)=a>-b".

(Do E vudng goc v6i R).

1. MOT SO UNG DUNG

1. Tinh d¢ dai cia doan thang

Nhén xét

Véi hai diém A. B phén biét, ta cé: AB

y [—2
Do d6 @6 dai doan thang AB duwoc tinh nhu sau: AB = VAB .

h
Vidus (D;\nh If c6sin trong tam giac) 4 Sit dung tich vo hudng,
Ching minh ring trong tam gidc ABC, ta c6: chiing minh dinh I Pythagore:
BC? = AB*> + AC® —2AB . AC . cosA. Tam gidc ABC vudng tai A khi

- va chi khi BC? = AB*> + AC.
Gidi
—2 il il _—
Tacé: BC =(AC —AB) = AC +AB —2AC.AB

Suyra BC? = AB® + AC” - 2AB . AC . cos(AB, AC).
= AB* + AC? —2AB . AC . cosA.

2. Chitng minh hai duong thiang vuong goc

Nhan xét: Cho hai vectd bit ki @ va b khéc vectd 0. Tac6: d.b =0 < @ L b.
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Hai duting thing AB va CD vudng géc véi nhau khi va chi khi AB.CD = 0.
Ciing nhu vy, hai duding dudng thing a va b vudng géc khi va chi khi i . ¥ = 0, trong

a6 i # 0.V # 0, gid clia vectd i song song hotc tring véi dudng thing a va gid cla

vectd 7 song song hoic tring véi duding thing b. &

Vidy 6 = Cho tam gidc ABC c6 AB = 3, AC = 4.
A = 60°. Goi M la trung diém ciia BC. V& phia ngoai
tam gidc v& cdc tam gidc vudng cin tai A la ABD va
ACE (Hinh 68).

a) Tinh céc tich v6 hudng A_-B i A_E A_C: y A_D
b) Biéu didn AM theo AB,AC. Tit d6 ching minh
AM 1 DE.

LA © T
Hinh 68

Gidi
a) Do BAE = BAC + CAE = 150°, CAD = CAB + BAD = 150° nén
— X _ -
AB.AE = AB.AE .cosBAE =3 .4 .cos150° =12 . —¥7 = _6J3;
L V8 ™ )
AC . AD = AC . AD . cosCAD = 4 . 3. cos150° =12-T‘/'_=—6«/3.

b) Ta cé:
AM =§<A_E+A—C), DE = AE — AD.

.DE = —(AB+AC) (AE — AD)

S

=E(E.E+A_C.A_E—E.A_D—A_C.A_D‘).
Vi AB L AD, AC 1 AE nén AB.AD =0, AC . AE = 0.

Suy ra AM . DE =%(—6J§+0—0+6\/§)=0. Vay AM L DE.

i rie

1. Néu hai diém M. N thod man MN.NM =—4 thi do dai doan thing MN bing
bao nhiéu?

A.MN=4. B. MN=2. C.MN = 16. D. MN = 256.
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Phat biéu nao sau day la ding?

A.N&u @, b khic 0 va (4, b) <90°thi &.

Sl

< 0.

Sl

B.N&u @. b khic 0 va (@, b) >90°thi 4. b > 0.

Sl

C.N&u @, b khic 0 va (d@.b) <90°thi d@. b > 0.
D.Né&u G. b khic 0 va (G, b) =90°thi d@. b <0.

Tinh &. b trong méi trudng hop sau:

a) |3l =3, bl =4, @, 5) = 30°

b) lal =5,

bl =6, (@,b) = 120°

o) lal=2, I;| =3, 4a vab cung hudng;
dy lal =2, lp| = 3, @ va b ngudc hudng.
Cho hinh vuéng ABCD canh a. Tinh cé4c tich v6 huéng sau:
a) AB . AC; b) AC. BD.
Cho tam gidc ABC. Ching minh:
AB® + AB . BC + AB .CA = 0.
Cho tam gidc nhon ABC, ké dudng cao AH. Ching minh riing:
a) AB.AH = AC. AH;
b) AB.BC = HB.BC .
Mot mdy bay dang bay ti huéng ddng sang hudéng
thy voi tée d6 700 km/h thi gip ludng gi6 thdi ti /
huéng déng bic sang huéng tdy nam véi tbe do 00 ki

40 km/h (Hinh 69). M4y bay bi thay ddi van t5c sau
khi gip gi6 théi. Tim t5c d6 méi ciia mdy bay theo

don vi km/h (1am tron k&t qua dén hang phén trim).

Hinh 69

Cho tam gidc ABC c6 AB =2, AC = 3, BAC = 60°. Goi M 1a trung di€m cita doan
thing BC. Piém D thoa man AD = %ﬁ.

a) Tinh AB . AC.

b) Bidu dién AM, BD theo AB, AC.

¢) Ching minh AM | BD.



BAI TAP CUOI CHUONG IV

Cho tam gidc ABC c6 AB=3,AC=4, BAC = 120°. Tinh (Iam tron két qua dén hang
don vi):

a) D6 dai canh BC va d6 1én goc B, b) Bén kinh dudng tron ngoai tiép;
¢) Dién tich cia tam gidc; d) Do dai duding cao xuét phat tit A;

¢) AB.AC. AM .BC v6i M 1a trung diém cta BC.

Khéng diing mdy tinh cAm tay, hiy tinh gid tri clia c4c biéu thic sau:
A = (sin 20° + sin 70°)> + (cos 20° + cos 110%)7,

B = tan 20° + cot 20° + tan 110° + cot 110°.

Khong diing thude do géc, 1am thé nao dé bist s& do géc dé.

Ban Hoai v& g6c xOy va d6 ban Déng lam thé nao c6 thé biét dwoc s6 do clia goc
nay khi khong co6 thude do goc. Ban Dong lam nhu sau (Hinh 70):

— Chon céc diém A, B 14n ludt thude céc tia Ox va
Oy sao cho OA = 0B =2 cm;

— Do d6 dai doan thing AB duoc AB = 3,1 cm.

Tit cdc dit kién trén ban Dong tinh dudc cos xOy,
t d6 suy ra do 16n géc xOy.

Em hdy cho biét s& do géc xOy ma ban Déng tinh

dugc bing bao nhiéu d6 (1am tron két qua dén hang
don vi).

C6 hai tram quan sat A va B ven hd vi mot tram
quan sit C & gitta hd. DE tinh khoang céch tit A va
tr B dén C, ngudi ta lam nhu sau (Hinh 71): e
— Do géc BAC dugce 60°, do géec ABC dugc 45°;

— Do khoang céch AB duge 1 200 m.

Khoang céch tif tram C dén c4c tram A va B bing
bao nhiéu mét (1am tron két qua dén hang don vi)?

Mot ngudi ding & bd séng, muén do d6 rong
cua khic song chay qua vi tri dang ding (khic
s6ng tuong ddi thang, c6 thé xem hai bd song song
v6i nhau).

A 50 m B .
T vi tri dang diing A, ngudi dé do dude gée nghiéng

o =35%50 v6i bo sdng t6i mét vi tri C quan sat dugc Hinh 72
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& phia bd bén kia. Sau d6 di chuyén doc bd séng d&n vi trf B cdch A mét khoéng
d =50 m va tiép tuc do dugc géc nghiéng 3= 65° so vdi bd bén kia téi vi trf C dd chon
(Hinh 72). H6i @0 rong cha khic sdng chay qua vi trf ngudi d6 dang ding 1a bao nhiéu
mét (1am tron k&t qua d&n hang phin musi)?

Dé do khoang céch gitia hai vi tri M, N & & 500 m N
s TR g 7 Nt L E T

hai phia ‘o’c( d4o, ngudi ta chon vi tri O 5y Z5

bén ngoai 6¢ ddo sao cho: O khéng thude i o -

duding thdng MN; cdc khoang cdch OM, i """““W .

ON va géc MON la do duge (Hinh 73). Sau
kh_i_do, ta ¢c6 OM = 200 m. ON = 500 m,
MON = 135°. Hinh 73

Khodng cich giita hai vi tri M, N 1a bao nhiéu

mét (1am tron k&t qua dén hang don vi)?

Chiing minh:

a) Néu ABCD 1a hinh binh hanh thi AB + AD + CE = AE v6i E I diém bt ki;

b) N&u 7 12 trung diém cia doan thing AB thi MA + MB + 2IN = 2MN v6i M, N
12 hai diém bat ki;

¢) Néu G 1a trong tim cua tam gidc ABC thi MA + MB + MC - 3MN = 3NG véi
M, N 12 hai diém bat ki.

Cho hinh binh hanh ABCD c¢6 AB =4, AD = 6. B €
BAD = 60° (Hinh 74).

a) Biéu thi cdc vecto E AC theo A_'B AD.

b)_TinE:zic tich v6 huéng AB . AD, AB. AC,
BD . AC.

. A oans g N ) A 9 D
¢) Tinh dd dai cic dudng chéo BD, AC. Hink 74
mn /<
Haildc Fy, F, chotrudc cung tic dunglén mot vat
tai diém O va tao véi nhau mot goc (F. ) =« A C

lam cho vat di chuyén theo huéng tr O dén C
(Hinh 75). Lap cong thic tinh cudng d6 cla hop
Iic F 1am cho vat di chuyén theo hudng tit O

dén C (gia sti chi c6 diing hai lyc £}, F, lam cho
vat di chuyén).

Hinh 75



HOAT BONG THUC HANH
VA TRAI NGHIEM

CHU PE 1. PO GOC

2

Cdc goc ¢é ¥ nghia gi Ty
trong thuc tién? LA
Pl

1. NOI DUNG CHiNH CUA CHU bE

1. Nhitng hinh anh vé gic trong cudc song

“EP Quan sat nhiing hinh dnh vé géc trong mot s8 tinh huéng sau ddy va néu céch
xédc dinh nhiing géc dé.

a) Tinh huéng 1: Géc sit

Trong béng d4, khi cAu thii dd phat, “géc sit™ dude hiéu 1a gée tao béi hai tia ¢ géc la
diém djt béng, 14n lugt ndi gdc véi hai chin cia khung thanh (Hinh ).

(Ngudn: https://shutterstock.com)
Hinh 1. Bd phat trong bdng dd

b) Tinh huéng 2: Géc nhin

Khi 14i xe, g6c nhin cta tai x& gidi han bdi hai tia (Hinh 2):

Hinlt 2. Goe nhin khi ldi xe

Géc nhin (ving duge 6 mau) dién ti viing ta quan st dugc. Vi ta khdng thé trong thay
cdc vat 6 ngoai géc nhin nén vung khodng t6 mau dude goi la ving mir (hay viing cic
di#m mit). Géc nhin cang I6n ta cang thay nhiu su vat hon va cang 14i xe an toan hon.
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2. Tim Ki€m nhitng hinh anh vé géc trong thuc tién

Em hiy tim thém nhiing hinh anh vé& géc trong thuc tién.

3.'Y nghia va img dung cia géc trong thire tién

Géc c6 nhiéu ting dung trong thyc tién, dic biét trong an toan giao thong.
a) Tinh huéng 1: Goc nhin cia ngudi ldi xe hang nho

Hinh 3 va Hinh 4 minh hoa géc nhin clia ngudi 14i xe ngdi trén 6 t6. R6 rang, néu géc
nhin cua xe 2 16n hon géc nhin cua xe 1 thi di xe 2 s€ an toan hon.

Hinh 3. Goc nhin cua xe 1

Hinh 5 cho ta hinh anh vé& géc nhin cia
ngudi l4i xe (bing mit thudng va thong qua
guong chiéu hau) va viing mu (mau xam)
cla ngudi 1ai xe hang nho.

Hinh 5. Vang quan sdt
cuia ngidi ldi xe hang nho

b) Tinh hudng 2: Goc nhin ciia nguoi ldi xe rdi

Xe tai khi Iviu théng trén dudng
s€ khong quan sat dugc cac vang
¢6 mau doé (Hinh 6).

Hinh 6. Viing quan
sdt ciba nguoi ldi
xe tdi

Xe cang 16n thi vung mu ctia ngudi 1di xe cang 16n. Do @6, khi tham gia giao thdng phai
tuyét di tranh di chuyén vao vliing mil cia ngudi 14i xe.

Em hiy (im thém nhiing Gng dung cta géc trong thuc tién.
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Il. GGI Y T® CHUC CAC HOAT DONG THUC HANH VA TRAI NGHIEM
1. Thue hanh do géc trong thue tién bing thude do goc

a) Nhiém vu: Tim 56 do goc trong ba tinh hudng thuc 1€ sau:

Tinh huéng 1: C6 mot chi€c bang treo trén tudng nhung canh ddy dudi cia bang nim
trén mt sin 16p hoc. Tim s6 do cta géc trong Hinh 7 va Hinh 8 biing céch st dung thuéc
do géc 180° (Hinh 9) hoiic thudc do géc 360° (Hinh 10), bigt diém g6c O & trén mit san
16p hoc.

¥

o ]
Hinh 7 Hinh 8

Hinh 9 Hinh 10

Tinh hudng 2: Cau hoi wiong tu nhu trong Tinh hudéng I nhung chiée bang treo trén tidng

6 canh ddy duédi song song vSi mit san 16p hoc va diém géc O 6 trén mit san 16p hoc.

Tinh huéng 3: Céu hdi tudng tif nhu trong Tinh huéng 2 nhung diém géc O cach mit san

16p hoc 1a 110 cm.

b) Trinh bay y tuwong

DOi véi tinh hudng 1:

— Thudc do gée cAn dit nhu thé nao dé x4c dinh dudc tia Ox clia géc xOy trong Hinh 7?
Sau khi dat thude do géc nhu vay thi tia Oy cua géc xOy trong Hinh 7 dudce xdc dinh
nhu thé nao?

— Thudc do gée cin dit nhu thé nao dé x4c dinh dudgc tia Ox clia géc xQy trong Hinh 8?

Sau khi dat thuéc do gée nhu vay thi tia Oy cua géc xOy trong Hinh 8 dudc xdc dinh
nhu thé nao?

DOi véi tinh hudng 2: Cac budc thuc hién tuong td nhu trong Tinh hudng 1.
Déi véi tinh hudng 3: Lign hé v6i cic budc trong Tinh hudng 2 dé dua ra cich do.
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¢) Bdo cdo két qui
Trinh bay cic budc do géc theo y tudng da néu.
Hoan thanh bang théng ké sau véi don vi do 1a d6 (sau khi lam tron d&n hang don vi).

Do 16n cha géc xOy trong Do 16n cua géc xOy trong
Hinh7 Hinh 8
Tinh hudng 1 ? ?
Tinh hudng 2 ? ?
Tinh hudng 3 ? ?

2. Tao dyng va thuc hanh do géc bang dung cu ¢6 gin tia chiéu laser
a) Phin chuin bi
Hoc sinh dudc chia theo nhém. Cac nhém chudn bi thiét bi va trao ddi, thao ludn.

« Chuéin b (Hinh 11): den chiéu laser, pin, cong tic. thudc do géc 360°, que kem, que
20 tron, bia cit tong.

=\l &

Den chiéu laser Pin Coéng tic Thuéc do Que kem Que gb tron  Bia cit tong
goc 360°

Hinh 11

¢ Xdc dinh rd nhiém vu cia nhém va titng nhiém vu thanh phan.
o Phiin c6ng nhiém vy cho cdc thanh vién trong nhém.
« Xdc dinh thdi gian hoan thanh tiing nhiém vu thanh phin va nhiém vu chung.

b) Phén thuc hién

Thuc hién tao dung dung cu do géc c6 g;“in tia chiéu laser.

Pén chiéu tia laser
Kim chi géc

Thuée do gée 360°

Truy diing

Pin va cong tac

D¢ dung cu

Hinh 12. Dyng cu do géc c6 giin tia chiéu laser
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Tao dung cic phAn theo md hinh nhu Hink 12: phan d&, phan than, phin biéu dién géc, tia.

Thue hanh do géc

Buoc 1

Budc 1. Quay dén sao cho tia laser tring
vdi mdt canh ciia géc can do. Pidu chinh
bé mit thudc do géc sao cho kim chi géc
méau do6 chi vao vi tri 0°.

¢) Tong két

'y Lam viéc chung cé 16p.

* Nhigm vy 1: C4c nhém bdo cdo két qua.

o Nhiém vu 2: Téng két riit kinh nghiém.

lil. PANH GIA

Buoc 2

Bude 2. Gilt nguyén thuée do géc. Quay
den sao cho tia laser trung véi canh thi hai
ciia géc can do. Kim chi géc mau dé chi
va0 s6 nio thi s8 d6 1a s6 do clia gée cin do.

Hinh thire danh gia: theo hinh thic ddnh gid cia hoc tap du 4n.

1. Panh gia hoat dong ca nhan

+ M&i cd nhén tu dinh gid vio phiéu c4 nhin.

+ Nhém danh gid tiing thanh vién trong nhém vao phiéu ddnh gid c4 nhan.

2. Danh gia hoat dong va san phdm clia nhém

+ Nhém ty ddnh gi4 lai hoat déng ciia nhém va cho diém vao phi€u ddnh gis hoat dong

cua nhém.

+ Gido vién va cdc nhém dinh gid rdi cho diém phan trinh bay cta tiing nhém vao phidu

danh gia hoat ddng nhém.
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bang bién thién

bang xét diu

bt phwong trinh béc
hai mét 4n

gia cla vecto

giai tam giac

hai ménh dé twong
dwong

hai vecto bang nhau

hai vecto
cung phuwong

hai vecto' d6i nhau
ham s6 béc hai

mién nghiém ciia bét
phuong trinh béc
nhét hai 4n

tam thic béic hai

tap xac dinh cda
ham so

tich vé huong cia
hai vecto

vecto

vecto-khong
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BANG GIAI THICH THUAT NGU

bang thé hién chiéu bién thién (khoang déng bién va khoing
nghich bién) ctia mot ham s6

bang thé hién dau ciia mot biéu thuc dai s6 trong cac khoang
gia tri cha dn

bat phuong trinh dang ax? + bx + ¢ < 0 (hodic ax® + bx + ¢ < 0,
axt + bx + ¢> 0, a2 + bx + ¢ > 0), trong dé a, b, ¢ la nhitng s6
thuce di cho, a = 0

la duong thang di qua diém dau va diém cudi ciia vecto

la tinh cac canh va ciac goc ciia tam giac dwa trén nhiing dir kién
cho trude

hai ménh d P va O ma ménh dé kéo theo P = O va O = P déu
dung

hai vecto ciing hudng va cung dé dai
hai vecto c6 gia song song hodc tring nhau
hai vecto ngwoc hudng va cung dé dai

ham s6 duoc cho bang biéu thirc c6 dang y = ax® + bx + c, trong
d6 a, b, ¢ 1a nhitng hang 50, a # 0

phin mit phang chira cac diém c6 toa do thoa man bat phuong
trinh bac nhat hai 4n trong m3t phang toa d6 Oxy

da thirc bac hai flx) = ax* + bx + ¢ (a=0)
tép cac gia tri cia bién sao cho biéu thic ctia ham s6 c6 nghia

1a mét s6 thwe duoe xéc dinh béng tich d6 dai hai vecto nhin
cdsin cia goc giita hai vecto do

1a doan thang c6 hudng

vecto ¢6 diem dau va diém cuoi trung nhau
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BANG TRA CUU TU NGU

bét phuong trinh bac hai mét 4n
bét phurong trinh bac nhét hai 4n

biéu thi mét sb dai lwong c6 hwéng
bing vecto

déu ciia tam thte bac hai

dinh 1i cdsin trong tam giac

dinh i sin trong tam giac

diéu kién cin

didu kién dé ba diém théng hang
diéu kién dé hai vecto cling phuong
diéu kién du

db thi ctia ham sé

dd thi ham s6 béc hai

gia tri lwong giac cua mot goc i 0°
dén 180°

giao cia hai tip hop

giai tam giac

hai dang phurong trinh quy vé
phuong trinh béc hai

hai ménh dé twong duong

ham s6

| ham s béc hai
ham sé cho b?mg mot cong thirc
ham s6 cho bang nhiéu cong thire
ham sb dong bién
ham s6 khong cho bang cong thirc
ham s6 nghich bién
hé bat phuong trinh bac nhat hai 4n
hi¢u cia hai tap hop
hiéu cua hat vecto
hop caa hai tap hop
ki hiéu V va 5

49
20
82

44
67
69
8
91
91
8
34
39
63

14
7

56

31
39
32

33
36

36
25
15

86
15

‘Y

TUNGU TRANG

ménh dé dao

ménh dé kéo theo
ménh d& phu dinh
ménh d& todn hoc

mién nghiém cua bat phwrong
trinh bic nhit hai in

mién nghiém cua hé }Jét )
phuong trinh bac nhat hai an
phan bil ctia A trong B
phép cong vecto

phép trir vecto

sw bién thién cta ham sé
tam thiic bac hai

tap con

tap hop bang nhau

tap hop rong

tap xac dinh ciia ham sb
tich ciia mét sé v6i mét vecto
tich v6 hwéng ciia hai vecto
tinh dién tich tam giac

tong clia hai vecto

trong tim ciia tam giac
trung diém ciia doan thing
vecto

vecto-khong

vecto bing nhau

vecto cing huéng

vecto cing phuong

vecto dbi

vecto ngwoc huong

L e - )

27

16
83
86
36
44
13
13
13
32

93
73

90
90
79
81
81
80
80
85
80
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Mang cudc séng vao bai hoc
Puwa bai hoc vao cudc song

%n 1013 cudn sach gido khoa danh cho hoc sinh

I&p 10, thudc bd sach giao khoa “Canh Diéu”, thuec hién
theo “Chuwong trinh Gido duc phd théng 2018”.

Sach gdm hai tap va chuyén dé& hoc tap dugc bién soan
dap ng yéu cau phat trién pham chat va nang luc clia hoc
sinh. Cac hoat déng hoc tap dugc td chirc theo tién trinh
tlr d& dén khé, huéng dén viéc kham pha, phat hién, thuwc
hanh, van dung giai quyét van dé trong thuc tién. phu hop
v@i trinh d& nhan thirc clia hoc sinh. Sach dwgc trinh bay
hép dan, khoi goi sy td mo, kich thich hirng thu, tao dwng
niém tin trong hoc tap mén Toan & hoc sinh.

Séach 1a san pham tam huyét cla tap thé tac gia — nhirng
nha giao, nha khoa hoc giau kinh nghiém trong giao duc
phé théng.

SACH KHONG BAN
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