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((4)" CAUHOIKHGIDONG
9. Ggimd vén dé, dén dét hoc sinh vao bdihoc

HOAT DONG

Gidp hoc sinh phén tich, kién tqo kién thiic mdi
V@i sy hudng dan clia gido vién

Qmﬁx KHAM PHA KIEN THUC
“ ™ phat hien kién thde méi tit hoat déng

‘“7 KIEN THUC TRONG TAM
N&i dung kién thic trong tém

FJ’ LUYEN TAP - VAN DUNG
« S dung nhing kién thic vita hoc dé lam
nhlng badi tGp cad bdn
« Van dung kién thic da biét dé gidi quyét
van dé, dac biét nhing vén dé thyc tién

! CO THE EM CHUA BIET
Tim hiéu thém kién thdc todan hoc, lich s
tod@n hoc va Ung dung cla todn hoc vao
thuyc tién

Cac em gilr gin sach can than, khéng viét vao sach dé sit dung duoc lau dai.



Cdc em hoc sinh lop 10
than meén/ -

Trong quéd trinh fim hiéu mén Todn I8p 10, bén canh cac ndi dung
cbt 16i ma cac em duge hoc, sGch Chuyén dé hoc tép Todn 10
s& cung cdp thém cho céac em nhing hiéu biét todn hoc sau séc
hon, md réng hon véi nhiéu ng dung clia todn hoc trong thuc tién.

Chuyén dé hoc tap bao gom céc chuyén dé: hé phuong trinh béc
nhdt ba én; phudng phdp quy ngp todn hoc, nhi thic Newton;
ba dudng conic va Ung dung.

Todn bd nhiing diéu frén dugc thé hién qua nhiing tranh &nh, hinh
v&, bdi tap déc ddo va hdp dan; qua nhing tri thie gan gui, li tha vé
khoa hoc ty nhién va tich hgp véi nhing mén hoc khac. Tu do, cac
em dudgc tién thém mot budc trén con dudng kham pha thé gidi bi
an va dep dé clia todn hoc, dac biét Ia dude “lam gidu” vé vén van
hod chung va ¢cé ¢a hdi *“Mang cudc séng vao bai hoc - Bua bdi hoc
vao cudc séng”.

Chiu khé suy nghi, trao ddi véi thdy cé gido va ban bé, nhét dinh
cac em s& ngdy cang tién bd va cdm thdy vui sudng khi nhéan ra y
nghia: Hoc todn réat cé ich cho cudc séng hdng ngdy.

Chuc cac em hoc tap that tt, say mé hoc todn va cé thém nhiéu
niém vui.

Cac tac gia
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HE PHUONG TRINH

BAC NHAT BA AN

Trong chuyén dé nay, chiing ta sé tim hiéu vé hé phuong trinh
bac nhat ba an va (ing dung ctia né vao giai cac bai toan &Vat i,
Hoa hoc, Sinh hoc, Kinh té, ...

s1  HE PHUONG TRINH BAC NHAT BA AN

Trong kho tang vén hoa dan gian Viét Nam co bai toan ve Trau &n ¢é nhu sau:
Trau dung an nam,
Trau nam én ba,
Lu khu trau gia,
Ba con mét bo,
Tram con an co,

Tram bo no né.

Ho6i c6 bao nhiéu trau ding,
trau nam, trau gia?

-
.

I. CAC PINH NGHIA
1. Phuong trinh béc nhat ba an

P Cho phuong trinh: 2x + y—3z =1 (1).

a) Néu cac an cia phuong trinh (1).

b) V6i mdi an ctia phuong trinh (1), xdc dinh béc cha 4n do.

;y‘ \-"‘ »_'e % ’
Phuong trinh (1) goi la phwong trinh bdc nhat ba an. @/\\g /



Nhan xét

« Phuong trinh bac nhat ba an la phwong trinh ¢6 dang: ax + by + ¢z = d, trong do x, y, z
la ba an: cac héséa, b, ¢ khong déng thot b§ng 0.

« Néu phuong trinh bac nhéat ba an ax + by + ¢z = d tré thanh ménh dé ding khi x = X5
Y=Y 2= 2, thibo s6 (45 ¥y Zo) gO1 la mét nghiém ctia phuong trinh do.

2. Hé phuong trinh bac nhit ba an

Cho hé phuong trinh:

—x+3y+5z=5 (%)
2x+ Ty —3dz.=3

3x+2y—5z=—4

a) Moi phuong trinh ctia hé (¥) la phuong trinh ¢6 dang nhw thé nao?

b)Boso (x3y;2) = (=251 0)co la nghiém ctia timg phuong trinh trong hé (*) hay
khong? Vi sao?

N/ 9 '+ Hé (x) 1a hé phuong trinh bdc nhdt ba an.

« B6 56 (—2; 1, 0) dong thoi nghiém diing ca ba phuong trinh ciia hé ()
va dwoc goi la mot nghiém cua hé phuong trinh do.

« Hé phuong trinh bdc nhat ba an la hé phuong trinh ma méi phwong trinh
trong hé la mét phuong trinh bac nhat déi voi ba an do.

« B6 s6 G 5 Ve o %) dong thoi nghiém ding tat ca cac phuong trinh ctia mot
hé phuong trinh bac nhat ba an dwoc goi 1a nghiém ctia hé phuong trinh do.

Hé ba phuong trinh bac nhat ba an ¢6 dang tong quat la:
ax+by+tcz=d
ax+by+cz=d,

a;x+byy +c,2=d,.

Trong do x, y, z la ba an; cac chit con lai la cac hé s0; cac hé so cia ba an x, y, z trong
mo1 phuong trinh khong dong thoi bang 0.
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Néu dinh nghia hai hé phuong trinh bac nhat hai an tuong duong.

Cho hai hé phuong trinh bac nhat ba an:
ax+by+cz=d mx+nmy+pz=q
ax+by+c,z=d, Ovaymx+ny+pz=gq, (D)
a;x+byy +c;2=d; myx+nyy + pz= g4

Nhan xet

« Néu tap nghiém ctia hé phuong trinh (I) bing tap nghiém ctia hé phuong trinh (II) thi
hé phuong trinh (I) duoc goi la tuong duong vor hé phuong trinh (I1).

« Phép bién ddi hé phuong trinh bac nhat ba an vé hé phuong trinh twong duong voi né
duoc goi la phép bién déi tuong durong hé phurong trinh bac nhat ba an.

Chit y: Dé giai hé phuong trinh (I), ta thuong thue hién mét s6 phép bién déi tuong diong
nhim dan dén mét hé phwong trinh ¢6 thé tim duoe nghiém mot cach dé dang,

II. GIAI HE PHUONG TRINH BAC NHAT BA AN BANG PHUONG PHAP GAUSS

Gia1 hé phuong trinh sau:
XH2y— z=—4 (1)
dy—-3z2==13(2) (@D

~-5z=-15(3)
Pé giai hé phuong trinh (I1I), ta lam nhu sau:
o Tu phuong trinh (3), tacéd: z=(=15): (-5) &= z=3.
« Thé z = 3 vao phuong trinh (2), ta duoc:
4y—-3.3=-134y-9=-134y=(-13)+9 & 4y=-4
oOy=-4):4 y=-1.
« Thé y =1, z =3 vao phuong trinh (1), ta dwoc:
x+2.(-1)-3=-4x-5=-4x=(-4H)+5x=1.
Vay hé phuong trinh (IIT) cé nghiém (x; y; z)=(1 ;-1 ; 3).

Chil y: Hé phuong trinh (TIT) 1a mét hé phuong trinh ¢6 dang tam gide. Dé giai hé phurong
trinh ¢o dang tam giac nhu vay, ta bat dau giai tir phuong trinh cudi va nguoc dan lén.



Vidul = Giai hé phuong trinh:
Sx+y—-2z=3
2y+ z=6
Giai. Ta co: =12 '
S5x+y-2z=3 S5x+y—-2z=3 S5x+y-2z =
< 2y+ z=6 <9 2y+ z=6 = 2y+ (- 4)=6
3z=—12 z=-4 z =l
5x+y—-22=3 S5x+5-2.(-4)=3 [x=-2
=2 y =5 =g v =5 &4y =5
B==— z ==4 z =—4

Vay ilé phuong trinh da cho co néhiém oy z)=(-2;3 L 4).

Gii hé phuong trinh sau:

x+2y— z=-4 (1)

x—2y+2z=9

2x+ y— z=—2 (3

2) IV)

C6 nhiéu phuong phap giai hé phuong trinh bac nhat ba an. Dudi day, ta sé tim hiéu
phuong phap Gauss thong qua viéc giai hé phuong trinh (IV).

Budc 1. Khii s6 hang chda x

thit hai.
.

( - ’ \ . \
Trit theo titng vé cua phuong trinh (1) cho phitong trinh
(2), roi thay phitong trinh méi véo vi tri phuong trinh

J

(< — 3 ” 3 g
Nhén hai vé cua phuong trinh (1) voi 2 roi trit theo
titng vé cho phitong trinh (3), sau dé thay phuong trinh

L mdi vao vi tri phuong trinh thit ba.

N

=
Budc 2. Khii s6 hang chda y
Nhén hai vé ctia phuong trinh (4) vdi 3, nhan hai vé
cua phuong trinh (5) véi 4, roi trit theo timg vé hai

phuong trinh vita tim ditoc va thay phuong trinh maoi
vao vi tri phuong trinh thit ba.

=%

S

—> 4

x+2y— z=-4
4y —-3z=-13

| 26+ y = z==2

x+2y— z=-4
4y — 3z 13 (4)
3y - z2=-6 05

-~

rx+2y— z=-4
4y—3z=-13 (V)

—-5z=-15

Budc 3. Giai hé phuong trinh (V) ¢6 dang tam gidc, ta duge nghiém (x;y;2)=(1;—1:3).
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Nhén xét: Phuong phép giai hé phuong trinh bac nhit ba dn biing cdch bién d6i hé d6 vé
hé c6 dang tam gidc (nhu cdch 1am trén) goi 1a phuong phép khii dan 4n s6 hay phuong
phdp Gauss.

Vidu2 = Gii hé phuong trinh:

x+3y+2z=1
5x— y+3z=10
—3x+T7y—4z="17.
Giai. Ta co:
[ x+3y+2z=1 [ x+3p+2z=1 x+3y+2r=1
< S5x— y+3z=10 e l6y+ 7z=—5 & 16y+ 7z=-5
—3x+7y—4z=17 —3x+Ty—4z=17 16y + 2z=10
(x+3y+2z=1 (x + 3y +22 =1 x+3y+2z=1
&4 16y+7z=-5 S! 16+ 7.(-3)=-5& y =1
St=—15 \ g =—3 7i=—3
(x+3.1+2.(-3)=1 x=4 95 |
=2 y =1 &qy=1 1 Gidi hé phuong trinh:
z =-3 z=-3. Ax+ y—3z=11
Vay hé phuong trinh di cho ¢6 nghiém 26—3y+2:=9
x5y ;=435 1 7=—=3), ok oyt g=-3
Vidu3 = Giai hé phuong trinh: ?
x-3y+ z=1 "2 Giai hé phuong trinh:

R x+2p+6z=5

-x+ y—-272=3
x+2y -3z=-1. e
x—4y-2z=13.
Giai. Ta co:
x—=3y+ z=1 x=3y+ z=1 x—=3y+ z=1 x—3y+ z=1

2k~ y—2z=2 &4 -Sy+4:=0 &3 -Syt+4=04 -S5y+4z=0
x+ 2y —3z=~1 x+2y —3z=— —-Sy+4z=2 0=2.

Phuong trinh thit ba cia hé vé nghiém. Vay hé phuong trinh da cho vo nghiém.



Vidu4 = Giai hé phuong trinh:

3x— y=-3z=
x+ y-5z=1
- 3x+2y ==3.
Giai
3x— y—3z2=3 3x— y— 3z=3 3x—y— 3z=3 (1)
x+ y-5z=1 © —4y+12z=0 &< —4y+12z=0 (2)
—3x+2y =—3 |-3x+2y =—3 y— 3z=0 (3)

Hai phuong trinh (2) va (3) twong duong. Khi do, hé phuong trinh dua ve:
{3x—y—3z=3 {3x -6z=3
2=

y—3z=0 y =3z
{x -2z= {x=22+1 ?
=N = 5
y =3z Y53z, 3 Giii hé phuong trinh:
Diit z = 1 v6i £ 12 58 thuc bat ki, tacé: x =27+ 1, y = 3. Tt y=3z==1
y— z=0

Vay hé phuong trinh da cho ¢6 v6 s6 nghiém
(x:v:2)=2t+1:3t;1) v6itla so thuc bat ki. —x+ 2y = 1.

Il SU DUNG MAY TiNH CAM TAY BE TiM NGHIEM
clA HE BA PHUONG TRINH BAC NHAT BA AN

Ta ¢6 thé tim nghiém ctia hé ba phuong trinh bac nhat ba an bang cach sit dung may tinh
cam tay. M6i may tinh khac nhau 6 thé cé cac phim khac nhau. Tuy nhién, déu co quy tic
chung la phai mé& chwong trinh giai hé ba phuong trinh bac nhat ba an r61 méi nhap dit liéu.
Vidu5 | Sit dung may tinh cam tay dé tim nghiém ctia hé phwong trinh:

3x— y+ z=2

-x+2y+5z=6

x+3y— z=1.

Giai. St dung loai may tinh phii hop, 4n lién tiép cac phim:
MODE)(5)2)3)5HJUELEREHLEREEEEE
DEEECLELEE

Ta thdy trén man hinh hién ra x = %

An tié&p phim (=) ta thily trén man hinh hiénray = %
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o~ z z 13 \'
An ti€p phim (=) ta thay trén man hinh hi¢n ra z =—. ;%}
12 <4 Sii dung mdy tinh

Vidy nghiém ctia h¢ phuong trinh la(x ; y ; 2)= =2 : & ; 13 | C‘;‘m tay dé tim nghiém
60 15 12 ctia hé phuong trinh:
Chii y:  MODE dé vao ché d6 giai hé phwong trinh 2x =3y +4z=-5
béac nhat ba an. —4x+ S5y— z=
S x+dy—3z=17.
B saiTip

1. Kiém tra xem mdi bo s6 (x ; v ; z) dd cho ¢6 1a nghiém clia hé phuong trinh tuong ting
hay khong.
x+3y+2z=1
a)d 5x- y+3z=16 0%34=2), (12 ;5 ;13 (1 ; =2 ;3);
—-3x+7y+ z=-14

3x—-y+4z=-10
b){—x+y+2z=6 (—2:;4:;0),0:;-3:10),(1;-1;5);
2x—-y+ z=-8

x+ y+ z=100

c 4:18:78),(8:11:81),(12;484).
)5x+3y+%z=100 ( ) ( > 81 ( )

2. Giai h¢ phuong trinh:

x—-2y+4z=4 4x+3y—Sz=-17 x+ y+2z=0
a) 3y— z=2 b) 2y =4 c){3x+2y =
2z ==10; y+ z=3; x =10.

3. Giai h¢é phuong trinh:

Ix—y—2z=5 2x+y—-3z=5 x+2y—4z=-1
a){i2x+y+3z=6 b)s 3x—y+ z=4 c)y x— y—3z=3
6x-y—4z=9; Tx+y—-5z=-2 x—-3y+ z=4.

4. Tim s6 do ba géc clia mot tam gidc, biét tong s6 do ctia gée thid nhit va gée thi hai bing
hai 14n 6 do ctia géc thi ba, s6 do ctia gée thd nhat 16n hon s6 do clia gée thit ba 12 20°.
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. Béc Thanh chia s& tién 1 ti ddng ctia minh cho ba khodn diu ti. Sau mot nim, tong s&

tién 1di thu duoc 1a 84 triéu dong. Lii suat cho ba khoan dau tu 1an luot 13 6%, 8%, 15%
va 0 tién dAu tu cho khodn thid nhit bing tng so tién dau tu cho khodn thi hai va thi ba.
Tinh s6 tién bac Thanh dau tu cho mdi khoan.

Khi mdt qua béng duge dad l1én, n6 sé dat do o
cao ndo d6 rdi roi xudng. Biét quy dao chuyén &
dong cua qua bong la mét parabol va do cao - ;
. ~ . v ‘e )
h cha qua bong dugc tinh bdi cong thic Q{ > @

h= —,1,—at2 +v,t+ hy, trong d6 do cao h va dd cao r% ® &

2 . A {
ban dau 4, dugc tinh bing mét, 7 1a thdi gian cha e
chuyén dong tinh bing gidy, a 1a gia toc cla
chuyén dong tinh bing m/s’, v, 1a van to¢ ban dau dugc tinh bang m/s. Tim a, v,, i, biét

sau 0,5 gidy qua bong dat dude do cao 6,075 m; sau 1 gidy qua bong dat do cao 8,5 m;
sau 2 gidy qua béng dat do cao 6 m.

MOt cifa hang bdn d6 nam gdm 4o s6 mi, quin 4u va 40 phong. Ngay thit nhat ban duge
22 40 so mi, 12 quan 4u va 18 do phong, doanh thu la 12 580 000 dong. Ngay thd hai
bén dugc 16 4o so mi, 10 quan au va 20 4o phong, doanh thu 1 10 800 000 dong. Ngay
thit ba ban dugc 24 40 so mi, 15 quan 4u va 12 4o phong, doanh thu 1a 12 960 000 ddng.
Hoi gid ban méi 40 s6 mi, mdi quan au va moi 4o phong la bao nhiéu? Biét gid tiing loai
trong ba ngay khong thay doi.

Ba nhin hiéu banh quy 12 A, B, C dugc cung cip b6i mot nha phin phdi. Vi ti 1é thanh
phan dinh dudng theo khdi Iugng, banh quy nhin hiéu A chida 20% protein, banh quy
nhan hiéu B chiia 28% protein va banh quy nhan hiéu C chia 30% protein. Mot khach
hang muén mua mot don hang nhu sau:

« Mua téng cong 224 cai banh quy bao gom ca ba nhén hiéu A, B, C;

« Luong protein trung binh ctia don hang nay (gém ca ba nhan hiéu A, B, C) la 25%;

« Luong banh nhan hiéu A gap d6i lugng banh nhan hiéu C.

Tinh hrong banh quy méi loai ma khach hang do dit mua.

Sti dung mdy tinh ciAm tay dé tim nghiém ctia cdc hé phuong trinh sau:

—x+2y-3z=2 x—3y+ z=1 x+ y—3z=-1
a): 2x+ y+2z=-3 b) S5y—-4z=0 c)q 3x—S5y—- z=-3
—2x—3y+ z=35; x+2y-3z=-1; —x+4y-2z=1.



UNG DUNG HE PHUONG TRINH
BAC NHAT BA AN

§2
Hé phuong trinh bac nhat ba an la mét céng cu dé giai quyét nhiéu van deé trong thue tién
cting nhu trong cac moén hoc khac nhu: Vat 1i, Hoa hoe, Simh hoc, Kinh té, ...

I. UNG DUNG TRONG VAT LI

1. Ung dung trong bai toan ve mach dién
Bai toan 1. Cho mach dién nhu Hinh 1.
BiétR1:36 Q, R, =9 Q R; =60 Q va
U=60V. Go1 ] la cuong do dong dién chay
qua mach chinh, I, va I, la cuong do dong dién

chay qua hai nhanh. Tinh I, I,, I;. A B
Hinh 1

Giai
Cuong do dong dién ciia doan mach mic song song la: L, %L
Tacé: I, =L, +1;hay I, =L, -1, =0.
Hiéu dién th€ gitia hai ddu doan mach midc song song 1a: U, = I,. R, = I, . R, nén
90L, = 60L, hay 3L, —21,= 0.
Hiéu dién th& gilia hai diu doan mach AB 1a: U = U +U,nén60=1,.R, +1,.R, hay
361, + 901, = 60 = 6I, + 151, = 10.

I &, - 1I,=0
Ta ¢6 hé phuong trinh: 31,-2I,=0

3
61, +1513 ="}

Gidi hé phuong trinh, ta dugc I, = %(A), I, = %(A), I, = %(A)

2. Ung dung trong vién thong
Bai todn 2. Ciing nhu trong mit phing toa do, 2o
trong khong gian ta c6 thé dua vao hé truc toa .
d6 Oxyz. Khi d6, mbi diém M trong khong gian M
c6 toa do 1a bod ba s6 (X412, vaduge ki hiéu o | Yo

Ia M(x, 3y, ; z,) (Hinh 2). il

Khoéng céich gitia hai diém P(x,; y, ; z,).
O(x,: ¥, 2,) trong khong gian dugc tinh nhu sau: %

= = = % Hinh 2
PO = (x5, + (3 - )2+ (55— 7)° -
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Ta c6 thé mo phong co ché hoat dong clia hé thong GPS (Global Positioning System —
Hé théng dinh vi toan cau) trong khong gian nhu sau: Trong ciing mot thoi diém, toa do
ctia mot diém trong khong gian dé sé duge xédc dinh bdi bon vé tinh cho trudc.

Chang han, ta xét mot vi du cu thé nhu sau:

Trong khong gian v6i hé truc toa dd Oxyz, cho bon
vétinhA0:;4:;5),B-3:;-1;3),C(-2:8;9),
D(-7 ;2 ;—3) va trén mbi vé tinh ¢c6 mdt mdy thu
tin hiéu. Bi‘mg céch so sdnh su sai léch vé thoi gian
ti lac tin hiéu duge phat di véi thoi gian nhan duge
tin hiéu phan hdi, méi mdy thu tin hiéu xdc dinh
dugc khoang cdch tif vé tinh dén vi tri M cin tim  F eai—" »
toa do. Biét cdc khoang cdch d6 1a MA =3, MB =5, -k Ve linh GPS dang bay trén quy

dao quanh Trai Pt
MC=9,MD = 10. (Nguon: https://commons.wikimedia.org)

o = =i, -

a) Chimg minh toa do ctia diém M la nghiém ctia hé phuong trinh:

’.’«'2+(_\'—4)2+(:—5)2 =5 (1)
x+32+(+1D)*+(z-3% =25 (2
(.\'+2)2+(.\'—8)3+(:—9)2 =81 (3)

(x+ 12+ (y-22+(z+3)2 =100 (4)

b) Viét hé phuong trinh c6 duoe bi'ang cach trir theo fimg vé clia moi phwong trinh (2), (3), (4)
cho phuong trinh (1),

¢) Tim toa do cta diém M.

Giai

a) Goi toa do diém M(x ; y;2). Theogia thiét, M4 =3, MB =5, MC =9, MD = 10 nén ta co:

MA? =32 2+ (-42+z-52 =9 )
<MBlzsl Q_(.x~+3)2+(y+1)3+(:—3)2 =25 (2)(1)
MC? = ? x+2+(y-8%+(z-97% =81 (3)
kz\/IDZ =10 (x+ T4 (y- 2)% +(z+ 3)2 =100 (4)

Vay toa do diém M la nghiem cua hé phuong trinh (I).

b) Sau khi trir theo timng vé clia moi phuong trinh (2), (3), (4) cho phwong trinh (1), ta nhan
dugc hé phuong trinh sau:
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6x+10y+ 4z =38 3x+5y+2z=19
4x— 8y— 8z =-36 © {2x—4y-4z=-18 (II)
14x+ 4y+16z =70 Tx+2y+8z=35

c¢) Giai hé phuong trinh (IT), ta dugc x =1, y =2, z=3. Vay M(1 ; 2 ; 3).

Il. UNG DUNG TRONG HOA HOC

1. Phuong phap dai s6 trong cin bang phan ang hoa hoc

Xc’zt phan 1:n1g hoa hoc co dz_mg:‘ x, A, +x,A, > x,A; +x,A,, trong d6 méi phan tir A, c6

the co6 nhiéu hon mot nguyen to.

Pé can bang phan tmg trén, ta phai tim cac hé s6 X, X,, X3, X, sao cho cac nguyén t6 duac

bao toan.

Buoc 1. Coi xy, x,, x5, x, 1a cac an, lap hé phuong trinh bac nhat bén an dua theo dinh
luat bao toan nguyén té trong phan img hoa hoc.

Buoe 2. Chon ra mot trong boén an X, X,, X5, X, va cho an do mot gia tr1 cu thé. Thong
thurong, ta chon ra an img véi phéan it ¢o cau tric phire tap nhat trong bén phan tir
AL A, A; A, Gia1 hé phuong trinh bac nhat theo ba an con lai.

Bai todn 3. Tim cdc hé s3 x, y, z d€ can biing phuong trinh: xFe,0, + y0, -5 zFe,0,.
Giai

Theo dinh luét bdo toan nguyén td d6i véi Fe va O, ta ¢6: 3x = 2z hay 3x — 2z =0 va
4x +2y=3zhay4x+2y—3z=0.

Ta co hé phuong trinh sau:

3x- 2z =0 .
(1
4x+2y-3z=0
Chon x = 4. Khi do6, hé (1) tré thanh 22=12 <z=6
2y—3z=-16 y =1

Vay ta ¢6 phuong trinh sau can bing: 4Fe,O, + 02L°> 6Fe,0;.

Bai todn 4. Hoa tan hoan toan 13,4 g hén hop X gém Mg, Al, Fe vao dung dich H,SO,
dac nong du thu duoc 0,55 mol khi SO, chi theo cac phuong trinh phan g hoa hoc (1),
(2), (3). Mat khac, néu cho 13,4 g hén hop trén tac dung vai dung dich HCI dur thi thu duoc
0,5 mol khi H, chi theo cac phuong trinh phan tmg hoa hoc (4), (5), (6):
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Mg +2H,S0, £ MgSO, +2H,0+S0, (1) Mg+2HCl->MgCl, +H, 4)
Sémol a a a a
2Al+6H,50, -5 AL(SO,),+ 6H,0 +3S0, (2) 2Al+6HCl— 2AICL +3H, (5)
Somol b 1,56 b 1.5b
2Fe + 6H,50, -1 Fe,(SO,),+ 6H,0 + 350, (3) Fe+2HCI—»FeCl,+H,  (6)
Somol ¢ s T c c
O do, a, b, ¢ (a, b, ¢ 16n hon 0) lan luot la s6 mol ctiia Mg, Al va Fe trong hén hop X.
Tinh khéi luong Mg, Al, Fe trong hén hop X.
Giai
Dp khéi luong hén hop X bang 13,4 g; nguyén tit khéi (khéi luong mol) ciia Mg, Al Fe
lan luot 1a 24, 27, 56 nén ta co: 24a + 27b+ 56¢ = 13.4.
S6 mol SO, la 0,55 (mol).
Tl cdc phuong trinh (1), (2), (3), tacé: a + 1.5b + 1.5¢ = 0,55.
S6 mol H, 12 0,5 (mol).
T céc phuong trinh (4), (5), (6), tacé: a+ 1,50 + ¢ =0,5.

24a+ 27b+ 56¢c=13,4
Ta c6 hé phuong trinh: a+ 1,5b+1,5¢=0,55

a+15b+ ¢=0,5.
Giar heé phuong trinh, ta duoc: a = 0,1 (mol); b= 0,2 (mol); ¢ = 0,1 (mol).
Vay ta co:
Khéi luong Mg trong hén hop X 1a: 24 . 0,1 = 2.4 (g).
Khéi luong Al trong hén hop X 1a: 27 . 0,2 =54 (g).
Khéi luong Fe trong hén hop X 1a: 56. 0,1 = 5.6 ().

2. Tim céu tao ciia nguyén tir va xac dinh cong thirc phan ti¥ ctiia hop chat
Ta dé biét mot nguyen t6 ¢o ba loai hat co ban la: p (proton), n (neutron), e (electron).

Ta goi Z la s6 luong hat p. Khi do, theo nguyén li can bang dién tich, ta co Z ciing la s6
luong hat e.

Ta goi N la s6 luong hat n.
batA=Z+N, A duoc goi la s6 khéi.
16



Bai todn 5. Tong s6 hat ¢d ban (p, n, €) cia mdt nguyén tif X 1a 26. S& hat mang dién
nhiéu hon s& hat khéng mang dién 1a 6. Xdc dinh s6 hat p, n, e cha nguyén tii X.

Giai

C6 hai loai hat mang dién ctia X 12 p va e. Vi thé tong s6 hat mang dién ctia X 1a 2Z.
2Z+N =26

2Z-N=6.

Giai hé phuong trinh trén ta duge Z = 8, N = 10.

Ta c¢6 hé phuong trinh sau: {

Vay nguyén ti X ¢6 8 hat p, 10 hat n va 8 hat e.
Bai todn 6. Trong phén tii M,X ¢6 tong s6 hat (p, n, e) 1 140 hat, trong d6 s6 hat mang
dién nhi¢u hon s6 hat khong mang dién 12 44 hat. S6 khoi ctia nguyén tii M 16n hon s6
khdi ctia nguyén ti X 12 23. Tong sd hat (p, n, e) trong nguyén tii M nhiéu hon trong
nguyén tif X 1a 34 hat. Xdc dinh cong thidc phén tif ctia hgp chat M, X.
Gidi
Go1Z,,, Ny, lan luot 14 s6 lwong hat p, n cia nguyén ti M;
Zy, Ny lan Iuot 1a s6 hrong hat p, n ctia nguyén tir X.

» Theo gid thiét, tong s6 hat (p, n, e) trong phén ti M,X la 140 hat nén ta co:

2(2Zy, + N,)) + (2Z, + N, ) = 140 hay 4Z,, + 2N,, + 2Z, + N, = 140.

* Do trong phan tr M, X s6 hat mang dién nhiéu hon s6 hat khéng mang dién la 44 hat
nén ta co:

(4Zy,+ 2Z ) — (2N, + Ny) = 44 hay 4Z,, — 2N, + 2Z_— N, = 44.

« S6 khéi ctia nguyén tir M 16m hon s6 khéi ciia nguyén ti X 1a 23 nén ta co:
(Zy;+Ny) —(Zy + Ny ) = 28 hay Z,, + N, . — Zo=N,, = 23,

« Tong s6 hat (p, n, e) trong nguyén tr M nhiéu hon trong nguyén tir X la 34 hat nén ta co:
(2Zyy + Ny — (2Z,,+ Ny) =34 hay 27, + N,, — 2Z,, — N, = 34.

(47, + 2N, + 27, + N, =140 (1)

47, — 2Ny +2Z, —N,=44  (2)

Lot Ny= Zoo=Nop=1023 (3)

22+ Ny —2Zy—Ny =34 (4)

Céng theo vé ctia phuong trinh (1) véi timg phuong trinh (2), (3), (4), ta c6 hé phwong trinh:

(8Zy + 47 =184

057y + 3N+ Zx =163

|6Zy + 3Ny =174,

Ta c6 hé phuong trinh: <
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Giai hé phuong trinh, ta duoc Z,, = 19, N, = 20, Z, = 8. Do do, N.=8.
ViZ,,=19nén M laK (kalium); Z, = 8 nén X la O (oxygen).
Vay phan tir do la K, 0.

. UNG DUNG TRONG SINH HOC
Bai todan 7. Mot phan tt DNA co téng s6 nucleotide (nu) loai G véi mét loai nucleotide
khac bang 60% téng s6 nucleotide ctia phan tit DNA. Tdng s6 lién két hydrogen cua
phan tt DNA la 3 120. Trong mach 1 ¢6 s6 nu loai A bang 2 s6 nu loai G va bang % 56
nu loa1 T. Xac dinh s6 nucleotide moi loai trén timg mach cua phan ta@ DNA do.
Giai
Ki hiéu: A, G, T, X lan luot la tong s6 nu loai A, G, T, X ctia phan tit DNA;

N la téng s6 nu cta phan tit DNA ;

Ay; Gy, Ty X, lan luot la téng sonuloaiA, G, T. X trong mach 1;

A G, T X5 lan Iuot 1a téng s6 nu loai A, G, T, X trong mach 2.
eTaco: G+A=50%NA=T,G=X.

Ma dé bai cho téng s6 nu loai G véi mét loai nu khac 1a 60% ciia N nén G + X = 60%N.
Suyra G =X=30%N vaA+T = 40%N.

ViA=Tnéntr A+ T =40%N ta co: A=T =20%N. Do d6, G = 1,5A.

« Ta ¢ 56 lién két hydrogen béng 2A+3G =3 120ma G =1,5Anén A =T =480, G =X =720.
Vay N =2(A+ G) = 2 400.

Do do, tong s6 nucleotide ciia phan tit DNA trén méi mach 1a 2 400 : 2 =1 200.

o Taco A =1, 8, =T, néna,+1, =4, +A =480

Theo gia thiét 3 mach 1 ¢6 A = %GI = %Tl hay G, =2A,, T, = 4A,.

A +T =480 A, =96
Ta co6 hé phuong trinh: {4A, T, =0 <«T =384
2A,- G, =0 G, =192

Vay s6 nucleotide loai X ctia mach 1 1a: X, =1200—-96—-384-192 = 528.
« O mach 2, ta co:
A,=T;=384,T,=A,=96,G,=X,=528, X,=G,=192.
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IV. NG DUNG TRONG KINH TE

1. M6 hinh cin biing thi truong hang hoa cé lién quan

Gia sti trén thi trudng ¢6 n loai hang hod dugc mua va bén, ddnh s6 1an lugt 1a hang ho4
1,2, ..., n. Ta néi n loai hang hod d6 ¢4 lién quan néu gid cha mot miit h2mg nao do thay
doi th1 né khong nhiing anh hudéng t6i lugng cung (ki hiéu la Qs) va luong cau (ki hiéu la
0 D) ctia ban than mét hang d6, ma né con anh hudng téi gid va ]uong cung, lugng cau clia
cac mat hang con lai.

Nhu vay doi v6i n loai hang hod ¢6 lién quan thi lugng cung QS (hodic lugng ciu QD
ctia mdi loai hang hod 12 mot dai lugng phu thudce vao n bién P P,, ..., P, trong do
S el o 1an luot 1a gid cta hang hod 1, 2, ..., n. Nguoi ta thuang bleu dlen su phu
thudc clia lugng cung va luong ciu vao gid cla céc hang hod béi ham cung va ham cdu
nhu sau:

Q = S(P, P‘)a caey P,,),

0, —D( » Byl B)RKISE<n),

trong d6 P, P, ....Pn lan lvot 1a gid cta hang hod 1, 2, ..., n.

M6 hinh can biing thi trudng n loai hang ho4 c¢6 lién quan (can bing cung ciu) dugc xdc
dinh b6i hé phuong trinh: Q¢ = Q. 1 =i = n. Giai hé phuong trinh d6 ching ta tim dudc

bo gid cin bing thi trudng: P= (1T E e ) Thay vao Qg (hodc Q) ching ta thu

dudc bo lugng can biing thi trudng: O = (Ql Qs a0, )

Bai todn 8. Xét thi trudng gom ba loai hang hod gdm che, ca phé, ca cao ¢6 ham cung

va ham ciu tuong ing nhu sau:

Qs =-10+P;  Qp, =20-P-F (che)

Qs =2P; Q =40-2P, - P, (ca phé)

Q = IS Q =10-PF+P, - P, (ca cao)

a) Hay thiét lap mo hmh can bang thi truong ctia ba loai hang hoa trén.

b) Xac dinh gia va luong cung ca phé & trang thai can béang thi truong,

Giai

a) Mo hinh can bf'mg thi truong cua ba loai hang hoa trén duoc cho bar hé phuong trinh
bac nhat ba an sau:

Qs=Qp [-10+PA=20-P-P, 2P + P,=30
0; =0, © 2P,=40-2P,-P, & 4P, + P,=40 (D)
LQs:QD‘ =5+3R=10-A+F~-F B =P +4P =15
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b) Giai hé phuong trinh (I), ta co:

2P, + P,=30 [2P+ P, =30 [2pP+ P, =30
(I) & 4P+ P, =406 4P,+ P, =406 4P+ P,=40
2P, — 2P, +8P, =30 2P,—7P, =0 4P, ~14P,=0

R=3

2P+ P =30 3

= 4P, + P, =40 <:><P2=23—8

I5P, = 40 g

P==.

33

Viy & trang thai can béng thi truong, gia ca phé la Fz = 23—8 va huong cung ca phé la:
— = 28 56
s = 2P =
e

2. M6 hinh can bang thu nhap quéc dan

Téng thu nhap quée dan, ki hiéu la ¥, thuong duoc tinh trén hai nguén chi yéu: Chi tiéu
¢6 dinh cia chinh phu, ki hiéu la G, va tién cua nguoi dan (bao gém dau tur cua cac ho
gia dinh, ki hiéu la /, va tiéu dung cua cac ho gia dinh, ki hiéu la C). Ta no1 thu nhap
quoc dan la can bang néu ¥ = C + Iy + G,

Xeét mo hinh can béng thu nhap quéc dan co6 dang hé phuong trinh bac nhat:

Y=C+1,+G,
C=alY-T)+b
T ="a¥;

Trong do: T la thué, C=a(Y-T)+b, céché'xngs60<a< 1,6>0, 0<a <1 duoc chon
trude (phu thude vao sur lua chon mé hinh cia céc nha hoach dinh chinh sach).

Bai todn 9. Cho mé hinh can bang thu nhap quéc dan:

Y=C+1,+G,
C=150+08(Y ~-T)
T=02Y.

Trong d6, ¥ la tong thu nhap quéc dan, G, la chi tiéu c6 dinh ctia chinh phu, 7, 1a dau tu
cua cac hé gia dinh, C la tiéu ding ctia cac ho gia dinh, 7'1a thué va cac dai luong ¥, o
1,, T, C duoc tinh theo cung don vi do.
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a) Tim trang thai can bang khi 7, = 300, G, = 900.

b) Khi suy thoai kinh té, ta chon C =150+0,7(Y - T'). Gia sit I, = 300. Héi G, bing bao
nhiéu thi 6n dinh duoc tong thu nhap quoc dan?

Giai
a) Khi 7, = 300, G, = 900, mo hinh can bang thu nhap qudc dan co dang:
Y-C =1200
-0,8Y +C+0,8T =150 (D).
0,2Y - T=0

Giai hé phuong trinh (I), ta co:

¥ = =1200 ) el O =1200 Y =3750
D= <8Y-10C-8T=-1500=<7 2C+8T=11100<1C=2 550
X = 10T =0 Y =5T T =750.

b) Theo gia thiét C =150+0,7(Y —T) va I,= 300 nén m6 hinh can bang thu nhap quéc
dan c6 dang:

) Sl =300+G,

—-0,7Y +C+0,7T =150 (II). Gia1 he (II), ta co:

0,2Y - T=0
C=Y=300-=G C=Y_3OO’G0 C=Y_3OO—GO

i i

450 +
e —0,7Y+Y—3OO—GO+O,7.0,2Y=1504:>{;—;Y=4SO+G0 &Y= 84460

R isttei T=0,2Y T={2F,

450+ G

D¢ 6n dinh dugc thu nhap qudc dan thiy — 0 =3750 < G, =1200.
0,44

[ sai1ip
1. Cho mach dién nhu Hinh 3. BietU=20V, R=0,5Q,

r,= 1€, r,=2 Q. Tim cudng dj dong dién I, L, I chay
qua moi dién trd.

2. Chomach dién nhi Hinh4.BietU=24V,D: 12V -6 W,
D,:12V-12W,R=3,

a) Tinh dién tré ciia mo1 bong den.

b) Tinh cudng dd dong dién chay qua mdi béng dén va
dién tré R.




3. Tim céc hé s x, y, z d€ can biing mdi phuong trinh phan ting hod hoc sau:
a) xKCl0, 55 yKCl+ z0,;
b) xFeCl, + yCl, — zFeCl;;
¢) xFe + yO, AN zFe,0,;
d) xNa,SO,+ 2KMnO, + yNaHSO, %> :Na,SO0, + 2MnSO0, + K,SO, + 3H,0.

4. Mot gido vién day Hod tao 1 000 g dung dich HCI 25% tii ba loai dung dich HCI c6
nong do 1an lugt 1a 10%, 20% va 30%. Tinh khéi lugng dung dich mbi loai. Biét ring

liong HCI ¢6 trong dung dich 10% biing i lugng HCI ¢6 trong dung dich 20%.

5. Tong s6 hat p, n, e trong hai nguyén t(i kim loai A va B 12 177. Trong d6 s6 hat mang
dién nhiéu hon s& hat khong mang dién 1a 47. S6 hat mang dién ctia nguyén ti B nhiéu
hon clia nguyén tit A 1a 8. Xdc dinh s6 hat proton trong mot nguyén tii A.

6. Mot phén ti DNA ¢6 khéi lugng 1a 72 . 10* dvC va c6 2 826 lién két hydrogen. Mach 2
6 50 nu loai A biing 2 I4n s6 nu loai T va biing 3 14n s6 nu loai X. Xdc dinh s& nucleotide
mdi loai trén tiing mach ctia phan ti DNA d6. Biét ring mot nu ¢6 khdi lugng trung
binh la 300 dvC.

7. Tim da thic bic ba fix) = ax® + bx®> + ex+ 1 (véia = 0) bist i— 1) = -2, fil) =2,
f2)=1.

8. Ba ldp 10A, 10B, 10C trdng duoc 164 cay bach dan va 316 cy théng. Méi hoc sinh 1op
10A tréng duoc 3 cay bach danva 2 cay thong; mdi hoe sinh 16p 10B tréng duoc 2 cay bach
dan va 3 cay thong; méi hoe sinh 16p 10C tréng duoc 5 cay thong. Héi méi 1dp ¢6 bao nhiéu
hoe sinh? Biét s6 hoc sinh 16p 10A bang trung binh cdng s6 hoc sinh 16p 10B va 10C.

9. Do cao h clia mot vat trong chuyén dong dugc tinh bdi cong thic h = ;at‘z + vt + hy,
vGi do cao h va do cao ban ddu h, dugc tinh bing mét, 7 1 thdi gian ctia chuyén dong
tinh bing gidy, a 12 gia tdc cia chuyén dong tinh bing m/s%, v, 1a van téc ban déu tinh
b?mg m/s. Tim a, v, h,,. Biét ri“mg sau 1 s va 3 s vat cung dat dugc do cao 50,225 m; sau
2 s vat dat do cao 55,125 m.

10. M6t ngan hang muén dau tur s6 tién tin dung 14 100 ti dng thu duoc vao ba nguén: mua
trai phiéu voi mure sinh 161 8%/ndm, cho vay thu lai suat 10%/nim va dau tur bat déng san
vi muie sinh 161 12%/nim. Theo diéu kién ctia quy tin dung dé ra la tong s6 tién dau e vao
trai phiéu va cho vay phai gap ba lan s6 tien dau tu vao bat dong san. Néu ngan hang muén
thu duoe muie thu nhap 9,6 ti dong héng nim thi nén dau tu nhur thé nao vao ba nguon do?
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PHUONG PHAP QUY NAP
TOAN HOC.

NHI THUC NEWTON

Trong chuyén dé nay, chiing ta sé tim hiéu nhiing néi dung sau:
phuong phap quy nap toan hoc, nhi thuc Newton.

s1 PHUONG PHAP QUY NAP TOAN HOC

Chia hinh vuéng canh 1 thanh bén hinh vuéng nhé bang
nhau, lay ra hinh vuéng nhé thir nhat (¢ goc dudi bén trai,
mau do), canh cua hinh vuéng do béng %

Chia hinh vuéng nhé & goc trén bén phai thanh bén hinh
vuéng bang nhau, lay ra hinh vuéng nhé thit hai (mau do),

canh ciia hinh vuéng d6 bang %

Hinh 1

Tiép tuc qua trinh trén ta duoc day cac hinh vuéng nhé
(mau dd) ¢ Hinh 1.

v

Wy
Canh cua hinh vuéng nho thie n (mau do)
bang bao nhiéu? Vi sao?

I. PHUONG PHAP QUY NAP TOAN HOC
Xét ménh dé chita bien P(n): “1 +3+5+ ...+ (2n— 1) =n?"vi nla sé nguyén duong.
a) Chimg t6 rang P(1) la ménh dé dung.

b) Voi k la mot s6 nguyén duong tuy y ma P(k) la ménh dé dung, cho biét
1 +3+5+ ..+ (2k- 1) bang bao nhiéu.

¢) Voi k la mot s6 nguyén duong tuy y ma P(k) la ménh deé dung, chung to ré'mg Pk+1)
cting la ménh de ding bﬁng cachchirai®+[2(k+1)-1]=(k+1)%
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Ta dd chirg té dwoc rang:
« P(1) la ménh dé diing,
Vi k la mot s6 nguyén duong tuy y, néu P(k) la ménh dé ding
thi P(k + 1) ciing la ménh dé ding.
Khi dé P(n) la ménh dé ding voimoin € N " theo mét nguyén li

ma ta goi la nguyén li quy nap toan hoc.

Phuong phap chimg minh nh trén (dé khing dinh tinh ding dén ctia mét ménh dé toan hoc)
duoc goi la phuong phap quy nap toan hoc.

Dé chimg minh ménh dé ding vé1 moi s6 tu nhién > 1 bang phuong
phap quy nap toan hoe, ta lam nhw sau:

Bute 1. Chimg t6 ménh dé dimg voin = 1.

Bude 2. Vi k 1a mot s6 nguyén duong tuy y ma P(k) 1a ménh dé dung
(goi la gia thiét quy nap), ta phai chimg té P(k + 1) ciing la
ménh dé ding.

Nhén xét: Dé chimng minh ménh de ding vé1 moi sé tunhiénn, n>m (m e NY) bﬁng
phuong phap quy nap toan hoc, & Bue I trong cach lam trén, ta phai chimg t6 ménh de
ding vé1 n=m.

Vidu1 & Chimg minh réng »* —n chia hét cho 3voimoin e N,
Giai
Buéc 1. Khin=1,tacéd: 13— 1 =0 chia hét cho 3.

Buréc 2. Vi k 1a mét s6 nguyén duong tuy y ma k* —k chia hét cho 3, ta phai chimg minh
(k+1) — (k+ 1) chia hét cho 3.

Thatvay,tacod: (k+ 1P —(k+ 1) = +32+3k+1-k—-1= -k+3(+k).
Theo gia thiét quy nap, (K —k):3, ma 3(i* + k) 3.

Suyra[l —k+3(k+k)]:3, tacla[(k+1)P —(k+1)]:3.

Do do, theo nguyén li quy nap toan hoc, #° — n chia hét cho 3 véimoin € N

. * 1 1 1 n
Vidu2 , e i s N _
1du ChungmmhrangvoxmolneN,taco.——].2+——2‘3+...+n(n+1) =T
Giai 1
Buocl. Khin=1,tacdt: —————~= = vay dang thic diung voin=1.

1.0+1) 1+1°
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Buée 2. Vi k1amot s6 nguyén duong tuy y ma dang thirc ding, ta phai chimg minh dang

thl'rccmlgdt'mgvdik+1,t1'rclé—L+l—+...+ | = kil :
1.2 2.3 7 (k+D[(k+D+1] (k+D+1
Thétvéy,theogiéthiétquynaptacé:—1+—1+_,,+ - k ;
1.2 2.3 k(k+1) k+1

Suy ra
1 1 1
—t—t ..+ +
1.2 2.3 k(k+1)  (k+D[ (k+1)+1]
k 1
= +
k+1 (k+D(k+2)
K +2k+1  (k+1) 9
(k+D(k+2) (k+I1)(k+2) 1 Chiing minh:
k+1 k+1 1 1 1
— — 3 a) + i —————
k+2  (k+1)+1 sl %3 Jh i dn+
Vé}'déllg thire dl:mgVUlk'*'lDOdO, = n+1_lvo"im(')ineN*;
theo nguyén li quy nap toan hoc, ding P_o1 Pl £l Aol
thirc ding véi moi n € N'. Tuc la b) o5 P+ B B+
1 1 1 LA 2w tnr1B.. A S
ﬁ+ﬁ++n(n+l)—n+] —m‘vmmolnEN,nz_.

i : *
voimoin e N . — =

Il. AP DUNG

Vidu3 = Mot nguoi gui so tien 4 (dong) vao ngan hang voi lai suat 7%/nam. Biét rang,
neu khong rit tién ra khoi ngan hang thi cir sau mo1 nam, sé tién 1a1 s€ duoc nhap vao
von ban dau. Chimg minh s6 tién nhan duoc (bao gom ca von lan lai) sau #» (nam) la

n

T = A(l + ﬁj (ddng), néu trong khoang thoi gian nay nguoi gt khéng it tién ra va

lai suat khong thay déi.

Giai

Sau 1 nam, so tién von va lai thu duoc la: A + A . L a1+ L (déng).
100 100

1
Vay T, = A[l - ﬁ] , tirc 1a déng thie ding voin=1.
Véi k la mét s6 nguyén duong tuy v ma dang thirc dung, ta phai chimg minh déng thic
k+1
ciing dimg véik+ 1, tacla T, , | = A(l + ﬁ) .
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k
That vay, theo gia thiét quy nap, taco: T, = A (1 T I(I)_OJ '

k
Ta théy, sau khi hét k (nam) thi $O tién T.=A [l + ﬁj tra thanh tién von dé tinh tién

141 cho ndm thit k+ 1. Do do, s6 tién vén va lai nguol do co6 duoc sau k + 1 (nam) la:

Nk k k k+1
A[l+'—) +A(1+L) L :A(HLJ [1+Lj = A(HL) ,
100 100) 100 100 100 100

" k+1
tecla T, , | = A(l + l()_O) (dong).

Viay dang thirc ding voi k + 1. Do do, theo nguyén li quy nap toan hoc, déng thirc ding
vormol n € N, tire la so tién ca von lan lai ngu';oi do ¢co duoc sau n (nam) la:
T = A(l +ﬁ) (ddng).
Vidu4 = Cho x 1a sd thic, x > — 1. Ching minh v6i moi n € N, ta c6:
(1+x)">21+nx(1)
Giai
Buéc 1. Khin=1,tacé: (1 +x)! =1+x=1+ lx Vay bat ding thitc (1) ding voin=1.
Buoc 2. Vo1 k 1?1 mfit s6 nguyén duong tuy y ma bat dang thic (1) dung, ta phai chimg
minh bat dang thic (1) cling ding vo1 £ + 1, tuc la:
A+xF"1>1+F+ 1)
That vay, theo gia thiét quy nap ta co:
A +x)f>1+kx )
Vi theo gia thiét ta co: 1 +x > 0, nén bat dang thire

trén van ding néunhan ca haivé véi 1 +x Khidota 9 Chitng minh vot1ogi

nhan duoc: neN,(1+V2)",
A+xf. A+x)>0+kx). (1 +x) e L
‘ - ' dugc & dang a, + b V2,
SA+x)f1>1+(k+x+ k2 a ~b N7, trong dba, b,

Dok?>0néntacd: (1 +x)F*1>1+ (k+ 1) 1a céc s6 nguyén duong.
Vay bat déng thie (1) ding voi k + 1. Do do, theo
nguyén li quy nap toan hoc, bat déng thirc (1) ding A
VAR, 2 Chitng minh 16°= 15n~1
Chii y: Bat ding thiic (1) con duge goi la bat ding chia hét cho 225 véi moi
thic Bernoulli. neN.
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Vidus

a) Néu quy luat xép s6 cham lan luot & hang thirnhat, hang @~ . 00000
thu hal', t’heo thir tu tir trén xuong dudi trong Hinh 2a. 006 9000
Tinh s6 cham & hang thw . 0000 900

b) Néu quy luat xép s6 cham lan luot d hang thinhat, hang “f)O“ i @
ther hai, ... theo thi tu tir duoi 1én trén trong Hinh 2b. Y w2
Tinh s6 cham & hang thr ». o000 000

c) Gheép Hinh 2a va Hinh 2b ta duoc Hinh 3. Gia st n| 00690000
Hinh 2a va Hinh 2b ¢ n hang. Tinh s6 cham co 0000900
trong Hinh 3. Tr d6, xac dinh cong thirc tinh tong: m
T,=1+2+3+.. +nvérmoln e N'vachimg minh ,, £
cong thire do bang phuong phéap quy nap toan hoc. Hinh 3

Giai

a) S6 cham & hang thir » theo thir tur tir trén xuéng dudi trong Hinh 2a la n.
b) S6 cham & hang thr » theo thir tu tir dudi 1én trén trong Hinh 2b 1a n.

¢) Do cac cham & Hinh 3 xép thanh n hang va n+ 1 ¢6t nén s6 cham 6Hinh31aS =n(n+1).
Goai T, la s6 cham & Hinh 2a. Khi do T.=1+2+3+...+n Mitkhac, s6 cham &

Hinh 2b cting la Tn_ Suy ra T" = %S": '1(’12+ 1) Vay Tn: T T nin+ l)
] : nn+1) . : Lo i ;
Ta chimg minh 7 = vo1r mo1 n € N'bang phuong phép quy nap toan hoc
nhu sau:
; ; , ba{l+T) con o o 50
Buocl. Khin=1tact: T, =1= . Vay dang thire dung.
Buore 2. Vi k 1a mét s6 nguyén duong tuy v ma déng thic ding, ta phai chimg minh
dang thire ciing dung voi k+ 1, tic la T,..= L 1)2(k+ 2,
That vay, theo gia thiét quy nap, ta co: T = k(k; D :
SuyraT,,;=1+2+3+..+k+(k+1)= k(k2+1)+k+l D)

Vay dang thirc ding véi k + 1. Do dé, theo nguyén li quy nap toan hoc, dang thirc
ding voimoin € N°.
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Vidu 6

N |
a) Dién tich ctia cac hinh t6 mau trong méi hang & = 2° . II
Hinh 4 duoc viét & bén trai mé1 hang do. Tiép tuc 33- . .

vé theo quy luat do, hay tim dién tich cia cac hinh

to mau ¢ hang thur ».
. 3
b) Ghep cac hinh t6 mau trong » hang dau tién ta duoc .

mét hinh vuéng (chéng han, ghép cac hinh té mau Hinh 4
& bén hang trong Hinh 4 ta duoc hinh vuéng &
Hinh 5). Néu kich thudc cta hinh vuéng ghép
duoc. Tu do, tinh dién tich ctia hinh do.

¢) Du doan cong thirc tinh tong P, =13+ 2%+ +
véimoi n € N'va chimg minh céng thire do bang
phuong phap quy nap toan hoc.

Giai Hinh 5
a) Dién tich ctia cac hinh t6 mau & hang thir 2 1a 7.
b) Ghép cac hinh t6 mau trong » hang dau tién ta duoe mot hinh vuéng co canh bang

14+2+3+4+  +g= B0

Vay dién tich hinh vuéng ghép duoc la [n(n; l)} .

¢) Du doan P, = B+2+3+. +”8@=0+2+3+..+nlvoimoine N’ tic la

B {n(n+ l)}'.
2

Ta chimg minh P, = [
nhu sau:

nn+1)

2
} voi moi n € N*bang phuong phap quy nap toan hoc

Bwé’c].Khin=1,tac():P1=l3:[$} . Vay déng thire dung khin=1.

Buée 2. Véi k 1a mét s6 nguyén duong tuy y ma dang thire dung, ta phai ching minh
(k+ 1) (k+ 2)}2
2

dang thirc cling dung voi k+ 1, tic la PkHz[

k(k+l)j|2.

That vay, theo gia thiét quy nap, ta co: P, = [ >
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SuyraP,,,=1+2°+3+  +P+(k+1) = [k(k;l)} +(k+1)°

2
(k+l) (k“ 4k + 4) :[(k+l)(k+2)] .
2 2

Vay dang thirc dimg véi k + 1. Do dé, theo nguyén li quy nap toan hoc, dang thirc

2
nn+1 . . -
( )} vormoln € N,

ding voimoine N, tacla P =12+ 2+ 3+ +»° ={

B siirie

1. ChoS, =1+2+22+. . . +2"vaT,=2"*"1_1,véine N"

a)Sosanh S, va T}, S,vaT,, S;vaT;

b) Dur doan cong thue tinh S, va chimg minh bang phuong phap quy nap toan hoc.

2. ChoS,:l+%+—+...+—véTn=2—%,vdine I\

a)Sosanh S, vaT}. S, vaT,; S;vaT;.
b) Du doan cong thire tinh S, va chimg mimnh béng phwong phap quy nap toan hoc.

3. ChoS§, = L + l + 1 + o+ ! véine N
1.5 5.9%9.93 (4n-3)4n+1)’

a) Tinh S,, S, S,, S,

b) Du doan cong thure tinh S, va chimg minh bang phwong phap quy nap toan hoc.

4. Cho glaséthuckhacl. Chimgminh: 1 +g+¢@+..+¢" 1 = ll—q véimoine N,
—g

h

Chimg minh véi1 mo1 n € N', ta co:

a) 13" — 1 chia hét cho 6. b) 4" + 151 — 1 chia hét cho 9.

6. Chimg minh "> (n+1)Y""! véimoin N, n>2

7. Chimg minh @ — ¥"=(a—-b)(d' ' +a b+ .. +ab' 2+ ) véimoine N
8. Cho tam giac deu mau xanh (Hinh thir nhat).

a) Néu quy luat chon tam giac déu mau trang & Hinh thir hai

b) Néu quy luat chon cac tam giac déu mau tring & Hinh thir ba.



Hinh thit nhat Hinh thit hai Hinh thit ba
¢) Néu quy luat tiép tuc chon cac tam giac déu mau tréng tir Hinh thir turva cac tam giac
déu mau tring ¢ nhimg hinh sau do.

d) Tinh s tam glac déu mau xanh lan luot trong cac Hinh thir nhat, Hinh thir hai,
Hinh thu ba.

e) Du doan s6 tam giac déu mau xanh trong Hinh thir n. Chimg minh két qua do bang
phuong phap quy nap toan hoc.

. Quan sat Hinh 6. [ NON NON NON )
a) Néu quy luat sap xép cac cham dovavangxenkénhn QO O @ O @ O @
khi xép cac cham do tirgoc trénbéntraixuonggocdudt @ @ @ O @ O @
bén pha (tao thanh hinh vuéng). CRCNONON NON J
b) Gia stt hinh vuéng thit # ¢c6 méi canh chira 7 cham. N N N N NON )
Tinh téng s6 cham duoc xép trong hinhvuéng (kécattn QO O O QO O O @
canh). Chimg minh két qua do bang phuongphapquy @ @ @ ® ©® @ @
nap toan hoc. Hinh 6

10.Gia st nam dau tién, ¢6 Hanh giri vao ngan hang A4 (déng) voi 1ai suat 7 %/mam.

Hét nim dau tién, c6 Hanh khéng it tién ra va giri thém 4 (déng) nita. Hét nam thir
hai, ¢6 Hanh cting khong it tién ra va lai giri thém 4 (dong) nita. Ctr tiép tuc nhu
vay cho nhilng nam sau. Chimg minh s6 tién ca von lan ldi ma c¢é Hanh c6 duge

saun (nam)la7 = w{(l + 1(%) - l} (ddng), néu trong khoang thoi gian nay
: g, R
la1 suat khong thay do.

11. MGt nguoi g s6 tién A (dong) vao ngan hang. Biéu lai suat ctia ngan hang nhu

sau: Chia mo1 nam thanh m ki han va lai suat » %/mam. Biet rang néu khong it tién
ra khoi ngan hang thi cir sau mo1 ki han, s6 tién 1a1 sé duoc nhap vao von ban

dau. Chimg minh s6 tién nhan duoc (bao gém ca von lan i) sau » (nam) gui la
1 m.n . X .
S :A(l + I OOm) (dong), néu trong khoang thoi gian nay nguon g khong it tienra

va lai suat khong thay doi.



§2 NHI THUC NEWTON

Lam thé nao dé khai trién biéu thire (a + b)* véin
la 56 nguyén dwong mot cach nhanh chong?

I. CONG THUC NHI THUC NEWTON
a) Quan sat khai trién biéu thic sau:

(a+ b)’ . C2a5 + C:aS—lbl + C§a5‘2b2 + C;a5'3b3 g C‘;as‘4b4+ C:bs‘

Tir do néu dang tong quat ctia mai s6 hang trong khai trién biéu thire (a + b)°.
b) Xét biéu thirc (a+ b)Y'voine N n>2.

Néu dur doan vé dang téng quat ctia moi s6 hang trong khai trién biéu thire (a + b)".

Khai trién biéu thirc (a + b)" N
. A - 3 ; ‘5’/ =
la tong co n + 1 s6 hang, trong do: (T

« S6 hang khong chira b c6 dang Cga”,'

« S6 hang khong chira a c6 dang C b

« M6i s6 hang con lai déu co dang C: &k
(1<k<n-1).

Trong truong hop téng quat, véi n 1a s6 nguyén duong, ta co cong thire nhi thire Newton:

(a+b)'= Cga" + C:,a""'b +ot Cﬁa"'kb" Fot C:"ab”‘l +Ch

Nhan xét

Tir cong thire nhi thitc Newton no trén, ta co khai trién cua (@ — b)" nhu sau:

(a—b)'= C:a" - C:,a"'lb + C,‘:a""2 b Ci a"3b? + ..., 3 d6 cac dau “+, “— xen k& nhau.
Chéng han, ta co: (a— b)® = C2a3'() - C;a'z"bl - C§a3'2b2 - C::b3

= Cya’ - C3a’b' + Ciab® — C3b’;
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(@—- byt = Cla*? - Cla*'¥ + Ca* b - Coa™ b + CB*
= Cla* - Cla’b+ C2a’h? - Clab’ + Cib*.
Vidu 1 © Khai trién cac biéu thire sau:

a) (x+y)% b) (x - y)°.

Giai. Ta co:

-

7

1 Khai trién biéu thiic
(x+2).

5 2
a)(x+yP= ng(’ s C:st y+ ng4y2 + C2x3 )’3 + ng“y - ngy° - Cg y®

=x5 4+ 6°y + 15242 + 20532 + 15634 + 6x)° +3°.

N6_ (0.6 ~l1_5 B 4.5 S5.98 ol g 4 o XSS
b)(x—y)=Cx —Cx"y+Cx"y —Cxy" + Cx"y" —Cey” +Cy

=25 — 6’y + 15x%2 - 200°)° + 153" — 6xy° + )5,

Vidy 2 © Khai trién biéu thie (x + 1) voine N

Giai

x+1)= ng" + Cf,x"'I A4+ Cf;x"'k ) s C::'lx | ¢ .1

=C% "+ Clatl 4G k1 C.
n n n n n
Vidu3 & Chon e N*. tinh moi tong sau:

_ 0 1 2 2n-1 2n .
Q) A=C5 +C;, +C +4+C5 ~ +C

2n 2n 2n?
b) B= an a ClZn = Cin R C%:_] - Cg:;’
e) C=C) +C5 +C5 +..+CIAREss,
D= ClZn + C;n T C;n Tt C%::—% + Cg::-l ’
Giai
a) Ta co:

(a+bP=C0 @ +CL @ 1p +C2 @ 2B+ +C!
Choa=5b=1,taco:

(L40P= ) 1205, Pl L 12205 41y Alpe

0 1 2 2n-1 2n
=000+ Cotucd G "0

Vay A= (1 +1)¥ =22

32

2 Chon € N*
Chimg minh
GO+ F
rehtegh =2

n—1 2n 1.2n
ab® —I—C2nb2 .

2n 12n
2n 1



b) Ta co:
(a=bP =0 =00 @b + O, @ B <.~ a1 O 1P,
Choa=b=1,taco:
(A-1=C 1" -C 1711 +C 172, 12— . —C 1. 11+ 1™
=~ G, 1~
Vay B=(1-1)"=0.

c)Tacé: C+D=A=2""vaC-D=B=0nénC=D=2¥:2=24"1

Vidg4 | TiohT=C%2" +CL2" 3+, +Ck2"* 3% 4+ C" 213"+ C"3"v6ine N.

Giai
T=Co2" +CLo™ 1304 + ClaBRalad™ s C 2 Tl 13"
=P =,

Il. TAM GIAC PASCAL
S 24
Ta da biét: (a+ b)? = Cha” + Chab + C3b*;
(a+b) = C2a3 ¥ C;azb+ C_fab2 + C§b3 ;
(a+b)' =Cla* + Cla’h+ C2a’h? + Clab® + Clb*;
(a+b)' =Cla® + Cia’b+ Cia’b* + Cla’h’® + Clab* + Cb°.
Ta sap xép nhimg hé s6 t6 hop & trén nhu sau:
C e 2
2 2 2

0 y 1 +2 3
C3 C3 C3 C3

GG a a g

G G G G G G
Néu phép toan dé tir hai s6 hang ctia dong trén suy ra duoc s6 hang twong vmg (thé hién
& miii tén ¥) & dong dudi trong bang cac hé s6 néi trén.
Nhdn xét: Xuat phat tir ddy cac hé s6 trong khai trién nhi thirc Newton (a + ) véin € N,
ta bo sung thém hai dong dau tién va nhan dugc tam giac cac hé s6 nhu sau:
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0
n=1 ¢ O 1 1
B2 & e g 1 2 1
n=73 & @& ¢ @ 1 3 3 1
=4 & € € € @ 1 4 6 4 1
iEs ey & W & € € 1 5 10 10 5 1

Tam giac s6 & trén duoc goi la tam gidce Pascal.
Trong tam giac Pascal, tong hai s6 hang lién tiép & dong trén thi bang s6 hang twong tmg
& dong tiép theo vi ta da biét tinh chat C* + C¥*' = C¥*ivéi0O<k<nvakne N
Vidu 5
a) Viét tam giac s6 Pascal img voin < 6.
b) Viét khai trién ctia nhi thirc (a + b)° (khéng st dung hé s6 & dang t6 hop).
Giai

a) Tam gidc s6 Pascal img véin <6 la

1 ;
1 § 1 Eg

3 Si dung tam gidc
1 2 1 Pascal dé khai trién
1 3 3 1 cic biéu thiic sau:
1 4 6 4 1 a) (x +y);
7
1 5 10 10 5 1 b) (x—2)".

b) Khai trién cia nhi thic (a + 5)° 1a:
(a+b)° =d°+6a’b+15a°b* + 204’ b + 154°b" + 6ab* + B°.

I1l. HE S6 TRONG KHAI TRIEN NHI THGC NEWTON

Trong muc nay, ta sé€ tim hiéu mét s6 tinh chat cta cac hé s6 trong khai trién nhi thie
Newton (a + b)".



1. Su bién thién cta day hé sb trong khai trién nhi thac (a + b)"
Xet day cac hé $0 trong khai trién nhi thic (a + b)* (Hinh 7a) va nhi thic (a + b)°
(Hinh 7b) sau:

/cjzs Ci=10<—>C;=10
c‘=4<_>c\’:4 c‘:/51 Cs=5
4 47N s = T P
gl=1= =1 C=1= Ci=1
a) E b) J

Hinh 7
a) So sanh timg cap hé so6 Cg va C:; C: va C; 0 Hinh 7a.
So sénh timg cip hé s6 Cy va Cy; Cs va C; C; va Cy & Hinh 7b.
b) Néu nhén xét vé su tang giam cua moi day he $6:
G, ¢ C U (trong khai trién (a + b)*).
c, C, Ci C. C{ C; (rongkhaitrién(a+b)®).
Day hé s6 trong khai trién (a + b)* va (a + b)°
nhw d@ viét & trén ciing c6 hai tinh chat sau:

« Cdc cdp hé s6 tinh tir hai dau tré' vao (twong vmg) thi bing nhau.
«Day hé s6 tang dan dén “giita” roi gidm dan. y

Nhan xét: Mot céch tong qut, dy hé so: c) ¢! ¢ .. ¢ C trong khai trién (a + bY’
¢0 hai tinh chat sauw:
« Cac cap hé s6 tinh tir hai dau trd vao (tuong tmg) thi béng nhau:
C,If =C,':—k véimoike N k<n,ne N.
« Déy hé s6 tang dan dén “gitta” o1 giam dan:

0 1 2 . -2 -1
Ciell €O Cunlii 2C 0 2l

Vidu6 = Tim hé s6 16n nhat trong khai trién cua:

-

a) (a + b b) (a + b’ B
4 Tim hé s6 16n nhat
Giai Lo
trong khai trién cta:
Ta co: a) (a+ b)* 2
a)cg<ctls<c<zs< 6VéC¢3;>C2>C2>C2. b) (a + b)* "%,

Vay hé s6 16n nhét trong khai trién cta (a + b)° la Cg = 20.
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b) C7<C7<C;<Cy=CivaCs >C3>C7 >C7.
Vay heé s6 16n nhat trong khai trién cta (a + b)’ 1a Cy = C5 = 35.
2. Hé s6 cta X* trong khai trién (ax + b)" (ab # 0) thanh da thirc
Cho a va b 14 hai s6 thuc khac 0. Quan sat khai trién nhi thic:
(ax + b)* = Cp(ax)"+ Ci(ax)* ~ 16+ Ca (ax)' "2+ ... + Cr Y ax)b" "1+ Crp"
=CRdY" +Crd " "1+ Chad' WA T2+ L+ Cp e I+ U
Néu cong thire tinh hé s6 ctia x* trong khai trién trén.

Hé s6 ctia X* trong khai trién trén la
C',:_kakb”"" vike Nk <nneN.

-

[ 5 Xét khai trién

o B chia (x+5)". Néu hé
b) Néuhésoé ciax'voike N, k<12 s6 cia x* véi k € N,

Vidu7 | Xét khai trién ctia (2x + 1)2.
a) Néu $6 hang chira x5, tir d6 néu hé $0 ctia x°.
Gidi k<15.
a) S6 hang chira 2° la sz 255 Hé sb ctax® la C16 222
b) Sé hang chira x121a C15(2x)12= 212412, Do d6, hé s6 ctia 12 la 212.
Séhang trdola Cj3 . 12 = 1.
S6 hang chita (1 <k <11)1aC3~“(2x)f = Ch3 2%,
Do dé, hé sé ctiax* (1 <k <11)1aCps ~*2%,
Vidu8 | Xet khai trién cua (3x — 2)'8.
a) Néu s6 hang chira x°, tir &6 néu hé s6 ctia 2°.
b) Néu $6 hang chira 2% tir d6 néu hé s6 ctia x1°.
Giai. Ta co:
(Bx-2)"* =Ch(3x)" - Ci;3%)"7 .2 + CL(30)'° . 22 -...- C}i(B3x) . 27 + C[g2"®
o S LB o LU PR e i 0 B - i R e
a) S6 hang chira2® la — C}3%.2° x”. Hé 56 cia2® la — C}3°.2° = - C},6".
b) S6 hang chira x'° la Cf;3'°.2° x'°. He 56 ctia x'% 1a C3,3'0.2%.
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LAI TAP

. Khai trién cac biéu thirc sau:

a) (2x+y)°; b) (x - 3y)°; c) (x—1)%
d) (x+2)" e) (x + )™, g) (x— ¥,
trong do n la $6 nguyén duong.

. Tinh:

08 =C25 PP 1 G P 4 4G P20 4020 g 10202,
BT =C gt~ ~Chgp = ¢ 3da~ Chomyd 32 % 4 g7 223404
. Chuimg minh:

CY3"+Cl3" !+ +Ck3"F 4+ CM 134

=C0+C 3+, +CE 3 413 L O3 61 0<k<nmkne N,

. Xac dinh hé s6 cuia:

b 3 ed W 30.
a) x “ trong khai trién cta (x + 4)";
b) x'? trong khai trién cua (3 + 2x)%°;

2 1Y
¢) x* va xS trong khai trién cta =5

12
- 5
. Xeét khai trien cua (x+5J .
a) Xac dinh hé s6 cia x”.
b) Néuhé s6 ciax*voike N, k<12.
21
. S . R |
. Xétkhaitriéncia | —+—| -
2 5
a) Xac dinh hé s6 cua x'°.
b)Néuhé s6 ciax* vl ke N, k<21.

. Tim hé s6 lon nhét trong khai trién cua:
a) (a + b, b) (a + by’
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10.

Chimg minh céng thirc nhi thirc Newton béng phuong phap quy nap:

— — EY ) . *
(a+b)" = Cga" + C,',a" L C, Yabt Clb"véimoine N',n22.

Bing phuong phap quy nap, chimg minh:

- a A . *
a) n° —n chia hét cho 5 véimoin € N';

b) n” — n chia hét cho 7 véi moin € N'

Cho tdp hop A = {x:x,; x,: ...; x } ¢6 n phan tii. Tinh s6 tdp hop con cia A.

11. M6t nhom gém 10 hoe sinh tham gia chién dich Miia hé xanh. Nha truong muén chon

12.

13

14.

38

ra moét doi cong tac co it nhat hai hoe sinh trong nhiing hoc smh trén. Ho1 co bao nhiéu
cach lap déi cong tac nhu the?

DE tham gia m6t cudc thi 1am banh, ban Tién lam 12 chiéc banh ¢6 mau khdc nhau va
chon ra s6 nguyén duong chiin chiéc banh dé cho viao mdt hdp trung bay. Hoi ban Tién
¢6 bao nhiéu cdch dé chon banh cho vao hop trung bay d6?

Béc Thanh mudn mua qua cho con nhin dip sinh nhat nén da dén mot clia hang do
choi. Bac duy dinh chon mét trong nim loai do choi. O ctia hang, mdi loai do choi dé
chi ¢6 10 san phim khédc nhau bay bén. Biét riing néu mua bd truc thing diéu khién
tif xa, b4c s& chi mua 1 san pham; néu mua bd do choi lego, bac s& mua 3 san phim
khéc nhau; néu mua bd 13p ghép robot chay bing ning lugng miit trdi, bdc s& mua
5 san pham khac nhau; néu mua rubik, bac s&€ mua 7 san phim khéc nhau; con néu
mua mo hinh khiing long, bac sé mua 9 san pham khac nhau. Bac Thanh ¢6 bao nhiéu
cdch chon qua sinh nhat cho con?

Gia st tinh trang ¢ mét loai cay duoc quy dinh do tac dong cong gop cua » cap alen phan
l1 doc lap Aja,. Aja,, ... A a . Cho cay F, di hop vé n cap alen giao phoi voi nhau. Ti 1é
phén li kiéu hinh ctia F, la hé s6 ctia khai trién nhi thitc Newton (a + 5", nghia la ti 1é

phan li kiéu hinh cia F,la an ; C;" : Cin ! ] C;: -2 C;: -1 C;: .

Cho biét mét loai cay c6 tinh trang duoc quy dinh béi tac dong cong gop ciia 4 cip alen
phan li doc lap. Tim ti 1é phan li kiéu hinh ctia B néu cay F, dihop vé 4 cap alen giao
phéi voi nhau.



BA DUONG CONIC
VA UNG DUNG

Trong chuyén dé nay, ching ta sé tim hiéu nhirng néi dung sau:
xac dinh dugc cac yéu té dac trung cla ba dudng conic (elip,
hypebol, parabol) va giai quyét dugc mot s6 van dé thuc tién
gan véi ba dudng conic dé.

§1 | ELIP

Trai Pat chuyén dong quanh Mt Troi theo mét quy dao
la duong elip ma Mat Troi la mot tiéu diém (Hinh 1).

2
- Ldfn thé ;?a‘o cz‘é ti‘m Idu:o*c i ﬂ,:};&
khoang cach nho nhat va lom nhat giira
Trdi Dat va Mt Troi? ) Hinh 1

O sach giao khoa Toan 10 Chwrong VII, ching ta da hoc vé ba duong conic, trong do co
duong elip. Vi bai hoc nay, chung ta s& tim hiéu thém nhing yéu té déc trung cua elip.

I. TINH DOI XUNG CUA ELIP

2 2

@ (B Trong miit phing toa do Oxy, taxét elip (E) ¢o phuong trinh chinh tic la x_2 - ;—2 =1,
trong d6 a> b > 0 (Hinh 2), a
a) Tim toa do hai tiéu diém F, \» I, cua (E).

; 4 . A
b) (E) cét truc Ox ta1 cac diem A, 4, va cit truc Oy tai cac B.

diém B,, B, Tim do dai cac doan théng OA,vaOB,. (£ .

Chii y: Khoang cach F\F, = 2¢ (véi c¢=+a" - b*) Af « tiEuicy > \A,
duoc goi la tiéu cuwr cuia elip (E). Poan 4,4, 1a truc Iom, i “F, JTbin X
doan B,B, la truc bé cuia elip. D6 dai cua truc lon tam :{é’“
1a 2a, d6 dai cia truc bé la 2b. Cac d6 dai 04, = a, : n
OB, = b lan luot dugc goi la dé dai ban truc 16n, do —
dai ban truc bé. Hinh 2
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Trong mit phéng toa d6 Oxy, ta xét elip (E) co phuong trinh chinh tic la

By

2 2

x—,+)—,: I,trong d6a> b> 0.
P
Cho diém M(x ; y) nim trén (E) (Hinh 3). 2
a) Go1 M, la diém doi xumg cua M qua truc Ox. M, /"‘ 5 Mx: ¥)
Tim toa do ctia diém M,. Piém M, c6 nam trén / ‘ TN
(E) hay khong? Tai sao? | -
b) Goi M, la diém doi xtmg ctia M qua truc Oy. = 16 / -
Tim toa d6 ctia diém M, Diém M, co nam trén M, __/Mx
(E) hay khong? Tai sao?
Hinh 3

¢) Goi M, la diém d61 ximg ctia M qua goc O. Tim
toa do cua diem M;. Dbiém M. 5 €O nam trén (F)
hay khong? Tai sao?

Néu diém M(x ; y) ndam trén elip (E) thi cac diém M (x;—y),
M(—x; y), My(—x ; —y) ciing nam trén (E).

W W % T o
Elip (E) nhén hai truc toa do 1am hai truc déi xing va géc toa do O
1am tim doi xdng. Goc O cdn duge goi 1a tim cta elip (E).

2 2

Il. HINH CHU NHAT CO sG

Trong mét phang toa dé Oxy, ta xét elip (E) c¢o phuong trinh chinh tic la x_z + _\’2 =1,
trong doa>b> 0. ¢ b

(E) cat truc Ox tai cac diém A/(—a;0),A4y,(a:0)

va cat truc Oy tai cac diém B,(0;—-b), B,(0; b). P

Bén diém nay duoc goi la cac dinh cua elip. / M
A, 4,

Vé qua A4,, 4, hai duong thing song song vai truc —

b
- 0 a
tung; vé qua B,, B, hai duong thang song song K /
vai truc hoanh. Bén duong thing do tao thanh J

v A

B,

=y

hinh chit nhat PORS. Ta goi hinh chix nhét d6 14 s BJ-b .
hinh chir nhdt co so' cia elip (E) (Hinh 4). Hinh 4
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¥

a) Néu nhan xét vé vi tri bon dinh cta elip (E) von bén canh cta hinh chit nhat co s3.
b) Cho diém M(x : y) thude elip (E). Tim gia tr1 nho nhat va 16n nhét cia x va cta V.

lu-y
T;zong mit phang toa dd Oxy, cho elip (E) c6 phuong trinh chinh téc la
;+ §= 1 (a> b>0). Khido, ta co:

« Hinh chit nhat co sé c6 bon dinh la P(— a ; b), O(a ; b), R(a ; — b),
S(—a;—b),
« Bon dinh ctia elip la trung diém cac canh ctia hinh chit nhat co sé;

« Néu diém M(x sy)thude (E)thi —a<x<a,— b< y <b Dodo, moi
diém ctia elip néu khong phai la dinh thi déu nam trong hinh chir nhat

cO sO.

1 Viét phuong trinh
chinh tic cta elip, biét
4 (= 4:;0)va B,(0; 2)
b) Tim toa do cac dinh cua hinh chit nhat co s cua elip. 12 hai dinh ctia né.

Gidi 7
a)Tacd: @ = 25,suyraa=5,0* = 9,suyrab=
Vay elip co cac dinh la 4,(—5: 0), 4,(5:0), By(0 ;- 3), B,(0: 3).

Vidul = Cho elip (E ) %

a) Tim toa do cac dinh cua elip.

b) Toa d6 cac dinh cta hinh chit nhat cosalaP(—5:3), O(5:3), R(5.-3),S(-5;-3).

2
Quan sat elip (F) co phuong trinh chinh tic 1a — =

= ﬁ— 1, trong doa>5b>0
va hmh chit nhat co s& PORS cua (E) (Hinh 5).

VA

a) Tinhtisd giteabai canh OX cta hinhchirnbit PORS. b -
g & OR 3 o ek w w - 5
b) Tis0 = phananh dac diem gi cua (E) ve hinh dang®

PQ ~a 0 it

Ta thay: o —Evo'ri0<-ll<1.Tisé)2

o a a a r’ - .

phan anh cu thé hinh dang cta (£) nhu sau:

Hinh 5
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« Néutisod L] cang bé thi hinh chit nhat co s cang “det”, do do (E) cang “gay”.
a
« Néutisd L) cang 1on thi b cang gan a va hinh chit nhat co s& cang gan voi hinh vuéng,
a
do do (E) cang “beo”.

lIl. TAM SAI CUA ELIP

Trong mat phang, cho hai diém F p» F,vo1 F F, = 2c. Nhu da biét, elip la tap hop nhimg
diém M trong mit phang co tong khoang cach dén hai diém F. 15 béng hang s6 2a cho
trude (a > ¢ > 0). Vi thé, nguoi ta thuong mé ta nhimg yéu té dic tnmg cho elip chi

théng quacachang $6 ava c. Chang han, thay vi str dung ti s6 ﬁ ngumtasudungtlso —.
Hon nita, ti s6 — dong val tro quan trong trong viéc tim Iueu cac tinh chat cia ehp nol

riéng va ba duorng conic noi chung.

5 D = =
Ti 6 gitta tiéu cu va do dai truc 16n cta elip goi 1a tdm sai cua elip

d A ~ ~ c
va dudgc ki hiéu la e, tiic la e = —.
a

Nhanxét: «0<e<l.

Tir méi lién hé giita hinh dang cta hinh chit nhat co s&
vo1 hinh dang cua elip, ta co: Néu e cang 1on (tic la cang
gan 1) thi elip cang “gay”; néu e cang bé (tirc la cang gan 0)
thi elip cang “beo” (Hinh 6).

Vidy2 = Tim toa do tiéu diém, tiéu cu va tam sai clia
. . . , S g x* oy Hinh 6
elip c6 phuong trinh chinh tac la o + ? =1.

Giai ?

Taco: a=5,b=3.Suyrac?=-b0=5*-3=16,tirc “2 Vié phuong trinh
lac=4.Suyra2c=8. chinh tic cta elip (E),
Vay elip co hai tiéu diém la Fi;(—4:.0),F,(4;0)vacod bige txe.u ?U bgng L2 A
titu cula 8. tam sai bang 3

=0,8.

W | &

. C c
Tamsaictaelipla e=—=
a

Vidu3 & Mot duong ham xuyén qua nii co chiéu réng la 20 m, mit cit dimg cua
duong ham co dang mia elip va duoc mo ta trong hé truc toa dé vor don vi truc la mét
nhu 6 Hinh 7. Gia st tam sai cua duong elip lae = 0,5.
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a) Tim chiéu cao ciia duong ham do.

b) Tim d6 cao cia duong ham tai diém trén mat duong
cach chan ham bén phai la 3 m.

Lam tron cac két qua dén hang phan muoi theo don vi mét.

Giai

Goi chiéu cao ctia duong ham la b (m). Khi do elip co
ban truc lon la a = 10 (m), ban truc be la & (m). Elip co
miatiéuculac=a.e =10.0,5=5(m).

a) Chiéu cao ctia duong ham 1a 5 = v/a’ — ¢’ =/10° —5° # 8,7 (m).

-

b) Phurong trinh chinh tic cta elip la %+ % =1. Mot diém trén mit duong cach chan
ham bén phai 3 m c6 hoanh d6 x = 7. Do d6 d6 cao cia duong ham tai diém dé la y > 0

2 2 2
thoén1§n7—+"\—:l.Suymy= 73 1—7— ~ 6,2.
100 75 100

Vay d6 cao ciia duong ham tai diém trén mat duong cach chan ham bén phai 3 m la
khoang 6,2 m.

IV. BAN KiNH QUA TIEU CUA MOT BIEM THUOC ELIP

@ P Gia st duong elip (F) la tap hop cac diém M trong mat phing sao cho
MF, +MF, =2a, 6 d0 F|F,=2¢v610 < ¢ < a. Ta chon hé truc toa d6 Oxy co géc la trung
diém ctia doan thing F,F,. Truc Oy la duong trung truc cta F,F, va F, nam trén tia Ox
(Hinh 8). Khi do, F\(—c¢; 0), F,(c ; 0) la cac tiéu diém cia elip (E).

Gia st diém M(x ; y) thude elip (E). w oo
Chimg minh rang:
a) MFI2 =x?+2ex+c%+ yz; F/ F,

1 = 0 c ] x
b) MF; = x* -2cx+c* +y’;
¢) MF’ - MF, = 4cx.

Pé chimg minh cac déng thie trén, ta lam nhu sau: Hinh 8

Q) MF =[x - (o) +(y—0)* =(x+0)* +y* =x* +2cx + ¢* +y*.
b) MF‘ZZ :(x_(‘)z_*_(y_())z :x2_2cx+(.2 +y2.

c) MF,2 - Ml”z2 = (x2 +2ex+c + yz)— (x2 _2ex+ct yz) = 4cx.
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Str dung dang thire ¢) 6 trén va déng thie MF , +MF, = 2a, chimg mmh:

a) MF, — MF, = 200 b) MF =a+<x: ¢) MF, =a-*x.

a a a
o

Vé6i mbi diém M thudc dudng elip, cdc doan thing MF 1» MF, dugc goi la
bdn kinh qua tiéu ctha diém M.

D¢ dai cic ban kinh qua tiéu la MF, = a + ex, MF, = a — ex.

Nhén xét: Ta c6 thé sit dung cong thie tinh d6 dai ban kinh qua tiéu dé lap phuong
trinh chinh tac cta elip. Cu thé, ta chimg minh dwoc rang: Néu diém M(x ; y) € (E) thi

2
= %2 1(1),adob= Ja = nguoc lai, néu diem M co toa do (x ; y) thoa mén (1)

a

thi MF, = a +— MF, = a— — . Do d6 MF, + MF, = 2a, tirc 1a M thudc elip (E).
a a

Vay phuong trinh (1) la phuong trinh chinh téc cua elip dé cho.

) ;
Vidu 4 = Cho elip c6 phuong trinh chinh tac :_s + % =1. Gia suM la dieém thude elip

—

va c¢6 hoanh d¢6 1a 2. Tim do dai cac ban kinh qua tiéu cia diém M.

Giai. Ta co: C—\/a —b = \N25-9=4. Do d6 e-—=£=0,8.Véy do dai cac ban
5
kinh qua tiéu ctia diém M la:

MF, =atex=5+0802=66; MF, s@4—ex=3—=08g2=34.
¥ -
Vidu5 | Cho elip co phuong trinh chinh tic la Tag 2— = 1. Gia st M(x ; y) la diém
thudc elip. Tim gia tri 16n nhat va gia tri nhé nhét cua ban kinh qua tieu MF, va MF,.

- - , A 3a it 1z . ‘n ; C
Giai. Theo cong thire vé do dai ban kinh qua tiéu, ta co: MF, = a+—x.
a
\ 2 c c c
Vi-a<x<anéna+—.(-a)<a+—x<a+—.a<>a-c<MF <a+c.
a a a

Vay MF, co gia tri nho nhat 1a a — ¢ khi x = — a va c6 gia tri lon nhat la a + c khix = a.
Bing lap luan tuong tu, ta thay MF , €O gia trinho nhat la a — c khix = a va co gia tri lén
nhatlaa+ckhix=—-a.

Vidu6 & Mat Trang chuyén déng quanh Trai Pat theo quy dao la moét elip (F) ma
Trai Pat la mét tiéu diém. () co do dai truc lon va do dai truc bé lan huot la (khoang)
768 800 km va 767 619 km.

(Nguon: Ron Larson (2014), Precalculus: Real Mathematics, Real People, Cengage).
Tinh khoang cach ngén nhat va khoang cach dai nhat tir Trai Pat dén Mat Tring
(lam tron két qua dén hang phan trim theo don vi ki-16-mét).
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Giai. Gia st (E) ¢6 phuong trinh chinh tic la ﬁ + £= 1 trong do:

a*
a =768 800 : 2 =384 400 (km), b =767 619 : 2 =383 809,5 (km).
Tacé: ¢ =va® — b =[384 400° - 383 809, 5 ?
“ 3 Cho elip (E):
= /453 627 709,8 ~ 21 298,54 (km). 2
, L o X 4+ =1 véi tidu diém
Khoang cach ngan nhat tir Tra1 Pat dén Mat Trang la: 4
a—c ~384 400 — 21 298,54 = 363 101,46 (km). F,(+/5;0). Tim toa 40
diém M & (E) sao cho do

Khoéng cach dai nhat tir Trai Pat dén Mt Trang la:

dai F,M nhé nhat.
a+c ~384 400 + 21 298,54 = 405 698,54 (km).

V. PUSNG CHUAN CUA ELIP

Tuong tu nhu parabol, elip ciing c6 thé xac dinh thong qua tiéu diém va duong thing
dong vai tro nhu duong chuan

| 2z n
Cho elip (E) c6 phuong trinh chinh téc la P + ? =1 (a>b>0).

Xét duong thing Aix= ~ 2 V6imbi diém M(x ; y) € (E) (Hinh 9), tinh:

e
a) Khoang cach dM , A)) tix diem M(x ; y) dén duong thang A,.
. . MF
b) Tis6 ————— . Al A A,
dM , A)

e /—
Ta co the thuc hién nhu sau: / /\
* A . \ \ < / >
a) Viet la1 phuong trinh duong thang A 7 o F a X
3 ] ; a
¢ dang; x+0y+g=0. \/ §
e

Vi moéi diem M(x ; y) thude (E), ta co:

o

Hinh 9
)(~1~Ov+g
s +ex
(Y N e — 7‘3:"‘ |
VI2+ 07 e
MF. MF,

b)DoMF =a+ex>0nénMF,=|a+ ex|,suyradM ,A,)=—"1L Vay ———=e,

1 1 I I uy 1 e Yy d(M, Al)
Nhén xét: Ta xét duong thing A,x= z Bang cach lap luan tuong tu trén, voi méi
diém M(x ; y) € (E), ta ciing co: 3

MF,

—— ——
dM , A,)



>

Puong thing A,:x == goi la duong chudn ting véi tiéu diém F (- c ; 0).
e

Pudng thing A,: x = = 20i 12 duong chudn Gng véi tieu diém F (¢ ; 0).
" 2

Chit y: Ti s6 ctia khoang cach tir mét diém M bat ki thuée duong elip dén tiéu diém va
khoang céch tir diem d6 dén duong chuan tuong img luén bang tam sai cua elip:
MF,  MF,
dM. D) dM.bA)

2 2

s s X : 2 .2 . X 2 % . X
Vidy 7 = Tim cac tiéu diem va duong chuan cua elip =~ + lv_6 =0,
Giai

Tacd: a=5,b=4,nén c=+a’—b> =~J25-16 =3.

-

Do do, hai tiéu diém la Fy(~ 3 ; 0) va F,(3 ; 0). ?
|
. 3 ! - . A ~
Mat khac, ta co: e= £ 0,6. Q, Vle,[ P*,‘“"“% mf]},‘
a5 chinh tic cua elip, biét
_ : . ‘ 25 tieu diém F,(5 ; 0) va
Puong chuan tmg vor titu diem Fi(—=3.0)la A x =— 3 il chufin dng voi ity
. A | = 25 diémdélhx=£.
Puong chuan tmg voi tiéu diem F,(3;0) la A, x = 3 5

VI. LIEN HE GIUA DUGNG TRON VA DUONG ELIP

Cho elip (E) ¢6 phuong trinh chinh tac la xq + y, =1 (a>b>0)
=

Xét duong tron (C) tam O ban kinh a ¢6 phuong trinh la x* + )* = &%,
Xeét diém M(x ; y) € (E) va diém M (x; y,) e (C)
sao cho y va y, luén cing dau (khi M khac véi hai
dinh 4,, 4, cia (E)) (Hinh 10).
a) Tir phuong trinh chinh tic ctia elip (E), hay tinh y?
theo a2,
Tir phuong trinh ctia duong tron (C), hay tinh y;
theo x%.

=y

b) Tinh ti s6 Ei —- 2 theoavab.
HM,

Hinh 10
46



be tinh cac dai luong trén, ta lam nhu sau:
i

X~ = a’ - x*)b?
Taco_+‘_=1<:> 2 ;
2 2 2
a b a
g 2 3 2 .3 3
Xty =a @y =a-—-x.

2 2 "
Dodé}—ozb— Vay HM_Lzé,mcléylz_
Yy, a HM y, a
Nhan xet

« M6i diém M, (x ; y,) trén duong tron (C) qua “phép co” theo truc tung voi hé 56 9 thi

bién thanh diém M(x ; y) trén elip (E).

a

« M&i diém M(x ; y) trén elip (E) qua “phép gian” theo truc tung voi hé s6 ? thi bién

thanh diém M. (x5 »,) trén duong tron (C).

VIl. CACH VE DUGNG ELIP

-Veellp(E) —+ i—l

Dé vé elip (E), ta co the lam nhu sau:
Tathay a=35,5=3. (E) cd cac dinh1a4,(- 5 ; 0),
Ay(5; 0), B;(0;—3), B,{0 ;'3).

Buée 1. Vé hinh chit nhat co s6 ¢6 bon canh thude
bén duong thing x=—-5,x=5,y=-3,
y=3.

Buée 2. Tim mot s6 diém cu thé thudce elip,

: 5 9 2
chang han ta thay diém M (4 ; ?) va diem

2 -
N (3 : %") thuée (). Do do cac diém

M4~ 3), M-4; 2) M4 2

5 5 5

12 12 12
N(3:- ) N(-35 2 =35~ )
thuée (E).

Buée 3. V& duong elip (E) di qua cac diém cu thé
trén, nam & phia trong hinh chit nhat co s&
va tiép xuc voi cac canh cia hinh chit nhat
co 56 tai bon dinh cta (E) la A,(— 5 ; 0),

A,(5;0), B,(0;—3), By(0; 3).

b

Y

.......

=

Z.

Y

z.-—————-—.z

5 badalkata lagedod of

=y

v_,,>

Bitoe 3

a7



2 2

4 <

3 +Z; =1 (a>b>0),tacc')thélémnhusau:

0Véhinhchfrnhétcosécébéncanhthuécbéndu’ong tllénng—a,xZa,y:—b,y:b.

* Xac dinh bon dinh va mot s6 diém cu thée thudc elip.

« V& duong elip & phia trong hinh chit nhét co s6 sao cho elip do tiép xtic vai cac canh
cua hinh chit nhat co sé tai bon dinh cta né va di qua nhiing diém cu thé da chon.

lAI TAP

N

. Viét phuong trinh chinh tc ctia elip (E) trong méi truong hop sau:

a) B dai truc 1on bang 6 va tiéu diém la F(—=250);
b) Tiéu cu bang 12 va tam sai béng % :

¢) Tam sai bang 3/_5 va chu vi hinh chit nhat co sé cia (E) bang 20.
3

. Tim tam sai ctia elip (F) trong méi truong hop sau:

a) D6 dai ban truc 1n gap hai lan d6 dai ban truc bé;
b) Khoang cach tir mét dinh trén truc lon dén mot dinh trén truc bé béng tiéu cu.

. Trai Pat chuyén déng quanh Mat Troi theo mét quiy dao la duong elip ma Mat Troi la

mot tidu diém. Biét elip nay co ban truc 16n a ~ 149 598 261 km va tam sai e~ 0,017.
Tim khoang cach nhé nhat va lén nhat giira Trai Dat va Mt Troi (lam tron két qua dén
hang don vi theo don vi1 ki-16-mét).

2
Cho elip (E): —+ % = 1. Tim toa do diem M € (E) sao cho do dai F,M 1on nhat, biet
F, la mét tiéu d1e1n c6 hoanh d6 duong cua (E).

A
Hinh 11 minh hoa mit cat dimg ctia mét cin phong 5
trong bao tang v4i mai vom tran nha cta can phong /l/ \1 "
d6 co dang mot nira duong elip. Chiéu réng ciia cin 0 % g
phong la 16 m, chiéu cao ctia mai vom la 3 m. ‘T
a) Viét phuong trinh chinh tic ctia elip biéu dién < N
mai vom tran nha trong hé truc toa dé Oxy (donwvi Hl:, ,in] ]

trén hai truc la met).

b) Mot nguén sang duoc dit tai tiéu diém thir nhat cia elip. Can dat biec twong 6 vi tri
c6 toa d6 nao dé burc tuong sang rd nhat? Gia thiét rang vom tran phan xa anh sang.
Biét rang, mot tia sang xuat phat tir mét tiéu diém cta elip, sau khi phan xa tai elip thi
sé& di qua tiéu diém con lai.



§2  HYPEBOL

Quy dao bay ctia mét con tau vii tru phong di tir
Trai Pat phu thudéc vao toc do cua con tau. Khi
con tau dat téc d6 vii tru cap 1, tirc la tée do xap xi
7.9 km/s, thi con tau tro thanh mot vé tinh cua
TlmBat Khi con tau ¢6 toe do 1én hon tée dovutru
cap 2. tirc la toéc d6 con tau lén hon 11.2 km/s,
thi con tau c¢6 quy dao bay la mét phan cua

hypebol (Hinh 12). (Nguon: https://viwikipedia.org)

Quy dao bay dang hypebol cua con tau
co dac diém gi?

Hypebol
(v, > 11,2 km/s)

Durong tron
(v, = 7,9 km/s)

Hinh 12

O sach giao khoa Toan 10 chuong VII, ching ta dé hoc vé ba duong conic, trong do co duong
hypebol. Trong bai hoc nay, ching ta s& tim hiéu thém nhimg yéu t6 dic tnmg ctia hypebol.

I. TINH DO1 XUNG CUA HYPEBOL

- Trong mit phang toa do Oxy, ta xét hypebol (H)

¢6 phuong trinh chinh tic aX y
b> 0 (Hinh 13). a’

=1,11‘ong doa >0,

a) Tim toa do hai tieu diém F, \» I, cia hypebol (H).

b) Hypebol () cat truc Ox tai céac diém A, A,. Tim dé dai
cac doan thing OA, va OA,.

Chity: Do da1 F}F, = 2¢ duoc goi la tiéu cu ctia hypebol (H).

Doan thing A A, goi 1 tryc thuc; do dai A A, = 2a
goi l1a d6 dai truc thuc cta hypebol (H).

Trong mit phing toa d6 Oxy, ta xét hypebol (H)
3 2

¢6 phuong trinh chinh téc la Z—z —Z—Z =1,trong d6a >0,

b> 0 (Hinh 14). Cho diém M(x ; y) nam trén hypebol (H).
Go1M,, M,, M, lan luot 1a diém doi xtmg cua M qua truc
Ox, truc Oy va goc 0. Cac diém M,, M,, M, co nam trén
hypebol (H) hay khong? Tai sao?

.\'1\

'f.v

Hinh 13

Hinh 14
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Néu diém M(x ; y) nam trén hypebol (H) thi cac diem M(x;—y),
M,(—x ; y), My(—x ; —y) ciing ném trén hypebol (H).

p Hypebol (H) nhan hai truc toa d6 lam hai truc déi ximg va goc toa d6 O
lam tam déi xtmg. Géc O con duoc goi la tam cua hypebol (H).

Il. HINH CHU NHAT CcO s&

Trong mit phing toa d6 Oxy, ta xét hypebol (H) co
.
phuong trinh chinh tic 1a x_z_ Z—Z
a

=1vé1a>0,6>0.

Hypebol (H) cat truc Ox tai cac diém A(=a;0),4,(a;0). ¢«
Hai diém nay dwoc goi 1a hai dinh ctia hypebol. Trén truc Hinh 15
Oy, ta léy cac diém B,(0:-b), B0, b).

Vé qua 4, A, hai duong thang song song vdi truc tung; vé qua B,, B, hai duong thang
song song voi truc hoanh. Bén duong thing d6 tao thanh hinh chir nhat PORS. Ta goi
hinh chit nhat do la hinh chit nhat co s0 caa hypebol (H) (Hinh 15).

a) Quan sat diem M(x ; y) nam trén hypebol (H) (Hinh 15) va chimg to ri'mg x <—a hoac
x>a.

b) Viét phuong trinh hai duong thing PR va OS.

=

\

Trong mit phing toa do Oxy, cho hypebol (H) c6 phuong trinh chinh tic la
2

x ¥

a b

» Hinh chit nhat co s ¢6 bon dinh la P(—a ; b), Q(a ; b), R(a ;- b), S(—a , — b);

» Moi diém cua hypebol néu khéng phat la dinh déu ndm ngoai hinh chit nhat
cO SO cua no;

* D6 dai B, B, = 2b duoc go1 la do dai truc ao cta hypebol (H),

=1lvara>0, b> 0. Khi do, ta co:

» Hai duong thang PR va OS lan luot ¢ phuong trinh y = —éx, ¥= éx va
duoc goi la hai duong tiém can caa hypebol (H). “ “



2 2

Vidul = Cho hypebol (H): L - ’1v—6 =1,

a) Tim toa do cac dinh va do da1 cac truc cua hypebol.

b) Tim toa do cac dinh cua hinh chit nhat co s& cia hypebol.

Giai

a) Ta co: a&=9. suy raa = 3; b =16, suyrab=4.
Hypebol ¢o cac dinh la 4,(—3 ; 0), 4,(3 ; 0); d6 dai truc thuc la 2 . 3 =6, d6 da1 truc @o
la2.4=8.

b) Toa do cac dinh ctia hinh chir nhat co s& ctiia hypebol 1a P(—3:4), O(3:4), R(3 ; —4), S(—3:—4).
2 2

Vidu2 = Cho hypebol (H) c6 phuong trinh chinh tac la A—6 - :‘:—5 =)

a) Viét phuong trinh hai duong tiém can ctia hypebol (H).

b) Gia stt diém M (x,, ; y,) nam trén hypebol (H) vdi x, > 0, y, > 0. Tinh khoang cach MK
tir diém M O %) dén duong théng c6 phuong trinh 1a y = Zx. Nhan xét vé do lon ciia
MK khi diem M (x,, ; y,) di dong trén hypebol (/) cang ngay cang xa goc toa do, tirc 1a khu
x, cang ngay cang lon.

Giai

a) Phuong trinh hai duong tiém can cia hypebol (H) la y =+ %x

b) Khoang cach tur diém M (9 50) dén duong tiém can y = %x la:
5
Yo~ 3% 1 16)’02 _25"02 400

= 4y, =5x,| = = :

\/12 (SJZ \/41| 0=5%| Va1 . [ay, +5x,| V41 . (dy,+5x))
+ ==
4

Vi vay, khi diem M (x, ; y,) di dong trén hypebol (H) e

; c o : i, Gy 5 ; 1 Viét phuong trinh chinh
cang ngay cang xa goc toa do thi khoang cach MK .
b v e 8 w2 5 tic ctia hypebol c6 mdt

dinh 1a A(S : 0) va mot
duong tiém can la y =—3x,

MK =

cang ngay cang nho, diéu do ciing c¢6 nghia la diém M
cang ngay cang gan sat duong tiém can do (diéu nay
giai thich y nghia cua tir “tiegm can”).

lIl. TAM SAI CUA HYPEBOL
- Néu dinh nghia tam sai cta elip co phuwong trinh chinh tic la —+L:1

at b

voia>b>0. 5

Giéng nhu elip, déi voi hypebol c6 phuong trinh chinh tic la l—z -
b > 0, ta non: 4

y: 2
b_2:1 vora > 0,
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'n’n’
Ti s6 giira tiéu cu va do dai truc thue cia hypebol 1 tdm sai cia hypebol

va duoc ki hiéu la e, tirc laezz.

A Il c
Nhdn xér: ee=—>1.

da
Ja? + b ’ (b)z
Bpe ¥ TE o e
a a

Vidy3 = Tim toa do tiéu diém, tiéu cu va tam sai cua ?
2 —
1

5

&~ P

hypebol ¢6 phuong trinh chinh tac la Z o | 2 Viét phuong trinh
25 9 ST
chinh tidc cua hypebol,
Giai biét do dai truc 4o biing 6
Taco:a=5,b=3. Suyracc=a +b =34, tiac lac=134. va tAm sai bing 2
4

Hypebol c6 hai tiéu diém la F 3 V34 ;. 0), F:(\/3_4 NOY,
. 34

titucula2Vv3d4vatamsailae= —= s
a

IV. BAN KiNH QUA TIEU CUA MOT PIEM THUOC HYPEBOL

Trong mat phang, xét duong hypebol (&) la tap hop
cac diém M sao cho |MFl —MF,| = 2a, 0 doF, = 2¢

vGi ¢ > a > 0. Ta chon hé truc toa dé Oxy co goe la trung

M(x ;5 y)

diém ctia doan thang F. - Truc Oy 1a dudng trung trirc cua
Fl,var, nam trén tia Ox (Hinh 16). Khi do, Fi(—e440),
F,(c:;0) la cac tiéu diém cua (H).

V6i mdi diém M(x ; y) thude dudng hypebol (H), chiing minh: Hinh 16

2 2 2 2
a) MF =x"+2cx+e" +Y°;

2 2 2
b) MF; = x?—2ex+c¢*+ Yo

¢) MF? - MF} = 4cx.

Vi méi diem M(x ; y) thude hypebol (H), tir hai dang thire MFI2 - MF22 =4cx

va ‘MFl - MF,| = 2a, chiing minh:

C
a——Xx ZIG—GXI.

a

e
MFl=a+—x=|a+ex;MF2=
a
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Vi méi diém M thude dudng hypebol, cac doan thang MF,, MF, duoc
goi la bdn kinh qua tiéu ctia diém M. D6 dai cac ban kinh qua tiéu la
MF, = |a+ ex|, MF, = |a— ex|.

Nhén xét: Ta co thé sit dung cong thire tinh d6 dai ban kinh qua tiéu dé lap phuong trinh
chinh tac ctia hypebol.

Cu thé, ta c6 thé chimg mnh duoc réng
2 2

Néu diém M(x ; y) & (H) thi "—2—2;2:1 (1), d6 b=vc* —a*.
a

c
a——x
a

2

Nguoc lai, néudiém M cé toa dd (x ; y)thoaman(1)thi MF = |a+ Ex , MF, =
a

do do |MF, — MF,|= 2a, tic la M thude hypebol (H).
Viay phuong trinh (1) la phuong trinh chinh tac ctia hypebol da cho.

)

-

2
Vidu4 = Cho hypebol cé phurong trinh chinh tac % - ;—6 =1

Gia st M la diém thudc hypebol ¢ hoanh d6 la 12. E’ il
Tim d6 dai cac ban kinh qua tiéu ctia diém M. 3 Cho hypebol ¢6
phuong trinh chinh tic

Giai 2 y2

Tacod:a=3,b=4,c=+\a*+b*> =5va e:% m—g=l. Gia sii M

Cac ban kinh qua tiéu cua diém M la: la diém thudc hypebol c6
5 5 wng do 1a V11. Tim dé

MF, = 3+;.12|:23; MF2:‘3—§.12’=17. dai cic ban kinh qua tiéu
. clia diém M.

V. DUSGNG CHUAN CUA HYPEBOL

Tuong tu nhu elip, ta ciing c6 thé xac dinh dwoc duong chuan ciia mét hypebol.
2

- P

Cho hypebol (H) c6 phuong trinh chinh tic ~ — 2 =1 véia>0,b>0.
Xét dudng thing A, :x =2 w @

Vo1 mor diem M(x, . y,) € (H) (Hinh 17), tinh:

a) Khoang cich d(M , A)) ti diém M(x, ; y,) dén dudng thing A

MF,

b) Tisé6 — 1
dM , A)



Pé tinh khoang cach va ti s6 noi trén, ta lam nhu sau:
- A - s y S » 2 a -
Ta viet lai phuong trinh duong théang A, ddang At x +0. y+ e 0.

M
a | a
(4 14
7
Ay

Vi méi diém M (x, 2 ¥p) thude hypebol, ta co:

a
Xo+0.y, +—
0 YT

dM ., A)=

B ‘a+ex0‘_ MF,
JEio2 e e
MF,

Vay— 1 =e.
d(M , A,)

3 ; , 3 = ... Qa Y 2
Nhdn xét: Ta xét duong thang A,: x =—-. Bang cach

0 Kx’

A,

B Hinh 17
lap luan tuong tu nhu trén, voi mor diem M(x, ; y,) € (H),

MF,
— 8%

tac6 — 2 =
d(M . A,)

4 - L ¥ W
[ Puding thiing A, : x =~ goi 1a duong chudn ting v6i tiéu diém F (—c ; 0).

Dudng thing A,: x = % goi 12 dutomg chudn Gng véi tieu diém F,(c ; 0).

Chii y: Ti s6 ctia khoang cach tirmét diém bat ki thude hypebol dén tiéu diém va khoang
cach tir diém do dén duong chuin tuong 'mg luén bang tam sai ctia hypebol.
MF, MF,
—d — e‘
dM,A) dM,A,)

Vidu5 & Tim cac tiéu diém va duong chuan ctia hypebol c6 phuong trinh chinh tic
£y
144 25

Gidi K

Taco:a=12,b=35,suyra C=\/(12+[)2 =144+ 25 =13.

4 Viét phuong trinh

Do dé, hai tiéu diém la F(=13,0)vaF,(13;0)
3 :
Mat khac, ta co: e = C= I—.Phuong trinh duong chuan

a 12
ung voi tiéu diém F.(=13;0Q) la A== %41
Phuong trinh duong chuan tmg voi tiéu diém F,(13 ; 0) la
144
AZ: X= ﬁ
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chinh tic cla dudng

hypebol  biét mot

tiéu diém Ia F,(V2 ; 0)

va dudng chuin tng

véi titu diém dé 1a
1

2
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VI. CACH VE DUGNG HYPEBOL

e
“SY» Vé hypebol (H): —— 2 =1.
S € hypebol ( )9 T

Dé vé hypebol (H), ta co thé lam nhu sau:
Ta thﬁ'y a=3,b=4.(H)c6cicdinhlaA (-3:0),A,3:0).

YA A6
S 3. Ao
418, M2 X315/t
v w > 4 A .
=3 @ 3 % ~51=3 315 x
! T A, Y- aomNee
M, ﬂ _i 16 M,
3
Budc 1 Budc 2
Buée 1. Vé hinh chit nhat co s& ¢6 bon canh thuée bén duong thang x = — 3, x = 3,
y=—4,y=4

Buoc 2. VE hai dudng chéo cuta hinh chit nhat co so.
Tim moét s6 diém cu thé thuée hypebol, ching han ta thay diém M (5 E)

tlméc(H).DodécécdiémM (5 - 136) Mz(—S - ?],M3(—5 : —%)ﬂluéc(H).

Burée 3. Vé duong hypebol bén ngoai hinh chit nhat co s&; nhanh bén trai tiep xuc véi canh
ctia hinh chit nhat co sd tai diém A,(=3:0) va di quaM,, M;; nhanh bén phai tiép
xuc voi canh ctia hinh chit nhat co s tai diém A,(3:0) va diquaM, M,. V€ cac
diém thude hypebol cang xa gde toa do thi cang sat voi duong tiém can. Hypebol
nhan géc toa do 1a tam doi xumg va hai truc toa do la hai truc doi Xung.

i 2
Nhan xét: Dé vé hypebol (H): Z yz =1 (a>0, b>0), ta cé thé lam nhu sau:

« Vé bon duong dlé11gx:—a,x=a,)z=—b,y:bvéxéc
dinh hinh chit nhat co s& PORS cua hypebol. 5 Cho hypebol (H) c6
mot dinh 1a A,(—4 : 0)

. va tiéu cu 1a 10. Viét
» V& timg nhanh cua hypebol & phia ngoai hinh chit nhat phuong trinh chinh tic

co 6 sao cho tiép xuic véi canh cta hinh chit nhat co va vé& hypebol (H).
50 tai dinh ctia hypebol va di qua nhimmg diém cu thé da
chon, dong thoi nhan PR, OS lam hai duong tiém can.

* V& hai duong tiém can PR, OS cua hypebol.



B eiirie

1.

th

Viét phuong trinh chinh tic ctia hypebol, biét:

a) Tiéu diém 1a F,(—3;0) vadinh 1a A,(2 ; 0).

b) DBinh 12 A,(4 ; 0) va tiéu cy bing 10.

¢) Tiéu diém F»(4 ; 0) va phuong trinh mot dudng tiém cin la y = —gx.

2 2

Trong mit phing toa dd Oxy, cho hypebol ¢6 phuong trinh chinh tic %— ‘T =14

a) Xac dinh toa do cac dinh, tiéu diém, tiéu cu, do dai truc thue cia hypebol.
b) Xac dinh phuong trinh cac duong tiém can cua hypebol va vé hypebol trén.

. Trong mit phang toa dé Oxy, cho hypebol ¢6 phurong trinh chinh tac la x* —y? = 4,

Ch'mg minh rang hai duong tiém can ctia hypebol vuéng géc véi nhau

2 2

Trong miit phing toa dd Oxy, cho hypebol (H): z _?}:E = 1. Lap phuong trinh chinh

64
tic cua elip (E), biét ring (E) c6 cdc tiéu diém 1a cdc tiéu diém cta (H) va cic dinh ctia

hinh chit nhét ¢o sd cta (H) déu nim trén (E).

Doc theo b bién, nguoi ta thiét lap hé thong dinh vi v6 tuyén dan duong tam xa dé
truyén tin hiéu cho may bay hoic tau thuy hoat déng trén bién. Trong hé théng do co
hai da1 vo tuyéxl dat lan luot tai dia diem A4 va dia diém B, khoang cach AB = 650 km.
Gia sit co mét con tau chuyén dong trén bién véi qui dao nam trén mét nhanh hypebol
nhan A va B la hai tiéu diém nhu Hinh 18.

Khi dang 6 vi tri P, mdy thu tin hiéu trén L
con tau chuyén d6i chénh léch thoi gian
nhin cdc tin hiéu ti A va B thanh hiéu

khoang céch |PA — PBI. Gia st thoi gian _4 B
con tau nhan dugc tin hiéu ti B trudc khi > 650 kin A ﬂ&
nhan duoc tin hiéu tii A 12 0,0012 s. Van toc Y

di chuyén ctia tin hiéu 1a 3 . 10° my/s. Hinh 18

a) Lap phuong trinh hypebol md td quy dao chuyén dong clia con tau.

b) Chiing té riing tai moi thai diém trén quy dao chuyén dong thi thoi gian con thu nhin
dudc tin hiéu ti B trude khi nhan dugc tin hiéu ti A Iudén 12 0,0012 s.



§3 PARABOL

Cac dia ve tmh thuong duoc lam ¢ dang
paraboloid, tirc la hinh dang duoc tao ra bé'mg cach
quay parabol xung quanh truc ctia no dé st dung tinh
chat phan xa ctia parabol. Tinh chat do la: Tin hiéu
di true tiép dén dia vé tinh theo nhimg tia song song
vi truc déi ximg cua parabol, sau khi phan xa tai
parabol, s& di qua tiéu diém ctia parabol. Nguoi ta dit
may thu tin hiéu tai tiéu diém cua parabol va dan tin
hiéu thu duoe tir may thu vé trung tam giai ma.

2 Hinh anh dai quan sat thién vdn
\ A \ X ‘A 7§ = 0 Tuy 57
Lam thé nao dé thiét ké duoc ‘@'E A‘O uyén |
dia vé tinh sao cho tin hiéu thu dwoc \\ ‘"‘,-j& (Nguon: https://pixabay.com)

la tot nhat?

O sach giao khoa Toan 10 churong VII, chuing ta di hoc vé ba duong conic, trong do ¢o duong
parabol. Trong bai hoc nay, chiing ta s& tim hiéu thém nhimg yéu té dic trung ctia parabol.
I. TINH D61 XUNG CUA PARABOL An @

Trong mit phéing toa do Oxy, ta xét parabol (P) Mix; v)
¢6 phuong trinh chinh tac y* = 2px (p > 0) (Hinh 19).

a) Tim toa do tiéu diém F ctia parabol (P).

=Y

. | . H| o) F
b) Tim toa d6 diem H va viét phwong trinh duong chuan A
cua parabol (P).
¢) Cho diém M(x : y) nam trén parabol (P). Go1 M, la Q ~Y)
diém doi x\mg ctia M qua truc Ox. Diém M, 1 €O nam trén
parabol (P) hay khong? Tai sao? Hinh 19

is

[yTrong mit phing toa dd Oxy, cho parabol (P) c6 phuong trinh chinh tic la
2= 2px (p > 0). Khi dé, ta c6:
» Parabol (P) nim vé bén phai ctia truc tung;
» Truc Ox Ia truc d6i xdng ctia parabol (P);
» Parabol (P) cit truc Ox tai diém O va d6 ciing la diém duy nhét ctia truc

Oy thude (P). Goc toa dd O duge goi 1a dinh cta parabol (P);

« Khoang cdch FH = p dugc goi 1a tham sé tiéu cha parabol (P).
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II. TAM SAI CUA PARABOL. BAN KiNH QUA TIEU CUA MOT DIEM

", ) \

@ ¥ Trong mit phang toa dd Oxy, ta xét parabol (P) co Al Y (P
phuong trinh chinh tac 1a y* = 2 px(p > 0) va diém M(x ; y) KF Mx: y)
nam trén parabol (P) (Hinh 20). ﬂ
a) So sanh khoang cach MF tur d'iém M dén tiej:u diém F va “rlo| F X

khoang cach MK tir diem M dén duong chuan A. 2
b) Tinh d6 dai doan thz;mg MK. Tir @6, tinh do dai doan

thang MF. Hinh 20

N7

55
Trong mit phing toa dd Oxy, cho parabol (P) c6 phuong trinh chinh tic 1a
y?=2px (p > 0). Khi d6:

* Va1 parabol (P), ta luén co e = 1, & do e la tam sai cua parabol (tic la ti $0
ctia khoang cach tir diém M thuée parabol (P) dén tiéu diém F va khoang
cach tir diém M dén duong chuan A);

+ Vi méi diém M thude parabol (P), doan th%mg MF duoc goi la ban kinh
qua tiéu cua diém M. Ta c6 do dai doanthéngMF= ‘x+—,{i‘ = x+7p.

Viduy @ Cho parabol j? = 6x. A

a) Tim toa d6 tiéu diém va phuong trinh duong chuan # a) Lap phuong trinh

cua parabol. chinh tic cta parabol
b) Gia sit M la diém thudc parabol cé hoanh d6 1a 4. (P), biét phuong trinh
Tinh ban kinh qua tiéu ctia diém M. Grdup chutn iy £ == &
Gigi b) Tim toa do tiéu diém
cua parabol (P).
a) Ta co: ?:p =6,suyrap=3. 2 ¢) Tim toa do diém M
Tiéu diém cua parabol la F (: : Oj. thudc parabol (P), biét
. E > o 1 3 khoéng céch ti M dén
Puong chuan cua parabol c6 phwong trinh 1a x = — 5> tiéu diém bing 6.
b) Ban kinh qua tiéu ctia diém M la MF = 4+ % =%

lll. CACH VE PUGNG PARABOL
@ &} V& parabol (P): y* = 4x.
Pé vé parabol 3? = 4x, ta co6 thé lam nhu sau:
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Buédce 1. Lap bang gia tr

x 0 0,25 0,25
' 0 -1 1

Chii y riing ting véi mbi gid tri duong clia

x ¢6 hai gid tri ctia y d6i nhau.

Buorc 2. VE cac diém cu thé ma hoanh do va tung
dd duge xdc dinh nhu trong bang gia tri.

Buoc 3. Vé parabol bén phai truc Oy, dinh O, truc
déi ximg la Ox, parabol di qua cac diém
duoc vé & Buorc 2.

Nhdn xét: Dé vé parabol y? =2 px (p > 0), ta co Budc 2 Budc 3

thé lam nhu sau:

* Xac dinh dinh va mot s6 diém cu thé. l{‘/_ 2 V& parabol y* = 2px,
« V& parabol di qua nhimg diém cu thé da chon, biét tiéu diém ctia

tiép xuc voi true tung ta1 dinh O(0 ; 0) va nhan truc parabol 1a F(l : 0).
hoanh lam truc do1 ximg. 4

B eiirir 7

1. Viét phuong trinh chinh tic ctia parabol trong méi truong hop sau:
a) Tiéu diém la F ,(550);
b) Phuong trinh duong chuan la x = — 4;
c¢) Parabol di qua diém A(4 - 9).

2. Trong mit phing toa dé Oxy, cho parabol ¢6 phurong trinh chinh téc * = 8x.
a) Xac dinh toa dé tiéu diém va phuong trinh duong chuan cua parabol.
b) Vé parabol.

3. Cac vat lieu xay dung déu co hé s6 dannd. Vi the, khi dat dam cau, nguoi ta thuong dat ¢
dinh mét dau dam, dau con lai dit trén mot con lan co the di dong duoc nhim g1a1 quyét sur
dén né cia vat lisu. Hink 21 minh hoa mét dam cau duoc dit & hai bo kénh, 101 han boi
hai cung parabol ¢6 cing truc déi ximg. Nguoi ta

thiét ké cac thanh giang ndi hai cung parabol do
sao cho cac thanh gidng theo phurong théng dimg
cach déu nhau va cach déu hai dau dam. _|
Tinh tng do dai ctia cdc thanh giding theo phuong < s 5
thing diing. Hinh 21
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S4 | BA PUGNG CONIC

O cac bai trrde, chiing ta da hoc vé elip, hypebol va parabol. Trong bai hoc nay, ching ta
sé tim hiéu nhimg tinh chat chung ctia ca ba duong conic d6 va nhimg tmg dung ctia ching
trong thue tién.

I. MO TA BA PUGNG CONIC DUA TREN TIEU DIEM VA PUGNG CHUAN

Elip Hypebol Parabol

v/ _‘.'h AV

N VA 1 7

SYES)

| tohe

|
|
e
0 >
\o
=
=,
&]Q
\{

o) K? O& x
A A, A, A, A
a) b b) ¢)
Hinh 22

Quan sat Hinh 22a, Hinh 22b, Hinh 22¢; néu ti s6 khoang cach tir mot diém A nam trén
mo1 duong conic dén tiéu diém cua no va khoang cach tir diém M dén duong chuan
twong tmg vai tiéu diem do.

N’I\?/@ xet‘ai’ M thude elip (E) s 1 (a>b>0), taluon i (0<e<1)
e Vo1 mo1 diem uoC € r—+—=1(@>b>0),talubncd ——=e(0<e <),
' i a. b LdM , A) .
trong do F 1a mét trong hai tieu diem F, F, va A la duong chuan umg voi tiéu diem F.
Vi moi diém M thuée h bolH)xZ 4 1(a>0,b>0).tal e
e Vo1 mor diém oc ———=1(a>0,b>0),talubnco — =e¢
. ¢ hypebol ( 27 ) , 01, )
(e> 1), trong do F'la mét trong hai tieu diém F, F, va A la duong chuan tmg vol tiéu diem F.
; MF
« Véimoi diém M thude parabol (P): y* = 2px (p > 0), ta luén co m =1, trong do

F la tiéu diém va A la duong chuan tmg voi tiéu diém F.
Pé mo ta chung ba duong conic (elip, hypebol, parabol) dura trén tiéu diém va duong
chuan, ta dua vao dinh nghia sau:

[ Trong mét phéng cho diém F ¢6 dinh va mét djl‘IJO}I?lg théng A ¢ dinh khéng

di qua F. Tap hop cac diém M sao cho ti s6 béng mét s6 duong e

cho truoc duoc goi la duong conic. dM , A)

Diém F goi la tiéu diém, duong thang A goi la duong chuan tuong tmg véi F
va e goi la tam sai cua dudng conic.



Ta ¢6 thé chimg minh duoc rang:

« Néu tam sai e < 1 thi duong conic nhan duoc la duong elip.

« Néu tam sai e = 1 thi duong conic nhan duoc la duong parabol.

« Néu tam sai e > 1 thi duong conic nhan duoc la duong hypebol.

Vidul | Trong mit phang toa dé Oxy, cho duong thang A : x =4 va diém F(3 ; 0).

Lay ba diem A(2 ; 0), B(1 ; 4), C(—1 ; 3).
AF BF CF

d4,A) dB,A) dC,A)

b) Ho6i moi diém A4, B, C lan ot nam trén loa1 duong conic nao nhan F la tiéu diém va A
la duong chuan tmg vor tieu diem do?

a) Tinh cac ti s0 sau:

Giai
a) Ta co:
AF=\j(3—”)2+(O—O)2=1 dA,A)=]2-4=2,su rai=L
g > > iy ) y d(A,A) 2
BF  2\5
BF=4J3-12+(0-4)P =2V5,dB,A)=|1 —4/=3,suyra = ‘
NB—17+(0-4Y =2V5,dB, A =1 -4 T VI
CF 5
CF=4B3+12+(0-3P=5dC,AN=|-1-4=5suyyra———=—=1.
\j()()d()llyd(C,A)s
AF 1 P ; -
b) Vi ————=-—<1 nén diém 4 nam trén elip.
dA,n) 2
BF 2v5 s :
0 = 5 > 1 nén diem B nam trén hypebol.
dB,A) 3
CF 3 :
Vi =1 nén diem C nam trén parabol.
d(C, A)

Vidu2 | Cho tia Ox va hai duong tron (C,), (C,) dong tam O lan luot co bankinh la 1 cm,
3 cm. Hai diém A va B lan luot di déng trén (C)), (C,) thoa mén tia Ox la tia phan giac

cua goc AOB. vA
(o I

a) Gor A' la diem doi Xxumg vol A qua Ox. Biéu thi
vecto OB theo vecto 04",

b) Chon hé truc toa d6 Oxy co truc hoanh clnra tia Ox da
cho (Hinh 23). Gia st A(x, . y,). Xac dinh toa do ctia 4’,
B,Mtheox,; yovdiM la trung diem cuia doan thang 4B,

¢) Tinh x;" + yﬁ . Chimg minh rang tap hop trung diém A/
cua doan 4B la mot elip. Hinh 23
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Giai
a) Ta co: OB = 304",
b) Vi A va .4’ d6i xtmg nhau qua Oxnén A'(xy ; —yy) = B(3xy ; —3y)

+3 w3
=Xy = . =2Xys Yy =20 Yo 5 Yo __ Yo=>M(2x, 5 —y,)
o .
&) x5+ yo =1= 7—‘;’+1—g” =1. Vay tap hop cac diém M la mét elip.

Il. MO TA BA DPUGNG CONIC DUA TREN GIAO CUA MAT PHANG VGI MATNON

1. Khai niém mit nén tron xoay A ,

5 ' ' . dudng sinh
O lop 9, ta da lam quen voi hinh non.

‘ ) ) ) dudng cao
Cho tam giac OAC vudng ta1 O. Khi quay tam giac dr
OAC mot vong xung quanh canh OA ¢6 dinh, ta duoc
mot hinh non (Hinh 24). C 0 C
oy , S S A day

Tuong tu khai miém hinh non, ta ¢ khai niém mat non. Hinh 24

Trong mat phiang (P), cho hai duong thing d va A
cat nhau tai O va goc gitta hai duong thang la
B (0° < B <90°). Khi quay mit phing (P) xung quanh
duong thang A thi duong thang d sinh ra mét mat tron
xoay goi la mat non dinh O (Hinh 25).

Céc duong thing A , d lan ot goi 1a truc, durong sinh
cua mat non.

2. Giao cua mat phéng voi mat nén
. t b ’ Hinh 25

Chung ta da biét rang:

— Giao ctia mét non voi mét phing (khéng di qua dinh va vuéng goc voi truc clia mit
non) la duong tron.

— Giao ctia mat non voi méat phang (khéng di qua dinh va khéng vudng goc vai truc ciia
mat non) la duong conic (Hinh 26). Tt “conic” xuat phat tir goc tieng Hy Lap konos,
nghia la mat non.

a. Elip

Xét mat phang khong di qua dinh ctia mat non, khong
vuong goc vo1 truc cua mat non va khong song song
vol duong sinh nao ctia mét non. Khi do, giao ciua mit
phang va mat nén la duong elip (Hinh 26).
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b. Parabol
Xét mat phiang khong di qua dinh ctia mat non va song
song voi duy nhat mét duong sinh cta mat non. Khi
do, giao ctia mit phing va mat nén la duong parabol
(Hinh 27).

Hinh 27

c. Hypebol
Xét miat phang khong di qua dinh ctia mét non va song
song vo1 hai duong sinh ctia mat non. Khi do, giao cua

mit phang va mat non la duong hypebol (Hinh 28). o
Hin
Vidu3 | Quan sat cac hinh sau va cho biét:

Giao ctia mét phang véi mét nén ¢ hinh nao cho hinh anh duong tron, elip, hypebol, parabol.

Hinh 29 Hinh 30 Hinh 31

Giai

Hinh 29 (ntia phia trén) cho hinh anh dudng tron.
Hinh 29 (ntia phia duéi) cho hinh anh elip.

Hinh 30 cho hinh anh hypebol.

Hinh 31 cho hinh danh parabol.

li. MOT SO UNG DUNG CUA BA DPUGNG CONIC TRONG THUC TIEN

1. Ung dung trong quang hoc ciia cic duong conic
a. l'fng dung quang hoc cua elip

Nhu chung ta dé biét elip co tinh chat sau: Mot tia xuat phat tir mét tiéu diém cua elip, sau
khi phan xa tai1 elip, thi sé di qua tiéu diém con lai cta elip (Hinh 32).



S S,

Hinh 32

Elip ¢ nhiéu vmg dung trong quang hoc dua trén tinh chat d6. Chang han, trong ché tao
guong c6 dang hinh elip. Guong elip duoc lam tir mét dai kim loar sang bong, cac tia sang
xuat phat tir ieu diém nay déu héi tu dén tiéu diem kia (Hinh 33). Mot vat dat ta1 F, sé
dugce ro1 sang nho nguén sang dat ta1 /| cho du F, va F, & kha xa nhau.

Tia
Tiéu sang ==

A

Tiéu
diém

Hinh 33

b. Un g dung quang hoc cua hypebol

Kinh thién vin Cassegrain (déi khi duoc goi la "Cassegrain c¢é dién") dwoc Laurent
Cassegrain cong bo vao ndm 1672. N6 c6 mét guong chinh hinh parabol va mét guong
thir cap hinh hypebol phan xa anh sang trd lai qua mét 16 trén guong chinh.

Puong dan anh sang trong kinh thién van Cassegrain duoc moé ta nhu sau (Hinh 34):

Y

|_Guong chinh parabol

. e s ——

Hinh 34

Kinh thién van Ritchey — Chreétien dugc phat minh boi George Willis Ritchey va Henri
Chrétien vao dau nhimg nam 1910, la mét guwong phan xa Cassegrain chuyén dung co
hai guong hypebol (thay vi moét guong chinh hinh parabol).



g l'fng dung quang hoc va am hoc ciia parabol

Parabol c6 mét tinh chat quan trong nhu sau: Y& =4

Néu dit mot nguén sang tai tieu diém F cua /A/f E:

no thi toan bo cac tia sang di ra tr F, sau khi N/

phan xa tai parabol, s& truyén di theo duong 0 \A\F x
thang song song voi truc déi ximg cua no. 2% 22

Tinh chat nay duoc goi la tinh phan xa cua - ¥
parabol (Hinh 35). Z‘:’:ij(;.l

Parabol c6 nhiéu tmg dung trong quang hoc
dua trén tinh chat do. Chz:mg han, cac guong
lap phia sau dén trudc xe hoi duoc ché tao & V4
dang paraboloid, titc la hinh dang duoc tao ra
bang cach quay parabol xung quanh truc ctia

=Y

no6. Guong parabol giup nguoi lai xe nhin thay
xa hon vé phia truoc (Hinh 36).

Nguoc lai véi tinh chat trén, parabol ciing co
Paraboloid

mot tinh chat sau: Mot tia song song voi truc doi Hinh 36

xXumg cua parabol, sau khi phan xa tai parabol,

sé di qua tiéu diém cua parabol (Hinh 37).

Ciing ¢6 nhiéu mg dung c':ﬁa parab?l trong vy e
quang hoc dua trén tinh chat d6. Chang han, h
guong parabol ¢6 thé héi tu mét chum sang ﬁ

song song vao mét nguon diém. Guong parabol T i
khong 16 dung trong kinh thién van thu thap Q

anh sang tir nhiing no1 xa x61 cua vii try, no1 e

con ¢ nhitng nguén phat anh sang vao trong Hinh 37

khong gian dudi dang deén pha.

Vi séng am thanh ¢6 co ché hoat déng tuong tu nhw anh sang nén tinh chat am thanh hoi
tu tai tiéu diém duoc got la tinh chat am hoc cua parabol. Pay la nguyén do ¢ trong mot
s6 phong trumg bay nghé thuat, nhimg tiéng thi tham ctia ai do lai duoc nghe 16 khi ban
dimg & moét ché nhat dinh, con & nhimg ché khac thi khong nghe duoc. Ché nhat dinh
do that ra la tiéu diém cta cau tric parabol. Guong parabol khéng 16 dung trong kinh
thién van thu thap tin hiéu tir nhitng noi xa x6i cia vii tru, noi con ¢é nhing nguén phat
tin hiéu vao trong khong gian dud dang song am.



2. M6 ta quy dao cua tau vii tru

Khi thiét 1ap quy dao bay cho cac con tau vii tru phong di tir Trai Pat, cac nha khoa hoc
luén chon qu¥ dao la duong conic. Hinh dang ctia qui dao phu thude vao toc do ctia tau
vii tru (Hinh 38). Ta c6 bang tuong tmg giita toc do va quy dao nhu sau;

Toc do Y Hinh dang quy dao cia
cua tau vi tru tau vil tru
7.9 km/s Puong tron
7.9km/s <v,<11,2km/s Elip
11,2 km/s Mot phan ctia parabol
v,> 11,2 km/s Mot phan ctia hypebol

Hvpebol
(v, > 11,2 km/s)

Parabol
(\'Uz 11,2 Km/s)

Dirdng tron
(v, = 7.9 km/s)

Elip
(7.9 km/s <v < 11,2 km/s)

Hinh 38

. BAI TAP

1. Cho hinh chit nhat ABCD véi bon dinh A(— 4 ; 3), B4 3), C(4,—3),D(— 4 . —3).
a) Viét phuong trinh chinh tic ctia elip nhan ABCD 1a hinh chit nhat co s&. V& elip do.

b) Viét phuong trinh chinh tic ctia hypebol nhan ABCD la hinh chit nhat co s3.
Vé hypebol do.



. Cac duong conic ¢6 phuong trinh nhu sau la duong elip hay hypebol? Tim d6 dai cac
truc, toa do tiéu diém. tiéu cu, tam sai ctia cac duong conic do.

2 2 2 2

a) >+ 2 1. by Y 1.

100 64 36 64
. Cho parabol ¢6 phuong trinh chinh tic y* = 2x. Tim tiéu diém, phwong trinh duong
chuan ctia parabol va vé parabol do.

. Trong mit phing toa d6 Oxy, cho duong thing A: x = -5 va diém F(—4; 0).
Cho ba diém A(—3: 1), B(2:8), C(0; 3).
AF BF CF

a) Tinh cac ti s6 sau: — z , :
dA.A) dB.,A) dC,A)

b) Hoi méi diém A, B, C lan luot nim trén loai duong conic nao nhan F la tieu diém va
A la duong chuan vmg vi tiéu diém do?

. Vé tinh nhan tao dau tién duoc Lién X6 (cit) phong tir Trai Pat nam 1957. Quy dao cia
vé tinh do la mot duong elip nhan tam Trai Pat la mot tiéu diém. Nguoi ta do duoce
vé tinh cach bé mat Trai Dat gﬁn nhat 1a 583 dam va xa nhat la 1 342 dim (1 dim xép X1
1,609 km). Tim tam sai ctia qu dao do, biét ban kinh ctia Trai Pat xap xi 4 000 dam.
(Nguon: Sach gido khoa Hinh hoc 10, Ban Néng cao, Nha xudt ban Gido duc Viét Nam, 2018)

. Sao Diém Vuong chuyén déng xung quanh Mt Troi theo quy dao la moét duong
elip c6 mot trong hai tiéu diém la tam ctia Mat Troi. Biét elip nay c¢é ban truc 16n
a~ 5,906 . 10°km va tam sai e ~ 0,249. (Neuon: htips://viwikipedia.org)

Tim khoang cach nhé nhat (gan ding) gitta Sao Diém Vuong va Mat Troi.

. Cho duong thing A va diém O sao cho
khoang cach tir O dén A 1a OH = 1 (Hinh 39).
V&1 moi diem M di dong trong mat xlO M
phang, goi1 K la hinh chieu vudéng goc cua
M lén A, Chimg minh tap hop cac diém M /
trong mat phang sao cho MK* — MO* = 1 i 0
la mot duong parabol. A
Hinh 39
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cO THE EM CHUA BIET

Ba dinh luat Kepler

Johannes Kepler (G16-han Keé-ple) la mét nha toan hoc, thién
van hoc nguoi Puc. Ong la mét trong nhimg nguoi dit nén
mong cho cude cach mang khoa hoc thé ki XVII. Kepler duoc
biét dén nhiéu nhat boi cac dinh luat vé chuyén dong cua cac
hanh tinh trong Hé Mat Tron.

Tam hanh tinh trong Hé Mt Troi bao gom: bon hanh tinh nhé
& vong trong la Sao Thuy, Sao Kim, Trai Pat va Sao Hoa;
bon hanh tinh 1én & vong ngoai la Sao Mdc, Sao Tho, Sao Thién

Vuong va Sao Hai Vuong. Cac thién thé nay déu chuyén dong
xung quanh Mat Tro1 vér cac qui dao khac nhau, tuy nhién tat Johannes Kepler
ca chiing déu tuan theo nhimng quy luat nhat dinh. (27/12/1571 - 15/11/1630)

Sao Thuy
Trai Bat

% SaoThé

MATTROIL ™"

A

Sao Hai Vuong

He Mat Troi
(_Ngud‘n: Sach giao khoa Khoa hoc Tur nhién 6, Nha xuat ban Pai hoc Sit pham, 2021)
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1. Chuyén déng ctia méi thién thé xung quanh Mt Troi 1a quy dao duge xac dinh nhu sau:

Hanh tinh ___
a AL "7 TTe =R 5
Céc hanh tinh chuyén déng quanh Mat A ! N
Tron theo cac quy dao la Cflc duong elip " Mt jin;;"“"'Fz’"l.
ma Mat Tro1 la moét tiéu diem (Hinh 40). BN S
s Hinh 40

« Tam sai cua cac quy dao cua tam hanh tinh noé1 trén nhu sau:

Sao Kim e ~ 0,0068. Trai Pat e~ 0,0167.

Sao Moc e~ 0,0484. Sao Hai Vuong e = 0,0082.
Sao Thuy e ~ 0,2056. Sao Thién Vuong e ~ 0,046.
Sao Thd e~ 0,0543. Sao Hoa e~ 0,0934.

2. Gia stt mot hanh tinh quay quanh Mat Tro1 vl quy dao la elip (E). Xem Mat Troi la
tiéu diém F cta (E). Gia st trong ctmg mét khoang thoi gian # thi hanh tinh di chuyén
duoc tir M, d&én M, hodc tir N, dén N, (Hinh 41). Khi do, dién tich hai "tam giac cong"
FM M, va FN,N, bang nhau.

Mét hanh tinh

Poan thﬁng nodi tr Mat Troi dén hanh
tinh quét dugc nhimg dién tich bing nhau
trong nhimg khoéang théi gian bing nhau
(Hinh 41).

’ Hinh 41
3. G017, T; lan luot 1a thoi gian dé hai hanh tinh
bat ki quay hét mét vong quanh Mt Troi va a

19

Jan luot 1a ban truc 1on ctia cac quy dao elip chuyén
X m2
dong cua hai hanh tinh trén. Ta co: 71—3 = %

Gy

Binh phuong chu ki quy dao ctia mot
hanh tinh ti 1€ voi1 1lap phuong ban truc
lon cia quy dao elip cua hanh tinh do
(Hinh 42).

Hinh 42



BANG GIAI THICH THUAT NGU

THUAT NGU GIA| THICH N

chi tiéu cd dinh
cta chinh phu

gia thiét quy nap

hé théng GPS

1ai suat

lugng céu

lugng cung

quy nap
toan hoc

song am thanh

tién tin dung

téc do v tru

téng thu nhap
quéc dan

trai phiéu

trang thai can
béng thij trudng

vién théng

70

bao gébm cac khoan chi tiéu ctia chinh phii cho cac cép chinh quyén tu
trung uong dén dia phuong nhu chi cho quéc phong, luat phap, dudng
s, cau cong, giao duc, y té, ...

gia thiét & budc quy nap (Budc 2) rang ménh dé ding véi s6 k
nguyén duong

Global Positioning System — Hé théng dinh vi toan céu la hé théng
xac dinh vi tri dua trén vi tri clia cac vé tinh nhan tao, do Bé Quéc
phong Hoa Ky thiét ké, xay dung, van hanh va quan li

ti 1& ma theo dé tién lai dugc bén vay tra cho viéc st dung tién ma ho
vay tu mét bén cho vay

mo ta téng s6 lugng hang hoa hodc dich vu ma ngudi tiéu dung cé
nhu céu trong mét khodng thoi gian nhat dinh

mo ta s6 lugng hang hoa hoac dich vu dugc cung cép tai mot muc gia
thi trudng nhét dinh

mét phuong phap chiing minh toan hoc dung dé chuiing minh mét
ménh dé vé bét ki tap hgp nao dugc xép theo thif ty. Théng thudng né
dugc ding dé chiing minh ménh dé ap dung cho tap hop tat ca cac
s6 tu nhién

nhiing song co hoc, dugc truyén di trong méi trudng ran, 16ng, khi. Khi
dén tai nguoi, séng am thanh sé lam cho mang nhi dao dong, gay ra
c&m giac cam thy am

tién nam trong cac tai khoan mé ¢ ngan hang va dudc hinh thanh trén
cd sd cac khoan tién gli vao ngén hang

téc d6 mot vat can c6 dé né chuyén dong theo quy dao tron gan bé
mat ctia mot vat thé khac hodc thoat ra khdi trudng hap dan clia vat
thé khac

chi s6 kinh té xac dinh téng thu nhap clia mét quéc gia trong mét thoi
gian, thudng la mét nam

mét chiing nhan nghia vy ng ctia ngudi phat hanh phai tra cho nguoi
s hiu trai phidu déi véi mét khoan tién cu thé (ménh gia cla trai
phiéu), trong mot thdi gian xac dinh va véi mét khoan Igi tlic quy dinh
trang thai ma & dé lugng hang hoa va dich vu ma ngudi mua sén sang

va c6 kha nang mua dung bang lugng hang hoa ma ngudi ban san
sang ban va c6 kha nang ban

viéc truyén dan théng tin giao tiép qua mét khoang cach dang ké vé
dia li
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ban kinh qua tiéu ctia mot diém

thudce elip 43
ban kinh qua tiéu ctia mét diém 52
thudc hypebol
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thudc parabol

ban truc bé 39
ban truc I6n 39
cong thiic nhi thiic Newton 31
dinh cta elip 40
dinh cla hypebol 50
dinh cla parabol 57
d6 dai cla truc bé 39
do dai cla truc Ion 39
duding chudn cla elip 45
duding chudn clia hypebol 53
gidi hé phuaong trinh bac nhat

ba 4n béng phuong phap 7

Gauss

giao clia mat phang véi matnon 62
hé phuong trinh bac nhét ba &n 6

hé s6 trong khai trién nhj thiic 34
Newton

hinh chi nhat co sé (d6i véi elip) 40
hinh chi nhat co sd (déi vdi 50
hypebol)

lién hé gita dudng tron va 46
dudng elip

mat nén tron xoay 62
mo ta ba dudng conic

dya trén giao cla mat phang 62
va mat non

mo ta ba dudng conic dua trén 60

tiéu diém va dudng chudn
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phuong phap quy nap toan hoc 23
phudng trinh bac nhat ba an 5
quy dao cla tau v try 66
st dung may tinh cam tay dé tim
nghiém cla hé ba phuong trinh 10
béc nhét ba &n

tam giac Pascal 33
tam sai clia elip 42
tam sai clia hypebol 51
tam sai ctia parabol 58
tham sé tiéu 57
tiéu cu cla elip 39
tiéu cu cua hypebol 49
tiéu diém clia duding conic 60
tiéu diém clia elip 39
tidu diém ctia hypebol 49
tiéu diém clia parabol 57
tinh déi xting ctia elip 39
tinh déi xiing clia hypebol 49
tinh déi xting clia parabol 57
truc ao 50
truc bé 39
truc I6n 39
truc thuc 49
ung dung hé phuong trinh bac 13
nhét ba &n

(ing dung quang hoc cta elip 63
(ing dung quang hoc ctia hypebol ~ 64
ung dung quang hoc va am hoc 65

cua parabol
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