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GIOI THIEU CHUNG

Xin tran 'rong gioi thiéu téi ban doc cuén sach:

CAC DANG TOAN BIEN HINH 9 - TAP 1

Cubn sach bao gém 2 phan voi 4 chuong:

PHAN DAI SO
Chuong | - CAN BAC HAI - CAN BAC BA
Chuong Il - HAM SO BAC NHAT

PHAN HINH HOC
Chuong | - HE THU'C LUQNG TRONG TAM GIAC VUONG
Chuong Il - DPUPONG TRON

O mdj chuong chira dung cac bai hoc (chu dé 1, chd dé 2, ...) theo ndi dung
chuong trirh cua sach giao khoa maoi.
Méi bai Jéu duoc chia thanh 4 muc:

A.
B.

C.
D.

Tom tat li thuyét: Trinh bay cd trét tw ndi dung kién thiee lién quan.

Phuong phap giai toan (hodc cac vi dy mau)

Gon céc vi du duoc tuyén chon cé chon loc nhdm gitp hoan thién kién thic co
banva nang cao ki nang giai Toan.

Baitap luyén tap

Hwong dén - Dap sé

Nhw var, & méi bai:

1.

2

3

4

Vigivic trinh bay myc tém tat Ii thuyét, sé giup céc em hoc sinh hiéu réng cén
pha nam virng nhirng ndi dung gi? .
Tiép do, téi muc phuong phap gidi toan, sé gidp céc em hoc sinh hoan thién kién
thiw.

D3¢ biét la ndi dung cua céc chu y, nhdn xét va yéu cau sau méi vi duy sé
gitf cac em hoc sinh cung cé nhing thiét sét va cach nhin nhan, danh gia cac
vandeé dat ra.

Ngeai ra, con cé rat nhiéu vi dy duoc gidi bng nhiéu cach khac nhau sé gidp
cac hoc sinh trér nén linh hoat trong viéc lira chon phuwong phap giai.

Cubi cing, cho du da rat cb géng, nhung that kh6 trénh khoi nhiing thiéu sot bdi
nhing hiée biét va kinh nghiém con han ché, rdt mong nhan dugc nhikng y kién déng
goép quy bzu cua ban doc gan xa.

Moi y kén déng gép xin lién hé téi:

- Trung tam Sach giao duc Anpha

225C Nguyén Tri Phuong, P.9, Q.5, Tp. HCM.

- Cong ti Sach - thiét bi gidao duc ANPHA

5C Nguyén V&n Sang, Quan Tan Phu, TP.HCM
D™ 08.62676463, 38547464, ‘

Enail: alphabookcenter@yahoo.com

Xi1 tran trong cam on!



PHAN DAI SO
CHUONG I - CAN BAC HAI, CAN BAC BA
CRUBEL e~ TBAC HAT
A. TOM TAT Li THUYET

o

1. CANBACHAICUAMOTSO e e g
Dinh nghia: Can bdc hai s6 hoc cﬁa mdt sJ a 2 0 Id m¢t sé' x khéng dm ma
binh phuong cua né bang a. KI hleu\r RN 0 e i o i

TdngquéttrenR 1 g AR
1. M01s0dum15a>006halcanbachall&ha1 sOdGmhan
o Ja>0 g0i 12 cin bac hal 56 hoc hay con goi 1a cin b@c hal duong

cua a.
~vJa <0 goi 1A can bAc hai Am cﬁa a.

2. S60cécan bac haiduynhdt1a0.

3. SﬁamkhOngcécﬁnbaChal F

2. SO SANH CAC CAN BAC HAI S6 HOC.

Dinh lf: V6i hai s6 a, blchﬁngﬂm taco: a<b¢:>af-< J_

B. PHUONG PHAP GIAI TOAN

Vidulz Tinh V16, 1,44 \/(-8)% .
& Gidi
Tacé ngay: V16 =4vi4>0vad=16.
J144 =1,2vi1,2>0va (1,2)* = 1,44,

J=8)? =64 =8vi8>0va8 =64
@ Chit y: R4t nhibu hoc sinh nhdm 14n cong thic:
\[8—2 = a, d4n tdi cho ring W =
CAn chi y réng: Va? = |a], do d6 m =|-8|=




Yidw 22 Tinh gid tri cia cdc biéu thic sau:

2 1
. Joi6 1/-—. b. 1*3—— 036 .
° V25 16
&S Gidi

a. Tacé: /0,16 J = 0,32 +1’ =04+ % % %:%_
3
b. Tacé: 3—-\/03 -1’ ~J06? =~ -2 = - 22

20
Yidw 3z Trong cdc sé \/ (=3)? , ‘J_ , = \/(—3) , — \/_- s6 nao la cdan
bdc hai s6 hoc cua 9.
& Gidi
Cic s6 4/(=3)? , ¥/3? 1 can bAc hai s6 hoc cita 9 bdi vi:

J9 = J(-3)F =3>0va 9 =437 =3>0.
Yidw 4z Timx, biét:
1

16
a. x’=—. b. (x—1)=-—.
9 ( ) 9

&S Gidi
4 4

2
a. TacH:x’=—=|t—| &x=+—.
3 3

4
Véy, tap hop nghiém cia phuong trinh 1a S = {g— - —5} :

2
b. TaCé:(X-1)2=l= B @x—l=il¢:>x=ihoécx=;—
9 3 3 3 3

Vay, tap hop nghiém cua phuong trinh 1a S = {—;— %} .

@ Nhdn xét: Nhu vay, thbng qua vi du trén ching ta da lam quen du’gc
vdi viéc sit dung khai niém cin bac hai dé tim nghiém cua
phuong trinh. Tuy nhnén, ching ta mdi chi bdt ddu véi
phuong trinh dang x* = a” hodc cdn bién d6i doi chut dé co
dugc dang nay hoic sit dung hing ding thitc, cu thé:

x2=E <:>x2—-1—6—-0 x-—i)(:ﬁ(+i =0 C>x=ii.
9 9 3 3 3

Vi du ti€p theo sé nang murc tiép can cho chung ta.

ﬂﬁ RN ——



- Yidw 3z Timx, biét.
a. x2=4-243. b. (2x — 1 =]1 - 2x|.
&5 Gidi
a. Ta bién d6i phuong trinh:
x’=4-243 23243 +1=(37-243 +1=(/3 - 1)
¢:>x=i(\/§—l)<:>x=\f§—lhoacx=]—\6.
Vay, tap hop nghiém cua phuong trinh 1a S ={ o ~ 1T~ o3 1
b. Nhan xét rang (2x — 1)’ = |1 — 2x[’, do d6 phuong trinh duoc viét dudi dang:
11 =2x=]1-2x| < |1 =2x|(|]1 =2x|-=1)=0
1-2x=0 x=1/2
S |(1-2x=1 & |x=0
1-2x =-1 x =1

1-2x|=0
I1-2x|=1
. 1
Vay, tap hop nghiém cua phuong trinh la S ={0; 3 1)
@ Chii y: Chingta dabiétring: a?>0vab’>0=a’+b*>0
diéu d6 cho thdy:a’+ b’=0«>a=0vab=0
d6 chinh la két qua dugc su dung trong cau b).
Yidp 8 So sdnh cdc sé6x =4 \6 vay=3 \/Z "
£S5 Gidi
Ta c6: x*=(4+/3)=16.3=48 va y*=(3/4)*=9.4 = 36.
Nhan thay x*> y* ma x va y duong nén x > y.
@ Nhin xét: DE so sanh hai s6, nhiéu khi ta cin so sanh binh phuong cta
chung. Khi d6, can luu y:

a
a2=b2<:>|a|=|h|c:>[

a’>b* < |a|>|b).
Cac két qua trén sé cho phép ching ta tim dudc nghiém cta

bt phuong trinh.
Yidp 72 Tim gid tri cua X, biét:
a4 x°<28 b. xX*+2x-3>0.

& Gidi
Ta biét voia>0thi: x’>a’ < |x|>a va x’<a’ < |x|<a.
a. Ta:é:gf”?ZS=52<::>|x|<5<:>—5<x<5.

>
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b. Tabiéndbi: x*+2x-3>0&x*+2x + 1 >4 < (x + 1)2 > 2?
Xx+1>2 x>1
= = :
x+1<=2 X <=3
P Cha y: Cac em hoc sinh cin than trong khi giai dang bai nay vi c6 thé
mic phai sai Idm d4n dén lam mAt nghiém x* > 4> < x >4
hodc thita nghiém x? < 5* & x <5.
Yidwp & Tim gid tri cua x, biét:
a. x*+2x-3>0. b. 4x*-4x <8.
&S Gidi
a. Ta bién déi:
X*+2x=-3>00x+2x+1>4 o (x+1)2>2?

x+1>2 x>1
b & )
Xx+1<=-2 X <-3
b. Ta bién déi:

4’ —4x <10 =24x* —4x + 1 <9 (2x - 1)< 3?
o-3<2%xX-1<3e-1<x<2.

P Chu y: Tir dinh nghia vé cin bac hai, ching ta c6 md rong:

B=20
JK=B<:> 5
A=B
VA =JB = A=B20.
Két qua trén s& dugc st dung nhiéu trong bai toan gidi phuong
trinh.
Yidy 8 Giai cic phuong trinh sau:
a. Jx-1=3. b. Vx*=3x+2 =2x2 =3x +1.
£ Gidi

a. Bién déi tuong duong phuong trinh vé dang:

(Vx-1)1=3*=x-1=9ox=10.
Vay, phuong trinh c¢6 nghiém x = 10.
b. Bién ddi tuong duong phuong trinh vé dang:

x2=3x+220

x’=3x+2=2x*-3x+120
x?=3x+2=2x?-3x+1

x2-3x+220 x2-3x+220
& & e = *1.

x =1
Vay, phuong trinh c6 hai nghiém x = 1.

aBC ——
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C. BAITAP LUYEN TAP
Bai I: Thuc hién phép tinh:

e 3 2
g (=5 |==1: b. (=0,25°:|—]|.
-8 -] (~0.257 555]

Bai 2: Tim x, hiét:
a. x'=09. g 4x-’+1=8—2\/(_3-
b. x"=(-2). d x*41=6-2J6.

Bai 3: So sanh cdc cap so sau:

a. 0,3va0,2(5) 6. 2443 vi32.

’l fl
b 4. |— vai2.l— (2 . ’2
d 6. ]—vaT. |—

Bai 4: Chung minh cac bat phuong trinh sau nghiém ding véi moi x

i. X041 22%. c. x(x}*-1)2x*-1.

b. 2x°+2x—-12> —15. d. 9x*+ 6ax+a’+8 >0, a la hing s6.
Bai 5: Tim gid tri cha x biét:

a X 225:%% «25; c. x’=1<9;

b. x*+2x—=520; d. x*+6ax +9a’ —4 >0, a 12 hing s6.

Bai6: Tim gid tri nhé nhat ciia biéu thitc: A =8 + Vx* +3x—4 .
Bai 7: Tim gia tri 16n nhat cia biéu thic: A= 11 — Vx* +7x +6..
Bai 8: Tim gia tri nho nhét cua biéu thic:
a. A=5+Jx'-3x49. c. C=x'-7x+6-25.
b. B= Jx’—Tx+5. d D=x'-6x+11.
Bai 9: Tim gia tri 16n nhat cta biéu thiic:
a. A=15—~x'—4x+13. c. C=12-+x’=2x+]

b. B=-3x"+6x - 15. d D=17+10x —x*.
Bai 10: Giai cac phuong trinh sau:

a VIx=1 =1. R - GO, e

b. \/E—S_ =X+ 1.

D. HUGNG DAN - PAP SO
625
9

Bail: a. 49. b.

Bai 2:
a. Tacox—9 +3)’eox = +3.
V4 ’ﬂﬁlyp nghiém cia phuong trinh laS = {3 ; - 3}.

PHDSI-T




b. Tacé: x’=(-2ox=%1-2l=
Vay, tap hop nghiém cua phuong trinh 1a S= {2 ; — 2}.
c. Tacé:

4x*+1=8-2V6 &> 2x)*=7-2J6 =6-2J6 +1=(/6 - 1)?

o 2=+ (/6 —l)@x:i%(\/g =1

vay,taphqpnghimmmumgmnhmh|-‘2-(JE ~1)i= (6 1)

d. Tacé:
X+1=6-2/6 =x2=5-2J6 =3-23.42 +2=(/3 -2 ¥
ox=t(3 -V2).
Vay, tap hop nghiém cua phuong trinh 12 S = (8 =23 243 ).
Bai 3:
a. 03>0,2(5).

2 2
b. Tacoé: 4\/I =l6l =8 va 2ﬁ =4.l=-i;
2 2 9 9
Nhan thay—<8 dod64\{7 J’

c. Tacé: (2y3)’=43=12va(3V/2)*=9.2=
Nhan thdy 12 < 18, do d6 23 <34/2.

2 2
d. Tacé: 6\]5 -362=E va 7J§ _492=%
7 7 7 6
Nhan oty 2827229 5 72 g qg,[2 <72
6 6 6

Bai 4:
a. Taco:x*+122x x> -x+120(x-120
Vay, bat phuong trinh cé nghiém ding véi moi x.
b. Tacé:
24+ 2x =12 =152+ 2x—1+1520
S+ 2x+142002(x*+x+7)20
& x4 2, lx+l +7- L 20<:>(x+l)2 + 21 >0
2" 4 4 2 4
Vay, bat phuong trinh cé nghiém ding véi moi x.
c. Tacé:
X(x-D2x'-1exx*-1D)-x*-1)20

S DX -1D)20x-1)220
“VayJbt phuong trinh c6 nghiém ding véi moi x.

ot 4 1
P

S
i¥
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d. Tacd 9x*+ 6ax+ a’+8>0 < 3x+a)’+8>0

Viy bét phuong trinh ¢6 nghiém ding véi moi x.
Bai 5:

" > -
a. Taed: x* 225¢ vax! <25 -5<x<5.
X <=5

Do ¢o, khong ton tai x.

b. Taco:

C+2X-5200xX+2x+1-620=(x+1)2-620
x+l>_'\/3 - szg—l
x+1£—\f6 xs—JE—l

c. Tacd:x’=1<9ex3<10e — /10 <x< 10 .
d. Ta6:
x*4 6ax+9a’ —=4>0 (x+ 32 —-4>0
X+3a>2 |:x>2-3a
=N

:::»(x+l)326<::-[

%<~2~3a

& (x+3a) >4
X+3a<-2

Bai6: Tacéd: Vx*+3x—-4 >20=>8+ Vx*+3x—-4 >8.

Vay, ta duoc A, s = 8, dat duoc khi:

3 5 %=1
Vx2+43x-4 =0 xX+3x-4=0

Xx=—4
Bai7: Taco: VX’ +7x+6 20=>—Vx>+7x+6 <0=>11-vx?>+7x+6 <1l
x=-1
Vay, By, = 11, dat duoc khi: Vx* +7x +6 =0<:>x’+7x+6=0<:>{ ’
X=-

Bai 8:

a Ta:b:x'—=3x+9>05+ Vx> -3x+9 >5

V&, A khong cé gia tri nho nhat.

b. Ta:0: Vx*=7x+5 20.

Vay, ta dugce A, g s = 0, dat duoge khi:

2z
x2—7x+5=0<:>x2—2.zx+£-—§' =O¢:>(x—£) =B o
2" 4 4 4 4
Y29 49 [ _2/29+49
4‘;’}2 29 N T 4
| X—=— =— < — .
L 4 4 __N29 49 | _-229+49
i 2 4 | 4

L S9-TI 11



c. Tacé: Vx*=7x+6 20> Vx*-7x+6 =252 =25

x=1
Vay, ta dugc A e = — 25, dat duoc khi: X’ = 7x +6=0 & [

X=6
d. Tacé: x?—6x+11=x2=23x+9+2=(x-3)*+222
Vay, ta dugc A, s = 2, dat duoc khi (x —3)’ =0 x = 3.
Bai 9:
a. Tacé: Vx> —4x+13 >O(dox2—4x+l3>0)c>15—m <0

Vay, A khéng c6 gia tri 16n nhat.
b. Tacé:

=3x2+6x—15==3(x>=-2x +3)
' ==3(x-12+3.2=-3x-1? +6<6
Vay, Bigmnat = 6, dat duoc khi: (x = 1)’ =0 x = 1.
c. Tacé: 12— Vx*-2x+1 <12.

Vay, G onat = 12, dat duoc khi: Vx> -2x+1 =0 x=1.
d Tacé: 17+ 10x—x*= —(x —5)*+48 <48
Vay, Dy s = 48, dat duroc khi: (x —5)* =0 x = 5.
Bai 10:
a. Bién ddi twong duong phuong trinh vé dang:
(V2x-1) =1’ 2x-1=12x=2ox=1.
Vay, phuong trinh ¢6 nghiém x = 1.
b. Bién déi twong duong phuong trinh vé dang:
{x+]20 {xz—l {xz—l
\ , &9, y = & x =2
X +5=(x+1) X +5=x"+2x+1 2x=4
Vay, phuong trinh c6 nghiém x = 2.
c. Bién d6i tuong duong phuong trinh vé dang:

x}-420 {x224
&S e x=2

2x =4

x1-4=x*-2x20
x:-4=x%-2x

Vay, phuong trinh c6 nghiém x = 2.

aBC ——



cHUBE2 XN THUC BAC HAI VA HANG PANG

THUC VA" =| Al
A. TOM TAT Li THUYET

1. DIEUKIENDE VA CONGHIA
* JA chi 6 nghia khi va chi khi A > 0.

2. HAhGDANGTHﬁCJA—‘ A 4 Sigh
et J—" | |_{An€uA20

P |=AnfuA<0’ e i S
B. PHUONG PHAP GIA] TOAN
Vindél: PHA DAUTRI TUYET DOI SR
Vidg ki Tinh|x - 1|.

&S Gid
, { x—1 néux-120 {x—lné’ule
Tach x = 1| = ) = . .
—(x=1)néux-1<0 |I1-x néux<l
Yidp & BO ddu gid tri tuyét déi va riit gon biéu thic:
C=x-1]+2x +2|+3.
&5 Gia
Nhas xétrang: x—1=0&x=1
x+2=0&x==-2
do dé, & bo duoc diu gia tri tuyét déi ciia C ta can xét cac truong hop:
Truong 1op I: Néux <-2,tadugc: C=—(x - 1) - 2(x +2) + 3 = -3x.
Truong igp 2: Néu-2<x<l,taduoc:C==(x-1)+2(x+2)+3=x+8.
Truong 1op 3: Néux > 1, tadugc: C= (x—1)+2(x+2)+3 3x + 6.

!i_ln_l.l Trm dfeu k:en clia X de V=2x+1 tén m:?
&S Gid

PéE \—2x +1 tén tai, diéukiénla: -2x+ 120 2x-1<0x < —.

; T 5 w3 1
Vay, ¥—2x +1 tén tai khi va chi khix < 5 ;
Yidwg 2 Tim cdc gid tri cia X dé biéu thitc sau ¢é nghia:

1 V2x +1
a As——r. b. B= .
V3x +10 3x% —5x +2

¢
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£S5 Gidi
a. Dé A c6 nghia, diéukiénla: 5x +10>0 x> - 2.
Vay, v6i x > — 2 thi A c6 nghia.

_ 2x+120 S
b. Dé B cé nghia, diéu kién la: % & 4
3x“-5x+2=0

: 2 -
Vay, véi x 2 —% vax#l;x# = thi B c6 nghia.
Yidg 32 Tim cdc gid tri cia x dé biéu thicc sau cé nghia:

2_
a. A=yx2-36. b. B=vJx?-4x+3. ¢ C= 2

X -3

&S Gidi
a. Dé A cénghia, diéukiénla: x*’-3620x*26<1x126.
Vay, véi | x | = 6 thi A c6 nghia.
b. Dé& B c6 nghia, diéu kién la:
XX—4x+320o0x -x+421ox-2) 21alx-2121

x=-221 X=3
= 3 .
x—-2<-1 x<l1

Vay, v6i x 2 3 hodc x < 1 thi B c6 nghia.

c. D& C c6 nghia, diéu kien a: 2=

- 2 0 ta 1ap bang xét dau, dua trén:
x —

2-x=0x=2
x-3=0x=3
nhur sau:

>4

% N B oS
|
Ll SR
I

-3

»

2-X

Tir dé, suy ra: 20&2<x<3.

x—-3
Vay, v6i 2 <x < 3 thi C c6 nghia.

2B¢ S——



\Véindé 3: SUDUNG HANG PANG THUC VA = |A

Vidy 1z Tinh:
a. (0,09 . b. {(3-2)%.

£S5 Gidi

a. Tacé: y(0,09)° =]0,09]=0,09.

b. Tacé: J(v/3-2)? =|43 -2|=2-43,vi2-43 <0.

Yidg2: 7Tinh:
a. Vx%. c. X+ Vx¥-2x+1.
b. Vx?-4x +4 d x+y+(x-y).

&5 Gidi

5. Tagh: 4x° = m_[x I—{ x> néux’ >0 _{ x> néux >0

—x? néux’ <0 3

—x” néux <0

b. Ta cé: \/xz—4x+4 =\/(ch—2)2 =|x -2l
_ X—2néux-22>0 _ | x—-2 néux 22
—(x——2)né’ux——2<0— 2-x nfux <2

c. Tacé: x+ Vx2=2x+1 =x+(x=-1)% =x+Ix-1I

_ X+x-1 né’ux—lzo_. 2x—1 néux =1
x—(x—-1)néux-1<0

d. Tacé:x+y+ 1/()(—);)2 =x+y+Ix-yl

_ {x+y+x-—y néux -y =0

1 néux <1

X+y—-(x-y)néux-y<0
_|2x néuxzy
- {2)' néux <y
Yidwp 32 Chimg minh rang:

IR TP P AN {N—l g

2néul <x<2




&S Gidi
Tac6: P=yx—1+2VK—1+1 + Yx=1-2yx -1 +1
= JWx=1+1? + yWx=1-1) = x-1 + 1+ Na=1-1
_[Vx=1+1+J/x-1-1néuvx-1-120
_{JE-—1+1—Jﬁ+1ne‘qu_-_1-1<0
={2Jﬁné’umzl={2mnéhx—121

2 néux-1<1 2néul0<x-1<1
- 2\/x’—1 neux22,dpcm.
2néul<x<?2
% il e VIx? - 6x + 1
idp 4z Cho biéu thiee A = e
x P—
a. Tim tdp xdc dinh cia A. b. Rt gon biéu thitc A.
c. Tinhgiatricua Ataix=1. d. Tim gid tri ciia X dé A = %
e. Timgid tri ciia x dé' A <0.
&S Gidi
a. Diéu kién dé biéu thitc A cé nghia:
9x’ -6x+120 (Bx-17%20 1
= SOX#FEE —.
9x* -1#0 Bx-1Bx+1)#0 3
b. Tacé:
A=~/9x2-6x+1=~J(3x—l)2 = |3x -1
9x* -1 9x? -1 Bx-1Bx+1)"
néu3x-1>0 : né’ux>l
3x +1 3x+1 3
T - T i 1
néu3dx-1<0 néux < —
[3x +1 (3x +1
c. Véix=1taduoc A = 1 =l.
3.1+1 4
d. DéA=%,tac()hai trudng hop:
: 3=3x+1 )
Truomghop I: Néw: {3X*1 3 ! | ox=2.
x>l X>— 3

C U
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Y ~3=3x+1
Truonghop 2:Né’u:<3x+] 2 = 1 S X=——;
X(l X‘(E 3
3
4 1
Vay véi x=3hoacx=—— thiA=—.
3 3 3
e. Ta:
3x -1|
Aeles i — <0 (1)
9x° =1
3x-120 g 1 1 1
: SN -1<0 &|x|<=-e&-=<x<-—.
Ox™ =]<0 3 3 3

Vay vfri—-%(x<%th‘lA<0.

¥ Chiy: 3 cau ndy ta c6 thé 1am cach khac nhanh hon nhd viéc danh gia
dugc: [3x-1|>0 (TXD:x# t —;—)

Dodé(l)@%2—1<0¢>|x|<—;:@—%<x<%

a. wnmg minh bat dang thuc Va“ + 2 +J(a+ "
Chimg minh bdt ddng thitc \Ja? + Jb? (a+b)?

b. Tim gid tri nho nhdt cia biéu thirc:

A = /(2006 —x)? + /(2005 —x)? .
& Gid
a. Xétbat dang thiic, vi hai vé& khéng 4m nén binh phuong hai vé ta duroc:
2+ b +2+a? /b2 2 (a+b)? < 2labl > 2ab, luén diing.
Vay bt ding thic duge ching minh va dfu " = " xay ra khi:
1.b > 0, titc 12 khi a va b ciing dau.

b. Ta iét: A=+4/(2006 — x)* +4/(x —2005)? > /(2006 — x + x — 2005)% =1.
Vay ta dugcA,,,, = 1, dat dugc khi:
2006 — x)(2005 — x) 2 0 <> 2005 < x < 2006.

G DAIHOC AUDC GIA HA NOI
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@ Nhdn xét: Trong cdu a), ching ta da sit dung phép binh phuong d€ khi
cin, r6i tit d6 nhan dugc bat ding thirc ding. Tuy nhién, ta
ciing c6 thé chitng minh bdng cach bién d6i:

Va2 +4b? 2 yJ(a+b)? & |a|+ |b|=|a+b]

Ta thay ngay, bat dé,ng thuc trén luén dung (vi da duge chung
minh trong phan bat d&ng thite chira dau tri tuyét dﬁl)

a. J(x+1)? =09. b. y(x=-3)? =3~-x.
£ Gidi
a. Ta bién déi vé dang:
Xx+1=9néfux+120 x=8 néu x=>-1
x+1|=9& = ) .
—(x+1)=9néfux+1<0 x=-10 néu x <-1

Véy, ta nhan dugc hai gidatrix =8 vax = - 10.
b. Tacé: J(x=3)? =3-x[x-3=3-x=x-3<0x<3.
Vay, nghiém cua phuong trinh 1a x < 3.
@ Cha y: Trong 15i gii cau b), chiing ta da sir dung tinh chat:
[aj=—a<>a<0.

Yidp2: Timx, biét:

a. Vx—-2 +2=x. b. Vx-1 +1<x.
& Gidi
a. Diéukiéncénghia:x-220x22. *)

Bién déi phuong trinh vé dang:

Vx-2 =x-2ex-2 =(Jx=-2 e Jx-2(x-2-1)=0

o VE=2=B e @[x=2 thoa man (*)
, thoa man (*).

Vx=-2-1=0 Jx-2 =1 x=3

Vay, phuong trinh c¢6 hai nghiém x =2 va x = 3.

b. Diukiéncénghia:x - 120 x21. (*)
Bién d6i bat phuong trinh vé dang:

Vi-1<x-1oJx-1 <(x-12sfx-1Gx-1-1)20
|:\fx—1=0 [x—1=0 Q[x=l

, thoa man (*).

= Lo
,/ =1 =1 %0 Jx=121

vmo‘ng trinh ¢6 nghiém x = 1 hoac x > 2.

X 2
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C. BAI TAP LUYEN TAP

Bai I: Tim tap xdc dinh cta cic biéu thic.

a. A=ydx+40. v2x +4

e E=
2Xx” +3x +1

b. B== .
x*—4 d. D=

Bai 2: Ruit gon biéu thic:

e \/x3+2\/§x+3 C= J(x—4)

%=l x’-5x+4

a.

Jx' “5x+6 d Dimentt
o JOx? +6x +1

Bai 3: Giai phuong trinh:

a. -/x+2\/;+1:3. C. \/x-zﬁn:&—l_
b. fax’-dx+1=1-2x. d. Jx-2yx—2-1=Jx-2-1I.

Bai 4: Cho bi€u thic A = 6x — | + Vx> —4x +4
a. Fut gon biéu thiic A.
b. Tinh gi4 tri biéu thirc A véi x = 5.
c. Tim gid tri ciia x dé biéu thic A = 1.
Bai 5: Cho bidu thic A =x +8 — Vx2 —6x+9
Fit gon biéu thifc A.

b. B=

Tinh gia tri biéu thilc A véix = — 1.
c. Tim gid tri cha x dé biéu thic A = 0.
Bai 6: Tim x, biét:

a. 2x-1 +1=2x. b. 3x-2 +4<6x.
Bai 7: Giai phuong trinh:
a. \x2_5x+8:2_ b. \/x+l—\/2—x=0.

Bai 8: Giai phuong trinh:

a. X =X+l=x+1. b. Vx*-2x+3=x+5.
Bai 9: Giai phuong trinh:

a. SJ;§=x+2. b. 3v2x-1=2x-5.




D. HUGNG DAN - PAP SO
Bai 1:
a. DéEAcénghia5x +40>0< x >—8. Vay, TXD: x > - 8.
b. D& B cé nghia: x2—4>0<:>|:x>2 .
X<-2
Vay, TXD: | xI > 2.

2x+420 Xx2-2

Lt

x*—6x+9%0 x#3
Vay, TXD: -2 <x #3.

d. DéD cé6 nghia x* + 123 #0, Vx

Vay, TXD: xe R.
Bai 2:

a. TXD:x’—3#20cx2+4/3.

i Vx2+23x+3 _ J(x+\B) _ |x+3]

c. DéC cé nghia: { &S —-2<x#3.

x?-3 x> =3 =3
Ta xét hai truodng hop:
Truong hop 1: Néu x + VB>0ex>-43.
Tadugc: A = x+3 1

(x+B3)x-3) x-+3
Truong hop 2: Néux + 3 <0 x<—+/3.

“(%4~3) __ 1
x+B)x-V3)  x-3’

Taduoc: A =

b. TXDx2=2.

Tacé: B=

z — —_—

Jx* =5x +6 _ J(x=2)(x-3) B

Jx-2 Jx-2
c. TXD:x*-5x+4#0x#1,x24.

Tacs:c= NE=D' _ V-4 _ _ |x-4|

' x’=5x+4 (x-1)}x-4) (x-1)x-4)

Ta xét hai trudmg hop:

Truonghop I: Neux-4>0& x> 4.

x—4 1
(x-1)(x-4) x-1
Triong hop 2: Néux-4<0<x<4.

T Qe S
(x-1)(x-4) x-1

aBC —

Ta dugc: C=




d. TXD:
7x € R\[=1/3} (do9x*+6x + 1 =(3x + 1)* =2 0).
3x +1 3x +1 3x +1

JoxZ+6x+1  JOx+1)7  13x+1]

Ta xét hai truong hop:

Tacé: D=

Triong hop 1: Néu3x +1>0x > —% ;

3x+l_

Ta dugc: D = =].

3x +1
Trieomg hop 2: Néu3x + 1 <0 e x < —% ;

]
Ta dugc: D = 3){—+:—I.
—(3x +1)
Bai 3:
a. Bién doi phuong trinh vé dang:

m=3<:>|\/; +]|=3<3\/;+l=3 @&:2@)(:4_

Vay, phuong trinh c6 nghiém x = 4.
b. Bién d6i phuong trinh vé dang:

Jx-1)? =1-2x o |[2x-1| =1-2x > 1-2x<0 x>

0| —

Vdy, phuong trinh c6 nghiém x 2

1
7
c. Bién doi phuong trinh vé dang:

JWx =1 =fx-1e | Jx-1|=Jx-1o x-120x 21ox21.

Vay, phuong trinh c¢6 nghiém x 2 1.
d. Bién d6i phuong trinh vé dang:

Ja—2-2:% -2 + Vsl =2 -1 &5 J(ln—2 =1 = fx—2 =)
o | sln=3-1] = fx=2 <Tes Yx=7-1 20 e Jx=2 21

Sx-221ex23.
Vay, phuong trinh c6 nghiém x > 3.
Bai 4:
a. Diéukién Vx € Rdox’—4x +4 >0 < (x —2)? 20 luén ding.

Taco: A =6x—1+ Vx* —4x+4 =6x— 1+ /(x=2)" =6x—1+Ix—2I=

Ta xét hai truong hop:
Triong hop 1:Néux —-220&x 2 2.
Tadwoc: A=6x—1+x—-2=T7x-3.
Tricong hop 2: Néux —2<0 o x<2.
Tadugc: A=6x—-1 —(x—=2)=5x+1.
b. Véix ?:'5_,_3;1 c6:A=7.5-3=32,
| fey B
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C.

DEA =1, tacé:
4 oo
Truong hop 1: Véix 22thi7x—3=1&x= —7—,kh0ng thoa man.

Truong hop 2: Vi x < 2thi 5x + 1 = 1 & x =0, thoa man.
Vay, x = 0 thoa man diéu kién ddu bai.

Bai 5:

a.

Diéu kién: x> — 6x + 9 >0, lu6n diing.

Tac6: A=x+8— Vx*—6x+9 =x+8—/(x-3)* =x+8—Ix— 3|

Ta xét hai truong hop:
Truong hop I: Néux -320< x23.

Taduoc: A=x+8—-(x—-3)=11.
Truong hop 2: Neux —3<0&x< 3.

Tadugc: A=x+8-(3-x)=2x+5.
Véix =3, tadugc A =11.

PEA=0véix<3,tacé:2x+5=0x =

NILn

Vay, x = — % thoa man diéu kién ddu bai.

Bai 6:

a.

Diéu kién cé nghia: 2x - 1 20 & x 2 % (*)
Bién déi phuong trinh vé dang:
V2x -1 =2x-1 & V2x -1 = (V2x -1 & V2x -1 (Vx=2 -1)=0
J2x—1=0 2x—-1=0 - |
&S & & 2 , thoa man (¥).
Vv2x-1=-1=0

Vay, phuong trinh c6 hai nghiém x = -;— vax=1.

Diéu kién c6 nghia: 3x -2 20> x 2 % ; %)
Bién ddi bat phuong trinh vé dang:
V3x=2 £203x -2) & V3x-2 <2(/3x-2 )

& V3x-223x-2 -1)20

e P fued
o = 1<|" 3 ,thodman (%)
Ix-2 - Vix-22>—
2Y3x=-2-120 2

x23/4

Vay, bat fEmmg trinh c6 nghiém x = % hodc x 2 1

.h
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Bai 7:

a. Taco thé lua chon moét trong hai cdch trinh bay sau:

Cdch |- Giai theo kiéu ddt diéu kién ¢6 nghia roi bién doi.
7

Diéu kién: Vx ERd0x1—5x+R:(x—%)2+E 2 0.

Ta co: Jx2—5x+8=2<:> Jx2-5x+8=2c>x2—5x+8=4<::>{

Véy, phuong trinh ¢6 hai nghiém x =1 vax =4,
Cdch 2: Gidi theo kiéu bién doi eong dicong.

=]

X
x=

X
xz-—5x+8=4<:>x2—5x+4=0<:>[

x=4
Vay, phuong trinh ¢6 hai nghiém x = 1 vax =4.
o I x+120
b. Diéu kién: & —1<x<2.
2-x20

Tacé:\/;:]_-\/2—x:0¢:> Jx+1 =/2-x
]
«::>x+l=2-x<:>2x=1<:>x=§.

Vay, phuong trinh ¢6 moét nghiém x = % ;

Cdch 2: Gidi theo kiéu bién doi tiong diong.

x=1/2"

> > —
Tl e i esnpliwdog aties ST 180 o |58
Xx+1=2-x

Vay, phuong trinh c6 mét nghiém x = % :

Bai 8:

a. Ta co thé lua chon mot trong hai cach trinh bay sau:

Cdch 1: Gidi theo kiéu ddr diéu kién 6 nghia réi bién déi.
3

Didu kién Vx € Rdo: x*=x+1=(x— %)Z+Z >0.

Tacod: VX' —x+l=x+1oxP=x+1=(x+1)?

S xX=x+1=xX+2x+ 1 3x=0x=0.
Vay, phuong trinh c6 mét nghiém x = 0.
Cdch 2: Gidi theo kiéu bién déi tuong dicong.

Xx+120 x 2=l
. oy oS x=0.
{x‘—x+l=(x+l)2 {3x=0

\-’ay‘,'!:ul;drcn‘g trinh c6 moét nghiém x = 0.
FYE "




b. Tacé thé lua chon mét trong hai cich trinh bay sau:

Cdch |: Gidi theo kiéu ddt diéu kién c6 nghta réi bién doi.
Diéu kién Vx e Rdox*—2x +3=(x— 1)’ +220.
Tacéd: Vx?-2x+3=x+5x*-2x+3=(x+5)}

<::>x’—2x+3=x’+10x+25@12x=—22¢:>x=—l61.

; 11
Vay, phuong trinh c6 mét nghiém x = ~%

Cdch 2: Gidi theo kiéu bién déi tuong duong.
X+520 X2-5 11
PX=—-—,
x?=-2x+3=(x+5)* 12x = =22 6

Vay, phuong trinh c6 mét nghiém x = ——lgl :

Bai 9: Dé nghi cidc em hoc sinh giai theo hai cdch di biét:
Cdch 1: Gidi theo kiéu ddt diéu kién 6 nghia réi bién dbi.
Cdch 2: Gidi theo kiéu bién déi ncong dicong.

O day trinh bay theo c4ch dat 4n phu dé c4c em 1am quen.

a. Diéukiéncénghia:x-220x22.
Viét lai phuong trinh duéi dang:
x-2-5Jx-2+4=0& (Vx-2)'-5Jx-2+4=0. 1)
Pitt= v/x -2 , diéu kién t > 0. Khi d6 phuong trinh (1) c6 dang:
t=1 Jx-2=1 x =3
t=4 " [Jﬁ=4 @[

t2-5t+4=0<:>(t-1)(t-4)=0<:>[

Vay, phuong trinh c¢6 nghiém x =3 vax = 18.
b. Diéukién cé nghia: 2x - 120 x 2 —;—

Viét lai phuong trinh du6i dang:
2X-1-3J2x-1 =4=0(+2x-1)=3/2x -1 -4=0. (1)
batt= v2x -1, diéu kién t > 0. Khi d6 phuong trinh (1) c6 dang:
t-3t-4=0(t+1)(t-4)=0
t =-1(loai
c:::»[t_4 g < V2x - =4<:>2x—l=16<::>x=12?-.

Vay, phuong trinh cé nghiém x = 15- :

;BG —



CHUBES | aN HE GITA PHEP NHAN VA PHEP

KHAI PHUONG
A. TOM TAT Li THUYET

1. PINHLf

V6iA 20, Bzmhw J_J_

2. KHAI PHUONG MOT TfCH -

Quy tic khai phuong mét t[ch‘ MuOn Khai ph\rcrng mét tich cic biéu thirc
khong am, ta c6 thé khai phudng ting biéu thic r6i nhan Két qua v6i nhau.

3. NHAN CAC CAN THOC BACHAI .

Quy tdc nhén cdc cdn thic bdc hai: Mu6n nh&l'l cﬁc cin thitc bac hai clia cdc
biéu thitc khong am ta c6 thé nhan céc biéu thifc dudi d4u can véi nhau r6i 14y
cén bic hai cua két qua dé.

B. PHUGNG PHAP GIAI TOAN

Vidy bz Sizdung quy tdc khai phiwong mét tich, tinh:

a. /25.49 . b. /9.16.36. c. 27.48. d. J/81a? .
LS Gidi
a. Tacé ngay: m =\/E\/E =57=38
b. Tacé ngay: m = J?JEJ% =34.6="72.
c. Taviét lai:+/27.48 = 4/27.3.16 = /81.16 =9.4 = 36.
d. Tacéo ngayzm = JS_I\/a_z =9.|a|.
@ Nhdn xét: Trong cdu c), néu chung ta van dung mot cach may moc quy tic

khai phuong mét tich sé khong nhan dugc két qua gon.
Yidy 2z Sirdung quy tdc nhdn cdc cdn thice bdc hai, tinh:

a. 2.4/18. & ST =1alifd #1.
b. 1,14/44.410. d. +27a+3a,véia>0.

&S Gidi

a. Tac:v2/18=2.18 =436 =6.

b. Tacé:yL1Va410 = 1,1.44.10 = {11.11.4 =22.

c. Tack:Vv2 -140V2+1 = (2 -1).(W2 +1) =2-1 =1.

d. Tacé:\27a+3a = y81a? = 9la| =9a,do a > 0.
4 Nh(in é¢: Trong cau ¢), chiing ta da sit dung hiing ding thic:
C‘ (a—b)(a+b)=a’>-b%
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Yidp 3z Rut gon cdac biéu thitc sau:

a. yJa*(G-a)?,véia23. _
B, — b.\/aﬁ(a—b)z ,véia<b<0.

a_
&S Gidi
azd
a. Tacé:a*(3-a)? =«/a_4.\/(3—a)2 =a’|3—al = a%(a-3).
b. Tacé:
1
at(a-b)? = 1 .Ja_(’.\/(a—b)z = Ja’|.|]a-b]
a-b a-b a-b

a<b<0 1
E (-a").(b-a)=2’.
a-b

Yidwp 4z Thuc hién phép tinh: ~
4. A=(8+472 ~4/2):2 .
b. B=(V4+7 —V4-7 )2
c. C=B5+v2)35-2).

&S Gidi
a. Taco:

A=8.V2 472 2 -2 .2=16+144 —2=4+12-2=14

b. Tacé:
B=(J4+ﬁ]2-2J4+ﬁ.J4—ﬁ+[J2—ﬁ)z
=447 =2J@+ D@ =T) +4-JT=8-216-7

=8-23=2.
c. Tac6:C=(3+/5)'-2=45-2=43.
@ Nhén xét: Nhu véy, trong cdu c), bing viéc st dung hing d{,mg thac
chiing ta da giam dudc dang ké d6 phuc tap.
Yidp 82 a. Sosdnh J16+4 v V16 +/4 .
b. Chimg minh rdang Ja+b <Ja+b , voi moi a, b duong.

&S Gidi
a. Nhan xét ring: (V16 +4 )2=20 va (V16 +/4 ' = (4 +2)*=36

suy ra: (V16 +4 > < (V16 +/4 ) = 16 +4 < V16 +/4 .

b. Hai v€ ctia bit dang thitc khong 4m nén binh phuong hai vé, ta dugc:

(Ja+b) <(Ja+b)a+b<a+b+2yab < 0<2Vab, ding.
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& Nhan xét: Cach dit van dé ctia vi du trén, gitip ching ta tiép can voi bat
dng thic trude khi di chimg minh né. Tuy nhién, néu dit van dé
theo kiu ngugc lai, chiing ta sé dugc quyén st dung bat ding
thitc nay dé duta ra danh gia cho phép so sanh.

Yidy 6 a. Chitng minh bdt dang thitc:

lac + bdl < \f (a®* +b*)(c* +d*) (Bdt ddng thite Bunhiacopki)

b. Biét x* + y* = 52. Tim gid tri lén nhdt va nhd nhdt ciia biéu
thire: A =3x + 2y.

£ Gidi |
a. Hai vé€ cla bat dang thitc khong am nén binh phuong hai vé, ta duoc:
(ac + bd)’* < (a° + b*)(c? + d°)
< a’c? + b’d® + 2acbd < a’c? + b’c? + a’d® + b’d?
& b’c? + a’d® — 2acbd > 0 < (bc — ad)? > 0, luén diing.
- — : b
Dau “ =" xay ra khi: bc = ad < E:E.
c
b. Nhan xét rang:

o TAI=Bx+2yl< (3% +27)(x* +y?) =/13.52 =26 < -26 <A <26.

Diu “ = ” xay ra khi: -3"-=% =te>x=3tvay = 2t do dé:

7 i o] x=6 ; =4
52=xl+y? =302+ 2= 13 S P=d S t=12= vay
X = —6vay = —4
Vay, ta dugc:
" Apn=26,datdugckhix=6vay=4.

. AM',,, = _26, df.lt dUUC khl X= "'6 Va y — —-4
. 2x* —ax —3a’
Yidy 72 Cho biéu thirc: A= -
2x% —5ax +3a°

a. Rit gon biéu thitc A.

b. Chimg minh ring A = (a+ Va2 +1) khix = Va® +1

&S Gidi
a. Taco:
& 2x* —ax —~3a’ = 2x? +2ax —3ax —3a’
2x* —5ax +3a®  2x* -2ax -3ax +3a’
_ 2x(x+a)-3a(x+a) (x+a)2x-3a) x+a
- 2x(x —a)—3a(x —a) B (2x —3a)(x —a) T g =g
a i
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b. Thay x =va’+1 vao A= ol

X-—a
Ta c6:
A= Vva? +1+a _ (\/a2+1+a_)£\/a2+1 +a) _ (Va2 +1+a)?

va’ +1-a (Va? +1)* —a? a’ +1-a’
=(a+ Val+1) (dpcm).
a+b—vab a-vb-I

av/a +by/b a-b
a. Rut gon biéu thic A.
b. Tinh gid tri cua A, biéta—-b=1.

Yidu® Cho biéu thirc: A =

£ Gidi
a. Nhan xétring: ava +bvb = (Va)’ +(vb)’ = (Va +v/b) (a + b—+/ab)
do dé, biéu thitc A, dugc bién déi nhu sau:
A atb=Vab  Ja-Yb-1_ 1 Va-ib-i
(a ++/b)(a +b—+/ab) a-b Ja++/b a-b
_Va-vb _ Va-vb-1_+a-Yb-(a-vb-1) _ 1
a-b a-b a-b a-b
b. Vdia—b=1,tasuyraA=1.
Vidg® Cho hai biéu thitc: A = Vx* =3x+2 vaB=/x-14/x-2.
a. Tim x dé A ¢é nghia.
b. Tim x dé B 6 nghia.
c. Vi gid tri ndo cua x thi A =B?
d. Vi gid tri ndao cua X thi chi A ¢é nghia, con B khéng cé nghia?

&S Gidi
a. Viétlai A duéi dang: A = \/(x=1)(x=2) .

Dé A c6 nghia diéu kién 12 (x — 1)(x — 2) 2 0 ta 1ap bang xét dau, dua trén:
x-1=0=x=1
X=2=0&x=2

nhur sau:
X 1 2
% =1 - 0 + | +
X -2 - | - 0 +
(x-1)(x=2) | + 0 - 0 +

Tudé,suyra: (x-1)(x-2)20< x <1 hodcx 22.
Vay, v‘?.’; < 1 hodc x 2 2 thi A c6 nghia.
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2 n r X"'120 x21
b. Dé B c6 nghia diéu kién la: &5 Xz,
x-220 22

Vay, v6i x 2 thi B cé nghia.
c. Dé .6 A =B, tic la:

x-120 X 21
— — — = S >
J(x D(x-2) Ix =1lajx =2 -:::»L 220@{ >2<=»x_2.

Vay, véi x > 2thi A=B.
d. Ta 6 ngay, véi x <1 thi chi A c6 nghia, con B khong cé nghia.
Vidwg 10z Cho a, b, cva a’, b’, ¢’ la s6 do cdc canh tuong iing cua hai tam
gidc déng dang. Chimg minh rdng:

x@ + M + ec = J(a+b+c)(a‘+b'+c').

£5 Gidi
Gia st hai tam gidc déng dang véi ti s6 k, suy ra:
1 bl
8_2_% _kea =ka b =kb,c’ =ke.
a b e

Khidé, ta bién déi dugc déng thitc cin chitng minh vé dang:
Jka® + Vkb? + vke? = /(a+b+c)(ka+kb+ke)

= avk +bVk +cvk = {k(a+b+c)
m»«/E(a+b+c)=Jf(a+b+c),lu0ndflng.

@ Ntin xét:
1. Nhu vay, trong 16i gidi trén d€ chimg minh ding thic chiing ta da st
ung cach "Bién d6i tuong duong ding thitc vé mot d‘d’ng thue diung'.
Tuy nhién, ta ciing ¢ thé sit dung cach bién d6i mot vé thanh vé con lai,
‘u thé:

Jaa' + 4/bb' + Jcc' = Vka? + Vkb? + Vkc?
=avk +bvk +cvk =vJk @+ b+0)
= Jk(a+b+c)’ = [(a+b+c)(ka+kb+kc)

= J(a+b+c)a+b'+c') (dpcm).

2. Qua cach bién d6i trén, chiing ta thdy ngay ring viéc stt dung quy tic
chai phuong mot tich cé thé gitip lam xuat hién nhan ti chung trong
1ot bi€u thite. Nhan dinh nay sé gitp ching ta trong viéc bién d6i biu
hic yé dang tich va dugc st dung nhiéu trong dang toan "Gidi

_ %Ig trinh chita cdn bac hai "

14
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Yi dyp 11z Gidi phuwong trinh \x* =9 —vJx -3 =0.
&S Gidi

Diéu kién: {

2_0> 2 5
. 9-0@{){ _9¢x23.

x-=320 X >3
Bién d6i phuong trinh vé dang:
Vx=3x+3-Vx-3 =0 Jx-3(Jx+3 -1)=0
Jx-3=0 [x-3=0 [x=3
Bt [Jm=1 it [x+3=l < [x=-2(logi)'
Véy, phuong trinh c6 nghiém x = 3.
@ Nhdn xét: Nhu chiing ta da biét, phuong trinh trén con c6 thé dugc giai
bing phutong phép bién d6i twong duong, cu thé:
Jxi-9-/x-3 =0 x* -9 =x-3

x-320 x23
o &
x2-9=x-3 (x-3)(x+3)=x-3

x2>3 x23
& o & k=3,
(x-3)(x+3-1)=0 X =3 hodc x =-2

Vay, phuong trinh cé nghiém x = 3.

C. BAI TAP LUYEN TAP

Bai:l: Tinh:

a. /49.100. b. (2°(-9). ¢ 7232. d. 12,1.490.

Bai 2: Ruiit gon cic biéu thiic-sau:

a. 27.48(a-3)’. b. 48.75a% .
Bai 3: Riitgon céc biéu thic sau:

% dal? weani b. V8a’418a',véia<0.
Bai 4: 'Ihl_rcahien phép tinh:

. Azﬁ.\/ﬁ. C. C=(£+E—ﬁ)\5.

7\16
Bai 5: Thuc hién phép tinh:
a. A=(S5+V2+1)(5 -1). b: B=(J2 + 1% ANSZ+ 1= B
¢ Co= (=T —J4+:/3).

Bai 6: Chimg minh cdc dang thic:

a. j f3=\8+215. b. VS+2=9+4V5 .
0\ B CDTDHDSY-TI




Bai 7: Cho a > 0. Chiing minh rang: Ja+1> Ja+l.
Bai 8: Cho a = 1. Chimg minh rang: J;—i] < \H_
Bai 9: Chiig minh rang: J6 =19 43 = 2.
Bai 10: Tinh gid tri chia biéu thic:

a. A=x'+2x+16véix= V2 1.

b. B= x*+ 12x - 14véix =52 -6

Bai 11: Cho hai biéu thic: A = V2x2 =3x +1 vaB= Jx-14/2x-1.
a. Tim x dé A c6 nghia.
b. Tim x dé B ¢6 nghia.
c. Vai gid tri nao cua x thi A = B?
d. Vi gid tri nao cua x thi chi A ¢6 nghia, con B khéng c6 nghia?
Bai 12: Biét x* + y* = 117. Tim gia tri Ién nhat va nho nhat cua biéu thic A = 2x +

3y.
Bai 13: Cho a, b, ¢ 1a d6 dai ba canh ciia mdt tam gidc, p la mét nira chu vi. Ching

minh ring: ﬁ <Jp-a +p-b +p-c < \[Z‘)_p

Bai 14: Giai cac phuong trinh sau:

a. 3x+.1:2 X+2 . b. V4x*-1-2vJ2x+1 =0.
X+ 2
Bai 15: Giai cac phuong trinh sau:

a. \/x—Z + Jd4x -8 _%142_5_%—_59 =4,

b. Jxxd =fl-x =y-3x.

D. HUGNG DAN - PAP SO

Bai 1:

a. 70. b. 36 c. 48. d. 77.
Bai 2:

a. 36la-3l. b. 60lal.
Bai 3:

a. Ta bién déi: JE.JE = a_?-:\/s_a=3.
a a

a<0
b. Tabién déi: V8a2 \/18a* = v/8a2.18a* = 1442° =121a’l = — 12a°.
Bai 4:
a. Tacé: A=+v72 .18 = J8929=4499 =49 =136

ek e /&.JL B BEE
555 7 16 7 16 16 4
et S v

5§k > )




.. Tact:C= [\f R }ﬁ_f\/— VRN

=J_; ——J_ J9+3-2=1+.3.

Bai §:
a. Tacé:

A=(5+V2+ )5 =1 =5.5+5. 245 J5-42-1
=5+10-v/2-1=4+J10-2.

b. Tacé:

B=(V2414+ B)YV2+1-B)=(V2+ 1P = (3)=2+42V2 +1-3
=242.

c. Tacé:

C= (\/4-~/§—\[4+\/§)’ =4-Y3+4+3-2/4-3J4+\3
= 8-2J(4-3)4+3)=8-16-3=8-13.

Bai 6:
a. Tacs: VT=y8+2V5 = 3+5+2J5 ={/(V3+5)* =B +5 = VP

b. Tacé: VT=+9+4V5 = y4+5+2.2J5 =/(2+/5)* =/5+2=VP.
Bai7: Véia>0,taco: (J;+1)2=a+2x/;+1;(ﬁ)2=a+1.

Nhan thdy: a+1+2va >a+1>0& (Ja+1)? >(Ja+1)

Vay, ta dugc \/E+1>Jm.
Bai8: Véia>1,tacé: (Va-1)’=a—1;(Va)=a

Nhan thdy: a>a—1>0¢ (Va—1)? <(Ja )

Vay,taduqc\/z: <J£.

Bai9: Tacé:
(B3 =32V =342-3:8 .2 =%=-26:
(V6 —1)*=1+6-2.6 =7-26.
Dé thay, 5—2v6 <7-26. Vay,taduge V6 —1> 3 — 2.
Bai 10:
a. Thayx=ﬁ—lvaoA,tadwc:
A=(V2 = 124+2(V2 =1)+16=2-22 +1+22 2+16 =17.
b. T'hayx=5\/_ — 6 vao B, ta duoc:
= (52 —6)'+12(5v2 —6)=14=50-60+2 +36+60+/2 ~72~14=0.

Bai 11:
a. Viétlai Adu6idang: A= J(x -1D(2x-1).
Dé A ?la diéu kién la: (x — 1)(2x — 1) 2 0 ta 14p bang xét d4u, dua trén:

Oeox=1
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-l T &Y=

| —

nhu sau:
X 1/2 ) 1
" x—] | — I — 0 +
Ve ] § 0 + | +
(x=1)(x=2) + 0 - 0 +
]
Tudé,suyra: (x-1)2x-1)20¢>x< 5 hoac x 2 1
|
Véy, voi x < -2— hodc x 2 1 thi A cé nghia.
| o x-iz0 [
b. D¢ B cé nghia diéu kién la: = | szl
2x-120 X2—
Viy, v6i x = 1 thi B ¢6 nghia.
c. Décoé A =B, tic la:
150 %21
V2x? =3x+1 =Jx-1J/2x -1 & . — | oxzl
2x-120 XZE

Vay, véi x 2 1thi A=B.
1 ; " -
d. Tacé ngay, véi x < - thi chi A c¢6 nghia, con B khéng c¢é nghia.

Bai 12: Nhan xét rang:
A= 12x + 3yl < /(22 +32)(x? +y?) = 13.117 =39 < -39 < A < 39.

Diu * = " xay ra khi: %:% =t x =2t vay = 3t do dé:

x=6vay=9

17=x4+y' =)'+’ =13’ P=9ct=13 >
x=-6vay=-9

Vay, ta duoc:

*  Aux=39,dat dugc khix=6vay=9.

*  Ayi.=-39,datdugc khix =-6vay=-9.
Bai 13:
= Tacé:

(VJp-a + p-b + Jp-c)’
=(l.{yp-a +1.p=-b +1.{p—c)’

<(P+ 1P+ 1) p-a+p-b+p-c)=
@JP a+ (p-b + Jp- c<s/_
p_a & amb=c

D4u dézfu‘m xay ra khi l .
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* Ta di chimg minh \/E = JpTa + ﬁ + JB-_C béng phép bién déi tuong
duong, cuthé: \Jp < Jp-a + Jp-b + Jp-c
&S p<p-a+p-b+p-c +
+2/(p-a)p-b) +2(p-cXp-a) +2(p-b)p-c)

& 0<2(p-a)p-b) +2(p—c)p-a) +2/(p-b)p-c).
Bai 14:
a. Dibukién:x+2>0x>-2. (*)
Bién déi phuong trinh vé dang:
3x+2=2(Vx+2)Y©3x+2=2(x +2) & x =2, thod man (*)
Vay, phuong trinh c6 nghiém x = 2.
4x* =120 {xz >1/4 {le/Z
~ L}

2x+1>0 x>-1/2 x=-1/2"
Bién déi phuong trinh vé dang:

V2x—142x +1-2/2x+1 =0 V2x+1(J2x -1 =2)=0
1

o V2x+ =0 _[x-3=0 _ A
J2x-1=2 x+3=1

b. Diéu kién: {

, thoa man (¥).
X=——
2
g " : D 5
Vay, phuong trinh c6 nghiém x = -3 vax= 5

Bai 15:
a. Bién déi phuong trinh vé dang:

VX =2 + J4(x-2) —% /?(x—Z) =4

& Vx-2 +2x-2 - JVx-2 =4Vx-2 =2x-2=4=x =6,
Vay, phuong trinh cé nghiém x = 6.
Xx+420
b. Diéukién: <1-x20 ¢:>—4st-1—.
1-2x20 :
Phuong trinh viét lai dudi dang:

Vi-x + J1-2x = Jx+4 & Jl-x)(1-2x) =2x + 1

2% +120 s
= =
(1= x)(1-2x) = (2x +1)*

\Y% 6g trinh ¢6 nghiém x = 0.
A

;’.‘.I‘"'y E’!g
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CHUBE4 | 1A\ HE GITYA PHEP CHIA VA PHEP KHAI
PHUONG

A. TOM TAT Li THUYET

1. PINHLf oy TR
Véi A >0, B> 0 thi JE_ _NA
B 4B

2. KHAI PHUONG MOT THUONG . :
Quy tdc khai phuong mot thuong: Mudn khai phlm‘ng mOt thuong — ciia hai

biéu thic A20,B>0, tacé thé khai phu'ang ldn lu'qt b:éu thitc bi. chm Ava
biéu thiic chia B. Sau d6 14y két qua thi nhﬁt chla cho lﬂé’t qua thi hai.

3. CHIA HAICANTHUCBACHAI.

Quy téc chia hai cdn thirc bdc hai: Mubn chlacﬁn thﬁc bac hai cia biéu thitc
khong 4m A cho can thitc bac hai clia biéu thitc duong B, ta c6 thé chia biéu
thitc A cho biéu thitc B réi 14y can béc hai ciia thuong do.

B. PHUONG PHAP GIAI TOAN

Yidgp 1z Thuce hién phép tinh:
i A=AT2:2. b. B=(412-427+3): 3.
c. C=(53+3V5):15.

&5 Gidi
a. Tacéngay A =+72:42 =+/72:2= 436 =6.
b. Tacé ngay:

B=(V12-427+3):43 =V12:3-427:3+3:3 = V4 -Jo +1 =

c. Taviét C dugi dang:

" _ 5V3 345
C~(5\/§+3£).«/§I-IJ_ o h e =5+43.

@ Nhin xét:
1. Trong céc cau a) va b), ching ta thuc hién phép bing bing viéc st
dung ngay quy tic chia hai can thitc bac hai. Tuy nhién, cau b) c6 thé
thuc hién theo cach bién déi:

V12 =327 +43 = J43-\93 + V3 =243 =33 + /3 =0
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2. Trong cdu c), chung ta thuc hién tach V15 = 345 Tuy nhién, cing
c6 thé thuc hién nhu sau:

2 L
C=(V523 +v325): 415 = \j5]53 + 3]5 =5 4nf3 .
Yidw2s Rit gon biéu thic:

V9-445 T J3+J§.

A=

— - B
& Gidi
a. Tacé ngay:
A V9-445 _4-22V5+(5)’ _V@-v5? _12-451_
2-45 2-45 2-45  2-45

b. Tacé ngay:

B=\/3+\/§=‘/6+2\/§2\/5+2\/§+1_\/(\/§+1)2 _ 5+l

2 \ 4 a2 = 2 @ 3

¥ Cha y:
1. Trong ldi giai cau a), cac em hoc sinh cin chd y téi ddu cua 2 ~«f5 <0
d€ xac dinh dugc diing gia tri cho A.
2. Trong 10i giai cAu b), bing viéc nhan ca tir va mu véi 2 chung ta dat
dugc hai muc dich:
* MAu s6 trd thanh s6 chinh phuong.
» Tt s6 dugc bién d6i vé dang binh phuong mét nhi thiic.
Vidwg 3z Rt gon cdc biéu thic:

2 6 2
a. A=]/a—.Ja—3,v6ib>O. b. B=b5\/f'—i§:3i2.
b Vb b
£ Gidi

a. Truéc hét ta st'r dung quy tic nhan hai cin bAc hai, réi bién déi tiép:

B a“_ a® at
b T:F- b Vb* b2

b. Tabién dél.

(a+3)® _ sla+3l _

b* b* op

B=b’

+3|

b(a+3) néua+320 | b(a+3)néuaz-3
b(a+3) néua+3<0 |-b(a+3) néua<-3
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¥ Nhan xét: Nhu vay, trong ciu a) néu chuing ta van dung quy tic khai
phuong mot thuong mét cach may moc sé khéong nhan
dugc két qua gon.

Yidwy 4z Rir gon cdc biéu thic:

a—-b a+b-— 2@

R P R .
b s X+y+2m
XX =yafy + x4y -ydx
&S Gici
a. Tacd:A= (vVa —v/b)(+/a +/b) ~ (Wa —/b)’
Va +b Ja-b
=(Ja-+b)-(Ja-+b)=0.
b. Taco:
B x+y+2m i} (‘/;‘*'J;)z
Xv'X =y Y+xﬁ—yﬁ x(‘/;+\/§)—y(,/§+ﬁ)
" (\/;+J§)3 ) (‘/;4”\/;) _ l
(\/;+-\/;)(X—y) (’f—‘wf;)(ﬁ+\/§) \/_-,/;'
@ Nhin xét:

l. Trong 13i gidi cau a), chiing ta da lua chon cach don gian timg biéu
twe, dua trén viée phan tich t 56 thanh cac hing ding thue. Tat nhién,
tiéu thue cang c6 thé duge don gian bing viéc quy déng mau s6, xong
cich gidi nay hin phuc tap hon.

2. Trong loi giai cau b), ching ta danh gia dugc tir s6 1a mot hiang dfmg
tattc, tuy nhién mau s6 khong phai la hing ding thitc, do dé chiing ta
s1 dung phuong phap nhém s6 hang d€ phan tich né thanh tich.

Vidp s a Sosdnh +25-16 v6i V25 -16.
b. Chirng minh rang voi a>b >0 luén cé: m > \/_ —\/g.
& Gid
a. Tamanthay:v/25-16 =9 =3va25-16 =5-4=1
= 25 -16 > 25 -4/16 .
b. Hai € ctia bat dang thiic khong am nén binh phuong hai v€, ta duoc:
(Va-b ) >(Ja-vb)<a-b>a+b-2+ab
& 2+ab >2b < Vb(va-vb)>0, luén diing véia>b > 0.
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@ Nhdn xét: Cach dit van dé cta vi du trén, gitip ching ta ti€p can voi bat
déng thie trudce khi di chung minh né. Tuy nhién, néu dat van dé
theo kiéu nguoc lai, ching ta s& dugc quyén sit dung bat ding
thitc nay d€ dua ra danh gi cho phép so sanh.

2 1 ]. \f - X
Yidwp 68 Cho biéu thuc: A= :
N o, \/_ Jx=14 J— K=

a. Tim diéu kién dé biéu thic A cé nghia.
b. Riit gon biéu thirc.

c. Tinh gid tri ciia biéu thitc A khi x = & :
9-247
£ Gidi
x-120 x21
a. Diéu kién dé biéu thic A cé nghia: {x >0 & x>l x> 1.

Jx-120 x#1

Vay, tap xdc dinhcia A lax > 1.
b. Tacé:

_ Gx- 1+J‘)+(J -Vx) | IxlGx-1)
Wx-1-Vx)(/x - 1+J_) Jx -1

S X1 VX1 +x=x=1)-2Vx—1 +1=(Jx~1 -1}

x-1-x
c. Trudc hét, ta di don gian biéu thitc gi tri cha x, bing cich:
<= _ 53 530+247)  _539+2VD) _g_ 5 /7.

9-2J7  (9—2J1)9 + 2J7) 81-28
Khi dé:

A=(J9+2J7T-1 - 1) =(/8+2J7 —1)
=(JT+2dT+1 =12 = [JWT+1? =1P =T +1-1)*=7.

. 53
Vay, véi x = thiA=7.
24 9-2J7

> Nhdn xét.
1. Trong 15i gidi cAu b), & budc bién d6i thit hai, ta bd dugc dau tri tuyét
d6i do diéu kién x > 1 da xac dinh & cdu a).
2. Trong I3i giai cAu c), d€ nhan dugc két qua A = 7, ching ta da phai
thuc hién hai cong viéc:
*»  Don gian biéu thit gid trj cua x, bing cach nhén ca tit va mAu véi 9 +
24/7 . Ban chat ctia viéc lam nay dudc goi la "Phép nhin lién hop'
chung ta sé nghién citu ki trong chu dé sau.
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Yidg 7z Cho hai biéu thirc: A =

= Don gian bidu thic gid tri cua A, bang cach tach 8 + 2\/7 thanh
7 +2+/7 + 1 d€ nhan dudc mot nhi thire binh phuong, tir d6 khir

dudc can thuace.
X — . vx -1
vaB=

Xx~3 dx=3

—_—

a. Tim x dé A c6 nghia.

b. Tim x dé B ¢6 nghia.,

c. Vaigid tri nao cua x thi A = B?

d. Voi gia tri nao cua X thi chi A ¢é nghia, con B khéng ¢é nghia?

&5 Gidi

a. Dé A cé nghiadiéukiénla == >0

x -3
ta lap bang xétdau, duatrén: x-1=0&x=1;x-3=0x=3
nhu sau:

X 1 3

X — 1 - 0 + I -
X —3 = I - 0 +
x—1

- + 0 -

—3 Il +

Tir do, suy ra: = 3 20« x<1hoacx>3.
x—-.
Vay, véi x <1 hoac x > 3 thi A c¢6 nghia.
x-120 {x?l
=

X >
x-3>0

. Dé B ¢6 nghia diéu kién la: {

Xx>3

Vay, véi x > 3 thi B c6 nghia.

%=1 x-1 {x—-lzo {le
= —

Dé c6 A =B, tic la: &x >3

x-3 x—-3 x-3>0

Vay, véi x >3 thi A =B.

x>3

d. Tacé ngay, vai x < 1 thi chi A ¢6 nghia, con B khéng c6 nghia.

C. BAI TAP LUYEN TAP

Bai 1: Thuc hién phép tinh:

a. A=+72:418. b. B=+v/52:/117.

c. c=[\/§-\/§+2\/§).\/§.

'(1‘.* ;
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Bai 2: Ruiit gon céc biéu thic:

a, A=§—_£. d [)-__“6+2‘/g
V3 ' s+1

b. B=%_ . poYs¥2fe
4+424 : \/5+\/§

3

C. C=1_Ja__ 7-43

a-1| f. F= :
V3-2

Bai 3: " Ruit gon céc biéu thic:

12(a-2)° ~ ab
A=3. |———. b. B=(a-b). :
27 (a-b)’
Bai 4: Cho biéu thitc A = x*—x+/10 . Tinh gi4 tri biéu thic A véi x = ,’-?— + % :

nas: oo A= [ -1 B (2-2)

a. Riit gon biéu thifc A.
b. Chob =1, tim a dé biéu thic A = 2.

Bai 6: Cho biéu thic: A = S 2Vx -2 :[ S ]
\/;+1 x\/;—\[;+x—l \/;—l |

a. Riit gon biéu thirc A.
1

b. TimxdéA=—
BT Couiai it A J20L vapee XS
' ' 2x -3 J2x-3°

Tim x dé A c6 nghia.

Tim x dé B c6 nghia.

Véi gid tri nao cua x thi A = B?

Véi gid tri nao ciia x thi chi A c6 nghia, con B khéng c6 nghia?

\N_—l N_H] l
Wl JIx-1

e 0 o

Bai 8: Cho biéu thitc: A = [

a. Tim x dé A c6 nghia.
b. Ruit gon biéu thic A.

c. TmE tri ctia biu thitc véi x = 19 - 83 .
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D. HUGNG DAN - DAP SO
Bai 1:

4, Tichuh=T11:J18 = JT2:18 =+4 =

b. TaCt):B=J§7iﬁr=J'§2 =ﬁ;=\[§=-§.
c. Tacé:Cz(Jg—( ] \/— 122 o fiBa -0 42030 .

Bai 2:

a. Tacé:Az3—_\#/——5\/—§ = ﬁ—l‘
Wi E JI@+E) V3

b. Ta ':B:: — = .
. 4+J24  22+3) 2

c. Tacé:C= I—\/a_" = (]_\/E)(H\/;‘*'a) _ —(\/_—I)(I+\/_+a) —(1+\/E+a)

| | a-l (Va—1)Va +1) (Ja-1)Va+1) Ja#l
; \/'6+2\f5_ \/6+2\/§

d. Tacé: D= = )
“ J5+1 541

e Ta bt E=V5+2\/g . \)2+2\/€+3=\/(\6+J§)2:

. | V2443 J2 4403 J2 4403

¢ i Bl 4f_\/3 22\/§+4 _JoB-2y |J§ 2 __,

Bai 3:

— 2 a—
a. Tabién déi: A=3.1}4(a92) :3_2|a3 2| = 2la=-2l

_ [ 2a-2)néua-220 [ 2(a-2)néuax2
" |-2(a-2)néua-2<0  |-2(a-2)néua<?2’

b. Tabiéndéi: B =(a-b).

J_b {Jgnéua-b>0_{ Jgné'ua>b

la—b| —Jab néfua-b<0 —+Jab né'uacb'

Bai 4: T'hayx-( \ﬁvéoAtaduccA—%.

4]




Bai 5:

e oG
(S - (-
{E-EE-E) - 5

b. Véib=1duoc A =2, vay:

1 Ja

: =20 2o Ja=2+1)o2a-+Va +2=0. (1)
J§+$ a+l
Ta thiy: (1) < (/2 Ji)z-z.ﬁ.ﬁ_g JZ+-18-+% =0
1Y 1.1
| et e )
[ra M) 21

Do dé, (1) khéng thoa man.
Vay, khéng c6 gid trindociaadé véib=1thi A = 2.

Bai 6:
3 2Jx -2 1 2
. Tac6: A= — s -
e Vx J;(x—l)+(x—1)] [J;-l (JI\-})(J§+|)]
(o 2dx-2 ) Vx+l-2
Vx+1 (x=Dx+1) ) (x =1)x +1)
=x—1—2~/;+2_ Jx +1-2 _ x—2Jx +1 _ J;-l_
x-DWx+) (x=-DEx+)  x=-DEx+1) x =DHx +1)
__Gx-wy 1 Vx -1 s =YXl
x-Dx+1]) Jx+1  (Wx+1) el
b. Tacé:
Jx-1 1 6 9
\/;+1—-§<:>5(~/— D=vx+1 4Jx 6= O@J_—Z i

Vay, véi thi A = 1 ’
c 4 5
A B CDTPDHDS9-T1



Bai 7:

a. Dé A co nghia diéu kién la:

> 0 ta lap bang xét diu, dua trén:

2x -3
3
K=1=0©x=1;2x-3=0¢ x = — nhusau:
T 1 32
x — 1 = 0 . | -
2x — 3 . I = 0 +
-1
g + 0 = I +
2x -3
y - 3
Tir 69, suy ra: 20<x<1lhoacx> — .
2x—3
Vay vai xslho@cx>—;- thi A ¢6 nghia.
x=>1 3

. e e x-120
b. DE B c6 nghia diéu kién la: o
2x=-3>0

Vay véi x > % thi B c6 nghia.

c. D€ 6 A =B, tic la: il = X Pt
2x-3 J2x-3

Vay véi x>-;—th‘1A=B.

SX> —,
Xx>3/2 2

3 OOX> —.

x—-120 el
Lo ]
2x-3>0 X >—

d. Ta 6 ngay, v6i x < 1 thi chi A c6 nghia, cdon B khéng cé nghia.

Bai 8:
x>0

a. DéE A c6 nghia diéu kién 1a: {Vx -1>0 &
x-1>0

b. Biér déi A vé dang:

x>0

\/;>l Sx> 1.

x>1

e [J(Ji—l)’ +JF(&+1)2J' |

JVx + 14V -1 Vx-l
"=>' _x—l+\/;+l. m _ 2\/‘;.
Jx -1

c. Véix= ]9—8\/§.tacé:

VX =1+ VX +1] 1
- T of%=1

il |

Vx=v19-8/3 = /42 -2.4.3 +(\3)’

dodé:ﬁ,=6~ S)=8-2.3.

S9-T1

=J@-V3i=[4-\3 =4- V3
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caUBES  BEN pAI PON GIAN BIEU THU/C CHUA
CAN THUC BAC HAI

A. TOM TAT Li THUYET

.\.‘ ¥

4. TRUC cAN Tmfrc 6 MXU A o
- D& truc cin thite & miu, ta lua chon mot trong hai c4ch sau:
Cdch 1: Phan tfcfl tit va mﬁu ra thka sd chung chifa can réi rnit gon thira s6

t,\

Cdch2: Nhén n‘:_ _"""mau V6i, thi!a so thich hop dé 1am miat can thic &

7y, e
/A (JK*“\F)(J_ JB) A-B '
vﬁxlA>0 B>_o A#B. .

(A+'B)(J_ JB) A- B

B>QA¥B
vh danﬁ@ goi 1 phép nhan hen hap

B. PHUONG PHAP GIAI TOAN

Vindé1; PUA M()T THUA 56 vAo TRONG HOAC RA NGOAI DAU
v “CANER ! .

Yidg bz Viét gon cdc biéu thu‘( sau:

A=+2590. b. B=+475.54.

CDTPHODS9-T1




,Ef Giai
a. Tace: A =+2590 = +/259.10 =5.3/10=154/10.
b. Tace: B=+75.54 =/25.3.9.6 =5.34/3.2.3 =45.42.

22 .\ﬁaa(a1 —4a+4).

a.—

Yidw 2 Rt gon biéu thitc saw: A =

&5 Gidi
Ta bizn d6i A vé dang:

Jr 2~/—a la-21

d- a—2
2J2a% (a-2) _
=5 néua-2>0 { 3.J35° niiia s 2
= — =
4 4
_2J2a .(; - 242a* néua <2
a—--

@ Nhcn xét: Nhu vy, G trong A c6 thé dua dugc a® va (a - 2)? ra ngoai
dau can. Tuy nhién, ta thdy rdng:

%
a’ = .(a*)? =a* boia® >0vFimoia.

(a—2)" =la-2| bditachua xac dinh dugc ddu ciaa - 2.

a—b a’b*
Yidp 3 Chitng minh rang: \/ =la|, vdi a > b.
5 &5 Varo2absn?

£ Gid,
Ta cc thé Iua chon mét trong hai cich sau:
Cdch 1: 50 dung quy tac dua mét thira s6 vao trong ddu can.

Vi a>bnén -

B 2b4 _b2 2b4
b a =J(a ) a _\/" =4,

b’ a’ —2ab + b’ b* a’-2ab+b’
Cdch 2: 3t dung quy tic dua mét thira s6 ra ngoai ddu can.
Ta cc:

a—b\/ a’b* _a-b [ a’®* _a-b lalb’
b* Va’-2ab+b? b? V(a-b)’ b?> la-bl

b a-b lal.b?

o ; d :
: G b (a=b) |a| (dpcm)
#lﬂaswl 45

-b
: > 0, do dé:




@ Nhdn xét: Nhu vay, phép bién d6i dua thita s6 vao trong ddu can da gitip
ching ta c6 thé chimg minh dugc dﬁng thic. Ngoai ra, no con
rat cAn thiét trong cac phép tinh toan, thi du:

1. D€sosanh 31 va 247, ta bién ddi:
247 =227 = J28 <
2. Khitinh 3v2:
» Néu ta tinh V2 =~ 1,41 (sai chua dén 0,01) 16i nhan 3
thi sai s6 sé gdp 3 14n sai s6 cua gia tri gdn ding cua
V2 matada lay.
= Con néu ta thuc hién W2 = w/32— J18, 16i dung
bang tim gia tri gin diing cua V18 thi sai s6 khong bi
o nhan 1én 3 14n nhu cach lam trén.
Yidp 42 Sdp xép cdc s6 sau theo thit thu giam dan:
672, 445, 2J13, 347 .
£ Gidi
Sir dung quy tic dua mot thira s6 vao trong ddu can, ta viét lai day s6 dudi

dang:
62 = V72,445 = /80, 2413 = /52,37 = V63,

do d6, tac6 sip xép 445, 6J_ 3ﬁ 2J_
T i e Tt ._ ,, .‘.'... " s ki 7

ﬂ_h_h Khu’ mdu sé cia cdc bzeu thu‘c du'm dau can:

e b L_1
12 a a’
&S Gidi
a. Ta bién déi: ‘/ J—3 —JZ_-—I
U 36 6
b. Ta bién déi: J~——5—=J — = a—l.
a a a lal
Yidy 2t Truc cdn thitc ¢ mdu:
. a+1 b Ja-1+1
‘ az_l. - ‘\/ﬁ_l-
a’ -b’ 1-a

Va+b’ " diwals

@950 —



&5 Gid
a+ 1 (a+1)va? =1 ___\/El:—l

a. Tabién don: -

g =] a® =1 di—1
b. Tabén doi:

ﬁff.u_ («Ja —1+1)° _(w/:—bl+l)3_(m+l):
Ja-1-1 (a-1-D@Wa-1+1) a-l-1  a-2
a’—b? _(a=b)a+b) _ (Ja—vb)a+vb)a+b)
Ja+db  Ja+b Ja ++/b
:(\/;:—\/E)(a+b).

hoac ¢6 thé bién doi:

vobt @ -b)Wa-4b) (@ -b)a-4+b)

¢. Tabén doi:

fa+db  (Ja+yb)Ja-b) a=b
=(a+b)(Ja-b).

l-a _ (I-aWl+va _ (I-aWl1++a.(1-+a)
Jisda  1+va (+va)i-va)

_ (1—ap1++a(1-+a) _ (el -2

] —a

d. Tabén doi:

@ Nhen xét: Trong 15i giai cau b), ching ta phai di truc cin thic hai lin. Cac
em hoc sinh ¢6 thé thuc hién theo chiéu nguoc lai.

& % o g sy, K Cc = “ 5
Yidu 3 Choa,b,c,dlacac so dicong thoa man -]; — E . Hay truc can thic

T ; |
o mau cua biéu thiee: P= — )
P
&5 Gid

bat (=

%,laduqcazbi vic =dt.
Khi ¢6, biéu thitc dugc viét lai dudi dang:

g |=

e 1 _ 1 _ Wb -Jdi-n
ot +b+/dt +4/d (Vb +JD)Wt+1) (b-d)(t-1)

_ “/E“‘/E’(\/;“] _ Jbb —a)lya -B)
(3_1) (b—d)(a—-b) '
b
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@ Nhdn xét: Trong cuén Toan nang cao 8 chiing ta da timg thay khing
dinh ctia P6-li-a rdng yéu M'p!w nhu mot nhip cdu dé néi
badi todn cdn tim ra cdch g;a: vOi bdi toan da biét cich giaiva
g day chung ta c6 thé khing dinh thém réng viéc dua yéu t6
pbu con co tac dungnhr.r mot chiéc don béy, giup ta glax bai

Yidwp Uz Rit gon biéu thitc: A=ﬁ_J§+J§+J§.
&5 Gidi
Ta cé:
4 2 AT ++3) 2(J5 - /3)

"B BB -1+ B) (B I35 -1
=4(ﬁ+f)+2(‘r“/_)=ﬁ+\/§+f-\/§=ﬁ+J5.

7-3 5-3
P Cha y: Néu thuc hién theo phuong phap " quy déng médu s6™", ta dugc:
45+V3)+2(/7-V3) _ 45+2J3+247
WT-V3)5+43)  (T-V3)5+43)

bai todn s€ dimg lai ¢ day.

Vidy 2: Chitmg minh rdang: a?—-’-%—{_——\/_-(\/——\/—)z véia, b>0.
a+

A=

£ Gidi
Nhan xét ring: ava +ba/b =(va)’ + (Vb )’ =(a + Vb )a— vab +b).
av/a +by/b - (+/a ++/b)(a—+/ab +b)
dly e R ol
a+ab Va ++/b
=a—~/£ +b- JE =a—2-\[£ +b
=(+/a)*=2+/ab + (Vb )2=(Ja =v/b )? (dpcm).
D" Nhdn xét: Trong 15i gidi trén, chiing ta dua trén hing déng thirc d€ phan
tich tif s6 ra thifa s6 chung tir 46 it gon dugc cin thitc d mAu.
T4t nhién, ching ta c6 thé lua chon phép nhan lién hop xong
cach giai nay phuc tap hon.
Yidg 4z Chimg minh rdang:

Tir d6, suy ra

1
01+J5+J§+J§ toos s y200 o L

é CDTDHDSY-TI
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&S Gidi

1 W2-1 2-1 o
1+42  (1+2)W2-1) 2-1 S
- V3 -2 f3i-2 = =
2+8 W2+PB-42) 3-2 .

Nhan xét rang:

: = /2009 — /2008
V2008 ++/2009
Thuc hién phép cong theo v€ va nit gon, ta duoc:
: +—l‘+... + : = /2009 - 1 (dpcm).

1+42 2+43 2008 + /2009

@ Nhdn xét: Trong 13i gidi trén, &€ chitng minh di‘;';ng thuae chung ta lua
chon phép nhan lién hgp d€ khit cin thitc & mau cho timg
phén s6. Va & day ching ta sit dung phép bién d6i cuc bé.

; 3 3
Yidy 32 Cho biéu thic: A = (‘Jl—x + J: 1+ :
N1+ x V1-x2

a. Tim diéu kién dé A 6 nghia.

b. Rut gon A.
c. Tinh gid tri cua A khi x = 3 :
3543
d. Timx dé JA > A.
&S Gidi
1-x2>0 x <1

a. Diéukiéndé Acénghia: {1+x>0 S {x>-1 &-=-1<x<1. (¥
1-x*>0 [-1<x<l
Vay, diéu kiénténtaicia Ala-1 <x < 1.
b. Bién déi biéu thic vé dang:
Jl-x)(1+x)+3 NIt +3 _V1-x’+3 1-%’ g
m \’1_-_ m s/l_—?+3

c. Trudc tién, ta viét lai x du6i dang:

Be-) 2B-3
#&(3+J_)(2 J_) Ad L
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Khi d6, ta suy ra:
A=y1-2V3-3) =41-2J3+3 = J(1-3) =[1-43|=+3 -1.
d. Dé JA >A, diukienla: A<l o Jl-x <1 1-x<1 x>0,
Két hop vdi (*), taduoc 0 <x < 1.
Vay, v6i 0 <x < 1 thi VA >A.

Yidw 4z Cho biéu thitc: A = (x - 3) 9
x?

a. Tim diéu kién dé A c6 nghia.
b. Riit gon roi tinh gid tri biéu thicc A khi x = 1.
&S Gidi
X 0 X
a. Diéu kién dé A c6 nghia:{ 9 —x? & {(B-x)3+x)
9-x*=0 B-x)3+x)#0
Lap bang xét dau tir d6 thu duge x < -3 hodc 0 <x < 3.

Vay, diéu kién ton tai cia A la x < -3 hodc 0 <x < 3.
b. Tirkét qua cau a), suy ra x — 3 <0, do dé:

>0

A=(x-3) _ =—Ix- 31J xx=3" __ [xB=x)
9—-x? (3-x)(3+Xx) 3+Xx
Thay x = 1 vao A, ta dugc: A = - 1(:_11 2 =—[g-.
+

@ Cha y: Bai toan sé c6 mot két qua sai néu cic em hoc sinh khéng dénh
gia diéu kién 0 < x < 3, din dén sai ldm trong qua trinh bién d6i.

- (-9 9"2=\/ ey [6-n),
-X (B3-x)(3+x) 3+x

V2

Véi bién d6i nhu vay thi két qua cau b) séla A = 5

Vindé4; SUDUNG CAC PHEP BIEN POI CAN THUC BAC HAI GIAI

PHUONG TRINH
Yidy Mz Vi gid tri ndo cua x thi ta cé:
a. V3x? =x43. b. \fa(1-3x)! =@Gx-1)a.

£ Gidi
a. Ta bién déi tu'o‘ng duong:
3){ -—xJ—c>|x|s/§—x«/_<:>|x|-—x<:>x>0

a?vc > 0 ta c6 duoc déng thitc da cho.

CDTDHDS9-TI



b. Ta bién d6i tuong duong:

Ja =3x)" = (3x-1)va < |1 -3x|Ya =(3x-1)v/a

1
|1 =3x|= 3x—1¢:>1—3x<0c>x>§

Vay, véi x > % ta c6 dugc dang thic da cho.

o, 3 ===
Yidg2: Giai phuong trinh: 5 4x -8 -9

&S Gidi
Bién d6i phuong trinh vé dang:

%,/40{—-2 -9 =6<:>%.2\!x—2—9%-dx—2=6
S3VXx-2 —JXx-2=62Jx-2 =6 Jx-2 =3

&Sx-2=9&x=11.
Vay, phuong trinh ¢6 nghiém x = 11.

@ Nhdn xét: Nhu vay, véi phuong trinh trong cau a), ching ta st dung
quy tic dua mot thira s6 ra ngoai ddu cin dé bién dbi nd vé
damg Jf = g. Tat nhién, chiing ta ciing c6 thé sit dung quy
tic dua mot thita s6 vao trong ddu cin d€ giai, cu thé:

-%«/4)(-8 =3 %(4x—8) =34/x-2.

x-2 _ [8lx-2) _ ~—
= J2ET R oy,
81

81
Xong cach bién d6i ki€u nay rat thu dong.
Yidwp 3t Gidi cac phuong trinh sau:

- +2
Jx2 #14x Jx*4+1=x

b. 2x —5avx—a +2a’-2a=0, véia>0.

=0.

£ Gidi
a. Bién déi phuong trinh vé dang:

Jvx? +1—% —(dx> +I+x) - 2X

=0 —— +2=0

(Wx? +1+x)(Vx? +1—x) x? +1=x°

S-2xX+2=02x=2x=1.

Vay, pv\g trinh c6 nghiém x = 1.
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b. Datt= vx—a,diéukiént>0.Suyrat’=x—ae>x=t"+a.
Khi 6, phuong trinh c6 dang:
2(€ +a) — Sat + 2a%— 2a = 0 &> 2 — 5at + 22’ =0

t—2a=0 t=2a

o
St-a=l = [t=s

2
Jx-a=2a ,, |x-a=4a’ x=4a’ +a
< a < a'® & a’+4a-

X—-a=— X-a=— X =
2 4 4

<::-(t—2a)(2t-—a)=0<:>[

a’+4a

4

Vay, phuong trinh c6 hai nghiém x =4a’ +avax =

P Nhdn xét: Nhu vay:

1. V&i phuong trinh trong cau a), ching ta st dung phép
quy d6ng cuc bo vi nhan thdy miu s6 cua phan s6 thu
nhat la lién hgp ctia miu s cta phan s6 thit hai.

2. Vi phuong trinh trong ciu b), chiing ta sit dung phép
dit 4n phu d€ nhan dugc mét phuong trinh bac hai, tir d6
stt dung kién thitc vé phan tich da thic thanh nhan tir dé
bién d6i né vé dang tich va nh4n dugc hai nghiém t = 2a va

= % (lwu y rfﬁng ca hai nghiém nay déu thoa man t > 0
do gia thiéta > 0).
C. BAI TAP LUYEN TAP
Bai 1: So sinh cdc cap s6 sau:
a. 47 va3i3. . Eﬁva—\/_
b. 5411 va3+21. 4

d. 4 va
J7-3 JE-J?'
: " 15 12
Bai 2: So sanh cdp s6 sau: \/_+I J_ 5 éB--—:—E+\/E.
Bai 3: Truc can thitc ¢ miu:
N A=l—a\/;. . \/a+3+\/a—3'
l=«fa Ja+3-a-
- ! V2
R v NRE-E
Bai 4: Ruit gon biéu thirc:
V2+1 V22

b. B=

S
a'é—a—zﬁ J1+23 Ji<1 12"
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Bai 5: Véi g,i'itri nao cua x thi ta co:

a. J1x? =-x\T. b. Ja(x-2) =2-x)a.
Bai 6: Chimg minh rang:
Ja Jb _a+b

,vdia,b>20 vaa#b.

a.

N PN

(aJE+b)(\E+\/E) ab + b* — 2Vab’
a--b a(a+2\/g)+b
Bai 7: Giaj cdc phuong trinh sau:

a. Jd4x—-16 + Vx - —%\/9x-3 =4,
b. ¥9x—-9 — J4x -4 + J16x—=16 -3Vx~-1 =

Bai 8: Giai cac phuong trinh sau:
1 1

b. =b,vdgia>b>0.

A —— - +2=0.
Jx+l+1 Jx+1-1
2% 2x
g UL . E
J5 -3 3+l
Bai 9: Giai cic phuong trinh sau:
a. 2x-7Jx +5=0. b. x-6Jx-3 -10=0.
2
Bai 10: Cho bi€u thic: A = — +Ix_2xedx +3;
x—J;H \/;
a. Tim diéu kién dé A c6 nghia.
b. Rt gon A.
c. Hay so sanh Al véi A, biét x > 1.
d Timxdé A=2.
e. Tim gid tri nho nhat cua A.

D. HUGNG DAN - PAP SO
Bai 1:
a. Tac6:4\/-:x/4_27=m, ' BJI—zJﬁ:m.
Vay,taduqr:4ﬁ <3\/ﬁ.
b. T£1c6:5m=\/ﬁ=\/5’7§; 3@:\/3—2.5=J@.
Vay,taduociﬂ >3421.

c. Tacs: 245 - \f_' RN \/[_J'_J‘—;_?

Vay, ta duoc Z\E > %ﬁ
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4 ___ M1+ _ a1+ 5. 5
V-8B (1-Bx7+3) 7-3

3 3/6+4v3) 36+ _ . A
JE-JS " W6~ f)(JE+J') 6-3

Vay, ta duoc > .
v ﬁ—ﬁ JE—JE

Bai 2: Tacé:

d. Tacé:

15 .4 __ 156~ 4(J6 +2)
Vo+1 V6-2  (J6+D6-1) (6-26+2)
_ 1561 4(/6+2) 3¢5

- 2(V6 +2)= 6 + 1.
— - 6 l)+(J_+) \/_+

A=

12 123+6) _ 123++6)
6 -
3-J6 - G-J6)3+46)  9-6

Vay, ta dugc A < B.
Bai 3:

B= =43 + \/g)

1l \/; (1- J—IX];_J;+a)-l+JE+a
I 1 Jis

J_+f V22 VIB+E—\B Vis 18
(Va+3+Va-3)Va+3+Va-3) _ (Ja+3+Va-3)
(Va+3-va-3)Ja+3+va-3) (a+3)-(a-3)

a+3+2Ja+3Ja-3+a-3 _ 2a+2Ja’-9 2a+2vVa’-9

a+3-a+3 a+3—-a+3 6

V2 20442+43)

L=l Qas2=y3X1+23:3)

f(1+f+f) J_(1+J§+J_) Jf+2+\/ﬁ=!+\/§+_\_/i
A+420P=3 (1+2J2+2)-3 22 2

JT+2:43 w5l7 <303 _ 21T 3 27
JT-20¥JT+28) 71-43 5
VZ2+1442-2 2V2-1_ @V2-1)(2+1) _ 22+2V2-2-1

J2-1  2-1 (I-IZsh 2-1
=3+4/2.

a. Tach: A=

b. Tacé: B=

c. Tacé: C=

d. Tac6:D=

Bai 4:
a. Tac6: A=

b. Tacé:B=

Bai §:
a. Ta bién déi tuong duong: V7x’ =-xVJ7 ©kiJ7 ==x7 &kl=—=x<x<0.

s 0 ta c6 duoc déng thirc da cho.
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b. Ta bién d6i tuong duong:
Ja(x=2)> =2-x)va o kx-21Va =2-x) Va

SR=2U=2-x22-x50cx22.
Viy, vai x 2 2 ta c6 duge dang thite di cho.
Bai 6:
a. Thuc hién phép quy déng mau s6 cho vé trai (VT), ta dugc:
fi b _ vata+vb)-vha-vb) _a+b
Ja-vb  Ja+b (Va—Vb)(Wa +Vb) a—b
b. Nhan xét rang:
(avb+b)a +vb) _ Jb(a+b)a +b)

a-b a-b

F:E—NE" _\/b[(JE)Z —2Ja_b+(_~/5)*1‘=\jb(\/a_—\/€f _Jb(fa-b)

a(a+2\/5)+b_ a’ +2ab +(Vb)? (a++/b)? " a++b
Do do:
VT = Jbia n/_(\ +f) f(f—f)_ b(\/;h/g)(f—x/g):b(dpcm)
a-b a++/b a-b
Bai 7:

a. Bién déi phuong trinh vé dang:
2Vx-4 +x-4 - x-4 =42Jx-4 =4 Jx-4 =2
ex-4=4x=8.
Vay, phuong trinh cé nghiém x = 8.
b. Bién doi phuo*ng trinh vé dang:

;\‘(-"1“'2‘\! 1+4\-‘ 1—3‘\J'
<> 2 VX =16 Vx-1 =8 x—-1=64 S x=65.

Vay, phu'mlg trmh co nghiém x = 65.

Bai 8:
a. Bién déi phuong trinh vé dang:
[—1—(Vx+1 o
S b e T R P S PP O PR
(w+|+l)(\/x+ -I) x+1-1 X

Vay, phuong trinh c¢6 nghiém x = 1.
b. Nhin xét riing:

2x 2x(\/5 +3) 2x(\/§+f) B +0
5B BB s e
2x _ 2x(3-1)  _ 2x(3-1) _ il
V3 +1 (ﬁ+l)(f—l) 3-1

Do d6. phuong trinh dugc chuyén vé dang:

x(\g+f) x(\@—l)z\/g+l¢:>x(\/§+\/_—\/5+1)=\/§+!

c:>x(\/3 +1) \/E + 1 &x=1.
Vayg htrong trinh c6 nghiém x = 1.
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Bai 9:

a. Datt=x,didukiént>0.
Khi d6, phuong trinh cé dang: W-Tt+5=0t-1)2t-5)=0

t—1=0 t=1 J;:] %=1
a[ & 5 & § <& 25.
2t-5=0 t=— == X=—

2 Vx 2 4

Vay, phuong trinh c¢6 hai nghi¢mx=1vﬁx=%5-.
b. Patt=Jx-3,diéukiént>0.Suyra: P=x-3 & x=t*+3.
Khi dé, phuong trinh c6 dang:
2+3-6t-10=0t?-6t-7=0(t+1)(t-7)=0
t+1=0vonghiém
= bm ot=7 &> Jx-3=T7&x-3=49 o x=52.
Vdy, phuong trinh cé nghiém x = 52.
Bai 10:

x>0
x>0

a. Diéu kién dé A c6 nghia: = 2 < x> 0.
' . {x—&ﬂ#ﬂ (\/_—%) +%¢0

Vay, véi x > 0 thi A c6 nghia.
b. Nhan xét ring:
X+ x = Jx@xJx + )= Vx [(Vx P +1]= Vx (Vx + Dx- Vx +1).
2x+\/;=\f;(2\/;+l).

Do dé6, biéu thic A duoc bién ddi vé dang:
X +Dx=Vx+1)  Vx@Vx +1) 44
Xx—-vx +1 J;
=Jx(Vx +D)-Q2Vx + D) +1=x-Jx.
c. Nhan xétring, véix > 1, tacéngay: x > Vx < x-Jx >0 A>0=>1A1=A.
d. DEA=2 diéukiénla:x - Vx =2 x—Jx -2=0.

Pitt = Vx , didu kién t > 0.
Khi dé, phuong trinh c6 dang:

A =

t+1=0 (v6 nghiém)
=
t-2=0

tz—t—2=0<:>(t+1)(t—2)=0<:>[ t=2

o Jx =2ox=4.
Vay, diéu kién 1a x = 4.

2
e. Tacé: A'=x-~/;=[~f_—l) —l 2—1.

2 4 4
1
"

;ﬂﬂ ——

Dodéﬁi,,= —%,datdugckhi: JE—% =0 x=



CHU BE 6 R{T GON BIEU THUC CO CHUA CAN BAC HAI
A. TOM TAT Li THUYET

" P& rit gon biéu thifc ¢6 chifa cin bac hai ta thuc hién theo céc bubc:
B!!dr. 1: Thuc hién céc phép bién d8i don gian:
1. Dua mot thia s6 ra ngoil ddu can.
2. Dua mét thira s6 vao trong d4u cén.
3. Khirmiu cia biéu thie dudi du can.
4. Truc cin thifc & miu,
Bmit. 2: Thuc hién phép tinh.

~ Ta o6 két qua: avA - bf+cr+d (a b+c)JK+dvénA20
Vhﬁ,bu,dER '

B. PHUONG PHAP GIAI TOAN

Vindél: THUC HIEN PHEP TINH RUT GON BIEU THUC CO CHUA

CAN BAC HAI
Yidw 1z Thic hién phép tinh:
1 2 1 2
a.3~/§—\/1_§—5\/:+\/5_0. b. - + ;
2 V2 3-42 0 J3-d
£ Gici
a. Ta bién d6i:

3J—Jﬁ—s\/1+Js_0=3JE—J97~5\E+Jﬁ
—-6J§—3f——ﬁ+5f—(6 3—— 52 = “‘/_

b. Tabién doi timg thanh phén trong biéu thuc.

2 _ (2)

N
1 3 J3+42

VB-v2 ~ (3-V2)3+42)’

Bl g

=2,6 day ta sir dung phép phan tich tir s6.

0 day ta sir dung phép nhan lién hop

3-2
2 3-1 _(3-1G3+1)
= 3 +1.
B-1 B ﬁ_l =a
Mw&y\r (‘I I_ =2 =(BB+V2)+ B +1=1.
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@ Nhén xét: Nhu vay, vdi yéu cAu "Thuc hién phép tinh " cia cac biéu
thitc chida cin bac hai chiing ta cin linh hoat st dung bén
quy tic bién d6i da biét, cu thé:

1. O cau a), ching ta da sit dung quy tic dua mot thita s6
ra ngoai ddu cdn cho 38, 18, 4/50. Con d6i vai

5‘]% ta bién d6i né v& dang c6 mau s6 binh phuong la

5 F tat nhién ciing c6 thé bién déi:

rm

2. Ocau b), méi thanh phan déu c6 nhiéu cach bién ddi, cu
thé ngoai cach da trinh bay trong 19i giai trén chang ta
con c6 thé thuc hién nhu sau:

2 _ 22 _22_ 5
2 2z 2
1 __ 3-2 (B-V2)¥B3+V2)_ 5. 5
V3-v2 J3-2 V3 -2
2 _ 2(3+1) _2(/3+1) _
V3-1 (B3-1DE3+1)  3-1
Yidwp2: Thuc hién cdc phép tinh:

— p— — —i ———————eeen. —_— -J_.
a. A—IS(J +|/ J b. B—J J_ \/_,
.ﬁ'Gia'i

a. Tacé:A:lS[\E+\/§] =15[%\/I5+%\/E) 15. —J_5 =8+/15.

b. Ta c6 thé 1am theo 2 c4ch:
Cdch 1: Stt dung phuong phép quy déng miu s6, ta cé:

o 7-v6 _ [7+46 _J7-6 47+46
7+v6  V7-v6 J14d6 +1-v6

( 7—«/6)2—( 7+J€)2_ ¢ I T .-

+1.

6 J1+d647-6  Ja+J46)7-ve).
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Cdach 2: Sudung phuong phdp truc can thitc ¢ miu, ta c6:

B_\fi\% _J7+\/€

) 7++6 y

=\/ (1-6)’ _\/ (7 +6)°
(7+6)T7-6) \(7+6)T7-6)
el

@ Chu y:

Cac em hoc sinh can phéi linh hoat trong viéc lua chon cach

bién d6i. Trong nhiéu bai toan viéc truc can thitc & miu sé lam
cho cac budc quy déng don gian hon nhiéu.
Yidg 3 Riit gon cic biéu thiic sau:

a. A=23x +27x - /8x +

J50x + Vx.

b. B:F+ﬁ+£ﬁ,vﬁix.y>0.
b y ¥Xx

&5 Gidi
a. Tabi*n doi:

A =23x +343x —242x +5/2x + Jx
=(2-+_§)J§ -2 4 DEx * ofx
=5«/3x +3\/2_x+~/;=(5\/§ +3\f2_+1)\/;.

b. Ta bi‘n déi:
)J'

1]

1

— + 1+
(Iyl I
(
\Y
4
_-l_+]__

y

¥

y

LA

+xy

+__

]m

xly

-l—+ 1 +l)\/;; néux,y >0

IJJE néux,y <0

TR CRE

r(y+2)m

r

néux,y >0

K~ 2)\[_

néux,y <0

@ Nhdr xét: Nhu vay, vdi yéu cdu " Rut gon" cac biéu thitc chita can béac
hai ching ta van linh hoat st dung bén quy tic bién déi da

biét. Tuy nhién, trong cau b) chung ta Iuu y toi Ja’

= lal,

tir d6 thuc hién thém viéc pha dau tri tuyét doi.
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2 2
. 5+26 5-2V6
Chimg minh rdng: | 23°V% | _[2-2V0 | _4./6.
Yidy 4: g minh rang [\/5+\/§) {Jﬁ—\/ﬁ]
& Gidi
Nhan xét ring:

5+246 =(V32+243.42 + (V2= (43 + 42 )’
5-246 =(V3)'-23.42 +(V2)'= (V3 - V2 )’

( 2 2\?
5+2J§} d (~/5+~/§>J =(V3+2)=5+26.

suy ra: \—m -\m
(5-26) _((B-v2*) _. &7 e _c_
Km]xw} =(¥3 - +2)=5-246.

Do dé: VT =5 +2v6 — (5 — 26 ) = 4/6 (dpcm).
@ Nhdn xét: D6i vi bifu thitc da cho, néu khong khéo léo danh gia dugc

5+26= (3 + V2)2va5-2V6= (43 - ¥2)? ma thuc
hién phép nhan lién hgp d€ khir miu thi sé nhan dugc két
qua rét phic tap.

Vidp 8t Choa,b,c,d, A, B, C, D la nhimg sé duong thod mdn:

Chiing minh rang:

JaA +VbB +/cC +4/dD = Ja+b+c+d)(A+B+C+D).

&S Gidi
a=At
b=Bt
Pitt= — =— =— =—_ ta duoc: | .
c=Ct
|d =Dt

Khi d6, déng thitc dugc viét lai dudi dang:
VA%t +4B% +yC% +D = ,[(At+Bt+Ct+Dt)(A+B +C + D)
& (A+B+C+D)Vt =(A+B+C+D)yt luén ding.
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Vi dy 8z Cho ba s6 duwong X, y, z thod mdn x +y + z = xyz. Chitng minh

rdang:
JO% I+ 22) =l +4° =1 42 4
Yz
Ja+z2Ha+xH) -V1+22 -1+%
+ +
X
. JA 1 +5Y) =41 #77 =f14 7 o7
Xy .
£ Gidi
1 I 1 : -
bata= —,b= —, ¢ = —, ta dugc dang thirc diéu kién la
X y z
Latsto L ssbusenpalied (1)

Va khi dé. déing thie cin chimg minh c6 dang:
Ja+b)A+c?) + Ja+e)A+a?) + JQ+ad)(1+b?) =

=(b+c)Vl+a’ +(c+a)Vvl+b® +(a+b)y1+c’.
Nhan xét rang:

l+a’=bc+ca+ab+a’=(a+b)a+c)

l+b’=bc+ca+ab+b’=(b+c)b+a)

1 +¢®=bc+ca+ab+c’=(c+b)c+a)
tir do, suy ra:

JA+b)(1+¢?) =(b+c)/(b+a)c+a) =(b+c)vl+a’. )

tuong tu ta cling co:

Ja+c)(1+a?) =(c+a)V1+b*. 3)
Ja+ah)(1+b?) = (a+b)Vl1+c? . @)

Cong theo vé (2), (3), (4) ta nhan dugc dang thic cdn chimg minh.

o ) 2\/; \/; 3x+3 2\/;—2
Vidy 7z Cho biéu thire: P= + = : -1/1.
(\/;+3 Jx -3 x—g] [\E-S J

a. Rut gon biéu thic P.
b. Timx déP< - %

L3 - * ~” ? . A -
c. Tim gid tri nho nhdt cua biéu thirc B.
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£ Gidi
a. Diéukién0<x#9.

2Wx (WX =3) +Vx(Wx +3)-3x -3 2J_— ~Jx +3

Tacé: P=
o X -9 Jx -3
_2x—6Vx +x+3Jx =3 -3 Vx +1
X9 Jx -3
_=3x-3  Ax+1_ -3(x+D Vx-3_ -3
Tx-9 Jx-3 x9'J§+1 Jx +3
b Thoh Pe— L a8 ——o . em 1 +1<0
Jx +3 J_+3
o Z6+Yx+3 <0 Jx —3<0 Jx <30<x<9.
W +3)
Vay,v6i05x<9th‘lP<—~;-.
c. Tac6P= .
‘ Jx+3
Nhanxét:xzﬂﬁﬁzo osdx+323 o sl
Jx+3 3

- 1.(-3) 5 1.(-3) - -3

Jx+3 3 Jx +3
Vay, suyra P, =— 1 dat dugc khi x =0.
Vidu 8 Tinh gid tri biéu thic: J_a—ﬂ

a? digd ] gt

2-1P2-1

trong dé, a la nghiém duong ciia phuong trinh: 4x* + V2x-42 =0. (1)
£ Gidi
Phuong trinh (1) c6 hai nghiém trdi ddu nén ta c6:
da’+V2a-+2 =0(a>0) )
Tix (2) dé théy: a = 1-2 vaa*= 1-2a+a”

242 8

Goi biéu thidc cdn tinh 1a S, ta c6:

2
- l___
S=a—+1= ,a"+a+l +az=\/1 2a+a” +8a+8 N a

va*+ra+1-a’ 8 242
a+3 1—

gﬂor ' —



£l . [e I + 3
Yidu 9 Cho biéu thie: P = [ s ++/a J ( h/_ VaJ.
s

\/— ]+'\/_
a. Riit gon biéu thiec P, b. TimadéP<7—4+3.
&S Gidi
a>0
a0 _
a. Diéukien: {1-va#0 < o0<azl.
Va(a—1)#0
l++/a#0
Ta co:
l-a\/:; 1+a\/5
P= +a |. —Ja
L 14/ ](n\/_ ]
_(a=Va)1++a+a) ol L (1++a)1-a +a) J_
1-+a 1+a

=(1+Jata+ Va) 1-Va+ta-a)

= (1+2Va+a)(1 =22 +a)=(1+v2 ) (1-va = (1 - a)2
b. Taco:

P<7-43 & (1-2a)2<7-43 & (1-2a)2<4-223 +3
& (1-2)2<2-V3) il -al<2-43
&3 ~lci-1 €2-B B -12a<ci- B

Vay, v6i 3 —1< a<3 -3 thi P<7-443.

Wide Al Cho it thi: K=1 | 22 4 Vx+1 ‘E“J.

x\/;—l X+Vx +1 x-1
a. Tim tap xdac dinh cua A.

b. Riit gon biéu thitc A.

c. So sanh A vor 3.

&S Gidi
x>0
TR bk , ) » x>0
a. Diéukién dé biéu thicc A c6 nghia:  {xJ/x -1#0 < { an’
x+1#0 2
b. Ta cé:

A=1:{ il Jx +1 \E+1}

x\./_l X+vVx +1 x-1

X+2 J_+1 \/;+1
(J;—l)(x+J§+1) x+Vx +1 (Vx +1)x -1)
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X+2 Jx +1 1

=1: SN
_(J;-l)(x+ﬁ+l)+x+ X +1 \/;—1]
-x+2+(\/§+1)(&-1)_(x+,/;+,)]

_ Wx =Dx+x+1)
(X +2+X=1-X~— x—l]=1.[ x —vx }

x =D(x +vx +1) Wx =D+ +1)

- Jx@x-) _x+x+1
WX =DE+Vx+D) xo

X + x+1_3=x+«/;+l—3\/;___(«/;—l)2
Jx Jx o

c. Xéthitu: A-3=

(Jx-1)220
_'_12 0 - 2
TR - (Ll L L
O<x#l Vx>0 Vx

dodé: A—320¢> A>3, Vay, tadugc A > 3.
@ Nhdn xét: Ta cé thé thuc hién nit gon biéu thitc A véi cich khac nhu sau:
Pat: Vx =a,0<a= 1. Ta duoc:

2
A=1:[a +2+ a+1 a+1}

a’-1 a*+a+l1 a’-1

e a’+2 . I O a’-a
T@-1@*+a+1) a’+a+1 a-1 l@-1@’+a+1)

a*+a+1

a
Thay a = +/x vao biéu thic A vira riit gon, ta dugc:
X+4x +1

Jx

Chiing ta da dugc biét:
(A+B+C)? =A’+B*+C?*+2AB + 2BC + 2CA

Viéc chimg minh hing dang thitc trén xin dugc danh cho ban doc, con
trong muc nay ching ta sé di sau vao viéc khai thac n6 dé giai mot vai dang
todn ma ké&y#ha nhan dugc rat ngac nhién, cu thé:
& .\!_y_‘ E';ﬁ
4 , B CDTPHDS9-TI
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(1 1 1}2 1 1 { & @ 3
—t =] ==t =+ =+ — + — + —
b ¢ g b? c? ab bc ca

—+

I I 1 2(a+b+c)
= = + S —_—  —
a b
Nhur vay, néu c6 diéu kién a +

(1)

C abc
b + ¢ = 0 ta sé nhan duoc:

e
[_]_+_l_+l] =—l?+—l-—+—lz'c> \/__ —+'__- (2)
C

a b © a b
Khi dé:
®* Néu thay ¢ = —(a + b), ta sé nhan duoc:
_1,+_l-_ 1 |= _1-+i+ ] = 4 (3)
a b a+b a> b*> (a+b)
, - JF 1 I, p
= Neé€uthaya,b,cboibébasé —, —,— _+E , ta s€ nhéan duoc:
a a
b ,, a’b’
atb-—- = fa? +b7+ 4)
a+b (a+b)
@ Yéu cdu: Cac em hoc sinh hay st dung ¥ tudng trén dé khai thac cho cac
hing dﬁng thuc:

(A+B-C)?=A?+B*+ C*+2AB-2BC - 2CA
(A-B-C)*=A?+B*+C*-2AB +2BC -2CA
’(A+B+C)3 (A+B-C)°
Vi dwp 11z Rut gon biéu thic:

S— 1 + 1 & _}._.}._]_'_4,._1._
a’+b* (@+b)y Ya' b* (a'®+b?)?
£5 Gidi

Sir dung (2) bang céch thay a, b, ¢ bdi bo ba s6 a°, b°, —(a® + b?), ta sé nhan
duoc:

1 1 1

—_——
a’ b’ a’+b?

T T 1|
a® b* (a’+b?)? |aZ b2 a’+b?
Khi dé, S dugc chuyén vé dang:

S= 1 - 1 +1+] 1
ach® fa+b) a' K a’»b’

, theo (3).

a b a+b
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Yidy 12: Cho a,b,cla cdc s6 hitu ti déi mét khdc nhau. Chiing minh rang:

o= : ) : = ] 21&56’)11774 t.
(a=b)* (b-c)” (c—a)

&S Gidi
St dung (2) béng cé4ch thay a, b, c bdi bo ba s6 (a — b), (b —¢), (c — a), ta s&
nhan duoc: S--| - : + 1 I

- |a b b-c c- al
Vay S la s6 hitu ti do gia thiét a, b, ¢ 1a céc s6 hitu ti d61 mot khic nhau.
Yi dwp 13z Cho téng:

a. Tinh Syy.
b. Chitmg minh rdang véi moin 2 3 thi S, la s6 hitu t nhung khong
thé la s6 nguyén.

£ Gidi
Sir dung (2) bang cich thay a, b, ¢ bdi b basé 1, (n — 1), —n, ta s& nhan duoc:
1
1+ o 12 =1+ ! :
(n=1) n

Tu dé6, suy ra:

1
=1+1+4+ +]+__l=(n—-2)]+l_l=n-_.l.._..31
n-2s61 n n n %
2. Tac6ngay: Sm. = 2006 — L _ 3 _ 4021026 _ 2010513
2006 2 2006 1003

b. D& thdy ngay dugc khéng dinh "S, ld 56" hitu ti nhung khong thé la s6

&S Gidi

Diéu kién x 2 0.
Bién déi phuong trinh vé dang:

36-3x@ +242x =22x =0 = 32x (1 =x) =0
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1-x=0
Vay. phuong trinh ¢6 cdc nghiém x =0 vax = 1.

¥ 24x - 3vx =
Yidwp 2: Giai phicong trinh: —\/—-%—-l +Vx - J_Z : = ],

& Gid
Dic¢ukién x > 0.

Bi&¢n d6i phuong trinh vé dang:

)
= X-—-7—+\/_--§\/;+
] 3 2

}

X =

{Jﬂzo
oy o

x =0 N = aome x
? thoa man diéu kién.

2 3 1 3
=l +1-2)fx =1+= -2
(3 2) 3 2

to | W

= %&z%@ X =5 & x =25, thoa man diéu kién.

Vay, phuong trinh c6 nghiém x = 25.
Yidu X Tim tat ca cde sé hitu t1 x dé so6:

P=xx® 4 19x493 13 s6 kit ti.

£ Gid
Ta ce kétqua " Néu x,y € Q thix —y € Q", tir d6 suy ra:
Ix? +19x +93 -x=y €Q.
Khi ¢6, ta duoc:
Jx? +19x+93 =x+y = x>+ 19x + 93 = x* + y2 + 2xy

o x(19 - 2y) =y*-93. (D
Ta xet hai truong hop:

Truong top 1: Néu 19— 2y = 0, khi dé ta dugc: < , VO nghiém.

y? -93
19-2y

Truong top 2: Néu 19 — 2y # 0, khi d6 (1) c6 dang: x =

y? -93
19-2y

f 2 — 2 2 —
x2+19x+93 = || L 93 + 19(y" -93) +93
19-2y 19-2y

fs o 5 19 .
Thu hi, vai x = ,vay # 7 ta c6:

_|y* -38y® +547y* — 3534y + 8649
(19 -2y)*

67




_ " -19y+93)" _ y*-19y+93 c {5
(19 - 2y)’ 119 -2y

y? -

19-2y’

Vay, véi cc s6 x c6é dang x = vay # 1—29 thoa man diéu kién dau

bai.

C. BAI TAP LUYEN TAP
Bai 1: Thuc hién phép tinh:

8, A =v6+2y5 ~6-235. b B=T4+43 ~T-43 .

2 [6 2 ]
. Ol J2 442 | d. D=J72 +4,5‘/2— -1/5- +2:27.
) (‘ﬁ \Iz) 3 3

Bai 2: Ruit gon biéu thitc:
a.=1—1+1. bB\/_—2+lox

x/;—l \/;+1 x+2'

_2_______\/' T
RN P R g M“’ Y\f(z(

Bai 3: Cho biéu thic:
o X—3J)_C_l i 9-x +\/;—3“\/;+2
x—9 Nelx+3)lx-2) Jx-2 Jx+3)

Riit gon biéu thic A.
Timxdé A<-1.
Bai 4: Cho biéu thirc:

15&:11 3Jx -2 _ 2Jx+3
x+2\/;—3 f=yk  Jx+3

Riit gon biéu thifc A.
b. TimxdéA = % ;

o

A =

c. ChﬁngminhrﬁngAS%.

Ja_ 1 JZ[JE—I_J;H)
2 2Ja) \Va+1 Ja-1)

Bai5: Chobifuthic: A= [

a. Ruiit gon biéu thiic A.
b. Timadé A<O.

c. Tmadé A=-2.
Bai 6: Chimng minh ring biéu thiic sau I hing s6 v6i moi gid tri x vy

ar e =i

G Jxy -y
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Bai 7: Giai phuong trinh:

a. (\/; —3)(4—\/;)=9—x.

3 3
b. =0.
x+@c"+l * x—\/2x3+l
q;-x‘ B VX +3
-'{x+5_ - \/x—zl
D. HUOGNG DAN - PAP SO
Bai 1:
a. Tacd: A = \/1+2\/§+5 —\F—zferS =\ﬁl+\/§)2 —\/(1—\/5)2

=1+ B=(S=1)=2
b. Tads B = J7+403 ~J1-48 = J44220343 ~«/4-22J3 +3
= J@+BF =J@=BF =2+ =@~ H)=2.

c. Tacs: c=|2{\E+J§):12[\E+J§J:4J§+|2J§—16J§.

Bai 2:
2. Tacs A=(x-{;+l)-—(\f_-—l)+(\/;——l)(\/;+l):2+x—l=x+1l
(Jx —D)/x +1) k=<1 %~
o 10-x+(Wx+2)(Wx-2) _10-x+x-4_ 6
hesila Te o 7
e. Fagh: C= : — l + \/;
Jx+3  Jx=3  GB-=-Vx)3+Vx)
_2(3——\/;)+(3+J;)+J;_6—2J;+3+J;+\/;_ 9
T 3=vx)G+Vx) B-Yx)B+V¥x) 9-x
Bai 3:

x#4

x=0 x>0
a. biérkiégn: {x-920 <{x=#9.
J;—Ziﬂ

Ta ce:
_x=3x-(x-9) 9 —x +(Vx =3)W/x +3) = (Vx + 2)(Vx =2)
x -9 ' (Vx +3)Wx -2)
_ 3Yx 49 9-x+(x-9)-(x-4) _ -3x+9 4-x

x-9  (Wx+3)(x-2) T x-9  (Wx+3)Wx-2)
¥ Jyed -3

__ *g +3 Jx+2 Jx+2




b. Dé A <-1, tacé:

3Wx+3) o 3+ xR+
(Vx =3)x +2) (Vx =3)x +2)
B(J_+3)+x Jx -6 X +24/x +3
(Jx -3)Vx +2) <Om'(\/2—3)4(~/§+2)<0'
Nhan thdy: x+2Vx +3>0va Jx +2>0
x+2J;+3
(x-3)Wx +2)

Vay, v6i0<x <9, A<-I.

Do dé6, <0<:>J§—3<0@~/;<3c>05x<9.

Bai 4:
x>0
x20
a. Diéu kien: 1-\/;;:0@{ :
x %1
J;+3¢0
Ta cé:

15Vx —11 BJ_ 2 2Jx+3
T k- 1)(J‘+3) 1-Jx  Jx+3
_ 15V —11-GVx - 2)(x +3) - 2Jx +3)Wx -1)

(x —1)Vx +3)
_ 15X —11-3x-7x +6—2x - Jx +3
x -1)x +3)

Sx+TWx -2 (Vx=I)=5Vx+2) -5Vx+2

T Wx-x+3) (x-Dx+3) Jx+3

b. DEA= ; ta cé:

'j{;” Ll S2A-5Vx +2)=Vx +3-10Vx +4-JVx-3=0
+

@ll&—lc:'x_%

Vay, v6ix = —l—,taduch= l
121 2

S5dx+2 2 -15Vx+6-2Jx-6 _ -17Jx

c. Xéthiew —m—Z_Z=

Jx+3 3 3Wx+3)  3(x+3)
Nhan thdy: 3(v/x +3)>0.
Do dé: -17Vx <0=>A< 2.

3(Vx +3) 3

2B —



Bai 5:;

o a>0 a>0
a. biéu kién: <

Ja-120 |a=zl’
Ta co:
Az[a—lT (Va-1)a-1)-(Va+1)Va +1)
2Va )’ (Va+1)(a -1

_(a-1)" (a-2Ja+l-a-2Ja-1)|_ (a-1)’ —4Ja _a-]

- 4a a-—| 4a a-1 JE'
b. bé A <0,1acé: il-——I.<0<:~.aa—1«<0<::>a<]_

Ja

Két hop vdi diéu kién, taduogc: O <a< 1.
c. DéA=-2 tacé:

E___l_=—2<:>a+1+2~/_=0<:>a +2\/z;+l—2=0
Ja
o((Va+1)? —2=0(Va +1)2=2
1=
o Va+1=\2 o Va=V2-1 oa=(J2-1)2
Ja +1=—=2(loai)

Vay, véia= (V2 -1)*thiA=-2.
Bai6: Taco:

P=[ Ve, 2xedy ].‘/E(‘/;_‘[’_’).

Ix=Jy) xWy-vx) | (x+Jy)

_ Ixdx s @dx+ yy Jry(x-yy)
Jxy(Vx =4fy) Wx +\y)

_X+2 xy+y__(\/;+\/;)2: "

T Wx+lyY  (x+y) | ASpe

Bai 7:
a. Diéukien:x>0.Tacé: —x+7/x -12=9-x7J/x =21 =>x=9

' 1
. 2x’ #120 |
b. Diéu kién: . ¥ 2

2 3
- |
ot e (1-x)2x* +x+1)=0

3 3
Ta c6: + =1,
x+V2x° +1 x=V2x* +1
i J4+x Jx+3
c. Tacé = ,
\/X+5 Jx =2




cHUBE7 XN BAC BA - CAN BACN
A. TOM TAT Li THUYET

wn’ ST

m HIEN CAC PHEP TINH VOI ( AC 3 VA BAC n
ﬂ_im_l.l Thgrt hién phép tinh:
3 B
a. 3—%.%/1_—%/3, b. (¥-2 + D4 +i/2 +1).
& Gidi

a. Ta bién déi: ;/-% AN ~Y=3 =3 —-;-.13.(—3) = 327 =3.
b. Ta bién déi:

Q=2 +DVE +32 +1)= 22 + DIA~2Y - Y22 + 1)
=-2)+1==2+1=-1.
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@ Nhin xét Nhu vay:
1. Trong li giai cia cau a), chung ta da su dung két qua:
Ya b Ve = Yabe .
2. Trong loi giai cia cau b), ching ta da su dung hing dang
thuec:
a’+b’=(a+ b)(a’-ab + b’) = (a + b)’-3ab(a + b)
Nhé réng, ngoai ra ta con co:

a’—b’=(a-Db)(a’ + ab + b’) = (a—b)’ + 3ab(a - b)
(a+b)’=a’+3a’b +3ab’+ b’
(a-b)*=a’-3a’b + 3ab’ - b’.

Yidwy 28 T/huc hién cac phép tinh:

a. A=(33 +32)9 -6 + V4).
b. B=(1-P+0+iB)
£ Gici
a. Ta tién doi:
A =B+ 2)ABY-B A2 +A271=3BY + 2
=3 4¢2=35.
b. Tatién déi:
C=(1-V +1+BY-30-V)+BY1-1B +1+B3)
=2°-3[1-(¥3)]2=8-6 +639 =2+639.
Yidg 3 Thic hién cac phép tinh:

a. A=4i81-327. b. B=v7—4-\/5+\[2—~/§.

&S Gici
a. Taco:

A= 481 - 127 =43333 - 333 =0.
b. Ta c6:

e Y748 + 28 =Y4-22B+3 424
=42-V3)* +2-43 =2-3+2-43=242-3.

V5-1

Yidp & Chimg minh rang: —3——=3«/§—2.
&S Gid
ot [[5__-_1]‘: V5-15+3V5-1 _85-16 _ =,
8 8
- 52‘1 = J5-2 (dpem)
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Yidg 52 Biét rdng néu a=b thi 2 =b’ va nguoc lai a’=b’ thi a=b, Chimg
3
minh rang: —JE =312 vaib=0.
b b
&S Gidi
3
. (¥Ya @)’ a Va a
Tacé: |—=| =—=— = — & — = 3|— (dpcm).
) @by b Yb Vb
Yidwp 8 Tinh gid tri ciia biéu thicc:

B = 31620 +1217457 + 316201217457 .

£ Gidi
Dé phép bién dbi duge gon ta dat:

b, = 31620 + 1217457
b, = 31620 - 12417457

khi dé:
B=b, +b,
<> B’ =(b, +b,)’ = b} +bj +3b,b,(b, + b,)
= 3240 + 3.48.B = 3240 + 144B
< B'-144B-3240=0< (B-18)(B*+ 18B + 180) =0
&B-18=0&B=18.
Viy, ta dugc B = 18.
¥ Nhdn xét: Nhu vay, trong 15i gidi ctia bai toan trén d€ tinh gia tri cia
biéu thitc B ching ta da sit dung phép luy thita trong trudng
hop B la téng cia hai biéu thitc lién hgp. Phuong phap d6
duoc téng quat nhu sau:
Véi hai biéu thic lien hgp dang:
M, = Ya+bve vaM,=3a-bvec.
Khi d6, d€ tinh gia tri ctia biéu thitc B = M, + M, chiing ta thuc
hién nhu sau:
B’=(M, + M)’= Mj + M; +3M;M,(M, + M)

=a+b+c +a-byc +33a2-bic B

< B*-33a’ —b%c B-2a=0. *)
Téi day, chung ta thuc hién viéc giai phuong trinh (*) sé nhan
dugc gia tri ctia biéu thixc B.
Phuong phap trén dugc md réng tuong e véi B=M, - M,

7}4? g CDTDHDSI-T1

= b,b, = ¥1620% —122.17457 =48




Véi két qua tim dudge B = 18, chung ta thay ngay vi du trén
con co thé duoc phat bi¢u dudi dang "Chung minh rdng B la
mot s6 tu nhién".

Ching ta sé minh hoa thém moét bai toan nua.

: - # 125 ‘ 125
Yidy % Chiung minh rang sé: x = 3\/3+ 9+? —J—3+ 9+?

lad mét s6 hitu 1.

£S5 Gidi

D¢ phép bién déi duoc gon ta dat: | = XX, = —

khi do:
X= xl et X:
& xP=(x, - X))’ = x} =x3 = 3x,%,(X, = X,) =6 = 5x

SX+5X-6=0x-DNX+x+6)=0=x-1=0x=1.
Vay, ta duge x = 1 1a s6 hiru ti.

a+]1 [|Ba- a+1 [8a-1
Yidy @: Cho: X =3la+ J \/ .
[ 3

Chitng minh rdng véi moi a 2 -8_ thi x la mét s6 tu nhién.

& Gidi
bé phép bién déi duoc gon ta dat:

( a+1 ’83—
2a—-1
{ —
\[ a+1 - 3
x -3 a—
| 3 \f 3
khi dé:

X=X+ X, € X = (X, + %) = X] + X3 = 3x,%,(X; + Xp) =2a + (1 - 2a)x
oSx'+Qa~Dx-2a=0x-1)x*+x+2a)=0

x =1
<, .
X“+x+2a=0

¢
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Véi gia thiét a > —51;, ta nhan thdy phuong trinh x*> + x + 2a = 0 co biét s6
A =1 - 8a, do do:
* Véia= -EIE thi A = 0 nén phuong trinh cé nghiém x = 1.

. Véia> % thi A <0 nén phuong trinh v6 nghiém.

Vay, véia 2 % ta luén c6 x = 1 12 s6 tu nhién.

Yi dw 72 Tinh gid tri ciia biéu thic:

A=x+15x tai x = 356 +1) — 35(4/6 -1).
&S Gidi

Dé phép bién déi dugc gon ta dat:

a, =3/5(/6 +1)
a = 3‘\1 5(‘\/6— 1)

khi dé:
X=a,+a,
o x*=(a, —a)’ = a} —a) - 3a,a,(a, —a,) =10-3.5x=10- 15x
&x*+15x=10A=10.
Vay, ta duoc A = 10.
Vidy8: Vi |al >2, hay rit gon biéu thic:

bie g‘la3—33+(a2 ~1)Va2 -4 x #a‘v'—Ba—(az —1)Wa? -4
2 2 '

= a,a, = 325(6-1) =5.

£ Gidi
Dé phép bién dbi dugc gon ta dat:

(M _#a3—3a+(a2 ~1)Wa’ -4
{ =
< 2 :>‘M1M2=1.

M =da3—3a—(a2 ~1)Wa’-4
. 2

khi dé:
P=M, +M,

&SP =M, +M)’ = M; + M} +IMM,M, + M,) =a’- 3a + 3P
@g3P-a3+3a=0a(P—a)(P2+ap+a2-3)=0. (*)
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Vai gia thiét lal| >2, taceé:
2 2 a * 3.
PP+aP+a*-3= P+§ +Z(a“—4)>0

do do, phuong trinh (¥) twong duong voi:
P-a=0&P=a
Vay, ta duge P = a.
Yi dw 83 Chiing minh rdang cdc s6 sau la s6'vé tr:
a. a=3Y4+32. b. b=i/§+%/§.
£S5 Gidi
d. Tabién déi:
= +2y =4y +@2y)-3Ya2(V4+Y2)=6+6a
ea'—6a—6=0. (*)
SO a la s6 vo ti Vi gia st tri lai a 12 s6 hitu ti thi a phai 12 s6 nguyén bai n6
la nghiém clia mot da thidc véi hé s6 nguyén va hé s6 bac cao nhat bang 1.
Mat khac, ta thay ngay:
2< ’\/Z+1/5 <cdeH2d<acd=a=13
tuy nhién, a = 3 khong phai la nghiém cia phuong trinh (*).
Diéu do chimg to a 1a s6 vo ti.
e. Gia st trdi lai b 12 s6 hitu ti. Ta bién déi:
b'= (V3 +32) = (¥3) +¥2)) - 33332 (33 +32)
=5+336b

b'-5 , ;
o 6 = S 12 mots6 hitu i~ Voli
Piéu d6 chimg to b 12 s6 vo ti.
@ Nhdn xét: Qua loi giai cia bai toan trén, ching ta thay:
I. Vé&icaavab ta déu sit dung hdng déng thuc dang:
(x +y)’=x’+y’ = 3xy(x +y).
2. Trong l0i gidi cua cAu a) chiing ta sit dung két qua:
"Moi nghiém hiau tf cua da thitc voi hé s6' nguyén:
X +a, X"+ .. tax+a,
déu la s6'nguyén "
3. Taco dugc ménh dé téng quat sau:
" Néua vab Id cdc s6 tur nhién thic = Ya +3/b hodc Ia mot s6 tw
nhién hodc Ia mét s6'vé "
That vy, dé dang ki€m tra duogc rdng s6 ¢ = %/; + {[l:; la m6t nghiém
cta da thic véi hé s6 nguyén dang;

x> —a - b)’ — 27abx’.
(IF" cau b) c6 thé dugc trinh bay theo cach sau:
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1<3&/§<2
Nhan xét ring: 4 g =2<33+32 <3,
1<¥2-<-5

Gitra hai s6 tu nhién 2 va 3 khéng c6 s6 tu nhién nao, do d6 suy raa la
s6 vo ti (theo két qua trén).

4. Ching ta da biét cac s6 JZ_ 3 s , ... 1a cdc s6 v6 t. Tuy nhién, dua vao
nhan xét thit 2 chung ta c6 thé chimg minh dugc mét két qua tong
quat hon dugc trinh bay trong bai toan sau.

Vi dw 10z Chimg minh rdng néu a va n la hai sé tu nhién, n > 2 thi ¥a hodc
la mot s6 nguyén hodc la mot s6'vé ti.

£ Gidi
Gia sir %/a khong phai 12 s6 nguyén. D& thdy c = 2/a 1a mot nghiém cua
da thic véi hé s6 nguyén x" — a.
Pa thirc nay néu c6 nghiém hiru ti thi nghiém dé phai 1a s6 nguyén. Nhung
theo gia thiét 2/a khéng phai la s6 nguyén, do dé ?fa phai 1a s6 vo ti.
@ Cha y: Dua vao két qua ctia dinh Ii trén chiing ta méi c6 thé khang dinh
dugc tinh ding dan trong 10i giai cia nhiéu bai toan.
Vi dw 11z Tim s6 xyz biét rdng \3}x_y2 = (x+y+2)* véineN.
£ Gidi
Chiing ta xét hai trudng hop:
Truong hop 1: Véin21vavix 21 nén:
= Néuy=z=0 thi:

ixyz = 4100 ¢ N

trong khi (x +y+2z)* € N- Vol
= Néuy+z2>1thix+y+z22, suyra:
(x+y+2)"" 22°=16>10= Y1000 > i/xyz - Vo li.
Vay, v6in 2 1 khéng thoa man.
Truong hop 2: Véin =0 ta dugc:
| %fx_;=x+y+z¢:>x_yz=(x+y+z)3. (1)
Mait khéc, ta thiy ngay: ‘
64 < xyz < 1000 < 64 < (x +y +2z)* < 1000
(2)

@6:( +y+z<10.
Aﬂ CDTDPHDSS-TI



Taco két qua " Néua € N thi a’ chia cho 9 ¢é s6'dicla 0, 1,8 ", tir d6 suy ra:
(x+y+ 7)' chiacho9c6s6dula, 1,8
¢> xyz chiacho9 c6s6du1a 0, 1, 8
<> x+y+zchiacho9cosodulaO, 1, 8. (3)
Tu2)va(3)suyrax+y+z=8hoacx+y+z=9.
* Véix+y+z=8§, suyra:
xyz =(x +y+2)'=8"=512=(5+ 1 + 2)' (thod mén).
" Véoix+y+z=9,suyra:
xyz =(x +y+2)' =9 =729 # (7 + 2 + 9)’ (mau thuin).
Viay, ta duoc xyz = 512.
@ Nhdn xét: 1.0i giai trén da duoc trinh bay twong d6i dai véi muc dich
gitup cac em hoc sinh khi tham khao dé hiéu.
Dé li giai " Tar sao em lai biét chia hai truong hopn>1 van =0"
chung ta chi can danh gia don gian, nhu sau:
99 < Xyz < 1000 (t6t hon 12 64 < xyz < 1000)

a< Yxyz <10 4< (x+y+2)* <10.
Yidwp 122 Vi moi s6 tw nhién k > 0, chitg minh rdng:

(V2 + 3

[udn viét dugc dang a, + b, \[g vdi a,, b, nguyén duong. Tim hé
thirce xdc dinh day (ay), ddy (b)) véi k = 1, 2, 3, ... Chimg minh
rang véi moi k 22 thi a,_,.a,,, —6b; la mét hdng s
&S Gidi
a. Taching minh:  (v/2 + 4/3)% = a, + b, /g bang phuong phép quy nap.
*  Véik =1, ménh dé diing.
* Gia sit ménh dé ding véi k, ta cé:
(V2 + V3)* "= (V2 + V3)X (V2 + VB)?
= (a, +b“/g)(5 +2J6)
Do /6 12 s6 vo ti nén suy ra:
a,,,;=5a + 12b,,,=5a,,,+ 12(2a,+ 5b,)

=54, + |2[2ak "'5'21_":‘1'1_75-)'3_"}: 10a,,, —a, voia, =5, a,=49.

Tuong tu, tacé b, ,, = 10b, ,, — b, véi b, =2, b, = 20.
T . 6, cdc hé thic truy héi xac dinh (a,), (b,)
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b. Tu(1)va(2),tacé: a.,=5a, —12b,.
Vay: 8- 8., —6bf = (58— 12b)( 53, + 12b) —6b; =25(a; - 6b})
= 25(a, — V6 b)(a, + V6 b))
=25(J2 - B2 + 3)x=1%=1.

Nhu vy, ta duoc a, —,.a,,, —6b; =25, Vk > 2.

Vi dwp 133 Cho biéu thic: ://__ ?

a. Timx dé A c6 nghia.
b. Tim moi gid tri nguyén cia x dé' A nhdn gid tri nguyén.

£ Gidi
a. DE A c6 nghia diéu kién la:

x20 x20 x20
& &5 S0<x#1.

Px-120  |¥x=1  |x=1

4
b. Viétlai A duti dang: A = @x-D-1 1

=1]-

Yx -1 =1

Tir d6, muén A 1a mot s6 nguyén diéu kién l1a

1 .
1 phai la s6 nguyén

fx -
& 4x —1phdilaubccial © x —1=%1
Sx=16,x=0.
Vay, v6i x = 16, x = 0 thi A nguyén.
@ Nhdn xét: Cau hoi hin s& duoc dat ra & day 1A " Tai sao cdn phdi sit
dung dinh li thi loi gidi trén méi chinh xdc? ". DE tra 10i cau
héi nay céc em hoc sinh hay bit ddu lai véi truong hop:

1 1 1
Néu ¥Yx —1=— hoiac Yx = 1=— ...thi

2 J 3 &/x -1
nguyén, do dé A nguyén.

Vay, tai sao trong 10i giai cia vi du trén khong xét nhing truong
hop nay, rit don gian Vi "Néiu x 1a 56 nhién thi Ax khong thé

van 13 s6

la 6 hitu tr
; £1,8 1% | -.c‘_n.v,::"‘ ﬁ::_é:;; ..‘J _-éi: j ‘ ;‘ 'I;‘ 7
Phubhg pbap
Ta c6:
6 lién hop la a’>— ab + b’ va ngugc lai.
60 lién hop 1a a* + ab + b* va nguoc lai.
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Yidy Iz KM cdn thice 0 mau:
1

b.

d.

6
Y25 -5 +1
&S Giai
a. Thuc hién phép nhan lién hop, ta duoc:
1 V9 +6 +3/4 _Vo+¥6+34
V3-12 @B -V2)A9 +¥6 +34) 3-2

_ 5+ V6 + V4.
b. Thuc hién phép nhan lién hop, ta dugc:
3 3
6 635 +1) _6(\/§+l)=%/—5-+1'

V5 -U5+1  A5+DA25-5+1) 5+l

@ Nhdn xét: Nhu vay, trong 10i gidi ctia vi du trén dé thuc hién khir can
thitc & mau ching ta sit dung phuong phap nhén lién hgp. Tuy
nhién, ta con c6 thé trinh bay theo phuong phép tach, cu thé:

! 3-2_ AB-V2)@9 +6 +V4)

B2 B3-32 3-02
=45 + V6 + V3.

VAndé3: GIAIPHUONG TRINH CHUA CANBACBA
Yidy 1z Giui cdc phuong trinh sau:

a. Y2x+1=3. b. UYx+1=VYx?-1.

&S Gidi
a. Bién déi twong duong phuong trinh vé dang:
A2x+1)° =3 = 2x+1=27 < 2x =26 <> x = 13,
Vay, phuong trinh c¢6 nghiém x = 13.
b. Bién déi tuong duong phuong trinh vé dang:

Ax+1) =@Ax* -1 ox+l=x*-1x+1=x=-1)x+1)
x+1=0 X =-1
= ;
x-2=0 x=2
Vay, phuong trinh c6 hai nghiém x = -1 va x = 2,
Yidw 22 Gidi cdc phuong trinh sau:

cx6—5x3—24=0. b. 2x+1-1=2x.

<:::>(x+l)(x—1—l)=0<::>[
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&S Gidi
a. Bién déi phuong trinh vé dang:
xX+3x’-8x’-24=0=x*x*+3)-8 (x*+3) =0
x3 =—3 [x:Z'o —3
= .

o xXP+3)(x'-8)=0 <::>|:
x=2

x’ =8
Vay, phuongtrinhcé2nghi¢mx=i/3vz‘lx=2.
b. Bién déi phuong trinh vé dang:
Yox+1 =2x+ 1 & (V2x+1 ) =(2x + 1)’
ox+1l=2x+ 1o @2x+D[Rx+ 1)’-1]=0
2x+1=0 x=-=1/2
& 2x+1=1 & |x=0

2x+1=0

“lax+1)? =1
(Cx+l) = B plimat o=

Vay, phuong trinh ¢é 3 nghiém x = —% ,X=0vax=-1.

C. BAI TAP LUYEN TAP
Bai 1: Thuc hién phép tinh:

a. A= ¥64- Y1000 - 8 . b. B= ¥=125 + 128 - 2.

b. C= 381 - 327 -333.

Bai 2: Thuc hién phép tinh:

a. A= Y(2+1)3+2V2). b. B=(33 -1+ (3 +1)"

b. C= (B -1)(P+3 +1).
c. D=(B -¥2) 39 + Y6 + ¥4).

Bai 3: Ruiit gon céc biéu thic:

l+a

JRgr | 3 3 3 =
a. A=(¥a +1y-(¥a -1). b. B= e
b. C=Y1-x>+3x(x-1).
Bai 4: Giai cic phuong trinh:
a. 2+ Yx+5 =0. b. 3— Y2x-7=0.
c. Yxb+6xt=x+2. d Yx-1+1=x
e. i{@-m=l.
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Bai I:
a. Toco
b. Tico
c. Teco
Bai 2:

a. Taco

b. Taco
c. Taco
d. Tacé
Bai 3:

a. Taco

b. Tacé

c. Tacé
Bai 4:

D. HUGNG DAN - PAP SO

. A=2364- 31000 - 38 =4-10-2=-8.
. B=4=125 + 10128 - Y2 = 544l - Y7 =347 -5
.c=81 ~377 =33 =343 -3-PB =3

A = YWZ+DB+2v2) = YWZ+D2+2V2+ 1)
SYW2Z + D2 +1)2 = YW2 +1)° =42 +1.

B=(3-1+3 + 17343 -nAB +nAB -1+ 33 +1)
=¥3y-6¥39 -1)=24-18+613 =6+613.

C= (A3 = 1 Y9 +1B 4 =B P =1=3-1=2.

D=3 -¥2)¥9 +¥6 + Y4)=ABy-A2y=3-2=1.

:A=[a +1)-a —DP+33a +1¥a - Va +1)-@Rfa - 1))
=2y +63a? —1)=2+63a’.

3 3 2 3
g l+a =(1+J§)(Ja _‘E+')=1+~V§.
Va? ~%a+1 Ya? —a +1

C=1-x* +3x(x-1) =¥1-3x+3x2 =x* =(1-x)’ =1-x.

a. Bién déi phuong trinh vé dang:
Vx+5 =2 @Ax+5) =2 =x+5=-8x=-13.
Vay, phuong trinh cé nghiém x = —13.
b. Bién déi phuong trinh vé dang:
V2x-7 =3 (V2x-7)V =3 =2x-7=27x=17.
Viy, phuong trinh c6 nghiém x = 17.
c. Bién déi phuong trinh vé dang:
UYx® +6x* =x2+2 (Ux® +6x* Y=x*+2)°
&> x84 6x° =x°+ 6x* + 12x* + 8 < 12x* + 8 = 0 (v6 nghiém).
Vay, phuong trinh vé nghiém.
d. Bién déi phuong trinh vé dang:
Vx=1=x-1ex-1=x-1 ox-D[x-1*-1]=0
x=-1=0 %=1
x—1=0
= ix8 o(x-1=1 o|x=2.
X — -
( ) x—-1=-1 x =0

Vay Ug trinh ¢6 3 nghiemx=1,x=2vax=0.
Ms@m
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Bai doc thém
SO LUCC VE
PHUONG TRINH - BAT PHUONG TRINH
CHUA CAN BAC HAI

cau Dt s

A. PHUONG TRINH VO Ti

Yidw It Gidi cdc phuong trinh sau:
a. V2x+1 =+x+6. b. Vax+2 = x% +4x + ..

£ Gidi

a. Bién d6i tuong duong phuong trinh:

N2Xx+1 = Jx+6 &2x+1=x+620
x+620 X2 -6

=
2x+1=x+6 Xx=5

Vi v‘lg trinh ¢6 nghiém x = 5.
ﬁ g CDTDADSY-TI
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b. Bién déi tuong duong phuong trinh:

\/Zx+2 :\/x2 +4x +1 ©4x +2=x*+4x+120

I
[4x +220 YL .
— 2 &> 2 &x=1.

lamd
lax+2=x? +4x +1 )

Vay, phuong trinh ¢6 nghiém x = 1.

@ Nhdn xét: Trong 10i giai cta vi du trén:

1. O cau a), chung ta lua chon diéu kiénla x + 6 20 hodc2x + 120 la
nhu nhau vé d6é phic tap.

2. O cau b), d& thay ring dé gidm dé phic tap ching ta lua chon diéu
kiénla4x+220.

Nhan xét trén sé rat c ich vdi cac phuong trinh chita tham s6. Vi du sau

sé minh hoa diéu nay.

Yidyg 2: Cho phuong trinh: Jm—-2x =Jx—1. (1)

a. Giai phuong trinh véi m =5.

b. Tim m dé phuong trinh 6 nghiém.
£ Gidi

Phuong trinh tuong duong véi:
m-2x=x-120
>
[x -120 {x 21 el
=

o — . I
1 3x =m+1 x=m+1 w

m-2x=x-1

a. Véim =35, ta duoc:

x21
() < { S x=2.
x=2
Vay, véi m = 5 phuong trinh c¢6 nghiém x = 2.
b. Phuong trinh ¢6 nghiém

2lem+123om22.

+
acs (T mghitn s T2
Vay, véi m > 2 phuong trinh cé nghiém.
Yidwg 32 Tim m dé phuong trinh sau cé nghiém:
V-x? +3x-2=V2m+x-x? .
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£ Gidi
Phuong trinh duoc bién déi twong duong vé dang:
; -x*+3x-220 [$x<2
—x‘+3x—2=2m+x—x220<:>{ T heR &y
x=m+l +
Do d6 dé phuong trinh c6 nghiém, diéukiénla: 1 <m+1<2<0<n <1
Vay, v61 0 <m < 1, phuong trinh c¢6 nghiém.

@ Nhdn xét: Trong trudng hop, viéc Iua chon hai bi€u thirc diéu kién la
f(x) 2 0 ho#c g(x) 2 0 c6 d6 phuc tap nhu nhau va déu kho
giai, khi d6 chiing ta sé& khéng di giai bt phuong trinh diéu
kién ma stt dung phép thtt lai.

Yidp 4z Gidi phuong trinh J2x° -x* —x+1 = Vx®* +x* 1.

&S Gidi

Phuong trinh dugc bién d6i tuong duong vé dang:
2 - x*=x+1=x>+x*-120
{x3+x2—120 {x3+x2—120
2=

oY —gtogil =gt <1 x-2x2-x+2=0

' 4%t =130

xX+x2-120 [x
x*-1)(x-2)=0 [x—z

Vay, phuong trinh c6 nghiém x =1 va x = 2.
@ Chi ¥: Nhu vay, phuong phép giai cdc phuong trinh v6 t dang+/f(X) = \—g_x)
da ‘dugc miéu ta kha chi tiét. Ti€p theo, ching ta quan tam tGi
cac phuong trinh dang /f(x) = g(x)-
Vidg 51 Gidi phuong trinh Vx* +x+2 =3 —x.

1
9"

Il

&S Gidi
Phuong trinh twong duong véi:
3-x>0 x<3 x<3
3 , & = &x=1.
X“+x+2=(3-x) 7x-7=0 x=1

Vay, phuong trinh ¢6 nghiém x = 1.

¥ Nhdn xét: Trong 16i giai cda vi du trén, viéc sit dung phép binh phrong dé
khtt cin ching ta thu nhan dugc mét phuong trinh tic nhat
(da duogc hoc cach giai). Tuy nhién, trong nhiéu trudng hop
chiing ta sé nhan dugc mét phuong trinh bic cao va kh d6 can
van dung t6t phuong phap phan tich da thitc thanh nhin tur dé

5 G dua phuong trinh vé dang tich.
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Vidy6: Giai cac phicong trinh sau:

A x—\/z_xig =), b. x*+ \/)_(TT=|.
£ Gidi
a.  Phuong trinh tuong duong vai:
i x 20 x =(
J2x+3=x<:> 5 e
2+3=x%" x‘-2x-3=0
x20
x>0 [x=0
— ] s oy = X==] & X =3
x'-1-2x-2=0 |(x+1)(x-1-2)=0 [
x=3
Vay, phurong trinh ¢6 nghiém x = 3.
1-x*20

b. Phuong trinh wiong duong véi: Vx+1 =1-x*&
x+1=(1-%%) (®
Gia phuong trinh (*):
X+D=x+1Dx-1D2ox+Dx+1Dx-12*-1]=0
SE+1D)E-x2-x=0oxx-x-1)x+1)=0

% =0 x =0
X:O D) \/—
1 1++5
= | %t —x=1=0 & (x-—— :ECD X=
X 2 4 2
X4+1=0
x=-1 X =1

Kién tra cic nghiém tim duoc cho diéu kién 1 — x? > 0, ta thu duoc céc
1-5

nghiémx=0,x=-1,x =
2

1=4/5
—

Vay, phuong trinh ¢6 nghitm x =0, x =-1,x =

& Nkdn xét: Trong 15i gidi cta vi du trén:
1. O cau a), dé giai phuong trinh x* - 2x — 3 = 0 ching ta da sit dung
shudng phép tach dé phan tich da thirc VT vé dang tich, tuy nhién
cach lam hay nhat van la bién d6i vé dang binh phuong, cu thé:
X’=2x=3=0& (*-2x+1)-4=0
x-1=2 [x=3
=

x=-1

&Sx-1)P=4
( ) Lc—l=—-2

2. 0 cau b), d€ gidi phuong trinh () ching ta da lin lugt sit dung phép
rhém nhan tit chung, tiép tdi la khai trién da thitc d8 nhan dugc nhan tir
chung x, va cuéi cung la st dung phép bién d6i vé dang binh phuong.

Yidw 3  Gidi phuong trinh:  (x +3)Y10-x? =x*—x — 12.
‘ . E_?‘ g
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& Gidi
Diéu kién: 10-x220e Ixl < 10. (*)
Nhan xét ring: x’—x—-12=x*-9-x-3=(x+3)(x-4)
do d6, phuong trinh duogc viét lai:
x+3)V10-x2 =(x +3)(x—4) < (x +3)[V10-x2 —(x-4)]=0
x+3=0 0y
= .
JI0-x* -(x-49)=0 (2)
= Giai (1), ta dugc nghiém x = —3, thoa man diéu kién (*).
» Gidi (2), bing phép bién ddi twong duong:
x-420

< J10-x2 =x-4 & .
10-x*=(x-4)

x4
{x24 {xz4
=

Las & {[x =1 (v6 nghiém
X —4x+3=0" |(x-1)(x-3)=0 [x_a( ghiém)

Vdy, phuong trinh cé nghiém x = -3.

> Nhdn xét: Nhu vay, vi du trén la mot dang md réng, chinh vi vay ching
ta cAn thiét 1ap diéu kién c6 nghia cho phuong trinh trudc
khi di bién déi né.
Tiép theo, chiing ta quan tAm tdi cic phuong trinh dang:

V) +/g(0) =y/h(x)

va d€ tranh phai bién d6i mot hé phic tap, trong nhiéu
trudng hdp ching ta di thiét 14p diéu kién c6 nghia cho
phuong trinh trudc.

Yidwp 8 Gidi cdc phuong trinh sau:

a. Vx-2 +x+1 =3. b. Vx+4 —J1-x =1-2x.

£ Gidi
a. Diéu kién: x—220¢ XS x22. (*)
x+120 x2-1
Phuong trinh tuong duong véi:
(Vx=2 + Yx+1)=9x-2+2x-2)(x+1) +x+1=9
5-x20
& Jx=-2)(x+1) =5-x &
(x=2)x+1)=(5-x)*
X£9 Xx<5 L
=1 < X = 3, thoa man (*).
-27=0 X.=3
V, g trinh c6 nghiém x = 3.

ﬁ CDTDHDSY-TI



b. Phuong trinh viét lai du6i dang: +/1-x ++/1-2x =/x +4

x <1

[1-x20 |
> {1-2x20 c><xs-2—
l—x+1-2x+2J(1-x)(1-2x) =x +4 JTS00=2%) = 2x+1

ol
2 —lsxs—
&5 i 2x4 120 & 2 2 x=0.

1-x)(1-2x)=(2x+1)  [2x*+7x=0

Viy, phuong trinh ¢6 nghiém x = 0.
@ Chit y: Néu cac em hoc sinh thdy cach thuc hién nhu vay hoi go bé thi

c6 thé trinh bay nhu sau:
x+420

Diéu kién: {1-x2>0 <:>—4£x.<_l.
1-2x20 2

Phuong trinh viét lai dudi dang:
J1—x +41=2x =/x+4 < J(1-x)(1-2x) =2x +1

X2——

2% +120 .. 2
i By {5 12<:> 2 &4 x=0 ©x=0

(l_x)( —.;..X)-—( X+) 2x2+7x__0 - 7

T2

Vay, phuong trinh c6 nghiém x = 0.

2. PHUONG PHAP PAT AN PHU

Phuong phdp ding dn phu 1 viéc sit dung &n phu dé chuyén phuong trinh
ban ddu thanh mot phuong trinh da thitc véi mot 4n phu.

Ta c6 c4c dang dat 4n phu thudng gap sau:

1. Néu bai todn chita /f(x) va f(x) ta dat t =/f(x) , diéu kién t6i thi€u t > 0,

khi dé f(x) = t%.
2. Néu bai toan chita /f(x), 4/g(x) va \/f(x).\[g(x) = k khong déi, ta

dat t =4/f(x), diéu kién t6i thiéu t > 0, khi d6 /g(x) =%.

3. Néu bai todn chita /f(x) + /g(x), /f(x).g(x) va f(x) + g(x) = k
t’ -k

khoigsléi, ta dat t =4/f(x) + /g(x), khi d6 /f(x).g(x) = s
4
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@ Chi y: Véi cac phuong trinh cin thuc chita tham s6 sir dung phuong
phap dit 4n phu, nhat thiét ta phai di im diéu kién diuing cho
an phu.

D€ tim diéu kién ding cho 4n phu d6i vdi cac phuong trinh vo

t, ta c6 thé lua chon mét trong cac phuong phap sau:

* St dung tam thitc béc hai, thi du:

t=vx?—2x+5=y/(x=1)? +4 > 2.

* S dung cac bat déng thirc, thi du:

t=+/3+x +/6-x

Khi do:
£=(V3+x +/6-x 2 <(B+x+6-x)(1+1)=18
=t< 342,
t2=(J3+x +/6—x y=3+x+6-x+2/(3+Xx)(6-X) 29
=>t=>3

Vay, diéu kién cho 4n phutla3 <t< 342.

Yidwy 1z Gidi cdc phuong trinh:

a. 4x + +2x-1 =5.

b. 2(x*-2x) + Vx> -2x-3 -9=0.
& Gidi
a. Patt=+2x-1,t20.

Khi d6, phuong trinh dugc viét lai:
22x -1+ V2x-1 -3=020+t-3=020-2+t-1 =0
=1

S(Et-DRA+1D+1]=01t-1)2t+3)=0 3

t=——‘2~(iua_ii)
St=leoV2x-1=12x-1=1ax=1.
Vay, phuong trinh cé nghiém x = 1.
b. Patt=+x*-2x-3,t20.
Khi d6, phuong trinh c6 dang:
2(x*=2x=3)+ Yx?=2x-3 -3=0204+t-3=0
t=1
o 3 St=1Vx*-2x-3 =1x*-2x-4=0

t = —— (loai
2(o:ml)

Sx=114/5.
Vay, _‘ g trinh cé nghiémx =1 + J5.
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& Nhan xét: Chung ta cling c6 thé lua chon céach trinh bay:

. |
I. Ocaua), khiditt=+/2x-1,suyra: P=2x-1<x= ;(t“+ 1).
2. O cau b), khi dit t= Vx* —zx—nﬁ,suy ra:
tP=xt=2x =3 S -xx=¥+3.
Vidw2s Gidi phiong trinh: (x = 3)(x + 1) + 4(x — 3) “; =-3.
. e
£S5 Giii
G s x +1 x>3
biéu kién: — 20& . *)
" x-3 x<-1
Patt=(x-3) x+;,suyra(x—3)(x+])=t3.
5 g 3 . 2 t=-3
Khi d6 phuong trinh cé dang: t'+4t+3:0<:>{ L
e Va1 t=-3, taduoc:
.1x-3<0 3
e —3) X +1 o X < P x'<
x -3 (x-3)(x+1)=9 x’-2x-12=0
x<3d S
o & x = 1 — 4/13, thod man diéu kién (*).
x:1i\/ﬁ
e V& t=-1,taduoc:
+1 (x=3<0 X <3
(=3} T oalle —2 I
k=3 (x=3)(x+1)=1 x*-2x-4=0

x <3 o
= =5 R EC Jg thoa man diéu kién (¥*).
x =1 i\@

Vay, phuong trinh c6 hai nghiémx =1 - Y13 vax=1-4/5.
@ Chi y: Nhiéu em hoc sinh khi thuc hién bai toan trén méc phai sai lam
2t =SB,
Xx-3
d6 duong nhién khong phai la phép bién d6i tuong duong.
Can nhé ring:

tit phép bién d6i: (x - 3)

L Jx=3)(x+1) néux-3>0
x=3 |-J(x=-3)(x+1) néux-3<0
“Giuai plicong trinh: \/\/x+9+\/; + \/\fx +9 -Jx =4.
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£ Gidi
Diéu kién x 2 0.
Nhan xét rang:

VVX+9 +Vx AVx+9—Vx = JWx+9)? —-(x)?
=Jx+9-x =49 =3
dodé,ne'udétt=\/s}x+9 +J;,t23, suy ra:

I N |
- Jcineds |

Khi dé, phuong trinh c6 dang:

t+%=4<::>t2—4t+3=0<:>t"-t—3t+3=0@(t—_1)(t-3)=0

t =1(loai
- [ (loai)
t=3

@-\/Jx+9+ X =3@Jx+9+«/_=9

SX+9+x+240x(x+9) =81

&Sr=3

S 240x(x+9) =72 -2x
72-2x20 x £36
=
4x(x +9) = (72 -2x)? x=16
Vay, phuong trinh cé nghiém x = 16.

ox=16.

@ Nhdn xét: Nhu vay, ching ta da trinh bay vi du minh hoa cho phuong
phap dit &n phu dang 2. Tiép theo, chiing ta s& minh hoa vi
du st dung phuong phap d4t 4n phu dang 3.

Yidu4s Gidi phuong trinh: Jx+3 + J1-x +8/(x +3)(1 -x) = 2.
£ Gidi

x+320
Diéu kién: {1-x2>0 &-3<x<1. ™)
(x+3)1-%)20

Patt= Jx+3 + J1-x,t2>0, suy ra:

e-_c:u- 1=x+2{(x+3)(1-x%) & J(x+3)(1-x) = -;-(12—4)-
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Kki d6 phuong trinh c6 dang:
t,+8‘%(t2—4)=2<:>4t2+t—18=O¢>4t2—16+t—-2=0

tz0

S t-2)At+9 =0 t=2 Jx+3)(1-x) = %(2?-4):0

= -_3 o
o | TR R i i i P
1-x=0 x=1

Viy, phuong trinh cé hai nghiém x = 1, x = -3.
Yidwy 52 Gidi phuong trinh Jx?-3x+3 + Vx? -3x+6 =3.
&S Gidi
3

Patt=x"-3x+3,tacét=(x - -37—)2-1—2 > i— do dé diéu kién cho 4n phu

et

tlat2-3-
4

Khi d6 phuong trinh cé dang:

J?+\/t—+_3=3<:>t+t+3+2\/t(t+3 =9& Jt(t+3) =3 -t
3-t=20 t<3 5 X
e & St=leSx -x+3=1&
{t(t+3)—(3-t)2 {tzl [x=2
Vay, phuong trinh ¢6 hai nghitmx = 1, x = 2.
Yidy 6t Gidi phicong trinh: \3x =2 + Jx—1 =4x -9 +24/3x> =5x +2..
& Gidi
Diéu kién: {3}( X 21, (")
x—-120
Viét lai phuong trinh duéi dang:
Ix—2+x=1 =[(3x = 2) +243x2 =5x +2 + (x =1)] - 6
& 3x =2 +x—1 =(3x -2 +x-1)*-6.
Patt=3x -2 +/x-1,121.

Khidé:tz—t—6=0<:>[ & J3x =2 +4/x-1 =3

t==2 (1)

S3x=2+x—1+2,/3x=2)(x-1) =9
& JBx-2)(x-1) =6-2x

{6—2)(20 {XS3
o o

(B3x-2)(x—=1) =(6-2x)> x> =19x+34=0
& %= 2, thoa man diéu kién (*).
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B. BAT PHUONG TRIiNH VO TI

Iém quen véi viéc giai bat phuong trinh chia can
thay ring c6 hai phuong ph&p tlmamg duge sit dung,

Ea - SEE) SR (x)
Yidw 1z Gidi cdc bdt phuong trinh:

a. Jx-7 >3. b. ¥2x-1 <.

& Gidi

a. Bién déi bat phuong trinh vé dang: x - 7>9 < x > 16.
Vay, bat phuong trinh c6 nghiém x > 16.

b. Bién déi bat phuong trinh vé dang:

2x-120 le 1
= -
2x-1<1 2

Vay, bat phuong trinh c¢6 nghiém % <x<l1.

@ Nhdn xét: Nhu vay, vi du trén chi mang tinh minh hoa khdi diu dé
ching ta dén ti€p cAn vdi cac bat phuong trinh v6 t phirc tap
hon, vi & d6 bao gém nhiéu bat phuong trinh bac cao.

Yidy 2; Guu bdt phuong trinh: 2(x* -1) <x + 1.
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£S5 Gidi
Bat pkuong trinh trong duong véi:

_ x+120 X > -1
J,\+].:U

ol St =130 c:;>|x|21
|(<2(x* - 1)< (x +1)?

2(x? =1) < (x +1)° x2 =2x -3<0

) | x> -]

X =-1
& {x| =1 & x| 21 @{

1<x<3
(x +1)x-=3)<0 —1<x<3

Vay, rghiém cua bat phuong trinh la tap {—1}Ul1; 3].

& Nhdr xét: Trong 10i giai cua vi du trén, dé nhan dudc cac nghiém cua
mot bat phuong trinh bac hai ching ta st dung phuong
phap phan tich da thitc thanh nhan tr rdi lap bang xét dau.

Yidp 3z Giai cac bdt phicong trinh:

g Azt =3 mm=l. b. Y=x*44x~3 >2x =5
&S Gidi
a. Bién ¢6i bat phuong trinh vé dang:

F%K—I(O x <l
x2 =320 {|x|2\/§ [xg_ﬁ
= :

x—=120 {le X >2
x* =3s(x~-1)° X >2

Vay, tat phuong trinh ¢6 nghiém (—oo; =4J3 YU(2; +00).
b. BAt phrong trinh tuong duong vai:

= - 5
{2:{-—5(0 g 19((5
2
-x*+4x-32>0
e | 1sx<3 oy xgé <::>1£x<]j;.
{2’(‘520 x25/2 1 . .
| [=x*+4x-3>(2x-5)’ 5% —24x +28<0 2<x<1§4

Vdy, Hit phuong trinh ¢6 nghiém 1 < x < 14/5.
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@ Nhdn xét: Nhu vay, véi bat phuong trinh dang +/f(x) > g(x) chiing ta
thudng phai gidi mot hé gém nhiéu b4t phuong trinh. Dé tranh
viéc sai sot khi két hgp nghiém, chiing ta c6 thé trinh bay theo
kiéu chia trudng hop, cu thé véi ciu a), ta xét:

Truong hop I Neux -1<0 e x <1,
Khi d6, ta chi cdn: x*~320x2 23 < |x| 2 V3.
Két hap vdi trudng hgp dang xét, ta dugc x < - V3.
Truong hop 2 Néux-120&x21.
Khi d6, ta binh phuong hai vé:

3 =3 > (x - 1)? <> 2x > 4 <> x > 2, thoa man truong hop.
Véay, bat phuong trinh c6 nghiém x < - NE) hodc x > 2.

Yidwp 4z Giai bdat phuong trinh A% -X| 2Xx + % .

£ Gidi
Bién déi bat phuong trinh vé dang:
B
x<-1/2 [x<-1/2
(x >=1/2
f 1 r X >
X+—<0 x(-l_ -~
2 4 ( ]
1 I i 1*<3
x+—>0 = ——xz[x+—) = g
2 {4 2 i (X7 +2x<0
2 ] :
l-—x e x+l xz—l— le
4 2 4 I
] Iy 2 |
x—-—2(x+—) X +—50
2 Lt 2
e>x<0.

Vay, nghiém cua bat phuong trinh 1a x < 0.
P Yéu cfu: Cic em hoc sinh hay trinh bay lai vi du trén theo kiéu chia
truong hop.
Yidwg 8 Gidi cdc bdt phuong trinh:
a. Vx+3 242x-8+7-x. b. J5x+1 - Jax-1 <3x.
& Gidi

x+320
a. Diéukién: {2x-820«<>4<x<7. (*)
7-x20
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Bat phuong trinh twong duong véi:
(2x—8) +(T- %) +2J2x—-8)T—x) <x+3

%
&h \/(ZX—S)('/—X) <2 x'-11x+3020 |:x_

Xx<5
4<x<5
65x57
Vay, nghiém cua bat phuong trinh 1a [4, 5]U[6, 7].
5x+120
b. Diéukién:<4x—-120 & x 2>

x20

Két hop véi diéu kién (*) ta dugc [

: (*)

B —

L
Bat phuong trinh tuong duong véi:

37X + Vax—-1 2 /5x+1 ©9x +(dx = 1)+ 6/x(4x —1) = 5x + 1

<> 34x(4x—1) =1 —4x ludn diing bai (*).
Vay, bat phuong trinh c¢6 nghiém x > % :

Vidwp 8 Gidi cdc bdt phuong trinh:

[=f1=dlx" 2x
< 3. b. —— >2x + 2.
X N2x+1 -1

&S Gidi

0<x<1/2
Cach I: Thuc hién phép nhan lién hop:

e = 2 iy 2
- (1-v1-4x )(1+\/1 4x )<3(]+m)
X

" [=4x% > -1/2<x<0
a. Diéukién: { e <:>[ :
x#0

(1)
& a4x<3+3V1-4x% & 34/1-4x* >4x -3
i
= X< —
[(4x-3<0 4 F
1-4x2 20 X <= . |5 =<0
= el 2 1 l
| [9(1-4x")>(@4x-3)" [{"74 L 2

0 | [9(1-4x%)>(4x -3)° ,
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Cdch 2: Xét hai truong hop dua trén diéu kién.

e Vi ——Ii— < x <0, bat phuong trinh tuong duong:

e (),
-6x>0

(L8] wl'_.

= 1-3x>0
J1-4x* <1 -3x & o

2 2
1-4x° <(1-3x) 13x
) 1
Két hop vdi diéu kién dang xét dugc nghiém la ~3 <x<0.

e V6i0<x< %, b4t phuong trinh twong duong: v1-4x* >1 — 3x

) :|t>1
1-3x<0 ;] 3 -
1-4x* 20 L T<xss I
— x P -_—= 5—
= <L 2 2 |7 12¢:>0<xs e
1-3x20 ) 0<x<t
1-4x*>(1-3x)"  []*=3 i 3
| [13x* -6x <0
: : 1
Két hop véi diéu kién dang xét duge nghiémla 0 <x < e
; . 1
Vay bat phuong trinh ¢6 nghiém la [——;- , 0)u(0, -2— L
b Diéukien: 11120 0<2x+1%1 -1 <x#0 *)
. Diéu kién: — x+1l#1&——= <xz20.
C o (V2x+1-120 2

Truc can thic, ta bi€n d6i b4t phuong trinh vé dang:
*) ]
V2X+1 +1>2x 42 JV2x+1 >2x+ 1 & 4x2+2x<0<:>—-—2- <x<0.

Vav, nghiém cua bat phuong trinh 1a -—;— <% <0

@ Cha y:
1. Trong cach giai 2 trong ciu a) ta da dua vao diéu kién cia an s6 dé
bién d6i twong duong bat phuong trinh.
2. Vi du tiép theo minh hoa viéc sit dung hiing ding thitc dé khir dau can.

i bt phuong trinh \x +2Vx—=1 + {yx=2Jx-1 > :;‘—

w14
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£S5 Gici
Viét lai bat phuong trinh dudi dang:

\/x-_T:.?\/x—l+l+\fx~l—2\/x—]+I>%
= JWx=1+1)7 +J(fx=1-1)2 >%.

Dicvkiénx-120&x 21, (*)
Khi d6, bat phuong trinh trd thanh:
{Jx—l-lzo

2% =1 53/2 = |:x22
{\/x—l—1<0 x<2

2>3/2

K&t 10p vai diéu kién (*) duoc x > 1 1a nghiém cua bat phuong trinh.

o VX

Mx=1 +1+I1d/x-1 —1I>—;-<:>

@ Nhin xét: Trong vi du trén bing viéc thém bat 1 vao cac biéu thic trong
can, ching ta da nhan ra dugc ring cac biéu thitc d6 c6 dang
A? &€ 16i VA? =|A|, tuy nhién sé c6 nhimg bifu thitc nhu
vay nhung dudi dang c6 4n hon, vi du: x + 2ax —a’
cac em hoc sinh hay thuc hién viéc bién né vé dang A”.
Yidp & Gidibdt phuong trinh:

J;z -3x+2 +w/x2 —4x+3 >24/x* =5x+4.

&S Gia
x?=3x+220
Diéukién:{x’ -4x+320 &
x> -5x+420
Truomg rop 1: Vi x 2 4 thi bat phuong trinh duogc bién déi:
Jx=D(x=2) +J(x=1)(x=3) 22 /(x=1)(x—4)
e x=2 + x-3 22Jx-4 & x-2 = x-4 2 x-4 - Jx-3,

ludn drg vi véi x 2 4 ta duge VT >0 va VP < 0.
Vay,x >4, 1a nghiém b4t phuong trinh.
Truomg rop 2: Vi x < 1 thi b4t phuong trinh dugc bién déi:

JA=x)2=x) +4/(1-x)(3—%) 22./(1-x)(4—x)
Véi s = 1, bat phuong trinh nghiém ding.
Vi 1 < 1, bat phuong trinh cé dang




Nhén xét ring véi x < 1 thi VT <0 va VP > 0, b4t phuong trinh vé nghiém.
Vay, bat phuong trinh c6 nghiém x = 1 hoac x 2> 4.
@ Cha y:
1. Khéng dugc nhdm 14n J;;=J;J§
Nén nhd ring, diéu trén chi ding khi x, y > 0, con vdi x, y < 0 thi
VXY =V=x ./-y.

2. Phép nhan lién hgp trong nhiéu trudng hgp td ra rat hiéu qua.

2. PHUONG PHAP DAT AN PHU
Yidwg 12 Gidi bdt phuong trinh: (x — 1)4/2x -1 <3(x = 1).
& Gidi

Didukién: 2x - 120 x> —. o

Patt=/2x-1,t20=>x= 5(‘€+ 1).
Khi dé bét phuong trinh c6 dang:
1 1
[5(t2+ 1) - 1]t53[5(9+ D-1]et-3¢-t+3<0

St+Dt-1)1t-3)<01<t<3 & 1<4/2x-1<3
& 1 < x <5 thoa min diéu kién (*).

Vay, nghiém cia bat phuong trinh 1a 1 <x <5.

P Cha y:

1. Ta khong thé binh phuong hai vé clia bt phuong trinh ban ddu vi
chua khing dinh dugc ddu cda hai vé.

2. Hoan toan c6 thé sit dung phép bién déi twong duong d€ thuc hién vi
du trén, cu thé:

(x=1)(¥2x—1 -3) <0
[(x-1>0 [(x>1 st
Vax-1-350 | [Vax-1<3 {052x-1s9

& 1sx<5.

x-1<0 x<1 x<l1
_{sz_—1-320 _{Jﬁ——ua L{2X—129
Vay, nghiém cta bt phuong trinh la 1 < x < 5.
i bdt phuong trinh: (x + 1)(x +3) < —Jx* +4x +5 .



&S Gid
Viétlai bat phuong trinh dudi dang:

(C+Ax+3)+ Vx? +4x+5 <0 (+4x +5) + YxP +4x+5 -2<0

Dat: = \/;T 4x + 5, t 2 1. Khi d6, bit phuong trinh c¢6 dang:

P41-2<0e>-3<t<1=0<t<1 e Jx2+4x+5 <1
Sx+4x+4<0 & x =-2.

Vay. bat phuong trinh cé nghiém x = -2.

Yidp & Cho bdt phuong trinh: SATE & e E e +4. (1)
2x 2x
£ Gid
Diéukién x > 0. (*)

e ; 1 1
Viétlai phuong trinh dudi dang: 5(Vx + —=) <2(x + — ) + 4. 2
al p g ang: ( 2\/;) ( 4x) (2)

] S 1 W
Déttzx&_+———— 2 2 Nx——= =4+2,va dtéuklénlétZﬁ.
: B e y :
(%)

2
; 1 1 |
Ta sty ra: t°= {J;+————) =X+ — +1=>x+——=t2—l.
y 2./x 4x 4x

Khi d6 bat phuong trinh ¢6 dang: 5t<2( = 1) +4 & 262 =5t +2>0

t>2 N 1
o o 1320 Jx + — >2.
[t<1/2 2vx

PatX =vx , X >0, khidé: X + ?gli >22X —4X +1>0

r [?
X>2+\/§ \/;>2+J§ x>§+\/§
X<2-2\/§ &(2—2\/5 0(}((—2-—\/5

Vay, bat phuong trinh c6 nghiém (0, '27 -2 )u(%+ V2, +),

Yidg 4 Giai bdt phuong trinh: x+ i 3J5. (1)

vxi -4
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&S Gidi

Diéu kién: x> -4 >0 & Ixl > 2. (*)
Truong hop 1 : Vi x < -2, bt phuong trinh v6 nghiém (do v& trdi am).
Truong hop 2 : Véi x > 2, binh phuong 2 v€ phuong trinh (1) ta duoc :

, . 4x? 4x® x* x’

+ + >45 & +4. >45. (2
Y oa Jx? -4 x’ -4 Jx® —4 (2)
2
biatt = , 1> 0. Khi dé bat phuong trinh (2) c6 dang:

%% .4
2

?+4t-45>0t>5 & >5ex*—=25x2+ 100> (

x2 -4

= [x2 >25<:> [le>5
x* <5 Ixl 56

Két hop véi truong hop dang xét, ta duge nghiém clia bat phuong trinh la:

@2, V5)U(5, +x).

Yidy 8 Gidi bdt phuong trinh Jx> 1+ ¥x-1. (1)
£ Gidi
biéu kién x > 0. (*)
Tacé: (1) 22020 o oo (14 Yx—1 R x>1+2¥x-1 +(fx—1)
ox-1-(¥x-172-2¥-1 >0. )

batt= ¥yx-1 —=2 t>-1.
Khi dé6 bat phuong trinh (2) c6 dang:
C-C-2>0t(P-t-2)>0t(t+1)(t-2)>0

-\3‘ —
0, I(t—2)>0<:>[t>2¢> -l B
t<0 [¥x-1<0

x-1>8 ., [|x>9
— -y
x-1<0 D<x<l

Vay, bét phuong trinh c6 nghiém x >9 hoaic 0 <x < 1.
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CHUONG I - HAM SO BAC NHAT

”, 7 - »
CHUPEL  NHAC LAI VA BS SUNG CAC KHAI NIEM
VE HAM SO
A. TOM TAT LI THUYET
1. KHAINIEM HAM SO VA PO THI
Mot ham s6'f tie tap hop s6' X dén tdp hop s6'Y la mét quy tdc cho tuong
ing mdi gid tri x € X véi mét va chi mét gidg triy € Y. Ki hiéu la f(x), x la bién
6,y = f(x) la gid tri ciia ham s6 f tai x.
2. TAP XAC PINH CUA HAM SO
Dinh nghia: Tép xdc dinh cia ham s6'la tdp hgp cdc gid tri cia x sao cho biéu
thite f(x) cé nghia.
Xudt phét t dinh nghia trén ta c6 quy tic:
Muén tim tip xdc dinh cua ham s6'y = f(x) ta phdi di tim tdt cd cdc gid tri
cia x sao cho biéu thirc f(x) c6 nghia.
3. HAM SO PONG BIEN, NGHICH BIEN
1. Ham sé dong bién: Ham s6'y = f(x) la déng bién trong khodng (a ; b)
néu voi moi x,, x, thudc khoang (a ; b) ma x, < x, thi f(x,) < f(x,).
2. Ham s6 nghich bién: Ham s6'y = f{x) la nghich biéh trong khodng (a ; b)
néu vt moi x,, x, thugc khodng (a ; b) ma x, < x, thi f{x;) > f(x,).

@ Chii y: Trong dinh nghia trén, néu (a; b) 1a tp xac dinh cdia ham s6, ta
néi rdng ham s& déng bién (hodc nghich bién) trong tAp xéc
dinh cta né.

B. PHUONG PHAP GIAI TOAN
Vindél: SUXAC BINHMOT HAM SO
Phuong phdp
Mubn xét xem mo6i quan hé f tit tdp X vao tdp Y c6 phai la ham s6
khéng, chiing ta thuding stt dung dinh nghia ham s6 d€ dura ra & két luan.
Yidy 13 Cho f la mét quan hé i tdp R dén tdp R. Hoi f ¢6 phai la ham sé
khéng, néu:
a. Bdng cac gid tri twong umg cua ching la:

X |~4|-2]0|1]3]35]7
fx)| 9| -5[-1] 1 5192 |13
b. Bdng cdc gid tri twong ing cua chiing la:

X -6|-2]-1]10 1 1 3
- f(x) 8 4 2 || =i ] 6 8
g5 (€5 C6 cong hic Y=
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& Gidi
a. C6 1a ham s6, bai véi méi gid tri clia X ta luon xdc dinh duge chi mot gid tri
tuong 1ing.
b. Khoéng la ham s6, vi véi x = 1 ta xac dinh dugc hai gid tri khdac nhau cia
f(x)la 1 vaé.
c. Khonglahims6,vivéix=4tadugcy’=44=16y=14
tic 13, véi x = 4 ta x4c dinh dugce hai gid tri khic nhau cua y 1a 4 va - 4.
Yidw 2t Cho ham sé'y = f(x) duoc cho bdi céng thite f(x) = |2x - 3|.
a. Tinh f(-2), f(8).
b. Tinh cdc gid tri cua X img véiy =-1,y = 3.
£ Gidi
a. Ta lan luot c6:
f(-2)=[2(-2) - 3| = |4 -3|=|-7|=7,
f8)=2x-3|=2.8-3|=|16-3|=13.
b. Ta l4n luot cé:
= Véiy=-1thi: |2x - 3| = -1, v6 nghiém bdi [2x — 3| > 0.
2x—-3=3 [2x=6 [x=3
~ = :
2x=3=-3 2x =0 x=0
Yide3: Chohamséy=3x - 1.Tim cdc gid tri cia X sao cho:
a. y nhdn gia tri am.
b. y nhdn gid tri lén hon 5.

= Véiy =3 thi: |2x—3|=3c>[

& Gidi
a. D&y nhan gi4 tri Am diéu kién Ia: 3x—-1<0<‘:3x<1<:>x<%.
Vay, véi x<% thi y nhan gi4 tri am.

b. D&y nhén gid tri 16n hon 5 diéu kién1a: 3x = 1> 5 3x>6 & x> 2.
Vay, véi x > 2 thi y nhan gi4 16n hon 5.
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P* Chi y: Thﬁng ﬂm'ang f(x) cho bdi bleu &utc dai 36' thi:
) (x),f (x)cd nghla
f,(x) #0 .

2. le f(x) = de (x (k = Z) dléu klén la {

L E(x)
1. Véi f(x) fz(x) di é lqe
f (x)cé nghia

f(x) 20

l{i_llu.l T!m rap xdc dmh cua cdc ham $6 sau:
X X
a. y= : b. y=— "
x* #1 X* —2xX

&S Gi

a. Him s6 xdc dinh khi x*+ 1 # 0 luén diing.
Viy, tap xac dinh cua ham s6 1a D = R.

b. Ham s6 xac dinh khi:

; x#0 x#0
X" =2x#202x(x-2)20 = :
x-2#0 X#2

Viy, tap xac dinh cia ham s6 1a D = R\{0, 2}.

@ Nhdn xét:
1. Céc ham s6 trong cu a), b) déu c6 tir s6 luén c6 nghia, do d6 chi can thiét
1ap diéu kién cho MS #0.
2. Trong cau b), néu cac em hoc sinh bién d6i ham s6 vé dang:
1
$ x-2
r6ikhingd§1ﬂ1h&ms©’xécdi1ﬂ1khi:x—2¢0<:rx;=2
vado dé tap D = R\ [2}. Pay la 15i gidi sai vi phép bién d6i ham s6 khong phai
14 phép bién d6i tuong duong.
Yidg2: Tim tdp xdc dinh cua cdc ham s6 sau:

=42-x. b. y=43+x +V6-Xx.

&S Gidi
a. Ham sd xacdinhkhi: 2-x20&x<2
Viy, tap x4c dinh clia ham s6 1a D = (~w, 2].
3+x20 x2-3
6-x20 Xx<6
Vdy, tdp xac dinh cua ham s6 1a D = [-3; 6].
> Nhdn xét: Nhu vay, vi du trén da minh hoa viéc tim tap xac dinh cia ham
s& ¢6 chifa can bac hai dang don gian (gém viéc giai cdc bat
phuong trinh bac nhét). Vi du ti€p theo s€ minh hoa cho céc
G biéu thic phic tap hon, va & diy ching ta cén sit dung:

b. Ham s6 xac dinh khi: { < -3<x<6.
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» Tinh chat:
AB20< A, B cung dau.
AB<0 s A, B trai ddu.
* Hoic lap bang xét dau.
Yidwp 3: Tim tdp xdc dinh cia cdc ham sé sau:

a. y=~/—x2+4x—3. b. y=4/x+1 + Vx? =3x+2.

£ Gidi

a. Ham sé xac dinh khi:
-x’+4x-320x>-4x+3<0
Sx-x-3x+3<0x-1Nx-3)<0

[(x=120 [(x>1

{X—BSO {x£3

= = —FP

x-1<0 x<1

{x-—320 {x23

Vay, tap xac dinh cia ham s6 1a D = [1; 3].
b. Ham s6 xac dinh khi:

[x+120 = x2-1
|x2-3x+220  |(x-1)(x-2)20
(x > -1 (x >-1

[(x=120 [(x>1 x> -1
X2 2
S [x=220 & (] |x22 & [x22<:>l:

—-1<x<1’
x—-1<0 x <l x <1
_x—2$0 L_XSZ

Vay, tap xdc dinh cua ham s6 1a D = [-1; 1]U[2; +o).

> Nhdén xét: Nhu vay, trong 18i giai cua vi du trén, aé giai cac bat phuong
trinh b4c hai chiing ta st dung phuong phap phan tich da thitc
thanh nhan tir va van dung cac didu kiéen 4 AB20, AB<0.

Cac em hoc sinh hay kiém tra lai két qua d6 bing viéc lap
bang xét d4u.
Yidg 4z Tim tdp xdc dinh cia cdc ham sé sau:
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&5 Gici

>0 =
g {X"U S 0<x#4.

X -a20 "

a. Ham s6 xac dinh khi:
' x-420

Vay, tap xdc dinh cita ham s6 13 D = [0, +co)\{4].
b. Bién d6i tuong duong ham s6 vé dang:

yz\/x+2+2«/x+2+1 +\/1-—x2+2 l—xz:;
= JWx i 2417 + JW1-x +1)?
=|\}x+2+1| +’\/]—x2+1 = Jx+2 +V1-x" +2.

Han s6 xédc dinh khi:

(x> -2 X=>-2
1<% %0 "xsl
x-22>0 X > -2
o 1 [1+x20 &f |x2-1-1<x< 1.
1-x2>0 |1-x)A+x)=0

1-x<0 xz1
| (1+x<0 x<-1
Vay, tap xidc dinh ciahams6 laD =[-1, 1].
@ Nkin xét: Nhu vay:
1. Trong l3i gidi cia cAu a), ngoai diéu kién d& MS # 0 ching ta con cin t6i
tidu kien dé Jx 6 nghia. Va trong hé bat phuong trinh diéu kién, sd di
aco bien d6i|x| -4 #0 <> x -4 #01a do diéu kién J trén ta co x = 0.
2. Trong 18i giai cia cdu a), vdi cac em hoc sinh chua cé kinh nghiém sé
(x+220
1-x*20
Xx+3+2Vx+220
2-x%+2V1-%x* >0
Yidw 52 7im tdp xdc dinh cua cdc ham sé sau:

a. y=+Jx-1+ - b. y i

hiét lap ngay diéu kién c6 nghia la: <

x2_9 _(X—3)\/X—l-
& Gici
a. Han sé xac dinh khi:
x-120 x21 % 21
e Pt ES XS 3,
x2=9>0 (x=3)(x+3)>0 x-3>0

Vayetaf Xdc dinh clia ham s6 [a D = (—e0; 3).
6
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4-x20 x<4
b. Ham s6 xac dinh khi: {x-320 & <{x#3& {
x—-1>0 x> 1
Vay, tap xéc dinh cia ham sé 1a D = (1; 4]\ {3}.
@ Nhdn xét: Nhu vay, trong 15i giai ctia vi du trén, d6i véi cac bidu thitc x*— 9
va x — 1 ngoai diéu kién d€ né c6 nghia trong cin bac hai
chiing ta con ghép thém diéu kién d€ né c6 nghia khi la
miu cia mét ham phan thitc, do d6 phai thiét 1ap x*- 9> 0 va x
-1>0.

Yidp@: Chohamsé: y=

l<x<4

X 3

x+1
X-m+2
Tim m dé ham s6 xdc dinh trén [-1; 1).

& Gidi

Ham s6 xdc dinh khi: x-m+2#0<&x#m-2.

Do dé tap xac dinh ctia ham s6 la D = R\{m - 2}.

Dé ham s6 x4c dinh trén [-1, 1) diéu kién la:
m-2<-1] m<|1
m-22>1 - [m >3

Vay, vdi m < 1 hodc m 2 3 thoa man diéu kién diu bai.
Yidp 7z Cho ham sé: y= e

x?=2(m-Dx+m?-2m

m-2¢ [-1, 1)<:>[

Tim m dé ham s& xdc dinh trén (0, 1).
£ Gidi
Ham s6 xéc dinh khi:
XX=2m=-Dx+m* -2m#0= x> -2mx +m’+ 2x - 2m # 0
Xx-m#0 {x #m
N

SEXx-mx-m+2)20&
Xx-m+2#0

X#m-2

Do dé6 tap x4c dinh cia ham s6 1a D =R\{m — 2, m}.
Dé ham s6 x4c dinh trén (0, 1) diéu kién la:

m<0 m<0
m-2meg 0, 1) m-221 &S (m2>3
m-2<0<l<m l1<m<2

Vay, v@ign < 0 hodc 1 <m <2 hoac m 2 3 thoa man diéu kién d4u bai.
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@ Nhdn xét: Nhu vay, trong 18i giai cta vi du trén, d€m -2, m ¢ (0, 1) ta
xac dinh dudc ba truong hop la do danh gia dugcm-2<m
voi moi m, tir do thiét lap:

* Hai difm m - 2 va m ndm bén trai (0, 1) va trong truong
hop nay chi cAin m <0.
= Hai dim m — 2 va m nim bén phai (0, 1) va trong trudng
" hgpnay chicinm -220.
* Diém m - 2 ndm bén tréi (0, 1) va diém m ndm bén phai
(0, 1) vi khoang cach giita hai di€ém m — 2 va m bing 2
don vi.

: ; 1
Yidyu8: Chohamsé: y=J-x+2m-1 - ———.
VX-m+2
Tim m dé ham s6 xdc dinh trén (0; 1].
£ Gidi
Ham sé xac dinh khi:
-x+2m-120 <2m-1
st S &Sm-2<x<2m-1.
X-m+2>0 X>m-2

Do d6 tap xdc dinh ciahams6laD=(m -2, 2m - 1].
D¢ ham s6 xdc dinh trén (0, 1] diéu kién la:

O, 1lcm=-2,2m~-1] &m-2<0<1<2m-1&<1<m<2.
Vay, véi 1 <m<2thoa mén diéu knén dau bal.

Yidw Iz Xt si bién thién cua ham §6° y= f(x) X — 2
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&S Gidi
Ta c6 thé trinh bay theo hai céch sau:
Cach 1: Ham s6 xac dinh trong R.
Cho x cédc gia tri thuc bat ki x,, X, sao cho X, < x, (ta dugc x, — x, <0), ta di
so sanh f(x,) véi f(x,) bang cich xét:
f(x,) = f(x) = (X, = 2) = (x, - 2) = x,— X, < 0 & f(x;) < f(x,)
<> ham s6 d6ng bién trong tap xac dinh ctia né.
Cdch 2: Ham s6 xac dinh trong R.
Véix,, x, € Rvax, #x,tacé:
A= f(x,) - f(xy) _ (x, -2)—(x,-2)
X, — X, X; — X,
Vay, ham s6 déng bién trén R.

=150.

@ Téng quit: Xét su bién thién ctia ham s6: y = f(x) = ax + b, vdia = 0.
& Gidi

Ham s6 xac dinh trong R.

Véi x,, x, € R va x; # x, ta cé:
f(x,)-f(x,) _ (ax, +b)—(ax, +b) _

A=

Khi dé:

* Néu a > 0 thi ham s6 déng bién trén R.

* Néu a <0 thi ham s6 nghich bién trén R.
Vidg 2t Xét su bién thién cua ham s6: y = f(x) = x2.
£ Gidi

Ta c6 thé trinh bay theo hai cich sau:

Cdch 1: Ham s6 xdc dinh trong R.

Cho x cic gi4 tri thuc bat ki x,, X, sao cho x, < x, (ta dugc x, - x, <0), ta di
so sdnh f(x,) véi f(x,) bing cach xét:

f(x,) - f(x,) = X? == x§ = (X = X)(X, + Xp).
Khi dé:
* Neéux,, x,>0 (titrc 1a x € (0; + )) thi:
X; +X; >0 = (X, — X)X, +X,) >0 & f(x,) — f(x,) >0 & f(x) < f(x,)
<> ham s6 dong bién trong (0; + ).
* Néux,x,<0 (tific 1a x € (- o; 0)) thi:
X) + X, <0 = (X, — x,)(X, +X) <0 & f(x,) - f(x,) <0 & f(x) < f(x,)

vam s6 nghich bién trong (- wo; 0).
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Cdch 2: Ham s6 xdc dinh trong R.
f(x,)-f(x X; —x
1 Xy X, =X,

Vo x,, x,eRvax,#x,tacoé: A=
X

Khi do:
* N¢u X,, x,> 0 thi A >0 = ham s6 dong bién trén (0, + ©).
= Néu x,, x,< 0 thi A <0 = ham s6 nghich bién trén (— o, 0).
@ Téng quat: Ham s6: y = f(x) = ax?, véia = 0.
ta co:
1. Véia>0
=  Neéu x;, x,> 0 thi A >0 = ham s6 déng bién trén (0, +o).
= Néu x;, x,< 0 thi A <0 = ham s6 nghich bién trén (-, 0).
2. Voia<o0
*  Neéu x,, X,> 0 thi A <0 = ham s6 nghich bién trén (0, +w).
= Néu x;, x,< 0 thi A >0 = ham s6 déng bién trén (-, 0).
Yidp 3z Xet s bién thién ciia ham s6: 'y = f(x) = —x’.
£ Gidi
Ta c6 thé trinh bay theo hai cich sau:
Cach I: Ham s6 xac dinh trong R.
Cho x céc gia tri thuc bat ki x,, X, sao cho x, < x, (ta dugc x, — x, < 0), ta di
so sanh f(x,) véi f(x,) bang cach xét:
f(x,) = f(x;)) = (=x3) = (=x3) = x§ —x = (X,— x,)(X3 +x,%, +x2) >0
&> f(x,) > f(x,) < ham s6 nghich bi€n trong tp xac dinh cta nd.
Cdch 2: Ham s6 xac dinh trong R.
Véi x,, X, € R va x, # x, ta cé:
A= fx)) - f(xy) _ (=x1) = (=x3) N Xy ~%p
X, — X, X, — X, X, — X,

= M ~Xp)(X; + X, Xy +Xy) =—(x§ + XX, + xf ) < 0.
X=X
Vay. ham s6 nghich bién trén R.
Tong quat: Xeér sw bién thién cia ham s6: y = f(x) = ax®, vdi a # 0.
&5 Gidi
Ham s6 xac dinh trong R.
Vaix;, x; € R va x; #x, ta co:

3 3 2 2
e f(x,)-f(x,) _ ax; —ax, _ a(x, — x,)(x; +Xx,X, +X;)

A

gﬁ' X2 + XXy + X7 ).

. i
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Khi d6:
* Neéu a > 0 thi ham s6 d6ng bién trén R.
* Néu a <0 thi ham s6 nghich bién trén R.

Yidwp 4z Xét si bién thién cia ham s6: y = f(x) = Vx * 31 trong (0; +).
£ Gidi
Ta c6 thé trinh bay theo hai c4ch sau:

Cdch 1: Cho x céc gid tri thuc bat ki x,, x, € (0; +00) sao cho x, < x, (ta duoc
X,— X, <0), ta di so sdnh f(x,) véi f(x,) bing cdch xét:

f(x,) = f(x;) = X2 +1 - %2 +1
_ (fo o | —ng +1)(fo +1+ \/xg +1)
) Jx3 #1402 %1
_(+D)-(x3+1) _ xj-x;
B fo +1+ \/xg—Tl- J}ﬁ + \/"27
< f(x,) < f(x,) < ham s6 déng bién trong tap x4c dinh cta nc.
dch 2: V@i x,, X, € (0 ; +0) va x, # X, ta cé:

A < [0 =£x) _ VX +1—Jx§+1

xX+1)- (1\:2 + 1) %%y

—xz)(,fx1 1+1/:i:2 1) \[_+1+\/x2+1

Vay, ham s6 déng bién trén (0; +o).

>0

¥ Cha y: Trong 13i gidi trén, chuing ta da sit dung diéu kién x,, X, € (0, +0) dé
nhan duoc két qua x, + x, > 0.

YVidwp 82 Xét su bién thién cia ham s6: y = f(x) =

5 1 trong (1; +o).

£S Gidi
Ta ¢6 thé trinh bay theo hai c4ch sau:
Cach 1: Cho x céc gia tri thuc bat ki x,, x, € (1; +) sao cho x, < x, (ta duoc
X,— X, <0), ta di so sdnh f(x,) vdi f(x,) bang cich xét:
X X, X, — X,

T A (g "
@6,) > f(x,) <> ham s6 nghich bién trong (1; +).
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Cdch 2: Véix,, x,€(1; 40) va x, # X, ta co:

X, X
Azf(x,)—f(xz)=xl—l X, =1 __ 1 ’
X, ~ X3 X, =X, (x, =D(x, =1)

Vay. ham s6 nghich bién trén (1; +<0).

@ Chi y: Trong 15i gidi trén, chiing ta i sit dung diéu kién x,, x, € (1, +0) dé
nhan duoc két qua x, -1 >0,x,—-1>0.

C. BAI TAP LUYEN TAP
Bai 1: Cho X={-3,-2,-1,0,3), f1a mét quan hé tir tap X dén tap R. Hoi f c6 phai 1a

ham s6 kxéng, néu bang céc gid tri tuong img cta ching la:
X -3 -2 | -1 0 3
fx) | -6 | -4 | =2 0 6

Bai2: ChoX={-4,3,5,7}, flamotquan hé tirtap X dén tap R. Hoi f c¢6 phai 1a ham
s6 khong néu bang cic gia tri tuong img cta chiing la:
X - 3 5 7
y 8 8 8 8
Bai3: ChoX = {—4,-2,0}, f1amotquan heé tir tap X dén tap R. Hoi f c6 phai 1A ham
s6 khong néu bang cic gia tri tuong img cia ching la:
X -4 -4 -2 0
y 4 12 6 I

Bai 4: Ham 6 y = f(x) dugc cho bai cong thirc f(x) = Exé .
a. Hiy dién cic gid tri tuong ing ciia ham s6 y = f(x) vio bang sau:
X -9 | -6 3 12
y =f(x) 1
b. Xic dinh f( —12), f(72).
Bai 5: Ham 6 y = f(x) duoc cho bdi céng thic f(x) = 2x + 9.
a. Hiy di¢n céc gié tri tuong iing ctia ham s6 y = f(x) vao bang sau:
X =3 | =] 2 6
y = f(x) 27
b. X:c dirh f(-8), f(7).
Bai 6: Cho him s6 y = f(x) dugc cho béi cong thirc f(x) = x* - 9.
a. Tih f(-4), f(=2), £(0), f(1), f(5).
b. Tihhcagidtrichaximgvéiy=—8,y=-5,y=0,y=-10.
Bai 7: Cho him s6 y = 2x — 6. Tim céc gid tri ciia x sao cho:
a. yrhan gia tri duong.
b. . 14 tri nho hon 3.
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Bai 8: Cho ham s6 y = 6 — 5x. Tim céc gié tri ctia x sao cho:
a. ynhan gia tri &m.
b. y nhan gia tri 16n hon 1.

Bai 9: Cho cdc hams8: f(x) =2x*—3x + 1 vag(x) =x*>— 1.

a. Tinh f(-1) va g(%).

b. Tim s6 a dé f(a) = g(a)
Bai 10: Tim tap xdc dinh cua cac ham sé sau:

_x* -1 T -
T i+l A ka3
Bai 11: Tim tap xac dinh clia cdc ham s6 sau:
x-1 2x +1
= ; b. y= ——m8 .
A Y= —x-1

Bai 12: Tim tap xadc dinh cua cic ham s6 sau:

a. y=+x+2. b. y=~/5—_x+\/7_+~x.
Bai 13: Tim tap xac dinh cua cidc ham s6 sau:

a. y=+-x*+5x-6. A e =
Bai 14: Tim tap xac dinh cia cic ham s6 sau:

a. y=+1-x + L b. y= 0%

Jx2 -4 (x=2)Vx -1

Bai 15: Tim tap xdc dinh ctia cic ham s6 sau:
y= —J;__ b ye 4-x*

m ' Yx+1
__J;+l

Bai 16: Cho ham s6: y = |
Jx -1

Tim tap xdc dinh cia ham sé.
Tinh f(4 + 2+/3 ), f(a%) véi a < -2.
Tim x dé f(x) = /3 .

Tim x dé f(x) = f(x?).

a.

an o e

Bai 17: Timm dé hAms6y = - . x4c dinh trén [0; 1):
X=2m+]1
Bai 18: Tim m d€ ham s6 sau x4c dinh trén (1; 3):
y=+v-x+2m-1 - —l——-
2x—-m
Bai 19: Xét su bién thién cua cic ham s6:

. y=f(x)=2x +3. c. y=f(x)=(m?+1)x —2.
g =1-3x. d y=f(x)=mx+4,vénm=0.

a
b
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Bai 20: Xét su bién thién cta cac ham s6:

a. y=f(x)=2x*trong (0; +o0).
by =f(x)=—-6x*trong (0; 4+x).

Bai 21: Xét su bién thién cua cac ham so6:

a: y=fix)= i

trong (1; +0).

B =)= trong (—o0; —2).

2x+3

Bai 22: Xét su bién thién cua cac ham so:

a. y=f(x)= vx-1.

Bai 23: Xét su bién thién clia cdc ham so:

c. y=f(x)= Vx’+3 trong (0; +).

d. y=f(x)= Vx’+4x+5 trong (—0; -2).

Bai 24: Xét su bién thién ctia cdc ham s6:

y = f(x) = x>+ 2x + 3.
y=f(x)=—x"+4x + 1.

y=f(x)= J2-% .

& y=fix)=3x" c. y=fx)=x*+x+1.
b. y=f(x)=x'-3x>+6x + 1. d. y=f(x)=x>+2x>+3x + |.
D. HUGNG DAN - PAP SO q

Bail; Co i ham sé.

Bai 2: Co6 la ham s6 va day 1a ham hang y = 8.

Bai 3: Khong la ham s6, vi véi x = — 4 ta xac dinh duge hai gid tri khac nhau cia y

ladval2.
Bai 4:
a. Ta c6 duoc két qua:
X =G | =§ 3 12 36
g=2C | g | g | i@ | 3 1
X
1

b. Tacé f(-12)=-3, f(72) = >

Bai 5: Hoc sinh tie lam.

Bai 6:

a. Talin luot c6:
f(—4)=(—4)’-9=16-9=7,
f(-2)=(-2)’-9=4-9=-5,

f(0)=0-9=-9, f(1)=1*-9=1-9=-38,

552—-9=25—9: 16.

g
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b. Ta l4n luot c6:
» Véiy=-—8 thi
x}-9=-8x’=—-8+9=1x=11.
« Véiy=-—S5thi:
XX=-9=—-5x=-5+9=4x=%2.
= Véiy=0 thi:
x}-9=0x2=9x=13.
= Véiy=- 10 thi:
x*—9=—10 < x*=- 1, khong tén tai x.
Bai 7: :
a. DéEy nhan gi4 tri duong diéu kién la:
2x-6>02x>6x>3.

Vay, vé6i x > 3 thi y nhan gia tri duong.
b. Dé y nhan gi4 tri nhd hon 3 diéu kién la:

2x—6<3<:>2x<9¢x<%.

Vay, véi x < -g thi y nhan gid nho hon 3.

Bai 8:
a. Déy nhan gi4 tri am diéu kién Ia:

6-5x<0<::5x>6<:>x>-§.

Vay, véi x > % thi y nhan gi4 tri am.

b. DéEy nhan gi4 tri 16n hon 1 diéu kién la:

6-5x>15x<iox<].
Viy, véi x < 1 thi y nhan gia tri I16n hon 1.
Bai 9:
a. Tacé:

f(-1)=2(=1)*=3(-1) + 1 =6.

1 Y 3
8(3)—[5) -1= =3

b. Tacé:
f(a) =2a’—3a+1
g(a)=a’-1.
Suy ra:
fla)=g(a) < 2a’-3a+1=a’—1oa’-3a+2=0

&al-2a-a+2=0a(@a-2)-(a-2)=

a=2

<:>(a—2)(a—1)=0<:>[ ;
a=1

VBG—- 2 hodc a = 1 thi f(a) = g(a).
A
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Bai 10:
a. Ham s6 xac dinh khi:
x’+ 1 #0, luén ding.
Vav, tap xdc dinh cia ham s6 la D = R.
b. Ham s6 xac dinh khi:
2
X-x+3z20& (x—%) + ]—41 # 0, luén ding.
Va., tap xac dinh cia ham sé laD = R.
Bai 11:
a. Ham s6 xac dinh khi:
2x-620=>x#3
Vay, tap xac dinh cia ham s6 1a D = R\{3}.
b. Ham s6 xac dinh khi:
2 =x-1202x*-2x+x-120x-D2x+1)=0

x-10 x#1
o 1.
2x+1#0 x;t—i

: ~— o 1
Vay, tap xac dinh cia ham sé 1a D = R\( 1, = .

Bai 12:
a. Han sé xdc dinh khi:
X+220=x2-2.
V4y, tAp xdc dinh ciaham s6 laD = [ -2, + «).
b. Han s6 xdc dinh khi:

2-x20 x<2
< &S -7<x<2.
7+x20 x2-7

Vay. tap xdc dinh cia hams6laD = [ -7, 2].
Bai 13:
a. Ham s6 xdc dinh khi:
x?+45x-620=x*-5x+6<0 (x-3)(x-2)<0
Ex2Ex <3,
Vay tap xéc dinh cia ham s6 1 D = [2, 3].
b. Han s6 xac dinh khi:

-x<0
[xz—x+120

¥ - -x20
e DA {

x}-x+12x%x2

x >0
, luén ding.

C dmh cua ham s6 la R.



Bai 14:

X <-=2.

: _ . [1-x20 x<l1
a. Ham s6 xdc dinh khi:

x’—4>0© (x—2)(x+2)>0c>
Viy, tap xic dinh cua ham s6 1a D = (—0, -2).
5-2x20 x<8/2
b. Ham s6 xdc dinh khi: {x-2#0 & <{x22 &
x=1>0 x>1 x#2

l<x<—

Vay, tap x4c dinh ciia ham s6 1a D = (1, %]\[2}.

Bai 15:
a. Ham s6 x4c dinh khi:

x>0 x>0 x20 x=20
& & s
X|x|-1>0 xx—-1>0 (x=-Dx+1)>0 x-1>0
&E5xS 1.
Vay, tap xac dinh cia ham s6 1a D = (1, +0).
4-x*20 {(x-2)(x+2)$0 {-—-2.<_ixs2
& &

b. Ham s6 xdc dinh khi: {
X # -1

x+120 X #—1

Vay, tap xac dinh cia ham s6 1a D = [-2, 2]\ {-1}.
Bai 16:

i . . x20 x20 x>0
a. Ham s6 xdc dinh khi: o o S>0<sx=1.
Jx =120 |Jx=1 |x=#1

Vay, tap xac dinh cia ham s6 1a D = (0, +0) \ { 1}.

b. Tacé:
f(4+2\5)=\/4+2\/§+l=\/(\/§+l)’+1=J§+l+l=\/§+2
V4+243 -1 \/(Ji+1)2—1 B+1-1 3
. Val+l _af+] *2 -a+l _a-l

Jar=1 |aj-l = —a-1 @al’
c. Déf(x)= 3, diéu kien la:

o B RN RS BN AN

a(ﬁ—l)[=ﬁ+l©&=%+—:¢>x=j+§£.

d. Dé f(x) = f(x?), diéu kién la:
Vx+1 _ x-1 - Vx+1 _ (x +D)x=1)
\R—l _x+1 \/;—1 - x +1
<:>cl=(«/;—l)2<:>\/_=0<:>x=0.
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Bai 17: Ham s6 c6 nghia khi: x = 2m+ 120 & x#2m - 1.
Pé ham s6 xdc dinh trén [0, 1) diéu kién la:

2m-1<0 mcl
2m—=1¢ [0, 1) & i
2m-121
m 21
< =
, N P e
Bai 18: Ham s6 c6 nghia khi: — m
2x-m>0 X>—
2
D€ ham so6 xdc dinh trén (1, 3) diéu kién la:
m mcg<?2
—<1<3<2m-1¢& Sm=2,
2 m2>2

Bai 19:

a. Ham s6 dong bién trén R.

b. Ham s6 nghich bién trén R.

c. Ham s6 xdc dinh trong R.
Vi x,, x, € Rvax, #x,tacé:

= f(xl)_f(xz) . [(mz * l)x| -2]_[("‘2 ¥ l)xz _2]

- X, —X, - X, — X,

_ (m* +1)(x, =X,)

X=X,

A

=m’+1>0.

Vay, ham s6 dong bién trén R.
d. Ham s6 xdc dinh trong R.
Véix,, x, € Rvax, #x, ta cé:
- f)—10x,) _ (mx, +4)—(mx, +4) Zpe
X, — X, - X, =X, )

A

Khi dé:

* Néum > 0thi ham s6 déng bién trén R.

* Neéum <0 thi ham s6 nghich bién trén R.
Bai 20:
a. Ham s6 déng bién trong (0; +0).
b. Ham s6 nghich bién trong (0; +0).
c. Ham s6 déng bién trén (—1; +0) va nghich bién trén (—o; —1).
d. Ham s6 déng bién trén (—oo; 2) va nghich bién trén (2; +0).
Bai 21:.
a. Ham s6 nghich bién trén trong (1; +).
b. Ham s6 dong bién trén trong (—o0; -2).
Bai 22:
a. Ham s6 conghiakhi: x-120&x21.

Ay’ @xﬁc dinh ctia ham s6 1a D = [1; + o).
&
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Cho x c4c gid tri thuc b4t ki x,, x, € [1; +0) sao cho x, < x; (ta duoc x, - x; < 0),
ta di so sdnh f(x,) véi f(x,) bing cdch xét:

f(x,) - f(x;) = x, =1 —/x, -1
_ (Jxl ~1 —sz—l)(JX, =] +\/;z_l)

X, -1+x, -1
( -1)- (x,—l) X, —X, <0

< f(x,) < f(x;) = hém s6 déng bién trong tap xéc dinh ctia né6.
b. Haims6cénghiakhi: 2-x20x<2.
Vay, tap xic dinh cia ham s6 1a D = (—o, 2].
Véi x,, x, € (—o, 2] va x, # X, ta cé:

s f(x,)- f(x) \/ - —\/2 X,

X, — X,
(Jz X, Jz X )(J: x,+,j2 X,)
(x, =X, )y/2 - X, +,/2 -X;)

(2-%x,)-(2-x,)

1
(x, —x, X2 X, +J2—x2) J2 - X, +,/2—x2
Vay, ham s6 nghich bién trong tap x4c dinh ctia né.
Bai 23:
a. Ham s6 déng bién trén (0; +0).
b. Ham sé nghich bién trén (—o; =2).
Bai 24:
Ham s6 déng bién trén R.
Ham s6 déng bién trén R.
Ham s6 déng bién trén R.
Ham s6 x4c dinh trong R.
Véi x,, x, €R va x, # X, ta c6:
f(x )-f(x,) _ (x, =3x} +6X, +1)=(x3 =3x2 +6x, +1)
X, — X, X, - X,
_(x] =x3)=-3(x} = x3)+6(x, —X,)
X, =X,

<0

oo

=X; + XX+ X2 = 3(X;+ X,)+ 6

(X + X2+ —;-(x,2 + X3)=3(x,+x;) +6

[(%, + %) — 6(x, + xp) + 9] + %(xf " x;)-}-%

R[—= = |-

(X, + X, = 3)*+ %(xf + x§)+% > 0.

Vay hicf déng bién trén R.
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V€2 1AM SS BAC NHAT
A. TOM TAT Li THUYET

‘ Y B
& il o W Wb R RS =y Wi

B. PHUONG PHAP GIAI TOAN
Yidyls Chohamsé6: y=mx -m’—x + 1.
a. Timm dé ham sé'dd cho la ham s6 bdc nhat.
b. Tim m dé ham sé nghich bién trén R.
c. Timm dé dé thi ham sé di qua géc toa dé.
£ Guii
Viét 1ai haim s6 duéidang: y=(m—1)x —m* + 1.
a. Hamn s6 trén 1a ham s6 bac nhat khi vachikhi: m—-120< m=# 1.
Vay, véi m # 1 ham s6 da cho 12 ham s6 bac nhat.
b. Ham s6 trén nghich bién trén R khi vachikhi: m-1<0& m< 1.
Vay, vé1 m < 1 ham s6 nghich bién trén R.
c. Tabiét gbc toa dé O(0, 0), do d6 d6 thi ham s6 di qua géc toa do khi
O=(m-1)0-m+1om’=1m==1.
Vay, wéi m = x1 d6 thi ham s6 di qua g6c toa do.
@ Chii y: Trong 16i gidi cAu c), khi m = 1 ham s6 khong con la ham s6 bac nhat
Yidgp2: Chohamsé: y=mx—+1-m.
a. Timm dé ham s6 dd cho la ham s6 bdc nhat.
b. Tim m dé ham sé déng bién trén R.
£S Giii
a. Ham 6 trén 1a hAm s6 bac nhat khi va chi khi:
m # 0 m =0
=
I1-m=>0 m< 1]

Va wv-,e m < 1 ham s6 di cho 12 ham s6 béc nhét.

&S0#m<. ™
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b. Ham sé trén dong bién trén R khi: m > 0.
K&t hop voi diéu kién (*), ta dugc O <m < 1.
Vay, v6i 0 < m < 1 ham s6 déng bién trén R.
@ Nhdn xét: Trong15i gii trén:
« Ocau a), nhiéu em hoc sinh méc sai 1am khi chi thiét lap
diéu kién m = 0.
« O cau b), nhiéu em hoc sinh méc sai 1dm khi thiét lap
diéu kién m > 0 nhung lai khong két hop vdi (*).
VYidy 3z Cho ham s6: y =f(x) = ax, véia 0.
a. Chimg minh rdng f(kx,) = kf(x,) va f(x, + x,) = f(x,) + f(x,).
b. Cdc hé thitc trong cdu a) con diing véi ham sé:
y = g(x) = ax + b, v6i b # 0 hay khong?.
&S Gidi
a. Taco:
f(kx,) = a(kx,) = akx, = k(ax,) = kf(x,), dpcm.
f(x, + x,) = a(x, + Xx,) = ax, + ax, = f(x,) + f(x,), dpcm.
b. Ta lan lugt xét:
= Véi hé thic:
g(kx,) = kg(x,) & a(kx,) + b =k(ax, + b)

b=0

<> akx,+b=akx,+bk e bk-1)=0< k=1.
Vay, hé thirc g(kx,) = kg(x,) chi ding véi k =0.
*  Véi he thic: .
g(x, +xp) = g(x,) + 8(x,)
<> a(x,; + x,) + b =(ax, +b) + (ax, + b)
&> ax, + ax, + b = ax, + ax, + 2b & b =0 (loai).
Vay, hé thitc g(x, + x,) = g(x,) + g(x,) khoéng diing.
Yidp 4t Cho hai ham sé: ;
f(x) = (m*+ 1)x =4 va g(x) =mx + 2, véi m = 0.
Chimg minh rang:
a. Cdc ham séf(x), f(x) + g(x), f(x) — g(x) la cdc ham déng bién.
b. Ham s6 g(x) — f(x) la ham nghich bién.
&S Gidi
a. Ta lan lugt xét:

yﬁd f(x) c6 he s6 a=m? + 1 >0 do d6 né 12 ham déng bién.
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*  Ham s6:
f(x)+g(x)=(m’+ Dx—4+mx+2=(m’+m+ 1)x - 2.
c6 hé s6:
; ( lJl 3
a=m+m+1l=|m+—| +—>0
2 4
do dé né la ham déng bién.
= Ham so6:
f(x) — g(x) = (m*+ I)x =4 — (mx +2) = (m* = m + 1)x — 6.
c6 hé s6:

2
a=m2—m+l=(m—%) +—3->0
do d6 né 1a ham déng bién.
b. Ham s6:
g(x) —f(x) =mx + 2 —[(m*+ Dx —4] =—(m’ = m + 1)x + 6.

c6 hé so:
2
=—(m’-m+1)= - (m—-l-] +2 <0
2 4

do dé né6 la ham nghich bién.
Yidwg 8 Cho ham sé:
y=f(x)=ax +b, vgia=0.
a. Chung minh rdng véi mét gid tri X, tuy y cho trudc, bao gio
ciang tim duoc hai s6'm va n sao cho f(m) < f(x,) < f(n).
b. Chitmg minh rdng ham sé bdc nhdt khéng cé gia tri Iém nhdt va
nho nhdt.
&S Gidi
a. Ta biét ring véi méi x, tuy ¥ cho trudc, bao giv ciing c6:
Xo— 1 <Xy <Xo+ 1.
Ta xét hai truong hop:
Truong hop 1: Véi a > 0, khi dé6 ham s6 déng bién, do dé:
f(xo— 1) < f(x;) <f(x,+ 1)
trdé, tachonm=x,—1van=x,+ 1.
Truomg hop 2: Véi a <0, khi d6 ham s6 nghich bién, do dé:
f(xoﬂ_nl) > f(xy) > f(xo+ 1)

_p;m=x0+1v‘c‘1n=x0—l.
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b. Gia sir trdi lai ham s6 c6:
®  Gid tri |6n nhat f(x,) Ung véi Xx,.
® Gid tri nho nhat f(x,) ¥ng véi x,.
Theo két qua cau a), luén tim dugc hai s6 m va n sao cho:
f(x,) < f(n) = f(x,) khong phai la gi tri 16n nhat.
f(x,) > f(m) = f(x,) khong phai la gi4 tri nho nhat.

C. BAI TAP LUYEN TAP
Bai 1: Mot 6t6 van t6c SOkm/h khéi hanh tir bé€n xe phia Nam cich Ha Néi 5km va

di vé phia Nghé An (bén xe ndm trén dudng Ha Noi — Nghé An). Hoi sau khi khai
hanh x gid, xe cdch Ha Noi bao nhié¢u?

Bai 2: Cho cic ham sé:

a. y=5x+J§. d y=3(x-2)+x
b. y=2—{f§x. e y=—-1— +3.
B == Xith f. y=2Jx +8.

Trong cdc him s6 trén ham s6 no 12 hAm s6 bac nhat? Xét su bién thién cua cic
ham s6 bac nhat dé.

Bai 3: Cho ham s6:
y=(m-1x+ m.
a. Tim m dé ham s6 d4 cho 12 hAm s6 bAc nhat.
b. Tim m dé ham s6 nghich bién trén R.
Bai 4: Tim m dé c4c him s6 sau 12 ham s6 bac nhat:

a. y=mx+6. C. y=mx+Jm+2.
b. y=mXx+ 3 —x. d. y=(m*-m)x’+mx +8.

Bai 5: Cho hai ham s6:
fx)=(m*+5)x-3vag(x)=2mx+1,v6im=0.
Chimg minh ring:
a. Ci4c ham sé6 f(x), f(x) + g(x), f(x) — g(x) 12 cdc ham déng bié&n.
b. Ham s6 g(x) — f(x) 12 ham nghich bién.
Bai 6: Cho ham s6
y=(m-1)x+2m—3.
a. Tim m dé ham s6 1a d6ng bién, nghich bién, khong d6i.

Blﬂrféﬂgﬂummaydmddmlhémsdlumdlqua1dlemcodmh
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D. HUGNG DAN - PAP SO

Bai 1: Goi y la khoang céch tir 6t6 téi Ha Noi sau x gid. Tacé: y = 50x + 5.

Bai 2:

a. Hims6y=>5x+ J3 13 ham s6 bac nhat va viné cé a =5 > 0 nén né la ham s6
dong bién.

b. Hims6y=2 - Y5 x 12 ham s6 bac nhat va viné c6 a=— 5 <0 nén né 1a ham
s6 nghich bién.

) I ; ; 1
c. Ham sﬁy=w—5x+615hém s6 bac nhit vévinécéa=-—5 < 0 nén né la ham

s6 nghich bién.

d. Hims6y=3(x—2)+x=4x —61aham s6 bic nhat vAvin6 c6 a=4 >0 nén né la
ham s6 dong bién.

e. Khong la ham s6 bac nhat.

f. Kho6ng l1a ham s6 bac nhat.

Bai 3:
a. Ham s6 da cho la ham s6 bac nh4t khi va chi khi:
m-120 m # |
= <>0<m=1. %)
m >0 m=20

Vay, v6i 0 <m # | ham s6 di cho 12 him s6 bac nhAt.
b. Ham s6 di cho nghich bién trén R khi:
m-1<0&mg<l.
Két hop véi diéu kién (*),tadugc 0 <m < 1.
Vay, véi 0 < m < | ham s6 nghich bién trén R.
Bai4: a. m=0. b. m=tl. c. 2<m=0.
d. Ham s6 da cho la ham sé bac nh4t khi va chi khi:

; m=0
m’-m=0 m(m-1)=0
= & Ldlm=l &Sm=1.
m=#0 m=0
m#0

Vdy, v6i m = | ham s6 da cho la ham s6 bac nhat.
Bai 5: Hoc sinh tie lam.
Bai 6:
a. Tacé:
* Ham s6 la d6ng bién khi va chi khi:
m-1>0m>1.
* Ham s6 la nghich bién khi va chi khi:
m-1<0&m<l.
* Ham s6 |a hAm héng khi va chi khi:
m-1=0&m=1.
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cavsEs DO THI CUA HAM SO BAC NHAT

A. TOM TAT Li THUYET

Nliuway a vé’ii&fihn ham s6y-ax (a'aed). m&wmen

_®_ Xfc dinh vi tf diém A(1; a),»
! N&Ov&!Atﬁ“dumddﬂuhmnsGy=

Ta cc. mmh hd&i

i20 b0 b _ \ s
i | O
g e ' s .I‘ [ SV S ' |

a
o X
v
Duong thcfng y = ax ndm trang e Du’drng thdng y = ax ndm trong
goc phdn tu (I) va phcfn tu ([H ) it gdc phd’n t__w (_II) va phan e (1IV)

@ Cha y:

» Dd&qhamsd'y=xd1ﬁ1hléd|ﬂngphangﬂcmagécplﬁnmﬂmLm
. Ddﬁuhamwy=—xchﬁ1hladuo‘ngphmig1accuagocph5nhxﬂm1] Iv.

3 DOTHICﬂAHAMSGy'{ax&b aaa(l e
* D4 thi clia him 4 b(an0)Ia mot duémg méng cit tryc tung tai
diém c6 tung d6 ba gt hﬁng ndy -

S Sqngsongvﬁn &gj'.liéngy axne‘mb#-o
* Tring véi duoy

gy = axnéub = 0.

Tir ket qud trén ta :héi’y "Néu dd c6 db thi hdm sd y ax " thl d6 thi ham
s6y= ax+b(b¢0)"""'"'"suyrab&n cﬁch‘ - e

'ﬁ 3 o

s Xic dmh V; tffdlém M(O b) \ 5' B .
* - D YL s°“3 sonm "f" "“‘"‘8 ﬂling y - ax chi'nh la d6 thi
himsdyzax.p‘b 3}

3. CACH VE DO THIHAM sd BAC NHKT Sl

Vi 6 thi ham s6 bac nh4t 13 mot dudng thﬁng nén mu6n vé ta chn cﬁn Xéc
dinh hai d:ém phan biét bat ki trén dudng thing dé.

f?s’ &
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> Chu y: Khivéd6thihamsdy=ax+b,a#0
* Tanén chon hai diém cé toa d6 chin.
* Thong thudng, ta chon hai diém A(0; b) va B (—2 ; 0) theo
a
thit tu 1a giao diém cia d6 thj véi truc Oy va Ox néu hai

difm d6 khong ndm qua xa gdc toa d6 (thi du y = x + 2005)
hodc toa d6 cua ching khéng qua phitc tap trong tinh toan

(thiduy = V2 x + J@)

B. PHUGNG PHAP GIAI TOAN
Yidp i Cho ham s6: y =—-x + 3.

a. Xdc dinh giao diém ctia dé thi ham s6 véi truc tung va truc
hoanh. Vé dé thi ham sé.

b. Goi A va B theo thit tic la hai giao diém néi trén. Tinh dién tich
AOAB (O la géc toa do).

c. Goi a la géc nhon tuo boi do thi ham sé voi truc Ox. Tinh
tana, suy ra s6 do goc .

d. Bdng do thitimx dé'y >0,y <0.

&5 Gid
a. D06 ni cit truc Oy tai A ¢6:
y=0=>y=-0+3=3= A(0; 3). S
D6 tii cat truc Ox tai B ¢é: \,A
\=0=0==x+3©x=3=B@G;0). P

b. Tac): N
1 9 3

Ssoas = 5 OA.OB = %.3.3 = - (don vi dién tich). ~O

c. Trorg AOAB, ta c6 ABO =aq, suy ra:
ting = E)-é—:g =1=>a=45
OB 3
d. Ti d thi suy ra:
* >0 <> x <3, ing véi phin d6 thi phia trén truc Ox.
* <0< x 23, ing véi phdn d6 thi phia duéi truc Ox.
Yidp & Cho ham s6: y = ax — 3a.
a. Xdc dinh gid tri cia a dé doé thi ham s6 di qua diém A(0; 4). Vé
dé thi ham sé véi a vira tim duoc.
b. Tinh khodng cdch tic géc toa dé dén duomg thing tim dioc trong

FP a).
3 v é,a’*’"
&
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& Gidi
a. D6 thi ham s6 di qua diém A(O; 4) khi va chi khi: 2y

4=a.0—3ac:3a=—4<:>a=—%.

Vay, ham s&cédangy=-%x+4.

Dé vé dé thi ham s6 ta 14y thém diém B(3; 0).
b. Goi H 12 hinh chi€u vuéng géc ctia O 1&n dudng thing.
Trong AOAB vuéng tai O, ta cé:
1 1 1 OA.OB 43 12
= + = —.
OH® OA’ OB’ OA? +OB? 47 +3* 5

Viy, khoang c4ch tir g6¢ toa d6 dén dudng thing bing -1—52 .

Yidw 2s Vétrén cing mot hé truc toa dé Oxy dé thi cua cdc ham sé
y=3xvay=-3x.

C6 nhdn xét gi vé dé thi cia hai ham sé nay? \ y4
£ Gidi B\-3../A
D€ vé d6 thi ham s6 y = 3x, ta thuc hién: 1 i
=  X4c dinh thém moét diém A(1; 3). I\- |
* N6i O vér A ta dugc d6 thi ham sé y = 3x. ——
D€ vé d6 thi ham s6 y = —3x, ta thuc hién: X
=  Xé4c dinh them mot diém B(-1; 3). y=3xly =3

= NG6i O véi B ta duoc d6 thi ham s6 y = — 3x.

Nhan xét rang, d6 thi cua hai him s6 ndy d6i xing véi nhau qua Oy.
@ Nhén xét:
1. Ta biét ring:

x| = {3)& khiJ.KEO _
-3x khix <0

Do d6, néu 14y hai phin A6 thij la:

* Phén d6 thj cia ham s6' y = 3x trong goc phn tu thit 1.

* Phén d6 thj cia ham s6' y = — 3x trong goc phén tu thit I1.

ta nhan dugc 46 thj cia ham s6'y = |3x|.
2. Tit 6, d€ vé d6 thj ham s6' y = |ax] ta thuc hién nhu sau:

» Veétia OA, vbi A(x,, ax,), x5 > 0.

= Ve tia OB, vdi B( — x,; ax,).

hoac ccn vé tia OA sau d6 1ay d6i ximg OA qua Oy.
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Yidy 32 Cho hai ham sé:

Y
&S Gidi |

a.

1
=2Xvay=——X.
y 3 >

a. Vé wén cung moét hé truc tou do Oxy do thi cua cdc ham sé.
C6 nhdn xét gi vé do thi cua hai ham sé nay?

- e ’ 1
b. Xdc dinh toa dé diém B thudc do thi ham sé'y = -5 X sao cho

Xp =4y + 2.

bé vé dé thi ham s6 y = 2x, ta thuc hién:
* Xic dinh them mot diém A(1; 2). 24 /o
®= NG6i O véi A ta dugc d6 thi ham s6 y = 2x. X\ 1

Dé vé d6 thi ham s6 y= —-;- X, ta thuc hién:

>V

*  Xac dinh thém mot diém B(- 2; 1). 2 -1P~1 2

* NO6i O véi B ta duge d6 thi hAm s6 y = —% X:
Nhan xét rang, d6 thi cta hai ham s6 nay vuéng géc véi nhau.
B thuéc d6 thi ham s6 y = —% X, Suy ra:

Yo =—2 % (1)

Thay x, = 4y, + 2 vao (1), ta dugc:

1 1 1 1
y3="'§-(4y3+2)<:>y3=—'§' =>xa=4(—§)+2=—§.

Vay, diém B(—%; —%) 12 diém cé4n tim.

Yidupd: Cho cic ham sé:

y=f(x)=2x, y=g(x)=2x -1,y =h(x) = 2x + 2.
a. Viaix=-2;0;1;2;3 hdy tinh cdc gid tri tuong img f(x), g(x), h(x).
b. C6 nhdn xét gi vé gid tri cia cdc ham sé f(x), g(x), h(x) img
voi cung mot gid tri cua bién sé X, tw dé dua ra két ludn vé do
thi cdc ham s6'y = g(x) va y = h(x).

&S Gidi
a. Talap bang:
X =2 0 1 2 3
f(x) —4 0 2 4 6
g(x) -5 -1 1 3 5
4 6 8 ’

h(ig =2 2
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b. Tir bang, ta nhan thay vai bat ki hoanh dé nao thi

= Tung do6 tuong tmg cua diém trén do6 thi ham s6 y = 2x — | cling nho hon
tung do tuong iing clia diém trén dudng thang y = 2x la 1 don vi.

* Tung do tuong iing clia diém trén dé thi ham s6 y = 2x + 2 ciing Ién hon
tung do tuong tng clia diém trén dudng thang y = 2x 1a 2 don vi.

Vay, ta thay:

» D6 thi ham s6 y = 2x — 1 1a mot dudng thing y
song song v6i dudng thing y = 2x va cit truc
tung tai diém c6 tung do bang 1. o)

« D6 thi ham s6 y = 2x + 2 1 mot dudng thing '
song song v6i dudmg thang y = 2x va ct truc
tung tai diém c6 tung do bang 2.

Yidwp 8 Cho cdc ham sé:
y=2x-1, y=2-x, y=3-2x.
a. Védo thi cia ba duong thang dé trén cing mot hé truc tou do.

y=2x +2
y = 2x
y=2x -1

b. Cé nhdn xét gi vé do thi cua cdac ham sé nay?
£ Gidi
a. Ta lan luot vé:
= V6i d6 thi y = 2x — 1 14y hai diém A(0, —1)

Y »
I e S N
va Ay(—, 0). N61 A va A, dugce do thi can dung.
E N
*= V§i d6 thiy = 2 — x 14y hai diém B(0, 2) va
By(2, 0). N6i B va B, dugc do thi can dung. b
* V6i dé thi y = 3 — 2x l4y hai diém C(0, 3) _°
va CO(%, 0). N6i C va G, duoc dé thi can 2
dung. /
b. D6 thi ciia cdc ham s6 nay déng quy tai diém I(1, 1).
Yidy @ Veédo thi cac ham sé sau:

a. y=Ixl b. y=Ix-2l. ¢c. y=ix=11+2
£S Gidi
a. Tabién ddi: Y yem
X néux >0 -
y=Ixl= , . DR AR
-x néux <0 > (s T
10\\\ X

Do dé, do thi ham sé la hai tia OA (véi A(1; 1)) va
OB (v6i B(-=1; 1)).
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b. Tabien dor: ty

y=Ix-2i
y=|rxh2| ) o B\‘Z"".A
| x-2néux=22  [x-2néux22 sl -
- '{l “(x-2)néux<2 {Q—X néux <2 0',"2\‘ "1\ X
Do d6, d6 thi ham s6 13 hai tia TA (véi 1(2; 0) va y=x-2 y=2-x

A(4: 2)) va IB (vdi B(O; 2)).
c. Tabién doi:
Xx—=142 néuxz=1

v=Ilx-11+42 = )
’ —(x=1D+2néux <1

"\ "'"“"/ =
o)
>

~

y=x+I

X+1 néux =1 70 ii‘\_ X
" 13-x néux <l ¥=3
Do d6, do thi ham s6 la hai ta IA (vai I(1; 2) va A(2; 3)) va [B (vor B(0; 3)).

C. BAITAP LUYEN TAP
Bai 1: VEé do thi cac ham s6:
a. y=4x. d. y=-3x-3.
b. y=x+3. |
C. y=—x+6. €. y=—5x+l.
Bai 2: Cho ham s6 y = ax. Hay xac dinh hé s6 a, biét:
a. DO thi him s6 di qua diém A(l, 8).

b. D6 thi ham s6 di qua diém B(-z— , == 3).

c. Do thi him s6 1a dudng phén giac cua géc phan tu tha I, 111
Vé do thi clia ham s6 trong moi truomg hop.
Bai 3: Cho ham s6 y = (2a — 3)x. Hay xdc dinh a, dé:
a. Ham so6 lu6n dong bién? Nghich bién?
b. D6 thi ham s6 di qua diém A(2, 3).

c. Do thi haim sé di qua diém B(%, —%).

d. Do thi ham s6 1a duong phén giic cua goc phan tu tha I1, TV.

V& d6 thi cua ham s6 trong moi truong hop b), ¢), d).
Bai 4: Cho ham s6: y = 2ax — 3a.

a. Xdc dinh a biét ring dé thi ham s6 trén di qua diém M(2 ; 3).

b. V& d6 thi ham s6 tim dugc trong a).
" ¢. Tinh khoang cich tir goc toa do dén duong thing tim dugc trong a).
Bai 5: Cho hamso:y =ax +b.

a. Xdc dinh a va b biét rang d6 thi ham s6 cét truc tung tai diém cé tung do bing

— 4 va cit truc hoanh tai diém c6 hoanh d¢ béng 1.
b. V& dé thi ham sd tim duoc trong a).

c. Tinh dién tich tam giic dugc tao bai d6 thi ham s6 trong a) va cic truc toa do.
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Bai 6: Cho ham s6 y = la — 1Ix. Hay x4c dinh a, biét:
a. D4 thi ham s6 di qua diém A(1, 3).

1
b. D6 thi ham s6 di qua diém B(_E , 8).

V& dé6 thi ciia hAm s6 trong méi trudmg hop.
Bai 7: VEé d6 thi cua cdc ham s6 sau:

a. y=Ixl 3 1
b. §=l2x—ll. d y=ado
c. y=Ixl+2. 2

e. y= --2-+2

Bai 8: Tim tap hop cic diém M(x, y) sao cho:

a. y<x+2. y<x
b. ys—x+1. d <{y<-2x+4.
C. y2-2x+2. yo—x+1

D. HUGNG DAN - PAP SO
Bai 1: Hoc sinh tu lam.
Bai 2: (Hoc sinh tu vé hinh)
a. Vidiém A(1, 8) thuéc d6 thi hAm s6é nén: 8 =a.1 <> a=38.
Vay ham s6 c6 dang y = 8x.

b. VidiémB(%, — 3) thudc d6 thi hAm s6 nén: —3 =a. —3— SSa= —4.

Vay ham s6 c6 dang y = — 4x.
c. D6 thi ham s6 1a dudng phan gidc cia géc phén tu thi I, IT], ta c6 ngaya = 1.
Bai 3: (Hoc sinh tu vé hinh)

a. Ham s6 luén déng bién khi va chikhi:2a—-3>0<>a> %
Ham s6 luén nghich bién khi va chi khi: 2a-3<0<¢a< % ;

b. Vidiém A(2, 3) thudc d6 thi hAm s6 nén: 3=(2a-3)2 < 4a=9<a-= ::—
Vay hAm s6 c6 dang y = %x.

c. Vidiém B(% £ —-;—) thudc dé thi hAm s6 nén:

13

1 =(2a - 3). L < 10a=13a= —.
2 4 10

Vay hhgcé dangy = — -z—x.
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d. D6 thiham s6 1a duong phan gidc cua géc phédn tu tha IT, TV, ta c6:
2a—3=<-1&S2a=2&a=1.
Vay him s6 c6 dang y = — X.
Bai 4:
a. Vidién M(2; 3) thu6c dé thi hdm s6 nén: 3 =2a.2 =3a <> a=3.
Do dé6. ham s6 c¢6 dang y = 6x - 9.

b. Ta ldy hai diém A(0, -9) va B(-;— , 0) — Hoc sinh tie vé hinh.

c. Goi Hla hinh chiéu vuéng géc ctia O 1én dudng théng.
Trong AOAB vuéng tai O, ta cé:
I 1 1

-=—
OH' OA' OB’
9.

N W

- OH= OA.OB _

27
JoA™+0B* | [3)2 333

il
N

2

L] * 9
Vay, khoang céch tir g6c toa d6 dén dudng thang bang — .
y g g g g g J3_7
Bai 5:  Hoc sinh tu lam.
Bai 6: (Foc sinh tie vé hinh)
a. Vidién A(l, 3) thudc d6 thi ham s6 nén:
a-1=3 a=4
o
a—-1=-3
Vay him s6 c6 dang y = 3x.

3=|a——1|<:>[ :
a=-2

b. Vidién B(——;- , 8) thudc d6 thi ham s6 nén: 8 =la— 1I.(—% ) v6 nghiém.

Vay, khong t6n tai a.
Bai 7: Tram khao vi du 8.
Bai 8: (Foc sinh tie vé hinh)
a. Thuc }ién vé€ d6 thi hAm s6 y = x + 2.

Khi dé tap hop cdc diém M(x, y) thod man y < x + 2 ndm phia du6i d6 thi ham s6.
b. Thuwc tién vé dé thi ham s6 y = —x + 1.

Khi dc, tap hop cic diém M(x, y) thod mdn y < —x + 1 ndm phia du6i d6 thi ham
s6 ké ca do thi ham s6.
c. Thuc }ién v€ d6 thi ham s6 y = —2x + 2.

Khi dc, tap hop cdc diém M(x, y) thoa man y > —2x + 2 nim phia trén dé thi ham
s6 ké ca dé thi ham s6.
d. Thuchiénv€ déthicichams6y=x,y=-2x+4,y=-x+ 1.

Khi de, tap hop cic diém M(x, y) thod man hé thuéc phin mat phing giéi han
bai ba dé hi trén.
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caipEa DUONG THANG SONG SONG
VA DPUONG THANG CAT NHAU

A. TOM TAT LI THUYET

tbe tnhaukhl vachikhlaata
' ‘t‘aimotdlémuenOy

B. PHUONG PHAP GIAI TOAN

Vidg Iz Cho ham s6-
y =ax + 2.
a. Xdc dinh a, biét dé thi ham s’ song song véi duomg thdng y = ~x.
b. Vé dé thi ham sé tim duoc trong a). Tinh dién tich tam gidc
duoc tao bai dé thi ham s6 trong a) va cdc truc toa dé.

£ Gidi
a. Vidé thi hAm s6 song song v6i dudong thing y = —x néna = —1.

Vay, him s6 c6 dang y = —x + 2. 4y
b. Dé vé d6 thi ham s6 ta 14y hai diém A(0; 2) va B(2; 0). A
N6i A va B ta dugc dé thi cdn vé. Khi dé: v

1 1
S =—.0A0B=—-.22=2.
AOAB 2 3 B

@ Chi y: Taco, cac két qua: y =B .

= Véidi€m A(0; y,) thi OA =y,|.
= V3idiém A(x,; 0) thi OA = |x,|.

» chcr’im A(xp y,) thi OA = |[x% +y2 .
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Yidy 2: (o hai dicong thang:
(d)y=2x+1va(d,): y=x+1.

a. Chitng to rang hai dicomg thang (d,) va (d,) cat nhau. Xdae dinh
toa dé giao diém 1 ctia chiing va vé hai duong thang nay trén
cung mot hé truc toa do.

b. Ldp phicong trinh duomg thing (d) di qua 1 va song song voi
dicong thangy = —4x + 1.

¢. Ldp phiwong trinh diwong thang (d°) di qua I va song song véi

dwong thang y = % X +9. V4

y=2x+1
&5 Gidi [/qu

- - = l
a. Nhan xét rang:

*  Puong thing (d,)cé6a,=2vab, =1. A _
* DPuong thang (d,) c6a,=1vab, = 1. 2V o X
Suy ra:

a, #a, va b, =b, = (d,) va (d,) cit nhau tai diém I trén Oy.
Gia sur giao diém ctia hai dudng thang c6 toa do I(0; y,), vi I thuoc (d,)
(hoac (d,)) nén:
Vo=20+1&y,=1=10; 1).
b. Dudmg thang (d) song song véi dudng thing y = —4x + 1, ¢6 phuong trinh:
(d):y=-4x+b.
Vi I thuoc dudng thang (d) nén:
1=-40+beb=1.
Vay, phuong trinh dudng thing (d): y = —4x + 1.

c. Dudng thang (d’) song song véi duong thing y = % X + 9, c6 phuong trinh:

1
(d):y= Ex+b,v6ib¢9.
Vi I thudc dudng thang (d’) nén:
1= l.0+b¢>b=l.
2

Vay, phuong trinh dudng thang (d’): y = -%—x + 1.

@ Nhdn xét: Trong 13i gidi ctia thi du trén:
1. O cau a), dua trén nhéan xét (d,) va (d;) cit nhau tai di€m I trén Oy nén
ta moi gia su 1(0; y,).
Trong trudng hop téng quat, véi hai dudng thing:
(dy):y=ax+b;va(d):y=ax+b,(a; #a,)
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ta gia sir toa 46 giao diém I(xy; yo), r6i nhan xét:

Ie(d)=>y,=2a%+*b,. (1)
Ie(d) = yo=a +b,. )
Tu (1) va (2), suy ra:
b, - b;
aXo+ by =ax+ b, & xy= ——
4, =12,
Thay x, va (1) (ho¥c (2)) ta nhan dudc gia tri cia y,, tit 46 suy ra toa

46 diém L.
2. Ocau b) va cau c) ta c6 thé khang dinh dugc b = 1 théng qua nhan
dinh "duong szng (d) va (d') Iuén cdt (d,) tai diém I thuéc Oy

Vidg Iz Cho dudmg thdng (A): y =x +6.
Ldp phuong trinh duong thdng (d) song song vdi duomg thang (4) va:
a. Diqua diém M(1; 2).

b. Khodng cdch tir O dén (d) béng 22 .
£ Gidi
DPudng thing (d) song song véi dudng thing (A) c6 phuong trinh:

(d:y=x+b.
a. ViM(l, 2) thuéc (d) nén:

2=1+beb=1.
Vay, tadugc (d): y=x + 1.
b. Goi A, B theo thi tr 12 giao di€m ciia (d) véi c4c truc Oy, Ox, ta duogc:
* V6idifm A:x=0=>y=0+b=Db, dodé A(0; b).
* V6idiémB:y=0=0=x+b < x =-b, do d6 B(-b; 0).

Goi H 12 hinh chi€u vuéng géc ctia O 1én dudng thing (d).
Trong AOAB vuéng tai O, ta c6:

1 1 . 1 _og—__OAOB
OH®? OA? OB’ JOA? + ORB?
Ibl.I-bl Ibl

oy
o bl=4b=14.
Khi dé:
* Vé6ib =4, ta dugc dudng thang (dy): y =x + 4.
= Véib = —4, ta dugc dudng thing (d,): y =x - 4.
Vay, t6n tai hai duong thing (d,) va (d,) thod min diéu kién d4u bai

2B —




@ Nhdn xét: Qua 1oi giai cua vi du trén, ta ghi nhan két qua "Moi duong
thidng song song véi duong thdng y = ax + m luén cé phuong
trinh y = ax + b". Khi d6, dé xac dinh phuong trinh dudng
théng chung ta chi cin xac dinh b.

Yidw2: Ldp phuong trinh duong thang (d), biét (d) di qua diem M(1; 2) va

chan trén hai truc toa dé nhitng doan bang nhau.

&S Gidi

Puong thang (d) ¢6 phuong trinh(d): y = ax + b.
Vi M(1, 2) thuéc (d) nén:

2=a+boa=2-b. (1)
Goi A, B theo thit tur 12 giao diém cta (d) véi cic truc Oy, Ox, ta dugc A(0; b)

va B(——b-; 0).
a

Véi diéu kién OA = OB, suy ra:

b

|b|=-—‘¢$|b|=
a

b
— & |b(b-2)|=|b
b_z} |b(b-2)|=|b|

b=0
& b=3.

[b2—2b=b [b2—3b=0
Py L
b=1

b’ -2b=-b b -b=0
Khi dé:

M

* VGib=0 = a=2, taduogc dudng thang (d,): y = 2x.
Q)]

* Vé6ib=3 = a=-1, ta dugc dudng thang (d,): y = —x + 3.
Q)]

* Véib=1 = a=1, tadugc dudng thang (d,): y=x + 1.

Vay, t6n tai ba dudng thang (d,), (d,) va (d,) thoa man diéu kién ddu bai.
P Téng quét: Cho difm A (x,; y,), ta dé dang chimg minh dugc ring moi
duong thing (d) di qua A luén c6 phuong trinh:
(d):y = a(x - %) + yo.
Yidp 3z Cho ho duomg thdng (d,) c¢é phuong trinh:
m -1 m + 1
Y = s Zm=3"
1. Xic dinh m dé:

a. (d,)diqua A2;1).

b. (d,) cé huong di lén (ham s6' dong bién).

c. (d,) song song véi duomg thang (A): x —2y + 12 =0.

6 Tim diém 6 dinh ma ho (d,,) luén di qua.
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&S Gidi
Viét lai phuong trinh ho dudng thang (d,,) dudi dang:
d)(m-Dx+@2m-3)y-m-1=0.
1. Ta lan luot cé:
a. (d_)diqua A(2; 1) khi va chi khi:
2m-D+2m-3)-m-1=03m-6=0&m =2.
b. (d,) cé huéng di 1én khi va chi khi né cé hé s6 géc duong
m-1 m-1
>0&

o - 0 <0
2m-=3 2m -3
[ (m=1>0 [ (m>1
2m-3<0 m<3/2 3
& o Slacmg —.,
m-1<0 m< 1 2
_2m—3>0 _m>3/2

c. (d,) song song véi dudng thing (A) khi va chi khi:
m-—1 1 5
- =—om= .
2m-3 2 4
2. Gia sit M(X,; ¥,) 12 diém c6 dinh ma (d_) lu6n di qua, khi dé:
(m = 1)x,+ (2m = 3)y, —m — 1 = 0, v6i Vm

<> (Xg+ 2y, — 1)m = x, =3y, — 1 =0, véi Vm

+2y, —-1=0 =5
- XoT4Yo - X0 _
Xo +3y,+1=0 Yo =—2

Vay, (d,,) luén di qua diém c6 dinh M(5; -2).
" Cha y: Véi bai toan vé su déng quy ctia ba dudng thing
(dy): y=aix + by, (dy) 1y =ax + by, (ds) 1y =asx + by,
ta thuc hién theo cac budc:
Buéc 1: Xac dinh toa d6 giao diém I ctia hai dudng thing (d,),, (d,).
Buéc 2: V&iyéuciu:
= D& chitng minh (d,), (dy), (ds) 46ng quy ta di ching mirh Ie(d,).
» D& nhan dudc gia tri clia tham s6 d€ ba duong thing déng
quy ta thiét 1ap diéu kién Ie(d,).
Yidp4: Cho ba duong thang:
(d):y=2x-1, (d):y=2-x, (d;)): y=ax +3.
Xic dinh a dé ba duong thdng trén dong quy, roi vé dé thi ciia ba
6{‘7@ thang dé trén ciing mot hé truc toa dg.
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&5 Gidi
Gia st giao diém 1 cua hai duong thing (d,) vi (d,) ¢6 toa do I(x,: y,).
Khi do:

* Vilthuéc (d,) nény,=2x,- 1. (1)
= Vilthuéc (d,) nény, = -x, + 2. (2)
Tu (1) va (2), suy ra:

2x%,= | =2=x, +2 D Xy= 1 =y, = 1. .
V;‘.Ey (d,) va (d,) cat nhau tai di‘éjm 11z 1) / ; \\{5)
be (d)), (d,), (d;) dong quy diéu kién la: —'/ A 019 "
Viy, véi a = -2 thi (d,), (d,), (d,) dong quy va khi do (d,): y =— 2x + 3.
Vé do thi:

*  PE vé d6 thi clia (d,) ta 1dy them diém A(0; —1).
*  PéE vé d6 thi ctia (d,) ta 1dy thém diém B(0; 2).
*  Pé vé d6 thi cua (d,) ta 1y thém diém C(0; 3).

le(d,)) o 1=a+3a=-2.

C. BAI TAP LUYEN TAP
Bai 1: Lap phuong trinh dudng thing (d) song song véi dudng thing (A): y = — 3x
va di qua diém M(1; 3). V& dé thi cta (d).
Bai 2: Cho duong thang:
A):y=—x+2.

Lap phuong trinh dudmg thing (d) song song véi dudmg thang (A) va:

a. Diqua diém M(1, -2).

b. Chaén trén hai truc toa d6 mot tam giic ¢6 dién tich bing 8.

¢. Khoang c4ch tir O dén (d) bing 92 .
Bai 3: Xét vi tri tuong d6i ciia hai dudmg thing (d,) va (d,), biét:

a. (d):x+y+1=0; (dy):2x+2y+3=0.

o (d):3x—y+1=0; (d):4x-y+1=0.

c. (d):x+2y+1=0; (dy)):x+4y+3=0.

d. (d):2x+3y+1=0; (d,):4x + 6y +2 =0.

trong truomg hop cit nhau hay tim toa dé giao diém.
Bai4: Cho hai duong thang:

(d):y=2x-1va(d,): y=-x+2.
a. Ch}i‘ng to ring hai duong thang (d)) va (d;) cit nhau. Xac dinh toa dé giao
diém [ cua ching va vé hai dudng thing nay trén ciing moét hé truc toa do.

b. Lifgm.ro’ng trinh dudng thang (d’) di qua T va song song véi dudng thing

YD Xt i
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Bai 5: Cho hai dudng thing:

d): y=kx +k,

k* <1 Kl
d,): = X + ,vor k #0.
(d):y 2Kk 2K

a. Churng minh réng khi k thay déi (d,) luén di qua mot diém c6 dinh.
b. Véi méi gi4 tri chia k # 0, hdy xé4c dinh giao diém I cua (d,) va (d,).
Bai 6: Cho ba dudmg thing:
d):y=2x+3, (d)): y=3x+2,
(dy):y=ax+a-1.

X4c dinh a d€ ba dudng thing trén déng quy, réi vé d6 thi clia ba dudng thing dé
trén cing mot hé truc toa do.

D. HUGNG DAN - PAP SO
Bai 1: g+
a. Vi (d) song song vGi (A) nén c6 phuong trinh: 6\
(d):y=-3x+b.
Vi M(1, 3) thuoc (d) nén:
3=-3.1+beb=6.
Vay, ta dugc (d): y =-3x + 6. 0)
b. V& dé thi cha (d), ta luva chon hai diém A(0, 6) va B(2, 0).
N6i A va B ta duoc dé thi cia (d).
Bai 2: Dudng thing (d) song song vé6i dudng thing (A) ¢6 phuong trinh:
(d):y=-x+b.
a. ViM(l,-2) thuoc (d) nén:
-2==-1+b&ob=-1.
Vay,tadugc (d): y=-x - 1.
b. Goi A, B theo tht ti 12 giao diém ctia (d) véi c4c truc Oy, Ox, ta duoc:
. . Vé6idiém A: x=0=>y=0+b=b,dodé A0, b).
" Vé6idiémB:y=0=0=-x+b & x=b, do dé B(b, 0).
Dién tich AOAB dugc cho bai:

Y

Saors= ~.OAOB<>8= L bl b= 2
2 2 2
Sbhh=16b=+4.
Khi dé:
=  Véib =4, ta duoc dudng thing (d,): y = —x + 4.

= Véi bz —4, ta duoc dudng thing (d,): y = —x — 4.
G hai duong thing (d,) va (d,) thoa man diéu kién ddu bai.

v
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c. Goi A, B theo thit tr 1a giao diém ciia (d) véi céc truc Oy, Ox, ta dugc:
* VéidiemA:x=0=y=0+b=b,dodé A(0, b).
* V6idiémB:y=0=>0=-x+b ¢ x =b, do dé B(b, 0).
Goi H la hinh chi€u vudng géc ctia O 1én dudng théng (d).
Trong AOAB vuéng tai O, ta c6:

I _ 1 .1 oy._ OAOB
OH? OA? OB’ JOA? + OB?
942 = Ibl.I-bl _ Il =18 b=t18.

Jrsoy 2
Khi do:

* Véib =18, ta dugc duong thang (d,): y = —x + 18.

= Vi b=-18, ta duoc dudong thing (d,): y = —x — 18.

Vay, t6n tai hai dudong thing (d,) va (d,) thoa min diéu kién d4u bai.
Bai 3: Huong ddin: Chuyén céc cap dudng thing vé dang (d,): y = ajx + b, va
(dy): y = a,x + by, tir d6 xac dinh a,, b,, a,, b, va dua ra loi két luan.

Bai 4:
a. Nhén xét rang:
*  Puong thing (d,)cé6a, =2vab,=-1.
= Dudmg thing (d,) c6a,=—1va b, = 2.
Suy ra:
a, # a, va b, # b, = (d,) va (d,) cét nhau tai diém I.
Gia slr giao diém cua hai dudng théng c6 toa dé I(x,, y,), khi dé:

= Vilthudc (d,) nén y, = 2x,— 1. (1)
= Vilthuodc (d,) nén y, = —x, + 2. 2)
Tir (1) va (2), suy ra:

2= l=—X%X+2 & x=12y,=1.
Vay hai duong thfmg (d,) va (d,) cét nhau tai diém I(1, 1).
b. Dudng thing (d’) song song véi dudmg thing y = 5x + 7, 6 phuong trinh:
(d):y=5x+b,véib=T7.
Vi I thudc dudng thing (d’) nén:
1=51+beb=—4.
Vay, phuong trinh dudng thing (d’): y = 5x — 4.
Bai 5:
a. (d,) lu6n di qua mét di€ém c6 dinh M(-1, 0).

b. Giaodiéml(:"k' <k ]

k2" 1+k?
Bai 6: a=c
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CHUBES  pip o8 GOC CUA PUONG THANG

A. TOM TAT Li THUYET

Dudng théng y = ax + b ¢6 hé s6 géc 1a av?a
* Néua>Othia<90’.
. Nefua<0t1ﬂa>90°(kh1d6m=’180°—ﬁ6)

B. PHUONG PHAP GIAI TOAN
Vindé1l: HE SO GOC CUA PUONG THANG |

Vidgli Cho duong thing. S N Y
@y y=xest R A
a. Véduong thang (d) | A
~b. Tinh he Y géc cuia duc}ng thcfng (d)
&S Gidi 3 & ; K Ba 5—
s Taldy Hai diém thi6c (d) 13 A(G; 8) va B(-8: 0) N6i -0 S L

A va B ta nhan dugce d6 thi cha (d).
b. Ta cé ngay, dudng th?mg (d) c6 hé s6 géc bﬁn )
Vidu2: Cho hai diém A (2; 3) va B (5; 8) thudc duwong thang (d)
a. Tinh hé s6 goc cua duong thdng (d).
b. Xdc dinh duong th&'ng _(d) dé. S

&S Gidi ki ' 7.
a. Gia sl phuong tr‘lnh cta dub‘ng thing (d) c(;dangy ax+b
Ta cé: e e :
AZ3)ed=2= $a kb, O TS N (1)
B(5;8) e (d)=>8 5a+b. ? 7T (2
Lay (2) trir(1) suy ra: 2a—6=>a-3 b |
Vay, hé s6 géc ciia (d) bing 3. .;.'"“.';.- -
b. Thaya=3vio(l)tadugc:3.3+b= 2¢:>b-—7
Vay, phuong trinh dudng thing (d): y = 3x - 7. 5

@ Téng quét: Cho hai dlém A(Xg; y,) va B(xz, yz) thuoc dudng thing (d),
trong d6 x, # x,. Ta d& dang ching minh dudc: :

LA R e -

Y Yt

» Hé s6 goc ctia dudng thing (d) 1a: a =
. x[

*  Phuong trinh (d) duqcxacdinhb&icong thiee: 2L = L2700 ()
X=X, X,—%,

Trong nhiéu bai todn viéc sit dung cong thitc (*) &€ xac dinh dudng
thang (d) dé dang hon nhiéu.
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(Vin di2: LAP PHUONG TRINH DPUONG THANG BIET HE SO GOC
Phuong phap
Ta ghi nhan két qua:
" Moi duong thing c6 hé s6 géck luon c6 phuong trinhy =kx+b ",
Khi d6, dé xac dinh phuong trinh duding thing ta chi cdn xéc dinh b. ‘

B | : s 4
Yidwy 1z Ldp phicong trinh diong thang (d) ¢6 hé 56 goc bang 3 va:

A BDiqua diem M(=1; =1).

b, Chan trén hai truc toa dé mot tam gidc ¢6 dién tich bang 24.
&S (Gidi
; . o g ; 4
Ducng thang (d) co hé so goc bang 7 e phuong trinh y = ;x + b.

. 4
a. ViM(=1:-1) thuoc (d) nén -1 = —;-.(—l)+b<:>b= l.

4
Vay, ta duoe (d): y = 5 X+ 1.
b. Go: A, Btheo thit tir la giao diém ctia (d) véi cic truc Oy, Ox, ta duoc:
e 4
* Vaidiem A:x=0=y= 3 0O+ b=b,dodo A(0; b).

. 3
@ V(?idlén1B:y=0::>O=%.x+b<:>x=—jb,d0dé]3(—§£;0).

Dié tich AOAB dugc cho boi:

= ] ]
Sa0an = OAOB& 24 = - 8. |__ =

b =64=b=+8. B/
K hi do:

3 4
* Vai b =8, tadugc duong thang (d)): y = = X + 8.

= Vai b= -8, tadugc duong thing (d,): y = g-x - 8.

V 4y, t6n tai hai duong thang (d,) va (d,) thoa min diéu kién dau bai.

- 3 A Y -, - - > 4 x »
Yidw 2: Lap plucong trinh dicong thang (d) co hé sé goc bang 3 va khoang

dow . i . b2
cach tir O dén (d) bang i

o b ¥




& Gidi
Dudng thing (d) c6 hé s6 géc bang % c6 phuong trinh y = %x +b.
Goi A, B theo thit tu 12 giao di€ém cua (d) véi céc truc Oy, Ox, ta dugc:
* Vé6idimA:x=0=>y= %.O+b=b, do d6 A(O, b).

3
* V6idiémB:y=0=>0= %.x+b<:>x=-§42,do déB(-—-—;,O).
Goi H 13 hinh chi€u vuéng géc ctia O 1én dudng thing (d).
Trong AOAB vuéng tai O, ta cé:
1 1 1

oR” oA Topt & OH=
3b
S P
5 2 5
()
4
Khi do:

* Véib =4, ta dugc dudng thang (d,): y = %x +4.

* Véib =—4, tadugc dudng thing (d): y = %x - 4.

Vay, t6n tai hai dudng thing (d,) va (d,) thod min diéu kién du bai.
Yidwp 38 Ldp phuong trinh duong thdng (d), biét (d) cdt Ox, Oy theo thir tu
tai A(a, 0), B(0, b) véi a, b = 0.
£ Gidi
Gi sir phuong trinh dudng thing (d) c6 dang y = kx + m.
= ViB(0,b) thuoc (d) nén: b=k.0 + m <> m =b.

* ViA(a 0)thuéc (d)nén:0=ka+me>ka=-m=-bk=——.

c.-

w

Vay, phuong trinh dudng thing (d) c6 dang: y = .. x+bes X 4 % X
a a

> Nhdn xét: Qua 10i gidi cha vi du trén, ta ghi nhan két qua " Moi duong
thd?ng di qua hai diém A(a, 0) va B(0, b) vdi a, b = 0 lubn c6
phuong trinh Ledwgn

a b

Phuong trinh trén dudc goi 1a phuong trinh doan chin.
Vi du tiép theo sé minh hoa viéc sit dung phuong trinh doan

‘B 0 chin d€ gidi toan.
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Yidy 42 Trén mdt phdng toa dé, cho diem M(4, 1). Mot duomg thing (d)
[uén di qua M cdt Ox, Oy theo thit tie tai A(a, 0), B(0, b) véi a, b > 0.
Ldp phiwcong trinh duong thdng (d) suo cho:
a. Dién tich AOAB nho nhadt.
b. OA + OB nho nhat.
1 1

(- + nho nhat.
OA? OB’
£ Gidi
Tir gia thiét, ta duoc (d): = + L =1.
a
.4 1 -
ViM4; Dthuéc (d)nén: — + — =l a= ,VOi b > 1. (*)
a b b-1
ab

a. Dién tich AOAB dugc cho boi: S = %.OA.OB = rh

Tur (%), sir dung bat dang thic Coési, ta cé:
4
I PUETY - . ST T )

a b a b Jab
a=8
Suy -a, ta duoc S, = 8, dat duoc khi: w e P :
a4 b 2 b=2
Vay. phuong trinh dudng thing (d) c6 dang:
X 'y 1
@:—+==1d:y=-——x+2.
Fs ¥y (A ym=cs
b. Taco:
4b 4

OA+OB=lal+|lbl=—— +b=—— +b+4
b-1 b-1

4

Suy n, ta duge (OA + OB),,,, =9, dat duoc khi:

+b—l+5>2\[——— (b=1) +5=09.

4 =6
= =b-l=2&1 .
b-1 b=3
Vay, phuong trinh dudng thang (d) c6 dang:

o XY 1
c:—+——=1¢:>d: =——Xx+ 3.
(c) 3 (d):y T

c. Tacé -—]2—

1
OB" a b2



Theo bét ding thic Bunhiacopxki, ta cé:
1

Bt e oL 1 4 1, 1
+1)N(—=+—=)2(—+=-)=1=>—+ 2 —.
( )(az l)2) (a b) o T

b?

1

1 ;
Suy ra, ta duqc(OAz +0B2 IMin = ﬁ-,d@t duoc khi:
4 1 17
Skl |amst
a b < 4 .
4a=>b b=17
Viy, phuong trinh dudng thing (d) c6 dang:
X y 1
d): + —=1Wd:y=-—x+17.
ATV AT e

@ Chi y: Sailim thudng gip cla hoc sinh trong cau b) 1a dung lap luan:
OA+OB=a+b>2+ab >8.

Khi d6 (OA + OB)y,.= 8 dat dugc khia=b —2> a=b=5.

Yidg S: a. Ldp phuong trinh duomg thdang (d) di qua diém A(=5; 5) sao

i ; y 1
cho (d) tao vor tia Ox mot goc a. ¢6 tana = 5 "

b. Tim trén ducmg thing (d) diém M(xy, ya) Sao cho <, +y?,
nhd nhat.

£ Gidi
a. Gia str phuong trinh duong thing (d) c6 dang y = ax + b.

* (d) tao véi tia Ox mot géc o c6 tana = % nén: a = tana = % )
1 !
= ViA(-5,5)thuéc (d) nén: 5=a(-5)+b= -2-(-—5)+b<::>b= -22
< A , i 1 15
Vay, phuong trinh duong thang (d) c6 dang y = > X + 2

a. Vi M(xy, yy) thudc (d) nén: y,, = -;—xM + 122 & Xy =2y — 15,
Khi dé:
Xy +yh =Qym— 150+ yi,
=5y2, — 60y, + 225 = 5(yy — 6)*+ 45 > 45.
Suy ra, ta dugc (X3, + Yy Jvin = 45 dat duoc khi:
YM=6=>xy=2.6-15=-3.

Viy ta tc duogc M(-3, 6).
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@ Nhdn xét: Trong 1i gidi cta vi du trén:
1 O cau a), ta sir dung két qua " Néu duong thefng (d):y =ax + b tao voi tia
Ox mot goca thia = tana "
2 Diém M dugc tim trong cau b) chinh la toa d6 hinh chi¢u vudng goc caa
O lén (d).

C. BAI TAP LUYEN TAP
Bai 1: Lap phuong trinh dudng thing (d), biét (d):
a. Piquadiém M (1, 2) c6 hé s6 géc bing 3.
b. i qua diém A (-3, 2) va tao véi tia Ox mot géc 45°,
c. Diquadiém B (3, 2) va tao vdi truc Ox mot géc 60°.

: . -
Bai 2: Lap phuong trinh dudng thang (d) c6 hé sé goc bang 3 va:

a. biquadiém M(1; -1).
b. Chin trén hai truc toa dé6 mot tam gidc c6 dién tich bang 54.

1 s = 3
c. Khoang cich tir O dén (d) bang s

Bai 3: Lap phuong trinh dudng thing (d) song song véi duong thang (A): y = - 3x
va di qua diém M(1 ; 3). V& dé6 thi cta (d).

D. HUONG DAN - DAP SO
Bai tap 1. Gia sir duong thang (d) cé phuong trinh y = ax + b.
a. Duong thang (d) c6 hé s6 géc bang 3 néna = 3.
ViM(l;2) thuéc(d)nén2=a.l+b=3.1+bb=-1.
Vay, phuong trinh dudng thing (d): y =3x — 1.
b. Dudng thing (d) tao véi tia Ox mot goc 45° nén a = tand5°= 1.
Vi A(-3, 2) thudc (d) nén:
2=a(-3)+b=1(3)+beb=5.
Vay, phuong trinh dudmg thing (d): y =x + 5.
c. Ta xét hai truong hop:
Truong hop [: Duong thang (d) tao véi tia Ox mét géc 60°, ta duge a = tan60°= J3.
Vi B(3; 2) thuoc (d) nén:
2=a3+b=33+bob=2-33.
Vay, phuong trinh dudng thing (d,): y = V3 x +2 - 34/3.
Truong hop 2: Duong thing (d) tao véi tia d6i ciia tia Ox mét géc 60, ta duoc:
a=—1an60°= —+/3 .
ViB(3;2) thuoc (d)nén2=a3+b=-3 3+b>b=2+33.
Vay, phuong trinh duong thing (d,): y= -3 x +2 +3/3..
Két Iuéic’) hai duong thing (d,) va (d,) thoa man diéu kién diu bai.

S9-T1 147



Bai tap 2. Duong thing (d) c6 hé s6 géc bang —-g— c6 phuong trinh:
(d): y=—ix +b.
3
a. ViM(, -1) thudc (d) nén -1 =——j—.l +beb=1.

Vay, taduoc (d): y = —%x + 1.
b. Goi A, B theo thit tir 12 giao diém cua (d) véi céc truc Oy, Ox, ta dugc:
] VdridiémA:x==0:>y=—%.0+b=b,dod6A(0,b).

» Vé6idiémB:y= 0:>0——%x+b<:>x—% do déB(——- 0).

Dién tich AOAB dugc cho boi:

Sioan = % OAOB& 54 = |b| ‘3b‘ 36"
Khi dé:
=  Véib =12, ta duge dudng thing (d,): y = —% X+ 12.

*  Véib=-12, ta dugc dudng thing (d,): y = —gx =12,

Vy, tén tai hai dudmg thing (d,) va (d,) thoa man diéu kién ddu bai.

c. Goi A, Btheo thit ti la giao diém ctia (d) véi c4c truc Oy, Ox, ta duoc:
= Véidiém A: x=0:>y=—%.0+b=b,dod6 A0, b).

* Vé6idiémB:y=0=0= -gx+b<:::>x—3—4ll dodoB(% 0).

Goi H 12 hinh chiéu vuéng géc clia O 1én duong thing (d).
Trong AOAB vuéng tai O, ta c6:

T‘:}b2=144c>b=i|2

] 22
1 1 1 OA.OB 3 3|b|
= = =i -~ <> OH= &= = ; =
OH?> OA? OB JOA? + OB? 5 Jbz : (3b)2 5
\ 4
olbl=lob=%1.
Khi dé:
* Véib =1, ta dugc dudmg thing (d,): y = —-;1 x+1.
= Véib=-1, ta dugec dudng thing (d,): y = -%x - 1.
Vay, i hai duong thing (d,) va (d,) thoa man diéu kién déu bai.
A 5 CDTPHDS9-TI



PHAN HINH HQC
CHUONG I - HE THUC LUONG
‘ TRONG TAM GIAC VUONG
CHUBEL  \1&T 56 HE THUC VE CANH VA DUONG
CAO TRONG TAM GIAC VUONG

A. TOM TAT LI THUYET

. HE THOC'GIUA CANH GOC VUONG VA HINH CHIEU chA NQ mN CANH
UYEN A
inh lf 1: Trong mét tam gidc vudng binh: phuang SRR

ot canh géc vudng bdng tich cua canh huyén va A
inh chiéu cita canh géc vubng d6 trén canh huyén. c/ [ \b
Nhu vay, trong AABC vuong tai A, ta nhﬂn dl.‘lqc
AB*=BCBH & chaac 7! (5 st B'\c » /C
ACASBCCH & b & abr bl e wit, e

: MOT $O HE THUC LIEN QUAN TOI DU(’JNG cAO Aok
Pinh li 2: Trong mdt tam gidc vudng, binh phuong duong cao ung voi canh
huyén bdng tich hat hinh chiéu cia hai canh géc vudng trén canh huyén.
Nhur vy, trong AABC vuﬁng tai A (hinh trong dinh Ii 1), ta nhan duoc:
AH?=BH.CH & h* = =b'c
Pinh Ui 3: Trong mdt tam gidc vudng, m,h hat ccmh géc vudng b&ng tich cud
ranh huyén va duomg cao tuong img.
Nhur viy, trong AABCvut)ngtalA(hlnhunngdmhll 1),tanhandu'qc
AB.AC = AH.BC ¢ bc = ah.
Pinh li 4. Trong mot tam gidc vudng, nghrch ddo binh phmy?zg duong cao img voj
-anh huyén bing téng cdc nghich ddo cia binh phuong hai canh géc vudng.
Nhr vy, trong AABC vuOng tai A (hinh t:mng dinh 1i l) ta nhﬁn dlroc
J B0 2 Bty | el 1 1]

—_—= -+ & — +-—---
AH’ AB’ AC"_*h’ b2 %

B. PHUONG PHAP GIAI TOAN

. GIAI CAC BAI TOAN PINH LUONG
Yidyp bz Cho AABC vuéng tai A, AB = 3cm, AC = 4cm, AH /a dm::mg cao.
~ Tinh dj dai cac doan thang BC, BH, CH, AH.
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£ Gidi

Ta 14n luot c6:
BC = YAB? + AC? = 4/9+16 =5cm. A
2
BH = AR = 2 cm.
BC 5
2 B C
cu=25 I8 ., H
BC 5
2
AH’= AB?- BH?=3? - (2) I e BB o
5 25 5

Yidy 28 Cho AABC vuéng tai A, duong cao AH, biét BH =3cm, CH = —139 cm.

a. Tinh d¢ dai cac canh cua AABC.
b. Tinh dé dai AH.

& Gidi | A
Ta l4n luot cé:
BC=BH+CH=3+ 8 -2nm.
253 3 B H C
=BH.BC = T-ZS@AB Scm.
AC=CHBC = 8.8 90 o=
373 9 3

AH2=BH.CH=3.% o Tl AT s dcam.
Yidp 3z Cho AABC vudng tai A, AB = 6cm, BC = 10cm. Tinh d dai duong

cao AH.
&S Gidi A
Ta c6:
AC = VBC?-AB? = 100-36 =8cm.
L _ 1 1 _ 11 _25 BT H c

= + =
AH?* AB* AC? 6 82 576

Vi dy I Cho AABCvuéngra: A AH [ duong cao. HE, HF Mn'zm I cdc
duomg cao cua AAHB, AAHC. Chimg minh rdng:
a. BC = 3AH’+ BE!+ CF.

Gifﬁﬂfaﬂ = {/BC?.
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&S Gidi
a. Taco:
3AH® + BE? + CF? = 3AH? + BH* - HE? + CH’ - HF".
= 3AH’- EF* + (BH + HC)*- 2HB.HC
= 2AH? + BC’- 2AH’ = BC.
b. Trong AAHB, tacé:

2 4 4 3 4
pps B o BHC L BH' O BH'
BA BA® BH.BC BC
Trong AAHC:
2 4 4 i
g U W~ < M B
CA CH.BC BC
Tir (1) va (2) suy ra:
T CH BC _,
VBE? + V/CF J_ e = VBC. A E B
Yidp2: Cho AABC, biét:
S=%(a+b—-c)(a—b+c). (1)
chimg minh rang AABC la vuéng.
&S Gidi
Sir dung cong thic Hérong, ta bién déi (1) vé dang:
Jp(p-a)(p-b)p—c) =(p-c)p-b) A

S plp-a)p-b)p-c) =(p-c)(p-b’ = pp—a)= (p-c)p-b)
< (@+b+c)b+c—a)= (a+b-c)a+c—-b)
< a’ + b* =c? < AABC la vuéng tai C. ’

C. BAI TAP LUYEN TAP
Bai 1. Cho AABC vuéng tai A, AB =15, AC =20, AH la duong cao.

a. Tinh BC. ‘ b. Tinh BH.
c. Tinh CH. d. Tinh AH.

Bai 2. Cho AABC vuéng tai A va AB < AC, dudng cao AH. Biét ring AH = = cm,
= J13cm.

a. Tinh AB. b. Tinh AC.
inlf d. Tinh HC.

151




Bai 3. Cho AABC vuéng tai A, tanC = -i— va duong cao AH = 12cm.

a. Tinh d6 dai doan BH. b. Tinh d6 dai doan CH.
c. Tinh d6 dai doan AB. d. Tinh d6 dai doan AC.

Bai4. Cho AABC vuong tai A, dudng cao AH, biét BH = Icm, AC = 2+/5 cm
a. Tinh do dai canh BC.
b. Tinh d6 dai canh AB.
c. Tinh d6 dai canh AH.
Bai 5. Cho AABC vuéng tai A, AB = 3cm, AC = 4cm, dudng cao AH. Piém I thuéc
canh AB sao cho TA = 2IB, CI cit AH tai E. Tinh d6 dai CE.
Bai 6. Cho AABC vuéng tai A, AD Ia phan giic trong ciia géc A . Khing dinh
V2
b+c

Bai 7. Cho AABC vuéng g A, dudng cao AH; r, r, r, l4n luot 1a ban kinh cdc dudng
tron néi ti€p tam giic vuéng ABC, AHB, AHC. Chimg minh rang:

AD =

be 1a ding hay sai ?

C ~
a. l'l =TI— Va 1'2 =Tr—.
a a

b. l‘,2+ I'|2 = l’z.

Bai 8. Cho AABC vuoéng tai A; D 1a hinh chiéu cia A trén BC; E va F lan lrot la hinh
chi€u clia D xuéng AB va AC. Cic khing dinh sau 1 ding hay sai ?

[ﬁ)*_P_B_ b, [AB)_ BE
AC) DC’ - \AC) CF’

b. AD'=BC.EB.CF.

D. HUGNG DAN - PAP SO
Baitap 1. BC=25cm; BH =9cm; CH =16cm; AH = 12cm.

Bai tap 2. AB=2cm; AC=3cm; = —i—cm; HC = i(:m.

NE N
Baitap 3. BH=9cm; CH = 16cm; AB=15cm; AC =20cm.
Baitap4. BC=5cm; AB= J5cm; AH = 2cm.
165
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Bai tap 6. Ding.

'y

Bai tap 5.

cm.
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UBEZ T 55 LUONG GIAC CUA GOC NHON

A. TOM TAT Li THUYET

L. TisO LU’ONG GIAC
Cho AOAB vuOng ta10 tacd e i
g “'canhdfi OB | canhké OA
sino. = = vﬁ cosoL = = :
_ canh huyén AB canhhuyén AB
o iana | " canh d8i _ i B
L g canh ké
canh ké OA
S ' canh a6
2. GIA TRI LUGNG GIAC CUA cAc CUNG PAC BIET
~Ddo [ 0°.| 30° 450 60° 90°
Ham - b
sine Y 0 1 _‘/_5_ _‘E. :
2 By 2
cosOL 1 . _@ % : if_ 1, 0
: 25 2 2
T B O S 3 [
cotoL | I V3 1 % 0
3. HAM SO LUONG GIAC CUA HAI GOC PHU NHAU
a. sin(90°- o) = cosa.. c. tan(90°- a) = cota..
b. cos(90°- o) = sina. d. cot(90°= a) = tana.

B. PHUONG PHAP GIAI TOAN

Viindé L, GIAI CAC BAI TOAN PINH LUGNG
Yidg Mz Tinh gid tri ciia biéu thic:
a. A =4—5in"45° + 2c0s%60° — 3cot’45°,
b. B =tan45%cos30°.cot30".

&5 Gidi

a. Tacé.
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b. Taco:

3 3
—1—J_=5.

Yidp 2: Cho AABC vuéng tai A, tanC = -i— va duomg cao AH = 6. Tinh d¢
dai cac doan HB, HC, AB, AC.

&S Gidi C
Hai AAHB va ACHA déng dang, do dé:
AR BB =2 i DA,
HC AC 3 2 H
BE AR O =y Rl & K=,
AH AC 3 3
Trong AABC, ta cé: A B
AB? = BH.BC <> AB = VBH.BC = ./4(4+9) =24/13.
AC?=CH.BC < AC = /CH.BC = ,/9(4+9) =34/13.
Yidy 32 Cho AABC cdn tai A. Puong cao BH = a, %
ABC = a. Tinh cdc canh va duomg cao con
lai.
&S Gidi "
Trong AHBC, ta duoc: a h
sina:E@BC= BH = .a ! B K €
BC sin sin o

Trong AKAB, ta duoc:
BC
CDSCI.=B—¢=>AB= BK = 2 — - 8 2
A cosaQ cosQ 2sina.coso

< AK = AB.sina =

m Cho hal tam grac vuéng AABC va AA B,C, vuéng rai A vd A vd
dong dang voi nhau. Chimg minh rang:
a. aa1 bb, + cc1
1

ccC,

» -
G hh, bb,
‘}Q B CDTDHDSY-TI



&S Gidi
a. Trong AABC , ta cé:
b =a.cosa, ¢ = a.sina,
Trong AA,B,C,, taco:
b, = a,.cosa, ¢, = a,.sInA
Tir d6 suy ra:
bb, + cc, = aa,.cos’a + aa,.sin’a = aa,.(cos’a + sin‘a) = aa, (dpcm).
b. Trong AABC, ta cé:

b= h ,C= h .
SInQ cosa
Trong AA,B,C,, ta c6:
h h
b=——,c, = —.
sina cos o

Tiur d6 suy ra:
1 i 11 i 1 sinfa+cos’a _ 1 (dpem)
bb, cc, hh, hh, hh, hh '

sin’ o cos’ o

C. BAI TAP LUYEN TAP

Bai 1. Tinh gié tri cia céc biéu thic:

a. A = 3a.cos0® + b.sin90° - a.

b. B = 4a’sin’45° - 3(a.tand5%’ + (2a.cos45°)%.
Bai 2. Tinh gi4 tri ciia biéu thitc A = 8 — cos?30° + 2sin?45°— /3 tan’60".
Bai 3. Tinh gia tri cia biéu thic A = (a’ + 1).sin0° + b.cos90°.
Bai 4. Tinh gia tri ctia biéu thic:

a’sin90° — b’ cos0’
a.cot45’ —b—2a.cot90"

Bai 5. Cho AABC vubng tai A, biét AB =3cm, AC = 4cm. Hay giai AABC.
Bai 6. Cho AABC vuéng tai A, bi€t AB = 6cm, BC = 10cm. Hiy giai AABC.
Bai 7. Cho AABC vuong tai A duong cao AH, biét BH = 4cm, CH = 1cm. Hay giai AABC.
Bai8. Cho AABC vudng tai A dudng cao AH, biét BH = 1cm, AH = 9cm. Hay giai AABC.

Bai9. Cho AABC vuéng tai A duong cao AH, biét BH =4cm, AB = 6cm. Hay giai AABC.

i
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D. HUGNG DAN - PAP SO

Bai 1:
a. Tac6A=3a+b—-a=2a+b.
2 2
b. TacéB=4a’ ﬁ —3a’+4a% -J—E— =a’.
2 2

Bai 2: A=—E.

4
Bai3: A=0.
Bai4: A=a+bh.

Bai 5: Ta lan luot cé:
BC?= AB*+ AC*=3?4+4>=25 = BC=5cm,
tanﬁ=£=i, tanéz——:z
AB 3 A 4
Bai 6: Ta lan luot c6:
AC’=BC?*- AB*=10*-6*=64 = AC = 8cm,
cosﬁ=£=£=i.siné=cos]§=i.
BC 10 15 15
Bai 7: Ta lan luot cé:
BC=BH+CH=4+ 1 =5cm,
AB? = BC.BH = 5.4 =20 = AB = 24/5 cm,

AC?=BC.CH=5.1=5 = AC=+/5cm,

sinc =cosIE3 = ﬁ = —2——
BC

V5

2
AH’=BHCH < CH= -'}B%- =8lcm = BC=BH+CH=1 + 81 =82cm,

Bai 8: Ta l4n luot cé:

AB?=BC.BH = 82.1 = 82 = AB = /82 cm,

AC?=BC.CH = 82.81 = AC=9+/82 cm,
siné =cosf3 = ;AP— = ———1 ;
BC .82
Bai 9: Ta lan luot cé6:

2
AB’=BC.BH = BC = ﬁ =9cm,
BH

AC?=BC? - AB*=9*—52=56 = AC = 214 cm,
siné =cosB = A—B= E

BC 9

ﬁ ﬂ CDTDHPSY-TI



CHUONG Il - PUONG TRON
cHv BE 1 SU XAC PINH PUONG TRON - TiNH
CHAT POI XUNG CUA PUONG TRON

A. TOM TAT LI THUYET

Dinh nghl'a Du’dng tron tam O bdn kmh R (vd’a R > 0)
la hinh gém cdc diém cdch O mot khodng bdng R.:

“Pudng tron nhu vdy dwoc ki hiéu (O; R), trong
trudmg hop khOng cén chi § dén bén kinh c6- thé sur
dung ki hiéu (O0).5

Cho dudng trdn (OiR) va diém M; ta c6:

- Néu OM < R&SM nam trong dudng trbn
» N&uOM =R < M nim trén dudng tron. M
=  Néu OM>RE=>Mnﬁmngoﬁl dirb'ng trbn ' ‘

1. NHAC LAIVEDUGNG TRON i hagesi oo b ml

2. CACHXAC DINH PUONG TRON ' M
Theo dinh nghia moét dudng trdn sé hoan toan duoc x4c
dinh khi biét tam va bén kinh, viy véi cau h01 5 Hay RACT" ™
dinh tdm O cua duong tron, biét: -
a.  Dudng tron di qua diém A va cé bén kmh bing R
Khl dé: .
2 A0=R & Oe(A R) Du‘(‘.mg trbn tAm A, bﬂn kinh R.
b.__Du&ngtrbn diqua haldlémAvhB )
_Khi d6: .
3 OA OB s T,
4172 & O thude dudmg tnmg tree cﬁa doan thing AB.
c. Dub'ng tron di qua ba diém A ‘B, C khéng thing hhng
Khi d6:
. OA=0B&0 thuoc dui‘mg trung tm'c clia doan thing AB.
OA = OC & O thuéc dudng trung truc ciia doan théng AC.
OB = 0OC < O thudc du?mg trung tryc ciia doan théng BC.
.' Vay, tam O 12 giao dlém cla ba duong tmng truc clia AABC,
| A
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ol Ta c6 cdc ke't q i
Mot diém O’Sh 56 thue R
dlrb‘n rbn (O:R) LE :

an thing AB cho tm&c, xgo finh'm

_ ' cua dub‘ng trbn lh tam do'i ,leg ci'la dudmg tron dé
il BKt'ky dub‘ng kinh nﬁo cilng Ia truc d61 xtmg ctia dudng tron.

B. PHUGNG PHAP GIAI TOAN

xguﬂ, 'CHUNG MINH NHIEU mﬁM CUNG NAM TREN MOTDUONG

._' iy --5"2:_5.. :

_TRON

thmg phap Lk e
- Talya chon mQt‘bong hal cach sau:
C‘ach 1.5t dung dinh nghm ta ch""
: i.déu m@t dle’m -

g
g . A, R

céc diém nay cing cich

b dutn _I _._.:Jg__-tfdn duong

“.Il.ll_l.l Cho AABC va M la trung diém cia BC Ha MD, ME tteo thir e
vuéng géc voi AB va AC. Trén tia BD va CE ldn luot ldy cic diém 1,
K sao cho D la trung diém cia B\, E la trung diém cia CK. Chimg
minh rang bén diém B, 1, K, C ciang ndm trén mét duong trin.
&S Gidi
Ta c6 thé lua chon mét trong hai cich trinh bay sau:
Cdch 1: (S dung dinh nghia) Ta c6:
= M Ia trung diém BC nén:

1 A
MB=MC = EBC. (1) I A\ K
= MD la trung truc cia Bl nén:
MI = MB. @ g "
* ME la trung truc ciia CK nén:
MK = MC. 3)
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Ti (1), (2), (3) suy ra MB = MC = MI = MK = —;—BC.

Viy bon diém B, 1, K, C cuing nam trén duong tron tam M, ban kinh % BC.

Cach 2: Taco:

« MD J]a trung truc cua Bl nén:
MI = MB = %BC < ABCI vuong tai |

<> [ thudc duong tron duong kinh BC. (4)
= ME la trung truc cua CK nén:

MK=MC=%BC<:>ABCKVU6ngIaiK

<> K thuéc duong tron duong kinh BC. (5)
Vay, bon diém B, I, K, C cing ndm trén dudng tron duong kinh BC.

@ Nhdn xét: Trong 15i giai trén, dé ching minh bén diém B, I, K, C cung
thuoc mot dusng tron, ta 6 thé sir dung ca hai cach va:

» O céach 1, ta khdng dinh di€m M (da cho s&n) cach déu bén
diém B, I, K, C dua trén tinh chat dudng trung truc.

« G cach 2, ta khéo 160 ching minh BIC = BKC = 90° dua trén
két qua " Trong tam gidc vuéng trung tuyén bdng thudc canh
huyén bing mot nua canh huyén va nguoc lai". Tuy nhién,
cach 2 dugc dé xuit théng qua két qua cta cach 1.

Yidg2: Chimg minh rdng qua ba diém thang hang khéng thé cé mot dicong tron.
&S Gidi
Ta di chitng minh bang phan chimg.
Gia st tén tai duong tron (O) di qua ba diém thang hang A, B, C.
Ta co:
A, B € (O) = OA = OB = O thudc trung truc Ex cuia AB
B, C € (O) = OB = OC = O thudéc trung triuc Fy ctia BC
suy ra O = Ex N Fy. (")
Mait khac, vi A, B, C thing hang nén:
Ex // Fy, diéu nay mau thudn véi (*).
Vay, qua ba diém thing hang khéng thé c6 mot dudng tron.
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@ Cha y: Tit két qua "Ba diém khong thing hing A, B, C xdc dinh mot va chi
mot duong tron di qua ba diém d6 ", ching ta c6 thé khai thac
thém nhu sau:

1. Néu cic di€m A, B, C, D thuéc dudng tron (O) va A, B, C, E
thu6c duong tron (O') thi (O) = (O'), hay néi cach khac " Ndm
diém A, B, C D, E cung thuéc mot dudng tron".

2. Md rong hon "Néu ta c6 A, B, C, D thudc dudng tron
(0,) va A, B, C, E thudc duong tron (O,) va A, B, C, F
thudc duong tron (O,) " thi (O)) = (0,) =(0;) = (O) va (0) la
duong tron ngoai tiép ADEF.

R
S mant P e 1S P BT e T L
o L {7,
o

op cdac diém M sao cho AMB = 90°,
& Gidi
Goi O 12 trung diém AB, khi d6 v6i diém M thoa man AMB = 9(°, ta duoc:

1 M

AABM vuéng taiM = OM = = AB /
& M thudc dudng tron (O, %AB). A B

P Cha y:
1. Céch trinh bay trén chi c6 tinh minh hoa, con d€ c6 dugc 10i giai ding cua
mot bai todn quy cAn thuc hién theo ba budc.
2. Tit nay, chiing ta dugc quyén sit dung két qua "Néu AMB = 97 thi M
thudc duong tron duong kinh AB".
Yidp 2: Cho duong tron (O) duong kinh AB = R. C la mét diém chay trén
duong tron dé. Trén tia BC ldy mét diém M sao cho C la trung diém
ctia BM. Tim quy tich cia diém M.
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&5 Giai
Phadn thudn: Gia su cé diém M sao cho C 1a trung diém clia BM.
Vi C thuéc duong tron duong kinh AB

= ACB=90° < AC L BM
= AABM can vi c6 AC vira la dudng cao, :1

vira la trung tuyén R "
— AM = AB =R < Me(A, R).

Phdn ddo: Ly mot diém M bat ky trén dudng tron (A, R), BM cit (O) tai C.
Ta phai chimg minh C la trung diém cta BM.
That vay:
* AM=AB=R = AABM cantai A

* Ce(0)= ACB=90° < AC L BM
suy ra AC la duong cao ting véi canh ddy nén déng thai la trung tuyén.
Vay C la trung diém cia BM.
Két ludgn: Quy tich cua diém M la duong tron (A, R).

@ Nhdn xét: Trong 18i giai trén, d€ tim tap hgp diém M ching ta di tuan
thi diing lugc d6 cua bai toan quy tich, cu thé:
» Phén thuim Ta gid st c6 diém M sao cho C I trung diém
cua BM, tit 46 suy ra dugc Me(A, R).
= Phéin dio. Ta ldy diém Me (A, R) va di ching minh M thod
man diéu kién C la trung diém cta BM.
» Kétluin.

Yidp3: Trén duomg tron (O) ldy hai diém B, C ¢ dinh. Diém A di chuyén
trén duong tron, D la trung diém ciia BC. Goi M la hinh chiéu ciia B
trén duomg thang AD.

a. Tim tdp hop diém M khi A di chuyén trén (O)
b. Tim vi tri cia diém A trén (O) dé BM ¢6 dé dai lon nhdt.
£ Gidi
a. Huong dan:
BM 1 DM < BMD = 90°
<> M.di chuyén trén dudmg tron c6 dudng

kinh BD, trir diém B.
b. Ta cé, trong duong tron c6 duong kinh BD thi

BM < BD (duong kinh la day 16n nhét).
Do d6, BM c¢6 do dai 16n nhat bang BD, dat dugc khi
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M =D < AD L BC < AABC cin tai A
& A la giao diém ctia dudng tron tam O véi dudng trung truc ciia BC.

@ Nhdn xét: Trong 13i gidi b), d& chi ra duoc vi tri cAn im ctia diém A sao cho

BM 16n nhat chiing ta da bt diu bing bat ding thitc:

BM < BD, trong d6 BD la d6 dai khéng d6i

= BM..x = BD, dat dugc khi M =D = vij tricua A.
Nhu vay, 1ap luan d6 dua trén tinh chat "Duong kinh la diy
cung Ion nhat cua duong tron ", tuy nhién, néu mudn, ching
ta c6 thé 1ap luan theo cach khac nhu sau:

BD? = BM? + DM? = BM,,,,, khi DM_,..
Tu do6, suy ra BM,,,, = BD dat dugc khi:

DM, =0 M=D.

Vindé3: DUNG DU(‘)NG TRON
Phwong phép W
Dé dmg fn@t dlrdng trOn ta c&n ble't tﬂm va ban kink va hay nh lai
5 ‘T im cua drra'ng tron di qua hai dzém A va B-cho srudc ndm trén
d‘zréh trung tre.cia AR".
Beé’hifmmy lbqgiﬁlmotbm todn dttnghjnh ta cénﬂnrc hién bon phﬁn,
| Phin tick. Gid A st da dung duge dudng tron (0), 8242y suy ra v
; e tAm va 6 dai ban kinh ctia né.
Cé‘dx dung Duta véo ket qua & bl.rdc phﬂn tich ching ta suy ra
b phépdunghinh.
Chungmmh' Chitng minh dubngtmndudc du'ngd budc dung hinh
| - thod man diéu kién ddu bai. - -
Btén Iuﬂxr S6 dudng tron thoé man diéu kién d4u bai.

ﬂ_dn_h a. Hady dung mét doan thing AB = 6¢cm va ba duong tron phdn biét
nhdn AB lam mét day cung.
b. Trong tdt ca cdac dudng tron nhdn AB lam
mot ddy cung thi duong tron nao o6 duong
kinh nhd nhdt ? Giai thich tai sao ?

&S Gidi
a. Tal4n luot thuc hién: *
= Dung doan thing AB = 6cm.
» Dung trung truc d ctia AB. Trén d 1ay b6n diém 1-
0,, 0,, 0,, I (I 1a trung diém AB). ; ;
* Dung bén duong tron (O,, O,A), (0,, O,A), (O,, O, A) R
va (I, IA).
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b. Goi(O) la mdt duong tron nhan AB lam mot day cung.

Vé duong kinh AC, ta c6:

AC > AB vdi AB la hang 0.

Do 46 AC,,,, = AB, dat dugc khi C = B.

Vay, duong tron ¢6 duong kinh nho nhat la duong tron duong kinh AB.
Yidwp2: Dung mot diuong tron (O) 6 ban kinh R cho tricoc va di qua hai

diéem A va B cho truoc.

&5 Gidi
Phdn tich: Gia st da dung duoc duong tron (O) thoa man
diéu kién dau bai, ta co:

= Ac (O;R)=>0A=R =>0 € (A,R).

* Be (O;R)=>0B=R =0 € (B,R).

Vay, tam O la giao cua hai duong tron (A, R) va (B, R). _‘
Cdach dung: Ta lan luot: e

* Dung cic duong tron (A, R) va (B, R) va goi O 1a giao diém cia hai

duong tron do.

=  Dung duong tron (O; R).

Chimg minh: Theo cach dung ta c6:
OA=0B=R = A,Be (O;R).

Bién ludn: S6 nghiém hinh ctiia bai toan phu thuéc vao sé giao diém cua hai
duong tron (A, R) va (B, R), ta co:

= Néu 2R > AB thi bai todn cé hai nghiém hinh.

* Néu 2R = AB thi bai todn c6 mot nghiém hinh.

= Néu 2R < AB thi bai toan khong c¢6 nghiém hinh.

Néu 2R > AB Néu 2R = AB Néu 2R < AB

C. BAI TAP LUYEN TAP
Bai 1: Cho AABC déu. Goi M, N, P theo thif tr I cdc trung diém cua cic canh AB,
BC, CA. Chimg minh ring cic diém B, M, P, C thu6c mét duong tron.
Bai 2: Cho AABC can tai A, duong cao AH = 1cm, BC = 4cm. Dudng vuong goc vai
AC tai C cat dudng thing AH & D.
a. Chimg minh rang cac diém B, C thu6c duong tron duong kinh AD.
b. Tinh do6 dai AD.
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Bai3: Cho td gidc ABCD c6 C+D=90°. Goi M, N, P, Q theo thit tu I3 trung diém
cia AB, BD, DC va CA. Ching minh ring b6n diém M, N, P, Q cing nam trén mot
dudng tron.

Bai 4: Cho i gidc ABCD c6 hai duong chéo AC va BD vuéng géc v6i nhau. Goi M,
N, P, Q theo thy tu 12 trung diém ciia AB, BC, CD va DA. Chimg minh ring bon diém
M, N, P, Q cing ndm trén mot dudng tron.

Bai 5: Cho t gidc ABCD c¢6 B =D =90°.

a. Chimg minh riing b6n dinh cia t gidc cing thudéc mét dudng tron.

b. Chitng minh ring BD < AC. T gidc ABCD c6 thém diéu kién gi dé BD = AC.
Bai 6: Cho dudng tron (O, R), diém A c¢6 dinh trén dudng tron, diém B di chuyén
trén dudmg tron. Tim quy tich trung diém M ctia AB.

Bai 7: Cho dudmg tron (O, R). Hai diém A, B di chuyén trén dudng tron sao cho do
dai AB = 2/ khong déi (/ < R). Tim quy tich trung diém M ciia doan AB.

Bai 8: Cho hinh binh hanh ABCD c¢é6 canh AB c6 dinh, dudng chéo AC = 2cm. Tim
quy tich ctia diém D.

Bai 9: Cho dudng tron (O, R) dudng kinh BC. Diém A di dong trén (O), goi P, Q
theo thit tir 12 trung diém ctia AB va AC.

a. Ching minh ring PQ c6 d6 dai khéng déi khi A di dong trén (O).

b. Tim quy tich trung diém M cua PQ.

Bai 10: Cho AABC c6 ba géc nhon, dudng cao AD. Dung di€ém M thudc dudng thing
AD sao cho BMC =90°.

Bai 11: Cho duong thing d va mot diém A cich duong thing d 1a 1cm. Dung duong
tron (O) c6 ban kinh 1,5cm di qua A va cé tAm ndm trén duong thing d.

Bai 12: Dung mét duong tron (O) di qua hai diém A va B cho trudc va c6 tAm & trén
dudng thing d cho trudc (A, B khéng thuée d).

Bai 13: Cho nam diém A, B, C, D, E. Biét ring qua bon diém A, B, C, D c6 thé vé duoc
mot dudng tron, qua bén diém B, C, D, E ciing vé dugc mét dudng tron. Hoéi qua ca nam
diém A, B, C, D, E c6 thé vé dugc mét dudng tron khéng ?

D. HUONG DAN - PAP SO

Bai 1: Ta c6 thé lra chon mét trong ba cé4ch trinh bay sau:
Cdch 1: Vi AABC déu nén trung tuyén sé 1a dudng cao, do dé:

* CMLlAB& BMC =%0°
= M thuéc duong tron cé6 duong kinh BC.

» BP1ACe BPC =90°
= P thudc dudmg tron c6é duong kinh BC.
~ Vay bén diém B, C, M, P thudc dudng tron cé dudng kinh BC.
Cdch 2: Ta c6:
* ABMD vuéng tai M va cé6 MN Ia trung tuyén, nén:

MN =NB =NC. (D
* ABPC vuéng tai P va c6 PN la trung tuyén, nén:
PN =NB =NC. (2)
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Tu (1), (2) suy ra:
NB = NC =NM = NP < B, C, M, P thuéc dudng tron (N; NB).
Cdch -: Véi AABC déu c6 canh bing a. Ta cé:

» NB=NC=2, (3)
2

= MN Ila duomg trung binh nén MN = %AC - % . (4)

= PN Ia duomg trung binh nén PN = -:]EAB = g—- ()

Tur(3), (4), (5) suy ra:
NB=NC=NM=NP= % &> B, C, M, P thuoc dudng tron (N; %)_

Bai 2:
a. Xét hai tam giac AADC va AADB, ta co: A

AD chung 5
A, = A,, vi AABC can nén AH 12 phan gic B

|
\C
AC = AB, vi AABC can tai A. H
do do:
AADC = AADB = ABD = ACD = 90°

<> B, C thudc duong tron duong kinh AD.
b. Trong AABD vuéng tai D, ta cé: D

AH’ +
AH.AD = AB? = AH? + BH? <> AD= —AH—“- = Scm.
Vay, ta dugc AD = 5cm.
Bai 3: Gia st AD cit BCtai E.
Khi dé tir gia thiét C+D =90, suy ra:
E=180°-(C+D)=90"
Ta lan luot co6:
MN // AD // PQ
MQ // BC // PN
do dé, dua trén tinh chét ciia géc cé canh tuong ting
song song ta duoc: D P (&
NMQ =NPQ =E =90".
&M, N, P, Q thuéc dudng tron c6 dudng kinh NQ. - A §
Bai4: Vi M, N, P, Q theo thit tr 12 trung diém cta AB, . .
BC, CD va DA nén theo tinh chat duong trung binh ta cé: B =D
MN // AC // PQ \ :
MQ //BD // PN s
Mat khéc, theo gia thiét AC vuéng géc véi BD neén: 8 T
NMQ = NPQ = 90°.
&M, N, P, Q thudc dudng tron c6 dudng kinh NQ. C
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Bai 5: Hoc sinh tie vé hinh.
a. A,B,C, D thu6c duong tron dudng kinh AC.
b. Ta luén cé: BD < AC, vi day cung nho hon dudng kinh.
Pé c6: BD = AC <> BD ladudmg kinh <A = C =90°
<> ABCD la hinh chir nhat.

Bai 6:
Phdn thudn: Gia sit c6 diém M 12 trung diém cla AB.

Xét AOAB, ta c6:
OA =0B=R < AOAB can tai O
=> OM wira la duong cao, vira la trung tuyén
= AMO =90° < M thuéc dudmg trdn dudng kinh OA. T
Phdn ddo: Liy mot diém M bat ky trén dudng tron (OA), AM cit (O) tai B. Ta phai
ching minh M la trung diém cla AB.
That vay: M € (OA) & AMO =90° < OM L AB.
Khi dé6, trong AOAB can tai O ta c6 ngay:
OM la trung tuyén <> MA = MB.
Két ludn: Quy tich cia diém M 1a dudong tron (OA).
Bai 7:
Phan thudn: Gia si c6 diém M 12 trung diém cla AB.
Xét AOMA vubng tai M, ta co:
OM? = OA’-MA?=R?- I’ > OM = yR? P g
<> M thudc dudng tron (O, YR? —17).

Phén ddo: L&y mot diém M bét ky trén dudng tron (O, VR? —1* ), dudng thing qua M
vuéng géc véi OM cit (O, R) tai A va B. Ta phai chimg minh M la trung dién clia AB
va AB = 2I.

That vay, ta thdy ngay M Ia trung diém cla AB, ngoai ra:

AB=2AM =20OA?-OM? =2,[R? —(R*-I*) =2l (dpcm).

Két ludn: Quy tich ctia diém M la dudng tron (O, VR? - 1%).
Bai 8: Goi O 1A giao diém ciia AC va BD.
Phdn thudn: Gia stt c6 diém D sao cho ABCD Ia hinh binh hanh.

Tacé: OA = %AC= lem& 0 € (A ]).

Gid sir (A, 1) cit duong thing AB tai O, va O, (c6 [
dinh). Goi B, va B, theo thif tu la diém d6i ximg véi Bqua |
O, va O,. Ta c6 ngay:

0,00, =90° géc chin nira dudng tron N g

DB, // O0,, tinh chat dudng trung binh S R

DB, // O0,, tinh chit dudong trung binh
suy ra:

B,DB, =90° < D thudc duong tron dwong kinh B,B,.
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Phadn ddo: Loy mot diém D bat ky trén duong tron (B,B,), BD cit (A, 1) tai O, lay C
doi ximg vai A qua O. Ta phai chimg minh ABCD la hinh binh hanh ¢6 AC = 2cm.
That vay, ta cé ngay:
AC =2A0 =2cm.
Mt khic, dua trén hinh vé cing véi nhan xét:
0,00, =90°va B,DB, =90° = DB, // 00,.
Trong ABB,D, ta co6:
BO, =B,0,
DB, //00,
Khi d6, ny gidc ABCD c6 hai duong chéo cit nhau tai trung diém méi dudng nén
nd la hinh binh hanh.
Két ludgn: Quy tich cua diém D la dudng tron (B,B,).
Bai 9: Hoc sinh tie vé hinh.
a. Trong AABC, ¢6 PQ la dudng trung binh, do do:
1 ,.
PQ = - BC = %.ZR =R, khong doi.
b. T két qua cau a), suy ra A, M, O thing hang va M 1a trung diém OA, do dé:

OM:lO;’-\:E
2 2

<> 00, la duong trung binh = OB = OD.

<> M thudc duong tron (O, %).

Bai 10:
Phdn tich: Gia sir da dung duoc diém M thoa man diéu kién ddu bai.
Ta c6: BMC =90° = M e (BC).
Vay, M la giao clia dudmg thing AD véi dudng tron (BC).
Cdch dung : Ta lan lugt: B
= Dung (BC)
=  DPudng thing AD cit dudng tron (BC) tai M.
Khi dé, M la diém cédn dung.

Chiing minh : Ta thiy ngay BMC = 90".
Bién ludn: Vi dudng thing AD cit duong tron (BC) tai hai diém d
M, va M, nén bai toin c6 hai nghiém hinh, d6 1a M, va M,.
Bai 11:
Phdn tich: Gia si da dung duge dudng tron (O) thoa man
diéu kién dau bai.

Tacé: OA =1,5¢cm = 0 € (A; 1,5cm).

Vay, tam O la giao diém ctia dudng thang d vé6i dudmg
tron (A; 1,5cm).
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Cdch dung : Ta lan luot:
* Dung duong tron (A; 1,5cm).
* dcitdudng tron (A; 1,5cm) tai O.
* Dung duong tron (O; 1,5¢m).
Chitng minh : Ta thdy ngay (O; 1,5cm) thoa man diéu kién ddu bai.
Bién ludn: Vi duomg thing d cit dudng tron (A; 1,5cm) tai hai di€ém O, va O, nén bai toar
6 hai nghiém hinh, dé 1a hai dudng tron (O,; 1,5cm) va (O,; 1,5cm).
Bai 12:
Phadn tich: Gia sir da dung dugc dudng tron (O) thoa man diéu kién du bai.
Ta cé:
A,Be (O)
=> O nim trén dudng trung truc a cha AB.
Vay, tam O la giao cia a va d.
Cdch dung : Ta 14n luot:
* Dung duong trung truc a cia AB.
* dcitatai O.
®*  Dung duong tron (O , OA).
Chimg minh : Ta thdy ngay (O, OA) thoa man diéu kién d4u bai.
Bién ludn: Vi véi hai dudng thing d vi a ta c6 ba truong hop vé vi tri twong d6i nén:
s  Néua=d <> dlatrung tne clia AB thi bai todn 6 v6 s6 nghiém hinh.
= Néua//d<> AB L d(d khong Ia trung truc cia AB) thi bai toan v6 nghiém.
= Néu a cit d thi bai todn c¢6 nghiém hinh duy nhit.
Néu d 1a trung trnuc Néu AB | dvakhéngla Néu AB khéng vuéng

cua AB trung truc cua AB géc véi d
a a
a
d
(0]
0)
d
A B
A B A B
d
Bai 13: Goi (O) la dudng trdn ngoai tiép AABC.
Vé6i gia thiét:

= Bondiém A, B, C, D thudc dudng tron (O,), suy ra (O,) = (0).
* B6ndiém E, B, C, D thudc dudng tron (0,), suy ra (0,) = (0).
Vay, cd nim diém A, B, C, D, E ciing thu6c dudng tron (O).
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cavpEz PUONG KINH VA DAY CUA PUONG TRON
A. TOM TAT Li THUYET

1. SO SANH PO DAI CUA PUONG KINH VA DAY
Pudng kinh 12 diy cung I6n nhét ciia dudng tron.

2. QUANHE VUONG GOC GIUA PUONG KINH VA DAY
Ta c6cac két qua sau:
»  Dudng kinh vuéng géc véi mot day thi chia diy 4y ra hai phin bang nhau.
= Dudng kinh di qua trung diém ciia mét day (khéng qua tAm) thi vuéng
géc vai day dy.

B. PHUONG PHAP GIAI TOAN

Vindé I: GIAIBAI TOAN PINH TiNH VA PINH LUONG

Yidg 1z Cho duwong tron (O; R) va mét day cung AB = 2a (a < R). Goi 1 la
trung diém cia AB.Tia Ol cdt cung AB tai M. Tinh dé dai ciia day
cung MA.

46 Giui

Trong AAMI, ta cé:
AM? = AF* + MI* = a*> + MI% (1) M
Mat kaac:
MI=OM-0I=R -0OL
Trong AOAI, ta c6:
0’=0A’- AP =R*-a’= Ol = yR? -2’
=MI=R - yR?-a%. (2)
Thay 2) vao (1), ta duoc:
AV = AL + MP=a’+ (R - yR? —a? )?
=a’ +R?-2RVYR? -2’ +R?*-a’=2R’-2RVR’ -2’

=AM = J2R’- —2RYR? -a? .

Viy, ¢o dai day cung AM = Jzk2 -2RVR? —a’ .

@ Nhr xét: Trong 13i giai trén € tinh d6 dai day cung AM chiing ta lua chon
phuong phap trinh bay theo hudng phat sinh yéu cau r6i thuc
hién yéu cdu nay d€ dat duogc muc dich cubi cung la AM, cu thé:

AM? = AI* + MI? = a? + MI* = can xac dinh ML.
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MI = OM — Ol =R - OI = can xac dinh OL

OI dugc xac dinh dua vao AOAL
Tir d6, thay ngudc lai két qua dé nhan dugc AM.
Céch trinh bay nhu vay sé rdt dé hiéu, tuy nhién no lai to ra dai
dong, chinh vi ly do ndy ma cac em hoc sinh hay luu tru no trong
suy ngh con khi trinh bay 15i giai thi trinh bay theo ki€u ngudc lai,

cu thé:
Suy nghi Trinh bdy
1. Pétinh AMcinxacdinhML | Trong AOAI, ta cé:
2. DE tinh MI cin xéac dinh OL. OI’= OA?- AP =R?-a’
3. Ol dugc xac dinh dua vao AOAL —~OlI=+R? —a?

Suy raMI=OM -0OI=R - YR’ -a*
Trong AAMI, ta c6: -
AM?= AP+ M
=a?+ [R- [R? - 2 ).
= AM= J2R2 -2RVR? -a? .
Cac em hoc sinh cé thé luyén tap bang viéc giai lai vi du trén trong truong
hop R = 5¢cm va a = 3cm.
Yidp2: Cho duong tron (O), diy AB = 2a va khodng cach tic né toi tam
bang h. Goi 1 la trung diém cia AB. Tia 10 cdt duong tron tai C.
a. Chimg minh rang AABC la tam gidc cdn.
b. Tinh khodng cdch ti O dén BC.
£ Gidi
a. Tacé:
Al=IB=a= Ol L AB.
Suy ra AABC cé trung tuyén CI 1a duong cao nén la tam gidc can.
b. Ha OH wvuéng géc véi BC, ta cé:

HB=HC= lBC.

2
Trong AOIB, ta c6: ’ \‘
OB*=10%+IB*=h*+a*= OB = va’ +h? . [
AT F

Ta cé:

IC=10+0C=10+0B=h+ va?+h?.
Trong AIBC, ta cé:

BC=IC+IB*=(h+ Vva?+h? P+a*=2@+hva’ +h? +h?)
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== B = \/2(32 +haat + 5 # Y

] ) . 2 7
= HB =;\[2(21‘+h a“+h” +h°).

—

Trong AOHB, ta co:

OH? = OB - HB® = (Va’ +h? )1-1%\/2(;12 +hva? +h? +h?))?

= %(a2+h\]al +H* + W)

2 2 2 2
::»OH:\[a h az+h +h .

@ Nhdn xét: Trong 15i giai trén:

1. O cau a) ta chi cin stt dung két qua " Puong kinh di qua trung diém ciia
moét diy thi vuéng goc vor ddy 4y, tt dé6 dan tdi tam giac co trung
tuyén la duong cao, do do no la tam giac vudng.

2. G cau b) ching ta da lua chon phuong phap trinh bay nguoc sau suy
nghi theo kiéu phat sinh yéu cau, cu thé ta nghi':

* Dé tinh OH cén xac dinh BH va OB.

« BH= % BC va BC dudc xéc dinh théng qua ATBC néu biét OC (tic 13 OB).

* OB dugc xac dinh théng qua AOIB.
3. Tat nhién c6 thé tinh OH théng qua su déng dang cia hai tam giac
vuong la AOHC va ABIC - Ban doc tur lam.
Cic em hoc sinh ¢6 thé luyén tap bing viéc giai lai vi du trén trong trudong
hop a = 24cm va h = 7cm.

Yidp 32 Cho mot duong tron (O) va diém P g bén trong duong tron. Ching
minh rdng trong tdt cd cdc ddy cung di qua P thi day cung vuéng
g6¢ vdi bdn kinh qua P la ddy cung ngdn nhdt.

& Gidi A B
Goi AB la day cung qua P va vuong goc voi OP va ,‘
CD la day cung bat ky di qua P.

D
Ha OH vuéng géc véi CD, ta c6 ngay:

OH < OP, vi trong tam gidc vuéng canh géc vuéng nho hon canh huyén
= AB < CD = AB la day cung ngan nhat.
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Vindé2: GIAI BAI TOAN DUNG HINH®

Yidg Iz Cho mét duong tron (O) va mot diém P khdc O & bén trong dicomy
tron. Dung mét dday cung AB di qua P sao cho PA = PB,

& Gidi
Phdn tich: Gia st da dung dugc ddy AB di qua P sao
cho PA = PB, ta c6:

PA =PB = OP L AB.

Céch dung: Dung dudng thang (d) qua P va vuodng géc véi OP cat (D) tai hai
diém A, B.

Chimg minh: Vi :
OP L AB = PA =PB.
Bién ludn: Bai todn c6 mot nghiém hinh.
Luu y: Néu P = O; bai toan c6 v6 s6 nghiém hinh.

Vin dé 3: GIAI BAI TOAN QUY TiCH

Yidg 1z Cho duong tron (O; R). Tim quy tich trung diém M ctia «d+ ddy AB
sao cho AOB = 120°.

&S Gidi
Phdn thudn: Gia st c6 diém M 1A trung diém cia day
cung AB sao cho AOB = 120°. &

M
Trong AOAM, ta cé: ‘V \

AOM =60°= OAM = 30°

=O0M= —1~OA=5=>ME(O;E).
2 2 2

Phdn ddo: L4y mot diém M bat ky trén duong tron (O; %), dung day cung AB

qua M va vubng géc v6i OM. Ta phai chimg minh AOB = 120°.
That vay, trong AOAM vuodng tai M, ta c6:

OM=%OA:> OAM =30°< AOM =60°

& AOB =2A0M = 120"

Két ludn: Quy tich cia diém M 1a dudng tron (O; %—).
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C. BAI TAP LUYEN TAP

Bai 1: Cho duong tron (O, R) va hai bin kinh OA, OB. Trén cac bin kinh OA, QB
lan luot 1ay cic diém M va N sao cho OM = ON. Vé day CD di qua M va N (M nam
gitta C va N).

a. Chimg minh rang CM = DN.
b. Giasu ABB = 90°, hay tinh OM, ON theo R sao cho CM = MN = ND.

Bai 2: Cho dudng tron (O, R) dudng kinh AB. Goi M va N theo thi tu la trung diém
ciia OA va OB. Qua M va N lan luot vé cac day CD va EF song song vdi nhau (C va E
cung nam trén mot nira duong tron duong kinh AB).

a. Ching minh tr gidac CDFE la hinh chir nhat.

b. Gia stir CD va EF cling tao vdi AB mot géc nhon la 30°, tinh dién tich hinh chir
nhat CDFE.

Bai 3: Cho AABC ¢6 ba géc nhon. O phia ngoai tam gidc v€ cdc nira duong tron c6
dudmg kinh theo thit tu 1a AB va AC. Qua A vé duong thang (d) cat cac nira dudng tron
trén thd tu & E va F. Chimg minh rang.

a. Néu (d) song song véi BC thi BEFC Ia hinh chir nhét.
b. Néu (d) vudng goc véi trung tuyén AM ctia AABC thi AE = AF.

D. HUGNG DAN - PAP SO
Bai 1: Hoc sinh tie vé hinh.
a. Ha OE vuéng géc véi AB cit CD tai F.
Trong AOAB cén tai O, ta c6:
oM _oN

= = MN // AB = OF L MN va MF = NF.
OA OB

Ta c6 nhan xét thém:
OF L MN < OF L CD < CF = DF.
Khi dé:
CM = CF = MF = DF — NF = DN (dpcm).
>. bat MF = x, suy ra:
CF=CM + MF =MN + MF = 3MF = 3x.
OF = x, vi AOMF vuoéng cén tai F.
Trong: AOCF, ta cé:
OF =0C-CF o x*=R*-9%*& 10x’=R* & x = -—R—
J10
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Khi dé, ta duoc:
R R
ON=OM=0F\2 = — .\2 = —.

J10 V5

R —
Viy, voi ON = OM = -— thoa man diéu kién diu bai.

J5
Bai 2: Hoc sinh tu vé hinh.
a. Ha OP vuéng géc véi CD cit EF tai Q, suy ra:
CP = DP, tinh chat duong kinh vuéng goc véi day cung.
OQ LEF,viEF//CD
= EQ = FQ, tinh chit duong kinh vuéng géc véi diy cung.
Xét hai tam gidc vuong AOPM va AOQN, ta cé:

OM = lOA=lOB=0N
2 2

MOP = NOQ (vi d6i dinh)
do dé:
AOPM = AOQN (canh huyén va géc nhon) = OP=0Q <> CD =EF
Khi dé6, tr gidc CDFE cé6:
CD iEF <> CDFE la hinh binh hanh.
Trong hinh binh hanh CDFE, ta c6:
PQ la duong trung binh = PQ // CE = CD L CE

=> CDFE la hinh chir nhat.

b. Tacé:
Score = CE.CD. (1)
Trong AOPM vuéng tai P, véi OMP = 30°, suy ra:
OP= lOM= i.-]-OA= 5
2 2 2 4
L

CE=PQ=20P= (2)

Trong AOPC vuéng tai P, ta c6:

CP= JOC?-0P? = JRZ-RZ - RIS
16 4

RVIS

.

CD=2CP= — > (3)

Thay (2), (3) vao (1), ta duoc:

5. _R RYI5 _RWI5
aadll TR 4
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cmiwéa LIEN HE GIJA DAY VA KHOANG CACH
TU TAM PEN DAY
A. TOM TAT LI THUYET

Ta cd cac két qua sau:
1. Trong mot dudng trdon hai day bang nhau khi va chi khi chiing cich déu
tam.

2. Trong hai day khong béng nhau cia mot duong tron ddy 16n hon khi va
chi khi né gén tam hon.

A== B A

Ca hai két qua trén vin ding véi trudmg hop hai dudng tron cé ban kinh
bing nhau (igoi 14 hai dudng tron bing nhau) va né to ra rat hiéu qua trong bai
todn cuc tri.

B. PHUONG PHAP GIAI TOAN

Yidg Iz Cho mot duong tron (O) va diém P & bén trong duomg tron. Chiing
minh rang trong tdt ca cdc ddy cung di qua P thi ddy cung vuong
géc¢ vdi ban kinh qua P la ddy cung ngdn nhat.

A =—~LZ>=B

& Gidi {
Goi AB la day cung qua P va vuéng géc v6i OP va l
CD la day cung bat ky di qua P. B
Ha OH vuoéng géc véi CD, ta cé ngay:
OH < OP, vi trong tam gidc vuéng canh géc vuéng nho hon canh huyén
= AB < CD = AB la day cung ngén nhat.

C. BAI TAP LUYEN TAP
Bai 1: Cho duimg tron (O) va hai day AB, AC sao cho AB < AC va tam O nam trong
géc ABC. Chumg minh ring OAB > OAC .
Bai 2: Cho dumg ron (O, R). Tim quy tich trung diém M cua cac day AB sao cho
AOB = 60"
Bai 3: Cho duimg tron (O) va mot diém A & bén trong duomg tron do (A # O). Dung
hinh thoi ABCD sao cho B, C, D nam trén dudng tron (O).
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D. HUGNG DAN - PAP SO
Bai 1: Hoc sinh tw vé hinh.
Ha OE, OF theo thif tu vudng goc véi AB va AC.
Tir gia thiét:
AB < AC < OE > OF.
Trén OE l4y diém F sao cho OF = OF, ta thay ngay diém F ném giita O vaE, suy ra:
OAE > OAF' = OAF , vi AOAF = AOAF (canh huyén va canh géc vuéng)
< OAB > OAC (dpcm).
Bai 2:
Phadn thudn: Gia sit c6 diém M la trung di€ém clia day cung AB sao cho AOB = 60",

Trong AOAB, ta cé: A B

OA=0OB=R vi AOB = 60° ‘V
— AOAB déu = OM = O’Z‘E = Rf
= Me(0, RTJE).

Phdn ddo: L4y mot diém M bat ky trén dudng tron (O, _I%_B'_ ), dung day cung AB qua M

va vubng géc v6i OM. Ta phai chiing minh AOB = 60°.
That vay, trong AOAB cén tai O, ta c6:
RV3Z _ OAV3
3 2

— AOAB déu = AOB=60". B, B,

R3

Két ludn: Quy tich cia diém M la dudng tron (O, —2—3 ).

OM =

Bai 3:

Phdn tich: Gia st da dung duoc hinh thoi ABCD thoi min
diéu kién d4u bai, ta cé:

AC la dudng trung truc cia BD = O € AC.
Cdch dung: Ta lan luot thuc hién:
* NG6i AO cét dudng tron (O) tai C, 14y I 12 trung diém AC.
*  Dung dudng thing d qua I va vuéng géc v6i AC cit duomg tron (O) tzi B va D.
Khi d6, ABCD la hinh thoi cin dung.
Chimg minh: Vi tit gidc ABCD c6 hai dugc vudng géc véi nhau va cét nhaa tai trung
diém méi dudng nén né 1 hinh thoi.
Bién ludn: Vi AO cit dudng tron (O) tai hai diém C, va C, nén bai toan c6 hai nghiém hinh.

D, D,
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caipé4 VI TRI TUONG PSI CUA PUONG THANG
VA DPUONG TRON

A. TOM TAT LI THUYET
Vi trf tuong d6i clia dudng thing (d) va dudmg tron (O) dugc dénh gi4 thong
qua s6 diém chung clia (d) véi (0).
anNG TOM TAT BAVI TRI TUQNG pOI
/* CUA DUONG THANG VA DUONG TRON

: - . - S6 diém Hé thic
Vitri tuong d6i - 0 ~ chung gitadvaR
1. Pudng théng va didng tron khong giao nhau. 0 d>R
2. Dudng thing ti€p xic véi dudng tron. 1 - d=R
3. Dudng thing cét dudng tron. 2 d<R

B. PHUGNG PHAP GIAI TOAN
Yidpl:s Cho duong thang d va diém O khéong thuéc d. Hay néu cdach dung
mot duong tron tam O sao cho:
a. d khéng cdt (O).
b. dtiép xiic vai (0),

c. dcdt (0).
&S Gidi
Goi H 12 hinh chiéu vuéng géc cua O lén d.
HLA H] R O HIR
d d B é—d—o
(d) (d) )
Hinh a Hinh b Hinh ¢

a. (Hinh a) LAy diém A ndm giita O va H, r6i vé duong tron (O; OA). Khi dé,
duong thang d khéng cit dudng tron (O; OA) boi:
R=0A<O0OH=d.
b. (Hinh b) Vé duong tron (O; OH). Khi d6, dudng thang d tiép xiic véi dudng
tron (O; OH) bai:
R=0H=d.
c. (Hinh ¢) Lay diém B nim trén tia d6i cua tia HO, réi vé dudmg tron (O; OB).
Khi d6, dudng thang d cét dudng tron (O; OB) bai:

R=0B>O0OH=d.
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@ Chu ¥: Nhu vay, &€ xac dinh dugc vj tri tuong d6i ctia dudng th:"mg d voi
dudng tron (O; R) cho trudc, ta cdn thuc hién theo cac budc sau:
Buoc I: Ha OH vudng goc vdi duong th’c;mg d.
Budc 2 Tinh 46 dai doan OH.
Buoc 3. Thuc hién phép so sanh OH v§i R, tir d6 dura ra két luan.
Ngoai ra:
1. Néu ta co:
A e d va A nim trong (O; R) = d cit (O; R)
danh gia trén cho phép chiing ta nhin dugc 16i giai don gian hon rét nhiéu.
2. Aed, A e (O;R)vaOA 1d thid tiép xuc vai (O).
3. Aed, A € (O;R)va OA khéng vudng goc vdi d thi d cit dudng tron (O).
Yidp2: Cho goc m khdc géc bet. Dung duong tron (O; R) sao cho tia Ay
qua O, duong thang Ax cdt (O) tai hai diém B va C sao cho BC = 2a,

vol a<R.
&5 Gidi
Phdn tich: Gia sir da dung dugc duong tron (O; R) thoa man diéu kién
Ha OH 1 BC, ta c6: Ag---2'

OH? = 0C? - HC? =R*- 2’
— OH = VR? —a? (khong déi)

=> O thudc dudng thing song song va cich Ax mét
khoang bang OH.
Cdch dung : Ta lan luot thuc hién:
* Dung tia Az qua A v vudng géc véi Ax (vé phAn mit phing chia Ay).

* Trén Az 4y diém A'sao cho AA'= VR? —a® .
* Dung dudng thing (d) qua A' va song song véi Ax, cét tia Ay & O.
®* Dung duong tron (O; R).

Chimg minh: Trudc hét theo cidch dung ta cé (O; R) va O thudc Ay, 1a phai di
chilmg minh BC = 2a.

That vay, ha OH L BC, ta c6:

» N ~\%
*

OH=AA'= VvR? -a’ .
BC = 2CH = 24/OC? —OH? =2R?-(R? -a?) =2a
Bién ludn: Bai todn c6 moét nghiém hinh.

@ Yéu ciu: Cac em hoc sinh hay thuc hién lai vi du trén cho ca trudng
hgpa=R;a>R.
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VYidw3: Clutng minh rang:

&5 Gidi

Goi H 1a hinh chiéu vuong goc cta O lén dudng thang xy.
a. Tur gia thiét suy ra OH > R. H

d.

Néu duong thang xy khéng car duwong tron (O; R) thi moi diém
ctia Xy o bén ngoai duwong tron do.

b. Néu diomg thang xy di qua mér diém bén trong diong tron

(O; R) thi phdi cdt dicong tron nay tai hai diém phdan biét.

Néu dicomg thang xy cat dwong tron (O; R) tai hai diém phan
biét A, B thi moi diém ndm giita hai diém A va B déu ndm bén
trong dicong tron, cdc diém con lai (trir A, B) ndm bén ngoai
diwcong tron do.

Goi A 1a diém bat ki trén xy, suy ra: . [T
OA 2 OH (Canh huyén Ién hon canh géc vuong)
= OA >R & A nam ngoai dudng tron. 3

Vay, moi diém cua xy & bén ngoai duong tron (O; R).
b. Goi A ladiém & bén trong dudng tron (O; R) ma dudng thing xy di qua, ta cé:

OH <OA <R

<> Xy va (O; R) cit nhau tai hai diém phan biét. (Q_\
c. Goi C la diém bat ki nam giita A va B, ta cé: H O

HC<HA & OC<OA =R 5

<> C nam trong duong tron (O; R)

Vay, moi diém nam giita hai diém A va B déu nam bén
trong dudng tron.

Goi D l1a diém bat ki nim ngoai doan AB, ta cé:
HD >HA <& OD>0A =R
<> D nam ngoai dudng tron (O; R)

O_»eorm~\w<
o

Vay, moi diém ndm ngoai doan AB déu nim bén ngoai duong tron.

¥ Nhdn xét: Trong 15i gidi trén ngoai viéc sa dung két qua vé vi tri tuong d6i

cua duong thgmg vdi dudng tron ching ta con sit dung két qua
vé vi tri tuong d6i cta diém véi dudng tron, cu thé véi dudng
tron (O; R) va diém M, ta c6:

* Néu OM <R < M ndm trong dudng tron.

* NéuOM =R < M ndm trén dudng tron.

* NéuOM >R < M ndm ngoai dudng tron.

179



C. BAI TAP LUYEN TAP

Bai 1: Cho géc x xAy khac géc bet.

a. Dung dudng tron (O, R) c6 tam O thudc Ay va ti€p xiic véi duomg thang Ax.

b. Dung dudmg tron (O, R) ti€p xiic vai Ax va Ay.
Bai2: Cho géc nhon xAy, diém C thudc tia Ax. Dung dudng tron (O) tiép xiic v6i
Ax tai C tdm O thudc tia Ay.
Bai 3: Cho truéc géc xAy khic géc bet va mot diém B trén canh Ax. Hay dung
dudng tron (O) di qua B va ti€p xic véi Ay tai A.
Bai 4: Cho dudng thing d, diém A thuéc dudng thiang diém B nidm ngoai duong thang.
Dumg dudmg thing (O) di qua B v ti€p xiic v6i duong thang d tai A.
Bai 5: Cho AABC vubng can tai A. V€ phén giic BI. )

a. Ching minh ring dudng tron (I; IA) tiép xic véi cdc duong thing ABva BC.

b. Cho biét AB = a, tinh IA tir d6 suy ra tg22°30 =2 -1.
Bai 6: Cho nira duong tron tam O duong kinh AB. Ldy OA lam dudng kinh V€ nua
dudmg tron cling nim trén mot nira mit phang b AB véi nira duong tron (O) Trén nira
dudng tron dudng kinh OA 14y mot diém C (khic A va O). Tia OC cét nira cuong tron
(O) tai D. Ké DH vuéng géc AB. Chimg minh ring tif gidc AHCD la hinh thang can.
Bai 7: Goip, a, r va S 14n luot 1a mira chu vi, canh huyén, ban kinh dudng tron ndi tiép va
dién tich clia mét tam gidc vuéng. Chitng minh ring:

a. r=p-a

b. S=pa.

D. HUONG DAN - PAP SO

Bai I AN 2
a. Ta thuc hién theo cic budc:
Phdn tich: Gia sit da dung dugc dudng tron (O, R) thoa mian
diéu kién ddu bai. Ha OH 1 Ay, tac6: OH=R

R
= O thuéc dudng thing d song song va cich Ax mét B o
khoang bing OH (d thuéc nira mat phing chita Ax \
c6 bo Ay). % : y

Cédch dung : Ta l4n luot thuc hién:
* Dung tia Az qua A v vubng géc v6i Ax (vé phan mat phang chira Ay).
s Trén Az lay diém A'sao cho AA' =R.
* Dung dudng thing d qua A' va song song véi Ax, cit tia Ay ¢ O.
* Dung duong tron (O, R).
Chimg minh: Tru6c hét theo cach dung ta c6 (O, R) va O thubc Ay, ta phii di ching
minh (O, R) tiép xiic vé6i Ax.
That vay, ha OH L Ax, ta cé:
OH = AA'=R &< (0, R) tiép xiic vdi Ax.
Bién ludn: Bai toan c6 mot nghiém hinh.
b. Ta thuc hién theo cic buéc:
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Phan tich: Gia sir da dung duoc duong tron (O, R) thoa man
diéu kizn diu bai.
Vi (O, R) ti€p xiic véi Ax va Ay nén tdm O thudc tia phan

..................................

gidc At cua goc \J\} ;
Ha OH L Ay, ta cé:
OH =R
=> O thudc dudng thang d song song va cich Ax mét H R o
khoang bing OH (d thuoc nira mit phang chifa Ax \
cé6 by Ay).
Cdch dung : Ta lan lugt thuc hién: X d
» Dung tia phan gidc At clia géc xAy.
= Dung tia Az qua A va vuéng géc véi Ax (vé phdn mat phang chita Ay).
* Trén Az 14y diém A' sao cho AA'=R.
=  Dumg dudng thing d qua A' va song song v&i Ax, cit tia At & O.
* Dung duong tron (O, R).
Chirng minh: Trudc hét theo cach dung ta cé (O, R) va O thudc At, ta phai di ching
minh (O, R) tiép xiic véi Ax va Ay.
That vy, ha OH L Ax, tacé: OH = AA'=R < d(O, Ax) =d(0, Ay) =R
<> (O, R) tiép xuc véi Ax va Ay.
Bién ludn: Bai toin c6 mét nghiém hinh.
Bai 2: Huomg dan:
Tam O la giao diém cua dudng thang d (d qua
C va vudng goc vdi Ax) vdi tia Ay.
Bai 3: Huong dan: A
Tam O la giao diém cua dudng thing d (d qua A
va vudng goc vai Ay) véi duong trung truc cua doan
AB.
Bai 4: Tiwong niebai tdap 3.
Bai 5:
a. Taco:
IA 1 BA < 1A =d(I, BA) & (I, IA) tiép xiic vdi BA tai A.
Mait khac:
BI Ia phan gidc goc ABC
do do (1, TA) ti€p xiic véi BC.
b. Sir dung tinh chét cha tia phan gidc trong AABC, ta cé:
IA _1IC AC-IA - IA _a-]A

=

"KL f*. Q@O\

BA BC BAV2 a a2 -
<:>\/—2-IA=a—IA
o IA = ﬁa ]=a(ﬁ—1).

&+ B C

Khi d6, trong AABI vuéng tai A, ta c6:
a(V2-1)
a

tan ABI = % & 1g22°30 = J2 = 1(dpem).
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caipEs TIEP TUYEN CUA PUONG TRON
A. TOM TAT Li THUYET

oy B

N

B. PHUONG PHAP GIAI TOAN

Viandé 1: DUNG TIEP TUYEN CUA PUONG TRON
Phuong phdp

Céc yéu cau dung tiép tuyén cua dudng tron (O) cho trudc thuong
gdp phai mot trong ba dang sau:
Dang I: Dung ti€p tuyén di qua diém A cho trudc.
Dang 2 Dung tiép tuyén song song véi duong thing a cho trudc.
Dang 3: Dung tiép tuyén vubng goc véi duong thing a cho trudc.
Phuong phap thuc hién cac dang toan trén dudc trinh bay trong ba dang
toan sau:
Dang 1: Tix mét diém A cho truée, hiy dung tiép
tuyén véi duong tron (O) cho trudc, biét:
a. Diém A ndm trén dudng tron.
b. Diém A ndm ngoai duong tron.
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Phuong phap dung
a. Vi A nam trén duong tron nén tiép tuyén la duong
thang qua A va vuong goc vai OA.
b. Tathuc hién theo bon phin:
Phan tich: Gia sir da dung duoc tiép tuyén qua A téi duong tron (O) va co tiép
diém la B, ta co:
ABO = 90"
=> B thuoc duong tron duong kinh AO.
Vay, B la giao diém ctia (O) va dudng tron dudng
kinh AO.
Cdch dung: Ta thuc hién:
=  Dwmng duong tron dudng kinh AO, ki hiéu (AO),
duong tron nay cat (O) tai Bva B..
* Dung duong thing AB va AB', dé chinh 1a céc
tiép tuyén can dung.
Chimg minh: Trong dudng tron (AO) ta 6 ngay:
ABO =90" = AB la tié¢p tuyén ciia duong tron (O).
AB'O =90° = AB' la tiép tuyén ctia dudng tron (O).
Bién ludn: Bai todn c6 hai nghiém hinh (tic 1a, qua A luén ké duogc hai tiép
tuyén tai (0)).

B

@ Chi y: Néu diém A ndm trong dudng tron (O) thi qua A khong thé ké
dugc tiép tuyeén toi duong tron (O).

Yidu lz Cho AABC vuéng tai A. Hdy néu cach dung tiép tuyén vaoi dicong
tron ngoai tiép AABC, biét tiép tuyén di qua diém:
a A. b. B.

&5 Gidi

Vi AABC vuéong tai A nén duong tron ngoai ti€p 4

AABC ¢6 tam O 12 trung diém cua BC.

a. Tiép tuyén qua A la dudng thang a qua A va vudng A\
goc va1 OA. ‘ B C
b. Tiép tuyén qua B la dudng thing b qua B va vuéng
goc vai OB. b
Dang 2: Cho duong tron (O) va mot dirong tron (d). Dung tiép tuyén cua duong
tron sao cho tiép tuyén nay song song vdi (d).

Phuong phap dung

Phdn tich: Gia sir da dung duoc tiép tuyén (t) cua /H
duomg tron (O) va tiép tuyén song song véi (d), goi H (d) '
[a ti€p di€ém, ta c6: (t)

(0 //id)
OH L) = OH L
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Vay, ti€p diém H 1A giao diém clia dudng tron (O) v6i dudng thang qua O
vudng géc véi (d).
Cdch dung: Ta thuc hién:

* Dung dudng thing xOy L (d) va cét (O) tai H.
» Dung duong thang (t) qua H va vudng géc !
v6i OH, d6 chinh 2 ti€p tuyén c4n dung. (d) /
Chimg minh: Ta c6 ngay: (t,)
(t) LOH va (d) L OH
= (1) // (d) 2
= (t) 1a ti€p tuyén c4n dung. (t2)
Bién ludn: Bai todn c6 hai nghiém hinh.
Yidw 23 Cho duomg tron duomg kinh AB. Hdy néu cdch dung tiép tuyén von
duong tron, biét tiép tuyén song song vdi AB.
& Gidi
Goi O 12 trung diém clia AB, ta thuc hién:
* Dung dudng thing d qua O va vubng géc véi
AB. Duong thing ndy cit dudng trdn tai hai
diém H, va H,.
* Dung hai dudng thing a, b theo thit tu di qua hai
diém H,, H, va song song véi AB.
Khi d6, a, b 12 hai ti€p tuyén cin dung.
Dang 3: Cho dudng tron (O) va mét dudng thang (d). Dung tiép tuyén clia dudng
tron sao cho ti€p tuyén nay vudng géc vé (d).
Phuong phdp dung
Phadn tich: Gia sir di dung duoc ti€p tuyén (t) cia duong tron (O) va tiép tuyén
vubng géc véi (d), goi H 1a tiép diém, ta cé:

QITCH
OHL1(t) < OH// ().

Vay, tiép diém H 1a giao diém clia dudng trdn (O) véi O H
dudng thang qua O song song véi (d). M
Cdch dung: Ta thuc hién:

* Dung dudng thing xOy // (d) va cit (O) tai H.

» Dung dudng thing (t) qua H va vubng géc (d)

véi OH, dé6 chinh la ti€p tuyén can dung.
Chimg minh: Ta c6 ngay: H,
(t) LOH va (d) /OH = (t) L (d)
=> (t) 1a ti€p tuyén cln dung. (tz) ()
Bién ludn: Bai toan c6 hai nghiém hinh.
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Vin dé 2: GIAI BAI TOAN DINH TiNH VA PINH LUONG
Phwa'ng phap -
1. “Véi bai toan cho trudc dudng thing d 1a tlé'p tuyén cua dudng
trc"m (0) tai H, ta s& nhan dugc ngay cac két qua

(d) L OH va OH =R.

2 | 'Véi bai toén cho trudc AM va AN la ha1 hé’p tuyén cua dudng tron
- (0), ta s& nh4n dudc ngay céc két qua:

AM 1 OM va AN L ON,
2 AM = AN va MAO = NAO.
Du'a vao cac ket qua trén ta thuc hién cac yéu cdu cia bai toan.
Vidgp l: Cho duong tron (O; R) va dday AB = 2a. Vé mét tiép tuyén song song
vl AB, né cdt cdc tia OA va OB theo thit tie tai M va N. Tinh dién
tich AMON.
&5 Gidi
Goi H 1a ti€p diém va OH cat AB tai |, ta cé:
OH L MNvaOH 1 AB
Trong AOALI, ta cé: 0 H

A M

A= — =a BYN
2
O'=0A’-1A’=R’-a’=O0l= YR’ -a’ .
Vi AOAI ~ AOMH nén:

1A Ol — HM = IA.OH _ a.R — MN = 2HM = 2a.R

HM OH Ol JR2_,2 RZ 5%

Ta cé:

1 Ln 2aR aR?
S-‘\MDN —— OHL\‘IN - .
2 \/R2 w/R2 it

@ Nhdn xét: Trong 15i giai trén chung ta da lua chon phuong phap trinh bay
ngugc sau suy nghi theo kiéu phat sinh yéu cdu, cu thé ta nghi :

* Pé tinh Sayon = -l—OH.MN can xac dinh MN, titc la can xac

dinh HM (vi MN = 2HM).
* HM dudc xac dinh thong qua su dong dang cua AOAI va
AOMH, tir d6 can xac dinh IA va OI .

= JA= %AB con OI dugc xac dinh thong qua AOIA.
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Yidwy 2t Cho nua duong tron (O) voi duong kinh AB. Tir A va B ke hui tiép
tuyén Ax va By. Qua mét diém M thudc nita duomg tron nay, ke tiép
tuyén thir ba cdt cdc tiép tuyén Ax va By lan luot ¢ C va D. Cdc
duomg thang AD va BC cdt nhau & N. Chitng minh rdng:

a. MN//AC. b. CM.DB = CD.MN.
&S Gidi
a. Theo tinh chat cuia tiép tuyén ta c6 ngay:
DB = DM, AC = MC.
Mait khéc, vi Ax // By nén hai tam gidc AANC va ADNB déng dang, suy ra:
ND DB DM

= = = MN // AC (dinh li Talet dao). y
NA AC CM "
b. Tirkét qua cau a) suy ra C D
CM MN

MN //BD = —=—— & CM.DB = CD.MN (d ~ B
// D _ DB (dpcm). O

@ Nhdn xét: Trong 19i gidi trén:
1. O cau a) d€ ching minh MN // AC, ta suy nghi theo diéu kién tuong
duong, tic 1a gia sw co

ND _ MD MP=b8 DB

NA MC mc=ac AC’
luén diing vi Ax // By.

Do vay, khi trinh bay 10i giai ching ta da xuat phat tir két qua DB = DM,

AC = MC cung véi gia thiét Ax//By.
2. O cau b) van vdi suy nghi nhu trong a) ta gia stt c6:

CM.DB = CD.MN < E—M- = m < MN //BD // AC.
CD DB

MN // AC &

Do véy, khi trinh bay 10i giai ching ta da xuét phat tir gia thiét Ax // By
cung két qua thu duoc trong a) dé c6 nhan xét MN // BD.

€O the ot Eopé ha; cach gAu-
A ah 1» Né’u b:e't mot | glao dlém A cfia d va (0) thi ta di chitng minh:
Whtes g o OAld.

Gch 2 Ha OA vuOng goc véi d, ta di chu:ng minh:

OA =R.
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Vidyg I: Cho AABC can tai A néi tiép duong tron tam O. V¢ hinh binh hanh
ABCD. Tiép tuyén tui C ciia dieong tron cdt diong thang AD tai N.
Chimg minh rang:
a. Duong thang AD la tiép tuyén ciia diong tron (O).
b. Bu dwong thang AC, BD va ON cang di qua mot diém.

&5 Giul
1. Vi AABC cén tai A nén:
OA 1 BC.
Vi ABCD la hinh binh hanh nén:
AD // BC = AD 1 OA

<> AD la tiép tuyén ctia duong tron (O).
. Goi I la giao diém cua AC va BD, suy ra:
113 trung diém AC
= [ € ON (vi NA, NC déu la tiép tuyén cua (0O))
Vay, ba duomg thang AC, BD va ON cung di qua diém 1.

" Nhin xét:
1. Nhu vay, trong vi du trén dé chung minh AD la tiép tuyén cua dudng
tron (O), ta chi phai di ching minh AD L OA bdi A thuoc (O).
2. Véi yéu cdu nguoc lai " Tim diéu kién dé dicomg thang d la tiép tuyén
cua dicong tron (O; R) ", ta cin ¢o:
d(O, d) =R.
Vidp2: Cho duong tron (O), duong kinh AB. Vé CD vuong goc voi OA tai
trung diém 1 cia OA. Cdc tiép tuyén véi duong tron tai C va tai D
cdt nhau o M.
a. Chitng minh rang ba diéem M, A, B thang hanyg.
b. T giac OCAD la hinh gi ?
c. Tinh CMD. ST
d. Chimg minh rdng ducng thang MC la tiép
tuyén cua duong tron (B, BI).

" M B '-
&S Gidi : '
.. Tacé nhan xét: 0 &
» AB la duong trung truc cua CD (vi n6 di qua trung e

diém I cia CD va vuong géc véi CD).

= MC = MD (tinh chit giao diém cta hai tiép tuyén ) = M thudc dudng
trung truc cia CD = M thuéc AB.

Vay, ba diém M, A, B thang hang.
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b. Tit gidc OCAD c6 hai dudng chéo vudbng géc voi nhau va cat nhau tai trung
diém méi dudng nén nd 12 hinh thoi.

c. Trong AAOC ta c6:
OA = OC = CA <> AAOC la tam gi4c déu = AOC = 60°
= CMO =90° - 60° = 30° = CMD = 60".

d. Ha BK vuéng géc véi MC, ta c6 nhan xét:
C, =C, =30° = CA 12 tia phan gi4c clia géc MCD.

AC 1 BC = CB Ia tia phan gi4c ciia géc KCD => BI = BK.

Khoéng cédch BK bing ban kinh duong kinh duong tron (B, BI) rén MC Iz
ti€p tuyén cua duong tron (B, BI).

@ Nhdn xét: Trong 15i gidi trén:

1. O ciu a) dé chitng minh M, A, B thing hang chiing ta xac dink vi tri ctz
chiing d6i vdi CD va cu thé chiing nim trén dudng trung truc cia CD dc
d6 xut phat ti nhan xét AB la trung truc ca CD chung ta cdn ching mint
M ciing thuéc trung truc cia CD, diéu nay chi xay ra khi MC = MD.

2. O cau b) chiing ta sit dung két qua " Hinh thoi c6 hai duong chéo vudng gox
véi nhau va cit nhau tai trung diém cua méi duong".

3. 3 cu c) ching ta sit dung két qua cau b) va tinh chat thit 3 ctia tiép tu:
duong tron.

4. O cau c) ching ta sit dung két qua vé vi tri tuong d6i clia dudng thing v
dudng tron d€ dua ra két luan cho tiép tuyén MC, va dé& thay MD ciing I
ti€p tuyén cua (B, BI).

5. Cac két qua d cau a) va cau d) vin ding néu thay diéu kén "trung
diém I cia OA" bdi "I ndm giita O va A". Trong trudng hjp nay te
cht'mg minh MCA = ACD béing nhan xét MCA phu ACO, ACD phu
CAO ma ACO CAO nén MCA = ACD.

SN S st  dung tinh chét cia tiep tuyen dé 'ﬁm qu}"' tie’h dlém M, dugc
hifu 12 viéc khai thic céc tinh chat d6 d€ chi ra linh chat ctiz di€m M
trong phin thuan cfia bai todn quf tich.

Yidp dz Cho duong tron (O; 2cm) va mét diém A chay trén dworg tron do
Tit A vé tiép tuyén xy. Trén tia Ax ldy diém M, trén tia Ay ldy dién.
N sao cho AM = AN =2./3 cm . Tim quy tich cdc diém M va N.
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&S Gidi
Phdn thuin: Véi hai diém M, N diém A thoa mian diéu kién dau bai.

-——

Trong AOMN, ta cé6:
OA la duong cao va trung tuyén M’;' A \‘\N
< AOMN cn tai O < OM = ON. F R R

Trong AOAM vubng tai A, ta co: :.‘ :
OM=VOA?+MA? = VR? +3R? =2R.
< M, N thudc duong tron (O, 2R). e

Phdn ddo Lay diém A bat ki trén duong tron (O; R). Tur A vé t:ep tuyén xy vai
dudomg tron (O; R), ti€p tuyén nay cat (O, 2R) tai M va N. Ta phai chimg minh

AM = AN =R 3.
Ta c6 agay AM = AN.
Trong AOAM vubng tai A, ta cé:

- VOM?2 —0A? = /4R? -R? =
Két ludn: Quy tich cta cic diém M, N la dudng tron (O, 2R).

& Nhdr xét: Nhu vay, trong 13i giai trén chiing ta da khai thac hai tinh chat
cua tiép tuyén MN, bao gém:
* OA 1L MN tird6 ap dung vao AOMN can tai O.
* OA=Rtirdé ap dung vao AOAM vuodng tai A.
Trong vi du ti€p theo, ching ta di thuc hién mét vi du co ban
vé bai toan quy tich diém thoa man tinh chAt tiép tuyén, hay
nhé rdng dang toan nay sé dudc gip lai trong chuong trinh
toan THPT.

Vidyg 2: Cho duong tron (O; R). Tim quy tich cia diém A ma tir dé ké dicoc
hai tiép tuyén AB, AC téi (O; R) sao cho BAC = 60°.
£ Gidii
Phdin ‘hudn: Gia st 16n tai diém A thoa min diéu
kién daw bai.

Tromg AOAB, ta cé6: N
BAO = + BAC = 30° ;.
2 ;

= OB = %OA & OA =20B=2R

-----

= A thudc duong tron (O, 2R).
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Phan ddo: Lay diém A bat ki trén dudng tron (O, 2R). Tir A vé hai tiép tuyén
AB, AC véi dudng tron (O; R). Ta phai ching minh BAC = 60°.
Trong AOAB, ta c6:

OB = %OA: BAO =30°= BAC =2BAO = 60".
Két luén: Quy tich ciia diém A la dudng tron (O, 2R).

@ Nhadn xét:

1. Trong 19i giai trén, dua vao dang dic biét cia AOAB vuéng tai B, chiing
ta tinh duge d6 dai doan OA. Tuy nhién, trong moi trudng hop ta déu cé thé
tinh dugc d6 dai doan OA bing céch sir dung hé thic lugng gidc clia ham so
sinBAO.

2. Chiing ta sé di giai bai toan tong quat la:
" Cho duong tron (O; R). Tim quy tich cua diém A ma tir d6 ké duoc har
tiép tuyén AB, AC t5i(O; R) sao cho BAC =20, ".
Ta sé lan lugt thuc hién:
Phan thudn: Gia sit t6n tai di€ém A thoa man diéu kién ddu bai.
Trong AOAB, ta cé: jeeEm— =

m=%ﬁ=a

oa=_ OB _ R

sin m) " sina

= A thudc dudng tron (O, ).

sina

Phdn ddo: LAy diém A bAt ki trén dudng tron (O,

). Tir A vé hai tiép tuyén AB,

sSina
AC v6i dudng tron (O; R). Ta phai ching minh BAC = 2a.
Trong AOAB, ta c6:

sinm= 0B= L =sina=>§KE)=a:>ﬁ?=2ﬁ6=a.
OA R
sina

Két ludn: Quy tich ctia diém A'la dudng tron (O,

).

sSina
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C. BAI TAP LUYEN TAP
Bai 1: Cho AABC can A. Hiy néu cich dung ti¢p tuyén a cua dudng tron ngoai tiép
\ABC, biet tiép tuyén di qua diem A. Chimg minh rang d // BC.
Bai 2: Cho AABC vuong can tai A.

a. Hiy néu cach dung tiép tuyén a cia duong tron ngoai ticp AABC, biet tiép
tuyén di qua diém A. Chimg minh ring a // BC.

b. Hay néu cich dimg cic tiép tuyén b, ¢ cua duong tron ngoai tiép AABC, bict
ring cdc ticp tuyén nay theo thir ty di qua diém B, C. Chimg minh ring b // c.

Bai 3: Cho AABC déu.

a. Hay néu cich dung tiép tuyén a cua duong tron ngoar tiep AABC, bict ticp
tuyén di qua diém A. Chimg minh rang d // BC.

b. Hay néu cich dung cdc tiép tuyén b, ¢ cua duong tron ngoai ti€p AABC, biét
ring cdc ti€p tuyén nay theo thi tu di qua diém B, C. Gia st b cit ¢ tai D.
Chimg minh rang ABCD déu.

Bai4: Tu mét diém A & bén ngoai dudmg tron (O; R), vé hai tié€p tuyén AB, AC vai
dudmg tron. Trén cung nho BC 1y mot diém D. Tiép tuyén tai D ctiia dudng tron ca
AB tai M, cit AC tai N. Cho biét dang cua AABC va tinh chu vi cia AAMN trong cic
truong hop sau:

a. OA=2R. b. OA=RV2.

Bai 5: Tu mot diém A & bén ngoai dudng tron (O), ke hai tiép tuyén AB va AC véi
dudng tron. Tir mot diém M trén cung nho BC, ké mot tiép tuyén thit ba, cat hai tiép
tuyén kia tai P vd Q. Khéng dinh khi diém M chuyén dong trén cung BC thi chu vi
AAPQ c6 gia tri khong déi 1a ding hay sai ?

Bai 6: Cho nira duong tron tAm O duomg kinh AB. Tir mot diém M trén nira dudng
tron ta vé tiép tuyén xy. V& AD va BC vudng goc vai xy.

a. Khang dinh MC = MD la diing hay sai ?

Khéng dinh AD + BC c6 gia tri khong déi khi diém M chuyén dong trén nira
duong tron la ding hay sai ?

c. Khing dinh duong tron dudng kinh CD tiép xiic vdi ba duong thang AD, BC va
AB la dung hay sa1 ?

d. Xaéc dinh vi cia diém M trén nira dudong tron (O) dé cho dién tich ti gidc
ABCD lén nhat.

Bai 7: Cho AABC vuéng tai A, duong cao AH. Goi O 1a tim duong tron ngoai tiép
tam gidc ABC, d li tiép tuyén cua dudng tron tai A. Cac tiép tuyén cta dudng tron tai
B va tai C cit d theo thi tw & D va E.

Tinh DOE .

Khing dinh DE = BD + CE la diing hay sai ?

Khing dinh BD.CE = R? (R Ia ban kinh duong tron (O) l1a ding hay sai ?
Khing dinh BC la tiép tuyén cua duong tron c6 duong kinh DE la ding hay sai ?
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Bai 8: Cho AABC cin tai A, cdc dudng cao AD va BE cit nhau & H. Goi O la tan
duong tron ngoai tiép tam gidic AHE.

a. Khing dinh BC = 2ED Ia diing hay sai ?

b. Khéng dinh DE I ti€p tuyén clia dudmg tron (O) 12 ding hay sai ?

c. Tinh d dai DE biét DH = 2cm, HA = 6cm.
Bai 9: T mot diém A & bén ngoai dudng tron (O; R), vé hai tiép tuyén AB, AC vé
dudng tron. Pudng thing vubng géc véi OB tai O cit tia AC tai N. Dudng thing vuén;
géc v6i OC tai O cht tia AB tai M.

a. Xd4c dinh dang cua tf gidc AMON.

b. DPiém A phai cich O m6t khoang 12 bao nhiéu dé cho MN la tiép tuyén cl:
duong tron (O) ?

D. HUONG DAN - PAP SO

Bai 1: Vi AABC cén tai A nén tdm O cua dudng tron "
ngoai tiép AABC thudc duong cao AH, do dé:
AO 1 BC. o
Vay, ti€p tuyén qua A 1a duomg thing a qua A va song B H C
song vai BC.

Bai 2: Vi AABC vuéng can tai A nén dudng tron ngoai ti€p AABC c6 tam O la truny
diém cia BC.

a. Tiép tuyén qua A 1A dudng thing a qua A va vuéng géc
Vi AO 1 BC nén a // BC (dpcm). B A (
b. Tacé ngay: v

* Tiép tuyén qua B 1a dudng thing b qua B va vuéng géc véi BC. |p C
» Tiép tuyén qua C la dudng thing c qua C va vuéng géc véi BC.
Tir dé, thay ngay b // ¢ (dpcm).
Bai 3: Huomg dan:
a. Tham khao bai tap 1.
b. Tac6 ngay:
* Tiép tuyén qua B 12 dudng thing b qua B va vudbng
gbc véi OB. B
* Tiép tuyén qua C 1a dudng thing c qua C va vuéng
géc véi OC.
Xét ABCD, ta cé:
DB = DC, tinh chat hai ti€p tuyé€n véi duong tron cung di qua D
CBD = OBD - OBC = 90° - 30° = 60°
do d6 ABCD déu (tam gidc can c6 mét géc bing 60°).
Bai 4: Ta da biét:
Saa = AB + AC = 2AB.

@

<
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Pé »ic dinh dang ciia AABC (can tai A), ta xét:
sinOAB = -(—)?— "
OA
a. Vai0OA = 2R, 1a dugc:

R

sinGXBLﬁ = — <> OAB =30°< CAB = 60° <> AABC déu.

1
2
Khi do:

Suam = 2AB = 2JOA? —OB? =2+/4R?-R? =2R.f3.

b. V&i0OA= RJ_ ta duoc:

1 " i
s$inOAB = —— = — <> O0AB=45" ¢ CAB = 90° <> AABC vuéng cAn tai A.
f 2R V2
Khi d6:
Saum = 2AB = 2JOA? —OB? =2+2R*-R? =2R.
Bai 5: Chu vi AAPQ duogc cho boi: p B
P= AP+ PQ + QA = AP + PM + MQ + QA
= AP+ PB + QC + QA = AB + AC, khong déi. A 9)
Vay chu vi AAPQ khéng déi. Q
Bai 6: C

a. Xéturgiac ABCD, ta cé:
AD // BC, vi cing vuéng géc véi xy
= ABCD Ia hinh thang vuéng.
Mait khic, ta lai c6:
OA =0B
et
b. Dua theo két qua cau a), ta duoc:
AD + BC = 20M = 2R - khéng déi.
c. Ha MH wvuéng géc véi AB, ta c6 ngay MH = MC.
Vay, dudmg trdn dudng kinh CD tiép xiic véi ba dudng thing AD, BC va AB.
d. Tacé:

<> OM la dudng trung binh = MC = MD.

Sapco = —;-(AD +BC).CD = % 2R.CD =R.CD.

Do d6, Saacp 16n nhat khi va chi khi CD Ién nhat.
Trong hinh thang vudng ABCD, ta c6 nhan xét:

CD < AB = 2R = CD,,,, = 2R
dat duoc khi ABCD 12 hinh chit nhat <> OM 1 AB
<> M la diém giita ca cung tron dudng kinh AB.
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Bai 7:  Hoc sinh tu vé hinh: Vi AABC vuéng tai A nén O la trung diém BC.
a. Nhan xét ring:
DA, DB Ia ti€p tuyén ciia duong tron (O) = DA = DB va DOA = DOB.

EA, EC Ia ti€p tuyén cua dudng tron (O) = EA = EC va EOA = EOC.
Suy ra:

DOE = DOA + EOA = %(.&’6‘8 + AOC) = %.1é0°=90°.

b. Dua trén két qua cdu a), ta c6 ngay:
DE = DA + EA = DB + EC (dpcm).
c. Xét hai tam gidc vuéng AOBD va AECO, ta c6:

BOD = CEO , 86c c6 canh tuong ing vuéng goéc
do dé:
—QE:Q < BD.CE=0B.OC=R.R =R’
EC Q)
d. Goillatrung diém DE, suy ra I 1a tam duong tron (DE).
Trong hinh thang vuéng BCED, ta c6:
OI la duong trung binh = OI // BD = OI L BC, vi BC vuéng géc véi BD
=> BC la tiép tuyén cua duong tron dudng kinh DE.
Bai 8: Hoc sinh tuvé hinh: Vi AABC can tai A, dudng cao AD do dé D la trung diém BC.
a. Trong ABCE, vuong tai E, ta c6:
ED Ia trung tuyén thudc canh huyén = BC = 2ED.
b. Chimg minh DE vuéng géc véi OE.
Bai 9:
a. Xét nr giAc AMON, ta cé:
AM // ON, vi ciing vuéng goéc véi OB.
AN // OM, vi ciing vudng géc vai OC.
do d6 AMON Ia hinh binh hanh.
Mat khdc, xét hai tam gidc vuéng AOBM va AOCN, ta cé:
OB=0C=R

0, = 0,, vi ciing phu v6i ggc MON MON

AOBD - AECO =

do dé:
AOBM = AOCN (canh huyén va géc nhon) = OM = ON.
Vay, AMON I hinh thoi (vi n6 I hinh binh hanh c6 hai canh lién tiép bing nhau).
b. DE& MN tiép xiic v6i (O; R) diéu kién la:
d(O,MN)=R < OI =R < AO =2R.
Vay, véi OA = 2R thi MN la tiép tuyén cia duong tron (O).
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caisfe  TiNH CHAT CUA HAI TIEP TUYEN CAT
NHAU

A. TOM TAT Li THUYET

Véi hai tiép hlyeil ké t mot dlém,thcd ket qlli "Néu hai tiep tuyé'n cia mot

duomg tron cdt nhau tai m(!i d:!rri thi glao d:&n ndy crf;‘h déu hai tiép diém va tia

ké ti¥ giao diém dé qua tim cia dm}ng tron 1 tia phén gidc cia géc tao bdi hai

tiép tuyén " : R e e é

AB va AB lh han tlé'p, tuye'n cl’la (0)
OAB OAB' 2

3. DUONG TRON NOI TIEP TAM GtAc
Dinh nghia: Duong tron néi tiép tam gtac la duomg tron tiép xiic véi ba canh
cua tam gidc.
Khi dé6: S0 ' -
1. - Tam gidc dé gqn lh tam g:ﬁc ngoal né,‘p dlrbng tron. _
2 "TAm cla dudng trdn noi tiép tam' gidc 1a giao diém
" “ciia ba dudng phan gidc cha tam gidc (trong thuc & ta

chi cén ldy giao diém cia hai duomg phan gidc béi
trong m4t tam gidc ba dubng phﬁn glic ddng qul) '

4. PUONG TRON BANG nﬁP TAM GIAc

Dinh nghia: Duong trdn né'p xuﬁ voi mét cgnh czia tam gzdc vd r,ac phdn kea dai
ctia hai canh kia goi ld dm)ng trc)n bdng héj: cia tam gudc,  FRSTAEEN

Nhu ¥4y, v6i AABC ibntai be dudng tron
bang ti€p va tim cfia mot duiﬁhg tﬁmbhng ti'@p
la giso diém ciia mQt dutmg phan gi4c trong V6i
hai phAn glﬁc ngohi T

B. PHUONG PHAP GIAI TOAN

Yidup 1z Cho AABC, biét BC = 6. Ldy E, F theo thit e thuéc AB, AC sao cho
EF song song voi BC va tiép xiic voi duong tron ngi tiép AABC.
Tinh chu vi AABC, biét EF = 2cm.
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&S Gidi
Ta c6 hai AAEF va AABC déng dang, do dé:

EF AE A
= e (1)
BC AB
Ta co: E/ Q\F
c=AB=AM + MB = AM + NB M P
b=AC=AP +PC=AM + NC
=>b+c=2AM+BC=2AM+6
<:>AM=AP=%(b+c—a)=p—a, 2 B N cC

{AM=AE+EM=AE+EQ — 2AM = AE + AF + EF

AM = AP = AF + FP = AF +FQ
& AM = AP = py pr. 3)
Thay (2), (3) vao (1), ta dugc:

£ =-E:£¢::§p=9cm.

6 p
Vay chu vi cia AABC bang 18cm.
Yidy 235 Cho AABC ¢6 dé dai ba canh a, b, c va dién tich bang S. Drong tron
noi tiép AABC tiép xiic voi cac canh BC, CA, AB theo thittu tai A,
B,, C,. Gid su AAB,C, ¢6 dé dai ba canh twong ung la a,, b,, c,.
Chiing minh rang:

. 2 e 2($iné + sinE).sinE.
a b 2 2 2
& Gidi
Trong AA,B,C, ta cé:
a, = B,C, = 2r.sinA, = 2r.sin B‘;C' = 2rsin—2 = 2r.cosi;-,
B
tuong tu ta dugc b, = 2r.cos—2—. 2
Trong ABICta c6:
a=BC=BA, + CA, =rcot® + rcotS
2 2 e, B
. B+C A 1
sin I.COS—
8 ¢ 2 — =
sin;.sin; sin;.sin; B A C
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Cas—

o B o X0
Sin — .sin —

b

lrong tu ta duge b =

Tir do:
i BT L] :2sin§-.sin—(;~ +25iné— - sinS =2(sini + sinE).sing.
a 2 2 2 2
Vidp 3 Cho duong tron (0), A la diém ¢6 dinh trén (O), con B la diém di
dong trén (O). Cdc tiép tuyén cua (O) tai A va B cdt nhau tai C. Tim
tap hop tam dicony tron noi tiép AABC.
&5 Gidi
Goi I 1a giao diém ctia OC véi (0), ta c6 ngay Al A
a phén giac goc A, tir dé suy ra I 1a tam dudng tron
101 ti€p AABC.
Vay tap hgp tam I thudc duong tron (C), ngoai trir 00— C
»on diém A, A,, A,, trong dé A A, la duong kinh
uong goc vai OA.

C. BAI TAP LUYEN TAP
Bai 1: Cho AABC déu.

a. Hay néu cich dung ti€p tuyén a cia duong tron ngoai tiép AABC, biét tiép
tuyén di qua diém A.

b. Khing dinh d // BC la ding hay sai ?

c. Hay néu cach dung cdc ti€p tuyén b, c cia dudng tron ngoai ti€p AABC, biét
rang cdc ti€p tuyén nay theo thit tr di qua diém B, C. Gia slr b cit c tai D.

d. Khing dinh ABCD déu la ding hay sai ?

3ai 2: Cho AABC vuong tai A, AB = 6cm, AC = 8cm. Pudng tron (I) noi tiép AABC
i€p xuc véi AB, AC theo thittra D, E.

a. Tinh BIC.

b. Tinh dién tich tir gidac ADIE.
3ai 3: Cho AABC can tai A, I 1a tAm dudng tron ndi ti€p, K 1a tAm dudng tron bang
iép trong géc A, O la trung diém ctia IK.

a. Khing dinh bén diém B, I, C, K ciing thuéc mét dudng tron tam O la ding hay

sai ?

b. Khéing dinh AC I ti€p tuyén clia dudng tron (O) 1a diing hay sai ?
Bai 4: Cho dudmg trdn (O; R). Tim quy tich cla di€ém A ma tir dé ké dugc hai ti€p
uyén vudng goc véi nhau téi (O; R).
34i 5: Cho duong thing (d) va mot diém A & trén duong thing d6. Tim tap hop tam céc
fuomg trdn tiép xiic véi duong thang (d) tai diém A.
3ai 6: Cho dudmg thing (d). Tim tap hop tAm céc dudng tron cé ban kinh bang R va
i€p xiic véi duong thang (d).
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Bai 7: Cho hai dudng thing cét nhau a va b. Tim tap hop tam cic dudng tron ti€p xi
v6i hai duomg thing dé.
Bai 8: Cho dudng tron (O; R) va diém A c6 dinh trén dudng tron dé. Qua A -
ti€p tuyén xy. T diém M trén xy vé ti€p tuyén MB véi dudng tron (O). Hai duor
cao AD va BE cua tam gidc MAB cét nhau tai H.

a. Khéng dinh ba diém M, H, O thing hang 12 diing hay sai ?

b. Xéc dinh dang cua nf gidc AOBH.

c. Tim quy tich ctia diém H khi M chay trén xy.

D. HUONG DAN - DPAP SO
Bai 1: Huwomg ddn: Ta c6 ngay: A a
* Tiép tuyén qua B la dudng thing b qua B va vuéng
goc vai OB.
* Tiép tuyén qua C la dudng thing ¢ qua C va vuéng
goc véi OC.
Xét ABCD, ta c6: B . A"
DB = DC, tinh chét hai ti€p tuyén véi dudng tron ciing di qua D
CBD =0BD - 0BC =90° - 30° = 60°
do dé6 ABCD déu (tam gidc cAn c6é mét géc biang 60°).
Bai 2: D
a. Trong AIBC, ta c6:

BIC = 180° - (IBC + ICB) "
=1800—%(I§+C)=180°-%.90°=l35°. DA\E

A0
b. Goi r 1a ban kinh dudng tron néi ti€ép AABC. B A C

Xét ny gidc ADIE, ta cé:

A=D =£=90°vaID = IE =r = ADIE I hinh vuéng
dO dé SADIE = Il)2 = rz.
Trong AABC, ta c6:
1 1

SAABC = %AB.AC = —z—p.r =z (AB+AC+BC).r

e AB.AC 6.8 "
= S—— — =2cm.
AB+AC+VAB* +AC? 6+8++/6+8
Vay ta duoc:
SAD[E = 22 = 4Cm2.
Bai 3: Dimg.

Bai 4: Ta thuc hién theo c4c ph4n sau:
Phdn thudn: Gia sir t6n tai diém A thoa mian diéu kién d4u bai.
Trong AOAB, ta cé:

BAO =%§K‘c‘: =45°=BA = OB=R

OA = YOB” + BA? =R+2 = A thuéc dudng tron (O; R+/2 ).
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Phdn ddo: Lay diém A b4t ki trén dudmg tron (O, 2R). Tir A vé hai ti€p tuyén AB,
vi dudmg tron (O; R). Ta phai chimg minh BAC = 60

Trong AOAB, ta cé:
OB R 2
OA R42 2
Két ludn: Quy tich ctia diém A 1 dudng tron (O; v/2).
Bai 5: Ddp s6 trac nghiém C.
Huomg dan: Duong tron (O) tiép xiic vai d tai A A

sin B‘/_\?) =

AC

= 5ind5° = BAO =45"= BAC =2BAO =9(0".

= O0A Ld O
Vay, quy tich tam cac duong tron tiép xuc vdi d tai
A la dudng thing a qua A va vuéng géc vdi d.
Bai 6: Dip s6 tric nghiém C.
Huomg dan: Duong tron (O; R) tiép xiic véi d néu: - T e
d(0, d) = R. ot
Vay, quy tich tam cac duong tron cé ban kinh R BT s d
ti€p xuc vai d la hai duong tl'!fmg a, b song song va :
khoang céch tir ching dén d bang R. Y. %0/
Bai 7: Dip s6 tric nghiém D. T
Huiong dan: Duong tron (O) tiép xic véi a va b:
d(O, a) =d(O, b).
Viy, quy tich tAm cac duong tron tiép xic véi a
va b 1a hai duomg phén gidc d, va d, clia géc tao boi a
va b.
Bai 8:
a. Dap s6 trac nghiém A.
Loi gidi twludn: Goi I 1a trung diém AB.
« Vi MA, MB Ila tiép tuyén nén M, O, 1
thing hang. s

* Vi AMARB can tai M nén MI la duong cao y A E‘-‘ MY
do do M, H, I thang hang.
Vay, ba diém M, H, O thing hang.
b. Ddp sé triac nghiém B.
Loi gidi twe luan: Xét ti gidc AOBH, ta cé:
AO // BH, vi ciing vudng géc véi MA.
AH // OB, vi cing vuéng géc véi MB.
do d6 AOBH Ia hinh binh hanh.
Mait khidc, ta ¢6 ngay OA = OB =R.
Vay, AOBH la hinh thoi (vi né 12 hinh binh hanh c6 hai canh lién ti€p bang nhau).
¢. Dap so triac nghiém A.
Lot gidi tue lugn: Theo két qua cu a), ta cé:
AH=0A=R = He (A,R).
Han ché qui tich: Hoc sinh ti¢ lam.
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caipEr VI TRf TUONG POl CUA HAI DPUONG
TRON
_A. TOM TAT Lf THUYET

ong thé 6. ff'u_ﬁ hm dlém ch . bdi vi qua bs
not dudng tror i khong thing

- Chiy. _w:;;;:"':irﬁnmuoonhiéuhmhaldlémdmng&ﬂchmgﬁungmu
1. mu DU'ONG TRON CO HAI DIEM CHUNG

-+ Cho hai dudmg tron (O; R) va (07, ) ¥6i R > rva d = 00”: Trudng hop nay
gqi lihat dmhug tron cdt nhau méi diém chung goi 12 mot giuo diém.

5 St dung ba’t dﬁng tﬁfrc tam gidc tmng AAOO!' ta c6:

o O, w,r)VG‘lr < R cét nhau te_ﬁ 2 o
ﬁ _ﬂ,':;n;i?n a6, biét 00' = d.

dn tich: Gid _.sﬁ dﬂ dung duqc tle'p tuye’n chung cha
haldui!ng uﬁn va M, M theo tht tu 12 tiép di€m cha

iép tuyén ch g v6i (O: R) va (O, r) Goi A 12 difm A
db'ng quy cﬁa hal 1i€p tuye'n wfn OO' ta cé: ‘

AO' D'Mf ' |
: = — => AO’ AO’ Q'0).—

by i
Ark i e i) Qe |
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Khi dé:

» Tiépdiém M 1A giao diém cua (O') va dudng tron dudng kinh AO'.

» Tiép diém M 1A giao diém ctia dudng thing AM' va dudng trdn (O).
Cdch dung: Ta thuc hién:

»  Xd4c dinh diém A trén tia OO' sao cho AO' = .

R-r
» Dumg dudng tron dudng kinh AQO', dudng trdn nay cat (O') tai M.
= Dung dudng thing AM!, d6 chinh 12 ti€p tuyén chung cén dung.
Chitng minh: Ta c6 ngay:
AM'O' =90° = AM 12 ti€p tuyén ctia dudng tron (O).
Ngoai ra, ta cling c6:

rd
_@_(_J_'__ AOQO' S ___r__OM'
AO AO'+0'0O rd P R 0O
R-r1

= OM//OM = OM L AM = AM la tiép tuyén clia dudng tron (O').
Bién ludn: Bai toidn c6 hai nghiém hinh (titc 1a tén tai hai ti€p tuyén chung cua
(0) va (0")).
2. HAIDPUONG TRON CHi CO MOT PIEM CHUNG
Cho hai duong tron (O; R) va (O’, r) v6i R > r va d = OO’. Trudng hop nay
£0i 12 hai duong tron tiép xic nhau, va diém chung duy nhét duoc goi la tiép
diém. Ta c6 hai kha ning tiép xic:

Tiép xic ngoadi Tiép xiic trong
d= R +T d=R-r
¥ Nhdn xét:

» Hai dudng ti€p xiic ngoai vdi nhau cd ba tiép tuyén chung.

«-«EE‘

* Hai dudng tié'p xtic trong v&i nhau c6 mét tiép tuyén chung.
» Hai dudng ti€p xiic v4i nhau ma cdn vé& dudng phu, ta thudng vé thém
ti€p tuyén chung cua ching.
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B. PHUONG PHAP GIAI TOAN
Yidg 1z Hai duong tron (O) va (O’) cdt nhau tai A va B. Tw A vé dwong kinh
AOC va AO'D. Chitng minh rdang ba diém B, C, D thang hang va
AB vuong géc voi CD.
5 Giuai
Goi I 1a giao d¥m cia AB va OO, suy ra I l1a trung
diém cua AB.
* Trong AABC, ta cé OI 1a duong trung binh, nén:
Ol // BC.
* Trong AABD, ta c6 O'l la duong trung binh, nén:
O'l // BD.
Suy ra OO' // BC // BD, nén ba diém B, C, D thang hang.
Vi: AB1 OO'= AB L CD.
@ Nhdn xét:
l. Trong loi giai cha vi du trén ching ta da tin dung day du tinh chat cua
hai dudng tron ct nhau.
2. Vi du tiép theo sé minh hoa viéc sit dung tinh chat cta hai duong tron
ti€p xuc vdi nhau.
Yidp2s Cho hai duong tron (O; R) va (O’, r) tiép xuc ngoai véi nhau tai A.
Vé tiép tuyén chung ngoai BC (B thuéce duong tron (O), C thujc
duwong tron (O).
a. Chimg minh rang A ABC la tam gidc vuéng.
Tinh s6 do géc OMO'.
Tinh dién tich tir giac BCO’O theo R varr.
Goi 1 la trung diém ciia OO’. Chitng minh rang BC la tiép tuyén
ctia duong (1, IM).

f. 0 g

&5 Giai
a. Qua A vé tiép tuyén chung trong, cat BC tai M, ta cé:
{MA = MB tinh chat ti€p tuyén ciia (O, R)

MA = MC tinh chat tiép tuyén cua (O', r)

=>MA=MB=MC= %BC.

Tic 12, AABC c6 trung tuyén AM img véi canh BC bang nira canh d6 nén la
tam giac vuong.
b. Theo tinh chat hai ti€p tuyén cat nhau, ta c6:

* MO la tia phan giidc cla goc AMB.

* MO’ la tia phén giac cia géc AMC.
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Suy ra:
OMO' = 90° (vi né hop bdi hai tia phan giéc cua hai géc ké bu)
c. Tir gidce BCO’O c6 OB// O’C (vi ciing vudng géc véi BC) nén ur giac nay la
hinh thang, do d6:

I
Spcoo = (OB +0'C)BC.

Ha O’D vuong géc véi OB, suy ra tif gidc BCO’H la hinh chif nhat nén:
BC =O’H.
Trong AOO’H ta c6:
O’H?=00""—OH’= (R + 1)~ (R - 1)’ =4Rr = OH = 2Rr .
Vay, ta dugc:

- =%(R+r).2JE = JRr R +71).

d. Tacé ngay IM Ia dudng trung binh cua hinh thang BCO’O, do dé:
IM//OB = IM 1 BC.
Vay, BC la tiép tuyén cta duong tron (I, IM).

@ Nhdn xét.
1. Taciing c6 OO' la tiép tuyén cua dudng tron cé6 dudng kinh BC.
2. Chiing ta da biét ring " Néu dudng thé’ng d di qua mo¢ diém o bén
trong duong tron (O) thi né cdt duong tron ndy " va cu hoi dugc dit ra
& day la néu thay dudng thing d bing moét dudng tron thi co thé két
luan dugc gi vé vi tri tuong d6i cua hai dudng tron nay. Vi du tiép theo
sé minh hoa nhan dinh nay.

Yidgp3s Chimg minh rang néu mot duong tron di qua mot diém bén trong va
mét diém bén ngoai mot duong tron khdc thi hai duomg tron cdr
nhau tai hai diém.

&5 Gidi

Gia str duong (O) di qua A va B, trong dé A & bén ngoai (O’), B 0 bén trong

(O’). Goi R, r theo thit tur la ban kinh ctia cac duong tron (O), (O’).

Ta cé:
OA=0B=R,0’'A>rvaO’B<r.
Xét AOO’B ta cé:
O0’< OB+0O’'B<R +r. (D) A

= NeéuR 2 rthi trong AOO’B, ta c6: R
0O0’>0B-0'B>R —-r. (2) Gﬁ
* Neéur 2R thi trong AOO’A, ta cé:

0O0’>20’'A-0A>r-R (3).
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Tir do ta duoc:
IR — 1l < O0' <R + r < hai duong tron (O) va (O') cat nhau.

& Nhan xét: Nhu vay, trong 16i giai cta vi du trén ching ta da s dung cac
kién thuc:
» Vi tri tuong d6i cia mot diém véi dudng tron.
» H@ thic lién hé gitta cac canh cua tam giac.
D¢ tir d6 nhan dugc bat déng thic IR — 1< O0' <R +r.
Yidp4: Cho doan thing AB va mét diém M khéng tring vei. Vé cac dicong
tron (A, AM) va (B, BM). Hay xac dinh vi tri twong doi cua hai
duwong tron nay, tir dé suy ra sé tiép tuyén chung ciia chiing.

25 Giai

Dé xét vi tri tuong déi clia hai duong tron (A, AM) va duong tron (B; BM), ta
phai Xét cac truong hop vi tri ciua diém M déi véi doan thiang AB.

Truong hop 1: Diém M nim gitra A va B, ta co: (
AB=AM+MB<d=R +r. 46
Vay, hai dudng tron tiép xiic ngoai véi nhau va .‘\

do do ching ¢o ba tiép tuyén chung.
Truong hop 2: Diém M nam trén tia déi cua tia AB (hoac tia d6i cua tia BA), ta
co:
AB=BM-AM&d=R -r
AB=AM-BM &d=r—-R
Vay, hai duong tron ti€p xic trong vdi nhau va do
dé ching co mot tiép tuyén chung.
Truomg hop 3: Diém M nam ngoai dudng thang AB, ta cé:
|MB - MA | < AB < MB + MA
& |IR—rl<d<R+r.
Vay, hai duong tron cit nhau va do dé chiing
c6 hal tiép tuyén chung.

mt

@ Nhan xét: D& tranh bd sot truong hop, cac em hoc sinh hay nhd lai vi tri
tuong d6i ctia diém va dudng thing, cu thé vai diém M va
dudng thing AB (M khong tring véi A, B) cho trudc, ta co:

. Néu M thudc duong thang AB, khi do:
* Mnidm gita A va B.
® Andm gita M va B.
* Bndm gita Mva A.

2. M khoéng thudc duong thé')mg AB.



Yidp 8 Cho hai duong tron (O; R) va (O’, 1) tiép xiic vor nhau tai A.Vé mot
cdt tiép qua A cdt hai duong tron tai B va C. Chitng minh rdng cdc
tiép tuyén tai B va C song song vol nhau.

& Gidi
Xét hai kha nang tiép xiic cua (O; R) va (O', r).
Truong hop 1: Néu (O; R) va (O, r) ti€p xtc trong v6i nhau

Trong AOAC, ta cé:
—C)—B—- =L =% = O0'B//0C
OC R OA

Nén céc tiép tuyén tai B va C song song vdi nhau vi chiing vuéng géc v6i O'B
va vuéng géc véi OC.
Truong hop 2: Néu (O; R) va (O', r) ti€p xic ngoai véi nhau
Ta co:
OB .22 anyoc
oC R OA

Nén cic ti€p tuyén tai B va C song song vdi nhau vi ching vuénz géc vai
O'B va vuéng géc véi OC.

> Nhdn xét. Ciing v8i nhan xét nhu trong vi du trudc, cac em hoc sinh h7y
nhd ring véi gia thiét " Hai duong tron tiép xic v nhau "
chiing ta can xét hai trudng hgp, d6 la:
= Hai dudng tron tiép xiic trong vdi nhau.
» Hai dudng tron tiép xiic ngoai v4i nhau.

C. BAI TAP LUYEN TAP
Bai 1: Cho ba dudng tron tdm O,, O,, O; ciing cé ban kinh R va ti€p xuc ngoai voi
nhau d6i mét. Tinh dién tich tam gi4c c6 ba dinh 12 ba ti€p diém.
Bai 2: Cho doan thing AB = 2a. Goi M la trung diém clia AB.
a. V& cdc dudng tron (A; a) va (B; a). Chimg minh ring hai dudng trén nay tiép
xuc ngoai véi nhau.
b. V& mot dudng tron tAm M cit hai dudng tron (A) va (B) 14n luot tai Z, D, E, F
(C va F cing thuéc mét nira mit phang by AB). Chitng minh ring tit gidc CDEF
12 hinh chir nhat.
c. Xaéc dinh ban kinh ctia dudong tron (M) dé cho tit gidc CDEF la hinh uéng.
Bai 3: Cho duong (O) dudng kinh AB. VEé dudng tron (B; BO), cit duong ron (0) o
C.D.
a. Xac dinh dang tif gidc OCDB.
b. Xdéc dinh dang tam gidc ACD.
Bai4: Hai duomg tron (O) va (O’) cit nhau tai A va B, trong d6 OA la tiép tuyén cua
duong tron (O’). Tinh day cung AB biét OA =20cm, O’A = 15cm.
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Bai 5: Cho hai dudong tron (O;; 17cm) va (O’; 10cm) cat nhau tai A va B. Biét
00" =2lcm. Tinh AB.

Bai 6: Hai dudmg tron (O) va (O’) cit nhau tai A va B. Goi M la trung diém cia 00"
Qua A, ké duong thang vuéng goc vai AM, cit cac duong tron (0) va (O') o C va D.
Chimg minh rang AC = AD.

Bai 7:  Cho dudng tron (O; OA), diém I thuéc ban kinh OA sao cho Al = %OA . Vé

duong tron (I, TA).
a. Xac dinh vi tri cua cic duong tron (O) va (I).
b. Ké mot duomg thing qua A, cét cac duong tron (I) va (O) theo thit tv o B va C.

Tinh ti s6 A9 :
AC
Bai 8: Cho dudmg tron (O) va mot diém A trén duong tron dé. Trén ban kinh OA lay
; 1
diém B sao cho OB = EOA. V& duong tron duong kinh AB.

a. Chimg minh ring dudng tron duong kinh AB tiép xic véi dudng tron (O) cho
trude.
b. Vé duong tron déng tam O véi dudng tron (O) cho trude, cat dudng tron duong
kinh AB tai C. Tia AC cat hai duong tron déng tam tai D va E (D nam giita C va E).
Chimg minh rang AC = CD = DE.
Bai 9: Cho dudng tron (O) va dudng thing a khéng giao nhau. Goi H 1a hinh chiéu
ctia O trén a. Tia d6i cla tia OH cit dudng tron tai A. V& duong thing b L a tai diém B
trén duong thfmg a. Poan lhﬁng AB cit dudng tron tai C. Tia OC cat b tai I. Ching
minh rang duong tron (I; IB) tiép xiic véi dudng thang a va dudng tron (O).
Bai 10: Cho hinh vuéng ABCD. Vé duong tron (D; DC) va dudng tron duong kinh BC,
ching cat nhau tai mot diém thi hai 1a E. Tia CE cit AB tai M, tia BE cit AD tai N.
Chimg minh ring M la trung diém cla AB, N 1a trung diém cua AD.
Bai 11: Cho dudng tron (O) va mot diém A & trén dudng tron dé. V& dudng tron (I) di
qua O va tiép xic trong véi dudmg tron (O) tai A. Qua A vé ti€p tuyén chung xy véi hai
dudmg tron. Day AC ctia dudng tron (O) cit dudmg tron (I) tai M. Tia CO cat duong
tron tam [ tai N. Pudng thing OM cit xy va tia AN l4n luot tai B va D. Chimg minh
rang:
a. MA =MC.
b. T gidac ABCD Ila hinh thoi.
Bai 12: Cho doan thiang AB cé dinh. V& dudng tron (O) ti€p xic véi AB tai A, vé
dudng tron O’ ti€p xiic voi AB tai B, hai dudng tron nay luén luén thudc cing mot nira
mat phidng bd AB va luén ti€p xidc ngoai véi nhau. Tim qu¥ tich tiép diém M cla hai
dudng tron.
Bai 13: Cho doan thing OO’ = 4cm. V& dudng tron (O; 2cm) va (O’; Iem).
a. Hay xic dinh vi tri twong d6i gitra hai duong tron dé.
b. Dung dudng tron (I; 1,5cm) tiép xiic ngoai véi hai dudng tron (O) va (O’).
Bai 14: Cho truéc dudng tron (O, 2cm) va duong thing xy ti€p xiic véi (O) tai A. Dung
duong tron (I; 1em) tiép xiic vdi dudng tron (O) va tiép xic véi xy.
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D. HUGNG DAN - DAP SO
Bai 1: Xét AO,0,0,, ta cé:
0,0, =0,0,=0,0, = 2R
<> AO,0,0; déu va c6 canh bang 2R
do dé:

A0,0,0;, —

-—M:R?ﬁ_
4

Bai 2: Huwomg dan:
a), b) hoc sinh tu chitng minh. A P B
DE CDEF 1a hinh vuéng diéu kién la: /

CE 1L DF & AMC =45°.
Khi d6, trong tam giac AACM can tai A véi AMC = 45°, ta duoc:

CM=a\2.
Bai 3:
a. Tacoé ngay: C

OC = 0D = OB va BC = BD = BO '
— OC = CB = BD = DO <> OCDB I3 hinh thoi. ‘{ﬁk

b. Trong AABC vuéng tai C, ta cé:

BC=%AB@ BAC =30° = CAD = 60° => AACD déu.

Bai 4: Goi I 1atrung diém cia AB, suy ra:
AB =2Al va Al 1 OO0
Trong AOAO' vuéng tai A, ta cé:

1
Sage'= %OA‘.O'A = SALOO = -IZ—AI.\/OA“ +O'A’ ee

OA.O'A 20.15

S Al= = = 12cm. B
VOA? +0'A? 207 +15
Vay, ta duoc AB = 24cm.
Bai 5: Goi I 1a trung diém cia AB, suy ra:
AB =2Al va Al 1 0OO'. A

Trong AOAO', ta cé:
L g
Ssono = A/P(P—a)(p-b)(p-c) = ~ALOO

_ 2\/p(p—a)(p-b)(p-c) _ 2J24.3.14.7
00’ 21
Vay, ta dugc AB = 16cm.

& Al
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Bai 6: Goi E, F theo thi tr 1a trung diém cua AC, AD, suy ra:
OE L ACvaAE =CE
O'F 1 AD va AF = DF
=> OE //MA // OF. A
Khi do, nr giiic OO'FE cé: C ,"‘ﬁ'
OE // O'F = OO'FE la hinh thang ﬁ
tr d6 AM la duomg trung binh cuia OO'FE, suy ra:
EA = FA < 2EA = 2FA © AC = AD (dpcm).
Bai 7:
a. Tacé:
Ol = OA —TA & (0) va (I, TA) ti€p xtic trong véi nhau.
b. Keé OH vuong goc vai CD, ta duoc:

Mat khdc, ta cé: W
ABD = 90" <> BD L AB = BD // OH l
AB _AD 2 AB 2 AB 1 C

AH AO 3 2AH 23 AC 3

Bai 8:
a. Goillatrung diém AB, ta cé:

Ol = OA —=TA & (0) va (AB) tiép xiic trong véi nhau.
b. Ké OH vuong goc vai CD, ta duge:

CH = DH va AH = EH

Ak
do do: y\‘,
AC= AH — CH = EH - DH = ED. J

E

Mait khdc, ta ¢é:
AC AB B I

ACB = 90° < BC L AC = BC//OH = =
CH BO 2
< AC=2CH=CD.
Viy, ta da chimg minh dugec AC = CD = DE.
Bai 9: Nhan xét rang: A b
OA // IB, vi cling vudng géc vdi a

= AOAC - AIBC = (])1: ke O

c

I
@E—%—l IB=1IC.

IC OC H B a
Khi d6:
VilIB 1 anén (I, IB) tiép xiic véi a.
ViIO =IC + OC = OC + IB nén (I, IB) tiép xiic vai (O).
Bai 10: Goi I 12 trung diém clia AB.
Xét hai tam gidac vuéng ACDI va ABCM, ta cé:
CD = BC, vi hai canh hinh vuéng

CDI = BCM, goc c6 canh tuong Ung vudng goéc
do d6: ACDI = ABCM (canh géc vuéng va géc nhon)
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=>BM=Cl= -%BC: -!Z—AB@Mlhtrungdiém AB.

Chitng minh tuong tu, ta ciing co:
AABN = ABCM (canh géc vudng va géc nhon)
= AN=BM = %AD«:::»NI& trung diém AD.

Bai 11:
a. Nhan xét ring: OMA =90° = OM L AC %
= MA = MC (dpcm).
b. Nhan xét ring: .
OMA =90"=DM L AC. 3

ONA =90° = CN L AD.

Suy ra, O 12 truc tam AACD, do d6: D
CD L AO=CD// AB.

Xét hai tam gidc vuong AMAB va AMCD, ta c6: MA = MC

MAB = MCD, so le trong
do dé: ACDI = ABCM (canh goc vuﬁng va géc nhon) = AB = CD.

Nhu vay, tit gidc ABCD c6: AB = CD va AC L BD nén né la hinh thoi.
Bai 12:
Phan thudn: Dung tié€p tuyén chung d tai M cla hai duong
tron, gia s d cat AB tai I.
Trong AMAB, ta cé:
IA =M, vi IA, IM déu | ti€p tuyén cta (O)
IB = IM, vi IB, IM déu la ti€p tuyén cia (O')

y A B

~~—(C

suy ra: IM = %AB

= AMAB vuéng tai M (vi c6 trung tuyén bing nira canh huyén)
=> M thudc dudng tron (AB).
Phdn ddo: L4y diém M bat ki trén dudng trdn (AB). Ta thuc hién dung:
»  Dung dudng thing m qua M va vuéng géc véi IM.
* Dung tia phan gidc Ix clia géc AIM, tia Ix cit m tai O. Dyng dutng tron (O
OM), ta thdy ngay:
AOMI = AOAI (c.g.c) = OAI = OMI =90° <> OA L AB
<> (0, OM) tiép xiic véi AB tai A.
* Dung tia phan gidc Iy ctia géc BIM, tia Iy cit m tai O'. Dung dudng trdn (O'
O'M) , ta thdy ngay:
AOMI =AOBI (c.g.c) = O'BI =0'MI =90°< OB L AB
< (0, O'M) tiép xuic vai AB tai B.
Trong cich dung trén, ta thdy ngay (O) va (O') ti€p xic véi nhau.
Két ludn: Quy tich ciia diém M I3 dudng tron (AB).
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