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LOT1 NOI PAU

bé dap ing nhu ciu hoc tap cua hoc sinh, tai liéu tham khao cho glao

vien, tac gia da manh dan viét quyen sach:
Boi duong hoc sinh gioi Todan Pai sé9.

Trong quyén sach nay, tac gia da phan chia thanh 7 chuyén dé co ban
sau, bao gom:

Chirong 1: Cdc phép bién doi dai s6°

Chuwong 2: Phuong trinh bac hai — H¢ thite Viet.

Chieong 3: H¢ phicong Irinh bic nhat hai an so”

Chuwong 4: Phuwcong trinh nghiém nguyen

Chieong5: Phirong trinh vé by,

Chirong 6: Phirong trinh, bat phieong trinh qui vé bdc nhat, bdc hai.

Chwong 7: Bét ding thiic.

Trong moi phan, sach dwoc cu tric gom 4 noi dung chinh nhu sau:

1. Phuong phap chung. 2. Cac vi du minh hoa. *
3. Bai tdp vin dung. 4. Huong dan va ddp sé.

V6i méi dang bai tap co ban déu cé phuong phap giai cu thé va vi du
minh hoa. Ngoai ra, cic bai tip déu c6 hudéng dan giai chi tiét, dé hiéu.
Nhiéu vi du 6 10i nhan xét dé gitp hoc sinh tranh cac sai 1dm co ban. Cac
bai tap dwoc lua chon tir dé dén kho, co nhimg bai tac gia da dwa ra nhiéu
phuong phap khac nhau dé ban doc tham khao. Ngoai ra tac gia da dua
thém phan: Cdc bai todn tong hop va mét sé’ dé thi hoc sinh gidi cia cdc
tinh, thanh phd trén toan quoc, d€ ban doc tham khao thém. Mic du da hét
stc ¢ gang, song 10i giai cac bai toan trong quyén sach nay co khi chua
phai la phuong an giai hay nhét va ciing co thé con thiéu sét. Tuy vay, tac
gia hi vong rang quyén sach nay sé giup ich cho cac ban trong qua trinh hoc
tap va giang day, dac biét 1a qua trinh tu hoc.

Rat mong nhan duoc sw gép y chan thanh cta cac em hoc sinh va cac
thay ¢6 gido, tac gia xin chan thanh cam on.

Moi y kién dong gop xin lién hé:

- Trung tam sidch gido duc Anpha

225C Nguyén Tri Phuong, P.9, Q.5, Tp. HCM.
- Cong ti sdach - thiét bi gido duc ANPHA
50 Nguyén Vin Sang, Quan Tan Phi, TP.HCM
DT: 08.62676463, 38547464.
Email: alphabookcenter@yahoo.com
trong cam on!




TAI LIEU THAM KHAO

¢ Dé thi hoc sinh gioi 16p 9 ciia mdt 6 tinh, thanh phé trén toan cudc .

¢ Cac dé thi vo dich Toan cac nwdc - Nha xuat ban Hai Phong - 1993

¢ Cac dé thi hoc sinh gioi Toan & My — Nha xuat ban Giao duc - 2003

¢ Cac bai giang luyén thi mon Toan — Phan Duic Chinh - Nha xuat ban
Giao duc - 1997

¢ D& thi tuyén sinh vao Dai hoc va Cao ding trong toan qudc — Nguyén
Trong Ba — NXB Ha N6i cac nam 1998, 1999, 2000, 2001.

¢ Toan ning cao 16p 9 — Vi Thé Huu

¢ Toan hoc va Tudi tré cac nam 1999, 2000, 2001, 2002, 2003, 2004, 22005,
2006, 2007, 2008. |

¢ CAc deé thi hoc sinh gioi 16p 9 o dia chi www.thuathienhue.edu.vn.

¢ Tap chi Kbahm cac nam 1990 dén 1997.
e Tuyén tap 35 d€ toan chon loc — Mai Phuong — NXB Giao duc nam

1996.

¢ Céc dang toan Dai s6 9 — Lé Hai Chau - Nguyén Xuan Quy - NXB

DHQG Ha Noi -1998.




Chuong 1. Cac phép toan vé can thirc

Mot s3 kién thirc co ban

1 .chng ding thirc ding nho
(14b)* =a® + 2ab+b?; (a-b)? =a? —2ab+b®* (a+b)(a—b)=a%—b2
(n4b)’ =a’ +3a’b +3ab® +b%; (a—b)® =a® —3ab + 3ab? -b?;
a’ b’ =(a+b)(a’ ~ab+b?); a’-b’ =(a—b)(a? +ab+ b¥)
(a+b+e)® =a? +b% +c? + 2ab + 2ac + 2be

2. Mt s6 phép bién doi can thite bic hai
a vA? =|A| b.VAB =VA.VB(A20;B>0);

%—T\F(Am B > 0); d.VA’B =|A|VB (B >0);

R 1 _JA-{B
\/B \/—_(A 0B>0; e =R
1 \/A_+f

h. WA -VB)(A +JAB +B)=A -B;
\/A \/‘ ) (\/_ \/—_)( +J_.—+ )
k. (JK+J—)(A—\/—+B)=A+B.

Cac dang bai tap cd ban

Dang I: Tinh gid tri biéu thirc
Dang 2: Rt gon biéu thirc
Dang 3: Chitng minh dg‘zng thirc
Dang 4: Cdc bai todn tong hop

Cac vidu minh hoa

Dang 1: Tinh gid tri biéu thiic

Vi du 1:Tinh gia tri cua cac biéu thuc:
1 1 1 1

A= + + o e P

\/§+\/5 \/5+ﬁ ﬁ+\/§ V97 +/99
B=35+335+3335+...+3333...35
;W_J

9954 3

Giai

1 | 1
NN SN N N \/ﬁ J99
(\/5—_\/§+\/7—\/5+\/§—ﬁ +/99 - \/ﬁ)=§(\/§§—\/§)

1. A=—

~—

l
&2




2. B=35+335+3336+...+3333...3b
hﬂ_——d’

9956 3

=33+2+333+2+3333+2+...+333..33+2
=2.99+(33+333+3333+...+333...33)

=198 +%(99 +999 + 9999 + ... + 999...99)

1 , |
=198+§(102—1+10" S [ [ o FY. [ L R |

101 _ 102
-1 e

Vi du 2: Cho (x+vx% +2007)(y ++y* + 2007) = 2007 . Tinh S=x -y
Gidi
Ta céd: (x +vVx% +2007)(-x + Vx? +2007) = 2007 (a)
(v + ¥ +2007)(=y + Jy* + 2007) =2007  (b)

Nhan theo vé cua (a) va (b) ta dugc va ta két hop vai gia thiét ta duorc:

2007(=x + Vx2 +2007)(=y + {y? + 2007) = 2007°
— (-x +Vx% + 2007)(=y + \y* + 2007) = 2007 suy ra

xy — xyy? + 2007 — yNx? + 2007 +/(x? + 2007)(y* +2007) = 2107 (c)
Gia thiét

xy + X437 + 2007 + yy/x? + 2007 + {/(x +2007)(y* +2007) = 2007 (d)
Cong theo vé (¢) va (d) ta duoc:

xy +/(x? +2007)(y* + 2007) = 2007

& J(x2 +2007)(y* +2007) = 2007 - xy

= x%y% +2007(x> + y2) + 2007% = 2007 - 2.2007xy + x’y”

= x¥+y?=-2xy = (x+y)’=0 = §=0 = §=0

1 1 1

: = &
Vidu 3: Cho x,y,ze Rthbamén —+ —+—=———
X V Z X+y+z

Eevi i i bk : 3 )
Hiy tinh gia tri cua biéu thue: M = r +(x® -y )(y® + 2*)(2"" - %)
. Giai
i AR R | 1 1 1 1 1

T —+—4+=-=—>>—+—4+————=0
X y zZ X+y+Z X y Z X+y+z

:>x+y+x+y+z—z:0:>(x+y) —1—+ 1 _0
xy z(x+y+z) xy z(x+y+z)




ZX + 2y + 22 + xv
—‘(x+y{ ) Y

B ot e i
el O ) o

laco X' —y° =(x+ VI(x = y)(x® + v (x* + v!)
C « - & 4
v’ +2 = (v+z)y" -y'z+ vzt — ... +2%)
20 —x" = (z+x)(2" - 2'x + 2°x" —2x* + x*)(2° - x°)

" 3
Viy M:Z+(x+y)(y+z)(z+X)A:-i-,

Vidu4: Cho a’ + 3ab® =2006; b’ +3a’h=2005. Tinh P =a? — b?
Gidi
Ta co: (a° +3ab?)? =a° + 6a'b? + 9a®b* = 20062
(b’ + 3a®b)? =b® + 6a°b* + 9a'b? = 2005
= (a’ + 3ab?)? — (b® + 3a’b)? =a° - 3a*b + 3a’b* — b® = 20062 - 20052
Hay (a? - b®)* =4011.Viy P=a®-b% = 34011 .

Vidu 5: Cho a; b; clacac $6 thuc khac 0 va (a +b+ c)(l +% % 1) =1
a c

Tinh gia tri cua biéu thirc: P = (2% — b*%*)(b°%° + ¢200%) (2006 — 52006
Giai

'[‘irgiéthié’tsuyra:l+—1-+l: . 3[l+l)+(l___1__]=

o

a b ¢ a+b+c a b ¢c a+b+c
a+b+ a+b
ab  c(a+b+c)

= (a+b)ac+ab+bc+c’)=0=>(a+b)(b+c)a+c)=0
P — (a2004 _ b2004 )(b2005 + CZ(JU5)(C2006 _ aZUUG)

=(a+b)b+c)a+c)M=0

:0:>(a+b)[c(a+b+c)+ab]=0

Vidu 6: Cho ba s a, b, ¢ khac 0 thoa man: l+-11;+1=0.
a c
Hay tink P =254 2¢ , 8¢
C2 aZ b'Z
Gidai
Dat X=—,Y=l;zzl; X+y+z=0(vi -1—+-1~+_1..=0)
a b c a b ¢

X =(ya2); xX°+y'+2° 3xyz=—(y+2)’ +y*+2® - 3xyz



~y’ +3y°z2+3y*22 + 2°)+ yP + 2 —=3xyz = -3yz(y + 2+ X) = -3y2.0=0

Ty x*+y’ +2° -3xyz=0= x> +y? +2° = 3xyz

DodoP—a—:' %€+E§—abc(——ld-+i3+—13—]*abc_—3—:3
= a b a b® ¢ abc
Nul+1+l—01h P_a‘;) b§+EE:3.
a b ¢ gt a* b

Vidu 7: Tinh gia tri cua biéu thirc:
A =+a? + 4ab? + 4b* —/a? —12ab? + 9b* Vi a =J2: b=1.
Giai
A =\(a+2b%)* - |(2a-3b*)? =|a+ 2b?|-|2a - 3b7|
Véia=V2; b=1thi A=[V2+2-|2V2-3=V2+2+2/2-3 =032~

2\/3+ \/5 V13 +/48

Vi du 8: Tinh gia tri cua biéu thic: B = T
Giai
2J3+J5- J13+ a8 2\/3+\E—\/(2J§+1
NN N
~ 2J3+\/(\/§—1)2 ~ (/3 + 1)? Bl
- -2 2 '
Vi du 9: Khong sir dung may tinh cam tay, tinh gia tri biéu thirc sau:
243+
4+J2+3+6+ \/§ '
Gidi

Trude hét ta bién ddi mau sb cua vé trai:
4+J§+J§+\/§+\[§=2+2+\/§+\/§+\/6+\/§
=\/§+\/§+JZ+\/Z+\/€+\/§=(\/§+\/§+\/Z)+(\/Z+\/€+\/§)
=(J2 +V3 + /1) + (V2.2 + 2.3 + J2.4)
= (V2 +V3+V4)+V2(V2 + V3 + V)= (V2 + V3 + V)1 + V2)

. . \/§+\/§+\/4_ \/§+\/§+\/Z 1
Do do ta co = .

4+J2+V3+V6+8  (J2+V3+V0)A+V2) 142

Vi du 10: Khong sir dung may tinh cam tay, tinh gié tri biéu thirc sau

A= \/4+\/10+2 5+\/4 10+2




Gidi
5 +a- \/‘0+2f)

=4.+\/10+2 +2\/(4+f0+zf)(4 Jio+2d5) +4-10+ 245

=8+216-10-2J5 =8+ 26 - 25 =8+ 2/(¥5 —1)°
=8+ 25 =(/B +1)% =5 & =[5 +1.

Vidull: Cho (x+\/;< 43)(v+\/y +@)=4.
Tinh gid tri biéu thuc E=x +y

Giai
Ta co: (x+\/x7—£)(y+\/y7+‘3):3
Nhan hai vé cua déng thure voi (M—x),ta (o] -
(x+\/x2+3)(\/F+3—x)(y+\/y2_+3)=3(mux) .
<:3(y+ﬁ)z3(ﬁ—x)@x+y=\/x2+3—\/y2+3
Mt khac: (x+\/;2_+_3_)(Y+M)=3.
Nhan hai vé ctia dang thire véi (\/;/2_+3—y),tac6:
(x+3x* +3)(Jy? + 3-y)(y +\y* +3)=3(/y’ +3 )
<:-3(X+M):3(M—y)c>x+y=\/y2+3—\/x2+3.

Tuwrdosuyra E=x+y=0. ‘ i
Vidu 12: Khong sir dung may tinh cam tay, tinh gia tri biéu thirc sau

\/2+\/§+\f\/- \/§+\/_ JZ
\/2+\/_ -3 2B 2B

Taco: A =

4 +

Gidi
Tt ow o m V22443 J4+23) JWB+1? B+l
[aco 2+J§_ \/§ = \/5 = 5 = "
T _V22-V3) Ja-23) JWB-1) _3-1 ”
2= - 2 Rk = &=

_\/2+\/§+\E—\/§_\/2+\/§—\/2—
A\/2+\[§—\E—\/§ \/2+\/§+\/2—
V3+1 V3-1 V341 V3-1
_ 2 Vo 2 o

_\/§+51_J§—1 J§+1+J§—1




:(\/§+1)+(\/§—1)_(\/§+1)m(\/§_1):2\6_ o :J%_LEH
WB+D-(8-1) W3+1+6E=1) 2 B8y3 TR I

Ngoai ra ban doc ¢o the su dung phuong phap truc can thirc o mau so,
sawr do quy dong mau so ta ciing ¢6 két qua nhur trén .

Vi du 13: Khong str dung may tinh cam tay, tinh gia tri biéu thirc sau:
A =320+14V2 + 20142
Giai
Taco A® = (320 + 142 + {20 -142)?
—20+142 + 34320 - 1442 Y20 + 142 + 20 =142 =40 + 6A
& A’ -6A-40=0
& A® —4A% +4A” —-16A +10A -40=0
< A2(A-4)+4AA-4)+10(A-4)=0
< (A-4)(A” +4A +10)=0
Do A2 +4A +10=(A+2)*+6>0,nén A=4.
Vi du 14: Khong sir dung may tinh cAm tay, tinh gia tri biéu thirc sau:

A:\/\/g—'\ﬁ—\/29—12\/5
Gidi
Ta co: A=\/\/5—\E—\/29——12\f5_
:\/Jg_ﬁ_\/(z\/g-s)? =\/\/'5—\ﬁ—|2\/5—3‘ ,do 24/5 >3

. - e V5 —5-2J5 +1 =\/\/5—\/(\5——135
V5 -(5-1)=1(do5>1). Vay A=1.

Vi du 15: Khong stir dung may tinh cam tay, tinh gia tri biéu thire sau:
hs 20

3+J5+JQ+ZJ5
Giai

20
A= .
3+\/g+\/2+2\/5

Quy dong mau so ta co:

AB+ B V2 +25) =20 & AB+5)-20 = -AV2+ 25 |

10



Binh )hmmg hai vé ta co
(3-+v5)AZ =103 +J5)A +100=0 > A2 —10A + 75-255 =0

cs By =BaBdi—2: Ay=5-Byb—2. Tact:d+ /52 +25 >4

A 20 _ -
neén A = <3 dodo A=5-5 \5—2.

3+5 + \/;’\/)

Vidy 16: Khong st dung may tinh cam tay, tinh gia tri biéu thirc sau

_J15-10V2 +413+ 4410 -1+ 2410

2\3 +242 + J9-442 +12+8V2
Giai

_V15-10v2 + {13+ 4410 - J11+2J10
23 + 22 +9-442 + 12+ 82
J15-2J50 +/13+ 2440 - /11 + 210

) \/12+8\/§+\f9—2\/§+\/12+4\/—8—
10250 +5 + 8+ 2440 + 5 —y10 + 2410 + 1
) 2\/8+4\/§+4+\/8—2\/§+1

10 VB) + (VB + VY - (J10 + 17
2R (B 1)
_V10-V5+V8+V5-V10-1_ 2/2-1 _9-42

Taco A

2(v8 +2) +4/8 -1 3J2+1) 21
Vi du 17: Tinh gia tri biéu thirc P, véi x = 2J2.

\/\/:i \/;+1—2(2x+\/x 213
- -
\[x+1) —\/(x—l)‘g
Gidi

Taco \r ( (x-Dx+1) - [(x+1D(x-1)
X (x +1) (x —1)
x+1 - x% -1 +x-1 \/x+1_\/x__1

[ ) = , tir do suy ra
x+1 x-1
X =1 Vx? -1

P“L I A% _2 J2x 2 =1




Do do

JJ x+1—2(2x+\/x +1)
x+1

x [

Jx+1)° - f(x-1)?
[\/x+1 -Jx- IJ(ZXJ’\[:)

4f 2
x" -1 1
=P 1 /

) (Vx+1-vVx-1)2x + Vx* +1) ) " =1 ) ST =1 G

Vi dul8: Khong sir dung may tinh cam tay, hdy tinh gia tri biéu thirc:
a A= \1-43-\7+43 b. VB -\/3-13- 13 .
Gidi
a. A=\7-4y3 -J7+4y3 = J2—B)* - J2+ V3 =[2-3|-2+ V3|
Ma 2-3>0va2+3>0nénA=2-+3 -2- 3 = 2.3
b. JJﬁ—Ja—W=\/J§—\/3—\/12—4\/§+1
=JJ§—J3—Jm =\/\/§—\/3-,2\/§—1|

=JV3-3-2V3+1 =\/\/§—\/(J§—1)2
=JJ§—|J§—1|=JJ§~J§+1 -1

Dang 2: Rit gon biéu thirc

Vidu I : a. Rat gon biéu thirc: A = 1+—1§-+ = voia > 0.
a® (a+1)
b. Tinh gia tri cua tong;
1 1 | 1 1 1
B=Jl+—+—+ 1+—+—,+...+\/1+—+
\/ ol \/ 2 B 99°  100*
Giai
2
a. Binh phuong 2 vé :A:w(v(ﬁ a>0).
a(a+1)
b. Ap dung cau a.
A=1+l— 1 = B=100- : :9999.
a a+l1 100 100



I Jx +1
xi=Jx Vx x4 xx
Giai
oL xe {2—J£¢o
X >

— P ¢6 nghia < .

_‘X?’—-\/;‘\/;(ﬁLX‘rX\/X

1 Jx +1 f(1+\/_+x B \/_(1+\/_+x)
N N N N SN S IR T SRV
x4 + 1 1 1

" (= DiEeds ellln ) Wx=DEEsly ==1

Vidu3:ChoQ=—2 L £

g e gx=] ¥4z ~x=1 N =x'3x —% dx=1

Vi dyu 2 : Rut gon bicu thie: P =

Sx>0vaxz].

Rut gon biéu thuce, suy ra 0<Q <3—9g vol x # 1.
Giai
3 1
(&> =%’ <+ 1) - (x* <1)(2* +x+1)
4 2
n(xz—l)(xz +x+1D(x*-x+1) TRt +1
32 2 32

Q«— <:>—4——2—1—<—*<:> 16x* + 16x° +T=Uvx=+l.
X +X°+

Q=

>0

Viy O<Q<3—92 voil zadl

\[x+2\[—1+\[x 2\/_.—
\[x+\/2x —\/x— J2x -1

Giai
_Vx+odx—1+yx-2x-1 _ 2[‘ﬁ‘/;‘_1+1)2+\/(‘/’—“—1'1)2]

it Vool —vxVexol 2x+2v2x—1-v2x—2V2x -1
BT o] BT
\/(\/2)( 1+1)2 —J(V2x-1-1)2 ‘\/Zx—1+1}—|\/2x~1—1‘

\/§\lx—1+l+\/x- -1
= [ }(vix22nén Jx-121va+y2x-12>1)
V2x-1+1-(V2x-1-1) _ o

:=.J§ X-l

Vi du 4 : Rt gon biéu thirc sau:P =

13



Vi du 5: Rut gon biéu thic sau:
B - \/;+1_ N =1 xVx +2x —4x - 8
X-4 x+4vx+4) Jx
Giai
B=(\/;+1— Vx -1 Jx X +2x —4v/x -8

x>0;x£4).

x-4 x+4Jx+4) Jx
Jx +1 ~ Vx -1 ) (x-4)x +2)
of-28 Gxe2?)  Ux
(Vx + D(x +2) - (Vx - D(Vx - 2) (x-)(x +2)
[(\/_)2-22](\/§+2) Jx
x+3\/;+2—(x~3\/;+2):6\/;
Jx Jx

(a b) + 2a\/5 + b\/—

3 h o
Vidu 6: Rut gon biéu thirc sau: B = (\/_ ‘/— 5 3(\/5b _ll
a\/_ + b\/_ a-b

= 0.

Giai

Tach: A= (\/(E 3)_3+2a\/_+b\/_ (\([\/—_E;+j_—3 +2a+/a + byb

=[(\/a_+\/g)(\/a_-_\/g)} +2ava +byb = (Va - Vb)? +2aVa + bVb

Ja +/b
=ava - 3a\/g+3b\/;—b\fl;+2a\/§+b\/g=3a\/——3a\/g+3b\/5

(a-b)’
(\/_ \/_3+2a\/—+b\/— . 3(Jab —b)

av/a +bvb a-b
_ 3ava -3avb +3bva 3Jb(Ja - b)
—(\/5+\5)(a \f_b+b) (Va —-Jb)(va +Vb)
__3a\/§—3a\/l:—)+3bx/5+3\/_(a—\/_b+b)_3a\/_+3b\/5:3
B (Va +/b)(a - ab +b) ~ava+bdb

Dang 3: Chitng minh ding thirc "

Vidu 1: Cho ciac sb a, b, ¢, x, y, zthoa man: x = by +¢z, y =ax +cz,

z=ax+by, x+y+z#0.Ching minh ¥ 1 + ) =
= i 1+4a 1+b 1+c




Giai

Cong vé voi ve cic dang thuc ta duge: x +y +z = 2(ax + by + ¢2)
Do x+y+z#0 nén ax+by+cz#0
Cong hai vé cua cac dang thire lan luot cho ax, by, ¢z ta dugc:
(a+x=ax+by+cz; (b+1)y=ax+by+cz (c+1)z=ax+by+cz

1 1 1

+ -

l+a 1+b 1l+c

—

X y Z X+y+2
= — + + — =2
ax+by+cz ax+by+cz ax+by+cz ax+by+cz

Vi du 2: Chimg minh ring: {182 + V33125 + ¥182 - V33125 =7.
Gigi
u=3182++/33125 + {182 - /33125
ub =182+ /33125 + 182 - /33125 + 34182 + V33125 .3/182 — V33125.u

Suy ra u’ +3u-164=0 < (u-7)(u* +7u+52)=0. Vibiét thitc A <0
néntaco u=7.

Vi du 3: Ching minh:
- e [ —Bx+3 X

x\[_+3\/_ 2\/—}{\/;+\/-
3

) 1 (vo1 x20 va

X#3).
Gidi
+ Vi gia thiét da cho: x>0 va x # 3, ta cé:

x/x +3V3 __ B e m

2Vx

x—V3x+3  (Vx)E—VxV3+(3)

\fx+\/_ Vx +3 1
3-x  WB-V0WB+V0) B-Jx

+Véy:(x }i/;_:g—%/”){\/§+;/_} (/8 =),

Vidud:Dat J2=p; 2 =

v

: N 1| 1 P q
Chumng to ran e e ]
N SR a’p
Giai
1 1 P q
Chungtacanchlrngmmh — e =pegqt =t —+1.
p P—-q q q p



Hay: 1z(p—q)[p+q+£+g+l+l). (*)
qQ P (¢

2 2
Vé phai cua (*): p2+pq+p—+q+2+p—qp—q2—p_g__l_‘q
q q p

2
Do:p2=2;q3=2; P - E=q : P_a nén (*) dung .
q q qQq p

Chu y: Co thé truc can thirc & mau s cua —\/—_-1—3\/= dé ching minh dfmg
2 -2

thire trén .

" , ; : 2 ++/3 2— \/_
Vidu 5 : Chung minh rang:
\/§+\/2+\/_ J2 -2 -3
Giai

Chung ta dua bai toan can chirng minh vé bai toan sau

2+\/_ 2- \/_ \/—
225 V225
2+J_ 2— \/—
"Bz B) a3
Taco V4+2V3 = (V3 +1)2 =3+ 14243 = (VB -1)2 =43 -1.
2+4/3 B 2+43
\/§(J§+\/2+\/§)—2+\/4+2\/§
__2+V3 _2+V3 _(2+3)3-V3) _(3+VB)
2+v3+1 3+43 (3+3)(3-3) 6
2-+/3 2-v3  2-V3 2-.3
VEWE-2-V8) 2-Va-2/3 2-VB+1 3-\B
2-v3)3+43) (3-43) ... ..
=§3+\/§)(3_\/§)= : . Tlr d6 suy ra:
9 ++/3 23 _(3+4/3) (3—\/5):
Va2 \2:B) a(z-\2-3) 6 6

(Do /3 >1). Tir dé ta cé:

Dang 4: Cdc bai todn tong hop

2\/;—9 +2\/;+1+\/x+3
X — 5\[)_c+6 \/_ & \/_

a. Tim dxeu kién cua x dé M c6 nghia va rt gon M
b TlmxdeM 5. c. TimxeZ dé MeZ.

Vi du 1: Cho biéu thitc M =

16




Gidi
Mo_2VX-9 2 xe1 Jx+3
x-5Jx+6 Jx-3 2-x
a. Dieukién x>0:x#4:x29
2Vx =9 - (Vx +3)(Vx - 3) + 2Vx + 1)(Vx - 2)
Rutgon M = (\/;—Z(f—
x-Vx-2  (x+DWx-2) Jx+1
Vx-2)(x-3) (Vx-3)Vx-2) Jx-3

Bi¢1 doi ta ¢o két qua: M =

J§—1:5
Jx -3
= J/x+1=5(x-3) > Vx +1=5Jx - 15

¢¢'_6=4\/;<:>\/;:l§:4<:>x:16.

\/;+1=\f;—3+4_1+ 4

Jx—8 Jx-3 = 4x-3

Do Ve Z nén vx -3 1a udc ci1a4:>\/§—3nhé.n cacgiatn: —4;-2;-1:1:2:4
=3 €{1;4;16;25;49} dox # 4 = x € {1;,16;25;49)

Vi du 2 Cho biéu thirc D:{\/g+\/g \/E“L\/—] [ a+b+2ab}

by I =

i

=

c. M=

1-vab  1++ab 1-ab
a. Tim diéu kién xac dinh ctia D va rat gon D,
e, ' 2.
b. Tinh gia tri cua D vai a =
gla tri 5+ 73
c. Tim gia tri lén nhat cua D.
Gidi
a0
a. Piéu kién xac dinh cuaD 1a:{b>0
abz1
"RitgonD: D= 2va +2bva : a+b+ab 22\/3_
1-ab 1-ab a+1l
b.a= x =2(2+\/§)=(\/§+1)2:>\/§=\/§+1
& \/g ! DAIHOC QUOC G
' IA HA NOI
Vay D=2 ; 23 _ 2~/§}2. TRUNG TAMITHONG TIN THU VIEN
4-3
55 2\/_+1 LC/OOZGGO




c. Ap dung bét dang thirc Cositaco:2Va<a+1=D<1.
Vay gia tri 16n nhat cia D 1a 1.
Vi du 3 : Cho biéu thirc:

P X B y B Xy
Vx+Jdy)1-{y) (x+{n)x+1) (x+1)A-y)
a. Tim diéu kién cua x va y dé P xac dinh. Ruat gon P.
b. Tim x, y nguyén thoa man phuong trinh P = 2.
Gidi
a. Diéu kién dé P x4c dinh 1a: x>0;y>0;y 2 Lix+y 2 0.
x(1+x) - y(1 - y) - xy(Vx +fy)
(Vx +y)A+Vx)(1-y)
_(x=y)+ xx +yyy) - xy(x +\y)
Wx + ) +Vx)A-y)
_Wx+ n)x -y +x-Jxy +y -xy)
x + 7)1+ V%) - Jy)
Vx(x 1) - Jy(x +1) +y(+ V)= Vx)
(1+Vx)1-\y)
_Vx-dy+y-yfx V- -a-yy) _ o me
(1-y) 1-v)
Vay P=x +xy —\Jy
b. P=2c Jx +/xy -y =2
© o VxA+Y) -y +D) =1l (x-DA+y)=1
Tach: 1+Jy21=Vx-1<10<x<4=>x=0;1;2;3;4.

Thay vao ta co cac cdp gia tri (4; 0) va (2; 2) thoa man.

b Jab -+va?

a a

1. Tim diéu kién ddi véi a, b dé biéu thirc A duoc xac dinh.
2. Rit gon biéu thire A.

Rut gon: P =

Vi du 4 : Cho biéu thic: A =

Giai
1. Diéukién: ab>0; a=0.
2. Tir diéu kién trén, ta c6 hai truomg hop:
+ b>0,+a8 >0 hoic + b<0, a<0
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¥ Néu b0, a=0 thi:

A b _Vab- JaJa \/'h" Vb -Ja \/F \/E
= —_ — - = —_ - —+1:1
a \/(] \/ da \/T(; a a

* I\f:u b<D. a<0 thi

A b _Vadb-Java b Jb-J-a

-_———se€— ————— e

2 JZF Ya  Ja

. 2 — ——
Vi du 5: Cho biéu thirc: A = 3+\/; \/; E . +xx - fx -1
X + 1 x -1 \/;
a. Tim dicu kién doi vai bién x dé biéu thire A duoe xac dinh.
b. Rit gon biéu thirc A.

Giai
a. Diéukién dé A duoc xéac dinh la:
y B g} x+\/—+1;t0 x\/——lth, xz0ox>0vaxz1.
3-Vx  Jx-3  3+Jx Jx -3
x+/_+1 xx -1 x+\/—+1 (\f_ 1)(x+\/;+1)
_ BV -D-(x-3)  x+Vx  Jx(Wx+1)
x+J—+1)(\/_ 1) x\/;—1~ xvx -1

X oxdx—Vx -1 xdx(x+D)-(x+D) (x4 Dxvx -1)

Jx ) Vx ) Jx
Suy 2 A:[\/i"(é;j;)}(&nz/(;&—l) =y

H 1,1 J 2 g0
Vo oy ) Vx vy
c:‘ix—z‘*'y\/;ii\[;Jr\/;’T
\[x:’y + \[xy3
a. Tin diéu kién dé A = B : C xéc dinh.
b. Rit gon A ‘ '
¢. Clo xy = 6. Xac dinh x, y dé A ¢6 gia tri nho nhat.
Giai

a. Piéu kién dé biéu thirc A xédc dinh 12 diéu kién cac biéu thic B, C cung
| xzu:’ dmh ‘hay A xac dinh khi va chi khi x>0;y > 0.

Vi du 6 . Cho biéu thirc: B =

19



b.Ta(:(')'{1 +1} 2 = _2 :2‘/E
AVx Oy ) Vxely o oy
[1+1J 2 1.1

Jx vy \/— Jy

2\/‘ _X+2xy +y (J;+f)2

X Y

i \/_+y\/§+x\/§+\/_3 xJ—+yJ_+xJ§+yJ_

iy +Jxy® Xy + yy/xy
:_&(x+y)+J§(x+y>:(x+y)(&+J§)=J§+J§

Sy (x+y) Jxy(x+y) Jxy
O A O AR T o A AR A
Y : - =

Xy \/;; Xy \/;i+\/§ \/;\;
g Vixy=16 = Jxy =4=Jx\y =4.

Hai sb duong Jx, |y co tich Vx.y =4 khong dbi nén tong \/x +y

SuyraB =

cb gié tri nhé nhit khi Vx =y =2 > A=2%2_1
. 4-/x 8x \/;-1 2
Vi du 7 : Cho biéu thirc: P = + | —-—F=].
- (2+\/§ 4_x] [2\F \/’)
a. Rut gon P b.TimgiétrixdéP=-1.
¢. Tim m dé véi moi x > 9 ta ¢o m(Vx -3)P>x+1.
‘ 7 Gidi
a. DiéukiendePconghTa x50 x4 X2,
4Jx  8x dx=1 2
noh PF=
2+vx 4-x) |x-2dx Jx
[avx | 8x [ Jx-1 2
[2+Vx  @-Vx)@+Vx) | [(x-2Wx Jx

[ avx- J_) 8x }[ Jx -1 _2(&—2)}
__ 2 +Jx (2~\/;)(2+\/;) | (Vx -2k Jx

[ 8Jx +4x —,[\/——1-2\/%4}
e-Vx)@+Vx) || (x-2)Vx

[ (xe9adx ’[(&—2)&} 1
@-Vx)E2+Vx) || 3-vx | Jx-3

(x=9)

0 |



b. Tim giatrix dé P =-1.

4x ;
P = =-lodx=3-JVx = 4x+/x-3=0
Vx -3

¢>4x+4&—3&—3:o©(&+1)(4f—3):o©x:%(Dop0).
c. Tim m dé voi moi X > 9tacd m(Vx -3)P>x +1.

; 4 .
Ta coé m(\&—B)P>x+1<:>m(\/;—3)———x—>x+1

Jx -3

Hmax>x+1ox(dm-1)>1.Vix>9> (0 nén 4m~1>0::>m>%

Dods ales L,

Suy ra x >
4m -1 4m -1 18

Viy gid trj m d& véi moi x> 9tacéd m(Vx —3)P >x+11a m>—.

Vz’dFS:ChobiéuthL'rc:P=(\/;——1‘):{\/;_ L \/X_]

Jx Jx x + Vx
a. Ching minh rang P> 0 voi Vx> 0;x # 1
o % 2
b. Tinh gia tri cua P biét x = .
gla irl N
c. Tim gid tri x thoa man: PVx =6Jx -3 -Vx -4 .
Giai

a. Diéukién dé P c6 nghia: x>0,x#1. Ta cé:
P—(X_IJ- \/;—1+ 1-vx :(x~1)_x-—1+1—\/;
Vx| Vo Vx| UVx )T Vx(Wx +)
=(x-1) Jx(Wx +1) . (Vx +1)

= >0,v0ol Vx>0;x=1.

Jx ) Yx(Wx -1 Jx

) ) 2 2
b. Tinh gia tri cua P biét x = )
g 1 5+ 73

: 2 %2 -+/3) 2
Taco x = S =4-2J3=(3-1)2=2Jx=+3-1.
RSN S SN F VDR oY ( AR

Wx+1)?2 (B-1+1 3  3(/3+1)

Jx Y8=1 A1 2
c. Tim gia tri x thoa man: PJx=6Jx -3-Vx-4. '
Diéu kién x> 4.

Dodo P=
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Pyx =6vx -3 —vx— (‘/;”)2&:6\/_—3—\/)(—4

T

<:>x+2\./§+1 6\/;+3+\/x —0> x—4x +4 +/x -
c:>(\/_—2) +vVx-4=0.Vi (\/_—2) =0x “420,V0'1le.\:'4,15n

Wx-2)?%=0

ta co phuong trinh c6 nghiém khi va chi khi { =3 258

vx—-4=0

Vidu 9 : So sanh cac so sau:

A:2ﬁ+2J§+2J5+...+2JEVé B=2\/§+2\/Z+2\/é+...+2ﬁ§+~./§i

Giai
Ta c6 V3 - \/_—f 5 \/Z+\/_H\/— J3=243>J4+42, tuag
ter 2\/5>\/§+\/_, W7 > \fg+\/_..., 2\/ﬁ>\/§5+\/ﬁ.C©ng tirngvé

cac bét ding thire cuing chiéu trén ta cé:

+ 219 >2V4 + 26 +...+ 2418 +/20
=>A-2/1>B-V2©A-B>2/1-V2>0=>A>B. VayA>B.
Vi du 10 : Cho biéu thuc:

2\/§+2\/§+...

P=(1—1x/§_\/§

1 )_{2x+\/_—1 2x\/;+x—-\/—J
. 1=-x%x 1+xx

a. Rut gon biéu thirc P.
b. Tinh gié tri ctia P biét x =743 .
c. Tim gia tri lon nhatcunaadé P> a.

Giai

Diéu kién P c6 nghia la: Vx>0;x#1
a. Rut gon biéu thirc P.

P(l )[2x+\/_12x\f_+x\/_]
1-Jx Vx 1-x 1+xx
[ evx-1 ] [(xenedx-n | Vxedx- 1)(\/_+1)]
la-Vxx || a-Vx)a+vx) O - Vx + %)
[ oevx-1 | [@vx-1 &(2&-1)}
__(1—&)\/;". 1A-vx) (Q-vVx+x)

2\/;—1 1-\/;+x+\/;—x
:(i—\/;)\/)E:L(z\/;_l)u—\/;)(l—&u)}

(2Vx-1) (-Vx)a-Vx+x) 1-Vx+x

:(1—\_@)\/?

8 hellh By
1t ¥ !" ‘:.r
. e, v
s 3 »
225 8

evx-1)  Jx



b. Tinh gia tri cia P biét x =7-43.
Tacd x=7-4V3=(2-V3)’ > Vx=2-3,do d6
pol-Vxex 1-(2-V3)+7-43 6-3V3

Jx 2-/3 2-3

c. Tim gia tri lon nhatchaadéP>a.

laren 1 ] :
P = =—+Jx-122 —+x -1=1=P>1. Ding thic xay
Vx Jx Jx

ra khi va chi khi -\/L- ~Jx & x =1, khong thoa man. Vay P > 1. Do dé
X

gia tri lén nhatctaa dé P>alaa=1.
8Vx -x-31 Jx+5 3Vx-1
x—8Vx+15 Jx-3 5-+x

== 5

Vidy 1 : Cho biéu thic: P =

a. Rit gon biéu thuc P.

b. Tinh gia tri ctia x dé P <I.

¢. Tim gia tri nguyén cua x dé P co gia tri nguyén .

Gidi

a. Rut gon biéu thirc P: Piéu kién P cd nghia x = 9; x#25x20.
8Vx-x-31 Jx+5 3Vx-1
x-8J/x+15 Jx-3 5-vx
_ 8/x-x-31 _Jx+5 3Vx-1
“(x-3)(x-5 Jx-3 Jx-5
_8Vx -x-31-(Jx +5)(Vx - 5)+ (3vx —1)(x - 3)

Tacd P=

(Vx - 3)(Vx —5)
:Ss/_—x 31-x+25+3x-10Vx+3  x-2Jx-3
(Vx - 3)(Vx = 5) T (Jx-3)(Jx -5)

CWx+DEx-3) (x+1)
T Wx-3)(x-5 (x-5

b. Tinh gia tri chax dé P < 1. DleuklenPconghla e Tx 20220,

Jx +1

p- cles—0 0o Vx-5<0ex<25. Két hop véi didu

Jx-5 Jx-5

x#9
0<x<25

kién ta c6 P<1<:>{

c. Tim gia tri nguyén cua x dé P co gia tri nguyén.

& v &
|- »
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P:@:1+ 6
Jx -5 Jx -5

P co gia tri nguyén khi va chi khi vx -5 1a udc cta 6 hay
VX -5 =+1;42;+3;+6 = x = {4;16;36,49;64;121)

(x¢9;x¢25;x20).

Bai tap van dung
1. Cho (x +Vx® +5)(y +y? +5) =5 .Tinh gia tri biu thic E =x +y .

1 i a’-2a

2.Cho A = + : B=A+ gl
IA1+va+2) 200=+a+2) 1+8"

a. Tim a dé A, B ¢6 nghia b. Rut gon A, B

c. Tim gia tri nho nhat cua B .

3. Tinh gia tri cua biéu thuc: _

A =+a? + 4ab? + 4b* —/4a2 —12ab® + 9b* véi a=+2; b=1.

X +3v3 Jx +/3

~2Vx || ———
~/3x+3 3

éi.Cht’rl*ngminh:()'I ]:1 (voi x>0 va x # 3).

=X

1 Ju+1
T Jx Jxtxexdx
1 B 1
Jx+adx-1 Jx-2Jx-1
a. Tim diéu kién déi voi x dé biéu thue M xac dinh.
b. Rut gon biéu thirc M.
c. Tim nhimg gia tri x nguyén (x > 2) dé M c6 gia tri nguyén.

7 . Giai phuong trinh: \/x+2+ 3V2x -5 + \/x—Z—\/ﬂig =22
8. Tim gid tri nho nhét cua biéu thirc: P = J1+4x +4x? + Vax? -12x + 9

a® +a 2a +a

5. Rut gon biéu thirc:

6. Cho biéu thirc: M =

9. Xét biéu thirc: A = - +1
-+va +1 Ja
a. RutgonA. b. Biéta>1, hiy so sanh A voi |A|
c. Timadé A 3 d. Tim gia tri nho nhat cua A.

10. Ching minh riang cac bleu thire sau khong phu thude vao cac bién:

1 1 a* +1 i »
a. + - > A1=|vm axOa=l.
2+42Ja 2-2Ja l-a a

[2\/_ \/'\/_J&/_ Jy
2y 2JX+9) ) x4y ¥ %

245

vol x>0,y>0x#y




11. RG: gon r6i tinh gia tri cua tirng biéu thue sau:

, J2 B 1 g

A A=] I :—~——— ,vola= -1.
== \/: a + f

(1 -
2 N ———- g
b. 3:1+3m ‘/m 4?]+4,véri mzi.
m—2 m- 2

E 0= \/;Jr\/; - &_\R il
o o2vx -2y vx+oly v-x

12.(Thobiéuth1’rc:A—(\/;_4X—1]:(1+2X— 2Vx —1J

| 1-4x 1-4x 2% -1

a. kit gon A b. Tim céac gi tri cia x dé A > A2,

voi X =16, y = 25.

1
>—,
4

2vx -9 _\/;+3_2\/;+1
x-5Vx+6 Jx-2 3-x
a. Rut gon A. b. Tim cac gia tri ciax dé A <1.
¢. [im cac gia tri nguyén cua x sao cho A ciing la s nguyén.
14. Chc biéu thirc: P—BXJH/Q_X 3_Jx+1 J_ 2( : —1]
x-2 vx+2 Jx \1-vx

a. Rat gon P. b. Tim cac gia tri nguyén ctia x dé P nguyén.

¢.Tm cac gia tri cua x dé

13. Xétbiéu thire: A =

c. Tim cic gi tri ciax dé P =/x.

15. Hay tinh gid ti cia biéu thire P = 2= 'f; | bit:
+ a

, R vi-x* (V2

= (b= ; L T |
—J] - x2 X 2

2+Vx 2-Vx  4ax ) Jx-3

2-Jx 2+Jx x-4] 2Jx -x

a. Rat gon P. b. Tim cac gia tri cua x dé P> 0, P<O.

16. Xétbiéu thirc: P = (

c.Tim céc gia tri clia x sao cho [P|=

2 2
17.Chcbiéutht'rc:A:(x—x2 —-1):J(x2+—1—) +2(x+—1-) -3 vol x=0.

a. Rit gon A.
b. un%ﬁ @& A c6 gia tri nho nhét, tim gia tri do.




IS.ChoS:x\/1+y2+y\/1+x2.

Hay tinh gia tri cua S biét rang xy + \/(1 +x3)(1+y?) =a.
Ja ) [ 1 2\/a
a+1J(\/§—1—a\/£+\/£—aﬁ1 ’
a. Rat gon A. b. Tim céac gia tri ctia a sao cho A > 1.
c. Tinh gia tri cia A néu a = 1995 — 2J1994.
2x-3Vx -2 o VX +Vx+2x+2

Jx-2 Jx +2
a. Rat gon A va B. ’ b. Tim x sao cho A = B.
21. a. Chirng minh gia tri biéu thirc B khong phu thudce vao a:

B:( 2 ++/a _\/_—2]21 LT . .,
a+2Ja+1 a-1 Ja
b. Chimg minh gia tri biéu thirc C khong phu thude vao x, y:
| __X+y (x +y)*
i
Jx+y _\/;+\/;J

.2 p W \/g+1_\,/_—1+ " _ &
22.Ch0bleuthuc.A—[\/__1 T 4\/_][\/— \/5)

a. Rat gon A. b. Tim gia tri cia A néua =

19. Xét biéu thirc: A:[l +

20. Cho céc biéu thuc: A =

vOia>0, a #1.

J6
2+\@'

c. Tim gia tri ciia a dé VA > A.
23. Xeét bidu thire A<| _X7Y__ XY -yJy | (x-yy)"+Jxy
Jx -y y-x Jx +y
a. Rat gon A. b. Chirng minh A > 0.
c. So sanh A voiVA .

\[x+4\/x—4 +\/x—4\/x—-4
1—§+¥
X X

Rut gon rdi tim cac gia tri nguyén cua x dé A ¢d gia tri nguyén.
2 2
25. Cho M:Ja“‘ -2Ja +\/a“‘ +2a
X X

r . ’r L o . ’ . A, 2
a. Rat gon M. b. Timcac giatrictax vaadé M <M”.

2 r s - . 7 a\ A ].
c. Tim cdc gia tri cia x vaa dé [M| < T

24. Cho biéu thirc: A =

26



26. Rut gon cac biéu thire:

—_— 8 4
o A=\ —\3-y29_ 1205 b B2t e 44

x* +x% 42

Iy T ) . NSRS JRREE . t

y+z+1 L4t X L+x+_v £ S B

i i 5 . 3 v+ Z 7+t b
linh gid trj cia M = =—Y . Y72, .

Z4+T LH+X X4+¥ Z+Y
28.a. Cho V16 -9x+ x> -9 -2x + x? =1.
Tinh: A =v16-2x +x% +V9-2x + x° .
b. Cho xy + \/[(T+ x“)1+vy*)=a.Tinh S= xm+ym.
29. Rut gon cac biéu thie:
. m+\/m2—nz_m—\/mz—ng}flm\/mz~~n2
. m-vm?-n* m+vVm®-n? |

n

b [Yetd-ve-d Je+d+e-d) dve’—d’
(Verd+Ve-d Jerd-e-d) 4
C.

ava +bvb 2Jb
B b vy

d LBl = ,/1 =2 vol 0<a<1
-L\/1+a-\/1 a \/1 5 alan ¢ a '

30. Tinh gia tri ctia bicu thirc:
2a 1+x” l1-a
a M=——— vo \[ \[ J
V1+x® =x [ l1-a
b N m +\/2m +\/4 véi i=0Y2

-2
CP_x3y+xy +6\/§ V6 x 2%/5 —_— 43/5
' 3/5 §/§+i*/§+1’ §/§—§/§+1

Huwdng dan va dap s6

1. Tacé: (x+vx% +5)(y +Jy? +5) =5
<::>(x+\/x +5)(\/x +5 - x)(v+\/ﬁ) 5(\[;_5 X)
@5(y.:+\/;z_+-—) 5(\/: R Th Y= \/x +5 - \/y +5 (1)




Mit khac: (x + Vx2 +5)(y +Jy2> +5) =5

& X+ VX +5)WY: +5 —y)(y + 2 +5)=5(y2 +5 —y)
<:>5(x+\/x2+5):5(\/y2+3—y)<:>x+y=\/y2+5-—\/x2+5 [2)

Cong (1) va (2) vé theo vé taco: E=x+y=0. ‘
2.a. Tim a dé A, B co nghia: Dé A, B ¢6 nghia thi phai c6 diéu kién

a+220 3_2_2
a>-2
{l1-yJa+2z20 322;a¢—1<:>{
" a#-1
1+a® 20 az-1
b. Rut gon A, B
o o 1 N 1 3 1-Ja+2 B 1+\[a+2
20+va+2) 2(1-va+2) 2(1-(a+2)) 2(1-(a+2))
_ 1-vJa+2 1++Va+2 2 ~1

_2[1—(a+2)]+2[1—(a+2)]:2[1—(a+2)]:a+1'

B=A+a 2a 1+a 2a 1+ a“ —2a

iea* ael -1xa? mel (a+1)(az_a+1)

-—a @~ Jra -2a _ —(a+1) -1 .
= (via=-1).
(a+1)a*-a+1) (a+1)(a —a+1) (a -a+1)

c. Tim gia tri nho nhat cua B

2
\ . 1 a. 3
Ta co B—-—~1——— ma az—a+1=a2~a+l+§=[a——) P S e )
(a’-a+1)’ 4 4 2 4 4
1 4 -1 -4
—-— < >

P—a+l 8 a—a+l 3
Dau bang xay ra khi va chi khi azé.

b oo s R 3 =4 .. 1
Vay gia tri nho nhat cuaBla-—g—khla=§.

3. A=(a+2b%)? - \[(2a-3b%)* =|a +2b’|-|2a - 3b*|
Véia=+v2; b=1thi A= ’ﬁ+21 ‘2\/_ 3l J2 424902 -3= 3( 1

4. Véi gia thiét di cho: x>0 va x # 3, ta ¢o:
x\/_+3\/" i = eV £ fy3 Y
X—{ax+3 (Vx)? =xV/3 +(/3)”
L Vx+V3 Vx ++/3 1

3-x. (B-vx)B+Vx) B-Jx

—2vx =3 -VJx
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x — /3% + 3 i Ji-Jx
- -
5. P—thl\/;:&;/z:;/gf’cénghia c:{z>0\/;¢0<:>x>0 va x#1.
P - : Jx +1 B \/;('M\/;-rx)
x?-Vx Vx +x+xvx (o5 =l 1)
B X1+ Vx 4 %) _ U+ x+x)
Jx(Wx - D(Wx +1) (Vx* =Dx +1)
! X+Vx +1 B il __ &
Wx-DE+Vx+DEVx +1) (x-DWx+1) x-1'
x-1>0
N xx1
6. a. M c6 nghia khi: x+2\/x—1>0<::>{
X>2Vx-1
Xx-2Jx-1>0
%=l x>1 {le
<9, <> ,
X >4(x-1) (x=-2)">0 x£2
b Mo 1 B 1 N 1
JWx=1+1)? JWx-1-1? +vx-1+1 \\/x—l—ll
1 1 2

e Néu Jx- -1>0,hay x>2 thii M=

\./x-1+1_\/x—1—1—2—x

e Néu x-1-1<0,hay 1<x<2 thi:M=— 1 1 2vx -1

Vx-1 +1*1—\/x—1 T x=?

22 kh1 x>2

Vay: M=|“"X _ .
2 X;l khi1<x<2
L X -—

c. Voi x>2 taco M= . Muén M nguyén khi x>2, xeZ < 2 chia

) 2-x
hét 2-x =2-x=+1; 2-x=12.
*2-x=1 o x=1 (loai)
# 2=x=-] e x=8 = M=-2
E9=x=8 &x=0 (loaD
*2-x=22 & x=4 = M=-1 | -
Vay, véi x =3; x =4 biéu thirc M ¢6 gia tri nguyén.

B



M - A r . ’ N ~ T
7. ¢+ Diéu kién: x 2 % Khi do, phuong trinh da cho tuong tuong voi shuong

trinh: (vV2x -5 + 3)% +J(V2x -5 -1)* =4
& J2x-5+3+ \/zx—5—1[:4 o> 1—J2x—5:IJ2x-5—1|
*Doddé: 1-V2x-5>20=>x%x<3

+ Két hop v6i didu kién ban diu ta c6: g <x<3

+ Vay tap nghiém cua phuong trinh la moi x: % £x<3

8. ¢Tacé:P=|1+2x|+|3-2x|
*Ma: [1+2x|+|3-2x| 2[1+2x+3-2x|=4. Nén P 24
+ Vay: P dat gié tri nho nhat bang 4 khi (1 + 2x)(3 = 2x)=> 0
1

= ——SXSE.
2 2

2
9. a- a+1=[\/_—%] +%>OnéndiéukiéndéAcénghTaléia>-0

a A=

\/5[(*/5)3 +1]_J§(2J§+1)+1

a-+va+l1 Ja
YaGasD@oVa+D) ooy,
a-—-+a+l

=\/g(\/a_+1)—(2\/;+1)+1=a+J_~2f—1+1=a—\/£.
b. Véia>1thi a>+a.dodo Aza—\/;>0,suyra1A|:A.
c. a-Ja=2ca-Ja-2=0&(Va+1)(a-2)=0

ViJa+1>0nénJa-2=0,suyraa=4.

2
.A:a—\/_=(\/_-——;-) —%2—%.VéyAnh6 nhétbéng——i— khi vachi khi

\/;-;_1_ hay a:l_
2 4

o,

10. 1 | 1 - | }[aﬂ}
21 +va) 20-vYa) (Q-a)d+a)|l a
_[1—\/5+1+\/g_ T | }a+1

2(1-a) (1-a)(1+a)

a
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______ l+m-a®—1 a+1l
l-a (1- 1)(! Fa) a (1-a)(1 +a) a
3—32 1 1(I~1

—= 1
]-a a (1 v-d)l

b. Miu s6 chung la: 2(vx - Jy)(Wx +Jy), do d6 ta cé
xy +(Vx —y)?  2x J;
Qrf W ) iy
__ Gx-yradx oy \/E AP
o Vx - \/—)(\/:(_*\,V) Vx-Jy Vx-Jy Jx-\y

vy
~ V2(a +2) V2(a-+/2) a-6
11.a A=(1- ¥ =
(a-v2)a+v2) (@a-v2)a+2)| a?-2
]q,_2 2+2+a\/§—2 _a—\FG
=2 a9 | a =2
— — 2— Y
_al-2- *f-2+a“2 28 -2 -6 . J6. (Chi ¥ &ibuiitn
g% —9 a- \.F a—+b
azt Q,aix/é).\/o'ria:—l thlA——-\/E—l

2 _ 2 9
po1, 30 (m-2' _, Sm’ jm-3
m-—2 m* m — 2 |m|
Diéukién: m#0m=#2.Voi m=%,tacé:
2
3[§] ?’-—2‘ 39 1
1 3 9_ 7
B I BN
=l =
‘ ‘ 2 i

B fJ_ e-Jy  xty (e v -Gx -y
25 —y) 26x+y) x-y  2dx—J9Ix +y)

::x+y+2ﬁ—x~y+2ﬁ+x+y:2\/X_§+x+y

LXty
x—y

2(x-y) X-y X-y X-Y
::(\/;+\/§)2:\/;+\E
X-y el
Véi x =16,y = 25 thiczm“@:‘”‘:’:-g
: J16-J25 4-5
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12. a.Ta co: \/;_4X._1—\/_“4X‘1+4X_\/;—~1

1-4x = 1-4x T 1-4x
1+2x  2Jx Jpolr2x 2x@Vx4l)
1-4x 2Jx -1 1-4x Yol
1+2x+4x+2/x —1+4x  10x+2Jx
B 1-4x T 1-4x

Dods: A-Yx-1 10x+2Vx  Jx-1

1-4x 1-4x  10x+2Jx

Rl [x >
Chii y: Diéu kién dé biéu thirc A xac dinh [a:{1-4x20 <

| X #
10+2Jx 20 |

Sl- O

2
b.Tacc’):A>A2<:>( Vx -1 J< Vx -1

10x + 2vx 10x + 2%

& (Wx =1 <(Wx = 1)(10x + 2Vx) & (VX =1)(10x + 2Jx =Jx + 1) >0

@(&—1)(10+\/§+12>o®\/§—1>0
0

x>0
& x >1( théa man diéu kién 1).-Vay: A>A’ & x>1.
x —

Jx -1

0%+ I

4(J_ 1)>10x+2\/— 10x—2\/;+4<0c>[5x—\/;+2<0 (1)
4(\/_ 1)<—{10x+2\/_) 10x+6Vx-4<0 |5x+3Vx-2<0 (2

c. Taco:|A|> l
4

—<:>4|\/_ 1|>10x+2\/—

£ 1
Giai bat phuong trinh (1): Patyx =t (t >0, t # 5)'
’ 2 1 2 39 “’\ \ .
Ta co: 1) =5t -t+2<0<5(t _—1—0—) +§6 < 0.Bat phuong trinh nay

; 1
vO nghiém. Giai bit phuong trinh (2): Pat Vx =t (t>0, t # 2

Taco: (2) o B5t°+3t=2<0 = Gt=-2t+1)<0

t - (t+1)<0<:>t—2<0<:>t<g<:> x<g<::>x<4
R G D 5 5 5 25

>0

3



X >0
K¢t 1op voi dicu kién { 1 eh: =%« i
]xiT 25

Z]

Vay ]A|>% e fege :

25
13.a. bitukién: x>0, x#4,x#9

A 2Vx-9 _(\/;+3+2J§+1]
x-5Vx+6 (Vx-2 3-Vx
_ 2Vx-9 (Vx+d)(x-3)-(Vx-2)@Vx +1)
x-5Vx +6 (Vx -2)(Vx -3)
_ 2Wx-9 (x-9)-(x+vVx-4Vx-2)
—x’5&+6 X —5Vx +6

_72\F£—-9+x—3\[§+7‘ X —/x - 2 B (x +Vx) - 2(Jx +1)
- x—5Jx + 6 Cx-5Jx+6 (x-2Jx)-3(Vx - 2)
(X -2(Wx+1) Vx4l
T (x-2)(Vx-3) Jx-3

b. A<1<:>\'/;+1<1<:»\/;+1—1<0<:> . <0
Jx -3 Jx -3 Jx -3
& Jx-3<0oVx<3ox<9
« Sy oo . |0ExE8
Két 10p diéu kién ta co:{ )
x#4
o T e Et g,
Jx -3 Jx -3
4 ; 4 4
Pét a = .Tacd:aeZoJx-3=- x=—+3eQ (1)
Jx -3 a a
4 . ) Z ) . ’
Pat—+3=2 (2 véi {pqe CTir (1) va (2) ta c6:
a q (p,@)=1,g>0

2
JQ?%::x=Eg:¢xf=p2:>p“¥=$wQJn (g =1
a

:>,q=1:>£=p:>\/;=p:>&ez.
q

€7 << Jx-3laudccuad

4
Doy AeZ <
S5 =3
& Jx -3 nhéncdc gid tri 1a +1, +2, +4
& /X'nhin cic gid tri la 1, 4, 16, 25, 49.

wh B
P i3
e

9

3



14.a.Piéukién: x>0 va x # 1

(3% +3yx =3) = (&+1)(\f—1) NE=2 e

P=
Wx -D(/x +2) JE T=ds
(2x+3\/— 2)-(Vx -2)(Wx +2) Jx+1
Vx-1)(x +2) e = 1'
b.P=1+ &2_1. Lam tuong tu nhu bai 13, dé \/;_1 e 7 trudge hét phai

chimg minh+/x € Z. Sau d6 P nhan gia tri nguyén khi (Vx —1) la vdc sb
ctia 2, nghia la (vx —1) nhan cac gia tri +1, +2.

Giai ra ta duoc x =4; 9 (théa man dieu kién).
c.P=Vx o x-2J/x-1=0.

Giai ra ta duoc x =3 + 242 (thoa man diéu kién).

x+v1-x2 J1-x? x(x+\/1 x2) -1 -x2(x - \/I:_xz)

15. Xét:a-b=

—\/1—x2_ X x(x—\/l x%)
_X2+X\/1—X2—X\/1—X2+1—X2=
%k -1 —x") x(x—\/l—xz)
x+v¥l-x¢ V1-x° xy1-x% +1-x?
l+ab=1+ , =1+

x-vl-x* X x(x —vV1-x%)

_X -—x\/l—x_+x\ﬁ—x_+1 x? B
x° - X\/I_—X x(x—\/;—x)

a-b
1+ab x(x—JTT) x(x—\/l_T)
@2+Vx)?2-@2-Vx)*+4x  Jx-3

4-x Vx(@-x)
CBx +4x Jx(2-Vx)  4Vx(Wx+2)x | 4x
T 4-x  Jx-3  (Wx+2)(Wx-3) Jx-3

(Chuy diéu kién x>0, x#4, x29).

Viay P=

1b. 8. P=

b Psies 4 >O<:>\/;—3>O<:>\/;>3<:>x>9
NE—3
0 9
Pzl . <0<:>\/_—3<0<:> sXs
Jx -3 X #4
4x 4x
g =1 =1, & ol |
P =i =




17.

b.

18.

4x =
VG —= =1 &% dx- \/.\' i 3 ==l) (1)
\[x -3

D¢ thay 4x —vx +3 >0 nén (1) 1a vo nghiém.

: 4x =
Vi =-1 < 4x+Jx-3=0 (2).DPatJfx=t>0, tacé:
=0

(2)¢>4t* +t-3=0(t +1)(4t-3)=0=4t-3=0
g 3 9 . e al e

C-tzzo x:—4—<:> x:ﬁthoamandleuklen Xa( X4 529,
g J

a. Teco: (x* + =) +2(:~:+l)‘a -3=(x" +i2)2 +2(x* +i2)+4—3
X X 3 X

)

= (x‘+—l§)2+2(x2+i2)+1:(x2+i2+1)2.Do x#0 nénx2+i2+1>0.

X X X .3
) f . ‘ 2__ 2 2___
Viﬂ_é AZ(X_XZ—l):\/(X2+‘1—2+1)2 s X Xx+1 =_X (4X 2x+1)
X 2 x* +x"+1
X +—‘2—+1
X
B xMx® —x4+-7T) o x*
(x2—x+1D(E*+x+1) x* +x+1
(Vixz—x+1:(x—-1-)2+§>0].
2 4
. . 1 1
Vi x#0 nén A =-— = sl
t°+t+1 (t_+___)‘2+__
2 4

Vay A nho nhdt khi [A] 16n nhit hay (t+)* + = nho nht

S tems syed Mdh e,
2 3

a=iy+ \/(1 +x%)(1+y*)
a’ :){2y2 01 #2710 +9") +2xy\/(1 +x3)(1+ y2)

=xy* +1+x* +y? + 3%y + 2xy\/(1 +x)(1 + y?)

= a?-1=x*+y®+2x%y* +\ﬂ1+X2)(1+Y2)
: — 2
S? :[x\/(1+ v%) + y\/(1+x2)]

=x*(1+y?) +y(1+x%) +2xy\/(1+x2)(1+y2)
S? =x? + y? + 2x?%y? +2xy\ﬁl +x)(1+y*) =a’-1

Suyra: B s a1,

By
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a+1+\ﬁi. 1 2Ja
a+l |Ja-1 (a+1)(\./':;—1*)“/
:a+\/g+1(a+1)(\/;‘1)=a+\/g+1

atl ~ (Ja-1)? Ja-1

b. A>1 © a+a+l -1>0& a—+~:—2—>0 (1)

a1 Ja-1
Via+2>0 nén (1) < Ja-1>0Ja>1
< a>1 (thoa man diéu kién)

19.a. Dicukién:a>0: a=1. A =

Vay A > 1vais

¢, a=1995-2J1994 = (V1994 —1)%; A =290 V1994

J1991 - 2
20. 2 Tacs: A=25"3VX=2 0 qinh x50, x»4
Jx -2
(x-2)@x+D) _,
J& =9

3
Ta co: B:\/X‘+\/;+2X+2 xac dinhvx >0
Jx +2
W +/x+2x+2  (x+DEx+2)
Jx +2 Jx +2

b.Tacé: A=B & 2/x+l=x+1e x—Z\/;:O

& JRiSian @[:ﬁg o[““

4 -:n - A —0 4 A
Két hop dicu kién {x 4.taco x=0.Viy A=Box=0.
X # ¢

21 apo| 2tYa  Va-2 a(Va +1)-(Ja +1)
T [(a+)? (Ja+DWa-1)] Ja

_@+Va)a-D-(a-2)(Ja +1) (a- 1(Va +1)

Ro rang: A =

= B-=

(\/_+1) (\/a—l) Ja
2\/— 9+a-va-a—+Ja+2Ja+2 (a- 1)(va +1) 2J’£:2
(a-1)(Va +1) Ja Ja

Vay gia tri cua biéu thire B khong phu thudc vao a.

e ‘_,Ja
&

'E" Q,

l

3%.;

‘l
r_"
3

&
¥
5 »"’

"k



b @ 1 7 __BRy /(x+y)

{\ﬁux/; Jiry ] 2y Ax

Jery  Jxey
1 _X+y _(x+_v)2
x+2\/_y+v X — vz 2Vx\fy  dxy
\/iv(f \f) }
: \/X+.V(\/;+\/.V)} _ Xty (x+y)
2Vx\y owJ/x\y  4xy
_(x+y)E2Vxy+y) 2Vxfy(xey) (x4 y)?
4xy 4xy 4xy
:_(x+y)(x+2\/;\/;+y-2\/;\/§—x—y)=0
4xy

Vay gia tri cta biéu thire C khong phu thude vao x, y.

2.2 A-WatD’-(a-1+4Vaifa- DWa+1) a-1
(Va-1)(a +1) i
_:d+2\fa;+1 (a—2va +1)+4Va(a - 1)a 1
a-1 “Ja
_a+2Ja+l-a+2Ja-1+4aJa-4va a-1
) a-1 '\/;

=4a (diéukién a>0, a=1).

V6 o4 46 _4V6(2-V6)
2+J6 2+6 4-6

= 2J6(2-V6)=12-46
C. A>A¢:>\/K>\/P<:>\/K—\/—A—2>O¢$\/K(1—\/K)>O
VivA >0 nénl—\/K>0c>\/X<1hayA<1.

_4a\/:':l_ a-1
T a-1" a

b.A=4a.Vgia=

Ma A =4anén 4a<1<:>a<%.

23. a. Diéu kién:x>0, y>20;, x#vy: A:——L;y—-——.
—\JXy +y

b. Ta co: JEZOV&X—J;{;+y=(\/;——\/2—§—)2+3Tf>O

VOl lex y khong ddng thoi bang 0 nén A 2 0.




24.

23.

38

XétA* — A =A(A-1). ViA =0 nén chi xét hiéu

N A e

X =NEY ¥ X=Xy +¥
_—(x-2Jxy +y) _—(x-\fy)’
X=Xy +¥ X—{Xy+y

ThéyA-—l<O (vi x#y),do vay A® <AnénA <JA.
. JWx—4+2) +(Vx-4 -2y

4 .
(1--)°
X
£ g 4x
e Néud<x<8 thiA =
Xx—-4
ox

e Néux>8 thiA=

Bay gio ta di timx € Z sao cho A € Z.

S T

x—-4 x—4
4<x<8 nén x=5; 6; 8.

2x : :
: A € Z & x — 4 phai la so nguyén
y—— p g

ox-4=m’0<meZ)om’+4=x

2
2m7+4) o0+ 8 tirdo m=4; 8(vix>9nénm>2).
m m

Vi thé x =20; 68.

2 9
a. Mz\/aH( —2\/g+\/a+x +2\/e_1
X

X

_\/;+x2—2\/;x+Ja+x2+2£x=~£‘xl+|£+x'
- X Jx Jx
x——\/a_+\/g+x_2x__ -
A
\/5—x+\£+x:2\[e_l
Jx Jx

, ‘ 1
Néu a>0Ovaxsda: M<MZ= M>1 = 2J/x>1 & x>Z.

+ XétA=

Vay A =

X

eNéua>0vax>+va thiM=

e Néua>0va 0O<x<+athi M=

Néu 03a<—-1— thiM>1<:>x>—1~.
16 4

‘AeZ < x-4 la udc s6 cua 16, mhung



: 1 .
Ncu azﬁ thiM>1¢ .\:>\/5.

e Néu a>0va ()<x<\/§:Mz<M ) Z\/;>1 =5 2\/5>J;.

Jx

A % 1 y "
Véyda >x. Néu a >— thi 4a >+a.Viyx < +/a.

)

£ 1 .
Nén :1<T€ thi 4a >Ja. Vay x > Ja.
c. Néua>0va x >va thi M =2Vx.
Ta co: |I\/I]<l o ’Z\/;i<l &> x<i.
4 4 64

X 1 i
Neu\/g<-——-<::>0s'a<(—1—)‘2 thi |M|<l I a<x<i.
64 64 4 64

Néu va 2 —— 522 (-=)? thi BPT [M| < 1a v6 nghiém.
64 64 4

0NéuaéOv:310<x<\/§:|M|<l o g—\[—3<l o E<i
4 Jx 4 x 16
e §4—a<1<:> X > 64a.
X
Néu 64a <a < 64%a% <a < (64a) —a <0<::>a[(64)2a—-1]<0

1
069

‘::>4069‘a—1<O<::>Osa<4 thi|M\<%<:>64a<x<\/§

|
069

26. a) A=\/\/E-\/3-\/29-12f =\/\/5-\ﬂs—\/(2\/§)2—2.2\/§.3+32
=»\/j?§—\/3—\/(2_\/5—3); =\/J5—J3-[2£—3|
=.\ﬁ5—J3-(2J5~3) (Vi 245 >3 & (2V5)* > 3% & 20>9)

=\/\—[—\/3—2\/§+3 =\/JE—\/(J5)2—2J5.1+12
- \VB -5 -1 = [V5 V5 -1 = V5 -5 -1
=\/73f__\/5+1=\/—1_=1(vi\/5>1<;>5>1)

Néu 64>a < a> i thi bat phuong trinh |M| <% la vo nghiém.
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x®+3x* +4  (x* +4x" +4)-x"

b) B =

x*+x2+2  x'+x242
4 2 272 4 2 El 2
X +2)° —-(x X +2+x°)(x" +2- ;
:( : )z( ) =( 4 )(z X):x‘1+2_xz_
X +x"+2 X +X°+2
27. Tur gia thiét suy ra:
S N ST PUN SN . Y
y+z+t z+t+Xx t+xX+y X+y+2z

X+y+z+t y+z+t+x z+t+x+y t+x+y+2
¥EEZ+E Z+L+X t+x+y X+y+2Z

Hay

a)Néu X+y+z+t=0thiM =-4
b)Néu x+y+z+t=0thisuyrax=y=z=tnén M =4,
28.a) A=A
& A=(\16-2x+x% +VI—2x+ x2)(V16 - 2x + x2 =9 —2x +<)

=(16-2x+x%)-(9-2x+x%)=17.

b) Taco: S? =x2(1+y2)+y2(1+x2)+2xy\/(1+x2)(1+y2)

S?=x%+ y2 + .‘2.)(2y2 + 2xy\/(1 +x2 )1 +y*) (%)

a® = (xy)? + (1+x*)(1 + y?) + 2xy/(1 + x*)(1 + y%)
=1+ %2 +y2 + 257y + 2xyy (L + x2) A+ v2)  (*%)
So sanh (*) va (**) ta dugc: S* =a” -1.
Vay: S=+\/az——1
O N S

m-vm®-n® m+yYm?-n n®
:[(m+\/m2—n2)2—(m-—\/m2—nz)z].élm\jmz-—nz _i

2

m? - (m* -n®) n

detd4sde~d yetd—sle— 4

((Jerd-Ve—aP -(Jord +Vo—d)* | dvet —a® _dt ¢
i (c+d)-(c—d) 4 2

)[\/c+d Je-d °~./c+d+\/c ]d\/c2—d2

40



& (a\/(; +bf ﬂ)J ( ) 2\/1_;

Ja +b “Ja+4b
| a a+b\/g—n\/ﬁ--h\/:‘1 ( })+ 2\/6
el - (a=b)+

Ja + b Ja +vb

_(a-b)a-yy 2
Va+vb)a-b) Ja+db

d) [ v1+a 1-a J[ 1
—-1-=
Ji+a- Jl-a \/1—a2—1+a a
_ v1l+a " v1—-a.l-a o T |
514 grenyl =g \/I—a(\/l+a—\/1—a) a
_(Wl+a+y1-a)* (J1- 2~1)__1
(L+a)=(l=g) a -
30. a) Diéukiéndébiéuthﬁccuaxcéngh?alél: a(l-a)>0 < 0O<a<l
. 1 [/1-a a 1-2a
Khld(’):x=—\/ —\[ =
2( a 1—a) 2\a(l1-a)
\[1+x2=\ﬁ+ (1-2a) = :
4a(l-a) 2,/a(l-a)
1
2a.—-———-1
Thay vao biéu thic ciia M, ta duoc: M = ] 2ya( _1a—)2a =1.
2Ja(1 —a) - 2Ja(1 -a)
b) N = m® + ¥2m'? + Y4m® m®(m? + m¥2 + ¥4) . om’
m® -2 "(m—i/i)(m2+m3‘/§+§/z) (m-¥2)

Thay m =22 thi ta dugc: N =84 .
¢) Khir cin & mau thire ctia biéu thirc x va y:

2{/3 SfS als 433 sl
= =¥a(Na-1):y= =v3@\/3 +1
Y9+¥3+1 ( ol Y9 -Y3+1 e

Thay vao biéu thitc cua P thi ta dugc:

3Y3/3-11@/3+1)+ 3333 -1)(¥3 +1)° + 633

P:
39
3BRO-D[@B-1)+AB+1?[+6¥3  gy3/8T-1)+6Y3 .
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Chuong 2. Phuong trinh bac hai-Hé thuc Viet

Mot s6 kién thirc ca ban
Triee hét ta nhé lai nhimg dinh nghia co ban:

1. Cho phuong trinh £(x) = g(x). Nghiém cua phuong trinh xét trén tap A4 la
s6 aeA sao cho f(a)=g(a). Chdng han phwong trinh 2x* —x-1=0
xét trén tdp Z co mét nghiém x =1, xét trén tdp Q, R co thém nghiém
-al

2

2. Hai phuong trinh (1) va (2) goi la twong duong trén 1dp 56 A néu (ap
nghiém cua (1) va (2) nhw nhau trong A (ké ca trueong hop (1) va (2)
cing vé nghiém trong A). Chang han: phuong trinh x*-1=0 va
phirong trinh 2x* —x-1=0 la twong duong trén Z', nhung khong tuong
duong trén Q, R.

3. Cdc phép bién doi phuong trinh ma khong lam thay doi tap nghiém cua
phwong trinh goi la cdc phép bién doi twong diong. Chdng han cdic phép
bién doi sau ddy:

a) f(x)=g(x)+h(x) & f(x)-g(x)=h(x).
b) f(x)=g(x) & f(x)+c=g(x)+c.

¢) f(x)=g(x) & [f(x)]w“1 = [g(ac)]m“1 ;keN.
d) f(x)=g(x) (vdi f(x)20; g(x)20)
& [fo]* =[g@]"; keN

Sau nay trong tung loai phuong trinh, ta sé dé cdp thém nhiéu phép bién
doi twong du'afng khac.

4. Cdc phép bién doi phuong trinh ma lam ma réng thém tap nghiém goi la
cdc phép bién doi hé qua.

Chdng han: x =J2x+3 = x° =2x+3. Khi sit dung cac phép hién doi
hé qua phai chu y dat thém diéu kién dé phép bién. doi tro thanh leong
dwong hodc phai kiém tra cdc nghiém cua phicong trinh hé qua dé phat
hién ra cdac nghiém khong phai la nghiém cua phuong trinh ban dau
(nghiém ngoai lai).

5. Phuong trinh bac hai
Dinh nghia: Phuong trinh bdc hai la phuong trinh c6 dang
ax?+bx+c=0 (a#0).
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Cong thire nghiém: Cho phuong trinh ax” + bx+c=0  (a #0)
Ta ¢) A=b"~4ac. Néu A =b* —Aac < 0 thi phicong trinh vé nghi¢m.
New A=b*—4ac>0 thi phuong trinh cé hai nghi¢m phdn biét:
—b+\b% — dac

o,
b 2a

P 92 N \ , . . A N
Néu A=b"—4ac=0 thi phuong trinh ¢6 hai nghiém trimg nhau hay
a ’ T o , “'"b
phaceng trinh ¢o ngnicm kép x,, = —.
T Z2Za
H¢ thuic Viet: Cho phong trinh ax® +bx+c¢=0 (a# 0). Néu phuong trinh
’ oA _b C
CO nghiém x ,x, thit S=x +x, =—;P =x,.x, =—.
a a
Gia stex,, x, [a hai nghiém cua phuong trinh: ax* +bx+¢=0 (a#0)
Ta (6 thé su dung dinh ly Viét dé tinh cdac biéu thic cua x,, x,

theoa, b, c.

b
a

' : b* — 2ac
: 3 32=x12+x§=(xl+x2)2‘—2xlx2:__2__
a
: 3abc - b?
+ 8, -_-xf’ +x§ = (x, +x2)3 ~ 3%, %, (%, +%;) :._.__.21_3____
2 2 b® —4ac
+ —x2|=J(751 = %,) =\/(x1 —%,)" —4x,x, = SR

Umg dung ciia h¢ thirc Viet
1. Nhin nghigm: Cho phwong trinh ax® +bx+¢=0 (a#0).
Néua+b+c=0=x =1z, =—
a
Néua-b+c=0=x =-lx,=——
2. Tim kai so khi biét tong va tich
Cho hai s6 x, y . Biét rang x+y = S, xy = P thi x, y la nghiém cua
phueeng trinh X* + SX + P=0
3. Phéintich thanh nhan tir
Néu phuong trinh ax” +bx+c=0 (a#0)cd hai nghiém x,,x, thi

ax®+bx+c=a(x—x)(x-x,).
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4. Xic dinh diu cdc nghi¢m so
Cho phuong trinh ax’ +bx+c=0 (a#0). Gia sit phuong trinh c¢é

., ; -b e
nghiém x,,x, thi S=x, +x, =—;P=x,.0, =—.
a Ren

4 c . \ - . . A 3 R
Néu P =x,.x, =— <0 thi phuong trinh c6 hai nghiém trdi dau .
a
" C h) Al \ L4 .
Néu P=x,x,=—>0 va A=b*-4ac>0 thi phuong trinh cé hai
a .

nghiém cillng dau. Khi do, néu S =x, +x, = :aé >0 thi phuong trinh ¢

. . A £ _b \ 2 ’ .
hai nghiém duong. Néu S =x, +x,=—<0thi phuong trinh co hai
a
nghiém dam .
Chii y: O day, can nhdn manh véi ban doc, gia thiét cia hé thic Viet la

az0 . ;
{A o Nhiéu hoc sinh khi su dung hé thitc Viet ma quén kiém tra gia

thiét. Trong nhieu bai todn, viéc lang quén do sé ddn dén nhitng két qua
sai lac .

Cac dang bai tap co ban

Dang I: Phuong trinh bdc hai

a. Phirong trinh ax® + bx + ¢ =0 (a # 0) va biét thirc A = b* - 4ac,
e Néu A >0 thi phiong trinh c6 2 nghiém phan biét:
—b+JA —B=«a
[E————— VaX,=——
2a 2a
b

e Néu A=0 thi phuong trinh cé nghiém kép x, = x, = =5
a

e Néu A<O0 thi phicong trinh ax® +bx +c=0 (a#0) thi phiwong trinh
vo nghiém

* Phuong trinh ax® +bx+c=0 (a#0) c¢é a va c trdi dau, tirc laac <0,
thi A=b%—4ac>0. Vi thé phuong trinh c6 hai nghié¢m phdn biét.

b. Doi vdi phuong trinh ax’ +bx+c=0(a#0)ma b=-2b",
A'=b"—acthi:

e Néu A'>0 thi phuong trinh ¢é 2 nghiém phan biét:

sb+JA' ~b-JA'
£ " vax,=—m—

2

X
’ a a

+4




l:ang 2: Ung dung ciia hé thirc Viet

a.

d.

el

A’ [ b g \ ’ .- A ’ b
¢ Neu A'=0 thi phuong trinh co nghiém képx, = x, = ——
a

* Néu A'<0 thi phuong trinh vo nghiém.
Cong thire nay a'zmc gm’ la c'(inq Ihzi'c' nghi¢m thu gon.

Nham nghiém

Cho phwong trinh ax® +bx +c=0 (a=#0).
rA c

Newa+b+e=0>x, =1x, =—.
Tooa

Newa-b+c=0=>x, =-1;x, =~

Tim hai sé khi biét tong va tich
Bude 1. Cho hai s6 x, y . Biét rang x+ y = S. x.y = P thi x, y la nghiém
cia phwong trinh X* + SX + P=0
Bude 2: Giai phiwong trinh X* + SX + P =0
Bude 3: Két ludn .
Phan tich thanh nhan tir
Tim tham sé m théa biéu thive doi xieng ciia hai nghi¢m
Ciach giai:
Budc 1: Tim diéu kién dé phuong trinh ¢é nghiém .
’ % = C
Bucc 2: Tinh S =x, +x, =—; P =x,.x, =—. theom.
a a
Bude 3: Biéu dién hé thite dé bai theo S, P, véi chit y rang
; i .. . 1 1 S 1 1 8°-2P
x° +xf =8° —2P;x% +x) =8(§* -3P), —+—=—=; 5+ =—3 -
XX P’'x X X P
Buéc 4: Ldp phuong trinh theo m. Gidi phuong trinh, ddi chiéu vi dicu
kién va két ludn nghiém
Tim hé thirc giiva hai nghi¢m khéng phu thujc tham 5o m

Budc 1: Tim diéu kién dé phwong trinh co nghiém .

Buoc 2: Tinh S =x, +x, = _—b;P = XXy = £ theo m.
a a
Buede 3: Khir m dé Idp hé thiee gitta S va P, tir do ta suy ra hé thirc giita
hai nghiém khong phu thudc Iham 6 m.
Xdc dinh (lau cdc ngluem 50

Bude 1: Néu P =x,x,=—<0 rhr phuong tr mh co hai nghiém trdi ddu
a

Jg=



, A Cc \ y b . ,
Buoc 2: Néu P=x,.x, = — 0 va A=b*-dac>0 thi phuong rinh cé

hai nghi¢m cung dau .

. , A —b \ 1 -
Khi do, néu S = x, + x, =— > 0 thi phuong trinh c¢é hai nghiém cuony.
= :

A _b \ ~ - .
Néu S = x, + x, = — < 0 thi phuwong trinh c6 hai nghiém am.
a

. ,B’,,’,éc, 3: Két luan

Dang 3: Phuong trinh chita tham sé ax® +bx +c =0
Buoc 1: Xet a = 0.
Budc 2: Xét a # 0: trong truong hop nay, phuong trinh da cho try thanh
phuong trinh bac hai .
Buoce 3: Két ludn

Cac vi du minh hoa

——

[ Dang 1: Phuong trinh bic hai

Vi du 1: Cho phuong trinh: x* + px +1=0 c6 hai nghiém phan biét a,, a,
va phuong trinh x* + qx +1 =0 c6 hai nghiém phan biét b,, b, . Chimg
minh: (a, —b,)(a, —b,)(a, + b,)(a, +b,) =q* - p*

Giai
Theo dinh ly Vietta c6: a, +a, =-p, a,a, =1, b, +b, =—q, b;b, = 1l
(a, =b;)(agy=b,)(a, +b;)(a, +b,)
={iala2 —(a, +a,)b, + bf][a@z +(a, +a,)b, + bzz]
= (1+pb, +b,*)(1 —pb, +b,”) = (pb, - gb,)(~qb, — pb,)
=(p-q)b,(-p-aq)b, =q* ~p”

Vi du 2: Cho phuong trinh: ax” + bx + ¢ =0 ¢6 hai nghiém duong plam biét
X,,X,. Chimg minh:

a. Phuong trinh ct” + bt + a = 0 cling c6 hai nghiém duong phan biét L, wa t,

b. Chimg minh: x, +x, +t, +t, 2 4. |
Giai

a. Vix; la nghiém cua phuong trinh: ax® + bx +c=0nén ax’ + bx, + ¢ = 0.

Vi x, >0 = c.(—)? + b +a=0. Chimg to — la mét nghiém divong
X, X, X

L) Y 2 1 N “ . A -
ctia phuong trinh: ct® + bt + a=0;t, =—. Vi x» la nghiém cua >hwurong
xl-

_ g

+bx +c=0=ax; +bx, +c=0.




. . i B ; : i " .
Vi x,>0 nén c.(—)" +b(—)+a=0 dicu nay chimg to — la mot
X, Xy Xy

nghi¢m duong cta phuong trinh ct® + bt +a =0;t, = —
X
Vay néu phuong trinh: ax’ +bx + ¢ =0co hai nghiém duong phan biét
X1: x» thi phuong trinh: c¢t® + bt +a =0 ctng c¢6 hai nghiém duong phan
1

” 1
bief {y; by £, =—;t, =—.
% Xy

S N o x 1
b. Do x,,x,,t,,t, déu la nhimg nghiém duong nen t, +x, -—'-X—erl =23
1

1 ;
ta+ X, =—+X,22.Dodo x; +x, +t, +t; 2 4.

Xy

Vi du 3: Cho phuong trinh 2x” + (2m -1)x + m —1=0. Khong giai phuong
trinh, tim m dé phuong trinh c6 hai nghiém phéan biét x,;x, thoa man:
3x, —4x, =11.

Giai
D¢ phuong trinh ¢6 2 nghiém phan bi€t x,, x, thi A >0
& (2m-1)?-42(m-1)>0.Tudosuyram=15 (1)
Mat khac, theo dinh 1y Viet va gia thiét ta c6:
' 2m —1 ~13-4m

X, =
2 7
m-1 Tm-"17
X Xy =—r QWXI:_____
2 26 —8m
3x, —4x, =11 313—4m_4 Tm-"17 _11
7 26 -8m

Giai phuong trinh 313—4m -4 =1 =i ta dugc: m =-2 vam=4,125
T 26 —8m -

(2). Péi chiéu diéu kién (1) va (2) ta co:
V6i m = —2hodc m = 4,125 thi phuong trinh da cho cé hai nghiém phén
biét thoa man x, +x, =11.

.

Vi du 4: Cho phuong trinh : x* —2(m-1)x+m’-3=0
a. Tim m dé phuong trinh (1) c6 nghiém.
b. Tim m dé phuong trinh (1) c6 hai nghiém sao cho nghiém nay bing ba
lan nghiém kia. | | -
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a.

b.

Giai
Phuong trinh (1) ¢6 nghiém khi va chi khi A" >0.
oSm-1’-m?*+320 ©4-2m>0<m <2,
Véi m < 2thi (1) ¢6 2 nghiém.
Goi mét nghiém cua (1) la a thi nghiém kia la 3a.

: a+3da=2m-—2 B Lt |
Theo Viet, ta co: { s W 1:>3(m2 1J 5

a.3a=m>-3 2

om’+6m-15=0 o m=-3+2J6 (thoa man diéu kién).

Vi du 5: Cho phuong trinh x* —mx+m—-1=0

a. Chirng minh rang phuong trinh luén luén ¢6 nghiém voi Vm
b. Goi xy, X, la hai nghiém cua phuong trinh. Tim gia tri l6n nhat, gid tri
2X,X, + 3

nho nhat cta biéu thiue P = et
X; ¥X, +2(x,%, +1)

Giai

a. Chung minh phuong trinh luén ¢6 nghiém véi vm
Tacd A=m*-4(m-1)=(m-2)*>0,Vm, suy ra phuong trinh di cho
luon c6 nghiém voi vVm
, ) . | X, + X, = 2 1 . %
b. Ap dung hé thirc Viet, ta co:{ . SP=2"2(1) . Tim diéu
XX, =m-—1 m? + 2
sa &k ; P - X |
kién dé phuong trinh (1) c6 nghiém theo an m = = <P<1
Suy ra gia tri nho nhit cua P biang —% & m=-2, gia tri lon nhat ctia P
bing 1o m=1.
2 .
Vi du 6: Cho phuong trinh ——x* —-mx+ ———=m*+4m-1=0(1)
e /e \/— 2-3
a. Giai phuong trinh (1) véi m =-1.
2 o n y s 1
b. Tim m dé phuong trinh (1) ¢6 2 nghiém théa man — + — = x, + ¥,
By Sy
Giai
a. Khi m=-1, ta co phuong trinh (1)

X, :—1~\/ﬁ
x2=~1+\/ﬁ

<:>—}z—x2+x—%:0<:>xz+2x—9:0:>{
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2 ‘ , a2 : 1
b. B¢ phuong trinh (1)co 2 nghiémthi A>0< -8m+220< m< Z(*)

+ B¢ phuong trinh c¢o nghiém khac 0

1, m, # -4 - 32
B =" e 1wl :7J l (**)

2 1mg 2o 4 90

1 1 ’ X1+X2:O
T ——— =X X, X, X XX, -1) =0

X, X, i ) XX, —-1=0

. =0
M =1
> ; & m:—4—\/ﬁ
m°+8m-3=0 p—
(m=-4++19

K&t hop vai diéu kién (*) va (**) tadugc m =0 va m = -4 — J19
Vi du 7: Cho phuong trinh x* —2(m —1)x +m -3 =0 (1)
a. Chung minh phuong trinh luon c6 2 nghiém phan biét.
b. Tim mot hé thuc lién hé gitra hai nghiém cua phuong trinh (1) ma
khong phu thude vao m.
c. Tim gia tri nho nhat cua P = x? + x2(vdi X, X, 12 nghiém ctia phuong
trinh (1))
Gidi
a. Chung minh phuong trinh ludn ¢6 2 nghiém phan biét.
Tacd A=m? —3m+4:(m—-§:—)2 +%>O,‘v’m.

Vay phuong trinh luon c¢6 hai nghiém phén biét.

X, +%x, =2(m -1 X, +X, =2m -2
b.TheoViet:{1 2 = ):{1 :
XX, =m—3

2x,X, =2m -6
< X, + X, — 2%, X, — 4 = 0khong phu thugc vao m
c. P=x?+x2=(x, +x,)* -2x,x, = 4(m - 1)* - 2(m - 3)

Dy & in 5
::(2m—§)z +1—-5—21-5—,\7’m. Vay P_,, =Evm m=—,
2 4 4 4 4

Vi du 8: Tim gia tri cia m dé phuong trinh sau c6 nghiém va tinh cac
nghiém éy theo m: x + |x2 -2x + m‘ =0
Giai

Ta co x+|x2—2x+m‘:0<:>lx2—2x+m|=—x

-x20 x <0
x2 —2X+m=-Xx & x> -x+m=0 (1)
' x,3¢12x+m=x x2-3x+m=0 (2)
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+ Xét m > 0: Néu (1), (2) ¢6 nghiém thi cac nghiém déu duong (S > 0.
P > 0) khong thoa man x <0.

+ Xétm = 0: (1) co nghi¢m 0 va 1; (2) cé nghiém 0 va 3. Nhan x = 0.

+ Xét m < 0: phuong trinh da cho ¢6 bon nghiém, hai nghiém duong. hai
nghiém am (do P < 0) thoa man diéu kién x <0.

1—\/1—4m‘x_3—\/9—4m
2 T 2

Hai nghiém am la: x =

Tom lai m <0 thi phuong trinh ¢6 nghiém:

_1-Ji-4m _3-V9-4m
‘ 2icfs == D)

x =)0
2

Vi du 9: Chirng minh ring néu a+b>2thi it nhat mot trong hai phuong

trinh sau c6 nghiém: x* + 2ax +b=0; x> + 2bx +a =0
Giai
Ay =a’-b;A, =b’-a
A +A,=a’-b+b?—a=("-2a+1)+(b*-2b+1)+(a+b-2)
=(a-12+0-1)*+(a+b=-2)20
Vi(a-1)220;(b-1)*=>0a+b-220(gt)
Do d6 trong hai s& A; A, c6 it nhdt mot s khong am

Viy it nhat mot trong hai phuong trinh da cho c¢6 nghiém.

Vi du 10: Cho hai phuong trinh: ax* +bx+c=0  (1),a#0

50

mx® +nx +p=0 (2),m # 0. Chimng minh rang néu it nhat mot trong
hai phuong trinh trén c6 nghiém thi phuong trinh sau ludn luon c6
nghiém: (an — mb)x* + 2(ap — me)x + bp — nc=0

Giai
Xét cac phuong trinh: ax® +bx+c=0 (1)
mxZ+nx+p=0 (2) (a,m;tO)

Va (an - bm)x® + 2(ap - mc)x + bp—nc =0 (3)

Do gia thiét bai toan it nhat mot trong hai phuong trinh (1) hodc (2) vo
nghiém, gia str (1) vo nghiém nhu vay b’ —4ac <0

Pit A =an-bm,B=ap-mc,C=bp-cn,taco:

cA -bB-aC=acn-bmec—abp+bmc+abp-anc=0 (*)

(3) tro thanh Ax* + 2Bx+ C=0 (4)



1. NéuA =0t [*)en Bl -LB =0l = -]18
a
(4) tré thanh 2Bx+C =0 < 2Bx + D B =0

a

B=-0tacoxtiyy =>(3) ¢ nghi¢m

, ! . .
H20taco x= 5)— = (3) co nghiém.
a

(8]

Néu A =0.Tacd A'=B? -AC
*AC<0=A'>0=(3)co nghiém

* AC>0do b® —4ac <0 = b? <4ac = b*AC < 4acAC
Tu (*) c6 bB=cA +aC b*B =(cA + aC)* > 4acAC > b2AC
fb"“) >0

|B2-AC>0

Nhu viy A'>0 = (3) c6 nghiém

Suy ra b*(B* - AC) >0 = -

Truong hop phuong trinh (2) vo nghiém, chirng minh tuong tu nhu cac
budc giai trén ciing duge (3) ¢6 nghiém.
Két lugn: Vi gia thiét bai toan thi phuong trinh (3) ludn ludn c6 nghiém.
Vidy 11: Cho f(x)=x"-2(m +2)x +6m +1
a. Chung minh riang phuong trinh f(x) = 0 ¢6 nghiém véi moi m.
b. Pat x =t + 2; tinh f(x) theo t. Tir d6 tim diéu kién cua m dé phuong
trinh f(x) = 0 ¢6 hai nghiém 16n hon 2.
Giai
a. f(x)=x"-2m+2)x+6m+1=0
A'=(m+2)°-6m-1=m’>-2m+3=(m-1)>+2>0vdi moi m
b. Vdi x=t+2=f(x)=t*-2mt+2m -3. Phuong trinh f(x) = 0 c6 hai
nghiém lon hon 2 < t? — 2mt + 2m — 3 = 0 ¢6 hai nghi¢ém 16n hon 0
A'=m*-2m+3>0
<<S=2m>0 < m > g
P=2m~3>0
Vi dy 12: Cho ba s a; b; ¢ thbamana>b>c¢>0vaa+b+c=12. Chimg minh
rang mot trong ba phuong trinh sau: x* + ax + b = 0(1); x’ +bx +c=0(2);

x* +cx+a=0(3), c6 mdt phuong trinh ¢6 nghiém, mot phuong trinh vo

nghiém. 5 ‘.Y:



Giai
Ter a>b>e>0va a+b+c=12=3a>a+b+c=12>3c=a>4>c;
A, =a’> —4b>4a-4b=4(a-b) >0=phuong trinh x* + ax+b =0 co nghi¢m;
A, =c’-4a>4c-4a=4(c-a)< 0 =>phuong trinh x* +cx +a =0vo nzhi¢m.
Vi du 13: Xac dinh m dé hai phuong trinh: x* -mx+2m+1-0 va
mx” —(2m + 1)x —1 =0, ¢6 nghiém chung.
Giai
Goi xg la nghiém chung cua hai phuong trinh, ta co:
2
X, —-mx, +(2m+m)=0 1 s oz B
o ( ) ( ).Tir (2) suy ra x, # 0. Nhan ca har vé
mx; —(2m +1)x, -1=0 (2)
cta (1) vdi xo rdi cong véi (2) ta duoc: 3 =l=sx. =1

m+2=0

> m=-2
-m-2=0

Thay x, =1 vao h¢ phuong trinh ta duoc:{

Vay vdi m = -2 thi hai phuong trinh c6 nghiém chung.

Dang 2: Ung dung ciia hé thivc Viet

a.Tim hai sé khi biét tong va tich
Vi du : Cho a, b 12 hai s6 thue thoa Sa + b =22. Biét phuong trinh x* + ax ~ b =0
c6 hai nghiém la hai s6 nguyén duong. Hay tim hai nghiém do.
Giai
Goi X1, Xz la hai nghiém nguyén duong cua phuong trinh (0 < x; < x»)
Pé phuong trinh ¢6 nghiém A =a” -4b >0. Ap dung h¢ thirc Vid, ta co
a=-X;—Xzvab=xx2 nén theo gia thiét 5(—x; — x2) + x;xo = 22

< Xi(x2 — 5) - 3(x2-9) :’47 < (x) = 3)(x2-5) =47 (*). Do phuong
trinh c6 hai nghiém la hai s6 nguyén duong nén: —4 <x; -5 <x; -5 nén

X, —56=1 X, =6
() — :
)(2 _5:47 Xz E= 52
Khi d6: a=-58 va b= 312 théa min 5a + b = 22.
Vay hai nghiém can tim la x; = 6; x; = 52.
b. Biéu thirc doi xtrng ctia hai nghiém
Vi du 1: Cho phuong trinhx” +5x+2=0. Goi x,,x, la cac nghién. Tinh
gia tri cac biéu thire sau :

2 : 3 3, .4 4 2 .3 3 92
a. x] +x% x +x5; x| +X; b &y, 8 2 }x] ~ X,
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Giai
Trude hét ta co A =170, nén phuong trinh da cho co hai nghiém phan
biét x,,x,. Ap dung hé thirc Viettacé: S=x,+x,=-5P=x,x,=2.

% 4% =R %) =0 . =0 IR ERE -4 291,
X2 + x5 = (X, +%,)(X) — X%, + X2} = (¥, +x2)[(x, +%,)° —3x1.x2J
== 8(8* -3P) =-5(25-6) =-95
xf + X4 =(xf + xi)2 —ZXf.xi =(8* -2P)% - 2P* =21° -8 =433.
b. x2x; +x).x; =x x2(x, +x,)=P*S=-20

‘xl —x2‘=VSZ—4P =]

Chuy : Néu ban doc tinh truc tiép % By roi thay vao cde biéu thitc can tinh,
chung ta ciing ¢o dap s6 twong tir . nhung viéc tinh todn sé phitc tap hon
nhiéu.

Vi du 2: Cho f(x)= 2x” +2(m + 1)x +m” +4m + 3. Goi X,,X, la cac
nghiém cua f(x). Tim gia tri Ion nhét cta biéu thic: A = |%,.x, — 2%, - 2x,|.

Giai
Ta co: f(x) = 2x” +2m+1)x+m?*+4m+3=0<A>0
S m+1)2-2(m* +4m+3)20 (m+1)(-m-5)>0& -5<m<-1
Ap dung hé thirc Viet tacé :

m? +4m + 3

S=x,+x,=—m-1;P=x,x, = -

m?+4m+3

2
8 7
Do do A:‘xl.x2—2xl—2x2|= > +2m+ o= FOMT |

2|

Tacd: m%+8m+7=(m+1)(m+7), nén véi diéu kién -5<m<-1, thi
—m*-8m -7 9 (m+4)
2 2

m +8m+7<0=>A=

. Déu bang xay

ra khi va chi khi m = — 4. V4y gi4 tri 16n nhit cia bidu thic A 1a g

Chu y: Néu chiing ta khong dat diéu kién A >0 thi viée khie dau gia tri tuyét
déi trong bai nay tuong doi phitc tap .

Vidu 3 : Tim m dé phuong trinh 3x? +4(m-1)x+m* -4m+1=0, co

'
hai nghu:m phan biét x,,x, thoa man LI ..

= =(xy; +%3)-

b3



Giai
Trude hét, ta phai tim diéu kién dé phuong trinh c6 hai nghiém phan biét
, . . .. |A'20
X,,X, khac khong, tuc la .
P20
Tacd A'=4(m-1)%-3(m%?-4m+1)=m?*+4m+1=(m+2)* -3 >

m>~2+J§
m<—2—\/§

1
= xl.x2=§(m2—4m+1)¢0<:>m¢2i\@

¢:>(m+2)223<:|m+2|2\/§<:{

1 1 1 : :
—+—:—(x1+x2)¢;>xl+x2=x’+x2<::>(x1+x2) 4
X Xy < o . £ 2 X, S

, i 2 ; 4(m-1 24+ 1
Ap dung hé thuc Viet ta co: S=x, +x2:Jf—%--—)-;P=xl.x2 =2 ----‘—rp-r =

thé vao biéu thurc sau _ta co:

(x1+x2)[ L _1J20®4(m—1){ . —l}zo

X,.X, 2 3 m®-4m+1 2

m=1
~0<|m=-1. K&t hop véi cac dicu kén &

%e 2(m —1)(m?* — 4m —5)

3(m* —4m +1) =

tréntacoOm= 1, m=235.
: 1 . - :
Vi du 4: Cho phuong trinh X -mx-—=0. Goi x;,x,la nghién cua
‘ m
phuong trinh. Tim gia tri nho nhit cta biéu thirc x! +xj va néu rd khii do
m ldy gia tri ndo .
Gidi
Tir phuong trinh da cho, ta c6 a.c = ——; <0, nén phuong trinh da cho
m

ludn cé nghiém. Ap dung h¢ thirc Viet , ta co
1 2, 2 2 2 ]
X, +X, =M;  X;.X, =—?:>x1 +x; =(X; +X,)" —2X,.X, =m +;r_2—

4 8 4

A xt +xd =(x2 +x))° g M +2, 2 m +4m +2
Vi #/4x =5 a5 = 2ixu)=sl—F1 === :
m m m

8 1
FAM" 2 s e
Détsv+x;:m IP vaditt=m*=t>0.
m

AP



e s = b adte® L E g
dotach S=———e @i 1t = 10. Ta bicn d06i

t
t% — 2v2t + 2+ (4 + 242) - 2)?
. V2t + 2+ (4 + \/)L:(t \/—)+4+2\/§_
 » t
Dot>0,nén S>4+2V2.
Déu biang xay ra khi va chi khi t =2 = m = +¥2
Viy gia tri nho nhat cua S =4 + 242 khim =+¥2 .
c. H¢ thire giiva hai nghiém khéng phu thuoc tham so
Vidu 1: Cho phuong trinhx” - mx + 2m —3 = 0. Tim hé thirc lién hé giira
hai nghiém khong phu thuéc m
Giai
Trude hét, ta phai tim dicu kién dé¢ phuong trinh c6 nghiém. Phuong
trinh c6 nghiém khi va chi khi:

S

: . m > 6
A20<:>m2~8m+1220<:>(m~4)‘)‘—420<:>|m—4|22<:>[ =3
ms

Gol x,,x, la cdc nghiém cua phuong trinh, 4p dung hé thic Viet

S=x, +x, =m(1);P =x,.x, =2m - 3(2)
Cdch I1: Thé m tir hé thirc (1) vao hé thire (2) ta co x,.x, = 2(x, +X,) -3 =0.
Cdch 2: Ta c6 hé phuong trinh {Xl Prp=m (1) 2= {2(x1 +X,)=2m

X,.X, =2m -3 (2) X,.X, =2m -3

Trir vé theo vé ta ¢ x,.x, = 2(x, + X,) -3 =0.
Vi du2 : Cho phuong trinhmx” - (2m +3)x +m-4=0,

a. Tim m dé phuong trinh c6 hai nghiém phén biét x,,x, .

b.Tim hé thirc lién hé giita hai nghiém x,,x, khong phu thude m .

Giai
a. Phuong trinh: mx* — (2m +3)x + m — 4 = 0 ¢6 hai nghiém phén biét
m # 0 m # 0
W I8 — = "
A>0 (2m +3)° —4m(m -4) >0
— m#0
= -9
28m+9>0 m > —
28
b. V&i diéu kién phuong trinh c6 nghiém & trén , 4p dung hé thuc Viet :
o 2m+3 3 m-—4 4
S=x, 4% =— =2+—(1); P=x,x,=—=1—-—(2
x‘l ¥ m m( ) 122 m m( )
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Nhan hai vé cua (1) vdi 4 va nhan hai vé cua (2) vai 3 ta duoc

4(x, +X,)=8 +l—z-

i ™ Cong vé theo vé ta co 4(x; + x,) + 3x,.x, =11

m

3X,.X, =3 -

d. Diéu ki¢n dé hai nghiém lién hé voi nhau béi mt hé thire cho true

Vidu I : Cho phuong trinh: mx® —2mx +1=0 (m la tham sd).

a. Tim céc gi tri cia m dé phuong trinh ¢6 nghiém va tinh cac rhi€m
cua phuong trinh theo m.
b. Tim gia tri cua m dé phuong trinh ¢6 hai nghiém sao cho mdt nhiém
gap doi nghiém kia.

Giai
+Néu m =0 thi phuong trinh tr&s thanh 1 =0, nén phuong trinh v6 ngiém.
+Néu m # 0 thi phuong trinh da cho c6 nghiém khi:

A'=m’-m=m(m-1)>0. Suy ra m<0 hoic m=>1 (*). Khi 6 cac

T S— m —+m® —m m ++vm?® -
nghiém cua phuong trinh la: x, = P Xy = :
m m

b. Véi diéu kién (*), phuong trinh ¢6 hai nghiém x,, x, .

Goat : : 1
Theo hé thirc Viet: x, +x, =2 va x,x, =—.
m

Y : " 4 2
Theo gia thiét, ta co: x, = 2x, (hoac x, =2x,), suyra x, = i

2 4
(hoac x, :—‘:—3-; Xy =§;)- Suy ra: xx, =

man diéu kién (*).

<:>m:§>l thoa

8 1
& —=—
9 m

=
m

Viy v6i m :g thi phuong trinh c¢6 mot nghiém gp ddi nghiém ki,

Vi du 2: Tim m dé phuong trinh x> + (4m + 1)x + 2(m — 4) = 0 6 hai

nghiém x;, X, thoa |[x; — xa| = 17.

Gidi
Tacéd A= (4m + 1)’ - 8(m — 4) = 16m’ + 33 > 0 véi moi m, nén puong
trinh ludn co hai nghiém phan biét x;, xo. Ap dung hé thire Viet, ta 6:
S=—4m-1vaP=2m-8. Do d6: |x; —x;| =17
& (X1 = X2)? =289 & S — 4P =289 & (- 4m — 1)* —4( 2m — 8) =89
e 16m’+33=289 < 16m’ =256 &> m’ =16 &m=1+4.
Vi @ man didu kién cta bai toan <> m =+ 4,




Vidy 3 : Cho phuong trinh X’ = 2mx - 1 =0 (m la tham 50)
a. Chimg minh phuong trinh trén luon ¢6 2 nghiém phéan biét.
b. Goi Xy, x2 la hai nghi¢m cua phuong trinh trén.
Timm dé x* +x’ - x,x, = 7.
Giai
a. Chimg minh phuong trinh trén luén ¢6 2 nghiém phan biét.
Cich I: Taco: A'=m” + 1> 0 v6i moi m nén phuong trinh trén ludn c6
hai nghiém phan biét.
Cich 2: Ta thiy v&i moi m, a va ¢ trai d4u nhau nén phuong trinh luon
co hai phén biét. .
b. Goixi, x; 1a hai nghiém ctia phuong trinh trén. Tim m dé x? + x2 —x,x, =7.
Theo trén ta ¢6 v6i moi m phuong trinh ludn ¢6 hai nghiém phan biét.
Khidétacd S = x, +x, =2m vaP=x;x, =-1.
Dodo x} +x; -x,x,=7 © S -3P=T=(2mP?+3=7Tom’=1
om==x1 Viygidtrimdé x¥ +x—-xx, =7 lam==%1.

Vi du 4: Tim m sao cho phuong trinh x* —(2m + 1)x + m? +1 = 0¢6 hai
nghiém x,,x, vdi x, = 2x,.
Gidi
Phuong trinh da cho c6 nghiém khi va chi khi A>0(2m+1)? —4(m® +1)>0

<:>4m—*320<:>m2%.

) . X, + X, =2m +1(1) .
Ap dung hé thirc Viet ta co . Do x, =2x, nén

X,.X, =m* +1 (2)

3x, =2m+1 (1
2 " o Tir phuong trinh (1) ta ¢6 x, = 2 , thay vao (2)
2x; =m’+1 (2) 3
ta duoc

2m +1
3

2( Y =m’+1<2@2m+1)? =9m? +9

2 o B _ m=1
S8mM +8mM+2=9IM“+9om° -8m+7=0 -
m:

Vay gia tri m sao cho phuong trinh x* = (2m + 1)x + m® + 1 = 0¢6 hai
nghiém x,,x,vdi x, =2x,lam=1,m=7.

Vi dy 5: Tim m sao cho phuong trinh mx® —2(m -1)x +3(m -2) =0c¢6
ifighiém phan biétx,, x, véi x, +2x, = 1.

g7



Giai

Phuong trinh: mx* —2(m —1)x + 3(m — 2) = 0 ¢6 hai nghiém phén bét

{m;eo m # 0 m # 0

= e , & )

A>0 (m-1)"-3m(m-2)>0 -2m°“+4m+1>0
m=#0

m #0
ad =12-J6 2+6 -

2m2 -4m-1<0 <m<

2 2
' x1+x2=2(m_1)
Ap dung hé thirc Viet ta co : m
3(m - 2)
X, Xy =—————
m
| = 2=1) 1)
Do x, =1-2x, nén & :
_3(m-2)

(1-2x,).%x, = - (2)

Tt phuong trinh (1) ta cé:x, =1- A1), 2~ , thay vao (2) ta droic
m
[1_2(2—m)}(2-m)=3(m-2)@(2—m)[_2(2-m)+4}0
m m m m m
m=2
<::>(2—r1r1)(€zm—4)=0<:> "
m m=—3—

Vay gia tri m sao cho phuong trinh mx* —2(m -1)x +3(m-2)=0c¢6
hai nghiém phén biét x,,%, v6i x, +2x, =114 m=2m = %
Vidy 6: Cho phuong trinh x 2_2mx + m’~ m +1= 0 voi m 1a tham s6 v x: [a
an so.
a. Giai phuong trinh khi m =1
b. Tim m dé phuong trinh c6 hai nghiém phan biét x;,x,.
c. Véi diéu ki¢n cua cau b hay tim m dé biéu thirc A = x;x; — x,— 1, dat
gia tri nho nhat.
Giai
Cho phuong trinh x* = 2mx + m*=m + 1 = 0(1)
a. Khim =1 thi phuong trinh (1) tr¢ thanh:
x?-2x+1=0 & x-1)*=0 o x =1
b. Phuong trinh (1) ¢6 hai nghiém phan biét x,,x, < A=m-1>0<m- 1.
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¢. Phuong trinh (1) ¢6 hai nghiém phan biét x,,x, khim> 1. Ap dung dinh
ly Viet,tacé: S= x, +x, =2m vaP=x,x, =m’—-m + 1

Dodé:A=P-S=m’-m+ 1 -2m=m*-3m+ 1= (m—i)z— i >-

5
47 4

A o9 , 3 . & 2k B

Dau ="yl ra <5 f—E (thoa méan di¢u kién m > 1)
P S . S : fonw D

Vay khim = = thi A dat gia tri nho nhat la "

Vidy 7: Cho phuong trinh: (m +1)x* = 2(m+2)x+m-3=0 (1).
a. Tum m dé phuong trinh (1) ¢6 nghiém .
b. Tiim m dé phuong trinh (1) ¢6 hai nghi¢m phén biét x,,x, thoa man
(4xy +1)(4x, +1) =18
Giai
a. Tim m dé phuong trinh ( 1) ¢6 nghiém;
* Xét truong hop m+1=0< m=-1. Khi d6 phuong trinh da cho tro
thanh -2x -4 =0 ¢ 2x=-4 < x=-2. Vay khi m = -1 thi phuong trinh
(1) c¢é nghiém x = -2 .
* Xéttruonghgp m+120< m=-1,tacd:
A=(m+2)°-(m+1)(m-3)=m*+4m+4-m? +2m+3=6m+7
Phuong trinh da cho ¢6 nghiém khi va chi khi

A2 0<:>6m+720<:>m2—z.

Vay phuong trinh da cho c6 nghiém khi va chi khi m > —% :

b. Tim m dé phuong trinh (1) c6 hai nghiém phan biét X,, X, thoa man
(4%, +1)(4x, +1) =18. D¢ phuong trinh da cho ¢6 hai nghiém phan biét

X,, X, thi mz—z;m;t-—l.

( & B 4 e ; 2 -
Ap dlung hé thirc Viet ta co S:x1+x2:—2£n—+—);P=xl.x2=m 3.
m +1 m +1
Do d6 , tir gia thiét ta ¢o ; '
(4%, +1)(4x, +1) =18 & 16x,x, + 4%, + 4%, +1 =18
- 2
<:>16x1x2+4(x1+x2)—17:0:>16(m 3. 8m+D j17=0

m+1 m+1
16(m-3)+8(m+2)-17m+1)=0Tm=49 e m="17.

: £ ; B il B 7
T'a thay m = 7 thoa man dic¢u kién m 2 -——6-;-m-¢ ~1.
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Vay gia tri m dé phuong trinh (1) ¢ hai nghiém phan biét X,, X, thoa
man (4x, +1)(4x, +1)=18 lam=17.

e. Xdc dinh diu cdc nghiém so
Vi du I: Tim m d¢ phuong trinh x? —2(m +5)x + m? —4m + 47 =0 ¢6 hai

nghi¢m phan bi¢t 1én hon 3.
Giai

x? -2(m+5)x+m? —4m +47=0
& (x-3)46x-9-2(m+5)x+m?-4m+47=0
& (x-3)* -2(m+2)(x-3)+m* -10m + 26 =0
Dit t =x -3, bai toan trg thanh: Tim m dé phuong trinh sau day c6 hai
nghiém duong phan biét: t* — 2(m + 2)t + (m* —10m + 26) =

A'=0 14m -22>0
Nhu vdy ta phai c6: {P>0 < {m’-10m+26>0 < ey

S>0 m+2>0 ¢

Vidu 2: Chophucmgtrinh x> +V2mx-m?+m-1= 0(1).

a.

b.

60

Ching minh rang phuong trinh luén ¢6 nghi€ém véi moi gia tri m.

Xac dinh dau cac nghiém s6 cua phuong trinh .
Tim m dé phuong trinh c6 hai nghiém phan biét x,,x, sao cho x? +x’
dat gia tri nho nhat .
Giai
Chutng minh rang phuong trinh luén ¢6 nghiém vdi moi gia tri m.

Xac dinh ddu cac nghiém sb cua phuong trinh .
: 1 3
Tacohésba=1>0,c=-m +m——1=-—(m—§)2 —Z<0, tir do suy

ra ac<0, nén phuong trinh d@ cho c¢6 nghiém va hai nghiém cua
phuong trinh trai dau nhau.

Tim m dé phuong trinh ¢6 hai nghiém phan biét x,,x, sao cho x* + x?
dat gia tri nho nhat .

Do phuong trinh da cho luon ¢6 nghiém nén ap dung hé thirc Viet ta co
S=x, +X, = —/2m; P=x,x,=—-m?+m-1

=5 + X5 =% +xz)2—2x X, =2m” +2m® - 2m + 2

= 4m* —2m+2—(m—~) +1>Z
2 4 4
Dau bang xay ra khi va chi khi m :é

Y . R T 9 9s 1 .
Vay gia tri nho nhat cua x? + x; 18 — khi m=—
4



Vi du 3: Tim cic gia tri ciia m dé phuong trinh sau ¢6 it nhat mot nghiém
khong am: x* + mx + (2m —4) =0 (1)
Giai
Cichl. A=m* -42m-4)=(m-4)?*20,P=2m -4, S=-m
Phuong trinh (1) ¢6 nghiém véi moi m. Trude hét ta tim diéu ki¢n dé
phuong trinh (1) ¢6 hai nghiém (phan biét hoac nghiém kép) déu am.

PRI . 2m-4>0 m > 2
Diéu kién do la: &> &> =
S<0 |-m <0 'm >0
Viy diéu kién dé phuong trinh (1) ¢6 it nhit mot nghiém khong am la
I < 2.

Cich 2: A=m®-4(2m -4)=(m-4)">0, P=2m -4, S=-m
Néu P <0, tirc 1a m < 2, thi phuong trinh (1) ton tai nghiém khong am.
Néu P >0 (da ¢6 A>0) thi phuong trinh (1) ¢6 hai nghiém cung dau. bé
thoa man dé bai, phai c6 S > 0. Giai diéu kién P> 0, S > 0 dugc m > 2
va —m > 0, khong xay ra. Két luan: m <2.

Cdch 3: Giai phuong trinh (1): A=m® -4(2m -4)=(m -4)* 20

=-m+(m—4)

Taco:x, = =-2

Phiico x, 202 2-m>20m<2.
Vidu 4: Tim cac gia tri cuia m dé phuong trinh sau co it nhét mot nghiém l6n
hon hay bing 2:x* + mx-1=0 (1)
Giai
Cdach 1. Bat y=x-2. Thay x =y +2 vao (1) va rit gon ta duoc:
vy +(m+4)y+(2m +3)=0. (2)
Ta can tim m dé phuong trinh (2) ¢6 it nhit mot nghiém khong 4m.
A=(m+4)*-42m+3)=m’ +450, P=2m+3, S=-(m +4)
Diéu kién dé phuong trinh (2) ¢6 hai nghiém (phan biét hodc nghiém

il Ty s
3 + e
kép) déu am la:{P >0 Mre>t WM i oms-2.
-(m+4)<0
S<0 m > -4

Vay vdi m < —%thi (2) ¢6 it nhat mot nghiém khong am, tirc la (1) cd it

nhat mdt nghiém 16n hon hay bang 2.

-m++vm? +4 - _—-m—\/m2+4
2 T 2

Cdch 2. Giai phuong trinh (1) duoc x, =
Tathéyx1 > x,nén chi can tim m dé x, > 2.

75 L wy
| F
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-m +vVm?

Ta co: > +422khivéchikhi\/m2+4zm+4(3)

Néu m < -4 thi (3) c6 vé trai duong, vé phai dam nén (3) ding.

Néu m > -4 thi (3) <:>m2+42m2+8m+16<:>m£—%.

Ta duoc —4<m£~g,

(3

i : 3 a3 E g :
GOp m # -4 va —4<ms—§ta duoc gia tri phai tim cuiam 1a m S_E

Vidu 5 :Tim cac gia tri cia m dé phuong trinh sau c6 hai nghiém phén 5ict
nho hon 2:3x? —4x+2(m-1)=0 (1)
Giai
Cdch 1: Pat x—2=y. Thay x =y +2 vao (1) va rut gon ta duoc:
3y? +8+(2m+2)=0 (2). Can tim m dé phuong trinh (2) ¢6 hai nghi¢ém

A'>0 10-6m >0
am phan biét. Ta giai didu kién {P>0 < {2m +2>0 <:>——1(m<%

S<0 _§<0
S

Cich 2: Xét phuong trinh (1). Giai diéu kién :
A'>0 A'>0 (2)
x, —2<0 < 3(x, —2)(x, -2)>0 (3)
x, ~2<0 (x, —2) + (x, —2) <0(4)

Gii (2) duoc m < %

- 4
Giai (3) : x1x2—2(x1+x2)+4>0<:>g£—n—1———12—2.—§+4>0<::m>—].

T . 5
Giai (4): x; +x, —4<0<:>:—§~—4<0, luén dung. Vay ta dugc —1<n<§,

(=

Cidch 3: Giai phuong trinh (1):A'=4 -6(m —1) =10 —6m.

Néu A’>0 (tirc 13 m <%) thi phuong trinh (1) c6 hai nghiém phin biét
_2-\10-6m __2+10-6m
- 3 e 3
phuong trinh (1) ¢6 hai nghiém phan biét nho hon 2 la:

X, <2 2+4/10-6m <6 < V10-6m <410-6m<16<= m>-1.

. Do x,<x, nén dicu kén d¢

X

Viéyta dugc: -1<m <—g.
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3 A . , X
| Dang 3: Phwong trinh cé chiva tham so J

Vidul : Cho phuong trinh (m” =4)x” + 2(m + 2)x +1=0.
a. Tim m dé phuong trinh ¢6 nghiém .
b. Tim m dé phuong trinh ¢6 nghiém duy nhét .
Gidi
a. Xét (m*-4)=0¢>m =+2, th truc tiép ta thdy phuong trinh chi co
nghiém khi m = 2. Xét (m® —=4) # 0 <> m # +2. Phuong trinh ¢6 nghiém
C}%m:&iQ@{miiQ @{miz |
A'>20 4m+8=0 m > -2
Tom lai phuong trinh ¢6 nghiém khi va chi khi m > -2.
b. Phuong trinh chi ¢6 thé ¢6 nghiém duy nhat trong cac trudng hop sau

a=0 {mz—4=0

Truong hop 1: { il ==, ;

= &
R 2m+2)#0
az0 m?—-4%0 {m;tiz
= =
A=0" |4m+2)=0
Truomg hop nay khong xay ra . Vay phuong trinh c¢6 nghiém duy nhat
khi m =2,
Vi du2: Tim a dé phuong trinh 3 |x| + 2ax = 3a —1 ¢6 nghiém duy nhat.
Dé thi HSG l6p 9 tinh Phit Tho ndm 2003-2004
Gidi
Tur phuong trinh da cho 3|x| +2 ax =3a—1(1), taco
+ Néu x>0 thi phuong trinh (1) < 3x +2ax =3a—1
<x(a+3)=3a-1 (2)

Truong hop 2: {

m=-2

Vgia= — %, ta c6 phuong trinh (2) vd nghiém

Véia# - %, nghiém cua phuong trinh (2) la: va s€ la nghiém cua

2a+3
: : 3da-1
phuong trinh (1) néu 20.
] 2a +3
+ Néu x <0 thi phuong trinh (1) < -3x +2ax =3a -1

esx(2a—-3)=3a—1.

Véia=- %, ta co phuong trinh (2) v6 nghiém

Vaia#— %, ta ¢d nghiém cua phuong trinh (2) la x; = = va x; s€ 1a

nghiémféa% phuong trinh (1) néu ga _; <0
. WL P

& A b b
@ ,&‘ 55
& B4
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A ; 3 A X " . g, 20
+ Nhu vay , phuong trinh (1) ¢6 nghiém duy nhat khi va chi khi {X' "
X, >

X, <0 a — -
hOéC : C>X|_X220¢2>3d l.3d 120
X, <0 2a+3 2a-3

3 ""12 3
<:>(——az—)20<:>a:lhoaca> L hoéca<—3.
4a® -9 3 2 2

Vi du 3: Cho tam thic bac hai f(x) = ax®+bx+c thoa man diéu ki¢n
|f(x)| <1 voi moi xe {-1;1}.
Tim gia tri 16n nhét ca biéu thiue: A = 4a’+ 3b’.
Dé thi HSG 16p 9 tinh Phii Tho nim 2003-2004
Giai
Tur diéu kién |f(x)| <1, v6i moi xe {-1;1} ,ta ¢6
|f(0) - f(1)| £9=(a+b)’= 4;|f(0) ~-f(-1)|<2=(a- b)?<4.
Mait khic 4a® + 3b* =2(a +b)* + 2(a—b)* -b* <16
Vay 4a’ + 3b” dat gia tri 16n nhat bang 16, khi va chi khi: (a;b;c) nhin
giatrila (2;0;—1) hoac (-2;0; 1).
1

Vi du 4: Cho hai sb a va b khac 0 thoa man l+%=§. Chirng minh rang
a

phuong trinh an x sau ludn ¢6 nghiém (x* + ax + b)(x* + bx +a) =0

Dé thi TS lop10 tinh Bic Giang nim 2003-2004

Giai
Ta c6 phuong trinh (x* + ax + b)(x” + bx + a) = 0 ¢6 nghiém khi va chi khi mét
trong hai phuong trinh sau cé nghiém: (x* +ax +b) = 0(1); (x* + bx +a) = 0(2).
Xét phuong trinh (1) ta coA, =a® —4b. Xét phuong trinh (2) ta co:
A, =b* —4a, tir d6 suy ra
A +A,=a’-4b+b® -4a=a’+b’-4(a+b).
Malil-l o o@eb)=ab,nén
a b 2

A, +A,=a’+b*—4(a+b)=a’+b’ —2ab=(a-b)* 20. Do d6 co it nhat
mot trong hai phuong trinh trén c6é nghié¢m.

Do d6 phuong trinh (x* + ax + b)(x”* + bx + a) = 0 ludn ludn c6 nghiém .



Vi du 5: Gia sir xo 12 nghiém cua phuong trinh bac hai ax® + bx + ¢ = 0.

biat M = max { g } Chimg minh rang : |x0| < 1+M.
a a
Giai
Néu |x,| <1 thi hién nhién. Néu |xo|>1: Ta co: bx, +c = -ax’
Do dé: [x,|’ _lb o+ 9 <Pl |9 < M|+
a

Suy ra: lxol -1 < |xo‘2 < M(x,|+1)
Nén: |x,|-1< M Hay: |x,|<1+M.

Bai tap van dung

1.

Tim k sao cho phuong trinh 3x* - (3k-2)x—(3k+1)=0, c6 hai nghiém
phan biét x,,x, théa man 3x, -5x, =6.
Cho phuong trinh x* - (2m -3)x + m®* -3m =0.
a. Chimg minh riang phuong trinh luén c6 hai nghiém phén biét .
b. Tim m d& phuong trinh c6 hai nghiém phan biét X,,X, théa man:
l€<x, <=, <6
c. Xac dinh m dé x? + x2 dat gia tri nho nhét . 4
Phan tich da thiuc A =x* + x* + 2(m - 1)x? + mx + m? thanh tich.
Giai phuong trinh: x* -|x|-20=0. |
Viét cac phuong trinh béc hai dang x* + px +q=0. Biét ring, phuong

trinh c¢6 nghiém nguyén, cic hé s6 p, q déu 1a nhimg sé nguyén va
p+q+1=2003.

Cho phuong trinh x* - 2(m + 1)x + 7 =0 (1)

a. Tim m dé phuong trinh c6 nghiém kép

b. Tim m dé phuong trinh ¢6 2 nghiém va nghiém nay gap k lan nghiém kia.
Cho phuong trinh x* -(2m + 1)x + m* +2=0 (1)

a.Tim m d€ phuong trinh (1) ¢6 2 nghiémx,, x, sao cho(x? + x2) nho nhét.

b.Tim m dé phuong trinh (1) ¢6 2 nghiém x,, x,sao cho x, +2x, = 4.
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8.

Cho phuong trinh ax® + bx+c=0 (I)va cx* +bx+a=0 (2

-

voiaz0vac=0.

a. Chimg minh ring néu phuong trinh (1) ¢6 2 nghiém duong thi fhuong
trinh (2) cling ¢6 2 nghiém duong.

b. Chirng minh ring néu phuong trinh (1) vo nghiém thi phuong trnh (2)
cting vo nghiém.

c. Néu phuong trinh (1) ¢6 2 nghiém trai dau thi phuong trinh (2) cling
¢6 2 nghiém trai dau.

9. Gia st phuong trinh x* + 3x + 1 =0¢6 2 nghiém x;, X2,

10.

11

12.

13.

14.

66

2 2

: . N o +2

Chung minh rang: i 2)(; J Xt Xg =-1.
(x;+1)°" (xy +1)

Cho phuong trinh x* —=2(m +1)x-m"* +m* -1=0 (1)
a. Giai phuong trinh vé1 m=1.
b. Chirng minh ring phuong trinh ludn ¢6 nghiém véi moi gia tri cia m.
¢. Goi x, X3 1a hai nghiém cua phuong trinh (1).
Tim gia tri nho nhét cia A = —x,x, +5.
Cho phuong trinh (x +1)* =(m -1)(x+1)* -m* +m-1=0 (1)
a. Giai phuong trinh vé1 m =-1.
b. Chirng minh ring phuong trinh (1) luon c6 hai nghiém phan bié x:1, x>
va1 moi gia tri tham s6 cia m.
c. Tim céc gid tri cua m dé |x,|+[x,|=2.
(Dé thi vio lop 10 truong Ha Npi — Amsterdam, 1998-1999)
Cho phuong trinh ax® +bx+c=0 (1) (a#0)va cx’ +bx+a=0 (2) (c #0).
Biét rﬁng phuong trinh (1) ¢6 2 nghiém duong x;, x;. Chirng mith réng
phuong trinh (2) cling ¢6 2 nghiém duong; goi 2 nghiém do laxs, xa.
Ching minh rang: x, + x, + X, +x, >4
Cho phuong trinh x* =(m-Dx-m* +m-2=0 (1)
a. Ching minh rang phuong trinh (1) ludn ¢ 2 nghiém trai dau.
b. Goi 2 nghiém cua (1) la x, x2. Timm dé (x} +x2)lanho nhat.
Cho phuong trinh 2x* —=3mx-2=0.
a. Ching minh ring voi moi gid tri cuia m phuong trinh luénco hai
nghiém phan biét.
b. Goi x;x» la hai nghiém ctua phuong trinh. Tim gia tri cui m dé
S =x? +x? dat gia tri nho nhat. Tim gia tri do.

: 1 1
c¢. Tinh = theo m.
Xf X,



15.

16.

17.

18.

19

20.

21.

22.

23.

Cho phuong trinh bic hai: ax* +bx+c=0(1) vacy* +by+a=0(2)

; ; : < . - , ’ .

a. Ching minh ring nCua la nghiém cua phuong trinh (1) thi — la

o
nghiém cua phuong trinh (2).

b. Goi xy,Xz la nghiém cua phuong trinh (1); y1.y2 1a nghiém cua phuong
trinh (2). Hay tim gia tri nho nhat cua biéu thie M = x? + y* + x% + v*
khi a, b, ¢ thay doi.

Cho phuong trinh (m - 1)x* = 2mx + m + 1 = 0véi m la tham sd.

a. Chirng minh ri‘lng phuong trinh luon luén ¢é 2 nghiém phan biét vai
moi m#1.

b. Xic dinh gia tri ctia m dé phuong trinh ¢4 tich 2 nghiém bang 5. Tir d6
tinh tong 2 nghiém cua phuong trinh.

¢. T'm mot hé thure lién hé gitra 2 nghiém khong phu thudc m.
= A 3 ; A 5 ~ X ; X X. 0

d. Tim m d¢ phuong trinh c6 nghiém x, x; thoa man hé thire: =L + =2 5= 0.

2 X

Cho phuong trinh 2x* -2mx+m*-2=0.

a. T'm cac gia tri cua m dé phuong trinh ¢6 2 nghiém duong phan biét.

b. Gia sir phuong trinh ¢6 2 nghiém khéng dm. Tim nghiém dwong lon
nhat cua phuong trinh.

Tim gia tri nguyén cta a dé hai phuong trinh sau ¢6 it nhit mot nghiém

chung: 2x* +(8a-1)x-3=0 (1); 6x*-(2a-3)x-1=0 (2)

Cho phuong trinh: mx® —6(m - 1)x + 9(m - 3) =0

Timgia tri cta tham sé m dé 2 nghiém X, va x, théa man hé thuc:

X 1 =%.%,

Chophuong trinh: x* —(2m +1)x+m? +2=0

Timm dé 2 nghiém x,va x, thoa man hé thirc: 3x,x, —5(x, + x,)+7=0

Xéc dinh tham sé m sao cho phuong trinh:

2% -(3m +1)x + m? —-m -6 =0 c6 2 nghiém trai dau.

Clho phuong trinh: x* +(2m-1)x-m =0. Goi x,va x,la c4c nghiém

clia phuong trinh. Tim m dé: A =x? + x? - 6x,x, ¢6 gid tri Ion nhat.

Cho phuong trinh: x* -mx+m-1=0. Goi x,va x, 1a cidc nghiém cna

phireng trinh. Tim gid tri nho nhét va gia tri 16n nhit cua biéu thirc sau:

B- 2X,X, + 3

X2+ X0+ 2(x,%, +1)
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Hudng dan va dap s6

1. Diéu kién phuong trinh ¢6 nghiém la A = (3k — 2)* +4.3(3k + 1)

68

=9k®-12k+4 + 24k +12 =9k? +12k + 16 = (3k + 2)? + 12 > 0: Vk.
Ap dung hé thirc Viet, ta c6

3k -2
xl+x2=———:k—z; xl.x2:—3k+1=—k—l.
3 3 3
Theo gia thiét , ta co 3x, —5x, =6, tirday ta c6 hé phuong trinh
== 8l
X, +X, =k —— 3k
3 X, =——1
8
Thé vao biéu thie x,.x, = -k —%.
5k 1,3k 1 32 S
Tacd (—+=-)(—-1)=-k-—=kk+—)=0& .
G R T ot
15
L1
Khi k = 0, phuong trinh tré thanh: 3x* +2x-1=0<|"' 3
t x2:—1

; 32 e , x, =-1,8
Khi k = ST phuong trinh tré thanh: 3x” +8,4x+5,4=0 I
y ==
Vay gia tri k sao cho phuong trinh 3x -(8k-2)x-(8k+1)=0, co hai
‘ 5 32
nghiém phan biét x,,x, théa man 3x, -5x, =6lak=0; k= T
Cho phuong trinh x? — (2m -3)x+m® -3m =0.
Chimng minh ring phuong trinh luén ¢6 hai nghiém phan biét .
TacdA=(2m-3)? —4(m> -3m)=4m* -12m +9-4m* +12m=9>0,Vm.
Do d6 phuong trinh da cho ludn c6 hai nghiém phan biét . .
Tim m dé phuong trinh ¢6 hai nghiém phén biét x,,x, thoa mén:

1<%, <X, <6,

-b+Vb* —dac

Do phuong trinh da cho ludn ¢6 hai nghiém phan bi¢tx,, = — o



Theo gia thiét 1 < X; <X, <6,dodd l<m-3<-m<6<=4<m<8.
Viy m dé phuong trinh o hai nghiém phan biét X,,X, thoa min:
lemj«x, <6 |8 4<m<g.

c. Xacdinh mdé x? + x dat gid tri nho nhit .

Do phuong trinh da cho luon ¢6 hai nghiém phan biét, ap dung hé thirc
Viet, taco x; +x, =2m-3; x,.x, =m? - 3m

:>X[12 +X§ :(Xl +X2)2 “2)(1.X2 :(zm—3)2—2(m2_3m)
2 2 9 9 9

=2(m - 2)2 + % 2% . Dau béng xay ra khi va chi khi m = E

~ .. . A ‘ é .y . a A \ 3
Viy gid tri m dé x} + x. dat gia tri nho nhit1a m = =

3.A=x"+x*+2(m - 1)x* + mx + m?
Viét lai A thanh tam thirc theo m: A = m? + (2x° + X)m+x* +x? —2x2.
Ta tinh dwoc: A=9x*. Viy A=0 c6 hai nghiém: m=-x%-2x va
m=-x>+x.
Do do: A =(m + x* +2x)(m + x* - x).
4. Phuong trinh x* —|x|- 20 =0 tuong dwong véi cac hé phwong trinh:
x*-x-20=0 x+x-20=0
0 o ®
x>0 x<0
He (1) ¢6 hai nghi¢ém la x, =5, x, =-4, x, =-4 <0 khong thoa man
diéu kién x >0 nén bj loai. Vay (1) chi ¢6 mot nghiém la: x, =5
Hé (2) ¢6 hai nghiém lax, =4, x, =-5, x, =4 >0 khong thoa man diéu’
kién x <0 nén bi loai. Viy (2) chi c6 mdt nghiém la: x, = -5.
Vdy, phuong trinh da cho chi ¢6 hai nghiém: x, =5, x, =-5.
5. Gia sir phuong trinh x* + px +q =0 c6 hai nghiém nguyén x,, x,. Theo
dinh ly Viet, tacé: x, +x, =-p; x,x, = q
Dodé p+q+1=x;x, - (x, +x,)+1=2003 hay (x, =1)(x, —1)=2003.
Vi 2003 1a s6 nguyén td, gia st X, > X, , ta nhan duoc:
T x -1=2003 > x, =2004; x,-1=1 = x, =2
¥p = -2006, q = 4008
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+x,-1=-1 = x, =0

X, —1=-2003 = x, =-2002 = p=2002, q=0

Tir do, ta co cac phuong trinh bac hai dang x? + px +q =0 thod mén dicu
kién bai toan: x* —2006x + 4008 =0 ; x* +2002x =0.

~6.a Phuong trinh (1) c6 nghiémkép < A'=0.

A'=(m+12-7=0 < m=-1+JT.

mzﬁ—l

m s-ﬁ-l

Goi 2 nghiém cua phuong trinh 1a x,, x,. Phuong trinh (1) c6 rghi¢ém

b. Phuong trinh (1) ¢6 2 nghiém khiA'=0 < {

o _X
nay gp k lin nghiém kia < [X‘ X2

x, = kx,

& (x, —kx,)(x, —kx,) =0 & (k* +1)x X, - k(x® +x3)="0

o (k+1)*x,x, - k(x, +%,)* =0 & (k+1)*.7-k[2(m + D]’ =0
o 4k(m+1)2=T.(+1)* *

Néuk <0 thi phuong trinh (*) v6 nghi¢m.

: o e
Néuk > 0 thi phuong trinh (*)c6 2 nghiém la:m = -1+ ’_7(1{_4__*1'{ )

7. a. Phuong trinh (1) c6 nghiém < A =0
A=(2m +1)? —4(m® +2) =4m -7

A20<:>4m—720c>m2%.

Co
A=x2+x2=(x, +X,)" —2%,;x, =(2m +1)? =2(m? +2) =2m* +4n -3
T 81

mzl — A=2m2+4m—322.(1)2+4.——3:—-——
4 4 4 8

£ e 4 ; 7
Dau “=" xay ra khim = ik

xl+x2=2m+1 L1

b. Véim>-- theo hé thic Viét ta co: 2
4 XX, =In +& 2"

Viy ta c6 h¢ phuong trinh :
X, +X, =2m+1 X, =3-2m X, =3 -2m
x, =2m +1-(3-2m) %, =4m.—2




Theo (2°) ta c6: XX, =m° + 2 (3~m){dm—2)=m"+2

< 9m” -16m + 8 = 0: phuong trinh vo nghiém.
Vay khong co gia tri m nao dé (1) va (2) ¢6 nghiémx,, x,théa man:

Xl + sz = 4 .
A=0
g g i b
8. a. Phuong trinh (1) ¢6 2 nghiém duong = {-—>0
a
b 0
a

Tatd: Ay, =Ky =b" ~dag=0
Suy ra phuong trinh (2) cling c6 2 nghiém. Goia >0, B>01a 2 nghiém

cta (1). Doa > 01a nghiém cua (1) nénaa® + ba + ¢ = 0(*)

Chia 2 vé cua (*)choo’, tacd: a+ b(—l—) + c(l)z =0,suyra L} la nghiém
o o a

cua phuong trinh (2). Tuong tu —é ciing la nghiém cua phuong trinh (2).

Vay phuong trinh (2) cling ¢6 2 nghiém duong.
b. Ay =4 =b®-4ac. Néu Ay <0thiA, <0, suy ra néu phuong trinh

(1) v6 nghiém thi (2) cling v nghiém.

c. (1) ¢6 2 nghiém trai dau nén< <0, dodé2 <0, vay (2) cling c6 2 nghiém
a C

trai dau (dpem).
9. Do Xy, X2 1a 2 nghiém ciia phuong trinhx* +3x +1=0
X' +3x,+1=0 (x, +1)? = —x, va x? +2x, =—(1+x,)
= = ]
X2 +3%, +1=0 (x, +1)* =—x, va x; +2x, =<(1+X,)
. ) - % +%,==3
Theo Viét ta co: { o

XX, =1

Viy % +2x: .xg +2x’2 _o(tx) (X)) T +X)+ XX,
1) o+ 1) =% %y 5
I
10. a. Hoc sinh tu giai.
b. C6a=1>0, c=~(m*-m?+1)<0 suy ra ac<0. Vay (1) ludn c6 nghiém
VGitiioi gid tri

&
4
&
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¢. Do phuong trinh (1) luén ¢6 2 nghiém x; X, nén theo Viét ta co:
XX, = i T e L
3 3

Suy ra A=—xlx2+5=m4-m2+1+5:m4—m2+6:(m2——;j)2 452252
4 4

Vay A nho nhat béng 5% .

Dau “=" xay ra khi va chi khim? = % Sm= ig :

11.a. Pat(x+1)* =t, t=>0
Phuong trinh (1) & t* - (m-Dt-m?+m-1=0 (2)
Voim=-1,taco:(l} & t2+2t—(=1)°=-1-1=0

t, =1

ot2+2t-3=0 & _
t, =-3 (loa)

x+1=1 [x:O
<

Suy ra: (x+1)2=1<:>[ 5
X =-

x+1=-1

b. Trong phuong trinh (2) c6a=1, c=—(m* —m+1) <0 nén (2) ¢6 2 nghiém
trai ddu t, <O<t,. Vi vdy phuong trinh (1) c6 2 nghiém phan biét.

Xg =ty =1 X, ==ft; =1 x| +|x,|=2 |\/§—1]+|\/E+1|=2
<:>22|1—\/§+\ﬁ:;+1|=2. Dau"=" xay ra khi va chi khi:

(1—\/6)(1+\/€)20<:>1—\ft_220<:>t231.tz la nghiém duong cua
phuong trinh (2) nén: t, = (m-1) + J(m ~1)*-4(-m?*+m-1) <1

& \/5m2—6m+551—(m——1)=2—m
{5r112—6m+55(2—m)2 {4m2—2m+130
= &

2-m=20 m<2

1—\/—5_ 1+\./g 1-——\/5 1+\/5

sms

e L <m<
2 2 9 m 2
m <2
R
: ; - b
12. Phuong trinh (1) c6 2 nghiém duong < {-—>0
a
—>0
a
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Taco: Ay, =b* —dac=A, >0do do phuong trinh (2) cling c6 2 nghiém.
Giastr x, >01a nghiém cua (1). Thé thi: ax, +bx, +c=0 (3)

2

= & .5 s ; .. X, bX C T

Chia 2 vé cua (3) cho x},taco: ==L+ L — =0, tirc 14
ST SR

Xy X X,

S 4 : : s .
8+ 3(—-—) + c(—%—} =0 = — la nghiém cua (2).

: | " i ) . g . 5
Turong tu — cling la nghiém cua (2), ma x3, x4 1a nghiém cua (2).
Xy

p . % AU 1
Khong mat tong quat, gia sur: x, = — %= —
1 2

. 1 1
SUy ra: X; + Xy + X3 + X, = (X, +—) +(x, + —) 24
% X;

, 1 - ; 1 .
(do %, + —22 vdi x, >0 va x, +— > 2véi X, >0).
X
1 2

, =1.(~m° -2)<0
13. a. Te co: = eI =) =
A=(m-1*+4(m*-m+2)>0 Vm
Do ¢6 phuong trinh (1) ¢6 2 nghiém trai d4u.
; ., | Xt Xy=m-1
b. Theee Viét ta co:

X, X, =-m” +m -2

A=x{+x)=(x, +%,)° —2%,x, =3m®> —4m +5 =3(m——§—)2 +S2, Vm

A » A 1 Ao 75. 1]
Vaiy A nho nhat —?1 Diu “="xdayra & ng.
14. a. ac=2(-2)=-4 <0, phuong trinh luén luén c6 hai nghiém phan biét

A o i A L Xre s . 3m
VOl mo1 gia tri cua m. Theo hé thic Viét ta cé: x, +x, =5 %Xy = -1

2
b. Szxf+x§=(x1+x2)2—2x1x2=(§2E)2-2(—1)=9m +22>2
Vay minS=2khi m=0.
(3m)3+3 3m
e L LoX+% (+x) -3xxx+x) (9t _-9m(3m® +4)

: - 3
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15. a. Tur gia thiét cac phuong trinh (1) va (2) 1a phuong trinh bic 2 nén
az0,c#20dodo x=0.

: : 1 1 - z 4
Ta co:ax’ +bx+c=0ex’(c.—+b.=+a)=0. Vi vdy néu »=a Ia
X X

nghiém cua (1) thi o =0 va é la nghiém cua phuong trinh (2).

g - . . o 1 g ca .
b. xi, x2 la nghiém cua (1) thi —=y,; — =y, la nghiém cua (2)
X,

Viy M=x?+y2 +x2 +ys =(x} +i2)+(x§ +-}2—)22+2=4
X X
Suy ra M nho nhat la bang 4.
16.a. Diéu kién dé phuong trinh da cho la phuong trinh bac hai: m #1.
A'=m?’-(m-1)(m+1)=1>0.

Viay phuong trinh ludn ludn c6 2 nghiém phan biét véi moi m # 1.

23
m + 1 3 2m "5
b. = =5 = m=— X, *E = = =5
Tl 2" M m-1 3 4
2
2
x1+x2=—m—1 (1)
c. Ap dung dinh ly Viét ta co: il
m+1
s &5 PR (2)
m-1
2m 2m - (m —1) m +1
= —_— = i) = +1:Xxx+1

Viy hé thirc phai tim 1a: x;x, —(x, +x,)+1=0.

ks T T | =0 (chuy rz"mg trong phuong trinh da cho khong c¢ nighiém
X, X
bang 0)

& 2(x2 +x5) = -5x,X, < 2[(){1 +x,)% - 2x1x2] = -5x,X,

& 2%, +X,)° =-xX,

; 1
=— o ImP=1 & m=+—
m -1 3




‘ l \’4—m"3>0
17. a. Diéukién:~——)>() < {m>0 e w2am<?
a
" m° —2 50

— >
a

b. Tugiathiéted /2 <m <2

5 g m—v4 -m-* 2
Tach x, = =
5 9

= 1 ; 1 . 9 p
X~ = Z(m+\/4—m2)::1-(mz +4-m” +2\/m2(4—m)2)

Chiy ring 2ym?(4 -m?) <m® +4-m” =4 nén x} <

Vi x, >0 nén x, <v2.

. Dé thay x, <x,

=
+
[AJ NN
I
=

4+4)=2

N

Vay nghiém duong 16n nhit bang V2 khi m =/2.

18. Goi xo la nghiém chung cua (1) va (2). Thay vao hai phuong trinh ta tinh
dugc: (11a-6)x, =8.

Véi a= % , ca 2 phuong trinh (1) va (2) vo nghiém.

Thay vao (1), rit gon: 99a® —164a —68 = 0. Nghiém nguyén cua phuong
trinh nay 1a a =2

Véi a=2: (1) twong duong véi 2x” + 5x —3 =0, nghiém la 5 va -3.

(2) twrong duong vai 6x* —x-1=0, nghiém la % va =5

Do d6 (1) va (2) ¢6 nghiém chung.
Két ludn: gia tri nguyén cintimcuaala a=2.
19. Bai toan: diéu kién dé phuong trinh c6 2 nghiém x,va x, la:

m # 0 m#0
‘ 2 = 9 9
A's[S(m——l)] —9(m—3)m20 {A'zQ(m -2m+1)-9m® +27m >0

m=#=0 m#0
& P &5 )
{4';:- Ym+1)20 {mz—l
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20.

21.

22,

X, + X, _8(m-1)

Theo hé thire Viét ta co: M va tir gia thiét: x, + x, = ,x,
_9(m -3)

m

XXy

6(m-1) 9(m -3)
m - m
Som-6=9Im-27To3m=21om="17

(thoa man diéu kién xéc dinh)

suy ra: < 6(m-1)=9(m - 3)

Vay véi m = 7 thi phuong trinh da cho ¢6 hai nghiém x, va x, thoa nman
h¢ thire: x, +x, =x,.x,
Bai giai: diéu kién dé phuong trinh c¢6 2 nghiém x,va x, la:
A'=(2m+1)? —4(m* +22>0) & 4m® + 4m + 1 -4m* -820
7 o - o x + Xy =2m+1
< 4m-T72>0< m=—. Theo hé thuc Viét ta co: ) wa tur
4 X, =m" 42
gia thiét 3x,x, —5(x; +X,)+7=0.
Suyra 3(m?+2)-52m+1)+7=0<3m* +6-10m-5+7=0
m = 2(théa mén)
<3m’-10m+8=0< 4 )
o= g(khéng thoa mfm)
Vay voi m = 2 thi phuong trinh ¢6 2 nghiém x; va x» thoa man hé “hirc:
3x,X, =5(x, +x%,)+7=0
Pé phuong trinh ¢6 2 nghiém trai dau thi
= $ 2 _m-6)>
{AZO A=Bm+1)*-42.(m"-m-6)=>0

<> 2
P<0 |p.m -—m-6 ,
2

A=(m-=7)%20,Vm
P=(m-3)(m+2)<0
trinh ¢6 2 nghiém trai dau

& -2<m<3. Vay voi -2 <m < 3 thi shwrong

X, +X%X, =—(2m-1
Theo Viét { g g = )
Theo dé bai: A =x? +x2 —6x,%, = (X, +X,)* —8%,X,

- (2m <1y +8m =4m? -12m +1=(2m - 3)" -8 > -8

s



Suy ra minA =-8 < 2m":3:0h11y m :g

. L% +X,=m
23. Ta ¢o: theo hé thie Viétthi { ' °
XMy =M =1
2%,%, 4+ 3 Zx,x,+3  2(m-1)+3 Z2m+1

2 p : = i ¢ = P «
X+ %o+ 2(x,%, +1) (%, +%,)° +2 m® + 2 m” + 2

=0 SR

Cdch 1: thém bot dé dua vé dang nhu phan (*) da hudng dan.
m? +2=(m®-2m +1) _1_(m—1)2

Ta bién d6i B nhu sau: B = . -
m< + 2 m- +2
2
Vimwdfzoaﬁil)zozle
m° +2

Viay maxB =1« m=1. Vi cach thém bot khac ta lai co:

1, 1, 1., 1,

B= 2 - 2 = 2
m* + 2 m° + 2 2(m* +2) 2

2
Vi (m+2)220:>-£m—122—20:>B2——1—.V3y minB=—l<:>m=—2
2(m* + 2) 2 2

Cdch 2: dua vé giai phuong trinh béc 2 véi 4n1am va B la tham s, ta s& tim diéu

kién cho tham s6 B dé phuong trinh da cho lu6n ¢6 nghiém véi moi m.

B=2M*L o Bm? _gm+2B-1=0 (**)

m- + 2

Taco: A=1-B(2B-1)=1-2B*+B

Dé phuong trinh (**) luén c6 nghiém voi moi m thi A>0

Hay 2B +B+120<2B*-B-1<0< (2B+1)(B-1)<0

[ 1
{2B+1so B3

B-120 B>1 ]
o -—<B<1

= 2
{2B+120 Bs_L

| (B-1<0 2
| [B<1

Viy: maxB=1om=1; minB=—§<:>m=—2
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Chuong 3. Hé phuong trinh

Cac dang bai tap co ban

Dang 1: H¢ phuong trinh bic nhit hai in sé - j
Phuwong phdp giai: — S

Cdach 1: St dung phuwong phdp cong dai 50.
Cich giai h¢ phuong trinh bang phuwong phdp cong dai so
* Nhan cdc vé cua hai phuong (rinh voi so thich hop (néu can) sao cho
cdc hé sé ciia mét an nao do trong hai phuong trinh ciia hé bang nhau
hodc doi nhau.
* Su dung quy tic céng dai s6 de thuc hién phwong (rinh moi, trong dé

c6 mot phiwong trinh ma he s cua mét trong hai an bang 0 (tic la

phiwong trinh mét dn 56).
* Giai phuwong trinh mot an vira thu dugc roi suy ra nghiém cua hé
phuong trinh da cho.

Cich 2: Sw dung phuwong phdp thé. Quy tic thé
Quy tdc thé dimg dé bién doi mot hé phuong trinh thanh hé phwong trinh
twong duwong.
Tom tit cich giai h¢ phuong trinh bing phwong phdp thé
+  Diing quy tdc thé bién doi hé phwong trinh da cho dé dugc mot hé
phuong trinh méi, trong do c6 mot phmmg trinh mot an.
+  Gidi hé phwong trinh mét dn vira co, roz suy ra nghiém cua h¢ da
cho. Nghiém cua hé phuong trinh la cap s0 (x, y) vira tim duoc.

Cdach 3: Sw dung phwong phdp do thi.

Cdch 4: Sw dung phuong ph(ip ddt an phu

Dang2: H¢ phuwong trinh doz xung logi 1: Néu ta thay déi vai tro cua x, y—‘
thi tirng phicong trinh van khong thay doi.

S=x+Y¥

Phuong phdp gidi: Dua vé hé phuong trinh theo 2 bién méi la: {P
= Xy

véi diéu kién S* > 4P o
Dang 3: H¢ phuong trinh doi xieng logi 2: Néu ta thay doi vai tro cua x, y
thi phuong trinh nay chuyén thanh phuong trinh kia.
Phuo‘ng phap giai: Tru 2 phuong trinh voi nhau dé nhdn dwoc phuong trinh

mdéi ¢é dang tich sé
Chui y hé phuong trinh d()l xung loai 2 néu cé nghiém thi cé nghiém
(x,,x,) (nic la x=y). Néu hé phuong trinh co6 nghiém (x,y) thi hé

phuong trinh ciing c6 nghiém (y,x).
Dang 4: H¢ phwong trinh khong mdu murc
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Dang 5: H¢ phuwong trinh co chiva tham 56 : Chuyén bai todn tim diéu kién
¢é nghiém cua hé phuong trinh tro thanh bai todn tim diéu kién co
nghiém cua phiong (rinh (hang phiong phap thc)

cdc vi du minh hoa

D"”&’ ] H¢ phuwong trinh bic nhit hai in so - J
s e i . 9 r=1
Vi du I: Giai hé phuong trinh sk (a)
3x+4y=-1 (b)
Giai

Cdch 1. Sir dung plirong phap the
T phuong trinh (a) =y =1 - 2x  (c). Thé phuong trinh (c) vao
phuong trinh (b) ta duoc: 3x +4(1 =2x) =-1 & -5x=-5 & x =1,
Thé x = 1 vao phuong trinh (c) ta duge y = —1. Vdy hé phuong trinh da
cho co nghiémlax=1vay=-1.

Cich 2: Sir dung phwong phdp cong dai 50
Heé phuong trinh da cho

8x+4y=4 5X =9 Bl x=1
<> p— & o :
3x+4y=-1 3x +4dy =-1 3.1+4y=-1 =-1
Vay hé phuong trinh dé cho co nghiém la (x = 1;y = -1).
Vi du 2: Giai hé phuong trinh : l‘x ! 1' * ‘/; =
, (x* +2x +1)y = 36
Giai
Piéu kién y=0. Taco (x* +2x+1)y=36<:>|x+1|\/§:6
=5
Dat u=|x+1|, v=yy (u20,v=0),ta c6hé phuong trinh{u+v ;
uv =
Giai hé phuong trinh,tacé :u=2,v=3 hodc u=3,v=2
Truong hop: w=2,v=3 co:(x=1;y= Qhodc(x=-3;y= 9)
Truong hop: u=3,v=2 co:(x=2;y= 4 hodc(x = -4 y= 4)
Vay hé phuong trinh da cho c6 4 nghlem (1:9). (=3:9), (2:4). (- 4:4)
x(y -2)=(x+2)(y-4)
(x-3)2y +7)=(2x-T)(y +3)
Giai

Vi du 3: Giai hé phuong trinh{

X(y-2)=(x+2)(y-4)
(x=3)2y+7=02x-T)(y+3)

Xy —2x =xy + 2y —4x -8 Xx-y=-4 X=-2
s £ —~
2xy — 6y + Tx —21=2xy - Ty + 6x-21 x+y=0 y=2
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2 2 =
Vi du 4: Cho hé phuong trinh: ahit it b (1)
xy(x +2)(y+2)=m

a. Giai hé phuong trinh khi m = 24
b. Tim m dé hé phuong trinh ¢6 nghiém
Giai
2 2 _
a.Khi m=24 thi (1) o {¥ 7Y t2x+2y=11 .,
xy(x +2)(y+2)=24
PDit u=x*+2x=(x+1)?-1>-1 va v=y’ +2y=(y+1)? -1>-1

2) o {u+v:11 " {u=3hay {u=8
\'%

uv=24 V=i
{(x+1)2—4 {(x+1)2—9
'~ hay

(y+1)?* =9 (y+1)?2=4
x=d2=1 X=43-1
- hay
{y=i3—1 {y:i2_.1
Viéy khi m =24 thi (A) c6 cac nghiém (x, y) la:
(1,-2), (3;-4), (=3;-4), (2;1), (2,-3), (-41), (-4;,-3)
b. Tim m dé hé phuong trinh c¢6 nghiém
Pt u=x*+2x+1=(x+1)?20 vav=y?+2y+1=(y+1)?20
Ta duoc (1) tro thanh:
u+v=13 u+v=13 u+v=13
—1 =
{(u—l)(v—l)zm { {

= u, v lan luot 14 cac nghiém cua phuong trinh:

uv—-(u+v)+1l=m uv =m-+ 12

X?2-13X+m+12=0 (3)
Do d6: (1) c6 nghiém < (3) ¢6 2 nghiém X, X, >0
A20 ;
121-4m 20 ms—lﬂ 121
& 820 © 4 & -12<m<—
m+12 >0 4

P m=>-12

Vi du 5. Cho hé phuong trinh véi tham sé a: {(a PjES Y SR )
x+(a-1y=2 (2)

a. Giai hé phuong trinh véi a = 2.

b. Giai va bién luan hé phuong trinh.

c. Tim céc gia tri nguyén ctia a dé hé phuong trinh c6 nghiém nguy3n..

d. Tim céc gia tri nguyén ctia a dé nghiém ctia hé phuong trinh thca man

diéu kiénx + y nho nhit.




Giai

€ X= Do = (tu giar)
; 74,y 4 L glc

b. Ratytur(l): y=(a+1)x—(a+1). Thay vao (2)duoc:

x+(a’-Dx-(a’-1)=2<a’x=a’+1 (3)

Néu aiOlhi:ﬁ(-{1 +1 .Khi do y‘a+1
a’ a’

a2 vl a+l

Hé c6 mot nghiém duy nhat ( i~
a d

Néua =0 thi (3) 1a 0x = 1, vd nghiém. Hé dd cho v6 nghiém

c. Diéukién can, ta phaicd: a’+1'a’ = 1'a’? >a’=1=a=+1.
Dicukiéndu: voia=1thix=2,y=2.Véi a=-1thix=2,y=0.
Vaiy céc tri nguyén cua a phaitimla 1 va -1.

a% $ g+ 2 1

. 2
d Tagh g4yg=——C ol s—pNaxD
a’ a aZ( )

1 :
Dat — =z, ta co:
a

x+y=1+z+222=2(22+£+i)+z=2(z+1)2+12z
2 16 8 4 8 8

Viy min(x+y) :%khl va chi khi z=-Z,tuc la a=-4

X +y*+xy=37
Vi du 6: Giai hé phuong trinh: { y* +2° +yz=19
22 +x*+2zx =28
Giai
Dé thoa man h¢ phuong trinh x, y, z phai phan biét nhau tirng d01 mot.
Nhin cac vé cta ba phuong trinh lan luot cho x-y, y-z, z—x roi cong
x’ -y =37(x-y)
lai ta duge: {y® —z* =19(y - z)
z3 —x3 = 28(z —x)
Tuhé tréntaco x-2y+z=0 = z=2y-x, thay vao cac phuong trinh
7y® + x® - 5xy =19

thir hai, thir ba cua hé phuong trinh thi dugec: o s
. . 4y° +x° —2xy =28
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T —B 1 =T
bat y=tx tacé x‘( . +Hh=i2
x*(4t2 -2t + 1) =28

7t* -5t +1 _4t*-2t+1 ‘ :
Suyra &= 7 T o 40t2-34t+3=0,0rdd t=5 hayt= L.
19 28 4 10

* Thay t = ta tinh duoc x =4 hay x =—4, cdc gia tri nghién tuong

ing la (x;y;2) =(4;3;2) va (x;y;2) = (-4;-3;-2) .

* Thay t:%, ta tim dugc cic nghiém: (x;y;z):(l—o-i-—ér) va

5 w2
1 8

(%;¥;2) = (— 2 )

Vidu 7: Cho cac duong thang: 2x — 3y = 4 (d); 3x + 5y = 2 (d")

Tim trén truc Ox diém co6 hoanh do
la 56 nguyén duong nho nhat, sao cho
néu qua diém do ta dung duong vuong Y S———
goc vdi Ox thi duong vudng goc ay cit k
cac duong thang, d va d’ tai cac diém 4
c6 toa do 1a cac sb nguyén.

= | AfaB)

Giai d O 14 x
Goi toa d¢ cua diém phai tim 1a (a; 0) | x=a
v6i a la sb nguyén duong nho nhat sao
cho duong thang X = a cit cdc duong -8 e, D(8:€)
thing d va d’ theo thir tu tai A(a; b) va
B(a; ¢), trong do b, ¢ 1a cac s0 nguyén.
Nhu viy can tim s6 nguyén duong a nho nhét sao cho c6 cac sb nguyen b

: , . |2a-3b=4

va ¢ thoa man
3a+dc=2
6a-9b =12 =

Khir a ta duoc . :>9b+10c:=—8:>b:—1—c+—1-—cbva‘lc
6a+10c=4 9

C -k (k nguyén) hay c=-9k+1. T do tim duoc

thudc

b=10k-2 va a=15k-1.Dé a 1a sb tu nhién nho nhit thaa man
a=158k-1,tachonk=1,khidoa=14,b=8,¢c=-8.

Diém phai tim trén Ox la H(14; 0), duong thing x= 14 cat d vai theo
thir tu tai A(14: 8) va B(14; - 8).

&
S A
FrEy
A 555 OO
W A



Giai
" ) I‘Zx!-*yzrl
[r hé phuong trinh ¢ _
| xy +x% =2

Suy ra xy + x° =4x” -2y o 3x’-xy-2y°=0 (1)

B
* Néu y =0 ta thu duoc: 2 hé phuong trinh nay vd nghiém.
X
.Vr

* Néu y =0, ta co: (1} & 3(%)2—(—)—2:0 = i 5

. |X= x=-_Y
Vay h¢ phuong trinh da cho tuong duong voi: { 2y S=1 hay 3 :
NS 2% —y? =1

H¢ phuong trinh sau v nghiém, con hé phuong trinh dau cho ta:

X = X=-—
hay i
X+xy+y=1

Vidu 9: Giai hé phuong trinh {x+yz+z=3
Z+zZx+x="17
Giai
(x+1)(y+1)=2
Hé¢ da cho tuong duong voi {(y+1)(z+1)=4 (¥)
| (z+1)(x+1)=8

Nhan ba phuong trinh lai ta duge [(x + 1)(y +1)(z + 1)]2 =64

o= |
1) (x+1)(y+1)(z+1)=8. Két hop voi (*) suy ra nghiém: (y =0
VA

=-3
2) (x+1)(y+1)(z+1)=-8. Két hop vai (*) suy ra nghiém {y =-2
| z=-=b
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I

2

d . /2_1
Jx y
L_{_ 2_1.
Wy Vox

Giai

(x>0; y>0).Ta co: VX +V2-Y=JY-V2-X.

Vidu 10: Giai h¢ phuong trinh |
2

I

Pit X=—; V=2
X i

Nhan thay:

*Néu X>Y thi VX +vV2-Y>JY -V/2-X.

*Néu X<Y thi VX +4/2-Y <JY -/2-X .Vay phdicé X=Y.

V6i X=Y,tact: VX +/2-X =2 & X+(©2-X)+2/X(2-X) =4

o JX@2-X)=1 & X?-2X+1=0 & X=1 & X=Y=1

Il x=y=]1.

x—-\/§:1
Vi du 11: Giai hé phuong trinh: {y -z =1 (1)
z-vx =1
Giai
(x = y+1
(1) & {y=+vz +1.Diéukién x,y,2>1. Gia sirx, y, z la mot nghiém véi
z=x +1
X bé nh;‘lt trong ba s6 (cac truong hop khéc tuong tu).
Khi do: {xsy S PSS A B gy = 2=y=1.
X<Z
Véi x=y ta c¢6: x=+x+1, suy ra x=3+2\/g (x=1), tr do:
x=y=z:3+2\/g.

Vi du 12: Phan tich a®? —2b% +3b—3a +ab thanh nhan ti, rdi ap ding dé
o .. |2x* -15xy+4y* -12x+ 45y -24 =0
giai hé phuong trinh * i o
x? -2y +3y-3x+xy=0
Gidi

a? —2b¥8h —3a +ab=(a-b)(a+2b—3).

R4



Ap dung phan tich trén, tir phuong trinh thir hai ctia hé ta c6 :
(x-y)(x+2y-3)=0,suyra y=x hay x=3-2y.

Néu x =y, thay vao phuong trinh thir nhit, ta duoc:

3x*-11x+8=0 = x=y=1 hay x=y=1.
Néu x =3 -2y, thay vao phuong trinh thir nhat, ta duoc:

¥ =1 =% fey=1 hay 2= g==1.

D(l_;_g 2: Hé phwong trinh doi xieng logi 1
, et A ‘ X =1
Vi du 1: Giai hé phuong trinh :{ ; (1)

x°+y° =x° +y°

Giai

s
I

x+y=1 x+y=1
() o 2 T ~0 =
(X+y)(X°+Xy+y )=x"+y Xy {

f—M\
<
i
(== =

<
Il

Vay hé phuong trinh ¢6 nghiém (x,y) 1a:(0;1) va (1;0)
Vi du 2: Giai hé phuong trinh: {xz Ry =l
' xt ¢yl 428yt =21
Gidi
Day la hé phuong trinh ddi xung loai 1, bién doi vé dang:
(x+y) -xy=17

2 _ :7
(x+y) —xy o 2
[(x+ y)* —2xy] -x’y? =21

(x2 +y2)2 _x2y2 :21

(x+y) =xy=7 (x+y)' —xy=7 {x+y=i3
Lo

=
Xy =2

<
Xy = 2

[7- xy]2 —x'y* =921
Vay hé phuong trinh c¢6 nghiém (x;y)la {(1; 2).(2: 1),(-1;—2),(—2;—1)} .

) s 2 = 3 =
Vi du 3: Giai h¢ phuong trinh: sl (x y)3 (x, yeR) (])
2 +xy+yi=7(x-y)

Giai

Dat {" ~¥ =™ Heé phuong trinh (1) tré thanh:
XY =¥




<
i1

{u2—3u+v=0 {3112—31.1:0 {
&

- =%
v =2u

v = 2u® {
L.

{u:x—yzo

v=xy=0 =0 =0 =

= = {x hay {X hay {X !
¥

< £
o
N = O O

il

{uzx—yzl y=0 — y=-2
I Xy =2
Vi du 4: Giai hé phuong trinh: {"2 +Y =5 (1)
x'-x’y? +y' =13
Giai
- =i
1) o {X2+y2:5 o {xuyz”’ - {Y"‘:“
[ 405 ~3x°’y* =13 x’y® =4 x? =4
| L{Y2=1

Viy ta c6 hé phuong trinh ¢6 cac nghi¢m la:
(x,¥) € {(1,2);(1,-2);(-1,2);(-1,-2);(2,1);(2,-1); (-2, 1);(-2,-1)}

2 9
Vi du 5: Giai h¢ phuong trinh: {X R B (1)
Xy+X+y=95

Giai

(1) RS0 . Dat SRy — hé phuong trinh da cho
xy+(x+y)=5 P=xy

SP =6
= { (I) = S, P la2 nghiém cua phuong trinh

S+P=5
5=2
PFsd

S=3
|P=2

Trong 2 nghiém trén chi ¢6 nghiém S=3, P =2 la phu hgp voi baitoan
Khi do ta ¢6 x, y 1a 2 nghiém cta phuong trinh
X2-3X+2=0= (x,y)e{(,2);2D)}-

x! -5x+6=0(I) <
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1
x+y+a+l—5
I L ~ N ,( y
Vi du 6: Giai hé phuong trinh:- i
X’ +y'+—+—=9
2
Giai

y 1 1 : y . .
Dita=x+—, b=y +~ —hé phuong trinh da cho twong duong vol
X

a+b 5 [a+b 5 [a+b=5
a’+b*-4=9 ]a +b2—13 1(a+b)2—2ab:13
{a+b:5 rdb) (2,3)

,_/'

>
ab=§8 {a,b)=(3.2)
x+l— K=
g=2 X
¥
Gh= J5
. a-3 . < . X:3i 5]
b=2 ﬁy+—1—:2 ) _1 2
Uy e

Vay hé phuong trinh da cho c6 4 nghiém (x,y) la:

1,3+\/5_ 1,3—\/3_ 3+J51_ 3-5 .
2 P\ 2 )L 2 ) g

X +xy+y:=19(x - y)?
XX -xy+y =T7(x-y)
Giai
{xz +xy+y2=19(x —y)* - {(X - Y)2 +3xy=19(x - Y)2
X —xy+y’ =1(x-y) (x—y)2+xy=7(x—y)
Pit x —y = u; xy = v. Hé phuong trinh da cho tr¢ thanh

{18u2 =3y {v = 6u’ {v =6u’
= = =N

Vi du 7: Giai hé phuong trinh:{

w-Tu+v=0 w-Tu+6u?=0 uw?-u=0

=0 =1 =1+
= 4 hoac . < x=y=0 hodc . d
= v=06 Xy =6
. x=0 |x= 3 |x= -2
Suy ra hé phuong trinh da cho co nghiém
Y 4 y=0 Y= 2" |ly=-3
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- .
Vi du 8: Giai hé phuong trinh: {X e =4
X+Xy+y=2
Giai
Patx +y =S, x.y = P, khi do hé phuong trinh da cho tré thanh

Sz—P=4 SZ+S'—6:O Sl:2 S :_3
= = 1) hodc { * 92
{S+P=2 {P:‘?—S P1=0( ) ) P2 =5 ( )
P{X=0
. - =0
vmsl:g,plzmacé{my 2 _ |l
xy =0 x=2
- :O

. [S, =-3

Vi {Pz o ta co hé phuong trinh da cho v6 nghiém.Vay hé phrong
2 —

: =0 =2

trinh ¢6 nghiém * : X .

y=2 (y=0

2 2
Vi du 9: Giai hé phuong trinh: {x +Xy+y =3
X+xy+y=-1
Giai
Dat S =x +y, P = xy; khi d6 hé phuong trinh da cho tro thanh

2 _ — 2 ;) =1 1 =_2
St-P-3  [848-220  [Si=1 o [8,=2
2 =1

S+P=-1 |P=-(S+1) P =- ) =
(l)o{x+y=1c>{x=—1hoéc {x=2
Xy =—2 o y=-1

(2) = {x B y: - & x=y=-1. Vidy hé phuong trinh di cho c¢ céc
Xy = _

_— :—]_ :2
nghiém: x=y=-1; {;:2 ;{X

y=-1

x\Jy +yvx =30

X x+y\/;=35‘
Giai

{x Y+y\/1_(=30c>{\/;c;(\/;+\/;)=30
xVx+yy =35 |(Vx+y)x-xy +y)=35
Jxy(Jx +Jy) =30

{‘/;h/?)((\/; +Jy)? -3xy)=385

Vi du 10: Giai hé phuong trinh: {

(x=0;y20)

Lol

(

e

#

iy
b B g
o s
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Dat S=vVx +Jy 20; P = JXy =0, hé phuong trinh tré thanh:

SP =30 JSP =30 SP =30 S=5
‘ o . o =
S(S*-3P)=85  |s'-38P=35 |§'=125  |P=6

Jx va \/§ la 2 nghi¢m cua phuong trinh: X% -5X+6=0.
Suyra: (Vx =2; Jy =3) hay (Vx =3 \Jy =2).
Dang 3: H¢ phuwong trinh doi xiing logi 2

Vi dy 1: Giai hé phuong trinh: {;; iéi :2
’ ’ Gidi
Tru vé theo vé, ta co :
(x*+2y)—(y* -2x)=0 & (x + Y)(x -y +2) =0
* Néu x+y=0, thay y = —x vao phuong trinh dau thi:
x*-2x=8¢&x"-2x-8=0.Gidira: x=4 hodc x =-2. Truong hop
nay h¢ phuong trinh c6 hai nghiém : (x;y) = (4;-4) hodc (x;y) = (-2;2)
* Néu x—y+2=0,thay y=x+2 vao phuong trinh dau thi:
x> +2(x+2)=8 = x*+2x-4=0. Giai ra: x=-1-v5;x=-1+5
Truong hop nay hé phuong trinh ¢6 hai nghiém:
(%) = (-1-V5;1-V5); (x;y) = (-1+5;1+ V5)
Vi du 2: Giai hé phuong trinh: {XB s
) v +1=2x (2)
Giai
3
Tir hé phuong trinh {XS LSy suy ra x° —y® = 2(y —x)
y +1=2x
S -V +yi+xy+2) =0 y=x. Thay vao phuong trinh (1) ta
duoc: x° —2x+1:0:>x:1,x:_1i\/—5_.

Vay hé phuong trinh c6
nghiém la: (x=1;y:1),(x=~1i\/g;y=—1i\/gj.

2 2
Dang 4: H¢ phuwong trinh dang khdc

¥

X 2 X ]
[ 4 L 3. -~ b == + = = ]'2
Vi du I: Giai hé¢ phuong trinh:< | y
F (xy)* +xy =6
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Gidi
Piéu kiény # 0.

L. X
Pit — =u,xy = vta duoc

y
2 3 2 0=
H +u =12 (u=2)(u” +3u+6)=0
==L 4| v=2
vi+v=6 viiv-6=0 [
v=-3

R 1,x=2
) _—= = — X =
Voiu=2,v=2:{y <:>{ y@[y :

2
] = - = '—2
Xy =2 B y=-lx
L
Vai <y hé phuong trinh nay v6 nghiém.
Xy = -3

Vay hé phuong trinh da cho ¢6 hai nghiém 1a (2; 1) va (-2;-1)
x? -y x.y =36
y* — X\[E = 12
Giai
Vé trai cua cac phuong trinh can duoc phan tich ra thura sb. Vi vay kaong

thé khong ap dung: dinh ly vé cin ciia mdt tich. Hé phuong trinh di cho
turong duong vai tuyén cia 2 hé phuong trinh:

{\/—(\/_ Jv*) =36
YWY =Vx*)=72x2 0y >0

nhau hodc c¢6 thé nhin gia tri 0 nén hé phuong trinh trén khorg <6
nghiém.

{\/—x () +(=y*)) = 36 :
JEN ) +(=07) =72x <0,y <0

Tu day \/\/: == J-y = 2\/—x, thay vao phuong trmh ta nhan duoc \/— 4,
2

hay x = -2 (vi chi xét x<0). Tirday coy = -8.

Vay hé phuong trinh da cho c¢6 nghiém (-2; -8).

\/x+y+§/x—y=6

Q/(}(er)s.(x—y)2 =8

Vi du 2: Giai hé phuong trinh: {

. Vi vé trai cua cac phuong trinh tra dlau

Vi du 3: Giai hé phuong trinh:
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Giai

Vi (x=y)* =0cho nén viée Lhuym Jx + y) (x - y) — ,"/(x+y) 8 (x—y)*

khong thay doi micn xac dmh ctia hé phuong trinh. V&1 mot sO X, y trong

micn xac dinh, ta co '\;/(‘:\ . v f+ vy (tac bién d6i nay tuong duong).

Tuong tu, thoat nhin ¢é thé bién dor: ‘\[x - = {/x —y . Nhung thuec ra,
dic¢u nay khong diang voi mol x, y trong mién xac dmh ma chi dung voi
x > v . Chinh dicu kién nay ¢o6 thé lam mat nghiém. Vi vay, ching ta phai

\/x+y+\/\c—v—o

va hé phuong trinh nay twong duong véi tuyén
dx+y 3fx-y

x-y=0 x—-y<0
cua hai hé phuong trinh:{/x + y + ¥/x -y =6 hodc Jx+y+x-y=6
\/x+y.'{E—y:8 \/x+y.§/x—y:~8
\/x+y+§/;—y=6;x—y20
x+y.§/x—y=8
Dat: Jx+y=uifx-y=v. RS rang 1a u=0,v>0. Ching ta c6 h¢

. =4
. Hé phuong trinh nay c6 2 nghiém: {u hoédc

Ta giai tmg hé phuong trinh: a) {

( =6
phuong trinh: {u Ty

nwy=8

s

= =4, =2 ... . .
{u 2 Hay ° hodc *TYE2 Giai hai hé phuong trinh nay,
L Yx—y =2 Yx-y =4
chung ta nhin duoc 2 cap gid tri x vay: (12; 4) (34; -30)
x—-y<0

\[x +y+ %fx —y =6. Dé giai hé phuong trinh nay, ching ta sir dung cac

Jx+ydx-y=-
ky hiéu nhu & phan a). Tuy nhién, ¢ day u>0, v <0.

:6 *A k] A b
Chung ta ¢6 hé phuong trinh: {u V=T Nghiém cua hé phuong trinh
u

nay sé 1a cac cap s6 (u, v): 3+ V17;3-17), 3-V17;3+17).

Theo diéu kién, cip so thir 2 khong théa man.

\/m =3+J17
fx-y=3-17
s& la cap so: (103 - 19J17:-77 + 25J17) . Vay hé¢ phuong trinh da cho
coiggh}gm (10-3 1O =TT 25\/—) (12; 4), (34; -30).

Khi do, c6 thé viét: { . Giai hé phuong trinh nay, nghiém
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< ; PO B 1
Vi du4: Giai hé phuong trinh: Yx-y \/X y (1)
X+y= m (2)
Giai
a3 . x-v=>0
Diéu kién: { (3)
o Al o

(1) © Yx-y(1-§x-y)=0 < [x:y . Thay x=y vao (2), giai

x=y+1

Y ==

?r J

ratadugc: x=y=1.Thay x=y+1 vao (2), giai ra ta co: x=g-

N —

Két hop voi diéu kién hé phuong trinh ¢6 2 nghiém: x=1; y=1 va

T
2 ° 2
i |
. . oo [FE==Tae (]
Vi du5: Giai hé phuong trinh: X y
2y =x° +1 (2)
Giai

S i . X
Dicukién: xy #0. Taco (1) < (x—y)(1+i)=0 = [
Xy

xy =-1
x=y=1
x X=Yy X=Yy

Truong hop 1: ; & 3 . O _1+J5

2y =x" +1 2x=x"+1 X=y= ;

xy =-1 P Yz—l (3)
Truong hop 2: . = et X

4y =m0 d —g=x3+1 x*+x+2=0 (4)

%

Ta chirng minh phuong trinh (4) vo nghiém.

Cadch 1. x4+x+2=(x2—é)2+%>0, Vx.

. 3 ‘ . -1
Cdch 2. D3t f(x)=x"+x+2 = f(x)Zr?E1ﬁ1f(x)=f[gﬁ]>O
Truong hop nay hé phuong trinh vo nghiém.
Vay nghiém cua hé phuong trinh la:
e =dadll. ~F—d6 1=/
(x;y)=(1:1), ( 5 = ), ( ; 1

2 2 2

9%



Vi du6: Giai hé phuong trinh: ‘

‘ x? +9

3x=—5— (2)

‘ Giai

bicukién: x #, y 0. Khi d6 hé phuong trinh di cho
{BXBy—yZJrQ {(x~y)(3xy+x+y):0

= =

3xy? = x% +2 xy” =x* +2
s 3o 4 =1
Truong hop 1: o o {7
Ixy° =x" 42 y=1

3xy+x+y=0

Truong hop 2: { . Hé phuong trinh nay vé nghiém, vi tir

3xy2 =% 2
(1) va (2) taco x, y>0.
Vay nghiém cua hé phuong trinh la: x =y =1.
(x-y)x*+y®)=13
(x+y)(x*-y*)=25
Gidi
(x-y)(x*+y*)=13 (x-y)(x*+y*)=13 (1)
(x+y)xt-y) =25 {(x—y)(x+ y)?=25 (2)
(2)-(1) = (x-y)2xy=12 (3); (1)-(3) = x-y)*=1 (4)
Do d6 hé phuong trinh tuong duong véi:
{(x—y)d =1 {x—~y:1 - {(x;y)=(3;2)
(x+y)* =25 X+y=15 (x;y) = (-2;-3)
Cdch 2: Hé phuong trinh tuong duong:
{xa Pyt -yt -y =18 () {xi" -y* =19 [(2)+ 1)/ 2]
x' —xy’ +yx* -y’ =25 (2) xy(x—y) =6 [(2)-(1))/2]
- {(x—y)[(x—yf 3y ]=19 {(x—y)a +3xy(x-y) =19
xy(x-y)=6 xy(x-y)=6

{x—y=1 {x=y+1 {x-—-S {x:—Z
= <> 45 hay
xy(x-y)=6 (v+1)y=6 y=2 y=-3

- £ =B
Vi du8: Giai hé phuong trinh: x+y-xy (x,y€R).
af Vx+14y+1=4

Vi du7: Giai hé phuong trinh: { (x, yeR)

Cich I: {
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‘ Giai
Piéu kién: x>-1, y=1, xy =0.
Dt t =/xy (t=0).
Tir phuong trinh thir nhat ctia hé phuong trinh suy ra: x+y =3 + t.
Binh phuong hai vé ctia phuong trinh thir hai ta co:
x+y+2+2ﬁy+x+y+1 =16 (1)
Thay xy =t?, x +y =3+t vao (2) ta dugc:

34t42+2Jt2 +3+t+1=16 < 22Jt2+t+4=11-t

g<t<ll NEts11
: : ‘ & =4,
4(t% +t+4)=(11-t)° 3t? +26t-105=0
Véit=3taco x+y=6, xy=9.
Suy ra nghiém ctia hé phuong trinh 12 (x;y) =(3;3).
3 3
— . -8x=y" +2
Vi du9: Giai hé phuong trinh: xl . y‘ y(x,yeR)
x? -3=3(y" +1)
Giai
x}—8x=y+2y - x*—yd=204x+y) (1)
x2-3=3(y*+1) x?-3y* =6 (2)

Thé (2) vao (1) ta co: 3(x* —y*) =6(4x +y)

o 3 -y =(x? -3y")dx+y) & x* +x’y-12xy”* =0

< x=0 hay x=3y hay x=-4y

* x=0 = -3y’ =6 vOnghiém.

* x =3y thay vao (2) ¢6 hé phuong trinh hai nghiém (3;1) va (-3;-1)

-~ 6
* x = -4y thay vao (2) hé¢ phuong trinh ¢6 nghiém (-—4‘/%;‘fﬁ) hay
4,,—6—;—1’—6— ,
13 13

Vi dul0: Giai hé phuong trinh: {

L

(x> +1)+ y(y +x) =4y

(x> +1)(y+x-2)=y
Giai

x*+1=0

(x*+1)(x~2)=0 '

(x.yeR) (1)
Khi y=0 thi (1) < {
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H¢ phuong trinh nay vo nghiém. Khi y # 0 chia hai phuong trinh cho y

X‘,).+I 4 .
— bty +X—-2=2 X" +1
. y +y+x—’2:2
(1) & 1, = 4
x +.1 i g
(v+x-2)=1 (vy+x-2)°"-2(y+x-2)+1=0
y

Xx=—-2

x> +1=B-#t =il y=5

Cdcly khdc: Thay y cua phuong trinh sau vao phuong trinh dau ta co:
{xz +1+(x* + Dy +x-2)(y+x)=4x* + D(y +x - 2)

y+x-2=1 x=1
I & hay

(1) <
(% + Ty n=B=y

1+(v+x=-2)(yv+x)=4(y+x-2)

‘ {(x2+1)(y+x—2):y

(chia 2 vé ctia phuong trinh dau cho 1+x?%)
{1+(y+x—2)(y+x—2+2)=4(x2 +1)(y+x-2)

x>+ (y+x-2)=y

v+x-2=1 x=1 (x =2
= " & hay
x“+1=3-x y=2

Y=o
v + xy® = 6x°
1+ x%y? = 5x?

Giai

Vi dwyll: Giai hé phuong trinh :{

2 —_ 2 ’
J[y+ By SoK {1) . T (2) suy ra x # 0, chia cac vé cho x”ta dugc:

[ll + x%y? = 5x? 2)

g 2 y 1
N 1
=t x &> 4 i . Pat qu,—+y=v,ta duoc hé
1 92 1 y X X :
L—2—+y =9 —+y| =2==5
: X X
2
. uzv =l vi -5
. uv =6 7, u=
phrong trinh:{ | — T = 2
v -2u=5 vi-5 .
2 N=0 vi-bv-12=0

=(v-3)(v' +3v+4)=0ov=3suyrau=2.

b



1

;+y=3 -.1_.:1 ) 1:2
i <x hoac < x
X

Vay nghiém cua hé¢ phuong trinh 14 (1; 2) hoac (%;1)

Vi dul2: Giai hé phuong trinh: {xz 2 3 =0
2x% +2xy +y> =2
Giai
x> +2xy +3y* =9 (1)
{2}(2 +2xy +y* =2 (2) .
Tt phuong trinh (1) va (2) ta co:
2(x* + 2xy + 3y%) = 9(2x% + 2xy + y?) < 16x* + 14xy + 3y =0 (3).
Dé thiy y = 0 khong thoa min hé phuong trinh, do dé:

S |
N (x v o2
(3) @16(—) +14(—)+3:0<:>
y y B o2
Ly 8
+ Xl y——9x. Th vio (2) ta c6 K¥=1&>x=#1. Tir d6 hé
i
phuong trinh ¢6 2 nghiém: (1;-2),(-1;2).
* E=—§-<::>y=——8—x.Thé\félo(Z)tacc'):xZ=—9--<:>x=ir—33—-\/—i.
y 8 3 - 17 i b
N T 1 =817 Ba1T
Tur d6 h¢é phuong trinh c6 hai nghi¢m: [3\1/?;—8\1[}]_);( 31\{7_7; \1'[7 ]

Vay h¢ phuong trinh c6 4 nghiém tim dugc ¢ trén.

VX+5+y-2=17

V-2 + \/y +5="17

\ ~ Giai ’

biéu kién x> 2,y > 2. Cac ve déu > 0, binh phuong céc ve ta duoc:
{x+y+3+2J(x+5)(y-2) = 49

Vi dul3: Giai hé phuong trinh: {

x+y+3+2\/(x—2)(y+5):49
Trir ting vé:
J(x+5)(y —2) = J(x - 2)(y +5) <> (x +5)(y - 2) = (x = 2)(y + 5)
< xp+by —2x-10=xy+5x-2y-10 = x=y.
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Thay vao mot trong hai phuong trinh trén, ta co 2x + 3 + 2Vx% + 3x —10 = 49

- X <23
e Jx2 +3x—10 = 23 — x ) e x=11
£° 4 3x ~10=123 —x)*

Viy hé phuong trinh:co nghiémlax =y =11,

Vidul4: Giai hé phuong trinh: {Xi g =i
x'+y' =1
Giai

{x By = (1). Tu phuong trinh (2) suy ra -1<x,y <1 (3)

x* +y* =1 (@
FNeu x < 0: tir (1) y*-1-%x*>1=y>1 mau thudn véi (3). Viy
0<x <1, tuong tuciing ¢c6 0 <y <1. Trir tirng vé(])va‘l (2):
x*-xH+(y’ -y =0x*1-0)+y’1-y)=0 4)
Do 0 <x,y <1 nén (4) tuong duong véi hé phuong trinh:
{x3(1~x) =0

yi(l-y)=0
Thu vao (5) chi lay duge : (x=0,y=1)va(x=1,y = 0)

Vi dul5: Giai hé phuong trinh: “x +y +y2xy =8V2
Jx \/_ 4

c:(x:y=0),(x=y=1),(x=0.y=1),(x=1,y:0)

Giai
4 4 _
Pat: u=yx>0; v=./y 20 ta c6 h¢ phuong trinh:{V¥% TV +\/§.uv_8\/§.
u+v=4
Pat S=u+v; P=u.v thi hé phuong trinh tré thanh:

f8=4
|V(s*—2P)? —2p% 1 J2.P-8/2 (*)

(*) & V2P2—64P + 256 + J2P =812 <> JP?-32P +128 =8P
P<8 . [B8=4
& ) , © P=4.Viy:
P“-32P+128=64-16P+P P=4
U, v 1a nghiém ctia phuong trinh: t* -4t +4=0 < t, =t, =2
c>uv2<:>J_J—2c>xy4

Chu y: Ta da khir bot cin thirc nho dit 4n sé phu u, v. Mit khac hé da cho la
hé déi ximg kleu 1. Nén ta tinh P dé ap dung hé thic Viet. Céc ban co

thé nhén hai vé ctia phuong trinh (1) vdi J2 va binh phuong hai vé cua
phUcmgjtrmh (2) dé din dén x=1y.

Tacod:
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\/x+\/§+\/x—\/§:2 (1)
Jy+dx -y -vx =1 (2)

Giai

Vi du 16: Giai hé phuong trinh:

x>y

y > Vx

Khido: (1) © 2x+2{x*-y=4 & Jx*-y=2-x

xs2 X< 2
= 5 5 =
X°—-y=Xx"-4x+4 4x-y=4

Mat khac: (2) < 2y -2y’ —x =1 & 2y’ -x=2y-1

Diéu kién dé cac can thirc co nghia: {

yzo vzl
& 2 < 9 2
4y* —4y +1=4y* —4x 4x —4y =-1
sxs2
J; i X_17
Hé phuong trinh da cho twong duong véi: {7 2Vx; y 2 9 & ‘1_2
J
4x-y=14 y:§
4x -4y =-1

Chii y: V6i nhidu h¢ phuong trinh, cac ban phai bién déi cac bicu thirc vo ti
dé dwa cac phuong trinh trong hé phuong trinh vé dang don gian hon,
nhung phai dat diéu kién dé phép bién doi khong lam thay doi tap nghiém.

S0, bl o i LA

Vi dy 17: Giai h¢ phuong trinh: {x—\x*-y* x+ gt =g e

Lx(x+y)+\/x2+xy+4=52 (2)
Giai

Piéu kién dé cac cin thice & (1) ¢ nghia: x* > y*

Cac mau sd khac khong <> y#0. Vay: 0<y” <x”.

T I e N 0 O

T

x> -(x*-y?)  xX*-(x"-y°) 4
Poy®y 17

o 22x° -y ):_

2

¥

o 16x% -8y =17y°

. . 16 . 4
& 16x2 =25y & yi=—x? & y=t—x
y e y =
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s 16 o . , .4 5
(Do y* ==—x* nén thoa man x* > v*)

25

. 4 . B s .
Truong hop I: y = = x thay vao (2): —x” + \/-_— x* 44 =52

J 9]

.9, u<b2
Pat —x*=u20tacé: Vvu+4=52-u & 5 5
D u+4=u”-104u + 52

[u£52 g 5
<4, < u=45 & —x" =45 & x=15
|u? - 105u+ 2700 =0 5
=5 = _5
Do dé {x X ==
L}/’:4 :»4/1

Truong hop 2: y = —%x thay vao (2): %xQ - Jlx‘z +4 =52.
D D

v, , :
Pt gxz =u 20, tuong tu truong hop 1 taco: u=45

o —5—x2:45 o x2 =225 & x=+15.

P

x=156 [x=-15
y=-12’ {y =12

Tém lai hé phuong trinh ¢ bdn nghiém:

(x;y) ={(5;4); (-5;-4); (15;-12); (-15;12)}

Chii y: O thi du trén, ta di st dung biéu thirc can lién hop dé khir can thirc &
x
mau.

Do do: {

. — : (x? +xy + y2)Jx2 +y? =185
Vi dul8: Giai h¢ phuong trinh: ¢ gy et
(x* —xy + v )Wx* + vy =65
Gidai
Cdng timg vé cua hai phuong trinh ta dugc:
2(X2+y2)\1X2+y2=250 < (\’X2+y2)3:125 o x2+y2=5
(25 +xy).5 =185

& xy=12.
(25 -xy).5 =65

Thay vao hé phuong trinh: {

¥ +y* =95

Ta c6 h¢é phuong trinh: {
xy =12

D& dang giai hé phuong trinh dbi xtimg nay dé¢ dan t&i nghiém:

x=3 [x=4 |x=-3 |x=-4
yz47ly=3" ly=-4"|y=-3
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Dang 5: Hé phuong trinh cé chira tham so B - —j

\,/;+\/§:1

Vi dul: Tim m dé hé phuong trinh sau ¢é nghiém: {

xVx + y\y =1-3m
Giai
Bétu=\/;;v=\/§,u20;v20.
u+v=l +v=1
H¢ phuong trinh da cho trg thanh: { ") & {u ,
uw' +v'=1-3m uv =ml

<> u, v 1a hai nghiém ctia hé phuong trinh: t* —t +m =0 (**)
Hé phuong trinh di cho c6 nghiém (x;y) < hé (*) cd nghiém
u>0, v>0 < Phuong trinh (**) c6 hai nghiém t khong am.

A=1-4m =0
o {S=120 QOSmS%
P=mzl

2 _ =
Vi du2: Cho h¢ phuong trinh: Xy +x"=m(y-1)
xy +y? =m(x-1)
a) Giai h¢ phuong trinh khi m =-1 ,
b) Tim gia tri cia m dé hé phuong trinh c6 nghiém duy nhat
Giai
2
=m(y -1
Hé phuong trinh tuong duong véi: {Xi ’ X2 mlyr=1)
x° —y" =m(y-x)

X=y
2 {sz—m(x—l)—O &
o JXVtX =m(y-1) i =
(x-y)(x+y+m)=0 y=-Xx-m
| (m®+m=0
a) Khi m = -1 hé phuong trinh tr¢ thanh

—

1D

x=-1
= =-—1
2x2 +x-1=0 X_E
= 1
y=-X—-m y==
|10=0 2
x=t

{ (teR)

y==t+1
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k=X : = % ; ik
(I) ¢6 nghiém duy nhat < (*) c6 nghiém

b) (I) <« {

2x°-mx+m=0 (¥

% . ‘ =0
duyahit @ A=0 o m*-8m=0 o {m
m=28

xeR

Khi m =0 h¢ phuong trinh (II) thoa mén véi {
y=-x
Khi m =8 hé phuong trinh (IT) v6 nghiém = hé phuong trinh ban dau
¢O nghiém duy nhat.
Vi du3: Tim gia tri cua m dé hé phuong trinh sau c6 nghiémx >0,y <0

[2x +3y =m *
|155-3y=3
Giai
Ta co:
- m+3 X_m+3 _m+3
*) 2B 17 17 17
17x =m+3 3 _2(m+3) 9 _15m-6 _om-2
17 T 17
m+3
. x &1 17 A m+3>0
Giai he bat phuong trinh : =S =
y<0 Sm — 2 om-2<0
<0
17
m>-3 9
& 9 &-3<mc< = Cac gia tri trén cua m lam hé phuong trinh
m<—
da clo c6 nghiémx >0, y <0.
. a+l)x-y=3
Vi du4!: Cho hé phuong trinh: {( =3 (*)
ax+y=a

a. Giai h¢ phuong trinh véia = -2, ,
b. .Xac dinh gié tri cua a dé hé phuong trinh c6 nghiém duy nhat théa
main diéu kién x +y > 0.
Gidi
(—~2+1)x-y=3

—J2x+y=a

{3—\/5.2(1“/5)}
1=2J3" 1=2J2 |

a. Voriz=—/2, dugce hé phuong trinh: {

Gi&i ra dugc nghiém

AT
A
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b. Cong hai vé ta duogc: (2a + 1)x =a + 3 (1)
Hé phuong trinh (*) ¢6 nghi¢m duy nhit <> Phuong trinh (1) ¢6 nghiém

duy nhite> 2a+1#0 < a:t—%. Xét ai——;—, ta ¢ (1) co nghiém

a+3 - a+3 a’-2a
= . Tuddby=a-ax=a-a. =
2a+1 2a+1 2a+1
r r 2—
Veflynéua;t—l hécénghiémduynhét:x:a+3; yza Za.
2 Z2a+1 2a+1
11
B (a —~) i
S=x+y:a S 4 50 2a+1>0 hay :1>—l.
2a+1 2a+1 2

Bai tap van dung

(1- 123 Wx =2
1. Giai hé phuong trinh : 4 YIZX (I)
(1+ )\/}7:6
y + 3x
9x —y|-2|y —x|=1
2. Giai hé phuong trinh: [2x - 3] =2y -x (1)
3|2x - y|+|x -y|=10

= =1
3. Giai hé phuong trinh: x! -y +xy’

xy X +xy=1
X —y\/— 36
y —x\/— 72

3- y+1 —y

4. Giai hé phuong trinh: {
5. Giai hé phuong trinh: {

x+8y— y-9

X+y-—

Jx-y+2=2y-2

x> +y° =1

6. Giai hé phuong trinh: {

7. Giai hé phuong trinh: {
9 9 4 4
X +y =X +Y
x2 49 =1

8. Giai hé phuong trinh:
x> +y' =1
= .
9. Gk R ptnlsaEe 'y
x? —y* =19



Sy i R 3_3,:,3_|
10. Giai hé phuong trinh: {x x=y -3y

xll + y(i is 1

A I
o it . X' +y =1

11. Giai h¢é phuong trinh: J -
lx(' +y’ =1

X+y=4

12. Giai h¢ phuong trinh:¢ -~~~
(x* +yH)(x" +y*) =280

[x(x +2)2x+y)=9

13. Giai h¢ phuong trinh: 1 )
' X“+4x+y=06

, [x+y=1-23
14. Giai hé phuong trinh: f‘ g ad

x> +y*=1

\/x+y—\/x—y=2

\/x2+y2 +\/x2—y2 =4
x‘-2xy+3y° =9 (1)
2x? —13xy + 15y% =0 (2)

15. Giai h¢ phuong trinh: {

16. Giai hé phuong trinh:{

A ‘ ~4=8-y*
17. Giai h¢ phuong trinh: = ¢
Xy =2+ x°

(2x +y)° -5(4x* - y*) +6(2x - y)? =0

2X +y + =3

18. Giai hé phuong trinh:
2Xx -y
x+xy+y=1 (1)
19. Giai h¢ phuong trinh: {y +yz+z=4 (2)
z+2Xx+x=9 (3)
3 3
- X" +y =8

20. Giai hé phuong trin
X+y+2xy=2

x(x+y+1)=20

21. Giai h¢ phuong trinh:{ (D

y(x+y+1)=10

1+x°y® =19x%°

22. Giai hé phuong trinh:
y + xy? = -6x>

o
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23. Giai cac hé phuong trinh:

1-x 2y +1
+ =2 -y[=12y -1
TV el
- ¥+1=2x
X+3y +z=-2 Xy
24. Giai cac hé phuong trinh: a. {x-y+2z=9 b.«l+l:2
y z
z=3X i 5
-

2x—3y=2ﬁ;+6

xuyz\/;+2

a. Giai hé phuong trinh véi m =4 .
b. Giai hé phuong trinh trén sao cho x + y nho nhat.

25. Cho hé phuong trinh:{ (m la tham s6,m > 0)

26. Cho hé phuong trinh: {X =g

| —ax+y=a
a. Chimg minh hé phuong trinh luén luén c6 nghiém duy nhat véi moi a.
b. Tim gia tri cia a dé hé phuong trinh c¢6 nghiém (x;y) sao cho
xel:vy<l,
(a+1)x-ay=5

2

. Tim gia tri ciaa € Z sao cho hé
X+ay=a"+4a

27. Cho hé phuong trinh: {

phuong trinh ¢é nghiém (x; y) voix,y € Z.
28. Giai cac hé phuong trinh:

Y—2|X|+3=0 |x+1]+|y—1\:5 |x+y|:1
ltex-a-c C x+1=4y-4 i+ v =1
29. Cho h¢ phuong trinh: {(a+1)x-y:3
ax+y=a

a. Giai h¢ phuong trinh khia = —/2. ’

b. Xac dinh gia tri cua a dé hé phuong trinh c6 nghiém duy nhat thoa

man diéu kién x +y > 0.

2x+my=1 (1)

mx +2y=1 (2)

a. Giai va bién luan thep tham sé m. ,

b. Tim s0 nguyén m dé hé phuong trinh c¢6 nghiém duy nhat (x; y) voi x.
y 1? cAC'sO nguyén.
i ®

- - o 4
s & J8 ‘vm)::’

30. Cho h¢ phuong trinh: {

3

] A o
p— I
TR wy a

4

<



31.

32.

33

34.

3s.

36.

¢. Ching minh rang khi hé phuong trinh ¢6 nghi¢m duy nhit (x; y), diém
M(X; y) luon chay trén mot duong {lmng cO dinh.
Cac s0 khong dm x, y, z thoa man h¢ phuong trinh: {4}( bt
8x+4y+z=8
a. Biéu thi x. y theo z.
b. Tim gid tri nho nhat, gia tri 16n nhat cua biéu thic A = x + y-—2Z.

Jx +y+z=1 (1)
Giai hé phuong trinh: {x +2y +4z=8 (2)
lx+3y+9z:27 (3)

Cho hé phuong trinh véi tham sé m: {(m ~Eey S dn =2
X+(m-1)y=m

a. Gial va bién luan hé phuong trinh theo m.

b. Tim céc gid tri nguyén cua m dé nghiém cua hé phuong trinh 1a cac sé

nguyeén.

¢. Tim céc gia tri ciia m dé hé phuong trinh ¢6 nghiém duong duy nhat.

Céc s6 khong am x, y. z thoa man hé phuong trinh: {41{ =k

8x+4y+z=8

a. Biéu thi x vay theo z

b. Tim gid tri nho nhat, gia tri 16n nhét cua biéu thic A=x+y-z.

Tim trén truc tung cac diém co tung do 1a sb nguyén, sao cho néu qua

dlem dé ta dung duong vudng goc véi truc tung thi dudng vuong goc ay

cit cac ducmg thangj X +2y =6(d) va 2x -3y =4(d") tai cac diém c6 toa

dd 1a céac sd nguyén.

Tim trén truc hoanh cac diém c6 hoanh d 1a s nguyén sao cho néu squa
diém do ta dung dudng thang vuong goc vol truc hoanh thi duong vuong
goc dy cit ca ba dudong thing sau tai cac didm c6 toa do la cac sb
nguyén. x — 2y = 3(d, ), x - 3y = 2(d,),x -5y = =7(d,).

Huéng dan va dap s6
1. Diéu kién : X,y 20. Nhén xét vdi x = 0,y = 0 khong phai 1a nghiém cua hé
phuong trinh (I).
1- 12 N 2 ( 1)
" . y+3x  Jx
Hé phuong trinh (I) < <
12 6
1+ = (2)
y + 3x \/;
1A 4 A 3 1
Cong vé theo vé ta duge: 1= —=+— (3)

By Vx
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123 1 (4)
y + 3x \/§ Jx

Nhan (3) va (4) vé theo vé ta duoc:

Trir vé theo vé ta duoc:

L :—9——l SBx-y)9x+y)=0=3x=y(bH)
y+3x y X
Thay (5) vao (1) thu duoc 1 . i, dén day giai ra ta duoc x =4 + 23
X Jx
suyra y=12+ 6+/3 . Thur lai dung.
, : =4+ 243
Vay ta c6 cap nghiém duy nhat x=4+2V3
y=12+63
Cich khdc : Ngoai cach trén ta con co cach khac:
Pat 12 =a.laco (l—a)\/;=2 doddé 0<a<l.
3x+y
(ovx=—ox=—r
1-a (1-a)°
6 36
2) = = oy = :
(2) Wy T (1+a)?
Theo cach dat a ta suy ra:
12 12 36 12 1 3
3x+y=—

_l
a ®(1—3)2+(1+a)2 a Q(l—a)z +(1+a)2 a

; . il
<::>a4—4a3+2a2~4a+1:0<:>a‘)‘+—1§———4(a+—)+2=0.

tZO x - .
Dejt:t=a+lsuyra t|=2.Taco: t2—4t:0®L d dé thay t=0 loai.
= _

=2++/3
Suyra:a+l=4<:>az—4a+1=0<:> ®
a a=2-3
Déi chiéu diéu kién ta duge a =2—+/3 thoa man.
X= 14 2=4+2\/§
Suy ray ( ;g) . Thur lai ding.
y =12+6+3

B (1+a)?
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2n—y=3 =2

{X—yﬂ {yzl

[2x -y =3 x=4

5 (1),3{2)(_5/2"’—)(1 Q{ éZx—ygz.‘%D ix»yz—l = {y:5
62x~-y|+2x-y|=20 x-y =1 2x -y =-3 x=-4
{x-—yzl {y:—S

[2x-y=-3 {x=—2

lV—le y=-1

He¢ cb nghiem (%) 1a; (2:.1); (4:5), {=4:=5), (=2:=1)

3. H¢ phuong trinh: {

LY

x! -’y +x*y* =1 - (—x® +xy)? +x’y =1
X’y-x>+xy=1 (-x® +xy)+x°y =1

Pit u=-x*+xy; v=xly.

u2+vz1 v=—u+1 {
=
u+v=l

Hé phuong trinh (I) thanh {

Do do hé phuong trinh da cho tuong duong:

[ 2 B _
{—x +xy =0 y=xXx e
\x3y=1 x? =1 y=1
; & P
<‘x2+xy=1 =D {X“—‘—l
|y =0 |x2=-1(vN) ~ Ly=-1

4. Vé trai cua cac phuong trinh cin dugc phan tich ra thira s6. Vi vay khong
thé khong ap dung dinh Iy vé cin cia mdt tich. Hé phuong trinh da cho
twong duong védi tuyén ctia 2 hé phuong trinh:

x>0,y=>0
a) \/;(s/x_:” - \/;3_ )=36. Vi vé trai cua cac phuong trinh tréi diu nhau hoic

Wy -Vx') =72

c6 thé nhan gia tri 0 nén hé phuong trinh trén khong c6 nghiém.
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x<0;y<0
b) {JX)((=x*) +J(=y*)) = 36. Tir day
JEWE) + =0 =

phuong trinh, ta nhan dugc \/—4 4, hay x = -2 (vi chi xét x<0). Tir day
coy = —8. Vay hé phuong trinh da cho c6 nghi¢ém (-2: -8).
5. Ta viét phuong trinh thir nhit cua hé phuong trinh thanh:

—(y+1 =ﬁ—32F—3£0®05x—y59 nhung tur phuong
trinh thd 2 cia hé phuong trinh, ta ¢c6 x-y-9>0 do do
x-y=9=x=y+9. Thay vao phuong trinh 2 cua hé phuong trinh, sé&
dugc: y+9+8y=0=>y=-1vatadugc x=y+9=8. Viy hé¢ phuong
trinh da cho ¢6 nghiém (8; -1)

X+y-1=1 x+y-1=1 X+y=2
6. = &

JX-y+2=2y-2 JX—-V+2=2y-2 JX-y+2=2y-2

\/ji 1 \/——'
=—;\-YV = 2\/;‘ tha\’ Vao
= /

1

2 1 e

{x+y=2 i 9 A 9

& {X+y= =
J2x =2 -2x 3
2x? —-5x+2=0 SE
7. Phuong trinh x® +y° =x' +y' & x'(1-x") +y'(1-y") =0

xe=l
Do x*+y°=1,tacod: x'.y’ +y' x> =0; x*y'(y+x)=0|y=0
y=-x

Véi y=—x = x° + y° =0trai voi phuong trinh x° +y* =1 (loai).
Yo x=0=y=1. Vil y=0=x=1,
Hé phuong trinh ¢6 2 nghiém (0; 1) va (1; 0).
8. Tir phuong trinh (1) suy ra -1 <x,y <1.(3)
Tir hé suy ra (x> —x*) + (v> —y®) = 0. Do (3) nén vé phai ctia (4) 1a tong

cua hai s hang khong am vay tir phuong trinh suy ra {§ ?; ;8
=(x=0,y=0),(x=0,y=1),(x=1,y=0),(x=1,y=1). Thir lai ta thay
(x=0,y=1),(x=1,y=0)langhiém cua hé phuong trinh.

9. Doy = 0 khong thoa man hé phuong trinh nén dat x = ty ta dugc:

2.3
t-iyt=2  |¥7PDYV 2@
<tP-1 19
(¢ - 1)ys=19 5

(t-03* 2 (4)
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10.

11.

12.

Giai phuong trinh (4) <> 2(t% +t +1) =19(t - 1)

1 7
t=T=2>y=—"r,x=-
S 17t +21=0e| 18’ s
t=—>y=2,x=3
2
% =Bk =y =3¥ = (x-y)(x*+y* +xy-3)=0(1)
x® +y% =1 x® +y® =1 (2)
_ |x=y=0 1
a) Hoac i S ...OX=y=t—
X +y =1 ‘\/E
9 2 A -
L+ + :d 3
b) Hoac x‘ S (3)
X’ +yi=1 (4)
Tiur (4) suy ra |x| sl,Mg 1=>x*<l,y*<l,xy <1
2 2
R ey ==l . .
Viy (3) 4) < . Y leve nghiém
x6+y°:1
e T L e ——
- P g s gniem: x, 1 %’ 2=Ys Q/:?.—
Tir hé phuong trinh suy ra diéu kién can la 0 <x’,y’ <1.

2 (=5 ) eyl =y*)=0 (1)
x1+9*=1 (2)
Do 0<x®y*<1 nén phuong trinh (1) din t&i hé phuong trinh
{xﬂl—x%:O(hn

Trir ting vé ta duoc: {

. Két hop hé (la), (1b) v&i phuong trinh (2) ta dugc
y'(1-y*)=0 (1b) : PRHOnE

- A L] ~ \ b x =
cac nghiém cua hé phuong trinh la:{
it

{x+y=4 (1)

(x* +y")(x +y°) =280 (2)

Thé x* +y* =(x+ y)2 — 2xy =16 — 2xy

X% +v2 =(x +y)(x% —xy + y?) =4((x + y)* - 3xy) = 4(16 — 3xy)

Vao phuong trinh (2) ta co:
(16 — 2xy)(16 — 3xy) = 70 < (8 — xy)(16 — 3xy) = 35

¢ 3(xy)? —40xy + 93 = 0. Dit xy = v, dé dang giai phuong trinh nay ta

duoc v = 3 hoac v:%.
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4 X =] x=4
*Neuv=xy=3,x+y=1,1ta duqc{ hozflc{

¥ = y=1
31
*Néu " "3 TV Saxy s (x4 y) v Iy
4=x+y

Vay h¢ phuong trinh ¢6 hai nghiém: {x - :13 . {X =g
y =

(x> +2x)(2x +y) =9 - x2+9x=3
(x> +2x)+(2x +y) =6
=2>(x=Ly=1),(x=-3,y=9)

13. Hé phuong trinh <
2x+y=3

X+y=1-2x
14. Hé phuong trinh < d , 4 Pat x+y=uxy=v
(x+y) —2xy=1
v=0 u=-2
9 u=1_
uw'-2v-1=0 3@[ hodc 9
V=— v=>0 v =—
. 2
=] =0 =1
a) {x+y & {X hoac{X
Xy:O = =
X+y=-2
b) 3  =4xy>(x+y)* vdly. Hé phuong trinh nay vd nghiém
Xy =—
2

15. Tir phuong trinh thir nhit cta hé suy ra Jx +y > JX-y =>y>0, viy ta

oy 20 : T 4 . i
c6 diéu kién {y . Khi d6 binh phuong ca hai vé phuong trinh thir nhét

X2y
Ji-y?=x-2

cua hé ta nhan dugc hé twong duong _
xX*+y? =6-x

Giai hé phuong trinh nay bang cach binh phuong 2 vé cta 2 phuong
o

X =—
2

y =6

16. Dé thiy rang néu (x, y) 1a nghiém cua hé phuong trinh thi x #0vay #0.

trinh ta nhan duoc nghiém

Pat L =t oy =tx, tir (2) ta c6 x*(2 =13t + 15t%) = 0
X

< 15t* —13t + 2 = 0(do % £10) @t:i;“-hoac tzé.
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. 2 . . .
*Va t = = tir phuong trinh (1) ta co:
1

el 68 ¢ ¢ 4 L &, [
X'(.—2t+3t2’):xz(1 ——'_-3- + q):x‘Z =Y

—_—N

< R
H
I+
w

; i ' ’
¥ Nl 1= - tir phuong trinh (1) ta co:

o

2 3 8 S
x’ l—-_—+—-]:x”.} =9 &4 ﬁ(x y cung dau).
5 Zb 95 - L
2

; D 1
Hé ¢0 4 nghiém: (-3;-2);(-—= ci —),
R A A
17. Xét phuong trinh thir 2 cua h¢ phuong trinh ta co:
B

xv:=2+x2>0<:>xy¢0:>y:

2+ X9

’x —2‘ 8 —( ¥ oxz}x2—2‘=8x2—(2+x2)2

S ™ O =g lx2—2‘20<:>x2—220<:>x:_+_\/§

2 2
khix=\/§:>Y=2+X =2\/:2_;khiX=—</§:>y=2+x -
X X

, n x=\/§ X =-V2
Kétluan: hé phuong trinh c6 nghiém ; V2
y:Z\/i y:—z\/-z_
:2 +
18. Dat: ST
t=2x-y
; : [z=2t
2’ -5zt +6t° =0 [z—St
Hé phuong trinh tré thanh: 1 =L
z+-=3 1
t z+-=3
T -
) (z=2t .
7 =2t t=1 {z:Z
. q =
t* -3t +1=D 1 e
< = t=— & |(z=1
z = 3t 2 i
| |3t -3t +1=0 z =3t hES
AS ] VN -

. Thé vao phuong trinh diu ta co:

~2J2

(7 =2t

2t+-=3

ﬁ3t+1=3
4 L
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=1 2x -y =1
y:
Z=1 2x+y=1 x:g
® <> =
t=% 2X — :% y_l
4
Vav ha . , a N rre-n
ay hé phuong trinh ¢6 2 nghiém (x,y) la: (=;=) va (—;=)
8 4 4 2
19.Cdch I: (1) © x(y+1)=1-y
L= 9-2z
X = — — A
e 1+yi3)<3 12 = L y:9 - (yz¢—”
l+y 1+z
y;t—l AR |

< 1-yz+z-y=9-yz+9y-z (y,z=-1)
< 9y-2+4=0 (yzz-1) & z=4+5y (y,zz-1) (¥).
Thé (*) vao (2) ta co:

y+y(4+5)+4+5y=4® 10y+5y2:0 P [y—O (y:tl)

*y=0 = x=1;2=4 *y=-2 = x=-8:3=-6
Vay hé phuong trinh ¢6 2 nghiém (x,y,z) la: (1,0,4) va (-3,-2,-6)
(x+1)(y+1)=2
Cich 2: H¢ phuong trinh twrong duong véi{(y + 1)(z+1) =5
(z+1(x+1)=10

(x+1)(y+1)(z+1)=10

2 2 2 _
= (x+1)" (y+1)°(z+1)" =100 & (x+1)(y+1)(z+1) =10

z¥1=H K=
Truong hop I: = {x+1=2 < {y=0
y+1l=1 z=4
X+1=-2 X =-3
Truong hop 2: = {y+1=-1 & {y=-2
z+1=-5 z=-6

.
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3 J
[x by =8

20. Hé phuong trinh 1
X+y+2xy=2

% e N - ¥ e s
b{(x YI(X* +y~ —xy) 8 Ju®-3v)=8 U=xX+y

; Trong do
X+y+2xy=2 T hdr=2

=Xy

¢ phuong trinh < Ty A 2

2u’ +3u?-6u-16=0 (u-2)(2u® +Tu+8)=0
n=2

Vi 20> +7u+8>0 Vu (do A<O0 véa=2>0)nén{
v=0

o |1
Suyra:{X+y <

Sy =1 {

[l

oW N
Il

0
2
2
0

e
y(x+y+1)=10 ek =<t
x=2y
21. (1) & {x & { o 2

h 4

=2 3y +y—10=0 y

22. Diéu kién la: x # 0.

1 3 1 1

i =19 1 3_qo¥ 1 »
I1+x3y3=19x3 ) g Ty (X+Y) 3X(X+Y)—19
ly+xy2=—6x2

vy A 1
Dat an phu —+y = u,-y— = v ta duoc:
X X

o <

1
; _ me=dk ==l (| Rpecilyy =2
u 3uv—19<:> X 3
uv =-6 y 1
X

v=-6

-6 Xy =—§,y2 =0

23. a. Nhan xét: b= 2y”zl.’i:)e]t l—x =t>0
y+1 l—x Y2y +1

5 i cm Bl oo 3 1 —
Phuong trinh thir nhat tré thanh: t + = 2,glairat=1.
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1-x

Do do =1 1-x=2y+1.
2y +1 :
2
x+2y=0 |[*73
Ta ¢6 hé phuong trinh: { - i T z Vay hé phuong trinh ¢6
X-y= e
y 3

. 2 1
mot nghiém: (=; ——).
bt nghig (3 3)

b. Chu y rang: |a| =|b| < a = +b .H¢ phuong trinh da cho twong duorg véi

LA " . —y=2y-1 —y=1-2vy
hai h¢é phuong trinh sau day: {x e hoz}c{x 4 8

g4l =20% v+ 1l=2%
Giai tiép ta dugc 2 nghiém: 3—2— (gl)
b b)i3 3

s . 2 by 4X + 3 = _2
24. a. Thé z = 3x vao hai phuong trinh dau duoc: Y
x-y=9
Giai hé trén ta duoc: x =1, y = -2. Tu d6 tim duocz =3
Nghiém cua hé da cho: (1;-2;3).
£ 3 L 5 b 1 1
b. Cong timg vé 3 phuong trinh roi chia hai vé cho 2, ta dugc: Lpligt g
X y
Trir timg vé phuong trinh trén cho mdi phuong trinh da cho. Dip so:

(l;—l;l}
2 3
25.a. Véim=4 = Jm =4 =2, viy c6 h¢ phuong trinh:

2x -3y =10 2x -3y =10 -x=-2 Xx=2
= — =
x-y=4 3x -3y =12 Xx-y=4 y =-2

5 2x—3y=2\/ﬁ+6© 2x -3y = 2Vm +6 @{y:—Z
' x—y=ﬂ+2 2x—2y:2\/a+4 x =m
Do x+y=\/a——22—2 (vi Vm >0) nén min(x+y)=-2 khi m=). Do

. A L ~ 1 b 3 x = 0 \ ki ;
d6 vai nghiém cua hé phuong trinh la { " thi (x + y) nho nhat.
y=-

26. a. Néua # 0 thi hé phuong trinh da cho tuong duong voi hé phuongtrinh:
{ax+a2y=a (a=0)

-ax+y=a

. Cong vé vai ve hai phuong trinh trén duoc:

. 2 . I ] -d
(a‘z+1)y=2a<:>y: ‘,zd (viaz+1¢0).Tudotlmduqcx:——z—.
a“+1 / a“ +1
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27

28.

Néua = 0thi nghi¢m cua hé phuong trinh 1a(0;1).
Vay vdi moi a hé phuong trinh da cho ¢6 nghiém duy nhat.

. , 1-a” :
* Tacod: x<1 <> <1l & 2a%*>0 o a=z0.

P

a“ +1
2a
2

a“ +1

Viay voia #0va a = 1 thi hé phuong trinh thoa man diéu kién bai toan.

* Taeo: wel o <l © @-1?>0 o a=zl.

Cong vé voi ve cua hai phurong trinh: (a +2)x=a® +4a+5 (1)

'S 2 ,
Néua+2#0 haya#-2 thi x= LBk ) la nghiém duy nhat cua (1).

a+2

3 =2
s e a” +ba"+4a-5
Tiur d6 tim duocy = : néu a # 0.
a(a+2)

Trudc hét ta tima e Z sao chox e Z x:(—aﬂza+2+
a+2 a+2

Déxe?Z thia+2 phai la udc cua 1, suyraa+2=+1,trdoé a=-3;-1.

VGoia=-3 thiyeZ.Voia=-1thiy=5eZvax=2€Z.

Néua = -2 hodca = 0thi hé vé nghiém. Vay hé c¢6 nghiém

nguyén <> a =-1. Ngoai ra voia = -1 thi nghi¢ém cua hé 1a (2;5).

y—2|x|+3=0
a.
|ﬂ+x—3:0

* Néu x>0; y>0 thi ta duoc hé phwong trinh:
y-2x+3=0

{y+x—3=0, SUY P9 X = ¥=1

e Néux =0; y <0 thi ta duoc hé phuong trinh:
y-2x+3=0

{—y+x—320, suyrax=0,y=-3

e Néu x <0 y >0 thi ta dugc hé phuong trinh:
v+2x+3=0

{y+x-—3:0, suyrax=-6,y=9

* Néu x<0; y <0 thi ta duogc hé phwong trinh:
y+2x+3=0

{—y+x—3:0, suyrax=0,y==3

Ting c3p gia tri trén déu thoa mén cac diéu kién néu trén, do 1a 4 nghiém

cua hé phuong trinh di cho.
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b. Tir phuong trinh tha hai cua hé: 4(y -1) :]x + 1| > (0ta suy ra hé¢ phuong
. x+1+y-1=5 X+1=-y+6
trinh da cho tuong tng voi: ' l \ ’ |
|x+1]=4y -4 |x+1| =4y -4

Tudosuyra -y+6=4y-4; y=2.

Thay gia tri nay vao phuong trinh thir hai cua hé phuong trinh, ta duoc
|x+1|=4, dod6: Néu x+1=4thix=3.Néu x+1=-4thix=-5

Vay nghiém cua hé phuong trinh la (3;2); (-5;2).

c. Tir phuong trinh thi hai suy ra|x| <1 va |y| <1, ddng thoi x va y hodc cing
duong hoac cung am.
Gia su rﬁngxzo va y =0 khi d6 hé phuong trinh da cho co thé viét:

x+y=1 : : X
{ Y i T d6 voi nhig cidp s6 duong c6 tong bang 1 thoa man hé
X+y=

phuong trinh da cho, cha‘ing han cap (0;1); cap (%%) reap (0105 ..
Truong hop con lai tu giai.

(—V2+1)x-y=3

29. a. Thay a = —/2 vao h¢ phuong trinh, ta duoc:
_\/—2_)( + }' — —\/5

3~J§,y_2+2J§
1-2J2° 7 1-2V2°

b. Dung phwong phap cong dai sb, ta dugc: (2a + 1)x =a + 3

Giai ra dugc nghiémx =

Voi2a+1#0 hay a+# —%thi hé phuong trinh c6 nghiém duy nhat la:

2
e a+3 1 11
2a +1 2a +1 a‘“-a+3 b 4
&5 3 =
a+3 i =T 0841 2a +1
y=a-a =

2a+1 ° 2a+1
x+y>0<:>23+1>0<:>a>—%.

30. a. Tir hai phuong trinh ta suy ra: 2x + my =mx + 2y <> (m-2)(x —y) =0
Néum =2: hé phuong trinh ¢6 vo sO nghi¢m.
Néum # 2 thix =y, thay vao phuong trinh (1), ta c6:

imx=]l & [m+2x=1
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Néum = -2 : h¢ phuong trinh vo nghiém.

g
Néum # -2 : h¢ phuong trinh c6 nghiém duy nhat: m ; .
Y- m + 2

b. Khim # +2, hé¢ phuong trinh ¢6 nghiém duy nhat: x = - =

A2 e mia

X [m+2:1 |m:—3
X,y nguyeén < m+2 & =

m+2=-1 m=-1

c. Khim # +2, hé¢ phuong trinh ¢6 nghiém duy nhat va diém M(x; y) thudc

duong thang ¢ dinhy = x.

31. a. x:3—z; y:z+2
4 4

b.Dox>0, y>0nén-2<2<3.Doz>0nén0<z<3

Biéu thi A theo z: A:x+y—z:3_z+z+2—z=5_4z
4 4 4
A nhé nhét < 5 — 4z nho nhit<> zlon nhite>z=3 (vi0<z<3).
; 1 3]
K@=, yo', A==
4 2 4

32. Lay (2) trirdi (1) tacé:y +3x =7. Ly (3) trir di (2) ta c6: y =5z =19

+9z2 =T =11
Y ,ta co: {y

1a1 h¢ phuong trinh
Giai hé p g trin {y+5z:19

z=06
Suy ra nghi¢m cua hé phuong trinh la:x =6, y =-11, z=6.

3m—2.m—2)
m m /)

33.a. Vi m# 0, m# 2, hé c6 mdt nghiém duy nhat: [

V&1 m =0, hé vd nghiém.
Véim =2, hé vd s6 nghiém: (x;2-x)véi xeR.
b. V4i m =1 thi nghiém la (1;-1). V&i m = -1 thi nghiém la (5; 3).
V61 m = -2 thi nghiém 14 (4; 2).
Véi m = 2 thi nghiém la (x;2-x)voi x €Z.

c. Pap s6: m < 0 hodc m >2.
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34.

3

zZ+2
4

4

Z

s BB Yy =

b.Do x>0,y>0nén -2<x<3. Do z>0nén 0<z<3.

36.

Biéu thi A theo z ta c6: A:x+y—z=3bZ+z+2—z:5—4Z
4 4 4
A'nho nhit & 5 — 4z nho nhat <>z 16n nhat < z = 3.
4 o 7
Khidé x=0,y=—A=——.
’ 4 4
A 16n nhat < 5 -4z 16n nhat < z nho nhat< z = 0.
§ 3 1 5
Khidé x=—,y=—;A=—. y?
4 ,2 4 ) ?
. Gia sir duong thang y = a cat d 3 (b)),
va d’ theo thir tu tai cac diém co a ] T Y =4
hoanh d§ b va c. Cén tim so U | 9
nguyén a sao cho a, b, c la cac s6 Of 2 T R T

b+2a=6
2c—-3a=4
Ta tim duoc: ¢=3k-1,b=10-4k,a=2k-2 (k nguyén). Trén hinh
twong tng véi k bang 0, 1,2 taco a béng -2,0,2.

(hinh) Gia sir duong thing x = a cit cac duong thing d1, d2, d3 ti cac
diém c6 tung dd theo thur tu la
b, ¢, d. Can tim cac sé nguyén
a, b, ¢, d sao cho
a-2b=3,4a-3c=2,

a —5d = -7 .Mubdn viy, a tim sO
nguyén a sao cho:

A chia cho 2 thidu 1 (1)
a chia cho 3 thi du 2 (2)
a chia cho 5 thi du 3 (3)
BCNN(2, 3, 5) = 30. Go1

a =30k + r voi k, r nguyén, 0 <r < 30.

Tir (3) tacor e {3;8;13;18;23;28}

_________________________________

nguyén théa man {

y
10

Do (1) nénrla sé lé, do do r e {3;13;23}
Do (2) nén r chia cho 3 du 2, vay r = 23. Do d6 a =30k + 23 (k nguwén).
1taco a=-7,imgvdik=0tacéa=23s

Trén hinh ung voi k
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Chuong 4. Phuong trinh nghiém nguyén

Vi du I: Tim nghi¢m nguyén x, y cua phuong trinh x* — xy =6x -5y -8 (1)
Gidai
x’ —6x+8

Ta ¢6: (1) < x*-6x+8=y(x-5) (2) & y:~——ﬁ?—— (vi x=58
x_

khong langhiémcua ()= y=x-1+

X—-9
Vix,ynguyén x-5 € {-1;1;3; -3} hay x € {4; 6; 8 2}
o Khi x=2thi y=0
e Khi x=4 thi y=0
o Khi x=6 thi y=8
e Khi x=8thi y=8
Vay cac nghiém nguyén (x; y) cua (1) la: (2; 0), (4; 0), (6; 8), (8; 8).
Vi dy2: Ching minh rang néu p 1a sé nguyén t6 16n hon 3 thi (p=1)(p + 1)
chia hét cho 24.
Dé thi HSG lp 9 tinh Phii Tho nidm 2003-2004
Giai
Vi p 1a sé nguyén té 16n hon 3 nén p la s 1¢, khong chia hét cho. Do d6
p=2k+ 1(keZ,k>1) suyra
A=(p=1)p+1)=2k (2k +2) = 4k (k + 1) suy ra A chia hét cho 8
p=3h + 1(heZh> 1) suy ra A chia hét cho 3.
Vay A = (p — 1)(p + 1) chia hét cho 24.
Vi du 3: Tim nghiém nguyén duong cua phuong trinh: xy — 2x — 3y + 1 =0.
Dé thi HSG lop 9 tinh Phii Tho ndm 2003-2004
Gidi
Tacoxy—-2x-3y+1=0 < y(x-3)=2x-1(¥%)
Vi x = 3 khdng la nghiém cua phuong trinh da cho nén
2x -1 )
=2+
x-3 x-3
Vi y 1a s nguyén nén 5 chia hét cho (x — 3), suy ra x — 3 nhén céc gia tri
t 1; + 5.Tur do ta xac dinh dugc hai nghiém nguyén duong (x;y) cua
phuong trinh da cho la (4;7) va (8;3).
Vi du 4;.Gii phuong trinh nghiém nguyén x* —6xy +13y” =100.

0

M= y=
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Giai
Ta c6 x* —6xy + 13y =100 < (x - 3y)? =100 -4y . Dé phuong trinh da
cho ¢6 nghiém nguyén thi 100-4y* >0 25-y* >0« |y|<5. Mat
khac 100 - 4y® = 2%(25-y*) phai la binh phuong ctia mét s nguyén, do
d6 25-y? phai la binh phuong ctia mét sé nguyén, suyra y=0; y =3
y=14;y=15.

’

* Véiy = 0, phuong trinh tré thanh x* =100 < x =+10.
* Véiy =3, phuong trinh tr¢ thanh x* -18x +13.9 =100

5 x, =1
&x -18x+17=0o :
X, =17
' e . > N 2 Xlz—l
* Véiy=-3, phuong trinh tré thanh x* +18x+17=0 < -
XZ - -

* V61y =4, phuong trinh tro thanh

5 X, =18
X" —24x+108=0=x2=121+6=

X, =6

* Véiy =-4, phuong trinh tro thanh

b X, =—-6
X +24x+108=0 & x=-124 8=
X, =-18
* V6iy =35, phuong trinh tré thanh x* -30x+225=0 < x=15.

* Véiy = -5, phuong trinh tro thanh: x* + 30x + 225 =0 < x = -15.
Vay phuong trinh da cho c6 tat ca 12 cip sb (x;y).

Vi du5: Giai phuong trinh nghiém nguyén duong xy + yz + zx = xyz + 2 .

P s

£
fridia

Gidai

Do vai trd cua x, y, z binh ding nén khong mat tinh chét tong quat, gia sir
ring x>y2z21, tr d60 = xy + yz + zx < Xy + Xy + Xy = 3xy = 3Xy > xyz + 2
hay 3xy>xyz:>z<3d0zlémcf)tsénguyénduorng =hog =] gD
eKhiz=1,taco xy+y+x=xy+2=>x+y=2. Do X, y 1a cac sb
nguyén duong nénx=1;y = 1.
eKhiz=2taco xy+2y+2x=2xy+2=>xy-2x-2y+2=0.
=>x(y-2)-2(y-2)-2=0=>(x-2)(y-2)=2.
x-2=2 {x=4

&

Do x>y>z2>1, nén
y—-2=1

y=3
Véx.phﬁ&ng trinh da cho co nghiémx=y=z;(x;y;z2)=(4;3;2).



Vi du6: Chung minh ring phuong trinh Lj e jz— =1, khong c6 nghiém
X* Xy y

nguyén duong.
Giai
Do vai tro cua x, y binh ding va x. y la cic s6 nguyén duong nén khong mét
1 1 1

: £ o3 SR PR | v dim L 1 :
tinh chat tong quat, gia sirring 1<x <y, trdéo —>2—=>—2>—2>—,dodo
X vy xX xy

1 1 1 _3 . 3 S . )
suy ra —+—+-—<— i< =>x" <3, vi X 1a s0 nguyén duong nén
X xy y° x° X
_ L 5 . i 1 1 2 Y
x = 1. Thé vao phuong trinh —+—+—=1=>==0. Tir d6 suy ra
X Xy Yy Y
phuong trinh da cho khong c6 nghiém nguyén duong.
Vi du7: Giai phuong trinh nghiém nguyén duong L3 :%’;
X Yy
Gidi
N A 3 : 2
Tl 8 e i e ) , do x, y nguyén duong nén x
x y 3 y+3 y+3

nguyén duong khi va chi khi 9 chia hét cho y + 3, hay y + 3 nhén céc
udc cua 9 1a +3; + 9 tir do suy ra phuong trinh c6 nghiém x =2, y = 6.

Vi du8: Giai phuong trinh nghiém nguyén duong = + L. + i
X y 3 Xy
Gidi
Khong mét tinh chat tong quat, ta gia st x >y . Khi do, tir phwong trinh
. l+l=-1-+—1— suy ra l=—1—+l——l—<—2_-_1_= ol <—2-)5=3. Tu do
X y 3 Xxy 3xyxyyxy Xy Xy y

suy ray <6.Thu truc tlep cac giatriy=1,2,3,4,5vado vaitro cuax, y
binh ding nén cac cap sb can tim 1a: (x;y) = (9;4),(6;5),(4;9),(5;6).

Vi du 9: Giai phuong trinh nghiém nguyén (x* + y)(x + y*) = (x - y)*.
Dé thi TS lop 10 CT THPT Lam Son Thanh Hoa 2001-2002
Giai
Tacéd (xX* +y)(x+y?)=(x-y)
& xX° +xy +x°y? +y? =x* - 3x%y + 3xy® - y°
< 2y° + x*y? - 3xy® + xy +3x%y =0
o y[2y;g; (x> —3x)y + (x + 3x2)] =

_0'thi phuong trinh c6 nghiém (x; 0) véi x la s6 nguyén.
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eNéu y#0, ta c6 phuong trinh 2y? + (x? = 3x)y + (x + 3x*)= 0. Xcm
phuong trinh nay la mot phuong trinh bic hai voi an y, ta co
A=(x+1)%x(x —8). Dé phuong trinh ¢6 nghiém thi A phai la mot 50
chinh phuong, nén x(x-8)=a” < (x-4-a)(x-4+a)=16_ Vi
(x-4-a)<(x-4+a) va (x-4-a)+(x—-4+a)la mot s6 chan. Tir do,
suy ra phuong trinh da cho ¢6 nghiém (x;y) =(9;6),(9;21),(8;10),(1;1),(k; 0)
Vi dul0: Tim cac s6 tu nhién: 2 <x <y <z <t <u théa man:
i 1.1 3 1

—t—+—+—+—=1.
X ¥ 2 L wm
Giai
Néux>3taco3 <x<y<z<t<u, tirphuong trinh di cho suy ra
1 1.1 1 1 1 1 1 1 1 743 "
——t—+ <+ -+ +—+—=—<1.Vayx=3.
x v z t u 4 5 6 7 8 840
. i 1. ¥ 1T 1 @ i % " .
T do suy ra —+—+—+—==. Néu y > 4, lap ludn tuong tu, ta co:
y z £t a 3

1 1.1 1 1 1 1 1 533 2 < X 5
—t—+—F+—<—F+—+—+—= <—,suy ray = 4. Tiép tuc lap luan

¥y 2 & U4 2 6 78 840 3
nhur trén ta c6 cac so tu nhién cantimla x=3,y=4,z=5,t=6,u=20.
Vi dull: Tim cac so tu nhién m, n thoa man: 19m +84n =1984.
Giai
Ta c6 1984 = 1000 + 84, nén dé thay cap gia tri m =100, n =1 théa man.
Tir d6 ta suy ra dang tong quat ciia m, n nhu sau m=100-p;n=1+q,
—19p =84q vi (84,19)=1suy ra p =84k;q=19k,(keZ). Do do ta ¢c6
m =100-84k;n=1+19k,(k e Z)
Tir d6 suy ra m va n 1a s6 tu nhién khi va chi khik =0,k = 1.
Khik=0thim=100,n=1.
Khik=1thim=16, n=20.
Vidul2: Tim tAt ca cac s6 ¢6 hai chir s ma né chia hét cho tich cac chit sd.
Giai
Goi s6 can tim 1a xy(xeN,yeN,1<x<9,0<y<9), theo dé ra ta co
10x + y chia hét cho xy, suy ra y chia hét cho x va 10x chia hét cho y.
Do d6 dat y = kx, nén 10x chia hét cho kx suy ra 10 chia hét cho k. Vay
k=1,2,5. Khik=1tacox=y,suyra xy=11.

Khi k=2 tac6 x =2y, suy ra xy=12; 24; 36..
Khi k =5 taco x = Sy, suy ra xy=15.
Vay cac s6 can tim la 11,12, 15, 24, 36.
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Vi dul3: Tim tat ca cac s6 ¢6 nam chir s6 sao cho sé do bang 45 lan tich cac
chit s6 clia no.
Giai
Gol sd can tim la M(!l.h,(‘,,(l,(,‘ eN,1<a<9,0<b,c,d,e<9).,ta co

M =abede =45.abede . Gia st e la sé chin, ma abede chia hét cho 5
néne=0,suy raM =0 (v ly). Tir d6 suy ra e la sd 1é, nén e = 5. Do do
M chia hét cho 25, suy ra de chia hét cho 25=d =2:7. Néu d chin, suy
ra v ly. Vay d = 7. Mat khac M chia hét cho 9 nén (a + b + ¢ +12) chia
hétcho 9. Via+b+c¢ <27 =a+b+c=15. Dong thoi 45.35abe < 100000
= abc <63 ={a,b,c} ={1,7,7} hay{1,5,9}. Tir d6 suy ra s6 can tim la
N7,

Vi dul4: Tim cic so ty nhién n, z thoa man: 2" +12% =z? — 32,

Giai
Ta c6 phuong trinh 2" +12% =2° -3% & 2% - 2" =153.
Xét hai truong hop.
Truong hop 1: nlasochanticlan=2m (meN).
Khi d6 ta c6 (z-2")(z+2™)=153; Ma 153=9.17=1.153 =3.51, nén
2=13; m= 2Eaytan = 4
Truwong hop 2: nlasé lé tuclan=2m +1.
Khi d6 ta c6 z> -2" =153 < 22 -2.2’" =153(me N). Khin = 1
—z> =155, do d6 khong ton tai nghiém 13 sé tu nhién. Khi
n>3=2%-2" <155, nén v ly. Viy cac sd tu nhién n, z thoa man:
2" +122 =2 -3"laz=13,n=4.
Vi dul5: Tim cac sO nguyén x, y, z thoa man: x* +y? + 2> <xy+3y+22-3.

Giai
Tacéd x> +y2+2z°<xy+3y+2z2-3 o x* +y? +22 <xy+3y+22-4
Al
cn(x—zf4$§L+zz—3y—2z+4$0
2 4
x—%=0
2 2 ) x=1
ofx-2 +3(1—1) +(z-1)<0e{i-1=0{y=2
2 2 2 )
z-1=0 B
%=l

Vay céac so nguyén X, y, zcantimla <{y=2.
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Vi du 16: Giai phuong trinh nghiém nguyén

X +xly+xy’ +yP =8x%+xy+y* +1).
Gidi
Tir phuong trinh da cho, ta ¢é x, y cling tinh chan lé. Ta xét cac truong
hop sau

Truwong hop 1: Khi x =y, phuong trinh da cho tré thanh

4x° =8(3x* +1) & 4x” =24x* + 8 & x* —-6x* =2 =0, suy ra phuong
trinh nay vo nghiém.

Truwong hop 2: Khi x #y,taco

|x—y|22:>(x—y)2 >4 x+y? 22xy+2).

Tu phuong trinh x° + x’y +xy* +y* =8(x* +xy+ y> + 1), suy ra

(X2 +y)(x+y)=8(x* +y*) +8xy + 8

o (x2 +y2)(x+y—8):87‘:y+8:>|1-:2 +y2“x+y—8|:4|2xy+2|
=|x+y-8<4=>4<x+y<12=x+y=6,810. Xét timg truong hop
ta c6 nghiém cua phuong trinh da cho la (x, y) = (2,8) ; (8, 2).

Vi du 17: Giai phuong trinh nghiém nguyén x(1 +x +x%) =4y(y +1).

Giai
Tacd xQL+x+x3)=4y(y+1) o 1+x+x2+x° =4y’ +4y +1
o (1+x)(1+x%) =2y +1)*(2)
V& phai ctiia phuong trinh (2) 1a mot sb 1& suy ra (1+ x);(1 + x*) déx la sé
Ié. Giastr (1+x,1+x*)=d, suy rad ciing la s6 1é. Mat khac (1+ x) chia
hét cho d nén 1-x”chia hét cho d. Két hop véi 1+ x2chia hét cto d ta
suy ra 2 chia hét chod. madlasélénénd=1. Do (1+x).(1+x%)la $O
chinh phuong ma (1+x,1+x*)=1, nén (1+x),(1+x%)1a cac s6 chinh
phuong. Do d6 x*;1+x* la hai sb tu nhién lién tiép ma déu la s6 chinh
phuong.Suy ra x =0, tirdé suy ray =0 hodacy = —1.
Vay phuong trinh da cho co6 hai nghiém (0; 0), (0; -1 ).

Vi du 18: Chimg minh ring khong thé c6 cac sé nguyén x, y thér min

124

phuong trinh: x* - y° =1993
Gidi
x* -y =1993 = (x-y)x* +xy+y*)=1993

Do x> +xy+vy2 >0 nén x—v, x> +xy +y* la cic udc sd duong cua 1993



Do 1993 la s6 nguyén td. nén ta ¢6 hé phuong trinh:
Jx—y=1 _ [x-y=1993
; : . hodc ¢ ,
|x” + xy + y? =1993 x2 +xy+y’ =1
(ac hé phuong trinh trén khong ¢6 nghiém nguyén nén bai toan da cho
dugre chimg minh.,

Vi du 19: Giai phuong trinh nghiém nguyén: 4y* =2 + V199 - x? - 2x .

Giai
Cdch I: Taco: 4y” =2+ V199 — x? — 2x &> 4y2 = 2+ /200 — (x + 1)
Vi ya sd nguyén, nén tir do suy ra: Z<3,2 < = 420 —=y> =1y’ =4

* Néu y>=1,tacd phuong trinh da cho trég thanh

4=2+199-x? -2x <>4=199-x> —-2x <> x2 +2x-195=0
x=13

<3(){—13)()(+15):()<:>L(:_15

* Néu y? =4, ta co phuong trinh di cho tr¢ thanh

16=2+v199 - x* —2x < 196=199-x% - 2x & x2 +2x -3 =0

=1

=1

Thur lai ta thdy, phuong trinh da cho ¢6 cac nghiém la:

(x;¥) = (1,2),(1;-2),(-3;2),(-3;-2),(13;1),(13; -1), (-15;1),(-15;-1)
Cich 2: 4y* =2+v199-x% - 2x <> 4y> =2+ J200-(x +1)? . Dé phuong
trinh c6 nghiém nguyén thi 200 - (x +1)? = /2% + 142 —(x + 1) hoic
J200 — (x + 1) =/2.10% - (x + 1)? phai la sé chinh phuong. Khi d6 phai
cod (x +1)* =10% hodc (x +1)* =2% hodc (x +1)* =142,

* Néu (x+1)2=10>24y>=2+10 <y =3, suy ra phuong trinh da
cho khong c6 nghiém nguyén.

S EE-1D)(E+3)= Oc{

£ =1
*Neu(x+1)2=22¢¢x+1=t2<:>[ 3:y=4_r2.
X=-
3 : =13
* Néu (x+1)2=142<:>x+1=114<::{x 1’_-——:'y=il
x=-15

Thur lai ta thay, phuong trinh da cho c¢6 cac nghiém la:
JX*Y) (12 1;,-2),(-32),(-3;-2),(13;1),(13;-1), (-15;1),(-15;-1).
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Vidu 20: V&i 8 56: 0, 1.2, 3,4, 5,6, 7. Hoi ¢6 thé lap duoc bao nhié1 s6 tu
nhién c6 6 chir s6 khac nhau, trong d6 nhat thiét phai c6 mat chir so 3.
Giai
Ky hiéu s6 tu nhién thoa dé bai la: a,a,a,a,a;a, . Cc sO a,, a,.
khac nhau lay tir 8 s da cho, a, # 0

..y 8y

e a, =3, khid6 a, c6 7 cich chon, sau do a, c6 6 cach chon,. ..
Do d6 trudmg hop nay co: 7.6.5.4.3 = 2520 (s).

e a, #3 khido c6 6 cichchon a, (vi a, #0, a, #3), chon s6 3 thay vao
| trong 5 ) a,,..., a5, sau do con lai 4 chir s6 va lan luot chon 4 sb
khéc nhau lay tir 8 s6 da cho va khac a,, a,.

Do d6 truong hop nay co: 6.5.6.5.4.3 = 10800 (s0).

e DPap sd: 13320 sd.

Vi du 21: Viét cac phuong trinh bac hai dang x* + px +q=0. Bié rang,

phuong trinh ¢é nghiém nguyén, cac hé sd p, q déu la nhing s6 rguyén
vap+q+1=2003.

Gidi
Gia sir phuong trinh x* + px +q =0 0 hai nghiém nguyén x,, x,  Theo
dinh ly Viet, taco: x, +x, =-p; x,X, =q
Dodd p+q+1=x;x, —(x; +X,)+1=2003 hay (x, —1)(x, —1) =:003.
Vi 2003 14 sb nguyén t6, gia sir x, > x,, ta nhan duoc:
+x,-1=2003 = %, =2004; x,-1=1 = x, =2
= p=-2006, q =4008
+x,-1=-1 = x,=0; x, -1=-2003 = x, =-2002
— p=2002, q=0 '
T d6, ta c6 cac phuong trinh bac hai dang x* + px + q =0 thoa min diéu
kién bai toan: x> —2006x + 4008 =0 ; x* +2002x =0
Vi du 22: Tim céc s6 nguyén x, y thoa phuong trinh x* + xy + y* = x’y*.
Giai
x>+xy+y? =xy? = @x+2y)° =(2xy+1)* -1
= (2xy+1+2x+2y)(2xy+1-2x-2y)=1
= 2xy+1+2x+2y=2xy+1-2x-2y = x+y=0

Thay vao phuong trinh ban diutaco:x =0, y=0 hodac x=1, y=-1lhoic
x=-1 y=1
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7 ‘ § e . a+l b+1 -
Vi du 23: Cho a, b ]a cdc s6 nguyén duong sao cho + » cling la so
a

nguyén. Goi d 1a ude so chung ctia a, b. Chimg minh d <Ja +b .
Giai
a+l hil a+b
: = D
a b ab
a+ b

Taco:

la s0 nguyén duong = nguyén duong

a+b>abmaa>d>0vab>d>0 = a+b>ab>d?

ab
= ya+h=d (dpcr)
Vi du 24: Tim tat ca cac sd nguyén duong n sao cho: n* +n® +1 1a sb chinh
phuong.
Gidai
Gia st n* +n” +1 1a s6 chinh phuong.
Vin*+n?+1>n'*=n?? nénta co:
ten’+1=(n*+k)* =n' +2kn® + k>, v6i k 1a mot sé nguyén duwong
naio d6. Suy ra: n®*(n-2k)=k’-120z. Dic biét, k®>-1 thi
k=1, n*(n-2)=0, ta ¢c6 n=2. Th lai, 2*+2° +1=5%: thoa man.
Ngoai ra, khi k#1 thi: k*>k*-1>n*> = k>n = n-2k<0: miu
thudn véi diéu kién n*(n—2k) =k* -1>0.
Vay, ta chi tim duoc n =2 thoa man bai toan.
Vi du 25: Tim s6 nguyén c6 chin chir s A = a,a,azb,b,bsa a,a, trong do

a, #0 va b,b,b, =2a,a,a, , dong thdi A c6 thé viét duge dudi dang
A =p?pspipl v8i p,, py, Py, D, la bdn sb nguyén td khac nhau.
Giii
A =a,a,a,bb,b,a,a,3, =a,a,a,.10° + b;b,b,.10° +a,a,a,
=a,8,a,.10° + 2.a,a,a,.10" +a,a,a, = a,a,a,.(10° + 2 + 1)
= a,a,a,(1002001) = a,a,a,.7%.11%.13?
Viy @; phai bang binh phuong cua mot sé nguyén té p khac véi 7,
11, 13. Do b,b,b, <1000 nén a,a,a, <500 => 10 <p <23. Nhu vay, p

chi cé tehé 121 17 hodc 19, do do: a,a,a, = 289 hoéc a,a,a, = 361.

Vi du 26: Mot s6 nguyén duong N ¢6 dung 12 ude 50 (duong) khéc nhau ké
ca chinh no va 1, nhung chi ¢6 3 udc s6 nguyén té khic nhau. Gia sir
tong, clia cdc ude s6 nguyén t6 1a 20, tinh gia tri nho nhit c6 thé ¢6 cua N.

Giai
Goi cac udc nguyénto cuasO Nlap,q.rvap<q<r
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q=5r=13 N =2°5"13°
q=Tr=11 |[N=2"7"11°
Véi a,b,ceNva(a+1)(b+1)(c+1)=12=>12=2.2.3
Do d6 N c6 thé 1a 22.5.13;2.5%13;2.5.13%;2%.7.11;2.7%.11;2.7.11°
N nho nhat nén N =2%5.13 = 260
Vidu 27: Tim tat ca cac sO nguyén x, y, z thoa phuong trinh:
3x% +6y? + 22% + 3y?z® -18x-6=0
Giai
D@ thdy z”chia hét cho 3 = z chia hét cho 3 = z? chia hét cho 9
* Xét z2 =0,tacd: 3x* +6y° —18x-6=0
& 3(x-3)+6y° =33 (x-3)2 +2y* =11
gyl g1yt 222 = y% =0%1%:2°
+ y? =0=>(x-3)* =11(vo li)
+y2=12=>(x-3=3"=>x-3=43 =>x=6ho3c x=3
Co cac nghiém: (x=6;y=1;,z=0);(x=6;y =-1;,z=0)
(x=0,y=1z=0);(x=0,y =-1,2=0)
+yt=2"=(x-3)*=3 Voli
* Xét 2> >9tacod: 3x* +6y” +22° +3y°z° —18x-6=0
& 3(x-3)% +6y* +22° + 3y°z® =33
+ y? >1thi2z® + 3y®z* 2 2.9+ 3.1.9 > 33 (loai)
+ y2 =0thi 3(x-3)* +22z° =33
z? =9 thi 3(x-3)? =15 (loai); z° >9= z* 26> =36
Ta c6: 3(x —3)% + 2z° > 33 (loai)
Nghiém nguyén cua phuong trinh la:
(x=6,y=12z=0);(x=6,y=-1,2=0)
(x=0;y=142=0);(x=0;y=-1,2=0)
Vi du 28: Cho x, y la nhimg s6 nguyén duong thay déi’th(’)a man ditu kién
x + vy =201 . Hay tim gia tri I6n nhat va tra tri nho nhat cua bicu thic:

:>p:2;q+r:18:>{

P=x(x®+y)+y(y* +x)
Giai
P=x(x’+y)+y(y?+x)=x"+y° + 2xy
=(x+y)? —=3xy(x+y) + 2xy = 2017 - 601xy
P 16n nhit khi xy bé nhét va P nho nhét khi xy 16m nhat.
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Bay gio, xét x, y la céc $O nguyén duong voi x+y =201. Dat A =xy, ta
cO A =x(201 -x)==x" +201x.
x =100 ¥ =101

ha {

Suy ra A 16n nhit khi
y =100

y =101
A nho nht khi {X =" {" =200
y =200 y=1
Tir d6 suy ra duge cac gia tri nho nhét va 1on nhat tuong ung cta P.
Vi du 29: Tim tat ca cac cap so nguyén p,q sao cho dang thirc sau dung:
Jp-2+Ja-3=Jpa-2p-q+1 (@)
Giai _
DPigu kién: p-2>0,q-3>0, pq-2p—q+1=0. (p, q la cac so nguyén)
Binh phuong hai vé cna (a): 2\/p—2 -\/q—B =pq-3p—2q +6¢.
Hay: 2\/(13 -2)(q-3)=(p-2)(q-3). Tiép tuc binh phuong
4(p-2)(q-3)=(p-2)*(q-3)*.
+ Néu p=2 thi (o) tro tha‘mh:\/6+\[q—3 =Jq-3 , dung va&i moi )
nguyén >3 tuyy. |
+ Néu q=3 thi (a) tro thénh:\/pT2+\/5=\/m,dﬁng véi moi sb
nguyén p =2 tuyy.

+Xét p>2 va q>3.Tacd: 4=(p-2)(q-3)(p,qlacac sé nguyén).

Chi xay ra cac truong hop:

1/ p-2=1 q-3=4; 2/ p-2=2, q=3=2; 3/ p-2=4, q-3=1.

Suy ra cac cdp (p :q) 1a (3:7), (455),(6 ;4)

Kiém tra lai ding thic (o ): V1 +/4=19 ; V2 +/2=18 ;J4+J1=19
Vi du 30: Tim nghiém tu nhién (x; y) cia phuong trinh:

(x2 +4y® +28) =17(x* + y* + 14y® + 49)
Gidi

Bién doi twong duong phuong trinh di cho:

(*) e [x2 +4(y* + 7)]2 = 17[}(4 T 7)2]

o xt+ 832+ +16(y2 + 7 =17x* +17(y? + 7)°

& 16x* -8x*(y+ D+ (y2+7)2 =0

o [4x? - (v* +7)] =00 axt -y  ~T=0 (2x-y)2x +y) =7(1)
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Vix;yeN nén 2x -y <2x+yva 2x+y 20, ching déu ¢ gia tri nguyén

" 2x+y=T Eeld . R _
nén suy duogc: e . Vay phuong trinh c6 mot nghi¢cm tu
2x-y=1 y=3 '

nhién la (2; 3)

Cich khdc: Sir dung bit dang thie bunhiacovski dé co:

[1x +4(y* +7)] [x +(y*+7) ]hay [x2 +4(y* +7)j|2 < 17[x" (v + 7 }
dau bang xay ra (tirc 1a ¢6 phuong trinh (*)) khi:
4x* = y* + 7 (2x - y)(2x + y) = 7. Lam tiép nhu trén
Vidu 31: Tim neZdé n+26va n-11déu la lap phuong cua sb nguyén
duong.
Giai
n+26=a’van-11=b’véia>beN =a®-b*=37
& (a? +ab+b?)(a-b)=37. Taco s6 37 la s6 nguyén t6 va do a>be N’
nén (a’ +ab +b?) > (a —b) va la cac sd tu nhién
3{32 +ab+ D’ _37<:>{a2 _3_12:0©3:4vé b=3(con a=-3 va
a-b=1 a-1=b
b=-4 bi loai). Thay vao ding thic n+26=a’hoic n—-11=b%ta co
n = 38.
Vi du 32.: Tim s6 tu nhién ¢6 bdn chir s (viét trong hé thap phan) sao cho
hai diéu kién sau dong thoi dugce thoa man:
(i) MBOi chir s6 dimg sau 16n hon chi s6 dimng lién trude.
(ii) Téng p + q liy gia tri nho nhét, trong do plati sO cua chit 6 hang

chuc va chir s6 hang don vi con q la ti sd cua chir s6 hang nghin va chir
s6 hang tram.

Giai
Xét sotly y c6 4 chirs6 abed ma 1<a<b<c<d<9.(a, b,c,d lacac
s6 nguyén).Ta tim gia tri nho nhat ctia p+q=§+%
Do b, ¢ la sb tu nhiénnén: c>b=>c>b+1.
b+1 1 N |

+—suyap+q=—+—+—
b yap+q 9

\ - 1 7
Vivdy:p+q2 —+ =
9 b 9 9b 9

\

b 1
+ _—khl =b+1,d=9,a=1 —=
A ¢ 9 b

Vay s0 thoa man cac diéu kién cua bai todn la: 1349
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Vi du 33 : Chimg minh riing voi p 1a sé nguyén td 16n hon 2 thi gia tri m
1
p-—1

s & W S b - aull
trong phin so: e +Z + B +.t (meN;ne N), chia hét cho p.
n 2 &
Giai

Do p 1a s6 nguyén to nén p — 1 la s6 chan. suy ra

m 1 1 ]
—=1+—+—+ .
n 4 p-1
11 11 J 1 1
-+ +| —+ — [+ =+ +...4+( + )
(1 p—]) [2 p-2 [3 p—&) =1 " P+l
2 2
P p S p
1.(p-1) 2.(p-2) 3.(p-3) {p—l)(p+1)
2 2
=p L + L + E +ot !
1.(p-1) 2.(p-2) 3.(p-3) (p—l)(p+1)
- 2 2 -
Ta <o 1.(p—1).2.(p—2)...%l.p;1:(p—l)!suy ra 2 o dang
n

Ezlp( ql)':m(pul)!:pq = m(p-1)!chia hét cho p ma (p-1)!
n p-1)1

khong chia hét cho p, nén m chia hét cho p.

Vi dy 34> Ching minh rang véi n nguyén 1én hon 1 thi (n® —n2 +n - 1) chia
hét cho (n-3)°.
Gidi
Giasirn>2,tacé (n"-n*+n-)=n"?-n®+(n-1)
=m=1D@O"?+.. +Dn*+m-1)=(m-1)0" " +...+n>+1)

Ta thi‘iy réng (n* =1) ludn chia hét cho (n—1) nén

n-1 n-1

"'+ 40+ D) =" +..+n’—n+n+1)

="' -D+..+Mm*-1)+n-1, suy ra (n"" +...+n”+1) chia hét cho
(n-1). do dé (n" -~ n* + n -1) chia hét cho (n-1)?.

Khin =2thi (n" -n®+n-1)= 1 suy ra diéu phai chimg minh.

T
#
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Bai tap van dung

1.

: 2

10.

11.
12.

13.
14.

15.

16.

A

Giai phuong trinh nghiém la s6 tu nhién cua phuong trinh sau:
2(x* -y*)=1978.

. Tim s0 ¢6 sau chir s60 do1 mot khac nhau abedef sao cho

abcdef = a(1000ce. —cc) .

. Giai phuong trinh nghiém nguyén: x* —y* +z* + 2x%2% +3x* +42° + 1=0.

. Chimg minh ring: v6i moi s6 tu nhién n > 2 thi

2
gt 0, g=

4 9 16 n’
Tim tat ca cac tam gidc vudng c6 ba canh la s6 nguyén va co dién tich
bang chu vi.

Tim s6 tu nhién nho nhét bit dau tir chir s6 1 sao cho néu chuyen 1
xudng vi tri cudi cung thi s6 da cho tang 1én ba lan.

khong thé 1a mot s6 nguyén

Hay tim cac chir s6 a, b, c, d; biét réng a, cd, ad, abed 1a cac s6 chinh
phuong.

Trong mot hdi nghi qubc té c6 6 dai biéu & cung mot khach san. Néu bat
clr 3 ngudi nao gdp nhau thi trong ho cd it nhat 2 ngudi c6 thé tro chuyén
voi nhau dugc. Ching minh rang c6 ba nguoi ting doi1 no1 chuyén voi
nhau duoc.

Xac dinh sb n, biét réng, trong hé dém co sd 7 thi n dugc viét n - Xyz,
trong hé dém co s6 11 thi n6 duogc viét n =zxy .

Tim cac sb nguyén a, b, ¢ sao cho da thirc: (x +a)(x—4)~7 phan tich
thanh thira sd dugc: (x + b)(x +c).

Tim x, y nguyén duong thoa man phuong trinh: 3x* + 10xy + 8y’ =96
Chtmng minh rang tich cta 4 s& nguyén duong lién tiép khong thé 1a sO
chinh phuong.

Tim cac s6 nguyén x; y thoa man x?y? —x? —8y? = 2xy

Cho hai sb duong X, y. Biét tong cua ching bing 6 lan trung binh nhan

) , , v A X
cua ching. Tinh ty s6 —.
¥y

Clig & =15 4. 0M08 L od00k ¢ oy B=13 248 4. +0 voine N>,
Chu'ng minh A:B

Tim s6 tu nhién c6 5 chir s6, blet ring s6 do bang lap phuong cua s tao

boi chgnang van va chir sd hang nghin cua so da cho (theo thir ty do).



17. Tim s0 ¢0 ba chir s6 sao cho ti s0 gitta s6 d6 va tong cac chit s6 ctia nd la
bé nhat.

18. Tim ne Zdé n* + 2n” + 2n* + n + 71a s6 chinh phuong

19. Tim x;y; z; t thoaman x* +y* + 22 +t? = x(y +z + t)

4 . : & . / X
20. Cho hai s0 duong x, y thoa mdn x +y = 3/xy . Tinh =.
¥

21. Tim céc sb nguyén duong x, y thoa man L + L é— .
X ¥ 2
22. Tim céc s nguyén a, b, ¢ thoa man ca hai phuong trinh 2a +3b=6 va
3a+4c=1

Hudng dan va dap s6

1. Ta ¢o, tr phuong trinh da cho, suy ra
2(x?-y?)=1978 & x* -y’ =989 & (x - y)(x + y) =23.43
Do x, y 1a sb tu nhién nén xay ra céac truomg hop sau

Xx-y=23 x=33
a. =
X+y=43 y=10

x-y=1 x =495
b. o
{x+y=23.43 {y=494
2. Ta c6 abedef = a(1000cc. — cc) <> abedef =121000ac? - 11ac.
Do a,b,c,d,e,f eN,1<a<9,0<b,c,de,f<9,suyrallac< 1100,
0 < abedef <10%, nénxayraa=1,c=2hoaca=2,c=1, viakhacc
* Khia=2,c=1taco abcdef =121000.2 -22 = 241978.
* Khia=1,c=2taco abcdef =121000.4 —22 = 483978 .
3. Taco x* -y +2* +2x*2* +3x* +42° +1=0 |
P +22+2)2 - (x2+3)=y*' (1) hoic
&% +2° ¢ 1V et 4228 =y* (D)
Nhung ta c6 x? +2z° >0va x* +3>0;(Vx,zeZ). Tur (1) va (2), ta c6
X2+22+1)2 <yt <(2+22 420 >yt =P +2° +1)%. Két hop Vi
phuong trinh (1) ta c6 x* +2z° =0 =>x=2=0 nén y =+1. Viy phuong
trinh c6 nghiém nguyén la (x;y;z) =(0;1;0);(0;-1;0).
221 3-1 4'-1 n? -1
5 to et

1 1 1 1
t)+(1_?)+(1—zg—)+...+(l—;§')
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B A | | L
S*n—l—(2—2+§?+25+...+—2—)<n—1.V;ty: S<n-1 (1)

n
¢ Ta ching minh: S>n-2

That vay: : : L

1
e we T e . 2 + +...+—*~--—-—~—1
3° 4 ' 12 2d 34 (n-1).n

<(1,1]+(l_l) (l_l) J{ 1 _l]<1_l
2 2 3 3 4 (n-1) n n

Do do: S>n-a1—(1——) =n—2+i >n-2.
n n

Viay: S>n-2(2). Tu(l)va(2)tasuyra: n—2 <S8 <n-1 v6i moi 50
nguyén duong n 2 2. Ma: n -2 van -1 la hai sO nguyén duong lién
tiép.Nén: S khong 1a s nguyén.

S. Goi x, y, z la cac canh cua tam giac vudng 1<x<y<z
2 2 2%
Taco:{* *Y =247
xy = 2(x+ ¥y +2)(*")
Tu (%) tacé:zz=(x+y)2—2xy=(x+y)2—4(x+y+z)
= (k+y) —dlx+y)—4z

| =

= zz+4z+4=(x+y)2—4(x+y)+4 (2422 =(x+y-2)°
& x+y-2=z+2 (Vix+y 22)
Thay z=x + y — 4 vao (**) ta duoc:

x-4=1 Xx—-4=2
~4)(y-49)=8 = ho3 >
(x=Hy-4) {y_4:8 odc {y_4:4 (viy 2 x)

{x =5 5 {x =6
=5 hoac
y=12 y=8
Viy d0 dai cac canh tam giac vuong can tim 1a: 5,12.13 hodc 6,8,10.
6. Goi sO can tim la: A = 1a,a,..a
bitB = aa,...a, . Taco: A=—_B
. Theo dé bai ta ¢6: Bl1=3. 1B
3.10" -1
7

Suy ra: 10B+1=3(10" +B) <:> B =
. Bing phép thu voin =5 thi B = 42857
. Khi d6 s6 bé nhét can tim 1a A = 142857.

7. Do a chinh phuong nén a bang 1, 4 hodc 9. Do d6 ad bang 16 hay 49.
Suy ra cd bing 16, 36 hay 49. Tir nhiing diéu nay ta ¢6 a =1 hoac
a=4. Viy abed ¢4 dang: 1b16, 1b36, 1b49, 4b16, 4b36, 4b49 trong
nay chi ¢6 1936 1a sé chinh phuong.
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8. Xeét ngudi A. Trong S ngudi con lai phai ¢6 ba nguol cung noi chuyén

10.

11.

dugc hodc cing khong néi chuyén duoc voi A, ta £o1 ba nguoi nay la B,
s p.Gia sitcaB,C, D cung noi chuyén duoc voi A. Theo gia thiét, co it
nhat hai trong ba ngudi dy noi chuyén duge vai nhau, cing vaoi A, ho lap
thanh mét bo ba can tim. ,
Gia su B, C. D cung khong noi chuyén duoc véi A, Theo gia thiét, suy ra
rang nhom (B, C, A) ¢6 B, C néi chuyén véi nhau; nhom (B, D, A) ¢o B,
D noi chuyén voi nhau; nhom (C, D, A) ¢6 D, C noi chuyén voi nhau.
Viy loc nay (B, C, D) 1a b ba phai tim.
Ta phai c6 0 <x,y,z<6. Tir gia thict:
49x +7y +2=121z+11x+y = 19x =60z - 3y

Do do x chia hét cho 3, tirc 1a x = 3 hodc x=6.
*x=3thi y=20z-19,suyraz=1; y=1.
* x=6 thi y =30z~ 38 (loai).
Vay, s6 phai tim la 155, viét trong co's6 7 1a 311 va trong co s§ 11 1a131.
Véimoi xtacd: (x+a)(x—4)—7=(x+b)(x+c¢)
Nénvdix=4thi -7=(4+b)(4 +¢)
Ce . |4+b=1  [4+b=7

0 2 truong hop: {4+C:-7 va {4+C:_1
Truong hop thi nhat cho b=-3;c=-11;a = -10.
Taco: (x-10)(x-4)-T=(x-3)(x-11)
Truong hop thit hai cho b=3;c=-5a=2
Taco(x+2)(x—-4)=(x+3)(x-5)
3x% +10xy + 8y* =96
&> 3x” + 4xy + 6xy + 8y =96 <> (3x% + 6xy) + (4xy + 8y?) = 96
& 3x(x +2y) + 4y(x + 2y) =96 < (x + 2y)(3x + 4y) = 96 .Do X, y nguyén
duong nén x+2y;3x+4y nguyén duong va 3x+4y>x+2y=>3. Ma
96 =2°.3 ¢6 cac udc 1a 1;2; 3; 4: 6; 8; 12; 24; 32; 48; 96 duoc biéu dién
thanh tich 2 thira s6 khong nho hon 3 1a: 96 =3.32=4.24=6.16=8.12
Lai ¢ x+2y va 3x+4yco tich 12 96 (sd chdn) c6 tong 4x +6yla so

chéin do d6 iadeh . H¢ phuong trinh nay v6 nghiém.
3x+4y =24
+2y =6 (x =4
Hodc T =5 g
" |13x+4y=16 gl

Hoac { " = . Hé phuong trinh v6 nghiém.
C o 13xt4y=12 |

Vay-cac Sé X, y nguyén duong can tim 1a (x, y) = (4, 1)
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12,

b)

b)

13.

14.

15,

Goi bon s6 nguyén duong lién tiép 1a x;x +1;x + 2% + 3 Voi x nguyén
duong. Gia sir x(x +1)(x + 2)(x + 3) = k? & (x® + 3x)(x? + 3x + 2) = k?

& (x* +3x+1)2 —1=k? Trong dé (x> +3x+1)>va k? 1a hai sé chinh
phuong hon kém nhau 1 don vi nén (x* +3x+1)% =1 va k=0
= x=0;x = -3 trdi v6i gia thiét. Vay tich cta bon s nguyén duong lién
tiép khong thé ‘12‘1 sO chinh phuong. 1
Chimng minh rang véi so nguyén duong a chia cho 4 du 2 thi biéu thirc
P =3" + an + 3 chia hét cho 4 v6i sé nguyén duong n bat ky.

P =3" + an + 3 vdi n nguyén duong

Vol a=4dm+2(m e N*)thiP=3" + (4m + 2)n + 3

*n=1thi P=3+4m+2+3=8+4m:4

*Giase P=3" +(4m + 2)n+3:4 véin =k, tuc 1a:

P, =3* + (4m + 2)k + 34

Tt B =8 4fdne- 8o+ L)+ 3 |

=35 (2+1)+(dm+2k+4m+2+3=832+3 +(4m+2)k + 4m + 2+ 3
=P, +3*2+4m+2=P, +4m+2(3* +1)!4. Vay Pi4vdi a =4m + 2
x’y? -x” —8y® =2xy (1). Ta c6 x =y = 0 la mdt nghiém cua phuong
trinh. Xét x;y#0.Tu (1) @ y*(x*-7)=(x+y)* =>x*-7 1a sb chinh
phuong= x* -7=a’ = (x-a)(x +a) =7

Keét qua: (x;y) = (0;0);(4;-1);(4;2);(~4;1);(~4;~2)

Tacd x+y=6xy.Chiaca hai vé cho y ta duoc: gl 6\/E
; h 4 s 4

bat t =\/E > 0;ta ¢6 phuong trinh: t* =6t +1=0
h g

Giai phuong trinh ta dugc hai nghiém: t, =3+ 2J2 vat, =3 - 22

Vay 2=t2=17+2/2.
y

B=1+2+3+...+n=>2B=n(n+1)

A = 12005 | 92005 | 2005 , 2005

o DA (12005 + nzoos) + [22005 +(n— 1)2005] +
+[(n _1)2005 4 220({5] + (n2008 t‘lzoos)

Cac biéu thirc trong ngodc déu chia hét chon+ 1 nén:2a’(n+1) (1)
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16.

17.

18.

Lai co:
2A = (12()()5 g (n B ])gnus) s {22%5 i (n N z)znt)ﬁ} s
" [(n - 1)znum " 12005} 4+ 92005

Cac biéu thire trong dau ngodc déu chia hét cho n nén: 2A'n (2)

Vinvan+ 1 lahai séb nguyén to cung nhau nén tir (1) va (2) suy ra
2A:n(n +1)=2B. Viy A:B.

Goi sb can tim 1a abede | ta co: abede —ab

Pat x = ab;y = cde(0 < y < 1000). Ta ¢6:1000x + v = x* (1)
=1000x<x® =1000<x> =32<x(2)

Viy <1000 nén tir (1)=1000x + 1000 > x* = x(x* —1000) < 1000
= x<33 (3). Tir (2) va (3) suy rax = 32.

Viy s can tim 1a 32° = 32768.

Goi s6 ¢6 ba chit s6 cin tim 1a abe (a;b;ceN;0<a<9,0<b;c<9).

abc _100a+10b+c . 99a+9b

a+b+c a+b+c a+b+c
Vi a,b xdc dinh thi k bé nhat khi ¢ 16n nhit =>c=9
99a +9b . 9(a+b+9)+90a-81

Taco: k=

k=1+ =
a+b+9 a+b+9
:]_+9+293:_8_1=1()+_9_QE__§1
a+b+9 a+b+9
Vi a xac dinh thi k bé nhit khi b 1on nhit=b=9
k:10+90a—81=10+9}Oa—9=IO+SIMa+1&—189_
a+18 a+18 a+18
=10+00 - 2157 100~ 2188 o bk khi & bé nhdE s =1
a+18 a+18
199

Viy s6 phai tim 14 199 va k = -

n' +2n® + 2n® +n + 7 1a s6 chinh phuong

< 4(n* +2n’ +2n* +n+7) =k*(keZ) < 4n* + 8n® +8n® +4n + 28 =k’
SN +2n+1)? +27=k* ok’ -(2n? +2n +1) =27

& (k+2n? +2n+1)(k-2n% -2n-1)=27

Xét cac truong hop xay ra tim dugec n =2 hodc n =-3
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19. X2+ y? +z22 +t> =x(y +z+t)
Nhan ca hai vé ciia phuong trinh véi 4:
4%® + 4y® + 4z% + 4t% = 4xy + 4xz + 4xt
x5+ xi—4xy +4yt + xP —dxz+ 4z +x* -4xt +4t* =0
oxX+(x-2y) +(x-22)% +(x-2t)* =0
Suymx~y=z~t=1.

20. Ta co: x+y:3\/E'<:>§-+1:3\/E (1)
b )

y

X 345 3445 )
Pit u="tacé u>0va 1) ©u*-3u+1=0 PO e e P .

¥ 2 y 2

21. Cdch 1:Vai trd clia x va y nhu nhau nén ta c6 thé gia si: X2y,
- -4 I

18.00° —+—-—=—;x>0:>l<l:>y>2

x y 2 y 2

1 1 1 ,

X2Y>0:>*S—2—=l+—l—s2 =y<4.Dodo:y=3 hay y=4.

¥ ¥ Z X ¥ ¥
Vi y =3 thix =6. Do tinh ddi xing ta ciing c6: x =3vay =6.
Vai y=4 thix=4.
Ca'ch2:-}1;+—:r-=%©2(x+y)=xy<:>2x~xy+2y:0
&x(2-y)-2(2-y)=—-4
2-x)(2-y)=4=1.4; 4.1; (-1)(-4); (-4)(-1); 2.2 ;(-2)(-2).
Vix y>0nén 2-x<2, 2-y<2.Do do ta co cac truong hop:
e 2_x=1va 2-x=4 o x=1va y=-2 (loai).
e 2_x=-1va2-x=-4&x=3 vay=6 (nhan).
e 9_x=-4va2-x=-1¢&x=6 va y=3 (nhan).
e 92_x=-2va 2-x=-2&x=4 va y=4 (nhén).
22. dé khir a, ta bién ddi cac phuong trinh da cho thanh 6a+9b=18va
9ab-16 b

6a+8c=2.Suyra 9b-8c=16.Do do c=—-8-—=b~2+-8~
b va ¢ la cac sd nguyén khi va chi khi g]é sO nguyén.

Pitb=8k (keZ)thi c=8k-2+k =9k -2.
Thay vao 3a + 4c =1dugc 3a=1-4(9k -2) =-36k +9,do doa=-12k + 3.
Céc sb nguyén a, b, ¢ phai tim ¢6 dang: a=-12k+3b=8k,c=9k-2 voi ke Z.




Chuong 5. Phuong trinh vé ty

Mot s6 kién thirc co ban

&

Dang cén thire bic chan:

i (B<0
3 > ( Az
WA-B e | ]_ WA =B < [
A =B* IB20
|a>B
(B>0
MA<B o {A20
sz > A
Phuong phap chung
1. Phuwong phdp thir nhit
Sw dung phép b:en doi twong duong dé dwa vé cic dang co ban cua
phuwong trinh dai 50. :
Dimg phép bién doi twong dicong hay phép khir cén thirc d@éi véi phuong
trinh chira can thirc:
Ta cé %/f (x) —g(x)cn{g(x)zo neN
f(x)=g"(x)
mff (x) = g(x) = f(x) = g (2)
2. Phuong phdp thir hai: Bién déi dwa vé phwong trinh tich
Dé giai mot phuong trinh ndi chung, phuong trinh chita can thicc néi
riéng, nguoi ta thuong su dung phuong phap dwa vé phuong trinh tich
voi dang nhie sau:  f(x).g(x).h(x) = 0. Trong doé cdc phwong trinh
f6)=0
g(x)=0
hix)=0
la nhitng phwong trinh don gian, da biét phuwong phdp gidi nhie phzm’ng
trinh bdc nhdt, phuong trinh bdc 2...Nghiém cua phuwong trinh can giai
la tdp nghiém cua cdc phuong trinh: f(x) =0,g(x) =0,...,h(x) = 0.
3. Phuwong pha’p thir ba: Phwong phdp diit én so phu
Trong qua trinh giai phwong trinh néi chung va phuong trinh chita cdn
thitc néi riéng, ching ta can phdi su dung phuong phdp ddt an phu.
Nguoi ta diing an so phu do thay thé cho mot biéu thitc chita dn nao do
nhdam muc dich ha bdc cia phwong trinh, dira phwong trinh da cho vé
nhitng phuong trinh dang da biét. Giai phicong trinh véi an phu, sau do
tim nghi¢m cua phicong trinh.
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4. Phwong phap thir twr
Phuong phdp si dung cdc kién thivc vé bit ding thirc:
Dé giai phzmng trinh noi chung va phwong trinh chica can thic néi
riéng, nguoi ta con su dung cdc kién thirc vé bat dang thite, cdc tinh chdt
bat ddng thite chita ddu gia tri tuyét ddi, bt dang thire Cosi, bit ding
thirc Bunhiacdpski. Trong phuong phdp nay chii yéu dia vé 2 dang sau:
Dang 1: Dua phicong trinh vé dang: f(x) = g(x) ma f(x) > a
(a la hc%ng 56), g(x)=a. Nghiém cua phuong trinh la nghiém ~ua hé
phuong trinh sau: {f(x) T
g(x)=a
Dang 2: Dua phwong trinh can gidi vé dang h(x) = a (a la hang s6) ma
ta luon co h(x)>a. Hodc h(x) <a,thi nghiém cua phuong trinh la gia
tri ctia bién x lam cho ddu dang thirc xay ra.
Ap dung tinh chat: la| +|b| 2|a + B|. Déu bang xay ra < ab=0.

bZ\/cE(a,bZO).

chu bang xay ra khiva chi khia = b.
Ap dung bat dang thitc Bunhiacopski ta co:

Ap dung bat dang thitc Cési: S

(ax + by)? <(a® + b?)(x? + y?). Ddu bding xay ra khi va chi khi %: 2
k4

5. Phuong phdp thit nam: Phuong phdp chirng minh nghi¢m duy nkit
VGi mot so phiong trinh, ta c6 thé khir truc nep dé thdy mét vai nghiém
ciia phuong trinh, réi tim cdch chitg minh rang ngodi ra phworg frinh
khong co nghiém nao khadc.

6. Phwong phdp thir sau: Phuwong phdp dwa vé hé phuong trinh
Khi giai phwong trinh, c6 nhitng phuong trinh chung ta can dat cdc an
phu thich hop dé dwa vé viéc giai phuong trinh dé cho vé mot hé phutong
trinh quen thugc.

7. Phwong phdp thir 7: Phwong phdp dua vé tong cdc so khong am
Khi giai phu’(mg trinh noi chung va phwong trinh chita can thic noi
riéng, la co thé bién doi tir phwong trinh: fix) = 0 vé dang:

fE(x) + fE(x) + ...+ f2(x) = 0. Viy nghiém cua phuong trinh la ighiém
(fi(x)=0
fz(x) =0

cua hé phuong trinh: <

f.(x)=0
Phuwong phdp nay nguoi ta thuong dp dung cho phicong trinh chia can
co nhiéu an so.
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8. Phurong phdp thir 8: Phuong phdp vin dung tinh chia hét cia nghtem.

9. Phuwong phdp thir 9: Phuong phap su dung cdac tinh chat cia so vo ty.

10. Phuong phdp thir 10: St dung do thi va cdc kién thirc vé tam thirc bdc
2 dé gidi va bi¢n ludn phwong trinh chiva can thirc cé tham so.

Cac vi du minh hoa
1. Phuong phdp bién doi twong duong
Vi du 1: Giai phuong trinh: V4 + 2x -x* = x -2,

Giai
% 3 4 2 — 2: 22
T\/rzigc.{ e (x+2)
X2
2 92 9 X =
4 +2%x—x°=%x"=-4x+4 2% -6x =0
= = Lamy X:3
Xx22 x=22
=2

Viy nghi€ém cua phuorng: trinh x =

Vi du 2: Giai phuong trinh: ¥16 - x° =4 —x.
Giai

Y16-x* =4-x =16-x* =(4-%)°
16-x° =4% -3.4%x+3.4x% -x* ©12x" -48x +48=0
e x2 —4x + 4 = 0 = x = 2 .Vay nghiém cua phuong trinh x =2
Vi du 3: Giai phuong trinh: v3x +5 — Jx-1=4.
Giai
Viét phuong trinh thanh dang 3x+5 =vx-1+4(1)
Trén tap hop K =[Lxo)la mién xac dinh cua phuong trinh, ca 2 vé cla

phuong trinh déu khong am. Mat khac ham s6 ¢(t)=t*, la ham don
diéu, voi t 20, nén trong tap K nay, phuong trinh ban dau tuong duong
voi phuong trinh: (V3x+5 )2 =(x-1+4)>. Phuong trinh (1) tuong
3x+Hh=x-1+16+8vVx 4\/—1 <=5

duong voi hé sau :
X € [1; 00)
Trong tap hop L = [5;@), ca 2 vé cua phuong trinh déu co gia tri khong

Am nén no tuong duong voi hé sau

2 =13+ 82

X:13_8\[§<:>X=13+8\/§.

{]6x~16:x2—1()x+25 {
=
x =i

) =}
Viy phuong trinh da cho ¢o6 nghiém: x =13 + 82
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Chu y: Khi giai p/nmng trinh nay, cé thé lam don gian hon, /)cmu cach 2
lan binh phuong 2 vé dé phda can. Két qua ta co phuong tr inh bac 2. Sau
ddy kiém tra lai d@é loai nghiém ngoai lai. Tuy nhién vin dé kiém tra

khong phai bao gio ciing lam duwoc.
Vi du 4: Giai phuong trinh: V2x -5 +Jx + 2 = /2x + 1
Giai

x , : 5] ; T i
Trong mién xac dinh K :[5;00 . ca hai vé cua phuong trinh nhan cac

gia tri khong am. Vi vdy, phuong trinh nay twong duong véi hé:

3x-3+2V2x-5.J/x+2=2x+1 2\/2X—5.\/X+2:-—X+¢.1

Xzé = XZ‘?"

9 2
Ca hai vé ctia phuong trinh dau trong hé phuong trinh trén déu nhan cac

gia tri khong am trong H = [2;4} — K. Suy ra phuong trinh daw twong

duong voi hé:

8x? —4x-40=x>-8x+16  [7¢% 4+ dx—56 =0 X:—217§~J11.
é TRZT4 ~ ngsél g §<x<4
2 o Sx<

Vay phuong trinh da cho cé nghiém x = 12%6\/1—_1 ;

Vi du 5: Giai phuong trinh: V10x-1-Jx+3 =1.
Giai:

Binh phuong 2 vé cua phuong trinh. Do vay phép toan nay dan tdi
phuong trinh hé qua: |
11x+2-2/10x-1.Vx+3 =1 hay2J10x -1J/x+3 =11x +1
Binh phuong 2 vé cua phuong trinh 1an nita ta duge phuong trinh hé qua
moi: 4(10x* +29x —3) =121x* + 22x +1 ¢ 81x* -94x + 13 = 0. Phuong
trinh nay ¢6 2 nghié¢mx =1, x = 513?

Can kiém tra xem chiing c6 thoa man phuong trinh da cho khong. Thir

lai, taco x = g khong thoa man.

Vay phuong trinh da cho ¢6 nghiém x = 1.
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. , . . 13 . . 3. g ,
Nhin xét: Nghiém ngoai lai x = = nam trong mién xac dinh cua phirong

trinh dau. Diéu dv ¢6 nghia la: nguvén nhan xudt hién nghiém ngoai lai
khong phai do mo rong mién xdc dinh ma do viéc sir dung ham s6 khong
don diéu. Viée giai phuong trinh ¢o chita can thice, khong phai bao gio
ciing tim tdp xac dinh, co khi chung ta giai bang cdch dwa vé phiong
trinh hé qua, sau do thir lai .

Vi dy 6: Giai phuong trinh: x —v2x+3 =0,

Giai
Ta ot
- -0 x>0
Xz X2
—EVy e — A =L o =1 &% E=4,
x:=2x+3 x2-2x-3=0 G

Vi du 7: Giai phuong trinh: Jx+d-J1-x =+1-2x.

Giai
Phuong trinh da cho tuong duong voi: Jx+4=Vy1-x+J1-2x
1-x20 e
& {1-2x20 =

x+d=(Tox+Vi-ox)?  (2x+1=v2x*-3x+1

r

1 1
b S ——<x<—
2 i 272
& {2x+120 S <2 g <:>Jx 0 < x=0
(2x+1)* =2x* -3x+1 2x% +Tx =0 T
| 2

Vi du 8: Giai phuong trinh: x* —7x =6vx+5 -30.
Giai
x> -Tx=6Jx+5-30 x> -Tx-6Vx+5+30=0

e (x2 —8x+16) +(x+5-6Jx+5+9)=0

s (x—4) +(Jx+b-3)2 =0 (x—4)" =0
> (x - b=9)" = -
Wx+5-8=0

x-4=0 x=4
¢>{m_320©{\/;+_5:3c>x=4 :
Vay tap nghiém cua phuong trinh S = { }
2. Phuwong phdp bién doi dua vé phtrong trinh tich
Vl du l: Gla1 phuong trinh: Jx? +10x+21 =3Jx+3 + 2Jx+7-6(1)

jf-- 143




Giii
Déuh@xxz—3(UcaJG+3xx+ﬂ-3Jx+3—2JX+7—6:0
cmx+7—3xe+3—2»4%:[“X+7_3_0<:[X‘2

Vx+3-2=0
Viéy nghiém cta phuong trinh 1a X =l =8,

Vi du 2: Giai phuong trinh: Vx? —4x + 3 + Jx? —3x + 2 — —Vx® —x (1)
Giai
Ta co x2—4x+3=(x—1)(x—3)

x= 1

x2—3x+2:(x——1)(x—2);x2—x:x(x—l).Diéukién:x >3
\/x2—4x+3 +\/x2—3x+2=—\/x2—x
SVx-1(Vx-3 +/x-2 +Vx)=0

X==] == gdgpi=e ] . X n
@[\/X_3+\/X_2+\/_:O¢:>phuomgtrmh vd nghiém.

Vay tap nghiém cua phuong trinh 1a S = 0.
Vi du 3: Giai phuong trinh: V2x2 + 8% +6 + Vx2-1=2x+2 (2)
Giai

: 2x* +8x+62>0 Xx<-3,x>-1
Tép xac dinh : * o
=10 xS <kx=]

< x<-3,x=-1,x21. Riéng gid tri x=-1: thoa man (2)=>x ——] la
mot nghiém. Véi x < -3 : Khong thoa man (2) vi vé phai am .

Voi x21:(2) & J(x + 1)(2x +6) + J(x - 1)(x + 1) = 2(x + 1)?
& V2% +6 ++/x -1 =2Jx +1, binh phuong 2 vé
<::>2\/(2x+6)(x—1):x—lz\/(x—l)(x—l)

x-1=0x=1

22 +6=x-1¢ . > g=- 275 (loai)

Két luan: phuong trinh (2) c6 hai nghiém x, = -1,x, =1
Vidu 3:. Giai phuong trinh: 3(2+/x-2)=2x +Vx + 6
Gidi
Piéu kién x > 2 Khi d6 phuong trinh < 2(3 - x) = Vx 1 6 - 3Vx -2

x=3
Jx+6+3Jx—2:4U)

Giai ?fﬂg trinh (1) ta nhin dugce nghiém x = \/—

c>m3—xxe+6+3Jx—2y:&3—xyp[



3. Phuwong phdp dit an s6 phu

Vi du 1: Gial phuong trinh: \/Zx -2+ Q\f(2x - ‘%) + \/2x +13+8V2x-3 =7
Giai
2

Dat y=v2x-3. Dicu kiény 20 = x = 2 2+ 2 nén phuong trinh da cho

trer thanh: \/;2 +2y +1 4+ \/y2 +8y+16 =7

<:>\/(y+1)2+\/(y+4)2 :7<:>|y+1‘+|y+4|:7,
Do y>20=>y=1 hay 2x-3=1. Suy ra x = 2.Thu lai ta ¢6 nghiém cua
phuong trinh da cho 1a x = 2.

Vi du 2: Giai phuong trinh: x(x +5) = 2¥x* +5x -2,
Giai
Dat y=¥x2+5x-2 =x* +5x=y° +2. Nén phuong trinh di cho la:
v -2y +4=0(y+2) (v  -2y+2)=0.Tacod y* -2y+2=0c6 A<0
nén phuong trinh vo nghiém.
Viyy=-2hay x* +5x=(-2)° +2 = (x +2)(x +3) =0.
Suy ra phuong trinh da cho ¢6 2 nghiém: x, =-2,x, =-3.
Vi du 3: Giai phuong trinh: V3 +x + V6 —x - JB+x)(6-x)=3
Gidi

.
2

Piat X=v/3+x +V6-x thi \/(3+x)(6-x) =

Phuong trinh da cho tré thanh:
X?-9 X=-1

= X=3

-3 & 2X-X?4+9=6 & X?-2X-3=0 [

* X=-1 & J3+x+4/6-x =-1 v0 nghiém
* X=3 & J3+x+/6-x=3

-3<x<6 {xze
= 2=
9+2J(3+x)(6—x)=9 x=-3
Chii y: O thi du trén, cac ban ciing ¢6 thé dua vao hai 4n phu: u=v3+x >0
2 2 =
va v=+6-x2>0 dé co hé: {u e

u+v-uv=3

Giai hé

: " u
rén, cac ban duogc ngh1¢m:J;
. \
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Vi du 4: Giai phuong trinh: Vx +1+vV4-x + J(x + 1)(4 - x) =5
Giai

1\ :/_r-
1) Diéukién -1<x<4. Pat t=vx+1+J/4-x>0 ta co \/(x+1)(4—x): 1— 5 !

2

Vay ta c¢6 phuong trinh t+ =5=>t=-5(loai), t = 3. Tu d( ta cé

phuong trinhyx+1+v4-x=3, giai phuong trinh nay bang phép bén dbi
tuong duong, suy ra phuong trinh ¢6 nghiém: x =0, x = 3.

Vi du 5: Giai phuong trinh: x + V4 - x* =2+ 3xvV4-x* (1)
Giai
Phuong trinh duoc xac dinh khi vachikhi: 4 -x*>0 < |x| A

2
biat x+V4-x* =t = xV4-x° ik > 4.

|

& 3t?-2t-8=0 < t, :2,t2:——§~

Thay vao (1): t=2+3.

Vai t, =2:x+V4-x=2V4-x>=92-x
& 4-x*=(2-x)" & x, =0,x, =2 (thoa min (2))

5 4 / ]
VGI t2=—§:X+ 4—}(2:—%@ 4—X2:—x—.§_

4

Beze_ T 4
pon 3 " = ‘”QSXS—g (3)

16
4—x2=x2+§x+—-§- 9x® +12x-10=0 (4)

-6 —+126 -6 ++126
——————— . X4 T e—————
) )

Vay phuong trinh da cho ¢6 4 nghiém:

_—6-1126
9 )

Giai (4) ta duge x, =

_ —6+/126
r b ] 4 4 9 ‘
4. Phuwong phap sw dung cdc kién thirc vé bat dang thiic
Vi du I: Giai phuong trinh: V3x® +6x+7 +V5x2 +10x +14 =4 — 2x — 2
Giai
Tacd: 3x*> +6x+7=3(x+1)? +4
5x° +10x+14=5(x+1)* + 9,4 -2x - x> =5 - (x + 1)?

Do do: \Ex2 +6x+T224-9% -%x* <5 \/5x2 $+10x+14 23
Do d6 phuong trinh ¢6 nghiém khi va chi khi (x +1)* =0, hay x =-1.
Vay phuong trinh da cho co nghiém: x = —1.

X, =0,%x, =2, x4
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Vi du 2: Gial phuong trinh: \/ZX” _8x+12=3-Y3x2 —12x +13
Giai

Taco: 2x° —8x +12- 2(x -2) + 4

3x? -12x+13=3(x-2)* +1 = /2x? —8x+12 22
Yax? —12x+13 > 1. Do do phuong trinh ¢6 nghiém < x=2.
Viy phuong trinh da cho ¢6 nghiém: x = 2.

Vi du 3: Giai phuong trinh:

Giai

\/r.\'T)—Gx+1] +\/x"-6x+13+{/x2—4x+5=3+\/§

& J(x-8) +2+Jx-38)° +4 + Y(x -2 +1=3+2
Ma \/(x—3)2+2+@—3)2+4+{/(x—2)2+123+\/§
(x-3)*=0
(x=2)2=0

Suy ra phuong trinh da cho c6 nghiém <:>{

= phuong trinh da cho v6 nghiém.

Vi du 4: Giai phuong trinh: x* —3x + ;— = \/(x'z —2x+2)(x® -4x +5) .

Giai

Ap dung bat dang thic Cési: B ; L > \/a_l;(a,b >0). Dau bing xay ra khi -

vichikhia=b.Tacé: x* -2x+2=(x-1)2 +1>0.

Tagh: x* ~dx+5={x-2* +1x0,

2 2
. s -4 :
Nép X 2X+2;'X X+52\/(X2-‘2X+2)(X2—4X+5)

Déub?:mgxéyra & x?-2x+2=x*-4x+5 <:>x=§.

Vay phuong trinh da cho ¢6 nghiém: x = %

2
‘e . 1|
Vi du 5: Giai phuong trinh: V5x® +3x% +3x -2 = }2—4» 3x =5

Giai

2
N “ 92 1
Ta co: Tur phuong trinh: V5x® +3x2 +3x-2 = % + 3x =
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Ma 5x® +3x* +3x-2=(x* +x+ 1)(6x-2).

x2+x+1:(x+%)2+§>0.Nén 5x” +3x% +3x-220
2
<:>5x—220<:>x2—5.

Ap dung bat dang thirc Cosi cho 2 sd:a=x>+x+1,b=5x—-2.
2 2
Ta ob: \/(x2+x+1)(5x—2)s(x X+ lNox 2)=E—+3x—l
2 2 2
Dfiubéngxéy racca=b Hay x* +x+1=6x-2=x, =1;x, =3

Nghiém cua phuong trinh la: x, =1; x, =3.
Vi du 6: Giai phuong trinh: Vx + 3 - 4vVx -1 +Vx+8-6vx -1 =1 (1).
Gidi
Phuong trinh (1) < \/(\/x_——l ~2)® 4 \/(\/;:Tl -8y =1
=Nx=-1-2+[3-Vx-1|=1.
Ap dung tinh chét: |a| +[b] = |a + b]
Dau bang xay ra < ab>0. .
Tac6:|m—2‘+}3—\/ﬁ‘2’@—2+3—\&_—_1‘=1
Déu bz"mgxéy ra (WVx-1-2)3-Vx-1)>0. Pat \[)c_——:y,yzo

=(y~D@B-y)202<y<d o2<x~-1<3
Sdxx-1s9=5s%%10.
Vay tdp nghiém cua phuong trinh 1a 5<x <10.

Vi du 7: Giai phuong trinh: 3x + 4y = 5y/x* + y* (1).
Giai
Ap dung bt ding thirc Bunhiacdpski ta co:
(ax + by)? < (a2 + b%)(x? + y?). DAu bing xay ra khi va chi khi 2 = L.
X y

Tu phuong trinh (1) ta ¢6: (3x + 4)* < (3% + 4%y)(x* + y*) = 25(x* +y?)
: : . 3 . 4 : o )
Dau bang xay ra khi va chi khi §=% Hay y = 3% Vay nghi¢m cua

X=48
phuong trinh la: y =§a(a eR,a=0).
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Vi du 8: Giai phuong trinh: Vx -2+ V4 -x =x* —6x+11.
Giai
Piéukién 2<x<4.Taco: x> —-6x+11=(x-3)>+22>2
Ap dung bét dang thirc Bunhiacopski:

(VE-2 + /4 —x)? S[(\/X—Z)Z +(\/4—x)2](12 +12)

— Jx -2 +J4-x <2. Diu bang xay ra < x =3. Thé vao phuong trinh
= x =3 la nghiém cua phuong trinh.
5. Phuwong phdp chirng minh nghiém duy nhat
Vi du 1: Giai phuong trinh: ¥x” + 26 +3Jx +Vx+3 =8
' Giai
Diéu kién: x >20. Ta thay: x = 1 la mét nghiém cia phuong trinh:
* Véi 0<x<1thi: ¥x?+26 +3Vx +Vx+3 <¥1+26 +3J1 +/1+3 =8,

Viy khi 0 < x <1phuong trinh khong ¢6 nghiém.

*Voix>1: Yx®+26+3Vx+Vx+3>31+26+3V1+V1+3=8
Do d6 khi x > 1 phuong trinh vé nghiém. Vay phuong trinh chi ¢6
nghiém duy nhat la x = 1.
Vi du 2: Giai phuong trinh: Yx? 128 +2Yx* +11 +Vx -1 +Vx =4/2+9
Gidi
Diéu kién: x >1. Ta thiy x = 2 1a mot nghiém ctia phuong trinh da cho.
Néu 1 <x < 2thi

Jx? +28+2\/3x4+11+\/x 1+Jx<¥32+227+J1+V2=/2+9

Suy ra phuo*ng trinh da cho vo nghi¢ém.Tuong tu v6i x > 2 phuong trinh
da cho v6 nghiém.Vay phuong trinh da cho c6 nghiém duy nhét la x = 2.
6. Phuong phdp dwa vé hé phwong trinh

Vi du I1: Gial phuong tr‘mh:\/éx+ X1 %1 +\ﬁ2x—\/x_+1 =2Jx+1+1
Giai
Dat \/g{+\/x—+1+1=u; \/2x+\/—x_——1=v
Xét u2~v2=(\/gc+\/m+l)2—(\f2x—\/x_+1_)2=2\/m+1.
u+v=24/x+1+1

wW-vi=2%x+1+Luz0:vz20

u=+x+1+1

=Vx+1

Suy ra: Yy2x-+vx+1 =vx+1 = x =3 . Nghiém cta phuong trinh di cho
ldx =3,

Tir d6 ta c6 hé phuong trinh: {

Giai hé phuong trinh trén ta ¢6 :
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Vi du 2: Giai phuong trinh: (¥/3x +1)% + (¥3x-1)2 +¥9x2 -1 = 1
Giai
Pat ¥3x+1=u ¥3x-1=v.
Phuong trinh da cho tro thanh:

{ug+v2+uv=1®{(u—v)(u?+v2+uv)—2

3 3 y ¢
u —-v:=9 w+v:+uv=1

u-v=2 g=1
&9, : & .
u“+vi+uv=1 v=-1

. 3fe .
Giai hé phuong trinh nay ta co: i ;
Y3x-1=-1
Suy ra x = 0.
Vi du 3: Giai phuong trinh: —x* + 2 =J2 - x

Giai

Diéu kién: x<2. bat V2-x=y,y>20=>x=2-y® va taco hé phuong

2

. X" +2=

trinh: 4 y:>(y—x)(y+x—1):0
-y  +2=x

Tir d6 tim duoc nghiém cua phuong trinh 1a x =1, x =-2.

Vi du 4: Giai phuong trinh: i{/% +X + i;/% -x=1

Giai

Piéu kién: XS—;—.Dat 3‘%+x = 1 ?%—x =y,vz0

{u+v:1;v20
-

:>(1-«v)3 =1-v®. Hay v(v-1)(v-3)=0

w +v® =1
v, =0
=>|v, =1
v, =3
Giai ra ta ¢ nghiém cua phuong trinh la: x, =%; Xy = —é; Xy = —1—27

Vi du 5: Giai phuong trinh: x* +Jx+7 =7
Giai

Didukitn i x>-7.Dit t=Vx+720 = t> =x+7

o

0

1



. o x“+t=17
Phurong trinh da cho tro thanh |
b =47
:>x2—t2:—(xrt,)<,>(x+t)(x~t+1):0
1++v29 2 g
% = \/— (loai vit > 0)
X+t=02>x"-x-7T=0& 2
1—+/29
2
: X, ==3 (loaivit>0);
x-t+l=0:>x‘4+x—6:0<:>{'3 5 - =t
Ky =

1-J29 .

Vay nghiém cua phuong trinh da cho la: x = - =2.
Vi du 6: Giai phuong trinh: "{/(2 =X & Q](? +x)? —3Y(T+x)(2-%x) =3
Giai
2 2
Dat u=¥(2-x);v=J(7+x) taco h¢ phuong trinh: {UB :Va _gv -
WY =

Ju2+v2-—uv=3 u+v=3 u+v=3

= 2 2 _ ¥ 2 = = _
l(u+v)(u +v-—uv)=9 (u+v)*-3uv=3 uy=2

t*-3t+2=0
<t =1 hoac t=2.
Tir d6 dé dang c6 2 nghiém cua phuong trinh 1a x = 1 hodc x =— 6.
Vi du 7: Giai phuong trinh: x° +1=2¥2x-1.
Gidi
bat y=%2x-1 o y*+1=2x.

Do do6, u va v la cac nghiém cua phuong trinh:

x> +1=2y (1)
v +1=9x (2)
R)taco: X} -y =2(y-x) © x-y)E+xy+y*+2)=0

Do d6 ta c¢6 hé phuong trinh: { . Trir ting vé cia (1) cho

Do x2+xy+y2+2=(x+§27-)2+%y2+2>0, Vx,y.

Suy ra: x—y =0 hay x =y . Thay vao (1), ta co:
x2+41=2x © x*-2x+1=0
& X -x-(x-1)=0 o&x(x-1(x+1)-(x-1)=0
=1
& (x-1)(x*+x-1)=0 « e
: 2
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3
Chii y: Phuong trinh c6 thé viét duéi dang: X 2” —Yox 1

=f(x) va y=¥2x-1=g(x) la hai ham s6 nguoc

X2 +1

2

Ham so y =

nhau, do d6 do thi ctia ching déi xtmg nhau qua dudng thang y = x . Mt
khéc, hai ham s6 nay khong tring nhau vi f(0)= %; g(0)=21, nén néu

hai d6 thi cit nhau thi phai cit nhau trén duong y=x. Do do cf{uyén
3

S e . i %o i A .5 i X
dugc viée gidi phuong trinh da cho ve viée giai phuong trinh =——— =

Vi du 8: Giai phuong trinh vx-1-vJ2-x=1.
Gidi
Piéu kién xac dinh: x> 1, dit Vx -1 =u:v/2-x =v
u-v=1

-

u?+vi=1

ta c6 hé phuong trinh{

Giai hé phuong trinh bang phwong phap thé ta duge: v=0= x = 2.
7. Phwong phdp dwa vé tong cdc so khong am
Vi du : Giai phuong trinh: Vx +Jy -1 + Jz - 2 :%(x+ y+2z)(1)

Giai

Diéu kién: x>0 valz22.

Tac():\/;+\/y—-1+\/z-—2=%(x+y+z)

S x-2Vx+1)+(y-1-2Jy-1+1)+(z-2-2Jz-2 +1)=0
Jx-1=0 x=1"
SWx-1)2+([y-1-12+(\z-2-1 =0 {fy-1=1 ={y=2
Jz-2-1=0 [(z=3
8. Phuwong phdp vin dung tinh chia hét ciia nghi¢m
Vi du: Giai phuong trinh nghiém 1a s tw nhién: ¥x + 3y = ¥1984
Giai
Lépphuomg2vé:lZQ/ﬁ=1984-—x—y:>x+y:1984-—12§/§—1x~y
Do 123/31xy la sé tu nhién nén: xy =31*%, teN
Va x+y:31=x:3Ly:31 , Hay {x:Bl.n nkeN
y=21k
:>x+}:;—*,1984*12.31t:31(64——12t)::>n+k:64—12t




Do 64-12t>0 =t=12234,5
= (X;¥) =(31;,837) hoac (248;248) hodc (837;31).
9. Phuwong phdp sir dung cdc tinh chit ciia so vé ty
Vi du 1: Tim tat ca cac cap so nguyén duong x, y sao cho vdi x <.
Jx +fy = 1980
Gidi
w/;+\f§:-@_:\/;+\/_-:6\/%.Tacé 655 1a 56 v ty, nén vé trai
phai la cac can thirc dang chira J55 . Pit: Vx = a\/5_5;\/§ =b55 ;

a,b€Z+;a<b.Véa+b:6:>{a:1hoac {izi

=> Nghiém cua phuong trinh la: (55;1375) ;(220;880) .
Vi du 2: Tim nghiém nguyén cua phuong trinh 18— 7\/§ =/2000

Giai
Ta c6 2000 = 20V/5 .
Jx=a5 | -
bat ﬁszfg (a,beZ*) :>a=201+37b=1+7(11;b).
13a-7b =20

Vi(13,7)=1nén aeZ=1+b=13t,teZ=>b=13t-1;a=7t+1; Dé
a>0;b>0thi teZ' = x=5a" =5(1+7t)*;y =5b% =5(13t-1)%;t e Z*.

Vidu 3: Tim tét ca cac nghiém nguyén cua phuong trinh:
1—21—\/2)(—1 =3y-J4y-1+2.
Gidi

Jay-11la sO vo ty véi y € Z. (Vi binh phuong cua moi s6 1é déu c6 dang

4m + 1), JIy—1-2x+1 =3y+2-%’ila sé hitu ti nén didu kién cin
va du dé phuong trinh c¢6 nghiém la ca 2 vé bing 0.

Jay-1=2x+1 [4y-1=2x+1

X=5
= = 11 =
3y+2=1-£1_)—x 3y+2=?X {y

10. Phirong phdp khdc
- Léiphuong trinh: (V1+x+ D1+ x +2x-5)=x
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Giai
Viec su dung cdc thu phdp thong thuong giai phuong trinh vé ti khong
dzra dén két qua (ban hay te minh thir xem). Ta diing meo sau: Nhan hai

Vé cla phuong trinh voi (N1+ x —1)ta dugc phuong trinh hé qua:
X(V1+x +2x-5)=x(Vx+1-1). Phuong trinh nay tuong duong vai
ik x=0
uyén:

VI+x+2x-5=Vx+1-1

Phuong trinh thir hai co nghiém la x = 2. Bay gio can kiém tra 2 nghiém
x =0 va x = 2. Dé dang nhan thay chi c6 nghiém thir 2 thoa man.

Vay phuong trinh da cho ¢6 nghiém : x = 2.
Chu y: Truée khi sang vi du khdc, ta dé y rang, biéu thirc (V1+x —1) sé
bang 0 khi x = 0. Ddy chinh la nghiém ngoai lai ciia phuong trinh.
Vi du 2: Giai phuong trinh: V2x® + 3x +5 + V2x% —3x + 5 = 3x
Giai
Nhan 2 vé ctia phuong trinh véi biéu thitc vV2x® + 3x + 5 —v2x* —3x + 5 .

Ta c6 phuong trinh h¢ qua: 6x = 37((\/2x2 +3x+5-v2x2 - 3x + 5).
x=0
V2x? +3x+5 —v2x2 —3x +5 = 2

Khong nén binh phuong 2 vé ctia phuong trinh thir 2, t6t hon 1a cong vé
vGi vé clia phuong trinh nay va phuong trinh dau.

Tir day suy ra

Ta c6: 2V2x% +3x +5 =2+ 3x. Binh phuong ca 2 vé, ta dugc phuong
trinh hé qua: 8x® + 12+ 20 =4 +12x + 9x*> & x = +4

Kiém tra cac nghiem x = 0, x=+4. Ta théy chi ¢c6 x = 4 thoa min
phuong trinh da cho. Vay phuong trinh da cho ¢6 nghiém : x = 4.

x+1

Vi du 3: Giai phuong trinh: Vx* - =(?12—x+1) =
X_.
Giai
Nhin xét rang, viéc thay thé phuong trinh trén bang phuong trinh
\/x—l.\/x+1:(lx+1) ik
2 x-1 1
tranh nguy hiém nay bang cach chuyén toi phuong trinh hé qua:

ﬁ—ll.\/|x+1| 2[%X+1) ‘X+1|

x-1

s¢ dan toi mat nghiém x = — 1. Chang ta

154



Phuong trinh nay tuong duong vai tuyén: - X + 1

Giat phuong trinh thir 2. ta ¢o

L Xx-1l=—x+1
(\/[x=1|)2:lx +1¢:>|x—1]:‘lx+]<:> 21 C>[§ig
2 2 x—l:——X-l B

Cudi cung, nhat thiét phai kiém tra cac nghiém.
Vay phuong trinh da cho ¢6 nghiém x = -1 hoac x = 4.
Chui y : Néu ching ta dung dinh Iy vé can ciia mot tich dang:
T e \/;.\/B, néua>0 vab>0
e [Ca~—b. NCuasOvabs<o

thi ta c6 thé sir dung phuong phap bién doi tuong dwong.
4

Vi du 4: Giai phuong trinh:

8x X
e T
<-4
Giai.
x:x

x3—8|:

4

8x

Ta bién doi vé phai + X

=l

x’ -8
8x 8x°

x=0 x=0
= x20&o -~

x° -8 x’ -8 -850 (x>2
Vay phuong trinh da cho c¢6 nghiém x = 0 hoac x > 2.
Bai tap van dung
1. Giai phuong trinh: \/x $ O fx-1 = \/x ~oJx-1=2
2. Giai phuong trinh: Vx? +x+4 +Vx? + x+1 =v2x2 + 2x + 9
3. Giai phuong trinh: Vx + yx-J1-x =1
4. Giai phuong trinh: 2x* + V2x® —4x +12 =4x +8
5. Giai phuong trinh: \[x §eif e |4 \/x +8-6Vx-1=1

20¢:>|:

i 9 16 25
6. Giai phuong trinh: —~__ + — 4 —924—x-19-y—5-z-91
d . Jx-19 Jy-5 Jz-91 Vv
7. Giai phuong trinh: xy -1+ 2yJx - =—2-xy (%)

8. Giai phuong trinh: Jx? —4x +8 + {/Zy2 +12y+19=3
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9. Giai phuong trinh: —x* + y* + 2x + 4y + 7 = 2\/(x2 +2x + 1)(y* + 4y +6)
2 2

10. Giai phuong trinh % —12— + X+ 2y + % = \/(1-:2 +2x + 3)(-y* + 4y —E)ﬁ

11. Giai phuong trinh: v5 - x° = ¥3x* -2 +1
12. Giai phuong trinh: V3 -x +Vx -1 =2+ (x - y)2
13. Giai phuong trinh: /2x-1+x*-3x+1=0. (x€R).

14. Giai phuwong trinh: ’xz +X —2‘ +|x-3|=x*+1

15. Giai phuong trinh: Vx-2 -Jx+2 =2Vx? -4 - 2x + 2

16. Giai phuong trinh: Vax? —1 +Jax-1=1

17. Giéiphuangtrinh:\/;+\/x+9:\/x+1+\/)§+4 (1)
18. Giai phuong trinh: Jx? +15=3x-2+Vx? + 8 (1)

19. Giai phwong trinh: x* +3x +1=(x + 3)@

20. Giai phwong trinh: x* +Vx +1 =1 (1)

21. Giai phuong trinh: Vx+9 =5-2x+4

22. Giai phuong trinh: x - 2V/x -1 - (x = DVx +Vx2 —=x =0

23. Giai phuong trinh sau:Z\/x+2 +2¥x+1 —Jx+1=4.

24. Giai phuong trinh: x + 27 -x =2Vx -1 -2 +8x-T+1 (xe R)

25. Giai phuong trinh: V3x -2 +Jx -1 —4x-9+2V3x® -5x+2, xeR
26. Giai phuong trinh: 1+%\!x—x2 =JVx+J/1-x (2)

27. Giai phuong trinh: \/x(x — 1) + x(x + 2) = 2Vx? (4)
28. Giai phuong trinh: (x® +3x-4)? +3(x* +3x—-4)=x +4

29. Giai phuong trinh: (x +5)(2 - x) = 3vVx* + 3x
30. Giai phuong trinh: 2 -x =1-Vx -1
Hudng dan va dap sd

1 Vx+2Vx-1-Jx-2Jx-1=2

x-120 x21
<=
x=Ox=120 x2 —4x+4>0;Vx

DPiéu kién: { & x21



Khi dé phuong trinh tro thanh:

-

\/X 1+2Vx~1+1- \/x—l—z\/xri—lqtl -
S Wx-1+ 1 - J(/x-1-1) :2®\fx—1+]—‘\/x— -1’:

c>\'x—1~|\/x—1—1‘:1 (*)

Néux>2 thi () &> Vx-1-Vx-1+1=1 & 1=1; Vx>2
Néulsx<2thi Mo Vx-1-1+Vx-1=1 oVx-1=1 &x=2,
khong thoa man. Viy phuong trinh ¢6 nghiém véi mei x > 2.

2. \/;Bax+4+\/x2+x+1=\/2x2+2x+9
Ditt=x"+x+1, c6 A <0, suy ra t >0, khi d6 phuong trinh tré thanh:

\/t_~+§+\/—=\/2t+7<:>t+3+t+2,/t(t+3):2t+7

S tt+3)=2t*+3t-4=0 o t=1 hoic t=-4 (loai)

: g s =0
V61t=1,tac0:x2+x+1=1<:>x(x+1)=0<:>[x it
. X =-—
Viy phuong trinh ¢6 nghiém x ={-1;0} .
3. fx_+\/x-\/1-—x:l
x>0 x2>0
5% A —1+\/E_)
Diév kién: <1-x>0 oex<l o 5 el ,

~J1-x20 |x*+x-120
Khi do6 phuong trinh tro thanh:

\/x— x—l \/_ SxXx-VJl-x=1+x- 2\/—
osx-1=Vl-x o 4x+1-4Jx=1-x

e Ex = 4% < 25%2 = 16x < x(25x —16) =0

<> x=0 (loai) hoac x = —;% Thir lai thi x = ;—g- théa man phuong trinh.

Vay phuong trinh ¢ nghiém duy nhét x = ?1;51

4. 2x% -\2x% —4x+12 =4x + 8
Ta ¢5: 2x* -4x+12>0 VxeR (A<0).
Dit t = V2x2 —4x + 12, t > 0, khi d6 phuong trinh tr& thanh:
Ox2 -4x—8+ 22 —4x+12=0 > t2 +t-20=0 <t =4 hoic t =-5
(loa). VSi t =4 tacod v2x® —4x +12 =4 &> 2x% —4x+12 =16
&x'-2x-2=0& x=1+¥3

e x=1- \/§
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Vay phuong trinh ¢6 nghi¢m x = {1 + \f?} :

5. Vx+3-4vx—1+yx+8-6Jx-1=1
<:>\/x—-1~4\fx-:']‘+4+ x:l—G\/x—1+9:]
c»ﬁJ?TT—zfaqﬂJQJT—mz=1c4J§:T—2%¢JIfI-ﬂ:1
biat y =JVx -1, y >0 khi do phuong trinh tré thanh:
lv-2l+|y-3[=1 (.

Néu O<y<2ox<H5thh(Meo2-y-y+3=1 &2y=4

< y = 2khong thoa man.
Néu2<y<3e5<x<10th () eoy-2-y+3=11=1,
hién nhién.Véi y =3, suy ravx-1=3 < x-1=9 < x=10.
Vay phuong trinh ¢6 nghiém 5<x<10.

et OO =24-Jx-19-.y-5-Jz-91
Vx-19 Jy-5 z-91
x—-19>0 x>19
Piéukién: {y-5>0 < {y>5 .
z-91>0 z =81

Cdch 1: Phuong trinh tuong duong véi:

9—6Jx—19+hk—19f+16—8 =8 & (Jyr=5)

Jvx-19 Jy -5
98 ~10Jz~91 + (\z =91 )
+ =0
Jz-91

C$(3—Jx-19ﬁ+(4—Jy—5f+(5—Jz—9n2:0
vx-19 Jy -5 vz -91

vx-19 =3 x-19=9 x =28
et dyp=b=d > {y=B=16 <> {y=21
J7_91=5 z-91=25 z=116
Vay phuong trinh co nghi¢m: (x;y;z) =(28;21;116) .
. {Jx—19>0
Cdch 2: Ta co: 1\/_\7—5 >0

\/E——ﬁ>0

=2
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Ap dung bat dang thirc Cdsi cho hai so6 khong am, ta co:

9 —— 9
————.__,+\/x—]() /R e — ‘{—]() 6
Jx -19 \/\f*(—le)

16 — 16 —
——+ V_5f2 ————, V—5 =8
J§—5 Jy =5

+vz-9 2\/ ——— \z2-91 =10

J_— Jz-91"
Jx-l_9+m+%+ﬁ+ ——+1-91224
Dang thire xay ra khi va chi khi:

N PO T

J" ke 9=x-19 x = 28
9 \/— & yla=y-5 & 1y=21

J~ 25=2z2-91 #=110

o =+/z-91

z—91

Vay phuong trinh ¢6 nghiém: (x;y;z) = (28;21;116) .

[ 4 ol 3w x—-120 =1
7. xJy-1+2yVx-1 :%xy (*). Diéu kién: {y—1>0 -~ {x)

Mo xyy-1 —X—2y+2y\/x— -xy =0
s —g(y—“z\/y—1)—y(x—2\/x~1.)=0
< -%(\/y—l ~1P-y(¥x-1-1)*=0.

By, w21 Sl =T e {x=2
oxEl, y2 :
Jx-1=1 y=2

Viy phuong trinh ¢6 nghiém (x;y) =(2;2).
8. Vx?-4x+8+42y* +12y +19 =3
Taco: Vx2—dx+8=vx? —dx+4+4 =\(x-2)2 +4 22
Y2y® +12y +19 = §2(y> + 6y +9) +1 = Y2y + 3) +1 21
= \x? - 4x+8 +4f2y° +12y +19 >3
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Do d6, ddu “=" xay ra khi va chi khi:
x?—4x+8 =2 {x2-4x+4:0 {x:z
Lamns =
oy +12y +19 =1
Vay phuong trinh ¢6 nghiém duy nhat: (x;y) = (2: -3).

yi+6y+9=0 y=-d

9, —x2+y2+2x+4y+7:2\/(x2+2x+1)(y2+4y+6)

c:>x2+2x+1+y2+4y+6—2\/(x2+2x+1)(y2+4y+6):2x"

<:>(\/x2+2x+1—\]y2+4y+6)2 = 9x*
Tacd: Vx% +2x + =\/(x+1)2 >0

\/y2+4y+6=\/y2+4y+4+2=\/(y+2)2+22\/§
:>(\/x2+2x+1—\/;r2+4y+6)222

A B9y oot 2 x=-1
Dau“="xayra @ {x° =1 & ix=11 &
y=-2
x+1=0 x=-1

Vay phuong trinh c6 nghiém: (x;y) =(-1;-2).
2 2

10. %—%+x+2y+%=\/(x2+2x+3)(—y2+4y—2)

o xt -y +2x+4y+1=2(x> +2x + 3)(-y® + 4y - 2)

<:>x2+2x+3—2\/(x2+2x+3)(~—y2+4y—2)+(—y2+4y—2):0
<:>(\/x2+2x+3—\/—y2+4y—2)2=0

<:>\[x2+2x+3=\[—y2+4y—2<:>x2+2x+3=—y2+4y—-2
Sx2+2x+1+y°-4y+4=0(x+1)2+(y-2)*=0
x+1=0 x=-1
=N o
y—-2=0 y=2
Vay phuong trinh c6 nghiém: (x;y) =(-1;2) .
11. J5-xf=¥3x*—2+1V5-x° -¥3x* -2 =1 (*)

Taco: |x|>1 thi x! va x®>1; |x|<1 thi i v ¥l

Xét |x|>1 taco 5-x°<4va3x'-2>1
\15—x6 Sl
=

—5-x° -¥3x' -2 <1 nén (*) vo nghiém
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12.

13.

14.

X¢t |x|<1 taehB—5" sd v Sat T
J5-x* >2 7

=3 =5ilh
;5/3)(4 By

Vi |x|=1=x" =x" =1, khi d6 (*) duge nghiém dung.

~x® = ¥3x" =2 > 1 nén (*) vé nghiém.

Viy phuong trinh ¢6 hai nghiém x=-1, x=1.
\ﬁi_—-;+\/x——‘1:2+(x—y)2

3-x20 X£3
W=l 20 = {x =1
Ap dung bét dang thie Bunhia cop skicho hai cap sb
(1,1) va (\/3_:;;@) ot 8~g+dx=1 SJZ(S—x+x—-1) =2
Mit khac: 2+ (x+y)* 22 (do (x-y)* 20).
Do dé, dau “=" xay ra khi va chi khi:
{\/g—x+\/;—1 =2®{3—x+x—1+2\/(3—x)(x—1) =

x-y=0

& lEgsd

Pieu kién: {

X=Y

- \/—x2+4x—3:1®{x2—4x+4=0 . {x:2 - {x=2
X=y X=Yy X=Yy v=2

Vay phuong trinh ¢6 nghiém (x;y) =(2;2).
2
Pat t =v2x-1 (t20) = gt ul!

. Phuong trinh da cho tré thanh:

E=]
t=v2-1
Véit=1,tacd x=1.VGi t=v2-1,taco x=2-+2.

Vay phuong trinh da cho ¢6 nghiém: x =2 -2 ; x=1.

t—4t* +4t-1=0 < (t-1)°(t*+2t-1)=0 & [

Pat x> +x-2=a,3-x=b khido a+b=x>+1va theo tinh chét di biét,
ta dua phuong trinh dd cho vé hé phuong trinh twong duong:
{xz +x-220

3-x2>0 .

Vay phuong trinh da cho ¢6 nghiém: x < -2 hodc 1<x<3.

15. Tap xac dinh x> 2. Pat t =Vx -2 —-Vx+2 = t2 = —2x? -4 + 2x

= —t* =2Vx* —4 - 2x . Thé vao phuong trinh di cho duoc:
t=1

t::—tzfzy,ic>t2+t—2=0<:> _ o
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16.

17.

18.

Voit=1: Vx-2-Jx+2=1Vx-2=1+Vx+2
<:>x—2:1+x+2+2M<:>2\/;_:—5:vc")nghiém
Voit=-2: Jx-2-Vx+2=-2oVx-2+2=x+2
ox-2+4+4x-2=x+24Vx-2=0>x=2,
Vay phuong trinh da cho ¢6 nghiém x = 2,

Mién xac dinh cua phuong trinh la x 2%

Ta viét phuong trinh da cho dudi dang: V4x -1 =1-+4x* -1
Véi xzé-thi J4x_12>1, nhung vé tréi 1-vax® -1 <1

Jax-1=1
Vay phuong trinh ¢6 nghiém chi khi: { . X =—

]
4x* -1 =0 2
Thay x =%véo phuong trinh da cho dé kiém tra, ta duocx =-1a mot

nghiém cua phuong trinh .

Vay phuong trinh da cho c6 nghiém x =é— :

X240
S {2=J(x+1)(x+4)—\/x(x+9)
[1>2x>0
& 19 = 4(1 -x)
VXX +9) +J(x+ 1)(x +4)
(1>x20
g P 4(1 -x) (*)
! Jx(x+9)+J(x+1)(x+4)
Khi x €[0;1] ham s6 y, = o9 +\}(x+1)(x+4) giamva y, >0

y, =4(1-x) gidam va y, >0 = y=y,y, giam trén [0;1]

Do d6 (*) c6 nghiém = (*) c6 nghiém duy nhét ,

Dé thay x =0 la nghiém = phuong trinh ¢6 duy nhat 1 nghiém =0.
Ta eo:

; : T
1) o Vx2+15-Jx*+8=3x-2 & =3x-2

Jx? +15 +Jx2 + 8

i
_\/x2+15+\/x2+8

Taco f(x) giam trén R
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(%) =3x -2 tang trén R va f(1) = g(1)

Vay phuong trinh ¢6 nghiém duy nhat x =1.

19. x*+3x+1=(x+ .‘*})\/—x! +I
=& +1)-(x+ 3)\/3::2 +1+3x=0.

Dua vao an phu t = Jx?+1, phuong trinh tuwong duong véi hé phuong

t=vx‘+1

trinh { .
t2 —(x+3)i + 3x =06(1)

Coi (1) la phuong trinh bac hai dbi vdi an t, ta co:

A :?(X+3)2 _IQX:(X_3)2

o 3+x-3 : 5 i
T do: tlszr FETC o x=xE 41 (v6 nghiém)

2

ks =%(x+3—(x~3)):3: x2+1<:>x=i2\,/_?-,.

20.Taco: (1) & Jx+1=1-%x & {
-1<x<1
T xD)[1- - )" =0

Vay phuong trinh c6 nghiém : x=-1;x=0;x =

21. Phuong trinh tuong duong véi:

9+\/2x+4 5)

X 2>-2
3x +13+2{(x+9)(2x +4) =25

L
{x>-2
<>
2(x + 9)(2x + 4) =12 - 3x
{4>x>—2
<>
4(x +9)(2x + 4) = (12 - 3x)*

% =160
42x>-2

3 x=10
{x -160x =0
<> Lamn?
4>x>-2

Vay phuong trinh ¢6 nghiém x=0.
22. Voi dicu kién x > 1 ta co:

(Vx =1 “DVx-1-1-Jx(x-1)=0eJVx-1=1 (1)

-1<x<1
x+1=(1-x?%)?

=lzx=1l

-1;x=0;x=

163



hodic Vx-1-1-/x(x-1)=0 (2). Taco (1) <> x = 2.
Mat khéc (2) & x-1=1+x(x-1)+2x(x - 1)
& (x-1)° +2yx(x=1) + 1 =0 vO nghiém.
Do d6 phuong trinh c6 nghiém duy nhat x = 2.
23 2\/x+2+2\/x+1 ~Jx+1=4. Piéukién: x>-1.
Phuong trinh da cho tuong duong véi: 2\/(\/;7 +1)2 -Jx+1=4
& 2Vx+1+1)-Vx+1=4 o Jx+1=2 & x=3.
24, x+2J7-x =2Jx 1 +V-x? +8x -7 +1
& x-1-2Vx-1+2J7T-x - Jx-1)(7-%) =0
& Vx-1(Vx-1-2)-J7-x(Vx-1-2)=0

J;ji=2 X=5
N (\/x__——f&)(\/x——l—\/’?—x):o N L/x—1=\/7—x = [X:4

25. 3x -2 +x-1=4x-9+2J3x> -5x+2 (1)

& V3x-2+Vx-1=(3x-2)+(x-1)-6+2,/(3x - 2)(x - 1)

o V3x-2+Vx-1=(/3x-2+Jx-1)*-6.

Pit t=v/3x-2+Jx-120

(1) thanh t=t*-6 < t=3 hoac t=-2 (loai)
8x-2+x-1+2J(3x-2)(x-1)=9

x21

(1) < DB neide = =8 = {

x2>1 x =1

2 {2\/(3)(—-2)(}(—1):12—4)( - {\/(3)(-2)(x—1)=6ﬂ2x

Il
)

(8x - 2)(x-1) = (6 — 2x)? x2-19x+34=0

= = > X
lex=3 1=x29

26. Tap xac dinh: 0<x <1

) v/
Ph trinh twong duong voi: 1+ — 1= =\f_+ =%
~ Phuong g g 3\/x( x) = Vx +

2
Pat Jx+l-x =t x(l—x)zt 5 1,taduqc:

(2)<:>1+%(t2—-1):t;<::>t2-—3t+2:0 Sh=11.a0

Véit, =1:v/x+V1-x=1ex, =0;x, =1.
Véi t, =2: 2 + 1 -x =2:v6 nghiém.
Dap s0:'x, = 0;x, = 1.
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27. Tap xac dinh : {

28.

29.

30.

x(x-1)>20
=

X(x+2)>20

+ Thay ngay x = 0 la mot nghiém.

VO x<-2: (4) & J-x(1 - %) + J=x(~x - 2) = 2\/(~x)?

SVI-x+V-x-2=2J-x

& 1-%x-x-2+2/1-x)(—x-2) = 4(—x)

< 2Vx% +x -2 =1 - 2x (voi x < -2, hai v& cling > 0)
<:>4(x2+x—2):1—4x+4x2<:>x:é9—(loai)

+ Vi x21:(4)<:>\/x_——f+\/>_c:§:2\/;

& 2x+1+2J(x-1)(x +2) =4x & 2Jx* +2-2 = 2x -1

<:>4(x2+x—~2):4x2—4x+1<:>x=§

Vay phuong trinh ¢6 hai nghiém 1a: x = 0:x =§ :

Viét phuong trinh vé dang:

(x* +3x —4)? + 4(x® + 3x —4) = x* + 4x

o[ +3x-4)? - x* |+ 4 (7 +3x-4)-x]=0.

—9i & +2x—4)(x2+4x):0c>x=—1iJ5;x=O;x=—4.
Viét lai phuong trinh: —x* — 3x + 10 = 3vx? + 3x

Dat t =vx* + 3x > 0 thi phuong trinh tré thanh:

-t +10=3t <= t>* +3t-10=0 < t =2 hodc t = 5.

(xg~2)u(x >1)vax =0.

Vit>0nént=2ox*+3x=4o x> +3x-4=0ex=1 hodc x= -4,

Dat u=§/ﬂ®u3=2—x;v=m20©v2=x—l
u=1l-v (1)
w +vi=1(2)
T phuong trinh (1) thé vao phwong trinh (2):
A-v)’+vi=11-3v+3vi-vi+vi=1

¥ ={)
&SV -4vi43v=0c|v=1

Khi d6 ta c6 hé phuong trinh:{

v=3

Tir d6 phuong trinh ¢6 3 nghiém x=1;x =2:x =10.
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Chuong 6. Phuong trinh, bat phuong trinh
qui vé bac nhat, bac hai

M6t sG kién thirc co ban

b=0
’ =b et e

TR TN {a:ib e

b<0

: b>0

3) |a|<b < —-b<acxb 4) |a|>b o

a>b
_[a<—b

5) la|<[b| < a*<b* < (a-b)(a+b)<0.
Dang 1: Giai phwong trinh qui vé bic hai
a. Phwong trinh chiva dn ¢ miu so
Cdch giai :
Buée 1: Pt diéu kién dé phicong trinh c6 nghia.
Buéc 2: Qui dong mau sé, bién doi dua vé phieong trinh béc hai .
Bucce 3: Giai phuong trinh bac hai trén.
Buée 4: So sdnh véi diéu kién va két ludn nghiém .
b. Phuwong trinh chiva ddu gid tri tuyét doi
Nguyén tdc dé xét phuong trinh, bdt phwong trinh loai ndy la phdi khir
duge ddu tri tuyét doi.
Cdch giai :
Budc 1: Ddt diéu kién dé phuong trinh cé nghia.
Bude 2: Khir ddu gid tri tuyét doi, bién déi diea vé phuong trinh bdc nhdt
hodc phuwong trinh bdc hai .
Budc 3. Giai phuwong trinh bdc nhdt hodc phwong trinh bdc hai trén.
Bude 4 : So sanh véi diéu kién va két ludn nghiém
¢. Phuwong trinh bic cao
Dé giai cdc phuong trinh bdc cao, thong thiuwong nguoi ta sé sir dung mot
irong' cac phuong phap sau
1. Phuong phdp dua vé dang tich. Dé st dung duoc phiong phdp nay,
cdc ban can luyén lai phiwong phdp phan tich da thitc thanh tich cua
cdc thita s6. Nhiéu truong hop doi hoi cdc ban phai biét cdch thém,
bét cdc s6 hang can thiét dé dat dwoc muc dich.
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2. Phuong phdp ddat in s6 phu.
2-1. Pluong trinh trimg phiong - ax' +bx® +¢=0.
Cach giai:
Budc 1: Dét x* =t =0 .
Buéc 2:Bién déi dua vé phuong trinh bdac hai .
Budc 3: Giai phwong trinh bdc hai trén.
Buric4: So sanh véi diéu kién va két ludn nghiém
2-2. Phuorng irink (x +a)(x+0){x +c)(x+d)=evéi a+d=b+c.
Cadch gidi:
Buic 1: Dat t=x*+(a+d)x+k=x" +(b+c)x+k vii k=%(ad+bc)

Buoc 2: Bién doi dua vé phuong trinh bdc hai .
Buwic 3: Giai phuwong trinh bdc hai trén,
Buoed : So sdnh voi diéu kién hodc thirlai va két ludn nghiém.

2
2-3. Phuong trinh ax® +bx® +cx® +dx+e=0v6i £ = (%] ;e20.

a
Cldch gidi:

2 2
Bueec 1: Ddtt=x+i:>t2=[x+—(-i-) =x2+29—+[—(—1—)
bx bx b \bx

sd s d

S SN 1

=k +[bx) 3

Bueic 2: Bién doi diea vé phurong trinh béc hai .

Biwee 3: Giai phuong trinh bdc hai trén.

Buricd : So sanh voi diéu kién hodc thir lai va két lugn nghiém.
2-4. Pheong trinh bic 4 dang: (x+a)' +(x+b)* =c

atd o x+a=y+a_b; x+b=y—a_b

Cdch gidi: Dat y = x +

Dwea phwong trinh trén vé phuong trinh trimg phicong dn 'y da biét cdch
glidi .
Dang 2 Gidi bt phuwong trinh qui vé bic hai
Biién d6i bat phuong trinh vé dang tich
i {A >0 {A >0
- hay A.B<0 & Boy

A .Bz20
= l(aso il
[[Bo ST B R

167



Cdc vi du minh hoa

Dang 1: Gidi phwong trinh qui vé bic hai | _J
1. Phuong trinh chira an ¢ mdu 50 B
Vi du 1: Giai phuong trinh:
1 1 i 3
2 i R -
x“+5x+4 x"+11x+28 x“"+17x+70 4x-2
Gidi
Piéu kién x ¢ {—10;—7;—4;—1;%}

Vi diéu kién trén thi phuong trinh da cho twong duong voi
] " 1 N 1 3
(x+1D(x+4) E+4)+7) (x+7)(x+10) 4x-2

1(1 1}1(1 1}1(1 4)3
&= - +— -~ + = - =
3\x+1 x+4) 3\{x+4 x+7) 3\x+7 x+10 4x -2

1{ 1 1 3
> — —_ =

3\x+1 x+10) 4x-2
o x2+T7x+12=0< x=-3 hodc x=-4. So sanh véi diéu kién ta ¢6
phuong trinh da cho ¢6 nghiém duy nhéat x =3

Vi du 2: Giai phuong trinh: s x-2 - = v e =
x-1 x+2 x+3 x-4
Giai
Piéu kién x ¢ {-3;-2;1;4} . V&i diéu kién trén phuong trinh da cho tuong
duong voi: 1+ = 6 +1+ g =4
x-1 X+3 x—4
SEOEEN J
= +
x-1 x-4 X+2 x+3
5x -8 5x +12 -0

(x 1)(x —4) (x+2)(x+3)
@(5x_8)(x+2)(x+3)-(5x+12)(x-1)(x_4)=o©x2+x_l5§=o
K&t hop voi diéu kién, phuong trinh da cho ¢6 hai nghiém:

;(1@];[1 6_59]

x 1 1
Vi du 3: Giai phuong trinh ! - L - -
Ny 2008x+1 2009x+2 2010x+4 2011x+5
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Giai
Pidu kién xe{-—;-—2_._ 4 . 2
2008 2009 2010 2011
Vi diéu kién trén, phuong trinh da cho tuong duong véi

1 ] 1 1
. = -
2008x+1 2011x+5 2009x+2 2010x+4
n 4019x + 6 _ 4019x + 6 e 4019% +.6 = 0
(2008x +1)(2011x +5H) (2009¥% + 2)(2010x + 4)
Hoiic: . _ 1

(2008x +1)(2011x +5)  (2009x +2)(2010x + 4)
¢>4019x + 6 = 0 hodc(2008x +1)(2010x +5) —(2009x + 2)(2011x +4) =0
¢>4019x + 6 =0 hosic 2x* +5x+3=0

$ . . N : i 3
Két luan: phuong trinh da cho ¢6 ba nghiém: x = —L;x =-1;x=——.
4016 2
3 13
Vi du 4: Giai phuong trinh: — i +— B
3x°-Hx+2 3x"+x+2
Gidi

Diéu kién xe{l;%}. Véi diéu kién trén phuong trinh da cho tuong

duong voi
9x(3x% + x + 2) + 13x(3x? — 5x + 2) = 6(3x* —5x + 2)(3x* + x + 2)
< 54xt —117x% +105x% - 78x + 24 =0 < (2x - 1)(3x —4)(9x* = 3x +6) =0

Két luan: phuong trinh da cho c6 hai nghiém: x = % va X = —i—
Vi du 5: Giai phuong trinh: e o
n B "x-1 x+1 2Jx
Gidi

DPiéu kién x > 0 va x #1. Véi diéu kién trén phuong trinh da cho tuong

c: & 1

duong voi ey (1)

* Néu 0 < x < 1 thi vé trai cua (1) 1a s6 am, trong khi vé phai l1a s6 duong
(mau thudn). Vay phuong trinh khong c0 nghiém trong khoang (0; 1).

* Neu x > 1 thi hai vé cua (1) déu duong, binh phucmg hai vé ta dugc:

x2 —2x? -16x+1=0 (x2+3) -8(x+1)* =
@(xz—2\/§x+3—2\/§)(x2+2\/§x+3+2\/§):0

: #B. .. - ) ‘
Ké!’}ho.pﬁgl dicu kl@n X>]1tco x= \/5 + 2\[2_ -1
! ;éﬁﬁ
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B . T

T

Giai

Vidu 6: Giai phuong trinh

. s : -1+4/5 o wgwm B X L.
Picu kién x #0va x # = Chia ca tir s0 va mau s6 & vé trai cho x°
1
‘ x> i
roi rat gon ta duoc: —;‘——:0.
et o |
X

bat t=x - 1 phuong trinh trén tré thanh
x

24t

=3 t?+3t+2=0t=1 hodc t=2.
t+1

; , "
"‘Vc'Jr1t=1,taco:x—l:1<:>xz—x—1=0¢:zx=1 2\/5.
X

*V('rit=2,taco’:x—}—=2<:>x2—2x+1:0<:>x=1i\f§.

X
1+5

Két luan: phuong trinh da cho ¢6 bon nghiém 1a: x = 5 va x =1+ /2
Vi du 7: Gidi phuong trinh: —=2 413 6
3x“ —4x+1 3x"+2x+1 X
Giai

Pidu kién x:tO,x;tlvéx;t-é-. Bién ddi phuong trinh da cho hanh:

: e 1 | =0. Dt 3x+—1-—4=t, phuong trinh trin trg
3x-4+—- 3x+2+-= =
X X
thanh —2-+-£=6.<:>2t2+7t—4:0<:>t=-1- hoac t =—4.
t t+6 2

*Vai tzl,tac() 3x+-1-—4:l
> X 2

<:>6x2—11x+4:0<:>x=% hoac x=%.

*Vaéi t =—4,ta co: 3x+l—4:—4<:>3x2 +1=0
X
Phuong trinh nay khong ¢6 nghiém thuec.

I : - - 4 1
Két luan: phuong trinh ¢6 hai nghiém x = gva XS
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. s s ‘ 1
Vi du 8: Giai phuong trinh — + : ==
x° (x+1)°
\ Giai
Dicu kién x # 0va x # —1. phuong trinh da cho tuong duong véi phuong

i 12 4 2 '
trinh sau: (x+1) +x :15@-( ] J + 2 15,

x*(x + 1) x(x+ 1) x(x+1):

1
X(x+1)

| ==,

Dat = t, phuong trinh trén trd thanh: t* +2t=15<t=3 hoic

*Vait=3,suyra 3x’ +3x-1=0x=

_3+4/21
6
5+5

1_
—3+21 -5++5
—; .

10

* V@i t=—=5,suyra 5x° +5x+1=0x =

Két luan phuong trinh da cho c6 bon nghiém:

, . x+1) x+1 x-2Y
Vi du 9: Giai phuong trinh: + =12

X—2 =l Xx—-3
Giai
B i : = 1 -2
Dléuklénx¢2vax¢3.£)atu:x+ ,v=x .
| Xx—-2 Xx—-3

Phuong trinh da cho tré thanh u® + uv =12v* < (u-3v)(u + 4v) =0
& u =3vhodac u=-4v.

; : -2
*Voi u=3v,taco: XJr;=3.x .
X — X -
+ /46
c:>2x2-16x+9=0<:>x=8 >
gL ., X+1 X -2 9 B
*Vadl u=-4v,tacod 2:4. 3c>5x -12x+19=0.
X -

Phuong trinh nay v6 nghiém.

: oy dims i + /46
K&t luan: phuong trinh da cho c6 hai nghiém x = §—2C

i 3 4 1
Vi du 10: Giai phuong trinh: = =
) i E x*+x+3 x*+3x+9 2x°
Giai
Piéu kién x # 0, phuong trinh da cho twong duong véi

1 3

4 %
+ ==
2§T“ﬁ+9 2x> x2+x+3()
v4

Bcuci

oo
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2 2 2
a“~ b a+b -
>( ) ;N1 'YX v > 0.

Ap dung BPT = >
X y X+y

Bttty mikh el 2 2 dmek
X Yy
4 2
N 1 (2+1) == 3
X“+x+3

x2+3x+9 2x? 3x%+3x+9

Suyra(*) o x> +3x+9=4x> x> -x-3=0
Két luan: phuong trinh da cho ¢6 hai nghiém x = b i;/—ﬁ :

2. Phuwong phdp dwa vé dang tich
Vi du 1: Giai phuong trinh: x* - 4x” +12x-9=0.

Giai
Viét phuong trinh dudi dang: x!-(2x-3)*=0
2+2 -3=0 =1
= [x2+2x—3][x2—2x+3]=0<:> X X =
—2x+3=0 X =-3

Chi y: Dé sit dung duoc phuong phap nay, cac ban can luyén lai
phuong phdp phan tich da thicc thanh tich cua cac thira $0. theu (ruong
hop doi hoi cdc ban phai biét cdach thém, bét cdc 56 hang can thiét @ dat

duoc muc dich.
Vi du 2: Giai phuong trinh: x* —4x =1,
Giai

Pua phuong trinh vé dang: x* + 2x* +1-2x" -4x-2=0
o (K2+1)?2-2x+1)P =0 [xE+1+V2(x+D][x%+1-/2(x +1)] =

x2+1+\/§(x+1)=0 (1)

2 +1-V2(x+1)=0 (2
Phuong trinh (1) ¢6 A = -4y2 —2 <0 nén vd nghiém.
Phuong trinh (2) c6 A = 442 -2 >0 nén c6 hai nghiém:

X9 :_\/5 e 3\/5 = . D6 1a hai nghiém ctia phuong trinh da cho.

Vi du 3: Giai phuong trinh: x* +12x” +32x° -8x-4=0
Giai

Ta co

xt +12x +32x% -8x-4=0 x* +12x° +36x° -4x°* -8x-4=0
2
=0

& (x2 +6x)2 —4(x2 +2x+1) =0 & (x* + 6x)* —4(x +1)* =
o [x? +_61~£—2()‘:+1)][x2 +6x+2(x+1)] =
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2
"  sdx-2=0 . ., :
<> (x2 + 4% —2)()(‘ +8x+2)=0¢> , tir do ta ¢6 phuong
2 _
x“+8x+2=0
trinh ¢o céc nEhiCm Sall Xy =240 ; = -4 ++/14

Chii y: Khi xét s6 nghiém (khac nhau) cua phu(mg trinh tich cac ban can
lwu v dén nhitng nghi¢m giong nhau cia cde thia sé.
3. Phuong phap dit an so phu

Vi du 1: Giai phuong trinh: x' —4x” +8x-5=0
Giai
x!-4x3 +8x-5=0 (x' -4x® +4x*)-4x* +8x-5=0.
o (x? - 2x)? -4(x* -2x)-5=0. Dbat x* -2x=t. Phuong trinh da cho
trs thanh:* t* — 4t —5 = 0. Giai phuong trinh nay taco t;=—1; t, = 5.
Khit,=-1,taco x° —‘)\(——1<::>x ~2%x+1=0&x=1.
Khit;=35,tacod x> —2x= 5e>x® —2x—5= Do x,, =1+6.
Viy phuong trinh da cho ¢6 nghiém x,, =1+6,x=1.
Vi du 2: Giai phuong trinh: 2x* —5x” +6x” -5x+2=0.
Gidi
Day l1a phuong trinh dang: ax' + bx® +cx? +bx+a=0 (az0)
Ta thdy: x =0 khong phai la nghiém nén chia hai vé cho x” ta co phuong
. 1 1
trinh tuong duong: 2x* -5x+6-5.—+2.— =0

X x2

= 2(x2+%J—5(x+1]+6=0.Dét X=x+—1— (diéu kién: |X|22).
X X X

Ta c6 phuong trinh tuong duong:
X=1

2(X2—2)—5X+6:0 o 9X2-5X+2=0 o
X2

4 g B, s 1
Do |X|>2 nénchilay gidtrjf X=2 e x+==2 & x=1.
X

Chit y: Phuong trinh trén ciing cé thé dua vé dang tich.
Vi du 3: Giai phuong trinh: (x + 4)(x +5)(x + T)(x +8) = 4.
Gidi
Taco (x+4)(x+5)(x +T)(x+8) =4 < (x* +12x + 32)(x* + 12x + 35) = 4
Pit x? +12x+32 =t = x* +12x + 35 = t + 3. Do d6 phuong trinh da cho
trothanh t (t+3) =4 t>+3t-4=0t, =1;t, =4
Khit=1taco x’ +12x+32=1 x> +12x+31=0& x,, =—6+ V5

Khit=-4dtaco x> +12x+32=-4x>+12x+36=0x=-6
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Vay phucmg trinh ¢6 cac nghiém sau X, =-61% JB . x==6
Vi du 4: Giai phuong trinh: (x* —1)(x + 3)(x +5) = 9.
' Giai
Viét lai phuong trinh, ta cd
(x-1)(x+5)(x+1)(x+3)=9 = (x®* +4x - 5)(x% +4x + 3) = 9
Dat: t =x” + 4x, phuong trinh tr¢ thanh: (t-5)(t +3)=9 hay:
t* =2t - 24 =0. Giai phuong trinh nay ta c6: t = 6: t = —4
Véi t=6<x*+4x =6, gidira: x=-2+10
Véi t=-4 o x* +4x=-4, gidira: x=-2.
Véy phuong trinh da cho ¢6 nghiém: x=-2; x = -2+ 10 .
Vidu 5: Giai phuong trinh: . + & o Jx .
1+x 1+4x 2%
Giai

. A 2 2+\/;
Taco 4 =
1+x 1++x 2%

& 2x(1+Vx) + 41+ x)x = (1 + )1 + VX)(2 + Vx)
& 2% + 23X + 4x + 4x% = (x +1)(2 + 3Vx + x)

& BX+4x%2 +2xVx = 2% + 2+ 3x/x + X2 + 3Vx + x
& 3x+3x2-xVx -3Vx -2=0.

Pit Vx = y 20, phuong trinh da cho tré thanh

3y’ -y? +8y*-38y-2=0 & (y-1)By’ + 2y* + 5y +2) =0

Do y>0=3y®+2y*+5y+2>0, suy ray = 1, nén phuong trinh d cho
co nghiém x = 1.

' 1 1
Vi du 6: Giai phuong trinh: — +
X J2-x?
- Giai
Piéu kién x #0; 2 —x” >O<:>|x|<\/§.Dat y=v2-x%>0
ey =2 (1)
Tachrs1 1 « M (2)E0: X+ = 1%y

;+;:2 (2)

=2

Thay vag (1) co: xy = 1 hodc xy = —%.



*Néuxy =1 thi x + y = 2. Khi do x, y ]a nghiém ctia phuong trinh
P X?2-2X+1=0X=1>x=y=1.

2 I e 2 s . ' : ;
* Néu xy = = thi x +v=-1.Khi do x, y la nghiém cua phuong trinh:

~1++3

2

~1++/3 =B

=1 £
2 y

X2+X—%:O<:>X:

Viy>0nén: y=

Vay phuong trinh c6 hai nghiém x, =1;x,

s
—.

Vi du 7: Phan tich thanh nhan tir: A = x' -5x° + 10x + 4

4

Ap dung: giai phuong trinh X2 M g =Hx
X —_—
Giai

A=x"-5x>+10x+4

=x' —x® -2x? —4x% +4x* +8x - 2x" + 2x + 4

=x2(x? —x-2) +4x(x* -x-2) - 2(x* - x - 2)
=(x2—x—2)(x2—4x—2)=(x2—2x+x—2)(x2—4x—2)

= [1n((x—2)+(x—2)](x2 —4x-2)=(x-2)(x + 1)(x* —4x - 2)
Ap dung: diéu kién: x> -220 & x # /2

x:+4=5x<:>x"+4=5x(x2—2)
x“ =2
e xt -5x2 +10x+4=0 (x-2)(x+1)(x* —4x-2)=0
- (x=2
x-2=0 x=2 x=-1
Slx+1=0 o|lx=-1 o
2w 0= (X_Z)Z:(\/E);z X =6 + 2
L x=—V6+2

-

Céc gia tri cua x tim dugc déu khac ++/2
Vay nghiém cua phuong trinh di cho la:
X; =4;%; =—1, %, =\/g+2;x4 =—-v6 +2
4. Plfwmtg trinh chiva diu gid tri tuyét doi
O diy céc ban can luu ¥ cac phép bién doi co ban:

1) |a

=b.< {b20 2) [a|]=|b| & a=+b
; a

=+b

&
F
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Vi du I: Cho phuong trinh: |x* = 2x + m|=x -1

a. Giai phuong trinh vdi m=0.
b. Tim m dé phuong trinh ¢6 bén nghiém phan biét.
Giai
bat X = x -1 thi phuong trinh da cho tr¢ thanh: IX2 +m— 1‘ =X ')

Voi m=0 taco:

X>0 X>0 4 20 X 5 5
— 1 = =% &
X?-1=+X  |X?+X-1=0 X:ﬂz‘/g 2
Fx_3+\/_5_
. o 2
Vi x =X +1 nén suy ra:
1+\/5
3=
L 2
Phuong trinh da cho c6 bon nghiém phan biét < (*) co bén rghiém
& (X=0 X>0
phan biét. (*) o ’
X*+m-1=%X X?+X+m-1=0

(*) c¢6 bon nghiém phin biét khi va chi khi phuong trinh
X?-X+m-1=0 co6 hai nghiém khdéng 4am phan biét va phuon; trinh
X? +X +m-1=0 c6 hai nghiém khong 4m phén biét.

Nhung phuong trinh X* + X + m -1 =0 khong thé ¢ hai nghiém khong
am (cac ban tu giai thich).

Vay, phuong trinh da cho khdng thé c6 bon nghiém phén biét.

Chit y: Phép giai cau 2 cua vi du trén s& rat phirc tap néu cac ban sr dung
phuong phép chia khoang.

Vi dy 2: Tim m dé phuong trinh: x* —2x —m|x-1+m? =0 (1) cd nghiém.
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Giai

Dat X=|x-—1|:>3ir2 f(X)=-1tacod x*-2x=X?%-1
nén phuong trinh (1) tré thanh:  X* -mX+m*-1=0 (2).
Phuong trinh (1) ¢6 nghiém khi va chi khi (2) c6 it nhit mot rghiém
b=
Truong hop 1: (2) c6 nghiém X=0 P=0 & m?-1=0 < n=1]
Truwong hop 2: (2) c6 nghiém

X,<0<X, & P<0 & m’°-1<0& -1l<mc<l.



A=>0
Truong hop 3: (2) co nghiémX,, X, >0 < {P>0

55D

_z\/_z< _243

—Bm® 450 3

, 1

&% o =1 =0 gy e <:>1<m<@

m< -1

m >0 .
m =0

23

Két hop cac két qua, tacé: -1<m <

Cha y: O thi du trén c6 thé dung phuong phap chia khoang nhitng phép
giai s¢ dai hon.
Vi du 3: Giai phuong trinh ng +X— 2| +|x-3=x"+1
Gidi
Piat x> +x-2=a,3-x=b khi d6 a+b=x>+1va theo tinh chéit da
biét, ta dwa phuong trinh da cho vé hé phuong trinh tuwong duong:
{xz +x-220
13-x20
Vay phuong trinh da cho ¢6 nghiém: x <-2 hodc 1<x<3.
5. Phuong trinh c6 chira tham so
Vi du I: Gia sir m 1a mdt tham so6 dé phuong trinh : ‘
(x — I)(x — 2)(x — 3)(x — 4) = m ¢6 4 nghiém x;, X2, X3, X4 déu khac
khong. Hay tinh gia tri ctia biéu thirc: P = = + . + = - £ theo m.
X Xy B %y
Giai
Phuong trinh (x - 1) (x-=2) (x=3)(x=4)=m (1)
(1) < x*-5x+4)(x*-5x+6)=m.
Dat y = x* —5x + 4 thi phuong trinh d4 cho tré thanh: y*+ 2y —-m =0 (2)
Taco: A=1+m>0 & m>-1.
Phuong trinh (1) c¢é 4 nghiém nén phuong trinh (2) ¢6 hai nghiém y,, y,
VOi Y1+ ¥, =—2;y,y,=-m (m>-1).
Bén nghlem X;, Xy, X3, X4 €O vai tro nhu nhau trong phuong trinh nén ta
o thé coi xq, X, 1A nghlem cua phuong trinh:

X’ -bx+4=y, & x° -9x+4-y, =0

va x

¥’;"1a nghi¢m phuong trinh: x* -5x +4 -y, =0.
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Ta cb - {}(,er2=5;xl}~12:4—y1

X+x,=0;%,x, =4 - ¥,

_ =

Nén P:—1—+_1_+L+L:X1+X2+X3+X4 = 0 1 5

B B N B BN XX, 4-y, 4-y,
S[8-(y, +y,)] 50

16-4(y, +y5)+y,¥, 24-m '
Vi dy 2: Tim m dé phuong trinh: x* —x”+2mx-m? =0 ¢6 bdn nghiém
phan biét.
Gidi
Ta viét phuong trinh duéi dang:
x'-(x*-2mx+m?) =0 x'-(x-m)’ =0
x*+x-m=0 (1)
xX’-x+m=0 (2)
Phuong trinh c6 bon nghiém phén biét khi va chi khi (1) va (2) doag thoi
méi phuong trinh c¢6 hai nghiém ph'z”m biet nhung ching khing co
nghiém chung. Trudc hét (1) va (2) déng thot c6 hai nghiém phan »ét
{A1 >0 {1 +4m >0 1 1
= ——<m<—
A, >0 4

o (X +x-m)(x*-x+m)=0 e {

&
1-4m >0 4

g xX+x, -m=0
Nhung néu (1) va (2) ¢6 nghiém chung x, thi: { ° °
x> -x, +m=0
Cong timg vé: 2x> =0 < x, =0.Dod6: m=0.
1 1
A . ¢ 1.k 55 & (o ——<m<—
Vay, phuong trinh ¢6 bon nghiém phan biét < 4 4

m#0

Vi du 3: Tim m dé phuong trinh: (x? —=1)(x+ 3)(x +5) =m (1) ¢6 bon nzhiém
phén biét.

Giai:
bay 1a phuong trinh dang: (x + a)(x + b)(x+¢)(x +d) =/, véi a+b=c+d.
Taco: (x-1D(x+DE+3)(x+5)=m
= [(x = 1)(x + 5)1[(}( +1)(x+ 3)] =m & [x2 +4X —5][){2 +4x+3/=m
Dit X =x* +4x+4 =(x+ 2)* 20, ta c¢6 phuong trinh trong duong

(X-9)(X-1)=m & X*-10X+(9-m)=0 (2)

.
5




Phuong trinh (1) ¢6 4 nghiém phan biét khi va chi khi phuong trinh (2)
¢0 hai nghi¢m duong phin biét:

[A' >0
Bl =
P 2.0

jl('i +m>0

- 19—m»()

& —-16<m< 9,

Viy voi =16 <m <9, thi phuong trinh da cho ¢6 4 nghiém phan biét .
Vidu 4 : Timm dé phuong trinh sau c6 ba nghiém phan biét:
(x-2)(x* +mx+m? -2)=C. (%)
Gidi
Phuong trinh da cho ¢6 ba nghiém phan biét khi va chi khi phwong trinh
f(x) = (x* + mx+m® -3)=0 c6 hai nghiém phan biét khac 2. Diéu nay
g pAR0 e
trong duong véi { tire la :
f(2)=20
-3m? +12>0 —2<m«<2
{m2 +2m+1¢0®{m¢—1 '
Vay gia trim dé phuong trinh sau c6 ba nghiém phan biét :
()(—-2)(3(2 +mx+m2—3)=0 la: {~—2<m<2'
m # -1
Chii y : Dirng nghi rang phuong trinh (*) cé nghiém x = 2, thi chi can
dat diéu kién phuong trinh f (x)=(x* + mx+m®-3)=0 c6 hai nghiém
la du
Vi du § : Bién luin s6 nghiém ctia phuong trinh: x® —m(x +2)+8 =0 (1)
theom .
Gidi
Ta bién dbi phwong trinh da cho vé dang phuong trinh tich :
X -m(x+2)+8=0c (x° +8)-m(x+2)=0
SE+2DX*-2x+4)-m(x+2) -0 (x+2)(x*-2x+4-m) =0,
S6 nghiém cua phuong trinh (1) phu thudc vao sb nghiém cia phuong
trinh : (x* =2x+4-m)=0 (2) khéc -2, do d6 phu thudc vao
A'=m-3 va f(-2) =12 -m . Xay ra cac truong hgp nhu sau :
Trwong hop I: A'=m-3<0 < m<3, phuong trinh (2) vé nghiém,nén
phuong trinh da cho ¢6 mét nghiém x =-2 .
Trwong hgp 2: '=m-3=0¢ m=3, phuong trinh (2) ¢6 nghiém kép
qgn phuong trinh da cho c¢6 hai nghiém x=-2, x = 1.

179



Truong hop 3: A'=m-3>0<¢>m>3; f(-2)=12-m#z0e=m=12,
m # 12

Do d6, néu { . thi phuong trinh (2) cé hai nghiém, nén phucong
m >

trinh da cho ¢6 ba nghié¢m.
Néum = 12 thi phuong trinh da cho c¢6 hai nghiém.

Vi du 6: Ching minh rang phuong trinh: x! -2(m?® +2)x* +m* +3=0
lubn c6 4 nghiém phan biét X;, Xy, X3, X, vOimoi gia trl cua m.
Tim gia tri m sao cho ) + X +X§ +Xi +X;°Xg X5 Xy =11
Gidi
x4—2(m2+2)x2+m4+3=0.f)ét: t=x?,taco:
2 -2(m? +2)t+m*+3=0 (2) (t20).
Ta chimg t6 (2) ludn c6 hai nghiém: 0 <t <t, ,
A'=(m? +2) —(m* +3)=4m® +1 >0, vdi moi m.
Vay (2) luén c6 hai nghiém phan biét t;, t,: t,-t, = m' +3>0 v&i moi
m. t, +t, =2(m*+2)>0 voi moi m. Do d6 phuong trinh (1) co 4
nghiém - [t , +/t, T
= %% + X2 + X5 +Xj + X)Xy X5 X,
R (0 5 + (5 + D () () ()
=2(t, +t,) +t; -ty
S XXX Ky K Xy Xy Xy =
—4(m?+2)+m*+3=m"+4m* +11
xf+xg+x§+x§+xl-x2-x3-x4:11<:>m4+4m2+11=11
o m? +4m? =0 & m =0. Vay gia tri m sao cho:
X2+ X2+ X2 +X; + X Xy Xy X, =11 1am=0.
Vi du 7: Cho phuong trinh: x' —2mx? +2m-1=0.Tim gid tri m dé
phuong trinh ¢6 bon nghi¢ém X, X,, X;, X, 5a0 cho:
R, S, 2K, VA K =X, =K, -X,).
Giai
Tur phuong trinh x* - 2mx® +2m-1=0  (1).
Pat: t=x2,tacd: t?-2mt+2m-1=0 (2)(t20).
A'=m2-2m +1=(m-1)> 20 v&i moi m.

Vay dé phuong trinh (1) c6 bon nghiém phén biét thi phuong trinh (2)
ludn c6 hai nghiém duong phan bi¢t t,, t,.
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" =4
Tac la : P:2m*]>0¢>m>%,m¢l (3).
S = 2m >0
Véi diéu kién (3), phuong trinh (2) ¢6 2 nghiém duong 0<t, <t, hay
phuong trinh (1) c6 4 nghiém phan biét khi :
Xy :"\/E< X9 :—-\/E<X3 :\/E<X4 :\/E2_°
Theo gia thiét:
X, — %, =3(x; - x,) © 2ft, =6ft, & Jt, =3\Jt, & t, =9, (4)
Theo dinh li Vlet, taco: t, +t, =2m va t;t, =2m -1 (5)
Tir (4) va (5) tacéd: 10t, =2m va 9t,* =2m -1
=9m® -50m +25=0 & m, =g; m, =5. Ca hai gia tri déu thoa man
dicu kién bai toan. Vay dé phuong trinh (1) ¢6 4 nghiém thoa man diéu
ki¢n bai toan thi can va du la: m =g va m=5,
Vi du 8: Tim céc gia tri cia m dé phuong trinh sau ¢ ding hai nghiém phan
biét: x* -m(x+1)+1=0 (1)
Gidi
x+1=0
(1)<::>(x+1)(1~:2 —x+1—m=0)c> )
xX*-x+1-m-0 (2)
(1) c6 hai nghiém phén biét néu:
a. Phuong trinh (2) c¢6 nghiém kép, nghiém do phai khac —1.

A =4m-3. Gidi A= 0 duge ng. Khi do x=—;-¢—1
b. Phuong trinh (2) co6 hai nghiém phan bi¢t, trong d6 mét nghiém 1a —1.

{A)O m>_3_

5 i 4 =m=3.
(-1D)*"-(-1)+1-m=0 —

Khi dé x, =-1,x, =m-1=2,
K4t ludn: Véi m = % thi (1) c6 hai nghiém 1 —1va %

Véi1im =3 thi (1) ¢o hai nghlem la -1 va2.
Vi du 9: Tim cac gia tri cia m dé phuong trinh sau ¢6 bon nghlem phan
bigt: x(x - 2)(x + 2)(x +4) =m (1)
Giai:
(1) & (x*# 2x)(x* + 2x —-8) =m.
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Pit x* +2x+ 1=y >0, khi d6 (1) tro thanh
(y-(y-9=mey*-10y+(9-m)=0 (2)

Véi cach dat an phu nhu trén, g vGi moi gia tri duong cua 'y ¢o hai gia
tri cta x. Do do: (1) ¢6 bon nghiém phan biét < (2) cé hai nghiém
duong phan biét.

P.ase 25-(9-m)>0
Do d6 ¢ (2) ta phaico: {P>0 <{9-m>0 & -16<m<9.

S>0 10 >4

Két luan: -16 <m < 9.

Dang 2: Gidi bit phwong trinh *:]

Vi du I: Giai bat phuong trinh: V7x +1 -/3x-18 < V2x+7
| Gidi
Bat phuong trinh tuong duong véi:/7x +1 < V2x +7 + Y3x - 18
{7x+1$5x—11+2 {12+2x£2
famy =

X>6 X>06

- {x+6s\/@x+7)(3x-18) - {x2-12x+36_<_6x2*15x—126

%26 X>6
[x>9
2_ p——
- 5x* -27x-1622=>0 PN | _1_51 o
X>6
X>6
I3 X2
Vi du 2: Giai bat phuong trinh: i |
i 5 - (1+vV1+x)?
Giai

2

4 X
Bat phuong trinh
; = (1++1+x)

r —4 < 0 £ . <A A 2 ~
* Neu {x o n, —1< x < 4, bat phuong trinh hién nhién thoa man.
x z —

>x—-4.Piéukién: x>-1

* Néu x>4,déy = - i e D =J1l+x-1

Jitx+1l (leXj=l
Nenbatphuorngtrmh SWl+x-1Y>x-42+x-2J1+x>x-4

SWI+x<bDV1I+x<34<x<8




J— X , "*‘1 s x<4
I'0ng hop két qua ta duoc: "l -1<x<8
4<x<8

Vi du 3: Giai bat phuong trinh: Jx? +x-2+Vx2 +2x-3 < Jx? + 4% -5
Gidi
Bat phuong trinh tuong duong vai:

\/(x—l)(x+2) + 4 x—l)(x+3)s\/(x—1)(x+5)

X mea. Xy d : .. -4 21
Pi1€u kién dé bat phuong trinh xac dinh: [x .
X < -

* Khi x =1 bét phuong trinh nghiém ding.
* Khi x >1 bat phuong trinh tuong duong vai:

Jx+2+Jx+3 & \/—;E & 2x+5+2 < x+5

& 2J(x+2)(x+3) < —x (Bat phuong trinh v6 nghiém do —x < 0)
* Khi x <5 bat phuong trinh tvong duong véi:

\/—(x+2) +\ﬁ(x+3) s\/—(x+5) & —-2x-5+2 <-x-5

& 2J(x+2)(x+3) < x (Bét phuong trinh vd nghiém)

Vay bt phuong trinh chi ¢6 mdt nghiém la x =1.
Vi du 4: Giai bat phuong trinh: V3x+4 +J/x-3 <J/4x+9

Giai

ol s 3x+420,x-320
biéu kién: & x23.
4x+920

Bat phuong trinh & 4x+1+ 2J(3x +4)(x-3) <4x+9

<:>3x2—5x—12s16<::>35xs4(dodiéukién X 23).

Vi du 5: Giai bat phuong trinh: (x* - 3x)V2x% —3x~220.
Gidi

V2x® -3x-2 =0

Bat phuong trinh < | J2x? —3x -2 >0

\ s - )

Trueong hop 1: V2x2 —3x-2=0 & 2x*-3x-2=0 & 1
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Truong hop 2:

X & e
. 2
\/2x2—3x—2>0 ] g £ x<—-l-
i o ; oS <_x>2 P 2
x°=-3x20 x“=-3x20 %<0 >3
_x23
i i
R
a

Bét phuong trinh c6 tap nghiém | x >3

Vi du 6: Giai bat phuong trinh: y2(x” ~16) fE—B5 =1
Jx-3 Jx-3
Giai

Piéu kién x >4. Bat phuong trinh da cho twong duong véi bat >huong
trinh: y2(x2 -16) +x-3>T-x & 2(x? -16) >10-2x
+ Néu x >5 thi bat phuong trinh dugc théa man, vi vé trai dumg, vé
phéi’ém. , ’
+ Néu 4 <x <5 thi hai vé cua bat phuong trinh khong 4m. Binh phuong
hai vé ta c6: 2 —16) > (10-2x)° <>x* —20x +66 <0 >10—/34 <x <10+ 34
Két hop véi diéu kién 4<x<btacd: 10-+/34 <x<5.
Pap sb: x>10-+34.

Vi du 7: Giai bat ghuong trinh V5x —1 -Vx -1 >2x 4.

Giai
Bét phuong trinh V5x -1 -Vx-1>v2x-4.
5x-12>0
Pidukién: {x-120 <x>2.
2x-42>20

Khi d6 bit phuong trinh di cho tuong g vai
Jox—1>V2x—4 +Vx+1 & 5x-1>2x-4+x-1+2J(2x-4)x - 1)

o x+2>J@2x-4)(x-1) & x*+4x+45>2x* -6x+4

& x?-10x<0 < 0<x<10. Két hop voi diéu kién, ta co: 2<x <10
1a nghiém cua bat phuong trinh da cho.

Vidu 8: Giéi'bét phuong trinh: V52 —8x +15 +Vx? + 2x —15 < J4x2 — 13x +18

i3 o A
P S
-] 1
e &
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Giai

[x>5
xt—8x+1520 :ng’ —_

e a = e . 2 >
Dicu kién can thirc ¢o nghia: {x* +2x-1520 <5 | %55
4x* -18x +18>0 |z _ Xi=

; >3

3

X<—

2

Thay ngay x = 3 thi bat phuong trinh thoa man. Véi x5 thi viét bat
phuong trinh vé dang:

\/(x —5)(x - 3) + \/(x +5)(x-3) < \/(x -3)(4x - 6)

c>\/x_—5+\/x+5s\/4x—6c>2x+2\/x2—25s4x—6

o x2—255x—3<:‘>x2—25Sx2—6x+9 <:>xS}3—7.

Viy BEne -1—37 13 nghiém.
V6i x < -5 thi viét bat phuong trinh vé dang:
\/(5 -x)(3-x) +/(8-x)(-5-%) < /(3= x)(4x - 6)

& -2x+2yx?-25<6-4dx &> JVxP-25 < —x + 3

‘:::>x2—25£x2—6x+9<::>x313Z )

Viy x <-5langhiém.

Tom lai: x e (—0;—5) U {3} U {5 1—37-J
R 3 1
Vi du 9: Giai bat phuong trinh: 3Vx + PY, o
EEEe ol e

Giai
Diéu kién: x>0

3\/;+ <2x+— . —7<:>3(\/_+———J<2(x4i]—7 (7)
2Jx 4x

J;
—tv01t>2\/7 \/_
2
3

(7)<:>3§<,2(t2-1)—7<:>2L2—3t—9>0<:{t< 5 chilay t> 3.
s 5

Pt Vx
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+Tacod t=+x+ >3 2x-6Vx +1>0

1
2Vx
0<x<4——2—ﬁ

2 — o
\/;>3+‘ﬁ x>4+gﬁ

2
Vi du 10: Giai bat phuong trinh:
JTx+7 +JTx -6 + 249x? + Tx — 42 <181 — 14x

fo o

=

Gidi
JTx+7 +JTx = 6 + 2J49x* + Tx — 42 < 181 - 14x (1)
(Tx+720
+ Pidukién: {7x-620 x> @)

49x% + Tx -42>0

(DN JTx+T+JTx -6 +2J(Tx + T)(Tx - 6) + (Tx+7) + (Tx - 6) < 82
<::>(\/7x+'7+\ﬁx—6)2 £ (T s T edTx=8)=182=0 (3)

Dit JTx +7 +J7x -6 = t voi tzt(?].—_\/ﬁ

B)ot?+t-182<0<> -14<t<13.
Kéthc_rpvc’ritzxfl_3taduqc:\/ESt<13
e N2 d e+ T Tx—B <18
b thoa'man ’
SVTx+T +JTx -6 < 13;
Pit7x=uvdiu=6
SVu+T+Ju-6<132u+1+2(u+7)(u-6)<13* =169

6<uc<84 (4)
<:>\/u2+u—42<84—u<:>{

u? +u-42<84*+u*-168u (H)

(5) © 169u <84° + 42 =42.(4.42 +1) =42.169
& u <42, két hop véi (9)= 6 <u < 42

Vay 637x<42<:>$$x<6.

Vidu 11: Giai bat phuong trinh: 9x? +4x + 3V3-2x - x* > 1
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Giai
Diéu kién co nghia: -3 < x < 1. Viét lai bat phuong trinh thanh:

5 -3<x<
22 _3t -5 <0 J‘1<t<l 5 3<x=]
= o 2:>O£t<§:3 J — - 5
b2 ]tg() —X"=-2x+3 <—
-3<x<1
< o o-3<x<1
4x% + 8x + 12 > 0(thdéa man Vx)

Vi du 12: Giai bt phuong trinh: \/x" ~Befslanl-g 1
Giai

2
: : ) -1>1-
1) © Jx-1)2>1-x & ‘x2—11>1—x o |T TR

o [P

Hexe]l

X % x~2 50 [x>1vx<—2
& : R
% =% el

Vi du 13: Giai bat phuong trinh: Vx2—dx+3-v2x2 -3x +1>x-1

Giai
1
X<—
2
e, e x°—-4x+320
biéu kién: . eln=1
2x% -3x+120
X0

Bét phuong trinh < J(x-1)(x-3) - J(x-1)(2x-1) 2x-1 (1)
a) Bing cach thir truc tiép ta thdy x = 1 nghiém diing bat phuong trinh (1).
b) Vai x =3thi x —1> 0nén bat phuong trinh (1)
oJx-3-V2x-12Vx-1-2x-122/(x-1)2x-1) (VN)

c) Vai x s%bét phuong trinh (1)
8 —x +4l=x 241 =2x <:>2\K3—x)(1—x) > -3 luon dung.

Vay nghiém cta bat phuong trinh da cholax =1, x < % ;

Vi du 14: Giai bat phuong trinh: /(x +5)(3x +4) > 4(x 1) (1)
g

s ~;» i
B 4 & 44
f % ;
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Giai

xal ;
(x+5)(3x +4) >16(x —1)* ©

Ll (I
| ((x+5)(3x+4)=>0
’ - =1
Hé bat phuong trinh (I) << . & S1<x<4
EER {13x2—51x—4<0 ~ L x<d -
13
: x<-5
Hé bat phuong trinh (Il) | _ 4 _ et ]

Vi du 15: Giai bat phuong trinh: 2x* + Vx® =5x -6 >10x + 15
Giai

Didu kién: x? —5x-620 [i =l

Bat phuong trinh ¢é thé viét: 2(x® —=5x) + Vx? -5x—-6-15>0 (5

Pit Vx®?-5x-6=tvdi x>0.

t>0
(5) St +8)+t=155082t +1=-35D & t<—g<:>t>'1
i=1
& Vx?-5x-6 >1< x*> -5x—6>1 (théa min (4))
5-/53
5 X < 9
Sx" -x-T>0
5+J5§
X >
2
Vi du 16: Giai bat phuong trinh: 7x —13 —=/3x -9 < J5x - 27
Gidi
.A . Tx-132>20
DPicu kién: B <‘:>x2ﬂ
3x-920, 5x-2720 53

Khi d6 bt phuong trinh <> J5x —27 + /3x -9 > J7x - 13
Binh phuong ca 2 vé ta duge bat phuong trinh tuong duong
[x =23

2,(5x -27)(3x -9) 223 -x & -2-51£x£23

i 59x* — 458x + 443 >0
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X >03 -
229 + /26304

3w 96904 =% 3,
229+26301 _ . 59
09
Vi du 17: Giai bat phuong trinh: \/ X_4 \/X = T8
x—1 X J§
Giai
T K&
Diéu kién: =0 e :
x -1 el
Dat =kt =0
' x—1 ( )

; 1 3
Bat phuong trinh <>t + ———=2>0
t V2

é,

t
<:>t2~—3—t+120<:>\/§t2—3t+\/§20c> 1
\/5 t

a) t:*} AR P
x -1 X —

IA

=

2l eslexs?

x<(
—E48 B | &S -1<x<0

b) t:g—l—<:0< IRy
J2 x=1 2
-1<x<1
: |-1<x<0
Dap so: e
lex<2
Vi du 18: Giai bat phuong trinh: V1+x -JV1-x > x.
Giai

Diéukién: -1<x <1

Véi xe [—-1;1] ta ¢ 1+ x —+/1-x >0 bat phuong trinh tuong duong

VOi:(1+x)-(1-%)2x(V1+x +V1—x) & 2x > x(V1+ X + 1 -x)

* x = 0 rd rang thoa man bét phuong trinh.

* Néu 0 <x <1, bat phuong trinh < (/1 +x +/1-x) <2, diéu nay ludn

th6aménvi:(J1+x+\/1—x)g\f2(1+x+1~—x):2

* Néu -1<x<0, bit phuong trinh < (V1+x +vJ1-x)>2, didu nay
khong thé (suy ngay tir bat ddng thirc (2) hodc binh phuong hai vé sé dua

den bat ding thie V1-x* >1).

gg hqrp’fal ta co tap hop nghiém ctia bat phuong trinh (1) 14 0<x <1

pE"



Bai tap van dung
1. Giai bat phuong trinh: 4\/(4 -x)(2+x)sx‘-2x-8
—|xhx]—1zo (1)

2. Tim céc s6 nguyén x, y thoa hé
y-2|+[x+1-1<0 (2

2

3. Giai bat phuong trinh: s >x—4
. b Aedlex)

. Giai bat phuong trinh: Vx® —4x +3 —2x> - 3x+1>x -1
. Giai bat phuong trinh: \/(x + 5)(3x + 4) > 4(x 1) (1)
. Giai bat phuong trinh: Jx? —3x +2 +Vx? —4x + 3 >24/x% —5x+4
. Giai bat phuong trinh: x> -3 > Vx> -2x+1
. Giai bét phuong trinh: /3x + 4 + r 3 <J4x+9
. Tim cac gia tri cua x; y thoa man: x% + Xy + y =3(x+y-1)
10. Giai phuong trinh:

a. (x+3)* +(x+5)* =2 b. (|x|—2)4 +(|x|—6)4 =82,

oo 3 N U o

11. Tim gia tri nho nhit cua (a® + b?) sao cho phuong trinh:
x* +ax’ + bx® +ax+1=0 co nghiém.
3 2
12. Gidi bt phuong trinh: = 2% =2X-15 4

x2+x+3

13. Giai bat phuong trinh: x +|x -1|>5.

14. Chimg minh rang phuong trinh sau ¢6 hai nghiém véi moi gia tricua
mx+1)'-(m-D(x+1)*-(m’-m+1)=0

15. Tim céc gia tri cia m dé phuong trinh sau c6 nghiém:
x* +mx® + x> +mx+1=0

Hudng dan va dap sé
1. Pidukién: -2<x<4.
Bt t= J(4—x)(2 +x) =v8+2x-x?, 0 <t<3;khido bat phucng trinh
di cho tro thanh 4t <t*> < t(4-t) <0< 0<t <4: ludn thoa mar.
Vay nghiém cua bt phuong trinh da cho la: —2<x<4.
2o ll] #5 |x2—x’Sy—1 = y—-120 = y21 {3)
ly-2[<1 1<y <
x+1]<1 - {—ngso

2) & |y-2/+[x+1<1 = { 4)
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5

Dodotasuyra xe|-2 —1,0} vaye {2, 2,8
Thu lai ta dugce tap nghi¢m can tim la- (-1, 3); (0, 2)}

Diéu kién : x > -1

X X ~4 < z : ‘2 ok
* Néu { < —l <x <4, bt phuong trinh: hién nhién thoa man.

Xx2>-1
*Néu x 24, déy 2 el l+x_1):\/1+x—1
Vitx+1  (1+x)-1
Nén bai phuong trinh: & (Vi+x-1)° >x-4
SZ2+Xx-2VI+xXx>x-4 S 21 +x<b6V1+x<3c=4<x<8,

r

A z , -1< 4
T'ong hop két qua ta duoc: e 1<x<8
4<x<8
(xs—
; x’ —4x+32>0 2
Dicu kién< ™ -1t
2x* —=3x+120
Xx>3

Bat phuong trinh < \ﬂx -1)(x-3) - \/(x -1D(2x-1)>2x-1 (1)

Bing cach thr truc tiép ta thdy x = | nghiém diing bat phwong trinh (1).

Véi x 23 thi x —1> 0nén bét phuong trinh (1)
oSVx-3-Vy2x-1>Jx-1 <:>—2x—122\/(x-1)(2x—1) (VN)

c. VOi x < % bat phuong trinh (1)

. &2

V3-x +V1-x>V1-2x < 2/(3-x)(I - x) > -3 ludn diing.

Véy nghiém cua bat phuong trinh dacho lax =1, x < % .

Te=q (2)
{(x +5)(3x+4)>16(x-1)* (3)
Ll (4)
{(x +5)(3x+4)>0 ()
>
Hc?(Z),(B)@{Xz_I o x_11 olsx<d
195 <Hlx-4<0 —-—1—§<x<4

Hé(4),(5) & (x£-5) u(——% <R 4)
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x?-3x+2=(x-1)(x-2)>0
6. Didu kién: {x*-4x+3=(x-1)(x-3)20 < ———
x2-bx+4=(x-1)(x-4)20 -
a) x =1 1a nghiém dung bat phuong trinh.
b) x < 1. Bat phuong trinh & V2 -x ++/3-x >92J4 —x . Bat phuong trinh
nay vo nghiém vi (2 — x) va (3 — x) cung nho hon 4 — x.
¢) X > 4. Bét phuong trinh twong duong véi Vx -2 + Jx -3 > ovx -4, ludn
ding vi (2 —x) va (3 — x) cung l6n hon 4 —x.
Ketludn: x>4;x=1.

oo i 0 =1
7. biéu kién: TRTEL
O<y=#1
6x +4y =x> (1)
6y +6x=y> (2)

Tiu hé (1) va (2) suy ra 2(x —y) = x* —y*.

H¢ phuong trinh < {

Tur do suy ra [X -
y=2-X
Thay y = x vao phuong trinh (1), suy ra (x = 10, y = 10) la nghitm cua
hé. Thay y = 2 — x vao phuong trinh (1), ta thdy hé vo nghiém.
3x+42>20,x-320

8. Diéu kién: &x2d.
4x+920

Bt phuong trinh < 4x+1+2{(3x+4)(x-3) <4x+9
& 3x2 -b5x-12<16 <> 3<x <4 (do diéu kién x > 3).

9.x> +xy+y?=3(x+y-1) ox®-2x+1+y° -2y+1+xy-x-y+1=0
S x-1)+(y-1)*+(x-1)(y-1)=0

<::>[(x—1)+%(y—1)]2 +-§(y—'1)2 =0eox=y=1.

10.a. Pit y=x+4 = y-1=x+3
a) o (y-D'+(y+1)*'=2

& yioaytr6y? —dy+1+yt 46y  + 4y + 4y +1=2

& Pyiilovti2=2 & 199"+ =0 & y=0 & x=44,
b. Tuong tu a).
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11. Nhan xét x =0 khong 1a nghiém cua phuong trinh
x'+ax® +bx’ +ax+1=0 (1),dodéo x=20
Chia 2 vé cua phuong trinh (1) cho X’ ta ¢6:
1

x+~)+b-—2:0.
X

1\
[T}z (X-I——J +a

1 X

5 1 . '
Pat t =x+—, voi |t > 2

X
Dodo(l) = t*+at+h-2=0,
Theo bat dang thic Bunhiacopxki co:

2 2 2 2 272 2 2 (2__t2)2
(a® +b*)}t“ +)=(at+b)* =(2-t*)* & a’+b T
: t°+1
_ 4848 o B 2
Dit t?=u, u>4= (2‘)t) _ia=u) = a[‘2+b22(2 L)
t°+1 u+1 u+1
9_ 12 4
1a se chimg minh: 2-w 2i VOl u 2 4(*)
u+1 5)
That vy (*) o 52-u)®>4(u+1)
<& (u-4)5u-4)20 (dou =4).
Ddu ** = ” xay ra khi
a = bt & bti=a = ghoéc 52
b=- t+b=-2 b=-— b=——
at + 2 at + 5 5
4
a=——
Véi gthiphuorngtrinh x' +ax’ + bx” +ax+1=0 cé nghiém x =1.
b=-=
o
4
a=—
5

Véi 2thiphuongtr‘mh1‘14+:elx3+bx2+ax+1=0cc')nghié,m)t:=—l.

b=-=
5
Viy (a? + b?) nho nhét birig %
12. Tacod x° -4x® -2x-15=(x-5)(x® + x + 3)
1 11
ma x2+x+3=(x+§J +T>O vOi moi X

Viy bétf’bl:w(mg trinh tuong duong voi x-5>0< x> 5

E o
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13.

14.

15.

{x+x—1>5

x—-120 2x>6 . 11>95 L. ik

x+[x-1>5x o hoac (hé nay vo nghiém)
X—-Xx+1>56 el | x<1 -
x-1<0

X>3
&5 & X5
{le

Vay bat phuong trinh da cho c6 nghiém: x > 3.
Pit (x+1)2=y20 tacd: y*—-(m-1)y—-(m*>-m+1)=0 (1)
Do P=—(m?-m+1)<0 nén (1) c6 hai nghiém trai dau.

Goi nghiém duong la a. T (x+1)* =a,ta dugc x=-1+ Ja, d¢ 1a hai
nghi¢m cua phuong trinh da cho.

Phuong trinh x* + mx® + x> + mx + 1 =0 1a phuong trinh d4i xtmg bic bon,

Chia hai vé cho x* # 0 rdi dat an phu la x +% =y, (1) tro thanh:
y:+my-1=0 (2).

bé phuong trinh x+%= y (voi y la tham s0) ¢ nghiém hay phuong

trinh x> —yx+1=0 c6 nghiém, ta hpair c6 y* -4 >0,tc la y>2 hoac
y <-2. Do d6 dé (1) c6 nghiém thi (2) phai c6 it nhit mot nghiém thoa

man y > 2 hodc y <-2.

R ke K : - ; : " g 3
Piéu kién dé ton tai nghiém cua (2) thoaman y>21a m < =

ol s of B . 2 i : " 3 . B ..
Piéu kién dé ton tai nghiém cua (2) thbaman y<-2 la m > 5 (>em bai

tap 358).

Pap s6 ms—g hodac m z%.
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Chuong 7. Bat dang thuc

Mét s6 kién thirc co ban

1. Tinh chéat
2 . P asb

Tinh chat 1: =a>c
b>c

Tinh chat2: a>b < a+c>b+c.

H¢ qua: a>b+c < a-c>b(chuyén vé va ddi dau)
a>bhb

Tinh chat 3: = a+tc>b+d
c=d

Chu y: Khong c6 quy tac trir hai vé cua hai bét dang thire cung chiéu.

ac>bec, ¢>0

Tinh chit4: a>b < {

ac<bc, c<0
Tinh chat 5: {a >b>0 =% fag = bl
c>d>0
Chii y: Khéong c6 quy tac chia hai vé bat ding thirc cling chiéu.
Tinh chdt6: a>b>0 = an>bn, YneN",
Tinh chidt 7: a>b>0= a>b.
Tinh chit 8: a>b —=¥a>ib .
H¢ qud: *Néua>0vab>0thia>b < a?>b?,
*Néua>0vab 20thi a>b a > b2,
. Bat ddng thirc vé gii trj tuyét d6i
Tir dinh nghia ta c6: a < a!; VaelR

|x|<a<:>—a<x<a Véia>0
x| >a & x<—ahoiicx>aVéia>0

|a| —|b| < Ia + b| < ‘a| + |b|

Dinh ly: (Bdt dang thiic Cési) Néua > 0 vab> 0 thi a;—b >/ab .

Diu "=" xdy ra <> a=bh.
Hg qua:

Neu hai 56 duong co tong khéng déi thi tich cua ching dat gid tri lén
nhat khi hai sé do bdng nhau.

o
3
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b. Né'L{ hai so dirong co tich khong déi thi tong cua chung dat gid tri nho
nhat khi hai so do bang nhau.
Y nghia hinh hoc:

a. Trong tat ca cac hinh chit nhat co cung chu vi, hinh vuong cé dicn tich
lon nhat.

b. Trong tdt cdc hinh chit nhdt cé ciing dién tich, hinh vudng cé chu vi nho nhat

Cac dang bai tap co ban

Dang 1: Chitng minh bdt dang thirc

Cdchl: Sir dung phitong phdp bién doi tiwong dwong
Cdch 2: Sir dung cdc bat dang thitc quen thuge
Dang 2: Tim gia tri lon nhat, gid tri nhé nhat

Cac vi du minh hoa

Dang 1: Chung minh bit dtfng thue

Vidu I : Ching minh ring;

& = \f \/3+ 3+.. l
6 - \/3+\f+\/3+ e

Trong do tu s& ¢6 2010 diu cin, mau sb c6 2009 dau can.
Giai:

Pat a:\/3+£+m (co 2010 dau can), suy ra
a?=3+ \E+ J34 4343 (c62009 diu can), nén
a2—3:\/3+\/3+m,dodétacé
3-—\/3+\ﬁ3+m 3-a 3-a _ 3-a . I
N A - T6-(a’-3) 9-a° (3-a)(3+a) 3ra
- <—su3ras\E\FJrng e
J+a \/%+\f+\/—3—:—\/: 4

Vidu2: Choa,b,c.dlacac so nguyénthdamina<b<c<dvaa+d=b+c

Doa+ 3 >4, nén

Chirng minh rang:
a) a®>+ b? + ¢+ d ¥ la tong cua ba so chinh phuong.
b) bc > ad.
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Gidi
Choa, b, ¢, d la cic s0 nguyén thoaa<b<c<dvaa+d=b+c
a) Viasb<c<dnéntacothédita=b-kvad=c+h(h ke N)
Khidodoatd=b+ceb+c+h-k=b+ceh=k
Viya=b-kvad=c+k.
Dod(’):512+b2+c”+dr“’:(b—k)‘“'+b[“'+(:3+(c+k)2
= 2b% + 2¢? + 2k* — 2bk + 2ck
=b*+ 2bc + ¢ + b* + ¢* + k? - 2bc — 2bk + 2ck + k?
=(b+c)*+ (b-c—k)?*+k*latong cua ba sb chinh phuong
(dob+c, b—c—kvaklasonguyén)
b) Tac(’)ad=(b—k)(c+k)=bc+bk—ck—k2=bc+k(b—c)—l(2 < be (vi
k e Nvab<c). Vay ad < be ( diéu phai chimg minh).
Vidu 3: Cho a, bla hai s6 thuc thoa min a® + b® = 2.
Ching minh: 0 <a+b <2.
Giai
Tacora’+b’>0=a’>-b'=a>-b=a+b>0 (1)
(a-b’(a+b)>0=(a’-b)a-b)>0=a’ +b’—aba+b)>0
=% a3+b32ab(a+ b) = 3(a’ + b*) > 3ab(a + b)
= 4@ +b)>@+b’=>8>(a+b’=>a+b<2 )
Te(l)va(R)y=0<a+b<2.
Vi du 4: Chimg minh véi moi sé thue x, v, z ludn co:
|x+y—z|+|y+z-x|+|z+x~y]+|x+y+z|22(|x|+|y]+[z|) (*)
Giai
Ditta=x+y-z b=y+z-x,c=z+x-y. Trongbaséa,b,cbaogib
cling co it nhat hai s cung dau, chéng han: a.b>0. ‘
Luc nay: [x+y -7 +|y +x -2 =|a| +|b| =|]a + b| = 2]y]
Taco: x+y+z=a+b+c; 2x=a+c,; 2z=b+ec.
Do d6 dé chimg minh (*) dung, chi cin chimg to:
| +la+b+c| 2]a+c| + [b+c| (**) dung véi ab>0. Tacé:
(*¥) <:>|c|-|a+'b+c|+ab2|a+c|-|b+c|

=N lca +cb+ 02‘ +ab 2’(ca +cb + c2)+ ah(reee
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Pat: ca+cb+c’=A; ab=B,taco B=|B| (doab=0) taco:

(***)<> |A|+[B| 2|A +B| < |A|.|B| 2 AB<> |AB| 2 AB.

Déu ding thirc xay ra trong truong hop cac s6:a,b,c,a+b+c ciialam
2 cdp cung dau. Vidu: ab=20 va c(a+b+c¢)20.

Chu y: Co thé chia ra cac truong hop tuy theo dau cua a, b, : (co 8
truong hop) dé chimg minh(*)

Vidu 5: Chimg minh ring: x* +y* +72° —3xyz=(x+y+2)(x" +y* +2° —xy - yi —2X)
véi moi sb thuc x,y, z. Suy ra véi a,b,c 1a cac s6 duong ta 116n ¢o:
a+b+c>3%abe.

Giai
Khai trién vé phai: (x +y+z)(x” + vy +2° —xy —yz-zx) dugc ve tréi

Tac():x2+y2+22—xy—yz—zx=%[(x—y)2+(y—z)2+(z—x)2]:0.

pat: x= Ya, y=\/g, z=3c.;x+y+z>0via,b, c duong.
Tiudo x* +y® +2° — 3xyz20 hay a+b+c=3Vabc.
Vidu 6 : Cho a,b, ¢ > 0. Chimg minh ring:
a®+b® bP+cd P+a’
- -
2ab 2bc 2ca

>a+b+c

Giai
Taco6: a>0; b>0:(a+b)(a—b)220<:>(a+b)[(32—ab+b2)*zb]20

<:>(a+b)(a2—ab+b2)—ab(a+b)20<:>a3+b3—ab(a+b)20

a’ +b’ 2(a+b).

508 LB = abla b)Y &

2ab 2
3 3 3 3
Tuong ty ta c6: b® +c¢ 2(b+c); c’+a 2(c+a)l
2bc 2 2ca =

Cong timg vé ba bat dang thirc trén ta co:
a+b? b +c® c*+a’_a+b b+c c+a
+ + > + +
2ab 2bc 2ca 2 2 2
a®+b® bP+c® P +a’
+ +
2ab 2bc 2ca
Viy bat ding thirc da duoc chung minh. \
Vidu7: Choa,b,c>0.
Chung minh ring: (a —1)(a -3)(a —4)(a -6)+10 > 0;¥a

>a+b+c
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Gidai:
Taco (a=T)(a-3)(a-4)(a-6)+10=[(a-1)(a-6)][(a-3)(a~4)]+10
={a" ~Ta+Biu’ —Ta+10)+10.
D'{ltt=az-7a+9.
Taco: (t=-3)(t+3)+10=(t*-9)+10=t2+1>0:Vt
Bit dang thuc da duge ching minh.
Vidu 8: Chimg minh vai moi s0 thuc X, y, z, t ta luén cé bat dang thirc sau:
X" +y* +2% +t* > x(y + z+1). Ding thic xay ra khi nao?
Giai
Tachd: x*+y* +2° +t* 2x(y +z +1) (1)
& 4x% +4y® + 428 + 42 2 Ax(y +z + t)
& (x* —dxy +4y*) + (x® —4xz+428) + (x® - 4xt + 4t2) + x2 > 0
S (2-2y) +(x—22)% + (x-2t)* + x® 20 (2)
Ta co (2) Iudn ludn ding voi moi X, y, z, t. Vay (1) duge chimg minh.
Péang thirc xay ra <& x-2y=x-2z=x-2t=x=0 < x=y=z=t=0
Vi du 9: Chimg minh v&i moi s6 thuc a, b khéc 0 ta ludn c6 bit déng thic

. 2 2
sau: 3,»+P‘—+423[§-+E)
b* 2 b

a a
Gidai
Pat T:—a—+h. Ta co: |T|= 3+-‘tl L L >
b a b a a

a’ e a b 4
F+T+423(B+—)©T2 +223T = (T-1)(T-2)20 (*)
a- a

Néu T>2 thi T-1>0 va T-2>0 nén (*) dang.
Néu T<-2 thi T-1<0 va T-2<0 nén (*) dung.

bWt}
a’ a

Vidu 10: Cho x,y la hai s6 thue khac 0. Ching minh:

2 2
%-+X2—+423[§+X)

T : . ot B a b
Viy v&1 moi so thuc a, b khac 0 ta ludn co —+—+423

y X y X
Giai
Patt=2+Y o |t|:£+y =&+ ma M +|X>2 (do bat ding thirc
y X y X [yl (X i IX
x2 y2
Cosi)=.|t| 22 = t<-2hayt>2.Khidé: t? ==+ +2
#B § y© X

7

“
i)
il
4
&
§
&
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Bat ding thitc (1) < t?+223t <& t2-3t+220 < (t-1)(t-2)>0 (2)
(2) la hién nhién ding do t <-2 hay t>2.
Vidu 11: Cho céc so duong x, y, zthoa x* +y® +2° =1. Ching minh:

2 2 2
= it ot > 2
Ji-y? J1-22
Giai
XS
Ta co: = 2x*
\/ ,/ 2 xP4l- x
2
“ Z‘2
Chimng minh tuong tu ta co: >2y° va > 27°
\/ =g
y’ 7

Suy ra: >2(x3+y3+z3):2

\/_—\[1 JV1-2°

Vidu 12 : Cho x, y 1a hai s6 thuc thoa man (x +y)? + 7(x+y) + y* +10=0.
Tim gia tri 16n nhit va gia tri nho nhat cua biéu thic P=x +y + 1.
Giai:
Tir gia thiét ta suyra (x+y)’ +7(x+y)+y>+10=0

7 7V (7Y
<:>(x+y)2+2.§(x+y)+(§) -(5) +10=-y*<0

7V 9 ( 7\ 9
O|Ix+y+—| —<0&|x+y+=-| £—¢©
2 4 2 4

Lo

X+y+—
y2

3

Al

\]

3 7 3
S ——<X+y+—<—-4<x+y+1<-1.
2 2 2

Viy gia tri nho nhit cua P 1a —4, gia tri 16n nhat cia P la—1 .

x° +1
2

Vi du 13: Tim gia tri én nhit va gia tri nho nhét cta biéu thic P = "
X‘—X+

Gidi
x“+1  3(x*+1)
s -uw+] Sy —xii)

2
Taco xz—x+1:(x~%J +%>0,Vx, Ps=

B(x*-x+1) 3 3(x*-x+1) 3
Dﬁubz‘mg xay ra khi va chi khix =-1 .

_2(x2-—x+1)+x2+2x+1_2+ (x4 1" 2
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Vay gia tri nho nhat cua biéu thirc P = g khi x =—1.
Mat khac ta co:
B x°+1 2x* -2x+2-x®+2x-1 _2Ax* -x+1)-(x-1)
x*-x+1 X* —x+1
2
__E(—_l)_ <9
2

X" —-x+1
Dau bang xay ra khi va chi khi x = 1.
Vay gia tri lon nhat cua P la2 khix = 1.

% =map]
=2

Vi dul4: Tim gia tri nho nhat coa biéu thuc A = 5 1 > +——+4xy
x“+y° Xy

NGl x>0; v>0: x4y<1

(Dé TS I6p 10 chuyén Todn Lé Héong Phong —TPHCM —2000-2001)
Gidi

Ap dung bt ding thirc C6 si cho hai s6 duong a, b ta c6 2 ; b >Jab (1)

a+b) I 1 1 {1 1
- zab; —+—22 [—.—=(a+b)|—+—|22Jab.2 |—.—.
j( 2 ) . a b ab (a )(a b) Vab ab

(a+b)(l+l)24:>—l-+lz 2 (2);i2 i = (3).

a b a b a+b ab (a+b)

T (1), (2),(3)taco:

A= 21 2+—2—+4:ﬁcy= 21 e - +| 4xy + 1 + 5

x2+y? xy x“+y°  2xy 4xy ) 4xy

iy A > 2 ;1 + 2 |4xy 1 - e =
x> +y* +2xy 4xy (x+y)

5 = +2+ -211=> A 211.

(x+y) (x+y)

Déu biing xéy ra khi va chi khi x =y = % .

Vaiy gia tri nho nhit ctia biéu thic A 1a 11, khix =y=%.
Vidul5:Cho x>0, y>0; x+y<1.
1 1

Chimg minh — +— >4
X°+Xy y°+xy

an N
gDé‘ TS lop 10 chuyén Lé Hong Phong —-TPHCM —2003-2004)
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Giai
Ap dung bét dang thire Cosi cho hai sb duong a, b ta co

1
l+—22 e

2
il 1 11
—-—— = b)| —+—|>2Vab.2,/—.—
= e (a+ )(a+bJ Vva "a T+ suy ra

(a+b)(—1-+%J24:>~1—+12
a

a

a -

1 -
ks > \/:1b

. Ap dung vao bai toan ta co
b a+b p Qg
1

1 4
+ s

4
X +xy yP+xy xP+xy+y’+xy

T (x+y)

Vi du 16: Chiing minh ring: ~1~+—1—~+...+ ‘ L ~ < -
5 13 20022 + 20032
Giai

5.
e Ta co: 1 = :

| 1(1 1 J
2 2 2 = “ol o
n“+(n+1)° 2n“+2n+1 2n(n+1)

Zva nBa#l
e Voin=1: 1 1

44t
2221 5 2 2
o Vol n=2: %=i<l(l_1]

3°+2 19 212 3
0D0d6:-1—+i+... 1

1( 1 J 1
% P | (e W
13 2002% +2003% 2 2003) 2
Vi du 17: Cho ba s6 duong x, v, z thoa diéu kién x + y +z= 1. Tim gia trj

nho nhit cua biéu thic P = (1 +l)(1 +l)(1 +l).
X

¥ zZ

Giai
1 1. 1 1 1 1 1
Taco:P=1+—+—+—+—+—+—+—
X Yy Z Xy Yz ZX Xyz
Véix,y, z>0vax +y+z=1. Theo bat ding thic Cési ta co:
3
xyzs LW. :ini227
3 27  xyz
2
.L+i+i233[i] >27
Xy vz zx XyZ

. -1~+—1-+l233 - Zd
X v Z \}xyz

.Viy: P>1+9+27+27=64
Nén gia {ri nho nhit cia P = 64 khi x =y = 7=+

; -~ 5
5 it
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2
Vidul8: Cho 0 <a<b<c<d.Chimg minh (b+ c){%+lJ % il

c ad
Giai
) 2 2 2
(b+c)[l+lJ<(d+d) <3(h+c) _(a+d) 21
b ¢ ad be ad

b 2 1z 2k
<:>£ +c)ad (:1+d) b(J<O<::'>(lt)Jrc]zaclh(aer)zbc<0
abcad :

(via, b, c, d duong)
< b*ad + c*ad —a’be - d’be < 0 <> bd(ab —cd) + ac(cd —ab) < 0
<> (ad - cd)(bd —ac) <0
Ma O<a<d vaO<b<c,nén ab<cd<ab-cd<0
d>c>0 vab>a>0,nén bd >ace< bd-ac>0
Suy ra (ab-cd)(bd —ac) <0 (dpcm).
Vidu 19: Cho a® + b® = 2. Tim gia tri 16n nhat cia biéu thic A=a+ b
Gidi
Dita=1+x (1)
Taco: b =2-(1+x)°=1-3x-3x2-x¥<1-3x+3x®* -x® = 1 -x)®

.Vay: B <(1-x)’ ©b<l-x (2)
.Tu(l)va(2)suyra:a+b <2
Diu"="xayrakhix=0haya=b=1
Viy A dat gia tri 16n nhit bang 2 khia=b=1.
S . , X gd X VY
Vi du 20: Chimg minh rang v&i moi x,y #0, tacd: — +2=+4>3| =+ <
y2  x? y X
Gidi
i i x> y* X y
Bien doi twong duong: — +—+423| =+=
y2  x y X
& X2 +yY)? - (x? + y)xy + 2x%y? - 2xy(x2 +y?) 20

& (0 wy¥=xyiE® + 9° - 2x9) =0

2 3y? 2
%%J +—Z—}(x—y) >0
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Vidu2l:Véia>0,b>0,c>0, hiay ching minh cac bat dang thire seu:

a. l?‘B+Ez2b

c a
ab bec ca
b.—+r—3—>a3b+e
C a
S i Pae o ip’
" 4 >a+b+c
2ab 2bc 2ca

Giai

a. Ap dung bat dang thirc Cési cho hai s6 duong ta c6:

?E+-t£22"a—b.zc>3—l-)-+mz2b
c a c a C a

b. ?—b+222b.

c a
- : . ., ab ca be ca
Chimg minh tuong tu cdu a ta co: _+T228;—+?22C

- c a

ab bc ab ca E+222b+2a+2c.

Dod6 —+—+—+
C a c b a

ab bc ca
—+—+—2b+a+c
c a
c.ab>0
Tacd: (a+b)a-b)* =0
=(a+b)[(a®—ab+b*)—ab|>0=>(a® + b’ —ab(a+b))20
3 3
:>a3+b32ab(a+b):>a 2 2a+b
2ab ,
b +¢® b+c c¢*+a’
> - >

H

hu inh tu tu ta co: ) >
Chimg mi ong tu ta co - 5 - .

c+a

ad+b® bP+c® E+a' a+b b+c c+a
+ % > + &
2ab 2 2ca 2 2 )

Do do:

el e ia’
= + + >a+b+c
2ab 2hc 2ca .
~ Vidu 22: Cho a, b la cac s6 thue duong.

Chl'mggli;)hrﬁng: (a+ b)2 + a;b > 2a+/b + 2bVa.

b
e 49
2043, [




Giai
2

- 1Y ,
(\/a——] =1 (\ﬁ)—lJ >0 %¥a b=0
2 ‘ 2
:>ﬂ-—\/5+%20; h—\/‘g+%20:>(a—\/5+%]+[b—\/g+—2ﬂ20
:\a+b+%2\[z;+\,/g>O(\/a,b>0).

Mit khac a + b= 2Jab >0

Nhén tirng vé ta co: (a + b)[(a +b)+ %} > 2\/;5(\/5 + \/B)

:>(a+b)2+(a;b)2za\[l;+2b\/£.

Vi du 23: Cho cac s duong x, y thoa man diéu kién x*+y?2x®+y".

Chimg minh: x* +y’ - Ly LR eyl

Taco (y:-y)+220=2y° <y* +y°

> +y)+(E+y) <& +y)+ (v +xX7)

Ma x® +yt<x?+y’dodo: x* +y? <x*+y* (1)

+ Ta co: x(x-—l)2 20;y(y+1)(y—1)2 >0

= x(x — 1) +y(y+1)(y-1°20

s x? = Oy? tx Yyt =y =y 2 y20

=2 +y)+ (X +y) S(x+y)+ (X +yY)

Max>+y 2x® +y' = x* +y° <x+y (2)

Va(x+1D)(x-1)20; (y-D*-1)2>0

2l sl el eytspay +120

S x+y)+x2+yH <2+ +y")

Maxl+ylex®+y'=>x+y<2

T (1), (2), 3)tacd: X’ +y* <x* +y’ <x+y<2.
Vi du 24: Ching minh cac bat ding thirc:

a.a’+b%>a’b+ab® v4ia>0,b>0

b. x* +x+1>2|x|Vx+1véi x=2-1.
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Giai
i a'+b*za’b+ab® =a¥+b® —a'h—-al® 50
<> (a+b)(a® —ab+b*)—ab(a+b)>0
&5 (a4 b)(a® ~ab+ b* =ab) 20
< ((a+b)a-b)?2 >0 (Bét déng thire nay luén dung)
Vay a® + b® > a’b + ab”la bat ding thire ding.

b. x>-1nén x+12>0
Ap dung bat dang thirc Cosi cho hai s6 khong am, ta dugc:

x® +(x+1)22{x*(x +1) & x” +x+122|x|Vx+1

Vi du 25: Chimg minh: (ab +cd)® <(a® +c*)(b* + d*)
A'p dung: Cho x + 4y =5.Tim gia tri nho nhét cua biéu thire: M = 4x” + 4y
Giai
Ta c6: (ab+cd)? <(a* +c*)(b* +d?)
& a’b? + 2abed + ¢?d? < a’b? +a*d® + ¢?b® + ¢*d?
< 0 <a’d® - 2abed + ¢*b? & 0 <(ad - be)® (dpem)
l?éu "="xay rajkhi ad = bc.
Ap dung hang dang thuc trén ta co:
5° =(1-:+4y)2 s(x2 +y2)(1+16)::>x2 +y° s

17
:>4x2+4y222—§:>4x2+4y221—0—0—
17 17
Déu " =" xay ra khi x:—é—,yzg)-.
17 17
Vi du 26: Ching minh rang a, b, ¢ 1a cac s6 duong bat ki, ta co:
a b c 3
- - >—
b+c c+a a+b 2
Giai
= 2 e <A i i a b C 3
Co thé gia thiét a > b >c. Khi do: . + >—
b+c c+a a+b 2

a 1 b 1 C _120

b+c 2 c+a 2 a+b 2
- - -~ - —a+c—-b
a—-b+a c+b c+b a+c a+c >0
b+c c+a a+b

1 1 )| 1
-b - b - . 20
&= (a )[b+c c+a]+( C)(c+a a+b)

e

Bé; dang thre sau cung hién nhién theo gia thiét ban dau.

A B



Id 1 ’ . S ’ ] i s
Vi du 27: Chiung minh rang ta co: : + : + : > 2[— +—]~ 4l] VOl
p-a p-b p-c a b c

a, b, ¢ 1a ba canh va p la nra chu vi cia mdt tam giac.

Giai
, s _
[aco: ¥ L e ] 22(l+_1_+l)
p—-a p-b p-c a b g
g b M. 8 M. 1  leg

b+c-a a a+c-b b a+b-c¢ c
2 2 2
2(a —b) . 2(b-c) N 2(c—a) 50
(b+c—a)a+c-b) (a+c-b)a+b-c) (a+b-c)(b+c—a)
Bét dang thuc cudi cting hién nhién dung do cac bt dang thirc cta ba
canh trong mgt tam giac.

: ; L 1
Vidu 28: Cho x, y>0 va x* +y® =1. Ching minh rang: _\ESX3 sy =1,

Gidi
i i 0<x<1 ik 4 o 3 3 _ .92 9
Tir gia thiét suy ra = = X +y' <x"+y =1.
OSYS1 ya_<_y2

Talai co: (x+y)? <2(x* +y))=2 = X+y<V2.
= + 72 = (rlx +yay") <(x+ 9 +5°) <V2(x° + v°)

suy ra —\}—;g(xs +y3)

Vi du 29: Cho x >0, hdy tim gia tri nho nhét cua biéu thirc:

6
(x+l) —(xﬁ +'1E)_2
P X z

) e
X+—| +X" +—
X X

X

;_3(x+~1~)26 (x>0).Vay P = 6 datduoc khi x=1.
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3 3 3
Vidu 30: Cho a, b, ¢ >0. Chung minh rang %— +-11- +=>ab+bc+ca.
C a
. Giai
D¢ dang ching minh véi a,b>0:
3
a’+b’>ab(a+b) o %erz >a(a+b) (1)

3

3
Hoan toan tuong tu: b—+c2 2b(b+c) (2); L >c(c+a) (3)
c a

Cong (1), (2). (3) ta duoc ’diép phai chirng minh.
Vidu 31: Chimg minh cac bat dang thic sau:
a.a’+b*+c*2ab+bc+cavoimoia,b,c
b. a’ +3bj :CB 2}~+—-1—-+l(a >0,b>0,c>0)
a'b’c a b ¢
c.a’+b*+c?+d*+e*2ab+c+d+e)voimoia, b, c,d, e
Gidai

a. a®+b’>+c’2ab+bc+ca
<a?+b2+c?-ab-be-caz0
& 2a” + 2b% + 2¢® — 2ab - 2bc —2ca > 0
& (a® + b% - 2ab) + (b® + c® - 2bc) + (c* +a® —2ca) 2 0
& (a—-b)? +(b-c)? +(c—a)? = 0. Bat dang thirc nay dung.
Do d6: a” +b* +c” 2ab+bc+cala bat dang thirc diing.
b. Ap dung cau a) ta co:
a® +b® +¢® 2a'h* + b +c'at =(@*b?)? + (b%c")® + (c*a?)®
> (a®b?)?(b%c?) + (b%c?)(c%a?) + (a?b?)(c%a?) = a’b?c*(a? + b* + c?)
> a’b%c?(ab + be + ca)
Do dé: sk ee . a’b%c*(ab + be + ca) - a® ¢+ bP 4 Zl+i+_l_
a’b’c? a’b’c? a’b’c? a b ¢

c. a2+b?+c?+d®+efz2a(b+c+d+e)

oaZ+b2+cl+d?+e’-alb+c+d+e)20

at+b?+cl+d’+e’f-ab-ac-ad-ae=0

2 2 2 2
ek B B2 alb |as] 2=k =g [ | etd® —d [ 4] Bodi0® e |20
|4 4 4 4

/ 2 2 2 2 ) .
= E—bj +(%—c) +(%—d) +(%—e) > (0 Bat dang thirc nay dung.

: ‘ bl +ct+d + e’ >a(b+c+d+e)laBDT dung.




Vidu32: Cho x+y=1(x>0;y>0).
Tim gia tri I6n nhat cia A = Jx +Jy
Gidi
Do A >0 nén A 16n nhat <> A%1on nhat

Xét A2 =(Vx+y)? =x+y+2/xy =1+2Jxy (1)

X+y

Ta c6: > [xy (Bt ding thirc Cosi) = 1> 2/xy (2)
Tir(l)va(Qsuyra: A>=1+2xy <l+(x+y)=1+1=2

MaxA® =2 o x=y ==, MaxA:\@@x:y:%.

o | —

Vi du 33: Cho biéu thirc: M = x* -5x + v + xy — 4y + 2014,
Vi gia tri nao cua x, y thi M dat gia tri nho nhat? Tim gia tri nho nhat dé.
Gidi
Tacéd M =(x*-4x +4) + (y* -2y +1) + (xy —x — 2y + 2) + 2007
M =(x-2)* +(x-2)(y-1) + (y - 1)* + 2007

:Mz{(x—2)+%(y—1)jr ﬁug(y-l)2 +2007

2
Do (y -1)* 20v€1[(x-—2)+—;-(y—1)} >0,Vx,y

=M=>2007=M,_. =2007T&x=2;y=1.

Vidu 34: Cho x>1,y 21, Chung minh: . =4 L =2 2
1+x° 1+y° 1+xy
Giai
Chuyén vé, quy ddng ta duoc:
1 1 2 o xy-x 0 yx-y)

2

1+x2 1+y? l+xy  (1+x)Q+xy) (Q+y)A+xy)

& (x-y)(xy-1)=0 ding vi xy >1.

T \ .1 1 1
Vidu 35: Cho cac so x, y,zducmgthoaman—+—+;=4
X ¥y
. 8 1 1
Chimng minh rang: = . + 2 + +y+2zS1
o L X+y+z X+2y+zZ X
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Giai
Trude hét ta phai chirmg minh bat dang thirc phu
2 2 2
Va&i moi a, b thude R; x, y > 0 ta co a—+b—2(i+—l-))—
X hf X+y

(*)

o (aly + b*x)(x +y) 2 (a + b)’xy

o a’y? + a’xy + b%x® + b®xy 2 a’xy + 2abxy + b%xy

< a’y? + bx® > 2abxy < a’y? — 2abxy + b%*x? >0

& (ay-bx)* 20 (**) bit dang thire (**) diing vdi moi a, bvax,y > 0
' b

Déu " =" xay ra khi ay = bx hayiz—.
. X y

Ap dung bét dang thirc (*) hai l4n ta c6:

ey 66 ) G

2X+y+2Z 2X+y+z X+y X+zZ  X+y X+ 7
0Ly (1 (L
4 4 4 4 1p2 1. 1
5 + + + o i | e s s
X y x Z 18\x ¥ =
i 1{1 2 1 I 171 1 23
Tuong t: —————<—| —+—+—|; gl 2. 8 o O
xX+2y+z 16\x y z) X+y+2z 16\x ¥ 2z

Cong timg vé cac bat dang thirc trén ta co:
1 | 1
+ +
2X+y+2Z X+2Yy+Z X+y+2z

112 1 1 11 2 1 11 1 &
<—|—+—+—|+—|—F+—+—|+—| —+—+—
I8ix v 3] 16\x ¥y 2] 1ol ¥ &

<-1—[£+£+EJ<—%—(—1-+1+—1—]51.4=1.Vil+l+l:4
X y z 4 X ¥V 2

2
" X TP Y IR y -2x+2006 , ,.
Vi du 36: Tim gia tri nho nhat cua biéu thirc B = = X: L (voic#0)
X

Giai

B

x? - 2x + 2006
N " (x
x? - 2x + 2006 2006x?% —2.2006x + 2006

= o B=

X 2006x
_(x-—2006f-+2006x2Cj{}_(x—-2006f-+20054h2005

x* 2006x” 92006

#0)

Tago: B=

B
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Vi (x = 2006)° = 0véi moi x; x* >0 vdi moi x khac 0
~2006)* 2005 o k. 005
= ~(~x—*———‘ 2) == B " — B nho nhét = S
2006x 2006 2006

Vidu 37: Cho céac so duong a, b, ¢, Chimg minh rang:

khi x =2006.

a b c

1= <2

o1 +
a+h b+re w+m
Giai

a a+c¢

i e s £ (1)
a+b+c b+a a+b+c

b b b+a
& &
a+b+c b+c a+b+c

(2)

c c c+b
<

(3)

<
a+b+e c+a a+b+c

Cong timg vé (1), (2), (3): 1< = b P N
a+b b+c c+a

Vi du 38: Chirng minh:
A+a+B+b N B+b+C+c . C+c+A+a
A+a+B+b+c+d B+b+C+c+a+d C+c+A+a+b+d
Trong d6 A, a,B, b, C,¢c,dla sO duong.

Gidi
Bai toan phu: Cho 0 < x <y, z> 0. Chimg minh ring Sl P
y+z 'y
Taco 0<x<y;z>0 =>zy >2zx = zX + 2y > XZ + Xy
X+Z X
=5 +z)= e
y(x+2z)>x(y +2) e
' i A+a+B+b A+a
Ap dung bai toan phu, ta co: >
RIS SRR A+a+B+b+c+d A+a+c+d
B+b+C+c C+ec
Tuong tur: >
B+b+C+c+a+d C+c+a+d
. A+a C+c A+a C+c
Ma + > +
A+a+c+d A+a+c+d C+c+A+a+b+d C+c+A+a+b+d
Do dé A+a+B+b B+b+C+c C+c+A+a

A+a+B+b+c+d+B+b+C+c+a+d>C+c+A+a+b+d
Vidu 39: Cho x,y > 0va x+y<1. Tim gia tri nhé nhat cia biéu thirc:
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Giai
Vaia, b> 0, ap dung bat dang thirc Cosi cho hai s6 duong, ta co:

2
Il et e bl T Lt
2 4 a b a+b ab (a+Db)°

Ap dung (1); (2); (3) ta co:
Az( 21 =k L )4{4xy+-—1—J+§.L
X +y 2xy 4xy 4 xy

4 1 5 4 4 5
St +2 |4xy — +—. 5 = i 5
X°+y° +2xy dxy 4 (x+y)" (x+y) (x+Y)

=442 4+5=11=A211

Déu " =" xy ra <:>x=y=—12—.VéyAdatgiétri nho nhit 1a 11.
| b
Vidu 40: Cho a,b> 0, chirng minh: A i X sJa+ b
. g R
Gidi

b
Taco —a—+—2\/_+\/b
b da

o afa+bybzavb+ba & (a-b}Wa-(a-b}Wb=20
o (a-b)(Wa-Vb)20 < (Ja-vb)’(Wa+vb)=0.

1 1 2
>

Vidu 41: Chung minh: Vi a>b2>1: = == (*)
l1+a 1+b 1+ab
Giai
o N . S N
1+a? 1+b*® 1l+ab 1+ab
ab-—a® ab — b?
o : + s >0
(1+a”)1+ab) (1+b%)(1+ab)
ab-a)  ba-b) . b—a( a__ b._}
(1+a?)(1+ab) (1+b*)(1+ab) 1+ab\l+a® 140
4 2 - _
s b-a(a+ab —b—bla 50 o (b—a) (a2b 1) _>0.
1+abl (1+a?)(1+b”) (1+ab)(1+a*)(1+b?)

Viazb21l = ab21 < ab-120.
Vi du 42: Chimg minh: a® + b* +¢” +3>2(a+b+¢); a,bce R.
Giai

a. a®+b’4c’+322a+b+c) (1Y +«ib=1)" ¢+ fe-~T" 20,
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( +y)’
2

4
b. Chirng minh: x' +y"' > x ;y)

Vidu 43: a. Chirng minh: x° + y*

c. Chox>0,y>0vax+y=1.Ching minh 8(x* +y4)+i25

Xy
Giai
a. Cdch 1:
Bl X* +¥0 %" 47 _ (x* +v* + 2xy) + (x% + y* - 2xy)
9 v
_GAyN Aoyl Y L s

2

Cidch 2: x> +y (x+2y) <:::>2(x2erz)z(}wy)2

=2x> + 2y 2x® + Wy +yV: o x> +y* - 2xy >0

2 : 2 (x+y)°
¢ (x-y) = 0(BDT dung). Do d6 x* +y* 2 > la BDT dung.

155 +y)2()

b. Ap dung cau a) taco: x* +y* =(x*)? +(y?)? > 5

2 9 2
Theo a) ta co: x* +y* > (x ;y) = (x2 +y? )2 > [(x ;y) } (binh phuong
hai vé khéng am).

(x+y)* 2)

Vay (x2+y2)22 1

Tu (1) va (2) ¢6: x* +y* (x+8y)

c. Ap dung bt dang thirc Cosi cho hai s6 duong, ta cé:

X+y22xymax+y=1.Dodo: 2,/xys1c>-\/1—_22c>—l—24 (3)
Xy Xy
Theo b)co x+y=1.Do do: x4+y42—é—
: ; , 4 1 1!
Tu (3) va (4) ta co: 8(x +y )+——28.—+4:5
Xy 8
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Vi du 44: Ching minh:

N, e b+ 1 : 2 gnly? gt ’
5 a 02\/3 +bc+m;a,b,c20 b'a +b° +c N a+b+( -
23 3 3 3
Giai
a. Taco: al+b®+c?>ab+be+eca

(a+b+c)2 _az+b2+c2+2ab+2ac+2ca>ab+bc+ca
9 3

3

a+b+c2\/ab+bc+ca (DPCM).

a3
b. Taco:3(a®+b% +c?)=a’+b? +c? +2(a® + b? +¢?)
>a’+b®+c?+2(ab+bc+ca)=(a+b+c)

9
8% £ " g >(a+b+c)

3 3

2
Vi du 45: Tim gia tri Ion nhat va gia tri nho nhat cua y = —————— d€ y xac
X" -0x+7
dinh vé1 moi x
Giai

2
Ta co: y=—2——x——¢:>yx2 —5yx+Ty=x2 & (y-1)x*> -5yx+ Ty =0
X°-6x+17

*Xety=1,1aco —5x+7=0<:>x=%
* Xét y#1,taco:

A =25y% —28y(y —1) = 25y* —28y? + 28y = —3y” + 28y = y(-3y +28).
Dé ¢6 x thi phai c6 A>0

>0,y <28
y20;-3y+2820 |¥=7Y=73 98
< = S0<y<—
y<0;-3y+28<0 28 3
YAy a—
L 3
s 14
2(y-1) 3 20y-1) 5
Vay: gia tri nho nhat ctiay 12 0 véi x = 0.

i R g .o . B e 14
Gia tri lon nhat cua y 1a ?VOl X=—
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Vi du 46: Tim gia tri lon nhat cua ham so:

d. )’:—2X2+X~1 b. y = x+1

P —x? +92x + 4

2 2
a. .V:-2X2+X—1‘—"—~2(Xz—lx]—1:—2 x2—2.—1—x+(l] g -1
2 4 4 4

Ham s dat gi4 tri nho nhét bing -% khi x—S=0 ¢ x=—

X+1 x+1 1
B. ¥e= 2 =78 )
X" =X +2x+4 (x"-2x+4)(x+1) x"-2x+4
1
(x 1)* %3 3

Ham sé dat gia tri 16n nhét bing % khi x=1.

Vi du 47: Tim gia tri nho nhat ctia ham s:
2 2
a. y:§4—+x—-1 b.yz_}.{_-*.ﬂ

e ot
Giai
2

a) y=—2—+x—1:%(x2+4x)—1=i(x2+4x+4—4)—1

=i(x+2)2—22—2, VX,

Ham s6 ¢6 gi tri nho nhat Miny = -2 khi x = 2.

B} = x* + 9%+ 2 (x +2x+3) 1 1 1 _1 j I

x> +2x+3 x> +2x+3 x2+2x+3 _(x+1)2+2

Ham sb ¢6 gia tri nho nhit khi ——— c6 gia tri 16n nhat, tirc 1a khi
(x+1)"+2 |

(x +1)? + 2 nho nhat. Diéu nay xay ra khi x =-1.
Véy ham sé da cho c6 gi4 tri nho nhét Miny = 1 —% =% khi x=—
Vi du 48: Tim gia tri nho nhat ctia ham sb:
8 y=2x°-x+5 b.y:5—\Rx—2)(4—x)

it Y, T

1
; R 3—4.
gé §x +4x +9 -y 2|x+3|
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Giai
x 1 1 1) 39 _39
a. y=2x"-%4+6= Z(X iy e 4B | g N B s -
2 16 16) [X 4J 3 3 Vo1 Mol

gia tri cua x. Ham s6 ¢ g1a tri nho nhat: Miny = §82 = x= = :
4

b. y=5- \/(x —2)(4 —x) co6 gia tri nho nhét khi \/(x —-2)(4—x) co giatr lon
nhat. Ta thiy /(x-2)(4—x) c6 gia tri lon nhéat bang 1 khi x =3. Vay
gia tri nho nhat cua ham s Miny =4 dat duoc khi x = 3.

1 11
CxP+2x-1 _2(2" *4“9)‘5 1 11
2x% +4x+9 2% +4x+9 2 4x® +8x+18
_1_ 11
2 4x+1)7%+14
Ham sb ¢6 gia tri nho nhat khi L c6 gia tri 16n nhat, hay khi

4(x+1)* +14
4(x +1)* + 14 ¢6 gia tri nho nhat, dat duoc khi x =-1.

Vay: Mmy—l—ll—=—7 dat duorc khi x=-1

2 14
d. Vi|x+3/>0 voi moi gia tri cla x nén y=§|x+3|—42—4 voi moi gia

tri cuia x. Ham s6 6 gia tri nho nhat: Miny = —4 dat duoc khi x =-3.
Vi du 49: Tim gia tri nho nhat, gia tri 16n nhét ctia ham sé:

a. y =—2x + 1 néu x lay cac gia tri khong am va khong 16n hon 10.

b. y =_x_2+ x+E néu x lay cac gia tri khong nho hon 2 va khong lon

hon 5.
Giai

a. Vi 0=sx, %, <10, oo

f(x,) - f(x,) = (2%, +1) = (-2x, +1) =2(x, —%,) 20

nghia la f(x,) > f(x,), ham sO nghich bién vai 0<x<10.

Tir d6 suy ra f(0) > f(x) va f(x)>f(10) vdi moi x trong doan [();]O].

Viy gia tri 16n nhit cua f(x) 1a £f(0)=1. Gia tri nho nhét cua f(x) 1a
£(10) =#19 (voix liy cac gia tri khong 4m va khong 1on hon 10).




b. Lay x,, x; tuy y sao cho 2 < B %550, oo

2 r 2
f(xl)—f(xz):{—-% + X, +£J—[~X2 + X, +EJ

2 R/

| O 9 X, +X

= 5(x:j —x;)—(xz—x,):(xz—xl)( gL —1J>0

Nghia la ham s6 f(x) nghich bién véi 2<x <5,

Lap luan nhu cdu a, ta thay f(2)>f(x)va f(x) =2 £(5) voi moi x ma

2 <x <5. Gid tri 16n nhat cta f(x) véi 2<x <5 la Maxf:f(z)zg. Gid

tri nho nhat cua f(x) vdi 2<x <5 1a: Minf = £(5) = —6.
Vi du 50: Tim gid tri lén nhat va gia tri nho nhét cua ham sé:
a. y:(\/g—l)x+§- néu x ldy céc gia tri sao cho 2—53(54.

2
X £ £ G, s 3
b. y:—?+x+1 néu x lay céc gia tri sao cho -3<x<0.

Giai
a. Do +3-1>0,ham sd bac nhat v = f(x) = (\/5 -1)x +g déng bién.
Tai gia tri x tuy y thoa man -2— <x,<4 tadéucé f(g) <f(x,)<f(4).
Viy, gia tri 16n nhat cua ham sb voi g <x,<4 la:
£(4) =(\/§-1).4+§=4\/‘—§.
2 2

TCT WY B 2w .
Gia tri nho nhat cua ham so vaSxOs&L la:

b. Ham s y=—§2—+ x +1 nghich bién khi bién sb x lay gia tri sao cho

—3<x<0 nén gid tri I6n nhat cia ham s6 d6 trén doan nay la:

f(-3) = (=3

—3+1:g,giétri nho nhét 1a £(0) =1.

Vidu5i:a. Chox>0,y>0va x +y <1. Ching minh: 21 e >4

x*+xy y’+xy
3

2+V2x—x*+7

b. Tim gia tri nho nhét cua biéu thic: A =

s B

i iy
;"‘ » g
Xl i
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Giai
a. Bai toan phu: Cho a, b> 0. Chimng minh ring: = + = > —2
a b a+b
Chimg minh: Ap dung bat ding thirc Cosi cho hai s6 duong ta co:

a+b>2\/_b —>2 1 1
b a b

Dod@(a+b% J>2J__2——Bcs(-+M(l+%Jz4

a a

i 1 4
= ..

a b a+b
Ap dung bai toan phu trén ta cé:

1 1 4 4

- - ‘ = -
x> +xy yi4+xy xXP+xy+yi+xy (x+y)
Max,y>0vax+y<l= -3 =21
X+Yy (x+y)

Do do L + L >4

X’ +xy V' +Xxy

b. Aconghia ©2x-x*+720& —(x* -2x+1)+82=0
& (x-112 <8 2/2<x-1<2/2 > -2/2+1<x<2V2 +1
Pidu kién 242 +1<x<2J2 +1 1*)
Tacod: 2x—x*>+7=—(x-1)>+8<8.Do dé: v2x —x 2,7<J8=2J2
Nén 2+\/2x-x +7<2+2J2=22+1)

1 V2-1 3
Ta cd: ———o-— . Viy A>— J2 -1
2+\/2x x>+ 7 2(\/§+1) 2 2( )
Diu"="xayra & x-1=0<x=1 (théz (*))

Vay gié tri nho nhat cia A la E(‘@ 1) = x =1

Bai tap van dung

1. Chirng minh: %+b2+c2 >ab—ac+ 2bc.

2. Chimg minh: a* +b®* +1>ab+a+b.
3. Chimg minh: x* +y* + z* > 2xy — 2zx + 2yz.
4. Chimg minh: x* + y* +2° + 12 2xy(xy* - x+z+1).
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5. Chimg minh: Néu a + b1 thi: a® + b* > /]1—
6. Chimg minh: (a + b)(b + ¢)(c +a) > 8abc; vdi a,b,c>0
2002 2003
J2003 2002
8. Chimg minh: (a+b +c¢)(a® + b” + ¢?) > 9abe; véia,b,e>0.
9. Chung minh: (1+a)(1 +b)(1+c¢)>(1+ Yabe)®védi a, b, ¢>0.
10. Choa, b, ¢ théaman a® + b* + * =3

Chung minh rang ab+bc+ca+a+b+c<6

, ' b a .
11. Ching minh: —9+C}1 »+~—a—bZa+b+c; vil a,b,c>0.
a ) C

6 9

12. Ching minh: = Zy > 3x%y? —16; véix,y 20

7. Ching minh bat dang thirc: >+/2002 + /2003

13. Chtng minh: 2a* + 230" —1.

Tiepmg®
14. Ching minh: a®(1+b*) +b*(1 +¢*) + c*(1 + a*) = 6abc.

. b c Il 1
15. Che a,b > 0. Chung minh: L + S _+_+_)_
. a’+b®> b +c? a’+c? 2(

16. Che a,b>1, Chirng minh: ab >avb-1+bya=1,
17.Che X, y, z>1va x+y+z=4.

Chtng minh: xyz > 64(x-1)(y-1)(z-1).
18. Che a, b, ¢ >0 va a+b+c =1, Chimg minh:

a.b+c>16abc. b.(1-a)(1-b)(1-c)=8abc.
c.(1+l)(1+lJ[1+l)264.
a b C
3 1 1 1 1 1 1
19. Dat S,=1+—5—; SZ=1+3+—5—2-; S3=1+—+—2—+g§-
S, =1+—1-+—7+i3+.. =
5 5 5"
i . 1 1 i 35
Ching minh riang: bt ——t..+ <—.
. E 582 5°8: 5°S3 5"S2 36
2
20. Chimg minh: a. -2 >2, VxeR.
x* +1
2
. e >4,




21. Chung minh: L + e e sa+b+c
a+b b+c c+a
22.Choa,b,c>0va a+b+c<1. Ching minh rang:
1 1 1
s oy P S
a’+2bc b%+2ac ¢’ +2ab
2 2
23. Chung minh: = =i y : sl, vx,yeR
1+16x° 1+16y° 4
24. Cho cac sb thuc a, b, ¢ khac 0 thoa man: a+b+c=abc va a’=bec.
Chung minh a* > 3.
25. Chimg minh rang:

a) V&i moi sd tu nhiénn, ta co: vn+1—-+/n >

g a. b.cx0.

=

1

2vn+1

Tir d6 suy ra: 1+—}—+—1—-+...+—-—-1——-<2\/2005.

J2 3 J2005
b)Néu asie hee a0 \[c(a—c)+\fc(b-c)s\/§l;.

¢) Néu ax® =by® =cz® va l+l+l=1 thi
X ¥y %
Yax® +by® +cz® =Ya + Yo+ e
26. Cho a, b, ¢ 1a sb do do dai 3 canh cua 1 tam giac. Chimng minh:
a. ab+be+ca<a®+b®+c? <2(ab+be+ca).
b. abc>2(a+b-c)(a+c-b)(b+c-a).
g 2a*b* 4 3h'et + fcta® =t =Dt =" 5 0.
27. Cho 3 s6 duong X, y, z thoa man x + y + z=1. Ching minh:

3 + = - & 2

Xy +VZ+2X X2 +y°+2°

28. Ching minh: e L e Zé;véia,b,c>0
b+c a+c a+b 2

29. Cho a, b, ¢ >0, Chirng minh:

1 1 1 1
& + < :
a®+b?+abc b’+c®+abe c*+a’+abe abe

30. Cho vy ~_%+ - x>, Dinh x dé y dat gia tri nho nhit .

x_.
3. Cho = %}i + = x >—1. Dinh x dé y dat dat gia tri nho nhat.

X+
32.Cho y =54+ —> x> Dinhx déy dat dat gid tri nho nhat.
73 2x -1 2

2904 *



36.

Sty
38.

39,

40.

41.

42,

43.

I

. Eho p= ] +2 0<x<1. Dinh x dé y dat dat gia tri nho nhat.
| -x X

, % ] . .

. Cho y=———, x> 0. Dinh x d¢ y dat dat gia tri nho nhat.
X
o R ot BB X +dx+d .,
. Tim dat gia tri nho nhat cia f(x) = —————, v6i x>0,
X

Tim dat gia tri nho nhat cua f(x) = x> + % vdl x > 0.
X
Tim gia tri 16n nhat cua f(x) = (2x - 1)(3 - 5x).

Che y=(6-x),0<x <6. Dinhx déy dat gia tri 16n nhat.

Cho y=(x+3)(6-2x), -3<x< g Dinh x dé y dat gia tri 16n nhét.

Cho y=(2x +5)(5 - x), *g <x<5. Dinh x dé y dat gia tri 1on nhat.

Cho y = (6x + 3)(5 - 2x), —% <% sg. Pinh x dé y dat gi4 tri I6n nhat.
Cho y =—~—. Dinh x dé y dat gia tri 16n nhét.
X“+2
2
Cho y =————. Dinhx déy dat gi4 trj 16n nhét.

(x® 4 2)

Hudng dan va dap sé

2
a L3 W
—Z+b3+c2 >ab-ac+ 2be

2 2
o %—a(b—c)-#bz!CQ—QbCZO L [g——(b—c)] >0.

. a4+b*+12ab+a+bh o 224262 +2-2ab-2a-2b20

& a*-2ab+b*+a’+2a+1+b*+2b+120

& (a-b)f+(a-1)2 +(b=1Y=0.
x2+y2+2222xy—2zx+2yz

& xXP+y*+zi-2xy+2xz-2y220 o (x-y+2)*20.
X' +y'+2° 12 %xpixy’ =x+z2+1)

o xt iy +22+1—2x2y2+2x2—2xz—2x_20 |

oW #v?) + (x-2)" +(x-1)2 20.
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S. a+b21=> b>l1-a= b =(1-a¥=1-a+a’+a°

= a° +b’ :3(a—l)2+lzl,DPCM.
2 4 4

6. Ap dung BDT Cosi cho hai sd khong am:
= a+b22\[a—b, b+c22\/b—c, a+c>2Jac

= (a+b)(b+c)(a+c)=8Va’b%e?® =Rabc.
2002 2003
J2003 /2002

& 20022002 + 200342003 > 200242003 + 2003+/2002
<2003 > /2002 (dung).

8. Ap dung BDT Cosi cho ba s6 khong dm:
= a+b+c>3¥abe, a? + b? + ¢ > 33Ya?b%c?
= (a+b+c)(a?+b?+c?)>9Ya’b’c’ = 9abc.

9. Taco: (1+a)d+b)Q+c)=1+a+b+c+ab+ac+bc+abc.
a+b+c23i’féb_c, ab+ac+bc23w
(1+a)(1+b)(1+c)=1+33abe +3Ya?b%e? +abe = (1 + Yabe)?.

10. Ta c6: a® + b? > 2ab; b% +¢? > 2be; ¢? +a’ > 2ac

> 2002 + /2003

= 2(a® +b* +c*)>2(ab+bc+ca) >ab+bc+ca<3 (1)
Tuong tu: a®+1>2a; b +12>2b; ¢ +12>2c
=a’+b*+c*+322(a+b+c)=>a+b+c<3 (2)

Tu(l)va(2)suyra ab+bc+ca+a+b+c<6.
11. Ap dung BPT Cési cho hai s khdong am:

2 2
=5 E+C—322 L =2¢ E+2§22 bac:2b;
a b ab a c ac
2
2+a—b—22 —a——b—(i:2a:> E+EE+EEZa+b+c.
b C be a b c
x" gt

12.

>3x°y® —16; vdi x,y 20

& x+y+64212x%y o (1) + (7)Y +4° 2124%°
Ap dung BDT Cbsi cho ba sé khong am:
= (X)) H () +4° 23x%y’ 4 =12x%y°.

222



13. 2a' + 23" -1 oa'+a* +a’+1+ - >4a’.
l1+a l1+a
: aRdaabe o i _— : : 1
Ap dung BDT Cosi cho bon s khong am a’, a*, a® +1, ~
l1+a
1 4 2 ] e L .
=@ +d +a 1+ .)24(/a‘zll(a2+1) = =4a’.
1+a° l1+a

g 7 ) 9 9, ‘ . ‘ G 29 ‘
14. Taco: a*(1+b*)+b2Q+c?) +c2(1+a®)=a? +a?b? + b% + b2a? + ¢ +¢2a?
Ap dung bit dang thize Cosi cho séu 50 khong am:
= 8% +a%bh® + b® + bie® +¢® + ®a® > 8%a°b%¢c® = Babe
a a 1 b b 1 c c 1
T e AT B T on
a“+b® 2ab 2b b +c° 2bc 2c a“+c¢* 2ac 2a

. a b ¢ 1[1 1 1]
Viy: + + S—|—+—+=].
a b ¢

g’ #b* b4+ @'y B
16. Taco: a=(a-1)+122Ja-1;b=(b-1)+1>2Jb-1
ab >2a+b-1, ab>2bva-1; ab>avb-1+bya-1
17.Taco: x=(x-1)+1=(x-1)+x+y+z-3
=(x=1D+x-D+(y-1+@Ez-1)24Yx -2y -1)(z-1)
Twong tu: y24§/(x——1)2(y—1)(z—1); zZét{/()c—l)(y—l)(z—l)2
= xyz264(x-1)(y-1)(z-1).

b+c

15. Ta co:

2 2 2
18.a. Ta co: ( ] > bc & 16abc£16a(b;CJ =16a[1—-—2—3) =4a(l-a)’

:(1_a)(4a-4a2):(1-a)[1—(1-2a)2]s1—a=b+c.

b. Ta co:
(1-a)(1-b)1-c)=(b+c)(a+c)(a+b)>2Jbe.2Jac.2ab = 8abc
4/ 2
c. Taco: (1+l):(a+a+b+c)24 abc.TuorngtL_r:
a a a
4 2 4 2
(1+l)24 ave, 1+1]z4 L :>(1+-1-J[1+1)[1+1)264.
b b C c a b C
1 1 Sg-Sg, 1 1

19. V&i k > 2, ta chimg minh duoc: = >
o5 ) Ska Sk SkaSk 5KSK—1SK 5KS?<

Lan luot thay k tir 2 dén n, ta c6:
1 1 i | 1 1 1 1 1 1

5 <———==;

: . &
5°s2°8, 8,'5°$2 S, S,775"SE S

— — ——

n-1 n
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Cdng timg vé cac bat dang thie trén, ta duoc:

CERE S L. N X
UG B8 B8 B, 8 8
Do do: 12+ 212+ ,j12+...+ 12< 1‘+—1- 29
B8’ 5°8; B'S; 5"S2 587 S, 36
x? +2 5 ‘ :
20.a. 22 o x*+222Vx*+1 & x*+1+122Vx°+1.

21,

22,

23.

24.

224

Vx? +1

X+ 8 x-1+9 9 9
1A = =Jx-1+ 22\/ o | =i
vx -1 vx -1 vx -1 x—1

Vi a+b>2ab

i ab P ab :\/a‘b be . be :\/b—c ac___ac :\/;;r—
a+b 2Jab 2 b+c 2Jbc 2 ~a+c 2J/ac 2

a+b+c>+Jab +vbe ++Jea, duavao a’ + b% +c? >ab+bc+ca
ab N bc . \/_b+\/_ Jea a+b+c.

a+b b+c c+a 2

Pit X =a® +2bc; Y:b2+2ac; 7 =c? + 2ab, ta co:
X+ Y+Z=(la+b+e) =1
1 1 1
Ap dung bat ding thie (X +Y +Z)| o +—+= |29, taco:
X Y Z
2 L i 1 G : =9
a‘+2bc b“+2ac c” +2ab
2 2 2
Ta co: £ o= = — < x2=-1-
1+16x* 1+(4x)° 2.4x° 8
2 2 2 2 2
y ¥y v 1l E e b
1+16y* 1+(4y)* 2.4y* 8 1+16x* 1+16y' 4

Tir gia thiét a+b+c=abc va a’=bc =>b+c=a’-a=b va c 1a hai
nghiém cua phuong trinh: x* —(a® —a)x+a® =0 (1)

A=(a®-a)? -(2a)% =(a® + a)(a® - 3a) = a’(a® + 1)(a* - 3)
Vi (1) c6 nghiém nén A =a’(a® +1)(a’* -3)=0

Ma.a®>0; a’+1>0nén a®* =320 hay a* >3.



25.a. Vo1 ne N, taco:

J o Jm s =V 1 4 V) 1 1
(\/n+l+\/_) (\/n+1+\/_) 2vn +1

1 3 o
& — <2(\/n+ —JE). Cho n lan luot bang 0, 1, 2, ..., 2004, ta
dugc:1<2(1—0);%<2(\/_ )’\/15 (\/_ \/~)
1
< 2(\/2005 - /2004
" J2005 ( )

C("mg vé theo vé céc bt ding thirc trén thi duoc:

<2(1+V2-1+V3-V2 +.. ++/2005 - J2004)

1
ffJ—

1
N

b. Bét dang thirc cin chitng minh tuong duong vai:

\/c(a—c)+ ctb-c) _, (1)
ab ab '

T gia thiét: a>c, b> ¢, ¢>0, ta co thé viét (1) dudi dang:

JE/@—@)+J§ (b-o) ,
b a a b

Ap dung bt ding thirc Cosi cho hai sb duong x>0, y>0:

4 " - 1 -
Jxy <2 y,taco:\/% (aac)sg(% aac) (2)

2
\/E (b—c)(l(g b—c) 3)
al/ b "2{a b

Cdng (2) va (3) vé theo vé, ta dugc (1).

< 242005, BPCM.

, . . 1 1 :
c. Siurdung gia thiét ax® =by® =cz® va l+—-+—=1, ta co:
X y z

3 3 3
A=§/ax2+by2+czzzi*/ax L, =</ax3(-1—+l+-1—)=x3/;

X y zZ

= 2_3C Tuongtwtace: 2=¥p; A-c
. ¥ z
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Do dé: §+§+§—A[ L l=1):%/£+€/6+%, DPCM.
X y z X V Z

26.a. Tacd: ab+bc+ca<a®+b%+c¢® o (@a-b)l+(@a-c)?+(b-c)
vi a>|b—c[;b>]a-cl;e>|a-b|
= a?>b%?-2ac+c?; b?>a%-2ac+c?:sc?>a’-2ab+b?
= a’+b?+c?<2(ab+bc+ca).
b. Taco: a®>a?-(b-c)? = a?>(a+c-b)a+b-c)
~ b*>b -(a-c)) = bP>(b+c-a)a+b-c)
2>c’—(a-b)? = c¢?>(b+c—a)a+c-b)
= a’b%c® >(a+b-c)’(a+c-Db)*(b+c-a)?
oabe>(a+b-c)(a+c-b)(b+c—a).
c. 2a®b® + 2b%c? + 2c?a® —a* ~b* ~¢* >0
< 4a’b? + 2¢%(b? +a?)-a* -b* -2a%b* -c* >0
4a’b® +2¢*(b? +a*) - (a® + b*)* —c* >0
(2ab)? ~[(a® +b?)~c*| >0
[cz—(a—-b)z][(a+b)2—c2}>0
(c-a+b)(c+a-b)(a+b-c)(a+b+c)>0, diung.

Vi a, b, ¢ 1a canh cua tam giac
= c—-a+b>0,c+a-b>0,a+b-c>0,a+b+c>0.

=
L=
<~
L=

27. Tu x+y+z=1suyra

(x+y+2z2)? =x’+y* +2° +2(xy+yz+2zx) =1

3 _3(x2+y2+zz)+6(xy+yz+zx)_3(x2+y2+z)+6
Xy + yZ + ZX Xy + yZ + ZX Xy + VZ + Z3

2 _2()':2+y2+22)+4(xy+yz+zx)_2(}(2+yz+z’)+4
XY + VZ + ZX XY + Yz + zX XY + YZ + 2¥

Ap dung bat ding thire Cosi cho hai s6 duong, ta co:

3 2
+

XY +VZ+2ZX Xy+YyZ+zX

2 2, .2 2 , .2, 2 .
26+2+2\/3(x ty +27) AT HY +Z) g 9005514
Xy +yZ+2X  Xy+VyzZ+2zX




28. Cich I1: Dat X=b+c, Y=c+a, Z=a+b; a+b+c:%(X+Y+Z)

N ddi= 2% R A4 Y7
g=——— " p=T7 7 L, ATI 4
e 2 2

a b c I(Y X (Z X Z Y 3
—+ + ==lloct=|+|=+=|+|=+—=1|-3|>—.
b+c a+c a+b 2|{(X Y X Z Y Z 4
Cdach 2:

= i ot :[ s +1J+( : 1]+ =5 +1|-3
b+c a+c a+b \|b+c a+c a+b

1 1 1 1
=—|(a+b)+(b -3

2[(6l )+ +C)+(C+a)](b+c:)+(a+CJ+[a+b)

Ap dung BDT Cési cho ba sb khong am:

:>%—[(a+b)+(b+c)+(c+a)][b1 ]+( . J+[ L ]Zg

+C a+c a+b

29.Taco: a’+b®=(a+b)(a’-ab+b?)>(a+b)ab
= a’+b’ +abc2(a+b)ab+abc=ab(a+b+c)
Tuong tr:  b® + ¢ + abe > (b +c)be + abe = be(a + b +¢)

c? +33+abc2(c+a)ca+abc=ca(a+b+c)

1 1 1 1 a+b+c
VT< + + —
ab(a+b+c) be(a+b+c) ca(a+b+c) a+b+ec abc
50, Toety gy 2 o 1
2 x-1 2
Ap dung bAt ding thirc Cdsi cho hai s6 khong am "'2“1; 21
x—
= y:x—1+ 2 e D .
2 x—-1 2 2 x-1 2 2
_ -3
Déu"="xéyra o X . < o x-1)P=4 o e
2 x—-1 x=-1
Vay khi x =3 thiy dat gi4 tri nho nhit biing :;’-
31. Ta co: y=3(x+1)+ . ——3—.
2 x+1 2
Ap dung bét ding thiic Cési cho hai s khong 4m 3("; 1, 11.
X

. y:i?(x+1)+ 1 _§>2‘[3(x+1)_ 1 _?:_:Jg_é
: %;;2 x+1 2 2 x+1 2 2
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Déu"="xéyra<:>3(x+1): - <:>(x+1)2:2c> .

x+1 3
x::—:gi—l (loai)

| B

Vay khi x =_‘/§- —1 thiy dat gia tri nho nhét bang V6 ﬂ%

2x -1 5
+
2x -1

khéng am 2"6‘1, =

2. Tach: y=

+%. Ap dung bit ding thirc Cosi cho hai s6

J30 +1 o o 3 om B B J§6+1
- .

Vay khi x = thi y dat gia tri nho nhat bang

33.Tach: y=— . — 2l S e
1-x x 1-x X 1-x 4

Ap dung bét déng thirc Cdsi cho hai s6 khong 4m - =

. +51“x+522\f" it SR L R
1-x X 1-x X

Dau " =" xay ra

2
g B SR g ( £ J=5 o 1(:5‘4\/g (0<x<1)

1-x % 1-x

Vay khi x = s —4\/5 thi y dat gia tri nho nhat béng 25 +5.

3
34, Taigh: 2t tcws—=Bn Xyt
X X £ 2 x

Ap dung bét dang thirc Csi cho ba s6 khong am 12(- 325 LZ:



20

36.

37

38.

39.

Dflu"="xéyra &> E:i:—l.— o x=39.
B & x*

Viy khi x = ¥2 thiy dat gi4 trj nho nht ——

o
2
i i 4
la co: 3(-ix—jLi:qufl—wL422}x.i+4=8
X X X
D4 n _n il 4
T =Xy & X=— = X=Z2(x=0)

X

Vay khi x = 2 thi y dat gia tri nho nhét 1a 8.

2 2 g 2\3 2
Ta co: X2+-—2?:X—+X—+X—+i3+—1—3—25§/[_x_) (_1_) = S
3 5

X 3 3 3 x° x 3 X 27
£ x? 1
Dau"="xayra & —=— x=%3
3 x
Viy khi x = 93 thi y dat gié trj nho nhét 1 y = —>_.
J27
Ta co:
2
f(x)=—10x2+11x—3:10(x2—1—1—)—3:—10(1{—}-l +—1—s-1—
10 20 40 40
11
Dau"="xayra & x=—
20
Vay khi x = — thi y dat gi4 trj 1on nhét bing — .
) 20 ) ' 40

Ap dung bét déng thirc Cosi cho hai sé khéng am x va 6 — x
(Vi0<x<6)=> 6=x+(6-x)>22/x(6-x) = x(6-%x)<9
Diu"="xayra & x=6-x < x=3

Vay khi x =3 thiy dat gia tri Ién nhét bing 9.

Taco: y=(x+3)5-2x) =-;— (2x +6)(5 - 2x) .
Ap dung bat déng thirc Cosi cho 2 s6 khong 4m 2x + 6 va

5-2x(—3s>csg} :>11:(2x+6)+(5—2x)22J(2x+6)(5x——2)

:% (2x+6)(5x-—2)5%.

Déuuzu Xay ra <::>2x+6=5_2x¢:;.x_____}I

X ._:11. thi y dat gia tri 16n nhat bang l-z—l
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40.

41

42.

43.

Taco: y=(2x+5)(6-x) =% (2x+5)(10-2x).
Ap dung bat dang thirc Csi cho hai s khong am

2x+5; 10-2x (—25){55):

= (2x +5) + (10 — 2x) > 2,/(2x + 5)(10 — 2x)

= (@x+5)1P-28) s 0

Diu"="xayra < 2x+5=10-2x < x=g

E\’J

Vay khi x = thl y dat gid tri 16n nhat bang —— 5

. Taco: y=3(2x+1)(5-2x).

Ap dung bét dang thirc Csi cho 2 s6 khong am

2x+1, 5-2x (——I—SXSE):
2 2

= (2x+1)+(5-2x)22(2x+1)(5-2x) = (2x+1)(5-2x)<9
Diu"="xayra < 2x+1=5-2x & x=1

Vay khi x =1thi y dat gia tri 16n nhét bang 9.

Taco: 2+x%>2V2x? 2x\/-<:> : = s
2\/_ 24%°

A -
Dau" ="xayra.

. T 1
Vay khi x =+/2 thi v dat gia tri 16n nhat bing ——.
ay y dat gia tri g o

Tacd: x2+2=x2+1+1>3¥x2.1.1

2
X

2 SS
(x* +2)° ~ 27

|~

o (x2+2)7227x =

Dau"="xiyra < x’=1 & x=11

Vay khi

ko A & p & 1
= +1thi y dat gia tri 16n nhat bang —.




Chuong 8. Bai tap tong hop

Vidul: Chox,y,z >0, x+y+z=1.Tim gia tri 16n nhat cua:

Pe= | ganles
x+1 y+1 z+1
Giai
'%@é:P=X+1_1+y+1_1+z+1_1:3— 1 " 1 5 ]
Xx+1 y+1 z+1 x+1 y+1 z+1
575 £ 1 1 i , £
P lon nhat & Q = nho nhat

+ -
x+1 y+1 z+1
Theo bét dang thirc Bunhiacopski:

[(x+1)+(y+l)+(z+1)]( M T ) >9

+
x+1 y+1 z+1

1 1 1

= i +
x+1 y+1 z+1

9
Z—,
4

Vay gia tri 16n nhit P =3—:19-:% o x:yzz:%.

Vi du 2: Cho m nhan gi4 tri nho nhét ciia mdt trong cac gia tri

{x, % % % t}vc’ri X, v, z, t > 0. Tim gi4 trj 16n nhit cua m.
Gidi

.%.i—.%.t=1.Tich6séduongb5ngl,nénc()itnhét

mot sb nho hon hay bing 1 = m<1. D& thdy khi: x=y=z=t=1 thi

m = 1.VAay gia tri 16n nhit ciam 12 1.

Ta co: x . y
YA

2

(x +1)*

Vi du 3: Tim gia tri nho nhat ctia ham sé: y=x+1+2x+

Giai
2
Tacd: y=x>+1+2x+

(x +1)?

Ap dung bét ding thirc Cosi cho 220, b>0 a+b>2ab.
Déu bing Xayra <> a=b.

2
Ta ¢o: x%‘éﬂJ(x + 1)2 . N =2/a? = 2|a|
L

(x +1)?

4
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32
(x +1)*

< x+1=ﬂ/a—2 = x=—1i\/L:|.

Viy gia tri nho nhét cia y la:y = 2|a| khix =-1+ fa.

Diu "="xay ra < (x+1)2= & (x+1)4:a2

. g kg 5 2xz2m-1 , : %
Vidu 4: Tim m dé h¢ bat phuong trinh { Bl ¢ mot nghiém duy nhat.

mx > 1
Giai

>m-1
SR (a).Tac():(a)@me
mx > 1 (b) 2

Tir hé bat phuong trinh {

Xét (b): * m > 0: (b) <> x> .
m
* m =0: (b) & 0x > 1 (V6 nghiém )
*m<0:(b)<:»x§i.
m

Vay hé bt phuong trinh c6 nghiém duy nhét

m<0 o
491 m-1<

m_2

5 &S m=-—1.
m“-m-2=0

Vidu 5: Cho hai s6 thuc sao cho x +y, x> + y%, x* + y* la cac s nguyén.
Chirng minh x* + y° cling la cac so6 nguyén.

Giadi
Taco (x +y)x*+y’) =x*+y* +xy(x +y) (1)
. x*+y’=(x +y)’ - 2xy (2)
x4 o yd — (x2 + y2)2 _ 2x2y2 (3)

Vix +vy, x* + y* 1a s6 nguyén nén tir (2) = 2xy la sé nguyeén.
Vi + 2 x* +y* 1a s6 nguyén nén tir (3) = o (2xy) la s6 nguyén

— (2xy)’ chia hét cho 2 = 2xy chia hét cho 2 (do 2 1a nguyén )
— xy la s6 nguyén. Do do tir (1) suy ra x’ +y° 1a s6 nguyén.
Vi du 8: Mot tim bia dang tam giéc vuﬁng c6 do dai ba canh la céc sb

nguyen Chung minh rang c6 thé cat tam bia thanh sau phan co dién tich
ba nhau va dién tich mdi phan la s6 nguyén.
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Giai
Goi a, b, ¢ 1a do dai 3 canh tam giac vudng ABC, c 1a canh huyén.

Tacé a +b? =c*;a, b. ¢ €N, dién tich tam gidc ABC Ia S :""_zb

Trudce hét ta chimg minh ab chia hét cho 12.
+ Chung minh ab:3
Néu ca a va b dong thoi khong chia hét cho 3 thi a2 + b?chia 3 du 2.
Suy ra so chinh phuong c;z chia 3 du 2, vo ly.
+ C}u’mg minh al?54 - Néu’a, b ch'f:m thi ab:4 .
- Néu trong hai so a, b ¢6 so ¢, chang han a lé.
Lic d6 ¢ 1¢. Vi néu ¢ chin thi ¢*i4, trong luc a® + b khong thé chia hét
cho4. Pata=2k+1,c=2h+1,k,heN.TacéH:

b> =(2h+1)* —(2k +1)’= 4(h-k)(h+k + 1)

= 4(h-k)(h-k+1)+8k(h-k):8.Suyra b:4.

Néu ta chia canh AB (ching han) thanh 6 phan bing nhau, nbi cac diém
chia voi C thi tam giac ABC dugc chia thanh 6 tam giac, mdi tam giac
ndy c6 dién tich bang ?—2 1a mot sd nguyén.

Vi du 9: Tim céc s6 thuc u,v biét: v’ +v? =7 va uv=-2.
Giai
Tacéd: vP +v* =7 vau® v’ =-8
w’va v’ 12 cac nghiém cua phuong trinh: x* —=7x-8=0
Do d6: (u® =-1:v® =8) hoac (u®=8;v® =-1)
Viy: (u=-1; v=2) hodc (u=2;v=-1).
Vi du 10: Cho cac sb a,b,c khac 0 va d6i mot khac nhau, thoa man diéu kién
a® +b® + ¢ =3abe. Tinh :[b‘c+ . ahb)( = e 0 g O )
a b c b-c c-a a-b
(Dé thi HSG I6p 9 tinh Phii Tho nim 2003-2004)
Giai

Tacod a® + b® + ¢ = 3abc & %(a+b+c)[(a—-b)2 +(b—c)2+(c—a)2]=0

< a+b+c=0 (do a, b, c d6i mjt khac nhau).
a b ¢ _a(c-a)a-b)+b(b-c)(a-b)+c(b-c)(c-a)
e e la—b)(b—0)c—2)
_ (@ +b*+c)(a+b+c)-2a% +b*+c?) _ —9abe
® (a-b)(b-c)(c-a) (a-b)(b-c)(c-a)
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Mit khac : =€, €=a a-b_be(b—c)+ca(c—a)+aba-b)
f b ¢ abc
_ —be[(a-b)+(c—a)]+ca(c-a)+ab(a-b) _ —(a-b)(b=c)(c-a)
abe - abc

Vay (b—c+c*a+a—b)( a b LS J:().

a b C b—c+c—a a-b
x\/yTl+y\/ﬁ=xy

(x -1y +(y - 1Wx = 2xy
Giai
{x\/m+y\/x—-1=xy (1)

x-DJy +(y-Vx=2xy  (2)

Vi du 13: Giai hé phuong trinh: {

e Diéukién: x, y>1. (1)<:>‘/y—1+\/x_1:1.
y X
e Vi (Jy-1-12=y- y-120, suy ra "y_lg% va suy ra ‘_[——i.gl
h £ -
Do do: \/y—1+\/x—1sl.
y X

" -1 ; - . -1=1 =2
Nén (1) & Y=ol g % 1=1.Va_~.y d .
‘ ¥ 2 X 2 Jx-1=1 Xx=2

Thir lai: thoa man, vay hé phuong trinh ¢6 nghiém la: (x =2,y =9.

Vi du 14: Vi 8 s6: 0,1,2,3,4,5,6,7. Hoi c6 thé 1ap dugc bao ntéu sé ty
nhién c6 6 chir so khac nhau, trong dé nhat thiét phai c6 mat chiso 3.
Giai
Ky hiéu so tur nhién thoa dé bai la: a,a,a,a,a.a, . Cac so a,, a..... a,

khac nhau lay tir 8 s da cho, a, #0
e a, =3, khido a, c6 7 cach chon, sau do a, c6 6 cach chon,...
Do d6 truong hop nay co: 7.6.5.4.3 = 2520 (s6).
e a, #3 khi do c6 6 cach chon a, (vi a, #0, a, #3), chon s6 3hay vao

| trong 5 s6 a,,..., a;, sau d6 con lai 4 chir s6 va lan luot com 4 sb
khéac nhau lay tir 8 s da cho va khac a,, a,.
Do d6 truong hop nay cé: 6.5.6.5.4.3 = 10800 (s6).
e Dép s0::13320 so.
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Vi du 15: Trong mot cude dua xe moto, ba tay dua da khéi hanh cung mot
lic. M&i gio, nguoi thir hai chay chdm hon nguoi thir nhat 15km va
nhanh hon ngudi thi ba 3km nén ngudi thir hai dén dich cham hon ngudi
thir nhat 12 phut va sém hon nguoi thir ba 3 phut. Tinh van toc cia ba
tay dua moto trén.

Gidi
* Goi x (km/h) 1a van toc nguai thir hai.
y (km) la chiéu dai quang duong dua. Diéu kién: x > 3, y>0
* Ta c6: x + 15 (km/h) 1a van tde motd thi nhat.
x — 3 (km/h) 1a van toe motd nguoi thir ba.

| j
12 phut = — gi0; 3 phut = — gio
p 5 g P 20 g

A
* Theo d& bai ta c6 hé phuong trinh: { X X199
y y_.1
x-3 x 20

Giai hé phuong trinh

x x+15 5 |9y(x+15)-5yx=(x+15)x
o
y ¥ _. L 20xy —20(x - 3)y =x(x - 3)
X

Xx-3 20
5xy + 75y —5xy =x* +15x 75y = x* +15x(1)
o
20xy — 20xy + 60y =x* -3x |60y =x’ - 3x(2)
2
_X +515x y__x2+15x
& 2715 o 75
60 e LT 4(x2+15x)=5(x2—3x)
75 :
. .
e E I i
. y =90
(x° -75x=0

* Viy: van téc motd thir nhat 1a: 90 kmv/h;
van tbc moto thir hai la: 75 km/h;
van tbc motd thi ba la: 72 km/h.
Vi du 16: Giai phuong trinh : x'+(x+2)'=184.
Gidi |
Dit: t = x+1, phuong trinh da cho tré thanh:
(t +%)4+ (- 1)'=184 <t'+6t°-91=0
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.Patz=t* (véiz 20).

V6i diéu kién trén phuong trinh trg thanh:
g=

z=-13 (loai)
Véiz=7 2 t=+J7T2 x=-1 +/7

Vay phuong trinh ¢6 hai nghiém x;, = —1 +7

Z2+62-91=0 <::>[

Vidu17: Chohamséy = Vx? —2x +1 + Vx2 —6x+9
a/ V& d6 thi ctia ham sé trén.
b/ Véi gid trindo ciax thiy >4.

Giai
-2x+4 khi x<1
a) y=|x-1|+|x-3ley=42 ki 123
2x -4 khi x>3
prmmemepememmmmm——m————-- a---- Y
' i : :
E | ' :
= T "
............................ ’ X

-2x+42>4 <0
b) Ta co: y24©[ i @[x

2x-42>4 x4
Vi du 18: B6n hoc sinh Hong, Ha, Long, Giang lam truc nhat, trong do c6
mot hoc sinh vé tranh Ién tuong. Théy Chu nhiém hoi: “Ai da ve€ tranh
1én tuomg?”. Céc ban lan luot tra 1oi:
Ha: - Thua Thay, c6 thé ban Giang, cling c6 thé ban Long da vé a!
Giang: - Thua Thay, em khong vé& déu a!
Hong: - Thua Thay, chinh ban Long vé a!
Long: - Ban Hong oi, ban nhAm rdi. Thua Thiy, em khong vé dau a!
Biét réng?fc,_:?%(;') ba hoc sinh néi ding, con mdt hoc sinh noi sai. Hoi ai da vé
traglh:'léff’gidng‘?




Giai

Dung phuong phap loai suy:

+ Gig eu Ha néi sai, thi 3 nguoi con lai noi dung: Khi do, ca 2 bap Giang va
Long déu khong vé, do do ban Giang noéi dang, nhung ban Hong noi sai
(mav thudn, vi ca Ha va Hong déu noi sai). Kha nang nay khong xay ra.

+ Gie sir Giang noi sai: Khi do Ha noi dung, nghia la Long khong vé, do
d6 ban Hong lai noi sai (Giang va Hong déu néi sai, din dén mau thuin).
Kha nang nay khong xay ra.

+ Gie sir Hong néi sai: Khi do, Long kkong vE, Leng roéi q'img, ma Giang
khorg thé noi sai, do do Ha noi sai vi ca Long va Giang déu khong vé (ca
Hong va Ha déu noi sai, mau thuan). Kha nang nay khong xay ra.

+ Chi con lai kha nang Long noi sai: tic la Long da vé tranh lén tudng,
Hong noi dung, Giang noi dung (khong the néi sai) va Ha cling néi ding.
Viy: nguoi vé tranh lén tuong chinh la Long. ‘

Vi du 19: Cho a, b, ¢ 1a d6 dai 3 canh cia mot tam giac. Chimg minh rang
phueng trinh a®x® + (a® + b? —c¢*)x + b* = 0 v6 nghiém.
Gidi
A=(a® +b? —c?)* —4a’b? = (a® + b® - c*)* - (2ab)’
=(a% + b? + 2ab-c?)(a® + b® - 2ab —c?)
=[(a+b)* -c*][(a-b)* -c’]
Do 1, b, ¢ la 3 canh clia m0t tam giac nén:
1+b>0 =(@a+b)lP>cP=>(@a+b)?-c*>0
Va |i—-b|<c —(a-b)’<c?=>(a-b)>-c?<0.
Vivdy A <0 nén phuong trinha®x® +(a® + b? —c¢?)x + b? = 0 vd nghiém.
Vi du 2¢0: Tim gia tri clam dé phuong trinh sau v6 nghiém:
X+Jx-2+m=0 (1
Giai
Didu kién: x>2. DatVx -2 =t (t20), ta co:
X+/x-2+m=0 o t2+t+2+m=0 t*+t+2=-m(2)
Ta ¢5: phuong trinh (1) vd nghiém <> phuong trinh (2) v6 nghiém
Mitkhac: mtlzxol (t* + t + 2) =2 nén phuong trinh (2) v6 nghiém.
& -m<2 © m>-2
Vay phuong trinh (1) v6 nghiém < m>-2.
Vi du 21: Cho hai phuong trinh: x> +ax+b, =0(1); x* +a,x+b, =0 (2)
¢ cic h¢.s6 thoa man diéu kién a,a, > 2(b, +b,)
Ching minh rang it nhit mdt trong hai phuong trinh c6 nghiém.

brs o
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Giai
2

2 2

Aw)
Taco: aja, 22(b, +b,) = -2aa, <-4(b, +b,)
= af+a§—2alazsaf+a§—4(b1+b2)
= aj+a;—4(b, +b,)>(a, —a,)?20
Ay 20

Dodo: A,,,+A. >0 suyra
1 ¥ Bz y Ay 20

Vay it nhat mot trong hai phuong trinh (1), (2) ¢6 nghiém.
Vidy 22: Cho hai phuong trinh: ax® + bx+c=0 (1); a, x> +b,x +¢, =0 (2)

Biét hai phuong trinh (1) va (2) ¢6 nghiém chung. Ching minh raag;
(ac, —a,c)® =(a,b—ab,)(b,c—bc,).

Gidi
Gia str o 1a nghiém chung cua hai phuong trinh da cho:
2 1., |b*—4dac20 ; *+ba+c=0 1
Diéu kién: =T Thém 7% TPOTC ¢
b2 —4a,c, 20 a0’ +bo+c, 20  (2)

Suy ra {aalm2 +a,ba+a,c=0
a\alot'2 +ab,a+ac, =0

= (ab, —a,b)a = (a,c—ac,) = (ab, —a,b)*a® = (a,c—ac,)* (3)
ab,a” + bb,a + b,c =0
a,ba’ + bb,a + be, =0

= (ab, —alb)2(12 =(ab, —a,;b)(bc, -b,c) (4)

Tir (3) va (4) ta suy ra(ac, —a,c)* = (ab, —a,b)(bc, —b,c)

hay (ac, —a,c)* =(a,b—ab,)(b,c-bc,).
Vidu 23: Vi gia tri ndo ctia m thi phuong trinh sau c6 nghiém: x +3(m —x* =m

Giai

x+3m-x)’=m < x+3m?-6mx+3x’=m

Mt khac lai co: { = (ab, —a,b)a® =bc, -b,c

< 3% +(1-6m)x+3m?> -m =0
A=(1-6m)°-4.3(3m* —m)=1-12m + 36m* — 36m? + 12m
A=1>0¥m. Do A>0 do do phuong trinh c6 2 nghiém phan liét voi
_moi gid trj m.
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Vi du 24: Tim gia tri cua m dé phuong trinh sau ¢6 nghiém duy nhét:
2x* =|x| +m*=1=0 (1)
Giai

Dat |x|=t, vdit=0. Ta co:
2x’ -|x|+m® -1=0o2t" -t+m* -1=0 (2).
Néu phuong tr’inh (2) ¢6 nghiémt >0 thi phuong trinh (1) khong co
ngl}iém duy nhat, do d6 loai Vav phirong trinh (1) mudn ¢ nghiém duy
nhat thi phuong trinh (2) phai ¢6 nghiém t=0. Véit =0 thi phuong trinh
(2) c6 dang: 2.0° -0+m’-1=0 < m=+1

Il

O N -

Néum=21thi2Q) @2t -t=0 < t(2t-1)=0 &

Suy ra phuong trinh (2) lai ¢6 nghiémt = -;- >0 (vo ly)
Vay khong ton tai gia tri m nao dé phuong trinh (1) c6 nghiém duy nhat.
Vi du 25: a. Cho parabol y = %XZ, diém A(0; 1) va duong thing d c6 phuong

trinh y = 1. Goi m la mét diém bét ky thudc parabol. Chimg minh ring MA

bang khoang cach MH tir diém M dén dudng thing d.

b. Cho diém A(O; a), goi d la duong thang c6 phuong trinh y = -a.
Chimg minh ring quy tich cua diém M(x; y) sao cho khoang cach MH
tir M t&i d bang MA la mot parabol.

Gidi
a. Taluonco: MH=y-1(1) }"
Pé tinh MA, ta ké MI L Oy.
Taco MI=|x|, AT=|y -1| nén ,

MA2 = MI? + AIZ =x? + (y - 1)° I-] / M(X;)’)

=% g =Dyl ’

| § $.a0
Do v :-sz nén thay x* boi 4y ta duge: IN%

&k

MA? =4y +y2 -2y + 1 =(y + 1) 0 i

DUdOMA) |V+]| y+1 (doy=20) (2) 1= - H
y

,qTﬂVdf”) ta c6: MA = MH.

i: L'
3 ‘J
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b. (hinh trng v&i a > 0) theo cong thire tinh A
khoang céch giira hai diém M(x; y) va

A(0; a) ta co: I
MA? =(x-0)? + (y -a)®
M(x:v)

=x*+y®-2ay+a’.
Talai c6: MH =|y + a| nén 8" .
b,
MH2=(y+a)2=y2+Zay+aQ; d "R e

MA? = MH?

1
<:>x2+y2—2ay+a2=y2+2ay+a2<:>x2:4ay<:>y::1—x2.
a

Do dé, quy tich cua M 1a parabol y = %xQ.
a

Chii y: tong quat, cho mdt diém A va duong thing d khong di qua A, quy
tich cac diém M sao cho khoang cich MA biang khoang cach tr M dén d

la mot parabol. )4
Vi dy 26 a. V& db thi ciia ham sb y = —%xz
; Ty e g 5 1
b. Goi C la mot diém tuy y nam trén A Mxy)
parabol yz—lxz. Goi K la trung Al
2 1 .y
diém cua OC. Khi diém C di chuyén — O =
trén parabol d6 thi diém K di chuyén g

trén duong nao?
Giai
a. Xem hinh
b. Goi toa do cua diém C 1a (m; n).

Piém C thudc parabol y = —%—xz nén

n= --;-m‘l () Goitoads cindibm K

la (x; y), ta can biéu thi y theo x.

K 1a trung diém ctia OC nénx = %; y :%

suy ra m = 2x, n = 2y. Thay vao (1) ta dugc: 2y -—%(2)()2 = -2x*

Do d¢ ﬁx?. Diém K di chuyén trén parabol y = —x°.

AP



- 1 3 \ N .
Vi du 27. Cho parabol y = Ex“ va duong thang y = %x + 3.

a. Xac dinh toa do cac giao diém A, B cua parabol va duong thang da
cho.
b. Xac dinh toa d¢ diém C thugc cung AB cua parabol d6 sao cho tam
gidc ABC c6 dién tich 16n nht.
Giai

a. Hoanh d¢ giao diém cua parabol y = %xz Y4
5 ; 2 1 ; - .
va duong thang vy = 7> +3 la nghiém cua

phuong trinh: %xz =%x+3. (1)

Phuong trinh (1) ¢6 hai nghiém x =-2va
x=3.V&i x=-2thiy =2, v4i x = 2 thi
1

=4,
d 2

Giao diém cua paraobl véi duong thing la A(-2;2)va B[3;4%].

b. Ta cén tim diém C thugc cung AB va céch xa AB nhat. Ta xac dinh
duong thing d song song v&i AB va tiép xic véi parabol, tiép diém la
diém C can tim.

Puong thang d song song véi AB ¢6 dang: y = %x +n.
Diéu kién dé d tiép xuc voi parabol 1a phuong trinh sau c6 nghiém kép:

%xz +%x+n. (2)<:>x2 -x-2n=0

Phuong trinh (2) ¢6 nghiémkép & A=0<1+8n=0<n= —%.

Véin= ——;— thi nghiém kép cua (2) 1a x =% :

2
Khi do: y 1y =—1-(l) sl
2 21 2 8
Toa db tiép diém C ciia dudng thing d véi parabol 1 C & ;%) . Moi diém C’

a
Y,

khac C thudc cung AB ctia parabol déu c6 khoang cach AB nhé hon khoang
cachi # cn AB.
4 B4 g
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Vay ABC c6 dién tich lon nhat khi diém C ¢6 toa do {%%}
Vi du 28. Cho parabol y=x". Chimng minh rang voi moi diém M thude
\ - 1 ’ <A A 8 sl ’e A .
duong thang y = T, cac tiép tuyén ke tir M voi parabol vuong goc vai
nhau.
’ Giai
(Hinh) trude hét 1ap phuong trinh duong y A
thing v = mx + n di qua M(xo;——i-) duoc

1 ’
=M ~| mX, +— — '

Y (m " 4) y=x
Giai diéu kién phuong trinh

x> =mx - (mxg > i} c6 nghiém kép,

dugc m* —4mx, -1=0 o LR

Hai nghiém m,, m, cua phuong O :

trinh nay c6 tich mm, =-1 ml >
(theo h¢ thirc Vi-ét) chung to 1 T X
rang hai tiép tuyén cua parabol d 4 M /= - —

ké tir M vuong goc voi nhau.
Bai tap van dung
1. Véi gia tri nao ctia m thi hai phuong trinh sau co it nhit mot nghiém
chung: 2x*-(Bm+2)x+12=0 (1); 4x* -(Im-2)x+36=0 (2)
2. V§i gia tri nao cua m thi hai phuong trinh:
x(-(m+1)x+m=0 (1); 2x*-x+2m=0 (2)
a. Co6 hai nghiém chung. b. Tuong duong.
3. Cho phuong trinh: x+3(m-3x*)* =m (1). V&i gia tri nao cua m thi

phuong trinh (1) c6 nghi¢m?
4. Tim gia tri cua k dé phuong trinh sau ¢6 3 nghiém phan biét:

(x - 3)[x® + (k- Dx+k?*]=0 (1)
5. Tim gia tri cua k dé phuong trinh sau c¢6 hai nghi¢ém pham biét va cung
am: (x-1)(x* +kx+k-1)=0 (1)
6. Cho phuong trinh x> —6mx+4 =0. Tim gia tri cua m, biét rang phuong
trmh dzhgho ¢6 hai nghiém x, vax, théa mén dicu kién —12— + -L :12 :

o




7. Chimg minh rang, néu phuong trinh x* + 2mx +n =0 (1) ¢6 nghiém, thi

p 2
phuong trinh: x* + 2| k + %)mx . n(k + —i—) =0 (2) cling c6 nghiém.

(m, n, k 1a cac tham s6: k # 0)

8. Tinh gia tri bidu thie: A =+a® +4ab? + 4b* — V4a2 —12ab® + 9b* véi

:\/5; bZl

9. Chirng minh; ( xVx + 343 —.‘ZIJ[\/; i \/—J 1 (vo1 x20vax#3).
~3x +3 =%
10. Cho phuong trinh: mx* —2mx +1=0 (m la tham s0).
a. Tim céc gia tri cua m dé phuong trinh ¢6 nghiém va tinh cac nghiém
cua phuong trinh theo m.
b. Tlm gia tri cua m dé phuong trinh ¢6 hai nghiém sao cho mét nghiém
gap doi nghiém kia.
11. Hai voi nude cung chay vao bé thi day sau 16 gior. Néu voi [ chay trong
3 giorva v01 11 chay trong 6 glo thi duoc thé tich nude bang 25% bé. Tinh
thoi gian can thiét dé riéng moi voi chay day bé.

12. Cho ham sb f(x) = Vx* -4x +4

a. Tinh f(-1); f(5).

b. Tim x dé f(x) =

¢. Rut gon A = ( ) khi x # +2

X
13. a. V& db thi (P) cua ham Oy =—x’ va duong thing (D): y = x — 2 trén
cung mot cung mot hé truc toa do.

b. Tim toa dd cac giao diém cta (P) va (D) & cau trén bang phép tinh.

14. Cho dudng thang (dm) : 2mx + 3m— 1)y =6 =0

a. Tim duong thang (d ) di qua diém A( -1 ; =3 ) va xac dinh hé sb goc
cua duong thang do.

b. Tim diém ¢ dinh B cta (dy) véi moi m

15. Trén mét phing toa do Oxy, cho 4 diém A(-3;4), B(-2:1), C(1;2), D(0;5).

a. Cho biét don vi do trén céc truc toa do la xentimét (cm), tinh do dai
cac canh va cic duong chéo cua tir giac ABCD. T giac ABCD la
hinh gi? ’ ‘

b. Dua vao hinh v&, cho biét toa do giao diém cua 2 dudng chéo cua tir
giac ABCD.
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16. Cho ham sb y =ax® (a#0).
a. Xac dinh h¢ sO a biétq rang do thi cua ham so da cho cat duong théng
d: y=-2x+3 tai diém A co tung do bang -1.
b. V& db thi (P) cua ham s6 trng véi gia tri a vira tim duoc trong cai a) va
vé& duong thing d trén cing mot mat phang toa do. Tim giao dim tha
hai B cua (P) va d.
17. Trong cung mdt hé truc toa do, cho (P) va (D) lan luot la do hi cua
y=x’vay=-x+2.
a. Goi (D’) l1a duong thing song song véi (D) va (D) di qu diém
M(0; m) (m la tham sd). Viét phuorng trinh cua (D).
b. Véigia trinaociam: + (D7) cit (P) tai 2 diém khac nhau?
+(D’) va (P) khong co diém chung?
(1)} tlep xuc voi (P)?
18. Cho duong thing: (m —2)x+(m 1)y =1 (m la tham sd)
a. ChL'mg minh ring duong thing ludn ludn di qua mot diém & dinh
v&i moi gia tri cua m.
b. Tinh gia tri cia m dé khoang cach tir gbc O dén duong thang la 167 nhét.
19. Xét cac duomg thing d c¢6 phuong trinh:
(2m +3)x + (m + 5)y + (4m -1)=0  (m la tham s6)
a. V& do thi dudng thang d tmg véi m=—1.
b. Tim dlem cb dinh ma moi duong thang d deu di qua.
20. Cho ham s y =mx +m - 1 Chimg minh rang véi moi m d6 thi 1am sb

trén luon di qua mot diém cb dinh.

21. Cho ham sby = (2m - 1)x véi m = _;.
a. Vi gia tri nao cua m thi ham s& ddng bién? nghich bién?
b. Tim gié tri ciia m dé dd thi ham s di qua diém A(—%;E).

c. V& dd thi ham sé vai gia tri m vira tim duge & cau b.
d. Db thi vira vé ¢6 quan hé nhur thé nao voi cac duong thing sau:
3x+y=1 (1); 3y-x-12=0 (2)

22. a. Xac dinh cac hé sb a, b, ¢ ciia ham s§ y = ax® + bx + ¢, biét d thi (P)
ctia ham sd cit truc Oy tai diém (0;-5), cit truc Ox tai diém (-1;0) va di
qua diém (1;-6).

b. Vi gia tri nao cua x thi ham so vira xac dinh ¢6 gia tri nho nhit?” Tim
gid tri nho nhéat d6 ciia ham s0.

5 g s oo LA : 3
¢. Xac dinh su bién thién ctia ham so da tim duoc ¢ cau a) khi x< 7 va
khi x>—.

A P*



23.

24.

25,

26.

27

28.

29,

30.a V& do thi ciia ham sb y :%x'+ -7—

Viét phuong trinh duong thang d song song véi duomg thang x + 2y =1 va di
qua giao diém cua hai duong thing d,:2x-3y=4vid,:3x+y=5.
Cho ham s6 y = ax + b ¢6 d thi (D) va ham sb y = kx? ¢6 dd thj (P).
l. Tim a, b biét rang (D) di qua A(-1;3) va B(2;0).
Tllﬂ k # 0 sao cho (P) tiép xuc véi duong thang (D) vira tim dugc.
Viét phuong trinh cua (P).
Cho parabol (P) ¢6 dinh & gbc toa d6 O va di qua diém A[l;—%).

a. Vlet phuong trinh cua parabol (P).
b. Viét phuong trinh duong thaing d song song vé&i duomg thang
x +2y =1 va di qua diém B(0;m). Véi gid tri ndo cua m thi dudng thang

d cat parabol (P) tai hai diém c6 hoanh do x,, X, sao cho 3x, +5x, =5.
Cho hai duong thing c6 phuong trinh: mx-(n+1)y-1=0 (d)
va nx+2my+2=0 (d'). Xac dinh cac gia tri cia m va n sao cho (d)
va (d’) cat nhau tai diém P(-1;3).
Thiét dién di qua truc cia mot chiée guong c6 dang parabol (hinh). Hay

xac dinh phuong trinh cua parabol do, biét rang d6 sdu OC = lcm va
duong kinh AB = 4cm.

A

Xy

\ O
Cho duong thang

(m +2)x - my*—l(m]éthamsé) (1)

a. Tim diém ¢4 dinh ma duong thang (1) ludn di qua.

b. Tim gia tri cia m dé khoang céch tir gbc toa 46 O dén duong thang (1)
la 16n nhat.

Trong hé truc toa dé Oxy, lay céc diém A va B sao cho A(1; 1), B(9; 1).

Viét phuong trinh ctia duong thing d vudng goc voi AB va chia tam giac

OAB thanh hai phan c6 dién tich bang nhau.

4
b. C6 bao nhiéu diém niam trén canh hodc nam trong tam giac tao bai ba

duong thing x=6,y=0, y =gx +Z— va ¢6 hoanh d¢ va tung d¢ la

245



Huwang dan va dap s6
1. Cho hai phuong trinh: ax® +bx+c=0;a,x* +b,x+c, =0
Biét hai phuong trinh (1) va (2) ¢6 nghiém chung. Ta ¢6 :
(ac, - alc)2 =(a;b-ab,)(b,c-bc,).
Ap dung vao bai ta co:
(72 - 48)* =[-2(9m - 2) + 4(3m + 2)][-36(3m + 2) + 12(9m — 2)|
< (12-6m).(-96)=24" © m-2=1 < m=3.
Thir lai, ta c6 gia tri m = 3 thi hai phuong trinh da cho c6 it nkit mot

nghiém chung,. i
2
y 2 _ s m°-2m+12>0 )
3. Dibaldened o2ty el : -
1-16m >0 m<— 16

16
Goi e 1a mot nghiém chung cua phuong (1) va (2)
et -(m+Do+m=0 20" - 2(m+1Da+2m =0 (¥
Ta co: =
20 —a+2m=0 - 2 —a+2m =0 ()

Lay (*) trir (**), ta co:
—-2(m+1)a+a=0‘ & 2m-1a=0 © 1

Néua =0thitir (1) tacom =0
+ m =0, suy ra phuong trinh (1) va (2) c6 dang:

4
I

Deg=0 e | 1;2x2—x=0 2) <
X

I

4

I
= O

Do d6 (1) va (2) khong ¢6 ca hai nghiém chung (loai)

+m=—%,suy ra phuong trinh (1) va (2) c6 dang:
x’—=x-==0 o 2x'-x-1=0 (1)
2x2—x+2[—%):0 & 2xP-x-1=0 (2)
Suy ra m= —% thoa man.
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b. Phuong trinh (1) va (2) tuong duong

&)
(1) va (2) cung vo nghiém N A 20
¢ 2
(1) va (2) c6 2 nghiém

= —% (do cau a)

Ay ) .1)% - —m)?
Xét trudmg hop: (1) - (m+1)"-4m <0 o (1-m)° <0 :

Ay <0 1-16m <0 1-16m <0
truong hop nay loai.

Viy m = -% thi hai phuong trinh (1) va (2) tuong duong.

(x-y)+3(y*-x")=0

3 2: * 2:
3.Dit m-3x% =y, tacé: sy Smi ([ & X+3y"=m
y+3x*=m (*¥

-

x+3y’ =
2 { VTR
X+3y =m E=Y
{(x— )(1-3x-3y)=0 < 3v2 =
J X+3y°=m (II)
| (1-3x-3y=0
Phuong trinh (1) c6 nghiém < (I) hoac (II) ¢c6 nghiém.
3y +y-m=0 _m>——1~
0 B 1+12m =20 T 12 1
= g By-—1 L= = Mt —
3y? + - 9-4.9(1-3m) >0 1 4
= mzl—1
4. Tim gia tri cua k dé phuong trinh sau c6 3 nghiém phén biét:
(x-—3)[x2+(k—1)x+k2]=0 (He x=3 (2)
x2+(k-Dx+k*=0

Phuong trinh (1) ¢6 3 nghiém phan biét <> phuong trinh (2) c6 2 nghiém
phin biét va ca 2 nghiém do déu khac 3.

{A(z) >0 {(k -1)%?-4k*>0
fams

32 +38(k-1)+k*=0 k*+3k+6=0
3k® +2k-1>0 k>

A = 3 .
k® +3k+6 =0 (hién nhién) —

Vay gia tri cua k dé phuong trinh ¢6 3 nghiém phén biét:
?k>—:1;"hoz_“1c k<-1.
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5. x-D(x*+kx+k-1)=0 {1}

[x=1
= 2
x“+kx+(k-1)=0 (2)

Phuong trinh (17) ¢6 2 nghiém phan biét va cing am <> phuong trinh (2°)
co 2 nghiém phan biét va cung am.

Ay >0
- |k*-4(k-1)>0 k-2)°>0
IX, = 2 <0 &ix,=-1<0 <iX,=-1<0 <& K £9
¢(
— x,=1-k<0 %, =l=k=l
X]-:.—.—_J<O
2
6. Tacé: A'=9m? — 4. Dé phuong trinh ¢6 2 nghiém X,, X, can va du la:

A':9m2—420<:>m2Z%c>|m|2§c>ms—§ hay .

3

L . 24 x2 X, +%,) - 2x, %
Theogléthlét:LQ+—12—:Z<:>X12+§2:Z<:>( : 22 — z T
X, X, 2 NE L X X}
2
%—?G——B%sz:%@m:i%.c:é hai gia tri nay cua m déu thoa

S it Sow 2
min diéu kién |m| > 3

i o e il i ; G Gl w5 4
Vay cac gia tri cua m thoa man di€u kién cua bai toan la: m = +—.
7. Xét phuong trinh: x* + 2mx+n=0.

Ay =m®-n>0 (do gia thiét phuong trinh (1) c6 nghiém)
Xét phuong trinh (2), ta co:

1) Y 1)
A'2= k+—) m2—n(k+—) =(m2—n)[k+—)
k i k

2
Do m® -n=A, > 0. Mit khac, [k+%) 20 = A; 20

Vay phuong trinh (2) ciing c6 nghi¢gm, DPPCM.
8. A= \/(a T8 o J(Qa = 8h%)P = |a + 2b2| —|2a - 3b2‘
Vai a’=\/§; b=1 thi A =l\/§+2‘—|2\/§—3|

=2 +2+2J2-3=3J2-1




9. Véi gia thiét da cho: x>0 va x # 3, ta co:
xVx +3v3 . AT
A x = ~2Vx =3 -
X —V3x +3 § (Vx)? - Vx A3 + (+/3)? i V%
\/;+\/§: \/§+\ﬁ _ |
3-x  (BB-Vx)B+Jx) (3-vx)

vay:[:ﬂ+3f_zfj(&+f} (3 -x).

=1
- \/_3—}; +3 ~K \/_ \/_
10. a+ Néu m =0 thi phuong trinh tro thanh 1=0, nén phuong trinh vo

nghiém.

+ Néu m # 0 thi phuong trinh da cho ¢6 nghiém khi:
A'=m?’-m=m(m-1)>0. Suyra m<0 hodc m=>1 (*).

Khi d6 cac nghiém cua phuong trinh la:

m-vm’-m = m+vVm’-m

:Xz—
m m

b. Véi diéu kién (*), phuong trinh ¢6 hai nghiém x,, x, .

X, =

Theo hé thirc Vi-ét: x, +x, =2 va x,x, =—.
m

Theo gia thiét, ta cé: x, =2x, (hoic x, =2x,), suy ra x, =§; ; & =—§-
% 4
(hodc x, ==; x, —g).
1 8 1 9 .
Suy ra: x,x, =— < — =— < m =~ > 1, thoa man diéu kién (*).
m 9 m 8

Viy véi m =§ thi phuong trinh c6 mdt nghiém gip déi nghiém kia.
11. Goi x (gidy) va y (gid) I thoi gian dé riéng voi I va voi Il chay ddy bé
(x>0; y>0). M3i git voi I chiy dugc _1- bé, voi II chay dugc L bé.

¥
R T ; g 16 16
Theo gia thiet thir nhat, ta c6 phuong trinh: —+—=1.
X ¥y
N R ; 2 2 1
Theo gia thiét thir hai, ta ¢6 phuong trinh: et + L) &5 3 + L .
x y 100 Xx y 4
(16 16
i g ?+—=1 16u+16v=1
Dt u=—; v==, taco hé phuong trinh: 1 £
x y §+E—l 3u + 6v :Z
Y x y 4

§*
-

b
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Giai h¢ phuong trinh trén, ta duoc (u;v) = (QIZ ,éj :

Suy ra (x;y) =(24;48) thoa diéu kién bai toan. Vay néu chay riéng. thi
voi I chay day bé trong 24 gid va voi I chay day bé trong 48 gid.

12.a. f(x) = Vx* —4x+4 = J(x - 2)? =|x-2|
suy ra f(-1)=3; f(5)=3

-2=10 ]
b. f(x)=10< * | .
x-2=-10 X =—8
-2
x“-4 (x-2)(x+2)
Véix>2suyra x—-2>0suyra A =
X+2
Voix<2suyra x-2<0Osuyra A=- d
' X+2
13. a. * Bang gia tri dic biét ciia ham sb y = —x":
X -2 |-110 1 2
y=—x* |-4[-1]0 |-1|-4|  {/
* Bang gia tri dac biét cua ham s6 y = x — 2: A '
X 0 2
y=x-2 -2 0

P thi cta Pa ra bol(P) va duong théng (D) duogc vé nhu sau:
b. Phuong trinh hoanh do giao diém cua Parabol (P) va dudmg théng
(D)lél:—x2=x—2<:>x2+x—2=0<:x=1 hay x=-2(a+b+c=0)
Khi x =1 thiy =-1; Khi x =-2 thi y = - 4. Vay Parabol (P) cat dudmg
thing (D) tai hai diém 1a (1; —1) va (=2; - 4).

14. a. Tim duorng thing ( d ) di qua diém A( —1; =3 ) va xac dinh hé s6 goc
ctia duong thing do .
DoA(-1;-3)e(d,) thé toa dd diém A vao phuong trinh (dy,) ta c6

2m(-1)+(Bm -1)(-3)-6=0 <:>—11m—3:0<:>m=——1%

3 g2
Khi m = ——— duong thing(d): 3x+10y+33=0y=-——x -2
T g g(d): y =
Hé sb goc cua duong thing (d) 1a kz—%
Viiy duiff® thing (d) cin tim 1a: y = ——-x—-35 va hé sb gbc k = ~—
y g . P = 10 10 ' & 10

P e
o



16.

17.

Tim diém ¢6 dinh B cua (dyn) vo1 moi m
Gia str B(x; y) 1a diém ¢6 dinh cta ho (dy) véi moi m
<> 2mx+(B3m-1)y-6=0,Vm
2x +3y =0 =
= (2x+3y)m—6—y:0‘Vm<:>{ X6+ y 0 <:>{ =
—hHh — y —

Vay diém c6 dinh ma moi duong thing (dy) di qua 1a : B ( 9; —6).

y=-6

. a. + T giac ABCD co:

— Cac canh bang nhau vi cung bang canh huyén cta tam giac vudng co
cac canh goc vudng l1a 3cm va Iem. Do d6 d dai mdi canh cua ti giac
la: V3% +12 =10(cm)
— Céc duong chéo bang nhau vi cing bing canh huyén cua tam giac
vudng co6 cac canh goc vudng la 2cm va 4cm. Do d6 d6 dai mdi duong
chéo cua tir giac la:

AC =BD =+2% + 42 =20 = 2/5(cm)
+ Tur giac ABCD c6 4 canh bang nhau va hai duong chéo bing nhau nén
1a hinh vuoéng.
b. + Tir hinh vé suy ra giao diém cua 2 duong chéo 1a: I(-1;3).
a.+ Diém A & trén d va co tung 49 bang —1 nén: -1=-2x+3 <> x=2.
Do d6 A(2;-1).

+ A la giao diém cua d6 thi ham s6 y = ax® v&id nén A thudc (P)
suyra -1=a.2> ©a= —?::

2

+ V& dung parabol (P):y = —-%x
+ V& dung dudng thing d

+ Hoanh d6 giao diém cua (P) va d 1a nghiém cuia phuong trinh:

—ix2=—2x+3<:>x2—-8x+12=0

+ Giai phuong trinh ta dugce nghiém thir hai la: x, =6 >y, =-9
Viy giao diém thir hai cua (P) va d 1a B(6;-9).

a.(D’)cédang y=ax+b.

+ Vi (DY/(D) = a=-1

+ M(Oom) € (D') ©® m=a.0+b< b=m

Viy phugng trinh cta (D*) la: y =—x+m .
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18.

S6 giao diém cua (D’) va (P) chinh 1a sé nghiém cua phuong trinh hoianh
do giao diém cua (P) va (D).

Véi (P): y=x*va (D’): y=-x+m, ta cd phuong trinh hoanh d¢ giao

diémcua(D)va(P)la: x* =—x+m < x*+x-m=0 (1).

A>O<:>1+4m>0<:>m>—%.

S i 5 8.8 i k% 5 _
Vay vo1 m > T phuong trinh (1) ¢6 hai nghiém phan biét suy ra (D’) va
(P) cit nhau tai hai diém khac nhau.

A<0c>1+4m<0<:>m<—i.

Vay vél m < —% phuong trinh (1) v nghiém suy ra (D’) va (P) khong cé
diém chung.

A=0<:>1+4m:0c>m=-i.

Vay voi m = —;1; phuong trinh (1) ¢6 nghiém kép suy ra (D’) va (P) tiép

xuc nhau.

a. Diéu kién can va du dé duong th?mg(m -2)x+(m-1)y=1 (1)diqua
diém cb dinh 1a: (m - 2)x + (m -1)y =1 v&i moi m

&S mx-2x+my-y—-1=0 vdimoim

&S xX+ym-(2x+y+1)=0 voimoi m
x+y=0 x=-1
—
2x+y+1=0 o |
Véy dudng thing (1) lun di qua diém c6 dinh N(-1; 1).
Goi A 1a giao diém cua dudng thang (1) véi truc tung.

Tacbea=0 = ot D5 k=
1-m |m—1[

Goi B la giao diém cua duong thang (1) védi truc hoanh.

Tesry=0 =¥yx=
m-—2

Do d6 OB = —— Goi h la khoang céch tir O dén duomg thang (1).

jm -2



Ta co:

1 1 1 | - |
Sy e 1) +(m=-2)" =2m" -6m+5 = 2m——— +—2—
7 oaE ops - ) Hmegy o (m-2) +323
Suy ra h®<2, max h=+v2 khi va chi khi ng

19.a. x+4y-5=0
b. Diéu kién can va du dé duong thing o
(Zm +3)x + (m +5)y + (4m - 1) = 0 di qua diém co dinh la:
2mx+3x+my+56y+4m—-1=0 v&i moim

<> m2x+y+4)+3x+5y-1=0 vOl mol m
2x+y+4=0 Xx=-3

= =
3x+5y-1=0 y=2

Vay duong thang trén ludn di qua diém ¢b dinh A(-3; 2).
20. Xét diém A(x,;y,) trén mat phang toa do.
Ta c6 A(x,;y,) thudc db thi ham sé
y=mx+m-1, Vm & y,=mx,+m-1, Vm

< X, +1)m-—-(y,+1)=0, Vm
= {XO +1=0 & {xo =1 = A(-1;-1).

Yo +1=0 Yo =-1
Vay d6 thi ham s6 y=mx+m-1 luén di qua mot didm cé dinh
A(-1;-1) Vm.

21.a.Hamsodongbiénnéu2m—1>0 s m>%
nghich bién néu 2m-1<0 o m<%.

b. Tacé: —=(2m- 1)( 1J<:> m=-1,
2 2

c. Hoc sinh ty lam.
d. Song song voi duong thing (1). Vudng gbc véi dudomg thing (2).
22.a. +(P) cat Oy tai (0;-5), nén c=-5.

+ (P) cat Ox tai (-1;0), nén 0=a—b-5<>a-b=5 (1)
+ (P) di qua diém (1;-6), nén -6=a+b-5<a+b=-1 (2)
+Giéihé(1)vé(2)tacc’)' a=2 b=-=4

Ham sb can xac dinh 1a: y=2x*>-3x-5 (P)
;‘“}1’
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: 2
g 4
b. + Tacé: y=2x2~3x-—5—2“x—§) '1_2} ¢6 tap xac dinh 1a R

y=2x2—3x—52—%9—, vxeR.

Gié trj nhé nhét cia ham s§ 13 y__ = -189 khi va chi khi:

3 3
x-—=0ox=—
4 4
2 2
3
B WX, i X <X~ X, —<x2——<0:>(x1—_) >( 2=

2 2
=>4 [xl—g) i -3 [x2—§ uii
4 16 4 16
= 2x% -8x, -5>2x5-3x, -5y, > ¥,

Viy ham s nghich bién khi x < % |

2 /
3 3 3 3
d. Vxl,xz:Z<x1<x2:>0<x1—z<x2—zz>[x1—z) <[x2—2)
( 3) 49 ( 3)" 49
S ——| ——=<|x-—| ——
4 16 4 16

3\’ 49 3Y 49
= e [ Xy == —— |22l Xg——] ==
4) 16 4) 16
= 2x2 - 8x, -5<2x; 3%, -5y, <Y,

Vay ham s6 dong bién khi x > :9;- :

23. + Puong thing x+2y:1<:>y=—%x+% nén c6 hé sb géc a:-é

+ Pudmg thing d song song voi duong thing x + 2y =1 nén

d:y=—1x+b (b#-l-]

b



t Toa dd giao dicm M cua d, vad, la nghiém cua hé phuong trinh:

2x—-3dy=4 . . _ )
{f ~ . - Giai hé phuong trinh ta co M(E;—-ij
3x+y=0 11 11
+ Duong thang d di qua M nén e —1—9+ b b =t # -
11 22 22 2

+ Vay phuong trinh cua duong thing d :y = ——;-x +?12—g &llx+ 22y =15
24. a) A(-1;3)e(D) & 3=-a+b
B(2; 0)e(D) < 0=2a+b.
Ta c6 hé phuong trinh ¢6 an a, b:
-a+b=3 b=3+a a=-1
=5 =
2a+b=0 3a =-3 bi=2
Vay phuong trinh cua duong thing (D) 1a: y=-x+2.

b) Ta biét ring (D) tiép xtc vdi (P) khi phuong trinh hoanh d6 giao diém
cua ching c6 nghiém kép. Phuong trinh hoanh d¢ giao diém cua (D) va
(P): kx> =—x+2 & kx®+x-2=0 (1)

, . |k#0 1
1) c6 nghiém kép kh k=-——
(1) c6 nghiém kép 1{Az1+8k=0 o .

Vay phuong trinh cua (P) la: y = —é— x°.
25. a. Phuong trinh cua parabol (P) c¢6 dang: y = ax® (a #0)

(P) di qua diém A( I —%J nén a = —% :
Véy phuong trinh cua parabol (P) la: y = —% x2.

b. + Duong thang d song song vdi duong thing x +2y =1y = —-;—x +%

nén phuong trinh ctia d c6 dang: y = ——;-x +b (b 2 %)

+ B(0; m)edeom=0+b=b.

Suy ra phuong trinh dudng thang d la: y = —%x +m (m # -;—]
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26.

27,
28.

29.

+ Phuong trinh cho hoanh d¢ giao diém cua d va (P) la:
1

e lyimex_2x+4m=0
L] 4 r 2 ? b

+ Dé d cat (P) tai 2 diém thi can va du la:
A'=1—4m20<:>msi Tl

+ Vi diéu kién (*), d cat (P) tai 2 diém c¢6 hoanh dé x, va x, .

Theo gia thiét, ta c6: 3x, +5x, =5 < 3(x, +X,) + 2X, =5

+ Ap dung dinh ly Viét, tacéd: 6+x, =5 < x=—%

+ Thay nghiém x, vao phuong trinh:

l+1+4m=0<:>m=—-5—.
4 16

+ Dbi chiéu diéu kién (*) tacdé m = _I% :

Parabol y =ax”di qua B(2; 1) nén 1=2a.2*, do d6 a = % Phuotg trinh

cua parabol 14 y = %xz : )T
(hinh) Hoc sinh tu giai |

- 1 1 A 2 [C2 B
a. Biém co dinh N(——;——] I I Y

2’ 2 \ | /
Goi h 1a khoang cach tir O dén dudng thing (1). L%
Tatinhduqc%ZZ,maxh:—zgamz—l 0% A
(hinh) Goi H 1a giao diém cua AB va Oy, ta c6: |
1 1
S = -, AB.OH = - .8.1=4.
OAB 9 2
j d
| H A e B
n_—
/_, : ey
0 » K 9 X
d

Agaﬁzﬂém cta d véi AB, OB, Ox theo thir tr 1a C, D, K.



DatOK =avéi0<a<9.tacd CB=HRB - HC=9-a.
Budong thing OB ¢ phuong trinh y = -Elgx. Diém D ¢6 hoanh do OK =a

- : 5 & ,. ; & a .
vanam tren duong thang OB nén co tung do KD = o Do do:

DC=KC-KD=1-2_2-2
9 9
1 1 9-a (S-a)?
Spcp ==.CB.CD==.(9-3). =
Bep = 5 2( a) 9 18
| = . (B-=g)*
Do Sn(_'[) :Ebmn nen 18 =2.

Ta tim dugc a = 15 (loai) va a = 3. Duong thang phai tim cé phuong
trinh x = 3.

30. a. Hinh vé& bén
b. Puong thang y :gx + % (d) cat duomg thing y = 0 (truc hoanh) tai diém c6

hoanh db x = -1%. Putmg thang d cét duong thing x = 6 tai diém c6 tung do

3
=10—.
d 4

Xét ham s y:§x+z.
2 4

Lan luot cho x nhédn cac gia tri-1;0; 1;2;3;4;5;6 ta dugc cac

: g . . 1 i 2. a-i

g1a tr1 tuong Ung la —1—;1—3-;3——;6—1-;7?-;91;103. Do d6 s6 diém
4 4 4 4 4 4 4 ]

c60 toa d§0 nguyén phai tim trén cac duong thing

X=-1,x=0,x=1,x=2x=3 x=4,x=5 x=6 lan lugt 1a 1; 2; 4;

3 75 & 10; 11, ’ Y 4
Tdong s6 diém phai dém la: |
1+2+4+5+7+8+10+11=48. 107
3
Y T —=—X+—=
2

whe & 06 0 0 0 0 0 00
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Chuong 9. Mét so deé thi hoc sinh gioi va
dé tu luyén.

Pé s6 1

Dé thi hoc sinh giéi lép 9 TP Hé Chi Minh ndm hoc 2007-2008
Bai I: Cho phuong trinh: 2x* - (6m - 3)x -3m +1=0 (x la an s0)

a. Dinh m dé phuong trinh trén c6 hai nghiém phan biét déu am.

b. Goi x, +x, la hai nghiém ctia phuong trinh trén. Pinhmdé A =x* +x,]

dat gia tri nho nhat.

Bai 2: a. Choa, b, c,d lacac sO duong. Chung minh:

a b C d
a+b+c+b+c+d+c+d+a+d+a+b

b. Choa >1; b>1. Chung minh: avb—1+bJ/a—1<ab.
Bai 3: Ching minh rang v&i moi s6 tu nhién n thi n* +n+1 khong chia hét
cho 9.
Bii 4: Cho tam giac ABC c¢6 ba goc nhon ndi tiép trong dudng tron (O) va
co truc tam la H.
a. Xac dinh vi tri cua diém M thudc cung BC khong chira dién A sao
cho tir giac BHCM la mot hinh binh hanh.
b. Liy M la diém bat ky trén cung BC khong chira A. Goi N a E lan
luot 1a cac diém d6i xtng cua M qua AB va AC. Chimg minh »a diém
N, H, E thing hang.
Bai 5: Cho tir giac ABCD co O la giao diém hai duong chéo va dién ich tam
gisc AOB bang 4, dién tich tam gidc COD bing 9. Tim gia tri rhé nhat
cua dién tich tr giac ABCD.

1< i

pé s6 2
Pé thi hoc sinh giéi l6p 9 TP Hué nam hoc 2008-2009
2
Bai I: Chimg minh ring vdi hai s6 thuc bat ki a, b ta lun c6: (%i] >ab. Dau

dang thirc xay ra khi nao?
Bai 2: Cho ba sb a, b, ¢ khong &m sao cho a+b+c=1. Ching minh
b +.e> 16abe. Dau dang thirc xay ra khi nao?
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Bai 3: Vi gia tri nao cua goc nhon o thi biéu thire P = sin® o +cos’ a co
gid tri bé nhat? Cho biét o gia tri bé nhat do.
Bai 4: 1. Cho tam giac ABC vudng tai A. Duong tron noi tlep tam giac ABC
lle xuc voi cac canh BC, CA va AB lan luot tai D, E va F. bat x = DB.
y =DC, z= AE.
a. Tim h¢ thirc gitra x, y va z.
b. Chimg minh rang: AB.AC = 2DB.DC
2. Cho tam gide ABC cén tai A, BC = a. Hai diém M va N Ian luot trén
AC va AB sao cho AM = 2MC, AN = 2NB va haj doan BM va CN
vuong goc vai nhau. Tinh dién tich tam giac ABC theo a.
Bai 5: Mot tam bia hinh chit nhat ¢6 kich thuée 1 x 5. Hay cat tam bia thanh
céc manh dé rap lai thanh mot hinh vuong. Giai thich.

bés63
Tuyén sinh lop 10 Chuyén Lé Quy Don Binh Pinh nim hoc 2009-2010
8ai 1. Choa, b, c 1a d¢ dai 3 canh ciia mt tam giéc. Chimg minh ring:
a b c

18 + + < B
b+c c+a a+b

3ai 2 Cho 3 sb phin biét m, n, p. Chimg minh ring phuong trinh
A+ 1 1 _0 6 hainghiém phan biet

X-Mm X-n X-p
3ai 3: Vi so tu nhién n, n > 3.

bat S = L + : ..+ .
CT 301+v2) 5(v2+v3) T @n+D(Wn+vn+1)

Chimg minh ring S, < %

bai 4: Cho tam gidc ABC ndi tiép trong du(‘mg tron tdm O c6 d6 dai cac
canh BC = a, AC = b, AB = c. E 1a diém nim trén cung BC khong chira
diém A sao cho cung EB bing cung EC. Néi AE cit canh BC tai D.
a. Chimg minh: AD? = AB.AC-DB.DC
b. Tinh d¢ dai doan AD theo a, b, c.

m \/_ 1 53 %) ok "
— —V2(2— vOo1 moi sd nguyén duong
‘ n*(V3 +2)

}ai 5: Chimg minh rang;
n
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pé s6 4
Tuyén sinh l6p 10 Chuyén Ha Nam nam hoc 2009-2010
x(fx+1D) | (fx-2) +3Jx -x
1-x L=ai%
a. Tim diéu kién xac dinh cua P.
b. Rat gon P
c. Timx dé P> 0.

Bai I: Cho biéu thitc P =

(1+\f§)x+y=\f§

Bai 2: Giai hé phuong trinh:
2+V2)x-y=1

Bai 3: a. Tim toa do giao diém cuia duong thing y = x + 6 va parabd y = x*.
b. Tim m dé dd thi ham s6 y =(m +1)x + 2m + 3 cit truc Ox., Oy tai cac
diém A va B va A OAB cén (don vi trén hai truc Ox va Oy bzing nhau).

Bai 4: Cho AABC vuong dinh A, duong cao AH, I 1a trung diém cia AH, K
1a trung diém cua HC. Dudng tron duong kinh AH ky hi¢u la (AH) cit
cac canh AB, AC lan luot tai M va N.

a. Chimg minh A ABC va AAMN dong dang.
b. Chtmg minh KN la tiép tuyén cua duong tron (AH).
¢. Tim truc tAm cua tam giac ABK.
Bii 5: Cho x, v, z la céc sb thuc duong thoa man x +y+z=1. Tm gié tri

nho nhit cua biéu thirc P = " =3 —1— . .
16x 4y 1z
pésds

Bai 1: Cho phuong trinh: 2x*+ 2mx +m* -2 =0(1).
a. Tim céc gia triciam dé phuong trinh (1) c6 hai nghiém duongphan biét.
b. Tim céc gia tri cia m dé phuong trinh (1) ¢6 hai nghiém phan bét X; va x»
thoa man hé thire  x] +x, = )

c. Giai phuong trinh (1) c6 hai nghi¢ém khong am. Tim gia tricua m dé
nghiém duong ctia phuong trinh dat gia tri lom nhat.

Bai 2:_Gial phuong trinh: Vx? —4x+3 =4x-x> (2)
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Bai 3: Cho tam giac ABC c6 ABC =60": BC = a; AB=c (a, ¢ la hai do dai
cho rude). Hinh chit nhat MNPQ ¢6 dinh M trén canh AB, N trén canh
AC,Pva Qo trén canh BC dugce goi la hinh chit nhat néi tiép trong tam
gia’ic ABC.

. Tim vi tri cia M trén canh AB dé hinh chir nhat MNPQ c¢6 dién tich
I¢n nhat. Tinh dién tich 1on nhat do.

b. Dung hinh vuong EFGH néi tiép trong tam gidc ABC bang thudc ké
vi com-pz. Tinh diér tick cia hinh vuéng &é.

Pésd 6
xVx —4x —x + 4
2x\/x —14x + 28x — 16
a. Tim x dé 4 c6 nghia, tir d6 rut gon biéu thirc A.
b. Tim cdc gid tri nguyén cua x dé biéu thirc A nhén gia tri nguyén.
Bai 2: (40 diém) Cho phuong trinh: x* - 2mx + m? —m -6 = 0 (m I tham sd)
a. W gia tri ndo ctia m thi phuong trinh di cho ¢6 2 nghiém x, va x, sao cho
X X, 18

—_— —_—

x, x, 17

Bai I: (4,0 diém) Cho biéu thirc: A =

b. Ve gid tri nao ctia m thi phuong trinh dd cho ¢6 2 nghiém x, va x,sao
cch)lxll +|x2| =8
Bai 3: (3,0 diém) a. Cho 4 sb thuc bat ki a, b, ¢, d. Chtmg minh:
|ab) +cd| < \,/(a2 +¢®)(b® +d?) . Dau déng thitc xay ra khi nao?

b. W¢i gia tri ndo cua goc nhon a thi biéu thirc P = 3sin a ++/3 cos « ¢
gii tri 16n nhat? Cho biét gié trj 16n nhét do.

Bai 4: a.Cho duong tron (O) va day BC cb dinh khéng qua tim O, diém A
di chayén trén cung 16n BC. Trén tia déi cia tia BA ldy diém D sao cho
AD) = AC. Goi M la trung diém cua CD. Héi M di chuyén trén duong
nao? Néu cach dung duong nay va gidi han cua no.

tb. Trong hinh bén, cho biét M 1a :
ttring diém cuiia AC va cac duong
tthing AD, BM va CE dong quy
ttai K. Hai tam giac AKE va BKE
o dlengtlch la 10 va 20. Tinh dién




Bai 5: (3,0 diém) a. Tim sO tu nhién n dé n + 18 van—41 la hai sO chint pirong.
b. Tinh cac so 6 nho nhat phai quét son trén mét bang 5x5 dé cho bat ki
vung 3x3 nao do trén bang nay ciing chura it nhat 4 6 da quet son.

Ppésd7
4, q_
Bai 1: . Gidi hé phwong tinh{* T2
v +3=4x

b. Chimg minh ring néu a, b, ¢ la céc s6 thoa man bat dang thirc
a’ b? c’ c? a’ b® b? c? &
+ + B + - > + -
a+b b+c c+a a+b b+c c+a a+b atc ct+a
Thi: fa =[b{ = o

Bai 2: a. Xac dinh hinh vudng co6 d6 dai canh la s6 nguyén va diéntich ciing

la s6 nguyén gom 4 chit s0, trong d6 cac chir s6 hang don vi kang chuc
va hing tram gidng nhau.
A, B,C 1a mot nhom ba ngudi than thudc. Cha cua A thudc 1hom do,
ciing vdy con gai cua B va nguoi song sinh cua C cling ¢ trong 1hom do.
Biét rang C va nguoi song sinh cuia C la hai nguoi khac giol inh va C
khong phai 1a con cua B. Hoi trong ba nguoi A, B, C ai la nguoi khac
gidi tinh vai hai nguoi kia?

Bai 3: Cho duodng tron (O) tam O, ban kinh R, hai duong kinh AB va CDvudng goc
v&i nhau. Pudmg tron (O;) ndi tiép trong tam giac ACD. Puong trd (O) tiép
xtic voi 2 canh OB va OD cuia tam giac OBD va tiép xtic trong voi (udng tron
(O). Dudmg tron (Os) tiép xiic véi 2 canh OB va OC cua tam giac O3C va tiép
xtic trong voi dudmg tron (O). Pudng tron (Oa) tiep xtc véi 2 tia CAva CD va
tiép xtic ngoai voi dudmg tron (Oy). Tinh ban kinh ctia céc duong won(O1), (O2),
(03), (04) theo R.

Pé s6 8
Bai I: (8 diém) Cho (P): y = %xz

Viét phuong trinh céc tiép tuyén cua (P), biét cac tiép tuyén 1ay di qua
didm A(2: V). Goi d la duong thing di qua diém A(2;1) va cohé s6 goc
m. Vi gid'tri ndo cia m thi duong thang d cét (P) tai hai dién phén biét
M va N, khi dé tim qui tich trung diém I cua doan thing MN thi m thay
d6i. Tim.qui tich cac didm M, tir do c6 thé ké dugc hai tiép tuyén cue
p;lrabol(P) va hai tiép tuyén nay vudng goc véi nhau.

Py
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, 2 7 fz - L
Bai 2: (4 diém) Giai hé phuong trinh: X"+y -xy=13
X+y+xy=-7

Bai 3: (8 diém) Cho nura duong tron duong kinh AB ¢6 dinh. C 1a mot diém
bat ki thudc nira duong tron. O phia ngoai tam gidc ABC vé cac hinh
vuong BCDE va ACFG. Goi Ax, By la cac tiép tuyén ctia nira dudng tron.
a. Ching minh rang khi C di chuyén trén ntra duong tron da cho thi

duong thang ED luén di qua mot diém cb dinh va duomg thing FG

lucn di qua diém ¢o dink khac.

b. Tim qui tich cac diém E va G khi C di chuyén trén nira duong tron da cho.
¢. Tim qui tich cac diém D va F khi C di chuyén trén ntra duong trong

da cho.
Hudng dan va dap sd
Pé s6 1
Dé thi hoc sinh giéi Iép 9 TP Ho Chi Minh nam hoc 2007-2008

s e —
Bail:a. A=(6m-3)°-8(-3m+1)=(6m-1)* = X1;2=6m B;Gm -

. 1
= X1=3m—1vax2=—_2-

1

3m-1<0 m<—

Dé hai nghiém phan biét déu am thi 1 o 3

3m-—-1#-—— 1

9 m;tg

b. Taco A =x?+x,” =(3m—1)2+i2%

A dat gi4 trj nhé nhét 3 -}}- khim = %

Bai2:a. Vaia, b, ¢, dla cac so duong, ta co:

a__ a _ b . b
a+b+c a+b+c+d b+c+d a+b+c+d
C c d d

> : >
c+d+a a+b+c+d d+a+b a+b+c+d
Cong bon bat dang thic trén ta duogc:
a b s d

j + + + .
a®*b+c b+c+d e+d+a d+a+b
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Ta lai co:
a a c c a c

< : < =% + <1
a+b+c a+c¢c c+d+a a+c a+b+c c+d+a

b b d d b d

< : < = +
b+c+d b+d d+a+b d+b b+c+d d+a+b
Tir d6 ta co BPCM.

b. Taco: Va-1 =J1.(a—1) <

3 |

1+a—1:3 (a b>1)
2 2

Suy ra bva-1 s% (1); Tuong tu: avb-1 s%t—) (2)

Cong (1) va (2) ta co PPCM.

Bai 3: Gia st n? +n+1 chia hét cho 9 thi ta c6:
n+n+1=k9(keN)en’+n+1-k9=0 (1)
A=1-4(1-k9)=36k-3=3(12k —1). Ta thdy A chia hét cho 3 va
khong chia hét cho 9 nén khéng 1a s6 chinh phuong. Do vy
phuong trinh (1) trén khéng thé cé nghiém nguyén.

Viy n®+n+1khéng chia hét cho 9 (DPCM).

Bai 4: a. Go1 M, la diem
d6i ximg ctia A qua tim A

O cuia dudng tron. fﬁ M

Ta ¢6 CM, // BH vi "<——" < N
cung vudng goc voi \V .
AC;BM, // CH vi cung

vuéng goéc véi AB.Vay ‘ \ 4
tit gidge BHCM, la mot N |

hinh binh hanh. Diém M

M, chinh la vi tri cia M
ma ta can xac dinh.

b. Tacd N va M ddi ximg qua AB nén: NHB + EHC = BAC

H 14 truc tim tam gidc ABC nén: AHB+ ACB =180"

Suy ra: ANB + AHB = 180°. T gidc AHBN ndi tiép duoc cho ta:
NHB = NAB. Ma NAB = MAB nén NHB=MAB (1)

Tuong tu ta cling co: EHC = MAC (2).

Cong (1) va (2) ta c6: NHB + EHC = BAC..

Ma ta lai ¢6: BAC + BHC = 180"

Nén: NHB + EHC + BHC =180°. Vay N, H, E thang hang,
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Bai 6: Dat Sgoc = X, Sron =Y
Sron  OD Scon B

, 1
S.uyra:—:E = ¥ =d0.
y 9

Talai co
Sapep =4+9+x+y213+2xy =13+2.6=25.

Dy ™= xay rakhi x=v=6.

Viy dién tich t gidc ABCD dat gia tri nho nhét 1a 25.

Pé sb 2
Dé thi hoc sinh giéi l6p 9 TP Hué nim hoc 2008-2009
Bai I1: Ta c6:
(a+bJ2_ab_a2+2ab+b2 _a’-2ab+b* (a-b)?
4

—ab

>0,Va,beR

. b’
Vay [a; ] >ab,Va,beR c>(a+b)224ab,Va,beR.

Déu dang thirc xay ra khia = b.
Bai 2: Ta co: (a+b+c)2 =[a+(b+c)2]24a(b+c)
Ma a+b+c=1(gia thiét). Nén 1>4a(b+c)< b+c>4a(b+c)*(via, b,
¢ khong am nén b + ¢ khong am). Nhung: (b + ¢)? > 4bc (khong 4m). Suy
ra b+c=16abc.
- . la=b+
Dau dang thirc xay ra khi: { C<‘:>b:c=—l1;;a=l.
=4
Bai 3: Tacoé: P =sin® o +cos® a = (sin® a)® + (cos® a)?
P =(sin? o + cos? ct)[sin4 o —sin” o cos® o + cos® a}
P =(sin® o + cos® ) —3sin® a.cos’ o =1 - 3sin® acos® a .
Ta co:
(sin® « + cos® a)? > 4sin? o cos® a
&> 12>4sin? acos’ a

& sinacos® a <

| e

Suy ra:
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Do do: P

min

= Zkhl va chi khi sin®a =cos”a < sina =cosa (v« la

sin o

goc nhon) & =lotga=1< o =45"

cosa

Bai 4:1a. Ta c6: BD = BF, CD = CE va AE = AF (tinh chit cta hzi tiép

tuyén cit nhau). Dod6: BC= x+y,AC=y+z, AB=x+2z

Theo dinh 1y Pytago BC? = AB® + AC? & (x +y)* = (x +2)° +(y +2)°
o 2xy =22(x +y) +22° & xy =z(x+y +2z) (a)

1b. Goi r la ban kinh, I 1 tim duong tron ndi tiép tam giac ABC.

Tach: Sype = -;—AB.AC = %BC.r + %CA.r + %AB.r =(x+y+2z)r (b

Tu giac AEIF ¢6 3 goc vudng nén la hinh chir nhat.

Nhung AE = AF (CM trén), nén AEIF 1a hinh vuong. Do dé: z = El =1 (¢).

Tt (a), (b), (c) suy ra AB.AC =2xy < AB.AC =2DB.DC.
2. Theo gia thiét AM = 2MC va AN = 2 NC suy ra:
ﬂ=_A_N:g:>MN//BC:>@:ﬂ:g.
AC AB 3 BC AC 3
Goi E la giao diém cua BM va CN. Theo
dinh ly Talet, ta c6: SNl el =E.
EB EC BC 3
Goi BK 1a duong cao ha tir B cua tam giac ABC, ta co:
1
EAC.BK AC

A
A

SABC

Seew lompBr M
g

=l ek Bs =88

S BE 3 5 5a’
Sue BM 5w =g =5 5
BMC
" 5a’
Vay S,zc S

Bai 5: TAm bia hinh chir nhat 1 x 5 c6 dién tich 1a -
5(dvdt). DBé cat hinh chit nhét thanh cac manh
rap thanh hinh vudéng thi canh cua hinh vudng
bang /5, bang do dai canh huyén cua tam
giac vudng cé hai canh goc vudng co kich
thuée 1a 1 va 2 ¢6 dién tich bang 1 (dvdt). PN
Do d6 néu cat hinh chit nhat 1 x 5 theo duong
chéo cua 2 hinh chir nhit AEFD va GBCH va
cat theo 2 duong EF va GH xong rap lai thi
duoc hinh vuéng MNPQ nhu hinh bén.
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Pé s6.3
Tuyén sinh l6p 10 Chuyén Lé Quy Pén Binh Dinh nim hoc 2009-2010
a b c

Bai [: Chimg minh 1 < + + <2 (voi a, b, ¢ la do dai ba canh
b+c c+a a+b

cua tam giac).

' , m m+k

[ach: —<
n n+k

That vay:

Me0<mn+k)<n(m+k)©0<mk<nk < 0<m<n(0<m,n,k)

Apdung: O<a<b+c= B g8
b+c a+b+c

O<b<c+a> b < 2D rleecas b= : < e

c+a a+b+c a+b a+b+c

, (vo10<m<m,vk>0)(1)

Cong vé theo vé cac bét dang thuc trén:
a b C 2(a+b+c)
+ + < =
b+c c+a a+b a+b+c
Ta chimg minh bat dang thire phu:

1 1 1
—+—+—|29(x,y,2>0
(x+y+z)(x+y+zJ (x,y,2>0)

Ta cb: (x+y+z)(1+l+l)=3+[£+z)+(1+3)+(5+£)29
X y 2 y X zZ y z X
Thay x=a+Db, y=b+c, z=c+avao (2):

1 1 1
2 b + + >9
(a+ +C)[a+b b+c c+a)

2 ()

< (a+b+c) L e —ae
a+b b+c c+a) 2

+1+
a+b b+c a+

o1+

b
OIS L . SRR, AR zg—3=%>1 (3)

a+b b+c a+b
T ) sy e P e S 2D
b+c c+a a+b
54 g 1 1 1
Bai 2: Phuong trinh + + =0 (1)

X-m X-n X-p

5
P
S g %, A o
‘& [
s 7

]
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Piéu kién xac dinh cua phuong trinh: x # m,n, p.

Bién d6i phuong trinh tuong duong:

() & (x=n)(x-p)+(x-m)(x-p)+(x-m)(x-n)=0
& 3x* -2x(m+n+p)+mn+np+mp=0

=(m+n+p)’° —3(mn +np + mp)

=m®+n*+p’-mn-np-mp = %[(m—n)2 +(n -p)? +(m—p)2]\O
(vim#n#p)
Vay phuong trinh (1) ludn co6 hai nghiém phan biét.
Bai 3: Ta c6 bat dang thie: 2n+1>2n(n +1)
& @2n+1)? >4n(n+1) < 4n* +4n+1>4n” + 4n: BDT dung
1

)
(2n +1)(¥n +Vn +1) ) 2(vn +vn + 1)yn(n + 1)

1| Vn+1-vn _1[1 1 } (1)
2l(n+1-n)yn(n+1) Jn Jn+1 .
Cho n lan luot lay cac gié’ tri tr 1 dén n, thay vao (1), rdi cong vé theo vé
cac bat dang thirc twong tng, ta dugc:
1 I

1
q =
) 3(1+J§)+5(J§+J§)+ +(2n+1)(JH+Jn+1)

Do do:

<l( LI + : : +..+ LI : ):1[1————1——)<l
2(J1 V2 V2 B Jn vn+1) 20 Jn+1) 2
Bii 4: a) Xét hai tam gidc ABD va AEC, ta c6: Ay = Az (AD la phan giac
goc A); ABD = AEC (goc nod1 tiép cung chan cung AC)
Do d6 AABD ~ AAEC (g.g)

Suvra 2D =28 o ADAE=ABAC
W SC AR

Mat khac AABD ~ ACED (g.g)

nén i DA = BD.DC=DA.DE
DE DC
Tiu d6: AB. AC-BD.DC

= AD.AE -DA.DE
= AD(AE - DE) = AD*
_Vagpf@d)2 =ABAC-DBDC (1)




b) Theo tinh chit duang phén gidc cua tam giac, ta co:
DB _DC o DB DC DB+DC BC a
AB AC ¢ b c+b  c+b c+b

DB D DC ( a ¥ ?
a2 D5 DRI f( : ] :DB.DC:[ba ].bc 2)

c b be b+c +c
Thay (2) vao (1), ta ¢6:

AD? = bc—( i JQ o= 1)({1 __a_J[l +._fﬂ‘_)

b+c b+c b+c

:bc-(b+c-a)(b+c+a)

(b + ¢)*
Viy AD:\/bc(b+c~a)(b+c+a)
b+c
e : 3 . 1 1
Bai 5: Trudoc hét, ta can chirng minh ——\/512 , VneN* (1).
g - RPN - o (1)
Vi Vn e N* nén bat dang thire (1) tuong duong véi:
(1)<::>\/§——1—2\/§_;\/5 (2). bat t=1(0<ts1), ta co:
n n n

(2) > (V3-V2)t +t-v2<0 (vt:0<t<1) (3)

Bién dbi twong duong:

OG> (B3 -V2)t2 - (V3 -/Dt+ (VB3 -Vt +t-2<0
& (B -V2)tt-1)+( 3 -V2+t-V2 <0 |
SHB-VDt-1D+ 3 -v2+Dt-(V3-v2+1)+V3-2V2+1<0
& W3-V2U(t-1)+ (V3 -V2+1)(t-1)+V3-2V2 +150
&3-2J2+1<0 (vi0<t<1nén t(t—1)<0)

oV3+1<2/2 > 4+23<82/3<4 e V3<23<4:Bit dé.ng

thirc diing. Do d6 bat déng thirc (2) diing.

1

Viln——\/éz——\@‘,VmeN*, nén |2 - 2| = L VYm,neN’
n n n n%(v/3 +v2)

i .
vay [2 - J2|> ,Vm,ne N

Nhan xg.t\:‘iDéu " =" trong bat dang thirc khong xay ra.
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Pésd4

Tuyén sinh lép 10 Chuyén Ha Nam nim hoc 2009-2010

b.

1-x#0 ’
Bai I: a. P xac dinh < 1-J§¢o@{X¢1
%% 0 x>0
2
Rﬁtgan:P:‘/’:(\/;+1)+(\/;-2) +3vVx - x
1-x 1_\/;

C.

_ Vx(x 1 +x—4\/;+4+3 X — X
(1 -vx)(1 +Vx) 1-vx

. Jx +—\/;+4_ 4

1-Vx) 1-Vx (1-vx)

_4
(L =infx) 1-JVx >0

P>0=>{x=1 S dy i S1>x20

xal x>0

Bai 2: Giai hé phuong trinh:

{(1+\/§)x+y=\/§c>{(3+2\/§)x:\/§+l

2+V2)x-y=1 (1+v2)x+y=+2
¢3{X=J§—l CD{X=J§-1
(1+\/§)(\/5—1)+y=\/§ y:\/§—1

Bai 3: a. Tim toa d giao diém cna dudng thing y = x + 6 va prabol

y = x” 12 nghiém cua phuong trinh: x> =x+6 hay x> —x-6=0.
Giai phuong trinh ta c6x, =-2; x, =3 suy ra tung do giao diém wrong
ing 1a y, =4; y, = 9nén toa do cic giao diém la: A(-2;4), sB(3;9)

D6 thi ham sb v = (m+1)x+2m+3 cit truc Oy tai cac diém

B(0; 2m+3) va cit truc Ox tai diém A[— il +13 ;OJ VOl m # -1,
m +
: 2m+ 3
bé AOAB can thi OA=OB<:>‘—2m+3 :2m+3<::>| = |=|2n+3|
m + 1 Im +1|

1) zmgs':o@m:-g khi d6 A =B =0 khong ton tai AOAB
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am+l=1om=0
by m+1=-1¢m=-2.Viym=0; m=-2 la gia tri can tim.
Bai 4: a. AH L BC(gt); HMA = HNA =90° (géc ndi tiép chan nira dudmg
tron). Ap dung hé thirc canh va duong cao trong tam giac vuong. Trong
AAHB va AAHC c¢6 AH® = AM.AB=AN.AC

Suy ra j:l\é[ - %ﬁ lai c6 goc A chung nén AACFB AAMN (c.g.c) .
b. I la trung diém ctia AH nén I la N

tam cua duong tron (AH) .

—=IM = [H; AHNC vudng tai N co
K 14 trung diém ctiia HC

= KH = KC=KN,

Lai ¢6 KI chung nén AKNI =AKHI(¢c.c.c)

M

B H K C

— KNI=KHI ma KHI=90"nén KNI=90"hay KN la tiép tuyén cua
duong tron (AH).

c. Trong tam giac AHC c¢6 KI la duong trung binh nén KI // AC ma
AC L AB = KI 1 AB; nén I la truc tam cua A KAB.

Bai 5: Theo bat dang thirc Bunhiacdpxki ta c6:

() ) (3 J )

2 2

1 1 1 1 1 49

2 i o, y+——.\/; [ +— +1) =—.

[\/lﬁx 4y\/— Jz } 4 2 16

49 .. 1 1 1 :
Viay P_. =— khi do x=——: y=—:\/-z_ va x+y+z=1
i 16 Vv16x 4y vy Jz
cxol g2t
7 YT T
%’ i;;
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Pésd 5
Bai 1: a. Bé phuong trinh 1 ¢6 2 nghiém duong phan biét, diéu kién can va du la:
(Rl m? >0

2 |m]<2
m° -2

>0 & |m|>\/§c>\/§<m<2

1S=m>0 m >0

{P=

b. Phuong trinh c6 2 nghiém phan biét
SA=4-m*>0-2<m<2(*)

b 5

X; + X, e (x, + xz)[(x1 +X,)° —3x1x2] =5

2 _ 3(m2 - 2)

< m|m =~5-<:>m3—6m+5:0
2 2

—1im\/§I

S (m-1)(m*+m-5)=0<m; =1 m,, =

2
. -1-421 -3+421 -1-+21
Taco: -2- = >0 X, =——— <2
2 2 2
x3=—1—+2@>0>—2 va 2-x, =5-221 >0 xy; <2

B SR gomios g E Ui LG S Xol . @ -1+
Vay c¢6 2 gia tri m thoa man diéu kién bai toan: m = 1; m =—12—2-1
c¢. Phuong trinh c6 hai nghiém khong am khi va chi khi:

(A'=4-m?>0 -

m? -2

{P= >0 V2 <m<2 (**)Hai nghiém nay khong thé dong thoi

S=m>0

bang 0, nén nghiém duong cia phuong trinh la:

_m+\f4—m2

X, = > >0. Suy ra
Xz_m2+2mxj4--m2 +4 - m? +4+2\/m2(4—m2)
2 = -

4 4

Theo bét ding thirc Cosi:

m? _+H(4—m2)2 2\/m2(4—m2) e 2\/;(4 it <4

_Sufraixix 2 < x, <V2.

2fzh P



Dau dang thirc xay rakhi m? =4-m? e m=2 ¢ [\[§2J

ay nghiém duong cia phuong trinh dat gid tri 1on nhit 1a V2 khi m = J2
Khi d6 2 nghi¢m cua phuong trinh la:

xlzu; x,,:m+ 4_mh:>0£xl£x2(\7’me[\/2;2])
. - 2
_ . 4x —-x* >0
Bai 2: \/x2—4x+3:4x—xzc>i X

,, . @
(X" —4x+3=(4x-x")
t=dx -%% >0
g 0<t<4
Sit=4-(x-2)' <4 & , (3)
5 t" +t-3=0
d=t=t
Giai phuongtrinhtheot,tacé:tl=i\/—ﬁ-<0(loai);t2=L;/—l_§>0
t2—4:\/€_9<0<:>t2<4.Suyranghiémcﬁa(3)lz‘it2
9-413
Giai phuong trinh 4x - x* =t, @ x* —4x+t, =0 & .
9-13
2
Viy phuong trinh da cho ¢ hai nghiém phan biét X9 =2% il ;/ﬁ
Bai 3:a. + Dat AM=x (0<x<c).
‘ . C—X\/§
Ta co: —Mﬁ:éM—QMN: 1x. MQ = BM.sin 60° =(——)-———.
BC AB

C

Suy ra dién tich cia MNPQ la:

5-2X(0)V8 a3
2c 2c

>ab

+ Ta ¢6 bt ding thirc 2P

‘60 \
B

Q P :

2
@abﬁ(a;b) (a>0,b>0)
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. o 2
Ap dung ta co: x(c—x)s(x+; x) ==

Déu dang thire xay ra khi x =c - x < x :g-.

8
Suy ra Sgaﬁ.c—:acﬁ.

2c 4 8

acf

Viy S khi x =— hay M la trung

max

t\.)ln

diém cua canh AC.

Gia sir da dung duoc hinh vuong EFGH noi
tiép trong tam giac ABC. Nbi BF, trén doan BF lay diém F*.

Dung hinh chir nhat E'F’G’H’ (E’€ AB; G’. sH™ € BC).

Tac6: E'FY//EF va F°G’ /f FG nén L BE'_BF_F&

EF BE BF FG

= E'F'=F'G'. Do do E’F’G’H" la hinh vudéng.

+ Cach dung va chung minh: trén canh AB lay diém E’ tay y, ding hinh
vudng E'F°'G’H’ (G’, H’ € BC). Dung tia BI cit AC tai F, ding hinh
chit nhat EFGH ndi tiép tam giac ABC. Chirng minh tuong tur tren ta ¢6
EF = FG, suy ra EFGH la hinh vuong.

+ Ta cé: Ll :cotgﬁ()o:—l—
H' J3
____ BG' BH+H'G' BH' 1
teG'BC = = -- FW [Py
S Fa  F'G  EH NG

Suy ra tia BF* cé dinh khi E* di dong trén AB, cit AC tai motdiém F
duy nhat.

Truong hop hinh vudng E'F'G’H’ ¢6 dinh F” ¢ trén canh AC;G'vaH o
trén canh BC, ly ludn tuong tu ta ciing co tia CE’ c¢d dinh, cat A3 tai E.
Viy bai toan ¢ mot nghiém hinh duy nhit.

+ Dt AE =x. Tacéd:

= 3
L — EF =— HE:(c—x)sinB:(—C——x)—\/—_;
BC AB c 2
== \/g ‘,:{ .‘[l;—
EFGH la hinh vuéng nén EF = EH < L (—C——x)—-—— ox=— 5,_
C 2 2a +cv3
Q22
Suy ra dién tich hinh vuong EFGH la: S = EF* = ———3—1—(~—; :
(Za + (:\/g)



Pé sd 6
Bai I:a. D¢ A c6 nghia trude hét x > 0. Dat t=vx (x>0)
P —4t? —t+4 (t° —1)(t - 4)
2" —14t* + 28t -16  2t* -2t — (12t — 28t + 16)
_ [t=1010 Dk =5
T 20t -1)(t - 2)(t - 4)
B¢ biéu thic A ¢6 nghia thi
t20, t#1; t£2, t£4ox20; x#1; x#4d: x216

Khi dé rat gon ta duge A =- ks -:-l/;J'—l
2(t-2) 2(Jx-2)

t+1  (t-2)+3 1 3
2(t-2)  2(t-2) 2 2(t-2)
Pé A 1a sb nguyén thi X nguyén va t— 2 phai bing +1 hodc +3.
Néu t-2=-1 < t=I(loai vi trai diéu kién (*))
Néut-2=-3 & t =—1( loai)
Néut-2=1 < t=3 &x=9viA=2
Néut-2=3 <t=5 ox=25vaA=l
Viy dé A nhan céc gia tri nguyén thi x =9 va x = 25.
Bai 2: a. Dé phuong trinh: x* — 2mx + m? —m - 6 = 0 ¢6 hai nghiém thi:
A'=m’-(m*-m-6)=m+620m=2-6 (1)
Véi diéu kién (1) ta ¢6:

2 2 2
X X 18 X, +X 18 X, +X,)° —2x.x 18

b. A=

X, Xx; 17 ) % A 7 X, X,

- 4m* —fz2m2 —m-6) :}_Eid ml2 +m+6 =1§(m¢2;m¢—3)
m°-m-6 7 m’-m-6 7
& m”"-8m-48=0<m, =4, m, =12 (thoa man didu kién (1) va déu
khac -2 va khac 3). |
b. V&i dicu kién (1): |x,| +[x,| =8 (x, +x,)?
& X; + X5 + 2|, %,| = 64 & (x, +%,)? - 2x,%, + 2|%,%,| =64 * (2)
m > -6
m’ -m-6=(m+2)(m-3)=0
<& —-6<m<-2 hodc m23 (3). Khidé (2)< (x, +x,)* =64

%@41112: 64 < m = +4 (thoa mén diéu kién (3)).

Néu x; va x; cung dau thi ¥,Xs 20 e {

Fais



+ Néu x; va x, trai dau thi x,x,<0
oml-m-6=(m+2)(m-3)<0=-2<m<3 (4)
Khido Q)& (x, + x2)2 -4x,x, =64 & 4m? —4(m* —m - 6) =
& m+6=16 < m =10 (khong thoa man diéu kién (4))
Vay dé |x,|+[x,| =8 thi m=+4.
Bai 3: a. Taco:
0 <|ab + cd| < /(a® + ¢*)(b* +d?) & (ab+ cd)’ < (a® + ¢*)(b* - d*)
& a?b? +c2d? + 2abed < a®b? +a%d® + b’c® + c?d?.
& (ad)? + (be)? - 2(ad)(be) = 0 <> (ad —be)® >0 ding voi 4 sC thuce a,
b, ¢, d bat ki.
Vay 0<|ab+cd| < (a® +c*)(b* +d?), véia, b, c,dbatki.

b. Ap dung két qua trén ta co6: P =3sino + J3cosa >0

NénP =3sina + J3cosa < \/(32 +\/§2)(sin2 a +cos® o) = 98

sinot 3

cos o fa
<:>tgoc=\/.§c>a:6)0

Bai 4: a. Ta co: tam giac ACD can tai A (gt) nén BAC = 2ADC (BTC la goc
ngoai cua tam giac ACD). =

—ZJ_ khlBCOaa\f \/§SIHOL Oéb

max

+ Goi I 1a trung diém cua BC, ta co 3 £ /
MI // BD (dudng trung binh cua tam giac BCD), - =<y
- /S AX
nén: IMC = BDC == BAC e
2 .

£ iﬁ()‘c :% (o« - BOCkhong ddi) ° l

+ Do dé: M chay trén cung tron nhin doan IC
dudi goc % khong doi.

+ Dung tia OI cat duong tron (O) tai N, ta co: \

@:%Eﬂ::ﬁ)‘czlﬁc AN

+ Dumg tia In’//BN, dtm;: dudng thing qua I va
vudng goc voi In’ cit trung true doan IC tai Oy.
Pudng tron tam O, va di qua C la duong can dung.
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+ Khi A chay trén cung 16n BC tdi trang véi A thi D trung vai Dy trén

ticp tuyén Bt cua (O) va BD, = BC, khi do M tring vai M 1a trung diém

cua CD,.

Viy M chi di chuyén trén cung lon CM, cua

dudmg tron (O3). /p\
b. Goi hla khoang cach tir K dén AB, ta co: L

\,\' \\
% ™

AEx D PTG
DaakE _ 2 _AE o AE o Z ?:E)%\\

*“ABKE BEX l} : BE BE 2

-

<

S..re 1
FSuy ra M - & S.mmﬁ =25 \AcE (1)
ABCE

+ Tuong tu: ggwx = ﬁfg
ACKM  *

Bt D i =8 e EES

=1 S,mk = Sackm

(1) & 20 4+ Bgax :2(1O+2x)¢:>10+2x:25<:>x=1—25—

Do d6 S, spc = Spaks + Sapck + Saake =10+20+30 + 2x = 75.
Bai 5. a. Dén + 18 van —41 1a hai s6 chinh phuong
on+18=p° van-41=q°(p, qeN)
=>p’-q*=(n+18)-(n-41)=59 < (p-q)(p+q) =59
Nhung 59 la s6 nguyén t nén: {p =l = {p el
p+q=>59 d=29
Tt n+18 =p* =30* =900 suy ra n = 882
Thay vao n — 41, ta duoc 882 — 41=841=29°= ¢
Vay v&in = 882 thin + 18 van— 41 1a hai sb chinh phuong
b. + Doc theo chiéu ngang sat sat canh trén ctia bang 5x5 ¢6 3 ving 3x3 & 3
vi triA,B,C,D,, A,B,C,D,, A,B,C,D,. Dich chuyén xudng theo chiéu
doc 16, ta ¢6 thém 3 viing 3x3. Dich chuyén xudng theo chiéu doc 1 6
nira ta ¢6 3 vong 3x3. Do d6 ¢6 9 viing con 3x3 cuia bang 5x5, mdi viing
con déu chira 5 6 vudng con 1x1 thude hinh chit thap da t6 mau.
+ Néu chi quét son nhu hinh v& bén thi mdi ving con 3x3 déu chira 4
hodc 5 0 1x1 duoc quét son.
Vay dé mdi viing con 3x3 cua bang 5x5 chua it nhit 4 6 1x1 duoc quét
son thi ¢hi can quét s6 6 nho nhat 1a 7 6 nhu hinh vé bén.
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Pésd7

. X BB ux cin. s 14+3=
Biil:a.| " Y pidukien dé he ob nghigm s 4F T
v +3=dx v' +3=4x
4 4
N p— , 3=4 3=
Vai dieu kién (*) ta co: I Y B gy (a)
y' +3=4x x'-y'+4(x-y)=0 (b

(b) & (x-P[(x+Y)(x* +y*)+4]=0x-y=0x=y
(Vi x,y2%>0 nén (x+y)x*+y*)+4>0)

Thay vao (a): x'+3=dy o x'-4x+3=0x"-1-4(x-1) =

SE-DE +x2+x-3) =0 (x-1)*(x*+2x+3)=0=x=1
Vix?+2x+3=(x+1)>+22>0. So véi diéu kién (*), tacé: x=y-=1 >-§

g =1
Vay hé phuong trinh c6 nghiém duy nhat: {x i
y =
1.2 Diéu kién: a # -b; b # —; ¢ # —a, ta co:
a2 b2 c?. b2 c2 3.2
+ '—-( + + J

+
a+b, b+c c+a a+b b+c c+a

a2 -p? b%2-c2 c?-a’
= + 4

=(a-b)+(b-c)+(c—-a)=0

a+b b+c c+a
a’ b? c? b ¢’ a’
Suy ra + + = + +
a+b b+c c¢c+a a+b b+c c+a
2a2c? + 2a%b? + 2¢%b? — 2(a4 B+ c)4
= =)
2(a+b)(b+c)(c+a)
. 214—2a2c2+c4+a4—2azb2+b4+b2~-2b2c2+cz_0
2(a+b)(b+c)(c+a) '
a?=h? =
= (a2 —b2)2 + (b2 —c?) +(c? -a?) =0 {b® -’ =
&b

oa’=b?=¢? C>|a|=|b|:|cl

pBC



Bai 2: a. Theo gia thi¢t dién tich hinh vuéng c6 dang S =abbb =k®
(k~0, keZ)1000 < k?® <9999 <> 33 <k <99 nén k chi gém c6 2 chir

S0 k:;(;zl()x by, k% =100x% + 20xy +y? (3<x<9;0<y<9).

Néuyle =y=1:3;5:7;8 >y*=1; 9; 25; 49; 81=b=1; 5; 9. Khi
do 2xy ¢6 chir s6 tin cung 1a sd chin nén chir s6 hang chuc cua k? phai 1a
s chan khac 1: 5; 9, do d6 S k thé la abbb
Néuy chin =y =0;2;4;6;8
=y°=10; 4; 16; 36; 64=>b=0; 4; 6.
Véi y = 0; k? chi c6 thé 1a 1600:; 2500; 3600; 4900, 6400; 8100 khong
thoa man diéu kién bai toan.
Véiy =2; k* =100x* + 40x + 4; Khi d6 x chi c6 thé 1a 6 thi chir s6 hang
chuc cua k? mai 1a 4. Suy ra k*= 3600 + 244 = 3844 # abbb
Voiy=4;6 y2 =16; 36. Khi d6 20xy c6 chir s6 hing chuc 1a s6 chin nén chir
s6 hang chuc cua k* phia 1a s6 1é. Do d6 khong thé bang 4 hoic 6, nghia la
k* # abbb
Voiy =8; yzz 64: k% =100x* + 160x + 64, khi d6 x chi c6 thé 14 3 hoic
8 thi chit s hang chuc cua k® mai bang 4 suy ra k> = 38 = 1444 hoic
k? = 88% = 7744 (khong thoa man diéu kién bai toan).
Vay bai toan c6 mot 161 gia duy nhat: hinh vuéng can xac dinh c6 canh k = 38
vadién tich S = 1444,

b. Theo gia thiét, cha cuia A c6 thé 1a B hoic C:
+ Néu B 1a cha ciia A thi C khong thé song sinh véi A, vi néu nhu thé thi
C 14 con cua B, trai gia thiét. Do d6 C va B la song sinh va khéc gidi tinh
(gt), nén C la phai nir. Mat khac, con géi ciia B khong the 1a C nén phai
1a A, do d6 A phai la phai nir. Vay B khéc gidi tinh véi hai ngudi con lai
la AvaC.
+ Néu C 1 cha ctia A thi C chi c6 thé 1a song sinh véi B, theo gia thiét B phai
la nit. Mat khéc, con gai cua B khong thé 1a C (gt) nén phai la A, suy ra C va
B 1 vo chdng chir khdng phai song sinh, din dén mau thuan . Vay chi c6
duy nhét truong hop B la cha clia A va B khac gidi tinh v6i hai nguoi con lai
la A va C{e¢ung la phai ni).

"é%‘;%aszw .
yome
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Bai3: + Goi r 1a do dai ban kinh duong tron (O)). Ta co: S

aacp ~— Pr

< R? :E(ZAC+CD)r

<:>R2=R(\/§+l)r<:>r:

R
1+ \/—2_
+ Puong tron (O,) tiép Xuc voi
OB va OD nén tam O;_ O trén tia
phan giac cua goc BOD, (02) lai
tlep xuc trong vor (O) nén t:ep
diém T cua chung & trén duong

thang noi 2 tim O va O,, chinh la » 3'77
giao diém cua tia phan giac BOD P
voi (O). a

+ Duong théqg di qua T vudng goc véi OT cit 2 tia OB va OD tai B’ va
D’ 1a tiép tuyén chung cua (O) va (0,). Do do (0,) la duong tron noi tiép
AOB'DY, '
+ AOB’D’ ¢6 phan giac O vira la duong cao nén no la tam giac vudng
canva B'D'=20T =R, OB'=0D'=RV2. Suy ra: ABO’D’ = AACD.

. R
+ Vay ban kinh cua (O») cing bang r = .
1y (O2) cting bang -
+ Hai hinh quat OBC va OBD d61 xtrng vé1 nhau qua AB nén (O3)
R
1+ \/5 ‘

+ PBuong tron (O4) ¢6 hai truong hop

cling bang r =

a. Truong hop 1: (O4) 6 bén trai (O))
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Ke tiép tuyen chung cua (Oy4) va (O)) tai tiép diém K cat AC va AD tai E va
F; CO va CA con la 2 tiép tuyén cuia (O3) nén chu vi ciia VCEF bang 2CO

suy ra nira chu vicuano lap=R.

R - Ry4 + 242

Taceh: CO =
1+\/—
CK =CO, ~0 K = & 4+2J2 R _R(+2V2-1)
1+42 1+2 1++/2
KF _0,0 N _ RG4+242 -1)
—— =l —t22°30' = — KF
KC CO 1+/2 (1 +2)
Syopp = CK KF - RO + 292 =17
VCEF (1+\/——) A



—=
Suy ra ban kinh cua duong tron (Oy) la: r, = Lt ? ! 2\}/—_2),3_ D
1+2)

b. Truwong hop 2: (O°4) o bén phai (0))
Khi d6 K 1a tiép di¢m cua 2 duong tron, tiép tuyén chung cit CA va CD

tai 11 va F*, CD tiép xtc vai (0°4) tai H. S
CK'=CO, + O,K' / %
R\/_+ 2\/_ R B R(\/4+2\/§ +1) / _ /7](4 /
1+V2 1442 142 X -
/f | %

F'H=K'F'=CK"tg22" 30"

. I
_ R(f+ 2\/5 +1) l\m/y
(1+2)

CK'_CO _ op _CK'.CO _R(4+2V2 +1)V4+2/2

/’

CF' CO CcO (1+J_)2
CH o RGJA+2J2 + 14+ 242 R(\/4+2\/§ it}
=CF'+F'H=
(1+2)* (1+2)?

CH_R(\/4+2f iy
(1+\/—) .

Suy ra ban kinh cua duong tron (0’4) la:

2
. —0'H = CHtgga'30' - R4+ 2V2 + 1"
(1++/2)°

bé s6 8
Bail:a. Phuong trinh duong thang d; di qua A(2;1)cé dang:y =ax+b va
1=2a+b Suyrab=1-2a dodd d,:y=ax=2a+1

Phuong trinh cho hoanh dé giao diém cua d, va (P) la:

%xz=ax—2a—1<:>x2—33x+6a—3:0.

Dé d, la tiép tuyén cua (P) thi can va du la:

5=2

A'=A=9a’-24a+12=0< D)
a=—
3

Va) tuA(Z1)coha1txeptuyenden(P)1ad y=2x=-3;d, gx—%
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b. Phuong trinh duong thiang d di qua A(2;1) ¢6 hé sé goc m la:

y=mx+1-2m.
Phuong trinh hoanh d¢ giao diém cua d va (P) la:

%xz:mx—2m+1c>x2—3mx+6m—3:0 (2).
Dé d cit (P) tai 2 diém phan biét thi cAn va du la:
A=9m2—24m+12>0<:>9(m2—§m+—§~J>0

i 4
T B —
meg
4 2
2 = 5 3
4)" 4 2 |l 373 |m<=
<> ——| —=>0om-——|>—| =5 ("}
3 3 4
m< — ms>2
3
4
4 2
|3 3

Véi diéu kién (*), d cét (P) tai diém 2 didm M va N ¢6 hoanh d6 1a x; va

X2 la nghiém cua phuong trinh (2) nén toa do trung diém I cia MN la:

X, +X, 3m m=2—x(g§<g;£>2c>x<l;x>3)
== = 3 3 3 3
2 2 &
y=mx+1-2m y=~2—x2—f—1—x+1
3 3

Vay khi M thay d6i qui tich ctia I 1 phan cua parabol

Y=§X2—§—x+1, gioi han boix<1; x> 3.

c. Goi My(x,;¥,)1a diém tir d6 c6 thé vé& 2 tiép tuyén vudng goc dén (P).

Phuong trinh duong thang qua My va c6 hé sb goc k la:y = kx + b, duong
thang nay di qua M, nén: ¥, = kx, +b < b=y, + kx, suy ra phuong trinh
ciad': y = kx -kx, +y, . Phuong trinh cho hoanh d6 giao diém cia d va
(P) la: %xz —kx -k, +y, & x? —3kx+3kx, 3y, =0 (*¥)

Dé tir My ¢6 thé ke hai tiép tuyén vudng goc téi (P) thi phuong trinh:

A =9k® —12kx, + 12y, = 0 c6 hai nghiém phan biét k,,k, va k k, = -1

12
@i:—lcy(, :_Z

Viy quy tich cac diém M tir d6 ¢6 thé vé duoc 2 tiép tuyén vudng goc
: 3

v6i(P) la duong thiang y, = -

2425 °



X +¥ —xy=10 [(,\' Fy) =3xy =19
g 4

Bai 2: I

ly, Fy +xv - =7 ‘ ]\ -y by =]
J»S‘f ~3P =10 B=x4y3)

o _ J (1)
]S +P=-7 (P =xy

(3141 h¢ phuong trinh (1) ta dugc (S=-1; P=-6), (S -2: > - -5).
(riai cac he phuong trinh tich. (ong: jx Vet ,“] va Pk ==
i T |xXy =-6 17’(." 25 el
Taco cac nghiém cua he phuong trinh da cho la.
{x =-3 [x=2 Ix S _lx = -1+ 6
\y=2 }\\ - '3.}\' -1+ \/() ly =-1 -
Bai 3: a. Goi K 1a giao di¢m cua Ax va GIF, I 1a giao diém cua By va 1:D.
Ta c6: BEI = BCA = 90"
[BI = CBA (goc ¢o cac canh tuong tng vuong goc)
BE=EC
Do d6: ABEI = ABCA = Bl = BAma By
¢o dinh Suy ra di¢m 1 ¢6 dinh.
+ Tuong tu, K ¢6 dinh
+ Vay khi C di chuyén trén nira duomg tron thi duong thang ED di qua di¢m |

cO dinh va duong thang GI di qua diém K ¢o dinh.
N

\

b. Suy ra qui tich cua i la nura duong tron duong kinh
Bl(bénphaiBy, C=A > E=1C=B=>E=B;
qui tich cua K 1a mra duong tron duong kinh AK
(bentrai Ax, C=A G =A,C=B=>G=K).

¢. Xéthai tam giac BEI va BDK. ta co:

BE BI 1

BD BK 2
EBI + IBD = KBD + IBD = 45"
> EBI = @‘U
Do d6: ABEI = ABDK = BDK = BEI = 90°

+ Vay qui tich cua D la nira duong tron duong kinh BK.
+ Tuong tu, qui tich cua F 1a nira duong tron duong tron duong kinh Al

.............................
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