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PAI SO TO HOP

Trong chuong nay, chung ta sé& tim hiéu nhing van dé sau:
quy tdc cong, quy tdc nhan, so dé hinh cay; hoan vi, chinh hop,
t6 hgp; nhi thic Newton; ap dung vao giai cac bai toan dém.

QUY TAC CONG. QUY TAC NHAN.

°~ / sO PO HINH CAY

S6 d4 & Hinh 1 cho biét lich thi ddu
gidi bong dd UEFA Champions League
2020 - 2021 bit dau tif vong td két.

Bl
C6 bao nhiéu trgn ddu ctia gidi ]

bong dd UEFA Champions
League 2020 — 2021 bt dau
tit vong tit két?

Hinh 1

I. QUY TAC CONG
f‘:::‘ » Gia dinh ban Lién dy dinh di du lich & Quy Nhon (Binh Dinh). Hudng din vién

du lich dta ra hai chudng trinh tham quan nhu sau:

Chuong trinh 1 ¢ 4 dia diém tham Chuong trinh 2 c6 7 dia diém tham quan: bién
quan: khu Safari FLC, khu du lich  Quy Nhon, khu du lich Gh&nh Réng Tién Sa,
Eo Gié, khu du lich Ky Co, Tinh x4 Thap Pi, ddm Thi Nai, khu du lich Ciia Bién,

Ngoc Hoa (Hinh 2). Suft Bar, nha thd Lang Séng (Hinh 3).
T oA - g 0 GO (i AN L) LTCH TREMG TAM THANH "'3?'— -
g L. | e —
i B , NHATHG ,  BAMTHINAI kot CLFA BIEN
i = S| Ll LANG SONG adial
\ e THAP BOI SUFT BAR
- SAFARI FLC : o - @
- GHENH RANG St
£ = TIE!\I SAY S A8 BIEN QUY NHON
(Ngubn: https://docmiendatnuoc.com) (Nguén: htps://docmiendatnuoc.com)
Hinh 2 Hinh 3

C6 bao nhiéu cich chon mét dia diém tham quan trong s6 c4c dia diém dugc gidi thidu
trong hai chudng trinh & twén?



Ta c6 quy tdc cong sau:
g

M6t cong viée dude hoan thanh bdi mét trong hai hinh dong. Néu hinh dong thd nhat
c6 m céch thuc hién, hanh déng thi hai ¢6 n cach thuc hién (céc céch thuc hién cua ca
hai hanh dong 1a khac nhau d6i mét) thi cdng viéc d6 c¢é m + n cich hoan thanh.

Vidu I Ban Phuong c6 7 quyén sich Tiéng Anh va 8 quyén sdch Vin hoc, cc quyén

séch 1a khac nhau. Héi ban Phuong cé bao nhiéu céch
chon mét quyén séch dé doc? S

ey i 3
Gidi 1 Mot quan ban ba loai do
udng: tra sita, nuéc hoa qua
va sinh t8. C6 5 loai tra sifa,
6 loai nudc hoa qua va 4 loai

Viéc chon mét quyén sach dé doc 1a thuc hién mét trong
hai hanh ddng sau:

Chon mét quyén sach Tiéng Anh: C6 7 cich chon. sinh t6. Hoi moi khach hang
Chon mét quyén sach Vin hoc: C6 8 cach chon. €6 bao nhiéu cich chon mot

. . A A ?
Vay ¢6 7 + 8 = 15 cdch chon m6t quyén sich dé doc. loai d6 udng
Nhdn xét: Tuong t, ta ciing ¢6 quy tic sau:

Mot cong viéc dugc hoan thanh béi mdt trong ba hanh dong. Néu hanh dong thi nhat
¢6 m cich thdc hién, hanh d@dng thi hai ¢ n cach thuc hién, hanh ddng thi ba cé p cach
thuc hién (cac cach thuc hién ctia ba hanh déng 1a khdc nhau ddi mot) thi céng viée @6 cé
m + n + p cdch hoan thanh.

Il. QUY TAC NHAN

¢ Gia dinh ban Thao dy dinh di du lich tit Lao Cai d&n Ha N6&i bing mot trong hai
phuong tién: xe khach hozc thu hod. Sau d6, tit Ha Noi di d&n Thanh phd HS Chi Minh biing
mot trong ba phucng tién: may bay, tau hod, xe khich (Hinh 4). Héi gia dinh ban Thao cé
bao nhiéu cach lya chon phuong tién dé di tit Lao Cai d&n Thanh phd H8 Chi Minh, qua
Ha Ngi?

o
AT

Fansipan (Lao Cai) Hb Guom (Ha Noi) Be song Sai Gon
(Thanh phé H Chi Minh)
(Ngudn: htips://www.shutterstock.com)



Phuong tién cho ching Phuong tién cho ching Phuong tién cho ching
Lao Cai — Ha Noi Ha Nbi — Thanh phé Lao Cai — Ha Néi —
a Hb Chi Minh Thanh ph& H3 Chi Minh
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i Miy bay |== == == = (Xe khdch:. Mdy bay)

w= = (Xe khdch: Tau hod)

Xe khiach )<: Tau hoa 8
| Xekhdch | khdch |we we we wi (Xe khdch: Xe khdch)

Miy bay |== == == =3 (Tau hod; Mdy bay)

Tau hod ’ I auhod |mm == = g (Tau hod; Tau hod)
: Xe khich |mm mm = o (T0u hod: Xe khéich)
Hinh 4
Ta cé quy tdc nhdn sau:

o
“ MOt cong vige dugc hoan thanh béi hai hanh dong lién ti€p. Néu hanh dong
thi nhét c¢6 m cach thuc hién va ing v6i mdi cach thuc hién hanh dong thit nhat,

¢6 n cach thuc hién hanh doéng thit hai thi cong viéc d6 c6é m . n cach hoan thanh.

Vidy 2 = Trong Hoat ddng 1, néu gia dinh ban Lién muén chon mét dia diém tham quan
trong chuong trinh 1, sau d6 di tham quan ti&p mét dia diém trong chuong trinh 2 thi c6
bao nhiéu cach chon hai dia diém & hai chuong trinh khic nhau d& tham quan?

Gidi

Viéc chon hai dia diém & hai chuong trinh khac nhau d€ tham quan 13 thuc hién hai hanh
déng lién tiép: chon mot dia diém trong chuong trinh 1, sau d6 chon mét dia diém trong
chudng trinh 2.

C6 4 cich chon dia diém tham quan trong chuong trinh 1.

Véi mdi cich chon mét dia di€ém tham quan trong chuong trinh 1 s& ¢é 7 cich chon dia
diém tham quan trong chuong trinh 2.

Vay c6 tit ca 4 . 7 = 28 cdch chon hai dia diém tham quan & hai chuong trinh khéc nhau.

Nhan xét: Tuong tu, ta cing cé quy tic sau:
Mot cong viéc dugc hoan thanh béi ba hanh dong lién ti€p. Néu hanh dong thi nhét ¢6
m cdch thuc hién; dng véi mbi cich thic hién hanh dong thit nhét, cé n céch thuc hién
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hanh ddng thi hai; ting v6i méi cdch thyc hién hanh dong thd nhat va mdi cach thuc hién
hanh dong thd hai ¢6 p cdch thuc hién hanh d6éng thd ba thi céng viée d6 cé m . n. p cach
hoan thanh.

Jidu3 = Trong kinh doanh nha hang, combo 12 mét hinh thiic goi mén theo thyc don
dugc k&t hgp tif nhidu mén #n hosic @6 udng. N&u nha hang ¢ 5 mén rau, 4 mén c4 va
3 mén thit thi ¢6 bao nhiéu cich tao ra mot combo? Biét mdi combo c6 ddy di 1 mén
rau, 1 mén cd va 1 moén thit.
thzt ) L
DE€ tao mdt combo, ta thuc hién ba hanh ddng lién tiép: | ~
chon 1 mén rau, chon 1 mén cd va chon 1 mén thit. 2 Ban Nam du dinh dit
y . . mét khiu cho khod vali 1a
Chon 1 mén rau: C6 5 céch chon. mot 56 edm ba chit 53 duge
Chon 1 mén ca: C6 4 céch chon. chon ra tif cic chii s8 1, 2,

Chon 1 mén thit: C6 3 céch chon. 3, 4. Hoi ban Nam ¢6 bao
nhiéu cach dit mat khau?
Viay cé 5.4 .3 =60 cich tao ra mdt combo.

lil. SG DO HINH CAY

So dd trong Hinh 4 md ta cdc cich chon phudng tién di twr Lao Cai dén
Thanh ph& H3 Chi Minh cla gia dinh ban Thao c6 thé v& lai nhu sau (Hink 5):
Phudng tién cho chiing Phudng tién cho ching

Lao Cai — Ha Néi Ha Noi — Thanh phd
H& Chi Minh

{

\/ . /v Miy bay
| ol ——

Xe khich “\f Tau hod

| | Xe khich

Phudng tién | -

- /"i My bay
Tiau hoa "/\, Tiaw hod |

i Xe khich

Hinh 5

Quan sit so db hinh cAy & Hinh 5, cho biét c6 bao nhiéu cdch chon phuong tién di tit
Lo Cai dén Thanh ph8 H6 Chi Minh, qua Ha Néi.
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Nhdn xét
y

* S0 dd hinh cay (Hinh 6) 1a so d5 bit ddu tai mét niit duy nhét véi -_..-
céc nhénh tod ra cdc niit bé sung. \\-
¢ Ta c6 thé st dung so d6 hinh ciy dé d€m s& cdch hoan thinh mot
cong viéc khi cong viéc d6 doi héi nhitng hanh déng lién tiép. /,-

Tidy4 = Ban Huong c6 3 chi€c quan khac mau: xdm, den, niu
nhat va 4 chiéc 40 so mi khac mau: héng, vang, xanh, tim. Hiy vé

so d6 hinh cay biéu thi s& cdch chon: Hinh 6
a) 1 chiéc quan; b) 1 chiéc 40 so mi; ¢) 1 bd quén 4o.
Gidi

Cac s0 d6 hinh cly T, T,, T,T, trong Hinh 7 1an lugt:
a) Biéu thi s& cdch chon 1 chiéc quin;
b) Biéu thi s6 cdch chon 1 chiéc do so mi;

¢) Biéu thi s& cach chon 1 bd quan 4o.
® I\‘I

f g o " s - -
Quin Quan Quan niu Ao Ao Ao Ao
xXdm den nhat hong vang xanh tim
I, "," I Quin — Ao |

l

Hinh 7

IV. VAN DUNG TRONG BAI TOAN PEM

Viéc kiém d€m c6 y nghia quan trong trong todn hoc va thuc tién, dic biét trong théng
ké va xéc suat. K&t qua d€m cho phép chiing ta xdc dinh dudc s6 cdc kha ning ma mot sy
kién c6 thé xay ra dé 1am cd s6 cho viéc dira ra quyét dinh. Quy tic céng. quy tic nhin
va s6 dd hinh cy 1a nhiing nguyén tic cd ban trong cac bai todn d&m.



1. Vin dung trong giai toan

Vidu5  Cho 10 diém phan biét. Héi 1ap dugc bao nhigu * F

vectd khdc 0 ? Biét riing hai ddu mit ctia m&i vectd 1a 2 trong 3 Tii cdc chii s§ 1. 2,
10 diém d4 cho. 3,45, lap dugc bao

nhiéu s6 1é gom ba chit
Giai s6 d6i mot khac nhau?

Viéc 1ap vectd 1 thuc hién hai hinh d6ng lién ti€p: chon diém

dau va chon diém cudi.

Chon diém diu: C6 10 cdch chon. Chon diém cudi: C6 9 cdch chon.
Theo quy tic nhén, s& vectd lap dugc 1a: 10 . 9 = 90.

Vidy 6 © Phan tich s& 675 ra thita s6 nguyén t& r6i tim s6 u6c nguyén duong ctia né.
Gidi
Ta c6: 675 =3%. 52, Mot udc nguyén duong ciia 675 thi c6 dang 3" . 5", trong d6 m, n 1a
hai s6 tu nhién sao cho 0 <m <3,0<n<2.
Nhu vdy, d€ tao ra mét udc nguyén duong ctia 675 ta 1am nhu sau:
— Chon s6 tu nhién m ma 0 <m < 3 cé 4 c4ch chon.
— Chon s6 tif nhién n ma 0 < n <2 ¢6 3 cich chon.
— Ly tich 3" . 5".
Theo quy tic nhén, s udc nguyén dudng ctia 675 1a: 4 . 3 = 12.

2. Van dung trong thuc tién

Jidy 7 = T ba méang di licu A, B, C, mdy tinh tao nén mot thong tin dua ra man hinh
cho ngudi diing bing cach 14n lugt 1Ay mot di lidu tii A, mdt dit liéu tit B va mot dit lidu
tli C. Gid st A, B, C 14n lugt chda m. n, p dit lieu. Hoi mdy tinh cé thé tao ra dudgc bao
nhiéu théng tin?
Gidi
Viéc mdy tinh tao ra thdng tin 1a thuc hién ba cdch chon lién ti&p: chon dii liéu tii A, chon
dii liéu i B va chon dii liéu tit C.
C6 m cach chon mot dii lidu ti A.
C6 n cach chon mét di liéu tit B.
Cé p cach chon mot dii ligu ti C.

Theo quy tic nhan, s& théng tin mdy tinh c6 thé tao dugc 1a: m . n . p.

Vidu8 = Poi vin nghé ctia 16p 10B ¢6 3 hoc sinh nit va 2 hoc sinh nam. Gido vién chii
nhiém muén chon ra moét d6i tam ca gdm 3 hoc sinh sao cho ¢6 cé hoc sinh nam va hoc
sinh nit. Hoéi gido vién chu nhiém c6 bao nhiéu cach chon ra mét d6i tam ca nhu viy?
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Gidi
Khi chon ra mét d6i tam ca gdm 3 hoc sinh ¢6 ca nam va nii, gido vién chd nhiém chi c6
thé chon theo mét trong hai kha ning sau:
— Chon ra mét hoc sinh nt va hai hoc sinh nam,;
— Chon ra hai hoc sinh ni va mét hoc sinh nam.
* Xét khd ndng thit nhdt: Chon ra mot hoc sinh nt va hai hoc sinh nam.
C6 3 cach chon ra mét hoc sinh nd.
Cé 1 cach chon ra hai hoc sinh nam.
Theo quy tdc nhén, s8 cach chon ra mét hoc sinh nit va hai hoc sinh nam 12: 3. 1 = 3.
® Xét khd ndng thit hai: Chon ra hai hoc sinh nti va mét hoc sinh nam.
C6 3 cach chon ra hai hoc sinh nd.
C6 2 cach chon ra mét hoc sinh nam.
Theo quy téc nhén, s8 cdch chon ra hai hoc sinh nit va mét hoc sinh nam 1a: 3. 2 = 6.
Theo quy tic cong, s6 cich chon ra mdt d6i tam ca gdm 3 hoc sinh sao cho ¢6 ca hoc
sinh nam va hoc sinh nit cing tham giala: 3+ 6 =9.
Tidy 9 = Chokiéu gen AaBbDdEE. Gia st qud trinh giam phén tao giao ti binh thudng,
khéng xay ra dot bién.
a) V& so db hinh cdy biéu thi suf hinh thanh giao ti.
b) Tit d6. tinh s loai giao tit ciia kiéu gen AaBbDdEE.
Gidi
a) SO db hinh ciy biéu thi sy hinh thanh giao ti:

sl

D

-

d
_»D

- d

_»D g

S
_=»D
T—ad

mmMm M m mom

b) Tit so d6 hinh cAy, ta c6 8 loai giao tli cta kiéu gen AaBbDdEE.



B eiiTar

1.

T céc chii s6 1, 2, 3.4, 5, 6, ta 1ap ra s& g nhién gém ba chii 8, chia hét cho 5.
C6 thé 1ap dudc bao nhidu s& nhu th&?

T céc chii 6 1, 2, 3, 4, 5, 6, 7, 1ap dudc bao nhiu s6 chén:
a) Gém ba chit s67? b) Gém ba chit s6 d6i m6t khéc nhau?

Trong mét trudng trung hoc phé théng, khéi 10 ¢6 245 hoc sinh nam va 235 hoc
sinh nil.

a) Nha trudng cin chon mét hoc sinh & khéi 10 di du budi giao Iuu v6i hoc sinh cac
trudng trung hoc phd théng trong tinh. Héi nha trudng cé bao nhiéu cich chon?

b) Nha trudng cin chon hai hoc sinh & khéi 10, trong d6 c6 1 nam va 1 ndi, di du trai
he cta hoc sinh trong tinh. Héi nha truding c6 bao nhiéu cach chon?

Trong giai thi diu béng ¢ World Cup, vong bang ¢ 32 d6i tham gia, dudc chia 1am
8 bang, mbi bang c6 4 ddi ddu vong tron mot lugt. Tinh s8 tran duge thi ddu trong
vong bang theo thé thic trén.

( Canada, ma buu chinh ¢6 6 ki ti gbm: 3 chi cai in hoa (trong s& 26 chit céi
ti€ng Anh) va 3 chit s8. M&i mi buu chinh bit dau bing 1 chil c4i va xen k& bing
1 chit s8.

(Nguon: https://capath.vi/postal-code-canada)
a) C6 thé tao diige bao nhiéu ma buu chinh?
b) C6 thé tao dugc bao nhidu mi bit ddu bang chii S?
¢) C6 thé tao dige bao nhitu ma bit diu bing chit § va két thic bing chii s& 87
Mot hing thdi trang dua ra mot miu 4o s6 mi mdi ¢6 ba mau: tring, xanh, den. M6i
loai c6 cdc ¢d S. M, L, XL, XXL.
a) V& so @b hinh cdy biéu thi cic loai 40 s6 mi v6i miu va ¢d 40 néi trén.
b) Néu mot clta hang mudn mua tit ca cdc loai 40 so mi (di1 loai mau va dt loai cd d0)
va mbi loai mot chiée dé vé gidi thidu thi cAn mua tit ca bao nhiéu chiéc 40 s6 mi?
Mot khich san nhé chuén bi bita #n sing gdm 2 db udng 1a: tra va ca phé; 3 mén in
1a: phd, bin va chdo; 2 mén trang miéng 1a: banh ngot va stia chua.
a) V& so @6 hinh cay biéu thi c4c cdch chon khiu phin in gdm dh ba loai: 48 udng,
moén dn va mén trang miéng.
b) Tinh 8 cach chon khiu phén #n gdm: 1 d5 udng, 1 mén in va 1 mén trang midng.
Cho kiéu gen AaBbDdEe. Gia st qud trinh giam phén tao giao ti binh thudng,
khong xay ra dot bién.
a) V& s0 @b hinh cdy biéu thi sy hinh thanh giao ti.
b) Tii d, tinh s& loai giao tl cta kiéu gen AaBbDdEe.



§2 HOAN VI. CHINH HOP

Trong vong dau loai tryc tiép cia giai béng da,
néu sau khi két thic 90 phut thi ddu va hai higp
phu ma k&t qua vAn hoa thi loat d4 luan luu 11 m
s& dudc thuce hién. Trude hét, mbi déi cii ra 5 ciu
thu thuc hién loat d4 luén lvu.

0% gy
Trong todn hoc, moi cdch xép | W Tl

(Nguon: hitps://shutterstock.com) thit ti dd luén tu ctia 5 cau thii
ditge goi la gi?

I. HOAN VI
1. Dinh nghia
') Husin luyén vién chon 5 cu thit An, Binh. Cudng, Diing. Hai 4 luan luu 11 m.

Neéu ba cach xép thir tw da luén luu 11 m cta 5 cAu tha trén.

Cho tap hgp A gdm 7 phan ti (n € N').
MB&i két qua ctia su sdp x&p thit ty 7 phan i ciia tip hgp A dudc goi 1a mdt hodn vi
ctia n phan tir 6.

Vidu 1  Hay liét ké cac sb gbm ba chit s& d6i mot khac nhau dudc 14p tif céc chitsd 1,2, 3.
Giai
Céc s6 gdm ba chii s6 d6i mdt khéc nhau dugc 1ap tit cdc chii s6 1, 2, 3 1a:
123, 132, 213. 231, 312, 321.

2. S8 céc hoan vi

@ﬁ» Mot 16p duogc chia thanh 3 nhém A, B, C d& tham gia hqat d6ng thyc hanh trai
nghiém. Sau khi cdc nhém thyc hién xong hoat dong, gido vién sip x&p thif ty trinh bay
cua 3 nhém.

a) C6 bao nhiéu cich chon nhém trinh bay thd nhat?

b) Sau khi d4 chon nhém trinh bay thi nhat, c6 bao nhiéu cach chon nhém trinh bay tha hai?
¢) Sau khi d4 chon 2 nhém trinh bay thit nhat va thi hai, c6 bao nhiéu cdch chon nhém

trinh bay thi ba?
d) Vé6i méi cach chon 3 nhém nhu trén. gido vién tao ra mét hodn vi ctia 3 phan ti. Tinh

8 céac hodn vi dudc tao ra.
i

Theo quy tdc nhan, s6 cdc hodn vi ciia 3 phan ttla: 3.2 . 1 =6. :@:ﬂé%
"::/‘g ' 4
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Trong trudng hop tdng quat, d6i véi tip hop A ¢6 n phan tit (n > 1), ta lam tiong ty nhu
trén d€ tao ra mdt hodn vi cia 7 phin tit d6 va s6 cdc hodn vi clia 7 phén ti trong tip hop A
la:n(n—1).....2.1.

r‘-r
Kihi¢uP la s cac hodn vi cua n phin ti. Ta c6: P" =nn—1)....2.1.
Quy udc: Tich 1.2 . ....nduge viétla n! (doc 14 n giai thua), tdc lan!=1.2. ... 1.

Nhu vay P =anl.

Jidu2 = Tinh s cach xép thit tw da luan lwu 11 m cta 5 cdu thi.
Gidi =

1 C6 bao nhiéu s§ gdm
sdu chii s6 d6i moét khic
b : B nhau dudc tao thanh ti cac
Viy sb cach sap xép la: P5= 5.4.3.2.1=120. chits§ 1.2, 3, 4.5, 67

M&i céch x&p thit ty da ludn luu 11 m chia 5 cau thi 1 mot
hodn vi cia 5 ciu tha.

Il. CHiNH HOP
1. Pinh nghia
Cho 3 diém A, B. C khdng thing hang. Liét k& céc vecto (khc 0) cé diém dau

va diém cuéi 1a 2 trong 3 diém d4 cho.

s

Ay "R . S -
A4 )ﬁ‘. ' Deé tao ra mot vecto nhut trén, ta phdi chon ra 2 trong 3 diém A, B, C
= 9 va xdc dinh thit 1y 2 diém do.

Trong thuc tién, bén canh viéc chon ra mdt s6 d6i tugng ti nhing déi tugng cho trude,
ta con cin sip x&p thd tu clia nhitng ddi tugng dudc chon ra.

Mot 16p ¢6 4 nhém hoc tap duoc dit tén 13 A, B, C, D. Gido vién thuc hién hanh
dbng sau: chon 2 nhém trong 4 nhém, sau d6 sip x&p thit tif trinh bay cta 2 nhém da
dudc chon ra. Néu 4 k&t qua thyc hién hanh dong cta gido vién.

Ta goi mbi két qua thuc hién hanh dong nhu thé 14 mét chinh hgp chap 2 cta 4 phan tit
dé cho.

lﬁr
i “ Cho tap hgp A gdm n phan ti vA mot s& nguyén k véi 1 < k< n.

M&i k&t qua clia viée 14y k phén tit ti » phin tl clia tp hop A va sip xép ching
theo mét thir tw nao do dwge goi la mét chink hop chdp k cia n phdn tit & cho.



Vidu3  Hay ligtké cac sb gbm hai chii s6 khac nhau dudc 18y tit cac chii s6 1,2, 3,4, 5.
Gidi
Céc s6 gbém hai chii s6 khdc nhau duge 1y tli c4c chit s6 1,2, 3, 4, 5 1a:
12, 13, 14, 15, 21, 23, 24, 25, 31, 32, 34, 35, 41, 42, 43, 45, 51, 52, 53, 54.

2. 8@ cic chinh hop

(}B Mot 16p duge chia thanh 5 nhém A, B, C, D, E dé tham gia hoat déng thuc hinh

trai nghiém. Sau khi cdc nhém thuc hién xong hoat ddng, gido vién chon 3 nhém trong

5 nhém va sip x&p thit ty trinh bay két qui hoat déng ciia 3 nhém di duge chon ra.

a) C6 bao nhiéu cich chon nhém trinh bay thi nhat?

b) Sau khi da chon nhém trinh biy thd nhét, c6 bao nhiéu cach chon nhém trinh bay
tht hai?

¢) Sau khi d4 chon 2 nhém trinh bay thit nhit va thi hai, c6 bao nhiéu cach chon nhém
trinh bay thir ba?

d) V6i mbi cach chon 3 nhém nhu trén, gido vién tao ra mdt chinh hgp chip 3 cta 5 phin
ti. Tinh s6 cdc chinh hop dugc tao ra.

Theo quy tdc nhén, sé cdc chinh hop chdp 3 ciia 5 phan tik la: 79 (@ ’3 >
5.4.3=60. &'

Trong trudng hgp t8ng quét, d6i véi tip hop A c¢é # phin tli (n > 1), ta 1am tuong tu nhu
trén d& tao ra mot chinh hop chip k ciia n phan ti d6 (1 < k < n) vi s8 cic chinh hgp chap
k ctia n phén ti trong tip hop A 1a: a(n — 1)..(n— k + 1).

o

Ki higu Aﬁ 12 86 c4c chinh hgp chép & cia n phén ti (1 < &k < n).

Tacé: AX =n(n—1)..(n—k+1).

Nhén xét: A" =P, Vne N

Vidu4 = (5 cac cin hd chung cu, ngudi ta thudng ding cic chii s8 dé tao
mit ma clia. Gia dinh ban Linh dit mat mi ctia 1a mot ddy s& gébm 6 chit s6
d6i mot khéc nhau. Héi gia dinh ban Linh c6 bao nhiéu céch dé tao mat ma?
Gidi
Mbi mit mi clia gia dinh ban Linh 12 mét chinh hgp chap 6 ciia 10 chit s&.
Viy c6 Ai’” =10.9.8.7.6.5=151200 (cich dé tao mat ma).




Ta c6 thé tinh s8 cdc hodn vi va s6 cdc chinh hgp
bing mdy tinh cAm tay nhu sau:

-

2 Trong vong diu loai
tric tiép cla mot giai

Nt giai thira: /) it chinh hgp [nPr | béng dé, néu sau khi két
thic 90 phit thi dau va
Tinh Nut 4n Két qua ca hai hiép phu clia trin
— ddu ma két qua van hoa
5! (é] ’SHIFT]@E] 120 thi loat dd ludn Iuu 11 m
6 s& dugc thyc hién. Tinh s&
SHIFT || nPi = K i e
Al m (n a @ [_] 151 200 cach chon ra va xép thi ty
5 cAu tht d4 luan Iiu tif doi
Vidu5 | Ding méy tinh cAm tay dé tinh: 121; A, 8z @o 111 e i
Gidi
Tinh Nut 4n Két qua
12! (12)(sHIFT](x])(=] 479 001 600

Ap, | (12)(sHIFT)(ner)(6) (=) 665 280

B eiiTae J

1.

T céc chiis6 1,2, 3, 4,5, 6,7, 8, talap dugc bao nhiéu s& tu nhién:
a) Gdm 8 chit s& d6i mot khac nhau? b) Gdm 6 chii s6 d61 mot khac nhau?

Trong chuong trinh ngoai khod gido duc truyén théng, 60 hoc sinh dudc trudng t8
chic cho di xem phim. Céc gh€ & rap dugc sip thanh cdc hang. M&i hang c6 20 ghé.
a) C6 bao nhiéu cich sdp x&p 20 ban d& ngdi vao hang diu tién?

b) Sau khi sip x& xong hang diu tién, c6 bao nhidu cich sip x&p 20 ban dé ngdi
vao hang thi hai?

¢) Sau khi sip x&p xong hai hang dAu, ¢6 bao nhiéu cich sip x&p 20 ban dé ngdi vao
hang thi ba?

Ban Viét chon mat khiu cho email ciia minh 12 mét diy gdm 8 ki tu déi mot khac
nhau, trong d6 ¢6 3 ki ty dau tién 1a 3 chii cdi trong bang gdm 26 chii cdi in thudng
va 5 ki tu tiép theo 1a chit s6. Ban Viét ¢6 bao nhiéu cdch tao ra mat khau?

M&3i mdy tinh tham gia vao mang phai c6 mot dia chi duy nhat, goi 1a dia chi IP,
nh3m dinh danh may tinh d6 trén Internet. Xét tip hop A gdm cic dia chi IP ¢6 dang
0. 1,2, 3,4, 192.168.abc.deg, trong d6 a, d 1a cac chir 6 khac nhau duoc chon ra
tir cac chit s6 1,2, con b, ¢, e, g la cac chit s& d6i méot khac nhau dwoc chon ra tir cac
chit s6 5. Hoi tip hop A c¢6 bao nhiéu phan ti?

Mot nhém 22 ban di chup dnh ki y&u. Nhém muén trong biic dnh ¢6 7 ban ngdi & hang
d4u va 15 ban ding & hang sau. C6 bao nhiéu cach x&p vi trf chyp 4nh nhu vay?



§3  TO HOP

Trong mét gidi béng ban d6i nam, mdi do6i
8 ngudi chon 2 van dong vién dé tao thanh mdt
cdp dau.

AT
Trong todn hoc, mbi cdch chon Tl
2 vén dong vién tr 8 van dong
vién dé tao thanh mot cdp ddu

(Ngudn: https://shutterstock.com) duoc goi la gi?

1. Pinh nghia

=KD Doi tuyén béng ban nam cha trudng c6 4 ban Manh, Phong, Cudng, Tién.

Hu#n luyén vién muén chon 2 ban @& tao thanh mét cip diu dbi nam.

a) Néu 3 cach chon ciip dau.

b) Mbi ciip ddu 14 mét tip con gdm bao nhiéu phan ti dugc 14y ra tii tip hdp gébm 4 ban
néi trén?

[

P~ Cho tap hop A gbm # phin tif va mét s& nguyén k véi 1 <k < n.
MB&i tip con gém k phan tif dudgc 14y ra tit n phan ti ctia A dude goi 1a mot 6 hop
chép k cita n phan i 36.

Vidyl = Ban Quén c6 4 chiée 4o s6 mi khac mau 1a 40 vang, 40 xanh, 4o tring va 40 niu.
Ban mudn chon 2 chiéc o d& mic khi di du lich. Viét céc t6 hop chip 2 ctia 4 chiée 4o.
Gidi =
Cic t6 hgp chap 2 clia 4 chiéc do la: LS
1 Viét tit ca t6 hdp
chap 2 ctia 3 phan ti
(s ek

{40 vang; 4o xanh}, {40 vang; 4o tring}. {40 vang; 40 nau},
{40 xanh; 4o tring}, {40 xanh; 40 nau}, {40 tréng; 40 ndu}.

2. S& cac t6 hop

Cho tép hap A = {a; b; ¢; d; e}.

a) Néu cach 14y ra mét 3 hgp chap 3 ciia 5 phén ti trong A.

b) Néu cach 1ay ra mot chinh hgp chap 3 clia 5 phén tf trong A.

¢) So sdnh cdch 18y ra mot chinh hgp chap 3 ctia 5 phan tii trong A véi céch 18y ra mot
t8 hgp chap 3 cta 5 phin ti trong A.



/ Bugetap N\
[ con 3 phéin tr

|
Liy mét 16 hap e /

i
A chip 3 Ly\ L] (¢] ,

Hodin vi 3 phin i trong 5 hop

\~ ™~
/ ® % / Buge mit
[ | [ chinh hgp chip |
L 2 I T e e :Wc:&u‘i“;;;n.r.!]:
» g Tao ra mdt chinh hep chip 3 \ ek /
s /
g cua 5 phin uf N 9080/

- N -

MGéi t6 hop chdp 3 ciia 5 phan tit sinh ra 3! chinh hop chdp 3 ciia
5 phén tit vi ¢6 3! hodn vi ciia 3 _:)J'I(ifrlffi", Vi thé, sé chinh hgp chdp 3
ciia 5 phdn tie nhiéu gdp 3! ldn s6' 16 hop chap 3 ciia 5 phan tt.

Nhén xét: S& chinh hgp chip k ctia n phin ti nhidu gap k! 13n s6 t6 hgp chap k clia n
phén ti 6.

e

¢ 5 . A
Ki hiéu Cf‘r 12 36 t8 hop chip k ctia n phan ti vé6i 1 < k < n. Ta cé: Cﬁ = k—"‘

]
Vide2 | Ching minh C* =—  voil<k<n.
"k (n=k)!
Gidi
= - 2 1
Ta co: Aﬁ=n(n—1)...(n—k+1)=”(” D..(n=k+1(n i),,,2,|= n! _
(n—k).2.1 (n—k)!

Al !
Dodo Cl="n-_ T

k' kl(n—k)!

Quy ude: 01=1; CY =1.
Véi nhiing quy udc trén, ta ¢6 céng thifc sau:
F'-'y

k n!

=—" vii0<k=<n.
okl(n=k)!

Vidu3 =~ L6p 10A ¢6 18 ban ntt va 20 ban nam.
a) C6 bao nhiéu cach chon 3 ban nii trong 18 ban ni?
b) C6 bao nhiéu cach chon 5 ban nam trong 20 ban nam?
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¢) Cé bao nhidu cach chon mét t8 xung kich gébm 3 ban A=

nit va 5 ban nam? 2 Trong mdt budi tap huin
Gidi cho cac bi thu chi doan cé
a) Méi cach chon 3 ban nif trong 18 ban nif 12 mét t6 hop 10Mban, nam. Hoi c6 bao
chip 3 ctia 18 phén t, do d6 c6 Cfs cdch chon. nhiéu cach chon 3 ban nam

P ., d&tham gia mdt trd choi?
b) Moi cich chon 5 ban nam trong 20 ban nam la mét to

hop chap 5 cla 20 phin wi. do d6 ¢6 C;O céch chon.

¢) S8 cach chon mét t6 xung kich gdm 3 ban nit va S ban
nam la:
Cjy - C3p = 816. 15 504 = 12 651 264.

- Ta c6 thé tinh s& céc t6 hgp biing mdy tinh cdm

N
tay nhut sau: Nt t8 hop: [HCT] =

: I 3 Dung may tinh cim tay
Tinh Nut an Keét qua dé tinh:

Cl, |[0)[sHIFT|(ncr](4)(=) 210 a) C2; b) CL.

3. Tinh chat ctia cdc s6 C:

Sosanh:a) C2 va Cl;  b) C2+ClvaCl.
Mot céch téng quét, ta cé hai ding thic sau:

=

C CJJR([](,({;”\‘[C +C l—Ci“Sk{J?).

-1 it—

. BAI TAP

Cho 8 diém sao cho khong ¢6 3 diém nao thing hiang. C6 bao nhidu tam gidc véi
3 dinh 12 3 diém trong 8 diém di cho?

2. C6 10 ddi tham gia mdt gidi béng dd. C6 bao nhiéu cich x&p trin ddu vong tinh
diém sao cho hai dbi chi gidp nhau ding m6t 1an?

3. Khéi 10 ¢6 16 ban nit va 18 ban nam tham gia dot tinh nguyén Miia he xanh. Poan
trudng dy dinh 1ap mét 8 trdng cAy gdm 3 hoc sinh c6 cd nam va nit. C6 bao nhiéu
cach 1ap mdt t& tréng ciy nhu vay?

4. Mot quan nhé bay ban hoa c6 50 bong hdng va 60 bong ciic. Bic Ngoc mudn mua
5 bong hoa gdm c hai loai hoa trén. Bic Ngoc ¢6 bao nhiéu cdch chon hoa?

5. Tinhtdng )3 +C}2+Clq.



§4 ' NHI THUC NEWTON

2
(?: ) Lam thé nao dé khai trién cdc biéu thitc (a + b)Y, (a + b)°
C;’ S mot cdch nhanh chong?

Tadabift (a+ b)Y =a’ +3db+3ab> +b°=1.a°+3 .. b' +3.a" . b+ 1.0,
a) Tinh C3, C}, C3, G5
b) Chon s thich hop cho [ 7] trong khai trién sau:

@+ =d 2edd S llptedd A 2 dY g,

/

@\@ (a+by =03 . +CL . B +C2 . a>2 b3+c-‘ b,
VJ o

Trong tong trén, s hang ddu tién c6 dang C3 a , 50 hang cubi cing

c6 dang Cy b mbi s6 hang con lai déu c6 dang Ck AL

Tuong tu nhut vy, ta c6 cac khai trién sau:
- = 2y a3l 3 '
(a+b)*=C§.a*+Cy . a* b+l PP Py D Y LB
=Cla* +Cha’b +Cia?h? + Clab® + Cib*.
(@+b)’=C.°+CL . b v a7 P+ R+ S v LB

=C’ +Cla*b+C2a’h” +Cla®b® + Clab* + CIp°.

i.‘a
" (a+b)*=Cla’ +Cla’b+Cia’h” + Chab® + Cyb*
=a* +4a’b+ 64’ + 4ab® + b*.
(a+b)’ =Cla’ +Cia*b + C3a’b” + Cla’b® + Clab* + Cp°
=& +5a* b +10a°0* +10a°b* + 5ab* +b°.

Nhitng cong thic khai trién néi trén 12 céng thic nhi thiic Newton (a + b)" ting v6i
n=4;n=5.Cong thic khai trién (a + b)" v6i n 14 s& nguyén duong 16n hon 5 dugc trinh
bay cu thé trong Chuyén dé hoc tap Todn 10.
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Vidyl = Khai trién biéu thic (x + 1)*, =

. 1 Khai trién biéu thic
Gidi @ + )
Tacé: (x+ D=x*+4.2 . 1+6.x>. 1%+4.x. P+ 1* !

=x'+ 4 + o’ + dx L.

Tidy2 = Khai trién biéu thic (x — 1)*, o
2 Khai trién bi€u thiic
Gidi @ 3
Tacé: (x— 1 =[x+(-D]*

=xt+4 2 D62 P44 x (- D (= 1)

=x'—ad +ex’—dx+ 1.

e
Vidy3 = Khai trién cdc biéu thic sau: “& Tinh:
a) (x - 2v)%; b) Gx — y)’. a) CY+CL +C3 +C +C}
Gidi b) c2-cl+C2-Cl+ct-C3.
Ta cé: i i 2 - = =z

D=2 =x+ 20 =44 0 (=2 + 6.5 (=29 + 4 x (= 29+ (= 2y
= x*— 8x%y + 24x%y? - 3207 + 16y
b) 3x—y)’ = [3x+ (- )P
=G0’ +5. 030" . (=y)+10.Bx) . (=y)?+ 10. Gx)’ . =y’ +5.60 . =)'+ (=y)’
= 243x° - 405xYy + 270x°y? — 9027y + 150" — y°.

B BAi TAP
1. Khai trién céc biéu thic sau: 5 .
( 1 ( 1
a) (2x + 14 b) 3y — 4y o) Lx+5} : d) Lx——] ,
2. Khai trién céc biéu thic sau:
a) (x+ 1) b) (x — 3y)°.

3. Xdc dinh hé s6 cha x* trong khai trién bidu thic (3x + 2.

4 5

I j .

4. Chorl—fx =a +tax+ax’+ax +ax+ax. Tinh:
L 27 ) (O 73 3 & 5

a)a3; b)a0+a|+a2+a3+a4+a5.

5. Cho tap hgp A ¢6 5 phén ti. S6 tap hgp con clia A 14 bao nhiéu?



20

BAI TAP CUOI CHUONG V

a) C6 bao nhiéu cach x&p 20 hoc sinh theo mot hang doc?
A.20%. B. 20! C. 20. D. 1.

b) S& céch chon ra 3 hoc sinh tit mét 16p ¢6 40 hoc sinh 1a:
A Al B. 40°. 3. D. Cl,.

Ban Dudng ¢6 2 chiée quin gdbm: mot quin miu xanh vi mot quin mau den; 3 chiéc
40 gdbm: mdt 40 mau niu, mdt 40 miu xanh va mdt 40 mau vang; 2 ddi giay gdm:
mot doi gidy mau den vi mdt d6i giay mau 6. Ban Duong muén chon mdt bd quan
40 va mot d6i giay dé di tham quan. Bing cdch v& sd db hinh cdy, tinh 6 cdch chon
mot bo quin 40 va mot ddi giay cho ban Duong.

Trong mit phing. cho hai dudng thing song song a va b. Cho 3 diém phan biét trén
duding thing a va 4 diém phan biét trén duding thing b. C6 bao nhiéu tam gic c6 ci
3 dinh 12 3 diém trong 7 diém néi trén?

Trong mit phing, cho 6 dudng thing song song va § dudng thing song song ciing
vubng géc véi 6 dudng thing d6. C6 bao nhiéu hinh chit nhat dugc tao thanh?

Khai trién céc biéu thic sau:
a) (4y — 1)*; b) (3x + 4y)°.

Mat khdu cia mdy tinh 13 mét diy cac ki tu (c6 k& thd tif tii trdi qua phai) duge chon
tl: 10 chii s6, 26 chif cdi in thudng, 26 chii céi in hoa va 10 ki ty dic biét. Ban Ngan
muén 1dp mot mat khiu clia méy tinh c6 d6 dai 12 8 ki tu bao gdm: 4 ki tu ddu tién
12 4 chit s& d6i mot khac nhau, 2 ki tu tiép theo 1a chit cdi in thudng, 1 ki tu tiép theo
niia 14 chit c4i in hoa, ki tu cu6i cuing 14 ki tu d&c biét. Ban Ngan c6 bao nhiéu cich
14p mot mat khiu cia mdy tinh?

M6t trudng trung hoc phd thong t6 chitc cudc thi chay tiép sic giita cdc 16p véi ndi
dung 4 x 100 m va yu cAu méi ddi gdm 2 nam, 2 nit. Ban An duge gido vién giao
nhiém vu chon ra 4 ban va sz“ip x&p thi tu chay cta céc ban d6 dé ding ki du thi.
Ban An c6 bao nhiéu cdch 13p ra mot ddi thi da didu kién ding ki? Biét 16p ban An c6
22 nam va 17 ni.

Bic Thao muén mua 2 chiéc may tinh dé phuc vu c6ng viée. Ngudi ban hang gi6i thiéu
cho béc 3 hing mdy tinh d& tham khao: hing thit nhét c6 4 loai mdy tinh phit hop,
héng thi hai c¢6 5 loai mdy tinh phu hop, hing thif ba ¢6 7 loai mdy tinh phu hop.
Béc Théo cé bao nhiéu cdch chon 2 mdy tinh ding cho céng viéc?



CHUONG \ MOT sO YEU TO
VI / THONG K€ VA XAC SUAT

Trong chuong nay, ching ta sé tim hiéu nhiing néi dung sau:
s8 gan dung, sai s6; cac s6 déc trung do xu thé trung tdm va do
muc dé phan tan cho mau sé liéu khéng ghép nhom; xac suat
cUa bién c6.

§1 @ sO GAN PUNG. SAl SO

Trai P4t véi tén goi “Hanh tinh xanh” 13 ngdi nha
chung ctia nhin loai. Trong Hé Mit Trai, Trai Dat
12 hanh tinh thé ba tinh ti Mt Troi, déng thdi ciing
1a hanh tinh 16n nhét trong c4c hanh tinh dt d4 xét vé
ban kinh, khéi lugng va mat d6 vat chat.

Tréi Pét c6 dién tich toan bd bé mit 12 510,072 tridu km’.
(Nguon: https:/fvi.wikipedia.org)

Con s6' 510,072 (triéu km?) & -
(Nguon: https://shutterstock.com) _s& chinh xdc hay s& gdn diing? ﬂﬁg‘\\;

1. 6 GAN PUNG

Ho4 don tién dién thing 4/2021 ca gia dinh bac Mai 1a 763 951 ddng. Trong
thyc t&, bac Mai di thanh todn (hod don) biing tién miit cho ngudi thu tién dién s6 tién 1a
764 000 dbng. Tai sao bic Mai khong thé thanh todn bing tidn mit cho ngudi thu tién
dién $6 tién chinh x4c 12 763 951 dong?

Trong do dac va tinh todn thuc tién, déi khi ta khong st dung dugc cac s& chinh xéc
(ching han s6 763 951 & trén) ma phai sit dung nhiing s8 gin diing v6i s6 chinh xdc.

L
[ Trong do dac va tinh toén, ta thudng chi nhin dugc cic s6 gan ding.
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Il. SAI $6 CUA s6 GAN DUNG

1. Sai s6 tuyét déi

Mot bdn hoa cé dang hinh tron véi

béan kinh 12 0.8 m.

a) Viét cong thiic tinh dién tich S ctia bén hoa
theo © va bdn kinh 0,8 m.

b) Khi tinh dién tich ctia bdn hoa, ban Ngin 1ay
mot gid tri gin ddng cla = 1a 3,1 va duge két

qua la: (Nguén: hitps://commons.m.wikimedia.org)
3,1.(0,8)°=1,984 (m?).
Gidtri | §—1.984| bidu dién diéu gi?
‘Er.y
Néu a 1a s6 gan dang cta sé ding @ thi A= lz — al dwoc goi 1a sai s6 tuyér doi
cla s6 gin ding a (Hinh 1).

Hinh 1

Vidul = Mot bdn hoa c¢6 dang hinh tron véi ban kinh 1a 0,8 m. Hai ban Ngan va Anh
cung mudn tinh dién tich § clia bdn hoa d6. Ban Ngan 1dy mét gié tri gin ding ciia w12
3.1 va dugc két qué 1a S|. Ban Anh 14y mot gié tri gin diing ctia = 1a 3,14 va dugc két
quala §,. So snh sai s& tuyét d6i Ay, clia 56 gan ding S va sai 6 tuyét d6i Ay ctas6
gin dung S,. Ban nao cho két qua chinh x4c hon? )

Gidi
Tacé: S, =3,1 . (0,8)= 1,984 (m?);
,=3.14. (0.8)%=2.0096 (m?).
Tathdy: 3.1 < 3,14 < nén 3,1.(0,8)> < 3,14 . (0,8)> < = . (0.8)" tic 1a SI < S2 <S.
Suyra A, = IS -8, <|s-$|= Ag - Vay ban Anh cho k&t qua chinh x4c hon.

Chii y: Sai s6 tuyét d6i ctia s& ghn diing nhén dugdc trong mot phép do dac, tinh todn cang
bé thi k&t qua clia phép do dac, tinh todn d6 cang chinh xac.
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2. D6 chinh x4c clia mét s0 gin diing

Hay wéc luong sai s6 tuyét ddi Ay & Vidu 1.

Dé wde luong sai s6 tuydt ddi do. ta lam nhu sau:

Do3,l<m<3.15nén3,1.(0,87°<m.(0.8)<3.15. (0.8 Suyra 1.984 < § < 2.016.

Viy Ag =[S - 5[ <2,016 - 1,984 = 0,032.

Ta néi: Két qua cia ban Ngn ¢o sai s6 tuyét dbi khong viat qua 0,032 hay ¢6 db chinh xéc

12 0,032.

Nhdn xét: Gia st a 1a sé gin dung cia sé ding @ sao cho A, = la —al <d.

Khidé: A, =la-al<d o -d<a-a<doa-d<a<a+d

Mot cich téng quit:

e
Tanéi ala sb gin ding ciia s6 ding @ véi d6 chinh xdc dnéu A, = |7 —dl < d

va quy uéc vistgonla @ = a t d.

Nhdn xér: Néu A < d thi s§ ding @ ndm trong doan [a - d ; a + d]. B&i vy, d cang nho
thi do sai 1&ch clia $6 gAn ding a so v6i s6 diing @ cang it. Diéu d6 giai thich vi sao d
dugc goi 1a @ chinh xdc ctia s6 gan ding.

Vidy2 | Hay wéc lwong sai sb tuyét dbi Asz 6 Vidul.
Gidi
Do3,14 <m<3,15n8n3,14 . (0.8)> < 7. (0,8)> < 3,15 . (0.8)°. Suy ra 2,0096 < § < 2,016.
Vay A = |s . 52| < 2,016 — 2,0096 = 0.0064.

Ta n6i: K&t qua ciia ban Anh c6 sai s6 tuyét déi khéng vudt qua 0,0064 hay c6 d6 chinh
xédc 12 0.0064. Khi d6 ta c6 thé viét S = 2,0096 + 0,0064.

3. Sai s6 tuong déi

Céc nha thién vn tinh duge thoi gian dé
Trdi Dit quay mdt vong xung quanh Mit Trai 1a
365 ngay i% ngay. Ban Hung tinh thoi gian di

bd mdt vong xung quanh sin vin dong cua trudng
khoang 15 phut + 1 phut. Trong hai phép do trén,
phép do nao chinh xidc hon?
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Phép do clia cic nha thién vin c6 sai s& tuyét d6i khong vugt qud % ngay, cé nghia 1a
khéng vugt qué 360 phit. Phép do cta Hing c6 sai s8 tuyét d6i khdng vudt qud 1 phiit.
N&u chi so sanh 360 phiit va 1 phit thi c6 thé din dén hiéu riing phép do ctia ban Hiing
chinh x4c hon phép do cla céc nha thién van. Tuy nhién, ]Z ngay hay 360 phat 1a do
chinh x4c ctia phép do mét chuyén dong trong 365 ngy, con 1 phit 1a d6 chinh xdc clia

1

g i
phép do mdt chuyén déng trong 15 phiit. So sanh hai ti s& S = 0.0006849...
’ i 365 1460

va IL' = 00,0666..., ta thiy ring phép do clia cac nha thién vin chinh x4c hon nhiéu.
5

Vi dy trén cho ta thdy: Sai 6 tuyét di clia s6 gan dang nhan dugc trong mdt phép do dac,
tinh toén d6i khi khong phan dnh dAy dd tinh chinh xéc ctia phép do dac, tinh to4n dé.

Vi vily, ngodi sai s6 tuygt d8i A_ciia s6 gan ding a, ngudi ta con xét mét 4 s§ khdc lién
quan d&n sai s6.

'a“ir
Tis6 6, = —‘i duoc goi la sai s6 firong doi cua s6 gan dung a.
al
Nhéan xét

*Néua=atd thiA <d. Dodé d, < ﬁ Vi vay, néu ﬁ cang bé thi chat lugng cia
a a
phép do dac, tinh todn cang cao.

o Ngudi ta thudng viét sai s6 tuong déi dudi dang phin tram. Ching han, trong phép do
thoi gian Trdi DAt quay mot vong xung quanh Mit Trdi thi sai s6 tuong ddi khéng vugt qui
1

e L 0.068%.
365 1460

1. SO QuUY TRON. QUY TRON $6 PUNG VA sO GAN PUNG
1. S6 quy tron

G 16p 7. ta da biét quy tic 1am tron (con goi a quy trdn) s8 nguyén hoic s6 thap phan dén
mot hang nao d6 (goi 1a hang quy tron).
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Ta c6 dinh nghia sau:

i

" Khi quy tron mét s& nguyén hodic mot s& thap phan dén mét hang nao d6 thi s6
nhan dude goi 1a s6 quy tron cia 8 ban dau.

2. Quy tron sé dén mot hang cho trude

Trudc hét, ta néu lai quy tic quy tron s8 nguyén hoic s8 thap phan dén mét hang cho
trude nhut sau:

* Néu chit s§ ngay sau hang quy tron nhé hon 5 thi ta chi viéc thay thé chii s6 d6 va céc
chit s6 bén phdi né bdi 0.

* Néu chii s8 ngay sau hang quy tron 16n hon hofc béng 5 thi ta ciing lam nht trén nhung
cong thém mot don vi vao chii s6 ctia hang quy tron.

Quy tron s8 3,141 d&n hang phén trim rdi tinh sai s& tuyét d6i ciia s6 quy tron.
Khi quy tron s8 3,141 dé€n hang phén trim ta dugc s6 3,14 va sai s8 tuyét d6i caa s6 quy
won 1a 3,141 — 3,14| = 0,001 < 0,005. Do vay, s& quy tron 3,14 12 s8 gén ding ciia 3,141
véi d6 chinh xac 0,005.

Nhdn xét: Khi quy tron s6 nguyén hodc s6 thip phan dén mot hang cho trude thi sai s6
tuyét d6i ctia s& quy tron khéng vugt qua nita don vi clia hang quy tron. Nhu vy, ta cé
thé 14y d6 chinh xdc cua s6 quy tron bing nlia don vi ciia hing quy tron.

3. Quy tron sé gan diing ciin cif vao d6 chinh xic cho trude
Cho s8 gin diing a = 1,2345 véi do chinh xdc 0,005. Hay doc hai yéu cdu sau
va cho biét hai yéu cAu d6 khac nhau nhu th& nao:
a) Quy tron s6 gin ding a = 1,2345 dén hang phén trim;
b) Quy tron s8 gn ding a = 1,2345.
Quy ude: Cho a 1a s§ gin ding v6i dd chinh xéc d. Gia sif a 14 s6 nguyén hodc s6 thip
phan. Khi dugc yéu cdu quy tron s& @ ma khdng néi rd quy tron d&n hing nao thi ta quy
tron s6 a dén hang thip nhit ma d nho hon mdt don vi clia hang d6.

-

Vidu3 = Viéts6 quy tron cia mbi s& gin ding sau: 1 Hay viét s6 quy tron ctia
a) S8 gin ding a = 1 941 247 véi @6 chinh xéc d = 300. S(igﬁh ding a = 28,4156
b) S& gén ding a = 4,1463 v6i d6 chinh xédc d = 0,0095. biét

a = 28,4156 £ 0.0001.
Gidi
a) Do 100 < d = 300 < 1 000 nén hang thdp nhit ma d nhé hon mdt don vi ciia hiang d6 1a
hang nghin. Vi thé, ta quy trdn s6 a d&n hang nghin theo quy tic quy tron da néu & trén.
Vay s8 quy tron clia a 13 1 941 000.
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b) Do 0,001 < d = 0,0095 < 0,01 nén hang thip nhat ma d nhé hon mot don vi ciia hing
d6 1a hang phén tram. Vi thé&, ta quy tron s6 ¢ dén hang phan trim theo quy tic quy
tron d4 néu & trén. Vay s8 quy rdn clia a 1a 4,15.

Nhu ta dd biét, néu s6 ding 13 s6 nguyén hoic s& thap phan thi ta c6 thé tim
dé dang s gin diing v6i d6 chinh xdc cho trude bling cich quy tron v& hang thich hop.
Tuy nhién, viéc biéu dién s6 thic v& dang s& nguyén hoiic s8 thap phan trong thuc tién
12 khdng don gian. Ngay nay, ta c6 thé si dung may tinh cAm tay hotic cdc phuong tién
tinh todn hién dai d€ giai quyét vin dé dé. "
Sit dung mdy tinh cAm tay, tinh 37 . V14 (trong két qua lay o o
2 St dung may tinh
- . pliy R P cAm tay, tinh /15 :5 -2
Dé thuc hién phép tinh trén ra két qua cé bon chit s6 6 (trong két qué Iy hai chit
phén thip phan. ta ¢6 thé lam nhu sau: $6 & phin thap phan).

* An lién tiép (»] = 3 Hay tim hidu khéi
* Tiép tuc &n 1an lugt [SHIFT|[SETUP| (6 | thi man hinh hign ~ 1uong cua Trdi Dat, Mt
ra Fix 0 ~ 9? Troi va viet két qua dudi
] dang sb gan diing.

bon chii s& & phan thap phén).

An tiép [4] d& 14y bon chit s6 thap phan. K&t qua hién ra
man hinh l1a 8183.0047.

Tidu4 = Mot td gidy A4 cé dang hinh chii nhit véi chidu dai, chidu réng 14n lugt 1a
29,7 cm va 21 cm. Tinh d6 dai duding chéo cia 16 gidy A4 d6 va xac dinh do6 chinh xac
cta két qua tim duge.

Gidi
Goi x 14 dé dai duéng chéo clia t&s gidy A4 da cho. Theo dinh li Pythagore, ta c6:
x =+29,72 + 212 = /882,00 + 441 = J1323,09 = 36,3743...
Néu 14y gid tri ghn ding cla x 14 36,37 ta ¢6: 36,37 < x < 36,375.
Suy ra |x — 36,37| < 36,375 - 36,37 = 0,005.
Viy dd dai dudng chéo clia t gidy A4 dd cho la x ~ 36,37 va d6 chinh x4c clia k&t qua
tim dugc 1a 0,005, hay néi cach khic x = 36,37 £ 0,005.

. BAI TAP

Quy tron s6 — 3,2475 dén hang phén tram. S8 gin ding nhan digc c6 db chinh x4c
la bao nhiéu?

2. Viét sé quy tron ciia mdi sb gan ding sau vé6i dé chinh xéc d:

a) 30.2376 v6i d = 0.009: b) 2.3512082 véi d = 0.0008.

3. Ta d biét 1 inch (ki hiéu 1a in) 12 2,54 cm. Man hinh clia mét chiéc ti vi c6 dang
hinh chi nht v6i d6 dai dudng chéo 12 32 in. ti s6 gitta chidu dai va chidu rong ctia
man hinh 1a 16 : 9. Tim mét gia tri gan dung (theo don vi inch) cta chi€u dai man
hinh ti vi va tim sai s& tuong ddi, d6 chinh x4c cta s8 gin ding do.
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co CAC SO DAC TRUNG DO XU THE TRUNG TAM
3= CHO MAU SO LIEU KHONG GHEP NHOM

Viét Nam 6_0 Brunci SEA Games 30 d4 di vao lich st ctia Thé thao
V'; S i - Vigt Nam. LAn ddu tién, Viét Nam ciing dugc
TGINAI - 40 Huy chuong Vang cd béng dd nam va béng
Viét Nam 2-1 Indonesia | da nit. Dic biét, s& ban thing trung binh ciia
Singapore 0-1 Vit Nam | doi tuyén béng dd nam U22 Viét Nam trong
VigtNam | 2-2 | ThdiLan | mMmoitrdndaula343.
i St Sampchi S& ban thdng trung binh trong moi
Indonesia 0-3 Vigt Nam trdn dau duge tinh nhy thé nao?

Bdng 1. Bdng két qud thi ddu bong dd cia
déi tuyén bong dd nam U22 Viét Nam Cr‘!‘
tai SEA Games 30 ol

I. 5O TRUNG BINH CONG (SO TRUNG BINH)

1. Dinh nghia

K&t qua do chiéu cao (don vi: xing-ti-mét) ciia 5 ban nam t6 I 1i:
165 172 172 171 170

Tinh trung binh cdng cta 5 s6 trén.

&
[" S6 trung binh céng clia mdt miu n s lidu théng ké bing téng caa cac s6 lidu chia
cho s8 céc 6 ligu d6. S trung binh cong ¥ ctia miu s6 lidu x,, x,, ..., x_1a:
XXy X,

2

n

Vidy 1 = K&t qua 4 1an kiém tra mén Todn ctia ban Hoa % &=
la:7 9 8 9 "1 Quan sét Bing I va

Tinh s8 trung binh céng ¥ clia miu s6 lidu trén. giai thich tai sao sG ban
thang trung binh cuia doi

Gidi > tuyén béng da nam U22
S& trung binh céng ¥ ciia mu s8 lidu trén 1a: Viét Nam trong méi trin
74+04+84+90 déu 1a 3,43.
XT=e————— = 33 = 8.25.
4 4

Nhan xér: Cong thiic tinh s trung binh céng X khi c6 cdc s8 liéu théng ké bing nhau
c6 thé viét lai 6 dang:
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f:7+8+2.9:§:&25‘
1+1+2 4

Ta c6 thé tinh s6 trung binh céng theo cic cong thic sau:

* S& trung binh céng ¥ cia miu sb lidu thong ké AT
: A ool pem i x| x| we | x
trong bang phan bo tan sd la: 1]72 k
R R Tén s§ n | ny | e n
Iy ey
* S6 trung binh cdng X cua mau so li¢u thong ké
trong bang phan b& tn s& tudng déi 1a:
¥ =fix, + L+ o+ fixg, Gidtri | X | X | e |
i, n, Tén s6
L .o
trong d6 f| = = — s = = it A i s T

véin=n +n,+ .. +n,.

20y nghia

Trong thuc tién, d& tim hiéu mot déi tugng théng k&, ta dua ra tiéu chi thong ké va tién
hanh thu thap nhiéu 14n s& lidu thdng ké theo tiéu chi dé, tao thanh miu s6 lidu. Cin ci
vao mAu s6 liéu d6, ta rit ra nhitng k&t ludn c6 ich vé d6i tugng théng ké. DE két luan
rit ra phén dnh diing dn ban chit ciia d6i tiigng, ta cAn nhan biét dude hinh thai va xu
thé thay ddi ctia miu s6 liéu. Vi cdch nhin nhin nhu thé, s& trung binh cong ciia miu
s6 ligu cé y nghia sau:

Khi cdc s6 liéu trong mdu it sai léch voi sé trung binh cong, ta c6 thé gidi quyét dugc van
dé trén bdng cdch ldy s trung binh cong lam dai dién cho mau 56 liéu.

Chéing han, d& dy bso lugng mua trong thing 8 tai Ha Noi, ngudi ta tién hanh do lugng
mua cla tiing ngdy trong thang 8 tai HA N&i va dugc mau sé ligu gdm 31 s& lidu. S&
trung binh cdng clhia miu s lidu @6 dugc xem nhu lugng mua trung binh thing 8 tai
Ha Ngi. Thong ké lugng mua trung binh thang 8 tai Ha N9i trong nhiéu nim lién (i€p s&
cho ta nhiing du bdo (ngay cang chinh x4c hon) lugng mua trung binh thdng 8 tai Ha N6i
trong nhitng nam sip téi.

Il. TRUNG VI

1. Dinh nghia

Diém kiém tra m6n Todn clia m6t nhém gdm 9 hoc sinh nhu sau:
11367838910

Tinh s6 trung binh c6ng cia miu s6 lidu trén va néu nhén xét.
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Nhén xét: S8 trung binh cdng ciia mau s8 lidu trén la:

¥ 1+1+3+6+7+8+8+9+10

9

Quan st mAu s8 lidu trén, ta thay nhiéu s6 liéu c6 sy chénh 1&ch 16n so véi s trung binh
cong. Vi viy, ta khéng thé 14y s6 trung binh cdng lam dai dién cho miu s6 lidu ma ta
phai chon s6 djc tring khac thich hop hon. Cu thé, ta chon s dirng chinh gitta mau sé
lidu trén, tirc 1a s8 7, lam dai dién cho mAu s6 liéu do.
=y

SAp thd t mAu s6 lidu gém n s8 ligu thanh mot diy khong giam (hofic khéng ting).

~ 35,9,

* Néu n 12 6 12 thi s6 lidu ding & vi tri thit % (s6 diing chinh gitia) goi 1a
trung vi. -

¢ g ¢ , s 9a P P o8 fer Syt o
* Néu 7 1a 6 chén thi s& trung binh cdng cia hai s6 lidu ding & vi trf thi — v

n . .
= 1 got la trung vi.

&

Trung vi ki hiéu 1a M.

Vidy 2 = Thoi gian (tinh theo phdt) ma 10 ngudi ddi & ;

bén xe buyt Ia: 2 Nhiét d6 budi t6i &

Ha Noi ngay 21/11/2021

28 12 34 146 13 25 42 19 35 08 1c 20 gid, 21 gid. 22 gio,

Tim trung vi cia méu sé liéu trén. 23 gid lan luot la 26. 25,
23, 23 (don vi: °C).

Gidi (Ngubn: hitps:/jaccuweather.com)

Tim trung vi ciia miu s&

Bude 1. Sip x&p cdc 8 liéu ciia mAu trén theo thit ty L
liéu trén.

khéng giam:

08 1,2 1,3 19 25 28 34 35 42 14,6
Butde 2. Xac dinh xem s6 cdc s8 liéu la sb chin hay s6 16 dé tim trung vi:
Miu s6 liéu trén ¢6 10 8. S6 thi ndm va so the sau 1an lugt 12 2,5 va 2.8.

Vivay M, = % = 2,65 (phiit).

Nhdn xét
* Trung vi khéng nhat thiét 1a mot s6 trong mau s6 liéu va dé tinh todn.

* Khi cic s6 liéu trong miu khdng c6 su chénh 1&ch 16n thi s8 trung binh cong va trung vi
x4p xi nhau.
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2.Y nghia

Néu nhitng s6 liéu trong mau c6 sif chénh léch 16n thi ta nén chon thém trung vi 1am dai
dién cho miu s6 liéu d6 nhim diéu chinh mét s& han ché khi st dung s6 trung binh céng.
Nhiing két luan vé d6i tugng théng ké rit ra khi d6 sé& tin ciy hon.

Chéng han, s8 trung binh cong ctia miu s& 1iéu théng ké trong Vi du 2 1a:

i 28+12+34+14.0+ 1.3I:r) 25+42+1.9+3.5+0.8 — 3,62 (phiit).

Vi thé, néu chon thém trung vi M, =2.65 (phiit) 1am dai dién cho méu s8 liéu dé thi két
luén vé& thoi gian dgi & bén xe buyt s& tin ciy hon.

1l. TU PHAN VI
1. Pinh nghia

Xét miu s6 liéu dugc x&p theo thi tu ting dan:
123456789 1011

Tim trung vi cia méu sd liéu trén.

Nhdn xét

Trung vi ctia mAu s6 liéu trén 12 6. Tuy nhién, nhiéu s6 liéu trong miu vin c6 su chénh

léch 16n so véi 6, ching han: 1, 2, 10, 11. Vi thé, ta c4n chon thém nhiing phén ti dic

trung cho méu s& liéu.

Nita ddy phia dudi s8 6 (tic 14 nhiing s6 nhé hon 6) bao gbm 1,2, 3.4, 5, ¢6 trung vi 12 3.

Nita ddy phia trén $8 6 (tdc 1 nhiing s6 16n hon 6) bao gdbm 7, 8, 9, 10, 11, ¢6 trung vi

1a9.

Ba phin tit 3, 6, 9 chia miu s& ligu thanh bén phén c6 s8 lugng phén tii bing nhau la

{1; 2}, {4: 5}, {7: 8}, {10; 11}.

Ta chon b ba 8 3, 6,9 13 bd s6 dic trung cho mAu s6 liéu.

s
" Sdp thit ty mAu s6 liéu gdm 7 s6 liéu thanh mot dy khéng giam.

Tit phdn vi cua mau sb lidu trén 1a bb ba gia tri: tr phan vi thir nhat, tir phan vi

thtr hai va tir phan vi thir ba: ba gia tr ndy chia mau s6 liéu thanh bén phan c6 s6

lwong phan tr bing nhau.

* Tt phan vi thtt hai Q, bing trung vi.
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* N&u 7 1a 56 chin thi t& phan vi thit nhat Q| bing trung vi ca nia diy phia dusi
va td phén vi thi ba Q, bing trung vi clia nita diy phia trén.

* N&u 7 1a 56 I¢ thi tit phan vi thd nhat @, bing trung vi clia nifa diy phia dudi
(khéng bao gdm Q,) va ui phan vi thi ba Q, bing trung vi chia nita ddy phia trén
(khéng bao gébm Q).

Ta minh hoa tG phan vi cia mdt mAu s& liéu gém 11 s& lidu trén truc s6 nhu sau:
1 ) X3 .’f4 .x5 .xﬁ X X,

>
—e

LS
©
(]

Vidy3 ~ Tim tir phan vi cua mau s6 liu:
21 35 17 43 8 59 72 119
Biéu dién tif phan vi d6 trén truc s8.

Gidi i
F
Mau s8 liéu trén dudc sip x&p theo thi ti khéng gidm nhu sau: |~ 3 Tim t¢ phan vi cila
8 17 21 35 43 59 72 119 mau s6 lidu:
11 48 62 81 93 99 127
Lo ox e R 35+ 43 -
Trung vi ctia mau s6 liéu trén la: p = 39. Biéu dién tt phan vi trén
17“ 51 truc so.
Trung vi ciia day 8, 17, 21, 35 Ia: + ¥ 19,
: 59 + 72
Trung vi ciia diy 43, 59, 72, 119 1a: + = 65,5.

Vay 0, =19, 0, =39, 0, = 65.5.

TG phén vi d6 dudc bidu dién trén truc s6 nhu sau:
8 17 21 35 43 59 72 119

'~ =
2 ,|\ =

Q1|= 19 0,=39 Q,=655

2. Y nghia

* Trong thuc tién, c6 nhiing mAu s& liéu ma nhiéu s6 liéu trong mAu d6 vin con su chénh

léch 16n so véi trung vi. Ta nén chon thém nhiing s& khic ciing lam dai dién cho miu dé.

Biing cédch 14y thém trung vi clia tiing ddy s6 liéu tdch ra bdi trung vi ctia miu néi trén,

ta nhan dudgc td phin vi dai dién cho miu s6 liéu dé.

*Bobagidui Q, Q,, Q, trong t phan vi phan dnh d6 phén tin ctia mu s ligu. Nhung

mbi gid tri Q. Q,, O, lai do xu th€ trung tAm cta phén 56 lidu tuong dng cia mAu dé.
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IV. MOT
1. Dinh nghia

Béc Tam khai trucng cita hiang bdn 40 sd mi nam. S8 4o ctra hang dd bén ra
trong thdng dAu tién dugc théng ké trong bang tin s sau:

Cd ao 37 38 39 40 41 42 43
Tan s6
(S8 4o bén dudc) 15 46 62 81 51 20 3

Cd 4o nio clia hang bac Tam bén dugc nhiu nhat trong thing dau tién?

Ta c6 dinh nghia sau:
e

~ Mot chia mAu s6 liéu 12 gid tri c6 tn s8 16n nhat trong bang phan bd tan s6 va ki

hiéu 1a MO.
Chii y: M6t miu s6 liéu ¢6 thé c6 mdt hodic nhiéu mét.
Jidu4 = M6t trong bang tin & e

s6 thdng ké s6 4o ban ra trong 4 Két qua thi thii mén Todn ctia 16p 10A nhu sau:
thdng diu tién clia clia hang &
Hoat déng 4 1a bao nhiéu?
Gidi
Vi tin s6 16n nhat 13 81 va 81
tudng tng véi ¢6 do 40 nén
m6t ctia bing trén 1a 40.

567 5691085545457 458910
545657584956 56482879729
a) Mt ctia mau s8 liéu trén la bao nhiéu?

b) Tinh ti 1& s6 hoc sinh 16p 10A dat diém tit 8 trd 1én.
Ti 1& d6 phan anh diéu gi?

2Y nghia

MGt cia mot mAu s6 lidu dic trung cho s6 14n 1ip di Lip lai nhiéu nhét tai mot vi trf ctia mAu
s6 liéu d6. Dya vio mét, ta c6 thé dua ra nhiing k&t ludn (c6 ich) vé& d6i tugng thdng ké.
Chéing han, trong Vi du 4, m6t trong bang tin s& thong ké s6 4o ban ra trong thing dau
tién ctia cifa hang 14 40. Do vay, bac TAm nén nhéip vé nhiéu hon ¢ 4o 40 d& ban trong
thdng ti€p theo.

V. TiNH HOP Li CUA sO LIEU THONG KE

DPoc ki cdc ndi dung sau:

Sau khi thu thap, t6 chiic, phan loai va biéu dién s6 liéu biing bang hoic biéu dé, ta cin
phén tich va x{i If c4c s6 liéu d6 d& xem xét tinh hop 1i cla s8 lidu théng ke, diic biét chi
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ra dugc nhiing s6 ligu bt thudng (hay con goi 1a di biét, trong tiéng Anh 1a Outliers).
Ta c6 thé st dung cic s8 liéu dic trung do xu thé trung tAm cho mau s6 liéu khdng ghép
nhém d8 thuc hién didu dé.
Vidu5 = MAu s6 ligu sau ghi lai cin ning ctia 40 ban hoc sinh 16p 10 ctia mdt trudng

trung hoc ph6 théng (don vi: ki-16-gam):

30 32 45 45 45 47 48 44 44 49

49 49 52 51 50 50 53 S5 54 54

54 56 SH. 57 58 58.5 68,5 60 60 60

60 63.5 63 62 69 58.5 88 85 72 71
a) Xdc dinh trung vi, td phin vi cia mAu s& liéu trén.
b) Tit két qua cu a), budc diu xdc dinh nhiing s6 liéu bat thudng trong miu s6 liéu trén.
Gidi
a) MAu s8 lidu trén dudc sdp x&p theo thi tu ting ddn nhu sau:

30 32 44 44 45 45 45 4T 48 49

49 49 50 50 51 52 53 54 54 54

55 56 ST 57 58 58.5 58,5 60 60 60

60 62 63 63,5 68.5 69 71 72 85 88

54 + 55

* Trung vi cia mAu s& lidu trén L =¥54154

* Trung vi cha nita ddy phia dudi 30 32 44 44 45 45 45 47 48 49 49
49 50 S50 51 52 53 54 54 54 Ia: 49J2r49=49.

* Trung vi cia nda ddy phiatrén 55 56 57 57 58 585 585 60 60 60
60 62 63 635 685 69 71 72 85 88 la: OO ; D _ 0,
Viy 0, =49, 0,=54,5; 0, =60.

b) Dua vio trung vi, td phin vi ciia miu s6 liéu d4 cho. budc ddu ta c6 thé thiy nhiing s&
lidu bat thuding trong miu s6 liéu d6 13: 30 32 85 88.

Chii y: Trong thuc tién, nhiing 6 liéu bdt thudng ctia miu s& lidu dugc x4c dinh bing
nhiing c6ng cu todn hoc siu sic hon.

i rie
1. Chiéu cao (don vi: xiing-ti-mét) clia céc ban t8 1 & 16p 10A 1an luot La:
165 155 171 167 159 175 165 160 158
Déi véi mau s6 lidu trén, héy tim:
a) S6 trung binh cdng; b) Trung vi; c) Mét; d) Td phan vi.
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S$6 dbi giay ban ra trong Quy IV nim 2020 ctia mét ciia hang dudc théng ké trong
bang tin s6 sau:

Cd giay 37 38 39 40 41 42 43 44

Tén s6

(S8 88i gizy béin dugo) 40 | 48 52 | 70 | 54 | 47 | 28 | 3

a) M6t ctia méu s6 lidu trén 1a bao nhiéu?

b) Ctia hing d6 nén nhip vé& nhiéu hon ¢d gidy nao d& ban trong thang tiép theo?

Bdng 2 cho biét nhiét @ trung binh cic thang trong nim & Ha Noi.

Thing 1 2 3 4 5 6 7 8 9 10 11 12

Nhiét do

°C) 16,4(17,0/20,2|23,7(27,3 1 28,8|289(28,2/27,.2(24,6 21,4|18,2

(Nguén: Tap bdn d6 Dia li 6, NXB Gido duc Viét Nam, 2020)
Bdng 2

a) Nhiét d6 trung binh trong ndm & Ha Néi 1a bao nhiéu?

b) Nhiét d6 trung binh clia thang c6 gié tri thdp nhit 14 bao nhiéu dd C? Cao nhat
1a bao nhiéu d6 C?

Bdng 3 cho biét tdng dién tich riing tit nim 2008 d&n nim 2019 & nudc ta.

Nim 2008 | 2009 | 2010 | 2011 | 2012 | 2013 | 2014 | 2015 | 2016 | 2017 | 2018 | 2019

Téng dién
tichrimg |13,1]13,2]13,4/13,5(13,9 14,0 13,8 14,1 144 14,4/14.5|14,6
(triéu ha)

(Nguén: https://baodantoc.vn)
Bdang 3

a) Dién tich ritng trung binh clia nudc ta tif nim 2008 d&n niim 2019 14 bao nhiéu?
b) Tir nim 2008 d&n nim 2019, dién tich ring clia ndm c6 gia tri thap nhit 1a bao
nhiéu triéu héc-ta? Cao nhat 14 bao nhiéu triéu héc-ta?
¢) So vé6i nim 2008, ti 18 tdng dién tich ring ctia nudc ta nim 2019 ting 1én dugc
bao nhiéu phin tram? Theo em, ti 1& ting d6 1a cao hay thap?
d) Hay tim hiéu s6 liéu v& téng dién tich riing cia tinh em dang séng trong mot s&
nim gin day.



s3 CAC SO DAC TRUNG DO MUC DO PHAN TAN
32> ' CHO MAU sO LIEU KHONG GHEP NHOM

K&t qua 5 bai kiém tra mén Toén clia hai ban Diing va Huy dugc thong ké trong bang sau:

---""-‘--q___q__ Piém kiém tra
= Bai 1 Bai 2 Bai 3 Baid Bai 5
Hoc sinh e
Diing
Huy

Bdng 4

K&t qud lam bai kiém tra mén Todn ciia ban nao dong déu hon?

I. KHOANG BIEN THIEN. KHOANG TU PHAN VI

1. Pinh nghia

4 K&t qua cia 11 14n do duoc théng ké trong mau sb liéu sau:
2516879101214 11 6 (1)

a) Tim hiéu gilia s& do 16n nhat va s6 do nho nhat.

b) Sip x&p cac s8 liéu cia miu (1) theo thd ty ting dan. Tim cdc gi tri 0,0,0,1a
td phén vi cia méu d6. Sau dé. im higu 0,-0,

Nhan xét
* Trong mau s& liéu (1), hiéu gitta s& do 16n nhat va s& do nhé nhat 1a
R=%,,-%,,=16-2=14.

S6 R goi 13 khodng bién thién cia mAu s6 liéu (1).

* Sip x&p céc s6 lidu ctia mAu (1) theo thit t ting dén, ta dugc:
25678910 11 12 14 16

Viy 0,=6,0,=9,0,=12.Suyra AQ =0, - Q, =12-6=06va goila khodng uf phan vi

cta miu s6 liéu (1).

o

"« Trong mot mau so liéu, khodng bién thién 13 hiéu s& gilia gia tri 16n nhat va gia

tri nhé nhat ctia mAu s6 ligu do.

Ta c6 thé tinh khoang bién thién R cha mAu s6 ligu theo cong thic sau: R=x  —x .,
trong d6 x 12 gid tri 16n nhat, x_ 13 gid tri nho nhét cua miu s8 lidu d6.
*Giasi Q, 0, % lﬁ’tlff phén vi ctia mau s6 Liéu. Ta goi hiéu AQ =Q, -0, lakhodng
i phdn vi cia mau s6 liéu dé.
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Chii y: Khoang tf phan vi cia mAu s& liéu con goi la khoang trai giia (ti€ng Anh la
InterQuartile Range — IQR) ctia mAu s& lidu d6.

Tidy1 = MAu s8 lidu théng ké chidu cao (don vi: mét) ciia 15 cay bach dan la:
63 66 7,5 82 83 7.8 79 90 89 72 75 8,7 7.7 88 7.6 (2)

a) Tim khoang bié&n thién ctia miu s6 liéu (2).

b) Tim khoang ti phin vi ctia mAu s& liéu (2).

Gidi

a) Trong~m§u s6 lidu (2), s 16n nhét 12 9,0 va s6 bé nhét 1a 6,3. Vay khoang bién thién
ctia miu s6 liéu (2) la:

R=x_—x =90-63=27(m)
b) Sip x&p céc s6 liéu chia miu (2) theo thi tu khéng giam, ta dudc:
63 606 72 75 75 76 7,7 7.8 7.9 82 83 87 8.8 89 90

Dod6 Q, =7.5 (m): @, = 7.8 (m); 0, = 87 (m).

Vay khoing tif phan vi clia mau s6 lidu (2) la: A, = Q, - @, =8,7 = 7,5 =12 (m).

ax

2.Y nghia

a) Y nghia ciia khoang bién thién: Khodng bién thién ciia miu s6 liéu phdn dnh s
“dao dpng”, “su dan trdi” cia cdc s6 liéu trong mdu d6. Khoang bién thién dugc st
dung trong nhiéu tinh huéng thuc tién, chdng han: tim ra sy phan tan diém kiém tra cta
mét 16p hoc hay xdc dinh pham vi gid cd cua mot dich vy ...

Theo céch nhin nhu 6 trong vt 1i, & d6 bién d dao dong phan anh khoang cach tit diém
cin bing dén diém xa nhat cda dao dong, néu coi s8 trung binh cong 12 “diém cin bing”
ctia miu s& ligu thi khoang bién thidn ctia mAu s6 lidu c6 thé xem nhu hai 1dn bién d6
dao ddng cia cdc 56 liéu trong mAu d6 quanh diém can bing.

Trong céc dai lugng do mitc d6 phin tdn ctia miu s6 liéu, khoang bién thién 1a dai lugng
dé hiéu, d& tinh toan va tuong ddi t6t d6i v6i cdc miu s6 lidu nho. Tuy nhién, do khoing
bién thién chi sit dung hai gid trix,_ vax__ctia mau s8 lidu nén dai luong d6 chua dién
giai ddy du su phén tén clia cc s6 lidu trong miu. Ngoai ra, gid tri cia khoang bién thién
s& bi anh hudng bdi cic gia tri bat thudng ctia méu s6 liéu d6. Trong nhiing trudng hop
nht vy, khoang bién thién cta mAu s6 liéu khéng phan dnh chinh xdc dd dan trai cla
miu 6 liéu.

b) Y nghia ciia khoang ti phan vi: Khodng tit phan vi la mét dai lugng cho biét mitc
dp phén tdn ciia 50% s6 liéu chinh giita ciia mdu s6 liéu da sdp xép va c6 thé gitip xdc
dinh cdc gid tri bt thuong ciia mdu s ligu d6. Khodng td phén vi thudng dugc st dung
thay cho khoang bi€n thién vi n6 loai trii hdu hét gid tri bit thudng cia miu s6 licu.
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Il. PHUONG SAI

1. Dinh nghia
S Tigu théng ké két qui 5 bai kiém tra mon Todn ﬂr
cua ban Diing 12: 8 6 7 5 9 (3) (xem Bdng 4). Moi hi¢u gitia s6 liéu va
S& trung binh céng cia miu s6 lidu (3) 1 :;; ;zlzgcg;niléfcl?gug dggldéfil
T = 8+6+7+5+9 =4 véi s6 trung binh cong.
5

a) Tinh cac do léch sau: (8 —7); (6 —=7); (7T—=T7); (5-7): (9 -"T).

b) Tinh binh phuong cic dd 1éch va tinh trung binh cdng ctia ching.

|
L

Trung binh ¢fng cua binh phuong cac dd 1&ch la: -@ ; f‘?ﬁ =
2 2 2 2 2 M\ (EO0
s2=(8 N +O6-7+@-+6E-7V+0-7) _2 L —
3
$6 5% dugc goi 1a phuong sai chia mAu s6 liéu (3).
M@t céch téng qudt, ta c6 dinh nghia sau:
i-‘-r
~ Cho mAu s6 liéu théng k& c6 n gid tri S - -5y X, VL s6 trung binh cong la X.
] ) 2
. X=Xy +(x, %) +..+(x, — % ~
Ta goi s6 s° = ] Y+ -0 3 la phuong sai cua mau
n
s6 liéu trén.
Nhdn xét
* Khi c6 cic s6 liéu bing nhau, ta c6 thé tinh phuwong sai theo cong thic sau:
+ Phuong sai clia mAu sé liéu théng ké trong bang
phéin b6 tn s6 1a: O
& - 5 Gia tri XX e X
y  mx =X +n(x, %) 4. +nx, -X)
¥ = " 2 ~
" ) Tan so Ry e |1y
trongd6 n=n, +n, + ... +n; X 1a sd trung binh
cong clia céc s6 liéu d4 cho.
+ Phuong sai clia mAu sé liéu théng ké trong bang
plzlﬁn bo tan sd t;Idng doi la: , . Gia tri E ,
= fi(x, -%) + %) it =M,
$ = filq =3 + 0, ~F) fily = o .
trong d6 X Ia s8 trung binh cOng cua cic s6 liéu twong déi HL |~ 4
da cho.



* Trong thuc t&, ngudi ta con diing cong thitc sau d& tinh phucng sai ctia mdt miu sé lidu:
2 n2 )
2 (x, = %) +(x, %) +...+(x, - %)

1 . trong d6: x, 1a gid tri cGa quan st thi i;
n—

¥ 12 gid tri trung binh va 2 14 s6 quan st trong mau s6 liéu dé.

1idu2 = Mau s lidu théng ké két qua 5 bai kiém tra mén Todn ctia ban Diing, ban
Huy lan lugt 1a:
8 6 75 9 (3
6 7 7 8 7 (4)(xem Bdng 4).
S6 trung binh codng ciia mAu s6 lidu (3) va (4) déu
la:x =17.

MO D
.

a) Tinh phuong sai si) , si, 14n lugt cta hai miu s&
liéu (3) va (4).

b) Xét mau s6 liéu (3), ta goi do dai doan thang M H,
14 d6 léch ctia s6 liéu thong ké Z, ddi véi s6 trung
binh ¢ong X =7 (Hinh 2). So sinh phuong sai Hinh 2
slz) ctia mAu s6 lidu (3) va gid tri cfia biéu thic

2 2 2 2 2
M H + MyH5 + MoHy + M, H + MsHj .
5
¢) So sanh 57, va 57, . Tl d6 cho biét ban n2o c6 két qua kiém tra mén Toan déng du hon.

Gidi

— W

Biil B2 Bai3 Baid BaS B
kiém tra

2 B=TP+(6-72+(T-1>+(5-12+9-7

a) Taco: sp, = =3k
) 5
5 6=T+T=-T+(T =T +8-7+(T-7° 2
S = =—=10,4.
e 5 5
b) Véi mau s6 ligu (3), ta cé: K
MH, =187, MyH, =|6-7|, M H, =|7-1, 1 Méu s6 liéu v& thdi gian
M.H. =l5-7. M.H.=lo—17. (don vi: gidy) chay cu li 500 m
478 | . s lo-71 cta 5 ngudi la:
Vi thé 5 ) : b : 55,2 58,8 62,4 54 594 (5
52 = M+ MoyH, & MH + MyHG + MsHs gy 6 tigw vé thas gian (don
5 vi: gidy) chay cu li 1 500 m ctia

Nhu vy, phuong sai s7, danh gid mdc d6 phan 5 ngudi do la:

tan két qua 5 bai kiém tra mén Todn clia ban Diing 271,2 261 276 282 270 (6)
(s0 v6i s8 trung binh cong ¥ =7 ). Tinh phuong sai ctia miu (5) va
mau (6). Tii d6 cho biét cy li chay

2 _ 5 am o T I
c)Do sy =0,4<s5;, =2 nén ban Huy c6 két qua T @8 L S

kiém tra mén Todn ddng déu hon ban Diing.
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2.Y nghia

Phuong sai 1a s6 dic trung do mic d6 phan tin cta mau s6 liéu. Miu s& lidu nio cé
phuong sai nhé hon thi mic d6 phan tdn (so véi s& trung binh céng) clia cdc s6 liéu trong
mau dé s& thap hon.

. 86 LECH CHUAN

1. Dinh nghia

(S Trong Vi dy 2, phuong sai cita miu s6 ligu (4) 1a s = 0.4. Tinh s, = 3.
e

“ Cin béc hai (s hoc) clia phuong sai goi 12 dg Iéch chudn cia mAu s6 liéu théng ké.

Nhdn xét: Vi @9 1éch chudn c6 ciing don vi do véi s6 liéu thong ké nén khi c4n chi y dén
don vi do thi ta sir dung d6 1éch chuan ma khéng st dung phuong sai.

lidu3 = Bdng 5 théng ké nhiét d6 (don vi: °C) & Thanh phd H& Chi Minh ngay
03/6/2021 sau mét sé 1an do.

Théi diém do 1h 4h 7h 10h | 13h | 16h | 19h | 22h
Nhiét 36 (°C) 27 26 28 32 34 35 30 28

Bdng 5 4
A=
2 Miu s6 liu vé s6 lugng
b) Tinh s8 trung binh cOng. phuong sai va do léch 40 ban ra lan lugt i thang 1
chudn clia miu s6 lidu d6 dén thang 12 ciia mt doanh

a) Viét méu s6 lidu théng ké nhiét d6 tit Bdng 5.

nghiép la:
Gidi 430 560 450 550 760 430
a) MAu s6 liéu théng ké nhiét ¢6 nhin dudc tit Bdng 5 525 410 635 450 800 900
1a:27 26 28 32 34 35 30 28 Tinh d6 1&ch chuin clia mau s&
b) Nhiét dé trung binh 1a: ligu do.
e 27 +26+28 +32 +34 +35+ 30 + 28 =30 °C).

8
Phuong sai ctia miu s6 liéu d6 1a:
PNC —B 0 - - 0, — B (- F) + (x — D)+ (- + (g - F)
8
CEN D (2422447457400 + (-2 T8
B 8 T8
Do 1éch chuin cia mau s6 liéu do la: s = \/ﬁ ~ 3,12 (°C).

=73,
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2.Y nghia

Ciing nhu phuong sai, khi hai miu s6& liéu théng ké c6 ciing don vi do va c6 s6 trung
binh cong bing nhau (hoic xap xi nhau), mAiu s liéu nio c6 dd léch chudn nhé hon
thi mic d§ phan tdn (so vé6i s6 trung binh cong) cua cdc s& lidu trong miu dé sé thap
hon. D6 1éch chuén 1a s6 dic trung do midc dd phan tin ctia mau s6 lieu théng ké c6
cung don vi do.

IV. TINH HOP Li CUA O LIEU THONG KE

Ta c6 thé sit dung cic s6 dic trung do miic dd phan tdn cho miu s& lidu khong ghép
nhém @& chi ra duge nhiing s6 ligu bat thudng cia miu s8 liéu d6. Ta thudng si dung
khoang t phan vi d& x4c dinh s6 lidu bat thudng ctia miu s6 liéu. Cu thé nhu sau:

Gid st Q,, 0,, 0, 12t phn vi cha mau s6 ligu va higu A, =0, - Q, lakhoang tf phin
vi ctia miu s6 liéu d6. Mt gid tri trong mau s6 ligu dudgc coi la mot gia tri bat thudng
néu né nhé hon Q, - %A 0 hodc 16n hon Q, + %Ag. Nhu vy, khoang t& phan vi cho ta

céch nhin ra gi4 tri bat thudng ctia miu s6 lidu.

Tidu4 = Neéu céc gid tri bit thudng clia miu sd liéu théng ké sau:
S 619 21 22 23 24 25 26 27 28 29 30 31 32 33 34 48 49 (7
Giai
Mu s6 liu (7) c6 td phan vi 12 0, = 22; 0, = 27: 0, = 32. Suy ra
Ay=0,-0,=32-22=10.

3 3

Céc gid tri 5, 6 (nho hon Q) — ;AQ =22 - 7 10 = 7) va cdc gia tri 48, 49 (16n hon

0; + %AQ =32+ % 10 = 47) 1a cAc gid tri bat thudng clia miu s6 liéu (7).
Chii ¥: Ta ciing c6 thé xdc dinh s& li¢u bat thudng clia mAu s6 lidu bing s6 trung binh
c6ng va dd léch chudn. Cu thé nhu sau:

Gia st ¥, s 1an lugt 1a s trung binh cong va d6 1éch chuin ctia miu s6 lidu. Mot gid tri
trong mau s& liéu cling dugc coi 12 mot gid tri bat thudng néu né nhé hon X — 3s hoic
16n hon X + 3s. Nhu viy, s6 trung binh cdng va @6 1éch chuén cho ta cich nhan ra gid
tri bt thudng clia mau s& ligu.
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Wsairie

1.

Trong 5 14n nhay xa, hai ban Hiing va Trung cé két qua (don vi: mét) lan luot 1a

Hung 2.4 2,6 2,4 2,5 2,6
Trung 2.4 2,5 2,5 2,5 2,6

a) K&t qua trung binh cta hai ban ¢6 bing nhau hay khéng?
b) Tinh phuong sai ctia mu s6 ligu théng k& két qua 5 14n nhay xa ctia méi ban. Tii
d6 cho biét ban nio c6 két qua nhay xa én dinh hon.

‘R A 2 m == . ‘x . x Toc dd dng triing GDP
Biéu db doan thing & Hinh 3 biéu difn tc ¢ I8 e &

d6 tang trudng GDP cla Viét Nam giai
doan 2012 — 2019.

a) Viét mau s& lidu théng ké t6c do ting
truéng GDP nhan duige tit bidu db & Hinh 3.

(%61

]

b) Tim khoang bién thién ctia miu s6 liéu dé.

¢) Tim khodng t phan vi ctia miu s6 liéu d6. 7 . —=
] ) 2012 2013 2014 2015 2016 2017 2018 2019 Ndm

d) Tinh phuong sai va d léch chuan ciia (Nguon: https://gso.gov.vn)
miu s6 ligu dé. Hinh 3

Biéu d8 doan thing & Hink 4 biéu dién gia 1 g
vang bdn ra trong bay ngay diu tién cia k i
thiang 6 ndm 2021.

a) Viét miu s& lieu théng ké gid vang ban
ra nhan dudc tii biéu dd & Hinh 4.

b) Tim khoang bién thién ctia mAu s6 lidu dé.

¢) Tim khodng td phan vi ctia miu s6 liéu d6.

16 206 X6 46 56 66 76 Nedy

d) Tinh phuong sai va d6 léch chuin cia
mau s8 Lidu do6. (Nguén: hitps://bieudogiavang.vn)
: Hinh 4
D€ biét cAy dau phit trién nhut the ndo sau khi gieo hat, ban Chau gieo S hat dau vio
5 chéu riéng biét va cung cap cho chiing lugng nudc, anh sang nhu nhau. Sau hai tan,
5 hat d3u da ndy mam va phét trién thanh 5 ciy con. Ban Chau do chiéu cao tii r& d&n
ngon ctia méi ciy (don vi: mi-li-mét) va ghi két qua 13 mAu s6 lidu sau:

112 102 106 94 101
a) Tinh phuong sai va d l&ch chuin cta miu s8 liéu trén.
b) Theo em, céc cy c6 phit trién déng déu hay khéng?
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§4 XAC SUAT CUA BIEN co
- TRONG MOT sO TRO CHOI DON GIAN

Quan sit déng xu & Hinh 5 ta quy uéc: mit
xuét hién s6 5 000 1a mit sap hay mat S; mit
xuét hién Quéc huy Viét Nam 1a mit ngiia
hay mit N. Tung mdt déng xu cin d6i va
ddng chat hai 14n lién tiép. Xét bién c§ “Cé
it nhat mot 1an xut hién mit ngiia”.

F; Hai md cita déng xu
{{Vﬁ\ Hinh 5
i o N oz B , P
o= Lam thé nao dé tinh duoc xdc sudt

cia bién cé noi trén?

I. XAC SUAT cUA BIEN C6 TRONG TRO CHOI TUNG DONG XU

Trong trd choi tung ddng xu, ta quy udc dong xu la cin d6i va dong chat.

Tung mot déng xu hai 14n lién ti€p. Thuc hién c4c hoat dong sau:

Viét tap hop Q cdc két qua c6 thé xdy ra d6i v6i mit xuat hién cha ddng xu sau
hai I4n tung.

Nhdn xét

* Tap hop Q céc két qua c6 thé xay ra d6i véi mit xudt hién clia déng xu sau hai lan tung
1a Q = {SS; SN; NS; NN}, trong d6, ching han SN 1a két qua “LAn thi nhat ddng xu xuat
hién mit sdp, 1An thd hai déng xu xuat hién mit ngiia”.

s Tap hop Q goi 1a khong gian mdu trong trd choi tung mot ddng xu hai 14n lién tiép.

Xét sy kién "K&t qué cla hai 14n tung dong xu 12 gidng nhau”. Sy kién da néu
bao gdm nhitng k&t qua nao trong tap hop £2? Viét tap hop A cac két qua do.

Nhén xét

* Tap hop A cac két qua co6 thé xay ra dbi voi su kién trén la: A = {SS; NN}. Ta thay
A €. Tap hop A con goi 12 bién 6 ngdu nhién (hay goi tit 1a bién cé) trong trd choi
néi trén. Khi d6, su kién dd néu chi ra tinh chat d#ic trung cho cac phén tii cla tap hop A.
* Méi phin tii cia tdp hdp A dwoc goi 1a mot két qud thudn lgi cho bién c6 A: “Két qua
ciia hai ldn tung ddng xu 14 giéng nhau”.

42



Sé di ta goi nhling phén tli d6 1a két qua thuén 1gi cho bién c6 trén vi chiing dap tng
dugce ‘mong muén thé hién trong bién c6, d6 12 mit xuit hién & ca hai 14n tung déng xu
la giéng nhau.

Viét ti 6 gitta s6 phan tii chia tip hop A va s& phin tii cta tdp hop Q.
; o o P 2 1

Nhan xét: Ti s6 gitia s6 phén ti cua tdp hop A va s6 phan ti cla tip hop Q 1a i =g
Ti s6 nay dugc goi 1a xde sudt clia bign ¢8 A: “Két qud cda hai l4n tung déng xu 1 gi61-1g
nhau” trong tro chdi néi trén.
Trong trd choi tung mdt déng xu hai 14n lién tiép, 61 véi mbi bién c6 A, ta ¢6 dinh nghia
6 dién cua xdc sudt nhu sau:
F"-r

" XA4c sufit clia bién c8 A, ki hiéu P(A), 12 ti s8 giita s6 cdc két qui thuin lgi cho

bign c8 A va s6 phin ti ciia khdng gian mu Q:

n(A)
n(Q)’
& d6 n(A), n(Q2) 1an lugt 1a s& phan td ctia hai tap hdp A va Q.

P(A) =

m
Viduyl = Tung mo6t dong xu hai lan lién tiép. 3 gy iR v s
a) Tinh (Q2) v6i Q 1a khéng gian mAu trong tro choi trén.  1an lién ti€p. Xét bién co
b) Xét bién c8 B: “C6 it nhat mot 14n xudt hién mit ngita”, o 1t hal mot lan xuat
3 . A i . hién mat sap”. Tinh xac
Tinh xéc suat clia bién c6 B. suat ctia bién c6 néi trén.
Gidai

a) Khang gian miu trong trd chdi trén 14 tip hop Q = {SS; SN; NS: NNJ. Do d6, n(Q) = 4.

b) Cac két qué thudn Igi cho bién ¢6 B 1a: SN. NS, NN, tidc 1a B = {SN; NS:; NN}.
nB) 3

Q) 4

Vi thé, n(B) = 3. Vay x4c suit ctia bién c6 B 1a: P(B) =

Il. XAC SUAT cUA BIEN C6 TRONG TRO CHOI GIEO XUC XAC

Trong trd chdi gieo xiic xic, ta quy udc xic xic 1a can ddi va ddng chat.

Gieo mét xdc xc hai 14n lién tiép. Thyc hién cac hoat dong sau:

Viét tap hop € cac két qua c6 thé xay ra d6i v6i mit xudt hién ciia xtc xdc sau
hai 1an gieo.

Nhdn xét: Khi gieo mdt xtic xic hai 14n 1ién tiép, ¢6 36 két qua c6 thé xiy ra d6i véi mit
xudt hién cta xiic x4c sau hai 1in gieo, d6 la:
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(1;1) (1:2) (1:3) (1:;4) (155) (156)

2:1) (2;2) (2:3) 2;4 2355 2;6)

G:1 (3:;2) 333) B4 (3:5) (B:6)

@:h) (4:;2) (4;3) (4;4) (4:5) 4:06)

G (5;52) (553) (5;4) (535 (5:6)

6;1) (6:2) (6;3) (6;4) (6:5) (6;6)
* Tap hop Q cac két qua c6 thé xay ra déi véi mit xuat hién clia xdc xfc sau hai 14n gieo
Q= {(i;j)lij=1.2 34,5, 6}, trong d6 (i ; j) 12 k&t qua “LAn tha nhét xust hién
mit i chdm, 14n thd hai xuit hién mit j chAm”.

* Tap hop Q goi 1a khéng gian mdu trong trd chdi gieo mot xic xic hai 14n lién tiép.

Xét su kién “Téng s chim trong hai 14n gieo xic xdc bing 8”. Su kién di néu
bao gbm nhiing két qua nao trong tip hop Q7 Viét tap hop C cac két qua do.

Nhéan xét

* Tap hop C céc két qua c6 thé xay ra dbi véi sur kién trén 1a:
C={(2;6)3:5):4;4)(5;3);(6;2)}.

Ta thdy C < Q. Téap hop C ciing goi 1a bién cé ngdu nhién (hay goi tit 1a bién co) trong

tro choi néi trén. Khi d6, su kién da néu chi ra tinh chét dic trung cho cac phan tif cha

tp hop C.

s M&i phén tii cia tap hgp C dwoc goi la mot két qud thudn lgi cho bién ¢ C: “Téng s6
cham trong hai I4n gieo xic xdc bing 8.

Viét ti s8 giita s phin td caa tip hop C va sb phan tir cia tap hop Q.

. ¢ A . J 5
Nhdn xér: Ti s6 gita sO phan tir cta tdp hop C va s6 phan tir cia tp hop Q la o

Ti s8 nay duge goi 1a xdc sudt cia bign ¢8 C: “Téng s6 chdm trong hai 1an gieo
xdc xic bing 8” trong trd chdi néi trén.

Trong trd choi gieo mot xiic x4c hai 14n 1ién tiép, d5i v6i mbi bién ¢ C, ta c6 dinh nghia
c6 dién cua x4c suat nhu sau:

P
‘ " XAc suét cta bién ¢8 C, ki hiéu P(C), 1a ti s giita s6 cdc két qua thuan 1gi cho
bién ¢6 C va s6 phan ti ctia khong gian mau €2:
n(C)
pC) = 22
(C) Q)
4§ d6 n(C), n(Q2) 14n lugt 12 s6 phan ti ctia hai tap hgp C va Q.
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Vidy2 = Gieo mot xiic xic hai l4n lién ti&p. ;

2 Gieo mot xdc xac hai
lan lién ti€p. Xét bién cd
b) Xét bién c6 D: “S6 chdm trong hai 14n gieo déu la s618”. “S§ Chf‘m trong hai lan
gieo deu la s6 nguyén
t8”. Tinh xdc suit cta
Gidi bién ¢6 d6.

a) Tinh n(QQ) véi Q 1a khong gian miu trong trd choi trén.

Tinh x4c suat cua bién cd D.

a) Khong gian miu trong tro choi trén 1a tap hop
Q={G;Nli,j=1,2,3,4,5,6},
trong d6 (i ; j) 1a két qua “Lan d4u xuét hién mit i cham,
14n sau xudt hién mit j chdm”. Vay n(QQ) = 36.

b) Céc két qua thuin Igi cho bién ¢ D 1a: (1 ; 1); (1 ;3);(1;5); 3 ;1) (3 ; 3);
G55 GsD;G:3n G5 ticlaD={(1;1)0:3):5:55G;1);0G;3);
(3:5) (55 1);(5:3);(5:5)}. Do dd, a(D) =9.

ALEAEY B, ™

Q) 36 4

Vay xdc suit cua bién c6 D 1a: P(D) =

Psiiir

1. Tung mét ddng xu hai 14n lién ti€p. Tinh xdc suft cta bi€n c6 “K&t qua cta hai 1an
tung 1a khéc nhau”.

2. Tung mdt ddng xu ba lin lién tiép.
a) Viét tp hgp Q 12 khdng gian mAu trong trd choi trén.
b) X4c dinh mbi bién cé:
A: “Lin diu xuit hién mit ngtia”;
B: "Mt ngiia xay ra ding mét 1an”.

3.  Gieo mét xiic xic hai 14n lién tiép. Phat biéu m&i bién cé sau dusi dang ménh dé ndu
st kién:
A={(6:1);(6;2);(6:3):(6:4);(6;5);(6:6)};
B={(1:6)(2:;5);(3:4)(4:3)(5;2);(6:D};
C=1{(1;1%(2;2);(3:3):(4:4);(5;5); (6:6)}.

4. Gieo mét xiic x4c hai 14n lién ti&p. Tinh x4c suit cia m&i bién c6 sau:
a) “Téng s& cham xudt hién trong hai 1an gieo khong bé hon 107;
b) “Mit 1 chdm xuét hién it nhat mot 14n”.
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§5 | XAC SUAT cUA BIEN cO

Gieo mot xiic xic hai 14n lién ti€p. Xét bién c6
“Cé it nhat mot 1an xuét hién mit 6 chdm”.
o

of Lam thé nao dé tinh dugc xde sudt

I\‘-' - - 7 - e
ciia bién cd néi trén? Suubudieiopuie

I. MOT SO KHAI NIEM VE XAC SUAT
1. Phép thit ngiu nhién va khéng gian miu
Mat trong nhiing khai niém co ban ctia If thuyét xdc sudt 12 phép thit. Ching
han, tung ddng xu hay gieo xtic xic, ... 1a nhing vi du vé phép thii. Hiy néu mét s6 vi du
vé& phép thi.
Trong todn hoc phd thong, ta chi xét nhitng phép thi c6 thé xdc dinh dudc tap hop tit ca
cic két qua c6 thé xdy ra clia phép thit d6 va tap hgp nay 1a tip hitu han. Ching han, khi
tung mot ddng xu, ta bidt dudc mit xuit hign cia ddng xu la sdp holic ngtia.
s
" C6 nhiing phép thit ma ta khong thé doén trudc dugc két qua ciia né, mic du da
biét tip hop tat ca cac két qui cé thé c6 ciia phép thi d6. Nhiing phép thi nhu the
20i 12 phép thit ngdu nhién (goi tit 13 phép thu).

Xét phép thit “Gieo mot xiic xic mét 14n”, két qua c6 thé xay ra chia phép thii
12 s6 cham trén mit xuft hién cta xic xic. Viét tap hap Q cac két qua c6 thé xay ra cla
phép thii trén.
Nhin xét
* Tap hgp Q cac két qua c6 thé x4y ra ctia phép thi trén 12 Q = {1; 2; 3; 4; 5; 6}.
*» Tap hop Q goi 1a khdng gian mdu ctia phép thi.
M6t céch téng quit, ta c6 dinh nghia sau:
&
“"Tap hop Q céc két qua c6 thé xay ra ciia mdt phép thi goi 12 khdng gian méu clia
phép tha dé.
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Vidul = Mot hop cé 3 chiéc thé ciing loai. mbi thé dugc ghi mot trong cée s6 1, 2, 3;
hai thé khéc nhau thi ghi hai s6 khdc nhau. Rit ngdu nhién mét chiéc thé tif trong hop.
ghi lai s6 cua thé dudc rit ra v bd lai thé d6 vao hop. Xét phép thi “Riit ngiu nhién lién
tiép 2 chiéc thé trong hop”. Hay cho biét khng gian miu cia phép thi d6.

Gidi

Khéng gian miu ctia phép thi trén 1a tp hop Q= {(1 ;5 1); (1:2); (1:3); (2 1); (2:2);
(2;3);(3:1);(3;2); (3:3)}. 6 d6, ching han (1 ; 2) 1a k&t qua “Lan thit nhat rit ra thé
ghi s6 1, 1an thd hai rit ra thé ghi s6 2”.

Vidu2 = Mot hop cé 1 qua béng xanh, 1 qua béng dd, 1 qua bong vang; cic qua béng
¢6 kich thuéc va khéi lugng gi6ng nhau. LAy ngiu nhién mot qua béng tii trong hdp, ghi
lai mau ctia qua béng dugc 14y ra va bé lai qua béng d6 vao hdp. Xét phép thit “Liy ngiu
nhién lién ti€p 2 qua béng trong hop”. Hiy cho biét khéng gian mAu caa phép thi dé.
Gidi
Khéng gian miu ctia phép thi trén 1a tip hop Q = {XX; XP: XV: bb; BV, DX; VV;
VX: VD}, & d6, ching han XD 13 k&t qua “Lan thd nhat 14y ra qua béng xanh, 1in thi
hai 14y ra qua béng do”.

2. Bién c6
a) Pinh nghia

Xét phép thit T “Tung mét ddng xu hai 1in lién t&p”.

Khéng gian mAu caa phép thi trén 12 tip hop Q = {SS; SN; NS; NN}.

a) Su kién “K&t qua cla hai 14n tung 14 gi6ng nhau” tuong Gng véi tAp con A nio cla
tap hop Q7

b) Phat biéu tip con B = {SN: NS} cita khéng gian miu Q duéi dang ménh dé néu su kién.

Nhdn xét

* Mbi su kién lién quan dn phép thi T twong tng v6i mot (va chi mot) tdp con A cua

khong gian miu Q.

* Ngudc lai, méi tip con A clia khéng gian miu Q c6 thé phét biéu dudi dang ménh dé

néu sy kién lién quan dén phép thii T.

Mot cich téng quit, ta cé dinh nghia sau:

[&p=

V-7 Bién c6' ngdu nhién (goi tit 12 bién c6) 12 mot tAp con cia khdng gian miu.

Chii y: Vi su kién chi ra tinh chat dic trung cho cdc phén tif clia mdt bién ¢d nén ta ciing
20i su kign 12 bién c8. Chéng han: Su kién “K&t qua ciia hai 14n tung 12 giéng nhau” trong

et}

phép thii “Tung mét @dng xu hai 14n lién ti€p” 1a mot bién c6.
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17dy 3  Xétphép thit “Gieo mdt xiic xic hai 14n lién tiép”.
1 Xét phép thti “Gieo mot
xtic xdc hai lan lién tiép”.

a) Su kién “S6 chim
b) Phit biéu bién & trong lan gieo thd hai

D={(1;5:(5: ;2 4); (452 (3:3% (6:6)) 12 67 tiang ing v4i bién

4 ¢6 nao clia phép th trén?
cua khéng gian mau (cua phép thi trén) dudi dang b) Phat bidu bién o6

a) Sy kién “Téng s& chim trong hai ldn gieo chia hét
cho 57 twong ting v6i bién ¢b nao clia phép thii trén?

ménh d néu su kién. E={(5:6);(6:5);(6:6)}
- clia khong gian méu
Gidi (trong phép thi trén) duidi
a) Su kién “T6ng s6 chdm trong hai 14n gieo chia hét cho 5 dang ménh dé néu sy kién.

tudng ting v6i bién c6:
C={(1;4); (4:1):(253); 352):(4:6):(6;4);(5:5)}
ctia phép thii trén.

b) Tép con D bao gdm tat c4 cac phan tit ctia khdng gian miu ¢ tinh chit dic trung 14 tdng
hai s8 trong méi ciip chia hét cho 6. Vay bién c8 D ¢6 thé phét biéu dusi dang ménh dé
néu sy kign “Téng s& chim trong hai l4n gieo chia h&t cho 67.

b) Bién ¢6 khéng. Bién ¢ chic chin

Xét phép thi T véi khéng gian méu €2. M&i bién ¢8 12 mot tap con clia tép hgp Q. Vi thé,

tap réng & ciing 12 mét bign c8, goi 14 bién cd khong thé (goi tit 1a bién c6 khéng). Con

tap hop Q goi 1a bién cd chdc chdn.

Chéng han, khi gico mdt xdc xdc, bién c& “Mit xuat hién ¢6 7 chim” 1a bién ¢ khong,

con bién ¢ “Mit xudt hién c6 s& chdm khong vugt qua 6 1a bién ¢6 chic chin.

¢) Bién cé déi

Xét phép thii T v6i khong gian mau 14 Q. Gi st A 12 mdt bién ¢d. Nhu viy, A 12 tp con

clia tap hop Q. Ta xét tap con Q\ A 1a phin bu ciia A trong Q.

P

Téap con Q\ A xéc dinh mét bién ¢, goi a bigh c6 di ctha bign ¢6 A, ki hicu 1a A.

Chéng han, khi gieo ngiu nhién mét xdc xic mét 1dn, bign ¢6 “Mit xuit hién cha xic
x&c ¢6 s6 chdm 1 s6 187 12 bién cb d6i cta bién ¢b “Mit xuit hién cha xdc xic c6 s6
chim 12 s6 chin”.

Chii y: Néu bién ¢6 A duge m6 ti dusi dang ménh dé todn hoc Q thi bién ¢ d6i A dugc

m6 4 bing ménh @& pht dinh ctia ménh dé Q (tdc 1A ménh dé é ).
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3. X4c suat ciia bién ¢é
Xét phép thit “Tung mdt ddng xu hai 14n lién tiép”. Tinh x4c suat chia bi€n c8 A:
“Mit xuit hién clia ddng xu & ¢4 hai ln tung 1a giéng nhau”.
Mot cich téng quat, ta c6 dinh nghia sau:
Xét phép thi chi ¢6 mét s& hitu han két qua c6 thé xdy ra va kha ning xdy ra cia ting
két qué 14 gidng nhau. Goi Q 12 khong gian miu clia phép thi d6. Khi d6, véi mbi bién cd A,
ta c6 dinh nghia c8 dién cua x4c suit nhu sau:
e

n(A)

Xdc suit ctia bién c6 A, ki hiéu 1a P(A), bing ti s& @ G d6 n(A), n(Q) 1an ludgt
n

n(A)
n(Q)’

12 s8 phén tii cua hai (dp hop A va Q. Nhut vay: P(A)=

Vidu4 = Mot hop c6 5 chiée thé cung loai, méi thé dugc ghi mdt trong cic s6 1, 2, 3,
4, 5; hai thé khdc nhau thi ghi hai s6 khac nhau. Rit ngiu nhién ddng théi 2 chiéc thé ti
trong hdp.

a) Goi 12 khong gian mAu trong (rd chdi trén. Tinh s phan tit cta tap hop Q.
b) Tinh x4c sudt cia bign c6 E: “Téng cic s6 trén hai thé 1a s6 1&”.
Gidi
a) M&i phan tii cia khéng gian mAu Q 12 mdt t6 hgp chip 2 ca 5 phin ti trong tip hop
[1;2:3;4;5). Vi thé
5! 5.4

) =Ci=——_ =27 -1(.
=G =am=
b) Bién c6 E gbém cdc cdch chon ra hai chiéc thé ghi s 1a: 1 va2; 1 va4;2va3;2vas;
3va4;4vaSs. Vithé n(E) = 6. Vay xdc suét clia bién 6 E 1a:
WE) 6 _3

P(E) = = - 3
G n(2) 10 5

Vidy5 T mét hop chida 5 qua ciu tring va S qua ciu do, cdc qua ciu cé kich thude
va khéi luong giéng nhau, 14y ngiu nhién déng thoi hai qua cAu. Tinh xdc suit 1dy dugc
hai qua cu khac mau.

Gidi
MB&i 14n 18y ra ddng thdi hai qua cAu cho ta mdt t8 hgp chap 2 cua 10 phan ti. Do dé,
khéng gian miu Q gbém cic t6 hgp chap 2 cia 10 phén ti va
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-
. 100 10.9 =
e T R

Xét bién 8 G: “Hai qua ciu 14y ra khdc mau”.

2 Co 5 bong hoa mau
trdng. 5 bong hoa mau
vang va 6 béng hoa mau
d6. Nguoi ta chon ra
4 bong hoa tir cac bong
hoa trén.

Khi hai qua cAu 13y ra khdc mau thi mgt qua ciu 1ay ra c6
mau tring, qua cAu con lai ¢6 mau d. C6 5 cach lay ra
mA(_)t qua cau mau trang ya cling ¢6 5 cach lay ra mét qua Tinh xdc suit ciia bicn
cau mau do. Theo quy tdc nhan, ta c6 n(G) =5 .5 =25. 8 “B6n bong hoa chon

L . 2
Vay xéc sudt cia bién ¢6 G la: I 6 g2 (b g

1idy 6 = Nhan dip khai truong mét ctia hang kinh doanh @b dién t(r, khdch hang dau tién

sau khi mua hang s& dugc nhin mét phidu ting qua. Mén qua 1a mot chiéc tai nghe cta

mdt trong nim hang va tai nghe mbi hang cé di hai mau tring hosc den.

a) V& so @b hinh cay biéu thi cdc kha ning cia mt mén qua ma khdch hang diu tién c6
thé nhan dudc (it phidu ting qua.

b) Tinh x4c sudt ctia bién c¢6 H: “Khéch hang diu tién nhin dugc chiéc tai nghe mau
tréng tii phifu ting qua”.

Gidi

a) So dd hinh cay biéu thi c4c kha niing cia m6t mén qua ma khach hang dau tién cé thé
nhén dugc tii phi€u ting qua:

Qua ting
Tai nghe cua Tai nghe cua Tai nghe cua Tai nghe cia Tai nghe cia
hiing thi nhit hiing thif hai hiing thi ba hiing thaf i hiing thid nim
Miu Miw Mau Mi Miwu Mau Miwu Miw Mau Miu
tring den tring den tring den tring den tring den

b) Ta thiy khong gian miu Q 1a céc loai tai nghe dém theo hing va theo mau caa tai
nghe. Dua vao so d6 hinh cay & trén, ta thay:

() = 10.
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* Khéch hang d4u tién c6 thé nhin duge 1 trong 5 loai tai nghe miu tring ing véi
ndm héng, tdc la n(H) = 5.
n(Hy 5 1

Viy xéc sudt d& xay ra bién ¢6 H 1a P(H) =

n() 10 2

Il. TINH CHAT CUA XAC SUAT

Xét phép thit T véi khong gian mau 14 Q. Khi d6, ta c6 céc tinh chat sau:

i.“-r
e P@)=0:PQ)=1;

* 0 <P(A) < 1 v6i mbi bién c6 A;

* P(A) = 1 — P(A) v&i m&i bién c& A.

Chitng minh
n() i 0%
n(Q) n(Q)
n(€2)

=¥y
()

* X4c suit ctia bién ¢6 khong 14 P(Q) =

Xic sudt cua bién ¢b chic chin 1a P(Q) =

* Do P(A) =

n(;‘;i va 0 < 1(A) < n(CQ2) nén 0 < P(A) < 1 v6i mbi bign c6 A.
n

* Do n(Q\ A) = n(Q) — n(A) nén x4c suit cia bién c6 A 1a:
mQ\VAY  n(Q)-n(A) - n(A) _

P(A) =
n(Q) n(<) n(Q)

1 - P(A).

Vidu 7~ Mot hdp c6 10 qua béng tring va 10 qua béng do; cdc qua béng ¢6 kich thude
va khéi lugng gidng nhau. Lay ngiu nhién ddng thdi 9 qua béng trong hop. Tinh x4c suit
dé trong 9 qua béng dudgc 14y ra c6 it nhit mdt qua béng mau db.

Gidi

MB&i cdch 1dy ra déng thdi 9 qua béng 12 mét t6 hgp
chép 9 ctia 20 phén tit. Do d6, khong gian miu Q gdm céc 3 Co 15 bong hoa mau
trang va 15 bong hoa
mau vang. Nguoi ta chon
Xét bign ¢6 K: “Trong 9 qua béng dugc ldy ra c6 it nhat  radong thai 10 bong hoa.

-

2 a 7 A LI 9
(6 hop chép 9 cha 20 phén i va n(Q) = Cy;.

mot qua béng mau do”. Tinh xdc suit cha bién

i s g [P — cd “Trong 10 bong hoa
Khi d6 bién c6 d61 cha bién c6 K la bién ¢6 K :“Trong dudc chon ra ¢6 it nhét
9 qué béng dugc 14y ra khdng c6 qua béng mau d6 nao”, mot bong mau tring”.

tifc 12 ca 9 qua béng dudc 14y ra ¢ mau tring.
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MB&i céch 14y ra dong thdi 9 qua béng mau tring 12 mot 8 hgp chap 9 caa 10 phén ui.

Do d6 n(K) = Cy = —— = 10. Suy ra P(K) =

10! H(K) 10

9.1 n(Q) c20'

P(K)=1-P(K) =1 _7107

20

1Il. NGUYEN Li XAC SUAT BE

Qua thuc nghidm va quan sét thic t&, ngudi ta thdy ring cdc bién c6 c6 xdc suit bé s& gin
nhu khéng xay ra trong phép thit. Chéng han, m&i chuyén bay déu cé mét xdc sudt rat bé
bi x4y ra tai nan. Nhung trén thuc t€, tai nan ciia mot chuyén bay s& khéng xay ra. T do, ta
thita nhén nguyen Ii sau day g01 la nguyén 1f x4c sufit bé: Néu mdt bién ¢ ngdu nhién cé
xdc sudt rdt bé thi thic t€ c6 thé cho rdng trong mét phép thit bién c& do sé khong xdy ra.

Tuy nhién, mot xc suét nhu thé nio dugc xem 14 bé phai tuy thudc vao tiing bai todn cu
thé. Vi du nhu x4c sudt dé du khéng mé 12 0,01 (ding cho nhay du) thi cling khéng thé
coi 12 bé va khong thé dung loai dit d6. Nhung néu x4c sut dé tiu vé ga cham 1a 0,01 thi
lai ¢6 thé xem 14 tau vé ga ding gio.

. BAI TAP
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Mot hdp c6 5 chiée thé cung 10a1 méi thé dudc ghl mot trong cics61,2,3,4,5;
hai thé khdc nhau thi ghi hai s khédc nhau. Ridt ngu nhién déng thdi 2 chiéc thé tii
trong hép.
a) Goi Q 1a khéng gian mAu trong trd chei trén. Tinh s6 phan tii cha tap hop Q.
b) Tinh x4c suat ctia bién cd “Tich cédc 8 trén hai thé 14 s5 187
Mot hdp c6 4 tAm bia ciing loai, mdi tim bia dugc ghi mdt trong céc s6 1, 2, 3, 4;
hai t&m bia khdc nhau thi ghi hai 6 khéc nhau. Rdt ngdu nhién ddng thoi 3 tAm bia
tu trong hop.
a) Tinh s6 phan ti cia khéng gian mAu.
b) X4c dinh c4c bién ¢& sau:

A: “Téng cic s6 trén ba tAm bia bing 97

B: “Céc s8 trén ba t&m bia I ba s6 ty nhién lién tiép”.
¢) Tinh P(A), P(B).
Hai ban n Hoa. Théo va hai ban nam Dung, Huy duoc x&p ngdi ngiu nhién vio bén
gh€ diit theo hang doc. Tinh x4c suit ctia mbi bién c6:
a) “Ban Thao ngdi ghé diu tién”;
b) “Ban Théo ngdi ghé& diu tién va ban Huy ngdi gh& cudi cling”.
C6 10 bong hoa mau tring, 10 bong hoa mau vang va 10 bong hoa mau d6. Ngudi ta
chon ra 4 bong hoa tii cdc béng hoa trén. Tinh xéc suit clia bién ¢ “Bdn bong hoa
chon ra cé ca ba mau”.



BAI TAP CUOI CHUONG VI

Cho méu s6 lidu: 1 2 45 9 10 11

a) S8 trung binh céng ctia miu s6 lidu trén 1a:

A.S. B.5.,5. C.6. D.6,5.

b) Trung vi cia méu s ligu trén la:

A.S. B.5.,5. C.6. D.6,5.

¢) Tt phéan vi ciia mAu s ligu trén 1a:

AQ =40,=50,=9. B.Q,=1,0,=55.0,= 1L
C.Q1=1,Q2=5,Q3=11. D.Q1=2,Q2=5,Q3=10.
d) Khoang bién thién cta mAu s8 lidu trén 13:

A.S. B. 6. C. 10. D.11.

e) Khoang td phin vi ctia miu s6 lidu trén la:
A 7. B. 8. C.9. D. 10.

g) Phuong sai cia miu s& liéu trén 1a:

A B B C. 96. D. /9%,
7 7

h) D6 1éch chuin cua miu & lidu trén 1a:

A. ‘v/?' B. 37(’ C. 96. D. /9.

Bdng 6 thong ké s 40 s6 mi nam ban dudc cia mdt clta hang trong mét thang.

Co ao 36 37 38 39 40 41 42

Tan s6

(S& 4o ban dugc) 28 30 31 47 45 39 32

Bing 6
M&t ctia mau s6 lidu trén 13 bao nhiéu?
A. 42, B.47. C. 32. D. 39.

Biéu db doan thing & Hinh 6 cho biét luong khach du lich quéc (& dén Viét Nam
trong mdt s6 nim (ti 1990 dén 2019).
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a) Vit mau s6 liéu thong ké 6 luot khdch du lich Lo krach

quéc t& dén Viét Nam nhan duge tibiduddben. "

b) Viét miu s& ligu theo thd ty ting din. Tim 200004 18 009
sc‘)ltrun,g binh cong, trung vi va td phan vi cta i '
mAu s6 lidu dé.

¢) Tim khoang bién thién va khoang ti phan vi 10000
cta miu s8 liéu dé. Za
d) Tinh phuong sai va dd léch chuén ctia miu

56 lidu d6. =

1990 1995 200 2008 2010 2005 2019

(Ngudn: https://viethamtourism. gov.vn)

4. Lép 10A c6 40 hoc sinh. Ti s6 phén trim vé Hink 6

phuong tién ma cdc ban dén truding dugc mo ta
nhu biéu dé & Hinh 7.

: 2 . W Xe dap
a) C6 bao nhiéu ban di xe dap dén tridng? B Pibo
b) Chon ngiu nhién mét ban d€ phin céng vao B Xe bus

ddi xung kich ctia trudng. Tinh xdc sudt cla B Xe 010 con
bién ¢6 “Ban dugc chon 13 ban dén trudng bing

xe dap”.

Hinh 7

5. Em hiy tim hiéu chidu cao ctia tit ca c4c ban trong t8 va 1ap méu s6 liéu véi két qua
ting din. Vi mAu s8 lidu d6, hiy Gm:

a) S6 trung binh cOng, trung vi va (& phén vi;
b) Khoang bién thién va khodng tit phan vi;
¢) Phuong sai va @6 1&ch chuén.

6. Trong mot hi théo quéc t€ ¢6 10 chuyén gia dén tir cac nuée & chau A, 12 chuyén
gia dén tr cac nude § chdu Au. Chon ngau nhién 2 chuyén gia vao ban t6 chirc.
Xdc suit ciia bién c6 “Chon duigc 2 chuyén gia & hai chau luc khic nhau vao ban t8
chiic” bing bao nhidu?

7. Trong mdt budi khiéu vii c6 ding 10 cip vg chéng. Chon ngiu nhién 2 ngudi 1én khidu
vil du tign. Xdc sudt ciia bién ¢d “Chon dugc 2 ngudi 1a vg chdng” biing bao nhiéu?

8 Mot 16 hang c6 20 sin phdm bao gém 16 chinh phim va 4 ph& pham. Chon ngiu
nhién 3 sin phdm.
a) C6 bao nhiéu k&t qua xay ra khi chon ngiu nhién 3 sin phim?
b) Xéc sudt ctia bign ¢8 “Ca 3 san phidm duge chon Ia chinh phdm” bing bao nhiéu?
9. Trong mdt hp c6 20 chiéc thé dudgc viét cic s6 1. 2, 3, ..., 20 sao cho méi thé chi
vigt mot s6 va hai thé khac nhau viét hai s6 khac nhau. Chon ngéu nhién 2 chiéc thé.
Tinh x4c suit cuia bign c6 “Hai thé dudc chon c6 tich cta hai s6 dudc viét trén d6 1a

s6 187,
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HOAT PONG THUC HANH

VA TRAI NGHIEM

Ch{i dé 2. XAY DUNG MO HINH HAM SG BAC NHAT,
BAC HAI BIEU DIEN SO LIEU DANG BANG

1. NOI DUNG CHiNH CUA CHU bE

1. M6 hinh toan hoc

Nhiing hién tugng ph8 quit trong ty nhién, trong thuc tién ddi séng ciia con ngudi dudc
khai quat hod, “mo6 hinh hod™ thanh nhiing kh4i niém, dinh li, tinh chét, ... trong todn hoc.
Chiing han: du bdo thdi tiét, nhitng thay ddi ctia hé sinh thdi, quy mé dén s6, xdy dung
chién lugc kinh doanh, dién bién gi4 ci ctia c4c miit hang, ... dudgc md hinh hod bing cic
ham s8 hodc cic phuong trinh trong todn hoc.

Muc dich cta viéc xay dung mé hinh toan hoc cho mdt hign tugng phd quét trong thuc
tién 12 nhim hiéu dugc hién tugng va du bdo dugc tién trinh dién ra cia hién tugng dé
trong tuong lai.

2. Xay dung mé hinh ham s& bién dién s& liéu théng ké

Dé xdy dung mé hinh todn hoc cho mét hién tugng xay ra trong thuc tién, ta sit dung
thong ké. Bing cich xem xét hién tudng d6 & nhiing th&i di€m khéc nhau trong qua kha,
ta thu thép, t8 chitc va bidu dién duge mdt mAu s6 liéu théng ké, ching han & bang s8
liéu thong ké.

D€ x4y dung mé hinh todn hoc biing c4c him s6 dua trén méu s6 liéu thong k&, ngudi ta
lam nhu sau:

Bude 1. Lua chon céch biu dién dif lidu 18n msit phﬁng toa d6

Butde 2. Cén ¢t vao viée bidu dién dii lidu trong mit phing toa dd, lya chon ham s&
thich hgp

Bude 3. St dung ham s8 dd chon dé gidi thich va dy dodn hién tugng xdy ra trong
thuc tién

Butde 4. Kiém tra va diéu chinh (néu cin thiét).

Chii y: Cdc md hinh dit khdp véi dii ligu ciing chi dua ra mdt md td gin ding vé hién

tigng xay ra trong thuc tidn. Vi thé viéc kiém tra va diéu chinh mé hinh 13 cin thiét.
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Vidg1 = Mot cong ty thdng ké s6 san phdm bén duge mdi ndm i nam 2017 d&n nim
2020 nhu sau (don vi: tridu san pham):

Nim 2017 2018 2019 2020

Doanh s§ (triéu san phim) 14 22 28 31

Bdng 1

Biing cich sit dung ham s6 bac nhat, néu md hinh todn hoc bidu dién s& liéu & Bdng 1.
Dua theo mé hinh d6, dy dodn s6 san pham ban dugc trong cdc ndm 2021, 2022.

Gidi

Burde 1. Lya chon céch biéu dién dii 1iéu 18n mit phéng toa do.
biatx=1-2017 v6it € {2017; 2018; 2019; 2020}. Tacé x € {0; 1; 2; 3}.
T Bdng 1, ta c6 bang théng ké sau:

x 0 1 2 3
So san phim tuong tng vdi x
(triéu san phdm) 14 22 28 31

Bdng 2

Xét cdc didm A0 ; 14), B(1 ;22), C(2 ; 28) va D(3 ; 31) trong mat ph?mg toa do.

Butdc 2. Xem s8 san phim ban dugc f{x) 13 ham s& ctia x. Ta phai chon f{x) 12 ham s& béc
nhat sao cho f(x) du dodn (cang chinh xéc cang t6t) s6 san phim ban dudc & nhitng nam
sau nim 2020, tic 1a tinh dugce gid tri cia f(x) véi x > 4.

Ciin cd vao bon diém A0 ; 14), B(1 ;22), C(2 ; 28) va D(3 ; 31). ta chon ham s6 bac nhat
y = f(x) c6 b thi “gAn” nht véi bon diém trén.

Théng thudng viée tinh todn truc tiép dé x4c dinh dugc cong thiic ctia ham s8 bac nhat
néi trén 12 khong dé dang. Ngudi ta ding cdc phdn mém todn hoc d& trg gitp cho qud
trinh tinh todn. Chéng han, ta sii dung phin mém GeoGebra dé xac dinh ham s6 bac nhit
no61 trén nhu sau: O e G

. A Kt T A o L e B S A
Vio phin mém GeoGebra, xuit hién giao B 2 s LN SIE I RNIES R

dién nhu Hinh 1.
— V& diém A(0 : 14) bing céch dung cau
1énh “=(0,14)” nhu Hinh 2.

€ GeoGebra Classic

AL D@0 4N

@ =014 5

Hinh 2 Hinh 1
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Tudng ty, v& cdc diém B(1 ;22), C(2; 28) va D(3 ; 31) trong mit phing toa d6 bing cich
ding céac cau 1énh: *=(1,22)"; “=(2,28); “=(3,31)”.

— St dung ciu 1&énh:
“=FitPoly({A.B.C,D},1)” nhu Hinh 3 ta
duigc ham:

f(x) = 5,7x + 15,2 v6i db thi & Hinh 4.

=FitPoly({A, B,C.D}. 1)
— 57x+152

Hinh 3

Hinh 4

Bude 3. Dua theo mé hinh ham s& bac nhat fix) = 5,7x + 15,2, ta du dodn s6 san phim
ban dugc trong céc ndm 2021, 2022 14n lugt 1a:

fid=57.4+152=38;
A5)=5.7.5+152=437~44.
Butdc 4. Du dodn trén 12 hop 1i, vi thé ta khéng cin didu chinh mé hinh todn hoc di chon.

Vidu2 = Mot cong ty thdng ké s& san pham bén dugc mbi nim tit nim 2017 dén nim
2020 nhu sau (don vi: triéu san pham):

Nim 2017 2018 2019 2020

Doanh sé (trigu san phiam) 15 25 42 48

Bdng 3
a) Biing cach sit dung ham s& bic hai, néu mé hinh todn hoc biéu dién s& lidu & Bdng 3.
Dua theo m hinh d6, du dodn s6 san phidm ban dugc trong céc ndm 2021, 2022 va
x4c dinh nim ban dugc nhiéu sin phim nhét.
b) Dia theo mé hinh todn hoc trén, cong ty c6 nén cdng bs san phdm mdi vio nim 2023
hay khong? Vi sao?
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Gidi
a) Bude 1. Lua chon céch bidu difn dif 1iéu 16n miit phzing toa do.

batx=1-2017 v6ir € {2017; 2018; 2019; 2020}. Tacé x € {0; 1;2; 3}.
Tl Bdng 3. ta c6 bang thong ké sau:

X 0 1 ) 3
Sé san phim tuong ving véi x
(triéu san phim) 15 25 42 48
Bdng 4

Xét cdc diém A(0 ; 15), B(1 ; 25), C(2 ; 42) va D(3 ; 48) trong mijt phﬁng toa do.

Budc 2. Xem s6 sin phim ban dugc fix) la
him s6 ctia x. Ta phai chon f(x) la ham s&
béc hai sao cho f(x) du dodn (cang chinh x4c cang Tl
tot) s6 san pham bdn dugc ¢ nhiing nim sau nim aEe o
2020, tic 1a tinh duge gia tri cua flx) véi x > 4. -

Ciin ctt vao bon diém A(0 ; 15), B(1 ; 25), C(2 : 42) ro

va D(3 ; 48), ta xdc dinh ham s& bac hai c6 dd thi =3
“gAn” nhit véi bon didm trén. .'

Tudng ty nhut trong V7 du 1. Ching han, ta sii dung PB '
phan mém GeoGebra dé xac dinh ham s6 béc hai |
noi trén nhu sau: i l

— V& cdc diém A(0 ; 15), B(1 ; 25), C(2 ; 42) va |
D(3 ; 48) trong mit phing toa d§ bing cich diing i
cdc cau Iénh: “=(0,15)"; “=(1.25)"; “=(2.42)";
“=(3,48)”. Hinlt 5

~ Sii dung cau lénh “=FitPoly({A.B.C.D},2)” ta dugc ham: f(x) = — x> + 14,6x + 14,1
v6i @6 thi & Hinh 5.
Butde 3. Dua theo md hinh hiim s& bac hai f(x) = — X2+ 14,6x + 14,1, ta 6 thé:
* Dy dodn s6 san phiam bén dudc trong cdc ndm 2021, 2022 l1an lugt la:
fd)y=—42+14,6.4+14,1=565~57; f5)=— 5>+ 14.6 . 5+ 14,1 = 62,1 ~ 62.
* D) thi ham s& bic hai ¢6 hoanh d6 dinh 12 7.3 va
AN =—T7"+14.6.7+141=673~67; i8) =— 8 + 14,6 . 8 + 14,1 = 66,9 ~ 67.
Vay khi x =7 (tdc la ndm 2017 + 7 = 2024 ) hodc khi x = 8 (tdc 1a nim 2017 + 8 = 2025)
c6éng ty sé ban dugc nhiéu sin phim nhit 1a (khoang) 67 tridgu san phim.
Butéc 4. Du dodn trén 13 hgp 1, vi thé ta khdng cin diéu chinh mé hinh todn hoc da chon.
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b) Dua theo m6 hinh ham s& bac hai, ta thdy s& lugng sin phdm ban dugdc van trong xu
huéng ting d&n nim 2025. Vi th&, khong nén thay d6i miu san phim dé bing miu sin
phidm méi. Vay cong ty khong nén cdng bd san phdm mdi vao nim 2023.

3. Y nghia ciia xdy dung mé hinh toin hoc

Con ngudi nhan thic mdt hién tugng x4y ra trong thyc tién théng qua nhing dif liéu
théng tin thu thip durgc tai hitu han thoi diém. Do dé dit liéu thu thap dude thudng cé
tinh r3i rac. khéng di dé phan 4nh tién trinh dién ra cta hién tugng d6 theo thdi gian lién
tuc. Viéc xdy dung mé hinh toan hoc cho phép chiing ta khic phuc diéu d6. Nho vy,
chiing ta c6 thé hifu dude ban chat hién tuong va di bao dwoc tién trinh didn ra ctia hién
tuong do6 trong tuong lai.

Il. GOI Y T CHUC CAC HOAT DPONG THUC HANH VA TRAI NGHIEM

% Hoc sinh dugc chia theo nhém. M&i nhém Iua chon dii lidu (quy mé dén sé cta
dia phuong; nhiét d6 vio cic thing & dia phuong; s6 gid tu hoc va diém s6 tuong Gng;
nhu cu v& mét loai sdn pham; ...) va phan céng thu thap dit liéu. Sau d6 mbi nhém dién
két qua thu thap di liéu vio bang.

Sau day 12 mAu néu lya chon dit liéu 1a nhiét dd vao cic thang cta dia phuong.

Théang 4 ? ? ?

Nhiét d6 ? 9 ? ?

(RD M&i nhém thuc hanh xay dung mb hinh toan hoc dang ham s bac nhat hoiic
ham s& bac hai d& bi€u dién s6 liéu & bang théng ké theo céc budc dd néu & muc 1.2.

li. DANH GIA

Gido vién tién hanh téng két, riit kinh nghiém va danh gi.

Hinh thitc d4nh gia: Theo hinh thiic ddnh gid cta hoc tip dy 4n.

1. Panh gia hoat dong ca nhan

* Méi c4 nhan tu d4nh gia vao phi€u cd nhén.

* Nhém dédnh gi4 tiing thanh vién trong nhém vao phiéu danh gia cd nhan.

2. Dinh gia hoat dong va sin phim ctia nhém

* Nhém tu d4nh gi4 lai hoat déng ctia nhém va cho diém vio phi€u d4nh gid hoat déng
cua nhém.

* Gido vién v cdc nhém ddnh gid va cho diém phan trinh biy cia timg nhém vao phidu
danh gia hoat ddng nhém.
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PHUONG PHAP TOA BOQ
TRONG MAT PHANG

Trong chuang nay, chiing ta sé tim hiéu nhiing néi dung sau: toa d6
cla vecto, biéu thiic toa dé clia cac phép toan vecto, phuong
trinh dudng thang, phuang trinh dudng tron, phuong trinh ba
duang conic trong mat phang toa dé.

§1 TOA PO CUA VECTO

Hinh 1 minh hoa hoat d6ng ctia mét man hinh ra da & tram
kiém soat khong luu clia sin bay, dang theo d&i mot may
bay ha canh. M4y bay xuat hién trén man hinh ra da boi
mot d6m sang, ki hiéu 1a M. Dya trén su thay ddi coa toa
d6 vectd OM , tram ki€m soét c6 thé x4c dinh dugc dudng
bay cua mdy bay.
2
ATy

Toaq dj cua vecto OM la gi?

Hinh 1
1. TOA DO CUA MOT DIEM
& » Trong mit phﬁng toa d6 Oxy (Hinh 2), hiy:
a) Tim hoanh d9 va tung d6 cua diém A.
b) Néu cdch xdc dinh toa do cta diém M ty .
¥ Y
M 5. e M
A i
1 1
. 4.
o . ol | H,
Hinh 2 Hinh 3

Dé x4c dinh toa d6 cia mdt diém M tuy ¥ trong mit phing toa d6 Oxy, ta lam nhu sau
(Hinh 3):
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o Tit M ké dudng thing vuéng géc véi truc hoanh va cit truc hodnh tai diém H iing véi
s8 a. S8 a 1a hoanh d6 cua diém M.

* Tit M ké duding thing vudng géc véi truc tung va cit truc tung tai diém K dng véi s6 b.
S& b 1a tung d6 ctia diém M.

Ciip s6 (a ; b) 12 toa d6 cia diém M trong mit phing toa 46 Oxy. Ta ki hiéu 1a M(a ; b).

Il. TOA O CUA MOT VECTO

Cho diém M trong mit phing toa d6 Oxy. g
a) V& vecto O_M- .

b) Néu cach xac dinh toa d6 cta diém M.

&
ir Toa do clia diém M dudc goi la toa d6 clia vectd OM.

N_é(g oM ¢6 toa do (a ; b) thi ta viét OM = (a ; b) hay
OM (a ; b), trong d6 a goi 1a hoanh d6 cua vectd OM va
b goi la tung d6 cha vectd OM (Hinh 4).

Hinh 4

Chit y: Trong mat phéng toa dd Oxy, ta c6:
. O—M =(a;by= M(a; b).

e Vecto i c6 diém gdcla O vacétoadd (1 ;0) goilavecto !
don vi trén truc Ox. ;

Vectd j ¢6 difm géc 1a O va c6 toa do (0 ; 1) goi la
vecto don vi trén truc Oy (Hinh 5). Hinh 5

"

Vidu1 = Trong mit phing toa dd Oxy, cho _cdc <ﬁ_é_m
M, N, P, Q (Hinh 6). Tim toa d6 cua cac vectd OM, ON,
OP. 0Q. I N
Gidi a1 x
Tii Hinh 6, ta c6: M(— 4 ; 3), N(3: 0), P(5 ; - 2), (0 : = 3). 0 P
Do dé: OM = (- 433), ON = (3 ;0),

OP =(5;-2), 00 =(0; - 3).

M

Hinh 6

= » Trong mit phing toa dd Oxy, cho vectd & (Hinh 7). Hiy x4c dinh diém A sao

Y

ho =U.

(2]
2
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D& xdc dinh diém A, ta lam nhu sau (Hinh 8):

Hinh 7 Hinh 8

* Qua O ké dudng thing d song song véi gid clia vectd i.
« Ly dim A trén dudng thiing d sao cho hai vects OA, # cing huéng va dd dai doan
thing OA bing d6 dai vectd .
Nhdn xér: Vi mbi vectd i, ta xdc dinh duge duy nhit mét diém A sao cho OA = 7.
Fﬁ’r

~ V6i mbi vects i trong mit phing toa d6 Oxy, toa d6 cla vectd i la toa dd cua
diém A, trong d6 A 12 diém sao cho OA = .

Néu & c6 toa dd (a ; b) thi ta viét i = (a ; b) hay
li{a; b), trong d6 a goi 12 hoanh d6 clia vecto i va e ¥l
b goi 1a tung do clia vecto i. / \

|

Vida2  Tim toa d6 cla céc vectd @, b & Hinh 9.

Gidi
Trong Hinh 10, ta cé:
+) @ = OA vaA(2;2); toa d6 vecto OA chinh Ia toa ki

dodidmAnén d =(2;2).

- @ — — %
+) b = OB vaB(l ; — 3); toa d6 vectd OB chinh l1a 5
toa o diém B nén b = (1 ; - 3). ® Tim (02 46 cila cdc vectd
. c, d trong Hinh 11.

i}

Vil
1

N

AV

b
___'_1'
/: dat
i | IEY, [ X

s

B

../_
|
R

Hinh 10 Hinh 11
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Trong mit phing toa d6 Oxy, cho vecto

i =(a;b). Tachon diém A sao cho OA = ii.

Xét vectd don vi i rén truc hoanh Ox va vectd don vi ;
trén truc tung Oy (Hinh 12).

a) Tim hoanh d6 va tung dd ciia diém A.

b) Biéu dién vectd OH qua vecto .
¢) Bidu dién vectd OK qua vecto ;.

d) Chitng t6 ring i = ai + bj. P

Do (a: b) la toa @b ciia vecto i nén diém A cé hodnh dolaa vd
tung dp la b. Piém H biéu dién s6 a trén tr tryc Ox nén OH =ai;
diém K biéu dién s6'b trén truc Oy nén OK b] Ta co:

i = OA =0H+0K =ai +b.

Ta c6 dinh 1i sau:
i

Trong mit phing toa 6 Oxy, néu ii = (a; b)thi & = ai + bj.
Nguoc lai, néu i = ai + bj thi ii =(a; b).

g ~ O X =X
Chiiy: V6i @ =(x,;y) v b =(x,;y,),tacé: d = b @{1 2
i = »y1=y2.

Nhu vay. mbi vecto hoan toan dudge xéac dinh khi biét toa d6 ctia né.

Viduy3 = Trong mit phﬁng toa d6 Oxy, cho di€m A(1 : 2) va vectd ii = (3 ; —

a) Biéu dién vectd & qua hai vecto iva 7. -

b) Bidu dién vects OA qua hai vecto iva ; 2 Trong m?t phiing toa do
N Oxy, cho diém B(— 1 : 0) va

Gidi vectd ¥ = (0; —7).

a) Biéu_dién_ vectd v qua hai
vectd i va j.

b) VidiémA c6toado1a (1;2)nén OA =(1;2). Dodé:  b) Biéu dién vectd OB qua

- - S . hai vectd i va j.
OA=1i+2j=i+2j.

a)Vid =(3;-4)nénii =3 +(-4j =31 —4j.

63



INI. LIEN HE GIUA TOA PO CUA PIEM VA TOA PO CUA VECTG

Trong mit phing toa &6 Oxy, cho hai diém A. B J

(Hinh 13).

a) Tim hoanh d6 x, va tung doy A ctia diém A: hoanh dé x 5 /
va tung d6 y, cta diém B. A

b) Tim diém M sao cho OM = AB. Tit d6, tim hoanh d6 a
va tung d6 b ciia vectd AB.

¢) Sosdnh:x,—x, vaa;y,—y, vab. Hink 13
.;'. 2
-~ Trong mit phing toa 46 Oxy. cho hai diém A(xA ; yA) va B(xB ; yB).
Taco: AB =(xg—2x, ;Y= ¥,)

lidu4 = Trong mit phing toa 6 Oxy, cho ba diém Sy
khéng thﬁng hang A(1; 1), B4 ;3), C(-1:-2). '3 Trong miit phing toa
Tim toa db ¢t 7 IE dd Oxy, cho cic diém:
a) Tim toa d6 cha vec 3 A(L:3). BGi-1),
b) Tim toa d6 cla diém D sao cho td gidc ABCD 1a hinh C2:-2), D(=2:2).
Rinfianty Chiing minh AB = DC.
Gidi
a)Tacé: AB =(4—1;3—1). Viy AB =(3;2).
b) Goi toa 30 cita diém D 1a (x,,; y,), tacé: DC = (= 1 =x, 5 =2 - y,).
Tt gidc ABCD 1a hinh binh hanh khi va chi khi
P -1-x,=3 [x, =—4
DC=AB & DC =3;2)<= v =2
~2-y,=2  |yp=-4

Viy D(— 4 : — 4).

Jidu 5 = Trong mot bai luyén tip ctia cdc ciu thi béng
nuée, huin luyén vién cho cic ciu thi di chuyén theo ba
doan lién tiép. Poan thd nhét di chuyén v& hudng Déng Bic
v6i quing duding 1a 20 m; doan th hai di chuyén v& hudng m '} on
Tay Bic véi quing dudng 1a 10 m va doan thit ba di chuyén . %.

™ BN

theo huéng Déng Bic véi quing dudng 1a 5 m. A

o)

a) V& cic vecto biéu dién su di chuyén ciia cdc ciu thi Bt ddu
trong hé truc toa d6 Oxy véi vi tri bt ddu nhu Hinh 14. Hinh 14
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trong d6 ta quy ude d6 dai duding chéo clia mbi 6 vudng

laSm. D
b) Tim toa d6 cla céic vectd dude v& & cau a). 5(!"
- =l
Gidi 0m
SR Y R B
a) Trong Hinh 15, cic vectd AB, BC, CD lan lugt biéu ™, B
dién su di chuyén theo doan thit nhit; doan thd hai; “ _%.p
doan tht ba ctia céc cau tha béng nude. : P o
£ N a
b) Do d6 dai duding chéo ctia méi 6 vudéng 1a Smnéndd Ol gy qa, X

. : P L o Hinh 15
dai canh cia méi 6 vuéng 1a —— m. Dya vao s6 6

vudng, ta c6:

("‘/_:n}: B(—zs—ﬁ‘.wﬁ}:

2 L2
152 < 5) pfing5.35V2)
C(\ > .15J§). D&l()\/:.T}.
Do d6

25\2 _i 1042 — oJ tic1a AB = (1042 : 10:2);

(3
*zlg_i 15«/——10\/2J tic 12 BC = (- 542 ; 5v2);

1042 - 15\/— 35‘/— 15\/_] tic 1a CD =(¥£J

A 2

CcD

i rie
1

Tim toa d6 clia cic vectd trong Hinh 16 vi biéu ¥

dién méi vectd d6 qua hai vectd i va ;.

2. Tim toa dd clia cic vectd sau: L Lo & b
a)d =3i; by b=-—: /'/
O Z=1-47; d)yd =050 +6]. T

3. Tim céc s6 thuc a va b sao cho mbi cip vecto sau ; i) :
biing nhau: : \
Au=QRa-1.-3)vav=03;4b+1);

b)x=(a+b.-2a+3b)vay=_2a-3;4b). Hink i&
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4. Trong mat phﬁng toa dd Oxy, cho ba diém A(2;3), B(-1; 1), C3 ;- 1).
a) Tim toa d6 diém M sao cho AM = BC.
b) Tim toa d6 trung diém N clia doan thﬁng AC. Chiing minh E.V = W s

5. Trong mét phfmg toa d6 Oxy, cho diém M(- 1 ; 3).
a) Tim toa d6 diém A d6i xing véi diém M qua géc O.
b) Tim toa dd diém B d&i xting véi diém M qua truc Ox.
c) Tim toa d6 diém C d6i xting véi diém M qua truc Oy.
6. Trong mit ph?ing toa d6 Oxy, cho ba diém khong théng hang A(-3; 1), B(—1;3),

I(4 ;2). Tim toa d6 cta hai diém C, D sao cho t gidc ABCD 13 hinh binh hinh nhan
I lam tdm d6i xiting.

7. Trong mit phing toa d6 Oxy. cho tam gidc ABC. Céc diém M(1 ; —2), N(4; — 1) va
P(6;2) 1an lut 1 trung diém clia cdc canh BC, CA, AB. Tim toa do clia c4c diém A, B, C.

o1 Jrim HiEu THEM
Chiing minh cong thiic tinh toa do cha vecto

qua toa do cha diem dau va diem cuoi

Trong Muc IIL. ta d3 phit bidu khing dinh sau:

Trong mat phfmg toa d6 Oxy, cho hai diém A(x e yl_‘) va Blx,: V) Ta c6:

AB = (XB — X4 ¥p _yA)-

Khing dinh trén c6 thé ching minh nhu sau:

Vi O_A = (xA;yA)nén O_A = xAt? + yJ.

Do dé

AB = OB —O0A = (xyi +vp))—Oc,i +,7) = (X0 = x,0) + (Vg) = ¥a))
= (xp —x,) + vy = V)i

Vay AB =(xg—x, 5V, = V,)
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§2 ' BIEU THUC TOA PO CUA CAC PHEP TOAN VECTO

Trén man hinh ra da cia dai kiém sodt khong luu (dugc
coi nhu mét ph?mg toa d6 Oxy véi don vi trén céc truc
tinh theo ki-16-mét), mét mdy bay truc thing chuyén dong
thédng déu tif thanh phé A ¢6 toa dd (400 ; 50) dén thanh
phé B c6 toa dd (100 ; 450) (Hink 17) va thdi gian bay
quang dudng AB 1a 3 gid. Ngudi ta mudn biét vi trf (toa
d6) clia mdy bay tric thing tai thdi diém sau khi xuét phat
1gi6 (0<7<3). Hinh 17

Lam thé nao dé xdce dinh duoc toa @b ciia mdy bay -
trife thang tai thoi diém trén?

1. BIEU THUC TOA PO CUA PHEP CONG HAI VECTO, PHEP TRU HAI VECTO,
PHEP NHAN MOT sO V61 MOT VECTO

Trong mit ph?mg toa d6 Oxy (Hinh 18). cho hai

vecto i = (xp;y)vav=(x,;y,).
= . . I ity -
a) Biéu dién céc vectd # , v theo hai vectd i va ;. \
I

b) Biéu dién cac vectd t + v, # — v. ki (k € R) theo hai j i

vectd i va j. ol X

¢) Timtoadbcacvecto u + v, u — v, ki (ke R).
Hinh I8

D& biéu difn vecto @ + v theo hai vectd i va j, ta lam
nhu sau:

Do 12'=(xI 2y \')’:(xz;yz) nén i = xl'z? + yJ. V= xzf + yzf. Vi vay,
u+v= (xlt? + yJ’) + (le? + yzf) = (xlt? + le?) + (yJ' + yzf)
=(x + xz); +(y + yz)f.
Tuong tu, ta c6 cdc biéu dién sau:
i =(x, — %)+ — )]s ki = (k)i + (ky)j (k € R).
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U+V =(x +%,5) +5,)
u—v=(x Xy 5 ¥ =Y
kil = (kx ky)vmke]R

Nhan xét: Hai vectd i = (X35 vV = (x,3,) W= 0) cling phuong khi va chi khi ¢6
mbt s6 thuc k sao cho x, =k, vay, =ky,

Vidgl Cho i =(2;—-1), v =(1;5). Tim toa dé

ctia mbi vecto sau: ] a) Cho ’zﬁ: (=2;0).
SYREE by i - 7. Pl

Tim toa d6 cia vecto
Gidi

u+yv+w.
Do i =(2;—-1), v =(1;5)nén tacod:

a)u+v =(2+1:—1+5).Véyﬁ+\7 =(3;4).
D) A-F=Q2-1;-1-5.Vayid—-7=(:-6).

b) Cho i = (+/3 ; 0).

7 =(0:-7).
Tim toa do cta vectd w
5 sao cho w+u = v.
Vidu2 Chod=(-2;3),b=2;1),¢ =(1;2). Tim

3.
toa d6 ctia médi vectd sau: 3d; 2d — b G+2b— Ec

Gidi
DoZi:(—2:3),I;=(2;1),E=(1;2)néntacé:
+)3d =(3.(=2);3.3). Vay 3d = (- 6 9).

+)2d =(-4:6).

Dod6 23 —b =(-4-2;6—-1).vivay 2d — b =(-6:5).

) 2b =(4;2),G+2b =(2;5 a—i*=(—5;—31.
) ), a 2Z;5)v e ("2 )

Do dé a+2b—ic =' — 21
g
Vidg3 | Chobadiém A(-1;-3), BQ2;3)vaC3;5). =
p : iR 2 N 2 Trong bai toin md
Chiing minh ba diém A, B, C thiang hang. dau, hay tim toa do cia
Gidi may bay truc thing tai

L . . . thdi diém sau khi xuit
Ta c6: Al% =(3:0), I?C =(1:2). Suyra AB =3BC. phit 2 gid.
Viy ba diém A. B. C thang hang.
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Il. TOA PO TRUNG PIEM DOAN THANG VA TOA PO TRONG TAM TAM GIAC

- Trong mit phing toa dd Oxy, cho hai diém
A(x ,yA) va B(x 55 Yp) Goi M(x 3V, lla trung diém cua

doan thang AB (minh hoa & Hinh 1 9)
a) Biéu dién vecto OM theo hai vectd OA va Ob’
b) Tim toa d6 cua M theo toa do cia 4 va B.

ﬁr
[ Cho hai diém A(x ; yA) va B(x ; yB) Néu M(x 3y
la trung diém doan thing AB thi

. =xA+xB_ =yA+yB‘
;
M 2 M 2

Trong miit phing toa d6 Oxy, cho tam gidc ABC

¢6 trong tdm G (minh hoa & Hinh 20).

a) Bi€u dién vectd OG theo ba vectd OA, OB vi OC.

b) Tim toa dd cua G theo toa d6 ctia A, B, C.
SP-
“ Cho tam gidc ABC c6 A(xA ;yA), B(xB I yB). C(x(. 1Y
Néu G(xG ; yG) 12 trong tAm tam gidc ABC thi

L FatXp X _YatY¥st ¥
AR 3 ayG_ B .

Vidu 4

doan thing AB va trong tim G cuia tam gidc ABC.

Gidi

Do M(x,; y,) 1a trung diém doan thing AB nén

— 2+2 -0 _1+5
M= 5

Vay M(0; 3).

Do G(xG 5 yG) la trong tAm tam gidc ABC nén

-2+2+5 _1+5+2

_x =
= 3 3

58
Viy G| —;— |-
o35

=3.

D 5 B
3 3

b

o

[\

K

Hinh 19

3 Cho hai diém A(2 ; 4)
va M(5 ; 7). Tim toa do
diém B sao cho M la trung
diém doan thing AB.

t, X
BTATG L
Hinh 20

Cho tam gidc ABC c6 A(-2: 1), B(2;5). C(5 ; 2). Tim toa d0 trung diém M coa

L4

"4 ChobadiémA(—1:1).

B(1:5),G(1;2).

a) Chiing minh ba diém A,
B, G khong thing hang.
b) Tim toa do diém C sao
cho G la trong tdm cua
tam giac ABC.
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I1. BIEU THUC TOA DO CUA TiCH VO HUGNG

Trong mat phfing toa 6 Oxy, cho i va ; 14 cdc vecto ddn vi trén Ox va Oy.
a) Tinh i'z; fz; i. ;

b)Cho ii =(x;y,), V = (x,:,). Tinh tich v6 huéng & . v.

D& tinh céc tich vo hu(jng néi trén, ta 1am nhu sau:

Tacs: 12 =i =, 72 =[f =1 7.7=0m7 L} Dods
V= (1?+V1j) (x21+y2])—x1x2 2+x1y2.(7.j)+y1x2 (] ﬂ)+v1y2 j2
= XX+ Y
ﬁr

Néu # = (x1 ) vav = (x2 ;y2) thiw.v =X X, + Y)Y,

Nhdn xét

(x;y)thi |al =\/Zi.2i =\/x2 +y2.
b) Néu A(x, 1 y,) va B(x, ; v,) thi AB = B = \/(xz —x)? + (3, — )2

a)Néu a

¢) V6i hai vectd = (x,;y,) va ¥ =(x, ;,) dukhic 0. ta cé:
* i va V vudng géc v6i nhau khi va chi khi x x, +y,y, = 0.
.v X%y + ¥,

lal . v \/Xf +y? _\/xg 52

Vidy5 = Trong mit phﬁng toa d6 Oxy, cho tam gidc ABC c6 A(2 ;2), B(1 ;- 1), C(8 ; 0).

» cos(, V) =

a) Tinh §A . B_C va cosAEC.
b) Ching minh AB L AC.
c¢) Giai tam gidc ABC.
Gidi
a)Tacé: BA =(1:3). BC =(7:1).Dod6 BA.BC =1.7+3.1=10.
Mt khic, ta cling c6:
|BAl = V12 + 32 = Ji0. |BC = V7% 1% = V50,
BA.BC 10
lBal [Bc] V10.450 5

%

cosAEC = cos(B_A. B_C:) =
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b)Do AB = (~1;-3) vA AC = (6: - 2) nén AB.AC = (= 1).6+(=3).(=2) = 0.
Vay AB L AC.
¢)Do AB L AC nén BAC = 90°, wic 12 tam gidc ABC vudng tai A.

V5o

Ma cos ABC = % nén ABC ~ 63°. Vi thé ACB ~ 90° — 63° = 27°.
Mt khic, ta cé: AB = |BA| = V10,
BC = |BC| = V50 =542,

CA =yBC? — AB® = \/(SJE)Z ~(J10)" = 2410.

Vidy 6 = Mot chiéc xe 6 16 con bi mic ket trong bun 1dy. D& kéo xe ra, ngudi ta dung
xe tai kéo bing cdch gin mot ddu diy cap kéo xe vao ddu xe 6 t& con va méc ddu con
lai vao phia sau cta xe tai kéo. Khi kéo, xe tai tao ra mot luc F; c6 d6 16n (cudng do) 1a
2 000 N theo phuong ngang 1én xe 6 td con.

Ngoii ra, ¢6 thém mot ngudi ddy phia sau xe 6 t6 con, tao —
ra luc F2 c6 d6 16n 12 300 N 18n xe. Céc luc nay dude bidu
dién bling vecto nhu Hinh 21, sa0 cho (F,. Fy) =5° D 16n Hinh 21
Iuc téng hop tic dong 18n xe & t6 con 1a bao nhiéu Newton

(lam tron k&t qua dén hiang don vi)?

Gidi

Chon hé truc toa d6 Oxy nhu Hinh 22, mbi don vi trén truc )
ting v6i 1 N.

Ta co:
* F, =(2000;0); Hinh 22
o (I;;, Fz) = 5°nén toa do cua i:: la:
F, =(300 . cos5°: 300 . sin5°).
Do dé, luc F t8ng hdp cic luc tic déng 1én xe 6 & con c6 toa dd 1a:
F=F +F =(2000+300.cos5° ; 300 . sin5°).
Db 16n luc tdng hop F tic doéng 1én xe 6 t6 con la:

[Fl = /(2000 + 300 . cos5°)? + (300 . sin5°)> ~2 299 (N).
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1.

72

Trong mit phing toa d6 Oxy, cho @ =(—1;2), b= @B:1),¢=@2:-3).
a) Tim toa d6 vecto i = 2@ + b — 3¢.

b) Tim toa d6 vectd X saocho ¥ +2b = 3 + C.

Trong miit phﬁng toa dd Oxy, cho A(-2;3), B(4;5), C(2; - 3).
a) Chdng minh ba diém A, B, C khéng thing hang.

b) Tim toa dd trong tdm G cua tam giac ABC.

¢) Giai tam gidc ABC (1am tron céc két qua dén hang don vi).

Trong mit phing toa 9 Oxy, cho tam gisc ABC ¢6 trung diém cic canh BC, CA, AB
tuong Gng 14 M(2 ; 0), N4 ; 2), P(1 ; 3).

a) Tim toa d6 cac diém A, B, C.

b) Trong tim hai tam gidc ABC va MNP c6 trung nhau khéng? Vi sao?

Trong mat phﬁng toa d0 Oxy, cho tam gidc ABC c6 A(2;4), B(—1;1), C(—8; 2).
a) Tinh s8 do géc ABC (lam tron két qua dén hang don vi theo don vi d).

b) Tinh chu vi clia tam gidc ABC.

¢) Tim toa d diém M trén duding thing BC sao cho dién tich ctia tam gidc ABC bing
hai 14n dién tich clia tam gidc ABM.

Cho ba diém A(1 ; 1), B(4 ; 3) va C(6 ; — 2).
a) Chdng minh ba diém A4, B, C khéng thing hang.
b) Tim toa d6 diém D sao cho tif gidc ABCD 12 hinh thang c¢6 AB // CD va CD = 2AB.

Ching minh khing dinh sau:
Hai vecto if = (x ;). V= (x,53,) (= 0) cing phuong khi va chi khi ¢6 mot s&
thyc & sao cho x, =kx, vay, =ky,.

Mot vat déng thai bi ba luc tic dong: luc tac dong
thd nhat F c6 dd16n1a 1 500 N, lyc tic dong thit hai

F c6 @6 16n 1a 600 N, luc tdc dong thd ba F c6 do
16n 12 800 N. Cdc luc nay dlIdC bidu dién bang nhiing

vecto nhu Hinh 23, véi (F, F) =30° (F F) =45°
va (F,, F;) = 75°. Tinh d6 16n luc t8ng hap tic dong Hinh 23

1én vit (lam tron két qua dén hang don vi).



S3 PHUONG TRINH PUGNG THANG

Mot méy bay cat cnh tii sin bay theo mét duding thing nghiéng véi phucng nim ngang
mot gée 20°, van t8c cét canh 14 200 km/h. Hink 24 minh hoa hinh anh duding bay cla
mdy bay trén man hinh ra da ca b6 phin khéng luu. D€ x4c dinh vi tri ciia mdy bay tai
nhitng thoi diém quan trong (ching han: 30's, 60’5, 90 s, 120 s), ngudi ta phai 1ap phuong
trinh dudng thing mé ta dudng bay.

e g — g o

(Ngudn: hitps://pixabay.com) Hinh 24

Lam thé nao @€ ldp phuong trinh duong thing trong ?
mdt phd'ng toa dp? P 7
o

I. PHUONG TRINH THAM SO CUA PUGNG THANG
1. Vecto chi phuong ciia duéng thing

Trong mit phing toa 9 Oxy, cho dudng thing A.
VE vecto i (d # 6) c6 gid song song (hodc trung) véi 2
dudng thing A (Hinh 25).

ﬁ = N o

[ Vectd u duoc goi la vecto chi phwong clia duong = 0 T
thing A néu i = 0 va gis chia # song song hoiic
trung véi A

Hinh 25

Nhdn xét
* Néu # 1a mot vecto chi phwong cua A thi ki (k = 0) cling 1a mét vecto chi phuong
cua A.
* Mot dudng thﬁng hoan toan dugc xdc dinh khi biét mot diém va mot vectd chi phuong
ctia didng thing do.
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2. Phuong trinh tham sé clia dudng thing

Trong miit phing toa 6 Oxy, cho dudng thing A di qua diém M, (x,5y,) vacd
vectd chi phuong i = (a: b). Xét diém M(x ; y) ndm trén A (Hinh 26).

a) Nhén xét v& phuong cia hai vectd i va MOM .

b) Chiing minh c6 s6 thuc ¢ sao cho MOM = 1.

¢) Bi€u dién toa d6 clia diém M qua toa d6 cta diém M, va toa dd clia vecto chi phuong i.

Xét diém M(x;y) € A Vi MOM cling phuong véi i nén W o
¢6 6 thuc f sao cho MM = tu. 7 4

= . Mix:y)
Do MgM = (x—x,55 =) i =(a;b)nén AWM

——  (x-xy=at  [x=xytat 5 Y

MM =m < ; <

ly—y():bt [.-"=yo+bt
Hinh 26

Ngudc lai, néu diém M(x ; y) trong mit phﬁng toa do6 thoa
mén hé (I) thi M(x;y) € A.
‘é&r

=x,tat 5 5 b “, ) : -
(a”+ b~ > 0 var la tham s0) dude goi la phuong trinh tham so

jo o}
i
———,
b
| |

=y, + bt

cua duting thang A di qua M (x, : ¥ ) vanhin u = (a : b) lam vectd chi phudng.

Nhdn xét: Cho dudng thing A c6 phuong trinh tham s6 1a:

TS

X=x,+at . . 3
(a* + b~ > 0 va t 1a tham s6).
y =y, +bt

* Vi méi gid tri cu thé cha r. ta xdc dinh dugc mét diém trén dudng thing A. Nguide lai,
v6i mbi diém trén dudng thing A, ta xac dinh dudc mét gia tri cu thé cha r.

*» Vecto # = (a : b) 1a mot vecto chi phuong cua A.

Vidu
a) Viét phuong trinh tham s8 cfia dudng thing A di qua diém A(— 1 ; 3) va ¢6 vecto chi
phuong i = (2 : %J

i " =1—{SBH3T
b) Cho duong thang A c6 phwrong trinh tham s6 12 {x . ; . Chi ra toa d6 mdt vectd
y=8-2t

chi phuong clia A va mot diém thude dudng thing A.
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Gidi N
a) Phuong trinh tham s& cta dudng thing Ala: 1 Cho dudng thang Aco
" x=—142¢ phuong trinh tham s6

R . x=1-2¢
; 1 (tlatham so). {
{y=3+5t y=-2+t
- hi d6 cua hai
b) Toa d6 clia mot vecto chi phuong cia Ala u =(3;-2). g)iéri tlhljgctgﬁdnz t;l;iig Zl
x=(=5)+3.0=-5 b) Piém nio trong cdc
y=8-2.0=8. diém C(=1;-1), D(1 ; 3)

Diém B(- 5 ; 8) thudc dudng thing A. thue dudng thing A?

Ungvdit:Otacé{

Il. PHUONG TRINH TONG QUAT CUA BUSNG THANG
1. Vecto phap tuyén ciia duong thing
Trong mit phing toa dd Oxy, cho dudng thing A. v

V& vectd 7i (7 = 0) c6 gid vudng gbc v6i dudng thing A y

(Hinh 27).

F‘ - . o < 0
<" Vectd n dwoc goi la vecto phdp tuyén coa duong

thing A néu 7 = 0 va gia clia vecto 7 vudng géc
v6i A

Hinh 27

Nhdn xét

» N&u 7 1a mdt vectd phdp tuyén clia A thi ki (k = 0) cling la mdt vecto phép tuyén
ctia A

« Mbt dudng thing hoan toin dudc xéc dinh khi biét mét diém va mot vectd phap tuyén
ctia dudng thing dé.

« Néu dudng thing A c6 vecto chi phuong 14 i = (a ; b) thi vectd 71 = (- b ; a) 1a mot
vecto phap tuyén cia A.

2. Phuong trinh téng quét ciia dudng thing
Trong mit phing toa dd Oxy, cho dudng thing A Y4 wi=(a:ib)
di qua diém M(x, ; y,) va c6 vecto phap tuyén /i =(a; b).

3 Mx:vy
Xét didm M(x ; y) nim trén A (Hink 28). e

. i Mix, v)
a) Nhan xét vé phuong cua hai vects i va MyM. ) X
b) Tim m&i lién hé giita toa d6 ciia diém M véi toa d6 caa
diém M va toa dd cua vects phap tuyén 7i. Hink 28
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Ta cé: MOM =(x=%,3Y =¥ in=(a;b).
Xét diém M(x; y) € A. Vi M;M | 7 nén

MOM.fi =0 < alx—x) +bly-y,) =0 ax+by - ax,— by, =0.
bitc=- ax, - byo ta dugc phuong trinh ax + by + ¢ = 0 (II).

Ngudc lai, nfu diém M(x ; y) trong mit phfing toa dd thoa mén phudng trinh (II) thi
M(x;y)e A

o
;" Phuong trinh ax + by + ¢ = 0 (a va b khong déng thdi bang 0) duge goi la
phuong trinh téng qudt ctia dudng thing.

Nhéan xét
* Duong thing A di qua diém M (x,; y,) va nhén 7 = (a ; b) lam vecto phap tuyén cé
phuong trinh la:

a(x—x)) +b(y—y)) =0 ax+ by + (- ax,— by =0.
» Méi phuong trinh ax + by + ¢ = 0 (a va b khéng ddng thdi bing 0) déu xéc dinh mot
dudng thing A trong mit phang toa dé nhén mot vectd phap tuyénla i = (a ; b).

";g' r

2 Cho dudng thang A c6

phuong trinh t6ng quat 1a
Gidi x—y+1=0.

Theo gi thiét, phuong trinh ctia didng thing A 1a a) Chi r;l toa do ctia mot

_ vectd phap tuyén va mot

3x+2)+20-4) _'ZO' vectd chi phudng clia A.
Tu d6, ta nhan dugc phuong trinh tdng quat cta dudng b) Chi ra toa do ciia hai

thing Ala3x+2y-2=0. diém thuoc A.

Jidy2 = Viét phuong trinh téng quat ciia dudng thing A
di qua diém A(—2 ; 4) va c6 vecto phdp tuyénla 7 = (3 ;2).

3. Nhiing dang dic biét clia phuong trinh tong quét

C_'j’b Cho dudng thing A c6 phuong trinh 8ng quat ax + by + ¢ = 0 (a hojc b khic 0).

Néu nhan xét vé vi trf tudng d6i ctia dudng thing A véi céc tryc toa d6 trong mbi trudng

hop sau:

a)b=0vaa=0; byb#0vaa=0; Ab=0vaa=0.

DE xét vi tri tuong d6i cla dudng thing A véi cac truc toa

do, ta lam nhu sau:

a) Néu b = 0 va a = O thi phuong trinh dudng thing A trd
thanh ax + ¢ = 0. Khi d6 dudng thing A song song hoic

tring véi truc Oy va cit truc Ox tai diém (—i g OJ a
\a Hinh 29
(Hinh 29). "
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b) N&u b = 0 va a = 0 thi phuong trinh duding théng A trd thanh
by + ¢ = 0. Khi d6 dudng thing A song song hoic triing véi

At

i

4
truc Ox va cit truc Oy tai diém LO i %J (Hinh 30).

¢)NE&u b # 0 va a = 0 thi phuong trinh duding thing A c6 thé

viét thanh HiRbS0)

Khi d6, dudng thing A 1a d6 thi ham s& bac nhat

a C T 5« a
=——x—— vl hésd gbécla k = —— (Hinh 31).
Y=g =y W E B

Hinh 31

Nhdn xét

« Dudng thing A c6 phucng trinh téng quit ax + by + ¢ = 0 (a hoic b khac 0) 1a db thi
ham s6 bac nhét khi vichikhia=0va b # 0.

¢ Phuong trinh truc hoanh 14 y = 0, phuong trinh truc tung la x = 0.

I1l. LAP PHUONG TRINH DUGNG THANG

Khi lap phuong trinh dudng thing, ta thudng gip ba triidng hdp nhu sau:
— Lip phuong trinh duding thing di qua mdt di€m cho tride va biét vectd phép tuyén.
— Lip phuong trinh dudng thing di qua mot diém cho triiée va biét vectd chi phiong.

— Lip phuong trinh dudng thing di qua hai diém cho trude.

1. Lap phuong trinh duong thing di qua mét diém va biét vecte phap tuyén
Phuong trinh dudng thﬁng A di qua diém M()(x0 : yO) vainhin i =(a; b) (i = 6) lam
vecto phap tuyén 12 a(x — x,) + b(y — y,) = 0.

2. Lap phuong trinh dudng thang di qua mét diém va biét vecto chi phuong

Phuong trinh tham s6 cilia duding thiing A di qua diém M (x, : y,) v nhan i = (a ; b)
x=x,+at .
(¢ 1a tham s06).

(i # 0) 1am vectd chi phuong 12
Y=y, +bt
Néu a = 0 va b = 0 thi ta con c6 thé viét phuong trinh clia duding thing A § dang:
E T Yo,
a b
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3. Lap phuong trinh dudng thing di qua hai diém
BuimgthéngAdi quahaidiémA(x“;yO),B(xl;yl)nénnhénvectd AB =(x = x5y — ¥y
lam vecto chi phirong. Do d6, phudng trinh tham s& ctia duding thing A la:

X =2x, +(x;, —x)f
) (¢ 1a tham s6).
Y=Yyt =yt

Néu x, —x, # 0 va y, -y, = 0 thi ta con ¢6 thé viét phuong trinh clia dudng thing A
& dang:

Rl I S .10

=% =X

Vidy3 = Lap phuong trinh dudng thing A thod man méi diéu kién sau:
a) Pudng thing A di qua diém M(-2 ;- 3) vacé # = (2; 5) 1a vectd phap tuyén;
b) Puting thing A di qua diém M(3 ; —5) vac6 & = (2 : — 4) 1a vectd chi phuong;
¢) Budng thﬁng A di qua hai diém A(- 3 ;4) va B(1 ; — 1).
Gidi
a) Phuong trinh A1a2(x+2) + 5(y +3) =0 < 2x + 5y + 19 =0.
x=3 y+35

b) Phuong trinh A la "

F

3 - y—4 @x+3=_ly—4
1-(-3) -1-4 4 -5

S4x+2y-2=02x+y-1=0.

¢) Phuong trinh Ala S5x+4y-1=0.

Tidu4 = Lap phuong trinh dudng thing A di qua hai diém A(a : 0) va B(0 : b) véi
&+ b > 0.
Gidi
Dudng thing A di qua hai diém A, B nén c6 vectd chi phuong 1a AB = (—a:b).Suyra
Anhén vecto i = (b ; a) lam vectd phap tuyén. Viy dudng thing A c6 phuong trinh t6ng
quat la:
b(x—a)+aly-0)=0hay bx+ay—ab=0 (H
Chii y: Trong truding hgp ab = 0, chia hai v& ctia phuong trinh (1)
cho ab 1di chuyén v€ ta dugc:
LA (2)
a b
Phuong trinh dang (2) dudc goi 1a phutong trinh duong thdng
theo doan chdn, dudng thing nay cit Ox va Oy 1in lugt tai
A(a ; 0) va B(0 ; b) (Hinh 32).
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Vidy5 = Dudng thing A & Hinh 33 bidu thi tdng chi phi
l'flp dit va tién cudc st dung dich vu Internet (don vi: trim
nghin ddng) theo thdi gian ctia mdt gia dinh (don vi: thang).
a) Viét phuong trinh ctia dudng thing A.

b) Giao diém ctia dudng thing A véi truc tung trong tinh
hudng nay cé y nghia gi?

3

¢) Tinh t6ng chi phi I4p it va sit dung Internet trong 12 thang
dAu tién. Thing

Gidi Hinh 33

a) Pudng thing A di qua hai diém 14n luct c6 toa d6 (0 ; 5) va (5 ; 20) nén A ¢6 phuong
trinh 1a:

0, v=6 «::>£=-yl_75 <:>—=—;—§ ©3x-y+5=0y=3x+5.

5-0 20-5 5 1
b) Giao diém ciia dudng thing A véi truc Oy tng véi x = 0. Thai didm x = 0 cho biét mic
phi ban ddu lp dit dé st dung Internet. Khi x = 0 thi y = 5, vi vy chi phi 1dp dit ban
dau 1a 500 000 ddng.

¢) 12 thang dAu tién Gng v6ix = 12. Do d6: y =3 . 12 + 5=41.
Viy tdng chi phi I3p diit va sti dung Internet trong 12 théng dAu tién 13 4 100 000 dbng.

i rie

1. Lip phuong trinh t6ng quét ctia dirdng thing A di qua diém A(— 1 ;2) va

a) C6 vectd phép tuyénla # = (3 ; 2).
b) Cé vecto chi phuong 1a & = (-2 ; 3).

2. Liap phuong trinh mbi dudng thing trong cic Hinh 34, 35, 36, 37 sau day:

5
4
‘.\
4

f)| 1 ';\ X fenan] -2

Hinlt 34 Hinh 35
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X a] x

5 af
2

Hinh 36 Hinh 37

. ” x=-1-3t

Cho dudng thang d ¢6 phudng trinh tham s6 1a: J ! 3
ly=2+2s

a) Lap phuong trinh téng quét cta dudng thing d.

b) Tim toa dd giao diém cta dudng thfing d 1an lugt véi cc truc Ox, Oy.

c) Dudng thing d c6 di qua diém M(- 7 ; 5) hay khong?

Cho dudng thing d c6 phuong trinh téng quat 1a: x — 2y — 5 = 0.

a) Lap phuong trinh tham s6 cta dudng thing d.

b) Tim toa dd diém M thudc d sao cho OM = 5 véi O 1a gdc toa do.

¢) Tim toa d6 diém N thudc d sao cho khoang cach tii N dén truc hoanh Ox 14 3.
Cho tam gidc ABC, biét A(1 ; 3), B(— 1 ; — 1), C(5 ; — 3). Lap phuong trinh téng
quét cua:

a) Ba dudng thing AB, BC, AC;

b) Budng trung tryc canh AB;

c) Budng cao AH va dudng trung tuyén AM cilia tam gidc ABC.

Pé tham gia mdt phong tap thé duc, ngudi tip phai tra A
mot khoan phi tham gia ban du va phi st dung phong
tap. Duoing thing A & Hinh 38 bidu thi tdng chi phi
(don vi: triéu ddng) d€ tham gia mdt phong tap thé duc
theo thdi gian tp cua mdt ngudi (don vi: thang).

¥}

a) Viét phuong trinh ciia dudng thing A.

Chi phi (triéu dong)

- :.J\

b) Giao diém cua dudng thing A véi tryc tung trong
tinh huéng nay cé y nghia gi?

i
3

¢) Tinh téng chi phi ma ngudi d6 phai tra khi tham gia Thing
phong tap thé duc véi thoi gian 12 thang. Hinh 38



g VITRITUONG Gl VA GOC GIA HAI DUGNG THANG.
KHOANG CACH TU MOT PIEM DEN MOT DUONG THANG

Trong thuc tién, ¢6 nhiing tinh hudng doi héi chiing
ta phai x4c dinh vi trf tuong d6i ciia hai duding thing,
giao diém chia hai dutng thing, ... Ching han: G mén
thé thao ndi dung 10 m stng trudng hoi di dong,
muc tidu di dong trén mot dudng thing b song song
v6i mit dat va cach mit dat 1,4 m; vién dan di dong
trén mét uiding thing a (Hinh 39). D& bin tring muc ;
tiéu, van ddng vién phai ude lugng duge giao diém Hinh 39
M clia a vi b sao cho thdi gian chuyén dong dén

diém M ciia vién dan va ctia muc tiéu 12 bing nhau.

Lam thé nao dé xdc dinh giao diém M ciia hai duong thing a va b? : __{‘;\:
- a* 2 ~ 2
I. VI TRi TUONG DOl CUA HAlI PUCONG THANG
;D Néu vi tri tiiong d6i ctia hai dudng thing trong mit phing.
Hai duong thdng trong mdt phdng thi cdt nhau hodc song song .&" ¥ i
hodc tring nhau. .

- Trong mit phing toa d3, cho hai dudng thing AL A, lan lugt c6 vecto chi
phuong 1a 4. #,. Neéu diCu kién v& hai vectd 4. i, trong m01 trudng hop sau:

a) A cit A b) A, song song véi A; ) A, tring véi A,

[r'-y
* Trong mit phing toa d9, cho hai dudng thdng A va A, ldn lugt c6 vecto chi

phuong 1a u,, u,. Khi d6

a) A cht A, khi va chi khi 4. i, khong ciing phuong.

b) A, song song véi A, khi va chi khi #, 4,cling phuong va cé mét diém thudc

mot duding thing ma khéng thudc duding thing con lai.

¢) A, tring véi A, khi va chi khi 4, i, cing phuong va cé mdt diém thudc ca hai

duong thing do.
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Chii y
* A vudng gbc véi A, khi va chi khi 4, i, vudng gée v6i nhau.

« Khi xét vi tr{ tuong d8i ctia hai dudng thing. c6 thé dya vio ciip vectd phap tuyén ciia
hai duding thing dé.

Tidel = Xétvitrf tuong d6i ciia mdi cip duding thing sau:

A 2x—y+1=0vaA;:-x+2y+2=0. .

. s AL Jx=142¢ 1 Xét vi ti tuong d6i
Ay w=y =T =10 vl {y =3+21 clia hai dudng thing
Gidi fr=14y
a) budng thang A, ¢ vectd chi phuong & = (1;2), 4 ¢ y=-2+1 Ha

dudng thing A, ¢6 vectd chi phudng u, = (-2;—1). (
x = 2,
Do 1_? * il nén u;, u, khéng ciing phuong, suy ra Ay i P

AI cat Az'

y=-3+2t,.

b) Puong thing Ay A, 14n lugt ¢6 vecto chi phuong iy = (1;1), #, =(2;2). Suy ra
i, = 2u;. Chonr=0, ta cé didm M(1 ;3) € A, Dol-3-1#0nénM(1;3)¢ A3
Viy A, song song v6i A,.

Ta c6 thé xét vi tri tuong d6i ctia hai dudng thing dya vao s6 giao diém cha chiing.

Nhdn xét: Cho hai dudng thing A, va A, ¢6 phuong trinh 1an lugt 1a

ax+by+c =0vaax+by+c,=0.

o X {a|x+b.y+c.=0
Xét hé phudng trinh: ' ' : @D
a2x+b2y+cz =0
Khi d6
ayA, cit A2 khi va chi khi hé (I) c6 nghiém duy nhat.
b) A, song song v6i A, khi va chi khi hé (I) v nghiém.
¢) A, tring v6i A, khi va chi khi hé (I) ¢6 vo s6 nghiém.
Vide2 = Xétvi trf tuong d6i chia hai duding thing -
Arx—=2y+1=0vaA:2x-4y+2=0. 2 Xét vi tf tuong dsi
Gidi cua dudng thang
Toa @9 giao diém ciia dudng thing A, va duong thing A, d:x+2y-2=0
12 nghiém ciia hé phuong trinh: v6i mbi dudng thing sau:
x-2y+1=0 A3x=2y+6=0:
2x -4y +2=0. Arx+2y+2=0;
Heé trén c6 v6 s6 nghiém. Ap2x+4y—-4=0.

A BN z A A 4, N N 0
Nhu vy, A, va A, ¢6 v6 s diem chung, tic 1a A, trang v6i A,

82



Il. 66C GIUA HAI PUGNG THANG

Trong mit phing, cho hai dudng thing A vaA, At nhau tai A tao thanh bén géc
dinh A (quy udc khong ké géc bet va géc khong).

Quan sat Hink 40a va doc tén mot géc nhon trong bdn gée dé.

Quan st Hinh 40b va néu dic diém bdn géc tai dinh A.

a) h)
Hinh 40

s
[ Hai dudng thing A vaAh, cit nhau tao thanh bén géc.
* Néu hai dudng thang A, va A, khéng vubng goc vdi nhau thi géc nhon trong bén
gbc tao thanh dude goi la g6c giita hai dudng thing A vaA,

* Néu hai duding thang A, va A, vudng géc v6i nhau th1 ta néi géc gitia hai diedng
thing A, va A, bing 90°,

Gée gitta hai dudng thing A, va A, duge ki hiéu 1a (A, A,) hodc (A, A,).

t%uy tto(ioc Khi A, song song hodc tring v6i A, ta néi goc gida hai dudng thing A VA A,
ing 0°.

Nhdn xét: G6c gilta hai dudng thing ludn bé hon hoiic bing 90°, tic 12 (A, A) 90°.

- Cho hai dudng thing AL, A, cit nhau tai 7 va ¢6 vectd chi phudng 14n Tugt 12
4y, it,. Goi A va B 1a cdc di€m 1an lugt thude hai duong thing A va A, sao cho
U = IA U, = IB.
a) Quan sat Hinh 41a, Hinh 41b, hily nhan xét vé& d6 16n ctia gée gitta hai dudng thing
A, A, vado 16n cla géc gita hai vectd I_A;, IB.
b) Chitng t6 cos(A,, A,) = |cos(IA, IB)].

Hinh 41
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D& tra 181 cdc cau hoi trén, ta lam nhu sau:

* Néu (IA IBY < 90° thi (A, A,) = (IA, IB). Do @6, cos(A,, A,) = cos(IA, IB) va
cos(IA IB) 2> 0.

«N&u (IA. IB) > 90° thi (A,, A,) = 180° — (IA, IB). Dodé, cos(A,, A,) = — cos(IA. IB)
va cos(/A, IB) < 0.

T hai trudng hop trén, ta suy ra cos(A}, A,) = |cos(1A. 13)‘.

Nhan xéi: Do (i, 4,) = (IA, IB) nén cos(A,, A) = |cos(ﬁl,127)| = |‘ 2,
) 2 = 1z

Trong mit phing toa dd, cho hai dudng thing A, v A, ¢6 vectd chi phuong lan
luot la 4, = (a,; b)), i, =(a,;b,). Tinh cos(A, A).

o=

Trong mit phing toa d6, cho hai dudng thing A, va A, ¢6 vecto chi phuong lan

279

lugt 1a 4, = (a, ;b]), 78 =(a2, 2) Ta co:

|aa, + byb,|

Vai +0 a3 + 0

cos(Al, AZ) =

Nhéan xét

' A J_A2<:>alaz+b1b2:0.

* Cho hai dudng thang A, va A, c6 vectd phdp tuyén lan lugt 1a 7, #,. Ta ciing cé:
ln : i13|

cos(A Aﬁ)— cos(nl,nz)i | ‘ |
m

Vidy3 | Tinh s6 do goc gilia hai dudng thing A va A, 4

trong méi trudng hop sau: .
Syl SRR 3 Tinh s6 do goc gitia

a)A_([ ~1+3 x=-1+31, hai dudng thing A, v A,
10 Ly 14y, 1}) —A4_t. trong mbi trudng hop sau:
x=—3+3\/§t
b)A:3x+y—-10=0vaA:-2x+y—-7=0. a) A
YAI3x+y va A, y |{y=2+3t
Gidi VaA:y—4=0;
a) A, ¢6 vectd chi phuong iy =(\/§;1). b) A 2x—y=0
A, ¢6 vectd chi phuong 4, =(3:-1. vady—x+3y—-5=0
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3.3 +1.(-1)

Do d6, ta c6: cos(Al, Az) = =

|
J&BP 2 B+ -1 2

Vay (A, A) = 60°.
b) A, ¢6 vecto phap tuyén #, = (3 : 1), A, ¢6 vectd phdp tuyén 7, = (-2 1). Do d6,
ta co:

cos(A}, A,) = ‘COS(ﬁp iiy)| =

iﬁl .-

i B+ V2
il a2 e 2

Vay (A, A) =45°.

Ill. KHOANG CACH TU MOT PIEM DEN MOT PUGNG THANG

Trong mit phing toa 9, cho dudng thing A: 2x +y — 4 = 0 va didm M(— 1 : 1).
Goi H 12 hinh chi€u cta M 1&n dudng thing A.

a) Tim mot vectd chi phuong ctia duding thing MH.

b) Viét phuong trinh tham s& ctia dudng thing MH.

¢) Tim toa d6 cua H. Tu d6, tinh d6 dai doan thﬁng MH.

Trong trudng hop téng quit, ta c6:
.
""Trong mit phing toa 6 Oxy, cho dudng thing A ¢6 phucng trinh ax + by + ¢ = 0
(@* + b* > 0) va diém M(x, ; y,). Khodng cdch tir diém M dén dudng thing A,
ki hiéu la d(M, A). duge tinh boi cng thife sau:

l(f.to + by, + ch

d(M, A) =]
\/az + b

Chii y: Néu M e Athi dM, A) = 0.

-’
Vidu4 = Tinh khoing cdch ti diém M dén duding théng 4
A trong méi trudng hop sau: a) Tinh khoang céch tit
a)M(-2;1)va A 2x -3y +5=0. diem O(0 ; 0) dén duong
thang A:
s ao JB=—2 43 X oy
b) M(1:;-3)vaA: B A
ly=2-4t =7
Gidi b) Tinh khoang cach gitia
a) Ta c6: hai dudng thing song song
2 eadie=BlBis| .. 2 . 2ui3 Apx—y+1=0
dM, A) = - 5 = vaAix—y—1=0.
22 & ()P Jizoo13 2
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b) Puting thing A di qua diém N(— 2 ; 2), ¢6 vecto phap tuyén 7 = (4 ; 3).

Viy d(M, A) =

Phuong trinh cia duding thing Al1a 4(x + 2) + 3(y — 2) = 0. Tit d6, ta nhan dugc phuong
trinh t8ng quét ctia dudng thing A la 4x + 3y + 2= 0.

[4.1+3.-3H+2 3

V4% +3? --5.

. BAI TAP
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Xét vi tri tiong d6i chia mbi cip dudng thing sau:
a)d;:3x+2y-5=0vad;:x-4y+1=0:
b)d3:x—2y+3=0vad4: -2x+4y+10=0;

{x=_l+z

Odgidx+2y-3=0vad; | 2

5

i,
7

Tinh s6 do géc giita hai dudng thing d:2x-y+5=0vad;:;x-3y+3=0.

Tinh khoang céch tii mot diém d&n mot dudng thing trong méi trudng hop sau:
[xr=-2+1

DA ;-2)vaA:3x-y+4=0; b) B(-3;2) vaA,: (i3

Vi gid tri ndo ciia tham s6 m thi hai dudng thing sau ddy vudng gée?
Alzmx—y+ 1 =0véA2: 2x-y+3=0.

Cho ba diém A(2 ; — 1), B(1 ; 2) va C(4 ; — 2). Tinh s& do géc BAC va géc giita hai
duong thing AB. AC.

Cho ba diém A(2 ; 4), B(— 1 ;2) vd C(3 ; — 1). Viét phudng trinh dudng thing & qua B
ddng thdi cdch déu A va C.

C6 hai con thu A va B ciing xuit pht tif hai bén, chuyén dong déu theo dudng thing

ngoai bién. Trén man hinh ra da cua tram diéu khién (dudc coi nhu mit phfing toa do

Oxy véi don vi trén céc truc tinh theo ki-16-mét), sau khi xuat phat ¢ (gid) (£ 2 0), vi tri

cua tau A cé toa dd duge xac dinh béi cdng thiic {x =93 , vitri cia tau B ¢6
y=—4+25¢

toa d6 1a (4 — 30¢ ; 3 — 401).

a) Tinh c6sin géc gitia hai duding di cta hai tau A va B.

b) Sau bao 1au k& tii thai diém xuat phét hai thu gin nhau nhat?

¢) Néu tau A ding yén & vi trf ban du, thu B chay thi khoang cdch ngin nhét gilta

hai tau biing bao nhiéu?



§5 PHUONG TRINH DUONG TRON

$ mot s8 coéng vién, ngudi ta dung vong quay cé
bén kinh rat 16n dit theo phiong thing ding nhu
Hinh 42. Khi vong quay hoat dong, mét ngudi ngdi
trong cabin s& chuyén d6ng theo dudng tron.
2
4T
Lam thé nao d@é xdc dinh duoc e
phuong trinh quy dao chuyén
déng cta nguoi do?

Hinh 42
(Nguon: https://pixabay.com)

I. PHUGNG TRINH DUONG TRON

1. Phuong trinh duwéng tron
a) Tinh khoang céch tif géc toa dd O(0 ; 0) dén diém M(3 ; 4) trong miit phang toa do Oxy.

b) Cho hai diém Ia ; b) va M(x ; v) trong miit phﬁng toa d¢ Oxy. Néu cong thiic tinh dd
dai doan thing IM.

Nhin xét: V6i hai diém I(a ; b) va M(x ; y) trong mét phﬁng toa d6 Oxy, ta co:
IM = \J(x —a’ +(y - b)*.

Trong miit phiing toa dd Oxy, néu madi lién hé gilia x va y dé:

a) Piém M(x ; v) ndm trén dudng tron tam O(0 ; 0) bdn Y4
kinh 5. (C)
< Mix;y)
b) Diém M(x ; y) niim trén dudng tron (C) tam Ka ; b) bén 2 e
kinh R. SH \| 1?s
=)= (¢ 1 0
V6D
X = — ] x
Diém M(x ; y) nam trén duong tron (C)
khi va chi khi
Hinh 43

IM=R < IM* = R?
& (x—a) + (y— by’ = R? (Hinh 43).

87



£
~  Phuong trinh dudng tron tim /(g ; #) ban kinh R 1a
(x—al +(y-b?=R%

Phuong trinh dudng tron & dang trén thudng duge goi 1a phuong trinh chinh tdc ctia
duong tron.
Vidul = Lap phuong trinh dudng tron trong méi trudng hgp sau:
a) Budng tron tim O ban kinh R;
b) budng tron tdm I(— 1 ; 3) ban kinh 7.
Gidi
a) Phuong trinh dudng tron tim O bdn kinh R la:
-0 +(y-0=R>=+y =R
b) Phuong trinh dudng tron tAm /(— 1 ; 3) ban kinh 7 1a:
- DP+( -3 =T @+ 1)+ -37=49.

Vidy 2~ Tim tdm va ban kinh cla dudng tron cé phudng trinh 1a:
x+2)%+(y-5°7=0. Ay
Gidi 1 Viét phuong trinh dudng
Ta c6: x+27+(-57=9 :?g ;t:iH;)I_(G ) g ditm
S k- + (-5 =3
Vay dudng tron di cho ¢6 tdm 1a I(— 2 ; 5) ban kinh R = 3.

Viét phuong trinh dudng tron (C):

(x—a)2+(y—b)2=R2védangx2+y2—2ax—2by+c=0.

Nhdn xét: Ta c6 thé viét phuong trinh (x — @) + (y — b)* = R? ciia dudng tron tdm Ia ; b)
ban kinh R v& phuong trinh c6 dang 12 x* + y” — 2ax — 2by + ¢ = 0. Dang d6 thudng ditge
goi 14 phutong trinh tdng qudt ciia dudng tron.
Vidu 3
a) Phuong trinh x> + y> — 4x + 2y — 4 = 0 ¢6 phii I phudng trinh dudng tron khéng?
Néu phai, x4c dinh toa d6 tdm va ban kinh ctia duding tron dé.
b) Xdc dinh didu kién ciia a, b, ¢ dé phuong trinh x> + y* — 2ax — 2by + ¢ = 0 12 phuong

trinh dudng tron. Khi d6, xdc dinh toa d6 tm va ban kinh theo a, b, c.
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Gidi
a) Ta co:
EHV—dx+2y-4=0 - dx+4+y+2+1=9 x -2+ + 1Y =32
Phuong trinh trén la phuong trinh dudng tron tm /(2 ; — 1) ban kinh R = 3.
b) Ta c6:
E+y —2ax-2by+c=0 > -2ax+a) + (- 2by+ b)) =d>+ b —¢
<:>(x—a)2+(y—b)2=a2+b2—c.

Do d6. phuong trinh trén 1a phuong trinh dudng K 5

tron khi va chi khi a® + b% > ¢. Liic nay dudng tron 2 Tim k sao cho phiong trinh:
da cho ¢6 tim I(a ; b) ban kinh LHy +2kx+4y+6k—1=0
> .. la phuong trinh dudng tron.
R= \/a2 + b —c. . 2 5

2. Phuong trinh dudng tron di qua ba diém khéng thing hang
Do ¢6 duy nhat mét dudng tron di qua ba diém khéng thing hang cho tridc nén ta
¢6 thé 14p dugc phuong trinh dudng tron d6 khi biét toa d6 ciia ba diém néi trén.
Tidu4 = Lap phuong trinh dudng tron di qua ba diém
A(=1;1)B(0;-2),C0;2).

Gidi
Gia sit tam cia dudng tron 1a diém Ka ; b). Tacé JA = IB=IC & IA® = [B* = IC%.
ViIA? = IB% IB*= IC nén

{(—1—a)2 +(1-b? =(0-a) +(-2-b)

0-a+(-2-bY =0-a +2-b" Ky

2 2 = = A2 2 3 Lap phuong trinh dudng tron
o a+b +2a-2b+2=a +b +4b+4 di qua ba diém A(1 : 2), B(5 : 2),
b +4b+4=a* + b —4b+4 C(l:-3).

20 -2b=4b+2 a=1
~ p=1
b=0 b=0.

Pudng tron tam (1 ; 0) ban kinh R = IC = va® + b* —4b + 4 = 5.
Phuong trinh duding tron 12 (x — 1% + (y — 0)° = (/5)%

Viy phuong trinh dudng tron 1a (x — 1)* + y* = 5.
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Il. PHUONG TRINH TIEP TUYEN CUA DUGNG TRON
Cho diém M (x5 ¥y nim trén dudng tron (C) ¥y
tdm I(a ; b) ban kinh R.

Goi A la ti€p tuyén tai diém M(x, ; y,) thudc dudng tron
(Hinh 44).

a) Ching t6 ring IMO 1a vectd phap tuyén cia dudng thing A. ___,./'l
b) Tinh toa d6 cita IM,. 4 x
¢) Lap phudng trinh t6ng quét cta dudng thing A.

Hinh 44

Cho duong tron (C) tam Ia ; b) va diém M, (x, ; y,) ndm trén dudng tron d6. Goi A I
tigp tuy&n clia dudng tron (C) tai diém M (x, ; ) Khi d6, ta c6:

[ﬁ * Duding thing A di qua diém M (x, 3 ¥,) va c6 vectd phap tuygn
M, = (x,—a; oY b).
* Phuong trinh tiép tuyén A la
(xg—x—x) + (v, — DXy -y = 0.

Vidg 5 | Lap phuong trinh tiép tuyén tai diém M (2 ; 1) thudc dudng tron
x-1P+(-37=5.

Gidi -
Pudng tron ¢6 tam k(1 ; 3). Phuong trinh tiép tuyén tai 4 Lap phuong trinh tiép tuyén
diém M, (2 ; 1) thudc dudng tron (x— 1)+ (y-3)’=51a  tai diém M= 1 : = 4) thuge

dudng tron

R2-Dx-2)+1-3)y-1)=0
(x—=37+ @ +T7P=25.

S1x-2)-2y-1)=0x-2y=0.

1idu 6 = Trong mit phing toa dd Oxy, mét vat chuyén dong tron déu nguide chiéu kim
ddng hé trén duding tron tam I(3 ; 2) ban kinh 5 dudi tic dung cua luc cing day. Khi vat
chuyén dong t6i diém M(6 ; 6) thi diy cing bj ddt.
a) Viét phuong trinh qu§ dao chuyén déng clia vat sau khi day bi dut, bist ring vat chi
chiu tdc ddng cta duy nhat luc ciing day trong bai todn nay.
b) M6t vat khéc chuyén dong thing déu trén dudng thing cé phuong trinh
d:3x+4y+23=0.
Chiing minh hai vit nay khéng gip nhau tai bit ki thai diém nao.
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Gidi

a) Quy dao chuyén déng ciia vit thi nhat truée khi day bi
dut 1a dudng tron (C) (Hinh 45) ¢6 phudng trinh:

-3 +@-27=5x-3+(y-2)"=25
Khi ddy bj dit, do vét thi nhat chi chiu tdc dong cla
duy nhit luc cing day nén vat dé tiép tuc chuyén dong
theo ti€p tuy&n Mt tai diém M(6 ; 6) thudc duding tron
(C). Phuong trinh ti€p tuyén Mr 1a:
6-3)x-6)+(6-2)y-6)=0
S3x—6)+4(y—6)=0<3x+4y—42=0. Hinh 45

Vay quy dao chuyén déng ciia vat thi nhét sau khi ddy bi dit 13 tia Mr ndm trén
duding thing c6 phuong trinh 1a: 3x + 4y — 42 = 0.

b) Khoang céch tif tim dudng tron (C) dén dudng thing d: 3x + 4y + 23 =0 la:
[3.3+4.2+23
iy A3 LA
\/ 3%+ 47
Vi khodng cdch tif tim dudng tron (C) dén dudng thing d 16n hon ban kinh ciia
dudng tron (C) nén duding tron (C) va dudng thing d khéng cé didm chung, tic 12 vat
thd hai khéng gip vat thi nhét khi ddy chua ddt. Mt khdc, vi d // Mt nén vat thd hai
khong gip vat thit nhat sau khi day bi didt. Vay hai vat khéng bao gid giip nhau.

siitae

1. Phuong trinh nao sau ddy 14 phuong trinh dudng tron?
a)x2+y2—2x+2_v—7=0;
b) x* + 3> —8x+ 2y +20=0.

b3 8

2. Tim tAm va bén kinh ctia dudng tron trong méi trudng hop sau:
a) Dudng tron ¢6 phudng trinh (x + 1)? + (y - 5)° = 9;
b) Duding tron c6 phuong trinh x* + y> — 6x — 2y — 15 = 0.

3. L4p phuong trinh duding trdn trong mdi trudng hgp sau:
a) budng tron ¢6 tAm I(— 3 ; 4) ban kinh R =9;
b) Puding tron 6 tam I(5 ; — 2) va di qua diém M4 ; - 1);
¢) Dudng tron ¢6 tAm /(1 ; — 1) va ¢6 mdt tiép tuyén 1a A: 5x — 12y - 1 =0,
d) Budng tron dudng kinh AB v6i A3 ; —4) va B(— 1 ; 6);
e) budng tron di qua ba dim A(1; 1), B(3; 1), C(0 ; 4).
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Lép phuong trinh tiép tuyén tai diém c6 hoanh dd béng 3 thude dudng tron
(x+2+(v+ 7 =169.

Tim m sao cho dudng thing 3x + 4y + m = 0 tiép xtic véi dudng tron
G+’ +@-2Y=4

Hinh 46 md phong mét tram thu phat séng dién thoai ¥
di ddng @it & vi tri I ¢6 toa d6 (— 2 ; 1) trong mat

phzing toa dd (don vi trén hai truc 1a ki-16-mét). Trym

a) Lap phuong trinh dudng tron mo ta ranh gidi bén Bt ;ML \

ngoai clia ving phi song, biét ring tram thu phét séng ~ ol -
d6 dudc thiét k& véi ban kinh phu séng 3 km. =

b) Néu ngudi ding dién thoai ¢ vi tri ¢6 toa dd (— 15 3)
thi c¢6 thé st dung dich vu cla tram nay khong?
Giai thich.

¢) Tinh theo dudng chim bay, xc dinh khoang cdch ngén nhat d& mét ngudi & vi tri

c6 toa d6 (— 3 ; 4) di chuyén dudc téi viing phii s6ng theo don vi ki-16-mét (Iam tron
k&t qua dén hang phan mudi).

Hinh 46

Ném dia 12 m6t mén thé thao thi dau trong Thé van hdi Olympic miia he. Khi thuc
hién cd ném, vin ddng vién thudng quay lung lai véi huéng ném, sau dé xoay ngugc
chiéu kim déng hd mot vong ridi clia dudng tron dé 14y da rdi tha tay ra khoi dia.

Gia sit dia chuyén dong trén mot dudng tron tim 1(0 : %} béan kinh 0,8 trong

. . /59
mit phing toa d6 Oxy (don vi trén hai truc 12 mét). Pén diém M Il\ % : 2}, dia
dugc ném di (Hinh 47). Trong nhiing gidy diu tién ngay sau khi dugc ném di. qu¥
dao chuyén d6ng clia chiéc dia cé phuong trinh nhu thé nao?
¥4

(Nguén: https://shutterstock.com) Hinh 47



SG BA DPUONG CONIC

C D Tit xa xua, ngudi Hy Lap di biét ring giao tuyén ctia
____ ‘\‘,"n__ mit nén trdn xoay va mot mit phing khong di qua
Dingon ""“—") dinh ctia mat nén 14 dudng tron hodc dudng cong ma
Duong elip _/ ta goi 14 duding conic (Hinh 48). Tii “conic” xuat phat
Ducmg hypebol  tit gée tiéng Hy Lap konos, nghia 12 mit nén.
v 2
Dutong parabol L3, / I'.’ R !T‘E
\ o Duong conic gom nhitng logi duong
@ ) nao va duoc xdc dinh nhu thé nao?
Hinh 48

I. DUGNG ELIP
1. Dinh nghia dudng elip

Dudng elip la mét dudng quen thudc véi ching ta va
thudng giip trong thuc (&, ching han:

— Quan st mdt c6c thuy tinh hinh tru cé chia nudc mau:
Né&u dit ding c6c nude trén mit ban nim ngang thi mit
thoang ctia nudc trong cde 12 mdt hinh tron. gidi han béi
mét dudng tron. Néu ta nghiéng cde nudc di thi mit thodng
cua nude duge gidi han bsi mot dudng elip (Hinh 49).

— Nha thién vin hoc ngudi Dic la Johannes Kepler
(1571 — 1630) da ching t& ring: M&i hanh tinh trong
Hé Mit Troi déu chuyén déng theo quj dao 1a mét
dudng elip (Hinh 50).

Hinh 50

Péng hai chiéc dinh ¢6 dinh tai hai diém F ,» F, trén miit mdt bang gb. Lay mot
vong day kin khong dan hdi c6 d6 dai 16n hon 2F F,- Quang vong déy d6 qua hai chiéc

déu biit chi 12 diém M.

la mot dp dai khéng dbi.

Hinh 51

Khi M thay doi, tong MF, + MF,

dinh va kéo cing tai vi tri cta diu bt chi (Hinh 51).
Di chuy&n diu biit chi sao cho diy luén ciing, dau but chi
vach nén mot dudng ma ta goi la duong elip. Goi vi tri cua

Khi M thay ddi, c6 nhan xét gi vé tong do dai MF| + MF,?

.|

¥
|. 5 V Y
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[f;r
" Cho hai diém Fl, F, ¢6 dinh c6 khodng cich Fqu =2c(c>0).

Puong elip (con goi 1a elip) 12 tip hdp cic diém M trong mit phing sao cho
MF | + MF, = 2a, trong d6 a 12 s§ cho trudc 16n hon c.

Hai diém F| va F, dugc goi 12 hai tiéu di€m ciia elip.

2. Phuong trinh chinh tic cia elip

Théng thidng ta thist 1ap phuong trinh cia mot dudng (thing hoic cong) trong mit
phéing toa d6 theo hé truc toa d6 Oxy cho trude. Tuy nhién, déi véi dudng elip, néu lam
nhu viy thi phudng trinh thu dudc c6 thé sé phic tap, khéng thudn tién trong van dung.
Vi vy, khi lap phiiong trinh ctia dudng elip trén mét phing, trudc tién ta s& chon hé truc
toa d6 Oxy thudn tién nhit.

Trong mit phing, xét dudng elip (E) 1a tap hop
cdc di€m M sao cho MF| + MF,=2a, 8d6 F F,=2c (v6i

i
B.‘ (E)

a>c>0). A /'\1

i ¥ (1l 2

Ta chon hé truc toa @6 Oxy c6 gdc 1 trung diém cia F F . ) 0 i x
tryc Oy 1a duding trung tric cia F F, va F, nim trén tia Ox &‘_/
(Hinh 52). Khi d6, F (- ¢ ; 0) va F,(c ; 0} 12 hai tiéu diém B

ctia elip (E). Chitng minh riing: Hinh 52

a)A(-a;0)va Az(a : 0) déu 1a giao diém cia elip (E) v6i truc Ox.
b) B,(0;-b)vaB,(0;b),8d6b = Va2 — 2, ddula giao diém cia elip (E) v6i truc Oy.

Dé chiing minh cdc khing dinh trén, ta 1am nhi sau:

a) DoAIFI =a-c VﬁA1F2= a+c nénAIFI +A]F2= 2a. V:fiyAI(—a ; 0) thude elip (E).
Ma AI(— a ; 0) thude truc Ox nén A J(— a ; 0) 14 giao diém cua elip (E) véi truc Ox.
Tuong tu, ta chiing minh dugc Az(a ; 0) 1a giao diém cna elip (E) v6i truc Ox.

b) Ta c6:

BF,=c-0P +0-b =+ =V’ =a.
Vi BF| = B,F,nén B,F| + B,F, =a+a=2a.Do dd. B,(0; b) thudc elip (E). Ma
Bz(O : by thudc truc Oy nén Bz(O : b) 1a giao diém cua elip (E) v6i truc Oy.
Tuong tu, ta ching minh dugc: BI(O ; — b) 12 giao diém cua elip (E) v6i truc Oy.
Nhu viy, elip (E) di qua bon diém Al(— a; 0), Az(a 3 0), BI(O ; — b), Bz(O ; b), v6i
b= .
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Ta ching minh dugc ring:
o7
" Khi chon hé truc toa dd nhut trén, phudng trinh dudng elip ¢6 thé vist duéi dang
2 2
X Y

— 4
2 52
a 12

= 1. trongd6a>b>0.

Day goi 1a phutong trinh chinh tdc cua elip.

Chi y
Déi véi elip (E) ¢6 phuong trinh chinh téc nhu d4 néu & trén, ta c6:
*F=d"-b,8d62c=F/F,.
* Néu diém M(x ; y) thudc elip (E) thi —a < x < a.
Vidy I = Trong cdc phudng trinh sau, phudng trinh nao 14 phtiong trinh chinh tic ca

duong elip?
2 @ 2 2 2 2 2 2

5 ¥ o y % y x y
a) —+-—=1 b)) —+=—=-1 c +—==1 d)y —+=—-=1.
)32 3 )42 3 )32 4 )42 3%
Gidi

2 2
Phuiong trinh chinh tic cta elip ¢6 dang x—z + y—z =1, v6ia > b> 0 nén chi cé trudng
a b

hop d) 1a phuong trinh chinh tic ciia dudng elip.

Vidu2 = Lap phuong trinh chinh tie clia elip (E) c6 mdt tiéu diém 1a F ,(550) va di
qua diém M(0 ; 3).

Gidi
Elip (E) ¢6 phuong trinh chinh tac 1a:
2 75 :
%+%=1(a>b>0). \
g b 1 Lap phuong trinh

Do F,(5 ; 0) la mot tiéu diém cta (E) nén ¢ = 5. Piém  chinh tic ciia elip (E) di
— 02 32 qua hai diém M(0 ; 3) va
M(0; 3) néim trén (E) nén — + = = 1. Do d6 4* =9, suy M 12
a b? N3 =k

raa®=b*+c*=9+25=34,

Viy elip (E) ¢6 phuong trinh chinh tic la:
S
34 9
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Il. PUGNG HYPEBOL
Pudng hypebol 14 mdt dudng quen thudc véi ching ta va thudng gip trong thuc té,

chéng han:

Mt cdt dimg cia mét
thdp cdng dugc thiét ké
c6 dang hypebol. Dang
thiét ké dc doi hoi it var
liéu xdy dung hon so vdi
nhitng dang hinh khdc.

Mt cdt ditng cria 6ng
khoi nha mdy dién hat
nhdn duoc thiét ké cé
dang hypebol.

(Ngubn: https:/ffiickr.com) (Nguén: https://pixabay.com)

1. Pinh nghia duong hypebol

Péng hai chiéc dinh c& dinh tai hai diém 17178 24
trén m3t mét bang gb. Lay mét thudc thing cé mep AB
va mot sgi diy khong dan hoi ¢é chiéu dai / thoa min N > i
AB - F F, <l <AB. Dinh mot d4u day vao diém A va \: /1
diu day kia vao F,. Dt thuéc sao cho diém B triing véi B 27

F va 14y ddu but chi (ki hiu la M) i sat sgi diy vao

thLIdc thing sao cho soi ddy ludn bi ciing. Sgi day khi

d6 1a dudng gap khic AMF,.

Hind 53

Cho thuéc quay quanh diém B (tring F)), tic la diém A chuyén dong trén dudng tron
tam B c6 ban kinh bing d6 dai doan thing AB, mép thudc ludn 4p sat mit g8 (Hink 53).
Khi @6, diu biit chi M s& vach nén mét dudng ma ta goi 1a duong hypebol.

Khi M thay ddi, c6 nhan xét gi vé hidu MF |~ MF,?
{i @‘-\F@: Khi M thay ddi, hiéu
MF, - MF, = (MF, + MA) — (MF, + MA) = AB — | khong déi.
Fﬁr
" Cho hai diém F F ¢6 dinh c6 khoang cédch F =2c (c>0).
Duong hypebol (con goi 1a hypebol) 1a tap hop cic diém M sao cho

%| = 2a, trong d6 a 14 s& duong cho trudc nho hon c.
Hai diém F va F, dugc goi la hai tiéu diém ciia hypebol.
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2. Phuong trinh chinh tic ciia dudng hypebol

Pé 1ap phuong trinh clia dudng

mit phing, trudc tién ta s& chon hé truc toa dd Oxy thuin

tién nhat.

Tuong t elip, ta chon truc Ox 1a duding thing F F

1a dudng trung trijc ctia doan thing F Fy=
toa d6 O la trung diém ctia doan thing F :
a) Tim toa dd cta hai tiéu diém F , F,.

F, (Hinh 54).

hypebol trong 3

truc Oy

2

2¢ (¢ > 0), gbc

= Hinh 54
b) Néu dy doan thich hgp cho fﬂ trong bang sau:
Elip > Hypebol
Hai tiéu diém Fl(- c;0), Fz(c ; 0). — Hai tidu diém Fl(f c;0), Fz(c ; 0).

Elip (E) 1a tip hop cdc diém M sao cho:
MF, + MF, = 2a.

Hypebol (H) la tip hop cic diém M sao cho:
|MF, - MF,| = 2a.

Elip (E) c6 phuong trinh chinh tic la:

trong d6 a* = ¢ + b*.

Hypebol (H) c6 phuong trinh chinh tic 1a:

__...---“"

——

trong d6 a* = ¢*[7] b,

Ta chitng minh dugc ring:

i

” Khi chon hé truc toa d nhu trén, phuong trinh dudng hypebol cé thé viét dudi dang

7 9
o ¥y

PR

1, trongdda>0,b6>0.

DAy goi 12 phutong trinh chinh tdc cita hypebol.

Chii ¥

Déi véi hypebol (H) c6 phudng trinh chinh tic nhu dd néu & trén, ta c6:

cP=a+b,8d62c=FF,

va diéu kién a > b 1a khong bét budc.

* Néu diém M(x ; y) thudc hypebol (H) thi x < — a hojc x > a.
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Vidy3 = Trong cic phuong trinh sau, phudng trinh nio N -

12 phudng trinh chinh tic cta didng hypebol? "2 Vit phuong trinh
2 2 2 2 hypebol sau day dudi
a)'\_z_-'_2=_1; h) 1_;_._2 =1 dang chinh tic:
5 4 45 4x% — 9y2 =1.
22 2 m2
c);‘—z—-‘—z=|; d);‘—z—’—2=1
5} 4
Gidi o
Phuong trinh chinh tdc cua hypebol cé dang x_ - Z_Z =1, v6ia >0, b >0 nén céc
2

trudng hgp b), ¢), d) 1a phuong trinh chinh tc cia dudng hypebol.

Vidy4 = Viét phuong trinh chinh tic cia dudng hypebol (H) c6 mét tiéu diém la
F(6;0) vadiqua diém A4 0).
Gidi
; A
Gia st hypebol (H) c6 phudng trinh chinh tic 1a — - =5 =1 v6ia>0,5> 0.
a b
4> @?
Do A,(4; 0) thudc (H)nén — — b— =1 suyraa=4. MaF_ (6:0)latiéu diém coa (H)
2 & z 2
nén c = 6. Suy ra
b= - a*=36- 16 = 20.

Vay hypebol (H) ¢6 phuong trinh chinh tc 1 % - ;—O i

lll. PUONG PARABOL

Ciing nhu hai dudng elip va hypebol, dudng parabol 1a mdt duding quen thude véi chiing
ta va thudng gip trong thuc t&, ching han:

Dé giam lyc tdc dong lén cay cau Dai phun nitde
nguoi ta thiét ké cdu cé dang hinh parabol vdi cdc tia nude c6 dang hinh parabol.
quay b lom xudng phia dudi. (Nguén: https://commons.wikimedia.org)

(Nguén: hitps://commons.wikimedia.org)
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1. Dinh nghia dudng parabol

Ly dudng thing A va mot diém F khong thudc A. Liy mot & ke ABC (vudng & A)
va mét doan diy khéng dan héi, c6 d6 dai bing AB. Binh mét diu diy vao diém F, ddu
kia vao dinh B ctia & ke. Dt & ke sao cho canh AC niim trén A, 18y dAu byt chi (ki hidu la
diém M) ép sat sgi diy vio canh AB v giil ciing sdi day.
Lic nay, sdi ddy chinh 13 dusng gip khic BMF.

Cho canh AC cua € ke trugt trén A (Hinh 55). Khi do6,
diu bit chi M s& vach nén mdt dudng ma ta goi la
duong parabol.

Khi M thay d8i, c6 nhin xét gi vé khoang cichti M dén F €
va khoang céch tit M dén dvding thing A?

Khi M thay d6i, ta c6: MA + MB = MF + MB (= AB). -,@;/(c\
Do d6 MA = MF. e

F.%r
" Cho mét diém F c6 dinh va mdt duding thing A 6 dinh khong di qua F.

Putong parabol (con goi 1a parabol) 1 tip hop cc diém M trong mit phing cich
déu Fva A.

Diém F dudc goi la tiéu diém caa parabol. Dudng thing A dudc goi 1a dudng
chuén ciia parabol.

2. Phuong trinh chinh tic cfia parabol

Cho parabol (P) véi tiéu diém F va dudng chudin A.
Ciing nhu elip, dé 1ap phuong trinh cta (P), trudc tién ta
& chon hé truc toa dd6 Oxy thuan tién nhat.

Keé FH vudng géc v6i A(H € A). Dat FH=p> 0. Tachon
hé truc toa dd Oxy sao cho O 14 trung diém doan thﬁng FH
va F nim trén tia Ox (Hinh 56).

Suy ra: F(g : 0]. H[—g ;OJ va phuong trinh dudng

P 5
-y =0. Hinh 56

thing Al x +
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Do d6 khoéng céch tit M(x ; y) € (P) dén dudng thing A la %

Tacéd: M(x ; y) € (P) khi va chi khi d6 dai MF b?lng khodng cach ti M (6i A, tdc 1a:

I

: m[_\'—ﬂ] +y m[_r+£]
2 2 ’ 2

i e

oy = [,\' + ﬁ] —[.r = ﬁ] <y =2px.
2 2

)
[" Khi chon hé truc toa d6 nhu trén, phucng trinh dudng parabol c6 thé viét dusi dang
V= 2px (p > 0).
Day goi 1 phutong trinh chinh tdc cia parabol.

Chii ¥: D81 v6i parabol (P) c6 phuong trinh chinh tic y* = 2px (p > 0), ta c6:
P
5

* Tiéu diém la F[ ; O) va phuong trinh duding chudn la: x + g =0.

* Néu diém M(x ; y) thudc parabol (P) thi x > 0.

Vidy5 = Trong cac phudng trinh sau, phiong trinh nao 13 phudng trinh chinh tic cia
dudng parabol?

a) y2 =— 6x; b) y2 = 6x; c) ¥ =- 6y; d) ¥= 6y.
Gidi
Phuong trinh chinh tic f:ﬁa parabol c6 dang y* = 2px v6i p > 0 nén chi ¢ truding hop b)
la phuong trinh chinh tac cua dudng parabol.
Vidu 6 = Viét phuong trinh chinh tic ctia parabol (P) biét:
a) (P) cé tiéu diém 1a F(5 ; 0); b) (P) di qua diém M(2 ; 1).
Gidi
Goi phuong trinh chinh tic cha parabol (P) 1a: y* = 2px (p > 0).
a) Vi (P) c6 tigu didm 14 F(5 ; 0) nén % =5 ticlap=10. 5

Viy phuong trinh chinh tdc cia parabol (P) 1 y* = 20x. 3 Vi€t phuong uinh
] . cdc parabol sau day dudi
b) Do diém M(2 : 1) nim trén (P) nén 1% = 2p . 2, thc la dang chinh tic:

1 y 2
p= I.Vay phuong trinh chinh tic cua parabol (P) la a)x = yZ;
2o X b) x—y*=0.



IV. MOT SO UNG DUNG THUC TIEN CUA BA DUOGNG CONIC

Ba dudng conic ¢6 nhiu dng dung trong thuc tién. Ta néu ra mot vai tng dung cta ba
dudng conic.

1. Nam 1911, nha vit If hoc ngudi Anh la Ernest Rutherford (1871 - 1937) da dé xudt
mé hinh hanh tinh nguyén tf, trong d6 hat nhan nhé bé nim tai tAm cta nguyén ti, con
cdc electron bay quanh hat nhan trén cc quy dao hinh elip nhit cdc hanh tinh bay quanh
Miit Tr61 (Hinh 57).

Hinh 57 Hinh 58
2. Trong vat I, hién tugng hai séng gip nhau tao nén cic gon séng &n dinh goi 13 hién
tugng giao thoa cua hai séng. C4c gon séng cé hinh cdc dudng hypebol goi 1a cic van
giao thoa (Hinh 58).
3. V6i guong parabol, tia sdng phit ra tii tiéu diém (tia t6i) chi€u dén mét diém cla
parabol sé& bi hit lai (tia phan xa) theo mot tia song song (hodc trung) véi truc cia
parabol (Hinh 59).

i \ ;
\“:—
Hinh 59 Hinh 60 Hinh 61

Tinh chat trén ¢6 nhiéu dng dung, ching han:

— Peén pha: B& mit ctia dén pha 12 mot miit tron xoay sinh bdi mdt cung parabol quay
quanh truc ctia né, béng dén dugc it & vi trf tidu diém cla parabol d6 (Hinh 60). CAc tia
sdng phat ra tit béng dén khi chidu dén bé mit ctia dén pha s& bi hit lai theo céc tia sing
song song, cho phép ching ta quan sat dugc cic vit § xa.

— Chao v& tinh ciing ¢6 dang nhu dén pha. Diém thu va phét tin higu cia may duge dit
& vi trf tiéu diém cua parabol (Hinh 61).
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Phuiong trinh ndo sau ddy la phucng trinh chinh tic cta elip?

2 2 2 2 2 2 2 b
o) =i B = L=y Fomitoml A pl=
64 o4 64 64 64 25 25 o4

2 2

Cho elip (E) ¢6 phuong trinh chinh tic % + %{ = 1. Tim toa d6 céc giao diém ctia
(E) v6i truc Ox, Oy vi toa dd cée tieu diém cua (E).

Viét phuong trinh chinh tic cta elip (E), biét toa db hai
giao diém ctia (E) v6i Ox va Oy lan lugt 1a A ( 5;0) B

va B,(0;/10).

Ta biét ring Mit Tring chuyén dong quanh Trai Dat
theo quy dao 1a mét elip ma Trai Dat 1a mot tiéu diém.
Elip d6 c6 A A, = 768 800 km va B B, = 767 619 km
(Ngudn: Ron Larson (2014}, Precalculus Real ‘Mathematics. Real B
People, Cengage) (Hinh 62). Viét phuong trinh chinh tic Hinh 62
clia elip dé.

Nhitng phuong trinh nao sau ddy la phuong trinh chinh téc cua hypebol?
2 2 2 2 2 2 2

aZalor mI-Lop oX-Zop el-Lo
9 9 9 64 64 9
Tim toa d6 cic tidu diém ciia dudng hypebol trong mbi trudng hop sau:
A a ﬁ A
9 16 25

Viét phuong trinh chinh tic ciia hypebol (H). biét N(v10:2) nim trén (H) va
hoanh d6 mét giao diém ciia (H) véi truc Ox biing 3.

Nhiing phuong trinh nao sau ddy la phuong trinh chinh tic cta parabol?

a)y’ =-2x; b) v* = 2x; c) x> =—2y; d) y* = \/gx.
Tim toa d6 tidu diém va viét phuong trinh dudng chuin ctia dudng parabol trong
mbi trudng hgp sau:

2 5\ 2
a)y = ke b))y = 2\[2_x. b ik
Viét phuong trinh chinh tic cia dudng parabol. biét tieu Vil '
diém1a F (6 ; 0). i 1.
M@t chiéc dén ¢6 mit cat ngang 13 hinh parabol (Hinh 63). ol —47 5§ _\
Hinh parabol c¢é chidu rong gifia hai mép vanh la A
AB =40 cm va chiu sau 4 = 30 cm (h bing khoang c4ch \\\
tit O dén AB). Béng dén niim & tiéu diém S. Vit phuong ~ B
trinh chinh tic ctia parabol dé. Hinh 63



BAI TAP CUOI CHUGNG VI

Trong mat phfing toa dd Oxy, cho A(3 ; 4), B(2 ;5). Toa d6 cua AB 1
A (1;-1). B.(1;1). C.(-1;1). D.(-1;-1).

Vectd nio sau ddy 1 mot vects phap tuyén ctia dudng thing A: 2x — 3y + 4 = 0?
A A\ =(3;2). B. n, =(2;3).

C.ny=3;-2). D. i, =(2;-3).

Toa d6 tam I ctia dudng trdon (C): (x + 6)> + (y — 12)” = 81 Ia:

A (6:-12). B.(-6; 12). C.(-12;6). D. (12:;-6).
Khoang céch tii diém A(1 ; 1) d&n duding thing A: 3x + 4y + 13 = 0 biing:

Al B. 2. & 3 D. 4.

Trong mat phﬁng toa d6 Oxy, cho tam gidc MNP c6 M(2; 1), N(—1;3), P(4: 2).
a) Tim toa d6 cda céc vectd OM, MN, MP;

b) Tinh tich v6 huéng MN . MP:

¢) Tinh dé dai cdc doan thing MN. MP;

d) Tinh cos NMP:

e) Tim toa d6 trung diém 7 ciia NP va trong tim G ctia tam gisic MNP.

Lap phuong trinh t8ng quat va phuong trinh tham s& ciia dudng thing d trong mbi
trudng hgp sau:

a) d di qua diém A(- 3 ; 2) va c6 mdt vectd phdp tuyén 1a i = (2 ; - 3);

b) d di qua diém B(- 2 ; — 5) vi c6 mdt vectd chi phudng 1a # = (-7 ; 6);

¢) d di qua hai diém C(4 ; 3) va D(5 ; 2).

Lap phuong trinh dudng trdn (C) trong mdi trudng hgp sau:

a) (C) ¢6 thm I(— 4 ; 2) va ban kinh R = 3;

b) (C) c6 tam P(3 ; —2) va di qua diém E(1 ; 4),

¢) (C) ¢6 thm Q(5 ; — 1) va ti€p xiic v6i duding thing A: 3x + 4y — 1 = 0;
d) (C) diquaba dimA(-3;2), B(-2;-5)vaD(5:2).
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Quan sat Hinh 64 va thuc hién cic hoat dong sau:
a) Lap phuong trinh dudng thing d;
b) Lap phuong trinh duding tron (C); r d

¢) Lap phuong trinh ti€p tuyén clia dudng tron (C) tai i Wi

didm M2 +2 ;1 +2). JE AL L AN

Cho hai dudng thing:
A Bx + y-4=0A:x+ \/g_v - 2\/3 =0. Hinh 64

a) Tim toa d6 giao diém hai dudng thing da cho;

b) Tinh géc o giita hai dudng thing da cho.

Cho biét mbi duding conic c6 phudng trinh dudi ddy 1a duding conic dang nao (elip,
hypebol, parabol) vi tim toa dd tidu diém ctia dudng conic d6.
2 2 2 2
2 x % X y

a)y* = 18x; b) —+=—=1 ) —-—=1

); 4 64 25 ) 9 16
Cho tam giac AFle’ trong d6 A(0 ; 4), Fl(— 3:0), F,(3:0).
a) Lap phuong trinh téng quét cta céc dudng thang AF | VAAF,,
b) Léap phuong trinh duting tron ngoai tiép ctia tam gidc AF e
¢) Lap phuong trinh chinh téc cta elip (E) ¢6 hai tiéu diém la F|, F, sao cho (E) di
qua A.

Trén man hinh ra da ctia dai kiém soat khéng liru san bay A c6 hé truc toa dd Oxy
(Hinh 65), trong d6 don vi trén méi truc tinh theo ki-16-mét va dai kiém so4t dugc
coi 1a gbc toa dd O(0 ; 0). N&u mdy bay bay trong pham vi cich dai kiém soat
500 km thi s& hién thi trén man hinh ra da nhu mdt diém chuyén déng trong miit
phéing véi hé truc toa dd Oxy. i
Mot may bay khdi hanh tui sdn bay B lic 14 gig. Sau 500
thdi gian 7 (gi6), vi trf cua mdy bay dudc xdc dinh béi
diém M c6 toa dd nhu sau:

S00 ) 500 =«
1600 1400 \—/
X = —— ———f .

3 3 500
L _ 1900 1400
T3 3 Hinh 65

a) Tim vi tri cia mdy bay lic 14 gi& 30 phit. Thi diém nay may bay dé xuat hién
trén man hinh ra da chua?

b) Liic mAy gidd mdy bay bay gin dai kiém sodt khong luu nhit? Tinh khoang cach
giia mdy bay va dai kiém soat khéng luu lic d6.

¢) Mdy bay ra khéi man hinh ra da vao thdi gian nao?



THUC HANH PHAN MEM GEOGEBRA
(NEU NHA TRUOGNG CO DIEU KIEN THUC HIEN)

I. GIGI THIEU PHAN MEM GEOGEBRA

Hién nay, trén th€ gidi c6 nhiéu phin mém todn hoc, trong d6 c6 phin mém GeoGebra.
GeoGebra 12 phan mém mién phi, d& sii dung. thin thién v6i ngudi ding va ¢6 cée phién
ban cho khodng 80 ngén ngi khéc nhau. Sau khi d4 cai @4t phan mém, viée chuyén ddi
ngdn ngit (ching han tif ti€ng Anh sang ti€ng Viat) hét sitc don gian. Phan mém GeoGebra
6 pham vi st dung rat rong (Hinh hoc phéng, Hinh hoc khéng gian, Dai s8, Giai tich,
Xic sudt, Thong k&, Bang tinh dién tr) va trén nhiéu hg diéu hanh khic nhau, c6 thé chay
triic tuyén (online) hotic cai @4t vao mdy tinh, dién thoai théng minh va hd trg rat t6t cho
viéc day hoc mén Todn cling nhu gido duc STEM.

Dé st dung phan mém GeoGebra, ching ta ¢ thé sti dung online tai dia chi https:/www.
geogebra.org/ hodc tai tit dia chi https://www.geogebra.org/download va cai dit vao mdy
tinh hoic dién thoai théng minh. sau dé cai dit ngdn ngii Tiéng Viét d& sit dung.

I. THUC HANH PHAN MEM GEOGEBRA

1. Biéu dién mién nghiém hé bat phwong trinh bac nhat hai 4n

Bude 1. M trang GeoGebra (Hink 1). B b oM &Nl o=
Bude 2. Nhap tiing bat phuong trinh vio 6 Tl i L
Nhap Iénh: va bam enter. I 8 i
\ it
Khi d6, man hinh s& hién thi mién nghiém AR S
cta tiing bat phuong trinh 14 mién dugc t6 [ | :;' mE
mau. Mién nghiém ctia hé 1a mién giao ctia e
ting bat phudng trinh va digc bidu dién boi ]
mién mau ddm hon. Ll
Hinh |
.z =
Vidy 1 J Biéu dién hinh h(_)c’tap n:ghiém 1 Biéu dién hinh hoc
clia hé bt phuong trinh bac nhat hai an sau: tap nghiém cia hé bat
phudng trinh bac nhat
3x-y+3>0 hai &n sau:
l-2x+3y-6<0 |x—2y+3S0
Xx+3y>-2
2x +y+420. |x$0_
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Hudng dén 1 -

Bude 1. M6 trang GeoGebra.

Butde 2. Nhap bt phuong trinh 3x — y + 3 > 0

vao 6 Nhap lénh: va bim enter,
A EN . . . ¥
man hinh s& hién thi nhu Hinh 2. Mién nghiém R EEEERE A

ciia bt phuong trinh 3x — y + 3 >0 1a mién dwoc

t6 mau. Duong nét dit biéu thi mién nghiém

khong chtra cac diém nim trén duong thing

3x—-y+3=0.

Hinh 2

Bue 3. Ti€p tuc nhap tiing bat phuong trinh con
lai nhu sau: — 2x + 3y — 6 < 0 (-2x+3y-6<=0);
2x +y + 4 > 0 2x+y+4>=0). Khi d6 man hinh
s& hién thi nhit Hinh 3. Min nghiém cta hé 1a

mién dudc t6 mau dim nhdt. Cic dwong nét

lidn: — 2x + 3y — 6 =0; 2x + y + 4 = 0 bidu

thi cac di€m nim trén hai dudng thing d6 ciing
thudc mién nghiém.

2. V& c4c duding conic Hinh 3

a) Gidi thigu mét sé cong cu co bdn trong phdn mém GeoGebra dé vé hinh

Sau diy 1A mét s6 cong cu co ban trong phan mém GeoGebra d€ vé hinh:

’E Di chuyén: Ta c6 thé st dung chudt dé kéo va tha cic d6i tugng tu do. Khi ta nhip
chon mot d6i tigng trong cong cu Di chuyén, ta c6 thé xod ddi tugng bing niit Delete
hoic di chuyén di tugng bing cic phim miii tén.

|o* | Biém méi: Nhay chuot Ién viing 1am vige dé vé mot diém mdi.

lZ| Puong thing (biét hai diém thude dudng thang): Nhay chudt vao biéu tigng, sau
d6 nhay chuét 1&n vi trf diém thi nht (§ viing 1am viéc) rdi di chuyén con trd va nhay
chuot 1én vi tri diém tht hai.

‘Q| Elip (biét hai tidu di€m va mét diém thude elip do): Nhdy chudt vao biéu widng,
sau d6 nhdy chudt 18n vi trf hai diém phén biét & ving lam viéc dé v& hai tiéu diém, r6i
di chuyén con trd dén vi tri mdt diém thudc elip va nhdy chudt.
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’g Hypebol (biét hai ti¢u diém va mét diém thudc hypebol do): Cach lam tuong tu
nhu d6i véi elip.

Re. Parabol (biét tiéu diém va duong chufn): V& dudng chuin. Nhay chudt vao bidu
tugng, sau dé nhdy chudt 1én vi tri mét diém & ving lam viée dé vé tidu diém, réi di
chuyén con tré dén vi trf duong chuan va nhdy chuét.

b) Thuc hanh vé ba duong conic

CACH 1. Diing biéu tugng dé v& elip (hypebol, parabol):

(%

Nhéy chudt vao biéu tuong (L) X&) va thuc hién cdc buéc nhu mé i & trén.

CACH 2. Dung lénh vé& ba dudng conic khi biét tiéu didm va diém thude dudng conic
(hoiic dudng chufn):

— P& vé elip (hypebol) c6 toa d6 hai tidu diém (— ¢ ; 0), (c ; 0) vi di qua diém M(m ; n) ta
nhép 1énh:

+ D6i véi elip: Elip((—¢,0).(c.0).(m.n)) rbi bAm enter.

+ D6i v6i hypebol: Hypebon((—c,0),(c.0),(m.,n)) r6i bam enter.
— D& vé parabol biét toa d6 tiéu diém (c ; 0) va dudng chuin x — a = 0, ta nhép 1énh:
Parabon((c,0),x — a=0) rdi bim enter.

Chii y: Khi nhap 1énh, toa d6 ciia diém dugc ngiin céch bdi diu =",

CACH 3. Ding Iénh vé& ba duding conic khi biét phuong trinh chinh tic:
—Trong truéng hop cac s a, b. p co gia tri cu thé:
+ D6i véi elip: x—ﬁ + g =1, ta nhap phuong trinh vao & Nhap lénh:
nhu sau: a’ b
x2 /a*2 + y*2 /b2 = 1 (hoiic sii dung bin phim 4o c6 céng thiic todn dé nhip) rdi

bim enter.
2 2

+ Péi véi hypebol: x—, - y1_ = 1, tanhép phuong trinh vdo 6 Nhap Iénh:
nhu sau: a® b

xA2 / a”2 — yA2 / b2 = 1 (hoiic sif dung bin phim 4o c6 c6ng thic todn dé nhap) rdi
bdm enter.

+ D81 v6i parabol: y* = 2px, ta nhip phuong trinh vio & Nhap lénh:
nhu sau:

y~2=2*p*x (hoic sit dung ban phim 4o c6 cng thifc toan d& nhip) rdi bam enter.
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— Trong trudng hop cac sb a, b, p la cac tham s6 c6 thé thay déi gia tri:

+ Tao thanh trugt a: Nhdy vao ;,

viing lam viéc xudt hién bang cho phép thiét 1ap thong tin cho thanh trugt: tén thanh

trugt (a), gid tri dang s6, gia tri cuc tidu, gid tri cyc dai.

+ Tao thanh trugt b va p: Lam tuong tu nhu trén.

+ Nhap phuong trinh chinh tic cta cdc duding conic vao & Nhap lénh:

(gili nguyén c4c tham s6), sau 6 bim enter.

+ Dich chuyén trén thanh trigt dé thay déi gia tri a, b, p ta dudc cdc hinh dudng conic

tuong dng.

Vidy2 = VEhinh trong mdi trudng hop:

a) V& elip biét hai tiéu diém F ( 3;:0)F (3 0) va diém c6 toa d6 (0 : 4) thudce elip;

b) V& hypebol biét phucng trinh chinh tic E - ’— =%

25

¢) Vé parabol tai cic gidtrip=2,p=3. fF
Hudng dén

a) Nhap lénh: Elip((-3.0),(3.0),(0,4)) vao 6 nhdp lénh
roi bam enter. 4 £

b) Nhap phuong trinh |§6 - y—ﬁ =1 vao 6 nhap lénh:

x"2/16—-y*2/25=1 (hodc st dung ban phim 4o c6
cong thitc todn d& nhip) va bam enter.

¢) Tao thanh trugt p, sau d6 nh@p phuong trinh parabol:
y~2=2px. Dich chuyén thanh trugt p vao céc gid tri
2; 3 d& nhan hinh duding parabol tuong ting & Hinh 4a
va Hinh 4b.

.

F

2 VE hinh trong mdi trudng
hgp:

a) V& hypebol biét hai tiéu
dlemF( 5.0, F(S 0) va
diém (3 0) thude hypebol

b) V& parabol biét phucng trinh
chinh tic: y2 =5x;

c) VE elip tai cac gid tria = 3,
b=1vaa=6,b=35.

2 Geobetia Clse = o ® 1 GeaGebra Classic - o X
. Ny — - N —
Rl eM LA o * = B e L] 3 o A =
= = ——— -
/ = 4 =
pk2 2 ! p=3 - i
' —
8 a T #
3
) ) 53 [} 1 7 1 i a4 3 z BT |
LY b
J \ 1\
N
il b}
Hinh 4
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3. V& biéu d6 va tinh cdc s diic trung do xu thé trung tim, do miic dé phan tin
cho miu s liéu khéng ghép nhém
a) Gidi thiéu céng cy co bdn

&L tién thi Spreadsheet: Tao bang dé nhap dit lieu (Nhdy chudt vao bidu tong =
r&i chon| ¢  d€ xut hign c6ng cu can diing).

@JB: Phén tich thdng ké.

b) Thute hanh
Vidy3 = Nhiét d6 (don vi: °C) & Thanh ph6 Hb Chi Minh ngay 03/6/2021 sau tim lan
do la:
27 26 28 32 34 35 30 28
V& biéu dd c6t mb ta tAn s6 va tim s6 trung binh cong, trung vi, tif phan vi, phuong sai, d6
1&ch chudn ciia miu s6 lidu trén.

Huidng dén
Bude 1. Nhay chudt vao Bude 3. Chon bang di liéu: Nhay chudt chon cit A.
(mal 3
B Hién thi Spreadsheet Chon |"dll]. r8i nhdn vao * ]| Phantich 1 bién . Khi d6
d€ hién thi bang. man hinh xuat hién biéu d6 nhu Hinkh 6.
Bude 2. Nhip dit liéu vao cdt A cha Bidu b hinh cpt v Yo ||123( 12
bang nhu Hinh 5. ;
o2 =
A B 15
1 27
2 2 1
3 28
4 32
5 34 v
6 35
7 30 a
8 28 24 3 = & 32 34 4
Hinh 5 Hinh 6
= n 8
Bude 4. Nhdy chuot vio (2x] ta Trung
nhén duge bang nhu Hinh 7. GRS 535
s 33381
Tu d6, ta doc dudc cic két qua: 240
S8 trung binh cong (Trung binh) 2 30, -
D6 léch chudn (o) 1a 3,1225. o275
9 20
“ a Ol PR _ : _ 2 Vi
T phén vi la: Ql =127,5% Q2 =29z &—m
Q3 =135, GTLN 35
Hinh 7
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BANG GIAI THICH THUAT NGU

bién cé mot tAp con clia khong gian miu 47

chinh hop chép k ciia mbi két qua ciia viée 14y k phin tdf i # phin 6 cia mot tap hop

n phén ti 3 sip x6n chiine th ot thil 30 dé 12
ke 0<k=n) va sap x&p chdng theo mdt thd ty ndo d6
hodn vi clia n phan tit mbi két qua ctia sy sip xép n phan ti cia mot tap hop 11
khéng gian miu cia N S P S s
ohép thit tap hop tat ca cdc két qua c6 thé c6 cua phép thi do 46
lc\;] ;gt(t)l:luc phijthc cong thife khai trién tng qut cua biéu thic (a + )" 18
p .z o mot thi nghiém ma ta khong dodn truée dudc két qua nhung xdc
phep thirnpauinhien' | .0 880 b oS SRR 2 Mowbé c6 cia thi nghicm do $o
gl‘;gl(:lglg[:;:lnh phuong trinh ¢6 dang (x — a)’ + (y — ¥ = R*(R > 0) 87
S . < 2 2
ppung (il it e phuong trinh c6 dang x—2+ V_1 =1(a>b>0) 94
cha elip 2 P
Y . < 2 2
p}m(lilng I;mlh chinhitic phuong trinh ¢6 dang x—z— V_Z =1(a>0,b>0) 97
ctia hypebo 2L b
Eg:gl;%;;z:h GLIRLIE phucng trinh ¢6 dang > = 2px (p > 0) 99
g::gl:‘%:;l:}l:;s;g I phuong trinh ¢6 dang ax + by + ¢ =0 (a® + b* = 0) 75
sai s0 tuyét ddi ctasd  gid tri tuyét doi cha hiéu giifa s6 ding @ va s6 gin ding a: ”
gan ding A= la—d
sai s& tuong A cita s§ ti s6 gitia sai s6 tuyét doi va gia tri tuyét ddi cia s6 gin ding a:
gan ding o 2 z
la
<o dd hinh ca s0 d0 bit dAu tai mot nidt duy nhit véi cdc nhanh tod ta cdc mit 6
y b6 sung
toa db caa vecto i toa d6 ciia diém M sao cho OM = ii véi O la goc toa do 62
R A 9
oichaniderle mdi (Ap con gém k phéan t 14y 0 7 phan td cha mot tap hop 15

phanti (k e N,0<k<n)
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bién cb chic chin

bién c6 ddi

bién ¢ khong

bién c6 ngév nhién
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vectd
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NHA XUAT BAN PAI HOC SU PHAM
Pia chi: Tang 6, Toa nha s6 128 dudng Xuan Thuy, quan Cau Gidy, TP. Ha Noi
Pién thoai: 024.37547735
Email: nxb@hnue.edu.vn | Website: www.nxbdhsp.edu.vn

Chiu trdch nhiém xudt ban:
Gidm déc — Téng bién tap: NGUYEN BA CUONG

Chiu trdch nhiém té chirc ban thao va ban quyén néi dung:
CONG TY CO PHAN PAU TU XUAT BAN - THIET BI GIAO DUC VIET NAM
Ch tich H61 déng Quan tri: NGUT NGO TRAN Al
Téng Giam déc: VU BA KHANH

Bién tap:
TATHI ANH — NGUYEN THI NGAN — DAO ANH TIEN
Thiét ké sdch:
NGUYEN THI PHUONG YEN
Trinh bay bia:
PHAN TH| LUONG
Sta ban in:
LE TRUNG DUNG — VU MANH HUY

TOAN 10 - TAP HAI

Mé sé:
[I573] N A
In ....cudn, khé 19 x 26,5¢cm, tai ......
bia chi:
S8 xac nhan dang ki xuat ban: .-.../... /.-
Quyét dinh xudt ban sé: .... /..m... NQAY ... /ow. onee

In xong va nép luu chiéu



&
C%én 10 1a cudn sach gido khoa danh cho hoc sinh
lép 10, thube bé sach gidao khoa “Canh Diéu”, thwe hién
theo “Chuong trinh Gido duc phé théng 2018”.

Sach gdm hai tAp va chuyén dé hoc tap duoc bién soan
dap &ng yéu ciu phat trién phdm chét va nang lyc cla hoc
sinh. Cac hoat déng hoc tap dwoc té chirc theo tién trinh
tr d& dén kho, hwéng dén viéc kham pha, phat hién, thuc
hanh, van dung gidi quyét van dé trong thirc tién, phu hop
v@i trinh dd nhan thire clia hoc sinh. Sach dwgc trinh bay
hap dan, khoi goi sw td md, kich thich hivng tha, tao dwng
niém tin trong hoc tap mén Toan & hoc sinh.

Sach 1a san pham tam huyét cla tap thé tac gid — nhivng
nha giao, nha khoa hoc giau kinh nghiém trong giao duc
phd théng.

B . o
TEM CHONG GIA com/huong-dan) dé kieém tra sach gia

1. Quét ma QR hodc dung trinh duyét web
dé truy cap website bd sach Canh Diéu:
www hoc10.com. -

S DUNG 2. Vao muc Hudng dan (www.hoc10.

va xem huwéng dan kich hoat siv dung
hoc liéu dién tlr.

SACH KHONG BAN
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